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Abstract

Conventionalv solutions for the equations of equilibrium based on the well known Vlasov
thin-walled beam Vtheory uncouple the equations by adopting orthogonal coordinate
systems. This technique introduces several modeling complications and limitations where
eccentric supports or abrupt cross-sectional changes exist (in elements with rectangular

holes, coped flanges, or longitudinal stiffened members, etc.).

In this study, a general solution of the Vlasov thin-walled beam theory based on a non-
orthogonal coordinate system is dévelope@. A finite element formulation, which yields
nodal values in exact agreement with thdse based on the closed f(‘)rm solution of the
Vlasov field equations and boundary conditions, is derived. The advantages and
modeling capabilities of the formulation are discussed in detail. General expressions for
normal and shearing stresses under non-oﬁhogonal coordinate systems are developed.
For design purposes, an elastic interaction equation for general open thin-walled section

is derived.

The shear deformation effect due to warping torsion is included in the torsional analysis
of open thin-walled beams of general cross-section. The principle of stationary
complementary energy is adopted to formulate the governing field compatibility
condition. The variational principle is then extended to formulate a finite element, which
captures shear deformation effects and all(')ws the use of a minimal number of elements.

For squat beams, shear deformation effects are shown to gain significance.

il



Field equations and boundary conditions are obtained for the buckling analysis of thin-
walled members by using the principle of stationary ‘complementary energy.
Subsequently a finite element is derived which incorporatés shear deformation effects, a
feature that is neglected in most available buckling solutions. It is shown that .
conventional solutions which neglect shear deformation effects can overestimate the

!

prediéted buckﬁhg load in some cases. The proposed finite element formulation can be
used for the problems of column flexural buckling and.torsional buckling, as well as
beam lateral torsional buckling under linear moment gradients for doubly symmetric,
mono-symmetric and channel sections. By adopting a non-orthogonal coordinate system,
the solution is-able to successﬁ,llly. capture load position effects relative to the shear
centre. The efficiency and availability of t'he formulation is shown through comparisons

to results based on shell finite element analysis solutions and other closed form or

numerical solutions in the literature.
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CHAPTERI
INTRODUCTION AND SUMMARY

General
Open section thin-walled members are commonly used in steel structures. A member can

be characterized as thin-walled when the characteristic thickness ¢ is in the order of 1/10®
of the characteristic depth of the cross-section ie., t~d/10 (Figll). A number of
theories were developed in the literature in order to analyze thin-walled members. In this
thesis, the Vlasov theory is adopted and modified to analyze the behavior under static
loading and buckling behavior of thin-walled beams. Several finite elements are

formulated as numerical tools to systematically solve the governing equations subject to

boundary conditions.

=

t

o ™)

—

Fig.I.1 Open Thin-walled cross-sections

Contents of the Thesis
The thesis is organized in a paper format. In Chapter Il (paper [I.1]), three finite element

families are developed for the analysis of thin-walled members based on the well-known
Vlasov theory. The equilibrium equations and the boundary conditions are derived in
terms of the displacement fields by using the principle of virtual work. Unlike the
conventional -approach in which the orthogonal system of coordinates is selected to

uncouple the differential equations, the differential equilibrium equations are solved in



the general coupled form. The homogenous solution of the differential equations is used
to interpolate the displacement field in deriving the first finite element. This approach
yields to exact nodal values under general loading conditions. Two additional elements
are subsequently derived for the special cases of long elements in which the warping

_ stiffness is negligible and, short element in which the warping stiffness is dominant.

In Chapter III (paper [1.2]), the advantages of the elements formulated in Chapter II in
modeling practical problems are illustrated through examples. It is shown that the
formulation seamlessly handles members with abrupt cross-sectional changes (e.g.,

rectangular holes Fig.I.2a or coped beams Fig. 1.2b), and eccentric boundary conditions

(e.g., Fig.1.2¢c).

AL
=T

a) Web with a hole cross-section

]

b) Coped Flange coped cross-section

¢) Eccentric Boundary Conditions

Figure 1.2 Cross-section discontinuities and Eccentric Boundary Conditions



In Chapter IV (paper [L.3]) generalized expressions of normal and shear stresses in terms

internal forces are derived for the proposed finite element solution scheme based on non-
orthogonal coordinates. It is shown that for the special case of an orthogonal system of

coordinates, the expressions coincide with the conventional ones.

A restriction of Vlasov’s theory is the fact that it does not incorporate transverse shear
deformation effects. For squat thin-walled members (Fig.1.3), neglecting shear effect may
cause significant errors. In Chapter V (paper [1.4]), the effect of shear deformation is
included in torsional analysis of thin-walled prismatic beams through a modified version
of the Vlasov theory. The field equations and boundary conditions are derived by using
the principle of stationary complementary energy. A new cross-sectional property
associated with the distribution of shear stresses over the cross-section arises in the
formulation. The solution scheme for hand calculations is illustrated through a practical
example. Two finite elements based on the new theory are formulated. The first element
provides a solution suitable for short elements in which the warping stiffness is dominant.
The second element is derived based on the interpolation functions which satisfy the
homogenous solution of the field equations, which is proved to provide exact nodal
values within the limitations of the theory. An example is given to illustrate the
effectiveness of the finite element solution scheme. Solutions based on the new theory are

compared with those based on the theories of Vlasov and Benscoter.

T Ay PJ Shear P Twisting occurs
4 under force P
center L .
. which is eccentric
with respect to
ALy Sec A-A  Shear center
a) Elevations b) cross-section

Figure 1.3- Squat thin-walled beam subject to a loading condition that causes twisting



In Chapter VI (paper [L5]), a formulation for the buckling analysis of thin-walled
members is developed based on the principle of stationary complementary energy.
Material, stress and strain measures of finite elasticity are adopted. The deformation
gradient tensor is decomposed into a finite rotation tensor and a right extensional stretch
tensor according to Polar decomposition theory. The Euler-Rodrigues expressions are
adopted to express the rotation tensor in terms of the three mutually independent rotation
vectors. The Jaumann stress tensor is used to refer to the stress configuration. Some
aspects of the Vlasov theory is adopted to describe the behavior of members under
buckling deformation. Thus, the cross-section is assumed to remain rigid under
deformation in agreement with the first Vlasov assumption. The stress-stress resultant
relations are postulated to be in agreement with the Vlasov theory as obtained in Paper
[I.3]. Pre-buckling deformations are neglected. The equilibrium equations are satisfied at
the stress level. Equilibrium and compatibility equations are derived in terms of the stress
resultants and displacement fields. It is shown that the formulation based on the
complementary energy functional may provide lower bound buckling load predictions in
torsional buckling modes (Fig, [.4), a characteristic which is unattainable under

displacement based formulations and preferable from the designer point of view.

(a) Boundary conditions and loading  (b) Cross-section  (c) Buckled shape

Figure 1.4- Torsional buckling mode of a simply supported beam under axial load



Finite element formulation is derived based on a general non-orthogonal system of
coordinates. Thus, the load position. effects in the plane of the cross-section are captured
(e.g., Fig. 15). Mono-symmetric properties are generalized to non-orthogonal
coordinates. New cross-sectional properties associated with the distribution of shear
stresses over the cross-séction arise within the new formulation. Unlike other theories in
the literature, the effect of shear deformation on buckling load predictions of open section
thin-walled beams and columns is successfully captured. Several examples illustrate the
validity and versatility of the proposed solution. It is shown that in some cases of short
span members (Fig. 1.5) in which global buckling occurs prior to yielding of the material
or local buckling, shear deformation can have significant effect in predicting buckling

loads.

B
Lk

(a) Boundary conditions and loading (b) Cross-section  (c) Buckled shape

Figﬁre I.5- Lateral torsional buckling of a mono-symmetric beam under top flange load

In Chapter VII, the main contributions of the thesis are summarized and proposed

extensions of the research are recommended.
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Chapter ll

Non-orthogonal solution for thin-walled members -
Finite Element Formulation
Abstract

Conventional solutions for the equations of equilibrium based on the well known Vlasov
thin-walled beam theory uncouple the equations by adopting orthogonal coordinate
systems. Although this technique considerably simplifies the resulting field equations, it
introduces several modeling complications and limitations. As a result, when analyzing
problems where eccentric supports or abrupt cross-sectional changes exist (in elements
with rectangular holes, coped flanges, or longitudinal stiffened members, etc..), the
Vlasov theory has been avoided in favour of shell finite element which offer modeling
flexibility at higher computational cost. In this chapter, a general solution of the Vlasov
thin-walled beam theory based on a non—orthogonal coordinate system is developed. The
field equations are then exactly solved and the obtained displacement field expressions
are used to formulate a finite element. Two additional finite elements are subsequently
derived to cover the special cases where: a) the St. Venant torsional stiffness is
negligible, and b) the warping torsional stiffness is negligible. The advantages and
modeling functionality of the new formulation scheme are illustrated through examples in

the next chapter.

Keywords

Open sections, warping effect, finite element, thin-walled beams, asymmetric sections.



Introduction and Scope

The well known thin-walled beam theory (Vlasov 1961) results into four coupled
differential equations of equilibrium. The equilibrium equations are formulated in terms
of the three translational rigid body displacements of the cross-section and the in-plane
angle of rotation. Conventional solution techniques for the Vlasov equilibrium equations
attempt to eliminate the coupling between the four field equations (Murray 1984). This is
realized by adopting an orthogonal .system of coordinates (adopting the centroidal
principal axes, and selecting the line joining the section shear center and principal
sectorial origin as a fixed radius-Appendix IL.A). While this approach successfully
uncouples the equations of equilibrium, it generally suffers from a number of drawbacks
including: (a) the necessity to perform coordinate transformations; (b) the difficulties in
handling cross-section discontinuities where members undergo abrupt sectional changes
(e.g., members with holes, flange copes, presence of longitudinal stiffening plates, etc.);
(c) the boundary conditions may remain or become uncoupled after transformation; (d)
the adoption of an orthogonal system of coordinates may necessitate resolving the
internal and external forces along the orthogonal coordinate systems. As a result, the use
of conventional solution techniques has been limited to very simple applications. The
idea of this paper is to avoid the modeling complications arising from the conventional

technique by developing a direct and exact solution of the coupled system of equilibrium

equations.

Literature review

Several finite element solutions for the torsion of thin-walled sections are reported in the

literature. Krajcinovic (1969) formulated a displacement based finite element for the



analysis of thin-walled sections under non-uniform torsion by adopting shape functions
based on the homogenous solutions of the uncoupled differential equations of Vlasov.
Another solution (Krajcinovic 1970) using a force based approach was presented. Finite
element formulations by Barsoum (1970) and Barsoum and Gallagher (1970) were based
on cubic and fifth order Hermitian polynomial interpolations of the rotation field. Tso and
Ghobarah (1971) developed an elastic geometrically nonlinear solution for the torsion of
thin-walled sections. Using the principle of virtual work, Murray and Rajasekaran (1975)
formulated the governing equations and associated boundary conditions for thin-walled
beam under general loading. Gunnlaugson and Pedersen (1981) formulated a finite
element for arbitrary thin-walled sections. In their derivation, they included the
contributions of bending and warping shear deformations. An attempt to formulate the
stiffness matrix of a thin-walled beam-column including second order effects due to axial
forces was presented by Chaudhary (1982). The derived stiffness matrix has several
limitations (Hancock 1984; Aly and Sato 1984) including: (a) the applied bending
moments are assumed constant throughout the length of the thin-walled element; (b) the
formulation is limited to mono-symmetric sections; and (c¢) warping is assumed to be
restrained at both ends. An elasto-plastic finite element for wide flange sections was
developed by Gellin et al. (1983). Friberg (1985) developed a finite element formulation
for the vibration of thin-walled beams. A hybrid finite element formulation for thin-
walled beams based on the Hellinger-Reissner variational principle was presented by
Tralli (1986). Later on, an element similar to the one developed in Krajcinovic (1969)
was presented in Dvorkin et al. (1989) and applied to the analysis of curved beams as an

approximate solution. Chen and Blandford (1989) developed a finite element



formulation, which included the effects of shear deformations using a hybrid Vlasov-
Timoshenko beam formulation. A comprehensive comparative study of finite elements
for thin-walled elements was presented by de Ville de Goyet (1989). Batoz and Dhatt
(1990) presented a 14 degree of freedom (DOF) thin-wall beam element based an exact
orthogonal solution of the differential equations of equilibrium. A modified Hellinger-
Reissner functional was employed by Gendy et al. (1992) to derive a thin-walled beam
finite element free of shear-locking. Shakourzadeh et al. (1995) derived an exact finite
element based on Benscoter thin walled beam theory (Benscoter 1954). Eisenberger and
Cohen (1995) developed exact series solutions for non-prismatic torsional flexural
buckling of thin-walled members under variable axial loads. Prokic (1996) developed an
advanced thin-walled beam theory and a finite element formulation based on an advanced
warping function. A generalized warping torsion formulation was developed by Schultz
and Filippou (1998) by relaxing the transversely rigid assumption for the cross-section
commonly adopted in other formulations. Back and Will (1999) adopted a modified
Vlésov theory in formulating a shear-flexible thin-walled finite element. Mohareb and
Nowzartash (2003) mathematically demonstrated that torsion finite elements based on
hyperbolic shape functions (Krajcinovic 1969; Batoz and Dhatt 1990) yield nodal
displacements in exact agreement with the Vlasov thin-walled theory, irrespective of
twisting moment distributions. A common feature among the previous formulations is the
adoption of orthogonal coordinate systems. In contrast, the current paper presents a finite
element for members subjected to general loading conditions based on the Vlasov thin-

walled beam theory using a general non-orthogonal coordinate system.
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Assumptions

The formulation is restricted to prismatic thin-walled members of arbitrary cross-
sections. Material is assumed to behave elastically. For general loading inducing twisting
moments, the elastic assumption is justified by the fact that, given the weak torsional
stiffness of open sections, théy typically undergo significant angles of twists (a
serviceability limit state) prior exhibiting plastic deformations (Driver and Kennedy
1989). Small displacements and rotations are assumed. Thus, geometric non-linear effects
are considered negligible. The formulation is based on the two classical kinematic
bassumptions of the thin-walled beam theory (Vlasov 1961). These are: (a) no distortion of

cross-section during deformation; (b) shearing strains acting on the middle surface are

negligible.

Review of Vlasov thin-walled beam theory

According to the first Vlasov assumption, cross-sectional distortions throughout

deformation are assumed negligible. As a result, the horizontal and vertical components
of the displacement u,(s,z) and v (s,z) of an arbitrary point B, located on the section
mid-surface can be expressed in terms of the horizontal and vertical displacement
components #(z) and v(z)of an arbitrarily located pole 4 (a,,a,) and the angle of twist

¢(z) of the cross-section (Fig. II.1a). Coordinate s, measured from an arbitrary sectorial

origin So located on the section profile, identifies coordinates [x(s), y(s)] of point B, .

Thus,
u,(s,2) =u(z) | ¥(s)—a, |4(z) aL1)
v,(5,2) =v(z) +[x(s)~a,]¢(2) (1.2)

11



The component of the displacement 7, (is,z) along the tangent to the profile (Fig. II.1a)
at point B, [x(s), y(s)] is related to the displacement components u_(s,z)andv (s,z) by

projecting displacement vector [u,(s,z),v,(s,z)]on to the unit tangent vector

f [cosa(s),sina(s)] at point B, ie.,

1, (s,2) =u,(s)cosa(s)+v,(s)sina(s) | (11.3)

in which a/(s) is the angle between the tangent to the profile and the x axis. According to

the second Vlasov assumption, the shear strain y, at the middle surface is negligible,

ie., y,, = 0w, /s +0m,/0z ~ 0. The expression for the shear strain y, is integrated with
respect to coordinates and the identities in Egs. (II.1), (IL.2) and (II.3) are used to obtain
an expression for the longitudinal displacement w,(s,z) of point B,(s,z)on the section

profile. One obtains

w(s,2) = I{[u (@)-(y-a,) '(z)]cosa(s) +[v'(2)+(x~a,)p'(z)]sinc (s)} ds (11.4)

Section profile before
deformation

s=0
\ (5=0) —.S Section profile

""" after deformation
%

w=2A4rea(4,B,K)

Fig. I.1. (a) Cross-section Displacements (b) Sectorial Area
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All primes denote differentiation with respect to longitudinal coordinate z. By denoting
the normal distance from the pole 4,(a,,a,) to the tangent at point B, (x,y) as
h(s)=(x-a,)sina(s)—(y—a,)cosa(s) (Fig. IL1b), defining the change in the
sectorial coordinate as dw(s)=h(s)ds, and noting that dx=ds cosa(s) and

dy=ds sina(s) , Eq. (IL.4) is expressed as

w,(s,2) = w(z) — x(s)u'(z) = y(s)v'(2) — 0(5)¢ '(2) (L5)

in which w(z) is an arbitrary function which arises when integrating Eq. (I.4) with
respect to coordinate s . The longitudinal strain ¢ (s,z) is obtained by differentiating Eq.

(I1.5) with respect to coordinate z yielding

£,.(5,2) =X u(2),, (1.6)
in which the vector of coordinates x],, = <l ~x(s) -y(s) -o(s)) and the vector of
displacement derivatives u(z);,, =<w’(z) u"(z) v"(z) ¢"(z)> have been defined. In
thin-walled beam analysis, it is common to neglect the normal stresses o, acting along
the s coordinate (Vlasov 1961). Thus, the approximate constitutive relation
g,=(0,-uo ) E~o_/E is used to relate the longitudinal stress o,(s,z) to the

longitudinal strain ¢_(s,z). In line with the Vlasov theory (Vlasov 1961), the normal

stresses are assumed constant across the section thickness while the shear stresses are

assumed to have a linear distribution.
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Variational formulation under a non-orthogonal coordinate
system

General

A prismatic thin-walled beam element of arbitrary cross-section is considered. The

element (Fig. I.2) is subject to externally applied tractions &,=¢5,,(s,0,r) and
7, =71,(s,0,7) acting at end z=0, and &,=05,,(s,/,7) and 7, =7 _(s,/,r) acting at end

z=1, in addition to general member tractions p(S,z)lTx3 = < p. P, pz> ,- Coordinate

1x
r is the normal distance from the mid-surface (Fig. I1.2). According to the principle of

stationary potential energy, the equilibrium conditions are given by

or =(6U, +8U,)—(SV, +6V,) =0 (IL7)

In Eq. (.7), dx is the first variation of the total potential energy, SU, is the internal
virtual work induced by normal stresses, 6U, is the internal virtual work induced by the
St. Venant shear stresses, oV] is the external virtual work induced by the end tractions,

and oV, is the external virtual work induced by the tractions acting along the member.

Internal Virtual Work
In Eq. (11.7), the internal virtual work terms are given by

!
SU, = [0,02,dV = E [ [0u(z)}. X, X1u(2),., dAdz (I1.8)
14 04

I
85U, =GJ, [64'¢'dz (11.9)
4]
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in which [ is the length of the member, d4 =t(s)ds, where #(s) is the thickness, the

operator & denotes the variation of the argument displacement functions, and ¥ denotes

the volume of the element,

(b)

Fig. I1.2 Thi i
i wall beam geometry (a) generalized displacements, (b) generalized force
and stresses S
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For a thin-walled section consisting of » thin-walled rectangular pieces of constant

thickness ¢, and width b,, k=(1..n), the St. Venant torsional rigidity constant, is

J, zz;bctf /3 (Boresi and Sidebottom 1985). By defining the matrix of section

properties D,,, as

4 -5, =S5, -S

¥ x @
-S J J J
D= X4><1X1T><4dA = g » i o (I1.10)
,.4" _Sx ‘]xy Jxx Jo)y
_S(D ax ay [n/n)

in which section constants 4 = IdA, S, = deA, S, = J‘ydA, S, = J.a)dA, J, = Iy2dA,
A4 A A A

4

Sy = jxydA s Sy = ,[xzd‘4= Jox = J'C"XdA> Joy = _[CUydA, J oo = J‘wsz are defined, the
4 4 4 A 4 .
internal virtual work due to normal strains is expressed as

!
8U, = E [6u(2)1.,D,.,0(2) 112 L11)

0

In conventional solutions (Vlasov 1961; Murray 1984), it is customary to select an
orthogonal system of coordinates x, y,w, which vanishes the off diagonal terms of matrix
D,,,, i.e. enforcing the conditions S, =S, =S5, =J,, =J,, =J,, =0. When matrix D,,,

is diagonal, the subsequent formulations become simple and the energy conjugate
boundary terms were well established in the literature. In contrast, this study considers

the general case where matrix D,,, is a full matrix (arising when a non-orthogonal

coordinate. system is adopted). In this case, the energy conjugate stress resultants are not
known. The objective of the following section is to formulate the energy conjugate stress

resultants for a non-orthogonal system of coordinates.

16



External virtual work due to end tractions

‘Given the general specified tractions &, =&(s,0,r), 7, =7(s,0,7) acting at the end
z=0 and &,=6(s,/,r), T, =7(s,l,7) acting at the end z =/ of the member and noting
that both ends undergo virtual displacements Su(0), Sv(0), dw(0), d¢(0), ou'(0),
ov'(0), 6¢'(0),6ul), ov(), owdl), S¢(), ou'l), ov'(l), and, J¢'(l), the

corresponding virtual work done by the externally applied tractions is

O == 5,8 w(0)=x(s)u'(0) () (0)-(5)'(0)
_ J;O cosa(s)5[u(0)—()/(s)_ay)¢(0)]dA
- [rsina)3[v(0)+(x(5)-a.)o(0)] 4
[ w0 (5)u () =(5)v 1)) ()
+ freosaa{u()-(5(6)-a,)o()
+J‘f, sina(s)8[v(1)+(x(s)-a,)¢ (1) a4

(IL12)

By regrouping terms, Eq. (I.12) can be expressed as

8V, = =N (0)6w(0)—V,(0)5u(0)-V,(0)5v(0)
~ M ,(0)6u'(0)— M, (0)6v'(0)-T (0)54(0) ~ B(0)54'(0)
+ N(Oyow(1)+V,(Dsu(1)+V,6v(I)
+ M ,(DSu'(1)+ M, (1)ov'(1)+ T D (1)+ BUSH' (1)

(11.13)

in which the following energy conjugate stress resultants arise naturally.

NO = [G,dd, M,0)==[Gx(s)dd, H,0)==[5,y(s)dd, B(0)=-[F,w(s)dd,

V.(0)= J.Focosa(s)dA , V,(0)= IFO sina(s)dA,

17



T(0)= j{—z“o(s, z)cosa(s) [y(s)—ay ]+?0 (s,z,r)sinc(s)[x(s)-a, ]} dA

NUy=[gdd, M,0)=-[6x(s)dd, M()=-[5y(s)dd, B)=- [5.0(s)da,
A A A A

V.= [zicosa(s)dd, V(1) = [7sina(s)d4, and

T()= I{—’f,(s, z) cosa(s)l:y(s)—ay]ﬂ_', (s,z,7) sina(s)[x(s)—-ax]}dA (I1.14)
A
The conjugate stress resultants defined in Egs. (Il.14) have a general significance in the

sense that they are applicable to any non-orthogonal coordinate system. Specifically, the

moments  #,(0) = — [G,x(s)dd, M,(0)=-[&,y(s)dd, M,(I)=- j&,x(s)dA, and

]\fo(l) =- j&, y(s)dA are those about an origin which does not necessarily coincide with
A

the centroidal axis of the longitudinal tractions acting at the cross-sections z =0 and

z=1. In the special case where an orthogonal system of coordinates is adopted, the

above tefms revert to the conventional moment definitions about the centroidal axis.

Also, the bimoment terms B(0) = — Iﬁoa)(s)dA and B(l)=- IE,a)(s)dA are related to a
A A

sectorial origin which does not necessarily coincide with the principal sectorial origin as

defined by the orthogonality condition S, =0. Finally, the twisting moments T(0) and
T(l) are the moments of the tractions tangent to the end cross-sections z = 0 and z =/
about a pole (a,,a,) which does not necessarily coincide with the section shear centre.
Again, in conventional solutions based on orthogonal coordinates, the pole (ax,ay) is

selected to coincide with the shear centre defined by the orthogonality conditions

18



Ju =J,, =0, and the twisting moment definition in Eq. (I.14) becomes that about the

shear centre.

External virtual work due to member tractions

The effect of member tractions p(s,z) is obtained by pre-multiplying the traction vector

by the corresponding virtual displacements JSu, (s,z)T and integrating over the member

middle surface, i.e,

!

o7, = [ [6u,(s,2),, p(s.2),,dsdz - (IL15)
0

S

In Eq. (IL15), the wvirtual displacements at any point on the midsurface
ou,(s,2), = <5u (5,2) Ov.(s,z) Ow,/(s, z)) can be related to those at the pole

displacements through Egs. (II.1), (II.2) and (IL.5). By defining the resultant forces per

unit length as ¢,(z jpx (s,2)ds, q,(z jpy (s,z)ds, q,(z .[pz s,z)ds and

resultant twisting moments per unit length m(z) induced by the action of traction

components p,,p, acting in the plane of the cross-section about pole 4, (ax,ay) as

m(z) = J-—pJc (5,2) ¥(s)-a,)+ p, (s,2)(x(s) - a,)ds , Eq. (IL.15) is rewritten as

! ! ! !
oV, = jé'w(z)qz (z)dz + fé'u(z)qx (z)dz+ I5v(z)qy (z)dz+ _[5¢(z)m (z)dz

o ° 1 ° S (11.16)
- j_[é'u (2)x(s)p, (s, z) dsdz — _”é'v (2)y($)p, (5,2)dsdz - ”é'qﬁ '(2)a(s)p, (s5,2)dsdz
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Field Equations
Equations (I1.9), (I.11), (I1.13) and (11.16) are substituted into Eq. (II.7) and all terms

includingdw' and d¢' are integrated once by parts, and all those including the terms

ou", ov" and Sp" are integrated twice by parts. Noting that the virtual displacement
fields 5d(z)/., =<5w(z) su(z) 6v(z) 5¢(z)> are arbitrary, the well known Vlasov

field equations are recovered

-4D* S, D' S,D | s,D’ w qa’ .y W
"‘Sy.DB Jny4 nyD4 i waD4 u qx+ J;x pz/ Z as .
£ . ) . ) = st (IL.17)
-S.D* J,D* J.D'!  J,D v \g,+ [vop,/ozds
o M T R Ty TR T T AT T A AT 2 S e T T e e
-s,p* J,D" J,D'iJ, D -EGI,D | (¢] | [wdp, jozds

4

in which the differentiation operators, D*=d?/dz®, D*=d*/dz*, and D*=d*/dz"

have been defined.

Boundary conditions in non-orthogonal coordinate system
The boundary terms arising from the integration by parts performed in the previous

section provide the 14 boundary conditions associated with the above field equations.

These are found to coincide with those reported in Gjelsvik (1981).
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E(AW'—8 u"~Sv"— S, 4"~ Nt éu| =0
Y 0

{E(Syw"—JWu"'—nyv'"—ngé"')—T—/;+ jpz (S,Z)X(S)d3}5u =0

E(S '~ Jyu"~J "= J, 8" ~7,+ [p, C%z)y(s)ds}év =0

!

{E(Sww"— Tyt "= "= J 8"+ GTLE"¢) =T + [p, (s.2) a)(s)ds} Sf =0 (IL18)

0
1

}5u" =0

0

{EGSw'+J u"+ T v"+ 0" - M,
(BCSows St s 7,0~} 6], =0

{ E(-S,w'+J u"+J,v"+J, 4"~ B } 24 '\; =0

In applications where an abrupt cross-sectional change occurs (e.g., Example IL1 in

Chapter III), Equations (I1.18) provide clear and systematic means of expressing the

continuity conditions at the location of the cross-sectional change.

It can be verified that for an orthogonal coordinate system, the above boundary terms

coincide with the well known boundary terms in orthogonal solutions. For instance, under

an orthogonal coordinate system, the conditions §, =J, =J, =0 are met. Also, the

origin coincides with the section centroid. Thus M ) (0) becomes the integral of the
moments of the longitudinal tractions acting at the end z =0 about the section centroid.
Also the boundary term [E(—Syw'(0)+Jyyu "(0)+J v (0)+J,,8"(0)- A?[y(O)] su'(0)=0
simplifies to the well known boundary condition [EJ Lu"(0)-M, (0)] su'(0)=0, ie.,
either the displacement boundary condition u'(0) has to be specified or the natural

boundary condition [EJ Wu"(0)=M, (0):] has to be met.
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Homogeneous displacement field expressions

The homogeneous solution is obtained by setting the right hand side terms of Eq. (I1.17)
to zero. The resulting coupled system of differential equations is then solved and the

resulting integration constants are related to the the nodal displacements

Uit =<me1 Py | Ve | (pN4,<1>, in which the sub-vectors wy,,, =<w(0) w(l)),
Uy =<u(0) u'(0) u(l) u'(1)> , Vo =<v(0) v'(0) v(I) v'(l)), and
Onia =(8(0) 9'(0) (1) ¢'(!)) are defined.

The main idea of the solution is to differentiate the first row of Eq. (II.17) with respect to
z, expand the top partition of Eq. (I.17) to express the D*¢ in terms of the displacement

derivatives D’w,D*u, D*'v through a 3x3 sub-matrix of coefficients, performing a
symbolic inversion of the resulting matrix to express the displacement fields in terms of
the rotation field, and substituting the result into the bottom partition, yielding an
uncoupled differential equation in the rotation field vector. The obtained differential
equation is then exactly integrated, and the integration constants are related to the
rotational and warping nodal displacements and the result is back-substituted into the
remaining field equations which are then integrated to yield exact expressions for the
displacement fields. The new integration constants are then expressed in terms of the

displacement and slope nodal displacements. The reader is referred Appendix IL.B for the

mathematical details of the formulation. The final solution is

¢(Z) = L(Z);rx4 Praxt (I1.19)

u(2) = N(2)gUng + Gy (L(2)5y N2t ) Oan (11.20)
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W(2) = N(2)5 Vg +Cs (L(2)s = N2t ) Onvana (11.21)
, T S}’ 1\ T * Tl Sx ' T * T
W(Z) = M(z)1x2WN2x1 +"Z[N (Z)]x4 -M (Z)1x4j|uN4><1 +";1‘[N (Z)]x4 -M (Z)1x4:lVN4x1

S,C SCre |

7 LR N Jow 22 L NG Jowe 122
S

= (L) ~M* (@) [onan

In Egs.(II.19) through (I11.22), the following hyperbolic shape function vectors were

defined as
( (1-C)cosh kz + S sinh kz — Skz + (1- C + kIS) )
. %[(S—le) coshkz + (1~ C + kS)sinh kz + (1 C)kz — (S — kIC)]
L =
(@ 2_2C+KS | —~(1-C)cosh kz - S sinh kz + Skz + (1= C)
L %[(kl—S)coshkz—(1-C)sinhkz+(1—C)kz+(S——kl)]

where constants C =coshk/, S=sinhkl, and k=.,/GJ,/EC, have been defined. In

Egs. (11.19) through (I1.22) the Hermitian and linear interpolation function vectors have

been used

v (32,22 (22 2 (32 22 [ 2z
N(z)lx4-<(1 T 13,] (z 1 +12j [12 13] ( l%lz ]> 11.24)
ML, =((1-2/1) z/1), M*(2)f, =(0 (1-2/1) 0 2/i) (I1.25)

Also, the following constants have been defined

<(S.vax B Sxey) (AJ-“ -5 ) (Sny -4J, )> s
2 AT, AT ST <288, +S T, |

J

wy

(11.26)
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<(Snyy_Snyy) (Sny—Any) (AJyy—Syz» s

= AT g (IL.27)
AT+ AT S0, <288, T 48 |
. oy
4 =S, =S| [-S,
Cp == (=S, o =S, Ty | (Ve (11.28)
—S x ny Jxx Ja)y

Equation (IL.28) is a new expression for the warping constant C, in terms of other

sectional properties based on a non-orthogonal coordinate syéfem. The expression
naturally arises when comparing the torsion differential equation based on the current
non-orthogonal solution scheme to the torsion differential equation resulting from the
conventional solution based on an orthogonal coordinate system (Appendix IL.B). It is
observed that the hyperbolic shape functions in Eq. (I1.23) coincide with those presented

in Krajcinovic (1969) derived for members under torsion.

Finite element formulation in a non-orthogonal coordinate
system

From Egs. (I1.19) through (I1.22), the vector of displacement derivatives can be related to

the nodal displacement vector Uy,,,, through

w'(z)
u(z)yyy = l;::%zg = B(Z)4x14 Uniam (I1.29)
¢"(2)

in which the strain-nodal displacement matrix B(z),,,, 1S given by
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M(2)r,; 1 €, '@ | Cs' Dt | C'@s =C, ' (@hg

| 0. NI V0., | ClG)t
B(2) = |~ b 2% e _,_,_‘_'g_z__) B (11.30)
O Oy N G D
0., 0, U L"(Z);TM
In Eq. (11.30), the following vectors are defined
S
Ci(D)u =7y[N (@)t ~M* (27 | (L31)
S
Cs(2)0y = j[N (@) ~M*(2),4 | (1.32)
1 t
C,(ar, = ~ 8,6, +5.C, +8,)[ L@ ~M* ()54 | (I1.33)
1 f
C, ()7, = ~$,C,+5.C)) [N -M* ()], ] (11.34)
Cy(2)t = C, [ L2t ~N(2)1y | (.35
Cy(2) = Cs [ L2 ~N(2)y | (1136)

From Egs. (IL9) , (IL.11), (IL.13), (IL.16), (I1.29) and (IL.30) by substituting into Eq. (IL.7),

one obtains

om = 5U1Tx14 (K14><14UN14><1 =Py —R14x1) =044 (IL37)

in which the nodal force vector due to end tractions P,

T —
ixi4 =
(NO) NO) 7.0) M0 V.00 M0 7,0 MO 7,0 MO ITO BO) TO
(1.38)
and energy equivalent nodal force vector due to member loads R,,,, is given by
)
R, = [H() [A())aDsads dz (IL39)
0 5

in which the following matrices are defined
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1 00 0 ~x(s) —y(s) —w(s)
A($)y={0 1 0 —(¥(s)—a,) O 0 0 (I1.40)
0 01 (x(s)-a,) 0 0 0

and
M@)o | Co@rns | Co@hut | Co(@roaCr@y |
O NG L O L Gy
O 0 NG Gy
H@og=| O & O 1 Oy 1 L2, (IL41)

' TP A T
O i Oy i N@y i G
! ! ! T
<2 0, ! 0, i L'(2);4

0

O NG O 1 Gl
0
0

. Ln.

The application of Eq. (I1.39) is illustrated in Appendix II.C, in which the expression is

used to formulate the energy equivalent nodal force vector for the case of a line load per

unit length <Px,Py,Pz> for which the line of action is defined by the coordinates

’ (x(sp) y(sp) co(sp)) relative to section origin.
The stiffness matrix K in Eq. (I1.37) is expressed by

1 10

! 0,04
K,pus = E [B(2),, , D,.B(2),  dz+GJ, [| ==~ lde (IL.42)
14x14 6[ ( )14x4 4x4 ( )4 14 d![“mo L,(Z)":“Ln(z)lxj

The first integral in Eq. (1.42) represents the normal stress contribution to the stiffness of
the element while the second integral represents the St. Venant contribution. The finite
element formulated in this section will subsequently be referred to as the NOVEE14
(Non-Orthogonal Vlasov Element based on Exact shape functions with 14 degrees of

freedom). The entries of the stiffness matrix for NOVEE14 as defined by Eq. (11.42) are

presented in Appendix I1.D.
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Exactness of the solution based on NOVEE14
The NOVEE!4 formulation is based on shape functions which exactly meet the

homogeneous form of the Vlasov equilibrium equations. Therefore, the formulation is
expected to yield nodal displacement values in exact agreement with a closed form
solution of the Vlasov equations for the case of zero member loads. A question arises
regarding the ability of the stiffness formulation to exactly predict nodal generalized
displacements for members subject to non-zero member loads. It can be mathematically
proved (Appendix ILE) that indeed this will be the case regardless of the member load
distributions. This is also numerically illustrated in Example [II.4 in Chapter I, in which
a member under non-zero member loads is solved using (a) a single NOVEE14 element,

and (b) 16 NOVEE14 elements. The results obtained in both solutions exactly matched.

Special case 1: members with negligible St. Venant stiffness

For elements with relatively short spans, the condition 4/ — 0 is approached. This

signifies that the warping stiffness becomes predominant relative to the St. Venant

stiffness. As kI — 0, the hyperbolic shape function vector L(z)],, can be demonstrated

to approach the Hermitian shape function vector N(z),, (e.g., Batoz and Dhatt, 1990).

By substituting into Eqs. (II.19) through (I1.22), simplified displacement field expressions
are obtained for the limiting case &/ — 0 (In the following, all “0” subscripts denote

variables under the limiting condition &/ — 0)

% (2) = L(2){4 Onsu (IL43)
- up(2) = N(2)j Uy (1.44)
V5 (2) = N(2)1us Vg (11.45)
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S S
w,(2) = M(Z);rxzwmxl +——1; I:N'(Z)Tm -M* (2)1Tx4]llN4x1 +'j|:N'(Z)1Tx4 —-M* (Z);r*“]vmxl 46)
(L
Soly
+-;1“—’-[L (2)s —M* (Z)lTx4](PN4x1

It is of interest to note that, in contrast to the formulation of NOVEE14, the transverse

displacements u,,v, in elements with short spans become independent from the rotation
field, while the longitudinal displacement w, remains dependent on the nodal rotations

and transverse displacements. By substitution into the virtual work expression, a different
stiffness matrix K, for the limiting case &/ — 0 is obtained. The resulting finite element
will subsequently be referred to as the NOVEC14 (Non-Orthogonal Vlasov Element
based on Cubic shape functions with 14 degrees of freedom). The entries of the stiffness
matrix for NOVECI14 are given in Appendix ILF. The modifications necessary to

formulate the energy equivalent nodal force vector for a uniformly distributed line load

were presented in Appendix II.C.

Special Case 2: members with negligible warping stiffness

Elements with negligible warping stiffness include tee-shaped and angle sections. Also,
for relatively long members, the condition 4/ — o can be approached for other thin-
walled sections. Under the condition &/ — oo, it can be demonstrated (Appendix II.G)

that the rotation field ¢ (z) approaches a linear distribution, i.e.,

3,(2) =M(2){ 2P onn (11.47)
It is noted here, that unlike elements NOVEE14 and NOVEC14, the nodal rotation vector

O N = <¢(0) o(! )> is independent of the nodal warping deformations. By substituting

Eq. (I1.47) into Eq. (11.17), the following displacement field expressions are obtained
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1, (2) = N(2)},y Uy (IL.48)
V. (2) = N(2){y Vit (IL.49)
W, (2) = M(2)%, Wz +SA [N'(2)fy =M * (2 Uy +== % [ () =M * (2)1g | Vvt (L50)
In contrast to the displacement fields developed for elements NOVEE14 and NOVEC14,
the longitudinal displacement field w,_(z) is independent from the rotation field ¢_(z).

By substitution into the virtual work expression, another stiffness matrix expression is

obtained

, 00,10 | 0y,
L . 6, el F S (T
w12x12 5[ °°( 12x4 4>‘4B ( )4“2 d+ '[ 2><10 :M'(Z);M‘(Z)lxz ’ ( )

in which, the following matrix has been defined

M'(2)],, | g [N'(z)M '( )M] ' N '(z);i4 -M’ '(z)IM] | 0
Bw(Z)4x12— 01x2' N"(Z)M 01x4 lez (IL.52)
L 01*2 E 01><4 E 01><4. ;Olﬁ_

The element formulated in this section will subsequently be referred to as NOVEL12
(Non-Orthogonal Vlasov Element based on Linear shape functions with 12 degrees of
freedom). The entries of the stiffness matrix for NOVEL12 as defined in Eq. (I.51) are
presented in Appendix I.G. It is noted thaf as element NOVEL12 is based on zero

warping torsion, it is equally applicable to other thick beam elements, in which the

warping stiffness is negligible.

Summary and Conclusions

A general non-orthogonal solution for the Vlasov thin-walled beam theory has been

developed. The associated energy conjugate stress resultants were derived from energy
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principles. Subsequently, three finite elements were derived. Element NOVEE14 yields
nodal values in exact agreement with those baéed on a closed form solution of the Vlasov
field equations and boundary conditions. Element NOVEC14 is suitable for modeling
short elements while element NOVEL12 is suitable for modeling elements where the
torsional stiffness is approached. The finite elements developed provide a powerful
analysis tool capable of capturing the behavior of thin-walled elements. The advantages

and modeling capabilities of the formulation are discussed in details in the next Chapter.
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Appendix Il.A-Procedure to Identify an Orthogonal System of
Coordinates

The equilibrium equations based on the Vlasov thin-walled beam theory (Eqs. I1.17) are
coupled. While the formulation presented in Chapter II, IIl and IV are based on the
general solution of the coupled system of equations, the conventional solution scheme

uncouples the field equations by adopting an orthogonalization process.

The first step of the orthogonalization process is to obtain the coordinates of centroid of

the section. Based on an arbitrary chosen coordinate system (x,y,) (Fig. ILA.1), the

static moment of areas defined as S, = jxldA and S, = J-yldA.
A 4

Fig. II.A.1- Orthogonalization process

The coordinates of the section centroid are calculated as X, =S, /4 and 3 =S, /4. The

origin is shifted to the location of centroid x, =x, ~X, and y, =y, —¥,. The moments of

inertias J,, J,,and J,, are calculated based on coordinate system x, and y, in Fig.
ILA.1, or directly obtained from the parallel axis theorem ie.,J =J, -4y,

o = - A% and J s = — 4%y, . Given the moments of inertia J _, J, and
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J,,, based on the coordinate system(x,,y,), a new coordinate system having the same
origin with different orientation is obtained for which the product of inertia J_,
vanishes. The angle between the new coordinate system (x,,y,) and the coordinate

system (x,, , ) is obtained by the formula (Fig. IL.A.1)

L arct 2o IL.A(1)
@ =—arcian ————e—— 2 .
2 (szxz - J)’zyz )

By using the angle in Eq. (1), the new moments of inertia in terms of the coordinate

system (x,, y, ) can be calculated as

S, =, sin* @ +J,  cos’ p~2J,  sinpcosp ILAQ2)
o =0, cos’ @+ . sin’ @ + 2J, ,, cospsing ILA)

So far, the orthogonalization process is identical to that of the Euler-Bernoulli beam. In

the following steps, the pole 4, will be located such that the sectorial products of inertia

I, = _[a)di, Sy = ja)ydA vanish. The sectorial coordinate a)(SOl,AP,s(x3, y3)) based
A A

on an arbitrary pole 4, and arbitrary sectorial origin S, in the coordinate system
(x5, y,) can be written in terms of a sectorial coordinate a)(Sm’D,s(xp y3)) based on the

shear center D and sectorial origin S,

a)(SOI, Ap,s(x3,y3)) = a)(Sm,D,s(x3,y3))+(ay— d, )(x3——x3501)-— (a,~d ) (¥s= Yss01) LA4)

In which a,,a,,d,,d , %5, and y.g, are the coordinates of the arbitrary pole 4, shear

center D and a sectorial origin S,, in the coordinate system (x,,y,)respectively. By
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multiplying Eq. I.A(4) by x, and integrating over the cross-sectional area 4, one obtains

the sectorial product of inertia based on an arbitrary pole 4,

S ox, (SM,AP)= jw(Sm,‘Ap,S(x” y3))x3dA in terms the sectorial product of inertia based
A

on the shear center D as

s (So1s 4y ) =T 0 (Sors D)+ (a, = d, )] ., ILA(S)
In a similar fashion by multiplying Eq. ILA(4) by y, and integrating over the cross-

sectional area 4 one obtains

Ja’yz(Sm ? AP ) = JWY:(SOI 2 D) - (ax - dx)Jx3x3 IIA(6)
Since the products of inertia J,, (Sy, D) and T oy, (Sy;,D) vanish for an orthogonal

system, from Eqs. ILA(5) and II.A(6), the location of the shear center is determined as

(Fig. ILA.1)

d,=a,~J, (Sy.4,)/7,, ILA(7)
and

d,=a,+J,, (Sy.4,)/]., ILA(8)

The remaining orthogonality condition is the vanishing of the first moment of sectorial

coordinate ie., S, = deA=0. Sectorial area coordinate based a sectorial origin S,
A

@( Sy, D, (x5, y,)) can be decomposed as

a(Sy1, D, (x5, ¥3)) = @(Sg, D, Sy )+ @( Sy, D, 5(%5, ) IL.A(9)

33



In which @(S,;,D,S,,) is the sectorial area traced between S, and S, based on the

shear center D and @(Sy,,D,s(x;,,)) is the sectorial coordinate based on a sectorial

origin S, and the shear center D. By integrating Eq. IL.A(9) over the cross-sectional area
A, the transformation rule which relates a moment of sectorial area based on a sectorial

origin S;; and the shear center D to a moment of sectorial area based on a another

sectorial origin S, and the shear center D can be obtained as

S, (Se1-D) =S, (Sy;, D)+ Aw(Sy, D, Sy,) I1.A(10)

In Eq. ILA(10), S, (S, D) is the first moment of sectorial coordinate based on sectorial
origin Sy and pole D, and S, (S,,D) is the first moment of sectorial coordinate based
on a sectorial origin S, and pole D. Since the moment of sectorial area S, (.S,;,D)

vanishes at the new sectorial origin S, the sectorial coordinate of the required sectorial

origin is determined as (Fig. ILA.1)

&(Soys D, Sy, ) = ﬂ—(%’—D—) TLA(I1)

The new sectorial coordinate diagram based on the sectorial origin S,, and the shear

center D is reconstructed. And the warping constant J,, = j- w’dA is calculated. Based on
A

the orthogonal coordinate system, the differential equations of equilibrium (Eq. (II.17))
become uncoupled. In contrast to the above procedure, Chapter II directly solves the
coupled differential equations in Eq. (I.17) and the natural boundary conditions are
obtained based on- the non-orthogonal coordinate system. This eliminates the need to

pursue the orthogonalization process described in this appendix.
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Appendix |I.B Exact solution of Equilibrium Equations for the
homogenous case

This appendix presents the details of the solutions of the equilibrium equations (Eq. 11.17)
for the case of zero member tractions, ie., p(s,z)=0 and 6V, =0. Under this

condition, the equilibrium equations take the form

—

AD*  -S,D* -8.D’ -s,0*  {w] (o0
-sp* J D' J_ D' J, D u| |0

Yy » . *y 4 wx 4 = II.B(l)
-s,p* J,D* J.D J,,D vi 1o
L—Sa,D3 JD' J, D' J,D' -GLED ||g] (0

By differentiating the first row of Eq. IL.B(1) once with respect to coordinate z and
expanding the upper portion of the partitioned system in Eq. II.B(1), the displacements

w, u and v are expressed in terms of the angle of twist ¢ as

D*w A4 -8, =S| |-S, C

Dut=—-S, J, J, | {Jux (D'¢=3C,; D' IL.B(2)
D*v =S, Jy Ju| Yo C,

in which

. A =T2) (S7.-57,) (8.7,-5,7,)) 5o

_ . IL.B(3)
! -4J . J,, +Any2 +Sx2Jyy -28,8,J,, +S'y2Jx,c J,
<(Snyx - Sxey) (AJ“ B sz) (SJ’S" B Any )> -
2= —AJ T +Any2 +Sx2']yy ~28,5,J,, +Sy2‘]xx S s I;.B(4)
y
=
- (8T =8,75) (5,8.-41,) (4,-5})] ILB(5)

Ja)x
~AJJ,, + AT +82 T, -288,J +S8 2, ;

oy

From Eq. IL.B(2), by substituting into the last row of Eq. II.B(1), one obtains
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A4 =5 =S =S

y x @
E ']a)o) - <— Sa) Ja)x ‘]a)y> _Sy Jyy ny Jﬂ,x D4¢ - GJdD2¢ =0 IIB(6)
=S, J J J

x xy xx wy
By comparing Eq. IL.B(6) to the well known torsional equilibrium equation in an
orthogonal system EC,D'¢—GJ,D*¢ =0, in which constant C, denotes the warping

constant, a new expression of the warping constant C, in terms of other section

properties in a general non-orthogonal coordinate system is obtained as

Co=dp (=S, Ju J)|-S, I, Jy| {J. IL.B(7)
—Sx ny Jxx Ja)y

It is noted that Eq. ILB(7) is the same as Eq. (II.28). From the solution of

EC,D*$—GJ,D* =0 one obtains

¢(z)=a,coshkz+a,sinhkz+a,z+a, ILB(8)
in whichk =,/GJ,/EC, . By referring to Mohareb and Nowzartash (2003) the above
integration constants are related to the nodal angle of twists and their derivative. Thus,
the relation @(z) = L(2)1 @nsq (EQ I1.19) is obtained, in which the nodal rotation vector
is Qru = <¢ (0) ¢'(0) ¢(1) o'(! )) and the shape function vector L(z),, (e.g.,

Krajcinovic, 1969) is given in Eq. (I1.23). From Eq. II.B(8) by substituting into Eq.

I1.B(2) and integrating the second and third rows four times with respect to z one obtains

u(z) = C,L(2), Onag +0,2° +b,2° +bz+b, IL.B(9)

w(z) = CaL(Z)1Tx4 Pnga T c3z3 + czz2 +¢z+¢ IL.B(10)
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By applying the displacement boundary conditions, integration constants b, through b,

and ¢, through ¢, are related to the nodal displacement vectors

“qu1=<u(0) u'(0) u(l) u'(l)) and v§4x1=<v(0) v'(0) v(I) v'(l)> through

1(z2) = N(2)f.g U + Cy (L)t ~N(@)s ) Ps ILB(11)
v(2) = N(@)fuy Vyoa + s (L(D1g = Ny ) O ILB(12)
in which the shape function vector N(z),,, is given in Eq. (II.24). Note that Eqs. I1.B(11)
and I.B(12) coincide with Egs. (II.20) and (IL21) respectively. From Eqgs. I1.B(8),

I.B(11) and 1L.B(12), by substituting into the first row of Eq. I[1.B(1) and integrating

twice, the longitudinal displacement w(z) is obtained as

S
w(z) = _y[N'(Z)lTxAuNztxl +G, (L‘(z);r,q -N'(z)1,4 )(PN4><1] :
A
< < [L.B(13)
+j‘[N'(Z)1Tx4 Vaa TG (L(Z)1Tx4 ~N(2)1.4 )(PNM] + 7“’L'(Z)1Tx4 o Az +d,

By enforcing the displacement boundary conditions, constants dy and d; are related to the

longitudinal nodal displacement vector wy,,,, i.e.,

S S ’
Ww(z) = M(2)},; Wiz + ‘j‘ [N'(Z)le ~-M* (2)1Tx4:]“N4x1 + j [N'(Z)let ~M*(2);,, ] VNaa
S,G,

y

1] 1 SXC ] ) Sa) !
-2 L@ NG Joneat = L ORAN L oyt =2 [ LR M) Jons
1L.B(14)
In which the shape function matrices M*(2),, =(0 (1-z/I) 0 z/l) and M(2),, are

-+

given in Eq. (IL.25 a and b). Note that Eqgs. I1.B(13) coincides with Eq. (11.22).
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From Eq. ILB(7) by post-multiplying both sides by J* where JT = <~Sw J, Ja,y> ,

and pre-multiplying both sides by vector J, one obtains the matrix identity

I {ANIT (7, ~C, )L} =0, in which

4 =S, -5,
A=|-S, J, J, ILB(15)
_Sx ny Jxx

The above equation is satisfied under two possible scenarios, either when J* =0, i.e.,

when the pole is located at the shear centre J, =J, =0 and the principal sectorial

origin is adopted (S, =0), or JJ' =(J,,—C,)A (assuming [JJT :l_l exists) is

satisfied. Since matrices JJ' and A are symmetric, this relation leads to the following

six alternative expressions for the warping constant.

2 S J
CW = wa - Sw = JaJw - Smex = me - =
4 S, S,
: E . IL.B(16)
= (Jalw —ﬁi] = [Jam) - j = [Jma) _Mj
J, J. J,

The author was unable to find similar expressions in the literature, and thus Eq. I1.B(16)

are, to the best of his knowledge, original.
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Appendix II.C - Energy Equivalent Nodal Forces Due to uniformly
distributed line load

Given a thin-walled prismatic element subjected to an externally uniformly distributed

line load per unit length (ﬁ, P, Pz) acting at an axis located on the element cross-section

defined by the coordinates (x (sp), y(s p),w (s p)) = (xp, Yy p) , the required energy

equivalent force vector R,,,, consistent with element NOVEE14 formulation is given by
mathematically expressing the traction function vector in terms of the Dirac delta
function as p;,, = 5(s—sp)(Px,Py,Pz) , substituting into Eq. (I1.42), and performing the

necessary integrals. One obtains
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Ry =1 ¢

[(ay—yp)pxﬂ(ax—xp)py]é— IL.C(1)

in which

k42 cosh ki +12cosh kI — k1% — 6kl sinh kI ~12

¥ - 1.C(2
! 12k* (~1+cosh k) @

and

w, = klsinhkl —2coshkl +2 11.C(3)

k* (~1+ coshki)

For Element NOVEC14, a similar formulation yields the required equivalent nodal

forces. Alternatively, the result can be obtained by taking the limits of R,,,, as kI — 0.
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The equivalent nodal forces are found identical to those based on the NOVEE14 except

for the bimoment terms which are:

R, =é:4—{—68w p.+Al[(a,-,)P. ~(a,~x,) py]} ILC(4)
and
R, = —éz{ésm p,+Al[(a,-7,)P. ~(a,-x,) py]} IL.C(5)
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Appendix I1.D Stiffness Matrix for NOVEE14

Matrix K for element NOVEE!14 is expressed in a partitioned format as

Ky 1 Ky i Ky 1Ky
Ky | Ky | Ky Ky
_I_<__13T LKo" Ks;f_ P K,

K 1Ky Ky Ky

K14x14 =k

in which the following sub-matrices are defined

Al 1 -1
K,=—
" ZL 1}
S,[0 -1 0 1]
Ku:T
0 1 0 -1
S0 -1 0 1]
Ky=—=
10 1 0 —1]
S10 -1 0 1
Ky =—*
110 1 0 -1
o Sz Sz SZ Sz
12(%,—?] 6(Jyy__y_j1 —12(Jw—jj G(JW———;—Z
S.? S ? : S ?
L {4JW—3——Y——J1 —6(4,&}1 [2JW-3—2—}12
AN E o 12 Syz o Syz l
m. —_— — —_
y yy A w A
SZ
(4JW—3—yJ12
L A
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ILD(1)

IL.D(2)

ILD(3)

I.D(4)

IL.D(5)

ILD(6)



K,=7

Ky=7

S
4Jym— 3 T
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y=x ]IZ
A
1.D(7)

11.D(8)

11.D(9)

IL.D(10)




and,

[sinhkI 128 (coshki-1) 6p sinhkl 124 (coshkl-1) 6f
+ o —— —— =
k o K oI k or K o
a+ié+ S’ (1-coshkl) 68 (sinhkl—kl)4_2_,/3’___S;‘v2
K. =5 ol o4l K’ 51 K’ ol o4l
4 :
Sym. sinh k/ +% (cosh 12cl -1 _Gﬁz
k ol k 1))
2
o +iﬁ_+_§£’_
L ol 064l
ILD(11)
in which o = I coshkl —sinhAT) B=J, -S.2[A-C, and

K'C,

k3

5=
(2—2cosh K + K sinh 1)

symmetry.

. Remaining terms of matrix K,,,,, are obtained from
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Appendix ILE Exactness of the solution based on NOVEE14 for
the non-homogeneous case

The NOVEE14 formulation is based on the exact solution of the homogeneous
equilibrium equations. This appendix demonstrates that, in the non-homogéneous case,
the stiffness matrix for the homdgeneous case still yields nodal variables in exact
agreement with those based on the exact solution of the non-homogeneous differential
equations of equilibrium, as long as the proper modifications are made to the member
load vector. The implications are that a prismatic member under non-zero member loads
can always be modeled using a single finite element while yielding the exact nodal
values. The proof of exactness presented in this appendix is the generalization of the
proof provided for the special case of torsional analysis in Mohareb and Nowzartash

(2003) to the analysis under coupled axial, bi-flexural and torsional deformation in non-

orthogonal coordinate system.

The exact displacement field d(z){,= (w(z) u(z) v(z) ¢(z)> for a member subject to
end displacements and member loads can be considered to consist of two components

d(2)4q = d,(2)4q +d,(2),, corresponding to the homogenous solution d, (2)1« and the
particular solution d_(z){, Tespectively, where d, ()1, =(w,(z) u,(2) v,(2) ¢,(2))

and dp(z)lT,<4 =<wp(z) u,(z) v,(z) ¢P(z)>. By expressing the homogeneous

displacement vector d, (z),,, in terms of nodal displacements one obtains
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w, (2)| | Z(2)tas
X(2)7,
dh(z)m E ; YEZ;M NH 14x1

$.(2)) | W)t

ILE(1)

in which Upyy 1, iS the vector of nodal displacements, Z(z){,, X(2)1qs> Y(2)1qe and

W(z)],,, represent the interpolation functions satisfying the homogenous form of

equation in Eq. (II.17). From Egs. (I1.19), through (I1.22), these are expressed as

' [S)'CZ + SxCB ]
z(z),,, | M(z)m; 4 ? 4 - XL ~ N2
B N(Z)x —M*(Z)x N(Z)x —M* (Z)x
_X(Z)'lrxm__ _ : [ 1x4 1 4] I [ 1x4 1 4] ‘. ‘S;I [L'(Z)l,q —M* (Z)1x4]
Y (Z)TX T --‘i N -_;-- ToTmmmmm o --l:-- - - e
LW(Z;TM_. 0 i Nz, 0 G [L(z)fm N(2),
1x14 - "i" T T T e T
0 ? 0 é N (Z)'lrx:; % C3 [L (Z>’1rx4 - N (Z):x4 ]
L 0 E 0 g 0 E L (z):q
ILEQ2)

The particular solution vector d (z),,, can be expressed as the sum of two components

Z(2) 14
X(2)1a1s
Y(z )1Tx14
W(2)ias

Unp 14 ILE(3)

()
d,(2)pq = zz g; = WM2Z)gq +
()

In Eq. ILE(3), the first displacement component
pT(Z)4x1=<,Llw (z2) m(2) w(z) 4 (z)> consists of any displacement functions

satisfying the equilibrium equations in the presence of load terms. The second

displacement field vector consists of any linear combination of the homogeneous
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solution. These are the displacement functions defined in Eq. I.E(2) multiplied by a set

of 14 arbitrary constants Upyp ;4 - Thus, if vector p’(z),,, is a particular solution for the
differential equations of equilibrium, vector d (z) must also be a particular solution
irrespective  of the magnitude of the arbitrary constants in vector Ugp 4-

Conventionally, once a particular solution is determined, the entries vector Uyp ., are

selected to vanish for simplicity. In contrast, we deviate from this convention in this

proof by selecting the entries Uy 4, to satisfy the conditions

u,(0)=v,(0)=w,(0)=4,(0)=2",(0)=v",(0)=¢",(0)=0

ILE(4)
u,(D=v,O=w,DH=9,)=u',OH=v",)=¢",()=0

The vector of displacement derivatives u(z),,, which appears in Eq. (II.6) can be written

in terms of the homogeneous and particular parts as

wi(2)] [w',(2)
U(2) g = U, (2) g+ (2) g = w(2)| |4 () ILE(5)
4x1 h 4x1 p 4x1 V“h (Z) V"p (Z) .
¢'(2)) |4".(2)

By expressing u,(z),,, in terms of nodal displacements one obtains,

(2) g = B(2) g + B ots (Unt o + Unirn ) ILE(6)
in which.
BT @ s =(,' 1" 1" 4,") ILE(7)

Noting that the variation of the prescribed components of the displacement vector in Eq.

IL.E(6) vanishes, one obtains du(z),, = B(2)4149U g 14
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For the non-homogeneous case, the exact virtual work expression must be based on the
assumed displacement fields defined in Eq. I1.E(6) as opposed to the displacement fields
of the homogeneous case (from Egs. (I1.19), through (I1.22)). By substituting the
displacement fields defined in Eq. II.E(6)F into Eq. (II.7), one obtains the virtual work

expression ox,,, for the non-homogeneous case

! i
57[NH = 5UNH.1T><14 J.E [B(Z):‘4x4D4X4B(Z)4x14 ] dZUNH14x1+5UNH;FX14 IGJd[W'(Z)Lx]W’(Z)lxM ] dZUNH14><1
0 0

- 5UNH1Tx14P14x1 —0Uyy L14R14x1 +97,
ILE(8)

in which

! !
T | T '
67, = 5Upy ITXM(E [B(2)10s Danallyus (2)dz + G, [W'(2),,, 8, (z)dz] ILE(9)
0 0
Apart from the contribution d7,, the virtual work expression as given by Eq. ILE(8) is
found to exactly match the one given in Eq. (IL.37). In the following it will be shown that

the extra term in virtual work expression d7, vanishes. This signifies that the stiffness

matrix and the energy equivalent nodal force vector for the non-homogenous case is

identical to that of the homogenous case. The extra term Sz, can be rewritten as

4 -8, =S, =S, |[w,(2)

’ =S, J, Iy Ju ||u",(2)
o =E {(éw' Su'" Sv" oo y bod Xy wx p d
e (3[< W,,(Z) u h(z) v h(z) ¢ h(z)> __Sx ny Jx.x me V"p (Z) z

~

—Sw qux | Ja)y 0w ¢"p (Z)
+GJ, [J'¢',, (2)¢',(2)dz

ILE (10)
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By integrating the terms including w," and ¢,'once by parts, and those including the

1] 1" " 1 1
termsu,", v, and ¢," twice by parts, o7, 1S expressed as

!

w, Sw" A—5u",S,—5v", S, — 5", S, 0
: U _sw". S +ou", J, +v", J,, +08",J u
sm =Ef(A, A, Ay MY T pdz-E "y e e he o P
5K por e Y v, —5w", S +6u", J, +6v", J 460" Ty | Vs
¢p _5W"h Sa) + 5” mh ‘]mx + 5V "‘h me + 5¢ '"h Jam; ¢p 0
Sw' A=5u",S,—~6v", S~ 59" S, | [, ’
_5w', S, +6u", J,+Ov", T+ 68" J u' ,
+E ; o ” - PY +GJ 4"
oW S, +6u", I + OV T+ 68" Ty | |V 21,
5w, S, 40U o+ V" Tuy + 38" Jan ) 8] -
ILE(11)
In which
A, =-5w", A+5u", S, +6v", S, +6¢", S, TLE(12)
A, ==5W", S, + U™, T, + V" T+ 0P S TLE(13)
A, = =W, S, +8u™, Ty + V" S 68" S, LE(14)
Ay ==OW", S, + U™, J o+ V" S0y + 58" oo TLE(15)

By using the relations Sw, (z)=Z(z)fx145UNH it > Su, (z)=X(z)fmé)’UNH x>

5v,(2) = Y(2){4sOUns 14 204 54, (2) = W(2)1ae6Unn1ea 10 EGS. ILE(12) through

[LE(15)one obtains

A, =(~AZ" (@) as+ S, X" @+ S Y™(2) e + Sy W(2)fete) U 16s ILE(16)

il

A, <—SyZ"'(z)fx14 +J, XM (D)pas + Y N2 e F me""(z)fm) 6Upgioa  LE(T)

Ay

S22y + T X (Dpas + J YY" (2) s Ja,yW""(z)fx14> SUpyiea  ILE(18)

G
A= <—Sme(z)fx14 + Ja)xX""(Z)Txm + meY""(z);rX“ + Ja)wW""(z)lTxm ——E— de"> U p 14x

ILE(19)
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Since the homogenous form of Eq. (I1.17) is satisfied by the interpolation field given in
(IL.19) through (I1.22) from Eq. ILE(2), by substituting into Eqs. I1.E(16) through IL.E(19)

one obtains, A=A, =A;=A,=0

By substituting Eq. ILE(4) into Eq. ILLE (11), it can be also shown that the boundary

terms in o7, vanish. This signifies that, by using the solution of the homogenous

equation as the interpolation functions, the obtained stiffness matrix gives the exact nodal
values, and for a member subject to a general load distribution, the product of the exact
homogenous stiffness matrix by the exact nodal displacement vector is equal to the sum
of the generalized force vector due to externally applied generalized nodal forces and the

energy equivalent member load vector based on an exact ~omogenous displacement field.
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Appendix Il.F Stiffness Matrix for NOVEC14

Matrix K, for element NOVEC14 can be expressed in a partitioned format as

K()ll _5
T
K012 __E

K014><14 =E| -

-013

K
K014

'-]

T __E__I__<_923
K

i
]

FiR m =

014
024
034

044

It can be mathematically demonstrated that all sub-matrices

ILF(1)

K,; (except for sub-matrix

K. ), are identical to the corresponding sub-matrices K, given in Appendix IL.D i.e.,

K =K. The entries of sub-matrix K,,, are

1

K044 =

LG,

J -

(210

Lsym.

L
10
2
15

Sl

30

10

4

1
10
!

1

2
15 |

2 2
S ) 6[wa —§w—)1 —12[JM -
A A

2
(4me 35

jlz —6[wa —~

12(wa -

@D

4

2
]

4

SZ

| ety
) (o)
) 45

[4J 3% le
4

ILF(2)

In the following, the identity equation K,, =K,, is demonstrated as an example. By

substituting Eq. (I1.10) and Eqgs. (I.30) through (I1.36) into Eq. (I.42), sub-matrices K,

and K;, appearing in Eqs. II.D(1) and [I.F(1) are obtained as
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! 1
@ } [N"@), L @)z + B (8,8.C,+ Sch} [IN"@) 4 ~ L' @) o IM* ()5

0 0

+ [SxSqu :lM * '(Z)4><1M * '(z)'lrx4 dZ

Y —

ILF(3)
S S 17" %1 %
Ko =| I,y —=22 j N"(2) g N"'(2) 1Bz + j [5,8,47 M*' (@), M*'(2),dz  ILF(4)
By integrating the first two terms in Egs. I.LF(3) and IL.F(4) twice by parts, one obtains

j N"(@) py N" @)z = N"(2) o N'@y ¢| - N"' @), N@) s 5| + jN‘V @) N@Tdz  ILF()

jN'(z)mL"(z)mdz N"(2) g L' @)t o]~ N"'(2) s L@ ]+ jN”(z)4le(z),x4dz ILF(6)

Noting that N™(2),, =0, N'@},¢|=L'@%L | and N@)}, §| =L@} ;| one can

I !
prove the identity IN"(z) wql" (@) dz= J.N"(z) waN" (@)1 dz which makes the first term
0

0

in Egs. [1.F(3) identical to the first term in Eq. ILF(4).

Also, by applying a similar technique, it can be demonstrated that
i !

j N"(2), M *'@)",dz = jL"(z)NM *'(z)",dz . Thus, the second term in Eq. ILF(3) must
4} 0

vanish. The relation K,, =K,,, is proved. Similar proofs can be formulated for the

remaining sub-matrices K =K. ,i#4,j#4.

0ij ij?
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Appendix I.G Finite element approximation for members with
negligible warping stiffness

For long elements or for elements with negligible warping constants (e.g., tee and angle

sections), the condition A/ — oo is approached and the torsional differential equation
approaches d*@/d¢® =0, in which ¢ = z/ L. The corresponding solution takes the linear
solution form ¢, (z)=a,z+a,. The rotation field ¢, (z) is expressed in terms of nodal

displacements @_y,,, as

00(2) = M(2) 1, Quinza ILG(1)
in which the nodal rotation vector (pmNT2x1 = <¢‘ ¢2> does not include the nodal warping
deformation. Eq. ILG(1) is substituted into Eq. I.B(2). The second and third rows of the

resulting matrix are integrated four times with respect to z and the displacement boundary

conditions are evoked leading to

1y (2) = N(2) g Uy ILG(2)
v, (2) = N(2) 14 Vivaa I1.G(3)

Equations II.G(1) through I1.G(3) are substituted into the first row of Eq. I.B(1) and the
resulting equation is integrated twice. The longitudinal displacement boundary conditions
are then enforced. The following expression for the longitudinal displacement w(z) is

obtained

S S
W,,(2) = M(2) g Wypa + j I:N‘(Z)Tm ~M*(2) g4 ] Ut +jl:N'(z)L4 ~M*(2)1 ] Vg I1.G(4)
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From Eq. ILG(1) through IL.G(4), the vector of displacement derivatives

u, (2)l, = <Woo (z) u,"(z) v,"(z) ¢, "(z)) can be related to the nodal displacement

T _ ; ; s
veetor U iz _<WN2><1 P UNaxt | YNes (PooN2>q> through

W, '(2)
u,(2),, = 3”8 =B, (2),, Unni - I.G(5)
¢."(2)

in which matrix B_(z),,,, is given by

L S * lS : b
M) | [N @ =M@ ]| [N -M"@)1 ]| 01

B.@owr=| Qa1 N O 10, |IG(E)
0,2 01 054 ;lez_

By adopting a procedure as in Eq. (I.51), the stiffness matrix can be expressed as

Koo, E[J'B (z). DB, (z),,dz+GJ e Jo & ILG(7)
w012x12 ] o \Z )1gxq VaxaDP o \Z ) (g, G2 do 0,00 M'(z);l M'(z -

The element formulated in this section will subsequently be referred to as the NOVEL12
(Non-Orthogonal Vlasov Element based on Linear shape functions with 12 degrees of
freedom). The entries of the stiffness matrix K_ for NOVEL12 are expressed in a

partitioned form as
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Kon i Koy 1 Ko 1 Koy
KcolZT E KnoZZ 5 Koo23 K
=E| o gty IL.G(8
et Koy (Ko | _Kwss ik LK. ®
KmuT ‘;Kqu K. K
in which the following sub-matrices are defined as
!
A1 -1
K. 2x2=AIM'(Z)leM'(Z);rxde=7|:__1 1:‘ IL.G(9)
0
0 O
! T S,|1 -1
Ko 0= [S,M* (@) M'@iadz = ILG(10)
0
-1 1
0 O
S|t -1
K. o —IS M*(2)y Mi@)adz == I.G(11)
-1 1
Koo41 3= 02x2 HG(IZ)
! S2 T S2 T
Kon J —j N"(2) N"(2)1.4 +—2—M*'(Z)4XIM*'(Z)4xIdZ
—12 6 12 6]
P r PP
6 4 6 2 0 000 1L.G(13)
=J_§_y_2_1_21—1218_y2010—1
o4 12 6 12 -6 4|0 0 0 0
roor rr 0 -1 0 1
6 2 6 4
L I l I I |
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Ko s 44 = j
0

!
J __SxSy N" Nn T SxSy M*‘ M*' T d
v 4 (2)paN"(D1a + 1 (2)aa (2) 4192

2 6 126

T O PP

6 4 _6 2 0 0 00 1L.G(14)
S.S, |12 I 2 11 55,00 1 0 -1
)12 6 1 -6 4jo 000
EI G S & 0o -1 0 1
6 2 6 2
I? ) 2 )
Koo 22 =020 IL.G(15)
’ S, r LS .
K. o= Jxx——jl_ N"(Z)4X1N"(Z)1X4+—j—M*"(z)4X1M*|(Z)4X1dZ
0
12 6 12 6
T OTT
48 4 L 0000 1L.G(16)
_ J Sy lz l lZ l +§—x— 0 1 __l
« || 2 6 12 6| 4o 000
JER R L & 0 -1 0 1
6 2 6 ¢
I* l I? [
Ko 20 =020 L.G(7)
GJ, tans ‘ Gs,l1 -1
K i 2x2=‘Ed—§M (Z);AM (Z)1x2d Z—Ef_[-—l 1] 11.G(18)
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Chapter Il List of symbols
The following symbols were used in this paper

B(Z )4x14

D,y
d.d

x>y

F14><1

cross-sectional area (Fig. I.1);

arbitrary pole (Fig. I1.1);

displacement transformation matrix;

coordinates of arbitrary pole 4, (Figs. IL1, IL.2);
width of the of ¢ thin-wall segment;
bimoments;

end bimoments (Fig. 11.2);

arbitrary point on mid-surface (Fig. I1.1);

matrix relating the displacement derivative vector {u} o 10
the nodal displacements;

warping constant;

exact displacement field vector;

matrix containing cross-sectional properties;

shear center (Fig. ILLA.1);

coordinates of the shear center (Fig. IL.A.1);

modulus of elasticity;

load vector due to end tractions;

shear modulus;
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normal distance between pole and the tangent to mid-
surface;
matrix containing shape functions to calculate

energy equivalent nodal forces for member loads;

section moments of inertia and products of inertia;

moments of inertias based on thc; shifted axes x,, y,
(Fig. ILA.1);

moments of inertias based on the principal axes x;, y,
(Fig. ILA.1);

St. Venant’s torsional constant;

second moment of the sectorial coordinate;

constant \/GJ/ EC,,

stiffness matrix of NOVEE14 element;

stiffness matrix of NOVEC14 element;

stiffness matrix of NOVEL12 element;

length of finite element;

vector of hyperbolic shape functions;

twisting moments per unit length about polar axis;
linear shape function vectors;

bending moments;
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M, M,

n

N
N(2) 1

NOVEE14

NOVEC14

NOVEL12

p (S’ Z)3x1

Pl4x1

qx’ qy’qz

R14xl

end bending moments induced by tractions about the polar
axis (Fig. 11.2);

number of segments defining a cross-section;

axial force at the end of the beam;

cubic shape function vector;

Non-Orthogonal Vlasov Element based on Exact shape
functions with 14 degrees of freedom

Non-Orthogonal Vlasov Element based on Cubic

shape functions with 14 degrees of freedom
Non-Orthogonal Vlasov Element based on Linear shape

functions with 12 degrees of freedom

member traction vector acting on member mid-surface (Fig.
I1.2) in force per unit area;

nodal force vector due to externally applied tractions at
member ends;

resultant of traction vector (force per unit length);

energy equivalent nodal force vector due to member loads;

coordinate normal to the section mid surface (Fig. 11.2);

sectorial origin (Figs. II.1, IL.2);
arbitrary sectorial origin (Figs. [L.A.1);
principal sectorial origin (Figs. I[L.A.1);

first moments of area of coordinates x, y, and @ ;
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x>~ yl

,(5,2),,(5.2)

VeV

w(z)

Ws (S’ Z)

X, Y, Z

first moments of area of coordinates in coordinates;
x,y, (Fig. ILA.1);
curvilinear coordinate along mid surface (Fig. II.1,Fig.I1.2);

tangent vector to the cross-section (Fig. II.1, Fig. I1.2);

~ thickness of ¢ thin-wall segment;

St.Venant torsion (Fig. I1.2);

warping torsion (Fig. [1.2);

total twisting moment;

end twisting moments about the polar axis (Fig. I1.2);
nodal displacement vector for the homogeneous case;
displacements along x, y directions of arbitrary pole (Fig.
IL1);

horizontal and vertical displacements of arbitrary point B,

located on section mid-surface (Fig. I1.1);

volume of element;

shear stress resultants at the end of the beam (Fig. 11.2);
function related to the longitudinal displacement of the
section

longitudinal displacement of arbitrary point B, on the
mid-surface (Fig. IL.1);

coordinates of arbitrary point B, (Figs. 111, 11.2);
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X, Y = arbitrary chosen system of coordinates for cross-section

(Figs. ILA.1);

Xy, ¥y = shifted coordinate system (Figs. I[L.A.1);

X35 V3 = principal coordinate system (Figs. II.A);

X, = displacement vector;

on = total virtual work;

du, (s, z):;3 = virtual displacement vector of point (s,z)on mid-surface;

oU, = internal virtual work induced by normal stresses;

oU, = internal virtual work induced by the St. Venant shear
stresses,

&, = longitudinal strain;

0] (z) = angle of twist about the longitudinal axis;

Vot W .
POrvat> Unvats Vivat> Wzt = nodal displacement vectors;

Y an = shear strain at mid-surface;

n,(s,2) = displacements along the tangential direction to the section

profile at point B, (Fig. I1.2);

o, = normal stress along the tangential c‘oordinate;

o, = longitudinal stress;

o,T = externally applied tractions at the ends of the element;
7)) = sectorial area;
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Chapter li

Non-orthogonal solution for thin-walled members -
Applications and Modelling Considerations

Abstract

In the previous chapter, three finite elements based on the Vlasov thin-walled beam
theory were formulated under a non-orthogonal coordinate system. Although the
associated derivations are more elaborate than in more conventional solutions based on
orthogonal coordinates, the new elements offer more modelling capabilities and
flexibility in modelling structural steel members, a feature that is illustrated in this
chapter. In this context, the current chapter presents four details in steel construction
which were conveniently modeled within the new solution scheme. The applications
involve thin-walled members with coped flanges, rectangular holes reinforced with
longitudinal stiffeners, and eccentric supports. Comparisons with established shell finite

element models under ABAQUS, suggest the validity of the new solution.

Keywords: Open sections, finite element analysis, thin-walled members, coped

flanges, rectangular holes, eccentric supports
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Overview of Chapter Il

In the previous chapter, three finite elements were developed based on the Vlasov thin-
walled beam theory (Vlasov 1961). The solutions developed adopt non-conventional

coordinate systems in contrast to conventional formulations in which orthogonal

coordinate systems are used (S, = jdi =0, §,= jydA =0, §, = ja}dA =0,

A A A

Jy= jxydA =0, J, = J.a)di =0, J,, = ja)ydA =0). Coordinates x=x(s),y=y(s)
A A A

are those of a point located on the section mid surface denoted by a curvilinear coordinate

s measured from an arbitrary sectorial origin s, on the mid surface. The sectorial
coordinate @ = a)(so,s) is twice the area enclosed by the fixed radius Os, (where O is

an arbitrarily selected origin point in the plane of the cross-section), the mobile radius
Os , and the curved sector s, (Fig. II.1 in chapter II). All integrals are performed over

the cross-sectional area 4.

The first element, NOVEE14 (Non-Orthogonal Vlasov Element based on Exact shape
functions, with 14 degrees of freedom), is based on shape functions which exactly satisfy
the coupled form of the Vlasov homogeneous form of the differential equations of
equilibrium. As a resﬁlt, it is expected to yield nodal displacements in exact agreement
with those based on an exact solution of the Vlasov equations. The second element,
NOVEC14 (Non-Orthogonal Vlasov Element based on Cubic shape functions, with 14
degree of freedom), is based on simplified Hermitian shape functions for the angle of
twist. Unlike element NOVEEI14, element NOVEC14 involves a discetization error
which is expected to decrease as the element size is decreased. Element NOVEC14

should be ideal for simulating the cases where the warping torsional stiffness is
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predominant in comparison to the St. Venant torsional stiffness. The third element
NOVEL12 (Non-Orthogonal Vlasov Element based on Linear shape functions with 12
degrees of freedom) is based on a linear shape function for the angle of twist and is ideal
for simulated cases where the warping torsional stiffness is negligible in relation to the
St. Venant torsional stiffness. This is the case for members made of angles and T

sections, and possibly for long members made of other sections.

Limitations

The formulations are based on assumed elastic material behaviour, and do not account for
the presence of residual stresses which exist in structural steel members. As a result, they
provide accurate deformation response prédictions only in cases where the effective
stresses due to the combined effect of external loading and residual stresses are less than

the material yield point.

Geometric non-linear effects are not modelled and thus the formulation is expected to
yield accurate results only in cases where the loads applied are significantly less than
elastic buckling loads. Since the formulation is based on the Vlasov thin-walled beam

theory, stability effects related to plate buckling and distortional buckling are not

captured in the solution.

Objectives and Scope of Current Chapter

In the above context, the primary objective of the current Chapter is to illustrate the
applicability of the finite element solutions developed in Chapter Il to a variety of
problems within the steel construction industry for which the application of the more

conventional solutions under the Vlasov thin-walled beam theory is particularly difficult.
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The examples were selected with the primary objective of illustrating the modelling

- capabilities of the new formulation.

The four applications selected involve: a) a member subjected to a concentrated twisting
moment with half of its span having a coped flange resulting in an asymmetric cross-
section, b) a concentrically loaded eccentrically braced vertical member, c) a transversely
loaded beam with a rectangular hole in the web; and d) an eccentrically supported beam
under uniformly distributed lateral load. The quality of the predictions based on the
approximate element NOVEC14 is assessed and the validity of the more exact solution
under element NOVEE14 is examined through a comparative study with established shell

finite element models under ABAQUS.

Selected Cross-Section

The same wide flange cross-section is adopted in all four examples (flange width
b=400mm, total section depth d =420mm, flange thickness f=20mm and web
thickness w=12mm). In examples IIl.1 and 1II.3, modifications are introduced to the
section to incorporate the flange copes (in Example I1I.1), and web holes and longitudinal
stiffeners (in Example II1.3). For a yielding strength of 350 MPa, the section meets Class
3 requirements as defined in the Canadian Standards (CAN/CSA S16 -2001) and thus is
expected to develop its fully elastic resistance prior undérgoing local buckling (under any
combination of axial force and bending moments). Common structural steel material
properties are adopted in all solutions (modulus of elasticity E=2x10°MPa and

Poisson’s Ratio x=0.3, and a corresponding shear modulus G =77x10° MPa ).
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Details of Shell Finite Element Models

The results based on the new formulation are compared with finite element shell models
developed under ABAQUS, a general purpose finite element program. The objective of
this section is to describe the ABAQUS finite element model features common to all four

problems considered. Additional details specific to each problem are also provided

separately for each example.

The ABAQUS four nodded shell element (S4R) with reduced integration is adopted in all
models. The S4R element is efficient and reliable for large displacements, large rotations
and finite membrane strains extensively used by many researchers to model steel
structure behaviour (Mohareb and Dabbas 2003, Zinoviev and Mohareb 2004). The main
advantages of reduced integration are; i) it avoids shear locking that occurs in fully
integrated elements and 1ii) it reduces the CPU time necessary for the analysis of the
model and gives more accurate results for thin shells. The multiple point constraints
MPC type SLIDER (Hibbit et al. 2001a,b) are adopted in order to approximately impose
the first Vlasov assumption. This type of MPC keeps the specified node(s) on a straight
line defined by two other nodes but allows the possibility of the node of moving along
that line and allows the line to change in length. For all cross-sections along the beam,
MPCs type SLIDER were adopted to constrain all nodes of the web to remain collinear
throughout deformation. Also, similar constrains were enforced for the nodes of the top
and bottom flanges. These artificial constraints were added in order to approximately
simulate the Vlasov first assumption which does not capture possible distortional effects
in the web and flanges. Previous studies (Mohareb and Dabbas 2003) have shown that the

relaxation of the first Vlasov assumption (by removing the MPC -Slider constraints) for

71



sections similar to the one investigated in this study caused a difference in results in the
order of only a few percents. In all ABAQUS models developed in this study, the web is
subdivided into ten elements and each half flange is subdivided into five elements. The
number of the elements used in the longitudinal direction was selected in each application
so that the aspect ratio of the S4R element used was close to unity. According to
numerous studies (Mohareb and Dabbas 2003; Zinoviev and Mohareb 2004), the S4R

element yields most accurate results when the aspect ratio tends to unity.

(@) 1
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Fig.Ill.1 Example I1I.1:beam with coped flange. (a) Geometry, (b) cross-sectional

dimensions
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Example lll.1: Beam with coped flange under Concentrated Twist

Statement of the problem

An eight meter span beam fully fixed at both ends is made of the wide flange section and
subject to a 30 kNm twisting moment acting at mid span (Fig. IlL.1a). The cross-sectional
geometries were previously given and are illustrated in Fig. III. 1b. Two cases are
considered: Case a) the beam cross section is prismatic throughout the whole span AC,
and Case b) Span AB remains identical to Case A while span BC has half of the bottom
flange coped (Fig. IIL. 1b) possibly because of a spatial conflict with existing mechanical

equipment. It is required to plot the displacement and the stress resultant diagrams.

This example illustrates the ability and efficiency of Element NOVEE14 to model
members with stepwise cross-sectional changes, either due to coped flanges (as is the
case in this example) or due to the addition of longitudinal stiffeners, or flange stiffening
plates. It is recognized that, conventionally, the detail in Case b would in general be
avoided by mosf engineers due to the associated complexities arising in the analysis.
Nevertheless, the example remains a particularly suitable medium to convey key
modeling ideas and concepts and provides insight on interpretation of results when

applying the new solution scheme to other details.

Finite Element Mesh

In the ABAQUS model the beam is sub-divided into 200 elements in the longitudinal
direction, consequently for case (a) 6,000 S4R elements were used whereas in case (b)

5,500 S4R elements were used. In contrast, only two NOVEE14 elements were adopted

in each case.
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Modeling complications under orthogonal coordinates

Under the conventional orthogonal solution scheme, the centroid of the section is a
logical selection for the origin for Case a. Because the section is doubly symmetric, the
centroid coincides with a) the shear centre, and b) the principal sectorial origin. The
resulting system of equilibrium equations and the boundary conditions are uncoupled, a

feature that considerably simplifies the solution of the equilibrium differential equations.

If the conventional technique based on orthogonal coordinates is to be adopted for case b,
the centroid of the section along span AB remains the logical choice for the origin for the
reasons outlined under Case a. For Span BC, an orthogonal system of coordinates

necessitates to select an origin which coincides with the centroid of the coped section,
(i.e. enforcing the conditions, S, =§, =0). As a result, the polar axes for segments AB

and BC become offset. Also, the orientation of the principal axes would have to be

determined for segment BC (by enforcing the condition J, = 0), the shear centre would
have to be located (by enforcing the conditionsJ, =J,, =0), and a principal sectorial
coordinate would have to be determined (by enforcing the condition S, =0). Only then,

would the equilibrium equations become uncoupled. The solution of the resulting
uncoupled system of differential equations is relatively simple. However, the imposition
of the compatibility relations at section B becomes quite cumbersome. For example,
when expressing the continuity condition of the lateral displacement at point B, it is noted
that the in-plane displacements at the pole u(z),v(z) are no longer oriented in the
horizontal and vertical directions, respectively. Also, they are no longer defined along the

centerline of segment AB. More complications arise when expressing the remaining 13
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compatibility relations at point B. (Also, if end C were simply supported, additional
difficulties arise when attempting to express the seven boundary conditions at C. Such
difficulties do not appear for a fully fixed support as all degrees of freedom at point C
vanish). The above difficulties make the conventional solution difficult to implement for

problems where a member experiences stepwise cross-sectional changes.

Modeling considerations under non-orthogonal coordinates

A non-orthogonal formulation provides more convenient means of avoiding these

complications. For Spans AB and BC, the pole is selected to coincide with the centroid of
the un-coped section. Thus displacements u(z) and v(z) will coincide with those of the

centroid of the un-coped section. This selection also facilitates the imposition of

boundary conditions at point C and the compatibility relations at point B. Secondly, in
order to assign a physical significance to function w(z) arising in the longitudinal
displacement expression w (s,2)=w(z)—x(s)u'(z) - y(s)v'(z) —w(s)¢'(z) in which
#(z) is the angle of twist of the section about the longitudinal axis and all primes denote

differentiation with respect to coordinate z, the sectorial origin is selected to coincide

with the axes origin, i. e., s=0 at x(s)= y(s)=0. Also, the sectorial coordinate w(s)
will vanish at the origin, ie., w(s)=w(0)=0. By referring to the longitudinal
displacement expression W, (s5,2) =w(z) —x(Hu'(z) — y(s)v'(z) — w(s)@'(z) , and noting
that x(0)=y(0)=w(0)=0, function w(z)=w,(0,z) becomes the longitudinal
displacement at the origin. In contrast, in an orthogonal system, function w(z), apart

from being the average longitudinal displacement of the section, would not necessarily
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correspond to the displacement of any physical point on the cross-section. Thirdly, as the

longitudinal displacement w(z) function is now defined at the origin while the transverse

displacements u (z) and v(z) are defined at the pole, it is desirable to make the pole and

origin coincide, so that all three displacement components become defined at a single
point. In most applications, the selection of an origin coinciding with the sectorial origin
and pole will lead to simplifications in modeling and data interpretation. The selected
point has to lie on the cross-section and should be located so as to simplify the
application of the boundary conditions. The above scheme considerably facilitates the
expression of the boundary conditions at point C and the continuity conditions at point B.
In contrast, the equilibrium equations for span BC become uncoupled. This apparent
complication has already been remedied as the general solution for the coupled field
equationsv was provided in the previous chapter. Also, the corresponding NOVEE14

element is capable of numerically solving the coupled equilibrium equations without

introducing any dicretization errors.

Results and Discussions

The close agreement between the new solution and ABAQUS-S4R results is observed for
the longitudinal displacements (Fig. IIl.2a), the horizontal and vertical displacements
(Fig. 111.2b) and the angle of twist (Fig. IIL.2¢c). It is noted that all results displayed
(displacements and forces) are related to the polar axis ABC (Fig. III.1) located at the
centroid of the uncoped section, which also coincides with the origin and the sectorial
origin axes. The longitudinal displacement for Case (b) is illustrated in Figure [I.2a.
Along segment AB, the longitudinal displacement assumes a linear distribution since the

adopted coordinate system is orthogonal, thus eliminating the coupling between the
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longitudinal displacement and other flexural degrees of freedom. The first equilibrium
equation for span AB reduces to the simple form EA dw* / dz* = 0 which corresponds to a
linear distribution for the longitudinal displacement w(z). For segment BC, as the
chosen coordinate system is non-orthogonal, the coupling between the longitudinal

displacements and the flexural and torsional degrees of freedom is responsible for the

observed non-linear distribution of the longitudinal displacement.

Unlike Case a, transverse displacements u(z) and v(z) for Case b do not vanish (Fig.

III. 2b). For span BC, the presence of a twisting angle ¢(z) introduces transverse

displacements at any point not coinciding with the shear centre such as point B. This
tendency is somewhat reduced (but not eliminated) due to the restraining action of span
AB. The transverse displacements at end B are thus associated with biaxial bending
moments and shears at node B. As a result, member AB can be regarded as subject to end
bending moments and shears. This explains the linear bending moment distributions (Fig.
II1. 2d) and constant shear distributions along Span AB (not shown). Figure I11.2d depicts

the conjugate moment resultants M =E(-Sw't+J u"+J v"+J, 6 ¢") and
M,=E-Sw'+J u"+J v"+J, 4") in which M, and M are the moments of the

stresses about the axis of reference ABC, and J,_ = jysz,J = Ixsz are the moments
A A

of inertia of the section about axis ABC. For segment AB, J,,J, are the principal

centroidal moments of inertia, while for segment BC, they are non-centroidal and non-

principal. The expressions for M, and M, naturally arose as boundary terms in Eq.

(11.18) in Chapter II. Similar terms are also found in Gjelsvik (1981). For span AB, as
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the coordinates are orthogonal, the expressions simplify to the well-known moment

curvature relationships M, =EJ v" and M =EJ u". For span BC, such a

simplification does not exist, and the conjugate expressions can be interpreted as the
bending moment terms associated with the selected origin. It is of interest to note that the
moment distribution along span BC remains linear. Figure III.2¢c provides a comparison
of the angle of twist for Case a and Case b of NOVEE14 and ABAQUS S4R solutions.
As expected, the peak value for the angle of twist is larger for the coped beam and the

ABAQUS analysis gives slightly higher magnitudes for the transverse displacements and

angle of twist relative to NOVEE14 analysis.

Figure II.2e depicts the twisting moment distributions along the coped and un-coped
beams respectively. The St. Venant twisting moments exhibit a slight discontinuity at
point B. At this location, although the derivative of the angle of twist is continuous, there
is an abrupt change in the magnitude of St. Venant torsional constant due to the stepwise

cross-sectional change. The conjugate warping twisting moments

E(S w"=Ju"=J,v"=J,,¢") naturally arising as boundary terms in Eq. (IL18) of

Chapter II is also presented (J,, = Iwsz is the second moment of the sectorial
A

coordinate which coincides with the warping constant C, only for orthogonal

coordinates). The expression can be interpreted as the twisting moments associated with

the selected pole. The warping twisting moment —EC_¢" is plotted for comparison. It is

of interest to note that both expressions coincide only when a) the pole coincides with the
shear center i.e., J,, =J,, =0, and b) when the principal sectorial origin is adopted, i.e.,

S, =0. This is the case for span AB and is not for span BC.
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Fig. 1.2 Displacements and internal forces for example IIL.1: (a) longitudinal
displacements case B, (b) transversal displacements case B, (¢) angle of twist, (d)
bending moments for case B, and (f) bimoments

Figure  III.2f  depicts the energy  conjugate  bimoment  expressions
E(—Smw'+wau "+J,,v "+Jm¢") for the coped and un-coped sections. At point A, the

bimoments are larger for the coped beam (Case a) than for the un-coped beam (Case b).

At point C, a reverse observation can be made. As expected, the stronger span AB in
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Case b attracts more bimoments than the weaker span BC. It is of interest to note that the

bimoments to the left of point B for the coped beam are slightly less than those for the

un-coped beam.

Figureé III.3a through IIL.3c depict the normal and shear stress distributions immediately
to the left and to right of section B for case (a) (Fig. III. 3a), and Figs. II1.3b,c for case (b)
where the nodal internal force vector was obtained by pre-multiplying the nodal
displacement vector by the element stiffness matrix. The nodal stress resultants are then
substituted into stress-stress resultant relations. It is important to note that the stress —
stress resultant relations provided in many texts (Vlasov 1961, Seaburg and Carter 1997)
are applicable only to orthogonal coordinate systems. Under non-orthogonal coordinates,
a complete formulation for stress-stress resultant relations is provided in the next chapter.
Some of the ingredients of the solution are also found in Gjlesvik (1981). It is noted that
by adopting a solution based on a conventional orthogonal coordinate system, the stress

distributions obtained are expected to exactly match the ones reported in this study.

(a) (b) (©)
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Fig. III.3 Stress diagrams for example III.1. (a) Normal and shear stress (MPa) at section

B for case A. (b) Normal stress (MPa) at section B for case C. (c) Shear stress (MPa) at
section B for case B.
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Example l1.2: Eccentrically Braced Member Subject to

Concentric Force

Eccentrically Braced Members

In steel construction, a concentrically loaded vertical member such as the vertical
member C7Cp in Figures III.4a would normally be detailed such that the centroidal axis

of the inclined brace would pass through point Cy located on the centreline of the vertical

member.

Due to an obstacle along the desired line of action of the brace, the orientation of the

brace is shifted to pass through point Ot located on the centroid of the left flange of the

column instead. As a result, the vertical member becomes eccentrically braced.

Statement of the Problem

Member CrCp in Fig. IIl. 4a-d has the same cross-section as that of Example III.1 with a
member height of 10,000mm. The member is subjected to a concentrated load
P =200kN applied at end z =0 acting at the section centroid. The member is assumed

completely fixed at the bottom end z=10,000mm and partially restrained at the top end

z =0 by the action of a) a brace with an angle of inclination of 2: 1; and b) a horizontal
beam. The effect of the braces is incorporated in the analysis by modelling them as
linearly elastic springs. The horizontal spring constant k;=160 kN/mm incorporates the
effects of a) the flexibility of the beam in the axial direction; and b) the flexibility of the
supporting frame. The inclined spring constant k,=120 £N/mm is obtained from the axial
stiffness of the brace. .It is required to determine the bending mément diagram and
deflected shape of the vertical member under the given load and support conditions.

81



Shell finite element mesh

The general aspects of the shell FEA model were provided in the section titled “Details of
the Shell Finite Element Models”. The specifics of the model related to this example are:
the member is subdivided into 250 elements along the longitudinal direction. The model
thus consists of 7,500 S4R elements. The fixed end is modeled by restraining all six
degree of freedom at all nodes at the bottom end, whereas the eccentric support 1s

modelled by two linear springs acting along the directions of the eccentric braces.

Numerical solution based on NOVEE14

The load applied represents about 20% of the flexural buckling load of a column fixed at
the bottom and completely free at the top. Thus, the geometric non-linear effects are
assumed negligible in the analysis. The partial restraint provided by the beam and brace

are modelled as two elastic springs acting at point Or.

Member CrCg is modelled using a single NOVEE14 element. By selecting a
conventional orthogonal coordinate system (the pole, origin, and sectorial 6rigin to
coincide on axis CyCg), the boundary conditions at the top of the column become
complex and the resulting system becomes somewhat tedious to resolve by hand. This
difficulty is remedied by selecting the origin, pole and the sectorial origin to coincide at
the point of action of the eccentric braces (along axis O1Og) instead. This unconventional
selection simplifies the expressions for the boundary conditions at the top of the member
but leads to coupled equations of equilibrium. Since element NOVEE14 seamlessly
resolves such a coupled system, this difficulty is not transparent to the analyst and the

later solution is associated with a smaller modeling effort than the former one.
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Results and Discussions

Figure IIL.4f shows excellent agreement between the displacements predicted by the
NOVEE14 model (using a single element) and the ABAQUS S4R model (using 7500
elements), in which the ABAQUS model exhibits a slightly more flexible behaviour. This
is attributed to the fact that the ABAQUS shell solution incorporates shear deformation
effects while the Vlasov formulation on which element NOVEE14 is based neglects this
effect. It is noted that by using multiple NOVEE14 elements, the results obtained are in
exact agreement with those based on a single element. This is a natural outcome of the
fact that NOVEE14 is based on shape functions which exactly satisfy the Vlasov

equilibrium equations and thus involves no discretization errors.
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Figure IlI.4g provides a comparison between the bending moment diagrams based on the
NOVEE14 model defined with respect to the eccentric origin (Axis O1Og), as obtained
from the energy expression (Eq. (II.18) in chapter II) and the conventional bending
moments defined with respect to the centroidal axis (Axis CtCg) by taking the free body
diagram for the member after the forces in the braces have been determined. It can be

verified that difference between the two bending moments as given in Figs. Ill.4c,d
M, — M, =31.0-(-2.71)=33.7kNm is equal to the product of eccentricity e=200 mm

by the vertical support reaction Rxe =168.5kN x0.20 = 33.7kNm

Example lil.3: Beam with rectangular hole

Rectangular holes in steel members are frequently needed to accommodate heating ducts,
ventilation and air conditioning (HVAC) and other utility pipes. Longitudinal stiffeners
are conventionally welded around the holes, in order to reinforce the weakened hole zone

(Fig. I1I. 5a, b).

Statement of the problem

A 6,000 mm span simply supported beam has a rectangular hole spanning 2,000 mm
located in the middle of the beam span. The beam is subject to a vertical load of 50 AN
applied to the top flange of the beam at mid-span (Fig. 1IL 5a). The cross-section

dimensions are presented in Fig. III. 5b. It is required to obtain the vertical displacements
of the beam based on NOVEE14 model and to compare the results with those based on

ABAQUS shell formulation
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Modelling Considerations

The ABAQUS finite element shell mesh is illustrated in Fig. III. 5¢. At the supports, the
cross-section centroid is restrained against the three translational degrees of freedom. The
NOVEE14 model consists of four elements (Fig. II. 5d). Elements 2 and 3 spanning
between nodes 2 and 3 represent the members above and below the rectangular hole,
respectively. The origin, pole and sectorial origins of all four elements coincide with the
beam centroidal axis in order to directly impose the boundary conditions u =v=w=0 at
both ends of the beam. Consequently, the sectorial origins for elements 2 and 3 do not lie
within the cross-section, resulting in an apparent conceptual contradiction with the
Vlasov formulation, in which the sectorial origin has to lie within the cross-section. This
contradiction can be resolved by conceiving the sections of elements 2 and 3 as having

fictitious arms of zero thickness, joining the cross section of the element to the centroidal

axis of the beam (Fig. III. 5d).

Resuits and Discussion

Figure III.5e provides a comparison of the vertical displacements based on NOVEE14
and ABAQUS S4R models. The displacements of the top and bottom flanges based on
ABAQUS S4R model are depicted. The NOVEE14 model produces the displacement
curves at the poles of the elements. For the current example, the angle of twist vanishes.
Thus, as a result of the first Vlasov assumption, the vertical displacements for all points
of a cross-section are equal. The NOVEE14 solution provides distinct deflection curves
for elements 2 and 3 (Fig. Il Se). As expected, under the load locally applied to element
2, the member exhibits more deflection than element 3. In contrast to conventional beam

analysis in which members 2 and 3 would be considered as a single element, the
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shrinking of the hole under load P is successfully captured. The results are found to be in

very close agreement with the ABAQUS S4R model.
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Figure III.5 Example I11.3-Beam with rectangular hole (a) Geometry (b) Cross-section

dimensions (c) Mesh for shell Finite element (d) Mesh of NOVEE14 model (e) vertical
displacements

Modelling considerations for un-reinforced holes

It is of interest to note that, had the hole been un-reinforced, the middle section of the
beams would have resulted into two tee sections, each having zero warping stiffness
(under the Vlasov theory). If the loading applied involves lateral and/or torsional forces,
Element NOVEL12 based on zero warping stiffness should be used for the modeling of

elements 2, and 3 while Element NOVEE14 should be used for elements 1 and 4. That is
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because for sections with zero warping stiffness, & =./GJ,;/EC, — o can not be used

in calculating stiffness coefficients of the sub-matrix K,, (Appendix IL.D). One can

pursue the analysis with element NOVEC14 (Appendix ILF). However, for a zero
warping constant, the torsional behaviour of element NOVEC14 is overly stiff and the
results based on this element converge to those based on element NOVEL12 only when

the number of NOVEC14 elements is increased. This is illustrated in Appendix IILA.

Example lil.4: Eccentrically supported beam under uniform

lateral load

Statement of the problem

Occasionally, beams in industrial plants as well as purlins and girts in steel buildings, are
welded on top of other structural steel components. Conceptually, the behaviour of such
members, which are eccentrically supported relative to the line of action of lateral loads,
tend to twist, a feature that is successfully captured by the current formulation. Figures

[I1.6a, b illustrate such a beam with a span of 16,000 mm (maximum slenderness ratio
L/r,=160, in which the minimum radius of gyration r, =,/J / A). For the shown

beam, while the bottom flange is fully restrained against displacements and rotations, the
top flange is free to rotate. The boundary conditions are such that the degrees of freedom

u,v,w,@p,u',v' are restrained at the centerline of the botrom flange (as opposed to the

centroid of the section in the case of a conventional concentric support). A laterally

distributed load g =1.0kN /m is applied through the centroidal axis of the member (Figs.
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I1.6a, b). It is required to analyze the problem using ABAQUS-S4R, NOVEE14 and
NOVEC14 models.

Shell finite element model

The ABAQUS model is subdivided into 400 elements in the longitudinal direction. Thus,
a total of 12,000 shell elements are used. The boundary conditions are applied at both
ends by restraining all six degrees of freedom of point O (Fig. IIl. 6a) located at the

centre of the bottom flange.
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Figure II1.6 Example II1.4-Eccentrically supported beam (a) Geometry (b) Cross-section
dimensions (c) Horizontal displacements
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Finite element details for NOVEE14 and NOVEC14

In the NOVEE14 and NOVEC14 models, the origin, pole and sectorial origin are selected
to coincide at the center of the bottom flange (Fig. III. 6b). This selection is particularly

convenient to impose the boundary conditions w=u=v=¢=u'=v'=0 at the centroid

of the bottom flange at the supports (the bottom flange thickness is considered negligible

in this example). As the distributed load ¢ =1.0kN/m is offset from the selected pole,

the line of action of the load is represented by the axis defined by the coordinates x =0,

y=-200mm and @ =0.Two NOVEE14 solutions are conducted using a single element

and 16 elements, respectively. For the NOVEC14 element five analyses were conducted
using a single, two, four, eight and 16 elements of equal length. Expressions for the
energy equivalent nodal forces based on an applied line load under both NOVEE14 and

NOVEC14 were developed in chapter II and are used in the solution of this problem.

Results

Table III.1 provides a comparison of the derivative of the angle of twist at the end nodes,
which is the only active degree freedom at the supports. It is of interest to note that,
although the FEA formulation is based on the exact solution of the homogeneous case,
and that in the given example, the differential equations of equilibrium are non-
homogeneous due to the presence of the member line load, the solution based on a single
NOVEE14 element exactly matches that based on 16 NOVEE14 elements. As a general
comment, this will always be the case irrespective of the loading function applied. A
formal proof of this statement is presented in Appendix ILE in Chapter I, which extends
the exactness of the FEA nodal values for the general non-homogeneous in the case of

Element NOVEE14.
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In contrast, as the displacement fields in NOVEC14 formulation do not satisfy the exact

equilibrium conditions, the solution involves a discretization error. For a single
NOVEC14 element, the dimensionless parameter kI = \/GJ/EC,l =5.067 is quite large,
and the approximate solution based on the limiting value k/ =0 causes a relatively large

error of 13.85 %. For 16 elements, kIl =0.317 for each element and the error

significantly reduces to 0.0005 %. In this case, the solution approaches the one provided

by the NOVEE14 model.

Figure III.6¢c provides a comparison between the horizontal displacements of the top and
bottom flanges Based on the ABAQUS-S4R and NOVEE14 solutions. Sixteen NOVEE14
elements were used in order to directly obtain the displacements at intermediate nodes
shown. The displacements of top flange based on the NOVEE14 model were calculated
simply by adding the effect of the cross-section rotation to the horizontal displacement at
the bottom flange based on the first Vlasov assumption. Excellent agreement between the
two solutions is obtained for the bottom flange. For the top flange, reasonable agreement
is obtained between the two solutions. It is noted that under the NOVEE14 solution, the

top flange out of plane displacement vanishes. This is a direct result of the fact that the

element enforces the first Vlasov kinematic assumption u (s,z)=u(z)— [ y(s)- ay]¢(z)

which relates the displacement u(s,z) to the shear centre displacement u(z) (a, is the y
coordinate of the shear centre and vanishes in this example). For instance, the left support

z =0, is such that the lateral displacement at the pole displacement u(O) and the angle

of twist ¢(0) are zeros. As a result, the transverse displacement for any point u(s,0) at

the section z=0 vanishes as well. In contrast, in the ABAQUS S4R model, relative
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lateral movement between the two flanges is allowed. As a result, the top flange

undergoes a small displacement relative to the bottom flange as depicted in Figure II1.6c.

If the beam is considered as simply supported, the lateral displacement & predicted by

the closed form solution available in many texts & = 5¢/* / 384EJ,, is 20.0 mm. On the

other extreme, if the beam is considered as fixed at both ends, the lateral displacement

predicted by the closed form solution & = gI* / 384EJ,, reduces to 4.0 mm. These values

exactly coincide with those obtained based on two NOVEE14 solutions. The

corresponding ABAQUS S4R predictions are 20.2 mm and 4.05 mm respectively.

Table I1I.1 Comparison of results based on elements NOVEE14 and NOVEC14 for

Example I11.4

Element Number of Corresponding warping at supports Percentage

Type Elements ki (rad/mm) Difference
NOVEE14 1 5.067 5.665E-06 0.0000%
NOVEE14 16 0.317 5.665E-06 0.0000%
NOVEC14 1 5.067 4.880E-06 13.8500%
NOVEC14 2 2.533 5.585E-06 1.4100%
NOVEC14 4 1.267 5.659E-06 0.1100%
NOVEC14 8 0.633 5.664E-06 0.0083%
NOVEC14 16 0.317 5.665E-06 0.0005%

Under the Vlasov assumptions, the bottom flange can be considered as fixed
(u(0)=0,4'(0)=0 at the flange centroid) while the top flange is considered as simply
supported (the centroid of top flange is laterally restrained under Vlasov’s kinematic
assumption as explained previously) while it remains free to warp since ¢'(z = 0) =0.

Thus, the support condition depicted lies somewhere between the fully fixed condition

and the simply supported condition. As a result, it is expected that the lateral
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displacements would lie between these two bounds. Indeed, this is found to be the case
since the lateral displacement based on the NOVEE14 model is found to be 5.8 mm for
the bottom flange and 11.8 mm for the top flange with an average value of 8.8 mm, which

lies in between the expected bounds 4 mm and 20 mm.

Conclusions

The finite element solution presented in Chapter II is shown capable of extending the
applicability of the Vlasov theory to a wide range of applications involving steel
members made of open sections. This includes members with stepwise cross-sectional
changes, rectangular holes and longitudinal stiffeners, and eccentric supports in an
efficient and seamless way. Irrespective of member load distributions, the NOVEE14
formulation yields nodal displacements and internal forces in exact agreement with the

Vlasov thin-walled beam theory, while using a remarkably small number of degrees of

freedom.

It is important to stress that, although the solutions based on finite element NOVEE14
exactly match those based on the Vlasov thin-walled beam theory, its applicability to
practical situations is limited by the assumptions/simplifications made within the theory.
Specifically, the Vlasov theory neglects material nonlinear behaviour, residual stress
effects, local, distortional, and member buckling effects. The agreement of results based
on the new solution with those based on clastic ABAQUS-S4R shell finite element
models in which the above effects were deliberately suppressed, provides an indication of
the correctness of the formulations presented in Chapter II. However, this agreement
should not be misconstrued to suggest that the assumptions of the Vlasov theory nor the

FEA formulations developed based upon these assumptions will invariably represent real
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response of structural steel members as observed in the field nor in experiments. For
example, members of very thin webs may undergo web distortion, which is neither

captured by the present formulation, nor the ABAQUS FEA model both based on Vlasov

assumptions.
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Appendix lll.A-Torsional analysis of a member with zero warping
stiffness

The objective of this appendix is to illustrate the convergence characteristics of the
elements NOVEE14, NOVEC14 and NOVEL12 when modeling a beam with zero
warping stiffness. Elements NOVEL12 and NOVEC14 are used to model a 2,000 mm
span cantilever beam of tee cross-sections. An external torsional moment of S0Nm is
applied at the tip of the cantilever as shown in Fig. IIL.A.1a. The cross-section dimensions
are presented in Fig. III.A.1b. The origin, pole and sectérial origin are chosen to coincide

at the point of connection of the flange and the web of the cross-section.
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Figure IIL.A.1 Cantilever beam with tee section (a) Geometry (b) Cross-section
dimensions

Table II1.A.1 provides a comparison of the angle of twist at the tip of the cantilever (point
B in Fig. IIl.6a) calculated by using elements NOVEL12 and NOVEC14. The results
show that element NOVELI12 provides exact nodal values where element NOVEC14
underestimates the angle of twist and the discretization errors in the analysis based on

NOVEC14 reduces to 0.71% for 16 elements.
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Table III.A.1 Comparison of results based on elements NOVEL12 and NOVEC14 for a
cantilever subject to torsion

Element Number of Angle of twist Percentage

Type Elements at the tip Difference
(rad)
NOVEL12 1 1.002E-03 0.00%
NOVEL12 16 1.002E-03 0.00%
NOVEC14 1 8.909E-04 11.09%
NOVEC14 2 9.433E-04 5.86%
NOVEC14 4 9.727E-04 2.92%
NOVEC14 8 9.875E-04 1.45%
NOVEC14 16 9.949E-04 0.71%

It is of interest to note that when attempting the solve the problem using element
NOVEE14, an overflow error was found to occur as the hyperbolic functions sinh &/ and

cosh &/ in stiffness terms of this element (Appendix IL.D) are infinite for k£ — 0.
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Chapter lll List of symbols

The following symbols were used in this paper

A = cross-sectional area;

b = flange width;

C, = warping constant;

d = section depth;

E = modulus of elasticity;

G = shear modulus;

Jasd psdgsd oS oy = section moments of inertia and products of inertia;

J oo = second moment of the sectorial coordinate;

M, (z),M,(z) = bending moments in a non-orthogonal coordinate system;
NOVEE14 = Non-Orthogonal Vlasov Element based on Exact shape

functions with 14 degrees of freedom
NOVEC14 = Non-Orthogonal Vlasov Element based on Cubic
shape functions with 14 degrees of freedom
NOVEL12 = Non-Orthogonal Vlasov Element based on Linear shape

functions with 12 degrees of freedom

S., Sy, S, = first moments of area of coordinates x, y, and w;

s = curvilinear coordinate along mid surface (Fig. [1I.1,
Fig. IIL.2);

) = flange thickness;

u (z),v (z) = displacements along x, y directions of arbitrary pole
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w(z) = displacement function appearing when expressing the

longitudinal displacement function w,(s,z) of any point s

located on the section contour;

w = web thickness;

z = longitudinal coordinate;

¢(z) = angle of twist about the longitudinal axis;
U = Poisson’s ratio; and

@(s,,5) = sectorial area based on sectorial origin s,;
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Table III.A.1 Comparison of results based on elements NOVEL12 and NOVEC14 for a
cantilever subject to torsion
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Chapter IV

Non-orthogonal solution for thin-walled members -
Generalized Expressions for Stresses

Abstract

The Vlasov thin-walled beam theory (Vlasov 1961) leads to four differential equations of
equilibrium. In general, these equations are coupled. Conventional solution techniques
attempt to eliminate the coupling between the equations by adopting an orthogonal
system of coordinates. (i. e., adopting the centroidal principal axes, and adopting the line
joining the section shear centre and principal sectorial origin as a fixed radius). This
approach generally suffers from a number of drawbacks including: a) the necessity to
perform coordinate transformations, b) the difficulties in handling cross-section
discontinuities where members undergo stepwise sectional changes (e.g., members with
holes, flange copes, presence of longitudinal stiffening plates, etc.), ¢) the boundary
conditions may remain or become uncoupled after transformation, and; d) the adoption of
an orthogonal system of coordinates may necessitate resolving the internal and external
forces along the orthogonal coordinate systems. As a result, the use of the conventional
solution technique has been limited to very simple applications. In Chapter Il a general
solution of the Vlasov thin-walled beam theory under non-orthogonal coordinate system
was developed in a finite element context, which offers a number of modelling
advantages when compared to conventional solutions based on orthogonal coordinates.
The objective of the current chapter is to complement the study in Chapters II and III by

developing general expressions for normal and shearing stresses under non-orthogonal

coordinate systems.

103



Keywords: Finite Element, thin-walled beams, non-orthogonal coordinate systems,

stress expressions.

Introduction and Scope

The thin-walled beam theory developed by Vlasov (1961) leads to four coupled
differential equations of equilibrium. The equilibrium equations are formulated in terms
of the cross-section rigid body displacements and in-plane rotation. Conventional
solution techniques for the equilibrium equations attempt to eliminate the coupling
between the differential equations of equilibrium (e.g., Murray 1984). This is realized by
adopting an orthogonal system of coordinates. (i. e., adopting the centroidal principal
axes, and adopting the line joining the section shear center and principal sectorial origin
as a fixed radius). While this approach successfully uncouples the equations of
equilibrium, it generally suffers from a number of drawbacks including: a) the necessity
to perform coordinate transformations, b) the difficulties in handling cross-section
discontinuities where members undergo abrupt section changes (e.g., members with
holes, flange copes, presence of longitudinal stiffening plates, etc.), ¢) the boundary
conditions may remain or become uncoupled after transformation, and; d) the adoption of
an orthogonal system of coordinates may necessitate resolving the internal and external

forces along the orthogonal coordinate systems. As a result, the conventional solution

technique has been used for very simple applications.

Assumptions

The formulation is restricted to prismatic thin-walled elements of arbitrary cross-sections.
Material is assumed to behave elastically. Small displacements and rotations are

assumed. Thus, geometric non-linear effects are assumed negligible. The formulation is
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based on the two classical assumptions of the thin-walled beam theory (Vlasov 1961).
These are: a) no distortion of cross-section during deformation, and; b) shearing strains

acting on the middle surface are negligible.

Description of the Problem
A prismatic thin walled beam element of arbitrary cross-section is considered. The

element (Fig. IV.1) is subject to externally applied tractions &,=05,(s,0,r) and

7,=7,(s,0,7) acting atend z=0, and &,=5,,(s,/,7) and 7, =7_(s,/,7) acting at end
. .. . T .

z=1, in addition to general member tractions p(s,z)1x3 = < P, D, p2>1x3' Coordinate

r is the normal distance from the mid-surface. The displacement fields, governing

equilibrium equations, and boundary conditions for such a beam are provided in the

following sections.
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(b)

Displacement Fields
Under the Vlasov theory, the in-plane components of the displacement u (s,z) and

v,(s,z) of an arbitrary point B, located on the section mid-surface is expressed in terms

of a) the angle of twist ¢(z) of the cross-section and; b) the in-plane displacement
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components u(z)and v(z) of a pole 4,(a,,a,) arbitrarily located in the plane of the
cross-section (Fig. IV.2.a). Coordinate s, measured from an arbitrary sectorial origin Sy

located on the section profile, identifies coordinates [x(s), y(s)] of point B, . Thus,

u,(s,2) =u(z)~[ ¥(s)—a, |4(2) (Iv.1)
v, (8,2)=v(2)+ [x(s) -a, ] @ (z) (Iv.2)

Also, the longitudinal displacement is expressed as

w,(5,2) = w(z) — x(8)u'(2) = y(s)v'(2) - @(s)p'(2) (v.3)
in which da(s)=h(s)ds, h(s)=(x-a,)sina(s)-(y-a,)cosa(s) (Fig. IV.2.b) and
w(z) is a longitudinal displacement function representing the average longitudinal

displacement of the section when an orthogonal coordinate system is employed.

Section profile before
deformation

=0
\ (s=0) S Section profile

Pgo-mmmTS - after deformation A=Area(4BK)
. B \A:’ =24
ENCN | ‘ Io . -E 0 , X
Y

5

Syl Vi) TN D, ’(X+u_;1y+u.v)

H(cosa,sina)
Fig. IV. 2. Cross-section (a) Displacements, (b) Sectorial Area
Equilibrium Equations and Boundary Conditions

By using Eqgs. (IV.1), (IV.2) and (IV.3) in conjunction with the principle of virtual work

(Chapter IT), one recovers the well known Vlasov equilibrium equations (Vlasov 1961)
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)
-4D* S D S.D° S,D? w %
_s,p* J,D* J D J,.D* u| |0t [xap.joeds
Bl _sp Jp* Jp J, D v g, + [va /ad} av4)
x xy xx @y q, Sy P,/ 0zZas
3 4 4 4 -1 2
=80 JuD' J,D' JLD'=E'CLD ]| [ wap, jaeds

in which the operators D* = d*/dz*, D’ =d’/dz* , and D* =d*/dz* and the section

section constants A= J.dA, S, = _[di , S, = J.ydA, S, = Ia)dA,Jxx = _[ysz )
A A A A 4
g, = IxydA J,, = .[xsz, J,, = j‘a)di, J oy = ja)ydA, J oo = Iafci/l were defined.
A A A A A

Also, the resultant distributed forces per unit length are defined as g, (z) = £ p,(s,z)ds,
q,(z)= J;py (s,2)ds, g¢,(z)= J;pz (s,z)ds and resultant twisting moments per unit
length m(z) induced by the action of the applied in-plane tractions p,,p, about pole
A, (ax,ay) as m(z) = js—px (5,2) () —a))+p,(5,2) (x(s) - a,)ds.

The fourteen boundary conditions associated with the above field equations naturally

arise as the boundary terms from the variational principle (e.g., Chapter II in this study

and Gjelsvik 1981), as
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E(AW'-S 4" S.v'~ S, "~ N}l =0
Y 0

!

{E(Sywu_ qu m_ nyV m_ wa¢m) _ I7x + Jpz (S,Z)X(S)dS} oul =0
o 0

i
E(wau__ nyu m_ Jxxvuv_ Jwy¢|u) _ I7y + J.pz (S,Z)y(S)dS} ovl =0
s 0

— {
E(S,w"'—J u"=J, v"=J, 8"+ GJ,E"¢" T + j P, (s,2) a)(s)ds} S5 =0 (IV.5)
S 0

(EGS,w'+ T u"+ "+ J 8"~} 6uf =0
{EGS,w'+ T 0"+ T 0"+ T, 47 -} 6v] =0
{E-S,w'+ T, "+ J,v"+J,,8" B} 54 |; =0

In Equation (5) the energy conjugate stress resultants

N©)= [5,d4, M,0)=-[Gx(s)dd, M, (0)==-[5,y(s)dd, B(0)=- [3,0(s)da,
7(0)= [Feosa(s)dd. 7,00)= [z sina(s)dd,
A A

T(0)= I{—?o(s, z,r)cosa(s) [ y($)-a, :I+?0 (s,2,r)sina(s)[x(s)-a, ]} dd
NOy=[Gdd, M,()=-[5x(s)dd, M ()=-[5y()dd, B(l)=-[5w(s)dd,

V()= j"f,cosa(s)dA NAOE I?, sina(s)dA4, and
A A4

T()= J.{—%',(s, Z,7r)cosa (s)[y(s)—ay ]+T, (s, z;r)sin a(s)[x(s)-a, ]} dA (IV.6)

are defined. The conjugate stress resultants defined in Eqgs. (IV.6) have a general

significance in the sense that they are applicable to any non-orthogonal coordinate

system. Specifically, the moment terms M ,(0) =~ J.on(s)dA , M_(0)=- IEO y(s)dA,
y y
M ,(D== f&,x(s)dA , and Mx(l) =- _[E, y(s)dA are those about an origin which does not
4 y

necessarily coincide with the centroidal axis of the tractions acting normal to the cross-

sections z=0 and z=/. In conventional solutions, orthogonal systems of coordinates
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are adopted and the above moment terms revert to the conventional moment definitions

about the centroidal axis. Also, the bimoment terms B(0) =—J.an)(s)dA and
A

B() = —IE,a)(s)dA are related to a sectorial origin which does not necessarily coincide
A

with the principal sectorial origin as defined by the orthogonal condition S, =0
commonly enforced in conventional solutions. Finally, the twisting moments 7(0) and
T(I) are the moments of the tractions tangent to the end cross-sections z=0 and z=1

about a pole (a,,a,) which does not necessarily coincide with the section shear centre.
Again, in conventional solutions, the pole (a,,a,) is selected to coincide with the shear
centre defined by the orthogonality conditions J, =J, =0, and the twisting moment

definitions in Eq. (IV.6) become those about the shear centre.

Review of Solutions Schemes
Various solution schemes for the system of equations (IV.4) subject to the boundary

conditions (IV.5) are available in the literature. These are categorized in the following

four groups

Scheme 1- Solution of equilibrium equations under orthogonal
coordinates:

The conventional approach (e.g., Vlasov 1961, Murray 1984) directly solves of the
equilibrium equation (IV.4) subject to the boundary conditions (IV.5) under an

orthogonal coordinate system which meets the conditions

S.=8,=S5,=J,=J,=J,,=0. This approach has the advantage of uncoupling the

equilibrium equations. Also, in a number of applications, the resulting boundary
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conditions may be uncoupled. When this is the case, this approach becomes relatively

simple to implement and is suitable for hand calculations.

Scheme 2- Finite element solutions under orthogonal coordinates:
This is a numeric alternative to the direct solution of the uncoupled equilibrium equations

in Scheme 1. Again, a coordinate system which satisfies the orthogonality conditions
S, =8,=8,=J,=J,=J,=0 is adopted. In a finite element context, these

conditions uncouple the longitudinal, transverse and rotational degrees of freedom. As a
~result the element stiffness matrix becomes relatively simple. Various researchers have
developed finite elements based on orthogonal coordinate systems. This includes the
works Krajcinovic (1969), Barsoum and Gallagher (1970), and Batoz and Dhatt (1970).
This type of solution has the typical finite element advantage of handling multiple spans

and complex loads with ease and flexibility when compared to Scheme 1.

Scheme 3- Solution of equilibrium equations under a non-orthogonal
coordinate system:

In certain classes of problems, the adoption of an orthogonal coordinate system can result
in modeling complications. This is particularly the case for members exhibiting stepwise
cross-sectional changes (e.g., Erkmen and Mohareb 2006 a and Gjelsvik 1981). In these
instances, it becomes more expedient to solve the system of equations (IV.4) under a non
orthogonal coordinate system on some segments of the structure. This type of solution
involves tedious hand computations and is outlined in Gjelsvik (1981).

Scheme 4- Finite Element Solutions under a non orthogonal
coordinate system:

A family of finite elements based on a non-orthogonal coordinate system has recently

been developed in Erkmen and Mohareb (2006 a), which are able to handle the solutions
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for the Classes of problems handled by Scheme 3 while circumventing the tedious

mathematical manipulations encountered. For example, by using the stiffness matrix
K. s and the energy equivalent load vector R,,, for element NOVEE14 (Non-

Orthogonal Vlasov Element based on Exact shape functions with 14 Degrees of

freedoms) which relate the nodal displacement vector Uy,,,, to the nodal force vector

P, through the relation P, =K ,,sUnisqa = Risq» On€ can obtain the nodal unknowns,

without introducing any discretization errors.

Normal stresses
Expressions for normal stresses applicable for the solution scheme 4 are not available in

the literature. In this context, this paper focuses on developing a stress computation

scheme suitable for finite element solutions based on a non-orthogonal coordinate

system.

Expressions for Normal stresses
The longitudinal strains are expressed by taking the derivative of Equation (IV.3)

yielding  &,(s,2) =XL u(z),, in which the vector of coordinates
xfx4=<1 ~x(s) -y(s) —a)(s)> and the vector of displacement derivatives

u(z),, =<w'(z) u"(z) v"(z) ¢"(z)> have been defined. By substituting into the

constitutive relation o, ~ E¢_, the longitudinal stresses o,, are obtained as

0, (z,8)=E [w'(z) —-x($u"(z) - y(s)v"(z) — w(s)¢ "(z)] av.n
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Equation (IV.7) would suffice to compute the normal stresses if the functions

w(z),u(z),v(z),and ¢(z) are known. This will be the case when the field equations

(IV .4) are directly solved subject to the boundary conditions (Solution schemes 1 and 3)

Relating normal stresses to internal forces
The boundary terms in Eqs. (IV.5) can be generalized to an arbitrary section along the

member (identified by the longitudinal coordinate z). Thus, the internal force

expressions N(z) = IO‘ZZ (z)dd, M (z)=- IO‘ZZ (z)y(s)dd, M, (z)=- J.O'zz (z)x(s)dA ,
A A

A

and B(z)=- Iozz (z)w(s)dA are written. The expression of the longitudinal stress o,
A

obtained in Eq. (IV.7) is substituted into the above expressions yielding a set of

relationships relating the internal forces and the displacement derivatives.

N(z)= E[ 4w'(z) - S,u"(2) - $,v"(2) - 5,8"(2) | (IV.8)
M ,(2)==E[S,w'(2) =, (8)u"(2) = T o (sIV"(2) = J ., ()" (2) | Iv.9)
M, (2)==E[S,w'(2) = J,,(s)u"(2) =, (s)V"(2) =/, (5)8"(2) | (IV.10)
B(2) =—E[S,w'(2) = J , (s)u"(2) = T, (s)"(2) = J ., ()9 "(2) ] (Iv.11)

Egs. (IV.8) through (IV.11) are arranged in a matrix form and the resulting system of

equations is inverted to recover expressions for the vector of displacement derivatives

u@)y,, =(w'(z) u"(z) v'"(z) ¢"(z)) interms of the internal forces

N(2) a4 -5, =S, =S, T [N
M =S, J, J, J,.| M
u(z)m=iD'1 ,y(z) L Sy » Jy ; () (IV.12)
E  |MJ(2| E|-S. J, Ju Jo| |M(2)
J

B(Z) _Sa) Ja)x Ja)y 21} B(Z)
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From Eq. (IV.12), by substituting into Eq. (IV.7), a general expression for normal

stresses in a non-orthogonal coordinate system is obtained as

N(z)
M, (z)
M. (2)

B(2)

o,(s,2)=(1 =x(s) -y(s) —ax(s))D" (IV.13)

Under Solution scheme 4, once the computation P, =K, ,..sUyisa— Risq is performed
at the element level, the relevant nodal internal forces can be obtained and the vector
<N(z) M, (z) M[(2) B(z))T which appears in the right hand side of Equation

(IV.13) can be fully evaluated at the nodal points z=0,/, yielding stress values at these

sections.

Special cases

It is of interest to note that for the case of an orthogonal system of coordinates, the off-

diagonal terms in matrix D™ in Eq. (IV.12) vanish and the stress expression simplifies to

0,(s,2) = i\f-ﬁf—)—j\—lj(ﬁx(s) ——@y(s) —E—(Z—)w(s) (IV.14)

which coincides with the stress equation reported in Vlasov (1961) and Seaburg and
Carter (1997). Equation (IV.14) is useable for solution scheme 2, but not for scheme 4.

Also, for the special case of zero bimoments B(z) =0, the well known stress equation for
centroidal (S, =S, =0) non-principal axes (J,, #0), (e.g., Boresi and Sidebottom 1985)

are recovered as a special case from Eq. (IV.13).
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Shear stresses in terms of stress resultants

Expression for shear stress
In line with the Vlasov theory (Vlasov 1961), the shearing stress 7, (s,z,r) is considered

to consist of two components: 1) a shearing stress 7,(s,z), which is constant across the
cross-section thickness; and 2) a skew symmetric shearing stress 7,,(z,r) = T(z)r/J, due

to the St. Venant torsion, i.e., 7,(s,2,7) =7,(s,2) + 7, (z,r) (Fig. IV.3).

1(2.87) =1,(z,F)+1(2,5) middle surface

Fig. IV. 3- Shearing Stresses
It is recognized that, from a fundamental viewpoint, a non-vanishing shear stress
distribution at the mid-surface is in contradiction with Vlasov’s second assumption which
postulates a zero value for the associated shear strain. Nevertheless, non-vanishing shear
stresses arise at the mid-surface when enforcing the local equilibrium condition. By
formulating equilibrium condition for a differential element tdzds taken from a thin-

~ walled beam (Fig. IV.4) in the longitudinal direction, one obtains

5 5 [n
~a—z-[cr(s,z)t(s)]+a{ j [rc(s,z)+z'w(z,r)]dr}=0 (Iv.16)

~1(5)/2

Fig. IV.4- Free body diagram of an infinitesimal thin-walled segment
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(s)/2
The integral terms in Eq. (IV.16) simplify to I 7,(8,z)dr=1,(5,2)t(s),

-1(8)/2
1(s)/2
7,,(z,r)dr =0. In Equation (IV.16), the longitudinal traction p,(s,z) has been
~1(s)/2
assumed to vanish. Thus, the local effect of the longitudinal traction on the shear stress

distribution is not considered. Within the formulation developed in this paper, the effect

of longitudinal tractions p,(s,z) is modeled only in an average integral sense through the
integral terms g, (z)= J.pz (s,z)ds, _".xapz/éz ds, jyapz/az ds and Iwapz/az ds

appearing in the equilibrium equation. Thus, in problems with non-vanishing longitudinal
tractions, the warping shear expressions developed in this section will provide only an

approximate solution.

Figure IV.5a depicts a general open thin-walled section consisting of seven plate
segments (n=7) and eight joints. In open sections, the number of joints always exceeds
the number of plate segments by one. The numbers in square brackets denote segment

numbering and the circled numbers denote joint numbering. Each segment ¢ is defined

by a beginning joint 5(c) and an end joint e(c). For example, segment 3 has the

beginning joint 5(3) =2 and the end joint e(3)= 4. The cross-section sectorial origin Sy

has been assumed to be located along plate 3. The whole cross-section has the area

properties A, S, S,, S_, , J,,J.,,J, whileeach segment ¢ (¢ =1 to n) has the
y X @ Xy yy X yo

properties 4°, S}, S, S, J.J,, I

Cc
w2 Vo Y

yo !
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s 7(s,,2)=0
®

Fig. IV. 5 General cross-section (a) Geometry (b) Shear flow continuity at joint 4

Each segment ¢ can be conceived to provide the internal shear force contributions V. °,
V. and the warping torsion contribution T,°. The overall section properties, internal and

external forces acting on the cross-section are expressed in terms of the individual

segmental contributions as

RS sy=§s;, 5,238 S=3s. 4=, 1,230,

c=l1 c=1 c=1 c=1

Z <, Z s V= ZVC =>V,,and Tw=i:rwc (IV.17)
c=l1 c=1 c=1

In the following, it is assumed that the constant component of shearing stress 7,(s;,z) is

known at a point located on cross-section z with coordinate s along segment c. It is

required to find an expression for the constant component of shearing stress z,(s5,2) at

an adjacent point defined by coordinate s; on the same cross-section z and segment c.

By substituting Eq. (IV.7) into Eq. (IV.16) and integrating with respect to coordinate s

between the limits s, and s, , one obtains
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7. (s5,2)t(s3) = 7 (57, 2)(s7)

Tl ol of T (ol of QT (of oF T ¢ o (IVIS)
—E[w'()A(s{,5)—u"(2)8, (57 ,57) = v"(2)S, (55 ,55) = $"(2)S, (50555 ,55) |

In Eq. (IV.18), the functions

c

A(st,55)= f dA, S (sf,s3)= j ; xdA, S (s5,s5)= j Pydd, S (s,,57,55)= f o (s55,5)dA (IV.19)
were defined. By selecting the integration limits for segment ¢ to coincide with the joints

at the beginning and end of the segment (i.e., by setting s; =s; and s, =s;), one

obtains

f(SZ,Z)=f(S;,Z)

_ o _ _ (IV.20)
—E[w'(2)A(s5,5) - u"(2)S, (55,5) =v"(2)S,(],55) ~ $"(2)S, (50,55 55|

In Eq. (IV.17), a shear flow function f(s,z) =7,(s,z)#(s) has been defined.
Shear flow continuity

By writing the equilibrium condition in the longitudinal direction for a general joint j of

length dz at which multiple segments intersect, a generic shear flow continuity condition

is obtained

n

Sov(e. ) f(s5.2)—B(c.j) f(s5,2) =0 .21y

o=l

in which fy(c, j) =1.0 when the beginning joint of member ¢ coincides with joint j
(e, as b(c)=j) and y(c,j)=0.0 otherwise. In a similar manner, one has
Blc,j)=1.0 when e(c)=, and B(c,j)=0.0 otherwise. For example, for the cross-
section depicted in Fig. IV.5 a, by applying Eq. (IV.21) at joint 4 i.e., by setting (j =4),

the shear flow continuity condition takes the form f(s;,z)+ f(s},2)+ f(s;,2) =0 (Fig.
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IV.5 b). Also, by applying Eq. (IV.21) at joint 1, at which only a single plate is
connected, the shear flow boundary condition f(s;,z)=0 is recovered. In general, for a

cross-section with »n+1 joints, n+1 shear flow continuity /shear flow boundary
conditions can be written. The unknowns in these equations are the shear flow values at
both ends of each segment. For n segments, the number of unknowns is 2n. By

expressing the shear flow conditions in a matrix form, one obtains

fb
[Y(n+1)xn I}(n+1)xn {f ’ } = 0(n+1)x1 (IV22)
in which matrices y , P consist of the entry of the shear flow continuity coefficients

fy(c, j ) and (c, j ) , respectively. Vectors f, and f, consist of the shear flow unknowns

at the ends of the segments. These are defined as

fTb:<f(s},,z) f(s,f,z) f(s,’,’,z)>

1 ) (Iv.23)
fTe:<f(se,z> f(se,z) f(s:,z)>

Using Eq. (IV.20), vector f,,,, can be expressed in terms of vector f,_,, as

fonxt = Foma T Vit IV .24)

in which the ¢, member of vector v, is given by

v(c) = ~E[w'(@)A(s;.5)) ~u"(D)S, (57,5 = v"(2)S, (55,50) = $"(@)S, (505557 |

(Iv.25)
Equation (IV.24) can be substituted into Eq. (IV.22) to reduce the number of unknown

shear flows to n values. As a result, one obtains n+1 equations in »n shear flow

unknowns. In the absence of longitudinal tractions, it is observed that the equations are
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linearly dependent, i.e., one of the equations can always be expressed as a linear
combination of the remaining n equations. This is a direct outcome of satisfying the
global longitudinal equilibrium condition of the section (the first equation of the system
given in Eq. IV.4) a-priori. Thus, a linearly independent subset of n equations can be

selected among the complete set of equations given in Eq. (IV.22), and expressed as

* * fb 0
A IV.26
[’Y nxn B nxn] fb“)q +fnx1 nx1 ( )
in which the entries of matrices v, and B’ ., correspond to the n shear flow conditions

selected. By expanding Eq. (IV.26) and rearranging, an expression for the unknown shear

flow values f, is recovered as

~1 .

A C AR S I S av.27)

The solution of Eq. (IV.27) provides shear flow values at the beginning joint of all n

segments. Once these values are known, the constant component of shearing stresses at

other intermediate points along any plate segment ¢ can be obtained applying Eq.

(IV.18) for the segment of interest.

Relating Shearing Stresses to Stress Resultants

The shear force V (z) of segment c is the integral over the segment area of the shear

flow component along the x direction.
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e o€
=5,

Vi(z)= I 7,(s,2)t(s) cos a(s)ds

y W"(Z) J- Z(S,f,s)dx—u'"(z) J- §y (S;,S)dx (IV28)
=1,(s;,2)t(s;) J‘ dc—E szbs S:
S ) [ B sHe-9E) [ B, (55

in which the relation dx =dscosa(s) is used. The integral terms in Eq. (IV.28) can be

expressed as

, 7,(s5, 2)t(s; ):j' dx=1, (S;" (Y (xj - x,_f) IV 29)
I Asy,s)dx = A(s5,5)x (5 ) =Sy (IV.30)
Z:igy(sgas)dx=§y(S;,S:)X(S:)—J;y V31
j Sx(sp,8)dx = Sa(s],5)x(s5 )~ T, (IV.32)
t:igw(so,s;,s)dx = So(80,55,80)x(55) = J5, (IV.33)

From Eqgs. (IV.29) through (IV.33), by substituting into Eq. (IV.28) and using Eq. (IV.20),

shear force V7 (z) of segment c simplifies to

Vi(@)=(S;wi=Jpu"=Jov"~Jog" — f(s5,2) x5 + £ (55, 2)x¢ (IV.34)
By using the summations defined in Eqs. (IV.17) and recalling that the sum of shear

flows at each joint of the cross section must vanish (Eq. (IV.21)), one obtains
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V.(2)= Z VE(z)= E@S,w'=J "= J y"=J 4" (IV.35)

c=1

It is of interest to note that by setting z=0 or z=1[ in Eq. (IV.35), the second natural
boundary condition in Eq. (IV.4) is recovered for the case of vanishing longitudinal

traction. A similar treatment leads to

Vy (Z) — E(wa n_ nyu m__ Jyyv m__ Jwy¢ "l) (IV36)
Tw (Z) — E(Sww II_ wau "l__ Jwyv m__ Jma)¢ III) (IV 37)

By differentiating Eq. (IV.8) and noting that, in the absence of longitudinal tractions, the
condition N'(z)=0 is satisfied, the result is arranged along with Egs. (IV.35), (IV.36)

and (IV.37) in a matrix form as

(IV.38)

By solving Eq. (IV.38) for vector <w" u" v" ¢'"> and substituting into Eq. (IV.18),

the constant component of shearing stresses are expressed in terms of stress resultants as

Tz: (s;’ Z)t(S;) = TL‘ (S1C7 Z)t(slc)

Al o€ o€ T (o€ oF T (o€ o I c C - (IV39)
H{A(st,55) =5,(57,85) =S.(50,55) =S5, (55,5,55)) D"

SIS N o

Equation (IV.39) allows the calculation of the constant component of shearing stress at
point s; in terms of the stress resultants V,, V,, and T,,. In general, the shear flow will

be known at the beginning joint of the segment as a result of the solution of Eq. (IV.27).
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Thus, by setting z_(s;,2)t(s{) =7,(s;,2)t(s;) = f(s;,z) into Eq. (IV.39), the shear stress
at any point s; on plate ¢ is determined. For an orthogonal coordinate system, Eq.

(IV.39) takes a simpler form coinciding with the one reported in Vlasov (1961).

c c c c ‘_S; (SC’SC § c’ > § ‘85
7.(s, 2)(s) = 7, (s, Z)E(s%) _5615) V.(2) ——Jf%’—ﬁl V,(2) ——wiinMTw(z) (IV.40)

yy xx [210]

General Interaction Requirement based on Elastic Resistance
In structural steel design codes, sections under combined internal forces are normally

required to meet certain interaction equations which relate the internal forces acting on
the section. Depending on section slenderness, they can attain their fully plastic resistance
(for compact sections) or their elastic resistance (for non-compact sections). Under
combined internal forces, these resistance requirements are mathematically described by
code interaction relations. The stress expressions in the previous two sections can be
combined to form a general interaction equation for any non-compact open thin-walled

section. When this interaction requirement is met, the section is judged to remain in the

elastic range.

By recalling that the total shear stress is the summation of the constant component of

shearing stress 7,(s,z) as given in Eq. (IV.39) and the shear stress due to the St. Venant

torsion 7,,(z,r)=2T,(z)r/J, and by adopting the von Mises yield criterion
2

o, +3c,’ <o, , Egs. (IV.13) and (IV.39) can be combined to yield the following

generalized interaction equation
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2

N(z)

M
(1 x(s) ) a(s)D’ MZZ;
B(z)
(2502), ), , (s 5 (s7) 12 -
Jd c\h> I(S)
+34 0 )] < O_yieldz
+-—-1— <Z(Sc S) —§ (sc S) _§ (SC S) —S_ (S 5 S))D-l Vx(Z)
t(S) b2 y\Ph> x\Ppo w\P099p Vy(z)
S T,(2)) |

Example IV.1: Beam with coped flange

A four meter span beam is fully fixed at both ends. The beam is made of a built up wide
flange steel section and subject to a torque T=30 kNm and a vertical force F=200 kN
acting at mid span (Fig. IV. 6.a). The steel material has a Modulus of Elasticity

E=200,000 MPa, Poisson’s ratio v=0.3 and a yield stress o,,=300MPa. The cross-

sectional geometries are given in Fig. IV. 6.b. Two cases are considered: Case a) the
beam cross section is prismatic throughout the whole span AC, and Case b) Span AB
remains identical to Case-a while span BC has half of the bottom flange coped (Fig.
IV.6.b). Sections immediately left and right of mid-span are referred as section at B™ and
section at B” respectively. Thus, beam cross-sections at B and B" are identical to Sec 1-1

and Sec 2-2 respectively.

_ ,, 200N, . T@? T
= Centroid
f = oty
| R X D S — N s o
" ‘ Zt)ml'—n_—L 20mm =0
—»1 MOk_Nm L2 " 380mm
L '2‘—":120mm ==
2000mm f 2000mm ———————— 400 mml Sec2-2 Case-b
Fig. IV.6 (a) Geometry and Loading (b) Cross-section dimensions
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Case-a Stress Computations
The un-coped beam in Case-a is analysed using two different coordinate systems: Case

a.1) Based on Orthogonal coordinates. In this case, the origin O, the sectorial origin Sy,
and the pole 4, coincide at the section centroid as shown in Fig. IV.7.a, and Case a.2)

Based on Non-orthogonal coordinates as shown in Fig. IV.7.b.

G_m 2 o
\P-ZOO,-ZOO,-40000) %,-200,0) (200,-200,40000)
200mm B3]
\\\ O,A,,,S,,T__’x
200mm y v
5 4] B 5
\LG‘ 5 @) g QL @ 1
(-200.200.40000)  (0,200.0)  (200,200,-40000) (0,200,60000) (200,200,20000) (400,200,-20000)
£200mm—+200mm~
Fig IV.7. (a) Orthogonal Coordinates (b) Non-Orthogonal Coordinates

In Figure IV.7, joint numbers are circled and plate numbers are bracketed. The cross-
sectional properties based on solutions schemes a.1 and a.2 are shown in Table IV.1 The

algorithm to compute sectional properties are summarized in Appendix IV.A.

Table IV.1-Cross-sectional properties

A s TIs, Is, 1, Vv, |7, |2, 17, |7, |7,

y XX yy xy wx @y aw
x10° | x10° | x10° | x10® | x10° | x10° | x10% | x10' | x10" | x10" | x10°
mm2 mm3 1’1’]1113 mm4 mm4 mm4 mm4 mm4 mm4 1’1’11116 mm4

Solution
Scheme

a.l 24.0 |1 0.00 | 0.00 | 0.0 | 0.75 | 0.21 | 0.00 | 0.00 | 0.00 | 0.85 | 3.20

a.2 240 | 480 | 4.80 | 480 | 1.71 | 1.17 | 9.60 | 9.60 | 9.60 | 1.81 | 3.20

Under both solution schemes the applied vertical force F is acting at the shear center

since it coincides with the selected pole 4, shown in Fig. IV.7 (Murray 1984). By using

element NOVEE14 (Erkmen and Mohareb 2006 a) in finite element solution scheme,
and modeling the structure as assemblage of two elements (i.c., one element for each

span AB and BC), exact displacements are obtained at mid-span. By using the element
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stiffness matrix K, i, the energy equivalent load vector due to member loads R,

(zero in this case) and element nodal displacement vector Uy,,,,, in the relation

P .. =K.easUnisa =Ry, one obtains the nodal force P, vector of each element.

From the nodal force vector P, , one obtains the internal nodal forces at midspan. The

internal forces are identical along the beam in both cases a.l and a.2 and the maximum

absolute values for all the internal forces are at the mid span. The internal forces at B™ are

shown in Table IV.2.

Table IV.2-Stress Resultants at mid-span in Case-b

Section N 8 v, M, M, T, T, B
&kN) | kN) | (kN) | (kNm) | (kNm) | (kNm) | (kKNm) | (kNm?)
B 0.00 0.00 100 -100 0.00 15.0 0.00 14.3

The computation of the stresses at point 2 located at section B are performed based on
two solution schemes (based on orthogonal and non-orthogonal coordinates). Coordinates

of joint 2 based on solution scheme a.1 and a.2 are shown in Fig. IV. 7a and Fig. IV. 7b

respectively. The functions A ,Ey , S, and S, that are used in shear stress calculations

based on solution scheme a.1 and a.2 are provided in Tables IV.3 and [V .4 respectively.

Table IV.3-Functions 4 ,§y, §x and .§m based on orthogonal Coordinates

Location A x10°mm’ | §,x10°mm’® | S, x10°mm’® | § x10"mm*
joint2 of segment 1 4 -4 -8 -8
joint2 of segment 2 4 4 -8 8
Table IV.4-Functions 4 , §y , S’; and .§w based on Non-orthogonal Coordinates

Location A x10°mm* | S,x10°mm’ | S x10°mm’ | §, x10’mm*
joint2 of segment 1 4 4 0 0
joint2 of segment 2 4 12 0 16
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Based on the solution scheme a.l, by using the coordinates at joint 2 (i.e.,x=0,

y=-200mm and w=0), the cross-sectional properties in Table IV.1 a.l, and the
internal forces N B_=O, My3-=0= MxB_=—100kNm and BB_=—14.3kNm2 (Table IV.2) in
Eq. (IV.14), one obtains the normal stress as o,=—-26.8MPa. By using the functions at
joint 2 of segment 1 (e, A(s),s)=4x10mm’, S(s},s,)=-4x10°mm’,
S.(s),50)=-8x10°mm’ and S,(s,,5;,5;) =—-8x10"mm*) while imposing the boundary
condition f(s{,z) =0, the cross-sectional properties in Table IV.1 a.1, and the internal
forces V=0, VyB_ =100kN and 7 _=15kNm (Table IV.2) in Eq. (IV.40), one
obtains the constant component of shear stress as 7,=12.4MPa. Identical values for

normal and shear stresses are obtained based on the solution scheme a.2 by substituting

the coordinates at joint 2 (x =200mm, y=0 and @ =2x10*mm?”) into Egs. (IV.13) and
the functions at joint 2 of segment 1 (i.e., A(sj,s53) = 4x10°mm’, S,(s;, ;) = 4x10°mm’,

S(s,5)=0 and S (s,s1,55)=0) into Eq. (IV.39), respectively along with the cross-

sectional properties shown in Tables IV.1 a.2 and the identical internal forces used for

solution scheme a.1 (Table IV.2).

The shear stress at joint 2 of segment 2 can be obtained from the functions
A(s!, s )=4x10mm?, S,(s},5)=4x10°mm’, S, (s2,52)=-8x10°mm’ and
S (s,,57,52)=8x10"mm"* based on the solution scheme a.l or from the functions
A(s2,52)=4x10°mm’, S,(s7,57)=12x10°’mm’, §=0 and §,(s,,s],5;)=16x10"mm"

based on the solution scheme a.2 as 7,=—1.67MPa. From the shear flow continuity
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condition at node 2 i.e., f(s},2)+f(s3,2)+f(s3,2)=0, one obtains the shear stress at joint
2 of segment 3 as 7,=10.7MPa . By pursuing the same solution procedure for the rest of
the joints one obtains the normal stress and the constant component of shear stress

diagrams as shown in Figs. IV.8 a and b respectively. Based on the normal stress values
obtained at the joints, normal stresses in between joints are obtained by considering the
linear distribution of normal stresses at each segment and shearing stresses in between

joints can be obtained by using Eq. (IV.39) at any point. Thus, in the middle of segment

3, one obtains 7,=13.4MPa.

_93.9 ’26.8
3[13\5 2l j40.3

3]

.49 1403
93.9 4 g41O

FigIV.8.Case-a (&) Normal stress (MPa) (b) Shear stress (MPa)

Note that the boundary condition f(s;,z)=0 is redundant, since the shear stress at joint
6 can be obtained by using the condition 7(s],z) =~12.4MPa in Eq. (IV.39). Hence the
equations are linearly dependent. The shear stress due to St.Venant torsion
7,(z,r)=2T,(z)r / J, is zero since the St. Venant torsion vanishes at mid-span (Table
IvV.2).

Case-b Stress Computations
Since the orthogonal axis of the coped and un-coped beams for segments AB and BC are

offset in Case-b, some difficulties arise in solving the problem under a conventional

technique based on orthogonal coordinates. A non-orthogonal formulation provides a
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convenient means of avoiding these complications and will lead to simplifications in
finite element modeling and data interpretation (Chapter III). The coped beam in Case-b
is modeled by selecting the origin, the sectorial origin and the pole coincide at the
centroid of the un-coped section. Thus the axial force, shear forces and bending moments
are defined with respect to the centroid of the un-coped section (Murray 1984). The
selecteci system of coordinates is the orthogonal coordinafes for the un-coped section
along segment AB as in Case-a, in contrast to non-orthogonal coordinates for the coped

section along segment BC. Cross-sectional properties of the coped section are provided in

Table IV .5.

Table IV.5-Cross-sectional properties of the coped section in Case-b

4 18 TIs, TIs, Tu, 1o, 1o, 1, 1, 17, 17,

y xx » Xy ax ay Qe
x10° | x10° | x10° | x10® | x10° | x10° | x10® | x10" | x10" | x10™ | x10°
mm? | mm® | mm® | mm?* | mm* | om® | om? | om? | om* | mm® | mm®

20 |-0.80 | 0.40 |-0.80 | 0.59 | 0.16 | 0.80 | 1.07 | -1.60 | 0.64 | 2.67

By using the finite element solution scheme in a similar fashion to Case-a, one obtains

exact displacements at mid-span. By using the relation P, =K, ,4,Unioq —R,,, onE

obtains the nodal force vectors P,,, and the relevant internal forces at sections B” and B*,

These are listed in Table IV.6.

Table IV.6-Stress Resultants at mid-span in Case-b

Section N V. v, M, M, T, T, B
&N) | (kN) | (kN) | (kNm) | (kNm) | (Nm) | (kNm) | (KNm?)

B 486 | -102 | 117.6 | -903 | -5.86 | 1632 | 0091 12.7

B* 486 | -102 | -82.4 | 903 | -5.86 | -13.53 | 0.76 12.7

By substituting the internal forces at section B™ and the sectional properties of the un-
coped cross-section (Table IV.1 a.l) into Egs. (IV.14) and (IV.40), one obtains the

normal and the constant component of shear stresses respectively as presented in Figs.
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IV.9 a. By using the internal forces at section B* and the sectional properties of the coped

cross-section (Table IV.5) into Eqs. (IV.13) and (IV.39) one obtains the normal and the

constant component of shear stresses depicted in Figs. IV. 9 b.

91.2 -26.2 13:(’ )

38.8 st 5 \&-1;&;0
319 ) S
12, /] 172 .
762 %2 1432 128 -4.37
(a) ()

Fig IV.9. a) Normal and Shear stresses (MPa) at B
b) Normal and Shear stresses (MPa) at B

The maximum shearing stresses due to St. Venant torsion on both sides of the mid-span

can be calculated for » =10mm as 7, =5.74MPa . Based on the stresses at joint 5 on the

coped section and the maximum shear stress due to St. Venant torsion, one can verify that
the elastic interaction criterion (in Eq. (IV.41)) is met for point 5 (ie,

2 2 2
o, +31, <0, )as1723<0,,,.

Summary and Conclusions
Expressions for normal and shear stresses in terms of stress resultants have been

developed for general open thin-walled section based on non-orthogonal coordinate
system. A general elastic interaction equation for general open thin-walled section has
been derived. The interaction equation relates the normal force, biaxial bending, biaxial
shear, St. Venant and warping torsion, and bimoments. Validity of the proposed solution
scheme based on non-orthogonal coordinates is demonstrated through an example. The
applicability of ‘the new solution to a complex case which is difficult to handle using
orthogonal coordinates is also illustrated. The proposed method can easily be automated

and efficiently used in finite element context.
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Appendix IV.A - Computation of Sectional Properties and
Shear Stresses

The computations needed to perform the area integrals appearing in Eq. (IV.4) can be an
onerous task to conduct by hand for a complex structure consisting of multiple
asymmetric sections. A computer algorithm to automate similar tasks was developed by
Heins and Wang (1978). The algorithm was later revised by Coyette (1987) who
improved its computational efficiency. Prokic (2000) presented an algorithm to minimize
the input data and evaluate the sectional properties of arbitrary open and closed sections
corresponding to a principal coordinate system. In this study, a computer program for the
calculation of cross-sectional properties for general open sections was implemented.
Since non-orthogonal coordinates are used, unlike in previous works, the computations

for the coordinates of centroid, shear center and the principal sectorial origin are not

necessary.

The main idea of the algorithm is to define an open section using a number of user
defined joints (each joint having a designation number, and two Cartesian coordinates x
and y) and subdividing the cross-section into a number of plate segments (each segment
being defined by a start and an end joint using a connectivity matrix similar to that used

in finite element formulations). The coordinates @, and a, of the pole (an arbitrary point),

sectorial origin S, (an arbitrary point located on the cross-section mid-surface) and the

plate segment number on which the sectorial origin is located are also specified by the

user.
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Sectorial coordinates @ of joints are to be computed in two steps. In the first step, the
area of the triangle between beginning joint 5(c) and end joint e(c) of each plate

segment ¢ and pole 4, is computed with the determinant formula i.e.,

1 xe(c) ye(c)
Area(b(c),e(c), A,)=Det|1 Xy, Vye |=0°(b(c),4,,e(c))
1 a aq

In which o° (b(c),Ap,e(c)) is the sectorial area coordinates at joint e(c) of segment ¢

based on a sectorial origin located at joint b(c). For the particular cross-section in Fig.

IV.A.1, the beginning and end joints of segments are shown in Table IV.A.1. Sectorial

area coordinate ®° (b(c),Ap,s(x, y)) of a point on segment ¢ can be obtained from the

sectorial area coordinates at joint e(c) by using linear interpolation. The sectorial are

coordinate distribution on the cross-section, based on sectorial origins located at

beginning joints of each segment, is shown in Fig. IV.A.1a.

@ 5 Q@ py 08 wf'z(&jaﬂ@ P O
| =gy ‘< T Q%
(00m 40000 02200 -;‘0 : ‘?%=6oooo
0, =24reaD-Q-4,) s @ 03]
=40000 0 Bl % ¥
AP -
®g=60000 y ®g=-20000
;5] | Joa20000
Q=" 14
(a) (b)

Fig. IV.A.1. (a) Sectorial are coordinates based on the sectorial origins located at the

beginning joints of each segment (b) Sectorial coordinates based on the selected sectorial
origin
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Table IV.A.1 Beginning end joints of segments

Segment [1] (2] 3] ' [4] [5]
Number

Beginning 1 2 2 4 4
joint

End joint 2 3 4 5 6

In the second step, by using Eq. IV.A(1), the sectorial area coordinates based on the

sectorial origin located at the beginning joint of a segment ¢ is transformed to the

sectorial area coordinates based on the selected sectorial origin S, .

0(Sys 4,5 505, 9)) = @(Sy, 4,,5(0)) + 0 (b(e), 4,5(x, ) IV.A®)
The sectorial are coordinate distribution on the cross-section based on the selected

sectorial origin is shown in Fig. IV.A.1b.

Sectional Properties
For a segment ¢ of start joint b(c) and end joint e(c), the properties 4°, S}, S;, S,, J,,,

J,» Jo»>and J; for that segment are computed by using Eq. IV.A(2)(a-j) (Fig. IV.A.2).

Ox
J’I_- XeorYeg xE
J

XaepY e, hc

i / segment ¢

Fig. IV.A.2 x and y coordinate of end joints of a segment ¢

hcz\[(xe(c) T Xp(c) )2+ (ye(c) - yb(c) )2 ’ A" =nr ’ S; - % s (xe(“) + xb(c) ) ?

S; = —;—h‘t" ( Veey + yb(c)) , Sa =‘;‘th ’ (a’e(c) + a’b(c)) g
c c.C ]' 1

J. =ht l:z'(ye(c) + Vi )2 +E(ye(c) V(e )2:!’
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c c.c 1 1 |
JJ’)’ =t I:Z(xe(c) + Xp(e) )2 +E(x4‘(c) —.xb(c) )2] ?
¢ _pegel 1
ny = h°t¢ ‘: (ye(c) + yb(c)) e(c) + xb(c)) 12 (ye(c) yb(c) )(xe(c) _xb(c) )} s
1
+‘5( e(c) ~ Do(e) )2]

(x
)

T = | Moy 000 (500 em_wb(c))(xe(c)_xb(c))}
)

™o

1
C c,C
oo =HE ( Dy + Dy

(4 C4C 1 .
Sy =H't ( Dutey+ Oy ) (Veter + Yoo ) + 12 (@0 = 04y ) (Ve = P )} IV.AQ@)(a)

;

The individual contributions for all segments (c =1,.., n) are then summed up to yield the

total section property required (Eq. IV.A(3) a-i).

DYS Sy=iSj, S,=Ysc, S,=8, J.=SU, J, =3,
c=1

c=1 c=1 c=1 c=1

= i‘];y ’ Z wx 3 Z wy ? Z IVA(3)(a-1)

c=l1 ¢=1 c=1

Normal Stresses
From Eq. (IV.13), normal stress distribution in a general non-orthogonal coordinate

system is obtained as

N(z)
M, (2)
M. (2)

B(2)

o,(5,2)= (1 -x(s) —-y(s) —co(s)) D!

in which, nodal internal forces <N(z) M, (z) M, (2) B(z)>T and the sectional

property matrix D are constant for every point on the cross-section. Thus, the parameters
varying from point to point in a cross-section are the coordinates x, y and @. The x and y

coordinates of a point on a segment ¢ can be obtained from the beginning x,,,, y;., and
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end joint coordinates x,,,,, by using linear interpolation (e.g., Fig. [V.A.3). Note that

the sectorial area coordinate were obtained in Eq. IVA(1) (e.g., Fig. IV.A.1b).

27200 Q 3 8

x5=200
xg=0
3
3,
xg=-200 y 0 xd—/‘ZOO
Xg~
\E— it ¢
Fig. IV.A.3. (a) x coordinates (b) y coordinates

Shear Stresses

From Eq. (IV.9), constant component of shear stress distribution in a general non-

orthogonal coordinate system is obtained as

7,55, 2)0(55) = 2, (5, DY) HAGSS,52) =5, (85,55) =S,(55,85) =5, (55,55,55)) D

SN N o

in which, the parameters that are varying from point to point on the cross section are

,Z(sf,sg), §y(sf,s§), §x(sf,s§), and §w(so,sf,s§). The shear flow 7,(s;,2z)t(s;) at a
point s of segment ¢ can only be determined from the relations A(s?,s) = _[:2 d4,
S—y(sf,s;): '[fdi, S (sf,85) = .[?ydA, and S, (s,,55,55) = J:fa)(so,s)dA, when the

shear flow z,(s;,z)f(s;) is given at a point s, of segment c. Thus, the shear flow at least

at one point of the segment should be given to obtain the shear stress distribution on the

segment.
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Since the shearing stresses at the edges vanish, the edge points are selected as the starting
point. Thus for a segment ¢ which has a free joint (e.g., segments 1, 2, 4 and 5 in Fig.
IV.A.1), by setting s; = s, , the shear stress distributions as well as the shear stresses at

the other joint of the segments can be calculated.

From the flow continuity condition at joints by using the previously obtained shear flows
at the end joints of external segments one obtains the shear flow at the beginning joint of
a neighboring segment (e.g., f(s},2)+f(s;,z)+f(s;,2)=0 at joint 2). The joint stresses
can be obtained in an order such that the flow continuity equations will contain only one

unknown at a time.

Thus an algorithm to obtain shear stress distribution involves the following steps;

e Based on the input data the external plate segments which are free at one of its
end joints are determined.

e The shear stress distribution is calculated for external segments by using the
vanishing condition of the shear flow at the free joints.

¢ The segments which are connected only to external segments are determined.

e -Shear flow continuity condition is at the end joints of the segments which are
connected only to external segments, and the shear flow at one of the end joints of

these segments are obtained.

e -By using the shear flow at the end joint, the shear stress distribution can be

obtained.
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For most open cross-sections used in practice these five steps will be enough to determine
the shear stress distribution, since the cross-section is composed of external segments and
segments connected to external segments. However, the computation can be pursued for

more complex cross-sections by classifying its segment in a hierarchical order similar to

what was explained above.
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Chapter IV List of symbols

i

cross-sectional area (Fig. [V.1);

arbitrary pole (Fig. IV.1);

coordinates of arbitrary pole 4, (Figs. IV.1,1V.2);
width of the of ¢ thin-wall segment;

bimoments;

warping constant;

modulus of elasticity;

a shear flow function;

load vector due to end tractions;

shear modulus;

normal distance between pole and the tangent to mid-
surface;

section moments of inertia and products of inertia;
St. Venant’s torsional constant;

second moment of the sectorial coordinate;
Contribution of ¢™ segment of the cross section to the

relevant moments and products of inertia;

_stiffness matrix of NOVEE14 element;

length of finite element;

twisting moments per unit length about polar axis;
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M M

x>y
MM,
axis
n
N
N
N(2)pa
NOVEE14
p(s:2),,
P14><1
9x>9y-9;
Ry
r
S,.,S,,8

c
§

bending moments;

end bending moments induced by tractions about the polar
(Fig. IV.2);
number of segments defining a cross-section;

axial stress resultant;
axial force at the end of the beam;

cubic shape function vector;

Non-Orthogonal Vlasov Element based on Exact shape

functions with 14 degrees of freedom

member traction vector acting on rﬁember mid-surface (Fig.
IV.2) in force per unit area;

nodal force vector due to externally applied tractions at
member ends;

resultant of traction vector (force per unit length);

energy equivalent nodal force vector due to member loads;
coordinate normal to the section mid surface (Fig. IV.2);
first moments of area of coordinates x, y, and @ ;

sectorial origin (Figs. IV.1, IV.2);

curvilinear coordinate along mid surface (Fig. IV.1,

Fig.IV.2);

s coordinate of a point located on the ¢™ segment where
shear stresses are assumed to be known;
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u,(s,2),v,(s,2)
Vo'V,

—If—xaf/_}’

w(z)

section

w,(s,2)

s coordinate of a point located on the ¢” segment where
shear stresses are to be determined;
s coordinate at the beginning of ™ segment;

s coordinate at the end of ¢ segment;
thickness of ¢™ thin-wall segment;

St.Venant torsion (Fig. IV.2);

warping torsion (Fig. IV.2);

total twisting moment;

end twisting moments about the polar axis (Fig. IV.2);
nodal displacement vector for the homogeneous case;
displacements along x, y directions of arbitrary pole

(Fig. IV.1);

horizontal and vertical displacements of arbitrary point B,

located on section mid-surface (Fig. IV.1);

shear stress resultants;
shear stress resultants at the end of the beam (Fig. [V.2);

function related to the longitudinal displacement of the

longitudinal displacement of arbitrary point B, on the
mid-surface (Fig. 1V.2);

coordinates of arbitrary point B, (Figs.IV.1,1V.2);

coefficients for shear flow continuity for joint j;

angle of twist about the longitudinal axis;
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u Vv w .
Praxts Unaxt> ¥ N> T N2xt = nodal displacement vectors;

o, = longitudinal stress;
o,T = externally applied tractions at the ends of the element;
w = sectorial area;
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Chapter V

Torsion Analysis of Thin-Walled Beams Including Shear
Deformation Effects

Abstract

The first part of this chapter develops a theory for the torsional analysis of open thin-
walled beams of general cross-sections. The theory accounts for shear deformation
effects. Statically admissible stress fields are postulated in agreement with those resulting
from the Vlasov thin-walled beam theory. The principle of stationary complementary
energy is then adopted to formulate the governing field compatibility condition under the
stress fields postulated. The naturally arising boundary terms are found to relate the
warping deformations to the internal force fields. A torsion beam example is solved
using the new theory in order to illustrate its applicability to practical problems. The
second part of the chapter implements the solution numerically in a force-based finite
element context. Two finite elements are developed by assuming linear and hyperbolic
bimoment fields. The FEA solutions are shown to provide lower bound representations of

the stiffness when compared to those based on conventional beam theories founded on

postulated kinematic assumptions.

Keywords: torsion, warping, thin-walled beams, shear deformation, finite element,

complementary energy.

~ Introduction

Open thin walled steel sections subjected to twisting moments are generally prone to

large warping stresses and excessive angles of twist. It is therefore common practice to
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avoid twisting moments in steel assemblies consisting of open steel sections whenever
possible. However, in a number of practical applications, twisting cannot be avoided and
the designer is compelled to count on the torsional resistance of these members. The
classical formulation for open thin-walled sections subjected to non-uniform torsion was
" developed by Vlasov (1961). The Vlasov formulation is based on two fundamental
kinematic assumptions. These are: a) In-plane deformations of the section are negligible,

and b) Shear strains along the section mid-surface are negligible.

Closed-form solutions for the torsional analysis of thin-walled beams under various loads
and boundary conditions were presented in a number of texts e.g., Heins and Seaburg
(1963) and Seaburg and Carter (1997). Barsoum (1970) and Barsoum and Gallagher
(1970) modeled warping torsion of open steel sections using two finite element
formulations featuring C1 and C2 continuity of the twisting angle, respectively. The
solutions were based on cubic and fifth order Hermitian polynomial interpolations. The
solution based on cubic Hermitian polynomials is found to yield results close to those

based on closed-form solutions only when a sufficiently large number of elements are

used (McGuire et al. 2000).

Krajcinovic derived a displacement based finite element formulation (1969) and a force
based finite element formulation (1970) for the torsional analysis of thin-walled sections
based on hyperbolic interpolation functions. A finite element for the analysis of open and
closed thin-walled sections was developed by Gunnlaugson and Pedersen (1981). The
finite element in Krajcinovic (1969) was successfully employed to the approximate

analysis of curved beams by Dvorkin et al. (1989). Batoz and Dhatt (1990) developed a
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generalized 14 DOF thin-walled beam element based on an orthogonal system of
coordinates. Mohareb and Nowzartash (2003) demonstrated the exactness of the solution
of Krajcinovic (1969) for the case of non-vanishing member loads. Erkmen and Mohareb
(2006) extended the formulation to thin-walled beams using non-orthogonal qoordinate
systems. A common feature in the above formulations is the omission of the effect of

shear deformations in line with the second assumption of the Vlasov theory.

Several beam finite elements were developed according to the Timoshenko beam model
for solid beams which account for shear deformation effects due to non-uniform bending.
This includes the work of Mucichescu (1984), Friedman and Kostmatka (1993), and
Nowzartash and Mohareb (2005). Displacement based formulations incorporating shear
deformation effects for thin-walled beams were developed‘by Chen and Blandford (1989)
and Back and Will (1998). Shakourzadeh et al. (1995) derived a finite element based on
the thin walled beam theory of Benscoter (1954), which incorporates the effect of shear
deformation éffects due to warping torsion. The formulations in Mucichescu (1984),
Friedman and Kostmatka (1993), Nowzartash and Mohareb (2005), Chen and Blandford
(1989), Back and Will (1998), Shakourzadeh et al. (1995), and Benscoter (1954) have the
commonality of starting with kinematic assumptions and formulating the governing
equilibrium equations by employing the principle of minimum potential energy or the
principle of virtual work, and thus provide an upper bound representation of the structure
stiffness in the sense that under given loads, the internal strain energy is smaller than that
based on a 3D theory of elasticity solution (Synge 1957). Based on more elaborate

kinematic assumptions, advanced beam theories accounting for the cross-section warping
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were developed by several authors e.g., Levinson (1981), Bickford (1982), and Heyliger

and Reddy (1988).

A hybrid stress formulation including shear deformations due to warping was developed
by Tralli (1985). Gendy et al. (1990) developed hybrid strain formulations for the flexural
torsional analysis of thin-walled beams. Schulz and Filippou (1998) developed a finite
element for torsional-flexural analysis of thin-walled and moderately thick-walled beams

by assuming that the transverse normal stresses are negligible.

The idea of this paper is to develop an approach which incorporates shear deformation
effects due to warping by assuming statically admissible stress fields in conjunction with
the principle of stationary complementary energy. Stress resultant interpolation functions
are subsequently assumed to formulate a flexibility matrix which is then inverted to yield
to the element stiffness matrix. Since the proposed solution satisfies the Vlasov beam
equilibrium condition in a point-wise sense while generally satisfying compatibility only
in an average integral sense, it leads to an under-prediction of the structure stiffness, a

feature that is desirable to designers when compared to solutions leading to over-

prediction of the structure stiffness.

Assumptions

The formulation is restricted to the torsional analysis of prismatic beams with open
sections. The material is assumed to remain elastic throughout deformation. This
assumption is justified in a large number of applications by the fact that, due to the weak
torsional stiffness of open sections, they frequently attain excessive angles of twist, a

serviceability limit state, prior to undergoing any plastic deformations. The normal
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stresses along the tangential direction of cross-section profile are assumed negligible, in

line with most beam theories.

Assumed Stress Fields
As a starting point, statically admissible stress fields (i.e., stresses exactly satisfying the

equilibrium conditions in a point-wise sense) are postulated. The normal and shearing

stress fields analogous to those based on the Vlasov thin-walled beam theory (Vlasov

1961) are selected. These are:

o(s,z) = _zgzg_w@ (V.1)
. (S,Z)z_%z_)%?l V.2)
T, (z,r)z—z%dz)r (V.3)

in which o(s,z) and 7_(s,z) are the longitudinal and shearing stress fields, respectively,

which are induced by bimoment B(z)and warping torsion T, (z). These stress fields are

assumed to be functions of the longitudinal coordinate z and the circumferential

coordinate s, measured from the principal sectorial origin Sy (Fig. V.1). Coordinate s

identifies the coordinates [x(s), y(s)] of any point P on the middle surface (Fig. V.2).
The shearing stress 7, (s,7) is induced by the St. Venant torsion 7,,(z) and has a linear

distribution across the thickness. Hence it is a function of coordinate » which is the

normal distance from the mid-surface in the plane of cross-section. Symbol t(s) denotes

the thickness of the section as a function of the coordinate s (Fig. V.2).
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Fig. V.1- Coordinates and Sectorial Area

In order to eliminate the coupling between torsional response and flexural deformations,

origin O (Figure V.1) is selected to coincide with the section centroid while the pole 4,

is selected to coincide with the section shear center (Vlasov 1961). The above selections
allow the stresses and deformations obtained from a torsional analysis to be additive to

those based on conventional flexural analysis (Erkmen and Mohareb 2006). In line with

the Vlasov theory, coordinate a)(s) = Ih(s)ds is the sectorial coordinate measured from

So
the principal sectorial origin s, where h(s) is the distance from the section shear centre

to the tangent of the profile at coordinate s (Fig. V.1). The function
S—m (8= IS a(s)t(c)de is the sectorial static moment, in which the lower integration limit
5, is chosen such that the corresponding warping shear stress 7,(s,,z) vanishes (e.g., at

an edge of the cross-section with zero external tractions).

T(2,87) =1 (2,7)+1,(2,8) middle surface

T
s }’/_ﬁgg__/{

d

Ty

Fig. V.2-Shearing stresses
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Symbol C, is the warping constant and is defined by the integration of the square of

sectorial coordinate over the cross-sectional area i.e., C, = J'a)ZdA. Symbol J, isthe St.
A

Venant torsional constant. For a cross-section consisting of » thin-walled rectangular

pieces of constant thickness f, and width b,, the St. Venant torsional constant is obtained
by the formula J, Zl/ 3bt> (Boresi and Sidebottom 1985) when ,/¢, >10 . Functions
i=]

B(z), T (z), and T,(z) are to be determined based on equilibrium conditions, and
possibly on compatibility considerations. In force-based finite element formulations such
as the one sought in this paper, satisfying the compatibility requirement in a strict point-
wise sense is not necessary, although it will be shown that meeting this condition

provides superior solutions compared to other force formulations which violate this

requirement.

First Equilibrium Requirement

As shown in Figure V.2, the total shear stress 7, (s,2,7) can be expressed as the sum of
the constant component due to warping 7, (s,z)and the component due to St.Venant

torsion 7, (s,7) . By writing the equilibrium condition in the longitudinal direction for a

differential piece taken from a thin-walled beam in the absence of externally applied

_ longitudinal tractions (Fig. V.3), one obtains

1(5)/2 (s)12

gz-[a(s,z)t(s)]+—a-[ j 7, (s,z)dr + J 7, (s,r)dr |=0 (V.4)

—t(s)/2 ~1(s)/2
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T+ Ot ds
= Bs

=0
oA(4 ﬁﬁ.ﬁ!
c+ Q_ dz~ ?\/ F”"ﬂ”‘\

Fig. V.3- Longitudinal Equilibrium of an infinitesimal element

From Equations (V.1), (V.2) and (V.3) by substituting into Eq. (V.4) and noting that due

to linear distribution of shear stresses induced by the St. Venant torsion, their integration
. . . ()72 . . .
along the thickness vanishes i.e., L( " 7,,(z,7)dr =0, the following relationship between

function B(z) and T,(z) is established

B'(z)=T,(z) (V.5
In Equation (V.5) and the following equations, all primes denote differentiation with

respect to longitudinal coordinate z.

Second Equilibrium Requirement
Under externally applied distributed twisting moment per unit length #(z) (Fig. V.4), the

torsional equilibrium condition for an infinitesimal element of length dz can be expressed

as

T'(2)=T,(2)+T,'(2)=—t(z) - (V.6)
in which the total twisting moment 7'(z) is the sum of the warping torsion 7,(z) and the

St. Venant torsion T,(z) . By integrating Eq. (V.6) from z to /, one obtains

[7. (0 +T,O]~[T.(2)+T,(2)]= ff(n)dﬂ (V.7)
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(z)

dz

T +dTy F\
/\‘

L+dI,

Fig. V.4- Torsional equilibrium of a beam segment
Equation (V.7) will be used to express the St. Venant torsion in terms of the warping

torsion. By setting z =0 in Eq. (V.7), one obtains

l}
T, -1, =[T, () +T,0]~[T,(0)+T,(0)] = —It(Z)dZ (V.8)
0
Equation (V.8) establishes the relation between the end twisting moments and will

subsequently be used in expressing the load potential.

Variational Formulation
The total complementary energy 7 * can be expressed as

aX¥=U*+V* (V.9)

in which U* is the complementary strain energy and V' * is the potential of the
generalized forces. The complementary strain energy U * has three components. These
are due to: a) the normal stresses induced by bimoments, b) the shearing stresses induced

by warping torsion, and c) the shearing stresses induced by St.Venant torsion. The

complementary strain energy U * is expressed as

U*(o,7,.T,) =2—1E- Iade — Irwde+ !
14

! )
[1,2dz (V.10)
2G 2GJ, ;
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The external load potential has two contributions. These are due to: a) the external

member loads, and b) the end forces. It is expressed as

V*(B,,B,T,T,) = 'f¢(z)t(z)dz 1,6, — B,6, + B,6, + I,¢, (V.11)

in which T, T,, B, and B, are the twisting moments and bimoments at ends z=0 and
z =1 respectively (Fig. V.5). At z =1/, the direction of the end rotation is identical to the
end twisting moment and the direction of the warping deformation is identical to the end
bimoment. Thus the sign of the second and third terms is negative. Conversely, at z=0,
the positive signs in the last two terms of Eq. (V.11) are due to the fact that the directions

of the assumed generalized displacements ¢, and 8, are defined opposite to the directions
of 7, and B, (Fig. V.4). From Egs. (V.1) and (V.2), by substituting into Eq. (V.10), the

complementary strain energy U * can be expressed in terms of the stress resultants as

U*(B,L..T,)

B(z) LT {8567 1
=57 j[ C. ] jw(s) dAdz+2GI{ } j[ o }dAdz YN j[ @) dz

A 0
(V.12)
Equations (V.5) and (V.7) are used to express the warping and St. Venant torsion

functions T, (z) and T,,(z) in terms of functions B'(z) and ¢(z) and then substituted

into Eq. (V.12) yielding,

. 1! 2 1 v T 1 . y ’
U*(B,B.T;)= yel 0j[B(z)] dz + Yo 0j[B (2)] dz +2do Oj[T, ~B'(z2)+ j t(n)dn] dz

(V.13)

in which J,, is a newly arising cross-sectional property associated with the distribution

of shear stresses over the cross-section and is calculated from
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J - w (V.14)

v

Fig. V.5 Sign Convention for Nodal forces and displacements

From Egs. (V.11) and (V.13), by substituting into Eq. (V.9), using the equilibrium
relation provided in Eq. (V.8), and taking the variation of the resulting total

complementary energy expression, one obtains,

{ { {
I jBade+ L, 1 g 1 jt(n)dn—i SB'dz
EC GJ., GJ, GJ, GJ, (V.15)

w0 0

=0T, (¢1 _¢0)_5B191 +0B,6,

on* =

In obtaining Eq. (V.15), the variation of the load potential due to the external twisting
moment vanishes since the applied twisting moments #(z) are specified quantities. By

integrating Eq. (V.15) by parts, one obtains
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sz*(B,B.T))

!
B (L L 1B sy
JNEC, \GJ, GJ, ) GJ,

+ ! +—1— B,'—e,——]l— OB, — ! +——1—— Bo'—6’0——TL- 0B,
GJ, GJ, GJ, GJ,, GJ, o GJ,

"[¢1 "¢0]5T1 :
In the boundary terms of Eq.(V.16), either B,, B, and 7, are specified or the

(V.16)

corresponding bracketed terms vanish. In the integral term of Eq. (V.16), since §B is an
arbitrary function, its coefficient must vanish for the condition 67* =0 to be realized.

Thus, the following field equation is recovered

sz—B"z(J J;L"w )t(z) (V.17)

d re

in which the parameter k= Gl is defined. Equation (V.17) can be
EC, (J,+J)

regarded as a compatibility condition under the assumed statically admissible stress fields
postulated in Eq. (V.1) through (V.3). The boundary terms arising in Eq. (V.16) lead to

the following boundary relations

re d d
and
1 1
6 = (GJ + T JB, '— G].;] or B, = specified (V.19)
ro d d
and either
$—¢=0 or T, = specified (V.20)
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Equation (V.20) signifies that either the beam exhibits rigid body rotation or the twisting
moment applied to the end of the beam is specified. Note that Eq. (V.8), relates the

twisting moment at end z=0 to thatat z=1.

Stress resultants for the Case of no member loads

The homogenous form of the compatibility equation is obtained by setting #(z) = 0 in Eq.
(V.17),i.e., k&2B— B" =0 which has the following solution

B(z) = ¢, cosh kz + ¢, sinh kz | (V.21)
From Eq. (V.5), by taking the derivative of Eq. (V.21) with respect to longitudinal

coordinate z, the following expression for warping torsion is obtained.

T (z) = cksinh kz + ¢,k cosh kz (V.22)

The St. Venant torsion is then obtained by substituting Eq. (V.22) into Eq. (V.7) yielding

T, (z)=—cksinhkz —c,kcosh kz +1T, (V.23)

Generalized Displacements for the Case of no member loads
From Eq. (V.23), and the relation between the St. Venant torsion and the derivative of

the angle of twist T ,(2z) = GJ ,¢'(2) , the angle of twist ¢(z) can be expressed as

ok
1 1. 1 6,k
#(2)=(— coshkz - sinhkz ——z 1 (V.24)
GJ, GJ, GJ, T,
Gy

In Eq. (V.24), ¢, is the integration constant to be determined from the displacement

boundary conditions of the problem. Noting that the compatibility requirement is to be
satisfied for any segment of beam of length z, one can set /=z in Eq. (V.16) leading to the

following relation
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9(z)=[ S ]B'(z)—lz)- (V.25)

GJ,, GJ, GJ,

By considering T'(z)=1, for the case of no member loads, using the derivative of Eq.

(V.21) and substituting into Eq.(V.25), one obtains

ck

1 1 : 1 1 -1 c,k
6(z)= +—— |ksinh kz +—— |kcoshkz —— (V.26)
GJ,, GJ, GJ,, GJ, GJ T

d

Gy
From Equations (V.24) and (V.26), one can obtain the end displacements as

{u}4x1 =[S]4x4 {c}4x1 (V'27)
in which (u)TM: & 6 ¢ 6). (c)TM =(ck ok T, ¢,) and

L ; o
GJ,
0 ! + ! k -1 0
(5] GJ., GJ, GJ,
ot _coshil _sinh Al 1y
GJ, GJ, GJ,
Lo lisimi |t Jkcoshr —% 0
\GJ,, GJ, GJ,, GJ, GJ, |

By inverting Eq. (V.27) and substituting into Eqs. (V.24) and (V.26), the angle of rotation

and warping deformation are obtained in terms of the end displacements as

1 1 . 1 -1
¢(z)=<— G cosh kz —G—stmhkz T 1>[S]M{u}4xl (V.28)
0(z) = vl |ksinhkz vl Vkcoshiz 0 [S]_1 {u}
GJ,, GJ, GJ. GJ, ’ xa U0
(V.29)
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Example V.1- Closed Form Solution

The objective of this example is to illustrate the use of the field and boundary equations
developed in the previous section in a practical problem. A W200x59 simply supported

beam (section dimensions are shown in Figure V.6, and section properties are
C,=187x10"mm®, J,=3.90x10°mm*, J _=4.89x10"mm*, and k=0.89x107) is
spanning three meters L =3,000mm. It is subject to concentrated twisting moment
T, =10kNm acting at L, =2,000mm from the left support as illustrated in Figure V.6. It

is required to determine the angle of twist at the point of application of the load. Material

is structural steel E =200,000MPa,G =77,000MPa . From Eq. (V.21), the bimoment
field equations can be written as B(z)=c coshkz+c,sinhkz for 0<z<L, and
B,(2)=d coshkz+d,sinhkz for L <z<L. For all field terms in this example,
subscript 1 denotes the left span 0<z<I and subscript 2 denotes the right span
L <z<L. By writing the torsion equilibrium condition of the intermediate joint
T,(L)-T,(L,) =T, while enforcing the continuity condition of the warping deformation
at that joint | 6(L)=6,(L) and wusing Eq. (V.25), one obtains
(1+J,/J.,)[B (L)~ B, '(L)] =T, =10x10° Nmm . Also, by using the force boundary
conditions B(0)=0, B,(L)=0 and the bimoment equilibrium condition for the
intermediate joint, B;(L)—B,(L))= B, = 0, one obtains the four conditions necessary to
determine the integration constants c,,c,,d, and d,. These are found to be ¢ =0,
¢,=1.56x10° Nmm?*, d, =3.22x10' Nmm’ , and d, =-3.25x10'° Nmm”* . From Eq. (V.24)

the angle of twist field can be expressed as ¢(z) =[T;z— B,(2)]/GJ, +¢, for 0<z< L,
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and ¢,(z)=[T,z-B,(2)]/GJ, +d; for L <z<L. By using the boundary conditions
40)=0, 4(L)=4(L), 4L)=0 and T,(L)~T;(L)=T, together with B,(0)=0,
B(L)=B,(L,) and B,(L)=0 , one obtains the constants ¢, =0, d; =0.666 rad,
T,(L,)=3.33x10°Nmm and T,(L,)=-6.67x10°Nmm. Based on the obtained constants,

the angle of twist at the point of load application is found as ¢=0.0717 rad. This value
compares with ¢ =0.0705 rad as predicted by the Vlasov theory (Closed form

expressions for the angle of twist based on the Vlasov theory are provided in Heins and
Seaburg 1963 for the given problem). In the given example, the Vlasov theory which

neglects shear deformation effects, underestimates the angle of twist as predicted by the

current theory by nearly 2%. Other quantities of interest at z=L, are found to be
6(L)=3219x10°mm™ and B(L)=045x10"Nmm’ which corresponds to a

maximum normal stress o, =243Mpa and a maximum warping shearing stress

Tpmax =14.9MPa. The new theory has the obvious advantage of capturing shear

deformation effect.

1

> N o o] 4 20m

PaN " ‘_jl {195.8mm
et 14.2mm

/ L, . 1 / l;os}nlﬂl
eCi-

Fig. V.6- Simply supported beam with singular Twisting moment
In principle, the field and boundary conditions developed can accommodate other
practical problems involving loading schemes and boundary conditions. However, a more
systematic approach for computer implementation is developed in the following sections

by adapting the above theory in a finite element context.
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Finite Element Formulations

Element based on Linear Interpolation of the Bimoment Field
In order to formulate a force-based finite element formulation, one must select force field

functions satisfying the equilibrium equations and force boundary conditions. While
equilibrium equations (V.5) and (6) relate the warping and St. Venant torsional functions
to the bimoment function, they do not assign any constraints on the selection of the self-
equilibrating bimoment field function. A linear interpolation scheme for the bimoments

field is selected to relate the bimoment field to its nodal values B, at end z=0 to B, at end

z=I (Fig. V.5). The resulting element will be referred to as TLE4 (Torsional Linear

Element with 4 degrees of freedom)

z z

B(z)=B,|1-— |+ B,| —
(2) o( Lj ’(L) (V.30)
From the first equilibrium requirement in Eq. (V.5), by taking the derivative of Eq.

(V.30) with respect to longitudinal coordinate z, an expression for the warping torsion is

obtained.

T,(z)=-B,/l+ B[] (V.31)
The St. Venant torsion is then obtained by substituting Eq. (V.31) into the equilibrium

condition in Eq. (V.7) yielding
1

T,(2)=B,/l-B,[1+T,+ [t(n)}dn | (V.32)

Equations (V.30) throughh(V.32) are arranged in matrix form, yielding
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B(z) (£'@),, 0
T2y = (L7@),, [H.)e{Pha+ © (V.33)

I,(2)]54 <M T (Z)>1X3 I

1
In Equation (V.33), I'(z) = J.t (n)dn and <P>Tb(3 = (—Bo T, B,> in which the first term

is assigned a negative sign to conform to the end stress resultants sign convention

previously defined in Fig. V.5, and

-1 0 0
[Ha ]3X3 =0 1 0 (V.34)
0 01
In Eq. (V.33), the matrix of interpolation functions can be explicitly expressed as

L@y | Ta=2) 0 ()
(L (z)) -y o () (V.35)
<Mr(z)> (l/l) 1 (-yn],,

By substituting Eq. (V.33) into Eq. (V.13), one obtains

¥ = 1 ]'[(P>T1x3[ ]3x3 {L(z)} <L(Z)> 1x3[ ]3x3{P}3x‘]dz

2EC, ;

+
2GJ

re 0

1 lﬂi<P>T1x3 [Ha ]3x3 {L '(Z)}3x1<L '(Z)>T1x3 [Ha ]3><3{ }3"1 :ldz

L (<P>T1x3 [Ha ]3x3 {M(Z)}Bxl + F(Z))«M(Z))xxs[ ]3x3 { }3><1 + F(Z))]dz

+
2GJ,

(@) s 1Pl I¢<z>r<z>dz
(V.36)
In Equation (V.36), the reduced nodal displacement vector (d)',, =(6, (4~¢) 6)

has been defined. By evoking the stationarity conditions of the complementary energy,
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87:'/ a{P}, ={0},,, one obtains the compatibility relations based on the assumed

interpolation field

[F]3x3 {P}m = {d}3x1 —{ }3xl (V.37)
In Equations (V.37), [F], , is the flexibility matrix given by

| T L@@, (L OLAL@), (ML ME)
(e {5, | s OO B0 L,
0 w ro
(V.38)
and {l//}»3x1 is the displacement vector due to member loads given by
M@} r(z)}
=|H, > dz
{W}3x] [ ]3><3 6‘.[ GJd
(V.39)
By solving Equation 36 for the nodal force vector {P}, , one obtains
(Pl =[Fls {d)s0 - [FLs W1, (V.40)

Displacement vector {a’}3x1 can be expressed in terms of the full nodal displacement

vector <df>Tlx4 =(¢0 6, ¢ 0,) through

{d},, =[{rh UL ) 49}, (V.41)

In Equation (V.41), vector ( p)TM =(0 1 0), and the unit matrix [I],, have been

defined and matrix [H, ], , is defined as

-1 0 00
0 1 00

[Hb ]4><4 = 0 01 0 (V42)
0 0 01

From Eq. (V.41) by substituting into Eq. (V.40) one obtains,
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(P, =[[FTL {ph P LIL, JE ) (4, — (P T s (V.43)

From Eq. (V.43), by substituting into Eq. (V.8), one obtains

Ty

Y oo [T (Ph TP T [ | L ()}~ W LF T k[0

(V.44)
Equations (V.43) and (V.44) are consolidated into a single matrix equation as

{P"}M{ FLeh, | AL }[H”]“*“{d’}“

_ {<p>T13[F];3} w) _{J;t(z)dz} (V.45)
12 VU P I )

In Equation (V.45), the full nodal force vector is defined as
< P, >]TX4 = (—TO -B, T, B,> . By pre-multiplying both sides of Eq. (V.45) by matrix

[H,],.,» one obtains

EANEIE S WAL NS TV (V.46)

in which the full stiffness matrix [K 7 ]M is given by

_ <p > 13 [ ]3><3 {p }351._ <p >T1><3[F];:3
[Kf ]4)(4 - [Hb ]4x4 \: [F];l(3 {P}M [F];:3 :\[Hb ]4><4 (V.47

and the energy equivalent nodal force vector is

- <p> lx3 3x3 B gt(z)dz
{Af}m - [Hb ]4x4 [{ [F]M }M {‘//}m {{O}M}M] (V.48)
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The explicit form of the stiffness matrix | K and the energy equivalent member load
p ! 4x4

vector {A f}4 1 for the special case of a linearly distributed twisting moment for element

is given in Appendix V.A.

Element based on Hyperbolic Interpolation of the Bimoment Field
The objective of this section is to formulate a finite element with superior convergence

characteristics to that formulated in the previous section. Towards this goal, in lieu of

adopting linear interpolation bimoment functions, bimoments fields which satisfy the

compatibility condition in Eq. (V.17) for the case of no member loads #(z)=0 are

postulated instead. The resulting element will subsequently be termed as THE4
(Torsional Hyperbolic Element with 4 degrees of freedom). Equation (V.21) provides the
solution for the bimoment function under zero member loads. By enforcing the force

boundary conditions through the relations B(0) = B, and B(/) = B,, one obtains ¢, = B,

and ¢, = (B, - B,coshkl)/sinh kI and the bimoment field can be interpolated through the

following functions

B cosh kI sinhkz |\ | B
B =(L) 1%l - h iz inh kz) ( ] 0 V.49
@=tu 5 ~((com-imrinne) (S 3 A

in which <Lh>mr is the vector of hyperbolic interpolation functions. By using the

bimoment field in Eq. (V.49), and satisfying the equilibrium equations in (V.5) and (V.7),

one can relate the internal forces to the nodal internal force values through
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B(z) (L (@)

T(z); = <L (Z)>lx3 [ ]3><3{P}3x1
Tsv(z) 3x] <Mh(z)>1x3

cosh kl sinhkz) |
sh kz— nh iz 0
( sinh Al ) (sinh klj (V.50)
cosh kl cosh kz
=| | ksinh kz~k oshkz| 0 |k H P
( sinh il ) ( sinh &/ ) [H. ], {P}..
( ksi nhkz+kCOShkl cos hkz) 1 ( _pSosh iz )
L sinh &/ sinhkl )|, ,

By replacing < (z)> and < (z)> in Eq. (V.36) by <L (z)> and (M,, (z))T as defined
in Eq. (V.50), and follbwing a procedure similar to the one followed through Eq. (V.39),
a new flexibility matrix [F},]3><3 and associate energy equivalent vector {y/h}3xl for
linearly distributed twisting moment is obtained. These are provided in Appendix V.B.

Also, by following the procedure similar to that described in Eq. (V.38) through Eq.

(V.48), one numerically obtains the full stiffness matrix [K,,f ]M based on hyperbolic

interpolation functions and the corresponding energy equivalent member load vector

{A,,f}4x1 for the case of linearly distributed member load. Conceptually, since element

THEA4 satisfies the field compatibility condition for the case of zero member loads it is
expected, at least for problems not involving distributed member loads, to converge to the
solution based on the exact solution of the differential equation, while using a small

number of elements than those based on element TLE4. This observation will be

confirmed in the following example.

Example V.2 - Finite Element Solution
A cantilever beam with a channel section is illustrated in Figure V.7. The cantilever has a

four meter span with material properties E =200,000MPa and G =77,000MPa, and
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cross-sectional properties C, =5.18x10"mm°®, J, =4.10x10°mm*

J,=457x10"mm", and k=0.53x10". The problem is identical to the example

presented in Shakourzadeh et al. (1995) for the sake of comparison of the results based on
THE4 and TLE4 elements with those based on the Vlasov and Benscoter theories as
reported in Shakourzadeh et al. (1995). Unlike the present theory which is based on
postulated stress fields, the Benscoter theory is based on postulated kinematic
assumptions allowing for deformation effects. Five solutions are provided. These are
based on the Vlasov theory, the Benscoter theory, a THE4 solution with a single element,
a TLE4 solution with four elements, and a TLE4 solution with eight elements. The table
provides values of the angle of twist, warping deformation at cantilever tip and the
bimoments at cantilever root. The percentage differences with the Vlasov solution are
also given. It is clear that the Vlasov solution provides the stiffest representation of the
structure, since it neglects shear deformation effects, in contrast to the remaining
solutions. The Benscoter solution, provides a lower bound estimate of the deformation
(including shear deformation effects) as evidenced by the magnitude of the angle of twist
which is only 1.2% higher than the Vlasov solution. The THE4 element provides an
upper bound for the angle of twist (8% higher than the one based on the Vlasov theory).
By providing multiple THE4 elements, the same results were exactly obtained. This is a
natural outcome of the fact that interpolation functions of element THE4 exactly satisfy
the homogenous form of the compatibility equation in (V.17), which will be shown to
eliminate any discretization error in obtaining the nodal variables. This is not the case for
element TLE4 where it is shown that an eight element solution provides a better solution

than a four element solution. It is of interest to note that, unlike displacement based finite
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element formulations which tend to underestimate the deformation, the present THE4 and

TLE4 consistently overestimate the deformations. This leads to an error on the

conservative side, a feature that is welcome from a design viewpoint. The cantilever span

is reduced to three meters as illustrated.in Figure V.7 and the results based on Vlasov

theory and THE4 and the differences between two theories are presented in Table V.2. As

expected, the difference in angle of twist at cantilever tip between the Vlasov solution

and THE4 solution for three meter cantilever span increases to around 12%.

t=-4.07 x 10° Nm/m

N .
1 —» /
x. JEUNES, WHENEN, JUUIE'S VAR Y, W ¥ B ] 2/3m
\/\ 11— im A
— L — Secl-1

Fig. V.7 Cantilever beam under concentrated twisting moment

Table V.1 Results for Example V.2 (cantilever span = 4m)

Solution | Angle of | Percentage | Warping | Percentage | Bimoment | Percentage
type twistat | difference | deformation | difference ~at | difference
-cantilever from at from cantileiler from
tip (rad) Vlasov cantilever Vlasov root Vlasov
Theory |tip(tadm™)| Theory | (10°Nm? | Theory
Vlasov 0.04503 0.01160 18.33
Benscoter | 0.04557 1.2 % 0.01157 0.3 % 18.17 0.9%
THE4 0.04842 7.5% 0.01141 1.6 % 17.26 58%
TLE4-8 0.04870 8.1% 0.01156 0.3 % 17.17 6.3 %
elements
TLE4-4 0.04954 10.0 % 0.01202 3.6 % 16.91 7.7 %
elements
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Table V.2 Results for Example V.2 (cantilever span = 3m)

Solutiontype | Angle of twist at tip Warping at tip Bimoment at root
’ (rad) (rad m™) (x 10°N m?)
Vlasov 0.0196 0.00746 12.13
THE4 0.0220 (+12.2%) | 0.00722 (+3.2%) 1137 (+6.3 %)

Convergence Characteristics of Element TLE4
By adopting the dimensionless coordinate & =z/I, the homogenous compatibility

differential equation in Eq. (V.17) takes the form (& )’ B—d*B/d£* =0 for the case of

ZETo rﬁember loads. The corresponding solution is B(z)=c1 coshkz +c, sinhkz which
was used to formulate element THE4. For an element with short span, &/ — 0, and the
differential equation of compatibility approaches the condition d?B/d&*=0. The
- corresponding solution takes the linear form B(z)=c, +c,z which was adopted to

formulate element TLE4. The above demonstrates that as a mesh is refined for a given
problem, the behavior of element TLE4 Will approach that of element THE4. This is also
consistent with the observations made in ]é%ample V.2, in which-the eight TLE4 element
solution is found to be closer to that based on the THE4 element, than the four TLE4
element solution. For the eight element solution the 4/ value is closer to zero than in the
case of the four eléinent solutic\)n.vThus, the adoption of a linear approximation of the

bimoment field in that case is more accurate than in the latter.

Exactness of THE4 Solution for the Case of Non-vanishing member
loads ‘

The formulation of element THE4 was based on satisfying the homogeneous form of the
compatibility condition. In contrast to element TLE4, the nodal values predicted based on

element THE4 were shown not to cause any discretization errors for the case involving
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zero member loads #(z)=0. A question arises regarding the exactness of the nodal
values predicted by element THE4 for the non-homogeneous case t(z) #0. In the

following, a proof is provided that, indeed, the nodal values based on element THE4 are

exact for the non-homogeneous case.

For the case of non-vaniéhing twisting moments #(z)#0, the general solution of the
bimoment field B(z) is the sum of the homogenous solution B,(z) and the particular
solution B,(z) i.e., E(z) = B, (z) + B,(z) . The homogenous solution B,(z) is

B,(z) =c, coshkz +c,, sinhkz (V.51)
and the particular solution B,(z) can be expressed as

B,(z)=c, coshkz+c,,sinhkz+ B(z) (V.52)
in which function S(z) is dependent upon the member loads 7(z) through the relation

k’ﬂ(Z)-ﬁ(Z)"{ﬁ]f(z) (V.53)

By using Egs. (V.21) through (V.33), B,(z)and B,(z)can be expressed as

Bh (Z) = <Lh (Z)>T1><3 [Ha ]3><3 {})/1}3x1 (V'54)

In Equation (V.54), vector (P,,)T1x3 :<—B,,o T, B,,,) is defined. The component T,

can be selected such that 7,, =T7,. Also,

B,(2)= (L) ,[H.L (B}, +A@ (V.55)
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1x3 p

In Equation (V.55), vector <PP>T =<—BpO T, Bp,> is defined. Vector <PP>1><3 can be
selected such that B,(/)=0, B,(0)=0 and T, =0. By substituting Eq. (V.54) into the

expression E(z) = B,(2) + B,(z) , one obtains

B@) =(L,2) o [Ho Lo (B * B,(2) (V.56)
From Eq. (V.56), by substituting into Egs. (V.5) and (V.7) one obtains expressions for the

warping and St. Venant twisting moments for the case 7(z)# 0

T,(2)=(L,'@) o [H.) {B}sa + B, @) (V.57)

I,(@) = (M,@) [, (B}~ B, @+T() (V-58)
By substituting Egs. (V.56), (V.57) and (V.58) in Eq. (V.13), one obtains

”*=2Elc II[(< BY o TH AL @)y + B (LY [ LB+ B,)) 2

ZGJm ] lx3 33 L (z ) +B '(Z)X '(Z) m[ ]M{P }3x1+B '(Z)):|d
5 OMP ) Tm[[,’_’ o P8, @ @) (M40 [H. L (BB, 00+ T2

!
_<d>T1x3{P}3xl' - I¢(Z)l‘(z)dz

(V.59)

In Eq. (V.59), vector {P} since B,(1)=0, B,(0)=0 and

is identical to vector {P,}

3x1 Ix1?

T, =0. By using the stationarity conditions 87"/3{P,} = {0}, one obtains

(5] (B = (@~ b ~ [ 1, i (V.60)

in which
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{K}m =]’({Lh (Z)}éxl B,(2) + {Lh l(z)}m B, (2) - {Mh (Z)}3xl B, '(Z)sz (V.61)
0 EC, GJ, GJ,

ro

After integrating Eq. (V.61) by parts, one obtains

{K}M :J({Lh(Z)}M _( 1 1 ]{Lh "(Z)}axl]Bp(Z)dZ+[{Lh '(Z)}M - {Mh(Z)}M JBP(Z)

EC, \GI. GJ, GJ GJ, 0
, . , o1 11 ,, .
Since  {L,'(2)},, =—{M,'(2)},, and -_E—CW{L,,} —(?m+ T, ]{Lh }={0} with

B,(I)=B,(0)=0, vector {«},  canbe shown to vanish,

Equation (V.60) signifies that for a membe_r subjected to distributed member loads t(z) ,

the product of the flexibility matrix [, ], , formulated based on a bimoment field which

satisfies the homogeneous form of the compatibility condition by the exact nodal force

is equal to the vector of nodal displacements {d}, ~minus the

vector {P,} .

3x1

displacement vector due to member loads {g//,,}s)<l based on a bimoment field which

satisfy the homogeneous form of the compatibility condition. The proof extends the

exactness of the nodal displacement/force values based on element THE4 to cases of non-
vanishing member twisting moments 7(z)#0. In contrast element TLE4 leads to

discritization errors both for the hof’nogeno'ﬁs and non-homogenous loading conditions.

Summary and Conclusions _
The field equation and boundary conditions for the torsional analysis of thin-walled

structures including shear deformation effects due to warping torsion are developed. The
formulation is based on postulated statically admissible stress fields in conjunction with

the complementary energy functional. The theory developed is used to solve a problem to
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illustrate its applicability using closed form solution. The approach is then extended to
formulate two finite elements which capture shear deformation effects. Element (TLE4)
demonstrates more flexible behavior than the second element (THE4) and converges to
the THE4 results when a refined mesh is adopted. Element THE4 yields nodal
displacements in exact agreement with those based on a closed form solution of the
differential equatior; of compatibility, for the case of zero and non-zero member loads.
The formulation based on element THE4 allows the use of a minimal number of finite
elements. For squat beams, shear deformation effects are shown to gain significance. The
angle of twist based on the new formulation is larger than that predicted by conventional

theories which neglect shear deformation effects.
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Appendix V.A- Stiffness Matrix for Element TLE4 and

corresponding Energy Equivalent Member Load Vector

The elements of the stiffness matrix for Element TLE4 are

K, =(12GyEJ, +12EC, +GJ, I’ )/(12Ey L+ GL’) V.A(1)
K, =—(6GEC,)/(12Ex +GL’) V.AQ2)
Ky, =(122E*C, +4GEL'C, )/(12ExL+GL) V.AQ3)
K, =(2°GEC, -122E°C, ) /(12ExL+GL') V.A4)
K=Ky =Kpy =Ky =Ky ==Ky ==Ky ==K 15 V.A(5)
Ky =Ky =-Kp; ==Ky V.A(6)

In Equations V.A(1) to VA(6) y =C,,/J,, is used. Member load is assumed to be a linear

function i.e., #(z) = Az + B . The elements of the corresponding load vector are

A =~(44L+3B)L[6+( AL+ BL) V.A(7)
Ay, =0 V.A(8)
A, =(44L3B)L[6 V.A®9)
Ay =0 V.A(10)
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Appendix V.B-Flexibility Matrix and Energy Vector due to
Member Load for Element THE4
The elements of the flexibility matrix for Element THE4 are

Fyy =®(J,,EC,k* cosh ALsinh KL +J,, EC,k* L+ k*J,EC, cosh kL sinh kL

V.B(1)
~GJ J,,Lk+GJ,J,, cosh kLsinh kL + ¥*.J,EC, L)
F, =—® [—2J,WEka +2J,,EC, k(cosh kL)z] V.B(2)
Fyy ==®(-J,,EC,k* sinh kL - k¥°J,EC, L cosh kL ~ k*J ,EC, sinh kL -
V.B
~J,,EC J°Leosh kL +GJ,J, kL cosh kL —GJ,J,, sinh kL)
F,, =-1/GJ, V.B(4)
Fop=L1GJ, V.B(5)
F,,=-1/GJ, V.B(6)
Fyy, =®(-GJ,J, Lkcosh kL + k*EC,J, sinh kL +GJ,,J, sinh kL VD)
+k*J,EC,L+J,,EC k*sinh kL + J,, EC K’ Lcosh kL) '
Fy=-® [—2J,WECWk+2JMEka(cosh kL)z] V.B(8)
Frg =~®(+GJ,,J kL ~k*J ,EC,L~GJ J,, cosh kLsinh kL
V.B(9)

- EC,J, k" cosh kLsinh kL — EC,J, k*L ~ EC,J k* Lcosh kL sinh L )
In Equations V.B(1) to V.B(9) ©=1/(2GJ,(sinh kL)’ J,,EC,k) is used. Member load is

assumed to be a linear function i.e., 1(z)=A4z+B . The elements of the load vector are

~(24Lk + Bk -2 Asinh kL + BLK” sinh kL
Wy = (GJ,&* sinh kL) V.B(10)
+ AL’k* sinh kL ~ Bk cosh kL)
w,=(44L+3B)*/(6GJ,) V.B(11)
w; =(24sinh kL —2ALk cosh kL + Bk — Bk cosh kL) / (GJdk2 sinh kL) V.B(12)
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Chapter V List of Symbols

A = cross-sectional area;

4, = pole (Fig. V.1);

b, = width of the of i*” thin-wall segment;

B = bimoments;

E(z) = general solution of the bimoment field;

B, (2) = homogenous solution of the bimoment field;

B,(2) = particular solution of the bimoment field;

€},C3,Cy = integration constants;

(c)Tlx ) = vector of constants ¢;,¢,,¢;;

C, = warping constant;

(d ); = reduced nodal displacement vector;

<d ; >T1x4 = full nodal displacement vector;

E = modulus of elasticity;

[F ]3x3 = flexibility matrix based on linear interpolation;
(7], = flexibility matrix based on hyperbolic interpolation;
G = shear modulus;

h (s) = normal distance between pole and the tangent to mid-

surface at point s;

[H . ]3)(3 ' = matrix introduced to alter signs of reduced nodal force
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[H b ]4x4

[7];.

(K L
Ln

!
(L),
(L@

(M),

(M h (Z )>1x3

vector;

matrix introduced to alter signs of full nodal force
vector;

unit matrix;

St. Venant’s torsional constant;

new cross-sectional property associated with the

distribution of shear stresses;

constant \/GJ,J,, | EC,(J,+J,,)
full stiffness matrix based on linear interpolation;

full stiffness matrix based on hyperbolic interpolation;

length of finite element;

vector of linear interpolation functions;
vector of hyperbolic interpolation functions;

vector of interpolation functions relating the St. Venant

torsion to nodal forces associated with linear bimoment

interpolation functions
vector of interpolation functions relating the St. Venant

torsion to nodal forces associated with hyperbolic
bimoment interpolation functions

number of segments defining a cross-section;
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t(s)
t(z)

TLE4

THE4

sV

vector relating the full nodal displacement vector to
reduced displacement vector;

reduced nodal force vector;
reduced nodal force vector based on homogenous solution;

reduced nodal force vector based on particular solution;

full nodal force vector;

coordinate normal to the section mid surface (Fig. V.2);

curvilinear coordinate along mid surface (Fig. V.1,
Fig.V.2),

matrix relating nodal displacements to displacement
functions;

sectorial origin (Figs. V.1);

sectorial static moment

thickness of the thin-wall segment (Fig.V.2);
twisting moments per unit length (Fig.V.5);

total twisting moment;

Torsional Linear Element with 4 degrees of freedom;
Torsional Hyperbolic Element with four degrees of

freedom;

St.Venant torsion (Fig. V.4);

warping torsion (Fig. V.4);
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()
U *

V*

{A”f }m

6(z)

vector of nodal displacements;

complementary strain energy;
potential of the generalized forces;

volume of element;

coordinates of any point P on mid-surface (Figs. V.1);
function dependent upon member loads;

angle of twist;

function of member loads;

nodal displacement vector associated with particular
solution;

energy equivalent member load vector based on linear
interpolation;

energy equivalent member load vector based on hyperbolic
interpolation;

warping function;

total complementary energy;

longitudinal stress (Fig. V.3);

shear stress due to St.Venant torsion (Fig. V.2);

shear stress due to warping (Fig. V.2);

sectorial area (Fig. V.1);

dimensionless longitudinal coordinate;

displacement vector due to member loads based on linear
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interpolation;

Wi}y = displacement vector due to member loads based on

hyperbolic interpolation;
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Chapter VI

Buckling analysis of Thin-walled open members based
on Complementary Energy functional

Abstract

The first part of this chapter develops a formulation for the buckling analysis of thin-
walled members based on the principle of stationary complementary energy. Some of the
aspects of the Vlasov beam theory are used to describe the behavior of members under
buckling deformation. Koiter’s formulation based on the polar decomposition theory in
finite elasticity is used in formulating the complementary energy expression, equilibrium
equations, and the associated neutral stability conditions in which the rotation fields
appear explicitly. Statically admissible stress fields based on the Vlasov theory are used
in conjunction with the Koiter’s variational formulation to yield the buckling solution of
open thin-walled members. The formulation incorporates shear deformation effects. In
the second part of the chapter, a finite element formulation is developed for the buckling
of thin-walled beams based on the principle of stationary complementary energy. A series
of examples demonstrate the validity of the finite elements formulated and their
applicability to a wide variety of bﬁckling problems, involving column flexural and
torsional buckling, lateral torsional buckling of beams, moment gradient effects, beams

with mono-symmetric sections, and the effect of the load position relative to the shear

centre.

Keywords

Thin-walled members, finite element, complementary energy, column-buckling, lateral

torsional buckling.
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Introduction and Literature Review

Stability Analysis of Thin-Walled members

The equilibrium equations for flexural, torsional and lateral buckling for general thin-
walled open sections under compression and bending were first derived by Timoshenko
(1945). Chajes and Winter (1965) developed the equilibrium equations for the flexural
torsional buckling of singly-symmetric thin-walled sections. Krajcinovic (1969) used the
principle of virtual work to obtain the elastic and the geometric stiffness matrices for
thin-walled members. By using the principle of stationary potential energy, Bazant and
Nimeri (1973) developed solutions for large deflection and post-buckling of thin-walled
straight and curved beams. Yoo (1980) obtained the elastic and geometric stiffness
matrices for asymmetric thin-walled members. Hancock et. al. (1980) investigated the
flexural torsional buckling of I-section beams by adopting more refined kinematic
assumptions than those based on the Vlasov theory in which the effect of web distortion
was incorporated. Roberts and Azizan (1983) investigated the effect of pre-buckling
deformations on flexural torsional bucking of thin walled beams. Trahair and Bild (1990)
derived the energy expressions for lateral torsional buckling of mono-symmetric thin-
walled beams. Pi and Trahair (1992 a, b) provided a comparison between bucking
solutions incorporating pre-buckling deformation effects to those excluding these effects.
Later on, Trahair and Pi (1997) developed solutions incorporating the second order effect
due to axial shortening under twist deformations, commonly known as the Wagner strain,
and the associated stress resultant. Kim et al. (2003) incorporated shear deformation
effects in formulating buckling solutions for thin-walled beams. In their solution, they
modified the Vlasov theory by relaxing the condition equating the generalized rotation

fields to the derivatives of the associated generalized displacements. Mohareb and
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Dabbas (2003) developed a finite element model to predict lateral buckling resistance of
T-shaped frames consisting of wide flange sections. In their analysis, by neglecting shear
deformation effects, the buckling load predictions for short cantilevers were significantly
higher than those predicted based on the ABAQUS S4R shell element model which
includes shear deformation effects. This observation has suggested the need to develop a
buckling solution which incorporates the effect of shear deformation.

Stability Analyses based on Complementary Energy Variational
Principles

Westergaard (1941) was possibly the first to adopt the complementary energy for the
buckling analysis of members. His research focused on statically determinate Euler-
Bernoulli beam-column problems. His formulation was found to coincide with the one
obtained by Timoshenko (1913) which was based on the principle of stationary potential
energy method while imposing the equilibrium conditions a priori. Oran (1967) applied
the complementary energy principle for the buckling analysis of statically indeterminate
columns. He formulated a quadratic complementary energy expression for the linearized
pre-buckling state and adopted it in deriving the stability criterion. However, for statically
indeterminate structures, a strict force based complementary energy formulation appeared
to involve some difficulties in determining the buckling loads. He also proposed a
modified method, in which the internal force field is indirectly interpolated by assuming a
deflected shape. The modified principle did not suffer from the drawbacks of the strict
force based method which can be regarded as a generalization of Timoshenko’s method
for estimating buckling loads for statically indeterminate columns. Schreyer-Shih (1973)
and Popelar (1974) circumvented the difficulties of the Oran’s strict force based method

by enforcing certain conditions a-posteriori in order to select the buckling load that is in
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agreement with the actual boundary conditions. The conditions imposed can be conceived
to enforce the proper geometric boundary conditions of the problem. Shih and Schreyer
(1973) and Popelar (1974) illustrated the superiority of complementary energy principle
over the total potential energy principle in predicting the buckling loads of columns for a
given set of approximate displacement fields. Murakawa et al. (1981) applied the
complementary energy principle for the stability and post buckling analysis of columns.
Other buckling solutions based on the stationary complementary energy principle include

the work of Oran (1968), Koiter (1976) and Tabarrok and Simpson (1977).

Masur and Popelar (1976) derived a complementary energy expression in terms of
generalized stresses, in which the constitutive relations between the generalized stresses
and generalized strains assumed invertible. They applied the stationary complementary
energy principle for a lateral torsional buckling problem of a symmetric thin-walled beam
by expressing the generalized stress field in terms of the stress resultants of Vlasov theory
in orthogonal coordinates (i.e., the origin coincides with the section centroid, the pole is
located at the shear center and the sectorial origin is located at a principal sectorial
origin). Lateral torsional buckling analysis of thin-walled beams based on the stationary
complementary energy principle is also reported in Elias (1986). Like Masur and Popelar

(1976), Elias’ analysis is also based on orthogonal system of coordinates.

In this context, the present study aims at developing a general buckling solution for thin-
walled beams based on the principle of stationary complementary energy principle able to
capture lateral torsional buckling effects. The current study differs from the ones

available in the literature in several respects. These are: a) Material, stress and strain
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measures of finite elasticity are adopted, thus the formulation is developed in a more
general finite elasticity context b) equilibrium equations are satisfied at the stress level c)
a general non-orthogonal coordinate system is adopted. This feature allows the modeling
of transverse loads which are offset from the shear centre d) it incorporates shear
deformation effects, and e) it develops a general purpose finite element solution

applicable to a wide variety of problems and boundary conditions.

Generalized Hooke’s material for 3D Finite Elasticity
John (1960) introduced the concept of harmonic material in finite elasticity problems, in

which the strain energy density is a function only of the principal extensions. He

identified the principal extensions as the principal values of the right extensional strain

g, of the polar decomposition theory (de Veubeke 1972), e.g., &, =(dl, —dL)/dL,,
where dL, and dl, are the un-deformed and deformed lengths respectively for an
infinitesimal element along the principal strain direction. He demonstrated that the
proposed harmonic type material definition coincides with the well known elastic Hooke
material for the limiting case of infinitesimal deformations. Lur’e (1968) formulated the
internal strain energy density expression for harmonic material in terms of the first
invariant of the linear strain and its square in ie.,
W.(e)= G[(anz +E, + 5332)+v1512 (1 —ZV)] , in which &, &,, and &, are the principal
right extensional strains and I, =&, +¢&,, +&,,, G is the shear modulus and v is the

Poisson’s ratio. He termed such a material as “semilinear”. Koiter (1976) pointed out

that the semilinear isotropic material assumption can be considered as an acceptable
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generalization of Hooke’s law in geometrically non-linear elasticity. He adopted the

semilinear material concept into buckling analysis of plate problems.

Stress and Strain Measures in Finite Elasticity

Several stress and strain measures for the geometric nonlinear analysis of structures are
established in literature. Levinson (1965) and Zubov (1970) showed that a strict
complementary energy expression in finite elasticity can be forinulated based on the first
Piola-Kirchoff stress tensor. However, the first Piola-Kirchoff stress-deformation
gradient pair of tensors was shown to be non-objective, i.e., they are not invariant under
rigid body rotation (Bathe 1982, Pai and Nayfeh 1994). Novozhilov (1961) has shown
that the constitutive relations relating these stresses and associated deformation gradient
measures can be used in a displacement based solution. However, they cannot be
employed in a force based formulation since the nine stress fields become inter-related in
order to satisfy the moment equilibrium equations, a necessary requirement in a force
based formulation. Thus only six out of the nine stress fields become independent, which
would have to be related to the nine independent components of the deformation gradient.
Thus in a force based formulation, it becomes impossible to express the nine deformation
gradient components in terms of the six independent stress tensor components. This

handicap was pointed out by several authors including de Veubeke (1972), Koiter (1973),

Dill (1977) and Ogden (1977).

The second Piola-Kirchoff stress tensor and the associated energy conjugate Green-
Lagrange strain tensor are commonly used in finite elasticity (Washizu 1982 and Bathe-
1982) since they can be demonstrated to be objective (Pai and Nayfeh 1994). Under these

stress and strain tensors, while the constitutive relations are able to predict the stresses
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corresponding to a certain state of strains, the inverse relation is difficult to formulate.
This makes them suitable measures to adopt under displacement based finite element
formulations (Bathe 1982), but impractical to use in a force based solution (de Veubeke
1972) such as the one sought in this work. Another difficulty which arises when adopting
the Second Piola-Kirchoff stress tensor (and stress resultants based upon them) is the fact
that they have no apparent directions. Hence, they are difficult to adopt when describing

- the force boundary conditions (Pai and Nayfeh 1994), a key issue in buckling

formulations.

De Veubeke (1972) adopted the Jaumann stress tensor and the conjugate right extensional
strain tensor in finite elasticity solutions based on the principle of stationary
complementary energy. Koiter (1976) obtained the complementary energy expression for
semilinear material, the equations of neutral equilibrium and formulated a general
stability criterion in terms of the Jaumann stress tensor and rigid body rotation tensor
under the assumptions of small strains, moderately small rotations, and a linearized pre-
buckling state (an initially straight column with no volume change and cross-sectional
change under pre-buckling load). Pai and Nayfeh (1994) demonstrated that Jaumann
stresses and their energy conjugate right extensional strains are objective. They also
showed that under the simplifying assumption of the Euler-Bernoulli beam theory; a)
plane section remains plane, and; b) beam axis stays perpendicular to cross-section plane,
the Jaumann stresses have the same directions across any given cross-section, and their
stress resultants are physically measurable and have physically identifiable directions. In
buckling problems, this characteristic makes the Jaumann stress tensor a more suitable

 stress measure to adopt than the second Piola Kirchoff tensor, as it is able to represent the
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force boundary conditions of the problem. According to Pai and Palazotto (1995) and Pai
et al. (1998), the Jaumann stresses can be related to the right extensional strains through

the constitutive relations of linear elasticity.

Assumptions

The assumptions made in the formulation are as follows:

- Strains are assumed to be small and the rotations are assumed moderate. Thus, in
the Euler-Rodrigues expression, (Whiéh relates the rotation tensor to the three
mutually indepencient rotation vectors) the rotation terms higher than second order
are neglected. The Euler-Rodrigues formula was adopted by several researchers
for the buckling analysis of thin-walled beams including Elias (1986), Chen and
Blandford (1991), Kim (1996), Kim and Kim (2000), McGuire et.al. (2000) and
Souza (2000).

- The second order terms in the equations relating the rotation vector components
and displacement derivatives are neglected.

- The cross-section remains rigid under deformation, in agreement with the first
Vlasov assumption.

- Stress distributions and stress resultant-stress relations are postulated to be in
agreemerﬁ with those based on the Vlasov theory.

- Deformations prior buckling are neglected.

- The material is assumed to be of semilinear type, which is defined by replacing
the engineering stress-strain pair in linear elasticity with the Jaumann stress and

right extensional strain pair in Hooke’s constitutive relations.
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- The inextensional buckling assumption (Trahair 1993) is adopted, thus the normal

force remains constant throughout buckling.

Deformation and Rotation
Two coordinate systems are adopted. The fixed XYZ (spatial) Cartesian coordinate

system (Fig. VL.1) has the Z axis oriented along the axial direction (in the un-deformed
configuration) of the beam while axes X-Y are parallel to the plane of the cross-section.
The xyz (material) curvilinear coordinate system (Fig.VI.1) is altering with the
deformation of the structure so that x, y and z coordinates of a point on the beam after
deformation will be identical of those before deformation (Novozhilov 1961). The

material coordinate system coincides with the spatial coordinate system only for the

undeformed beam.

The deformation gradient tensor F,, is the partial differentiation of the current position
vector X, with respect to the material coordinate x; i.e., F, = dX,/dx, . Throughout the
text X,, X, and X, indicate X, Y, Z, and x,, x, and x, indicate x, y, z respectively.
Based on the polar decomposition theory, deformation gradient tensor F, can be
expressed in terms of the rigid body rotation tensor R, , and the symmetric right

extensional strain tensor &, as F; =R, (5,g. + 5,9.) , in which &, is the Kronecker’s delta

and throughout the text repeated index summation convention is adopted for indices i, j
and k. The infinitesimal parallelepiped in Fig. VL1 is deformed under the successive
application of stretch, rotation and rigid translation described by the displacement fields

u,, v,and w, alongthe X, Y and Z directions respectively. In Fig. IV.1, the unit vectors
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of the triad €, are defined along the principal strain directions of the un-deformed

parallelepiped while the unit vectors of the triad & are defined along the principal strain

directions of the deformed parallelepiped. Note that the directions of coordinate axis

XYZ and xyz are not necessarily oriented along the principal directions.

———)y

J streched

deformed 2

Fig. VI.1. Deformations of an infinitesimal element of volume along principal directions
observed from spatial coordinates

Rotation Tensor

Rotation tensor R; determines the orientation of triad e with respect to the triad ¢, (Fig.
VL1) ie., ¢ =R,e,,. Six of the nine components of the rotation tensor are linearly

dependent given the orthogonality property R;R, =3,,. By using the Euler-Rodrigues
formula (Koiter 1976), the rotation tensor can be expressed in terms of three independent

rotation vector components ¢,, ¢, and ¢, about the X, Y and Z direction respectively as

1 1 3
R, =8,(1-= )+, +09, +o(f ) (VL)
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In Eq. (VL1), &, is the permutation symbol and o (l¢13> represents rotation vector terms

higher than the second order. Throughout the text the indices 1, 2, 3 for ¢, indicate X, Y,

Z respectively.

The deformation of the beam axis passing through point B, and the projections of the

deformed axis to Y-Z plane and X-Z plane are illustrated in Figs. VI.2a-c respectively.

Based on the right hand rule sign convention, the direction of the rotation vector with

component ¢, is opposite to the direction which provides a positive displacement
derivative v ' (Fig. VI.2b) (primes denote differentiation with respect to longitudinal
coordinate z) whereas the direction of the rotation vector with component ¢, is identical
to the direction which provides positive displacement derivative u, ' (Fig. V1.2c). Thus,

one has ¢, =—v'_ and ¢, =u' . Also, by neglecting the rotation terms higher than second

order, the rotation tensor can be expressed in matrix form as (Kim 1996, McGuire et al.

2000)
2 12 1 t [
e I X
1 2 2
N R - A ~(4, +v,”) T (V1.2)
: ro_ !
u‘ vs 1 ¢sz ' ¢Zul ' —(vs '2+u.v ’2)
O B, Undeformed axis
/I 7_, e(\x eoz.
X Y
»_Deformed axis

(a) Thee Dimensional view (b) Projection in YZ plane  (c) Projection in XZ plane

Fig. V1.2 Deformation of beam axis observed from spatial coordinates
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Stress Definitions
In Fig. VL3, an initially un-deformed parallelepiped has the dimensions dx, dy and dz

which stays constant in the material coordinates throughout deformation. On the other
hand, the dimensions of the deformed parallelepiped are measure in terms of dX , dY

and dZ in spatial coordinates. The forces f,, f, and f, are acting on the surfaces
which were initially perpendicular to X, Y and Z axes respectively. In general, forces f,
fy and f, do not act along the directions of the normal to the surfaces n,, n, and n,.

The components iy, , i,y and i,, of triad i, (Fig. VI.3) are unit vectors along X, Y and Z

directions respectively.

undeformed

deformed

Fig. V1.3 Forces acting on the deformed shape observed from spatial coordinates XYZ

The first Piola-Kirchoff stresses D, are defined as the forces acting along X, Y and Z
axes per unit of initial un-deformed area ie., D, = [fj/(dxpdxq )]iOk ,inwhich j#p=#gqg

(i-e., p and q are not free indices and are determined by index j in order to refer to the un-

deformed areas on which the forces f, are acting, Pai et al. 1998). Indices 1, 2, 3 for D,,

f; and i, indicate X, Y, Z respectively. Note that the triad i, in Fig. VL3 is fixed with

the spatial coordinate system while the triad €, in Fig. VI.1 is oriented along the principal

198



directions and varies from point to point within the volume of the element. For isotropic

materials, the Jaumann stresses o, can be expressed in terms of the first Piola-Kirchoff
stress tensor D, and the rigid body rotation tensor R, as o, =D,R, (Koiter 1976).
Note that indices 1, 2, 3 for o, indicate x, y, z respectively. Since the direction of

Jaumann stress components change throughout deformation, the Jaumann stresses are
referred to the material coordinate system. Physical interpretations of the Jaumann stress

are provided in the works of Bufler (1982), Reissner (1985) and Pai et al (1994), and in

Appendix VI.A .

The Vlasov beam theory

As a result of the first Vlasov assumption, in-plane cross-sectional distortions throughout

deformation are assumed negligible, the in-plane buckling displacements u.(s,z) and
v,(s,z) of a point B, (Fig. V1.4) located on the section mid-surface can be expressed in
terms of the in-plane displacement components u(z) and v(z) of an arbitrarily located
pole 4,(a,,a,) located in the plane of the cross-section and the angle of twist of the

cross-section ¢, (z) (Fig. VI4a). Coordinate s, measured from an arbitrary sectorial

origin Sy located on the section profile, and oriented according to the right hand rule

about axis z, identifies material coordinates [x(s), y(s)] of point B, with respect to the

material coordinate system. Thus, one has
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Section profile before
deformation

Section profile
- _ after deformation
S~ &7

(a) Cross-section Displacements (b) Sectorial Area definition
in spatial coordinates in material coordinates

Fig. V1.4 Displacements and coordinates of a thin-walled section

u,(5,2) = u(z)~[ y(s)-a, |sing, (2) » u(2) - [ () - a, ] 4, (2) (V13)
v,(8,2) =v(2) +[x(s) —a, |sin g, (z) = v(2) +[x(5) - a, ] 4, (2) (V1.4)

In Egs. (VL3) and (VL.4) all ¢,(z) terms up to second order in Taylor series expansion

(ie., sing,(2) =¢Z(z)+o(|¢zl3)) are retained in line with the moderate rotations

assumption. From Egs. (VL3) and (V1.4), by taking the derivatives with respect to the
longitudinal coordinate z, one obtains the cross-section rotation fields consistent with a

Vlasov beam as

be(z,x)=—v'(z)—(x—a,)d,’ (VL5)
and ‘
bz y)=u'(2)-(y-a,)¢,' (VL6)

In line with the Vlasov theory, the stress components o,,,6,,,0,,, Dyy, Dyy, Dyy, Dyy are

neglected throughout the analysis i.e., and the stress resultant functions are defined as
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@N@) = [o,(z0dd,  O)M,(2)= [0, @)Ns)dd, ©F,(2)= [o,(zsr)dd,
(D M,(2) =~ [0, (2,9%(5)d4, () B(2) = [0, (z.5)a(s)dd, DV (2)=[o,(z.5.r)dd,
@T@) = [{~oulz.s.n)[ys)-reosa=a, Jro, (z5,r)[x(s) +rsina-a,]} d4
M)T,(2) = Aj{m(z,s,r)[y(s)—ay]m,y(z,s,r)[x(@—ax]}d/i | (VLT)

In Equation (VL7) w(s)= J: WEE and h(s)=(x—a)sina(s)-(y—a,)cosa(s)
(Fig. V1.4b), coordinate r is the normal distance from the mid-surface, dA = drds is an

. . R . (s)/2
element of cross-section area in the material coordinates, LdA= L([()/zdr)ds, "
[1€3

symbols L and J; are due to the integration over the total area and perimeter of the

cross-section respectively and #(s) is the plate thickness (Fig. VI.5). The stress

expressions in terms of stress resultants functions in a non-orthogonal coordinate system

are adopted from Chapter IV Eq. (IV. 13)".

N

O'zz=<1 —x(s) —y(s) —co(s))D;l4 _Aj} (VL)

x

-B

in which matrix D,,, is given by

'Note that the stress resultants defined in Chapter IV are based on the definitions M_‘,(z)=—L0'u(z,s)y(s)dA and
B(2)=- L o _(z,8)w(s)dA . In contrast, the stress resultants M (z) and B(z) in this chapter are consistent with the Eqs.

(VL7) b and e. Thus, Eq. (V1.8) differs from its counterpart in Chapter I'V by a minus sign in front of the stress resultants M _‘_(z) and
B(2).
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4 =5, =S5, =S

¥ x ]
-S, J J, J

D= ~ » v e (VL9)
=S x xy Jxx wy
_Sw Ja)x Jwy me

and the section constants 4 = IdA, S, = deA, S, = I ydd, S, = I wdAd, J = J.ysz,
A A A A

A

Sy = J.xydA s Sy, = szdA s S = :!a)di, Jyy = Ja)ydA, Iy = Ja}sz are defined.

A

In line with the Vlasov theory, the Jaumann stress components o, and o, are expressed

in terms of a stress component o, generalized for finite deformations which is acting in

the direction tangent to the section contour line for small deformations (Fig. VL.5a) i.e.,

o, =0,sina ando, =0, cosa . The magnitude of this component can be expressed as

the resultant of the components o, and o, througho,’=0,’+0,*. Also, it is noted

that the stress component ¢, which is in the direction normal to the tangent to the profile

for small deformations vanishes (Fig. VI.5a) i.e.,

0, =0,sina~cg,cosa=0 (VL.10)

ar
(a) Stress components on (b) Linear and constant stress
the section contour line components across the thickness

Fig. VI.5- Components of the Jaumann stresses for small deformations in line with the
Vlasov theory
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The stress component o, consists of two components: a component constant across the
thickness (due to the combination of warping torsion and biaxial shear forces) and a
component with a linear variation along thickness due to the St. Venant torsion. Thus, the
Jaumann stress component o, is assumed to have a linear distribution across the
thickness taking the form o, (z,s,r)=0,(z,5)+ 0, (z,7) in which o,(z,s) is the constant
component across the thickness and o,(z,r) has linear variation throughout thickness.
For small deformation the distribution of the Jaumann stress component o, across

thickness is illustrated in Fig. VI.5b. The constant stress component can be expressed in

terms of the stress resultant functions as (Chapter IV Eq. IV.39)

oc<z,s>=71s)(2<s> “5,(5) -5.5) -5, (VL11)

<3 SN o

In Eq. (VLI1), the functions A(s)= j.s dA, §y(s)= _r xdA, §X(s)= ‘[: ydA and

§w(so,s) = jwa)(so,s)dA are defined, in which s, is the coordinate s of the one of the

edges of the cross-section at which Jaumann stress component o,(z,s) vanishes i.e.,

c.(z,5,)=0.
The stress component due to St. Venant torsion (which is linear across the thickness) is
2r ‘ ‘
0,(z,r)= —J—T,ﬂ, (2) (VL12)

d
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Notation for Pre-buckling and Buckling Stress Rotation and
Displacement Fields

A thin-walled beam is brought from the un-deformed state to a deformed state under a

reference pre-buckling load. Under the reference load, the structure will undergo a

rotation tensor R/ and will be subjected to the Piola-Kirchoff stress fields D,

y,and

Jauman Stress tensoro,. As a general notation convention, all field variables with a

superscript p will relate to the pre-buckled configuration under the reference load (Fig.

VL6).

The reference load is then increased by a scalar multiplier value 4 so that the structure

attains the state of onset of buckling. At that state, the corresponding rotation tensor, first

Piola-Kirchoff stress, and Jauman stress tensors become AR?,AD?. Ac?

7,AD], Ao}, respectively.

In the final buckled configuration, the final rotation tensor, first Piola-Kirchoff stress, and

* * . . .
Jauman stress tensors become R,.j,D;.,O',.j. As a general notation convention, variables

with a superscript * will relate to the final buckled configuration.

In going from the point of onset of buckling to the final buckled configuration, the

change in rotation tensor, first Piola-Kirchoff stress, and Jauman stress tensors are noted

as AR;, AD;,Ao; respectively. The above three sets of rotation and stress fields are

related through R, = AR/+AR

ij 2

D; =AD] +AD,,

*_ p
and o, =Ao; +Ao,.

Finally, all field variables without a superscript * or p and those which are not preceded
by A are generic in nature and can be applied to the pre-buckling state, to the onset of

buckling, or to the final buckled configuration by changing symbols, as needed. This has
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been the case for all field variables appearing in Equations (VI.1) through (V1.12). For
instance, by adding a * superscript to all field variables in Eq.(VIL.1), one recovers an

expression for the rotation tensor in the final buckled -configuration i.e.,

* 1 * % * 1 ¥ %
R,=6,1 —E¢k¢k)+gilq¢k+§¢i ¢

TS
Un deforme d confi guratlon Configuratiom
underxefcruncc ' at the onset of
< configuration |—p- loads bucklmg )
D" 0' R kD" re’, kR/"/
e
increment in
field variables
due to bucklm
P NADAc, A /,

P
/ final buckled ™
configuration

D',0 R,
N
Fig. V1.6 Notation and Definitions of Field Variables
By neglecting the pre-buckling rotations (i.e., AR/ =6, and ¢ =47 +Ad ~ Ag,), the
rotation tensor in the final buckled configuration R;. can be expressed in terms of the

buckling rotation vector components in going from the state of onset of buckling to the

final buckled configuration Ag, as

* 1 1 )
B} =5,(1=~ 8.86)+ 8,5, + 804, (VL13)

Equilibrium Conditions
Translational equilibrium can be easily expressed in terms of first Piola-Kirchoff stress

tensor D, since its components have constant directions along the Z, X and Y axes

throughout the volume. In the absence of body forces, the pre-buckling translational

equilibrium equations under reference loads are expressed as
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oDy [ox, =0 (VL.14)
Also, the translational equilibrium equations in the final buckled configuration are

expressed as

A8DZ [x, + AD; [x, =0 (VL15)

From Eq. (VL.14), by substituting into Eq. (V1.15), one obtains

AD, /&%, =0 (VL16)

Since the pre-buckling rotations are negligible i.e., ¢ =0 and AR/ ~ 6, the Jaumann

ij ?
stress tensor is found to coincide with the first Piola-Kirchoff stress tensor through the

relation

o2 =DRE ~ D25, =Df (VL17)

iy "k 4%k
The equilibrium of angular momentum can be reduced to the symmetry condition of the

*

- * * . .
Jaumann stress tensor i.e., £,,0, =&,,D,R;, =0, from which one obtains

(ADf +AD,)=(1of + Aoy, )R, (VL18)
From Eq. (VI1.17), by substituting into Eq. (VI.18), and neglecting the second order small

terms in the resulting expressions (Koiter 1976), the angular equilibrium equations

simplify to

AD, =AC;, + ACLE P, (VL19)
By expanding Eq. (VI.16) while eliminating the vanishing stresses, the translational

equilibrium equations along the Z, X and Y directions are expressed respectively as
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2(ADy) | 3(ADy)  3(AD,)

= — 5 =0 (VI.20)

993%"—) -0 (VI21)
74

9(ADy) _ (V122)
Oz

Also, by eliminating the vanishing stresses for the Vlasov beam, the nine angular

equilibrium equations obtained from Eq. (VI.19), simplify to

Aol Ag, =0, Aot Ag, =0, Aol Apy =0, Ao} Ad, =0 (V1.23) (a-d)
and

AD,, =Ac,,, - AD,, =Ao, - /I(O'Z’;AqﬁY - O'Z‘;A¢Z) ,
AD,y = Ao, — AcE AP, + Ac] Ady, ADy, =Aco, ADy, = Ao, (V1.24) (a-¢)

From Egs. (V1.24) a, d and e, by substituting into Eqs. (V1.20), and using the relations

[8(Ac,)/os]ds=[8(Ac,)/ox]dx+[8(Ac,)/dy|dy, drx=dscosa, dy=dssina,
and Ao, =Ac,cosa and Ac,=Ac,sina one obtains the equilibrium condition

along the Z direction in terms of Jaumann stresses due to buckling as

o(Ad,) , 8(Aoy) _, | (V1.25)
0z Os

Statement of the Problem and Scope
Lateral torsional buckling phenomena occur when a member is subjected to loads which

- induce combinations of axial forces, bending about the section major principal axis and
the associate shear forces. The limiting condition corresponding to the buckling state
under such loads is obtained through a bifurcation analysis. The presence of lateral forces

inducing bending about the minor axis and the associated shear, torsion, or bimoments,
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would transform the problem into a non-linear force-deformation analysis. In the
buckling analysis sought in the current study, such effects do not appear. Thus, the beam

is subjected to axial forces, bending moments acting about the major centroidal axis and

in-plane vertical forces, which do not cause any pre-buckling shear forces V” and
associated bending moments M, twisting moments due to warping 7], St. Venant

torsion T2, nor bimoments B’ throughout the beam. In all subsequent formulations, the

beam axes x and y are selected to be parallel to the major and minor axis respectively

(Fig. V1.7a-d).

Throughout buckling, the displacements in vertical direction, moments about the major

axis, associated shear force acting along the minor axis, and increment in axial force all
vanish ie., Av=AM_ =AV, =AN=0. The later condition is consistent with the

inextensional buckling assumption (Trahair 1993).

(b)

a {%OS{x

Major axis
Minor axis
Y
© @
T
z
Major axis ictiti : l
g’ Flct1t10u§_grm; ‘/w'c
0,A,50,5C Major axis 5 C 0,A,850,5C
: £ Minor am( ) '
Minor axis' Yy =y

Fig. VI.7 (a)Vertical force applied to a mono-symmetric section at top flange (non-
orthogonal coordinates) (b) Moment about the major centroidal axis applied to a mono-
symmetric section in orthogonal coordinates (c) Vertical force applied to a mono-

symmetric section (non-orthogonal coordinates) (d) Vertical force applied to Channel
section (non-orthogonal coordinates)
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Formulation

The formulation provides modeling flexibility by selecting non-orthogonal as well as
orthogonal systems of coordinates. By selectihg the origin O, pole 4,, sectorial origin S,
to coincide with the point of application of the external load P, one can pursue a buckling
analysis in which the effect of the transverse load position is considered (e.g., Fig. V1.7 a

illustrates a case where top flange loading is applied to a mono-symmetric section).

By using the relations in Eq. (VL7) for pre-buckled and buckled configurations, and

using the relation o, = 4,0, + Ao, one obtains

N?(z)= [ol(z,5)dd,  MI(2)= ja;;(z,s)y(s)dA, Vf(z):ja;dA (V1.26) (a-c)
A A

A

and

AM (2) =~ IAazz(z,s)x(s)dA , AB(z)= jAaz, (z,5)0(s)dA, AV (z)= j Ao dA,
AT(z)= j{—AO'zx [ y(s)—-a,—rcosa ]+A0'zy [x(s)—a, +rsin a]} dA

AT,(2) = [{~Ac, [ y(s)-a, |+Aa,, [x(s)-a,]} dd (V1.27) (a-¢)

By using Egs. (VL8), (VL11) and (VIL12) for pre-buckled and buckled final

configuration, and the relations o, =Ac, +Ac,, AM,=AV,=AN=0 and

VZP=M?=T} =T} =B" =0, one obtains

NP
0
—-MP

0

ol =(1 =x(s) -y(s) —ax(s))Dy, (VL.28)
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Ao, =(1 —x(s) —-y(s) -o(s))Dy, M(\jy (V1.29)
~AB

0

Ao, (z s)=——1—<Z(s) S,(s) S.(5) S,(s))D;; Av, (V130)

c\“» t(S) ¥y x [ 4x4 O -

AT,

and

Ao, (z,r)= E@I“—(Zl (VL31)

Jd

Equilibrium Equations in Terms of Stress Resultants

Translational Equilibrium in the transverse direction
By substituting Egs. (V1.24)-b into Eq. (VI.21) and integrating over the cross-section area

one obtains

0
JEZ-[AO'H ~ (g, — o Ag,)|dd=0 (VL32)
Equation (VL6) is applied for the  buckling deformation 1ie,
Ady(z,y)=Au '(z)—-( y—ay)AqﬁZ' and then substituted into Eq. (V1.32) . By using the

expression for the pre-buckling stress resultants (Eqs. (V1.26) a-¢) and Equation (V1.27)-c

for the buckling stresses and integrating with respect to coordinate z, one obtains

AV, = AV, + A(N?Du'~- M Ag, '~V A, +a, NP Ag, ') =0 (V1.33)

in which constant AV, appears when integrating Eq. (V1.32) with respect to coordinate
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Torsional Equilibrium
By multiplying Eq. (VL.21) by a,—y(s)+rcosa and Eq. (VL.22) by x(s)-a, +rsina,

summing both equations, integrating over the cross-section area and using the moment

equilibrium equations (V1.24) b-c, one obtains

J{Ea‘[wzx A A —GZ’}A(PZ)]}(% ~y+rcosa)

iz
(V1.34)

a .
+ {—a—z-[AO’zy —AciAp, + At Ay ]} (x—a, +rsina)dAd=0

By substituting Eqs. (V1.6) into Eq. (V1.34), and using the stress resultant expressions

(VL26) a, b for pre-buckling stresses and Equation (V1.27) d , one obtains

AT'-A{N"a,Mu'~ M? hi-2M?a Ag)+ N? (a,} +a,” ) Mg, + W Ad,
+ J.O'z’; {[Au ' (y -a, ) Ag, ':l cosa + [(x —a,)Ag, '+ Av '] sin a} rdA (V1.35)
A

+Ag, _ﬂ:of; (y—rcosa-ay)+0'zi (x-a, +rsina)]dA}‘=0
A
By noting that for any function f(s,z), L f(s,2)rdd = L f(s, z)([f:z;;rdr)ds and

ﬁ:ﬁ; rdr =0, the first integral term appearing in Eq. (V1.35) can be shown to vanish. By
using Eq. (VL10) and from the relations x-a, =hsina, y-a,=-hcosa,
ol = dz‘; cosa and o] =o]sina, the last integral term appearing in Eq. (VL35) can
also be shown to vanish. In Eq. (VL35), W is the Wagner stress resultant
W= Loﬁ (x* +y*)dA4 (Trahair 1993). By using Eq. (V1.28) fér the pre-buckling state,

one obtains.
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w=(I, -I, -I, -I,)Dg, (VL36)

0

In Eq. (VL36), the sectional properties I, = I(xz +ydA, 1 oy = jx(xz +yH)dA,
A A
I,= jy(x2+ y)dA and I, = jw(x2+ y*)d4 reported in Timoshenko (1945) appear
A A
naturally. By defining constants

1
=1, I I, -1,)D 0
rNO_<p Tty Tipx —pw> 4x4 0
0
and
0
4]0
IBNx=<Ip _Ipy _Ipx —Ipm>D4x4 -1 —2ay,
0

one can express the Wagner stress resultant for mono-symmetric sections in terms of the

pre-buckling stress resultants as W = N’rj + M? ( B+ 2ay). It is noted that the new

expressions for r2, and S, in non-orthogonal coordinate systems revert to the well

known expressions 7; = [ , / dand B, =1, / I, —2a, for an orthogonal coordinate system

which are reported in Timoshenko (1945) and Trahair (1993). It can be verified that the
mono-symmetry property S, =1, / I, —2a, vanishes for all sections symmetric about x

axis. Thus by integrating Eq. (V1.35) with respect to z one obtains

AT = AT, + A| N7a,bu'~ M? A+ By MPAG'+ NP (1, +a, +a,2 ) Mg, | (VI.37)

in which symbol AT, appears when integrating Eq.(V1.35) with respect to coordinate z
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Moment equilibrium about y axis
By multiplying Eq. (V1.25) by x(s), integrating over the cross-section area, and using the

relation dA4 =t(s)ds one obtains

A

I[a(AJ) a(A )}\dA 9Ag, —Zxdd+ Ao, x(S)f(S)IS—_‘.A%gidA=O (VL.38)
) S

In Eq. (VL.38) symbol ; denotes the integration over the perimeter of the cross-section.

Thus, the second term on the right hand side vanishes since the stresses due to buckling

&x/ds =cosa and Ao, = Ao, cosa into Eq. (VI.38), one obtains

j'aAO'

xdA— jAadA 0 (VL39)

) Oz

Also, by substituting Eq. (V1.6) into Eq. (VL.39), and using Egs. (V1.27) a-c, one obtains

~AM,'- AV, =0 (V1.40)
From Eq. (VL.33), by substituting into Eq. (V1.40) and integrating with respect to z, one

obtains

AM,, =AM, - AV,,z— A [(N? '~ M2 A~ VP A, +a, NP Ad, Nz (V1.41)

in which symbol AM , appears when integrating Eq. (V1.40) with respect to coordinate

Bimoment Equilibrium
By multiplying Eq. (VI.25) by a@(s), integrating over the cross-section area and using the

relation dA =¢(s)ds one obtains
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OAo,

6(A0'zz) G(AO'SZ)
"-[ * os

oz

jAa ———dA -0 (V142)

A

}a}(s)dA

The second term on the right hand side of Eq. (V1.42) vanishes since the stresses due to

buckling vanish at the boundaries of the cross-section i.e.,

¢ =0. By using the
relations Ow/ds=h(s), Ao, =Ac,cosa and Ac,=Ac,sina in Eq. (V1.38), one

obtains

J aAa:” odd - I[—Ao,x (¥)-a,)+A0, (x(s) —ax)]dA =0 (VL43)

A

From Egs. (VI.27) b and e by substituting into Eq. (VI.43) one obtains AB'-AT, =0. By

using the relation AT = AT, + AT,,, one obtains

v

AB'-AT +AT,, =0 (V1.44)
From Eq. (VL37), by substituting into Eq. (V1.44) and integrating with respect to

coordinate z one obtains

AB=AB,+AT,z+A [ NPa,hu'~ M?Mu'+ BMIAG,+ N*(ryo+a,+ a,*) A, [dz - [AT, dz
(V1.45)
in which symbol AB, appears when integrating Eq. (V1.45) with respect to coordinate z.

Complementary Energy Expression and Buckling Formulation

based on the Principle of Stationary Complementary Energy

Similar to the Trefftz stability criterion for total potential energy i.e., & [% o 271:) =0, one

can express the stability criterion based on the complementary energy as provided by

Koiter (1976) and Oran (1967) i.e., 5(—;—527r*)=0. The complementary energy
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expression for semilinear material under finite deformations is provided by Koiter (1976)

as

* * 1 £ % 14 * * P

%

In Eq. (VI.46), G is the shear modulus, v is the Poisson’s ratio and ¥ is the volume of
the un-deformed body. By expanding the complementary energy functional in the
neighborhood of the buckling configuration using Taylor series, neglecting the terms
higher than the second order and considering the fact that the first variation vanishes

on*=0, one obtains the second variation of complementary energy expression

(Appendix VI.B) as

1
527[* — I{(Ao-lfA¢mA¢m —_ ﬂo‘ypAqlﬁjAﬂ ) +—2—é'l:AO'ijAO'U -

"

1%
1+v)

(Ao, )2]}dV (VL47)
Second variation of Complementary Energy
By omitting the vanishing stress fields i.e., Ao, =Ac,, = Ao, =0} =0, =0, =0, the
second variation of complementary energy simplifies to

A[ Ady’ah + Mg 2ol — A, Ay (0%, +0L) — Mg, Ay (02 +0L) |

) v (V148)

8% =
=] 5C—}-(Aaﬂz +Aa;)+%(Aaﬂ2 +Ac,})

v +%(Affzz)2 +

In Eq. (V1.48), the relation E =2G(1+v) was used. By substituting Egs. (VL.5) and
(V1.6) into Eq. (V1.48), integrating the term
A o + Ap ol — Ap Ady (0F + 08 ) — A, Ady (7, + oL) over the cross-sectional area

and using Egs. (VI.23)aand d,ie., AclAd, =Ao] Ap, =0, one obtains
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5im* = A;{J[(Au '—(y —ay)A¢Z’)2 ol +((x-a,) A¢Z')2 O‘z‘;]dA} dz

1 2 1 S| 2
+J|:—E—(A0zz) +5(AO'XZ) +—G—(A0'yz) :]dV

In Eq. (V1.49), by performing the integration over the cross-sectional area and using the

(VL49)

relation W = IO',‘; (2 +x* )l = Nrjy + M2 (B, + 2a,) one obtains
A .

8t = A [| M N+ 200t A,/ (=M +a N7 ) +0, (1, 4 0, a2 NP+, By MY | dz
L

1 1 1 , (VL50)
2 2

+ || =(Ao, ) +—=(Ao, ) +—=|Ac V

[ Fae. g (aa, e (a0, ) b

By using the relations Ao, =Ao, cosa, Ao, =Ao,sina and Ao, =Ac,+Ac,,, the

last two terms in Eq. (VL50) can be expressed as

I—lG-[(AO'zx )2 + (Aazy )2 }dV = V:!-é(AO‘zs )2dV = jé(AO‘c +Ag,, )ZdV . Since the

" %

integration across the thickness of the linear stresses due to St. Venant torsion vanish i.e.,

(s)/2 .
[ Ao, dr =0, one obtains
t(s)/2

[l (o) (a0, ] Jr = [l (a0 +(a0n) v NED

From Egs. (V1.30) and (VI.31), by substitution into Eq. (V1.51), one obtains

i 2 2 ¢l a AV, ATWZ
V!G[(Aac) +(Ac,,) ]dV—Lf5<AK ATw>x2xz{ATw}+a—dz (VL52)

In Eq. (VL.52), matrix y;., is defined as
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A* 48, -4S, -4S, 0 0
01 00 1|-4S, §* S§S S§S 1 0
-1 ol it Riens S R AL SR P 7| ) 30 V1.53
X2><2 [0 0 0 1}D4X4Jf2 —ASx Sny x2 Sx A 4x4 0 0 ( )
-48, S8, SS, 8. 0 1

From Egs. (VI.29) by substituting into Eq. (VL50), the second variation of the

complementary energy can be expressed in terms of the stress resultants as

5% =2 [| Au N7+ 28004 (~M] +a, NP )+ 08, (rye+ a2+ a’ N+ ;" B, M? |z
L

(V1.54)
i Lo(aM) 1 L [AV) AT
+Lj{—b:<AMy AB)DrziZ{ABY}+E<AVx ATw)xziz{ATw}+—GJd}d

In Eq. (V1.54), matrix D, ];iz is defined as

0 0
010 0 1 0
Dl = " VI.55
r2x2 !:O O O _1:}D4x4 0 O ( )
0 -1
Field Equations and Boundary Conditions
From Equations (V1.33) and (V1.37), one can express the functions Au', A¢' as
Au' ~ P
u =_1_(:;l2 AV, ~ AV, + AV Ag, (V156)
A} A AT - AT,

in which matrix C,,, is defined as

NP (a,N" - M)

C. . =
(e N -M?) [ BuM? +(n? +a, vl )N ]

From Equations (V1.33), (VI.37), (VL40), (V1.44), (VL56) and the relation M}'=V/

one can express Eq. (V1.54) as
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oim*

J{((-AM;—AKQMV;’MZ) (AB'+ATW—ATa)>C£xz{(_AMy'—AK‘“MVZpA¢Z)Hdz (VL57)
i (AB'+ AT, - AT, )

Lj'{ (AM, AB}D,ZXZ{Afo} é(—AM AB>szz{_ijZ.y} AGZ; }dz

Note that Eq. (VI.57) contains force parameters only when there is no moment gradient

!
A

e., VJ =0. Since the variation of the second variation of the complementary energy

vanishes for the condition of neutral stability, i.e., & (% o zzr*j =0, by substituting Eq.

(VL57) into the variation of Eq. (VI57) and using integration by parts one obtains

(Appendix VL.C)

0
~Ag, AM AB>D,M{1}—é<—AMy" AB")XZXZ{?Hdz

[ o ] g+ J AV bu'S (Ady ) dz
+ _JAM, (—Au glam, a8z, {—f’l}ﬂ:
+_5AB(A¢Z G("AM A8 ) {?}H

0

~[s(av.,) Au]; -[5(AT,) 04, ], =0 (VL58)

In Eq. (V1.58), it can be demonstrated that the term AVAu'=0 under the assumption

)=

5(AM,) [A —(AM, AB>D,2X2{(1)} Cl;(—AM AB">X;:2{(1)}:\G'Z
o] -sn
)

made in the formulation (Appendix VI.C) which vanishes the last field term. From the
first three integral terms in Eq. (V1.58), one obtains the compatibility conditions at

neutral equilibrium. The boundary conditions are obtained from the remaining terms.
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Simplification under Orthogonal Coordinates
From  Equation (VL58) by adopting  orthogonal  coordinates 1i.e.,

S,=8,=J,=J,=J,, =0, one obtains

S5(6%)-

AM  AM)" "
SAM| Au"+ =2 - 5AB(—A¢Z"+ AR _AB },5ATSV£A¢Z'+%] dz (V1.59)
L E‘]yy GZH Ewa G/l’zz GJd

M, T
+6AMyI:—Au'+ Y} +5AB{A¢Z o, AB } ~ 8NV, [8u); - 8AT, [ A4, ];
Gy, 0 G X 0

InEq. (VI.59), x,, and y,, are the first and second diagonal terms of matrix ¥, .

Flexural buckling of columns

For the column in-plane flexural buckling, the terms related to torsion vanish i.e.,

AB=AT,=AT, = ¢, =0, reducing Eq. (VI.59) to

AM, AM)" M)
l5(527ﬂ<).—. fonns,| A —2%—— z+5AMy[—Au’+ y] ~ AV, JAu], (VL60)
2 L EJ G, G, 0

pid

In Eg. (VL60), the first integral provides the compatibility equations at neutral
equilibrium, whereas the second and third terms are the boundary conditions. By

neglecting the contribution of shear deformation in Eq. (VL60) i.e., AM " / Gy, ~0 and
AM ) / Gy, =0, one obtains the compatibility equations and boundary conditions

reported in Oran (1961). We note that the constant AV_, appearing in this formulation

(Fig. VL.8) coincides with the internal vertical force reported in Oran’s derivations.
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— L —
u’(L) AVm Z
/ :9
AV (L)
Buckled configuration AML(L)

Fig. V1.8 Flexural buckling of a cantilever without shear deformation

Torsional Buckling of columns
For pure torsional buckling of columns, the terms related to bending vanish i.e.,

M}? =V] =AM, =AV,, =0, reducing Eq. (V1.59) to

%5(5%*):

L
AB  AB" AT AB' .
SAB| —Ag"+ 22— “—HS‘AT ap e gy 4 sAB| Agy'+ _SAT[A
I{ ( Y E G ”( & GJJ}Z {% G } Aade,

L [olo] 22 Jp

(V1.61)
In equation (V1.61), the first and the second integrals provide the compatibility equations

at neutral stability, whereas the remaining terms provide the boundary conditions.

Finite Element Formulation

Interpolation of Buckling Displacement Fields
By adopting the Hermitian polynomials to interpolate for the lateral displacement and

rotation fields of element i one obtains

A (z) = H(z)] , Au (VL62)
A (2) = H(2) 1y AQQ 4 (VL63)

In Eq. (V1.62) and (VL.63), vector H(z)., contains the Hermitian polynomials

322 27° 222 7 3z 27° 22 7
H(Z)£4=<(1"F+FJ 25 (-] (‘?’FD ey
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and Auy,, and Ag{,, are the element end displacement and rotation vectors due to

buckling
Al =(Au® Au? AU M) (VL65)
ApQL =(0d) 880 MY A8'D) (VL66)

Superscripts to the right of a symbol denote the element number. Subscripts 1 and 2 to

denote the first and second nodes of the element (Fig. V1.9).

Interpolation of the pre-buckling Stress Resultant Fields
The pre-buckling internal stress resultant fields for an element i are limited to cases of

constant normal force and linear bending moment distributions (Fig. VL.9).

NP® (2) = NPO . (VL.67)
MPO(z) = MEP (1-z/L)+ MEP (/L) (VL.68)
_ MP(i) _ MP(i)
() _ X X
4 __2L—1 (VL.69)
P N”")(Z) MLPO MG a0 y Ve yro
E N C’{::E::l‘) T’L I3 y
/ /rbZ I\ l'_’Z L 7/
node 1 of ¥ y node 2 of ¥
element i element i

Fig. VL.9- Pre-buckling internal stress resultant distribution

In Eq. (VL68), M2" and MZ" represent the pre-buckling bending moments about the x
q x1 x2 L

axis at the first and second nodes of element i.

221



Stress Resultants throughout Buckling
By substituting Eqs. (VL.62) through (V1.69) into the equilibrium equations in Egs.

(VL.33), (V1.37), (V1.41) and (VIL.45), one obtains the internal stress resultants due to

buckling of element i as

V(2= A NPOR @ A o= (MIO(2) -a, N7O VY, ot VOB | 800,

N 4x1

(VL.70)
AT (2)= AT+ -(M?O(2) - a, N?O ) H'(2)}, A, + 07O () H' (), A0, |

N 4x1

(VL7D)
AM (2)=AM Q-AV Dz~ A N"OH(2), AU~ (MPO(2) - a, N7 H(2)], AQY . |

N 4x1

(VL.72)

N 4x1

H O DB~V PG (@Vey |AOY 1 |- [AT 2

AB(z)= ABO+AT 247 {[— (Mf(’)(z) ~a N?O )H(z)§;4+ VFOG(2)y, ] Au®?
(V1.73)

In Eq (VL73), the definitions Q" (z)=N"?® (";30 +a’+a, )+ MPO(2)B,, and

G(2), = fH(z)fo dz were used. Superscripts to the right of a symbol denote the element

number.

Additionally, it will be assumed that the St. Venant twisting moment field throughout

buckling AT, to have a constant distribution along the element.

Joint Equilibrium for Collinear Elements
From Egs. (VL70) through (VL73), by using the relations AVY =AVO?),

ATO= ATOLDY, AMY = AMP(IP) and ABY = ABY(I), one obtains the stress
2 y2 y 2

resultants due to buckling at node & of element i (Fig. VI.10) as
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AVY = AV, O+ 4 {NP“)Au'g")— [(M;;“— a,N*") g+ Vp<'>A¢<')]} (V1.74)
AT = ATO+A{ - (ML = a, N7 W)+ 07O Ag ) (VL75)
AM =AM - AV LO- A N*O8uf— (M —a, N7 ) Ag2) (V1.76)
AB= ABY+ATV 1= ATOLO+4| ~(M-a, N7 ) s+ VOGN, Au,
+[0FON VO B GO 0% )

Subscript 2 to the right of all symbols in Egs. (V1.74) through (V1.77) denotes the second

(VL7T)

joint of the element as shown in Fig. VI.10. From Egs. (VL.70) through (V1.73), by using

the nodal equilibrium conditions AVY™ = AVV(0),  ATV= ATD(0),

AMGP = AMU*(0) and AB"Y = AB“Y(0), one obtains the stress resultants due to

buckling at node k for element i+1 (Fig. VL.10) as

AVX(IHI): A I/;(;H) ) { NP Ay .§i+1)_ l:( M Jfl(m) ~a, NP ) Ap ,gm) " Vyp(i+l) A¢g1+1) ]} (VL78)

ATl(i+1)= ATOEM) +A [_ ( M fl(i+l)_ a, NPUD ) Au-giﬂ) + le(m) A ¢.%+1) :| (VI.79)
AMO=AM -2 NP Au{ (M= a NP )A¢;§+l>} (V1.80)
ABl(i+1)=ABéi+l)+ﬂ{—(Mfl(m)— apr(Hl) ) Aul(m)+ le(i+1)A¢(z+1) ] (VL81)
) ® i+ “
r AM, o AB, @ ABZ(S AV, AM, . AB,( K AB, D) oy AV @+
D A-Mrz( x}
C AT,” “ o ( A “«— ( S
(l) lAV o A AT AT( 1 ) AT‘(H—]) /’L'—L('H)'7LV
node 1of node?2 of ! AV, node 1 of  node 2 of
element i element i element i+1 element i+1

Fig. VL.10 Stress resultants due to buckling for two adjacent elements i and i+1 with a
common node &

Subscript 1 to the right of all symbols in Eqs. (VI.78) through (VI.81) denotes the first

joint of the element (Fig. VI.10). By applying the equilibrium conditions at node %, i.e.,
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AV =AVS™Y, AT = AT, AM() = AMG™,  and the relation ABY = AB™", and
using Egs. (V1.74) through (VI.81) and the relations Au{’=Aul", AuL=Au"V

A¢§2=A¢g+l) ; M'g%= ¢vg;-l) , Mfz(i) =Mﬁ(i+1), Np(i)= Np(i-f-l)’ Vyp(i)= Vyp(i+1) one obtains

AVED = AVSD (V1.82)
ATYD = AT (V1.83)
AMED = AMG — AVOLO (V1.84)

N 4xi

ABS™= ABO+ATS IO4A (VIOGIO) (AR 1= V7O B GO Y AQR ., ) - ATS IO (V1.85)
It is noted that since the bimoment is a self equilibrating stress resultant, the condition

ABY = AB'*Y does not stand for the equilibrium at node. However, since the local

bimoment effect caused by external loading is excluded from the analysis, the bimoment

due to buckling is postulated to be continuous at the nodes. From Egs. (VI.84) and

(VI1.85) one obtains
o AMO —AMED
AVY = —2= 0 ¥ (VL.86)

ABY — MBI + A(VPOG(L Yo uhuR o= V7 BuG (LYK

AT® = o Nea) + AT (VL87)

Equations (V1.86) and (V1.87) are used to eliminate AVY and AT from Egs. (VI.70)

through (VI.73). Thus, the internal stress resultant fields due to buckling for element i can

be expressed as

. AME) ~AM D
AVx(z)(Z): yo o LI
L (VL.88)
ANOR @A o= | (MPO(2) - a, NP0 ) B @), + VO, [AQY,

224



ABY — ABY*Y

; _ ‘ Vp(z)
ATO(2) =~ 5 —+ AT 42 {[‘(M 70(2)—a, N?O ) H (2)L, -

L(l)

G(L(l) )1x4 } u5‘?4x1

@) p(l)ﬂNx
+ Q0F H'(Z)1x4+ o G(L(’))M Aq’g)ztxl
(V1.89)
i i i) Z i i i i i
AM(z) =AM, ’(1 ——L—(;)+AM;,, T (NPOH(2)], AuQ,, - (M0 (2) - a, NP0 VH(2), A0

(VL.90)

O N AnDl1__ 2 (i+1)_2 _
AB®(z)=AB" (1 L(i))+ABa -

| +/1{[ (M70(2) - a, N*O JH(2)+ VO G(2) = VOGO ,}A Qea (VLOD)
+{Qp(i)H(Z)iT;<4— Vyp(i)ﬂNxG(z){;d-l_ I/'yp(i)lBNx(;(L(i))1x4 L(')] q)g\ll)4xl}
By considering the relation AT, = AT —AT, , the warping torsion due to buckling AT,

for element i can be expressed as

33y ABD —ABL 1» ,. AP P
ATy(z):—__T(i)—m ~(MFO(z)-a, NP ) H'(2)7,, - ;}") G(L™), |AuR,,

_— (VL92)

+‘:Qp(i)H'(Z)£4 0 G(L('))lx“}A(Pg)m}

Also, from Eq. (VL.87), the St.Venant torsion AT, due to buckling for element i can be

written as

B AB(’“) A

o) o4
ATY = AT OB

(770G 8uQ = VPO B GO AGD,, ) (V1.93)
From Eq. (V1.62) and (V1.63), by substituting into Eq. (VI.54) and using the relation
MPO(z)=MEP +V?Pz, one obtains the second variation of complementary energy for

elementias -
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2 %) T @) (9 (nr () i i
om*= /I{N Auy 1><4Kg‘1 saBUN g~ 280y, [(M 0o ayN )K(gl1)4x4+ Vp(l)K(g‘z) 4x4 ]A(P§\;)4xx

+A¢§5’£4{[N(m3+af+af)+ﬂNfoé"]K"uxﬁﬂNXV"<'>K;'24x4} Ay } (V1.94)

N 4x1
! O apo\py 2 AL 1 e ey, o AV | AT
+ ZJ"{—E <AMy AB >Dr2x2 AB(’) +5<AVx ATW >X2x2 AT‘EZ) +-—5‘}d—' dZ

in which, K&, .= j H'(2), H'(2)L,,dz , and K<E24X4—j(,) H'(z), H'(z)",zdz were used.

Matrices K(g"l)4><4 and K$4X4 are explicitly given in Appendix VLD. From Egs. (VI.88)

through (VL.93), by substituting into Eq. (V1.94), one obtains the second variation of

complementary energy for element 7 as

At)
52 = AAAYT KO A+ (AL L ALDT, | AdQT ) B, Aflg}):x;_ (VL95)
AdY,,,
In Eq. (V1.95), the following definitions were used;
A, = ATO [2 (V1.96)
AROT, =1/A(AMY)  AMGD L ABY  ABSY) (VL97)
AT =/ A(AuL, | Ao) | (V1.98)

In Eq. (V1.95), matrix KU ; , multiplied by 4, is the geometric matrix of the element

which takes the form
(i :' p(i i i p(i
o ) NKgl)4x4 ] i {(Mm a,N*¢ ’)K“ +p )ng)4x4}
2 B8] o ) \ g T e | | ([ Arpt " i i N
{(MP a NP )Kg14x4+ VP Kg2)4x4} X Nl’ ) r +a +a )—'-ﬂNxMJiO( )]K(l)dx4+V1 ¢ )ﬂNxK(gZ)AM}

(V1.99)

where matrices K@, ,and K, , are given in Appendix VL.D. Also in Eq. VL.95, matrix

B, , multiplied by A%, leads to the structure elastic stiffness matrix after a) matrices

226



B, are assembled for the whole structure, (b) joint equilibrium conditions for all
nodes are enforced and (c) the nodal forces have been eliminated through a process of

static condensation. Matrix B?,,, . can be expressed in a partitioned form as

0] Q) @)
Bt 1x1_= Btf 1x4_: Btd1x8

B s = B(l)ixl B§1)4x; -Bgi)4><8 (VI.100)

T ': NOTE0)
Btd 8x1 ; de 8x4 i Bd 8x8

The expression for sub-matrices B, BY ., B®Y BY, . BY . and BY, . are given

in Appendix VI.D.

The Assembly Process

For a co-linear structure consisting of N nodes and N-1 elements by using Eq. (V1.95),
one obtains the second variation of complementary energy of the structure 5>z * as the
summation of the second variation of the complementary energy for individual elements
8n* e,

U]
At1><1

N-1 i
52n*—ﬂZAd§3fxs OpehdPp+17Y (ALD T ALPT, | QDT VB ARD, b (VLION)
i=1 I i
Adg\l)sxl

Inter-element displacement continuity C! is satisfied. Thus, element end displacements
and their derivatives can be replaced with nodal displacements and their derivatives as

Aué:)_Au(wl) =Au. Au .(2i) =Au |§i+1)= Au |i+1 , ¢(1) ¢(1+1) —A¢Zi+1 , and A¢|(l) A¢|(1+1) —A¢'

i+1° Zisl "

The global vector of nodal displacements Adyg,,,, can be written as

1 \ 3 H ] H i ]
AchlTx4N=z<Aux Au| A¢21 A¢21 i Au, Au, Aquz A¢'zz : Auy, A, A¢ZN A¢'ZN>'
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Since there are four displacement degrees of freedom at each node, the size of vector is

Adyg,ng 1S 4N x1. By assembling the element geometric stiffness matrices K% ;, one |

g 8x8°
obtains the structure geometric stiffness matrix Kg .,y 28
r ST AQOT KO AdO
i I I
AdNG1><4NI<G4N><4NAdNG4N><1=Z AdN 1><8Kg SxSAdN)le (V1102)

i=1

The technique in assembling the global geometric stiffness matrix K, ,,,y from the

element geometric stiffness matrices K{;, is identical to that commonly used in

displacement based finite element formulations (e.g., Bathe 1982).

The inter-element equilibrium conditions have to be satisfied prior to imposing the

stability criterion i.e., & {% S *} =0.

Inter-element Moment and Bimoment Continuity
Because of the inter-element moment and bimoment continuity conditions (i.e.,

AM® =AM, and ABY = AB*Y), vectors Af{[, and Af{"™], of two adjacent
elements have the two common integration constants AM " and ABY*". Thus, these

constants can be conceived as stress resultant values at nodes. For the whole structure, a

global generalized force vector can be defined as
Afyoron=YA{AMS) AB® | AMD ABP | .. 1AM ABM). Since there are

two integration constants corresponding to each node, the size of this vector is 1x2N .
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2 3

] 7
spanr * /" Au, =0 * span s
Intermediate support

Fig. VL.11 Distribution of integration constants AM )(,2 on a beam with intermediate

support

Since the inter-element torsional equilibrium conditions are not imposed at this stage, the
torsional integration constants AT, are considered independent for each element. Thus,

one may express the vector of torsional integration constants as
Atygpvy=Y/ /I<AT¢§1) AT® ... ATDSN'I)>. Since there are N-1 elements for a beam
having N nodes and since there is a single torsional integration constant AT, for each
element i, the dimension of the vector AtNGfX ) 18 1x(N -1). By imposing the inter-

element C' continuity for displacements, as well as moment and bimoment continuity

conditions, one obtains the matrix B, y_), 7y such that

Atyg (N-1)

<AtNG1Tx(N—1) Achz;zN ;AdNG£4N>BG(7N—1)x(7N—1) AfNGZle
Adyg iy
_ (VI.103)
1 Aty
. <At§x)1 Aflsl)lTM <Ad§w)>lx8>B( )13x13 é_i_‘];_)ﬁﬂ_
- Adg)sxl

In which matrix B can be expressed in a partitioned form as
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B¢ | BS i B¢

t (N-Ix(N-1) | PHE(N-1p2N | Dta(N-1)4N
Be (o y-ipan-) = B?ngx(N—l) B, van Bl e (VL.104)

Btd4N><(N—1) 5 Bgavan ' By inan

Inter-element Twisting Moment Continuity
Continuity of the twisting moment field may be interrupted by intermediate supports

which restrain the angle of twist (e.g., Fig. VL12). For each span in which the twisting

moment AT is continuous i.e., AT = ATV the inter-element equilibrium condition in

Eq. (V1.83) is imposed. Hence constants AT can be expressed in terms of a single

constant per span.

ATu‘”l AT lAngﬁ 5 6
I 2 P NN SR

— L, g
spanr’ d Ag, 70 L span s
Intermediate support

Fig.V1.12 Distribution of torsional integration constant AT.” on a beam with middle
support

For the beam in Fig. VI.12, the twisting moment field due to buckling can be expressed

in terms of the constants AT for span r and AT for span s ie., AT’ =AT? in

which (i=1,2,3) and AT = AT in which (i =4,5), by imposing the twisting moment
continuity condition, the vector of independent torsional constants can be written as

AT, =12 <AT ") ATDES)> : The vector of torsional constants

Aty s =1/2<AT;1) AT®  AT®  AT® AT;”) can be expressed in terms of the

vector of independent torsional constants At [, as
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(ATOY) T 7
ATZZ)
SATS b=
AT(4)
A7)

O Ol =
—_ =l O O

L R

AT(r)
AT(S)
T

In general, dimension of At will be 1xa in which a is equal to the number of spans

in which twisting moment due to buckling is continuous. By establishing a matrix

Ci(N-1a to impose torsional continuity condition, one can express vector Ath(N_l))<1 n

terms of vector At as

Atye(nopm = cl(N—l)xaAtraxl (VL105)

Inter-element Shear Force Continuity
Continuity of the shear force field is interrupted by intermediate supports which prevent

lateral displacements (e.g., Fig. VI.11). For each span with continuous shear force AV,
the condition in Eq. (V1.82) is satisfied. Thus, the integration constants AVM(” can be
expressed in terms of a single constant per span (e.g., AV;(;) =AV$ for elements

i=1,2,3 and AVY = AVY for elements i =4,5). For span r, by applying Eq. (V1.84) for

elements 1 through j-1 (j =1,2,3,4) and summing all j-1 equations one obtains

=
AMS) =AM AV Y [0 (VL.106)
=1

By following a similar procedure for all of the three elements of span r one obtains

AVOL, = AM)- AM) (VL107)
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In Equation (VI1.107), L, is the length of span r. From Eq. (VI.107), by substituting into

Eq. (VL.106) one obtains AMY) in terms of the constants AM() and AM!) as

| = A
AM =AM (Lr -0 / L,j+ AM) (Z o / L,j . Similar relations can be written for
i=1 =1

J=1

span s as AM =AM} (L, -0 /LJ +AM) (Z Thg /L] in which (j=4,5,6), and
i=1

i=1
L. is the length of span s. Thus in general, based on shear force continuity, the moment

integration constants at the nodes can be expressed in terms of the moment integration

constants at the ends of the spans. This relation can be written as

(k)
__yx
sp

j1 AM(N) = )
(Lsp —ZL‘”JJF-—L—W—(ZL@) (V1.108)
i=k

s \i=k

AMY =
yo L

In Eq. (VI.108), & and N represent the end nodes of the span (i.e., j=k,..N )and L, is
the length of span. For the structure in Fig. VI.11, the moment field can be expressed in

terms of the constants AM ), AM) and AM'Y and the vector of independent moment

and bimoment integration constants can be written as

Mt/ A(AMSD ABY | ABD | ABY | AMS ABY | ABY | AME)  ABP). The

vector of moment and bimoment integration constants
AfNGlTxu:l/l(AMiB ABY L AMQ  ABP | .. AM® AB;6)> can be expressed in

T
terms of the vector Afy ., as
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(A 1 010f0] 0 0iof 0 0]
ABO 0 1:0i0i 0  0i0f 0 0
an® |\ peme O 0 e 000 0 O
AB® 0 0i{1{0} 0 0{0{ 0 0| ABY
MMy, | | 70, 05O D O @@ Y Nl
1 ABY L 0 0i0itt 0 0101 0 o&M}fL
AM) 0 0i010 1 0i0: 0 0| AB®
ABY 0 0i0i0f 0 1107 0 0f| AB®
AM) 0 0i0i0! —X _ oloi-Lf__ of|*n
Y Y P IO4® | ABY
©) S Lo “
-_.4.%5(_6_)_. 0 i0t0f 0 oftt o 0
AV, 0 010101 0 010 1 0
LA o 0i{0j0i 0 0i0f o0 1]

In general, the dimension of Afy,, will be 1x5 in which b depends on the number of

spans in which shear force due to buckling is continuous i.e., b= number of spans + N+1.

By establishing a matrix to impose shear force continuity condition e, ,,,,, one can

express vector Afy;,y,, in terms of vector Afy,,; 1.e.,

Afygana = €1 2nx6AEnesa (VL.109)

Enforcing Force Boundary Conditions

Member End free to rotate and warp
Force boundary conditions should be specified at a joint unless the conjugate

displacements are restrained. For instance, for the beam in Fig. VL13, element five is
free to rotate and warp at z=I® . Thus, the force boundary conditions based on Eq.

V1.58) are AM)=AB®=0. By inserting these conditions into Eqs. (V1.90) and (VL.91),
y2 2
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and setting z = I one obtains the integration constants AM} and AB{ in terms of the

nodal displacements Au, and Ag, as

AMD=—A[ =N A +(MED ~a,N*O) M, | (V1.110)
ABP=2 [(Mf;”— a,N*®) dug + 0", | (VL111)
After eliminating the integration éonstants AMiZ) and AB'®, the vector of independent
moment and  bimoment integration constants can be  written  as
M= YA(AM®  ABO | AB® | AB® | AMY  AB® | AB®). By using Eds.
(VL.110) and (V1.111), the vector of moment and bimoment integration constants Afy .,

can be expressed in terms of the nodal displacement vector Ad,g,,, and the vector of

independent moment and bimoment integration constants Afy, ., as

At.P=0
Avamzo (6) _
y oo AM,=0
o e AB. =0
3 6
r // y I
spanr  Intermediate support span s

Fig. VI.13 — Force boundary conditions for the cantilever with intermediate support
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AM®) 1 0101010 010]
AB® | 10 1i0i0i0 0i0|[AMD]
ABD| {0 011{010 0i0]|| ABY
ABY| 10 0 0 10 0 o "AB®
{aM® =10 0 0 01 0 o sABS) L
AB® | |0 0i0i0i0 1:0[|AMY
AB| 070101070 0i1||ABY
AM®| 10 010f0%0 00 L"A:"égﬁ
(AB® | {0 0;0;0{0 0;0]
(Aul )
. , 2 J Au
0..01 0 0 0 0| My
E Ay
7 . ) . . . . .
+ | 0.0 0 0 0 ok .}
0.0, N o T sane@) o]
0.0 { ~(MFP=a N?®) 0 ~(N*(n+a+a )+ MEOB, ) 0 Z'Z
- ~ | Ady
LA¢'Z6‘24><1

In general, dimension s of vector Afy, .. depends on the number of boundary conditions

related to nodes free to rotate and warp i.e., s=b-num. of force B.C on moments and

bimoments. By establishing matrices c;,,, and e¢,,,, to impose the force boundary
conditions the vector of moment and bimoment integration constants Afy,, can be
written in terms of the nodal displacement vector Adyg,,,, and a vector of independent
moment and bimoment integration constants Afy, ., in which the integration constants

AM()) and ABY" are eliminated i.e.,
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Af

_ Nmsxi

Afyepa =[Caps | c4bx4N]{Kd . } (VL112)
NG4Nx1
Note that the moment integration constant AM ;2’ ), which is eliminated when imposing

free rotation condition, always explicitly appear in vector Afy,,. This is because

moment integration constant AM 52,’) is always at the end of the span and is not

eliminated due to shear continuity condition in previous step.

Member End free to translate

From the boundary condition in Eq. (V1.58), the shear force integration constant can be

specified at the boundaries unless it is prevented against lateral translation. For instance
for the beam in Fig.VL.15, element (5) is free to translate at z=I? (i.e., Au, #0). Thus,
one obtains AVS) = AV =0. By using the relation AM$=AM')—~AV\L,, one obtains
AM(D) =AM, Since the element (5) is also free to rotate at z=L®, the constant

Avafx) is eliminated in the previous step. Thus, the vector of independent moment and
bimoment integration constants can be written as
CAf] = 1//1<AM O ABD L ABD T ABD | ABD | AB(5)>. By substituting the relation

v
i a

AM) = AM) into the force boundary condition in Eq. (V1.110) one obtains

AM= -2 =N bty (L) + (M - a, N7 ) Mg (1) | (VL113)
By using Eq. (VI.113), the vector of moment and bimoment integration constants

Afy,7 . can be expressed in terms of the nodal displacement vector Adyg,,, and the

vector of independent moment and bimoment integration constants Afy,. . as

236



Ay,
[ 2% 7| A
r (1) - - g E ™

AMyaW 1 00 000 Au®) 00 0 0 0| Agy,
A0 L Jo 10 0 0 o)\ Bl 000 00 0| agy
ABo(,z) 0 01 0 0 0 AB?Z) 0.0 0 0 o
JABO Lo 0 0 1 0 old==e lyl0..0: 0 0 01 |
AMP 10 0 0 0 00 Wi 0.0 N*® 0 —(MEP-a N*®) 0] .
ABP1 10000 10 L-E%S 001 0 0 0T 0| Aw
(ABY ) j0 0000 1" "7 |g0 0 o 0 0| Aus
] 11 Mgy
(A 26 )

In general dimension sh of vector Afy, , depends on the number of force boundary
conditions i.e., sh=s-num. of force B.C on shear force. By defining matrices ¢, and
C.ay t0 impose the force boundary condition, the vector of moment and bimoment
integration constants Afy, ., can be written in terms of the nodal displacement vector

Adyg,y,a and the vector of independent moment and bimoment integration constants

Athshxl as
\ Afl\ltshxl
Mo Copn | Coman {07372 (VL114)
Nm sl [5 h } 6 4N:]{AdNG4Nx1
Member End free to twist

From the boundary condition in Eq. (VI.58), the torsional integration constant can be
specified at the boundaries unless it is prevented against angle of twist. For instance for

the beam in Fig. V.13, eclement (5) is free to twist at z=I® . Thus, one has

AT®) = AT =0. The vector of independent torsional integration constants can be

written  as  At,,, =1/1 {AT;’)} . The vector of torsional constants
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AtT, =1//1<AT;’) AT;”> can be expressed in terms of the vector of independent

torsional constants At,” as

AT |1
a | )
In general, the dimension b of vector At,l., depends on the number of force boundary

conditions related to ends free to twist i.e., th=ag-num. of force B.C on torsion. By

establishing matrix ¢, to impose the force boundary condition, the vector of torsional
integration constants At__, is written in terms of the vector of independent torsional

constants At as

At = CrmpAty s (VL11)5)

By imposing the inter-element twisting moment continuity, shear force continuity, force

boundary conditions, one obtains the elastic matrix B, such that

Al
<Atb17;<tb ; AthIT;sh ; AdNG£<4N>B

G2(th+sh+4 N )(th+sh+4N) ___A__f_ljgflzﬂ__‘

Ad

NG4Nx1

(VL116)
AtNG(N—l)xl
=(Atngl oy | Avohan | Aduclun ) Bognoinirmay | Aoz

AdNG4N><1

Matrix BGZ(tb sshsdN){theshran) 1S expressed in a partitioned form as

G2 i G2 i G2
B s | Bawor | Buway
_ G2T | G2 ' G2 -
G2(tb+sh+4 N )x(tb+sh+dN) — _!:}_tf shab 4 Bf shxsh 1 de shx4N- (VI]' 17)

e7y N Y AN - R
B awa ; By anwsh i By mvan

B
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From Egs. (VI.105), (VL.109), (VL.112), (VI.114) and (VL.115) by substituting into Eq.

(VL116), one obtains the expression of the sub-matrices in Eq. (VI.117) as

sztbxzb = c7thxac1§x(N—1)B:;(N—l)x(N-1)c1(N-1)xac7axzb (VI‘l 18)

By st = c7tTI;xac1gx(N—l)Bg(N—l)ﬂNcZngbc3bxsc5sxsh (VL.119)

B e = c'/Szxac1£x(N—1)Bff;(N-1)x2Nc2§Nxbcabxscesxw"' c7z;zxa01:x(N—1)Bgl(N—l)x4N (VL120)
+ c7§:xac2gx2NB§dZNx4Nc4bx4N

B st = ConisCanaCaman Bt 2man Caanes € Coocsh - (VI:121)

Bgizshx4N = c5:hxxc3fxbc2bTx2NB?2Nx2Nc2 2NxbC3bxsCosxan "fs:hxscaszczlj:szBglszzsN (VL1122)

T T T G
+ €50 C30x6Cata N Br 202 €2 206 Catan

G2 T . T qG T T RpG T T p6
By ivan= (c3sxbc2bx2Nde2Nx4N + €300 C28xan Bt 2028 €221 Caban )cesxw €4 4nxeCasx2n Braznsan
T RG T T pG G
+ 10w BraanxanCaant €4 ansCaanBr 2nsan©s anxeCasman T B anxan
T T T .T 16
+ c64Nxs|:chhxsc3s><bc2bx2NBf 202N €2 2vx6 C3xsCosxan

T T .T G T . T pG
TCsghs (c35xbc2bx2Nde2Nx4N+ €555 Caman B 2nan€2 2306 Capean )]

(VL123)

By satisfying the essential equilibrium and force boundary conditions of the variational
principle as well as C' continuity of displacement fields, the second variation of the

complementary energy functional can be written as

Atb'“
52” *=AdNG£4NA’KGAdNG4Nx1+/12<Atb€<1b : Ath{;sh ; AdNG{xttN > BGZ(Ib+sh+4N)x(1b+.\'h+4N) ’_éflfffi_ix}_
Ad NG4Nx1

(VL.124)

Stability Condition
By taking the variation of Eq. (V1.124), one obtains the stability condition of the beam

i.e.,é‘{—i—c?%*} =0 as
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bt G2 | pG2 | pG?
OOO ___étb_t_by_l___ Bt thxth 4 Btf thxsh i Btd tbx4 N Atbtbxl
9__!__9_% _______(_)____ B ___A__f.Ntshxl +4 Btf shxth 3 Bf shxsh 1 de shx4 N Athshxl =0 (VIIQ’S)
0 | 0 ; Keanan | |Adncana B awas ; By s i By awan || Adngana

In Eq. (VI.125), matrix K has no degrees of freedom corresponding to the vectors
Aty and Afy ., .. By eliminating the components in B, corresponding to vectors

Aty .. and Afy ., . in Eq. (VI.125) through static condensation, one obtains

[KG4N><4N + AK ganan ] Adygaya =0 (VL.126)

In Eq. (VI.126), matrix K.,y is the global elastic stiffness matrix which is expressed

as

G2 _ pGIr G-l G2 T -1
KE4N><4N— Bd 4Nx4N 13td 4erbBt tbxthtd tb><4N—G4NxshAxh><sthl1><4N (V1127)
. . G2 GIT G-l G2 ) _RGIT  pG2-1 QG
inwhich, A, =B By GuBt maBit won A0 G yan =B an Bt s Bt v Bea toan

Displacement Boundary Conditions
The support degrees of freedom can be grouped together and Eq. (VI.126) can be written

as

KGSKG“ +1 KES hKE“ Ad s -0 (V1.128)
I<Gsr ; KGr ANAN KEsr é KEr ANXAN Adr AN B .

In Eq. (V1.128), the sub-matrices pertinent to the supports are assigned the subscripts s

and those relating the remaining degrees of freedom have the subscripts ». By enforcing

the condition Ad, =0, one obtains

[[Ke ]+ A[Ke, ]]{Ad,} =0 (V1.129)

The eigenvalue problem in Eq. (VI.129) is solved to yield the buckling load factor (1/ /1) .
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Examples

General

The examples presented in this section illustrate the applicability of the proposed
formulations to practical problems. The problems presented also provide an indication of
the validity of the new solution in comparison to results based on shell finite element
analysis solutions and other closed form or numerical solutions in literature. Steel

material is used in all examples for which the Modulus of Elasticity is £ =2x10’MPa,

Poisson’s Ratio is v = 0.3 and the corresponding Shear Modulus is G = 77x10’ MPa .

Two elements are developed in this study. In element BECE (Buckling Element based on
Complementary Energy), the effect of shear deformation is omitted (i.e., ., z[O]2x2 )

whereas in element BECES (Buckling Element based on Complementary Energy
including Shear deformation) the effect of shear deformation is retained. For all examples
except Example VI.1, sixteen beam elements (BECE or BECES, as applicable) are used

to model the structures.

In addition, finite element shell models are developed under ABAQUS, a general purpose
finite element program using the four nodded shell element (S4R) with reduced
integration. The S4R element is efficient and reliable for large displacements, large
rotations and finite membrane strains (Mohareb and Dabbas 2003). The main advantages
of reduced integration are; i) it avoids shear locking that occurs in fully integrated
elements and ii) it reduces the CPU time necessary for the analysis of the model and
gives more accurate results for thin shells (Zinoviev and Mohareb 2004). The multiple

point constraints MPC type SLIDER (Hibbit et al. 2001a,b) are adopted in order to
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approximately impose the first Vlasov assumption and increase the buckling loads in
local buckling modes for rather short spans. This type of MPC keeps the specified
node(s) on a straight line defined by two other nodes but allows the possibility of moving
along the line and allows the line change in length. In all examples, the cross-section
dimensions are selected to prevent local and distortional buckling modes as the first
modes in ABAQUS shell models, thus the first modes obtained are global buckling

modes. The mesh, boundary condition and loading details for the ABAQUS FEA models

for each problem are given in Appendix E.

Alternative solution methods developed by Masur and Popelar (1976), Elias (1986) and
Trahair (1993) are used for comparison. Note that these solutions do not include the
effect of shear deformation in the analysis. Kutlukaya (2004) implemented a computer
program based on the buckling element developed by Trahair (1993). In the buckling
analysis, the element has two nodes with four degrees of freedom at each node including
lateral displacement, out of plane rotation, angle of twist and warping degrees of
freedom. The element can be used to obtain solutions for symmetric cross-sections based
on orthogonal system of coordinates. The results obtained by using this element will be
referred to as Trahair’s element, which was used in Examples VI.1, V1.2, VL.3 and VL 4.

Sixteen Trahair’s elements are used for all examples.

In all models, pinned supports imply that both the translation and angle of twist are

restrained (Au = A¢ =0) while the first derivative of lateral displacement and warping
deformation are free (Au'=0,A¢'#0). Fixed supports imply that the derivative of lateral

displacement and warping deformation are prevented as well as lateral displacement and
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angle of twist (Au=Au'=A¢=A¢'=0). The relations Au'=Ag'=0 would be exact
when shear deformation is neglected (element BECE) while they become approximate
when shear deformation is included (element BECES) since in Eq. (V1.58), the boundary

conditions for restraint warping deformation and the first derivative of lateral

-1
displacement ~ were obtained as —Au ‘+é<—AM 5 AB') % {0 }: 0 and

2x2

0
Ap, '+—}— ~AM ' AB')y;! =0. The buckling load predictions for modes higher
G ¢ * 1

than the first one are given in Appendix VLF.

Example V1.1 Flexural and Torsional Buckling of Simply-Supported
column

A simply supported column (Fig. VI. 14) is made of a symmetric I section and is subject
to uniform axial load. The column span L is 2,000mm and the cross-sectional dimensions
are shown in Fig. VI.14. An axial load P is applied at the right end of the column at the
centroid C of the cross-section (which also coincides with the shear center and the
principal sectorial origin of the cross-section). In practical situations, the strength of such
a short column would be governed by the yield resistance of the cross-section and the
buckling strength would be of academic interest. Nevertheless, a short column was
adopted in this example in order to provide a medium to illustrate shear deformation

effects on the elastic buckling load. This effect will be shown to be more pronounced in

other problems (Example VI.9).

- The column is modeled using elements BECE and BECES by selecting the origin, pole

and sectorial origin to coincide at the point of application of the external load which
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corresponds to an orthogonal system of coordinates. The number of elements used to

model the column varied from 2 to 16 elements of equal length.

Au=0 Au=0 1 2omm
A¢=O ,_-’A A¢=O P p B8 180mm
A |~~>A é <+ r_l.zibOmm
) 200mm
f— L — ... SecA-A

Fig. VI.14-Simply supported beam with symmetric cross-section

In Tables VI.1 and VL2, the buckling load predictions based on BECE, BECES and
Trahair’s element (1993), are compared with those based on ABAQUS FEA shell
element model and closed form solutions (which do not include shear deformation

effects) for the first (flexural) buckling mode and the second (torsional) buckling mode.

Table VI.1-Flexural buckling (first mode) Table VI.2-Torsional buckling (second mode)

Element  Number Buckling Element Type  Number Buckling
Type of Load P P of Load p P
Elements P(N) Pagaaus  Pe Elements P (kN) Pagacus  Pe
ABAQUS 6000 12,822 1 0.97439 ABAQUS 6000 19,019 1 0.94242
Trahair 2 13,258 1.0340 1.0075 Trahair 2 20,279  1.0662 1.0049
1993 4 13,166 1.0268 1.0005 1993 4 20195  1.0618 1.0007
8 13,160  1.0264 1.0001 8 20,190 1.0616 1.0004
16 13,160 1.0264 1.0001 16 20,189 1.0615 1.0004
BECE 2 13,163  1.0266 1.0003 BECE 2 18,567 0.97623 0.92002
4 13,160 1.0264 1.0001 4 19,763 1.0391 0.97929
8 13,159  1.0263 1.0000 8 20,075 1.0555 0.99475
16 13,169 1.0263 1.0000 16 20,154 1.0597 0.99866
BECES 2 12,830 1.0006 0.97500 BECES 2 18,127 0.95310 (.89822
4 12,827 1.0004 0.97477 4 19,317 1.0157 095719
8 12,827 1.0004 0.97477 8 19,629 1.0321 097265
16 12,827 1.0004 0.97477 16 19,708 1.0362 0.97656
P, =n2El[I? 13,159 1.02628 1 ~ |P=(GJ+7"EJ,, [I")[r,T 20181 10811 1

One can verify from Table VI.1 that Elements BECE and BECES provide upper bound
predictions for the flexural buckling modes. The flexural buckling mode solution based
on element BECE is analogous to the Timoshenko quotient (Westergaard 1941). Thus,

the approximate buckling load prediction is always an upper bound to the exact solution.
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It is observed that the inclusion of shear deformation effect provides a more flexible
representation of the column stiffness and thus slightly reduces the magnitude of the

buckling load. The buckling load prediction based on BECES is closer to the prediction

of ABAQUS model.

On the other hand, as shown in Table V1.2, elements BECE and BECES provide a lower
bound representation of the stiffness for torsional buckling since the interpolation field
for St.Venant torsion was not expressed in terms of the rotation field, but interpolated

independently (as a constant function). In Figures VI.15a and b, the St.Venant torsion, the
function —GJ,¢,' and warping torsion fields based on element BECE due to buckling are
shown based on the analysis with four elements and sixteen elements respectively. Since
the second compatibility condition in Eq. V161 i.e.,[4,% AT, /GJ,]|=0 is satisfied only
in an average integral sense, the distribution of the St.Venant torsion field is improved as

the number of elements increases. Hence, the buckling load predictions improve. A

mathematical demonstration for the possibility of a lower bound property for element

BECE is presented in Appendix VI.G.
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Fig. VI.15 Twisting moments
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Note that, since the amplitude of buckling deformations are not unique, the normalization

scheme presented in Fig. VI.15 a and Fig. VI.15 b is such that it provides the same

maximum torsion.

Convergence characteristics of the solution
In Eq. VI.E.24, it is also demonstrated that when the contribution of the St.Venant torsion

is omitted, element BECE provides an upper bound representation of the stiffness in
comparison to the exact solution in a torsional buckling mode with omitted St.Venant

torsion rigidity. This conclusion is numerically illustrated for both elements BECE and

BECES in Table V1.3.

Table VI.3- Torsional buckling neglecting the contribution of St.Venant torsion

Element Type Number Buckling

of Load P

P (kN) P
BECE 2 11,938 1.0003
4 11,935 1.0000
8 11,935 1.0000
16 11,935 1.0000
BECES 2 11,640 0.97528
4 11,634 0.97478
8 11,634 0.97478
16 11,634 0.97478

2
P= ﬂ'zECw/(l’oL) 11,935 1

The predicted mode shapes based on BECE (16 elements), BECES (16 elements) and
ABAQUS (6,000 elements) are presented in Figs. VI.16 a and b. The lateral
displacements are provided at web mid height. The displacements and rotations based on
elements BECE. and BECES are scaled so that the maximum displacement based on
BECE or BECES and that based on the ABAQUS model are equal. The procedure

adopted to obtain the mode shapes is explained in Appendix VI.H. The mode shape
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predictions based on BECE and BECES are in excellent agreement with those based on

the ABAQUS model.
1.2 e i 3 0 7 IO,
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Fig. V1.16 a- Flexural buckling mode b-Torsional buckling mode

When the span L is reduced to 1,600 mm, one obtains the buckling load predictions in

bending mode and torsional mode as shown in Tables V1.4 and V1.5 respectively.

Table V1.4-Flexural buckling (first mode) Table VI.5-Torsional buckling (second mode

Element  Number Buckling Element Type Number Buckling
Type of load _P__ P of load _P P
Elements P (kN) Fasaaus  Pe Elements P (kN) FPasaaus  Pe
ABAQUS 6000 19,799 1 0.9629 ABAQUS 6000 25,303 1 0.94084
Trahair 2 20,716 1.0463 1.0075 Trahair 2 27,043 1.0688 1.0055
1993 4 20,572 1.0390 1.0005 1993 4 26,912 1.0636 1.0007
8 20,562 1.0385 1.0000 8 26,903 1.0632 1.0003
16 20,562 1.0385 1.0000 16 26,903 1.0632 1.0003
BECE 2 20,567 1.0388 1.0002 BECE 2 25,305 1.0001 0.94092
4 20,562 1.0385 1.0000 4 26,478 1.0464 0.98453
8 20,562 1.0385 1.0000 8 26,789 1.0587 0.99610
16 20,562 1.0385 1.0000 16 26,868 1.0619 0.99903
BECES 2 19,767 0.99838 0.96134 BECES 2 24 441 0.96593 0.80879
4 19,762 0.99813 0.96109 4 25,608 1.0121 0.95218
8 19,762 0.99813 0.96109 8 25,919 1.0243 0.96375
16 19,762 0.99813 0.96109 16 25998 1.0275 0.96668
P =n"EI|L’ 20,562 1.0385 1 P =(GJ,+n Cw/]f)/;ﬁo2 26,894 1.0208 1

By using a sixteen element mesh for the torsional buckling analysis of the column with a
2,000 mm span had a ratio of the St.Venant torsion to warping torsion at the root of the

column (z=0) of 0.68 (Fig. VI.15b), whereas for the shorter column spanning 1,600 mm,
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the ratio reduces to 0.43. The St.Venant torsion is thus more dominant in longer spans.
For torsional buckling, the convergence rates of elements BECE and BECES are higher
for shorter spans. This suggests that for longer spans one may need to increase the
number of elements in order to improve accuracy. However, buckling load predictions
are always more conservative compared to those based on total potential energy
formulations, an advantageous feature from an engineering point of view. By comparing
the results based on BECE and BECES in Table V1.1 and V1.4, and Table VI.2 and VL5

respectively, one can also verify that the shear deformation effect increases for columns

of shorter spans.

Example V1.2 Effect of Boundary Conditions on Column Flexural
Buckling

A column is spanning 8,000 mm. The cross-section is identical that of Example 1 Fig.
VL14. The buckling load of the column is investigated for two types of boundary
conditions as shown in Column (1) of Table VL.6. The external load P shown in Table
VL6 is applied at the section centroid. Thus, an orthogonal system of coordinates is used
in both problems. Buckling loads based on Trahair elements (sixteen elements) is
provided in Column (3), while columns (4) and (5) provide the buckling loads predicted
by elements BECE and BECES. Euler buckling loads are provided in Column (6). The
results based on ABAQUS analysis are given in Column 2. In all examples except in
Example 4 (Tables VIL.8), the bracketed numbers below the critical moments .are the

percentage ratios of the predicted buckling moments to that predicted by the ABAQUS

model.
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Table VI.6-Flexural Buckling Joad predictions under axial load

(1) 2) (€] 4) ) (6)
Boundary Condition ABAQUS | Trahair(1993) | BECE BECES Euler
and Loading (kN) (kKN) (kN) (kN) Load (kN)
g | 1667 1683 1683 1676 1679
] (%101) (%101) (%101) (%101)
1 i 204 206 206 206 206
g (%101) (%101) (%101) (%101)

Since the column span is relatively long, the contribution of shear deformation is
insignificant in buckling load predictions and the results based on BECE and BECES are
in agreement within 1% (Table VI.6). The corresponding buckling mode shapes are
presented in Figures VI.17 a, b respectively. The mode shape predictions based on BECE

and BECES are also in excellent agreement with those based on ABAQUS model.
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Example V1.3 Lateral Torsional Buckling of Beams with doubly
symmetric cross-section

For the problems shown in Table V1.7, the cross-section is identical to that given in Fig.
VI.14. All beams are simply supported and span 8,000 mm. The beam is subject to
several linear bending moment distributions. The results based on ABAQUS FEA model
is provided in Column 2. The closed form solution for the buckling moment of simply
uniform

beam under

bending

supported moment is
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M, = (x/L)\|EJ,,GJ,+(=E/L)’ J,J,,, . For the case of uniform moment (Case 1 in
Table V1.7), this formula predicts a buckling moment of 286 kNm. For other moment
gradient configurations, various codes (e.g., LRFD 1999) provide predictions of the
critical moment in the form M, =C,M, in which C, is a constant depending on ’Fhe
moment gradient and ranges from unity in the case of uniform moment (case 1) to
C, =2.3 for case 5. The critical moments M, = C,M, based on the LRFD procedure are
given in Column (3) of table VI.7. Also, the buckling moments based on Trahair

elements (sixteen elements) is provided in Column (4), while columns (5) and (6) provide

the buckling moments predicted by elements BECE and BECES.

Table V1.7- Buckling moments for simply supported beams under linear moment gradient

) 2 3) “4) ) (6)

Boundary condition ABAQUS | LRFD | Trahair | BECE | BECES

and Loading (kNm) (kNm) (kNm) (kNm) (kNm)

1 M, W‘) 272 286 286 285 283
X S (%105) (%105) (%105) | (%104)

2 C-fylx 0.5»4_) 359 357 376 375 371
Ny 2 (%99.4) | (%105) (%104) (%103)

3 CM 489 477 513 512 505
X A (%97.5) | (%105) | (%105) | (%103)

4 M, 0.5M, 654 620 691 689 682
CA a (%94.8) | (%106) (%105) | (%104)

5 Cﬂj’x ZD 717 648 754 752 744
X (%90.3) | (%105) | (%105) | (%104)

From Table V1.7, one can verify that all BECE and BECES results are in very good
agreement with the results based on ABAQUS. Except Case 1 LRFD (1999) predictions
are the most conservative among all while the Trahair element tends to slightly
overestimate the buckling moment by 5% compared to ABAQUS results. Element

BECES provides the closest predictions to ABAQUS solution. Critical moment
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predictions based on Element BECE are 5% higher than those predicted by ABAQUS
while element BECES predictions are 3% to 4% higher than those based on ABAQUS.
As expected, for the 8,000 mm span members, shear deformation effects are insignificant.
Buckling mode shape comparisons for various solutions are depicted in Figures VI.18

through V1.22 and show excellent agreement between BECE, BECES, and ABAQUS.

The lateral displacements are provided at web mid height.
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Example V1.4 Lateral Torsional Buckling of a fixed-pinned beam under
uniform moment

For the beam shown in Fig. VI. 23, the cross-section is identicai to that given in Fig.
V1.14 and the beam is investigated for a) 8,000 mm (Case 1 in Table V1. 8 ) and b) 4,000
mm (Case 2 in Table V1. 8) spans. From the pre-buckling analysis the beam is assumed to
have uniform bending moment distribution and the boundary conditions for lateral
torsional buckling analysis are assumed to be fixed at one end (z=0) while simply
supported at the other end (z=L) as shown in Fig. VI.23. The problem is analyzed using
four types of solutions: 1) Trahair’s element (1993), 2) the complementary energy based

method developed by Masur and Popelar (1976), 3) BECE, and 4) BECES elements

developed in this study.

— =N

Fig. V1.23 Boundary conditions and pre-buckling loading

Masur and Popelar (1976) obtained the critical buckling moment of the given problem by

using complementary energy formulation as

M, =449 \ﬂ (4.49)2 EC, / ( I*GJ 4 ) . /EI nyJ 4 / L . The results based on Trahair (sixteen

elements), Masur and Popelar (1976), BECE and BECES are given in column (2), (3), (4)
and (5) respectively. In Table V1.8, the bracketed numbers below the critical moments are

the percentage ratios of the predicted buckling moments to that predicted by Trahair’s

element.
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Table VI.8- Buckling moments for a fixed-pinned beam under uniform moment

O] 2) €) (4) ©)
Beam Span Trahair Masur and Popelar | BECE | BECES
L (mm) (KNm) (kNm) (kKNm) (kNm)
1 8,000 426 425 424 420
(99.8%) (99.5%) | (98.6%)
2 4,000 1,032 1,030 1,029 1,013
(99.8%) (99.7%) | (98.2%)

One can verify that all the results are in excellent agreement and the difference does not
exceed 2%. Solutions based on Masur and Popelar (1976) and Trahair (1993) are closer
to those based on BECE rather than those based on BECES, since the shear deformation
effect is omitted in these solutions. BECES provides slightly more conservative buckling
moment predictions due to the shéar deformation effect which can be observed to

increase for shorter span. The mode shape comparisons for Trahair, BECE and BECES

are depicted in Figs V1. 24 and shows excellent agreement.
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Fig. V1.24 Buckling Mode

Example V1.5 Lateral Torsional Buckling of a cantilever under uniform
moment

A cantilever is under uniform bending moment which is applied by a moment at the tip as
shown in Fig. VI.25. The cross-sections is selected as in Fig.14 and the buckling moment

of the cantilever is investigated for 4,000 mm and 8,000 mm spans. Indeed, cantilever
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with a tip moment rarely occurs in practice; however the buckling moment in this case is
of academic interest. The problem is analyzed using four type of solutions: 1) ABAQUS
(results are given in column 2 of Table VI.9), 2) Trahair’s element (1993), 3) Element

BECE, and 4) Element BECES both developed in this study.

% 9"

Fig. V1.25 Boundary Conditions and pre-buckling loading

Trahair (1993, p.171 Eq. 9.5) developed a solution for the buckling moment resistance

M_, of a cantilever under uniform moment with symmetric cross-sections by using the

formulation M, =(7/2L) \/EI G [l +1’EC, / (4GJ I )] . Buckling moments

predicted by Trahair’s formulation are provided in column (3). Columns (4) and (5)

provide the buckling moments predicted by elements BECE and BECES.

Table V1.9- Buckling moments for a cantilever under uniform moment

(1) @) €)) (4) ()
Beam Span ABAQUS Trahair BECE BECES
L (mm) (kNm) (KNm) (kNm) (kNm)
1 8000 133 138 138 137
(104%) (104%) (103%)
2 4000 271 286 285 283
(106%) (105%) (104%)

One can verify shear deformation effects is insignificant and all results agree within 6%
in this problem. ABAQUS provides the lowest buckling predictions among all solutions.
The mode shapes based on BECE, BECES and ABAQUS are depicted in Figs. V1. 26 for

4,000mm span and are in excellent agreement. The lateral displacements are provided at

web mid height.
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Fig. V1.26 Buckling Mode

Example V1.6 Load Position Effect for a Cantilever under transverse
load ’

The buckling load for a cantilever subjected to a transverse load P at the free end is
investigated for 10,000 mm and 4,000 mm beam spans. The cantilever has a C shape
cross-section with the dimensions shown in Fig. V1. 27. Three cases are considered for
the point of applications of the load. Load P is applied at a) 100 mm above the shear

center, b) from the shear center, and ¢) 100 mm below the shear center (Table VI.8).

i

41.67fm ﬁ 2mm

TZOmm
|

180mm

[Eeerey lZ()mm
1100mml

a) Boundary conditions and Loading b) dimensions of the cross-section

Fig. VI. 27 Cantilever with C-shape cross-section

The problem is analyzed using five buckling solutions: 1) Trahair’s element (1993), 2)

the complementary energy based solution developed by Elias (1986), 3) BECE and 4)

BECES elements developed in this study, and 5) ABAQUS.
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Trahair (1993, p. 174, Eq. 9.12), suggested to calculate the buckling load resistance P of

a cantilever with C-shape cross-section by using

EI_GJ,

P :—-—Iy';——{l1[l+1.28/\/1+1.4482]+4(K—2)[1+1.2(8—0.1)/\/1+1.44(8—0.1)2 ]}

. in which &=y, /L(/EL,/GJ,) and K = [z*EC,[(GJ,I?) and y, is the vertical

distance of the application point of the load to the shear center (e.g., y, =100mm for

bottom flange loading).

In Elias solution, the effect of the warping stiffness EC, is neglected relative to the St.

Venant stiffness GJ, thus, the ratio £ =, /ECW / (GJ sz) is assumed negligible relative to

unity. For the 10,000 mm épan, the warping stiffness is indeed negligible as
k~0.0450 1. Elias solution is based on orthogonal system of coordinates and provide
buckling load predictions for shear center loading only. Elias (1986) suggests that the
load position effect could be accounted for by using the factors de\;eloped by

Timoshenko (1961), thus the buckling load prediction based on Elias can be obtained as

Py =4.013(1-¢) JEL,GJ, [

In modeling the problem using elements BECE and BECES, the origin O, pole 4,,

sectorial origin S, are selected to coincide with the point of application of load P. Thus

the selected system of coordinates is non-orthogonal. Note that for case b) (shear center
loading), the solutions based on BECE and BECES in orthogonal coordinates provides

identical results to the those based on non-orthogonal coordinates obtained by selecting

the origin O, pole 4, and sectorial origin S, coincide at the shear center. The results
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based on ABAQUS, Trahair (1993), Elias (1986), BECE and BECES are provided in

columns (2), (3), (4), (5) and (6), in Tables VI .10 and VI .11 for 10,000mm and

4,000mm spans respectively.

Table VI.10 Buckling load by considering load position effects for 10,000 mm span

D 2) 3) “4) ®) (6)
Point for the load ABAQUS | Trahair | Elias | BECE | BECES
application (kN) (kN) (kN) (kN) (kN)
P
100mmn
P 10.7 112 | 10.1* | 105 | 104

(%105) | (%94.4) | (%98.1) | (%97.2)

PL 11.4 11.8 10.7 11.2 11.1
S.C (%104) | (%93.9) | (%982) | (%97.4)
: ________ 1
S-(-:', 12.1 12.4 11.2* 11.8 11.6
100mn} P (%102) | (%92.6) | (497.5) | (%95.9)

* The Timoshenko Load position factor has been applied

Since the beam span is relatively long, the effect of St.Venant stiffness is large relative to
the warping stiffness. Thus, the results .based on Elias solution agrees well with
ABAQUS. Elias results range from 94.4% to 92.6% of those based on ABAQUS. Trahair
results range from 105% to 113% higher than those based on ABAQUS. BECE results
range from 102% to 105% of ABAQUS results, while the best agreement is obtained for
BECES which range from 101% to 104%. For the shorter span of 4,000mm, the warping

torsion becomes more significant i.e., k~0.112, thus solution based on Elias diverges

form others as shown in Table VI.11.
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1 2 3 4 5 6
Point forthe load | ABAQUS | Trahair | Elias | BECE | BECES
application (N) @ | aaNy | Ny | N
P
100mm
S 65.2 73.9 57.8* 68.3 67.5
' ©%113) | (%88.7) | (%105) | (%104)
Ry 81.7 863 | 667 | 845 | 832
S.C (%106) | (%81.6) | (%103) | (%102)
S-Cj, 92.8 97.7 75.6% 95.5 93.8
100mr§ P (%105) | (%81.5) | (%103) | (%101)

* The Timoshenko Load position factor has been applied

Table VI.11 Buckling loads by considering load position effects for 4,000 mm span

A comparison of the lateral displacement and angle of twist for 4,000 mm span is

presented in Figures VI.28, V1.29 and VI1.30 for all three cases. Excellent agreement with

ABAQUS mode shapes is observed. The lateral displacements are given at the top flange,

at the shear center and at the bottom flange in Figs. V1.28 a, b and ¢ respectively
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Fig. V1.28 Buckling Mode for Top Flange Loading

259



1

\ateral-disptacement(mm)
o o o
IS = ™

o
I

(=]

1.0

0.8

086

0.4

0.2

lateral displacement(mm)

0.0

-0.2

S ABAQUS||
- - BECE
—BECES

o

P
3 ¥ K/‘(
F fx{x
=
0.25 0.5 0.75 1
2/L

a-Lateral displacement

0.00E+00

0.25 ;]5 0.5 1
-4.00E-04 5
T K i
-8.00E-04 5
2z
5
2 1.20E-03
[=:]
c
: )
~1.60E-03 %
——ABAQUS T RE TR ]
-+ BECE i
-2.008-03 \——BECES

2zl

b-Angle of twist

Fig. V1.29 Buckling Mode for Shear center Loading
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Fig. VL.30 Buckling Mode for Bottom Flange Loading

Example V1.7 Lateral Torsional Buckling of Mono-symmetric beams
‘under uniform moment

A simply supported beam with mono-symmetric cross-section is subjected to uniform

bending moment as shown in Fig. VI.31a. Dimensions of the cross-section are shown in

Fig. V1.31b. The beam is analyzed for 8,000mm (Case 1), and 4,000mm (Case 2), spans

using four type of solutions: 1) ABAQUS shell element analysis , 2) Trahair’s element

(1993), 3) BECE element, and 4) BECES element.
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Fig. 31 Mono-symmetric beam under uniform moment

Trahair’s solution (Eq. 7.22 page 125 in Trahair 1993) for the buckling moment of mono-

symmetric sections under uniform bending moment is

M=Mﬂ[(ﬁxPy/2Myz)i\/l+(,BxPy /2Myz)2:‘, in which P,=7’El,/I' and

M yz=\/(7r2EI ) / Lz)(GJ A+n*EC, [ Lz) . Trahair’s solution is based on orthogonal system
of coordinates in which the shear center is offset by 58 mm from the centroid in the
negative y direction as shown in Fig. VL.31. b, thus the offset value a, is set to -58 mm.
The mono-symmetric property of the cross-section is
B.= (l/Ix) Ly(x2 +y2)dA —2a,=153.01 mm. The results based on Trahair’s analysis is

provided in Column 3 in Table 12.

In BECE and BECES models, identical results are obtained based on both orthogonal
coordinates and non-orthogonal coordinates in which the location of pole, centroid, and
sectorial origin can be selected anywhere on the web. The results based on ABAQUS

FEA model is provided in Column 2 in Table 12. The results based on BECE and BECES

elements are provided in Columns 4 and 5 in Table 12 respectively
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Table VI.12-Buckling moments of mono-symmetric beams under uniform moment

) 2) G) G)) )
Beam Span | ABAQUS Trahair BECE BECES
L (mm) (kNm) (kNm) (KNm) (kNm)

1 8,000 135 141 141 139
(%104) (%104) (%103)

2 4,000 224 242 241 237
(%109) (%108) (%106)

One can verify that the results based on BECE and BECES are in very good agreement
with those based on Trahair (1993) and ABAQUS. The maximum difference between
ABAQUS analysis and those based on Trahair (1993) and BECE are around 9%.
Buckling moment predictions based on BECES are closer to ABAQUS model solutions
and the maximum difference is around 4%. The corresponding lateral displacement at the
centroid of the section and angle of twist predictions for 4,000 mm span are presented in
Fig. V1.32. The mode shape predictions of BECE and BECES are in very good
agreement with those based on ABAQUS model. The example illustrates the ability of

elements BECE and BECES to successfully capture mono-symmetry effects.
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Fig. VI.32 Buckling Mode

Example V1.8 Lateral Torsional Buckling of Mono-symmetric beams
under mid-span load

A simply supported beam with mono-symmetric cross-section is subjected to a mid-span

load acting at the top flange (Fig. VI. 33). Dimensions of the cross-section are shown in
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Table VI.13. The beam is analyzed for a 8,000mm span(Case 1), and 4,000mm span
(Case 2), using three type of solutions: 1) ABAQUS shell element analysis, 2) BECE

element, and 3) BECES element. In modeling the problem using elements BECE and

BECES, the origin O, pole 4, sectorial origin S, are selected to coincide with the point

of application of load P. Thus the selected system of coordinates is non-orthogonal. The

results based on ABAQUS, BECE and BECES are provided in columns (2), (3) and (4)

in Table V1.13 respectively.

P , PJ, _-400mm
+ ‘ —;iZOmm
ZS. Am 0,57 380mm
é 2mmk |,
o — L S =5 120mm
‘ : 160mm

a) Boundary conditions and Loading b) dimensions of the cross-section

Fig. 33 Mono-symmetric section

Table VI.13 Buckling load predictions of a mono-symmetric beam under mid-span load

1) 2) (3) 4)
Beam Span | ABAQUS BECE BECES
L (mm) (kN) (kN) (kN)
1 8,000 380.2 3949 360.4
(%104) (%94.8)
2 4,000 1,636 1,764 1,561
(%107) (%95.4)

One can verify that the results are in good agreement in all solutions. The behaviour of
the element BECES is slightly more flexible than that of the ABAQUS model. When the
span is reduced to 4,000 mm, the difference between BECE and BECES increases up to
(107%-95.4% ~12%), which is due to the shear deformation effect. The corresponding
lateral displacement at the centroid of the top flange and angle of twist predictions for
4,000 mm span are presented in Fig. VI.34. The mode shape predictions of BECE and

BECES are in good agreement with those based on the ABAQUS model.
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Fig. V1.34 Buckling Mode

Example V1.9 Shear Deformation Effect in a Propped Cantilever with
an Overhang

A propped cantilever with overhang (shown in Table VI.14) is subject to a transverse
load P applied to the top flange as shown. When modeling the problem using BECE and
BECES, the origin O, pole 4, sectorial origin S, are selected to coincide with the point

of application of the external vertical load P.

Table VI.14 Buckling load predictions for a propped cantilever with an overhang

Boundary Conditions Cross-section ABAQUS BECE BECES
and Loading (kN) (kN) (kN)
P} 400mm
u=0 lP c —}'TZOmm
1 "ZO ¢ | 405 b 3s0mm| 7180 8,760 7,630
2mmi {20mm (%122) (%106)
f— 1000mm ~—i~-600mm—]| 160mm

One can verify that the results based on BECE and BECES differ by 22 % and 6 %
respectively from the buckling load predictions of ABAQUS. Buckling load predictions
by neglecting the shear deformation effect significantly overestimate the buckling load.
The corresponding lateral displacement at the centroid of the fop flange and angle of twist
predictions are presented in Fig. VI.35. The mode shape predictions of elements BECE

and BECES are in good agreement with those based on ABAQUS model. The example
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illustrates that, in some instances, shear deformation effects are significant and should be

incorporated into the analysis for a safe prediction of buckling loads.
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Fig. V1.35 Buckling Mode

Summary and Conclusions
The finite element solutions developed in this study are able to accurately predict

classical solutions for column flexural buckling and torsional buckling, and beam lateral
torsional buckling under uniform moments and linear moment gradients for doubly
symmetric, mono-symmetric and channel sections. By adopting non-orthogonal system
of coordinates, the solution is able to successfully capture load position effects relative to
the shear centre. In addition to accurately predict the buckling loads corresponding to the
fundamental buckling mode, the formulation was shown to accurately predict the
buckling modes and higher buckling loads. In contrast to displacement based formations
which tend to over-predict buckling loads, the present formulation can under-predict
buckling loads. This is a desirable feature from a design viewpoint. The current
formulation successfully captures shear deformation effects, a feature that is neglected in
most available buckling solutiqns for thin-walled members. It was shown that

conventional solutions which neglect shear deformation effects can overestimate the

predicted buckling load in some cases.
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Appendix VI.A- Geometric Interpretation of First Piola-
Kirchoff and Jaumann stresses in 2D problems

The geometric interpretation of the first Piola-Kirchoff stress D, and Jaumann stress o,

components in plane deformation are illustrated (Fig. VI.A.1) for two different scenarios;
a) the infinitesimal element ABCD in Fig. VI.A.la undergoes stretching/shortening
deformations along its principal directions, rigid body rotations and translations, and
takes the configuration A’B’C’D’ after deformation, and b) the infinitesimal element
EFGH in Fig.V LA.lb undergoes distortion deformations as well as
stretching/shortening, rigid body rotations and translations, and takes the configuration
E’F’G’H’ after deformation. The rectangular element ABCD in Fig. VI.A.la stays
rectangular, while the angle between the perpendicular edges in Fig. VIA.1b changes
after deformation. The thickness of both the un-deformed elements ABCD and EFGH is ¢

and sides of both plates are parallel to Z and X axes (Figs. VI.A.1 a and b). Unit vectors

€,, and €,, are oriented along the. undeformed principal directions while unit vectors €,

and €, are oriented along the deformed principal directions in both cases (Figs. VI.A.1a

and b).

The first Piola-Kirchoff stresses are defined as the forces acting on the deformed element
oriented along the fixed X and Z axes per unit of initial un-deformed area. Thus, for the
first Piola-Kirchoff stress components D,, and D,,, the respective un-deformed areas
are BCxt in Fig. VIA.l.a and FGx¢ in Fig. VIA.1b. Jaumann stresses are defined as

the forces acting on the deformed element oriented along the rigidly rotated configuration

per unit of initial un-deformed area. In Fig. VIA.la, the direction of the Jaumann stress
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component o,_ is determined by the rigid body rotation angle ¢, (ie,

o, =D, sing, +D,, cosg,) and is acting along the principal strain directions parallel to
the direction of the unit vector €, (Fig. VI.A.la). The Jaumann stress component o,

vanishes since there is no distortion due to shear deformation between the edges A’B’

and B’C’, In Fig. VI.A.1b the rigid body rotation angle between the unit vectors é,, and
€, is denoted by ¢, . In Fig. VI.A.1b the angle between €,, and €, is also ¢, . Thus, the
orientation and magnitude of the Jaumann stress components o, and o, can be related
to the first Piola-Kirchoff stresses D,, and D,,, and the rigid body rotation ¢, through
o, =D, sing, + D,, cosd, and o, =D, cosg, —D,, sing,. Note that these relations
are independent from the angles y, and y, (Fig. VI.A.1b) due to shear deformation. Also
note that in Fig. VI.A.1b, the Jaumann stress component o, is not perpendicular to the

edge F’G’ as oppose to the Jaumann stress component o, perpendicular to the edge

B’C’ in Fig. VI.A.la.
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Fig. VI.A.1-Directions of First Piola-Kirchoff and Jaumann stresses
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By omitting the terms higher than second order in the Taylor series expansion of
trigonometric functions sing, and cosg, ie., sing, ~g,, cosg, ~1—@,>/2 and using
the approximation ¢, =u', one obtains the relation o, =D, Ry, +D,,R,, and

O, = Dy Ry + Dy Ry, . In tensorial form, we have o, =D;R,, i,j,k=12, in which

Ry =tt'y, Ry =1-12(u",)", Ry =—u', Ry =1-1/2(u",)". The 3D form of the tensor

Ry is given in Eq. (VL2).

268



Appendix VI.B- Formulation of Variational Expression in
terms of Jaumann Stresses

The objective of this appendix is to obtain the functional to be used in the buckling
analysis. The final equation is reported in Koiter (1976). However, the explicit

mathematical manipulations were not given.

The complementary energy expression for semilinear material under finite deformations
is given in Eq. (V1.45). The complementary energy functional is expanded according to
Taylor series in the neighborhood of the configuration on set of buckling, i.e.

f_ P * P
o, =Ao; +Ac, and Rij = AR,]. +AR,.j as

*(/10"+AGU,AR”+AR) 7 *(Ac),ARD)+6m* (Aol , AR +1/28°n* (Ao, ARD)+ O(A%)

VLB(1)
In Eq. VL.B(1), A is the buckling load factor, O(A’) represents the sum of the terms

higher than second order. Given that in the pre-buckling state, the stationarity condition

on*(Ao),AR])=0 is satisfied, Equation VLB(1) simplifies to

n* (Ao Ao, AR AR —n*(Ao),AR]) = 1/28°n* (Ao),ARS) VILB(2)
In Equation VI.B(2), the Taylor series terms beyond the second term were omitted. In a

neutral equilibrium state, there exists an equilibrium and compatible state in the
neighborhood of buckling load Ao for which the first variation of the complementary

energy vanishes. By using Eq. VIL.B(2) and vanishing of the first variation of

complementary energy at buckling load (Oran 1967 and Koiter 1976), we obtain the

buckling criterion for complementary energy.
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5[1/28°z*(Ao? ,AR?)]=0 VLB(@3)

When pre-buckling deformations are neglected, the rotation tensor at the onset of
buckling becomes equal to the unit tensor i.e., AR} =5,. From Eq. (VL13), the

increment in the rotation tensor can be expressed as

. AR, =&, @, +~ A¢ Ag, -

lmj

0,500, VLB(4)

By substituting Eqs. VL.B(4) and (V1.45) into Eq. VI.B(2), the second variation of the

complementary energy is expressed as

*(AR”+ARU,AO"’+A0') n*(AR}, o))
= I{E[(lo—; + Aaij)(iay‘.’ + Aay.)—l%(ia‘{.’ + Ao'n-)z]
A v

+(40] + A0, )~ (AR) + AR, )(A0 + Ao, )| AV VLB(5)

-j[l (/120',10‘: — Ao szwa ~ ARl y]dV
h LAG 1+v

From Eq. VI.B(5) by expanding the first, second and fourth terms and simplifying, one

obtains

Z*(AR? + AR, AG? + Ac,)~m* (AR? , Ac?)

y:

=VI{;15[(2M§AG,,+A%M )—H—V(Zﬂ.a”Ao +Ac,Ac, )]+Ao;., VLB(6)

~(AR?AC, + AAR,0% + AR AT, )} dv

gy

By substituting Eq. VI.B(4) into Eq. VI.B(6), one obtains

270



7*(AR? + AR,

U’

Yo

Acf +Ao,)—m*(AR]

’J’

{%(—}—\:(ﬂa;AO' )—1—+—V(,10PA0 )}—;E[(Aaymg)—l—v—(mu )2}

+v

Ao])

. o1 , i , VLB(7)
- gimjA¢m/1’o-ji +_2_A¢iA¢jﬁ’o-ji - 51’] EMmA¢nz;l’o-ji

1 1
- [giijon-ji + '5 A¢iA¢jAo-ji - 5kj _2—A¢mA¢on-jij} av

By nothing that 5,07 = o/ and rearranging Eq. VL.B(7), one obtains

7 * (ARV+AR, /10'”+A0') 7* (AR, Ac?

ij2 U

1 r p
j{( ~Ac,Ap. Ad, AaﬂA¢A¢ j+-2-5[(zo-ym )-—~(Ac?A0, )]

1+v

VLB(8)

—&,0,A0] —¢€,, A, Ao,

imj

» 1 2
(—/10' A$, 8, -—/1 A¢iA¢j)+ZE\:(AO'g.AO'y.)—ﬁ(Aaﬁ) ]}dV

The first variation of the complementary energy at the onset of buckling vanishes since

the compatibility is satisfied i.e.,

Sn*(ARY, Aol) = j[ ! (2,10%0 ~-Y 2407Ac, )+5(/1 -A'Rlo J,)]dV 0 VL.B(9)
Vo 4G 1+v

Since AR} =&, at the onset of buckling one obtains Ao —A’R,cf =0 and the first

variation of the complementary energy at the onset of buckling becomes

1 1% ‘
on* (ARU ,/10,.;’) = -‘{EE(AO—;A% —mlai‘i’Aaﬁﬂ av =0 VILB(10)
Yo

By using the symmetry of the Jaumann stress tensor ie., &,,Ad Ach=0 and

EmiAP,AAC,, =0, neglecting third order small terms ie., Ac,Af,Ad =0 and
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Ac ;A4 A4, —0 and by substituting Eq. VL.B(10) into Eq. VLB(8) to yield the second

variation of the complementary energy as

1 2 ]. 1 v 2
S8 [5(A0t 04,9, —Aa§A¢jA¢i)+ZE[A0yAGU —m(mﬁ) i\dV VLB(11)

%

Equation VI.B(11) is the one in Eq. (VLAT).
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Appendix VI.C -Deriving the Compatibility Equations and
Boundary Conditions

This appendix is starting with the second variation of complementary energy in Eq.

(VL157) to formulate the compatibility Equations and Boundary conditions by evoking

the stationarity condition.

The internal stress resultant fields AM,, AB, AT,,, AV,,, AT, and angle of twist (due to

buckling) Ag, appearing in Eq. (VI.157) are the independent fields of the second

variation of the complementary energy functional &’z *. By taking the variation of Eq.

(VL.157) one obtains

. , L | 8(-AM, - AV, + V7 Ap
[{(-am, Ay, + 277 04,) (AB+ATSV—ATQ)>02:2{ 5(AyB'+A7}v—AT:) Z)}dz

SAM —5AM '
+ —1—<AMy AB)D,;, y +l<—AMy' AB') x5, |Y}+5ATW ATy |,
J\E SAB | G SAB GJ,
‘ VI.C(1)

From Eq. (V1.56) by substituting into Eq. VI.C(1) one obtains

5(152ﬂ*)=I<Ay. Ag,") 5(“AMy'—AV;,,+AVy"A¢Z) .
2 L §(AB'+ AT, — AT,)

L [saM)) 1 L, [~onM, AT,
+J{%<AMJ, AB>Dr2l2{5ABy}+—C—;<—AMy' AB'>x2l2{ 5ABly}+5ATSV—G—jL}dz

d

VI.C(2)

Equation VI.C(2) can be re-written as
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AT, AV, )=

svI

e

L

+ [(aw A¢J>{5<W;A¢Z)}dz

5(AT,)

5@5% *)(Au',AqﬁZ,AgI)Z', AM ,,AM,',AB,AB', AT,

VI.C(3)
OAM
o, w)nr;z{ My}dz

1
E
1 ' 1\ -1 —O0AM '
+ E(—AMy AB>xM{ 5AB'y}dz

By performing integration by parts, for the first, second and fifth terms in Eq. VI.C(3)

and noting that AV, '=0 and AT,'=0.one obtains

5(% 8’ *) = {(Au ' Ad) {5 E;(iﬂj;[)y )H - ]:KAu " Ag") {5 (5"(21‘;; )} dz
s(av |
_{(Au A¢Z>{ 5(ATa)}}O
' s(avrag,
+J{(Au A¢z>{ (5(ATW) )}}dz —_—

SAM
+ %(AMy AB)Dr;}Q{ §ABy}dz

L

AR —6AM
+é<—AMy' AB'}x;iz{ My}o— LI-1—<—AMY" AB")x;iz{ y}dz

+ [oaT, Lo,
L GJd

Eq. VL.C(4) can be expanded to yield
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s (%5% *j =[6(-aM, ) u ]ﬁ +[5(aB) g, T~ [auws(-aM,)dz ~ [ag,"5(AB)dz
—[8(av,,)0u]; -[6(AT,) A8, ] + j ' §(AVF A, )dz+ IA¢Z'§(A7;v)dz

jE<AM AB>DrM{(1)}5AM dz+j—<AM AB>Dr2X2{O}5Ade

L

| B Lo 0 L VLC(5)
+E{<—AMy' AB'>x;}(2{O}5AMy} +E[<—AMy' M')x;iz{l}&w}
0 0
-jl<—AM " AB") “H sang gz - j-l—(—AM " AB")oo 1 saBaz
L y X 0 y LG y 1
+ j5AT ——d
L
By grouping the factors of SAM ,,5AB, SAT,,6AV,, and SAT,, one obtains
5(15271*):
2
fanra —Au"+1<AM AB)D,j, ! ——1—<—AM " AB"), g
L yL E rix 0 G y X 0
+ §AB-—A¢ " 1<AM AB)D ) 0 ——1—<—AM " AB"). oVl g
L Z E r2x2 1 G y 2x2 1
+ [8AT,, [M’z AT, }Vz
L d
+[[5(ag,) Ay du ldz
L 1 | .
+86AM, \:E (-aM,' AB) vy { A }— Au l
1 0 i
s s o]
VI.C(6)

—[6AV, Au]: ~[5AT, A8, ],
By substituting the relations Ady(z,x) = (a, —x)Ag, and Agy(z,y)=Au'(z)~ ( y-a, )A¢Z'

into Egs. (V1.23 a-d ), one obtains
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—2oP (x—a,)Ad, =0 VL.C(7)

and

Ac? [Au @)-(y-a, )A¢Z'] =0 VLC(8)
By substituting the relations x—a, =hsina, y—a,=-hcosa into Eqs. VLC(7) and

VI.C(8) respectively, summing and integrating over the cross-sectional area, one obtains

A ja; [-hsinaAg, |+ o7 [Au'(z) + heosarAg, |dA=0 VL.C(©9)
A

By substituting the relations o, sina—o, cosa=0 and IO')‘;dA =V, into Eq. VL.C(9)

A

one obtains

AV Au'(z) =0 VI.C(10)

Equation VI.C(10) suggests that IﬂVy" Au'(z)dz vanishes in the last integral terms of Eq.
L

VI.C(6). This outcome is consistent with the assumptions made. From Eq. VI.C(6), one

obtains the field equations as

Au'+ é—(AMy AB)D 3, {(1)} + é(—AMy " AB")%r {(1)} =0

" 1 - O 1 " n\ -1 O
-Ad, +E(AMy AB)D,;), {1}—5<—AMy AB") X3, {1} =0 VL.C(11)a-c
AT,
A ! v =0
'+ GJ

d

and the boundary conditions can be obtained as

-1
Either AM |, is specified or —Au '+é<—AM , AB '>X;i2{ }= 0
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0
Either AB is specified or A¢Z'+é<—AM , AB '> Yowa {1} =0 VI.C(12)a-d

Either AV, is specified or Au=0

Either AT, is specified or Ag, =0

Simplification under Orthogonal Coordinates
From Equation VI.C(6), by adopting principal orthogonal coordinates 1i.e.,

S,=8,=J,=J,, =J,, =0, one obtains

5(1 Six *) =

2

j[aAM (Au TR

h EJ,

AM
+5AM{—Au+ y} +6AB‘:A¢Z
GZH 0

] AB( Ag,"+ 22)+§AT (A¢Z+GJd HszI.C(B)

AB '
Gin
From Eq. VI.C(13) the field equations are

] —0AV, [ ]o —0AT, [A¢Z]§

AM,)
AAu"+ —2L—— 2 =
EJyy G
_ngy+ BB _AB" VLC(14)a-c
EJ,, Gxy,
Ag,'+ AL, _ 0
GJ,

and the boundary conditions are

Either AM, is specified or —Au'+ =0

Gr,

Either AB is specified or Ag,'+ AB

=0 VI.C(15)a-d

22
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Either AV, is specified or Au=0

Either AT, is specified or Ag, =0

Equations VI.C(14)a-c are compatibility relations while Eq. VI.C(15)a-c are the

boundary conditions.
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Appendix VI.D-Element Matrices

In this appendix, the sub-matrices of the element geometric stiffness matrix KS)M and

matrix B® ., are explicitly given for an element (i)of length [,

Geometric Stiffness Matrix K9,

In Eq. (V1.94), sub-matrices K, , and K9, , were introduced to express the geometric

stiffness matrix K(gi)SXg. The entries of K(g"l)‘b(4 and K(g‘24x4 are

6 1 6 1]
519 10 510 10
) S i
i 10 15 10 30
K(gl)4><4 = 6 1 6 1 VLD(1)
T5IO 10 50 10
R L ) )
L 10 30 10 15 |
r (@) . 1
3L 3 0
5 10 5
L(‘) (L(l) )2 ) L(') . (L(l) )2
i 10 30 10 60
KO i = 0 VID(2)
3 L3 0
5 10 5
(2°) ()
0 - 0
i 60 10 |

i @
Matrix B,

In Eq. (V1.97), matrix B, . was partitioned into submatrices BY  , BY ., BY ;.
BY,., BY,. and BY, .. The entries for these submatrices are formulated in the

following. From Eqgs. (V1.86) through (V1.91) by expressing in terms of the vectors using
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T
the vectors At), AfOT,

and AdYT

N 1x8

defined in Egs. (V1.96) through (V1.98), one can

express the internal stress resultant fields for element i as

AMD i i i i i i
{ ABg) } = /?,(m( e g + 100 AD g, + mgzzstd%{)Sxx) VLD(@)
AV @ (1) ® 9 0} ()
AT = ’l(v 24N 0 + V3 280N 5y + VayasAdy le) VLD#)
AT =2 (Atgi)l— tO AR +0,AdY,, ) VLD(5)

In Egs. VI.D(3) through VL.D (5), matrices m

® o Q)

0}
24> Mg g, Maiog s ¥

® N
w45 Ya 285 Vivaxes

t?, , and t{ . contain the interpolation functions and are defined as

o [=71?) 200 o 0
R A PR e it VLD(6)
e 0 0 T:(l—z/L“)) z/ I
L |
— i | i i
Y NOHGY, 1 (ME-a NPOJHG),
My = | T T T Ay N ~ | VLD(7
‘e (Mfo(') a Np(l))H(Z)M | [Np(l)(rNo +a, ta, )"‘/BNfoo(l):\H( Yixs @
L
| Oy 7P (Q) G
Y P e e e R e e AN B AL )
V7O ( QU G2/ 17) 117 b (QUNt GO N2/ 1)
in whichQ(2)}, = [2H'(2)},,dz
. /9 -1/ ! o 0
v, = yIe -l [, o 0 VLD(9)
" 0 0 -1/ /IO
o N*OB(2);, | ~(ME"~a, N )H'(2);4
le 28 =L 1 o i e T YT aroin . 22 o\ N e 7
"(Mfo( - apr( ))H'(z)1T><4 i [Np( ) (?’No ta, ta, )+:3Nfoo( )]H'(Z)M
VI.D(10)
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0 Op (@ HGL) | D)
R B B o 7 Ry g AT (N oY)

dv2x8 _Vyp( ) (ZH'(Z)ITX4 +G([ ))1T><4/L()) |: Vyp()ﬂNx (ZH (2)F, +G(L )){,(4/[,( ))
t9,=(0 0]-1/I" 1/I7) VID(12)

Yy
d Ix87

2 12 2 12 2 12 2 12
, VI.D(13)
From Egs. VI.D(3) through VI.D(5), by substituting into Eq. (V1.94), one obtains the

() (ON{U] (i) OF QN f i () p@) ) ()
t(i) _<Vypl Vyp 'L Vyp’ _Vyp 'L I: _VplﬁNx _Vyp’lBNxL —Vy IBNX Vy ﬂNxL >

second variation of complementary energy for element i as

2 () OV 740 (B \r pi O} pigg () ()
S'm*=4 {NAUN 1t K g x4 BN g0~ 280N [(MxO - ayN)Kgl st TV Ko ]4X4A(PN 4x1

)T N, 2052, 2 ' i o)
+ Ao 1x4{|:Np(‘)(rN0 +a, +a, )+ﬁNfo()(l)]K(g’1)4x4}4x4 AQN 4
ST i .
+ﬂNxVyp(’)A(Pg)lx4K(g’2)4x4A(p(‘) }

N 4x
+ A7 J{% Afls)lem(i)fxzDr;z [m(i)2x4Af]$Ji)4xl+ (mg)zxs'*‘m El?zxs ) Adg)z;xl:]
h
+ }E—' Adg)f;i!mSii)gx2Dr;>l<2[m([)2x4Aflsli)4xl+(m£li)2><8+mg32x8 )Adg\?m ]
+ % Adg)lszmfiizgxzDr;iz[m(i)zx4Aflg )4x1+(mgi)2xs+mgezxs )Adg)le ]
+ _(l;'Aflsii)lT><4V(i)Ix2X;>l<z [V(i)2x4Af1$ )4><1+ (Vfii)zxs'*' Vfli32><8 )Adg)m]

Or MO -1 ® () ®» ® @)
+EAdN 1x8 Ya 8x2K2x2 [V 24BN g (Vd 28T Vavaxs )AdN 8><1:]

Or OT -1 ® () @ 0] ()
+ G Ady e VavsaXaae [V RO N (Vd 2T Vavaxg )AdN 8x1]

1 i i n )2 1 i 0 o\?
* GJ (Atgx)l— t! )lx4Af]£l)4x1) +a]_(tfi)lx8Ad§\1)8xl)
d d
1 i 3 i i i
+ GJ 2t51)1><8Ad$\1)8x1 (Atgx)l— t( )1><4Aflsl)4x1 )} dZ
d

VLD(14)
By substituting Egs. VI.D(6) through VI.D(12) into Eq. VL.D(14), one obtains
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Al -/I{NAu(’)T K%

(1)
N 1x4 T g1 OV N
o\r pi ) pigr () Q)
UN 14 [(Mxo —-a N)Kgl4x4 +V) ng4x4jl APy 44

+AQl)T, {l: Np(f)(rNoz ‘) +ax2) v M;ﬁ’")]K(’) } Ap® VLD(15)

gl4x4 axd N 4x1
PO AROT 30 )
By V) AON LK g i AQY 4x1}

() Q] ) )
Bt ix1 | Btflx4 | Btd X8 At1x1

tO 1 AfOT o1 \| podT @) ) ()
+4 <A na | AN | AdN 1><8> By 4a : Bt Il Bii s ) Afy 4x1

BOL. | By, | BY,, ||AdY

fd 8x4 N 8x1

In Eq. VLD(15), sub-matrices B, B, ,, BY ., BY,,, BY, . and BY,, are

defined as
0 L(i)
1
Biw=cr VLD(16)
d .
o -1 1o g VI.D(17
fixd — 0z D(17)
G d @
BY , = % VID(18)
1x8 — d 1x8 .
GJ L(,) J1Q)
0 _ T 1 T T
B == j (l)4x2Dr2><2m s @2+ jv(‘)szsz szt _[t(l)4x1t(‘)]x4dz VL.D(19)
Lu) GL(I) d @
@ _ ar @) Hr g (OT ()
By ws=— jm D2y 2.7 +— j-m VDM g 02 ~ (,) It waba 1l
(N () d (O]
1L Ey L VI.D(20)
T 0 o\r O
= I X Ve ez +— _[V VX2V s dZ
i) G
and
B(") _ 1 oar D: O] d: o\T d. \Hr (i) a
d 8x8 _—E— mg’s,» r2x2md 28 Z+_ m,s.,D r2x2mdv2x8 Z+—' m;’so r2x2mdv2x8 Z
D Lu) Lu)
1 1
@r ) (’)T @) (On ®
Imdv8x2 2l 2x8dz+5 _" @ paXaaVa padZ +— J- VivsaXnaViaedz  VID(21)
L(') L(i) L(')
L(or O gre L [yor O, (O ¢
T— | Vyq 8><2X2x2vdv2><s Z+— dv8x2X2x2Vd 2x8 Z"' a paba vadZ
G e G 0 L(’) g
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Appendix VI.E- Details of ABAQUS models
In this appendix, mesh, boundary condition and loading details for ABAQUS FEA

models used in Examples VI.1 through V1.9 are provided.

Example VI.1
Mesh
In Example VI.1, each half flange is subdivided into 5 equal elements and web into 10

equal elements. The beam span is subdivided into 200 equal elements as shown in Fig.

VILE.1. Thus, a total of 6,000 S4R shell elements are used.

5 elements 3 elements

10 elements

Fig. VLE.1 ABAQUS mesh for Examples 1, 2 and 3

MPC type SLIDER constraint

The multiple point constraints MPC type SLIDER keeps; a) every node on the bottom
flange (e.g., nodes r; and r; in Fig. VL.E.2) along the straight line defined by the nodes at
the tip (node A) and the center (node B) of the bottom flange (Fig. VL.E.2), b) every node
on the web (e.g., nodes s; and s;) along the straight line defined by the nodes at the end
(node B) and center (node C) of the web, and ¢) every node on the top flange (e.g., nodes
t; and t;) along the straight line defined by the nodes at the tip (node D) and the center

(node E) of the top flange. These artificial multipoint constraints approximately simulate

the Vlasov first assumption
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ot
D,. ?EE

5,
€
Zy X 3y
Y“j{ L2
A B

Fig. VL.E.2 Nodes defining straight lines for MPC type SLIDER constraint

Boundary Conditions

Simply supported boundary conditions are applied by restraining; a) the nodes at the
centroid of the section (nodes Cy and Cy, located at both ends of the beam) in lateral (Y),
and Avertical (Z) directions at both ends in order to prevent horizontal and vertical
translations as shown in Fig. VI.E.3 a and b, b) the node at the centroid of the section
(node Cp) in axial (X) direction at only one end in order to prevent rigid body
longitudinal translation (Fig. VLE.3 a), and ¢) the nodes at the centroid of the top flange

(nodes Eq and Ej located at both ends of the beam) along the lateral (Y) direction at both

ends in order to prevent angle of twist at both ends.

E 1\\ —El-év—
C
71(;'\‘*‘ Cles
Za X 4, Ly X A
Y lﬂ Y Iﬂ
a) at left end b) at right end

Fig. VI.E.3 Simply supported boundary conditions

Loading
In ABAQUS model, a compression force is applied by twenty 0.05 kN loads (i.e., totally

0.05x20 =1kN ) acting at the nodes of the bottom and top flanges a) in X direction at left

end, b) in opposite to X direction at right end as shown Fig. VL.E.4 and b.
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g=0.05kN

Vel £
Zy % Zy x
v A 4=0.05kN
/".5;! ’!:rrq=0.05kN
a) at left end b) at right end

Fig. VL.E.4 Application of axial force

Example VI.2
Mesh
In both cases of Example V1.2, the mesh of the beams is identical to the one given in

Example VIL.1.

MPC type SLIDER constraint

The MPC type SLIDER constraint is applied as explained in Example VI.1.

Boundary Conditions

Fixed end boundary condition at the left end of the beams are applied by restraining all
master nodes (nodes Ao, By, Do and Eq in Fig.VLE.5) in all three directions. Thus, the
section translations in longitudinal, horizontal and vertical directions are prevented as

well as the warping of the cross-section and rotations about the X, Y and Z axes.

A?:B}r‘_\_

Fig. VLE.5 Imposing fixity conditions
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Simply supported boundary conditions at the right end of the beam in Case 1 is applied in

a manner identical to one shown in Fig. VL.E.3b.

Loading

The compressive load is applied identical to the one shown in Fig. VI.E.4b. Thus, by
applying twenty 0.05 kN loads acting at the nodes of bottom and top flanges.

Example V1.3

Mesh
In all cases of Example VI.3 the mesh of the beams is identical to the one given in

Example VL.1.

MPC type SLIDER constraint
The MPC type SLIDER constraint is applied as explained in Example VI.1.

Boundary Conditions
Simply supported boundary conditions at both ends of the beams are applied in a manner

identical to that shown in Fig. VLE.3.

Loading

The bending moment is applied at left end through ten 0.5 AN loads applied to nodes of
the top flange along the X direction, and ten 0.5 kN loads applied to nodes of the bottom

flange in the negative X direction (0.2x0.5x10=1kNm) as shown in Fig. VLE.6. A

similar loading scheme is adopted at the right end.
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| A A7

4=0.5kN

200mm

) X
| I , g=0.5kN

Fig. VLE.6 Loading scheme for bending moment (1 kNm) at left end

Example VI.5
Mesh

The mesh of the beam is identical to that given in Example VI.1.
MPC type SLIDER constraint
The MPC type SLIDER constraint is applied as explained in Example VI.1.

Boundary Conditions
Fixed end boundary condition at left end of the beam are enforced in a manner identical

to one shown in Fig. VLE.S.

Loading
The bending moment is applied at the right end through ten 0.5 kN loads acting at the

nodes of the top flange in the negative X direction, and ten 0.5 kN loads acting at the

nodes of the bottom flange along the X direction as shown in Fig. VLE.7.

W ﬂ‘é'ﬁ'{.{ ,ﬁé !_/‘!_/‘i_/q=0.5kN

200mm

3
J
2‘;'7'7' A q=0.5kN

Fig. VL.E.7 Bending moment (1 kNm) at right end
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Example V1.6

Mesh
In Example V1.6, each flange is subdivided into 5 equal elements and web into 10 equal

" elements. The beam span is divided into 200 equal elements as shown in Fig. VLE.8.

Thus, a total of 4,000 S4R shell elements are used.

10 elements

Fig. VLE.8§ ABAQUS mesh for Example 6
MPC type SLIDER constraint
The multiple point constraints MPC type SLIDER keeps; a) every node on the bottom
flange (e.g., node r; in Fig. VI.E.9) along the straight line defined by the nodes at the end
(node A) and the center (node B) of the bottom flange (Fig. VI.E.9), b) every node on the
web (e.g., nodes s; and s;) along the straight line defined by the nodes at the end (node A)
and center (node C) of the web, and ¢) every node on the top flange (e.g., nodes t; and t;)

along the straight line defined by the nodes at the end (node D) and the center (node) of

the top flange.

Fig. VI.E.9 Nodes defining straight lines for MPC type SLIDER constraint
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Boundary Conditions
Fixed end boundary condition at the left end of the beams are applied by restraining all

master nodes (nodes Ay, Bo, Do and Eq in Fig.VLE.10) in all three directions, which
corresponds to restraining translations along the longitudinal, horizontal and vertical

directions as well as warping of the cross-section and the rotations about X, Y and Z axes

(w:u=v=¢=u'=ﬁ)'=¢'=0).

A e
7’} 7_2'45130

Fig. VL.E.10 Fixed end boundary condition in ABAQUS model for C shape cross-section

Loading

The vertical load P is applied through steel bars of circular cross-section with a diameter
of 500mm connected to a) the top flange in Fig. VI.E.11a, b) the center node of the web

in Fig. VLE.11b, and c) the bottom flange in Fig. VL.E.11c.

P=1kN

- P=Lkzi
Rigid bar

| L Rigfabar | i P=ikN A

| W

Rigid bar

a) at top flange b) at shear center c) at bottom flange
Fig. VL.E.11Vertical Loads in Example V1.6
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Example VI.7
Mesh
In Example V1.7, each half of the top flange is subdivided into 5 equal elements, each

half of the bottom flange is subdivided into 2 equal elements and web into 10 equal

elements. The beam span is subdivided into 100 equal elements as shown in Fig. VL.E.12.

~ Thus, a total of 1,400 S4R shell elements are used.

5 elements 5 elements

10 elements

|I
2 elements 2 elements

Fig. VL.LE.12 ABAQUS mesh for Example 7

MPC type SLIDER constraint ‘
The multiple point constraints MPC type SLIDER keeps; a) every node on the bottom

flange (e.g., nodes ry and rp in Fig. VL.E.13) along the straight line defined by the nodes at
the end (node A) and the center (node B) of the bottom flange (Fig. VI.E.13), b) every
node on the web (e.g., nodes s; and sy) along the straight line defined by the nodes at the
end (node B) and center (node C) of the web, and c) every node on the top flange (e.g.,

nodes t; and t;) along the straight line defined by the nodes at the end (node D) and the

center (node E) of the top flange.

O—+l@—e2
A B
Fig. VLE.13 Nodes defining straight lines for MPC type SLIDER constraint
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Boundary Conditions
Simply supported boundary conditions are applied to the beam by restraining; a) the

nodes at the centroid of the section (nodes Cy and Cp) in horizontal (Y direction), and
vertical (in Z direction) directions at both ends in order to prevent horizontal and vertical
translations as shown in Fig. VI.LE.14 a and b, b) the node at the centroid of the section
(node Cp) in axial direction at only one end in order to prevent longitudinal translation
(Fig. VLE.14 a), and c) the nodes at the centroid of the top flange (nodes Eq and Ep) in

horizontal (Y direction) direction at both ends in order to prevent angle of twist.

EO AN EL AN
A A
N ¢ x4
Y l)f X Yj
a) at right end b) at left end

Fig. VLE.14 Simply supported boundary conditions

Loading
The bending moment is applied at left end by ten 0.5 AN loads spread to nodes of the top

flange in X direction, and four 1.25 kN loads spread to nodes of the bottom flange in
opposite to X direction as shown in Fig. VLE.6. The bending moment is applied at right
end by applying ten 0.5 kN loads spread to nodes of the top flange in opposite to X

direction, and four 1.25 kN loads spread to nodes of the bottom flange in X direction as

shown in Fig. VLE.7.
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4=0.5kN

‘ AT | EEE K KB =0.5N

200mm

74 % _ z
l A q=1.25kN . A
/? G=1.25kN

a) at right end b) at left end

Fig. VL.E.15 Bending moments applied to a Mono-symmetric section

Example V1.8

Mesh
The mesh of the beams is identical to that given in Example VI.7.

MPC type SLIDER constraint

The MPC type SLIDER constraint is applied as explained in Example VL.7.

Boundary Conditions
Simply supported boundary conditions at both ends of the beams are applied identical to

one shown in Fig. VLE.14.

Loading
The vertical load (1 kN) at the mid-span is applied at the center of the top flange in Z

direction as shown in Fig. VLE.16.

¢P= 1kN

Zy x
y

L oY

Fig. VLE.16. Vertical load (1£N) applied at the top flange
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Example V1.9
Mesh
In modeling the beam, the web is divided into 10 equal elements, the top flange is divided

into 10 elements, the bottom flange is divided into 4 elements, and the beam span is

divided into 40 equal elements as shown in Fig. VLE.17.

0 elements

Fig. VLE.17 ABAQUS mesh for Example 9

MPC type SLIDER constraint

The MPC type SLIDER constraint is applied as explained in Example VI.7.

Boundary Conditions

Fixed end boundary condition at the left end of the beams are applied by restraining all
master nodes (nodes Ag, Bo, Do and Eg in Fig.VI.E.18) in all three directions, thus the
translations in longitudinal, horizontal and vertical directions are prevented as well as

warping of the cross-section and the rotations about X, Y and Z axes.

Zy X
Y l}'
A
il
0
Fig. VLE.18 Fixed end boundary condition in ABAQUS model for Mono-symmetric

section
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Simply supported boundary conditions at z=1000mm is applied identical to one shown in

Fig. VIL.E.14b.

Loading
Vertical load (1 &N) at the tip of the beam (z=1600mm) is applied at the center of the top

flange in Z direction as shown in Fig. VLE.16.

294



Appendix VI.F-Eigenvalues Corresponding to Higher
Modes

The eigenvalue corresponding to first mode is the one needed to obtain the buckling load
factor for practical purposes. In this appendix, however, the eigenvalues corresponding to
the higher modes on BECE, BECES, ABAQUS solutions and results available in
literature are presented. The comparison of higher buckling modes provides a stricter test
to show the validity of the new solution. It can also be observed that for highér modes,
the effect of shear deformation becomes more significant. The first five eigenvalue
predictions are provided for the examples. For Example 6.6, no closed form solution
exists for buckling mode shapes and in ABAQUS model the analysis has been pursued
until the 30" mode and all of the higher modes contain local buckling effect, thus a

comparison could not be made.

Example V1.1 Flexural and Torsional Buckling of Simply-Supported
column

Table VLF.1 Third mode for Example V1.1

“EZ& L ABAQUS !Closed form| BECE BECES
> L=2000mm—oT" (KN) (KN) (kN) (kN)
Mode 3- strong axis bending *

I 35,500 43,425 43,426 34,584
W Ay

*Flexural buckling solutions about strong axis with BECE and BECES are obtained by

rotating the cross-section 90 degrees about its longitudinal axis.

Until the 30th mode the rest of the modes involve local buckling in ABAQUS model. 3
Deformed shape in a local buckling mode is shown in Fig. VLF.1. Comparison of the

higher modes is made with closed form solutions in which the shear deformation effect is

not included.
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Fig. VLF.1 3 D deformed shape in a local buckling mode based on ABAQUS analysis

Table VI.F.2 Fourth and fifth modes for Example VI.1

_EA Aﬁ_ Closed form BECE BECES
y - L=2000 N 7 (kN) (kN) (kN)
Mode 4- weak axis bending
i =N I_; Au 52,633 52,638 47,696
b i
Mode 5- torsion
55,850 55,881 51,255

— =y VY
— °

Example V1.2 Effect of Boundary Conditions on Column Flexural

Buckling
Table VL.F.3 Higher modes for Example V1.2 Casel
3 . ~— ABAQUS BECE BECES
- (kN) (kN) (kN)
Mode 2- weak axis bending
. Z:\/ — IJ@ Au 4,910 4,973 4,922
lx U Y
Mode 3- strong axis bending *
Lz X 5,410 5,552 5,343
\_—/'
l 3,Av YAV
Mode 4- torsion
e o 9,270 9,695 9,544
I — v
Ap
Mode 5- weak axis bending
Z T x, Au
I__,\_/ s I, 9,720 9,908 9,713
X, Au Y
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Table VI.F.4 Higher modes for Example V1.2 Case2

1 F ABAQUS BECE BECES
: (kN) (kN) (kN)

Mode 2- strong axis bending *

ly,z.\v \I’ 679 679 676

Mode 3- weak axis bending
1,830 1,851 1,844

A / x,Au
—_—
l x,Au %

Mode 4- weak axis bending

-

z PN I,x,Au 5,070 5,140 5,089
¥x,Au \ Y

Mode 5- strong axis bending
5,950 6,107 5,891

X
Tm— %,

Example V1.3 Lateral Torsional Buckling of Beams with doubly
symmetric cross-section

Table VI.F.5 Higher modes for Example V1.3 Casel

> /ﬁfx A{‘) ABAQUS BECE BECES
X A (KNm) (KNm) (KNm)
Mode 2 flexure and torsion
sl Ex,Au
A——— -274 -285 -283
. :Z IA¢
g
Mode 3 flexure and torsion
" VZ TN x,Au
Iy 7 612 635 628
N4 — T EA¢
ap
Mode 4 flexure and torsion
-~ — x,Au
bk 5 617 635 628
= — (v
tag
Mode 5 flexure and torsion
P =N e JC,AH
lx,&u Y
o~
- YA
W By 1,070 1,096 1,079
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Table VI.F.6 Higher modes for Example VI.3 Case2

> f‘_/fx 0. 5"‘{«) ABAQUS BECE BECES
Cx 7y (KNm) (kKNm) (kNm)
Mode 2 flexure and torsion
Lz x,Au
IW % -361 -375 -371
. A
b
Mode 3 flexure and torsion
. Z X, AU
G/ I;' 820 849 840
!
Mode 4 flexure and torsion
— I},Au
i3
lx, Au y -825 -849 -840
N T
Ag
Mode 5 flexure and torsion
PN . =x,Au
| 5 1,440 1,473 1,449
K\ e
l Z N—— 'EM
A

Table VI.F.7 Higher modes for Example V1.3 Case3

» M, . ABAQUS BECE BECES
(X A (KNm) (KNm) (kNm)
Mode 2 flexure and torsion N
4 X, AU
W—/% -492 -512 -505

. Z E A ¢
Y

Mode 3 flexure and torsion

s . = X,Au
oh——" 5 1,220 1,263 1,242
Ii <y §A¢
Ag
Mode 4 flexure and torsion
K_\ x,Au
lx,rAu —~— -1,230 -1,263 -1,242

%
=z \\_/-EM
Lag
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Mode 5 flexure and torsion

,/\ A
+y

2,230 2,290 2,236
A¢
Table VL.F.8 Higher modes for Example V1.3 Case4 _
C {’f 0.5 "" ABAQUS BECE BECES
X 2 (kNm) (KNm) (kNm)
Mode 2 flexure and torsion
Z x,Au
Py Ij; -659 -689 -682
R——
Ag
Mode 3 flexure and torsion
-4 P N _’x,Au
1}/ > 1,810 1,881 1,846
x, Au -
N
Ag
Mode 4 flexure and torsion
A’_\ ' x,Au
l > e .
% Y -1,820 -1,881 -1,846
l - —e (VA
Ag
Mode 5 flexure and torsion
M x,Au
> ¢ ’ 2,860 3.047
Fone Ijv , , 2,944
z
l/:\ — [ AY
Ag
Table VI.F.9 Higher modes for Example V1.3 Case5
(r M, ZD ABAQUS BECE BECES
WX (kNm) (KNm) (kNm)
Mode 2 flexure and torsion '
R ;Z /"\: x,Au
Ve 717 -752 -744

y
WEA¢
A
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Mode 3 flexure and torsion

Lz x,Au

Z /—\'I‘A¢

Ias

1,090

1,158

1,135

Mode 4 flexure and torsion
7~ =rxAu
5

lx, Au

l/E = 44
AP

-1,090

-1,158

-1,135

Mode 5 flexure and torsion

- AN T X Au
= 5

2,580

2,678

2,608

Example VI. 4 Lateral Torsional Buckling of a fixed-pinned beam
under uniform moment(L=4000mm)

Table VLF.10 Higher modes for Example V1.4

L‘Mx

- =

Trahair
(kNm)

BECE
(kNm)

BECES
(kNm)

Mode 2 flexure and torsion
Z x,Au

lx ‘Au —— %

lA; — &

-1,032

-1,029

-1,013

Mode 3 flexure and torsion

x,Au

1x,Au — y

lAj/——\\) i

2,402

2,391

2,303

Mode 4 flexure and torsion

w /‘\'I}:Au
Var—or" >

—r Pratin Ap

-2,402

-2,391

-2,303

Mode 5 flexure and torsion

4,396

4,377

4,069
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Example VI.5 Lateral Torsional Buckling of a cantilever under uniform
moment (L=4000mm)

Table VLF.11 Higher modes for Example V1.5

M, ABAQUS BECE BECES
g ‘.) (kNm) (kNm) (kNm)

Mode 2 flexure and torsion

R~ _ x,Au

lvaw T~ 271, -285 -283
.z . o Ty Ad

lA;zS \

Mode 3 flexure and torsion

DTEA 057 1,102 1,085

Yag

Mode 4 flexure and torsion

I;Zu\_/' ol 1,060 | -1,102 | -1,085

z x,Au
%A \I 2,350 2459 | 2371

I:;\/. XEM_}

Example V1.6 Load Position Effect for a Cantilever under transverse
load (L=4000mm)

Table VI.F.12 Higher modes tor Example V1.6 Casel

(kN) (kN) (kN)

IR

P P ABAQUS BECE BECES
+ 100m [
S.

Mode 2 ﬂexure_: and torsion

x,Au
Py Iy 92.8 -95.5 93.8
I'/\"EM |
Ap :
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Mode 3 flexure and torsion

A

190

201

196

Mode 4 flexure and torsion

A —

N

o

-257

-265

-257

Mode 5 flexure and torsion
Z x,Au

j,x,N' y

. TN
= &

357

380

366

Table VLF.13 ngher modes for Example V1.6 Case2

| Vool

ABAQUS
(kN)

BECE
(kN)

BECES
(kN)

Mode 2 flexure and torsion
/ x,Au
%
Do
Ls

82

85

83

Mode 3 flexure and torsion
;z/— ?,Au

Ix,Au
— N

lAq; ~_ (XY

234

-243

-237

Mode 4 flexure and torsion

235

243

237

Mode 5 flexure and torsion

. Z/—\—/ I’x Au
e ___

-435

-461

-439
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Note that the higher modes for bottom flange loadings can be obtained by changing the

signs of the top flange loading case

Example VI.7 Lateral torsional buckling of mono-symmetric beams
under uniform moment (L=4000mm)

Table VI.F.14 Higher modes for Example V1.7

o A{«D ABAQUS | BECE | BECES
. A &Nm) | (Nm) | (Nm)

Mode2 flexure and torsion

sz T XxAu
I 359 390 382
x, Au Y
\ag =&

Mode3 flexure and torsion

X, U
%————-’/zﬁ -491 -508 502
N—‘/?Eé

Moded flexure and torsion

P —, T XAu

bode 7 492 534 524
e = Jray

Iag

Modes5 flexure and torsion
L Z TN N5 Au

m ~ 651 708 692
@\ /\\_/'TA¢
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Example V1.8 Lateral torsional buckling of mono-symmetric beams
under mid-span load (L=4000mm)

Table VLF.15 Higher modes for Example VI.8

P + ‘ ABAQUS | BECE BECES
x 5 W) | )| )
Mode 2 flexure and torsion
- — x,Au
IS 5 3,074 3,486 3411
N3 — fiag
Ag
Mode 3 flexure and torsion
-z ~rT.xAu
lxAu v 3,470 3,650 2,781
I e
Ag
Mode 4 flexure and torsion
> /"‘"\; X, Au
N3 6,917 8,135 6,054
I TN
l\'»-—/ \/TM
Ap
Mode 4 flexure and torsion
C\_ x,Au
bx £ " 11,444 | 13819 | 12,577
. 2N
lWAV v TM
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Appendix VI.G - Lower Bound Condition for Eigenvalue
Predictions in Torsional Buckling of Columns
The flexural buckling load based on the element BECE is equivalent to Timoshenko’s

quotient (Westergaard 1941). Thus, the approximate buckling load obtained by
interpolating only the displacement field into the complementary functional is always an
upper bound to true buckling load since the interpolated displacement field can be
conceived as a constraint displacement applied to the true field (Timoshenko 1961). This
directly results from the min-max principle (Courant and Hilbert 1953) which states that
when a constraint condition is applied to a buckling problem, the eigenvalue of the
problem after imposition of the constraint will increase (or at least will not decrease)
compared to the unconstrained system. A formal proof of the upper bound property of the
eigenvalue and the superior convergence of Timoshenko’s quotient in comparison to

solutions based on total potential energy were reported in Lang (1947).

On the other hand, when the buckling mode involves torsional behavior (e.g., torsional
buckling of columns, torsional flexural buckling of columns, or lateral torsional buckling
of beams) element BECE can provide a lower bound prediction of the buckling load. The
objective of this Appendix is to show that, in contrast to the assured upper bound
solutions in flexural buckling modes, it is possible to obtain a lower bound solution for
torsional buckling modes as a result of the independent interpolation of the St. Venant

twisting moment due to buckling AT, . The proof is provided for the simple case a

simply supported column with a doubly symmetric cross-section undergoing torsional

buckling under concentric axial loading. In order to further simplify the argument, the

contribution of shear is omitted from the proof.
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The second variation of the complementary energy functional consists of the external

load potential W* and the internal strain energy U* due to buckling i.e.,

Sk = —AW* 1+ APU* VI.G(1)
In Eq. VI.G(1), symbol 1 represents the buckling load factor. At the buckling load, the

variation of the second variation of the potential energy vanishes i.e,
8(8°m*)=—ASW *+A°6U*=0, or SW*-25U*=0. By defining a quotient as

A, =W*[U*, one can show that when A, is stationary, the quotient A, is equal to the

buckling load factor 4.

(U SW*-w* sU*)  (5W* -2, 8U*
&T:o:aﬂf—:( a ) (&4, 3ur) VLG(2)
U* U* U*

Thus, when A, =1, Eq. VI.G(2) is satisfied. Hence, A. can be conceived as a scalar that
coinciding with the buckling load factor A4, only when it has a stationary value. By
replacing tensile force with a compressive force in Eq. (V1.54) i.e., P=—-N and selecting
an orthogonal system of coordinates in which the sectorial origin and the shear center

coincide with the centroid ie., a,=a,=0 and 7, =r,, the second variation of the

complementary energy functional corresponding to a pure torsional buckling mode (i.e.,
u=M, =V, =0) for a member with a doubly symmetric cross-section can be expressed

as

8*m*=—A |(Pr)ag, ) dz+ A} j( fBz + AZTWZ ]dz VL.G(3)
; N A2ES,,  A%GJ,

From Egs. VI.G(1) and VI.G(3), quotient 4. can be expressed as
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P (ag,) dz

ABZL NE VI.G(4)
TEL. WG )
L ww d

Ay =

The compatibility equations in Eq. (V1.61) are exactly satisfied when the functions ¢, ,

AB, and AT, associated with the m™ buckling mode meet the conditions

AB
ag DB g VLG(5
¢Zm E,Jma) ( )
and
AT.
Ap, '+—22 =0 VI.G(6
¢Zm GJd ( )

By using the equilibrium condition in Eq. (V1.45) for mode m, one obtains

svm

AB, =AB,, +AT, z— A, Pr,'A,, — [AT,,,dz VI.G(7)

By substituting Eq. VI.G(7) into Eq. VI.G(5) one obtains

ABam + ATamZ _/’{’mProzA(éZm - J‘ATsvde
EJ

()

A¢Zm "::

VLG(8)

From the identity [Ad,,' Ady,'dz = Ag,, Ay, |, ~ [Ad,,Ad,,"dz , along with Egs. VL.G(6)
L L

and VI.G(8) and the boundary conditions Ag, (0)=Ag, (L)=0 for a simply supported

column, one obtains

Pr} GJ AB, +AT, z
AS, 'Ap, 'z =2 —2-5 ——4L5 — —an___an_ . VI.G(9
J ¢Zm ¢Zn Z n EJmm mn E me mn JMZm[ E wa } 74 ( )

In Eq. VILG(9), symbol ¢, represents the Kronecker delta function. In obtaining Eq.

VI.G(9), it has been assumed that the eigenvectors have been scaled so that
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[Ady 18,2 =5, VLG(10)
L

An assumed interpolation rotation field A¢, and St.Venant torsion field AT, can be

expressed as a superposition of the buckling modes. The existence of such a

representation is assured when the Fourier transformability conditions are satisfied i.e., a)

functions A¢, and AT, are piecewise continuous on every finite interval, and b)

functions Ag, and AT, are integrable with respect to z. Under these conditions, one can

write

A, = ZamA;ﬁZm VI.G(11)
m=1

AT, =-GJ, Y b,Ap,, VLG(12)

m=1

In Egs. VI.G(11) and VI.G(12), a, and b, are Fourier constants which represent the
weighting of the associated mode Ag,, or Agd,,' in interpolation functions Ag, and

AT,,. By enforcing the boundary conditions Ag,, (0)=AB, (0)=Ag,, (L)=AB, (L)=0

into Eq. VI.G(7) one obtains

AB, = jAdezlo VLG(13)
and
1 L .
AT, =7 [AT,,dz VL.G(14)
0

From Eq. VI.G(6), by substituting into Eqgs. VI.G(13) and VI.G(14) one obtains

ABam = GJdA¢Zm (O) = O VIG(IS)
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and

(0)- Ay, (L)]=0 VI.G(16)

By substituting Eqgs. VI.G(16) and VI.G(15) into Eq. VI.G(9), one obtains

Pr02 P GJ,

» 5, VLG(17)
EJ EJ,,

[210])

IA¢an' A¢Zn|dz = ﬂ’n
L
From Egs. VI.G(7), VI.G(11) and VI.G(12) into Eq. VI.G(4) one obtains

P r02 jz z am an ¢Zm' ¢Zn 'dZ

1 m=l n=1

AT =
1 2 m
lj{{ E Jmm [ PrO Z am¢Zm + GJ Z ﬂ, ¢Zm) GJ ZZ ¢Zﬂ1 ¢Zn }dz

m=1 ‘Y4 m= ln—l

VL.G(18)

From Egs. VI.G(10) and VI.G(17), by substituting into Eq. VI.G(18) one obtains

Pr? & GJ, <
Pr}| =0 Aa’——2=2Yqg?
0 [EJ z mm EJ Z m

wa m=1 oo m=1

i = : : VL.G(19)
1 b, G, < by
{EJM mZ;(Prozam -GJ, z’;j + EJ:,,, ;(ﬂmpr(f_ GJd)(Zj }
In Eq. VI.G(19) the
relat1onszz Sl B [ A X0 [ 2 )=z (b,,/4 ) Zz5mnanzan“i a,’ and
m=1 n=l m=1 n=1 m=1

e

i[Prozam——GJ (B A ][Pro a,-GJ (b,/ 2, ] nm—i[Prozam—GJ (b [ 2 )]2 were
m=1 ‘

n=1

I
—_

m

used. By eliminating the multiplier EJ_, in Eq. VI.G(19), expanding the first term in the

denominator and performing several simplifications, one obtains
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Pr, Z ., GJdianf

Ay = e VL.G(20)
Prt a, -2GJ e GJ —m_
& Z Za PR Iy

By dividing the numerator and the denominator of equation VI.G(20) by

a’ (Pro2 -GJ,/ 21) in which /4, is the load factor corresponding to the first buckling

mode i.e., 4, = [GJ L +nEJ [T ] / (Proz) , Eq. VI.G(20) can be expressed as

A, =z1(1+‘9‘j | VLG(1)

I+eg,

in which

Prozz m m (;‘]di:am2
=2

m=2

= LE VLG(22
a7 o’ (AP} -GJ,) 2)
and

AProziam2+GJ[ b) 242% +/%Z m }
82 - m=2 m=2 n m—2 VIG(23)

&' (4 Pr} ~GJ,)

One can show that the condition (1+¢,)> 0 is always satisfied. Thus by substituting the

relation 4, Pr,> =GJ, +7°EJ,, /I’ into Eq. VI.G(23) one obtains

2
EJﬂ’wZa +GJ 2( -24a, +,11 b )
1 mel VL.G(24
( +82) ) ”2Eme G( )
al L2

By using the relation A, > 4, in Eq. VI.G(24), one obtains
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7 E > a,’+GJ Z (a, —b)

r
I+g,)2 el nei o >0 VIL.G.(25
(1+2,) i ©3)

a
1
LZ

From Eq. VIL.G(21), since (1+¢,) is always positive, one can verify that when &, > 5,
one obtains A, < 4,. Thus, for the approximate load factor A, to be smaller than the load

factor corresponding to the first torsional buckling mode A,, one must have

/?.lProzzam +GJ {(a1 b) MZ O +qu }Pro Z a, GJdiam2 V1.G(26)

m=2 m=2 m m= 2 m=2

For example, the condition in Eq. VI.G(26) is met when the assumed rotation field Ag, is
chosen equal to the eigenvector of the first buckling mode ie., A, =aAd,, i

€.,

a, =a, =..a, =0 and the assumed St. Venant torsion field AT, is chosen to have the

more general expression AT, =-GJ demAgzﬁZm'. In this case, by considering that

m=1

GJ, >0, one can show that the inequality in Eq. VI.G(26) reduces to the condition

0 2
(a,-b) + 212%'"— >0 VL.G(27)
which is met for any combination of b, constants. For the special case where the
assumed rotation field is Ag, =a,Ad,, and the assumed St.Venant torsion field is

AT, =-GJ,aAp,,', Eq. VI.G(20) gives A, =4,, as expected and Eqgs. VI.G(22) and

VI.G(23) can be shown to lead to the conditions ¢, =0and ¢, =0.
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When the contribution of the St.Venant torsion is omitted i.e., GJ, =0, the buckling load
factor corresponding to the first torsional buckling mode is obtained by using the formula

A =(n"EJ,,)/(Pr’[*) (Bazant 1991). In this case, Bq. VL.G(26) is never satisfied for

any assumed rotation field Ag, = ZamA¢Zm . Thus the eigenvalues predicted by setting

m=1

GJ, =0 are always upper bounds to the load factor obtained by using the formula i.e.,
A =(n"EJ,,) / (Pr’I*) which is a lower value than the true buckling load obtained by

using the formula ie., 4 :[GJ L +mET,, Lz] / (Proz). This is numerically illustrated

and confirmed in Example V1.1 Table VL.3.
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Appendix VI.H - Obtaining Buckling Mode Shapes

This appendix describes the procedures used to obtain the deformed shapes

corresponding to buckling loads.

Step 1. The nodal values of the buckling mode shapes of elements BECE and BECES are

obtained as from the eigenvector solution of Eq. (V1.126).

Step 2. The nodal displacement and rotation values extracted for the eigenvectors in

Stepl are interpolated by using Hermitian polynomials.

The mode shape predictions obtained in this manner are in very good agreement with the

conventional finite element solutions in Trahair (1993) and the ABAQUS shell model for
the case of uniform moments i.e., ¥ =0 (For instance, this is the case in Fig. VI.18 of

Example V1.3 Case 1 in Table VL.7).

However, when the loading condition causes moment gradient i.e., Vy" # 0, although the

buckling load predictions and the mode shape prediction for angle of twist are in very
good agreement with those based on Trahair (1993) and ABAQUS results, the initial

mode shape predictions for lateral displacements are rather poor (Fig. VL.H.1). This is

possibly a result of the field identity AVAu'(z) =0 (Eq. VI.C10) which naturally arose

from the assumptions of the formulation. This field identity implies a constant lateral

displacement field, which is in contradiction with the assumed cubic displacement field.

The mode shape predictions can be refined through the following additional steps
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Step 3. The interpolated displacement field obtained in step 2 above is substituted into
equilibrium equations i.e., (Egs. (VL41) and (VL.44)) which are then solved for the
internal stress resultant fields. Note that the integration in Egs. (V1.41) and (VI1.44)

constants can be also obtained from the displacement field by using the inter-element

continuity and force boundary conditions.

Step 4. From the internal stress resultant fields obtained in Step 3, by substituting into the
compatibility relations (Eq. (V1.57)) another set of displacement fields are obtained.
Indeed, under the corrective scheme proposed in Steps 3 and 4, very good agreement with

ABAQUS mode shapes is observed (e.g., Ex. V1.4, V1.6, V1.8 and V1.9).

The four step procedure of the corrective scheme is illustrated for Example 6 in which the

load is applied at the top flange of the cantilever (Table VI.11 Case 1). In Step 1, the

nodal displacements Adygy =(0 | Adr>T

Lay are obtained from the eigenvector Ad, in

Eq. (V1.126). By following Step 2, the lateral displacement and angle of twist for the first

mode are obtained as given in Fig. VI.LH.1 a and b respectively.

IS "
03 0.00E+00
0.25 0l5 0.f5 1

£ 0.25
E -5.00E-04
8§ o2 5
a
% 015 %-1 .00E-03
© 2
g 2
E o1 / ® 150E-03

0.05

. 200808 e
0 0.25 0.5 0.75 1
ziL -2.50E-03
a-Lateral displacement b-Angle of twist

Fig. VI.H.1 Buckling Mode for Case 1 in Table VI.11
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In Step 3, the internal stress resultant filed is obtained by using the discretized form of the

equilibrium conditions. Thus, the nodal displacement vector Adyg,y, 1S substituted into
Eq. (V1.122) to solve for the vector of independent torsional constants At,, , and the

moment and bimoment constants Afy,, -

G G G
Bt 2lbxrbAtbtbxl + BtfztbxshAth:hxl = _Btdztbx4NAdNG 4ANx1 VIH(]-)

GaT G2 G
BtfthxtbAtbtbxl +B; xhxshAthshxl = "dexhwadNwal VIL.H(2)

Because of the torsional continuity condition, all of the components are equal for this
single span problem i.e., AT = AT (i =1,16) . Since the boundary condition for the last

element is AT"® =0, all of the components of vector At,,, vanish. Thus, from Egs.

VLH(1) and VI.H(2), one obtains

B? zshxshAthshxl = —Bglzshx4NAdNG4Nx1 VLH(3)

From Eq. VILH@3) one obtains the vectorAfy,,,, which can be written as
Afyl = <ABS) ABS)...ABSQ> since the moment integration constants AM3) to AM (Y
are eliminated due to the shear continuity condition, constants AMY, AB{" are
eliminated due to free rotation and warping condition, and the constant AM ;2 is

eliminated due to free translation condition. Note that, from the nodal displacement
vector Adyg,y, One can easily obtains the element nodal displacement vectors Ad%

N 8xi *

From the free rotation and warping conditions, similar to Eqs. (VI.107) and (V1.108),

constants AMY" and ABY” can be recovered as
ya @

AMUD= Al NP0, + (MO —a, N7\ gy, | - VIH®
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ABY= 4 [( MO _g Npas)) Au,, +( NP9y 21 P09 g2 NP“‘S))A(;}Z”] VIH(5)
From the free translation condition, in a manner similar to Eq. (VI.110) constant AM ;,a

can be recovered as

AM D= A= 1 [_ N#Opy 4 ( M?209 g N?09 ) A¢zx7] VLH(6)

ya ya

From the shear continuity condition, constants AM, to AM,; canbe recovered.

J J
Lr N I
AM}(,Q - AMSDE —Z _‘_AME’Z) _Z___ VIL.H(7)
L L

v

From the element nodal displacement vectors Ad{,, , by substituting into relations
Au(z) = Hz), ,Aul),  and AF(z) = H(z)., A0, , one obtains the displacement field
Au®(z) and rotation field AP (z) for element i. By substituting these fields and the
integration constants AT, AMSOZ and ABY obtained from Eqs. VL.H(1) through
VLH(7) into Eqgs. (VI.90) and (VI.91), one obtains the internal moment AM ; and
bimoment AB® fields due to buckling for each element i (i=1,16). From the fields

AM'? and ABY for each element one can plot the internal stress resultant fields AM,

and AB of the beam as shown in Fig. VI.LH.2 a and b respectively.
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From Eq. (V1.58), by using the internal stress resultant fields AM, and AB, one obtains

the second derivative of the lateral displacement and angle of twist fields due to buckling

as
1 a1 1 a1
Aus— (M, AB)D, {0} + 5<—AMy " AB"Y {o} =0 VLH(8)
and
v, 1 4 )01 ; Aot )0
A, +7§<AMy AB)DrZXz{l}—5<—AMy AB>XM{1}=O VLH(9)

By performing numerical integration twice on Eqgs. VLH(8) and VIH(9) using
thetrapezoidal rule of integration, one obtains the lateral displacement and angle of twist
fields in terms of two integration constants for each equation. The integration constants
are determined from the boundary conditions i.e., u{0)=u"(0)=¢(0)=¢'(0)=0. Thus,
the lateral displacement and angle of twist predictions are obtained as shown in Fig.

VI1.28 a and b respectively. The deformed shapes presented in Figs. V1.16 through V1.35

are obtained by applying a similar procedure for each problem.
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One should consider that in the proposed finite element method, by interpolating the
displacement fields (i.e., u and ¢) the internal stress resultant field is interpolated only
indirectly. As a result of enforcing the variational principle one determineé the internal
stress resultant field. The displacement field can than be obtained from the internal stress
resultant field through the compatibility equations. This procedure is just the opposite of
that based on total potential energy, in which one determines the displacement field as a

result of the variational principle and the internal stress resultant field through the

equilibrium equations by using the displacement field.
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Chapter VI List of symbols
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(tb+sh+4 N)x(th+sh+4N)

KE4Nx4N

K

GA4ANx4N

C

C2><2

Can-1xa > €2 28 > Catxs

€ pxan » Cssxsn > Cosxan

cross-sectional area;

pole (Fig. V1.4);

coordinates of arbitrary pole 4, (Figs. VL4b);
functions to relate stress resultant functions to constant
component of Jaumann stress;

element elastic matrix;

globale elastic matrix after imposing moment and
bimoment continuity conditions;

global elastic matrix after imposing moment and

bimoment, shear force, torsion continuity and force

boundary conditions;

global elastic ‘stiffness matrix after static condensation;
global geometric stiffness matrix;

Centroid;

matrix due to external loading;

matrix of constraint conditions to impose inter-element

stress resultant continuity;

matrix of constraint conditions to impose inter-element

stress resultant continuity;
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c7a><4!l7

D4x4

Dr2x2

dl

dL;

o

©}

i

matrix of constraint conditions to impose inter-element
stress resultant continuity;
matrix of cross-sectional properties;

reduced matrix of cross-sectional properties;

first Piola-Kirchoff stress tensor;

un-deformed length for an infinitesimal element along the
principal direction;

deformed length for an infinitesimal element along the
principal direction;

unit vectors along the principal strain directions of the un-
deformed parallelepiped;

unit vectors along the principal strain directions of the un-

deformed parallelepiped;

forces acting on the surfaces of infinitesimal parallelepiped
(Fig. V1.3);

modulus of elasticity;

deformation gradient tensor;

shear modulus;

vector of Hermitian polynomials;

normal distance between pole and the tangent to mid-

surface;

328



Iy,

Jd

L(i)
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Kgl 4x4 > ng 4x4

N

NP’ VPP TP, TP , TP

x’y’

MM,

S.C

X3 y>3"w

sh

J oy

I

unit vectors along X,Y and Z directions;

St. Venant’s torsional constant;

length of finite element (7);

section moments of inertia and products of inertia;
St. Venant’s torsional constant;

second moment of the sectorial coordinate;

geometric stiffness matrix;

components of geometric stiffness matrix;
Number of nodes;

stress resultant functions in prebuckling analysis;
stress resultant functions in prebuckling analysis;
Origin;

rigid body rotation tensor;

coordinate normal to the section mid surface (Fig. VL.5);

radius of gyration in non-orthogonal coordinates;

curvilinear coordinate along mid surface (Fig. V1.4,
Fig. VL5);
sectorial origin (Figs. V1.4);

Shear Center;

first moments of area of coordinates x, y, and o ;

Number associated with the bending and bimoment
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“th
Us, Vs, Ws
U *

u(2)v(z)

u.(s,z),v,(s,z)

X, V,Z

XY,Z

boundary conditions and number of elements;
thickness of the thin-wall segment (Fig. V1.5);
total twisting moment;

St.Venant torsion (Fig. VI1.4),

warping torsion (Fig. V1.4);

Number associated with the torsional boundary
conditions and number of elements;

displacement fields along X, Y and Z directions;

complementary strain energy;

displacements along x, y directions of arbitrary pole (Fig.
V1.4a);

horizontal and vertical displacements of arbitrary point B,

located on section mid-surface (Fig. V1.4a);
volume of element;

Wagner stress resultant;

Internal strain energy density;

material coordinates of a point (Figs. VL.1);

spatial coordinates of a point (Figs. VI.1);

angle between the tangent to the contour and the x axis;
mono-symmetry property in non-orthogonal coordinates;
right extensional strain;

vector of nodal displacements of element i;
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Af

Nmsxl

Af,
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AN, AV, AV,

AT,AT,, AT, M, M,
At}
At NG

(N1l

At

raxl

At btbxl

vector of moment and bimoment integration constants of
element i;

global vector of moment and bimoment integration

constants after imposing moment and bimoment continuity

conditions i;

vector of moment and bimoment integration constants after
imposing shear force continuity conditions;

vector of moment and bimoment integration constants after

imposing shear force continuity and moment and bimoment

force boundary conditions;
vector of moment and bimoment integration constants after

imposing shear force continuity and all theforce boundary

conditions;

stress resultant increments due to buckling;
stress resultant increments due to buckling;
vector of torsional constant of element 7;
vector of torsional constant after assamblage;

vector of torsional constant after imposing torsion
continuity condition;
vector of torsional constant after imposing torsion

continuity and torsion boundary condition;
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Eij
Eimj
Ox>Py> 02

Yis 72

A

X2x2

displacements increments due to buckling along x, y
directions of arbitrary pole;

right extensional strain tensor;

permutation symbol;

rotation vector components about X, Y and Z directions;
angles due to shear deformation in Fig. VIA.1.b;
buckling load factor;

matrix associated with the distribution of shear stress on
the cross-section;

Poisson’s ratio;

total complementary energy;

Jaumann stress tensor;

constant component of Jaumann stress along the thickness;
vanishing component of Jaumann stress (Fig. V1.5);
Jaumann stress due to St.Venant torsion (Fig. V1.5);

sectorial area (Figs. V1.4b);
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Figure VIE.9- Nodes defining straight lines for MPC type SLIDER constraint for

Example V1.6

Figure VIE.10- Fixed end boundary condition in ABAQUS model for C shape cross-

section
Figure VIE.11- Vertical Loads in Example V1.6
Figure VIE.12- ABAQUS mesh for Example VL.7

Figure VIE.13- Nodes defining straight lines for MPC type SLIDER constraint for

Examples V1.7, V1.8 and VI.9
Figure VIE.14- Simply supported boundary conditions for a mono-symmetric section
Figure VIE.15- Bending moments applied to a Mono-symmetric section

Figure VIE.16- Vertical load (1kN) applied at the top flange
Figure VIE.17- ABAQUS mesh for Example 9

Figure VIE.18 Fixed end boundary condition in ABAQUS model for Mono-symmetric

section

Figure VI.LF.1 3 D deformed shape in a local buckling mode

339



Figure VIH.1 Buckling Mode for the first problem in Table VI.11 Case a a) lateral

displacement and b) angle of twist

Figure VIH.2 Increments in force fields due to buckling for the first problem in Table 11

Fig. VI.H.2 Buckling Mode for Case 1 in Table VI.11
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CHAPTER VII
SUMMARY AND RECOMMENDATIONS FOR FUTURE WORK

In this chapter, the contributions made in this thesis are summarized. Recommendations

for future work are also presented.

Summary

In Chapters II, III and IV, a general non-orthogonal solution scheme for the Vlasov thin-

walled beam theory was developed.

In Chapter II, three finite elements were derived. Element NOVEE14 provides exact
nodal values under the limitations of the Vlasov theory. Element NOVEC14 is suitable

for modeling short elements while element NOVEL12 is suitable for modeling long

elements.

In Chapter III, the advantages and modeling capabilities of the formulation were
presented through four examples. It was shown that the new finite element solution is
effective in seamlessly modeling members with stepwise cross-sectional changes,

rectangular holes and longitudinal stiffeners, and eccentric supports.

- In Chapter IV, expressions for normal and shear stresses in terms of stress resultants were
developed for a general open thin-walled section based on non-orthogonal coordinate

system. These expressions complement the finite element solutions derived in Chapter IL

In Chapter V, the shear deformation effect due to warping was included in torsional

analysis of thin-walled beams and the field equation and boundary conditions were
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developed based on the principle of complementary energy. Two finite elements were
developed, which capture shear deformation effects. Element THE4 yields nodal
displacements in exact agreement with the closed form solution of the differential
equations based on the developed theory. Element TLE4 provides lower bound solutions
and converges to THE4 results when a refined mesh is adopted. For squat beams, shear

deformation effects were shown to gain significance.

In Chapter VI, the buckling equilibrium equations for open section thin-walled members
were obtained in terms of the stress resultants and displacement field based on the stress
expressions of the Vlasov thin-walled beam theory. Field equations and boundary
conditions based on a general non-orthogonal system of coordinates were derived by
using the complementary energy principle. Two finite elements Wére developed for the
buckling analysis of members with symmetric and mono-symmetric sections. In element
BECE, the shear deformation effect is omitted whereas in element BECES, it is included.
The validity of the new solution in predicting buckling loads of columns in flexural and
torsional buckling modes and beams in lateral torsional buckling modes were
demonstrated through comparisons to established solutions for a wide number of
problems. The load position effect was suc'cessfully captured by adopting non-orthogonal

coordinate systems. It was shown that omitting shear deformation effect significantly

overestimates buckling load predictions in some cases.
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Recommendations for Future Research

a)

b)

d)

Several researchers (e.g., ref. V.2 and V.10) have modified the Vlasov theory to
incorporate shear deformation effects. All solutions developed adopt displacement
based variational solutions under orthogonal coordinates. To the author’s
knowledge there were no attempts to develop solutions for these advanced
theories under non-orthogonal coordinates. The methodology developed in
Chapter II could be extended to these advanced theories, with similar modeling
advantages as those presented in Chapter III.

The complementary energy based solution adopted in Chapter V can be
generalized to include the flexural behavior of the thin-walled members, by
including the additional internal stresses induced by biaxial bending moments,
biaxial shear and axial forces. Finite element formulation can be developed for the
static analysis of thin-walled members either under orthogonal or non-orthogonal
coordinates, which includes shear deformation effects.

Dynamic effects can be included in the virtual work expression in Chapter II or in
the complementary energy expression in Chapter V to extend the finite element
solutions to the vibration analysis of thin-walled members.

Distributed member load effects can be incorporated into the developments of
Chapter VL

The formulations in Chapters II, V and VI were applied for one dimensional
structures. Extended applications of the new solutions to 2D structures can be
achieved by developing suitable interfacing finite elements between non co-linear

elements which model the elastic behaviour of connections.
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f)

g)

A Hybrid element can be developed from the complementary energy functional
for the buckling analysis of thin walled beams in which the force degrees of
freedom are eliminated prior to assemblage, so that the assemblage process can be
simplified which may be more suitable for assembling 3D structures.

It was noticed that the solutions of elements BECE and BECES can either
underestimate or overestimate the buckling load (as predicted by closed form
solutions or other established solutions). This is in contrast to displacement based
formulations which always tend to overestimate buckling loads. A mathematical
proof has been developed demonstrating that the eigenvalue predictions for
torsional column buckling under BECE formulation can be a lower bound. It is of
interest to possibly generalize the developments to describe the set of conditions
under which this will be the case for beams or beam columns subject to lateral

torsional buckling.
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