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ABSTRACT

This work on a method to determine the
"oguchy Index" of a real rational function R(x) is in
the tradition of Cauchy's original work entitled
"GALCUL DES INDICES DES FONCTIONS". As a result, it
is related to the theory of separation of roots of
algebraic equations, and is concerned mainly.with the
‘combination of some existing mathematical results into
a rationai procedure involving extensive application
of the determinants called the Hankel determinants
for finding the Cauchy index of R(x) between the
. 1imits a and b (a <Dbj; a, bare real numbers
or £ @).

One of the procedures suggested by Aitken

for obtaining the Hankel determinants from a recurrence

formula that permits one to avoid numerical computation -

of all the determinants creates the special problem

of finding the first two diagonals whereas, the other

is likely to be unstable. To overcome these difficulties,
a2 method (a modified form of Aitken's method) 1is developed;

n
it permits to generate the determinants Hé ) recursively

and entirely bypasses the computation of all the Hankel

determinants.

Jacobi's method 1s used to transform a given

quadratic form to the one that involves only the square
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térms. For when, taking as basis the Law of Inertia
of quadratic forms, this method is applied to a real
Hankel form of finite renk; it produces the relationships
for the signature, the rank of the form, and the Hankel
determinants.

Consequently, in this supplementary work,
s method is established that is exclusively based on

the result of Jacobi, relating the signature of a
| (n) 3
quadratic form, the determinants Hk , and its

application to the problem of rinding the Cauchy
index of a real rational function.
It is.then~applied in the problem of the

separation of roots of algebraic equations.

L,

ST

A Taaa i is N

Sl T iy



(1v)

ACXNOWLEDGEMENT

I wish to take ﬁhis opportunity to express
my graditude to Dr. James L. Howland, my academic Supervisor,
~ for providing needed guidance, material aids, valuable
suggestions, and encouragement for the éompletion of this

-thesis.

T wish to record my debt to the External Aid
Department of the Government of Canada for providing
financial assistence, under the Colombo Plén, for ny
studies in Canada., Also I am indebted to the West Pakistan
University of Engineering and Technology, Lahore, and the
Government of Pakistan for making it possible to avail myseif

of these facilities for nigher studies at the University of

Ottawa.

My thanks are due to Mrs. A. Lalande, who
provided valuable assistance in typing this thesis in its

final form.



N

CHAPTER I

DECOMPOSITION OF MATRICES INTO TRIANGULAR FACTORS

This Chapter is concerned mainly with the
decomposition of a square matrix into the product of
two triangular matrices. The method that is formulated
is analogously equivalent to Gauss' Elimination Algorithm
(8, p.128] (carried out for a fixed order of the leading
element). Colleéted in the first section are the basic

concepts from linear algebra which are met with most

frequently in the sequel.

¢

To avoid constant repetition in our
explanations, we state at the outset that throughout
this work, all numbers, scalars, elements of matrices,

and all the coefficients of the forms referred to in

the text belong to a given field F.

1.1 BASIC CONCEPTS

MATRICES:
An aggregate of numbers %5 5 (i=0,1,2,...,m-1;
j=O,l,2,...,n-l), real or complex, which 1s arranged
in the form of a rectangle table containing m IOWS

and n columns,

- -

0o o1 %02t %on-1
09 %1 %12 vt %n-l

Gny Gpy %22ttt fon-l

Gy 10 %m-11 “m-12 *°° “m-1n-1
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is called a matrix. In general, the matrix is rectan-
gular (of dimension mxn). But, when m = n, the matrix
'is square and the number m = n is said to be its order.

As a convenient notation, such a matrix is
abbrevisted o |
(1.1-1) B = [aij] (1=0, 1, &, oo,m-1p

j=0, 1, 2, veeyn=l).
Two matrices are called equal if thelr

corresponding elements are equal.

When B 1s a square matrix of order m, W€

write
m-1
(1.1-2)’ B = Laijg_ H

sand, in this case, the determinant of the matrix B

is denoted by
m-1

(l°l'3) lBl = laijl
| 0

As a convenient and concise notation for the

determinants formed from the elements of a given matrix,

we take
00 01 02 0 r-1
(1.1_4)
a3y @py %1y 0t %
10. 11 12 1 r-1
g i lgees i1
B = )
JO Jl 32... Jr-l aij aij aij « o0 aij
r-10 r-11 r-12 r-1 r-1
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which is called a minor of B of order T, provided

that
< e d .
0< 1y < 1 1o < ... < i1 <m
_ . (r <m, n).
Accordingly, the determinant of a square
matrix, -l

B = [Gia—.‘o 2

can be written as

1.1 B n[l_l
(1.1-5) |B|= l“ij .

//O 12 ... 0-1
=B‘

o T-2TERTE [y N

012 ... m-1

_ Nararm

Definitions:

The square matrix of order m having unity
in each place on its leading diagonal and zero elsewhere

is called the Unit Matrix of order m, and it is denoted

by I.

A matrix of order I whose only non-zero
elements occur in 1ts Jeading diagonal 18 called a

Diagonal MatriX; it is usually denoted Dby

(1.1—6) D = diag [do, dl’ CPYRREY dm—l]'

A square matrix

m-1
B = [alJ]O
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J
1g said to be singular or non-singular according as

[B] = 0 or [B| #0.

From a given matrix B we may construct a
new matrix the rows of which are the columns of B
(and, hence, the columns of which are the rows of B).

The resulting matrix 1s called the Transpose of the

natrix B; it is denoted by Be,

T
Thus, when B = [aij], B = [aji] .
.t . _ .
~When 3 = B*, that 1is “ij = “ji’ the matrix B

ig called Symmetric.
THE INVERSE OF A MATRIX

. M-l
When B = [aij] , the determinant obtained
0

py suppressing the itn row and jth column of |B| and

i+J

giving the sign (-1) , is denoted by Bij5 it is

called the Co-factor of aj 4 in |B|. The determinant
. _— 1J

i+
Bij without giving the sign (-1) - is called a minor

of B.
Tt is a well-known result [21, p.32] in the

theory of determinants that

(1.1-7) { 0  wheni#Kk

R
L |B| when i =k (i fixed).
Hence, when B is non-singular,

.[“i_l,{] x [Bki/lBH = [ By 4 Bkj/\B[]

=1

y

I
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and, similarly, working with columns instead of rows

as lines in (1.1-7),
[B,/1311% lagd = T
Accordingly,_the matrix’
[B./IBl]
is called the Inverse of Band is denoted by
-1
(1.1-8) B = [By/IB|]-

RANK OF A MATRIX

Definition

Tf 211 minors of order r+1 contained in
B (not necessarily square) are zero while at least one

minor of order r 1is non-zero, B is said to be of

Crank v (> 1).
m-1

Thus, a square matrix B = [“ij] of rank
0

r (> 1) is singular or not according as r <m OT

r = n.

RANK AND LINEAR DEPENDENCE

Definition
belintbrt
Consider a set of vectors Xi('=0,l,2,...,m-l)

each having n components, real or complex numbers.

Then, the vectors Xi are said to be linearly

respect to a given field F if there

. , m-1) not all zeros,

dependent with
exist numbers ai(i=0, 1, 2,
such that

(1.1-9) Tay ¥ =0 (10, 1, 2, «-+ 5 W-1)
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If such a linear dependence does not hold,

the vectors Xi are said to be linearly independent with

respect to F.

Let us assume that the vectors Xi(i=0,l,2,...,m-l)

are linearly dependent, 1.e.,
(1.1-10) oy % =0 (1=0, 1, 2, «ot 5 m-1),

where at least one of the numbers ay is non-zero.
Obviously, the vector equation (1.1-10) is

equivalent to the following set of scalar equations:

ag¥oo * oa¥or vt T fmel S

agfpo * ¥ Tt T -l
(1.1-11) |

to¥go10” “Fn-nt 0t T el X, qml = O
wherein Xi is a vector with Xgq? Xygs +00 2 X014 as its
components.

ns is well-known [ 9, P- 100-101], the set
(1.1-11) of homogeneous linear equations for oy has a

non-zero solution if and only 1f +ne rank of the

coefficient matrix is less than the number of unknowns.

This precisely implies that a necessary and

suificient condition for the vectors Xi to be linearly

independent is, therefore, that this rank should be m.
Thus:

THEOREM (1.1-1)
Tn order that the vectors Xi(i=0,l,2,...,m-l)
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be lineariy independent it is necessary and sufficient
that the rank of the matrix formed from the components
of these vectors
(1.1-12) A= [%;4] (i=o,1,2,...,ﬁ-1; 3=0,1,2; .+ .,1-1)
pe equal to the number of vectors.

THEOREM (1.1-2)

In an arbitrary rectangular matrix the number

of linearly independent columns is always equal to the

number of .linearly independent rows and equal to the

rank of the matrix.

Proof:

By Theorem (1.1-1), the 1inear independence

of the vectors X; means the columns of the matrix (1.1-12)

. th
are linearly jndependent, since the j$#1 column consists

j (i:O, 1, 2: vee 2 -n—l)-

Hence, it follows that the rank of a matrix

of the components X,

coincides with the number of linearly independent columns

in the matrix.

Since under transposition the rows of a

matrix become 1ts columns and the rank remains unchanged,

the number of linearly independent rows of a matrix is
also equal to the rank of the matriX.
Thus, in a matrix the number of linearly

independent Yows coincides with the number: of linearly

independent columns and this proves the theorem.

|
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1.2 DECOMPOSITION OF MATRICES INTO TRIANGULAR FACTORS

Let
: m-1
1.2-1 A= [ass
( ) [ 53,
pe given matrix of rank r. In accordance with the

definition (1.1-5), we denote the successive principal

minors of the matrix A by
: (0) ‘ o012 ... k-1
(1.2-2) D = A (k=1,2,35 005 M),
- . 012 ... k-1

Then:
THEOREM (1.2131

m-1 '
The matrix A = [aij] may be represented
0

as the product of a 1ower and an upper griangular matrix

provided that the inequality

(0)

(1.2-2) Dy 40 (k=1, 2, 35 «or m),
nolds for the matrix A.
For the proof consider a system of m linear

equations in m unknowns

X = bi (i’j=o, l; 2, e 0 e m"l)o

(1.2-4) Loy %

We write the system of equations in (1.2-4) in the

matrix form:

Ax = B,

m-1 :
where A = [a;:]1 18 @ non-singular matrix, X and B are,
1d7 =

respectively, the column matrices composed of the unknowns

ki and the constants bi .
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'The Gausé‘ method [12 p.231], carried out fof
a fixed order of tne leading elements, consists in
replacing a given system by én equivalent triangulaf
system using & 1inear combinatlon of the eguations; this
reduces to combining iinearly the Trows of A and B. To
carry out the method (using the single-division scheme),
besidés dividing by the leading elements one adds to
row elements numbers proportional to the elements of the
preceding rows, that is, to effect upon matrix A elemen-‘
tary tpransformations of the type (a) and (o') [ 8 , p.141].

The result of several transformations of this
form is equivalent 0 pre-multiplying the matrix A by

ine lower triangular matrix [ 8 p.161:

aOO 0 0 . . . 0 7
alO all 0 0
apy  Bp1 %22 0
L - .
2, 10 %p-1l m-l2 0T an-1m-1

As & result of these transformations one

arrives at a system with the upper triangular matrix
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oo Po1 P02 * C ° bom-1 |

0 Dby Pp ¢ ¢ ¢ Pim-l
0

0 Pop + + ¢ Popol

U - [ ] [ ] L]
Lo 0 O .. «Ppyp
wherein bii = 1, such that
(1.2-5) LA = U.
Since L is non-singular, by (1.2-5):
-1

(1.2-6) A=1""T,

Since the diagonal elements of the upper

triangular matrix U are equal to one, such a represen-

tation is unique, that is, both L and U are uniquely

e thus represented A in the

determined by A. We hav

form of a product of a lower triangular matrix L
and an upper triangular matrix U.

1.3 CONGRUENT MATRICES

Definition

When the matrix B 1s related to the matrix A

by a relation

(1.3-1) B = E'AE,

the matrix B is said to be congruent

o “asular natrix and ET is the transpose of E.
o

to A, where E is a

o SRR N L TR SRR
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We note that the relation of congruence is

(1) symmetric, for

A= (E5)~teEt
il
-~ and (11) transitive; for when B = £TAR and C = FUBF,
then C = FLEVAEF
7
- (zF)Ta(ER).

LEMMA 1

When A is symmetric and B 1s congruent to A,

then B is also symmetric.

By hypothesis,

3
A= AT,
and B = E'AE
then pl- glaTy
- ECAE
=B-

Now, the problem of the decomposition of &
symmetric matrix A into triangular factors may
completely be answered as follows:

THEOREM (1.3-1)

Every symmetric matrix

m-1
A= [alag (C(.lj = aJl)
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of rank r, for which the inequality

Dl({O) £ 0 (k=L, 2, 35 «ves r)

holds, can ve represented in the form of a product

of a lower and an upper triangular matrix, i.e.,

(ll3-2) LA = U [
In this case,
| (0) (0)
(l 5_3) a = l a - Dl a - I'-l
) 00 ) 11 oy’ "’ r-lr-1- ~(0) °

Proof:
The first part of the theorem can easily be
inferred from the proof of Theorem (1.2-1), that is,

1A =U.

Then
T T
(l.B-M) LAL = UL
is both upper triangular, since the product of two
triangular matrices of like structure is again a
triangular matrix of the same structure; and symmetric
(by Lemma 1, P.11 ).
The matrix D = UL is clearly congruent to

A, hence, by Theorem 28 [10, P- 137] a diagonal matrix.

Yow, making use of the formulas for the

minors of the product of two matrices we find, from (1.3-2),




I

o12...k2¢g

(1.3-5) A
012...k2k-1

1 /o1 2..k2 8 i Gy Uy oee G
3 L o %0 1 e k-1
6o 0p Gp +o0g 2 %1/ \ 0 1 2. KL/

(ao <o < eee < ak-l)
k= 1, 2, 35 + o+ 2 T3 g=k-1, K, « + « > ma[12, .91,

Since U is an upper triangular matrix, the

first k columns of it contain only one non-vanishing
012 ...kl

minor of order X, namely U
O l 2 . ® ] }-{"l

pmenet

]

R ERREEIED

ISTRSRRTERER

AALSNEE

oArSTIr ST

NIRRT

L

e A

preas sty

AR T T

e AN
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Thus, equation (1.3-5) can be written as Y
i
| | - i
012...k28 o012 ...k-2¢8 01 2., k11}\7
= L U | :
012 ...Kk-2k-1 012 ... k-2 k-1 012.. k1]
B0 o11 222t Pkl :
We put g=k-1 in this equation, bbtaining ;
(0) 1 :
(1.3-6) D = ,(k=1,2,3,...,r)
£ B0 211 202 ' k-l k-1 ’

and the relations (1.3-3) follow.




CHAPTER II
QUADRATIC AND CANONICAL FORMS

Jacobi's Method [12, p.300] for the transformation

of a quadratic form to a form that involves only the squared

terms is described in this Chapter. This latter form 1s

preferred to as a Canonical Form. The method of the

decomposition of a square matrix into triangular factors i
(described in Chapter I) is used +o develop the Jacobl's
method. For when this method is applied to & symmetric

n-1

i N T T TR AT ET

matrix B = [aij 1 of rank T, it produces a diagonal
0
‘ (0) (0) (0)
natrix D, having Dy /Dip (k=05 1, 2 o r-1; Dy=1)

as the elements, that is congruent to B and, the quadratic

g SN

form B(x,x) changes into one that is associated with the
matrix D(the form involving only square terms) , wherein no
one of the coefficients 15 ze€ro. Also formulated are the

relations for the signature and the rank of quadratic forms. E

[Throughout this Chapter, unless contrary is expressly

stated, F denotes field of numbersl.

0.1 QUADRATIC FORMS.

Definition
A linear homogeneous expression, in m variables

xi(i =0, 1, 2, «ov > m-1), such as

(2.1-1) Loy X (§ =0, 1 2, wer s m-1) q

is called a Linear Form in the variables X3 an expression
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such &s

(2'1'2) z G‘ij Xi Xj (aij = @jis i:j = 0, 1, 2, veav m“l),

5 nomogeneous polynomial of the second degree in the

varisples x. (1 =0, 1, 25 eee 2 n-1), is called a

Quadratic Forum. \Tae variables are assumed to comaute

with one another and with coefficient in & form) .
Wnen X is & single-coiumn matrix with elements

xi(i =0, 1, 2 «or s n-1), then BX is the single-column
natrix having

-l
_th row, where B = Laij]

a5 the element in 1ts (1+1)
0

(symmetric matrix) denotesthe matrix of the quadratic form
(2.1-2), ané xTBx is a single-element natrix, the single
element being

m-1 ) m-1
v X, (G Xg t 043 X Fleee + O X = Yo, ., X Xio
120 T i0 "0 i1 71 im-1 “m-1 i,3=0 ij i oJ.

Taus the quadratic form is represented by the single-element

matrix xTBx, and is conveniently abbreviated to B(X,X) s
that is

(2.1-3) B(x,x) = Z dij Xy X (i, = 05 1s 2, ..., W-1).

=X.Bx’
m-1
wherein B = - .
i [alJ]O
Definition
m-1

The rank of the matrix B = [qij]o (aij = aji)

G
o
Y
.
3
I
e,
:
i
b

R T T
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is called the rank of the form B(x,x); the determinant
' m-1
|B| = laij\ is called the Discriminant of the form.
v

The form is singular or non-singular according as its

discriminan® 1g zero or nov.

A form in which voth coefficients and variables &re
1 numbers is said to pe a Real Form.

In what follows we shall exclusively be concerned

with real quadratic forms.

LINEAR TRANSFORMATIONS

Tne set of equations

(2.1-4) X, = T 8y % (1,5 =0, 1, 2 «+v s n-1),

where Bij are given scalars, is called a linear transfor-

mation connecting the variables X; and the variables Xi‘

It is most conveniently written &s

(2.1-5) X = Ax,

2 matrix equation in which X and X denote single-column

matrices with elements Xy and X; (1 =0, 1, 2, wee s m-1)
respectively; wherein

m-1

Definition

- The determinant, whose elements are the coefficients

Bij of the transformation (2.1-4), is called the Modulus of

Transformation.

A linear transformation is said to be singular OT

non-singular according as 1ts modulus is zero OF not.

LG SRS PHE TSRS

Eput o
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In the sequel we shall meke usé exclusively of

non-singular, real transformations of the variables.

TRANSFORMATIONS OF QUADRATIC FORMS

THEOREM (2.1-1)

7f in a quadratic form B

(x,x) = xUBx of matrix B
the x's arée subjected to & linear transformation of
patrix A (x = AX), the result is a quadratic form c(%,X)
whose matrix is

(2.1-6) ¢ = ATBA .

Proof:
. s . T T,T
By hypothesls, x = AX, and this implies X = XA

(See Theorem 2%; [ 9, p.831). Hence, by the associated

vew of multiplication of matrices
K Ex

_ xTalBax

]

(2.1-7) B(X,X%)

- xTex
- o(X,X),

wherein C 1s the matrix ATBA.

Moreover, to prove that the matrix € of the form.

so that c(%,X) is a quadratic form,

c(X,X) is symmetric:
T

eTe RIS

Ea
i
3l

§oii

b

1
i
f;}
i
Y
K
Al
iy
W
EaD
T
(33
i
I
R
It

1

: ]

! 1

N

o

- S T e T a c

one OhServes that, when ¢ = ATBA,
. aTsha
_ Wsn (since B=3)
= C,
+that is to say, G4 = Cji’ with C = [cij]. Thus C(X,X)

;s & quadratic form, naving matric C = ATBA =[cij] (cij=cji)'




COROLLARY (2.1-2)

When in a quadratic form B(x,x) we sudbject the

x's to a linear transformation x = AX, with |a] =M, the
diseriminant of the resulting quadratic form c(X,X) is
determined by
(2.2-8) o] = u% |3l ,
Proof':
By Theorem (2.1-1), the matrix of the form

c(X,X) is C = 2Tpa. Therefore (See [ 9 p.781),

T
c| = [a7].13].[4].
" put |A| =M, and since the value of a determinant

is unchanged when ;ts rows and columns are interchanged,

lATl is also equal to M.  Hence

c| = M?l:-sl

pssume that A is a matrix of m columns (rows),
so that the product AB (BA) can be formed. By Theorem 33

[ 9, p. 110]. the rank of the product cannot exceed the

rank of either factor. Also, when L is & non-singular

square matrix of the same order as the square matrix B,

tne matrices B, AB BA all have the same rank (12 ; p.171.

Hence, from (2.1-6),

(2.1-9) rank, < ranky (|a] #0).
When A 1is non-singular, it has an inverse A‘l and
(2.1-10) 5= (a7t ot

The argument used above, then, gives
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(2.1-11) rankg < .rankc,»
The inequalities in (2.1-9) and (2.1-11)imply
rank B = rank C ,

Thus, from the proceeding remarks, it follows that:

THEOREM (2.1-3)

The rank of a quadratic form B(x,x) is invarient

under a linear transformation on the variables.
By Theorem 28 [10] , since B is symmetric
there exists a non-singular matrix A such that the matrix

¢ = ATBA,

is a diégonal matrix. The matrices B and ¢ are congruent,
(See definition, p.10 ).

| Thus by Theorem (2.1-1), a whole cLass of
congruent symmetric matrices is}associated with every
quadratic form. 411 these matrices (Theorem 0,1-3) have
one and the same rank, the rank of the form.

Another invariant, in case of real quadratic forms;

is the signature of the form. We shall now proceed tO

introduce this concept.

0.0 REDUCTION OF A QUADRATIC FORM TO A CANONICAL FORM

Tt will now be shown tnat a quadratic form B(X,X)»

m-1
with B = [aij] , of rank T, when to the variables X; @

linear'transformation x = AX 1s applied, changes into &

form )
(2.2.1) B(x,x) = T Y3 &3 (1i=0,1s 2 «ves r-1)

wherein no one of Yy (i=0,1 2, vees r-1) is zero.
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The Form (2.2-1) is referred to as a Canonical
Form.
First, it is of interest to note that a quadratic

form can_be transformed into ‘one whose coefficient of the

2 . -
term xo is not zero.

To establish this fact, consider the transformation

% = Koy X = K (670 n-1).

(2.2-2) Xo =
It is certainly a non-singular linear transformation.
Moreover, each of its coefficient is either 1 or O, and

so belongs to F.

If in the form I Gg4 Xy % one of the coefficients

Gng? Upqs +ot? Gy 1 m-1 1s not zero, then either Aop 0

or a suitable linear transformation of the type (2.2-2)
will change the glven quadratic form into & form C(X,X),
with C = [cij], in which cqyq F 0.
Wnen all the coefficients Ao Qqpq2 Goos ceer®p 1 mel
sre zero, but one of G (1 ¥ j) is not zero, then a suitable

1inear transformation of the type (2.2-2) will change the

form into a new form c(X,X), wherein each of C;4 is zero,

c is not zero.
om-1

but ope of the numbers Cuyq» Cops ++0?
In such a case, one may assume that

(2.2-3) Xg =Yg 1 Yo ¥y = Yo - Yy X, =Y, (4%0,k),

which is certainly a non-singular linear transformation.

‘Fach of its coefficient 18 1, 0 or -1 and so belongs to F.

AT AL
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Then, the product of two linear transformations, a
tranéformation of type (2.2-2)'followed by one of type
(2. 2-}) changes the form B(x,x) directly into the form in
Whlch the cofficient of Yg is not zero.

The results under the foreg01ng linear transformations
may be summerized as follows:

THEOREM (2.2-1) .

A quadratic form B(x,x) = I 055 X5%5 ,having o, 5

not zero, can pe transformed Dy & a linear transformation to

.. - o vl s
& quadratic form, wherein the coefficient ol Xo is not

Zero.

The statement made in the beginning of the section
1 now answered in part by the following result.

THEQOREM (2.2.2)

A_quadratic form may be transformed by & linear

+pransformation to the canonical form.

(2.2-4) B(x,%) = Z Y3 X2 (1=0,1, 2 -0 k-13k < m)

wherein Y; © F, and Xi(i =0, 1, 2 o0 m-1) are vaeriables

connected with the variables xi for the transformation

in question.
Proof:
For m=1, the result is trivial. Assume that for
form of m-1 variables the theorem 18 valid, with this
assumption it will be chown that the theorem is also true

for form of 1 variables. Suppose given & quadratic form
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RIS FEEE

1s not zero (Theorem (2.2-1)), there

(x,x) to

If one L .
. * @33
is a linear transformation that transforms B

n-1 m-1

2
B(x,x) = Yok T 2 *§l an; %o ¥4 +i jge o5 5 X; Xy
P S 3J—

This may be expressed &S

_ [ o 2 '
B(x,x) = Yo(¥o + %01 Xqt..oF on-1 X 1) +zsijxixj,

(2.2-5)
Yo Y0

(i,j = 1, 2’ 3’ s e ) m-l)-

on the basis of the induction assumption

m-1
2
o g Bij Xi Xj =Y, YL (¢ =1, 2, 3,...8=1;5 kfm-l)
i,j =1
where
- 1 - E
Yl i Xl
o Xp
=Bl .
Ym-l Xm-l
L |
and is & non-singular matrix.
- a , . Q )
Assume Yy = (Xg + oL X+ oo T Om-1 Xm_l), then
: Yo Yo
Y = B2X,
where - _
Y Y Y
0 0 0 0
0
By = 3y
0
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S B Ee b1 ]

It is.clear that B2 is a non-singular matrix. With the new

SIEESTR L

variables the quadratic form has the form

(2.2-6) B(xx) =Z Vi 2 (120, 1, 2 s KoL k < m)
and setting, in (2.2-5), ¥; = ¥, one gets the desired form. B
- ;i

THEOREM (2.2-3)

The rank T of a quadratic form B(x,x) = xTBx

is equal o the number of squares in a Canonical form

of B(x,X).
Proof:
By Theorem (2.2-2), the quadratic form 3(x%,%)

under & linear tpansformation may be transformed to the

form
. 2 2 2 '
1 r
(2.2-5')  Y&o ¥ VX 4 e F Vi1 Fk-1 (k < m).

To prove that the number k 1in (2.2-&) 1s equal to the

rank T of B(x,x), let A denote the matrix of the
transformation whereby we pass from B(x,x) to the form
(2.2-4). The matrix of the form (2.2-4) is then T

(Theorem (2.1-1)). Since A is non-singular, the matrix

" 2TBA has the same rank as B (Theorenm 3 [ 9, p.1101),

see also Theorem (2.1-3)), that 1s, - But the rank of

the quédratic forn (2.2-4), that contains only the squared

terms, is precisely the number of non-zero coefficients,

for the matrix of this form consists of Yqy» Yl’”YE"'ﬁYk-l ‘ q

in the first K places of the principael diagonal and

gero elsewhere, 8O that 1ts rank is k. Hence, K =T
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Theorems (2.2-1), (2.2-2) and (2.2-3) lead fairly ,

‘quickly to the following well-known result in the theory

of quadratic forms.

THEOREM (2.2-1)
A quadratic form B(x,x) of rank r, with

m-1
B = [aij] , When we subject the x's to & transformation,

changes in a Canonical form

(2.2-4)  B(mX) =T X2 (120, 1, 2 +ees P71 T <m),

wherein Y4 % 0 (i=0, 1, 25 «+s r-1).

Thus, 1t is provedothat every quadratic form of
rank T can be represented, under a non-singular linear
transformation, in the form

sy, X2 (120, b 2 woes r-1)

where no one of Yi(i:O, 1, 25 eees r-1) is zero. It may

be.noted there are, in general, an infinite number of ways

in carrying'out such a representation, even at the first .
step one has & wide choice a8 to which non-z€ro element

o.. one gselects to become the non-ze€ro element 00 or

1d

dog?

25 the case may be.

Lowever, so long as we confine ourselves to real

quadratic forms under non-singular, real transformations,

the number of positive squares (and, nence, the number of

negative’ squares)in the Canonical form is unique. This (

for quadratic forms.

result is known &s the Law of Inertia
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THEORZM (2.2-5) (THE LAW OF INERTIA).

If a quadratic form B(X,X) = xTBx, of rank T,

is reduced by two linear transformations to two distinct
Canonical forms, the number of positive (and hence, the
number of negative) coefficients in one 18 equal to the

number of positive (negative) coefficients in the other.

For a complete proof of this theorem see Browne

(5, P 114-1157; also see Gantmacher (12, D. 2971.

Definitvion

The number of positive squares in the Canonical

form 1is nsually called the Index of inertia, OT merely

the Index, of the form.

since the rank of a quadratic form is invariant

under a linear transformation (Theorem(2.l-3))

to the number of squares in the Canonical representation

(Theorem (2.2-3)), it follows from Theorem(2.2-5) that

not only is the total number of squares inpvariant in the

various Canonical forms of a quadratic form under linea¥

transformations, put also are the index of the form and

the number of negative squares.

It is, thus, proved that, associated with every

quadratic form are two numbers u and vy, the index of the

form and the number of negative squares in any Canonical

“form. The sum of the numbers u and y is the rank of

the form (Theorem(2.2-5)), i.e. =y + v. ALSOs it is

shown that r, p and v constitute a set of invariants of

the form under non-singular,
Definition

The difference ¢ = O {B(x,x)]} between u and v 1is

and is equal

real linear transformations.
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called the Signature of the form B(x,x). [In Symbols:

o= - vl
Since
hM+uv=rT and 0=y - U,

it is clear that T and O uniquely determine and are

determined by M and v or by M and r. Hence, the

n invariant of the form under non-

Signature O is also &
real linear transformations. El

atic forms :$

singular,
From the discussion above of real quadr

and in particular from the Law of Inertia of forms, we assert

that, in order to determine the rank and signature of a

t to transform it into & Canonical

form, it is gufficien

form.
[

In the next section, therefore, We propose to

uction of real quadratic forms

SRR ERLY.

e it TR FoN ,:7 =y %;’- PSR

discuss a method for the red

to the Canonical form under non-singular, real linear

transformation. It then, furnishes a rule for determining .

the Signature from the coefficients of the quadratic form.

1s Method:

This method is referred to as Jacobl

2,3 JACOBL'S METHOD

Suppose glven a quadratic form

B(x,x) = L o 5 X Xy (i;j=0, 1, 250005 m-1),

xTBx,

:

m-1

of rank r ( < m); where B = las -]

1eading sub-matrices of B !

is a symmetric matrix.

On condition that the

are non=singulalr, i.e., that
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(0) 012 ...k-1

Dk’-_—' B % 0 (k=l, 2, 3, ..-. s I'),
012 ...k-1

B may be represented as the product of two- triangular matrices

(Theorem:(1,2-1)). Thus, there is a lower triangular matrix

I, and an upper triangﬁlar matrix “U such that LB = U. ﬁ?

T T | %
(2.3-1) BL =UL =D il

Then

is both upper triangular and symmetric matriX, hence

diagonal having (Theorem (1.3-1)), :

(0) /<o> (0)
D, /D (k=0, 1, 2, ++vs T-15 Dg = 1),

ociated with

g [/ Ykl 3%

as elements. 1§
It follows, from the equation (2.3-1), that I\

1 T N

(2.3-2) -1 DL ) (L] #0) 3
| T 1T '%

- E DE (E=(L ) ). 3

3

$

gince every symmetric matrix may be ass

5 certain quadratic form, from (2.3-2) it follows that the

quadratic form, _
0) /(0) . (0)
o {
D(y,y):zyk Dk /Dk+l (k=0; 1, 2,...1‘—1;DO = l),
having yg» ¥1» Yor+e29r1

wherein y 1is a single-column matrix,

as elements, goes Over into the form B(x,x) under the

1inear transformation
y = EX;
and this implies v :
5 (0)/(0) (0)
(2.3-3) B(x,%)=D(¥y,¥)=¥ Dk Dir1 (k=0,1,2,...,r-l;DQ =]

The set of linearly independent forms
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changes (2.3-3) into the form

(0) (0) (0)
-1).

(2.3-L4) B(x,x) =% Xk//Dk Dyyp (8205 1 2, ..., T-13 Dy

gives us a representation of B(x,X)

This formula (2.3-1)

in the form involving only square terms and is usvally

A TR YA S SR T,

referred to as the Jacobi's Formula.

- Example; ;

Suppose given 2 quadratic form

2 2 2 ‘
B(x,X) = Xg + %y - DXz - hxy %y + 2%, Xp - X,y X3

- 6x:L Xo + 8xl Xz ¥ 25 Xz

The matrix §§
1 -2 1 -1i : EE

2 3 -3kl

B= ] i %

B

-1 41 -3& i

(0) (0)

1g of rank r=2. Also Dl =1, D2 = -1 ete. :
Taus, Jacobl's sormula (2.3-1) yields é

2 2 E

B(x,x) = (X - 2x, + %o - xj) - (-xy - Xp F 2x3) , |

i

wherein
XO = XO - 2x1 + Xp - x3 and Xl = -xl - X5 + 2x3 .

~ o~

(0)

The determinants Dy (the geterminants of

the leading sub-matrices of & symmetric matrix), the

number of positive and negative squares in & canonical
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form and the Signature of a quadratic form may be related

tia for quadratic forms of

by ‘combining the Law of Iner
Finite rank with the Jacobi's Formula. .

Wherefrom we arrive at the following result,

obtained by Jacobi:
THEOREM (2.3-1) (Jacobi)

It for a quadratic form

B(x,X) = X BX

of rank r the inequality

it PV O OTIAWA. T L e e,

(0) 012...kE-1Y\,
D, =B 40 (ksl, 2, 3 «+: T)s !
012...-1
holds, then the index and the number of negative squares
of B(x,X) coincide, respectively, with the number P of
permanences of sign and the pumber V of variations
of sign in the sequence
(0) (0) (0) (0)
Do Dl s Do s v v 02 D. >
i.e.,
| (0) (0) (0 (0)
(2.3-5) # =P (D » Dy o Por 0 Py )s

and the Signature
(0) (0) (0) (o) (o) 0

(2.3-6) 0 = r-27V (Do » Dy » Do s

b
1

REMARK 1 :
0
If in the set {Dk s k=0, 1, 25 «ves L3

(0) (0) L |
Dy = 1 and D, £ there are seros, but not three in

# the form can be

guccession, then the Signature ©O

determined by the formula:
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-0 = r-2V (:(Dg), ]()i): ]()Z): -v'"\ éi))
(0) - (0) (0)

omitting the zero Dy provided D g Dyy1 £ 0; and setting

©
rl; when _Eig <0
(0)
D1
O R U S
10 Yk 7 Tkl k2 (0)
(2.3-7) 2, when >0
. éo)
k-1
(0) (0)

when Dk = Dk+l = 0.

e was established in the case of a single 2zero

This rul
(0) _
Dy by Gundelfinger (5, p. 127], and the case of two
(0)

consecutive zeros Dy by FROBENIUS (11, p. ol1-56,; ho7-311.
REMARK 2
== (0) (0)

If in the set {Dk k=0, 1, 250005 T3 Dy = 1; -
(0) | (0)
D., # 0} there are three consecutive zeros D, » the

signature cannot pe immediately determined by (2.3-6).

However, &s Tropenius has established, for a particular

type of forms, the
Jacobi's Theorem in general

REMARK 2
] (0) . (0)
= 0, but Dy 40 (k=0, 1, 25 -+ r-1),

When D
T
the signature of the quadratic form cannot be determined
. (0) (0) (0) (0) |
srom the signs of Dy Dy » D3 , eees Doqe (12, p. 3047,

re is a rule that enables one to apply the

(11, p.4o7-31; also 12, p.343-447.

S ]
o

st STV P T LT T T e e




| CHAPTER III
. INFINITE HANKEL MATRICES OF FINITE RANK

AND EANKEL DETERMINANTS

3,1 INFINITE HANKEL MATRICES OF FINITE RANK

A symmetric matrix constructed from a

sequence of numbers ¢y (1 = 0, 1y 25 « + «)¢

which may be of finite or of infinite rank, is said

to be an infinite Hankel Matrix. Clearly, each leading

sub-matrix of +the Hankel matrix ¢ is &also a Yankel

matrix. of finite order.

The quadratic form associated with an infi-
nite Hankel matrix of Tinite rank is called a

Hankel Form. IT 1s usually written as

(3.1-2) C(x,x) = Zey 5 X3 *; (1,3= 0,1,2,..+)

[+
1 is a symmetric matrix of fini

0
If x 1is a single-column matrix having

T = . . 1 k"
where C [c1+3 te ran

as the elements, the form C(x,x)

xo’ Xl, X2, « s 0y

is conveniently written as

(3.1-2') C(x,x) = ey 5 ¥y X (i,J= 0,1,25004)

xTCx,

il

[»+]
wherein C = [ci+j] is a symmetric matrix of finlte
0

rank.

AP N AN LAFA T ,
AT A LA A ML e e et s T e s e
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In the present Chapter, we are concerned

with some fundamental properties of the infinite Hankel

matrices of finite rank. Among them is the connection

petween the Hankel matrices and real rational functions;

and the general recurrence formulas for generating the

minors of these matrices.
For a given sequence of numbers to generate
an infinite Hankel matrix of finite rank, & necessary

and sufficient condition is glven as follows:

«

THEOREM (3.1-1)
] is of finite

The infinite matrix ¢ = [ci+Jo

rank r if and only if there exists an integer T and

numbers Yy Yor + ¢ o Y2 such that

L]

1= = =r, r+l, P+2, e
(3.1 3) cq §=l Yg Cq_g (g=r, T )s

and r 1s the least number having this property (see

(13, .2051).
COROLLARY (3-1121

the infinite Hankel matrix

I

-

ig of finite rank T, then

/0 1 2 . . . r-l\ | # 0
(3.1-4) C< N r-l>= \ci+j . .

0 1l2.

For it follows from the relations (3.1-3)

that every row (Column) of C is a linear combination of

e A e R S ™ LR T Y ,E:f__r(_ﬂ: ;!




- 33 -
the first r rows (columns). -Every minor of C of

order r, may be, therefore, represented in the form

0 l 2 L] L [ ] r-l

o12.. .11
£ 0.
012...T-l
The determinant in (3.1-4) is usually denoted

(0)
by Hr and is most conveniently written as

| (0)’ 012...r1
(3.1-5) H, =0 < >

012...1'-1

012, . .11
aC , wherein ¢ is a constant. Hence

it follows that

the determinant of the leading sub-matrix of order T
in C.

REMARK:

(0)
The inequality H, 4 0 may not necessarily

hold for a Hankel matrix of finite order m and of

rank r < m.

IR L T T I T T L STRE

En T

Tt I

o SRTY AR

EEcH

OtV

I

D R N T IR R LR IR P TR S

AN INEITY N D ?'M_IMA_-__--

As a corroborating example, take the Hankel matrix

1 2 b
2 4 8
L_)-l 8 6 |
L 8 (0)y |1
It is of rank 2, for s 6 4 0, whereas Hy = )
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However, if in a Hankel matrix of finite

order m, the first T Trows are linearly independent,

put the first T + 1 rows linearly dependent, then

(q=r, r+l, T+2, ...,r+m-l).

I e

3.1.6) ¢, = c
(3.1-6) ¢q =% g a-e

|

g
(=}

The matrix constructed from the first T linearly

independent rows of the_Hankel matrix of finite

order m 18

¢y ¢y Cy R

cy Co c3 ch
(3.1-7)

Cro1 r Coprr = ° 7 cr+m-2J

which, by hypothesis, 18 of vank T ( <m).
on the other hand, DY (3.1-6), every column
s of the

of the matrix can pe expressed 1inearly in term

proceeding r columns and, nence, in the terms of the

first T columns. But, since the rank of the matrix

is r, ‘these first r columns in (3.1-7) must then

Thus, there is & determinant

be linearly ingependent.

' Hr , in the Hankel matrix of order nm, with first T
linearly independent rows, a5 well as columns; and this

implies |
(0)

That is;

R TYE IR

Srmen i

F i B Y I




THEOREM (3.1-?1
© If the first T rows of a Hankel matrix of

finite order are linearly independent, out the first
r 4~ 1 TOWS are linearly dependent, then the first T

colurns are linearly independent, and

(0)
H, £ 0.
REAL ©/ANKEL FORMS

Let us consider a real Hankel form

.C(x,x) = T Cypq *p ¥ (i,3= 0, 1, @ cee)s

= xTCx

[}

of finite rank T, wherein C = [c; ] is a real
itdg

matrix.

Theorems analogons to theorems for quadratic

forms(described 1in Chapter II) hold for the real Hankel

forms. Namely:

THEOREM 1.

gvery real Hankel form o(x,x) of finite rank

may be changed into & canonical form under a non-singular,

real linear transformations of variables.
THEOREM 2. (Law of Inertia)

The number of negative and positive coefficients

in a canonical expression of @ real Hankel form C(x,x) are

independent of the choice of the representation.

e |

AT DT T TS e
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THEOREM 3. (Jacobi's Theorem) .

since, s Vs and o have the usual meanings

with respect to the real Hankel forms c(x,x), so that

p+u=r and 0= 4 - U
1lows that the signs

(0)

of tne successive principal minors Hk

tnen, from Theorem (2.3-1) it o

(1'—_-0, l, 2,..-’

(0)
r-1; Hy = 1) of the Hankel matrix C will determine

(a1}

ine values of W, V and 0 by the formulas:

(o) (o) (0 (0)
o=PHy o B o Hy » -0 B )
(3-1—8} v = V(HéO) s Hg_O) 3 H(QO) P2 I H:E.O)) )
ERTCHCRICRISECUR

proofs of these theorems coincide almos®

exactly with proofs of the analogous theorems for
quadratic forms.

These formulas in (3.1-8) will fail to

determine the value of W, Vs O when any three

(0)
consecutive Hk are ZEero. However, as Frobenius has

question there 1s @ rule

. established, for the forms in

that guarantles the application of the

in general (11 p. Lo7-311.
F REAL RATIONAL FUNCTIONS WITH REAL

3.2 CONNECTION O

INFINITE HANKEL MATRICES

Suppose given & proper real

formulas (3.1-8),

rational funetion-

PR AN Y O £ 1T A WA




o e

_ m-1 m-2 _
where g(x) = Dby x ~ + Dby ¥ +oeee T Dy g and i

m m-1
M 4ag X F e T By (29 £0; 2, #0) |

We write the expansion of R(x) in a series
of negative powers of x:

(3.2-1) R{x) =T cn/kn+l (0=0, 1, 2, + + = )

NSRRI T e T AT AT IO TSP

Tf all the poles of R(x) are in the interval

on the right hand side

T AT

a4 <x<a, then the series

of the expansion (3.2-1) converges cor all x £ [-a, al. %
3

We, therefore, obtain by multiplying on both g

A

sides by the denominator {
n+ly m m-1 x

(3.2-2) (2 c /X ) (ag X + @1 % N - ;
i

m-1 mn-2 A

by X + Dby ¥ L §

nts of equal powers of X

When the coefficie

are equated, the following equations are obtained:

n i kAN Rt 0

0)

b, =23 ¢ T o
(3.2-3) by =3 ¢y, t 2 ¢, *+ 2 o

0,1 = 20 Cm-l "W LRI a1 S
and
(3.2-3') 0 =% e, +a o1 T +ay Com

m,m+ L, mT 2. ).

—
Ko
1

—



Yo- = - ag/a‘o (g=l’ 2: 3: o m):

(=]

the relations (3.2-3') may be written in the form of
(3-1"3), i.e._,

n

c =3 y.c. _(g=mym+1, ...),
QT 8 48

Therefore, by Theorem (B.lfl), the Hankel matrix

o]

]

C
0

= legy g

constructed from the coefficients ¢, (i=0, 1, 2,
is of finite rank.
Conversely, if the matrix formed from the

element ci(i=0, 1, 2, ...) is of finite rank T, by
Theorem (3.1-1) there is a set of real numbers

Yys Ypr Y3

is zero, such that

1= = L c =r, T+ 1, e}

(3.1-3) c Yy Cqg (9T s oeee)

Setting

Yy = -ag/ao (g=1, 2, 3, ...,7) @nd T =1,

g '
tne relations (3.1-3) may be written in the form

(3.2-3"), i.e.;

0 = ao cq + al cq_l 4+ ee. T am cq_m

Thus, when the real aumbers Dys bl’ by, cees Py (r

. Yp3 1O one of Yi(i:l, 2, By

(gq=m, m+l,

= m)

i~civiicstd ¥ v LIS TAYWA

-
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are defined by the relations (3.2-3), the expansion

. -1 m-2 .

b X b, X  Feeit0

O l T e o 8 | m-l n+1

R(x) = —% — =5 e /X (ag#0s a, #0)
ag¥ ta X T +ap,

is obtained.
Tne least degree m of the denominator f(x)

for which the above expansion holds, DY Theorem (3.1-1),

is the rank of the Hankel matrix

From this, oné asserts that:

THEOREM (3.2-1)

If R(x) =L ¢ St is real rational,
o xm'l+blxm 2, b g
agh  +aX ooty

(ag £0; 2 40). Then, the real matrix

[

C = [ci+jg

is of finite rank.

conversely, if the matrix C is of finite

rank, then the function R(x) is a real rational function

of the form (3.2-4), with &g 405 a #0. I this case

the ran: of C is the same a8 the number of poles of

R(x), counting each pole with 1ts proper multiplicity.

SR S ey e
S E R

TR
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| COROLLARY (3.2-2)

Let R(x) = T cn/'xn+l ve rational,

,2_ = p.l. p-l q q-l L
(3.2-5) R(x) bk" +h X +.”+bp/aox B X he By

where 2, £ 0, 24 4 0. Then

' /h a4l nd2 ... DF
(3.2-6) C\o Lo . i

&

q .
‘> = 0, whereln ¢, s=C4 4 iﬁ

n > mex (O; p+1-Q) .

T AN

-,

Conversely, if there is en integer P such

n n+l n+2 ... n+o-1
C £ 03

o1 2 ... q-1

that

R R T

i, TR
TRIFET

1s gero for n 2 p+1-4,

the determinents in. (3.2-6)

then R(x) is a real rational function of the form (3.2-5),

g

with ag A0 2y £ 0. :

CONSTRUCTION OF HANKEL MATRICES CORRESPONDING TO R(x)

n arbitrary real rational function

Since a

sed in the form .

| p—lEAgé) Aéi) A%;) .

(3.2) R ¢ T T Pt e

R(x) cen always be expres

(1)
where all o and A are real numbers (A; £ 0;

i=0, 1, 2,...}p-1) and Rl(x)has no real poles.We shall Q!!
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show how to'constrﬁct the Hankel matrix € corresponding
to R(x) from the numbers o and A. ’
We write its expansion in a series of descending

powers of Xi

(3.2-8) R(x) = = cn/k .

The sequence of the coefficients ci(i=0, 1, 25 oes)

@«
determines the Hankel matrix C = [ci+j] , and this
0

establishes a correspondence petween a real rational

R(x) and an infinite Hankel matrix C; it is denoted by
R(x) ~ C .

Obviously, two rational functions whose
difference is a rational function without real poles,
correspond to one and the same Hankel matrix C. However,

(o]
1t is not necessary that every infinite matrix C =‘[ci+J] may
0

correspond to some real rational function. In Theorem

(3.2-1), it is shown that an infinite Hankel matrix C

corresponds to R(x) if and bnly if it is of finite

rank. Thus, by means of the expansion R(x) = I cn/'xn+l ,

tnere is a one to oné correspondence between real, proper

rational function R(x) = g(x)/f(x) = £ cn/xn+l and the

-0
. _ s K.
matrix C = [ ci+jg of finite ran

R BT TSR B YR S R R

LSRR EE

&
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We note two immediate properties of the
correspondence:
1. If Rl(x) ~ C, and Rp(%) ~ Cos then for

arbitrary real numbers kl, k2

(3.2-9) Ky R, (%) + K Ry(x) ~ Ky ¢, + ko Cp
Since, sometimes we deal with the case wherein

the coefficients of the functions g(x) and f(x) are

integral rational functions of a parameter a, and so

the numbers Cys Cp Cos voe depeénd rationally on &

we therefore differentiate R(x) = I cn/'xn+l term by

term with respect to a. and obtain that:

2. If R(x,a) ~ C(a), then
(3.2-10) R ., 3C
o oa,

To carry out the method for the construction

of C, we consider first the simple rational function

1

_ o3 AT (=0, 1, 2, .l)
Tt corresponds to the Hankel matrix

C = [ai+j ]
0

The form associated with C is, therefore,

o(x,x) = 3ot R %y (1,320,152, 4]
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X
g(X)-R(x) = Ry(x) * B Ay /X0y ) (k=0, 1, 2, +.vs P-1)5

then by (3.2-9) the corresponding matrix C 18

determined by the formula

_ 140
C - [EAK G-

K g 2 k'=o: l’ 2, 'E) p—l-

Since, in tals case R(x) has P simple

poles, we can find the Ak as follows:

aloy) 1

R(X) = % m—l;y . -}—C-:-&E (k=0; 1, 2, «ves p'l)
n
g(ak) O

I

ZZ —m . —}:fl—';I 3

=0, 1, 2, «-»3 k=0, 1y 25 ey p-1.

Thus, the Hankel matrix C corresponding o the function

R(x) = T A/x-0y '

may be determined by the formula

g(oy) it

(3.2.11) C = [ZW . G.k

since we have the correspondence

3

~ [0 = O
0

il
1
133

o
and if it is differentiated h-1 times term by term,

by the properties (3.2-9) and (3.2-10) the following

(k=0, 1, 2, ««+ p-1),

c T ISR TR

Ve ww
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correspondence is‘obtained:

h-lc

1 1 3 Yy a0 0545 C
—h "1 L g )
(x-a) (h-1)} 2 0
Thus, in general case, we obtain
R(x) ~C
A/ (x) 0 ) Tt
P ) (%) ;o ()
= 2 Al +A2 -%a-'i‘...'i'-(—-—i‘)—l‘x&. -O—E{—-I C
k=0 K el T e Gy
| Ay
By carrying out the differentiation, we obtain the
Hankel form corresponding to the matrix C:
(3.2-12) Clx,x) = T Cyp5 %y X35 (1,3=0, 1, 2 vee)s
with
: . x n—l .y
RO A sy Y L3 Ky o
- = - I — *
(3.213) €= Lo(b o e g TR n.—q:r“%
kO F day
k
[o]
= [°i+j3 :

3,3 HANKEL, DETERMINANTS

As it is described in section (3.2), if @

real rational sunction R(x) is expressed in @ series of

descending. powers of x:
R(x) = Rl(x) + ZCn/kn+l (n=0, 1, & - - . )

whereln Rl(x) has no real poles, the coefficients

¢.(n=0, 1, 2, vuu) determine the corresponding Hankel
matrix ©
C= [ci'l'.jc]) ;- ‘

and the matrix ¢ is of finite rank m; the number of

Fu SV it b T e DL 2 Pt RSB RS

e N LR ST

"
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poles of R(x) (multiplicities taken into account).

To determine the Cauchy index (See Sections

(5.2 5.3)) of R(x) we shall require tne determinants
(0).
H ¢
- (0) 012 . . . k1)
(3.3-1) B, = C
012. . .k_l/
k-1 (0)
= v\ci+jé (k=1, 2, 35 -oo0 T3 Hy = 1):

the determinants of the leading sub-matrices of the

Hankel matrix C.

Tn tnis section, we shall formulate a recurrence

relation that may pe used to obtain the determinants
(n)
Hk recursively.
Tor this purpose, we define in general, the

Hankel determinants as follows:

&

For n= . (n)_
ror n=0, 1, 2, ; we set qo =1, and
kcn Chsl Cn+2 cor Cnak-l
(3.3-2) |
S+l Cn+2 Chez 77 Cn+k
H&?)= (k=1,2,35--+)

Crik-1 Sntk Cntk+l Crt2k-2

KEL DETERMINANTS

SOME PROPERTIES'OF HAN

Lemma 1.

Tor n=0, 1, 2, ; and k=l, 25 D5 +**? the

following relation holds:

R T G TET Y

AR RS TUSRTE RATE TRT EAK



(}.3-3) H

Proof':

(n-1)

k+1

(n+l)
H
k-1 k k

- U6 -

= H H

This relation has peen known for a long time

(4, 14, 201, A verification f

(17 p.1161.

for the validity

or k=2 1is sketched in

Tn here, we carry out the verification

one given in (14, p. 120].

~Let us consider

n-1 n n+l
c c, c
( L) (n-l) n n+l n+2
3.53-4) H =
it Cael Che2 Cht2
cruc-1 Snak Cnsk+l O
(n-1) _(n+1) (n)
Since H , o , and H
K < K

elements Cn+2k-l s

(3.3-4); H

( n+i \/

k-1

from
the first a

(5, p.451,

(3.3-5)

(3.3.4) by deleting

nd last columns,

E
k+1

t C c c

(n-1)

anc Cpix 1

(n+1)
H
(n+1) K
H =
k-1 |
F(n)
k

. C

(n)
B

of this formula modelled after the

the Hankel determinant:

n+k-1 \

. C
n+K

¢+ Crnikel

|

: Cn+2k-li

are the minors of the

respectively in

the (k-1) - rowed minor obtained

the first and last TOwWs and

we have by Corollary (17.4)

I\

(n-1)

k

v




T

The equality (3.3-5)'precisely establishes

the recurrence formula in (3.3-2).

~ ~

If we assume that the coefficient Ch with

n < 0 are zero, We may define the Hankel determinants

(n)
Hk of the coefficients of & poOWer series T C, xn+l

of a rational function R(x) also for negative n . ,
4

without destroying the validity of formula (3.3-3)-

Thus, if we set

(n) |c, Tor alln >0
B = B :

LO for 811 n <0 s
the following result is valid. !
i

COROLLARY (3.1)

For all n and non-negative K,

(n-1) (n+1) (n-1) (n+l) (n) 2 ;
(3.36)  Feo B T Hk:ll Ron - (ea) ,5
(-n) .

wherein Hk = 0 for all n > K.

In the proceeding sections we have seen

tnat an infinite Hankel matrix may be constructed

corresponding to 2 real rational function R(x) from the
n

and A, and the determinants Hk are ‘

real nunbers G

connected by the recurrence formula (3.3-3). In the

next Chapter we shall show how the formul2 (3.3-3) cen

S e S ta T B
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be used in different ways togobtain the determinants
(n) . ‘ : .
Hk : recursively, and how oné can obtain the determinants
n) ' ”
he numerator

Hy directly from the coefficients of t

and denominator of R(x).

cara IRNIT ALY CANADAS

{




" CHAPTER IV

.THE PROGRESSIVE FORM OF ATTKEN'S METHOD

Aitken recommended ({1, p.2931; (2, p.811)
two different procedures, meking use of the formula
(3.3-3), to obtain the Hankel determinants Hié)(for
which he used & gifferent notation). There is, however,

a difficulty in obtaining the gtarting values for one

procedure whereas other is 1ikely to be unstable. In %t
Section (4.2), we shall show how a modified Torm of

Aitken's method (referred to as the progreseive form
of Aitken's method) is developed that overcomes these

gifficulties and entirely pypasses the numerical .

Later, we shall

computation of all the determinants.

establish some properties of the polynomials Hk (\)

(that can be puilt up from certain determinants of

e P T

Hankel's type) which are analogous to those of the

Hankel determinants giscussed in Chapter I1I.

I,1 AITKEN'S SCHEME

13, p.295] that the form%l?
n i
he determinants Hk i

Aitken remarked

(3.3-3) may pe used to generate 1t

Tnis may easily be seen if we arrangé the

1e-entry table (15, p.291]:

recursively.

determinants in a doub

i

1 H(O)
1
(1) (0

1 Hl H2
(2) (1) ()

way  roR B B
| 5 (2 () ()

(
1 H By B3 Py
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| . . , (n)
The procedure used in arranging the determinants Ey in

double-entry table (4.1-1) is referred to as Aitken's

method. To carry out the scheme in (4.1-1), he

suggested that one may use the rormulad (3.3-3) in two

different ways:

(1) One may start with the first two columns
(noting that gi) = cn) and work from the 1eft to the
right, adding one new column at 2 time (1, p- 2931].

(2) secondly, if the first two diagonals

of the scheme are known, one may solve for +he "lowest"

term in (3.3-3) and 2dd a new diagonal, thus working

from the top to the bottom. There is, however, &

difficulty of obtaining the first two diagonals in this
“progressive" form of his scheme. Aitken [11 has

indicated how to obtain these startving values for the

determinacion of the roots of a polynomial.
4,2 PROCRESSIVE FORM OF ATTKEN'S METHOD '

w scheme 18 developed

The procedure for the ne

as follows.

Suppose given a real rational function

R(x) = %%%} = Z_cn/kn+l (n=0, 1, 25 - + ° )

m-1 n-2

: b X + by X .. et b

(4.2-1) = 0 L N W a,#0).
ag X + 3 X F .. T3y

By Theorem (3.2—1), +pe Hankel matriX

— !
C= [ci+js

ST RS TR

R A L

RS

AT RTORDNS TR Lt
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is of finite rank and in this caseé, the least degree T

of the denominator £(x) is ine rank of C; and this

(0)

implies Hy 4 0.
Moreover, by (3.2-3; 3,2-3') we have the

relations:
bO = ao CO
(A , 2) bl = ao cl + al cO
b2 = ao 02 + al cl + 25 Cq
b, 1= %0 °m-l 7 +a,1 %
and

1 _ . T
(4.2-2") O=ay Cq T & Cq1 T 2, Com (
since & 40, the coefficients ¢, &re

jetermined by the formula (see (14, p. 1361):

‘ bO ao 0 . 0
bl al ao 0 . . . 0
(4.2-3) o= — T by ap & %0 SR
(-1) &9 .0
‘. . O
. . 24
b, 2, %n-1 - L &
n=0, 1, @ =« « * * 3 81 = bk _ 0 for all k >m.

On the other hend,

£ in a series of descending power of

Of‘ F(X) = R—(x—)‘

g=m, m + 1,00

if we write the expansion

X:

e A AN TATL A AT PR AR IRAE T AT

fndseshantaritc: o}

el e e e e

I I AT A T AT T D
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. | .
F(x) = g<x
d d
= LA .0 1
= d;QX + Q-l + = N R

no

the coefficients dn may be obtained by the formula

that is analogous to one in (M.Q-}): i.e.,

(4 , 5) 'ao bO 0 0 . 0
al b, bO 0 0
an Db b- Io] 0
2 . « ®
dk-2= ——_Tg;TCEIe ? * 0 (k=0: 1:2,---),
(-1). b | o |
| bo
ak bk bk-l bk-2 . e e bl \

where Dy £ 0; by = 0 for 211 k > m-1 (the least degree

of the Genominator g(x) in (L,2-4}).

(ho-7)  F(x) = L (n=0, 1 % e )
. Ec /x T -
n
a d
; 0, L,
= d_2X + Q_l + .}-{—— - _}:2 + 3
computing the coefficients dn’ we Tind that
cy Co 0
c .. .0
(4.2-8) 1c2 °1 0 | . |
| en ¢, C :
- b d 2 . ] .
dk-e* K S4d ? .
(-1) o _‘

sut, by (4.2-1); (k.2-H)s

1 Cx2 k3T o

CK ck-l CK- o . . C 1 ,

e i AT —
stk et

T i A kel
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where . K =1, 2, ... 5 Cy #£0, and d_, = 061 .

In the notation of Hankel determinants,

the formula (L.2-8) turns out to Dbe

. | $k(k-1) (-k+2)
- 2 -

(50.81) 4 p= i B (0 LB,
(-1)eg

wherein it 1s assumed that coefficients Cn are zero

for negative n. _
: i
From the equalities (4.2-5) and (4.2-8") :
i
we obtain that §
(-k+2) cg+l %
(4.2-9) By = TER(E-I) Kl by
(-1) Dy Z
where 3
{ ' O w x:j
&y bo 0 %
a, 0bp 90
i
2y bp P1 P :
(4,2_10) by = . . O bk=0 for all k > m-1
. bo ;
S R 5

Noting that by = &y o we find that (4.2-9) 1s a8

follows:
(-k+2) by | !
< _ k=0, 1, 25 «e- )

(“-.2-,‘.1) Hk = %k(k—l) ) ( ’ ’ ) ) |
a i
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Clearly, since coefficients ¢, are zero

for negative N,
(-k+1) k(k-1) ¥
(4.2-12) : : :
(-n) | |
Hy = 0 (n > k). E
1. From (4.2-11) and (4.2-12)(noting Ef
(n) (n) | 8
Hy = Cp Hy = 1) one can compute the first three ;

rows for the new scheme directly from the coefficients
» and denominator of tne function R(X).

o the bottom, one can add

O "A',’:Ab’;_.;., = . D ._,<.~

of the numeraco
Thus, working from the top %

a new row at & time.

This method (2 modification of Aitken's

nethods corresponding to (1) and (2) above) has the g
advantage of yielding a1l rows of the scheme simulta- ) f
neously. It is of interest to note for numerical ;
modified form of Aitken's nethod 5

applications that the
rtion of stability is,

appears 1O be stable. This assé€
however, based only on numerical rather than analytical

evidence.

If the Hankel determinants are arranged in

o double-entry table analogous to Aitken scheme (4.1-1),
ng to the progressive form of

ed as a "progressive .

]

' the scheme correspondl

Aitken's method can pe visualiz
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form of Aitken's scheme" as follows!

1 Hy Hy H3 H, - . .
ECHCRCE T
(2) (1) (0) (-1)

(4.2-13) : %

m m
—_—

!

(n) f

4.3 THE POLYNOMIAL Hy ()) ¢
Q

| (0) :

The set of_polynomials {H, (2 ¢ {

(0)
()) = 1} will advantageously Dbe used for

k:o, l’ 2, oon; HO
the determination of the "Cauchy index" in a finite interval

Some properties of the polynomials

(see Section (5.3))-

(n) .
B (1) (n=0, 1, 2, «vo3 k=1, & 3, ...)s A 18 2 real
parameter, which will be required for this purposeé are

discussed in this gection. For n=0 1, 2, .o 2 WE define

the polynomials in question by

(L.3-1) - Hy (=21 s
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n el Chro  *°° cn+k
IV N o R Crtk+l

(o) .

k (%) =

k= 1, 2, 3:
SOME PROPERTIES OF THE POLYNOMIALS Hk ()
If we agree to consider €, = 0 for negative n,

we note two smmediate consequences of (4.3-2):

1. When )\ = 0

(n) k (n41)

(4.3-3) Hy () = (1) for a1l n3k=1,2,250 0

5. When ) # 05

K

1

for N

K
0 : for n > K

, the following

relation holds:( ) ( ) ( ) ( 1)
n+l) (n-1 n-1) (0F
(4.3-5) B 1 Tk (0)-2Hg  Prel ()

R it~ s ANIATYA. -

e it et ST R SRR

SIS P P
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‘ n
y of the polynomials Hy (\) is

This propert
1 determinants established

analogous to that of the Hanke

in Section (3.2):

Proof:

The proof of this Lemma is by the same method

as the proof of Lemma 1 in Section (3.3). :

Let us consider the determinant

cp1 Cn o Cml T Chrk-1 :
| ¢, Sl ‘w2 T Cntk ‘-
(n-1) ) ‘ :
¢
Hk ()\) = . 5
{
) (
{
Chk-2 Chik-1 Crix .« Cpyok-2 |
2 X ‘
1 X X . A

In analogy tO (3.3-5) we then can write

(nt+l
e a0
H(n+l)H(n—l)(-) _\
e B T @
fye Mg g

and this implies the recurrencelformula (4.3-5).

~~~

ons between
(n
the polynomials B (\)

We shall now explain certain connectl

infinite Hankel natrices (having

as the minors), and rational functions. q'
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To thie end we define a rational function
F(x) by | |
(4.3-6) F(x) = (n-x) R(X)

where (see Section 3.2))

’ b m—l, m—2
R(x) = g\x) - ot Pt ooty )
X a & +a xm'l+ +a.
O l e m

=3 cn/xn+l. ( 20,152, ¢)

Then

(4,3-7) F(x) = -Cq + Z(an - cn+l)/kn+l (n=0,1,2,...).

The sequence 0L numbers &bi+jk - ci+j+§: i,j=0,l,2,..,}

determines an infinite Hankel nasrix:

©

(4.3-8) o(n) = [Cyp3h - Ci+j+1g

(see Section (3.2))

and we, therefore, nave the pelation

F(K) ~ C()\) .

The matrix c(n) is of rank m, since m, being

the degree of £(x), is equal to the poles of F(x)

(multiplicities taken in account) .

Thus, W€ have the following properties of the

es G()) that parallel the properties of the Haniel i‘
(3.1-1),.Corollary (3.1-2)5

matric

matrices giscussed in Theorem

and Thsorem (3.2-1) respectively.

——
T




LEMMA 2 | »
The infinite Hankel matriX : o

[+]
0(3) = [Cxyh=Cosinl
(\) [cl+3k °1+J+l%
is of finite rank if there exists an integer T and i

number Yl’ Yor eor 2 \ sﬁch that
T
e \=C_ . = ' - =

and r is the least number naving this property.

COROLLARY [L4.3-1)

it the infinite

Uankel mabtrix c(n) is of ;
i

finite reénk T, then

LEMMA D

The matrix

©

c(n) = [°i+jx'ci+j+1g

is of finite rank if and only if the sum of the series

cAh=C e h-C
oM "l 172
T s (c—l=o)

1s a rational function of x. In this case the rank of
o pumber of poles of F(x), counting

c()) is equal tO th

pole with its proper multiplicity.

each
REAL HANKEL FORMS ASSOCIATED WITH MATRICES C(A)
In accordance with (3.1-2), a real Hankel form
sssociated with & real matrix ¢(\) 1is -
(
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u..3-9) (%, M%) = z(cj_+j)"ci+j+l) %57

xTC(x)x,

i

wherein X denotes the single~-column metrix with elements

Xi(i=o, l) 2’ e s )-

We note a few theorems ror the forms

C(x,k,x):
THEOREM (4.5-2)

Every form C(x,x,x)

of finite rank T may be

changed by & iinear rransformation of variables into

s caponical form (Jacobi's method) .

THEOREM (L.2-3) (Law of Tnertia)

In & canonical representation of a rorm
C(x,x,x)-of finite rank, the number of positive and
the number of negative squares are sndependent of the

choice of the representation.

THEOREM fh.}—&) (Jacobi's Theoremn) :
) of finite rank T

7f for the form C(%, \o¥

the snequality
(0)
... 1)

()\.) 7"! 0 (k':lJ 2, 25

H
. k
nolds, then i, Vo and ¢ are’determined py the formulas:
(0 0 (0)
p=P(Ho )(X): Hg_ %X): R (A)»
. (0 0 (0)
/\4.5_10)\) = V(Hé )(}\): H-E_ )()\): . .’HI' ()\)):
and oy . (0 (0)
¢ = r-2V(Hy (\), By (A)» s Hy (\))-

|

A;‘;J;T;ffjh:-oﬂmbtkn s R T DT A

AR
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Proofs of these theorems are by the same
method as the proofs of the analogous theorems for

quadratic forms.

THE PROGRESSIVE FORM OF AITKEN'S METHOD FOR THE

(n)

POLYNOMIALS H ()

For the similar reasons to those that led us
to establish the Progressive form of Aitken's method
(Section (L.2)), we do not deal agein directly with
Aitken's method (corresponding to (1) and (2) Section
1.1) to compute the polynomials Hy x); put with another
modified form of his method.

The recurrence formula (4.3-5) is practically
significant for the computation of the modified form of
Aitken's scheme of the polynomials in guestion for a
rational function of the rorm (4.3-6).

To motivate the “nrogressive form" of the
method, assume given & rational function (4.3-6):

P(x) = (A-X) R(x).
By the procedure that is analogous to the

one explained in Section (4.2) we then can write:

(4.3-11) Hk )\) = &ék(k_l)alg_:_l
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where - .
2, b_l)\-bO 0 0 « +
) DDy b_j:l-bo o .
| ap bl;\-b2 box—b1 .
(V)= | .
. 0
. . b_lx-bo '
o g Ope2h el L DA-Py |

b . =0 and by = 0 for all k > 1, and Bl = 0 for all k > m.

-1

Thus:
2, If use 18 made (4.3-3), (4.3-L4), and

(4.3-11), 1t 18 covious that by the recurrence relation
(4.3-5) the complete progressive form of Aitken scheme
for the polynomials Hk ()) can pe built up working
adding & new row at a time.

(n)

the polynomials Hy

from the top ©O the bottom,

As a result (\) are generated
progressively, i.e. starting from first two rows and

working in the downward direction.

S 7 e
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CHAPTER V

DETERMINATION OF THE CAUCHY INDEX

OF A REAL RATIONAL FUNCTION

We now proceed 1O rormulate a method to determine

the Cauchy index of & real rational function R(X)

)
petween the limits a and D (Notation & I R(x);
s and b are real numbers or =% a <Db). Its

applicationfto the problem of the isolation of roots

of algebrelc equations will Dbe discussed in section (5

5.1 CAUCHY INDICES

A real rational function R(xX) 5 satisfying
the egquation

(5.1-1) L _ 0 for a value a, of x (& <X < b)

R(x)

tskes an infinite value at d and there it either

(i) changes its sign from negative to positive,

or (ii) changes its sign Ifrom positive ©o negative,

) does not change its sign.
-1 in the second,

or (iii
The quentity +1 in tne first case,
and O in the third caseé, ;s called the index of R(x)

for g

Definitlon:
We then define the Cauchy Index of R(x) between

the limits a and D: (6, p. 176]
(5.1-2) IZ R(x) = sum of all the indices of R(x)

By

3

=

s € T M WY

Qﬁ%@%ﬁﬁgf*fjfgrijzgfﬁ;fp;:ﬁ:ﬁ:;r;;

FIAWA TN

e s o 7 ¢

s pe s e
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corresponding to the different roots o (& <0y < b)

of the equation (5.141).

since an arbitrary real retional function R(x)

can always be expressed as in (3.2-7), in accordance

with the definition (5.1-2),

| (k)
(5.1-3) If: R(x) = L sign Ay
(T odd) K
and, in general,
(%)
(5.1-4) IZ R(x) = X sign A
(a<%§b) -
e odd

{Here, sign Aﬂ means +1, -1, Or Z€ro cecording as
' .

1Y

L >0, & <0,o0rh = 0).
e fue e

In particular, 1et us assume that f(x) is &
real polynomial: |
i n Moo
0 1 -
£(x) = ao(x-ao) (x—al) cee (x—am_l) o,

d‘i %d'j for i % j; i’(j = OJ l: 2; e ] m—l.

ng its roots only the first r are real, then

If amo
X)) -5 IE;_. + R, (x) (k=0,1 2, ...,r-1)
1 X = x_a‘k. l ! )42 J " 2 3

where Rl(x) 1s real rational without real poles.

e T

. BT LTV O T I

S

ST T o7 PN

Bl

A AT S



nanch

Bl

- 65 -
Therefore, according to (5.1-4):

o f1({x .
Ia =% T = T siga n, (k=0, 1, 25 «ev > r-1)

= tne number of distinet real zeros

of the polynomial #(x) in the interval (a,b).

BASIC PROPERTIES OF CAUCEY INDICES

We note & Iew properties of the Cauchy index

il A T

I R(x) that are needed in the sequel.

a . b a i
1. 1 R®(x) =-I R(Ex). 1

a b i

o, If R(x) = B, (%) Ry(%) 5 where Rl(x) ;

and Ry(x) are real rational functions of X, then

b D
I R(x) = sign Rl(x) I Rz(x) s
3 .8

o

provided Ry (x) £ 0, o within the interval (2,D0). ' i

3, Ifa<c< b, then

b c b '
T R(x) =1 R(x) + I R(X) + N, o
a a c

]

where A, = 0 if R(c) is finite and L\, = = 1 if R(x)

vecomes infinite at c; in this case Lc = + 1 corresponds
to a jump from o o +e at ¢ and A, = -1 to a jump
from +e tb - .
0 _ a
4., If R(-x) = _R(x), then I R(x) = I R(x)3 S
-a 0
. 0 a
and if R(-%) = R(x), then I R(x) = -1 R(x).
-8 o)

rmese properties follow smmedi ately from the

definition of the cauchy index (see definition: (5.1-2)).
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e e e e e

5.0 DETERMINATION OF THE INDEX 177 R(%)

In Chepter III, (Section (3.2)) we established

a one-to-one correspondence vetween proper real rational

-]

-

sunctions R(x) and the Hankel matrices C = [Ci+jj of ‘
0 :

finite rank; MOTEOVer, Jacobits Theorem enabled us o

formulate & rule to determine the signature of real

Hankel forms C(X,X) (Theorem 3t (3.1-8)). We are thus

in a position to establish the fundamental +heorem: [16,18,191:

o R G A TR TR S TR TV

& e BT AT RLIECAU S wT R ASR T W

THECREM (5.2-1)
If

R{x) ~ C
and r is the rank of ¢, the Cauchy index If: R(x) is

equal to the signature of the form C(X,%;.

Proof:
" pgsume that the expansion (3.2-7) holds.

Then, by (3.2-9) the corresponding matrix ¢ is determined

py tne formula (3.2-12).

The Hankel form o(x,x) associated with the

matrix C 1is

(5.2-1) o(x,%) = L Ci43 X; X (1,3=0, 1, 2, vue)s

where ci+j is the element in the 1th row and jth column

of the matrix C in (3.2-13).
We write the form (5.2-1):
p-1

o2y olxx) =% T (%,%)
(5.2-2) (x,%) o o ;




where | ‘  : ,vl‘ §
. @k) GR ) “k'> A
+ —— +c-t+ , "

ay 1 2 30 '("fff? The ;;;f:I L

1 o . . . e

(Ca = [ak-l-Jl ; k = O, l, 2, s o & ) p"l). C :,
k 0 S
S .

By Theorem (3.2-1) the rank of the form Ta (x,x) is fﬂ
k

n (K=0, 1, 2, ... , p-1), and the rank of C(x,x) is then = - =
(5.2-3) Y = 2 ’nk (k:O, l, 2’ *« o o ) p-l)i 1‘1
But if the rank is equal to the sum of the ranks of the ﬁ
|

constituents forms, then the same relation holds for e %
the signatures: :
k]

(5.2-4) ¢  (0(x,%)] = 0T (%X,%) . o
o real e i

since g (k=0, 1, 2, . . . , p-1) are real,
we obtain [ 13, p.2ll ] '

0. .for The even

(5.2-5) T, (x,%)} = ¢

sign A for ~odd
o T




- 68 -

PR e 1

From the ‘qualities (5.2-4) and (5.2-5)
it follows that | |
6 o (3)
(5.26)  of6(xx)} -5 SmAl

y. real
%3

e odd

By (5.1-3) the sum on the right-hand of (5.2-7) is o

(]
=
2

i

of{C(x,%)}

0)

(5.2-7) - ( (
r-2V(Hy » By 5 Hy s oeees By )s

(0)

where HO = 1.

n

5.2 DETERMINATION OF THE CAUCHY INDEX IN A FINITE INTERVAL

Let the signature of the real Hankel form
C(x,1,%)s the number of positive and the number of
negative squares in its canonieal form be denoted by
ok’ “x’ and vy respectively.
Then
(5.3-1) o, = Wy = Yy (See definition p.25 ).

since F(x) = (A-x) R(X) ~ c(a), in analogy

to (5.2-8) we then can write - - _ ﬂl




TR

(5.3 O = I F(x)

Thus, for a < b,

and
o, = P (o-x)R(x) + Tp” (o) R(x) ‘
=1iR@)+ﬁRu)_gRu>,
wherefrom
=D
(5.3-3) 3 (oy - Oa) = I, R(x) ;

and this implies (See Jacobl's Theorem) .

(5.3-4) 1 R(x) = ¥(2) - V()

where

0 0

(0)
r

(0)
V() = V(Ho (A)s Hi %X): L H (D))

and T is the least degree of the denominator of R(x) .

Thus wWe are led to the following fundamental

result: )
' - | 9

\
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~ THEOREM (5.3-1)

If
P(x) = (3-x) B(z) ~ C()
and C()) is of Tinite rank r, then the Cauchy index of

R(x) in & rinite interval (&,b) is determined by the

| (0)
where V(x) = V(& (n), Hy (A)s +oe o By (A); A is & real

paremeter.

5.4 TSOTATION OF ROOTS OF AT.GEBRAIC EQUATIONS

mo isolate the roots of an algebraic ecuation

o+ aqX 4o =

it is usual to 7ind first the sounds of regions in which
all roots are contained. There are various ways to
tnis end [ 3 P. 751, Taic region 1is then divided into

smaller regions SO +hat repeating the process one can

£ing a partial reglon which does not contain more than

one root. IT will now be shown +hat the theory of Cauchy

preceeding Chapter can adval

EIY
vek—

indices discussed in the
geously pe used to carry out this process.

TSOLATION OF THE REAL ROOTS

gince the number of distinct real roots of

£(z) = 0 in tne interval (a,b), as we have seen, 18

precisely Igf‘(x)/f(x); tnis number may then pe obtained

py the formulé (5.5-4). q!
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Thus, if N is this number,

(5.5-1)  N=Tp gz = V) - V)

By continuing the process of division for
the interval (a,b) into smaller intervals, and if use
is made of (5.4-1), orie can arrive at the interval that
contained only one root.

TSOLATION OF THE COMPLEX ROOTS

The concept of Cauchy index can also be used

for the isolation of complex roots of a real polynomial,'

1 "

Tne usual procedure is to coasider & complex
function f(z) and investigate the number of 1ts complex
roos which are contained in varibus regions of the
z-plane.

To achieve this end, first we seek the
connection of the Cauchy index with the tppgument principle".

Let us therefore consider the equation

ao(z-zo)(z-zl)(iézz) cen (z—zm_l)

]

=0

Tf z be taken positively round a closed circuit

in the z-plane which encloses 1« of the polnts
Zgs Zys crt Z 1’ the argument of £(z) will De increased

Y

P ———
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py 2km. Consequently, +ne number of roots of f£(z) =0
which lie inside a given circuit can be ascertained by
desermining the change 1in the argument of f(z) when z
passes round the circult.

et z describe a contour consisting of

(534“3) x = o(t).
(-w<t<to )
y = ¥(*t)
Then
GRS p(t) = P(t) + 1Q(%)
= R(t) eie(t) %

where P(%) end Q(t) &re real function of T,

¢), end tan 8(t) = Qe

v

R(t) = /(%) + 7

R(t) and 8(t) are continuous functions of T 28 t changes
from -» TO +®, whilst tan 8(t) = %%%% has infinite

discontinuities at points ti which are the real roots of

the polynomicl p{t). The discontinuities of %ég% can
(T

nave one of the following forms:

(1) in W= e (B) 1 .%%%% T
5. 30 ° £t FO

!
i
1

"G—'u.-T-O
1
(5.4-5)
tati;o P(t) - tati+0 P(t)




To find the increase in 6(t) as t changes from

= %o +w, we consider all the real roots of the polynomial

P(t):
- » < 0y < By < el <t ST
and consider the sequence of intervals:
(-oo, ‘co), (to, tl)-’ e 3 (‘tk_e, tk_l), (tk—l’ +c°).
on each interval (t, ;, ty) arcten ale) = (%)
P(%)
ig a continuous function. On.passing through ti the
value -of 8(t) s(a;, eltner remains in the same interval
(in the event of a type (1) or type (2) discontinuity), of ‘
else leaves it. EHere, (b) in the case of a type (3)
discontinuity 6it) increases oi leaving, and (c¢) in the
case of a type (&) discontinuity, o(t) decreases.

Thus, the total variation on transition through

ts is ani where

(11 for a type (3) discontinuity
N = 1 for a type (H4) discontinuity

o for a type (1) or (2) discontinuity.

n accordance with the definition p. 63

But 1
ea A . . . Q)
;. exactly coinclaes with the index ol —z—s- for ti .
Pt

S0, by escribing to 5(t) the principal values

e track of the change 1in

k-1),

in each interval and keeping th

g(t) on passing through the polnts ti(i=0; 1, 25 eees




STk -

we then can find the increase in g(t) when © varies

from - » to + «, that is,

" (5.4-6) A, (818 £(z)) = enzn, (1=0, 1, 2, +ev > k-1),

wherein ¢ is defined by (5.4-3).

Tn analogy to (5.1-2), we thus can write

(5.4-7) 1, (arg £(2z)) = Zn

2m C 1

the sun of all tre indices iﬂ

of Q(t) corresponding to Ty (i=0, 1, 2, «+v 5 x-1)

)

_ 0T A :
e (%) 3

i

A
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