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Abstract

We explore the interaction between geometry, symmetry, and randomness in stochastically
perturbed mechanical systems, in Hamiltonian as well as Lagrangian (variational) formula-
tions.

On the Hamiltonian side, we discuss a stochastic Kepler problem with a noisy angular
momentum vector. We show that the radial distance and speed evolve deterministically.
This allows us to regularize collisional singularities in a procedure similar to Moser’s regular-
ization. We generalize this to stochastic collective Hamiltonian systems. We show that the
solutions to these systems are given by the action of a Lie group valued semimartingale on
the deterministic solution and consequently, along directions transverse to the group orbits,
these systems retain the same dynamics as their deterministic counterpart. Furthermore, we
show that these systems can be described by coupling a deterministic Hamiltonian system to
a stochastic one. We also identify conditions under which the momentum map of a stochastic
Hamiltonian system evolves as a martingale on a reductive coadjoint orbit.

On the variational side, we construct fixed endpoint, local, and adapted variations
of semimartingales in manifolds. These variations are used to prove a stochastic version
of the Fundamental Lemma of the Calculus of Variations, which is subsequently applied
to studying the stochastic Hamilton-Pontryagin principle. We also provide a stochastic
analogue of Noether’s theorem. We treat the corresponding global form of the stochastic
Hamilton-Pontryagin principle via a novel approach to global variational principles by using
Stratonovich operators. We describe the reduction by symmetry of the stochastic Hamilton-
Pontryagin principle. Moreover, we also discuss stochastic collective dynamics from the
variational point of view. Similar to the Hamiltonian case, we show that the critical point
of the stochastic action is given by the action of a Lie group valued semimartingale on the
critical point of the deterministic action. We also provide a description of coupling to a Lie
group on the variational side.

Additionally, we extend the theory of reduction of Stratonovich differential equations,
which arises in stochastic Hamiltonian systems, to stochastic differential equations given by
Schwartz operators.
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Chapter 1

Introduction

Opposition brings concord. Out of discord comes
the fairest harmony.

Heraclitus, translated by Philip Ellis
Wheelwright, Heraclitus (Princeton University

Press, 1959)

Geometric mechanics studies symmetries and dynamics of mechanical systems using
differential geometric techniques. Not only does this facilitate the development of mechanics
in a coordinate-free language, but it also provides a unifying framework for the study of many
well-known mechanical systems. For instance, Euler’s equation for the free rigid body and
the Euler equations for an ideal fluid can both be viewed as special cases of Euler–Poincaré
equations on Lie groups. Lie group actions on manifolds provide an effective setting for
studying symmetries, allowing us to reduce the dimension of the phase space of a mechanical
system. From a numerical point of view, variational integrators and symplectic integrators
provide a way of numerically integrating mechanical systems such that the first integrals
remain conserved.

In stochastic geometric mechanics, the dynamic setting changes from deterministic,
smooth trajectories, to generally rough, non-differentiable paths. This is seemingly at odds
with the idea of “differential” geometry, with the immediate obstacle being the loss of classical
notion of the velocity of a curve.

To our knowledge, there are two ways of overcoming this in the literature. The first uses
forward and backward derivatives of stochastic processes. This approach is used in Nelson
[73] to describe a kinematical equation for Brownian motion that closely resembles Newton’s
second law. A derivation of the Schrödinger equation from Brownian motion can be found in
Nelson [72]. Yasue [92] shows that the kinematical equations of Nelson can be described from
a variational point of view. Applications of this approach to the (deterministic) Navier-Stokes
equation can be found in Nakagomi, Yasue, and Zambrini [71], Arnaudon and Cruzeiro [9, 8]
and Cipriano and Cruzeiro [21]. Arnaudon, Chen, and Cruzeiro [7] carry out Euler-Poincaré
reduction in this framework and semi-direct product reduction has been considered in Chen,
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2

Cruzeiro, and Ratiu [20]. A Legendre transform as well as the Hamiltonian counterpart of
this formulation can be found in Huang and Zambrini [44].

The second approach involves working at the level of vector fields, rather than veloci-
ties. The rationale is that vector fields are geometric objects, and therefore symmetry and
reduction methods apply to them. In the stochastic setting, we consider a deterministic
vector field X as well as multiple vector fields corresponding to noise perturbations. Using
all of these vector fields we describe a Stratonovich stochastic differential equation, so that
the change of variables formula can be applied.

This approach is well-suited for studying stochastic perturbations of deterministic me-
chanical systems. In the real world, mechanical systems and measurements performed on
them are prone to noise. Mechanical systems perturbed by external noise were studied from
the Hamiltonian perspective by Bismut [11] in Euclidean spaces. This was extended to Pois-
son manifolds by Lázaro-Camí and Ortega [55]. Reduction and reconstruction, as well as
skew-product decomposition of stochastic differential equations with symmetry were studied
by Lázaro-Camí and Ortega [54], wherein the deterministic theories of Poisson and symplec-
tic reduction of Hamiltonian systems are also extended to their stochastic counterparts.

Stochastic variational principles in this perturbative setting have been studied in [55]
using a stochastic version of Hamilton’s principle in phase space. In Holm [43], a stochastic
Clebsch variational formulation is introduced, which is now known as Stochastic Advection by
Lie Transport (SALT). The SALT framework has led to several developments in data-driven
models of uncertainty in geophysical fluid dynamics and oceanography. See, for instance,
[43], Cotter, Gottwald and Holm [24], Gay-Balmaz and Holm [39], Cotter et al. [23], Drivas,
Holm and Leahy [34] and Street and Crisan [88]. Finite-dimensional applications have been
considered in Arnaudon, de Castro and Holm [3, 4] and Cruzeiro, Holm and Ratiu [29].

The approach to stochastic geometric mechanics adopted in this thesis is the second
one. In this context we study symmetries in mechanical systems perturbed by external noise
from both the Hamiltonian and variational principle perspective.

This thesis is divided into three parts. Part I consists of preliminaries, Part II studies
stochastic Hamiltonian systems, and Part III studies stochastic variational principles.

Part I is divided into two chapters. The first chapter is a brief introduction to determin-
istic geometric mechanics. The topics we review are Hamiltonian vector fields, momentum
maps, Hamiltonian reduction and reconstruction, variational principles, and Lagrangian re-
duction.

The second chapter introduces stochastic calculus in manifolds using the language of
second order differential geometry. The use of second order differential geometry in stochastic
calculus is due to the work Schwartz [83] and Meyer [67, 66], and is motivated by the second
order nature of the Itô change of variables formula. Much of the exposition in this chapter
closely follows that of Emery [36]. In Section 3.5, we provide results on reduction and
reconstruction of Stratonovich differential equations due to Lázaro-Camí and Ortega [54].
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We also extend their results on reduction of Stratonovich equations to reduction of more
general stochastic differential equations given by Schwartz operators.

Part II addresses stochastic Hamiltonian systems, and is organized into five chapters.
In Chapter 4 we present stochastic Hamiltonian systems and their symmetries, as well as
associated reduction theorems, following [55, 54].

In Chapter 5 we introduce a stochastic perturbation of the deterministic Kepler problem
that affects the angular momentum vector. This perturbation destroys the symmetries of
the Kepler problem, and therefore stochastic symmetry reduction methods do not apply.
However, along the radial direction the stochastic problem has the exact same evolution
as its unperturbed counterpart. This allows us to regularize collisional solutions in the
stochastic Kepler problem by adapting a regularization method due to Moser [70].

The next three chapters are all motivated by the stochastic Kepler problem. In Chapter
6, we generalize the setup of the stochastic Kepler problem to stochastic collective Hamilto-
nian systems. These systems describe a deterministic Hamiltonian system, invariant under
the action of a Lie group G, whose associated momentum map is subjected to stochastic
perturbations. The stochastic systems are generally not invariant under the action of the
symmetry group and hence, symmetry reduction methods for stochastic differential equations
cannot be applied in this setting. However, along the ‘symmetry direction’ the evolution of
the stochastic system coincides with the deterministic evolution. More precisely, we show
that the solutions of the stochastic problem can be expressed as the deterministic solution
with an additional G-valued stochastic phase. This allows us to prove that the projection of
a solution of the stochastic system onto the reduced space evolves deterministically, enabling
full reconstruction of the stochastic dynamics from reduced solutions of the deterministic
problem. This is done in two steps - the first step is deterministic, and it involves lifting a
solution of the deterministic reduced problem to a solution of the unreduced deterministic
problem. The second step is stochastic, and it corresponds to adding a stochastic phase to
the deterministic solution of the unreduced problem.

In Chapter 7 we couple a G-invariant deterministic Hamiltonian system defined on
a phase space P with a stochastic Hamiltonian system defined on T ∗G. We show that
this coupling gives rise to a stochastic collective Hamiltonian system on P . Moreover, the
stochastic phase and the momentum map of the stochastic collective Hamiltonian system
correspond to the dynamics of the stochastic Hamiltonian system on T ∗G.

In some cases, the evolution of the momentum map is actually a Brownian motion on
a coadjoint orbit. This implies that, although the momentum map is not conserved, its
drift is a conserved quantity. As a generalization of this idea, in Chapter 8 we look for
conditions when the momentum map of a stochastic perturbation of a Hamiltonian system
is a martingale on a coadjoint orbit. We find necessary conditions for the momentum map to
be a martingale on reductive coadjoint orbits equipped with the canonical affine connection.
This also allows us to generalize the stochastic Noether’s theorem due to Lázaro-Camí and
Ortega [55].
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Part III consists of three chapters and focusses on stochastic variational principles. In
Chapter 9 we provide a solution to the ‘adaptedness problem’ in stochastic variational prin-
ciples. Roughly speaking, this problem asks whether, given a (continuous) semimartingale
Γ in a manifold M , a chart U ⊆ M and a fixed time T > 0, it is possible to create a
deformation ϵ ↦→ Γϵ of Γ so that the associated variation δΓ vanishes everywhere outside U
as well as at times t = 0 and t = T . Here we require that Γϵ and δΓ are semimartingales
on M and TM respectively, so that the stochastic action integrals and their variations are
well-defined. There are two main difficulties here. The first is to make sure that the defor-
mation and variations constructed remain adapted to the underlying filtration. The second
one stems from the fact that the entry and exit times for a chart are usually stopping times,
and therefore are random. Thus, we need to ensure that the variations vanish not only at
deterministic time t = 0 and t = T , but also at random times. Both of these difficulties are
resolved in this chapter.

Having constructed variations of semimartingales, we prove a stochastic analogue of the
Fundamental Lemma of Calculus of Variations. We use this to describe the local form of
the stochastic Hamilton-Pontryagin principle introduced by Bou-Rabee and Owhadi [13] and
recently studied by Street and Takao [89]. We also prove the variational principle side of
the stochastic Noether’s theorem. For the corresponding global formulation of the stochastic
Hamilton-Pontryagin action principle, we show that the problem may be reformulated in
terms of Stratonovich operators. These are deterministic objects which serve as generaliza-
tions of vector fields and are used to define Stratonovich stochastic differential equations.
This allows us to recast the stochastic variational problem as a deterministic variational
problem, which can be tackled by using the (deterministic) Fundamental Lemma of the
Calculus of Variations.

Chapter 10 studies the reduction by symmetry of the stochastic Hamilton-Pontryagin
principle. We assume that the stochastic action integral is invariant under the free and
proper action of a Lie group G. Then, by choosing a principal connection, we show that it
drops to a stochastic action integral on a reduced space. The critical points of this reduced
action are described by two sets of equations in the reduced space. One set of equations
take the form of stochastic Euler-Lagrange equations with a curvature-induced forcing term.
These equations correspond to the evolution in the horizontal direction determined by the
connection. The other set corresponds to the evolution in the vertical direction, and is similar
to stochastic Euler-Poincaré equations. We use covariant Stratonovich calculus extensively
to ensure that the reduced equations are coordinate independent.

In Chapter 11, we study stochastic collective motion from the Lagrangian point of view.
Similar results to Chapter 6 can also be obtained in the Lagrangian formulation, that is,
the critical point of the stochastic action functional may be expressed as the action of a Lie
group valued semimartingale on the critical point of the deterministic action functional. We
further formulate a coupling between a stochastic variational principle on the Lie group and
a deterministic variational principle on the configuration manifold. This allows us to recover
both the evolution of the momentum map and the stochastic phase from a single coupled
variational principle. In this sense, this provides the variational counterpart to the coupling
mechanism discussed in Chapter 7.



5

A summary of the main contributions is given below:

1. In Section 3.5, we formulate the reduction of stochastic differential equations given by
Schwartz operators.

2. In Chapter 5, we describe a stochastic perturbation of the Kepler problem that only af-
fects the angular direction. We also show that collisions in this problem are regularized
in the sense of Moser. The results in this chapter also appear in [80].

3. We generalize the example of the stochastic Kepler problem to stochastic collective
perturbations of deterministic Hamiltonian systems in Chapter 6. We show that these
stochastic perturbations leave the symmetry direction unaffected. In Chapter 7, we
show that these systems model the coupling between a deterministic and a stochastic
Hamiltonian system.

4. In Chapter 8, we establish necessary conditions for the momentum map to be a mar-
tingale on a reductive coadjoint orbit.

5. In Chapter 9, we provide a detailed construction of fixed-endpoint variations of semi-
martingales on manifolds. This is used to prove a stochastic analogue of the Fundamen-
tal Lemma of Calculus of Variations. As an application of the variational framework we
present a proof of the local form of the stochastic Hamilton-Pontryagin principle. We
also provide a stochastic version of Noether’s theorem on the variational principle side.
Then we discuss the intrinsic form of the stochastic Hamilton-Pontryagin principle by
working at the level of Stratonovich operators. These results are published in [81].

6. We develop the reduction by symmetry of the stochastic Hamilton-Pontryagin principle
in Chapter 10.

7. The variational principle viewpoint of stochastic collective dynamics is investigated in
Chapter 11. We provide analogous results to Chapter 6 on the Lagrangian side and
describe the coupling mechanism via a coupled stochastic variational principle.

We end by outlining some future areas of research.



Part I

Preliminaries
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Chapter 2

A Brief Review of Geometric Mechanics

The formulation of mechanics in the language of differential geometry serves three major
purposes. The first one is that the laws of mechanics can be formulated on manifolds in a
coordinate-free way. Coordinate invariance allows us to study important geometric features
underlying mechanical systems, both in finite and infinite dimensions. Moreover, it makes
the equations of motion invariant under coordinate change, allowing us the choice of any
preferred coordinate system for tackling a specific problem. Second, the geometric ideas
involved can be used to provide a unifying framework for studying many seemingly disparate
examples, such as the Kepler problem, the rigid body, fluids, and quantum mechanics. Third,
the formulation of mechanical systems on smooth manifolds allows us to study symmetries
through Lie group actions, which greatly help in reducing the dimension of the phase space
of a mechanical system. We shall provide a brief sketch of geometric mechanics following
Marsden [60], Marsden and Ratiu [62], and Holm, Schmah, and Stoica [42].

In Section 2.1, we discuss the Hamiltonian formulation of mechanics. In Hamiltonian
mechanics, we define a smooth function H on a manifold with some additional structure,
such as a symplectic form or a Poisson bracket. The smooth function H is usually thought of
as the total energy of a mechanical system. The additional structure on the manifold allows
us to define a special vector field, called the Hamiltonian vector field, corresponding to H.
In Cartesian coordinates, if the Hamiltonian H is the sum of kinetic and potential energies
of a mechanical system, then the integral curves of the Hamiltonian vector field describe
solutions to Newton’s second law of motion and their associated momentum.

Following this, we shall discuss Noether’s theorem, which, roughly speaking, states that
conserved quantities are naturally associated with symmetries of a mechanical system. This
idea will be formalized in Section 2.2, where we consider momentum maps for mechanical
systems.

In Section 2.3 we consider reduction and reconstruction methods in Hamiltonian me-
chanics. In Hamiltonian reduction, at the geometric level, one shows that the geometric
structure underlying the Hamiltonian system drops to a similar geometric structure on a
reduced space. At the dynamic level, one shows that the Hamiltonian vector field drops

7



2.1. HAMILTONIAN MECHANICS 8

to a vector field on the reduced space, which is Hamiltonian with respect to the reduced
geometric structure.

In the next section, we focus on the variational formulation of mechanics where one
constructs an action integral starting from a Lagrangian function defined on the tangent
bundle of a manifold. The Lagrangian is often the difference of the kinetic and the potential
energies of a mechanical system. The trajectory of the mechanical system is determined by
finding the critical point of this action integral among all curves with fixed endpoints, which
corresponds to solving the Euler-Lagrange equations for the Lagrangian. The connection
with Hamiltonian mechanics is made using the Legendre transform.

Finally, in Section 2.5 we discuss reduction of variational principles. Roughly speaking,
one shows that in the presence of symmetries, both the action integral and Euler-Lagrange
equations drop to a reduced action integral and a reduced set of equations of motion re-
spectively, and finding the critical points of the reduced action is equivalent to solving these
reduced equations of motion.

2.1 Hamiltonian Mechanics

All manifolds considered here will be assumed to be connected and finite dimensional, unless
otherwise mentioned.

Definition 2.1.1. A Poisson bracket on a smooth manifold P is a bilinear, skew-symmetric,
binary operation

{·, ·} : C∞(P )× C∞(P ) → C∞(P )

such that for all f, g, h ∈ C∞(P )

1. {fg, h} = f {g, h}+ g {f, h}

2. {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

A Poisson manifold is a pair (P, {·, ·}) where {·, ·} is a Poisson bracket on P . Often
we will denote this pair by P if there is no ambiguity.

Given a Poisson manifold P , if F ∈ C∞(P ) satisfies {F, f} = 0 for all f ∈ C∞(P ) then
we say that F is a Casimir of the Poisson manifold.

Morphisms between Poisson manifolds are defined as follows:

Definition 2.1.2. Given two Poisson manifolds, (P1, {·, ·}1) and (P2, {·, ·}2), a Poisson
map F : P1 → P2 is a smooth map that satisfies {f, g}2 ◦ F = {f ◦ F, g ◦ F}1 for all
f, g ∈ C∞(P2).

Poisson manifolds are closely linked to symplectic manifolds, which we now define.
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Definition 2.1.3. A closed, non-degenerate 2-form Ω on P is called a symplectic form
and the pair (P,Ω) is called a symplectic manifold. As in the case of Poisson manifolds,
we will write this pair as P when there is no reason for confusion.

Morphisms between symplectic manifolds are often called canonical transformations in
the context of classical mechanics. The definition follows:

Definition 2.1.4. Let (P,Ω) and (M,Ξ) be symplectic manifolds. A map F : P → M is
said to be symplectic or canonical if F ∗Ξ = Ω, where F ∗ denotes the pullback of Ξ by F .
F is said to be a symplectomorphism if F is a symplectic diffeomorphism.

It is a standard result that finite dimensional symplectic manifolds are even dimensional.
The proof consists of first showing that if V is a vector space and Ω is a skew-symmetric,
non-degenerate bilinear form on V , then V must be even dimensional. Next, if (P,Ω) is a
symplectic manifold, then, for every p ∈ P , with V = TpP we obtain that dim TpP = dim P
is even.

An important class of examples of symplectic manifolds are cotangent bundles of man-
ifolds. Let Q be a smooth manifold and consider the 1-form θ on T ∗Q defined at each point
(q, p) ∈ T ∗Q by

θ(q, p) = p ◦ TpπT ∗Q,

where πT ∗Q : T ∗Q → Q is the basepoint projection (q, p) ∈ T ∗Q ↦→ q ∈ Q. This is called
the tautological 1-form or the Liouville 1-form on T ∗Q. Then, denoting the exterior
derivative by d, the 2-form Ω = −dθ is a symplectic form on T ∗Q, called the canonical
symplectic form. If (qi, pi) are cotangent-lifted local coordinates on T ∗Q, then θ = pidq

i

and Ω = dqi∧dpi (where we assume the summation convention). Unless otherwise mentioned,
from now on we will always consider tangent-lifted coordinates on TQ and cotangent-lifted
coordinates on T ∗Q.

The next theorem shows that every symplectic manifold locally behaves like a cotangent
bundle of a smooth manifold.

Theorem 2.1.5 (Darboux). Let (P,Ω) be a symplectic manifold with dim P = 2n. Given
any p ∈ P , there exists a coordinate chart (U, (x1, · · · , xn, y1, · · · , yn)) such that Ωp =
dxi ∧ dyi.

Having established the geometric setup, we now define Hamiltonian vector fields.

Definition 2.1.6. Let P be a smooth manifold and consider a smooth function H ∈ C∞(P )
that we will call a Hamiltonian.

1. Let Ω be a symplectic form on P . The Hamiltonian vector field of H is the vector
field XH satisfying

iXH
Ω = dH,

where iXH
denotes the interior product of the vector field XH with Ω.
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2. Let {·, ·} be a Poisson bracket on P . The Hamiltonian vector field of H is the
vector field XH satisfying

XH [f ] = {f,H} ,

for all f ∈ C∞(P ). Here, XH [f ] is the Lie derivative of f in the direction of XH .

In case of symplectic manifolds, the finite dimensionality hypothesis assures us that the
Hamiltonian vector field exists uniquely. Under a choice of Darboux coordinates (xi, yi) on
P (i.e. coordinates that satisfy Darboux theorem), the integral curves for the Hamiltonian
vector field XH are given by the following system of differential equations:

ẋi =
∂H

∂yi

ẏi = −∂H

∂xi

and in the case when P = T ∗Q with coordinates (qi, pi), these equations are locally given by

q̇i =
∂H

∂pi
(2.1.1)

ṗi = −∂H

∂qi
. (2.1.2)

An important property for the flow of XH in the symplectic case is that it preserves the
symplectic form.

Proposition 2.1.7. Let φt : P → P denote the time t flow of XH . Then φt is symplectic.

Every symplectic form naturally leads to the musical isomorphisms

Ω♭ : TP → T ∗P and Ω♯ : T ∗P → TP

given by ⟨︁
Ω♭

p(Xp), Yp

⟩︁
= Ωp(Xp, Yp) for all p ∈ P and Xp, Yp ∈ TpP

Ω♯ = (Ω♭)−1.

In terms of these musical isomorphisms, we have

Ω♭(XH) = dH and XH = Ω♯(dH).

Now, suppose P is a Poisson manifold. Then z(t) is an integral curve of XH if for every
f ∈ C∞(P ),

df(z(t))

dt
= XH [f ](z(t)) = {f,H} (z(t)).

Akin to the symplectic case, when P is a Poisson manifold, the time t flow of XH is a Poisson
map. Note that, with f = H, we see that H is conserved along any integral curve. Moreover,
Casimirs are always conserved along integral curves as well.
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The two notions of Hamiltonian vector fields are related as follows. Suppose (P,Ω) is
a symplectic manifold. Define {·, ·} on P by {F,G} = Ω(XF , XG), for all F,G ∈ C∞(P ).
Here XF and XG are the Hamiltonian vector fields of F and G on the symplectic manifold
(P,Ω). Then, {·, ·} is a Poisson bracket on P . Moreover, given H ∈ C∞(P ), denote by X̄H ,
the Hamiltonian vector field of H on the Poisson manifold (P, {·, ·}). Then, by definition,
for every f ∈ C∞(P ),

X̄H [f ] = {f,H} = Ω(Xf , XH) = ⟨df,XH⟩ = XH [f ].

Therefore, X̄H = XH , that is, the two notions of Hamiltonian vector fields coincide.

Note that every symplectic manifold is also Poisson. However, the converse is false. For
instance, if P = R and {·, ·} = 0, then {·, ·} is a Poisson bracket but R is not a symplectic
manifold since it is not even-dimensional.

An important example of a Poisson manifold is the dual of the Lie algebra g∗ of a Lie
group G equipped with the Lie-Poisson bracket, which we now describe.

Example 2.1.8 (Lie-Poisson bracket). Let G be a Lie group, g = TeG be its Lie algebra and
g∗ be its dual Lie algebra. Let [·, ·] : g× g → g be the Lie bracket on g. Given f ∈ C∞(g∗),
define δf

δµ
∈ g by

⟨︂
ν, δf

δµ

⟩︂
= df(µ)(ν), for every ν ∈ g∗. The ±-Lie-Poisson brackets on g∗

are defined to be
{f, g}±(µ) = ±

⟨︃
µ,

[︃
δf

δµ
,
δg

δµ

]︃⟩︃
(2.1.3)

for every f, g ∈ C∞(g∗) and µ ∈ g∗. Given h ∈ C∞(g∗), the integral curves of Xh with
respect to the ± Lie-Poisson brackets are given by the Lie-Poisson equations

µ̇ = ∓ad∗
δh
δµ
µ,

where, given any ξ ∈ g, ad∗
ξ : g

∗ → g∗ is defined by⟨︁
ad∗

ξµ, η
⟩︁
= ⟨µ, adξη⟩ = ⟨µ, [ξ, η]⟩ ,

for all µ ∈ g∗ and η ∈ g.

2.2 Momentum Maps

We assume that ϕ : G× P → P is a smooth action of a Lie group G on a Poisson manifold
P . Given any g ∈ G and p ∈ P , we will let ϕg(p) or gp denote the element ϕ(g, p) ∈ P .

Definition 2.2.1. We will say that the G-action on P is canonical or Poisson if for each
g ∈ G, the map p ∈ P ↦→ gp ∈ P is a Poisson map.

We will henceforth assume that the action of G on P is Poisson. Given ξ ∈ g, the
G-action on P induces a vector field on P in the direction of ξ in the following way: let
exp : g → G denote the Lie exponential map. Then, we define the infinitesimal vector
field on P along ξ or generated by ξ as ξP (p) :=

d
dt

⃓⃓⃓
t=0

(exp(tξ)p) for all p ∈ P .
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Definition 2.2.2. Let J : P → g∗ be a smooth map and for each ξ ∈ g, define Jξ : P → R
by Jξ(p) = ⟨J(p), ξ⟩ for all p ∈ P . J is called a momentum map if for every ξ ∈ g,
XJξ = ξP .

Remark 2.2.3. If J is a momentum map and µ0 ∈ g∗ is a constant then J + µ0 is also a
momentum map.

Suppose P = T ∗Q and G has a left action ϕ on Q. Given each g ∈ G and pq ∈ T ∗
q Q,

we define the cotangent lifted action of G on T ∗Q by pq ↦→ (Tgqϕg−1)∗ (pq). Then, the
cotangent lifted action of G on P admits a momentum map given by the Noether’s formula:

Jξ(pq) = ⟨pq, ξQ(q)⟩ .

As a special case, the momentum map of cotangent lift of the action of SO(3) on R3 is given
by

(q,p) ∈ R3 × R3 ↦→ (q× p)̆ ∈ so(3)∗,

where the ‘breve’ map µ ∈ R3 ↦→ µ̆ ∈ so(3)∗ identifies R3 with so(3)∗. The details of this
identification, as well as the identification of so(3) with R3 via the ‘hat’ map ξ ∈ R3 ↦→ ξ̂ ∈
so(3) can be found in [42, Examples 5.35 and 5.36].

The presence of a momentum map helps us in relating conserved quantities with sym-
metries via Noether’s theorem, which we now state.

Theorem 2.2.4 (Noether). Let H be a G-invariant Hamiltonian and suppose that the G-
action on the Poisson manifold P admits a momentum map J . Then J is conserved along
the flow of XH .

Definition 2.2.5. Suppose J : P → g∗ is a momentum map for the G-action on P . For
g ∈ G, let Adg : g → g denote the adjoint action of g on g, that is, Adg(ξ) = TgRg−1◦TeLg(ξ),
for every ξ ∈ g. Denote by Ad∗

g−1 : g∗ → g∗ the dual map of Adg−1 . We say that J is:

1. Equivariant or coadjoint equivariant if the following diagram commutes for all
g ∈ G:

P g∗

P g∗

J

ϕg Ad∗
g−1

J

2. Infinitesimally equivariant if J [ξ,η] = {Jξ, Jη}, for every ξ, η ∈ g.

The momentum maps corresponding to cotangent lifted group actions are equivariant.
In general, equivariant momentum maps are infinitesimally equivariant. The converse is true
when G is connected, but not true in general. This is proven in [62, Theorem 12.3.2].

An important property of infinitesimally equivariant momentum maps is that they are
Poisson maps. More precisely, we have the following proposition:



2.2. MOMENTUM MAPS 13

Proposition 2.2.6. Suppose a Lie group G acts canonically on a Poisson manifold P and
the action admits an infinitesimally equivariant momentum map J : P → g∗. Then, given
any f, g ∈ C∞(g∗):

{f, g}+ ◦ J = {f ◦ J, g ◦ J} .

If one considers a right action instead of a left action then the (+) Lie-Poisson bracket
is replaced with a (−) Lie Poisson bracket.

An important class of Hamiltonians are those which are smooth functions of momentum
maps.

Definition 2.2.7. Let f ∈ C∞(g∗) and J : P → g∗ be a momentum map for the action of
a Lie group G on P . Then f ◦ J : P → R is called a collective Hamiltonian.

The next theorem describes the Hamiltonian vector field corresponding to a collective
Hamiltonian.

Theorem 2.2.8 (Collective Hamiltonian Theorem). Let f ∈ C∞(g∗) and H = f ◦ J . Then,
given any p ∈ P

XH(p) =

(︃
δf

δµ

⃓⃓⃓
µ=J(p)

)︃
P

(p).

2.2.1 The Action of a Lie Group on its Cotangent Bundle

An important special case is the action of Lie group G on its cotangent bundle T ∗G. For
every g ∈ G, let Lg : G → G and Rg : G → G denote the left and right translation maps
h ∈ G ↦→ Lg(h) = gh ∈ G and h ∈ G ↦→ Rg(h) = hg ∈ G. Then, this induces corresponding
cotangent lifted left and right actions of G on T ∗G given by,

g · αh = (TghLg−1)∗αh =: ϕL
g (αh)

αh · g = (ThgRg−1)∗αh =: ϕR
g (αh).

Let JL and JR denote momentum maps for the cotangent lifts of the left and right action
of G on itself, respectively. Then, given any αg ∈ T ∗

gG and ξ ∈ g, by Noether’s formula, we
have

Jξ
L(αg) = ⟨αg, TeRg(ξ)⟩ = ⟨T ∗

eRg(αg), ξ⟩
Jξ
R(αg) = ⟨αg, TeLg(ξ)⟩ = ⟨T ∗

e Lg(αg), ξ⟩

since ξG(g) = TeRg(ξ) for the left action of G on itself and ξG(g) = TeLg(ξ) for the right
action of G on itself. As a result, JL(αg) = αg · g−1 and JR(αg) = g−1 · αg. Given any
αg ∈ TgG and ξ ∈ g, we have⟨︁

Ad∗
g−1JR(αg), ξ

⟩︁
= ⟨(T ∗

e Lg)αg, TgLg−1 ◦ TeRg(ξ)⟩
= ⟨αg, TeRg(ξ)⟩
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= ⟨T ∗
eRg(αg), ξ⟩

= ⟨JL(αg), ξ⟩

which shows that JR(αg) = Ad∗
g−1JL(αg). Given any h ∈ G, we also have

⟨JR(αg · h), ξ⟩ =
⟨︁
(gh)−1 · (αg · h), ξ

⟩︁
= ⟨(TeLgh)

∗ ◦ (TghRh−1)∗(αg), ξ⟩
= ⟨(TghRh−1 ◦ TeLgh)

∗(αg), ξ⟩
= ⟨αg, (TghRh−1 ◦ TeLgh)ξ⟩
= ⟨αg, TeLg(Adh(ξ))⟩
= ⟨Ad∗

h(T
∗
e Lg(αg)), ξ⟩

= ⟨Ad∗
h(JR(αg)), ξ⟩ .

Hence, JR(αg · h) = Ad∗
hJR(αg). This is still coadjoint equivariant, once we consider the

coadjoint action µ ∈ g∗ ↦→ Ad∗
gµ ∈ g∗ for every g ∈ G and µ ∈ g∗. This means that following

diagram commutes for all g ∈ G:

T ∗G g∗

T ∗G g∗.

JR

ϕR
g Ad∗g

JR

For the case of infinitesimal equivariance, one uses the (−) Lie-Poisson bracket for JR and
the (+) Lie-Poisson bracket for JL. Note that, by Noether’s theorem, given a Hamiltonian
H ∈ C∞(T ∗G), JL is conserved if H is invariant under the cotangent lift of left translation
and JR is conserved if H is invariant under cotangent lift of right translations.

2.3 Hamiltonian Reduction and Reconstruction

We now describe how symmetries reduce the phase space of a Hamiltonian system, and
how we can reconstruct the trajectories of the original system from the trajectories of the
reduced system. First, we will state the Poisson reduction theorem and the Lie-Poisson
reduction theorem, which is the Poisson Reduction Theorem applied to cotangent bundles
of Lie groups, and then we will state the symplectic reduction theorem.

Theorem 2.3.1 (Poisson Reduction Theorem). Let (P, {·, ·}) be a Poisson manifold and
assume that the Lie group G acts on P by Poisson maps. Assume that P/G is a smooth
manifold and the projection π : P → P/G is a submersion (this is true if the action of G
on P is free and proper). There exists a unique Poisson bracket {·, ·}red on P/G defined by
{f, g}red ◦ π = {f ◦ π, g ◦ π}, for all f, g ∈ C∞(P/G), for which π is a Poisson map.

Further, suppose H is a G-invariant Hamiltonian on P and define the reduced Hamil-
tonian h ∈ C∞(P/G) as the unique Hamiltonian on P/G satisfying H = h ◦ π. Let φ and



2.3. HAMILTONIAN REDUCTION AND RECONSTRUCTION 15

φred denote the Hamiltonian flows of H and h, respectively. Then, for all t, φred
t ◦π = π ◦φt.

If z(t) is an integral curve of XH , then π ◦ z(t) is an integral curve of Xh.

As a special case, with P = T ∗G, we obtain Lie-Poisson reduction. We provide some
more details in this case.

If P = T ∗G then G acts on P via cotangent lifts of left, as well as right actions,
as described in the previous section. Corresponding to each of these actions, one obtains
diffeomorphisms

λL : T ∗G → G× g∗, αg ∈ T ∗G ↦→ (g, g−1 · αg) ∈ G× g∗

λR : T ∗G → G× g∗, αg ∈ T ∗G ↦→ (g, αg · g−1) ∈ G× g∗.

The maps λL and λR are called the left and right trivialization maps respectively. Then
the canonical Poisson bracket {·, ·} on T ∗G can be pushed forward to a Poisson bracket on
G × g∗ under each of these trivializations. Let πg∗ : G × g∗ → g∗ denote the projection
onto the g∗-direction. Then JR = πg∗ ◦ λL and JL = πg∗ ◦ λR, where JR and JL are the
momentum maps for the cotangent lifts of the right and left translation actions respectively.
By equivariance of JR and JL, these maps are Poisson maps from (T ∗G, {·, ·}) onto g∗∓ :=
(g∗, {·, ·}∓) respectively, where {·, ·}∓ are the (−) and (+) Lie-Poisson brackets on g∗.

Now let H ∈ C∞(T ∗G) be a left G-invariant Hamiltonian, that is, it is invariant under
cotangent lifts of left translations . Then, by G-invariance, for all g ∈ G, we obtain a
reduced Hamiltonian hL in C∞(g∗−) that satisfies H = hL ◦ JR. Explicitly, we have, hL(µ) =
H(λ−1

L (e, µ)). The Lie-Poisson equations for hL is given by

µ̇L = ad∗
δhL
δµL

µL.

Note that µL describes the evolution of JR along integral curves of XH . Thus, for left Lie-
Poisson reduction, JR acts as the dynamic variable for the reduced system, and JL acts as
the conserved momentum. For right Lie-Poisson reduction, one reverses the roles of JL and
JR and uses the (+) Lie-Poisson bracket on g∗.

Moreover, given an integral curve µL(t) of the Lie-Poisson equations for hL, with µL(0) =
µ0, an integral curve for XH starting at αg0 ∈ T ∗

g0
G can be easily reconstructed. Let z(t) be

the required integral curve, and suppose z(t) projects to a curve g(t) on G. Then

JL(z(t)) = Ad∗
g(t)−1JR(z(t)) = Ad∗

g(t)−1µL(t).

Differentiating this relation, and using the fact that JL is conserved, one obtains the following
result:

Proposition 2.3.2 (Reconstruction Theorem for Lie-Poisson Reduction). Let µL(t) be an
integral curve of the Lie-Poisson equation

µ̇L = ad∗
δhL
δµL

µL
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with µL(0) = JR(αg0) for some g0 ∈ G and αg0 ∈ T ∗
g0
G. Let g(t) be the curve in G satisfying

ġ(t) = TeLg(t)

(︃
δhL

δµL

)︃
, g(0) = g0.

Then z(t) = g(t) · µ(t) is an integral curve of XH with z(0) = αg0 .

If P is a symplectic manifold and the G-action on P admits a coadjoint equivariant
momentum map, then one can use symplectic reduction to obtain dimensionally smaller
reduced spaces in general.

Theorem 2.3.3 (Symplectic Reduction Theorem, Marsden and Weinstein [58]). Let (P,Ω)
be a symplectic manifold and G be a Lie group acting canonically on P . Assume that the
G-action on P is free and proper. Let J be a coadjoint equivariant momentum map for
this action. Let µ be a regular value of J and suppose Gµ is the isotropy subgroup of µ
under the coadjoint action of G on g∗. Additionally, assume that Gµ acts freely and properly
on J−1(µ), so that Pµ := J−1(µ)/Gµ is a smooth manifold. Then, there exists a unique
symplectic form Ωµ on Pµ satisfying i∗µΩ = π∗

µΩµ, where iµ : J−1(µ) ↪→ P denotes the
inclusion and πµ : J−1(µ) → Pµ denotes the projection.

Moreover, let H ∈ C∞(P ) be a G-invariant Hamiltonian and define the reduced Hamil-
tonian hµ ∈ C∞(Pµ) as the unique Hamiltonian on Pµ satisfying hµ ◦πµ = H ◦ iµ. Then, the
integral curves of XH project to those of Xhµ .

We remark that applying the symplectic reduction theorem to the case P = T ∗G
equipped with the canonical symplectic form, with G acting on it via cotangent lifted left
(respectively, right) action, yields the coadjoint orbit Oµ through a regular value µR (respec-
tively, µL) of JL (respectively, JR) as the reduced space. The reduced symplectic form on
Oµ is consistent with the (+) (respectively (−)) Lie-Poisson bracket on g∗. The symplectic
forms on Oµ thus obtained are called the orbit symplectic forms or the Kirillov-Kostant-
Souriau (KKS) symplectic forms.

Closely related to the symplectic reduction theorem is the orbit reduction theorem due
to Marle [57] and Kazhdan, Kostant, and Sternberg [45].

Theorem 2.3.4 (Orbit Reduction Theorem). Let (P,Ω) be a symplectic manifold and G
be a Lie group acting canonically on P . Assume that the G-action on P is free and proper.
Let J be a coadjoint equivariant momentum map for this action and H be a G-invariant
Hamiltonian on P . Given a regular value µ of J , suppose Oµ is the coadjoint orbit through
µ. Then POµ := J−1(Oµ)/G is a regular symplectic quotient manifold with the symplectic
form ΩOµ defined as follows:
Let JOµ denote the restriction of J to J−1(Oµ) and ω+

Oµ
denote the orbit symplectic form cor-

responding to the (+)-Lie-Poisson bracket. Let πOµ : J−1(Oµ) → POµ and iOµ : J−1(Oµ) ↪→
P denote the natural projection and inclusion, respectively. Then ΩOµ is uniquely charac-
terized by

i∗Oµ
Ω = π∗

Oµ
ΩOµ + J∗

Oµ
ω+
Oµ

.
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Let H be a G-invariant Hamiltonian and define the reduced Hamiltonian hOµ ∈ C∞(POµ)
by

hOµ ◦ πOµ = H ◦ iOµ .

Moreover, let µ denote the conserved value of J along the flow φt of XH . Then φt leaves the
connected components of J−1(Oµ) invariant and commutes with the G-action. The reduced
flow φ

Oµ

t on POµ uniquely determined by

πOµ ◦ φt ◦ iOµ = φ
Oµ

t ◦ πOµ

is Hamiltonian, and corresponds to the flow of XhOµ
on POµ .

It is shown in [78, Theorem 6.4.1] that the orbit reduced spaces POµ are symplectomor-
phic to the symplectic reduced spaces Pµ. The relation between symplectic reduction, orbit
reduction, and Poisson reduction is shown in the following diagram:

J−1(µ) ⊆ J−1(Oµ) ⊆ P

J−1(µ)/Gµ
∼= J−1(Oµ)/G ⊆ P/G

symplectic reduction orbit reduction Poisson reduction

2.3.1 Reconstruction of Dynamics

Complementary to the process of reduction is the process of reconstruction. While reduction
removes symmetries and provides a reduced Hamiltonian vector field on a dimensionally
smaller space, reconstruction allows us to lift the solution of the reduced Hamiltonian vector
field to a solution of the original Hamiltonian vector field in the unreduced space. We have
already seen this in the case of Lie-Poisson reduction. In general, this process of ‘unreduction’
requires extra structure on the manifold, namely, a principal connection. We will carry this
out in the symplectic reduction case. The process is similar for Poisson and orbit reductions.

Definition 2.3.5. Let P be a smooth manifold and G be a Lie group acting freely and
properly on P . A principal connection on π : P → P/G is a g-valued 1-form A : TP → g,
such that the following properties are satisfied:

1. For every ξ ∈ g, A ◦ ξP = ξ, where ξP is the infinitesimal vector field generated by ξ.

2. A is equivariant with respect to the tangent lifted action of G on TP and the Ad
action of G on g, that is, for all p ∈ P , vp ∈ TpP and g ∈ G, we have A(Tpϕg(vp)) =
Adg(A(vp)).

Principal connections allow us to decompose the tangent bundle of P into a ‘symmetry’
direction and a ‘transverse’ direction. More concretely, for any point p ∈ P , we define

Hor TpP := {vp ∈ TpP | Ap(vp) = 0},
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Ver TpP := {vp ∈ TpP | Tpπ(vp) = 0}.

Then TpP = Hor TpP ⊕ Ver TpP . We say that Hor TpP is the horizontal space at p ∈ M
and Ver TpP is the vertical space at p ∈ P . We can define the horizontal and vertical
bundles of P by

Hor TP :=
⋃︂
p∈P

Hor TpP,

Ver TP :=
⋃︂
p∈P

Ver TpP.

Then TM = Hor TP ⊕ Ver TP , where ⊕ is the Whitney sum. Given a curve z(t) in P/G,
denote by zh(t) the horizontal lift of z(t) starting at p ∈ P , that is, zh(t) satisfies zh(0) = p,
A(żh(t)) = 0 and π(zh(t)) = z(t). Then, the reconstruction theorem for symplectic reduction
may be stated as follows:

Theorem 2.3.6 (Reconstruction Theorem, Marsden [60, Theorem 6.1]). Let P be a sym-
plectic manifold, H ∈ C∞(P ) be a G-invariant Hamiltonian, and p ∈ P . Suppose A is a
principal connection on the principal bundle πµ : J−1(µ) → Pµ where µ is a regular value of
J . Let z(t) be an integral curve of the Hamiltonian vector field Xhµ corresponding to the
reduced Hamiltonian hµ on Pµ. Then, the integral curve γ(t) of Xh with γ(0) = p may be
constructed as follows:

1. Horizontally lift z(t) to a curve zh(t) with zh(0) = p.

2. Consider the g-valued curve ξ(t) = A ◦Xh(z
h(t)).

3. Let g(t) be the solution of ġ(t) = TeLg(t)ξ(t), with g(0) being the identity element in
G. Then γ(t) = g(t)zh(t).

2.4 Variational Principles in Mechanics

The foundation of the Lagrangian formulation or variational formulation of mechanics is
Hamilton’s principle of stationary action. This states that if L ∈ C∞(TQ) is the
Lagrangian function for a mechanical system then the evolution of the system between fixed
times t1 and t2 is along a trajectory q(t) where the functional S(q(·)) :=

∫︁ t2
t1

L(q(t), q̇(t))dt
from the space of curves with fixed endpoints in Q at t = t1 and t = t2 to R has a critical
point. It is well known from the theory of calculus of variations that finding such a curve is
equivalent to solving the Euler-Lagrange equations for L.

Theorem 2.4.1. The curve q(t) is a critical point for S for all deformations ϵ ↦→ qϵ(t)
satisfying qϵ(t1) = a and qϵ(t2) = b, for some a, b ∈ Q, if and only if q(t) solves the Euler-
Lagrange equations

d

dt

∂L
∂q̇

− ∂L
∂q

= 0,
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that is,
d

dt

∂L
∂q̇i

− ∂L
∂qi

= 0

in every coordinate system.

The passage from the Lagrangian description to the Hamiltonian description occurs
through the Legendre transformation.

Definition 2.4.2. Let L ∈ C∞(TQ). The Legendre transformation of L is the map
FL : TQ → T ∗Q defined by

⟨FL(vq), wq⟩ =
d

ds

⃓⃓⃓
s=0

L(vq + swq)

for every q ∈ Q and vq, wq ∈ TqQ. L is said to be regular if FL is locally invertible, and
hyperregular if FL is a diffeomorphism.

In local coordinates (q, v) on TQ, one has FL(q, v) = ∂L
∂v
(q, v). Note that if L is

hyperregular then it is regular. For regular Lagrangians, the Euler-Lagrange equations may
be cast into a similar form as Hamilton’s equations on T ∗Q. To see this, we pull back the
Liouville 1-form θ and the symplectic form Ω on T ∗Q via FL to obtain a 1-form θL and a
2-form ΩL on TQ. Then, since the exterior derivative commutes with the pullback, one gets
ΩL = −dθL. Define the associated energy corresponding to L by

EL(vq) = ⟨FL(vq), vq⟩ − L(vq)

for all q ∈ Q and vq ∈ TqQ. By regularity of L, it can be shown that ΩL is non-degenerate,
so there exists a unique vector field ZL on TQ, such that

iZLΩL = dEL.

The vector field ZL is called a Lagrangian vector field. Marsden and Ratiu [62, Theorem 7.3.3]
show that regularity of L implies that ZL satisfies TπTQ ◦ ZL(v) = v, for all v ∈ TQ where
πTQ : TQ → Q is the basepoint projection. Moreover, the integral curves of ZL are obtained
by solving the Euler-Lagrange equations. Thus, for regular Lagrangians, Hamilton’s principle
is equivalent to the problem of finding the vector field ZL on TQ. Let us also mention that
EL is conserved along solutions of Euler-Lagrange equations, even if L is not regular.

Now, suppose L is hyperregular. Then, one has the following theorem relating La-
grangian and Hamiltonian mechanics:

Theorem 2.4.3. Suppose L is a hyperregular Lagrangian on TQ and define H = EL◦FL−1.
Then

(FL)∗XH = ZL.

Further, let c(t) be an integral curve of ZL and d(t) be an integral curve of XH with
FL(c(0)) = d(0). Then FL(c(t)) = d(t) and c(t) and d(t) project to the same base curve on
Q.
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There is also a version of Noether’s theorem on the Lagrangian side.

Theorem 2.4.4 (Noether’s theorem, Lagrangian version). Suppose φ : R × Q → Q is a
flow on Q and L is invariant with respect to the tangent lift of φ, that is, for each t ∈ R,
L ◦ Tφt = L. Then

⟨︂
θL,

d
ds

⃓⃓⃓
s=0

φs(·)
⟩︂

is conserved along trajectories of the Euler-Lagrange
equations for L.

2.4.1 The Hamilton-Pontryagin Principle

Hamilton’s principle is formulated on the tangent bundle of a manifold, and it yields Euler-
Lagrange equations. Alternatively, one can obtain Hamilton’s equations via a variational
principle on the cotangent bundle, called Hamilton’s principle in phase space. Fixing a
Hamiltonian H ∈ C∞(T ∗Q), the action integral is locally given by

S(q(·), p(·)) =
∫︂ t2

t1

[⟨p(t), q̇(t)⟩ −H(q(t), p(t))]dt

where we search for critical points under fixed endpoint conditions q(t1) = a, q(t2) = b
for some a, b ∈ Q and arbitrary variations of p(t). Finding the critical point of this action
integral is equivalent to solving Hamilton’s equations.

The Hamilton-Pontryagin principle, studied by Yoshimura and Marsden [93, 94], is
formulated on the Pontryagin bundle PQ = TQ⊕T ∗Q via a constrained variational principle,
and can be seen as a ‘mix’ of Hamilton’s principle on TQ and Hamilton’s principle in phase
space on T ∗Q. We shall follow the exposition in [94].

Let L ∈ C∞(TQ) be a Lagrangian function. In local coordinates (q, v, p) on PQ, the
action is given by

S(q(t), v(t), p(t)) =
∫︂ t2

t1

[L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩]dt.

The following theorem concerns the characterization of critical points of S under fixed end-
point variations of q(t):

Theorem 2.4.5. A curve (q(t), v(t), p(t)) in PQ is a critical point for S among all curves
with fixed endpoints in Q at t = t1 and t = t2, if and only if (q(t), v(t), p(t)) satisfies the
implicit Euler-Lagrange equations given by

q̇ = v, ṗ =
∂L
∂q

, p =
∂L
∂v

. (2.4.1)

We note that the implicit Euler-Lagrange equations naturally incorporate the Legendre
transform. The Hamilton-Pontryagin principle is related to the theory of Dirac structures
and finds applications in constrained systems. For an account of this, we refer to [93, 94].



2.5. IMPLICIT LAGRANGE-POINCARÉ REDUCTION 21

Let us also describe the Hamilton-Pontryagin principle intrinsically. Let G : PQ → R
denote the fibrewise pairing map between TQ and T ∗Q, that is, G(q, v, p) = ⟨p, v⟩. Denote
by

PrPQ : TPQ → PQ

PrTPQ : TTPQ → TPQ

prQ : PQ → Q

prTQ : PQ → TQ

prT ∗Q : PQ → T ∗Q (2.4.2)

the corresponding projection maps. We define the map ρTT ∗Q : TT ∗Q → PQ in local
coordinates by setting ρTT ∗Q(q, p, vq, vp) = (q, vq, p). As shown in [93], this map is in-
dependent of the choice of local coordinates. Let G denote the 1-form on PQ given by
G = G ◦ ρTT ∗Q ◦ TprT ∗Q. In local coordinates, if (uq, uv, up) ∈ T(q,v,p)PQ then

G(q, v, p)(uq, uv, up) = G(q, uq, p) = ⟨p, uq⟩ . (2.4.3)

Define the generalized energy for L by

EL : PQ → R, EL = G− L ◦ prTQ.

In coordinates, EL(q, v, p) = ⟨p, v⟩ − L(q, v). Then, given a curve x(t) in PQ

S(x(t)) =
∫︂ t2

t1

[G(x(t))− EL(x(t))]dt. (2.4.4)

The next theorem describes the intrinsic form of the implicit Euler-Lagrange equations.

Theorem 2.4.6. Let θT ∗Q and θT ∗T ∗Q denote the Liouville 1-forms on T ∗Q and T ∗T ∗Q
respectively, Ω denote the symplectic form on T ∗Q, and χ = (Ω♭)∗(θT ∗T ∗Q). A curve x(t) in
PQ, t1 ≤ t ≤ t2 joining prQ(x(t1)) = q1 and prQ(x(t2)) = q2 satisfies

(TprT ∗Q)
∗χ(x(t), ẋ(t)) = (PrPQ)

∗dEL(x(t), ẋ(t))

if and only if it is a critical point of S among all curves x(t) such that prQ(x(t1)) and
prQ(x(t2)) are fixed.

2.5 Implicit Lagrange-Poincaré Reduction

In this section, following Yoshimura and Marsden [95], we carry out reduction by symmetry
for the Hamilton-Pontryagin principle, called implicit Lagrange-Poincaré reduction. For
reduction by symmetry of Hamilton’s principle, we refer to Cendra, Marsden, and Ratiu [19]
and for Hamilton’s principle in phase space we refer to Cendra, Marsden, Pekarsky, and Ratiu
[18]. Implicit Lagrange-Poincaré reduction may be thought of as the variational equivalent
of Poisson reduction. The analogue of symplectic reduction is called Routh reduction and
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can be found in Marsden and Scheurle [63]. Note that, unlike implicit Lagrange-Poincaré
reduction, Routh reduction occurs at a fixed value of the momentum map.

Following [95] and [19], we first describe the geometric background. Let ϕ : G×Q → Q
be a free and proper action of a Lie group G on Q. If vq ∈ TqQ and pq ∈ T ∗

q Q, we let
gvq := Tqϕg(vq) and gpq = T ∗

gqϕg−1(pq) denote the image of vq and pq under the tangent
lifted action of G on TQ and the cotangent lifted action of G on T ∗Q respectively . Let
A : TQ → g denote a principal connection on the principal bundle π : Q → Q/G. For each
q ∈ Q, the equivalence class π(q) will be denoted by [q] or [q]G. The horizontal and vertical
subspaces at q are denoted by Horq and Verq respectively, whereas Hor TQ and Ver TQ will
denote the corresponding horizontal and vertical bundles.

Lemma 2.5.1. Let q(t) be a curve in Q, qh(t) the horizontal lift of π(q(t)) starting at
q0 = q(0), and gq(t) a G-valued curve satisfying q(t) = gq(t)qh(t). Then A(q(t), q̇(t)) =
ġq(t)gq(t)−1.

The curvature of A is the g-valued 2-form B defined by B(X, Y ) = dA(HorX,Hor Y ),
where dA is the exterior derivative of A and X and Y are vector fields on Q. This satisfies

B(X,Y ) = −A([HorX,Hor Y ]) = dA(X, Y )− [A(X), A(Y )]. (2.5.1)

Let G act on Q×g by (q, ξ) ↦→ (gq,Adgξ) for all g ∈ G and g̃ = (Q×g)/G. The equivalence
class of (q, ζ) will be denoted by [q, ζ]G. We consider the associated vector bundle πg̃ :
(Q × g)/G → Q/G with fibre g. There is a natural Lie algebra structure on the fibres of
g̃ given by [[q, η]G, [q, ζ]G] = [q, [η, ζ]]G. By using Ad-invariance of the Lie bracket, one can
show that this is well defined. The covariant derivative of a curve [q(t), ζ(t)]G in g̃ is given

D

Dt
[q(t), ζ(t)]G = [q(t), [ζ(t), A(q(t), q̇(t))] + ζ̇(t)]G. (2.5.2)

The corresponding connection on g̃ is denoted by ∇g̃. Moreover, let µ̄(t) and ζ̄(t) be curves
in g̃∗ and g̃ respectively such that they project to the same curve in Q/G. We define the
covariant derivative of µ̄(t) via the following relation:

d

dt

⟨︁
µ̄(t), ζ̄(t)

⟩︁
=

⟨︃
µ̄(t),

Dζ̄(t)

Dt

⟩︃
+

⟨︃
Dµ̄(t)

Dt
, ζ̄(t)

⟩︃
. (2.5.3)

The covariant derivative of curves µ̄(t) in g̃∗ defines a unique connection on g̃∗ which we
denote by ∇g̃∗ .

We have a well-defined isomorphism of fibre bundles ΨA : TQ/G → T (Q/G)⊕ g̃ given
by

[vq]G ∈ TQ/G ↦→ (Tqπ(vq), [q, Aq(vq)]G) ∈ T (Q/G)⊕ g̃.

Dually, one has an isomorphism (Ψ−1
A )

∗
: T ∗Q/G → T ∗(Q/G)⊕ g̃∗ given by⟨︁

(Ψ−1
A )

∗
([αq]), (u[q], [q, η]G)

⟩︁
=
⟨︁
(αq)

h∗

q , u[q]

⟩︁
+ ⟨J(αq), η⟩ ,
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where (u[q], [q, η]G) ∈ T (Q/G) ⊕ g̃, J : T ∗Q → g∗ is the momentum map of the cotangent
lifted G-action on T ∗Q, (·)hq : T[q](Q/G) → TqQ is the horizontal lift map that sends v[q] ∈
T[q](Q/G) to (Tqπ|Horq)

−1(v[q]) and (·)h∗
q is the dual of (·)hq . Using ΨA and (Ψ−1

A )
∗ we obtain

an isomorphism

Ψ̃A : PQ/G → T (Q/G)⊕ T ∗(Q/G)⊕ g̃⊕ g̃∗ = P(Q/G)⊕ g̃⊕ g̃∗.

Remark 2.5.2. The bundle TQ/G over Q/G is called the Atiyah quotient (see Mackenzie
[56]) while T ∗(Q/G)⊕ g̃∗ is called the Weinstein space (see Ortega and Ratiu [78]).

Corresponding to the curvature 2-form B, we can define a g̃-valued curvature 2-form on
Q/G given by ⟨︂

µ̄, B̃(π(q))(u[q], v[q])
⟩︂
= ⟨µ̄, [q, B(q)(uq, vq)]G⟩ , (2.5.4)

where q ∈ Q, µ ∈ g∗, µ̄ = [q, µ]G ∈ g̃∗, and u[q] and v[q] are elements of Tπ(q)(Q/G) with
u[q] = Tqπ(uq) and v[q] = Tqπ(vq). Equivariance of B can be used to show that B̃ is well-
defined.

2.5.1 The Structure of Variations

Let q(t) be a curve in Q and ϵ ↦→ qϵ(t) be a deformation of q(t). The corresponding variation,
∂
∂ϵ

⃓⃓⃓
ϵ=0

qϵ(t) is denoted by δq. Yoshimura and Marsden [95] prove the following results:

Theorem 2.5.3. Let ξ(t) = A(q(t), q̇(t)). Then the following holds:

1. If δq is vertical then
δξ = η̇ + [η, ξ], (2.5.5)

where η(t) = A(q(t), δq(t)). If δq(t) vanishes at t = t1 and t = t2 then the same holds
for η(t).

2. If δq is horizontal then
δξ = B(q)(δq, q̇). (2.5.6)

Let ξ̄(t) = [q(t), ξ(t)]G. Given a deformation ϵ ↦→ qϵ(t), we define the covariant variation
of ξ̄ by

δAξ̄ =
D

Dϵ

⃓⃓⃓
ϵ=0

[qϵ(t), ξϵ(t)]G. (2.5.7)

As a consequence of Theorem 2.5.3 and the definition of the covariant derivative on the
adjoint bundle, it can be shown that

δAξ̄ =
Dη̄

Dt
+ [ξ̄, η̄] + B̃(δx, ẋ), (2.5.8)

where η̄ = [q, A(q, δq)]G. If δq(t) vanishes at t = t1 and t = t2 then so does η̄(t).
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Let (q(t), v(t), p(t)) be a curve in PQ and consider the projection [q(t), v(t), p(t)]G on
the reduced Pontryagin bundle PQ/G. We let

Ψ̃A([q(t), v(t), p(t)]G) = (x(t), u(t), y(t), ζ̄(t), µ̄(t)).

Here x(t) = π(q(t)), u(t) = Tq(t)π(v(t)), y(t) = (p(t))h
∗

q , ζ̄(t) = [q(t), A(q(t), v(t))]G and
µ̄(t) = [q(t), J(q(t), p(t))]G. If (δq(t), δv(t), δp(t)) is a general variation of (q(t), v(t), p(t))
then the variation of the curve (x(t), u(t), y(t), ζ̄(t), µ̄(t)) satisfies

(δx(t), δu(t), δy(t), δζ̄(t), δµ̄(t)) ∈ Tx(t)(Q/G)⊕Tu(t)T (Q/G)⊕Ty(t)T
∗(Q/G)⊕Tζ̄(t)g̃⊕Tµ̄(t)g̃

∗.

Remark 2.5.4. As explained in [95] and [19], given a curve (q(t), q̇(t), p(t)) with ξ̄ :=
[q(t), A(q(t), q̇(t))]G we will only consider deformations ϵ ↦→ ξ̄ϵ(t) such that πg̃(ξ̄ϵ(t)) := xϵ(t)
does not depend on ϵ. The variations corresponding to such deformations are called g̃-fiber
variations, and δξ̄(t) can be identified with an element in g̃ instead of Tξ̄(t)g̃. The variation

δAξ̄(t) = D
Dϵ

⃓⃓⃓
ϵ=0

ξ̄ϵ(t) is an instance of a g̃-fiber variation and is an element of the fiber

g̃x(t) ∼= g. If xϵ(t) ⊕ ξ̄ϵ(t) is a family of curves in (Q/G) ⊕ g̃ depending smoothly on ϵ then
its covariant variation is given by

δx(t)⊕ δAξ̄(t) :=
∂

∂ϵ

⃓⃓⃓
ϵ=0

xϵ(t)⊕
D

Dϵ

⃓⃓⃓
ϵ=0

ξ̄ϵ(t).

In the context of implicit Lagrange-Poincaré reduction, we are interested in the following
example of covariant variation. Suppose q(t) is a curve in Q and ϵ ↦→ qϵ(t) is a deformation
of q(t). This induces a variation of the curve x(t) ⊕ ξ̄(t) := π(q(t)) ⊕ [q(t), A(q(t), q̇(t))]G
given by

ϵ ↦→ xϵ(t)⊕ ξ̄ϵ(t) := π(qϵ(t))⊕ [qϵ(t), A(qϵ(t), q̇ϵ(t))]G.

The covariant variation in this case is given by δx⊕ δAξ̄, where

δAξ̄ =
Dη̄

Dt
+ [ξ̄, η̄] + B̃(δx, ẋ)

with η̄ = [q, A(q, δq)]G. It is under these constrained variations that we will consider sta-
tionary points of the reduced action principle.

2.5.2 The Implicit Lagrange-Poincaré Reduction Theorem

Let PrTQ/G : TQ → TQ/G, PrT ∗Q/G : T ∗Q → T ∗Q/G and PrPQ/G : PQ → PQ/G denote
the corresponding projections onto equivalence classes. Suppose L ∈ C∞(TQ) is invariant
under the tangent lifted action of G on TQ. The isomorphism ΨA between TQ/G and
T (Q/G)⊕ g̃ yields a reduced Lagrangian ℓ ∈ C∞(T (Q/G)⊕ g̃) such that L = ℓ◦ΨA◦PrTQ/G.
Then, we have a reduced action functional corresponding to S on P(Q/G)⊕ g̃⊕ g̃∗ given by

Sred(x(t), u(t), y(t), ζ̄(t), µ̄(t)) =

∫︂ T

0

[︁
ℓ(x(t), u(t), ζ̄(t))dt+ ⟨y(t), ẋ(t)− u(t)⟩
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+
⟨︁
µ̄(t), ξ̄(t)− ζ̄(t)

⟩︁]︁
. (2.5.9)

The next theorem relates the critical points of S and Sred. The proof of it can be found in
[95].

Theorem 2.5.5 (Implicit Lagrange-Poincaré Reduction Theorem, [95, Theorem 4.1]). The
following are equivalent:

1. The curve (q(t), v(t), p(t)) is a critical point of the Hamilton-Pontryagin action S for
all variations δq, δv and δp with δq(t1) = δq(t2) = 0.

2. The curve (q(t), v(t), p(t)) satisfies the implicit Euler-Lagrange equations (2.4.1).

3. Let [q(t), v(t), p(t)]G denote the reduced curve and (x(t), u(t), y(t), ζ̄(t), µ̄(t)) denote
the curve Ψ̃A([q(t), v(t), p(t)]G). Then (x(t), u(t), y(t), ζ̄(t), µ̄(t)) is a critical point of
the reduced action Sred for arbitrary variations δu, δζ̄, δy and δµ̄ and for variations
δx⊕ δAξ̄ such that δx(t1) = δx(t2) = 0 and

δAξ̄ =
Dη̄

Dt
+ [ξ̄, η̄] + B̃(δx, ẋ),

where η̄(t) is an arbitrary curve in g̃ with η̄(t1) = η̄(t2) = 0.

4. The curve (x(t), u(t), y(t), ζ̄(t), µ̄(t)) satisfies the horizontal Lagrange-Poincaré
equations

Dy

Dt
=

∂ℓ

∂x
−
⟨︂
µ̄, iẋB̃

⟩︂
, ẋ = u, y =

∂ℓ

∂u
, (2.5.10)

and the vertical Lagrange-Poincaré equations
Dµ̄

Dt
= ad∗

ξ̄µ̄, ξ̄ = ζ̄ , µ̄ =
∂ℓ

∂ζ̄
. (2.5.11)

Remark 2.5.6. The covariant derivative Dy
Dt

can be defined after fixing an affine connection
∇T (Q/G) on the manifold Q/G. Then the definition of Dy

Dt
is analogous to that of Dµ̄

Dt
(see

Equation (2.5.3)).

Remark 2.5.7. In the previous theorem, the partial derivatives of ℓ are interpreted as
follows: the partial derivatives ∂ℓ

∂u
and ∂ℓ

∂ζ̄
are defined by:⟨︃

∂ℓ

∂u
, v

⟩︃
=

d

ds

⃓⃓⃓
s=0

ℓ(x, u+ sv, ζ̄)⟨︃
∂ℓ

∂ζ̄
, η̄

⟩︃
=

d

ds

⃓⃓⃓
s=0

ℓ(x, u, ζ̄ + sη̄), (2.5.12)

where v and η̄ are arbitrary elements of Tx(Q/G) and π−1
g̃ (x) respectively. To define the

partial derivative ∂l
∂x

, we use the connection ∇T (Q/G) on the Q/G. Then ∇T (Q/G)⊕∇g̃ defines
an affine connection on the bundle T (Q/G) ⊕ g̃. Let x(t) be a curve in Q/G with x(0) =
x0 and (x(t), uh(t), ζ̄h(t)) denote the horizontal lift of x(t) with respect to the connection
∇T (Q/G) ⊕∇g̃ with (x(0), uh(0), ζ̄h(0)) = (x0, u0, ζ̄0) ∈ T (Q/G)⊕ g̃. We define⟨︃

∂ℓ

∂x

⃓⃓⃓
(x0,u0,ζ̄0)

, (x(0), ẋ(0))

⟩︃
=

d

dt

⃓⃓⃓
t=0

ℓ(x(t), uh(t), ζ̄h(t)). (2.5.13)
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2.5.3 Implicit Euler-Poincaré Reduction

Consider the special case where Q = G. In this case, Q/G = {e}, where {e} is the identity
element. So Q/G is trivial and the reduced curvature 2-form vanishes, as does the horizontal
Lagrange-Poincaré equations. Then PQ/G can be naturally identified with g⊕g∗. Moreover,
the covariant derivatives D

Dt
can be replaced by the usual time derivative d

dt
. One then has

the following theorem:

Theorem 2.5.8. Suppose L ∈ C∞(TG) is left-invariant under the tangent lifts of left
translations. Then the following are equivalent:

1. The curve (g(t), v(t), p(t)) is a critical point of the Hamilton-Pontryagin action

S(g(t), v(t), p(t)) =
∫︂ t2

t1

[L(g(t), v(t)) + ⟨p(t), ġ(t)− v(t)⟩]dt.

for all variations δg, δv and δp with δg(t1) = δg(t2) = 0.

2. The curve (g(t), v(t), p(t)) satisfies the implicit Euler-Lagrange equations

ġ = v, ṗ =
∂L
∂g

, p =
∂L
∂v

.

3. Let [g(t), v(t), p(t)]G denote the reduced curve which we identify with a curve (ζ(t), µ(t))
in g ⊕ g∗. Also, let ξ(t) = Tg(t)Lg(t)−1(ġ(t)). Let ℓ : g → R denote the reduced La-
grangian, explicitly defined by

ℓ(ζ) = L(e, ζ).

Then (ζ(t), µ(t)) is a critical point of the reduced action

Sred(ζ(t), µ(t)) =

∫︂ t2

t1

[ℓ(ζ) + ⟨µ(t), ξ(t)− ζ(t)⟩]dt

for all variations of the form
δξ = η̇ + [ξ, η]

where η(t) is an arbitrary curve in g with η(t1) = η(t2) = 0.

4. The curve (ζ(t), µ(t)) satisfies the implicit Euler-Poincaré equations given by

µ̇ = ad∗
ζµ, ξ = ζ, µ =

δℓ

δξ
. (2.5.14)

From the implicit Euler-Poincaré equations we obtain

d

dt

(︃
δℓ

δξ

)︃
= ad∗

ξ

δℓ

δξ
,

which is called the Euler-Poincaré equation.
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Remark 2.5.9. If we consider the tangent lift of the right action of G on TG then the
Euler-Poincaré equation is given by

d

dt

(︃
δℓ

δξ

)︃
= −ad∗

ξ

δℓ

δξ
.

Using ξ, we can reconstruct a solution for the implicit Euler-Lagrange equations. To do
this, we let g(t) solve

ġ(t) = TeLg(t)ξ(t), g(t1) = g0.

Then (g(t), ġ(t), ∂L
∂ġ
(t)) solves the implicit Euler-Lagrange equations on TG ⊕ T ∗G with

g(t1) = g0.

The Euler-Poincaré equations are related to the Lie-Poisson equations by the following
theorem. The proof of it can be found in Holm, Schmah and Stoica [42]:

Theorem 2.5.10. Suppose L ∈ C∞(TG) is hyperregular and invariant under the tangent
lift of left (respectively, right) translations. Let H denote the Hamiltonian corresponding to
L. Denote by ℓ ∈ C∞(g) the reduced Lagrangian and the reduced Legendre transform
fℓ : g → g∗ by

⟨fℓ(ζ), η⟩ = d

ds

⃓⃓⃓
s=0

ℓ(ζ + sη)

for all ζ, η ∈ g. Then, the following holds:

1. FL is G-equivariant with respect to the cotangent lift of left (respectively, right) trans-
lations.

2. H is invariant with respect to the cotangent lift of left (respectively, right) translations.

3. Denote by eℓ : g → R the map eℓ(ζ) = EL(e, ζ). Then eℓ(ζ) = ⟨fℓ(ζ), ζ⟩ − ℓ(ζ), for all
ζ ∈ g.

4. Let hred be the reduced Hamiltonian corresponding to H. Then hred = eℓ ◦ fℓ−1.

5. Let ξ(t) be a solution of the Euler-Poincaré equations

d

dt

(︃
δℓ

δξ

)︃
= ad∗

ξ

δℓ

δξ

(︃
respectively

d

dt

(︃
δℓ

δξ

)︃
= −ad∗

ξ

δℓ

δξ

)︃
,

and µ(t) solve the Lie-Poisson equations

µ̇ = ad∗
δhred

δµ

µ

(︃
respectively µ̇ = −ad∗

δhred

δµ

µ

)︃
with µ(0) = fℓ(ξ(0)). Then µ(t) = fℓ(ξ(t)).



Chapter 3

Stochastic Calculus on Manifolds

This chapter is meant as a brief introduction to stochastic calculus on manifolds, which
will allow us to transition from geometric mechanics to stochastic geometric mechanics.
Stochastic calculus on Euclidean spaces can be extended to the manifold setting by employing
second order differential geometry. This idea was formulated in the works of Schwartz [83]
and Meyer [66]. For most parts of this chapter, we shall refer to Emery [36].

In Section 3.1, we introduce concepts and notations from stochastic analysis in R that
will be used in the thesis. In particular, two important concepts that we will review are
stochastic integrals, and convergence of semimartingales. Stochastic integrals will play an
important role throughout the thesis, and the notion of semimartingale convergence will be
used in case of stochastic variational principles.

In the following sections we turn our attention to stochastic processes on (smooth)
manifolds. We introduce second order differential geometry in Section 3.2. This plays an
important role in the formulation of stochastic processes on manifolds due to the inherent
second order nature of the change of variables formula for Itô integrals.

Having outlined the geometric formalism, in Sections 3.3 and 3.4 we extend many of the
notions introduced in Section 3.1 to the manifold setting. Particularly, in Section 3.4, we
introduce a general stochastic integral on manifolds, which yields the Itô and Stratonovich
integrals as special cases. The Stratonovich integral, due to its convenient change of variables
formula, will be heavily used in the formulation of stochastic geometric mechanics.

In Section 3.5 we turn our attention to stochastic differential equations on manifolds.
Particularly important in this regard are Stratonovich stochastic differential equations, which
geometrically behave very similar to ordinary differential equations. For instance, as shown
by Lázaro-Camí and Ortega [54], reduction and reconstruction methods for ordinary differ-
ential equations also extend to Stratonovich stochastic differential equations. Here we also
extend their work to show that reduction methods apply to stochastic differential equations
in general.

28
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3.1 Stochastic Analysis

In this section we provide a brief review of stochastic analysis in R. A detailed exposition
may be found in Protter [79] and Karatzas and Shreve [47].

Definition 3.1.1. Let T be an index set and (Ω,F) and (Σ,G) be measurable spaces.
A stochastic process indexed by T is a collection X = (Xt)t∈T of Σ-valued random
variables on (Ω,F). Given any ω ∈ Ω, the map t ∈ T ↦→ Xt(ω) ∈ Σ is called a path of the
stochastic process X.

Note that we can think of the stochastic process as a map X : Ω × T → Σ. Often
T is a partially ordered set corresponding to the flow of time. In case of continuous-time
stochastic processes we take T = [0,∞), and in case of discrete-time stochastic processes we
take T to be the set of non-negative integers. In this thesis we will restrict ourselves to the
case T = [0,∞) or any subinterval of it. The codomain (Σ,G) will usually be R, Rk or a
smooth manifold.

Definition 3.1.2. Let X be a stochastic process on (Ω,F).

1. Suppose X takes values in a topological space Σ. We will say that X is continuous
if almost all of its paths are continuous.

2. Suppose X takes values in R. We will say that X is right continuous (respectively,
increasing) if almost all of its paths are right continuous (respectively, increasing).

Unless otherwise mentioned, all stochastic processes considered in this thesis will be
assumed to have continuous paths. Often this assumption can be relaxed to processes with
right continuous paths with finite left limits.

Definition 3.1.3. A filtration of F is a collection {Ft}t≥0 of sub-σ-algebras of F such that
Fs ⊆ Ft whenever s < t. Given a probability measure P on (Ω,F), we say that the filtration
{Ft}t≥0 satisfies the usual hypotheses if F0 contains all sets of probability measure 0 in F
and Ft =

⋂︁
s>t Fs.

We will always assume that filtrations satisfy the usual hypotheses. If {Ft}t≥0 is a
filtration on a probability space (Ω,F,P) then we say that (Ω,F, {Ft}t≥0) is a filtered
space and (Ω,F, {Ft}t≥0,P) is a filtered probability space. We will drop the subscript
t ≥ 0 from the filtration when the time interval [0,∞) is understood from context.

Definition 3.1.4. Let X be a stochastic process defined on a filtered probability space
(Ω,F, {Ft},P):

1. We say that X is adapted to the filtration {Ft} if for all s, Xs is Fs-measurable.

2. The smallest σ-algebra on Ω × [0,∞) that makes all (real-valued) continuous and
adapted stochastic processes measurable is called the predictable σ-algebra on Ω×
[0,∞). Any stochastic process that is measurable with respect to the predictable σ-
algebra on Ω× [0,∞) is called predictable.
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Note that a stochastic process is always adapted to the filtration it generates. From now
on, unless otherwise mentioned, we will always assume that we have a filtered probability
space.

Definition 3.1.5. A random variable τ : Ω → [0,∞] is called a stopping time if the
process

(1[[τ,∞[[)t(ω) :=

{︄
1, if t ≥ τ(ω)

0, if t < τ(ω)

is adapted. The σ-algebra

Fτ := {A ∈ F | A ∩ {τ ≤ t} ∈ Ft, for all t ≥ 0},

is called the stopping time σ-algebra.

Remark 3.1.6. We would like to point out some notational conventions adopted in this
thesis. Both X and Xt denote the same stochastic process X = {Xt}t≥0. For deterministic
processes, and in particular, smooth curves, we will write the time variable in parentheses.
For instance, if (q, v) denotes local coordinates on the tangent bundle of a manifold Q
then (q(t), v(t)) will denote a TQ-valued smooth curve and (qt, vt) will denote a TQ-valued
process. If the symbol used for a stochastic process also appears as a coordinate variable
or as a generic element of the codomain, then we will explicitly include the time variable
when referring to the process. If τ is a stopping time then Xτ will denote the random
variable ω ↦→ Xτ(ω)(ω). In particular, if τ is constant T ≥ 0 then Xτ is the random variable
ω ↦→ XT (ω).

Definition 3.1.7. Let τ be a stopping time such that there is an increasing sequence of
stopping times τn with τn < τ whenever τ > 0, and τn ↑ τ on {τ > 0}. Then τn is said to
announce τ and τ is said to be a predictable stopping time.

By Dellacherie and Meyer [32, Theorem 77], this is equivalent to saying that 1[[τ,∞[[ is
predictable.

Let τ1 and τ2 be stopping times (respectively, predictable stopping times). Then the
following are stopping times (respectively, predictable stopping times):

1. τ1 ∧ τ2 := min(τ1, τ2).

2. τ1 ∨ τ2 := max(τ1, τ2).

3. τ1 + τ2.

4. aτ1 provided a > 0.

Given a set A and a stochastic process X, we define

τhA(X)(ω) = inf{t |Xt(ω) ∈ A}



3.1. STOCHASTIC ANALYSIS 31

and
τ eA(X)(ω) = inf{t |Xt(ω) /∈ A}.

We say that τhA(X) and τ eA(X)(ω) are the first hitting time of A and first exit time
from A of X, respectively. If A is Borel (respectively, closed) then these are stopping times
(respectively, predictable stopping times). We will drop X or A from the notation whenever
they are understood from context. We refer to Bass [10] for a proof of this result.

Definition 3.1.8. Let τ1 and τ2 be stopping times. We define the stochastic intervals

[[τ1, τ2]] := {(ω, t) ∈ Ω× [0,∞) | τ1(ω) ≤ t ≤ τ2(ω)}
[[τ1, τ2[[ := {(ω, t) ∈ Ω× [0,∞) | τ1(ω) ≤ t < τ2(ω)}
]]τ1, τ2]] := {(ω, t) ∈ Ω× [0,∞) | τ1(ω) < t ≤ τ2(ω)}
]]τ1, τ2[[ := {(ω, t) ∈ Ω× [0,∞) | τ1(ω) < t < τ2(ω)}

As suggested by the name, stopping times are used to stop processes at a particular
random time.

Definition 3.1.9. Let X be a stochastic process and τ be a stopping time. The process X |τ

defined by X
|τ
t = Xt∧τ is called the process X stopped at τ .

We now define the following notions of equality between stochastic processes:

Definition 3.1.10. Let X, Y be stochastic processes taking values in (Σ,G). We say that

1. X is a modification of Y or a version of Y if Xt = Yt a.s., for all t ∈ T .

2. X is said to be indistinguishable from Y if

P({ω ∈ Ω |Xt(ω) = Yt(ω) for all t ∈ T }) = 1.

For continuous (or, more generally, right continuous with finite left limits) stochastic
processes taking values in Rk equipped with its Borel σ-algebra, these notions coincide. In
general, indistinguishability implies that the processes are modifications of each other, but
the converse is not true.

An important example of a continuous stochastic process is a Brownian motion, which
we now define.

Definition 3.1.11. A (standard) Brownian motion is a continuous, adapted stochastic
process B defined on some filtered probability space (Ω,F, {Ft},P) and taking values in R
such that:

1. B0 = 0 a.s.

2. If 0 = t0 < t1 < · · · < tn then {Bti −Bti−1
}ni=1 are independent.

3. If s < t then Bt −Bs is normally distributed with mean 0 and variance t− s
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Two important properties of Brownian motion are as follows:

1. Almost every sample path of a Brownian motion is nowhere differentiable a.s.

2. Almost every sample path of a Brownian motion has unbounded variation.

The second statement implies that Brownian motion cannot serve as an integrator in the
Lebesgue-Stieltjes integral. This necessitates the development of a separate theory of stochas-
tic integration.

3.1.1 Change of Time

Definition 3.1.12. A change of time or time change is a positive, continuous, strictly
increasing random process A such that each At is a stopping time.

Given a stopping time τ , the processes t ↦→ t ∧ τ and t ↦→ t + τ are two important
examples of changes of time. The first change of time converts a process X to X |τ and the
second one forgets all information up to time τ .

3.1.2 Martingales, Local Martingales, and Semimartingales

Definition 3.1.13. Let (Ω,F, {Ft},P) be a filtered probability space.

1. An adapted stochastic process X is said to be a martingale if Xt is integrable for
each t and Xs = E[Xt|Fs] whenever s ≤ t.

2. An adapted stochastic process X is said to be a local martingale if there exists an
increasing sequence {τn} of stopping times with limn→∞ τn = ∞ a.s. such that
X |τn1{τn>0} is a martingale. If X is continuous then we say that X is a continu-
ous local martingale.

3. A continuous, adapted process A is said to have finite variation if each path of it has
bounded variation on compact subintervals of [0,∞).

4. A semimartingale is any process which can be written as a sum of a continuous local
martingale and a finite variation process. The set of all real-valued semimartingales
will be denoted by S (R) or S .

Remark 3.1.14. In the definition of a local martingale, the localization is in time, as
opposed to localization in space.

Remark 3.1.15. The decomposition of a semimartingale X as X = X0+M +A, where X0

is its initial value, M is a local martingale, A is a finite variation process and M0 = A0 = 0
a.s. is unique. The uniqueness is in an almost sure sense, and it follows from the Doob-Meyer
decomposition for submartingales.
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Remark 3.1.16. Note that, by our definition, semimartingales are continuous. In stochastic
analysis one also studies discontinuous semimartingales, but we won’t use them in this thesis.

Let us mention two important stability properties of semimartingales. The first one is
stability under change of probability measure. If P1 and P2 are two probability measures
on the filtered space (Ω,F, {Ft}) such that P2 is absolutely continuous with respect to P1,
then a semimartingale with respect to (Ω,F, {Ft},P1) is a modification of a semimartingale
with respect to (Ω,F, {Ft},P2). The second one is stability under changes of time. Let A
be a change of time. If X is a semimartingale then XAt is a semimartingale for the filtration
{FAt

}.

Another important fact is that being a semimartingale is a temporally local property:
X is a semimartingale if and only if there exists an increasing sequence {τn} of stopping
times with limn→∞ τn = ∞ a.s. such that X |τn1{τn>0} is a semimartingale.

3.1.3 Stochastic Integration

First, let us define the notion of uniform convergence on compact sets in probability.

Definition 3.1.17. A sequence {Xn} of stochastic processes converges uniformly on
compact sets in probability (ucp) to a stochastic process X if the sequence{︃

sup
0≤s≤t

|Xn
s −Xs|

}︃
n

converges to 0 in probability for every t > 0.

Denote by D the space of all adapted processes having right continuous paths with finite
left limits. Convergence in ucp induces a complete metrizable topology on D, defined via the
metric

dc(X, Y ) =
∑︂
n

2−nE
[︃
1 ∧ sup

0≤t≤n
|Xt − Yt|

]︃
.

This also works for continuous, adapted processes taking values in Rk; one simply replaces
the absolute value by the Euclidean norm (see Arnaudon and Thalmaier [5]). The space
of continuous, adapted process on Rk endowed with the ucp topology will be denoted by
Dc(Rk).

A useful fact is that continuous functions preserve ucp convergence. More precisely, we
have the following proposition:

Proposition 3.1.18 ([5, Proposition 2.6 (1)]). Let {Xn} be a sequence in Dc(Rk) that
converges to X in ucp. For every continuous function h : Rk → R, we have h(Xn)

ucp−−→ h(X).

Corollary 3.1.19. Let {Xn} and {Yn} be two sequences of semimartingales such that
Xn

ucp−−→ X and Yn
ucp−−→ Y , where X and Y are semimartingales. Then XnYn

ucp−−→ XY .
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Definition 3.1.20. A stochastic process H is said to be locally bounded if there exists an
increasing sequence {τn} of stopping times with limn→∞ τn = ∞ a.s. such that H |τn1{τn>0}
is bounded.

Now we define the stochastic integral of predictable, locally bounded processes with
respect to semimartingales. Following [36, Chapter 1], we will define the stochastic integral
as a map from predictable, locally bounded processes to semimartingales satisfying some
additional properties.

Definition 3.1.21. Given a semimartingale X and a locally bounded and predictable process
H the stochastic integral or Itô integral of H with respect to X is a semimartingale∫︁
HdX (its value at time T is denoted by

∫︁ T

0
HdX) satisfying the following properties:

1.
∫︁ 0

0
HdX = 0.

2. It is linear in H and X.

3. If τ is a stopping time and h is Fτ -measurable then
∫︁
h1]]τ,∞[[dX = h(X −X |τ ).

4. Let {τn} be an increasing sequence of stopping times such that limn→∞ τn = ∞ a.s.,
τ0 = 0 a.s. and |σ| := supn |τn − τn−1| is uniformly bounded. If |σ| goes to zero as
n → ∞ then ∑︂

n

Hτn(X
|τn+1 −X |τn)

ucp−−→
∫︂

HdX.

5. (Module associativity property) If H1 and H2 are locally bounded and predictable
processes then ∫︂

H1d

(︃∫︂
H2dX

)︃
=

∫︂
H1H2dX.

6. (Dominated Convergence Theorem) If {Hn} is a sequence of predictable processes con-
verging pointwise to H (a.s.) on [[0,∞[[ and {Hn} is dominated by a locally bounded
process K then ∫︂

HndX
ucp−−→

∫︂
HdX.

7. Let Q be a probability measure that is absolutely continuous with respect to P . Then
the stochastic integral computed on (Ω,F, {Ft},Q) is a modification of the stochastic
integral computed on (Ω,F, {Ft},P).

8. Let A be a change of time. Set H̄t = HAt and X̄t = XAt . Then∫︂ AT

A0

HtdXt =

∫︂
1]]A0,AT ]](t)HtdXt =

∫︂ T

0

H̄tdX̄t,

for all T ≥ 0.
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An important class of integrands are continuous semimartingales themselves, since they
are locally bounded and predictable. Moreover, if X is a local martingale, then

∫︁
HdX is a

local martingale.

In [79], the stochastic integral with respect to a fixed semimartingale is first defined as
a continuous linear map from the space of simple, predictable processes to the space of right
continuous adapted processes with finite left limits, where both are equipped with the ucp
topologies. We recall that a simple predictable process is given by

H = H01{0} +
n∑︂

i=0

Hi1]]τi,τi+1]],

where 0 = τ0 ≤ τ1 ≤ · · · τn+1 < ∞ is a finite sequence of stopping times and Hi ∈ Fτi with
|Hi| < ∞ a.s. for all 0 ≤ i ≤ n. Then, it is shown that the space of simple predictable
processes is dense in the space of adapted processes with left continuous paths and finite
right limits, so the definition of the stochastic integral extends to this space as a continuous
linear map via a density argument. Since the stochastic integrals of semimartingales are
semimartingales, we obtain the following result:

Proposition 3.1.22. Let {Xn} be a sequence of semimartingales converging to X in ucp,
and let Y be a fixed semimartingale. Then,∫︂

XndY
ucp−−→

∫︂
XdY.

3.1.4 Quadratic Variation

Definition 3.1.23. Let X and Y be semimartingales. The joint quadratic variation of
X and Y is defined as

[X, Y ] := XY −X0Y0 −
∫︂

XdY −
∫︂

Y dX.

If X = Y then we say that [X,X] is the quadratic variation of X.

This is not necessarily 0 in general, but it is a process of bounded variation. Moreover,
if X or Y has finite variation then [X,Y ] = 0. Thus, the joint quadratic variation of two
semimartingales corresponds to the joint quadratic variation of their local martingale parts.
As an example, we mention that a continuous local martingale B with B0 = 0 is a Brownian
motion if and only if [B,B]t = t.

From the definition of the quadratic variation, we see that the product rule for calculus
does not extend to stochastic integrals in general. One has∫︂

XdY +

∫︂
Y dX + [X, Y ] = XY −X0Y0.
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One way to extend the product rule to stochastic integration is to note that [X,Y ] = [Y,X]
and rewrite the left side as follows:∫︂

XdY +

∫︂
Y dX + [X, Y ] =

∫︂
XdY +

∫︂
Y dX +

1

2
([X, Y ] + [Y,X])

=

(︃∫︂
XdY +

1

2
[X, Y ]

)︃
+

(︃∫︂
Y dX +

1

2
[Y,X]

)︃
.

We define the Stratonovich integral of X with respect to Y by∫︂
X • dY =

∫︂
XdY +

1

2
[X, Y ].

Then, we have ∫︂
X • dY +

∫︂
Y • dX = XY −X0Y0.

The Stratonovich integral lacks the dominated convergence theorem of Itô integrals. How-
ever, unlike the Itô integral, the Stratonovich integral satisfies the usual chain rule of calculus,
as the next proposition shows. This result can be found in:

Proposition 3.1.24. Let X be a semimartingale in Rk.

1. If f ∈ C2(Rk) then

f(X)− f(X0) =
k∑︂

i=1

∫︂
∂f

∂X i
(X)dX i +

1

2

k∑︂
i,j=1

∫︂
∂2f

∂X i∂Xj
d[X i, Xj].

2. If f ∈ C3(Rk) then

f(X)− f(X0) =
k∑︂

i=1

∫︂
∂f

∂X i
(X) • dX i.

Since the processes on the right are semimartingales, this shows that smooth functions
of semimartingales are semimartingales. Semimartingales will play an important role in
the rest of the thesis, mainly due to this property as well as their role as integrators in
stochastic integration. We remark that smooth functions do not preserve the martingale or
local martingale property. As an example, the Brownian motion B is a martingale, but B2

is not even a local martingale.

3.1.5 The Semimartingale Topology

We have mentioned that a dominated convergence theorem for Stratonovich integrals cannot
be formulated in the ucp topology. On the other hand, the semimartingale topology allows
us to establish continuity of the Stratonovich integral with respect to each of its arguments.
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Definition 3.1.25. Let {Xn} be a sequence of semimartingales. We say that {Xn} con-
verges to X in the semimartingale topology if Xn

ucp−−→ X and
∫︁
HdXn

ucp−−→
∫︁
HdX for

all bounded and predictable processes H.

This topology is induced by the metric dS(X, Y ) = sup|H|≤1 dc(
∫︁
HdX,

∫︁
HdY ) where

the supremum is over all predictable processes bounded by 1. Under the semimartingale
topology S is a complete topological vector space.

Now let Xn be a sequence of semimartingales converging to X in the semimartingale
topology and suppose Y is a semimartingale. We have already seen that

∫︁
XndY

ucp−−→
∫︁
XdY

by continuity of the stochastic integral with respect to the integrand. We wish to look at
convergence with respect to the integrator. For this, we will use the next result, which is a
special case of Proposition 2.6 in Arnaudon and Thalmaier [5]:

Proposition 3.1.26. Let {Xn} and {Yn} be two sequences of semimartingales converging to
X and Y respectively, in the semimartingale topology. Additionally, let h ∈ Ck(R2), where
k ≥ 2. Then:

1. h(Xn, Yn) converges to h(X,Y ) in the semimartingale topology.

2. [Xn, Yn] converges to [X,Y ] in the semimartingale topology.

As a result, we get∫︂
Y dXn = (XnY − (Xn)0Y0)−

∫︂
XndY − [Y,Xn]

ucp−−→ (XY −X0Y0)−
∫︂

XdY − [Y,X]

=

∫︂
Y dX.

Moreover, by the same kind of reasoning,
∫︁
Xn • dY =

∫︁
XndY + 1

2
[Xn, Y ] and

∫︁
Y • dXn =∫︁

Y dXn+
1
2
[Y,Xn] also converge to

∫︁
X •dY and

∫︁
Y •dX, respectively, in ucp. We rewrite

this result with a slight modification in the following proposition:

Proposition 3.1.27. Let I be a closed interval containing 0 and ϵ ∈ I ↦→ Xϵ ∈ S be
a map from I to S . Suppose Xϵ → X in the semimartingale topology as ϵ → 0. Then∫︁
Xϵ • dY

ϵ→0−−→
ucp

∫︁
X • dY and

∫︁
Y • dXϵ

ϵ→0−−→
ucp

∫︁
Y • dX.

3.2 Second Order Differential Geometry

Unless otherwise mentioned, manifolds will be assumed to be smooth, connected, second
countable, and finite-dimensional.

Definition 3.2.1. Let M be a manifold.
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1. A second order tangent vector at p ∈ M is a differential operator of order up to 2
at p with no constant coefficients.

2. The second order tangent space at p ∈ M is the space of all second order tangent
vectors at p ∈ M . The second order tangent bundle of M is

τM =
⋃︂
p∈M

τpM.

We denote the projection Lp ∈ τM ↦→ p ∈ M onto the basepoint of a second order
tangent vector by πτM : τM → M .

3. A second order vector field on M is a smooth map A : M → τM such that πτM ◦A
is the identity map on M . The space of second order vector fields on M will be denoted
by X(2)(M).

Note that every (first order) tangent vector is a second order tangent vector. Locally, a
second order tangent vector Lp at p ∈ M can be written as

Lp = ai
∂

∂xi
+

1

2
aij

∂2

∂xi∂xj
,

where aij = aji and we have assumed the summation convention. The next result shows that
a symmetric 2-tensor can be attached to every second order tangent vector. This result is a
special case of Proposition 1.3 in Loos [53].

Theorem 3.2.2. Let Sym2(TM) denote the space of all symmetric 2-tensors on TM and
v1 ⊙ v2 denote the symmetric tensor product of tangent vectors v1 and v2. The map P2 :
τM → Sym2(TM) defined by

P2

(︃
∂2

∂xi∂xj

⃓⃓⃓
p

)︃
=

∂

∂xi

⃓⃓⃓
p
⊙ ∂

∂xj

⃓⃓⃓
p

P2

(︃
∂

∂xi

⃓⃓⃓
p

)︃
= 0.

is well-defined (independent of the choice of coordinates) with kernel TM .

Thus, we have a short exact sequence

0 → TM ↪→ τM
P2−→ Sym2(TM) → 0.

Definition 3.2.3. Let F : M → N be a smooth map between manifolds M and N .

1. The second order tangent map of F at p ∈ M is the linear map τpF : τpM →
τF (p)N defined by τpF (L)[f ] = L[f ◦ F ], for every f ∈ C∞(N) and L ∈ τpM . The
second order tangent map of F τF : τM → τN is obtained by gathering all of the
maps τpF for each p ∈ M .
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2. Suppose γ : I → M is a curve in M where I is an interval in R. Then the second order
tangent vector τtγ

(︂
d2

dt2

)︂
is called the acceleration of γ at t and denoted by γ̈(t).

3. Suppose f ∈ C∞(M). Then τf is called the second order differential of f and is
denoted by d2f .

While every tangent vector can be expressed as a velocity vector of a curve, every second
order tangent vector can be expressed as a linear combination of accelerations of curves.

Second order tangent maps also satisfy the chain rule of first order calculus. Indeed, if
F : M → N and G : P → M , then given any f ∈ C∞(N) and L ∈ τpP we have

τG(p)F (τpG(L))[f ] = τpG(L)[f ◦ F ]

= L[f ◦ (F ◦G)]

= τp(F ◦G)(L)[f ],

as required.

3.2.1 Connections

The first order part of a second order tangent vector cannot be defined intrinsically, that is,
if

Lp = ai
∂

∂xi
+

1

2
aij

∂2

∂xi∂xj

is a second order tangent vector at p ∈ M , then the coefficients ai do not transform covari-
antly under a change of coordinates. To obtain the first order part of a second order tangent
vector, we need an extra structure on a manifold, namely a connection.

Definition 3.2.4. Assume that ∇ is a torsion-free, affine connection on M . The Hessian
of a smooth function f ∈ C∞(M) with respect to ∇ is a smooth map Hess∇(f) : M →
T ∗M ⊗ T ∗M defined by

Hess∇(f)(A,B) = A[B[f ]]−∇AB[f ].

Note that, by definition, for every smooth function f ∈ C∞(M) and vector fields A,B,

Hess∇(f
2)(A,B) = A[B[f 2]]−∇AB[f 2]

= A[2fB[f ]]− 2f∇AB[f ]

= 2fA[B[f ]]− 2f∇AB[f ] + 2A[f ]B[f ]

= (2fHess∇(f) + 2(df ⊗ df))(A,B)

Conversely, any assignment f ∈ C∞(M) → Hess(f) ∈ Γ(T ∗M ⊗ T ∗M) such that Hess(f) is
symmetric and

Hess(f 2) = 2fHess(f) + 2(df ⊗ df),
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one can define an affine, torsion-free connection ∇ via

∇AB[f ] = A[B[f ]]− Hess(f)(A,B)

such that Hess(f) = Hess∇(f) for all f ∈ C∞(M).

Theorem 3.2.5. There is a bijective correspondence ∇ ↦→ F∇ between the space of affine,
torsion-free, connections on a manifold M and the space of C∞(M)-linear maps F∇ :
X(2)M → X∞ (M) satisfying

F∇(A) = A, if A ∈ X∞ (M) ,

F∇(L)[f ] = Lf − ⟨Hess∇(f), P2(L)⟩ for all L ∈ X(2)M,

F∇(AB)[f ] = A[B[f ]]− Hess∇(f)(A,B) = ∇AB[f ], for all A,B ∈ X∞ (M) .

3.2.2 Second Order Cotangent Vectors

Now we move on to the dual space of the second order tangent space.

Definition 3.2.6. Let M be a manifold.

1. Given p ∈ M , the dual space of τpM , denoted by τ ∗pM is called the second order
cotangent space at p ∈ M .

2. The second order cotangent bundle of M is defined by

τ ∗M :=
⋃︂
p∈M

τ ∗pM.

The projection αp ∈ τ ∗M ↦→ p ∈ M of a second order cotangent vector onto its
basepoint is denoted by πτ∗M .

3. A second order 1-form is a smooth assignment α : M → τ ∗M such that πτ∗M ◦ α is
the identity map on M .

Example 3.2.7. Let us mention some examples of second order 1-forms:

1. If f ∈ C∞(M) then d2f is a second order 1-form. We have ⟨d2f, L⟩ = L[f ], for all
L ∈ τM .

2. If f, g ∈ C∞(M) then Γ(f, g) defined by

⟨Γ(f, g), L⟩ = L[fg]− fL[g]− gL[f ]

for all L ∈ τM is a second order 1-form.

3. Denote the dual of P2 : τM → Sym2(TM) by P ∗
2 . If b : M → Sym2(T ∗M) is a

symmetric bilinear form then P ∗
2 (b) is a second order 1-form.
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Note that each second order 1-form α induces a (first order) 1-form Res(α) defined by
restricting αp to TpM , for each p ∈ M . More precisely, Res(α)p = αp|TpM for all p ∈ M .
Thus, we have a map Res : τ ∗M → T ∗M . Note that Res ◦ P ∗

2 : Sym2(T ∗M) → T ∗M is
always 0, since for any symmetric bilinear form b and any tangent vector X, if i : TM ↪→ τM
denotes the inclusion, then

⟨(Res ◦ P ∗
2 (b)), X⟩ = ⟨(P ∗

2 (b)), i(X)⟩
= ⟨b, P2(i(X))⟩
= 0

since TM is the kernel of P2. Thus, we get a short exact sequence

0 → Sym2(T ∗M)
P ∗
2−→ τ ∗M

Res−−→ T ∗M → 0.

If (xi) is a system of local coordinates around a point x ∈ M then a second order cotangent
vector α ∈ τ ∗xM can be written locally as

α(x) = αid2x
i +

1

2
αijP

∗
2 (dx

i ⊙ dxj),

where αij = αji.

The next result shows that first order 1-forms can yield second order 1-forms in two
different ways.

Theorem 3.2.8. There exists a unique R-linear map d from (first order) 1-forms to second
order 1-form dα such that for all 1-forms α and smooth functions f ∈ C∞(M):

1. If α = df then dα = d2f .

2. d(fα) = P ∗
2 (df ⊙ α) + fdα.

3. (Res ◦ d)(α) = α.

4. For all vector fields A,B

⟨dα, [A,B]⟩ = ⟨α, [A,B]⟩
⟨dα, {A,B}⟩ = A[⟨α,B⟩] +B[⟨α,A⟩],

where {A,B} = 1
2
(AB +BA).

We have mentioned that endowing M with an affine, torsion-free connection ∇ is equiva-
lent to having a C∞(M)-linear map F∇ : X(2)(M) → X∞ (M) which restricts to the identity
on X∞ (M) and satisfies some additional properties. Observe that d also induces a map
d∗ : X(2)(M) → X∞ (M) by duality, which restricts to the identity on X∞ (M). However,
this map d∗, does not correspond to a connection, since this is R-linear and not C∞(M)-
linear. On the other hand, corresponding to F∇, one can define, again by duality, a map that
converts first order 1-forms to second order 1-forms. More precisely, one has the following
result:
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Theorem 3.2.9. There is a bijective correspondence ∇ ↦→ G∇ between the space of affine,
torsion-free, connections on a manifold M and the space of C∞(M)-linear maps from first
order 1-forms to second order 1-forms satisfying the following properties:

1. For every f ∈ C∞(M),
G∇(df) = d2f − P ∗

2 (Hess∇(f)).

2. For every f ∈ C∞(M) and vector fields A,B,

Hess∇(f)(A,B) = A[B[f ]]− ⟨G∇(df), AB⟩ .

Moreover, for all second order vector fields L and first order 1-form α,

⟨α, F∇(L)⟩ = ⟨G∇(α), L⟩ .

3.3 Semimartingales on Manifolds

We now assume that (Ω,F, {Ft},P) is a filtered probability space.

Definition 3.3.1. Let M be a manifold. A (continuous) semimartingale on a manifold M
is a (continuous) stochastic process Γ such that f(Γ) is a real-valued semimartingale for all
f ∈ C∞(M). The space of continuous semimartingales on a manifold M will be denoted by
S (M).

We will always assume that semimartingales are continuous. The property of being a
semimartingale is preserved under smooth maps: if F : N → M is a smooth map between
manifold N and M , and Γ is a semimartingale on N , then F (Γ) is a semimartingale on M .
Another important fact is that the property of being a semimartingale is both a temporally
and spatially local property, as the next two results show:

Proposition 3.3.2. Suppose Γ is a stochastic process in M and {τn} is an increasing se-
quence of stopping times with limn→∞ τn = ∞ a.s. The following are equivalent:

1. Γ is a semimartingale in M .

2. For every n, Γ|τn is a semimartingale in M .

3. For every n, the process Y n
t := Γ(τn+t)∧τn+1 is a semimartingale in M for the filtration

Gn
t := Fτn+t and the probability measure Pn := P [ · |{τn+1 > τn}].

Proposition 3.3.3. Suppose {Un} is a countable open covering of M . If Γ is any continuous,
adapted process in M , then there exists a predictable, increasing sequence of stopping times
{τk}, with τ0 = 0 a.s., such that limk→∞ τk = ∞ a.s. and on each of the events

[[τk, τk+1]]
⋂︂

{τk < τk+1}

Γ takes its value in one of the Un’s.
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3.3.0.1 The Ucp and Semimartingale Convergence on Manifolds

Definition 3.3.4. Let M be a manifold:

1. Suppose {Γn} is a sequence of continuous, adapted processes in M . We say the {Γn}
converges to Γ in the topology of uniform convergence on compacts in prob-
ability (ucp) if for every smooth function f , f(Γn)

ucp−−→ f(Γ).

2. Suppose {Γn} is a sequence of semimartingales in M . We say the {Γn} converges to
Γ in the semimartingale topology if for every smooth function f , f(Γn) → f(Γ)
in the semimartingale topology on S (R).

Note that, by definition, the limit process Γ is a continuous, adapted process (respec-
tively, semimartingale) when {Γn} is a sequence of continuous, adapted processes (respec-
tively, semimartingales) converging to Γ in the ucp (respectively, semimartingale) topology.

We record the following important proposition for future reference:

Proposition 3.3.5. Suppose f ∈ C∞(M), I is an interval in R containing 0 as an interior
point, and ϵ ∈ I ↦→ Γϵ ∈ S (M) is a map such that Γϵ → Γ ∈ S (M) in the semimartingale
topology as ϵ → 0. Additionally, suppose ϵ ∈ I ↦→ Xϵ ∈ S (R) is a map such that Xϵ →
X ∈ S (R) in the semimartingale topology as ϵ → 0. Then∫︂

f(Γϵ)dXϵ
ϵ→0−−→
ucp

∫︂
f(Γ)dX

and ∫︂
f(Γϵ) • dXϵ

ϵ→0−−→
ucp

∫︂
f(Γ) • dX.

Proof. First suppose f is compactly supported. Then, there exists K > 0 with |f | < K.
Let us write ∫︂

f(Γϵ)dXϵ =

∫︂
f(Γϵ)dX +

∫︂
f(Γϵ)d(Xϵ −X).

The first term converges in the ucp topology to
∫︁
f(Γ)dX by the Dominated Convergence

Theorem since f(Γϵ) is uniformly bounded. For the second term, by definition of the metric
in semimartingale topology, for each ϵ, we have

dS(Xϵ, X) = sup
|H|≤1

dc

(︃∫︂
HdXϵ,

∫︂
HdX

)︃
≥ dc

(︃∫︂
f(Γϵ)

K
dXϵ,

∫︂
f(Γϵ)

K
dX

)︃
.

Since this holds for each ϵ and the left side goes to zero as ϵ goes to 0, it follows that
dc

(︂∫︁ f(Γϵ)
K

dXϵ,
∫︁ f(Γϵ)

K
dX
)︂

converges to zero. Hence,
∫︁
f(Γϵ)d(Xϵ − X) converges to 0 in

ucp.
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For the more general case, let {Kn} be a sequence of compact sets with M =
⋃︁

n Kn

and Kn ⊆ Kn+1. Suppose τn is the exit time of Γ from Kn and τ0 = 0. Then {τn} is a
sequence of predictable stopping times increasing to infinity. For each n, f(Γ|τn

ϵ ) converges
to f(Γ|τn) in the semimartingale topology, by [5, Proposition 2.6 (3)]. On [[0, τn[[, replace f
by a smooth function F such that F = f on Kn and F is supported in Kn+1. Then, we have(︃∫︂

f(Γϵ)dXϵ

)︃|τn
=

∫︂
F (Γ|τn

ϵ )dX |τn
ϵ

ϵ→0−−→
ucp

∫︂
F (Γ|τn)dX |τn

=

(︃∫︂
f(Γ)dX

)︃|τn
.

Since the convergence in ucp holds on each of the stochastic intervals [[0, τn[[, it follows that∫︂
f(Γϵ)dXϵ

ϵ→0−−→
ucp

∫︂
f(Γ)dX.

To prove that ∫︂
f(Γϵ) • dXϵ

ϵ→0−−→
ucp

∫︂
f(Γ) • dX,

we simply note that ∫︂
f(Γϵ) • dXϵ =

∫︂
f(Γϵ)dXϵ +

1

2
[f(Γϵ), Xϵ]

ϵ→0−−→
ucp

∫︂
f(Γ)dX +

1

2
[f(Γ), X]

=

∫︂
f(Γ) • dX.

This completes the proof.

An important notion is that of differentiability with respect to the semimartingale topol-
ogy. We will use this when we discuss variations of semimartingales in manifolds.

Definition 3.3.6. Let I ⊆ R be an interval and ϵ ∈ I ↦→ Γϵ ∈ S (M) be a map from
I to S (M) with Γ = Γϵ0 , where ϵ0 ∈ I. We say that ϵ ↦→ Γϵ is differentiable in the
semimartingale topology at ϵ = ϵ0 if there exists a Y ∈ S (TM) such that:

1. Let πTM : TM → M denote the projection onto the basepoint. Then πTM(Y ) = Γ.

2. For every f ∈ C∞(M),

lim
ϵ→ϵ0

f(Γϵ)− f(Γ)

ϵ− ϵ0
= ⟨df, Y ⟩ (Γ)

in the semimartingale topology.
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As mentioned in Arnaudon and Thalmaier [5], pathwise smoothness does not imply
differentiability in the semimartingale topology, that is, even when the maps ϵ ↦→ Γϵ(·) are
smooth, ϵ ↦→ Γϵ may not be differentiable in the semimartingale topology. On the other
hand, this is true if the convergence in Definition 3.3.6 is replaced by ucp convergence, in
which case, we say that Γϵ is differentiable in the ucp topology at ϵ = ϵ0 ∈ I.

3.4 Stochastic Integration on Manifolds

Given a smooth function f ∈ C∞(Rk) and a semimartingale X in Rk, recall the change of
variables formula for semimartingales:

f(X)− f(X0) =
k∑︂

i=1

∫︂
∂f

∂X i
(X)dX i +

1

2

k∑︂
i,j=1

∫︂
∂2f

∂X i∂Xj
d[X i, Xj].

Since the left side does not depend on coordinates, we expect the right side to be coordi-
nate independent as well. The stochastic integral on a manifold expresses this coordinate
independence by using second order differential geometry.

Definition 3.4.1. Let M be a manifold.

1. A locally bounded process in M is a stochastic process H taking values in M such
that there exists an increasing sequence of stopping times {τn} with limn→∞ τn = ∞
a.s. and H |τn1{τn>0} takes values in a relatively compact subset of M .

2. Let (E, π,M) be a fibre bundle, Γ be any stochastic process in M and H be any
stochastic process in E. If π(H) = Γ then we say that H is over Γ.

The next theorem introduces the stochastic integral.

Theorem 3.4.2. Let Γ ∈ S (M). There exists a unique linear map H ↦→
∫︁
HdΓ from the

set of all predictable, locally bounded τ ∗M -valued processes over Γ to S (R) such that, for
every f ∈ C∞(M), every locally bounded and predictable real-valued process K, and every
locally bounded and predictable τ ∗M -valued process H over Γ, we have

f(Γ)− f(Γ0) =

∫︂
d2f(Γ)dΓ∫︂

KHdΓ =

∫︂
Kd

(︃∫︂
HdΓ

)︃
.

We will call
∫︁
HdΓ the stochastic integral of H with respect to Γ. If α is a second

order 1-form then we will denote
∫︁
α(Γ)dΓ by

∫︁
α dΓ and call it the stochastic integral of

α with respect to Γ.

We mention some properties of the stochastic integral in the following proposition.
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Proposition 3.4.3 (Properties of the stochastic integral). Suppose Γ ∈ S (M).

1. Suppose Q is a probability measure that is absolutely continuous with respect to
P . Then the stochastic integral computed with respect to Q is a version of the one
computed with respect to P .

2. If t ↦→ At is a continuous change of time and H is a locally bounded and predictable
process over Γ, then ∫︂ T

0

HAtdΓAt =

∫︂ AT

A0

HdΓ.

In particular, ∫︂
HdΓ|τ =

∫︂
HdΓ|τ

for any stopping time τ .

3. If F : M → N is a smooth map between manifolds M and N , and H is a locally
bounded and predictable τ ∗N -valued process over F (Γ) then∫︂

HdF (Γ) =

∫︂
F ∗HdΓ,

where F ∗H is the τ ∗M -valued process defined by (F ∗H)t(ω)(L) = Ht(ω)(τΓt(ω)F (L)),
for any L ∈ τΓt(ω)M and all t ≥ 0 and ω ∈ Ω.

4. Let b ∈ Sym2(T ∗M) be a symmetric bilinear form. Denote by
∫︁
b(dΓ, dΓ) the semi-

martingale 2
∫︁
P ∗
2 (b)dΓ. Then for all f, g ∈ C∞(M)∫︂

(fb)(dΓ, dΓ) =

∫︂
f(Γ)d

(︃∫︂
b(dΓ, dΓ)

)︃
∫︂

(df ⊙ dg)(dΓ, dΓ) = [f(Γ), g(Γ)]

5. Suppose H1 and H2 are locally bounded and predictable processes over Γ. Then[︃∫︂
H1dΓ,

∫︂
H2dΓ

]︃
= 2

∫︂
P ∗
2 (Res(H1)⊙ Res(H2))dΓ.

6. If Γ is a smooth curve and α is a second order 1-form then∫︂
α dΓ =

∫︂ ⟨︂
Res(α), Γ̇

⟩︂
dt.

7. If a second order 1-form α is written locally as

α(x) = αi(x)d2x
i +

1

2
αij(x)P

∗
2 (dx

i ⊙ dxj)

and Γ = (Γi) locally, then∫︂
α dΓ =

∫︂
αi(Γ)dΓ

i +
1

2

∫︂
αij(Γ)d[Γ

i,Γj].
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The Stratonovich and Itô integrals on a manifold are special cases of the stochastic
integral.

Definition 3.4.4. Let Γ ∈ S (M) and α be any 1-form.

1. The Stratonovich integral of α with respect to Γ is defined to be the stochastic
integral of dα with respect to Γ. We denote the Stratonovich integral by

∫︁
α • dΓ

2. Suppose M is endowed with an affine, torsion-free connection ∇. The Itô integral of
α with respect to Γ is defined to be the stochastic integral of G∇(α) with respect to
Γ. We denote the Itô integral by

∫︁
α d∇Γ

The Stratonovich and Itô integrals can also be extended to locally bounded and pre-
dictable processes over Γ. The change of variables formula for Stratonovich and Itô integrals
are given below:

Theorem 3.4.5. Suppose Γ ∈ S (M).

1. (Change of variables formula for Stratonovich integrals)
For every f ∈ C∞(M)

f(Γ)− f(Γ0) =

∫︂
df • dΓ.

2. (Change of variables formula for Itô integrals)
Let M be endowed with an affine, torsion-free connection ∇. For every f ∈ C∞(M)

f(Γ)− f(Γ0) =

∫︂
df d∇Γ +

1

2
Hess∇(f)(dΓ, dΓ).

More generally, for Stratonovich integrals, the following property is very useful:

Proposition 3.4.6. Let F : M → N be a smooth map between manifolds M and N , αN

be a 1-form on N and Γ ∈ S (M). Let αM := F ∗αN , that is, αM satisfies ⟨αM(p), vp⟩ =
⟨αN(F (p)), TpF (vp)⟩ for all p ∈ M and vp ∈ TpM . Then∫︂

αN • dF (Γ) =

∫︂
αM • dΓ.

Differentiability results in the semimartingale topology for Stratonovich and Itô integrals
for manifolds can be found in Arnaudon and Thalmaier [5][Corollary 3.18]:

Proposition 3.4.7. Suppose α is a 1-form on M . Let I be an interval in R and ϵ ∈ I ↦→
Γϵ ∈ S (M) be differentiable in the semimartingale topology. Then the maps

ϵ ∈ I ↦→
∫︂

α • dΓϵ ∈ S (R)

and
ϵ ∈ I ↦→

∫︂
α d∇Γϵ ∈ S (R)

are differentiable in the semimartingale topology.
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In case of real-valued processes, a semimartingale is a martingale if and only if all of its
Itô integrals are local martingales. A similar result holds on manifolds.

Theorem 3.4.8. Given a manifold M endowed with a connection ∇ and a semimartingale
Γ ∈ S (M), the following are equivalent:

1. For every smooth function f ∈ C∞(M)

f(Γ)− f(Γ0)−
1

2
Hess∇(f)(dΓ, dΓ)

is a local martingale.

2. There exists an adapted, locally bounded, τM -valued process L over Γ with F∇L = 0
and an increasing, adapted, and continuous process C such that for every smooth
function f ∈ C∞(M)

f(Γ)− f(Γ0)−
∫︂

LfdC

is a local martingale.

If Γ satisfies either of these conditions then we say that Γ is a ∇-martingale or simply,
a martingale on M .

3.5 Stochastic Differential Equations on Manifolds

In the deterministic case, an ordinary differential equation can be viewed as the problem of
finding an integral curve of a vector field on a manifold. In the stochastic case, we generally do
not encounter differentiable objects (with respect to time), so stochastic differential equations
need to be formalized via the stochastic integral, which is a second order object. Moreover,
in practice, one is often interested in multiple sources of noise. For instance, one can have
a deterministic vector field V on a manifold M perturbed by k sources of independent
Brownian noise B1, · · · , Bk. But the vector B = (B1, · · · , Bk) lives in Rk, so we need a
recipe to generate noise in the manifold M from noise in Rk. This is provided by a Schwartz
operator.

Definition 3.5.1. Let M and N be manifolds.

1. A Schwartz morphism from N to M is a fibrewise linear map F : τN → τM such
that the following properties hold:

(a) The image of every tangent vector in N is a tangent vector in M .

(b) Let F |TN denote the restriction of F to TN . For every second order tangent
vector L in M , P2(F (L)) = (F |TN ⊙ F |TN)(P2(L)).

2. A Schwartz operator from N to M is a family F = {F (x, y)}(x,y)∈N×M of Schwartz
morphisms from N to M , smoothly depending on x and y.
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3. Given a Schwartz operator F from N to M , a solution to the stochastic differential
equation (SDE)

dΓ = F (X,Γ)dX

is a semimartingale Γ ∈ S (M) such that for all second order 1-forms α∫︂
α dΓ =

∫︂
F ∗(X,Γ)(α)dX

where F ∗(x, y) : τ ∗yM → τ ∗xN is the dual map of F (x, y) : τxN → τyM .

The next theorem establishes existence and uniqueness for solutions to stochastic dif-
ferential equations:

Theorem 3.5.2. Let X ∈ S (N), F be a Schwartz operator from N to M , and Z be a
random variable in M . There exists a predictable stopping time τ > 0 (possibly infinite)
and a semimartingale Γ ∈ S (M) such that Γ solves

dΓ = F (X,Γ)dX, Γ0 = Z

on [[0, τ [[ and explodes on {τ < ∞}. Moreover, if Γ̄ is a semimartingale and τ̄ is a predictable
stopping time such that Γ̄ also solves the same SDE with Γ̄0 = Z on [[0, τ̄ [[, then τ̄ ≤ τ and
Γ̄ = Γ on [[0, τ̄ [[.

While stochastic differential equations are second order objects, their first order coun-
terparts are called Stratonovich equations. We will frequently use them in this thesis.

Definition 3.5.3. Let M and N be manifolds.

1. A Stratonovich operator from N to M is a family of linear maps

S = {S(x, y) : TxN → TyM}(x,y)∈N×M

depending smoothly on x and y. The collection of all Stratonovich operators from N
to M will be denoted by Strat(N,M).

2. Given a Stratonovich operator S ∈ Strat(N,M), a solution to the Stratonovich
stochastic differential equation (Stratonovich SDE)

•dΓ = S(X,Γ) • dX

is a semimartingale Γ ∈ S (M) such that for all 1-forms α∫︂
α • dΓ =

∫︂
S∗(X,Γ)(α) • dX

where S∗(x, y) : T ∗
yM → T ∗

xN is the dual map of S(x, y) : TxN → TyM .
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To every Stratonovich operator, one can assign a Schwartz operator uniquely. This is
the content of the next lemma. Note that this also establishes existence and uniqueness
of solutions for Stratonovich SDEs, by passing to the SDE defined by the corresponding
Schwartz operator.

Lemma 3.5.4. Let S ∈ Strat(N,M). There exists a unique Schwartz operator FS from N
to M such that if the curve (x(t), y(t)) in N × M satisfies ẏ(t) = S(x(t), y(t))(ẋ(t)) then
ÿ(t) = FS(x(t), y(t))(ẍ(t)). Moreover, for every X ∈ S (N), a semimartingale Γ in M solves
•dΓ = S(X,Γ)•dX if and only if it solves dΓ = FS(X,Γ)dX with the same initial condition.

We remark that Stratonovich and Schwartz operators are deterministic objects and the
Schwartz operator corresponding to a Stratonovich operator can be determined by purely
geometric arguments. The main reason Stratonovich SDEs feature prominently in this thesis
is due to the Malliavin Transfer Principle, which roughly states that geometric properties of
ordinary differential equations carry over to Stratonovich SDEs.

3.5.1 Reduction and Reconstruction of Stratonovich SDEs

If an ordinary differential equation (ODE) is symmetric under a Lie group action, then often
we have a simpler ODE on a reduced space, and the solution of the original ODE can be
reconstructed from the solution of the reduced ODE. Lázaro-Camí and Ortega [54] have
shown that these results also carry over to Stratonovich SDEs, and we will refer to their
exposition here. We will assume that ϕ : G×M → M is a smooth action of a Lie group G
on M and for all g ∈ G, ϕg : M → M is the map p ∈ M ↦→ ϕ(g, p). The Lie algebra of G,
will be denoted by g.

Definition 3.5.5. Let S ∈ Strat(N,M). We say that S is G-invariant or G-equivariant
if

S(x, ϕg(y)) = Tyϕg ◦ S(x, y)

for all (x, y) ∈ N ×M and g ∈ G. The collection of all G-invariant Stratonovich operators
from N to M will be denoted by StratG(N,M).

G-invariance of Stratonovich operators lead to symmetries in the solutions of the Stratonovich
SDEs they describe.

Proposition 3.5.6. Let S ∈ StratG(N,M) and X ∈ S (N). If Γ is a solution of

•dΓ = S(X,Γ) • dX

then, for all g ∈ G, Γ̄ := ϕg(Γ) satisfies

•dΓ̄ = S(X, Γ̄) • dX.

Associated to G-invariant Stratonovich operators are invariant submanifolds for the
corresponding differential equation.
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Definition 3.5.7. Suppose S ∈ Strat(N,M) and X ∈ S (N). Let P be an immersed sub-
manifold in M . P is said to be an invariant submanifold for the Stratonovich differential
equation

•dΓ = S(X,Γ) • dX
if for every F0-measurable random variable Z taking values in P , Γ0 = Z implies that Γ
takes values in P in [[0, τ [[, where τ is the explosion time of Γ.

Assume that the G-action on M is proper. Given any isotropy subgroup I of G, we
define the isotropy type submanifold MI of M by MI := {z ∈ M | Gz = I}, where Gz

is the isotropy subgroup of z. By properness of the action, I is compact, and the connected
components of MI are embedded submanifolds in M . This is shown in Ortega and Ratiu
[78, Proposition 2.4.7]. The next proposition states that the isotropy type submanifolds are
also invariant submanifolds.

Proposition 3.5.8. Assume the G-action on M is proper and let S ∈ Strat(N,M) be
G-invariant. Then, given any X ∈ S (N), the isotropy type submanifolds are invariant
manifolds for the Stratonovich stochastic differential equation •dΓ = S(X,Γ) • dX.

This proposition is called the law of conservation of the isotropy. The next theorem
is the reduction theorem for Stratonovich operators.

Theorem 3.5.9. Let X ∈ S (N) be any semimartingale and S ∈ Strat(N,M) be G-
invariant. Let I be any isotropy subgroup in G, MI be its isotropy type submanifold, N(I)
be its normalizer and LI := N(I)/I. Then LI acts freely and properly on MI . Moreover, let
πI : M → MI/LI denote the projection and define the reduced Stratonovich operator
SI ∈ Strat(N,MI/LI) by SI(x, πI(y)) = TyπI ◦ S(x, y), for all (x, y) ∈ N × MI . If Γ
solves •dΓ = S(X,Γ) • dX and Γ0 takes values in MI , then Γred := πI(Γ) satisfies •dΓred =
SI(X,Γred) • dX with initial condition πI(Γ0).

Now we describe the process of reconstruction of solutions. We will carry this out with
the assumption that G acts freely and properly on M , so that we have a principal bundle
π : M → M/G. The extension to the more general setup in the reduction theorem is similar
- one replaces M by MI and G by LI .

Let A be a principal connection on π : M → M/G. If {ei}dim g
i=1 is a basis of g then

A can be written as
∑︁dim g

i=1 αiei, for some 1-forms αi on M . Then, given any Γ ∈ S (M),
the Stratonovich integral

∫︁
A • dΓ is defined to be equal to the g-valued semimartingale∑︁dim g

i=1

(︁∫︁
αi • dΓ

)︁
ei. Note that by linearity of the Stratonovich integral, this definition is

basis independent.

Given a semimartingale ΓM/G in M/G and a F0-measurable random variable Z in M
with π(Z) = Γ0, we define the horizontal lift of Γ to M starting at Z as the semimartin-
gale Γh in M with π(Γh) = ΓM/G,

∫︁
A • dΓh = 0 and Γh

0 = Z. The existence and uniqueness
of the horizontal lift is shown in Shigekawa [84, Theorem 2.1] and Catuogno [15, Theorem
1]. The reconstruction theorem uses the horizontal lift of the reduced solution to yield a
solution of the original Stratonovich operator.
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Theorem 3.5.10. Let X ∈ S (N) be any semimartingale and S ∈ Strat(N,M) be a G-
invariant Stratonovich operator. Suppose Sred ∈ Strat(N,M/G) is the reduced Stratonovich
operator on M/G defined by Sred(x, π(y)) = S(x, y) for all (x, y) ∈ N × M . Let ΓM/G ∈
S (M/G) solve •dΓ = Sred(X,Γ) • dX with initial condition Γ0 = ZM/G, where ZM/G is an
F0-measurable M/G-valued random variable. Fix a F0-measurable random variable Z in M
with π(Z) = ZM/G and define a semimartingale Γ ∈ S (M) as follows:

1. Consider the horizontal lift Γh of Γ starting at Z.

2. Let ξ be the g-valued semimartingale defined by ξ =
∫︁
A ◦ S(X,Γh) • dX.

3. Define the Stratonovich operator L ∈ Strat(g, G) by L(η, g) = TeLg(η) for all (η, g) ∈
g×G and let Ξ solve the Stratonovich stochastic differential equation

•dΞ = L(ξ,Ξ) • dξ, Ξ0 = e.

Set Γ = ϕΞ(Γ
h)

Then Γ satisfies
•dΓ = S(X,Γ) • dX, Γ0 = Z

and π(Γ) = ΓM/G.

3.5.2 Reduction of Schwartz Operators

In the previous section, we discussed reduction of Stratonovich operators. This naturally
leads to the question of reduction of Schwartz operators. For instance, let S be a G-invariant
Stratonovich operator from N to M . Then one can obtain a reduced Stratonovich operator
Sred on a reduced space corresponding to S. By Lemma 3.5.4, there are Schwartz operators
FS and FSred corresponding to S and Sred respectively. We would like to show that F and
FSred are G-invariant and they are connected by reduction as well.

More generally, we derive a general reduction theorem for stochastic differential equa-
tions defined by Schwartz operators. We do not assume that the Schwartz operators are
derived from Stratonovich operators by Lemma 3.5.4, although every Schwartz operator
naturally defines a Stratonovich operator. If F is a Schwartz operator from N to M , then
one can obtain a Stratonovich operator S from N to M by restricting F to the tangent
bundles on N , namely, for each (x, y) ∈ N ×M , one defines S(x, y) = F (x, y)|TxN . However,
F may not be equal to FS - the Schwartz operator obtained from S via Lemma 3.5.4. We
provide a concrete counterexample here:

Example 3.5.11. Define a Schwartz operator F from R2 to R2 as follows:

F (x, y)

(︃
∂

∂x

)︃
=

∂

∂x

F (x, y)

(︃
∂

∂y

)︃
= 0
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F (x, y)

(︃
∂2

∂x2

)︃
=

∂2

∂x2

F (x, y)

(︃
∂2

∂y2

)︃
=

∂

∂y

F (x, y)

(︃
∂2

∂x∂y

)︃
= 0.

We extend F (x, y) to all of τ(x,y)R2 by linearity. Note that F (x, y) satisfies the conditions for
a Schwartz morphism, so F indeed is a well-defined Schwartz operator. The Stratonovich
operator S obtained by restriction is given by

S(x, y)

(︃
a
∂

∂x
+ b

∂

∂y

)︃
= a

∂

∂x

for all a, b ∈ R. We shall now determine FS. Suppose (x(t),y(t)) is a curve in R2 ×R2 such
that

ẏ(t) = S(x(t),y(t))(ẋ(t)).

Let x(t) = (x1(t), x2(t)) and y(t) = (y1(t), y2(t)). Then

ẏ1(t)
∂

∂x
+ ẏ2(t)

∂

∂y
= S(x(t),y(t))(ẋ(t)) = ẋ1(t)

∂

∂x
.

Therefore, ẏ1(t) = ẋ1(t) and ẏ2(t) = 0. Next, for any f ∈ C∞(R2)

d2

dt2
(f ◦ y(t)) = d

dt

[︃
ẏ1(t)

∂f

∂x
(y(t)) + ẏ2(t)

∂f

∂y
(y(t))

]︃
= ÿ1(t)

∂f

∂x
(y(t)) + ÿ2(t)

∂f

∂y
(y(t))

+ ẏ1(t)2
∂2f

∂x2
+ ẏ2(t)2

∂2f

∂y2
+ 2ẏ1(t)ẏ2(t)

∂2f

∂x∂y
.

Since ẏ1(t) = ẋ1(t), ẏ2(t) = 0 and f is arbitrary, we conclude that

ÿ(t) = ẍ1(t)
∂

∂x
+ ẋ1(t)2

∂2

∂x2
.

Moreover, by a similar computation,

ẍ(t) = ẍ1(t)
∂

∂x
+ ẍ2(t)

∂

∂y

+ ẋ1(t)2
∂2

∂x2
+ ẋ2(t)2

∂2

∂y2

+ 2ẋ1(t)ẋ2(t)
∂2

∂x∂y
.

Hence, by linearity of FS

FS(x(t),y(t))(ẍ(t)) = ẍ1(t)FS

(︃
∂

∂x

)︃
+ ẍ2(t)FS

(︃
∂

∂y

)︃
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+ ẋ1(t)2FS

(︃
∂2

∂x2

)︃
+ ẋ2(t)2FS

(︃
∂2

∂y2

)︃
+ 2ẋ1(t)ẋ2(t)FS

(︃
∂2

∂x∂y

)︃
.

Since the left side equals ÿ(t) and the curve x(t) is arbitrary, this implies that

FS(x, y)

(︃
∂

∂x

)︃
=

∂

∂x

FS(x, y)

(︃
∂

∂y

)︃
= 0

FS(x, y)

(︃
∂2

∂x2

)︃
=

∂2

∂x2

FS(x, y)

(︃
∂2

∂y2

)︃
= 0

FS(x, y)

(︃
∂2

∂x∂y

)︃
= 0.

But note that FS(x, y)
(︂

∂2

∂y2

)︂
̸= F (x, y)

(︂
∂2

∂y2

)︂
.

Given a Lie group G acting on M , the notion of a G-invariant Schwartz operator is
defined very similarly to that of G-invariant Stratonovich operator. We shall continue to use
the notations of the previous section for group actions:

Definition 3.5.12. Let F be a Schwartz operator from N to M . We say that F is G-
invariant or G-equivariant if for every (x, y) ∈ N ×M and g ∈ G

F (x, ϕg(y)) = τyϕg ◦ F (x, y).

G-invariant Schwartz operators yield symmetries in terms of the solutions of the SDEs
they define. More precisely, we have the following proposition:

Proposition 3.5.13. Let F be a G-invariant Schwartz operator and X ∈ S (N). If Γ solves

dΓ = F (X,Γ)dX

then Γ̄ := ϕg(Γ) solves
dΓ̄ = F (X, Γ̄)dX.

Proof. For every second order 1-form α∫︂
α dΓ̄ =

∫︂
ϕ∗
g(α) dΓ

=

∫︂
F ∗(X,Γ)ϕ∗

g(α) dX
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=

∫︂
F ∗(X, Γ̄)(α) dX.

This shows that Γ̄ solves
dΓ̄ = F (X, Γ̄) dX.

G-invariant Schwartz operators are related naturally to G-invariant Stratonovich oper-
ators. The Stratonovich operator obtained by restricting a G-invariant Schwartz operator to
the (first order) tangent spaces is G-invariant. Conversely, the Schwartz operator induced
by a G-invariant Stratonovich operator is G-invariant. We prove both of these statements
in the next proposition.

Proposition 3.5.14. Let S ∈ Strat(N,M) and F be a Schwartz operator from N to M .

1. Suppose F is G-invariant and for all (x, y) ∈ N ×M , S(x, y) = F (x, y)|TxN . Then S
is G-invariant.

2. Suppose S is G-invariant. If F = FS then F is G-invariant.

Proof.

1. Let (x, y) ∈ N ×M . Then, for all g ∈ G

S(x, ϕg(y)) = F (x, ϕg(y))|TxN

= τyϕg ◦ F (x, y)|TxN

= Tyϕg ◦ F (x, y)|TxN

= Tyϕg ◦ S(x, y),

where the second last equality holds since the restriction of the second order tangent
map τyϕg to the tangent space TyM is the usual (first order) tangent map Tyϕg.

2. Let (x, y) ∈ N × M and g ∈ G. Suppose (x(t), y(t)) is a curve in N × M with
(x(0), y(0)) = (x, y) and

ẏ(t) = S(x(t), y(t))(ẋ(t)).

Then, by definition,
ÿ(t) = FS(x(t), y(t))(ẍ(t)).

By G-invariance of S, y(t) := ϕg(y(t)) solves

ẏ(t) = S(x(t), y(t))(ẋ(t)), y(0) = ϕg(y).

This implies that
ÿ(t) = FS(x(t), y(t))(ẍ(t)).

As a result

FS(x(t), ϕg(y(t)))(ẍ(t)) =
d2

dt2
ϕg(y(t))
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= τy(t)ϕg

(︃
d2

dt2
y(t)

)︃
= τy(t)ϕg ◦ FS(x(t), y(t))(ẍ(t)).

Evaluating this at t = 0 gives

FS(x, ϕg(y))(ẍ(0)) = τyϕg ◦ FS(x, y)(ẍ(0)).

Since the accelerations ẍ(0) of curve x(t) with x(0) = x linearly span τxN , we conclude
that

FS(x, ϕg(y)) = τyϕg ◦ FS(x, y)

for all (x, y) ∈ N ×M and g ∈ G. This completes the proof.

Similar to the case of Stratonovich equations, we can define invariant manifolds for SDEs
defined by Schwartz operators.

Definition 3.5.15. Suppose F is a Schwartz operator from N to M and X ∈ S (N). Let
P be an immersed submanifold in M . P is said to be an invariant submanifold for the
stochastic differential equation

dΓ = F (X,Γ)dX

if for every F0-measurable random variable Z taking values in P , Γ0 = Z implies that Γ
takes values in P in [[0, τ [[, where τ is the explosion time of Γ.

The next result, proven in Emery [36], allows us to prove that a submanifold P of M is
invariant.

Proposition 3.5.16 ([36, Corollary 6.44]). Let F be a Schwartz operator from N to M and
X ∈ S (N). Suppose that for every (x, y) ∈ N × P and L ∈ τxN , F (x, y)(L) ∈ τyP . Then
P is an invariant submanifold for the stochastic differential equation

dΓ = F (X,Γ)dX.

We will use this proposition to prove the analogue of Proposition 3.5.8 for Schwartz op-
erators. Namely, we will show that the isotropy type submanifolds are invariant submanifolds
for G-invariant Schwartz operators.

Proposition 3.5.17 (Law of Conservation of the Isotropy). Assume the G-action on M is
proper and let F be a G-invariant Schwartz operator from N to M . Then, given any X ∈
S (N), the isotropy type submanifolds are invariant manifolds for the stochastic differential
equation dΓ = F (X,Γ)dX.

To prove this, we need the following lemma:
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Lemma 3.5.18. Let F be a Schwartz operator from N to M . Define a Stratonovich operator
S ∈ Strat(N,M) by

S(x, y) = F (x, y)|TxN , for all (x, y) ∈ N ×M.

Let FS be the Schwartz operator from N to M obtained from S via Lemma 3.5.4. Then, for
every (x, y) ∈ N ×M and L ∈ τxN ,

(F (x, y)− FS(x, y))(L) ∈ TyM.

Proof. Let (x, y) ∈ N ×M . Then

(F (x, y)− FS(x, y))|TxN = 0.

Hence, given any L ∈ τxN ,

P2((F (x, y)− FS(x, y))(L))

= ((F (x, y)− FS(x, y))|TxN ⊙ (F (x, y)− FS(x, y))|TxN)(P2(L))

= 0.

Since the kernel of P2|τyM = TyM , the result follows.

Proof of Proposition 3.5.17. Let I be an isotropy subgroup of G. By Ortega and Ratiu
[78, Proposition 2.4.7], for all y ∈ MI

TyMI = {v ∈ TyM | Tyϕg(v) = v for all g ∈ I.}

Define a Stratonovich operator S ∈ Strat(N,M) by

S(x, y) = F (x, y)|TxN , for all (x, y) ∈ N ×M,

and let FS be the Schwartz operator from N to M obtained via Lemma 3.5.4. Then S, FS

and F are all G-invariant. For all (x, y) ∈ N ×MI , let

V (x, y) = F (x, y)− FS(x, y).

Then F (x, y) = FS(x, y)+V (x, y). For every g ∈ I, since the image of V (x, y) is a first order
tangent vector and ϕg(y) = y

Tyϕg ◦ V (x, y) = τyϕg ◦ V (x, y)

= τyϕg ◦ F (x, y)− τyϕg ◦ FS(x, y)

= F (x, ϕg(y))− FS(x, ϕg(y))

= V (x, y).

Therefore, V (x, y) takes values in TyMI . Next, we show that FS(x, y) takes values in τyMI .
Let (x(t), y(t)) be a curve in N ×M with (x(0), y(0)) = (x, y) ∈ N ×MI and

ẏ(t) = S(x(t), y(t))(ẋ(t)).
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Applying Proposition 3.5.8 with Xt = x(t) shows that MI is an invariant submanifold for
this ordinary differential equation. Hence the curve y(t) takes its values in MI . Consequently
ÿ(t) ∈ τy(t)MI . On the other hand, by definition of FS,

ÿ(t) = FS(x(t), y(t))(ẍ(t)).

Evaluating this at t = 0 shows that FS(x, y)(ẍ(0)) ∈ τyMI . Since the accelerations ẍ(0) of
curve x(t) with x(0) = x linearly span τxN , this implies that FS(x, y) takes values in τyMI .

Since, for every (x, y) ∈ N ×MI , F (x, y) = FS(x, y) + V (x, y) ∈ τyMI , by Proposition
3.5.16 it follows that MI is an invariant submanifold for dΓ = F (X,Γ) dX for every X ∈
S (N).

Now we are ready to prove the reduction theorem for SDEs defined by Schwartz opera-
tors.

Theorem 3.5.19 (Reduction Theorem for Schwartz Operators). Let X ∈ S (N) be any
semimartingale and F be a G-invariant Schwartz operator from N to M . Let I be any
isotropy subgroup in G, MI be its isotropy type submanifold, N(I) be its normalizer and
LI := N(I)/I. Then LI acts freely and properly on MI . Moreover, let πI : M → MI/LI de-
note the projection and FI be a Schwartz operator from N to MI/LI defined by FI(x, πI(y)) =
τyπI ◦ F (x, y), for all (x, y) ∈ N ×MI . If Γ solves dΓ = F (X,Γ)dX and Γ0 takes values in
MI , then Γred := πI(Γ) satisfies dΓred = FI(X,Γred)dX with initial condition πI(Γ0).

Proof. We remark that the proof is very similar to the proof of the reduction theorem in
Lázaro-Camí and Ortega [54]. Since LI acts freely and properly on MI , MI/LI is a regular
quotient manifold. This is proven, for instance, in Duistermaat and Kolk [35].

Next we show that the Schwartz operator FI is well-defined. Suppose (x, y) ∈ N ×MI

and ȳ = ϕg(y), with g ∈ LI . Then

FI(x, ȳ) = τȳπI ◦ F (x, ȳ)

= τϕg(y)πI ◦ τyϕg ◦ F (x, y)

= τy(πI ◦ ϕg) ◦ F (x, y)

= τyπI ◦ F (x, y)

= FI(x, y).

Suppose Γ solves dΓ = F (X,Γ) dX and Γ0 takes values in MI . Since MI is an invariant
submanifold it follows that Γ takes its values in MI . Therefore Γred = πI(Γ) is well-defined
at Γred

0 = πI(Γ0). Moreover, for all second order 1-forms α on MI/LI∫︂
α dΓred =

∫︂
π∗
I (α) dΓ

=

∫︂
F ∗(X,Γ)(π∗

I (α)) dX
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=

∫︂
F ∗
I (X, πI(Γ))(α) dX

=

∫︂
F ∗
I (X,Γred)(α) dX.

This shows that Γred solves the SDE dΓred = FI(X,Γred)dX.

Finally, we show that the Schwartz operators corresponding to a G-invariant Stratonovich
operator S and its reduced counterpart Sred are connected by reduction.

Theorem 3.5.20. Let S ∈ Strat(N,M) be G-invariant, I denote an isotropy subgroup of
G and LI = N(I)/I. Let SI ∈ Strat(N,MI/LI) be the reduced Stratonovich operator as
constructed in Theorem 3.5.9. Suppose FS (respectively, FSI

) is the Schwartz operator from
N to M (respectively, MI/LI) corresponding to S (respectively, SI) as obtained via Lemma
3.5.4. Then, FSI

(x, πI(y)) = τyπI ◦ FS(x, y) for all (x, y) ∈ N ×MI .

Proof. Let (x, y) ∈ N×MI and suppose (x(t), y(t)) is a curve in N×M with (x(0), y(0)) =
(x, y) and

ẏ(t) = S(x(t), y(t))(ẋ(t)).

Since MI is an invariant submanifold for this differential equation, it follows that y(t) takes
its values in MI . Moreover, by the reduction theorem for Stratonovich operators, yred(t) :=
πI(y(t)) solves

ẏred(t) = SI(x(t), y
red(t))(ẋ(t)), yred(0) = πI(y).

On the other hand, we have ÿ(t) = FS(x(t), y(t))(ẍ(t)) and ÿred(t) = FSI
(x(t), yred(t))(ẍ(t)).

Since ÿred(t) = τy(t)πI(ÿ(t)), it follows that

FSI
(x(t), yred(t))(ẍ(t)) = τy(t)πI ◦ FS(x(t), y(t))(ẍ(t)).

Evaluating this at t = 0 gives

FSI
(x, πI(y))(ẍ(0)) = τyπI ◦ FS(x, y)(ẍ(0)),

which implies that
FSI

(x, πI(y)) = τyπI ◦ FS(x, y).

This completes the proof.

Remark 3.5.21. We do not pursue the reconstruction for Schwartz operators here. This is
left as a prospect for future research.

Remark 3.5.22. Huang and Zambrini [44] has developed a Hamiltonian formulation of
stochastic mechanics using generalized derivatives and second order differential geometry. In
their setting, the canonical symplectic form on T ∗Q is extended to a 2-form-type object ω
on the second-order cotangent bundle τ ∗Q. For a smooth Hamiltonian H ∈ C∞(τ ∗Q), they
define a second-order vector field AH on τ ∗Q via the relation

iAH
ω = d2H.
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The uniqueness of AH is established under additional hypotheses. Given such a second-order
field and a choice of Riemannian metric on Q, they then construct an associated Itô equation
via a martingale problem formulation.

As shown in Emery [37], an Itô equation on a manifold canonically determines a Schwartz
operator. If the metric on Q is G-invariant, the complete lift of the corresponding Levi-Civita
connection described by Yano and Patterson [91] yields a G-invariant connection on T ∗Q. If
the Itô equation resulting from the martingale problem in [44] is G-invariant, its associated
Schwartz operator can also be shown to be G-invariant. Consequently, the reduction of
G-invariant Schwartz operators carried out in this section also applies in this setting.

Additionally, symmetries of stochastic differential equations under simultaneous trans-
formations of the phase space variables and the time parameter are considered in [44], by
employing the prolongation of SDEs to an appropriate stochastic tangent bundle. In their
setup, the driving noise is of the form (t, B1, . . . , Bk), where each Bi is a Brownian mo-
tion. In contrast, the present work focuses on symmetries acting purely on the phase space
with driving noises which are arbitrary semimartingales X taking values in a manifold N .
Moreover, every symmetry transformations considered in this section are also symmetry
transformations in the sense of [44], but the converse is not necessarily true.



Part II

Stochastic Hamiltonian Systems
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Chapter 4

Stratonovich Formulation of Stochastic
Hamiltonian Systems

In this chapter we will look at the Hamiltonian formulation of stochastic geometric mechanics
using Stratonovich differential equations. Stratonovich differential equations allow us to
transfer many of the geometric properties of Hamiltonian systems to the stochastic case.

As in the case of deterministic geometric mechanics, the phase space for a stochastic
Hamiltonian system is a Poisson manifold. In the deterministic case, one starts with a
Hamiltonian h on a Poisson manifold and the central object of study is the Hamiltonian
vector field. In the stochastic case, the goal is to study stochastic perturbations of Xh by noise
vector fields. This is done by replacing Xh by a Stratonovich operator. In order to ensure
that the stochastic flows are Hamiltonian in nature, we consider Stratonovich operators given
by a sum of Hamiltonian vector fields. In this sense, stochastic geometric mechanics can be
thought of as the study of vector-valued Hamiltonians on a Poisson manifold.

Stochastic perturbations of Hamiltonian systems via Stratonovich differential equations
was studied by Bismut [11] on Euclidean spaces and generalized by Lázaro-Camí and Ortega
[55, 54] to Poisson manifolds. Following [55, 54], we introduce the general framework of
stochastic Hamiltonian systems and discuss the analogues of Poisson, symplectic, and Lie-
Poisson reduction for stochastic Hamiltonian systems.

4.1 Definitions and Symmetries of Stochastic Hamilto-
nian Systems

Definition 4.1.1. Let (P, {·, ·}) be a Poisson manifold, and V be a vector space with basis
{e1, · · · , ek}. Suppose Y ∈ S (V ) and H : P → V ∗ is a smooth function with component
functions (h1, · · · , hk) with respect to a basis {ϵ1, · · · , ϵk} for V ∗. Define a Stratonovich
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operator SH ∈ Strat(V, P ) by

SH(v, z)(u) =
k∑︂

i=1

⟨︁
ϵi, u

⟩︁
Xhi

(z), v ∈ V, z ∈ P, u ∈ TvV. (4.1.1)

The Hamilton equations with stochastic component Y , and Hamiltonian function
H are the Stratonovich differential equations associated with SH :

•dΓ = SH(Y,Γ) • dY. (4.1.2)

The 4-tuple (P, {·, ·}, H, Y ) will be called a stochastic Hamiltonian system.

For the sake of brevity, we will write Equation (4.1.2) as

•dΓ =
k∑︂

i=1

Xhi
(Γ) • dY i. (4.1.3)

Often, we think of this equation as stochastically perturbing a Hamiltonian vector field
Xh by noisy Hamiltonian vector fields. More concretely, let V = Rk+1 with its standard
basis, Y = (t, Y 1, · · · , Y k) where Y 1, · · · , Y k are real-valued semimartingales and H =
(h, h1, · · · , hk) : P → (Rk+1)

∗. Then the corresponding stochastic Hamiltonian system is
written as

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i.

As a consequence of the definition of a stochastic Hamiltonian system we have the following
proposition:

Theorem 4.1.2. Let α be a 1-form on P , Γ solve Equation (4.1.3) and τ be the explosion
time of Γ. Then, on [[0, τ [[ ∫︂

α • dΓ =
k∑︂

i=1

∫︂
⟨α,Xhi

⟩ (Γ) • dY i. (4.1.4)

Let α = df , where f ∈ C∞(P ). Since ⟨df,Xhi
⟩ = Xhi

[f ] = {f, hi}, we obtain

f(Γ)− f(Γ0) =
k∑︂

i=1

∫︂
{f, hi} (Γ) • dY i. (4.1.5)

The next proposition describes the Schwartz operator for Equation (4.1.3). We will, however,
restrict ourselves to the Stratonovich description in most applications.

Proposition 4.1.3 ([55, Proposition 2.3]). The Schwartz operator FSH
(v, p) : τvV → τpP

associated to SH is described as follows: Given L ∈ τvV and f ∈ C∞(M)

FSH
(v, p)(L)(f) =

⟨︄
k∑︂

i,j=1

{f, hj}(p)ϵj + {{f, hj}, hi}(p)P ∗
2 (ϵ

i ⊙ ϵj), L

⟩︄
.
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Now we define conserved quantities for stochastic Hamiltonian systems.

Definition 4.1.4. Let f ∈ C∞(P ).

1. We say that f is a conserved quantity for the stochastic Hamiltonian system (4.1.3)
if for any solution Γ, f(Γ)− f(Γ0) = 0 almost surely.

2. We say that f is a weakly conserved quantity for the stochastic Hamiltonian system
(4.1.3) if for any solution Γ, E[f(Γ)]− E[f(Γ0)] = 0.

From Equation (4.1.5) we see that f is conserved along Γ if {f, hi} = 0 for all i =
1, · · · , k. In particular, Casimirs are always conserved along solutions of stochastic Hamil-
tonian systems.

On the other hand, conservation of f ∈ C∞(P ) along solutions does not automatically
imply that {f, hi} = 0 for all i = 1, · · · , k. A partial converse is provided by the following
proposition:

Proposition 4.1.5 ([54, Proposition 2.6]). Let f be conserved along a solution Γ of Equation
(4.1.3). Suppose there exists j ∈ {1, · · · , k} with the following property: there exists A ∈ F
and δ > 0 such that P(A) > 0 and [Y j, Y j]t(ω) > [Y j, Y j]0(ω) for all t < δ and ω ∈ A.
Then {f, hj} = 0.

4.1.1 Reduction of Symmetric Stochastic Hamiltonian Systems

Now we turn to the problem of reduction of symmetric stochastic Hamiltonian system.
Suppose G is a Lie group acting canonically on P . Lázaro-Camí and Ortega [54] prove the
following theorem:

Theorem 4.1.6. Let G be a Lie group acting canonically on P . If hi is G-invariant for all
i = 1, · · · , k then the Stratonovich operator SH introduced in Definition 4.1.1 is G-invariant.

Suppose the G-action on P admits a momentum map J : P → g∗. Then Noether’s
theorem also carries over to the stochastic Hamiltonian case.

Theorem 4.1.7 (Stochastic Noether’s Theorem, [54, Proposition 6.4]). The level sets of
J are invariant submanifolds of Equation (4.1.3). Moreover, its components are conserved
quantities.

Next, we discuss stochastic analogues of Poisson, symplectic, and Lie-Poisson reduction.
We will use the notations of deterministic Hamiltonian reduction introduced in Section 2.3.
The proofs may be found in [54].

Theorem 4.1.8. Let V be a vector space with basis {e1, · · · , ek}. Suppose Y ∈ S (V ) and
H : P → V ∗ is a smooth function with component functions (h1, · · · , hk) with respect to a
basis {ϵ1, · · · , ϵk} for V ∗. Suppose G is a Lie group acting freely, properly, and canonically
on P and hi is G-invariant for all i = 1, · · · , k.
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1. Stochastic Poisson reduction: Let π : P → P/G denote the projection and {·, ·}red
denote the reduced Poisson bracket on P/G. For all i = 1, · · · , k, denote by hred

i ∈
C∞(P/G) the reduced Hamiltonian corresponding to hi, that is, hred

i ◦ π = hi and
define Hred : P/G → V ∗ by Hred =

∑︁k
i=1 h

red
i ϵi. Let SHred ∈ Strat(V, P/G) denote the

Stratonovich operator given by

SHred(v, z)(u) =
k∑︂

i=1

⟨︁
ϵi, u

⟩︁
X

P/G

hred
i

(z),

for all (v, z) ∈ V × P/G and u ∈ TvV . Here X
P/G

hred
i

(z) is the Hamiltonian vector field
of hred

i on P/G.

Then, SHred is the reduced Stratonovich operator corresponding to SH in the sense of
Theorem 3.5.9. Moreover, if Γ is a solution of Equation (4.1.2) with initial condition
Γ0 then Γred := π(Γ) is a solution of •dΓred = SHred(Y,Γred) • dY with initial condition
π(Γ0).

2. Stochastic Symplectic reduction: Assume that (P,Ω) is a symplectic manifold,
and the G-action on P admits a coadjoint equivariant momentum map J : P → g∗.
Suppose µ is a regular value of J and let Gµ denote the coadjoint isotropy subgroup
through µ. Let Pµ denote the symplectic quotient J−1(µ)/Gµ with reduced symplectic
form Ωµ. Denote by iµ : J−1(µ) ↪→ P the inclusion and πµ : J−1(µ) → Pµ denote
the projection. Define hred

i ∈ C∞(Pµ) via hred
i ◦ πµ = hi ◦ iµ for all i = 1, · · · , k.

Let Hred : Pµ → V ∗ by Hred =
∑︁k

i=1 h
red
i ϵi. Let SHred ∈ Strat(V, Pµ) denote the

Stratonovich operator given by

SHred(v, z)(u) =
k∑︂

i=1

⟨︁
ϵi, u

⟩︁
X

Pµ

hred
i
(z),

for all (v, z) ∈ V × Pµ and u ∈ TvV . Here X
Pµ

hred
i
(z) is the Hamiltonian vector field of

hred
i on Pµ.

Then, SHred is the reduced Stratonovich operator corresponding to SH in the sense of
Theorem 3.5.9. Moreover, if Γ is a solution of Equation (4.1.2) with initial condition
Γ0 such that J(Γ0) = µ, then Γred := πµ(Γ) is a solution of •dΓred = SHred(Y,Γred)•dY
with initial condition πµ(Γ0).

3. Stochastic Lie-Poisson Reduction: Let P = T ∗G with its canonical Poisson
bracket. Assume that hi is invariant with respect to the cotangent lifts of left trans-
lations. Denote by JR : T ∗G → g∗ the momentum map for the cotangent lifted
right action of G on T ∗G. Let hred

i ∈ C∞(g∗−) be defined by hred
i ◦ JR = hi. Define

Hred : g∗ → V ∗ by Hred =
∑︁k

i=1 h
red
i ϵi. Let SHred ∈ Strat(V, g∗) denote the Stratonovich

operator given by

SHred(v, µ)(u) =
k∑︂

i=1

⟨︁
ϵi, u

⟩︁
ad∗

δhred
i
δµ

µ,
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for all (v, µ) ∈ V × g∗ and u ∈ TvV .

Then, SHred is the reduced Stratonovich operator corresponding to SH in the sense of
Theorem 3.5.9. Moreover, if Γ is a solution of Equation (4.1.2) with initial condition
Γ0 then Γred := JR(Γ) is a solution of •dΓred = SHred(Y,Γred)•dY with initial condition
JR(Γ0).

Remark 4.1.9. The case of Lie-Poisson reduction for the cotangent lifts of right actions is
similar. The definition of SHred must be modified to

SHred(v, µ)(u) = −
k∑︂

i=1

⟨︁
ϵi, u

⟩︁
ad∗

δhred
i
δµ

µ.

The stochastic reconstruction theorem 3.5.10 can be used to reconstruct the solution of
SH starting from a solution of SHred .



Chapter 5

Kepler Problem with Perturbed Angular
Momentum

In this chapter we consider a concrete example of a stochastically perturbed Kepler problem
with noise affecting the angular momentum vector. Specifically, the Hamiltonian vector
field of the Kepler problem is perturbed by noisy Hamiltonian vector fields arising out of
the components of the angular momentum vector. While stochastic mechanical systems
with symmetries have been well-studied (see, for instance, Lázaro-Camí and Ortega [55, 54],
Arnaudon, de Castro, and Holm [3, 4], and Street and Takao [89]), this perturbation destroys
the symmetries of the Kepler problem (the angular momentum and the Laplace Runge-Lenz
vector). Therefore, the reduction and reconstruction methods mentioned in Section 4.1 do
not apply.

On the other hand, even though the symmetries of the Kepler problem are no longer
conserved, the radial distance of the particle from the gravitational source as well as its
speed behaves deterministically. Another feature is that the momentum vector is always at
a constant distance away from a stochastic process on a sphere, providing an analogue of
the deterministic Hamilton’s theorem (see Milnor [69]).

Given the deterministic behaviour of the distance and speed, collisions are well-defined.
In case of the deterministic Kepler problem, Moser regularization transforms Keplerian orbits
at a fixed negative energy level to orbits of the geodesic flow on the 3-sphere (see Moser [70],
Cushman and Bates [30], and Heckmann and de Laat [41]). In our problem, we are able
to carry out a transformation similar to Moser’s, whereby orbits for a fixed negative energy
level are transformed to the geodesic flow on the 3-sphere. Moreover, the transformation is
‘noise-preserving’ in the sense that the structure of the noise perturbation remains unchanged
after applying the Moser map.

For other stochastic versions of the Kepler problem, we refer to Albeverio, Blanchard,
and Høegh-Krohn [1, 2], Nottale [76], Nottale, Schumacher, and Gay [77], Cresson [25],
Cresson and Sébastien [26], Cresson, Pierret, and Puig [28], Cresson, Nottale and Lehner
[27].
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5.1 The Equations of Motion

Let B1, B2 and B3 be independent Brownian motions. Let h : T ∗(R3 \ {0}) → R denote the
Hamiltonian of the Kepler problem

h =
||p||2

2
− 1

||q||

and
J = (J1, J2, J3) = (q2p3 − q3p2, q

3p1 − q1p3, q
1p2 − q2p1)

denote the angular momentum vector. We also assume positive constants ν1, ν2 and ν3 to take
into account the intensity of perturbations along different angular momentum components.
We consider the stochastic Hamiltonian system:

•dΓ = Xh(Γ)dt+
3∑︂

i=1

XνiJi(Γ) • dBi

= Xh(Γ)dt+
3∑︂

i=1

XJi(Γ) • d(νiBi). (5.1.1)

Since h commutes with the components of the angular momentum, we note that h is a
conserved quantity for this problem. Let B denote the process (ν1B1, ν2B

2, ν3B
3) in R3. Let

ϵijk denote the Levi-Civita tensor. Suppose Z = (Z1, Z2, Z3) satisfies {Zi, J j} =
∑︁3

k=1 ϵijkZ
k

and {Zi, h} = 0 for all i, j ∈ {1, 2, 3}. Then

Z1(Γ)− Z1(Γ0) = ν2

∫︂ t

0

{Z1, J2}(Γ) • dB2 + ν3

∫︂ t

0

{Z1, J3}(Γ) • ddB3

= ν2

∫︂ t

0

Z3(Γ) • dB2 − ν3

∫︂ t

0

Z2(Γ) • dB3

which implies that

•dZ1(Γ) = ν2Z
3(Γ) • dB2 − ν3Z

2(Γ) • dB3.

Using a similar calculation for Z2(Γ) and Z3(Γ), we obtain

•dZ(Γ) = −Z(Γ)× •dB .

Therefore
•d||Z(Γt)||2 = 2Z(Γt) · •dZ(Γt) = 0 , (5.1.2)

which shows that ||Z|| is conserved along solutions and hence Z(Γ) lies on a sphere. Note
that Z is not conserved in general. Letting Z = J and Z = A, where A = p×J− q

||q|| is the
Runge-Lenz vector, we see that ||J|| and ||A|| are conserved along solutions.
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The Stratonovich equations for q(Γ) and p(Γ) are given by

•dq(Γ) = p(Γ)dt− q(Γ)× •dB , (5.1.3)

•dp(Γ) = − 1

||q(Γ)||3
q(Γ)dt− p(Γ)× •dB . (5.1.4)

The evolution of ||q||(Γ) is given by

||q||(Γ)− ||q||(Γ0) =

∫︂ t

0

(q · p)
||q||

(Γs)ds .

By the Fundamental Theorem of Calculus, the left side of this equation is differentiable
almost surely and we have,

d

dt
||q||(Γ) = (q · p)

||q||
(Γ) . (5.1.5)

On the other hand, using q(Γ) · (p(Γ)× •dB) = −p(Γ) · (q(Γ)× •dB), we have

•d(q · p)(Γ) = p(Γ) · •dq(Γ) + •dp(Γt) · q(Γt)

=

(︃
||p||2(Γ)− 1

||q||(Γ)

)︃
dt

which shows that (q · p)(Γ) is differentiable almost surely. This means that the right side
of Equation (5.1.5) is differentiable. Using Lagrange’s identity ||J||2 = ||q||2||p||2 − (q · p)2
and setting ||J|| = J = constant, we get

d2

dt2
||q||(Γt) = −

(︃
1

||q||3
(q · p)2

)︃
(Γt) +

1

||q||

(︃
||p||2 − 1

||q||

)︃
(Γt)

=
J2

||q||3(Γt)
− 1

||q||2(Γt)
. (5.1.6)

A similar calculation with the deterministic Kepler problem γ̇(t) = Xh(γ(t)) shows that
||q||(γ(t)) also satisfies Equation (5.1.6). Consequently, for almost every ω ∈ Ω,

||q||(Γt)(ω) = ||q||(γ(t)) . (5.1.7)

In conclusion, we obtain that ||q||(Γ) behaves deterministically. Also, since h is conserved
along solutions we conclude that ||p||(Γ) behaves deterministically as well.

5.1.1 Hamilton’s velocity vector circle theorem

Consider now
X :=

A× J

||J||2
.

In case of the deterministic Kepler problem, by direct computation we can show that

d

dt
||p(γ(t))− X(γ(t))|| = 0 .
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along any solution γ(t) and so X is the center of the momentum hodographs (see Milnor
[69]). In case of our stochastic Kepler problem we have

•dX(Γ) =
1

J2
(•dA(Γ)× J(Γ) +A(Γ)× •dJ(Γ))

= − 1

J2
((A(Γ)× •dB)× J(Γ) +A(Γ)× (J(Γ)× •dB))

= − 1

J2
((A(Γ)× •dB)× J(Γ)− (J(Γ)× •dB)×A(Γ))

= − 1

J2
((A(Γ)× •dB)× J(Γ) + (•dB×A(Γ))× J(Γ) + (A(Γ)× J(Γ))× •dB)

= −X(Γ)× •dB.

Hence ||X||(Γ) is constant and X(Γ) evolves on a sphere. Next we calculate

q · X =
1

||J||2
[q · (A× J)]

= − 1

||J||2
[A · (q× J)]

=
1

||J||2
[A · (||q||2p− (q · p)q)]

=
1

||J||2
[||q||2(A · p)− (A · q)(q · p)]

=
1

||J||2
[−||q||(q · p)− ||J||2(q · p) + ||q||(q · p)]

= q · p.

This implies

•d||p(Γ)− X(Γ)||2 = •d||p||2(Γ)− 2X(Γ) · •dp(Γ)− 2p(Γ) · •dX(Γ)

= 2
(q · p)(Γ)
||q||3(Γ)

dt+ 2X(Γ) · q

||q||
(Γ)

+ 2X(Γ) · (p(Γ)× •dB) + 2p(Γ) · (X × •dB)

=
2

||q||3(Γ)
[(q · p)(Γ) + (X · q)(Γ)]dt

= 0.

Consequently, the momentum vector p(Γ) is always a constant distance away from a stochas-
tic process on a sphere. This serves as the analogue of the deterministic Hamilton’s theorem
(see Milnor [69]) for the stochastic Kepler problem.

5.2 Collisions and the Moser Regularization

In the previous section we showed that if Γ is a solution of (5.1.1) then ||q||(Γ) behaves
exactly as in the deterministic case. Therefore, akin to the deterministic case, we define a
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collision solution as one for which ||q||t := ||q||(Γt) approaches 0 in finite time. Any such
solution must have ||J|| = 0 throughout since ||J|| is conserved. This, in turn, implies that
J = 0 along the solution. The converse is true as well, since any solution with ||J|| = 0,
or equivalently, J = 0 must behave exactly the same as the deterministic Kepler problem
by replacing in J i = 0 in equation (5.1.1). This means that ||q|| → 0 in finite time as in
the deterministic Kepler problem. In summary, the solutions ending up in a collision are
precisely the ones with angular momentum equal to zero.

This allows us to use the Moser map to regularize the collisions. The procedure is
similar to the deterministic Kepler problem, for which we refer to Cushman and Bates [30]
and Heckmann and de Laat [41]. We define

F (q,p) : T ∗(R3 \ {0}) → R

to be the Hamiltonian
F (q,p) =

1

2
(||q||)

(︁
||p||2 + 1

)︁
.

Let (Q(t),P(t)) denote a solution of the deterministic Kepler problem and define a new time
parameter s by ds

dt
= 1

||Q(t)|| . Then the integral curves of XF on F−1(1) with respect to the
time parameter s are the integral curves of Xh on h−1(−1

2
) with respect to time t.

Next, let Γ denote a solution to the stochastic Kepler problem. Let s(t) =
∫︁ t

0
dt

||q||t , and
note that since ||q||t = ||Q(t)||, s(t) is identical to the time parameter s in the previous
paragraph. Since on h−1(−1

2
) = F−1(1), we have Xh(Γt)||q||t = XF (Γt), it follows that the

equation

•dΓ̃t = XF (Γ̃)ds(t) +
3∑︂

i=1

XJi(Γ̃t) • d(νiBi
t). (5.2.1)

has the same solutions on F−1(1) as (5.1.1) on h−1(−1
2
). It is important to note that the

“true" time parameter in this equation is t and we are not considering the noise to be
parametrized by s.

Define K : T ∗(R3 \ {0}) → R by K(q,p) = 1
2
F 2(q,p). Then, on K−1

(︁
1
2

)︁
= F−1(1),

XK and XF are equal, and consequently, solutions to (5.2.1) also satisfy

•dΓ̃ = XK(Γ̃t)ds+
3∑︂

i=1

XJi(Γ̃t) • d(νiBi). (5.2.2)

The Moser map is the map

ϕM : T ∗(R3 \ {0}) → {(u,v) ∈ T ∗S3| u ̸= (0, 0, 0, 1),v ̸= 0} =: T×S3
np

given by

ϕM(q,p) =

(︃(︃
2p

||p||2 + 1
,
||p||2 − 1

||p||2 + 1

)︃
,
(︂
−(||p||2 + 1)

q

2
+ (q · p)p,−q · p

)︂)︃
.
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The Moser map is a symplectomorphism, and in particular, restricts to a diffeomorphism
between h−1(−1

2
) and T×

1 S3
np := {(u,v) ∈ T×S3

np| ||v||2 = 1}. On T×
1 S3

np, consider the
Hamiltonian obtained by pushing forward K on K−1

(︁
1
2

)︁
= h−1(−1

2
) by ϕM , namely, we let

G(u,v) := K ◦ ϕ−1
M =

1

2
||v||2.

G can be extended to a smooth function on T ∗S3
⋂︁

G−1(1
2
), which we also denote by G.

The Hamiltonian G is symmetric under the cotangent-lifted SO(4) action on G−1
(︁
1
2

)︁
.

In particular, each of the components of

Λ(u,v) = (λ1(u,v), λ2(u,v), λ3(u,v)) := (u2v3 − u3v2,−u1v3 + u3v1, u
1v2 − u2v1)

are conserved. The Moser map pulls back λi to the angular momentum components J i, for
each i = 1, 2, 3, restricted to h−1(−1

2
).

We now turn our attention back to the stochastic Kepler problem (5.1.1). Using the
Moser map, and noting the fact that the Moser map pushes forward the components of J i

to λi, we obtain the following stochastic perturbation of the geodesic flow on G−1(1
2
):

•dΓ̃ = XG(Γ̃t)ds+
3∑︂

i=1

Xλi(Γ̃) • d(νiBi). (5.2.3)

Note that λi is not a conserved quantity for Equation (5.2.3). However, arguing similar to
||J|| as in the previous section, we can show that ||Λ|| is conserved for Equation (5.2.3).
The next theorem shows that the collision solutions of the stochastic Kepler problem with
h = −1

2
map to great circles passing through the north pole (0, 0, 0, 1) of S3, exactly as in

Moser regularization of the deterministic Kepler problem.

Theorem 5.2.1. A solution Γ̃ of (5.2.3) has ||Λ||(Γ̃) = 0 if and only if it is a collision
solution of the stochastic Kepler problem (5.1.1).

Moreover, the set ||Λ||−1(0) is the set of all solutions of equation (5.2.3) that pass
through the set

C := {(u,v) ∈ T×S3
np| u = (0, 0, 0, 1)}.

If Γ̃t is such a solution, then the projection of Γ̃t on S3 is a great circle passing through
(0, 0, 0, 1).

Proof : Let Γ̃ be a solution of (5.1.1) on G−1(1
2
). Since the Moser map pulls back the

components of Λ to the corresponding components of J, it follows that has Λ(Γ̃) = 0 if
and only if the corresponding process Γ obtained by pulling back Γ̃ by the Moser map is a
solution of the stochastic Kepler problem (5.1.1) on h−1(−1

2
) with J(Γ) = 0. This is possible

if and only if Γ is a collision solution.



5.2. COLLISIONS AND THE MOSER REGULARIZATION 73

First, note that C is a subset of ||Λ||−1(0) since the first three components of u are 0.
So we need to prove the reverse inclusion. If ||Λ||(Γ̃) = 0, then Γ̃ satisfies

•dΓ̃ = XG(Γ̃t)ds.

Recalling s(t) = dt
||q||t and recalling that ||q||t is deterministic and differentiable, the previous

equation is the following ODE:

dγ

dt
= XG(γ(t))

1

||q||t
. (5.2.4)

Now we change the time parameter to s in the above ODE. This yields,

dγ

ds
= XG(γ(s)). (5.2.5)

The remainder of the proof proceeds similarly to the proof of (4.10) in Cushman and Bates
[30]. The projection of γ(s) on S3 is a great circle. Such a great circle always intersects the
equator of S3 given by

{u = (u1, u2, u3, u4) ∈ S3| u4 = 0}.
Let (ũ, 0, ṽ, v4) be the point of intersection. Since Λ = 0 and ũ ̸= 0, we have ṽ = 0 or
ũ = µṽ for some non-zero µ ∈ R. The latter implies that (ũ, 0) · (ṽ, v4) = µ, and since
(u,v) ∈ T ∗S3, it follows that µ = 0. But then ũ = 0, which is impossible. Hence, ṽ = 0.
Moreover, since equation (5.2.3) is defined on G−1

(︁
1
2

)︁
, we obtain v24 = 1, or v4 = ±1.

Now, we solve the ODE (5.2.5) with initial conditions (ũ, 0, 0, v4). Keeping in mind that
G = 1

2
, we have

γ(s) = (cos(s)ũ, sin(s)v4,− sin(s)ũ, cos(s)v4)

At time s = π − v4
π
2
, cos(s) = 0 and sin(s) = v4, so γ(s) reaches C. This completes the

proof.

This procedure can be extended to any fixed energy level k < 0 by rescaling (q,p) ∈
T ∗(R3 \ {0}) and the noise parameters ν1, ν2 and ν3. Indeed, given a ∈ (0,∞), rescale
time by t ↦→ a3t, (q,p) by (q,p) ↦→

(︁
a2q, 1

a
p
)︁

and the noise intensities ν1, ν2, ν3 by νi ↦→
ν̃i = νia

− 3
2 . The transformation of the phase space variables yields a symplectomorphism

F : T ∗(R3 \ {0}) → T ∗(R3 \ {0}). The usual symplectic form Ω on T ∗(R3 \ {0}) is pushed
forward by F to Ω̃ = F∗Ω = aΩ. Moreover, h induces a Hamiltonian h̃ = h ◦ F−1 on
(T ∗(R3 \ {0}), Ω̃). We have, h̃ (q,p) = a2h(q,p). Similarly, defining J̃ = J ◦F−1, we obtain
J̃(q,p) = 1

a
J(q,p). This implies that the Hamiltonian vector fields of h on (T ∗(R3\{0}),Ω),

denoted by XΩ
h , and h̃ on (T ∗(R3 \ {0}), Ω̃), denoted by X Ω̃

h̃
are related by X Ω̃

h̃
= 1

a3
XΩ

h .
Similarly, we have, X Ω̃

J̃i = XΩ
Ji . Next, using the scaling property of Brownian motion, that

is, for any positive constant c, Bct =
√
cBt, we find that Bi

a3t = a
3
2Bi

t. Therefore, letting
t̃ = a3t, the solutions of

•dΓt̃ = X Ω̃
h̃
(Γt̃)dt̃+

3∑︂
i=1

X Ω̃
J̃i(Γt̃) • d(ν̃iBi

t̃). (5.2.6)
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are identical to the solutions of Equation (5.1.1). We can then choose a =
√
−2k to transform

the stochastic Kepler problem with energy k to the stochastic Kepler problem with energy
−1

2
.



Chapter 6

Stochastic Collective Hamiltonian
Systems

This chapter generalizes the example of the stochastic Kepler problem presented in the
previous chapter. We will study a class of stochastic Hamiltonian systems which exhibit
deterministic behaviour along ‘symmetry directions’.

In Lázaro-Camí and Ortega [54, Section 7.1], the authors consider symmetric Hamilto-
nian systems perturbed by noisy Hamiltonian vector fields arising out of coadjoint invariant
functions of a coadjoint equivariant momentum map. The symplectic reduction of such sys-
tems agree with the symplectic reduction of their deterministic counterparts. This provides
a method of stochastically perturbing a mechanical system while respecting its symmetries
and keeping the deterministic behaviour of the reduced system intact.

Although the stochastic Kepler problem does not directly fit in this category (since it is
not symmetric), the stochastic perturbations considered in that case are the components, and
hence smooth functions, of the angular momentum. This situation is generalized in Section
6.1 where we define stochastic collective Hamiltonian systems. These involve a deterministic
Hamiltonian vector field Xh, invariant under an action of a Lie group G, which is perturbed
by noise Hamiltonian vector fields arising out of arbitrary smooth functions of a (coadjoint
equivariant) momentum map. In this case, the solution can be expressed as the action
of a G-valued semimartingale, which we call the stochastic phase, on an integral curve of
Xh. As a direct consequence, we show that the relative equilibria of the stochastic system
coincide with the relative equilibria of its deterministic counterpart. The conservation of the
momentum map no longer holds, however, the momentum map still evolves on a coadjoint
orbit. This directly leads to an associated coadjoint motion, which can be expressed as Lie-
Poisson equation. In this connection, Cruzeiro, Holm, and Ratiu [29] also obtain coadjoint
motion via a stochastic Clebsch variational principle.

Even if the deterministic Hamiltonian is invariant under a free, proper, and canonical
action of a Lie group, the Stratonovich differential equations governing the stochastic dynam-
ics are generally not invariant and hence reduction and reconstruction methods mentioned
in Section 4.1 no longer apply. Nevertheless, in Section 6.2, we show that the projection of

75
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the stochastic solution on the reduced space agrees with the projection of the deterministic
solution. This means that the evolution of every G-invariant smooth function along the
stochastic solution coincides with its evolution along the deterministic trajectory.

This also allows us to reconstruct a solution of the stochastic Hamiltonian system from
a solution of the deterministic reduced system. Once a solution of the deterministic system
is known in the reduced space, the solution of the stochastic system involves a two-step
reconstruction process. In the first step, the solution of the deterministic reduced system
is lifted to a solution of the unreduced deterministic system by the choice of a principal
connection. Then, a stochastic phase is added by solving a Lie group valued stochastic
differential equation. This second reconstruction step is independent of the choice of a
connection. We also show that in the reconstruction process, while the geometric phase is
unaffected, the dynamic phase must be modified.

In Section 6.3 we apply this framework to Lie-Poisson reduction. Here, due to the
symmetry between left and right actions, we can view a stochastic collective Hamiltonian
system as either a symmetric deterministic system with a collective stochastic perturbation,
or a collective deterministic system with a symmetric stochastic perturbation. In the first
case, the solution is given by an action of a stochastic phase on a deterministic curve, while
in the second case, the solution can be written as an action of a deterministic phase on a
semimartingale. As an example, we consider the free rigid body with a perturbed spatial
angular momentum, where the body angular momentum evolves deterministically.

In the final section, we consider systems with a semi-direct product structure. Semi-
direct products arise due to symmetry breaking, when there is an advected quantity associ-
ated with the mechanical system, for instance, a heavy top. Here, we show that the stochastic
phase affects both the evolution of the mechanical system and the advected quantity. As a
specific example, we consider the heavy top with a perturbed spatial angular momentum.

In the next chapter we shall explain stochastic collective Hamiltonian systems from
the point of view of coupling deterministic and stochastic dynamics. Chapter 11 revisits
stochastic collective dynamics and the coupling mechanism from the variational viewpoint.

6.1 Collective Perturbations of Stochastic Hamiltonian
Systems

Let (P, {·, ·}) be a Poisson manifold. Throughout we assume that G is a Lie group acting
freely, properly, and canonically on P and this action has a coadjoint equivariant momentum
map J : P → g∗, where g∗ is the dual Lie algebra of G. The action is denoted by ϕ : G×P →
P and given g ∈ G and p ∈ P , we will write ϕg(p) or g · p for the element ϕ(g, p) ∈ P . Let
h ∈ C∞(P ) be G-invariant and for each i = 1, · · · , k, let hi = fi ◦ J , where fi ∈ C∞(g∗).
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Our main subject of study is the following stochastic Hamiltonian system:

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i, (6.1.1)

where Y = (Y 1, · · · , Y k) is an arbitrary semimartingale in Rk. We call the terms hi :=
fi ◦J collective perturbations, following the terminology in the deterministic case, where
functions of this form are collective Hamiltonians. For any solution Γ of (6.1.1), we have

F (Γ)− F (Γ0) =

∫︂
{F, h} (Γ)dt+

k∑︂
i=1

∫︂
{F, hi} (Γ) • dY i. (6.1.2)

In Lázaro-Camí and Ortega [54], the specific case of collective perturbations in which the
functions fi are invariant under the coadjoint action are discussed. Note that here we relax
this requirement.

The following observations (Lemma 6.1.1 and Proposition 6.1.2) appear in [54].

Lemma 6.1.1. Any collective function Poisson commutes with any G-invariant function.
That is, for any f ∈ C∞(g∗), and any G-invariant F ∈ C∞(P ), we have {f ◦ J, F} = 0.

Proof. By the Collective Hamiltonian Theorem (Theorem 2.2.8)

Xf◦J(z) =

(︃
δf

δµ

)︃
P

(z),

for every z ∈ P , so

{F, f ◦ J} (z) = dF (z) ·
(︃
δf

δµ

)︃
P

(z) = 0,

since F is G-invariant.

Proposition 6.1.2. If fi ∈ C∞ (g∗) is Ad∗-invariant, for i = 1, · · · , k, then any collective
function is a conserved quantity of (6.1.1).

Proof. Let K ∈ C∞ (g∗). Since h is assumed G-invariant, the lemma implies {K ◦ J, h} = 0.
For all i, the composition hi = fi ◦J is G-invariant, since J is equivariant and fi is invariant.
Thus the lemma implies that {K ◦ J, hi} = 0 for all i. From (6.1.2), we see that K ◦ J is a
conserved quantity of (6.1.1).

Corollary 6.1.3. If fi ∈ C∞ (g∗) is Ad∗-invariant, for i = 1, · · · , k, then J is conserved by
the flow of (6.1.1).

This is a corollary of the preceding proposition, and also a consequence of the stochastic
version of Noether’s theorem in [54], applied to the G-invariant function H := h+

∑︁
i hi.

Remark 6.1.4. If at least one of the fi’s is not Ad∗-invariant, then hi is not G-invariant,
and the system (6.1.1) need not conserve momentum, as we will see in examples.
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We now consider general functions fi ∈ C∞ (g∗), not necessarily coadjoint invariant.

Proposition 6.1.5. If K ∈ C∞ (g∗) is Ad∗-invariant, then the collective function K ◦ J is
a conserved quantity of (6.1.1).

Proof. Since h is assumed G-invariant, Lemma 6.1.1 implies {K ◦ J, h} = 0. The compo-
sition K ◦ J is G-invariant, since J is equivariant and K is invariant, so the same lemma
also implies that {fi ◦ J,K ◦ J} = 0 for all i. From (6.1.2), we see that K ◦ J is a conserved
quantity of (6.1.1).

Remark 6.1.6. K ∈ C∞ (g∗) is Ad∗-invariant if and only if K is a Casimir of the Lie-Poisson
bracket.

Remark 6.1.7. In the perturbed Kepler problem, the spatial angular momentum is not
conserved. However, its length is conserved. This is a consequence of the preceding propo-
sition with K(x) = ||x||, which is rotationally invariant. Note that the coadjoint action of
SO(3) on so(3)∗ corresponds to the rotational action on R3.

Remark 6.1.8. If h is G-invariant and the functions fi are invariant under the coadjoint
action of G on g∗, then Equation (6.1.1) is G-invariant and the solutions remain on level
sets of the momentum map. Additionally, if P is a symplectic manifold then it is shown in
[54] that symplectic reduction of Equation (6.1.1) agrees with the deterministic Hamiltonian
system on the reduced space J−1(µ)/Gµ obtained from the deterministic symplectic reduction
of h. However, when fi is not assumed to be Ad∗

G-invariant then one cannot apply the
reduction and reconstruction techniques for Stratonovich equations described in [54], since
Equation (6.1.1) is not G-invariant in general.

Generally, if h is a G-invariant Hamiltonian then the solution of Equation (6.1.1) can
be constructed from an integral curve of Xh and a solution of a Stratonovich equation in G.
Before stating the result in the stochastic case, we state and prove a deterministic analogue,
to illustrate the geometric structure of the argument. The notation zL in this proposition is
used because it is an integral curve of the left-invariant vector field Xh (notation that will
be used again in Section 6.3).

Proposition 6.1.9. Let h be a G-invariant Hamiltonian on P , and let f ∈ C∞ (g∗) . Let
z0 ∈ P and µ0 = J(z0), and suppose that g(t) solves the following initial value problem in
G:

ġ = TeRg

⎛⎝ δf

δµ

⃓⃓⃓⃓
µ=Ad∗

g−1µ0

⎞⎠ , g(0) = e, (6.1.3)

where Rg : G → G is right multiplication by g. If zL(t) is the integral curve of Xh starting
at z0 then z(t) := g(t) · zL(t) is a solution to

ż = Xh(z) +Xf◦J(z), z(0) = z0.
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Proof. Applying the product rule for group actions to z(t) := g(t) · zL(t), using the multi-
plicative notation ġg−1 := (TeRg)

−1 ġ ∈ g, gives

ż =
(︁
ġg−1

)︁
P

(︁
g · zL

)︁
+ g · żL

=

⎛⎝ δf

δµ

⃓⃓⃓⃓
µ=Ad∗

g−1µ0

⎞⎠
P

(︁
g · zL

)︁
+ g ·Xh

(︁
zL
)︁
.

Since Xh is G-invariant, the second term equals Xh

(︁
g · zL

)︁
. Since J is conserved along the

integral curve zL, we have J(zL(t)) = J(z0) = µ0 for all t, so Ad∗
g−1µ0 = Ad∗

g−1J(zL) =
J(g · zL), by the equivariance of J . By the Collective Hamiltonian theorem,(︄

δf

δµ

⃓⃓⃓⃓
µ=J(g·zL)

)︄
P

(g · zL) = Xf◦J(g · zL).

Therefore

ż = Xf◦J
(︁
g · zL

)︁
+Xh

(︁
g · zL

)︁
.

In the following theorem, zdet(t) is the same integral curve as zL(t) above, with the name
changed to indicate that it is the deterministic part of the solution. The semimartingale gS

in the theorem, called the stochastic phase, corresponds to the path g(t) in the above
proposition.

Theorem 6.1.10. Suppose h is a G-invariant Hamiltonian, µ0 = J(z0), and gS solves the
following Stratonovich equation in G:

•dg =
k∑︂

i=1

TeRg

(︃
δfi
δµ

⃓⃓
µ=Ad∗

g−1µ0

)︃
• dY i, g0 = e. (6.1.4)

If zdet is the integral curve of Xh starting at Γ0 = z0 ∈ P then Γ = gS · zdet solves Equation
(6.1.1).

The first step of the proof requires a stochastic version of the product rule for group
actions. This is given by the following lemma in Shigekawa [84]:

Lemma 6.1.11. Let M,N and L be smooth manifolds, X be a semimartingale on M , Y
be a semimartingale on N and Φ : M × N → L be a smooth map. Suppose Z = Φ(X, Y ).
Given any 1-form α on L∫︂

α • dZ =

∫︂
Φ∗

Xα • dY +

∫︂
Φ∗

Y α • dX.
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Proof of Theorem 6.1.10. Using the previous lemma, for all 1-forms α on P∫︂
α • dΓ =

∫︂
ϕ∗
gSα • dzdet +

∫︂
ϕ∗
zdetα • dgS.

Since µ0 = J(z0) = J
(︁
zdet
)︁

and J is coadjoint equivariant, we have J(Γ) = Ad∗
(gS)−1J

(︁
zdet
)︁
=

Ad∗
(gS)−1(µ0). Applying G-invariance of Xh, we have∫︂

ϕ∗
gSα • dzdet +

∫︂
ϕ∗
zdetα • dgS

=

∫︂
ϕ∗
gSα

(︁
Xh

(︁
zdet
)︁)︁

dt+
k∑︂

i=1

∫︂
ϕ∗
zdetα

(︃
TeRgS

(︃
δfi
δµ

⃓⃓
µ=Ad∗

(gS)−1µ0

)︃)︃
• dY i

=

∫︂
ϕ∗
gSα

(︁
Xh

(︁
zdet
)︁)︁

dt+
k∑︂

i=1

∫︂
ϕ∗
zdetα

(︃
TeRgS

(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃)︃
• dY i

=

∫︂
α
(︁
Xh

(︁
gS · zdet

)︁)︁
dt+

k∑︂
i=1

∫︂
ϕ∗
zdetα

(︃
TeRgS

(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃)︃
• dY i

=

∫︂
α(Xh(Γ))dt+

k∑︂
i=1

∫︂
ϕ∗
zdetα

(︃
TeRgS

(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃)︃
• dY i.

Given g ∈ G, p ∈ P and vg ∈ TgG, denote by vgp the derivative of the map φp(g) = g · p
evaluated at vg. For all vgS ∈ TgSG,

ϕ∗
zdetα(vgS) = α

(︁
vgSz

det
)︁

= α(TeφgS ·zdet ◦ TgSR(gS)−1(vgS))

= α((TgSR(gS)−1vgS)P (g
S · zdet))

= α((TgSR(gS)−1vgS)P (Γ)).

The collective Hamiltonian Theorem then yields∫︂
ϕ∗
zdetα

(︃
TeRgS

(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃)︃
• dY i

=

∫︂
α

(︃(︃
TgSR(gS)−1 ◦ TeRgS

(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃)︃
P

(Γ)

)︃
• dY i

=

∫︂
α

(︃(︃
δfi
δµ

⃓⃓
µ=J(Γ)

)︃
P

(Γ)

)︃
• dY i

=

∫︂
α(Xhi

(Γ)) • dY i.

As a result, we have∫︂
α • dΓ =

∫︂
α(Xh(Γ))dt+

k∑︂
i=1

∫︂
α(Xhi

(Γ)) • dY i,

which, along with the condition Γ0 = gS0 ·zdet(0) = z0 shows that Γ solves Equation (6.1.1).
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Remark 6.1.12. Note that the basepoint µ = Ad∗
g−1µ0 is the semimartingale J(Γ), where

Γ solves Equation (6.1.1).

Remark 6.1.13. Suppose J is not equivariant, but P is symplectic and connected, G is
connected, and σ is a one-cocycle of the G-action on P . Then, as shown in Marsden and
Ratiu [62, Section 12.3], J is equivariant with respect to the action

g · µ = Ad∗
g−1(µ) + σ(g).

Then, equivariance of J and the definition of σ gives

J(g · p) = Ad∗
g−1J(p) + σ(g), (6.1.5)

for every p ∈ P . In this case, Equation (6.1.4) is given by

•dg =
k∑︂

i=1

TeRg

(︃
δfi
δµ

⃓⃓
µ=Ad∗

g−1µ0+σ(g)

)︃
• dY i, g0 = e. (6.1.6)

Remark 6.1.14. Suppose N ⊆ P is an invariant manifold under the flow of zdet. Assume
that the G-action on P restricts to a G-action on N . Then N is an invariant manifold for
the flow of the stochastic collective Hamiltonian system (6.1.1) as well.

The next theorem generalizes Theorem 6.1.10. The proof of it is a minor modification
of the proof of Theorem 6.1.10.

Theorem 6.1.15. Suppose Y 1, · · · , Y k, Z1, · · · , Zℓ are semimartingales. Let H0, H1, · · · , Hℓ ∈
C∞(P ) be G-invariant Hamiltonians and hi = fi ◦ J , for i = 1, · · · , k, where fi ∈ C∞(g∗).
Consider the stochastic Hamiltonian system

•dΓ = XH0(Γ) dt+
ℓ∑︂

j=1

XHj
(Γ) • dZj +

k∑︂
i=1

Xhi
(Γ) • dY i, (6.1.7)

with Γ0 = z0 ∈ P . Let Γ̃ denote the solution of

•dΓ̃ = XH0(Γ̃)dt+
ℓ∑︂

j=1

XHj
(Γ̃) • dZj, Γ̃0 = z0, (6.1.8)

and gS solve the Stratonovich equation

•dg =
k∑︂

i=1

TeRg

(︃
δfi
δµ

⃓⃓
µ=Ad∗

g−1µ0

)︃
• dY i, g0 = e. (6.1.9)

where µ0 = J(z0). Then Γ = gS · Γ̃ solves Equation (6.1.7).

The next result is a useful corollary of Theorem 6.1.15.
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Corollary 6.1.16. Let µ0 = J(Γ0). If Γ is a solution of Equation (6.1.1) or Equation (6.1.7)
then J(Γ) lies on the coadjoint orbit Oµ0 through µ0.

Proof. We only prove this for solutions of Equation (6.1.1). The extension to the case of
Equation (6.1.7) has a similar proof by using the stochastic Noether’s theorem. By coadjoint
equivariance of J and Noether’s theorem, we have

J(Γ) = J
(︁
gS · zdet

)︁
= Ad∗

(gS)−1J
(︁
zdet
)︁
= Ad∗

(gS)−1µ0.

Remark 6.1.17. A consequence of this corollary is that for any Ad∗-invariant function
K ∈ C∞ (g∗), the collective function K ◦ J is conserved by Γ. This is an alternative proof of
Proposition 6.1.5.

As an important special case, we mention that if δfi
δµ

= ξi, where ξi ∈ g is fixed, then
the stochastic phase gS satisfies

•dg =
k∑︂

i=1

TeRg (ξi) • dY i, g0 = e. (6.1.10)

Additionally, suppose g is unimodular, that is, the trace of adξ vanishes for all ξ ∈ g. This is
always true if G is compact. Assume that Y = (B1, · · · , Bk), where the Bi’s are independent
Brownian motions, and {ξi}ki=1 is an orthonormal basis with respect to an inner product ⟨·, ·⟩
on g. Then gS is a Brownian motion in G with respect to the right invariant metric on G
induced by ⟨·, ·⟩ (see Liao [52, Proposition 3.23]). Moreover, an application of Theorem 3.25
in [52, Theorem 3.26] shows that the right invariant metric ⟨·, ·⟩ induces a G-invariant metric
⟨·, ·⟩Oµ0

for which
J(Γ) = Ad∗

(gS)−1µ0

is a Brownian motion on the coadjoint orbit Oµ0 through µ0. We will return to this ob-
servation in Chapter 8, where we discuss a weak formulation of the stochastic Noether’s
theorem.

The next theorem associates a stochastic Lie-Poisson system to the stochastic collective
Hamiltonian system (6.1.1).

Theorem 6.1.18. Suppose J is coadjoint equivariant. Identify G × g∗ with T ∗G via the
right trivialization map αg ∈ T ∗G ↦→ (g, (TeRg)

∗αg) ∈ G × g∗. Let Γ = gS · zdet denote a
solution of Equation (6.1.1) where gS is a solution of Equation (6.1.4) and zdet is an integral
curve of Xh. Then (gS, J(Γ)) is a solution of the following stochastic Hamiltonian system in
G× g∗:

•dµ = −
k∑︂

i=1

ad∗
δfi
δµ

µ • dY i

•dg = TeRg

(︃
δfi
δµ

)︃
• dY i (6.1.11)

with initial condition (g0, µ0) = (e, J(zdet(0))).
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Proof. Let µ = J(Γ) and F ∈ C∞(g∗). Denote by {·, ·}+ the +-Lie-Poisson bracket on
C∞(g∗). Using the fact that h is G-invariant and J : (P, {·, ·}) → (g∗, {·, ·}+) is a Poisson
map (see Proposition 9.23 in Holm, Stoica, and Schmah [42]), we obtain

F (µ)− F (µ0) = F ◦ J(Γ)− F ◦ J(Γ0)

=

∫︂
{F ◦ J, h}(Γ)dt+

k∑︂
i=1

∫︂
{F ◦ J, hi}(Γ) • dY i

=
k∑︂

i=1

∫︂
{F ◦ J, fi ◦ J}(Γ) • dY i

=
k∑︂

i=1

∫︂
{F, fi}+ ◦ J(Γ) • dY i

=
k∑︂

i=1

∫︂
{F, fi}+(µ) • dY i

This shows that •dµ = −
∑︁k

i=1 ad
∗
δfi
δµ

µ • dY i. We also have µ0 = J(Γ0) = J(zdet(0)).

Next, by equivariance of J we obtain J(Γ) = Ad∗
(gS)−1J(zdet) = Ad∗

(gS)−1µ0. Since gS

satisfies Equation (6.1.4), it follows that

•dgS =
k∑︂

i=1

TeRgS

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
• dY i.

Consequently, (gS, J(Γ)) solves the stochastic Lie-Poisson system (6.1.11).

Remark 6.1.19. Solving the system (6.1.11) is not sufficient to determine the full solution
z = gS · zdet. For that we would also need to solve the usual deterministic reconstruction
equation, see Section 6.2.

Corollary 6.1.20. In the context of the previous theorem, suppose that T ∗G is identified
with G × g∗ via the left trivialization map αg ∈ T ∗G ↦→ (g, (TeLg)

∗αg) ∈ G × g∗. Let
Fi = −fi ∈ C∞(g∗). Then ((gS)

−1
, J(Γ)) is a solution of the following stochastic Hamiltonian

system in G× g∗:

•dµ =
k∑︂

i=1

ad∗
δFi
δµ

µ • dY i

•dg = TeLg

(︃
δFi

δµ

)︃
• dY i (6.1.12)

with initial condition (g0, µ0) = (e, J(zdet(0))).

Proof. By an application of the Stratonovich product rule, we have

0 = •d(gS(gS)−1) = T(gS)−1LgS • d(gS)−1 + TgSR(gS)−1 • dgS.
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As a result,

•d(gS)−1 = −(T(gS)−1LgS)
−1 ◦ TgSR(gS)−1 • dgS

= −
k∑︂

i=1

TeL(gS)−1 ◦ TgSR(gS)−1 ◦ TeRgS

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
• dY i

= −
k∑︂

i=1

TeL(gS)−1

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
• dY i

=
k∑︂

i=1

TeL(gS)−1

(︃
δFi

δµ

⃓⃓⃓
µ=J(Γ)

)︃
• dY i.

The remaining assertions follow directly from Theorem 6.1.18.

6.1.1 Relative equilibria

Definition 6.1.21. Let h0, · · · , hk ∈ C∞(P ) and Y = (Y 0, · · · , Y k) be a semimartingale
in Rk+1. A point ze ∈ P is called a relative equilibrium of the stochastic Hamiltonian
system

•dΓ =
k∑︂

i=0

Xhi
(Γ) • dY i

if Xhi
(ze) ∈ Tze(G · ze) for all i = 0, · · · , k, where G · ze is the orbit of ze.

This definition is equivalent to the definition of relative equilibria in stochastic Hamil-
tonian systems given in Fernández-Saiz et al. [38]. We refer to their paper for more details
on relative equilibria of stochastic Hamiltonian systems.

Theorem 6.1.22. A point ze is a relative equilibrium of the stochastic Hamiltonian system
(6.1.1) if and only if ze is a relative equilibrium of the deterministic Hamiltonian h.

Proof. For all µ in the image of J , denote by δfi
δµ

the unique element of g that satisfies⟨︂
µ̃, δfi

δµ

⟩︂
= Df(µ)(µ̃) for all µ̃ ∈ g∗. By the collective Hamiltonian theorem (see Marsden

and Ratiu [62]),

Xhi
(ze) =

(︃
δfi
δµ

⃓⃓
µ=J(ze)

)︃
P

(ze) ∈ Tze(G · ze).

It follows that ze is a relative equilibrium of (6.1.1) if and only if ze is a relative equilibrium
of Xh.
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6.2 Reduction and Reconstruction

6.2.1 Reduction

Let π : P → P/G be the canonical projection on P/G and {·, ·}red denote the reduced
Poisson bracket on P/G such that π is a Poisson map. Denote by hred ∈ C∞(P/G) the
reduced Hamiltonian on P/G given by hred ◦ π = h with X

P/G

hred being the corresponding
Hamiltonian vector field on P/G. By the Poisson reduction theorem π

(︁
zdet
)︁

is the integral
curve of XP/G

hred starting at π(z0). Since π(Γ) = π
(︁
gS · zdet

)︁
= π

(︁
zdet
)︁
, it follows that π(Γ)

is (almost surely) the integral curve of XP/G

hred starting at π(z0). Thus, we have shown the
following theorem:

Theorem 6.2.1. Suppose h is G-invariant. If Γ solves Equation (6.1.1) then π(Γ) almost
surely solves

ż = X
P/G

hred (z), z(0) = π(Γ0). (6.2.1)

As an immediate corollary, we note that the evolution of G-invariant functions along Γ
is deterministic.

Corollary 6.2.2. Let F ∈ C∞(P ) be G-invariant and suppose F = f ◦ π for some f ∈
C∞(P/G). If Γ solves (6.1.1) and zred is an integral curve of XP/G

hred starting at π(z0) then
F (Γt) = f

(︁
zred(t)

)︁
almost surely.

Assume now that P is a symplectic manifold with symplectic form Ω. If Γ solves
Equation (6.1.1) then J(Γ) lies on the coadjoint orbit Oµ where µ is the conserved value of
J along zdet. Therefore, it is natural to look at orbit reduction. Let iOµ : J−1(Oµ) ↪→ P
denote the inclusion, πOµ : J−1(Oµ) → J−1(Oµ)/G =: POµ denote the projection, ωOµ denote
the Kirillov-Kostant-Souriau on the coadjoint orbit Oµ and JOµ := J |J−1(Oµ). By the orbit
reduction theorem, POµ is a symplectic leaf in P/G and the symplectic form ΩOµ on POµ is
uniquely determined by

i∗Oµ
Ω = π∗

Oµ
ΩOµ + J∗

Oµ
ωOµ . (6.2.2)

Denote by hred the reduced Hamiltonian on POµ . This is uniquely determined by hred◦πOµ =

h ◦ iOµ . Then πOµ

(︁
zdet
)︁

is the integral curve of the Hamiltonian vector field X
POµ

hred of hred

starting at πOµ(z0). Since

πOµ(Γ) = πOµ

(︁
gS · zdet

)︁
= πOµ

(︁
zdet
)︁
,

we see that πOµ(Γ) is (almost surely) the integral curve of X
POµ

hred starting at πOµ(z0). Hence,
we have the following theorem:

Theorem 6.2.3. If Γ solves Equation (6.1.1) then πOµ(Γ) almost surely solves

żred = X
POµ

hred (z
red), zred(0) = πOµ(Γ0), (6.2.3)

where Oµ is the coadjoint orbit through µ = J(z0).
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The next corollary is analogous to Corollary 6.2.2.

Corollary 6.2.4. Let Γ be a solution of Equation (6.1.1) and suppose Γ lies on J−1(Oµ),
where Oµ is the coadjoint orbit through µ = J(Γ0). Suppose F ∈ C∞(J−1(Oµ)) is G-
invariant and F = f ◦ πOµ for some f ∈ C∞(POµ). If zred is an integral curve of X

POµ

hred

starting at πOµ(z0) then F (Γt) = f
(︁
zred(t)

)︁
almost surely.

Remark 6.2.5. As mentioned in Section 2.3, in the deterministic case orbit reduction pro-
vides an alternative characterization of symplectic reduction since the reduced space POµ is
symplectomorphic to Pµ := J−1(µ)/Gµ where µ ∈ g∗ is a regular value of J and Gµ is the
coadjoint isotropy subgroup of µ. The reduced spaces Pµ and POµ are symplectomorphic via
a symplectomorphism Lµ : Pµ → POµ . Let zµ be an integral curve of the reduced Hamilto-
nian vector field X

Pµ

hµ
of the reduced Hamiltonian hµ on Pµ. Then z = Lµ(zµ) is an integral

curve of X
POµ

hred . Thus, even though a solution Γ of Equation (6.1.1) does not lie on a level
set of J , an integral curve of the deterministic symplectic reduction of Xh can be identified
with the projection πOµ(Γ).

6.2.2 Reconstruction

We now turn to the problem of reconstructing a solution of Equation (6.1.1) from an integral
curve of the reduced Hamiltonian vector field. We will restrict ourselves to Poisson reduction,
since the method of reconstruction carries over mutatis mutandis to orbit reduction.

We assume that we have a principal connection A on P
π−→ P/G. Let h be G-invariant

and zred be a deterministic integral curve of the reduced Hamiltonian vector field X
P/G

hred

starting at c0 = π(z0) in P/G. Denote by zHor the horizontal lift of zred via the connection
A starting at z0 ∈ π−1(c0) and let gdet(t) be a deterministic curve in G that solves

ġ(t) = TeLg(t)(A(Xh(z
Hor(t))))

with gdet(0) = e. Then, by deterministic reconstruction (see Marsden [60]) zdet(t) = gdet(t) ·
zHor(t) is an integral curve of Xh starting at Γ0 = z0 ∈ P that projects to zred. Using
Theorem 6.1.10, the solution of Equation (6.1.1) can then be written as Γ = gS · zdet, where
gS is the G-valued semimartingale solving Equation (6.1.4).

Remark 6.2.6. If P is a symplectic manifold then a solution of Equation (6.1.1) can be
reconstructed from a deterministic solution of the orbit reduction of the h. In this case one
replaces P by J−1(Oµ) where Oµ is the coadjoint orbit through µ = J(z0) in the preceding
argument.

Remark 6.2.7. Note that the reconstruction procedure occurs in two stages. The first
stage involves reconstructing a solution zdet of Xh from an integral curve zred of the reduced
Hamiltonian vector field. This procedure is entirely deterministic. The next stage involves
solving the stochastic phase equation (6.1.4). The randomness in the solution Γ arises out
of this second stage of the reconstruction process.

Remark 6.2.8. We note that the stochastic phase in Equation (6.1.4) is independent of the
choice of the connection A.
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6.2.3 Geometric Phases in Symplectic Reduction

Let us briefly recall reconstruction in the case of symplectic reduction. Suppose (P,Ω) is
a symplectic manifold, µ is a regular value of J and Pµ = J−1(µ)/Gµ where Gµ is the
coadjoint isotropy subgroup of µ. Let X

Pµ

hred denote the Hamiltonian vector field of the
reduced Hamiltonian hred on Pµ. For reconstruction of solutions, suppose Aµ is a gµ-valued
principal connection on J−1(µ)

πµ−→ Pµ. Let zred denote an integral curve of XPµ

hred starting
at πµ(z0) = πµ(Γ0) and horizontally lift zred to a curve zHor starting at z0. Let ξ(t) =
Aµ(Xh(z

Hor)) and gµ(t) denote the solution of

ġ = TeLg(t)ξ(t) g(0) = e. (6.2.4)

Then zdet(t) = gµ(t) · zHor(t) is the integral curve of Xh starting at z0.

Suppose zred is a closed curve with period T . Then there exists ĝ, h ∈ G such that
zHor(0) = ĝ · zHor(T ) and zdet(T ) = h · zdet(0). Note that ĝ is the holonomy of zred with
respect to Aµ. We have, h = gµ(T )ĝ. For deterministic systems, we call ĝ or log(ĝ) ∈ gµ,
the geometric phase and gµ(T ) or log(gµ(T )), the dynamic phase.

By Theorem 6.1.10, the solution of the stochastic collective Hamiltonian system (6.1.1)
is given by Γt = (gSt gµ(t)) · zHor(t), where gS solves Equation (6.1.4). Since the equation
zHor(0) = ĝ · zHor(T ) is purely deterministic, the geometric phase does not change under the
stochastic perturbation. On the other hand at t = T we have

ΓT = (gSTgµ(T )) · (ĝ · zHor(0)) = (gSTgµ(T )) · (ĝ · zdet(0)).

Therefore the element gµ(T ) ∈ Gµ is replaced by the G-valued random variable gSTgµ(T ).
On the other hand, at the Lie algebra level log(gµ(T )) ∈ gµ is replaced by the g-valued
random variable log(gSTgµ(T )). We will see that in this stochastic context it is important to
differentiate whether we treat gSTgµ(T ) or log(gSTgµ(T )) as the dynamic phase.

Suppose G is a compact connected Lie group. Recall that a bi-invariant metric on G
corresponds to the choice of an Ad-invariant inner product. The associated Levi-Civita con-
nection is given by ∇XLY L = 1

2
([X, Y ])L, where X, Y ∈ g and XL, Y L are the corresponding

left invariant vector fields. Note that ∇ is a bi-invariant connection. Let εL and εR de-
note the left and right stochastic exponentials on G (see Hakim-Dowek and Lépingle[40] and
Arnaudon [6]). If Y is a g-valued semimartingale then εL(Y ) and εR(Y ) are the solutions of

•dg = TeLg • dY, g0 = e, (6.2.5)

and
•dg = TeRg • dY, g0 = e, (6.2.6)

respectively. Following Catuogno and Ruffino [17] let L denote the left stochastic logarithm
on G, defined by L(g) =

∫︁
ωL • dg, where gt is a G-valued semimartingale and ωL is the

left Maurer-Cartan 1-form. Then, given any semimartingale Y in g, L(εL(Y )) = Y and
L(εR(Y )) =

∫︁
Ad(εR(Y ))−1 • dY for a semimartingale Y in g.
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Theorem 6.2.9. In the setup of Theorem 6.1.10, let G be a compact connected Lie group
and denote by {ξi}ki=1 an orthonormal basis of g. Let Y = (B1, B2, . . . Bk) where the Bi’s
are independent Brownian motions. Then

E[L(gSgµ)] = L(gµ) = log(gµ). (6.2.7)

Proof. Let fi ∈ C∞(g∗) given by fi(µ) = ⟨µ, ξi⟩. Then the solution of Equation (6.1.4) is a
G-valued Brownian motion and equals εR(β), where β =

∑︁k
i=1 ξiB

i is a Brownian motion in
g.

Let B = εR(β) and

β̂ = L(B) =

∫︂
AdB−1 • dβ =

k∑︂
i=1

AdB−1ξi • dBi.

Denote by ∆g the Laplacian on g. Then, for any f ∈ C∞(g)

∆g(f) = Tr Hessf =
k∑︂

i=1

Hessf(ξi, ξi) =
k∑︂

i=1

ξi ξi[f ].

Since the inner product on g is Ad-invariant, given any t ≥ 0 {AdB−1
t
ξi}ki=1 is also an

orthonormal basis. As a result, given any f ∈ C∞(g) and t ≥ 0, we have

∆g(f) =
k∑︂

i=1

Hessf(ξi, ξi)

=
k∑︂

i=1

Hessf(AdB−1
t
ξi,AdB−1

t
ξi)

=
k∑︂

i=1

AdB−1
t
ξi AdB−1

t
ξi[f ].

Hence,

f(β̂t)− f(β̂0)

=
k∑︂

i=1

∫︂
⟨df,AdB−1ξi⟩ dBi +

1

2

k∑︂
i=1

∫︂
AdB−1ξi AdB−1ξi[f ]dt

=
k∑︂

i=1

∫︂
⟨df,AdB−1ξi⟩ dBi +

1

2

k∑︂
i=1

∫︂
AdB−1ξi AdB−1ξi[f ]dt

=
k∑︂

i=1

∫︂
⟨df,AdB−1ξi⟩ dBi +

1

2

∫︂
∆g(f)dt.

Since the first term on the right is a local martingale, therefore β̂ is a g-valued Brownian mo-

tion. We apply now the more general formula (8) in [6], which states that L(Y B) =

∫︂
AdB−1dL(Y ) + L(B)
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where Y is a martingale and B and finite variation process, with Y = gS and B = gµ. We
get

L(gSgµ) =
∫︂

Adg−1
µ
dL(gS) + L(gµ)

=

∫︂
Adg−1

µ
dβ̂ + L(gµ).

Taking expectation in g, the first term vanishes since β̂ is a g-valued Brownian motion.
Hence,

E[L(gSgµ)] = L(gµ) = log(gµ). (6.2.8)

On the other hand, let ρ : G → GL(V ) be a representation of G on a real or complex
vector space V . Denote the Casimir element of G by C. This is defined by C =

∑︁k
i=1 ξi ξi ∈

U(g), where U(g) is the universal enveloping algebra of g. If U(g) is identified with the left
invariant differential operators on G, then C coincides with the Laplace operator. Diez and
Miaskiwskyi [33] have shown that E[ρ(B)] = exp

(︁
t
2
ρ(C)

)︁
, where B is a G-valued Brownian

motion. Consequently, we obtain the following theorem:

Theorem 6.2.10. In the setup of Theorem 6.1.10, let G be a compact connected Lie group
and denote by {ξi}ki=1 is an orthonormal basis of g. Let Y = (B1, B2, . . . Bk) where the Bi’s
are independent Brownian motions. Then

E[ρ(gSgµ)] = exp

(︃
t

2
ρ(C)

)︃
ρ(gµ). (6.2.9)

Remark 6.2.11. We observe that

ρ
(︁
exp

(︁
E[L(gSgµ)]

)︁)︁
̸= E[ρ(gSgµ)]

.

Remark 6.2.12. If zred is a closed curve with period T then E[L(gSgµ)] = log(gµ)(T ).
Thus, on average, the logarithm of the dynamic phase is unchanged. On the other hand,
E[ρ(gSTgµ(T ))] is different from ρ(gµ(T )) by a factor of exp

(︁
T
2
ρ(C)

)︁
.

6.2.4 Central Force Motion

Let ρ : R3 → R be defined by ρ(x) = ||x||, where || · || is the Euclidean norm. Suppose V is
a real-valued function defined on an open subset U ⊆ R. We consider the Hamiltonian

h(q,p) =
1

2
||p||2 + V (||q||)
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defined for (q,p) ∈ Q × R3 ∼= T ∗Q, where Q = ρ−1(U) and (R3)∗ is identified with R3 via
the standard inner product. Note that h is SO(3)-invariant and is a conserved quantity for
Equation (6.2.10). Let J = q×p = (J1, J2, J3) denote the angular momentum. We consider
the stochastic Hamiltonian system

•dΓ = Xh(Γ)dt+
3∑︂

i=1

XJi(Γ) • dBi, Γ0 = (q0,p0), (6.2.10)

where the Bi’s are independent Brownian motions. We assume that ||q0×p0|| ̸= 0. Identify
the coadjoint orbit through J(Γ0) with the sphere S2

c of radius c = ||q0 × p0|| centered at
the origin. Let Pc denote the reduced space J−1 (S2

c) /SO(3). Then, by Theorem 6.2.3,
π(Γ) = π

(︁
zdet
)︁
, where zdet is an integral curve of Xh. The reduced Hamiltonian on Pc is the

‘radial’ Hamiltonian given by

hred(r, pr) =
p2r
2

+ Veff(r)

where Veff(r) is the effective potential given by Veff(r) =
c2

2r2
+V (r). Note that this implies that

the radial distance r = ||q|| and the radial velocity vr = ṙ exhibits the same behaviour as the
deterministic problem. Since ||q|| has deterministic dynamics and h is a conserved quantity
for Equation (6.2.10), it follows that ||p|| also has the same dynamics as the deterministic
system.

Remark 6.2.13. Since ||J|| is constant, Equation (6.2.10) describes a central force problem
in which the normal to the orbital plane is a stochastic process on a sphere in R3. The
deterministic behaviour of the reduced equations suggests that the motion of the particle on
the orbital plane is deterministic while the orbital plane experiences stochastic changes in
orientation.

Collisional Solutions

Suppose V (r) = − k
rα

where α < 2 and k > 0. Setting hred = E and using the fact that
r2 p

2
r

2
≥ 0, we obtain

Er2 + kr2−α ≥ c2

2
.

Since 2− α > 0, it follows that r → 0 in finite time if and only if c = 0. On the other hand,
on ||J||−1(0), the solutions of Equation (6.2.10) are the integral curves of Xh. Hence we have
the following theorem:

Theorem 6.2.14. Let V (r) = − k
rα

where α < 2. A solution Γ of Equation (6.2.10) is
a collisional solution if and only if Γt = zdet(t) almost surely, where zdet(t) is a collisional
solution of the deterministic problem ż = Xh(z).
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6.3 Lie-Poisson Reduction and Reconstruction

Let us recall the general framework of Lie-Poisson reduction from Section 2.3. Let G be a
Lie group and let {·, ·} be the canonical Poisson bracket on T ∗G. Consider the two actions:
left translation, Lg(h) := gh, and right translation Rg(h) := hg, and their cotangent lifted
actions on T ∗G. Both actions have Ad∗-equivariant momentum maps: JL : T ∗G → g∗ the
momentum map of the left action, given by JL(g, α) = T ∗Rg (α) =: α · g−1, i.e. the right
translation of α to g∗; and JR : T ∗G → g∗ the momentum map of the right action, given by
JR(g, α) = T ∗Lg (α) =: g−1 · α. These are related by JL(g, α) = Ad∗

g−1JR(g, α).

On g∗, the (±) Lie-Poisson bracket {·, ·}L on g∗ is defined by

{f, g}± (µ) = ±
⟨︃
µ,

[︃
δf

δµ
,
δg

δµ

]︃⟩︃
(6.3.1)

By the Lie-Poisson reduction theorem we have that the left (respectively, right) Poisson
reduced space T ∗G/G is Poisson isomorphic to g∗± := (g∗, {·, ·}±) via the isomorphism φ :
[(g, α)] → JR(g, α) (respectively, φ : [(g, α)] → JL(g, α)). The two momentum maps form a
dual pair,

(T ∗G, {, })

(︂
g∗, {f, g}red−

)︂ (︂
g∗, {f, g}red+

)︂
,

JR JL

in particular, every momentum level set of JL is mapped by JR to a symplectic leaf, and vice
versa (see Marsden and Weinstein [59]).

If h ∈ C∞(T ∗G) is left G-invariant, then h factors through JR as h = hred
L ◦JR. Similarly,

if h is right G-invariant, then h factors through JL as h = hred
R ◦ JL. Consequently, the left

invariant Hamiltonians on T ∗G are of the form fL ◦JR and the right invariant Hamiltonians
on T ∗G are of the form fR ◦ JL with fL, fR ∈ C∞(g∗). The Hamiltonian vector field of
fL on g∗ with respect to the left Lie-Poisson bracket is given by Xg∗

fL(µ) = ad∗
δfL

δµ

µ. The

Hamiltonian vector field Xg∗

fR with respect to the right Lie-Poisson bracket on g∗ is given by
Xg∗

fR(µ) = −ad∗
δfR

δµ

µ.

We now consider the stochastic Hamiltonian system

•dΓ = XfL◦JR(Γ)dt+
k∑︂

i=1

XfR
i ◦JL(Γ) • dY

i, (6.3.2)

where fL, fR
1 , · · · , fR

k ∈ C∞(g∗). Suppose µR and µL are semimartingales on g∗ given by
µR = JL(Γ) and µL = JR(Γ), where Γ is a solution of Equation (6.3.2). By Theorem 6.1.18
and 6.2.2, we have

µ̇L = ad∗
δfL

δµ

⃓⃓⃓
µ=µL

µL (6.3.3)
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•dµR = −
k∑︂

i=1

ad∗
δfR

i
δµ

⃓⃓⃓
µ=µR

µR • dY i. (6.3.4)

Let gR and gL denote the solutions of the following equations:

•dgR =
k∑︂

i=1

TeRgR

(︃
δfR

i

δµ

⃓⃓⃓
µ=µR

)︃
• dY i

=
k∑︂

i=1

TeRgR

(︄
δfR

i

δµ

⃓⃓⃓
µ=Ad∗

gR
−1µL

)︄
• dY i

ġL = TeLgL

(︃
δfL

δµ

⃓⃓⃓
µ=µL

)︃
= TeLgL

(︃
δfL

δµ

⃓⃓⃓
µ=Ad∗gLµR

)︃
.

From these, an integral curve of XfL◦JR is given by αL = gL · µL = (TgLLg−1
L
)∗(µL) and a

solution of the stochastic Hamiltonian system

•dΓ =
k∑︂

i=1

XfL
i ◦JL(Γ) • dY

i (6.3.5)

is given by αR = µR · gR = (TgRRg−1
R
)∗(µR).

As an immediate consequence of Theorem 6.1.10, by using the cotangent lift of the left
action as the group action, we obtain the following theorem:

Theorem 6.3.1. The solution Γ of Equation (6.3.2) is given by Γ = gR · αL = (gRgL) · µL.

On the other hand, if the cotangent lift of the right action is considered as the group
action, then the Hamiltonian fL ◦ JR plays the role of the ‘collective’ part and the Hamilto-
nians fR ◦ JL are invariant. A careful inspection of the proof of Theorem 6.1.10 shows that
gL plays the role of the stochastic phase in this case. As a result, we obtain the following
theorem:

Theorem 6.3.2. The solution Γ of Equation (6.3.2) is given by Γ = αR · gL = µR · (gRgL).

In both of the previous theorems, the total phase is given by gT := gRgL.

Proposition 6.3.3. The G-valued semimartingale gT solves the following stochastic differ-
ential equation:

•dg = TeLg

(︃
δfL

δµ

⃓⃓⃓
µ=µL

)︃
dt+

k∑︂
i=1

TeRg

(︃
δfR

i

δµ

⃓⃓⃓
µ=µR

)︃
• dY i. (6.3.6)

Proof. Since gT = gRgL, we have

•d(gRgL) = TgLLgR ġ
Ldt+ TgRRgL • dgR
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= TgLLgR ◦ TeLgL

(︃
δfL

δµ

⃓⃓⃓
µ=µL

)︃
dt+

k∑︂
i=1

TgRRgL ◦ TeRgR

(︃
δfR

i

δµ

⃓⃓⃓
µ=µR

)︃
• dY i

= TeLgRgL

(︃
δfL

δµ

⃓⃓⃓
µ=µL

)︃
dt+

k∑︂
i=1

TeRgRgL

(︃
δfR

i

δµ

⃓⃓⃓
µ=µR

)︃
• dY i,

as required.

The next theorem expresses Γ in terms of µR, µL and gT :

Theorem 6.3.4. The solution Γ of Equation (6.3.2) is given by

Γ =
1

2
[gT · µL + µR · gT ] =

1

2
[(TgTLg−1

T
)∗µL + (TgTRg−1

T
)∗µR],

where the operations of addition and scalar multiplication are taken fibre-wise in the fibre
over gT .

Proof. Indeed, from Theorems 6.3.1 and 6.3.2, we obtain

Γ =
1

2
(2Γ) =

1

2
[(gRgL) · µL + µR · (gRgL)].

6.3.1 Free Rigid Body with a Collective Perturbation

Consider G = SO(3), acting on itself by left multiplication, which is a special case of the
setting of the previous section. The momentum map is defined by JL(α) := T ∗RΘ(α) for all
α ∈ T ∗

ΘSO(3), where RΘ denotes right multiplication by a matrix Θ. We make the standard
identifications of so(3) with R3 via the ‘hat’ map and so(3)∗ with R3 via the ‘breve’ map
(see [42]). Then JL(αΘ) = π̆ for a variable vector π = (π1, π2, π3) ∈ R3 called the spatial
angular momentum. The body angular momentum is Π := Θ−1π ∈ R3, corresponding to
Π̆ = Θ−1π̆Θ = T ∗LΘ(α). We left-trivialize T ∗SO(3) via the map α ∈ T ∗

ΘSO(3) ↦→ (Θ,Π) ∈
SO(3)× R3, with Π as above.

The Hamiltonian of a free rigid body with moment of inertia matrix I is

h(Θ,Π) =
1

2
ΠT I−1Π. (6.3.7)

This is left SO(3)-invariant and has solution:

Π̇ = Π× I−1Π, (Euler equation in Lie–Poisson form) (6.3.8)

Θ̇ = Θ ˆ︂(I−1Π) (reconstruction equation) (6.3.9)

We now consider perturbations of the free rigid body, beginning with a deterministic
one.
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Rigid body with constant spatial torque

Let τ ∈ R3 be any constant vector, and define the Hamiltonian

H(Θ,Π) =
1

2
ΠT I−1Π+ τ · π. (6.3.10)

This Hamiltonian is no longer left SO(3)-invariant. Its equations of motion are

Π̇ = Π× I−1Π+Θ−1τ , (forced Euler equation) (6.3.11)

Θ̇ = Θ ˆ︂(I−1Π), (same as in unperturbed rigid body) (6.3.12)

and the motion satisfies π̇ = τ , i.e. the body is subject to a constant spatial torque τ . Such a
torque is realisable in practice by a control moment gyro cluster such as is used in spacecraft
attitude control. Note that though the second equation is identical to the reconstruction
equation of the free rigid body, the equations no longer decouple.

We next consider stochastic perturbations of the same form, with the constant vector
τ replaced by Brownian motions.

Rigid body with stochastic spatial torque

Let {e1, e2, e3} be the canonical basis vectors for R3 and let Ei = 1√
2
êi for i = 1, 2, 3.

The set {E1, E2, E3} is an orthonormal basis with respect to the trace product defined by
⟨X, Y ⟩so(3) := tr(XY T ). Consider the stochastic Hamiltonian system:

•dΓ = Xh(Γ)dt+
3∑︂

i=1

Xπi(Γ) • dBi, Γ0 = (I,Π0) (6.3.13)

where B1, B2 and B3 are standard Brownian motions, h is Hamiltonian for the free rigid body
and I is the identity matrix. Note that this equation is not invariant under the SO(3) action.
However, since the equations on so(3)∗ are deterministic, the reduced equation (6.3.8) still
holds. We note that the body angular momentum of the rigid body behaves deterministically.
The stochastic phase ΘS is determined by solving the reconstruction equation

•dΘ =
3∑︂

i=1

EiΘ • dBi, Θ0 = I. (6.3.14)

It follows that ΘS is a Brownian motion in SO(3) with respect to the right invariant metric
induced by ⟨·, ·⟩so(3). Moreover, identifying the 2-sphere S2 with the coadjoint orbit through
π0 = JL(Γ0), we see π = JL(Γ) is a Brownian motion on S2. From Theorem 6.1.18, the
Stratonovich equation for π is given by

•dπ = −
3∑︂

i=1

(π × ei) • dBi, (6.3.15)
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where êi = Ei for all i = 1, 2, 3.

Let Θdet(t) be the curve in SO(3) that solves the reconstruction equation for the deter-
ministic rigid body, that is,

Θ̇det(t) = Θdet(t)ˆ︁I−1Π. (6.3.16)

Then Γ = (ΘSΘdet,ΘSΘdetΠ̆) in left trivialized coordinates and Γ = (ΘSΘdet, π̆ΘSΘdet) in
right trivialized coordinates. Let ΘT := ΘSΘdet. By Theorem 6.3.4

Γ =
1

2
[ΘT Π̆+ π̆ΘT ],

where the sum is taken fibre-wise over the semimartingale ΘT . Note that ΘT determines the
orientation in space for the stochastic rigid body.

Remark 6.3.5. Since the body angular momentum in the above example behaves deter-
ministically, the stochastic perturbations do not affect the internal rotational dynamics of
the rigid body, such its relative equilibria. Instead, the noise affects the spatial orientation
of the rigid body. As a result, while the axis of rotation undergoes stochastic perturbations,
the motion of the rigid body about the axis remains deterministic.

Remark 6.3.6. We refer the reader to Lázaro-Camí and Ortega [54] and Arnaudon, De
Castro and Holm [4] for the case where the perturbation involves the components of the
body angular momentum. In that case, the reduced equations are stochastic as well.

Stochastic Rigid Body Phases

Suppose T > 0 satisfies Π(T ) = Π(0). We want to find out how much has the rigid body
rotated on average in space. Let Gµ

∼= S1 be generated by ζ̂, where ζ = µ
||µ|| . In case

of the deterministic free rigid body the rotation in space is given by Θdet(T ) = exp[θζ̂],
where θ = −Λ + 2

hred
µ T

||µ|| (see Marsden [60]). Here hred
µ is the conserved value of the reduced

Hamiltonian corresponding to h and Λ(mod2π) = areaD
||µ||2 , where D is one of the spherical caps

on S2 enclosed by Π(t). The Casimir element of SO(3) is given by C = E2
1 +E2

2 +E2
3 = −I.

Hence, the expectation of the stochastic phase ΘS is e−t/2I. We recall that the stochastic
phase leaves the holonomy unchanged. Moreover, it follows from Theorem 6.2.10 that on
average, the rotation of the rigid body is given by e−T/2Θdet(T ) = e−T/2 exp[θζ̂].

6.4 Semi-Direct Products

Let G be a Lie group, V be a vector space and Φ : G → Aut(V ) be a left representation of
G on V . Let S = G s○V be the semi-direct product of a G with V . This is a Lie group with
G× V being the underlying manifold and the group operation being given by

(g1, v1) ⋆ (g2, v2) = (g1g2, v1 + g1v2) (6.4.1)
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where (g1, v1), (g2, v2) ∈ G × V and g1v2 = Φ(g1)(v2). The left and right cotangent lifted
actions of G on T ∗G are denoted by (αg, g) ↦→ g · αg and (αg, g) ↦→ αg · g respectively and
denote by prG : T ∗G → G the canonical projection. Let s denote the Lie algebra of S and s∗

denote the dual of s equipped with the left or minus Lie-Poisson bracket. Let ξv := Φ′(ξ)(v)
and following Holm, Schmah and Stoica [42], we define the diamond operator by

⟨v ⋄ a, ξ⟩ = ⟨a, ξv⟩ ,

for every v ∈ V , a ∈ V ∗ and ξ ∈ g. We denote the momentum maps under the left and right
cotangent lifted action of S on T ∗S by JL and JR respectively. Let PL : T ∗S → T ∗G × V ∗

be the canonical map (αg, v, a) ↦→ (αg, a). As shown in Marsden, Ratiu and Weinstein [61],
JR factors through PL as JR = J̃R ◦ PL, where J̃R : T ∗G× V ∗ → s∗ is given by

J̃R(αg, a) = (g−1 · αg, g
−1a) := (T ∗

e Lg(αg),Φ(g)
∗(a)).

A similar situation holds for JL as well - we let PR : T ∗S → T ∗G × V ∗ denote the map
(αg, v, a) ↦→ (αg + (v ⋄ a) · g, g−1a). Then JL factors through PR as JL = J̃L ◦ PR where J̃L
is given by

J̃L(αg, a) = (αg · g−1, ga) := (T ∗
eRg(αg),Φ(g

−1)∗(a)).

Suppose that the Poisson bracket of two functions on T ∗G×V ∗ is given by their Poisson
bracket on T ∗G. Let h ∈ C∞(T ∗G × V ∗) be a Hamiltonian in T ∗G × V ∗ such that for all
a ∈ V ∗, the Hamiltonian ha ∈ C∞(T ∗G) defined by ha(αg) = h(αg, a) is invariant under the
cotangent lift of the stabilizer Ga of a. Then, there is a reduced Hamiltonian hred ∈ C∞(s∗)
satisfying hred ◦ J̃R = h. Define H ∈ C∞(T ∗S) by H = h◦PL, so that hred ◦JR = h◦PL = H.
Following [42], the Lie-Poisson equations for hred are given by

µ̇ = ad∗
δhred

δµ

µ− δhred

δµ
⋄ a

ȧ = −δhred

δµ
a. (6.4.2)

We now focus on the problem of reconstructing an integral curve of XH from a solution of
the reduced equations on s∗. Suppose L(g,v) and R(g,v) denote left and right translations
by (g, v) in S respectively. Let (αg0 , v0, a0) ∈ T ∗S, where prG (αg0) = g0. Let (µ(t), a(t)
denote the solution of Equation (6.4.2) with (µ(0), a(0)) = (T ∗

e Lg0αg0 ,Φ(g0)
∗(a0)). From

Lie-Poisson reconstruction, the integral curve of XH starting at (αg0 , v0, a0) is given by

zdet(t) = T ∗
(gdet(t),vdet(t))L(gdet(t),vdet(t))−1(µ(t), a(t)),

where (gdet(t), vdet(t)) solves

(ġ(t), v̇(t)) = T(e,0)L(g(t),v(t))

(︃
δhred

δµ
,
δhred

δa

)︃
, (g(0), v(0)) = (g0, v0).

Consequently, gdet(t) is a solution of

ġ = TeLg
δhred

δµ
, g(0) = g0, (6.4.3)
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vdet(t) = v0 +
∫︁ t

0
Φ(gdet(s))

(︂
δhred

δa

)︂
ds and

zdet(t) =
(︂
T ∗
gdet(t)Lgdet(t)−1µ(t), vdet(t),Φ

(︂(︁
gdet(t)

)︁−1
)︂∗

a(t)
)︂
.

Now we perturb XH stochastically by collective Hamiltonians. Let Fi ∈ C∞(s∗) and
consider the stochastic Hamiltonian system on T ∗S given by

•dΓ = XH(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i, Γ0 = (αg0 , v0, a0). (6.4.4)

where Y i is a semimartingale and hi = Fi ◦ JL. By deterministic reconstruction we already
have a solution zdet of XH on T ∗S, so we only need to determine the stochastic phase. Setting
(ν0,m0) = JL(Γ0), the stochastic phase equation (6.1.4) yields

•d(g, v) =
k∑︂

i=1

TeR(g,v)

(︃
δFi

δµ
,
δFi

δa

)︃ ⃓⃓
(µ,a)=Ad∗

(g,v)−1 (ν0,m0)
• dY i, (6.4.5)

with initial condition (g0, v0) = (e, 0). From Holm, Schmah and Stoica [42] we have (g, v)−1 =
(g−1,−Φ(g−1)v) and

Ad∗
(g,v)−1(µ, a) = (Ad∗

g−1µ+ v ⋄ (ga), ga).

Thus, we obtain

Ad∗
(g−1,−Φ(g−1)v)(ν0,m0) = (Ad∗

g−1ν0 − Φ(g−1)v ⋄ (g−1m0), g
−1m0).

Let T : G×V → g∗ be given by T (g, v) = Ad∗
g−1ν0−g−1v ⋄ (g−1m0). Then, Equation (6.4.5)

becomes

•dg =
k∑︂

i=1

TeRg

(︃
δFi

δµ

)︃ ⃓⃓
µ=T (g,v)

• dY i

•dv =
k∑︂

i=1

[︃(︃
δFi

δa

)︃ ⃓⃓
a=g−1m0

+

(︃(︃
δFi

δµ

)︃ ⃓⃓
µ=T (g,v)

)︃
v

]︃
• dY i (6.4.6)

with initial condition (g0, v0) = (e, 0). Let (gS, vS) denote the solution of the above equations.
Then the solution of Equation (6.4.4) is given by

Γt =
(︁
gSt , v

S
t

)︁
· zdet(t)

=
(︁
gSt , v

S
t

)︁
· (αg(t), v(t), a(t))

=
(︂
T ∗
gSt g

det(t)L(gSt g
det(t))

−1µ(t), vSt + Φ(gSt )v
det(t),Φ

(︂(︁
gSt g

det(t)
)︁−1
)︂∗

a(t)
)︂
.

Then PL(Γt) =
(︂
T ∗
gSt g

det(t)
L
(gSt g

det(t))
−1µ(t),Φ

(︂(︁
gSt g

det(t)
)︁−1
)︂∗

a(t)
)︂
.
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6.4.1 The Heavy Top

Let G = SO(3), V = R3 and h ∈ C∞(T ∗G × V ∗) denote the Hamiltonian of the heavy top
given by

h(Θ,Π,v) =
1

2
ΠT I−1Π−mg ⟨v,Θχ⟩ (6.4.7)

where g is the acceleration due to gravity, m is the mass of the rigid body and χ is the
vector from the body’s point of support to the centre of mass. As in the case of the free
rigid body, we consider the E1, E2, E3 of so(3) and the collective Hamiltonians are taken to
be the components of the body’s spatial angular momentum π = (π1, π2, π3) ∈ R3. Letting
H = h ◦ PL and k denote the direction of gravity, we consider the stochastic Hamiltonian
system:

•dΓ = XH(Γ)dt+
3∑︂

i=1

Xπi(Γ) • dBi, Γ0 = (I,v0,Π0,k). (6.4.8)

For physical considerations, we are interested in the solution on T ∗G × V ∗ rather than the
full solution on T ∗S. The projection of Γ on so(3)∗ × (R3)∗ satisfies the equations:

Π̇ = Π× I−1Π+mga× χ

ȧ = a× I−1Π.

Since the collectives are linear and we are interested in the evolution PL(Γ) on T ∗G × V ∗,
hence we may ignore the v-equation in Equation (6.4.6). Then the stochastic phase equation
is same as the case of the free rigid body, that is,

•dΘ =
3∑︂

i=1

EiΘ • dBi, Θ0 = I.

Let ΘS denote the solution of the above equation. If Θdet(t) solves Θ̇det = ΘΠ̆(t) with
Θ(0) = I and Π(0) = Π0 then the integral curve of Xh on T ∗G × V ∗ starting at (I,Π0,k)
is given by (Θ(t),Θ(t)Π̆(t),Θ(t)−1k) in left-trivialized coordinates. Then

PL(Γt) = (ΘS
t Θ

det(t),ΘS
t Θ

det(t)Π̆(t), (ΘS
t Θ

det(t))−1k),

in left-trivialized coordinates.



Chapter 7

Coupling to a Lie Group

In the previous chapter, we have seen that stochastic collective Hamiltonian systems exhibit
three important features:

1. The solution involves an action of a G-valued semimartingale on the deterministic
solution.

2. There is a natural Lie-Poisson system associated with the stochastic collective Hamil-
tonian system.

3. While these systems are not G-invariant in general, if h is G-invariant one can still
carry out a two-step reconstruction process starting from a reduced solution of the
deterministic system. The first one involves reconstructing a solution of the determin-
istic system from P/G to P and introduces a deterministic phase. The second one
involves solving a stochastic differential equation in G to add a stochastic phase to the
deterministic solution.

We will try to explain these three features by considering an uncoupled, G-invariant stochas-
tic Hamiltonian system on an enlarged phase space T ∗G × P . The Hamiltonian system on
P is purely deterministic, whereas the one on T ∗G is stochastic. We will first separately
consider reduction via the cotangent lifted left action G on T ∗G and the action of G on P .
Then, we will reduce the system by considering the action of G on both of the factors. We
will see that the reduced space is isomorphic to g∗ × P . The Poisson bracket on this space
is given by the sum of the (minus) Lie-Poisson bracket on g∗, the Poisson bracket on P , and
additional coupling or interaction terms between the two spaces. Under appropriate initial
conditions, we show that the evolution of the momentum map on P can be identified with
that of the momentum map for the cotangent lifted right action JR on T ∗G. Moreover, in this
case, the projection of the reduced solution onto P solves a stochastic collective Hamiltonian
system.

In Chapter 11 we will revisit coupling to a Lie group from a variational point of view.
Therein, the momentum map J is identified with JL, the momentum map for the cotangent
lifted left action of G on T ∗G. We remark that this difference arises from the fact that in

99
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this chapter we use the left action of G on T ∗G, whereas in Chapter 11 we use the right
action of G on T ∗G.

7.1 Two Reductions and Two Geometric Phases

Suppose G is a Lie group. Assume that G acts on T ∗G by cotangent lifts of left translations
on T ∗G and on P by a free, proper, and canonical action ϕ : G × P → P . Let JR :
T ∗G → g∗ denote the momentum map for the cotangent lifted right action of G on T ∗G. Let
f1, · · · , fk ∈ C∞(g∗) and h ∈ C∞(P ) be G-invariant. Consider the stochastic Hamiltonian
system:

•dα = −
k∑︂

i=1

Xfi◦JR(α) • dY i

ż(t) = Xh(z). (7.1.1)

We first suppose that G acts on T ∗G × P by only acting on the first component, that is,
given (αg1 , z) ∈ T ∗

g1
G × P and g2 ∈ G, we have (αg1 , z) ↦→ ((Tg2Lg−1

2
)∗αg1 , z). Then, since

fi ◦ JR is G-invariant for all i, Equation (7.1.1) is invariant under this action. Consequently,
on the Poisson reduced space g∗ × P , the reduced system is given by

•dµ = −
k∑︂

i=1

ad∗
δfi
δµ

µ • dY i

ż = Xh(z), (7.1.2)

where g∗ is equipped with the left Lie-Poisson bracket. For reconstruction to T ∗G × P , we
need to solve the G-valued Stratonovich equation.

•dg = −
k∑︂

i=1

TeLg

(︃
δfi
δµ

)︃
• dY i, g0 = e. (7.1.3)

A direct calculation yields that ḡt := g−1
t solves the equation

•dḡ =
k∑︂

i=1

TeRḡ

(︃
δfi
δµ

)︃
• dY i, ḡ0 = e. (7.1.4)

Remark 7.1.1. We will see later that ḡ is indeed the stochastic phase gS introduced in the
previous chapter. The key difference so far is that µ is not yet related to the momentum
map of a collective Hamiltonian system. This will be achieved by the coupling mechanism.

Now consider the action of G only on the P factor of g∗ × P . Since h is G-invariant,
so is Equation (7.1.2), and hence, we obtain a reduced Hamiltonian system on g∗ × (P/G).
Let hred denote the reduced Hamiltonian on P/G corresponding to h, with X

P/G

hred denoting
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its Hamiltonian vector field. Then, Poisson reduction of the stochastic Hamiltonian system
(7.1.2) yields the following system on g∗ × (P/G):

•dµ = −
k∑︂

i=1

ad∗
δfi
δµ

µ • dY i

żred = Xhred(zred). (7.1.5)

Next we describe the reconstruction procedure. Let π : P → P/G denote the projection.
Let zred(t) be an integral curve of Xhred and A be a principal connection on P

π−→ P/G.
Let zHor denote the horizontal lift of zred(t) starting at some point x0 in the fiber of zred(0)
and ξ(t) = A ◦Xh(z

Hor(t)). The phase introduced in this reconstruction process is given by
solving

ġdet = TeLgdet(ξ), gdet(0) = e.

Remark 7.1.2. Note that this gdet is the same as the first phase introduced in the recon-
struction from P/G to P .

The next proposition summarizes what we have obtained so far:

Proposition 7.1.3. Let (µ, zred(t) be the solution of Equation (7.1.5). Let A be a principal
connection on P

π−→ P/G, zHor(t) be the horizontal lift of zred(t) starting at some x0 ∈
π−1(zred(0)), ξ(t) denote the g-valued curve A ◦Xh(z

Hor(t)) and gdet(t) denote the solution
of

ġdet = TeLgdet(ξ), gdet(0) = e.

Furthermore, let gt solve the G-valued Stratonovich equation

•dg = −
k∑︂

i=1

TeLg

(︃
δfi
δµ

)︃
• dY i, g0 = e.

Then, the solution of Equation (7.1.1) starting at (µ0, x0) ∈ g∗ × P = T ∗
eG× P is given by

(gt · µt, g
det(t) · zHor(t)).

Remark 7.1.4. We mention that these two reductions commute, namely we can also reduce
first by the action of G on P , and then by the action of G on T ∗G. This is because we are
considering G-action on each of the factors separately.

7.2 Coupling Deterministic and Stochastic Dynamics

We assume that G acts jointly on both the factors of T ∗G × P . Then, since the action is
free, proper, and canonical, the reduced space (T ∗G×P )/G carries a Poisson structure. The
next proposition characterizes this reduced space:
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Proposition 7.2.1 ([46]). Suppose Φ : T ∗G×P → g∗×P is the map defined by Φ(αg, z) =
(JR(αg), g

−1 · z). Consider the Poisson bracket {·, ·}c on g∗ × P defined by

{F,K}c(µ, z) = {F,K}−(µ, z) + {F,K} (µ, z)−
⟨︃
dzF,

(︃
δK

δµ

)︃
P

⟩︃
+

⟨︃
dzK,

(︃
δF

δµ

)︃
P

⟩︃
.

Here the Lie-Poisson bracket {·, ·}− is computed by treating the variable z ∈ P as a constant
and the Poisson bracket {·, ·} on P is computed by treating the variable µ ∈ g∗ as a constant.
Then

1. Φ is a Poisson map.

2. Let G act on g∗ × P by g · (µ, z) ∈ g∗ × P ↦→ (Ad∗
g−1µ, x), for all g ∈ G. Then Φ is

equivariant with respect to this action, and therefore induces a Poisson diffeomorphism
between (T ∗G× P )/G and g∗ × P .

Remark 7.2.2. We note that the Poisson bracket {·, ·}c on g∗ × P involves the sum of
the (−) Lie-Poisson bracket on g∗, the Poisson bracket on P , as well as additional coupling
terms given by −

⟨︂
dzF,

(︂
δK
δµ

)︂
P

⟩︂
+
⟨︂
dzK,

(︂
δF
δµ

)︂
P

⟩︂
. Such coupled Poisson brackets arise in

the study of coupling flexible attachments to rigid bodies; see Krishnaprasad and Marsden
[46] and Simo, Posbergh, and Marsden [85].

Let (αg, z
det) denote the solution of Equation (7.1.1) and suppose gt solves Equation

(7.1.3). Then, gt is the basepoint of αg, which implies that

Φ(αgt , z
det(t)) = (JR(αgt), g

−1
t · zdet) = (JR(αgt), ḡt · zdet).

Proposition 7.2.3. Let πP : g∗×P → P and πg∗ : g
∗×P → g∗ denote the projections onto

the P and g∗ factor respectively. On (g∗ × P, {·, ·}c), (µt,Γt) = (JR(αgt), ḡt · zdet) solves the
following stochastic Hamiltonian system:

•d(µ,Γ) = Xc
h◦πP

(µ,Γ)dt+
k∑︂

i=1

Xc
fi◦πg∗

(µ,Γ) • dY i, (7.2.1)

where the superscript c indicates that these vector fields are computed with respect to the
Poisson bracket {·, ·}c. Moreover, given any f ∈ C∞(P ), we have

f(Γ)− f(Γ0) =

∫︂
{f, h}(Γ)dt+

k∑︂
i=1

∫︂ ⟨︃
dΓf,

(︃
δfi
δµ

⃓⃓⃓
µ

)︃
P

⟩︃
• dY i.

Proof. The fact that (µ,Γ) solves Equation (7.2.1) follows from the Poisson reduction the-
orem and noting that Φ induces a Poisson diffeomorphism of the Poisson reduced space
(T ∗G× P )/G with g∗ × P .

To prove the second part of the proposition, let F = f ◦ πP ∈ C∞(g∗ × P ). Then

F (µ,Γ)− F (µ0,Γ0) =

∫︂
dF • d(µ,Γ)
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=

∫︂
{F, h ◦ πP}c(µ,Γ)dt−

k∑︂
i=1

{F, fi ◦ πg∗}c(µ, g∗) • dY i.

Since fi ∈ C∞(g∗), by definition of {·, ·}c,

{F, fi ◦ πg∗}c = {F, fi}− −
⟨︃
dzF,

(︃
δfi
δµ

)︃
P

⟩︃
= −

⟨︃
µ,

[︃
δF

δµ
,
δfi
δµ

]︃⟩︃
−
⟨︃
dzf,

(︃
δfi
δµ

)︃
P

⟩︃
= −

⟨︃
dzf,

(︃
δfi
δµ

)︃
P

⟩︃
,

since δF
δµ

= 0. Similarly, ⟨︃
dzh,

(︃
δF

δµ

)︃
P

⟩︃
= 0.

Since the projection πP is a Poisson map, we get,

{F, h ◦ πP}c = {f, h} ◦ πP .

Consequently, we obtain

F (µ,Γ)− F (µ0,Γ0) =

∫︂
dF • d(µ,Γ)

=

∫︂
{F, h ◦ πP}c(µ,Γ)dt−

k∑︂
i=1

{F, fi ◦ πg∗}c(µ, g∗) • dY i

=

∫︂
{f, h}(Γ)dt+

k∑︂
i=1

∫︂ ⟨︃
dΓf,

(︃
δfi
δµ

⃓⃓⃓
µ

)︃
P

⟩︃
• dY i.

The next theorem shows characterizes the evolution of the semimartingale µ− J(Γ).

Theorem 7.2.4. Suppose (µ,Γ) solves the equation (7.2.1) and let ν = µ− J(Γ). Then

•dν =
k∑︂

i=1

ad∗
δfi
δµ

ν • dY i. (7.2.2)

Proof. Let f ∈ C∞(g∗) and F = f ◦ πg∗ . Since h is G-invariant we have

F (µ,Γ)− F (µ0,Γ0) = −
k∑︂

i=1

∫︂
{f, fi}−(µ) • dY i.
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Hence,

•dµ = −
k∑︂

i=1

ad∗
δfi
δµ

µ • dY i

On the other hand, G-invariance of h again implies that

f ◦ J(Γ)− f ◦ J(Γ0) =
k∑︂

i=1

⟨︃
dΓ(f ◦ J),

(︃
δfi
δµ

)︃
P

⟩︃
• dY i

= −
⟨︃
dJ(Γ)f, ad

∗
δfi
δµ

J(Γ)

⟩︃
• dY i.

Consequently,

•dJ(Γ) =
k∑︂

i=1

ad∗
δfi
δµ

J(Γ) • dY i.

As a result, with ν = µ− J(Γ)

•dν = −
k∑︂

i=1

ad∗
δfi
δµ

ν • dY i

Now we will identify the momentum map J with JR. To do this, we solve Equation
(7.2.2) with the initial condition ν0 = 0. This corresponds to setting µ0 = J(Γ0). Recall
that, Γ = φ ◦ Φ(αg, ḡ · zdet), where zdet is an integral curve of Xh, ḡt = g−1

t , and gt solves

•dg = −TeLg

(︃
δfi
δµ

⃓⃓⃓
µ=JR(αg)

)︃
• dY i, g0 = e.

Therefore, setting ν0 = 0 implies that µ0 = J(Γ0) = J(zdet(0)). In this case, Equation (7.2.2)
has the solution ν = 0 a.s., which, by existence and uniqueness of solutions, is also unique.
Therefore, we have µ = J(Γ) almost surely. Thus, the evolution of the momentum map J
on P can be identified with that of the momentum map JR on T ∗G.

Let us look at the evolution of Γ. Given any f ∈ C∞(P ), Proposition 7.2.3 yields

f(Γ)− f(Γ0) =

∫︂
{f, h}(Γ)dt+

k∑︂
i=1

∫︂ ⟨︃
dΓf,

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
P

⟩︃
• dY i

=

∫︂
{f, h}(Γ)dt+

k∑︂
i=1

∫︂
{f, fi ◦ J}(Γ) • dY i,

where the last step follows by applying the Collective Hamiltonian Theorem to Xfi◦J . As a
result Γ solves the stochastic collective Hamiltonian system

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xfi◦J(Γ) • dY i.
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Finally, note that by Equation (7.1.4), ḡ solves the G-valued stochastic differential equation

•dg =
k∑︂

i=1

TeRg

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
=

k∑︂
i=1

TeRg

(︄
δfi
δµ

⃓⃓⃓
µ=Ad∗

g−1µ0

)︄
,

where µ0 = J(zdet(0)). Hence, ḡ = gS, where gS is the stochastic phase for the stochastic
collective Hamiltonian system.



Chapter 8

Martingale Evolution of Momentum
Maps

Let G be a Lie group acting on a Poisson manifold P . We have seen that if G is unimodular,
{ξ1, · · · , ξk} is an orthonormal basis of g with respect to a right invariant Riemannian metric
on G, and fi(µ) = ⟨µ, ξi⟩ then the stochastic phase gS associated to the stochastic collective
Hamiltonian system

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xfi◦J(Γ) • dBi

is a Brownian motion in the Lie group, and J(Γ) is Brownian motion in the coadjoint orbit
through µ. Given a semimartingale Z on an arbitrary manifold M with a connection ∇
and associated Hessian Hess∇, following Arnaudon, Chen and Cruzeiro [7], we define the
generalized derivative of Z as follows: if for every f ∈ C∞(M), there exists a TM -valued
process A over Z such that

N f = f(Z)− f(Z0)−
1

2

∫︂
Hess∇f(dZ, dZ)−

∫︂
⟨df(Z), A⟩ dt

is a real-valued local martingale, then we define

D∇Z

Dt
= A.

Z is a martingale with respect to the connection ∇, that is, for all f ∈ C∞(M)

f(Z)− f(Z0)−
1

2

∫︂
Hess∇f(dZ, dZ)

is a local martingale, if and only if D∇Z
Dt

= 0.

Using this definition, we see that a stochastic conservation law arises in this case. Since
J(Γ) is a Brownian motion on Oµ0 , in particular, it is a martingale with respect to the

106
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Levi-Civita connection ∇µ0 of ⟨·, ·⟩Oµ0
. By definition of the generalized derivative, we arrive

at the conservation law
D∇J(Γ)

Dt
= 0.

We wish to point out that this conservation law is purely stochastic in nature. In particular,
it does not hold in general for the deterministic collective Hamiltonian system

ż = Xh(z) +Xf◦J(z)

where f ∈ C∞(g∗) and h is G-invariant. This is because for differentiable curves, the
generalized derivative coincides with the ordinary derivative. But we have already seen that
J(z) is not conserved along the integral curves of the above equation since Xf◦J is not
G-invariant in general.

In this chapter, we describe a general perturbation in the vertical direction of determin-
istic G-invariant Hamiltonian systems such that the momentum map evolves as a martingale
on the coadjoint orbit. These perturbations are introduced in the next section and they
correspond to the stochastic version of adding an infinitesimally general vector field to the
Hamiltonian vector field. Similar to the case of stochastic collective Hamiltonian systems,
the resulting solution can be written as the action of a semimartingale in the Lie group on
the deterministic integral curve. Then, following Stelmastchuk [86], we describe the general
theory of martingales on reductive homogeneous spaces in Section 8.2. In Section 8.3, we
will specialize this to the case of reductive coadjoint orbits. This will be used to establish
conditions in Theorem 8.3.3 under which the momentum map is a martingale.

We remark that Theorem 8.3.3 generalizes the stochastic Noether’s theorem of Lázaro-
Camí and Ortega stated in Theorem 4.1.7. In the setting of the latter, the momentum map
is conserved in the classical sense; namely, it is almost surely constant along solutions. In
the present framework, this requirement is relaxed by requiring only that its generalized
derivative vanishes, thereby yielding a weaker notion of conservation. For related results in
stochastic calculus of variations formulated in terms of semimartingale drifts, we refer the
reader to Thieullen and Zambrini [90] and Huang and Zambrini [44]. In these works, the
authors study stochastic conservation by considering transformations preserving a stochastic
action functional and derive necessary conditions under which associated conserved quantities
arise as real-valued martingales. In this sense, our results are a manifold-level counterpart
of this approach to stochastic conservation. We emphasize, however, that since smooth
functions of martingales are not, in general, martingales, it follows that arbitrary smooth
functions of a martingale on a coadjoint orbit need not define stochastic conserved quantities
in the sense of [90].

8.1 Vertical Perturbations of Hamiltonian Systems

Let G be a Lie group and P be a Poisson manifold. Suppose ϕ : G × P → P is a smooth
action of G on P . Following Hakim-Dowek and Lépingle [40] and Arnaudon [6], we recall the
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definitions of the left and right stochastic exponentials on G, denoted by εL(Y ) and εR(Y ),
respectively. If Y is a g-valued semimartingale then εL(Y ) and εR(Y ) are the solutions of

•dg = TeLg • dY =: g(•dY ), g0 = e, (8.1.1)

and
•dg = TeRg • dY =: (•dY )g, g0 = e, (8.1.2)

respectively. We note that if g = εR(Y ) then g−1 = εL(−Y ) since g−1
0 = e and

•dg−1 = −(Tg−1Lg)
−1 ◦ TgRg−1 • dg = TeLg−1 • d(−Y )

Given any semimartingale Γ in P , we define the Stratonovich differential (•dY )P (Γ) by
setting ∫︂

α(•dY )P (Γ) =

∫︂
(ϕ∗

Γα)e • dY. (8.1.3)

It will be more convenient for us to think of this in terms of a basis {ei}ki=1 of g. Let
Y =

∑︁k
i=1 Y

iei, where Y i is a real valued semimartingale. Then∫︂
α(•dY )P (Γ) =

∫︂
(ϕ∗

Γα)e • dY

=
k∑︂

i=1

∫︂
(ϕ∗

Γα)e(ei) • dY i

=
k∑︂

i=1

∫︂
⟨α, TeφΓ(ei)⟩ • dY i

=
k∑︂

i=1

∫︂
⟨α, (ei)P (Γ)⟩ • dY i,

where given any p ∈ P and g ∈ G, φp(g) = g · p. As in the proof of the stochastic collective
Hamiltonian theorem, we denote the derivative of φp in the direction of vg ∈ TgG by vgp.
We also note that the Stratonovich equations for the left and right stochastic exponentials
are given by

•dg =
k∑︂

i=1

TeLg(ei) • dY i, g0 = e

•dg =
k∑︂

i=1

TeRg(ei) • dY i, g0 = e,

respectively. The next theorem is similar to the corresponding theorem for stochastic collec-
tive Hamiltonian systems:

Theorem 8.1.1. Let h ∈ C∞(P ) be G-invariant and zdet be an integral curve of Xh. Suppose
Y is a g-valued semimartingale and gS = εR(Y ). Then Γ := gS · zdet solves the Stratonovich
differential equation

•dΓ = Xh(Γ)dt+ (•dY )P (Γ). (8.1.4)
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Proof. Let Γ = gS · zdet, where gS = εR(Y ). We use the Stratonovich differential notation
to prove this theorem, leaving the details to the proof of Theorem 6.1.10. With Γ = gS · zdet,
we have

•dΓ = •d(gS · zdet)
= gS · żdet(t)dt+ •dgS · zdet

= gS ·Xh(z
det(t))dt+

k∑︂
i=1

(eig
S)zdet • dY i

= gS ·Xh(z
det(t))dt+

k∑︂
i=1

(︂
ei(g

S)
−1
)︂
P
(gS · zdet) • dY i

= Xh(g
S · zdet(t))dt+

k∑︂
i=1

(︂
ei(g

S)
−1
)︂
P
(gS · zdet) • dY i

= Xh(Γ)dt+ (•dY )P (Γ),

as required.

Remark 8.1.2. With ḡ = εL(−Y ), we have gS = ḡ−1.

8.2 Martingales on Reductive Homogeneous Spaces

Following Stelmastchuk [86], first we describe martingales on reductive homogeneous spaces.
Let K be a closed subgroup of the Lie group G. We say that the homogeneous space G/K
is reductive if there is an Ad(K) invariant subspace p of g such that g = k ⊕ p. Here k is
the Lie algebra of K. We recall that if K is compact then G/K is always reductive. We let
πG/K : G → G/K, πp : g → p, and πk : g → k denote the corresponding projections. We also
let o = πG/K(e).

Let βG/K : p×p → p be an ad(k)-invariant bilinear map. Nomizu [74, Theorem 8.1] shows
that this is equivalent to choosing a G-invariant connection ∇G/K on G/K. Also assume that
∇G/K is torsion-free, which, by [74, Equation 9.1], implies that βG/K(ξ, η) − βG/K(η, ξ) =
πp ◦ adξη for all ξ, η ∈ p. Suppose we have a bilinear map βG : g × g → g satisfying
πp ◦ βG(ξ, η) = βG/K(πp(ξ), πp(η)) and βG(ξ, η) − βG(η, ξ) = adξη for all ξ, η ∈ g. Extend
βG to a left G-invariant, torsion-free connection ∇G on G by setting ∇G

ξL(η
L) = βG(ξ, η)

L,
where the superscript L denotes the left invariant vector field corresponding to a Lie algebra
element. Then ∇G reduces to ∇G/K in the following sense: let ω be the left Maurer-Cartan 1-
form on G. Then ωk := πk◦ω : TG → k is a principal connection on the bundle G

πG/K−−−→ G/K.
Let (·)h denote the horizontal lift of a vector field on G/K to G. Then, given vector fields
X, Y ∈ X∞ (G/K), we have h(∇G

XhY
h) = (∇G/K

X Y )h, where h : TG → Hor (TG) is the
projection onto the horizontal subspace {TeLg(p) | g ∈ G} defined by ωk.

Given this setup, the following theorem characterizes the ∇G/K-martingales.
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Theorem 8.2.1. Let Z be a semimartingale in G/K with Z0 = o and Zh denote the
horizontal lift of Z via the connection ωk starting at e, that is, πG/K(Z

h) = Z, Zh
0 = e and∫︁

ωk • dZh = 0. The following are equivalent:

1. Z is a ∇G/K-martingale.

2. The Itô integral
∫︁
ωkd∇

G
Zh equals 0 a.s. In this case, Zh is said to be a horizontal

martingale.

3. The Itô integral
∫︁
ωd∇

G
Zh is a local martingale in p.

4. There is a p-valued local martingale Y such that if ḡ satisfies the Itô differential equation

d∇
G

ḡ = TeLḡd
∇g

Y, ḡ0 = e,

then Z = πG/K(ḡ). Here ∇g
ξη = ∇G

ξ η(e) for all ξ, η ∈ g.

If ∇G is the canonical affine connection on G given by ∇G
ξLη

L = 1
2
[ξ, η]L, for all ξ, η ∈ g,

then each of the Itô integrals can be replaced by their corresponding Stratonovich integrals.
The corresponding connection on G/K is induced by the bilinear map (ξ, η) ∈ p × p ↦→
1
2
πp([ξ, η]). Moreover, the martingales in G are the stochastic exponentials of the local

martingales in g (see, for instance Stelmastchuk [87, Example 5.1]). In this case, we have
the following corollary:

Corollary 8.2.2. Endow G/K with the connection arising from the bilinear map (ξ, η) ∈
p × p ↦→ πp([ξ, η]) and define the connection ∇G on G by ∇G

ξLη
L = 1

2
[ξ, η]L, for all ξ, η ∈ g.

Let Z be a semimartingale in G/K with Z0 = o and Zh denote the horizontal lift of Z via
the connection ωk starting at e. Then the following are equivalent:

1. Z is a ∇G/K-martingale.

2.
∫︁
ωk • dZh equals 0 a.s.

3.
∫︁
ω • dZh is a local martingale in p.

4. There is a p-valued local martingale Y such that Z = πG/K(ε
L(Y )).

8.3 Martingales on Coadjoint Orbits

Now consider the case when K is the coadjoint isotropy subgroup Gµ of µ. To connect the
evolution of the momentum map along solutions of Equation (8.1.4), it will be convenient to
use the canonical affine connection. Suppose the coadjoint orbit Oµ0

∼= G/Gµ0 is reductive,
that is, there exists an Ad(Gµ0)-invariant subspace p of g such that g = gµ0 ⊕ p. Given a
semimartingale µt = Ad∗

g−1
t
µ0 in Oµ0 , its horizontal lift with respect to the canonical affine

connection is a semimartingale ght satisfying the following properties:
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1. πOµ0
(ght ) = µt, where πOµ0

: G → Oµ0 is the projection onto Oµ0 .

2. gh0 = e.

3.
∫︁
ωgµ0 • dght = 0.

Thus, we obtain that kt := (ght )
−1gt is a semimartingale in Gµ0 . Reductivity and horizontality

imply that
•dkt = TeLkt ◦ ωgµ0 • dgt, k0 = e,

that is, kt = εL(
∫︁
ωgµ0 • dgt). This allows us to determine kt from gt, from which ght can be

easily determined. As a result of Corollary 8.2.2, we obtain the following theorem:

Theorem 8.3.1. Suppose that Oµ0 is a reductive coadjoint orbit. Endow Oµ0 with the con-
nection ∇µ0 arising from the bilinear map (ξ, η) ∈ p×p ↦→ πp([ξ, η]) and define the connection
∇G on G by ∇G

ξLη
L = 1

2
[ξ, η]L, for all ξ, η ∈ g. Let µt = Ad∗

g−1
t
µ0 be a semimartingale in Oµ0 ,

and define the semimartingales kt = εL(
∫︁
ωgµ0 • dgt) and ght = gtk

−1
t . Then the following are

equivalent:

1. µt is a ∇µ0-martingale.

2.
∫︁
ωgµ0 • dgh equals 0 a.s.

3.
∫︁
ω • dgh is a local martingale in p.

4. There is a p-valued local martingale Yt such that µt = πOµ0
(εL(Yt)).

As a consequence of this theorem, we record the following lemma:

Lemma 8.3.2. In the setup of Theorem 8.3.1 µt is a martingale in Oµ0 if and only if∫︁
Adk−1

t
◦ πp • dYt is a local martingale, where πp : g = gµ0 ⊕ p → p is the projection onto

the second factor.

Proof. We have
kt = εL(πgµ0

(−Yt)) = εR(πgµ0
(Yt)),

where πgµ0
: g = gµ0 ⊕ p → gµ0 is the projection onto the first factor. Then

•dght = (•dgt)k−1
t − gtk

−1
t (•dkt)k−1

t

= −gt(•dYt)k
−1
t + gtk

−1
t ktπgµ0

(•dYt)k
−1
t

= −gt(πp(•dYt))k
−1
t

= −ght (Adk−1
t

◦ πp(•dYt))

= ght • d
(︃
−
∫︂

Adk−1
t

◦ πp • dYt

)︃
.

Note that, since kt lies in Gµ0 , −
∫︁
Adk−1

t
πp •dYt takes values in p by the reductivity hypoth-

esis. Thus, by Theorem 8.3.1, µt is a martingale if and only if −
∫︁
Adk−1

t
πp • dYt is a local

martingale, or equivalently,
∫︁
Adk−1

t
πp • dYt is a local martingale.
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Now we state the main theorem of this section:

Theorem 8.3.3. Let Γ = gS ·zdet solve Equation (8.1.4), where zdet is an integral curve of Xh

and gS = εR(Y ). Assume that the G-action on P admits a coadjoint equivariant momentum
map J : P → g∗ and set µ0 = J(zdet(0)). Suppose that Oµ0 is a reductive coadjoint orbit, ∇G

is the canonical affine connection on G and ∇µ0 is the reduced connection on Oµ0 obtained
from ∇G. The following are equivalent:

1. J(Γ) is a martingale.

2. D∇µ0 J(Γ)
Dt

= 0.

3. Let kt = εR(πgµ0
(Yt)). Then

∫︁
Adk−1

t
πp • dYt is a local martingale.

In particular, if Y is a local martingale in p then J(Γ) is a martingale in Oµ0 .

Proof. By definition of the generalized derivative, the equivalence between (1) and (2)
follows immediately. For the equivalence between (1) and (3), we note that since h is G-
invariant and J is coadjoint equivariant, we have

J(Γ) = J(gS · zdet) = Ad∗
(gS)−1J(zdet) = Ad∗

(gS)−1µ0.

Then, by the previous lemma J(Γ) is a martingale if and only if
∫︁
Adk−1

t
πp • dYt is a local

martingale.

For the second part of the theorem, suppose that Y is a local martingale in p. Then
kt equals the identity element e and hence,

∫︁
Adk−1

t
πp • dYt = Yt is a local martingale in p.

This implies that J(Γ) is a martingale.

The next corollary is an application of this theorem to stochastic collective Hamiltonian
systems with linear collectives.

Corollary 8.3.4. Let fi ∈ C∞(g∗) be defined by fi(µ) = ⟨µ, ξi⟩, where ξi ∈ p for all
i = 1, · · · , k. Let J : P → g∗ be a coadjoint equivariant momentum map, hi = fi ◦ J ,
and Y =

∑︁k
i=1 ξiY

i, where Y 1, · · · , Y k are real-valued semimartingales. Let ∇G and ∇µ0 be
defined as in Theorem 8.3.3. Suppose Γ = gS · zdet solves

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i,

where zdet is an integral curve of Xh and gS = εR(Y ). Then D∇µ0 J(Γ)
Dt

= 0 if Y is a local
martingale.

Proof. Note that Y is a semimartingale in p. By the Collective Hamiltonian Theorem,

Xh(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i
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= Xh(Γ)dt+
k∑︂

i=1

(︃
δfi
δµ

⃓⃓⃓
µ=J(Γ)

)︃
P

(Γ) • dY i

= Xh(Γ)dt+
k∑︂

i=1

(ξi)P (Γ) • dY i

= Xh(Γ)dt+ (•dY )P (Γ).

If Y is a local martingale then by the previous theorem, J(Γ) is a martingale.

Remark 8.3.5. We mention that if h, h1, · · · , hk are G-invariant Hamiltonians, Y 1, · · · , Y k

are real-valued semimartingales and ξ is a semimartingale in g, then proceeding as in the
proof of Theorem 8.1.1 the solution of the stochastic differential equation

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xhi
(Γ) • dY i + (•dξ)P (Γ)

is given by Γ = gS · Γ̃, where Γ̃ solves the stochastic Hamiltonian system

•dΓ̃ = Xh(Γ̃)dt+
k∑︂

i=1

Xhi
(Γ̃) • dY i

and gS solves
•dg = TeRg • dξ, g0 = e.

By the stochastic Noether’s theorem (Theorem 4.1.7), J(Γ̃) = µ0, where µ0 is a constant.
Hence J(Γ) = Ad∗

(gS)−1µ0. In particular, if ξ is a local martingale in p then

D∇µ0J(Γ)

Dt
= 0.

In particular, with ξ = 0, we note that the hypotheses of the stochastic Noether’s theorem
4.1.7 also imply Theorem 8.3.3.
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Stochastic Variational Principles
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Chapter 9

Stochastic Hamilton-Pontryagin
Principle

In Lagrangian mechanics, one starts with a (smooth) curve q(t) on a manifold Q and a
Lagrangian function L : TQ → R that models the dynamics of the system. Typically, L is
chosen to be the kinetic energy minus the potential energy. Hamilton’s principle states that
the trajectory of a mechanical system between time t0 and t1 is determined by finding the
stationary point of the action

∫︁ t1
t0

L(q(t), q̇(t))dt among all curves that fixes the endpoints,
that is, q(t0) = a and q(t1) = b for some a, b ∈ Q. In other words, one looks at deformations
ϵ ↦→ qϵ(t) of q(t), for ϵ ∈ (−s, s) with s > 0, such that:

1. qϵ(t) is smooth and q0(t) = q(t),

2. δq(t) := ∂
∂ϵ

⃓⃓⃓
ϵ=0

qϵ(t) satisfies δq(t0) = δq(t1) = 0.

Then, the stationary point is determined from
∫︁ t1
t0

dL(q(t), q̇(t))(δq(t), δq̇(t))dt = 0.

Finding the stationary point of the action is equivalent to solving the Euler-Lagrange
equations

∂L
∂q

− d

dt

(︃
∂L
∂q̇

)︃
= 0.

A standard argument to show this equivalence is to proceed in local coordinates, by subdi-
viding the curve q(t) into a finite number of segments, each of which lies in a chart. Then,
in local coordinates, one writes

dL(q(t), q̇(t))(δq(t), δq̇(t)) =
⟨︃
∂L
∂q

, δq

⟩︃
+

⟨︃
∂L
∂q̇

, δq̇

⟩︃
.

Integration by parts and an application of the fundamental lemma of the calculus of variations
then yield the desired equivalence.

There are several problems that arise while trying to generalize this to the stochastic
case. We list them here:
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1. While taking variations of the action, the equality

∂

∂ϵ

⃓⃓⃓
ϵ=0

∫︂ t1

t0

L(qϵ(t), q̇ϵ(t))dt =
∫︂ t1

t0

dL(q(t), q̇(t))(δq(t), δq̇(t))dt = 0

proceeds by applying the dominated convergence theorem. However, in stochastic
geometric mechanics one typically works with Stratonovich integrals, which lack the
dominated convergence theorem for Itô integrals with respect to the ucp topology. In
this context, the problem is in which topology should we interpret the variation δq
when q is a semimartingale, and in which topology should we interpret the variation of
the action itself, in order to obtain an analogue of the dominated convergence theorem
for the Stratonovich case.

2. The introduction of partial derivatives of L involves localizing the problem in coordi-
nate charts. In the deterministic case, when one localizes the problem to coordinate
charts, the entry times and exit times for a curve are fixed, deterministic times. Thus,
from a global fixed-endpoint problem, one can obtain a local fixed-endpoint problem.
In the stochastic case, the entry time and exit times for a stochastic process in entering
and leaving a chart are random variables. This leads to the problem of constructing
variations that are fixed not only at the deterministic initial and final times but also at
these random entry and exit times. Moreover, to ensure that the resulting Stratonovich
integrals are well-defined, the constructed variations must also be semimartingales, and
in particular, adapted to the underlying filtration.

3. The implication that a curve is a stationary point of the action only if it satisfies the
Euler-Lagrange equations proceeds by applying the fundamental lemma of the calculus
of variations. When Q = R, this lemma states that if g is a continuous function
defined on (a, b) ⊇ (t0, t1) and

∫︁ t1
t0

g(t)h(t)dt = 0 for all smooth functions h compactly
supported on (t0, t1), then g ≡ 0 in (t0, t1). Note that given a curve γ : [t0, t1] → R every
smooth function h which is compactly supported on (t0, t1) provides a fixed-endpoint
deformation of γ given by ϵ ↦→ γ(t) + ϵh(t). Hence, the classical fundamental lemma
operates entirely within the class of fixed-endpoint deformations used in the action
principle. In the stochastic case, how does one formulate an analogous fundamental
lemma for the type of fixed endpoint deformations discussed in the previous point?

4. Stochastic processes generally lack differentiability. How do we express the action
integral

∫︁ t1
t0

L(q(t), q̇(t))dt in terms of well-defined stochastic integrals? Moreover, in
the stochastic case, how do we ensure that the action integral remains coordinate
independent?

5. In [62], it is shown that under some mild hypotheses on L (namely, that it is a regu-
lar Lagrangian), the Euler-Lagrange equations can be viewed as determining integral
curves of a specific second order vector field, called the Lagrangian vector field. Can
we have a similar interpretation in the stochastic case as well?

Section 9.1 aims to answer the first three questions, and Section 9.2 addresses the final two
questions.



9.1. VARIATIONS OF A SEMIMARTINGALE 117

In Section 9.1, we introduce variations and in particular, fixed endpoint variations, of
semimartingales. We prove a stochastic analogue of the fundamental lemma of the calculus
of variations for Stratonovich integrals, especially taking into account variations that vanish
at the first hitting and exit times for a chart. In Section 9.2, we focus on the stochastic
Hamilton-Pontryagin principle. The stochastic Hamilton-Pontryagin principle was formu-
lated by Bou-Rabee and Owhadi [13] and studied more recently in Street and Takao [89]. As
an application of the variational framework developed in Section 9.1, we present a proof
of the local form of the stochastic Hamilton-Pontryagin principle. This generalizes the
Hamilton-Pontryagin principle formulated in [89] to arbitrary noise semimartingales. We
also discuss a stochastic version of Noether’s theorem on the variational principle side. We
then describe a novel method for working with variational principles globally on manifolds by
using Stratonovich operators. Here we exploit the fact that Stratonovich equations on man-
ifolds are determined by Stratonovich operators and these are deterministic generalizations
of vector fields.

The present approach addresses several technical difficulties that have not been treated
in the existing literature. In particular, Bismut [11, 12] develops stochastic variational princi-
ples for mechanical systems from the point of view stochastic optimal control. In that setting,
the variations are taken to be free, while endpoint constraints are incorporated through addi-
tional terms in the action functional. The resulting backward stochastic differential equations
are shown to provide sufficient conditions for criticality. However, neither a stochastic ana-
logue of the fundamental lemma of the calculus of variations nor a proof of necessity of these
equations for critical points is established therein. Variational formulations for semimartin-
gales have also been studied in the Lie group setting by Arnaudon, Chen, and Cruzeiro
[7], and, using techniques from Malliavin calculus, by Cruzeiro, Holm, and Ratiu [29] and
Huang and Zambrini [44]. These works, however, do not address the localization via stopping
times required to impose fixed endpoint conditions in local coordinates. Related difficulties
also arise in the approaches of Crisan and Street [88] and Street and Takao [89], which are
formulated using semimartingales compatible with a prescribed driving noise. By contrast,
the framework developed here allows for a local-coordinate treatment while preserving both
adaptedness and fixed endpoint constraints. The stochastic fundamental lemma established
in Section 9.1.2 yields both necessity and sufficiency of the implicit Euler-Lagrange equations,
while the intrinsic formulation in terms of solutions to Stratonovich stochastic differential
equations allows us to convert stochastic variational problems to deterministic variational
problems.

9.1 Variations of a Semimartingale

In this section we describe variations of a semimartingale Γ in a smooth manifold M .

Definition 9.1.1. Let Γ be a semimartingale in a smooth manifold M . A deformation of
Γ is a map [−s, s] → S (M) denoted by ϵ ↦→ Γϵ, where ϵ ∈ [−s, s] for some s > 0, such that:

• Γ0,t = Γt.
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• The map ϵ ∈ [−s, s] ↦→ Γϵ ∈ S (M) is continuous at 0 with respect to the semimartin-
gale topology on S (M). Additionally, there exists a TM -valued semimartingale δΓ

such that for every f ∈ C∞(M), f(Γϵ)−f(Γ)
ϵ

→ df(δΓ) with respect to the semimartin-
gale topology on S (R) as ϵ → 0. The semimartingale δΓ will be called a variation
of Γ.

Remark 9.1.2. It is assumed implicitly that the lifetimes of the semimartingales Γϵ are at
least as large as the lifetime of Γ.

Remark 9.1.3. By definition of differentiability in the semimartingale topology on M ,
Definition 9.1.1 means that the map ϵ ↦→ Γϵ is differentiable at ϵ = 0 with respect to the
semimartingale topology on S (M), and its derivative is δΓ.

Definition 9.1.4. Let M be a smooth manifold and Γ be a semimartingale in M . We say
that Γ is admissible if, for every semimartingale Y in TM over Γ, there exists a deformation
ϵ ↦→ Γϵ of Γ with δΓ = Y.

Theorem 9.1.5. Assume that Γ is a semimartingale in a Riemannian manifold M and exp
denotes the exponential map on M . If expΓt(ω) has domain TΓt(ω)M for all t ≥ 0 and ω ∈ Ω
then Γ is admissible.

Proof. This follows directly from Corollary 4.3 in Arnaudon and Thalmaier [5]. We remark
that the hypothesis ensures that the lifetimes of Γϵ are at least as large as the lifetime of
Γ.

Remark 9.1.6. Using the Hopf-Rinow theorem we conclude that if M is connected and M
is a compact manifold or a geodesically complete manifold then every semimartingale Γ on
M is admissible.

Definition 9.1.7. Let Γ ∈ S (M), X ∈ S (R), f ∈ C∞(M) and α be a 1-form on M .
Given a deformation ϵ ↦→ Γϵ, we define:

1. D
∫︁
f(Γ) • dX = lim

ucp
ϵ→0

∫︁ f(Γϵ)−f(Γ)
ϵ

• dX.

2. D
∫︁
α • dΓ = lim

ucp
ϵ→0

1
ϵ

(︁∫︁
α • dΓϵ −

∫︁
α • dΓ

)︁
.

Remark 9.1.8. The notation D is used as opposed to δ in order to distinguish between ucp
convergence and semimartingale convergence.

The next lemma prescribes a method for computing variations of Stratonovich integrals.

Lemma 9.1.9. Let Γ be a semimartingale in a manifold M and ϵ ↦→ Γϵ be a deformation
of Γ.

1. For every real semimartingale X and f ∈ C∞(M)

D
∫︂

f(Γ) • dX =

∫︂
df(δΓ) • dX (9.1.1)
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2. For every 1-form α on M

D
∫︂

α(Γ) • dΓ =

∫︂
iδΓdα • dΓ + ⟨α(Γ), δΓ⟩ − ⟨α(Γ0), δΓ0⟩, (9.1.2)

where dα denotes the exterior derivative of α.

Proof. The first statement follows by applying Proposition 3.1.27 to Zϵ :=
f(Γϵ)−f(Γ)

ϵ
.

The proof of the second statement is similar to the proof of Proposition 4.3 in Lázaro-
Camí and Ortega [55]. By the Whitney Embedding Theorem, there exists a positive integer
ℓ such that M can be smoothly embedded as a submanifold in Rℓ. In the embedded picture,
we can write α(p) =

∑︁ℓ
i=1 αi(p)dfi(p) where α1, · · · , αℓ, f1, · · · , fℓ ∈ C∞(Rℓ). Then

1

ϵ

[︃∫︂
α • dΓϵ −

∫︂
α • dΓ

]︃
=

ℓ∑︂
i=1

1

ϵ

[︃∫︂
αi(Γϵ) • dfi(Γϵ)−

∫︂
αi(Γ) • dfi(Γ)

]︃

=
ℓ∑︂

i=1

[︃∫︁
αi(Γϵ) • dfi(Γϵ)−

∫︁
αi(Γϵ) • dfi(Γ)

ϵ

+

∫︁
αi(Γϵ) • dfi(Γ)−

∫︁
αi(Γ) • dfi(Γ)

ϵ

]︃
Given i ∈ {1, · · · , k}, first consider the term∫︁

αi(Γϵ) • dfi(Γϵ)−
∫︁
αi(Γϵ) • dfi(Γ)

ϵ
=

∫︂
αi(Γϵ) • d

(︃
fi(Γϵ)− fi(Γ)

ϵ

)︃
.

We claim that this term converges to
∫︁
αi(Γ) • d ⟨dfi(Γ), δΓ⟩ in ucp as ϵ goes to 0. To

prove this, first note that as ϵ → 0, αi(Γϵ) converges to αi(Γ) and fi(Γϵ)−fi(Γ)
ϵ

converges to
⟨dfi(Γ), δΓ⟩ in the semimartingale topology. Consequently, by Proposition 3.3.5, the claim
holds.

Using the product rule for Stratonovich integrals, we write

⟨αi(Γ)dfi(Γ), δΓ⟩ − ⟨αi(Γ)dfi(Γ0), δΓ0⟩

=

∫︂
αi(Γ) • d ⟨dfi(Γ), δΓ⟩+

∫︂
⟨dfi, δΓ⟩ • dαi(Γ).

Now we discuss the second term, that is,∫︁
αi(Γϵ) • dfi(Γ)−

∫︁
αi(Γ) • dfi(Γ)

ϵ
.

By definition of δΓ this converges in ucp to∫︂
⟨dαi(Γ), δΓ⟩ • dfi(Γ)
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as ϵ → 0. Consequently, for the i-th term[︃∫︁
αi(Γϵ) • dfi(Γϵ)−

∫︁
αi(Γϵ) • dfi(Γ)

ϵ

+

∫︁
αi(Γϵ) • dfi(Γ)−

∫︁
αi(Γ) • dfi(Γ)

ϵ

]︃
ϵ→0−−→
ucp

⟨αi(Γ)dfi(Γ), δΓ⟩ − ⟨αi(Γ)dfi(Γ0), δΓ0⟩

−
∫︂

⟨dfi, δΓ⟩ • dαi(Γ) +

∫︂
⟨dαi(Γ), δΓ⟩ • dfi(Γ)

=

∫︂
iδΓ(dα

i ∧ dfi) • dΓ + ⟨αi(Γ)dfi(Γ), δΓ⟩ − ⟨αi(Γ)dfi(Γ0), δΓ0⟩ .

The result follows by summing over i from 1 to ℓ.

The next result may be obtained either by purely deterministic arguments or as a
corollary of the previous lemma:

Corollary 9.1.10. Let γ(t) be a smooth curve in M and α be a 1-form on M . Suppose
ϵ ↦→ γϵ(t) is a variation of γ(t). Then

δ ⟨α(γ(t)), γ̇(t)⟩ = iδγdα(γ̇(t)) +
d

dt
⟨α(γ(t)), δγ⟩ . (9.1.3)

9.1.1 Fixed Endpoint Variations

We will assume that Γ is an admissible semimartingale in M . Let T > 0 be fixed. Suppose g ∈
C∞(R) is supported on (0, T ) and X ∈ X∞ (M). Then Yt = g(t)X(Γt) is a semimartingale
in TM over Γ (that is, the projection of Y on M is Γ) that vanishes at t = 0 and t = T .
Then there exists a deformation ϵ ↦→ Γϵ of Γ such that δΓ = Y .

A second way to construct variations that vanish at t = 0 and t = T is inspired by
the works of Arnaudon, Chen and Cruzeiro [7] and Huang and Zambrini [44]. Assume M

is equipped with a connection, Γ0 = a for some a ∈ M and let
⃦⃦Γ
0→t

v denote the parallel
transport of a vector v ∈ TaM along Γ. Let v(t) be a deterministic curve in TaM such that
v(0) = v(T ) = 0. Then Yt :=

⃦⃦Γ
0→t

v(t) is the TM -valued semimartingale over Γ such that
Y0 = YT = 0. The admissibility hypothesis ensures that there exists a deformation ϵ ↦→ Γϵ

of Γ with δΓ = Y .

Now, we describe variations that vanish locally. Given a closed subset K ⊆ M we
describe how to construct variations of the portion of Γ that lies in K. Recall that if τhK is
the hitting time for K and if τ (h,e)K := τ eK

(︂
Γt+τhK(Γ)

)︂
then Γ|

[[τhK ,τhK+τ
(h,e)
K ]]

is the portion of Γ
that lies in K. Let f ∈ C∞(M) be supported on the interior intK of K and X ∈ X∞ (M).
Then f ·X vanishes outside intK. It follows that Ỹ = f ·X(Γ) vanishes on [[0,∞[[\]]τhK , τhK+

τ
(h,e)
K [[= [[0, τhK ]]

⋃︁
[[τhK+τ

(h,e)
K ,∞[[. Let g ∈ C∞(R) be supported on (0, T ). Then Yt := g(t)Ỹt
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is a TM valued semimartingale that not only vanishes on [[0, τhK ]]
⋃︁
[[τhK+τ

(h,e)
K ,∞[[, but also

for all t ≥ T . The admissibility hypothesis shows that there exists a deformation ϵ ↦→ Γϵ of
Γ with δΓ = Y .

Definition 9.1.11. Let K ⊆ M be a closed subset and Γ be an admissible semimartingale
in M .

1. A K-deformation of Γ is a deformation ϵ ↦→ Γϵ of Γ such that δΓ vanishes outside
]]τhK , τ

h
K + τ

(h,e)
K [[. The corresponding variation will be called a K-variation.

2. Given T > 0, a (K,T )-deformation of Γ is a K-deformation ϵ ↦→ Γϵ of Γ such that
δΓ also vanishes on [[

(︂
τhK + τ

(h,e)
K

)︂
∧ T,∞[[. The associated variation δΓ will be called

a (K,T )-variation.

Lemma 9.1.12. Let ϵ ↦→ Γϵ be a K-deformation of Γ, where K ⊂ M is closed. Then:

1. For every f ∈ C∞(M)

D
∫︂ T

0

f(Γ) • dX =

∫︂ τhK+τ
(h,e)
K

τhK

df(δΓ|T ) • dX

.

2. For every 1-form α on M

D
∫︂ T

0

α • dΓ =

∫︂ τhK+τ
(h,e)
K

τhK

iδΓ|Tdα • dΓ|T + ⟨α(ΓT ), δΓT ⟩ − ⟨α(Γ0), δΓ0⟩ .

Proof. We only prove (1) since the proof of (2) is similar. It follows from the definition
that δΓ vanishes outside ]]τhK , τ

h
K + τ

(h,e)
K [[. Let ⊮(·) denote the indicator function. Using

Proposition 5.3 in Lázaro-Camí and Ortega [55], we have

D
∫︂ T

0

f(Γ) • dX =

∫︂ T

0

df(δΓ) • dX

=

∫︂
⊮[0,T ]⊮[[τhK ,τhK+τ

(h,e)
K ]]

df(δΓ) • dX

=

∫︂
⊮

[[τhK ,τhK+τ
(h,e)
K ]]

df(δΓ|T ) • dX

=

∫︂ τhK+τ
(h,e)
K

τhK

df(δΓ|T ) • dX.
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9.1.2 A Stochastic Analogue of the Fundamental Lemma of the
Calculus of Variations

We will formulate a stochastic analogue of the fundamental lemma of the calculus of vari-
ations in coordinate charts. Let ⟨·, ·⟩ denote the standard Euclidean inner product and
(e1, · · · , en) denote the standard basis of Rn.

Lemma 9.1.13. Let M be a smooth n-manifold and U ⊆ M be a coordinate chart. We
identify U with an open subset of Rn, also denoted by U . Let Γ ∈ S (M) be admissible
and Ξ : S (M) → S (Rn) be such that Ξ(Γ)At = Ξ(ΓAt) for any continuous change of time
t ↦→ At. If for every (Ū , T )-deformation ϵ ↦→ Γϵ we have∫︂ τh

Ū
+τ

(h,e)

Ū

τh
Ū

⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
= 0,

then •dΞ(Γ|T ) = 0 in ]]τhU , τ
h
U + τ

(h,e)
U [[. Here •dΞ(Γ|T ) = 0 means that Ξ(Γ|T )−Ξ(Γ|T )τhU = 0

a.s. in ]]τhU , τ
h
U + τ

(h,e)
U [[.

Proof. First suppose U is a precompact coordinate ball and identify U with the open ball
Br(0) of radius r and centered at 0. Given s > 0 let (gn) be a sequence in C∞(R) such that
gn is supported in (0, s+1) for every n and gn → ⊮(0,s] pointwise. Then gn(t)δΓ

|T
t is a (Ū , T )

variation of Γ. Using the fact that gn is of bounded variation, the Itô dominated convergence
theorem and Proposition 5.3 of Lázaro-Camí and Ortega [55], we obtain

0 =

∫︂ τh
Ū
+τ

(h,e)

Ū

τh
Ū

⟨︁
gn(t)δΓ

|T , •dΞ(Γ|T )
⟩︁

=

∫︂ τh
Ū
+τ

(h,e)

Ū

τh
Ū

gn(t) • d
(︃∫︂ ⟨︁

δΓ|T , •dΞ(Γ|T )
⟩︁)︃

=

∫︂ τh
Ū
+τ

(h,e)

Ū

τh
Ū

gn(t) d

(︃∫︂ ⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁)︃
ucp−−−→

n→∞

∫︂ τh
Ū
+τ

(h,e)

Ū

τh
Ū

1(0,s] d

(︃∫︂ ⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁)︃
=

∫︂
1(0,s]1[[τh

Ū
,τh

Ū
+τ

(h,e)

Ū
]]
d

(︃∫︂ ⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁)︃
=

∫︂ s

0

1
[[τh

Ū
,τh

Ū
+τ

(h,e)

Ū
]]

⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
.

Since this holds for all s > 0 we conclude that∫︂
1
[[τh

Ū
,τh

Ū
+τ

(h,e)

Ū

]]
⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
= 0.
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Moreover, since δΓ|T vanishes outside [[τh
Ū
, τh

Ū
+ τ

(h,e)

Ū
]], we have∫︂ ⟨︁

δΓ|T , •dΞ(Γ|T )
⟩︁
= 0

in [[τh
Ū
, τh

Ū
+ τ

(h,e)

Ū
]].

Let 0 < η < r and h ∈ C∞(Rn) be supported on Br(0) with h|B̄η(0) = 1, where
B̄η(0) denotes the closed ball of radius η centered at 0. For j = 1, · · · , n, let X̃ denote the
vector field on R defined by X̃j = h(x)ej. Then X̃j vanishes on the boundary ∂B̄r(0) of
B̄r(0) = Ū . Extending X̃j|Ū to a vector field X on M by setting X = 0 outside U and
letting g ∈ C∞(M) be supported on (0, T ), we can construct a (Ū , T )-deformation ϵ ↦→ Γϵ

with variation g(t)X(Γt) by the admissibility hypothesis.

Since
∫︁ ⟨︁

δΓ|T , •dΞ(Γ|T )
⟩︁
= 0 in [[τh

Ū
, τh

Ū
+ τ

(h,e)

Ū
]] and [[τh

B̄η(0)
, τh

B̄η(0)
+ τ

(h,e)

B̄η(0)
]] ⊆ [[τh

Ū
, τh

Ū
+

τ
(h,e)

Ū
]], it follows that

∫︁ ⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
= 0 in [[τh

B̄η(0)
, τh

B̄η(0)
+ τ

(h,e)

B̄η(0)
]]. Let Zj denote the

jth component of Ξ(Γ|T ). Then the previous equality and the fact that X(Γ|T ) = g(t)ej on
[[τh

B̄η(0)
, τh

B̄η(0)
+ τ

(h,e)

B̄η(0)
]] implies that∫︂

1
[[τh

B̄η(0)
,τh

B̄η(0)
+τ

(h,e)

B̄η(0)
]]
g(t) • dZj = 0

for all g ∈ C∞(R) supported on (0, T ).

Pick an arbitrary s ∈ (0, T ). Replacing g by g̃n where (g̃n) is a sequence in C∞(R) that
is supported on (0, T ) and g̃n → 1(0,s] pointwise, we get

0 =

∫︂
1
[[τh

B̄η(0)
,τh

B̄η(0)
+τ

(h,e)

B̄η(0)
]]
g̃n(t) • dZjt

=

∫︂
1
[[τh

B̄η(0)
,τh

B̄η(0)
+τ

(h,e)

B̄η(0)
]]
g̃n(t) dZjt

ucp−−−→
n→∞

∫︂
1
[[τh

B̄η(0)
,τh

B̄η(0)
+τ

(h,e)

B̄η(0)
]]
1(0,s] dZjt

=

∫︂ τh
B̄η(0)

+τ
(h,e)

B̄η(0)

τh
B̄η(0)

1(0,s] dZj

=

∫︂ τh
B̄η(0)

+τ
(h,e)

B̄η(0)

τh
B̄η(0)

dZ
|s
j

=

(︄
Z

|s
j(︃

τh
B̄η(0)

+τ
(h,e)

B̄η(0)

)︃ − Z
|s
j
τh
B̄η(0)

)︄

and we used the fact that g̃n is of bounded variation, the Itô dominated convergence theorem
and Proposition 5.3 in [55]. Since this is true for all 0 < s < T , it follows that •dZj = 0
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in [[τh
B̄η(0)

, τh
B̄η(0)

+ τ
(h,e)

B̄η(0)
]]. Since this holds for all 0 < η < r, we conclude that •dZj = 0 in

]]τhBr(0)
, τhBr(0)

+ τ
(h,e)
Br(0)

[[ = ]]τhU , τ
h
U + τ

(h,e)
U [[. Consequently •dΞ(Γ|T ) = 0 in ]]τhU , τ

h
U + τ

(h,e)
U [[.

Now suppose U ⊆ M is a coordinate chart in M . For every precompact coordinate ball
U0 in U , note that a (Ū0, T )-deformation of Γ is also a (Ū , T )-deformation of Γ. By our
hypothesis, for every (Ū0, T )-deformation of Γ, we have∫︂ τh

Ū
+τ

(h,e)

Ū

τh
Ū

⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
=

∫︂ τh
Ū0

+τ
(h,e)

Ū0

τh
Ū0

⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
= 0.

This implies that •dΞ(Γ|T ) = 0 in ]]τhU0
, τhU0

+ τ
(h,e)
U0

[[. Since this holds for all precompact
coordinate balls U0 ⊆ U , we have •dΞ(Γ|T ) = 0 in ]]τhU , τ

h
U + τ

(h,e)
U [[.

9.2 The Stochastic Hamilton-Pontryagin Principle

A stochastic extension of the deterministic Hamilton-Pontryagin principle was first intro-
duced by Bou-Rabee and Owhadi [13] and has been generalized more recently by Street
and Takao [89]. We will provide a proof of the local form of the stochastic Hamilton-
Pontryagin principle as an application of the variational framework developed in the last
section to stochastic geometric mechanics. Then we will develop a stochastic version of
Noether’s theorem. This will be followed by a discussion of the intrinsic form of the stochas-
tic Hamilton-Pontryagin principle, where we will use Stratonovich operators to provide a
global description.

Let us briefly recall the deterministic Hamilton-Pontryagin principle. Given a configu-
ration manifold Q let PQ := TQ ⊕ T ∗Q denote its Pontryagin bundle. Local coordinates
on PQ will be denoted by (q, v, p). Let L ∈ C∞(TQ) be a Lagrangian. The deterministic
Hamilton-Pontryagin principle states that a PQ-valued curve (q(t), v(t), p(t)) is a critical
point of the action ∫︂ t1

t0

[L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩]dt

amongst all curves such that q(t0) and q(t1) are fixed (and variations in v(t) and p(t) are
arbitrary), if and only if (q(t), v(t), p(t)) satisfies the implicit Euler-Lagrange equations given
by

q̇ = v, p =
∂L
∂v

, ṗ =
∂L
∂q

.

We refer to [94] for more details on the deterministic Hamilton-Pontryagin principle and its
application to constrained systems.

Definition 9.2.1. Let X = (X0, · · · , Xk) ∈ S
(︁
Rk+1

)︁
and L ∈ C∞(TQ) be a Lagrangian.

Suppose we have L1, · · · , Lk ∈ C∞(Q) and vector fields V1, · · · , Vk on Q. Given an admissible
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PQ-valued semimartingale Γt = (qt, vt, pt) we define the stochastic Hamilton-Pontryagin
action integral as

SX(Γ) =

∫︂ T

0

(︄
L(qt, vt) • dX0

t +
k∑︂

i=1

Li(qt) • dX i
t

+

⟨︄
pt, •dqt − vt • dX0

t −
k∑︂

i=1

Vi(qt) • dX i
t

⟩︄)︄
. (9.2.1)

In Bou-Rabee and Owhadi [13] the authors consider X = (t, B1
t , · · · , Bk

t ), where Bi is
a Brownian motion, and Vi = 0. Street and Takao [89] have generalized this to the case
where X is a driving semimartingale and Γ is compatible with X. The reader is referred
to [89] as well as Street and Crisan [88] for further details on driving semimartingales and
the compatibility hypothesis, as well as a different stochastic analogue of the fundamental
lemma of the calculus of variations under these assumptions. We will only assume that
X ∈ S

(︁
Rk+1

)︁
and in particular, we will forego the assumption that X0 = t.

Let us also recall the intrinsic description of the action functional. Let G : PQ → R
denote the fibrewise pairing map between TQ and T ∗Q, that is, G(q, v, p) = ⟨p, v⟩. The
following maps

PrPQ : TPQ → PQ

PrTPQ : TTPQ → TPQ

prQ : PQ → Q

prTQ : PQ → TQ

prT ∗Q : PQ → T ∗Q (9.2.2)

are the corresponding projections. We also have a map ρTT ∗Q : TT ∗Q → PQ, defined in
local coordinates by setting ρTT ∗Q(q, p, vq, vp) = (q, vq, p). Then we obtain a 1-form G on PQ
given by G = G ◦ ρTT ∗Q ◦ TprT ∗Q. In local coordinates, if (uq, uv, up) ∈ T(q,v,p)PQ then

G(q, v, p)(uq, uv, up) = G(q, uq, p) = ⟨p, uq⟩ . (9.2.3)

Consequently, if Γt = (qt, vt, pt) then
∫︁
G • dΓ =

∫︁
⟨pt, •dqt⟩.

Given a vector field V ∈ X∞ (Q) define Ṽ : PQ → PQ by Ṽ (x) = (V ◦ prQ(x)) ⊕
prT ∗Q(x) ∈ PQ. Written in local coordinates this reads Ṽ (q, v, p) = (q, V (q), p). For every
j ∈ {0, · · · , k} define the generalized energy Ej : PQ → R by

Ej =

⎧⎨⎩G− L ◦ prTQ, if j = 0,

G ◦ Ṽj − Lj ◦ prQ, if j = 1, . . . , k.

In coordinates, E0(q, v, p) = ⟨p, v⟩ − L(q, v) and Ei(q, v, p) = ⟨p, Vi(q)⟩ − Li(q), for i =
1, · · · , k. The generalized energies Ei for i = 1, · · · , k also appear in Street and Takao [89].
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We note that if Γt = (qt, vt, pt) in local coordinates then

Ej(Γt) = Ej(qt, vt, pt) =

⎧⎨⎩⟨pt, vt⟩ − L(qt, vt), if j = 0,

⟨pt, Vj(qt)⟩ − Lj(qt), if j = 1, . . . , k.

Hence

SX(Γ) =

∫︂ T

0

G • dΓ−
k∑︂

j=0

∫︂ T

0

Ej(Γ) • dXj. (9.2.4)

9.2.1 The Local Form of the Stochastic Hamilton-Pontryagin Prin-
ciple

First we describe variations in local coordinates of the terms in the Hamilton-Pontryagin
action integral.

Lemma 9.2.2. Let Γ be an admissible semimartingale on PQ and let Γt = (qt, vt, pt) in
local coordinates. Suppose ϵ ↦→ Γϵ,t = (qϵ,t, vϵ,t, pϵ,t) be a deformation of Γ. Then

D
∫︂ T

0

G • dΓ = D
∫︂ T

0

⟨pt, •dqt⟩

=

∫︂ T

0

⟨︂
δp

|T
t , •dq|Tt

⟩︂
−
∫︂ T

0

⟨︂
•dp|Tt , δq

|T
t

⟩︂
+ ⟨pT , δqT ⟩ − ⟨p0, δq0⟩ .

Proof. In local coordinates ⟨G(Γt), δΓt⟩ = ⟨pt, δqt⟩. Then, by Lemma 9.1.9

D
∫︂ T

0

G • dΓ = D
∫︂ T

0

G • dΓ|T

=

∫︂ T

0

iδΓ|TdG • dΓ|T + ⟨G(ΓT ), δΓT ⟩ − ⟨G(Γ0), δΓ0⟩

=

∫︂ T

0

iδΓ|TdG • dΓ|T + ⟨pT , δqT ⟩ − ⟨p0, δq0⟩ .

Let (q, v, p) ∈ PQ. Suppose (q̇, v̇, ṗ), (wq, wv, wp) ∈ T(q,v,p)PQ. From the local coordinate
expression of G in Eq. (9.2.3), it follows that G(q, v, p) = pdq. Hence

dG(q, v, p) =
dim Q∑︂
i=1

dpi ∧ dqi,

which yields

i(wq ,wv ,wp)dG(q̇, v̇, ṗ) = dG(q, v, p)((wq, wv, wp), (q̇, v̇, ṗ)) = ⟨wp, q̇⟩ − ⟨wq, ṗ⟩ .
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Consequently, since the tangent vectors considered are arbitrary, we get∫︂ T

0

iδΓ|TdG • dΓ|T =

∫︂ T

0

⟨︂
δp

|T
t , •dq|Tt

⟩︂
−
∫︂ T

0

⟨︂
•dp|Tt , δq

|T
t

⟩︂
.

This concludes the proof.

Remark 9.2.3. The product rule is often used to prove the above lemma. Mimicking the
product rule we write

D
∫︂ T

0

⟨p|Tt , •dq|Tt ⟩ =
∫︂ T

0

⟨︂
δp

|T
t , •dq|Tt

⟩︂
+

∫︂ T

0

⟨︂
p
|T
t , δ

(︂
•dq|Tt

)︂⟩︂
.

But the term δ
(︂
•dq|Tt

)︂
is not defined since •dq|Tt is not a stochastic process. To define this,

we recall that the δq
|T
t is assumed to be a semimartingale by definition. Hence we can set∫︂ T

0

⟨︂
p
|T
t , δ

(︂
•dq|Tt

)︂⟩︂
=

∫︂ T

0

⟨︂
p
|T
t , •d

(︂
δq

|T
t

)︂⟩︂
.

The Stratonovich product rule gives us

•d
⟨︂
p
|T
t , δq

|T
t

⟩︂
=
⟨︂
•dp|Tt , δq

|T
t

⟩︂
+
⟨︂
p
|T
t , •d

(︂
δq

|T
t

)︂⟩︂
which implies

⟨pT , δqT ⟩ − ⟨p0, δq0⟩ =
∫︂ T

0

⟨︂
•dp|Tt , δq

|T
t

⟩︂
+

∫︂ T

0

⟨︂
p
|T
t , •d

(︂
δq

|T
t

)︂⟩︂
.

Therefore

D
∫︂ T

0

⟨pt, •dqt⟩ =
∫︂ T

0

⟨︂
δp

|T
t , •dq|Tt

⟩︂
−
∫︂ T

0

⟨︂
•dp|Tt , δq

|T
t

⟩︂
+ ⟨pT , δqT ⟩ − ⟨p0, δq0⟩ .

Lemma 9.2.4. Let Γ be an admissible semimartingale on PQ and let Γt = (qt, vt, pt) in
local coordinates. Suppose ϵ ↦→ Γϵ,t = (qϵ,t, vϵ,t, pϵ,t) be a deformation of Γ. Then

−D
k∑︂

j=0

∫︂ T

0

Ej(Γ) • dXj

= D

[︄∫︂ T

0

(︄
(L(qt, vt)− ⟨pt, vt⟩) • dX0

t +
k∑︂

i=1

(Li(qt)− ⟨pt, Vi(qt)⟩) • dX i
t

)︄]︄

=

∫︂ T

0

∂

∂q
|T
t

⟨︄(︄
L • dX0

t +
k∑︂

i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
, δq

|T
t

⟩︄

+

∫︂ T

0

⟨︄(︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t , δv
|T
t

⟩︄

−
∫︂ T

0

⟨︄
δp

|T
t , v

|T
t • dX0

t +
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

⟩︄
.
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Proof. By Lemma 9.1.9 we have

−D
k∑︂

j=0

∫︂ T

0

Ej(Γ) • dXj

= −D
k∑︂

j=0

∫︂ T

0

(︄⟨︄
∂Ej

∂q
|T
t

, δq
|T
t

⟩︄
+

⟨︄
∂Ej

∂v
|T
t

, δv
|T
t

⟩︄
+

⟨︄
∂Ej

∂p
|T
t

, δp
|T
t

⟩︄)︄
• dXj

t

=

∫︂ T

0

(︄⟨︄
∂L
∂q

|T
t

, δq
|T
t

⟩︄
+

⟨︄
∂L
∂v

|T
t

, δv
|T
t

⟩︄
−
⟨︂
δp

|T
t , v

|T
t

⟩︂
−
⟨︂
p
|T
t , δv

|T
t

⟩︂)︄
• dX0

t

+
k∑︂

i=1

∫︂ T

0

(︄⟨︄
∂

∂q
|T
t

(︂
Li(q

|T
t )−

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

, δq
|T
t

⟩︄
−
⟨︂
δp

|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

=

∫︂ T

0

∂

∂q
|T
t

⟨︄(︄
L • dX0

t +
k∑︂

i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
, δq

|T
t

⟩︄

+

∫︂ T

0

⟨︄(︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t , δv
|T
t

⟩︄

−
∫︂ T

0

⟨︄
δp

|T
t , v

|T
t • dX0

t +
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

⟩︄
.

The local form of the stochastic Hamilton-Pontryagin principle is given by the following
theorem:

Theorem 9.2.5. For every semimartingale X = (X0, · · · , Xk) on Rk+1, if Γt = (qt, vt, pt) ∈
S (PQ) is admissible then DSX(Γ) = 0 for all deformations ϵ ↦→ Γϵ such that δqt = TprQ(Γt)

vanishes at t = 0 and t = T if and only if Γ|T =
(︂
q
|T
t , v

|T
t , p

|T
t

)︂
satisfies the stochastic

implicit Euler-Lagrange equations given by

•dqt = vt • dX0
t +

k∑︂
i=1

Vi(qt) • dX i
t

•dpt =
∂

∂qt

(︄
L • dX0

t +
k∑︂

i=1

(Li − ⟨pt, Vi(qt)⟩) • dX i
t

)︄
(︃
pt −

∂L
∂vt

)︃
• dX0

t = 0. (9.2.5)

Proof. Let ϵ ↦→ Γϵ,t = (qϵ,t, vϵ,t, pϵ,t) be a deformation of Γ such that δqt = 0 at t = 0 and
t = T . Consequently ⟨pt, δqt⟩ = ⟨G(Γt), δΓt⟩ vanishes at t = 0 and t = T . Using Lemma
9.1.9

DSX(Γ) = D

[︄∫︂ T

0

G • dΓ−
k∑︂

j=0

∫︂ T

0

Ej(Γ) • dXj

]︄
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=

∫︂ T

0

iδΓ|TdG • dΓ|T −
k∑︂

j=0

∫︂ T

0

dEj(δΓ
|T ) • dXj

+ ⟨G(ΓT ), δΓT ⟩ − ⟨G(Γ0), δΓ0⟩

=

∫︂ T

0

iδΓ|TdG • dΓ|T −
k∑︂

j=0

∫︂ T

0

dEj(δΓ
|T ) • dXj.

Suppose Γ solves the stochastic implicit Euler-Lagrange equations. We use the previous two
lemmas to show that the above expression vanishes in local coordinates. We have∫︂ T

0

iδΓ|TdG • dΓ|T −
k∑︂

j=0

∫︂ T

0

dEj(δΓ
|T ) • dXj

=

∫︂ T

0

⟨︄
∂

∂q
|T
t

(︁
L • dX0

t

+
k∑︂

i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
− •dp|Tt , δq

|T
t

⟩︄

+

∫︂ T

0

⟨︄(︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t , δv
|T
t

⟩︄

+

∫︂ T

0

⟨︄
δp

|T
t , •dq|Tt − v

|T
t • dX0

t −
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

⟩︄

=

∫︂ T

0

⟨︄(︂
δq

|T
t , δv

|T
t , δp

|T
t

)︂
, •d

(︄(︄∫︂ (︄
∂

∂q
|T
t

(︁
L • dX0

t +

k∑︂
i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
− •dp|Tt

)︄
,

∫︂ (︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t ,∫︂ (︄
•dq|Tt − v

|T
t • dX0

t −
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

)︄)︄⟩︄

=

∫︂ T

0

⟨︄
δΓ

|T
t , •d

(︄(︄∫︂ (︄
∂

∂q
|T
t

(︁
L • dX0

t +

k∑︂
i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
− •dp|Tt

)︄
,

∫︂ (︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t ,∫︂ (︄
•dq|Tt − v

|T
t • dX0

t −
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

)︄)︄⟩︄
(9.2.6)

= 0.

We now prove the converse. Let U ⊆ Q be open. Then K0 := U × Rn × Rn is an arbitrary
chart on PQ. It suffices to show that the stochastic implicit Euler-Lagrange equations are
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satisfied by Γ
|T
t = (q

|T
t , v

|T
t , p

|T
t ) in ]]τhK0 , τhK0 + τ

(h,e)

K0 [[. Let K be the closure of K0 and ϵ ↦→ Γϵ

be an arbitrary (K,T )-deformation of Γ. Then δqt = 0 at t = 0 and t = T . Given a
semimartingale Γt = (qt, vt, pt) on PQ, define the R3(dim Q)-valued semimartingale Ξ(Γ) in
local coordinates by

Ξ(qt, vt, pt) =

(︄∫︂ (︄
∂

∂q
|T
t

(︄
L • dX0

t +
k∑︂

i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
− •dp|Tt

)︄
,

∫︂ (︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t ,

∫︂ (︄
•dq|Tt − v

|T
t • dX0

t −
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

)︄)︄
.

Since the Stratonovich integral commutes with time changes we have Ξ(ΓAt) = Ξ(Γ)At for
any continuous time change t ↦→ At. An application of Lemma 9.1.12 shows that the integral
from 0 to T in (9.2.6) can be replaced by an integral from τhK to τhK + τ

(h,e)
K . As a result, we

obtain ∫︂ τhK+τ
(h,e)
K

τhK

⟨︁
δΓ|T , •dΞ(Γ|T )

⟩︁
= 0

for every (K,T )-deformation ϵ ↦→ Γϵ of Γ. By Lemma 9.1.13 •dΞ(Γ|T ) = 0 in ]]τhK0 , τhK0 +

τ
(h,e)

K0 [[. This implies that

•dq|Tt = v
|T
t • dX0

t +
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

•dp|Tt =
∂

∂q
|T
t

(︄
L • dX0

t +
k∑︂

i=1

(︂
Li −

⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
(︄
p
|T
t − ∂L

∂v
|T
t

)︄
• dX0

t = 0

in ]]τhK0 , τhK0 + τ
(h,e)

K0 [[. This completes the proof.

Remark 9.2.6. If X0 = t then the second equation relates pt and vt via the Legendre
transform pt =

∂L
∂vt

. Also note that if X i = 0 for all i = 1, · · · , k then the stochastic implicit
Euler-Lagrange equations reduce to the deterministic implicit Euler-Lagrange equations.

Remark 9.2.7. Suppose L is a hyperregular Lagrangian, FL : TQ → TQ is the Legendre
transform of L and EL(vq) := ⟨FL(vq), vq⟩−L(vq) is the energy of L. Define H ∈ C∞(T ∗Q)
by H = EL ◦ FL−1 and Hi ∈ C∞(T ∗Q) by Hi(q, p) = ⟨p, V (q)⟩ − Li(q). Then, Street and
Takao [89] show that, Γ solves the stochastic Hamiltonian system

•dΓ = XH(Γ) • dX0 +
k∑︂

i=1

XHi
(Γ) • dX i.



9.2. THE STOCHASTIC HAMILTON-PONTRYAGIN PRINCIPLE 131

Remark 9.2.8. In Lázaro-Camí and Ortega [48], the authors develop a stochastic Hamilton-
Jacobi equation for stochastic Hamiltonian systems using a stochastic version of Hamilton’s
principle in phase space. When L is a hyperregular Lagrangian we can pass to the Hamil-
tonian side as mentioned in the previous remark, and use the stochastic Hamilton-Jacobi
formalism as proposed in [48]. However, a general treatment of stochastic Hamilton-Jacobi
equations on the Pontryagin bundle, similar to the deterministic development in Leok, Oh-
sawa and Sosa [49], is left as a future prospect for research.

9.2.2 Stochastic Noether’s Theorem: Variational Principle Version

Let Φ : Q × R → Q be a deterministic smooth flow. Given ϵ ∈ R, let Φϵ : Q → Q be the
map q ↦→ Φ(q, ϵ). Suppose L is invariant under the tangent lifted flow of Φ, Li and Vi are
invariant under Φ for all i = 1, · · · , k and ϵ ∈ R. For every ϵ ∈ R, define Ψϵ : PQ → PQ by
Ψϵ = TΦϵ ⊕ T ∗Φ−1

ϵ . Then prQ ◦Ψϵ = Φϵ.

Let Γ be a PQ-valued admissible semimartingale, written in coordinates as Γt =
(qt, vt, pt) and set Γϵ,t = Ψϵ(Γt) = (qϵ,t, vϵ,t, pϵ,t). We note that∫︂

G • dΓϵ =

∫︂
⟨pϵ,t, •dqϵ,t⟩

=

∫︂ ⟨︁
T ∗Φϵ

(︁
T ∗Φ−1

ϵ (pt)
)︁
, •dqt

⟩︁
=

∫︂
⟨pt, •dqt⟩

=

∫︂
G • dΓ

and

Ej(Γϵ,t) = Ej(qϵ,t, vϵ,t, pϵ,t) =

⎧⎨⎩⟨pϵ,t, vϵ,t⟩ − L(qϵ,t, vϵ,t), if j = 0,

⟨pϵ,t, Vj(qϵ,t)⟩ − Lj(qϵ,t), if j = 1, . . . , k.

= Ej(Γt).

Consequently, SX(Γϵ) = SX(Γ) and hence DSX(Γ) = 0. Following the calculations done in
the proof of Theorem 9.2.5, for t ≥ 0 we have∫︂ t

0

⟨︄
δΓ|t

s ,

(︄
•d
∫︂ (︄

∂

∂q
|t
s

(︁
L • dX0

s+

k∑︂
i=1

(︁
Li −

⟨︁
p|ts , Vi(q

|t
s )
⟩︁)︁

• dX i
s

)︄
− •dp|ts

)︄
, •d

∫︂ (︃
p|ts − ∂L

∂v
|t
s

)︃
• dX0

s ,

•d
∫︂ (︄

•dq|ts − v|ts • dX0
s −

k∑︂
i=1

Vi(q
|t
s ) • dX i

s

)︄⟩︄
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+ ⟨pt, δqt⟩ − ⟨p0, δq0⟩ = 0.

Suppose Γ solves the stochastic implicit Euler-Lagrange equations up to a maximal stopping
time τ . Then for all t ≤ τ , ⟨pt, δqt⟩ = ⟨p0, δq0⟩. Hence ⟨pt, δqt⟩ is conserved along the solution
Γ. Since pt =

∂L
∂vt

, it follows that ⟨pt, δqt⟩ = ⟨θL, δq⟩, where θL is the pullback to TQ of the
Liouville 1-form on T ∗Q by FL. Thus we have proven the following theorem:

Theorem 9.2.9. Suppose Φ : Q × R → Q is a smooth deterministic flow such that L is
invariant under the tangent lift of Φ, Li is invariant under Φ and Vi is symmetric under Φ for
all i = 1, · · · , k. Let Γt = (qt, vt, pt) solves the stochastic implicit Euler-Lagrange equations
and qϵ,t := Φϵ(qt) = Φϵ(prQ(Γt)). Then ⟨θL, δq⟩ is conserved along Γ.

9.2.3 The Intrinsic Form of the Stochastic Hamilton-Pontryagin
Principle

We will now develop the intrinsic form of the stochastic Hamilton-Pontryagin principle.
We introduce an additional assumption, namely that our semimartingales are obtained as
solutions of Stratonovich equations on manifolds. To motivate this, recall that in case of the
deterministic Hamilton’s principle, given a regular Lagrangian L ∈ C∞(TQ) there exists a
second order vector field ZL such that the integral curves of ZL project to solutions of the
Euler-Lagrange equations. Thus, for regular Lagrangians, finding a critical point of the action
functional corresponds to selecting a particular vector field in X∞ (TQ). We will extend this
idea to the stochastic case as well, namely, we will show that under the assumption that a
semimartingale solves a Stratonovich equation, finding a critical point of SX corresponds to
selecting a particular Stratonovich operator.

Let (e0, · · · , ek) be a basis of Rk+1. Let M be any regular submanifold of PQ, PrTM
and PrM denote the same projections as PrTPQ and PrPQ respectively with PQ replaced
by M and we restrict the other maps in (9.2.2) to M. The generalized energies are now
defined on M as opposed to PQ. Given any Stratonovich operator S ∈ Strat(Rk+1,M), any
semimartingale X = (X0, · · · , Xk) in Rk+1 and a solution ΓX of •dΓ = S(X,Γ) • dX, from
Eq. (9.2.4) we have

SX(ΓX) =

∫︂ T

0

G • dΓX −
k∑︂

j=0

∫︂ T

0

Ej(ΓX) • dXj.

The dual of S(x, y) will be denoted by S∨(x, y) in this section to distinguish it from the
pullback. Moreover, we adopt the following notation: Suppose x ∈ Rk+1, v ∈ TxRk+1 ∼= Rk+1,
and S ∈ Strat(Rk+1,M). We denote the vector field y ∈ M ↦→ S(x, y)(v) ∈ TyM by Sx,v.

Given x ∈ Rk+1, y ∈ M and j ∈ {0, · · · , k}, suppose zj ∈ TTM, PrTM = Sx,ej(y) and
TPrM = wy, for some wy ∈ TM. Then

dEj(wy) = dEj ◦ TPrM(zj) = (PrM)∗dEj(S
x,ej)(zj).
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Now let ϵ ↦→ ΓXϵ be any deformation of ΓX and Zj be any TTM-valued semimartingale
such that TPrM(Zj) = δΓX and PrTM(Zj) = Sx,ej(ΓX). Then

dEj(δΓX) = (PrM)∗dEj(S
X,ej(ΓX))(Z

j)

and hence

D

(︄
k∑︂

j=0

∫︂ T

0

Ej(ΓX) • dXj

)︄
=

k∑︂
j=0

∫︂ T

0

(PrM)∗dEj(S
X,ej(ΓX))(Z

j) • dXj. (9.2.7)

Next, by Lemma 9.1.9

D
∫︂ T

0

G • dΓX =

∫︂ T

0

iδΓX
dG • dΓX + ⟨G(ΓXT

), δΓXT
⟩ − ⟨G(ΓX0), δΓX0⟩

=

∫︂ T

0

S∨(X,ΓX)iδΓX
dG • dX + ⟨G(ΓXT

), δΓXT
⟩ − ⟨G(ΓX0), δΓX0⟩ .

The calculation of
∫︁ T

0
S∨(X,ΓX)iδΓX

dG • dX is related to the proof of Proposition 3.2 in
Yoshimura and Marsden [94]. Let θT ∗Q denote the Liouville 1-form on T ∗Q and ΩT ∗Q =
−dθT ∗Q. Denote by

Ω♭
T ∗Q : TT ∗Q → T ∗T ∗Q

the bundle map associated with ΩT ∗Q. Also let θT ∗T ∗Q be the Liouville 1-form on T ∗T ∗Q
and set χ = (Ω♭)∗θT ∗T ∗Q. Note that χ is a 1-form on TT ∗Q. We will show that, given any
x ∈ Rk+1, y = (q, v, p) ∈ M, wy = (q, v, p, wq, wv, wp) ∈ TM and zj ∈ TTM such that
TPrM(zj) = wy and PrTM(zj) = Sx,ej(y), we have⟨︁

S∨(x, y)iwydG, ej
⟩︁
= (TprT ∗Q)

∗χ(Sx,ej(y))(zj). (9.2.8)

Let

uy = Sx,ej(y) = (q, v, p, uq, uv, up) ∈ TM,

zj = (q, v, p, uq, uv, up, wq, wv, wp, w̃q, w̃v, w̃p).

From the proof of Lemma 9.2.2 we get⟨︁
S∨(x, y)iwydG, ej

⟩︁
= dG(wy, uy) = ⟨wp, uq⟩ − ⟨wq, up⟩ .

On the other hand

θT ∗T ∗Q(Ω
♭
T ∗Q ◦ TprT ∗Q(q, v, p, uq, uv, up)) = θT ∗T ∗Q(Ω

♭
T ∗Q(q, p, uq, up))

= θT ∗T ∗Q(q, p,−up, uq)

= −updq + uqdp.

Since TuyTprT ∗Q(zj) = (q, p, uq, up, wq, wp, w̃q, w̃p), it follows that

TΩ♭
T ∗Q(TuyTprT ∗Q)(zj) = (q, p,−up, uq, wq, wp,−w̃p, w̃q)
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Note that

(TprT ∗Q)
∗χ(Sx,ej(y))(zj) = θT ∗T ∗Q(Ω

♭
T ∗Q ◦ TprT ∗Q(uy)) · TΩ♭

T ∗Q(TuyTprT ∗Q(zj)),

and

θT ∗T ∗Q(Ω
♭
T ∗Q ◦ TprT ∗Q(uy)) · TΩ♭

T ∗Q(TuyTprT ∗Q(zj)) = −⟨wq, up⟩+ ⟨wp, uq⟩
=
⟨︁
S∨(x, y)iwydG, ej

⟩︁
.

This proves our claim.

Consequently, given any a = (a0, · · · , ak) ∈ Rk+1

⟨S∨(x, y)iwydG, a⟩ =
k∑︂

j=0

aj⟨S∨(x, y)iwydG, ej⟩

=
k∑︂

j=0

aj(TprT ∗Q)
∗χ(Sx,ej(y))(zj)

where zj ∈ TTM, PrTM(zj) = Sx,ej(y) and TPrM(zj) = wy.

Therefore, given any deformation ϵ ↦→ ΓXϵ and semimartingales Z0, · · · , Zk in TTM
over SX,ej(ΓX) such that TPrM(Zj) = δΓX we have

D
∫︂ T

0

G • dΓX =

∫︂ T

0

S∨(X,ΓX)iδΓX
dG • dX + ⟨G(ΓXT

), δΓXT
⟩ − ⟨G(ΓX0), δΓX0⟩

=
k∑︂

j=0

∫︂ T

0

(TprT ∗Q)
∗χ(SX,ej(ΓX))(Z

j) • dXj

+ ⟨G(ΓXT
), δΓXT

⟩ − ⟨G(ΓX0), δΓX0⟩ .

We have ⟨G(Γt), δΓt⟩ = ⟨pt, δqt⟩, where Γt = (qt, vt, pt) in coordinates. Assuming that
TprQ(δΓ) = 0 at t = 0, T , we have

⟨G(ΓT ), δΓT ⟩ = 0 = ⟨G(Γ0), δΓ0⟩ .

In that case

D
∫︂ T

0

G • dΓX =
k∑︂

j=0

∫︂ T

0

(TprT ∗Q)
∗χ(SX,ej(ΓX))(Z

j) • dXj.

We summarize this discussion in the following lemma:

Lemma 9.2.10. Let S ∈ Strat(Rk+1,M) where M is a regular submanifold of PQ. For
every semimartingale X = (X0, · · · , Xk) ∈ S

(︁
Rk+1

)︁
, if ΓX solves •dΓ = S(X,Γ) • dX and

ΓX is admissible, then

DSX(ΓX) = D

[︄∫︂ T

0

G • dΓX −
k∑︂

j=0

∫︂ T

0

Ej(ΓX) • dXj

]︄
= 0
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for all variations ϵ ↦→ ΓXϵ with TprQ(δΓX0) = TprQ(δΓXT
) = 0, if and only if

k∑︂
j=0

∫︂ T

0

[︁
(TprT ∗Q)

∗χ(SX,ej(ΓX))− (PrM)∗dEj(S
X,ej(ΓX))

]︁
(Zj) • dXj = 0 (9.2.9)

for arbitrary TTM-valued semimartingales Z0, · · · , Zk over SX,ej(ΓX) such that

T
(︁
prQ ◦ PrM

)︁
(Zj) = 0

at t = 0 and t = T .

Definition 9.2.11. Given y0 ∈ M and j = 0, · · · , k let yj(t) be a curve in M satisfying

(TprT ∗Q)
∗χ(yj(t), ẏj(t)) = (PrM)∗dEj(yj(t), ẏj(t)) (9.2.10)

with yj(0) = y0. Let SHP ∈ Strat(Rk+1,M) be defined by

SHP (x0, y0)(a) =
k∑︂

j=0

aj ẏj(0) ∈ Ty0M

for every x0 ∈ Rk+1 and a = (a0, · · · , ak) ∈ Rk+1 ∼= Tx0Rk+1. We will call SHP a Hamilton-
Pontryagin Stratonovich operator.

Remark 9.2.12. From Yoshimura and Marsden [94], if j = 0 then Eq. (9.2.10) is just the
deterministic implicit Euler-Lagrange equations for L. Since this means that the Legendre
transform holds, it follows that Sx,e0

HP , and hence SHP , is well-defined if and only if M is the
submanifold K = TQ⊕ FL(TQ). For j = 1, · · · , k, in local coordinates Eq. (9.2.10) reads

q̇ = Vj(q), ṗ =
∂

∂q
(Lj(q)− ⟨p, Vj(q)⟩) . (9.2.11)

We assume enough regularity on L such that K is a well-defined submanifold. In particular,
assuming that FL has constant rank suffices.

By definition of SHP , if M = K and S = SHP then Eq. (9.2.9) is satisfied, so DSX(ΓX) =
0. We now prove the converse.

First we make an important observation. The Stratonovich operator S is a deterministic
object that is defined independently of the semimartingale X. Since the equivalence in
Lemma 9.2.10 is true for every semimartingale X ∈ S

(︁
Rk+1

)︁
and a solution ΓX of •dΓ =

S(X,Γ) • dX that is admissible, it must be true for a deterministic semimartingale of the
form Xt = X0(t) := x0 + te0, where x0 ∈ Rk+1 is arbitrary. In this case the solution of
•dΓ = S(X,Γ) • dX = SX0(t),e0(Γ)dt is a deterministic smooth curve in M that we denote
by γ0(t). Given y0 ∈ M, suppose that γ0(0) = y0. Note that γ0(t) solves

γ̇0(t) = SX0(t),e0(γ0(t)) = S(x0 + te0, γ0(t))(e0).
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By Lemma 9.2.10 we have∫︂ T

0

[︁
(TprT ∗Q)

∗χ(Sx0+te0,e0(γ0(t)))− (PrM)∗dE0(S
x0+te0,e0(γj(t)))

]︁
(z0(t))dt = 0

for all smooth curves z0(t) in TTM such that PrTM(z0(t)) = Sx0+te0,e0(γ0(t)) = γ̇0(t) and
T
(︁
prQ ◦ PrM

)︁
(z0(t)) = 0 at t = 0 and t = T . By the (deterministic) fundamental theorem

of the calculus of variations we have

(TprT ∗Q)
∗χ(Sx0+te0,e0(γ0(t))) = (PrM)∗dE0(S

x0+te0,e0(γ0(t))).

Since γ̇0(t) = SX0(t),e0(γ0(t)) we have

(TprT ∗Q)
∗χ(γ0(t), γ̇0(t)) = (PrM)∗dE0(γ0(t), γ̇0(t)).

This equation has a solution provided M = K. Moreover, by definition of SHP

SHP (x0, y0)(e0) = γ̇0(0) = S(x0, y0)(e0).

A similar argument with e0 replaced by ej shows that S(x0, y0)(ej) = SHP (x0, y0)(ej) for all
j = 0, · · · , k. Thus S = SHP .

Theorem 9.2.13. Let S ∈ Strat(Rk+1,M) where M is a regular submanifold of PQ. For
every semimartingale X = (X0, · · · , Xk) ∈ S

(︁
Rk+1

)︁
, if ΓX solves •dΓ = S(X,Γ) • dX and

ΓX is admissible then DSX(ΓX) = 0 for all deformations ϵ ↦→ ΓXϵ satisfying TprQ(δΓX0) =
TprQ(δΓXT

) = 0 if and only if M = K and S = SHP .

Moreover, the stochastic implicit Euler-Lagrange equations are given by

•d(prT ∗Q(Γ
|T )) = TprT ∗Q

(︁
SHP (X,Γ|T )

)︁
• dX

on the submanifold K.

Proof. It only remains to show that the stochastic implicit Euler-Lagrange equations are
given by

•d(prT ∗Q(Γ
|T )) = TprT ∗Q

(︁
SHP (X,Γ|T )

)︁
• dX

on K. Let Γt = (qt, vt, pt) in terms of local coordinates on PQ. The restriction to K implies
that

(︂
p
|T
t − ∂L

∂v
|T
t

)︂
• dX0

t = 0. Given any x ∈ Rk+1 and a = (a0, · · · , ak) ∈ Rk+1 ∼= TxRk+1,
suppose that in local coordinates, we have

SHP (x, y)(a) =
k∑︂

j=0

ajS
x,ej
HP (q, v, p) =

k∑︂
j=0

aj(uqj , uvj , upj).

Using the local form of the deterministic implicit Euler-Lagrange equations for j = 0 and
using Eq. (9.2.11) for j = 1, · · · , k, we have

TprT ∗Q (SHP (x, y)(a)) =
k∑︂

j=0

ajTprT ∗Q(uqj , uvj , upj)
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=
k∑︂

j=0

aj(uqj , upj)

= a0
(︃
v,

∂L
∂q

)︃
+

k∑︂
j=1

aj
(︃
Vj(q),

∂

∂q
(Lj(q)− ⟨p, Vj(q)⟩)

)︃
.

Thus the local form of the equation •d(prT ∗Q(Γ
|T )) = TprT ∗Q

(︁
SHP (X,Γ|T )

)︁
• dX is

•dq|Tt = v
|T
t • dX0

t +
k∑︂

i=1

Vi(q
|T
t ) • dX i

t

•dp|Tt =
∂

∂q
|T
t

(︄
L • dX0

t +
k∑︂

i=1

(︂
Li(q

|T )−
⟨︂
p
|T
t , Vi(q

|T
t )
⟩︂)︂

• dX i
t

)︄
,

which, together with the equation
(︂
p
|T
t − ∂L

∂v
|T
t

)︂
•dX0

t = 0 gives the stochastic implicit Euler-
Lagrange equations.

Remark 9.2.14. This method of reformulating the problem of determining a critical point of
a stochastic action to determining a Stratonovich operator can be applied to other stochastic
action principles as well, for instance, the stochastic Hamilton’s principle in phase space
described in Lázaro-Camí and Ortega [55].



Chapter 10

Stochastic Lagrange-Poincaré Reduction

In this chapter we study symmetries of the stochastic Hamilton-Pontryagin principle, and ex-
tend the general framework of implicit Lagrange-Poincaré reduction carried out by Yoshimura
and Marsden [95] and outlined in Section 2.5 to the stochastic case. We also generalize
stochastic Euler-Poincaré reduction carried out by Bou-Rabee and Owhadi [14], Arnaudon,
de Castro and Holm [3], and Street and Takao [89] to the case where the configuration
manifold is an arbitrary smooth manifold equipped with the free and proper action of a Lie
group.

To give a motivating finite-dimensional example, consider the problem of a satellite
with a rotor attached to it. Suppose that the body angular momentum of the satellite
and the angular momentum of the rotor can be observed, but that these observations are
inherently noisy due to sensor error or environmental disturbances. These angular momenta
are naturally expressed as variables on a reduced space obtained by exploiting the rotational
symmetry of the system. We can then ask if these noisy equations in the reduced space can
be obtained via reducing a stochastic perturbation of the entire system. This also leads to
the problem of understanding when stochastic forcing preserves the symmetries underlying
the reduction and when it breaks them.

In the classical setting, let G be a Lie group acting freely and properly on a configu-
ration manifold Q and via tangent and cotangent lifts on TQ and T ∗Q respectively. From
Section 2.5, we recall that in implicit Lagrange-Poincaré reduction, the reduced space is
the Whitney sum of the Pontryagin bundle of the shape space, Q/G, the associated adjoint
bundle obtained by fixing a connection on Q → Q/G and the dual of the associated adjoint
bundle. Corresponding to a G-invariant Lagrangian function, the reduced equations may be
divided into a set of horizontal equations, which resemble Euler-Lagrange equations with an
extra force arising from a reduced curvature 2-form, and vertical equations, which resemble
Euler-Poincaré equations.

We show that a similar behaviour occurs in case of the stochastic Hamilton-Pontryagin
principle. We assume that L ∈ C∞(TQ), Li ∈ C∞(Q) and Vi ∈ X∞ (Q) are all G-invariant
for all i = 1, · · · , k. Then we obtain a reduced stochastic action integral on the reduced space.
Similar to the deterministic case, under certain constrained variations we obtain reduced
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horizontal implicit stochastic Lagrange-Poincaré equations and vertical implicit stochastic
Lagrange-Poincaré equations. The vertical equations resemble stochastic Euler-Poincaré
equations. When Q is a Lie group these equations are the stochastic Euler-Poincaré equa-
tions.

In order to express the reduced equations in a coordinate-free way, we need the notion
of stochastic covariant derivatives. This is described by Norris [75] and Catuogno, Ledesma
and Ruffino [16] and reviewed in Section 10.1. In the next section, we describe the reduction
process and state a stochastic analogue of the implicit Lagrange-Poincaré reduction theorem.
In Section 10.3, we discuss two examples, namely, the stochastic rigid body with a rotor,
and a stochastic charged particle in a magnetic field.

For the convenience of the reader, below we recall some of the notations introduced in
Section 2.5 in the context of deterministic implicit Lagrange-Poincaré reduction.

Notation Description

ϕ : G×Q → Q Free and proper action of a Lie group G on Q. G acts on TQ
via tangent lifts and on T ∗Q via cotangent lifts.

gq, gv, gp The images of q ∈ Q, v ∈ TQ, and p ∈ T ∗Q under the action
of an element g ∈ G.

A,B A : TQ → g is a principal connection on π : Q → Q/G, and B
is its curvature 2–form.

[q] π(q), where q ∈ Q.

g̃, g̃∗ g̃ = (Q × g)/G
πg̃−→ Q/G, g̃∗ = ((Q× g)/G)∗

πg̃∗−−→ Q/G, the
adjoint bundle and its dual bundle.

ξ ξ = A(q, q̇), where q(t) is a curve in Q.

ζ̄ = [q, ζ]G, µ̄ = [q, µ]G Elements of g̃ and g̃∗ respectively, where q ∈ Q, ζ ∈ g, and
µ ∈ g∗.

∇g̃, ∇g̃∗ Affine connections on g̃ and g̃∗ respectively.

ΨA, (Ψ−1
A )∗, Ψ̃A Connection–induced bundle isomorphisms

ΨA : TQ/G → T (Q/G)⊕ g̃,

(Ψ−1
A )∗ : T ∗Q/G → T ∗(Q/G)⊕ g̃∗,

Ψ̃A : PQ/G → P(Q/G)⊕ g̃⊕ g̃∗.

B̃ Reduced curvature 2–form on Q/G induced by B.

Table 10.1: List of notations from Section 2.5.



10.1. CONNECTORS AND THE STOCHASTIC COVARIANT DERIVATIVE 140

10.1 Connectors and the Stochastic Covariant Derivative

In the stochastic case, the covariant derivatives in the vertical and horizontal Lagrange-
Poincaré equations are replaced by stochastic covariant derivatives. On a vector bundle with
a connection, this is defined in terms of the connector or the connection map.

10.1.1 The Connector on a Vector Bundle

Let E
πE−→ M be a vector bundle with a connection ∇ and let GL(E) denote the frame

bundle of E. From the connection ∇, we obtain a projection ΦE : TE → Ver E to the
vertical bundle Ver E of TE. Let vlftE : E×M E → Ver E denote the vertical lift map given
by

vlftEm(vm1 , vm2) =
d

ds

⃓⃓⃓
s=0

(vm1 + svm2), (10.1.1)

for all m ∈ M , vm1 , vm2 ∈ π−1
E (m). For the proof of the next lemma, we refer the reader to

Michor [68].

Lemma 10.1.1. The vertical lift map vlftE satisfies the following properties:

1. vlftE is a vector bundle isomorphism.

2. Let Pri denote the projection onto the i-th factor of E ×M E. Then Pr1 ◦(vlftE)
−1

=
prTE|Ver E, where prTE : TE → E is the projection onto the basepoint.

Definition 10.1.2. The map vprE := Pr2 ◦(vlftE)
−1

: Ver E → E is called the vertical
projection. The map K∇ := vprE ◦ ΦE : TE → E is called the connector associated to
∇.

Let F : E → R and v0 ∈ E be an arbitrary point with πE(v0) = m0. Let um0 ∈ Tm0M .
We define ⟨︃

∂F

∂m

⃓⃓⃓
v0
, (m0, um0)

⟩︃
=

d

dt

⃓⃓⃓
t=0

F (mh(t)) (10.1.2)

where mh(t) is the horizontal lift of a curve m(t) in M , with m(0) = m0, ṁ(0) = um0 and
mh(0) = v0.

Remark 10.1.3. This is independent of the choice of the curve m(t) in M , since the tangent
vector ṁh(0) depends only on the horizontal lift of um0 .

We also define⟨︃
∂F

∂v

⃓⃓⃓
v0
, v

⟩︃
=

d

ds

⃓⃓⃓
s=0

F (v0 + sv) =
⟨︁
dF, vlftEm0

(v0, v)
⟩︁
, (10.1.3)

for all v ∈ π−1
E (m0). Note that the definition of ∂F

∂v
is independent of ∇.
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Theorem 10.1.4. Suppose ϵ ↦→ vm,ϵ(t) is a deformation of vm(t). Then

⟨dF, δvm(t)⟩ =
⟨︃
∂F

∂m
, δm(t)

⟩︃
+

⟨︃
∂F

∂v
,K∇(δvm(t))

⟩︃
. (10.1.4)

Proof. We have

⟨dF, δvm(t)⟩ = ⟨dF |Hor E,Hor δvm(t)⟩+ ⟨dF |Ver E,Ver δvm(t)⟩

where Hor δvm(t) and Ver δvm(t) are the horizontal and vertical components of δvm(t) re-
spectively. For the first term on the right, horizontally lift mϵ(t) := πE(vm,ϵ(t)) to a curve
mh

ϵ (t) starting at vm,ϵ(0). Then

⟨dF |Hor E,Hor δvm(t)⟩ =
⟨︁
dF, δmh(t)

⟩︁
=

d

dϵ

⃓⃓⃓
ϵ=0

F (mh
ϵ (t)) =

⟨︃
∂F

∂m
, δm(t)

⟩︃
.

For the second term on the right, let w(t) = (vlftE)−1 ◦ΦE(δvm(t)). Then, by Lemma 10.1.1
Pr1(w(t)) = vm(t), and by definition of K∇, Pr2(w(t)) = K∇(δvm(t)). Therefore, we have

⟨dF |Ver E,Ver δvm(t)⟩ = ⟨dF |Ver E,ΦE(δvm(t))⟩
=
⟨︁
dF |Ver E, (vlftE)(Pr1(w(t)),Pr2(w(t)))

⟩︁
=
⟨︁
dF |Ver E, (vlftE)(vm(t), K∇(δvm(t)))

⟩︁
=

⟨︃
dF |Ver E,

d

ds

⃓⃓⃓
s=0

(vm(t) +K∇(δvm(t)))

⟩︃
=

d

ds

⃓⃓⃓
s=0

F (vm(t) +K∇(δvm(t)))

=

⟨︃
∂F

∂v
,K∇(δvm(t))

⟩︃
.

This completes the proof.

10.1.2 The Stochastic Covariant Derivative

Let E
πE−→ M be a vector bundle with a connection ∇ and let E∗ denote the dual bundle.

Let K∇ denote the associated connector. Suppose Γ is a semimartingale in E. We adopt
Proposition 1 in Catuogno, Ledesma, and Ruffino [16] as the definition of the (Stratonovich)
stochastic covariant derivative of Γ:

Definition 10.1.5. For every section α : M → E∗ of the dual bundle E∗, we define the
stochastic covariant derivative

∫︁
α •DΓ by∫︂

⟨α, •DΓ⟩ :=
∫︂

α(πE(Γ)) ◦K∇ • dΓ. (10.1.5)
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We denote Equation (10.1.5) in differential notation by

•DΓ := K∇ • dΓ.

Either by purely deterministic arguments or as a special case of this definition, we obtain

Dv(t)

Dt
= K∇(v̇(t)). (10.1.6)

It follows from the expression of the covariant derivative on the associated bundle in Equation
(2.5.2) that given a semimartingale [qt, ζ̄t] in g̃, we have

•D[qt, ζ̄t]G = [qt, [ζt, A(qt, •dqt)] + •dζt]G. (10.1.7)

Note that the connection ∇ also defines a connection on the dual bundle. This connection
can be specified by specifying the covariant derivative corresponding to it. Let α(t) be a
curve in E∗ and v(t) be a curve in E such that both α(t) and v(t) project onto the same
curve on M . Then, we define the covariant derivative of α(t) via the product rule

d

dt
⟨α(t), v(t)⟩ =

⟨︃
Dα(t)

dt
, v(t)

⟩︃
+

⟨︃
α(t),

Dv(t)

Dt

⟩︃
(10.1.8)

Then, if K∇g̃
denotes the connector on g̃ and we have a connection ∇g̃∗ on the dual bundle

g̃∗ defined by Equation (10.1.8) then

d

dt

⟨︁
µ̄(t), ζ̄(t)

⟩︁
=
⟨︂
µ̄(t), K∇g̃

̇̄ζ(t)
⟩︂
+
⟨︁
K∇g̃∗ ̇̄µ(t), ζ̄(t)

⟩︁
, (10.1.9)

where ζ̄(t) and µ̄(t) are curves in g̃ and g̃∗ respectively that project to the same curve in
Q/G. For semimartingales ζ̄ ∈ S (g̃) and µ̄ ∈ S (g̃∗) that have the same projection to Q/G,
we define

∫︁ ⟨︁
•Dµ̄, ζ̄

⟩︁
by

⟨︁
µ̄, ζ̄
⟩︁
=

∫︂ ⟨︁
•Dµ̄, ζ̄

⟩︁
+

∫︂ ⟨︁
µ̄, •Dζ̄

⟩︁
. (10.1.10)

10.2 Stochastic Implicit Lagrange-Poincaré Reduction

10.2.1 The Reduced Action Functional

We now assume that L ∈ C∞(TQ), Li ∈ C∞(Q) and Vi ∈ X∞ (Q) are G-invariant. Let
ℓ ∈ C∞(T (Q/G)⊕ g̃) denote the reduced Lagrangian corresponding to L. By G-invariance
of Li, there exists li ∈ C∞(Q/G) such that li ◦ π = Li. Similarly, G-invariance of Vi

implies that there exists sections βi : Q/G → g̃ and vector fields Θi ∈ X∞ (Q/G) such that
βi([q]) = [q, A(Vi(q))]G and Θi ◦ π = Tπ ◦ Vi. Note that G-invariance of Vi and equivariance
of A implies that βi is well-defined. Similar to the deterministic reduced action functional
Sred in Equation (2.5.9), we shall describe a reduced stochastic action Sred

X corresponding to
the stochastic Hamilton-Pontryagin action SX in Equation (9.2.1).
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Let us briefly recall the intrinsic description of the stochastic Hamilton-Pontryagin prin-
ciple. Denote by GPQ : PQ → R the pairing map (uq, pq) ∈ PQ ↦→ ⟨pq, uq⟩. Let GP(Q/G)

denote the corresponding map for P(Q/G). Let ρTT ∗Q : TT ∗Q → PQ denote the map
(q, p, uq, up) ∈ TT ∗Q ↦→ (q, uq, p) ∈ PQ. Let

prQ : PQ → Q

prTQ : PQ → TQ

prT ∗Q : PQ → T ∗Q

denote the projections (q, v, p) ∈ PQ ↦→ q ∈ Q, (q, v, p) ∈ PQ ↦→ (q, v) ∈ TQ and (q, v, p) ∈
PQ ↦→ (q, p) ∈ T ∗Q, respectively. The corresponding projections in P(Q/G) are denoted by
prQ/G, prT (Q/G), and prT ∗(Q/G) , respectively. Consider the 1-form GPQ on PQ defined by the
composition GPQ = GPQ ◦ρTT ∗Q ◦TprT ∗Q. The corresponding 1-form on P(Q/G) is denoted
by GP(Q/G).

Given a vector field V ∈ X∞ (Q), let V̄ : PQ → PQ denote the map defined by
V̄ (q, v, p) = (q, V (q), p) = (V ◦ prQ)⊕ prT ∗Q. If V is a vector field on Q/G instead, then we
will slightly abuse notation to still denote by V̄ : P(Q/G) → P(Q/G) the map V̄ (x, u, y) =
(x, V (x), y), where (x, u, y) ∈ P(Q/G). We define generalized energies Ej ∈ C∞(PQ) by

Ej =

{︄
GPQ − L ◦ prTQ, if j = 0,

GPQ ◦ V̄j − Lj ◦ prQ, if j = 1, · · · , k.

In local coordinates, we have

Ej(q, v, p) =

{︄
⟨pq, vq⟩ − L(q, vq), if j = 0,

⟨pq, Vj(q)⟩ − Lj(q), if j = 1, · · · , k.

We have seen that the stochastic Hamilton-Pontryagin action functional can be written as

SX(Γ) =

∫︂ T

0

GPQ • dΓ−
k∑︂

j=0

∫︂ T

0

Ej(Γ) • dXj. (10.2.1)

Now suppose L, L1, · · · , Lk and V1, · · · , Vk are all G-invariant. Then, for all g ∈ G, SX(gΓ) =
SX(Γ). Therefore SX(·) drops to an action Sred

X (·) on PQ/G defined by

Sred
X ([Γ]) = SX(Γ).

Via the isomorphism PQ/G ∼= P(Q/G)⊕ g̃⊕ g̃∗, we can identify [Γ] with a semimartingale
ΓP(Q/G) ⊕ ζ̄ ⊕ µ̄, where ΓP(Q/G) ∈ S (P(Q/G)), ζ̄ ∈ S (g̃) and µ̄ ∈ S (g̃∗).

We define Ej ∈ C∞(P(Q/G)⊕ g̃⊕ g̃∗) by

Ej(x, u, y, ζ̄, µ̄) =

{︄
⟨y, u⟩+

⟨︁
µ̄, ζ̄
⟩︁
− ℓ(x, u, ζ̄), if j = 0,⟨︁

y, V red
j (x)

⟩︁
+
⟨︁
µ̄, β̄j(x)

⟩︁
− lj(x), if j = 1, · · · , k.



10.2. STOCHASTIC IMPLICIT LAGRANGE-POINCARÉ REDUCTION 144

Denote by Gg̃ : g̃ ⊕ g̃∗ → R the fibrewise pairing map (ζ̄x, µ̄x) ↦→
⟨︁
ζ̄x, µ̄x

⟩︁
, where ζ̄x, µ̄x are

elements in the fibre over x ∈ Q/G respectively. If µ̄ is a semimartingale in g̃∗ and qt is a
semimartingale in Q with µ̄t projecting onto π(qt), we consider the semimartingale Ψµ̄ ∈ T ∗Q
over qt defined by

Ψµ̄t(vqt) = Gg̃(µ̄t, [qt, A(qt, vqt)]G) (10.2.2)

for all vqt ∈ TqtQ.

Given a semimartingale qt in Q, we let ξ̄t = [qt, ξt]G, where ξt =
∫︁
A • dqt. Let us define∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
=

∫︂
Ψµ̄t • dqt. (10.2.3)

Remark 10.2.1. If Γ is a semimartingale in a manifold M , we usually think of •dΓ as
a formal tangent vector in TM . However, in this case, we will think of •dξ̄ formally as
an element of g̃, rather than T g̃. To motivate this interpretation, let us note that if ξt =∫︁
A(qt)•dqt then •dξt = A(qt)•dqt is a formal element in g. When qt = q(t) is a deterministic

curve, we have ξ̇(t) = A(q(t), q̇(t)). The curve A(q(t), q̇(t)) is referred to as ξ(t) in Yoshimura
and Marsden [95], and they set ξ̄(t) = [q(t), ξ(t)]G. In our case, we replace ξ(t) by ξ̇(t) so that
ξ̄(t) = [q(t), ξ̇(t)]G. But when qt is a semimartingale, we replace ξ̇(t) = A(q(t), q̇(t)) by •dξt =
A(qt) • dqt. Then, the right side is the formal Stratonovich differential [qt, A(qt) • dqt]G, and
hence we must replace ξ̄(t) by a Stratonovich differential •dξ̄t. The definition of

∫︁ ⟨︁
µ̄, •dξ̄t

⟩︁
interprets the pairing of •dξ̄t with a semimartingale in g̃∗ as a well-defined Stratonovich
integral in Q.

Theorem 10.2.2. The reduced action functional Sred
X (·) is given by

Sred
X (ΓP(Q/G) ⊕ ζ̄ ⊕ µ̄) =

∫︂ T

0

GP(Q/G) • dΓP(Q/G) +

∫︂ T

0

⟨︁
µ̄, •dξ̄

⟩︁
−

k∑︂
j=0

Ej(ΓP(Q/G), ζ̄, µ̄) • dXj. (10.2.4)

Proof. Let (q, v, p) ∈ PQ, x = π(q), u = Tqπ(v), y = (p)h
∗

q , ζ̄ = [q, A(q, v)]G and µ̄ =
[q, J(q, p)]G. Then, we have,

⟨p, v⟩ = ⟨p,Hor (v)⟩+ ⟨p,Ver (v)⟩ = ⟨y, u⟩+
⟨︁
µ̄, ζ̄
⟩︁
,

and similarly,

⟨p, Vi(q)⟩ = ⟨p,Hor Vi(q)⟩+ ⟨p,Ver Vi(q)⟩ =
⟨︁
y, V red

i (x)
⟩︁
+
⟨︁
µ̄, β̄i(x)

⟩︁
.

As a result,

Ej(q, v, p) =

{︄
⟨pq, vq⟩ − L(q, vq), if j = 0,

⟨pq, Vj(q)⟩ − Lj(q), if j = 1, · · · , k.

=

{︄
⟨y, u⟩+

⟨︁
µ̄, ζ̄
⟩︁
− ℓ(x, u, ζ̄), if j = 0,⟨︁

y, V red
j (x)

⟩︁
+
⟨︁
µ̄, β̄j(x)

⟩︁
− lj(x), if j = 1, · · · , k.
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= Ej(x, u, y, ζ̄, µ̄).

Next suppose (q̇, v̇, ṗ) ∈ T(q,v,p)PQ. Let πP(Q/G) : P(Q/G) ⊕ g̃ ⊕ g̃∗ → P(Q/G) denote the
projection onto the P(Q/G) factor. Then, we obtain a map ΠP(Q/G) : PQ → P(Q/G) by
ΠP(Q/G) = πP(Q/G) ◦ Ψ̃A ◦ PrPQ/G. Let (ẋ, u̇, ẏ) = T(q,v,p)ΠP(Q/G)(q̇, v̇, ṗ) ∈ T(x,u,y)P(Q/G).
Then

GPQ(q, v, p)(q̇, v̇, ṗ) = ⟨p, q̇⟩
= ⟨p,Hor q̇⟩+ ⟨p,Ver q̇⟩
= ⟨y, ẋ⟩+ ⟨µ̄, [q, A(q, q̇)]G⟩
= GP(Q/G)(x, u, y)(ẋ, u̇, ẏ) + Ψµ̄(q̇).

Consequently, we obtain

Sred
X (ΓP(Q/G) ⊕ ζ̄ ⊕ µ̄) =

∫︂ T

0

GP(Q/G) • dΓP(Q/G) +

∫︂ T

0

⟨︁
µ̄, •dξ̄

⟩︁
−

k∑︂
j=0

Ej(ΓP(Q/G) ⊕ ζ̄ ⊕ µ̄) • dXj.

If Γt = (qt, vt, pt) in local coordinates and Ψ̃A ◦ PrPQ(Γt) = (xt, ut, yt, ζ̄t, µ̄t), then the
local coordinate expression of Sred

X (·) is given by

Sred
X (xt, ut, yt, ζ̄t, µ̄t) =

∫︂ T

0

[︄
ℓ(xt, ut, ζ̄t) • dX0

t +
k∑︂

i=1

li(xt) • dX i
t (10.2.5)

+

⟨︄
yt, •dxt − ut • dX0

t −
k∑︂

i=1

V red
i (xt) • dX i

t

⟩︄

+

⟨︄
µ̄t, •dξ̄t − ζ̄t • dX0

t −
k∑︂

i=1

β̄i(xt) • dX i
t

⟩︄]︄
. (10.2.6)

10.2.2 Vertical and Horizontal Variations

Let us consider a semimartingale qt in Q. Define

ξt =

∫︂
A(qt) • dqt ∈ S (g).

Theorem 10.2.3. Suppose ϵ ↦→ qt,ϵ is a deformation of qt.

1. If δqt is vertical then

Dξt =

∫︂
adηt • dξt + ηt − η0 (10.2.7)

where ηt = A(qt, δqt).
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2. If δq is horizontal then

Dξt =

∫︂
B(qt)(δqt, •dqt) :=

∫︂
iδqtB • dqt. (10.2.8)

Proof.

1. Since Hor δqt = 0 it follows from (2.5.1) that B(qt)(δqt, ·) = 0. Hence, by Lemma 9.1.9

Dξt =

∫︂
iδqtdA • dqt + ⟨A(qt), δqt⟩ − ⟨A(q0), δq0⟩

=

∫︂
adηtA(qt) • dqt + ηt − η0

=

∫︂
adηt • d

∫︂
A(qt) • dqt + ηt − η0

=

∫︂
adηt • dξt + ηt − η0.

2. Since A(qt, δqt) = 0, we have

Dξt =

∫︂
iδqtdA • dqt + ⟨A(qt), δqt⟩ − ⟨A(q0), δq0⟩

=

∫︂
iδqtB • dqt

=

∫︂
B(qt)(δqt, •dqt).

10.2.3 Covariant Variations on the Adjoint Bundle

In this section, we discuss variation of the term
∫︁ ⟨︁

µ̄t, •dξ̄t
⟩︁

in the reduced action functional.

Theorem 10.2.4. Let qt be a semimartingale in Q, µ̄t be a semimartingale in g̃∗ that
projects to xt := π(qt) in Q/G and ξ̄t = [qt, ξt]G with ξt =

∫︁
A(qt) • dqt. Suppose ϵ ↦→ qϵ,t

and ϵ ↦→ µ̄ϵ,t are deformations of qt and µ̄t respectively. Set xϵ,t = π(qϵ,t), ηt = A(qt, δqt) and
η̄t = [qt, ηt]G. Then

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
=

∫︂ ⟨︁
K∇g̃∗δµ̄t − ad∗

η̄tµ̄t, •dξ̄
⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩

+ ⟨µ̄t, η̄t⟩ − ⟨µ̄0, η̄0⟩ . (10.2.9)

Proof. To make our calculations easier, we begin by considering the 1-form Ψ̄ on g̃∗×Q/GQ
defined by Ψ̄(µ̄,q)(vµ̄, vq) = Ψµ̄(vq) = ⟨µ̄, [q, A(q, vq)]G⟩, where (µ̄, q) ∈ g̃∗×Q/GQ and (vµ̄, vq) ∈
T(µ̄,q)(g̃

∗ ×Q/G Q). Then, we have,∫︂ ⟨︁
µ̄t, •dξ̄t

⟩︁
=

∫︂
Ψ̄ • d(µ̄t, qt). (10.2.10)
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This implies, by Lemma 9.1.9, that

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
=

∫︂
i(δµ̄t,δqt)dΨ̄ • d(µ̄t, qt) +

⟨︁
Ψ̄(µ̄t, qt), (δµ̄t, δqt)

⟩︁
−
⟨︁
Ψ̄(µ̄0, q0), (δµ̄0, δq0)

⟩︁
.

We now compute i(δµ̄t,δqt)dΨ̄ by Corollary 9.1.10. Consider tangent vectors (vµ̄, vq), (wµ̄, wq) ∈
T(µ̄,q)(g̃

∗ ×Q/G Q). Let qϵ(t) and µ̄ϵ(t) be curves in Q and g̃∗ respectively that project on
the same curve xϵ(t) and set q0(t) = q(t), µ̄0(t) = µ̄(t) and x0(t) = x(t). We assume that
q(0) = q, µ̄(0) = µ̄, q̇(0) = vq, δq(0) = wq, ̇̄µ(0) = vµ̄ and δµ̄(0) = wµ̄. Further let x(0) = x,
vx = ẋ(0) and wx = δx(0). We have

i(δµ̄(t),δq(t))dΨ̄( ̇̄µ, q̇) = δ
⟨︁
Ψ̄(µ̄(t), q(t)), ( ̇̄µ(t), q̇(t))

⟩︁
− d

dt

⟨︁
Ψ̄(µ̄(t), q(t)), (δµ̄(t), δq(t))

⟩︁
= δ ⟨µ̄(t), [q(t), A(q(t), q̇(t))]G⟩ −

d

dt
⟨µ̄(t), [q(t), A(q(t), δq(t))]G⟩ .

We now use Equation (10.1.8) to obtain

i(δµ̄(t),δq(t))dΨ̄( ̇̄µ, q̇)

= δ ⟨µ̄(t), [q(t), A(q(t), q̇(t))]G⟩ −
d

dt
⟨µ̄(t), [q(t), A(q(t), δq(t))]G⟩

=

⟨︃
D

Dϵ

⃓⃓⃓
ϵ=0

µ̄ϵ(t), [q(t), A(q(t), q̇(t))]G

⟩︃
+

⟨︃
µ̄,

D

Dϵ

⃓⃓⃓
ϵ=0

[q(t), A(q(t), q̇(t))]G

⟩︃
−
⟨︃

D

Dt
µ̄(t), [q(t), A(q(t), δq(t))]G

⟩︃
−
⟨︃
µ̄,

D

Dt
[q(t), A(q(t), δq(t))]G

⟩︃
=

⟨︃
D

Dϵ

⃓⃓⃓
ϵ=0

µ̄ϵ(t), [q(t), A(q(t), q̇(t))]G

⟩︃
−
⟨︁
µ̄(t), [q(t), adA(q(t),δq(t))A(q(t), q̇(t))]G

⟩︁
+

⟨︃
µ̄,

D

Dt
[q(t), A(q(t), δq(t))]G

⟩︃
+ ⟨µ̄(t), [q(t), B(q(t))(δq(t), q̇(t))]G⟩

−
⟨︃

D

Dt
µ̄(t), [q(t), A(q(t), δq(t))]G

⟩︃
−
⟨︃
µ̄,

D

Dt
[q(t), A(q(t), δq(t))]G

⟩︃
.

In the last step, we have used Equation (2.5.8) to write

D

Dϵ

⃓⃓⃓
ϵ=0

[qϵ(t), A(qϵ(t), q̇ϵ(t))]G

=
D

Dt
[q(t), A(q(t), δq(t))]G − [q(t), adA(q(t),δq(t))A(q(t), q̇(t))]G

+ [q(t), B(q(t))(δq(t), q̇(t))]G.

We observe that the term
⟨︁
µ̄, D

Dt
[q(t), A(q(t), δq(t))]G

⟩︁
cancels out. The covariant derivatives

can be expressed by the connector via Equation (10.1.6) to yield

i(δµ̄(t),δq(t))dΨ̄( ̇̄µ, q̇)

=

⟨︃
D

Dϵ

⃓⃓⃓
ϵ=0

µ̄ϵ(t), [q(t), A(q(t), q̇(t))]G

⟩︃
−
⟨︁
µ̄(t), [q(t), adA(q(t),δq(t))A(q(t), q̇(t))]G

⟩︁
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+ ⟨µ̄(t), [q(t), B(q(t))(δq(t), q̇(t))]G⟩ −
⟨︃

D

Dt
µ̄(t), [q(t), A(q(t), δq(t))]G

⟩︃
= ⟨K∇g̃∗ µ̄ϵ(t), [q(t), A(q(t), q̇(t))]G⟩ −

⟨︁
ad∗

[q(t),A(q(t),δq(t))]G
µ̄(t), [q(t), A(q(t), q̇(t))]G

⟩︁
+
⟨︂⟨︂

µ̄(t), iδx(t)B̃(x(t))
⟩︂
, ẋ(t)

⟩︂
− ⟨K∇g̃∗ µ̄(t), [q(t), A(q(t), δq(t))]G⟩

Evaluating at t = 0 we obtain

i(wµ̄,wq)dΨ̄(vµ̄, vq) = ⟨K∇g̃∗wµ̄, [q, A(q, vq)]G⟩ −
⟨︂
ad∗

[q,A(q,wq)]G
µ̄, [q, A(q, vq)]G

⟩︂
+
⟨︂⟨︂

µ̄, iwxB̃(x)
⟩︂
, vx

⟩︂
− ⟨K∇g̃∗vµ̄, [q, A(q, wq)]G⟩ .

Since all of the tangent vectors chosen are arbitrary, we obtain∫︂
i(δµ̄t,δqt)dΨ̄ • d(µ̄t, qt)

=

∫︂
ΨK∇g̃∗ δµ̄t−ad∗[q,A(q,δqt)]G

µ̄t • dqt +
∫︂ ⟨︂

µ̄t, iδxtB̃(xt)
⟩︂
• dxt −

∫︂
⟨•Dµ̄t, [qt, A(qt, δqt)]G⟩

=

∫︂ ⟨︁
K∇g̃∗δµ̄t − ad∗

η̄tµ̄t, •dξ̄
⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩ ,

which yields

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
=

∫︂ ⟨︁
K∇g̃∗δµ̄t − ad∗

η̄tµ̄t, •dξ̄
⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩

+
⟨︁
Ψ̄(µ̄t, qt), (δµ̄t, δqt)

⟩︁
−
⟨︁
Ψ̄(µ̄0, q0), (δµ̄0, δq0)

⟩︁
=

∫︂ ⟨︁
K∇g̃∗δµ̄t − ad∗

η̄tµ̄t, •dξ̄
⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩

+ ⟨µ̄t, η̄t⟩ − ⟨µ̄0, η̄0⟩ .

This completes the proof.

Let us now show that the above formula can also be obtained by a formal computation
by considering covariant variations of the semimartingale ξ̄t = [qt, ξt]G. Since ϵ ↦→ ξ̄ϵ,t is
pathwise smooth, the covariant derivative D

Dϵ

⃓⃓⃓
ϵ=0

ξ̄ϵ,t with respect to ϵ in the ucp topology

agrees with the pathwise computed covariant D
Dϵ

⃓⃓⃓
ϵ=0

ξ̄t(·). This is a consequence of Arnaudon
and Thalmaier [5, Proposition 2.8]. Using the covariant derivative on the adjoint bundle and
Proposition 10.2.3, we obtain

δAξ̄t :=
D

Dϵ

⃓⃓⃓
ϵ=0

ξ̄ϵ,t

=

[︃
qt,−adηt

∫︂
A(qt) • dqt +Dξt

]︃
G

=

[︃
qt,−adηt

∫︂
A(qt) • dqt

]︃
G

+

[︃
qt,

∫︂
•dηt +

∫︂
adηt • dξt

]︃
G
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+

[︃
qt,

∫︂
iδqtB • dqt

]︃
G

.

We now formally set∫︂ ⟨︁
µ̄t, •d(δAξ̄t)

⟩︁
=

∫︂ ⟨︁
µ̄t, [qt,−adηtA(qt) • dqt]G

⟩︁
+

∫︂ ⟨︁
µ̄t, [qt, •dηt + adηt • dξt]G

⟩︁
+

∫︂ ⟨︁
µ̄t, [qt, iδqtB • dqt]G

⟩︁
.

To obtain each of the integrals on the right as Stratonovich integrals, we formally treat the
Stratonovich differentials as tangent vectors in each of the pairings involved. For the first
term, we have ⟨︁

µ̄t, [qt,−adηtA(qt) • dqt]G
⟩︁
= −⟨µ̄t, adη̄t [qt, A(qt) • dqt]G⟩
= −

⟨︁
ad∗

η̄tµ̄t, [qt, A(qt) • dqt]G
⟩︁

which shows that
∫︁ ⟨︁

µ̄t, [qt,−adηtA(qt) • dqt]G
⟩︁

corresponds to −
∫︁ ⟨︁

ad∗
η̄tµ̄t, •dξ̄t

⟩︁
. For the

next term, we note that the stochastic covariant derivative of η̄t on the adjoint bundle is
given by

•Dη̄t = [qt, [ηt, A(qt) • dqt] + •dηt]G.
Hence,

∫︁ ⟨︁
µ̄t, [qt, •dηt + adηt • dξt]G

⟩︁
corresponds to

∫︁
⟨µ̄, •Dη̄⟩. For the final term on the

right side, we have

⟨µ̄t, [qt, iδqtB • dqt]⟩ =
⟨︂
µ̄t, B̃(xt)(δxt, •dxt)

⟩︂
=
⟨︂⟨︂

µ̄t, iδxtB̃(xt)
⟩︂
, •dxt

⟩︂
and hence, we can write∫︂

⟨µ̄t, [qt, iδqtB • dqt]⟩ =
∫︂ ⟨︂

µ̄t, iδxtB̃(xt)
⟩︂
• dxt.

Thus, we obtain∫︂ ⟨︁
µ̄t, •d(δAξ̄t)

⟩︁
= −

∫︂ ⟨︁
ad∗

η̄tµ̄t, •dξ̄t
⟩︁
+

∫︂
⟨µ̄t, •Dη̄t⟩+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt.

which we will write as

•d(δAξ̄t) = −adη̄t•dξ̄t + •Dη̄t + iδxtB̃(xt) • dxt.

to emphasize the similarity with the deterministic case (see Equation (2.5.8)). By Equation
(10.1.10), we have

⟨µ̄, η̄⟩ − ⟨µ̄0, η̄0⟩ =
∫︂

⟨Dµ̄, η̄⟩+
∫︂

⟨µ̄, •Dη̄⟩ .

Putting all of this together, we have∫︂ ⟨︁
µ̄t, •d(δAξ̄t)

⟩︁
= −

∫︂ ⟨︁
ad∗

η̄tµ̄t, •dξ̄t
⟩︁
−
∫︂

⟨Dµ̄, η̄⟩+
∫︂ ⟨︂

µ̄t, iδxtB̃(xt)
⟩︂
• dxt
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+ ⟨µ̄t, η̄t⟩ − ⟨µ̄0, η̄0⟩ . (10.2.11)

Note that the terms on the right are well-defined Stratonovich integrals. By formally con-
sidering D

Dϵ

⃓⃓⃓
ϵ=0

(•dξ̄ϵ,t) = •d(δAξ̄t), we obtain

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
=

∫︂ ⟨︁
K∇g̃∗δµ̄t, •dξ̄t

⟩︁
+

∫︂ ⟨︁
µ̄t, •d(δAξ̄t)

⟩︁
.

Replacing
∫︁ ⟨︁

µ̄t, •d(δAξ̄t)
⟩︁

by the expression in Equation (10.2.11) gives us the expression
for δ

∫︁ ⟨︁
µ̄t, •dξ̄t

⟩︁
obtained in Equation (10.2.9).

Remark 10.2.5. As in the deterministic case, for the semimartingale ξ̄t = [qt,
∫︁
A(qt)•dqt]G,

we will only consider deformations ϵ ↦→ ξ̄ϵ,t such that their projections on Q/G is xt = π(qt).
The corresponding variations can be identified with a semimartingale in g̃, rather than one
in T g̃. The variation δAξ̄ is an instance of g̃-fiber variation.

We have already seen that if qt is a semimartingale such that xt = π(qt) and ξ̄t =
[qt,
∫︁
A(qt) • dqt]G then, given a deformation ϵ ↦→ qϵ,t, we (formally) have

•d(δAξ̄t) = −adη̄t•dξ̄t + •Dη̄t + iδxtB̃(xt) • dxt.

Moreover, we also have

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
−
∫︂ ⟨︁

K∇g̃∗δµ̄t, •dξ̄t
⟩︁
=

∫︂ ⟨︁
µ̄t, •d(δAξ̄t)

⟩︁
where ∫︂ ⟨︁

µ̄t, •d(δAξ̄t)
⟩︁
= −

∫︂ ⟨︁
ad∗

η̄tµ̄t, •dξ̄
⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩

+ ⟨µ̄t, η̄t⟩ − ⟨µ̄0, η̄0⟩ .

Thus, in the stochastic case, the variations δAξ̄t are those g̃-fiber variations for which

D
∫︂ ⟨︁

µ̄t, •dξ̄t
⟩︁
−
∫︂ ⟨︁

K∇g̃∗δµ̄t, •dξ̄t
⟩︁

=

∫︂
⟨µ̄t, •Dη̄t⟩+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂ ⟨︁
ad∗

η̄tµ̄t, •dξ̄
⟩︁

= −
∫︂ ⟨︁

ad∗
η̄tµ̄t, •dξ̄

⟩︁
+

∫︂ ⟨︂
µ̄t, iδxtB̃(xt)

⟩︂
• dxt −

∫︂
⟨•Dµ̄t, η̄t⟩

+ ⟨µ̄t, η̄t⟩ − ⟨µ̄0, η̄0⟩ ,

where η̄t = [qt, A(qt, δqt)]G. The variations of the form δxt⊕δAξ̄t are the stochastic analogues
of the deterministic covariant variations. The reduced variational principle Sred

X will be
considered under constrained variations of this form.
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10.2.4 The Stochastic Implicit Lagrange-Poincaré Reduction The-
orem

In this section we will address the critical points of Sred
X given by Equation (10.2.5) and prove

the stochastic version of the implicit Lagrange-Poincaré reduction theorem.

Fix a connection ∇T (Q/G) on T (Q/G), and let ∇T ∗(Q/G) denote the connection on
T ∗(Q/G) obtained from ∇T (Q/G). Then ∇T (Q/G) ⊕∇g̃ defines a connection on T (Q/G)⊕ g̃
with associated connector K∇T (Q/G) ⊕ K∇g̃ , where K∇T (Q/G) and K∇g̃ are the connectors
corresponding to ∇T (Q/G) and ∇g̃ respectively.

Theorem 10.2.6. Let Γt = (xt, ut, yt, ζ̄t, µ̄t) be an admissible semimartingale in P(Q/G)⊕
g̃⊕g̃∗. Suppose ϵ ↦→ Γ

|T
ϵ,t = (x

|T
ϵ,t, u

|T
ϵ,t, y

|T
ϵ,t, ζ̄

|T
ϵ,t , µ̄

|T
ϵ,t) is a deformation of Γ|T

t = (x
|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t )

such that the variations δu|T
t , δζ̄

|T
t , δy

|T
t and δµ̄

|T
t are arbitrary and the variations δx|T

t ⊕δA(ξ̄
|T
t )

satisfy δx
|T
t = 0 at t = 0 and t = T and

•d(δAξ̄|Tt ) = −adη̄t•dξ̄
|T
t + •Dη̄t + i

δx
|T
t
B̃(x

|T
t ) • dx|T

t

in the sense of Remark 10.2.5. Here η̄ is an arbitrary semimartingale in g̃ that vanishes at
t = 0 and t = T . Then

DSred
X (xt, ut, yt, ζ̄t, µ̄t)

=

∫︂ T

0

⟨︄
∂

∂x
|T
t

(︄
ℓ • dX0

t +
k∑︂

i=1

(︂
li −

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
−
⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂)︂

• dX i
t

)︄

−
⟨︂
µ̄t, i•dxtB̃(xt)

⟩︂
− •Dy

|T
t , δx

|T
t

⟩︂
+

∫︂ T

0

⟨︄
∂ℓ

∂u
|T
t

− y
|T
t , K∇T (Q/G)δu

|T
t

⟩︄
• dX0

t

+

∫︂ T

0

⟨︄
∂ℓ

∂ζ̄
|T
t

− µ̄
|T
t , K∇g̃δζ̄t

⟩︄
• dX0

t

+

∫︂ T

0

⟨K∇T∗(Q/G)δy
|T
t , •dx|T

t − u
|T
t • dX0

t −
k∑︂

i=1

V red
i (x

|T
t ) • dX i

t⟩

+

∫︂ T

0

⟨K∇g̃∗δµ̄
|T
t , •dξ̄|Tt − ζ̄

|T
t • dX0

t −
k∑︂

i=1

β̄i(x
|T
t ) • dX i

t⟩

+

∫︂ T

0

⟨− •Dµ̄
|T
t + ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t⟩ (10.2.12)

Consequently, DSred
X (xt, ut, yt, ζ̄t, µ̄t) = 0 holds if and only if the horizontal stochastic

Lagrange-Poincaré equations

•Dyt =
∂

∂xt

(︄
ℓ • dX0

t +
k∑︂

i=1

(︁
li −

⟨︁
yt, V

red
i (xt)

⟩︁
−
⟨︁
µ̄t, β̄i(xt)

⟩︁)︁
• dX i

t

)︄
−
⟨︂
µ̄t, i•dxtB̃(xt)

⟩︂
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•dxt = ut • dX0
t +

k∑︂
i=1

V red
i (xt) • dX i

t(︃
yt −

∂ℓ

∂ut

)︃
• dX0

t = 0

and the vertical stochastic implicit Lagrange-Poincaré equations

•Dµ̄t = ad∗
•dξ̄tµ̄t

•dξ̄t = ζ̄t • dX0
t +

k∑︂
i=1

β̄i(xt) • dX i
t(︃

µ̄t −
∂ℓ

∂ζ̄t

)︃
• dX0

t = 0.

are satisfied by (x
|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ).

Proof.

We have

DSred
X (xt, ut, yt, ζ̄t, µ̄t)

= D
∫︂ T

0

ℓ(xt, ut, ζ̄t) • dX0
t +

k∑︂
i=1

D
∫︂ T

0

li(xt) • dX i
t +D

∫︂ T

0

⟨yt, •dxt⟩

− D
∫︂ T

0

⟨yt, ut⟩ • dX0
t −

k∑︂
i=1

∫︂ T

0

⟨yt, V red
i (xt)⟩ • dX i

t +D
∫︂ T

0

⟨µ̄t, •dξ̄t⟩

− D
∫︂ T

0

⟨︄
µ̄t, ζ̄tdt+

k∑︂
i=1

β̄i(xt) • dX i
t

⟩︄
.

= D
∫︂ T

0

ℓ(x
|T
t , u

|T
t , ζ̄

|T
t ) • dX0

t +
k∑︂

i=1

D
∫︂ T

0

li(x
|T
t ) • dX i

t +D
∫︂ T

0

⟨y|Tt , •dx|T
t ⟩

− D
∫︂ T

0

⟨y|Tt , u
|T
t ⟩ • dX0

t −
k∑︂

i=1

∫︂ T

0

⟨y|Tt , V red
i (x

|T
t )⟩ • dX i

t +D
∫︂ T

0

⟨µ̄|T
t , •dξ̄|Tt ⟩

− D
∫︂ T

0

⟨︄
µ̄
|T
t , ζ̄

|T
t dt+

k∑︂
i=1

β̄i(x
|T
t ) • dX i

t

⟩︄
.

= D
∫︂ T

0

ℓ(x
|T
t , u

|T
t , ζ̄

|T
t ) • dX0

t +
k∑︂

i=1

D
∫︂ T

0

li(x
|T
t ) • dX i

t

+D
∫︂ T

0

⟨y|Tt , •dx|T
t ⟩ −

(︃
D
∫︂ T

0

⟨y|Tt , u
|T
t ⟩ • dX0

t

+
k∑︂

i=1

D
∫︂ T

0

⟨y|Tt , V red
i (x

|T
t )⟩ • dX i

t

)︄
+D

∫︂ T

0

⟨µ̄|T
t , •dξ̄|Tt ⟩
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−D
∫︂ T

0

⟨︄
µ̄
|T
t , ζ̄

|T
t • dX0

t +
k∑︂

i=1

β̄i(x
|T
t ) • dX i

t

⟩︄
. (10.2.13)

We break down the calculation of variations of the terms in several steps:

1. The terms D
∫︁ T

0
ℓ(x

|T
t , u

|T
t , ζ̄

|T
t ) • dX0

t +
∑︁k

i=1 D
∫︁ T

0
li(x

|T
t ) • dX i

t

By Theorem 10.1.4, we have

D
∫︂ T

0

ℓ(x
|T
t , u

|T
t , ζ̄

|T
t ) • dX0

t +
k∑︂

i=1

D
∫︂ T

0

li(x
|T
t ) • dX i

t

=

∫︂ T

0

⟨︂
dℓ(x

|T
t , u

|T
t , ζ̄

|T
t ), (δx

|T
t , δu

|T
t , δζ̄

|T
t )
⟩︂
• dX0

t +
k∑︂

i=1

∫︂ T

0

⟨︂
dli(x

|T
t ), δx

|T
t

⟩︂
• dX i

t

=

∫︂ T

0

(︄⟨︄
∂ℓ

∂x
|T
t

, δx
|T
t

⟩︄
+

⟨︄
∂ℓ

∂u
|T
t

, K∇T (Q/G)δu
|T
t

⟩︄

+

⟨︄
∂ℓ

∂ζ̄
|T
t

, K∇g̃δζ̄
|T
t

⟩︄)︄
• dX0

t +
k∑︂

i=1

∫︂ T

0

⟨︄
∂li

∂x
|T
t

, δx
|T
t

⟩︄
• dX i

t . (10.2.14)

2. The term D
∫︁ T

0
⟨y|Tt , •dx|T

t ⟩

We recognize this term as D
∫︁ T

0
GP(Q/G)•d(x|T

t , u
|T
t , y

|T
t ). Since GP(Q/G)(δx

|T , δu
|T
t , δy|T ) =⟨︂

y
|T
t , δx

|T
t

⟩︂
and δx

|T
t vanishes at t = 0 and t = T , by Lemma 9.1.9, we have

D
∫︂ T

0

⟨y|Tt , •dx|T
t ⟩

=

∫︂ T

0

i
(δx

|T
t ,δu

|T
t ,δy

|T
t )

dGP(Q/G) • d(x|T
t , u

|T
t , y

|T
t )

+
⟨︂
GP(Q/G)(x

|T
T , u

|T
T , y

|T
T ), (δx

|T
T , δu

|T
T , δy

|T
T )
⟩︂
−
⟨︂
GP(Q/G)(x

|T
0 , u

|T
0 , y

|T
0 ), (δx

|T
0 , δu

|T
0 , δy

|T
0 )
⟩︂

=

∫︂ T

0

i
(δx

|T
t ,δu

|T
t ,δy

|T
t )

dGP(Q/G) • d(x|T
t , u

|T
t , y

|T
t ).

Thus, we need to determine i
(δx

|T
t ,δu

|T
t ,δy

|T
t )

dGP(Q/G). To do this, we will use Corollary
9.1.10.

Let (x, u, y) be a point in P(Q/G). By definition, GP(Q/G)(x, u, y) = ⟨y, dx⟩, so that
dGP(Q/G) = dy ∧ dx. Suppose (wx, wu, wy) and (w̃x, w̃u, w̃y) are tangent vectors to
P(Q/G) at (x, u, y). Let γ(t) = (x(t), u(t), y(t)) be a curve in P(Q/G) such that γ(0) =
(x, u, y) and γ̇(0) = (wx, wu, wy). Let γϵ(t) = (xϵ(t), uϵ(t), yϵ(t)) be a deformation of
γ(t) with δγ(0) = (w̃x, w̃u, w̃y). By Corollary 9.1.10

d

dϵ

⃓⃓⃓
ϵ=0

⟨GP(Q/G)(γϵ(t)), γ̇ϵ(t)⟩ = ⟨iδγ(t)dGP(Q/G), γ̇(t)⟩+
d

dt
⟨GP(Q/G)(γ(t)), δγ(t)⟩.
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which shows that,

⟨iδγ(t)dGP(Q/G), γ̇(t)⟩ =
d

dϵ

⃓⃓⃓
ϵ=0

⟨GP(Q/G)(γϵ(t)), γ̇(t)⟩ −
d

dt
⟨GP(Q/G)(γ(t)), δγ(t)⟩

Expressing the right side in terms of coordinates yields,

⟨iδγ(t)dGP(Q/G), γ̇(t)⟩ =
d

dϵ

⃓⃓⃓
ϵ=0

⟨yϵ(t), ẋϵ(t)⟩ −
d

dt
⟨y(t), δx(t)⟩.

In terms of the covariant derivatives on T (Q/G) and T ∗(Q/G), we have

d

dϵ

⃓⃓⃓
ϵ=0

⟨yϵ(t), ẋϵ(t)⟩ −
d

dt
⟨y(t), δx(t)⟩

=

⟨︃
D

Dϵ

⃓⃓⃓
ϵ=0

yϵ(t), ẋ(t)

⟩︃
+

⟨︃
y(t),

D

Dϵ

⃓⃓⃓
ϵ=0

ẋϵ(t)

⟩︃
−
⟨︃

D

Dt
y(t), δx(t)

⟩︃
−
⟨︃
y(t),

D

Dt
δx(t)

⟩︃
But by equality of mixed partial derivatives⟨︃

y(t),
D

Dϵ
ẋ(t)

⟩︃
−
⟨︃
y(t),

D

Dt

d

dϵ
x(t)

⟩︃
=

⟨︃
yϵ(t), K∇T (Q/G)

d2x(t)

dϵdt

⟩︃
−
⟨︃
y(t), K∇T (Q/G)

d2x(t)

dtdϵ

⟩︃
= 0,

which implies

d

dϵ

⃓⃓⃓
ϵ=0

⟨y(t), ẋϵ(t)⟩ −
d

dt
⟨y(t), δx(t)⟩

=

⟨︃
D

Dϵ

⃓⃓⃓
ϵ=0

yϵ(t), ẋ(t)

⟩︃
−
⟨︃

D

Dt
y(t), δx(t)

⟩︃
= ⟨K∇T∗(Q/G)δy(t), ẋ(t)⟩ − ⟨K∇T∗(Q/G) ẏ(t), δx(t)⟩ .

Evaluating at t = 0 gives

i(w̃x,w̃u,w̃y)dGP(Q/G)(wx, wu, wy)

=

(︃
d

dϵ

⃓⃓⃓
ϵ=0

⟨y(t), ẋϵ(t)⟩ −
d

dt
⟨y(t), δx(t)⟩

)︃
t=0

= (⟨K∇T∗(Q/G)δy(t), ẋ(t)⟩ − ⟨K∇T∗(Q/G) ẏ(t), δx(t)⟩)t=0

= ⟨K∇T∗(Q/G)w̃y, wx⟩ − ⟨K∇T∗(Q/G)wy, w̃x⟩ .

Since this holds for arbitrary tangent vectors (wx, wu, wy) and (w̃x, w̃u, w̃y) at (x, u, y),
we have

i
(δx

|T
t ,δu

|T
t ,δy

|T
t )

dGP(Q/G) • d(x|T
t , u

|T
t , y

|T
t )
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=
⟨︂
K∇T∗(Q/G)δy

|T
t , •dx|T

t

⟩︂
−
⟨︂
K∇T∗(Q/G) • dy|Tt , δx

|T
t

⟩︂
=
⟨︂
K∇T∗(Q/G)δy

|T
t , •dx|T

t

⟩︂
−
⟨︂
•Dy

|T
t , δx

|T
t

⟩︂
.

As a result,

D
∫︂ T

0

⟨y|Tt , •dx|T
t ⟩ =

∫︂ T

0

⟨︂
K∇T∗(Q/G)δy

|T
t , •dx|T

t

⟩︂
−
∫︂ T

0

⟨︂
•Dy

|T
t , δx

|T
t

⟩︂
. (10.2.15)

3. The terms D
∫︁ T

0
⟨y|Tt , u

|T
t ⟩ • dX0

t +
∑︁k

i=1D
∫︁ T

0
⟨y|Tt , V red

i (x
|T
t )⟩ • dX i

t

We use the connectors corresponding to the covariant derivatives on T (Q/G) and
T ∗(Q/G) to obtain

D
∫︂ T

0

⟨y|Tt , u
|T
t ⟩ • dX0

t

=

∫︂ T

0

⟨︂
K∇T∗(Q/G)δy

|T
t , u

|T
t

⟩︂
• dX0

t +

∫︂ T

0

⟨︂
y
|T
t , K∇T (Q/G)δu

|T
t

⟩︂
• dX0

t

To evaluate D
∫︁ T

0
⟨y|Tt , V red

i (x
|T
t )⟩ • dX i

t , we apply Theorem 10.1.4 to the maps (x, y) ∈
T ∗(Q/G) ↦→

⟨︁
y, V red

i (x)
⟩︁
∈ R. This gives,

D
∫︂ T

0

⟨y|Tt , V red
i (x

|T
t )⟩ • dX i

t

=

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
, δx

|T
t

⟩︄
• dX i

t

+

∫︂ T

0

⟨︄
∂

∂y
|T
t

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
, K∇T∗(Q/G)δy

|T
t

⟩︄
• dX i

t

=

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
, δx

|T
t

⟩︄
• dX i

t

+

∫︂ T

0

⟨︂
K∇T∗(Q/G)δy

|T
t , V red

i (x
|T
t )
⟩︂
• dX i

t .

Therefore

D
∫︂ T

0

⟨y|Tt , u
|T
t ⟩ • dX0

t +
k∑︂

i=1

D
∫︂ T

0

⟨y|Tt , V red
i (x

|T
t )⟩ • dX i

t

=

∫︂ T

0

⟨︄
K∇T∗(Q/G)δy

|T
t , u

|T
t • dX0

t +
k∑︂

i=1

V red
i (x

|T
t ) • dX i

t

⟩︄

+

∫︂ T

0

⟨︂
y
|T
t , K∇T (Q/G)δu

|T
t

⟩︂
• dX0

t +
k∑︂

i=1

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
, δx

|T
t

⟩︄
• dX i

t .

(10.2.16)
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4. The term D
∫︁ T

0
⟨µ̄|T

t , •dξ̄|Tt ⟩

Using the computations carried out in Section 10.2.3, we have

D
∫︂ T

0

⟨µ̄|T
t , •dξ̄|Tt ⟩ =

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , •dξ̄|Tt

⟩︂
−
∫︂ T

0

⟨︂
ad∗

η̄tµ̄
|T
t , •dξ̄|T

⟩︂
+

∫︂ T

0

⟨︂
µ̄
|T
t , i

δx
|T
t
B̃(x

|T
t )
⟩︂
• dx|T

t −
∫︂ T

0

⟨︂
•Dµ̄

|T
t , η̄t

⟩︂
+
⟨︂
µ̄
|T
T , η̄T

⟩︂
−
⟨︂
µ̄
|T
0 , η̄0

⟩︂
.

Since η̄ vanishes at t = 0 and t = T , it follows that
⟨︂
µ̄
|T
T , η̄T

⟩︂
=
⟨︂
µ̄
|T
0 , η̄0

⟩︂
= 0. Hence,

D
∫︂ T

0

⟨µ̄|T
t , •dξ̄|Tt ⟩ =

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , •dξ̄|Tt

⟩︂
−
∫︂ T

0

⟨︂
ad∗

η̄tµ̄
|T
t , •dξ̄|T

⟩︂
+

∫︂ T

0

⟨︂
µ̄
|T
t , i

δx
|T
t
B̃(x

|T
t )
⟩︂
• dx|T

t −
∫︂ T

0

⟨︂
•Dµ̄

|T
t , η̄t

⟩︂
=

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , •dξ̄|Tt

⟩︂
+

∫︂ T

0

⟨︂
ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t

⟩︂
−
∫︂ T

0

⟨︂⟨︂
µ̄
|T
t , i•dx|T

t
B̃(x

|T
t )
⟩︂
, δx

|T
t

⟩︂
−
∫︂ T

0

⟨︂
•Dµ̄

|T
t , η̄t

⟩︂
=

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , •dξ̄|Tt

⟩︂
−
∫︂ T

0

⟨︂
•Dµ̄

|T
t − ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t

⟩︂
−
∫︂ T

0

⟨︂⟨︂
µ̄
|T
t , i•dx|T

t
B̃(x

|T
t )
⟩︂
, δx

|T
t

⟩︂
, (10.2.17)

where ∫︂ ⟨︂
ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t

⟩︂
= −

∫︂ ⟨︂
ad∗

η̄tµ̄
|T
t , •dξ̄|Tt

⟩︂
and ∫︂ ⟨︂⟨︂

µ̄
|T
t , i•dx|T

t
B̃(x

|T
t )
⟩︂
, δx

|T
t

⟩︂
= −

∫︂ ⟨︂
µ̄
|T
t , i

δx
|T
t
B̃(x

|T
t )
⟩︂
• dx|T

t .

5. The terms D
∫︁ T

0

⟨︂
µ̄
|T
t , ζ̄

|T
t • dX0

t +
∑︁k

i=1 β̄i(x
|T
t ) • dX i

t

⟩︂
We proceed by applying Equation (10.1.9) to yield

D
∫︂ T

0

⟨︂
µ̄
|T
t , ζ̄

|T
t • dX0

t

⟩︂
=

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , ζ̄

|T
t

⟩︂
• dX0

t

+

∫︂ T

0

⟨︂
µ̄
|T
t , K∇g̃δζ̄

|T
t

⟩︂
• dX0

t .

Next, by applying Theorem 10.1.4 to the maps µ̄x ∈ g̃∗ ↦→
⟨︁
µ̄x, β̄i(x)

⟩︁
, we obtain

D
∫︂ T

0

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
• dX i

t
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=

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
, δx

|T
t

⟩︄
+

∫︂ T

0

⟨︄
∂

∂y
|T
t

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
, K∇g̃∗δµ̄

|T
t

⟩︄

=

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
, δx

|T
t

⟩︄
+

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , β̄i(x

|T
t )
⟩︂
.

Consequently,

D
∫︂ T

0

⟨︄
µ̄
|T
t , ζ̄

|T
t • dX0

t +
k∑︂

i=1

β̄i(x
|T
t ) • dX i

t

⟩︄
(10.2.18)

=

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , ζ̄

|T
t

⟩︂
• dX0

t

+

∫︂ T

0

⟨︂
µ̄
|T
t , K∇g̃δζ̄

|T
t

⟩︂
• dX0

t

+

(︄
k∑︂

i=1

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , β̄i(x

|T
t )
⟩︂
• dX i

t

+

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
, δx

|T
t

⟩︄)︄
. (10.2.19)

From Equations (10.2.14)-(10.2.18), we have

DSred
X (xt, ut, yt, ζ̄t, µ̄t)

=

∫︂ T

0

(︄⟨︄
∂ℓ

∂x
|T
t

, δx
|T
t

⟩︄
+

⟨︄
∂ℓ

∂u
|T
t

, K∇T (Q/G)δu
|T
t

⟩︄

+

⟨︄
∂ℓ

∂ζ̄
|T
t

, K∇T (Q/G)δζ̄
|T
t

⟩︄)︄
• dX0

t +
k∑︂

i=1

∫︂ T

0

⟨︄
∂li

∂x
|T
t

, δx
|T
t

⟩︄
• dX i

t

+

∫︂ T

0

⟨︂
K∇T∗(Q/G)δy

|T
t , •dx|T

t

⟩︂
−
∫︂ T

0

⟨︂
•Dy

|T
t , δx

|T
t

⟩︂
−
∫︂ T

0

⟨︄
K∇T∗(Q/G)δy

|T
t , u

|T
t • dX0

t +
k∑︂

i=1

V red
i (x

|T
t ) • dX i

t

⟩︄

−
∫︂ T

0

⟨︂
y
|T
t , K∇T (Q/G)δu

|T
t

⟩︂
• dX0

t −
k∑︂

i=1

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
, δx

|T
t

⟩︄
• dX i

t

+

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , •dξ̄|Tt

⟩︂
−
∫︂ T

0

⟨︂
•Dµ̄

|T
t − ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t

⟩︂
−
∫︂ T

0

⟨︂⟨︂
µ̄
|T
t , i•dx|T

t
B̃(x

|T
t )
⟩︂
, δx

|T
t

⟩︂
−
∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , ζ̄

|T
t

⟩︂
• dX0

t

−
∫︂ T

0

⟨︂
µ̄
|T
t , K∇g̃δζ̄

|T
t

⟩︂
• dX0

t −

(︄
k∑︂

i=1

∫︂ T

0

⟨︂
K∇g̃∗δµ̄

|T
t , β̄i(x

|T
t )
⟩︂
• dX i

t
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+

∫︂ T

0

⟨︄
∂

∂x
|T
t

⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂
, δx

|T
t

⟩︄)︄
.

Then the expression in (10.2.12) follows by appropriately grouping terms.

To prove the second part of the theorem, first note that if (x|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ) satisfies

the horizontal and vertical stochastic implicit Lagrange-Poincaré equations then

DSred
X (xt, ut, yt, ζ̄t, µ̄t) = 0,

so we only need to prove the converse. Take an arbitrary coordinate ball K in P(Q/G)⊕g̃⊕g̃∗

and restrict to (K,T )-deformations of (x
|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ), and semimartingales η̄t that

vanish outside ]]τhK , (τ
h
K + τ

(h,e)
K ) ∧ T [[. Let τhK denote the hitting time for K. Since η̄t and

the variations corresponding to (K,T )-deformations vanish outside ]]τhK , τ
h
K + τ

(h,e)
K [[, the

integral from 0 to T in the expression (10.2.12) for DSred
X (xt, ut, yt, ζ̄t, µ̄t) can be replaced by

an integral from τhK to τhK + τ
(h,e)
K , that is,

DSred
X (xt, ut, yt, ζ̄t, µ̄t)

=

∫︂ τhK+τ
(h,e)
K

τhK

⟨︄
∂

∂x
|T
t

(︄
ℓ • dX0

t +
k∑︂

i=1

(︂
li −

⟨︂
y
|T
t , V red

i (x
|T
t )
⟩︂
−
⟨︂
µ̄
|T
t , β̄i(x

|T
t )
⟩︂)︂

• dX i
t

)︄

−
⟨︂
µ̄t, i•dxtB̃(xt)

⟩︂
− •Dy

|T
t , δx

|T
t

⟩︂
+

∫︂ τhK+τ
(h,e)
K

τhK

⟨︄
∂ℓ

∂u
|T
t

− y
|T
t , K∇T (Q/G)δu

|T
t

⟩︄
• dX0

t

+

∫︂ τhK+τ
(h,e)
K

τhK

⟨︄
∂ℓ

∂ζ̄
|T
t

− µ̄
|T
t , K∇g̃δζ̄t

⟩︄
• dX0

t

+

∫︂ τhK+τ
(h,e)
K

τhK

⟨K∇T∗(Q/G)δy
|T
t , •dx|T

t − u
|T
t • dX0

t −
k∑︂

i=1

V red
i (x

|T
t ) • dX i

t⟩

+

∫︂ τhK+τ
(h,e)
K

τhK

⟨K∇g̃∗δµ̄
|T
t , •dξ̄|Tt − ζ̄

|T
t • dX0

t −
k∑︂

i=1

β̄i(x
|T
t ) • dX i

t⟩

+

∫︂ τhK+τ
(h,e)
K

τhK

⟨− •Dµ̄
|T
t + ad∗

•dξ̄|Tt
µ̄
|T
t , η̄t⟩

By the stochastic version of the fundamental lemma of the calculus of variations, Lemma
9.1.13, this implies that the semimartingale (x|T

t , u
|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ) satisfies the horizontal and

vertical stochastic Lagrange-Poincaré equations in ]]τhK , τ
h
K + τ

(h,e)
K [[. Since K is an arbitrary

regular coordinate ball in P(Q/G)⊕ g̃⊕ g̃∗, it follows that (x|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ) satisfies the

horizontal and vertical Lagrange-Poincaré equations in P(Q/G) ⊕ g̃ ⊕ g̃∗. This completes
the proof.

We now summarize what we have obtained so far in the next theorem. This serves as
the stochastic analogue of the deterministic implicit Lagrange-Poincaré reduction theorem
(Theorem 2.5.5):
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Theorem 10.2.7 (Stochastic Implicit Lagrange-Poincaré Reduction Theorem). The follow-
ing are equivalent:

1. An admissible semimartingale Γt = (qt, vt, pt) in PQ is a critical point of the stochastic
action integral

SX(Γ) =

∫︂ T

0

(︄
L(qt, vt) • dX0

t +
k∑︂

i=1

Li(qt) • dX i
t

+

⟨︄
pt, •dqt − vt • dX0

t −
k∑︂

i=1

Vi(qt) • dX i
t

⟩︄)︄
. (10.2.20)

for all deformations ϵ ↦→ Γϵ such that δqt vanishes at t = 0 and t = T .

2. The stochastic implicit Euler-Lagrange equations

•dqt = vt • dX0
t +

k∑︂
i=1

Vi(qt) • dX i
t

•dpt =
∂

∂qt

(︄
L • dX0

t +
k∑︂

i=1

(Li − ⟨pt, Vi(qt)⟩) • dX i
t

)︄
(︃
pt −

∂L
∂vt

)︃
• dX0

t = 0. (10.2.21)

are satisfied by Γ
|T
t = (q

|T
t , v

|T
t , p

|T
t ).

3. The reduced semimartingale

[qt, vt, pt]G ∼= (xt, ut, yt, ζ̄t, µ̄t)

in the reduced Pontryagin bundle PQ/G ∼= P(Q/G)⊕ g̃⊕ g̃∗ is a critical point of the
reduced action integral

Sred
X (xt, ut, yt, ζ̄t, µ̄t)

=

∫︂
ℓ(xt, ut, ζ̄t) • dX0

t +
k∑︂

i=1

li(xt) • dX i
t +

⟨︄
yt, •dxt − ut • dX0

t −
k∑︂

i=1

V red
i (xt) • dX i

t

⟩︄

+

⟨︄
µ̄t, •dξ̄t − ζ̄t • dX0

t −
k∑︂

i=1

β̄i(xt) • dX i
t

⟩︄
(10.2.22)

for variations arbitrary variations δut, δyt, δζ̄t and δµ̄t and for variations δx|T
t ⊕ δA(ξ̄

|T
t )

such that δx|T = 0 at t = 0 and t = T and

•d(δAξ̄|Tt ) = −adη̄t•dξ̄
|T
t + •Dη̄t + i

δx
|T
t
B̃(x

|T
t ) • dx|T

t

where η̄ is an arbitrary semimartingale in g̃ that vanishes at t = 0 and t = T .
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4. The horizontal stochastic implicit Lagrange-Poincaré equations

•Dyt =
∂

∂xt

(︄
ℓ • dX0

t +
k∑︂

i=1

(︂
li −

⟨︂
y
|T
t , V red

i (xt)
⟩︂
−
⟨︁
µ̄t, β̄i(xt)

⟩︁)︂
• dX i

t

)︄
−
⟨︂
µ̄t, i•dxtB̃(xt)

⟩︂
•dxt = ut • dX0

t +
k∑︂

i=1

V red
i (xt) • dX i

t(︃
yt −

∂ℓ

∂ut

)︃
• dX0

t = 0

and the vertical stochastic implicit Lagrange-Poincaré equations

•Dµ̄t = ad∗
•dξ̄tµ̄t

•dξ̄t = ζ̄t • dX0
t +

k∑︂
i=1

β̄i(xt) • dX i
t(︃

µ̄t −
∂ℓ

∂ζ̄t

)︃
• dX0

t = 0

are satisfied by (x
|T
t , u

|T
t , y

|T
t , ζ̄

|T
t , µ̄

|T
t ).

Remark 10.2.8. In the deterministic case, that is, X0 = t, X i = 0, all semimartingales may
be replaced by smooth curves. We also replace •dξ̄t by [q(t), A(q(t), q̇(t))]Gdt. Under these
replacements, the stochastic implicit horizontal and vertical Lagrange-Poincaré equations
agree with their deterministic counterparts.

Coordinate expressions

Suppose Q is an n-manifold and Q/G has dimension r. We choose a trivialization of Q
as U × G, where U ⊆ Rr is an open set, and G acts only on the second factor by left
multiplication. Let (x, g) = (xα, ga) be an element of U × G. The principal connection A
acts on a tangent vector (ẋ, ġ) by

A(ẋ, ġ) = Adg(A(x,e)(ẋ, g
−1ġ)) = Adg(Ae(x)ẋ+ g−1ġ) = Adg(Ae(x)ẋ) + ġg−1,

where Ae(x)ẋ = A(x,e)(ẋ, 0). Hence, A(x, g) = Adg(Ae(x)dx+ g−1dg). Let ξ = g−1ġ. Then

ξ̄ := [(x, g), A(x, g, ẋ, ġ)]G = [(x, e), Ae(x)ẋ+ ξ]G.

Trivializing the adjoint bundle as (U ×G× g)/G ∼= U × g identifies ξ̄ with (x,Ae(x)ẋ+ ξ).
Let us write Ae(x) locally as Aa

α(x). Then, with identify ξ̄ with its second component and
simply write ξ̄a = ξa + Aa

αẋ
α. If we now use Stratonovich differentials, then this reads

•dξ̄a = •dξa+Aa
α •dxα, where •dξ̄a, as a Stratonovich differential in (U ×G×g)/G ∼= U ×g

is given by [(xt, e), Ae(xt) • dxt + •dξt] and •dξt = g−1
t • dgt.
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Let Cb
cd denote the structure constants of the Lie algebra. Then the g-valued curvature

2-form B is given locally by

Bb
αβ =

∂Ab
β

∂xα
− ∂Ab

α

∂xβ
− Cb

cdA
c
αA

d
β.

Let the G-invariant vector fields Vi be written locally as Vi(x, g) = V α
i (x) ∂

∂xα +gβa(x), where
βa : U → g is a smooth map. Then the reduced vector fields V red

i on U given locally by
V red
i (x) = V α

i (x) ∂
∂xα . The sections β̄i of the associated bundle are given by

β̄i(x) = [(x, e), A(Vi(x, e))]G.

We think of these as maps from U → g given by β̄a
i (x) = Aa

α(x)V
α
i (x) + βa

i (x).

Following the local coordinate calculations done in Cendra, Marsden and Ratiu [19], the
local form of the horizontal stochastic implicit Lagrange-Poincaré equations is given by

•dyαt =
∂

∂xα
t

(︄
ℓ • dX0

t +
k∑︂

i=1

li • dX i
t

)︄
−

k∑︂
i=1

(︄
yβt

∂V β
i (xt)

∂xα
t

+

+ µ̄a

(︃
Ca

bdβ̄
b
i (xt)A

d
α +

∂βa
i (xt)

∂xα
t

)︃)︃
• dX i

t

+ µ̄aB
a
αβ • dx

β
t −

∂ℓ

∂ζ̄a
Ca

dbA
b
α • dξ̄dt

•dxα
t = uα

t • dX0
t +

k∑︂
i=1

V α
i (xt) • dX i

t(︃
yαt −

∂ℓ

∂uα
t

)︃
• dX0

t = 0

and the stochastic vertical implicit Lagrange-Poincaré equations are given by

•dµ̄bt = µ̄atC
a
db(•dξ̄dt − Ad

α • dxα
t )

•dξ̄dt = ζ̄dt • dX0
t +

k∑︂
i=1

β̄d
i (xt) • dX i

t(︃
µ̄bt −

∂ℓ

∂ζ̄bt

)︃
• dX0

t = 0.

Remark 10.2.9. If X0
t = t and X i

t = 0 then µ̄ = ∂ℓ
∂ζ̄

and •dξ̄ is replaced by the deterministic
g-valued curve ξ̄ = [q, A(q, q̇)]G. In this case, the local form of the reduced equations agree
with the local form of the implicit Lagrange-Poincaré equations given in Yoshimura and
Marsden [95].

If the bundle Q → Q/G is equipped with a trivial connection in local coordinates, that
is, A = 0, then the horizontal equations in local coordinates are given by

•dyαt =
∂

∂xα
t

(︄
ℓ • dX0

t +
k∑︂

i=1

li • dX i
t

)︄
−

k∑︂
i=1

(︄
yβt

∂V β
i (xt)

∂xα
t

+
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+ µ̄a
∂βa

i (xt)

∂xα
t

)︃
• dX i

t

•dxα
t = uα

t • dX0
t +

k∑︂
i=1

V α
i (xt) • dX i

t(︃
yαt −

∂ℓ

∂xα
t

)︃
• dX0

t = 0

and the vertical equations are given by

•dµ̄bt = µ̄atC
a
db(•dξ̄dt )

•dξ̄dt = ζ̄dt • dX0
t +

k∑︂
i=1

βd
i (xt) • dX i

t(︃
µ̄bt −

∂ℓ

∂ζ̄bt

)︃
• dX0

t = 0.

We will call these equations the stochastic Hamel’s equations. When X0
t = t and X i

t = 0
then these equations correspond to Hamel’s equations described in Marsden and Scheurle
[64].

Special Cases

We now discuss four special cases.

1. Suppose Q = G. In this case, Q/G is a point and hence the horizontal implicit
stochastic Lagrange-Poincaré equations vanish. The G-invariant vector fields Vi are of
the form Vi(g) = TeLgβi, where βi ∈ g is a fixed element, and g ∈ G. We also have
g̃ ∼= g and g̃∗ ∼= g∗. Then, the vertical implicit stochastic Lagrange-Poincaré equations
are given by

•dµt = ad∗
•dξtµt

•dξt = ζt • dX0
t +

k∑︂
i=1

βi • dX i
t(︃

µt −
∂ℓ

∂ζt

)︃
• dX0

t = 0.

When X0
t = t and X i is a Brownian motion, these equations agree with the stochastic

Euler-Poincaré equations given in Street and Takao [89].

Remark 10.2.10. In Arnaudon, Chen, and Cruzeiro [7], the authors carry out stochas-
tic Euler-Poincaré reduction with the generalized derivative of a semimartingale playing
the role of the velocity. The action is given by E

[︂∫︁ T

0
ℓ
(︂
TgtLg−1

t

D∇gt
Dt

)︂
dt
]︂

and computed
on semimartingales of the form

•dgt = TeLgt

[︄
u(t)dt−

k∑︂
i=1

(︁
∇Hi

Hi dt−Hi • dBi
t

)︁]︄
,
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where u(t) is a curve in g and H1, · · · , Hk ∈ g. The reduced equations of motion in
that case are deterministic, and given by

d

dt

(︃
δℓ

δu

)︃
− ad∗

ũ

δℓ

δu
= K

(︃
δℓ

δu

)︃
,

where ũ = u− 1
2

∑︁k
i=1 ∇Hi

Hi and K : g∗ → g∗ is given by

⟨K(µ), η⟩ = −1

2

k∑︂
i=1

⟨︁
µ,∇[η,Hi]Hi

⟩︁
+∇Hi

[η,Hi]

for all η ∈ g. This determines the curve u(t), which corresponds to the generalized
derivative of gt. In contrast, in our case the reduced velocity is stochastic and is de-
termined via the implicit form of the stochastic Euler-Poincaré equations given above.

Additionally, if the connection on G is the canonical bi-invariant connection, then
the Euler-Poincaré equations obtained in [7] agree with the classical Euler-Poincaré
equation

d

dt

(︃
δℓ

δu

)︃
− ad∗

u

δℓ

δu
= 0.

Then, for every H1, · · · , Hk ∈ g,

•dgt = TeLgt

[︄
u(t)dt+

k∑︂
i=1

Hi • dBi
t

]︄
is a critical point of the unreduced action. The critical point of unreduced action is
unique for a given choice of H1, · · · , Hk is made. The necessity of this choice arises from
the fact that the generalized derivative of gt determines its drift, but not the complete
semimartingale. On the other hand, in our case the action is given by stochastic
integrals, and the uniqueness of critical points is given by the fundamental lemma of
the stochastic calculus of variations.

2. Assume that G is an abelian group. From Equation (2.5.2), the covariant derivative in
the associated bundle agrees with the fibre derivative since the Lie bracket vanishes.
Then, by Equation (10.1.8), it follows that the covariant derivative on the dual bundle
agrees with the fibre derivative as well. Also, from the stochastic vertical implicit
Lagrange-Poincaré equations, we see that •Dµ̄t = 0. Writing µ̄t = [qt, µt]G, we see
that µt is conserved along solutions.

As a special case, note that if G = {e} then the vertical stochastic implicit Lagrange-
Poincaré equations vanish and the horizontal stochastic implicit Lagrange-Poincaré
equations agree with the stochastic implicit Euler-Lagrange equations.

3. We now assume that the noise vector fields Vi are horizontal. In this case, β̄i = 0, so
the stochastic horizontal and vertical implicit Lagrange-Poincaré equations are given
by
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•Dyt =
∂

∂xt

(︄
ℓ • dX0

t +
k∑︂

i=1

(︂
li −

⟨︂
y
|T
t , V red

i (xt)
⟩︂)︂

• dX i
t

)︄
−
⟨︂
µ̄t, i•dxtB̃(xt)

⟩︂
•dxt = ut • dX0

t +
k∑︂

i=1

V red
i (xt) • dX i

t(︃
yt −

∂ℓ

∂ut

)︃
• dX0

t = 0

and

•Dµ̄t = ad∗
•dξ̄tµ̄t

•dξ̄t = ζ̄t • dX0
t(︃

µ̄t −
∂ℓ

∂ζ̄t

)︃
• dX0

t = 0

respectively. As a result, if X0
t = t then the vertical equations are noise-free.

4. Finally, suppose that β1, · · · , βk are AdG-invariant elements of g, and let Vi = (βi)Q.
Then Vi is G-invariant, V red

i = 0 and A(Vi) = βi. We also have β̄i(x) = [q, βi]G,
where x ∈ Q/G and q ∈ π−1(x). Note that this is independent of the choice of the
representative q since βi is AdG-invariant. As a result ∂

∂xt

⟨︁
µ̄t, β̄i(xt)

⟩︁
vanishes. We

also assume that l1, · · · , lk = 0 and X0
t = t. Then the horizontal equations are given

by

Dy

Dt
=

∂ℓ

∂x
−
⟨︂
µ̄t, iẋB̃(x)

⟩︂
ẋ = u

y =
∂ℓ

∂u

and the vertical equations are given by

•Dµ̄t = ad∗
•dξ̄tµ̄t

•dξ̄t = ζ̄tdt+
k∑︂

i=1

β̄i • dX i
t

µ̄t =
∂ℓ

∂ζ̄t
.

This shows that we have a stochastic curvature-induced force in the horizontal equa-
tions.
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10.3 Examples

10.3.1 Rigid Body with a Rotor

Let us look at the example of a rigid body with a rotor aligned with its third principal axis.
We will consider external stochastic forces on the rotor and the body, but for simplicity, we
will assume that these forces do not affect the moments of inertia of the rotor and the body.

The Deterministic Free Rigid Body with a Rotor

Following Marsden [60] and Yoshimura and Marsden [95], we briefly recollect the setup of
the deterministic problem. Let I1 > I2 > I3 denote the principal rigid body moments of
inertia, K1 = K2 denote the rotor moments of inertia about the first two principal axes
of the rigid body and K3 denote the moment of inertia of the rigid body about the third
principal axis. Let K be the diagonal matrix K = diag(K1, K2, K3). The configuration space
is Q = S1 × SO(3), where G = SO(3) acts on the second factor by matrix multiplication.
Then Q/G = S1. The Lagrangian of this system is given by

L(θ, R, vθ, vR) =
1

2
[⟨Σ, IΣ⟩+ ⟨Σ + vθ, K(Σ + vθ⟩)] , (10.3.1)

where vθ = (0, 0, vθ)
T ∈ R3, Σ ∈ R3 is defined by Σ̂ = R−1vR ∈ so(3) with the usual ‘hat’

map identification of R3 with so(3) given by Σ̂w = Σ× w, for any w ∈ R3.

We let A be a trivializing connection on the bundle Q → Q/G, so that TQ/G ∼=
TS1 × so(3). Concretely, A(θ, R, vθ, vR) = R−1vR ∈ so(3). Then, in terms the coordinates
(θ, u,Σ) on TS1 × so(3), the reduced Lagrangian is given by

ℓ(θ, u,Σ) =
1

2

[︁
λ1Σ

2
1 + λ2Σ

2
2 + I3Σ

2
3 +K3(Σ3 + u)2

]︁
, (10.3.2)

with λi = Ii +Ki. The (deterministic) implicit horizontal Lagrange-Poincaré equations are
given by

ẏ = 0, θ̇ = u, y =
∂ℓ

∂u
= K3(Σ3 + u)

and the vertical implicit Lagrange-Poincaré equations are given by

Π̇ = Π× Ω, Ω = Σ, Π =
∂ℓ

∂Σ
= (λ1Σ1, λ2Σ2, I3Σ3 +K3(Σ3 + u)).

Note that the conjugate momentum y = K3(Σ3 + u) is conserved.

Stochastic Perturbations of a Free Rigid Body

Before considering a stochastic pertubation of the deterministic problem, we recall from
Lázaro-Camí and Ortega [54] and Arnaudon, De Castro and Holm [4], the Stratonovich
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equations of motion describing a free rigid body under small random impacts. Let β̂1, β̂2, β̂3

be elements in the Lie algebra so(3) and X1
t , X

2
t and X3

t be semimartingales. The body
angular momentum of the stochastic free rigid body is given by

•dΠt = (Πt × I−1Πt)dt+
3∑︂

i=1

(Πt × βi) • dX i
t , (10.3.3)

and the attitude is given by

•dRt = Rt
ˆ︂I−1Πtdt+

3∑︂
i=1

Rtβ̂i • dX i
t .

Note that Equation (10.3.3) is equivalent to

•dΠt = Πt × •dΩt

•dΩt = Σtdt+
3∑︂

i=1

βi • dX i
t

Πt = IΣt.

These equations can be obtained by stochastic Euler-Poincaré reduction for the action

S(Rt, vRt , pRt) =

∫︂ T

0

[︄
1

2
⟨Σt, IΣt⟩ dt+

⟨︄
pt, •dRt − vRtdt−

3∑︂
i=1

Rtβ̂i • dX i
t

⟩︄]︄
,

where Σ̂t = R−1
t vRt . Comparing this to the general structure of the stochastic Hamilton-

Pontryagin action, we note that L = 1
2
⟨Σ, IΣ⟩, X0

t = t, the noise Lagrangian li are zero, and
the noise vector fields are the left invariant vector fields corresponding to β̂i.

Stochastic Perturbations of a Rigid Body with a Rotor

Let L be the Lagrangian given in Equation (10.3.1) and X1
t , X2

t and X3
t be semimartingales.

Suppose β̂1, β̂2 and β̂3 are fixed elements of so(3). On Q = S1 × SO(3) we consider the
action

S(θt, Rt, vθt , vRt , pθt , pRt)

=

∫︂ T

0

[︄
L dt+

3∑︂
i=1

Li(θt) • dX i
t +

⟨︄
pθt , •dθt − vθtdt−

3∑︂
i=1

Vi(θt) • dX i
t

⟩︄

+

⟨︄
pRt , •dRt − vRtdt−

3∑︂
i=1

Rtβ̂i • dX i
t

⟩︄
,

]︄

where L1, L2, L3 are smooth functions and Vi is a vector field on S1.
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Remark 10.3.1. The Lagrangians L1, L2, L3 are interpreted as the contribution of the ex-
ternal force to the potential energy of the rotor, and the vector fields V1, V2, V3 stochasticize
the relation θ̇ = vθ to

•dθt = vθtdt+
3∑︂

i=1

Vi(θt) • dX i
t .

The term ∫︂ T

0

⟨︄
pRt , •dRt − vRtdt−

3∑︂
i=1

Rtβ̂i • dX i
t

⟩︄
accounts for random perturbation of the free rigid body.

We consider a trivializing connection A on S1×SO(3) → S1. Then, the reduced action
is given by

Sred(θt, ut,Σt, yt,Πt) =

∫︂ T

0

[︄
ℓ dt+

3∑︂
i=1

Li(θt) • dX i
t +

⟨︄
yt, •dθt − utdt−

3∑︂
i=1

Vi(θt) • dX i
t

⟩︄

+

⟨︄
Πt, •dΩ− Σtdt−

3∑︂
i=1

β̂i • dX i
t

⟩︄]︄
,

where ℓ is the reduced Lagrangian in Equation (10.3.2) and •dΩt = R−1
t • dRt. It follows

that the stochastic implicit horizontal Lagrange-Poincaré equations are given by

•dyt =
∂

∂θt

3∑︂
i=1

(Li(θt)− ytVi(θt)) • dX i
t

•dθt = utdt+
3∑︂

i=1

Vi(θt) • dX i
t

yt =
∂ℓ

∂ut

= K3(Σ3t + ut),

and the stochastic implicit vertical Lagrange-Poincaré equations are given by

•dΠt = Πt × •dΩt

•dΩt = Σtdt+
3∑︂

i=1

βi • dX i
t

Πt =
∂ℓ

∂Σt

= (λ1Σ1t , λ2Σ2t , I3Σ3t +K3(Σ3t + ut)).

We observe that the conjugate momentum y = K3(Σ3 + u) is no longer conserved in the
stochastic case.

Let us mention three special cases.
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1. Li = 0 and Vi = 0: We consider Li = 0 and Vi = 0. In this case, the horizontal
equations are given by

ẏt = 0

θ̇t = ut

yt =
∂ℓ

∂ut

= K3(Σ3t + ut).

This implies the conjugate momentum y = K3(Σ3 + u) is conserved, and the rotor
angle of rotation evolves along differentiable trajectories. Physically, we interpret this
as the case where the external noise only impacts the rigid body and not the rotor.

2. βi = 0: In this case, the vertical equations are same as the vertical implicit Lagrange-
Poincaré equations in the deterministic case. Physically, this models a system where
the external noise only impacts the rotor and not the rigid body.

3. Vi = 0, Li(θ) = θ and X i
t is a Brownian motion: In this case, the horizontal equations

are given by

•dyt =
3∑︂

i=1

•dBi
t

θ̇t = ut

yt =
∂ℓ

∂ut

= K3(Σ3t + ut),

where B1, B2 and B3 are independent Brownian motions. This implies that yt = B1
t +

B2
t +B3

t . Hence E[yt] = 0 for all t. This shows that yt is a weakly conserved quantity in
the sense of Lázaro-Camí and Ortega [55, Definition 2.2], but not a conserved quantity.

10.3.2 Charged Particle in a Magnetic Field with Stochastic Per-
turbations

In this section we provide a Kaluza-Klein description of a stochastically perturbed charged
particle in a magnetic field.

The Deterministic Kaluza-Klein Description for a Charged Particle in a Magnetic
Field

The equation of motion for a charged particle (of unit mass) in a magnetic field B is given
by u̇ = e

c
u × B. Following Marsden and Ratiu [62], we show that this can be viewed as a

reduction of the geodesic flow on QK = R3 ×S1 under a certain metric. Here S1 acts on the
second factor by rotations.



10.3. EXAMPLES 169

Let G = S1 with its standard bi-invariant metric κ and consider R3 with its standard
metric given by the inner product ⟨·, ·⟩. Let A be a vector in R3 and identify A with a
1-form A on R3. Let

α = A+ dθ

be a connection 1-form on the bundle π : R3 × S1 → R3. Consider the metric on QK given
by

g((uq, uθ), (vq, vθ)) = ⟨uq,vq⟩+ κ(α(uq, vθ), α(vq, vθ)).

The Lagrangian for the geodesic flow on (QK , g) is given by

LK(q, θ,vq, vθ) =
1

2

(︁
||vq||2 + (A · vq + vθ)

2
)︁
.

We will call it the Kaluza-Klein Lagrangian. Let B = dα = dA and identify B with the
vector B = ∇ ×A. The reduced curvature 2-form on QK/S

1 ∼= R3 is identified with B or
the vector B. Let (x,u, λ) ∈ R3 ×R3 ×R denote local coordinates on the bundle TR3 ⊕R.
The reduced Lagrangian is

ℓK(x,u, λ) =
1

2

(︁
||u||2 + λ2

)︁
.

The vertical implicit Lagrange-Poincaré equations are given by

ṗθ = 0, χ = λ, pθ =
∂ℓK
∂λ

= λ,

where χ = A · q̇ + θ̇. Since ṗθ = 0, it follows that pθ is a constant and we set pθ = e
c
. The

horizontal Lagrange-Poincaré equations are then given by

ẏ =
e

c
(ẋ×B), ẋ = u, y =

∂ℓK
∂u

= u,

which yields u̇ = e
c
u×B.

The Stochastic Case

Suppose that X1, · · · , Xk are arbitrary semimartingales, L1, · · · , Lk ∈ C∞(R3) and V1, · · · , Vk

are vectors fields on R3. We consider the stochastic Hamilton-Pontryagin action functional

S(qt, θt,uqt , uθt ,pqt , pθt)

=

∫︂ T

0

[︄
LK dt+

k∑︂
i=1

Li(qt) • dX i
t +

⟨︄
pqt , •dqt − uqtdt−

k∑︂
i=1

Vi(qt) • dX i
t

⟩︄
+ ⟨pθt , •dθt − uθtdt⟩] .

Then, in terms of the Kaluza-Klein description, the reduced action corresponding to S is
given by

Sred(xt,ut, λt,yt, pθt) =

∫︂ T

0

[︄
ℓK dt+

k∑︂
i=1

Li(xt) • dX i
t +

⟨︄
yt, •dxt − utdt−

k∑︂
i=1

Vi(xt) • dX i
t

⟩︄
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+ ⟨pθt , •dχt − λtdt⟩] ,

where •dχt = A • dqt + •dθt. The stochastic implicit vertical Lagrange-Poincaré equations
are given by

•dpθt = 0

χ̇t = λt

pθt = λt

which shows that pθt is conserved. As before, we set pθt =
e
c
. Then the stochastic implicit

horizontal Lagrange-Poincaré equations are given by

•dyt =
e

c
(•dxt ×B)dt+

k∑︂
i=1

∂

∂xt

(Li(xt)− yt · Vi(xt)) • dX i
t

•dxt = utdt+
k∑︂

i=1

Vi(xt) • dX i
t

yt = ut.

Equivalently, we can solve for

•dut =
e

c
(ut ×B)dt+

k∑︂
i=1

(︃
e

c
(Vi(xt)×B) +

∂

∂xt

(Li(xt)− ut · Vi(xt))

)︃
• dX i

t

•dxt = utdt+
k∑︂

i=1

Vi(xt) • dX i
t ,

where the first equation represents the Lorentz force law with a stochastic perturbation.
Note that if k = 3, (X1

t , X
2
t , X

3
t ) = Wt, where Wt is a Brownian motion in R3, Li(x) = xi

and Vi = 0 then these equations become

•dut =
e

c
(ut ×B)dt+ •dWt

ẋt = ut.

Then, (E[xt],E[ut]) satisfies the equations for the charged particle in a magnetic field.



Chapter 11

Variational Principles for Stochastic
Collective Motion

In this chapter we look at the variational principle counterpart of stochastic collective Hamil-
tonian systems. In Section 11.1, we show that the variational viewpoint is similar to the
Hamiltonian one, namely that if one starts with a deterministic invariant Lagrangian then
the stochastic system is given by an action of a Lie group valued semimartingale (i.e. the
stochastic phase) on critical points of the deterministic action integral. This forms the
Lagrangian counterpart of the corresponding theorem on stochastic collective Hamiltonian
systems. For simplicity, we will restrict our attention to linear collectives, that is, collective
Hamiltonians of the form fi(z) = ⟨J(z), ξi⟩ for a fixed element ξi ∈ g. In this case, the
Hamiltonian vector field corresponds to the infinitesimally generated vector field associated
to ξi. This allows us to use the stochastic Hamilton-Pontryagin principle.

The more general case, in which one uses arbitrary collectives, is handled by a coupling
mechanism similar to the Hamiltonian case. The variational principle we consider is a combi-
nation of Hamilton’s principle in phase space on the Lie group side, the Hamilton-Pontryagin
principle on the configuration manifold side, and a coupling term which corresponds to the
coupling between the momentum map for the cotangent lifted left action (i.e. the spatial
angular momentum) on the Lie group side and the momentum map on the phase space of the
configuration manifold. The critical points of the action integral yield the stochastic phase.
Even when the Lagrangian is not invariant, this variational principle is invariant under the
partial action of the Lie group on the cotangent bundle factor (not on the entire product
space) by cotangent lifts of right translations. Thus it corresponds to a reduced variational
principle. In the reduced picture, the two momentum maps can be identified.

In Section 11.2 we describe the coupling mechanism in the deterministic case, while
in Section 11.3 we extend it to the stochastic case. We wish to point out that unlike the
Hamiltonian case, here the evolution of the momentum map on the phase space coincides
with the evolution of JL instead of JR. This difference is due to the fact that we are using
the cotangent lifted right action on the Lie group side.

171
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11.1 Lagrangian Systems with Collective Perturbations

Let Q be a configuration manifold, and denote by PQ := TQ⊕ T ∗Q its Pontryagin bundle.
Let L ∈ C∞(TQ). Suppose G acts on Q, on TQ by tangent lifts and on T ∗Q by cotangent
lifts. We let gq, gv and gp denote the images of q ∈ Q, v ∈ TqQ and p ∈ T ∗

q Q under
the action of g ∈ G. Let J : T ∗Q → g∗ denote the momentum map. Then, by Noether’s
formula (see, for instance, [42]), given any ξ ∈ g, we have ⟨J(q, p), ξ⟩ = ⟨p, ξQ(q)⟩, where ξQ
denotes the infinitesimal vector field generated on Q. Let ξ1, · · · , ξk be fixed elements of g,
Y 1, · · · , Y k be real-valued semimartingales. Consider the stochastic action integral:

S(qt, vt, pt) =
∫︂ T

0

[︄
L(qt, vt)dt+

⟨︄
pt, •dqt − vtdt−

k∑︂
i=1

(ξi)Q(qt) • dY i
t

⟩︄]︄
, (11.1.1)

where (qt, vt, pt) is a semimartingale in PQ. We will always assume the admissibility hy-
pothesis on semimartingales. The following theorem describes the critical points of S under
fixed endpoint variation of qt.

Theorem 11.1.1. The following are equivalent:

1. The PQ-valued semimartingale Γt = (qt, vt, pt) ∈ S (PQ) is a critical point of S for
all deformations ϵ ↦→ (qϵ,t, vϵ,t, pϵ,t) such that δqt = 0 at t = 0 and t = T .

2. The PQ-valued semimartingale Γt = (qt, vt, pt) satisfies the stochastic implicit Euler-
Lagrange equations given by

•dqt = vtdt+
k∑︂

i=1

(ξi)Q(qt) • dY i
t

•dpt =
∂

∂qt

(︄
L dt−

k∑︂
i=1

⟨pt, (ξi)Q(qt)⟩ • dY i
t

)︄

pt =
∂L
∂vt

. (11.1.2)

up to time T .

Moreover, suppose L is G-invariant and gS solves the following Stratonovich differential
equation in G:

•dg =
k∑︂

i=1

TeRg(ξi) • dY i, g0 = e.

Then (1) and (2) are equivalent to the following statement:

1. The PQ-valued curve γdet(t) = (q(t), v(t), p(t)) is a critical point of the deterministic
action

Sdet(q(t), v(t), p(t)) =

∫︂ T

0

[L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩]dt

for all deformations ϵ ↦→ (qϵ(t), vϵ(t), pϵ(t)) such that δq(t) = 0 at t = 0 and t = T , and
Γ = gS · γdet, that is, (qt, vt, pt) = (gSt q(t), g

S
t v(t), g

S
t p(t)).
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2. The PQ-valued curve γdet(t) = (q(t), v(t), p(t)) solves the deterministic implicit Euler-
Lagrange equations

q̇ = v, ṗ =
∂L
∂q

, p =
∂L
∂v

and Γ = gS · γdet.

Proof. The equivalence between (1) and (2) (respectively (3) and (4)) follows from the
stochastic (respectively, deterministic) Hamilton-Pontryagin principle.

To prove that (4) implies (2), we let (q(t), v(t), p(t)) solve the deterministic implicit
Euler-Lagrange equations up to time T , that is,

ṗ =
∂L
∂q

, q̇ = v, p =
∂L
∂v

,

and gS solve the stochastic differential equation

•dg =
k∑︂

i=1

TeRg(ξi) • dY i, g0 = e.

We will show that (qt, vt, pt) := gS · (q(t), v(t), p(t)) solves the stochastic implicit Euler-
Lagrange equations. First, we prove that pt =

∂L
∂vt

. By G-invariance of L, given any g ∈ G
and v, w ∈ TqQ, we have

⟨FL(gq, gv), gw⟩ = d

ds

⃓⃓⃓
s=0

L(gq, gv + sgw)

=
d

ds

⃓⃓⃓
s=0

L(q, v + sw)

= ⟨FL(q, v), w⟩ ,

that is FL(gq, gv) = g FL(q, v). Hence, we obtain

pt = gSt p(t) = gSt
∂L
∂v

=
∂L
∂vt

.

Next, by the Stratonovich product rule for group actions, we have

•dqt = •d(gSt q(t))
= (•dgSt ) q(t) + gSt q̇(t)dt

= ((•dgSt )(gSt )−1)Q(g
S
t q(t)) + gSt v(t)dt

=
k∑︂

i=1

(ξi)Q(qt) • dY i
t + vtdt.

Similarly, we have

•dpt = •d(gSt p(t))
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= (•dgSt ) p(t) + gSt ṗ(t)dt

= ((•dgSt )(gSt )−1)T ∗Q(g
S
t p(t)) + gSt

∂L
∂q

(t)dt

=
k∑︂

i=1

(ξi)T ∗Q(pt) • dY i
t + gSt

∂L
∂q

(t)dt.

First we recall that given any point (q, p) ∈ T ∗Q, we have

(ξi)T ∗Q(q, p) =

(︃
(ξi)Q(q),−

∂

∂q
⟨p, (ξi)Q(q)⟩

)︃
.

Next, we prove that

gSt
∂L
∂q

(t) =
∂L
∂qt

.

For this, we will show that given any g ∈ G, q ∈ Q and v ∈ TqQ,

g
∂L
∂q

=
∂L

∂(gq)
.

Let w ∈ TqQ and (q(s), v(s)) be a curve in TQ with v(0) = v, q(0) = q and q′(0) = w, where
(·)′ denotes the derivative with respect to s. Then, by definition⟨︃

∂L
∂q

, w

⟩︃
=

d

ds

⃓⃓⃓
s=0

L(q(s), v(s)).

Note that the curve (gq(s), gv(s)) =: (q̄(s), v̄(s)) satisfies q̄(0) = gq, v̄(0) = gv and q̄′(0) =
gw. Hence ⟨︃

∂L
∂q̄

, gw

⟩︃
=

d

ds

⃓⃓⃓
s=0

L(q̄(s), v̄(s))

=
d

ds

⃓⃓⃓
s=0

L(q(s), v(s))

=

⟨︃
∂L
∂q

, w

⟩︃
and hence, g ∂L

∂q
= ∂L

∂(gq)
. As a result, we obtain

•dpt =
k∑︂

i=1

(ξi)T ∗Q(pt) • dY i
t + gSt

∂L
∂q

(t)dt

=
∂L
∂qt

dt−
k∑︂

i=1

∂

∂qt
⟨pt, (ξi)Q(qt)⟩ • dY i

t

=
∂

∂qt

(︄
L dt−

k∑︂
i=1

⟨pt, (ξi)Q(qt)⟩ • dY i

)︄
.

This shows that (4) implies (2). Conversely, if (qt, vt, pt) solves the stochastic implicit Euler-
Lagrange equations then a similar reasoning shows that (q(t), v(t), p(t)) := (gS)−1(qt, vt, pt)
solves the deterministic implicit Euler-Lagrange equations. Hence (2) and (4) are equivalent.
This completes the proof.
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11.2 Coupling to a Lie Group: The Deterministic Case

Let f ∈ C∞(g∗) and JL : T ∗G → g∗ be the momentum map for the cotangent lifted left
action of G on T ∗G. Denote by ωR : TG → g∗ the right invariant Maurer-Cartan 1-form,
given by ωR(vg) = TgR−1(vg) for all g ∈ G and vg ∈ TgG. On the product of the Pontryagin
bundle PQ with T ∗G, consider the deterministic variational principle

Sdet(q(t), v(t), p(t), g(t), pg(t)) =

∫︂ T

0

[L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩]dt⏞ ⏟⏟ ⏞
Hamilton-Pontryagin Principle on PQ

−
∫︂ T

0

J(q(t), p(t)) ◦ ωR(ġ(t))dt⏞ ⏟⏟ ⏞
coupling term

+

∫︂ T

0

[⟨pg(t), ġ(t)⟩ − f ◦ JL(g(t), pg(t))]dt⏞ ⏟⏟ ⏞
Hamilton’s principle in phase space for T ∗G

We do not assume that L is G-invariant. Here we will consider fixed endpoint variations
in q(t) and g(t). We suppose that G acts on PQ × T ∗G by acting only on the T ∗G-factor
by cotangent lifts of right translations. Then, since JL is right invariant, the entire action
integral is right invariant. Hence, it drops to a reduced action on PQ× g× g∗ given by

Sred(q(t), v(t), p(t), ξ(t), µ(t)) =

∫︂ T

0

[L(q(t), v(t)) + ⟨p(t), q̇(t)− v(t)⟩]dt (11.2.1)

−
∫︂ T

0

⟨J(q(t), p(t)), ξ(t)⟩ dt

+

∫︂ T

0

[⟨µ(t), ξ(t)⟩ − f(µ(t))]dt, (11.2.2)

where µ(t) = JL(g(t), pg(t)) and ξ(t) = ωR(ġ(t)). To find variations in ξ(t), we can simply
use the variations in the case of (right invariant) Euler-Poincaré reduction to obtain

δξ(t) = η̇(t) + [η(t), ξ(t)],

where η(t) = ωR(δg(t)), and if we assume fixed endpoint variations in g(t), then η(0) =
η(T ) = 0.

Under such constrained variations, we obtain the following theorem:

Theorem 11.2.1. Given a curve (q(t), v(t), p(t), ξ(t), µ(t)) in PQ×g×g∗, the following are
equivalent:

1. (q(t), v(t), p(t), ξ(t), µ(t)) is a critical point of Sred for all variations

(δq(t), δv(t), δp(t), δξ(t), δµ(t))
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such that δq(0) = δq(T ) = 0 and

δξ(t) = η̇(t) + [η(t), ξ(t)],

where η(t) is an arbitrary g-valued curve such that η(0) = η(T ) = 0.

2. (q(t), v(t), p(t), ξ(t), µ(t)) satisfies the following equations:

q̇ = v + ξQ(q)

ṗ =
∂

∂q
[L(q, v)− ⟨p, ξQ(q)⟩]

p =
∂L
∂v

ξ =
δf

δµ

µ̇− J̇(q, p) = ad∗
ξ(µ− J(q, p)).

Proof. First, we derive the equations for q(t), v(t), and p(t). Note that the term∫︂ T

0

[⟨µ(t), ξ(t)⟩ − f(µ(t))]dt

does not involve q(t), v(t), and p(t). Taking arbitrary variations of v(t) and p(t) and setting
δSred = 0 gives us

δv : p− ∂L
∂v

= 0

δp : q̇ − v − ξQ(q) = 0.

where we used the fact that ⟨J(q(t), p(t)), ξ(t)⟩ = ⟨p(t), (ξ(t))Q(q(t))⟩. For the q-equation,
we use integration by parts for the term

∫︁ T

0
⟨p(t), q̇(t)⟩ dt and the fixed endpoint conditions

δq(0) = δq(T ) = 0. Then, corresponding to the variations δq, we obtain

δq : ṗ− ∂

∂q
[L(q, v)− ⟨p, ξQ(q)⟩] = 0

Let ζ = δf
δµ

. Now we calculate variations of

−
∫︂ T

0

⟨J(q, p), ξ⟩ dt+
∫︂ T

0

[⟨µ, ξ⟩ − f(µ(t))]dt

for variations of the form δξ = η̇ + [η, ξ], where η(0) = η(T ) = 0 and arbitrary variations in
µ. We have,

δ

(︃
−
∫︂ T

0

⟨J(q, p), ξ⟩ dt+
∫︂ T

0

⟨µ, ξ − ζ⟩ dt
)︃
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=

∫︂ T

0

⟨µ− J(q, p), η̇ + [η, ξ]⟩ dt+
∫︂ T

0

⟨δµ, ξ − ζ⟩ dt

= −
∫︂ T

0

⟨︂
µ̇− J̇(q, p), η

⟩︂
dt+

∫︂ T

0

⟨µ− J(q, p), adξη⟩ dt+
∫︂ T

0

⟨δµ, ξ − ζ⟩ dt

=

∫︂ T

0

⟨δµ, ξ − ζ⟩ dt−
∫︂ T

0

⟨︂
µ̇− J̇(q, p)− ad∗

ξ(µ− J(q, p)), η
⟩︂
dt,

where we have used integration by parts and η(0) = η(T ) = 0 to write ⟨µ− J(q, p), η̇⟩ =

−
⟨︂
µ̇− J̇(q, p), η

⟩︂
. Consequently, from δSred = 0, the remaining equations emerge:

ξ =
δf

δµ

µ̇− J̇(q, p) = ad∗
ξ(µ− J(q, p)).

This completes the proof.

Now we are ready to couple the µ with J(q, p). We solve the equation

µ̇− J̇(q, p) = ad∗
ξ(µ− J(q, p))

with the initial condition µ(0) = J(q(0), p(0)). Then, the solution is µ(t) = J(q(t), p(t)).
Thus, the evolution of J can be identified with that of JL on T ∗G.

Remark 11.2.2. Suppose L is hyperregular and let h denote the Hamiltonian corresponding
to L. Then, since ∂h

∂p
= ∂L

∂v
and ∂h

∂q
= −∂L

∂q
, we obtain the equations:

q̇ =
∂h

∂p
+ ξQ(q)

ṗ = −∂h

∂q
− ∂

∂q
⟨p, ξQ(q)⟩ ,

where ξ = δf
δµ

. Moreover, using the Collective Hamiltonian Theorem,

ξT ∗Q(q, p) =

(︃
ξQ(q),−

∂

∂q
⟨p, ξQ(q)⟩

)︃
= Xf◦J(q, p).

Therefore, letting z(t) = (q(t), p(t)), we obtain

ż = Xh(z) +Xf◦J(z) = Xh+f◦J(z). (11.2.3)

Moreover, if L is G-invariant (and hence, h is G-invariant), we have the reconstruction
equation

ġ = TeRg(ξ(t)) = TeRg

(︃
δf

δµ

)︃
, g(0) = e, (11.2.4)

corresponds to the phase added to the integral curve z0(t) of Xh while solving for Equation
(11.2.3), that is, z(t) is a solution of Equation (11.2.3) if z(t) = g(t) · z0(t), where g(t) solves
Equation (11.2.4).
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11.3 Coupling to a Lie Group: The Stochastic Case

Now we extend the discussion in the previous section to the stochastic case. Let f1, · · · , fk ∈
C∞(g∗). Let Y 1, · · · , Y k be semimartingales. On PQ × T ∗G consider the stochastic action
integral:

S(qt, vt, pt, gt, pgt) =
∫︂ T

0

[L(qt, vt)dt+ ⟨pt, •dqt − vtdt⟩]⏞ ⏟⏟ ⏞
Hamilton-Pontryagin Principle on PQ

−
∫︂ T

0

J(qt, pt) ◦ ωR • dgt⏞ ⏟⏟ ⏞
coupling term

+

∫︂ T

0

[︄
⟨pgt , •dgt⟩ −

k∑︂
i=1

fi ◦ JL(gt, pgt) • dY i
t

]︄
⏞ ⏟⏟ ⏞

stochastic Hamilton’s principle in phase space for T ∗G

As in the deterministic case, the stochastic action integral is invariant under the action of G
on PQ× T ∗G, where G only acts on the T ∗G factor via cotangent lifts of right translations.
As before, using right invariance of JL, we obtain a reduced stochastic action integral on
PQ× g× g∗, given by

Sred(qt, vt, pt, ξt, µt) =

∫︂ T

0

[L(qt, vt)dt+ ⟨pt, •dqt − vtdt⟩]

−
∫︂ T

0

J(qt, pt) • dξt

+

∫︂ T

0

[︄
⟨µt, •dξt⟩ −

k∑︂
i=1

fi(µt) • dY i
t

]︄
,

where ξt =
∫︁
ωR • dgt. The variations of the term

∫︁ T

0
⟨µt, •dξt⟩ can be calculated directly by

using the Maurer-Cartan equation

dωR(X, Y ) = [ωR(X), ωR(Y )],

for all vector fields X and Y on G, where dωR is the exterior derivative of ωR viewed as a
Lie algebra valued 2-form. Indeed, let ηt =

⟨︁
ωR(gt), δgt

⟩︁
. Then, we have

δξt = δ

∫︂
ωR • dgt

=

∫︂
iδgtdω

R • dgt + ηt − η0

=

∫︂
[ηt, •dξt] + ηt − η0.
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Thus, we get
•d(δξt) = [ηt, •dξt] + •dηt.

Note that ηt vanishes at t = 0 and t = T if δgt vanishes at t = 0 and t = T . Then we have
the following theorem:

Theorem 11.3.1. Given a semimartingale (qt, vt, pt, ξt, µt) in PQ×g×g∗, the following are
equivalent:

1. (qt, vt, pt, ξt, µt) is a critical point of Sred for all variations

(δq(t), δv(t), δp(t), δξ(t), δµ(t))

such that δq0 = δqT = 0 and

•d(δξt) = •dηt + [ηt, •dξt],

where η(t) is an arbitrary g-valued semimartingale such that η(0) = η(T ) = 0.

2. (qt, vt, pt, ξt, µt) satisfies the following stochastic differential equations:

•dqt = vtdt+ (•dξt)Q(qt)

•dpt =
∂

∂q
[L(qt, vt)dt− ⟨p, (•dξt)Q(qt)⟩]

pt =
∂L
∂vt

•dξt =
k∑︂

i=1

δfi
δµt

• dY i
t

•dµt − •dJ(qt, pt) = ad∗
•dξ(µt − J(qt, pt)).

Remark 11.3.2. Here (•dξt)Q is interpreted in the sense of Equation (8.1.3). Namely, using
the equation

•dξt =
k∑︂

i=1

δfi
δµt

• dY i
t ,

we have

•dξQ(qt) =
k∑︂

i=1

(︃
δfi
δµt

)︃
Q

(qt) • dY i
t .

Proof. For simplicity, we proceed with formal analogy to the deterministic case. By noting
that ∫︂ T

0

J(qt, pt) • dξt =
∫︂ T

0

⟨pt, (•dξt)Q(qt)⟩ ,

the equations for qt, vt and pt can be derived exactly as in the case of the stochastic Hamilton-
Pontryagin principle. The equations for qt and vt follow directly, while the equation for pt
involves using integration by parts on the term δ ⟨pt, •dqt⟩ and the fact that δq0 = δqT = 0.
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For the remaining two equations, we need to consider the variation of the terms

−
∫︂ T

0

J(qt, pt) • dξt +
∫︂ T

0

[︄
⟨µt, •dξt⟩ −

k∑︂
i=1

fi(µt) • dY i
t

]︄

under arbitrary variations of µt and variations of ξt given by

•dδξt = •dηt + adηt • dξt,

where ηt is a g-valued semimartingale that vanishes at t = 0 and t = T . Let ξi =
δfi
δµt

. From
arbitrary variations in µt, we get

δµt : •dξt −
k∑︂

i=1

ξit • dY i
t = 0,

that is •dξt =
∑︁k

i=1
δfi
δµt

• dY i. Finally, for the remaining equation, for simplicity, we pro-
ceed by formally putting •d(δξt) = δ(•dξt). Using integration by parts and fixed endpoint
conditions in η, this gives us

D
(︃
−
∫︂ T

0

J(qt, pt) • dξt +
∫︂ T

0

⟨µt, •dξt⟩
)︃

= −
∫︂ T

0

J(qt, pt) • dηt +
∫︂ T

0

⟨︁
ad∗

•dξt(J(qt, pt)− µt), ηt
⟩︁

+

∫︂ T

0

⟨δµt, ηt⟩

=

∫︂ T

0

⟨︁
•d(J(qt, pt)− µt)− ad∗

•dξt(J(qt, pt)− µt), ηt
⟩︁
,

which yields •d(µt − J(qt, pt)) = ad∗
•dξt(µt − J(qt, pt)) after setting DSred = 0.

Remark 11.3.3. The variation

D
(︃
−
∫︂ T

0

J(qt, pt) • dξt +
∫︂ T

0

⟨µt, •dξt⟩
)︃

can be computed more systematically using the methods of the previous chapter.

Similar to the deterministic setup, we can show that the evolution of the momentum
map J coincides with that of JL by setting µ0 = J(q0, p0).

Remark 11.3.4 (Relation with stochastic collective Hamiltonian Systems). Suppose L is
hyperregular and let h denote the Hamiltonian corresponding to L. Then, after setting
µ0 = J(q0, p0), we have,

•dqt =
∂h

∂pt
dt+ (•dξ)Q(qt)
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=
∂h

∂pt
dt+

k∑︂
i=1

(︃
δfi
δµt

⃓⃓⃓
µ=J(qt,pt)

)︃
Q

(qt) • dY i
t

•dp = − ∂h

∂qt
dt− ∂

∂qt
⟨pt, (•dξ)Q(qt)⟩

= − ∂h

∂qt
dt−

k∑︂
i=1

∂

∂qt

⟨︄
pt,

(︃
δfi
δµt

⃓⃓⃓
µ=J(qt,pt)

)︃
Q

(qt)

⟩︄
• dY i

t .

The Collective Hamiltonian Theorem gives us(︃
δf

δµ

)︃
T ∗Q

(q, p) =

(︄(︃
δf

δµ

)︃
Q

(q),− ∂

∂q

⟨︄
p,

(︃
δf

δµ

)︃
Q

(q)

⟩︄)︄
= Xf◦J(q, p).

Therefore, letting Γt = (qt, pt), we obtain the stochastic Hamiltonian system

•dΓ = Xh(Γ)dt+
k∑︂

i=1

Xfi◦J(Γ) • dY i. (11.3.1)

Moreover, if L is G-invariant then so is h, and hence the stochastic reconstruction equation

•dg =
k∑︂

i=1

TeRg

(︃
δf

δµ

⃓⃓⃓
µ=J(Γ)

)︃
• dY i, g(0) = e, (11.3.2)

corresponds to the stochastic phase for Equation (11.3.1).



Future Areas of Research

In this thesis we have explored the role of symmetries in both the Hamiltonian side and the
variational principle side of stochastic geometric mechanics by using the geometric nature of
the Stratonovich integral to develop analogues of deterministic conservation laws as well as
reduction techniques. Let us describe some ongoing and future areas of research connected
with this thesis.

1. Reduction and reconstruction of Schwartz operators and their use in stochas-
tic geometric mechanics: In Chapter 3, Section 3.5, we have carried out the reduc-
tion of stochastic differential equations given by Schwartz operators. This generalizes
the reduction for Stratonovich differential equations carried out Lázaro-Camí and Or-
tega [54]. Schwartz operators provide a unified framework that simultaneously encom-
passes both Itô and Stratonovich formulations within a single geometric setting, and
hence, we expect that the reduction techniques also carry over to symmetric Itô equa-
tions. The problems of reconstruction and skew-product decomposition for Schwartz
operators remain open. It is also interesting to explore whether Schwartz operators
can serve as a geometric framework that reconciles the two prevailing approaches to
stochastic geometric mechanics: one based on Stratonovich integration, which is based
on the change of coordinates formula but does not take martingales into account, and
the other based on interpreting semimartingale drifts as velocities, which naturally
accounts for martingales but is geometrically less straightforward.

2. Block regularization in stochastic celestial mechanics: In Chapter 5, we de-
scribed the Moser regularization of the angularly perturbed stochastic Kepler problem.
The key observation here was that the radial distance and the speeds agreed with the
deterministic Kepler problem, and hence, on the ‘dt’ part of the equations, we could
use Moser regularization methods.

Another important regularization method in celestial mechanics, which also depends
on radial distance and speed, is called block regularization. Block regularization was
developed by Conley and Easton [22] and used by McGehee [65] to show that among
potentials of the form V (r) = − 1

rα
, α > 0, the ones for which the flow can be extended

at least continuously over the collisional singularity, are those with α = 2− 2/n. More
recently, in Saha and Stoica [82], we show that the logarithm central force problem can
be block regularized.
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We believe that block regularization methods can also be applied to central force
problems with central force problems stochastically perturbed in the angular direction,
and moreover, the results should be similar to the corresponding deterministic case.

3. Non-holonomic Mechanics and Constrained Systems: While the mechanical
systems considered here are holonomic, it remains to study potential applications to
non-holonomic mechanics. In this regard, there has been some recent developments
in non-holonomic stochastic mechanics by Li, Gay-Balmaz, Shi, and Wang [50], [51],
with applications to stochastic thermodynamics by Vaquero del Pino, Gay-Balmaz,
Yoshimura, and Chew [31]. There are several research areas within this field that
could be explored, for instance, the ‘average’ effects of stochastic forces on a determin-
istic constrained system, applications to control theory, reduction and reconstruction
methods for stochastic constrained systems, and relations with thermodynamics.

4. The drift of stochastic Hamiltonian systems: The stochastic Euler-Poincaré re-
duction developed by Arnaudon, Chen and Cruzeiro [7] is useful for modelling systems
with viscous forces. By using the generalized derivative of semimartingales that ac-
counts for the drift of semimartingales, they are able to obtain deterministic equations
of motion on the Lie algebra of a Lie group from stochastic variational principles.
These equations resemble Euler-Poincaré equations with an additional forcing term.
The Lie-Poisson counterpart of this drift-based Euler-Poincaré reduction remains open.

5. Applications to Infinite Dimensional Systems: In this thesis, the focus has been
in the context of finite-dimensional systems. We believe that the ideas presented in this
thesis can be applied to infinite-dimensional systems as well, for instance, in fluids, and
image registration. Applications of the stochastic collective Hamiltonian framework to
image registration is already being considered in a joint work with Tanya Schmah and
Cristina Stoica. We also wish to suggest an infinite-dimensional mechanical setting for
stochastic collective Hamiltonian systems. In the deterministic case, a problem that
involves coupling to a Lie group is the attachment of a flexible linear elastic shear beam
to a rigid body such as a satellite. Here the phase space is so(3)∗ × T ∗Q, where

Q = {σ : [0, L] → R3 | σ is smooth},

and L is the maximum length of the attachment. If the rigid body evolves stochas-
tically, then the results in Chapter 7 imply that one obtains a stochastic collective
Hamiltonian system on T ∗Q via the coupling mechanism. Moreover, it would be in-
teresting to extend this to the case where the flexible attachment is also subjected to
SO(3)-invariant noise.
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