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Abstract

Item nonresponse is typically addressed by using single imputation techniques. When
in�uential units are present in a sample, the classical imputed estimator of a popu-
lation total is approximately unbiased provided that the �rst moment of the impu-
tation model is correctly speci�ed but may be very unstable. Thus, it is desirable
to develop robust imputation methods that produce biased but more stable imputed
estimators, that is an estimator whose mean square error is smaller than that of the
corresponding non-robust imputed estimator. To achieve this, we propose using ro-
bust regression based on the Huber function with an adaptive tuning constant. In
this thesis, we study three robust imputed estimators in the presence of in�uential
units. We conduct a simulation study to compare the empirical performance of the
proposed methods in terms of bias and relative e�ciency for a wide range of distri-
butions. Finally, we study the problem of mean square error estimation using both
�rst-order Taylor procedures and bootstrap.
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Résumé

La non-réponse partielle est souvent traitée au moyen de méthodes d'imputation
simples. En présence d'unités in�uentes dans l'échantillon, l'estimateur imputé clas-
sique d'un total est approximativement sans biais si le premier moment du modèle
d'imputation est correctement spéci�é mais il peut être très instable. Il est donc
désirable de développer des méthodes d'imputation robustes qui produisent des esti-
mateurs imputés biaisés mais plus stables, c'est-à-dire des estimateurs dont l'erreur
quadratique moyenne est inférieure à celle de l'estimateur imputé classique. A�n
d'atteindre cet objectif, nous proposons d'utiliser une régression robuste basée sur la
fonction de Huber avec une constante de réglage adaptatif. Dans cette thèse, nous
étudions trois estimateurs imputés robustes en présence d'unités in�uentes. Nous
menons une étude par simulation pour comparer les performances empiriques des
méthodes proposées en termes de biais et d'e�cacité relative pour une grande classe
de distributions. Finalement, nous étudions le problème de l'estimation de l'erreur
quadratique moyenne en utilisant à la fois les procédures de Taylor du premier ordre
et le bootstrap.
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Chapter 1

Introduction to sampling and

nonresponse

1.1 Survey sampling vs. classical statistics

In classical statistics, we are in the presence of a conceptual, in�nite population. For
instance, consider the following model:

yi
i.i.d∼ N(µ, σ2), i = 1, . . . , n. (1.1.1)

In (1.1.1), the values y1, . . . , yn, are assumed to be generated independently from
a normal distribution with mean µ and variance σ2. In other words, in classical
statistics, we assume that a random sample was generated from a given model, here
the normal distribution. In the case of an in�nite and conceptual population, it
is impossible to determine the true values of the model parameters µ and σ2 as
we cannot obtain data on every population unit. Thus, our interest lies in making
inferences about them. The main objective is to �nd the optimal (in a certain sense)
estimator(s) of the parameter(s) of interest under the postulated model. For instance,
we may want to determine the estimator that displays the smallest variance in the
class of unbiased estimators. However, if the model is misspeci�ed, the estimator
may be biased and/or ine�cient, which in turn, may lead to invalid inferences. For
example, under the model (1.1.1), the optimal estimator of the population mean, µ,
is the sample mean

y =
1

n

n∑︂
i=1

yi. (1.1.2)

However, if data were generated from a lognormal distribution, the estimator (1.1.2)
may be very ine�cient due to model misspeci�cation. To determine an optimal esti-
mator under the lognormal distribution, the Maximum Likelihood estimation (MLE)

1



1. INTRODUCTION TO SAMPLING AND NONRESPONSE 2

approach is commonly used. Under some mild regularity conditions, MLE estima-
tors have some desirable properties: (i) they are consistent; (ii) their asymptotic
distribution is normal with mean at the true parameter value(s); and (iii) they are
asymptotically e�cient.

Survey sampling deals with a real and �nite population of size N , which dif-
fers from classical statistics. In survey sampling, we are interested in estimating
�nite population parameters, which are those that describe some aspects of the �-
nite population under study. Commonly encountered �nite population parameters
include population totals, population means, population proportions and population
quantiles. If we conduct a census, it is possible to determine the true value of �nite
population parameters.

We distinguish between two types of survey: (i) censuses, whereby all the popu-
lation units are surveyed and (ii) sample surveys, whereby a (usually small) fraction
of the population is surveyed. Although sampling errors are not present in a census,
non-sampling errors, such as nonresponse errors, coverage errors and measurement
errors are almost always present in both a census and a sample survey. In fact, a
census may result in larger non-sampling errors. The presence of non-sampling er-
rors poses signi�cant challenges in obtaining high-quality estimates, thereby a�ecting
the accuracy and reliability of data analysis results. Reducing non-sampling errors
is therefore important to ensure the quality of estimates. In this thesis, we focus on
the nonresponse errors. Some examples of measures to reduce the nonresponse er-
rors include o�ering incentives (rewards) to survey participants, providing training to
interviewers and assigning them a reasonable workload, sending a noti�cation letter
in advance to participants, giving message reminders to them as needed, and ensur-
ing a well-designed questionnaire. Those measures may be e�ective in enhancing the
response rate. However, there will inevitably be some non-responding units, question-
naires partially answered by some sampling units, and the presence of inconsistent or
invalid answers.

1.2 The setup for probability sampling

Let U = {1, . . . , i, . . . , N} be a �nite population of size N and S, a random sample,
of size n, selected from U according to a probability sampling design. Since S is
random, we use s to denote a realization of S. Let Ω denote the set of all possible
samples that can be selected from U . A sampling design is a probability distribution
on Ω. It is a function that assigns a probability of selection to each sample s ∈ Ω
such that

i) p(s) ≥ 0 for all s ∈ Ω;
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ii)
∑︁

s∈Ω p(s) = 1,

where p(s) denotes the probability of selecting a sample s, s ∈ Ω. For simplicity, we
use the notation p(s) for p(S = s).

Let Ii be a sample selection indicator attached to unit i, such that Ii = 1 if i ∈ S,
and Ii = 0, otherwise. Each unit i, i = 1, . . . , N , has a known probability of being
included in the selected sample s, which is called the �rst-order inclusion probability.
It is de�ned as

πi = p (Ii = 1) =
∑︂
s∈Ω
s∋i

p(s).

The value of πi, which is known prior to sampling, corresponds to the (weighted)
proportion of samples that contain unit i, i ∈ U . Each sample unit i is assigned a
sampling weight equal to wi = 1/πi. This weight can be interpreted as the number
of units that unit i represents in the population.

The second-order inclusion probability for units i and j is de�ned as

πij = p (Ii = 1, Ij = 1) =
∑︂
s∈Ω

s∋(i,j)

p(s).

We can interpret πij as the (weighted) proportion of samples that include both units
i and j. Furthermore, note that πij = πji and πii = πi.

1.3 Some basic sampling designs

In this section, we present some basic sampling designs: simple random sampling
without replacement (SRSWOR) and Bernoulli sampling (BE).

1.3.1 Simple random sampling without replacement

In SRSWOR, any sample s that contains a set of n distinct units has an equal chance
of being selected from the population. Since there are

(︁
N
n

)︁
possible samples of size n,

the probability of selecting any sample s, s ∈ Ω, is equal to

p(s) =
1(︁
N
n

)︁ .
The �rst-order inclusion probability for unit i and the second-order inclusion proba-
bility for units i and j are given by πi = n/N for all i and πij = n(n− 1)/N(N − 1)
for all (i, j), i ̸= j, respectively. SRSWOR is a �xed-size sampling design since the
sample size n is �xed before the selection of the sample.
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1.3.2 Bernoulli sampling

Bernoulli consists in carrying out N independent Bernoulli trials with �rst-order
inclusion probability πi = π ∈ (0, 1). When trial i is a success, the population unit i
is included in the sample, otherwise the unit is not included. For BE sampling, the
second-order inclusion probability for units i and j is given by

πij = P (Ii = 1, Ij = 1) = P (Ii = 1)P (Ij = 1) = πiπj = π2,

since the Ii's are mutually independent random variables. Therefore, the sample size
ns is random as it is not possible to predict the sample size with certainty. The
number of possible samples is 2N and the probability of drawing a sample s with size
ns is

p(s) = πns (1− π)N−ns .

1.4 The Horvitz-Thompson estimator

Let y denote a survey variable (i.e., a variable that we collect for all units in the
sample). The Horvitz-Thompson estimator of ty =

∑︁
i∈U yi, also known as the ex-

pansion estimator, Narain-Horvitz-Thompson estimator, or π estimator, was proposed
by Narain (1951) and Horvitz and Thompson (1952). It is given by

ˆ︁ty,π =
∑︂
i∈S

yi
πi

=
∑︂
i∈S

wiyi =
∑︂
i∈U

wiyiIi. (1.4.1)

Below, we will present some properties of the Horvitz-Thompson estimator. We
use the notation Ep (·), Vp (·) and Covp (·) to denote the expectation, variance and
covariance with respect to the sampling design. In this case, all quantities in (1.4.1),
but the sample selection indicators, I1, . . . , IN , are treated as �xed.

Proposition 1.1. If πi > 0 for all i ∈ U , the Horvitz-Thompson estimator (1.4.1) is
design-unbiased for ty.
Proof:

Ep

(︁ˆ︁ty,π)︁ = Ep

(︄∑︂
i∈S

yi
πi

)︄

= Ep

(︄∑︂
i∈U

yiIi
πi

)︄
=
∑︂
i∈U

yi
πi

Ep (Ii)

=
∑︂
i∈U

yiπi
πi
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=
∑︂
i∈U

yi

= ty.

The Horvitz-Thompson estimator is unbiased for ty for any sampling design sat-
isfying πi > 0 for all i ∈ U , and any survey variable y.

Proposition 1.2. Provided that πi > 0 for all i ∈ U , the design variance of ˆ︁ty,π for
either a �xed-size or a random-size sampling design, is given by

Vp

(︁ˆ︁ty,π)︁ =∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
yi
πi

yj
πj
. (1.4.2)

Proof:

Vp

(︁ˆ︁ty,π)︁ = Vp

(︄∑︂
i∈S

yi
πi

)︄

= Vp

(︄∑︂
i∈U

yiIi
πi

)︄

=
∑︂
i∈U

(︃
yi
πi

)︃2

Vp (Ii) +
∑︂
i∈U

∑︂
j∈U

i ̸=j

yi
πi

yj
πj
Covp (Ii, Ij)

=
∑︂
i∈U

y2i
π2
i

πi (1− πi) +
∑︂
i∈U

∑︂
j∈U

i ̸=j

yi
πi

yj
πj

(πij − πiπj)

=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
yi
πi

yj
πj
.

The �fth equality follows from the fact that

Covp (Ii, Ij) = Ep (IiIj)− Ep (Ii)Ep (Ij) = πij − πiπj.
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Expression (1.4.2) is a measure of the volatility of ˆ︁ty,π that we would observe if
we were able to select all the possible samples from the population. The variance
in (1.4.2) is unknown since we can only observe the y-values for the sample units.
Therefore, we need to estimate the variance.

Proposition 1.3. Provided that πij > 0 for all (i, j) ∈ U × U , a design-unbiased
estimator of Vp

(︁ˆ︁ty,π)︁ is given by

ˆ︁VHT

(︁ˆ︁ty,π)︁ =∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

yi
πi

yj
πj
. (1.4.3)

Proof:

Ep

{︂ˆ︁VHT (ˆ︁ty,π)}︂ = Ep

{︄∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

yi
πi

yj
πj

}︄

= Ep

{︄∑︂
i∈U

∑︂
j∈U

(πij − πiπj)

πij

yiIi
πi

yjIj
πj

}︄

=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)

πij

yi
πi

yj
πj

Ep(IiIj)

=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)

πij

yi
πi

yj
πj
πij

=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
yi
πi

yj
πj

= Vp

(︁ˆ︁ty,π)︁ .

In the case of SRSWOR, Expression (1.4.3) reduces to the following variance
estimator ˆ︁VHT

(︁ˆ︁ty,π)︁ = N2
(︂
1− n

N

)︂ s2y
n
,

where s2y = (n− 1)−1
∑︁

i∈S (yi − ȳs)
2, with ȳs = n−1

∑︁
i∈S yi. For Bernoulli sampling,

Expression (1.4.3) reduces to

ˆ︁VHT

(︁ˆ︁ty,π)︁ =∑︂
i∈S

(1− π)

π2
y2i ,

noting that πij − πiπj = 0 for i ̸= j.
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1.5 Nonresponse and imputation methods

We distinguish between two types of nonresponse: (i) Unit nonresponse and (ii) item
nonresponse. In the case of unit nonresponse, no usable information is collected on a
sample unit. Some common reasons for unit nonresponse include the inability to es-
tablish contact with the sampled unit or the refusal of the sampled unit to participate
in the survey. To deal with unit nonresponse, weight adjustment procedures methods
are usually employed. It consists of removing non-responding units from the data �le
and increasing the sampling weight of the responding units in order to compensate
for non-responding units that were eliminated. Item nonresponse occurs when some
survey variables, but not all, have a missing value. This situation can arise when a
sample unit responds to a subset of the questions, rather than completing the entire
survey questionnaire (especially when there are sensitive questions such as income),
or when the responses to certain questions on the questionnaire are inconsistent or
invalid. Item nonresponse is usually treated using some form of single imputation,
which consists of constructing a single replacement value for each of the missing val-
ues, which leads to the creation of a complete data �le.

Table 1.1 below shows a typical data �le after data collection. We have n sam-
pled units and p survey variables, y1, y2, . . . , yp.

y1 y2 y3 . . . yp
1 ✓ ✓ ✓ . . . ✓

}︄
Full response

2 ✓ ✓ ✓ . . . ✓
... ✓ × × . . . ✓

}︄
Item nonresponse... × ✓ ✓ . . . ×

... × × × . . . ×
}︄

Unit nonresponse
n × × × . . . ×

Table 1.1: Levels of nonresponse

From now on, we use yi to denote the survey variable y for the ith unit, i =
1, . . . , N . The main issue with nonresponse is the potential for nonresponse bias,
which may be signi�cant if the characteristics of respondents di�er from those of the
nonrespondents. For instance, let y be the income of individuals. If the nonrespon-
dents have, on average, a lower income compared to the respondents, estimates based
on the responding units only, called complete case estimates, may result in an overes-
timation of the average income in the population. Complete case estimators are thus
subject to nonresponse bias, which would be especially appreciable if the nonresponse
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rate is high. Moreover, due to the presence of non-responding units in the sample,
the e�ective sample size is smaller than n. Hence, the variance of the estimators will
su�er from an additional source of variance, called the nonresponse variance. The
main purpose of any nonresponse treatment method is to reduce nonresponse bias as
much as possible and, if possible, control the variance due to nonresponse. Achieving
an e�cient bias reduction relies on the availability of fully observed variables, which
are those observed for both the respondents and nonrespondents.

1.5.1 Nonresponse mechanism

Consider a variable of interest, y, which is subject to missingness. Let ri be the
response indicator attached to unit i such that ri = 1 if yi is observed, and ri = 0
if yi is missing. Let Sr = {i ∈ S; ri = 1} be the set of respondents to item y and
let Sm = {i ∈ S; ri = 0} be the set of nonrespondents. Let R = (r1, . . . , rN)

⊤ be
the vector of response indicators and y = (y1, . . . , yN)

⊤ be the vector of the popula-
tion y-values. The nonresponse mechanism is de�ned as the distribution F(R|y,V ),
where V = (v1, . . . ,vN)

⊤ denotes the matrix of fully observed auxiliary variables vi,
i = 1, . . . , N , as rows.

The �rst moment of F(R|y,V ) is E {R|y,V } = (p1, . . . , pi, . . . , pN)
⊤, where

the response probability pi = P (ri = 1|yi,vi). Since the nonresponse mechanism
is unknown, it is necessary to make some assumptions: (i) We assume that the re-
sponse indicators ri are mutually independent random variables. (ii) We assume that
0 < pi ⩽ 1 for all i. This is referred to as the positivity assumption.

Missing data mechanisms are categorized into three types: Missing Completely
At Random (MCAR), Missing At Random (MAR) and Not Missing At Random
(NMAR).

For Missing completely at random (MCAR) nonresponse mechanism, the set of
respondents Sr can be considered as a random sample selected from the population.
In other words, there are no systematic di�erences between respondents and nonre-
spondents. As a result, the mean of the respondents is approximately unbiased for
the population mean. An example of MCAR occurs when pi = p0 for all i ∈ U .
This is called a uniform response mechanism. Another example of MCAR is when
the response probability pi depends on a fully observed auxiliary variable vi, but y
and vi are not related. Since the assumption of MCAR is often considered too strong
and unrealistic, a weaker condition, known as Missing at Random (MAR), is usually
assumed in practice. Note that MCAR is a special case of MAR.
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Under the MAR assumption (Rubin, 1976), we have

pi = p(ri = 1|yi, ˜︁vi) = p(ri = 1|˜︁vi), (1.5.1)

where ˜︁v is a vector that consists of the components of v that are related to both the
y-variable and the probability of response. This assumption implies that the distri-
bution of the variable of interest y among respondents is the same as the distribution
of y among nonrespondents after accounting for the fully observed variables ˜︁v. That
is,

f (y|˜︁vi, ri = 1) = f (y|˜︁vi, ri = 0) .

In this case, the imputed values can be generated from f (y|˜︁vi, ri = 1), which can be
estimated from the responding units.

Finally, for Not Missing at Random (NMAR) nonresponse mechanism, the dis-
tribution of the variable of interest y among respondents is not the same as the
distribution of y among nonrespondents even after conditioning on ˜︁v. Therefore,

f (y|˜︁vi, ri = 1) ̸= f (y|˜︁vi, ri = 0) .

Under NMAR assumption, the survey variable y that is subject to nonresponse causes
nonresponse. It is not possible to refute or support this nonresponse mechanism with
the data at hand. In addition, NMAR may also occur when there are other variables
that are related to both the response probability and the survey variable y but not
used in the nonresponse treatment process.

We conducted a simulation study to illustrate the di�erences between three non-
response mechanisms: MCAR, MAR and NMAR. To that end, we generated a �nite
population U of size N = 50, 000. Let y be a survey variable that corresponds to the
annual salary (in thousand dollars) and v1 and v2 be two categorical variables that
correspond to the post-secondary degree and the gender, respectively. The variable
v1 was equal to 1 if the population unit had a post-secondary degree and was equal
to 0, otherwise. The variable v2 was equal to 1 if the population unit was a male and
was equal to 0 if it was a female. The survey variable y was generated according to
the model

yi = 50 + 13v1i + 10v2i + ϵi,

where ϵi ∼ N (0, 16), i = 1, . . . , N . In the population, note that the average salary
for an individual with a post-secondary degree was $13,000 higher than an individual
who did not have one. Also, the average salary was $10,000 higher for males. The
overall average salary in the population was around $61,500.
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A sample of size n = 4, 000 was selected from U according to simple random
sampling without replacement. In the sample, we generated nonresponse according
to three nonresponse mechanisms:

i) Missing Completely at Random (MCAR): we used a uniform nonresponse mech-
anism with pi = 50% for all i ∈ U ;

ii) Missing at Random (MAR): we set pi = 0.30 + 0.20v1i + 0.25v2i. In the popu-
lation, the overall response rate was around 52.5%. For units in di�erent cat-
egories, the response rate was di�erent. The response rate was 75% for males
with a post-secondary degree, 55% for males without a post-secondary degree,
50% for females with a post-secondary degree, and 30% for females without a
post-secondary degree.

iii) Not Missing At Random (NMAR): we generated nonresponse using a logistic
function, such that the response rate was a function of the annual salary:

pi =
exp(−18.5 + 0.3yi)

1 + exp(−18.5 + 0.3yi)
.

The overall response rate in the population was around 50%. The response rate
was approximately 94% for males with a post-secondary degree, 40% for males
without a post-secondary degree, 58% for females with a post-secondary degree,
and 5% for females without a post-secondary degree.

For MCAR, the distribution of salary among respondents and nonrespondents
are approximately the same; see Figure (1.1).

Figure 1.1: Distribution of respondents and nonrespondents under MCAR
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For MAR, the distribution of salary is not the same for responding and non-
responding units in the selected sample. The average salary of responding units is
clearly higher than that of the non-responding units as we can observed (see Figure
1.2).

Figure 1.2: Distribution of respondents and nonrespondents under MAR

Since v1 (post-secondary degree) and v2 (gender) are binary variable, we obtain
four cells: post-secondary degree and male (v1 = 1, v2 = 1), post-secondary degree
and female (v1 = 1, v2 = 0), no post-secondary degree and male (v1 = 0, v2 = 1),
and �nally no post-secondary degree and female (v1 = 0, v2 = 0). However, after
conditioning on appropriate set auxiliary variables, i.e., v1 and v2, we can observe
that the distribution of the y-variable is approximately the same among respondents
and nonrespondents.
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(a) Distribution of y in cell v1 = 1, v2 = 1 (b) Distribution of y in cell v1 = 0, v2 = 1

(c) Distribution of y in cell v1 = 1, v2 = 0 (d) Distribution of y in cell v1 = 0, v2 = 0

Figure 1.3: Distribution of respondents and nonrespondents under MAR after
conditioning on v1 and v2

For NMAR, the distribution of salary is not the same for responding and nonre-
sponding units in the selected sample (see Figure 1.4).
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Figure 1.4: Distribution of respondents and nonrespondents under NMAR

Under NMAR, the survey variable y that is subject to nonrepsonse causes nonre-
sponse. We observe that under this nonresponse mechanism the distribution of salary
is not the same among respondents and nonrespondents even after conditioning on
v1 and v2 (see Figure 1.5).



1. INTRODUCTION TO SAMPLING AND NONRESPONSE 14

(a) Distribution of y in cell v1 = 1, v2 = 1 (b) Distribution of y in cell v1 = 0, v2 = 1

(c) Distribution of y in cell v1 = 1, v2 = 0 (d) Distribution of y in cell v1 = 0, v2 = 0

Figure 1.5: Distribution of respondents and nonrespondents under NMAR
after conditioning on v1 and v2

1.5.2 Imputation methods

In the presence of missing values to item y, an imputed estimator of the population
total ty =

∑︁
i∈U yi, is de�ned as

ˆ︁tI =∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i , (1.5.2)

where y∗i denotes the imputed value for the missing yi. The estimator ˆ︁tI can be
written as
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ˆ︁tI =∑︂
i∈S

wi˜︁yi,
where ˜︁yi = riyi + (1− ri)y

∗
i .

How to obtain the imputed values y∗i ? We introduce several imputation methods
that are commonly employed in practice.

Imputation methods can be classi�ed into two groups: deterministic imputation
procedures and random imputation procedures. For deterministic imputation proce-
dures, if di�erent people perform the same imputation procedure on the same data
set, they would obtain the same completed data �le and, thus, the same estimate.
In contrast, random imputation methods would lead to di�erent completed data sets
because of added random noise. Alternatively, we may also distinguish donor impu-
tation procedures from predicted value imputation procedures. In the case of donor
imputation procedures, a missing value associated with a recipient is substituted
with the value of a donor. Therefore, the missing values are replaced by actual values
observed among the respondents. In contrast, for predicted value imputation proce-
dures, a missing value is replaced by a predicted value, not an actual value from the
set of respondents.

1.5.2.1 Semi-parametric imputation

Many imputation methods can be motivated by the following general model, also
known as the imputation model or outcome regression model:

yi = m (vi;β) + ϵi, (1.5.3)

such that

Em (ϵi|vi) = 0,Em (ϵiϵj|vi,vj) = 0, i ̸= j, and Vm (ϵi|vi) = σ2ci,

where ci > 0 is a known factor attached to unit i. In (1.5.3), the function m(.;β) is
a prespeci�ed function, vi is a vector of fully observed variables associated with unit
i and ϵi is a random error associated with unit i. The model (1.5.3) is not fully para-
metric since we do not make any distributional assumptions about the distribution
of the ϵ′is. For this reason, Model (1.5.3) is referred to as semi-parametric.
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Deterministic semi-parametric imputation procedures use the following imputed
values y∗i , i ∈ Sm:

y∗i = m
(︂
vi; ˆ︁β)︂ , (1.5.4)

where ˆ︁β is a suitable estimator of β based on the responding units; e.g., least squares
estimator, maximum likelihood estimator, etc.

Deterministic linear regression imputation is a special case of (1.5.4). In this
case,

y∗i = m
(︂
vi; ˆ︁BWLS

)︂
= v⊤

i
ˆ︁BWLS, (1.5.5)

where ˆ︁BWLS =

(︄∑︂
i∈Sr

ϕivic
−1
i v⊤

i

)︄−1∑︂
i∈Sr

ϕivic
−1
i yi, (1.5.6)

where ϕi = 1 for unweighted imputation and equal to wi for survey weighted impu-
tation.

In the case of random imputation procedures, Expression (1.5.4) is modi�ed as
follows:

y∗i = m
(︂
vi; ˆ︁β)︂+ ˆ︁σ√cie∗i , (1.5.7)

with EI(e
∗
i ) = 0. The expectation EI(·) refers to the expectation with respect to the

imputation mechanism used to generate the random residuals e∗i . If the distribution
of the errors ϵi in the model (1.5.3) is assumed to be normally distributed, then the
e∗i

′s can simply be generated from a normal distribution with mean 0 and variance
equal to ˆ︁σ2ci, where ˆ︁σ2 is an estimator of σ. In practice, the e∗i

′s are usually generated
in a nonparametric way as the normal assumption for the error term may not always
be valid. Next, we present some special cases of deterministic and random imputation
procedures.

Simple linear regression imputation

Simple linear regression imputation is a special case of deterministic linear regres-
sion imputation in (1.5.5), whereby vi = (1, vi)

⊤ and ˆ︁BWLS = ( ˆ︁B0,WLS, ˆ︁B1,WLS)
⊤:

y∗i = ˆ︁B0,WLS + ˆ︁B1,WLSvi, i ∈ Sm, (1.5.8)

where ˆ︁B0,WLS = ȳr − ˆ︁B1,WLS v̄r,

and ˆ︁B1,WLS =

∑︁
i∈Sr

ϕi(vi − v̄r)(yi − ȳr)∑︁
i∈Sr

ϕi(vi − v̄r)2
,
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with ȳr =
∑︁

i∈Sr
ϕiyi∑︁

i∈Sr
ϕi

and v̄r =
∑︁

i∈Sr
ϕivi∑︁

i∈Sr
ϕi

.

Mean imputation

Mean imputation is a special case of deterministic linear regression imputation
with vi = 1 and ci = 1 for all i. This is a poor model since it is essentially a regression
model that contains only the intercept. Setting vi = 1 and ci = 1 in (1.5.5) leads to

y∗i = yr, i ∈ Sm. (1.5.9)

Ratio imputation

Ratio imputation is an appropriate method to use when there is a linear relation-
ship between the y-variable and v, with the relationship passing through the origin.
It is a special case of deterministic linear regression imputation with vi = vi and
ci = vi. This leads to ˆ︁BWLS =

ȳr
v̄r
, (1.5.10)

and

y∗i = ˆ︁BWLSvi =
ȳr
v̄r
vi, i ∈ Sm. (1.5.11)

Historical imputation

Historical imputation is an imputation procedure that consists of using the value
observed in the previous wave of the survey to impute for each missing y value. Let
vi be the y-variable observed at a previous time. The imputed values under historical
imputation are given by

y∗i = vi, i ∈ Sm. (1.5.12)

It is a special case of deterministic linear regression imputation with vi = vi andˆ︁BWLS = 1.

1.5.2.2 A nonparametric procedure: Nearest-neighbour imputation

Nearest-neighbour imputation is a nonparametric imputation method in the class of
deterministic imputation procedures. We assume the following model:

yi = m (vi) + ϵi, (1.5.13)

where m (vi) is an unspeci�ed function and the variance structure Vm (ϵi|vi) = σ2ci
is also left unspeci�ed. The imputed values are given by

y∗i = yj, i ∈ Sm, (1.5.14)
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where the index j is such that

D (vj,vi) ≤ D (vk,vi) , for all k ∈ Sr.

Therefore, the index j ∈ Sr is selected so that it minimizes D (vj,vi), where D (·, ·)
denotes a distance function and v is a vector of auxiliary variables of dimension G.

A general distance measure is given by

D (vj,vi) =

(︄
G∑︂
ℓ=1

αℓ |vℓj − vℓi|b
)︄1/b

, (1.5.15)

where b ≥ 1 and αℓ, ℓ = 1, . . . , G, is a weight assigned by the imputer to the auxiliary
variables vℓ, ℓ = 1, . . . , G, which are also referred to as matching variables. When
b = 1, we obtain the L1-norm, whereas b = 2 corresponds to the L2-norm (i.e., the
euclidean distance).

Furthermore, the nearest-neighbour imputation is a donor imputation procedure,
which is especially useful for imputing categorical variables. In addition, it tends to
preserve the distribution function of the survey variables being imputed, which is a
desirable feature.

However, this imputation procedure su�ers from the curse of dimensionality. As
the number of matching variables increases, the bias of ˆ︁tI tends to increase. We con-
ducted a simulation study to illustrate this issue.

We generated a population U of size N = 5000. The survey variable y was
generated according to 20 models of the form:

yi = 2 +
G∑︂

g=1

vgi + ϵi, (1.5.16)

where ϵi ∼ N (0, 0.25), i = 1, . . . , N . The �rst model (M1) included the �rst ex-
planatory variable v1 only, the second model (M2) included the �rst two explana-
tory variable v1 and v2, and so on. The matching variables v1, . . . , vG were gen-
erated from three di�erent distributions. We have vg ∼ Gamma (2, 10) for g =
1, 2, 3, 10, 11, 12, 16, 17, 18, vg ∼ Unif (0, 1) for g = 4, 5, 6, 13, 14, 15 and vg ∼ Chisq (1)
for g = 7, 8, 9, 19, 20. In our simulation, we used the euclidean distance, and for sim-
plicity, we set αℓ = 1, ℓ = 1, . . . , G, in (1.5.15).
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Nonresponse to the survey variable y was generated according to 20 MAR non-
response mechanism with probability

pi =
exp(−2.2 + c⊤vi)

1 + exp(−2.2 + c⊤vi)
,

where v = (v1, v2, . . . , vG) is a vector with G matching variables and c is a vector
of constants chosen such that the overall response probability was approximately
equal to 50%. The �rst nonresponse mechanism (NR1) included the �rst explanatory
variable v1 only, the second nonresponse mechanism (NR2) included the �rst two
explanatory variable v1 and v2, and so on.

We repeated R = 1, 000 iterations of the following process:

i) From the population, select a sample of size n = 200 according to simple random
sampling without replacement;

ii) Compute the full sample estimator of population total ˆ︁ty,π;
iii) Compute the imputed estimator of population total ˆ︁tI using nearest-neighbour

imputation based on the euclidean distance for each pair of the imputation/nonresponse
mechanism (Mg)/(NRg) for g = 1, . . . , 20.

We computed the Monte Carlo percent relative bias of the imputed estimator ˆ︁tI :
RBMC

(︁ˆ︁tI)︁ = EMC

(︁ˆ︁tI)︁− ty

ty
× 100, (1.5.17)

where EMC(ˆ︁tI) = 1
R

∑︁R
r=1
ˆ︁t(r)I , and ˆ︁t(r)I denotes the value of ˆ︁tI obtained in the rth

sample, r = 1, . . . , R. We also computed the Monte Carlo relative e�ciency

RE
(︁ˆ︁tI)︁ = MSEMC

(︁ˆ︁tI)︁
MSEMC

(︁ˆ︁ty,π)︁ × 100, (1.5.18)

where MSEMC(ˆ︁tI) = 1
R

∑︁R
r=1

(︂ˆ︁t(r)I − ty

)︂2
.

Table (1.2) shows the Monte Carlo percent relative bias (RB) and Monte Carlo
relative e�ciency (RE) of ˆ︁tI for di�erent values of G.
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G RB RE

1 0.0 359
2 0.1 344
5 0.5 218
8 3.2 320
10 4.3 468
15 4.4 660
20 4.9 755

Table 1.2: Nearest-neighbour imputation based on di�erent number of match-
ing variables

The results in Table (1.2) suggest that the bias of ˆ︁tI increases as the number of
matching variables increases. Indeed, the bias was negligible for G ≤ 5 but was no
longer negligible for G ≥ 8. As a result, the value increased as G increased. As a
result, the e�ciency of ˆ︁tI deteriorated as G increased. This is an illustration of the
curse of dimensionality in the case of nearest-neighbour imputation.

1.5.2.3 Random regression imputation

Random regression imputation can be viewed as deterministic regression imputation
with an added random residual. The imputed value y∗i is given by

y∗i = v⊤
i
ˆ︁BWLS + ˆ︁σ√cie∗i , (1.5.19)

where ˆ︁BWLS is given by the expression (1.5.6) and e∗i is generated by randomly select-
ing, with replacement, a value from the set of standardized residuals {ej; j ∈ Sr} such
that P (e∗i = ej) = ϕj

(︁∑︁
l∈Sr

ϕl

)︁−1
, j ∈ Sr, where ej = ˜︁ej −∑︁l∈Sr

ϕl˜︁el (︁∑︁l∈Sr
ϕl

)︁−1

with ˜︁ej = (︁ˆ︁σ√cj)︁−1
{︂
yj − v⊤

j
ˆ︁BWLS

}︂
.

Random hot-deck imputation

A special case of random regression imputation is random hot-deck imputation.
It is a donor imputation method, whereby the imputed values y∗i , i ∈ Sm, are se-
lected at random from the set of responding units (the donors). Random hot-deck
imputation can be viewed as mean imputation plus an added random residual. In
other words, mean imputation is the deterministic counterpart of random hot-deck
imputation.

Recall that in the case of mean imputation, we have the following imputation
model yi = β + εi and we have found that ˆ︁β = ȳr. Therefore, the standardized
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residuals are given by ei = yi − ȳr, i ∈ Sr. Thus, the imputed values y∗i , i ∈ Sm, are
given by

y∗i = yr + e∗i
= yr + (yj − yr)

= yj,

where e∗i is a residual selected at random from the set {ej, j ∈ Sr} with probability
ϕj∑︁

l∈Sr
ϕl
.

1.5.3 Properties of imputed estimators

In this section, we examine the properties of the imputed estimator ˆ︁tI .
1.5.3.1 Decomposition of total error

The total error of ˆ︁tI in the case of deterministic imputation procedures can be ex-
pressed as

ˆ︁tI − ty =
(︁ˆ︁ty,π − ty

)︁⏞ ⏟⏟ ⏞
Sampling error

+
(︁ˆ︁tI − ˆ︁ty,π)︁⏞ ⏟⏟ ⏞

Nonresponse error

, (1.5.20)

where ty denotes the true population total and ˆ︁ty,π (1.4.1) is the full sample esti-
mator, i.e., the estimator that would have been used in the absence of nonresponse.
The Horvitz-Thompson estimator ˆ︁ty,π has the property of being design-unbiased (see
Section 1.4).

In the case of random imputation, the total error of ˆ︁tI can be expressed as

ˆ︁tI − ty =
(︁ˆ︁ty,π − ty

)︁⏞ ⏟⏟ ⏞
Sampling error

+
(︁
t̆I − ˆ︁ty,π)︁⏞ ⏟⏟ ⏞

Nonresponse error

+
(︁ˆ︁tI − t̆I

)︁⏞ ⏟⏟ ⏞
Imputation error

, (1.5.21)

where t̆I denotes the imputed estimator obtained from the corresponding determin-
istic imputation counterpart.

1.5.3.2 Nonresponse bias and variance

Under the so-called mpq-inferential framework, the bias of the imputed estimator ˆ︁tI
is de�ned as

Empq

(︁ˆ︁tI − ty
)︁
= Em Ep Eq

(︁ˆ︁tI − ty
)︁
, (1.5.22)



1. INTRODUCTION TO SAMPLING AND NONRESPONSE 22

where Em (·), Ep (·), and Eq (·) denote the expectation with respect to the imputation
model, the sampling design and the nonresponse mechanism, respectively.

Note that when taking the expectation and variance with respect to the imputa-
tion model, all quantities are treated as �xed except for y. When taking the expec-
tation and variance with respect to the sampling design, all quantities are treated as
�xed except for I. Finally when taking expectation and variance with respect to the
nonresponse mechanism, all quantities are treated as �xed except for R.

Using (1.5.20), the bias of ˆ︁tI is given by

Bias
(︁ˆ︁tI)︁ = Em Ep Eq

(︁ˆ︁tI − ty
)︁

= Em Ep

(︁ˆ︁ty,π − ty
)︁
+ Em Ep Eq

(︁ˆ︁tI − ˆ︁ty,π)︁
= Eq Ep Em

(︁ˆ︁tI − ˆ︁ty,π)︁ ,
since Ep

(︁ˆ︁ty,π − ty
)︁
= 0. Above, we have used the fact that

Em Ep Eq

(︁ˆ︁tI − ˆ︁ty,π)︁ = Eq Ep Em

(︁ˆ︁tI − ˆ︁ty,π)︁ .
Interchanging the order of expectations is justi�ed because we are assuming that the
data are MAR and the sampling design is non-informative. We say that the sampling
is non-informative if F (y | I,V ) = F (y | V ), i.e., sampling process has not modi�ed
the relationship between y and V . The model that holds in the population still holds
in the sample.

Example 1.5.1. Under deterministic linear regression imputation (1.5.5), the im-
puted estimator of ty is given by

ˆ︁tI =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS.

The nonresponse error of ˆ︁tI can be written as

ˆ︁tI − ˆ︁ty,π = −
∑︂
i∈Sm

wi

(︂
yi − v⊤

i
ˆ︁BWLS

)︂
.

Therefore,

Em

(︁ˆ︁tI − ˆ︁ty,π)︁ = Em

{︄
−
∑︂
i∈Sm

wi

(︂
yi − v⊤

i
ˆ︁BWLS

)︂}︄
= −

∑︂
i∈Sm

wi Em

(︂
yi − v⊤

i
ˆ︁BWLS

)︂
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= −
∑︂
i∈Sm

wi

{︂
Em (yi)− v⊤

i Em

(︂ ˆ︁BWLS

)︂}︂
= −

∑︂
i∈Sm

wi

(︁
v⊤
i β − v⊤

i β
)︁

= 0.

Therefore, under MAR and the non-informativeness assumption, we have

Bias
(︁ˆ︁tI)︁ = Em Ep Eq

(︁ˆ︁tI − ty
)︁

= 0.

Hence, under the mpq-inferential framework, the deterministic linear regression im-
putation leads to an mpq-unbiased estimator of population total provided that the
�rst moment E (yi | vi) of the imputation model is correctly speci�ed.

Example 1.5.2. Under random linear regression imputation, the imputed estimator
of ty is given by

ˆ︁tI =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wi

(︂
v⊤
i
ˆ︁BWLS + ˆ︁σ√cie∗i)︂ .

The nonresponse error of ˆ︁tI can be expressed as (see example 1.5.1)

t̆I − ˆ︁ty,π = −
∑︂
i∈Sm

wi

(︂
yi − v⊤

i
ˆ︁BWLS

)︂
,

whereas the imputation error can be written as

ˆ︁tI − t̆I =

{︄∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wi

(︂
v⊤
i
ˆ︁BWLS + ˆ︁σ√cie∗i)︂

}︄
−

(︄∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS

)︄
=
∑︂
i∈Sm

ˆ︁σwi

√
cie

∗
i .

Recall that EI (·) denote the expectation with respect to the imputation mechanism
that is used for random selection of the residuals e∗i . When taking the expectation
with respect to the imputation mechanism, except for the residuals e∗i , all the other
quantities are treated as �xed. Under MAR (see section 1.5.1) and non-informative
sampling, we have

Bias
(︁ˆ︁tI)︁ = Em Ep Eq EI

(︁ˆ︁tI − ty
)︁

= Em Ep

(︁ˆ︁ty,π − ty
)︁
+ Em Ep Eq

(︁
t̆I − ˆ︁ty,π)︁+ Em Ep Eq EI

(︁ˆ︁tI − t̆I
)︁
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= Eq Ep Em

(︁
t̆I − ˆ︁ty,π)︁+ Em Ep Eq EI

(︄∑︂
i∈Sm

ˆ︁σwi

√
cie

∗
i

)︄

= Em Ep Eq

{︄∑︂
i∈Sm

ˆ︁σwi

√
ci EI (e

∗
i )

}︄
= 0,

since EI (e
∗
i ) = 0. We used the decomposition of total error (1.5.21). The penultimate

equality follows from the fact that deterministic linear regression imputation leads to
an mpq-unbiased estimator of ty (see Example 1.5.1).

Next, we turn to the variance of ˆ︁tI . Assuming that ˆ︁tI is an unbiased estimator
for ty, i.e., Bias

(︁ˆ︁tI)︁ = 0, the overall variance of the imputed estimator ˆ︁tI can be
expressed as (Särndal, 1992):

Vtot = V
(︁ˆ︁tI − ty

)︁
= Empq

(︁ˆ︁tI − ty
)︁2 − {︁Empq

(︁ˆ︁tI − ty
)︁}︁2

= Em Ep Eq

(︁ˆ︁tI − ty
)︁2

= Em Ep Eq

{︁(︁ˆ︁ty,π − ty
)︁
+
(︁ˆ︁tI − ˆ︁ty,π)︁}︁2

= Em Ep Eq

(︁ˆ︁ty,π − ty
)︁2

+ Em Ep Eq

(︁ˆ︁tI − ˆ︁ty,π)︁2
+ 2Em Ep Eq

{︁(︁ˆ︁ty,π − ty
)︁ (︁ˆ︁tI − ˆ︁ty,π)︁}︁

= Em Vp

(︁ˆ︁ty,π)︁+ Ep Eq Em

{︂(︁ˆ︁tI − ˆ︁ty,π)︁2}︂
+ 2Ep Eq Em

{︁(︁ˆ︁ty,π − ty
)︁ (︁ˆ︁tI − ˆ︁ty,π)︁}︁

= Em Vp

(︁ˆ︁ty,π)︁+ Ep Eq Vm

(︁ˆ︁tI − ˆ︁ty,π)︁
+ 2Ep Eq Covm

{︁(︁ˆ︁ty,π − ty
)︁
,
(︁ˆ︁tI − ˆ︁ty,π)︁}︁

= Vsam+Vnr +2Vmix, (1.5.23)

where
Vsam = Em Vp

(︁ˆ︁ty,π)︁ , (1.5.24)

Vnr = Ep Eq Vm

(︁ˆ︁tI − ˆ︁ty,π)︁ , (1.5.25)

and
Vmix = Ep Eq Covm

{︁(︁ˆ︁ty,π − ty
)︁
,
(︁ˆ︁tI − ˆ︁ty,π)︁}︁ . (1.5.26)

The total variance of ˆ︁tI consists of the sum of three components: the sampling
variance, the nonresponse variance and a mixed term that corresponds to the co-
variance between the sampling and the nonresponse error. An estimate of the total
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variance ˆ︁Vtot is obtained by estimating each component individually, which leads to

ˆ︁Vtot = ˆ︁Vsam + ˆ︁Vnr + 2ˆ︁Vmix. (1.5.27)

To estimate the sampling variance given by (1.5.24), there exists several approaches.
We introduce the method proposed by Särndal (1992) and Deville and Särndal (1994).
We start with the naive variance estimator that treats the imputed values y∗i as
observed values: ˆ︁Vnaive =∑︂

i∈S

∑︂
j∈S

(πij − πiπj)

πij

ỹi
πi

ỹj
πj
. (1.5.28)

The estimator ˆ︁Vnaive often underestimates the true sampling variance. Therefore,
(Särndal, 1992) suggested a bias-adjusted estimator of Vsam

ˆ︁Vsam = ˆ︁Vnaive + ˆ︁Vdiff ,
where ˆ︁Vdiff is an estimator of

Vdiff = Em

(︂ˆ︁VHT − ˆ︁Vnaive)︂ .
Estimating the other two variance terms Vnr and Vmix is more straightforward (see
Haziza and Vallée (2020)).

We illustrate the method of (Särndal, 1992) in the case of SRSWOR and mean
imputation (see Appendix A for more details). Recall that, mean imputation is a
special case of regression imputation with vi = 1 and ci = 1 for all i.

First, to obtain the sampling variance estimator ˆ︁Vsam, we need to determine
Vdiff . From (1.4.3) and (1.5.28), we have

ˆ︁VHT − ˆ︁Vnaive =∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

1

πi

1

πj

(︁
yiyj − ỹiỹj

)︁
,

where ˆ︁VHT is given by (1.4.3). In the case of SRSWOR and mean imputation, straight-
forward algebra leads to

ˆ︁VHT − ˆ︁Vnaive = N2
(︂
1− n

N

)︂ 1

n

(︃
s2y −

nr − 1

n− 1
s2yr

)︃
,

where s2y =
1

n−1

∑︁
i∈S (yi − ȳ)2 and s2yr =

1
nr−1

∑︁
i∈Sr

(yi − ȳr)
2. It follows that

Vdiff = N2
(︂
1− n

N

)︂ n− nr

n− 1

σ2

n
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= N2
(︂
1− n

N

)︂
(1− ˆ︁p) n

n− 1

σ2

n
,

where ˆ︁p = nr/n denotes the response rate. Since σ2 in the above formula for Vdiff

is unknown, we replace it by an m-unbiased estimator s2yr, i.e., Em

(︁
s2yr
)︁
= σ2, which

leads to

ˆ︁Vsam = ˆ︁Vnaive + ˆ︁Vdiff
= N2

(︂
1− n

N

)︂ s2yr
n
. (1.5.29)

Since Em

(︁
s2yr
)︁
= σ2, we have Em

(︂ˆ︁Vsam)︂ = Vsam.

Second, it can be shown that the nonresponse variance Vnr is given by

Vnr = σ2N
2

n2

∑︂
i∈S

(︃
ri
n

nr

− 1

)︃2

,

which can be estimated by

ˆ︁Vnr = N2

nr

(︂
1− nr

n

)︂
s2yr. (1.5.30)

Finally, for the Vmix term, we have

Vmix = σ2N (N − n)

n2

∑︂
i∈S

(︃
ri
n

nr

− 1

)︃
= 0. (1.5.31)

An estimator of the total variance Vtot under mean imputation and simple random
sampling without replacement is obtained by summing (1.5.29) and (1.5.30), which
leads to

ˆ︁Vtot = N2
(︂
1− nr

N

)︂ s2yr
nr

.

Finally, in the case of random imputation, the imputed estimator ˆ︁tI su�ers from an
additional variability due to random draws of the e∗i 's. This additional variability is
referred to as the imputation variance and is added to the overall variance. Therefore,
using the decomposition of total error (1.5.21), the overall variance can be expressed
as

Vtot = Vsam +Vnr +2Vmix +Vimp, (1.5.32)
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where Vimp = Ep Eq Em VI

(︁ˆ︁tI)︁ is an additional component that corresponds to the im-

putation variance. As before, we have a sampling variance term Vsam = Em Vp

(︁ˆ︁ty,π)︁,
a nonresponse variance term Vnr = Ep Eq Vm EI

(︁ˆ︁tI − ˆ︁ty,π)︁ and a mixed term that cor-
responds to the covariance between the sampling and the nonresponse error Vmix =
Ep Eq Covm EI

{︁(︁ˆ︁ty,π − ty
)︁
,
(︁ˆ︁tI − ˆ︁ty,π)︁}︁.

An estimator of the total variance ˆ︁Vtot can be obtained by estimating each of
the four variance components individually. For instance, for SRSWOR and random
hot-deck imputation (see Section 1.5.2.3), the imputed estimator of ty is given by

ˆ︁tI =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiȳr +
∑︂
i∈Sm

wie
∗
i .

We have
EI (e

∗
i ) = 0,

and

VI (e
∗
i ) =

∑︁
i∈Sr

e2i
nr

, (1.5.33)

where ei = yi − ȳr, i ∈ Sr. Therefore, using (1.5.33), we have

Vimp = Ep Eq Em VI

(︁ˆ︁tI)︁
= Ep Eq Em

{︄(︃
N2

n2

)︃∑︂
i∈Sm

VI (e
∗
i )

}︄

= Ep Eq Em

{︃
N2

n
(1− ˆ︁p)∑︁i∈Sr

e2i
nr

}︃
.

Thus, an estimator of the imputation variance is given by

ˆ︁Vimp =
N2

n
(1− ˆ︁p)∑︁i∈Sr

e2i
nr

.

The terms ˆ︁Vsam, ˆ︁Vnr are given by (1.5.29) and (1.5.30), respectively, and we have
Vmix = 0 as in (1.5.31). This is because random hot-deck imputation can be viewed
as mean imputation method plus an added random residual and EI (e

∗
i ) = 0.



Chapter 2

Common treatment of in�uential

units

In surveys, we often encounter the problem of in�uential values in the selected sam-
ple. This problem is especially common in business surveys that collect economic
variables whose distributions are highly skewed. By in�uential values, we refer to
an accurately recorded value provided by the respondent, and not a measurement
error that is usually addressed during the data editing stage. Thus, in�uential units
are legitimate observations that can represent similar non-responding units or other
population units that were not selected in the sample. A unit is considered to be in-
�uential when its presence or absence in the selected sample can signi�cantly impact
the magnitude of the estimates. Classical estimators such as the Horvitz-Thompson
estimator (see Section 1.4) may be unstable in the presence of these in�uential units.

In this thesis, we consider deterministic linear regression imputation to �ll in for
the missing values. The imputed estimator of a population total ˆ︁tI is valid provided
that the �rst moment of the imputation model is correctly speci�ed; see Example
1.5.1. However, in the presence of in�uential units, the imputed estimator ˆ︁tI may
be very unstable, which is undesirable. To address this issue, the main idea is to
reduce the in�uence of units that have a large in�uence, resulting in a biased but
more stable estimator. This involves a trade-o� between bias and variance. Indeed,
a robust imputed estimator, despite its bias, is expected to achieve a smaller mean
square error compared to the non-robust imputed estimator.

In this chapter, we introduce two commonly employed methods for the treatment
of in�uential values at the imputation stage. Through a simulation study, we show
that these methods are generally not satisfactory.

28
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2.1 Two naive methods commonly used in practice

Recall that the classical imputed estimator of a population total (see section 1.5.2) is
given by ˆ︁tI =∑︂

i∈Sr

wiyi +
∑︂
i∈Sm

wiy
∗
i , (2.1.1)

where y∗i is the imputed value for the missing yi. Under deterministic linear regression
imputation (see section 1.5.2.1), recall that the imputation model is given by

yi = v⊤
i β + ϵi,

such that

Em (ϵi|vi) = 0, Em (ϵiϵj|vi,vj) = 0, i ̸= j, Vm (ϵi|vi) = σ2ci.

The missing values yi, i ∈ Sm, are replaced with y∗i = v⊤
i
ˆ︁BWLS, where

ˆ︁BWLS =

(︄∑︂
i∈Sr

ϕivic
−1
i v⊤

i

)︄−1∑︂
i∈Sr

ϕivic
−1
i yi (2.1.2)

denotes the weighted least squares (WLS) estimator of β based on the responding
units.

Below we present two naive methods usually employed in practice. The �rst
method consists of replacing the estimator ˆ︁BWLS by a robust version, for instance,
an M-estimator based on the Huber function with the usual tuning constant c = 1.345.
The second method consists of �nding an estimator of β based on the responding units
after removing outliers. A more detailed discussion of the two methods is provided
next.

2.1.1 Robust regression

Robust regression methods are often employed to limit the in�uence of unusual obser-
vations on the values of estimated regression coe�cients. There exists various types
of robust estimators in the context of a linear regression model. Here, we consider
M-estimators, where M stands for maximum likelihood-type (Huber, 1981).

De�nition 2.1. The M-estimator of β is an estimator that satis�es

ˆ︁βM = argmin
β

n∑︂
i=1

ρ

(︃
yi − v⊤

i βˆ︁s
)︃
,

where the function ρ is an objective function of the M-estimator and ˆ︁s denotes a robust
estimator for the residual standard deviation, such as the median absolute deviation
(MAD), to ensure scale-invariance for the M-estimator.
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The goal is to replace the estimator ˆ︁BWLS by a robust version ˆ︁BR (c). We
consider an M-estimator based on the Huber function. Using the set of responding
units, the minimization problem is given by

ˆ︁BR (c) = argmin
β

∑︂
i∈Sr

ρ

(︃
yi − v⊤

i β√
ciˆ︁σ

)︃
, (2.1.3)

where
√
ciˆ︁σ is an estimator of

√︁
V (ϵi|vi) =

√
σ2ci, and ρ is the Huber objective

function (see Table 2.1 for a list of commonly encountered objective functions).

Taking the derivative of (2.1.3) with respect to β, the estimator ˆ︁BR (c) is then
the solution of the following estimating equation of M-estimator:∑︂

i∈Sr

ψc

(︃
yi − v⊤

i β√
ciˆ︁σ

)︃
vi√
ci

= 0, (2.1.4)

where ψc(·) is the Huber in�uence function (see Table 2.1) and c is a tuning constant.
The tuning constant c determines how resistant the estimate is to outliers. The
smaller the value of the tuning constant c, the more resistant the estimate to outliers.
It eventually approaches the estimate obtained using weighted least squares as c gets
larger. In classical statistics, the value of c is often set to 1.345 because this value
o�ers 95 % e�ciency for normally distributed data. Thus, the imputed values are
given by

y∗i = v⊤
i
ˆ︁BR (1.345) , i ∈ Sm.

There is, in general, no closed-form solution for the expression of an M-estimator.

De�ne the weight function as w(x) = ψ(x)/x and the weights wi = w
(︂

yi−v⊤
i
ˆ︁β

ŝ

)︂
.

Then, the M-estimator can be viewed as the solution of a weighted least-squares
problem: ˆ︁βR = argmin

β

n∑︂
i=1

wi(yi − v⊤
i β)

2.

Let V be a matrix of independent variables, including the constant term for intercept,
W be a diagonal matrix, whose ith diagonal element is wi, i = 1, . . . , n, and y be
an n-vector of observed values of the dependent variable. The M-estimator can be
expressed as the solution of a weighted least squares problem

ˆ︁βR =
(︁
V ⊤WV

)︁−1
V ⊤y. (2.1.5)

However, we cannot directly compute ˆ︁βR using (2.1.5) since the matrix W depends

on the estimator ˆ︁βR. Therefore, the estimate is usually solved numerically using
methods such as the iterative reweighted least squares (IRLS) procedure. Starting
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with an initial estimate ˆ︁βR, this procedure iteratively re�nes this estimate of the
M-estimator by updating the matrix W at each iteration.

In Table (2.1), we give some examples of the objective function ρ(x) for the
M-estimator, along with the corresponding derivative, called the in�uence function
ψ(x), and the weight function w(x).

Type Objective function ρ(x) In�uence function ψ(x) Weight function w(x)

Least squares 1
2
x2 x 1

Huber (c > 0)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
2
x2 if |x| < c

c|x| − 1
2
c2 if |x| ≥ c

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x if |x| < c

csign(x) if |x| ≥ c

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 if |x| < c

c
|x| if |x| ≥ c

Tukey bisquare (c > 0)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
c2

6

(︃
1−

[︂
1−

(︁
x
c

)︁2]︂3)︃
if |x| ≤ c

c2

6
if |x| > c

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x
(︂
1−

(︁
x
c

)︁2)︂2
if |x| ≤ c

0 if |x| > c

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(︂
1−

(︁
x
c

)︁2)︂2
if |x| ≤ c

0 if |x| > c

Table 2.1: Some examples of functions for M-estimator

As previously mentioned, in addition to M-estimators, there are also other types of
robust estimators, such as S-estimators, MM-estimators, GM-estimators, LTS esti-
mators, etc. See (Andersen, 2008) for more details.

2.1.2 Exclusion of outliers

The second method consists of identifying the in�uential units (usually by an outlier
detection method), removing these units, and �tting the customary linear regression
model based on the remaining responding units. This leads to

y∗i = v⊤
i
ˆ︁B∗

WLS, i ∈ Sm,

where ˆ︁B∗
WLS =

(︄∑︂
i∈Sr

wiaivic
−1
i v⊤

i

)︄−1∑︂
i∈Sr

wiaivic
−1
i yi, (2.1.6)

with ai = 1 if unit i is not identi�ed as an in�uential unit and ai = 0, otherwise.

The underlying assumption is that the discarded respondent y-values are unique,
i.e., they do not represent similar nonrespondents. These units are called the nonrep-
resentative respondents. In practice, a respondent may represent other similar units
in the set of nonrespondents or in the non-sampled part of the population.
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Next, we present two measures of in�uence of a unit often used in practice to
identify outliers: studentized residuals and Cook's distance.

2.1.2.1 Studentized residuals

The studentized residual attached to the ith observation is de�ned as

ti =
ei

σ̂(i)

√
1− hii

,

where the residuals ei = yi − v⊤
i
ˆ︁BWLS and hii is the ith diagonal element of the

"hat" matrix, H = V
(︁
V ⊤V

)︁−1
V ⊤, where V is a n × (p + 1) design matrix. The

term σ̂(i) =
∑︁n

j=1
j ̸=i

e2j/ (n− p− 1) is the mean square error of the �tted model with

the ith observation deleted. The studentized residual ti follows a t-distribution with
n−p−2 degrees of freedom, where n is the number of observations and p, the number
of variables in the model.

An observation is in�uential if
|ti| > tα,n−p−2,

where tα,n−p−2 is the critical value for a two-tailed test with a level of signi�cance
α. Here, we set α = 0.05. For a large number of observations n, we expect around
5% of observations to fall outside of the range |ti| ≤ 2. These observations may be
considered as in�uential.

2.1.2.2 Cook's distance

Cook's distance (Cook, 1977) is a measure of the in�uence on regression coe�cients
and therefore �tted response values when the ith observation is deleted. The Cook's
distance for the ith observation is given by

Di =
e2i

(p+ 1)σ̂2 × hii

(1− hii)
2

=
1

(p+ 1)

(︃
ei

σ̂
√
1− hii

)︃2

× hii
1− hii

=
ẽ2i

(p+ 1)
× hii

1− hii
, (2.1.7)

where σ̂2 =
∑︁n

j=1 e
2
j/ (n− p− 1) is the mean square error of the �tted model and

ẽi =
ei

σ̂
√
1− hii
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denotes the standardized residual of the ith observation. A large Cook's distanceDi is
an indication that the ith observation has a signi�cant in�uence on the �tted response
values, which is the case when the vertical residual ei and/or the leverage hii are large.

To determine which observations are in�uential, we consider the cuto�

Di >
4

n− p− 1
,

which was advocated by Chatterjee and Hadi (1988).

2.1.3 Simulation study: assessing the performance of naive

methods

We conducted a simulation study to examine the performance of the methods pre-
sented in Sections 2.1.1 and 2.1.2.

We repeated 10, 000 iterations of the following process:

(1) A population U of size N = 10, 000 was generated, with one survey variable y
and one covariate v, using a mixture of normal distribution with a proportion
of outliers equal to 5%. First, we generated v ∼ Gamma(1, 10). In the case of
asymmetric outliers, given the v-values, the y-values were generated according
to the following mixture model

Yi = αi×{1, 000+5vi+N (0; 19, 600vi)}+(1− αi)×{9, 000+20vi+N (0; 640, 000vi)},

where P (αi = 1) = 0.95 for a population containing approximately 5% of out-
liers; see Figure 2.1. In the case of symmetric outliers, we used

Yi = αi × {100 + 8vi +N (0; 64vi)}+ (1− αi)× {100 + 8vi +N (0; 14, 400vi)},

where P (αi = 1) = 0.95; see Figure 2.2.

(2) A sample S of size n = 100; 200; 500 was selected from U according to simple
random sampling without replacement;

(3) Nonresponse to the y-variable was generated according to a uniform nonresponse
mechanism with pi = 50% for all i;

(4) Missing values were imputed using three imputation procedures, which led to
three imputed estimators:
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(i) Non-robust imputed estimator:

ˆ︁tI,WLS =
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS, (2.1.8)

where ˆ︁BWLS is given by (2.1.2).

(ii) Imputed estimator based on robust regression:

ˆ︁tI(c) =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BR (c) , (2.1.9)

where ˆ︁BR (c) is given by (2.1.3). We used the Huber function with c =
0.1; 1.345; 2.5.

(iii) Imputed estimator based on the exclusion of outliers:

ˆ︁t∗I,WLS =
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁B∗

WLS, (2.1.10)

where ˆ︁B∗
WLS is given by (2.1.6). To identify the outliers, we used the Cook

distance with threshold c = 4/(n − 3) and the studentized residuals with
c = 2; 2.5; 3.
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Figure 2.1: Data generated from a mixture distribution with 5% asymmetric
outliers
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Figure 2.2: Data generated from a mixture distribution with 5% symmetric
outliers

We computed the Monte Carlo percent relative bias and the Monte Carlo relative
e�ciency of the imputed estimators.

(1) Monte Carlo percent relative bias :

RB(ˆ︁tI) = EMC

(︁ˆ︁tI − ty
)︁

EMC

(︁ˆ︁tI)︁ × 100;

(2) Monte Carlo relative e�ciency, using ˆ︁tI,WLS as the reference :

RE(ˆ︁tI) = 100× MSEMC(ˆ︁tI)
MSEMC(ˆ︁tI,WLS)

.

Table (2.2) displays the empirical performance of the imputed estimators in terms
of bias and e�ciency for di�erent sample sizes n in the case of asymmetric outliers.
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WLS Robust regression
WLS

(Exclude outliers)

n c = 0.1 c = 1.345 c = 2.5
Studentized

c = 2
Studentized
c = 2.5

Studentized
c = 3

Cook distance

100
0.0
(100)

-13.0
(77)

-12.7
(75)

-11.9
(74)

-10.7
(87)

-9.6
(89)

-8.6
(92)

-8.6
(92)

200
-0.0
(100)

-13.0
(122)

-12.7
(118)

-12.0
(112)

-10.2
(117)

-8.9
(114)

-7.7
(111)

-7.9
(114)

500
0.0
(100)

-13.1
(267)

-12.8
(256)

-12.1
(235)

-9.7
(204)

-8.1
(177)

-6.6
(156)

-6.9
(167)

Table 2.2: Monte Carlo percent relative bias and Monte Carlo relative e�-
ciency of several estimators in the case of asymmetric outliers

Table (2.3) displays the empirical performance of the imputed estimators in terms
of bias and e�ciency for di�erent sample sizes n in the case of symmetric outliers.

WLS Robust regression
WLS

(Exclude outliers)

n c = 0.1 c = 1.345 c = 2.5
Studentized

c = 2
Studentized
c = 2.5

Studentized
c = 3

Cook distance

100
0.0
(100)

0.0
(54)

0.0
(55)

0.0
(57)

0.0
(54)

0.0
(55)

-0.0
(57)

-0.0
(56)

200
-0.1
(100)

-0.0
(54)

-0.0
(55)

-0.1
(57)

-0.0
(53)

-0.1
(55)

-0.1
(57)

-0.1
(55)

500
-0.0
(100)

-0.0
(54)

-0.0
(54)

-0.0
(56)

-0.0
(53)

-0.0
(54)

-0.0
(56)

-0.0
(54)

Table 2.3: Monte Carlo percent relative bias and Monte Carlo relative e�-
ciency of several estimators in the case of symmetric outliers

In the case of symmetric outliers, robust regression and weighted least squares
regression after removing outliers behaved very well in terms of bias and e�ciency;
see Table 2.3. For all sample sizes, the Monte Carlo percent relative bias was close
to 0 and the Monte Carlo relative e�ciency was much smaller than 100 with values
ranging from 53 to 57.

However, in the case of asymmetric outliers, both methods worked well in some
scenarios but broke down as the sample size increased. From Table (2.2), we ob-
serve that, for n = 100, the Monte Carlo relative e�ciency was smaller than 100 for
both methods. Robust regression displayed values of RE ranging from 74 to 77, and
weighted least squares regression after removing outliers had values ranging from 87
to 92. For n = 200 and n = 500, the Monte Carlo relative e�ciency obtained using
the two methods was above 100, with values ranging from 111 to 122 for n = 200 and
with values ranging from 156 to 267 for n = 500.
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Therefore, the imputed estimators based on a naive treatment were much less
e�cient than the imputed estimator based on weighted least squares for large sample
sizes, which is not desirable. Based on our observations in Table (2.2), we notice that
the Monte Carlo relative e�ciency varied depending on the chosen tuning constant
c. For the approach based on robust regression, the bad performance of the imputed
estimator can be explained by the fact that the tuning constant c = 1.345 was �xed
and not adaptative. This approach is appropriate in the classical setup, whereby the
interest lies in describing the behavior of the inliers. In survey sampling, the goal is
di�erent, as the interest lies in estimating the overall population total that consists of
a mix of outliers and inliers. As a result, the tuning constant c should be adaptative
in the sense that c should increase as n increases. Finally, for the approach based on
weighted least squares regression after removing outliers, the bad performance of the
imputed estimator can be explained by the fact it relies on the assumption that the
discarded respondent y-values are unique, i.e., they do not represent similar units in
the non-responding set. In general, this assumption is not tenable.



Chapter 3

Robust estimators based on an

adaptative tuning constant

In this chapter, we describe three robust estimators in the presence of in�uential units
that are all based on an adaptative tuning constant. We also introduce the concept
of conditional bias, which is a measure of in�uence in a �nite population setting.
We consider two robust estimators based on the concept of conditional bias and a
robust estimator that involves �nding the optimal tuning constant c that minimizes
the estimated mean square error of the robust estimator.

3.1 Conditional bias

3.1.1 Conditional bias in the complete data case

The concept of conditional bias is an appropriate measure of the in�uence (or impact)
of a unit in a �nite population setting. A unit is said to be in�uential if its presence
or absence in the sample has a signi�cant impact on the estimate. Let θN be a �nite
population parameter and ˆ︁θ be an estimator of θN . The conditional bias of a sampled
unit i is de�ned as

B1i = Ep

(︂ˆ︁θ − θN |Ii = 1
)︂
. (3.1.1)

The conditional bias of a sampled unit, B1i, is equal to the average of the sampling
error, ˆ︁θ − θN , calculated over all samples that contain unit i. In a �nite popula-
tion setting, non-sampled units may also be in�uential. The conditional bias of an
unsampled unit i is de�ned as

B0i = Ep

(︂ˆ︁θ − θN |Ii = 0
)︂
. (3.1.2)

39
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The conditional bias B0i corresponds to the average di�erence between the estimatorˆ︁θ and the population parameter θN calculated over all samples that do not contain
unit i; see Moreno-Rebollo et al. (1999). Here, we are interested in estimating the
population total, i.e., θN ≡ ty.

Proposition 3.1. Let ˆ︁θ = ˆ︁ty,π be the Horvitz-Thompson estimator of ty given by
(1.4.1). In the absence of missing values, the conditional bias of a sampled unit i is
given by

B1i =
∑︂
j∈U

(︃
πij
πiπj

− 1

)︃
yj. (3.1.3)

Proof:

B1i = Ep

(︁ˆ︁ty,π − ty|Ii = 1
)︁

= Ep

(︁ˆ︁ty,π|Ii = 1
)︁
− ty

= Ep

(︄∑︂
j∈S

yj
πj

|Ii = 1

)︄
− ty

= Ep

(︄∑︂
j∈U

Ij
yj
πj

|Ii = 1

)︄
− ty

=
∑︂
j∈U

yj
πj

Ep (Ij|Ii = 1)− ty

=
∑︂
j∈U

yj
πj

P (Ij = 1, Ii = 1)

P (Ii = 1)
− ty

=
∑︂
j∈U

yj
πj

πij
πi

−
∑︂
j∈U

yj

=
∑︂
j∈U

(︃
πij
πiπj

− 1

)︃
yj.

The conditional bias B1i can also be expressed as

B1i =
∑︂
j∈U

(︃
πij
πiπj

− 1

)︃
yj =

(︃
1

πi
− 1

)︃
yi +

∑︂
j∈U
j ̸=i

(︃
πij
πiπj

− 1

)︃
yj. (3.1.4)
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If πi = 1, we have B1i = 0 and the unit i has no in�uence.

The design variance of ˆ︁ty,π given by (1.4.2) can be expressed as

Vp

(︁ˆ︁ty,π)︁ =∑︂
i∈U

B1iyi. (3.1.5)

For (3.1.5), the design variance of ˆ︁ty,π is large if either B1i or yi is large for some
i ∈ U ; see Beaumont et al. (2013).

Since B1i given by (3.1.3) is unknown, we need to estimate it.

Proposition 3.2. Provided that πij > 0 for all i ̸= j, a conditionally design-unbiased
estimator of B1i is given by

ˆ︁B1i =
∑︂
j∈S

(︃
πij − πiπj
πjπij

)︃
yj. (3.1.6)

Proof:

Ep

(︂ ˆ︁B1i|Ii = 1
)︂
= Ep

{︄∑︂
j∈S

(︃
πij − πiπj
πjπij

)︃
yj|Ii = 1

}︄

= Ep

{︄∑︂
j∈U

(︃
πij − πiπj
πjπij

)︃
Ijyj|Ii = 1

}︄

=
∑︂
j∈U

(︃
πij − πiπj
πjπij

)︃
yj Ep (Ij|Ii = 1)

=
∑︂
j∈U

(︃
πij − πiπj
πjπij

)︃
yj
P (Ii = 1, Ij = 1)

P (Ii = 1)

=
∑︂
j∈U

(︃
πij − πiπj
πjπij

)︃
yj
πij
πi

=
∑︂
j∈U

(︃
πij − πiπj
πiπj

)︃
yj

=
∑︂
j∈U

(︃
πij
πiπj

− 1

)︃
yj

= B1i
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Expressions (3.1.3) and (3.1.6) depend on the �rst-order inclusion probabilities,
πi, and the second-order inclusion probabilities, πij. In the case of simple random
sampling without replacement, Expression (3.1.3) reduces to

B1i =
N

N − 1

(︃
N

n
− 1

)︃(︁
yi − Y

)︁
,

where Y = N−1
∑︁

j∈U yj. The in�uence of unit i is large if yi is far from the population

mean Y and/or the sampling fraction n/N is small. In the case of simple random
sampling without replacement, Expression (3.1.6) reduces to

ˆ︁B1i =
n

n− 1

(︃
N

n
− 1

)︃
(yi − y) ,

where y = n−1
∑︁

j∈S yj denotes the sample mean of y-values.

For Bernoulli sampling, Expression (3.1.3) reduces to

B1i =

(︃
1

π
− 1

)︃
yi. (3.1.7)

For this sampling design, the conditional bias given by (3.1.7) is known for all the
sample units and, therefore, does not need to be estimated. The in�uence of unit i is
large if the �rst-order inclusion probability π is small and/or yi is large.

3.1.2 Conditional bias in the context of linear regression im-

putation

In this section, we extend the concept of conditional bias in the context of nonresponse
and linear regression imputation. In the presence of nonresponse, the expression for
the conditional bias of the responding unit i can be approximated by (see Appendix
B):

BI
i = Em Ep Eq

(︁ˆ︁tI,WLS − ty|Yi = yi, Ii = 1, ri = 1
)︁

≈
∑︂
j∈U

(︃
πij − πiπj
πiπj

)︃
yj + wiCvic

−1
i

(︁
yi − v⊤

i β
)︁
, (3.1.8)

where

C =

{︄∑︂
i∈U

(1− pi)v
⊤
i

}︄{︄∑︂
i∈U

pivic
−1
i v⊤

i

}︄−1

, (3.1.9)
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pi in (3.1.9) denotes the response probability of unit i in the population, and ˆ︁tI,WLS

is given by (2.1.8). The �rst term on the right hand-side of (3.1.8) measures the
in�uence of unit i on the sampling error, ˆ︁ty,π − ty (see Expression 3.1.3), whereas the
second term measures the in�uence of unit i on the nonresponse error, ˆ︁tI,WLS − ˆ︁ty,π.
Under simple random sampling without replacement, the conditional bias (3.1.8) can
be written as

BI
i ≈ N

N − 1

(︃
N

n
− 1

)︃(︁
yi − Ȳ

)︁
+

(︃
N

n

)︃
Cvic

−1
i

(︁
yi − v⊤

i β
)︁
. (3.1.10)

Since the y-values are only available for the respondents, it is not possible to calculate
the conditional bias given by (3.1.10). An estimator of the conditional bias is given
by

ˆ︁BI
i =

n

n− 1

(︃
N

n
− 1

)︃(︁
yi − ȳI,WLS

)︁
+

(︃
N

n

)︃ ˆ︁Cvic
−1
i (yi−v⊤

i
ˆ︁BWLS), i ∈ Sr, (3.1.11)

where ˆ︁C =

{︄∑︂
i∈S

(1− ri)v
⊤
i

}︄{︄∑︂
i∈S

rivic
−1
i v⊤

i

}︄−1

,

and ȳI,WLS = ˆ︁tI,WLS/N denotes the imputed estimator of the population mean, ty/N ,
under linear regression imputation.

Example 3.1.1. Under simple linear regression imputation (i.e., vi = (1, vi)
⊤ and

ci = 1), Expression (3.1.11) reduces to

ˆ︁BI
i =

(︃
N

n
− 1

)︃
(yi−yI)+

(︃
N

n

)︃
1ˆ︁p
{︃
(1− ˆ︁p) + (vi − vr)(v − vr)

s2vr

}︃(︂
yi − ˆ︁B0,WLS − ˆ︁B1,WLSvi

)︂
,

(3.1.12)
where ˆ︁p = nr/n denotes the response rate, v = n−1

∑︁
i∈S vi denotes the sample mean

of v-values, vr = n−1
r

∑︁
i∈Sr

vi denotes the mean v-values of respondents, and

s2vr = (nr − 1)−1
∑︂
i∈Sr

(vi − vr)
2;

see Appendix C.

It follows from (3.1.12) that the responding unit i has a large in�uence if
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1) the sampling fraction n/N is small;

2) its y-value is far from the overall estimated mean yI,WLS;

3) the response rate ˆ︁p is low;
4) its v-value is far from the mean of respondents vr ;

5) it has a large vertical residual ei = yi − ˆ︁B0,WLS − ˆ︁B1,WLSvi.

3.2 Robust estimators based on adaptative tuning

constant

3.2.1 A proposal based on conditional bias

We consider a special case of the robust estimator studied by Chen et al. (2020). The
estimator we consider is a robust version ofˆ︁tI,WLS =

∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS (3.2.1)

based on the concept of conditional bias:

ˆ︁tI,CB(c) = ˆ︁tI,WLS −
∑︂
i∈Sr

ˆ︁BI
i +

∑︂
i∈Sr

ψc

{︂ ˆ︁BI
i

}︂
, (3.2.2)

where ˆ︁BI
i is an estimator of the conditional bias given by (3.1.11) and ψc(·) denotes

the Huber in�uence function with tuning constant c (see Table 2.1).

We can rewrite the estimator ˆ︁tI,CB(c) (3.2.2) as

ˆ︁tI,CB(c) = ˆ︁tI,WLS +∆(c), (3.2.3)

where ∆(c) = −
∑︁

i∈Sr

ˆ︁BI
i +

∑︁
i∈Sr

ψc

{︂ ˆ︁BI
i

}︂
.

As in Beaumont et al. (2013) and Chen et al. (2020), we search for the value of
∆(c) that minimizes

max
i∈Sr

⃓⃓⃓ ˆ︁BR
i

⃓⃓⃓
,

where ˆ︁BR
i is the estimated conditional bias (in�uence) of unit i with respect to the

robust estimator ˆ︁tI,CB(c). The conditional bias with respect to the robust estimatorˆ︁tI,CB(c) is de�ned as
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BR
i = EmEpEq

(︁ˆ︁tI,CB(c)− ty|Yi = yi, Ii = 1, ri = 1
)︁

= EmEpEq

(︁ˆ︁tI,WLS +∆(c)− ty|Yi = yi, Ii = 1, ri = 1
)︁

= EmEpEq

(︁ˆ︁tI,WLS − ty|Yi = yi, Ii = 1, ri = 1
)︁
+ EmEpEq (∆(c)|Yi = yi, Ii = 1, ri = 1)

= BI
i + EmEpEq (∆(c)|Yi = yi, Ii = 1, ri = 1) ,

where BI
i is given by (3.1.10). An estimator of BR

i is thus given by

ˆ︁BR
i = ˆ︁BI

i +∆(c),

where ˆ︁BI
i is an estimator of BI

i . The value of ∆(c) that minimizes max
i∈Sr

⃓⃓⃓ ˆ︁BR
i

⃓⃓⃓
is given

by

∆(copt) = −1

2

[︃
min
i∈Sr

{︂ ˆ︁BI
i

}︂
+max

i∈Sr

{︂ ˆ︁BI
i

}︂]︃
.

The resulting robust estimator is given by

ˆ︁tI,CB(copt) = ˆ︁tI,WLS +∆(copt)

= ˆ︁tI,WLS − 1

2

[︃
min
i∈Sr

{︂ ˆ︁BI
i

}︂
+max

i∈Sr

{︂ ˆ︁BI
i

}︂]︃
. (3.2.4)

From Expression (3.2.4), we note that it is not necessary to determine the constant
copt. Indeed, the estimator (3.2.4) can be computed explicitly without computing copt.
It can be shown that copt increases as n increases, i.e., it is adaptative. Under mild
regularity conditions, the robust estimator ˆ︁tI,CB(copt) is

√
n-design-consistent for ty in

the sense that ˆ︁tI,CB(copt)− ty = Op (N/
√
n), which is a desirable property; see Chen

et al. (2020).

3.2.2 Estimator based on a new adaptative tuning constant

The results from the simulation in Section (2.1.3) suggest that, in the case of distribu-
tion with symmetric outliers, robust regression with a �xed tuning constant c = 1.345
behaved very well in terms of bias and e�ciency, but broke down in the case of asym-
metric outliers for large sample sizes. Therefore, the idea is to propose an adaptative
tuning constant c, called cnew, and use a robust regression method (e.g., M-estimation)
with this new constant. For asymmetric outliers, using an adaptive tuning constant
that adjusts automatically based on sample size and data characteristics, is expected
to give better results in terms of e�ciency compared to the robust estimator based
on the naive tuning constant c = 1.345.
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The value cnew will be displayed below. Once the value of cnew is determined, we
can �nd ˆ︁BR(cnew), which is the solution of the following estimating equation of the
M-estimator based on the Huber function with tuning constant cnew (see 2.1.4):∑︂

i∈Sr

ψcnew

(︃
yi − v⊤

i βˆ︁σ√ci
)︃

vi√
ci

= 0,

where ψ(·) denotes the Huber in�uence function (see Table 2.1). An imputed robust
estimator is given by

ˆ︁tI,R(cnew) =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BR(cnew). (3.2.5)

Should we use (3.2.5)? It may not be a good idea because, in (3.2.5), we are only
"taking care" of the missing values. However, some y-values associated with the re-
spondents may also be in�uential. Therefore, we also need to reduce the in�uence of
those units.

To cope with this issue, we write (3.2.1) in the so-called projection form

ˆ︁tI,WLS =
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS. (3.2.6)

Indeed, the estimator (3.2.1) can be written in the form (3.2.6) provided that ci =
λ⊤vi, for a vector of constant λ as we now show:

ˆ︁tI,WLS =
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS

=
∑︂
i∈Sr

wiyi +
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS −

∑︂
i∈Sr

wiv
⊤
i
ˆ︁BWLS

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi −
∑︂
i∈Sr

wiv
⊤
i

(︄∑︂
i∈Sr

wivic
−1
i v⊤

i

)︄−1 ∑︂
i∈Sr

wivic
−1
i yi

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi −

{︄∑︂
i∈Sr

wi

(︄
λ⊤vi

ci

)︄
v⊤
i

}︄(︄∑︂
i∈Sr

wivic
−1
i v⊤

i

)︄−1 ∑︂
i∈Sr

wivic
−1
i yi

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi − λ⊤

(︄∑︂
i∈Sr

wivic
−1
i v⊤

i

)︄(︄∑︂
i∈Sr

wivic
−1
i v⊤

i

)︄−1 ∑︂
i∈Sr

wivic
−1
i yi

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi − λ⊤
∑︂
i∈Sr

wivic
−1
i yi

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi −
∑︂
i∈Sr

wi
λ⊤vi

ci
yi
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=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS +

∑︂
i∈Sr

wiyi −
∑︂
i∈Sr

wiyi

=
∑︂
i∈S

wiv
⊤
i
ˆ︁BWLS . (3.2.7)

Our proposal is obtained from (3.2.6) by replacing ˆ︁BWLS with ˆ︁BR(cnew):

ˆ︁tI,R(cnew) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(cnew). (3.2.8)

We propose the following value for cnew:

cnew = 1.345

⎧⎪⎪⎨⎪⎪⎩1 +

⃓⃓⃓⃓
min
i∈Sr

{︂ ˆ︁B∗
i

}︂
+max

i∈Sr

{︂ ˆ︁B∗
i

}︂⃓⃓⃓⃓
2

⎫⎪⎪⎬⎪⎪⎭+
n

N

√
n, (3.2.9)

where ˆ︁B∗
i =

ˆ︁BI
i − ˆ︁BI

rˆ︁σ ˆ︁B
denotes the standardized version of ˆ︁BI

i , with ˆ︁BI
r = 1

nr

∑︁
i∈Sr

ˆ︁BI
i and

ˆ︁σ2ˆ︁B =
1

nr − 1

∑︂
i∈Sr

(︂ ˆ︁BI
i − ˆ︁BI

r

)︂2
.

We provide some justi�cation for our choice (3.2.9). First, if the sampling fraction
n/N is negligible, the second term on the right hand-side of (3.2.9) is small and we
can focus on the �rst term. If the distribution has symmetric outliers and the weights

wi are constant, we expect

⃓⃓⃓⃓
min
i∈Sr

{︂ ˆ︁B∗
i

}︂
+max

i∈Sr

{︂ ˆ︁B∗
i

}︂⃓⃓⃓⃓
/2 to be close to 0. As a result,

cnew will be slightly larger than 1.345. If the distribution has asymmetric outliers

(say to the right), the term

⃓⃓⃓⃓
min
i∈Sr

{︂ ˆ︁B∗
i

}︂
+max

i∈Sr

{︂ ˆ︁B∗
i

}︂⃓⃓⃓⃓
/2 will be larger than 0 and cnew

will be signi�cantly larger than 1.345, which is desirable. As the sample size n gets
larger, the sampling fraction n/N is no longer negligible. The second term on the

right hand-side of (3.2.9) gets larger as n increases and ˆ︁BR(cnew) becomes closer and

closer to ˆ︁BWLS.

3.2.3 Optimal tuning constant

In this section, we determine the optimal constant c, denoted by c∗, that minimizes
the estimated mean square error of the robust imputed estimator in the projection
form:
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ˆ︁tI,R(c) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(c), (3.2.10)

where ˆ︁BR(c) is the solution of the following robust estimating equation of the M-
estimator based on the Huber function with tuning constant c (see 2.1.4):

∑︂
i∈Sr

ψc

(︃
yi − v⊤

i β√
ciˆ︁σ

)︃
vi√
ci

= 0,

and ψc(t) denotes the Huber in�uence function (see Table 2.1).

In practice, the optimal tuning constant, c∗, is determined by computing the es-
timated mean square error of (3.2.10) for a grid of c-values. The value corresponding
to the minimum estimated mean square error is selected as c∗.

An estimator of the mean squared error of (3.2.10) is given by

ˆ︂MSE(ˆ︁tI,R(c)) = max
{︂(︁ˆ︁tI,R(c)− ˆ︁tI,WLS

)︁2 − ˆ︁V (︁ˆ︁tI,R(c)− ˆ︁tI,WLS

)︁
, 0
}︂

+ ˆ︁V{︁ˆ︁tI,R(c)}︁ . (3.2.11)

The explicit expressions and derivations for the terms on the right-hand side of
(3.2.11) will be given in Chapter 5. The proposed robust estimator is given by

ˆ︁tI,R(c∗) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(c

∗). (3.2.12)



Chapter 4

Simulation Study

In this chapter, we present the results from a simulation study whose goal was to
assess the empirical performance of several imputed estimators in terms of bias and
e�ciency.

4.1 Simulation Setup

We repeated R = 10, 000 iterations of the following process:

(1) A �nite population U , of size N = 5, 000 was generated, with a survey variable y
and a single auxiliary variable v. To that end, we generated v ∼ Gamma(5, 10).
Given the v-values, the y-values were generated according to

yi | vi ∼ D(µi;σ
2
i ),

where µi = E (yi|vi) = β0 + β1vi and σ
2
i = V (yi|vi) = σ2.

We considered the following distributionsD: Normal, Lognormal, Pareto, Frechet,
Student and Double exponential (Laplace). The values of β0 and β1 were set
to 50 and 12, respectively. The value of σ was set to 600. For these six distri-
butions, the �rst two moments of the distribution D(µi;σ

2
i ) were the same. We

also considered mixture distributions, including mixtures of normal and lognor-
mal distributions. For mixtures of normal distributions, given the v-values, the
y-values were generated according to

yi = αi ×N (µ1i;σ
2
1i) + (1− αi)×N (µ2i;σ

2
2i),

where αi is a binary variable such that P (αi = 1) = 0.99 or 0.97, leading to 1%
and 3% of outliers, respectively. We set µ1i = 150 + 20vi, µ2i = 2000 + 85vi,
σ1i = 400 and σ2i = 2000.

49
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Similarly, for mixtures of lognormal distributions, we have

yi = αi × LN (µ1i;σ
2
1i) + (1− αi)× LN (µ2i;σ

2
2i),

where P (αi = 1) = 0.99 and 0.97. We set µ1i = 150 + 8vi, µ2i = 1200 + 60vi,
σ1i = 150 and σ2i = 1500; see Appendix D for plots of the relationship between
y and v for each of the distributions.

(2) From the �nite population generated in the previous step, we selected a sam-
ple, of size n ∈ {50, 100, 200}, according to simple random sampling without
replacement.

(3) In each sample, nonresponse to the y-variable was generated with probability

pi = 0.1 + 0.9
exp (4− 0.09vi)

1 + exp (4− 0.09vi)
.

This led to a response rate approximately equal to 50%.

(4) In each sample, we computed six estimators of ty:

(i) The non-robust estimator described in Section 2.1:

ˆ︁tI,WLS =
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS.

(ii) The naive estimator described in Section 2.1:

ˆ︁tI,R(1.345) =∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BR(1.345).

(iii) The robust estimator based on the conditional bias described in Section
3.2.1: ˆ︁tI,CB(copt) = ˆ︁tI,WLS − 1

2

[︃
min
i∈Sr

{︂ ˆ︁BI
i

}︂
+max

i∈Sr

{︂ ˆ︁BI
i

}︂]︃
.

(iv) The robust estimator based on cnew described in Section 3.2.2:

ˆ︁tI,R(cnew) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(cnew).

(v) The robust estimator based on c∗ described in Section 3.2.3:

ˆ︁tI,R(c∗) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(c

∗).
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(vi) The (unfeasible) robust estimator based on the tuning constant ˜︁c that
minimizes the Monte Carlo mean square error of the imputed estimatorˆ︁tI,R(c) given by (3.2.10) :

ˆ︁tI,R(˜︁c) =∑︂
i∈S

wiv
⊤
i
ˆ︁BR(˜︁c).

This robust estimator can be viewed as a "gold standard". However, it is
unfeasible in practice since the Monte Carlo mean square error cannot be
computed using the available sample data.

To assess the bias of an estimator, we computed its Monte Carlo percent relative
bias, de�ned as

RBMC =
1

R

R∑︂
r=1

ˆ︁t(r)I − ty
ty

× 100,

where ˆ︁tI is a generic notation for an imputed estimator of ty and ˆ︁t(r)I is the imputed
estimator ˆ︁tI at the rth iteration, r = 1, . . . , R.We also computed Monte Carlo percent
relative e�ciency (RE), using the non-robust estimator ˆ︁tI,WLS, as the reference:

RE = 100× MSEMC(ˆ︁tI)
MSEMC(ˆ︁tI,WLS)

,

where

MSEMC(ˆ︁tI) = 1

R

R∑︂
r=1

(︂ˆ︁t(r)I − ty

)︂2
.

4.2 Simulation Results

Tables 4.1 to 4.3 display the Monte Carlo relative bias (in %) and Monte Carlo rel-
ative e�ciency (in %) for six estimators. In the case of the symmetric distributions
(Normal, Student and Laplace), all the estimators exhibited a negligible bias in all
the scenarios; see Table 4.1. For the normal distribution, all the robust estimators
su�er from a slight loss of e�ciency with values ranging from 100 to 106, which is a
desirable feature. For the t-distribution and the Laplace distribution, the robust esti-
mators were much more e�cient than ˆ︁tI,WLS. The estimator ˆ︁tI,R(c∗) was the best but,
as expected, incurred some loss of e�ciency with respect to the gold standard estima-
tor ˆ︁tI,R(˜︁c). The estimator ˆ︁tI,CB(copt) was outperformed by the other robust estimators.
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In the case of asymmetric distributions (Pareto, Frechet, Lognormal, and Weibull),
all the robust estimators exhibited some bias, as expected; see Table 4.2. In virtually
all the scenarios, the estimator ˆ︁tI,CB(copt) was less biased than its competitors. The
naive estimator ˆ︁tI,R(1.345) performed well in some scenarios but performed poorly in
others, especially for larger sample sizes. For instance, for the Lognormal distribu-
tion, the estimator ˆ︁tI,R(1.345) exhibited a value of RE equal to 134% for n = 200.
For highly skewed distributions such as Pareto and Frechet, the proposed robust es-
timators showed substantial improvement in terms of relative e�ciency with respect
to ˆ︁tI,WLS. In particular, ˆ︁tI,R(cnew) was the best estimator with a value of RE close to
that of the gold standard ˆ︁tI,R(˜︁c). For the Lognormal distribution, all the proposed
estimators were more e�cient than the non-robust estimator for all the sample sizes.
The robust estimator ˆ︁tI,R(cnew) was the best with a value of RE close to that of
the gold standard estimator ˆ︁tI,R(˜︁c). For the Weibull distribution, all the estimators
showed a value of RE close to that of ˆ︁tI,WLS.

Finally, in the case of the mixture distributions (see Table 4.3), the robust estimators
exhibited substantial improvement over ˆ︁tI,WLS. Both ˆ︁tI,R(1.345) and ˆ︁tI,R(cnew) per-
formed well, and outperformed ˆ︁tI,CB(copt) by a signi�cant margin. Again, in terms of
e�ciency, the robust estimator ˆ︁tI,R(cnew) showed values of RE comparable to those
obtained with the gold standard ˆ︁tI,R(˜︁c).
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Estimator n
Distribution

Normal Student's t Double Exponential (Laplace)

ˆ︁tI,WLS

50
0.2 0.1 -0.2
(100) (100) (100)

100
-0.2 -0.0 -0.0
(100) (100) (100)

200
0.1 -0.1 0.1
(100) (100) (100)

ˆ︁tI,R(1.345)
50

0.2 0.0 -0.2
(103) (69) (85)

100
-0.2 -0.1 -0.0
(103) (68) (82)

200
0.1 -0.1 0.1
(102) (66) (81)

ˆ︁tI,CB(copt)

50
-0.1 -0.1 -0.4
(101) (83) (93)

100
-0.4 -0.2 -0.2
(100) (82) (93)

200
-0.1 -0.2 -0.1
(100) (83) (95)

ˆ︁tI,R(cnew)
50

0.4 0.4 0.2
(102) (75) (90)

100
-0.1 0.3 0.3
(101) (73) (90)

200
0.1 0.1 0.2
(100) (74) (92)

ˆ︁tI,R(c∗)
50

0.1 -0.0 -0.3
(106) (68) (82)

100
-0.3 -0.1 -0.1
(105) (65) (80)

200
0.0 -0.1 0.1
(103) (64) (80)

ˆ︁tI,R(˜︁c)
50

0.2 0.1 -0.2
(100) (60) (76)

100
-0.2 -0.1 0.0
(100) (57) (68)

200
0.1 -0.0 0.2
(100) (55) (65)

Table 4.1: Monte Carlo percent relative bias and Monte Carlo relative e�-
ciency (values in parentheses) of several estimators for symmetric distribu-
tions
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Estimator n
Distribution

Pareto Frechet Lognormal Weibull

ˆ︁tI,WLS

50
0.2 -0.3 -0.2 -0.3
(100) (100) (100) (100)

100
-0.1 0.1 0.2 0.1
(100) (100) (100) (100)

200
0.1 0.0 0.0 0.1
(100) (100) (100) (100)

ˆ︁tI,R(1.345)
50

-7.9 -7.8 -8.4 -7.0
(50) (55) (79) (92)

100
-8.6 -8.2 -8.9 -7.4
(58) (69) (95) (111)

200
-8.7 -8.5 -9.3 -7.7
(93) (102) (134) (141)

ˆ︁tI,CB(copt)

50
-3.4 -3.8 -3.8 -3.3
(70) (70) (88) (95)

100
-3.1 -2.9 -2.7 -2.0
(64) (73) (90) (98)

200
-2.3 -2.2 -1.9 -1.2
(69) (76) (94) (98)

ˆ︁tI,R(cnew)
50

-6.3 -6.6 -6.6 -5.9
(50) (52) (83) (91)

100
-5.5 -5.4 -5.1 -4.6
(45) (60) (88) (103)

200
-4.1 -4.1 -3.4 -3.0
(54) (67) (94) (102)

ˆ︁tI,R(c∗)
50

-6.9 -7.8 -7.8 -6.6
(63) (59) (90) (95)

100
-5.4 -5.4 -5.0 -3.8
(52) (67) (92) (101)

200
-4.0 -4.0 -3.3 -2.2
(58) (70) (96) (100)

ˆ︁tI,R(˜︁c)
50

-7.1 -6.5 -6.9 -2.8
(50) (51) (83) (91)

100
-4.8 -4.7 -3.9 -1.3
(45) (58) (86) (98)

200
-3.1 -3.0 -2.4 -0.5
(53) (63) (91) (97)

Table 4.2: Monte Carlo percent relative bias and Monte Carlo relative e�-
ciency (values in parentheses) of several estimators for asymmetric distribu-
tions
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Estimator n
Distribution

Mixture of Normal Mixture of Lognormal
1% outliers 3% outliers 1% outliers 3% outliers

ˆ︁tI,WLS

50
0.2 0.0 0.0 -0.1
(100) (100) (100) (100)

100
-0.1 -0.1 0.0 0.3
(100) (100) (100) (100)

200
0.0 0.1 -0.1 0.0
(100) (100) (100) (100)

ˆ︁tI,R(1.345)
50

-1.9 -5.8 -3.9 -9.4
(50) (38) (30) (27)

100
-2.2 -5.9 -4.1 -9.5
(51) (45) (33) (36)

200
-2.1 -5.9 -4.2 -9.6
(53) (58) (43) (60)

ˆ︁tI,CB(copt)

50
-1.3 -3.2 -2.4 -5.0
(74) (72) (61) (67)

100
-1.5 -3.1 -2.4 -4.4
(71) (73) (60) (69)

200
-1.3 -2.5 -2.2 -3.9
(73) (79) (64) (76)

ˆ︁tI,R(cnew)
50

-2.4 -7.2 -5.2 -12.6
(53) (50) (29) (38)

100
-2.6 -7.0 -4.9 -12.2
(53) (55) (32) (48)

200
-2.2 -5.9 -4.5 -11.1
(58) (70) (42) (74)

ˆ︁tI,R(c∗)
50

-3.0 -7.7 -5.9 -11.5
(58) (66) (43) (67)

100
-3.2 -7.0 -5.6 -10.9
(57) (73) (39) (72)

200
-2.9 -5.6 -4.9 -10.1
(60) (83) (48) (78)

ˆ︁tI,R(˜︁c)
50

-3.3 -10.0 -5.6 -15.0
(46) (41) (26) (33)

100
-3.4 -7.6 -5.0 -12.6
(50) (54) (30) (50)

200
-2.7 -5.4 4.1 -9.4
(55) (67) (41) (71)

Table 4.3: Monte Carlo percent relative bias and Monte Carlo relative e�-
ciency (values in parentheses) of several estimators for mixture distributions



Chapter 5

Estimation of the mean square error

In this chapter, using a �rst-order Taylor expansion, we derive an explicit expression
of the mean square error of the robust estimator (3.2.10). We assume that both the
tuning constant c and the standard deviation σ are �xed. The expression of the mean
square error will then be used to estimate the mean square error of the proposed
robust estimators ˆ︁tI,R(cnew) and ˆ︁tI,R(c∗); see Sections 3.2.2 and 3.2.3, respectively. As
an alternative to a Taylor expansion procedure, we also proposed a pseudo-population
bootstrap procedure in Section 5.2.1 to estimate the mean square error of ˆ︁tI,R(cnew)
given by (5.1.13). In both Sections 5.1 and 5.2, we assume that the sampling fraction
n/N is negligible. This assumption is not too restrictive as the sample size is often
small compared to the population size in most practical situations.

5.1 First-order Taylor expansion

In Section 5.1.1, we �rst derive an estimator of the mean square error of ˆ︁tI,R(cnew)
and ˆ︁tI,R(c∗). In Section 5.1.2, we assess the performance of the proposed estimator
of the mean square error in terms of bias.

5.1.1 Derivations

We start with the robust imputed estimator in the projection form:

ˆ︁t(ˆ︁BR, σ, c) =
∑︂
i∈S

wiv
⊤
i
ˆ︁BR(c), (5.1.1)

where ˆ︁BR(c) is the solution of the following robust estimating equations

ˆ︁U(β) = 1

N

∑︂
i∈Sr

ψc

(︄
yi − v⊤

i β

σϕ
1/2
i

)︄
wivi

ϕ
1/2
i

= 0, (5.1.2)
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with ψc(t) denoting the Huber function such that ψc(t) = cI(t ≥ c) + tI(−c ≤ t ≤
c) + (−c)I(t ≤ −c). Let β∗ be the probability limit of ˆ︁BR(c). By using a �rst-order
Taylor expansion, we obtain

0 = ˆ︁U(ˆ︁BR(c))

= ˆ︁U(β∗) +
∂ E(ˆ︁U(β∗))

∂β

(︂ˆ︁BR(c)− β∗
)︂
+ op(n

−1/2). (5.1.3)

In addition, it can be shown that

∂ E(ˆ︁U(β∗))

∂β
=M1 +M2 +M3, (5.1.4)

where

M1 = −E

{︄
p(vi)c

viv
⊤
i

ϕ
1/2
i

fy|v(v
⊤
i β

∗ + cσϕ
1/2
i )

}︄
, (5.1.5)

M2 = E

{︄
p(vi)

viv
⊤
i

ϕ
1/2
i

cfy|v(v
⊤
i β

∗ + cσϕ
1/2
i )

}︄
+ E

{︄
p(vi)

viv
⊤
i

ϕ
1/2
i

cfy|v(v
⊤
i β

∗ − cσϕ
1/2
i )

}︄

− E
{︃
p(vi)

viv
⊤
i

σϕi

I(−c ≤ yi − v⊤
i β

∗

σϕ1/2
≤ c)

}︃
, (5.1.6)

and

M3 = −E

{︄
p(vi)

viv
⊤
i

ϕ
1/2
i

cfy|v(v
⊤
i β

∗ − cσϕ
1/2
i )

}︄
. (5.1.7)

According to (5.1.4)-(5.1.7), we have

∂ E(ˆ︁U(β∗))

∂β
= −E

{︄
p(vi)

viv
⊤
i

σϕi

I(−c ≤ yi − v⊤
i β

∗

σϕ
1/2
i

≤ c)

}︄
. (5.1.8)

According to (5.1.3), we have

ˆ︁BR(c)− β∗ = −

{︄
∂ E(ˆ︁U(β∗))

∂β

}︄−1 ˆ︁U(β∗) + op(n
−1/2). (5.1.9)

It follows that

ˆ︁t(ˆ︁BR, σ, c) =
∑︂
i∈S

wiv
⊤
i
ˆ︁BR(c)

=
∑︂
i∈S

wiv
⊤
i (β

∗ + ˆ︁BR(c)− β∗)
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=
∑︂
i∈S

wiv
⊤
i β

∗ +
∑︂
i∈S

wiv
⊤
i (
ˆ︁BR(c)− β∗)

=
∑︂
i∈S

wiv
⊤
i β

∗ −
∑︂
i∈S

wiv
⊤
i

{︄
∂ E(ˆ︁U(β∗))

∂β

}︄−1 ˆ︁U(β∗) + op(Nn
−1/2)

=
∑︂
i∈S

wiηi + op(Nn
−1/2), (5.1.10)

where

ηi = v⊤
i β

∗ −

(︄
1

N

∑︂
i∈S

wiv
⊤
i

)︄{︄
∂ E(ˆ︁U(β∗))

∂β

}︄−1

riψc

(︄
yi − v⊤

i β
∗

σϕ
1/2
i

)︄
vi

ϕ
1/2
i

. (5.1.11)

The mean square error of ˆ︁t(ˆ︁BR, σ, c) can thus be written as

MSE(ˆ︁t(ˆ︁BR, σ, c)) =
{︂
E(ˆ︁t(ˆ︁BR, σ, c))− ty

}︂2

+ V
{︂ˆ︁t(ˆ︁BR, σ, c)

}︂
=

(︄∑︂
i∈U

ηi − ty

)︄2

+
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
ηi
πi

ηj
πj

+ o(N2/n). (5.1.12)

It follows that an estimator of the estimated mean square error is given by

ˆ︂MSE(ˆ︁t(ˆ︁BR, σ, c)) = max

{︃(︂ˆ︁t(ˆ︁BR, σ, c)− ˆ︁tI,WLS

)︂2
− ˆ︁V(︂ˆ︁t(ˆ︁BR, σ, c)− ˆ︁tI,WLS

)︂
, 0

}︃
+ ˆ︁V{︂ˆ︁t(ˆ︁BR, σ, c)

}︂
. (5.1.13)

In addition, it can be shown that

ˆ︁tI,WLS =
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i
ˆ︁BWLS

=
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i β

∗
WLS +

∑︂
i∈Sm

wiv
⊤
i

(︂ˆ︁BWLS − β∗
WLS

)︂

=
∑︂
i∈Sr

wiyi +
∑︂
i∈Sm

wiv
⊤
i β

∗
WLS +

∑︂
i∈Sm

wiv
⊤
i

(︄∑︂
i∈Sr

wiviϕ
−1
i v⊤

i

)︄−1 ∑︂
i∈Sr

wiviϕ
−1
i

(︂
yi − v⊤

i β
∗
WLS

)︂
=

∑︂
i∈S

wiτi, (5.1.14)

where β∗
WLS is the probability limit of β∗

WLS,

τi = riyi + (1− ri)v
⊤
i β

∗
WLS + Ariviϕ

−1
i

(︁
yi − v⊤

i β
∗
WLS

)︁
, (5.1.15)
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and

A =
∑︂
i∈Sm

wiv
⊤
i

(︄∑︂
i∈Sr

wiviϕ
−1
i v⊤

i

)︄−1

.

Therefore, we have

ˆ︁V (︂ˆ︁t(ˆ︁BR, σ, c)− ˆ︁tI,WLS

)︂
=

∑︂
i∈S

∑︂
j∈S

πij − πiπj
πij

ˆ︁ηi − ˆ︁τi
πi

ˆ︁ηj − ˆ︁τj
πj

, (5.1.16)

where

ˆ︁ηi = v⊤
i
ˆ︁BR(c)−

(︄∑︂
i∈S

wiv
⊤
i

)︄{︄
N
∂ˆ︁E(ˆ︁U(β∗))

∂β

}︄−1

riψc

(︄
yi − v⊤

i
ˆ︁BR(c)ˆ︁σϕ1/2

i

)︄
vi

ϕ
1/2
i

,

(5.1.17)

∂ˆ︁E(ˆ︁U(β∗))

∂β
= − 1

N

∑︂
i∈Sr

wi
viv

⊤
iˆ︁σϕi

I(−c ≤ yi − v⊤
i
ˆ︁BR(c)ˆ︁σϕ1/2

i

≤ c), (5.1.18)

and ˆ︁τi = riyi + (1− ri)v
⊤
i
ˆ︁BWLS + Ariviϕ

−1
i

(︂
yi − v⊤

i
ˆ︁BWLS

)︂
. (5.1.19)

In addition, we have

ˆ︁V {︂ˆ︁t(ˆ︁BR, σ, c)
}︂
=
∑︂
i∈S

∑︂
j∈S

πij − πiπj
πij

ˆ︁ηi
πi

ˆ︁ηj
πj
. (5.1.20)

As a result, the estimator of mean square error, ˆ︂MSE(ˆ︁t(ˆ︁BR, σ, c)), is given by (5.1.13)

with ˆ︁V{︂ˆ︁t(ˆ︁BR, σ, c)
}︂
given by (5.1.20) and ˆ︁V(︂ˆ︁t(ˆ︁BR, σ, c)− ˆ︁tI,WLS

)︂
given by (5.1.16).

5.1.2 Performance of the estimator of the mean square error

based on a �rst-order Taylor expansion

In this section, we present the results of a simulation study whose goal was to assess
the performance of the estimator of (5.1.13) in terms of bias. We used (5.1.13) to
estimate the mean square error of the two proposed robust estimators ˆ︁tI,R(cnew) andˆ︁tI,R(c∗).

We repeated R = 10, 000 iterations of the following process:

The steps (1), (2), and (3) are the same as those described in Chapter 4; see
Section 4.1. The next steps are described next.
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(4) In each sample, we computed: (i) the non-robust estimator ˆ︁tI,WLS given by
(3.2.1); (ii) the robust estimator ˆ︁tI,R(cnew) given by (3.2.8); and (iii) the robust
estimator ˆ︁tI,R(c∗) given by (3.2.12).

(5) In each sample, we computed the estimator of the mean square error given by
(5.1.13) to estimate the mean square error of both ˆ︁tI,R(cnew) and ˆ︁tI,R(c∗).

We computed the Monte Carlo percent relative bias of (5.1.13) de�ned as

RBMC{ˆ︂MSE(ˆ︁tI)} =
EMC{ˆ︂MSE(ˆ︁tI)} −MSEMC(ˆ︁tI)

MSEMC(ˆ︁tI) × 100, (5.1.21)

where

EMC(ˆ︂MSE(ˆ︁tI)) = 1

R

R∑︂
r=1

ˆ︂MSE(ˆ︁t(r)I ),

and

MSEMC(ˆ︁tI) = 1

R

R∑︂
r=1

(︂ˆ︁t(r)I − ty

)︂2
.

with ˆ︁tI denotes either ˆ︁tI,R(cnew) and ˆ︁tI,R(c∗).
Table 5.1 displays the Monte Carlo percent relative bias of the mean square error

estimator for the two robust estimators ˆ︁tI,R(cnew) and ˆ︁tI,R(c∗). We �rst discuss the
results pertaining to ˆ︁tI,R(cnew). For symmetric distributions, the results suggest that
the estimator of mean square error performed well for all sample sizes n, with val-
ues of absolute RB ranging from 0.4% to 7.4%. For highly asymmetric distributions
such as Pareto and Frechet, the estimator of MSE exhibited relatively large biases
for small values of n. The bias decreased as n increased. For instance, for the Pareto
distribution, the RB was equal to 62.6% for n = 50, 21.4% for n = 100, and 9.0% for
n = 200. For the other two asymmetric distributions, Lognormal and Weibull, the
estimator of MSE showed relatively small values of absolute RB ranging from 0.1%
to 10.4%. Finally, for mixture distributions, the estimator of MSE exhibited large
biases, in general, especially for the Mixture of Lognormals with 1% and 3% outliers.
In this case, the values of absolute RB ranged from 39.1 % to 118.7 %. Again, the
bias decreased as the sample size increased.

We now discuss the results pertaining to ˆ︁tI,R(c∗). We note that the bias was
negative for all cases except for the Mixture of Lognormals with 1% and 3% outliers.
This may be explained by the fact that the estimated mean square error obtained
through a �rst-order Taylor expansion was derived by assuming that the tuning con-
stant c was �xed. In practice, the tuning constant is sample-dependent; i.e., it varies
from one sample to another. Ignoring the variability associated with the estimation



5. ESTIMATION OF THE MEAN SQUARE ERROR 61

of the tuning constant is most likely responsible for the underestimation of the true
mean square error.

ˆ︂MSE(ˆ︁tI,R(cnew)) ˆ︂MSE(ˆ︁tI,R(c∗))
Distribution n RB RB

Symmetric

Normal
50 -7.4 -27.6
100 -3.8 -18.6
200 -6.6 -13.2

Student's t
50 4.0 -25.2
100 0.4 -18.2
200 -1.2 -20.3

Double Exponential
(Laplace)

50 0.7 -29.0
100 -0.5 -25.1
200 -1.1 -21.4

Asymmetric

Pareto
50 62.6 -18.3
100 21.4 -9.0
200 9.0 -14.5

Frechet
50 39.8 -25.3
100 11.9 -15.4
200 2.8 -15.3

Lognormal
50 0.1 -29.0
100 -6.9 -22.1
200 -10.4 -17.4

Weibull
50 -5.3 -28.2
100 -9.5 -20.0
200 -7.7 -17.3

Mixture

Mixture of Normals
(1 %)

50 25.2 -17.1
100 24.0 -15.0
200 10.2 -14.6

Mixture of Normals
(3 %)

50 43.5 -34.5
100 38.4 -30.3
200 10.0 -22.5

Mixture of Lognormals
(1%)

50 118.7 -16.9
100 87.7 13.6
200 58.1 10.3

Mixture of Lognormals
(3%)

50 87.5 -35.2
100 77.7 -20.0
200 39.1 6.2

Table 5.1: Monte Carlo percent relative bias of the estimator of mean square
error of ˆ︁tI,R(cnew) and ˆ︁tI,R(c∗) for several distributions
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5.2 Bootstrap

In this section, we propose a bootstrap procedure for estimating the mean square
error of ˆ︁tI,R(cnew). In �nite population sampling, several bootstrap approaches have
been proposed in the last four decades. Essentially, the bootstrap procedures may
be classi�ed into three broad categories: (i) the bootstrap weight procedures; (ii) the
direct bootstrap procedures; and (iii) the pseudo-population bootstrap procedures;
see Mashreghi et al. (2016) for a comprehensive overview of bootstrap procedures in
survey sampling. In this section, we adopt the third approach, namely the pseudo-
population bootstrap approach. To illustrate the rationale behind pseudo-population
bootstrap procedures, consider the case of a simple random sample without replace-
ment of size n = 100 selected from a population U of size N = 1, 000 and let us
assume that the sample observations are all recorded (i.e., there are no missing val-
ues). In this case, the sampling weight of unit i, de�ned as the inverse of its �rst-
order inclusion probability πi = 100/1, 000, i = 1, . . . , N , is equal to N/n = 10. A
pseudo-population is created by replicating each sample unit 10 times. Then, from
the pseudo-population, B bootstrap samples are selected using the same sampling
design that was utilized to select the original sample (here, simple random sampling
without replacement). If N/n is not an integer, we replicate each unit ⌊N/n⌋ times
and then complete the pseudo-population by selecting a simple random sample with-
out replacement sample of size N−{n× ⌊N/n⌋}, from the original sample S in order
to obtain a pseudo-population of size N . This procedure can be extended to un-
equal probability sampling designs in a relatively straightforward fashion; e.g., see
Mashreghi et al. (2016).

In the presence of imputed data, applying a complete data pseudo-population
bootstrap will typically lead to an underestimation of the true variance of the imputed
estimator as it amounts to treating the imputed values as observed values. Shao and
Sitter (1996) proposed a bootstrap procedure that involves reimputing the missing
values in each bootstrap sample using the same imputation that was utilized to impute
the missing values in the original sample. As argued in Haziza and Vallée (2020), the
Shao-Sitter bootstrap variance estimator can be justi�ed through the so-called reverse
approach of Fay (1991) and Shao and Steel (1999). In Section 5.2.1, we propose
a pseudo-population bootstrap procedures that account for both the missing and
in�uential values. The performance of the proposed procedure is assessed through a
limited simulation study in Section 5.2.2.

5.2.1 Reweighted Pseudo-Population Bootstrap

In this section, we describe a Reweighted Pseudo-Population Bootstrap (RPPB) pro-
cedure. The proposed procedure consists of creating a pseudo-population by repli-
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cating the sample units as described above. However, instead of replicating each unit
N/n times (assuming N/n is an integer), we �rst assign a lower sampling weight
to units that were identi�ed as in�uential using a method described below. Indeed,
replicating in�uential units using the original weightN/n times, may lead to a pseudo-
population that contains too many in�uential units, which would potentially lead to
estimates of the mean square error that are too large.

The proposed RPPB algorithm is described below. For simplicity, we con�ne to
the case of simple random sampling without replacement but the extension to unequal
probability sampling designs is relatively straightforward.

RPPB Algorithm:

1. Using the set of responding units, Sr, in the original sample S, �nd ˆ︁BR (c) by
solving (2.1.3), and compute the set of scaled residuals {˜︁ei}i∈Sr

, where ˜︁ei = ei/ˆ︁s.
Here, ei = yi − v⊤

i
ˆ︁BR (c) and ˆ︁s is a robust estimator for the residual standard

deviation, such as the median absolute deviation (MAD).

2. Construct the pseudo-population as follows: For i ∈ Sr, compute initial weights˜︁wi given by

˜︁wi = di ×
ψc (˜︁ei)˜︁ei =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
di if |˜︁ei| < c

di
c

|˜︁ei| if |˜︁ei| ≥ c

where di = N/n and ψc(·) denotes the Huber in�uence function with tuning
constant c (see Table 2.1). For a non-responding unit i ∈ Sm, we do not modify
the original weight so that ˜︁wi = N/n. We then de�ne the weights w∗

i as

w∗
i = δi ˜︁wi + (1− δi)ˆ︁γ ˜︁wi, i ∈ S, (5.2.1)

where δi = 1 if unit i was trimmed, i.e., ψc (˜︁ei) < ˜︁ei, and δi = 0 , otherwise.
The scaling factor ˆ︁γ in (5.2.1) ensures that

∑︁
i∈S w

∗
i = N . In other words, the

sum of the weights matches the population size, which is a desirable property.
It can be shown that the scaling factor ˆ︁γ is given by

ˆ︁γ =
N −

∑︁
i∈S δi ˜︁wi∑︁

i∈S (1− δi) ˜︁wi

.

Once we �nd the weights w∗
i for all i ∈ S, make ⌊w∗

i ⌋ copies of unit i to construct
a partial pseudo-population ˜︁U f . To complete the pseudo-population, we take a
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sample ˜︁U c∗ by applying Poisson sampling with �rst-order inclusion probabilities,
w∗

i − ⌊w∗
i ⌋, for i ∈ S. By doing this, we obtain a reweighted pseudo-population˜︁U∗ = ˜︁U f ∪ ˜︁U c∗ = {(y∗i , v∗i , w∗

i , r
∗
i )}

˜︁N∗

i=1 of size
˜︁N∗.

3. Take a bootstrap sample ˜︁S∗ = {(y∗i , v∗i , w∗
i , r

∗
i )}

˜︁n∗

i=1 from ˜︁U∗ using the original
sampling design, here simple random sampling without replacement. The set
of respondents ˜︁S∗

r are those units with r
∗
i = 1 and the set of nonrespondents ˜︁S∗

m

are those with r∗i = 0.

4. Impute the missing values in the bootstrap sample ˜︁S∗ using the same impu-
tation procedure utilized for imputing missing values in the original sample S.
Compute the imputed estimator ˆ︁t∗I .

5. Repeat steps 3 and 4 B times to get the imputed estimates ˆ︁t∗(1)I , . . . ,ˆ︁t∗(B)
I . This

leads to bootstrap variance estimator

ˆ︁V ∗
B =

1

B − 1

B∑︂
b=1

(︂ˆ︁t∗(b)I − ˆ︁t∗(·)I

)︂2
,

where ˆ︁t∗(·)I = B−1
∑︁B

b=1
ˆ︁t∗(b)I .

5.2.2 Performance of the estimator of the mean square error

based on the RPPB procedure

In this section, we present the results of a simulation study to assess the empirical
performance of the estimator of the mean square error (5.1.13), in terms of bias,
in the case of ˆ︁tI,R(cnew), when the variance components V

(︁ˆ︁tI,R(cnew)− ˆ︁tI,WLS

)︁
and

V
(︁ˆ︁tI,R(cnew))︁ are estimated using the the RPPB algorithm presented in Section 5.2.1.

First, a �nite population U of size N was generated in the same way as described
in Step (1) of the simulation study presented in Chapter 4. Then, we repeated
A = 5, 000 iterations of the following process:

1) From the �nite population U , select a sample, of size n ∈ {50, 100, 200}, accord-
ing to simple random sampling without replacement (SRSWOR). Nonresponse
to the y-variable was generated in the same way as described in Step (3) of the
simulation study presented in Chapter 4.

2) Apply the Steps 1-5 of the RPPB Algorithm described in Section (5.2.1) to
obtain the variance components in (5.1.13). We were interested in estimating
the population total, i.e., ty =

∑︁
i∈U yi. In step 5 of the RPPB Algorithm, we

set B = 500.
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3) Compute the mean square error estimate, ˆ︂MSE∗(ˆ︁tI,R(cnew)) using the two es-

timated variance terms ˆ︁V ∗
B

(︁ˆ︁tI,R(cnew))︁ and ˆ︁V ∗
B

(︁ˆ︁tI,R(cnew)− ˆ︁tI,WLS

)︁
obtained in

step 5 of the SRSWOR RPPB Algorithm.

To assess the bias of the estimator of mean square error of ˆ︁tI,R(cnew), we computed
its Monte Carlo percent relative bias, de�ned as

RBMC{ ˆ︂MSE∗(ˆ︁tI,R(cnew))} =
EMC{ ˆ︂MSE∗(ˆ︁tI,R(cnew))} −MSEMC(ˆ︁tI,R(cnew))

MSEMC(ˆ︁tI,R(cnew)) × 100.

Table 5.2 displays the Monte Carlo relative bias (in %) for the mean square
error estimator of ˆ︁tI,R(cnew). For symmetric distributions, the proposed bootstrap
procedure performed relatively well with values of absolute RB ranging from 0.7% to
12.6%. These results were close to those obtained through a �rst-order Taylor expan-
sion procedure (see Table 5.1). For highly asymmetric distributions such as Pareto
and Frechet, the estimator of MSE showed values of RB under 20% in absolute values
for any sample size n, which was an improvement over the results obtained through a
�rst-order Taylor expansion procedure. For the other two asymmetric distributions,
Lognormal and Weibull, the estimator of MSE showed some biases ranging from 0.4%
to 26.7% in absolute value. Finally, for mixture distributions, the estimator of MSE
showed much better results compared to those obtained through a �rst-order Taylor
expansion procedure (see Table 5.1), especially in the case of the mixture of Lognor-
mals with 1% and 3% outliers.
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ˆ︂MSE(ˆ︁tI,R(cnew)))
Distribution n

50 100 200

Symmetric

Normal 9.6 2.6 -5.1
Student's t 0.7 -10.6 -12.6

Double Exponential
(Laplace)

1.1 -7.5 -11.4

Asymmetric

Pareto -15.1 -15.1 4.8
Frechet -13.6 -19.5 -17.5

Lognormal -12.3 -24.6 -20.2
Weibull 0.4 -13.4 26.7

Mixture

Mixture of Normals
(1 %)

11.5 -1.8 -12.8

Mixture of Normals
(3%)

1.1 -3.3 -16.8

Mixture of Lognormals
(1 %)

34.0 27.7 19.2

Mixture of Lognormals
(3 %)

23.5 23.7 4.1

Table 5.2: Monte Carlo percent relative bias (RB) of the estimator of mean
square error of ˆ︁tI,R(cnew) for several distributions
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Conclusion

In this thesis, we considered the problem of item nonresponse in the presence of in�u-
ential units in surveys. The classical non-robust imputed estimator of a population
total is (approximately) unbiased provided that the �rst moment of the imputation
model is correctly speci�ed, but it may su�er from a large variance. We examined
the performance of two commonly employed methods for the treatment of in�uential
values at the imputation stage. Although these methods behaved very well in terms
of bias and e�ciency in the case of symmetric distributions, they tend to perform
poorly in the case of asymmetric distributions. To address this problem, we intro-
duced three robust imputed estimators that are all based on an adaptative tuning
constant. The �rst two rely on the concept of conditional bias, and the third is based
on an optimal tuning constant c that minimizes the estimated mean square error of
the robust imputed estimator (3.2.10).

We conducted simulation studies to assess the empirical performance of the pro-
posed imputed estimators and compared them to the non-robust and the naive es-
timators. The results showed that the performance of naive estimators, based on a
non-adaptative tuning constant c = 1.345, deteriorated as the sample size increased
in the case of asymmetric distributions. In general, the proposed imputed estimators
performed well in almost all scenarios, showing some signi�cant gains compared to
non-robust estimator. Among the three robust estimators, ˆ︁tI,R(c∗) performed the best
in terms of relative e�ciency for symmetric outliers, whereas the estimator ˆ︁tI,R(cnew)
was generally the best for asymmetric distributions.

In this thesis, we focused on linear regression imputation, which implicitly as-
sumed that the survey variable y was continuous. In practice, the y-variable may
be binary or may correspond to a count. In this case, generalized linear models
are generally more appropriate; e.g., Logistic regression model, and Poisson model.
Therefore, it would be useful to extend our results to the case of GLM. Also, if the
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relationship between y and v is complex, it may be wise to employ a non-parametric
model (e.g., spline regression, local polynomial regression, etc.). Again, it would be
useful to extend our results to the case of nonparametric models.

Finally, we studied the problem of mean square error estimation, which is a
challenging problem, even in the absence of missing values. The procedure based on
a Taylor expansion generally led to some underestimation in the case of ˆ︁tI,R(c∗). The
pseudo-population bootstrap performed much better than the procedure based on
a Taylor expansion, but remained unsatisfactory for some scenarios (e.g., mixture of
Lognormal distributions). More work is needed to improve on the proposed bootstrap
procedure.
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Appendix A

Total variance estimator ˆ︁Vtot under
mean imputation procedure and

SRSWOR

Under Särndal's method, the total variance estimate ˆ︁Vtot is given by

ˆ︁Vtot = ˆ︁Vsam + ˆ︁Vnr + 2ˆ︁Vmix. (A.0.1)

To obtain the sampling variance estimator ˆ︁Vsam, we have
ˆ︁VHT =

∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

yi
πi

yj
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=
∑︂
i∈S

πi (1− πi)

πi
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+
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i ̸=j
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i∈S
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1

n
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N
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i∈S
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i ̸=j

yiyj

⎞⎟⎟⎠

= N2

(︃
1

n
− 1

N

)︃⎛⎜⎜⎝ (n− 1)

n(n− 1)

∑︂
i∈S

y2i −
1

n(n− 1)

∑︂
i∈S

∑︂
j∈S

i ̸=j

yiyj

⎞⎟⎟⎠

71



A. TOTAL VARIANCE ESTIMATOR ˆ︁Vtot UNDER MEAN IMPUTATION

PROCEDURE AND SRSWOR 72
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Then,
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The fourth equality follows from the fact that

Em

(︁
y2i
)︁
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(β + ϵi)

2}︁
= β2 + 2β Em (ϵi) + Em
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= β2 +
{︁
Vm (ϵi) + Em (ϵi)

2}︁
= β2 + σ2

and for i ̸= j,

Em (yiyj) = Covm (yi, yj) + Em (yi)Em (yj)
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ỹiỹj
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Finally, we have
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Since σ2 in the above formula for Vdiff is unknown, we can replace it by an
m-unbiased estimator s2yr. Therefore, we have
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Next, since we can write the nonresponse error term as
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the nonresponse variance term is given by

Vnr = Ep Eq Vm
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Then, by replacing the unknown σ2 in the above formula for Vnr by the m-
unbiased estimator s2yr, we obtain the nonresponse variance estimator

ˆ︁Vnr = σ̂2N
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Also, for the Vmix term, we have
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= σ2N (N − n)
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,

where the �fth equality follows from the fact that

Vm (yi) = Vm (β + ϵi) = Vm (ϵi) = σ2

and
Covm (yi, yj) = Covm (β + ϵi, β + ϵj) = Covm (ϵi, ϵj) = 0.

Again, by replacing the unknown σ2 in the above formula for Vmix by the m-
unbiased estimator s2yr, we obtain the estimator ˆ︁Vmix which is given by

ˆ︁Vmix = σ̂2N (N − n)
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Therefore, the total variance estimator ˆ︁Vtot under mean imputation and SR-
SWOR sampling design is given by

ˆ︁Vtot = ˆ︁Vsam + ˆ︁Vnr + 2ˆ︁Vmix
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Appendix B

Conditional bias in the presence of

nonresponse

We consider the imputation model:

yi = v⊤
i β + ϵi,

such that

Em (ϵi|vi) = 0, Em (ϵiϵj|vi,vj) = 0, i ̸= j, Vm (ϵi|vi) = σ2ci.

We have the following non-robust imputed estimator

ˆ︁tI =∑︂
i∈S

wiriyi +
∑︂
i∈S

wi (1− ri)v
⊤
i
ˆ︁BWLS.

Let β∗ be the probability limit of ˆ︁BWLS. Since we have
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we can write
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(︄∑︂
i∈S

wi (1− ri)v
⊤
i

)︄(︄∑︂
i∈S

wirivic
−1
i v⊤

i

)︄−1∑︂
i∈S

wirivic
−1
i

(︁
yi − v⊤

i β
∗)︁

=
∑︂
i∈S

wiriyi +
∑︂
i∈S

wi (1− ri)v
⊤
i β

∗ − ty

+

(︄∑︂
i∈U

(1− pi)v
⊤
i

)︄(︄∑︂
i∈U

pivic
−1
i v⊤

i

)︄−1∑︂
i∈S

wirivic
−1
i

(︁
yi − v⊤

i β
∗)︁+ op

(︁
Nn−1/2

)︁
=
∑︂
i∈S

wi

{︁
riyi + (1− ri)v

⊤
i β

∗ +Crivic
−1
i

(︁
yi − v⊤

i β
∗)︁}︁− ty + op

(︁
Nn−1/2

)︁
,

where

C =

(︄∑︂
i∈U

(1− pi)v
⊤
i

)︄(︄∑︂
i∈U

pivic
−1
i v⊤

i

)︄−1

.

Therefore, we have

ˆ︁tI − ty =
∑︂
j∈S

wjψj − ty + op
(︁
Nn−1/2

)︁
,

where,

ψj = rjyj + (1− rj)v
⊤
j β

∗ +Crjvjc
−1
j

(︁
yj − v⊤

j β
∗)︁ .

We can also write

ˆ︁tI − ty =
∑︂
j∈U

wjψjIj − ty + op
(︁
Nn−1/2

)︁
.

Now,

Eq

(︁ˆ︁tI − ty|Yi = yi, Ii = 1, ri = 1
)︁
= wiyj + wiCvic

−1
i

(︁
yi − v⊤

i β
∗)︁

+ Eq

⎛⎜⎜⎝∑︂
j∈U
j ̸=i

wjψjIj|Yi = yi, Ii = 1, ri = 1

⎞⎟⎟⎠− ty
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= wiyj + wiCvic
−1
i

(︁
yi − v⊤

i β
∗)︁

+
∑︂
j∈U
j ̸=i

wjIj Eq (ψj|Yi = yi, Ii = 1, ri = 1)− ty

= wiyj + wiCvic
−1
i

(︁
yi − v⊤

i β
∗)︁+∑︂

j∈U
j ̸=i

wjIj ˜︁ψj − ty,

where

˜︁ψj = pjyj + (1− pj)v
⊤
j β

∗ +Cpjvjc
−1
j

(︁
yj − v⊤

j β
∗)︁ .

Here, we used the fact that Eq (rj|ri = 1) = Eq (rj) = pj, j ̸= i.

Note that we can also write ˜︁ψj as:

˜︁ψj = yj − (1− pj)
(︁
yj − v⊤

j β
∗)︁+Cpjvjc

−1
j

(︁
yj − v⊤

j β
∗)︁

= yj +
{︁
Cpjvjc

−1
j − (1− pj)

}︁ (︁
yj − v⊤

j β
∗)︁ .

Then, we have

Eq

(︁ˆ︁tI − ty|Yi = yi, Ii = 1, ri = 1
)︁
= wiyj + wiCvic

−1
i

(︁
yi − v⊤

i β
∗)︁

+
∑︂
j∈U
j ̸=i

wjIjyj +
∑︂
j∈U
j ̸=i

wjIjψ
∗
j − ty,

where

ψ∗
j =

{︁
Cpjvjc

−1
j − (1− pj)

}︁ (︁
yj − v⊤

j β
∗)︁ .

This implies that

Ep Eq

(︁ˆ︁tI − ty|Yi = yi, Ii = 1, ri = 1
)︁
= (wi − 1) yj + wiCvic

−1
i

(︁
yi − v⊤

i β
∗)︁

+
∑︂
j∈U
j ̸=i

(︃
πij − πiπj
πiπj

)︃
yj +

∑︂
j∈U
j ̸=i

wjψ
∗
j Ep (Ij|Ii = 1)
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= Bs
i + wiCvic

−1
i

(︁
yi − v⊤

i β
∗)︁+∑︂

j∈U
j ̸=i

πij
πiπj

ψ∗
j ,

where

Bs
i =

∑︂
j∈U

(︃
πij − πiπj
πiπj

)︃
yj.

Finally, we have

BI
i = Em Ep Eq

(︁ˆ︁tI − ty|Yi = yi, Ii = 1, ri = 1
)︁

≈ Em (Bs
i |Yi = yi) + wiCvic

−1
i

(︁
yi − v⊤

i β
∗)︁+ 0,

using the fact that
Em (yj|Yi = yi) = v⊤

i β.

An estimator of BI
i is given by

ˆ︁BI
i = ˆ︁Bs

i + wi
ˆ︁Cvic

−1
i

(︂
yi − v⊤

i
ˆ︁BWLS

)︂
,

where

ˆ︁C =

(︄∑︂
i∈S

wi (1− ri)v
⊤
i

)︄(︄∑︂
i∈S

wirivic
−1
i v⊤

i

)︄−1

,

and

ˆ︁Bs
i =

∑︂
j∈S

(︃
πij − πiπj
πjπij

)︃
yj.



Appendix C

Estimator of conditional bias under

simple linear regression imputation

An estimator of conditional bias under SRSWOR is given by (3.1.11).

Recall that under simple linear regression imputation, we have vi = (1, vi)
⊤ and

ci = 1.

Therefore, we can write

ˆ︁Cvi =

{︄∑︂
i∈S

N

n
(1− ri)v

⊤
i

}︄{︄∑︂
i∈S

N

n
rivic

−1
i v⊤

i

}︄−1

vi

=

{︄∑︂
i∈S

N

n
(1− ri)(1, vi)

}︄{︄∑︂
i∈S

N

n
ri

(︃
1
vi

)︃
(1, vi)

}︄−1(︃
1
vi

)︃

=
(︁∑︁

i∈Sm
1
∑︁

i∈Sm
vi
)︁(︃∑︁

i∈Sr
1
∑︁

i∈Sr
vi∑︁

i∈Sr
vi

∑︁
i∈Sr

v2i

)︃−1(︃
1
vi

)︃
=
(︁∑︁

i∈Sm
1
∑︁

i∈Sm
vi
)︁(︃∑︁

i∈Sr
1
∑︁

i∈Sr
vi∑︁

i∈Sr
vi

∑︁
i∈Sr

v2i

)︃−1(︃
1
vi

)︃
=
(︁
nm nmvnr

)︁(︃ nr nrvr
nrvr

∑︁
i∈Sr

v2i

)︃−1(︃
1
vi

)︃
=
nm

∑︁
i∈Sr

v2i − nmnrvnrvr − nmnrvrvi + nmnrvnrvi

nr

∑︁
i∈Sr

v2i − (nrvr)
2

=
nm

∑︁
i∈Sr

v2i − nmnrv
2
r + nrnvvi − nrnvivr − nrvrnv + nnrv

2
r

nr

∑︁
i∈Sr

v2i − (nrvr)
2

82



C. ESTIMATOR OF CONDITIONAL BIAS UNDER SIMPLE LINEAR

REGRESSION IMPUTATION 83

=
nm

(︁∑︁
i∈Sr

v2i − nrv
2
r

)︁
+ nrn (viv − vivr − vrv + v2r)

nr

∑︁
i∈Sr

v2i − (nrvr)
2

=
nm

∑︁
i∈Sr

(vi − vr)
2 + nrn (vi − vr) (v − vr)

nr

∑︁
i∈Sr

(vi − vr)
2

=
nm

nr

+
n (vi − vr) (v − vr)∑︁

i∈Sr
(vi − vr)

2

=
n

nr

(︄
nm

n
+

(vi − vr) (v − vr)
1
nr

∑︁
i∈Sr

(vi − vr)
2

)︄
.

Then, an estimator of conditional bias is given by

B̂
I

i =
n

n− 1

(︃
N

n
− 1

)︃
(yi − ȳI) +

(︃
N

n

)︃
n

nr

(︄
nm

n
+

(vi − vr) (v − vr)
1
nr

∑︁
i∈Sr

(vi − vr)
2

)︄(︂
yi − ˆ︁B0,WLS − ˆ︁B1,WLSvi

)︂
≈
(︃
N

n
− 1

)︃
(yi − yI) +

(︃
N

n

)︃
1ˆ︁p
{︃
(1− ˆ︁p) + (vi − vr)(v − vr)

s2vr

}︃(︂
yi − ˆ︁B0,WLS − ˆ︁B1,WLSvi

)︂
,

where yI = ˆ︁tI/N , ˆ︁p = nr/n, and s
2
vr = (nr−1)−1

∑︁
i∈Sr

(vi−vr)2. The approximation
follows from the fact that n

n−1
≈ 1 and nr − 1 ≈ nr for large n and nr.



Appendix D

Graphical representation of

distributions

(a) Normal Distribution (b) Student's t-Distribution

(c) Double Exponential (Laplace) Distribution

Figure D.1: Symmetric Distributions
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(a) Pareto Distribution (b) Frechet Distribution

(c) Lognormal Distribution (d) Weibull Distribution

Figure D.2: Asymmetric Distributions
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(a) Mixture of Normal (1% outliers) (b) Mixture of Normal (3% outliers)

(c) Mixture of Lognormal (1% outliers) (d) Mixture of Lognormal (3% outliers)

Figure D.3: Mixture Distributions
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