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Abstract

Linear logic was introduced by Girard in 1987 as a sub-structural logic that retains the
constructivism of intuitionistic logic and the symmetry of classical logic. The categorical
semantics of linear logic subsequently became an active area of research. In 1992, Cockett
and Seely introduced linearly distributive categories (LDC) as semantics for the multiplica-
tive fragment of linear logic. These categories take multiplicative conjunction (tensor) and
disjunction (par), along with their interaction via linear distributivities, as the primitive
categorical concepts. This highlighted the importance of linear distributivity which provide
precisely necessary structure to model the logical cut rule. The theory of LDCs has continued
to develop and remains an active area of research within categorical linear logic.

This thesis explores two key areas of categorical linear logic and linear distributivity
that have received less attention in recent years, but remain important and worthy of further
investigation. The first concerns the relationship between linear distributivity and cartesian
structures. This was central topic in the early development of LDCs, notably with the
introduction of cartesian linearly distributive categories (CLDC), but their study was quickly
abandoned. Moreover, Cockett, Koslowski and Seely introduced linear bicategories in 2000,
the bicategorical analogue of LDCs, as natural categorical semantics for non-commutative
linear logic. Despite their promising theoretical foundation, further development in this
direction was limited. However, recent efforts in categorical logic, particular in classical
logic and relational semantics, have renewed interest and highlighted the need for continued
research in these directions.

The study of linear distributivity and cartesian structures presented includes the devel-
opment of a linearly distributive analogue to the Fox theorem, a central result in monoidal
category theory characterizing cartesian categories, and a re-examination of CLDCs, which
investigates their unique properties and the possible classes of examples. The study of linear
bicategories was reinvigorated through the construction of previously unrecognized examples,
by leveraging the theory of quantales and quantaloids within the framework of categorical
linear logic.
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Chapter 1

Introduction

This thesis is concerned with the further development of categorical linear logic, with a
particular focus on linearly distributive categories, introduced by Cockett and Seely in 1992
[27], and on linear bicategories, developed in 2000 by Cockett, Koslowski, and Seely [22].
Both structures model multiplicative linear logic by treating multiplicative conjunction and
disjunction, along with their interaction via linear distributivity, as the primitive categorical
notions of interest.

The thesis consists of three articles: Linearly Distributive Fox Theorem, Cartesian Lin-
early Distributive Categories: Reuisited, and Constructing Linear Bicategories. Each con-
tributes to the advancement of categorical linear logic, from perspectives that have received
relatively little attention in recent years. The first two articles revisit the relationship be-
tween linear distributivity and cartesian structure, through the development of a linearly
distributive analogue to the traditional Fox theorem and the re-investigation of the notion of
cartesian linearly distributive categories. The third article reinvigorates the study of linear
bicategories by exploring examples through the lens of quantale and quantaloid theory.

To provide appropriate context for this work, the following sections offer an overview of
the development of the relevant fields.

1.1 Linear Logic

Categorical logic is the intersection of two fields studying mathematical foundations: logic
and category theory. It is the branch of mathematics in which concepts and perspectives
from category theory are applied to the study of logical structures and vice versa.

Many logical systems can best be modeled by going beyond set-theoretical model theory.
Categorical logic is concerned with identifying the categorical concepts which provide the best
interpretation for a given logical system, determining the additional structures or properties
an arbitrary category must satisfy to model the logic [64]. These categories are known as
the categorical semantics of the logic in question. The objects of such categories are in
essence the formulas, while the morphisms are equivalence classes of proofs, or derivations
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of sequents.

It was in considering a particular categorical model for intuitionistic logic that Girard
developed a new logic in 1987 [34]. Indeed, Girard introduced and studied the category
Cohs of coherent spaces and stable maps.

Definition 1.1.1. [34, Def 3.1, 3.2, IV.]]

e A coherent space X is a collection of subsets of some set | X| such that

1. geX,
2. If ae X and b c a, then b e X, and

3. If A c X formed of pairwise compatible elements, then |JA € X, where a,b € X
are said to be compatible with respect to X when aube X.

Equivalently, a coherent space is a pair X = (|X|, =x) where | X| is a set, called the web
of X, and <x is a binary reflexive and symmetric relation on X. Note that a clique of
X is a subset u € |X| such that Vz,2’ e u,x <x 2’

e A stable map between coherent spaces F': X — Y is a function F':|X| - |Y| satisfying

1. Ifacbe X, then F(a) c F(b),
2. Iffaube X, then F(anb)=F(a)n F(b), and

3. F commutes with directed unions.

When considering the function space X = Y of stable maps between two coherent
spaces X and Y, Girard noticed that it could be described using a space of repetitions !X
and the function space X — Y of a full subcategory of linear maps Cohl:

X=>Y=1X—-Y
Definition 1.1.2. [34) Def IV.3, IV.5, IV.6]

e A stable map between coherent spaces F': X — Y is linear if it additionally satisfies

1. Ifaube X, then F(aub)=F(a)u F(b), and
2. F(2)=02.

e Consider coherent spaces X = (|X|,<x) and Y = (|Y|,cy). Define X — Y by
[ X — V] = [X[x Y]
(z,y) ox—y (2',y") Ml zoxa'=(yovy ry=y =z=1")
e Consider coherent spaces X = (|X|,<x), define !X by
I'X| = X tin, the set of finite cliques of X

rox o M xuzis a clique of X
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Viewing Cohs as a model for intuitionistic logic, the function space X = Y represents
standard implication. This suggested to Girard that intuitionistic implication could be re-
covered from the subcategory Cohl of linear maps, representing a more restricted form of
“linear” implication, and a unary operator !.

Moreover, when considering — applied to the duals X+ of a coherent spaces X, defined
as follows, Girard noticed that Y+ — Xt ~ X — Y| which suggested that linear implication
— was symmetric in a classical sense, i.e. symmetric between inputs and outputs.

Definition 1.1.3. [34] Def 3.5] Consider a coherent space X = (|X|,<=x). Define X+ by
X=X
roexex ff zoexydr=z=2

Altogether, this prompted Girard to develop a logic which retained both the symmetry
inherent to classical logic and the constructivist nature of intuitionistic logic. To do so, Girard
omitted the traditional structure rules of contraction and weakening, which are necessary
for non-constructivist proofs. In reference to his newly created logical connectives, linear
implication — abd linear negation (-)*, Girard named it linear logic.

While Girard first introduced a Gentzen style sequent calculus for linear logic which
uniquely used right-sided sequents, the version introduced here will be with two-sided se-
quents as this presentation more readily relates to the categorical semantics to follow.

Definition 1.1.4. [73] Def 1.1| Propositional linear logic sequent calculus consists of formu-
las and sequents. The formulas are generated by the binary connectives and by the unary
operations from variables and a set of constants given below.

Connectives
Multiplicative | Additive | Exponential
Conjunction ® & !
Disjunction % ® ?
Linear Implication —o
Linear Negation (-)*
Constants
Multiplicative | Additive
Truth 1 T
Falsity L 0

Sequents are ordered pairs of finite sequences of formulas, generated by the following rules
from the axioms.

Axioms.
Ar-A(id) ArA* (D) A%+ A (D)

F1(1R) 1+ (LL) I'-7,A(TR) o+ A (0L)

Structural Rules.
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A '-AA AT
o ra (PHE rorvA (CUT)

Multiplicative Rules.

A A

ri-A (1L) '+1,A (UR)
I''A,B+ A I'-AA O+ B,V
FAsBrA oV rordspauv R

'-AA O,BrV I'-A BA
O, A% B+ A,V (3L) I'-A%® B, A (FR)

Additive Rules.
I'-B,A

A A I'B-A '-AA
A& BrFA A& Br A (&L) '-A& B, A (&R)
A A B+ A (@) '-AA I'-B,A (oR)
Ao Br A I'-Ae B,A I'-Ae B,A

Negation Rule.

I'A- B, A
I'Bt+ AL A

(*VAR)

Implication Rules.

'-AA @,BI—\I/< L)
INO,A—-BrV A

Ezxponential Rules

AFA T-A |
Tiara ™ Troea W
PIAIA- A DA77

) ) | o T = N

FiAra (O T 7a (T

'-AA A N

A A (D) rrra,a W)
DH2AAL 0 LA

T 74, A IT,7AF A
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Girard additionally introduced quantifiers to linear logic, although they will not be
discussed in this thesis.

Linear logic is known as a sub-structural logic since some of the traditional structural
rules are omitted, in this case the contraction and the weakening rules. It is in fact their
absence which causes conjunction and disjunction to “split” into context-free, known as the
multiplicatives, and, context-dependent connectives, known as the additives, i.e. ® (read as
tensor) and % (read as par) versus & (read as with) and @ (read as plus) [80)].

The absence of weakening and contraction for the multiplicative connectives has a sig-
nificant consequence: linear logic no longer consists of stable truths. It is a logic of resources.
The premise of linear implication can only be used once. It cannot be duplicated (in other
words reused to prove another statement) [80].

However, the exponential connectives ! (read as “of course” or “bang”) and ? (read as
“why not” or “whimper”) reintroduces the notions of stable truth by allowing weakening and
contraction, but only for specific formulas [80].

This allows propositional linear logic to recover traditional propositional intuitionistic
logic, consisting of the symbols A, v,= and 7, through the following identifications.
ANB=A&B AvB=(l1A)e (!B)
A=B=(1A) - B 1A=(1A) -0

There is some redundancy in the structure introduced above. Negation can alternatively
be defined by the following de Morgan dualities.

1t:=1 1t:=1
TL:=0 0t:=T7
(A® B)' = A* ¥ B* (A% B)t:=A*® B*
(A& B)t:=A*e B* (Ao B)*t = A* & B*
(1A)* :=24" (7A)* =1A"
(A)L:Al (Al)l:A

Furthermore, linear implication can be defined by

A—-B=A"'%B

The influence of linear logic since its advent in mathematical logic, category theory and
theoretical computer science cannot be overstated.

Specific fragments of linear logic became fields of study in and of themselves. This thesis
will be concerned with multiplicative linear logic (MLL) which is the fragment restricted to
the multiplicative connectives ® and %, and constants 1 and L, and multiplicative linear
logic with negation (MLL+Neg) which additionally includes linear negation (-)* and linear
implication —. Other important fragments are multiplicative linear logic with exponentials
(MELL) and multiplicative linear logic with additives (MALL).



1.1. LINEAR LOGIC 6

Furthermore, multiple variants of linear logic have been developed. Multiplicative linear
logic with the mix rule (MLL+Mix) is an extension of the fragment MLL which adds the
mix rule defined as follows [26].

' A O+ WU
rLerAv (MIX)

Linear logic’s more sophisticated structural rules allow one to consider non-commutative
logic, i.e. where “A and B” no longer necessarily implies “B and A”. In traditional logics,
this cannot be done because the exchange rule is derivable from the rest of the system. This
gives logic a temporal quality. “A and B” can be thought of as “A and then B”.

As such, important variants come from considering non-commutative connectives, such
as non-commutative multiplicative linear logic and non-commutative multiplicative linear
logic with negation, the latter known as bilinear logic (BILL), developed by Lambek for
applications in linguistics [49]. On another hand, Retoré showed one can extend linear logic
by adding an additional non-commutative connective < [65]. This logic, known as pomset
logic, was also developed by considering the categorical model of linear logic given by coherent
spaces.

When studying pomset logic, Guglielmi recognized that it could not be expressed in
sequent calculus. This led Guglielmi to develop the calculus of structures, based on the
principle of deep inference, as an alternative logic formalism to sequent calculus, along with
system BV to mirror pomset logic in the calculus of structures [38]. The introduction of deep
inference spurned many more developments including a formulation of multiple variants of
linear logic in the calculus of structures by Strafsburger [75].

Moreover, Hyland and de Paiva developed full intuitionistic linear logic (FILL) in order
to understand the fragment of linear logic consisting of the multiplicative connectives and
linear implication, without negation [43].

Another variant of note is Girard, Scedrov and Scott’s bounded linear logic (BLL). Moti-
vated by programming considerations, it replaces the exponentials, which allow an unlimited
reuse of formulas, by bounded exponentials, which allow a limited number of re-uses [37].

A variant of linear logic that has received a tremendous amount of attention is Erhard
and Regnier’s differential linear logic (DiLL), which extends linear logic by inference rules
allowing the differentiation of proofs [31]. It was in fact developed when it was noticed that
a form of differentiation was present in some categorical models of linear logic.

Linear logic and the branch of mathematics it gave birth to is perhaps one of the
greatest examples of the power of studying categorical semantics and of how categorical
semantic considerations can impact mathematical logic.

For an overview of linear logic and an exploration of some of the advances discussed
above, see [36), [80].
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1.2 *-Autonomous Categories

In his original paper on linear logic, Girard introduced two specific categorical semantics:
coherent spaces and linear maps (discussed above) and phase spaces, the latter presented
slightly later in the text [34]. However, the broader question of the general categorical
semantics of linear logic remained open, namely, what structures and properties must a
category possess to serve as a model of linear logic?

Broadly, viewing objects of a category as formulas and morphisms as proofs, logical
constants are modeled by distinguished objects in the category, while connectives behave
as binary operations acting on both objects and morphisms. This concept is captured by
the monoidal category, as first introduced by Bénabou [6], although subsequently correctly
axiomatized by Mac Lane [55], and later refined by Kelly [47].

Definition 1.2.1. [56, Sec 7.1| A monoidal category (X, @, I, a,p, \) consists of:

e a category (X,;,1x),
e the product and the unit functors

0:XAxX > X I[:1-X

e the associator, the right unitor and the left unitor natural isomorphisms

axyz:(XeoY)oZ->Xo(YoZ)
px: X >Xol
Ax: X—>ToX

such that the associativity pentagon and unit triangle identities hold.

As such, monoidal categories provide the foundation for categorical semantics of any
logic. Prototypical examples of monoidal categories include the category of sets and relations
Rel with the cartesian product, and the category of vector spaces over a field k& and linear
maps Vect, with the standard tensor product of vector spaces. Moreover, any category with
finite products is monoidal with its monoidal product given by the binary categorical product
and its unit given by the terminal object. Such categories are called cartesian.

The question of general categorical semantics had already been answered for intuition-
istic logic. Lambek showed that there is an equivalence between the positive intuitionistic
propositional calculus and cartesian closed categories with a weak natural numbers object
[51]. Combined with the Curry-Howard proofs-as-programs correspondence, this led to what
is now known as the Curry-Howard-Lambek correspondence, marking a foundational con-
vergence of logic, computation, and category theory [52].

In 1989, Seely endeavored to solve this question for linear logic and demonstrated that
+-autonomous categories provided the categorical semantics for linear logic [73]. Now, x-
autonomous categories had been introduced before the advent of linear logic in 1979 by Barr
[3]. At the time, Barr was interested in capturing the structure of categories such as certain
categories of vector spaces and uniform spaces.
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Definition 1.2.2. [3, 4.3] A x-autonomous category is a symmetric monoidal category
(X,®,T) equipped with a full and faithful functor (-)*: X°? - & such that there are natural
isomorphisms X(A® B,C*) 2 X(A,(B® C)*).

To be precise, Seely demonstrated that *-autonomous categories provide the categorical
semantics for MLL+Neg, where ® models multiplicative conjunction, T models multiplica-
tive truth and (-)* models linear negation. Multiplicative disjunction and falsity are then
subsequently defined by the de Morgan dualities, while linear implication is defined by the
formula given in the previous section. In order to additionally model the additive fragment,
one must consider *-autonomous categories with finite products, i.e. with binary products
A x B and terminal object 1. x then models additive conjunction and 1 models additive
truth, and additive disjunction and falsity are defined via the de Morgan dualities. Finally,
the categorical semantics of full propositional linear logic, including the exponentials, are
given by what Seely called Girard categories.

Definition 1.2.3. |73, Def 2.2] A Girard category is a *-autonomous category X with finite
products and a comonad !: X - X satisfying the following:

1. for each A€ X, 1A is a ®-comonoid,

2. there are natural isomorphisms !A®!B —!(A x B) and T —!1, known as the Seely
1somorphisms, which preserve the comonoid structures.

Seely further showed how one can recover a cartesian closed category from a Girard
category, in the same way one recovers intuitionistic logic from linear logic: by considering
sequents of the form !A+ B since A= B =14 — B.

Proposition 1.2.4. [73, Def 2.2] Let X be a Girard category, then the Kleisli category X
of the comonad ! is cartesian closed.

Then, the category of coherent spaces and linear maps Cohl is a Girard category and
its Kleisli category is the category of coherent spaces and stable maps Cohs, the model of
intuitionistic logic which began everything.

The theory of *-autonomous categories continued to be developed with respect to linear
logic, extended to non-symmetric models of linear logic [4], but also found purchase in the
fields of categorical topology [5], categorical algebraic geometry and quantum theory [14. 30,
and recursion theory [39]. Of note is the Chu construction, which yields a *-autonomous
category from any closed symmetric monoidal category [I8], which continues to be studied.

A detail-oriented reader may have noticed at this point that the symbols used by Seely
do not correspond exactly with those introduced by Girard. Unfortunately, the notation
is not consistent across logic and category theory. This thesis will stick to one notational
convention throughout all the articles, which will be introduced shortly.
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1.3 Linearly Distributive Categories

The categorical semantics of MLL+Neg provided by *-autonomous categories are categories
equipped with two monoidal structures: one modeling multiplicative conjunction (tensor)
and truth, and the other modeling multiplicative disjunction (par) and falsity. The occur-
rence of two monoidal products within a single category is not unusual. In many areas of
category theory, mathematical logic, theoretical computer science, and theoretical physics,
it is common to encounter multiple binary operations of interest. In the context of monoidal
category theory, there is an active research program focused on studying categories with two
monoidal structures and the ways in which they interact via distributivities.

Perhaps the most well-know definition in this branch is that of the distributive category:

Definition 1.3.1. [20, Sec 3| A distributive category is a category D with finite products
(x,1) and with finite coproducts (+,0) such that the product distributes over the coproduct:
the canonical natural transformation

di,B,C = [L%7B X 10,L,14,B x1c]:(AxC)+(Bx(C)— (A+B)xC
is an isomorphism.

However, the interaction via distributivities between tensor and par is not absent from
the definition of *-autonomous categories. In 1992, Cockett and Seely pursued alternative
categorical semantics for MLL, which promoted the role of tensor and par, and their inter-
action via distributivity sequents

A®(BBC)4(A®B)3C (ABB)eCr AN (Be()

which can be derived as follows:

Brp P Mg,?g) aea " mep )
BRCr B,C ABrA®B (o
ABNCAsBC _
Ae(B3C)+AsB,C = 10

A (BHC)4(AeB)®C

With tensor, par and these distributivities as the primitive notions of their categorical
semantics for MLL, Cockett and Seely introduced the linearly distributive category (LDC)
[27].

Definition 1.3.2. [27, Sec 2.1| A linearly distributive category (X,®,T,®, 1) consists of:
e a category (X,;,14),

e a tensor monoidal structure (X, ®,T)

e a par monoidal structure (X, &, 1)
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o left and right linear distributivity natural transformations
ipci(AeB)eC »Ae(Ba(C) (ip.Ae(BeC)->(Ae®B)eC
satisfying coherence conditions.

Note here that Cockett and Seely introduced new notation, in contrast to Girard’s
original notation.

Tensor | Par | With | Plus
Cockett & Seely | ®.T |@,L | x,1 | +,0
Girard ®,1 | ¥ L] &T | @0

There has been much discussion in the community about which notational convention
is best. As the work in this thesis is based on LDCs, Cockett and Seely’s conventions shall
be used throughout.

The distributivity between tensor and par had not been emphasized prior to the work
of Cockett and Seely, potentially due to the use of right-sided sequents within mathemat-
ical logic. Now, MLL without negation is essentially the logical system with two binary
operations whose sequent calculus includes only right and left introduction rules, and the
cut rule. As such, LDCs provide the categorical semantics for a minimal logic with two
connectives, making them foundational in the development of categorical semantics. Linear
distributivities are precisely the maps needed to model the cut rule.

The LDC was originally named a weakly distributive category as they initially believed
linear distributivity to be a “weakening” of the traditional distributivity of distributive cat-
egories. It was thought that certain LDCs would coincide with distributive categories, in
particular the cartesian linear distributive categories (CLDC) [25].

Definition 1.3.3. [27, Sec 2| A cartesian linearly distributive category X is a symmetric
linearly distributive category whose tensor structure is the categorical product x in X, with
the terminal object 1 in X, and par structure is the categorical coproduct + in X, with the
initial object 0 in X.

It became clear that this was in fact untrue and, in an amended version of their paper,
Cockett and Seely demonstrated that a CLDC is a distributive category if and only if it is a
poset [27]. As such, they changed the name to distance from distributive categories and to
promote their relevance to linear logic.

Cockett and Seely additionally demonstrated in their original paper how to recover the
categorical semantics of MLL+Neg, in other words *-autonomous categories, from LDCs.

Definition 1.3.4. |27, Def 4.1] A symmetric linearly distributive category has negation if it
is equipped with an object function (-)* with parametrized families of maps

At A—>1 A® At - 1 ToAtge A T—-Ag At

satisfying coherence conditions.
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The notions of symmetric LDCs with negation and *-autonomous categories coincide.
In particular, this implies that LDCs provide a more general framework than *-autonomous
categories. A key motivation for the use of LDCs is that their axioms are often more
straightforward to verify than those of *-autonomous categories. This idea was further
extended to the non-symmetric setting in the amended paper by Cockett and Seely in order
to model non-commutative MLL+Neg [27].

Although the notion of CLDCs was ultimately abandoned due to their incompatibility
with distributive categories, the theory of LDCs continued to be extensively developed by
Cockett, Seely, and collaborators.

Blute, Cockett, Seely, and Trimble introduced a diagrammatic calculus for LDCs, rep-
resenting morphisms via two-sided proof nets, otherwise known as circuit diagrams. This
led to a coherence theorem for both LDCs and #-autonomous categories [10]. While this
calculus will not be employed in this thesis, it has become a central tool in categorical linear
logic.

Furthermore, Blute, Cockett, and Seely explored modeling the exponentials ! and ?
within LDCs to extend the categorical semantics of MLL to include exponentials [§]. This
work culminated in the development of linear functors and linear transformations, the ap-
propriate notions of functors and natural transformations between LDCs, leading to the def-
inition of the 2-category LDC [28]. Cockett and Seely demonstrated that the appropriate
categorical semantics for MLL with exponentials are LDCs with storage, i.e. a comonad (!,?)
in LDC carrying a compatible cocommutative comonoid structure. They further demon-
strate how to include the additive connectives to the semantics by considering LDCs with
linear products, which are the appropriate linear functor analogue of categorical products.

Finally, Cockett and Seely demonstrated which features needed to be added to LDCs to
model important variants of linear logic, in particular MLL+Mix, Lambek’s BILL, de Paiva
and Hyland’s FILL [26].

Following this series of papers, LDCs have maintained a strong presence in categorical
logic. Notable developments include the introduction of traces and Girard’s geometry of
interaction in the context of LDCs by Blute, Cockett, and Seely [9], the study of categorical
semantics for Guglielmi’s linear logic extension BV by Blute, Panangaden and Slanov [I1],
the formulation of linear actegories as categorical semantics for concurrency in theoretical
computer science by Cockett and Pastro [24], the study of comonads by Pastro [63] and
Hopf monads on LDCs by Hasegawa and Lemay [40], the introduction of dagger LDCs by
Cockett, Comfort, and Srinivasan, offering a categorical framework for infinite-dimensional
quantum mechanics [21].

Even within papers which build upon *-autonomous categories, linear distributivity is
at the forefront of the discussions thanks to the efforts of Cockett and Seely.
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1.4 Linear Bicategories

Commutative logical connectives are modeled categorically by symmetric monoidal products.
While non-commutative connectives can be modeled by non-symmetric monoidal products,
one could also consider composition in bicategories. Indeed, bicategories are essentially
monoidal categories whose objects are given typed domains and codomains. Therefore, the
monoidal product between two objects is only defined if the types line up. Composition
is a fundamentally non-symmetric operation, making it the most natural model for non-
commutative connectives.

It is from this point of view that Cockett, Kowslowski and Seely introduced the lin-
ear bicategory in 2000, as the bicategorical analogue to LDCs and the natural categorical
semantics for non-commutative MLL [22].

Definition 1.4.1. [22, Sec 2.1| A linear bicategory (B,®,Tx,®, Lx) consists of:

e a class of 0-cells By

e a category of 1-cells and 2-cells B, with functors dom, cod: B; - By, where the following
full subcategories are denoted by

B(X,Y)={f e By | dom(f) = X, cod(f) = V'}

a tensor bicategorical structure (B, ®, Tx ) with composition functor and identity 1-cells

®:B(X,Y)xB(Y,Z) > B(X,Z) Tx:X—X

e a par bicategorical structure (B, ®, 1 y) with composition functor and identity 1-cells

o:B(X,Y)xB(Y,Z) > B(X,Z) 1x:X—X

left and right linear distributivity transformations

ipci(AeB)eC»Ae(BaC) iz.A®(BeC)~>(A®B)eC
satisfying coherence conditions.

In their paper, they developed the appropriate analogue of many notions from the
theory of LDCS, in particular linear functors and negation. They demonstrated that the
relationship between a formula and its negation is best represented by linear adjoints, the
linear bicategorical analogue of adjoints in a bicategory. Given the foundational nature of
adjoints in bicategory theory, this provided a very clear understanding of negation in non-
commutative linear logic.

Cockett, Koslowski and Seely wrote a follow-up paper which introduced the definitions
of morphisms between linear functors, the linear transformations and the linear modules,
although the theory was mostly developed in terms of poly-bicategories [23].
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The theory linear bicategories was mostly left undeveloped afterwards, perhaps due to
a lack of examples and the complexity of the structures. Recently, however there has ben
some renewed attention paid to linear bicategories by graduate students of Blute. Van-
deven developed the theory of lax extensions of Set-based functors to linear bicategories
[81]. Naeimabadi introduced cartesian linear bicategories [58], the notion combining linear
bicategories and cartesian bicategories, in the sense of Carboni and Walters [17].

Moreover, there has been recent work re-visiting the calculus of relations, as introduced
by De Morgan and Peirce, which provides a complete axiomatisation of the calculus based on
the concepts of cartesian and linear bicategories [12]. In each cases, the motivating structure
is the bicategory Rel of sets and relations, which is the prototypical example of a linear
bicategory and a key model of non-commutative MLL.

1.5 Categorical Classical Logic

A research program which made great use of the developments of *-autonomous categories
and LDCs is that of categorical classical logic. Unlike intuitionistic logic, the categorical
semantics for classical logic remain an open problem.

The reason there has yet to be a universally recognized solution to this question is that
if one were to take the categorical semantics of intuitionistic logic, cartesian closed cate-
gories, and extend them by adding classical negation, one would get trivial semantics. More
precisely, a cartesian closed category with an involutive functor is a necessarily a Boolean
algebra. This means in other words that the most straightforward categorical semantics are
posetal, all morphisms, or proofs, between objects, or formulas, are identified. As such, these
would be a model for provability in classical logic, not of proofs as desired. This theorem is
more widely known as Joyal’s paradox [52].

Multiple attempts have been made to remedy the situation. One such development
was the extension of A-calculus to the Ap-calculus by Parigot to provide well-behaved proof
formalism for classical logic [62]. The categorical semantics of this system were studied by
Hofmann and Streicher [42], and finally given by Selinger’s control categories [74]. This point
of view in fact related to Girard’s formalism LC, an improvement of Gentzen’s classical logic
system LK, which is based on the concept of polarity of formulas [35]. Laurent proved that
Girard’s LC and Parigot’s Au-calculus are equivalent accounts by introducing the notion of
polarity to linear logic proof nets [53]. However, as these models remain based on cartesian
closed categories, the complete symmetry of classical logic had to be abandoned.

An alternative approach was to keep the symmetry, but instead “loosen” the cartesian
nature of the monoidal products, implied by the weakening and contraction structural rules
present in intuitionistic and classical logic.

It is well-known that the monoidal product @ of a symmetric monoidal category (X, @, 1)
is given by the categorical product if and only if each object is equipped with a canonical
cocommutative comonoid structure, i.e. is equipped with coherent diagonal and counit maps

Ap:A->A0A eatA—1,
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and the morphisms preserve the comonoid structures. This follows from a more general result
known as Fox’s theorem, published in 1976 and named after its author, which proves that
taking the category of cocommutative comonoids and comonoid morphisms of a symmetric
monoidal category provides a right adjoint to the inclusion functor of cartesian categories
into the category of symmetric monoidal categories [32].

As such, multiple researchers have developed potential semantics for classical logic by
considering categories whose objects have comonoid structures modeling conjunction and
dually monoid structures modeling disjunction, while ultimately not being precisely cartesian
or co-cartesian. Moreover, they build upon either the foundation of a LDC or a *-autonomous
category, as they provide the minimal framework necessary to discuss two connectives with
left and right introductions rules, and CUT as the only structure rule.

In particular, Fiihrmann and Pym defined Dummet categories to be a symmetric LDC
(X,®,T,®, L) where each object is endowed with a ®-comonoid and @-monoid structure,
which is further poset enriched, satisfying additional conditions, such that the maps interact
coherently with the comonoid and monoid structures, while not preserving it precisely [33].
Then, they defined a classical category to be a Dummet category with negation.

Similarly, Strakburger defined Bs-categories to be *-autonomous categories where each
object has a canonical comonoid and monoid structure, but whose maps do not preserve
these structures precisely [77]|, while Lamarche defined *-autonomous categories with finitary
medial and the absorption laws and then considered its category of germane and weakly
idempotent bimonoids [50]. In the latter case, germane and weakly idempotent bimonoids
are particular “intrinsic” coherent comonoid and monoid structures on an object, such that
all maps between the objects canonically preserve some of the structure. In each attempt,
linear distributivity, sometimes called switch, plays an essential role and its interaction with
the “cartesian” structures is investigated.

Another key aspect of the efforts of Strakburger and Lamarche is the presence of the
medial rule, alongside linear distributivity, which is modeled by the following maps

(AeB)e(Ce®D)—>(AaC)® (Ba D)

The medial rule was first introduced within the paradigm of deep inference, specifically
in the local system for classical logic SKS developed by Briinnler and Tiu [15]. Locality refers
to the concept that rules do not need a global view of formulae to be applied and is achieved
in SKS by reducing non-local rules, such as contraction and weakening, to their atomic forms.
Their general form should still however be admissible and this is guaranteed by the medial
rule. The medial rule was also present in Strafsburger’s local system of linear logic SLLS and
Tiu’s local system for intuitionistic logic SISgq [79]. The medial rule has subsequently been
studied as a term-rewriting rule, sometimes studied alongside linear distributivity [16, 29} [76].

1.6 Quantales and Quantaloids

The theory of quantales began with their introduction by Mulvey in 1986 [57], as a general
setting to discuss constructive foundations for quantum mechanics and the non-commutative
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analogue of the maximal spectrum of a C*-algebra.

Definition 1.6.1. [57, Sec 3| A quantale is a complete lattice () with an associative binary
operation ® which is distributive on both sides over arbitrary joins V, i.e. Va,{b,} € @,

a®(\/bs) =\ (a®ba) (Vba)®a=\(ba®a)

Examples of quantales are plentiful. A key example are locales (otherwise known as
frames) are complete lattices which satisfy the infinitary distributive law, i.e. aAV\ b; =\ anb;.
In other words, they are quantales with the operation ® given by the meet A.

Locales were of particular interest to many category theorists at the time as they pro-
vided the foundations for algebraic topology and topos theory, as the lattice of open sets
of a given topology is a locale [44] [46]. Quantales began being studied in this context by
Borceux and Van den Bossche, although they restricted their attention to right-sided and
idempotent quantales [I3]. The categorical theory of quantales began in earnest by Niefield
and Rosenthal, who were concerned with constructions on lattices of ideals [59, [60, [61].

Quantales entered the realm of categorical linear logic thanks to the work of Yetter,
who noticed that Girard’s phase space semantics for linear logic were quantales [83].

Definition 1.6.2. |34 Sec 1]

e A phase space consists of a commutative monoid P, whose elements are called phases,
and a specified subset Lp c P, whose elements are called antiphases.

e Let G ¢ P, then its dual G* is defined by

Gt={peP|pGcip}
e A factis a subset G of P such that G** = G. Its elements are called the phases of G.

In particular, the poset of facts of a given phase space is a particular type of quantale,
introduced by Yetter:

Definition 1.6.3. [83] Def 1.6] A Girard quantale is a quantale @), together a cyclic dualizing
element 1, i.e. there is a L € () such that Va € Q,

lo—a=a—1 and (a—1)—1l=a.

It was in fact this article which standardized the terminology of cyclic linear logic, a
particular non-commutative variant of linear logic with one notion of negation and a cyclic
permutation rule. Rosenthal continued the study of Girard quantales and demonstrated that
Girard’s phase quantales are precisely the most general form of a Girard quantale [66]. The
relationship of quantales to linear logic was stated clearly by Abramsky and Vickers [I] when
they wrote:

Quantales are to linear logic as frames are to intuitionistic logic.
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The bicategorical analogue of the quantale was introduced shortly after in 1993 by
Abramsky and Vickers, when studying quantales and process semantics, in order to capture
the idea of process with types.

Definition 1.6.4. [I, Def 8.1] A quantaloid is a small-suplattice enriched category Q, in
other words, it is a small category such that

e cach hom-set is a sup-lattice, and

e composition of morphisms is distributive on both sides over arbitrary joins.

The theory of quantaloids was then further developed by Rosenthal [68], [70], in particular
with respect to the semantics of non-commutative linear logic with the introduction of Girard
quantaloids [69].

For a detailed survey on the theory of quantales and of quantaloids, see [67] and [71].

More recently, the notions of quantales and quantaloids has found renewed prominence
within the field of monoidal topology, a unifying framework for ordered, metric and topolog-
ical structures provided by the methods of monoidal category theory [41]. Quantales made
their way into the theory as the appropriate generalization of the real half-line with opposite
ordering [0, 00]°?, considered by Lawvere to categorify metric spaces as enriched categories
[48, 54]. Indeed, Clementino, Hofmann and Seal considered this construction for arbitrary
quantales [I9 [72]. In particular, they defined the 2-category of quantale-valued relations
(-Rel as the foundational framework for monoidal topology, although they did not use this
terminology at the time.

Definition 1.6.5. [41, Sec III (1.1)] Consider a quantale ¢ with unit T, then define Q-Rel to
be the quantaloid whose objects are sets and arrows R: X + Y are functions R: X xY — @,
called Q-relations. Given R: X + Y and S:Y +» Z, the composition R ® S: X +» Z is defined
by

R® S(x,2z)=\/ R(z,y)®S(y,z)

yeY

Note that the use of ® on the left refers to composition in ()-Rel and on the right refers to
multiplication in (). Identities are given by

T fx=2a
0 ifaxz+a

TX('ra l’,) = {
where 0 denoted the bottom element of ().

For a comprehensive overview of monoidal topology, see [41].

1.7 Motivation and Contributions

With the background on the relevant fields established, the motivation for and main contri-
butions of each article included in this thesis can now be elaborated upon.
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The theory presented in the first article, “Linearly Distributive Fox Theorem”, was
initiated through discussions with Dr. Naeimabadi and Dr. Blute concerning the interaction
between cartesian structures and linear distributivity, within the context of the development
of cartesian linear bicategories. With further research, the critical relationship between
cartesian categories and LDCs in the context of categorical classical logic was recognized.
However, CLDCs had still seen no development since their introduction by Cockett and
Seely. This observation motivated the pursuit of an analogue of the Fox Theorem for LDCs,
which would characterize CLDCs as LDCs satisfying specific properties, thereby deepening
the understanding of the interaction between cartesian products and linear distributivity.

In order to prove such a theorem, medial linearly distributive categories (MLDC) were
introduced. These are LDCs that additionally satisfy the logical medial rule, and therefore
can be seen as the categorical semantics for an extension of MLL, or equivalently as the ap-
propriate categorical structure which is both linearly distributive and duoidal in nature. The
article presents the theory of MLDCs: discussing how to coherently add symmetry and nega-
tion, develops examples and proves unique properties. Furthermore, medial linear functors
and medial linear transformations, along with Frobenius versions of them, are introduced
to provide the appropriate notion of 1-cell and 2-cell in a 2-category of symmetric MLDCs
(SMLDC). The concept of medial bimonoids are then presented, as the appropriate analogue
of the comonoids in the Fox theorem. It is demonstrated that the category of bicommutative
medial bimonoids B[X] of a SMLDC X is a CLDC and that this construction is in fact
2-functorial. Altogether, this culminates with the desired result:

Linearly Distributive Fox Theorem. (Ch. 2, Thm 7.16) The inclusion 2-functor from
CLDCs into SMLDCs has a right 2-adjoint, inc 4 B[-]: CLDC - SMLDC.

As a corollary to the above theorem, we get a characterization of CLDCs as SMLDCs
whose objects have canonical bicommutative medial bimonoid structures and whose mor-
phisms preserve that structure.

While revisiting examples of CLDCs to construct MLDCs for the first article, an error
in Cockett and Seely’s revised paper introducing LDCs [27] was discovered, in collaboration
with Dr. Pacaud Lemay. The paper claimed that while distributive categories are only
CLDCs if they are posets, the Kleisli category of the exception monad of a distributive
category is a CLDC. This was found to be incorrect: although the Kleisli category of the
exception monad is indeed a LDC, its tensor product does not coincide with the categorical
product. This observation spurred a deeper investigation into CLDCs directly.

This led to the development of a second article, co-authored with Dr. Pacaud Lemay,
which explores the properties and potential examples of CLDCs in greater detail. The first
major property proved is that the initial object is subterminal, while the terminal object
is preinitial. This in turn implies all CLDCs are mix LDCs (a known result whose proof is
streamlined by the previous observation). It also allows us to demonstrate that an object
in a CLDC is preinitial if and only if it is subterminal. The article then focuses on the
two main classes of examples of CLDCs: bounded distributive lattices and semi-additive
categories. There are two well-known collapses of CLDCs to posets, Joyal’s paradox when
adding negation and the orthogonality of linear distributivity with traditional distributivity
(both discussed previously). Mirroring these results, we prove two new collapses to the semi-
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additive case, when the CLDC has invertible linear distributivities and when the CLDC is
isomix. Together, these four results illustrate why these two types of examples are central
to the theory of CLDCs. We provide a construction which maps a CLDC to a bounded
distributive lattice, obtained by considering its semizero objects, and additionally maps a
CLDC to a semi-additive category, obtained by taking the slice over the initial object, or
equivalently the coslice under the terminal object. In the final section, new examples of
CLDCs are introduced based on the Grothendieck construction and that CLDCs are closed
under products.

Finally, the third article, “Constructing Linear Bicategories”, arose from the stalled
progress in the development of linear bicategories as natural categorical semantics for non-
commutative MLL, in part due to a scarcity of known examples. Motivated by the well-
established connections between non-commutative linear logic and quantales and quan-
taloids, and the renewed interest in these structures due to their role in monoidal topology,
this work, co-authored with Dr. Blute and Dr. Niefield, constructs new examples of linear
bicategories, by leveraging the theory of quantales and quantaloids within the framework of
categorical linear logic.

In particular, the LD-quantale and the linear quantaloid are introduced. These are the
appropriate generalization of the Girard quantale and the Girard quantaloid to the linearly
distributive context respectively. Equivalently, these are the appropriate notions at the
intersection of the quantale and LDC, and the quantaloid and linear bicategory. Several
different examples of LD-quantales are developed, of particular note are the complete bi-
Heyting algebras, i.e. locales which satisfy the opposite infinitary law. We then consider
the category of sets and Q)-relations (-Rel, which is shown to be a linear quantaloid if and
only if @) is a LD-quantale itself. The previous examples of LD-quantales are then utilized to
present examples of linear quantaloids. Furthermore, the concept of enrichment in a Girard
quantaloid is generalized to enrichment in a linear quantaloid @ by introducing, in particular,
the category Q-Mod of linear Q-categories and the linear Q-modules. It is further proved
that O-Mod is a linear quantaloid if and only if Q is a linear quantaloid. The previous
examples of ()-Rel are then used to construct new more sophisticated linear quantaloids
via the Q-Mod construction. Finally, in an effort to provide non-locally posetal examples
of linear bicategories, it is shown that quantales (respectively small quantaloids), modules,
and module homomorphisms form a cyclic *-autonomous bicategory, in other words a linear
bicategory with negation.



Chapter 2

Linearly Distributive Fox Theorem

This chapter consists of a paper authored by Rose Kudzman-Blais, prepared for submission
to Theory and Applications of Categories, a journal dedicated to contributions to category
theory and to categorical methods applied to the mathematical sciences. The article devel-
ops the theory of medial linearly distributive categories and presents a linearly distributive
analogue of the Fox theorem.
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LINEARLY DISTRIBUTIVE FOX THEOREM

ROSE KUDZMAN-BLAIS

ABSTRACT. Linearly distributive categories (LDC), introduced by Cockett and Seely to
model multiplicative linear logic, are categories equipped with two monoidal structures
that interact via linear distributivities. A seminal result in monoidal category theory
is the Fox theorem, which characterizes cartesian categories as symmetric monoidal
categories whose objects are equipped with canonical comonoid structures. In order
to extend the Fox theorem to LDCs and characterize the subclass of cartesian LDCs
(CLDC), we introduce the concepts of medial linearly distributive categories (MLDC),
medial linear functors, and medial linear transformations. The former are LDCs which
respect the logical medial rule, appearing frequently in deep inference, or alternatively
are the appropriate structure at the intersection of LDCs and duoidal categories. We
then prove the linearly distributive Fox theorem, which states that the inclusion 2-
functor of CLDCs into MLDCs has a right adjoint given by constructing the category
of bicommutative medial bimonoids.

1. Introduction

Within monoidal category theory, cartesian categories refer to categories whose monoidal
product is given by the categorical product and whose monoidal unit is the terminal object.
Perhaps the most well-known result concerning cartesian categories is the Fox theorem.
In his seminal 1976 paper “Coalgebras and cartesian categories”, Fox demonstrated that
there is a right adjoint to the inclusion functor from cartesian categories into the category
of symmetric monoidal categories [21]. This right adjoint functor consists of taking the
cocommutative comonoids of a symmetric monoidal category (X, @, I), and their maps,
in other words considering objects A equipped with coherent diagonal and counit maps:

Aj: A—-A0A eqs: A—1T

As a corollary of this adjunction, we see that cartesian categories are precisely the sym-
metric monoidal categories whose objects have a canonical comonoid structure and whose
maps preserve these structures.

The author would like to thank Richard Blute for suggesting this topic as part of their doctoral
thesis and for his support during the development of the theory, and for many instructive discussions on
the topic, along with fellow student Shayesteh Naimabadi. The author also wishes to thank Jean-Simon
Pacaud Lemay, whose support and help were instrumental in developing the Examples and Properties
Section of the paper, as well as the entire category theory group at Macquarie University for the opportu-
nity to visit and present on the topic. The author also acknowledges the support of the Natural Sciences
and Engineering Research Council of Canada (NSERC), under the grant awarded to Richard Blute.
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2 ROSE KUDZMAN-BLAIS

Cartesian categories have played a key role in the field of categorical logic. Indeed,
one of the greatest successes of categorical logic was Lambek’s equivalence between in-
tuitionistic propositional calculus and cartesian closed categories [32]. If we extend this
paradigm and consider cartesian closed categories with a notion of involutive negation to
capture the semantics of classical logic, these categories collapse to Boolean algebras due
to Joyal’s paradox. Thus, there has not yet been a definitive framework for the categorical
semantics of classical logic.

The field of categorical logic continued to thrive with the development of linear logic
by Girard [23]. The categorical semantics for linear logic were subsequently explored by
Seely, who identified that the appropriate definition was given by x-autonomous categories
[40], previously introduced by Barr [3]. Linearly distributive categories (LDC) were later
introduced by Cockett and Seely as alternative categorical semantics for linear logic, which
take the notions of multiplicative conjunction and disjunction, and their interaction via
linear distributivity, as primitive [15]. In particular, LDCs are categories X with two
monoidal structures (X, ®, T) and (X, @, L), the former known as the tensor structure and
the latter as the par structure, equipped with linear distributivity natural transformations:

0ipco: A®(BaC) = (A®B)&C g (A®B)®C—Ad (BeC).

The theory of categorical linear logic proved useful in developing categorical semantics
for classical logic. LDCs provide the minimal framework necessary to discuss two con-
nectives with left and right introduction rules, and cut as the only structural rule. Since
any reasonable model of classical logic should at least include such structure, categorical
models for classical logic can be built upon the foundations of LDCs (or *-autonomous
categories, if negation is instead taken as primitive).

As the rules of contraction and weakening are central structural rules of classical logic,
which are traditionally modeled by cartesian monoidal structures, a recent paradigm of
categorical classical logic has been to add “cartesian” structure to LDCs (or *-autonomous
categories). In this vein, Fithrmann and Pym developed the notions of classical categories
and Dummett categories, poset-enriched x-autonomous categories and LDCs respectively
whose objects have coherent notions of ®-diagonals and counits, and ®-codiagonals and
units [22]. While, Alternatively, StraBburger considered x-autonomous categories whose
objects also have coherent ®-diagonals and counits, and @®-codiagonals and units, but
whose maps do not necessarily preserve these structures [44]. While, Lamarche developed
kinds of x-autonomous categories where an “intrinsic” notion of comonoid/monoid struc-
ture can be defined on objects [31].

More recently, Naeimabadi developed the theory of cartesian linear bicategories [35]

and recent work has investigated De Morgan and Peirce’s calculus of relations, providing
an axiomatisation based on the concepts of cartesian and linear bicategories [7]. In fact,
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the central examples of linear bicategories, the bicategorical analogues of LDCs intro-
duced by Cockett, Koslowski, and Seely [17], are also cartesian bicategories and the Fox
theorem is central to the theory of cartesian bicategories, as introduced by Carboni and
Walters [12].

It was within this context that the idea arose to investigate cartesian linearly distribu-
tive categories (CLDC) and to develop a linearly distributive version of the Fox theorem.
CLDCs refer to LDCs whose tensor structure is cartesian and par structure is cocarte-
sian. They were first introduced alongside LDCs by Cockett and Seely, though the notion
received little attention beyond the first paper [15].

In developing a linearly distributive analogue of the Fox theorem, it quickly became
apparent that no such construction could be adapted to all LDCs. For the same rea-
son that the Fox theorem is an adjunction between cartesian categories and symmetric
monoidal categories, we needed to restrict to LDCs equipped with additional structure
maps:

Al —->1®1 V:TaT =T m: L —T

pascep: (ARB)®(C®D)— (AeC)® (Be D)

Viewed as a logical entailment, the latter map is known as the medial rule, first introduced
by Briinnler and Tiu for a system of classical logic within the deep inference framework
[10]. Moreover, medial maps were central to both Straburger’s and Lamarche’s categor-
ical models for classical logic.

Within monoidal category theory, these medial maps are better known as instances of
the interchange maps of duoidal categories. Duoidal categories are categories X with two
monoidal structures (X', ¢, 1) and (X, *, J), equipped with precisely the structure maps
introduced above [1]. The theory of duoidal categories first appeared in the work of Joyal
and Street while studying braided monoidal categories [28].

With this perspective in mind, we introduce the notion of medial linearly distributive
categories (MLDC), inspired both by the work of Straflburger and Lamarche in categori-
cal classical logic and by the theory of duoidal categories. MLDCs can be regarded both
as the categorical semantics for multiplicative linear logic with the medial rule, and as a
appropriate intersection point between LDCs and duoidal categories.

Leveraging the well-developed theory of LDCs and duoidal categories, we define the
appropriate functors and transformations between MLDCs. Within this framework, we
consider an analogue to comonoids: medial bimonoids, objects A equipped with coherent
®-diagonal, ®-counit, ¢-multiplication, and @-unit maps,

AAA—>A®A €AZA—>—|— VAA@A—)A ’LLAiJ_—>A
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4 ROSE KUDZMAN-BLAIS

Considering the bicommutative medial bimonoids and their maps in a symmetric MLDC
gives the construction needed to define a right adjoint 2-functor to the inclusion 2-functor
from CLDCs to the 2-category of symmetric MLDCs. This yields the desired linearly
distributive Fox theorem and, as a corollary, a characterization of CLDCs as symmetric
MLDCs whose objects have coherent medial bimonoid structure.

In the process of developing this paper, it became evident how poorly understood
CLDCs are. This prompted the author to collaborate with Dr. Pacaud Lemay to ex-
plore the nature of CLDCs beyond their characterization via the linearly distributive Fox
theorem. This resulted in a separate paper, “Cartesian Linearly Distributive Categories:
Revisited” [29]. While both papers are written to be independently comprehensible, we
recommend reading them in tandem to gain a complete perspective on cartesian and co-
cartesian structure in the context of LDCs.

Outline. Given that the results developed in this paper are based on the theories of
the Fox theorem, LDCs, and duoidal categories, the paper begins with three substantial
preliminary sections. Section 2 presents the basics of monoidal categories, cartesian cat-
egories, and Fox’s theorem. Section 3 reviews the literature on LDCs, including linear
functors and linear transformations. Section 4 introduces the necessary background on
duoidal categories. Then, Section 5 begins by motivating the introduction of the medial
rule and subsequently defines MLDCs. The theory of MLDCs is developed: symmetric
MLDCs are defined, adding negation is discussed, examples are introduced, and properties
are presented. Section 6 defines the appropriate linear functors and linear transforma-
tions between symmetric MLDCs. Section 7 introduces medial bimonoids and shows that
considering such structures and their maps does, in fact, yield a CLDC, and finally proves
the main result of this paper: the linearly distributive Fox theorem.

Conventions. There are a few notational choices made in this paper and we take a
moment to detail the most important.

e Composition of morphisms/arrows in a category is denoted by the symbol ; and is
written in diagrammatic order. Objects in a category are denoted by capital letters,
while the morphisms are denoted by lowercase letters.

e Monoidal products and monoidal units will be denoted with various different sym-
bols to help distinguish the particular type of category in question. In particular:

— © and [ are used for standard monoidal categories X.

— ® and T are used for the tensor monoidal structure, and & and L for the
par monoidal structure in a linearly distributive category X, in agreement with
the notation introduced by Cockett and Seely in [15], as opposed to Girard’s
notation [23].
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— o and [ are used for the first monoidal structure and * and J for the second
in a duoidal category X', in agreement with the notation introduced by Aguiar
and Mahajan [1].

— X and 1 denote the binary categorical product and the terminal object respec-
tively, while + and O denote the binary categorical coproduct and the initial
object in a category.

2. Fox Theorem

We begin by giving a fairly complete description of the Fox theorem for cartesian cate-
gories, without proof, as the logic behind the traditional version of the result will be a
guiding thread to generalizing it to the context of linearly distributive categories. We
invite any reader who is well versed in the Fox theorem to skip this subsection.

2.1. MoONOIDAL CATEGORIES.

We briefly outline the foundational definitions of monoidal category theory, primarily
to establish the notation used throughout this paper and to provide a reference for the
axioms, which will frequently appear in the proofs that follow.

2.2. DEFINITION. /34, Sec 7.1/ A monoidal category (X, ®,I,a,p,\) consists of:
e a category (X,;,1x),
e the product and the unit functors

Q: XXX =X [:1—-X

e the associator, the right unitor and the left unitor natural isomorphisms

a: (0x1y);0=(1ly x©);0 axyz: (XoY)oZ—-Xo (Y oZ)
p:ly= 1y xI1);0 px X —=XolI
Aily= (I x1,);0 Mx: X—=T0X

such that the associativity pentagon (1) and unit triangle identities (2) hold.

WoX)o Y oZ)

AWQX,Y,Z AW, X,YQZ

(WoX)oY)oZz WoXo(oz)
aw,x,y Qlz l T lwQoax,y,z
Wo(XoY)oZ — Wo(XoY)oZ
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6 ROSE KUDZMAN-BLAIS

(XohoY

XoY ax,ry (2)

Xo(loY)

2.3. DEFINITION. [3/, Sec 9.1] A monoidal category is braided if it has a braiding
natural isomorphism

0: Q= switchy »;© oxy XY =YoX
which behaves coherently with associators (3) and with unitors (4).
XY,z oX.YQZ
(XoY)oZ XoYoZ) YoZ)oX
ox,y©Qlz l l Qy,z,X

YoX)oZ Yo(XoZ) Yo((ZoX)

ay, X,z lyQox,z

a;(,lY,Z OXQY,Z (3)
X0 oZz) (XoY)oZ Zo(X2oY)
1xQoy,z l l 0‘2,1)(,)/

Xo((ZoY) XoZ)oY ZoX)oY

- o ol
Xx. 2y X, 2%y

X

X Xol

N e “

IToX

A monoidal category is symmetric if it is braided and the braiding is self-inverse (5).

Xy

X@Y\Y@X 5
oy, X 5
\XiY

Given a braided monoidal category, we can define a composite of associators and
braidings, sometimes known as the “canonical flip”. This natural isomorphism is key to
the Fox theorem, therefore, to improve readability, we define it here.
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LINEARLY DISTRIBUTIVE FOX THEOREM 7

2.4. DEFINITION. Let X be a braided monoidal category. Define the natural isomorphism
wxyz: WoX)oYoZ)=(WoY)o(X0Z)
to be the following equivalent composites

WoX)o (Y oZ)

aw,X,YoZ l B
1W®aX,lY,Z lwo(ox,y0lz)

WoXolYoZ) Wo(XoY)oZ) W@((Y@X)@Z)

Wo(YoZ) oX) WoYoZoX)) WolYoXoZz)

lwoay,z,x lwo(ly@ox,z)

l a;VI,Y,X®Z
WoY)o(XoZ)
2.5. MONOIDAL FUNCTORS AND TRANSFORMATIONS.

The Fox theorem is an adjunction between the 2-categories of symmetric monoidal
categories and cartesian categories. As such, we need to the appropriate notion of functors
and natural transformations between monoidal categories.

2.6. DEFINITION. [34, Sec 9.2] Consider monoidal categories (X,@,I) and (¥, ® ,I). A
lax monoidal functor (F,m;,mgy): (X,0,1) — (V,@,1) is a functor F: X — Y
equipped with structure maps:

e o morphism my: I — F(I), and

e a natural transformation

me: (FxXF),0=0;F Moy p: F(A)© F(B) = F(A© B)

satisfying associativity (6) and unitality (7) coherence conditions.

(F(X) 0 F(Y) 0 F(Z) "2 0 0 (F(Y) 0 F(Z 2R (X) 0 F(Y 0 2)
mo x yQlr(z) l l mex yoz (6)
FXOY) 0 () ———— F((X 0Y) 0 2) ———F(X 0 (Y 0 2)
FX)— L p(x)o T FOO)— 1o F(X)
F(px) l l lray@mr  F(Ax) l l mrolpx) (7)
F(X@I)EF(X)®F(I) F(I@X)WF(1)®F(X)
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8 ROSE KUDZMAN-BLAIS

A colax monoidal functor F' = (F,n;,ny): (X,0,1) = (V,@,1) is a laz monoidal
functor (XP,@,1) — (YP,@,1).

If X and Y are symmetric, then a lax monoidal functor (F,m;,mg) : (X, @,1) — (¥, @, 1)
is a symmetric if it additionally interacts coherently with the braidings (8).

OF(X),F(Y)

F(X) o FY) 2 F(y) o F(X)
moxy l l moy, x (8)
FX0Y)——=F(Y 2 X)

A monoidal functor is a lax (or equivalently colax) monoidal functor whose structure
maps my and mg, (or ny and ng) are isomorphisms.

2.7. REMARK. Given a symmetric lax monoidal functor (F, m;,my) : (X,@,1) = (¥, @, 1),
we note that the following commuting diagram involving the canonical flip for use in a
future proof:

mow,xOMoy, z

(F(W) @ F(X)) 0 (F(Y) 0 F(Z)) ——~ F{W 0 X) 0 F(Y @ 2) 2 F(W  X) o (Y @ 2))
TE(W),F(X),F(Y),F(Z) F(rw,x.v.z) (9)

(FW)oFY))o((F(X)oF(Z)—FWoY)oF(X0Z)—F(WoY)o(X0Z))

Mmow,y OMmo x,z MowoeY,X02

2.8. DEFINITION. /34, Sec 9.2] Let (F,m},mk), (G, m§ ,m®) X — Y be lax monoidal
functors. A monoidal transformation a: (F,m{ ,mb) = (G,m% m%) is a natu-
ral transformation o : F = G whose component morphisms behave coherently with the

monoidal products and the units (10).

F(X) o F(V) 22 a(x) 0 G(Y) AT
mgx,y l l mgx,y \ l o1 (10>
F(X0Y)— ——~G(X oY) "G

Let (F,nf ,nk), (G, nI ¥.ng): X = Y be colax monoidal functors. A monoidal trans-
formation o : (F,nj ,n®) (G, I ,n®) is a monoidal transformation between the lax
monoidal functors (F,n¥,nk), (G n,ng): XP — Yor,

2.9. PROPOSITION. There is a 2-category SMC of symmetric monoidal categories, sym-
metric monoidal functors and monoidal transformations.
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LINEARLY DISTRIBUTIVE FOX THEOREM 9
2.10. CARTESIAN CATEGORIES.

The Fox theorem is concerned with characterizing the symmetric monoidal cate-

gories which are cartesian, therefore we quickly introduce the appropriate sub-2-category
CART.

2.11. DEFINITION. A cartesian category is a category with finite categorical products
and a cocartesian category is a category with finite categorical coproducts, where binary
products, terminal objects, binary coproducts and initial objects, with the corresponding
unique maps, are denoted by

LO L1
14 A2 A4+ B2 B (I]
|
A \ tﬂ h W%/ bA;
A<—A>< 1 C A

Cartesian categories have a canonical monoidal structure given by the binary categor-
ical product and the terminal object, and similarly for the cocartesian categories:

2.12. PROPOSITION. [34, Sec 3.5] Consider a cartesian category X, then it is a symmetric
monoidal category (X, X, 1) whose monoidal product is the categorical product of X and
monoidal unit is the terminal object of X :

(X,)Y)—» X xY
(f:X—>X',g:Y—)Y’)|—>f><g:<7rggy;f,7r§{7y;g>:XXY—>X’><Y’
with isomorphisms
axy,z = (Tuyz Ty Txy X 12) : (X XY)x Z = X x (Y x Z)
pX:<1x,tx>2X—>XX1
)\X:<tx,1x>'X—)1><X
Consider a cocartesian category X, then it is a symmetric monoidal category (X, +,0)

whose monoidal product is the categorical coproduct of X and monoidal unit is the initial
object:

(X,)Y)—» X+Y
(f: X = X,g:Y 2Y) = f+g=[fi%yngitky]: X+Y = X' +Y
with isomorphisms
axyz =[xy xeyvztxy 12 : X+ (Y +2) > (X +Y)+ Z
pX:[lX,bx]2X+0—>X
)\X:[bx,lx]o—f-X—)X
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10 ROSE KUDZMAN-BLAIS

2.13. PROPOSITION. There is a 2-category CART of cartesian categories, symmetric
monoidal functors and monoidal transformations, known as cartesian functors and
cartesian transformations in this context. It is a full sub-2-category of SMC.

2.14. COMONOIDS.

With the 2-categories now appropriately defined, we can introduce the construction
which provides the adjoint to the inclusion.

2.15. DEFINITION. [21] Let X denote a monoidal category.

e A comonoid in X is a triple (X,Ax,ex) of an object A in X equipped with two
morphisms, the diagonal and the counit

Ax: X —-XoX ex: X — 1
satisfying
AX lx®AX

X XoX Xo(XoX)
Ax j TOCX,X,X (11)
XoX (XoX)oX

AX®1X
Ax

1xQex
X XoX—X0oI

Axl\lp)—(l (12>
XoX—IT0X X

exQ@lx )\;(1

e A comonoid morphism f: (X, Ax,ex) — (Y, Ay, ey) is a morphism f: X =Y
m X such that

X L Ve x—t .y
Axl lAy \ley (13)
ex

o [fX is a symmetric monoidal category, a comonoid (X, Ax,ex) is cocommutative

if
X2, X0oX
k lg’xyx (14)
XoX

We denote the category of cocommutative comonoids and comonoid morphisms in X by
C[x].
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LINEARLY DISTRIBUTIVE FOX THEOREM 11

2.16. LEMMA. Given a cartesian category (X, x,1), every object A in X has a canonical
unique cocommutative X-comonoid structure

<A,<1A,1A>2A—>AXA,tAZA—>1>

and every arrow f : A — B in X is a comonoid morphism with respect to these structures.

The category of cocommutative comonoids in X inherits a symmetric monoidal struc-
ture from X', which is in fact cartesian.

2.17. LEMMA. [21] Given a pair of cocommutative comonoids (X, Ax,ex) and (X', Ax/, exr)
in X, then the triple (X © X', Axoxr, exox:) defined by

Ax QA s X, x, X! x'
e

Axox =X 0 X' XoX)o (X oX') XoX)Yo(XoX)

-1
exox = X0 X XX o,y

is a cocommutative comonoid. Consequently, C|X] is a symmetric monoidal category and
the monoidal structure is given by the categorical product. Thus, C|X] is a cartesian
category.

Further, this extends canonically to strong symmetric monoidal functors and monoidal
transformations. While the original Fox theorem is only an adjunction between categories,
it is well-known that it easily extends to include transformations.

2.18. LEMMA. [21]

1. Given a symmetric monoidal functor F: X — Y and a cocommutative comonoid
(X,Ax,ex) in X, the triple (F(X), Apx), ercx)) defined by

—1
Mo x,x

P9, p(x 0 X) 2255 F(X) 0 F(X)

Apx) = F(X)

m=1
erx) = F(X) 225 p(1) M 1

is a cocommutative comonoid. As such, F' canonically extends to a cartesian functor

between the categories of cocommutative comonoids C[F| : C[X] — C[Y)].

2. Given a monoidal transformation between symmetric monoidal functors
a: F=G:X — Y and a cocommutative comonoid (X, Ax,ex) in X, the mor-
phism ax : F(X) — G(X) is a comonoid morphism. As such, o canonically extends
to cartesian transformation Cla] : C[F] = C[G].

We are finally ready to state the Fox theorem:

2.19. THEOREM. [21] The functor C[—] : SMIC — CART, mapping a symmetric monoidal
category to its category of cocommutative comonoids and comonoid morphisms, is right
adjoint to the inclusion functor inc : CART — SMC.

An incredibly useful corollary is the following characterization of cartesian categories:
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12 ROSE KUDZMAN-BLAIS

2.20. COROLLARY. [21] A symmetric monoidal category X is cartesian if and only if it
is isomorphic to its category of cocommutative comonoids C[X].

This previous result can be unwrapped as a statement about the existence of certain
natural transformations, as was stated in [26].

2.21. COROLLARY. [26, Thm 4.28] A symmetric monoidal category X is cartesian if and
only if there are natural transformations

e:ly,=1:X—>X ea:A—1
A:ly=copyr;©0: X - X Ap:A—AQA

such that, VA € X, (A, A4, ea) is a cocommutative comonoid and, VA, B € X,
_ et _
eapn = (€4 @ 63)7/)1 er =1
Asop = (A4 ©Ap);saaBs Ap=pr

Of course, there is a dual statement for cocartesian categories, by taking the category
of commutative monoids and monoid morphisms in a symmetric monoidal category. We
quickly outline these definitions as they will be used throughout the work.

2.22. DEFINITION. Let X denote a monoidal category.

e A monoid in X is a comonoid in X, i.e. a triple (X,Vx,ux) of an object A in
X equipped with two morphisms, the multiplication and the unit

Vx : X0oX > X ux I — X
satisfying
ax X, X 1xoOVx

(XoX)oX Xo((XoX) @
Vxolx l lvx (15)

XoX X

Vx
PX

1xQux
Xol—X0X

X
Ax l lvx (16)
IToX—X0oX X
ux@lx Vx

e A monoid morphism f: (X, Vy,ex) = (Y, Vy,uy) is a morphism f: X — Y
i X such that

Xox 1 voyvy I
Vxl/ lvy y TuY (17)
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LINEARLY DISTRIBUTIVE FOX THEOREM 13

o If X is a symmetric monoidal category, a monoid (X, Ax,ex) is commutative if

XoX Y. x
Ux,xl % (18)
X0oX

3. Linearly Distributive Categories

Girard introduced linear logic in 1987 to capture the constructive nature of intuitionistic
logic and the inherent dualities of classical logic [23]. The categorical semantics for linear
logic were subsequently explored by Seely, who identified that the appropriate framework
were #-autonomous categories [40], previously introduced by Barr [3]. In this context,
the monoidal product is the multiplicative conjunction, while the involutive functor * is
negation.

Linearly distributive categories (LDC) were introduced by Cockett and Seely as an
alternative framework for the semantics of linear logic to *-autonomous categories. [15].
Unlike *-autonomous categories, LDCs take multiplicative conjunction and disjunction as
primitive. Therefore, they consist of two monoidal structures, which interact via linear
distributivities. Monoidal products connected through negation and de Morgan duality
inherently possess such a linear distribution. Thus, *-autonomous categories are LDCs.
However, there are significant examples of LDCs without negation, making them more
general.

The current work generalizes the Fox theorem to the context of LDCs in order to
characterize the notable subclass of cartesian LDCs (CLDC). In this section, we introduce
all the necessary background on LDCs needed, as developed by co-authors Cockett and
Seely in the series of papers [15], [14] and [16].

3.1. DEFINITION, NEGATION, MIX AND EXAMPLES.

3.2. DEFINITION. [15, Sec 2.1] A linearly distributive category, or LDC, (X,®, T,®, 1)
consists of:

® a category (X7 3 1A);
e a tensor monoidal structure (X, ®, T)

— the tensor product and top unit functor

R: XxX—=X T:1—-X
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14 ROSE KUDZMAN-BLAIS
— the ®-associator, right @-unitor, and left @-unitor natural isomorphisms
Ay (@ x1x);®@= (1 Xx®);® agype: (A®B)®C = A® (B ()

ug:hg:>1;g®—l— ugA:A—>A®T
ub 1, = Tl ub A= TRA

such that (X, ®, T, ag, u, uk) is a monoidal category,

e o par monoidal structure (X, @, L)
— the par product and bottom unit functor
P: X xX—=X 1:1-X
— the @-associator, right &-unitor, and left S-unitor natural isomorphisms
g (®x1,);@ = (1xX®);® agupe:A®BeC)—= (AdB)aC
ugA Al —- A

uff el =1,
uéA:J_@A—)A

ub Lol =1,

such that (X,®, L, ag !, uR_l, ué_l) is a monoidal category,

o left and right linear distributivity natural transformations

i @xL)i®= (L x@);® e (AeB)®C— A® (B 0),

i (Lix@);®0= (®x1,);® e A®(B®C)— (Ao B)aC,

satisfying coherence conditions between units and linear distributivities (19), associa-
tivities and linear distributivities (20), and left and right linear distributivities (21).

U aon U g 0T 48 = U4 © 1

Ae B TedeB) Uz ggp 045 = 14 ® gy (19)
uf ,&1p l *oae 0% 4,8 U g = Uz © L
(T®A) o B S psull jop=1a@ul,

A® A,B,CHD

(A B)® (C® D) A®(B® (Ce D))
l 14®0% o p

A® (B C)® D) (20)
| #seco

(A B)Y® C)® D (A® (B C))@® D

aga,p,c®lp

(5L
A®B,C,D
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L . _ . L . sL
Sasp.on; (Qwapc ®1p) = agapoep; (14® 05 cp) 04 Becn
SR /SR <R ,
A aeB.00 04 cep = (0450 ®1D);04 pecp; (14 ® agpop)
L . _ . SL (SL
04 B.cop @aspcop = (14®Qepcp)ida pecn; (0450 @ 1p)

. SR _ SR . R .
(a@A,B,C ® 1p); 5A@B,C,D = 5A,B@C,D7 (la® 5B,C,D)a oA B,CRD

. (AeB)e(CeD) ,

A® (B®(Ca D) (AeB)eC)eD (9
1a®3% o p l léﬁ,B,CEBlD
A@((BeC)e D) (Ae(BxC)eD

AD A, BRC,D

L C(sR _ (R . L .
Saen.cp 0apc®1p) =04 pcep (14 ®05cp); Maapsc.p
L . SR _ . R . SsL
(0450 ®1D);04epcp = Yapscp; (14 ® 05 cp)idsposn

3.3. REMARK. The reason the structure isomorphisms of the &-monoidal structure hav-
ing the domain and codomain in a different direction that for the ®-monoidal structure is
due to how these inferences are proved in multiplicative linear logic and the graphical lan-
guage associated with LDCs [5]. The @-unitors and @-associator arise more “naturally”
in the direction chosen and are in agreement with the notation introduced in Cockett and
Seely’s later work with Koslowski on linear bicategories [17].

3.4. DEFINITION. [15, Sec 3] A linearly distributive category (X, ®, T, ®, L) is symmet-
ric, or a SLDC, if

o (X,®,T) is a symmetric monoidal category with @-braiding
Og 1 @ = switchyx; @ ogap: A®B—>B®A
o (X,®, 1) is a symmetric monoidal category with ®-braiding
O 1 @ = switchyx; ® Opap: A®B—>BDA
such that the linear distributivities interact coherently with the braidings (22).

R
5A,B,C

(A B)®C A (B®C)
9® A®B,C l T TO®BRC,A

C®(A® D) (BC)a A (22)
1c®og A, l T 790,8%1a

C®(B® A) (C®B)® A

L
6C,B,A
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16 ROSE KUDZMAN-BLAIS

Many models of multiplicative linear logic, in particular the ones we are interested in,
also satisfy an additional rule: the binary MIX rule A® B+ A& B. With the cut rule
present, satisfying the binary MIX rule is equivalent to satisfying the nullary MIX rule
1L F T. In terms of LDCs, this amounts to the existence of a map m : L — T such that
the two possible induced maps A ® B — A @ B are equal. This map will be essential to
the following discussions.

3.5. DEFINITION. [14, Def 6.2] A linearly distributive category X is mix if there is a
morphism m : L — T such that

L—1

la®ug 14®(m®1p)
A® B A®(Lae B) A® (T @ B)
ul '@l l l 5+ 5
(A l)® B (A T)® B (23)
(la®m)®lp l l u§;1®13
(Ao T)® B A® (T ®B) A® B
55,13 1A€BU§;

3.6. LEMMA. Consider a miz linearly distributive category X, then the following diagrams
commute:

-1
*®A,B,C

A® (B®C)—2"$ (A9 B)® C (A® B)® C 222 Ag (B C)
1A®miXB,Cl . lmiXA(@B,C miXA,B®1cl . l/mixA,B@)C

AR (BaC)—25% (A B)®C (AeB) @ C 2% A0 (BoC)  (24)
miXA,B@cl lmiXA,Bealc miXAeBB,Cl/ llA@miXB,c

A@(B@C)%AB}C(A@B)@C (ApB)oC——A® (B ()

A® A, B,C

PROOF. This follows by the coherence conditions (20) and the definition of the mix maps
in (23). =

In the process of developing categorical semantics for classical logic based on LDCs,
Fithrmann and Pym gave a rather useful way to determine whether or not a LDC is mix.

3.7. LEMMA. [22, Lem 3.10] A linearly distributive category X with a map m: L — T
1s miz if and only if

(1L®m);ug11:(m®1ﬁ;uéllzJ_®L—>L (25)

If the LDC is symmetric, the above lemma was then utilized to determine that, if L
has a ®-comonoid structure or if T has a @-monoid structure, the LDC is mix.
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3.8. THEOREM. [22, Thm 8.11] Every symmetric linearly distributive category with a
®-comonoid
AJ_J_—>J_®J_ el - L —T

1s mix with m = e, . Dually, every symmetric linearly distributive category with a &-
monoid
Vi:TeT—>T ur: L —>T

1s miz with m = uT.

There is a stronger version of the nullary MIX rule, which often holds in categorical
models: | 4 T. In this case, L. & T and we call such LDCs isomix.

3.9. DEFINITION. [14, Def 6.5] An linearly distributive category is isomix if it is mix
and m: L — T is an isomorphism.

In fact, we do not need to check (23) if the two monoidal units are isomorphic:

3.10. LEMMA. [14, Lem 6.6] A linearly distributive category where T = L is isomit.

We can also consider LDCs where the tensor monoidal product and the par monoidal
product are isomorphic to one another.

3.11. DEFINITION. [18, Sec 2.3] A linearly distributive category is compact if it is isomix
and the miz maps are isomorphisms.

Note that by Lemma 3.6, the linear distributivities of a compact LDC are the associ-
ators (modulo the mix maps).

While LDCs make multiplicative conjunction and disjunction primitive, we also want
to be able to consider negation in this categorical framework and have it recover -
autonomous categories. We shall present negation in terms of complemented objects.

3.12. DEFINITION. [16, Def A.5] Consider a linearly distributive category X. The objects
A, A¢ in X form a complementation pair if there are morphisms

AR A — L T: T >ADA
such that
A 1a A A 1e e

) T .

®a 6a &a & ac

A®T 1®A T® A° Ao L (26)
1A®Tl T’y@lA T®1Acl TlAc@'y

AR (A°®A)— (A A A (ADA)® A°— A (A® A%
A,AC A Ac A AC

The pair is denoted by (A, A¢,7v,7). A is said to be the left complement and A° is the
right complement.
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18 ROSE KUDZMAN-BLAIS

3.13. DEFINITION. [15, Def 4.1, 4.3] A symmetric linearly distributive category has
negation if there is an object function (—)*, together with the following parametrized
family of maps

R A At — L ™. T 5 AptA
which additionally induce the following families,

o R R o
i=Ate AN Ao At B h=TH Ap At 244 Al g A

such (A, At % 74) and (A, A,~v%, 75) form a complementation pairs.

3.14. REMARK. There is a some redundancy in the above definition. In fact, one need
only prove the first diagrams, or equivalently the second diagrams, of (26) for each com-

plementation pairs (A4, A+, % 75) and (A1, A, v, 75).

Notice that the above definition does not require (—)* to act on morphisms, nor does it
ask for the many natural isomorphisms which connect the multiplicative connectives and
negation together. These are in fact a consequence of the above structure, and excluding
them from the definition allows it to be much simpler to verify in examples. We outline
in the following lemma how (—)* defines a functor and some of the isomorphisms we will
need in Section 5.11.

3.15. LEMMA. [15, Lem 4.4] In a symmetric linearly distributive category with negation
(X,®, T,®, L), the object function (—)* is a contravariant functor, which acts on mor-
phisms as follows. Given f: A — B in X, f+: Bt — Al is defined by

lpLery

uR
Bt . BleT Bt ® (A AL)
lle(fealAm
* Bt @ (B® AY)
K
BL,B,AL
At 1o At (B*® B) @ A+
uéAL 0: L1
and we have the following adjunctions
A —4At e - Alo—dAe—
~®B-—-®B* ~-®B*4-9oB
corresponding to the following bijections
A®B — B Ate® B = C
B— AtgC B—AaC
A® B —C A B+ = C
A— Co® B+ A—-Co®B
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Moreover, there are following invertible morphisms and natural isomorphisms
o1t ST eap: (A®B)t - Bt At
xi:L—Th pap: At @ BT — (Be A)*
3.16. DEFINITION. A x-autonomous category is a symmetric monoidal category (X, ®, T)
equipped with a full and faithful functor
(=) X? -5 X
such that there is a natural isomorphism X(A @ B,C+) 2 X(A4,(B® C)1).

3.17. THEOREM. [15, Thm 4.5] The notions of symmetric linearly distributive categories
with negation and *-autonomous categories coincide.

3.18. EXAMPLE. Let us list three important classes of examples of LDCs.

1. Every monoidal category (X, @, I) can be viewed as a linearly distributive category,
when taking the tensor and par structures to be equal to the original monoidal
structure, i.e. ® = ® = @ and T = L = I. In this case, the linear distributivities
are just @-associators. We call such LDCs (X, @, I, @, ) degenerate.

2. By Theorem 3.17, every s-autonomous category (X', @, I, *) is a linearly distributive
category, with the tensor structure given by the original monoidal structure and the
par structure given by the de Morgan dual, i.e. A® B = (B*© A*)* and L = I*.
Some notable examples of x-autonomous categories include the category of finite-
dimensional vector spaces, the category of sup-lattices, the category of coherence
spaces and the category of finiteness spaces.

3. Cockett and Seely introduced a class of examples known as shifted tensor LDCs in
[13]. These are the categorical analogue of shift monoids and are defined as follows.

3.19. DEFINITION. [16, Sec 5.2] Consider a monoidal category (X, ®,T). An object
1 € X is said to have a tensor inverse if there is an object L= equipped with two
1somorphisms

stilelt>T il t'el T
such that

A -1 1 11

(L'el)ye L™t 1 (Lo L™
SR®1L_1 \L \L lL_1®SL
T® 1! 11T
X /

Ug -1 -1 Ug -1

Suppose there is an object L € X with a tensor inverse, then define a monoidal
product by A® B =A® (L' ® B), known as the L-shifted tensor.
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3.20. PROPOSITION. [13, Prop 5.8, 5.4] Consider a monoidal category (X,®,T)
with an object L € X with a tensor inverse, then (X, ®, T,@®, L), where @ is the 1L -
shifted tensor, is a linearly distributive category with invertible linear distributivities.
Moreover, every linearly distributive categories with invertible linear distributivities
has a tensor inverse for L whose shift tensor product is naturally equivalent to the
par product.

3.21. LINEAR FUNCTORS AND TRANSFORMATIONS.

In the same spirit as the Fox theorem, we will need the appropriate notions of functors
and transformations between linearly distributive categories.

3.22. DEFINITION. [16, Def 1] Let X and Y be linearly distributive categories. A bilax
linear functor F = (Fg, F) : X = Y consists of:

e a lax monoidal functor (Fg,mt,mg) : (X,®,T) = (Y,®,T), equipped with

— a morphism mt : T — Fg(T),

— a natural transformation
My @ (Fg X F); @ = ®;Fg mMmgap: Fe(A) ® Fg(B) = Fy(A® B)
e a colax monoidal functor (Fg,ny,ng): (X,®, L) = (Y,®, L), equipped with

— a morphism n, : Fg(L) — L,

— a natural transformation
ng: @ Fgp = (Fo x Fg);®  ngup: Fa(A®B) = Fg(A) © Fg(B)

e four natural transformations, known as linear strengths,

VR @ Fy = (Fy x Fg); @ va g Fa(A® B) = Fu(A) @ Fo(B)
Vg B Fy = (Fg X Fp); & Vg ap Fo(A® B) = Fy(A) @ Fy(B)
Vi (Fy X Fg); ® = ®; Fy Vi o gt Fo(A) ® Fy(B) = Fo(A® B)
vk (Fy x Fg);® = ®; Fy Vg g Fo(A) ® Fo(B) = Fo(A® B)

subject to various coherence conditions determining the interaction of the linear strengths
with the units (27), with the associativities (28), with the linear distributivities (29), and
with other linear strengths via associators (30) and via linear distributivities (31).

Fg(uf ,)
Fo(L @A) Fy(A)
V& 1a l T “éF@g(A) (27)
Fo(Ll)® Fy(A) 1@ Fg(A)
n1®lrg (4
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R . .., L _ L
Vo 1,40 (n.&® 1F®(A))7 U Fg(a) = F®(U@A)

VéA,J_; (1F®(A) Sni); U£F®(A) = F@(USA)
uéF@(A); (M1 ® 1, (a)); V@TA = Fo(ug,)

ugF@(A); (Lrg(a) @ m); V@T AT F@( 4)

Fo(A® (Bo C)) — o] R4 B & 0)
Fu(A) @ Fo(B & C) Fu(Ae B)e Fy(C) (28)
1F@(A)@”gB,c l l ng 4 BOlrg(C)
Fe(A) @ (Fe(B) @ Fg(C)) —— (Fa(A) @ F(B)) @ Fg(O)

OO Fgy(A), Fg (B),Fg(C)

VgA,B@C; (1Fe>(A) ® VgB 0)3 Q@ Py (A),Fa(B),Fg(C) — F®(04@A,B,c)? I/gA@B,C; (nEBA,B ©® 1F®(c))

VéA,B@C; (Lrg(a) @ nep 0); QEBF@(A),F@(B),F@(C) = Fy(aeap0); VéA@B’C; (VGL;A,B ® 1))

) . R _ . R )
AQ Fy (A),Fg(B),Fg(C)> (1F®(A) ® V@B c) Vo a,Bac = (m®A B® 1F@(C))7 Ve aeB,C> F@(a®A,B,0)

0% 1y (4),F (B).Fo (©)F (LFa(t) ® Mep.0)3 Ve 4 poc = V6.4 5 ® 1Fo(©)) Ve aop.ci Fo(00 45.0)

Fo(A® B) ® Fo(0) — "~ Fy((A® B) & C)
V®A s®lFg ) l l ABC
(Fa(A) ® Fe(B)) ® Fg(C) Fe(A® (B®C)) (29)
(SF@(A) Fg(B),Fg(C) l l V®A B®C
Fg(A) @ (Fa(B) ® F(C)) Fy(A) @ Fg(B® C)

1rgy®mep o

M@ AeB,C> F®(5A B c) VSA ,BeC (V®A p® 1F® C)) F@(A) Fg(B),Fg(C)’ (1F@ ©mgp c)

Mg A, BaCS Fs (65 5.o); V®A®Bc (1py(a) ® Vép )i 0 F®(A) Fo(B).Fs(C); (Mo a s D 1rgy(0))

”gA ,BOC’ F®(5ABC> NeawB,C = (1F®(A) ®ngp o) F®(A JFao(B),Fg(C)> ( Vo aB ® 1F@(C))
); Ok oy (

L
Yo aeB,0c0 F@(éA,B,C)7 neA,BoC = (nEBA,B D 1F®(C )3 1F<B(A) 82 V@B o)

40



22 ROSE KUDZMAN-BLAIS

Fo(aga,p,c)

Fo(Ao (Ba () Fe((AeB)e C)
I/R l l/L
® A, BpC ®AQB,C
1F€B(A)EBV(§I§B’C l l VgA,BEBlF@(C)
F3(A) @ (Fie(B) @ F(C)) — (Fa(A) © Fe(B)) © Fs(C)
QO Fgy(A), Fg (B),Fg (C)
VSAB@C; (Lrg(a) © VéB o) a@F@(A) Fg(B),Fg(C) — F@(Q@A B c)' VéA@Bp% (VgA,B ® 1ry(c))

R L .
O® Fg (A),Fs(B),Fg(C) (1F®(A) ® V@B c) Vo aBoc = (’/@AB ® lpyc )) V@A@B,OF@(O‘@A,B,C)

R
lrg(0)®g p o

Fy(A)® Fe(B® O) Fo(A) @ (Fe(B) @ Fy(C))

M® A,BoC l l 5{?@(14) Fg(B),Fg(C)
Fo(A® (Ba () (Fo(A) @ Fip(B)) @ Fip(C) (31)
Fg(85 5.c) l ”égA,B@lF(@(C)

Fo((A® B) @ C)

Fs(A® B) @ Fy(C)

Y® a9B,C

Me A pac: F (5.430) V®A®Bc (Lrg(a )®’/ch) 5F®(A) Fa(B),Fg(C)} (ygAB@lF@)(C))
( )

Mg aep,ci Fo

VgA@B ok F@(5A B C’) Ne A,Bec = (VgA,B ® 1F@(C))a 6§@(A),F®(B),F@(C); (1F@(A) © V@B,C)

5A B c) V®A BoC (VgA 5 ® lry)); 5R Fg(A),Fg(B),Fg(C)3 (VGLMB D lry )

V@A,B@c’ F®(5A,B,c); Neagpc = (Lrg(a) @ UéB,C>; 51%’@(A),F®(B)7Fea(0)? (VeLsA,B @ 1r ()

3.23. DEFINITION. [16, Def 1] If X and Y are symmetric linearly distributive categories,
then a bilax linear functor F = (Fg, Fy) is symmetric if

o Fo: (X,®,T) = (Y,®,T) is a symmetric lax monoidal functor,
o Fp: (X, L) — (Y,®,1) is a symmetric colax monoidal functor, and

e the linear strengths interact coherently with the braidings (32)
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'UR
Fo(A® B) — 2~ Fy(A) & Fo(B)
Fg(oga,p) l l T® Fgy (A),Fg (B)
Fo(B @A) — Fg(B) ® Fg(A)
s (32)
Fy(A) ® Fgy(B) Fy(A® B)

TR Fg(A),Fg (B) l l Folowa )

Fg(B) ® Fig(A) Fo(B® A)

Y& B, A

3.24. REMARK. In the symmetric case, we can alternatively drop the requirement that
the left (or right) linear strengths exist instead of adding (32), as we can always define
the missing pair of linear strengths via the braiding. Therefore, we often only give one
pair of linear strengths.

3.25. DEFINITION. [16, Def 8] Let F,G : X = Y be bilax linear functors between linearly
distributive categories. A linear transformation o : F' = G consists of:

e a monoidal transformation ag : (Fg,m%, mL) = (Gg,m%,mg) and

e a monoidal transformation ag : (G, n%,nS) = (Fs,n%, nk),
which commute coherently with the linear strengths of F' and G (33).

AR AGB

Fy(A o B) G@(A@B)
&l Go(A) @ G@( ) (33)

l a® aDlgg(B)

Fy(A) © Gg(B)

Dagp

F@(A)@E@(BP

Fgy(A)
a vl aga®lg,(p) = oB (1 ®agg)
®AGB) ®A B \ea Ge(B)) = Y®A,B) \“Fa(4) ®B

LF

(
Lk
A% Aq B U®A 5 (g A) ®agp) = CEYWeL (a9a @ 1ry(B))
(lgga) ® agp); U@A B Qoaep = (Qoa @ lry(B)); YsA,B
);

RF
(g ® lae () “eBA B Y®AgB = (1F®(A) ® g p); Y& B

3.26. PROPOSITION. [16, Prop 4] Linearly distributive categories, bilax linear functors,
and linear transformations form a 2-category, which is denoted by LDC. Restricting to
symmetric linearly distributive categories and symmetric bilax linear functors equally gives
a 2-category, denoted SLDC. Both these 2-categories are closed under products.
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3.27. DEFINITION. A linear functor F' = (Fyg, F) : X = Y is a bilaz linear functor
such that

o [ig: (X,®,T)—= (Y,®,T) is a monoidal functor, and
o F: (X,®, L) — (Y,®,1) is a comonoidal functor.

Note that Cockett and Seely do not use the terminology bilax [16]. Their linear functor
refers to our bilax linear functor. However, in order to stay consistent with the terminol-
ogy of monoidal categories introduced and of duoidal categories to come, we will make
use of the term bilax.

We will also consider linear functors whose component functors are equal. These were
first defined by [6] and then further explored by [18].

3.28. DEFINITION. [18, Def 3.1] Consider linearly distributive categories X and Y, a bilax
linear functor F = (Fg, Fg) : X — Y is Frobenius if

1. F@ - F@,

R _ L  _
2. Vgap = Vgap = Neap, and

R _ L _
3 Vgap = Véap = MeaB:

Given the degeneracy, we can give an alternative characterization of such linear func-
tors.

3.29. PROPOSITION. [18, Lem 3.2] Consider linearly distributive categories X and Y,
then the following notions coincide:

e bilax Frobenius linear functors F' = (Fg, Fg) : X = Y, and

e ®-lax and ®-colax monoidal functors (F,mg, mt,ng,ny) : X =Y satisfying (34).
M@ A,BeC F(‘Sfx,B,c)
F(A)@ F(B® C) F(A® (B®(0)) F((A® B)® C)
1pa)®nep ¢ l l "® A®B,C

FA @ (FB)®F(C)— (F(A)®F(B))® F(C)—F(A® B)® F(C)

OF (4),F(B).F(C) e aBELr©)

34
M@ AeB,C F(‘Sf,B,c) ( )

F(A® B)® F(C) F((A® B)® C) F(A® (B®(C))
ng 4, 5¥1r(C) J " A,BoC

(F(A)@ F(B) @ F(C)—F(A)® (F(B)® F(C))—F(A)® F(B® ()

R
5F(A)yF(B),F(C‘) 1F(A)@m®B,C

If the LDCs are mix, the definition of Frobenius linear functors can be slightly extended
to guarantee that they preserve the mix maps.
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3.30. DEFINITION. [18, Def 3.4] Consider mix linearly distributive categories X and Y,
then a bilaz Frobenius linear functor F = (F, F) : X = Y is mix if the following diagram
commutes.

e Lm (35)

With the above definition, we can easily see that every compact LDC is equivalent to
a degenerate one.

3.31. LEMMA. Every compact linearly distributive category (X, ®, T, ®, L) is isomorphic
to degenerate linearly distributive categories (X, ®, T, ®,T) and (X, ®, L, P, 1), via miz
Frobenius linear functors.

If we then consider linear transformations between Frobenius linear functors, they
often correspond a natural isomorphism paired with its inverse.

3.32. LEMMA. [18, Lem 3.6] Suppose F,G : X — Y are bilax Frobenius linear functors
and o = (ag,aq) : F = G is a linear transformation, then the following are equivalent:

1. One of the diagrams in (36) and one of the diagrams in (37) hold.

_ -1
2. g = oy

T 6(T) F(l)—~1
m$ T agT nf (36>
F(T) G(1)
lga)®agp a® 4®la(s)
G(A)® F(B)— G(A) ® G(B) F(A)® G(B)— G(A) ® G(B)
ag 4 ®lp(B) l 1ra)®aep l
F(A)® F(B) m,s  F(A)® F(B) ™G A
mgA,B l mgA,B l
F(A® B) G(A® B) F(A® B) G(A® B)
AR AQB AR®AQB a7
ngA,B ngA,B ( )
GA®B)—=G(A) & G(B)  G(A® B)—=G(A) & G(B)
A AGB l B ApB l
F(A® B) legu®aepy  F(A® B) ae 4®la(s)
”gA,B l ngA,B l
F(A)® F(B)— G(A) @ F(B) F(A)® F(B)— F(A) ® G(B)
ag s Plr(B) 1pa)y®agp
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3.33. LEMMA. [18, Lem 3.10] Suppose F,G : X — Y are bilax Frobenius linear functors
and o : F = G is a ®-monoidal and ®&-monoidal natural isomorphism, then (a,a™') : F =
G is a linear transformation.

As Frobenius linear functors compose and identity linear functors are Frobenius, re-
stricting to such 1-cells determines a sub-2-category.

3.34. PROPOSITION. Linearly distributive categories, bilax Frobenius linear functors and
linear transformations form a sub-2-category of LDC, denoted by FLDC.

3.35. CARTESIAN LINEARLY DISTRIBUTIVE CATEGORIES.

We now introduce cartesian LDCs, the subclass we are interested in characterizing via
the linearly distributive Fox theorem.

3.36. DEFINITION. [15, Sec 2/ A cartesian linearly distributive category, or a
CLDC, X is a symmetric linearly distributive category whose tensor ® is the categori-
cal product x in X, with top T the terminal object 1 in X, and par @ is the categorical
coproduct + in X, with L the initial object 0 in X.

The development of the linearly distributive Fox theorem renewed interest in carte-
sian LDCs, which were further explored in their own right by the author and co-author
Jean-Simon Pacaud Lemay in the article “Cartesian Linearly Distributive Categories: Re-
visited” [29]. This work examines the distinctive structures and properties of cartesian
LDCs, discusses key classes of examples, and reassesses previously proposed instances of
cartesian LDCs. We recommend reading both articles, as they complement each other,
though each is designed to be accessible and valuable independently.

Cartesian LDCs themselves form a 2-category with the appropriate notion of linear
functor as 1-cells, mirroring the monoidal functors in the 2-category of cartesian categories.

3.37. PROPOSITION. There is a sub 2-category of LDC consisting of cartesian linearly
distributive categories, symmetric linear functors, known as cartesian linear functors,
and linear transformations, denoted by CLDC, closed under products. Moreover, there is
a sub 2-category of LDC consisting of cartesian linearly distributive categories, symmetric
Frobenius linear functors and linear transformations, denoted by FCLDC.

4. Duoidal Categories

Linearly distributive categories are of course not the only categories with two monoidal
structures. Duoidal categories represent another variant, characterized by two monoidal
products that interact via additional structure maps, most notably the interchange law.
Unlike LDCs, the duoidal structure arises canonically when considering finite products
and coproducts. The theory of duoidal categories will play a crucial role in the definitions
and results presented in this paper, so we present all the necessary background in this
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section.

The earliest appearance of a form of the interchange law between monoidal structures
in the literature is found in Joyal and Street’s work on braided monoidal categories [28].
They demonstrate that a duoidal category with structure maps that are isomorphisms
corresponds to a braided monoidal category via a categorical Eckmann-Hilton argument.
Subsequently, Balteanu, Fiedorowicz, Schwanzl, and Vogt defined 2-fold monoidal cate-
gories as monoids in the monoidal category of monoidal categories [2]. In their definition,
the interchange law is not required to be an isomorphism, but the unit objects of both
monoidal structures are assumed to coincide, and the monoidal structures themselves are
strict. Building on this foundation, Forcey, Siehler, and Sowers generalized the definition
by allowing distinct unit objects and non-strict associators, while retaining equalities for
unitors and certain structure maps [20].

The currently accepted definition of duoidal category was first introduced by Aguiar
and Mahajan under the name 2-monoidal categories [1]'. The background on duoidal cat-
egories presented in this section is almost entirely based on Chapter 6 of their monograph,
and readers seeking additional details are encouraged to consult it. The now-standard
name for duoidal categories was suggested by Street and first appeared in the literature
in [4] and [8].

4.1. DEFINITION, SYMMETRY AND EXAMPLES.

4.2. DEFINITION. [1, Def 6.1] A duoidal category (X, ¢, I, x,J) is category X with two
monoidal structures (X, 0,1, e, po, No) and (X, x, J, v, ps, Ai) equipped with morphisms

Ap: T —1Tx1 py:JodJ —J vl —J
and an interchange natural transformation
C: (kX %x);0 =Sy rvxa;(0X0)ix Capep: (A*xB)o(CxD)— (AoC)*(BoD)
such that
e (J,Vy,1) is a o-monoid,
o (I,A,1) is a x-comonoid,
e interchange maps interact coherently with associativities (38) and with unitors (39).

Qo A+B,CxD,E+F 14xBoCc,D,E,F

(A« B)o(CxD))o(E*xF)—=(AxB)o((C*D)o(ExF))—= (AxB)o ((CoE)* (Do F))
<A,B,C,D01E*Fi iCA,B,coE,DoF (38)
(Ao C)x(Bo D))o (ExF)—= (Ao C)oE)x ((BoD)oF)—= (Ao (CoE))x(Bo (Do F))

CA6C,BoD,E,F Qo AC,E*Q6 B, D, F

"'We will refrain from using the 2-monoidal category terminology introduced by Aguiar and Mahajan
to avoid confusion with monoidal 2-categories, which are 2-categories with a coherent monoidal structure.
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Qo AxB,CxD,ExF'3 <1A*B % CC,D,E,F); CA,B,CQE,DOF = (CA,B,C,D <o 1E*F); CAoC,BoD,E,F; (OéoA,c,E * OéoB,D,F)

CaxB,cDxE,F; (Ca,B,D.E * LeoF); O aop Bor.coF = (CaB.c © Cup p.r); Ca,BxC,D,E+F; (LaoD * CB,C,E.F)

/\OA*B
AxB Io(A*B)
Ao A*Ao B l l Arola,p (39)
(IoA)x(IoB)<— (I x1)o(AxB)
¢1,1,A,B
Ao (A1 014xp); CrraB = Aoa * Aop Ponsn; (Laxp © A1); CABI,I = Poa * Pop
()\*A <& A*B); CJ,A,J,B; (,Ud * 1A<>B) - )\*AOB (p*A <o ,O*B); CA,J,B,J; (1A<>B * /vLJ) = PxAoB

4.3. DEFINITION. A duoidal category (X, o, 1,x,J) is normal if v : [ — J is invertible.
Further, a duoidal category is strong if all its structure maps are invertible.

4.4. DEFINITION. [1, Def 6.5] A duoidal category (X,o,1,%,J) is braided if
o (X,0,1) is a braided monoidal category with o-braiding

o (X,%,J) is a braided monoidal category with @-braiding

Ox 1 % = SWitChy ;% Ouap:AxB— BxA

such that
o (J,py,t) is a braided o-monoid and (I, A1) is a cobraided *-comonoid, i.e. (40),

e the interchange maps interact coherently with the braidings (41).

K A
JoJ——J I ——=1x%x1

Goss l / A\\\ l ouri (40)

JodJ Ix1

CA,B,C,D

(AxB)o(C*D)—= (Ao C)x(BoD)
OxA,BOOxC,D l J Ox AoC,BoD (41)
(B*A)O(D*O)C—>(B<>D)*(A<>C)

B,A,D,C

CA,B,C,D; 0% AoC,BoD — (U*A,B % U*C,D); (B,A,D,C

Ca,B,C,D; (UoA,c * 0’<>B,D) = 06 AxB,C*D> Cc.p,A,B
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The notion of symmetric duoidal categories has not yet appeared in the literature as
such, since the motivation for duoidal structures is often braided monoidal categories,
although it is a trivial extension of braided duoidal categories. Symmetry is essential to
the Fox theorem and therefore will be a key component of this work.

4.5. DEFINITION. A braided duoidal category (X,o,1,%,J) is symmetric if
o (X,0,1) is a symmetric monoidal category, and
o (X, x,J) is a symmetric monoidal category.

Given a symmetric duoidal category, there are two canonical flips, one for ¢ and for *.
We note here how these canonical flips interact with the duoidal structure maps.

4.6. PROPOSITION. The following diagrams commute in any symmetric duoidal category:

Ar Hyop g
[ ——— =TI (Jod)o(JoJ)——=JoJ
lA[*A] T§,J7J,J l
Ap (Ix1I)*(I*1) (JoJ)o(JoJ) 2 (42)
l"'f,[,[,[ 125 l
I« ——(IxI)*(I*1I) JoJ ———J
ArxAg 125)
CA*A/AB*B/.C*C/.D*C’ CA,A/.C,C/*Q‘B.B/,D,D/

(Ax A% (B*B'))o ‘)((A*A/)O(C*C/))* ‘)((AOC)*(A/OC/))*
(C*C")x (D« D")) (B*xB')o (D*D") (BoD)x(B'oD")

TAw A BuB,C+CT,DuD! l l ThoC, AloC! BoD,B'oD! (43)
(AxB)x (A xB))o ((A%xB)x (C* D))« (Ao C)x (Bo D)) *
((Cx D)% (C"* D)) ((AxB") % (C"xD'")) (Ao C) % (B'oD"))
CAxB,A'+B! ,C+D,C!xD! Ca,B,c,D*Car B! ! D!

Casar BxB!,Cx0" D+0"3(CA,A7,c,0" % CB,B'.D,D'); TAoC. A16C" BoD.Blo D
= (TE,A',B,B' © Té‘,C’,D,D’>; CA*B,A’*B’,C*D,C’*D’Q ((A,B,C,D * CA',B',C',D')
ToeAr Bepr Cx0.DxD3(Ca,ar,0.00 © CB,B/ DD ); CA6C,A'6C" BoD, BloD! =
(Ca,ar,8,8' © Co,cr.p,0'); CAoB,A%0B! CoD,CroD's (T B.o.D * Tar.Br.cr.pr)
4.7. EXAMPLE. We list here some examples of duoidal categories.

1. [1, Prop 6.10] Every monoidal category (X, @, ) with a braiding o gives a duoidal
category (X, @, I, @, 1) with structure maps given by unitors, an identity map, and
the canonical flip:

Ar=ug: I =10l p=uz',:Iol—1 o=1:1-1

Capcep=Tapcp:(AoB)o(CoD)— (AoC)o(BoD)
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Here we state Joyal and Street’s result about braided monoidal categories [28] in
the terminology of duoidal categories:

4.8. PROPOSITION. [I, Prop 6.11] Given a strong duoidal category (X, o,1I,%,J),
(X,0,1) and (X,x,J) are isomorphic braided monoidal categories and the inter-
change natural transformation is the canonical flip.

4.9. DUOIDAL FUNCTORS AND TRANSFORMATIONS.

Aguiar and Mahajan define two different types of functors between duoidal categories:
bilax duoidal functors and double lax duoidal functors. We shall only need the former.

4.10. DEFINITION. [1, Def 6.50] Let (X,o,1,x,J) and (Y,o,1,x,J) denote duoidal cat-
egories.

A bilax duoidal functor (F,p;r,ps,qs,q) @ (X,0,1,%x,J) = (¥,0,1,%,J) is a functor
F: X — Y such that

o (Fipr,ps): (X,0,1) = (V,0,1) is a monoidal functor with
— a morphism pr : I — F(I),

— a natural transformation
Po: (F X F);0o= o F Poap: F(A)o F(B) = F(A¢ B)
e (Fiq7,q.): (X, %, J) = (V,%,J) is a comonoidal functor with
— a morphism q; : F(J) — J,

— a natural transformation
G x5 F = (F X F);* Gap: F(AxB) — F(A)x F(B)
such that (44) and (45).

F(A+B) I F(C* DY)« P(BY) o (F(C) w FBS 2 UF Ay o P(CY) I (F(B) o F(D))
PoA«xB,CxD Poa,c*PoB,D (44)
F((A % B) (C'x D) = F((Ao C) % (Bo D) — F(AoC) % F(Bo D)
I Ag I
" p) 2 e 12 F(n)
Ar l lQ*I,I Ll lF(L)
I+l F()xF(I)  J<~—F(J)
Pr*p1 qJ
(45)
Poy.g F(ps)
F(J)o F(J)—=F(J o J) FJ)
qJ°qJ l l qJ
JoJ J

qJ
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4.11. DEFINITION. [1, Def 6.51] A duoidal transformation « : (F,pf pl ¢5 ¢f) =
(G, p¥, 05,45, 4%) is a natural transformation o : F — G such that

o a: (Fpl' pl') = (G,p¥,pS) is a monoidal transformation and
e a: (F ¢l ¢F) = (G,45,q%) is a monoidal transformation.

4.12. PROPOSITION. [1, Prop 6.52] There is a 2-category of duoidal categories, bilax
duotidal functors and duoidal transformations, denoted DUOQO.

Just as a monoid in a monoidal category X can be equivalently defined as a monoidal
functor from the terminal category to X, Aguiar and Mahajan define two types of
“monoid-like” structures in a duoidal category based upon their two type of functors:
duoidal bimonoids and duoidal double monoids. Once more, we only introduce the for-
mer.

4.13. DEFINITION. [1, Def 6.25]

e A duoidal bimonoid in duoidal category X is a quintuple (A, V a,us, Aa,ea) of
an object A in X equipped with four morphisms

Va:AoA— A uyg I — A Ay: A= AxA ea: A—J

— (A, Va,uy) is a o-monoid,

— (A, A4, eq) is a *-comonoid

such that the two structures are compatible (46).

Va Ap uUA
Ao A A Ax A [——A
AAOAAl TVA*VA \lm
(A% A) o (Ax A) (Ao A) % (Ao A) J
CA,A,AA
(46)
Ar
Ao A A I Ix1
epfe l l/ €A uA l l/ UA*UA
JoJ——=J A AxA
I A

e A morphism of duoidal bimonoids is a morphism of the underlying o-monoids and
*-comonoid.

4.14. PROPOSITION. [1, Cor 6.53] A bilax duoidal functor preserves duoidal bimonoids
and morphisms of duoidal bimonoids.
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4.15. CARTESIAN AND COCARTESIAN DUOIDAL CATEGORIES.

As previously stated, duoidal structure arises canonically whenever a monoidal cate-
gory has finite products or finite coproducts. We detail the construction here.

4.16. PROPOSITION. [1, Ex 6.19]

1. Consider a monoidal category (X, @, I) with finite products, then (X, 0,1, x,1) is
a duoidal category with structure maps

Ar=1,1): T —>1Ix1 1=t :101—1 L=tr: 1 —1
and interchange natural transformation
Capen = (Thp @, Tap@7ep) : (Ax B)@(Cx D)=+ (A0 C) x (BoD)
2. Consider a monoidal category (X, @, 1) with finite coproducts, then (X,+,0,@,1)
15 a duoidal category with structure maps
Ag=bopo:0—-000 pr =151 I +1—1 t=br:0—1
and interchange natural transformation
Capen = @ipp tac@ippl: (A0 B)+(Co D)= (A+C)o(B+D)
3. Consider now a category X with finite products and coproducts, then (X,+,0, x, 1)
s of course a symmetric duoidal category with structure maps
Ao = boxo = (1o, 1p) : 0 - 0x 0 p1=t111=[11,4]:1+1—1
Lt=tg=b:0—1
and interchange natural transformation
Ca,BC,D = <7TSX,B + Wg,Dv 7T,14,B + Wé’,D> =
(e X thpythe X tppl i (Ax B)+(C x D) = (A+C) x (B+ D)

This idea extends to monoidal functors between monoidal categories with finite prod-
ucts or finite coproducts as follows.

4.17. LEMMA. Given cartesian categories X and Y, any functor F : X — ) becomes a
symmetric colax monoidal functor with structure maps

a1 =tra): FA) =1 qeyp= (F(a% ), F(mh ) : F(A x B) = F(4) x F(B)

Further, any natural transformation o : F = G becomes a monoidal transformation be-
tween the induced symmetric colax monoidal functors.

Dually, given cocoartesian categories X and ), any functor G : X — Y becomes a
symmetric lax monoidal functor with structure maps

Po=br@: 0= F(0)  piyp=[F(hp). F(typ)] : F(A) + F(B) = F(A+ B)

Any natural transformation o : F' = G becomes a monoidal transformation between the
induced symmetric lax monoidal functors.
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4.18. PROPOSITION. [1, Ex 6.68]

1. Consider duoidal categories (X,@,1,x,1) and (Y, @, I, X, 1) whose second monoidal
structures are cartesian as described above. Then, consider a lax monoidal functor
(F,pr,po) : (X, 0,1) — (¥,0,1). By the above Lemma, (F,q1,qx): (X, x,1) —
(Y, x,1) is a colax monoidal functor. This further determines a bilax duoidal func-
tor

(F7p17p®7QI7Q><> : (X7®717X71) — (y7®7jux71>

2. Consider duoidal categories (X,+,0,@,1) and (¥,+,0,@, 1) whose first monoidal
structures are cocartesian. Then, any colax monoidal functor (F,qr,qp) : (X, @,1) —
(V,0,1) is equally a lax monoidal functor (F,po,ps) : (X,+,0) = (¥, +,0) by the
above Lemma. This determines a bilax duoidal functor

(Fap07p+>QIaQ®) : (X7+707®’I) — (ya+a07®>l)

3. If we now consider a categories X and Y with finite products and coproducts, then
every functor F': X — Y is canonically a bilax duoidal functor.

4.19. REMARK. Given colax monoidal functors (F,ql,q¢f): (X, x,1) = (¥, x,1) in-
duced as described above, the standard composition of colax monoidal functors is equal
to the induced colax monoidal structure of the composed functor F'; G. Similarly, for the
lax monoidal functors described above.

5. Medial Linearly Distributive Categories

We can immediately provide a characterization of cartesian LDCs (X x, 1, +,0) by rec-
ognizing that (X x,1) is a cartesian monoidal structure and (X, +,0) is a cocartesian
monoidal structure, therefore Corollary 2.21 applies to the former and its dual applies to
the latter.

5.1. PROPOSITION. A symmetric linearly distributive category X is cartesian if and only
if there are natural transformations

Aj: A AR A ea:A—>T Va:ADA— A uyg: L — A

such that, VA, B € X,
o (A, A4 eq) determines a cocommutative ®-comonoid,

o (A, V4,uy) determines a commutative &-monoid, and

-1
Aaep = (A4 ®Ap);Tiapp  €aon = (ca®ep)iuis
—1
Vass = T,?,B,A,BQ (VAa® Vp) UAgB = ugL ; (ua @ up)
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R R
ATZU®T eTle VL:UJ@L ULzlL

The natural transformations of course have component morphisms for all objects in
the symmetric LDC. Therefore, there will be maps

GJ_,UTIJ_—)T UJ_®J_,AJ_ZJ_—>J_®J_ GT@T,VTZT@T—)T
and, given A, B € X, there will be a maps
Apep: ADB— (A®B)®(A® B) Vagp: (A®B)®(A®B) - A® B

The conditions of Proposition 5.1 give us additional information about these maps.
Indeed, by naturality of e and equation et = 1+, we see that

el =ur eTgT = VT easn = (ea ®ep); Vr
Similarly, by naturality of u and equation v, =1,
uT =€y Ulgl = Ay Uagp = AL (ua ® up)

Furthermore, we can determine a formula for diagonal morphism A 44 p:

Ao B (Ae e (BeB) M Ae e (BeB) e (AsA) 6 (B B))
(12) (1a®ea)B(cp®lp)  (nat) (G em bl m)e
(A T)® (T ® B) (AT)®(T®B)® (A T)d (T ® B))
Lags uf eug (uf oug )o@l ) oug )
A®B i (A® B)® (A® B)
Therefore,
Aoy =A@ B 2425, (U0 AV e (Bo B) "% (Ae B)o (A® B)

for some natural transformation

thpep: (A®B) @& (C®D)— (AeC)® (Ba D)

1 —1 —1 -1
= Auepscsn); (La®ep)iul " @& (le®ep);ul, ) @ ((ea®1p)ius, @ (ec ® 1p)iuk,))

53



LINEARLY DISTRIBUTIVE FOX THEOREM 35

Similarly, by naturality of V and monoid coherence conditions (16),

VagB
(A@B)@(A@B) A® B
(“&;1@“%;)@(“%21@”{@;) u$;1®u$;1 lasn
(Ae HeBol)e(Led) e (LeB) (Ae L)@ (Bo L)
1aPua)®@ (1B u ‘
Eguﬁ @ 1?% ® Eui ® 13; (nat)  (1a®ua)@(lp®up) (16)

(A® A)® (B® B)

(ADA)®(B®B) Va®Vp

A®B

(A@A)@(BEBB))GB((A@A)@(B@B)%

This determines that

1
Vasn = (A8 B)® (A B) =% (A0 A) @ (Bo B) “=% A® B
where ,uk B.AB is the natural transformation

Mi,B,c,D (A®B)® (C®D)— (AeC)® (B® D)
= (B (la®ep) @ ul (1o ®@ep)) ® (uh, ' (ea ® 15) B Ul (ec @ 1n)); Viaecyasen)

We can then demonstrate that /L%, BCD = ,uh’ B.c.p, though the detailed computations are
omitted here due to their length.

5.2. COROLLARY. Consider a symmetric linearly distributive category X satisfying the
conditions of Proposition 5.1, then there are maps

m: L —T Al :l—->1®L V+:TeT =T
and a natural transformation
P (@XR)® = Syxu; (BXD®);®  papep: (A®B)®(C®D) = (A®C)®(B®D)

such that
Apep = (Aa® AB);iaass eann = (ea Dep); AL
Vass = papap; (Va® Vp) Uags = VT; (ua @ up)
€l =UrT=m

The maps indicated above will be central to our main definition and therefore we take
the time to discuss their meaning in the following section.
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5.3. MEDIAL RULE AND MAIN DEFINITION.

Considering that linearly distributive categories provide the categorical semantics for
multiplicative linear logic, it is important to examine the logical significance of the map
(A®B)® (C®D) = (A (C)® (B® D). If we consider, for example, Boolean logic
and take ® = A and @ = V, then (AAB)V(CAD) = (AVC)A(BVD) is a valid implication.

This implication appears prominently as an inference rule in multiple deductive sys-
tems based on deep inference. Deep inference, more specifically the calculus of structures,
is a proof formalism first developed by Guglielmi to generalize Gentzen’s sequent calculus,
inspired by key concepts from linear logic [25].

This rule was first introduced as an inference rule by Briinnler and Tiu [10] for a local
system of classical logic, SKS, and was named the medial rule. In this context, locality
refers to the idea that rules do not require a global view of formulae of potentially un-
bounded size, such as contraction within Gentzen’s system for classical logic [9]. Locality
in SKS is achieved by ensuring that non-local rules, including contraction, are presented
in atomic form. However, the general form of contraction must still be admissible in SKS,
which necessitates the medial rule. The medial rule also appears in Stralburger’s local
system of linear logic, SLLS, to ensure that contraction and co-contraction remain atomic
[43], and similarly in Tiu’s local system for intuitionistic logic, SISgq [46]. Following its
introduction in deep inference, the medial rule has also been studied as a term-rewriting
rule, both in isolation [45] and alongside the linear distributivity and mix rules [19, 11].

In categorical logic, the medial rule has been examined in the study of categorical
semantics for classical logic. Unlike intuitionistic logic, which is modeled by cartesian
closed categories, and linear logic, which is modeled by *-autonomous or linearly dis-
tributive categories, the categorical semantics for classical logic remain unresolved. A
naive definition of cartesian x-autonomous categories leads only to Boolean algebras as
models due to Joyal’s paradox.

There has been successful work extending the axioms of cartesian closed categories to
capture classical logic. Proof-theoretically, Parigot developed Au-calculus to extend the
“proofs-as-programs” paradigm to classical proofs [37] and Girard’s sequent calculus LC,
an improvement of Gentzen’s classical logic system LK, which is based on the concept of
polarity of formulas [24]. BY developing polarized proof-nets, Laurent demonstrated that
both these accounts are in fact equivalent [33]. Categorical semantics were developed
by Hofmann and Streicher’s continuation models [27], and then further generalized by
Selinger’s control categories [41]. However, by keeping to cartesian closed categories as
the framework, the full symmetry of classical logic must be abandoned. Consequently,
the categorical semantics for classical logic remains an active area of research.

The medial rule plays a key role in Stralburger’s Boolean categories [44] and in
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Lamarche’s x-autonomous categories with finitary medial and the absorption law [31]. In
both cases, the authors begin with x-autonomous categories and introduce medial maps
alongside the L contraction map | — | ® L and the T co-contraction map T & T — T
to construct categorical models of classical logic. Furthermore, in both constructions, the
categories include the nullary mix map 1 — T. In particular, Lamarche’s categories,
which will be shown to be related to our main definition in Section 5.11, were a major
inspiration for the present work.

From a categorical perspective, the medial map can be recognized as an instance of
the well-known interchange law in duoidal categories, taking ¢ = &, J = 1, x = & and
I = 1. When combined with L contraction, T co-contraction and the nullary mix map
1 — T, they provide all the necessary structures maps for a duoidal category, beyond
the standard maps for monoidal structures.

To establish a linearly distributive Fox theorem, we cannot begin with the 2-category
of symmetric LDCs alone. Instead, we must consider symmetric LDCs that include ad-
ditional medial maps, including nullary mix, L contraction and T co-contraction. This
necessity aligns with the role of the medial rule in SLLS, where it enables the atomic
contraction and co-contraction rules to extend to all formulae. Therefore, we must first
define what it means for a linearly distributive category to have coherent medial maps.

5.4. DEFINITION. A medial linearly distributive category, or a MLDC, (X,®, T,®, 1)
consists of:

e a category (X,;,14),
e a tensor monoidal structure (X, ®,T).

e o par monoidal structure (X, @, L),

1 -contraction, T-cocontraction and nullary mix morphisms,

Al:l—-1®l V+:TeT—=T m:1L —T

a medial natural transformation, and

i (®X®); D = Sxxxy; (BXD); ® pascp: (A2B)®(C®D) — (A®C)®(B®D)

left and right linear distributivity natural transformations

6% (B X 1,); @ =y 1k X ®);® 64 g0 (AGB)®@C = Ad (BRCC),
61 (L X @), ® = Grp; (9 X 1,);® 05 AR (B&C) = (AR B) & C,

such that
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e (X,®,T,®,1) is a mix linearly distributive category,
o (X,®,L,®,T) is a duoidal category, and

e the medial maps interact coherently with the linear distributivities (47).

1A,B,c,DR1x

(A B)e(C® D)X (AeC)®(Ba D)X

1) l AR ApC,BOD,X

,}}®B,C®D,X l
(A B)® ((C®D)® X) (A (C)® ((Be D)® X) (47)
lagB®agc,p x l l 1A®C®6g,D,X

(A B)® (C®(D® X)) (Ae(C)® (B (D® X))

HA,B,C,D®X

) ) R __ <R ) )
(NA,B,GD ® 1x ¥R A0, BeD, X Lage ® 5B,D,X) = 5A®B,C®D,X7 (lawp © 04®C,D,X)a HA,B,C,D®X
bl

. (SL _ SL . -1 .
5X,A,C ® 1pep) = 5X,A®B,C®Da <a®X,A,B ®© lewp); HX©A,B,CD

. —1
(1x ® pa,B.cD)i% X, 450, BaD

)
)

6R 1 . -1

(0x .45 D@ loeD);% X a0B.coD;
)

o~~~

. —1 . SR
Lx © pa,pcop) = pxeaon; (exac ® 1BeD); 0% asc. oD
L . . _ . . sL
(1aws @ 0¢.p x)i% asp.cop.x; (HaBoD ® 1x) = ptapcpex; (lasc ® dep p x);i Sasc.Bep.x

5.5. REMARK. In the above definition, (X, ®, L, ®, T) being a duoidal category corre-
sponds to

e (L,A),m)is a ®-comonoid and (T, Vy,m) is a é&-monoid (48),

e the medial maps interact coherently with the associators (49) and with the unitors
(50).
Ap(lieA)=A1 AL ®11); Oy 1,1
(AT ® V) Vr = agr 17 (VT @ 17); Vr

(48)
A (1 @m) =uf| (It ®m); Vr = uli
A(m®@ly)=ul, (m®17);Vr =ul .
taeB,0.poE,F; (HABD.E ® loar); O aep Bop.cor
= (a®A,B,C @ a@D,E,F)? paBze,p,Eor; (Lasp @ 1.c.B.F)
(49)

AP AQB,C®D,EQF (MA,B,C,D b 1E®F)§ HA®C,B®D,E,F

= (laws @ po.p,E.F); HABCsEDeF; (Msacp @ Yoppr)

57



LINEARLY DISTRIBUTIVE FOX THEOREM 39

(AL @ Lagn); priam (U, ©uly) = ul, b
(Lagp ®AL)iptan,1,1; (uﬁ.fA ® UgB) = ug/@]g (50)
(uéA @ uéB); pr,aTB; (VT ® lagp) = U@LM@B
(ug , @ ud )i par 7 (lags © V) =ull o

We will refrain from giving examples at this point and first continue developing the
theory of MLDCs. Examples will be the focus of Section 5.15.

As discussed in the introduction, MLDCs provide a suitable framework for categories
that are both independently linearly distributive and duoidal in a coherent manner. We
use the term medial to emphasize that, while certain duoidal categories can inherit a
linearly distributive structure from their interchange maps (this construction will be re-
viewed in Section 5.22), this is not what we intend to axiomatize. We are concerned
with categories whose the duoidal and linearly distributive structures do not imply one
another, yet nonetheless interact coherently. This perspective will be particularly useful,
as it allows us to leverage the well-developed theory of duoidal categories, which was be
introduced in Section 4.

Alternatively, MLDCs can be viewed as providing categorical semantics for the logical
system MLL+Medial, an extension of multiplicative linear logic with MIX, enriched by
the addition of the medial rule. This variant may be incompatible with standard sequent
calculus, as the medial rule is rather unconventional: its premise is a disjunction of
formulae, while its conclusion is a conjunction. However, MLL+Medial is likely expressible
within the calculus of structures, where linear distributivity and medial maps play a
central role in several systems within the deep inference paradigm. Overall, the logical
study of MLL+Medial remains an open area for future research.

5.6. REMARK. This is perhaps a similar situation to that of pomset logic and BV. Pomset
logic is a non-commutative variant of MLL which includes a non-commutative connective
< introduced by Retoré, motivated by Girard’s categorical model for linear logic, coher-
ence spaces, and the study of proof nets [39]. While pomset logic was expressible with
proof nets, it did not seem to be properly expressible in a sequent calculus. In an attempt
to better understand the situation, Guglielmi determined it could not be done and that
lead to the development to of the calculus of structures, as an alternative to sequent cal-
culus based on the idea of deep inference, along with the logic BV [25]. It was conjectured
in said paper that BV and pomset logic were one and the same. It was determined that,
like pomset logic, BV was inexpressible in the sequent calculus [47]. Recent work has
conclusively showed that these two logics are in fact different, while detailing exactly why
there are difficulties expressing these logics in sequent calculus [36].

5.7. SYMMETRY.
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If we revisit Proposition 5.1, which provides a preliminary characterization of CLDCs,
we observe that for any objects A and B in a CLDC, the diagonal A 45 and the multipli-
cation V zqp are constructed using the canonical flip maps associated with the symmetric
® and @ monoidal structures. By the same reasoning that led us to define MLDCs to
ensure the presence of the necessary medial maps, we now define symmetric MLDCs to
guarantee the existence of these canonical flip maps.

5.8. DEFINITION. A medial linear distributive category is symmetric, or a SMLDC, if
(X, ®,T) and (X, ®, L) are symmetric monoidal categories such that (22), (40) and (41)
hold, meaning (X, ®, T,®, L) is a symmetric linearly distributive category and (X, ®, L, ®,T)
18 a symmetric duoidal category.

There is however an equivalent definition for SMLDCs which does not introduce the
nullary mix map m : L — T nor asks for it to be mix. Indeed, in the presence of the
braidings, we can define it in terms of the other structure maps and get the mix structure.

It is well-known that given a duoidal category (X,®, L,®,T), m: L — T is defined
by the rest of the structure.

5.9. PROPOSITION. [1, Prop 6.9] The structure map m : L — T is equal to

KL, T, T L
. (LeNe(Tel)j=LeTe(Tel),
“®J_€B“®J_ u@‘r®u®‘r
u@ll “®F1
113l TRT—=T (51)
tT@L)@(L@E)»(T@L)@(L@T)
T,1,L,T

The proof that both these composites are equivalent, and themselves equal to m fol-
lows from the conditions that (T, V+,m) is a @&-monoid and (L, A ,m) is a ®-comonoid.
Therefore, the definition of an arbitrary duoidal category must include the nullary mix
map.

However, in the presence of braidings, it can be excluded. It was first noticed by
Lamarche in Proposition 2.11 of [31] that, given a category with two symmetric monoidal
structures (X, ®, T) and (X, @, L), and a coherent medial natural transformation p4 g ¢ p,
i.e. (41) holds, the above composites are equal.

Further, in the presence of 1-contraction A : L — 1L ® L such that L is a cocom-
mutative ®-cosemigroup and T-cocontraction map V+: T & T — T such that T with
commutative @-semigroup, which interact coherently with the medial maps, i.e. (39)
holds, then the equivalent composites 1. — T further endow L and T with ®-comonoid
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and @-monoid structures respectively, as shown in Proposition 2.19 [31].

Then, as L is endowed with a ®-comonoid structure and T is endowed with a &-
monoid structure in a symmetric LDC, Fuhrmann and Pym’s theorem in [22] implies
their counit and unit, which are equal in this instances, induce a mix structure.

Altogether, these observations allows us to provide an alternative definition of SMLDCs
which excludes the nullary mix map and defines it entirely based on the rest of the struc-
ture:

5.10. PROPOSITION. A symmetric medial linearly distributive category (X, ®, T,@®, L) is
equivalently defined as a symmetric linearly distributive category, equipped with

e | -contraction and T -cocontraction morphisms,

Al —-1®1L Vi:TeTlT =T

e o medial natural transformation, and

e (®X®);® = Sxxxx; (BXD); ® pascp: (ARB)B(C®D) — (AeC)®(B3D)

such that

o (L,A))is a cocommutative @-cosemigroup and (T, V) is commutative &-semigroup

(52)?

e the medial maps interact coherently with the braidings (53), the associators (54) and
with the unitors (56),

e the medial maps interact coherently with the linear distributivities (56), and

o the medial maps, the linear distributivities and the braidings interact coherently to-
gether (57).

Ay =Ag; O®l1,1 Ap(lieA)=A1 AL ®11); Ol 1,1 (52)
V1 =0gr1;VT (Ir®VT);Vr =agrr1; (VT @ 17); VT

HA,B.CD; O Asc.Bap = (Toap D Ooc.p); MB,AD.C (53)

14,8,00; (0o a0 ® Oap p) = 0w agp.cop; HCD.AB
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tawB,c.peEF; (HABD.E® lcar); Ysanp pop.cor =

(@wapc D aeppr)tabecEer; (lasp ® fipoEF)

(54)
O A9 B,C®D,EQF (taBep @ leer); hasc.BeD EF
= (LagB @ He,D,B,F); HA,B,COE,DEF (aGBA,C,E ® O‘@B,D,F)
(lags ®AL); paB,1 1 (USA & UgB) = U$A®B (55)
(ul , ®ul ) pat,T (lase ® V1) = UgA@B
(Ix ® HA,B,C,D>§ 04®)_(,1A@C,B@D§ (5)L<,A,c ® lpep) =
0% AoB.CoD) (aexap @ leep); HxoA,B.C.D
(56)

(lagn @ 5é,D,X>; g AwB.cop.x; (HaBcD 1)

_ . 5L
= paBopex; (lasc @ dep p x); 0dec.pap.x

(1x ® paB,op); Oé®)_(,1Aeac,BeaD3 (U®X,A€BC ® 1pep); AR ApC,X,BOD} (lage ® 5)L<,B,D) =

0% aen.coni (@exap @ loon); (0ox.4 ©18) @ loap); (Aea x5 P leep); HxeaBoD

(0% 5.x ® losp); ae_elA@)B,X,c@D? (1aeB @ 0o x.cep); Y@ asp.cop.x; (HaBop ©1x) =

pasox,c,n; (lasc ® %SIB,XD); (Lasc ® (1 ® 0ax.p)); (Lasc @ Qop.p x); Odec Bop.x
(57)

PRrROOF. It is immediate that Definition 5.8 implies the definition presented in the Propo-
sition, since the former is a version of the latter with more structures and conditions.
Coherence condition (57) is obtained by replacing the right linear distribution in (47)
by its definition as a composite of braidings and the linear distributions, and simplifying
using (3) and (53).

Now, consider a SLDC (X, ®, T,®, L) as outlined in the Proposition. Then, the
following diagram commutes:

Bl T, T L
) LeT) e (Tel) LeTe(Tal)
ug  Pug | uf - @uf
1oL (4) o091, T®oRT, L (53) TR 1eT,Tel (4) T®T
uéJ_@ugJ_ “gT®“€LBT

(Teol)e(lLeT) (Teol)®LaeT)

KT, L, L, T
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As such, we can define m : | — T to be the equivalent composites in Proposition 5.9.

(L, Ay, m) is a cocommutative ®-comonoid as A ; (1, ® m) = uf | holds as follows:

1, ®ug " 1 ®(ug, ull ) Li®@pT,1,0,T 1l®(“$;1®“$;1)
1@1l—10(Llel)—1(TeL)eo(LeT) —1(Tel)e(LaT)—1Le(TeT)
(SJI:,T(XL,L@T i i O‘@i,ITEEL,La;T
Ay (Le(Tel)e(LeT) s (L(Tel)e(LeT) 1, QugT!
agll  ®ligT i i 6+ ®ligT
P«L@T,L,L,T
1 (LeoTel)e(lLeT)—(LeT) e )@ (LeT) 1T
@B 'e1)@l et i (nat) i B 'e1)®1 LT
R M1, 1T
ug | (Lel)e(LeT) (Lo l)®(LaeT)
OB 1L, LloT i (53) i o, Q00 T
1T —(LeT)® L (LeTae(Lel) (Lo l)®(Tol) 1®T

e 1 gT®A) 2 ug | Qufl

S1eT T

where the left-hand and right-hand diagrams pentagons commute by the interaction be-
tween 07 and the unitors (19), by the naturality of 4% and by various coherence conditions
for the structure maps of the symmetric monoidal categories (X, ®, T) and (X, @, L).

The upper composite in the diagram is equal to A | ; (1, ®m), while the lower composite

R . Rl | . (. R Ry_,R ..,R7L R _ R
Ug ) Ug | g1 (LieT @ AL)spr,T 0,15 (up, ®ugr) =1ug,; Ugp 1 o7 Yo 10T = Yo

by (55). Thus, A;; (1L ® m) = uf  as promised.
Similarly, we can show that m: L — T endows T with a commutative @&-monoid
structure. Then, by Theorem 3.8, the symmetric LDC is mix.

Finally, it straightforward to prove the symmetric versions of (54), (55) using the
braidings. The only technical computation is showing that the coherence conditions (53),
(56) and (57) imply the right linear distribution, defined as the composite of the left linear
distribution and braidings, interacts coherently with the medial maps, in (47), completing
the proof. n

This alternative definition is of particular use because it involves fewer coherence
conditions to check when looking at examples and it will be helpful in showing that
SMLDCs with negation are equivalent to Lamarche’s definition detailed in [31] in the
following section.

5.11. ADDING NEGATION.

As linear negation is central to linear logic and a component of many models of
multiplicative linear logic, it was essential when developing LDCs that Cockett and
Seely demonstrate how to include negation in their categorical framework to recover x-
autonomous categories. Indeed, many of the key examples of LDCs are x-autonomous.
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The same holds true in our extension to MLDCs. It is important we describe how the
duoidal structure interacts with linear negation and recover Lamarche’s definition of *-
autonomous categories with finitary (binary and nullary) medial, and with the absorption
law [31].

5.12. DEFINITION. A symmetric medial linearly distributive category (X, ®, T,@®, L) has
negation if

e it has negation as a symmetric linearly distributive category (Definition 3.13),

e | -contraction A : L — 1L ® L and T-cocontraction V+: T ® T — T are dual to
one another (58), and

o the medial maps are self-dual (59).

(Lo )t &t jtg 1 178 g T
(Awl LVT (58)

i
4 i T

egl EBEE,l
(At®BYYe (Cto DN (Bo At o (DaC)*

“Al,Bl,cl,Dil l¢B€BA,DEBC
(At e CH) @ (B+ @ DY) (DoC)® (Bod A)* (59)
¢A,C’®¢B,Dl l“JD_,B,C,A

(C® At @ (D B)* (D®B)® (C® A)*t

-1
€D®B,CRA

5.13. LEMMA. A symmetric medial linearly distributive category with negation (X, ®, T,®, 1)
has a self-dual nullary mix map m : L — T, i.e.

12X Tt
o e (60)
T— 1+

g7t

PROOF. This follows from the definition of m : L. — T as a composite of unitors and
the medial map, i.e. Proposition 5.9, and the fact that the medial maps are self-dual
themselves. [
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By Theorem 3.17, which states the correspondence between SLDCs with negation
and *x-autonomous categories, and by comparing Lamarche’s definition to the alternative
definition of a SMLDC in Proposition 5.10, it is immediate that:

5.14. PROPOSITION. The notions of symmetric medial linearly distributive categories
with negation and of with that x-autonomous categories with finitary medial, and with
the absorption law, as defined in [31], coincide.

We will however also be particularly invested in SMLDCs which do not have a notion
of negation. This is due to the ultimate goal of providing a 2-functor which maps SMLDCs
to CLDCs as part of the linearly distributive Fox theorem. If this construction preserves
the negation of SMLDCs, then by Joyal’s paradox, the resulting CLDCs would necessarily
be posets. This will be discussed in greater detail in Section 7.1.

5.15. EXAMPLES.

The most important class example of MLDCs is of course the CLDCs, as the former
were defined precisely to be an appropriate generalization of the latter.

The canonical duoidal structure of a CLDC was discussed by this author and co-
author Pacaud Lemay. It is precisely the one for cartesian and co-cartesian categories as
described in Proposition 4.16.

5.16. PROPOSITION. [29, Prop 3.19] A cartesian linearly distributive category (X, x, T, 4, L)

18 a duoidal category, with structure maps

AJ_:bJ_XJ_:<1J_,1J_>:J__)J_XJ_ VT:tT+T:[1T,1T]ZT+T—)T
m:tL:bT:J_—>T

and interchange natural transformation

papeop: (AxB)+(CxD)— (A+C)x(B+ D)
= <7T81,B + Wg,Da 7T,14,B + 7T10,D> = [L?ax,c X L%,D7 L114,c X LlB,D]

Moreover, Proposition 3.20 in [29] details the how this duoidal structure interacts with
the linear distributivities. The resulting commuting diagrams imply that:

5.17. THEOREM. Every cartesian linearly distributive category (X, x,1,4,0) is canoni-
cally a symmetric medial linearly distributive category.

Another immediate class of examples are the braided monoidal categories, as every
monoidal category is a degenerate LDC and every braided category is a strong duoidal
category.
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5.18. PROPOSITION. Consider a braided monoidal category (X, @, 1), then it is a medial
linearly distributive category (X, @, 1, @, 1) with

Vi=uy',: 1ol —1 Ar=ug: I =>101 m=1;:1—1
paBep =Tipop: (AQB)o(Co D)~ (AoC)o(BoD)
0 pc=00 5o A0(B0C) = (A2B)oC

5§’B’C:a@A7BC: (AoB)oC — Ao (BoC)

Proor. By Example 3.18, every monoidal category is a degenerate LDC with associators
for linear distributivities. By Example 4.7 and Proposition 4.8, we know ever braided
monoidal category is a strong duoidal category with the canonical flip as its interchange
map. Therefore, it only remains to verify (47), which follow immediately by the coherence
theorem for braided monoidal categories. [

Our final source of examples stems from generalizing ()-coherences to the linearly
distributive context, as first introduced by Lamarche [30] to capture Girard’s coher-
ence spaces and Ehrhard’s hypercoherences, and later investigated in the context of -

autonomous categories with finitary (binary and nullary) medial, and with the absorption
law [31].

Firstly, let (P, ®, T,®, L) be a posetal SMLDC. In other words, P is a poset with two
commutative, associative and unital operations ® and @, equipped with units T and L
respectively, such that the following inequalities hold Va, b, c,d € P.

TelT ST 1<1i®l 1<T

(a®b)@(c®d) <(a®c)®(bDd)
(a®b)@c<ad (b®c) a®(bdc)<(a®b)®c

While this may seem at first glance to be an involved definition, one can quickly see
that every bounded distributive lattice is such a poset with ® = A and & = V. Indeed,
as proved in [29], a CLDC is a poset if and only if it is a bounded distributive lattice, and
a posetal CLDC is of course a posetal SMLDC as previously discussed.

5.19. DEFINITION. [31, Def 4.5]

e A P-coherence A = (|Al|, pa) consists of a pair of a poset (|A|,C) and a symmetric
monotone function ps : |A| X |A| = P.

e A P-coherence map f: A — B is a relation f: |A| - |B| which is

1. down-closed in the source: (a,b) € fANd' Ca = (d,b) € f,
2. up-closed in the target: (a,b) € fADCY = (a,V) € f, and

3. compatible with the monotone functions: (a,b) € fA(d',V') € f = pa(a,d’) <
pB(b> b/)
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5.20. DEFINITION. [31, Def 4.5] Let P-Coh be denote the following structure:
e Objects: P-coherences A = (|Al, pa)
e Morphisms: P-coherence maps f: A — B

o Composition: standard composition of relations, i.e. given f: A— B and g: B —
C, fi9: A— C is the relation f;g: |A| - |C| defined as

(a,c) € f;9 <= FJbe B,(a,b) € fA(byc)€g

o [dentities: given P-coherence A = (|A|,pa), 1a: A — A is defined by

(a,d') €1y < aC d €A

e Tensor product: ® : P-Coh x P-Coh — P-Coh is defined by
(A= (A],pa), B=(IBl,pp)) = A® B = (JA| X |B|, pass)

(f: A=A g:B—>B)—(feg: A9 B> A ®B')
where the monotone function pagp : (JA| X |B]) x ((JA| x |B]) = P is given by

pacn((a,b), (@) = pa(a,d’) © pi(b, )
and where f ® g is given by the relation f X g : |A| x |B| - |A'| x |B|, i.e.
((a,0),(a",0)) € f x g <= (a,d') € fA(BY) €y
e Tensor unit: P-coherence T = ({x}, pr) where pt(*,%x) =T € P
e Par product: ® : P-Coh x P-Coh — P-Coh is defined by
(A= ([Al,pa), B=(IBl,pp)) = A® B = (|A] x | B, pae:s)

(f:A=>Ag:B=>B)—=(fog: AeB—AdB)
where the monotone function pagp : (JA| X |B]) x ((JA| x |B]) = P is given by

pass((a,b), (d', V) = pala,d’) ® pp(b,b)
and where f @ g is given by the relation f x g : |A| x |B| = |A'| x |B'|, i.e.

((a,b),(d',b)) € f xg < (a,d') € fA(bY)Eg

e Par unit: P-coherence T = ({x},pL) where p, (x,%) = L € P
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5.21. PROPOSITION. P-Coh is a symmetric medial linearly distributive category.

ROSE KUDZMAN-BLAIS

Bottom-contraction map: Ay : 1 — 1L ® L is relation |L| - | L| x |L| given by

(*, (%,%)) € Ay

Top-cocontraction map: V1 : T & T — T |T| x |T| - |T| given by
((%,%),%) € V1

Nullary miz map: m : L — T is the relation | L| - |T| given by

(*,%) €m

Medial maps: papcep: (A® B)@& (C® D) - (A@ D)® (C & D) is relation

(1Al [B]) x (IC] x [D[) = (JA] x |C]) x (|B] x |D]) given by

(((a, ), (¢,d)), ((d', ), (¥, d)) € papep < aCd ADCHAcCIANdTd

Left linear distributivity: 6% po: A® (B@® C) = (A® B) & C is relation |A| x

(1Bl x |C]) = (JA] x [B]) x |C] given by

(((a, (b,c)), ((a,¥),c) € 6k o = aCd ADEV ACEC

As the above construction is simply a small generalization of Lamarche’s work, we
shall not include the proof in this paper.

5.22. PROPERTIES.

dial maps, the linear distributivities and the canonical flip maps are given below.

Notice that in a SMLDC, we have the canonical flip maps for the symmetric ®-
monoidal product and symmetric -monoidal product. The interaction between the me-

5.23. PROPOSITION. The following diagrams commute in any symmetric medial linearly
distributive category:

5L
ARB,CRD,EQF

(A B)® (C® D)@ (E® F)) (A®B)® (C® D)) & (E® F)
lagB®uC,D,E,F TE)’BYC’D@lE@F

(AB)@(CeE)® (DaF)) (AC)®(Be® D)) (E®F)

®
TA,B,C®E,DGF MA®C,B®D,E,F

(A®(C®E)® (B (D@ F)) (ARC)®E)® (B® D)@ F)

L
04.0,5®%0E b F
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L (D .
5A®B C®D,EQF> (TA B.CDD lper); tasc, B®D,E,F

= (lagp ® NCDEF) TABC’@ED@F? (5ACE ® 5BDF)

. @ 5L _

pia,Bao.D,EoF; (laeD @ T5 ¢ 1) Vdep Bop.cor =
®

(5ABC@5DEF) Tawp.cpepr (1aBDE® loor)

PROOF. The proof of the first equality is given by the commuting diagram in Figure 1,
in the Appendix A due to its size, and the other equality follows similarly. ]

5.24. PROPOSITION. Given a symmetric medial linearly distributive category, the follow-
ing diagram commutes

(A® B)® (C®D) (A@C) (B® D)
mix 4, g®mixc, p l l mMiXAgC,BeD
(A@B)EB(CGBD)T(A@C)GB(B@D)
(62)
(Ao B)®(CoD) 2L AsC)e (B D)
miXAgB,CQD l l mixA,c®mixpgp

(A® B) @ (C®D) BC(A@C’) (B@ D)

PROOF. The proof of the first equality is given by the commuting diagram in Figure 2 in
the Appendix A due to its size, and the other equality follows similarly. ]

If we consider a MLDC with invertible linear distributivities, we know it must know
the @-monoidal product must be equivalent to the L-shifted tensor, but in the presence
of medial structure, we can say even more:

5.25. LEMMA. Consider a medial linearly distributive category (X, ®,T,®, L) with in-
vertible linear distributivities, then its linearly distributive structure is compact.

PROOF. Consider a MLDC (X, ®, T, ®, L) whose linear distributivities 6% 5 » and 6% 5
have inverses. By Proposition 3.20 and the details of the proof in [15], T@ T is the tensor
inverse of 1 with isomorphisms

LTT

=1le(TeT) —— (L@T)@T—>J_@T—>T

L—1

OB 1+du ult
—ToeTNel L Te(Tel) — Tel =L T
This implies that the MLDC is isomix as m : L. — T has inverse defined by

1 Rfl
T 1 eTeT) 2, o1 By
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1

m~;m = 17 holds by the following commuting diagram
uf ! ug
T - 1T ——=(LeT)eT
m®dlT (m®1—r)®1
(48) (nat)
ug @1
TeT———=(TeT)aT ot v
(19) _
L L(s%,T,T !
UgTeT
T®(T@T) (nat) L@(T@T)
v (nat) L1T®VT
T®T 1,.®Vr
/ by
T 1 1T
m uR—l
®1
Similarly, for m;m=! =1,.

As the linear distributivities are isomorphisms and m : L — T is invertible, mix4 p : A®
B — A® B is an isomorphism. [

Given a normal duoidal category, there is a construction providing a linearly distribu-
tive structure. Indeed, let (X, ¢, I, x,J) be a duoidal category where ¢: I — J is an
isomorphism, we can define the following linear distributivities:

0k o= Ao (BxC)= (AxJ)o (BxC) 2225 (Ao B)x (JoC) = (Ao B)xC
O po=(AxB)oC = (AxB)o(J*C) 2225 (Ao J)x (BoC) = A (BoC)
Then, (X,©,1I,*,J) is an isomix LDC [42].
Consider now an isomix MLDC (X, ®, T,®, L) with linear distributivities
Sipc: A®(BaC)—» (A B)®C g (A®@B)®@C—As (BaC)

Then, it is in particular a normal duoidal category (X, ®, L, ®, T). By above, we know
that (X, &, L,®, T) is an isomix LDC with linear distributivities

ipc:A®(BRC)— (A@B) & C Mpe: (A®B)@C - A® (BaO)

Notice the direction of the latter linear distributivities is opposite to the former. It turns
out they are inverses of each other and, therefore, when isomix, the linearly distributive
structure is compact.
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5.26. LEMMA. Consider an isomiz medial linearly distributive category (X,®, T,®, L),
then its linearly distributive structure is compact.

PROOF. Consider an isomix MLDC (X, ®, T, @, 1) and define the natural transformations
0% and 0 as follows.

ull 1 B
Ok po=Ae (BeC) 2% (A T e (Be C) X125 (A B) o (T & C)

1A@B®(m71@16‘) 1A®B®Uéc

(Ao B)®(LaeC)

R
A®BDUg

(AeB)®C

HAB,T,C

Oy =(A® B)& C - (A®B) & (T®C) “2% (4eT)a (Ba )

(1aem 1)®1pgc uf ,®@1BeC

(A L)o@ (Ba0) A (Ba ()

Then, 0% 5 is the inverse of 0% 5 » and 9% p - is the inverse of 6 5 . The proof that

04 pci % po = las(Bac) follows from the commuting diagram in Figure 3 in the Ap-

pendix A due to its size. The other equalities follow similarly.

As the linear distributivities are isomorphisms and m : L — T is invertible, mix4 p : A®
B — A @ B is an isomorphism. n

All together, recognizing that a compact LDC is necessarily is isomix by definition
and has invertible linear distributivities by Lemma 3.6, we get the following result.

5.27. PROPOSITION. Consider a medial linearly distributive category (X, ®, T,@®, L), then
the following are equivalent:

1. it is an isomiz linearly distributive category,
2. the linear distributivities are isomorphisms, and
3. the linearly distributive structure is compact.

In the presence of symmetry, the above proposition can be extended to consider the
duoidal structure as well.

5.28. PROPOSITION. Consider a symmetric medial linearly distributive category (X, ®, T,®, 1),
then the following are equivalent:

1. it 1s an isomix linearly distributive category,
2. the linear distributivities are isomorphisms,
3. the linearly distributive structure is compact, and

4. the duoidal structure is strong.
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PROOF. It only remains to show that if the linearly distributive structure is compact,
then the duoidal structure is strong, and that in turn, the duoidal structure being strong
implies it is isomix.

The former follows by Proposition 5.24: as the mix maps are isomorphisms, then so
are the medial maps. Moreover, as the nullary mix map m : 1. — T is invertible, A, and
V- are given by

Al =ul ;1reom™) Vr=1r®em " );ul,
Therefore, they are invertible.

The latter follows immediately as a strong duoidal structure implies m: L — T is
invertible, which implies it is isomix by Lemma 3.10. [
5.29. REMARK. A SMLDC (X, ®, T,®, L) being compact and strong means

em: 1L =T,

e mixyp: ARB=AD B,

e the linear distributivities are associators (modulo the invertible mix maps),

e the L-contraction/T-cocontraction are unitors (modulo the invertible nullary mix
map), and

e the medial maps are the canonical flip (modulo the invertible mix maps).

In other words, the SMLDC is isomorphic to the medial linearly distributive structure
induced by the symmetric monoidal structure (X, ®, T), as described in Proposition 5.18,
and alternatively by the symmetric monoidal structure (X, @, 1).

6. Medial Linear Functors and Transformations

With the definition of MLDCs well established, we now turn to the appropriate functors
between these categories and the transformations between such functors. Similar to the
2-category of cartesian LDCs CLDC, the corresponding 2-category would form a sub-2-
category of LDC.

As such, these “medial linear functors” are linear functors that also interact coher-
ently with the duoidal structure. Given that there are two established definitions of
duoidal functors, there are naturally at least two distinct types of “medial linear func-
tors”. However, we shall define only the specific class required for the linearly distributive
Fox theorem. It is important to emphasize that these should not be regarded as the only
valid choices for 1-cells between MLDCs. Rather, they are the appropriate ones within
the specific context of our work.
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6.1. DEFINITION. Let X and Y be symmetric linearly distributive categories. A sym-
metric medial linear functor F' = (Fgy, Fy) : X — Y consists of:

e a functor Fg : X — Y, equipped with

— an invertible morphism mt : T = Fg(T),

— a natural isomorphism
Mg (Fo X Fg);® = ®;Fy  mg,p: Fg(A)® Fg(B) = Fp(A® B)
— a morphism m, : L — Fg(L),
— a natural transformation
Mg @ (Fg X Fg);© = ®;Fg mg,p: Fe(A) © Fg(B) = Fy(A® B)
such that

— (Fg,mt,mg) : (X,®,T) = (Y,®,T) is a symmetric monoidal functor,
— (Fg,mi,mg): (X,®, L) = (Y,®, L) is a symmetric lax monoidal functor,

e a functor Fgp : X — Y, equipped with

— an invertible morphism ny : Fg(L) = L,

— a natural isomorphism
Ne: @ Fp = (Fo X Fo);®  ne,p: Fe(A® B) = Fg(A) @ Fu(B)
— a morphism nt : Fg(T) — T,
— a natural transformation
ng: ®;Fp = (Fo X F);®  ngup: Fe(A® B) = Fs(A) ® F(B)
such that

— (Fg,ni,ng): (X,@, L) = (Y, ®, L) is a symmetric monoidal functor,

— (Fg,nt,ng): (X,8, L) = (Y,®, L) is a symmetric colax monoidal functor,
e [inear strength natural transformations

VR @ Fy = (Fy x Fg); @ Ve g Fo(A® B) = Fy(A) @ Fg(B)

ve  (Fa X Fg); @ = ®; Fy Vi g Fa(A) @ Fg(B) = Fo(A® B)
satisfying the coherence conditions ensuring that
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— (Fg,mi,me,m7 ,mz") : (X,@,L,®,T) = (Y,®,L,®,T) is a bilax duoidal
functor, i.e. (63) holds,

— (Fg,n ' ng'nt,ng): (X,@,L,®,T) = (Y,®,1,®,T) is a bilax duoidal
functor, i.e. (64) holds,

— F = (Fg, Fp) : X = Y is a symmetric linear functor, and

— the linear strengths interact coherently with the L -contraction and T -cocontraction
maps (65), with the medial transformation (66), and mg and ng (67).

Apy(mir@my)imeg, | =mi; Fe(AL)

(mT @ m7);mgr 1; Fo (V) = Vrims

m;mt =my; Fg(m) (63)
(Moap D Mecp); Meaes.con; Foltason)

= HKFg(A),Fg(B),Fg(C),Fg(D); (m@A,C ® m@B,D); Mg Apc,BoD

Fa(AL)ing, 15(ni@ni) =ni;A;
NeT 15 (nT ®©nt); V1 = F(Vr);nt
ni;m= Fg(m);nt (64)
Fo(pa,p.cn)i"e ascpep; (Moac @ Nep p)
= Noagp,con; (Neaps D Nec D) KEs(A),Fs(B),Fs(C),Fs(D)
ny Ay V§T,T
Fy(L) 1 1l Fo(ToT) Fo(T)® Fg(T)
Fe(AL) l l mi@nt Fa(VT) l l nrom’  (65)
Fe(l® 1) Fo(l)® Fg(l) Fg(T) T TaT

mT VT

Vo1
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Fg(pa,B,c,0)

Fe(A® B)@ (C® D)) Fo((Ae C)® (B® D))

VSA@B,C@D l l mélAe;c,BeaD

Fs(A® B) @ Fe(C® D) Fo(Ae C)® Fg(B @ D)

"®A,B@mélc,o l l VgA,(,'@VgB,D
(Fo(4) ® Fy(B)) @ (Fo(4) & Fp(0)) &

(Fo(C) ® Fo(D))irga),rs8).550).r5 ) Fa (B) @ Fg (D))

(Fo(4) @ Fe(B)) & _"anlon o
® ® — S F (A®B)®Fs(C®D
(Fo(C) ® Fo(D)) 240 B) & Fo(C e D)
HEg (A),Fg(B),Fg(C),Fg (D) l nélA@B,C@D
(Fe(A) @ Fe(0)) @
(A B)® (C® D
(Fa(B) @ Fo(D)) =485 &(CeD)
me 4 0®ng' 4 l Fg(pa,B,c,0)
Fu(A® C) @ Fy(B & D) Fo((A® C)® (B® D))
VgA@c,B@D
Me AeB,C
Fo(A® B) @ Fg(C) Fo((A® B)e C)
N BP1Fg©) l l F®(aé1A,B,C)
(Fa(A4) @ F(B)) @ Fs(C) Fg(Ae (Ba(C))
ag! Fay(A),Fg (B),Fg(C) l l ”gA,B@c
Fe(A) @ (Fe(B) @ Fo(C)) Fy(A) @ Fe(Ba O)
Fg(A)®Me g c
y (67)
® A,BoC
Fo(A)® Fe(B® C) Fe(A® (B® ()
lrg)®nep.c l l Folagyp.o)
Fg(A) ® (Fs(B) ® F(C)) Fe((A® B)® C)
a® Fg(A),Fg (B),Fg (C) l N® AQB,C

Fo(A) © (F5(B) © F(C)) Fa(A® B) © Fg(C)

R
V@A,B®1F@(C)

We record here some commuting diagrams that will of use in the next Section 7.11,
involving the linear strengths, the duoidal functor structure maps and the canonical flip.

6.2. PROPOSITION. Given a symmetric medial linear functor F = (Fg, Fg): X — Y

between symmetric medial linearly distributive categories, the following diagrams always
commute:
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R R
Ve 4,80

Fy(A® B) ® Fo(C & D) —— (Fy(A) & Fo(B)) & (Fs (C) & Fa (D))
MO AQB,COD l T;'?@(A),F(@(B),F@(C),F@(D)
F@(A@B)i? (Cae D)) (Fa(A) @F@(O))T<F®(B) @ Fg(D)) (68)
F®(T,€49,B,C,D) "élA,ceam@B»D
Fe(AoC)® (Be D)) Fy(AaC)® Fg(B® D)

R
® A®C,BOD

R R . (=1
(V545 ® Vec,p)i Thy(4),70(8).Po(0) Fa (D)) (M ac ® Mop,p)

_ . ® .. R
= Mg a0B,coD} F®(TA,B,C,D)7 Vs apc,BoD

R ) ® )
Y& aeB,coD Fg (TA,B,C,D) 1 M® AC,BoD

_ —1 . ® . R R
= (Mg 4.5 @ Noc,D); Thy(4).Fo(B).Po(C),Fo (D)) VE ac © Ve p,p)

PRrROOF. The proof for the first equality is given by the commuting diagram in Figure 4,
in the Appendix A due to its size, and the second equality is proved similarly. [

Now, we turn to the discussion of transformations. As there are several potential
notions of medial linear functors, there are multiple definitions of “medial linear transfor-
mations”. However, we will introduce only the specific definition relevant to our treatment
of MLDCs.

6.3. DEFINITION. Let F,G : X — Y be symmetric medial linear functors. A medial
linear transformation o = (g, ag) : F = G consists of:

e a natural transformation
g F@ = G@ A p - F@(A) — G@(A)
such that

— ag : (Fg,m¥,mE) = (Gg,m%,m&) is a monoidal transformation,

— ag: (Fg,mt,mf) = (G®,mf,mg) is a monotdal transformation,
e a natural transformation
Qg G@ = F@ gy - G@(A) — F@(A)
such that
— ag : (Gg,n%,nS) = (Fs,n%,nk) is a monoidal transformation,
— ag : (Gg,n7% ng%) = (Fg,nf ne!) is a monoidal transformation,

satisfying the coherence conditions ensuring that o = (g, ag) 1s a linear transformation,
i.e. (33) holds.
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6.4. REMARK. Notice that the conditions that ag : Fiy = Gg satisfies in the above
definition are equivalent to asking that

_1F

F, —1F G
, M 7m® ): <G®7mj_7m®

G ,1G)

. F _1G
ag 1 (Fg,m',mg , M, Mg,

is a duoidal transformation and, similarly, the conditions that ag : Gg = Fy satisfies is
equivalent to

. -1G 1G G G —1F 1 F F F
Qg - (GGBanJ_ an@ y g, N1 ):> (Fé%nj_ an@ y g™, N1 )
being a duoidal transformation.
6.5. FROBENIUS MEDIAL LINEAR FUNCTORS AND TRANSFORMATIONS.

As in the case of Frobenius linear functors, we can consider symmetric medial linear
functors whose pair of functors Fiy and Fj, are equal.

6.6. DEFINITION. A symmetric medial linear functor F = (Fg, Fg) : X — Y is Frobe-
nius if
1. F@ - F@,

_ -1 _ -1 _ 1 _ 1
.My =N, Mgap="Ng 4 NT =M1, and Ngy g =Mg 4 g,

R _ R _
3. Vgap = Neap: AN Vg, p = Mgy p.

Given the degeneracy, we can once more give an alternative characterization of such
linear functors.

6.7. PROPOSITION. Consider X and Y be symmetric linearly distributive categories, then
the following notions coincide:

e symmetric Frobenius medial linear functors F = (Fg, Fg) : X = Y, and

o symmetric ®-monoidal and symmetric B-monoidal functors
(F,mt,mg,n,,ng): X =Y satisfying (34), (35) and (69).

Fl)-Me1 -2 191 F(TaT) =L p(T) @ F(T)

F(Anl lnﬁ@nﬁ F(VT)l lm;l@m;l
F(l®l) T F(l)® F(1) F(T)<77—T s—TeT
F(ua,B,c,D)

F((A® B) @ (C ® D)) F(A® C)® (B® D)) (69)

"H AQB,CQD l l mélAeBC,B@D

F(A® B) & F(C ® D) F(A® C)® F(B® D)
mélA,B@mélc,D l l N 4,c®NG B p

(F(A) @ F(C) @ (F(B) ® F(D))

(A),F(B),F(C),F(D)

(F(A)® F(B)) & (F(C) @ F(D))
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6.8. REMARK. Recall that (34) is equivalent to asking that (F, mg, mt,ng,ny): X - Y
is a bilax Frobenius linear functor. Moreover, (35) and (69) are equivalent to asking that
(F,ntngt,myt,mgh) (X, @, L,®, T) = (Y,®, L,®, T) is a bilax duoidal functor. As
bilax Frobenius linear functors and bilax duoidal functors compose, we know symmetric
Frobenius medial linear functors compose as well.

If we then consider medial linear transformations between such linear functors, we can
see that the paired transformations must in fact be a section-retraction pair.

6.9. PROPOSITION. Consider symmetric Frobenius medial linear functors F,G : X — Y,
then

e ag: F'= G and ag : G = F are a ®-monoidal and &-monoidal transformations,
and

o for each object A € X, ag,: F(A) — G(A) is a section of ag,: G(A) — F(A),
1.€. Qg; Qg = lp.
PROOF. Let a = (ag, ag) : ' = G be a medial linear transformation between symmetric
Frobenius medial linear functors. This means in particular that:
o ag: (F,mf,mb) = (G,m&, mf) is a ® monoidal transformation
e ay: (F, nf_l,ng_l) = (G,nf_l,ng_l) is a @-monoidal transformation, meaning
ag @ (Fynf,nk) = (G,nf,ng)
Similarly, for ag. Further, as a = (ag,aq): F = G is a linear transformation, the

diagrams in (33) holds, the first of which is as follows in the context of Frobenius linear
functors:

o aepi 16 45 (Qoa ® lam) = 16 4 5 (Lr) ® asp) (%)

Letting B = L implies that ag; ag = 1p4) by the following commuting diagram.

G(A)
"o (nat) WA
F(A Gus )
(A) > F(A® 1) ——G(A® 1) G(A)
F(U®A ) X
ngaL (10) UG
-1 F Lo(a@n§ ™!
ugF(A) (10)  mg, (%) G(A) D G(J_) e G(A) P 1 (nat) F(A)
ag A®lg() (exch) OL@M
U pa)
F(A 1 F(A F(l)——=F(A G(L F(A 1
(4 1pyend ™ SAS )1F(A)®O‘@J_ (4) & & )1F(A)@nf Ao

The top composite is ag; g, while the bottom composite is 1x(4) since ag is é-monoidal.
]
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An immediate situation where one gets such a linear transformation is when consid-
ering an invertible ®-monoidal and @-monoidal natural transformation.

6.10. PROPOSITION. Given an invertible ®-monoidal and &-monoidal natural trans-
formations o : F = G between symmetric Frobenius medial linear functors, the pair
(a,a™) : F = G is a medial linear transformation.

PRroOF. Consider an invertible ®-monoidal and ¢-monoidal natural transformations o : F' =
G between symmetric Frobenius medial linear functors, then by Lemma 3.33, (o, a™!) : F =
G is a linear transformation. To be a medial linear transformation, it remains to show
a: (Fg,mi,mE) = (Gg,m§, m&) is a ®-monoidal transformation and o' : (Gg,n¥,ng) =
(Fs,nf,nk) is a ®-monoidal transformation.

Since F' and G are Frobenius, this is in fact requiring that o : (F,n L_l nk” 1) =

1 a1y . . _ a—1 1 -1 —1
(G,nG",ng ") is a ®-monoidal transformation and ™' : (G,m§ ", m& ") = (F,mf " mE )

is a ®-monoidal transformation, which is true as « : (F ni,nk) = (G,n%,ng) is a ®-

monoidal transformation and « : (F,m%{, m&) = (G, m%, mg) is a ®-monoidal transfor-

mation respectively. n
6.11. 2-CATEGORY SMLDC.

We now prove that these functors and transformations as 1-cells and 2-cells, with
SMLDCs as 0-cells, form a 2-category.

6.12. THEOREM. Symmetric medial linearly distributive categories, strong symmetric me-

dial linear functors, and strong medial linear transformations form a 2-category, which is
denoted by SMLDC.

PRrOOF. Consider SMLDCs X, Y and Z. Let F' = (Fy, Fp) : X = Yand G = (Gg,Gg) : Y —
Z be symmetric medial linear functor. Then, their horizontal composite F'; G = (Fg; Gy, Fi; Gg) : X —
Y is given by:

e functor Fy;Gg : X — Z, equipped with
m$; Ge(mT) 1 T = Gg(Fe(T))
m®g®(A),F®(B); G®(m§A,B)  Ge(Fg(A)) ® Gg(Fg(B)) — Ge(Fy(A® B))

mT; Gy(ml) 1 L = Gg(Fg(1))
mgF@,(A) Fo(B) G@(m@A 5) Ga(Fe(A) ® Ge(Fe(B)) = Ge(Fe(A® B))
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e a functor Fy;Gg : X — Z, equipped with

Ga(nh)inG : Ga(Fe(L)) — L

Ga(ng 4 )i G b ().po(m) ¢ Go(Fa(A® B)) = Ga(Fs(A)) © Go(Fs(B))

Go(nT);nf : Go(Fa(T)) —» T

G®(n§§A7B);ngF@(A),F@(B)  Ga(Fs(A® B)) = Ga(Fa(A)) ® Go(Fa(B))

e linear strength natural transformations

F G

G@(UgA7B); VgF@(A),F®(B) G (Fe(A® B)) = Go(Fu(A)) ® G (Fe(B))
e F

VEI;F@(A),F@(B)% G@(VSA,B)  Ga(Fe(A)) ® Go(Fe(B)) = Go(Fe(A® B))

It is immediate that F'; G : X — Z is a symmetric linear functor, and that Fg;Gg : X — Z
and Fi; Gg : X — Z are bilax duoidal functors, as the composition is inherited from LDC
and DUQO in the appropriate ways. It remains only to show the additional coherence con-
ditions also hold for ;G : X — Z.

The first diagram of (65) holds by the following commuting diagram and the second
diagram holds similarly.

G@(nf) nf AL
Ga(Fa(L)) Ga(l) 1 Lol
\ (65) for G RG l mf@nf_l
Ga(AL) Ve 1,1
Ga(Fa(AL)) (65) for F Go(L®l) Geo(Ll) ®Ge(L)
Ge(mfonf ™) l (nat) l Gg(mi)®Ge(n
Go(Fa(L® 1)) - Go(Fo(L) ®F®(J-)2’,<_G®(F®(J-)) ® G (Fa(L))
G@(VSA,B) V£F®(L),F@(L)

The first diagram (66) holds by the following commuting diagram,
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Go(Fs((A® B) ®
(C®D)))

RF
Gg(”@A@B.C@D)

Gy (Fs(A® B) &

Fo(C

VRG
® Fg, (A®B),Fg (C®D)

LINEARLY DISTRIBUTIVE FOX THEOREM

Ge(Fg(ka,B,c,0))

(66)

® D)) Fy(B

F Fo1 F F
GX(W'XA.BQBT”@C,D) Gx('lg/\,c(gugn,n)
G& (1Fg (4),Fa (B),Fg (C), Fg (D)

61

Go(Fe((A®C)®
(Be D))

o (mE L
Ge W‘@A@c,seu)

Ge(Fg(AeC)®

@ D))

m& 7}
'S Fg, (A®C), Fg (B&D)

Go(Fe(A®C)) ®
Go(Fe(B® D))

. F
(’®<U§A.C) ®

i
Gbﬂ(”ga,n)

Ge(Fe(A® B)) @ (nat) Go((Fs(A) @ Fg(B) & _ Ga((Fs(A) & Fp(C)) ® (nat)
Ge(Fs(C @ D)) (Fo(C) ® Fg(D))) (F5(B) & F(D)))
bt )
G@(F@(A) ® F@(B)) é®F®(4)®F@(B)vF®(C)®F®(D) m®Pe(A)G}F@(B)vFop(C)@F@(@@(F$(A) ® F@(C)) ®
G (Fs(C) ® Fy(D)) Geo(Fs(B)

G
"® F‘EE(IA)AF‘XI(I}) ®

(66)

m@b@(c).p&(u)

© Fy(D))

RG
Y® P, (A),Fg (C) ®
RS

Y@ P (B), Fg (D)

(Ge(Fg(A)) ® Ge(Fa(DB)))
(Ga(Fe(0)) ® Gg(Fs(D))

(Ge(Fg(A)) ® Go(Fs(C))) ®
(Go(Fa(B)) ® Gu(Fs(D)))

@
) HG g (Fg(A)),Gg (Fg (B)).Gg (Fg(C)).Gg (Fg (D))

The first diagram of (67) holds by the following commuting diagram,

P
Gx(nLEB:\%B,C)

Go(Fo(A®B) @ "irstienrse
Ga(Fa(C))

Go(Fy(AD B) ® Fg(0))

Go(Fe((A® B) @ C))

Covl] p)®lag kg (nat) Go(WE) ,&1ny () Go(F(ag' , 5 o)
s YR s ® ,

Gelleld) © BB LG (e FB) 8 O @0 GolFu(A® (BoC)

RG —1 RF
Y& Fg (A),Fg (B) Go(08 rg(a),rg(8),Fg () Ge (g 4 poc)

Ga(lrg ) ®mE , )

61 Gg(Fs(A) ® (Fe(B) @ Fg(C))) Go(Fp(A) ®

(G@(Fes(/g) & Fe(B®C))

ozl ves (nat) vES,
9 G (Fg(A)),Ge (Fg(B)),.Gg(Fg(C) ® F (A),Fg (B)&Fg (C) na © Fgy (A),F (B&O)

Go(Fy(A)) @
(Go(Fs(B)) @ Go(Fe(Q)), )

Go(Fg(A)) © Ge(Fe(B) ® Fg(C)) HG@(FMA)) ® Ge(Fo(B® ()

G
eamaaF@(B),Fg(c) 1G@(F€B(A))SG®(W€BB,C)

The second diagram of (66) and of (67) for F';G : X — Z hold similarly.

Finally, it is immediate to show that the identity linear functors and the identity linear
transformations are inherited by SMLDC and that medial linear transformations are
closed under the standard vertical and horizontal composition of linear transformations. m

6.13. PROPOSITION. The inclusion map inc : CLDC — SMLDC determines a 2-functor.
ProOF. By Theorem 5.17, every CLDC has a canonical SMLDC structure.
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Consider a cartesian linear functor
F:<F><7F+) : (X,X’l’—‘_’O)%(Y’X’l,_I_,O)

Then, in particular, (Fy,m;',my") : (X, x,1) = (Y, x,1) and (F,ng*,n3") : (X, +,0) —
(Y, +, 0) are respectively colax monoidal and lax monoidal functors. Then, by Proposition
4.18, the following are bilax duoidal functors,

(F><7p07p+7m117m;1) : (X7+707 X, 1) — <Y7+707 X, 1)

<F+7n617n117q17q><) : (X7+707 X, 1) — (Y7+707 X, 1)

where pg, px,q1 and ¢« are defined in Lemma . In order to prove F' = (Fy,F.) is a
symmetric medial linear functor, it remains to show the additional coherence conditions.

(65) holds by the universal property of initial and terminal objects:

0 2400 b0 x 0) = 02% 0 x 0 22" B (0) x Fy(0) oo, F,(0 x 0)
— 0% FL(0) 249 10 x 0)
Fol+1) 20— p(141) &F+(1)+FX(1) DAy g Ty
— 1) 2 gy M
The first coherence condition of (66) is
Fu(pasop); m;lAJrC,BJrD; (VEA,C X VfB,D)

R —
= Vx axB,CcxD’ (QXA,B + mxlc,p); HF(A),Fy(B),Fx(C),Fx (D)

and it holds as follows. The left-hand side and right-hand sides composed with the 0%
projection are given by

o1 (R R \..0
F(pap.o.n)sms A+C,B+D’ (v Ac X Vx B,D)’ TR (A)+Fx(C),F1(B)+Fx (D)

_ e —1 .0 ., R
= Fy (MABC,D)’ my A+C,B+D’ TE, (A+C),Fx (B+D)> vy A,C

= Fx(pra,Bo,n); Fix (W%—i-C,B—i-D); V§A7C = Fx <7T91,B + W%,D)Q ’/fA,c

R . -1 . .0
X Ax B,Cx D’ (4x a8 +m, C,D)’ HFy(A),F1(B),Fx(C),Fx(D); TE, (A)+Fx (C),Fy (B)+Fx (D)

R —
= VX AxB,CxD’ (qXA7B + mxlch); (77%+(A),F+(B) + W%X (C),Fx (D))

= VfoBgXp; (F+<7T81,B) + Fx (ﬂ-g‘,D)) = Fy (W%,B + Wg,D); VfA,C

14
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Similarly, when composed with the 1% projection,

R (R R 0
Fy(pap.o.n); my A+C,B+D’ (v Ac * VXBD) TRy (A)+Fx(C),Fy(B)+Fx (D)

- F (WAB"{'WCD) VEB,D

R ) -1 . L1
X AxB,CxD’ (qXA BT My C,D)’ HFy(A),F1(B),Fx (C),Fx (D)3 TEy (A)+Fx (C),Fy (B)+Fx (D)

- F (7TAB+7TCD) VEBJ)

14

Then, by the universal properties of products, the first coherence condition of (66) holds.
The second condition similarly by the universal properties of coproducts.

The first condition of (67) is

R
V+AB><C’F+( x ABC) dx AxB,C

-1 (R
= (Ir () X @xp )i ax Fy (A),Fy(B),F+(C)’ (Va5 X Lrc)

The left-hand side and right-hand sides composed with the projections are given by

R .0 _ R . -1
V+AB><caF+( X ABC> q><A><BCa7TF+(A><B),F+(C) - V+A,B><0aF+(O‘>< ABC’) F+(7TA><BC)

= Vi g gt Fr(La X mp0) = (i) X Fi(mp o)) vy g

.1 . (R .0
(Lre(a) X dxp )i 0 Fy (A),Fy(B),F+(C)’ ({45 X 1re(©); Try (axB),FL ()
.1 .0 ., R
= (lFx(A) X QXB,C)’ Ay Fy (A ),F+(B)7F+(C)77TFX(A)><F+(B),F+(C)a V+AyB

= (Ire () X @xp,0)i (Lre(a) X T gy, me ()3 Via g = (Lre(ay X Fr(mp o)) vi 4 5

1 R
V+AB><07F+( X ABC) q><A><B,C77TF+(A><B)F+( c) — V+AB><CaF+( X ABC) F+(7TA><BC)

- VfA,BxC;F+<7TA,B><C);F+<7T]19 o) = I/fA BxC" B (la X 1pxe); Fy(u X;xC) F+(7TB c)

= (F('a) x Fy(1xc)); Vf1 BXC7F+( ><B><0) F+(7TB c)

= (F('a) X Fy(1x0)); (mi' X g, (xc)); u iFi(BxC)’F (TB.c) = Th ()5, (Bxc) e (Tp.0)
(Lee () X Ox5.0)i O by (). (8).p 0y (Vi ap X LEA(©)s T, (axB).Fy (0)

= (1r, (1) X @xpo); a;lpx(A),F+(B)7F+(C);7T11U'><(A)><F+(B),F+(C)

= (1re(4) X gxp c) WFX(A),F+(B)><F+(C);W}7+(B),F+(C)

= W}fx (A),Fy(BxC): 9% B,C> 7T117+(B),F+(C) = W}?X (A),F(BxC)’ F+(7T113,c)
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Then, by the universal property of products, the first condition of (67) holds. The second
condition of (67) follows by the universal properties of coproducts for the same reasons
as its counterpart.

Consider a linear transformation a = (ax,ay): FF = G: X — Y between carte-
sian linear functors. In particular, it is a pair consisting of a monoidal transformation
ax: (Fe,my mb) = (Gx,mf,m%) and ap: (Fy,nf§,nt) = (G+,n§,ng). By Proposi-
tion 6.11, ax: (F,pd. pY) = (G,p§,p$) is a monoidal transformation and oy : (Fy, gt ,¢%) =
(G4, 4, q%) is a monoidal transformation. As such, « is a medial linear transformation.

Therefore, the inclusion map inc: CLDC — SMLDC is well-defined. The proof
that it is moreover a 2-functor follows by examining that canonical medial linear functor
structure of a cartesian linear functor described above respects composition and identities.

]

It is fairly immediate to see that the above results can restricted to Frobenius linear
functors.

6.14. COROLLARY. Symmetric medial linearly distributive categories, symmetric Frobe-
nius medial linear functors and medial linear transformations form a sub 2-category of
SMLDC, denoted by SFMLDC. Further, the inclusion map inc : CLDC — SMLDC
restricts to an inclusion 2-functor inc : FCLDC — SFMLDC

PROOF. The only technicality to verify is that given a Frobenius cartesian linear functor
F =(Fy,Fy): X =Y, the induced symmetric medial linear functor is Frobenius, in other
words that the canonical +-lax monoidal structure on (Fx, po,p+) : (X,0,4+) — (Y,0,+)
corresponds to (Fy,ng',n;') : (X,0,4+) — (Y,0,+) and similarly for the canonical x-
colax monoidal structure on F,. This is immediate however as F, = F\. While the
structure maps ng and n, 4 p are not guaranteed to have inverses, if they do, they must

be the canonical ones pg and py , 5. Similarly, ¢ = m; ™! and qx 4 5 = m;lA B [

7. Linearly Distributive Fox Theorem

It is now time to discuss the construction on a SMLDCs which will yield a CLDCs, mir-
roring the category of cocommutative comonoids of a symmetric monoidal category to
create a cartesian category in the standard Fox theorem.

If we review our earlier characterization of CLDCs in Proposition 5.1, which followed
as a direct consequence of the Fox theorem and its dual, we see that a CLDC X is in
particular a SLDC, where each object A € X is equipped with four morphisms

Aj: A—- AR A ea: A—T Va:ADA—- A ug L — A
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such that (A, A4, ea) is a cocommutative ®-comonoid and (A, V4, u4) is a commutative
¢@-monoid.

To someone well-versed in duoidal category theory, this structure will be familiar. In-
deed, these are the same maps and structures of a duoidal bimonoid in a duoidal category.
This is the key to the theorem and why the duoidal structure of the MLDCs is essential.

7.1. MEDIAL BIMONOIDS.

7.2. DEFINITION. Let X be a symmetric medial linearly distributive category.

e A medial bimonoid in X is a quintuple (A, Aa,ua, Va,ea) consisting of an object
A and four morphisms

AAA—>A®A EAZA%T VAAEBA—)A ’LLAIJ_—>A
i X such that

— (A, A4, eq) is a ®-comonoid,
— (A, Va,uy) is a ®-monoid,
satisfying coherence conditions between ®-comonoid and @-monoid structure maps

(70).

Va Ay m

Ag A A A®A

1
AaBAy l T VA®V A uA l /
ea

A

(AA)® (A® A) (A A)®AaA)

HALAAA
(70)
Va uA
A A A 1 A
eaden l l €A Ay J l Ay
TOT T 1l® 1 AR A
Vr uAQuA

Alternatively, a medial bimonoid in X is a duoidal bimonoid in the duoidal category
(X,®,1,,T).

o A medial bimonoid (A, A, ea, Va,uas) is bicommutative if (A, Ay, eq) is cocom-
mutative ®-comonoid and (A,V a,ua) is a commutative G-monoid.

e A bimonoid morphism f: (A, Ax,us,Va,eq) = (B,Ap,ug, Vg, eg) is a mor-
phism f: A — B in X such that

— f: (A, Ap,eq) — (B, A, ep) is a ®-comonoid morphism, and

84



66 ROSE KUDZMAN-BLAIS
— [ (A, Va,us) — (B, Vg, ug) is a H-monoid morphism

It is immediate that the ® and @ units in a SMLDC have canonical medial bimonoid
structures given by the duoidal structure maps, as the ®-comonoid structure of 1 and
@-monoid structure for T are part of the definition of a MLDC, and the other coherence
conditions follow easily.

7.3. PROPOSITION. Given a symmetric medial linearly distributive category X, the fol-
lowing
(Tugr: T=>TRT,I+: T=>T,Vr:TOT —=>T,m: L—>T)

(LAl —-1l®@lm: L —->Tuy, Ll —-11,:1—1)
are bicommutative bimonoids.

Furthermore, medial bimonoids combine together via the tensor and par monoidal
products to produce new medial bimonoids as follows.

7.4. PROPOSITION. Consider a pair of bicommutative medial bimonoids (A, A, e,V a,ua)
and (B, Ap,ep,V,ug) in a symmetric medial linearly distributive category X. Then, the
object A® B equipped with morphisms

T,% B,B
Ajep = A® B 24225 (4@ A)® (B® B) =22% (A® B)® (A® B)

eARep

"
tagp = A®B LB TT 25T
HA,B,A,B Va®Vp

Vag=(A®B)® (A®B) ——— (A A) @ (B®B) —— A® B

Uapp = L 25 1@ 1 M2 A9 B

and the object A @ B equipped with morphisms

AaBPAB

Asgp=A®B =225 (AR A) e (B® B) 2225 (A@ B)® (A® B)

eadep

taop =A@ B 228 ToT Y0 T

S
VA@B:(AEBB)@(A@B)ﬂ)<A@A)@<B®B) VadVs 4 &R

U71 u u
Upop = L —5 | @ 1 %5 Aq B

are bicommutative medial bimonoids.

PROOF. It follows immediately, by Lemma 2.17 that (A ® B, Aagp, tags) is a cocommu-
tative ®-comonoid. (A ® B,V agp, agp) is a commutative G-monoid as follows:
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V aep satisfies the associativity coherence condition in (15) by the commuting diagram
below.

XD ARB,ARB,ARB A,B,A,BDlagn Va®VB)®lagn
AeBe ¢ ®(??ZX@B)EB(A@B)YEB4)((XA@A)®(B@B)S ¢

5%
(A® B)® (A® B)) (A® B) (A® B) —(A®B)® (A® B)
lagB®rA,B,A,B l (49) HA®A,B®B,A,B l (nat) 1A, B,A,B
MA B AGA,BS

(A®B)® (Ae(As ) (AeA) oA
(A® A)® (B B)) " (B®(B®B)) " (BeBeR)

(Ao A)e (Be B)

a@a 4,405 B B ©14)®(Vpelp)
lage®(Va®VE) l (nat) l (14®VA)R(1pOVE) (15) Va®Vs
(A® B)® (A® B) (A® A)® (B® B) A® B
HA,B,AB Va®Vp

Vagp and esqp satisfy the unitality coherence condition in (16) by the commuting dia-
gram below.

lagB@A L lagB®(ua®up)

(A®B)® L (AB)®(L®l) (A® B)® (A® B)

uf jon (50)  HA,B, L1 (nat) HA,B,A,B

(140uA)R(1pBup)

(A9 B)A® B (Ae e (Bo 1) A® A)® (B® B)

R—1o R—
ug 4 OUgp

(16) Va®Vp

A®B

R R
up AOug g

Finally, V 4¢p satisfies the commutativity condition (18) by the commuting diagram
below.

HA,B,A,B Va®Vp
(A B)® (A® B) (A A) ® (Bo B) A® B
TP AQB,A®B (53) 994,4®%ap B (18)
(A® B)® (A® B) (A® A)® (B o B) VaoVs

HA,B,A,B

It remains to show the four coherence conditions in (70) hold.
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A sop and V g p satisfy the first diagram in (70) by the following commuting diagram:

HA,B,A,B

Va®Ve Aa®ARB Ra
(A9 B)® (A B) (A A)® (B®B)—— 2 A® B2 (A® A)® (B B)

" (A®B)® (A® B)

(AA®AR)B(AAAR) l (na (AA®AL)R(Ap®AR) (70) (VABVA)R(VERV ) ] (Va®VB)®(VABVE)
(Aed)wBeB)a  (AsA) e (A A)® (A A)®(AsA)® H((A@A)@ (B® B)) ®
(A®4)@ (B D)) (B&B)® (BQB)) uisasusnss (BB)®(BeB) (Ao A) @ (Ba B))

HAgA BoB.A9A BOB TAqe A,A®A,B&B,B&B
TEABL;‘@TAABUJ/ (43) ]HAABB@#-/\-\BB
(A B)®@ (A® B)) & (A® B)® (A® B))
((A [ B) ® (A ® B)) HA®B,A®B.AQB,A®B ((A ® B) (A & B))

uagp and esgp satisfy the second diagram in (70) by the following commuting dia-
gram:

1 - T
AL (48) upT!
mem
1l® L T®T
uAQup (70)
A ® B eA®ep

V aep and e g p satisfy the third diagram in (70) by the following commuting diagram:

KA,B,A,B Va®Vp

(A2 B)® (A® B) (A®A)® (B® B) A®B

(ea®ep)®(ea®ep) (nat) (ea®en)R(ep®ep) (70) ea®ep

(TeTe(TT) (TeTe(TaeT)

KT, T, T, T V+oVT

T®T

— — -1
u®T1®u®Tl (50) U T

T T T
Vr

Finally, A 445 and uagp satisfy the fourth diagram in (70) by the following commuting
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diagram:
Ay UAQUB
L 1l®l A®B
AL®AL (70) As®AR
AL @ (Lel)®((Llel) (A A)® (B® B)
(ua®ua)®(up®up)
T%,L,L,L (nat) 7Z?,A,B,B
1ol Lel)e(lel) (A® B)® (A® B)
ALRA L (ua®upB)R(ua®uE)
The proof that A @ B is a bicommutative medial bimonoid follows similarly. m

Let us for a moment consider our most important class of SMLDCs, the CLDCs, and
discuss the medial bimonoids present in these cases.

7.5. PROPOSITION. Every object A in a cartesian linearly distributive category X has a
canonical unique bicommutative medial bimonoid structure

<A,<1A,1A>2A—>AXA,tA2A—>1,{1A,1A]IA+A—>A,bA20—>A>

and every arrow f: A — B in X is a medial bimonoid morphism with respect to these
canonical structures.

PROOF. By Lemma 2.16, it is clear (A, (14,14),%4) is the unique cocommutative x-
comonoid structure on A and, dually, (A,[14,14],b4) is the unique commutative +-
monoid structure on A. The proof the structure maps equally satisfy the additional
medial bimonoid coherence conditions is a simple exercises using the canonical medial
structure of a cartesian LDC and universal properties. Once more, by Lemma 2.16 and
its dual, every arrow is a medial bimonoid morphism with respect to these structures. m

7.6. DEFINITION. Let X be a symmetric medial linearly distributive category. Define BIX]

to be the category of bicommutative medial bimonoids and medial bimonoid morphisms in
X.

The fact that this is in fact a category is an easy exercise, as the category of commuta-
tive @-monoids and of cocommutative ®-comonoids in X would themselves be categories.
The above propositions will be the key to showing that B[X] is more than a simple cate-
gory, but is in fact a SLDC.

7.7. LEMMA. Let X be a symmetric medial linearly distributive category, then B[X] is a
symmetric linearly distributive category, with @ and & monoidal structures as defined in
Propositions 7.3 and 7.4.
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PROOF. It is sufficient to show that given medial bimonoid morphisms f: A — B and
g: A —=>B feg: ARB—>A®B and fdg: A® B — A @ B’ are medial bimonoid
morphisms, and that all the LDC structure maps are bimonoid morphisms as well to
prove that B[X] is a LDC, as composition is inherited directly from X.

Firstly, it follows from Lemma 2.17 that f ® ¢ is ®-comonoid morphism, thus we need
only show it is also a @-monoid morphism, i.e. satisfies (17), which is proved by the
following commuting diagrams:

(feg)o(f®g) , , , ,
(A®B)® (A® B) (A B)® (A B) 1
A
HA,B,A,B (nat) Har Bl oAl B! / Ay
(fef)®(gdg)
(A A)@(BeB)—(AdA)® (B aB) 1@l=—-—1®1
VaAQVE (17) V 41®V g1 uAQup (17) Uy Qupr
A® B A ® B AR B A @ B’
f®g f®g

The proof that f & ¢ is a medial bimonoid morphism follows similarly.

To show that the left linear distributivity is a bimonoid morphism, we need to show
it is a ®-comonoid morphism and a @-monoid morphism, which follows respectively from
the commuting diagrams below:

L
6A,B,C

A (BeC) (A B)e C

AAR(ABDAC) (nat) (AA®AB)BAC

(A® A)® (B® B) & (C® () (A® A)® (B® B)) & (C & C)
5ﬁ®A,B®B,C®C
laga®uB,c,B,C TI?A’B,B@IC@)C

A A (BaC)®(BaC)) 61y (A®B)®(A®B))®(C®C)

®
TA,A,BRC,BRC HA®B,A®B,C,C

(A (Ba(C)® (A (BaC)) (A@B)e(C)® (A B)®C)

L L
5A,B,c®5A,B,C
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1

ea®(epPec) 1T®VT u®T
A® (BaC) TR(TaT) T®T T
“é;éT
85 B.o (nat) s+ | (19 (nat)
VT
(A B)® C (TT)e T TOT
(ea®eR)Pec ug T @l

L L
5A,B,c@5A,B,C

(A (Ba() @ (A (Ba () (A B)eC)® (A® B)® C)

®
HA,BHC,A,BGHC TA®B,C,A®B,C

(AdA)e(BaC)a(BaC)) 6y (A®B)@(A®B)d(CaC)

1A®A®T§,(;’Byc 1A,B,A,BDlogo
1
(AeA)®(BeB)® (Ba C))

L
AGA,BEB,CaC

(A A @ (B@®B) & (Ca0)

Va®(VBdVe) (nat) (Va®VB)®Ve
A® (B®C) (A® B)® C
8% p,c

A 1 ®ug" uAQ(up®Puc)

1 1 ® L 71J_®(J_®J_) A®(B@C’)
ugL®L
B (nat) (19) 6£,L7L (nat) 6£,Byc
U@l

1ol Lol)el (A® B) & C

APl (ua®upB)duc

The proofs that the other structure maps, i.e. the associators, unitors and braidings for
the tensor and par monoidal products, follow similarly, involving only coherence conditions
from the duoidal structure of X. They are left up to the reader. n

7.8. THEOREM. Let X be a symmetric medial linearly distributive category, then B[X] is
a cartesian linearly distributive category.

PrOOF. We will prove this by showing B[X] satisfies the characterization in Proposition
5.1.

Given a bicommutative medial bimonoid (A, A4, e4, V4, ua), then the coherence con-
ditions in (70) ensure that the four bimonoid maps Ay, €4, V4 and uy are themselves
medial bimonoid morphisms. These give exactly the component maps of the four nec-
essary natural transformations. These in fact determine natural transformations as the
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naturality squares correspond exactly to the conditions for every map to be a bimonoid
morphism.

The conditions that the component maps form comonoid and monoid structures is
immediate by the definition of a bicommutative medial bimonoid and the remaining co-
herence conditions are satisfied as they correspond exactly to the construction of the
tensor and par monoidal structures in B[X] as outlined in Propositions 7.3 and 7.4. ]

And with this theorem, the first part of the linearly distributive Fox theorem has been
proven. It remains only to show that the B[—| construction extends canonically to the
symmetric medial linear functors and the medial linear transformation, giving a right
adjoint to the inclusion functor outlined in Proposition 6.13.

7.9. ExaMPLE. Consider a symmetric monoidal category (X, @, I) viewed as a symmetric
medial linearly distributive category (X, @, I, @, ), then B[X] is the category of bicom-
mutative bimonoids of X, in the sense of [38]. For example, if we consider the category
of vector spaces Vect with its standard tensor product, then B[Vect] is the category of
bialgebras, in the traditional sense.

It is also important to note that negation is preserved by the B[—] construction.

7.10. PROPOSITION. Let X be a symmetric medial linearly distributive category with nega-
tion, then B[X] is a cartesian linearly distributive category with negation, and therefore a
bounded distributive lattice.

PROOF. As X is a symmetric medial LDC with negation, there is a full and faithful func-
tor (=) : X — X such that X(A® B,C*) 2 X(A, (B®C)*) defined in , in other words
X is a x-autonomous category. We shall show that (—)* extends to a functor on B[X],
meaning B[X] is a x-autonomous category whose monoidal product is cartesian. Then, by
Joyal’s paradox, it is a bounded distributive lattice.

Consider a bicommutative medial bimonoid (A, A4, ea, V4, ua), then define
<AJ', AAL, €L, VAL, UAL> by

A = AT T (A g Ayt A4 gl at e = AL W7 1 T
Vi = At @ AL 2 (A Ayt B 4l g, o Xy g

This is a bicommutative medial bimonoid as follows.
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(A+ A i, eq1) is a cocommutative ®-comonoid as:

Ap; (g ®@eqr) = (Va)ean; (1ar @ (ua)b); (1ar @ Br) by definition
= (VA) (ua @ 1A) vera; (L ® Br) by naturality of e
=((ua®14);Va)era; (14 @ B7) by functoriality of (—)*

= (ug )t e (1a ® Br) as A is a medial bimonoid
—uf,, by (x)

Ay (Apr @ 1p0); 40 gt gt

= (Va) s ean; (Va)m @ 140); (ean ® 140 ); Qg gr at a1 by definition
= (VA5 (4@ Va) s eanma; (eaa @ 140); QAL AL AL by naturality of €
=((1a®Va);Va) s eanema; (€an ®140); QAL AL AL by functoriality of (—)*
= (a4 (Va®14); Va)s€an04;
(€aa @1 1)L g0 gt as A is a medial bimonoid
= (V)5 (Va®1a) 5 (appan)

€aneA; (€44 ®LL);Qgar 40 a0 by functoriality of (—)*
= (Va) 5 (Va® 1a) 5 eaman; (Lar @ ean) by ()
= (VA)LQ €an; (lar ® (VA)L); (14 ®e€an) by naturality of e
=Au;(1a @ Ay) by definition

Ayr;0g40 40 = (VA)L;GAJ];O'@AL’AL by definition

= (Va5 (0 a, A)r€an by (x)

= (0w a4:Va) € by functoriality of (—)*

= (VA)L, €AA as A is a medial bimonoid

= A 1 by definition

The equalities marked with (x) are incredibly long to show directly, but fairly straight-
forward if one uses the circuit diagram (or proof net) calculus introduced by Blute, Cock-
ett, Seely and Trimble [5].

Similarly, (A, V 41, u41) is a commutative @-monoid.
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The first coherence condition of (70) holds as:

Var; Apr = daa; (A4S (V) €A,A by definition
=¢aa (Va A ) JEAA by functoriality of (—)L
= dan; (DA D AN pranan; (Va®Va))tiean as Ais amedial bimonoid
= dan; (Va® V) (aann) 3 (As@®Ax) " ean by functoriality of (—)*
= (V)" ® (Va)"); dasaasa;

(HA,A,A,A)J_§ EARA,ARA; ((AA)J' & (AA)J') by naturality Of (b and €
=((Va)" ® (Va)"); (ean ® €aa);

fiar ot atasi (daa® daa); (Aa)t @ (A4 by (59)
= (AAJ_ ) AAJ_); /LAJ_’AJ_7AJ_’AJ_; (VAJ_ (%9 VAJ_) by definition

The second coherence condition of (70) holds as:

UgLl; €4l = X 15 <€A)J_§ (ua)™; Bt by definition
= x1; (ua; €A)L; Bt by functoriality of (—)L
= x1; (m)*™; Br as A is a medial bimonoid
=m by (60)

The third coherence condition of (70) holds as:

Vasear = daa; (Aa); (ua)t; Bt by definition
= daa; (ua; Aa)*; Br by functoriality of (—)*
= daa; (AL (ua ®ua))™; Br as A is a medial bimonoid
= paa;(us® UA) (A J_)LE B by functoriality of (—)L
= (ua)" @ (wa) 560,05 (A1) Br by naturality of ¢
= (ua)® ® (ua)™; (Br & Br1); VT by (58)
= (ear @ ey ); VT by definition
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The final coherence condition of (70) holds as:

Ugr; Aye = x15(ea)™5 (Va)h €A,A by definition
= x1; (Vasea) sean by functoriality of (—)*
=x1;((ea®eq); V)t JEAA as A is a medial bimonoid
=x1; (Vi)' (ea®ea)tean by functoriality of (—)*
= X1; (VT) JET,TS ((6A) & (GA)L) by naturality of €
= A (xe ®x1); ((ea)” @ (ea)h) by (58)
= A (ugr @uys) by definition

Now, let f: (A, A4 ea, Va,us) = (B,Ap,ep, Vp,ug) be a medial bimonoid mor-
phism, then f*: Bt — A' is a ®-comonoid morphism as follows.

Ape; (ff® 1) = (V) epn (ff @ f) by definition
= (V)5 (fef)r EALA by naturality of €
=((f®f) VB) JEALA by functoriality of (—)l
=(Va ) ean as f is a medial bimonoid morphism
f ( A)Tieaa by functoriality of (—)*
=f L; Ay

friear = [ (ua)t; Br by definition

= (ua; )73 Br by functoriality of (—)*

= (up)*t; Br as f is a medial bimonoid morphism

= uptL by definition

Similarly, f+: Bt — At is a ®-monoid morphism and therefore a medial bimonoid
morphism.

7.11. THE RIGHT ADJOINT 2-FUNCTOR B [-].

7.12. LEMMA. Consider a symmetric medial linear functor F = (Fg, Fg): X — Y be-

tween symmetric medial linearly distributive categories, then it canonically extends to a
cartesian linear functor B[F] = (B[F|g, B[F|s) : B[X] — B[Y].

PROOF. Consider a symmetric medial linear functor F' = (Fg, Fi) : X — Y. Recall that

(F®7ml7m@7m‘?lvmél>7 (FGBanL 777’@ 7nT7n@) (X EB J‘ ® T) (Y7€B7J—7®7T)
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are bilax duoidal functors and therefore preserve medial bimonoids and medial bimonoid
morphisms by Proposition 4.14.

Thus, given a bicommutative medial bimonoid (A, A, eq,Va,uys) in X, the object
Fg(A) equipped with the four maps

Apy ) = Fo(A) Z20% F(A® A) 2244 B (A) @ Fu(A)
ey = Fo(A) 2% Fo(T) m T
Vit = Fo(A) @ Fo(A) 2% Fo(A e A) 225 Fo(a)

Fg(ua)

Upy(a) = L = Fp(L) Fy(A)

and the object Fi(A) equipped with the four maps

Fg

Ay = Fold) 755 Fo(A® 4) T2 Fo(A) © Fo(4)
Fg n

ey (a) = Fp(A) 222 )F®(T)—T>T

FoVa), Fiy(A)

Vs () = Fa(A) ® Fp(A) oA, Fo(A A)
Wy = L 5 Fo(L) 2200 14
are bicommutative medial bimonoid in Y. Moreover, given a medial bimonoid morphism
fi(A A4x,eq, Va,us) = (B, Ap,ep, Vg, ug)
in X, then
Fo(f) : (Fa(A), Arg(a): €Fy(a)s VEg(a) Ury(a)) = (Fa(B), Ary(B), €ra(B), VFa(B) UFs(B)),

Fo(f) : (Fe(A), Apya), €rs(a), Vs (4), Urg(a)) — (Fa(B), Apy(B): €rs(B)s VFs(B): Uy (B))

are medial bimonoid morphisms in Y.

As such, let B[F|g : B[X] — B[Y] denote the functor mapping bicommutative medial
bimonoid on A to the bicommutative medial bimonoid on Fg(A) and mapping medial
bimonoid morphism f to Fig(f). Similarly, let B[F]g : B[X] — B[Y] denote the functor
mapping bicommutative medial bimonoid on A to the bicommutative medial bimonoid
on F(A) and mapping medial bimonoid morphism f to Fg(f).

Further, B[F]g is a symmetric monoidal functor (B[X],®, (T)) — (B[Y],®, (T)) when
equipped with

e morphism mmy : (T) = B[F]g((T)), defined to be m+ : T — Fg(T), and
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e natural transformation
My m) * BlF]e((A) @ B[Fle((B)) — B[Fls((4) @ (B))
defined to be mg 4 p 1 Fg(A) ® Fg(B) = Fg(A® B)

as (Fg,mt,mg) : (X,®,T) — (Y,®, T) is a symmetric monoidal functor by definition of
symmetric medial linear functor, and its structure morphisms are bimonoid morphisms
as follows.

mt : T — Fg(T) is a medial bimonoid morphism:

T o Fo(T) T T
ugF®(T)
(nat) Fg(ugT)
Mg T
mT@Lpg (T)
T®RT Fo(T)® Fg(T) Fo(T)
mT@mT
mTemT m
TOET—Fg(T)® Fg(T) 1 T
l meT,T mi
vt ©3) Fe(T®T) Fg(Ll) (63 |mT
l Fg(VT) \
Fg(m)
T Fy(T) £, ()

and me 4 p : Fg(A) ®@ Fg(B) — Fg(A® B) is a medial bimonoid morphism:

M@ A B

Fy(A) ® Fg(B) Fy(A® B)

Fg(Aa)®Fg(AB) (nat) Fg(AA®AB)

MR AR A,BQB

Fe(A® A)® Fe(B® B)

Fo((A® A)® (B® B))
W®Z}A®m®§}3 9) F®(T§,A,B,B)
(Fio(A) ® Fg(A)) ® (F(B) ® F(B)) Fe((A® B) ® (A® B))

® —1
TFg(A),Fg (A),Fg (B),Fg (B) MR A9 B, A0B

(Fis(A) ® Fg(B)) @ (Fig(A) ® Fg(B)) —= Fy(A® B) ® Fy(A ® B)

me 4, BOM@ A, B
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F®S€A)®F®(€B) my@my

Fy(A) ® Fg(B

m®A,B (nat) MOT,T (1 Fg(T)
RrR—1
“® Fg (T)
Fo(A® B) Fo(T®T)
F®(A®B) F@(U@-_rl)

me 4 gOMe 4 B

(Fe(A) ® Fg(B)) & (Fg(A) ® Fg(B)) — Fo(A® B) & Fs(A® B)
HFg (A),Fg (B),Fg (A),Fg (B) (63) MG A B, A B
(Fp(A) ® Fy(A)) ® (Fe(B) © Fg(B)) Fo((A® B) ® (A® B))

Mo, A9Me B B Fe(1a,B,A,B)

Fo(A® A)® Fe(B® B) Fe((A® A)® (B® B))

M®ApA,BHB

F2(Va)®Fs(Vp) (nat) Fg(Va®Vp)
Fy(A) ® Fg(B) Fy(A® B)
M A, B
Ay m, ®@m | Fg(ua)®Fg(up)
1 l®l Fo(l)® Fg(l) —— Fy(A) ® Fg(B)

\ (63) mey, 1 (nat) M A B
my

F®(J_) F®(J_®J_) F®(A®B)
Fg(AL) Fg(ua®up)

We show similarly that B[F]s is a symmetric monoidal functor (B[X], &, (L)) —
(B[Y], ®, (L)) when equipped with

e morphism ny : B[F]g((L)))(L), defined to be n, : Fg(L) = L, and
e natural transformation
neayp) * BlFle({(4) ® (B)) = B[Fle((4)) © BlF|e((B))

defined to be ng 4 p : Fo(A® B) — Fg(A) © Fo(B).
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Then, B[F] = (B[F]g, B[F|g): B[X] — B[Y] is a symmetric linear functor, with linear
strengths:
V1 ¢ BIFI((4) & (B)) = B[Fls((4)) & B[Flo((B))

U£<A>,<B> : Je((4)) @ B[Fla((B)) — B[F]s((4) ® (B))

=
=

defined to be v, ,: Fg(A @ B) = Fy(A) @ Fg(B) and vf, ,: Fo(A) ® Fe(B) —
Fy (A ® B) respectively in Y, as

R

Vg 4 g 18 a medial bimonoid morphism by the following commuting diagrams:
Z/R
® A,B
Fg(A@® B) Fy(A) @ Fg(B)
Fg(Aa®Ap) (nat) Fg(Ax)®Fe(AB)

R
®ARA,B®B

Fo((A® A)® (B® B))

Fp(A® A) @ Fg(B ® B)
Fg(pa,a,B,8) (66) ”®A,A€9me_913’3

Fo((A® B)® (A® B)) (Fz(A) @ Fa(A)) © (Fo(B) © Fe(B))

—1
MG soB ADE HFg (), Fg (A), Fg (B),Fg(B)

Fs(A® B)® Fe(A® B) T?:R(F@(A) ® Fp(B)) @ (Fp(A) © Fg(B))

F®(6A@8B) F@(VT) m;
Fo(Te@T)

Fy(A@® B)
V& AB (nat) v, o (65)

VT

Fy(4) & F®(32 —= Fp(T) ® Fg(T) — 1T

Fg(ea)®Fg(en) nT@m7
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R R
WS IW:

Fo(A® B) @ Fy(A® B) — (Fg(A) © Fip(B)) © (Fg(A) ® Fis(B))
MG ApB,A®B (68) T;?@(A),FQ@(B),F@(A),F@(B)
Fo((Ao B)® (Ao B)) (Fp(A) © Fg(A)) © (Fs(B) © Fg(B))

@ -1
F®(TA,B,A,B) Ng A7A@m€9B,B

R
® ADA,BOB

Fo((A® B) @ (A@ B))

Fs(A® A)® Fo(B® B)

VaA®VB (nat) Fe(Va)®Fe(VE)
Fe(A® B) - Fy(A) @ Fg(B)
Y®a,B
my F®(u€91J_) Fg(uadup)
1 F®(J_) F®(J_®J_) F®(A@B)
“é;‘;(g ‘ (27)
L@ Fg(l) v, (nat) VA5

-1
U | ny ®lrg )
(nat)

L@ L—Fy(L)® Fo(l) — Fu(A) @ Fa(B)

nitem, Fg(ua)®Fg(up)
R . . . . . . .
and vg Apisa medial bimonoid morphism similarly. n

7.13. LEMMA. Given a medial linear transformations o = (ag,0g) 1 F = G between
symmetric medial linear functors, then it canonically extends to a linear transformation
Bla] = (Bla]g, Bla]e) : B[F] = B[G] between cartesian linear functors.

PRrROOF. Consider a medial linear transformations a = (ag,aq) : F = G between sym-
metric medial linear functors. Define Bla| = (B|a]g, Blas) : B[F] = B|G], where

e Bla]y : B[F]g — B[G|g has component morphisms ag 4 @ Fig(A) = Gg(A) in Y,

e Blo]g : B[G]s — B[F|s has component morphisms ag 4 : Gg(A) — Fg(A) in Y.

This is well-defined as ag 4 : Fg(A) = Gg(A) is a medial bimonoid morphism since

ag i (Fg,m%,mL) = (Gg,m§,m&) is a monoidal transformation and therefore is a ®-

monoid morphism and ag : (Fg, m{,mE) = (Gg, m$, m&) is a monoidal transformation

and therefore is a @-comonoid morphism.

Similarly, ag 4 : Gp(A) — Fg(A) is a medial bimonoid morphism. n
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With the previous lemmas, we can state that the medial bimonoid constructions is a
2-functor between the 2-category of SMLDCs and the 2-category of CLDCs as desired.

7.14. PROPOSITION. B[—]: SMLDC — CLDC is a 2-functor.

PROOF. By Theorem 7.8, Lemma 7.12 and Lemma 7.13, B[—] determines well-defined
maps from the 0-cells, 1-cells and 2-cells respectively of SMLDC to CLDC. The proof
that this is 2-functorial follows immediately as composition in the 2-categories are defined
similarly, the composite of two medial bimonoid morphisms is a bimonoid morphism, and
1-cells and 2-cells in SMLDC preserve medial bimonoid morphisms. [

It is fairly immediate that given a symmetric Frobenius medial linear functor F' =
(Fg, Fp) : X — Y, the induced cartesian linear functor B[F]: B[X] — B[Y] is itself
Frobenius as Fig(A) = Fg(A) and the medial bimonoid structure maps of Fy(A) are
equal to the ones of Fi(A) in the Frobenius contexts. Therefore:

7.15. COROLLARY. B[—] : SMLDC — CLDC restricts to a 2-functor B[—] : SFMLDC —
FCLDC.

We have finally arrived at the main result of our paper which motivated all the work:

7.16. THEOREM. [The Linearly Distributive Fox Theorem| B[—] is the right adjoint to
the inclusion 2-functor, inc 4 B[—]: CLDC — SMLDC.

PROOF. To prove this 2-adjunction, we will provide the unit and counit 2-transformations.

Firstly, let us consider the unit i : lcppc = inc; B[—]. Let (X, x,1,+,0) be a CLDC.
Recall that every object A € X has a canonical bicommutative medial bimonoid structure

<A,<1A,1A>IA%AXA,tAIA%]_,[lA,lA]ZA+A—>A,bAIO—)A>

and every arrow f: A — B € X is a medial bimonoid morphism with respect to
these canonical medial bimonoid structures, as discussed in Proposition 7.5. Then, let
nx : X — B[X] be the functor that sends the objects in X to their canonical medial bi-
monoid structures and that is identity on the arrows in X.

Ny is further a symmetric monoidal functor between (X, x,1) — (B[X], x, (1)) when
equipped with

e morphism my : (1) = nx(1)tobe 1; : 1 — 1

e natural transformation with component morphisms my 4 5 : nx(A) x nx(B) —
Nx(A X B) given by lyyp: AXx B— Ax B

as the canonical medial bimonoid structure on 1 described above is the same as as the
medial bimonoid structure on 1 when X is viewed as MLDC:

<17u><17 117V17m> = <17 <117 11>7t17 [117 11]7b1>
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and the canonical medial bimonoid structure on A x B is the same as the medial bimonoid
structure of the tensor product x in B[X] between the canonical structures on A and B,
ie.

<A X B?([lz‘\? 1A] X [137 13]);T2<,A,B,B7 (tA X tB>;u><I17

papan; ([1a,1a] X [15,15]),AL;(ba X bg))

= <A X B7 <1A><37 1A><B>7tA><Bu [1A><Bu 1A><B]7 bA><B>

Similarly, nx is a symmetric monoidal functor between (X, +,0) — (B[X],+,(0,))
when equipped with

e morphism ng : 7x(0) — (0) to be 15: 0 — 0

e natural transformation with component morphisms n , 5 : nx(A+ B) — nx(A4) +
nx(B) given by 1y.p: A+ B — A+ B

Then, n, = (n4,7x) : X — B[X] is a cartesian linear functor, when further equipped
with identity linear strengths.

Let 1 : lcLpc = inc; B[—] be defined to be the family of maps n, = (1, 7%) : X —
B[X]. This is a 2-transformation because

e 1 satisfies 1-cell naturality:
Let X and X’ be CLDCS, and F = (F\, F;) : X = X' be a cartesian linear functor
between them. 1-cell naturality in this case means

e Bnc(F)] = Fx; e s Bline(F)]y = Fisny
Now, these functors are defined as follows

nx;Bline(F)]y :
A (P (A), Fe((Las 1a))ymit g gs Fx(ta)imi s pyaas Fx([1a, 14]), po; Fx (b))
= F(f)

Fx;nx :
A (Fy(A), (Ir, ays Lo (a)), treay, (L, (a)s L ()]s by (a))
[ = F(f)

which are equal as the medial bimonoid structures on Fy (A) is unique since X’ is a
CLDC. One shows similarly that the other equality holds as both sides map to the
unique medial bimonoid structure on F (A).
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e 7 satisfies 2-cell naturality: Let X and X’ be CLDCS, F' = (F\, F,),G = (G«,G4) : X —

X’ be a cartesian linear functor between them, and a = (ax, a4 ) : F' = G be a linear
transformation between them. 2-cell naturality in this context means

Ly Blinc(a)lx = axily,  Ly:Blinc(@)ly = ay: 1,

Now, these natural transformations as component morphisms for each object A € X
the medial bimonoid morphisms given by

(Lne; Blinc(a)]x)a = axy = (ax; 1) a
and therefore are equal. Similarly, for the second equality.

Secondly, let us consider the counit € : B[—];inc = lgmrpc. Let (X, ®, T,®, L) be a
SMLDC, then define ¢, : B[X] — X to be the forgetful functor

(A, Ap,e4,Va,54) — A f=1f

Now, (éx, 17,1 g_): (BX],®,(T)) — (X,®,T) is a symmetric monoidal functor
when equipped with identity structure maps, and similarly
(ex,11,1 ) : (BX],®, (L)) = (X,®,1) is a symmetric monoidal functor. Further,
(€x, 11,1 g, 17,1_g_) : (BX], &, (L),®,(T)) = (X,®, L,®,T) is a bilax duoidal func-
tor.

Therefore, €; = (€y, €x) : B[X] = X is a symmetric medial linear functor when equipped
with identity linear strengths.

Let € : B[—];inc = lgmrpc be defined to be the family of maps €, = (¢4, €) : B[X] —
X. It satisfies 1-cell and 2-cell naturality fairly trivially and therefore it is a 2-natural
transformation.

To prove the desired 2-adjunction, it remains solely to show the triangle inequalities
hold.

inc(n); €ime = line NB[-)> Ble] = I
Consider a CLDC X, then
(inC(nX); Einc(X))X = (1inC(X))>< (1DC<77X), einc(x))+ = (1inC(X))+

as the left-hand side functors behave as identities:

(IHC(T]X), Einc(x))x = (1UC(77X)7 einc(X))—i- : A <A7 <]-A7 1A>7 tAa [1A7 ]-A]) bA> — A
f=f=f

Consider a SMLDC X, then

(”IB[x]; Ble])e = (1pp)e (”IB[x]; Blel)e = (1pp)a
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as the left-hand side functors behave as identities:

(WB[x};B[E])@o :(TIB[X};B[E])EB :
(A, Ay ea,Va,ug)
= ((A), Ly, L) By [Ty, Lyl bay)
= (ex((A)), ex((Leay, Liay))i Laga, €x(tay); 11, Lagas €x([Leay, Leay]), Li; ex(bray))
= (A, Ap,ea,Va,us)

since, by Theorem 7.8, the unique maps induced by the universal properties of prod-
ucts and coproducts in B[X] are given by the structure maps of the medial bimonoids
themselves, i.e.

Therefore, i and € are the unit and counit of the 2-adjunction inc - B[—]: CLDC —
SMLDC. -

Perhaps the most commonly used result of the traditional of the Fox theorem is that
a symmetric monoidal category is cartesian if and only if it is isomorphic to its category
of comonoids, as stated in Corollary 2.20. We can of course state an analogous Corollary
to our 2-adjunction for SMLDCs:

7.17. COROLLARY. A symmetric medial linearly distributive category is cartesian if and
only if it is isomorphic to its category of bicommutative medial bimonoids and medial
bimonoid morphisms.

ProOOF. Let X be a SMLDC. The backwards direction is immediate by Theorem 7.8.
As for the forward direction, suppose it is a CLDC, then n, = (7, 7x) : X — B[X] is
a well-defined cartesian linear functor. It is a well-known fact that the unit n, will be
an isomorphism as inc is fully faithful and the left adjoint in the adjunction in question.
Therefore, X and B[X] are isomorphic as CLDCs.

The above corollary can be unwrapped to give an explicit description in terms of
medial bimonoid maps, as in the case of traditional cartesian categories.

7.18. COROLLARY. A symmetric medial linearly distributive category is cartesian if and
only if there are natural transformations

Aj: A5 ARA ea:A—>T Va:ADA— A Uy : L — A

such that, VA, B € X, (A, A4, ea,Va,ua) determines a bicommutative medial bimonoid,

and
—1
Apep = (Aa®Ap)iTHapp s = (ea ® ep)iufis

Vass = paBas; (Va® Vp) Uagps = VT; (ua @ up)
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“1
Vagp = 7'?737,473; (V4@ Vp) UApB = Ugl s (ua ® up)

Asop = (Aa® Ap);liasss eann = (ea®ep); AL

R R
ATZU@)T eTle VL:“@L UJ_ZlJ_
€] =UrT=m

This is in essence an amalgamations of Proposition 5.1 and Corollary 5.2, developed
at the start to get a better understanding of the underlying structure of CLDCs.

Appendix

A. LARGE COMMUTING DIAGRAMS.
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Chapter 3

Cartesian Linearly Distributive
Categories: Revisited

This chapter contains an article co-authored by Rose Kudzman-Blais and Jean-Simon Pacaud
Lemay, prepared for submission to Applied Categorical Structures, a journal dedicated to the
application of categorical methods in algebra, analysis, computer science, logic, order, and
topology. The mathematical content was developed collaboratively by both authors, while
the manuscript itself was written solely by the first author. The paper revisits the notion of
cartesian linearly distributive categories, presenting new results on the topic.
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1 Introduction

Most categories of interest, whether from logic, theoretical computer science, algebra, or
category theory more broadly, exhibit multiple monoidal products worth investigating.
Within monoidal category theory, a significant body of research explores the distributivity
of monoidal structures, that is, how two monoidal products interact. In general, this interac-
tion is mediated by a natural transformation, known as a distributivity map, which may or
may not be an isomorphism. Frequently, one or both of the monoidal structures is cartesian
or cocartesian, arising canonically from finite products or coproducts, respectively.

Perhaps the most well-known definition in this area is that of a distributive category [1],
a cartesian and cocartesian category whose products x distribute over its coproducts + by
an isomorphism:

(AxC)+(BxC)—= (A+B)xC

This concept was generalized to distributive monoidal categories and extended further with
the introduction of rig categories, also known as bimonoidal categories: categories equipped
with two arbitrary monoidal structures whose distributivity is mediated by monomorphisms
[2]. They are named as such because they categorify rings without negatives, modeling the
distributivity of products over sums [3].

Another important notion of a category with two monoidal structures is that of a duoidal
category, which arises canonically when a category is either cartesian or cocartesian [4]. In
this setting, distributivity is a natural transformation referred to as interchange:

(AxB)o(CxD)— (AoC)x(Bo D)

The theory of duoidal categories emerged in the study of braided monoidal categories, where
the interchange law generalizes the canonical flip induced by braidings [5].

The development of linearly distributive categories (LDC) fits naturally within this
research program. LDCs were first introduced by Cockett and Seely in [6] as categorical
semantics for multiplicative linear logic (MLL), as developed by Girard [7]. In this frame-
work, the multiplicative conjunction ® and disjunction % are taken as primitive notions,
along with their interactions via linear distributivities:

A®(BRC) = (A2 B)3C

This contrasts with sx-autonomous categories, introduced by Barr [8] and later shown by
Seely [9] to provide categorical semantics for linear logic. *-autonomous categories take
multiplicative conjunction and negation as primitive, defining disjunction via de Morgan
duality. Consequently, linear distributivity is implicit, following from the duality between
conjunction and disjunction. However, linear distributivity is a fundamental concept, as
it precisely captures the interaction between two binary operations necessary to model
Gentzen’s cut rule. The significance of explicitly considering linear distributivities is evident
in the extensive and continuously growing literature on LDCs since their introduction.

Initially, linearly distributive categories were referred to as weakly distributive cate-
gories, as linear distributivity was thought to be a weakening of the classical distributivity of
products over coproducts found in distributive categories. It was believed that specializing
to a subclass of LDCs known as cartesian linearly distributive categories (CLDC), where the
tensor structure is cartesian and the par structure is cocartesian, would recover the notion
of a distributive category. However, this turned out to be false: linear distributivity and
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classical distributivity are, in some sense, orthogonal notions [10]. Following this realization,
the study of CLDCs was largely abandoned, while research on LDCs has remained central
to categorical linear logic.

The current work revisits the notion of CLDCs and develops their theory. Just as dis-
tributive categories relate to rig categories, CLDCs stand in relation to LDCs and remain
an interesting structure worth exploring.

Our interest in CLDCs originated from the first author’s efforts to better understand the
interaction between cartesian structures and linear distributivities by developing a linearly
distributive Fox theorem [11]. After presenting this result at a conference and discussing it
further with the second author, a potential connection was observed to the second author’s
recent work on classical distributive restriction categories [12]. Specifically, every classical dis-
tributive restriction category is the Kleisli category of the exception monad of a distributive
category and these were thought to be CLDCs according to [10], it seemed natural to explore
this link. During the first author’s visit to Macquarie University, we began investigating this
connection. However, it soon became apparent that something was amiss: Kleisli categories
of exception monads for distributive categories are not, in fact, examples of CLDCs.

This realization led us to investigate CLDCs more closely. In doing so, we uncovered
structural properties that had not been previously explored, revealing distinctive and
nuanced behaviour within these categories. In particular, the terminal object in a CLDC
is always preinitial and, dually, the initial object is always subterminal. This implies that
every CLDC is a mix LDC and further the mix maps can be used to characterize when an
object is preinitial or subterminal. Remarkably, these conditions are equivalent in a CLDC.

As we attempted to develop examples of CLDCs, two key classes emerged: bounded
distributive lattices and semi-additive categories. Indeed, in many cases, a CLDC must fall
into one of these two categories. There are two well-known collapses to posets: the first being
Joyal’s paradox, and the second stemming from the orthogonality between linear and tradi-
tional distributivity. In addition to these, we discovered two new collapse theorems: a CLDC
must be semi-additive if it either has invertible linear distributivities or if it is isomix. These
four collapse results severely constrain the landscape of possible CLDCs. Nevertheless, we
introduce a Grothendieck construction that utilizes semi-additive categories and bounded
distributive lattices to generate new examples of CLDCs.

Outline. Section 2 reviews the necessary theory on LDCs and the morphisms between
them. Section 3 introduces the notion of CLDCs, develops the appropriate notions of
morphisms between CLDCs, and explores fundamental properties shared by all CLDCs. In
Section 4, the first significant class of CLDC examples is investigated: bounded distributive
lattices. Section 5 examines the second key class of CLDCs: semi-additive categories. Two
new collapse theorems are presented, along with a construction that maps a CLDC to a
semi-additive category. Section 6 revisits the Kleisli category of the exception monad of a
distributive category and explores why it does not have a CLDC structure, despite still
being a well-defined LDC. Finally, Section 7 discusses two simple constructions that provide
further examples of CLDCs, products and fibrations.

Conventions. We outline here some of the notation used throughout the paper.

116



® Composition of morphisms in a category is denoted by the symbol ; and is written in
diagrammatic order. Objects in a category are denoted by capital letters, while the
morphisms are denoted by lowercase letters.

® Binary products are given by A x B, while binary coproducts are A + B. The terminal
object is 1 and the initial object is 0, pronounced top and bottom respectively. Binary
biproducts are represented by A U B, while a zero object is @), chosen not conflict with
the following notation.

® QOur linear logic notation aligns with the notation used by Cockett and Seely in [6], in
contrast to the symbols introduced by Girard [7]: multiplicative conjunction is repre-
sented by ®, known as tensor, with unit T, and multiplicative disjunction is @, known
as par, with unit L.

2 Preliminaries

Before introducing the main structure of interest, we need to provide some important back-
ground on LDCs. As the necessary background is spread out among these papers, we collect
in the following section all the definitions and results on LDCs required for this work.

2.1 Linearly Distributive Categories

Beyond their introduction in [10], the theory of LDCs was further developed in a subsequent
series articles by Cockett and Seely, sometimes alongside co-authors Blute and Trimble [13—
15].

Definition 2.1 [10, Sec 2.1] A linearly distributive category, or a LDC, (X,®, T,®, 1)
consists of:

e a category (X,;,14)
e o tensor monoidal structure (X,®,T)
— the tensor product and top unit functor

®: XxX—>X T:1-X
- the ®-associator, right @-unitor, and left ®-unitor natural isomorphisms

ag: (®@x1x);®= (lx x®);® agapc: (A®B)®C—A®(B®C)

UE 1= 10T b A ART

ué:lxéT(@lX uQL@A:A—>T®A
such that (X,@,T,Oz@,ug,ué) is a monoidal category,

e o par monoidal structure (X,®, 1)
— the par product and bottom unit functor

P: X xX =X 1:1-X
— the @-associator, right ®-unitor, and left ®-unitor natural isomorphisms

ag: (@x1x);®=> (xx®);® agapc:ADB®C)—= (AeB)oC

—1 —1

1,u§ ,UQL; ) is a monoidal category,

such that (X,®, L, ag™
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® left and right linear distributivity natural transformations
SBi@x 1)@= (1 x Q)@ ipo:(AeB)®C - A® (B®O),
Ei(lyx@)@= (®@x 1)@ §ipc:A®(BaC) = (A®B)&C,

satisfying coherence conditions between units and linear distributivities (1), associativities
and linear distributivities (2), and left and right linear distributivities (3).

L

L oL L
®A@B u®A@Bv(5T,A,B—U®A@1B

A® B TR(A® B R R R
( ) Ug AgBi0A,B,T = 1A B ugp )
\ iééA'B sL B —1aoul (1)
ug ,®lp AB,1LiU®agp — 1AW Usp
(Ted)on 5E,A,B§UQLBA®B :“eLaA®1B

AR A,B,Co

(A® B)® (C & D) ~25°A® (B® (C @ D))
i1A®5}LB,C,D
6ﬁ®B,C,D A ((B®C)® D)

L
i‘SA,B@)C,D

((A®B)®C)®D*>1(§®(B®C))®D

O‘®A,B,C€B
0i0n,0.03 (@@ .0 ®1D) = 0w a poapi (14 ®05.0.0); 04 Bac,D
(@@ a,B,c ®1D); §Ren.0p =85 Boc.p; (1A ® 0B c.p); QG A,B.CoD
A® A B,C, D} 5§,B,C®D = (523,0 ®1p); 5§,B®C,D; (la®agp.cp)

L L L
04,B,cap; 0@ agB,c,p = (la®asp o p)idi Bac,p: (04,8,c ® 1D)

(AeB)® (CeD)

R L

A® (B®(Ca D) (AeB)®C)e D
1A@6§YC,Di lﬁ,s,cﬂBlD
Aa((B®C)a D) (Ae(BeC)eD

YDA, BC,D
L R R L
0AeB,0,0; (04,B,c ®1p) =04 B,cep; (14 ®0B,0,D); @ A BoC,D

®3)

L R R L
(64,B,c ®1D);0agB,c,D = @@ 4 Bac,p} (14 ®0B,0,p); 04 B,coD

We are often interested in specifically modeling commutative multiplicative linear logic.
This is accomplished by considering symmetric LDCs.

Definition 2.2 [10, Sec 3] A linearly distributive category (X, ®, T,®, L) is symmetric, or
a SLDC, if
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e (X,®,T) is a symmetric monoidal category with ®-braiding

0 ® = switchy x; ® ooaptA®B > B®A
e (X,®, 1) is a symmetric monoidal category with ®-braiding

oa : B = switchy x; ® ogap: ADB—>BOA

such that the linear distributivities interact coherently with the braidings (4).

6R
(AeB)®C 25 A (B®C)

U®A®B,Ci TUEBB@C,A
C®(A®B) (BC)® A (4)
IC®U@A,Bi TU®C,B®1A

CeB®A)—(CoB)oA

C,B,A

Considering the above definition, we can suppress one of the linear distributivities and
simply define the other via (4).

There are also variants of multiplicative linear logic that need to be modelled categorically,
many of which are developed in [14], one of the most important of which is MLL with the
MIX rule A® B 4 A@® B, which is equivalent to the nullary MIX rule L 4 T in the presence
of the cut rule.

Definition 2.3 [1/4, Def 6.2] A linearly distributive category X is mix if there is a morphism
m: L — T such that

La@uk ! 1La®(m®1
Ao B—""0 Ae (e Bl 2" o (T e B)

“521®1Bl i(;i,T,B
Ao l)®B (AT)®B (5)
(1A€Bm)®13l i“g;ﬁ@lﬁ‘

AeT)®B——>A®(T®B)———> AaB

SA,T.B 1A@’U«é;

in which case there is a natural transformation mix4 gp: A® B — A ® B, known as mix
maps, defined by the equivalent composites above.

Lemma 2.4 [14, Lem 6.2] A linearly distributive category is miz if and only if (5) for any
one of the following cases: A= B =T, A=B=1,A=1and B=T, or A=T and
B=1.

There is a stronger version of the nullary MIX rule, which often holds in categorical
models: | -+ T. In this case, 1. 2 T and we call such LDCs isomix.
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Definition 2.5 [14, Def 6.5] A linearly distributive category is isomix if it is miz and
m: L — T is an isomorphism.

In fact, we do not need to check (5) if the two monoidal units are isomorphic.
Lemma 2.6 [14, Lem 6.6] A linearly distributive category where T = L is isomiz.
We can further consider the case where ® and @ monoidal structures are isomorphic.

Definition 2.7 [16, Sec 2.3] A linearly distributive category is compact if it is isomiz and
the miz maps mixy p: A® B — A® B are isomorphisms.

The first categorical semantics for linear logic were demonstrated by Seely [9] to be
x-autonomous categories, previously introduced by Barr [8]. Unlike LDCs, *-autonomous
categories make multiplicative conjunctions and negation primitive, defining multiplicative
disjunction by de Morgan dual. LDCs offer multiple advantages over x-autonomous cate-
gories, as will be discussed in Section 3, however it is still essential to be able to consider
models with negation and recover the notion of x-autonomous categories.

Before introducing negation, we take a slight detour and talk about complemented objects.

Definition 2.8 [15, Def A.5] Consider a linearly distributive category X. The objects A, A°
in X form a complementation pair if there are morphisms

v A® A — L T: T A9A
such that
A 1 A A° Lae A
) [, A s,
A®T 1®A T® A A L (6)
1A®Tl Tv@u T®1Acl TlAc@w
AR(A°@DA) —— (A A9 @A (A0 A) @A ——— A8 (A® A°)
A ac,a Ac,a,ac

The pair is denoted by (A, A, ~v,7). A is said to be the left complement and A° is the right
complement.

Lemma 2.9 [10, Lem 4.4] Let (A, A°,~,T) be a complementation pair in a linearly distribu-
tive category X, then there an adjunction A® — 4 A°@® —, in other words there is a bijection
between the hom-sets X(A® B,C) 2 X(B,A° @ C).

Proof Consider a morphism f: A® B — C in X, then define a morphism B — A° & C by

R

T®lp A€, A,B

R s .
Bl ToB (A°® A) @ B A°@ (AeB) 2%, acq 0
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Consider a morphism g : B — A° @ C, then define a morphism A ® B — C by

L
6A,AC,C'

A®B 1% Ag(A°a )

=

R
Ao A% ec 29 1 g0 220 ¢

These constructions are inverses of one another, giving the desired bijection, by the

following commuting diagrams.

1 1
A® (T ®B) A(rels) A® (A°® A) @ B)
(nat)
1A@7)®1 .
La®uf , (mon) (A®T)®BM(A®(A‘@A))®B 1a®0%e 4
B o
V ® léﬁ,m,mla ®
oL 'l 1 1
AeB 22" o) e dPO (Ug e A)e B A® (A°® (A® B))
(1)
f . léf’A’B (nat) lﬂmc/ 14®(1ac®f)
Us a0 B 04, Ac, A0 B
C (nat) L@ (A®B) (AR A°)® (A® B)  (nat) A (A8 C)
YPlagn
uéc % (exch) m\ 0% ac o
1 A® A°
oC B (A A% C
Ton S RLL
®1ac c
”QLBB N; (exch) y 6§¢,A,B
¢ T®lacge ¢ ¢ ¢
B mat) T®(A°®C) (A°BA)@(A°BC)  (nat) A (A® D)
ul . oF,
! % ié%AC,c (nat) éflcﬁsA.AC,C AL a0e0 1ac®(1a®g)
TR1 Ac)P1
Aec s (TeA)ec % (uen ) g A e 0 ACD (A (A°@ C))

(6)

uf . Olo
“flf;Ac ®lc

iéﬁc,A,ACeBlC (3)

lac@uf, (mon) (A°@® 1)@ C<——— (A°@ (AR A)) & C
(lac®y)®lc
B ac, 1 ,C XD Ac agAc,C
A (L 0O)

1ac®(v®1c)

Proposition 2.10 [15, Prop A.7] In any linearly distributive category, (L, T,ug;

—1
T J_,ugL : L ®T — L) forms a complementation pair.

Proof This follows from the following commuting diagrams.

I = 1
ugll (nat) Tuen
1eT . lel
et T e
(1)

leo(Tol)———LeT)al

4,T,L

14c®3E je o

A® (A A% 9 0)

O

1:—I—%

T T T
u@ri (nat) TugT
TOT L Tol
e T e
(1)

(Tel)egT——Ta(LeT)

T,L1,T
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O

The left complement of an object is essentially the “left negation” of said object and
similarly for the right complement. Therefore, a LDC having negation means all objects have
negations a in coherent manner.

Definition 2.11 [10, Def 4.1, 4.3] A symmetric linearly distributive category has negation
if there is an object function (f)L, together with the following parametrized family of maps

7§:A®AJ‘—>L Tf:T—)A@J‘A
which additionally induce the following families,

o R B o
Vi =Aatea A A At 24, | h=T A A At 20 Al ga

such (A, A{’yf, Tf{) and (AL, A,'yf‘,Tf) form a complementation pairs.

Example 2.12 Let us list three important class of examples of LDCs, as presented in [10].

1. Every monoidal category (X,@,I) can be viewed as a LDC, when taking the tensor
and par structures to be equal to the original monoidal structure, i.e. @ = ® = @ and
T = 1L = 1. In this case, the linear distributivities are just @-associators. These LDCs
(X,0,1,2,1I) are known as degenerate.

2. Every x-autonomous category (X,@,1,%) is a LDC, with the tensor structure given by
the original monoidal structure and the par structure given by the de Morgan dual, i.e.
A®B = (B*0A")* and L = I*. Some notable examples of x-autonomous categories
include the category of finite-dimensional vector spaces, the category of sup-lattices, the
category of coherence spaces and the category of finiteness spaces. These symmetric
LDCs are precisely the ones with negation.

Theorem 2.13 [10, Thm 4.5] The notions of symmetric linearly distributive categories
with negation and *-autonomous categories coincide.

3. Cockett and Seely introduced a class of ezamples known as shifted tensor LDCs. These
are the categorical analogue of shift monoids and are defined as follows.

Definition 2.14 [10, Sec 5.2] Consider a monoidal category (X,®,T). An object
1 € X is said to have a tensor inverse if there is an object 11 equipped with two
isomorphisms

sfilel™Tt T SilTlel T
satisfying

A® | —1 1,11

Ll'el)el! 1o Lol
5R®1L,1¢ ¢1L,1®5L
Tel ! 1lgT (M)
Suppose there is an object 1 € X with a tensor inverse, then define a monoidal product
by A® B=A® (L' ® B), known as the L-shifted tensor.
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Proposition 2.15 [6, Prop 5.3, 5.4] Consider a monoidal category (X,®,T) with an
object L € X with a tensor inverse, then (X,®, T,®, L), where ® is the L-shifted tensor,
is a linearly distributive category with invertible linear distributivities. Moreover, every
linearly distributive categories with invertible linear distributivities has a tensor inverse
for L whose shift tensor product is naturally equivalent to the par product.

2.2 Linear Functors

Cockett and Seely further developed the appropriate notion of morphisms between LDCs.
The definition was determined in order to capture the notion of a monoidal functor between
x-autonomous categories, the pair of exponentials, bang ! and why not ?, and the additive
connectives of linear logic.

Definition 2.16 [15, Def 1] Let X and Y be linearly distributive categories.

e A bilax linear functor F = (Fg, Fg) : X = Y consists of:
— a lax monoidal functor (Fg,mT,mg) : (X,®,T) = (Y,®,T), equipped with
*x a morphism mT : T — Fg(T),
x a natural transformation

g (FoxFg);®=®;Fg mea p: Fo(A)®Fg(B) — Fg(A®B)
- a colaz monoidal functor (Fg,n,) ,ng): (X,®, L) = (Y,®, L), equipped with
*x a morphismn, : Fg(Ll) — L,
x a natural transformation
ng : ®; Fg = (Fp X Fg); ® neap: Fo(A®B) —» Fg(A) & Fo(B)
— four natural transformations, known as linear strengths,
vgzﬂa;F®:>(F@><F®)§EB ngyB:F(g(A@B)HF@( ) ® Fg(B)
g : @ Fg = (Fp x Fp);®  vgap: Fe(A® B) = Fg(A) & Fa(B)
R R
vg : (Fig x Fg);®@ = @ Fg v g p: Fo(A) @ Fg(B) —» Fg(A® B)
L
vkt (Fp x F);® = @ Fy vk, p: Fa(A)® Fg(B) — Fa(A® B)
subject to various coherence conditions detailed in [15].

o [f X and Y are symmetric linearly distributive categories, then a bilax linear functor
F = (Fg, Fg) is symmetric if
- Fg: (X,®,T) = (Y,®,T) is a symmetric lax monoidal functor,
- Fg: (X,®,1) = (Y,®,1) is a symmetric colax monoidal functor, and
— the linear strengths interact coherently with the braidings (8)

10
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ng,B
Fg(A® B) —— Fg(A) © Fg(B)
F®(’Y€BA,B)\L iV@F@m),F@(B)

F®(B @B) - F®(B) @FGB(A)

Y®B,a

UR

Da,
Fg(A) ® Fg(B) —" Fe(A® B)
7®F®(A>,F@(B)l lFea(mA,B)

Fe(B) ® Fg(A) ——> Fa(B® A)

Y6B,a

Definition 2.17 A linear functor F = (Fg,Fg): X — Y is a bilax linear functor such
that

* Fg: (X,®,T) = (Y,®,T) is a monoidal functor, and
e Fp: (X,®,1) —

—~

Y,®, L) is a monoidal functor.

We shall also be interested in restricting our attention to linear functors whose component
functors are in fact equal, as in many cases, the morphisms in a standard category consist
of one function or functor, and not a pair of interacting functions or functors. These were
first defined by [17] and called degenerate linear functors. They were renamed Frobenius
linear functors by [16] as they generalize Frobenius monoidal functors. We shall use the latter
terminology.

Definition 2.18 [16, Def 8.1] Consider linearly distributive categories (X,®,T,®, L) and
(Y, ®,T,®,1), a bilax linear functor F = (Fg, Fg) : X = Y is Frobenius if

1. Fg = Fyg,
R L
2. Vg p =Voap=Noa B and
R L
3. Yoap =Veap="™MRAB-
Given the degeneracy, we can give an alternative characterization of such linear functors.
Proposition 2.19 [16, Lem 3.2] Consider linearly distributive categories (X, ®,T,®, L) and
(Y,®, T,®, L), then the following notions coincide:

e bilax Frobenius linear functors F = (Fg, Fg) : X =Y, and
® ®-laz and ®-colaz functors (F,mg,mT,ng,n1): X = Y satisfying (9)

11
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Mm@ A, BoC F(ﬁﬁ,B,C)

FA ) F(Bp(C) ———— = F(A® (B (C)) ——= F((A® B)a ()

1F(A)®n@B,C\L \Ln@A®B,O
F(A)® (F(B)® F(C;)) — (F(A)® F(B))® F(C) —= F(A® B)® F(C)
F(A),F(B),F(C) mea,5®lrc)
. (9)
M@ AapB,C F(é4,B,c)

FA®B)Q F(C) ——— = F((A®B)®(C) ——— = F(A® (B® ()
ng 4 p®lrc) \Ln@A,B®C

(F(A)® F(B)) ® F(g) — F(A) @ (F(B)® F((li)) —>F(A) @ F(B® ()
F(A),F(B),F(C) F(A)OMgp o

If the LDCs are mix, the definition of Frobenius linear functors can be slightly extended
to guarantee that they preserve the mix maps.

Definition 2.20 [16, Def 3.4] Consider mix linearly distributive categories (X,®,T,®, L)
and (Y, ®, T,®, L), then a bilax Frobenius linear functor F = (F,F) : X — Y is mix if the
following diagram commutes.

F(L) s

mml
(T

i
im (10)
F T

) <—
mT

Proposition 2.21 [16, Lem 8.5] A miz bilax Frobenius linear functor F = (F,F): X —
Y preserves the miz maps of the mix linearly distributive categories (X,®,T,®, L) and
(Y, ®, T,®,L1), i.e. the following diagram commutes.

miXp(4),F(B)

F(A)® F(B)—= F(A)® F(B)

M@ A, B \L T oA, B

F(A® B) —— F(A® B)

F(mixa, B)

3 Cartesian Linearly Distributive Categories

We start by briefly outlining the standard structure of cartesian and cocartesian monoidal
categories to establish the terminology used throughout this paper.

A cartesian category is a category with finite categorical products and a cocartesian
category is a category with finite categorical coproducts, where binary products, termi-
nal objects, binary coproducts and initial objects, with the corresponding unique maps, are

12
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denoted by
LO Ll

A A2 A4 B2 B 0

I | I

[h,k]
%) \ tA“V x V‘/ / bA“V
1 C A

A<—A><B4>

A cartesian category X canonically becomes a symmetric monoidal category (X, X, 1) whose
monoidal product is the categorical product of X and monoidal unit is the terminal object
of X, i.e.

X (X,Y) = X xY, (1 XX ,0: Y 5Y) o fxg=(rkyifimxyi9)
with isomorphisms
axy,z = (Tkxy.zi Xy, Txy X 12) : (X XY)x Z = X x (Y x Z)
px = (Ix,tx): X > X x1
Ax = (tx,1x): X »21x X

0'X7y—<7'rxy,7rxy> XXY—->YxX

Similarly, a cocartesian category X canonically becomes a symmetric monoidal category
(X, +,0) whose monoidal product is the categorical coproduct of X and monoidal unit is the
initial object, i.e.

X Y) X+Y, (X=X g Y oY) e frg=fi1%yn0tky]
with isomorphisms
axy,z = [Lg(,yébgwy,z»ﬁ(,y +1z]: X+ (Y +2) = (X+Y)+Z
px = [lx,bx]: X +0 = X
Ax = [bx,1x]: 0+ X — X
oxXy = [LYX,LYX] X+Y Y+ X

Remark 3.1 For improved readability, we introduce the following notation for the “canonical
flip” induced by the symmetry of cartesian and cocartesian structures:

0 0 1
TWXYZ_<7TWXX7TYZ77TWXX7TYZ> (WXX) (YXZ)%(WXY)X(XXZ)

TWXY.Z = [y + Xz, vy + izl (W+X)+ (Y +2) = (W+Y)+ (X + 2)
We can now introduce the main definition of interest:

Definition 3.2 [10, Sec 2]/ A cartesian linearly distributive category, or a CLDC, X
is a symmetric linearly distributive category whose tensor structure is the categorical product
X in X, with the terminal object 1 in X, and the par structure is the categorical coproduct +
in X, with the initial object 0 in X.

13
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It is a straightforward concept, but we shall see that, in the presence of finite products
and coproducts, linear distributivity gives rise to a highly peculiar form of distributivity,
leading to surprisingly strong properties and results. We refrain from giving examples at
this stage as that will be a key topic discussed in Sections 4, 5 and 7.

We begin by presenting a useful result concerning the interaction between the left
distributivity, and certain projections and injections.

Lemma 3.3 In any cartesian linearly distributive category, the following equations hold.

L 1 1 0 L 0
04, B,ci(maB+1c) =74 ByC (14 xtB,c);04,B,c =tAxB,C (11)

R 0 0 1 R 1
daB,c;(la+7pc)=TarBC (ta,B X 1¢);04 B,c = tA,BxC

Proof The first equation follows from the tensor cartesian structure as

“1
85 poi(mhp+1c) =05 p.oi(ta x 1g) +1¢); (uk 5 +1¢) by definition of 7'

-1
= (ta X 1pyo); 51L,B,C§ (uiB +1¢) by naturality of st
L —1
= (ta X 1pyo)iuxpyc by (1)
= 7",14.B+C by definition of l
The second equation follows similarly by the par cocartesian structure. g

The appropriate definition of cartesian linear functors mirrors the definition of cartesian
functors. We shall also be particularly interested in restricting our attention to Frobenius
cartesian linear functors.

Proposition 3.4 There is a category of cartesian linearly distributive categories and linear
functors, known as cartesian linear functors, denoted by CLDC. There is a subcategory of
cartesian linearly distributive categories and Frobenius cartesian linear functors, denoted by
FCLDC.

3.1 Subterminal Initial and Preinitial Terminal

Objects may not be strictly terminal or initial, but may still exhibit a key characteristic of
such objects. These are known as subterminal and preinitial objects, defined as follows.

Definition 3.5 [1, Sec 3] A preinitial object is an object with at most one map to each
given object.

Lemma 3.6 [1, Lem 3.2] In a category with binary coproducts, the following are equivalent:
(i) A is preinitial,
(i) Va=1[1a,1a]: A+ A — A is an isomorphism,

(iii) ya=1ha: A A+ A

14
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Dually:

Definition 3.7 A subterminal object is an object with at most one map from each given
object.

Lemma 3.8 In a category with binary products, the following are equivalent:
(i) A is subterminal,

(1) Ap=(1a,14): A— AX A is an isomorphism,

(iii) Ty 4 =mh ot Ax A= A

Proof (i) = (#ii): by uniqueness of maps A X A — A, 7'('91714 = 7r1147A.

(#12) = (i): Suppose there are two maps f,g: B — A, then
0 0 1 0

J=Anma 4 f =84 (f Xg)imaa=84(fxXg)imaa=A47T44;9=3
(id) = (iii): Aq;mY 4 =14 and Ayg;mly 4 =14, thus 79 4 = A =7} 4.
(313) = (29): AA;W%,A =14 and 71'%7A;AA =1laxa as

0 ALl =0 1. = O 0 AL erl =0 1. =l

TAAAATAA=TAA1lA=TAA TAA DA TAA=TAA;1la=T44.
O

The first key result that exemplifies the uniqueness of CLDCs is that the initial object
is always subterminal and the terminal object is always preinitial. Of course, this is not the
case for most categories with finite products and coproducts, giving us the first indication
that examples of CLDCs may be few and far between.

Proposition 3.9 The initial object 0 is subterminal and the terminal object 1 is preinitial
in any cartesian linearly distributive category X.

Proof By Proposition 2.10, 0 and 1 form a complementation pair.

By Lemma 2.9, there is therefore a bijection between the hom-sets X(0 x 0,0) =
X(0,1 4+ 0). As 0 is the initial object of X, the latter hom-sets must be singletons. Consider
the projections 7r870 and 7T(1),0. They must be equal as they both belong to X(0 x 0,0). By
Lemma 3.8, 0 is subterminal.

Similarly, by 2.9, X(1,1® 1) 2 X(0 ® 1,1) and they are singleton sets as 1 is terminal.
Therefore, Lg’l = Lil as they both below to the first hom-set. By Lemma 3.6, 1 is preinitial.
0

Remark 3.10 The above argument clearly applies to more than just CLDCs. Given any
LDC, if 0 is initial, it is also subterminal and dually, if 1 is terminal, it is preinitial.

15
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As 0 is subterminal and 1 is preinitial, we can give a description of objects of the form
Ax0and A+ 1:

Lemma 3.11 Consider an object A in a cartesian linearly distributive category, then
e A= A X0 if and only if there exists a map A — 0, and
e A~ A+ 1 if and only if there exists a map 1 — A.

1
s
Proof Suppose A= A x 0, then A= A x0 2% 0. Suppose there exists a map a: A — 0,
then 7&70 :AXx0— Aand (14,a): A— A X 0 are inverses as

0
(1a,a);m40=14
0 0 0 0
mA,05(la,0);TA0 =TA0i1a =70
0 .1 o0 1
TA,05(14,0);TA 0 =TA0;0="TA0

as there is a unique map A x 0 — 0 since 0 is subterminal.

Similarly, if A+ 1 = A or if there is a map 1 — A. a

3.2 Mix Structure

It was first proved in [14] that a CLDC is mix. The proof proceeds by considering the
subcategory of all complemented objects, known as the nucleus, of a symmetric LDC and
proving that is a x-autonomous category, or more precisely a symmetric LDC with negation.
Moreover, it was shown that a LDC is mix if and only if its nucleus is mix.

Then, considering a SLDC whose tensor is cartesian results in a cartesian x-autonomous
category, and therefore a Boolean algebra by Joyal’s paradox. A Boolean algebra is a mix

LDC as all diagrams commute. Thus, a symmetric LDC whose tensor is cartesian is mix.

We give here an alternative streamlined version of their proof, which utilizes the core of
the idea put forth by Cockett and Seely.

Proposition 3.12 [1/, Rem 5.4] A cartesian linearly distributive category is miz with m =
by =tp:0—1.

Proof By Lemma 2.4, it suffices to prove (5) for 0 x 0 — 0+ 0, which holds by the following
commuting diagram.
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loXutg ' lox (m+1
0x0—"""° o 0x(0+0) ox(mitlo) 0x (1+0)
loxul
u+61><10 10><u+0 (nat) ° t1 (1) 55’11,0
Uy X1 1
(0+0)X0#>0X0 oxm OX1T>(OXO)+O
0 “+ox1
(nat) mxlo 00 ull 1 (nat)
7"(1J,0
(lo+m)xlo 1x0———>0 ufly'+1o
uilxlo -1 uXO u+51
(1) U{ivo (nat)
(O+1)><OR4>O+(1><O) - 0+0
%0.1,0 1o+uf<0

O

Therefore, for all pairs of objects A, B in a CLDC, there exists a mix map from their
product to their coproduct:
mixyp: AxB—+ A+ B

Note that cartesian Frobenius linear functors preserver the mix maps as:

Lemma 3.13 A cartesian Frobenius linear functor is a mix Frobenius linear functor.

Proof Note that ng and mj are invertible as the cartesian linear functor is strong. Then, as
0 is initial (or 1 is terminal), we get m = nal; F(m); ml_l, meaning (10) holds. O

With the existence of mix maps, we can give an alternative characterization of preinitial
and subterminal objects in a CLDC.

Lemma 3.14 Consider an object A in a cartesian linearly distributive category, then
e A is preinitial if and only if the following equations hold.
Ag;mixg A3 Ve =14 Va;Aq;mixg a=1a44
e A is subterminal if and only if the following equations hold.

Ag;mixg 43 Ve =1y mixg A;Va; 84 =1ax4

Proof Suppose that A is preinitial, then A 4;m 4 4;V 4 = 14 by uniqueness of arrows from
A. Now, by Lemma 3.6, V;ll exists, so

. . -1 -1
Va;Aaimixg g =Va;A4mixa a5Va; Ve =Vas1a;Vy =1a4a

Suppose Ag;mixg 4;Va = 14 and V54 45mixgy 4 1a44, then V4 is an isomor-
phism with inverse A 4;mixg 4 : A — A+ A. By Lemma 3.6, A is preinitial.

Similarly if A is instead subterminal. O
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We can give an even further characterization about such objects in relation to the mix
maps.

Lemma 3.15 Consider an object A in a cartesian linearly distributive category, then A is
preinitial (or subterminal) if and only if the following diagram commutes.

Ax A aa hia (12)

Proof Suppose A is preinitial, then the following diagrams commute

—1

1A><u 14 %x(m4+1 A)

Ax A2 Ax O0+A) — 1+A

(preinit) 5A1A
11

- @ty o Ax1——— D ax1)+a
LA><1A

(nat) \Lu‘EAl—&-lA
R—1
A Sxa - A+ A
La,A
R71 ( aA+m )>< A
A><A—> (A+0) A+1

taxXla LA 1 X1a

(preinit) (5A 1.A
11)

o4 (def) IXA———> ( 1><A
LA 1xA

(nat) uwl~ 1+1A
uE 7t A
A X4 - A+ A
ta,A

and the upper composites are two equivalent definitions of mix4 4.

Similarly, suppose A is subterminal, then the following diagrams commute

R-1 R
u+A XlA 6A,0,A
AXA——> (A+0)xA——> A+ (0 x A)

(11)
W%+0Ai llA-F(leA)
1a+7g 4

(nat) A+0 subterm) A + 1 X A

R—1
uy la+ba
/ (def) \ 1A +ul A

A+ A
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1 L
1AXU+A (SA

AxA— Ax(0+A4) —22s (Ax0)+A

(11)
Tr/14+0'Al/ l(lem)+1A
7TA 0+1A

(nat 0+ A (subterm) (A x 1 )+ A
A + A

and the upper composites are two other equivalent definitions of m4 4 (by naturality of the
linear distributivities).

Suppose (12) holds. Then,
Apsmixyg 43 Vg = AA§7T347A§LZ47A§ Va=1a4;1a=14
and V4; A 5mixg 4 = 1444 as
0 . 0 0 .0 0 0
LA, A VA Aasmixa A =tA A3V A 8478 a5 ta,4 =1a514504.4 =144
1 . 1 1 1
1A, A VA AAmixa 4 =14 A5 VAT AATA A LA A
Thus, A is preinitial. Similarly, mixg 4;V4;A4 = 1444 as
ex T Al 0 0 T A O =0 1] a — O
MIXA A} VAT QAT TAA=TAALAA VAT RATTAA=TAALATILA=TA A
. 1 1 1 1 1 1
mixa 4;VA; A4 Ta A =Ta 4504, 4 VA DA TAA=TAA14;1a =744
O

Of course, since being preinitial and being subterminal are equivalent to the same
condition in the above lemma, we can conclude that:

Proposition 3.16 An object in a cartesian linearly distributive category is preinitial if and
only if it is subterminal.

3.3 Duoidal Structure

As discussed at the start of Section 3, duoidal categories are another important type of
category with two monoidal structures:

Definition 3.17 [4, Def 6.1] A duoidal category (X,o,I,%,J) is category X with two
monoidal structures
(X,0,1, a0, po, Ao) and (X, %, J, o, px, Ax) equipped with morphisms

Ap: I —>1Tx1 puyJod—J vl —J
and an interchange natural transformation
C:(xx%);0= sxx,x,2;(0x0);x CaBo,D: (AxB)o(CxD)— (AoC)*(BoD)
such that
e (J,Vj,1) is a o-monoid,

e (I,Ar,1) is a x-comonoid,
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e interchange maps interact coherently with associativities (13) and with unitors (14).

@0 A+B,C+D,ExF; (14xB ©(C,D,E,F); CA,B,CoE,DoF
= (¢a,B,0,D © 1E+F); Ca0C,BoD,E,F; (0 A,C,E * % B.D,F)

(13)
CAxB,cD+E,F; (CA,B,D.E * 1CoF); Q% AoD,BoE,CoF
= (axa,B,c ©0xD,E,F); CA.B«C,D,ExF; (LAoD *CB.C.E,F)
XoaxB; (A10144B);CI.1,A,B = Ao *AoB
(Aa©AB)iCrA,0,8; (7 * 140B) = s AoB (14)

poax; (LaxB © A1);CA,B,I,T = Poa * Pop
(pxa©pxB);Ca, 0B, J; (LaoB * 1) = Px AoB

Now, duoidal structures arise canonically whenever monoidal categories have finite prod-
ucts or finite coproducts. Therefore, every category which is both cartesian and cocartesian
is a duoidal category, as detailed in Example 6.19 of [4]. So, in particular:

Proposition 3.18 A cartesian linearly distributive category (X, x,1,4,0) is a duoidal
category, with structure maps

Ao =boxo ={lo,10): 0 —>0x0 Vi=tit1=1[11,11]:14+1—>1
m=tg=5b1:0—1
and interchange natural transformation
0 0 1 1 0 0 1 1
BA,B,C,D ={TAB+TC.D>Ta B +7C,D) = LA, X LB,D>LA,C X LB, D]
:(AxB)+(CxD)— (A+C)x (B+ D)

These interchange maps interact coherently with the symmetry of 4+ and X, and with the
linear distributivities central to the definition of a CLDC.

Proposition 3.19 The following diagrams hold in any cartesian linearly distributive
category:

HA,B,C,D

(AxB)4+(CxD)——=(A+C)x (B+ D)
oxa,Btoxcp \L \L IX A4+C,B+D

(BxA)4+(CxD)——=(B+D)x(A+C)

KB,A,D,C

(15)

HA,B,C,D

(AXxB)4+(CxD)——= (A+C)x (B+ D)
9+ AxB,CxD \L \L Ot a.cX0+p D

(Cx D)+ (Ax B)——= (C+ A) x (D + B)

KC,D,A,B
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6L
X,AxB,CxD

X X ((Ax B)+ (C x D)) — (X x (Ax B))+ (C x D)

~

1xXpa,B,c,Dp

R

-1
l axx 4 ptloxp

X X ((A+C) x (B+ D)) (X x A) x B)+ (C x D)

-1
AX X A+C,B+D

S

\L KX xA,B,C,D

(X x (A+C)) x (B+ D) —= ((X x A) + C) x (B + D)

L
0%, 4,c%1B4+D

—1 L
(Ix X pa,B,0,D)i ¥x X, A+c,B4+Ds 0X,4,c X 1B4D)

L —1
=0X,AxB,cxDi (@x x4 5 T 1loxD)i X xA,B,C,D

L
(laxB +0¢,D,x)i % axB,cxD,xi (BA,B,C,D + 1x)
L
= pa,B,0,p+x; (larc X atpg p x)i0A10,B+D,x 16)
R
(ra,B,o,p X 1x);ax arc pp,xi (la+c X 0B, D x)
R
=0axB,oxD,x;(LaxB + axc p x)i HA,B,C,Dx X
R —1
(6X,4,B +1loxp)i ot x axp.oxpi (1x +1a,B.C,D)

-1 R
= 1x+4,B,0,0; (04 x 4.0 X 1B+D);6X A+C,B+D

Proof The diagrams in (15) holds by the universal properties of products and the “cartesian”
definition of ua g c,p in Proposition 3.18:

(ox A,B T Ox C,D)§ KUB,A,D,C
_ 0 0 1 1
=(oxap+0xcp)i{Ta,B+7C,D,7TA,B+TC,D)
_ .0 .0 o1 1
=(0xA,BTA,B T OxC,DiTC,D:0x A,BITA,B + 0xC, D TC,D)
1 1 0 0
={(ma,B +7C,D;TAB +TC,D)
1 0
= (1A,B,C,D} TA+C,B+Ds 1A, B,C,Di TA+C,B+D)
1 0
= pA,B,C,D; (TA+C,B+D+ TA+C,B+D)

= MA,B,C,D;0x A+C,B+D

BA,B,c,D; (0+4,c X 0+ p)

= 1A,B,C.D;} (TALC,B+D} 0+ 4.0 TALC, B4+ D 0+B.D)

= <HA,B,C,D§ 7TOA+C,B+D§ 0+4+4A,c»MA,B,C,D; 77114+C,B+D§ 0+B,D>
= ((r%p +7&,p); 04 a0 (Th s +7E,0)i04 5 D)

0 0 1 1
= (04 axB,cxD} (TC,D + TA,B): O+ axB,cx D} (TC,D + TA,B))
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0 0 1 1
=04+ axB,cxDi (TC,D + TA,B:TC,D + TA,B)
=0+ AxB,CxD>MC,D,A,B

Alternatively, the above diagrams can be proven using the universal properties of
coproducts and the “cocartesian” definition of u4 g c,p in Proposition 3.18.

The first diagram in (16) holds by tensor cartesian structure:
L —1
0x,axB,0xD; (%" x 4 p+1CxD)i kX xA,B,C,D
_ (st o 1 0 0 sL )
= (6x,axB,cxD; (%" x 4 g+ 1oxD); (Ta,B +7C,D), 0X, Ax B,Cx D

—1

1 1
(a>< X,A,B +1cxp); (ﬂ'A,B + WC,D))

_a 0 5L 1 . 1
= (1x X pA,B,C,D}TA+C,B+D);0X,A,C+ TX (Ax B)+(Cx D)s HA,B,C,D} TA+C,B+D)
1 0 L 1 1 -
= (1x X p1a,B,0,0;TA+C,B+D); 90X, 4,0 (1x X 1A, B,C,D); TX (A+C)x (B+D)i TA+C,B+D)
0 L 1 1
= (1x x pa,B,c,0)i (1x X TA10,B+D);0X A0 TX (A+C)x (B+D)i TA+C,B+D)
1 Al L .. 0 ,5L
x X ,LLA,B,C,D)v <a>< X,A+C,B+D’7TX><(A+C)7B+D’ X,A,C»
-1 1

Qx X,A+C,B+D’7TX><(A+C)aB+D>
_ 1 - (0 5L 1
= (Ix X pA,B,c,D); %" x a4 0.5+ D (TX % (A+C),B+D OX,4,05 TX x (A+C),B+D)

—1 L
= (Ix X pa,B,c,D); ¥ x ayc.pypi 0X,a,c +1B4D)
The second diagram in (16) holds by par cocartesian structure:
(1 .5L

pa,B,c,p+x;(layc X atp p x)i0A+0,B+D,X

0 0 L 1 1
=[(ta,c X tB,p+x); (larc X a4 g p x)i0A+c,B+D, x> (tA,c X LB, D4+ X);

L
(latc X atp p x)idA+c,B+D,x)]

0 0 N1 0 sk 1 1 L)) ok
= [(ta,c xtB,D); larc X tB4+p,x);04A+c,B+D, X, (ta,c X (tB,p +1x));04+C,B+D,Xx)]

0 0 0 L 1 1
= [(ta,c X tB,D)it(A+C)x(B+D),x+0C, D, x5 ((ta,c X D)+ 1x)]
1.0 3 .0 5L 1 . 1
= [LAxB,0xDiHA,B.C,D} L{A+C)x (B4 D), X+ 9C, DX (LAx B,ox Di HA,B,C,D + 1x)]

0 0 L 1
= [LAxB,OxDit(Ax B)+(Cx D), X 9C,D,x5 (taxB,cxD + 1x)|i (4, B,0,D + 1x)

0 L 1 . .
= [tAxC,(CxD)+x>0C,D, X3t Ax B,(CxD)+x)i O+ axB,cx D, x5 (BA,B,c,D + 1x)

L
= (laxB +0¢,0,x); % axB,cxD,x; (BAa,B,C,D + 1x)

The last two coherence conditions involving the right distributivities can be obtained
similarly. g

The interchange maps should feel vaguely familiar as they resemble the canonical flips
induced by the x and + braidings, introduced in Remark 3.1. In fact, the notion of a duoidal
category and the interchange law appeared for the first time when studying braided categories
and the canonical flip [5]. In the context of CLDCs, we have mix maps from A x B to A+ B,
allowing us to see that the interchange maps is essentially the canonical flip with mix maps.
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Proposition 3.20 Given a cartesian linearly distributive category, the following diagram
commutes

HA,B,C,D

(AxB)4+(CxD)——= (A+C)x (B+ D)

mix 4, p+mixc, p l l miXa4c,B+D
(A+B)+(C+D)——=(A+C)+ (B+ D)
Tj‘;,B,C,D
T:,B,C,D
AXx B)x (CxD)y—=(AxC)x (BxD)

miXAxB,0xD l \L mixa,c Xmixgx p

(AxB)+(CxD)——=(A+C) x (B+ D)

HA,B,C,D

Proof The proof that the first diagram commutes follows fairly easily by the naturality of
the mix maps, and the definitions of the interchange maps and the canonical flips:

HA,B,C,D; MIXA{C B+D
0 0 . 1 1 .

= [(tA,c X tB,p)imiXAy0,B+D; (ta,c X tB,p); MiXA4C,B4+D]
. 0 0 . 0 0

= [mix 4 B;(tA,c +tp,p) mixc p; (ta,c + tB,D)]

N . .0 o+ . 1 .t
= [leA,B,LA+B’C+D,TA7B7C7D7leC,DvLA+B,C’+D»TA,B,C,D}

0 e gt

= [mixa,B;ta+B,0+ D> MIXC, D3 LA+ B,C+DI TA, B,C,D
. . L+

= (mix 4, p + mixc,p); T4 g oD

The second diagram commutes similarly. O

Within the field of logic, the interchange law is known as the medial rule and appears
prominently in the study of local logical systems within deep inference, as developed by
Guglielmi. The medial rule has also appeared in categorical logic, notably in the work of
the first author. Propositions 3.18 and 3.19 in fact imply that every CLDC is a symmetric
medial linearly distributive category (SMLDC). For a detailed look at the interaction between
medial maps and linear distributivities, and a linearly distributive version of the Fox theorem,
characterizing CLDCs as particular SMLDCs, see [11].

Remark 3.21 Given that duoidal structure arises canonically when finite products exist, any
LDC with a cartesian tensor structure is a duoidal category. Moreover, both (15) and the first
diagram in (16) hold in such an LDC, as their proofs rely solely on the universal properties
of products. Similarly, any LDC whose par structure is cocartesian is also a duoidal category,
with (15) and the second diagram in (16) holding, since they can be established purely through
the universal properties of coproducts.
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4 Bounded Distributive Lattices

We now present the first key class of examples of cartesian LDCS: bounded distributive
lattices.

By which we mean, the lattice B has a top element 1 and a bottom element 0, and the
join V and the meet A distribute over one another:

aN(dVe)=(anb)V(anc) Ya,b,c € B

Definition 4.1 [18, Sec 1.1.] Consider bounded distributive lattices (B,A\,1,V,0) and
(L,A,1,V,0). A lattice homomorphism f: (B,A,1,V,0) — (L,A,1,V,0) is a function
f: B — L such that

flanb) = fla) A f(b) fay=1
flavb) = f(a)V f(b) f(0)=o0
Let BDL denote the category of bounded distributive lattices and lattice homomorphisms.

Such lattices are examples of CLDCs:

Example 4.2 FEvery bounded distributive lattice L with bottom element 0, top element 1,
binary meets A, and binary joins V is a posetal CLDC (L, A, 1,V, 0) with linear distributivities
given by

§8Bc: (AVB)AC=(ANC)V(BAC) <AV (BAC)
5B AN(BVC)=(AAB)V(ANC) < (AAB)VC

In this case, the linear distributivity coherence conditions hold trivially as there is at most
one morphism between two objects.

4.1 Collapse to Posets

There are two well-known theorems describing how certain CLDCs collapse to posets: Joyal’s
paradox and “orthogonality of linear distributivity and standard distributivity”. We will
take the time to detail these results here, even though they are not new, as they are integral
to our understanding of CLDCs.

Before, we give a quick lemmas about posetal (or thin) CLDCs.

Lemma 4.3 A (small) cartesian linearly distributive category is posetal if and only if it is a
bounded distributive lattice.

Proof A bounded distributive lattice (£,A,1,V,0) is a CLDC by 5.8 and of course it is
posetal. Now given, a posetal CLDC, the only axiom of bounded distributive lattices which
is not immediate is distributivity

aN(bVe)=(aAb)V(aAc) aV(bAc)=(aVb)A(aVc)
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The former distributivity law follows as (a Ab) V (a Ac) < a A (bV c¢) holds for any lattice
and, using linear distributivities, we get the other inequality:

an(®dVe)=(ana)AN(bVe)=aAn(an(bVe) <aA((aAnb)Ve)
=((anb)Ve)ha<(aAb)V(cAa)=(aAb)V(aNc)
The second distributivity law follows similarly, as a V (b A ¢) < (a V b) A (a V ¢) holds for any
lattice and the other inequality follows from the linear distributivities:

(avbd)A(ave)=(aVb)A(cVa)<((avb)Ac)V<(aV(bAc))Va

=aV(aV(bAe)=(aVa)V(bAc)=aV (bAc)
O

Now, we consider Joyal’s Paradox, one of the most famous results in categorical logic
states that a cartesian closed category with involution is a Boolean algebra, in other words
a poset. This means that the naive definition for categorical semantics of classical logic,
generalizing the categorical semantics of intuitionistic logic to the classical case, just provide
semantics of provability and not proofs. For an in-depth discussion of Joyal’s Paradox in its
standard form, see Appendix B in [19]. We shall state the result here, in the appropriate
language of CLDCs.

Theorem 4.4 (Joyal's Paradox) A (small) cartesian linearly distributive category has
negation if and only if it is a Boolean algebra.

Proof Consider a Boolean algebra £, then it is a bounded distributive lattice and therefore
is a CLDC 4.3. It is immediate that it has negation as a Boolean algebra are complemented
lattices.

Consider a CLDC X with negation and an object A. Then, there is a complementation

pair (A4, AL, 'yf, Tj). Consider then the hom-set X(A, B) for some object B:
X(A,B) ®X(A x 1,B) 2 X(1, At + B)

By Proposition 3.9, 1 is preinitial, meaning X(1, A* + B) and by consequence X(4, B) is
either the empty set or a singleton set. Thus, A is preintial. As this is true for all objects A
in X, there is at most one morphism between two objects, thus X is a poset and therefore
a complemented bounded distributive lattice, by Lemma 4.3, in other words, a Boolean
algebra. O

Next, we give the well-known result by Cockett and Seely, introduced in the corrected
version of “Weakly Distributive Categories” [10]. As previously mentioned, it was initially
thought that all distributive categories were CLDCs, where a distributive category is defined
as follows.

Definition 4.5 [1, Sec 8] A distributive category is a category D with finite products
and with finite coproducts such that the product distributes over the coproduct: the canonical
natural transformation

di pc=1%8x1c,thpx1c]: (AXC)+ (BxC) = (A+B) x C
is an isomorphism. It follows that the canonical natural transformation

dipo=0axBolaxipel: (AxB)+(AxC) = Ax (B+C)
is also an isomorphism.

25

138



It then became clear that this is only true if the category is a poset. This means binary
products and coproducts can only satisfy linear distributivities and the standard distribu-
tivities in the above definition if all morphisms between certain objects are identified.

We utilize a characterization of preinitial objects in a distributive category from [1] and
our result that the terminal object is preinitial in a CLDC to give an alternative, rather
simple, proof of the collapse in question.

Proposition 4.6 [1, Prop 3.3] In any distributive category, the following are equivalent:
e A is preinitial,
® there is an object B such that L%,B : A — A+ B is an isomorphism,

o tA;L(%,l :tA;Lil tA—>1+1

Theorem 4.7 [10, Prop 3.1] A (small) cartesian linearly distributive category is a distribu-
tive category if and only if it is a bounded distributive lattice.

Proof It is immediate that a bounded distributive lattice is both an example of a CLDC
and a distributive category.

Consider now a CLDC X which is a distributive category, then for all objects A € X,
ta; L9,1 =ta; Lil as Lg,l = Lil by Proposition 3.9 and Lemma 3.6. Therefore, by Proposition
4.6, every object A is preintial, implying X is a poset. Therefore, X is a bounded distributive
lattice by Lemma 4.3. d

4.2 Semizero Objects

In a CLDC, preintial and subterminal objects play a unique role, in particular, if an object is
preinitial, it is subterminal and vice versa. We will call such objects, which are both preinitial
and subterminal, semizero.

Definition 4.8 Let X be a cartesian linearly distributive category, then define SZ[X] to be
the full sub-category of semizero objects in X.

Proposition 4.9 Given a (small) cartesian linearly distributive category X, SZ[X] is a posetal
cartesian linearly distributive category, in particular it is a bounded distributive lattice.

Proof It suffices to note that 1 and O are semizero objects by Proposition 3.9 and that
semizero objects in X are closed under binary products and coproducts as follows.

Consider subzero objects A and B in X, then A and B are preinitial and, by Lemma 3.6,
V 4 and Vg are isomorphisms. Now, V445 = TZB 4 5 (Va+Vp) is also an isomorphism

as a composite of invertible arrows. Thus, A + B is preinitial and, by Proposition 3.16, it is
subzero. Dually for A x B.
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Then, as every object is subzero, X is posetal and, by Lemma 4.3, X is a bounded
distributive lattice. O

We shall show that the construction of restricting to subzero objects is in fact a right
adjoint to the inclusion functor of bounded distributive lattices into CLDCs.

Now, a cartesian linear functor F' = (Fx, Fy) : X — Y consists in particular to a cartesian
functors Fix : X — Y and F : X — Y. Given a semizero object A, Fix (A) is subterminal as
cartesian functors preserve subtemrinal objects and Fzp(A) is preinitial as cartesian functors
preserve preintial objects. Therefore, Fix (A4) and Fz(A) are both semizero objects in CLDC
Y.

Lemma 4.10 Cartesian linear functors preserve semizero objects in cartesian linearly
distributive categories.

And as such:

Lemma 4.11 A Frobenius cartesian linear functor F: (X, x,1,4,0) — (Y, x,1,+,0)
between (small) cartesian linearly distributive categories canonically extends to a lattice
homomorphism F : (SZ[X],A,1,V,0) — (SZ[Y],A,1,V,0) between bounded distributive
lattices.

Now, we can conclude that this semizero objects construction is the right adjoint to
the “forgetful” functor from bounded distributive lattices and cartesian linearly distributive
categories.

Theorem 4.12 The functor SZ[—] : FCLDC — BDL mapping a (small) cartesian linearly
distributive category to the bounded distributive lattice of its semizero objects is right adjoint
to the inclusion functor U : BDL — FCLDC.

Proof Consider a bounded distributive lattice £ and a CLDC X, there is an obvious natural
bijection between hom-sets BDL(L, SZ[X]) 2 FCLDC(U (L), X).

Given a lattice homomorphism f: £ — SZ[X], it is immediate that £ ER SZIX] — X

defines a Frobenius cartesian linear functor. Given a Frobenius linear functor F': £ — X| it
canonically becomes a lattice homomorphism F': SZ[L] — SZ[X] and, as every object in a
bounded distributive lattice is a semizero object when the lattice is viewed as a CLDC, this
is a lattice homomorphism F' : £ — SZ[X]. O

5 Semi-Additive Categories

We now turn to the second key class of examples of CLDCS.
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Definition 5.1 [20, Sec I.5] A zero object (or null object) in a category X is an object @,
which is both a terminal and initial object.

Lemma 5.2 A category has a zero object precisely if it has an initial object O and a terminal
object 1, and the unique morphism by = tg : 0 — 1 is an isomorphism.

If a category has a zero object, then there is a unique morphism between every pair of

objects X,Y which factors through the zero object: Ox y : X Ix, 1] b—Y> Y.

Definition 5.3 [21] Consider a category with a zero object 0, with finite products and finite
coproducts, then there is a canonical natural transformation

Yvxy =[(1x,0x.v) Oy, x,1y)] = ((1x,0v,x], [0x,y,1y]) : X +Y = X xY

The category is said to be semi-additive if the maps 1 x y are invertible. Then, the identified
isomorphic objects X +Y and X XY are called the biproduct of X and Y.

Interestingly, any isomorphisms between binary coproducts and binary products is
sufficient for a category to be semi-additive.

Proposition 5.4 [21, Thm 5] If a category has all finite products, all finite coproducts and
a natural family of isomorphisms A+ B — A X B, then it is semi-additive.

Definition 5.5 A functor F': X — ) between semi-additive categories is semi-additive if
* (F,mg,mx): (X, x,0) = (¥, x,0) is a strong monoidal functor,
* (Fing,ny): (X, +,0) = (V,+,0) is a strong comonoidal functor

satisfying the following commuting diagrams

F(A+B) £ p(A) + F(B) F(A) x F(B) =“£ FAx B)  (18)
F(wA,B)i J/w(A),F(B) wg(lA)’F(B)i lF(wA}B)
F(Ax B) = F(A) x F(B) F(A) + F(B) = F(A+ B)
X A,B +A,B

Let SAdd denote the category of semi-additive categories and semi-additive functors.

We can also define binary biproducts between two object as this identified object,
equipped with relevant morphisms, making it both a binary product and coproduct.

Definition 5.6 [22] A biproduct of a pair of objects A and B in a category X is a an
object ALl B equipped with four morphisms

ﬁ%yB:AUB%A 7r11473:AUB%B L?LLB:A%AUB L}L\’B:B%AI_IB
such that
e AU B equipped with 71'9173 and 7T}4,B is a product digram,
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e AL B equipped with LE)47B and L}47B is a coproduct digram, and

® the following commuting diagrams hold:

LO Ll L0 Ll
A5 AUB B—2% AuB A5 AUB B2 AuB

Lemma 5.7 Consider a monoidal category (X, @, I) such that this monoidal structure is both
cartesian and cocartesian, then I is a zero object ) and A @ B is the binary biproduct AU B.

We may now introduce the second key class of CLDC examples: the semi-additive
categories.

Example 5.8 (i) Every category B with all finite biproducts, i.e. a zero object ) and binary
biproducts A U B in the sense of Definition 5.6, induces a Frobenius cartesian LDC
(B,U, 0,1, 0) with linear distributivities given by

R 0 0 1 0 1 1
daBc=o0auaBCc = {Txxy,z;Tx,y,Tx,y Ulz) =[laUtp c,tB,ctA BUC)
:(AUB)UC - AL (BUC)
L -1 0 1 1 0 0 1
0ABc=0ouypc=(TapUlc,mpcima Buc) = [txyitx+y,z:tx,y Ulz]
AU (BUC) = (AuB)ucC
By Lemma 5.7, all degenerate cartesian LDC are of this form.

(ii) Every semi-additive category B, with a zero object § and isomorphic binary products and
coproducts Y4 g : A+ B = A x B can be viewed as a cartesian LDC (B, x,0,+,0) with
linear distributivities given by

1
Ya,BXlc Ax A B,C YA, Bxc

o= (A+B)xC—=(AxB)xC—=Ax (BxC) —>=Ax (B+C)

—1 -1
7vZ’A+13,c QA+ A . B,C la+¥B,c

(A+B)xC——= (A+B)+C——= A+ (B+C)——= A+ (Bx ()

—1 —1
laxyp,c Ax A B,C baxe,c

§i o= AX(B+0) —=Ax(BxC) —> (AxB)xC ——= (Ax B)+C

1
Ya,B+c O+ B.C Ya,B+lc

= Ax(B+C)—> A+ (B+C)—> (A+B)+C —> (Ax B)+ C

It is clearly isomiz as ) = 1 = 0 and, further, it is compact as the miz maps in this
context are the inverses of the canonical maps ¥4 B:

1 L 0 —1
laxey g 040, Tapt1lB YaB

map= AXB—Ax((0+B)— (Ax0)+B—A+B = AxB—A+B
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5.1 Collapse to Biproducts

‘We now turn to the new collapses resulting in semi-additivity.

Lemma 5.9 A cartesian linearly distributive category is compact if and only if it is a semi-
additive category.

Proof A semi-additive category B is a compact CLDC (B, x, 0, +,0) as detailed in Example
5.8. Consider a compact CLDC (X, x,1,+,0), then, by Definition 2.7, it is isomix, i.e. 0 &2
1 and the natural family of mix maps mix4 p: A x B — A + B are isomorphisms. By
Proposition 5.4, X is semi-additive. In particular, the canonical maps are the inverses of the
mix maps. This follows from the proof of Proposition 5.4, which demonstrates that

Yap = (uf 4 +u p); (mixay +mixg 5); (La+m™ )+ (m ™ +15)); (uf 4 +uf p)ymixy 'y

and u}fA; mix 4 1;(1a +m™ ); uﬁA = 14 by the commuting diagram

R—1 R=1,4 R
Wy o Uy, X1 5A,0,1
A——AXx1—> (A40)x1—>A+(0x1)
(1) /
'UIQA_I*_O /
(nat) A4+ (0x1) la+(mx1y)

/ (nat) \)\
1A+u+ 1A+(m

A<;A+0<—A+1<—A+ (1x1)
ult Latm™? Tatuxy '

Similarly, uﬁA; mixy p; (m_1 +1p); “ﬁB = 1p and therefore ¥4 g = mix;‘lB. a

The above result is not too surprising, however it turns out that this collapse to a zero
object and isomorphic tensor and par structures holds in greater contexts, the first of which
is when the linear distributivity is an isomorphism.

Theorem 5.10 A cartesian linearly distributive category has invertible linear distributivities
if and only if it is a semi-additive category.

Proof It is immediate that a semi-additive category has invertible linear distributivities as
they are composites of isomorphisms, as detailed in Example 5.8.

Conversely, consider a CLDC (X, X, 1, +, 0) such that 65{’310 is invertible. By Proposition
2.15 and the details of the proof in [10], 1 + 1 is the tensor inverse of 0 with

sk uR*1+1 ul
sP=ox(14+41) 22 0x1)+1 22 " hor1

sR 1+L—1 R
—(141)x0 0% 1 f (1x0) X0 140 02
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and the associated shift tensor product naturally equivalent to the par product via following
the natural family of isomorphisms

R L R—1 L—1
1ax61"1 B 041,1xB Uy 4 TUS g

Ax(141)xB)—=Ax(1+(1xB))—=(Ax1)+(1xB)——=A+B

-1
Now, 0 X (14 1) = 1 implies that 0 = 1 via tg: 0 — 1 and s” ;778’1+1 :1— 0 as
follows:
L=too
s ;70,1415 t0 = 11
by the universal property of terminal objects, and

L=l o o .. L7l o
to;s”  ;7mo,1+41 =<to,lo >;m1,0;8" ;70,141

L1 0 0
=<to,lo >;(s”  x10);Tox(141),0i70,1+1
L~ 0
=<to,10 >;(s”  x1lo);xq,141,0i70,1
=1p
by (7). Therefore, X is isomix with m : 0 2 1.
The mix maps mixg g : A X B —+ A + B are isomorphisms in this context as they are
defined as composites of unitors, linear distributivities and the nullary mix map m, which

are all isomorphisms. Therefore, the mix maps are isomorphisms and X is a compact CLDC.
By Lemma 5.9, X is a semi-additive category. O

Finally, we see that a CLDC whose terminal and initial objects are in fact isomorphic, in
other words a zero object, is also a category with finite biproducts.

Theorem 5.11 A cartesian linearly distributive category is isomiz if and only if it is a
semi-additive category.

Proof It is immediate that a semi-additive category is an isomix CLDC.

Conversely, consider an isomix CLDC, i.e. m : 0 — 1 is invertible. We shall show that the
linear distributivity 8T is invertible, and consequently, via the symmetries, 5% is invertible.

Define the following natural transformation

O p.c = (A teim sbal,map +1c) = [1a x B, (tosm ™ ba, i o))
:(AxB)+C —-Ax (B+C)

Then, 8‘22,3’0 is the inverse of 61%’3,0:

L R L 0 —1 1
04,B,c;04.B,c =94 B,Cci {[Ta,B: tcim™ ;bal,ma g + 1o)
L 0 —1 L 1
= (04 B,c;[ma B tc;m™ 3bal, 04 g,c; (ma, g+ 1¢))
0 1
=(TA,B+C>TA,B+C) = Lax(B+C)

with the equality in the first entry by the following commuting diagram and the equality in
the second entry by Lemma 3.3.
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L
6A.B.C

Ax (B+QC) (AxB)+C

\ (nat) /
1ax(tp+tco) 651n (1axtp)+tc
Ax(1+1)—=(Ax1)+1
1A><(11+m*1)l (Bat) luxﬁ-m*l
A,1,0
laxtpic Ax(140)—=(Ax1)+0 (¥ (74, pitcsm™"bal
(1) R
(term) \ \Lu‘FAxo
1A><u+1
Ax1
/ “IX{:
Ax1 A
ujf;l

where (%) commutes by
—1,.. R R—1
((1g xtp) +tc);(laxy +m )§U+A><1§U><A
0 —1. 1 R™1
=[(1a xtB)itax1,0tc;m staxiol [1axt,baxil;ux 4
R™1 -1 R—1 0 —1
=[(1a xtg)iuxy ,to;m sbaxisux s | = [ma g tesm™ b4l
Similarly,
R L 0 -1 1 L
04 B,c;04 B,c =14 X B, (tc;m™ 3ba,tp.c)); 04 B,C
0 L -1 1 L
=[(1a xtp,c)id4 B,c,(tcim™ 3ba, g )04 Bl
0 1
= [taxB,cstaxB,cl = Lax(B+0)
Then, by Theorem 5.10, it is a semi-additive category.

Alternatively, we can directly determine the inverse of the mix maps m4 g, providing
the desired natural family of isomorphisms A x B = A + B:

R4 on -1 Taxub
Py (Ax 1)+ B AP A 14 B) X ) 004 B) R Ax B

mixyly = A+ B AT
which can be simplified to
.1 1 —1 —1 1
mixy p = ([la,tp;m “5bal, [ta;m” 50p,1p]) = [(La,tasm™ 5bp), (tg;m™ "5b4,1p)]

Note these are precisely the canonical isomorphisms of a semi-additive category, as detailed
in Definition 5.3. d

Remark 5.12 There is a construction from normal duoidal categories, i.e. duoidal cate-
gories whose units are isomorphic, to isomiz LDCs [23]. Indeed, given a duoidal category
(X,0,I,%,J) where v: 1 — J is an isomorphism, we can define the following linear
distributivities:

8&1370:AO(B*C)%(A*J)O(B*C) M}(AOB)*(JOC)%(AOB)*(]OC)%(AOB)*C

Ca,B,J,C

82370:(A*B)OC%(A*B)O(J*C) 2% (Ao J)x(BoC) X (AoI)x (BoC) =2 Ax(Bo ()
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Then, (X,0,1,%,J) is an isomixz LDC.

An interesting observation is that, given any isomiz CLDC (X, x,1,+,0), there is a
normal duoidal structure (X,+,0, x,1) and therefore (X,+,0, x,1) is an isomiz LDC with
linear distributivities 8% and O (not a CLDC' as the tensor product is the binary coproduct
and the par product is the binary product in this case). These linear distributivities ol and
ot are ezactly the inverses of 6t and 6 respectively, and corresponding the mix maps are
mZ’lB, utilized in the proof of 5.11.

5.2 Slice over Initial and Coslice under Terminal

A construction which will be key to our discussion is that of the slice category and its dual
the coslice category, and how they inherit cocartesian and cartesian structures respectively.

Definition 5.13 [20, Chap II.6] Consider a category X and an object X € X. The slice
category of X over X, denoted X/X (or X | X), consists of

e Objects: morphisms f: A — X in X for some object A € X,

e Morphisms: g: (f: A = X) = (f': A" = X) is a morphism g: A — A’ in X such
that g; f' = f.

The coslice category of X under X, denoted by X | X consists of

e Objects: morphisms f: X — A in X for some object A € X,

e Morphisms: g: (f: X = A) = (f: X = A') is a morphism g: A — A" in X such
that f;9=f".

Lemma 5.14 Consider a category X and an object X € X.
® The slice category X/x has 1x : X — X as a terminal object.

e If X has an initial object O, then the slice category X /x has bx : 0 — X as its initial
object.

e If X has binary coproducts A + B, then the slice category X /x has binary coproducts
defined by: given objects f: A — X and f': A’ — X, then their coproduct is (f +
fVx : A+A - X+ X - X.

e The coslice category X | X has 1x : X — X as an initial object.

e [f X has a terminal object 1, then the colsice category X | X hastx : X — 1 as its
terminal object.

e [f X has binary products A X B, then the coslice category X | X has binary prod-
ucts defined by: given objects f: X — A and f': X — A’, their product is Ax; (f x
fl: X = XxX > AxA,

Given a CLDC X, we shall first consider its slice category over the initial object O.

Proposition 5.15 Let X be a cartesian linearly distributive category, then X/0, the slice
category of X over the initial object 0, is an isomix cartesian linearly distributive category,
in particular it is a semi-additive category.
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Proof Leta: A— 0,b: B— 0,c: C — 0beobjectsinX/0and f: (c: C —-0)— (a: A—
0)and g: (c: C = 0) — (b: B — 0) be morphisms in X/0.

By Lemma 5.14, X/0 has terminal object 1p: 0 — 0, with unique induced arrows
ta:(a: A —0) — (1p: 0 — 0) defined by a: A — 0. X/0 has initial object 19 : 0 — 0,
with unique induced arrows b : (1p : 0 = 0) — (a: A — 0) defined by by : 0 — A.

Finally, X/0 has binary coproducts (a+/0b) given by (a +b);Vo: A+ B — 0, with

injections Lgb and Lab defined to be LAB and LA B, and with unique induced arrows
(a+ /b A+B—>0) (c:C—0) defined by If, gl

Moreover, as 0 is subterminal, meaning 71'8’0 = 7T(1)’0 = 7,0, X/0 also inherits the binary
products as follows. Given a: A — 0,b: B — 0 € X/0, their binary product (ax /ob) is

(a xb);mp,0: Ax B — 0x0 — 0 with projections 7r27B and 7%73 defined to be WOA,B and
7r114, p respectively since
mapia=(axb);m00=(axb);mo mapb=(axb);mho=(axb);mo
Further, the unique induced morphism (¢: C — 0) — ((a x b);mp,0) : A X B — 0) is

(f:9) since

(f,9); (a x b);mo0 = (f,9); 7, pia = fra=c
or

1

(f,9); (@ xb);mo0 = (f,9);map;b=gb=c

Therefore, X/0 is a cartesian and cocartesian category.

It remains only to show it also 1nher1ts the linear distributivities to conclude that X/0 is
a CLDC. The left linear distributivity oL, s given by 55‘7 B,C 88

a,b,c

5L
Ax (B+C)—2% (AxB)+C
u><(b+c)l/ (nat) i(axb)—i—c

5

x (04+0) —2° 5 (0x0)+0

0
(3-3)
10X Vo X mo,0+1o
To0,0+0

0x0 0+0

\nat/
70,0 Vo
0

Alternatively, recall that 0 is subterminal and therefore there is only unique map
Ax(B+C)—o0.

Now, X/0 is an isomix CLDC as 1p: 0 — 0 is a zero object. By Theorem 5.11, X/0 is
a semi-additive category. It is useful to note now the canonical isomorphisms mediating the
binary biproducts a+ /ob = ax /ob:

Ya,p = mix;é ta+/gb — ax ob is defined to be ([14,b;b4],[a;bp,1B]): A+ B — Ax B
w;}) =mix,p : aX job — a+/ob is defined to be mixyp: AXxB—+ A+ B
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Corollary 5.16 Consider a semi-additive category B, then it is isomorphic to its slice cat-
egory over the zero object B/0, when viewed wither as CLDCs or semi-additive categories,
by

F: : B — B/0, A (by: A—0) (f: A= B)— (f:b4 —bp)

Essentially, the construction is taking the full sub-category of all objects in X, which
have a map to the initial object. This map is necessarily unique, in other words a : A — 0 is
entirely determined by A, as 0 is subterminal. By restricting to such objects, 0 is terminal,
as the existence of maps to 0 is guaranteed. This means the sub-category is an isomix
CLDC, which by Theorem 5.11, means it is a semi-additive category.

By Lemma 3.11, we know the full-subcategory of objects with a map to 0 can be equiv-
alently described as the objects of the form A x 0. Therefore, we can give an equivalent
description the slice over the initial object construction using the full-subcategory of such
objects.

Proposition 5.17 Consider a cartesian linearly distributive category X, then there is an
equivalence of semi-additive categories X/0 ~ X x 0, where X x 0 denotes the full subcategory
of objects of the form A x 0 for some A in X.

Proof Consider the semi-additive functor F : X/0 — X x 0 defined by

(a: A—0)— dom(a) x 0 (f:a—b)— (f x1g: dom(a) x 0 — dom(b) x 0)
and the semi-additive functor G : X x 0 — X/0 defined by
AXO»—)(W}L‘)O:AXO—)O) (f: Ax0—=Bx0) (fx1o: Thxo — Thx0)

Then, F' and G provide the equivalence, when equipped with the natural isomorphisms
a:ly9 = F; G defined by
ag=(1g,a):(a: A—=0) = (1hg: Ax0— A)
and B : G; F — 1yxo defined by
Ba={(1ax0,TA0): Ax0 = (Ax0)x0
O

Proposition 5.18 A Frobenius cartesian linear functor F : (X, x,1,4,0) — (Y, x,1,+,0)
induces a semi-additive functor F/0: X/0 — Y/0 defined by

(a: A—0)— (F(a);ng: F(A) — F(0) — 0)
(f:(a:A—=0)— (b: B—=0))— (F(f): (F(a);ng : F(A) = 0) — (F(b);no : F(B) = 0))

Proof By definition of a Frobenius cartesian linear functor F: (X, x,1,4,0) —
(Y, x,1,4,0), it is a x-monoidal functor (F,mi,mx): (X,x,1) — (Y,x,1) and a +-
monoidal functor (F,ng,n+) : (X,4,0) — (Y, +,0) satisfying (9). Now, F/0: X/0 — Y/0
as defined above is a semi-additive functor as follows.

(F/0,m14,my s0) : (X/0,%/0,10) — (Y/0, % /0,1p) is a x/0-monoidal functor with
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® mi, : 1o = F/0(lp) defined to be bp(g) : 0 — F(0) with inverse no,

® My/0,, " F/0(a) x /o F/0(b) — F'/0(a X /g b) defined to be mx 4 g : F'(A) x F(B) —
F(A x B) with inverse m;lA B

This is a monoidal functor as

R
*/0 F/0(a)

F/0(a) — "~ F/0(a) x o 1o

F/o@wf )

X/0, 1r/0(a)Xmig

F/O(a ></0 10) —>F/O(a) ></0 F/O(lo)

Mx/04,14

translates to (1p(4), F'(a);n0); (1pa) X br(o)) = F((lA,a>);m><;110, which holds by the
universal properties of products and (F,m1,mx) being a monoidal functor. The dual
diagram follows similarly and the associativity hexagon condition follows immediately as

ax/oa,b,c = ¥xA,B,C

(F/0,n14,14 0) : (X/0,+/0,10) — (Y/0,+/0,1p) is a +/0-monoidal functor with

® ni, : F/0(1g) — O defined to be ng : F'(0) — 0 with inverse bg,,

® /o, F/0(a +/9 b) — F/0(a) + /o F/0(b) defined to be ni 4 p: F(A+ B) —
F(A) + F(B) with inverse nllA,B.

It is immediate that it is a monoidal functor as (F,ng,n4) is one.

It remains now to show that (18) holds, which are equivalent to the equations

"+ 4 i ([Lrcay: F(0)inosbpal, [F(a)inosbp(p), Lrsy])imx 4 B
= F(<[1A7 a; bAL [f: b37 1B}>)

mx 4 g; F(mixa p)ing 4 p = mixpa),F(B)

The former is equivalent to
(Lr(a), F'(b);noi brayl, [F(a);nos brp), Lr(s)))
=iy g F(([La,bibal, [a:bp, 15])imx sy
which holds as
Upcay,peayny i FULA b bl (a5, 181))imu 4l T ay p(m)
= F(4 p: ([1a,b:bal, [a;bp, 15)); ﬂf;,B)

and F(c);bp = F(c);no; bp(p) for any c: € — 0.

The latter holds by the following commuting diagram.
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(@) + (V)

()4

(@)d +(V)d

YV 4q
AmETrfwmih
(@+v)d (yen)
IXV 4,
(ar+ V)

@0

(@48 xqu

(@) + (1 x¥)d)

(Twx (V)dT)

(@)d+ (1 xv)d

(@+axv)d

() T (V)
78

(yeu)

Amvk,ﬁvh,:\:m
T

(6)

TV xq

((F1+uw)x V1)

imvr:Lwva:ir:

(@) +1) % (V)d

(@) T4 Tw)x (V) (%)

lmufi::,.:x@iH

Ty x (V)dp  (yeu)

(d1+uw)g x (V41

(@)d+0)x (V)d

(@) ouyx (V)dy

(wow) ()] + ((T)d X (V)of) =——— ((@)ed + (D)ed) X (V) = (@) +(0)e) X (V)

04q % (V) (uour)

F+DIdxV)d <~——(g+0)d % (V)d

(yeu)

(g +0) xv)d

Aﬁmuwﬁx Vi)d

(2o x (D

(g xv)d

'V xqy

(&)d +0) x (V)d

() +
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(@) x (V)d
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™
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where the (%) square commutes as 1 is terminal (or O is initial) and therefore

nal;F(m);mflzm:O%l. O

This further entails that [-]/0 : FCLDC — SAdd is a functor.

If we envision X/0 as the full subcategory of objects with a map to 0, or equivalently as
the full subcategory of objects A =2 A x 0, the above proposition is saying that a Frobenius
cartesian linear functor restricts to semi-additive functors between these full subcategories
and.

Now, [-]/0 : FCLDC — SAdd does not however provide a right or left adjoint to the
forgetful functor U : SAdd — FCLDC. The problem is that neither of the following functors
are Frobenius cartesian linear functors

F:X —X/o, A»—>7T11470:A><0—>0 (f:A—>B)'—>(fx10:7r,1470—>7r}970)

G:X/0 =X, (a: A—=0)— A (f:ra—=b)—(f: A= B)

In the first case, F': X — X/0 is not +-monoidal as that would be mean there is a
natural transformation with component maps n4,  : 7r114+B70 — 7T114,0 +/0 7r}370(A + B), in
other words a map (A+ B) X 0 — (A x 0) + (B x 0) in X, which does exist in an arbitrary
CLDC. In the second case, G : X/0 — X is not x-monoidal as that would entail a map
my : 1 — 0, which does not exist in an arbitrary CLDC.

If we were to restrict our attention to their x-monoidal functors or +-monoidal functors
between CLDCs, then the slice over bottom construction would provide a left or right
adjoint respectively.

This is in some sense to be expected. No construction FCLDC — SAdd which is
equivalent to providing a subcategory can provide an adjunction. Suppose we consider the
lattice with two elements {0, 1}, then we would need to either consider the sublattice {0}
or the sublattice {1}, in order to construct a semi-additive category. In the first case, the
construction preserves only the cocartesian structure, while in the second case only the
cartesian structure is preserved.

There is likely still a construction which provides an adjunction to the inclusion functor
U : SAdd — FCLDC, although it is not equivalent to a sub-category. A possibility would
be to consider the localization a CLDC with respect to isomorphisms and its mix maps,
although it would be difficult to describe and, therefore, we leave it as a future project.

Of course, we can repeat this thought process, but instead by taking the coslice category
under the terminal object. Indeed, in this case we are restricting to the full subcategory
of objects with a (necessarily unique) map from the terminal object to them. As such, the
terminal object becomes initial.

Proposition 5.19 Let X be a cartesian linearly distributive category, then 1/X, the coslice
category of X under the terminal object 1, is an isomix cartesian linearly distributive cate-
gory, in particular it is a semi-additive category.

Furthermore, Frobenius cartesian linear functor F : X — Y induces a semi-additive
functor 1/F : 1/X — 1/Y defined by

(a:1—= A)— (m1;F(a): 1 = F(1) —» F(A))
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(f:(a:1—=-A)—>(b:1—B))—(F(f): (m1;F(a): 1 = F(A)) = (mg; F(b) : 1L — F(B)))

Corollary 5.20 Consider a semi-additive category B, then it is isomorphic to its coslice
category over the zero object 0/B, when viewed wither as CLDC's or semi-additive categories.

Proposition 5.21 Consider a cartesian linearly distributive category X, then there is an
equivalence of semi-additive categories 1/X ~ X+ 1, where X+ 1 denotes the full subcategory
of objects of the form A+ 1 for some A in X.

6 Revisiting the Kleisli Category of the Exception
Monad

As previously stated, it was initially thought that the notions of CLDCs and distributive
categories would coincide. It was then demonstrated not to be the case. However, in an effort
to relate distributive categories to CLDCs and provide a rich source of examples, Cockett
and Seely discussed the well-known exception monad.

Let D be a distributive category, in the sense of Def 4.5.

Proposition 6.1 [2/, Ex 5.4] The triple (- + 1,7, u) defined by

41: DD A A+l fo fr1=[f;%1,054]
n:lp=~F UA:L?471:A—>A—|—1
p:EBE=FE pa=at1tha) (A+1)+1—A+1

is a monad on D, known as the exception monad.

The exception monad, sometimes known as the maybe monad, is named as such, because
from a computer science perspective, the monad models a programming exception, in other
words a computational failure which is however handled in a controlled way. Given compu-
tations from one data type A to another B represented by morphisms A — B, the effect
of possibly throwing an exception is handled by applying the exception monad to B and
considering B + 1, where the terminal object 1 represents the controlled failure. As such, we
are interested in the Kleisli category of the exception monad in particular.

For clarity, when discussing the Kleisli category of the exception monad .41, we shall
use the interpretation brackets of [12]. A map in D.; 1 will be denoted by [f] : A — B + 1,

e.g. [1a] =na.

Lemma 6.2 [12, Prop 7.2] The Kleisli category D. 1 has finite coproducts, with
® initial object O - the initial object in D,
® the unique arrow from the initial object to some object A in D.41 is given by
[bal =ba41:0—>A+1

® the binary coproduct of objects A and B in D.41 is A+ B - same as in D,
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® the coproduct injections are defined by
[%.8] =81 A= (A+B)+1 [thl =thpitaip: B—(A+B)+1
e given arrows f: A—-C+1andg: B— C+1 inD.y1, the unique induced arrow is
[lf, 9l =1fg]: A+ B—=C+1

The Kleisli category .41 also has finite products, although they are rather unique. A
great deal of attention is paid to their peculiarity in Cockett and Lemay’s work on restriction
categories in [12].

Lemma 6.3 [12, Lem 7.3] The Kleisli category D.41 has finite products, with
e terminal object O - the initial object in D,
® the unique arrow from the terminal object to some object A in D.y1 is given by
[ta]l =ta;e01:A—0+1
® the binary product of objects A and B in D.41 is
A& B=(A+B)+ (Ax B)
® the product projections are defined by
[7%,51 = [ch,1,t55eaa) ™4, pich ) (A+B) +(Ax B) = A+1
[wa,5] = [[bas b1, 0B2) 755 ea) - (A+ B) + (Ax B) » B+ 1
e given arrows f: C - A+1andg: C —V 4+ 1 in D.41, the unique induced arrow is

)] =C 2 (A4 1) x (B+1)= (A+B)+ (Ax B) +1

Example 6.4 [12, Ex 2.6, Ex 3.9] Potentially the most well-known example of this construc-
tion is the Kleisli category of the exception monad on Set. It isomorphic to Par, the category
of sets and partial functions.

e The zero object () is the empty set.
® Binary coproducts X U'Y are given by the disjoint union of sets, with injections
Ky X = XUY and ik y 1Y = X UY defined by
ngjy(x) =z VereX ka(y) =y YWeY

e Binary products are given by the classical product X&Y = XUY U(X XY, where X XY
is the cartesian product of sets, with projections Wg(’y : X&Y — X and TI'}CY  X&Y —

Y defined by
Xy (z) = mx,y(z) =1 Vo e X
Xy (y) =1 Xy =y Vyeyv
ey@y) =z  wxy(zy) =y V(z,y) € X xY

where T means undefined.
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The peculiarity of this product comes from the fact that the “naive definition” of & on
morphisms is not the correct one:

[F &gl # [(f +9)+ (F x 9
For a detailed discussion of this fact, see Example 3.11 in [12].

Lemma 6.5 [12, Prop 7.2/

® The Kleisli category of its exception monad is a cocartesian monoidal category
(D.41,+,0), where given morphisms [f]: A— A"+ 1, [¢g]: B— B’ +1,

Lf + gl = [[£]; % B + 12), [9]; (s pr + 11))]

+
f+g Tar1,B'1 Laryprttic

= A+B—— A +1)+ B +1)—= (A +B)+(1+1) —= (A +B)+1

® The Kleisli category of its exception monad is a symmetric monoidal category
(D.11, %, 1), where given morphisms [f]: A— A" +1, [¢g] : B— B’ +1, then

“1 1
If % gl =(If] % [a): d"ar 1.5/ 41; (dLA' it lixman);
—1
O urwprarxa, i (Br41)s (LA B Harxa)+(1x(B/+1)

Now, the Kleisli category D.41 is a LDC, as stated without proof by Cockett and Seely
n [10].

Proposition 6.6 Consider a distributive category D, the Kleisli category of its exception
monad is a symmetric isomiz linearly distributive category (D.41,Y,0,+,0), where

Y:Dy1 xDjqg - Dgq (A,B)— (A+ B) + (A x B)
(I/1, [gD) = I(f +9) + (f x 9)]
and left linear distributivity
Bipcl: AY(B+C)—= (AYB)+C)+1
(A+(B+0)+(Ax(B+0) = ((A+B)+(AxB))+C) +1
is defined as the unique morphism induced by the following maps:
0

LA,B "A+B AXB LAYB c L(AYB)JrCl

A——sA+B——AYB—— (AYB)+C——= ((AYB)+C)+1

1
LA.B LA+B AXxB LAYB c L(AYB)+C 1

B*>A+B*>AYB*>(AYB)-%—C*)((AYB)—I-C)—FI

1 .0
LAy B,C (AYB)+C,1

C——=(AYB)+C——=((AYB)+0)+1

-1 1 0
" s laxp+taxc tayB,axpTl1 tavs,ctli

AXx(B4C)—> (AxB)+(AxC)—(AxB)41—-=(AYB)+1— (AYB)+C)+1

41

154



The above theorem follows from a larger result that every symmetric distributive
monoidal category with a zero object induces such a symmetric isomix LDC, the details of
which can be found in Appendix A.

Therefore, given any distributive category, we can build a LDC. However, it is stated in
[10] not only that it is a LDC, but that it is a CLDC.

This is, it turns out, not true. Indeed, the tensor product of the LDC (D.11,Y,0,+,0)
is not the cartesian product. At this point, one could think that (D.4+1,&,0,+,0) remains
an LDC, with everything the same, except the tensor product definition on morphisms.
However, the linear distributivities defined in Theorem 6.6 are no longer natural when
considering the cartesian product & on D.4 1.

Indeed, let us consider (Par, Y, 0, U, ) a symmetric isomix LDC with linear distributivity
Kyz: XY(YUZ) = (XYY)UZ
XUYUZUX XY)U(XXxZ)—>XUYUZU(XXY)

defined by
u fue XY, Z, X XY
1 otherwise

5§C,Y,Z(u) = {

We will show here that this does not however define a natural transformation X & (Y U
Z) — (X &Y)UZ. Thanks to Example 3.11 in [12], we know how & is defined on morphisms
in Par. Given partial functions f: X = X', g: Y =Y’ h: Z — Z’, then

fu) if ue X and f(u) |
g(u) if ueY and g(u) |
h(u) if ue Z and h(u) |
(f(uo), g(u1)) if u= (up,u1) € X x Y and f(uo) | and g(u1) |
(F & (g U h))(u) = (f(uo), h(u1)) ?f u i (uo,u1) € X x Z and f(uo) L and h(u1) |
f(ug) if u=(ug,u1) € X xY and f(up) | and g(ui) T
f(up) if u=(ug,u1) € X x Z and f(up) | and h(ur) 1
g(u1) if u=(ug,u1) € X xY and f(ug) 1 and g(ui) |
h(u1) if u=(up,u1) € X x Z and f(up) T and h(uy) |
1 otherwise
while
fu) ifue X and f(u) |
g(u) ifu€eY and g(u) |
h(u) if ue Z and h(u) |
(f&g)Uh)(u) = (f(uo),g(u1)) if u= (up,u1) € X xY and f(uo) | and g(u1) |
f(uo) if u=(ug,u1) € X xY and f(ug) | and g(ui) T
g(ur) if w = (ug,u1) € X x ¥ and f(uo) 1 and g(u) |
T otherwise
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Now, consider u = (ug,u1) € X x Z, (5)L(,Y,Z§ ((f&g) U h))(u) =1, while

flug) if u= (up,u1) € X x Z and f(up) 4 and h(uy) 1
((f& (g Uh)); 0%y z0)(w) = { h(ur) if u = (ug,u1) € X x Z and f(ug)+ and h(uz) |
T otherwise

Therefore, 5)L(,Y,Z§ ((f&g)uh) # (f & (gUh)); 5)L(/7y/,z/

This is still not a complete proof that the Kleisli category of the exception monad cannot
be a a CLDC. Perhaps the only problem was the definition of the linear distributivities given
in [10] (and in Theorem 6.6).

However, as a Corollary to Theorem 5.11, we see that there are no possible linear distribu-
tivities A+(B & C') — (A+B) & C such that (D.+1, &,0,+,0) is a CLDC. If (D.4+1, &, 0, +,0)
was a CLDC, it would be isomix and therefore, by above, it would be semi-additive. This is
not the case, therefore:

Corollary 6.7 The Kleisli category of the exception monad of a distributive category is a
cartesian linearly distributive category if and only if it is trivial.

7 Further Examples

Given all the results of the previous sections, it is reasonable to question whether the only
possible CLDCs are bounded distributive lattices or semi-additive categories. We can quickly
see that is not the case as CLDCs are closed under products:

Proposition 7.1 [10, Sec 3] Given cartesian linearly distributive categories X and Y, their
product category X X Y s a cartesian linearly distributive category.

Therefore, by taking the product of a bounded distributive lattice (£, A, 1,V,0) with a
semi-additive category (B, x,0,+,0), we get a CLDC which is neither posetal nor compact.

We will expand upon this idea, using lattices and categories with biproducts as build-
ing blocks, to construct more examples of CLDCs. In particular, we will consider the
Grothendieck construction for a functor from a semi-additive category to the category of
bounded distributive lattices BDL *.

Consider a semi-additive category B and a functor F : B’ — BDL.
Definition 7.2 The Grothendieck construction for F is the category [ F consisting of:

e Objects: pairs (A, a), where A € B and a € F(A)
e Morphisms: f: (A,a) — (B,b) is a morphism f: A — B in B such that a < F(f)(b)

! This example is due to valuable discussions between the authors and Richard Garner whose idea it was
to look at fibrations for additional examples.
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Note that composition is inherited directly from B and is well-defined as, given
f:(Aja) = (B,b)and g : (B,b) = (C,c) in [ F, then f;g: (A,a) = (C,c):

a < F(f)(b) < F(f)(F(9)(e) = F(f;9)(c)

The inequality above follows as F(f): F(B) — F(A) is a bounded distributive lattice
homomorphism.

Lemma 7.3 fF is a cartesian and cocartesian category with:
 Terminal object: (0,1p(q)), where 1p(q) is the top element of lattice F(0)
e Binary products: (A,a) X (B,b) is given by
(A x B,F(r3 p)(a) A F(m4 p)(b))
* Initial object: (0,0p(q)), where 1p(q) is the bottom element of lattice F(0)
e Binary coproducts: (A, a) + (B,b) is given by
(A+B,F(a,p;ma,5) )V F(dba p;mh p)b))

Proof Consider an object (4,a) € [ F, then there is a unique morphism tAa) ! (A,a) —
(0,1p(0)) given by t4 : A — 0in B, as a < 1pa) = F(ta)(1p(o)) (since F(ta) is a lattice
homomorphism). Similarly, there is a unique morphism b4 4) : (0,0p(g)) — (4, a) given by
bA :0— Ain ]B7 as F(bA)(OF(A)) = OF(O) < a.

Consider (4,a),(B,b) € [F. Then, (A,a) x (B,b) is equipped with projections
W?A,a),(B,b) : (A,a) x (B,b) — (A,a) and ”(1A,a),(B,b) : (A,ja) X (B,b) — (B,b) given by
ﬂ%,B:A><B—>Aand7r114,B:A><B—>Bas

F(ra,p)(a) A F(ma ) (b) < F(r p)(a), F(rhp)®b)

This is a product diagram since, given morphisms f : (C,c) — (4, a) and g : (C,¢c) — (B,b),
there is a unique induced morphism (C, ¢) — (A, a) x (B, b) given by (f,g) : C — A x B since

¢ < F(f)(a) AF(g)(b) = F({f,g);74,5)(@) A F((f,g); 74 B)(b)
= F((f,9))(F(x% B)(a) A F(a B)(b)))
Notice that F(wAB;Wf;LB) a F(LQ,B), in other words, given a € F(A),b € F(B),c €
F(A+ B):
F(apimap)a) Sc <= a<F(lp)) Flbapimap)(a)<c < a<Fup))
Finally, (4,a) + (B,b) is equipped with injections L?Aﬁa)&B,b) : (Aya) — (A a) + (B,b)

and L(lA,a),(B,b) : (B,b) = (A, a) + (B,b) given by L%Jl :A— A+ B and L}47B :B—A+B
respectively as

a < F(1x)(a)VF(04,p)() = F( p;vapimap)(a)V F( pivapima p)(a)
= F(%B)(FWapimag) @)V F(ba p;mh p)b)
b< F(0a)(a)VF(1g)(b) = F(th pivap;map)(a) vV F(h pivas;map)(a)
= F(ch,B)(F(¥a,pi7a,8)(@) V F(¥a,5i7a 5)(b))
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This is a coproduct diagram since, given morphisms h: (A,a) — (C,¢) and k: (B,b) —
(C,c), there is a unique induced morphism (A, a) + (B,b) — (C, c) given by [h, k] : (A,a) +
(B,b) = (C,c) since

a < F(h)(c) = F(ia ) F([h.k))(e) = F(¥a,p;7a p)(a) < F([h,K])(c)

b < F(k)(c) = F(th ) F([h, k])(¢) = F(ap;ma,5)() < F([h,k])(c)
Therefore,
F(ba,5;74,8)(a) V F(¥a,pi7h p)(a) < F([h k])(c)

Proposition 7.4 [ F is a cartesian linearly distributive category.

Proof By the above Lemma, it remains only to define the linear distributivities and prove
the coherence conditions hold. Consider (4, a), (B,b) and (C,c) in [ F, then

50,0y (Bay(Ce) ¢ (Asa) x ((B,b) + (C,c) = ((4,a) x (B,b)) + (C,c)
is 65&,3,6‘ : Ax (B+C)— (A x B)+ C since it is a morphism in [ F as it satisfies:
F(rh pyo)(a) A (F(W}q,B+c;¢B,C; m%.0)(b) V F(W,lzl,BJrc;wB,c; m5.0)(c))
<FOh 5.o)(FWaxp,cimaxp.oima,8)(@) A F(baxp.cimaxp.oima,p)b)

V F(axp,c;maxn.0)(c)

follows as
L . .0 .0
F(04,B,ci¥YAxB,Ci TAxB,C; TA,B)(@)

1 0 0 0
=F((1ax¥B,c)iag poiTaxs,oimap)(a) =F(rapic)(a)

L 0 1
F(04,B,ciVAxB,C;TAxB,c;Ta,B)(D)

1 0 1 1 0
=F((1a x¥p,c)ioy g oimaxp,c;ma,B)(b) = F(ra pyci¥p,cimp,c)(b)

L 1
F(64 B,ci¥axB,c;Taxp,c)(c)

—1 1 1 1
=F((1a x¥B,c)ioy g oimaxp,c)la) = F(rapyoivs,c;mp,c)(c)
and for any d, e, f in the bounded distributive lattice F'(A+(BxC)), dA(eV f) < (dAhe)Vf. O
Therefore, given any contravariant functor from a semi-additive category to the category

of bounded distributive lattices, we can consider its Grothendieck construction as an example
of a CLDC.

Example 7.5 1. Consider Rel, the category of sets and relations. It has finite biprod-
ucts, with zero object the empty set O and binary biproducts the disjoint union Ul. Let
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P : Rel®”? — BDL be the contravariant powerset functor, mapping sets X to their pow-
erset P(X) and mapping relations R : X — 'Y to the “preimages” P(R) : P(Y) — P(X)
defined, for VCY, to be

P(R)(V)={z € X |3y € V,zRy}
Then, [P has objects which are pairs of sets (X,U) with U C X and
morphisms R: (X,U) — (Y,V) which are relations R: X — Y such that

U C{z € X |3y € V,zRy}, in other words the relation R can restrict to a well-defined
relation R|y : U — V.

It is an isomiz CLDC, and consequently a semi-additive category, as its terminal object
is also its initial object : (0,0).

. In order to get a CLDC which is not compact or posetal, consider mow the double
powerset functor P2 : Rel””? — BDL, mapping sets X to the powerset of their pow-
erset P(P(X)) and mapping relations R: X — Y to the “preimages of their images”
P2(R) : P(P(Y)) = P(P(X)) defined for V.C P(Y), to be

P*(R)(V) = {U € P(X)| R(U) € V}
where R(U) ={y € Y,| 3z € U,zRy}.

Then, f732 has objects which are pairs of sets (X,U) with U C P(X) and morphisms
R: (X,U) — (Y,Y) which are relations R: X — Y such that VU € U,R(U) € V.

Its CLDC structure is neither compact nor posetal, and is as follows:

e Terminal object: (0,{0})
e Binary products: (X,U) x (Y, V) is given by

(X LY, P*(r%.y)(U) N P*(rx y)(V)) = (X UY,U x V)

e Initial object: (0,0),
e Binary coproducts: (X,U) + (Y,V) is given by

(X LY, P*(r%.y)(U) UP*(rx y)(V)) = (X LY, (Ux P(Y)) U (P(X) x V))

Appendix A Symmetric distributive monoidal

category with a zero object

As previously stated, the fact that the Kleisli category of the exception monad for a distribu-
tive category D is an isomix symmetric LDC (D.41, Y, 0,+,0) follows from a similar result
for symmetric distributive categories with zero objects.

Definition A.1 [3, Def 2.3.1] A symmetric monoidal category (X,,I) is distributive if

e X has finite coproducts, and
® the following canonical transformations
dipo=140%0,140t5c]l: (AQB)+(A0C) = A0 (B+C)

dipc=1Ap0lc,ap01c]: (A0C)+(BoC) > (A+B)oC
Aa=bopa:0—=00A pA=tapo: 0=+ A0
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are isomorphisms.

Symmetric distributive monoidal categories are a generalization of distributive categories
to a non-cartesian monoidal product, which describe the behaviour of the Kleisli category of
the exception monad for a distributive category, since X is a well-defined monoidal product
on D.4 1, but not the binary product.

There is a well-known folklore result that given such categories, we can build another
symmetric monoidal product, which behaves as an “either-or-both” product.

Lemma A.2 Given a distributive symmetric monoidal category (X, ,1), the functors
Y=(4+)4+(0): XxX>X 0:1 X
along with the following natural isomorphisms defines a symmetric monoidal category
(X,7,0).
R rR—l R—1 0 .0
uy 4 =ut 4 ;ut g 05 (laro +pa) =ta0itaro,ac0: A= AYO
L =1 Rr-1 1.0
uy A =uf 4 ;utopa; (lo+a +2A4) =t0aitora004a: A0V A
GVA,B:U+A,B+U®A7B : AYB—>BYA
avapc:(AYB)YC =AY (BYC)

is defined as the unique morphisms induced by the following maps

0
A,BYC
A——

0
A+ (B YC) LA4+(BYC),AQ(BYC) AY (B Y C)

0

0 1 0
B 'B,c BicC lB+C,BOC By C ta,Byc A+ (BYO) LA+(BYC),AQ(BYC) AY (BYC)

14002 1400 1 Y .
Ao B AL A@(B+C) AQlpyc BoC A@(BYC) LAH(BYC),AQ(BYC) AY(BYC')

1 0 1 LO
c tB,c B+C lB+cC,BpC BYC tA,ByC A—I—(BYC) A+(BYC),AQ(BYC) AY(BYC)

—1

(A4 B)+ (A0 B) oC 22220 (44 B 6 0) + (A0 B) @ C)

R —1
di B¢ +laesoec XA,B,C

(AoC)+(BoC)+(AoB)oC) ———= AY (BY ()

where x 4, B,c 5 given as the unique morphisms induced by the following maps

s 1400 1
AoC AL o A@(B+C) AOlpLc BoC A@(BYC) LA+(BYC),AQ(BYC) AY(BYC)

1 1 LO v .
BoC EEOE2C, py o MMEYC, 4y (By @) LEBYDACETO, 4y (B ()

A0 A,B,C
—

1400k
(AoB)oC A0 (BoC) 22BECEOC, 4 6 (BY O)

1
LA+(BYC),AQ(BYC)

AY (BYC)

Lemma A.3 The Kleisli category of the exception monad for a distributive category
(D.41,Y,0) is a symmetric distributive monoidal category with a zero object 0.
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Theorem A.4 Consider a symmetric distributive monoidal category (X,®,1) with a zero
object 0, then (X,Y,0,+,0) is a symmetric isomiz linearly distributive category with left
linear distributivity

§iBc:AY(B+C) = (AYB)+C
defined as the unique morphism induced by the following maps

0
LA,B

0 0
A At B 2EPAOE, py g AYBC, Ay B) 4 C

LLB L(ix B,AQB L‘i\vBc
B2, A4+ B 22228, A B ‘

(AYB)+C

Ll
c 2% (AvB)+C

1 0
1a0(1p+tc) LA+B,AQB tavB,C
S P LELE7,

1a0ufl
AQ(B+0C) AQ(B+0) —"2, A0 B AYB AYBC Ay By 4O
and right linear distributivity
SR pc:(A+B)YC—A+(BYC)

defined as the unique morphism induced by the following maps

0
AEYC AL (BYO)

0
!B,c

B

0 1
B¢ EEOB2C, gy o MAEYCL 4 4 (B Y 0)

1 0 1
!B,c !B+C,BoC tA,ByC

c

(ta+1p)0lc
RALLE R LY

B+C BYC A+ (BYCQC)

1 1
!B+c,BoC ta,Byc
—>

L o1
(A+B)oC O+B)oC 2% Boo BYC 2B AL (BYC)

Proof First, we show the left linear distributivity is a natural transformation. Consider
f:A— A g:B— B and h: C — C'in X, then

L L
daBc; (fYg)+h)=(fY(g+h);da B c
holds by considering the left-hand side and right hand-side pre-composed with the relevant
injections as follows.

0 0 L

LA,B+C3 L A+(B4+C), Ao (B+C)i 048,03 ((f Y 9) +h)
0 0 0

= 1A B tA+B,ApB; tavB,c; (f Y 9) +h)

0 0 0

= fi0ar BriLA B A QB LAY B O

0o 1 0 L

LB,C3 LA, B+ O3 LA+ (B+C), A0 (B+C) 94,805 ((J Y 9) +h)
1 .0 0

=LA B LA+B,A0B; tavB,c; ((f Y 9) +h)

1 0 0

= giLA/ B/} LA/ 4 B/ A/QB LAY B! C"

11 0 L

LB,C LA, B+C3 LA+ (B+O),Ap(B+C) 04,B,05 (F Y 9) + h)
1

=iwavp,c;((fYg)+h)

= b
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1 L
LA+ (B+C), Ao (B+C)i 04, B.ci ((f Y g) +h)
R .1 0
=(lao(p+tc);ulp)itatB,aon;tavs,c; (f Y g) +h)
R 1 0
=(1a0(1p+te)uyp); (fOQ9)tayp aoB ;i tAYE C

R 1 0
=(fO(g+to)iutrp)ita+p A'0B LAY B C

0 0 L
LA,B+Ci LA+ (B+C), AoB+c): (f Y (9+h)); 64 B cr
_ . ,0 .,0 5L

= f, I’A/,B/-‘rC” [’A’+(B’+C’),A’®(B’+C’)7 A/7B/,Cl

0 0 0
= fiLa B/ LA+ B A'@B’; LAY B ,C"

0 1 0 L

LB,C3 VA, B+C} LA+(B+C), A0 (B+0) (f Y (g +1));64r pr o
— g8 L .0 oL

= g; LB/,C/v LA’,B’+C/7 LA/+(B/+C/)7A/®(B/+C/)7 A’,B',C"

1 0 0
= 0;LA", B/ LA+ B, A'@QB' LA/ B! ,C"

1 1 0 L

LB,C3 LA, B+C} LA+(B+C),A0(B+0) (f Y (g +1));64r B o
— Bk 1 .0 .5L

_— 71/B/7C/7LA/,B/+C/7LA/+(B/+C/)7A/®(B/+C/)7 A/7B/,C/

= h, L}4’YB/,C/

L,14+(B+C),A@(B+C); (f Y (g+h)); 55&/,3',0'

=(fo(g+h); Lix/+(B/+C’),A’®(B'+C/)§ 551/,3/,0/
=(f@(g+h);(a @ g +to)uf p)ith i von: s o
=(fo(g+to)ulp)idhip aop:iyp o

Then, by the universal properties of coproducts, the left-hand side composite and right-hand
side composite are equal, meaning §” is natural.

Second, we show that the right linear distributivity is natural and that this construction
will be a symmetric LDC at the same time, by proving (4) holds, i.e.

R L
6a,B,c =0va+,c;(lc Y o044 8);0C B.A (0ve,B+14)i04Bvc A

We consider the right-hand side pre-composed with the appropriate injections.

o .0 .0 : (] 5L 1)

LAB} LA1B,C Y A+B)+C,(A+B)2C3 0¥ A+B,C5 (1e Y 04 4 B)i6C B,as (0ve,B +14);0+ gyc,a
0 1 0 L

=LA, B LC,A+ B} LO4+(A+B),Co(A+B); (1c Y 04 4 B)i0C B,As (0ve,B +14);04+ By c A

0 1 0 L
= LA,B} O+ A B OB+ A L0+ (B+A),Co(B+A) 0C,B,4; (0vc,B +14); 04 Byc,a

T T oL 1)

LB, A3 LO, B+ A LO+(B+A),Co(B+A) 0C,B,4 (0vc,B+14);04 By e a
1

=1ovB,Ai(OvoB+14)i04Byve A

1 .
=LBYC,A0+BYC,A
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_ 0
=LA BvyC

L0 0 : 1y YA L)
LA, B} LA+ B,C} LA+ B)+C,(A+B)oC3 O A+B,C; (La Y 04 4 )i 0C B,as (0v o, B +14);04 By c,a
1 1 0 L
= UA,B; LC,A+ B tC+(A+B),Co(A+B)i (10 Y 044 B)i0C,B,.As (0vo,B +14)i 04 Bve.a
1 1 0 L
= UA,B} 0+ A, B} UC, B+ A LC+(B+A),Co(B+A) 0C,B,4; (0vc,B +14); 04+ Bvc,a
1 1 0 L
= LC,B} LC, B+ A LO+(B+A),Co(B+A); 0C,B,A (v B +14);04 v A
_ L0 O 14
=10,BiLC+B,CoBitcyB,A; (0ve,B +14)i04+ 5y a
1.0 0
= lC,B5'C+B,CoBiOYC,B;'BYC,A:0+BYC,A

0 0 1
= !B,Ci'B+C,BoCA,BYC

1 0 L

LA+ B,Ci YA+ B)+C,(A+B)oC3 O A+B,Ci (Lo Y 04 4 B)i0C B,As (0v B +14);04Byc A
0 0 L

=1C,A+BL0+(A+B),co(A+B): (1c Y 044 B)i60,B,as (0v B+ 14); 04 Byve,a
0, .0 O 1)

=(C,B;lC+B,CoB tlCyB,A; (0B +14);04 Byc A
0 0 0

= LlC,Bi'C+B,CoB;9YC,B;t!BYC,A50+BYC,A

1 0 1
= lB,CitB+C,BQC;LA,BYC

At B)+C(A+B)oci 0v a+B.ci (e Y 04 4 )i 06 A (0¥ 0B +14)i 04 By

= 00A1B.Ci Lo+ (A+B).Co(ArB) (10 Y 044 B)i06 B 4 (0ve,B +14)i 04 Bye.a

= 0041 8.0i (1 @04 4 B)ith4(B1A).CO(BIA) 865,45 (0v B +14)104 ye.a
=00ar8.0i(lc @04 45)i(1c @ (g +ta)iuf p)itbin.cops tvp i (Ove,s +14)i04 pyoa
=00ayp,ci(lc @ (ta+1B);0+1 s W p)irB.con ove,Bi By a; T4 BYC,A
(

3 1 1
=00ayp,c;(lc @ (ta+1B);uip)iooc BiLB+C,BoC: LA, BYC

L 1 1
((ta +1B);uy g @ 1¢);00 5 ¢ 000, B LB+C,BoC; LA, BYC
L 1 1
= ((ta+1B);uy g @ 1¢);tB+C,BoC; LA, BYC

It remains now to show the coherence conditions between units and linear distributivities
(1), associativities and linear distributivities (2), and left and right linear distributivities (3).

The first condition from (1) is u¥ ALB; 5514 B= u¥ 4 + 15 and holds as follows.
L L
Uy A+B>99,A,B
_,1 .0 sk
= 19, A4+ B3 Y9+(A+B),00(A+B)3 %0,A,B
—_7k .0 .0 1
= 19,45 10+ 4,004 t0v 4,5 40 B]
1 0
=W,Ai0+A004 t 1B

=ufs+1p
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The second condition from (1) is 51%,3,@;”214\(3 =1a4Y qu. It holds by the universal
properties of coproducts and pre-composing with the relevant injections.

0 .0 L LR

LA, B+03 LA+(B+0);AY(B+0):9A,B,0> Y+ Av B
_ 0 .0 .0 R

= LA,BiLA+B,A®BYAYB,0) U+ Av B

_,0 .0
= LlABtA+B,A®B

0o .1 .0 _6L R
LB,0s LA, B+05 LA+(B+0);AY (B+0)5 %A, B,0> Y+ Av B
_,1 0 .0 R

= lA,BYA+B,A@B Y AYB,0> Y+ AYB

1 0
= LlA,BitA+B,ApB

1 .1 .0 gL . R
LB,0 LA, B+05 LA+(B+0);AY(B+0):9A,B,0> Y+ Av B
_ 1 B

=lAvyB,0: U+ AYB

=bavc

L,14+(B+w);AY(B+®)§ 55},3,0% quYB
=(1a@(1p+1t)Qaoufp)ithyp aos: Dy B.oi uf v
=1 0ufp); VAt B,AOB
1aY ufB
=(lat+ulip)+aouly)
= %5l pich Bl iAo La 0uf p)ithy B aos)
= [[th,5. (15,05l ta Bl ths B.aos (1a @ul p)ithy B o]
= [[%.5; %1 B.AoE: [th.B Ay B.AoE bavcll, (1a @ ull p)ithy B.aos]
= 0% 5ol 4y
The third and fourth conditions from (1) then follow by the definition of 67 as a composite
of braidings and st
The first coherence condition from (2) is

L L L
divp,c,pi(avaBc+1p) =ava,pc+p;(1a Y dB.c.p);d4 BYvC,D

Once more, it holds by the universal properties of coproducts and pre-composing with the
relevant injections.

Firstly, the left-hand side:
0 0 0 0 L
LA,By YA+ B,AQB3 YAY B,C+D5 L (AY B)+(C+D),(AY B)o(C+D)> dAvB,o,pi(avaB.c+1p)

0 0 0 0 0
LA,B} VAL B,AQB; LAY B,C5 LAY B)+C,(AY B)oCs { Av B)vC,D (@v A,B,c + 1D)

0 .0 0 0 0
= lA,BiYA+B,AQB} LAY B,Ci LAY B)+C,(AY B)oC @Y A,B,Ci LAY (BYC),D

0 .0 .0
= LABYCi LA+ (BYC),AD(BYC) LAY (BYC),D
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1 0 0 0 L

LA, B} LAY B, A® B} LAY B,C+Di LAY B)+(C+D),(AY BYo(C+D); 0AvB,c,D; (v 4,B,c + 1D)
1 0 0 0 0

= LA,BitA+B,A®B; LAY B,C} LAY B)+C,(AYB)@C &Y A,B,C} LAY (BYC),D

0 .0 1 .0 .0
= L!B,C5!B+C,BoC LA, BYC LA+(BYC),AQ(BYC)' LAY(BYC),D

1 0 0 L
LA+B,AQB; UAY B,C+D5 Y(AY B)+(C+D),(AY B)o(C+D) 0Av B,c,D; (v a,B,c + 1D)
1 .0 .0 .0 . 1
= LA+B,AQBtAYB,C L(AY B)+C,(AYB)®C L(AY B)YC,D> (O‘YA,B,C +1p)
1 .0 ) . .0
= LA4+B,AQB; LAY B,C5 L{(AY B)+C,(AYB)oCs @Y A,B,C5 LAY (BYC),D

0 0 1 0
=(140tB,c);(14 @ LB1+0,BoC) LA+(BYC),A0(BYC); LAY (BYC),D

0, .1 0 sk : 1
LC,Di VAY B,C+D} L(AY B)+(C+D),(AY B)o(C+D); 04y B,c,pi (v 4,B,c + 1D)
0 0 : 1
= UAYB,C} Y(AY B)+C,(AY B)oCs Y (AvB)ve,D; (@v a,B,c +1D)

1 .0 . .0
= LAYB,Ci LAY B)+C,(AYB)oCs ¥Y A,B,C5 LAY (BYC),D

1 .0 1 ) .0
= LB,CiLB4+C,BoC; LA, BYCi LA+ (BYC),A®(BYC) LAY (BYC),D

1 1 0 L

LC,D3 LAY B,C+Dj Y(AY B)+(C+D),(AY B)o(C+D): 94y B,c,p; (@v a,B,c + 1D)
1

= Y(AYB)YC,D> (ava,Bc+1p)

1
=LlAY(BYC),D

L%AYB)JrC,(AYB)@C; 8ivp,c.pi(avapc+1p)

=(lavp @ (o +1tp)); Mavs 2 Wl o) tlay pyye (ay Byoc tay Byvo.pi (@va.c + 1p)

=(lavB @ (1o +tD)); (lavs @ i o) tlavy Byso,(av Byoci O A.B.C3 Ay (ByC).D

=1avp 2 (e +1tp)); (Lays @ ul ) dREiB,A@B,a (dR;,lB,D +1(A0B)00); XA,B.C} LAY (BYC).D
= dRZiB,A@B,C-&-D; (dR;LlB,C+D + L(aoB)o(c+D));

(1a@Oc+tp)ule)+ (1o (e +tp)iuf o) + (aes @ (1o + tp)iuf o)) xa.B.ci thv (Bve),p

Secondly, the right-hand side:

.,0 .,0 .,0 . (1 5L .5L

LA, B} LA+ B,A®BS LAY B,C+Dj L(AY B)+(C+D),(AY B)o(C+D)s @Y A,B,c+D; (14 Y 0B ¢, p); 04, BvC,D
0 0 L L

= LA, BY(C+D)} LA+(BY(C+D)),Aa(BY(C+D)); (1a Y 6B .c.p); 04 BYyC,D
0 0 L

=LA (BYC)+ D} LA+((BYC)+D),A0((BYC)+D)i9A,BYC,D

0 .0 .0
=LABYCilA+(BYC),AD(BYC) LAY (BYC),D

10 0 0 . 14y 8L . sk
VA,B} LA+ B,AQB} LAY B,C+D; Y(AY B)+(C+D),(AY B)o(C+D)s @Y A,B,c+D; (14 Y 05,.0,0); 04, BvC,D
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0 .0 o1 .0 (14 Y 6 5L
LB,C+D7LB+(O+D),B@(C+D)7LA,BY(C+D)7LA+(BY(C+D)),A@(BY(0+D))7( AY B c,D)i0A BYCO,D

0 .0 <L o1 ) <L
!B,C+D;i'B+(C+D),Bo(C+D)’ 0B,c,Ds LA (BYC)+Di YA+((BYC)+D),AQ((BYC)+D)s 04,BvC,D

0 0 0 1 0 L
= UB,C}UB+C,BOC; LBYC, D3 YA,(BYC)+D5 LA+((BYC)+D),A0((BYC)+D)} 94, BYC,D

0 0 1 1 0 0
=LB,CitB+C,BOC A, BYCi LA, BYC LA+(BYC),AQ(BYC)i LAY (BYC),D

1 .0 .0 . (1 Y5L ,5L
LA+B,AQB} LAY B,C+D} L(AY B)+(C+D),(AY B)o(C+D); @Y A,B,c+D; (14 Y 0B c,p); 64, BvC,D

0 0 1 L L
=(1a ©tp,c+p); (14 @ tB1(C4+D),Bo(C+D))i LA+(BY (C+D)),Aa(BY(C+D)); (1a Y 0B,c.p); 04 By Co,D

1 0 .0 5L 1 sk
A QUB,C+D5 UB4+(C+D),Bo(C+D)} OB,CD); VA4 ((BYC)+D),Ao((BYC)+D)i 04, BYC,D

0 .0 0 R 1 0
14 @p.citBro,BocitBye,D); (1a @ (1Byc +tD); UF gy )i LA+ (BYC),A0(BYC)i LAY (BYC),D

0 0 0 R 1 0
14 @p,citB+0,Boc)i (1a @ tpyc,p); (14 @ Ut gy o)itar(BYO),A0(BYC)s LAY (BYC),D

(
(
(
(14 @ 15,0); (14 @ tB40,BoC); LAt (BYC), A0(BYC) LAY (BYC).D

0o .1 .0 . (1Y 6L 5L

LC,D3 LAY B,C+D3 L(AY B)+(C+D),(AY B)o(C+D); @ A,B,c+D; (14 Y 05,¢,0); 04, By C,D

0 .1 .0 1 .0 (14 Y 6 5L
—LC,D>LB,C+D7LB+(C+D),B®(C+D)7LA7BY(C+D)7LA+(BY(C+D)),A®(BY(C+D))7( A B,C,D)7 A,BYC,D

0 .1 .0 oL o1 .0 <L
= LlC,DytB,C+D;i !B+(C+D),Bo(C+D)> 9B,C,D; LA(BYC)+DjtA+((BYC)+D),AQ((BYC)+D)’ 04,BvC,D

1 .0 .0 o1 .0 5L
!B,C5tB+C,BQC; ! BYC, D5 LA (BYC)+D5 LA+((BYC)+D),A@((BYC)+D)’ 64,BYC,D

1 0 1 0 0
= LlB,C’t!B+C,BoC A, BYCi LA+(BYC),AQ(BYC)i LAY (BYC),D

1 .1 ) . (1 5L L
LC,D} LAY B,C+D5 {(AY B)+(C+D),(AY B)o(C+D): @Y A,B,c+D; (14 Y 65,c,p); 64, ByC,D
1 1 .0 o1 ) (1.4 sk 5L
_LC,DvLB,CJrDaLB+(C+D),B®(C+D)7LA,BY(C+D)7LA+(BV(C+D)),A®(BV(C+D))a( A B.c,D);0A,ByC,D
1.1 .0 5L o1 .0 5L
LO,D; LB,C+ D3 LB4(C+D),Bo(C+D)s 0B,C,D LA (BY C)+ D} LA+((BYC)+D),A@((BYC)+D)i 94, B¥C,D
1 1 ) <L
= LBYC,Di YA, (BYCO)+Di LA+ ((BYC)+D),A0((BYC)+D)} 94,BYC,D

1
=lAv(BvC),D

! ; (14 v 6% .ok
LAY B)+(C+D),(AY B)o(C+D): ¥ A,B,c+D; (14 Y 6B .c,p)i 04, BYC,D
R—1 R—1 L L
=d a+B,A0B,c+D; (A7 A,B,c+D + L(aoB)o(C+D))i XA,B,c+D; (14 Y 6B,c,D)i 04 BYyC,D

It remains to show that
R R R 0
(Ma@ (e +tp)ute) + (1@ (e +itp)iuie)) + (laos @ (Ie +tp)iusk o)) XA,B,Ci LAY (BYC),D
L L
=XAa,B,c+D; (14 YdB.c,p); 04, BYC,D

which we show by pre-composing by injections once more.

0 0 .
LA,0(C+D),Bo(C+D)} L{A@(C+D))+(Bo(C+D)),(AoB)+(C+D)s LHS
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= (14 @ (¢ +tp)uf 0)ihoc, Boci a0+ (Boo) (A0 B)+Ci XAB.C} LAy (BYC),D

=140 (e +tp)ull);(1a @ tp o) (14 @ BycBoc); L,14+(Bvc) AQ(BYC) LE)L\Y(BYC) D
= (1A Q[ p tpitopliul )i (14 @ th,0)i (14 @ thic, Boc): LaL(BYC). A0 (B C)i LAY (BYC).D
= (14 @ [th,ci tB+c,Boc D)) Lhr(BY ), An(BYC)i LAY (BYC).D

0
LA,@(C+D) Bo(C+D)} L{A@(C+D))+(Bo(C+D)),(AoB)+(C+D)s LHS

= (15 @ (1 +tp)uic);

=(1p @ (1c +tp);ulc);

1 0 0
LAQC,B@C) L(A@C)+(B@C) (A@B)+C3 XA,B,Ci LAY (BYC),D

- =

0
LB+C BQC5 LA ,BYC5 LA+(BYC) AQ(BYC)iYAY(BYC),D

1
YAG(C+D))+(Bo(C+D)),(AoB)+(C+D) LHS
= (laop @ (lc +tp)i v o)itlave) L (Boo), (A@B)+C§ XA,B.C} YAY (BYC).D

R
=(lap @ (lc +tp)iutco)iapa poi(la@ LB4+C,BoOC); LA+(BYC) AQ(BYC) [’AY(BVC’) D

LA, 0(C D), BO(C+ D)} HAD(C+ D))+ (Bo(C+ DY), (A0 B)+(C+D); RHS

= (14 © LB,C4 D} LB+ (C+D), Bo(C+D))i LA+ (B (C+D)), Ao(Bv (C+D)) (14 Y 65,0.0); 04 Bve.p

= (14 @ tB,c1D} 1B (04D, B@(C+D)' §5,0,D)i LA+ ((BYC)+D), A@((BYC)-',—D). 04, 5ve,n
=140 [th,ciBre,Boc thvo,ps thyve,p))i (14 @ (Lpve + )i 5y o)ith By o). a0 (BY Oy LAy (BYC).D
(

= (14 @ [th,ci th+c,Boc D)) th(By ) A0 (BYC)i LAY (BYC).D

1 0

LA,0(C+D),BO(C+D)s (AD(C+D))+(Bo(C+D)),(AoB)+(C+D); BRHS
1 1 0

= UB4(C+D),Bo(C+D)} YA, BY(C+D)} LA+ (BY(C+D)),Ao(BY(C+D))i (14 Y 85,0,0)i 04, BvC,D
1 L 1 0

= B+(C+D),Bo(C+D)> 0B,c,D; LA(BYC)+DjtA+((BYC)+D),AQ((BYC)+D)’ 6A,BYC,D

R\ 1 0 1 0 L
(1 @ (1c +tD);ut ¢); LB+C, BoCi LBY C,D} LA, (BY C)+ D} LA+ ((BYC)+ D), Ao ((BYC)+D)i 04, By C,D

0
=(1p 0 (e +tp)iufl 0)ithic, BoC: LA, BY O AL (BYC). AD(BYC) LAY (BYC).D

H{AG(C+D))+(Bo(C+ D)), (A0B)+(C+ D) RHS
=00 a,p.0+0 (14 D LB (01D, Bo(C+D) )i LA+ (BY(C+D)), Ao (B (C+D))i (14 Y 85.0,0); 04, By C.D
=0pA,B,c+p; (14 0@ L13+(C+D) Bo(C+D)s 5B.0.0); L,14+((Bvc)+D) AQ((BYC)+D) 8% Bve.p
=004 pospi (140150 (e +tp)iulle)(la @ piopoc: thve,n);

(14 @ (lpve +tp)ul o) LAL(BYC), A@(BYC)7 L%Y(BYC) D
=(laps @ (lc +tp)iuf )i aoa p,oi (14 @ thic.oc thye,p);

(14 @ (1pvc + )i uf gy ths(ByO), Ao(BYC): LAY (BYC),D
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R 1 1 0
=(lapp @ (lc +tp)iutc)icoa, p,oi (14 @ LtB1c,BoC)i LA+ (BYC),A0(BYC) LAY (BYC),D
This completes the proof of the first coherence condition from (2).

The remaining coherence conditions of (2) and (3) hold by similar calculations. They are

not included simply because of their length and repetitive nature. O
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Chapter 4

Constructing Linear Bicategories

The content of this chapter consists of a paper co-authored by Richard Blute, Rose Kudzman-
Blais and Susan Niefield, submitted to a special edition of the journal Mathematical Struc-
tures in Computer Science in honor of Philip Scott. The journal publishes work in mathe-
matical fields, including category theory, which advances the fields of theoretical and applied
computer science. The co-authors each contribute equally to the mathematical content of
the article. The main contributions of the second author are the notion of the linear quan-
taloid, the examples of LD-quantales, except the shifted monoids, the examples of categories
of quantale-valued relations for LD-quantales, and Section 6, the theory of enriching in a
linear quantaloid. All authors contributed equally to the redaction of the article, although
the editing process was mostly undertaken by the second author.
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ARTICLE

Constructing linear bicategories

Richard Blute, Rose Kudzman-Blais, and Susan Niefield

Department of Mathematics and Statistics, University of Ottawa
Department of Mathematics, Union College

Abstract

Linearly distributive categories were introduced to model the tensor/par fragment of linear logic, without
resorting to the use of negation. Linear bicategories are the bicategorical version of linearly distributive
categories. Essentially, a linear bicategory has two forms of composition, each determining the structure
of a bicategory, and the two compositions are related by a linear distribution. After the initial paper on
the subject, there was little further work as there seemed to be a lack of examples. The main goal of this
paper is to demonstrate that there are in fact a great many examples, which are obtained by considering
quantales and quantaloids, and by extending familiar constructions from the (ordinary) bicategorical set-
ting. It is standard in the field of monoidal topology that the category of quantale-valued relations is a
bicategory. Here we begin by showing that a quantale is Girard if and only if the corresponding bicategory
is a Girard quantaloid, which is an example of linear bicategory. The tropical and arctic semiring struc-
tures fit together into a Girard quantale, so this construction is likely to have multiple applications. More
generally, we define LD-quantales, which are sup-lattices with two quantale structures related by a linear
distribution, and their bicategorical analogue, linear quantaloids. We show that Q-Rel is a linear quan-
taloid if and only if Q is an LD-quantale. We then consider several standard constructions from enriched
bicategory theory, and show that these lift to the linear quantaloid setting and produce new examples of
linear bicategories. In particular, we consider linear 2-categories, matrices in 2 and linear monads in 2,
where 2 is a linear quantaloid. We develop non-locally posetal examples as well, Quant, the bicategory
of quantales, modules and module homomorphisms, and 2tld, the bicategory of quantaloids, modules and
module homomorphisms. These turn out to be cyclic x-autonomous bicategories, which are in essence a
closed version of linear bicategories.

Keywords: Categorical linear logic, linear bicategories, *-autonomous, quantales, quantaloids

Dedicated to the memory of our friend Phil Scott

1. Introduction

The idea behind the theory of linearly distributive categories (LDC) as introduced by Cockett and
Seely (1997) is that (the multiplicative fragment of) linear logic is best modeled by taking the
two multiplicative connectives, ® (tensor) and @ (par), as primitive. One then obtains a category
with two monoidal structures, related by linear distributions. A linear distribution is a natural
transformation, not an isomorphism typically, of the following form or a symmetric equivalent:

AR (B&C)— (A®B)®C

This approach to the model theory of linear logic differs from the original approach, using the
x-autonomous categories of Barr (1979), of taking tensor and negation as primitive and then
defining the par by de Morgan duality.

© Cambridge University Press
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2 Blute, Kudzman-Blais and Niefield

Just as monoidal categories can be viewed as one-object bicategories, one can ask for the
bicategorical version of linearly distributive categories. These are the linear bicategories of
Cockett et al. (2000), which provide a natural semantics for non-commutative linear logic. The
primary goal of this paper is to give new classes of linear bicategories arising from several
different sources.

Before diving into the formal definitions, we describe the example that led to the more general
discussion below. The structures we consider are two ordered semiring structures on the extended
integers Z = Z U {400, —eo}, as examined by Golan (2003). (One could just as well consider
the extended reals.) This set in fact has two semiring structures and these are typically called the
tropical and arctic semirings. They are of great use in the theory of synchronization as considered
in Baccelli et al. (1992). See Droste and Kuich (2009); Droste et al. (2009) for how extensively
these structures arise.

In both, multiplication is given by the usual addition of integers. But we must be careful in
defining oo + —co. In the first structure, we define —oo 4 00 = —co =00 4| —co. The addition
for this structure is given by max. This gives Z. the structure of an ordered semiring with Z,
equipped with its usual order.

For the second structure, we again have that the multiplication is given by addition. But
analogously we now must have —oo 45 co = 0o = 00 4, —oo. The addition for this structure is given
by min. This gives Z., the structure of an ordered semiring with Z., equipped with the opposite
of its usual order.

If X and Y are sets, we will define a Z..-relation from X to Y to be a function R: X X Y — Z..
As in the category of relations, we consider this as a morphism R: X - Y. Then the two semiring
constructions above allow us to define two distinct relational compositions.

Explicitly, given X Ly 4 Z, we define

A®B(x,z)=\/ (A(x,y) +1B(»,2)) A®B(x,z)= /\ (A(x,y) +2B(y,2))
yey yey

We are of course using the fact that both Z.. and ZZ? are not just semirings with the above
structures, but are in fact quantales. We are thus following the program of monoidal topology as
described in Hofmann et al. (2014).

The current project began with the observation that the two compositions described above are
related by a linear distribution and in fact determine a locally posetal linear bicategory. On the
other hand, we have the observation that Z.. with the above operations is a Girard quantale, as
investigated by Yetter (1990); Rosenthal (1990) and the two structures are related by the Girard
duality.

We first introduce the quantale analogue of linearly distributive categories, and the quantaloidal
analogue of linear bicategories, in Section 4, which we call LD-quantales and linear quantaloids
respectively. These definitions will underlie most of our main results. All Girard quantales are
LD-quantales and all Girard quantaloids are linear quantaloids.

Our first result in Section 5 is that the category Q-Rel is a Girard quantaloid, defined by

Rosenthal (1992), and therefore a locally posetal linear bicategory, if and only if Q is a Girard
quantale. This extends naturally to the case where Q is an arbitrary LD-quantale. We then provide
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concrete examples of O-Rel as a linear quantaloid.

In Section 6, following the general theory of enriching in a bicategory and the work of
Rosenthal (1992), we introduce the quantaloid 2-Mod whose 0-cells are 2-categories, 1-cells
are 2-modules and 2-cells are point-wise inequalities, where 2 is a Girard quantaloid. 2-Mod
is then itself a Girard quantaloid. This leads to considering enrichment in a linear quantaloid 2
and the introduction of the bicategory 2-Mod of linear 2-categories and linear 2-modules. It
is shown to be a linear quantaloid if and only if 2 is itself linear. This result proceeds by first
proving the corresponding theorems for linear monads in 2 and matrices in 2. Given these new
constructions, we provide more examples of locally posetal linear bicategories, using the linear
quantaloids presented in the previous section.

We finally develop non-locally posetal examples as well. This is done in Section 7. We begin
by considering -Zoc, the bicategory whose objects are locales, 1-cells are bimodules and two-
cells are bimodule homomorphisms, which we use to illustrate a more general notion. This turns
out to be whatCockett et al. (2000) refer to as cyclic *-autonomous bicategories, which are linear
bicategories. We show that a number of classic examples of bicategories fit into this framework.
In particular, the bicategories of quantales and of quantaloids (with their respective modules) are
linear bicategories.

Remark 1.1. There are unfortunate notational conflicts between linear logic notation and the
usual notation for ordered structures, as well as within the linear logic community. We now give
our choice for notation for the remainder of the paper, chosen to be in line with the notation of
Cockett and Seely (1997) and Cockett et al. (2000).

* For partially ordered sets, we will denote the top element by 1 and the bottom element by
0, if they exist.

* We will denote quantales by Q and quantaloids by 2.
* Composition of arrows will be written with diagrammatic ordering.

* In a monoidal category, we will use ® to denote the tensor product and T to denote the
unit, including in the case of quantales, as opposed to & and 1 used in Rosenthal (1990).
Moreover, we will use ® to denote composition in a bicategory and Ty or T x to denote the
identity 1-cell on X, in particular for quantaloids, as opposed to o and iy used in Rosenthal
(1996).

* In a x-autonomous or linearly distributive category, there is a second monoidal structure,
which we will denote by &, rather than the *@ of Girard (1987). This includes in the case of
Girard quantales, as opposed to LI and d in Rosenthal (1990) and LD-quantales. The unit of
this second monoidal product will be denoted by L. @ will also denote the second compo-
sition in the context of linear bicategories, in particular in Girard or linear quantaloids, and
1x or 1l x will be the identity 1-cell on X. Note that 1, |y and Iy will also be used to
denoted cyclic dualizing elements and families in Girard quantales and quantaloids.

2. Preliminaries
2.1 Quantales and quantaloids

See Niefield and Rosenthal (1988); Rosenthal (1990, 1996) for a detailed discussion about
quantales and quantaloids.
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Definition 2.1. * A quantale (coined by Mulvey (1986)) is a partially ordered set Q with all

suprema and an associative multiplication ®: Q x Q — Q such that for all subsets P C Q
and all elements a € Q, we have

(\/P)®a:\/p®a and a®(\/P):\/a®p

peP peP
Note that Q necessarily satisfiesa @ 0=0=0® a.

Since the operations (—) ® a and a ® (—) preserve all sups, they have right adjoints for all
a € Q, known as the left and right residuations. We denote them by (—)o—a and a—o(—)
respectively and they are defined by:

co—a=\/{beQ|b®a<c} and a—oc=\/{beQla®wb<c}
An element T € Q is a unit if for all a € Q,
TRa=a® T =a

in which case Q is called unital.

The following definitions and result are due to Yetter (1990):
Anelement L € Q is a cyclic dualizing element if for all a € O, we have
loa=a—ol and (a0 l)—ol=a

A Girard quantale is a pair (Q, 1) where Q is a quantale and L is a chosen cyclic dualizing
element. We denote a—o | as a™-.

If Q is a Girard quantale, it has a second multiplication defined by the linear logic version
of de Morgan duality:

Lemma 2.2. Let (Q, L) be a Girard quantale, then it is unital with T = 1 and the opera-
tion (—)* is a contravariant isomorphism. Q°7 is thus a unital quantale with multiplication
a®b=(b"®at)"

and unit | . Evidently this operation satisfies:

(AP)@a= A\p®a and a®(A\P)=\adp

peP peP

Example 2.3. (1) Every locale (or frame) L, i.e., complete lattice satisfying the infinite dis-

tributive law, a A (\/ b;) = \/(a A b;) Va, b; € L, is a unital quantale with @ =A and T = 1.
As discussed by Niefield and Rosenthal (1988), a quantale is a locale if and only if it is
commutative, right-sided and idempotent. Following is a list of important locales we will
consider in this paper:

a. Truth value two-chain Q = {0, 1}
b. Totally ordered 3-chain 3 = {0, 1/2, 1}, with residuations given by

1 ifa<c
co—a= .
¢ ifa>c

c. Extended real half-line with opposite ordering Pmax = ([0, e|°?, max, 0), with residu-
ations defined by Lawvere (1973) to be

c ifa<c
co—a= .
0 ifa>c
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d. Lattice of open sets ¢/(X) in a topological space X

(2) The set of relations Rel(X) on a set X is a unital quantale with standard relational com-
position as its operation and with the diagonal relation Ay as its unit, i.e., given relations
R,S: X »X,

(x,x')eR®S ifandonlyif Ir' (x,x)€R and (¥,x")eS

(3) The extended real half-line with opposite ordering can be equipped with other quantale
structures. In particular, consider P, = ([0, «|°”, 4, 0), with its operation standard addi-
tion extended by a + oo =00 4 g = oo, It is often called Lawvere’s quantale of positive real
numbers, as it was first introduced by Lawvere (1973). Residuation is given by “truncated
subtraction”:

c—a ifa<c<o
co—a=<0 ifa>c
o fa<c=o

(4) The unit interval with multiplication ([0, 1],-, 1) is isomorphic to P, = ([0, ]°?, 4, 0)
under the map x — —In(x), a unital homomorphism of quantales (function preserving arbi-
trary sups, quantale operation ® and the unit T) with inverse y — exp(—y). Residuations
are given “truncated division”, as defined by Hofmann and Reis (2013):

if
co—a:{c/a if0#a>c

1 otherwise

Definition 2.4. * A quantaloid, coined by Abramsky and Vickers (1993), is a category 2
enriched over the category of complete lattices and sup-preserving maps.

« As in the case of quantales, for all arrows f: a—be 2, the functors
(-)®f: 2(d,a)—2(d,b) and f®(—): 2(b,b)— 2(a,b’) preserve all sups
and thus have right adjoints, also known as residuations, denoted by (—)o—f: 2(d’, b) —
2(d,a)and f—o(—): 2(a,b') — 2(b, V) respectively.

The following definitions and result are due to Rosenthal (1992):

o A family of l1-cells Z={1,: a—a|a€ 2}isacyclic family if f—o 1 ,= 1, o—f, forall
f: a— b, and let f* denote their common value. Then Zis called a cyclic dualizing family
if f-+ = f, forall f.

A Girard quantaloid is a quantaloid 2 together with a cyclic dualizing family 2.
¢ Mirroring Lemma 2.2, if 2 is Girard, it has a second composition ¢ given by the linear

logic version of the Morgan duality, such that 2 is also a quantaloid (where —“° denotes
the reversal of 2-cells).

Remark 2.5. Quickly, we introduce a bit of notation that will be used throughout this paper.
Suppose (¥, ®, T) is a monoidal category then let (%) denote its suspension, i.e., the bicate-
gory with one object x whose 1-cells and 2-cells are the objects and morphisms of ¥, respectively,
with composition given by the tensor product ® and T, given by the unit T of ¥

The next preliminary subsections will outline constructions that give rise to various examples
of quantaloids, but we outline here three key examples.

Example 2.6. (Rosenthal, 1996)
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(1) AB(Q), the suspension of a unital quantale, is a quantaloid with one object. Note that a Girard
quantaloid with one object is a Girard quantale.

(2) Rel, the locally posetal bicategory of sets and relations, is a quantaloid with hom-sets
ordered under inclusion and standard relational composition: if we have R: X - Y and
S:Y - Z then define

(x,z) ER®S ifandonlyif Ty (x,y)€R and (y,2)€S

(3) Ord, the locally posetal bicategory of preordered sets and order ideals, is a quantaloid with
the standard relational composition: recall that a preordered set is a set X endowed with a

reflexive and transitive relation <y and order ideals are relations R: X — Y such that
x<xx, ¥Ry == xRy and y<yx), xRy = xRy

Definition 2.7. (Rosenthal, 1991, Def 2.2) If 2 and 2’ are quantaloids, then a quantaloid homo-
morphism is a functor F: 2 — 2 such that on hom-sets it induces a sup-lattice morphism
9(a,b) — 2'(F(a),F(b)) forall a,b € 2.

2.1.1 The category Q-Rel

A relation R: X —» Y assigns a truth value to each pair in X X Y, as such it can be understood as
a function from X x Y to the two-chain quantale. Rel can thus be generalized to arbitrary quan-
tales by considering quantale-valued relations as follows, giving rise to a multitude of quantaloid
examples.

Definition 2.8. If Q is a quantale, we can form the category Q-Rel whose objects are sets and
arrows R: X -» Y are functions R: X x Y — Q, called Q-relations. Given R: X - Y and S: Y -~
Z, the composition R® S : X - Z is defined by

R®S(x,2) = \/ R(x,y) ®5(y, 2)
yey

Note that the use of ® on the left refers to composition in O-Rel and on the right refers to
multiplication in Q. Identities are given by

T ifx=x

Tx(x,x)= {0 ifx £

Lemma 2.9. (Hofmann et al., 2014, Section 3, 1.1) If Q is a unital quantale, then Q-Rel is a
quantaloid under point-wise ordering, so in particular it is a locally posetal bicategory.

As QO-Rel is a quantaloid, given a Q-relation R: X - Y, there exists residuation functors
(—)o—R and R—o(—), defined for 7: X »Zand U: W - Y by

R—T(y,2)= /\ R(x,y)~T(x,z) Uo=R(w,z)= /\ U(w,y) o=R(x,y)
xeX yeyY
Example 2.10. (1) Rel = 2-Rel, the quantaloid of sets and relations.

(2) P4-Rel, a quantaloid of sets and extended distance relations d: X x Y — [0, o], with
composition ® defined, for D;: X XY — [0, 0] and Dy: Y x Z — [0, o], by

(D1 @ Dy)(x,2) = \ Di(x,y) + Da(y,2)
yey
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and identities Ty defined by

0 ifx=x
T =
X(‘x7'x) {oo if.x?é.xl
Alternatively, one can consider [0, 1]-Rel, isomorphic to P;-Relas the map [0, 1] =P,
extends to an isomorphism of quantaloids, with composition ® defined, for D;: X X Y —
[0,1]and D;: Y x Z— [0, 1], by

(D1 @ Dy)(x,2) = \/ Di(x,y) - Da(y, 2)
yey

and identities T x defined by

1 ifx=x
Tx(x,x) =
x (%) {O if x £
(3) Pmax-Rel, another quantaloid of sets and extended distance relations d: X x Y — [0, oo}, but
with a different composition ® defined, for D;: X x Y — [0,e0] and D,: Y x Z — [0, o], by

(D1 ® D2)(x,2) = \ max(D1(x,y), Da(y, 2))
yeY

The last two examples will connect to Lawvere metric spaces. This will be discussed in
Example 2.31.

Note that there is a quantaloid embedding (quantaloid homomorphism which is injective on
objects and a faithful functor) from the suspension of the quantale %(Q) into Q-Rel:

AB(Q) — O-Rel : x> 1={x} a—Ry: 1-»1 where Ry(x,%)=a

2.2 Modules, matrices and monads

We assume the reader is familiar with the theory of bicategories, introduced by Benabou.
Appropriate references are Betti et al. (1983); Leinster (1998). In this section, we introduce three
standard constructions in bicategory theory, but first we must review the notion of a biclosed
bicategory.

2.2.1 Biclosed bicategories
Recall the definitions of right extensions and right liftings, in the sense of Street (2014).

Definition 2.11. Let Z be a bicategory. A right extension of B: X —Z along A: X — Y in # is
a 1-cell which we denote A—o B, also denoted by XMod(A, B), together with a 2-cell

A
——=Y
Ex A /

7/
Bl =~

7/ A—OB
%

>

N

inducing a bijection (called the transpose) between 2-cells C -+ A —oB and A ® C — B, for all
C:Y—Z
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A right lifting of C: Z — Y through A: X — Y is a right extension in #°?, i.e., a 1-cell which we
denote C o—A, also denoted by ModY (A, C), together with a 2-cell

X
7

Co—A 7
/ A
/€y \L
7/

zZ——Y
C

inducing a bijection (called the transpose) between 2-cells B— Co—A and B® A — C, for all
B:Z—X.

A bicategory 4 is called biclosed if it admits all right extensions and right liftings.

Remark 2.12. We have chosen to use the more traditional notation and terminology from bicat-
egory theory. Cockett et al. (2000) chose their terminology to be in agreement with Lambek’s
non-commutative linear logic rather than the theory of bicategories. We note that our notion of
right extension is the same as their notion of right hom and our notion of right lifting is their left
hom.

Example 2.13. Suppose (¥, ®, T) is a symmetric monoidal closed category and consider its sus-
pension A(¥'). Taking A—o B=Hom(A, B) and Co—A = Hom(A, C), we get: Z(7) is a biclosed
bicategory.

Proposition 2.14. If Z is a biclosed bicategory, then the induced 2-cells
(A C)—oB— C—o (A— B) and Do—(A®C)— (Do—C)o-A
are invertible and natural inA: X - Y,B: X >W,C: Y —>Zand D: W — Z.

Proof. This follows from the universal properties of the extensions and liftings. O

2.2.2 B-categories and modules
The following definition was first introduced for locally posetal bicategories by Walters (1981)
and then defined for more general bicategories by Street (2005).

Definition 2.15. Let % be a biclosed bicategory.

o A B-category M consists of the following data:
— for each O-cell A € A, a set My “over A”,
— for each pair of elements x, x’ over O-cells A, B respectively, a 1-cell M(x,x'): A— B
in 4,
— for each triple of elements x,x',x” over O-cells A,B,C respectively, 2-cells
N: g —>M(x,x)and p: M(x,xX') @M(x', xX") — M(x,x") in B
satisfying the axioms of left and right identities, and associativity.
Alternatively, a #-category is lax functor from the union of sets My viewed as an indiscrete
bicategory to 4.
o A B-module ®: M - N assigns:
— to each pair x € My and y € Np over O-cells A and B, a 1-cell ®(x,y): A — B in %,
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— to each triple x,x’ € My and y € Np over O-cells A and B, a left action 2-cell
p: M(x,X)20(K,y) = 0(x,y) in £,
— to each triple x€ M, and y,y € Np over O-cells A and B, a right action 2-cell
A:0(x,y) @N(y,y") = O(x,y) in A,
satisfying five compatibility axioms.
* Given Z-modules @, ®: M - N, a morphism of Z-modules o: ® — & is a family of 2-
cells a: O(x,y) — ®(x,y) in & compatible with the left and right actions A, ¢.

* Given #-modules ®: M - N and IT: N - P, the composite ® @ IT: M - N is defined, for
X €My and z € Pc over A and C, by © @ I(x, z) as a colimit in Z(A, C).

* By restricting to certain bicategories %, such that the colimit involved in the definition
exists, we can define the bicategory #-Mod of Z-categories and ZB-modules. For more
details, see Street (2005).

Suppose (¥, ®, T) is a complete and cocomplete symmetric monoidal closed category.
Then we can consider ZA(¥)-Mod = ¥ -Prof, the bicategory of ¥ -categories, ¥ -profunctors
(sometimes called ¥ -distributors), and ¥ -transformations.

Note that composition A ®g B of ¥ -profunctors A: Q - R and B: R -» S can be described by the
coend

(AekB)(g.9) = [ Alg.r) @ B(s)

and Q(—, —): Q - Q is the identity 1-cell.

2.2.3 #-matrices
The work of categories enriched in bicategories was further developed by Betti et al. (1983). They
introduced the bicategory of Z-matrices as a stepping stone to the study of #-Mod.

Definition 2.16. Let 2 be a locally small-cocomplete bicategory with a small set of objects .

* Given a family X = (X4)ac 2, of small sets indexed by %, an element x € X, is said to be
an element of X over A.

* Given a pair of families X = (X))acz, and ¥ = (Ya)acz,, a B-matrix S: X + Y assigns
to each pair x,y of elements over A, B € %, a 1-cell S(x,y): A— B in 9. Composition
of HB-matrices S: X »Y and T: Y - Z is by matrix multiplication, i.e., (S® T)(x,z) =
HyGYS(xv y) ® T<y7 Z)‘

* A morphism of #-matrices o.: S — S’ is a family of 2-cells 0, y: S(x,y) — §'(x,y) in AB.

* Define MatrZ to be the bicategory with families of small sets indexed by % as 0-cells,
JB-matrices as 1-cells and Z-matrix morphisms as 2-cells.

Suppose (¥, ®, T) is a symmetric monoidal closed category with set-indexed products and
coproducts. Then, we can consider MatrZ(¥') = ¥'-Matr the bicategory of sets, # -matrices, and
¥ -matrix morphisms.

Recall from Carboni et al. (1987) that a #"-matrix A: X » Y is a function A: X XY —ob?. A
morphism f: A — B of ¥-matrices X - Y is a family

{f(x,9): Alx,y) = B(x,y) | (x,y) €X x Y}
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of morphisms of #". Composition of A: X -»Y and B: Y -» Z is given by matrix multiplication

(A Ky B) (X, Z) = HyEYA(xa y) ® B(ya Z)
and the identity X - X is

T x=x

0 otherwise

TX (X, x/) = {
where T is the unit for ® and 0 is initial in ¥".

Given ¥ -matrices A: X »Y,B: X » Z,and C: Z -+~ Y, taking

A—B(y,2)= HX V(A(x,y),B(x,2))  Co-A(z,x) = HY ¥ (A(x,y),C(z,y))
XE ye

we get the well-known result within folklore, see Blute et al. (1996) and Lack (2010):

Lemma 2.17. If 7 is a symmetric monoidal closed category with set-indexed products and
coproducts, then #'-Matr is a biclosed bicategory.

2.2.4 Monads in # and modules
Carboni et al. (1987) demonstrated that Z8-Mod can be broken into the constructions of Matr%
and of Mon4, the bicategory of monads and modules in Z as defined below.

Definition 2.18. Let % be a biclosed bicategory with local equalizers and coequalizers stable
under composition.

e Amonadin %A is a 1-cell Q: X — X together with two 2-cellse: 1y > Qandm: Q® Q —
Q satisfying the usual associativity and identity axioms. Note that a monad (X, Q) (denoted
by just Q when X is understood) is a monoid in the category Z(X, X).

* A (Q,R)-module A: (X,Q)~» (Y,R) is a 1-cell A: X —Y together with action 2-cells
A:Q®A—A and p: A® R — A satisfying (one-sided) associative and unit laws, and a
diagram expressing the commutativity of the two actions.

* A (Q, R)-module morphism is a 2-cell f: A — B satisfying compatibility conditions with
respect to the actions.

e Let MonZ denote the bicategory of monads, modules, and module morphisms; with
the composition A @z B of A: (X, Q) - (Y,R) and B: (Y,R) -~ (Z, S) given by the local
coequalizer

pA®B
ARXRRXRB_—_—_—ZAR®B—=AQ®rB
A®Ap

in #(X, Z), and identity 1-cell T (x o) = Q: (X, Q) » (X, Q).

Note that identity 1-cell Txy: X — X in £ is a trivial monad, every l-cell A: X — Y is an

(Tx, Ty)-module, and every 2-cell f: A — Bis a (Tx, Ty)-module homomorphism. Moreover,
X — Tx defines a pseudo functor which is a left pseudo adjoint to the forgetful (lax) functor
Mon% — A.
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Given A: (X,0) -~ (Y,R), B: (X,0) =+ (Z,S), and C: (Z,S) = (Y, R), the right extension
B—ogp A in MonZ of B along A is obtained by taking the local equalizer.
2’*

A
A—ogB—~A—-oB—Z(Q®A)—-<B
Ag

where A; = 44— B and iB is the transpose of

(0®4)®(A—oB) > 0® (A (A—B) 254 0w g 2

Similarly the right lifting C o—gA in MonZ of C through A is

P
CopA—>Co—A—ZCo—(A®R)
PB
Note that given morphisms A: X =Y, B: X - Zand C: Z—Y in £ the 2-cells
A—o1, B—A—oB and Co—1,A—Co-A

defining the extensions and liftings in Mon%, are invertible, and without loss of generality, we
can take them to be equalities.

Moreover, given the above definitions, the following is a well-known result, see Betti et al.
(1983) and Lack (2010):

Lemma 2.19. If £ is a biclosed bicategory with local equalizers and coequalizers stable under
composition, then Mon4 is a biclosed bicategory.

By examining the definitions of the three constructions, it is immediate that:

Proposition 2.20. (Carboni et al., 1987) If £ is a distributive bicategory (locally cocomplete
bicategory with colimits preserved by composition on both sides), Z-Mod is biequivalent to
MonMatr 4.

Furthermore, the constructions are idempotent.

Proposition 2.21. (Carboni et al., 1987) If 4 is a distributive bicategory, then (%-Mod)-Mod is
biequivalent to #-Mod. If £ is a bicategory with local coequalizers stable under composition,
then Mon(Mon4) is biequivalent to MonZ. If £ is a bicategory with small local coproducts

stable under composition, then Matr(MatrZ) is biequivalent to MatrZ.

Thus, by Lemmas 2.17 and 2.19, and calculating the liftings and extensions by the ends
(A-oB)(r:5) = | Hom(A(q,r),B(q.5))  (Co-A)(s,q) = [ Hom(A(g, ), B(s,1)
q r
for ¥ -profunctors A: Q R, B: Q-+ Sand C: S - R, we get:

Lemma 2.22. Suppose ¥ is a complete and cocomplete symmetric monoidal closed category,
then #'- Prof is a biclosed bicategory.
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2.2.5 Enrichment in a quantaloid 2

The previous bicategorical constructions can of course be considered in the special case of a
quantaloid 2, as done by Rosenthal (1992). We take the time to describe them in detail as a main
result of this paper is their generalization to the linear context.

Definition 2.23. Let 2 be a quantaloid.

o A Q-category is a pair M = (X, p) where:
- X is a set,
— p is afunction p: X — ob2, and
— there is a function, called the enrichment assigning to each pair (x,xX')€X x X a
morphism M (x, x'): p(x) — p(x’) such that Vx, X', x" € X
Tp) < M(x,x) M(x,xX) @M, x") < M(x, x")
Alternatively, a 2-category is a lax functor from set X to 2, when X is viewed as an
indiscrete bicategory.
¢ Consider 2-categories M = (X, py) and N = (Y, py). A 2-module ®: M - N consists of
an assignment of a morphism O(x, y): py(x) — pn(y) to every pair (x,y) € X x Y such that
Vx, X €X,y,y €Y
O(x,y) ®N(y,y) <O(x,))  M(x,x) @0, y) <O(x,y)
¢ Define the category 2-Mod whose objects are 2-categories and arrows are 2-modules.
Given M 2N 3% P, composition ® @ IT: M — P is defined by

O®I)(x,2) =\ O(x,y) ®T1(y,2)
yey

Identity 1-cells Ty : M - M are defined by T p(x, x') = M(x, x’). Note that the use of ®
on the left refers to composition in 2-Mod and on the right refers to composition in 2.

Remark 2.24. We have chosen to denote the bicategory of 2-categories and 2-modules as
2-Mod in agreement with previously introduced notation, while it is called Bim(£2) by Rosenthal
(1992).

Definition 2.25. Let 2 be a quantaloid. Define the category Matr2 whose objects are small
families of objects in 2, i.e., pairs (X, 7) of a set X and a function y: X — 0b2, and arrows
are Z-matrices r: (X,y) » (Y, ¢), i.e., families of morphisms (ryy: ¥(x) = ¢(¥))(xy)exxy in Z.

Given 2-matrices (X, y) = (Y, ¢) - (Z, ), composition r @ s: (X, ¥) - (Z, x) is defined by
(r®s),= \/ ey & Syz
yey
Ty(x) if x=x/

Identity 1-cells Ty 5): (X, ) » (X, y) are defined by TT(X#)W, = {0 o) XA
Y(x),0(x'

Example 2.26. (1) It is a standard result that the category of Z(Q)-matrices, Matr(%(Q)), is
isomorphic to Rel.

(2) Consider Matr(%(£2)). The objects are pairs (X, y) of a set X and a trivial function map-
ping the set to x. The %(Q)-matrices are families (ryy: * — x)(xy)ex xy @ collections of
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elements in Q, i.e., a function X x ¥ — Q, and composition of Z(Q)-matrices is exactly
the one of Q-relations. As such, MatrMatr(#(Q)) = O-Rel, generalizing the first example.

Definition 2.27. Let 2 be a quantaloid.

* A monad (a,m) in 2 is an object a equipped with a morphism m: a — a such that
Ta<m mem<m
Alternatively, a monad in 2 is a lax functor from the terminal bicategory 1 to 2.
* A (m,n)-module f: (a,m) - (b,n) is a morphism f: a — b in 2 such that
mf<f  fon<f
* Mon2 is the category of monads and monad modules. in 2. Composition is directly
inherited from 2 and the identity 1-cell T, ,,: (a,m) - (a,m)ism:a— a.
Example 2.28. (1) It is immediate that monads in Rel are preordered sets and monad modules
are order ideals, thus Mon(Rel) = Ord.

(2) The above example can be generalized to Q-Rel. Consider Mon(Q-Rel): monads in Q-Rel are
Q-categories, pairs (X, m), set X equipped with a relation m: X - X which is Q-reflexive
and Q-transitive, meaning

T<m(x,x) and  m(x,x)@m,x")<m(x,x") Vo 3" eX
while monad modules are Q-profunctors, relations S: (X, m) - (Y, n)

m(x,x") ®S(',y) <S(x,y) and  S(x,y) @n(y,y) <S(x,y) Vx,x' €X,y) €Y
These constructions are more than just categories:

Lemma 2.29. (Rosenthal, 1992) 2-Mod, Matr2 and Mon2 are quantaloids, so in particular
they are locally posetal bicategories.

As 2-Mod, Matr2 and Mon.2 are quantaloids, there exist residuation functors. In the case
of 2-Mod and Matr2, the formulas are similar to Q-Rel, the inf of the point-wise residuations,
while Mon2 inherits residuations directly from 2.

Propositions 2.20 and 2.21 apply to the case of quantaloids:

Proposition 2.30. (Rosenthal, 1992) 2-Mod is biequivalent to MonMatr.2 and the constructions
are idempotent.

Thus, we see that Ord = #(Q)-Mod = Rel-Mod and Q- Zrof = Z(Q)-Mod == (Q-Rel)-Mod.

Example 2.31. (1) Consider Q =P, then P,-Zrof is the quantaloid of Lawvere metric
spaces and P, -bimodules (in the sense of Lawvere (1973)). Objects are sets X equipped
with extended distance functions m: X x X — [0, e| which satisfy the axiom of point
inequality and the triangle inequality:

m(x,x) <0 and m(x,x") <m(x, x') +m(x', x") vx, X, x" eX

In other words the objects are extended quasi-pseudo-metric spaces, or simply Lawvere
metric spaces. The arrows (X, m) - (Y, n) are real-valued functions F: X X Y — [0, o]
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satisfying
F(x,y) <m(x,x)+F(¥,y) and F(x,y)<F(x,y)+n(,y) Vx,Xe€X,y,y ey

The standard category Met of Lawvere metric spaces and non-expansive maps is equivalent
to the category of P -categories and P -functors. Every P -functor gives rise to a pair of
adjoint P -bimodules, therefore P_-Zrof is a quantaloid of Lawvere metric spaces with a
more general notion of morphisms.

Alternatively, take Q =0, 1], then [0, 1]-Frof = P -Zrof. Objects are sets X equipped
with a functions m: X x X — [0, 1] satisfying
1 <m(x,x) and m(x, x') -m(x', ") <m(x,x") Vx, ¥, " € X
while arrows (X, m) —+ (Y, n) are functions F: X x Y — [0, 1] satisfying
m(x,x')-F(x',y) <F(x,y) and F(x,y)-n(y,y)<f(x,y) Vx,X €X,y,y €Y

(2) If instead, we consider Q = Pppax, then Ppax-Zrof is the quantaloid of Lawvere ultramet-
ric spaces and Pyax-bimodules. The metric spaces (X, m) satisfy the strengthened triangle
inequality:

m(x,x") < max(m(x,x’), m(x', x")) v, X X" e X
and the arrows (X, m) - (Y, n) are real-valued functions F: X X ¥ — [0, o] satisfying
F(x,y) <max(m(x,x'), F(X,y)) and F(x,y) <max(F(x,y),n(y,y)) Vx,X€X,yy €Y

For more details, see Lawvere (1973).

Note that there is a quantaloid embedding of 2 into 2-Mod,
2 — 2-Mod : a—M,=(1,p,) where 1=x, p,(x)=a and M,(x,x)=T,

fra—b—0Os: M,»M, where Of(x,%)=Ff
of 2 into Matr2,
2 — Matr2: a— (1,%) where 1=x, 7(x)=a

fra=b—f:(1,%)»(1,y) where fi.=f
and of 2 into Mon 2,

2 MonZ: a (a, T,) the trivial monad

fra=b=f:(a,Ty) > (b, Typ)

3. Linear bicategories

We introduce the theory of linear bicategories as defined by Cockett et al. (2000). The material
in this subsection is entirely from that paper.

Linear bicategories are an extension of the theory of linearly distributive categories, due to
Cockett and Seely Cockett and Seely (1997). Linearly distributive categories axiomatize the
multiplicative fragment of linear logic in a way that is closer to the syntax. So the two binary
connectives, ® and @, are taken as primitives, and negation can be added if one wishes.
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As usual with bicategories, one begins with a class of 0-cells which we will denote
PBo={X,Y,Z,...}. Then for every pair of O-cells, one has a category H(X,Y). The objects
of (X, Y) are called I-cells and the arrows are called 2-cells. But now we have two composition
functors:

®,®: BX,Y)x B(Y,Z) — BX,Z)

Each of these compositions gives a bicategory structure. Thus for each composition we have all
of the morphisms and coherences that this entails. In particular we must have identity 1-cells for
each of the two compositions:

Tx: X—X and 1x: X=X

These two bicategory structures are related by a linear distribution as follows. Given 0-cells
X,Y,Z W we have two functors:

- @(-0-),(—2-)D—: BX,Y)x BY,Z) x B(Z,W) — B(X,W)
and we require a natural transformation between them, which is not necessarily an isomorphism:
li-®(-e-)=(-9-)-
Symmetrically, we also need a natural transformation
F(—o-)9—-— -0 (-0-).
All of this structure must satisfy coherence requirements detailed in Cockett et al. (2000).

One of the main goals of this paper will be to provide new examples of linear bicategories, but
we mention here the quintessential example Rel, as it will be the example on which ours are based.

Rel is a locally posetal bicategory with its first composition being the standard one. But we
have a second composition: for R: X - Y and S: Y —» Z, define

(x,z) ER®S ifandonlyif Vy (x,y)€R or (y,2) €S

We quickly mention here that the appropriate notion of functor between linear bicategories was
developed, although they will only make a brief appearance in this article.

Definition 3.1. (Cockett et al., 2000, Def 2.4) Let 8 and %’ be linearly distributive categories.
A bilax linear functor F = (Fy, Fy): % — %' consists of:

* alax monoidal functor (Fy, mt,mg): (B,®, T) — (%', ®, T), equipped with
* a colax monoidal functor (Fy,n,,ng): (8,®, L) — (%', ®, L), equipped with

e four natural transformations, known as linear strengths,

vR @y Fy — (Fp x Fg); @ vE 45 Fo(A® B) — Fy(A) ® Fu(B)
vE: @y Fy — (Fo X Fe); @ Viapt Fa(A® B) = Fo(A) @ Fo(B)
VR (Fe X Fz); @ — @3 Fy Va5 Fo(A) ® Fi(B) = Fi(A® B)
Vi (Fa X Fg); @ — ®; Fs viap: Fo(A) ® Fo(B) = Fo(A® B)

subject to various coherence conditions.
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16 Blute, Kudzman-Blais and Niefield

3.0.1 Cyclic x-autonomous bicategories

The notion of a x-autonomous category was originally introduced independently of linear logic
by Barr (1979), who was trying to capture some of the dualities present in various categories of
topological vector spaces. It was only later seen to be appropriate to model the multiplicative frag-
ment of linear logic by Seely (1989). Barr’s definition of *-autonomous category was a symmetric
monoidal closed category with a dualizing object. But linear logic suggested an equivalent defi-
nition as a linearly distributive category with negation, see Cockett and Seely (1997). Similarly,
as linearly distributive categories have been generalized to linear bicategories, it is natural to
generalize the notion of cyclic *-autonomous categories as well.

Definition 3.2. (Cockett et al., 2000, [Def 3.14) A bicategory £ is a cyclic *-autonomous
bicategory if

e for any pair of O-cells X,Y, there 1is an adjoint equivalence
(=) H((=)")P:B(X,Y)— B(Y,X)°P, and
o forany 1-cell A: X — 7, the 1-cell A* is the right extension of T along A, such that these

extensions are natural in A.

As discussed by Cockett et al. (2000), we can equivalently define cyclic *-autonomous
bicategory by introducing the concept of dualizing 1-cells.

Definition 3.3. Suppose Z ={Lx: X = X | X € %} is a family of 1-cells in a biclosed bicate-
gory A. Given A: X — Y, applying Definition 2.11, we get 2-cells

Sy Ox A

A —— (LYO—A)—OJ_Y and A —— LXO—(A—OLx)

* A family & is called dualizing if the 2-cells 8x o and 84 y are invertible, forall A: X — Y.

* A dualizing family & is called cyclic if there are invertible 2-cells 65 : Lyo—A = A—o Ly,
natural in A: X — Y, such that the following diagram commutes

lxo—(A—oly)
Ox A xLJ-X o—6,
A J_Xo— (J—Y O—A)
BA,Y ¢9LYO—A
(Lyo—A)—oly

In this case, we let AT = A—o L x.

Proposition 3.4. Z is a cyclic x-autonomous bicategory if and only if it admits a cyclic dualizing
family.

Example 3.5. Suppose ¥ is a x-autonomous category with cyclic dualizing object 1, one
can show that 2 ={L: x —x} is a cyclic dualizing family for its suspension Z(V), since
A—ol 2A+ >~ oA and A= (A1)*, for all objects A € #. So (V) is a cyclic *-autonomous
bicategory.

In particular, consider #" = Sup, the category of suplattices and suplattice homomorphisms (func-

tions that preserve all joins). Sup is a x-autonomous category with cyclic dualizing object Q°7,
with A o—Q? =2 Q% —o0 A= A°, where A° denotes the opposite poset of A, and A = (A°)°, for
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Constructing linear bicategories 17

all A. Therefore, Z(Sup) is a cyclic *-autonomous bicategory with cyclic dualizing family
2 ={Q°%: % — x}.

It will come as no surprise then that every cyclic *-autonomous bicategory is a linear bicategory
by the de Morgan equations. It is remarked in Cockett et al. (2000) without a detailed proof as it
would largely follow the same computation described in Cockett and Seely (1997), in the case of
LDCs and *-autonomous categories. We describe below some of the key details.

Lemma 3.6. If % is a cyclic *-autonomous bicategory, then there is an invertible 2-cell
At—oBS (B*®AH)t  and  Bo-Ct 5 (CteBh)*
foralA: X —Y,B:Y—ZandC: Z—W.

Proof. Suppose 2 ={Lx: X — X} is a cyclic dualizing family for 8. Then composition with
5372 induces the transpose invertible 2-cell

At B S5 At o ((Lz0-B)—o 17)
Since 1z o—B = B and by Proposition 2.14, it follows that
At—o((Lzo-B)— 1z) > (Bt @A) 1= (Bt @AH)*
and the desired 2-cell follows. Similarly for the second result. ]
While the following result follows from the discussion by Cockett et al. (2000) in Section 3.4,

we outline the broad strokes of the proof for readers less initiated in categorical linear logic.

Proposition 3.7. (Cockett et al., 2000, Prop 3.13) Every cyclic *-autonomous bicategory is a
linear bicategory.

Proof. Suppose 2 ={Llx: X — X} is a cyclic dualizing family for %. Given A: X —Y and
B:Y —Z,defineA® B= (Bt @A)

Then @ is associative and has identity 1-cells Ly = Ty : X — X:
ADBOC)=A® (Ct @B = ((cCt@Bt) At
~(CteBteat) 2 (Ccte AaB)h)?t
=A®B)®C
and Ty DAZAZAD Ty,

To see that 4 is a linear bicategory, we will define the left linear distribution
AR (B&C)—= (A®B)@C

Since A® (B®C)=A® (Bt—C) and (A®B)®C=(A®B)t—oC=(Bto-A)—-C, by
Lemma 3.6; it suffices to define a 2-cell

A® (Bt—C) — (Bt o-A)—C
or equivalently, its transpose

(Bt o-A)® (A® (B*—~C)) = C
For this, we can use the associator and the evaluation maps

(Br o-A) @ (A® (Bt—C)) = ((B* o-A) ®A) @ (B*—=C) - BT @ (Bt —C) = C
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Similarly, we get a 2-cell (A®B)®C—A® (BRC), as desired. It remains to show the
coherence conditions, in particular the ones involving the linear distributions. O

The last section of this article will be a discussion of several examples of non-posetal cyclic
x-autonomous bicategories, including Quant and 2tld.

Cyclic *-autonomous bicategories are unique in that every 1-cell has a canonical cyclic linear
adjoint, in the following sense:

Definition 3.8. (Cockett et al., 2000, Def 3.1) A linear adjunction A—||B: X — Y consists of a pair
of l1-cellsA: X - Y and B: Y — X, equipped with 2-cells 7: Ty — A & B, known as the unit, an
Y: B®A — Ly, known as the conunit, satisfying the snake equations.

Definition 3.9. (Cockett et al., 2000, Def 4.1) A cyclic linear adjunction A|~||B is a pair of linear
adjoints A—||B and B—|A.

Proposition 3.10. (Cockett et al., 2000, Cor 3.4) Any two right (respectively left) linear adjoints
to a 1-cell are isomorphic, in the sense that there is a unique 2-cell mediating the isomorphism.

Then,

Proposition 3.11. (Cockett et al., 2000, Rem 4.10) Consider a cyclic *-autonomous bicategory,
then every l-cell A: X — Y has a unique (up to isomorphism) cyclic linear adjoint given by
At Y =X,

4. LD-quantales and linear quantaloids

It is immediate that Girard quantaloids are locally posetal cyclic *-autonomous bicategories. In
particular, the second composition is defined as the dual of the first. An alternate approach to the
model theory of linear logic is that of linear bicategories where the tensor and par are taken as
primitive. We define what the analogous structure would be for quantaloids below.

Definition 4.1. A linear quantaloid is a locally small category 2 whose hom-sets are complete

lattices with binary operations ® and &, and families of distinguished morphisms {T, | a € 0b2}
and {L, | a € 0b2} such that

* (2,®,T,)and (2°, @, 1,) are quantaloids,
e forall f:a—b,g:b—c,h:c—>de 2,

fegeh)<(fego®h and (fOgh<fd(g®h)
Every Girard quantaloid is a linear quantaloid and we have the following obvious observation.
Lemma 4.2. A linear quantaloid is a linear bicategory.

Definition 4.3. If 2 and 2’ are linear quantaloids, a linear quantaloid homomorphism F =
(Fy, Fs): 2 — 2'is abilax linear functor such that Fi, and F, are quantaloid homomorphisms.
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A main result of the present work will be new examples of linear bicategories which are lin-
ear quantaloids. To construct these, we need the definition of the analogous linear structure for
quantales. These are the LD-quantales as defined below.

Definition 4.4. An LD-qguantale (Q, ®, T,®, L) is a complete lattice Q with operations ® and
@ and elements T and L such that

* (0,®, T)and (Q°, @, L) are quantales.
e foralla, b, ceQ,

a® (bdc)<(a®b)@dc and (@®b)@c<ad®(bRc)
Clearly a Girard quantale is a LD-quantale.

The notion of an LD-quantale is not truly a new one. It has previously appeared in some form
in the literature, following the introduction of LDCs by Cockett and Seely (1997). In particular,
it has been considered within the field of algebraic logic, when discussing ordered algebras,
wherein linear distributivity was called hemi-distributivity by Dunn and Hardegree (2001).

Indeed, within this context, a LD-quantale refers to a lattice-ordered bimonoid
(A A,V -, 1,4, 0), where all joins and meets are admissible in the multiplicative pomonoid A.
and in the additive pomonoid A ; respectively, as defined by Galatos and Prenosil (2023).

Now, every locale is a quantale and Rosenthal (1992) remarks that a locale is a Girard quantale
if and only if it is a Boolean algebra with 0 its dualizing element. We can extend this remark to
LD-quantales, but fist we must introduce a slightly less well-known type of lattice.

Definition 4.5. (Reyes and Zolfaghari, 1996, Def 1.1)
* A Heyting algebra is a bounded distributive lattice . with an “implication” operator —
1 X x L — £ with the following property Va, b, ¢ € £
a<b—c <= aNb<c

* A co-Heyting algebra is a bounded distributive lattice . with an “subtraction” operator
\ 1 & x £ — £ with the following property Va, b, c € Z:

a\b<c<= a<bVc

* A bi-Heyting algebra is a bounded distributive lattice that is both a Heyting and a co-Heyting
algebra.

Then:

Proposition 4.6. A locale is a LD-quantale (£, A, 1,V, 0) if and only if it is a complete bi-
Heyting algebra.

Proof. Note that a complete Heyting algebra is the same notion as a locale. Moreover, a locale is
a LD-quantale if and only if the opposite infinitary law holds,

(/\a,-)\/b:/\(ai\/b)

iel iel
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20 Blute, Kudzman-Blais and Niefield

This is equivalent to requiring a right adjoint to (—) V a: £ x £°P — £°P, in other words .¥
has a subtraction operation and is a co-Heyting algebra. O

Example 4.7. (1) Rel(X), the poset of relations on a set X, is a Girard quantale with
cyclic dualizing element A%, see Proposition 1.2 in Rosenthal (1992), and therefore is a
LD-quantale.

(2) Consider the following locales which are LD-quantales.
* Two-chain Q is a Girard quantale, and therefore a LD-quantale.

e Three-chain 3 is the smallest locale, which is not Boolean as the law of excluded

middle doesn’t hold:
1/2v(00-1/2)=1/2v0=1/2#1

As such it is not a Girard quantale, but it is nonetheless a LD-quantale as it is a bi-
Heyting algebra.

* Pmax is a LD-quantale, as it is a bi-Heyting algebra, with & = min and L = oo, but it
is not a Girard quantale as oo is not a dualizing element:

if a;éoo’ a—ooo:oo:>(a—ooo)—ooo:0

* Reyes and Zolfaghari (1996) demonstrate that given an oriented irreflexive multigraph,

the lattice of its subgraphs is a bi-Heyting algebra, and therefore an LD-quantale.

* Borceux et al. (2006) defined the notion of a bi-Heyting topos to be a topos such that
the lattice of its subobjects is precisely a bi-Heyting algebra. An important example
is the topos of presheafs [6°7, Set] for any small category %. As such, its lattice of
subobjects is a LD-quantale.

(3) Consider the unit interval with multiplication ([0, 1],-, 1). It becomes a LD-quantale
([0, 1], -, @) when considering truncated addition a & b = min(a + b, 1) for its par structure
with unit L = 0. ([0, 1]°7, @, 0) is a quantale since

/\ min(a + by, 1) = min(a + /\ba, 1)
[0 o

Linear distributivities hold as
a-(b+c)=(a-b)+(a-c)<(a-b)+c Vael0,1]
It is not however a Girard quantale as O is not a dualizing element:
if a#0, a—-00=0= (a—o0)—-0=1
Since ([0, 1],-,1) = P, we can use the isomorphims to define a par structure on P_:
a @ b=max(—In(exp(—a) +exp(—>b)),0) and L =oo. Then, P, = ([0,]?, +, @) is a
LD-quantale isomorphic to ([0, 1], -, ).
Remark 4.8. Given a locale L, its booleanization Bool(L) ={a € L | (a— 0)—0 0 =a} is a com-

plete Boolean algebra by Banaschewski and Pultr (1996). Therefore, viewing any locale as a
LD-quantale, there is always a sub-locale Bool(L) which is a Girard quantale.

The following is another example of an LD-quantale which requires a little more discussion.

190



Constructing linear bicategories 21

4.1 Shift monoids

Cockett and Seely (1997) introduce the notion of a shift monoid. These provide examples of
discrete linearly distributive categories which are not x-autonomous.

Definition 4.9. * A shift monoid consists of a 4-tuple .# = (M, +, T,a) where (M, +, T) is
a commutative monoid and «a is an invertible element of M.

o If ./ is a shift monoid, define a second multiplication by
xX-y=x+y—a

Then this is a second monoid structure on M with unit given by a.

It is trivial to see that x - (y 4+ z) = (x - y) + z and so every shift monoid is a discrete linearly
distributive category (M, +, -). We modify the notion of shift monoid as follows in order to con-
struct LD-quantales. Recall that a commutative monoid M is cancellative if for all a,b,c € M,
one has

a+b=a+c=b=c
Proposition 4.10. * Let (M, +, T) be a cancellative commutative monoid. We view M as a

discrete poset and then add top and bottom elements which we denote 1 and 0. Denote this
set as M1, We then extend the addition on M:

1+b=1ifbeMorb=1 0+b=0forallbeM™
Then (M, +, T) is a commutative quantale.

o Let.# = (M, +, T, a) be furthermore a cancellative commutative shift monoid, then extend
the second operation in the dual way:

0-b=0ifbecMorb=0 1-b=1forallbe M*
Then (M, +, -) is a LD-quantale.

Remark 4.11. The cancellative property is needed to ensure that + preserves all suprema in M.

5. O-Rel as a linear bicategory

We now demonstrate that if Q is a Girard quantale, or more generally an LD-quantale, Q-Rel
determines a linear quantaloid, providing new examples of linear bicategories.

Proposition 5.1. O-Rel is a Girard quantaloid with cyclic dualizing family 2 = {Lx: X -» X} if
and only if Q is a Girard quantale with cyclic dualizing element |, where | = L (%, %), Lj: 1 -»
1 being the constant map between singleton sets 1 = {x}, and

v (¥
J~X(x’x/)_{i_ i#i/

Proof. Suppose Q-Rel is a Girard quantaloid. Given a € Q, let R;: 1 - 1 denote the a-valued
constant relation. Since R,~ol|= 1 0-R, and R:*=R,, it follows that | = (%, %) is a
cyclic dualizing element for Q, and so Q is a Girard quantale.
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Consider a set X. Let X' € X and define Q-relation R: 1 -+ X by

T x=x
R(*,x):{l x#_xl

Now (Lxo—R)(x, %) /\ Lx(x,%)0—R(*, %) = Lx(x,x') and

1 x=x

(R—OJ_1)(x,*):R(*,x)—OJ_:{1 v

since T—ol = 1. As Zis cyclic, Lxo—r=r—ol and consequently, (*) holds.

Suppose Q is a Girard quantale with cyclic dualizing element L. Define a family of Q-relations
Dby (x). Consider R: X - Y, then

(R—oLx)(y, /\R %, y)—oLlx (% x) =R(x,y)—oL =R(x,y)*

(J—Yo_r Y, X /\dY »y o—rx y) J-()_R('x?.)/):R('x7y)L

and so Zis a dualizing family for Q-Rel as R—olyx = 1yo—R. Ybeing cyclic follows immediately
and as such Q-Rel is a Girard quantaloid. O

Consequently, if O is a Girard quantale, there is a second categorical structure on Q-Rel deter-
mining a linear bicategory. Indeed its second composition is obtained as the de Morgan dual of its
standard composition

R®S(x,7) = \/Sy, L @R(x,y))* /\(S( )t @R(x,y)*t /\ny Sy, 2)
yey yey yey

with identities | x.
This generalizes further. Suppose (Q, ®, T) and (Q°P, @, L) are quantales. Two notions of
composition
®, 0 BX,Y)x BY,Z)— B(X,Z)
are defined as follows: given R: X »Y and S: Y - Z,

R®S(x,z) = \/ (R(x,y) ® S(y,2)) R®S(x,z) = /\ (R(x,y) ®S(»,2))
yey yeY

The identity 1-cells are given by:

T ifx=x 1 ifx=x

TX(X’XI):{O ifx£x LX(x”cl>:{1 if x £ ¥

and we get:
Theorem 5.2. Q is an LD-quantale if and only if Q-Rel is a linear quantaloid.

Proof. By Lemma 2.9, (Q-Rel,®, Tx) and (Q°-Rel, ®, Lx) = (Q-Rel®, @, Lx) are quan-
taloids as (Q, ®, T) and (Q°P, @, L) are quantales, inheriting their structure from Q point-wise.
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Suppose (Q, ®, @) is an LD-quantale. Given
WEX DY bz
wehave RQ (SO T) < (R®S) @ T if and only if, for all w, z,
VIRw,x) @ (S® T)(x,2)] < AR $)(w,3) DT (3, 2)]
x y
if and only if R(w, x) @ (S® T)(x,2) < (R® S)(w,y) ® T (y, z), for all w, x, y, z. But,

Rw,x) @ (S&T)(x,z) = R(w,x) ® /\[S(x, y) B T(y,2)]

;%) @ [S(x,y) © T(y, 2)]
ww®5@yH@T@d

R(w,x) @ S(x,y)] & T(y,z)

IAIAIA
= =
z

*EE:

IN

(R@S)(w,y)&T(y,2)
The other inequality follows similarly and we conclude that O-Rel is a linear quantaloid.

Conversely, suppose Q-Rel is a linear quantaloid. Then a, b, ¢ in Q induces 1 B B 1%
in Q-Rel, and R, ® (R, ®R.) < (R, ® Rp) ® R, implies a ® (b @c)<(a®b)®c. Thus Q is an
LD-quantale. O

(O-Rel is a linear quantaloid for all locales Q as they are LD-quantales.

Example 5.3. (1) 2-Rel = Rel is a Girard quantaloid, with its par composition given by de
Morgan duality, the same as previously introduced in the preliminaries section.

(2) 3-Rel is a linear quantaloid, which is not a Girard quantaloid, as 3 is a complete bi-Heyting
algebra, but not a Boolean algebra.

(3) Pmax-Rel, the quantaloid of sets and “extended” distance relations, is a linear quantaloid,
which is not Girard, with its par composition defined, for D;: X - Y and D,: Y - X by

(Dl & DZ)(X7 Z) = \/ min(Dl (xv y)a DZ(yv Z))
yeyY
and par identities given by

oo ifx=x
i"‘(’C’x/)_{o if x £ X/

(4) [0, 1]-Rel is another linear quantaloid, which is not Girard, of sets and relations, with its par
composition defined, for D1: X - Y and D: Y - X by

(D1 @ Dy)(x,2) = /\ min(Di(x,y) + Ds(y,2), 1)
yey
and par identities given by
0 ifx=x
€ =
x(x,x) {1 if x # X'

Alternatively, P_-Rel with its par composition defined, for D;: X - Y and D,: Y -» X by

(D) ® Dy)(x,z) = \/ max(—In(exp(—D;(x,y)) + exp(—Dz(y, 2))), 0)
yey
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and par identities given by

o ifx=x
Lx(x,x)= {0 ifx

6. Enriched in a linear quantaloid

Rosenthal (1992) demonstrated that the definition of a Girard quantaloid was closed under various
constructions, in particular if 2 is a Girard quantaloid, then 2-Mod is one as well. This can be
easily extended into a necessary and sufficient condition.

Proposition 6.1. 2-Mod is a Girard quantaloid with cyclic dualizing family {1y : M - M}
if and only if 2 is a Girard quantaloid with cyclic dualizing family {1l,: a —a}, where
L= 1p, (%, %), My = (1, p,) being the 2-category defined by p,(x) =a and M,(x,*)=T,,
and

JJ—M(x’ xl) :M(xlvx)_OJ—p(x/)
Proof. Suppose 2-Mod is a Girard quantaloid with cyclic dualizing family {1l : M - M}.

Given an object a in 2, define the 2-category M, = (1, p,) as indicated above. Define a family
of morphisms 2 ={L,: a—a}in 2by L, = 1l (*,*).

Given a morphism f: a — b in 2, consider its image ®7: M, + M, under the embedding of 2

into 2-Mod. Then,

foLla=0¢(x,%)—0 Ly, (%, %) = /\ Of(x,%)—o dpg, (x, %) = (Op—0 LLpg, ) (%, %) = @f(*, %)
xe{x}

Lpo—f = Ay, (%, %) 0=Op(x, %) = /\ Al pg, (%, x) =@ f(x,x) = (LLpg, 0=Of)(x, ) = @)J%(*7 *)
xe{x}

implying Zis a cyclic family of morphisms in 2 and Zbeing dualizing follows similarly.
The sufficiency proof is shown in Theorem 3.1 in Rosenthal (1992). O

Notice that if 2 is a Girard quantaloid, then for each 2-category M = (X, p) and (x,x’) € X,
there is a morphism M (x', x)*: p(x) — p(x’) satisfying Vx, ¥, x” € X

M(x,x)* < Lo M(x, X"V E <M, X" @ M(x,x)*
Therefore the map M*: (x,x') — M (¥, x)*, coupled with (X, p) is a 2°-category, where .2
is the quantaloid with the de Morgan dual composition ¢ and identities L.
M* is moreover a 2-module M - M: Vx,x', x"" € X
M, )t oM, x") <M, x)* M(x,x) @M (X', X" <M, x)*
While M becomes a 2°°-module M- - M*: Vx, X', x" € X
Mx, X"y <M x)t oM, X"y M@x,x") <M(x,x) oM, x)*t

All together, this entails that (M, M"): X — 2 is a bilax linear functor, when X is viewed as a
degenerate indiscrete linear bicategory.
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Each 2-module ®: M -~ N interacts coherently with this structure and it determines a 2-
module M+ - Nt:Vx, X €X,y,y €Y

O(x,y) SM(x,x)" ®0(x,y)  O(x,y) <O,y) &N ()"
As with every Girard quantaloid, we can define a second composition on 2-Mod. Given

M—%N—ILP,(D@H: M - P and ©® ¢ I1: M — P are defined by

(ORI)(x,z)= \/ O(x,y) ®T(y,z) and (@®I)(x,2)= A O(x,y) ®II(y,2)
yey yey

The identities 1-cells for ® and @ are given by T and iLf,, respectively, where
Ty, x)=M(x,x') and 1y(x,x) =M, x)*
The above discussion motivates the following new definitions which generalize 2-Mod to the
case where 2 is a linear quantaloid as follows.
Let 2 be a linear quantaloid.

Definition 6.2. A linear 2-category is a pair M = (X, p) where:

e X is a set.
* p is a function X — 0b 2,

* there is a function, called the ®-enrichment, assigning a morphism Mg (x, x'): p(x) — p(x)
in 2 to each pair (x,x’) € X x X such that Vx, x', x" € X

Tp(x) <My (xv )C) Mg, ()C, xl) ® Mg (x/v x//) <My (x7 x//)

* there is a function, called the ®-enrichment, assigning a morphism Mg (x, x'): p(x) — p(x')
in 2 to each pair (x,x’) € X x X such that Vx, x',x” € X

M@(x7 x) < J—p()c) M@(xv x”) SM@(X, x,) @M@(xlvx”)
satisfying the following inequalities Vx, x', x” € X,

Mg (x,x") < Mg (x,x') © Mg (x', ) Mg (x,x") < Mg (x,x') @ Mg (X', x")
M® (x7 xl) @ M@ (xl7 XN) S MEB (X, XN) M@ (X, xl) 02 M® (X/, x”) S M@ (xa x”)

More succinctly, if 2 is a linear quantaloid, a linear 2-category is a bilax linear functor from
X to 2, where X is viewed as a degenerate indiscrete linear bicategory.

Note that given a linear 2-category M = (X, p), Mg = (X, p) is a 2-category and Mg =
(X, p) is a 2%-category. Moreover, the ®-enrichment and @-enrichment together assign cyclic
linear adjoints in 2 as follows.

Proposition 6.3. Consider a linear 2-category M= (X,p) and a par (x,x)€
X x X, then ®-enrichment and @-enrichments provide a cyclic linear adjunctions
Mo (x, x') [HIMe (', ) : p(x) = p ().

Proof. To show Mg (x, x')—||Ms(xX', x), we need only provide the unit and co-unit 2-cells, which
are inequalities in this context.

Tp(x) SM@()C, x) SM@(X» xl) @MEB(XI’X)
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Mg (X, x) @ Mg (x,x') < Mg (X, x') < Low)
Similarly, Mg (X', x)-|Mg (x, x'). O
Definition 6.4. Consider linear 2-categories M = (X, py) and N = (Y, py). A linear 2-module

©: M —» N consists of an assignment of a morphism @(x, y): py(x) — pn(y) to every pair (x,y) €
X x Y such thatVx,x' € X,y,y €7,

O(x,y) @ Ne(,y) <Ox,y)  Mg(x,x') @0, y) <O(x,y)
O(x,y) <My (x,x) ®O(X,y)  O(x,y) <O(x,y) ®Na(Y,y)

The above definition of a linear 2-module can be simplified, as the four inequalities are not
independent: the top two imply the bottom two, and vice versa.

Proposition 6.5. Consider linear 2-categories M = (X, py/) and N = (Y, py), then ®: M —- N is
a linear 2-module if one of the following conditions holds:

(1) ®is a Z-module Mg, - Ng, and

(2) Oisa Z2°°-module Mg, » Ng.
Proof. Suppose 0O is a 2-module Mg —+ Ng, in other words ®(x,y) @ Ng(v,y') < O(x,y’) and
Mg (x,x') @ O(x',y) <O(x,y) holds Vx,x' € X,y,y’ € Y. Then,

O(x,y) =0(x,y) @ Tpy(y) <O, y) @ N (3,¥) <O(x,5) @ (No(3,)) ©Na (¥, ¥))
<(O(x,y) @ Ng(y,Y)) ®Ne (v, y) <O(x,y") & Na (¥, y)

®(x7 y) - Tpx(x) ® @()C, y) < M@(X, .X') ® @(X, y) < (MEB(xa X/) @ M®(x/7 )C)) ® ®(X7 y)
< Me (x,x) & (M (x', x) @ O(x, y)) < Mas (x, ') & O, y)
The other direction follows similarly. L
Remark 6.6. It was shown by Cockett, Koslowski and Seely that representable poly-bicategories
are linear bicategories and poly-functors between them are bilax linear functors. When view-

ing linear 2-categories as a poly-functors between representable poly-bicategories, a linear
2-module is a poly-module between the poly-functors, as defined in Def 4.1 Cockett et al. (2003).

We can now define bicategory structures attached to the above data.
Definition 6.7. Define 2-Mod to consist of the following data:

* O-cells are linear 2-categories

* given a pair of 2-categories M and N, there is a category with 1-cells the linear 2-modules
M — N and 2-cells the point-wise inequalities, i.e.,

O<II&e V(x,y) €XxY, O(xy) <I(x,y)

 given 2-categories M, N and P, there are two composition functors ®, @ defined for
®: M-»NandIl: N-» Pby

(O®M)(x,2)=\/ O(x,y) ®T1(y,2) and (@@ (x,2) = /\ O(x,y) BTI(y,2)
yey yey
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* given every 2-category M, there are identity 1-cells T ps, 1Ly : M - M defined by
Tau(x,x')=Mg(x,x')  and Ay (x,x') = Mg (x,x)

Note that the assumption that 2 was a linear quantaloid was not entirely necessary to define
2-ModWe did not need to in fact assume the linear distributivity inequalities held, which allows
us to state the following theorem. An analogous remark can be made for the other constructions
we will consider.

Theorem 6.8. (2-Mod, ®,®) is a linear quantaloid if and only if (2,®,®) is a linear
quantaloid.

This will be an immediate consequences of similar results for linear 2-matrices and linear
monads in 2, so we will delay proving the above theorem.

Another construction that was shown to be Girard by Rosenthal (1992) is the quantaloid of
2-matrices:

Proposition 6.9. Matr2 is a Girard quantaloid with cyclic dualizing family {1 x ,): (X,7) »
(X, 7)} if and only if 2 is a Girard quantaloid with cyclic dualizing family {_L,: a — a}, where
La=1 ), (1, 7,) consisting of the singleton set 1 and the function ¥, : * — a, and

Ly x=x

J-l-X7 xx/:
&P, {17()6)#()6’) x#x

Proof. The forward direction follows similarly to the proof in the case of 2-Mod, while the
backwards direction proved by Theorem 3.2 in Rosenthal (1992). O

If 2 is a linear quantaloid, then Matr2 inherits a second bicategorical structure. The two

notions of composition are defined as follows: given 2-matrices (X, 7) = (¥, ¢) = (Z, %), r @
s,r®s: (X,y)—» (Z, x) are defined by

(r®s)y:= \/ ey ® Syz and (r&®s)e:= /\ Ty © Syz
yeyYy yeyYy

Identity 1-cells T (x ), LLix )2 (X, 7) = (X, 7) are defined by

T if x=x 1 if x=x
Towpw=14"" . and Ly o= { ST
iz {°y<x>,¢<x'> if x 5 2/ B Ly oy X £

Theorem 6.10. Matr2 is a linear quantaloid if and only if .2 is a linear quantaloid.

Proof. The proof is identical to that of Theorem 5.2, replacing objects in a quantale Q by
morphisms in 2. O

Remark 6.11. As in the case of ordinary quantales, it is immediate that for an LD-quantale Q,
the linear quantaloid MatrZ(Q) is isomorphic to Q-Rel.

Finally, as one might expect, taking monads and modules in a Girard quantaloid remains Girard.
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Proposition 6.12. Mon2 is a Girard quantaloid with cyclic dualizing family { 1L, : (a,m)
(a,m)} if and only if 2 is a Girard quantaloid with cyclic dualizing family {L,: a — a}, where
Lo= 17, (a, Ta) being the trivial monad on a, and

J-L(a,m) =m—ol,

Proof. The forward direction is immediate from the trivial monad embedding of 2 into Mon2,
while the backwards direction is proven by Theorem 3.3 in Rosenthal (1992). 0

As in the case of 2-Mod, this can be generalized to the linear setting.
Let 2 be a linear quantaloid.

Definition 6.13. (Cockett et al., 2000, Def 4.13) A linear monad (a, m) = (a, mg, mg) in 2 is a
pair of compatible ®-monad (a, mg) and ®-comonad (a, mg), i.e., it consists of

* an object a

e a morphism mg : a — a such that
Te<mg and Mg Q@ Mg < Mg
* a morphism mg; : @ — a such that
mg < 1, and mg < mg, @ mg
satisfying the following inequalities:

mg < mg © Mg Mg < Mg O Mg
Mg & Mg < Mg mg @ Mg < Mg

Definition 6.14. Let (a,m) and (b,n) be linear monads in 2. A linear (m,n)-module (or
monad module) f: (a,m) - (b,n) is a morphism f: a — b in 2 which is ®-monad module
f: (a,mg) - (b, ng) and a @-comonad module f: (a, mg) - (b, na), i.e., satisfies the following
inequalities:

f®ng < f me @ f<f

f<mg®f f<fong

For the same reasons as in the case of linear 2-modules, the ® and ® monad maps are cyclic
linear adjoints and the above definition can be simplified. A morphism f: ¢ — b in 2 is ®-monad
module f: (a,mg) - (b, ng) if and only if it is a @®-comonad module f: (a, mg) - (b, na).

Definition 6.15. Define Mon2 to consist of the following data:

¢ O-cells are linear monads in 2

* given a pair of linear monads (a, m) and (b, n), there is a category with 1-cells the linear
(m, n)-modules and 2-cells are inherited from 2

* given linear monads (a, m), (b, n) and (c, p), there are two composition functors ®, ¢ which
are inherited from 2
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* given every linear monad (a, m), there are identity 1-cells T (4 ), L (4m): (@, m) + (a,m)
defined by

T (am) =me and L (g m)y =ma

Lemma 6.16. If 2 is a linear quantaloid, then (Mon2, @, T (, ,)) and (Mon 2, &, 1L, ) are
quantaloids.

Proof. (Mon2, ®, T (,,,)) is a category with a well-defined composition ®: given linear monad
modules f: (a,m)-» (b,n) and g: (b,n) = (c, p), it is immediate that f @ g: a — ¢ is a ®-
monad module since f, g are ®-monad modules and, by linear distributivity, f ® g: a—c is a
@-comonad module as follows.

fRgs(mp@f)®g<my®(f®g) and [fRgIfR(@EDOps)(f®g)Dps

as f, g are @-comonad modules. Identities T, ) (a,m) - (a,m) are also well-defined as mg
is a linear monad module:

My @My <Mg Mg < mg O mg and Mg < Mg G mg
by the definition of linear 2-categories. The quantaloid structure is directly inherited from

(2, ®,T). Similarly, (Mon2, @, 1L (,,,)) is a quantaloid. O

Then we get this result:
Theorem 6.17. Mon2 is a linear quantaloid if and only if 2 is a linear quantaloid.

Proof. Suppose 2 is a linear quantaloid, then it is immediate that Mon2 is a linear quantaloid as
compositions ® and @ are inherited directly.

Suppose Mon2 is a linear quantaloid, consider the mapping of each object a € 2 to the trivial
linear monad (a, T, L,) and each morphism f: a — b to itself viewed as the trivial linear monad
module f: (a, Ty, L) = (b, Tp, Lp). Then, Vf:a—b,g: b—c,h: c—d, we know f & (g
h<(f®g)@hand (f dg) @h < f D (g® h), since the inequalities hold when they are viewed
as 1-cells in Mon 2. O

We now return to the proof of Theorem 6.8:

Proof. Suppose 2 is a linear quantaloid, then Matr2 is a linear quantaloid and therefore we
can perform the linear monad construction and see that MonMatr2 is a linear quantaloid. By
looking at the definitions, it is immediate that (MonMatr2, ®, T (x ,),»)) is biequivalent to
(2-Mod, ®, Ty) and (MonMatr 2%, @, 1L (x 4 ) is biequivalent to (£-Mod“, @, ILy). Thus
2-Mod and 2-Mod® are quantaloids.

Moreover, given linear 2-modules ®: M - N, I1: N--Pand X: P-» R,
O (M) < (ORI @L and (OHI)RXE<O®(IIRL)
since the inequalities hold when they are viewed as linear (M,N), (N, P) and (P, R)-monad

modules in MonMatr 2.

Suppose 2-Mod is a linear quantaloid, then consider the mapping of each object a € 2 to the
trivial linear 2-category M, = (1, p,) where 1 = {x} is the singleton set, p,(*) =a, Mye, =T,
and M,4 = 14, each morphism to f: a — b to the trivial linear 2-module ®¢: M, + M, where
@/ (*, *) = f. This mapping ensures the linear distributivities hold in 2 as they hold 2-Mod. [
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Remark 6.18. As expected, the constructions are related: let 2 be a linear quantaloid, then
2-Mod = MonMatr 2. Therefore, given any LD-quantale Q, we can then consider linear quan-
taloid Mon(Q-Rel) which is isomorphic to MonMatr%(Q) and %(Q)-Mod.

Example 6.19. Let Rel be the Girard quantaloid of sets and relations. The linear monads in Rel
are preordered sets (X, <) additionally endowed with the relation <* defined by

x<ty <= xgy

The linear monad modules are order ideals R: (X, <x) — (¥, <y). In other words, the linear
quantaloid of linear monads in Rel is isomorphic to the quantaloid of ordered sets and ideals
Mon(Rel) 2 Ord.

The above example follows from a more general result about Girard quantaloids (and even
further cyclic *-autonomous categories). Given a linear monad (a,mg,mg) in a quantaloid
2, the monad maps mg: a—a and mg: a— a are cyclic linear adjoints. Recall that these
are unique (up to isomorphism, which is equality in the posetal context) and, as a cyclic *-
autonomous bicategory, cyclic linear adjoints are canonically given by the (—)=*. Thus, mg, = mé.
Furthermore, monad modules f: (a,m) — (b, n) automatically become linear monad modules
f: (a,mym*) — (b,nnt).

Therefore, the quantaloid of linear monads and linear monad modules of a Girard quantaloid
is isomorphic to the quantaloid of monad and monad modules. In other words, considering Girard
quantaloids does not give us any truly new quantaloids.

Example 6.20. Let P,.x-Rel be the linear quantaloid of sets and “extended” distance relations.
Then consider Mon(Pmax-Rel), a linear quantaloid of sets X endowed with a relation mg : X X
X — [0, o] satisfying

Mg ('x? x) <0 and me (-xa x//) < max(m® ()C, -x/)v mg ('xl7 X”))

and relation mgq : X x X — [0, oo| satisfying

o < mg(x, x) and min(me (x, x'), ma (X', X)) < mg (x, x7)
such that
min(mg (x, X'), me (X', X)) <mg (x, x") ) min(meg (x, x'), me (', X)) <mg (X', x")
me (x,x") < max(mg (x, x'), ma (x', x")) and me (x, x") < max(mg (x, x'), mg (x', x"))

These are Lawvere ultrametric spaces (X, mg) with an additional relation mg which interact
coherently with mg, in particular they are cyclic linear adjoints. The arrows (X, m) - (Y, n) are
real-valued functions f: X x Y — [0, eo] such that

f@y) Smax(f(x,y),ne(y,y)  and  f(x,y) <max(mg(x,x), f(,y))

min(f(x,)),ns (v, y)) < f(x,y)  and  min(mg (x,x), fF(,y)) < f(x, y)
Note that the top two inequalities imply the bottom two and vice versa. We can of course do

the same construction with P__-Rel and [0, 1]-Rel and get similar examples of “linearized” metric
spaces.

7. Non-locally posetal examples, Zoc, Quant and 2tld
In this section, we present examples of linear bicategories which are not locally partially ordered.
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While the bicategory of locales being a linear bicategory will be a consequence of Theorem 7.8,
we start with case of locales as it is the setting in which these greater results were first investigated.

Definition 7.1. (Joyal and Tierney, 1984) Let W, X and Y be locales.

* An (X,Y)-module A: X -»Y is a sup lattice A which is a left X-module and a right Y -module
satisfying x(ay) = (xa)y.

 If Bis a (W, Y)-module, then the sup lattice of right ¥-module homomorphisms, denoted
by B o—A, becomes a (W, X)-module via (wf)(a) =wf(a) and (fx)(a) = f(xa). Dually, if
Cisa(X,Z)-module, A— Cis a (Y, Z)-module.

» Afunction f: A — A’ is amodule homomorphism if it is a left X-module and right Y-module
homomorphism.

* Suppose A is an (X, Y)-module. Then the opposite lattice A° becomes a (¥, X )-module as
follows. Given x € X, the function x- —: A — A is sup-preserving map, and hence, has a
right adjoint — /x. Thus, A° becomes a right X-module via (a, x) — a/x and a left Y-module
via (y, @) — r\a, where y\ — is right adjoint to — - y, and (A°)° = A.

While not explicitly stated, Joyal and Tierney (1984) develop the required results to say that:

Theorem 7.2. There is a bicategory whose objects are locales, 1-cells are modules, and 2-cells
are module homomorphisms. Composition of A: X - Y and B: Y - Z is given by

AR®B=AR®y B> (B°0—A)°>(B—o0A°)°
with identity 1-cells X : X —-» X. We denote this bicategory by .Zoc.

Now, we note that -Zoc admits another composition of 1-cells
APB=(B°®A°)°=(B°®yA°)°=2A°—oB
with identity 1-cells X°: X - X, since X° @A = A = A @ Y° and which is associative,

AB(BaC)=((C°RB°)®A°)° = (C°Q (B°®A°))° =(A®B)&C
for all C: Z » W. To see that Zoc is a linear bicategory, we will define the linear distributivity
AR (B&C)—=(A®B)®C

Since AQ (B&C)=2ARQy (B°—oC) and (A® B) ®C = (B°o—A)— C, it suffices to define a
2-cell A ®y (B°—o C) — (B°0—A)—o C or equivalently,

(B°0-A) ®x (A®y (B°—C)) = C
For this, we can use the evaluation maps
(B°o-A) @ (A @y (B°—0 C)) 2 (B°0-A) ®x A) @y (B°—0 C) 245 B° @y (B°—0 C) 2255 ¢
Similarly, we get a 2-cell (A @ B) @ C —A @ (B® C), as desired.

Theorem 7.3. Under the above operations, -Zoc is a linear bicategory.

7.1 ¥-Mat, Mon% and ¥ - Prof

Recall ¥-.# at, the bicategory of sets, ¥ -matrices and ¥ -matrix morphisms, which is biclosed
when ¥ is a symmetric monoidal closed category with set-indexed products and coproduct by
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Lemma 2.17. If ¥ is further *-autonomous, ¥'-.# at becomes a linear bicategory, as stated by
Cockett et al. (2000):

Proposition 7.4. Consider 7#'-.# at, where ¥ is a x-autonomous category with set-indexed
products and coproducts. Given a set X, define L y: X - X by

1 x=x

T otherwise

Ay (x,x)= {

For ¥ -matrix A: X » Y, defining A+: Y -» X by A+(y,x) =A(x,y)* =A(x,y)—o L, one can
show that (A—o ILy) =2 A+ = (lLx o—A) and A = (A+)*, and so ¥-.# at is a cyclic *-autonomous
bicategory with cyclic dualizing family 2 = {lLx: X -» X }.

Now consider Mon4, the bicategory of monads in %, modules and module morphisms, which
is biclosed if A is biclosed with local equalizers and coequalizers stable under composition by
Lemma 2.19. Then MonZ can be a linear bicategory:

Proposition 7.5. Suppose % is a cyclic x-autonomous bicategory with local equalizers and
coequalizers stable under composition, then Mon43 is a cyclic *-autonomous bicategory.

Proof. Suppose 2 ={Lx: X — X |X € A} is acyclic dualizing family for Z. Define the family
of modules
7+ ={0": (X,0) » (X, Q) | (X, Q) € Mon}
This family is well-defined since the 1-cell 0+ = Q— 1 x: X — X is a module (X, Q) - (X, Q)
with action 4: Q ® QO+ — Q* defined by the transpose of
~ L £x.
02 (020" (00 00" 0w 0t 2 1y

and action p defined as 0+ ® Q = (Lx -Q) ® Q L o—Q = O, where p’ is the transpose
of

((J'XO_Q)®Q)®Q:>(J‘XO_Q)®(Q®Q)M(LX%Q)(X)QEQ—’X)J_X

Given a monad module A: (X, Q) - (Y, R), applying Proposition 2.14, we see that
A—0g Ot =A—0p(Q—olyx) =A—0p(Q—oT, Lx) ZA—o7, Ly =A—0 Ly =A"
and
Rto-gA=(Ly o-R)o—pA = (Ly o1 ,R)o—pA= ly o1, A= Ly o-A= A"
Since all these 2-cells are natural in A, 2~ is a cyclic dualizing family for MonZ. (]
Finally, recalling that ¥'- Zrof can be constructed as Mon (¥ -.# at) by Proposition 2.20, and

by the above two results:

Proposition 7.6. If 7 is a complete and cocomplete x-autonomous category, then - Zrof is a
cyclic x-autonomous bicategory.

7.2 Linear bicategories 2uant and 2tld

Joyal and Tierney (1984) observed that for a fixed commutative unital quantale Q, the category
of right O-modules and module homomorphisms is a *-autonomous category. Rosenthal (1994)
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expanded this result to show that the category of (Q, Q)-modules is equally *-autonomous and
that, given a small quantaloid 2, the category of (2, 2)-modules is *-autonomous.

Now that we have access to the notion of linear bicategories, Q and 2 no longer need to be
fixed and we can claim the following examples of cyclic *x-autonomous bicategories.

Definition 7.7. * Given unital quantales Q and R, a (Q, R)-module Q - R is a suplattice A
which is a left Q-module and a right R-module, i.e., there are suplattice homomorphisms
*: O xA—Aand-: A X R— A such that

(q®q)xa=qx(d*a) , a-(rer)=(ar)r
Txa=a , a-T=a and (g*a)-r=qgx*(a-r)

* Given (Q, R)-modules A and B, a module homomorphism is a suplattice homomorphism
f: A— Bsuch that

flgra)=qxf(a) and  fla-r)=f(a)-r

¢ Let Quant denote the bicategory of unital quantales, modules and module morphisms. Then,
Quant is MonZ(Sup), the bicategory of monoids, monoid modules and module morphisms
in Sup.

If ¥ is x-autonomous category with equalizers and coequalizers, its suspension #(V) is a
cyclic x-autonomous bicategory with local equalizers and co-equalizers stable under composition.
Then, by Proposition 7.5, the bicategory Mon(%(V)) is a cyclic x-autonomous bicategory. Taking
¥ = Sup, we get:

Theorem 7.8. The bicategory Quant is a cyclic x-autonomous bicategory.

Definition 7.9. * Given small quantaloids 2 and %, a (2, %#)-module A: 2 -+ Z consists
of, for each ¢, ¢’ € ob2, r, ¥ € 0bZ:

- asuplattice A(q, r),

— a left action suplattice homomorphism +: 2(q,q’) x A(¢',r) — A(q, r) such that
givena € A(q, r)

Tyxa=a for g=q (feg) xa=fx(g*xa) for f:q—q,8:¢—4q"

— a right action suplattice homomorphism -: A(q, r) x Z(r,r') — A(q,r’) such that
given a € A(q, r)

a-T,=a for r=v a-(h@k)=(a-h)-k for h:r—v k:r¥—r"
satisfyingVa € A(q,r), f: q—q € 2,h: r—>r € %,
(fxa) h=fx(a-h)

* Given (2, %)-modules A and B, a module homomorphism f: A— B is a family
of suplattice homomorphisms f, ,: A(g,r) — B(q,r) satisfying, for f: g —¢ € 2,d' €
A(q,r),acA(q,r),h:r—r e,

fq,r(f*a/) = Q*fq’,r(a/) and fq,r’(a ’ h) = fq,r(a) -h

e Let 2tld denote the bicategory of small quantaloids, modules and module homomor-
phisms. Then, 2tld is Sup-Zrof, the bicategory of Sup-categories, Sup-profunctors and
Sup-transformations.
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By Proposition 7.6 and taking ¥ = Sup, we get:
Theorem 7.10. The bicategory 2tld is a cyclic x-autonomous bicategory.
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Chapter 5

Conclusion

Linear logic is a sub-structural logic introduced by Girard, which omits the rules of contrac-
tion and weakening, in an effort to capture the constructivism of intuitionistic logic and the
symmetry of classical logic [34]. The study of its categorical semantics became an active
and on-going area of research. Seely demonstrated that *-autonomous categories, previously
introduced by Barr [3], provide general categorical semantics for the multiplicative fragment
of linear logic with negation [73].

Cockett and Seely subsequently introduced linearly distributive categories (LDC) as
alternative semantics for multiplicative linear logic (MLL), which consider multiplicative
conjunction and multiplicative disjunction, otherwise known as tensor and par respectively,
as primitive, along with their interaction via linear distributivities [27]. Precisely, LDCs
are categories X with a tensor monoidal structure (X, ®,T) and a par monoidal structure
(X, ®, 1), linked by linear distributivity natural transformations

0ipciA®(BeC)~ (A®B)eC 0ipci(AeB)eC~Ae(BeC)

This thesis presents advancements in the field of categorical linear logic with respect to linear
distributivity and its categorical implications.

5.1 Linearly Distributivity and Cartesian Structures

The first part of the thesis is concerned with exploring cartesian structures in the presence
of linear distributivity and, in particular, developing the study of cartesian linearly distribu-
tive categories (CLDC), as first introduced by Cockett and Seely [27]. In monoidal category
theory, cartesian categories refer to monoidal categories whose product is given by the cate-
gorical binary product and whose unit is given by the terminal object. CLDCs therefore refer
to LDCs whose tensor monoidal structure is cartesian and whose par monoidal structure is
cocartesian.

A key result about cartesian categories is Fox’s theorem. In his seminal paper, Fox
proved there is an adjunction between the category of symmetric monoidal categories and
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the category of cartesian categories [32]. This adjunction is given by the inclusion functor
and its right adjoint, the functor mapping a symmetric monoidal category to its category of
cocommutative comonoids and comonoid morphisms. As a corollary, cartesian categories are
characterized as the symmetric monoidal categories (X', @, 1) whose objects A are endowed
with a canonical cocommutative comonoid structure

ApA->A0A earA—1T

and whose maps preserve the structures.

In an effort to characterize CLDCs, the first article in this thesis, “Linearly Distributive
Fox Theorem”, proves an analogue to the Fox theorem for CLDCs. Comparably to traditional
Fox result, the linearly distributive version can only be formulated if we consider a subclass
of LDCs, in particular symmetric LDCs which additionally satisfy the medial rule:

pascp (A®B)e(Ce®D)—(AeC)e(Be D)

The medial rule has been included in multiple logical systems within the paradigm of deep
inference, as introduced by Guglielmi [38], and been crucial in recent efforts to provide
categorical semantics for classical logic [50, [77]. Alternatively, we can view the medial rule
as an instance of the interchange law of duoidal categories [2], developed as a generalization
of braided monoidal categories [45].

As such, the concept of medial linearly distributive categories (MLDC) was introduced,
capturing the structure at the intersection of LDCs and duoidal categories, and providing
the categorical semantics for a variant of MLL with the medial rule. The theory of MLDCs
was then developed, including the definition of their symmetric variants with negation, the
creation of examples, and the presentation of their unique properties. Importantly, the
appropriate 1-cells and 2-cells for a 2-category of symmetric MLDCs were defined: symmetric
strong medial linear functors and strong medial linear transformations.

Mirroring the cocommutative comonoids of the Fox theorem, a symmetric MLDC is
shown to induce a CLDC when taking the category of bicommutative medial bimonoids, i.e.
objects A equipped with the following coherent maps

AptA->A® A ear A>T VaAedA- A Uyl > A,

This construction is demonstrated to be a right adjoint to the inclusion 2-functor from
symmetric MLDCs to the 2-category of CLDCs, yielding the linearly distributive Fox theorem.
As a corollary to this theorem, we get the desired characterization of CLDCs as symmetric
MLDCs whose objects are canonically bicommutative medial bimonoids and whose maps
preserve these structures.

The second article, “Cartesian Linearly Distributive Categories: Revisited”, co-authored
with Dr. Pacaud Lemay, investigates CLDCs directly, beyond their above characterization.
Given a CLDC (X x,1,+,0), the first key property proved is that the terminal object 1 is
always preinitial and the initial object 0 is always subterminal. This implies a CLDC is a
mix LDC, meaning the map m:0 — 1 induces a unique mix natural transformation

mixy p:AxB—->A+B
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This further entails that every object in a CLDC is preinitial if and only if it is subterminal.

The two key classes of examples of CLDCs were then investigated: bounded distributive
lattices and semi-additive categories, the latter being cartesian and cocartesian categories
in which products and coproducts are isomorphic. It was established that a CLDC is a
distributive category if and only if it is a bounded distributive lattice by Cockett and Seely.
It was also known that Joyal’s paradox could be adapted to the context of LDCs to show
that a CLDC has negation if and only if it is a bounded distributive lattice. However, there
were no analogous results for semi-additive categories.

It was proved that a CLDC has invertible linear distributivities if and only if it is semi-
additive, and perhaps even more significantly, that a CLDC is isomix, i.e. has a zero object,
if and only if it is semi-additive. Taken together, these four theorems highlight how tightly
constrained the class of possible CLDCs must be. From a logical perspective, if a CLDC is
understood to model a variant of MLL where the multiplicative connectives permit weakening
and contraction, then the theorems suggest that in many contexts, one must either identify
all proofs between certain formulas or identify the connectives.

It was then shown how to construct a bounded distributive lattice from any CLDC
by taking its category of semizero objects and how to construct a semi-additive category
by taking the slice of the CLDC over the initial object. The first construction provides an
adjunction, while the latter does not.

Moreover, it was previously stated that the Kleisli category of the exception monad on
a distributive category would be an example of CLDC [27]. It is shown in the article that
the Kleisli category is indeed a LDC, although not a CLDC as its tensor monoidal structure
is not cartesian.

Although the previous work developed in the article seems to suggest that lattices and
semi-additive categories might be the only possible examples of CLDCs, that is not the
case. Indeed, the product of a bounded distributive lattice and a semi-additive category
is itself a CLDC. This idea is leveraged to construct new examples of CLDCs using the
Grothendieck construction applied to a contravariant functor from a semi-additive category
into the category of bounded distributive lattices.

5.2 Linear Bicategories, Quantales and Quantaloids

The second part of this thesis endeavors to re-invigorate the study of linear bicategories,
introduced by Cockett, Koslowski and Seely, as the bicategorical analogue of LDCs [22].
Specifically, a linear bicategory B is a collection of 0-cells, 1-cells and 2-cells, endowed with a
tensor bicategorical structure (B, ®,Tx) and a par bicategorical structure (B, ®, Lx ), whose
interaction is mediated by linear distributivity transformations. As a non-commutative log-
ical connective is most naturally modeled by bicategorical composition, linear bicategories
provide categorical semantics for non-commutative MLL. The prototypical example of a lin-
ear bicategory is the category of sets and relations Rel, however few other examples had been
developed.
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The third article “Constructing Linear Bicategories”, co-authored with Dr. Blute and
Dr. Niefield, attempts to fill this gap by creating new examples of linear bicategories from
the perspective of quantale and quantaloid theory, as first introduced by Mulvey [57], and
Abramsky and Vickers [I] respectively. A quantale is a complete lattice ) with an associative
binary operation ®, which distributes on both sides over arbitrary joins \/, while a quantaloid
@ is the bicategorical analogue of a quantale.

The theory of quantales and quantaloids had been developed to provide categorical
semantics for MLL with negation, with the introduction of Girard quantales by Yetter [83]
and Girard quantaloids by Rosenthal [69].

These notions were generalized to the linearly distributive context and named LD-
quantale and linear quantaloid respectively. Precisely, a LD-quantale is a complete lattice
with two unital associative binary operations ® and @ such that ® distributes on both sides
over arbitrary joins V and @ distributes on both sides over arbitrary meets A, and linear
distributivity inequalities hold

a®((bodc)<(a®b)dc (adb)®@c<ad(boc)

A LD-quantale is the appropriate definition for a structure which is both a quantale and
LDC, while a linear quantaloid is the appropriate definition a quantaloid which is also a linear
bicategory. Examples of LD-quantales are developed, of particular interest are the complete
bi-Heyting algebras, in other words locales satisfying the opposite infinitary distributive law.
The construction of linear quantaloids is then the central idea for most of the remainder of
the paper.

The first construction arises from the category of quantale-valued relations, denoted
@-Rel, which has become central to the field of monoidal topology [41], for a LD-quantale
(). This category is shown to in fact be a linear quantaloid, which subsequently has been
featured in recent work on linear bicategories [58, [81].

We then explore multiple constructions from the theory of enrichment over a bicategory,
shown to be closed under Girard quantaloids by Rosenthal, and adapt them to the setting
of linear quantaloids. In particular, we demonstrate that given a linear quantaloid Q, the
quantaloid of linear Q-categories and linear Q-modules, the quantaloid of Q-matrices, and
the quantaloid of linear monads and linear modules in @ are linear quantaloids themselves.
Considering the linear quantaloid to be )-Rel for certain LD-quantales () provides new
interesting examples of linear bicategories.

Finally, it is shown that the bicategory of quantales, bimodules and bimodules mor-
phisms, and the bicategory of quantaloids, bimodules and bimodule morphisms are them-
selves linear bicategories, which are cyclic *-autonomous in nature.

5.3 Further Work

The introduction of MLDCs opens new avenues for investigating MLL-+Medial as a variant
of linear logic. The first question to address is whether this system is expressible within
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the traditional sequent calculus, or whether, like pomset logic and BV, it necessitates an
alternative logical formalism, such as the calculus of structures. A subsequent question would
then be whether MLL-+Medial satisfies desirable logical properties like cut elimination. It
would also be valuable to extend the proof net calculus of LDCs, developed by Blute, Cockett,
Seely and Trimble [10], to MLDCs and investigate the possibility of coherence results in this
setting.

The re-examination of CLDCs clarified the known examples of CLDCs and explained
why it remains difficult to identify any others beyond bounded distributive lattices and semi-
additive categories. Notably, this difficulty is equally present in the theory of MLDCs. Many
of the properties which constrain possible classes of CLDCs also apply to MLDCs.

The research did not however suggest no other examples exist. Therefore, the primary
direction for on-going research on CLDCs is undoubtedly the discovery of new examples.
This is closely tied with identifying new examples of MLDCs. If new flavors of symmetric
MLDCs are found, the linearly distributive Fox theorem would then yield new CLDCs,
provided no additional collapses occur.

It also became apparent that a large number of LDCs are either ®-cartesian or @-
cocartesian. Indeed, while not a CLDC, the construction on symmetric distributive monoidal
categories detailed in “Cartesian Linearly Distributive Categories: Revisited”, which includes
the Kleisli category of the exception monad on a distributive category, is a @-cocartesian
LDC. Furthermore, the category of sets and functions is a ®-cartesian LDC with its tensor
product the cartesian product of sets, ® = x, and its par product & defined as follows in [24].

B A=g
AeB={A B=0

1 otherwise

There has as of yet been no focused work investigating ®-cartesian or @-cocartesian LDCs,
but it is likely such efforts would improve our understanding of linearly distributivity in
relation to cartesian structures.

As for linear bicategories, there are numerous possible directions for future research.
In fact, much of the theory developed for LDCs could be extended to the bicategorical
setting. In terms of the particular work developed in this thesis, a natural continuation of
this project would be extending the constructions of enrichment over a linear quantaloid to
enrichment over a linear bicategory. Indeed, the theory of enrichment over a bicategory B, in
particular the concepts of B-categories, B-modules, B-matrices and monads in B, is already
well-established [7), 17, [78, 82]. Their generalization to linear bicategories B would be not
necessarily be straightforward however.

The definition of linear monads in a linear bicategory B has been established [22] and
the notion of modules between linear functors F': B — B’ was the main motivation for Cock-
ett, Koslowski and Seely’s follow-up paper “Morphisms and modules for poly-bicategories”
[23]. While they do settle the appropriate definition for poly-bicategories and poly-functors,
the translation of these ideas to the representable context, in other words to linear bi-
categories, remains incomplete and would be the first step in this project. The difficulty



5.3. FURTHER WORK 211

defining such modules did potentially contribute to the stagnation of the development of
linear bicategories. Regardless, with the renewed interest, the theory of enrichment in a
linear bicategory is undoubtedly an important and promising research path, which would
yield new linear bicategories.
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