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ABSTRACT
In this thesis we present three essays on the economics of competitive electricity.

In chapter one we use a stochastic dynamic model to examine the economic impact
of storing wind power in a hydroelectric reservoir. Using a stochastic dynamic model
allows us to explicitly model the uncertainty of wind power in the objective function of
the hydroelectric generator. We show that the amount of water released by the
hydroelectric generator in any period is a decreasing function of the number of
periods that the hydroelectric generator has to deplete its reservoir. Furthermore if
the hydroelectric generator has a high enough number of periods to deplete the

water in its reservoir it will be optimal for it not to release any water at the beginning.

In chapter two we present a model of operating reserve in a competitive electricity
market. Our paper departs from other papers in several respects. First, we
concentrate on the possibility of generator failure and not demand uncertainty.
Second, we allow demand to be highly inelastic rather than perfectly inelastic like
other papers do. This allows price spikes to occur when there is a major generator
failure. To moderate price spikes, options for operating reserves can be purchased
and exercised when price spikes occur. Third, we model uncertainty on the supply
side and not on the demand side. Fourth we adopt a two price approach where one
price is used to reserve capacity and the other price is the strike price paid when the
options are exercised unlike other models which use the spot price as the strike
price. Finally we explicitly model the demand and supply in the market. Using the
concept of rational expectation we develop and prove the existence and uniqueness
of a rational expectations equilibrium and analyse its characteristics. Furthermore we
show that the competitive electricity market will provide more operating reserve

capacity than is socially optimal.



In the chapter three we formalize a model of reliability for an electric grid when
consumers’ preferences for electricity consumption are private information. In our
model we design an optimal blackout strategy for the regulator. The model
demonstrates that an ex post efficient social choice function is truthfully
implementable in Bayesian Nash equilibrium. It also yields both the optimal level of

generation capacity investment and the second-best blackout program.
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INTRODUCTION TO THE THESIS

This thesis contains three essays on the economics of electricity. The first essay
deals with the subject of storing wind power in a hydroelectric reservoir. The second
essay presents an analysis of operating reserves in a competitive electricity market.
The third essay addresses the public good nature of operating reserves from the

perspective of mechanism design.

Wind turbines produce clean electricity at little or no marginal costs, and this makes
the green energy they produce a very attractive source of electricity generation. In
many electricity markets programs such as Renewable Portfolio Standards and
Feed in Tariffs have been implemented to encourage the integration of wind
turbines and other renewable energy sources. However, the disadvantage with
wind turbines is that they are only able to produce electricity when the wind is
blowing. Unfortunately, wind flows are erratic and unpredictable. Therefore, the
power produced by wind farms is volatile and unreliable.

To overcome the volatile and unreliable nature of wind power, independent system
operators could increase the purchase of ancillary services. However the cost of
ancillary services purchased from generators with fast ramp capabilities are usually
high and could wipe out the cost savings attributed to wind power production. In
addition, the ramp up and ramp down activities of these producers could cause
more greenhouse gases emissions. Another way of overcoming the volatility and
unreliable nature of wind power is to store the power produced by wind turbines as
water in hydroelectric reservoirs. Due to their fast ramp capabilities, hydroelectric
generators are able to ramp up to replace wind power when there is no wind and
ramp down when the wind blows. This process enables wind power producers to

store the power they produce as water which could be released by the hydroelectric



generator at a constant rate over a period of time. The storage of wind power will
however distort the optimal release program of a hydroelectric generator making
electricity production by hydroelectric generators uncertain. Although the research
on wind power integration is extensive, the impact of wind power storage on the
optimal water release program of hydroelectric generators has yet to be examined.
The main objective of the first essay is to examine the optimal water release
program of a hydroelectric generator that stores wind power in its reservoirs and

sells power in competitive electricity market.

To maintain the stability of any power system, an instantaneous and continuous
balance between supply and demand of electricity is required. When a large
generating plant fails, the spot price of electricity must rise sharply to align the
remaining generation capacity with demand, assuming that prices are flexible. In
order to protect themselves against unexpected price spikes, consumers often
purchase operating reserves that help alleviating the cost of meeting their electric
needs during difficult times. The second essay presents a model of the operating
reserves and the real-time energy markets. In the market for operating reserves, call
options for operating reserves are bought and sold, and trading in the market for
operating reserves takes place before that of the real-time energy market. The
model that is formalized in this chapter uses the concept of rational expectations as
the solution concept.

In an electric grid, a major failure of transmission lines and generating plants will
cause load shedding if the remaining generation capacity is inadequate to meet
demand. A large installed generation capacity will be able to meet demand and
withstand serious failure of transmission lines and generating plants. However,
generation capacity investment is costly, and thus it is not optimal to invest in
generation capacity to prevent all blackouts. The problem faced by the regulator is

to find the optimal reliability of the system, i.e., the optimal generation capacity



investment and the optimal blackout program to carry out when a major failure of
generating plants occurs. Because a large installed generation capacity lowers the
probability, the duration, and the magnitude of the blackouts, every consumer
benefits from a high level of installed generation capacity investment, and thus
reliability has the nature of a public good, and markets cannot be relied upon to
obtain the optimal level of reliability. To find the optimal level of reliability, the
regulator has to know the preferences for electricity consumption of each consumer.
However, the consumers’ preferences for electricity consumption are private
information, and no consumer has the incentive to reveal her preferences for
electricity consumption truthfully unless the contributions she is required to make in
financing part of the funds needed to finance the investment are well structured. The
third chapter presents a model of operating reserves from the perspective of
mechanism design to capture the public good nature of reliability. It is demonstrated
that an ex post efficient social choice function is truthfully implementable in
Bayesian Nash equilibrium. The model yields both the optimal level of generation

capacity investment and the second-best blackout program.



CHAPTER ONE: THE INTEGRATION OF WIND POWER GENERATION WITH
HYDROELECTRICITY IN AN ELECTRIC GRID

1. INTRODUCTION

Wind turbines produce electricity by harnessing the kinetic energy from the wind. As
wind blows, the blades attached to wind turbines spin and rotate magnets within a
coil of wire, and this causes electrons to flow. The flow of electrons is what we call
electricity. At the present time, the capital cost of building wind farms is high;
however, once built the production cost of the electricity is low. The low production

costs make it an attractive source of electricity generation.

The major disadvantage of wind energy is its intermittent nature. Wind blows at
random times during the day, and the production of electricity from wind turbines is
dependent on the wind speeds that prevail at any point in time. Therefore, when
there are strong winds, wind turbines produce a lot of electricity. When wind speeds
are low, the power produced is low. Due to the intermittent nature of wind, fast wind
speeds do not always coincide with high demand periods. Therefore, wind power
might be low when electricity demand is high and high when electricity demand is

low.

To solve the problem associated with the intermittency and volatility of wind flows,
fast ramp generating capacity or fast ramp storage capacities could be used to store
wind power and therefore balance demand and supply. Today, hydroelectric
generators with reservoirs provide the only viable option to store wind power.
Hydroelectric generators with reservoirs are attractive because they have fast ramp
capabilities, which allow them to keep up with the changes wind power over time. In
addition, water reservoirs allow hydroelectric plant to move electricity across time.
When wind power is high, the amount of water released could be reduced and when

wind power is low more water can be released. This ability to store power gives



wind turbine generators a means of delivering wind power to the electricity market at

a constant rate.

In today’s market, the potential storage ability provided by hydroelectric generators
has developed into a new business opportunity for hydroelectric generators, and it is
now offered as a service to wind turbine generators in several electricity markets.
For example, the Bonneville Power Administration (BPA) offers storage services to
wind farms that would like to balance their power production. The BPA will keep the
power produced by wind farms in its reservoir for 7 days after which the power is
sold in the market at a constant level over a period of time. This helps wind plants to

remove any uncertainty in the supply of electricity.*

With the renewed efforts at wind integration, research into the implications of wind
integration has picked up. Benitez et al (2008) analyze the integration of wind
turbines into the Alberta’s electricity market. To conduct their analyses, they use a
constrained optimization approach, which minimizes the total cost of generation
subject to the constraints on the various types of generating plants. They find that
the integration of wind power in a fossil fuel market will increase total system costs.
In addition to this result, they also find that with more hydroelectric capacity, system
costs will go down with wind integration, and conclude that wind integration is better

suited in power systems with a significant amount of hydro capacity.

Belanger and Gagnon (2002) analyze the integration of wind into a power system
made up of mainly hydroelectric generators. In their research, they carry out a
simulation using data on electricity demand in Quebec, wind speeds, and hydraulic
flow rates. They find that when wind power is added into a hydro system, reserve
hydro capacity will be needed to back up wind power when wind power is not. They
point out that, if available, the extra reserve capacity could be sold as an ancillary

service in competitive markets. This indicates that there are hidden costs of storage

Appendix 1, Integration of Wind Generation with Power Systems in Canada: Overview of Technical and Economic Impacts



when wind power is integrated into a hydro system. They conclude that wind power
cannot be the main power supply source in the system as it provides very little
service in terms of extra capacity due to the fact that wind power available during

peak periods is usually low.

Apart from the empirical analysis of wind integration, some of the literature has
focused on the investment incentives involved in building wind farms. Ambec and
Crampes (2012) study the impact of wind intermittency on profits and investment
incentives. These authors assume that wind power has two states: when the wind is
blowing, all wind turbines produce electricity at maximum capacity; however, when
the wind is not blowing, no power is produced. In a static framework, they show that
markets with regulated monopoly will result in strictly positive profit for wind
generators. Their model also shows that when consumers cannot react to price
changes, wind plants and fossil fuel plants are seen as complementary. This implies
that wind capacity would have to be duplicated by building fossil fuel plants. This
reinforces the previous result by Belanger and Gagnon (2002) that wind turbines
have little in term of extra capacity. However, when consumers are allowed to react
to electricity prices, wind power is seen as a substitute for power from fossil fuel

plants.

Garcia and Alzate (2012) analyze the effectiveness of two regulatory mechanisms
meant to encourage renewable energy: Feed in tariffs (FIT) and Renewable
Portfolio standards (RPS). Their model is a two-stage game. In stage one, a
decision on investment is made, and in stage two, firms compete in prices to
dispatch their production capacity. The model shows that the lower the ratio of
conventional fossil fuel generators to demand, the weaker the incentive needed to
induce an optimal level of renewable generation. Also, feed in tariffs will be greater
than the price of conventional electricity generated from fossil fuels if and only if the
fixed costs of renewable resources are large, while RPS that induces an optimal
investment in renewable technology will further induce under-investment in

conventional fossil fuels.



Much of the research of wind power has focused on the impact of investment in
wind turbine capacity and not much has been said on the impact of wind farms on
the optimal water depletion policy under taken by a hydroelectric generator. When
wind power is integrated with hydroelectricity, the intermittent nature of wind farms
will transform the problem of the hydroelectric generator from a simple dynamic
optimization problem to a stochastic dynamic optimization problem. Therefore the
integration of wind power will change the optimal water release strategy of a

hydroelectric generator and the price of electricity.

In this paper, the effect of wind intermittency on the water release policy of a
hydroelectric generator is analysed. Using a stochastic dynamic model, the
intermittent nature of wind power is explicitly modelled into the profit function of a
hydroelectric generator. The model is then used to determine the optimal water
release policy for a hydroelectric generator at various capacity levels. To solve the

stochastic dynamic model, the backward induction method is used.

2. THE MODEL

Water resources are renewable and follow a cycle. In the model T is the time
horizon, which represents the length, say one year, of the cycle. If one considers a
day as a period in the cycle, then there are 365 periods under time horizon T. On
each day of the cycle, water flows into the reservoir from precipitation and flows out
through release or through evaporation. At the end of period T, the cycle repeats
itself. In this manner, the total volume of water available for use during a cycle
behaves like a non-renewable resource, but is renewable in the sense that the cycle
occurs every year. Thus, it makes more sense to consider the time horizon as the

length of a cycle. At the end of the cycle, the problem repeats itself.

2 When one lets T — 00, one obtains in the limit the solution of the infinite-time horizon problem. However, it
is necessary to discount profits so that the present value of the stream of profits converges.
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Let D:p = D[p] be the market demand curve for electricity in each period, where
p is the price of electricity and D|[p] is the market demand at price p. On the supply
side, there are two types of generators: a dominant firm*® and a competitive fringe.
Because of its market power, the dominant firm is able to set the market price of
electricity. A generator in the fringe takes the price as given, and produces electricity

at the level of output where marginal cost is equal to the market price of electricity.

The supply from the fringe is expected to rise with the market price: as the price of
electricity rises, more inefficient generators will be able to enter the market. If we let
S:p — S[p] denote the supply curve of the fringe, then the residual demand curve for
the output of the dominant firm is given by Q:p = Q[p] = D[p] — S[p]. For simplicity,

we shall assume that the residual demand curve is linear, and its inverse is given by

1) p=a-»bQ,

where Q the volume of electricity is delivered by the dominant firm to the market in a
period, and p is the price it obtains for this supply. Also, a and b are two positive

parameters that characterize the residual demand curve.

The total revenue associated with the residual demand curve (1) is
(2) nQl=Q(a-bQ),

which rises with Q as Q rises from 0; reaches a maximum at Q,,,x = % and then

falls as Q rises above %.Thus, it is not rational for the dominant firm to deliver to the

market a volume of electricity greater than Q,,,,- The maximum revenue that is

possible is then given by

*ltis generally accepted that hydroelectric generators have some form of market power in electricity market
because of their ability to move electricity production over time.

8



) Tomar = 1Qmaxl = = (@D =L
The generators in the competitive fringe produce electricity by burning fossil fuels.
As for the dominant firm, its supply has two components: hydroelectric power and
wind energy. The dominant firm produces hydroelectric power by releasing the
water damped up in its reservoirs. It does not produce wind energy, but is obligated
by law to purchase all the wind energy produced by privately-owned wind farms at a

stipulated price, say y.

Let X[t] denote the volume of water remaining in the reservoir at the beginning of
period t, and Y[t] denote the output of wind energy - also in period t,t = 1,...,T. The
volume of water in the reservoir at the beginning of period t = 1, namely X[1], is
given. We assume thatY[t],t =1,...,T, are independent identically distributed
random variables with common distribution function F[Y], 0 < Yuin <Y < Viax
where Y., and Y., are, respectively, the lower and upper bounds of the wind
energy generated in each period. The density of F[Y], denoted by f[Y], is assumed
to be strictly positive and continuous in [Yp,in, Yimax]- In what follows, we assume that
wind power meets only a small part of the residual demand faced by the dominant
firm. More precisely, we assume that 2 Yy, < Qmax- Also, we let uand o2 denote,

respectively, the mean and variance of Y.

Next, let

@ @ = [ rlYflYlay

Ymin

denote the expected revenue generated by wind energy in a period when no

hydroelectric power is produced.



Let y > 0 denote the unit price that the dominant firm pays the wind farms for the
power they generate in each period. The volume of power at which the marginal

revenue is equal to y is the value of @, say @,, that is given by

Because the dominant firm is obligated to purchase the entire output of the wind
farms in each period, the marginal revenue - net of the marginal purchase cost -
derived from wind power in any period is negative when the wind power output

exceeds Q,. We shall assume that Qi < Q) < Qmax

The state of the system in each period tis the list (X[t],Y[t]), where X|[t] is the
remaining volume of water in the reservoir at the beginning of that period, and Y|t]
is the realized volume of wind energy available also, in that period. A feed-back
policy is a real-valued function u: (X,Y,t) — u[X,Y, t], which tells the dominant firm
how much water to release in period t, given that (X,Y) is the state of the system in
that period. For simplicity, we assume that the volume of hydroelectric power
generated in a period is equal to the volume of water released in that period. Hence
ul[X,Y,t] represents the volume of hydroelectricity produced under the policy u in

period t, as a function of the state (X,Y) of the system in that period.

Suppose that the system begins in period 1 with X[1] as the volume of water in the
reservoir and Y[1] as the realized volume of wind energy generated. Suppose also
that a control policy u: (X,Y,t) = u[X,Y,t] is adopted. The profit, net of production
cost and the payments to the wind energy producers, made by the dominant firm
over the entire time horizon, under a particular realized time path(Y[t])’., of wind

energy output is given by

(6) o m[YIe] + ulX[e], Y[E], e]] = yYIel,

where
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(7)  X[t+1] = X[t] —u[X[t],Y[]], t=1,....T -1,

X[1] is given, and Y[1] is also given.
Note that in (6) we have neglected the cost of producing hydroelectricity.

The expected profit made by the dominant firm over the entire time horizon, as a

function of u and the initial condition (X[1],Y[1]), is then given by

(8) g[XL m[Y[e] +ulX[el YItl, tl] — yYIel].

In (8), €is the expectation operator with respect to the joint distribution
of (Y[1],...,Y[¢t],..., Y[T]).

The problem faced by the dominant firm can now be stated formally as follows:

9)  v[X[1],Y[1]] = Max, €[XT_, w[Y[t] + u[X[¢], Y[t], c]] — yY(el]-

In (9), v[X][1],Y[1]] is the Bellman function for our problem, which gives the
maximum expected profit made by the dominant firm, given that it begins period 1
with X[1] as the volume of water in the reservoir and Y[1] as the realized wind
energy output in that period. We shall solve the maximization problem (8) by

backward induction of the number of the remaining periods.

3. THE ONE-PERIOD PROBLEM
Suppose that the dominant firm has only one period to exploit a volume of water,
say X[1], in its reservoirs. Also, suppose that Y[1] is the realized output of wind

power that it is obligated to purchase.

11



If X[1] + Y[1] < Qunax then the optimal strategy for the dominant firm to release all
the water in the reservoir and send the hydroelectric cum wind power to the market.
The profit it obtains by carrying out this action is

(10) v [X[1]Y[1]] = n[X[1] + Y[1]] = yY[1], X[1] < Qmax — Y[1].

Note that in (10) we have denoted the Bellman function for the one-period problem

by v, , with the subscript indicating the number of remaining periods.

On the other hand, if X[1] + Y[1] = Q,,4x, then it is optimal to send the revenue-
maximizing volume of power Q,,,, t0 the market by releasing the volume of water
x = Qmax — Y[1] for hydroelectric generation, and then delivering to the market the
hydroelectricity produced x plus the wind power generated Y[1]. The profit made by

the dominant firm is

(11) v [X[1LY[1]] = mnax —¥Y (1], X[1]1 = Quax — Y[1].

PROPOSITION 1: For the one-period problem, the optimal value function (or the
Bellman function) gives the profits made by the dominant firm - as a function of the
volume of water in the reservoir X[1] and the realized output of wind power Y[1] - is
given by

n[X[1] + Y[1]] — yY[1] ifX[1] + Y[1] < Qmaxs
T max — YY[l] ifX[l] + Y[l] = Qmax:

(12) vy[Xx[1],Y[1]] = {
The Bellman function v, [X[1], Y[1]] has the following properties:

() It is concave in (X[1],Y[1]);

(i) It is continuously differentiable;

(i) GivenY[1], it is increasing in X[1]. However, given X[1], the contributions of

wind power to the profitability of the dominant firm might be positive or negative.

12



PROOF: Because the dominant firm is obligated to purchase the entire output of wind
farms in each period, it has no influence on the cost term yY[1]. If X[1] + Y[1] <
Qmax, then clearly it is optimal to deliver all the power volume X[1] + Y[1] to the
market. However, when X[1] + Y[1] = Q,4x. it IS Optimal to deliver to the market
only the volume of power that maximizes total revenue, namelyY[1] + x, with

X = Qmax — Y[1] as the volume of water released. We have just established (12).

The concavity of vl[X[l],Y[l]]foIIows from the concavity of n[Q]. The fact that
2 [X[l],Y[l]] is continuously differentiable is inherited from z[Q]. Also, X[1] -
v1[X[1],Y[1]] is clearly increasing. As for the contribution of wind power to the
profitability of the dominant firm, the result might be positive or negative depending
on both y and Y[1]. When the volume of water in the reservoir is low, so that at the
margin the marginal revenue n’[X[l] +Y[1]] >y, the revenue obtained from one
more unit of wind power exceeds its purchase cost, and the profit made by the
dominant firm improves with a slight rise in the output of wind power. However,
when the volume of water in the reservoir and the output of wind power are not too
low, so that n’[X[l] + Y[1]] <y arise in the output of wind energy depresses the
profits of the dominant firm: at the margin, the revenue the dominant firm earns on

the last unit of wind power falls short of the price it has to pay for this power unit. m

At the present time, renewable energy is not yet competitive with fossil fuels,
especially with coal, because of its high capital cost. There are several major
reasons why the governments of some countries choose to subsidize the production
of renewable energy. First, the age of cheap oil is coming to an end. When fossil
fuels run out, all the sources of renewable energy must be exploited to meet the
energy needs of a country. Second, and this is perhaps the most frequently
advanced argument for subsidizing wind energy, the burning of fossil fuels
generates greenhouse gases which induces climate change. Wind energy, on the
other hand, is non-polluting, and its marginal cost is negligible once the heavy

capital investments have been made. It is hoped that the high capital costs will be

13



alleviated by technological progress. In the US and Canada, regulators force public
utilities to purchase all the wind power output at a substantial stipulated price, as is
the case concerning Hydro Québec and wind power producers in this province. In
our model, the price that the dominant firm pays for one unit of wind power reflects

the policy adopted by regulators of electricity markets.

The shadow price of water in the reservoir is given by

(13) Dywy[X[1 ]—{a—2b<X[ ]+]Y[ (]2 if X[1 ]+Y[1]<Qmax,_

0ifX[1] + Y[1] =

Note that the schedule X[1] - D;v, [X[l],Y[l]] is continuous, linearly decreasing in
X[1] for all X[1] < Qmax — Y[1], and vanishes for X[1] = Q,qx — Y[1]. Also, note that
a rise in Y[1] shifts this schedule downward. That is, a higher volume of water in the
reservoir or a higher realized output of wind power lowers the contribution of a

marginal unit volume of water.
Suppose that X[1] is the known volume of water in the reservoir at the beginning of

the period. Before the output of wind power is known, the expected value of the

shadow price of water in the reservoir is given by
(14) ¢y [x[1]] = [, Doy [X[1], Y[1]]f[¥]aY.

LEMMA 1: For the one-period problem, the expected shadow price of water before
the output of wind power is known is a continuous and decreasing function of the

volume of water in the reservoir. More explicitly, it is given by

14



(15)

¢1[X[1]] =
a—2bX[1] + wif X[1] < Qmax — Ymax -
(a =2 b X[1])F[Qmax — X[1]] - 2b ffﬂ';f“ymax Y FIY14Y if Qmax — Ymax < X[1] < Qmax — Ymin »
0 if X[l] = Qmax - Ymin'

That is, the expected shadow price of water, as a function of X[1] and before the
output of wind power is known, is linearly decreasing for X[1] in the interval 0 <
X[1] < Qmax — Ymax Strictly decreasing for X[1] in the interval Quax — Yimax < X[1] <

Qmax @andvanishes for all X[1] = Qax-

PROOF: We have

¢4 [X111]
Ymax
([ (@ 2b X111 + Y)FIYIAY if X[1] < Qpar — Yimans
Ymin
= 4 Qmax—X[1]
f (@ 2b (X[1] + Y))FIY]AY if Qmax — Ymax < X[1] < @max — Yonins

Ymin

I
kO if X[l] > Qmax - Ymin-

On the right side of the preceding expression, the first integral is given by

J;7e* (@ = 2b (X[1] + V) [Y]dY = a = 2b(X[1] + ),
which is linearly decreasing in X[1], while the second integral, namely

[P @ — 2b (X111 + Y)FIY1AY, Qmax = Ymax < X[1] < Qmax = Ymin-

Ymin

is strictly and non-linearly decreasing inX[1]. Some computations vyield the

following more explicit form for the second integral:
Jma=MWa — 2b (X111 + V) FI¥1ay
= (a — 2bX[1)F[Qmax — X[11] = 2b [2 M YFIV1AY, Qmax — Yimax <

Yimin
X[1] < Qmax — Ymin-
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For X[1] > Qmax — Ymin, We have X[1]+Y > @___and D;v;[X[1],Y[1]]=0 for all Y. m

For X[1] = 0, the expected shadow price of water for the one-period problem is

given by
(16) ¢i[0l=a—2bu.

This will be used in solving the two-period problem.

4. THE TWO-PERIOD PROBLEM

Suppose that the dominant firm has two periods remaining to exploit the water in its
reservoirs. Also, suppose that the volume of water in the reservoirs at the beginning

of period 1 is X[1] and that Y[1] is the realized output of wind power in period 1.

If x,0 < x < X[1], is the volume of water released in the first period, then the profit -
net of the cost of purchasing the wind power generated - that the dominant firm
makes in the first period is n[x + Y[1]] — yY[1]. The volume of water that remains in
the reservoirs at the beginning of the next period is X[1] —x. If Y is the realized
volume of wind power generated in the next period, then the realized profit - net of
the cost of purchasing the wind power - in the next period is v,[X[1] — x,Y]. If we
denote by wz[x,X[l],Y[l]]expected profit made by the dominant firm over the two

periods, then it is given by
(A7) ¥, [x, X[1],Y[1]] = w[x + Y[1]] = yY[1] + [ v, [X[1] — x, Y]f[Y]dY.

Yonin

The two-period problem can be stated formally as follows:

16



(18) max, P, [x, X[1], Y[1]]
subjectto 0 < x < X[1].

To solve the maximization problem (18) when water is not abundant, we apply the

Kuhn-Tucker theorem. First, write the Lagrangian

L=mn[x+Y[1]] —yY[1] + fmax , [X[1] = x, YIF[Y]AY — A[1](=x) — A[2](x — X[1]),

Ymin

where A[1]and A[2] are the multipliers associated, respectively, with the constraint

x = 0 and the constraint x < X[1].

The following first-order conditions characterize the optimal volume of water

released in the current period:

(20) = =m'[x+Y[1]] - [, Dyvy[X[1] — x, YIF[Y]AY + A[1] — A[2]

a Ymin

= a—2b(x + Y[1]) — ¢, [X[1] — 2] + A[1] — A[2] = 0;
21) A[1] = 0,x =0, A[1]x = 0;
(22) A[2] = 0,x < X[1], A[2] (x — X[1]) = O;
4.1.Water is Abundant

In attempting to find the solution of the expected profit maximization problem (19),

we first note that if
(23) X[l] = 2Qmax - Y[l] - Ymin’

then it is feasible for the dominant firm to deliver the revenue-maximizing volume of

power Q... to the market in each of the two periods. Under this scenario, the
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volume of water that the dominant firm should release is x = Q,,. — Y[1], and then
send the hydroelectricity thus produced cum the wind power output to the market in
the current period. In the next period, if Y[2] is the realized output of wind power,
then the dominant firm should release a volume of water equal t0 Q.. — Y[2],
which is always feasible - when condition (23) holds - regardless of the value of
Y[2]. The total profits over the two periods for the case in which there is an

abundance of water is given by

(24)  vo[X[1], Y[1]] = 2 tpmax — v (Y [1] + 1)

The scenario characterized by condition (23) is depicted in Figure 1.

(a-2b
a1 (a=2bY[1] a2 (a-2hu)

a1 f1:x— a-2b(x+Y[1])

Figure 1. -- The Scenario "Water is abundant: X[1] = 2Q,,4x — Y[1] — Yiin
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In Figurel are drawn two curves:. a; f; anda, f3,. The curve labelled a, ;
represents the mapx - a—2b(x+Y[1]),0< x < X[1], which gives the
contribution at the margin of one unit volume of water released in the current period.
For this curve, the origin is 0,. The curve a; f; begins at point a,on the vertical

axis, with 0,a; = a — 2bY[1], and ends on the horizontal axis at point 8, with 0,5; =
Qmax - Y[l]'

The second curve, which is drawn thicker and is labelled a, 5,0,, is the map
x = ¢,[X[1] — x],0 < x < X[1] which represents the expected shadow price of water
at the margin in the next period. For a, 3,04, the origin is 0,, with the length of
0,0, being equal to X[1], the volume of water in the reservoir at the beginning of the
current period. The curve a, ,0;, begins at a, on the vertical axis, descends to
0 at point 8, on the horizontal axis, and then remains equal to 0 until it reaches point

0,, the origin of the other curve. For this curve, we have 0,a, = a— 2bu and
0282 = Qmax — Ymin-

Both curves, seen from their respective origins, are downward-sloping. In the figure,
x is measured from left to right on the horizontal axes, while X[1] — x, the volume of
water remaining at the beginning of the next period, is measured from right to left on

the horizontal axis.

4.2 \Water is neither Abundant nor Scarce

Having solved the expected profit maximization problem (18) for the case water is
abundant let us now continue the analysis by considering the values of X[1]
below 2 Qpax — Y[1] — Yinin- For this exercise, let us lower X[1] continuously, and
note that this action leaves the curve a; f; undisturbed, but shifts the curve a, 3,
continuously to the left and parallel to itself. In Figure 1, the case of water
abundance f,is to the right of ;. As the curve a, f, continuously shifts to the left,
there comes a time when g, coincides with 8,, and then finds itself on the left of ;.

Figure 2 depicts the situation at a point in time when g, is in a left neighbourhood
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of B,, and the two curves intersect at point E, which represents an interior solution
for the expected profit maximization problem (18). Under this scenario, the dominant

firm releases a positive volume of water in each of the two periods.

ay: (a—2bu)
a1: (a-2bY[1])

a1P1:x— a-2b(x+Y[1])

ayfr:x— A1 [X[[]-x]

Figure 2.-- The Scenario "Water is neither abundant nor scarce: Interior solution”

For an interior solution, the two multipliers are both equal to 0, i.e., A[1] = A[2] = 0,
and the first-order condition (20) is reduced to
(25) a—2b (x+Y[1]) — ¢p,[X[1] —x] = 0.
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4.3.Water is Scarce
As we continue to shrink X[1], the optimal solution, as represented by point E,
moves continuously up the curve a; f; as well as the curve a, f, until X[1]
descends to a critical value below which one curve lies below the other curve.
Ifa — 2bu = a — 2bY[1], or equivalently if Y[1] = u, then the critical value of X[1],

say X[1] =&, , solves the following equation:

(26) a—2bY[1] - ¢4[E2] =0,

or

27)  &[v1] = (¢1)a - 2bY[1]],

where we have let (¢,) 1denote the inverse for the strictly decreasing part of the
curve ¢,:Z — ¢4,[Z], Z = 0.

Furthermore, for all X[1] < E[Y[l]], the curve a; B, lies below the curve a, 3,, and

the optimal solution for the expected profit maximization (18) involves releasing no

water in the current period. This scenario is depicted in Figure 3.
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ay: (a-2bit)

ay: (a-2bY[1]) @ fy:x— & [ X[1]-x]

@1 f1:x— a-2b(x+Y[1])

X[1]=&[y[1]]

e

Figure 3. The Scenario "Water is scarce and the realized output of wind power is above

its expected value: No water is released in the current period"

On the other hand, ifa —2bu < a — 2bY[1], or equivalently ifY[1] < u, then the

critical value of X[1], say X[1] = n,, solves the following equation:

(28) a—2b(n, +Y[1]) = 1[0l =a—-2b(m, +Y[1D) —(a —2bu) =0

(29) mo[Y[1]] = —Y[1].

Furthermore, for all X[1] <7, [Y[l]], the curve a,f; lies above the curve a,f,, and
the optimal solution for the expected profit maximization (18) involves emptying the

reservoir in the current period. This scenario is depicted in Figure 4.
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aq: (@-2bY[1])

a2: (a—2bu)

ayfr:x— 41 [X[1]-x]

951181 X—= H—Qb(x-a‘-Y[f]}

Figure 4. -- The Scenario "Water is scarce and the realized wind power output is below

its expected value: Empty the reservoir in the current period"

4.4.The Properties of the Solution for the Two-Period Problem

PROPOSITION 2:

(i) If Y[1], the realized output of wind power in the current period, exceeds
its expected value u then the optimal solution for the two-period problem
can be described as follows:

a. For X[1] < &[Y[1]], release no water in the current period.

b. For&[Y[1]] < X[1] < 2Quax — Y[1] = Yiin, release a  positive
volume of water in each of the two periods.

c. ForX[1] = 2Qax — Y[1] — Yoin, deliver to the market in each
period the revenue-maximizing volume of power Q.

hydroelectric and wind - in each period.
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(i) If Y[1] the realized output of wind power in the current period falls short of
its expected value u, then the optimal solution for the two-period problem
can be described as follows:

a. For X[1] < n,[Y[1]] empty the reservoir in the current period.

b. Forn,[Y[1]] < X[1] < 2Qmax — Y[1] — Ypin, release a positive
volume of water in each of the two periods.

c. ForX[1] = 2Qax — Y[1] — Yopin, deliver to the market in each
period the revenue-maximizing volume of power Q. qux
hydroelectric and wind - in each period.

PROOF: Proposition 2 just summarizes the results obtained in Sub-sections 4.1-
4.3.m

The economic contents of Proposition 2 are quite intuitive. When there is an
abundance of water, the water resource constraint is not binding, and the dominant
firm maximizes the expected profit over the two periods by delivering the revenue-
maximizing volume of power Q,,,, to the market in each period. When water is not
abundant, but not too scarce, the optimal solution dictates that a positive volume of
water is released in each period. This is the case when the optimal solution is an
interior solution. When water resources are really scarce, the optimal solution is a
corner solution. If the realized current output of wind power is below its expected
value, it is optimal to empty the reservoir in the current period. On the other hand, if
the realized current output of wind power is above its expected value, it is optimal to
reserve all the water for exploitation in the next period.

PROPOSITION 3: For the two-period problem, the optimal volume of water released in
the current period rises with the volume of water stored in the reservoir, but falls as
the current realized output of wind power rises. In the latter case, the fall in the
volume of water released is smaller than the rise in the realized output of wind
power, with the ensuing consequence that the total volume of power - wind cum
hydroelectric - that the dominant firm delivers to the market in the current period

rises with the realized output of wind power.
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PROOF: A rise in X[1] lengthens the distance 0,0, , the greater distance shifts the
curve x - ¢,[X[1] — x],0 < x < X[1] to the right and lengthens it at the same time
because there is now more water in the reservoir. As for the curve x - a—
2b(x +Y[1]),0 < x < X[1], the rise in X[1] lengthens, but does not shift it. At the
new equilibrium, the volume of water released will be either higher or at the same
initial level. The latter case occurs if X[1] has not risen sufficiently to preclude a

corner solution.

As for the impact of the current realized output of wind power, a rise in Y[1] shifts
the curve x - a—2b(x + Y[1]),0 < x < X[1], downward and parallel to itself, while
leaving the other curve unchanged. At the new equilibrium, the volume of water
released in the current period will either be higher or remain the same. Because
'[x + Y[1]] is lower at the new equilibrium than at the initial equilibrium, (x + Y[1])

must be higher at the new equilibrium than at the initial equilibrium. =

The fact that the generation of hydroelectric power rises with the volume of water in
the reservoir, as asserted by Proposition 3, is not hard to understand. As for the
statement that the higher is the realized current output of wind power, the lower is
the generation of hydroelectric power in the current period, it captures the concept
of integration of wind energy with hydroelectric production. As asserted by
Proposition 3, the reduction in the volume of hydroelectric power is smaller than the
rise in the current realized output of wind power, which implies that the price set by
the dominant firm falls as the current realized output of wind power increases. The
lower price set by the dominant firm induces a contraction in the output of the firms
in the competitive fringe. Because the firms in the competitive firms burn fossil fuels
to generate electricity, a lower output from the competitive fringe means a reduction
in the emissions of greenhouse gases. Thus, a higher current realized output of

wind power has a beneficial effect on climate change.
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The intermittent nature of wind power and its impact on the supply decision of the
dominant firm can be analyzed by considering a mean-preserving spread of the
distribution of Y. To this end, let ¥ = 8Y + (1 — 0)u, where 8 > 1. As defined, the
random variable ¥ has mean u and variance 6%02%. An increase in8 above 1

represents a mean-preserving spread of the distribution of Y.

When there are two remaining periods to exploit the volume of water in the
reservoir, and when wind speeds are more intermittent at secondary wind site, the
dominant firm solves the following expected profit maximization problem:

(30) max, w[x + Y[1]] — yY[1]

Ymax
+ v [X[1] — x,0Y + (1 — )ulf[Y]dY

Yin

subject to 0 < x < X[1].

The following first-order condition characterizes an interior solution of (30):

(1) n'[x+Y[1]] - fyy;”;x D,v,[X[1] — x,6Y + (1 — O)ulf[Y]dY = 0.

The second-order condition obviously holds:

(32) w'lx+Y[111+ ;" Diywy [X[1] - x,0Y + (1 — O)u]f[Y]dY < 0.

PROPOSITION 4: Suppose that the dominant firm has two remaining periods to
exploit the volume of water in the reservoir. A mean-preserving spread of the
random output of wind power reduces the volume of water that is released in the

current period. 4

PROOF: Suppose thatY[1], the wind power output in the reference scenario, is

given. Differentiating the first-order condition (31) with respect to 8, we obtain

ox

(33) w'[x+Y[1] =3

4
| want to thank Prof Jacques Robert for this Proposition
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Now if we differentiate (13) with respect to Y[1], we obtain D,,v,[X[1],Y[1]] = —2b
for all Y < Qmax — X[1] andD,,v, [X[1],Y[1]] = 0 for all Y > Qnax — X[1]. Using this
last result to evaluate the last integral in (33), we obtain

(34) [;7 Dypvy[X[1] = x,6Y + (1 = O)u](Y — wf[¥]dY

— Qmax —X[1] _Zb(y _ ,u)f[Y]dY

Ymin

—2b ffﬂx MW —v)fIvldy > 0

Solving (33) for Z—z, and using (34), we obtain

2p [Imax ~X0,_y)riyiay
(35) L= Ymin <0 n

30 milx+Y[1] ]+f;’:r:‘iix D111 [X[1]-x,0Y+(1-0)ulf[Y]dY

The following version of Proposition 1 holds for the two-period problem.

PROPOSITION 5: For the two-period problem, the optimal value function (or the
Bellman function) v,[X[1],Y[1]] gives the profits made by the dominant firm - as a
function of the volume of water in the reservoir X[1] and the realized output of wind
power Y[1] - has the following properties:

() It is concave in (X[1],Y[1]).

(i) It is continuously differentiable.

(i) GivenY[1], it is increasing in X[1]. However, given X[1], the contributions of

wind power to the profitability of the dominant firm might be positive or negative.

PROOF: (i) The concavity of v,[X[1],Y[1]] follows from the concavity of =[Q] and the

concavity of v,.
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(i) The fact that v,[X[1],Y[1]] is continuously differentiable follows from the fact that

n[Q] and v, are continuously differentiable.

(i) As for the contribution of wind power to the profitability of the dominant firm, the

result might be positive or negative depending on both y andY[1]. When the volume
of water in the reservoir is low, so that at the margin the marginal revenue n’[x +
Y[l]] > vy, the revenue obtained from one more unit of wind power exceeds its
purchase cost, and the profit made by the dominant firm improves with a slight rise
in the output of wind power. However, when the volume of water in the reservoir and
the output of wind power are not too low, so thatz’[x + Y[1]] <y, a rise in the
output of wind energy depresses the profits of the dominant firm: at the margin, the
revenue the dominant firm earns on the last unit of wind power falls short of the

price it has to pay for this power unit. =

For any given Y[1], the shadow price of water in the current period is given
by D;v,[X[1],Y[1]]. To evaluate Dyv,[X[1],Y[1]], we need to consider two

possibilities: (i) Y[1] > u and (i) Y[1] < u.

Under possibility (i), Figure 3 applies for small values of X[1], namely X[1] < €. The
analysis in the first half of Sub-section 4.3 indicates that when X[1] < &, no water is

released in the current period. The expected shadow price of water is then given by

(36) D1U2[ [1],Y[1 ]—¢1[ ]] 0<X[1]<¢

For é < X[1] < 2Q,uqx — YI[1] — Yypin, Figure 2 applies, and the analysis in Sub-
section 4.2 indicates that the solution is interior. Applying the envelope theorem to
the expected profit maximization (18), we obtain

(37) Divp[X[1,Y[1]] = 557 = i [X[1] = x] > ¢, [X[1]],€ < X[1] < 20pmax —

[1] mln
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For X[1] = 2Qmax — YI[1] — Yuin, Figure 1 applies, and the analysis in Sub-section
4.1 indicates that there is an abundance of water in the reservoir for the two-period
problem and a fortiori an abundance of water in the reservoir for the one-period

problem. In this case, we have
(38) Dywo[X[1],Y[1]] = ¢o[X[1]] = 0 & < X[1] = 2Qmax — Y[1] = Yiuin

Under possibility (ii), Figure 3 applies for small values of X[1], namely X[1] < 7. The
analysis in the second half of Sub-section 4.3 indicates that when X[1] <7, the
reservoir is emptied in the current period. The expected shadow price of water is

then given by
(39) Dyw,[X[1],Y[1]] = m'[X[1] + Y[1]] = ¢1[0] > ¢,[X[1]] 0 < X[1] <7

Forn < X[1] < 2Qmmax — Y[1] — Yuin, Figure 2 applies, and the analysis in Sub-
section 4.2 indicates that the solution is interior. Applying the envelope theorem to

the expected profit maximization (18), we obtain
(40) Dyv, [X[1], Y[11] = 550 = o [X[1] — 2] > ¢ [X[1]]

n < X[l] < szax - Y[l] - Ymin

For X[1] = 2Qax — Y[1] — Youin, Figure 1 applies, and the analysis in Sub-section
4.1 indicates that there is an abundance of water in the reservoir for the two-period
problem and a fortiori an abundance of water in the reservoir for the one-period

problem. In this case, we have

(41) Dyv,[X[1],Y[1]] = ¢4 [X[1]] =0 5 < X[1] = 2Qmax — Y[1] — Vi

We summarize the preceding discussion in the following lemma.
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LEMMA 2: For any volume of water in the reservoir X[1] and any value of the

realized output of wind power Y[1] in the current period, we have

Dyv,[X[1], Y[1]] = 4 [X[1]]
with strict inequality holding when water is neither abundant nor scarce.

Suppose that X[1] is the known volume of water in the reservoir at the beginning of
the current period. Before the output of wind power is known, the expected value of

the shadow price of water in the reservoir is given by

(42)  do[X[11] = [, Dy, [X[1], YIf[Y1dY

LEMMA 3: (i) For the two-period problem, the expected shadow price of water before
the output of wind power is known is a continuous and decreasing function of the
volume of water in the reservoir.

(i) Furthermore, if we let Z, considered as a variable, denote the volume of water in
the reservoir in the current period, then ¢,[Z] = ¢,[Z] with strict inequality holding
when Z is neither too high nor too low.

(iii) a — 2bY,in > @,[0] > ¢41[0] = a — 2bu

PROOF: Part (i) of Lemma 6 follows immediately from the fact that v, is concave and
continuously differentiable, as asserted by Proposition 5. Part (i) of Lemma 6
follows from the definition of ¢,[Z] and Lemma 5. As for part (iii) of Lemma 6, note
that when Y[1] > u, we have

D,v,[0,Y[1]] = a — 2bu = ¢4[0] < a — 2bYyyy,

and when Y[1] < u, we have

a — 2bYpin > D11,[0,Y[1]] = a — 2bY[1] > a — 2by
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Taking the expectation of Dlvz[O,Y[l]] with respect to Y[1] before it is known, we
obtain (iii) of Lemma 3.m
5. THE T-PERIOD PROBLEM: T>2

The arguments used to find the solution for the two-period problem can be used to
find the solution for the three-period problem, which in turn can be used to obtain
the solution for the four-period problem, and so forth. In general, for any integer T >
2, all the results established for the two-period problem hold for the T-period
problem. In particular, a version of Proposition 5 holds for the T-period problem, i.e.,
the Bellman function for the T-period problem vT[X[l],Y[l]] is concave and

continuously differentiable. Also, a version of Lemma 6 holds for the T-period

problem, i.e.

(43) ¢rlz] = dr4lZ), 220

and that

(44)  ¢r_4[0] < ¢7[0] < a — 2bYpp,
where

Y,

(45) @rlz] = [,"* Dyvr[X[1] Y]f[Y]dY
denote the expected shadow price of water for the T-period problem, given that the

initial volume of water in the reservoir is Z and given that the output of wind power in

the first period is not yet revealed.

As in the two-period problem, to find the solution for the T-period problem, there are
three possible scenarios to consider: (i) water is abundant, (ii)) water is not

abundant, but not scarce, and (iii) water is scarce.

Water is abundant if X[1] = TQ,4x — Y[1] — (T — 1)Y,,;,. Under this scenario, it is
feasible for the dominant firm to deliver the revenue-maximizing volume of power
Qmax to the market in each period. When X[1] is in a left neighbourhood of T Q.4 —

Y[1] — (T — 1)Y,,;,, we are under scenario (ii), and it is optimal for the dominant firm
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to release part of the water in its reservoir: this is the case of an interior solution.

Figure 5 depicts the scenario of an interior solution for the T-period problem.

a@y: o7-1[0]
a1: (a-2bY[1])

a1P1:x— a-2b(x+Y[1])

a2fr:x— o1 [M[1]-x]

Figure 5.-- The Scenario "Water is neither abundant nor scarce: Interior solution”

If we shrink X[1] further, there comes a point where the optimal solution is a corner
solution. This is the scenario of scarcity, and it is optimal for the dominant firm either
to empty the reservoir or not produce any hydroelectric power at all in the current
period. The critical volume of water in the reservoir below which the optimal solution

is a corner solution depends on ¢,_,[0] and Y[1], can be determined as follows.
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Ifa—bY[1] < ¢r_1[0], let &[Y[1]]be the value of &, that solves the following

equation:
(46) a—bY[1] = ¢pr_q1[¢r]

If a—bY[1] > ¢7_4[0] letny[Y[1]] be the value of n; that solves the following

equation:

(47) a—bmr +Y[1]) = ¢r_4[0]

The following version of Proposition 2 characterizes the optimal solution for the T-
period problem:

PROPOSITION 6: Let T be a positive integer, and suppose that the dominant firm has
T periods to exploit its water resources. Suppose further that X[1] is the current
volume of water in the reservoir and Y|[1] is the realized current output of wind
power.

() fa—bY[1] < ¢p7r_41[0], the optimal solution for the T-period problem can be
described as follows:

a. For X[1] < &[Y[1]], release no water in the current period.

b. For&[Y[1]] < X[1] < TQmax — Y[1] = (T — 1)Ypin, release a positive
volume of water in the current period.

c. ForX[1] = TQmax — Y[1] — (T — 1)V, deliver to the market in each
period the revenue-maximizing volume of power Q,,,, - hydroelectric and
wind - in each period.

(i) If a—bY[1] > ¢7-1[0], the optimal solution for the T-period problem can be
described as follows:

a. For X[1] < n¢[Y[1] empty the reservoir in the current period.
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b. Forn[Y[1]] < X[1] < TQmax — Y[1] = (T — 1Yy, release  part of the
volume of water in the reservoir in the current period.

c. ForX[1] >TQuu —YI[1] — (T — 1)Y,,;,, deliver to the market in each
period the revenue-maximizing volume of power Q,,., - hydroelectric and
wind - in each period.

For the dominant firm, resource scarcity is a relative measure: whether resources
are abundant or scarce depends on the volume of water damped up in the reservoir
and the number of periods it has to exploit this volume of water. For a given volume
of water in the reservoir, its depletion will be spread out thinner as the time horizon
lengthens. The ensuing result is rising scarcity, as reflected by the upward shifting of
the curve ¢;Z - ¢r[Z],Z = 0, as T rises. The following lemma gives the limiting
value of the expected value of the shadow price of water at low volumes of water

when the number of periods increases indefinitely.
LEMMA 4: We have lim;_,o, ¢7[0] = a — 2bY,ip.-

PROOF: According to (44), ¢+[0],T = 1,2,...,, is strictly monotone increasing and

bounded above by a — bY,,;,.Hence it converges, and
(48)  limp_e ¢r[0] < a — 2bY i

We claim that (43) must hold with equality. Indeed, if
limy e r[0] < a — 2bY i,

then there exists € > 0, such that

limr_ ¢7[0] < a—2b(Ypn + €)

Thus, when Tis large enough, we will have a —2bY[1] > a — 2b(Y,,i, + €) for
all Y[1] € [Yin, Ymin + €], and this means ¢[0] > lim;_,,, ¢r[0]contradicting (43).m
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PROPOSITION 7: Let T be a positive integer, and suppose that the dominant firm has
T periods to exploit its water resources. Suppose further that X[1] is the current
volume of water in the reservoir and Y[1] is the realized current output of wind
power. Then the volume of water that the dominant firm chooses to release in the
current period is a decreasing function of T. In particular, when T is large enough,

the dominant firm will choose not to exploit its water resources in the beginning.

PROOF: The first statement of Proposition 7 follows immediately from the fact that
when T rises, the curve ¢r_1:x = ¢pr_1[X[1] — x],0 < x < X[1] shifts upward, but
the curve

x > m'[x + Y[1]],0 < x < X[1] remains stationary.

As for the second statement of this proposition, note that ¢;_4[Z] >0,Z <
(T —1)Quax — YI[1] — (T — 1)Y,;, @and this means that the part of this curve between
0,0, in Figure 5 will tend to a horizontal limiting position when T — co. Furthermore,
according to Lemma 4, this curve will be above the curve x —>7T'[x+Y[1]] for
any Y[1] > Y,,;», and this implies that it is optimal not to release any water in the

current period. [ |

6. CONCLUDING REMARKS
In our paper we analyse the impact of integrating wind power into a power system
with a dominant hydro electric generator. Our paper departs from others in the
literature by using a stochastic dynamic optimization model that explicitly models the
intermittent nature of wind power into the hydroelectric generator’s output decision.
It develops a framework for optimal water release when a hydroelectric generator

integrates wind power into its objective functions.

Our paper shows that when there is an abundance of water the hydroelectric
generator will release the profit maximizing quantity of power and when water is

neither scarce nor abundant positive amounts of water will be released. When water
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is scarce the release of water will be dependent the shadow and current period
marginal profit of wind power price when there is no reservoir capacity. If shadow
price of wind when there is no reservoir capacity is greater than the marginal profit
of wind power, then it is optimal for the hydroelectric generator to release no water
in the current period and it is optimal to release all the water if the opposite is true.
Finally our model shows that the decision on when to release water and how much
water should be released will depend on the capacity of the reservoir and the length
of the time horizon. In essence, when the time horizon within the yearly cycle is long

enough it will be optimal not to release any water at the beginning.

In many electricity markets, the use of hydroelectric reservoirs isn't an option. To
solve the problems imposed by the randomness of wind power, independent system
operators buy extra generating capacity which could be called upon when the
reliability of their power systems is compromised. These services are bought and
sold in the ancillary market which is a secondary market where reserve or standby

capacity can be bought.

Reserves are provided by generators that can be dispatched when there is a
sudden drop in supply. The sudden need for reserves requires that only fast ramp
generators can provide ancillary services. Most low cost generators such as nuclear
generators and hydroelectric generator are unable to provide ancillary services
because they are used for base load supply or they have slow ramp speeds. For
example, nuclear generators can take days to ramp up to maximum capacity. The
implication is that generators that provide reserve capacity are usually high cost

generators.

If an electricity market doesn’t have an adequate number of fast ramp generators.
The few generators that supply electricity in ancillary markets would have market
power and prices in the ancillary market could be high. Apart from inadequate

supply of fast ramp generators, high demand in the energy market will require the
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use of available fast ramp generator leaving an inadequate number of generators to

supply standby services.

The growth of investments in wind turbine implies that there will be an increased
need for reserve capacity in coming years. The additional reserve capacity will
provide standby services in cases where wind power is unavailable. Therefore
understanding the impact of uncertainty of supply and how it affect how much
reserve capacity a generator is willing to supply will be important in determining cost
effectiveness of wind power. Understanding this impact is the subject of our second
chapter.
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CHAPTER TWO: THE OPERATING RESERVES IN A COMPETITIVE
ELECTRICITY MARKET

1. INTRODUCTION

Electricity is generated by spinning a magnet placed at the center of a loop of wire.
The energy needed to spin the magnet can be mechanical, high-pressured steam,
falling water... As long as the magnet spins, an alternating current flows inside the
loop of wire. The alternating current thus generated stops flowing when the magnet
stops spinning. At the present time, no technology exists that can store large
guantities of electricity economically. Thus, electricity must be produced and
consumed at the same time, and trade in electricity always refers to a certain

amount of electrical energy delivered over a specified period.

Electric flows in a network obey the laws of physics. As long as consumption is
equal to output, the frequency and the interchanges remain constant, and the
system is stable. However, the balance between the generation and the load is
constantly perturbed by load fluctuations, by imprecise control of the outputs of
generating plants, and by the sudden failures of some generating plants or of an
interconnection. On a hot summer day, demand for electricity soars because of the
need for air conditioning. The demand for electricity also strains the available
generating capacity of the network during harsh winter nights when the electricity
needed for home heating reaches its peak. In a large system, such as an electric
grid, which consists of tens of thousands of components, the failure of a single
component is not a rare event: transmission lines exposed to changing weather
conditions might be down, and generating plants subjected to repeated changes in
operating conditions might fail. All these events cause the generation in the network

to fall. In an isolated electric grid, a surplus of generation over load induces a rise in
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the frequency, while a deficit depresses it. Because generating units are designed to
operate within a relatively narrow range of frequencies, if the frequency falls below
the lower end of the range, they will automatically disconnect themselves from the
rest of the system for their own protection. Such a disconnection exacerbates the
generation/load imbalance, causing a further drop in frequency and the ensuing
disconnections of more generating units. The end result is a total system collapse,

with catastrophic consequences.

To maintain the reliability of the system, there must be some stand-by generating
capacity — called operating reserves — that is ready to maintain the balance of output
and load at each instant. Operating reserves come in several qualities classified by
how quickly the generator can respond. The highest quality of operating reserve is
called "regulation” and is used continuously to handle rapid fluctuations in loads and
small unintended changes in generation, not just for contingencies. It is bought
separately and is often not included when operating reserves are discussed. Ten-
minute spinning reserves can start responding almost instantly and deliver its full
response within ten minutes. Typically the spinning reserve requirement of a system
is roughly equal to the largest loss of power that could occur due to a single line or
generator failure — a "single contingency." Spinning reserve (spin) is the most
expensive type of reserve because a generator must be operating (spinning) to
provide it. Spin is typically defined as the increase in output that a generator can
provide in ten minutes. Steam units can typically ramp up (increase output) at a rate
of 1% per minute, which allows them to provide spin equal to 10% of their capacity.
Spin can also be provided by load that can reliably back down by a certain amount

in ten minutes.

Until a few decades ago, a consumer of electricity had to buy it from a public utility
that was a monopoly in the geographical area where the consumer was located.
Electric utilities were vertically integrated: they generated the electricity, transmitted
it from the generating plants over high-voltage transmission lines to load centers,

and then distributed it to individual consumers. Electric utilities were regulated.
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Under the traditional regulatory framework, an electric utility was allowed to earn a
decent rate of return on its investment. In return for its monopoly status, an electric
utility was responsible for ensuring an adequate and reliable supply of power within

its own territory.

In liberalized electricity markets, the supply of energy and operating reserves are
subject to market forces. It is expected that prices would provide the right signal for
efficient investments in generation capacity as well as in operating reserves. The
structure of a market for operating reserves is that of a monopsonist (the 1SO)
conducting an auction to obtain the operating reserves needed by the system from
many competitive suppliers. To secure the co-operation of the suppliers, the 1SO
can either calculate the opportunity cost of holding capacity as reserves from the
real-time energy price or ask generators to guess this value and include it in their
bids. In some markets, such as the PJM (Pennsylvania-New Jersey-Maryland)
market, the retailers — also known as LSE’s (Load Serving Entities) — are required to
own or purchase capacity resources greater than or equal to their expected peak
load plus a reserve margin. The payments received by a generator for offering
resources in the market for operating reserves consist of a price for committing her
resources and a price for the energy when the resources are called to generate in
the real-time energy market, with the latter price being the prevailing price in the

real-time energy market.

In this paper, we present a model of operating reserves in a competitive electricity
market. The main purpose of operating reserves is to moderate price spikes. In the
model, there is a day-ahead market for operating reserves in which electricity
producers sell call options that involve part of their generating capacity, with the
remaining capacity being exploited to produce output for sale on the real-time
energy market the following day. On the real-time market, there is uncertainty in the
supply because some generating plants might fail at some instant during the
following day. If such an event occurs, and if the failure is massive, there will be a

price spike in the absence of reserves. Thus, consumers of electricity, being risk
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averse, will be willing to purchase call options on the market for operating reserves
to lessen the negative impact of a price spike in the real-time market. For an
electricity producer, she can offer part of her capacity under the form of call options
and part of her capacity in the real-time market. The actions taken by consumers
and producers of electricity depend on their expectations about the prices in the
market for energy as well as the market for operating reserves, and our model takes
into account the interdependence of these two markets. In the early years of
liberalized electricity markets, energy and reserves were traded sequentially in
separate markets, with the sequence determined by the speed of response of the
service. According to this trading philosophy, the market for primary reserves was
cleared first, to be followed by the market for secondary reserves, and then the
market for energy. The rationale for this trading process was that the resources
which were not successful in one market could be offered in the next market in the
sequence where the performance standard is less demanding. The economic logic
of this approach is clearly faulty and has been abandoned.” Some researchers,
such as Just and Weber (2008) and Creti and Fabra (2003), have formalized the link
between the market for operating reserves and the real-time energy market in an
effort to deepen the understanding of the prices in these two inter-dependent
markets. Our paper shares the same objectives as the works of these researchers
in formalizing the interdependence between these two markets, but differs from their
works in several aspects. In traditional studies on the market for operating reserves,
the market demand curve for electrical energy is assumed to be vertical, i.e., market
demand for electrical energy is perfectly inelastic. It is the complete price
insensitivity of market demand — according to Crampton, Ockenfels, and Stoft
(2013) — that justifies the need for the reserve market. Furthermore, traditional
studies concentrate mostly on the demand side as the force that drives the reserve
market although market supply is also inelastic as generating capacity becomes
scarce. The model we formulate in this paper diverges from the approach taken by
the conventional literature in several aspects. First, we concentrate on the possibility

of generating plant failure in real time — not on demand uncertainty — as the main

> See Oren (2002).
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factor that drives the reserve market. Second, unlike authors, such as Just and
Weber (2008) and Creti and Fabra (2002), who model the demand for electricity in
the real-time market as being perfectly inelastic,’ we allow market demand to be
highly, but not perfectly, inelastic so that price spikes might occur when there is a
serious mismatch between supply and demand. Third, we model uncertainty on the
supply side — not on the demand side, which is the approach taken by those
researchers — as arising from generating plant failure in real time. Fourth, like those
researchers, we also adopt a two-price approach — one price for committing
resources on the reserve market and one price for the energy produced when the
reserves are called to produce in the real-time market — but in our model the energy
price paid to the reserves when they are called to produce in the real-time energy
market is the strike price named by generators in the call options they sell, not the
energy price that prevails in the real-time energy market that is assumed in the
conventional literature. In our attempt to achieve our objectives, we have model
explicitly the supply and demand in both markets as well as the possibility of
generating plant failure, and the equilibrium concept that we use is that of a rational

expectations equilibrium.

The paper is organized as follows. Because the model is long, it is developed step
by step in several sections — from Section 2 to Section 4 and culminating in Section
6 with the definition of the rational expectations equilibrium. The existence and
uniqueness of the rational expectations equilibrium is established in Section 6.
Some properties of the rational expectations equilibrium are given in Section 7.

Section 8 contains some concluding remarks.

2. PREFERENCES AND TECHNOLOGY

In the model, time is continuous and denoted by t. The model has two periods. In
the first period, trading in call options for operating reserves is conducted. This is a

day-ahead market, which — for simplicity — is assumed to occur at time t = —1. A call

®When demand is perfectly inelastic, a price cap must be imposed to maintain the internal
consistency of the model.
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option — when exercised — allows its owner to obtain one unit of electricity from the
electricity producer who issued it. In the second period, trading in electrical energy
takes place in real time, with the day ahead being the time interval [0,1]. Because
the day ahead is not a long period, we ignore demand uncertainty. However, at any
instant t € [0,1], there is always a chance that some generating plants or some
inter-connections might fail, reducing the system’s output at that instant. It is the
possible occurrence of such an event that drives the behavior of producers and

consumers in the model.

2.1. Preferences and Utility Maximization

At each instant, a consumer consumes two goods: electricity and the numéraire.
Her preferences are assumed to be quasi-linear. Furthermore, consumers differ
from each other according to their preferences for electricity consumption. More
precisely, the preferences for electricity consumption — relative to the numéraire — of
a consumer are represented by a parameter, say 6, and her utility function assumes

the following quasi-linear form:
(1)  ul[x,m, 0] =0¢[x] +m, (0<8<6<9).

In (1), x is her consumption of electricity; m is her consumption of the numéraire;
and ¢[x] is a function called the base sub-utility function for electricity consumption.
As specified by (1), the sub-utility function for electricity consumption is a scaled —
up or down — version of the base sub-utility function, and consumers’ sub-utility

functions of electricity consumption differ from each other by a scaling factor
0,0 € [6,6], where 6 and 6 are two parameters satisfying 0 < § < 8. The parameter
6 represents the intensity of her preferences for electricity consumption. We shall let

h[B],QSHS?, be the density function that characterizes the distribution of

consumers of various types. That is, h:9—>h[9],QS9S5, IS a non-negative

continuous function with f: h[6]d6 = 1.
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In what follows, we shall assume that the base sub-utility function assumes the

following form:

@  ¢lxl =,

where y is a parameter satisfying 0 < y < 1. The functional form thus assumed by
the base sub-utility function for electricity consumption leads to an iso-elastic
individual demand curve for electricity which is quite in-elastic, with y being the price

elasticity of demand.’

In the absence of a market for operating reserves, a consumer meets her demand
for electricity at each instant on the real-time energy market. Under such a scenario,
the demand for electricity in real time by a consumer of type 6 can be found by

solving the following utility maximization problem:

(3)  max,(6¢[x] + y[6] — px).

In (2), y[@] is her income at each instant, and p is the prevailing price of electrical

energy.

The following first-order condition characterizes the solution of (3):

4) 6¢'[x]-p=0,

from which we obtain the following individual demand curve:®

6 xlp6l=(2) ",

which can also be expressed under the following inverse form:

" A more general functional form for ¢[x] makes the exposition much more burdensome without any
gain in economic insight.

® Using the a data point collected on the electricity consumption of a consumer, and using the price
that the consumer paid for 1IKwh from that data point, one can infer the value of 6.
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1

(6) pl[x,0]=0x .

The consumer’s indirect utility function is given by
oY 4
(7)  vlp.0] = 6¢|x[p,61] + y[6] — px[p, 6] = — =P +y6].

Let X[p] be the market demand for electricity when p is the prevailing price of
electrical energy. The market demand for electricity can be obtained by horizontally

summing the demand for electricity of all the consumers; that is,

®)  Xlpl = J, xlp,01n[01d0 = f} (2) " hl6]do = @p™,

where we have let 0 = f: 0Yh[0]d6. Using (8), we obtain the following expression

for the inverse market demand for electricity:

1 1

9 plx]=o6rxv.

2.2. Failure of Generating Plants

Let K denote the total generating capacity of the market, which we take to be a
positive real number. For simplicity, we assume that each generating plant has a
capacity of 1 and that an electricity producer owns exactly one generating plant. It
follows from these simplifying assumptions that the number of electricity producers
and the number of electric generating plants both have the cardinality of a
continuum of size K. Also, we assume that all electricity producers have the same

constant marginal cost — normalized to O — and that they are risk neutral.

At time t = —1, there is a day-ahead market for operating reserves. Certainly, one
can also consider another forward market — the day-ahead market for electrical
energy. We choose not to do so because we want to concentrate on the market for

operating reserves. Another reason concerns the internal consistency of the model.

46



Indeed, if both markets are considered, then a consumer can avoid uncertainty
completely by being active in both markets. However, in the event that some
generating plants break down, the electricity producers who own these plants will
not be able to honor the forward contracts for electrical energy they have signed
because the system is closed. The way out for this inconsistency is to make the
electric grid open so that electricity can be imported from the outside world.® Our
model thus makes it possible for price spikes to occur, and a producer whose
generating plant breaks down in the real time day-ahead market will not be able to

earn any revenues after her generating plant has failed.

In the day-ahead market for operating reserves, call options are bought and sold,
with each call option providing 1 unit of electric power when exercised. A call option
for operating reserves can be represented by a pair (q,p™), with g being the price of
the option and p* the strike price. The market supply of and demand for operating

reserves are denoted, respectively, by Y* and X*.

Given that K is the generating capacity of the market, and given the market supply
of operating reserves Y*, the market supply of electrical energy on the day-ahead
marketis Y = K —Y™*. A subset of the Y generating plants — when they are running
in real time during the time interval 0 <t <1 to generate electricity — might
breakdown, and that such an event might occur at most once. We model such an

event by assuming that it has the following density function:

Ae—AZ
(10) Kzt = e
where €,0 < € < 1, and 1 > 0 are two parameters. Here fy[Z,t] is the density of the
random event that Z generating plants, 0 < Z <Y, break down at time ¢,0 <t <1,

given that Y generating plants have been running on the real-time energy market.

According to the functional form specified by (10), the marginal density for the time a

failure occurs, say t, is uniformly distributed in the time interval [0,1] and is given by

® This is the case considered by Creti and Fabra (2003).
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(11) fltl =¢ (0<t<1),

while the conditional density for the number of generating plants breaking down,
given that the breakdown has occurred, is given by

12) filzid =2, 0<7<
Y).

It can be seen from the conditional density (12) that the higher the value of Z, the

lower the probability that Z generating plants will fail when a breakdown occurs.

We shall assume that all the generating plants running during the time interval
0 <t <1 have the same chance of breaking down. Thus, if Z generating plants fail,

then any one among the Y generating plants currently running will have a probability
of % for breaking down. Also, to keep the model from becoming unnecessarily

complicated, we shall assume that a spinning generating plant — when instructed by
the 1ISO (Independent System Operator) to inject electrical energy into the system —
will not fail. One justification for this assumption is that given the short time interval
of one day, the probability that part of the system breaks down and some spinning

generating plants also break down is negligible.

3. EQUILIBRIUM IN THE REAL-TIME ENERGY MARKET

In this sub-subsection, we analyze the equilibrium in real time after some generating
plants have failed, given the choices made by electric producers and consumers in

the day-ahead market for operating reserves.

Consider a consumer of type 6. Let x* be the number of call options she bought in
the day-ahead market for operating reserves. Now when a consumer exercises a
call option she actually has to pay the effective price g + p™ (the price of the option
plus the strike price). Thus, the individual will not buy more than x[q + p™, 6] call

options because the marginal utility yielded by a call option is then less than the
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effective price of a call option. If we let X* denote the total number of call options

bought in the day-ahead market for operating reserves, then
(13) X* <[] x[q +p*, 61h[01d0 = X[q + p*] < X[p*].

#lxf] L]

g+ p* 0] Xg+p*]

Figure 1. An upper bound on the number of call options bought by a consumer of
type 0: x* < x[q + p™, 8], and an upper bound on the market demand for call
options: X* < X[q + p™]

An upper bound on the number of call options bought by a consumer and an upper
bound on the market demand for call options in the day-ahead market for operating
reserves are depicted in Figure 1. In Figure 1, the individual demand curve for
electricity and the market demand curve for electricity — in the absence of operating
reserves — are drawn side by side, with 0, and Oy as the origins of the axes for

these two curves, respectively.
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If Y* is the total number of options bought and sold in the day-ahead market for
operating reserves, then when the real-time market for energy opens at time t = 0,

the market supply of electrical energy is given by
(14 Y=K-Y".

We presume that as long as no generating plant currently running to produce
electricity has failed, no consumer will exercise her options. Under this presumption,
the price of electricity in real time and before any generating plant breaks down is

equal to p[Y] and satisfies the following condition:

(15) plY]<p™.

It follows from the presumption represented by (15) that X[p*™] < Y. We have also
argued that X* < X[q + p™]. Hence

(16) Y*<X[g+p*]<X[p*]l<Y.

The chain of inequalities (16) is depicted in Figure 2.
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Figure 2. The critical number of failing generating plants: K — X[p*]

If Z generating plants break down at time t, then the number of generating plants
that are still running is Y — Z. If no consumer chooses to exercise any of her options
after the breakdown, then the owners of the Y* spinning plants are no longer
obliged to keep them spinning as operating reserves, and will then run them to
produce electricity for profits in the real-time energy market. This follows from the
assumption that the breakdown occurs at most once, and that no consumer
chooses to exercise any of her options after the breakdown. Under this scenario, the
total supply of energy in real time after the breakdown willbe Y —Z+Y* =K - Z,
with p[K — Z] as the ensuing price of electricity after the breakdown. If some of the
options are exercised, then the spinning reserves that are not called will be supplied
on the real-time market for profits. The total output produced by (i) the spinning
reserves that are called, (ii) the generating plants that did not fail, and (iii) the

spinning reserves that are not called is equal to K — Z. Under this scenario, the
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electricity price that prevails on the real-time market to equate demand (not
including the options that are exercised) and supply after the breakdown will be
plK — Z].

Note that the energy price that prevails in the real-time market after some
generating plants have broken down might be higher or lower than the energy price
that prevailed before the break-down, depending on the number of generating plants
that have broken down. Indeed, if the number of generating plants that fail is small,
then we have K — Z > Y, and p[K — Z] < p[Y]. On the other hand, if Z is close to Y,
i.e., if a major break-down occurs, then the energy price after the breakdown will be
close to p[Y*], which will be higher than p[Y], the electricity price that prevailed

before the breakdown.

The following proposition deals with the number of call options that will be exercised

after some generating plants have broken down.
PROPOSITION 1: Suppose that Z generating plants break down at time .
(@) If Z < K — X[p*], then no option will be exercised.

(b) If Z > K — X[p*], then all of the options bought and sold in the day-ahead market
for operating reserves will be exercised, and the electricity price will take an upward

jump at the time the breakdown occurs.

PROOF: The price of electricity on the real-time energy market after the break-down
is equal to p[K — Z]. Thus, if Z < K — X[p™*], then p[K — Z] < p*, and no option will
be exercised. On the other hand, if Z > K — X[p*], then p[K — Z] > p™, and it is not
optimal for a consumer who holds some options not to exercise all of them. That is,
under this scenario all the options will be exercised.
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4. A CONSUMER'S DEMAND FOR CALL OPTIONS

Consider a consumer of type 8, and suppose that she anticipates a market supply of
operating reserves equal to Y* and that she purchases x* call options in the day-
ahead market for operating reserves. Let w[x*,q,p*,Y",0] denote the net
cumulative utility she obtains at the end of the day that she can expect at the time
the call options are purchased. The value of w[x*,q,p*, Y™, 8] can be computed as

follows.

First, if no generating plant fails, then the realized cumulative utility she obtains at

the end of the day is given by v[p[Y], 8], and this event has probability (1 — €).

Second, if Z generating plants fail at time 7,0 <t <1, there are two possible
scenarios to consider: Z<K-X[p*] and K -X[p*] <Z<Y. Under the
scenario Z < K — X[p*], no consumer will exercise any of her options, and the
realized cumulative utility that a consumer of type 6 obtains at the end of the day is

given by
(7) wiplY], 6]+ (1 — Dv[plK — Z], 6]. (Z<K-X[p*])

Under the scenario K — X[p*] < Z <Y, all of the Y* options bought and sold on the
day-ahead market for operating reserves will be exercised. A consumer’s purchase
of electricity on the real-time market after some generating plants have failed
depends on the number of call options she bought in the day-ahead market for
operating reserves and the number of generating plants that have failed. In
computing her purchase of electricity on the real-time energy market after the
failure, there are two possibilities to consider: (i) x* < x[p[Y*],0] and (i) x* >
x[p[Y™], 6].

Under possibility (i), we have the p[x™,8] = p[Y™], i.e., the price of electricity that
prevails in the real-time energy market after the break-down if all the running
generating plants fail is below the consumer's marginal utility of electricity

consumption at the consumption level x*, as depicted in Figure 3.
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Figure 3. Possibility (i): x* < x[p[Y*], 0]

Under the scenario K — X[p*] < Z <Y and possibility (i), the cumulative utility she

obtains at the end of the day is given by
(18) w(p[Y], 0] + (1 — D) (wlplK — Z],0] + (p[K — Z] —p")x™),

(.X'+ < x[p[y+]'9],K _X[p+] <
Z<Y).

Under possibility (ii), we have the p[x*, 8] < p[Y*], i.e., the price of electricity that
prevails in the real-time energy market after the break-down if all the running
generating plants fail is above the consumer's marginal utility of electricity

consumption at the consumption level x*, as depicted in Figure 4.
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Figure 4. Possibility (ii): x™ > x[p[Y*], 0]

Under the scenario K — X[p*™] < Z <Y and possibility (ii), the cumulative utility she

obtains at the end of the day is given by

(19) wvlp[Y], 0]+ (1 - D) (WIplK — 21,61 + (p[K — Z] —p™)x™),

X[p[x*, 61D,

and

(20) w(plY],6]+ (1 —D)(@[x*] —p*x* + y[6]),

Y).

(x* > x[p[Y*],0], K —X[p*]<Z<K-

(x* > x[p[Y*],0],K — X[p[x*,0]] < Z <
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Given (q,p*) and Y*, the cumulative utility — net of the cost of purchasing x* call
options — that a consumer of type 6 can expect — at the time the options are

purchased — to obtain at the end of the day is as follows:
For x* < x[p[Y*], 8], we have

(21) wlx*,q,p",Y",0] = —qx™ + (1 — e)v[p[Y], 6]

K-X[pt] Le—AZ
j v[p[K—Z],B]de+

_T)l 1 -AZ

\f plK — 7], ]+x+(p[K—Z]—p+))ﬁdZ
K-X[p

o
)

— + -AZ
= —qx* + (1= %) viplv] 6] + < ;" vplk - 2),01 22 dz

2 2

= Je—xtpn (VIPIK — 21,01 + x* (K — Z] - +))1 —w d
For x* > x[p[Y*], 8], we have

(22) w[x+r q, p+' Y+' 9] = _qx+ + (1 - E)U[p[Y], 9]
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1
+€f w[p[Y], 0] + (1

Ae= 2

K-X[p*]
K—-127|,0] ——zdZ
| ik - z01 = paz s

K_X[9¢I[x+]] e

Y /1 -AZ
n f Op[x*] — p*x* + y[6) ———dz
K-X[0¢'[xt]]

K-X[p*]

1—e

e K-X[p*] Ae=AZ

= —qx* + (1-5)vlplr] 6] += vlplK — Z],0) == dZ

. K X[9¢ ]( +X+(p[K Z] +)) lee__}fy d7z

+ K_X[9¢,[x+]](9¢>[x 1 —p*xt +y[6]) Me—w dz

The demand for call options by a consumer with medium preferences for electricity
consumption is obtained by solving the following maximization problem:

(23) max,+sow[x*,q,p*, Y™, 0].

To solve the maximization problem stated by (23), we study how w([x*,q,p*, Y™, 0]

varies when x* rises from 0 to x[p[Y*],0], and then from x[p[Y*],0] to x[q +

p*,0].10

For 0 < x* < x[p[Y*], 6], differentiating (21) with respect to x*, we obtain

1% Recall our discussion that the number of options purchased by a consumer of type 6 never
exceeds x[q + p™, 0]
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24) L olxt,qpt Yol =—q+<[ L Ik — 7] - pt) 2
ax+t 4P T q 2 'K-X[p*] p p 1-e=AY

x[p[Y*],6D.

For x* > x[p[Y*], 8], differentiating (22) with respect to x*, we obtain**

K—X[9¢>’[x+]] +y Ae™H
, ~ e fyexpny @K —=Z]1-pD) =
(25) _(l)[x+, q; p+r Y+l 9] - _q +E A:_AZ

ox+ P (Y .
+(0¢'[x*] —p )fK—X[9¢’[x+]]1—e——)LYdZ

dzZ

LEMMA 1: The function x* - w[x*,q,p*,Y*,0],0 < x* < x[q + pT, 0], is linear in the
interval 0 < x™ < x[p[Y*],0]. It is strictly concave in the interval x[p[Y*],0] <xT <

x[q +p™,0].

PROOF: The first statement of Lemma 1 follows from the fact that the right-hand side
of (24) does not depend on x*. To prove the second statement of Lemma 1,

differentiate (25) with respect to x* to obtain

a 0 " Y Ae~Z
(26) Sromelxtapt Yol =200"1x"1 [ ypu i dZ < 0. m

oxt axt 1-e~AY

The following lemma follows immediately from Lemma 1.

LEMMA 2: (i) If

Y 2 -AZ
27) —q+3 [y @K =21 = pP) 5 dZ <0,

then no consumer will purchase any call options in day-ahead the market for

operating reserves.

" The derivation of (25) is given in Appendix A.
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(i) On the other hand, if inequality (27) is reversed, the number of call options that a
consumer of type 6 purchases in the day-ahead market for operating reserves is
higher than x[p[Y*], 8].

(iif) When (27) becomes an equality, the number of call options that a consumer of
type 6 purchases in the day-ahead market for operating reserves can assume any
value between 0 and x[p[Y*], 6].

In what follows, let x*[q,p*,Y ™, 8] be the demand for options by a consumer of type
0,0 € [Q, 5]. To be more definite, when the maximization problem (23) has multiple
solutions, i.e., when (27) becomes an equality, we shall assume that the consumer
chooses the solution that involves the greatest number of options possible, i.e., we
set x*[q,p*,Y*, 0] = x[p[Y*],0].

5. THE RATIONAL EXPECTATIONS EQUILIBRIUM

Let g be the price of a call option and p* be the strike price. Also, let Y* be the
expectations of a consumer concerning the market supply of operating reserves.
Given (gq,p*,Y"), the market demand for options in the day-ahead market for

operating reserves is given by

(28) X*lg.p*,Y*]= ) x*[a.p*,Y* 6lh[6]1d 0.

PROPOSITION 2: If the consumers’ expectations concerning the market supply of call

options are correct, i.e., if XT[q,p*, Y] = Y™, then (27) must be an equality; that is,
€ (K-YT Ae=AZ
(29) —q+ EIK—X[p"'](p[K -Z] - p+)1_e——aydz =0.

PROOF: Indeed, if the left-hand side of (29) is negative, then X*[q,p*,Y*] =0

according to Lemma 2. (i), which is certainly less than the anticipated market supply
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of operating reserves. On the other hand, if the left-hand side of (29) is positive,
then according to Lemma 2.(ii), we have x*[q,p",Y*, 0] > x[p[Y*], 8] for all 8, with
the ensuing consequence that X*[q,p™,Y*] > Y™, contradicting the hypothesis that

expectations are correct. m

Given (g,p*,Y"), the expected revenues earned by a generating plant that serves

as operating reserves are given by
(30)
TL'+ [q' p+, Y+] —

K X[ ] -AZ -AZ
g+ fe—o) (7 plk - 2125 dz + Sextpn P T dz)dz

Given (gq,p™,Y™"), the expected revenues earned by a generating plant that sells its

output in the real-time market are given by
(31)
nlg,p*, Y] =
Ae=AZ

plYI(—e) + [y e (Y1 + -0 J, (1-2)plk - 21 22 dz) ar

e~AZ

=plY1(1-5)+<f, (1-2)plk - 2] =5 dz.

DEFINITION: A list (q,p*,Y*), with 0 <Y* <K, is said to constitute a rational

expectations equilibrium if the following two conditions are satisfied:
€ K—Y+ Ae_lz
(32) —q+ EfK_X[pﬂ(P[K -Z] - p+)1_e—_M/dZ =0,

(33) ntlgq,p*,Y*] =mlq,p*, Y]

60



The condition (32), which is nothing than a rewritten version of (29), asserts that the
consumers’ expectations on the supply of operating reserves on the day-ahead
market are correct, according to Proposition 2. As for (33), it asserts that in
equilibrium generating resources earn the same expected revenues in both markets

— the market for operating reserves and the real-time market for energy.

Note that the rational-expectations equilibrium involves three endogenous variables
q, p*, and Y*. However, it is only defined by two equilibrium conditions, one for
equalizing supply and demand in the day-ahead market for operating reserves, and
one for making a generator indifferent between offering her resources in the reserve
market and offering her resources in the real-time energy market. The system is
thus under-identified. The problem lies in the fact that we have assigned two prices
— the option price and the strike price — to a commaodity (an option). One possible
solution for the under-identified problem is to set the strike price equal to the price of
energy on the real-time market.*? However, doing so would remove the incentive for
consumers to buy call options with the intention of exercising them when there is a
price spike after a breakdown. Our solution for the under-identified problem is to
allow the option price and the strike price to go up and down together while
remaining in a fixed proportion relative to each other, say g = up*, where 0 < u < 1

is a given parameter. Under this specification, (32) and (33) become, respectively,

Ae—lZ

€ rK-YT
34) —up* +3 [y @K —Z] —p) = dZ = 0,

and

- ) _
(35) ,up++§(fK X[p+]p[K_Z] e~ AZ dZ-l-fy + Ae

0 1—e—AY

P(1-9) - (- 2ot - 210z =0,

2 1-

2 This is the practice in the model of Just and Weber (2007) and the model of Creti and Fabra (2002).
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In light of the identity Y = K —Y*, the rational-expectations equilibrium is now
defined by the two equations (34) and (35), which involves only the two unknowns
ptandY™.

6. THE RATIONAL EXPECTATIONS EQUILIBRIUM: EXISTENCE AND
UNIQUENESS

In this section we study the existence and uniqueness of a rational expectations
equilibrium. The analysis involves the two conditions (34) and (35), which define the

equilibrium.
6.1. The Condition of Rational Expectations
Now forany Y*,0 < Y* < K, and any p*™ > 0, let

K-y* e
(36) I[Y*,p*1=—up* +3 [y @K — 21 = p*) =y dZ.

The condition that expectations concerning the market supply of operating reserves

are correct is equivalent to the condition that I[Y*,p*] = 0.

Differentiating (36) with respect to p*, we obtain

K-Yt e

€
(37) DZI[Y+! p+] =—U— EIK—X[p"'] 1—e-AY

dz

Ae~AK-X[p*])

+EX K — (K = X[p*D] - )

K-Yt e 22

€
- THT EIK—X[PH 1-e~AY dz.

Here D; represents the differential operator with respect to the ith variable.
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It follows from (37) that for any given 0<Y* <K, the map I[YF,.]:pt -

I[Y*,p*],p* > 0, is strictly decreasing with a slope strictly less than - u < 0, and this

means I[Y*,p*] > —o when p* - . On the other hand, when p™ - 0, we have
_yv+
(38) I[r*,p*] - [ bk - Z] =4z > 0.

Therefore, for any 0 < Y* < K, there exists a unique value of p* >0, say p* =
E[Y*], such that I[Y*,&[Y*]] = 0. The curve &Y+ - &[Y*1],0 <Y* <K, represents
the strike price of an option so that when the consumers anticipate Y* as the market

supply of operating reserves, the expectations are correct.

Applying the implicit function theorem to I[Y™*,p*], we obtain

-A(K-Y1)
D1I|Y+E[YH] —5(10[Y+ - y+])’1e—_
@) ey =2l e
DIyt E[Yt]] K-Y Ae~

i ~x[e[r+]] 1o

2e—AK-YT)

ply*1-¢ly ) =——
=12 — <0
€ ([K-Y*t Ae—AZ '

M+E fK—X[E[Y‘*]]de

We claim that fimy+_,é[Y*] = co. We prove the claim by reductio ad absurdum.
Suppose then that fimy+_,¢é[Y*] = m < . Letting { = K — Z, and then using this

change of variable to evaluate (36) at (Y™, &[Y*]), we obtain

vt Ae~AK=0)

(40) 0 = I[Y*, €IV *1] = —E[Y*T = £ fy_ oy @ICT — €IV D 22 dg

de~MK K-X|[v* A=K K-X[E[YH]
= Y] = ¢V == [, | ]Ae“du;i_ﬂ e 0 o127 ag

Now let Y* — 0. Using the premise of the reductio ad absurdum argument, we

obtain

(41) 0= timy+_ oIV, E[Y]]
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-AK

Ae K-X[m] A K-X[m]
= —um — Sm 2 (KM a2 ag 4 S 2ET [ p g2 ag

AK
S A(AKAmD 1) 4 €26 KX 30t

21-e—AK 0

= —pm —m

However, because 0 < y < 1, the integral on the last line of (41) diverges, i.e.,

[ pie12eRag = [ @re v 2 4g = oo,

The premise of the reductio ad absurdum argument leads to a contradiction, and the

claim is proved.

The curve &: Y+ - E[YT],0 < Y* < K, is depicted in Figure 5, which dictates the level
of the strike price as a function of the anticipated market supply of operating
reserves. Also, depicted in Figure 5 is the inverse market demand curve for
electricity p[X], drawn with O as the origin. Observe that in Figure 5, the distance
between a point on the curve &: Y+ - é[Y*],0 < Y* < K, and the vertical line located
at a distance equal to K (the industry’s generating capacity) represents the

anticipated market supply of operating reserves Y.

Because é[Y*] » o when Y™ - 0, the curve &:YT - é[Y*],0<Y* <K, is above
the inverse market demand curve when Y* is small. Also, when Y* — K, the curve
&Yt 5 E[YT],0 <Yt <K, is below the inverse market demand curve. Hence these
two curves cross each other exactly once, and this crossing is noted as A in Figure
5. The horizontal distance between point A and the vertical line located at K on the
horizontal axis, which is noted as Y,},,, represents the range in which the market
supply of operating reserves is allowed to vary so that the price of electricity on the

real-time market is below the strike price before any breakdown occurs.
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6.2. The Condition that the Revenues Earned by a Generating Plant is the Same in

the Market for Operating Reserves and on the Real-Time Market for Energy

Now forany Y*,0 < Y* < K, and any p*™ > 0, let

_ e[ rK-X[pT] Ae~AZ K-Y de
(42) ][Y+, p+] - nup+ + E (f() p[K - Z] 1_e_—AYdZ + fK—X[p"'] * 1—e—AY dZ)
_ e €\ _eck-yt( z _ Ae~AZ
p[K Y] (1 2) 2 fo (1 K—Y+) p[K Z] 1—e~AY dz.

The condition that producers are indifferent between offering their generating assets
on the market for operating reserves and offering their generating assets on the

real-time energy market is equivalent to the condition that J[Y*,p*] = 0.
Differentiating (42) with respect to p*, we obtain

Ae~A(K-X[p*])

—X'[p*IplK — (K = X[p* D] ——=—

de—2 + Ae_’l(K_X[p-'—])

(43) DJIvtp*l=u+3| .
teoxpriew 2 A X M0 Ty —

= u+ (X
2

le -AZ

-A(K-X [p+]))

Y ’ Ae
1-e~AY fK—X[p*’] l—e_‘”dz +X'[p*p” 1-e~AY

€ rY Ae~*
= 1+ 3 Ik _xpp+) oo 92

It follows from (43) that for any given Y*,0 <Y* <K, as p* rises, J[Y*,p*] also

rises with p* at a slope exceeding u, and this means J[Y*,p*] = o when p* — oo,
Next, note that for p™ = p[K], we have

de—AZ
1-e~AY

p+ Ae—lZ
K]] 1—e~AY

J'K—X[P[K]]

@4) 1Y+ pIKT] = wplK] + S plk - 21 2 az 4 p T az)

—plK -1 (1-2) - S0 (1- ) plk — 21z

K-Y* 1-e~AY

65



= uplK1 +plK] = plk —v*1 (1-9) =<7 (1 - ) plK -

K-Yy+
Ae—AZ

71— dz

1-e~AY 77

If u <1 —¢, and this we assume to hold throughout the paper, then the last line in
(44) is negative. Therefore, for any Y*,0 < Y* < K, there exists a unique value of
p*, say p* =n[Y*], with n[Y*] > p[K], such that J[Y*,n[Y*]] = 0. Note that the
curve Yt - n[Y*],0 < Y* < K, which is depicted in Figure 5, is above the inverse

market demand curve p[X].

Differentiating (42) with respect to Y*, we obtain

le—MEr-vt) ,
(45) DyJlY*,p*l=—Sp* o+ p/lK —¥*](1-5)
€ K-yt " e~ ME-YT) o goy+ Z Ae~AZ
(1) P 1 e =5 bl — 2 dz

€ e (K-v" le 7
=t 4k -v*](1-= ——f K -Z]-———dz
2P 1w TPl It 2) =3 e el L

Applying the implicit function theorem to J[Y*,p*], we obtain

+ +
(46) n/[y+] — _D1][Y Y]

Dy Jly*mly+]]
-Ak-Yt) + -1z
_€E_4le _v+1(4_E\_€ (K=Y zZ 1 Ae
2P 1-—e—AY +prlK-Y ](1 2) zfo (K Y+)2p[ 1 my
S — > 0.

€Y
pts fK—X[n[Y"']]l_e—)lY

The curve Yt ->n[Y*T],0<Y* <K, is thus upward-sloping, and a fortiori

Limy+_on[Y*] < oo,
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Figure 5 The rational expectations equilibrium
6.3. Existence and Unigueness of the Rational Expectations Equilibrium

In Figure 5, the point (Y} .., n[Yt.]) is depicted as point B, which is above point 4;
that is the curve Y* - n[Y*],0 < Y* <K, is above the curve Y* - ¢[YT],0<Y* <
K, when Y* =Y} .. Also, when Y* — 0, the former curve is below the latter curve.
Hence these two curves must cross each other at least once at some Y+ € (0, Y;}.,).
Furthermore, because the former curve is upward-sloping while the latter curve is
downward-sloping, such a crossing is uniqgue. We have just proved the following

proposition:

PROPOSITION 3: For each given value of u,0 < u < 1, there exists a unique rational

expectations equilibrium if y <1 —e.
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7. PROPERTIES OF THE EQUILIBRIUM

According to Proposition 3, a rational expectations equilibrium exists, and is unique
for each value of u that satisfies the condition u < 1 — €. By varying the value of u
while maintaining this condition, we obtain a continuum of rational expectations
equilibrium. However, all these rational expectations equilibria involve the same

level of operating reserves, as asserted by the following proposition:

PROPOSITION 4: The equilibrium strike price is a decreasing function of u. However,
the equilibrium level of operating reserves is independent of the ratio u of the option
price over the strike price. More specifically, the equilibrium level of operating

reserves is the unique value of Y* that satisfies the following condition:

Ae—AZ

€ € [K-Y* z
(48) —plK —v*1(1-2) + <[ FrplK — 2] —rmmdz = 0.

PROOF: Adding (34) and (35), we obtain

le—AZ

€ k-vt
sy ®IK —Z1 —p") T dZ

K-X[p*] le=A2 K-y* e~
+S (1T bl - 21 dZ + [y Pt ey dZ)

—p[K - Y*] (1 - g) - ngK‘Y+ (1 4 )p[K — 7] 1’16;2 dz =0,

K-Y*

which, after some simplifications, is reduced to

K-y* z re=*2

_ _yt A _71—% " g7 =
(48) p[K Y ](1 2)+2f0 K—Y"’p[K Z] l_e—A(K—y+)dZ_O-

Note that (48), which defines an equation in Y, is the condition stated in Proposition

4. It contains neither p* nor pu.

Now choose an arbitrary value for y,0 <u <1 - % and then invoke Proposition 3 to

obtain the existence of a unique rational expectations equilibrium associated with p.

The level of operating reserves associated with this equilibrium solves (48), i.e., (48)
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has at least one solution. We claim that such a solution is unique. To prove the
claim, we use a reductio ad absurdum argument. Suppose then that (48) has more
than one solution, say Y;* and Y;", with Y;" # Y,5, and that (Y;",p;) is the unique

rational expectations equilibrium associated with u. According to (34), we have

(49) —upi += f (P[K zZ] - )WdZ = 0.

Now if we replace Y;* by Y5" in the expression on the left-hand side of (49), then we

obtain

K- YZ -AZ

(50) —pupy + +PIK = 2] = )Wdz

If (50) is equal to 0, then (Y,,p{) is also a rational expectations equilibrium
associated with y, which is not possible due to Proposition 3. On the other hand, if
(50) is not equal to 0, then we can then choose a strike price, say p5,ps # p{, in

(50) such that (50) becomes an equality; that is

K-Y,

(51) -—up; + k—xppr PLK —Z] = )WdZ = 0.

It follows from (51) that (Y,',pJS) is also a rational expectations equilibrium

associated with u, which is not possible due to Proposition 3.

Having proved that the equilibrium level of operating reserves does not depend on
u, we now show that the strike price varies inversely with u. To this end, pick some
value for u, and let (Y*,p*) be the unique rational expectations equilibrium

associated with u. According to (34), we have

le—AZ

K-yt
(52) —up* +3 fe yppr @K = 2] = pH) —pmm dZ =0,
where Y1 is the unigue solution of (48).

Now if u rises, then the left-hand side of (52) will become negative. To restore the

equality, we must then reduce p*. Hence p* falls when u rises. m
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Proposition 4 makes it possible to compute the rational expectations equilibrium for
each given u in a recursive manner. First, solve (48) for Y*. Once Y* has been

found, use it in the condition (34) to solve for p*.

According to Proposition 4, the equilibrium level of operating reserves depends only
on preferences and technology, not on p, the ratio option price/strike price.
Furthermore, x[p[Y*], 8], the demand for call options by a consumer of type 0, is
also completely determined once Y* is given. On the other hand, the chosen value
of u serves only as a means to structure the rewards for operating reserves by
varying the certain component — the option price — and the random component — the
strike price and the probability of when an option is exercised. Thus, from the
perspective of real resource allocation, the rational expectations equilibrium is

unique.

Intuitively, we expect that the equilibrium level of operating reserves rises when the
event of generating plant failure is more likely. Proposition 5 confirms this intuition.

+
PROPOSITION 5: We have aa% > 0. That is, a rise in the probability that a generating

plant failure occurs induces a rise in the equilibrium level of operating reserves.

PROOF: If we write Y*[e] to express the dependence of the equilibrium level of

operating reserves on ¢, then (48) assumes the following form:

Z Ae~AZ

K_Y+[E]p[K — 7] TR dZ = 0.

(63) —plK —¥*[ell (1-5)+5

Differentiating (53) with respect to ¢, and then solving for %, we obtain

-A(k-vt) _y+ -AZ
ey +1(1-E) — Epry+1Ae_—" 7 _ € (K-Y Z - Ae \
/p (K=Y ](1 2) PV 2k (K—Y+)2p[K Z]1—e‘71(K‘Y+)dZ
¢ Kevt 2 re=AZ 1o~ ME-YT)
sy 2 k R S i (o o P o a0\ 0
( ) de - l [K—Y+ ]+l K_Y+[E] z [K—Z.I Ae_AZ dZ > .
>P [€] 2Jo K—Y+[6]p Jl_e—A(K—Y"'[e])
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One of the major questions concerning the market for operating reserves is whether
it is efficient. This involves comparing the level of operating reserves under the

competitive equilibrium with the socially optimal level.

To find the social optimum, we need to solve the central planner’s problem. To this
end, let Y* be the number of generating plants chosen by the central planner to
serve as operating reserves. The number of generating plants that are run to
produce electricity on the real-time energy market is then given by Y = K —Y*. The

market price that clears the volume of electricity generated by these generating

1 1

plants is p[Y] = ©rY v, and the demand for electricity by a consumer of type 8 who
-y

faces this price is x[p[Y],0] = <®?§_V> , Which yields the following level of gross

utility to the consumer in question:

1

1-y 1

1 Ny
(55) 0¢[x[p[Y],6]] = gﬁ((Gl’; y) ) —or Lovy'.

Y
The social welfare obtained under the market allocation is

(56) ®[Y] = ff QVﬁe%le‘%h[e]de =0y 7.

- Y
Note that ®'[Y] = p[Y]. Because under the market allocation marginal utilities of
electricity consumption are equalized across consumers, ®[Y] also represents the
social welfare obtained under the social optimum. Thus, if Y is the number of
generating plants chosen by the central planner to run on the real-time energy
market, then the expected social welfare obtained is

Ae—ﬂ.Z
1—e~AY

(57) WIYl=(1-e)@[Y]+e [ (rolk -]+ 1 -71) [} [k - Z] dz)de

Ae‘AZ
1-e~AY

= (1 —§)¢[Y] +2 ) o[k - 2]

dZ.
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The following first-order condition characterizes the socially optimal number of
generating plants that solves the central planner’s problem:
Ae” Ae=AZ Qe

3% Y
= [y ok - 21 = az)

1—e~AY 1—e~AY

(58) W'[Y] = (1 —g)p[Y] + g(cb[K — Y]

e A

= (1 - g) p[Y] - g(ﬁ%foy(qn[x —Zl- oK - YD dz) =0,

which can be rearranged as

el Ae~AZ

(59) (1 - g) p[Y] = —(% [y @K — 2] - o[K — Y]) 2 dz).

2\1-

PROPOSITION 6: If 4, the parameter of the exponential distribution that characterizes
the number of failing generating plants conditional on the event that a breakdown
occurs, is high enough, then the level of operating reserves is higher under the
competitive equilibrium than under the social optimum. That is, the market over-

provides operating reserves.

PROOF: The proof is a little technical, and is relegated to Appendix B.

Proposition 6 implies that a social planner will allocate more generating capacity
towards the production of the electricity than the competitive market would. When
consumers are making decision on how much to consume, they are too small to
affect the amount of operating reserve options that will be supplied in the market
because of the competitive nature of the market. This implies that consumers are
not able to optimally decide the optimal probability of generator failure. Using all the
information available, the best consumers can do is to make a rational expectation
on the amount of operating reserve capacity that would be supplied and make
optimal consumption decisions based on such a guess. This inability to affect the

supply of operating reserve options results in a too much capacity being committed
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to electricity production. The social planner is however able to maximise social
welfare by choose the welfare maximizing probability of failure.

Proposition 6 can also be thought of from a public goods perspective.When a
consumer is choosing how much operating reserve to consume, they will make
rational expectations about the market supply of operating reserves. When
expectations are correct the consumers will determine the amount of electricity that
will be produced in real time. Hence the probability distribution of generator failure is

determined by the rational expectation of operating reserves.

In a rational expectations model, consumers can’t affect the amount of electricity
that is produced in the real time market however collective action by all consumers
will affect the distribution of generator failure. In this way the distribution of generator
failure is a public good. From economics is clear that the market will under provide a
public good. Hence the under provision of electricity will simply imply an over

provision of operating reserves.?

8. CONCLUDING REMARKS

In this paper we have analysed a market for operating reserves where operating
reserves are used to moderate price spikes that occur when generators fail. Our
analysis uses the concept of rational expectations equilibria where each consumer
demand for options was based on her expectations about the number of options that

will be bought and sold in the market.

In our analysis, we show that a rational expectations equilibrium exists and it is
unique under certain conditions. We also show that the optimal amount of operating
reserves is unique and not dependent onu. However, the strike price was a

decreasing function of u. Finally we show that under the rational expectations

B For more exposition on the public goods view refer to Stiglitz and Newberry (1982)
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equilibrium, the competitive market will over-supply operating reserves relative to

the socially optimal level of operating reserves.

Price spikes due to generator failure will cause individuals to lower their
consumption of electricity. However in most electricity markets, price caps are used
to moderate price spikes in the electricity markets. These price caps result in the
need for involuntary blackouts to make sure that there is a balance between
demand for and supply of electricity. Independent system operators have to choose
which section of the power grid to blackout based on the preferences for electricity
of consumers within that zone (i.e. how much the consumers are willing to pay to
prevent a blackout). However the preferences for electricity are private information.
In chapter 3 we design an optimal blackout strategy that will help determine when a

zone will be blackout and the optimal level of reliability to offer.
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APPENDIX A
Derivation of the First-Order Condition (22)

The problem faced by a consumer of type 6 in the day-ahead market for operating

reserves is

(A1) max,+sow[xt,q,p* Y+, 0] =
xTz0

— -AZ
ik - 21,012 dz

2J0
K X[H(l)

; \
(S N etpik - 2101+ 201k - 2 +>>1e-udz /l

—qx* +(1-5)viply], 6] +

MAX+50 i

2 Ae~4

+ K—X[9¢’[x+]](6¢[x ]_p x* +y[9])

The following first-order condition characterizes the solution of (A.1):

(A2) s=wlx*,qptY*,6]

K —x[69'x*]| re-2Z
m gl feoxpn @Ip 0] + x* (plK — 2] - p*)) L7 dZ
26x+ de—AZ
+ K—X[9¢'[x+]](6¢[x ] - p xt + y[G]) ee—/lY dz

K-X|0¢'[x* le—7A2
J_ X[L ](p[K 7] - p*) ==y dZ

—X'[0¢'[x*1]6" [x*] (

i~ logteDLo] Yol
e (plK = (k= x[oo )] =)
dZ

N m

+ fK—X[qu’[x"‘]](e(p [X ] - p+) 1—

e~

e~ AK-x[09"[*]])

+X'[6¢'[x*1]0¢" [x*1(6¢[x*] = p*x* + y[6]) ——=
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K-X|6¢'[xt] le—AZ
fK—X[L"'] ](p[K - Z] p+) 1— —A.Y dZ

< o s

Y e~
+ fK—X 9¢'[x+]](0¢ [X ] -p ) 1l—e—2AY dZ

(00" L1109 [ 1(0pLx*] - pac + Y[ 2 )

. ,i% itk - 21-p )2 az

( v[6¢'[x"], 6] )Ae-ﬂ(K-X[%’[x*lD
O —p)) T e

+ fK—X[9¢’[x+]](9¢,[x+] - P+) f_ee__/lfy dZ

2e~A(k-x[08"[x*]])

+X'[6¢'[x*1]0¢" [x*1(6¢[x*] — p*x* + y[60]) ——

—XI[6¢ ]9¢//

f: ;[Lmb [x* ]( [K - 2] —p )1/1—83_—/1/121’612

T e L) Pl el
+x7(0¢'[xT] —p™) 1-e A

+ fK—X 9¢I[x+]](9¢,[x+] - p+) f_ee__)lfy dz

(001 1]09 T (09Lx*] — pa + Y[ 2

—X'[6¢"[x*1]6¢" [x*

S x4 ](p[K Z1-p )fe__lfydz

R N
=—q+; . iz <0, (g+p™ <
+(09'[x*] - )fK x[6¢’ [x+]]1e—-WdZ

0¢'[0] < p[Y™D),

K-x[6¢'[x

with equality holding if x* > 0. The first-order condition (A.2) is reproduced as (22)
in Sub-section 4.2.
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APPENDIX B

Proof of Proposition 6

If the social optimum can be decentralized as a competitive equilibrium, then Y+
must satisfy simultaneously (59) and (48), which are reproduced, respectively, as

follows:

€

8.1 (1-%)plv] = 5(%[5@[1( ~ 7] - ®[K - Y])%dz)

and

(82 plv](1-%) =<f Zplk — 212

It follows from (B.1) and (B.2) that if the social optimum can be decentralized, then

the optimal level of operating reserves must satisfy the following equation:
-AZ
(B.3) — —/wf (P[K - Z] - P[K - Y]) ~ _Ade f plK — Z] v dz.

Now let n be a positive integer sufficiently large. We claim that when A is sufficiently
large, there is no value of Y,% <Y<K- % that solves (B.3). To prove this claim, we

prove specifically that

(B.4) 222 [T(@[K — 2] - o[k - YD 22 o az < [/ Lplk - 2122 az,

~
Sk
IA

y<K-2)

n

or, equivalently, that

(B.5) [ (K 2] - K - Y])- — Z]e*Y-2)qz.
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Note that the left-hand side of (B.5) is bounded above by (®[K] — ®[K — Y]). As for
the right-hand side of (B.5), it is bounded below by fyy/zip[K]e’l(Y‘Z)dZ, and this

integral is large when A is large. The claim is proved.

If Y is the number of generating plants that are run on the real-time market under the

competitive equilibrium, then according to (B.2), we must have

— Yy -AZ
(8.6) p[Y] (1 _2) :% oyép[K -7 1/1_ee—ﬁdz-

Applying the claim, we can assert that

= € € (YZ Ae=HZ le= Y ¥

2 1

Ae—lZ

VD2 dz)

The strict inequality in (B.7) means that the curve
€ 1 1
v (1-9)plvl=<vy<K--,

is above the curve

/16_2'2

Y - g(ﬂfoy(cb[K — 7] - ®[K - Y])

1—e~AY

aty =v.

ez
1—e~AY

Next, note that fOY(CD[K —Z]—-®[K-Y])

dZ tends to infinity whenY — K.

Indeed, applying the mean value theorem to @, we obtain
(B.8) ®[K—Z]—-P[K-Y] = -2p[K-Y+60 —2)] > (Y —2)p[K - Z]
for some 0 < 6 < 1. Hence

de—7AZ
1—e~4Y

dz.

2 a7 > [ (v - 2)plk - Z]

1—e~AY

(8.9) [, (®[K — 2] - ®[K Y1)
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Furthermore,

2 —-AZ 1 Ae‘AZ

(B.9) [ (Y - 2)plK — Z] =—5dZ =[] (Y - DOV(K — )7

1-e~AY

dz

1—e~AY 77

and when Y — K, the integral on the right-hand side of (B.9) tends to

K 1 N K = 1-1 Qe
(B.10) J, (K = 2)0V(K —Z) V—gdZ = [ OV (K = Z2) V- dZ = oo
because 0 <y < 1.

We have just shown that the curve
ef e M v Ae=AZ 1 1
Y _’E(l_e——nfo (K - 2] - ®[K - Y= dZ), 2 <Y <K -3

is above the curve

Y—>(1—§)p[Y],lsys1<—

1
n n’
when Y is in a left neighborhood of K. Also, we have shown that the former curve is
below the latter curve at Y =Y. Hence the former curve must cross the latter curve

at a point, say Y = ¥, with ¥ > Y, ¥ being the number of generating plants chosen to

run in the real-time energy market under the social optimum.m
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Chapter Three: RELIABILITY IN AN ELECTRIC GRID: A MECHANISM
DESIGN APPROACH

1. INTRODUCTION

In an ordinary market, demand often fluctuates randomly, and a firm — in order to
meet unexpected demand — builds up inventory that can be drawn down when such
an event arises. Because electricity cannot be stored economically, some
generating plants must be spinning as operating reserves and be ready to inject
power into the pool when an unexpected rise in demand occurs or when a large
generating plant in the real-time energy market fails. If the price on the real-time
energy market is flexible, it will rise when demand exceeds the available supply, and
this gives the signal to consumers to cut back consumption until the equality
between demand and supply is re-established. The high spot price in the real-time
energy market also provides the incentive for generators to keep generating assets
as operating reserves and run them to produce energy during peak periods or to
build new generating capacity. In this manner, argue proponents of non-intervention,

the market — if left alone — will function efficiently.

A non-interventionist policy, however, is not socially optimal because electricity
suffers from a serious market failure. Because electricity is an essential commodity,
its demand is extremely in-elastic. Furthermore, because most electricity consumers
are on traditional meters which record their consumption over a period of time, and
their contacts with the LSE’s (Load Serving Entities or Electricity Retailers) allow
them to consume any amount of electricity at a given price, they do not change their
pattern of consumption when there is supply shortage. In this manner, there is no
market mechanism to induce these consumers to cut back their consumption when
demand exceeds supply, i.e., the market cannot clear. Thus, there is no other

alternative for the ISO (Independent System Operator) than to blackout some
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geographical areas in the distribution network.’® A high installed capacity will be
able to serve a heavy load while leaving a considerable margin to serve as
operating reserves and increase the reliability of the system. However, building new
capacity is costly, and because a consumer cannot purchase reliability for her own
protection and exclude other consumers from enjoying the reliability that she pays
for, reliability has the characteristic of a public good, and we can expect that it will
be under-provided. Crampton, Ockenfels, and Stoft (2013) assert that the market —
if left alone — cannot optimize blackouts. The reason is simple: in order to find the
optimal level of reliability, one has to know the preferences for electricity
consumption of consumers. In electricity markets, the preferences for electricity
consumption of a consumer are represented by her value of lost load (VOLL).*
However, the VOLL of a consumer is private information, and — according to these
authors — cannot be elicited from the consumers, and this is the reason why markets
are unable to optimize blackouts.

The economic literature dealing with the public-good nature of operating reserves is
sparse. Jaffe and Felder (1996) apply the traditional model of externality in pollution
to determine the optimal level of operating reserves. Using the well-known
prescription that to correct the under-provision of operating reserves a Pigovian tax
— a subsidy in this case — should be applied, and the tax should be set at the level
that induces an equality between marginal costs of capacity investment and
marginal social benefits. However, as mentioned by these researchers, in their
simple model of demand and supply of the Marshallian tradition, it is not clear how
marginal social benefits should be measured. The same approach has also been
adopted by Admunsen and Bergman (2007), who go further than Jaffe and Felder
by introducing the probability of blackouts as a function of the level of operating

reserves available. However, it is not explained how the probability of blackouts

" Technically, it is difficult to interrupt the electricity flowing into a single home. Thus when load shedding is
required to maintain the integrity of the system, the ISO will choose to blackout an entire geographical area in
the electric grid.

 The VOLL of a consumer is her willingness to pay to avoid the cutback of one unit of electricity
consumption. Another related concept is the probability of lost load (LOLP), i.e., the probability that load must
be shed to bring demand into alignment with supply. In an electric power system, VOLL and LOLP are the
two practical measures often used to describe the security and reliability of the system.
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arises. As in the model formulated by Jaffe and Felder, it is also not clear how
marginal social benefits are measured in the model of Admunsen and Bergman.
Joskow and Tirole (2007) formulate a model in which the behavior of consumers —
those who can respond to real-time price changes and those on traditional meters
who do not respond to real-time price changes — and the non-price rationing of retail
consumers to equate demand and supply in real time are analyzed in detail. These
researchers find the optimal generation capacity investment when demand is
uncertain and when the system might collapse by solving the central planner’s
problem. The multipliers that come out of this programming problem serve as prices
in a competitive market that decentralize the social optimum. However, as remarked
by these researchers, the conditions required for the competitive market to duplicate
the social optimum are quite strong. The specification of individual demand adopted
by Joskow and Tirole makes it possible for the ISO to figure out the preferences for
electricity consumption of each consumer, and thus their model does not deal with

the issue of how to find the optimal level of reliability when the VOLL is not known.

In this paper, we present a model of reliability for an electric grid when consumers’
preferences for electricity consumption are private information. In the model, time is
continuous, and the time horizon is one cycle, say one day. Most of the economic
models dealing with the problem of reliability in an electric grid assume that the
uncertainty in the system arises from the random nature of demand, and ignore the
uncertainty due to the failure of generating plants. Our model, in contrast, takes the
load profile as a given deterministic function of time, and takes the failure of
generating plants as the source of uncertainty in the system. The model we
formalize thus provides an analysis of operating reserves from another angle. In the
model, part of the generation capacity is online to serve the load at each instant.
The remaining generation capacity serves as operating reserves. The number of
generating units that serve the load at any instant — if there is enough generation
capacity to serve the load — will provide exactly the volume of power that meets the
load. The time at which a generating plant failure occurs follows a Poisson process
with a parameter that depends on the number of generating units that are currently
online to generate electricity in order to meet the load. When a generating plant
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failure occurs, the number of generating units that fail is also random. The higher
the total generation capacity of the system and a fortiori the higher the operating
reserves at any instant during the cycle, the better the system can handle a major
generating breakdown. When a generating plant failure is massive, the generating
capacity that remains will not be able to meet the load for the remaining part of the
cycle. Under such a scenario, the 1ISO must shed the load in some parts of the
electric grid, with the ensuing loss of welfare by the agents who reside in the areas
of the electric grid whose loads are shed by the 1SO. Certainly one can avoid load
shedding by building a large generation capacity, which is twice the peak demand in
our model. However, such a strategy is not optimal because capacity investment is
costly and because of the low marginal social benefits associated with a high
generation capacity investment. Thus, it is always optimal to accept some possible
blackouts during the cycle. The model we formulate yields both the optimal level of
generation capacity investment and the blackout strategy.

To model the public good nature of operating reserves and the asymmetric
information concerning the consumers’ preferences for electricity consumption, we
adopt the mechanism design approach. In the model, consumers are asked to
reveal their preferences for electricity consumption, and this information is then used
to determine the generation capacity investment as well as the contribution required
from each agent to finance the generation capacity investment. After the generation
capacity has been built, the price that an agent pays for 1MW is equal to the
marginal cost of generating electric power. We show (Proposition3) that an ex post
efficient social choice function is truthfully implementable in Bayesian Nash
equilibrium. The direct revelation mechanism used to implement such an ex post
efficient social choice function satisfies the balance budget constraint (no external
funds are needed to finance the generation capacity investment) and the ex post
participation constraint (all agents are willing to participate in the mechanism). Our
paper is not the first one to model the electricity market from the perspective of
mechanism design. Hobbs et al. (2000) describe a model of auctions for capacity in
electric power and gas using the Groves-Clarke mechanism. It is well known that

truth telling is a dominant strategy for a bidder in the Groves-Clarke mechanism.
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This result is powerful because there is no need for the auctioneer to know the prior
distribution concerning the types of the agents. However, it is also widely known that
the Groves-Clarke mechanism does not satisfy the balance budget constraint, and
subsidies must be provided to support the mechanism. Finally, if a consumer does
not obtain at least her reservation utility, she will not participate in the Groves-Clarke
mechanism. The direct mechanism used in our model is known as the expected
externality model satisfies the incentive compatibility condition and the balance
budget condition. It also provides some sufficient conditions (Proposition 4) that

ensure the participation constraint holds for each agent.

The paper is organized as follows. The model — because of its length and
complexity — is presented in several stages. First, preferences and technologies are
described in Section 2. The second-best blackout strategy is defined and found in
Section 3. The formulation and solution of the blackout sub-model takes as given
the generation capacity investment already made and the preferences of all the
consumers. In Section 4, the social choice function, which dictates the generation
capacity investment and the transfers needed to finance the investment, is
presented. Section 5 proposes how to implement a social choice function by the
direct revelation mechanism. In Section 6, we prove that an ex post efficient'® social
choice function is truthfully implementable in Bayesian Nash equilibrium. The proof
of this result involves a minor extension of that in the expected externality
mechanism.'” The participation constraint is discussed in Section 7. Section 8

contains some concluding remarks.

2. PREFERENCES AND TECHNOLOGIES

Consider an electric grid, which — from the distribution perspective — consists of /

non-overlapping geographical areas, where [ is a positive integer. In what follows an

® An ex post efficient social choice function gives the generation capacity investment that maximizes social
welfare, given the preferences of all the consumers.
7 see MasColell et al. (1995), Chapter 23, p. 885-887.
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area in the electric grid is indexed by i,i = 1, ...,1, and is denoted by A;. An area in
the electric grid represents a distribution subsystem in the grid into which electric
flow can be technically interrupted at any point in time. In the Netherlands, an area
in the electric grid that the ISO can cut off from the remaining part of the electric grid
is generally about 10 by 10km in size, which is the size of an average municipality.*®
For each i=1,..,I, let N; be a positive integer representing the number of
consumers in 4;. A consumer of electricity is identified by a double subscript in, with
[ representing the area in which she resides and n,n =1, ..., N;, her co-ordinate in
this area. In the model, time is continuous and denoted by t. The time horizon for
the model is the unit interval 0 < t < 1. We can interpret the unit time interval as the

length of a cycle, say a day.

2.1. Preferences

At any instant, an agent consumes two goods: electricity and a numéraire. The

instantaneous utility function of agent in is linear and assumes the following form:

(1) Uin [Xin, Yin] = O min[x, Xip] + yin®°,

Where x;,, is a parameter that represents maximum amount of electricity that is
consumed while x;,, and y;,, denote, respectively, her consumption of electricity and
her consumption of the numéraire. As for 6,,, it is a parameter that represents her
preferences for electricity consumption, and is assumed to be private information. In
the literature of electric power economics, 6, is known as the value of loss load
(VOLL) of this consumer. It represents the agent’s willingness to pay to avoid the

reduction in consumption of one unit of electricity. We suppose that 6;, € [Qm, §in],

where 6,,, and 6, are two numbers satisfying 0 < 8;,, < 6.

A profile of agents’ types is a list 8 = (0;5,)i=1,..,;,n=1,..5;- 1he agents’ profile of types
is drawn from a commonly known prior probability distribution ®[#], and only agent

in observes the value of 6;,. In what follows, ®;,[6;,] denotes the marginal

'8 See Noij et al. (2009).
19 _ ) . ) .
For simplicity we assume that x;, < X;,. | would like to thank Professor Jacques Robert for pointing this functional form out.

86



probability distribution of the type of agentin. For our model, we assume that

agents’ types are statistically independent.

Let x;,[t],0 < t < 1, be the demand for electricity at time t by agent in. Although the
demand for electricity by a consumer fluctuates through time, we choose not to
model demand uncertainty by assuming that x;,[t] is non-random. We also assume
that x;,[t] is completely in-elastic. The assumption that demand is non-random
allows us to concentrate on the failure of generating plants as the source of
uncertainty. Incorporating demand uncertainty into the model makes the exposition
more complicated without changing its message. The curve t — x;,[t],0 <t <1,
thus represents the load profile of consumer in. The utility that agent in obtains from

consuming x;, [t] units of electricity at time t is then given by 8,,,x;,[t].

2.2. Technologies

Let K be the total generation capacity (in MW) chosen by the central planner. To
eschew the problem of indivisibility, we take K to be a positive real number. Also, for
simplicity, we assume that each generating plant has a capacity of 1 MW. The
investment cost to build a generating plant is constant and normalized to be equal to
1. The marginal cost incurred by a generating plant at an instant when it is

generating electricity is ¢ > 0.

Let X;[t] = Zf’l":lxin[t] denote the load in 4; at time t, and X[t] = ¥!_, X;[t] denote
the global load at time t. The number of generating units required to serve the global
load at each instant is then given by Y[t] = X[t],0 <t < 1. If the global load at an
instant t does not exceed the generation capacity of the electric grid, then the

operating reserves at that instant is Y*[t] = K — Y[t].

A complete modeling of generating plant failures must specify the properties of each
generating plant and its probability of failure as well as the random time it takes to
repair and bring it back online. At the present time, such a comprehensive approach

is not available even among electric power engineers. At the aggregate and more
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manageable level for a simulation exercise, Anderson and Davison (2008) model
the time to failure (TTF) and the time to repair (TTR) with the help of a two-
parameter Weibull distribution, and the parameters are determined by the individual
characteristics as well as the history of the generating unit. We eschew such a
detailed modeling strategy® by assuming that the event of a subset of generating
plants online breaking down occurs at most once during the time interval 0 <t <1,
and that once a generating unit fails, it will not be repaired and be brought back

online before time t = 1.

At any instant t,0 <t <1, when Y[t] generating units are online and when no
generating plant has failed, the probability that a subset of these generating units fail

during an infinitesimal time interval [t, t + At) is assumed to be given by
(2)  e[Y][t]]At + o[At],
where €[Y] is a smooth, increasing function of Y > 0, and €[0] = 0. Also, o[At] is an

o[At]
At

expression in At, with — 0 when At — 0.

The number of generating plants, say Z, that fail under such an event is also
random, and is characterized by a distribution function F,[Z],0 < Z <Y, with Y being
the number of generating units being online at the time a breakdown occurs. We
shall assume that Fy[Z] is smooth, non-decreasing, and satisfies the following
conditions: Fy[0] = 0,Fy[Y] = 1. The density of Fy[Z] is denoted by f,[Z]. A

_ 1-e~ A2

convenient functional form for Fy is the exponential function F,[Z] = 0<Z<

1-e~AV U =
Y, where 4 > 0 is a parameter. The density of this distribution function is f,[Z] =

e
1—e~AY’

Let #[t],0 < t < 1, denote the probability that no generating unit has failed by time t.
The probability that no generating unit fail by time t + At is then given by

20 ) ) ) . )
Adopting such a modeling strategy will turn the 1SO’s problem into a large stochastic control problem that can only be solved
numerically.
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[t + At] = r[t](1 — e[X[t]]At + o[At]);
that is,
nlt + At] — n[t] = —=w[tle[X[t]]At + w[t]o[At].

Dividing the preceding expression by At, and then letting At — 0, we obtain

dm

— = —n[t]e[X[¢]].

The solution of this differential equation is
@) x[t] = T[[O]e—fote[x[tl]]dt/ _ e—fote[X[tl]]dtr‘

where the second equality has been obtained by using the initial condition 7[0] = 1.
Using (3), we can then assert that a breakdown occurs by time t,0 <t <1, with

probability

4) pltl=1-nft]=1- o Jo elxitratr

Figure 1 depicts a possible evolution of the electric grid during the time interval
0 <t < 1. Under the scenario depicted in Figure 1, the electric grid suffers a major
breakdown at time 7, when Z generating units fail. Before the breakdown, the
generating capacity of the electric grid is K. After the breakdown, the total
generating capacity that remains and is available on the real-time energy market is

K — Z, which stays at this level until time t = 1.
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™ Sit- X[t]- (K- Z) (Lost Load)

X[t} {Global Load)

Figure 1. The lost load : S[t] = X[t] - (K —Z2), 1, <t <T,
Define
7, = inf{t € [0,1]|X[t] = K — Z},
7, = sup{t € [0,1]|X[t] = K — Z}.

Note that 7; and 7, both depend on (K —Z). We shall assume — for technical
reasons — that X[t] > K — Z for all t € 14, T,]. The time T when the major breakdown
occurs might be inside or outside the time interval [z, 7,]. If the breakdown occurs
before time t,, as is the scenario depicted in Figure 1, then the constraint on the
remaining generating capacity only begins at time 7;, and the time interval [74, ;]
represents the duration during which load must be shed to maintain the integrity of
the system. If T € [14, T,], then the time interval during which load must be shed is
(t,72]. If T > 1,, the breakdown has no impact on the system under the time horizon
considered for our model. In what follows, we let S[t] = X[t] — (K —Z),1, <t < T,,

be the load that must be shed at time t to maintain the integrity of the system.

Observe that for a given value of Z, the time interval [t,,7,] shrinks when K

increases. That is, the lost load, the duration of the lost load, and the probability of
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load shedding all decline when K increases. However, a larger generating capacity
requires more investment. The optimal level of generating capacity is determined by
balancing the benefits of power interruptions with the cost of building capacity.

3. THE BLACKOUT STRATEGY

Because it is technically much easier to blackout an entire region than cutting off the
electricity flowing into a single household, a blackout strategy carried out by the 1ISO
must be a second-best solution. That is, a blackout program — after a major
breakdown has occurred — should specify which areas — not which consumer — in
the electric grid must be cut off and at what time. This is a technically challenging
problem in power engineering and applied mathematics.?*

In our model, to solve the second-best problem of blackouts, it is necessary to
presume that the agents’ profile of types 6 = (6;5)i=1,.,1n=1,..n, IS KNOWN. At each
instant t,0 < t < 1, the demand for electricity in area 4; is X;[t] and the total utilities

of all the consumers in this area is Zf’l;leinxm[t] if the load X;[t] is served. The

ordered pair (Xi[t],Z:izleinxin[t]) thus represents the load and the total utilities of
all the consumers in area A; at time t if the load is served. If the ISO chooses to

shed this load at that instant, then instantaneous social welfare will fall by

25;1 einxin [t]

In our model, a blackout program involves the specification of I binary maps
§;:[t,1] - {0,1},i = 1, ..., I, with §;[t] = 0 indicating that the load in area i is shed at
time t, while §;[t] = 1 indicating that the load in area i is served at time t. A blackout
program (6;);¢; is feasible if (i) each binary map §; is piecewise right-continuous and
(i) if the total load served at any instant is less than or equal to the generation

capacity that remains after the major breakdown, i.e., if

5) Lislxltl<sKk-Zt<t<1

2 See, for example, Trodden et al. (2013)
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The social welfare yielded at time t by a feasible blackout program (8;);¢; IS
(6) 11 Gilt] Znl (B — Oxi[t], T<E< 1.

The second-best blackout program after a major breakdown is obtained by solving

the following constrained maximization problem

(7) max(5i)iel f:(ZLl 6i [t] Z,A{i:l(Qin - C')xin [t]) dt
subject to (5).

To solve the constrained maximization problem stated as (7), let B[/] be the power
set of {1, ..., I}; that is, B[I] is the set consisting of all the subsets of {1, ..., I}. The set
B[I] has 2! elements, and an element of B[I], say 7, is a subset of {1,...,1}. By
abuse of language, we shall refer to the collection of areas with indices in 7 as

region J.

For each 7 € [I] and eachtime t,0 <t < 1, let
(8)  Xslt] = Xies Xilt]

and

(9)  Wilt] = Yiegn=1,...n, OinXinlt]

denote, respectively, the load at time ¢t in region 7 and the social welfare obtained —

also at time t and in region J.

At any instant after the breakdown, the ISO can only serve the load in region 7 if this

load does not exceed the remaining generation capacity of the grid, i.e., if
(10) Xy[t]<K-2Z.

To capture the capacity constraint that the electric grid imposes upon a region, say

region J, first let

(11) T[71Z, K] = {t € [0,1]|X,[t] > K — Z}
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be the set of instants at which the constraint (10) is violated, given the generation
capacity investment K and the number of generating units Z that fail when a major

breakdown occurs. Note that the set T[7|Z, K] shrinks when K increases.
Next, lett —» xrpzx(t], 0 < t < 1, be the characteristic function of T[7|Z, K], i.e.

0ift € T[7|Z, K]

12 ool
(12)  xrpzrltl 1, otherwise.

The time path of the total welfare in region 7 after a break down is then given by

(13) t - xrpzxltiWltlt <t <1, (7 € B[ID).

PROPOSITION 1: Suppose that for any two regions 7 and 7' the two curves t —
Witl,t<t<1,and t - Wy[t],T <t <1, cross each other at most a finite number

of times. Foreacht,7 <t <1, let
(14) 7°[tlr, Z,K, 6] = argmaxsegin Xtz [t]Wst],
and

1ifi € 7*[t|t, Z,K, 0]
0, otherwise.

(15) &8:[tlt, Z,K, 6] = {
Then the family of binary maps
(16) &/[17,Z,K,0]:t = 6/ [t]t,Z,K, 0], Tt <t <1, (i=1,..,1

constitute the second-best blackout strategy, given that (i) the breakdown occurs at
time t; (i) Z generating units fail when the breakdown occurs; (iii) K is the

generation capacity investment; and (iv) 8 is the type profile of the agents.

PROOF: Using the assumption that for any two regions 7 and J' the curves t —

Wiltl,t<t<1, and t » W, [t],T <t <1, cross each other at most a finite number
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of times, we can assert that the family of curves yrpzi[tIWs[t], T <t < 1,7 € P[I],
cross each other at most a finite number of times, and it follows from this last result
that the map t —» 7*[t|t,Z, K, 0],t < t < 1, changes its value at most a finite number
of time. Furthermore, by definition 7*[t|z, Z, K, 8] is the region that maximizes social
welfare at any instant after the major breakdown. Hence the family of binary maps
defined by (16), solve the constrained maximization problem represented by (7).

Note that we have made explicit the dependence of the second-best blackout
strategy on (i) the time (t) the breakdown occurs, (ii) the size (Z) of the breakdown,
(i) the total generation capacity (K) of the market, and (iv) the agents’ profile of

types 6.

For an agent, say in, the utilities she obtains from electricity consumption over the

entire period 0 < t < 1 is given by
(A7) [, (B — Oxinltldt + [ 8;[t]7,Z,K, 8] (61 — O)ximlt]dt.

Note that in (17) the first integral represents the cumulative utilities from electricity
consumption she obtains at the time before the major breakdown occurs, and the
second integral represents the cumulative utilities she obtains over the remaining
time horizon after the breakdown and under the second-best blackout program.
Also, note that (17) has been obtained conditioned on t (the exact time the major
breakdown occurs) and Z (the number of generating units that fail). It is also worth
pointing out that the second integral depends on the agent’s own type 6,, as well as
on 6, the type profile of all the agents, through 6;[t|7,Z,K, 6], the second-best
blackout strategy. It is the second-best blackout strategy that serves as a conduit for
the externalities that the preferences for electricity of an agent have upon the

welfare of all the other agents in the electric grid after a major breakdown.

Taking the expectation of (17) with respect to the random time of generating plant

failure (t), and the random number of generating plants that fail (Z), we obtain the
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following expression for the expected utility from electricity consumption that such

an individual obtains over the entire period 0 <t < 1:

(18)
f (IOT (0, — C)xin[t]dt +

[ 167 [¢17, 2, K, 01 (Bin — Oinl] fi[2)dedZ ) dp[r]

+1[1] [} (6in — O)ximt]dt.

Note that in (18) the first line represents the agent’s expected payoff under the event
that a major breakdown occurs, while the second line represents the payoff under
the event that no breakdown occurs during the time interval [0,1], weighted by 7[1],
the probability of this event. Also, note that in the first line of (18) we have used the
condition that as long as no major breakdown has occurred, the number of
generating units online Y[t] is exactly equal to the global load X[t], i.e., Y[t] = X[t],
and this means that fy[Z] = fyy[Z].

If we sum (18) across agents, we obtain the expected social welfare, given the
generation capacity investment K and the type profile 6. However, this way of
computing the expected social welfare conditioned on K and 6 involves
o/ [tlt,Z,K,0],i =1,..,1. A more efficient way of computing the expected social

welfare is to apply Proposition 1. To this end, let

1
(19) QlK,0,1,Z] = fOT Wy, pltldt + fT (maxﬂe‘B[I]XT[.‘JIZ,K] [t]w; [t])dt

denote the social welfare obtained, given the generation capacity investment K, the
type profile 6, the time the major breakdown occurs t, and the number of generating

units that fail when the breakdown occurs.

Taking the expectation of (19) with respect to 7 and Z, we obtain the following
expression for the expected social welfare, given the generation capacity investment

K and the type profile 6:
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(20) Ik, 6] = [} [ alk, 6,7, 2) fym[Z)dZdp[z].

PROPOSITION 2: During the load shedding phase, a rise in the preferences for
electricity consumption of an agent, ceteris paribus, either improves or leaves
unchanged the chance® that the load of a region in which the agent resides will be
served and lowers or leaves unchanged the chances in a region in which the agent
does not reside uniformly for all times after the breakdown.

PROOF: Consider an agent, say agent in, and suppose that her preferences for
electricity consumption rise from 6, to 6, + A8;,. The change in the agent’s
preferences for electricity consumption raises the welfare component of area A; by
Xin[t]AB;, at any time t > 7. For any region J of which A4; is a part, its welfare also
rises by x;,[t]Af;, at any time t > 7. For each of the regions of which 4; is not a
part, its welfare remains unchanged. Therefore, the chance that the load in A; will be
served during the blackouts will improve at the expense of all the regions of which
A; is not a part. Because the ISO cannot interrupt the electric flow into the residence
of a single agent, but can either serve or shed the load of an entire area, the rise in

the agent in's preferences for electricity consumption benefit all the agents in A;.m

An Example: To illustrate the economic contents of Propositions 1 and 2, consider
an electric grid that consists of three areas, and in each area resides a single
consumer. In this setting, we have I =3, and N; = 1,i =1, ...,3. The power set of
{1,2,3}, namelyB[I], has 8 elements that we list as follows:
@(the empty set),{1},{2},{3},{1,2},{1,3},{2,3}, and {1,2,3}. Figure 2 depicts the load

profiles of all the regions in the lectric grid, except for the empty region.

After the break down that has been depicted in Figure 1, the remaining generation
capacity is insufficient to meet the global load of the entire grid during the time
interval (tq,7,). Furthermore, the total load of region {2,3} exceeds the remaining

generation capacity during the time interval (z3,7,). However, it is possible for the

22
At each instant after the breakdown, the chance that the load in a region is served is either 0 or 1.
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ISO to serve exactly one of the regions other than {2,3} and {1,2,3}. Observe that
that the load profiles of any two regions in the grid — as depicted in Figure 2 — do not
cross each other. This is certainly the case if the consumers’ load profiles are

identical up to a scaling factor.”

T 13 4 12

Figure 2. The load profiles of the various regions in the electric grid.

Associated with the load profile of each region is its welfare profile if the load in the
region is not shed. Figure 3 depicts the welfare profiles of all the proper regions of

the electric grid. In drawing these welfare profiles, we assume that the preferences

2
3 This is the assumption made in the model of Joskow and Tirole.
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for electricity consumption of the three consumers in the three areas that make up
the electric grid are given, respectively, by 8, = 0.47,0, = 0.16,6; = 0.39.

As can be seen from Figure 3, the welfare profile of region {1,3} is above those of all
the other regions. The second-best blackout strategy is obvious: after a major
breakdown, the 1ISO should shed the load of area A, and serve only region {1,3}.
The thick curve in Figure 3 represents the second-best blackout strategy. This result
reflects the low preferences (6, = 0.16) for electricity consumption of the consumer
in A, relative to those of the other two consumers (6, = 0.47, 6; = 0.39). The social
welfare obtained over the entire horizon condition on K,8 = (0.47,0.16, 0.39),t, and
Zis

(1) Q[K, (6, = 0.47,0, = 0.16,65 = 0.39),7, Z]

= fOTl >3 . 6.X[t]dt + f:f(elxl [t] + 65X5[t])dt + f:z >3 . 6,X[t]dt.
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Figure 3. The welfare profiles of the various regions in the electric grid: (6; =
0.47,6, = 0.16, 605 = 0.39)

Now let us raise the preferences for electricity consumption of the consumer in A,,
say to 6, = 0.45, without changing those of the other two consumers. Also, let us
maintain the load profile of each consumer so that Figure 2 still applies. Figure 4
now depicts the welfare profiles of the various regions. The higher preferences for
electricity consumption of the consumer in A, now shift the welfare profile curve of

region {2,3} to the upper reaches of Figure 4.

The second-best blackout strategy sheds the load of area A, from time ; till time 5.
During the time interval (3, 7,), the total load of region {2,3} exceeds the remaining

generation capacity of the system, and so the ISO sheds the load of A4,. During the
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time interval (t4,7,), the ISO again chooses to meet the demand of area A, and

sheds the load of area 4.

During the shortage caused by the breakdown, the load in area A5 is always served
because the demand for electricity by and the preferences for electricity
consumption of the consumer in A5 are high. Although the preferences for electricity
consumption of the consumers in area A, and area A, are the same, the demand for
electricity is much lower in A, than in A,, and this induces the ISO to favor area A4,
over A; at the beginning and near the end of the blackouts. In the middle phase of
the shortage, the 1ISO chooses to shed the load in A, because she cannot serve
both A, and A; and because the load in the latter area is much higher than that of
the former although the preferences for electricity consumption in A, and A; are

about the same.

N

L N
Wr23\[t]

1 &,91
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Figure 4.01 The evolution of social welfare (the curve constituted by the three thick
arcs in the figure) during the blackouts: (6, = 0.47,0, = 0.45,6; = 0.39)
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The broken curve constituted by the three thick arcs in Figure 4 represents the
second-best blackout strategy. The social welfare obtained over the entire horizon
condition on K,0 = (0.47,0.16, 0.39),t,and Z is

(22) Q[K, (6, = 0.47,6, = 0.45,65 = 0.39),7,Z] =

Jy Ta6uxilel de + [ (02X, [t] + 65X5[e])dt
+ f::(91X12[t] + 0:X3[t])dt + f,lz Yio1 0:X;[t] dt.

On comparing Figure 3 and Figure 4, we can see that before the rise in the
preferences for electricity consumption of the consumer in A,, the ISO sheds the
load in this area and serves the loads in A; and A; during the blackouts. After the
rise, the load of A; is still served during the blackouts, but now A, displaces A; in
the list of area being served in the two intervals [t4, 73], [T4, T;]. That is, the rise in the
preferences for electricity consumption of the consumer in A, benefits A, at the

expense of A; during the blackouts.

4. THE SOCIAL CHOICE FUNCTTION

A collective choice for the I agents is a list of non-negative real numbers, say

(K, (kin)izlp_.,,,nzlp_.,,\,i), with the following properties:

(23) K= Zi:l,...,l,n:l,...,Ni kin.

Here K is the total generation capacity investment for the I agents, and k;, is the
part of the total generation capacity investment that agent in must contribute.

Condition (23) is the balance budget constraint.

A social choice function is a map

(24) F:6 - FlO] = (K[B], (kin[9])i=1,...,1,n=1,...,Nl-)
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that associates a social alternative (K[6], (kin[0])izl,_._,,,nzl,_._,,\,i) with each profile of

types 6. The problem faced by the regulator is to find a social choice function, and

then implement it.

If the regulator knows the type of each agent and if she implements a social choice

function &, then the expected payoff for agent in is given by

Jy Bin — Oxn[t]dt
X[T] (1 on )dP[T]
+ [ [ 87 [t1T, Z, K[6), 01(8i, — O)xin[t] fixq[Z]dtdZ

(25) fJ(

+1[1] [, (6in — xipltldt + 5, — kin[6],

Where Yy, is agent in's endowment of the numéraire at each instant ¢,0 <t <

1 and k;,[0] contributions to the investment cost. In what follows, we normalize

Y;, = 0 for all agents.

Let us rewrite (25) as

fg(gin — CO)xin[t]dt
X[T] 1 on ) dp[7]
+[, S, 67[tlt, Z,K[6], 0](Oin — ©)xin[t] fim[Z]dtdZ

(26) fol(

+7[1] [ (O — )xnltlde — 22+ (K2 — e [07)

= vin[K[0], 0] + ki [6],

where we have let

o7 v lK.6] f1< Jy Bin — Oxip[t]dt ol
K, 0] = T
" O\ [ 11 57 1217, 2, K, 6)Bin — O inlt] fpq[Z)dedzZ)

+7[1] [ Bin — )i [t]dE — =
and

(28) K =7~ kin.
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Using the balance budget constraint (23), we can assert that

(29) Zi:l,...,],n:l,...,Ni Kin[0] = 0.

As defined, v, [K, 6] represents the expected payoff for agent in, given that (i) K is
the generation capacity installed, (i) 6 is the agents’ profile of types, and (iii) all
agents share equally the cost of building K generating units. The expected payoff for

agent in as represented by v;,[K[60], 6] + k;,,[6] can then be interpreted as follows.

First, each agent is asked to contribute equally, i.e., contribute @, to the collective

generation capacity K[6]. The collective action provides sufficient funds to construct
K[6] generating units. In the second stage, agent in receives a transfer equal to
kin|0], which can be negative or positive. The balance budget constraint (29)

ensures that no external funding is needed. In particular, if x;,[6] < 0, agent in pays
twice: first the egalitarian contribution @, and then the contribution —k;,[0] on top

¢ Kl6] K[O

of —. If x;,[6] > 0, agent in pays first the egalitarian contribution ], and then

receives a net transfer k;,[0] to offset part of the egalitarian contribution %

With v;,,[K[6], 0] and k;,,[8], thus defined, a social choice function now assumes the

following form:
(30) %:6 > 6] = (KI6], (cin[6Di=1,..1n=1,..v,),
where the transfers are required to satisfy the balance budget constraint (29).
A social choice function
: 0 - §lol = (K16], (einl0])iz1,..10=1,...x,)

is said to be ex post efficient if for each profile of types 6, the following condition is

satisfied:

(31) Zi:l,...,l,n:l,...,Ni Vin[K[6], 0] = maxyso Zi:l,...,l,n:l,...,Ni vin[K, 6].
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PROPOSITION 3: Suppose that the preferences for electricity consumption of the

agents are much greater than the unit cost of generation capacity investment. Let

F:0 - F[O] = (K[H]; (Kin[6])i=1,...,1,n=1,...,Ni)

be an ex post efficient social choice function. Then K[8], the generation capacity

investment dictated by &, satisfies the following conditions:

() maxo< <1 X[t] < K[0] < 2maxy<<1 X[t],

. 00[K[61,0] _
W =1

PROOF: First, note that
2i=1,...,1,n=1,...,Ni vinlK, 0] = Q[K, 8] — K.

Next, note that if the VOLL’s 6;,,i=1,...,I,n =1, ...,N;, are much greater than the
unit cost (which we normalize to be 1) — as such is the case of an essential
commodity like electricity — it is socially optimal to invest in generation capacity to
meet the peak global load, i.e., K[8] > maxy<;<;X[t]. Furthermore, because a
generating failure is assumed to occur at most once and because when a
breakdown occur, say at time t, the number of generating units that fail cannot
exceed the number of generating units that are online to serve the load X[t], we
must have Z < X[t], and this means that the number of generating units that fail
cannot exceed max)<;<1X[t]. Thus, when K > 2maxy<;<;X[t], the generation
capacity investment is large enough to ensure that load shedding will not be
required after a major breakdown, and any investment beyond 2max,<;<; X[t] raises
cost without raising expected gross social welfare. The optimal generation capacity

investment then should satisfy the condition maxy<,<, X[t] < K[0] < 2maxy<;<1X[t],

and is characterized by the first-order condition aiKQ[K[G], 0] — 1 = 0, which is (ii) of

Proposition 3. Furthermore, as already argued, %Q[K,B]zo for all K>
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2maxy<;<1X[t], which when used with the first-order condition %Q[K[H], fl—1=0,

allows us to obtain (1) of Proposition 3.m

Condition (ii) of Proposition asserts that given the type profile 6 of the agents, the
generation capacity investment should be carried out until marginal social benefits
are completely offset by marginal cost of investment. This rule is operational

because we are able to measure precisely the social benefits with the help of the

K[8]-maxo<t<1X[t]
maxose<1 X[t]

map Q[.,0]:K - Q[K,0]. The ratio iIs known as the operating

reserve margin. Although the map Q[.,0]: K - Q[K, 6] is not concave, we expect the
operating reserve to be high if the preferences for electricity consumption of the

agents are high.

5. THE DIRECT REVELATION MECHANISM

Let
(32) %:0 - 6] = (K61, (kin0Diz1,. 1n=1,.n,)

be a social choice function that the regulator wishes to implement. Theoretically,
there is a multitude of mechanisms that one can imagine of adopting to implement a
social choice function, and thus there is no limit to our imagination in designing a
mechanism that implements §. However, by invoking the revelation principle,®* we
can restrict the search for a mechanism that implements & to the direct revelation
mechanism. Under the direct revelation mechanism that implements the social
choice function &, the regulator asks each agent to reveal her type, namely her
preferences for the consumption of electricity, and then uses the information thus

obtained to implement the social choice dictated by .

# see Chapter 23 in MasColell et al. (1995).
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Suppose that 6;, is the type of agent in and that she communicates 6,, to the

regulator as her preferences for electricity consumption. Let § = (éin)i—l -
=1, n=1,..N;

denote the type profile communicated by the agents to the regulator and K be a

level of generation capacity that can meet peak demand. Define

fOT(Hjm - C)x]'m [t]dt
[7]

(33) jm K. 6 ]=f1< ‘ 7 ‘
jm jm 0 + fOX[ ]f: 6]* [t|T, Z, K, 9](6]m — C)xjm [t]fX[T] [Z]dtdZ

K

+m[1] fol(ejm - c)xjm[t]dt - G=1.,Im=

As defined, ¢;m [K,0|6;:] represents the expected payoff for agent jm, given that

8 is her type; K is the generation capacity investment; each agent is required to

contribute equally, namely contribute % to the generation capacity investment; and 8

is the profile of types announced by the agents. Note that the announced type

profile 8 is used by the regulator to compute the second-best blackout program

5i[t

t,Z,K 0 t<t<1, (i=1,..D,
already analyzed in Section 3.

Thus, when the social choice function & is implemented, we obtain the following
expression for the expected payoff of agent jm, given that 6;,, is her type and 0 is

the profile of types that the agents communicate to the regulator:

The direct revelation mechanism used to implement the social choice function &
together with the set of possible type profiles Hlel'[,’;'izl[ginﬁm], the probability

distribution ® on TT/_; TT"%,[6in, 8:n], and the expected payoff functions (34) define a
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game with incomplete information that we call T'. In the game T, a strategy for agent
inis a map S;,: 0, = Sinl0inl, Wwhere s;,[60;,,] is the type that agent in communicates
to the regulator when her type is 8;,. If 5;,[0;,] = 6y, for all 6y, € [8;n, 0], then
agent in tells the truth. Otherwise, the strategy s;, is not truthful. A profile of
strategies for the agents is a list s = (sin)i=1,.,1n=1,..n, If 5 iS @ profile of strategies
adopted by the agents and 6 = (0;5);=1,..,1,n=1,..v; IS @ profile of types, then s[0] =
(Sinl0ini=1,..1n=1,..n; IS the profile of types revealed to the regulator. Unless all the

agents choose to reveal their types truthfully, we will have s[0] # o.

Because the preferences for electricity consumption of all the agents influence the
total generation capacity investment and the transfers to each agent, there is no
reason to expect that an agent will reveal her type truthfully unless the social choice
function & is well structured. If an agent, say in, exaggerates her preferences for
electricity consumption, this action raises the welfare component associated with 4;,
the area in which she resides, in the calculations of the second-best blackout
program. The exaggeration leads probably first to a rise in the generation capacity
investment, and the ensuing rise in the total cost to be borne by all the agents,
agent in included. Furthermore, the exaggeration of her preferences for electricity
consumption might induce the regulator to impose on agent in a higher share of the
total generation capacity investment. On the other hand, the exaggeration benefits
all the residents — agent in included — in A; at the expense of the agents in all the
other areas because it induces a rise in the priority of area A; relative to that of any
other area in the calculations of the ISO when she decides on which area to serve
and which area to shed after a major failure. On the other hand, if the agent
chooses to understate her preferences for electricity consumption, then she can
expect to contribute less to the total generation capacity investment. However, this
action also induces a higher chance of load shedding in her own area. Thus, only
when the social choice function is well structured will an agent reveals her type

truthfully.
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DEFINITION: A strategy s;, is said to be a best response of agent in to

(Sjm)j=1,...,I,m=1,...,Nj,jm:tin' a profile of strategies of all the agents other than in, in the

game T if for all possible types 6;,, € [an, H_in], the following condition holds:

(35)
S N G 1) F— i
f‘pin ~ J gin Hj:1,...,I,m:1,...,Nj,jm¢in dq)jm[ejm]
Sin [gin]: (O-]m [Qjm])j=1,...,I,m=1,...,N]-,jm¢in
K [ei”’ (Gfm[Hjm])j=1,...,1,m=1,...,Nj,jm¢in] ’ _
= f‘ij Hj:1,...,1,m=1,...,Nj,jm¢in AdDjp [0im]

ein

Oin, (O-fm [gjm])j=1,...,I,m=1,...,Nj,jm¢in
for all 8, € [8;n, Oin -

Note that in computing (35) we have used the assumption that agents’ types are

statistically independent.

DEFINITION: A strategy profile (s;,)i=1,..1n=1,.,n, CONstitutes a Bayesian Nash

equilibrium for the game T if for any agent in, the strategy s;,, is a best response to

*
(sjm) :
JMJ j=1,..,I;m=1,..,Nj,jm=in

DEFINITION: The social choice function & is said to be implementable in Bayesian
Nash equilibrium if the game TI' has a Bayesian Nash equilibrium, say

(Sindi=1,..1n=1,..n;- FUrthermore, if for each i = 1, ...,1, we have s;,[6;,] = 6;, for all

0;, € [Qinﬁin], then & is said to be truthfully implementable in Bayesian Nash

equilibrium.
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6. TRUTHFUL IMPLEMENTABILITY IN BAYESIAN NASH EQUILIBRIUM OF AN
EX POST EFFICIENT SOCIAL CHOICE FUNCTION

For any profile of types 6 = (0;)i=1,...1,n=1,..np 1€

(36) K°[6] = argmax X1 Znty PinlK, 016i]
= argmaxg (Q[K, 8] — K)

and §*: 0 - §*[0] be the social choice function defined by

(37) F'[6] = (1(*[9], (K;n[9])i=1,...,I,n=1,...,Nl-):
where

(38) K;n [9] =

K* |6, (6;
m‘( 1m)j=1,...,1,m=1,...,Nj,jm¢in |~

| i
<9i"' (ejm)j=1,...,1,m=1,...,Nj,jm¢in> /

X l_[j=1,...,1,m=1,...,Nj,jm¢in dq)jm [Hjm]

f ( 2j=1,...,1,m=1,...,Nj,jm¢in Pjim

h: [(6; .
Fhin (Jm)j=1,...,1,m=1,...,Nj,jm¢in

Note that in (38) the integral represents the sum of the expected payoffs of all the
agents other than agent in, conditioned on (i) all the agents other than agent in tell
the truth and (ii) agent in communicate 6,, as her type to the ISO. Note also that in
computing this integral we have used the assumption that agents’ types are
statistically independent.

As for h, [(ejm)jz1,...,I,m=1,...,Nj,jm¢in , it is an arbitrary function of

(Oim). __, which is yet to be determined so that the balance budget
]=1,...,I,m=1,...,Nj,jm¢m
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constraint (29) is satisfied. Thus, when agent in varies the type she communicates
to the ISO, i.e., when she varies 6;, the change in her transfer above the egalitarian
contribution to the generation capacity investment is equal exactly to the expected
externality of the change in the expected benefits of all the agents other than agent

in.

LEMMA 1: In the game T, revealing her type truthfully is a best response for an agent

when all the other agents reveal their types truthfully.

PROOF: See Appendix A.

To simplify notations, for any 8;, € [6;,, 8, ], let

y K [Bi"’ (éjm)jz1,...,I,m=1,...,Nj,jm#:in]' ~ \
39 10,1 = Jj=1,...Im=1,..Njjm#in ¥j ' 5 i ’
( ) fm[ m] f\ Oin, (elm)j=1,...,1,m=1,...,Nj,jm¢in

X Hj:1,...,I,m=1,...,Nj,jm¢in ch)jm [ejm]

(i=1,...I,n=
1,..,N)),

and

(40) h;kn [(ejm)j=1,_,_,1,m 1

1
- ,...,Nj,jmiin] )_1 Zj:l,...,I,m=1,...,N]-,jm¢in fjm [ejm]-

(2§=1 Nj

LEMMA 2: The social choice function §* satisfies the balance budget constraint, i.e.,

for any type profile 6 = (0;)i=1,..,1n=1,..nv, WE hAVE Xi_1 1 n=1,..n,Kin[0] = 0.

PROOF: See Appendix B.
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The following proposition follows immediately from Lemmas 1 and 2.

PROPOSITION 3: The ex post efficient social choice function &*, as defined by (37)-
(40), is truthfully implementable in Bayesian Nash equilibrium. That is, the strategy
profile under which each consumer reveals her preferences for electricity
consumption truthfully constitutes a Bayesian Nash equilibrium for the game T, and

the transfers under §* satisfy the balance budget constraint.

7. THE PARTICIPATION CONSTRAINT

Proposition 3 asserts that the expected externality mechanism truthfully implements
an ex post efficient social choice function in Bayesian Nash equilibrium. It says
nothing about whether all the agents are willing to participate in this mechanism. It is
well known in the context of bilateral trading with asymmetric information that there
is no Bayesian incentive compatible social choice function that is ex post efficient
and gives every buyer type and every seller type non-negative expected gains from
participation.”® Under the expected externality mechanism of Proposition 3, the
expected payoff for agent, say agent in, is given by v;,[K*[6;,6;],6;,6;] + K}, [0].
Now if agent in refuses to participate in the mechanism, then her expected payoff is
0. Thus, agent in is only willing to participate in the mechanism if the following ex

post participation constraint is satisfied:
(41) vin[K*[Q],Q] +K:Tl[0] = 0, (l = 1,...,],71 = 1,...,Ni).
If we let

(42) wvplK[6],6]=

|

> See Proposition 23.E.1 (The Myerson-Satterthwaite Theorem) in MasCollel et al (1995), p. 895-896.

N Limn—dmuwt

X[t] r1 dplt]
+f .fﬁﬁhZKWLQWm—dﬂdﬂ&mvwa
0 T
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1
(1] f O — Oxinlt]dt

denote the expected payoff obtained by agent in, given that (i) she neither pays the
egalitarian contribution in financing the generation capacity nor receives any transfer
on top of the egalitarian contribution, then the participation constraint (41) becomes

(43) viK[6],6] — =+ ki, [0] = 0, (i=1..,1n=

1, .., Ny.

The following proposition gives sufficient conditions for the participation constraints
(43) to hold.

PROPOSITION 4: If Em -0, issmall, i=1,..,I,n=1,..,N;, i.e., if the range over
which the preferences for electricity consumption of each agent varies is narrow,
and if there exists a type profile 6 = (6in)i=1,.1n=1,..n, SUCh that the following

conditions are satisfied:

0
Lj=1,..1m=1,..N jjmzinVjm[K[6],6] 1
Qj=1,. N1 Yj=1,.1N;

(44)

K[6] > 0, (i=1,...,n=1,..,N),

then the participation constraint holds with strict inequality for each agent under the

expected externality mechanism that implements the social choice function .

PROOF: See Appendix C.

The conditions represented by (44) are quite intuitive. They assert that for each
consumer, say consumer in, the average expected gross payoff for the subset

consisting of all the consumers other than consumer in exceeds the egalitarian
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contribution needed to finance the generation capacity investment. As an example,
consider the case of two areas, say 4; and 4; with one consumer in each area, say

consumer i and consumer j, the participation condition for consumer i is given by

(441) v/[K[6:,6;],6:.6;] - —K[ezi'ej] >0,

while the participation constraint for consumer j is given by

(a4)) v0[K[6,,6;],6, 6] — L%l >

If the two consumers are symmetric and if §; = 6;, then both (44i) and (44)) are

satisfied because

(440) v0[K[6:,6;].6:6;] + v)[K[6: 6], 6:,6;] — K[6:,6;] > 0.

8. CONCLUDING REMARKS

At the present time, no technology exists that can economically store large
guantities of electricity. Thus, electricity must be produced and consumed at the
same time. However, the balance between the generation and the load is constantly
perturbed by load fluctuations, by imprecise control of the outputs of generating
plants, and by the sudden failures of some generating plants or of an
interconnection. To maintain the reliability of the system, there must be some stand-
by generating capacity — called operating reserves — that is ready to maintain the
balance between output and load at each instant.

Because electricity is an essential commodity, its demand is extremely in-elastic,
and thus will not be met when a major failure of generating plants occurs. Under
such a scenario, the ISO has no choice but to interrupt the electricity supply to some
geographical areas of the network. A high installed capacity will be able to serve a
heavy load while leaving a considerable margin to serve as operating reserves and

increase the reliability of the system. However, building new capacity is costly, and
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therefore it is optimal to accept some blackouts. Furthermore, because large
operating reserves make blackouts less likely and thus benefit all consumers, they
have the nature of a public good. For each given level of generation capacity
installed, to find the optimal blackout strategy, the 1ISO has to know the VOLL of
every consumer so that welfare can be computed and maximized. Once the optimal
blackout program for any given level of installed generation capacity has been
found, the 1ISO can work backward and find the optimal level of generation capacity
investment. The ISO can try to obtain the information needed for the welfare
calculations through (i) survey interviews, (ii) the production approach, (iii) market
behavior (expenditures on backups and interruptible contracts), and (iv) case
studies. Each of these methods has its own advantages and disadvantages. In
survey interviews, consumers are asked how much damage they suffer as a result
of supply interruptions. Because of the public good nature of operating reserves
there is no incentive for the consumers to reveal their VOLL's truthfully. The
production function approach estimates the consequences of supply interruptions
for firms’ loss production and households’ lost time by quantitative techniques. A
main disadvantage of the production approach involves the difficulty of accounting
for the restart time of businesses and the stress in households. As for the approach
of market behavior, the frequencies of backup expenditures and interruptible
contracts are so low that the revealed preference for these types of economic
behavior to estimate VOLL’s cannot be relied upon. Case studies do yield actual
damages caused by supply interruptions. However, the results obtained are specific

to the cases being studied, and thus cannot be easily generalized.

In this paper, we have formalized a model of reliability for an electric grid using the
mechanism design approach. With the transfers structured according to the
expected externality mechanism, it is possible to elicit the preferences for electricity
consumption of all the consumers. More specifically, we demonstrate that it is
possible to truthfully implement an ex post efficient social choice function in
Bayesian Nash equilibrium. The model provides both the optimal level of generation
capacity investment and the optimal blackouts. Under the traditional regulatory

system, the electric utilities were responsible for providing adequate capacity to
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meet demand and ensure a given level of reliability for the system. The model we
formalize in this paper applies to search an environment. After liberalization, the
provision of capacity to meet demand and ensure the desired level of reliability is left
to market forces. In a large market, such as the PJM (Pennsylvania-New Jersey-
Maryland) market, the LSE’s are required to contract with electric producers for
enough capacity to meet the monthly peak demand plus a reserve margin. The task
of eliciting the VOLL’s from consumers now falls on the LSE’s, and these retailers
can use the information thus obtained through the expected externality mechanism
to find out the optimal level of capacity to contract for and the consumers whose
supply must be interrupted in case of blackouts. This is the next problem in our

research agenda.
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APPENDIX A

The Proof of Lemma 1

Consider an agent, say agent in. Suppose that all the agents other than agent in
reveal their types truthfully. If agent in reveals her type truthfully, then her expected

utility under the social choice function I'* is given by

(A.1)
*
K [gin; (ejm)]-=1,_,_,1,m=1,...,Nj,jm¢in]' \
i Pin 0 9 Oin |
| in!( jm)j=1,_._,,_m=1,___,Nj,jm¢in |Hj:l,...,l,m=1,...,Nj,jm¢in dq)jm[ejm]
*
TKin [gin’ (ejm)j=1,...,I,m=1,...,Nj,jm¢in_

K*10;,,(6;
m’( ]m)j=1,...,1,m=1,...,Nj,jm¢in ’

0 0 Hin Hj:1,...,I,m=1,...,Nj,jm¢indq)jm[ejm]
in’ ( jm)j=1,...,I,m=1,...,Nj,jm¢in

f Pin

+ f K;n [ein: (Bjm)j=1,...,I,m=1,...,Nj,jm¢in] Hj:1,...,I,m=1,...,Nj,jm¢in chjm [ij]-

Now using (38), we can write

(A.2) fK;n [einr (ejm)j=1 ] l_[j=1,...,1,m=1,...,Nj,jm¢in dq)jm [Qjm] =

,...,I,m=1,...,Nj,jm¢in

Pim _ jm
= SN mei Oin» (Biims)
1.l m=1,..N;jm#in ( oy \Fjrmt jr=1,.., L mr=1,.,Nj,jrmr#in

X | | ADjn[Ojm] X | | ADjn[Om]
j=1,...Im=1,.,Njjm#in j=1,...Im=1,..,Njjm#in

K*|6in, (6;
m:( ]'m')jl=1,...,1,ml=1,...,N]-,,jlml:tin d .
0
J

+ f hin [ein: (9j ] Hj:1,...,I,m=1,...,N]-,jm¢in dcbjm [Qjm]

m)j=1,...,1,m=1,...,Nj,jm¢in
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. ~
K [Hm, (Bj'm')jr=1,...,1,mr=1,...,Nj,,jlm'¢in] 4.
= (pjm 0

~ jm X
J=1,...,Im=1,.,Njjm=in ( m'( ]’m’)jl=1,...,1,ml=1,...,Nj,,jlml¢in

X Hj=1,...,I,m=1,...,Nj,jm¢in dq)jm [ejm]

+ f hin [ein» (ejm)j=1,...,I,m=1,...,Nj,jm¢in] Hj:l,...,l,m:1,...,Nj,jm¢in dq)jm [ejm]

K*|6; i
Oin, (Bj'm')jr=1,...,1,mr=1,...,Nj,,jrmr:tin ’
Pim im X
j=1,..Im 1....,NJJm¢lTl ( in» ( ]’m’)j’=1,...,1,m’=1,...,Nj,,j/m’¢in

X l_[j=1,...,I,m=1,...,Nj,jm¢in dq)jm [ejm]

+ f hin [ein: (gjm)j=1,...,1,m 1, ,N],]m:tm] H] =1,.,Im=1,.,Nj jm=in dq)jm[ejm]

Using (A.2) in (A.1), we obtain

(A.3)

f/(pin 8 [ein, (ejm)f=1,---,1,m=1,,_,,Nj,fm¢in], Oin \|

Oin (ejm)j:1’_._’['m=1’_._’1\]j’jm¢in | Hj=1,...,1,m=1,...,Nj,jm:=in dq)jm [ejm]

+K;n [Qin, (ejm)j=1,...,1,

m=1,...,Nj,jm¢in_

0
_ [ m:( 'm' jr=1,..L,mi=1,..,Nj, jrmrin ]’ 9
= Pjm im | X

]:1,...,I,m=1,...,Nj, mn ]ITnI j,:1'._.'['mlz1,_,_,Nj,,j/m/¢in

Hj:1,...,1,m=1,...,N]-,jm¢in ch)jm [gjm]

+ f hin [einr (ej'm')jlz1,...,I,ml=1,...,Nj,,jrml¢in] Hj:l,...,I,m=1,...,N]-,jm¢in dcbjm[ejm]-
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On the other hand, if agent in announces 8;,, as her type while all the other agents

reveal their types truthfully, then agent in can expect the following level of payoff:

K* [gm, (B1mr) ]
JIMV =1, 1 mr=1,..,N i, jrmi=in |’
(A.4) f Zj:l,...,l,m:l,...,Nj Pim ~ g it ' 0; X
Binﬁ (Hj’ml)jl:l’_,_’l’mlzl‘_.‘Nj,‘j,m[;tin

Hj:l,...,],m:1,...,Nj,jm¢in dq)jm [ejm]'

+ f hin [eim (erml) ] Hj:1,...,I,m=1,...,Nj,jm¢in dq)jm[ejm]-

Jr=1,...Imr=1,.,Nj,jrmi#in

Subtracting (A.4) from (A.3), we obtain

K* [em, (6jrmr)
Oin, (91' ’m’) J1= 1l =1, N jy, jrmuin
K [Bon, (B1m)
Bin, (6jmi)

jr=1,...,I,mr=1,...,Nj,,j'mr:tin] ! 9
jm

I/Zj=1,...,1,m=1,...,Nj Pjm
|
(A5) []

jr=1.....I.ml=1,...,Nj,,j'ml¢in]' 9,

- Zj:l,...,l,m:l,...,Nj (pjm jm

|
| X.
jr=1,...Imu=1,.. N, jrmi#in /

Hj:l,...,l,m:1,...,Nj,jm¢in d®jn, [ejm]

To show that it is best for an agent to reveal her type truthfully when all the other
agents reveal their types truthfully, we now show that (A.5) is non-negative. To this

end, using the definition of ¢, [K,8]6;,»], given by (33), we can write

A~

K*[G-,(B-, D). _ . ]
(A.G) Oim W AT ) jr=1,..,1,mu=1,...N j,, jrmi#in 9

éinr (ejrmr) "

jl=1,...,1,ml=1,...,Nj,,jrml¢in

P
K [9‘"'(91’"")jl=1,...,I,mr=1,...,N]-,,jlml=tin

I

= n[1] f, (8jm — €)xjmtldt —
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/ fOT(Hj,m, — ¢)xjm, [t]dt \

1 *19
+ . T, Z,K [Hinl (Hj’m’),,=
fo l\"‘f(;x[]f:aj* ¢ Jj=1

,...,I, ’=1’_._’N.,‘ i’ ’¢' ] ’ d
- m P FIN (B = €)xjm[ ] fxpn[Z]1dtdZ /
in ( j’m’)j'=1r---,I,m'=1,...,er,j'm’;tin

Summing (A.6) over j =1,...,I,m = 1, ..., N;, we obtain

oA
[K lein' (ej'm')jr=1,...,I,mr=1,...,Nj,,jlmr¢inl ’
|

(A7) Zj:l,...,l,m:l,...,Nj Pim
o

e —

Ojimi)
Jrmr Jr=1. L mri=1,.,N i jrmrin

K* I:éin,(ej/ml)

JI= 1 mI=1,.N p jrmr#in

I

= Xj=1,..1m=1,..N; m[1] fol(ejm - C)xjm[t]dt -

+Zjetrtim=1,; Jy o (Opm — €)xjm[t]dt dple]

1 ,X[1] r1
PN A
0 J0 T

j=1L,..im=1,.,N;

07K [9,.,1, (Bjomr)
éin/ (ejlm/)

t f’=1"""'m'=1’""N""j'm’¢m] ] (Bjm — ) xjm[t] fx(r[Z]dtdZ dplz].

jr=1,.,L,mi=1,..,Nj, jrmi#in

Now because

(A8) & |t

«[A PN
T’ Z; K [Bin; ]; <9in; (Hj’m’)jlzl Imi=1 N . j’m’iin)l'
yeendy ey ik

1,..,1),
is the second-best blackout program executed by the ISO when

K* [@in, (8jrmr) l is the generation capacity investment and

jl=1,...,1,ml=1,...,Nj/,jlml:tin

when the ISO receives <6in, (Bj'm')jlzl,...,l,mlz1,...,Nj/,jlml¢in> as the agents’ type
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profile,?® it is not necessarily the second-best blackout program that the 1ISO would

carry out when K* Iéin, (6jrmr) is the generation capacity

jr=1,...,I,mr=1,...,Nj,,jlmr::inl

jl=1,...,I,ml:1,...,Nj/,jlm1¢in

investment if the 1ISO knew that <9in, (8jrms) ) is the true type

profile, and this means

07, K" [a.n, (Bjom)

(Ag) Z]=1,...,I,m=1,...,N- fl 6j* t A
I\t ein; (Qj'm’)

jr=1,.., I,ml=1,...,Nj,,j'mr¢in]’ 9
(6jm —

jr=1,.,Imr=1,.,Nj, jrmrzin

¢)xjm[t]dt

07K’ [a.n, (Bjm)

J"=1.....I,m/=1.....N,-/.j'm'==in]’ )
(6m —
Oin, (Qj'm')

1
< Zj:l,...,l,m:l,...,Nj fr 5 |t

jr=1,..Lmr=1,..Nj, jrmr#in

c)xjm [t]dt

Furthermore, because K* [9m, (8jrmr) is not necessarily the ex

jr=1,...Lmr=1,. ,Nj, jrmi#in

post efficient generation capacity investment when

<9inr (ej'm')jl=1,...,I,ml=1,...,N]-,,jlm1¢in) is the true type profile, we must also have

A
Tz K [Qm’ (91'm')j/=1,...,I,ml=1,...,Nj,,jlmr¢in] ’

(ej'mr - C)xj/m, [t]dt

6., (6;
s ( Jm)j=1,...,1,m=1,...,Nj,jm==in

T, Z, K* [Gm, (gjlml)
gin' (ej'm')

jr=1,..,mr=1,..,N j,, jrmr#in | ! (

1
S Yjimt, lmi=1,..N fr 6 [t

; Oimi — c)xj,m,[t]dt

j/=1,...,I,ml:1,...,Nj,,jrm/¢in

Hence

?® The blackout program represented by (A.8) solves the constrained maximization problem (7) for K =

K [ain' (Qjm)j=1.....1,m=1,...,Nj'jm¢in and the type profile (9"“ (ejm)j=1.---.1.m=
to be the true type profile.

o ) that the ISO believes
1,...Nj,jm#in
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K" |Oon, (63m)
9in' (Hj'm')

jr=1,...,I,mr=1,...,Nj,,j’m1¢in] ! 9
jm

(A.11) Zj:l,...,l,m:l,...,Nj Pim

Jjr=1,..Imr=1,.. N, jrmr#in

) K [gm, (B o ]
2 : jr=1,.., L mi=1,..,N j,, jrmi#in
0

j=1,..;m=1,..,N;

1
+ Zj:l,...,l,m:l,...,Nj fO for(ejm - C)xjm [t]dt dp[T] +

1 ,X[1] 1 1,Z,K* [91‘11: (Hj,m,) o ,_ — ],
f f f 6]-* ¢ ) J1=1 i mr=1,.,N i jrmtin (ejm _ C)xjm [t]fx[-r] [Z]dtdZ dp[t]
0 Y0 T Qm, (ejrmr)

jl:1,...,l,ml:1,...,Nj/,jlm1¢in

I PN
K [emﬂ (9]’7?’1,’)j/:l,_",l,mlz1,,_,,Nj,,jlmliinl

[ \
3 2 n[1] jo (8jm — ) xjmt]dt — - /I

+ Zj:l,...,l,m:l,...,Nj fol fo‘r(ejm - C)xjm [t]dt dp [T] +

J jX[r]j I TZK an:(ejm)j =1,..,Im'=1,. ij;tm] (9
jm

Oins (67w,

j=1,...lm=1,..N; J'= L =1, i

— €)X [t]fxje[Z]dtdZ dpl7),

jr=1,...,I,mr=1,...,Nj/,jrm/:tinl !

K* [ein, (6jrmr)

Oin, (ej'm') i

]l=1,...,I,ml:1,...,N]./,jlm1¢in

= Zj=1,...,l,m=1,...,Nj Pim Ojm |

with the inequality following from (A.9). We have just shown that (A.5) is non-

negative. m
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APPENDIX B

The Proof of Lemma 2

PROOF: Summing k;,[0] overi =1,...,I,n =1, ..., N;, we obtain

N; * — N; *
{=1 ZTL=1 Kin [9] - §=1 Z‘I‘L=1 (Ein [Bin] + hin [(ejm)j=1,...,1,m=1,...,Nj,jm:&in])

:Z 1271 1 m[ in]+z 12 N) 12] 1,.. ,...,Nj,jmiinfjm[ejm]

1

:2 1Zn 1 m[ m] _m €=12gi1 ((Zglei) - 1) Ein[ein]

=Z 1Zn 1 lTL[ ln]_ 1Zn 1 ln[ ]=O
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APPENDIX C
Proof of Proposition 4

We prove Proposition 4 for the case an electric grid is made up of three areas with
one consumer in each area. Generalization to the case the electric grid is made up
of an arbitrary number of areas, with an arbitrary number of consumers in each area

is straightforward.

We label the three agents i,j, and k. Let 6 = (Hl-, 0;, Hk) be a profile of types for the

three agents. For the case of three areas, with one consumer in each area, (39)

assumes the following form for 4;, 4;, and Ay, respectively,

(C.1) <il6i]

= [ (v [K[6:, 0, 8], 6,6, 0] — 5 + vR[K[6:,6, 0,61, 8, 6] - ) dd;[0]dw [0 ],

(C.2) &l6]

= [ (vO[K[8:6;, 8], 0., 6;, 0] = 5 + v2[K[0, 6, 8], 61,6, 6] — %) A [0]dcd, [ 6],
and

(C.3) &klbil

= [ (v0[K[0: 0, 60] 81 6, 6] — 5 + v [K[6:,6,6,], 0,0, 6] — 5) d v [0,]d;[].
For consumer i, the participation constraint (43) now assumes the following form:
(C.4) v2[K[6;,6;,6k].6: 6;,0k] — g +&[6:] — % (&;[6;] + +&cl6:])

K[6:6.6k]

= ‘ULO[K[BUHJ, ek]:eiiej'ek] - 3
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0. O ~ A K[Bi,ﬁ-,'é]
+f (UJQ[K[%HLH"]’H“ g k]—Tjk

| do[8;]do,[6,]
+1.7£[K[6i, éj, gk]; 91’ ek] - g £ ]> o

179[1{[9.,6.,9’](],5.’9.,5]{] _ K[6:6,,8] i )
f( ) NN PEY AN N
! +v0[K ([0, 6;, 8], 8, 6;, 8] — ==
o2 >0
|

2 ol (7 7 ~ K[8;, 9 k]
v)|K|8:,0;,6,],6:,0;,0,] —-——— ~ ~
k+f< ) J [m o]k >dq>i[9i]dcb,-[9,-]

+v7[K[6:, 6;, 6x], 61,8, 6] —

Now suppose there exists a type profile 8 = (ei, 6;, Hk) such that

+v2[K |6, ej,ek],ei, ek] . M

(a2
| outyond| |
1

o +v2[K[6:, 6;,6x), 61,6, 6k ] —

? +< vO[K[6: 6, 6], 61,6, 6] — %9"]>

(C.5) viO[K[Hl-, erek]fei:ej,ek] - g + <

+v0[K[6,,6;,6,]. 6:,6;, 6;,] — 12222

eeek]

=—(v [K[6:,6;,0k],6:,6;, 6] + vP[K[6:,6;,0k],6:,6;,0k]) — > 0.

Then if the range in which the preferences for electricity consumption of each
consumer is narrow, then using (C.5) and a continuity argument, we can show that

the participation constraint (C.4) hold with strict inequality for consumer i.

In the same manner, if the range in which the preferences for electricity

consumption of each consumer is narrow, and if
6,06
(C.6) %(v? [K[6:,6;,6k]),6:, 6,6, ] + v2[K[6:,6;, 6], 61,6, 61]) — % >0,

(€.7) 2 (wP[K[0:, 6, 64], 61, 61, 0] + v [K[6:,6;,64], 61,6y, 6, ]) - 1222
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hold, then we can show

(C8) vP[K[6:,6),6,], 6,6, 0] — %+ &[6;] — 5 (El6:] + +&[6,]) > 0
and

(C.9) ve[K[6:,6;,6,],6,6;,0:] — 5 + &lbi] — 5 (&:l6:] + +&,[6,]) > 0,

i.e., the participation constraint also holds with strict inequality for consumer j and
consumer k.
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