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ABSTRACT

Apalytical models for packet-switching networks with both
nodal buffer management and end-to-end flow control have no
known exact gueuveing theory solution. An approximag; model
is developed to study the effects of buffer 'managemernt
strategfes (e.g. complete sharing) on network performance
measures (e.g. ihroughtput,' delqy ). These measures are
aﬁproximated by modifying the .unblocked network measures
with blocking prob;bilities. The model defines each node as
a set of output channel gueues, and Separates channel
traffic into 2 classes: input traffic and transit traffic.
The channel joint probabilities, plinput,transit), are

computed using an algorithm based on the Reiser-Kobayashi

. convolution algorithm. Nodal blocking probabilities are

computed by summation of the joint probabilities over the
subset of the state space restricted by/The intersection of
the nbdal buffer constraints and end-to-end flow "~ controls
constraints. The algorithm has béeﬁ implemented in PASCAL

and the results of a numerical study are presented.

o

Keywords: computer network modelling, queueing networks,

blocking.
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© SYMBOLS,UNITS AND ABBREVIATIONS

Latin Symbols

a[r]lar

blr],b,

s

k[m],km

=

numbers- of buffer allocated to class r packets

“

maximum number of ‘buffers of shared storage which

‘can be occupied by class r packets at any time

total number of nodal buffers ¥

capacity fynction for queue m in the k-domain

. :
normalization constant for the queueing .network

~channel capacity for service center m

capacity function for 'service center m in the

z-domain

mean network delay

mean delay for class r packets
unit vector imr the k-th dimension
netuork state space (with only ulndou flow control)'

normal}za{;on constant for a netuork 'with K

~— .

customers = T~ -

input traffic

—

= (i1, cees ip

o

(subnetuork) populatzon vector by subchaln

(Kpo Ko cors Kpg)

riumber of packets ©of each subchain in gqueuve m

ml’

population vector by subchain (Kl'K2""'KR)
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1y(1ge)

e

=]

pbn[n]
pbt

R(B),Rp

[7;]

slr),S,

_appendix C) ( 1y, 1y, )

number'of'pgckegé of type V(V') »

total number of subchains {open and closed)
queue/nodal gopdlatién vector by "superclass”™ (see
mean number of packets in the network

mean number of packets in class r

total number of service centers in the network

=(ny Moy ooy ng)

a point in the state space¢ i

total number of nodes in the nefwork 

number of class i packets in the résburce; or
number of input packets in a n;de
number of transit packets in a node
the probability of event X occuring
network power b ‘-f"w
vector of input traffic blocking probebilities fb;
each node. If subscripted with a 'c', it meins‘the

comphted value.

blockzng probability at node n for any class

Same as pbi  but for transit t‘afﬁgg.

total number of closed subcﬁﬁins;ihjfhé'ngguork
total number buffer classes in a node -

the source node for the class under considé#ation'

. o
network state vector

subchain r source arrival rate (pac/s)
transit traffic

- vii -



wirl,

&,

mean network throughput

mean throughput for class r packets
utilization

util}zation for the m-th service,center
visit ratio for queue k . |

T CIRTIRR |
maximum number of pacKkets in each class
size)

window size for class r

see 1
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Non-Latin Symbols

e
AT
1

R

14u

o()

\mu TS

bps
. kB
msgqg
pac

-packet(s)

conyvergence criterion

rate of ¢lass r exogenous arrivals to node i

'=[fl rle '-'."PM ]

workload vector ( also called T )

mean packe;-lpﬁgth (bits)

g
"order of" function for a number of'-pperagiﬁgf
count
—
replace
. A )
eguate ‘

not egual to
set union
multi-dimensional convolution

sometimes used as a subscript indicator-

bit

baud

bits/s :

kilobaud : , ¥
message ' '

second



Abbreviations

BMS buffeg\megggement scheme
* bp blocking “probability
CCITT Comité Consultatif Internationale de Téléphonigue
et Télégraphigue

CCN computer-communication network

CN computer network .

CP complete partitioning »
Cs complete sharing

DP distributed process1ng

DCE data circuit- term1nat1ng equ1pment
DSE data switching equipment

DTE data terminal equipment

FCFS . first-come first served

gf generating function (same as pgf)
180 International Standards QOrganization
LR Lam-Reiser BMS [LAM 79]

PE processing element

psf probability ‘generating function (same as gf)
PSN - packet- sthch1ng network

SMA sharihg with minimum allocation

SMXQ sharing with maximum gueues

. 8§ Saad-Schwartz BMS [SCHW 79]

veE virtual-circuit

1-D l-dimensional

2-D 2-dimensional
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Chapter I

INTRODUCTICON

lConnected networks héve_existed for many years in a wide

variety of forms,. Every day, netuérks ease life by
facilitating the transfer of commodities through a channel
or network of channels: ’

- transfer of vehicles throﬁgh traffic networks

- transfef.of voice thfoth,tglephone networks

- transfer of audio/voice through television networks

- transfer of data/voice through compyter-based

ﬁ
networks.

Computer-based networks {computer networks for short) are
built through the interconnection of processing elements
(PE's). . Such structures are currenti} realizéd in two
forms, although there is no clear distinction between them
in the litefaturéa
- distribufion:is the iﬁtercénnection‘ o( PE's designed

to funct%on as a system whose taq§§ can be shared

- networking is the interconnection of PE's in a random

manner.

PE's communicate among each other in units of information
called "messages" using a defined set of syntactic and
semantic rules called a "protocol”.

-1 -
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In either distribution or networking, the communication
medium between PE's is called the communication subnetwork
or subnet. If phe communication is.in'a store-and-forward
manner, and;data is transfered in maximum fixed-length
subparts of a message (called 'packetg'), then the subnet is

called a packet-switching network (PSN).

Network users see.the system providing certain services
both at high and low levels:
1. HIGH LEVEL SERVICES -
- distrfspted data base, data base indﬁiry
- distributed computation
2. LOW LEVEL SERVICES
- data transmission (with or without security)

- voice transmission

"- access to a remote computer.

The metrics used to guantify the performance are called
"performance measures”. From a system point of view, these
are: .

1. throughput

2. delay

3. blocking probabilities

4

. utilization.

However, the users (often called "end-users"™) judge the
netuork's'performance by different measures [GRUB 77]:

l. ‘transfer rate

L)



2. availabiiity

3. reliability

4. accuracy

5. cﬁannel establishment time
6. network delay

7. line turnarouhd time

8. transparency

9. security

10. cost.

In order to achieve the required perforﬁance; computer
networks run regource management tasks. Three of the most
important are [REIS 79]:

--flou control which distributes traffic so that the
network runs smoothly

- routing which directs traffic through the. network
according to some objective criteria

- buffer management which’deals with the finite number

of buffers at each node,

As these tasks have conflicting requirements, they do not
influence the network independently. e

iy
The purpose of this thesis is to develop an analytical

model _to find ' certain  performance measures
(throughput,delay, bldcking probabilities) in

packet-switching networks with flow control.



Such an analysis permits the study and 'p;rformance
evaluation of computer networks and modified configurations
of computer networks. The results can be. - used to
effectively manage a cbmputer-netuérk through the analysis
of its operations and economics. '

1. Operations ;nalysis

(a) determination and isolation of traffic
problems, e.qg. bottleneck nodes |
‘(b) study of nodal or link failures

(c) computing the maximum network traffic.

2. Economic anaiysis ~
(a) feasibility .. of adding new communication
channels and thé capacity of these lines
(b} cost of adding an extra node compared to the
benefits of improved throughput or attragting new

customers in a new geographic region,

Computer networks are predominantly modelled using
gueueing theory. However, the present résults of queueing
theory can assist only in a limited manner towérd the’
solutign of these problems. For example, there are very few
models for networks with blocking. Hence, gimplifications'
are often needed to permit a network model to fall into the

class of tractable queuéing theory problems.

This thesis is divided into three major parts.



The first part disqusses the problem (flow control) andny
, its  context ' (packet-switching networks). Chapter 1
introduces the thesis. ) Chapter 2 describes
computer*comﬁunicétion networks in more techﬁical detail,
introducing ‘the mechanisms of flow control and buffer

management.

The second part discusses the tools currently available
for the modelling of packet~switching networks. Chapter 3
discusses these tools, concentrating on queueing theory

'approaches.-

The third part discusses the analysis of the problem,
‘describes -the results of a .numerical study, and draws
conclusions, Chapter 4 describes the problem, and builds an
analytical model for a restricted class of packet-switching
networks. Chapter 5 uses the results of chapter 4 to
numerically study a network. Chapter 6 summarizes the

important results of this thesis,

" The appendices provide information which would disturb

the continuity of the thesis if imbedded in the body.



Chapter 11 B g
COMPUTER-COMMUNICATION NETWORKS

The purpose of a computer~-communication network (CCN) is
to provide a means of communication between data processing

equipment.

CCN's can be divided into three classes based on their
‘method of access [TOBA 80]:

1. 'single—access {or point*to-p&int),

2. multiplefaécess {or broadcast}, and

3. a hybrid of both.

A single-access network ,e.g. a packe£~switching netwprk,
. permits dnly one user to'acéesé the communication chann at
a time. Access may be allocated in time units, in frequency
units or a combination of both. Examples are
packet-switching networks (e.g.. ARPANET, DATAPAC) and
_ circuit-syitching networks (e.g. the telephone network).'

¥
|

———y . "
A multiple-access network permits many users to share a
¥ R
coﬁmon transmission medium, which is allocated in time slots
/

to individual users. Examples are ALOHA and ETHERNET.

A hybrid of these types (al store~and-forward broadcast
network) 1is being buil£ for packet radio in projedt PRNET
{TOBA 80]. | ' ) ' |

e



This thesis will discuss 'packét-switching networks, and
those based ~on the pairing of.-netvork. end-users into
_'Jfrtual_circuits' (VC) in particular. A virtual-circuit is
a "bidirectional, transparent-flow-controlled'ﬁgth between 2
pair of logical or physical ports™ [RYBC BOb), -in which all

packets are guatanteed toc arrive in sequence.

2.1 Packet-switching networks

Typical users of a packet~swi;ching _nétwork (ESN)
. exchange messages. which are routed through the netuprk'in
packets, each with a destination address provided by the
origin. The messages are first passed to a nodal interface
whgse purpose is to divide the messages into packets, and to
reliably transmit the packets between nodes. The netwo;k may
be "lossy™, i.e. packets may be dropped (with or without
proper notices) f}om éhe network if .insufficient resources

are available to send the packet to its destination.

Two internationaldstanda;ds'organizatiohs, IS0 and CCITT,.
provide a.computer network architecture vhich -defines a set
of layers and protocols that provide a. standard for. public
PSN's. In the.ISO model (Fig. 1), each of the sevenllayers
provides different services. Organizational entities
(called correspondents) of the same f;yer exchange data in a

controlled manner called a "protocol”,.

-
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- T
Application | ‘ Applicati&n'
éresentation : - ,“‘*w/;resentation
"Session | ~ Session
Transp;rt : | | -Transport
Betﬁork (packet ) SUBNET Network (packet)
Lin{.(frame)l ' . ‘ Link (frame)
Physical - Physical.

-\

. Figure 1: 1ISO Reference Model of Open System
Interconnection [TANE 81,p.16¥.



. The purpose of a protocol is to define the syﬁtax and
semantics so that data can be exchanged in an orderly

manner. Among the problems to be solved by protocols are:

LIC ——

- synchronization of the .activities of the.
correspondents

- flow cbntrol,' congestion control and - deadlock
avoidance

- buffer management for data packets
- error recovery

.~ efficiency improvement, e.g. data‘compression. '

The implementation of protocols is based on deadlock free
algorithms (i.e. . they do ﬁot reach étates ﬁhich'caﬁnot be -
exifted) and should be fault-tolerant (i.e. have the ability
to recover from hardware and software fauits to some

degree).

The management of the PSN's resources (e.g. nodal
processors, nodal buffers, communication channels) 1is done
under operational strategies:

- routing

- flow control

-~ congestion control

- nodal buffer ﬁanagqment

- channel scheduling.

Control of these strategies may be:

- isolated (no consultation between nodes)



4

- distributed (consultation between nbdes)

- centralized (central control).

Packet-switching networks have the following features:
1. Traffic is bursty; hence, data transfer requires‘a
g t low setup time. .
2. Traffic is “transferred through the network between
nodes 1in a store- and-forward manner, through
communication channels called "links", More
generally, a link is viewed as "an abstraction of any
physical Foute‘ linking two separate entities" [DAVI
81,p. 861]. /\/\
3. If the link Capacity is’ exceeded, traffic is "blocked
‘ and queued" (where possible).rather than "blocked and
lost™. (The latter is the case in the telephone

network.)

In order to investigate network performance and control

mechanisms, PSN's can be modelled in a gimplified abstract

form with the following elements (Fig.

1. Communication subnet

The topology defined by nodes and links.

Queues, which store packets in "buffers".

-Service centers, which send data packets from

queues over the links,

- Virtual circuits, often referred to as classes.

2. terminals, devices

_10._



Coserumyicnnipn
CHANYST
(t’d’e )

(a) TOPOLOGY

(veriex)

{b) NODE . /.’M'Ornlh
traffic

{c) PACKET CLASSES ("virtual circuits")

Figure 2: Abstract Description of a PSN.



3. protocols.

5 The four basic measures used to judge the performance of

a PSN are:

’

1. mean throughput (T), measured in packets/second
. mean delay (D), measured in milliseconds

2

~ D .

3. power (P), measured in packets/second-squared
4. blocking probability (pb).

Throughput can be defined as the number of packets ;hich
pass through’ some exit point{s) in the netuork. Usually, the
term includeé_only data traffic and not the administrative
traffic (e.gq. .accounting and network control - packets).
Variations of this term may_jnclude:

1. retransmitted packets due to blocked nodes

2. overhead network traffic.

In this thesis, throughput includes only data traffic which
both enters and exits thé network. The term,"offered load"
is used to represent the amount of data traffic which is
submitted to the network. Some of these packets may be
blocked from entry, and therefore will not contribute to the
throughput. ¢ fT

-
A

Delay can be defined as ;he'time spent by the .packet in
the network when travelling between end-users. Packet delay
is introduced by:

™

1. propagation ,transmission delay

-.12_



2. queueing delay.

In terrestrial networks), propagé}ion time is roughly G'ﬁs/km
(about 45ms from St. John's to Vancouver). By comparison,

satellite end-to-end transit delay ,is 250-300 ms.

“The simplest definition of power is the ratio of
throughput to delay:

, Throughput (pac/s)
Power =

(2.1A)
Delay (s)

As power is not computed in this thesis, it will not be

discussed further.

In real networks, users are provided with certain
performance guarantees:
1. VC throughput guarantees

2. VC delay and delay variance guarantees.

‘Throughput guarantees give guidelines for the _amount of
data that a wuser can offer to the network with a high

probability of being carried.

ﬁelay guarantees give a response time estimate which is
useful_for on~line applications, e.g. airline reserveration
systems. For example, ARPANET was designed for a 200ms ﬁean
roundtrip delay for single-packet messageé {RLEI
75,v.11,p.462]. Delay variance gives an estimate of the

predictability of the network.’

_13_



Blocking probability gives the percentage of times (on
the average) that a packet will arrive at a node and be
rejected due to inadequate resources at that node. This is
‘usually the result of a 1lack of sufficignt nodal buffer

space to store the packet.

Another quantifiable performance measure 1is service
center utilization, which is the pefcentage of time that a

server is in use. It is measured in busy-time/second.

2.1.1 Flow Control

In order to achieve "reasonable" levels of performance,
mechan}sms must be introduced into the network to assist in
resource allocation. ("Reascnable"™ levels are those arrived
at by a consensus of ~ the actual network designers.)
Although an optimal allocation policy 1is desired, the
operation of present computer networks is so compiex that no
such solution can be obtained. Such policies are synthesized
in practice through a combination of analysis and network
performance monitoring.

. r

One of the tasks of the allocation policy is flow
control, whigh directs network operations:

1. When resources are available,' flow control satisfies

the needs of competing users fairly iFig. 3 ) by:

(a) speed matching between end-users, and

~

€



(b) increasing efficiency by utilizing
communication capacity - and. storaée capacity
wastage. ’
2. When resources are scarce, by avoiding and‘settling
contention, e.g. by preventing throughput
degradation due to overload.

3. avoiding deadlock (Fig. 3 ).

The implementation of these allocation algorithms have
the additional desirable requirements in real networké:

1. failsafe operation

2. error detection and error reéovery

3. fault tolerance.

Flow control mechanisms attempt to reduce these p;oblemsl
through the design of good algorithms.‘ The appearance of
these problems in reél networks can also occur through a
‘faulty implementation of the algorithm. The study of such
problems is in the domain of software engineering and will

Kl

not be dealt with here.

The term flow control 1is not wused consistently in the
literature. However, Lemieux [1979] gives a good treatment
of the concepts involved by wusing analogies with the
telephone network. Flow control, Lemieux states, includes a
set of control mechanisms:

1. traffic control =

_ls_
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FAIRNESS - An inequitable flow-controlled -
network [GERL 82, p.30]. A,B and C are transmitting
files to node D. If node 3 imposes input buffer
limits, then A may be penalized with respect to
B and C as saturation of the 3-4 link occurs.

DEADLOCK of the direct type [GERL 80]. -
If the network retransmits dropped packets, deadlock
may occur under heavy load.
1 may fill up for packets destined for 2 and vice
versa. Either node may hold all of its buffers
' - for packets being transmitted to the other,
and keep transmitting packets to the other.

Figure 3: Important Objective Criteria in Computer Networks
(other than throughput and delay)
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2. congestion control (Fig., 4 )
3. .routing control .

4. delay control.

Traffic control deals with the allocation of 1local
resources to local traffic in order to resolve local
contention. The use of end-to-end windows and the queueing

of blocked packets are examples.

Congestion control attempts to avoid the congestion thch
occurs when throughput remains constant or decreases with
increased offered traffic. Overload occurs when the
specified performance level is reached. Congestion is often
controlled by structured buffer management bolicigs some of

which are discussed ._in section 2.1.2.

Routing control is used to adjust the degree of freedom
of routing to maintain maximum throughpuf. Higher degrees
of freedom increase the number of possible paths, but also
increase the average amount of resources needed for each
packet. In PSN's, the cost of alternate routing (a simple
method of dynamic routing with only two possible paths) is
of the order of 5 to 30 times that of direct routing [LEMI
79, p.12]. For this reason, alternate routing is avoided in
DATAPAC, exceﬁt during nodal or link failures. However, a
time dependent set of fixed routes 1is used to improve

network performance over the various time zones in Canada,

-17 -
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Figure 4: Congestion’Control [TANE 81, p.ilﬁ].
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Delay control is the maximum time after which 1loss is
declared after blocking has occcurred. As blocked packets
are immediately acknowledged in PSN's, they have no delay

control. .
b3

2.1.1.1 Flow Control Mechanisms

Flow control mephanisms can be divided into . three
classes, depending on the information available.to the task.
(The references are papers which deal with the method
analytically.)

.1, end-to-end, e.q. the window mechanism [REIS 79]

2. local or hop-level, e.g. input buffer limits [LAM 79]

3. global, e.q. the isarithmic mechanism [GEOR 80b].

End-to-end flow contrel 1limits the number of packets
permitted on each VC. {This prevents congestion ‘at the

destination node.

Local flow contrel limits the packets at each node, i.e,

<

Glcbal flow control limits the number of packets in the

locally, usually by a structured buffering scheme.

entire PSN. One such scheme is isarithmic control [DAVI 72]
where tokens circulating in the network are used as permits

for the nodes to send packets,

_lg_
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2.1.2 Buffer Management Schemes

Ramoun [1976] and Kermani [1977] discussed various
schemes for sharing the B total buffers in a nodal buffer
pool among RB buffer classes. Of these, BS buffers.;re
sharable among all the buffer classes. They described four
buffer '‘management schemes (BMS) which can be used with any
number of buffer classes:

1. CS - complete sharing

2. CP - complete partitioning

3. SMXQ - sharing with maximum.queue length

4. SMA - sharing with minimum allocation.

In complete sharing, an arriving packet is accepted if

any buffer space is available,

In complete partitioning, the entire buffer space 1is
permanently partitioned among the buffer classes. In other

words, no sharing is provided.

In sharing with maximum gQueue 1éngth, all buffers are
shared but the maximum number of buffers assigned to each

v

buffer class is limited.

In sharing with minimum allocation, each buffer class has
a fixed number of buffers assigned to it. The remaining

buffers are shared among all the buffer classes.

_20.—
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For fairly balanced systems, ~ Cs obtains a better
performance (in terms of a smaller blocking probability)
than CP. However, for highly ésymﬁetrical input systems, CS
favours those buffer classes asscciated with high input

rates.

For the more restricted case of two buffer classes, two
schemes have been developed:

1. LR - the Lam-Reiser "input buffer limit" scheme [LAM

791

2, SS - Saad-Schwartz "free buffer allocation™ scheme
[sCHwW 79].

In the Lam-Reiser scheme, a£ buffers. are permanently

assigned for transit traffic packets. The remaining buffers

are shared.

in the Saad-Schwartz scheme, operation is separated into
two regions: A and B (see Fig. 5 ). In region A, buffers are
shared. In region B, only transit packets are permitted to

enter the node.

Fig. 5 shows the state space for the above schemes for
the case of nodal traf}ic partitioned into input traffic
(n; ) and transit traffic (n.). lInput traffic is generated
locally at the node. Transit traffic is brought into the
node from the network. a_ (with r = i or t) represents the
maximum number of buffers allocated to the packets of
buffer-class r.
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Fiqure 5: Common Buffer Management Schemes for 2 Buffer
Classes.
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Table 1 - lists analytical expressions

aforementioned schemes.

g

Numerical evaluation of various b nagement schemes

have been reported for a single ngde [KAMO 76],[KER3 77].

However, there has been no reported™umetical evaluation of

BMS;s in nodes imbedded within a network.

=

..23_



Complete sharing (CS)

F,= {n} os n_ s B, r=1.2;---:RB } -

Complete partitioning (CP)

F2,=£1_1_]05nrsar, r=1,2,...,RB, Zar=B}
r=1
Sharing with maximum queue length (SMXQ)
Fo=1{n | E ns B; 0sns b, r=1,2,...,R;}
_ r=1
Sharing with minimum allocation (SMA)
R . | V y‘ . .
F, = {n| ﬂp@, nr—ar) $B; 0 sn_sB_+a, r=1,2,...,Ry }
. r=1 ‘
Lam-Reiser (LR)
Fip= (n 1 0 < n; S ag; 0s n, +n_<B }
Saad-Schwartz (SS)
. . .
FSS=T n | complete sharing for Os n.+n.s a,, .
; transit packets only for a;s n,+n < B }
NUTES
1. n={n,y, N, «ee, "R) where n = number of packets in

Bufﬁer;cla s i B 1 Ry

2. For all these schemes, the following relation holds: z :
. 1

i=1

TABLE 1

Analytical Expressions for Various BMS State Spaces.

A
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Chapter III

MODELLING OF PACKET-SWITCHING NETWORKS

Performance measures of packet-switching networks can be
estimated by building a model of the network and evaluating
it ﬁumerically. Such models may be approached:

1, analytically, or ‘

2. by simulation.

Analytical models are preferred because. they can_ give
insight into the workings of the network, are often much
 faster to evaluate and explicitly deal with a known state,
i.e. the ﬁodel is made under assumptions of equilibrium or
non-equilibrium. -

Section 3.1 deals with analy£ica1 models and with
queueing theory models in particular. Seétion 3.2 briefly

discusses simulation medelling.

Numercus analytical models for studying PSN's and their
constituent parts {under certain assumptions) exist:
. - networks [GEOR BOb]
- virﬁual circuits [PENN 75]
- nodes [KERM 77])
- protocols {BOCH 80].

This thesis deals only with network models. ¥ -
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After building a network model, it should be verified
that the network 1is stable f{also called “Heli-defined“).
For a network to be stable, it must have a unigue non-null
and 1y-bounded equilibrium solution [REIS 76a). A necessary

condition for stability is [REIS 76b, p.20}:

—_—

M
E p.. = 1 for all queues, i=1,2,...,M
13 . ‘ : (3.04)
=1 ,
J .
where: P; 5 = probability of a customer leaving queue i for

gueue j{

Unstable networks may have a number of behaviours [REIS

76b,p.20-211: ' "

l; They may not attain equilibriugf, e.qg. a single
server gueue with external arrivals, infinite
storage, and the arrival rate exceeding the service
rate.

2. They may have complex transient behaviour before
reaching egyjlibrium. N

3. They may have several mutually exclusive equilibrium

conditions, e.g. deadlocks.



i

3.1 Analytical Models of PSN's

Analytical models for PSN's have been formed with several
mathematical téchniques:
- queueing theory [BCMP 75] /5
- Petri nets [PETE 80]
- catastrophe theory [OLDE 79].

- .
0f these, queueing theory models are the predominant means

:

of studying PSN's.

The structure of Petri nets is described by its places,
transitions, input function and output function. The Petri
‘net automaton describes the movement of "tokens" through the
net. One problem with Petri nets is that tﬁey are normally
used to deal with problems of a much smaller state space
size than can be handled with gueueing theory. Furthermdré,
the numerical solution of Petri nets is not a well-developed

field. .

Catastrophe theory models are scarce in the literature,
largely due to their mathematical sophistication "~ and their
lack of usefulness in dealing with practical problems [OLDE

79].

This thesis will conéern itself only with queueing theory
models. Such models describe the store-and-forward nature
of packet-switching networks as a network of waiting-lines
called gueues. However, before examining particular models,
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a brief digression to the properties  of algorithms which

will solve these models will be made.

The algorithm used to solve the problem should be

analyzed to answer questions about its properties [HOPC 79]:

1: Decidability - does the problem have answers for all
ihStancgs (particular cases)?

2. Tractibility - can it be solved only in exponential
time/space or is a polynomial time/space solution
possible, 1i.e. is the problem very difficult to
solve? '

3. Computability - can the algorithm be evaluated on a
computer?

4. Compututaticnal 'c;mplexity - - ’hqw fast is the
algorithm and how much space does it need?

5. If computable, numerical stability - does the
algorithm behave “weil" as it converges?

Only the last three p:operties.will concern this thesis from
‘a theoretical point of view. The computational space/time

complexity of the algorithms will be discussed briefly.

3.1.1 Overview of the Theory for Queueing Networks

_ Solution of a queueing problem requires the computation
of certain network statistics. These statistics and the

performance measures can be usually determined as linear



- ‘
combinations of’the state probabilities [GEOR 79]. The
performance measures of interest to this thesis are:

1. (mean) throughput for the network (T) and for each
packet-class (T }

2. (mean) delay for the network (D) and for each
packet-class (D )

3. server utilization by service center (Uy)

4. mean number of packets in the network {(m) and for
each packet-class (m,)

5. packet-class blocking probabilities (pblrl)

6. nodal blecking pfobabilities for input (pbiln]) and

transit (pbt[n]) packets.

The raqdoﬁ' nature of the demands placed on
packet-switching networks can be modelled as a stochastic .
process. Because the nodes im a network store and forward
packets, a PSN can be considered as a network of gueues
yhich can be studied using gueueing theory.v However, the
simplifications introduced by also assuming that the
network's operation can be modelled as a discrete
state-space Markov process ("Markov chain®) = permits a

mathematicaily tractable solution.

The most commonly studied queueing networks are those
that can be modelled as a special class of Markov chains
called "birth-death” chains [KLEI 75]. Markov chain models

of packet-switching networks have the following attributes:

N
Y



1. Packets (customers) may enter the network through a
source node and leave through a sink node. Packets
are separated into a finite number ("R") of classes.
‘A transition ("routing") matrix P = [P(i,r;j,s)]
specifies fhe probabability cof a class r packet at
service center i méving to serv1ce center j and

changing class membership to s.,/ P 1§ the underly1ng
‘transition matrix of a Markov \chaln—ﬁhose states are
defined by (i,r), and-which is decomposable into "m"
ergodic subchains ("closed communicating classes").
Hereafter, it is assuméd that m = R.

2. Queues provide storage ("buffers") for packets.
Packets are éelected for service “from the.queue by a
"queueiﬁg discipline™ and place work deﬁands"on the
service centers ("servers"). = Servers process the
packets at a given service rate, ¢ . Each packet
belongs to a single élass wvhile awaiting and
receiving sgrvice at a service center. .'

3. A set of flow cohtrol and routing procedures regulate

the flow of the packets.

The traditional solution procedure for queueing-networks.
is to find the vector steady-state ("equilibrium") system
state probability distribution ,P(S), by formulating a set
of algebraic equations"(called "balance eguations™) vand
solving them. There are two types of bélaﬁce equations (Fig.

6 ): \
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Figure 6:

i+17i1
(B{
Examples of Balance Eguations for a Simple
l1-dimensional Markov Chain.

(a)} a global balance eguation
(b} a local balance equation
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1. global balance eguations, where the
rate of transitions into a state i'_

.= rate of transitions out of state i

2. local balance equations.

The global balance equations can be partitioned into a set
of local balénce equations [LAM 77,p.375]. The;efore, ghe
set of solutions to the local balance equations also
.satisfies the global balance equations. Lécal ba}ancé is a
sufficient but not necessary condition for global balance

[BCMP 75]. A

More recent methods for finding the above performance
measures fall into two groups:

1. direct methods, - i.e. by directly'.computing the
statistics.of interest

- 2. indirect methods, 1i.e. by first computing the state

probabilities and from these, the statiétics of

interest.

An example of a direct method is mean-value analysis
(MVA) which is discussed in section 3.1.3.2. In MVA, the
statistics of interest are directly computed from recursive

relations.

Most methods are of the indirect tyde, an examplé being
the convolution methods discussed in section ”3.1,3.1.- "In

these methods, the equilibrium system state probability



~

distribution is computed, and from these data the desired
statistics are computed. Todate, most of the work on
networks has been with product-form solutions, i.e. networks
with a state probability in the form [LAM 77, p.3751:
H
DS = (K. X ,-.eeX )= G d(s) | | (x)
TR UM - 3 i (3.1.1A)
i=1 -

where: X, represents the conditions at service center i,
C is a normalization constant needed tc make
the proﬁabilities sum to 1, |
d(Ss) 1is a function of the number of customers in
tﬁe system,
fi(xi) is a function that depends on the type of
‘ service center,

M is the number of service centers in the network.

Jackson [1963) first showed that gueueing networks with
exponential servers have a solution of the balance equations
in ﬁhe form of a producﬁ of simple terms. ‘ The class of
networks having product-form has been greatly extended [BCMP

]

751, [LAaM 77]), [KELL 79]. e

The solution space of networks is often Gery large.
Methods have been found which can reduce the size of the
solution space, or at least simplify the analysis by

approximation. For example,
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1. aggregation of states [BCMP 75]
2. diffusion approximation [KOBA 78, p.211]

3. aggregation of variables technique for décomposable

networks [COUR 77].

Aggregation of states reduces the. state space by lumping
together states. For example, Baskett et al. [1975] defined
an aggregate state with the number of packets of each class

in each service center,

The diffusion approximation is based on the theory of
diffusion processes and 15 successful in dealing with open
networks'under heavy . traffic. As its use in dealing with
closed networks is limited, it does not have much use in the

~modelling of PSN's with flow cantrol,

The aggregation of yariables technique 1is based on the .
"decomposability” of the underlying transition matrix of the
network. That is, networksﬁin which strongly coupled states -
can be grouéed together. This technique yields exact

results for closed product-form networks [COUR 781].

Many important computer and computer-network performance
models do not have exact sclutions todate; iargely due to
their inability to meet the constraints of product-form
solutions. . Network characteristics which violate

product-form include:
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1. simuitaneous fesource possession, e.g. a job holding
both processor and memory - N

2. certain priority disciplines, e.g. round robin

3. general service time - distributions at FCFS
(first-come first-served) gqueues

4. simultaneous job activities ("parallelism"), e.g. the
inability to handle messages which are sent as a

number of packets

5. bounds on queuellengths_(“blocking").

Although ' most networks _ with blockir‘ violate
product-form, Pittel [1979] has proven that some networks
with blocking exhibit product-form solutions. - These
networks must be reversible [KELL ig'. p.5]. Thé necessary
and sufficient condition for reversibility is that the

probability flow between adjacent states is balanced.

Queueing networks cén be separated into three groups
depending on the network population constraints: |

1. open networks |

2. closed networks

3. semi-closed networks {LAM 77].

In open networks, customers are drawn from an infinite
population (e.g. a Poisson source), travel through the
network, and depart at a sink, 1i.e. external arrivals and

departures can occur freely.

e
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The population of customers in closed networks is finite.
The number of customers in each subchain in the network is

fixed. | | «

In semi-closed networks, the source generates customers

which enter the network, travel tjrough the network, and

deparf at a sink (as in an open network}. However at any
time, the number of customers in a given subchain is

bounded:

(3.1.1B)
A |

where: Ki is the number of packets in subchain i,

K, .K;, are the lower and upper bounds (respectively)

of the subchain's population,

In the remainder of .this chapter, networks with M queues

and R subchains are considered.

P

3.1.2 Solution of Open Networks

Open networks are computationally simple to solve. Using
. éimﬁlifying assumptions { e.g. customers do not change class
membership), they can be solved by a separation of variables

technigue [REIS 76a, p.3]:

- 36 -
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1. Using routing and arrival rates only, solve the flow
problem of determining the throughpués (Tpy -~ those
of class r packetS in queue m).
This involves solving R systems , each having M
1inea} equations in M unknowns.

2. Isolate each queue (m) from the network, and compute
the equilibrium marginal queue distribution p_ (k)
subject to the throughputs above.

S. Obtain the joint distribution as a product of the M

marginal distributions, Pm (kp)?

M %
- P(S) =| lpm(- K D (3.1.23)
m=1 —

3.1.3 Solution of Closed and Semi-closed networks

Closed [REIS 76a)] and semi-closed [GEOR 79] networks are
'computationally much more complex. -Semi-closed networks are
importan} because they can be used to model éSN's with
window end-to-end flow control by setting K;_ =0 and Ky, =
w, . for all subchains i =1,2,...,R.. Typically, their
solution algorithms grow rgpidly with the number of

subchains, requiring [GEOR 79]:

. R ‘R '
o( R_M(Zwi) (W'wi)) (3.1.3a)
i=1

i=1
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operations for networks with window flow control.

Let the population vector for the R closed subchains be
represented by y = (yl, S ). These networks are’
usually solved by computing normalization constants, g(y),

for all networks bounded by the expression eg. (3.1.1B).

The approach is as follows [REIS 76al), [GEOR 79]}:

1. Compute ‘g(y} for K,_ =2y, < K., for.i =1,2,...,
R.

2. Compute the marginal gueue probabilities, pnﬁx) from

g(y) (and for semi-closed networks, from the arrival

rates as well).
3. Computé the network statistics from pn$g), e.g. the

utilization of service center m:

L (3.1.3B)

g(y) can be obtaiﬁed from its generating function {(gf),

G{(z), [REIS 76al

m=1 (3.1.3C)

where: C_(p . Z ) = p* (Z), the starred quantity referring
to a guantity not divided by a normalization

constant.
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There exist two practical methods for computing gly}
[REIS 76al: | ) : .
" . 2 . .
1. Inversion of the entire generating function G(Z)."
2. Convolution of the M known inversions of the capacity
functions C (e . 2)
(The capacity function is a function dependent on the

queueing discipline at the service center.)

v

Method 1 requires a complex integration and islhot well
suited for numerical evaluation. .The general problem can by
restricted in order to permit gty) to be computed through a
partial fraction expanéion of G(2). | However, such
computational schemes. are numerically unstable since they
involve. summation of terms with alternating signs [REIS 76éa,

p.12].

Method 2 provides a class of algorithms, known as
convolution methods, the most famous being the
Reiser-Kobayashi algorithm [REIS 76a), [REIS B0b] discussed

in section 3.1.3.1.

The Reiser-Kobayashi convolution algorithg&and kean—value
Analysis are compared in terms off coﬁputational‘complexity
~in Table 2. From thig point of view, they are similar in
terms of time, but the convolution algorithm is slightly

superior in terms of space reguirements.

+



MVA Convolution

"[REIS B80a] [REIS 76al

SPACE “ | M Kj...Rg 2 Ky...Kg
\_H\
AN

TIME K. ...K_ (4§ RM) K....K_ ( 4 R M)
(Order of 1 R 1 R
operations}

R closed routing chains
M service centers
K is the population vector for the r subchains.

L~

TABLE 2

A

Computaﬁional Complexity of MVA and Convolution Algorithms.

2o

-
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For the purpose of this thesis the most general solﬁtion
for producF—fbrm gueueing networks is that given by [BCMP
'7S],v a;d later extended by Lam [197§] to include
state-dependent lost and triggered arriba;s. Georganas
[1979] gave a numerical algorithm for the solution of Lam's

class of networks.

Table 3 1lists the constraints for a network to have a
solution under the BCMP modél. The four types of service
‘centers fall into a class of gueueing disciplinés called
"work-conserving":

1. Each’ packet's work’ demand is independent of the

gueueing discipline.

2. The queueing discipline aséumes no knowledge about
the work demands or arrival time distributions of
individual packets.

3. When the service center is idle, no packet waits for

service.

3.1.3.1 Convolution methods [BUZE 73], [BRUE 80]

The convelution methods permit computation of the
normalization constants g{(y) by a recursive formula which

is a convolution of functions of a discrete domain.
The capacity function for each service center, cly), is

computed from its generafing function (gf), ca (g . 2).
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Structure ..

N service centers (gueues)
R classes of customers with transition matrix
[P (i,r);(j,s)] defining a Markov chain.
Customers travel from service center i to j,
changing class from r to s. ,
The chain is decomposable into "m"™ ergodic subchains.

The network may be open, closed or mixed.
For open netvorks, arrivals may be state dependent.

Service centers

Type 1(*}: FCFS (first-come first served) with all
customers having the same (exponential) 5erv1ce time
distribution at the service center.

Type 2: PS (processor sharing)

Type 3: IS (infinite server 1.e. no gueueing delay)

Type 4: LCFSPR (last-come first served preemptive
resume) ' :

Sources for open systems

Type 1l: Total arrival process to the network is
Poisson with mean rate dependent on the total number of
customers in the network.

Type 2(*): m Poisson streams correponding to the
m ergodic chains.

TABLE 3

BCMP Model Assumptions [BCMP 75].
i /‘12

The symbols are those glven in the BCMP ‘paper, and not those
used in the thesis. The types marked (*) are relevant to
the model developed in chapter 4.



gly), the inverse of its gf, G(2), can be obtained by M

convolutions {one for each service center) as:

- g¥) =, 0c,®...0c¢, at y =w  (3.1.3D)

4
The convolution algorithm has the desirable property,that
blocking probabilities can be ‘estimated because the

individual state probabilities can easily be computed.

However, the convolution algorithm suffers from two major

preblems:

1. ovérflow/uhderflou problems during computation

2. exponentially inéreasing number . of -arithmetic

—

operations.

. The first problem gan .be reduced- due o a ‘scaling'

algorithm developed by Lam [1982). Such-Scaling factors can

be introduced into the workload vectoy, T .

3.1.3.2 Mean-value Analysis [REIS B0a] =

Mean value analysis 1is a recursive algorithm for
compufing:

1.' mean queue sizes

2. mean waiting times

3. throughputs
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in closed multi-subchain gueueing networks having

product-form solutions.

The concept behind MVA is the recursive relation (here

for the case of a FCFS service center }%

W (K) = = (1 +n,(K-%e_))
.1 rel REORNE S (3.1.3E)
-V\J'
It states that in eguilibrium, a customer (packet) of

subchain r, arriving at service center 1 with the system in

-

state K sees a waiting time (wr 1) of the system in state (K

I

e, Y. T .1 is the mean service demand of a customer in
. .

subchain r at service center 1.

MVA permits heuristic extensions by having a physically
meaningful interpretation. These extensions allow the
approximate solution of networks with a very large number of

closed subchains [REIS 80al.

MVA avoids the scaling problem of the convolution

algorithm by computing the statistics directly.

MVA has the disadvantage that the : probiem of
incorporating blocking probabilities into the algorithm has
no solution reported in the literature todate.

]
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3.2 Simulation Modelling of PSN's [KOBA 78,pp.284-297]

.~

Because simulation is not germane to this thesis, its use

in modelling PSN's will be discussed only briefly.

Simulation involves absfracting the key features of the
getwofk in order to study the desired performance measures.
The numérical.solution involves three phases:

1. 1Initialization of the model to the initial network
state. Usually, 'this is én'empty network.,

2. Driving the network to an equilibrium state (assuming

| that-the steady-state statistics are'desired).

3. One or more simulation runs to obtain samples in

order to compute confidence intervals.

Step 2 is a difficult problem, as it 1is not easy to

verify that an arbitrafy network has reached equilibrium.

- Step 3 usually requires several runs to obtain enough
samples to compute estimates of the'performance measures
(mean and variance) within a 90 percent confidence “interval.
The samples are usually assumed to fall on a _student-T ¢

distribution [KOBA 78]).

One of the early ~autemated methods of computing the
numerical solution to queueing netwo}k§ was an
electromechanical analog computer called Queueiac [DUNN 56].

Dunn et al. reported that in. inm networks "with multiply
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connected queues. ... the hope for solution by strictly
analytical means is lost”. Queueing network theory seems to

have made advances from that time.
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Chapter 1V

PROBLEM DESCRIPTION, ASSUMPTIONS AND ANALYSIS

The analytical modelling of PSN's to sgudy the effect of
congestion schemes has no exact queﬁeing theory solution
todate. This is due to the inability of current queueing
models to handle blocking, except for very small size
problems. However, with some- blocking approximations,
models of networks with blecking can be madé-to fall into

the class of tractable gqueueing problems.

The problem to be investigated is the modelling and
numerical sblution of a packet-switching network (Fig. 2)
with two types of flqw control: -

““ 1. Local flow control by imposing a buffer management
seheme for two classes of packets , i.e. input
traffic packets and transit traffic packets. This
introduces two vectorsi -lof nodal blocking
probabilities: pbi for input traffic packets, and

pbt for't%anSEt traffic packets..

2. End-to-end flow control by the window mechanism.

The guantities of interest in the numerical solution are
throughputs (T, Tr), delays {D, . Dr) and blocking

probabilities ( pbi, pbt ).
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The amount of literature in this area is small..

Pennotti and Schwartz [1975] analyzed a tandem network
with local (complete sharing of buffers) and window flow

control.

-

The analysis of the more general "homogeneous™ network (a
network in which the blocking probabilities for all nodes is
the same) with input buffer limits for input and transit
traffic was investigated by Lam and Reiser [1979]. They gave
a rule of thumb for selecting the iﬁput buffer limits for a
node: |

I . _ input throughput of the node

N © total throughput of the node

(4.0A)

Georganas [1980al extended their results for homogenous
networks with input. buffe;l limits for three claség:n of
traffic (see Fig. 7 ):

1. input

2. transit

3. exit.

Georganas [1980b] then found a numerical algorithm for
' 1
analyzing a heterogeneous packet-switching network (a
network in which the blocking probabilities for all nodes is

differeﬁt) with three levels of flow.control:
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TRﬁNSlT
- INPUT

A
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A ——

3 ™

INPUT L EXIT

Figure 7: The Division of Nodal Traffic.' Nodal traffic can
be separated into 3 classes: 1input, transit and exit.

s
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1. local flow control with édmplete sharing of buffers
- 2. end-to-end flow control with the window mechanism

3. global flow control with the isarithmic mechanism.

Fig. B shows the overall data flow diagram for the
solution of the ‘queueing network. The solution algorithm is

discussed in the following sections.
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NETWORK DESCRIPTION PARAMETERS

network parameters: N; R; Queues (number of gueues)
mean packet length

nodal parameters: BMS; number of buffers
other BMS parameters

" gueue parameters: source and destination nodes

channel capacity; routing matrix
sources: source and destination nodes, window size,
packet arrival rate :

throughputs

delays :

m, m_ - mean number of packets

pblry - class-r blocking probabilities
pki, E§§ - input and transit packet
ocking probabilities

Figure B: Data Flow Diagram for Solution of
‘ the Network.
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4.1 Queueing Network Assumptions ~

The analysis presented here is largely based on the work
of Georganas [1980b] and similar assumptions will be made

about the network.

The packet-switching network will be assumed a
semi-closed queueing network with a product form solution.
The eqqilibrium state probabilit{es are assumed to exist and
to be unigue. The ﬁetwork‘s' "customers” will be
single-packet messages (hereéfter_ called "packets")., These
packets require no-modification to - their structure by the
network, i.e. no packet assembly/disassembly, and their size
includes the extra information wusually added by the 1link
level, e.q. addgﬁss information. . Each source will generate
a different class of packets which will be routed through a
particular subchain. ~ Hence, the terms subchain and class
refer to the same entity hgre (hereafter called "class" or
"packet class"). Packets'are not permitted to change class

membership while inside the network.

The following network is considered:

N switching nodes each having B total buffers shared
between two buffer classes (input and transit).. The
buffer management .schemes must be coordinate convex
(see section 4.2.4)‘ with . doubly-connected adjacent
states, and may differ for each node. Eaﬁh node has

at most one input source feeding it.
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M ::;gmféree links ("queues”) served by a FCFS gueueing

disciplipe and having channel capacities of C, bps.
Bach 1link is served by a single-server service

center,

R packet clasgses, each witﬁ a different source node and
having window sizes. of w_: 1% r sR,

;-each soufcg sends packets to the netwcrk’ wilth an
exponential packet interarrival time, i.e. “each
source is Poisson. Further, each source feeds
exactly one node. “

--all classes have a probabilistic routing matrix

(r)
{ P,i,j H

l = r = R, 0 = 1,7 &« N} { The
probability of a class r packet mecving from nogde :
to node j.) It is assumed that packets criginating

at a node (i) will not return te that node.
.

Packet lengths (v) are drawn from an exponential

distribution with mean 1/ [KLEI €4, p.50]:

-

A\ plv) = ue

-uv
{(&.1h)

each time a packet 1is received at a node.

3
r
- pa
0]
va
v

called the "independence assump:tion®,

Packets travelling through the network can be blockeé irn

two iays:



with probability pbi{iF. : '
i\

2. Transit packets are blocked from entry intc node ":i7

with probability pbtli].
The future behaviour pf packets which have been refused
r

entry tc a blocked node :s describec :in section §.Z2.

The differences with the Gecrganas, model {13B0b] are:

1s not included.

[

1. 1Isarithmic flow contro

2. Buffer management schemes other cthan complete sharing
are investigated. . N
The isarithmic mechanism s nct included in the analvsis
for twc reasans: -

1. Its efferctiveness and reliability have \nct Deen

provern, given the cCOomplexity cf <the mechan:ism

inveclived. '

[\
.

It 1s not useg In many current NeTtworks.

S
o
4.1.1 Validity ¢& the Assumptions )
) ]
In a week long measuremeny of ARPANET traffic in 1373,
Kileinrock founéd =:tha: each message <contained an average cf
1..2 pacre:s fk;ﬁ: TE, VLI, £.&45%]. "~ Therefcre, the

’

i
on
s

]

1. Input packets are blocked from entry intc node "iF

7
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 ShowWn Tz ne val.gd .

assumption that messages and packets can be considered
equivalent. fror a network operation point of view is

riausible 1f an ARPANET-tvpe network is considered,

LAY
bt
[

In selecting the packe:r interarriva time Zdistribution,

very few functions permit  a tractakble model tc  be
crmulated. 2{ these, the Pcisson «exponential} process is

the l:m:it cf superimposing a large number of independent

renewa. point processes. This theoret:ca. result has been

1

empirical  studies of

e

.
"

ToOmpUter-COommUnITAtION NEeYWworks with a .arge number =f users
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A Tenewa. Drotess 1S & SI2THAESIIC pIint process with the

.engths  of the En:erva;i“ belween Consefutlve events
:?depende:: anc..gent:ically Z:istributed, A PCLSSON process
5 & pér:;:;;ar tvpe cf Tenewa. process vhere =the
inter-event :nterval ién;:hs are exponentially Zdistributed

The ndependencze assumpr:on agvgids  the ass:gnmén: ¢ a
permanent lengtn tz eazh pachket ., Such an ass:gnment would
g:ve rise it a dependency beiwveen the interarrival times and

~.ength
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sreatly simplifies the solut:on procedure for a  general
netwcrk, ang has veen found empirically: iz be a reasonable
approx.mation for networks cf a moderate connectivicy (KLED
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e

Sbme of the more general assumptions used are not too

-

realistic in current computer networks, bu£ must be made in
order to find an analyﬁical model solvable with the éurrent
results of queueing theory :

1. Typical network traffic is a complex function of the
time of day {Fig. ¢ )} and can at best be conéidered a
quasijstétiona?y Poisson process, l.e. @2 Poisson
pfocess with the arrival .rate slowly changing with
time. The dissribution is more compliégted in
networks whiéh ispan several time zones because peak
hours do not coincide. -

2. Queueing disciplines are not always-FCFSfN but ‘are
norma:ly priority based. This is necesséry,to include

able fairness among. competing

users. . \

i. The nodal model anc network congestion c¢ontrol

(ad

such features as eqgul

mechanisr are sign:i:ficantly more conmplex in real’

netwerRs e.g;_DATAPAC.[SPRC 811.

i
tn
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4.2 Theoretical Analysis

Section 4.2 and 1its subsections develop an algorithm to
solve thé problem'defined in section 4.1.

The-edmputationa} aiéorithm (fig. 10 ) is an iterativ%

procedure requiring three basic steps: - -

1. Solution of the gueueing network assuming known
blocking probabiliti;s pbi and .pbt ‘and only
end-to-end wiﬁdow flow control.’ . o

2. Computation of pbi and pbt from ghe.queue' packet -
probabilities computed in step 1, by using an
appfoximate model -for - the nodal Buffer management
schemg. The state space (F) is truncated by imposihg
a buffer management scheme, and ﬁhe new state space
(F') Dbecomes the intersection of the state space of
step 1 (F) and the space imposed’ by the buffer

. management scheme. _

3. Update pbi and pbt for the next iteration according

to some method of solving the system of non-linear

equations.,
SN

Sections 4.2.1 - 4.2.5 describe the individual steps af

the algorithm.



£

gbi = 0; pbt = 0; { initial values }
WHILE (pbi, pbt not converged) '
1. Solve queueing network assumin
(a) quasi-infinite buffers (Seg;:Eﬁ‘?.2.3)
(b) given block1ng=probab111t1es-
i and pbt.
i See Fig. 16 for an expansion.)

2. Compute input and transit blocking probab1l1t1es

bi, pbt (section 4.2.4),
See F1g 17 for an expansion.)

3.7 Correct ? t for the next ,iteration, using
some met solving a system of non-linear

algebraic eguat1ons.
(See Append1x E.)

Compute other performance measures:
throughput, delay, class blocking probabilities

(section 4.2.1). B

Figure 19: Pseudo-code for the Numerical Solution of the

Network.
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Section 4.2.1 shows how to compute the desired
performance measures: throughput, delay and class blocking

.probabilities.

Section 4.2.2 describes the quéueiné model of a node.
’ ‘ _

Section 4.2.3 discusses the medel for  packet

~fetransmission at a blocked node.

Secﬁion §.2.4 discusses the approximations used to.
compute nodal blocking probabilities from the state-space of

the network computed assuming only window flow control.

Section 4.2.5 summarizes the entire computational

algorithm. 4 ;

4.2.1 Computing Performance Measures

This sectiap derives expressions>> for the following
quantities:

1.  m- the mean number of'ﬁackets in the network

2. pblr]- the blocking probability for class r

3. T- the mean network throughput

4. D- the mean network delay

_60_
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using the computed values of the input blocking probability
(pbi) and the transit blocging probability (g_tgg).~ - The
expressions ére based on the model of Georganas‘[GEOR 80b]
for nodes with 6n1y one buffer class; and are approximations

due to the modelling of the actual blocking mechanism.

The equilibrium probability of having y packets in the'R

. -
classes is given by:
R
* Y,
C g (y} | | S Ye F
r
p(z) = r=1
0 othervise
v . (4.2.1A)

- where: y, = the number of packets in class r,

F refers to the feasible state space for the problem
=1 y= Y =1,..,R }
F { v (Yl'%zi yR) | Osy <w for r=1 R
-~

The mean number of class r packets is computed from the

definition-of the meanr

.'nr = Z y:_ p(i)

(4.2.1B)
ve F ’
The mean number of packets in the network. is:
R ' I
m= m
r (4.2.1C)
r=1 -

because t?f classes are independent.

T
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The class r blocking probability {pb[rl)- can be obtained

by summing over the edge states of the state space, F.

pblr] = Z ply) -

(4.2.1D)

The mean throughput of class r is given by the arrival
rate S _ reduced ;y:
1. The probability of blockage at the source node (s},
pbi(s], because of the buffer management scheme.
2. The pfobabil{ty of class r.-being blocked; pblr],
becaise of the window end-to-end flow control

constraint.
[}

T_.=5_10(01-opbi[s] )( 1 - pb(r])
(4.2.1E)
This assumes that BMS blockinQ and windov blocking are

itndependent.

The mean network throughput is simply the sum of the

individual class thfogghputs:

_T= E Ti -

) "(4.2.1F)
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The mean delay for class r can be comﬁuted using Little”’s

theorem {KLEI 75, v.I, p.17]):

m_ R
D . =
r -
' T (4.2.1G)
. r
with the mean network delay expressed similarly:
i}
- D -__-F——-'
T o | (4.2.1H)
4.2.2 Queueing model of a node -
BEach node may accept only transit traffic, only input

traffic, or both input and transit traffic. In the two
latter cases, a Poisson source of class V drives the node

with an arrival rate of §v pac/s (see Fig. 11 ).

The nodal traffic passes through a very fast switching
processor (SP). Because of its high speed relative to the

links, 'its queueing and service delays can be ignored.



." COMPUTER ~ NETWORK

SP = switching processor

NOTES :
1.

2.

For each node, the R packet classes are partitioned
into 2 sets:

(a) V - the class of packets being fed into
the node by a Poisson source (if any),i.e.
the "input packets®™ to the node.

{b) V' - all other classes,

i.e. the "transit patkets" to the node.

The BMS is one of CS, CP, SMA, LR.

Figure 1l1: Queueing Model of a Node.
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For each node, the packet probability distributions for
each gueue in ‘the node are computed using the algorithm of
Appendix C. .These functions are numerically convolved to

form the nodal-packet probabilities for each node "n":
’ P4, ) =Py *P, *...*D
n v . q

' - %. (!2 qi.'

A
where: {‘qn , n=1,2,...,qj_} are the gueues of node n,

(4.2.22)

1, is the number of inpyt packets in node n,

1, .1s the number of transit packets in node n.

From this function, the nodal blocking probabilities are

computed as described in u/gection 4.2.4.

Each node can discriminate between the two buffer classes
psing the following buffer management schemes:
1. Cs- complete sharing
2. CP- complete partitioning
3. SMA (same as SMXQ for two buffer classes) - sharina
with minimﬁm allocation |

4. LR- Lam-Reiser.

Node 0 is a special node ( called the "sink node" )
introduced to accept all traffic which has passed through
the source-destination virtual circuit pairs. Its use is to
model -~the window end-to-end flow control so that the

semi-closed network can be analyzed as a closed_  network.

it



Therefore, .pbi[0] = 0, path] = 0 (i.e{’/gb packets are
r

blocked from node 0) and P; , =1 for i = all queues which

feed the sink node (i.e. sink queues only send‘packets to

the sink).

4.2.3 The Blocking Approximation and Visit Ratios

..

-This section discusses the mechanism by which packets are
blocked from nodes. Séction'4.2.4 discusses blocking from a

computational standpoint.

Because nodal blocking 'can not be iﬁcorporated into the
current results of éueueing theory , certain assumptions
must be introduced in order to find approximations which
would ﬁake the resulting model fit into the class of
tractable gueueing networks:

1. The finite buffers are approximated by duasi-ihfinite
ones, which are able to to accept the entire packet
population from all R classes.

2. Packets are considered blocked at a node if the

buffers occupied exceed the constraints imposed by

the nodal buffer management scheme. Blocked packefsn

are retransmitted from the senderléd infinitum (see
Fig. 12 ). In real networks, packets would be

~ .
retransmitted only a fixed number of times, before

being dropped from the network. ,
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Approximation 2 1is modelled by lassuming fixed nodal
blocking probabilities, whose values are given by either:
1. 'the initial quess,or .
2. the cgmbuted blocking probabilities from the previous

iteration (see section 4.2.4).

-Because. of blocking, and the resulting retransmission

traffic to node j, the meq? service time for <channel i is

increased from 1/(pC ) to
. i

1. . n 1
s .

My . uCi (} - pbt(i]}

{4.2.33)

The packet arrival rate from the source to the entry node

(s} for class i decreases to :

. S;(1 - pbils]}

(4.2.3B)
4.2.3.1 Visit ratios under blocking
{a) Nodal visit ratios with no blocking
o (xy , .
Let v'i be the number of times that class .r packets

visit node "i" whiie-travelling through virtual circuit r in:

the network with no blockﬂpf.(“unblbcﬁéd visit ratios"™).

J...<



Source

© NODE |

NODE | . -.
lost
traffic
phil)d
S reTrensmiTe g - L
R traffic poH()
| r
hY
NOTES

-

1. Node j has input-packet blocking probability pbilj]
'« and transit-packet blocking probability pbt{'?

2) 1f % is the transmission time for a single packet

of the mean packet length, then the mean transmission

tlme for a packet (initial transmission + retransmission(s})
X'+ x( pthJ] y + x( pbt[J] )+ L.
s/pac

1_- pbt[j]

~

Figure 12: The Nodal Blocking Approximation for Internodal

Traffic.
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.r.

1f there is nc blocking,. the computation of ®™sit ratios
is a fcrced-flow problem, regquiring the sclution of R

systems of linear eguatiocms (one system for each class)

[GEOR BO0L]. .
) N

- ] > > r
() N (r) + o {(r) v.(h)

by I i, i 3

J=0
(r) l, 1f S (r) z 0
whare A = i
i 0 - otherwise

(4.2.3C)

For ea;h class, r, this is an (N + 1) by (N + 1) system of

linear equations:

P‘r] -1 'f‘ V'(.r) 0 -
g,4a ;#d 0

P(r) -1 i, J v, )

¥l 1 0

T - . . - - _1

P ) “ 1 o

{5 o 1| |y

- “n,n n 0

L ' J L ] L -

(4.2.§D)

where: -1 in right column is in the row corresponding‘to the

source node for class r.

£

o o . "169 -



T ‘ . . - . - L
«{b) Nodal . visit ratios with blocking 2

-

must be modified to

The unblocked wvisit rétips vi'irl
include tuo'effects in a network with hlocking.”  These
factors lead to an. expression for the nodal visit ratios
with blocking feqg. 4.2.3E): ;//,\\
1. loss of ng;uork packets due to bl;kigg€/ at the
virtual circuif source node because of the buffer
management scheme (numerator term)
2. retransmission of packets due to blockage at that \J//

hode (i) (denominator term).

- Therefore, for each class r the visit ratios with blocking

1 for i=source node for .
) . class-r
v ﬁu) _

© i {r) 1 - pbi[s]
V: ’ ____E__i_] otherwise
i o
© 1 - pbt[i]
X S o
' (4.2.3E)
’ where: s is the source node for class r. ‘ \\\\

Once a packet enters a node, it is routed to an output
' ' (r)

gueue according to the routing matrix, P

\ llJ ' " ’ /,,/

N T ' (
N N\ o

v (Xr _  (x) p(¥) #

k o i K (4.2.3F)

where : k represents the qyéﬁ: from node i to node j.
o~ 902



k]

The workload vector can now be computed:

r

A 1 - pbils])
¢ (0 Vi(r) Pk(r) ¢
- koL 2 1 5 pbtlil
. Tor - -
i . : Y. =4 Ci

x L]

(4.2.3G)

where: rﬂmis the workload associated with queue m and class

r in a network with blocking. -
e

‘ B
4.2.4 Computing Nodal blocking probabilities

In  this section, approximations for the Blocking .

. . &
(\probabilities pbi and pbt are derived from the~solution of.

4
i

'\¥he'netwo;k assuming quasi-infinite buffers. .
‘ ‘ | .
The following assumptions are made: - ~
1. blocking pr&bability for Elf packets (inﬁut and'
transit) pbn << 1 '
2. blocking probability for input packets pbi << 1

ri .
3. blocking probability for transit packets pbt << 1.

. 1
However, if these aséumptions do not hold, some
qﬁqlitaﬁive statements about phe network can be made, if Ehe
numefical results are interpreted carefully. For b{eﬂple, ,
bottleneck nodes will have a high blocking prébaéﬁlity, an@' T%F
. A .

can thus be identified. . NS

!



e

This analysis deals only with buffer  management schemes
which have a“lcoordinate convex" solution space (F), because

. . §
networks with such)schemes have product-form solutions [KELL
791, [KAUF 8l].. I'f mis a poiﬁt in F, then:
—~ : T | |

l. ne F — ni 2 0 for i=1,2,...,R

2. (neF)and (n, >0) == n ¢ F .
i - 1 —1

.o - : ' . A4.2.4A)
smere: F is the set of allowed states for node n, ané{

- e

(nl, cetW,n,

=]
I

n.l

S By ng) S

i-1'My

- -
. .

(nl, .x.,n l,n +1, n_)

Pi+1rc0r TR

(4.2.4B)

Fig. 14 (pahel a) shows the state space at a node
assuming both window flow control and a buffer management
schemg.l The céntour C shows the BMS .constrains to the

. solption. {(Only thrée line‘segmenFqidefine the BMS in this
example; however, any numbgr‘is‘possible prov?ded the space

remains coordinate:convex.) e T
£ TN

) The term "n-difiensional” buffer scheme /refers to a BMS
with n degrees of freedom in specifying its_ state sbdpe;

For example, complete sharing is a one-dikensional scheme

becauz:/}he blocklng probab111ty\3épends on on

the tofal number of packets in the nod . However, complete

.

iible -

part/itioning is a two-dimensional scheme (in the problem
\ -
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: rd

considered) because blocking must be considered in two
variables - the number of input packets and the number of

transit packets. : - <
~

4.2.4.1 Approximating nodal blocking probabilities

The following approximation 1is used, based on the
™~

ong-dimensional buffer\scheme§f£ Fig. 13.

T A

" In the th¥s case, the probability-that a node'is blocked

A -

can be approximated by.[GEOR 80b]:
1. computing the packef-probability éiéﬁéibﬁtion_“
assuming quasi-infinite buffers, p(£) ‘
ing: p(£=B) <~ p( £ B). -
his “mapgéng" of probabilities graphically. !

AY

Fig. 13 shows

In a two-dimensional buffer scheme, the state space is as
shown in Fig. 14. Panel B is the state space required to

compute blocking pfobabilities. : . 4

For this figure, .the nodal blocking probability for all
packets, pbnln], can be computed by summing along the outer
. ) &~ ’ ~
boundary of the state space:

oo T N o
pbn[n] = Z pln} a p

ncB+ '
U T {4.2.4C)
- ‘- i , + l\
where: B.T = { ne F: n, £F1}
i 3
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~
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30 ’
- D p(a')—._z plif :
. 4 - =B
Ul A
o125 s 4

-

(B) Approx1mat10n of finite buffer packet- probabzlxty
distribution, .

PR 4

Figure 13: Approximation of a F1n1te Buffer of Length B by
~an Inf1n1te Buffer 1n a Node. ‘E;j
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T+ | + ,
where: B; = {ne F' :n & F'}

F' = the state space corresponding to tbe.
ingersection of both window flow control énd
buf fer management constraintg.

A desirable mappinq of the blocked states (region D in panel
A} into the area A + C must have the following properties:

l. It gives the same distribution as the exact solution.

2."It is computationally fast.

In ordgﬁ to obtain an appro;ima;ion, the following
assumptions are made in the'formation of an intuitive model:
1. The probability weight of the blgcked area (D) is
small with respect to tbat‘of the unblocked érea_A +

cC. |
'2. All.the blocked states of D will be mapped onto the

edge states, i.e. onto the contour C.

Assumption 1 .states that the blocked states do not
inﬁlﬁence the unblocked state distribution muck. .. This is

gquivaient to the pbn << 1. assumption that Lam [1979] and.

;(lGeofganas [1980b] used in their one-dimensional models.

Assumpfﬁon ‘2 states that the blocked states will be

" distributed only on the edge states rather than throughout

the~qrea A + C. If the probability weight of area A is

. " large with respect to that of D + C, this seems intuitively

+

to be a good assumption. Georganas .[1980b]' made an

equivalent assumption for -the one-dimensional case.
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Numerically, the mapping of region D into the unblocked

area is as follows.
f\

~ Let Py = probability of being in- ‘the blocked area
(region D. of Fig. 14) found. by summing the probability

weights of the points in region D. Each point on C has its

probability modified:-

P

PD‘ p(ilt) D

Pl )= pli,t) + = pli, )| 1+

Z pti, ) SV Z pli, )

along C * : " alongsC
' (4.2.4D)

£
LN . '
where: p#i,t) is the probability of having "i" inpyt éjd "t
transit packets in node with (i,t) e c.
This approximation has the undesirable property that it
‘is not self—corfecting, i.e.  that probabilities will not
s
distribute themselves properly, along the contour (C) as the

_‘number‘of iterations in the algorithm increases.

Fig. 15 gives' the edges over .which to sum in order to
compute the blocking probabilities for various buffer

management schemes.
. \



NOTES

1.

The contour C' = ¢’
_ intesection of the %uffer management constraint with the

n' - window

constraints B
D /’ '
G T ) Ct .

Ca MS
A
ni_
(A}
ny .
n;'
(8)
. a [}

The contour C = c. -—¢c_-¢ in\banel A, represents the
constraint 1 2 3

on the nodal state space by the buffer management scheme.,

3 in panel B represents the

window flow control constra:nt.

"A" represents ;he area of the space- restrlcted by the
buffer management scheme.

"D"-represents the area in wgich both ipput 'and transit
packets are blocked. q"ﬂ<\

s ¢

-

Fiéure 14: State Space for a Given Node.
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F)
n
nt }B
Oa’i'c'-l-
Cl ) C'2 ‘
B-oI c :
2 caf - 13,1

BMS | pbi | pbt
c_ . ) c
ol L L
cp . C c
2 . 1
SMA, '
SMXQ C, +C, C; +c.:2
LR c: +C_ . c. .
) 71 2 1

Notes

1. The table gives the edges over wh1ch the probab1l1ty
weights are to be summed.

‘2. The exact state space ‘for the node is assud&d

Figure 15: <Computations for pbi,pbt for .vVarious BMS's, The

exact solution space .for the node is assumed correct.
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4.2.5 The Complete Algorithm

«

The. results of the previous sections can now be

incorporated into the algorithm of Fig. 10.

Note that the iteration of the WHILE loop is actually the

solution of a system of implicit non-linear algebraié

equations. Step 1. assumes a-* given set of blocking
en e e . . . .. ., (1)
probabilities at the start of the iteration, i, i.e. pbi
and Ebt(l{ Step 2 computes new blocking prébabilities
. LT \ i+
(based on the computations of step 1), i.e, letl:gnd
th(Lﬁl)Therefore the system is of the form:
(i+1) (1) (i)
~obhi (3] .= Ej ( pbi » pbt )
o tisl) (i} (1)
=bt 31 = 95 ( pbi , pbt ) (4.2.5A)
where: i - is the iteration number,
f,g - ‘are the - implicit non-linear algebraic
equations,. |

This system of equations can be solved by any number of

' algorithms for the numerical solution of non-linear

s

-algebraic equations, e.qg.

1. the method of successive substitutions, and’
* 2. Brbyden's method (see Appendix E).
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‘Convergence of the sélutipn vector occurs when the

l,~norm is less than a given valpe € :

{i+1) B¢ $
pp -'pb |l s e .
o : N ‘ - (4.2.58B)
(1) (1) (i} ‘
where:. pb =(pbi , pbt-' ) .
First, the normalization constant of. the network is-

-

ok

computed assuming a gigen set of blocking probabilities

(Fig. l6). Next, the. nodal packet-probabilities are
computed using tﬁk packet-prdbabilities. for each Queue in
the node,.which are convolved together (Fig. 17).

Fig. 18 ‘'shows the flow chart for a single itera:ibn.of

the algorithm, )
kY



s

INPUT -

- pbi, pbt
. ~ network description.(Fig. 32 )

QUTPUT _y
- C
normalizatidn constants

ALGORITHM .
Compute visit ratios (eq. 4.2.3G);

Compute normalization constants (Appendix B):

Figure 16: Pseudo-code Expansion of Fig. 10, step 1.
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INPUT -l ' ~

- ga(y) )
.- ne;Ygfk defﬁfiption (Fig. 32)

OUTPUT :
oL i bi(n+1): bt (AL

ALGORI THM )
FOR n := 1 to N do begin { for all nodes }
Compute marginal probabilities , p (1[v], 1[v']},
for the lst gueue
in node n with the algor1thm in Fig. 30
FOR j := other gQueues in node n do begin
Compute marginal probabilities of gueue j
C1tvls 10v] 0,
uflh the algorlthm in Fig. 30.
Perform the 2-dimensional convolution:
p (1IVI,1[V']D) <= p (1[V],1[V']) * py(1[V],1[V']).

end-

Map p (1[v],1[v']) into the area restricted
by the BMS (eq 4.2.4D),

Compute pb 1, pbt by summing p ( 1[V], 1[V'} ) over
the appropriate states as given by F1g 15.

end;‘

Figure 17: Pseudo-code Expansion‘of Fig. 10, step 2.

i

.
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. ~
: 2y
i
- f (IVJ“V)'&'
1¢i gueut
Y
F'md "‘féau) ' | )
) ~

Figure 18: Flow Chart for a Single Iteration (n) of the
‘ Solution Algorlthm. .
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Chapter V
’ \ : . NU_MERI CAL RESULTS

L.
e 1

A PASCAL, program called NAPl (see Appendixk F) was
develoﬁéd for applylng the analyais of Ehapter 4 to study
he computer neuwork of Fig. 19. The hetwork has the same.
<§t£ﬁcture-as that in [GEOR BObJ, but certaln parameters have
g been changed' '.:T/”h. ‘ | .
1. Window" szzes 1ncreased from 2 to 8.

2, Nodals buffer sizes 1ncreased from 2 to at:least 6.

The network was studied to evaluate:

1. the use of Broyden's method in solving the 1mp%%c1t
A sys?em of non-linear equat1ons (section 5.1),

2.. the effect of several buffer management ‘SChemes on

nodes 4 ( the source node for class 2) and 2 (the-,

“destination node for class 2) (section 5.2).

-

The network o# Figl 19 contains a suEset of the backbope
of the major Canadian X.25 network called DATAPAC [GEOR .
80b]. DATAPAC links are 56kB and the sinks are assumed to
accept data at about half that rate (25 kB). A‘\fixeq
routing scheme is used, There.are two. packet classes with

windows of B8 each.

U e -



Sp

N = 4 nodes . - Node BMS Numper buffers

Queues = 7 queues .
R = 2 classes
1 cs 6
: 2 C§ * 8
1/p = mean packetlength 3 cs .6
= 1000 bits 4 Cs * 6
Channels 1-5 are 56kB. | Source Window Arrival rate
Channels 6-7 are 25kB. (pac/s)
1 8 5
2 8 .5,10,15,...,40

Notes

1. * - BMS‘of nodes 2 and 4 are varied during the
study of section 5.2.

Figure 19: Network "NDGB80" (a c¢crude DATAPAC model).
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Notes

l.
2.

N\ -
R

BMS a; a,

cs - -

cP 3 -

SMA 2 2

LR 2 -

- means not applicable.

See section 2.1.2 for an explanation of the parameters.

“BMS Parameters for Nodes of Network NDGBO.

TABLE 4

-86_
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1 - . . . . . - .
0t
.//
. n

Figure 20: State Space for a Node with 6 Buffers. The line
segments mark the various BMS constraints.
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The source rates are chosen to permit certain effects to

be demonstrated, e.g. channel saturation.

The nodal buffer sizes (6 and 8) are chosen so that the
- varlous BMS can be discriminated. With B < 6, the BMS

constraints tend to be similar (see Fig. 20).

4
[

5.1 Study of Efoydéh"s method [BROY §65) to solve the system
g .
of non-linear equations

Georganas [1980b].'u5ed .the method of successive
substitutions to solve the system of non-linear eguations
for the .blgbking ﬁrobabilities. ‘All nodes had a complete

sharing BMS, i.e. had‘only one buffer class.

w\‘.( - .

This numerical method proved acceptable in | the
one-dimensional case of a single buffer class, because the
amount of computation to find pbi was . small compared to the

—

amount cons1dered here (for the two dlmen51ona1 case)

Because the number of computationé increased about an
order of magnitude per iferaéion (due to the more
complicated algorithm to compute gueue distributions and the.
two- d1mens1onal convolution to find the nodal distribution),
a more efficient method for solving the system of ﬁgh linear
equations was desired. Broyden's method [BROY 65] was

chosen because it reguires a smaller number of functional

- B8 -



N}

evaluations compared to other methods, and it is relatively

easy to implement {see Appendix E).

The 1,-norm was reduced from 10°° (in [GEOR 80b]) to'10-*
and the two methods of solution were compared (Fig. 21).
* Broyden's method showed the following improvements:
) 1. a fairly consistent " number 'of- iterations to
convergence {about 15), |
2, ‘a large improvement inl the maximum  number  of

-

iterations to convergence (16 instead of 47).

One disadvantage of Broyden's method .Es that it requires
B iterations (for the 8 blocking probabilitiés of this
problem) to estimate the Jacobian nﬁmerically, -Therefore,
when convergence is "easy" %he method ‘of successive
substitutions is much faster. However, such cases can‘not

be determined a priori.

- Broyden's method was thus found to be a superior method

for the thesis problem,

5.2 Study of varying buffer management schemes

v

Fig. 22 shows some of the graphs which are useful in the

performance evaluation of packet-switching networks.

Network information gives information about the general.

performance of the network, e.g. total throughput.
F : '
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N

Arri#all Successive Broydén's method
rate substitutions
s[2] (1) (2) (3)
5 . 2 ‘10 2
10, . : 3 10 2
15 , 5 11 '3
20 47 14 6 =
25, .14 16 8
- 30 11 14 6
35 10 15 7
40 9 15 7 -
Mean CPU '
time: per . 3.9s_ 3.9s
iteration
iters. Successive
‘ : substitutions
40+t
30|
20}
10 }
o,
NOTES :
1. Column (2) includes the initial iterations required

to compute the Jacobian. Column (3) excludes these
iterations.

Figure 21: - Comparison of Two Methods. of $61ving Non-linear

-

Equations. The lz-norm in both cases is 10-*.
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NETWORK INFORMATION

Net. T

offered

lood . -

VIRTUAL-CTRCUIT INFORMATION

D, . . A T )

: offer ed
T, | load
'| NODAL ‘INFORMATION
123 fodeno -
' h
-1 b
. -Io' b . l
10 . A
Ny \;.n o X >
pbi.pbt
i}

Notes

1. Thrbughput is the carried load.

© 24+ Arrival rate(s) is(are) the oi(gi:d load(s).

Figure 22:. Important Performance Graphs in Evaluating

PSN's,

-' 91 -




Virtual-circuit information gives end-users estimates of

the pé;formance that they should expect.

Nodal blocking information gives an indication of how

_‘nmﬁ\'well the buffer management scheme in the node is performing.

Ay

The network of Fig. 19 will be studied by keeping the
class 1 arrival rate fixed at 5 pac/s. Class 2 arrivals will
be wvaried from 5 to 40 pac/é in order to evaluate the-

effects of increased load on the system.

"2
Before numerical gualysis of the neiwork begins some
important values’;ill be computed. -
The ideal throughput (Ideal T) 1is simply the offered
1o§d, i.e. allr packets to the network are transferred
through the network with no biockage.'For this nét;an,

.j/\J | Ideal T = S, + 92'= 5 + 5

1 2

(5.23)
L= -]

- : /———-.
The maximum carrying capacity (Max T) can be approximated
by locating botflenecks. For class 2, the slowest link 1is

the exit link (number~6) at 25 kB. Henée,

25 kB/s
- : N
Max T = S5y(max) ¥ '

‘ ) 1 kB/pac
. ' : ‘ = 30 'pac/s
o (5.28)
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This approximation can be: considefed an upper bound,

because it disregards any window or buf fer management scheme

constraints.

A Y

The rdeal delay is the packet transmission time through

the network with no queueing delay. That .is, packets are

served ‘immediately upon entering a gueue. For the network of

Fig. 19, packets must hop through four servers:

-

3 servers at 56kB = 3(1kb/pac / 56kb/s ) = 53.6 ms
1l server at 25kB = 1/25 = 40.0 ms

Ideal delay = 93.6, ms.

[

Initially, the network was evaluated with 6 buffers in

.

: -
node 2 (CAL). However, with B=6 the network graph shows the
#

c}3551ca1 congested condlt1on (Fig. 23 ). 1In order to,solve

th1s problem, the bottleneck node was found by~ locatlng the
node with the highest E__ and increasing its buffer size to
8. 1In the congested region, pbt[2] was 0.99 - an grea‘where
the model is not accurate; however, the actual value was not

‘important in-&jijfing the conQ;;%ed node. -

In'the'delay curve of Fig. 23,'the delay rises rapidly at

the onset of congestion (from 0.2s to 2.2s).

. N
. -
Al }
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- Tipgcss)
= -301-
- 20t e B=8
;_‘ ..... c t P o B=6 . s
10 i an&S {8 o
- cme .O---.O-,_ _O_.___@
: 1 —— " ANy S
— » V2
‘ 00 10 20 30 40 (pac/s) !
(A} Network _throﬁghpat, vs class-2 offered loaé
. 100G o 12200 .
s 804 L TS = «p=B
/’
' L)
(B) Network delay vs class-2 offered load
Figure 23: Effeéts of Increased Buffer Size at Node 2, -
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5.2.1 Network NDGBO with node 2 having B=8

- ) .
In this section, -the BMS of node 4 is varied with the

parameters shq&n in Table 4. Node 4 is the source node for

class 2.

ad ) T .

Fig. , 24 shows the class 2 throughput against the offered
1oad..VUbto about 20 pac/s, the offered packets are easily
caé}ied by the network. With more than 20 pac/s, the VC
begins to saturate, nearing its maximum carrying éapacity
(25 pac/s).’ The;éiis little difference between the curves
for the various BMS's. Since the bottleneck is a slow link

'(which saturates the network quickly after 20 pac/s), the
various BMS's havé- little Fffedt bro§ided that the nefuork_
can carry the- load. *(At §,= 40 pac/s, NAPl ca}culates that
there are about 8 packets in the nétwork in total : ; from
class 1, and 7 from class 2. With these- péckets evenly

distributed among.the four nodes, each node has about B8/4 =

2 packets.)

~

Fig. 25 iliustrates the network throughput and delay
curves .- The throughput curves do not show significant
variation among the deEﬂBMS‘s. However, <CP shows slightly
increased délays:" The other three schemes have similar

delay characateristics.

..95..
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T \pac/s)
2 f
3o} . " . CS,SMA, LR
o " idenl oCP
{

Figure 24: - Class 2 Throughput vs Offered Load.

et
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Figure 25: Network Throughput and Delay Curves.
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Figs. 26 and. 27 show the computed blocking pFobabilities
for the network computed by NAPl. The class blocking
probabilities in Fig. 26 show the blocking due o thé window
‘constraints only. At S, = 40, about 50.per cent of the
class 2 packets are blocked at the source. Only the CP

scheme varies from the others.

t

Fig. 27 shows that, as expected, the nodal blockinq
probabilities increase from S, é‘ Sto S, = 40. — Node 4
experiences the greatest variation because 1its buffer
management écheme is-changing. -

The case S, = 20 pac/s is the most important as it
corresponds to onset of net?ork con tion and can’ give
information about network deqradation. CS gives blocking

probabilities of about 10-°.

The Lam-Reiser scheme gives sliéhtly lower pbt, at the
expénse of larger pbi. This result is gualitatively
expected. CP gives the highest blocking probabilities

.because of its bartigioning of buffers eqﬁally betweeh the

two classes, even though class 2 has much higher traffic.
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52=40
2 !
- v VC s » v vC
~ [ ] n‘ :
zlass & ® CS,SMA,
bp 0 LR
acp
lo [ ]
1]
. NOTES . "

1. All blocking probabilities are drawn on a
logarithmic axis.

Only points which have significant variations

from the CS scheme are plotted as separate
points.

Fiqure 26: Computed Class Blocking Probabilities.
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. . Y o SNA
o . o 0 10 ) OLR
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{A) pbi - blocking probabilities for input packets
82= 5 . 82=2Q | 32‘_.40
- B i 2 3f‘q'.rnodta‘n— l 2 3.‘3node i %‘?}ignode
4 ‘ O 0 4
) ) o} .
e 1o * A 3 s
o 10} : T S
1o ) Is*
. a R
4] . . i6* [ 8
i 5 i

{B) pbt - blocking probabilities for transit packets

NOTES

1. All blocking probabilities are drawn on a
logarithmic axis,

2. Only points .which have significant variations
from the CS scheme are plotted as separate
- points. .

Figure 27: Computed Nodal Blocking Probabilities.
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5.2.2 Network NDGB0O with edqual channel capacities

TO'rémove;botﬁlengcks caused by channel links saturating,
all ;hannel cacpacities wvere set to 56kB (rig. 28 ). The
BMS of node 2 (the exit node for class 2) was varied instead
of node 4 in order to block class 1 packets at their source -
node. (The parameters values of Table 4 vere used for node

2.) -

Panel A shows a small variation in network throughput
characteristics for the BMS's. CS and LR are the best, and
CP the worst.. The same holds true <or the network delay

characteristics. .

5.3 Conclusions to the numerical results

The results of the previous section lead to improvements
over previous results in the numerical solution of computer

network performance measures [GEOR B0b] as follows.

Broyden's method was found to be superior to the method
of successive substitutions in selving the system of
non-linear algebraic eguations for the input and transit

blocking probabilities.
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e O-m 10 =220 5230 - 40 pac/s).
(A) hetworf Throughput

_D(m‘, R T

300

100F- 1

ol dpEl = -

. 0. 10 .- 20 .0 30 » LTSS S )
(B) Network.Delay _ . \\\

NOTES . |
1. Mean number of packets {(m) in the network at §,= 40
is about 8.

2. The an of node 2 is varied.

Figure 28: Performance of Networks with All Links at S6kB.
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The separation of nodal traffic into ihput traffic and
transit traffic by an analytical method perﬁitfed a number

of buffer management schemes to be studied numerically.’'

The numerical results are expected qualitatively, but

have not been checked by simulation.

P
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Chapter VI
CONCLUSIONS

The work involved in this thesis produced the follouing.

original results:

1.

flow control.

=

ANALYTICAL EEXPRESSION

A recursive formula (see Appendix.C) for finding the
probabilities of two different sets of classes gf
packets in a queue. This formulé was derived from a
queueing theory mﬁdel of the network .

ANALYTICAL MODEL

‘An analytical model (see Chapter IV) for ¥tudying
nodal Blocking in a network wunder various buffer

management schemes and end-to-end flow control.. The

model is based on the “assumption that the blocking

probab?lities are small,. and .that the blocked states
do not greatly influence . the gueue
packet-probébilities of the quasi—infin&te buffer
case.

SOFTWARE

The computer program NAPl (written in PASCAL) .which
is a valuable research tool for studying the
performance of virtual-circuit based packet-switching .
ngtworks with nodal buffer management and énd—to-end_

- 104 -

.



A number of ' ideas for further investigation surfaced

3

during this work:

1. SIMULATION

S

Checking of the blocking assumptions used thfough
‘ ; . 14
simulation of the network. ~ ' 3

2. SCALING ALGORITHM

Incorporation of Lam's [1982] scaling algorithm to

prevent underflow or overflow problems. (These did
not ‘occur in this work - because of the small
dimensionality of. the problems studied.)

"3. NAP1l EXTENSIONS

Integration of a simulation program {nto NAP1 uoﬁld
provide a valdggle research hooi inte the study of
computer networks, The provision for a common inpgf
syntax for both the. analytical and simulation models

-would be desirable.

Because the time computational complexity of the proposed
" algorithm to solve for the blocking probabilities grows
exponenqially with the number of classes, its use in real

networks is limited . However, the time complexity grows

linearly with -the number of .queues. This linearity permits

networks with many gueues to be handled.

The lack of analytical methods to handle-blockiné in
queueingwnetworks forces the use of approximatiﬁns. ~ These
approximations are often Eased on intuitive arquments and
can not be justifiéd in general, '

- 105 -
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However, the corner stone of the tractability of queueing
network problems,'Kleiﬁrock's "independence assumption®™, is
itself an appro§}mation which is known to be reasonable only
“in some network topologies. Choosing between results based
on a crude approximatioﬁ and no results, the former is the
more desirable. Hopefully, a more appealing approach to
gueueing network problems wil; be found, and perhaps it will

permit blocking to be handled more rfgourously.

o
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~ Appendix A
MATHEMATICAL PRELIMINARIES ’ ’

This appendix summarizes the key mathematical definition§
\ . ‘ . _
and properties used.in appendix C [KLEI 76, pp.330-331],
[oPPE 75].

Probability generating function (pgf)

The pgf .is . tﬁe z-transform of the probability

'

distribution with the substitution z-* -> z.

For a one-dimensional distribution, g(k):

G(z) = Elzk] = E Eﬂklzk
. _ | ~.
/ .

For an R-dimensional distribution, g(kl, -eer kg }:

. -
ot

: R, ' ' : " x i
- 'r‘r' i _ E ".z : ' 1 R
G(zlrzzl---rzR) = E[ | Zi ] = fg(kl,kz,...,kR) Zl . s a ZR
i=1 ‘ ki kR
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Basic function definitions

n
0 n =40
1 nzo0
\ {
u =
n
. 0 otherwise

Convolution
1-D y{(n) = £{n) * g{n) =

hinge SRS

2-D y{m,n} = £(m,n)*g{m,n) =

- 108 -

Kronecker delta function

P S

Unit step functien

P

\
‘ Ef(k) gln-k) ™
K :

EZ £(ky,ky) glm-k,,n-k,)
k, k .



. <

Transform Properties and Pairs

5

Definition:

{ £(k), k=0,1,... } <-->  F(2)

- k=0
N
|} SEQUENCE Z-TRANSFORM
§ 1
n
g ) zk
n-k '
1 .
u
n
l - =2
k '
a b4
n-k o
1l -2
X(kl;kz) x(zltzz)
o 22
x(kl-al,kz-az) zy z, x(zl,zz) —
* ’ ; “
x(kl,kz) y(kl,kzl X(zl,22) _Y(zl,zz) .
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Appendix B
COMPUTATION OF THE NORMALI ZATION CdﬁSTANT

Algorithm 1 (described in this appendix) uses the
Reiser-Kobayashi convolution algorithm to compute the

normalization constants C(y.,¥,,...,y¥.) . for all subnetworks
1'¥2 Yr

within the feasible state space.

C—I(x) = grly) = Z ply)
wvhere: '

- = (nr 1 i < =1 --,R}
F={ 17(;1,12,...,y3) | Osy _sw_ for r=1,
: e -1
The 1nverse cf the normalization constant (C )} for the.

network under study is computed by:

’

- - ' -1 I l- i
c 1oc l(wl,wz,-..,wR) = :E:C (yl,...,yR)( Si )|
: YEF ' i=1

= Z g* (y)

YEF

Y.
s.*
l

-
“H

(B-2)
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The inputs to algorithm 1 are:
1. M - the number of gqueues

2, L - the workload vector for each gueue

)

The outputs are:

1. g*(y) - the normalization constant of all. smaller
networks within F.
-1

2. C

- thg inverse of ‘the normalization constant for

the network.

The pseudo-code for algorithm 1 is diven in Fig. 29,

R .
g—-rl w; ) operations, and has
storage requirements of Of ;Hi wi'). '

Algorithm 1 reguires O RM
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Initialization:

g*(0,0,...,0) = 1; { g* is of dimension R }

¢l - 0;

FOR j = 1 to M do
FOR i[1l] =
FOR i[2}

0=

to wll] do
1 to w[2] do

"FOR i[R] = 1 to w[R] do begin

S’E(i) =g§(_i_)' + 2 Tjr g?]:( l e )

IF j = M then { compute;c_ }

¢l
end;
Notes
1. l = (llr 12!

¢ Figure 29:

R -
_r_
1

1

- R i[k]
+ g*(_l_)-l_l_ Sy 3
J k=1

ceer ig )

Pseudo-code for Algorithm 1.
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Appendix C
COMPUTATION OF P, (K, L)

This appendix computes the probability of a queue having
two sets of packet classes V and V', where V is a set with

either‘D or 1 classes and V' = {1,2, ..., R} - V. That is,

the network classes are partitioned into two disjoint sets.

The name "superclass” will be used to describe V or V',
because the symbols refer to sets of packet classes.
(Although V is a set with only 0 or 1 elements , the method
used in this section can be modified to include more than

one class'in the set V.) - .

Consider a queue (M) having arrivals from a Poisson
source of superclass V, and arrivals from the network of
superclass V": V and V' are mutually éxclusive because a
packet submitted to a node will not return to the same node

(by assumption);

The following analysig is largely. based on [REIS 76al,

and proceeds as follows:
1. The generating function of the desired probability
function, pl( L, 1;] ) is a special case of [REIS
76a, eq.(21)].
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o

%

2. Certain simplifying substitutions relevant to the
particular problem are introduced into 1.

3. Further simplifying assumptions are made, and the
generating function is derived.

"4. The generating function is inverted to find p( 1, ,

lV' ‘)-

v

l, Special case of a General Formula

Consider a queueing network with R closed subchains and

having L subchains in total, *i.e, L - R open subchains.

ReEall, that chapter 4 assumes that subchains are synonymous

with classes in this prohlem.

Z.) be the transform variable

Let 2= (2, Z,, ...t %

associated with the population vector with the L subchains (

K ).

zll,zlz,...,zlL, 'le""'zML
transform variable associated with the number of packets in

Let = ) be the

each gueue , separated by the L subchains (KX }.
/ )

The generating function for the network is [REIS 76al:

. ' X k Cx X X
‘ _ . 11 1L Ml ML 1
P (L r .Z_) - Z Z zll ".'zlL -.-. le -'onL Zl

ﬁzﬂ KeF

. (€-1)
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where: =-( ﬁ_, Kz, et KL )

K
= (k__ Kk _,eco k., oao,k
K= ek, 1L Mz !

in order to isolate the M-th gueue, and partition the L
classes in ' that queue into two sets (V and V'), -the

~

followiné substitutions are made:

Zur = Zy fqr r €.V in gueue M
A i
Let £ = £ with Zyr = Zy for r £ V' in queue M
2n = 1 - for the other gqueues,
m=M, 1 ¢ {1,2,...,R}
{c-2)
following the approach of [REIS 75].
.C
2. Simplifying Assumptions
Using [REIS 76a, eq.{21)]:
"M L R J
*x ’ ' ’ ' S ‘.
o (Z, 2) = | I Cm( § :pml Zhi + 1_.1?11 T 2 2"l ]
m= 1 1=R+1 1=1

(c-3)
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2 ff% t 2y DL P42t PayZhvly

R
+ X eaZm
1=1

for ve{R+1,...,L}

for ve{1;2,...,R}

—
.
: ) and substituting
L R
'Cm( E pml + Z pml zl}
- =R+1. 1£14%
e.4
L
o[ |eavev * Ey X em
- 1=R+1
M lzv
. PrL, 2Z) = Cnl
m=1 .
L L
\l=R+1 , =1
l=v
\/\\ , \
v ; _)/
y
- 116
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for m=zM

for m=M

(c-4)



=
-t
w

* . - .
S (2) = | :l c, Z oy * Eoml z, )

(C-5)

3. Additional Simplifications

"Additional simplifications can be introduced for the
network modél presented in chapter- 4. Because a
virtual-circuit based PSN is being modelled, All the classes
are closed subchains. ‘Thereﬁbre,

L =R
V. V' e {1,2,...,R}
and .

-

‘ M R
G* (z)='||c(§:p Z, )
— ~ml 1

()" W=

(C-6)
Equation (C-4) can be simplified:
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Pt 2y Zgyer 2)

R -

= Al Fveaviy t Ty Doegy By ) G (@) -
1=1 =
lxv

Cat ZyPaviv * Zyel PgeZ = pgy 2y )0 B, (2)

Cn( 2Phviv * 2y pﬁ.z.- Pl ZV i ¥

(c-7)

Furthermore, all service centers are FCFS. Hence, we can

substitute the FCFS capacity function [REIS 76al:

~

S |

c( x) = CFCFS('x\{\“_ . (-8

) 1 - x c-8

Eg. (C-7) now becomes, '
(1 - pan . 2) G*(Z)
E —é ~ N = . _M'. — =
pr = P;(zmv'zmv" 2) &

b= o2yPhyly ~ 2y lmg - 2 - by 2

.

4. Inversion of the Generating Function

Before inverting the generating function, the space of

the solution will be discussed and some notation introduced.
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~ . “
The transformed space vector,-¥,  and its k-domain vector
‘ ‘S : :

, X, have the following c‘omporients in the R+2 dimensional
Space.

= (zi.'zz,'..., z Zyyr ;ﬁ.}

I

(ki' k2' ey kR, lv, 1v,)

R”

E Rl Lo

(c-10)

The following transform pairs for impulses are needed for
notational simplicity:

1 if {Xi = 1) and (Xj = 0) for all i=j
Z, -l AQ(-) =

N p otherwise - Ci;”‘—_—~‘

. 1 ifa=0
s -] |
3,0 Uy ostherwise ' (c-11)
Rearranging eq. (C-9),

?f(zV'ZV”E) =

R | R |

* o+ Gr(Z) - 7. ) G*{Z
PavByiyPt * i (DoPpyZy 1PT + T2 - (Heg %y ) M)
o 1=1

1=1
i — . ! 1=y ! d —/
a ‘ b c o
(c~12)
The terms of (C-12) will be individually inverted in the

order c, 4, a and b:
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- ' " (x)  (x}
* A = -
(el G (zl,uz,..._,zR) E A.R*'i %+2 g{ X - x)

X0
—_— * , .
=g ‘g eoenikp) le' 6lv"°
(C-13)
) Zmzl) G (2) = py,2,6*(2) + ... + :;MRzRg*(g)
( o | o) ) )
- —py . (A * ((g*(k,,...,X s 6 + .
M1'71 1 R" °1,,0°1,,,0
' R I . -
B Z M1t Z“ *”"X”'i ,0° 10 )
1=1 x20 .
R
= p p*(k ,.-.,k —1,...,k)5 8
EMI 1 1 R'"1,,0 "1,,,0
1=1
(Cc-14)
@) oy ( -@@( (X)@
) pa p* —= pgyl 8 A p*{X) ) )
aviviy MV Toi - ’
L al 1
. a2 -
~(al) :E:A p* (X =X )
XZO .
= P* (kllkzr"', kv-1’ -..'kR' lv, l\]l )
(C-15)
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T

kv+kv~1
= p* i, ...
p (kl'kz'..-'kv-i’.'- kR'lv lv')
(C~16)
x) .-
&) - z:p" ( z, z1 p* )—»-z:p» (A © (8 TO®prx)) )
. |' 1 ' "
1=v : ) 1=v
E Pfyy P* (ki'k 7..,k kR lv,lv, -1)
1=v
(C-17)
Hence p* can be computed recursively:
= p* =
Ak 'k ,...,kR 1V lv,) p
q. L

= PPt (R vk ket ol kol ~1, 1)

v R'7v "7V

R . ,
4 E) ”l *(k ' -"-kl-i’.'.'kR’lV’lv'—i)

* - * - o
+ (g (kl,...,kR) E Py 9 (ki""'kl 1-,__...,1<R))6l . 61\0
' 1=1 : e T v’ v’

(Cc-18)
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with the initial condition:

P%(0,0,...,00 =1
fi

» ~~ (C-19)

For queues having only one buffer class, V is the empty
set. In other words, the set V' contains all the classes,

Hence, Georganas's result [1980b, eq.(All)] is a degenerat

o= .
case of eg. (C-18).

-,
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Appendix -D

COMPUTATION OF QUEUE MARGINAL PROBABILITIES WITH
TWO BUFFER CLASSES ' )

This aépendix describes algorithm 2 which uses the

inversion formula derived in Appendix q.to compute . the

marginal queue probabilities for gueue m (pm( 1 , 1

o D

L

e <

from the conditioned queug‘probaQ;lities, pln(

The approach is based on [GEOR 80b].

The marginal gqueue probability is obtained as a convex

combination of p% ( i, 1, 1y, ) [GEOR 79]:

(D-1)
where: F is the. set of feasible states defined in appendix

B. -

The inputs to algorithm 1 is:
1. M. - the number of queues in the ﬁetwork
2. m - the queue under study

3.

I

- the workload vector for each queue

4. w - the vector of wjindow sizes .

5. V - the class of the source feeding the queue ( if
. any ) -
V' - all other classes.
e
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The outputs are: ' ‘ -
1. p (1, 1) the probabilities of having 1, packets
of class V and lv' packets of other classes in queue

m.
The pseudo-code for algorithm 2 is give in Fig. 30.

The algerithm com@es both the conditioned quéue_
probabilities and the marginal gueue probabilities (from eq.

(Db-1)) in the body of the loop.
. ‘ R R '
Algorithm 2 requires O{ RM Z w. T w )} operations, and
i=l 1t i=]

2. Ho).

has storage requirements of O{ max( w ) . . .
1 i 1=l i=1l 1

,/v&‘
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Initialization:
p (0, 0,0} = 1.

FOR 1[V] = 0 to w[V] do
{ convolve over all packets in class V }

FOR 1[V'] = 0 to (maxnetpop - 1[V]) do
{ convolve over all packets of remaining classes }

P (1[v]r 1[V']) = 0:

FOR i[1] = 0 to wl[1] do
FOR i[2] = 0 to w[2] do

FOR i[R] = 0 to w[R] 4o begin
3
IF 1{v'] > J%t:i.[j] for {j | TIm][j] <> 0 an@ j <>V }
p (i, 1[vl, 1[v']1 ) ="0

else
p (i, 1[vl, 1[v'1)

n

as in eg. (C-18);

p(l[v],1[v']) = p(l[V],l[V‘R]!)
1.
+ pli, 1V}, 2[v )¢ jT=Tl s J)

end;
p( 1[v], 1[v'] )} = c p( 1[Vv],1[Vv'] )
{ normalize the probability } J

"Assumptions

1. Only source V feeds this queue. If no source feeds
this queue directly, then some steps are inoperative.

2. maxnetpop = total network population from all classes

Figure 30: Pseudo-code for Algorithm 2.
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Appendix E
SOLUTION OF NON~LINEAR EQUATIONS BY BROYDEN'S
METHCD ’

Given a system of "n" non-linear equations;, f(x) = 0, and

i (0}
an initial guess, x , Broyden's method is a quasi-Newton
approach for finding a numerical solution to the system

[BURD B81],[BROY 6&5].

Table 5 compares Newton's and Broyden's methods.
Broyden's method requires fewer functicnal evaluations per
iteration and fewer arithmetic operations-per iteration.
However, it is not self-correcting in the sense that a bad ~
initial guess may not lead to convergence. The convergence
is super-linear instead of quadratic; however, this 1is
usually'compehsated for by the reduction in cperations per

iteration.

, . (i) . \/
Broyden's method finds a sequence of vectors, x , in a
mannér'similar to Newton's method, but uses a matrix 'A’

wvith special properties [BURD B8l1]. The iteration formula

is:

Ai+]) (1) -1 (i)

1%
1i

%
[}
)
Fh
3

(E-1)



NEWTON BROYDEN

Operations
per iteration:

- function

evaluations n* +n n

- arithmetic o( n* ) o( n? )

- total 0{n* + n* + n) 0(n? + n)
Convergence quadratic super-linear

h= ,
TABLE 5

' Comparison of Newton's and Broyden's methods.
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where A =J( x ) . i.e. the Jacobian evaluated at

-1 A *
A(O)is initially computed by approximating the partial

derivatives of ~ the Jacobian with finite differences,
! .
followed by matrix inversion:

g

af,  f,n o Afy)
axl ax2 axn
Jg & . -
~ afn .« s . afn
i Xy aan

(E-2)

The finite difference approximation for the partial

derivatives is given by:

( (i) ( (i)
: £.( x +e h)-£f.(x )
TS R £ )
- dxk } X ) =
~ h|
. : _ : (E-3)
-~ . :
\ w

where: e,  I5 a unit vector ‘in the k-th dimension,

h is the error order.

-
~
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Rather than recomputing J after ““each iteration (i), the

A-matrix can be updated with fever operations:

| -1
. t -1
' T -1 Ly TR X)) 8 By
i i-1 t -1 ‘
AU N T R &1 (E-4)
’ (i) (iF1) '
where: s = x., - x . . )
y, = 262y gy 0 M

-_—1
q:,)Jrhe iterations continue until the>12—hbrm i; less than a

given value, E :

Moo

—

. ' n : ) '

— . - i i — qi 2
e =00 o T - N 1 N
A |

(E-5)
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Appendix F

NAP1 - NETWORK ANALYSIS PROGRAM 1

F.1 Design -

NAPl is a set -~of PASCAL procedures which computes
performance measures for a network of the type described in
chapter 4. The network model .is solved analytically using a

method based on the Reiser-Kobayashi convolution algorithm.

1

Tﬁe PASCAL procedures' were written at the University of
Ottawa for an AMDAHL 470/V7A computer running CMS under the
IBM VM/SP opérating system. The PASCAL cémpiler was the
AAEC. version 2.0 (Austréilian Atomic Energy Commission)

PASCAL B000 dated July 27, 1980.

The design philosophy is as follows (Figs. 31 ,32,. and
33). NAPIDBDEF is a file holding the global data structure,
‘e.g. number of nodes, connection between nodes, blocking
probabilities, compile-time constants. It must be included

into certain files before compilation.

NAPl is the main program which calls:
1. NAP1SETU for initialization and file assignments
2. NAP1INPU to read the network structure data into the

global data base (from either disk or terminal).
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Notes

1..

NAP1

NAP1SETU NAP1lINPU NAP%ANLZ . NAP1OUTP

LESOLVE NLSOLVE CONVDIS2

MATINV

NAP]l is the main program. The remaining modules .
are external procedures. o

Only the modules relevant to key computations
are shown. . )

Modules communicate through a global data
structure (NAPIDBDEF) which holds data such as
number of nodes, channel capacities, classes.

Figure 31: Basic Structure of NAPl.
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Notmalraaion
Cons’faﬂ‘f.’:

Compufc
chanae!

Joint- Prabab'l Ihes

Figure 32:
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cg* =

network description

= { N, Queues, R,
packetlength,

nodal BMS and parameters,
node-to-gueue mapping,
channel capacities,
routing matrix }

blocking probabilities
= { pbi, pbt }

p.b. =

normalization vector

C = normalization constant

Main Data Flow for NAPl.



Figure 33: Data Flow Diagram for Computation of pb's,g and
C.
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4.'-NAP1ANLZ' computes the nodal blocking probabilities
using NLSOLVE to soive the system of non-linear
equations by Broyden's method. (MATINV inverts a
square matrix.) CONVDIS2 performs a two-dimensional
convolution of functions with a discrete domain to
compute " nodal blocking | probabilities from queue
probabilities.

5. NAélOUTP calculates the remaining performance
measures (throughput, delay) and displays the output.

Optionally, the outbut can be stored on disk.

Sample input, output and a terminal session for NAPl are

shown in Figs. 34 and 35.

F.2 Testing

NAP1l was tested by comparing its results with those shown
in [GEOR 80b]. The results were the same except for minute
differences (less than 1 percent) due to :

1. (Solving the system of non-linear equatidns by

Broyden's methodlwhich leads to a slighfiy different
set of solutions.

2, Using the smaller norm of 10-* instead of 10-72.
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(A) Sample disk 'input (file: EX12 NAPl)

HETUDRK FRGH NRG H/L FC BITH W=8.
4 nodes. .
7 QUBUES,
2 classes.
120¢ bits/gae.

O O D O

PN -
G~
-

e OO

=OQOO
(=]

+E490
1,E40C
1,100 2 L.EHDD
1,£490
1,E4C0
1.E4CC
1L,EHD

e R Ja G e G )
2
-~
< ~
e

A RO P e it p Y
-

LN LN o~
<
<>
m
-
L]
]

00E104
4 3 COOEiOO
2. 5.000E400

Ré
(b) Sample disk output {(file: EX12 NAPiQU)

NETWORE FROM NBG H/ZL FC WITH ¥=8, on 07/04/83
Pareseter Jarr.eatel 21 = 5.CCCEHO0
Converde in 13 iter{s) with novw= 4.630E-C5 usind 4,5Y460+C1 CPU s,
1 A992E400 2.467E-91 1,232E40C  1,SE-03 -~
2 4.994540C 1, llﬁE-Ol S.S42E-01  Ph6L-06
0 9.987E400 1,786E-01 1. 76lE+D)
4 nodes have inPub blm‘kn=T rrov’s of 3
SA97E-05 3, 090E-06 9.155E-05 1.190E-02
+ A nodes have tronsit blockind rrob’s of
3. 457E-05  3.596E~04 9.135E-05 9.53LE-D1
HEVWCRK FRCH HDG M/L FC WITH ¥=8. on 07/04/83
Paraueter tArssratel 23 = 1,009E4CL
Converde in 13 iler(s) with nora= 4.4C7E-C0 usina 4.372E4C1 TFU s,
1 4.995E460 2,49BE-C1 [,248E406 1,6[-0G3
2 9.910E4CC 1,338C-0t 1,326040% 1.30-93 |
¢ 1,A%0E461 1.724E-01 2.572E40C
— 4 nodes have infut blockind Frob’s of &
. 3. IBLE-04 2,965€-04 2.461E-04 7.745E- 03
4 ncdes have transit blockind prob’s of ¢
J.30LE-04  2.9465E-04 2.461E-04 5.542E-0:
NETWCRK FRCH MDG /L FC WITH B=E. on £7/04/83"
Paraneter {Arr.vaiel 27 = 1,5CCE101
Converde in 13 iter(s) with nore= 4,396E-0F usind 4.599E101 CFU sy
1 4.976E460 2,5T6E-01 1.2026400 1.4E-G3
2 1 4456401 1.633C~01 2439CEH00  1.5E-02
¢ 1.943E401 1.879E-01 J.452E40D
4 rodes have inegt blocking frob’s of 3
1 47BE-03 301105‘33 7 4?«E 01 a.l?SE-OZ
4 nades have t.ansxt blocPJn

147SE-c3 1. :-ss—cz 7. 4255 -4 5.555£~01 '
FETHORY FROK MOG H/L FC WHIH Y=3, on 07/04/83
Paraoeter !Arroratel 2] = 2,0005101

cﬁgnverSE in 13 iter(s) with noias 4.146E-05 using  4,399E401 CPY 3,
: .

Figure 34: Sample Input/Output for NAP1.
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BLOBAL TXTLIS FASCAL -
AL 20C F T

R

?

LBAD MAP1 (START

EXECUTION REGINS. .

Hatwark Analusis Prodras 2. €
Srecifs insut streas for datal
O for tersinsl

$filen;nn> for disk file (TL/fa=NHAP1/AL}

?
Srecify outrut streas for resulisi =~

{EXlZ I
< tor tersingl

ghler.ale) for disk file (fL/Ca=NAF10L/AL} @

Ready to accert uzer iaeul.
NCTRCKK TRCM RDG w70 FT UITH U=8.
The retuark has 4 rodes.

7 Queues. '

2 closces.
The racketlcnsth is 1309 bits.

| Hode ! Ruffers | Jueues | BUSHeler2idd |
| 11 $ 1 3 P e 0 € €I
| | g | 1 ¢ 1O I B B B
H k| § 1 2 4 111 ¢ ¢ ¢l
| 41 6 | 5 7 P2y 3 0 21

g
-
5

1 car( bes) | < class'Prod D

} 18 21 11 S.60000404 [ 1y 1.EECO)

4 21 T 21 S.LALCERL ¢ 2y 1LEES)

: I 11 T OSA0C0EH0A 1L 1y LLECDN 20 LEHCD) -
I 51 21 &1 5.6C00E404 10 1s L.E4000

| SE AL 11 S.G00EH8 1 2 15450

{ G121 .01 2,5000E404 1( 2, L.EEDD)

' P B A !

SUORIIICY 1 Iy LEACD

T VC | Uindou | Arr.Node | Das.hpda | Arr.rate |
H 1 (pacst | H : | {race/s) |
P11 8t ~ 21 1 S.0C0C0 |
-1 21 g1 {1 o1 S.OED

l‘.g:éli;fs? # -0 SGOOLW-source rete  Win :ﬁ;)-—smdou
1103X15ChePlep2e2I0-bu?
R ] ' 1Plep2y g E

Which inrares do vou want varied Y

Enter <suabcl){specifier.min ‘3> {inc).
{ ) fd: o rarameter variaticn.

W for window

<5> for spurce rste

LI for inrut nds) buffers

<T> for transit rodzl buffers

. <D td exit '
; ]
Er.ter the mode: D{level><zls> for debuss W<alL far noreal

Ertering norasl aode, ‘ ] N 1|

UYser inrut secerted.
ftt An2lusis besinning,

@

Figure 35: Terminal Session using NAPl.
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[BOCH 80]

[BROY 65]

[BRUE B0]
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(BUZE 73]
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