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Abstract

Associated to a split, semisimple linear algebraic group G is a group of invariant
quadratic forms, which we denote Q(G). Namely, Q(G) is the group of quadratic
forms in characters of a maximal torus which are fixed with respect to the action
of the Weyl group of G. We compute Q(G) for various examples of products of the
special linear, special orthogonal, and symplectic groups as well as for quotients of
those examples by central subgroups. Homomorphisms between these linear algebraic
groups induce homomorphisms between their groups of invariant quadratic forms.
Since the linear algebraic groups are semisimple, Q(G) is isomorphic to Z™ for some n,
and so the induced maps can be described by a set of integers called Rost multipliers.
We consider various cases of the Kronecker tensor product map between copies of
the special linear, special orthogonal, and symplectic groups. We compute the Rost
multipliers of the induced map in these examples, ultimately concluding that the Rost
multipliers depend only on the dimensions of the underlying vector spaces.
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Dedications

To root systems - You made it all worth Weyl.
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Preface

In this thesis we study certain invariant quadratic forms associated to split semisimple
linear algebraic groups. In particular, we study quadratic forms in characters of a split
maximal torus which are invariant under the action of the Weyl group. These invari-
ants have been systematically studied by S. Garibaldi, A. Merkurjev, and J.-P. Serre
in their celebrated lecture notes on cohomological invariants and Galois cohomology
[GMS]. More precisely, they consider a functor Q which takes an appropriate linear
algebraic group G (simply connected, smooth) and produces the group of quadratic
invariants Q(G). Then they investigate functorial maps Q(a): Q(G) — Q(G’) where
« is a homomorphism between simple, simply connected groups. When the groups
are simple, their group of invariants are infinite cyclic (isomorphic to Z), and so Q(«)
is determined by a single integer r(«) called the Rost multiplier of c. Several results
about r(a), and examples of computations for various « between common simple lin-
ear algebraic groups can be found in works by A. Merkurjev [Mer|, S. Garibaldi and
K. Zainoulline [GZ], H. Bermudez and A. Ruozzi [BR], and others. In the case that G
is not simple, then the computation of Q(G) and of r(«) becomes a much more diffi-
cult problem as the group Q(G) turns into a product of several infinite cyclic groups,
hence leading to several associated Rost multipliers. Additionally, Q(G) and Rost
multipliers play an important role in the theory of cohomological invariants of linear
algebraic groups. They appear in this context in works such as S. Garibaldi’s [Gar],
S. Baek’s [Baek], A. Merkurjev’s [Mer], and in his work with A. Neshitov and K. Zain-
oulline, [MNZ].

In a recent paper [BDZ], S. Baek, R. Devyatov, and K. Zainoulline computed
Q(G) when G is a quotient of some semisimple but not simple linear algebraic group
by its central subgroup. In this thesis we will be extending such computations to cases
dealing with the tensor (Kronecker) product map between various combinations of
the special linear, special orthogonal, and symplectic groups. Then, similar to work
done by S. Garibaldi and A. Quéguiner-Mathieu in [GQ-M], the computations will
also be extended to quotients of these groups by the kernel of the Kronecker product
map in addition to other central subgroups.

Our main object of study is the group of invariants Q(G) associated to a linear
algebraic group G. We work with it in the following form, where T" denotes a maximal
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PREFACE viii

torus in the group G.
Q(G) = s*(T)".

Q(G) consists of quadratic forms on the character group of the maximal torus which
are invariant under the action of the Weyl group W. As mentioned above, when the
linear algebraic group G is simple, this group of invariants is isomorphic to Z and
hence generated by a single element ¢, called the normalized Killing form of G. When
G is semisimple, the invariants form a free abelian group generated by the normalized
Killing forms of the simple components of G. This allows us to describe the maps
between groups of invariants which are induced from homomorphisms between groups
by a unique collection of integers. We do so in the following cases.

Let Vi, V5 be vector spaces with finite dimensions d;, dy respectively. Denoting
the special linear group with SL, the special orthogonal group with SO, and the
symplectic group with Sp, let Gy, Gy, H be linear algebraic groups (with maximal
tori Ty, Ty, Ty resp.) in one of the following configurations.

G, Gy | H
SL SL | SL
SO SO | SO
Sp SO | Sp
Sp Sp | SO

Here G; = Sp only when V; is of even dimension. We then have the tensor product
map defined by the Kronecker product of matrices

p: Gi(V1) x Ga(V2) = H(V1 ® Va)
(A,B)— A® B

which induces a map between invariant quadratic forms
ot ST s ST < ST

Since each of G, G, H are simple groups, their group of invariants are generated by
normalized Killing forms ¢1, g2, gy respectively. In all considered cases we show that
the map p* is given by

p*(ar) = (dagr, drgo)

hence it depends only on the dimensions of the underlying vector spaces. Ultimately
we show that this behaviour generalizes to the following result

Theorem. Let Vi, Vs, ..., Vi, be vector spaces with finite dimensions dy, ds, . .., dyim
respectively. Let Gy,...,Gpim, H be linear algebraic groups in one of the following
configurations.

o Gy,....,Gpim, H=SL, all groups are the special linear group,
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o G1,....,Gpim, H=SO0, all groups are the special orthogonal group,
e Gy,....G,,=5p, Gpy1,...,Gpim = SO, and H = SO where n is even,
e Gy,....G,,=Sp, Gpy1,...,Gpim = SO, and H = Sp where n is odd.

Then when considering the map

i Gr(V) %+ % Gooms(Vosm) — HVA @ .. @ Vo)
(A17...,An+m) '-)Al ®®An+m

the induced map between invariant quadratic forms is given by

~

pZ(QH) = (dg Ce dn+mq17 Ce ,dldg Ce dz Ce dn—i—mqi; Ce ,dldz Ce dn+m—lQn+m>

where d; indicates ommision.

Afterwards we provide descriptions of S*(G")" where G' = G /,;, when the k'™
roots of unity py are a central subgroup of GG which is one of our three commonly
considered linear algebraic groups, SL, SO, or Sp. We do the same for the invariant
quadtraic forms of G1 X G2 / e When Gy, G, are in one of the above listed configu-

rations. In particular this includes the cases G1 X G2 / ker(p) -

To reach these conclusions we require several background facts and constructions
which we present in Chapter 1. We begin with an exposition on abstract root systems
in section 1.1. Following [Hum90] we work from the definition of a root system to the
classification theorem of simple root systems. It is here that we introduce the first
notion of a Weyl group.

Section 1.2 is dedicated to describing linear algebraic groups. Asin [KMRT], they
are presented as functors from the category of algebras of an algebraically closed field
to the category of groups. Specifically, linear algebraic groups are functors which are
represented by finitely generated Hopf algebras, and so section 1.2 begins with defini-
tions of Hopf algebras and their related notions. This section then provides examples
of linear algebraic groups among which are the special linear, special orthogonal, and
symplectic groups. These examples serve to define these groups.

Next, a connection is made between root systems and linear algberaic groups
via discussion of Lie algebras. In section 1.3 we define Lie algebras, describe how a
Lie algebra arises from a linear algebraic group, and provide a method of computing
that Lie algebra. Here we introduce the Killing form, a bilinear form on a Lie algebra
defined in terms of its adjoint representation. The section ends with discussion of
how a Lie algbera produces a unique root system, thereby making the connecting
from linear algebraic group to root system. However, the root system associated with
a linear algebraic group may be obtained in another way, by considering the action
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of the group on its Lie algebra, and this comprises the majority of section 1.4. This
perspective provides another description of the Killing form, one which we use later
in this thesis, and so here we summarize the Killiing forms of various linear algebraic
groups.

We reach discussion of invariant quadtraic forms in section 1.5. The structure of
the group of invariant quadtraic forms is described, that it is an free abelian group
of finite rank. The normalized Killing form is introduced in the beginning section
1.6. The majority of section 1.6 is spent developing the notion of Q(G) from [GMS]
to ultimately show that any homomorphism between smooth linear algebraic groups
does induce a map between their invariant quadratic forms.

Having covered the preliminaries, Chapter 2 starts by defining the Kronecker
product map. This, followed by examples of the kernel and restrictions of the
codomain of the Kronecker product map comprise section 2.1. Section 2.2 contains
the proof of the above stated Theorem. First the computations for the examples
involving the product of two groups are presented, and then these results are used in
an inductive argument of the Theorem.

Finally, the descriptions of the group of invariant quadtraic forms of quotient
groups are contained in section 2.3. The quotient of single simple groups by roots of
unity which form central subgroups are covered first. Such quotients of the product of
special linear groups and the product of special orthogonal and/or symplectic groups
follow.



Chapter 1

Preliminaries

Our aim in this chapter is to introduce the definitions and notations of the objects
we will work without throughout the paper. We also explain various auxiliary results
which will be used to prove the main results of Chapter 2. This chapter also provides
brief overviews of the theory of root systems, Lie algebras, linear algebraic groups,
and invariant quadratic forms. Most of the material presented here is taken from
Humphreys’ book on root systems and his book on the representation theory of Lie
algebras, [Hum90] and [Hum?72| respectively, as well as from Knus, Merkurjev, Rost,
and Tignol’s The Book of Involutions, [KMRT].

1.1 Root Systems

We introduce the notion of a root system following the book by Humphreys [Hum90].
We also introduce the notions of simple systems and coxeter graphs of root systems,
ultimately concluding with the use of Dynkin diagrams to classify root systems.

Given a real euclidean vector space V', associated to each o € V there is a
reflection s, defined by

V) = A— 2N ey
(a, )
where (—, —) denotes a symmetric, positive definite, bilinear form on V. Inspired by

geometric realizations of finite reflection groups, we wish to consider finite subsets of
V' which are stable with respect to each associated reflection. Such collections are
called root systems.

Definition 1.1.1. Given a vector space V and a finite set ® C V', we say ® is a root
system if
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(R1) ® N Span{a} = {a,—a} Vaec?,
(R2) $o(®)=® Vae .

Additionally, we say that the root system is crystallographic if we also require

2(a, B)
R3 eZ VNa,ped.
) 6.5
Elements of ® are called roots. Given root systems ®4,...®,, subsetsof V;,...,V,
respectively, @ := ,61‘1% is a root system in V' := é V;. We call ® C V irreducible if it
i= i=1

cannot be written as such a sum, and we call it reduced if V' = Span(®). Associated
to each root system is a finite reflection group generated by the associated reflections

W= (sq | @ € ®) C End(V)

called the Weyl group of ®. W acts naturally on V', stabilizing ®. Two root systems
& CV,d C V' are considered isomorphic if there exists an isomorphism of vector
spaces ¢: V = V' such that p(®) = @'

All of the information in a root system can be recovered from a small subset
of the original roots, called a simple system, elements of which will be called simple
roots. Thus it will be these simple systems which we use to classify root systems.

Definition 1.1.2. A subset A C ® is called a simple system if

(i) A is a basis for Span(®) C V,

(ii) Voo € &, av = ZACVV such that each ¢, € R, and either ¢, > 0 Vv orc, <0 V7.
Yye

Simple systems exist for all reduced root systems [Hum90, Theorem 1.3], and so
in the following discussion we assume all root systems are reduced. Simple systems
are not unique, and in fact any two simple systems in & are conjugate under the
action of W.

Theorem 1.1.3. [Hum90, Theorem 1.4] If A, A" C ® are two simple systems, then
there exists w € W such that w(A) = A’. (Here w(A) :={w(a) | a € A}).

The following theorem and lemma demonstrate how the entire root system &
can be recovered from any simple system A C .

Theorem 1.1.4. [Hum90, Theorem 1.5] Fiz a simple system A C ®. Then W is
generated by the set of simple reflections {s, | @ € A}. Le. W =<5, |a €A >.
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Lemma 1.1.5. [Hum90, Corollary 1.5] Given A, for all § € ®, there exists w € W
such that w(B) € A. In particular W (A) = ®.

Hence given a simple system A, we can obtain W = (s, | @ € A), and then in
turn reconstruct ® = W(A). Since A is a basis of V, |[A] = dim(V') and is therefore
an invariant of the root system called the rank of the root system.

Remark 1.1.6. In the case that & is crystallographic, W stabilizes the lattice
L := Spany(A) and is therefore also crystallographic. (G < GL(V) is called crystal-
lographic if it stabilizes some lattice in V). Furthermore if we consider some 5 € &,
by the above lemma there exists w € W such that w(f) € A and hence in L. This
means that § = w™'(w(B)) € L and therefore ® C L. In a crystallographic root
system, all roots are integral linear combinations of simple roots.

Now, in order to classify root systems we need only classify possible simple
systems. To do so we introduce the Coxeter graph of a root system.

Definition 1.1.7. Given A C ® a simple and root system respectively, the Coxeter
graph, I' (with vertex set V(I') and edge set E(I')), is an undirected, edge labeled
graph such that

(i) V(I) = A,

(i) The edge (o, B) is included in E(T') if m(a, ) := ord(sasg) > 3, in which case
the edge is labeled with the integer m(«, [3).

It is important to note here that the above definition does not depend on our
choice of simple system A. Had we instead chosen the simple system w(A) for
some w € W, the map A — w(A) induces an isomorphism of Coxeter graphs since
m(wa,wf) = m(a, ). (This follows from the fact that for all « € &, w € W,
we have ws,w™ = S,4, which implies (Syasws)” = w(sasg)"w™", and therefore
ord(SyaSws) = ord(sasgp).)

Given two root systems ®,d" with isomorphic Coxeter graphs, the graph iso-
morphism induces an isometry between their vector spaces, and so ® = &’ as root
systems [Hum, Proposition 2.1]. Hence our classification of root systems will be pre-
sented in terms of possible Coxeter graphs. Since we need only classify irreducible
root systems, we note the following.

Proposition 1.1.8. If ® is an irreducible root system, then its Cozeter graph I' is
connected.
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Proof: Let ® be a root system, let I'" be its Coxeter graph, and assume that I"
is disconnected. Let I';,I'y C I' be two disjoint subgraphs with I'y UT's = I', and let
A1, Ay C A be the respective vertex sets.

Since there is no edge between any o € A and § € Ay, we have that m(«, ) = 2.
Therefore («, ) = 0, and so the two sets Ay, Ay are mutually orthogonal.

Because A is a basis for V', we have a decomposition
(V. ®) = (Span(A1), @1) @ (Span(Az), $»)

where ®; = ® N Span(4;). Finally note that since the decomposition is orthogonal,
®, is fixed pointwise by s, for any a € Ay, and vice versa. Therefore the reflections
corresponding to roots in ®; permute ®; only, and so ®; C Span(4;) is a root sys-
tem. The decomposition then means that & is reducible, and so by contrapositive,
irreducible root systems produce connected Coxeter graphs. |

Now we are left with deciding whether a given graph can be obtained as the
Coxeter graph of a root system. The decision procedure is to determine if the graph
is positive definite or not.

Definition 1.1.9. Given an arbitrary undirected, integer edge labeled graph T', let n =
\V(T')|, and associate to I' an n x n matriz A, where the entry a;j == — cos(m).
Here v; denote the vertices of I', and m(v;,v;) equals the edge label between v; and v;
if they are adjacent, or 2 if they are not. Since I' is undirected, a;; = aj; and so A
defines a symmetric bilinear form, B, on R™. We call T positive definite (positive
semidefinite, negative definite, etc.) if B is positive definite (positive semidefinite,
etc.).

Proposition 1.1.10. The matriz A associated to the Coxeter graph of a root system
1s positive definite.

Proof: Let ® be a root system in V' with simple system A = {~q,...,v,} and
Coxeter graph I'. Let A be the matrix associated to I, i.e.

A= [_ cos (m)] :jl |

By [Hum90, Corollary 1.3], if @ # 5 € A, then (a, ) < 0. Therefore by the cosine
formula for an inner product, (a,8) = ||| ||B]|cos(f?) < 0 implies that ¢ € [T, 7),
where 6 is the angle between the roots o and f.

Since the element s,s3 € W acts as a rotation with order m(a, ), it rotates
by an angle of %, and therefore the angle between the reflecting hyperplanes is
T b

m(e,B)”
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If o # f then 6 > § meaning that § = 7 — —— and cos(f) = — cos(—"— e ) If
a = [ then § = 0 and m(a, §) = 1 which again means cos(f) = — cos( (

o))"
(@.8) = llall 15 (— (ﬁ)) |

Now let v = (¢q,...¢,) #0 € R and let w =), T € V. We compute

vl Av = i CiCiij; = i CiCj (— cos (%))

m .
by = YisYs)

Hence

and since w # 0

" g ; ™
0 < (w,u) = ) = 3 bl byl (= cos (-7 ))
Z II%IIII%II ’ i;llwllllvjll ! m(%i, ;)
= Z CiCj (— cos <L>) = v" Av.
Pyt m(%i, %)
Hence the matrix A associated to a root system is positive definite. i

We are now able to classify irreducible root systems.

Theorem 1.1.11. [Hum90, Theorem 2.7] The only connected, positive definite graphs
are the following.

4,00 0@

50— —-o'e
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Eq H—I—.ﬂ..
4

FO—0—0—0

i, &—0—@

5
7 —0—0—©@

m

Ig(m) H

Here the letters name the class of the root system/graph, and the subscripted
number its rank. As is usually done, we have omitted the edge labels when the edge

has m(«, ) = 3.

The graphs above classify irreducible root systems satisfying (R1) and (R2).
There is a similar classification of crystallographic root systems found by refining our
current classification. First, some consequences of enforcing (R3).

Proposition 1.1.12. [Hum90, Proposition 2.8] If ®, and hence W, is crystallographic
each integer m(a, ) is in {2,3,4,6} when o # 5 € A.

Proposition 1.1.13. If ® is wrreducible and crystallographic, then each root must
have one of at most two lengths. That is, |{||a|| | « € ®}] < 2.

Proof:  Let a, 5 € A. Recall that (R3) states 2((;;)) € Z for all a, B € ®. Therefore

2, 8)  2llalllBlI(=cos(zmg)) ol ( oo [T
(3.5) TEE - HBH( ’ <m<a,ﬁ>)) 7

and symmetrically
M (—2 coS (L)> € 7.
|| m(a, 5)

By the previous proposition there are only a small number of possibilities for cos(m).

Case 1: m(a, 5) =2 = —2cos(

ad) 5)) = 0, and no information may be gained.

Case 2: m(a, ) =3 = —2 COS(M) = —1. Therefore both % and % are

themselves positive integers. Hence they are equal to 1, and ||a|| = ||5]]-
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Case 3: m(a,fB) =4 = -2 COS(m(Z 6)> = —/2. So there exists n,m € Z such
that ’

lofl _ » I8l _m  wm

18I V2" lell  v2 7 2
Without loss of generality this means that n = 1,m = 2 and ||8]| = v/2]|a].
Case 4: m(a,B) = 6 = —2008(%) = —/3. By a similar argument this
produces that ||8]| = v/3||al|.

Finally it is enough to notice that in each positive definite graph there are at
most two edge labels. Hence each pair of simple roots connected by a path of edges
labeled 3 are the same length, and those pairs connected by an edge with a larger
label have length related as described above. This ensure that there are at most two
root lengths among the simple roots of an irreducible, crystallographic root system.
Then by Lemma 1.1.5, and the fact that all w € W are orthogonal transformations,
for all @ € @ there exists v € A such that ||a|| = ||7]]. i

Based on these restrictions, Coxeter graphs of type Hsz, Hy and Iy(m) for all
m ¢ {3,4,6} do not arise from crystallographic root systems.

We modify the remaining Coxeter graphs to include the additional information
about root lengths. For each edge in the Coxeter graph with label greater than 3, we
replace it with a directed edge pointing toward the shorter root. It is also customary
to replace the explicit edge labels of 4 and 6 with double and triple edges respectively.
The resulting graphs are called Dynkin diagrams, and they form our classification of
crystallographic root systems.

Theorem 1.1.14. The only graphs arising from irreducible crystallographic root sys-
tems are the following.

P R
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By H—I—.ﬁ.
By .—O—I—Qﬂﬁ.

r, —0—0—0
G, =0

Here single, double, and triple edges represent edge labels of 3, 4, and 6 respec-
tively.

The above theorem states slightly more than we have shown. It indicates that
there are in fact root systems giving rise to each of the listed Dynkin diagrams.
Producing examples of such root systems is straightforward, simply choose vectors
in euclidean space with appropriate dot products and restrict to their span. The
following first four examples are found in [KMRT], while the remainder are taken
from [Bou].

Let e; be the it* standard basis vector of R™.

A,
n+1
Vector Space |V = {(x1,...,2p41) € R"™™ | Sz, =0}
i=1
Root System | ® ={e; —¢; |1 <i#j<n+1}
Simple System | A = {e; —ea,e0 —€3,...,6, — €py1}
B,:
Vector Space |V =R"
Root System | ® = {£e; +ej,te, |1 <i<j<n,1<k<n}
Simple System | A = {e; —ez,e0 —€3,...,€, 1 — €pn,€n}
C:

Vector Space |V =R"
Root System | ® = {£e; £ej,£2¢;, |1 <i<j<n,1<k<n}

Simple System | A = {e; —ea,e0 —€3,...,65-1 — €, 2€,}
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D,:

Vector Space |V =R"

Root System | ® ={xe; £e; |1 <i<j<n}

Simple System | A = {e; —eg, 69 —€3,...,€p1 — €n, €1 + €4}
Eﬁ:

Vector Space |V =R?®
Root System | {#e; £e;, £5((=1)", ..., (1), —1,-1,1) | (4), (1)}

Simple System | A = {e; +ey,e3 —e1,63 — €9,...,65 — ey, (L, —

5
with (7) : 1 <i < j <5and (i) : Y d; is even.
i=1

Vector Space |V =R®
Root System | {+e; £e;, £(e7 —es), £2((—=1)%, ..., (=1)%, 1,—1) | (i), (i7)}

2

Simple System | A = {e; +es, €2 —€1,€3 —€a,..., 66— €5,(3,—3,-- ., —3,3)}
6
with (¢) : 1 <i < j <6 and (i) : Y d; is odd.
i=1
Egi

Vector Space |V =R®
Root System | {£e; £ej, 5((=1)", ..., (=1)%) | (i), (i)}
Simple System | A = {e; + ez, €2 —e1,e3 —€a,...,e7 — €6, (5, —3,-- - —3:3)}

8
with (i) : 1 <i < j <8and (i7) : > d; is even.
i=1

F4I

Vector Space |V = R*

Root System | {#e; £ e;, £ey, (£3,£5,+3,+2) [1 <i<j<4,1 <k <4}
Simple System | A = {(1,-1,0,0),(0,1,-1,0),(0,0,1,0), (_%7 1 _1 _l)}

T2 T2y T2
Gg:

Vector Space |V ={(z,y,2) €eR® |z +y+2=0}
Root System | {£(e; — e;), £(2, —1, —1), £(—1,2, —1), £(—1,—-1,2) | L <i < j < 3}

Simple System | A = {(1,-1,0),(—1,2,—1)}
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1.2 Linear Algebraic Groups and the Hopf Alge-
bras

Our approach to linear algebraic groups will be through the use of group schemes
as covered in [KMRT]. In order to introduce group schemes we must first introduce
Hopf algebras. Throughout this section F will be a field.

Definition 1.2.1. By a Hopf algebra over F we mean an F-bialgebra, A, together
with an antipode i: A — A. Specifically, if

m: AQr A — A

u:F— A

are the multiplication and unit maps of A as an F-algebra, then the comultiplication
and counit maps

c:A— ARr A
e: A—TF

are F-algebra homomorphisms such that the following diagrams commute.

lc |esra

Id ®c

A—s Agp A L FoeA=A

Id

i®Id

A—L— Aep A y AQp A ——5 A

The Hopf algebra is called commutative if m(a ® b) = m(b® a) for all a,b € A,
and it is called cocommutative if ¢(a) =Y x®@y =Y y@z for alla € A.
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Definition 1.2.2. If A and B are Hopf algebras over ¥, then f: A — B is a Hopf
algebra homomorphism if it respects the Hopf algebra structures on A and B

foma=mpo(f®f),

Jfoua=ug,
(f®@f)oca=cpof,
ea=c¢epof,
foix=ipgof.

That is, f is an algebra homomorphism, coalgebra homomorphism, and preserves the
antipode.

Definition 1.2.3. If A is an F-Hopf algebra, J C A is called a Hopf ideal if
m(A®r J+ J & A) C J,

o(J)CARpJ+ J®r A,
e(J) =0,
i(J) C J.

J is an algebra ideal, a coalgebra ideal and closed under the antipode.

For every Hopf ideal J C A there is a natural Hopf algebra structure on A /T,
and the quotient map ¢: A — A4 /J is a surjective Hopf algebra homomorphism. Also,
as to be expected, if f: A — B is a Hopf algebra homomorphism, then ker(f) C A is

a Hopf ideal and A/ker(f) =~ Img(f) C B.

Hopf algebras are present in the theory of group schemes because their structure
allows us to define a group operation on the the set of morphisms from the Hopf
algebra to an F-algebra.

Let A be an F-Hopf algebra, R be an F-algebra, and let Homp(A, R) denote the
set of F-algebra homomorphism from A to R. For f,g € Homp(A, R) we define their
product to be

frg:=mpro(f®g)oca.

With this multiplication Hompg (A, R) is a group. Its identity element is e := ug o €4,
and inverses are given by f=!:= foiy.
Hence Homp(A, —): Algy — Grp is a functor from the category of F-algebras to

the category of groups. These functors are precisely those which we will call groups
schemes.
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Definition 1.2.4. An affine group scheme G over F is a functor
G: Algy — Grp
which is isomorphic to Homg(A, —) for some F-Hopf algebra A.

By Yoneda’s Lemma, if a group scheme G is isomorphic to Homp(A, —) for a
Hopf algebra A, then A is the unique such Hopf algebra (up to isomorphism). Denote
this Hopf algebra by F[G]. G is said to represented by F[G]. If G is a group scheme
over F and R € Algg, then the group G(R) is called the group of R points of G. A
group scheme G is said to be commutative if G(R) is commutative for all R € Algg.

Definition 1.2.5. Let G, H be group schemes over F. A group scheme homomor-
phism p: G — H s a natural transformation of functors between G and H.

Yoneda’s Lemma ensures that p is completely determined by a unique Hopf alge-
bra homomorphism p*: F[H] — F|G], called the comorphism of p.

If p: G — H is a group scheme homomorphism, we will denote by pgr: G(R) —
H(R) the group homomorphism between the groups of R points.

Since the study of group schemes is equivalent to the study of their represent-
ing Hopf algebras, we would like to restrict our attention to those group schemes
represented by easy to handle Hopf algebras. This leads to the notion of algebraic
groups.

Definition 1.2.6. A group scheme G over F is called an algebraic group if the
representing Hopf algebra F[G] is finitely generated as an F-algebra.

The following are some standard examples of algebraic groups.

Example 1.2.7. The trivial group scheme, 1, defined as

1: Algy — Grp
R — {1}

is represented by F[1] = F, the trivial Hopf algebra. Since F @ F = F, the Hopf
algebra structure is given by taking m,u, c, €, to all be the identity on F.

Example 1.2.8. Let V be a finite dimensional F-vector space. The functor

V: Algr — Grp
R—=V &R
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is represented by F[V] = S(V*), the symmetric algebra of V' dual. It is finitely
generated by {f1, fo,..., fu}, a basis of V*. The Hopf algebra structure on S(V*) is
given by
m(fi @ fi) = fi @ fj,
u(a) =a-1,
c(fi)=fivl+1®f,
€<fl) = Oa

i(fi) == —1fi
A particular case of this functor is when V' = F, in which case we denote the functor
Gy, called the additive group.

G Algg — Grp

The group operation induced by the Hopf structure defined above is simply
addition in R. That is, if (R,-,+) is an F-algebra, then G,(R) = (R,+) is the
additive group of R. The representing Hopf algebra of the additive group, F[G,] =
S(F*) = [F[t], is the ring of polynomials over F.

Example 1.2.9. Let A be a unital, associative, F-algebra of dimension n. A has a

faithful representation as a subalgebra of M,,(IF) (n xn matricies with entries in F) and
hence has a norm map N : A — F induced by the determinant of the representatives.

N can be considered as an element of S"(A*) C S(A*) and so we can form an
algebra B := S(A*)[%] If we equip B with a comultiplication induced by the map
A* — A* ®p A* dual to the multiplication ma: A ®p A — A, (that is for f € A,
c(f) = f omy) then Homp(B, R) becomes a group for all R € Algg. This condition
then implies that B has a unique counit and antipode making it a Hopf algebra
[KMRT, Remark 20.1].

Denoting GL,(A) := Homp(B, —), and the set of units of A by A*, we get a
group scheme acting as follows.

GL1(A): Algy — Grp
R— (A QF R)X.

The general linear group is a case of the above functor when A = Endp(V'), the

algebra of endomorphisms for a finite dimensional F-vector space V. In this case we
denote GL, (Endg(V)) = GL(V), and then the group of R points are given by

GL(V): Algy — Grp
R — GL(V ®r R)
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where GL(V ®p R) is the classical group of invertible R-linear endomorphisms of
V ®p R. Further convention is to denote GL(F") = GL,,(F).

The pair to the additive group is the multiplicative group G,, := GL4(F)

G, : Alggp — Grp
R — R*.

G,, sends an F-algebra (R,-,+) to the multiplicative group of its units (R*,-).
In this case the representing Hopf algebra is F|G,,] = F[t,t7!], the ring of Laurent
polynomials over . The Hopf algebra structure is then simply the ring structure
alongside

c(t) =t®t,
e(t) =1
i(t) =t".

Deviating slightly from the content in [KMRT], we will discuss group scheme
analogues to some classical linear algebraic groups (subgroups of GL,(F) which are
also an algebraic variety, that is they are the zero locus of some family of polynomials
on M,,(F)). The special linear group SL,(F), the orthogonal and special orthogonal
groups, O, (F) and SO, (F) respectively, as well as the symplectic group Sp,, (F) are
examples. FEach of these groups has a realization as a group scheme which is a
subgroup of GL,,(F). First we use [KMRT] to define what we mean by a subgroup of
a group scheme, and following that we give the group schemes corresponding to the
listed examples.

Definition 1.2.10. Let H,G be group schemes over F. H is called a (closed) sub-
group of G if there exists a Hopf ideal J C F|G] such that F[H] = F[G] /J-

This produces a homomorphism of group schemes p: H — G induced by the
quotient map q: F|G] — F[H]. p is called a (closed) embedding. Furthermore, since
q 1is surjective, each pr: H(R) — G(R) is injective, allowing us to identify H(R) as
a subgroup of G(R) for all R € Algg.

Example 1.2.11. The special linear group is typically defined as
SL,(F) := {A € GL,(F)| det(A) = 1}.

The representing algebra of GL,,(F) is F[GL,(F)] = F[z;;, 7| (where z;; form a dual
basis of Endg(V')*), and it contains the determinant polynomial, det = det([z]7,—,).
The ring ideal generated by det —1 is also a Hopf ideal in F[z;, ﬁ] and so we can
consider the group scheme represented by the quotient. It follows that

Homg (F[asij, =] /< (et —1) > ,R> — {A € GL.(R) | det(A) = 1} = SL.(R).
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We call this group scheme the special linear group

SL,,(F) : Algy — Grp
R — SL,(R)

and it is a subgroup of GL,,(F).

The remainder of the listed examples are built similarly. The defining polyno-
mials of the variety are used to generate a Hopf ideal which then corresponds to the
subgroup scheme of GL,, (F).

Example 1.2.12. The orthogonal and special orthogonal groups are given as follows
O,(F) = {A € GL,(F) | ATA = I},

SO, (F) = {A € GL,(F) | ATA = I,det(A) = 1}.

The Hopf ideal generated by polynomials which ensure that columns of the resulting
matricies are orthonormal, that is

J = (=0;; + Z$kz‘$kj [1<4,j<mn)
k=1

(0;; is the Kronecker delta function) and the same Hopf ideal with an added generator
of det —1,

J/ = (det —1, —(51'3‘ + Zxkixkj ‘ 1< Za] < ’I’L>
k=1

will yield the representing algebras of O, (F), the orthogonal group scheme, and
SQO,,(F), the special orthogonal group scheme, respectively.

F[O,(F)] = Fli 551 /7,
F[SO, (F)] = Fly, 21 /g .

Example 1.2.13. When our vector space is even dimensional, i.e. we are working
with F?", we can us the following matrix to define the symplectic group.

0 I,
K= {—[n o}

where [, is the n x n identity matrix. Using K, the symplectic group is

Sps,,(F) := {A € GL,(F) | ATKA = K}.



1. PRELIMINARIES 16

Just as with the orthogonal groups we can generate a Hopf ideal by the relevant
relations

n
J = (1+ Z($n+kz Thpti = Tk Tnthnti) | 1 <0< m).
i—1

Then the symplectic group scheme, Spa,(F), is the group scheme represented by

F[Spon(F)] = Floi, 2 /7 .

Remark 1.2.14. The orthogonal and symplectic groups can be described more gen-
erally as groups of matricies which preserve a bilinear form, B, on V. The group

G={AeEnd(V) | B(Az, Ay) = B(z,y) Y,y € V}

is called the orthogonal group when B is symmetric, and the symplectic group when
B is antisymmetric.

If © is a symmetric matrix, it defines a symmetric bilinear form via B(x,y) =
2T Qy, and therefore an orthogonal group denoted

SO(V,Q) = {A € End(V) | ATQA = Q}.

Similarily for any antisymmetric matrix J we have a corresponding symplectic

group
Sp(V,J) = {A € End(V) | ATJA = J}.

In the case that the bilinear form in question is non-degenerate, the choice of
representing matrix, 2 or .J, is simply equivalent to a choice of basis for V. This
is because all non-degenerate symmetric (resp. antisymmetric) matricies over an
algebraically closed field are conjugate in Mgim(v)(F).

Lemma 1.2.15. Let € be a symmetric matrix representing a non-degenerate bilinear
form B on V. Then there exists a matriz P such that PTQP = 1I.

Proof: Let dim(V) = n. First we note that there exists xy € V such that
B(xg,x0) # 0 (otherwise B(z,z) = 0 for all z € V < B is antisymmetric). Let
B(xg, ) = ¢ and choose a € F such that a® = ¢7'. Set v; := axy. Therefore

“le=1.

B(vy,v1) = B(azg, axg) = o> Bz, 10) = ¢
We may then induct on the dimension of V by considering the subspace {v; }*- which
is of lesser dimension. By, ;. remains a symmetric, nondegenerate bilinear form and
so produces a basis of {v1}*, {vg,...,v,} such that B(v;,v;) = §;; (an equivalent
condition to being conjugate to the identity, as below). This basis can then be



1. PRELIMINARIES 17

extended to one of V sharing the same property, namely {vq,vs,...,v,} in which
B(vi,v;) = 6;;.

Finally, by setting P =[ v; vy ... wv, | (basis vectors inserted as columns) we
have that

PTQP = [B(vi,v;)]}— = I.

Lemma 1.2.16. Let J be an antisymmelric matrix representing a non-degenerate
bilinear form B on V (dim(V) = 2n). Then there exists a matriz P such that
PP =K.

Proof: Fix a vector v; € V. Since B is non-degenerate, there exists xo € V' such
that B(vy,z9) = —1. Set v,41 = xo.

Next, since B remains non-degenerate on Span{v;, v,,1}+, we may use induction
to know it has a basis {va, ..., Un, Unsa, ..., Ve, } such that B(v;,v,1;) = —1 for 2 <
i <mn, and B(v;,v;) = 0 otherwise.

Extending this to the set {vy,...,v9,}, we have a basis of V' where

1 1<i<nj=n+i

Bluyv) =4 1 n+l<i<2nj=i-n
0 else.
Therefore if we once again take P to be the matrix with the vectors vy, ..., v, as

columns

T 2n O In
P JP = [B<Uiavj)]i,j:1 = [ -1, 0|

This conjugacy of the representing matricies induces a conjugacy of the groups
relative these forms. Let 1, s be two non-degenerate symmetric (resp. antisymmet-
ric) matricies such that PTQ, P = Q, for some P. If A € SO(V,€Qy) (resp. Sp(V,Qy)),
then

AT A = Q,
=AT(PTO,P)A = PTQ, P
=P HTATPTQ, PAP =
= (PAP™Y) Q, (PAP™Y) =@,
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and so PAP~! € SO(V, ) (resp. Sp(V,;)). Therefore
P(SO(V, 92))P_1 = SO(V, ()

and similarily for the symplectic case. Both groups are the special orthogonal or
symplectic group of V', however they are expressed in different bases.

The above four subgroup schemes of GL,(F) each corresponded to a quotient
algebra of F|GL,, (F)]. Other classical examples of matrix groups which are not sub-
groups of GL, (IF) can be found in quotients of GL,,(F). Due to duality, these quotient
groups will correspond to Hopf subalgebras of F|GL,,(F)]. The two examples we will
discuss are group scheme analogues of PGL,,(F) and PSp,, (), the projective general
linear group and projective symplectic group.

Example 1.2.17. Just as projective space is the result of quotienting a vector space
by the action of scalars, so to is the projective general linear group acquired by taking
the quotient of GL,, () by scalar multiples of the identity.

PGL,(F) := GL,(F) /{aﬂa cF<}.
As outlined in [SR, Example 2.16], consider the subalgebra of F[GL,,(IF)]
= Flzy]
A= ijnr
gj{) det”

where by F[x;;],, we denote the set of homogenous polynomials of degree nr in vari-
ables z;;. Since deg(det”) = nr, these polynomials are invariant with respect to
scaling all variables, and so intuitively the group represented by A will also have
scaling invariant elements. We can then define the projective general linear group
scheme

PGL,(F): Algy — Grp
R — PGL,(R)
which is represented by F[PGL,(F)] = A.

Example 1.2.18. As a final collection of examples of linear algebraic groups, for each
subgroup scheme of GL,,(F) there is a corresponding subgroup scheme of PGL,,(F).

Let H < GL,(F) such that F[H] = FIGL.(F)] / 7 where J C F[GL, (F)] is a Hopf
ideal. We can then consider the following commutative diagram of Hopf algebras

F[GLA(F)] / ; «— F[GL,(F)]

J Je

Img(i* o ¢*) «—— F[PGL, (F)]
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where ¢* is the comorphism of the inclusion map i : H — GL,(F), and ¢* is the
comorphism of the quotient map ¢ : GL,,(F) — PGL, (F).

Via duality, we also have a commutative diagram of group schemes

H « : » GL,(F)

i I

Homp(Img(i* o ¢*), —) —— PGL,(FF)

where we call Homp(Img(i* o ¢*), —) := PH the projective version of H.

For instance, if we choose H = Spy,(F), then PH = PSps,(F) and the group of
[F points is the classical projective symplectic group

PSpan (F)(F) = SPa,(F) / (41} -
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1.3 Lie Algebras and the Killing Forms

Associated to any linear algebraic group is a Lie algebra. The structure of this Lie
algebra is the bridge connecting linear algebraic groups to root systems, and therefore
allows us to classify linear algebraic groups.

Definition 1.3.1. A Lie algebra £ is a vector space over a field F with an additional
binary operation [—, —] : £ x £ — £ called the Lie bracket such that

(i) [—,—]: £x £ — £ is bilinear,
(i1) [z,2] =0 Vz € £,
(i17) [z, [y, 2] + [y, [z, z]] + [2, [z, y]] = 0 Va,y, 2 € £ (called the Jacobi identity).

A Lie subalgebra is simply a subspace which is closed under the bracket, and a
Lie ideal is a subalgebra I such that for all z € I,y € £ we have [z,y] € I.

Definition 1.3.2. A Lie algebra £ is called simple if it contains no nontrivial ideals
(if I C £ is an ideal, then I =0,£), and a Lie algebra is called semisimple if it is a
direct sum of simple Lie algebras.

An algebraic group will be called simple (resp. semisimple) in the case that its
corresponding Lie algebra is simple (resp. semisimple).

If G is an algebraic group scheme over F with representing Hopf algebra A, then
the definition of its Lie algebra, Lie(G), as given in [KMRT] relies on derivations of
the Hopf algebra A.

Definition 1.3.3. Let M be an A-module. A derivation, D, of A into M is an
F-linear map D: A — M such that

D(ab) = aD(b) + bD(a)

for all a,b € A. The set of all such derivations is denoted Der(A, M).
In particular, D € Der(A, A) is called left-invariant if

coD=(Id®D)oc.
Definition 1.3.4. The Lie algebra associated to G is given by
Lie(G) = {D € Der(A, A) | D is left-invariant }

with bracket given by [Dy, Dy] = Dy o Dy — Dy o Dy, where the operations on the right
are the usual composition and difference of linear maps.
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In practice, it is easiest to compute the Lie algebra of a group scheme not by
finding left-invariant derivations of A, but by instead computing the kernel of the
group homomorphism between certain groups of points of G. The setup is as follows.

By F[0] we denote the F-algebra of dual numbers.

F[0] = {a+ b | a,b € F,5* = 0}.

There exists a unique F-algebra homomorphism k: F[§] — F defined by k(d) = 0.
We are interested in the kernel of the group homomorphism G(k): G(F[0]) — G(F),
to which we will add a vector space structure.

Clearly if f € ker(G(k)), we can regard it as f = ¢ + f10 where e: A — F is
the counit of A and f,;: A — F is a derivation in Der(A,F). Then ker(G(k)) is an
[F-vector space with operations

f+g9=1f-g Vf,g € ker(G(k)) (multiplication in the group G(F|[d]))
ale + fid) =e+afid Vf €ker(G(k)),a €F.

By [KMRT, Proposition 21.1], with these operations there exists a natural F-
vector space isomorphism Lie(G) = ker(G(k)). It is given by D <» € + (¢ o D)4.

Furthermore, there is a method of computing the Lie bracket on Lie(G) from the
elements of ker(G(k)). To compute [¢ + f10,& + ¢10], consider the F-algebra

F[5,6 = {a+bd + cd' | 6° = §"* = 0}

and the two elements [’ = e+ f,6 and ¢’ = e+g¢,0’ in the group G(F[d,8']). f'g' f' g ™"
will be an element of the form ¢ 4+ hdd’, and setting [e + f1d,e + ¢10] = € + hd makes
the isomorphism above one of Lie algebras.

A convenient result is [KMRT, Corollary 21.2] which states that if G is an al-
gebraic group scheme, then dimp(Lie(G)) < oo. This allows us to limit our further
discussion of Lie algebras to finite dimensional ones without losing any relevant cases.

Carrying out the above construction on the examples of linear algebraic groups
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mentioned previously yields these Lie algebras

e Lie(G) = ]

1 {0} 0,0] =0

v Vv (4, B] =0

G, F 4, B] =0

G,, F A, B] =0

GL(V) | gl(V) = End(V) A, B] = AB — BA
PGL(V) | pgl = End(V) /{cId |c e F¥) [A,B] = AB — BA
SL(V) | sl(V) = {A € End(V)| Tr(A) = 0} [A,B] = AB — BA
O(V) | o(V)={A € End(V)|AT = —A} A, B] = AB — BA
SO(V) | so(V) = {A € End(V)|AT = —A, Tr(A) = 0} | [A, B] = AB — BA
Sp(W) | sp(W) = {4 € End(W)|(KA)T = KA} A, B] = AB — BA

where V' is any F-vector space and W is a vector space of even dimension.

Let £ be a Lie algebra over a field F. Denote the adjoint representation of £ by
ad: £ — GL(£). We define a symmetric bilinear form on £ called the Killing form.

K:2x gL —F
(x,y) — Tr(ad(z) ad(y)).

The Killing form has a number of convenient properties, some of which we will
state here.

Proposition 1.3.5. The Killing form is associative with respect to the Lie bracket.
That is

K[z, ], 2) = K(z, [y, 2])-
Proof: This follows from a simple calculation. Both sides of the equation become

Tr(ad(z) ad(y) ad(z)) — Tr(ad(y) ad(z) ad(z)).

In particular this means that the radical of the Killing form
Rad(K) :={z € £ | K(z,y) =0Vy € £}

is an ideal of £. The Killing form is called nondegenerate when Rad(K) # 0 and this
is equivalent to the semisimplicity of £.
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Theorem 1.3.6. [Hum72, Theorem 5.1] Let £ be a nonzero Lie algebra, then

£ is semisimple < K is nondegenerate.

This next property will be relevant to our future discussion on invariants under
group actions on £.

Proposition 1.3.7. The Killing form respects automorphism of £. For all 0 €
Aut(£) and x,y € £

Proof:  Let z € £ and consider ad(o(z

Therefore, ad(c(z))ad(o(y)) = oad(z)ad(y)o~" which means that when we
evaluate the Killing form

Clearly this causes the Killing form to be an element of the ring of invariant
polynomials on £ with respect to any group of automorphisms. In particular the
Killing form is an invariant of the action of the Weyl group.

Example 1.3.8. The following are examples of the Killing form of some classical Lie
algebras, the general linear algebra, special linear algebra, special orthogonal algebra,
and symplectic algebra respectively.

L K(z,y)

gl(n,F) | 2nTr(zy) — 2 Tr(x) Tr(y)
sl(n,F) | 2nTr(zy)

so(n,F) | (n—2)Tr(zy)

sp(2n,F) | (4n+ 2) Tr(zy)
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The Killing form is of importance in the following discussion since it is essentially
the inner product with respect to which the roots of a Lie algebra form a root system
as in 1.1. We follow the exposition of this theory as in [Hum72].

To begin, let £ be a finite dimensional semisimple Lie algebra. To construct the
roots we require the notion of toral subalgebras.

Definition 1.3.9. An element x € £ is called semisimple if its adjoint representation,
ad(x) € GL(£), is a diagonalizable matriz.

Definition 1.3.10. A subalgebra T C £ is called toral if all elements of T are
semistmple.

In particular, non-zero toral subalgebras exist in semisimple Lie algebras.

Lemma 1.3.11. [Hum?72, 8.1] A toral subalgebra T C £ is abelian, i.e. [T,T] = 0.

Now, let H be a maximal toral subalgebra of £. Since it is abelian, ade(H) is a
commuting family of semisimple endomorphism of £ and hence they are simultane-
ously diagonalizable. Therefore, for each o in H* = Homp(H, F) we have subspaces

Lo={xel|[hz]=alh)r Vhe H}.

These form a decomposition of £

g= D e
acH*

The set & = {a € H* | £, # 0,a # 0} are called the roots of £, and the
associated £, are called root spaces. These root spaces, alongside those elements of
£ which are zero-eigenvectors for the elements of H (its centralizer Co(H) = {z €
£ | [z, H] = 0}), form a decomposition of £ called the root space decomposition or
Cartan decomposition

e =Co(H) o Be..

acd
It turns out that by [Hum72, Proposition 8.2] we have H = C¢(H), and that by
[Hum72, Proposition 8.4], for each o € &, dimp(L,) = 1.

[Hum72, Corollary 8.1] gives us that the restriction of the Killing form to H
remains non-degenerate. This allows us to transfer the Killing form to H* via the
isomorphism

H=H"
h— K(h,—).
We denote the inverse image of &« € H* by t, € H, and then define the bilinear

form on H* by (o, ) = K(ta,tp). This leads us to the following formula for the
restriction of the Killing form to H.
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Lemma 1.3.12. Let A\, € H*. Then

(i) = Kb, t) = Yaltalt,).

acd
Proof: By the root space decomposition, £ has an F-basis
{wlv"'vwm}u{va | &6@}

where {wy,...,w,} is a basis of H and each v, € £,.

We then consider the form of the matrix ad(¢)) ad(t,) with respect to this basis.
For each w;, since it is in H

ad(ty) ad(t,,)(wi) = [tr, [ty, wi]] = [tr, 0] = 0
and for each v,, since it is in £, and ty,t, € H
ad(ty) ad(t,)(va) = [ta, [ty val] = [ta, a(tu)va] = altr)a(t,)va.

So the matrix of ad(¢)) ad(t,) takes the form

ad(ty) ad(t,) = (05@/\)04(15#)

i | () (ta) |

where «, (8,7 represent the elements of ®. From this it becomes clear that

Kb, 1) = Tr(ad(t) ad(t,)) = Y a(t)a(t,)

and the result follows. |
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1.4 Killing Form and Characters

Instead of considering a maximal toral subalgebra and the adjoint action on its Lie
algebra, we may also find the root system of a linear algebraic group G by considering
the adjoint action of a mazimal torus T C G on the Lie algebra Lie(G). To define
what is an algebraic torus we first require two preliminary definitions. We again
reference [KMRT] in the following.

Definition 1.4.1. An algebraic group scheme, G, is called diagonablizable if
G = Homp(F(H), —)

where H is a concrete group and F(H) is the group algebra equipped with Hopf algebra
structure c(h) = h® h, i(h) = h™', and e(h) = 1.

An algebraic group scheme is of multiplicative type if its restriction to Feep-
algebras, Gep, s a diagonalizable group scheme.
Definition 1.4.2. A torus, T, is an algebraic group scheme of multiplicative type
such that H is a free abelian group of finite rank.

A torus is called split if it is already a diagonalizable group scheme, i.e. T =
Homp(F(H),—). In this case T is isomorphic to the group scheme of diagonal ma-
tricies, G,, x ... x G,,, where the number of factors is the rank of H.

Remark 1.4.3. If T'is a torus, the character group is defined to be T* := Homy (7', G,,).
In the case that T is split, T'= G,, X ... G,, with n factors where n is the rank of H.
T is then represented by the Hopf algebra F[ty, t; ", o, t5 ", ..., tn, 1], with structure
c(ti) =t; ®@t;, e(t;) = 1, and i(t;) = t; .

The group T™ is then isomorphic to the group of comorphisms
Homg (F[t, ¢t '], Ft1, ¢, ... tan ') -
These are all maps ¢ (which are uniquely determined by ¢(¢)) such that

e (t) is invertible,
o c(p(t)) = p(t) @ p(1).

Note that the only elements of F[ty,t;',...,t,, '] exhibiting the property that
¢(r) = r ® z are the monomials ¢{1¢22 .. t% where d; € Z. Then since the Hopf
algebra structure on F[¢,¢~!] induces a group structure on comorphisms defined by
pointwise multiplication, we have that for

o =t and @, = 1.t
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_ 4di+ter dn+e
@1'902—751 tnn ",

Therefore there is clearly an isomorphism 7™ = Z" given by
e =tP .t s (dy,. ., dy).

Definition 1.4.4. Let G be a linear algebraic group. A maximal torus, T'C G, is a
torus which is a subgroup G that is not contained in any larger toral subgroup. If a
mazimal torus is split, G is also called split.

Note that all maximal tori in a group G are conjugate [Hall, Theorem 11.9].

Let G be a split semisimple algebraic group and let 7" C G be a split maxi-
mal torus. Consider the adjoint representation ad: G — GL(Lie(G)) as defined in
[KMRT, Example 22.19.2].

Let R € Algg, g € G(R), and z € Lie(G) ®r R. Since
Lie(G) ®F R = ker(G(R[d]) — G(R))
this means that x: F[G] — R[d] such that x(a) = e(a) + f(«)d where € is the counit
of F[G] and
f € Der(F[G], R) = {f: FIG] = R f(ab) = (b) f(a) + (a) f(b) }.
Then g acting on z is
(ad(R)(g))(x): FIG] — R[]
ae(a) + (gfg ) (@)d.

Here the expression gfg~! is a multiplication of maps from F[G] using its Hopf algebra
structure, and gfg~' € Der(F[G], R).

We can restrict this representation to the maximal torus 7', and since T is split,
ad|7: T — GL(Lie(G)) is a representation of a diagonalizable group. Therefore by
the theory of representations of diagonalizable groups [KMRT, Section 22.20], there
is a decomposition

Lie(G) = ?Va
where the sum is taken over all weights o € T™, and
Vo :=A{x € Lie(G) | ad(g)(z) = a(g)x Vg € T}
is called the weight space.

Definition 1.4.5. « € T* is a weight of the representation ad |r if the weight space
Vo #0.

The non-zero weights are called roots of G (with respect to T'). The set of roots
is denoted ®(G).
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Theorem 1.4.6. [KMRT, Theorem 25.1] The set ®(G) is a root system in T* @z R.
The root system does not depend (up to isomorphism) on the choice of maximal torus
T.

Once we have the root system for an algebraic group, we can distinguish an
element of S?(T*) as the Killing form of the root system. Motivated by the previous
section, we define the Killing form to be

In these next examples, we compute the root systems and Killing forms of the
common linear algebraic groups. We do so by choosing a basis on V' and a maximal
torus in G which prove convenient in Chapter 2. Note that we will be working with
the traditional definitions of these linear algebraic groups. This suffices since Lie(G)
is an F-vector space and the action of G on Lie(G) is determined by ad(F): G(F) —
GL(Lie(G)) where G(F) is precisely the traditional group.

Example 1.4.7. Let dim(V') = n+ 1 and choose any basis of V. Following [KMRT,
25.9], we give the root system of

SL(V) = {A € End(V) | det(A) = 1}.

We will denote diagonal matricies by

At

. A2
diag(A, A2, ..., Apy1) =

)‘n—i—l

Choose the maximal torus

n+1

T = {diag()q, o Ang) | HAi = 1} C SL(V)

i=1
which has character group
"= |1<i<n+1 xixe - Xnt1 = 1)
where x;(diag(A1, ..., A\y1)) == A
Note that

* A~ TL+1
T"=Z /<61+62+...+€n+1>
Xi < €
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and is therefore generated by {€; | 1 <1i < n}.
The Lie algebra of SL(V) is

Lie(SL(V)) ={A € End( ) | Tr(A) = 0}
= Span{ zj, — Ei+1,i+1 | 1< <j <n+ ].}

T acts on Lie(SL(V)) by conjugation. If A € T and B € Lie(SL(V) then
A-B = ABA™!. The weight space decomposition is

Weight space ‘ Weight
Diagonal Matricies 1< 0
F(E;) for1<i#j<n+1 Xin_lﬁe_i—e_j

This produces a root system of type A,
OSL(V))={e—¢ |1 <i#j<n+1}

The Killing form is then

n+1 n+1 n

K=Y (@-5)’=2n+1)) & =4n+1)> ae;.
4,j=1 =1 i,j=1
iE] 1<j

Example 1.4.8. Let dim(V) = 2n and choose a basis such that the symmetric
bilinear form is represented by the matrix with ones on the second diagonal only.

0 1
1 0
The special orthogonal group relative to €2 is
SO(V,Q) = {A € End(V) | ATQA = Q, det(A) = 1}.
This group has a maximal torus
T = {diag(t1,ta, ..., tn, b, .. 15t ) |t € X}
which then has character group 7% = (y; | 1 < i < n) 2 Z" via x; +> €; where

xi(diag(ty, to, ... tn, ot ) = ¢4
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Relative to our choise of basis

Lie(SO(V,Q)) = {A € End(V) | QATQ = —A}.

The matrix QAT is simply the reflection of A along its second diagonal. Denote
this by A¢. If A = ]} =1, then AC = [@nt1-jni1-ilij=1- Therefore

Lie(SO(V,Q)) = {A € End(V) | A® = —A}
= Span{Eij - E2n+1—j,2n+1—i | 1 S ) S 27’L7 1 S ] S 2n+1— Z}

T again acts on Lie(SO(V, Q)) by conjugation producing the following decompo-
sition.

Weight space Weight
Diagonal Matricies 10
F(Ei; — Eopt1—jont1-i), L <i#j<n XiX;l e —ej
F(E;2n+1-5 — Ejont1-i), 1 <i,5 <n XiXj € € +¢€;
F(Eoni1-ij — Bangrja), 1< 0,0 <m | XX & —ei — ¢

The root system produced is of type D,
D(SO(V, Q) ={xe; te; |1 <i<j<n}

Its Killing form is

K= (eite) +(—eite) +(e—e) +(—ei— )
i,j=1
i<j

=4(n — l)zn:e?.
i=1

Example 1.4.9. Let dim(V) = 2n + 1, and choose a basis such that the symmetric
form is represented by 2. Again we consider the special orthogonal group

SO(V,9) = {A € End(V) | ATQA = Q, det(A) = 1}.
We choose the maximal torus
T .= {diag(ti, ta, ..., to, Lttt 80 | £ € FXY,
The character group of T is again T* = (y; | 1 < i < n) = Z", however

xi(diag(ty, to, ... te, 1t 1t 1Y) =t
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The Lie algebgra also appears similar.

Lie(SO(V,Q)) = {A € End(V) | AY = —A}
= Span{Eij — E2n+27j,2n+27i | 1 < ) < 2n + 1, 1 < j < 2n+2 — Z}

The difference in dimension of V' produces some additional weight spaces in the
decomposition of Lie(SO(V,)).

Weight space Weight
Diagonal Matricies 10
F(Ei; — Eopyo—jonto—i), L <i#j<n XiX;l e —ej
F(Eiony2—j — Ejonsa—i), 1 <i<j<n XiXj € € +¢€;
F(Eopio—ij — Bopto—ji), 1 <i<j<n Xi_IXj_l =€ — €
F(E;ip+1 — Ent12n42-i), 1 <i<n Xi < €
F(Eni1: — Fopto—int1), 1 <i<n X e e

The root system is of type B,
O(SO(V,Q)) ={te; e, e, |1 <i<j<n1<k<n}

and the Killing form is

= Z ((e; +€;)” + (—ei +€5)* + (e — €;)° + (—e; — €;)°) + Z (7 4 (—e)?)

= (4n — 2)26?.

i=1

Example 1.4.10. Let dim(V') = 2n and choose a basis such that an antisymmetric
bilinear form is represented by

The symplectic group is then

Sp(V,¥) = {A € End(V) | ATUA = U}
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in which we choose the same maximal torus as in 1.4.8

T = {diag(t1,ta, ..., tn,t ..ty Lt ) | 6 € FXY

and so the character group T* = (x; | 1 <i < n) is also the same.

Computing the Lie algebra yields

Lie(Sp(V, ¥)) = {A € End(V) | VATU = A}.

For A = [a;]{7_, € End(V), the equality WAT™W = A is equivalent to the follow-
ing relations.

For 1 <14,7 <n:

A5 = —A2n41—j2n+1—i

For1 <:<j5<n:

Qi 2n+1—5 = Aj2oan+1—i

A2n+1—i,j = A2n+1—75-
Therefore we can express the Lie algebra as

Lie(Sp(V, V)) = Span({ Eij — Eany1—jon+1-i | 1 < 4,5 < n}
U{Eion+1—j + Ejont1—i, Bong1—ij + Eony1-5 | 1 <i < j<n}
U{Ei2n+1—i | 1 <1 < 2n}).

The weight space decomposition is

Weight space Weight
Diagonal Matricies 10
F(Eij — Eonti—jont1—i) for 1 <i# j<n XiX]'_l e —e
F(Eiont1—j + Ejony1-i) for 1 <i<j<n XiXj < € +¢€;
F(Eoni1-ij+ Eopy1—ji) for 1 <i<j<n X;1X;1 e — €
F<Ei,2n+1—i> for 1 <:1<n ng > 2e;
F<E2n+1—i,i> forl1 <i<n X:Q & —2e;

J

The resulting root system is of type C,,
Q(Sp(V,V)) = {£e; £ ej,£2¢;, | 1 <i<j<n,1<k<n}
with Killing form

=3 (i) + (=i + )" + (e — )" + (—ei — ¢j) +Z (2e:)? + (~2¢,)?)

i,j=1
i<j
n

=4(n+1)) e

=1
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To summarize, the Killing forms associated to the special linear, special orthog-
onal, and symplectic groups are below.

Group Killing Form
SL(V), dim(V) =n+1 |4(n+1) Y €e

4,j=1
i<j

SO(V), dim(V) =2n | 4(n—1)%¢

SO(V), dim(V) = 2n+1| 4(n—2)3 ¢2
=1

Sp(V), dim(V) = 2n 4(n + 1)%62

i
i=1
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1.5 Invariants Under the Action of the Weyl Group

At the end of section 1.3 we obtained an equation for the Killing form of a Lie algebra
in terms of its roots. This allows us to consider the Killing form as an element of the
symmetric tensor product of H*, denoted S(H*). That is,

K=> a*eS(H").
acd
Then since all elements of the Weyl group, W, permute the elements of ®, the Killing
form is an invariant under the induced action on S(H*). In order to study all such

polynomial invariants, i.e. the ring S(H*)", we introduce certain divided difference
operators, one for each simple reflection corresponding to a chosen basis of H*.

Definition 1.5.1. Let {aq,...,a,} € ® be a basis of H* and let {s1,...,s,} C W
be the associated simple reflections. The k™ divided difference operator is
Ay S(H") — S(H™)

q — s1(q)
(67 '

q

Observe that ¢ — si(q) is divisible by «y for all k, hence we have
AL ML) — S™(HY).
It is clear from the definition how these operators relate to polynomial invariants.

Ag(q) = 0 if and only if sx(¢) = ¢, and therefore

g€ S(HN & Ar(q) =0 Vke{l,...,n}.

Additionally these operators have a few properties which are somewhat reminis-
cent of differential operators.

Lemma 1.5.2. Let z,y € S(H*). Then
o (Ap)*(z) =0,
o Ap(zy) = Ap(@)y + sp(x)Ax(y)-
Using these divided difference operators we can easily argue the following fact.

Proposition 1.5.3. Let £ be a semisimple Lie algebra with mazximal toral subalgebra
H. Then there are no non-zero W-fized linear forms on H*. That is S*(H*)" = 0.
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n
Proof: Let g := > ¢;cv; be a generic linear form on H*. Then,
i=1

n . Q(icz‘%‘,ak)
Ax(q) = 20'2(%’ 2 == :

" (a, ay) (cuk, )

If Ak(q) =0 for all k € {1,...,n}, then this means (D c;a;, ax) = 0, and there-

=1

fore (> ¢y, > dray) = 0 for all choices of di. Hence (¢,\) = 0 for all A\ € H*, but

i=1 k=1
since the bilinear form is lifted from the Killing form and is nondegenerate on H*,
this forces ¢ = 0. |

We are also able to speak about the fixed quadratic elements of S(H*). We have
seen that the Killing form is such a fixed quadratic form and it turns out that among
quadratric forms on H*, the Killing form is essentially unique in this regard.

Theorem 1.5.4. Let ® be an irreducible root system in H*. The Weyl group, W, of
the root system acts on ® which contains a basis of H*, and hence the action extends
naturally to S(H*). Under this action the only fized quadratic forms are multiples of
the Killing form.

S*(H*)W = {cK | c € F}.

Proof:  The proof hinges on the following lemma from [Hum90] which is a result
from the representation theory of groups.

Lemma 1.5.5. [Hum90, Lemma 6.4(c)] Let G be a group, E a finite dimensional
R-vector space, and p : G — GL(E) be a group representation such that the only
elements of GL(E) commuting with all of p(G) are the scalars. Then, if 3,/ are
two symmetric, non-degenerate, G-invariant, bilinear forms on E, there exists some
¢ € R such that g = cf'.

The assumption that £ be an R-vector space is used by Humphreys in parts (a)
and (b) of lemma 6.4, however part (c) may be generalized to E being a vector space
over arbitrary [ and the result still holds. We will employ the lemma in this case.

Since the elements of S*(H*) are quadratic forms on H, we wish to apply the
lemma to W acting on H. W is already a subset of GL(H*), and since H* is iso-
morphic to H via the map « <> t,, the Weyl group also acts on H as a subgroup of
GL(H). (For s € W, s(ta) = ts(a).) The representation p is then simply the restriction
to W of the isomorphism GL(H*) — GL(H). So we aim to show that the centralizer
of the image of the Weyl group consists only of the scalars.
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To start, choose a simple system {sq,...,8,} C W. Then {ay,...,q,} is a basis
of H*, and letting tj, :=t,,, {t1,...,t,} is a basis of H.

Let A € GL(H) such that Aw = wA for all w € W. In particular Asy = s;A for
all k€ {1,...,n}.

= Asy(ty) = spA(tr)

= —A(ty) = sp(Aty)

= At € {x € H | sp(v) = —x} = {cty | c € F}
= Vk,dc, € F such that At, = cits.

All simple coroots are eigenvectors for the matrix A. Now let ¢ # j and consider
SZA(t]) = ASZ(t])

Q(tl,t) 2(0[2‘,0[')
= Si(Cjtj) = A(t] — mijti), where m;; = (t tj) = (O_/» &3

= Cjti — ijijti =Cj — mijciti

= cj(mijti) = cz(mwtl)

:>Cj = C; 1fm2j #0

However, we also know that m;; = 2(5?27)) # 0 whenever «;, a; are adjacent in
the Dynkin diagram of the root system. So ¢; = ¢; for all adjacent roots, and then
since irreducible root systems have connected Dynkin diagrams, we know that there
exists ¢ € F such that Aty = cty, for all k. Finally the fact that {¢;,...,¢,} form a
basis for H implies that A = ¢I. Hence the lemma applies to W acting on H.

Now to briefly avoid overlapping notation, there is the Killing form on H, which

we will denote K'(—, —), and there is the associated quadratic form
K=> o eS*H
acd

Forz € H, K(z,z) = K'(x).
Let ¢ € S*(H*)". Then
¢ (z,y) =q(z+y) —q(x) —qy)

is a bilinear form on H with ¢/(z,2) = 2¢g(z). Since ¢ is fixed by the action of W,
so is ¢, and therefore if ¢’ is nondegenerate the lemma applies. That is there exists
¢ € F such that ¢ = ¢K'. In particular

¢ (z,1) =cK'(x,x) = 2¢(x) = cK(x)
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and so g € {cK | c € F}.

If ¢’ is degenerate, then consider the set

D:={zeH|d(x,y) =0Vy e H} #{0}.
For x € D,y € H, and w € W, since ¢’ is W-invariant

0= (z,w ' (y) =q(w(x)y)

and so w(z) € D. Then because the elements of w are automorphisms of H, D is
a W-stable subspace. However in the case that ® is irreducible, the only such sta-
ble subspaces are all of H or {0}. (Each s; fixes the entire space and a hyperplane
perpendicular to the element t;. The intersection of these n pairwise non-parallel
hyperplanes in n-dimensional space is the origin). Thus D # {0} implies that D = H
and this forces ¢ = 0, and ¢ = 0 in turn. So g € {cK | ¢ € F} still. i

Remark 1.5.6. This result does not require any of the preceding Lie structure and
applies to any irreducible root system ® in a vector space V*. When the Killing form

is defined as K = Y o?, the associated bilinear form on V is
acd

K'(z,y) = Kz +y) — K(z) = K(y) = 2>_a(z)a(y).

This will be non-degenerate by parallel to the Killing form of a Lie algebra. That
is, there exists a Lie algbera £ of the same root system type as ®. It will have a
maximal toral subalgebra H, and a root system ® C H* isomorphic to ® C V*. The
Killing form of £ is non-degenerate and corresponds via the root system isomorphism
to %IC’ . Hence K’ is also non-degenerate.

Corollary 1.5.7. Let ® be a root system in a vector space V* which is not irreducible.

If ®; C V* are the irreducible components (¢ = |J®;, and V* = & V*.) with Killing
i=1 i=1

forms KC;, then

n n

SP(VHW = DS (V)W = @{CICZ- | ceF}

i=1
where W; is the Weyl group of the root system ®; C V* and as such the whole Weyl
group 1s W =Wy x ... x W,.

Proof:  Let g € S*(V*)" and set ¢ to be the associated bilinear form on V. Since
¢ is fixed by W, it is fixed by all subgroups W; and hence ¢'|y.xv, € S*(V;¥)":. So
¢ lv,xv;, = ¢;IC; for some ¢; € F.
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Let ¢ # j and take vy € ®;, wy € ®;. The reflection s,,, € W; < W fixes vy while
negating wy. Because ¢’ is W-invariant, this means

q (vo, wo) = Q'(Swo (v0), Suwo(wo)) = q'(vo, —wo) = —¢' (v, wo)

and so ¢'(vp,wp) = 0. Since the sub-root systems span their respective subspaces,
¢ (v,w) = 0 whenever v € V;,w € V},i # j.

Next let xz,y € V. They have decompositions z = > v;, and y = > w;, where

=1 =1

Ki(z,y) =2) _a(z)a(y).

a€Ed;

However, for all o € ®;, «(V;) = 0if i # j. This implies that

Ki(x,y) = 2204(2}2-)04(101») = Kl (vs, w;).

acd;

v, w; € V;. By definition

Finally, consider

q(y)=qd 0 vi, Yy _w)

i=1 =1

= Zq/(viv wj)

ij=1

— Zq/(vi, w,) + Zq/(viawj)
=1

i,j=1
i#]

= ZCZ‘K;(UU 'LUZ) -+ 0

=1
=1

Hence ¢’ = ) ¢;K), meaning ¢ = ) ¢;K;. The reverse inclusion holds since W;
i=1 i=1
fixes K; and acts trivially on K;,i # j, fixing them also. |
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1.6 Invariant Quadratic Forms

We may ask about invariants of the Weyl group which are somewhat removed from
the Lie algebra setting, and consider the action of the Weyl group on quadratic
forms in characters. Namely, let G be a split simple linear algebraic group with
maximal torus 7. Consider a root system ®(G) C T* with Weyl group W and a
subgroup of invariant quadratic forms S*(7*)". The group of characters T is a
lattice and it may be extended to a vector space by considering 7* ®7 Q. Then ®(G)
is a root system in T* ®; Q and S*(T* ®z Q)" consists of linear combinations of
Killing forms of the irreducible components of ®(G). We may identify our original
invariants as the subgroup S*(T*)" < S*(T* ®7; Q)" of elements with strictly integer
coefficients. In the case that ®(G) is irreducible, S*(T* ®z Q)" is 1-dimensional
and so SQ(T*)W is an infinite cyclic group generated by an element we denote by
qo, called the normalized Killing form. Of course when ®(G) is not irreducible, the
group S*(T*)" will be generated by the normalized Killing forms of the irreducible
components. To summarize,

Proposition 1.6.1. Let G be a split semisimple linear algebraic group with mazximal

torus T'. Let ®(G) = |JP; be the root system decomposed into its irreducible compo-

=1
nents. Let W denote the Weyl group of ®(G). If q; is the normalized killing form of
®,;, then

(1) = Diia).

Below we summarize the Killing forms and normalized Killing forms of our stan-
dard simple linear algebraic groups.

Group T Killing Form

Normalized Killing Form

SL(V), dim(V)=n+1 | &G |1<i<n) |[4n+1) &g S ae

i,j=1 ,j=1

SO(V), dim(V) = 2n
SO(V), dim(V) =2n +1

Sp(V), dim(V) = 2n

(e;]1<i<n)
(e; |1 <1<n)

(e;]11<i<n)

1<j

4(n—1)>¢€?
i=1

4(n —2)> e?
i=1

4(n+1)> e
=1

i<y

n
>.e
i=1

n
>oe
i=1

n
>.e
i=1

These groups of quadratic invariants turn out to display functorial properties. A
map of linear algebraic groups ¢ : G — H induces a map ¢* : S*(T};) — S*(Tg). In
order to demonstrate this we follow the exposition of [GMS].

Definition 1.6.2. Given an algebraic group G, a loop in G is a group homomorphism
G, — G, and so the set of all loops in G is G, := Homp(G,,, G).
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Some needed properties of loops are

1) If f1, f2 € G, are two loops with commuting images, then the pointwise prod-
uct fife is again a loop. In particular, if fi,..., f, are loops with pairwise
commuting images and ki, ..., k, € Z, then ffl 2’” ... fF is again a loop.

2) If g € G(F) and f € G,, then 9f is again a loop, where for « € R € Algy,
“f(R)(a) = gf(R)(a)g™".

Our object of interest is the group Q(G) consisting of particular maps defined
on these loops.

Definition 1.6.3. To a linear algebraic group G we associate the abelian group

Q(G) :={q: G, — Z | functions such that (i) and (ii) hold}

(i)  4(0f) = () for all f € G. and g € G(F).
(ii) : For all fy,..., fn € Gy with pairwise commuting images, the map
7" =7
(ks okn) = qUf fo2 o fhm)

is a quadratic form on Z".

The group operation in Q(G) is simply pointwise addition of images in Z.

Lemma 1.6.4. Let T be a split torus, i.e. T = G,,, X...xG,, (with n factors). Then
the group Q(T) is isomorphic to S*(T*), where both are groups of quadratic forms on
the lattice T,.

Proof: Note that since T is abelian, all loops have commuting images and so the
set of loops is simply the cocharacter group.

T"=(xi|1<i<n)y=Z"
Xi €7 €
T.=(A; |1 <i<n)y=7Z"
A; < d;

where y; is the projection onto the i*" factor, and A; is injection into the i factor
with the identity in all other factors.
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When the relations x;(A;(t)) = ¢, and for i # j, xi(A,(t)) = 1, are expressed
additively, we have that e;(d;) = d;;, and so T* and T, are dual lattices. Then
naturally, the elements of S*(T*) are quadratic forms on 7,. We can show that these
elements of S*(T™*) also belong to Q(T).

n
Let ¢ € S*(T*) so ¢ = Y. c;jeie; for some c;; € F.
ij=1
i<j

Since T is abelian, for all f € T, and g € T'(F), if « € R € Algy then

(f(R)(a) = gf(R)(a)g™" = g9~ f(R)(a) = f(R)(e)
implying 9f = f and so clearly ¢q(9f) = ¢(g), satisfying (i) from the definition of
Q(T).
Next take fi,...,f. € T,. Let f; = zn:bikdk. Consider the map Z" — Z such
that (Iy,....0) — q(lifi+...+1.fr), Whicﬁ:ils the map from (7i) expressed additively.

q(l1f1 + ...+ lrfr) = Zcijeiej (llzblkdk + ..+ erbrkdk> .
k=1 k=1

4,j=1
i<j

After some rearranging this becomes

7 n

(ly, ... 1) — Z Zcijbkibmj lilm

kym=1 \ =1
i<j

which is a quadratic form on Z". Hence ¢ € Q(T).

For the reverse inclusion consider z € Q(T"). Choose the elements Ay, ..., A,
T, to construct the quadratic map Z"™ — Z given by (l1,...,1l,) — z(lhdi+...+1,d,
Since this is a quadratic map it takes the form

Z(lldl + ...+ lndn) = Zcijlilj

4,j=1
i<j

n
for some c;; € F. However this map agrees with > ¢;;e;e; € S*(T*) on all points of
ij=1
i<j

Z", and therefore
z = Zcijeiej € SQ(T*)

i,j=1
i<j
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so the result follows. |

Our goal in introducing the group Q(G) was to use its functorial properties. If
¢ : G — H is a homomorphism of linear algebraic groups, there is an associated map
between loops

vy Gy — H,
fpolf.

This in turn gives rise to the map

Qp): QMH) = Q(G)
g qop.

which is a group homomorphism.

Thus, if we have a split maximal torus, T, in a linear algebraic group G, it comes
with an inclusion map i: T"— G which induces the homomorphism

Q(i): Q(G) — Q(T) = S*(T™).

Due to condition (i) of the definition of Q(G), the image of this homomorphism
is subset of S*(7*)". The Weyl group is usually defined as the group generated by
the reflections with respect to the root system ®(G) C T*, however there is a notion
of the Weyl groups of G with respect to a subtorus 7", and this is

W = Now (T'() /g (1(F))

the normalizer of the torus modulo the centralizer of the torus in the group of F points.
This Weyl group acts on the torus, and hence on the cocharacters by conjugation.
For s € Wp and A € Ty, s(A) := 9A where g € Ngw)(T'(F)) is any representative
of s. There is then an analogous action on the group of characters 7. For y € T™,
(sx)(A) := x(?A). However, in the case that T is a maximal torus, these groups and
their actions are isomorphic [Hall]. So we can argue our claim that Q(¢) maps into
S*(T*)V.
Let ¢ € Q(G), s € W with representative g € Ng@)(T'(F)), and let A € Ts.

s(Q()(2)(A) = (QE)())(sA) = (Q()(9))(PA) = g(ie 7A).

Since ¢ is simply an inclusion map, and YA is conjugation in GG, we have that io YA =
9(i10 A), and so

q(io 7A) = q(*(i0 A)) = q(io A) = (Q(i)(¢))(A)
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and therefore

s(Q(i)(9)) = Qi)(q) = Qi)(q) € SH(T)™.
We will denote this homomorphism by 8: Q(G) — S*(T*)V.

Proposition 1.6.5. [GMS, Part 2, Proposition 7.2]
B: Q(G) — s*(T)"
s an isomorphism of groups.

Proof: We start by showing that /3 is injective.

If f € G, is a loop, then its image is either isomorphic to G,, or is trivial. In
both cases the image is contained in a maximal torus conjugate to 7', and so there is
an element g € G(IF) such that the image of 9f is a subgroup of 7', i.e. 9f € T..

Assume ¢1, g2 € Q(G) such that 5(¢1) = B(g2). This assumption is that for all
A€eT,, q1(ioA) =qioA). They agree on loops in T. Therefore for all f € G,

a(f) =alf) =@(f) = ¢(f)

and so q; = ¢o. [ is injective.

To show that f is surjective, we construct an extension of a map on loops in T’
to a map on loops in G. Being an extension, § will then simply restrict it to the
original map.

Let ¢ € S>(T*)W. For f € G, and g € G(F) as above, define § € Q(G) by
q(f) :==q(9f). If g is well-defined, then £ is surjective.

This definition of § depends on g, which is an artifct of our choice of maximal
torus containing the image of f. Let S,S” be two maximal tori containing the image
of f, each of which are conjugate to T via the elements g,¢ € G(F), (95 = T and
9'S" = T). Since S, 5" are tori containing the image of f, they are both contained in
its centralizer H := Cg(Img(f)), where they are still maximal and hence conjugate
via an element h € H, ("S = S’). Then we have

ghe"ip = dhg = 9 =T
meaning ¢'hg™' = w € Ng@)(T(F)). In particular, ¢'h = wg.

Finally, ¢(9 f) = q(¢"f) = q(*9f), and since ¢ is invariant under the action of
W caused by w, ¢(*9f) = q(f). This means 7 is well-defined, and so § is surjective.
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Remark 1.6.6. Let ¢: G — H be a map between linear algebraic groups with
maximal tori Ty, Ty and Weyl groups Wq, Wy

We have the map
Qlp): S*(T)" — S*(T5)"e
where for ¢ € S*(T3)"#, Q(¢)(q) = qo ©..

We also have the map o* : H* — G* which restricts to ¢*|7- : Tj — T¢, which
in turn extends to

|z S*(Th) — S*(T¢)
¢ qop.

However note that in the latter instance, S*(T};) is being considered as multi-
plicative maps Ty — G,,,. These are naturally considered as additive maps Ty, — Z
by taking

(qop)(f)=qopof€Gy, =Lior f€Thy..
But then since go g o f = g o p.(f), our two maps are identified. Q(y) = ¢*.

So for any homomorphism between linear algebraic groups, its dual map preserves
quadratic invariants.



Chapter 2

Tensor Product Maps

In this chapter we study the behaviour of invariant quadratic forms with respect to
the Kronecker tensor product map. To start with introduce the Kronecker tensor
product map itself before discussing the kernels and codomains of the map when it
is restricted to combinations of the special linear, special orthogonal, and symplectic
groups. We continue to directly compute the behavior of the induced map on invariant
quadratic forms in several cases culminating in our main result, Theorem 2.2.1, which
states that this behaviour depends only on the dimensions of the underlying vector
spaces. Some (but not all) computations and proofs of this chapter can be found in
[GMS] and [BDZ] which motivated our investigations.

2.1 The Kronecker Product of Matricies

The Kronecker tensor product of two matricies (each representing an endomorphism
of a vector space) produces a matrix which represents an endomorphism of the tensor
product of the two vector spaces. Here we define this notion precisely for the invertible
endomorphisms of the general linear group.

Let Vi, V5 be finite dimensional vectors spaces over an algebraically closed field
. Consider the following tensor product map.

VieV, =V, ®r Vs
(v1,v2) = V1 ® V2.

It induces a map
p: GL(V)) x GL(V,) = GL(V; ® 13)

by requiring that for (A;, As) € GL(V;) x GL(V%)
p((Al, AQ))(Ul & Ug) = A1U1 X AQUQ.

45
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Hence p((A1, As)) = A; ® Ay where the expression on the right is the Kronecker
product of matricies.

Definition 2.1.1. Let Vi, V5 be n-dimensional and m-dimensional vector spaces re-
spectively. Let A € GL(V1) and B € GL(V3). The Kronecker product of A and B is
A® B e GL(V; ® V), where (A® B)(v ® w) := Av ® Bw.

If A = lay;]};=, with respect to a basis {vy,...v,} of Vi, and B = [by]—, with
respect to a basis {wq, ..., wy} of Va, then

with respect to the basis
{U1®W1,U1®w2,...,vl®wm,’U2®wl,...,v2®wm,...,vn®wm} g‘/1®‘/2

That is, A ® B is an nm x nm block matriz whose blocks are of the form a;; B.

Example 2.1.2. IfA:[(z b},B:[; f],then

d h
ae af ibe bf
_ [@BibB ] _ | ag ahibg bh
A®B {B_dB] ce cf de df
cg chidg dh

Since our map p defined by the Kronecker product is a group homomorphism,
naturally we ask about its kernel.

Proposition 2.1.3. We have

ker(p) = {(cI,c ') | c € F*}.

Proof:  The kernel of p is all pairs (A4, B) € GL(V1) x GL(V2) such that A® B = 1.
Let A = [a;;]7;—, and B = [b;;]{"—, with respect to bases as above. Then, if A® B =
[ai; B} j—1 = Inm we know,

i) a;; = 0 whenever ¢ # j,
ii) a;b;; =1 for all 4, j,

iii) b;; = 0 whenever ¢ # j.
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Hence A, B are both diagonal matricies, and since a;1b;; = 1 for all j, this means
B = al_lll. Then a;byp = 1 for all ¢ implies A = a1 1.

Hence ker(p) C {(cI,c™ ) | ¢ € F*}, with the other inclusion being clear. i

We may also consider restrictions of p to distinguished linear algebraic subgroups
of GL(V) such as SL(V),SO(V), etc. We do this as follows. Let G; — GL(V}) and
Go — GL(V3) be linear algebraic subgroups. Define the restriction of p to G x Gy
to be the composition

plaixa, : Gi x Gy — GL(V}) x GL(V2) & GL(V; @ Va).
Proposition 2.1.4. We have

ker(pla,xa,) = {(cI,c ') | el € Gy,c ' € Gy}

Proof:  This merely follows from the fact that the kernel of a restricted homomor-
phism is the intersection of the original kernel with the domain. That is,

ker(pla,xa,) = ker(p) N (Gy x Ga) = {(cI,c ') | el € Gy,¢ ' € Gy}

In the following examples, let V' be an n-dimensional vector space over [F.

Example 2.1.5. Consider the restriction of p to
SL(V) ={A € GL(V) | det(A) = 1}.

The kernel is then

ker(plsLovyxsnvy) = {(cl,c ') | el,e™' T € SL(V)} = {(cI,c ') | " = 1}.
Hence ker(p|st(v)xsr(v)) is isomorphic to the group of n'™® roots of unity, u, C F.
Example 2.1.6. The special orthogonal group is

SO(V) = {A € GL(V) | det(A) = 1, AT = A7}

Therefore

(1,1)} n odd

ker(plsowyxso)) = {(cl,¢ ) [ " =1, =1} = {{(1 I),(=I,—D)} neven
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To consider restrictions to the symplectic group, we assume that V' is 2n-dimensional.
Example 2.1.7.
Sp(V) ={A € GL(V) | ATKA = K} where K = { _0] ](;l ] :
Hence

Ker(plsovyxspv)) = {(e1,e ') | ec ™ K = K} = {(el,e™'1) | e € F*).

In proposition 2.1.4 there was no requirement that the linear algebraic subgroups
(G1, Gy be equal, and so we can also consider examples involving two of the common
subgroups.

Example 2.1.8.
ker(p|SL(]Fn)XSO(]Fm)) = {(c],c_ll) | " =1,c" = l,c 2= 1}

[y god
{(]’ I)? (_I7 _I)} ng

In general, the above tensor product map can be extended to a product of n
copies of GL(V;). That is we consider

pn: GL(V}) X ... x GL(V,) = GL(V; ® ... ® V)
(Al,AQ,...,An)—)A1®A2®...®An

and A ®...® A, is as we would expect
(A1®...0A4)(11®...0u,) =A111 ®...Q Apu,.
Proposition 2.1.9. We have
ker(p,) = {(c1l,¢col,... ¢, D) | crea...c, =1}

Proof: We argue inductively assuming the result holds for all p,, with m < n.

Let Ay ® ... ® A, € ker(p,). This means that (4; ® ... ® A,_1, A4,) is in the
kernel of

p:GLVi®...®V, 1) x GL(V,) = GL(Vi®...® V).

(A1 ®...® Ap_1,An) = (¢, 1, ¢,) for some ¢, € F*
(cnA1)®@A®..®0A, =1

(cnAy, Ag, ..y Ap1) € ker(pn_1)

(cnAy, Aoy Apq) = (a1, ¢, ... ¢y 1) such that ajca...cpm1 =1
= (A1, Ay, .. An 1, A) = (6 and ol .. e, ey )

o1 1
with ¢, (a1¢o...cp1)cn = ¢, cp = 1.



2. TENSOR PRODUCT MAPS 49

Hence setting ¢; := ¢, 'a; we obtain that (Ay,..., A,) = (ciI,...,c,I) such that
€1y . ..c, = 1. This implies that

ker(pn) - {(01]702]7--'7Cn‘[) | C1C2 ... Cp = 1}

with the other inclusion again being clear. i

Finally we consider restrictions of p, to G; x G5 x ... x G,, where each G; —
GL(V;) is a linear algebraic subgroup. The restricted map, which we shall denote as

oG x .. xG, = GLV®...0V,),
has the following kernel.

Proposition 2.1.10. We have

ker(pl) = {(c1l,...,cod) | cica...cn =1, I € G;}.

Proof: Just as in the two subgroup case, the identity stems directly from the fact
that
ker(p!) = ker(p,) N (G1 X ... x G,)

and the result follows. |

Example 2.1.11. Let dim(V;) = d; and let G; = SL(V;) with an obvious embedding
into GL(V;), then

ker(p,) = {(c1l,...,cod) € fay X ... X g, | c1ca...cp =1}

Having considered the kernels of these maps, we move on to considering their
images. We are able to restrict the codomain significantly, demonstrating that p is a
map between distinguished linear algebraic subgroups. First, a useful fact for doing
SO.

Lemma 2.1.12. Let V3, V5 be two F-vector spaces with dim(Vy) = n and dim(V,) =
m. Let A € GL(V}), B € GL(V4) be two matrices, then

det(A ® B) = det(A)™ det(B)".
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Proof:  First we decompose the matrix as A® B = (A® I,,,)(I, ® B). Consider
A ® I, which has the form

a1 Q1n
ail A1n
an1 Ann

an1 Qpn

which in m(m — 1)/2 row transpositions can be rearranged to

a1 Q12 Q1n

an1 an2 Apn
a11 a12 A1n

An1 Ap2 Apn

a1 Q12 Q1n

Qn1 Ap2 Apn

and in a further m(m — 1)/2 column transpositions can take the form

A

A

which clearly has a determinant of det(A)™. Finally since we performed an even
number of row/column transpositions in total, m(m — 1), the determinant of our
original matrix agress with this determinant, and so we have

det(A® I,,) = det(A)™.

The determinant of the other factor is much more straightfoward. We have

B
det(l, ® B) = det = det(B)".
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Finally
det(A® B) = det(A® I,,) det(1, ® B) = det(A)™ det(B)"

and so we obtain the result. |

This lemma is all that is required to restrict the codomain of p‘SL(Vl)xSL(V2)~ If
(A, B) € SL(V1) xSL(V4), then det(A) = det(B) = 1 which implies that det(A® B) =
1. Hence
plstviyxsiv) © SL(V1) x SL(V2) = SL(V; @ V3)

and the argument easily extends via induction, showing that

pnSL(Vi) x ... x SL(V,) = SL(V; ® ... ® V,,).

In the case of p restricted to special orthogonal groups, by definition If (A, B) €
SO(V1) x SO(V;), then ATA =1,,, B'B = I,,,, and det(A) = det(B) = 1. Therefore

(Ao B)(A® B) = (AT @ B")(A® B) = (ATA)® (BT"B) = I, ® I, = Lim
and det(A ® B) = 1. From this it’s clear that (A ® B) € SO(V; ® V3) and so
plsoiyxso(e) : SO(V1) x SO(Vz) — SO(Vi @ V3)
and this extends similarily,

Pn 2 SO(V]) x ... xSO(V,) = SO(Vi @ ...®V,).

The last of the common linear algebraic subgroups we have been considering,
Sp(V), does not conform in such a straightforward manner. Recall that

Sp(V) ={A € GL(V) | ATKA = K} where K = { _0] Ié‘ ] :

It is also the case that if A € Sp(V') then det(A) = 1. Therefore if
(A1, ..., Ay) € Sp(V1) x ... x Sp(V,)
then
(A1®..9A) (K. 9K)(A®..0A,)=ATKA®.. 9AKA, =K®... 9K

and det(A; ® ... ® A,) = 1. So the image of p, lies in the group of matricies of
determinant 1 preserving the bilinear form corresponding to K ®...® K. This is either
SOV®...@V, K®...® K) if the form is symmetric, or Sp(V®... VK ®...®K)
if the form is antisymmetric. This depends on the parity of n. Since

(K®..9K)'=K'®.. 9K'=-K®..9-K=(-1)"(K®...9K)

the image lies in SO when n is even, and in Sp when n is odd.
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2.2 The Product of Quadratic Invariants

As we have seen already, a map of linear algebraic groups ¢ : H — G restricts to
a map between maximal tori, |, : Ty — T. This induces a dual map between
character groups o7, : T¢s — Tg, which in turn extends to a map on quadratic forms
0T S%(T%) — S?*(T};) mapping the Weyl group fixed points into Weyl group fixed
points.
Ve S (T) " — S2(Ty)"e
q > qO Q.

In the case that H, G are split semisimple groups, we have shown that their groups of
quadratic invariants are free groups of finite rank generated by the normalized Killing
forms of their simple components. Therefore any such map is described entirely by
the images of these generators. We now describe this behavior for the map induced
by the Kronecker product map, p, in our familiar examples.

2.2.1 The SL x SL-case

Let dim(V;) = n + 1 and dim(V32) = m + 1. Consider
p: SL(V1) x SL(V2) — SL(V1 ® V3).

Let 71 C SL(V4), Ty, C SL(V,) be maximal tori as in example 1.4.7. Denote the
maximal torus in SL(V; ® V3) by
T(n+1)(m+1) = {diag(tl, tg, . ,t(n+1)(m+1)) | tito .. .t(n+1)(m+1) = 1}

* ~Y n 2
and T, 4 1ymy1) = ZO N (fi 4 fot ot fant)ma)
with generating elements f; for 1 <i < (n+ 1)(m + 1) — 1. Then since T} x Ty is a
maximal torus in SL(V;) x SL(V3) we compute
plryxry s Th X Ta = Tty mer)-
Let A = diag(ay,...,a,41) € Ty, B = diag(by,...,bne1) € To. We have
p(A, B) = diag(aiby, aibs, . .. a1bpy1,
ale, a2b2, e ,a,gbm+1, Ce

te 7an+lbla an+lb27 s 7an+lbm+l)~

To find p*(f;), we first decompose ¢ = k(m + 1) + r in such a way that 0 < k < n,
1 <r <m+ 1. Observe that this decomposition is unique. Then we obtain

p*(J)(A, B) = [i(p(A, B)) = ars1b,
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and so B
p*(f;) = (€ryr1,€) € Ty x Ts.

To apply these arguments to invariants S ( (n+1)(m H))W, note that by example 1.4.7

L@ Vo) ={fi = f; [1<i#j<(n+1)(m+1)}
Hence the Killing form and normalized Killing form are

(n+1)(m+1) (n41)(m+1)—1

Ksiwiovy =200+ D(m+1) Y Fi=dn+)m+1) S LT,

i=1 Z] 1

(n41)(m—+1)—1

| (e Demy
GsLvie) = Y. fifj= 3 > T
=1

i,j=1
i<y

Since p*(f;) depends on 7 and k in the decomposition of i, we express the Killing
form as a double sum over these variables.

n m+l
gsL(vev) = Z Z fk n+1)+
k: 0 r=1
n m+l
= p*(gsLvev)) Z Z p*( n+1 )4r)
kno 7:1+11
=35 Z Z 6k+176r
k: 0 r=1
n+1 m+1
HICT
k=1 r=1
1 n+1 m+1
1 n+1 m+1
=3 ((mﬂ)Zez,(nH)Zez)
k=1 r=1
1 n+1 1 m+1

= ((m + L)gsLon), (n + D)asL)) -
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The Killing form is simply a multiple of the normalized Killing form, and so we obtain

p*(ICSL(V1®V2)>

4(n+1)(m + 1)p"(gsLievs))

4n+1)(m+1) ( m 4 1)gsrvy), (n + l)qSL(VQ))
((m+1)*4(n + L)gsro), (n + 1)%4(m + 1)gsr.s))
((m + 1)*Ksr ), (0 + 1)*Ksra))-

2.2.2 The Even SO x SO-case

Let dim (V1) = 2n and dim(V2) = 2m. We repeat the above process for the map
p . SO(‘/la QQn) X SO(‘/Za QQm) — SO(‘/l ® ‘/27Q4nm)'

Let 77 € SO(Vi,Qa,), Ty € SO(Va, Qs,,) be maximal tori as described in 1.4.8. The
larger torus is

Tanm = {diag(ty, - - -, tonms topmy - - -1 t1 1) | ti € F*}
and Ty, = (fi|1<i<2nm)=7*"
The root system of ®(SO(V; ® Vi, Qup) is of type Doy,

BSO(Vi Vi, Qi) = {4fi = f; | 1 < < j < 20m)

and so has Killing form and normalized Killing form

2nm 2nm
Ksowiovaumm) = 42nm —1)> " f2, s0(viovs Qunm) Z f?.
=1

Let A = diag(as,...,an,a;t,...,a;") € T, B = diag(by, ..., by, bt ..., b7") € Ts.
We then have

p(A, B) = diag(albl, albg, e ,albm, (Zlb;ll, Ce ,a1b2_1, albl_l,

agbl,agbg,...,a2bm,a2b;1,...agbgl,agbfl,...

Sapbi, anbo, ... anby,, anlf1 .. anbgl, anbfl,

a; b1, a; by, ... a; by, ;1b— coa byt a byt
Say by artbs, .. al by, llb;“..., llb;, a;torh).

If i = k(2m) + r is such that 0 < k <n — 1,1 <r < 2m, then

ﬁuwz{<aﬂmn 1<r<m

(€r+1, —€2mi1—r) Mm+1<r<2m
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= p*(qSO(V1®V27Q4nm)> = Z p*(fiz)

=1
n—1[ m 2m
k=0 Lr=1 r=m+1
n—1[ m o2m
= Z Z(ekﬂa e)” + Z (ert1, _€2n+1r)2]
k=0 :rzl r=m+1
=YD (€€ +Z(ei,ei>]
k=1 Lr=1 r=1
=2 Z Z(ei, e?)
k=1 r=1
m
=2|m ex,n Z ef)
k=1 r=1

= ((2m)gsovi,2an)» (21)q50(Va,0m) ) -

Applying the map to the Killing form gives

dnm? — 2m An’m — 2n

Ksowi 9an)» ﬁKSO(V2,92n)> :

P (Ksoieve Qunm)) = ( —

2.2.3 The Odd SO x SO-case

We now consider the orthogonal case when both vectors spaces have odd dimension.
Let dim(V1) = 2n + 1, dim(V3) = 2m + 1.

p: SO(V1, Qony1) X SO(Va, Qopg1) = SO(Vi & Va, Qeanti)ema+1))-

Again let T C SO(Vy, Qopi1), To € SO(Va, Q9,,41) be the maximal tori as per example
1.4.9. The maximal torus in SO(Vi ® Va, Qon+1)2m+1)) 18

Tontnyemin = {diag(ti, ta, - . s tonmintms Ly bommanims -2 ta s t1 1) | £ € ¥}

Let A = diag(ay,...,an, 1,a;%,...,a;") € Ty, B = diag(by,...,bm, 1,01, ..., b7") €

) n

T, and let p(A, B) := diag(cy, - - ., Cnt1)@mt1))-
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fi=k2m+1)+7rwith0<k<2n,1<r<2m+1 then

( 0<k<n-—1
Q11D 1<r<m
Agt1 r=m+1
Ay 1bm o, m+2<r<2m+1
k=n
. b, 1<r<m
)1 r=m++1
Doy m+2<r<2m-+1
n+1<k<2n
a’2_n1+17kb7" I<r<m
! r=m-+1

@2nl+1—k )
. a2n+1—kb2m+277“

and so for 1 <i < 2nm +n+m,

(

(6k+1> er)
(€k+17 0)
(€k+17 _€2m+277’)

P*(fi) =

L (0,er)

From example 1.4.9

P(SO(Vi @ Va, Qant1)2m+1)))

m+2<r<2m+1

0<k<n-1
1<r<m
r=m-+4+1
m+2<r<2m+1
k=n
1<r<m.

={tfit fi,£fill<i<ji<2nm+n+m,1<k<2nm+n+m}

and

2nm+n+m

ICSO(V1®V27Q(2n+l)(2m+l)) = 4(2nm +n+m-— 2) Z fi27
=1

2nm~+n+m

_ E : 2
QSO(V1®V27Q(2n+1>(2m+1>)) - i
i=1
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This implies

2nm~+n+m

p* (qSO(V1®V2,Q(2n+1)(2m+1))) = Z p* (fl)2

=1

m 2m—+1 m
Z p*(flg(Qm—i-l)—l—r) + p*(flg(Qm—i—l)—l—(m-l—l)) + Z p*<fl§(2m+1)+7‘)
Lr=1 r=m-+2 r=1
B 2m+1 m
Z(ek—f—la er)? + (er41,0)” + Z (ek+1, —€amsay)?| + 2(07 €r)2>
L r=1 r=m-42 r=1

(€2,0) +2 (i, €?)
L r=1

CUREICES o

(2m+1) Z ez, (2n + 1) Z ef)
k=1 r=1

= ((2m + 1)gso(vi 2ams1)> (20 + 1)q50(va.Qams1))

and for the Killing form

* R
P (]CSO(V1®V2,Q(zn+1)(2m+1))) =

dnm? 4+ 4dnm +2m? —3m 4+ n — 2

( n—2

An’m 4+ 4dnm +2n® —3n+m — 2
m — 2

Kso(vi ,Qoni1)s

Kso(a.0ams1))-

2.2.4 The Mixed SO x SO-case

+ Z p*( ’3(2m+1)+r)>

The remaining combination of orthogonal groups is when one vector space has even
dimension and the other is has odd dimension.
Let dim (V1) = 2n and dim(V3) = 2m + 1. We consider

p: SO(‘/D QZH) X SO(‘/Zy Q2m+1) — SO(‘/l & ‘/27 QZn(2m+1))'
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The maximal tori 73 C SO(V1,Qa,), To € SO(V43,Q,,41) are as in the previous

examples. Since V} ® V5 is even dimensional, the larger maximal torus is

TQn(2m+1) = {dlag(tl, . 7tn(2m+1)a t;(12m+1)7 . ,tl_l) | tl S IFX}

and T3, 0p41) = (i | 1 < i <n(@m+1)) = Zn(2m+1)
Xi <> [i-

As always, it is sufficient to understand p*(f;). Let A = diag(ay,...,an,a, !, ..
Ty and B = diag(by,...,bm, 1,01, ... by) € T. If p(A, B) = A®B = diag(cy, . .

then for i = k(2m+ 1) +r where 0 <k <2n—1,1<r <2m+1

( if0<k<n-—1
g1y 1<r<m
A1 r=m-+1
o) arabins . m+2<r <2m+t1
' ifn<k<2n-—1
agnl—k;bT 1<r<m
a2_r}—k r=m-+1
L ayl bt mA2<r<2m+1.

Therefore for 1 <7 < n(2m + 1)

if0<k<n-1
* _ (ek-i-lae?“) 1 S r S m
pr(fi) = (€r+1,0) r=m+1
<€k+17 _62m+27r) m+ 2 S T S 2m + 1.

. ,al) c
. a62n(2m+1)>7

We know by example 1.4.8 that SO(V;@V4, Qa5 (2m+1)) has Killing form and normalized

Killing form
n(2m+1)

ICSO(V1®V27Q2n(2m+1)) = 4(”(2m + 1) - 1) Z fi27
i=1

n(2m+1)
o 2
dSO(Vi®Va,Qan(2m+1)) — Z fl ’
=1
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So we compute

n(2m+1)

IO*(QSO(V1®V2,QQn(2m+1))): Z p*<fl)2
=1
2m—+1

n—1 m
:Z Z fk(2m+1 +r) +p" (fk 2m+1)+(m+1)) + Z p*(fk(2m+1)+r)2>
k=0 r=m-+2

n—1

m 2m—+1
2 2
= E E €kt1, Gr (ext+1,0)” + E (€k+1, —€2mr2—r)

k=0 r=m-+2
3 (10 55@ ez>)
r=1
:Z (2m + 1)ej, 2zm:ef>
k=1 r=1
= ((2m + 1)26%, 2n263>
k=1 r=1

= ((2m + 1)gsovi,02n)» (20)450(Va,Qam1)) -

As for the Killing forms, we obtain

N _
P (’CSO(V1®V2aQQn(2m+1))) o

( n—1
An’*m + 2n? — 2n
m— 2

Anm? +4nm —2m —n — 1

]CSO(V1,an) )

Kso(a.Qams1))-

2.2.5 The Sp x Sp-case
Let dim(V}) = 2n and dim(V5) = 2m. Consider the product of symplectic groups
P Sp(Vi, ¥a,) X Sp(Va, Wan) = SO(V1 @ Va, Uay @ Wayp).

In this case we cannot immediately evoke previous results about the root structure of
SO(V1 ® Va, Wg, ® Wa,,) since this is an orthogonal group with respect to a different
orthogonal form, Wy, ® Wy, # Qypnm. We take a brief aside to derive the Lie algebra
and root structure.

Lle(SO(V&@Vé, \Ifgn@\pgm)) = {A € End(‘/1®‘/2) | AT(\D2n®\I]2m) = _(\I]2n®\112m)A}'
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To analyze this condition we define the function h(7),

o EnlE << oonm
h(i) = ;
(0l omm 1<
and note that
W, @ Uy, =
2 2 h2)

h(1)

If we set A = [a;;];"™, then

< dnm

h(4nm)

_(qJQn & qj?m)AT(\PZn ® \IIZm) = [_h(l)h(])a4nm+1 —J4dnm—+1— z]??ml

meaning that A € Lie(SO(V] ® V,, ¥g, ® Ws,,)) is equivalent to

= _h( )h( )a4nm+1 —J,4dnm~+1—1 V]- S Z,] S dnm

and so Lie(SO(V} ® Vi, Uy, ® Uy,,)) is spanned by the set

{Ei; — h(0)h(j) Esnmt1—janmi1—i | 1 < 4,5 < 4dnm}.

The maximal torus in SO(V] ® Vs, Wy, @ Wy, ) does not differ from the usual.

and T

dnm

=(xi | 1<i<2nm).

Tinm = {diag(ty, ..., topm, to- ..., 17" | t; € F*}

We then obtain a weight space decomposition almost identical to our previous de-

composition with respect to Q4.

Weight space Weight
Diagonal Matricies 10
F(E;; — h(i)h(§) Esnms1—janmir—i), L < i £ 7 <2nm | xax; ' <> e —¢;

F(Eianm+1-j — h()R(J) Ejanmir-i), 1 <4, < 2nm
F(Enmi1-i; — h(0)h() Esmmi1—ji), 1 < 1,5 < 2nm

This produces a root system of type Day,p,

P(SO(V1 ® Vo, Wy, @ Wyyy,)) = {xe; £e; | 1 <i<j<2nm}.

It was expected that the root systems of SO relative to the different orthogonal forms
Qunm and ¥y, ® Wy, would be isomorphic, but in fact they are directly equal in 7.
In addition, the maximal tori in SO(V;, Q) and Sp(V;, V) are also equal. Therefore we
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may use our previous calculations about the Killing form, normalized Killing form,
images of the roots under p*, etc. from SO(V} ® Va, Qupm)-

2nm 2nm

KsoWiavawa,ows,) = 42nm = 1) [, GsoWieVetn,oven,) = > I7

This implies

p* (QSO(V1®V2,‘I’2n®‘I/2m)> = <2m Z 6%, 2n Z 63)
k=1 r=1

= (2mQSp(V1,‘I’2n)7 271QSp(V2,\112m)) .

On the level of Killing forms the result does differ slightly from the case involving
only orthogonal groups. We have

Anm? + 2m An’*m + 2n

n + 1 ’CSp(Vl,\Ifzn)7 m + 1 ]CSP(VQ,\I/Qm)) .

P (Ksowiove,wa,@Wan)) = <

2.2.6 The Even Sp x SO-case

Let dim(V}) = 2n, dim(V2) = 2m. Consider

p: Sp(Vi1, Uy,) x SO(Va, Qo) — Sp(Vi @ Va, Wapn ).
Since both the torus

Tanm = {diag(ty, .. . tonm, tops - - -, 1 1) | £ € F*}

and the normalized Killing form

2nm

2
dSp(Vi®Va,Vanm) E f

are the same in Sp(V] ® Vo, Wy,,,) as they are for SO(V; @ Vo, Q) (as is also
the case for Sp(Vy, Wy,) and SO(V1,Qs,)) we may again directly apply our previous
calculations. Therefore

P (sp(vi@Va,Wanm) ) <2m Z €, 2n Z e >

= (2mQSp(V1,\I/2n)a 2”Qs0(v2,92m)) -

The Killing form is then given by

dnm? + 2m An’*m + 2n

p*(K:Sp(V1®V2,\I/4nm)) = < n+1 ,Csp(Vh\I/Qn)? ﬁ}CSO(VQ,sz)) .
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2.2.7 The Odd Sp x SO-case
Let dim(V;) = 2n, dim(V2) = 2m + 1. Consider
p:Sp(V1, Wan) x SO(Va, Qapi1) — Sp(Vi @ Va, Vapame))-

The argument is analagous to the one used above. Since the tori and normalized
Killing forms of Sp(V4, Wy, ) and Sp(Vi®@Va, Yo, (2m+1)) are the same as their orthogonal
counterparts, we know that

p*<QSp(V1®V2,‘I/2n(2m+1))) - ((2m + 1)QSp(V1,\I/2n)7 (QH)QSO(VQ,QQm+1))

and so

Anm? +4dnm +2m+n+1

n+1
4n’*m + 2n? + 2n
m — 2

p*(ICSP(V1®V27‘I’2n(2m+1))) :( ICSP(VL‘I’%)’

ICSO(Vz Qom41) ) .

2.2.8 The General Case

All our computations can be summarized as follows.

Let dim(V}) = d; and dim(V3) = ds. Suppose G1, Gs, and G5 are the following
groups (choosing Sp only when the appropriate d; is even).

Gi Gy | Gy
SL  SL | SL
SO SO | SO
Sp SO | Sp
Sp Sp | SO

Then the Kronecker product map p: G1(V1) x Go(V2) — G3(Vi ® V,) induces a map
between invariant quadratic forms such that
ot STV ST @ ST
q3 — (daq1, d1g2)
where T; C G; are the maximal tori, and W; are the respective Weyl groups.

This result can be generalized to an arbitrary product of groups.

Theorem 2.2.1. Let Vi,...,V, be vector spaces such that dim(V;) = d;. Consider
linear algebraic groups Gy, ...,Gy,, H in one of the following configurations
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e Gy,...,Gp, H=SL

L G17"'7G2mzsp
G2m+1,...,Gn:SO
H =50

[ Gl,...,G2m+1:Sp
G2m+2,...,Gn:SO
H =S5p

where 2m or 2m + 1 < n, and G; = Sp only when d; is even.

Consider the Kronecker product map
Pln: GI(V1) X ... xG(V,) = HVI®...@V,)

and let q; € S*(T)We and qi € S*(T3;)V¥ be the normalized Killing forms.
Then

~

ol (qu) = ((d2 o d) g (dads - d) o (dy e di . d) g (d ..dn,l)qn)

where d; represents ommision.

Proof: We proceed inductively on the number of factors, with the base case of
two factors already verified. Note that our map p|, factors as

Pl G1(V) X .. x Gu(Va) "N H (Vi@ . @V ) x Ga(Va) B HVi®...0 V).

Here H' is the appropriate group from among SL, SO, Sp depending on the groups
G1,...,G,_1. The map p’ is a tensor product map from two groups to one, and is
therefore included in our previous examples, meaning

P (qu) = (dngrr, dm(V1 @ ... ® Vi 1)¢n) = (dngmr, (dy -+ - dn1)qn).-
Then by assumption, since the map
Ploc1: GI(V1) X ... x Gi(Viy) = H(V1 @ ... @V, 1)
involves one less factor, we have

ol (qm) = ((dy .. du_)qr, .-, (dy .. di . dpt)qis - (dy - dps)Gner)-
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Combining these two equalities we obtain

= ((ply_y x 1d) 0 p™) (qu)

= (plp_y x 1d)(dngmr, (dy - . - dn1)qn)

= (duply-1(gm), (dr - . dp-1)gn)

= (dn((da .. dn1)q1, - (di - dp2)Gn1),(di .. dn1)qn)
- ((dg...dn)ql,...,(dl...di...dn)qi,...,(dl...dn_l)qn>

and the result follows. |
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2.3 Quadratic Invariants of Quotient Groups

Let G be a split semisimple linear algebraic group with maximal torus 7. If H is a
subgroup of 7" which is normal in GG, then we can conisder the following short exact
sequences.

1 y H —— G » G/lg —— 1

1 s H <2y T s T /g —— 1

When we consider the character groups of T and 7' /H we again get an exact sequence

0— (T'/g) —— T 2 B > 0

meaning that the character group (T / H)* is simply a subset of T*. Namely it is the
kernel of inc*.

There are two Weyl groups at work here. Let W be the Weyl group of G with
respect to 7', acting on T*, and let W’ be the analogous Weyl group for G /H , which
acts on (T /H)* Since (T /H)* C T, it is also acted upon by W, however these
actions are the same since W is isomorphic to W',

Proof: We will use the definition of the Weyl group relative a torus which refers
to normalizers and centralizers. These are

W = Na(T) /CG(T) :

w’ :NG/H(T/H)/CG/H(T/H> ’

At this point we use that the normalizer (resp. centralizer) in the quotient is the
quotient of the normalizer (resp. centralizer).

Ne/n(T /1) = Ne(T) /g,
Com(T /) = Ca(T) /1 .
Finally this means that
W' =Neyu(T/H) [T 1) = (Ne(D) /) /(CG(T) /i)

~ Ng(T) /CG(T) =W
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AW
Hence the invariants S? ((T /H ) ) are described by a simple intersection

g2 ((T/H)*>W =5 ((T/m)") ns(T)".

In the case that G is a split semisimple group, we fully understand the structure
of S(T*)W. It is generated by the normalized Killing forms of the simple components,

AW
and so the subring of invariant quadratic forms S? <(T /H ) ) will be generated by

certain multiples of those generators. We now compute these invariants in exam-
ples where we consider quotients of our typical linear algebraic groups by central
subgroups.

2.3.1 The SL-case

Let dim(V) = n and consider the group SL(V') with maximal torus 7" as in 1.4.7.
This contains a subgroup isomorphic to the n'® roots of unity,

i, — SL(V)
¢ — diag((, ..., ()

and so we have the short exact sequences

1 sy —— T » Ty, — 1

0— (T/y,) — T AN > 0
where T = 71,

Remark 2.3.1. Since F is algebraically closed, p,, C F for all n. The character group
consists of the exponential maps, i.e.

pi=R0ct p—=F|0<d<n—-1p,2%/,7.
(=¢?

Now to understand the map ¢*, we describe how it acts on the generators of T™.
Let ; be such a generator, and let ¢ € p,,.

e (X)) (€) = XF(0(€)) = X} (diag(C, ..., ¢) = ¢*.
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Therefore p*(x¥) = o, which means that

* knf n—
P X )(Q) = (Rt
and so the map ¢* expressed additively is

2" = L g
n—1
(X1, T2, .. Ty 1) sz (mod n).
i=1

Then since the character group of the quotient torus is the kernel of ¢*, it consists
of the points with coordinateds summing to a multiple of n.

(T/un)* = {(ﬂfb---,ﬂ?nl) €T | X_:xz € nZ}.

Lemma 2.3.2. Let d € Z and consider the subset

P .= {iciei ezZ" | iCZ‘ S dZ} .

=1 =1
Then
SH(P) = > eyeie; € SHZ) | (i), (i)
where
(Z) Z Cij € dQZ,
(ZZ) Cin = —C14 — o — Ci—14 — QCii —Cii+1 — - — Cin-1 (mod d) fOT' 1 S 7 S n—1.

Proof: P is generated by the elements {e; —e,,de, | 1 <i <n—1}, and so S*(P)
is generated by the tensor products of pairs of these generators.

S*(P) = (eiej — ejen, — ejen + e, deje, —de?, d*e, | 1<i<j<n-—1).

Hence it is a subset of S*(Z") given by conditions (i) and (ii). i

Using the description of S? <(T /Mn)*> as in 2.3.2, namely

n—1

S? <(T /Mn)*> = Z%‘@z‘ej € SQ(T*) | (i), (ii)

i,j=1
i<y
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n—1
(1) Z Cij € TL2Z,

(i) ¢ip1=—c1i—...—2¢; — ... — Cipn—a (mod n) for 1 <i<n-—2

AW
we can determine the ring of invariants S ((T / Mn) )

The normalized Killing form for SL(V) is

n—1
q = E €i€;.

i,j=1
i<j

Currently ¢ has the property that

n—1 n—1 TL2 _n
ZCU' = Zl = 9 .

ij=1 ij=1
i<j i<j

71271

and n? we get

Now if we compute the lowest common multiple of *—-

| n*—n n® —n? n even
cim n = 3_,2
2 7 R n odd

and so the least multiple of ¢ which satisfies (i) is 2ng when n is even, and ng when
n is odd. In both these cases, all coefficients of the multiple of ¢ are divisible by n
and so condition (ii) is satisfied trivially. Therefore

A" [ Z(2ng) n even
s <(T/“”) ) N { Z({ng) n odd.
2.3.2 The SO or Sp-case

Let dim(V') = 2n and let G be either SO(V,2) or Sp(V, V). In both these cases we
have a short exact sequence

1 > piy — G » Gy — 1

where pp = {+1} is identified with the diagonal matricies {47}. Furthermore, we are
able to choose the same maximal torus 7" for both groups, and both groups have the
same normalized Killing form. Therefore we may consider both groups simultaneously
with the short exact sequence

1 s ptg —— T » T fy — 1.
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This has dual sequence

()—>(T/N2)*f TI;; LA ;ﬁ s 0
z Z /97,

where p*(z1,...,2,) = > x; (mod 2), and so
i=1

(T )’ = {z e QZ} |

1=

Again by 2.3.2, this means that

n

S2 ((T /M2>*> = Zcijeiej € Sz(T*) | (i), (ii)

i,j=1
i<j

(1) Z Cij € 4Z,

i,j=1
i<j

(i) pn=cri+...+2c;+...+¢na (mod2) forl <i<n-—1

The normalized Killing form of G is ¢ = Y_e?, which has > ¢; = n. The

i=1 4,j=1
i<j

generator of the quotient’s invariant quadratic forms then depends on the class of n
(mod 4).

Z{g) n=0 (mod4)
AW Z{4q) n=1 (mod 4)
2 T =
5 << /M) ) Z{2q) n=2 (mod 4)
Z{4q) n=3 (mod 4)
When n = 0 (mod 4) condition (ii) is satisfied by ¢ since for each i, only ¢; = 1

is non-zero and so the condition requires that 0 = 2 (mod 2). When n = 1,2,3
(mod 4), the generator has even coefficients and so (ii) is satisfied trivially.

2.3.3 The Product of SLs

Here we consider quotients by central subgroups of multiple copies of SL. Let
dim(Vy) = n + 1, dim(V,) = m + 1. Set T; € SL(V;) to be the maximal tori and
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consider the short exact sequence

1 S LUy © >T1XT2—»T1XT2/M1<—>1

g — (Cln—i-la C]m—i—l)

where k| ged(n + 1,m + 1). We have the associated dual short exact sequence

0—— (N xT ), ) — Ty x Ty »lﬁ > 0
112
gntmo Z/k‘Z

n+m n+m
Yo ciei —— > ¢ (mod k)

i=1 i=1
and so we have a description of (11 X T2 / ,Uk)*’

n+m n+m

(Th x T2 /Mk)* = {Zciei ez | Zcz‘ =0 (mod k?)}

i=1
={(e; — epim, kepim |1 <i<n+m—1)

and then by 2.3.2

n+m

g2 <(T1 x Ty /Mk)*> =N eyeies | (0), (i)

i,j=1
i<j

n-+m
(1) Z Cij € kQZ,
(i) Cipntm=—Cri—...—2C4; — ... — Cintm—1 (mod k) for 1 <i<n+m—1.

Recall that the normalized Killing forms of SL(V}) and SL(V3) as elements of
S*(TF x TV are
n n+m

Q= Zeiej and g, = Z €ie;

3,j=1 B,j=n+1
i<y i<y

respectively. The invariants of the quotient are then elements dyq; +daqs with dq, dy €
Z such that (i) and (ii) are satisfied. Consider such a linear combination.

n—+1)n m-+1)m
§50, = x|t
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so condition (i) is equivalent to (n + 1)nd; + (m + 1)mdy = 0 (mod 2k?).

For condition (ii), first consider the case when 1 <4 <n. Then ¢; 4+, = 0 and
—C1,i—- - —2611— T Cintm—1 = —C1;—-. —20”— . .—cm—O = —(n+1)d1 =0 (mod k})
with the last equivalene holding because k|ged(n + 1,m + 1) and so k|n + 1.

Forn+1<¢<n+m, ¢uptm = d2 and

—Cii— ... 20”' — . — Cintm—-1 = 0— Cnt+l4 — «o0 — 2Cn’ — oo T Cintm—1

=—mdy = —(—1)dy =dy (mod k)

which shows that condition (ii) is trivially satisfied. Hence

AW
S? <(T1 X Ty /Mk) > ={diq1 +daqo | (n+ D)ndy + (m + 1)mdy =0 (mod 2k?)}.

This condition is equivalent to the description of these invariants given in [BDZ,
Proposition 6.3].

As a slight variation to example 2.3.3, we can consider the group pu; embedded
into T} x T; such that it is a subgroup of the kernel of the tensor product map. That
is

1 > Ly © >T1><T2—»T1><T2/uk—>1
C — (CIn—H?C_lIm-H)

with dual sequence

0 —— (X1 /) —— Ty x T3 > 1k > 0
112 112
zrm » L /17,
n+m n ntm
e — >ci— Y. ¢ (mod k).
i=1 =1 i=n+l

This changes the generators of the quotient torus
(Tl X T2/,u,k)* = <ei+€n+m7€j _en-i—m;ken—I—m | I<i<nn+l1<j<n+m-— 1>
and changes the conditions on quadratic elements

n+m

g2 <(T1 x T /uk)*> =0 ey | (0),(i)

3,j=1
i<y
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. n n n+m n+m
(i) Xej—2 X ajt > cj €RZ,
i,j=1 i=1j=n+1 i,j=n+1
i<j 1<j
(ii)
Cin+m = C14 + ...+ 2Cii + ...+ Cin — Cint1l — -+ — Cintm—1 (mod k’)

for 1 <i<n, and
Cintm = clyi—l—...—i—cm — Cint1 — —26” — .. 7 Cintm—1 (mod k)
forn+1<i<n+m-1.

Now the fixed elements are those dyq, + dag, satisfying (i) and (ii). Considering
such an element, we have that

n n  n+m n+m
(n+1)n (m+1)m
Z%‘ - ZZ Cij + . E Cij = le -0+ TdQ
E

and so we recover the same condition: (n + 1)nd; + (m + 1)mdy =0 (mod 2k?).

Furthermore, for 1 <1 <n, ¢; p4m = 0 and
it 420+ 4 Cin—Cint1— - — Cingm-1=Mn+1)d; —0=0 (mod k)
while forn +1 <i<n+m —1, ¢ p+m = dz and
it ...+ Cn—Cint1— ... —2C; — ... — Cintm-1 =0—mdy =dy (mod k).

Once again, condition (ii) is trivially satisfied, and so the ring of invariant quadratic
forms is the same as before.

A\ W
S2 <(T1 X T2 /,uk) > = {d1Q1 + d2q2 | (n + 1)nd1 + (m + 1)md2 =0 (mod 2k2)}

2.3.4 The Product of SOs and Sps

Let dim(V;) = 2n, dim(V32) = 2m and take G1,G2 € {SO,Sp}. Let T; C G;(V;) be

the maximal tori and consider

1 b Ly © >T1><T2—»T1><T2/M2—>1
+1 —— (£, £1on)
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and dual
0—— (N xTa /) —— Tf x T3 > 10 > 0
112 112
gntmo Z/2Z
n+m n+m
Yo ceg —— > ¢ (mod 2)
i=1 i=1

meaning that

(Ti X T2 /11,)" = (e — enym: 2nem | L< i <mtm—1)

n+m

g2 <(T1 x T /M)*) =S cijeies | (1), (ii)

i,j=1
i<j

n-+m

(i) > ¢y €4Z,

i,j=1
i<j

(i) cGiptm=cri+ ...+ 2¢;+ ...+ Cinym— (mod 2) for 1 <i<mn+m—1.

Invariant quadratic forms of G; x G5 are generated by the two normalized Killing
forms, in this case

n n—+m
Q= Ze? and ¢ = Z e;.
i=1 i=n+1
If an element dyq; + daqo for dy, dy € Z satisties (i) then
n+m n n+m
Zcij = ZCu‘ + Z ci =nd; +mdy =0 (mod 4).
H=1 i=1 i=n+1

i<y
Also for such an element, for all 1 <7 <n+4+m —1, ¢ ptm = 0 and

C1,i + ...+ ZCZ'Z' + ...+ Cin+m—1 = 2Cii =0 (IIlOd 2)
With condition (ii) again being trivially satisfied, this leaves that

AW
q2 <(T1 T /y,) ) ={diq1 + daga | nd1 + mdy =0 (mod 4)}.
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