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‘are made.

P . ~ PR " ST

= st T+ . - ABSTRACT - %

-

A spec1a1 purpose multlprocessor system for large—scale

-t

',contlnuous system simulation is descrlbed 1n thls theqls. A~new

’ ~- -

varlable stepsize parallel 1ntegratlon method lq proposed and its.

-~

performance evaluated. The method provxﬁes the meanq for‘solv1nq

the ordlnary Aifferential equatlone that descrxbe the system heling

"-51mul§ted in "a parallel-mannen wlthout the need for sartitioning

’tﬁeqe'-ggaations: Stablllty analyqls, conplexlty con51deratxons

“ -~

. and numerlcal experlments are._ carried out both with the proposed

.ﬂ.mephod and with other members of a related famlly, and comparisons

-
-

. o L :
A multlprocessor architecture well suited to the proposed

method is also presented in whlch the processors are dntercon-

\-

——
fnected throuqh a repllcatedashared memorv. Such an interconﬁec—
,tlon ellmlnates both read and write confllcts ~and allows the data

to he 1nqtanraneously exchanqed amonq all procesqors. A sxmple

-
-

and-efﬁectlye synchron1zat10njmechan1sm is al=o discussed.

..

-l

s
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Chapter I

" L FNTRODUCTION

1.1 OVERVIEW

Simulation has been described by Shannon [1975] as "the

process of designing a computerized model of a system (or process)

5

and conducting experiments with this model for the purpose either
of dnderstandrng~ the behaviour of the system or of evaluating

various strategies for the operation of the system”.  Simulation,
N .

. - = - - N - .
in general, can be useful whenever it is difficult”or impossible

to carry out experiments difectly on a real sysiem either due to

o
-

cost, danger, time, or availability of the system.

Simulation, as practiced tod&y, falls into one of three broad
ceteqories; namelv ‘discrete, continuous or cdmbined. Since
combined simulation can be characterized simply as a combinatioQ
of features from both the discrete ﬁnd continuous categories, it

needs no special consideration. Discrete and continuous simula-

n

tion have significant differences in several,respects. For exam-

ple, each has its -own set of procedures for model conceptualiza-

tion and each relies on a different set of mathematizal forma-

.

lisms. Furthermore, each has become associated with its own set

of software systems (packages) that are tailored to its specific

"world view".



Discrete simulation deals primarily with queuing systems 1in
- ’ l
which objects arrive at a service facilitvy, possibly wait in a

-

queué (if all ;ervers are bhgig, eventually receive service, .and
finally- depart from the faciiity when the desired sé}vice is
completed; Manufacturing processes, air trafficrcontroi systems
and management Iinformation systems afg typical examples in this

cateaoryv.

Continuous simulation, in.éontrast, deals with systems that
change continuously with respect to time. Since behaviour wvat-
terns are-' generally governed bLy rates of chanqe, mathegatical
models for continous systems are based on differential ecquations.
zxcept for a very limited class of such equations, the only\solu—
'~ tion method available is numerical ‘integration. Thus, a central
. 'work-horse within any géntinUOus syétem gimulation software is the
facility that is provided for carrying sdt this task. Examples of

continuous system simulation. studies iriclude " investigations of

T

aerospace vehicle dynamics, chemical process kinetics and nuclear

~ .

reactor contqpl. Other aobnlications are described by Adkins and

Pooch [1977], and McLean [1980].

The simulation of continuous systems, which is the topic of

-

this thesis, is a computer application area of qreat importance

and 1is widely used 1in system analysis, desiqgn, and testing, as

well as in the training of human operators._ In many applications,

solution speed is of paramount importance and this aspec® is the

-

prime motivation for this research; 'namely multiprocessing 1in -

continuous system simulation.



A et S LesTh, _
Initially, simulation studies offﬁcontinuousv'syétems were
' ) Xy
cartied ogt,~almost exclusively, on analoq computers because of
R o

the _inheretit parallellsm {hence solution speed) whigh. fhey provxd-

ed for the solution of “ordinary differential egquations (ode's}:

However the various shortcomings of this technology; efg. scaling

" difficulties, limited solution accuracy, relétively high hardware

and programming costs and limited storage capabilfty severely

.,
-a

restrained the widespread acceptance of this approach. The emer-

denée,ﬁin the early 1960's, of the hybrid computer was an attempt
to circumvent some of these shortcomings through the ‘blending of

analog computer speed with digital storage and processiﬁg power.
ot
However thls approach enjoyed only llmxxed popularity because of

the hlgh proqrammlnq overheads and the lnherent idiosyncrasies of.
the analoq computer. ' As a result, the general-' purpose diqital

computers 1is now therdominant tool in continuous systems simula-

tion stqdiesr

Simulation applications involving continuous system models

<

frequently place severe demands on digital computer pefformance.
Although, the continuing advances in digital computer power _has
heen achieved - thrpugh advances in circuit-technology and in

software, these advances have, by and large, fallen short of the

. . -
. T

-

demands arising from the need .to handle more extensive and

comprehensive mathematical models. _ -

" The emergence of large scale’ integration (LSI}, and in

particular the develo?ment of  inexpensive, high . performance

i

L

3

-t

¥
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a \
B .

mlcroorocessors and memories, have made it feasible fo consider an.

alternate hardware approach for providing computung power for

.contiﬁuous simulation problems; namely,4h1crocomputer\qgsz?t1nq in

S

parallel [Cyre et al 1977; O'Grady 1980; Brundiers et a%\\?82-
Prceqovac et al 1984]. Two main. factors are involved in the

evo}utlon of such papallel&systeméiikf” .

“

- 1. The need for computers to communicate with dﬁelgno—

.- : :l: . :
ther. This 1is” the most challengina aspect of

designing a multiplé-coQﬁﬁter system' since, 1if
communication time 1is comparable to computation
:,time, the. poteptlal. of such a sy@tem will, to a
large ex{ent, be geheated.v Parallel_approaches for

solving the ode's implicit in the continuous system

simulation éroblem can be formulated in a number of

o &ays. These have significant communication require-

'

ments. Therefore, considerable cave must be taken *
in designing an architecture to minimize the over-

head agsociated with these requirements.

2. The need for algorithms that can bhe executed in
VRO
parallel. FRfficient serial-algorithms are gencrally

. inefficient for multiple .processors operating in

parallel b2cause they may not ensure that all pro-

cessors are uniformly active. On the other hén@,

. sl s . Lo ) s .
. ineificient serial algorithms may lead to effieient
L _ J ’
rs

-

-~

gperallel algorithms [Stone 1973]. ’
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A common approach for achieving parallelism in the context of" *

P

_ digital simulation of continuous, systems has been to partiti&ﬁréhe

B

ode's that describe the syéteﬁ model into groups that aré; iﬁ
turn,;sofbed by individuval Qrocessors [gorn E Wait 1978;‘Rideout
et al, 1980]. Task partitioning is normally c;;ried out’ by a
cd%piler. Tﬁis_approach, however, must deal with- the difficult
problénlkpf evenly distributing the workdload over ‘the favailable

processors while at the same time avbiding the ‘creation of

significant inter-processor communication reguirements. '

.

The alternative of us;nf a true parallel élgdpithm, whicH;ié
the basic topic of this ‘thesis, has not been widely emphasized.

One of the ouﬁstandinq features of the nroposed apﬁroagh is the

L - ~*

simple way that “the communication requé:iyentg of the aigorithm.

can be mapped onto a special hardware r€alization which minimizes

B
»

the overhead associated with these Yequirements.

L
~ h

v

1.2 SOME ILLUSTRATIVE CONTINGOUS SYSTEM MODELS

To provide a clear perspective of the general class of
problems that are under consideration in this research prbject, we

briefly outline in this section three rqpreéentative cases.

»
(R4

(a) Flight Simulation ' s

r

A classic problem in continlous “system simulation has been

S



w ’ : . e

the problem of carrv1nq Out S1mulat10n studies of the flight

-~ e v

. dynamlcs of alrcraEt and spacecraft. Models for thisupurpose vary.'

widely in their compleXLhy and - hence 1in thelr domaln oF

_usefulnese.ﬁ" A reasonably comprehensive QLx—deqree of freeﬁom

model is. prov1aed in block dlagram form in clqure Il.l} vhich has

n

j;bpen adaoted from the.work of roqarty ana Howe [1969] <A summary

of . the twelve ordlnary dlfferentlal equatlonq that are wmbedded in

_;hls:modelgarefqlven 1n quure (q.z).” The varlous*"transforma-
”tion" and "oohputation“ blocks shown “in quure (L. l) represent

e

“,wholly alqebralc manlpulatlons. Althouqh essentlal o the model

ﬂwthey .are not expllcltlv listed since our concern is pr1nc1pa11v

Wlth 1llustrat1nq the nature of the dlfferentlal equatxon oortlon¥

T -

of continuous %ystem models.

a

(b) Adr Cushion Vehicle Control .-

Amyot [1983] has described an 1ntereqt1nq céntinuous system

control problem within the context " of the’ heavo performanco
. " - . !
analysis of an air cushion vehicle (ACV}. A schematic represen-—

-

tation of the system cohfiquration (adapted [rom the cource paner)

is given- in Biqure (l.3). Figure (1.4) provides a nlock ﬂiaqraﬁ-
representation of the various components of the system mooel:that
is }nvestigated in the study. The ode portions of the moéei are
contained in the two "dvnamics" Sloqks and these parts of the

model are explicitly given below:

ra
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Translational "Eq'ns of Motion (flight path axis)

- - Z, .
fg = W 3
Ya s Qh-Pb tan g + w_CosB )
. Y N .
M S o
8= - R .
: m Vp . b
e, X
. - -

Rotational Eqf'ns- of Motion (body ‘axis)

. [ -1~ .
= !! ZZ
Pa T OBy *+ 1y, (R +ph0h)+l'
r xXx
" I?Z-T ? ? ) '
- & - +
% = 71 RH‘Ph * 1L, Rp-P0) o
L | _y.xI: i
s o XX YV ' - L < -
L BT Py Ly BPrlR) e |

Fuler Angle Eq'ns__""

N § = (Rh cos & +’Qb sin ¢) Eﬁ
5 = Ob cos & -Rb sin ¢’
¢ =‘Ph + % sin 9
i
Position Fq'ns {earth axis)
J ﬁx = W cose cosy + vy (-cosgsiny+sing .si'no cosu)
+ Hb(sin¢sin¢ + COS¢ $in0 cosy) "’
Qy= llh cose simp + Vh(cnsq; cosy + sin‘¢ sing siny)
‘+ 1-Jh(-sin¢ cosy + cose sing siny)
h =

3 U'h sinG - Vbsmq: cons@ - uh cosg.cos(:,

Fiqure 1.2 The ode Portion of the Model Given in Figure 1.1
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ACV Heave'Dynamics T
Z, = -9.- 2, am /(mEam) + (AP + F, )/ (m+am)
Z =32_ -3 o
EW a g“
. . .
-P = Cl(ﬁ_i - WS - Cz §PY/V - C3 V(P+C4)/V |
4 - . ‘-\
Control svstem dvnamics v
B =7 - G H
a 5 .
§ = CG(E(H) - §)

. o : N
In the ahove equations the Ci's represent constéTts and m 1s

the vehicle mass. The variable Am ‘represents an incrémental mass
. N oo .
that could be added to the vehicle while in motion. B 1is the

output of a high-pass filter within the control system which has

za as its input. The meaning of the other variables im the above

equations is apparent from Figures (1.3) %nd (1.4)-

(é) Heat Transfer Phenomenon-\)
FaN

Ode-based continuous system models frecuently arise from a

discretization procedure-- apﬁlied to an inherently distributed
system; i.e., one deséribe{ by nartial digféreﬁtial equations. 1In

this third example, a svstem of this tvpe is described.

- .
. -

The problem and the system model we outline are taken  from

-
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_the work of Cheng et al [1977]: Their investigation is concerned

with .heat transfer phenomenon within a cylihdrical-toppef .block : °
having a central core (the oroblem‘has its orlglns in the context -
of nuclear reactor heat dynamlcs) A requ1rement in the etudy is ;: -
.the determlnatlon of the radial temperature nroFlle throuqh the

block after the 1n1t1at}on of‘a coollnq fluid- flow throgqh the
central core. The block is initially assumed to be at a hniform
1(hiqh)‘temperature.. . ' : .71 , T _N_;

. . . . fan
. N d

When axial temperature varlatlons are ignored, the desired

temperature profile, T(r,t), satlsfles the one—dzmenszoﬁ“i‘?ourler

equation in cylindrical co-ordinates; namely ' - AR -

An - alternate (approximate) system model :can__bei|ebtgfﬁed;nby

imagining the existence of n concentric.irimds',withinanthe

cylindrical block and letting T, (t) denote the temperafure at the

it-"h rinq._ (This corresponds to a dicretizationhgloqufhe r e

direction). The following approximations are then. introduced.. T

_1(t) ~«Hﬁ¥ff'*;j'55é

20r ' RS -

T _ Tip(t) = Ty

»

2 Tiog () = 2T, (F) + T, (t)

i+l ; o
arc - (ar)? .- . ) ' o




L - T ! 12
~ e‘ i
..‘ - N - e - < . . .
;wbere AT = (rout - ¢n y/n- (here ro E’ and rin are the outer and
inner rad;;- of the solid -cyllndrlcal block) With the
1ncorporatlon ‘bf these into the one dlmen51onal ?ourler equatlon
model,_the Eollowlnq dlscretlzea ode.. modei is obbamnéd-
. - ‘ . ‘I\‘
o - > .
- X w0 "‘“va N ~ - 0
B S R
S S £ | 2 " Tr+1 CLe (T1+1 .ﬁ"l-i)
at = = ) r-, 2ar
* . - (ﬁr) . 1l 4 -
l s : TN - - . l < 1 ¢ D;,
- > ’ ~ - e b 2
where r. = ¢ + 1. Ar. s
. - . . g - "
.- E - . - —:" iz
"Note that when 1=n the corresponding“egquation in this set
. ~
contains_ the variabIé T ;l whlch is undeflned. Zhis situation is
overcome by- u51ng the buu'dary condition: s
-k (3T/3Y) __ = (T - T_ . ) , R S
N Sk n amb

.

where Tgmbiis the ambient air temperature amd h 1s the heat

e

“transfer®coefficient -at the outer wall. Since

) T ™ Thoy - (2T . ° ‘n+l Tn - .
: - AT ar'r=r AY <
. - out )
The boundary condition given above can be written as: &
‘ - .5
" o ‘ T T T - " p
R 4 (- n-1 + o+l " n ) = h (T = T ") . .
. 2 ‘v Adr 4ar - n ambl -t
) - A ) . 1 . o N 7

_and this egquation provides'the means for gliminaiing Tn+l from Ehf

-disctretized ode systen model. . :

.- -

-~
N b ™~

>
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1.3 OBJECTIVES OF THE THESIS AND MAIN CONTRIBUTIONS N

Ea)

3

oy oo

[N

_. Our primary objective is to.develop a special purpbse multi-

-~ -
- '

= ] : L~
processor system for continuous system simulation.

-

a

- vt . . A e

-
ey 4

- Although applitablé to all problems in this cZass,'-the

proposed system is intended to have particular usefulness in"both

-

o férqe'ﬁcale problems (tﬁose in which the mode 1 involvqg includes

[y

hupdreds of equations) and those problems which regquirestime-
Y -

i -~ -

critical solutions; e.&t, flight trainers. 1In more general
terms, the objective 'is to achieve solutions to continuous system

simulation problems, in realistic time-frames without recourse to.-.

the computing power of mainframe systems.
<

" | ‘L
= Two major components are considered for such a system. The
first is the development of a parallel integration method which
ﬁrovides for accurate and efficient éolution of the ode's that
describe the system -being simulated.- The gecgnd is the design of

a'multip%ocesSor architecture on which the parallel integration

e method can be efficiently executed. 5 M#f;\\

'

= » ' ’
Much work has been done in the study of integration. methods

"

-

for a single §%ocessor system [Geayr 1971; Shampine & Gordon 1975].
b4 5 :

However, little attention has been given to the study pf@integraQ
tion methods for parallel processing systems.ﬁ'One of the main

—

~contribution of this thesis is the development and evaluation of a

“¢class of variable\\stepsiéﬁ_ parallel integration methods which
- b " J

-~

-t

Ps

my

a.

e

AT

-

-
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shows good performance over a wide range of accuracy requirements.

The attractive feature of: this class of methods is that it is
' i

intrinsica&lly.wparallel in nature so that the tasks required by the

p———

alagorithm can be statically allccated to separate procgssofs and
then simultaneocusly cirried out.by those processorﬁ. The question
of optimal task alfacgtién to processors; which occurs in the case
of the equation segmentation appreoach, does not occur here. This
simplifies the implementat{on‘of the system on which the method is-
executed and makes task allocation completely problem
ini&ﬁendent. ‘ , .

IR -

Afother main contribution is the proposal of a multi-

L

P

microcomputer system architecture that 1is well suited. to the
synchronous naturq\iﬁung 1976] of the proposed class Of ‘inteqra-

tion methods. The processors communicate through a special repli-

cated memory d#%anlzatlon whlch eliminates both read and write

-

COﬂfllCtS and provides for instantaneous data exchanae among the

~- Processors. A simple but effective hardware synchronizatlon

’
mechanism is also presented.

- Other “contributions include a stability analysis of various

methods of this c¢lass as well as an examination of their local

truncation errors. Alternate approaches for achieving the varia-

Pt

ble stepsize behaviour of the methods are also examined. This

behaviour héb‘an«important impact on the efficiency of integration

methods.

s



1.3 OUTLINE OF THE THESIS -

" In chapter 2, different approaches for achieving parallelism

in the task of continuous system simulation are presented together

with a survey of multiprocessor simulation’ systems.

The development of the class of parallel integration methods’

that is the main topic of this thesis is‘provided in chaptgf 3.
" ) ”
This chapter first-giﬁés a brief summéry of. previous work with
related parallel methods. A general formulétion of the Fformulas
within this <c¢lass namely; block 'implicit predigtoé—corrector
(RIPC} methods 1is provided énd two spéciﬁic alternatives are iden-
tified. Their stabil%ty characteristics ané truncapﬁon;efrors‘are
evaluated. "Finally, various.means fo;'émbeddinq these underlying

_———formulas within a wvariable stepsize integration method are

. formulated. - ‘ 'i
N

)

-

In .chapter 4, various BIPC methods are numerically evaluated

SVe%.a sek-.of fourteen test problemé and over a wide range of
so}ht&oﬁ/;ccuracies. The results a;g/then compared to equivalent
results obtaincd from some conventional serial iﬁtegration methods
uding several coppérison criteria. One of the BIPC methods, newly
propcsed in this thesis, shows superior performance.

In chapter 5, a proposal for a hardware implementation of a
multi-microcomputer system that 1is tailored to the class of BIPC

methods is presented. An efficient communication mechanism based

-
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on the -idea of replicated memories which eliminates’both read and

write conflicts 1is incorporated in "this architecture. This

Y

provides for instantaneous data exchange among the processors. . A

simple but effective synchronization mechanism is also presented.
" .

> _ _
- Chapter 6 contains the summary, conclusions, and suqaestions

for future research.

"]

We note finally that some of the contents of this thesis have

already been reported or puBlished [Birta & Abou-Rabia 1983;

Birta & Abou-Rabia 1983; Abou-Rabia & Rirta 1984: Birta &

{

Abou-Rabia 1584; Abou-Rabia & Birta 1985;' Birta & Abou-Rabia

1985].

- ~ N

Y]

i



Chapter II

R

SURVEY OF PAST WORK -

.
"

2.1 INTRODUCTION o | T e
IR BRI : . )

.~
-

The requirementsiof engineers and 'scientists for.“ever more .

ﬁo#érful Simqlators has been one of the principal driving forces -~

in the development .0of scientific computers.  _The attainment of

high computing speed as measured by computational throughput” has

always been one . of the.most, if not the most, challenging regquire-

ments. High-speed becomes of paramount 1importance in several
ar -

classes of applications such as/ aerospace simulation’ and weather

-

pradictiona o ~ .

p—

~ - -

»

Iin ther early days, only analcg computers met the demands of
high speed and interactive computing within the context of conti-
nucus system simulation. Combining both analog and digital compu-

- ’ !

ters gave rise to an even more powerful tool: the hybrid compﬁf‘

- ot

ter. However, analog and hybrid computers suffer from problems of

scaling, seldtion accuracy, and programming complexity. i

“
-

With the appearance of largg digital computers and extensive
software tools, these problems have been overcome to’ a ﬁlafgé.
extent. -Howeve}, despite  their capability for ‘high‘ solution
accdracy and Epeir oLhef— advantages in lsimulation, digital

]

g 17 .
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computers have a severe shortcoming and inadequate speed due,
primarly, to tﬁé;: sequéntial nature.
A T ’
In recent ngps, the.availability of low-cost, hiqh perfor-

mange microprocessors:has motivated the idea of “interconnecting a

number of microprocessors to solve problems of a particular class.

Thus, by implementing appropriately desiqned alqgorithms on mul-
tiple microprocessors, computing times, for many problems, can be

eXpected to be considerably shorter.
Several special purpose multiple processor systems have been

proposed for the simulation of continuous systems. However, the

;po%Qntial for success of these systems depends greatly on how the

L

™
problem 1is partitioned among the different processors. This

~

matter 1s discussed further in the following section.

-
~

2.2 PARALLELISM IN THE TASK OF CONTINUQOUS SYSTEM SIMULATION

The fundaﬁental feature in the description of the.model for a

continuous system 'is A set- of ordinary differential equations of

the form: :
él = fl (zl,...,zn, t)
i éne= £ (Zyreeerz, t) ’

In this ~notation, the variables Zyreees 2z, form the state vaector

. and t is the independent variable. The simulation task corres-—

ponds to “exercisin&‘; i.e. solving, the model over some

L



predefined time interﬁa{.itl, t,] beginning from a given inttial

—
.

state~z(tI) = Z;- | -

Approaches forr-aghieving parallelism in the simulation of

continuous systems fall into three different categories; namely,

coarse segmentation, fine segmentation [Rzehak 1977] and the use

of a truye parallel inteqration blgorithm.' Coarse segmentapfbn'

consists of partitioning the system'differential equations into

segments ‘and then solving each segment independently by a distinct

:processor. The segments are normally created by a compiler and

r

each segment has an arbitrary number of inputs and outputs. The-
refore, the software must be able to create arbitrary segmenis and

distribute them over the. &dvailable processors. The success. of

e

this approach depends, to a great extent, .on evenlg'balancipthhe
. R

workload over the different processors and this is_a~yer§;éiffi-
cult and complex task to achieve. o S

With fine segmentation, the basic arithmetic operatiéns
within éhe model are identifiedafor-subseqqut ailocation‘to.the
available processors. fhug, a fairly high degree of béfallelism
can be expected. Therefore, their is thgléotential for a largé
number of simple proceésors] which require only small private
memorfgs. _This approach, however, must cope.@ith the inherent
problem- involved. in the -.interconnéction of large ‘Eumbépiﬂ of
processors as well as with the problem -of identifyingfoperaﬁions

that can be simultaneously executed. : -



~

*
-

The. third approach is based on using a true parallel integra-

tion algorithm. In this case, the underlying design of the algo-

—

fithm assures the ex@stence of tasks that can be simultaneously
carried out By separate processors. Partitionipg is, 1in a sensc,
acpossjghe algorithm rather than across the system of equations.
Furthermore, the .issue of optimal allocation of équations or ope-

rations to processors does not occur which makes the implementa-

n
v

tion of- the system simpler and totally problem independent. This

alternative, however, has received only minimal attention in the

research literature.

.

2.3 SURVEY OF MULTIPROCESSORS IN CONTINUQUS SYSTEM SIMULATION

&

Several dedicated ‘multiprocessors for continuous system simu-—

"~lation have been proposed based on the coarse and fine seqmenta-

tion ideas and these are examined in this section. -

e -
Lad - -

Multiprocessor systems based on coarse”segmentation have been
proposed by Korn [1972] and Korn and Wait [1978]. These systems

use a‘common-bus communicatioq method which is relatively slow and
Y o
limits the number of processors to 10 or 20. Horn~relies on the

- 1
user to carefully partition the problem in order. to\ minimize

interprocessor communications. Such partitioning is, in general,

a non-trivial task.

The . AD-10 computer [Havranek 1977; Karplus 1977; Gilbert &

o

Howe }Q} ] is a commercially available simulation computer manu-

factured: by Applied Dynamics International. Several dissimilar
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. - I =, "
functional processors work in an overlapped and coordinated manner

on different aspects of the simulation task such as function eva-
v . . )

.

luation or numerical integration. e “

"WISPAC [Cyre et al. 1977; Rideout et al. 1980] is 5 parallelx
array computer developed at . the Universi%ﬁ of Wiscénsfﬁi It
emﬁ%oys 2 three-dimensional array of lé-bit miprocompuféfs each
con&egted ’by a bidirectional seriai .linkage to its nearest
néigﬁbours. - Each processor performs¢t£§ integration associlated
with a number of state'Vériéblgs. An impleﬁéntation of the WISPAC
system would likely be relaéﬁvely slow ~bé§§use of the™-serial
communicafﬁon scheme it |uses. ‘Furthermore, there exists a2
substantial auxiliafy softwé}e problem oﬁ mapping the
compd%ational requirements onto the microprocessors. . -

KCSS [Yoshikawa et al. 1977] is a multiprocessor system,

1

developed at the Keio University in Japéh, in which simple, high

speed microprocessofs execute basic tasks. such as additiocon, mul-
tiplication, 'and integration of each state) in parallel. A point-
to-point parallel interconnection scheme 1s used. Basically, this

system replaces analog computing components (adder, multiplier,

vy
4 L

integrator) with equivalent digital computing elements on a one-
for-one basis. This approach suffers from the same basic short-
com%ng that is typical of analog computers —.namgly, the size of
the hérdware requirement grows with the sié&wpf the problem. 1In
additioﬁ, the problem of -<¢hanging the intercénnecpion among the

processors, for each new application, needs to be resolved.

-
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Another multiprpcessor system desiqned for the simulation of
continuous systems .has been constructed at the Swiss Federal Ins-
Ui titute of Technology [Halin et al. 1980; Brundiers et al. 1982].
* This system is based on the automatic éecomposition of the equa-
&;ionstwithin the system model into a large number of low level.
computational tasks. This 1is done-by a host computer during a
compilation step. A Taylor éeriés integration method is used and
;the necessary higher derivatives of all variables are computed
using andlytical recursion formulas. Many of these formulas are
evaluated by a master compugggﬂ cooperating yith a number of
slaves. The starting of procesébrs as masters or slaves, and the
bookkeeping for the status of the processors arelcarried out hy a
hardware unit called job control unit. The system requires a

powerful compiler as well as a sophisticated job control unit. -

- *.

- Another multi;microprocessor §imulation system has _been
implemented at Arizona State University [0'Grady 1980; O'Grady &
Wang 1983, 1984]. 'The system includes'NxN-proceésing eleﬁents
connected through N horizontal buses and N vgrtical buses. With
this arrangement, a data value éan be transfered between twa
processing elements with at most two data mgﬁeﬁent operations.
O'Grady's system requires a cqmple% control mechanism for data
transfer and is particularly well suited fog matrix calculatggns.

A parallel computer organization® for simulation applications

has also been developed at the NASA/Lewis research center [Blech & éb

~
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* Arpasi 1981]. The sysﬁgm consists of up to 10 1l6-bit processing

“elements connected through a high speed data transfer bus. One of
the processing elements is dedicated to input/ohtput functions
while another is ;sed'to link low-speed, operator commands with
the hiah-speed simulation activity. Rach Qf the remaining proces-
sing elements performs the numerical cohpu;ations for é Sfedefined

part of the simulation task. _All processing elements are synchro-

nized; 1i.e., the data transfer phase takes,place when, _all of them

. terminate their individual compute cycles. The"full potential of
such synchronous system is critically dependent bn"ensuring that

the processihg elements are occupied for eqdél pericds of time.

s

A distributed mq}tiple instruction multiple.:déta {DMIMD)
processor has been designed and built at-the Delft University of

‘Technology..for system "simulation studies [Décker 1982; Sips 1982;

Decker 1983;:Andrieséen“et al 1984]. It consists of a number of
processing modules (PM's), eacH‘ conﬁ%ininq a _numbéf of fully
interconnected pfocessing elements” (PE's). Each PE f;-capable of
executing a set of basic parallel operations autonomously usiﬁé a

-

number of multi-operand processing units. The DMIMD-processor-as.

> -~

7. well as the PM's are loaded from a host computer. The compiler on

the host of the DMIMD transforms the program into a task graph
indicating the” dependencies émong the tasks and, consequently, the
poﬁéntial parallelism. The tasks are the basic arithmetic opera-
tions such as addition and'mﬁltiplication. " Then theltotaltsystem
definition is subéividqd over the:availablé PM's-and‘éach PM's

host takes care of distributing its task oVer its--PE's and.. . .



- o scheauling their* activities. The concept of full interconnectabi-
lity between the PE's, although it-eliminates an iméortant bottle-
neck in parallel proécessing, is an expénsive aLté%native. Also,

the compiler must be “smart" enough to efféctively detect the

parallelism within the program.

Data Elon?rchitectures have alsoiﬁeén pfgposéd Eor the simu-
lation 95 c0ntiﬁuous systems; e.qg. [Karblﬁs &‘ &;;oui. 1982;
Ercegovac &  Karplus 1984; .Erceqovéé" et.al 1984; Guarini &
- Ciériano 19841.-:ngf§roposal by'ErcégovaC‘eé al consists of seve-

ral (4-8) clqs;ers (P%'s), each cphtaininq one or more micrbpro:,

”tesSorsfimgﬁbry modules and intérféce mqﬁules.‘vThe.clusters are
- l“connectgd tﬁf0uqh a*multi-bus communication détwork;“_The applica-

+tion programs are reﬁrésentéd in- a .functional lanéﬁage [Rackus
. 19781 to facilitate the extract;dnqu paféllélism. The Eunctionalf
© programs are partitioned into tagks.that are, in turn, allocated'
to the different PE's. Téské afé activated according to data‘flow
principles [ Dennis IQBOI”;here‘%hey are ready for execution when

* their operandssfafrfve. The data- flow technique, although it

permits a high degree of parallelism, has the fundamental drawback

-
-

that -the concurrency is limited by the communication network which

routes.results._ to/from the processing elements.

~. . T

Kl

A specigi“pipelined simuléfornfor continuous systems has been
proposed by [McCullouqh & Linggard 1983] in which a single, high-
speed, broéessidqnuniﬁ is time-multiplexed to compute solutions to

sets of ode's.

w
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Parallellﬁf in all of the above systems, 1is based on e%tﬁef .
vy

coarse or fine segmentation,"-despite the problems associated With

e

each of tthe approaches. None has been ﬁesigned around the idea
of u31ng a truee parallel- integration, algorlthm. : Thi%fapproaqhh
whlch is the topic of thlS thesis, has the 51gn1ficant advanﬁagg;

"-‘ o

of ellmlnatlnq the problem of assigning tasks to ptocessors;_ The

approach also lends itself to a simple and straight- forward hard— -
ware implementation whose structure is general and equallygapﬁIic—
able to all problems within the class. : T
T . LR -.\ T
) L : « v
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~ Chapter III1

~, : .

'PARALLFL INTEGRATION METHODS

ti

The class of continuous system simulation.problems that is of

interest in this stndy is characterized by an underlying system

medel of the form: . -
t- . ‘e - -

2
=3

2
t

= 2(8) = F(L,0(E), 2(t)) -

where 7Z(t) is an n—-dimensional state vector and iI(t) represents an

m-dimensional input functidn (U{t) corresponds'to the influence of

external forces on the system). In simulation studies, the input

function U(t) is always taken to be a known.jﬁnction'of time.
Consequently, without loss of generality and in the ‘interests of

simplifying notation, the effect of U(t) can be assumed to be

o

incorporated within the explicit time dependence that is shown for

the derivative function, F. _g

~
-

The fundamental mechanism that is requiréa_for carrying out
simulation studies 1in this context, is an' effective means for

*

solving the ordinary differential equations %0de's) that are

embedded in the model and it is this issue that we explore in this

‘y
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thesis study. The Uﬁaeflyingﬂpfobleﬁ therefore is to generate the
solution to a sét ‘of bde's havihg the fﬁrm:f -
A . ;. - R .‘K ' NN L
Bty = Fle,2(e))" - ~W2(tp) = 2 e (#) -
from an initial tiﬁe”tI to a Elnal tlme tN7’t where the staté_
vector 2 Qas dimension n. More. spec1flcally, we assurnie - Z € R nd
F“ Hzﬁ.-i-l m?‘. . - . '_ . - : | ‘. . .“”_.. N

ST, _ P , S o *ngﬁt_
- - The condltlon whlch quaranteeq"the ex1stence of a unique

it - . .
. - . .-

solution to thls 1n1t1al ualue problem 13 thax

- - - - - o . .
. -

P(t' Z‘é? f‘FF.t,-Zb) ll < In. Za “.Zp” '_‘-..o‘-{‘;_-l)

’

for all t e\_/r_,..ﬂ?N and ~any ‘n-vectors na}and,zbd[Henrlchl 1962].

(Here “ |l denotes a~ vector norm,' @.9. euslidéan). The require-

o ment (3.1) 1s.known_as a Llpschltz condition and the constant L is

called a Lipschitz constant. .Throughout our considerations, this

- T . 4 .
“condition is assumed to be satisfied. . e : ”
Gerlal 1ntegratlon methods for the solutlon -0f ode’ S generate

one solution value at _one, p01nt in time by. the mean . of an integra-

’

_tion formula phat_uses'one or;more past “solution values. This | N

“ e

sequential nature makes these methods uhsu@table for execution on
multiprocesso;%.,'P@ralléiﬁintegratiOn methods however, simulta-

o

‘neously generate a set of solution values, at different points in

. . " ~

- . - 1 gy
. .
- . ) " }
- o .
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time, each by" a different integration formula. _ This makes it
’ i

-

=" natural, to asslgn "th computatlon at each time point Lo a dlffe~
g_

rent processor in a_multlprocessor envirorment.-

N “___-:.'- . o . N -' _U | . ’ - 7- . '&.

£

- -
L ER R -

. Fara r1e1 methods for™ the solutlon of ode's_nhave their basis

at . et
c.

-*in”a. class ofs'technlqueS referred to as "block" methods. The

-
v e

character;stlcs feature oE the methods in this c¢lass is that each

“t .

g

appllcatlon of the underlylnq formulas denerates a collection, or
.*“_block, Jof k. /Y new equal]y-spaced " solution values: 1i.e., a
k:blcbk.;- In other words, each basic cycle advances the solution

“ by % new p01nts alonq the time axis and hence cach such hlock can

be c0n51derea -as” a unlt calculatxon. <

- - . ' 3

- kS
- - “

¥ The underlying process of the block methods can be formulated
from the perspectlve of a 51ngle processor (serlal 1mplementatlon)

or from that of multlple processors {parallel lmp%ementatlon)

PEY

Furthermor®, such procedures can be formulated either in a "one-
Step" .modg where only the solution at the last point in the block

is used to sxart the next block, or in a multi-step (predictor-

_Jﬁcorrector} mode in whlch all the values in the prev10us block are

used to "predict” a"solutlon at each jpoint of the new hlock.
Worland [1976], however, shows. that block methods, when applied in
frie predictor-corrector ‘mode, give higher  speed-up than when
applied in “the one-step mode.
K-} - -
Research with block methods has, for the most part, focused

on the one-step methods. The earliest references to the concept
- ) /
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are probably the works of Milne [1953] aﬁd Colié;z,[lQGG]:; in .
both these cases, the empﬂasié is'within the res;;icted contéxt of

using the approééh simply as a .means for obtaining a set_ ?f~
:startinq valués for prédictor—corrector schemes. The possibility

of uéing one—stép block methods, as a sg}ﬁ?ionlﬁechnique er the'
entire interval, was first examined in'detail by Rossej%¥l967].
In particular, he presents a set of implicit (i.e., "corrector")
formulas for values ofik in the range 1 thréuéh 8 {included among
these 1is the formulas for,k=4-aé originally suggesteﬁ-by ﬁilne).
The proposed‘imélementation however has é'serigl (gingle proces-

sor) drientatioh, | |

-~

Thg work of $hampiné and Watts [1969] and?wafts and Shampine
[ 1972] focuses on cohvergence and stability properties of one-step
methods. A partiqulérl?‘intere§tinq results in [shambine & Watts
1969] is the demonstration tha£ a pa:ticpléﬁ predictor-corrector
formulation of | the blbckr me thods (with k=2) leads to _;he- éame
asymtotic behavior as ftefatinq a ‘fourth order one-step method to

7
completion.

Another closel? related meﬁhdd (parallel predictorucorrecéor)
has been proposeé‘pj Miranker and Liniger [1967], and Miranker
le?l]. It has glsé been studied by Franklin 11978] and by Krosél
~and 'MiLnér [1982]. The a}gorithﬁ pre@ict énd -gorrect. current
vaiyéb_based on valueées already evaluated in a previous calculation
cycle. Hence, prediction at ‘some points and correction at others

can take place siﬂhltanebusly in contrast to block methods where

-
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: the prediction and correction are done at_ the same points but on

different 'cycles. One of the drawbackqbﬂgf the Miranker and

Liniger algorithm 1s that it is not well suited for adaptation to

r

variaehle stepsize scheme; 1i.e., the capability of varyina the

-

integration stepnsize with respect to the error which occurs along

the solution tréjectorv. This is due to the snréadinq‘nf the

predictor and corrector eauations over twd different tTme*steps,
_ : . S
3.2 BLOCK IMPLICIT PREDICTOR CORRECTOR FORMULAS

In this section, the general development of the BIPC formdlas

is presented. The truncation errors of these formulas as well as

their orders are also discussed. T™wo particular cases ([(or the
predictor formulas are identified.

- P - . -
3.2.1 General Development '

To avoid undue notational complexity, \Ehe development &
throughout this thesis is carried out in the context of the csinqle

first order Aifferential equation

[

.

= ey =f(t, y(t)) , teftg, ¢

t N]

1) = Y1 ‘ S L ™)

It should be emphasized that the development <can_ be readily

extended to the general case of multiple first order differhatial
Y v

equations i.e. eguation (#). ) :
7/ )

-~ . -
.

' R ’ * 0
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| v . B -
An inteqration method generates approximate .values for the

' i * ‘ 5 . = | = '
solutloq to f*) at the mesh po;qts ta tIf hl, ti ti—l + hi’

i=2,...,N with t-ﬁand'tN'given. We qse'fhe notation Yy to denote

I
“the generated approximation to the true solution y(%) at t=ti.
S R 4 .

The evaluatian of f at (ti,yi); i.e.,'f(ti, yi), provides an
appfoxima}ion to &(ti) which we dencote by fi'

2,
o

LN 1 -

As hoted earlier, the underlying feature of the block methods

is that they provide. a set of k equally-spaced solution values

L

during the execution of each.cycle of the procedure. These are

A AT
L) -

denoted by:

i

Here yj_(l < j ¢ k) is.the generated solution at tﬁ- tg *+ jh

whére En is the riqht-hénd end point of the precedihq block and h
is the spaéinq between the solutiéq values within the bleock. With
the BIPC ﬁorﬁulgtion, these k values are produceg Eroﬁ Yo and fo
(i.e., from the known wvalue at the right-hand é;d paint of the

preceeding block) and from a set of tentative ("p:edicted?) solu-

tion values denoted by YP = (y?, ..f..:;yg)?q; In pérticglar:
Y =3y, +hB £+ h D FP | e {3.2)

.

where g and E'are k-vectors, D is a kxk matrix, and Fg is a

k-vector whose jth;entry is f? = f(ty + jh; y?

J)' The value of Yp
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is obtained by using Yo and EO and precéding solution information

_contained in the vector: B -

YO = (y-l' ‘_2, ------- y_k) B .. (

where y_. is the generated solution at t=t, -jh. In particular,

P _ ' e '
¥ =avyg+hs fg+ AYy s BB e (3.3)

where ¢ and g8 are k-vectors, A and B are kxk matrices. and FO is
v . - . )

the k-vector whose jth entry is f-j = f(t0 -3h, y_j).

o

The k eguations represented in (3.3} corftain 2k(k+l) free

(unspecified) parameters; namely the entries -of the arrays a, R, A

o

and B. A set of k{(k+2) 'equations, which partially specify these
parameters, can be formulated using the classical method of unde-
termined coefficients [Carnahan et al 1569]. Specifically, we

impose the requirement that (3.3) yields exact results Ffor the
cases where the solution to (*) is a polynomial of degree < (k+l)r~
o

l1.e., y{t) = (t-to)r for each r=0,l,2,.i.(k+l). The rational for

this process arises from the fact that any function that 1is conti-

nuous on an interval can be approximated,to any given .precision by

a polynomialﬂof sufficienﬁlybhigh degree. For convenience, th is

taken to he equal to zero. ‘ ' : '

'Usinq this procedure it can be shown that the case r=0 {i.e.

»
4
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‘y.= 1, fi= 0) yields
"a = (I-A) u ‘ eea(3.4)
' o

where u is a k-veéctor whose entries are all equal to one. When

r=1 (i.e. V= ti' fi= 1), we obtain

B8 = (I+A)'u - B Q | e+ {3.5)

- %

'

where u is the k-vector whose jth entry is equal_to j. Similarly,

when r » 2, (i.e. Y; = ti,_fi =r tg-l), we obtain the.requlrement'
that K ,

rBu Tt s (-0 14 oAy OF ... (3.6)
where u® is obtained from u by raising each entry to the power r.

2.
Since (3.6) holds for each r in the range 2,3..s8(k+1), the result-

ing set of equations can be written in form

RU = WI + AW ' L 03.7)
where: U = [ul w? uk] K
i W- = [wz e wk+l]
s
r .1 r .
w = — u "
r

and I is the kxk diagonal matrix whose jth diagonal entry is
(—l)j. It is shown in Appendix A thaf U is non-singular and hence

(3.7) yields
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T % B = (Wl + aw) Ut o ... (3.8)

- .

- Equations (3.4)," (3.5) and (3.8) provide k(k+2} linear cons-

traints among.the 2k (k+1) parameters in (3.3). Clearly k2 additi-

-

“onal -eguations ‘are required in order to uniquely specify these
parameters and this requirement corresponds to specifications for

-

-the entries of the kxk matrix A. - -

An analogous analysis can be carried out in the context of
the corrector eguations of (3.2).:‘ However, -by observing that
(3.2) corresponds to (3.3) with A Set to zero and a, ‘B, D playing
the ‘roles of a, 8 and B fespectively,;the followiﬁq relationshipé

can be written directlv:

-

o =

- = G * -
B=u-Du e (3.9)
p = wo~t

© s . .
{Note also that because the data points relating to the corrector

—

formulas are all located to the right ofsthe base point.at t,, the

kxk identity matrix replaces I).

.I'lt .
The general procedure for computing -the k solution values
within a block is as follows:
1. Compute the ‘entries, y?, within the YP vector using

(3.3).
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-

o«

2. COmputé'the entries f? within the F? vector by evaluat-
ing the derivative function f in (*) for each y?.

é.‘ Compute the solution values Yy using (3.2). -

/
4. Evaluate f for each y; to produce £..
At the completion ofieach such step, Yy and fk becdme Yo and fO'
and for each i(i=l,...,k=1), y, and £; .become y; , and £, , of the
vectors YO and Forespectively in equation (3.3), thereby setting
the stage for the next step. It should, however, be noted that
'fhe procedure recuires a special initialization process because

there is no data initially available to form the Yo and Fy

veckrors. :

The important observation in the procedure is that dach of y?
and vy toq@ther wilth its derivative, with 1=1,2,...kX, can be com-
puted independently by a distinct processor provided information
exchange takes place at Ehe end of steps 2 and 4. Be;ause, each
processor carries out exactly the same computations, but with
different data; they become ready to exchange da;a at the same
instants of-*time.  These points are called synchronization points
and are shown Ey the arrows in Figufe {3.1) whicH gives the gene-
ral timing diagram for a k-@lock implemeﬁtation. Any architecture
to efficiéntly support this procedure must therefore be able to
handle this simultaneous data exchange among éll pr&cessérs. ﬁote'

in particular this precludes the use of a single bus common memory
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confiquration. A detailed description of a multiprocgésor system

-

architecture which has this ' necessary. feature for the efficient
: - . R
implementation of the BIPC approach ks given in Chapter 5. -

AR

-

Increasing k, the nuﬁQgr of points per block, has two impbr-
tant conseqﬁences. The first is thaE“the degree of parallelféh is
increased because each,of the k solut}bn values is ;imultaneously
computed by a separate proéessor }as shown in. Figure 3.1)._'The
second effect is that the order of‘béth the'predictor‘aﬁd cotrec-
tor formulas (i.e. equat}ons (3.3) épd (3.2) respectively) is
increased. The appargﬁt. advantage of this -second-;feature is,

however, offset to some extent by a reduction in the stability

reqgion of the formulas as Is discussed in Section 3.3.

[

3.2,2 Truhcation Error_

S

Through -the construction procedure, each &f the corrector and

predictor formulas contained in equations (3.2) and (3.3) has been
. made exact. for a'ggiynomial of degree (k+1) and therefore is_sgid

to be of order (k+l). It is important to note ,here the relation

.

'betﬁéen the block size k and the order of the formulas; i.e.,

increasing k increases the order of the formulas. When v(t) is
not a polynomial or is a polynomial of degree greater than . (k+1),

then the formulas yield inexact results. The dominant error is

tk+2

related to the first néglected.polynomial y{t) = . On this

basis, we can write

fan

<

y(ti)..-.yi = T.(hk+2).+-hiqher order terms ... (3.10)

-

1
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. '

and
k+2

v y(ti).- YE ;‘Tg(h ) + higheér order terms ... (3.11)

ES

-

‘where y; and yY are’given by the ith

1 equations of (3.2} and (3.3)

respectively. -The terms Ti and ?? are frequently called the

principal local truncation errors. The truncation error is local

1)

in the sense that it arises from an application of the formulas on

the assumption that no errors have heen made in the past data. T;

and T? have the form

o= [k+2] | .
Ty = o3 ¥ SR ity [ty
wp = P  lk+2] , p\v - p
and . T} = % Y ¢7) . . Poeyoe [t ety]
_ B Ll . Lt ok42 . ~
‘The term ¢ 1s calchlated by letting y(t) = t in equation

(3.10), and replacinélffyby its ‘'value from equation (3.2)-

substituting y.= €72, £.= te2) €71, ana v %22 eeayy yieral
after some manipulation, that T . - -

| e ™

-G
n
o
o

(1542 - (k+2)
R 4=1
i = T (k+2)!

x .
N 52
Loy Y )T @

- - .. e .

by

In a similar manner, it can be demonstrated that _ -

p _ P k+2 ..‘. B < *
Hy = Cpob Loal '
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where. - - . RS oo
K+2 . k+2 © L k+2 k+1 k' okt
(i) - (-1) I ai-*(j) - T=(=1) (k+2) ¢ bi-*(n); MR
e S __g=1 7] A = S S
i~ (k+2)1 - ~ S
T e -__:7'('.3 -13 ) - ‘

Thus, the principal local truncation error of the corrector

. formulas is given by y ‘ T ) -
| k+2 [k+2] | ' T *
; + +
Ti = ci h Y (Cl) . . H Cie [to"r tl] --:_-_;l
- el (3.14)
and that of the predictor formulas by ) e
~Pp _ AP k+2  [k+2] 1 p .. P - N
Ti - Ci h . y ‘ (Ci)' A ’ Ci € [t_kr ti]
- -+ {3.15)
Notice, in particular, that the -error in both caseslgé'ofnfﬁe,same;.
-order. | S ’ S BRI ;ﬁ” L
The above results apply £oér each i=l,...k in the case of the

predictor formulas; however, in the case of the <orrector formu-

las, t?ey-;pply oHly for i=1, ...,(k-1). ‘Aﬁ intéfe§£ind‘feature

of the BIPC methbds‘(at least -for the cases where k<1l0) is tbagmj

‘the corrector formulas at the right hand end point (i.e. when i=ky i,

yield a result which is one order higher. :-The principal Tocals:

truncation error at this-point ig in fact N %."
N 75 [k+3] s T
TB'__;k h ¥ (ck) . Zx g_}to,_;k] L
c—.
«
]
e T
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.rmatrix to minimize round-offi’ery
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., . . T * . - h
SRR S S
| (k7<¥3 C(RE3F E T d s % () - . -
A ¢+ N )
where _C}_c =TT T (k3T _ -

3.2.3 Specification_of the Free Parameters <4n the Predictor

‘e .. 4 ’

‘ Formuleé~f3'ﬂ . . " ‘ S
@ eThe.ka¥2J3equations of (3.9) provide the means “for uniqueély,

’
- -

determlnlnq the parameters dn-the'corrector equatidns _of (3.2

Howevét, 1n order to complete the spec1f1cat10ns for a’ nnocodure,.

n .
- -

addltlonal condltlons need to be Eormula%eﬁ which ' w;Il nnahlo

values to pe establlqhed for the kz cerF1c1ents contalnnd Ln the'

- S ~, . [

A matrix’ of the predlctor equé gons &f (3.3ﬂ. An obvyous qeneral'

guldellne Here is to make thlq‘ ﬁlectlon in 2 way that. enhancea

Fl

“the performance “of the querall splution process. “__f'.
* - -
. R N 2 . e .
R ] - . . ~ LS -
"3.2.3.1 EWP Form s ST
. " . ! . W - .
- . . '

_ngfs formﬁlatfon‘is baséd .on ch sing the entries of the A

(or noxse), . This error."arises

from the Einite,'preciéion_ with- whlch numbers are represented
within a computer. Following a~sugaestion bygqamming [1973],‘weﬁ
use tné quantity S ' _".. : OO
- . - k v v X - -‘d ;
VN, = (a2 + a2 R (3.16)
i iz ij L.
' - :]—l : ’ o ' ~
P . o -,-u - N L R -
as a measure of thHe round-off noise atising:from the ipﬁ;ééuqtion
" - :



in (3.3). Because equatibn.(3.4)_gr

.
",
-~
-
o
- S

T We seek

- -
e
.
-
LI
o

'L which *provides

the 2k(k+1) eguations requiféd_%gahniquely specify the free ‘para-

meters in

o

i1

- [

-

.

therefore t§ minimize.N

N

-1

o Tfor §=1,24.0.%

e

vides thé system of linear eguations: .

.« .Phe subtraction of successive pairs

. -
- -
‘ -
-
. -
-
-
- -
]
- . -
- *
-

9

-

~~

oviqgé/

¢ -

-

§=1,24...k. Hence we réqugfé.thét .

1
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the constraint ‘that i

e (3017)

i

-

S (3.18)
I

- .

-

df equaﬁioﬁs’yields”a = ag, .

il

- with respect to its arguments

.. “-.‘: -‘._- (3.']:_9\) l ,‘\“

'ﬁ\fiiitional équ&tions. Repeating this process for

"each .i in the range 1,2,...k vields kz,gquations, In'this way,

(3.3) agé'obtained. In particular eéuatibn 13219)-p;o—,

-

o

L
-
-
-
h
R
-
-
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o

e e . . Cooa2e

_ T e . o o . o
= ... = acp from which it £ollogsithat aij" e _ ‘
«~ . .. . .
- . .
fﬂ‘ - "".4. L . . . ) .
'{?_ In other words, the .entries of the matrix A are all equal to
L/(k+l) We refer to the resulting procedure as the equi—weigﬁt

predlctor (EWP)rfqrm;ofnthe BIPC approach. The predictor formulas

PN

) fbft;heraﬁp form for'thereases.k=2,'4; 6, and 8 .are explicitly

udshow; in Appandix E. ) .

-

LY

r
v

-

-

A et -, . -

. - y
- s . -
-

, .
mherlnoact of: round-off errors becomes less sianificant. as

-

the 'internal prec151on of the number represcntation increasen.

Since -~ modern microprocessors typically have coprocessors [or

double precisibn arithmetic (with only minor performance penalty

with respect to single precision), it .would seem nore heneEfciaL
to use the additional kz'free'parameters for some purnose other
than minimizing round—off errors. ’A meaningful alternatt strategy

ror choosing the entrles of the matrlx A can therrfore be based on

'fimproyihg the stability property of the formulas. Roughly speak-

ing,” the stability of a numerical method refers to the behaviour’

-

LY

ofdathe dlfference between the generated eolutlon and the exact

“

"solution of a problem.. It is. requlred that this ﬁleerence doeq

not grow as more steps are taken. As is demonstrated in aection
3.3, gy settlnq the entries of ‘the matrix A to 7ero, the reculrlnq
BIPC formulas’ have a stabllltw.characterlstlc that is superior to

that based on the equi-weight” predlctor. We choose this as our

';;econd BIPC alternatlve and refer to it as the null=-weiqght

v
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predictor (NWP) form; ‘The prediCtér'formﬁlas-?br the NWP form are

¥

explicitly ineh in Appendix B fo;'the cases k=2,4,6, and 8. LNoté

also'tha; because 't predictea values in the NWP form are obtain-

*

“ed using only derivative values, 1ts cpmputatlonaL complexity 1s

reduced with respeét to the EWP form. This feature provides an
additional iﬁportant advantage of the NWP fgrm.

é.,a%r"smsxu'ry OF /INTEGRATION METHODS o

LN
- The stabhility property of a ‘nﬂﬁe%ical method for solving
'_ r ‘ ‘(. - . ! ’
ode's is concerned with the behavior of .the alobal error €y = ¥y~

y(tﬁ) where y(tj) is the true solution at time t%. For.obﬁious‘
practical reasons, the desi;ablé.feature in this regardg 1is -that
the global error remain bounded as j + «. Unfortunately a study

of the'globaf‘error behaviour of a method cannot b@%&ecbupled fron

~—

the spéciiic problem to whigh tﬁe method'ig appiied. fhus, in
order tQ obtaini a basis ?or- cémﬁarinq slabiiity propertie; of
diffgfenﬁ ‘methods,, it has beeéﬁé &conventional to explore’ this
important“ matter -in the .cpqéektblgﬁ' a--speqific_ test problem;
namely, | . - | : 3) | ‘, B

ey .
. -

7
-

</ v (t) = ¢ y(t), & complex 3 o ce . (3.20)"

Note that if Re(c) < 0 then any solution of (3.20) remains

4
L] -

bounded.

. - * Q? .
In general terms, - a numerical method is said to be absolutely

*

2N
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1
]

stable f6r a particular x = ch (h is the fixed stepsize used with

the method) if it produces boﬁndeq'appveximationshwhen applied to

(3.26). ;%he region of absolute stability is that region of the
,compiex—x plane which is defined by the % values for which the

method 4s absolutely stable (Baker & Phillips [1981]).

More specifically, the procedure for 1nvestlgat1ng stability

begins by aéplying the formulas of ;he solutlon me thod

under investigation to (3.20). This .gives rise to a "stability
polynoﬁial", #{p:2) which ~ is characteristic ‘of the method. The
behavior of the alobal error depends on the location of the roots

uyprugre.. of this stability polynomial.
- LY

Thid, in particular, qives rlses o the following definition
[Hall & Watt (1976)]: A numerlcal method for ode's is absolutely

R .
stable for a given x = ch if, for that i, all the ropts of the

S ) -

ngBility polynomial 1lie within the unit circle. --A region R of
the complex-:» plane is a region ef absolute ‘stability of the’

method if the method is absolutely stable for all icR.

“ A convenient measure Eor compafing the sfability of different

-

methods is to compare the values of the intercepts. of.. thelr

respectlve stability regions w1th the neqatlve real axis in the

x-plane. The specifiC'relevance of thlS Lntercept, H*, 1s that 1t
prov1des the means for determining the maxlmum allowable qtepqlzeJ

for the method to generate _a stable solutlon to (3.20) when ¢ 1is
an

real- and negative. This* value, H*, 1is frequently'feferred to as

-
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-

the absolute stability boundary (or interval) of the method and it

is this value that is typically quoted in the - documentation for-a

method (e.q. H*=-2.78 for Eou;th order Runge-Kutta methods). -

Our interesg?is to establish the absbldte stability boundary
of both the EWP and NWP fegms of the BIPC ,approach fo; a range of
*valaesfoﬁ_k. Thisﬂnbjecéive féquires Ehe Ebrhulation fréﬁ (3.2),:f
(3.32.apd (3.203 of 'an iterative formula that expresses the set of
"solution vglueé £n each new k-block as a function of the set of

values in the previous k-block.
From the , substitution of (3.20) in (3.2) and (3.3) we can

obtain, respectively,

X = (P+10) XF
and

xP = (R+2S) Xq

where:

= T
X = (YOIYIIY2 ... yk)

_ T
XO = (Yory_l:y_zo.. y—'k)

P _ PP p,T
X = (yo :erY_z e \.’k)
»
l -~ -
I T o! )
S [ S
1 % kxk g D ¢
- l l
N — L t‘\ N
' 1t 0 ] C ol o]
R = | memememer e e e —-— S = | ee-me——e——— e - —
uf A S: B
‘ i L i
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and » = ch. It then follows that:
.- -

X = (P+aQ) (R+AS) X, S .. (3.21)
-

-

the data values in X and X9

not consistent because the values in X are ordered in terms of

The seguencing of is, however?.

increasing time values, while those in xo'are ordered in terms of

decréasing time values. In order to deal.with this situationfand‘

obtain the desired iterative formula, we introduce “thé

]

(k+1l) x (k+1) matrix

¥

0 0 ...u.. 0 1 ' ‘ \
0 0 N | 0 : '
p o= .
1 8 eeeesa 00
Because vy =T, eguation (3.21) can be written as a

X = (P+x0) (R+AS) w“xo A

= (P+rQ) (R+AS) ¢ X

1t

T§ ] 'y ‘ -

)T and T = (P+xQ) (R+x5) ¢:

where X vX

0 (y_k'fy_k+l! .- y_’lIYO

. N
v

Furtﬂefmore, nofe that X’énd X hold conéisteqtiy ordered.data
valués. . This result therefore represents' the 'aesiréd
transfo;mation, from. old to new datéa values and the .relevant
property is characterized by the eigenvalues of the (k+l)x(k+l)
matrix, T. ‘More'speciﬁicaily, the absolute spability bouﬁdary_is
given by the largest -H such that iﬁ % e (-H,0) then all the

eigenvalues of T have modulus less than one.

-
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) The eigenvalues, u, of the' T matrix are calculated from

. k+1 i
n(u,x) = det (T-yI) = I e .(2) u” =0
S i=0 - -

. . \ .
hne-~mgénpd Used- for~ establishing intervals of stébility is the

-

- root locus’ method [Lambert-1973] "It consists-of repeatedlv solv-
ing this polvnomlal equation for a range of i in, the nelqhbourhood
of the or1q1n seeklnq the largest i .that ensures that all roots

-are leqq than ‘one in maqnltude. Any standard numerical method,

such‘as Newton-Rgphsgp iteration mav bhe emploved to find the zeros

of the above polynomial; i.e. the eigen values of the matrix T.

Our calculation, however, is based on using the IMSL library

B 1

'-routlne FIGRF -to find the eigen values of the matrix'T.

The procedure is as follows:

1. set =0 and ax=-0.01 -

2.. call the' EIRRF routire to. get the eigenvalﬁes pi
(i=1,2,...,k+]l) of the T matrix.

3. if max Wy € 1 then set A = x+ax and o to 2 else the absolute
i=1'--a'k+l -
‘ stability bouﬁdary of the formula-is found and it is equal to
. _ . o

A=B8X. _ .

-
-

qtabllltv boundarles for bhoth forms of the BIPC; .i.e., the

o FWP and the NWP, have heen calculatedq%or the cases k=é,3,...,16

and are given 1in Table (3.1): It should be noted the stabﬁlity
o

“w

boundaries for the proposed NWP -form are superior to those of the .

-
-



Stability bhoundries

MFTHOD j Fup | P i _ﬁyﬁ/rwp |
k=2 0.436 | 0.576 -1.31 .
k=3 011 | 0,308 1.08
k=4 0.179 " 0,222 1.24
L k=5 0.149 0.168 1.13 :
k=6 ; n.0R8 | 0.135 1.53
k=7 0.070 0.142 1.63 \
’ k=8 0.042 n.n;% 2.33
, =0 0.029 n.087 3.00 ’
k=10 n.018 n.n78 2.33
f—_— _ _ g .
k=11 .N03 | 0.0007 | 2,33
N k=12t | n.015 n.067 A.46
Tk=13 ] a.000 n.ns{ 3.05
' k=14 0.0n7 n.nés | 7.85 ;
, k=15 0.0003 | 0.0006 2.00 .
k=16 a.008 - | 0.011 1.38

Table 3.1 Stability Roundaries for the EWP. and MNP Forms

]
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FWp form by factofé ranging }rom 1.057for k=3 to 7.85 for k=14.
The behaviour ,of the roots as a function of A for both forms for
the cases k=£j4,6 and 8 is shown in Figqures (3.4-3.11). 'In these-
€Ffiqure§, positive roots are designated by a circle, negative roots
b;'a square, and complex roots by a shaded circle; |

3.4 STARTING THE BIPC COMPUTATION

-

One of the -c0mputatiéndL defects of predictor—corgector“
methods 1s tﬁat the methodé are not self-s;arting.' Predictor-
correétor'methods, in general, use ‘the values of the dependent
variable and its derivative at k different mesh points ti' tiqe
i"ti-k to calculgte the dependept variable at the next point(s).
These methéds are therefore commonly called multistep methods
[Gear 1971]. Since we are given only Yy 2s an initial value, the
other vélues requirpﬁ to Qtafr a preaictor—corregtor methad must
be computed in a prellmlnarv sten. To calculate the startina
values, one- step methods are used- these requi;e only the value at
one mesh- point to compute-tﬁé value ~at the Aext. Probablj the
most widely used starting methods are those of the Runge-~ Vl-.ltta
type; These methods are, howeyer,'seriéfgﬁn nature. . Consequen-
tly, in a multiprocessor system, _only one processor is active
while the remainder are idle. Iﬁ contrast, the stqrting method we
p;opose is the block implicit one-step method [Shampine & Watts
1969;:; Worland 1976] which uses one mesh._point to g?neraté k points

simultaneocusly in a parallel manner. Hence, the workload can

easily be assigned to k processors. The block implicit one-step

» - " . -
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method. consists of Euler's formula (3.22) used as a predictor and

the corrector equations (3.2) of the BIPC method outlined earlier.

The formulas for the two-point block scheme are:

=

y =y, + rnf, ; =1, .0k ' ...(3:é23

o - “«

-—

h [
‘y =y, #+ T3 (Sf + Bt - £ ) :
1,s+1 17" 12 1 l,s 2,8 e (3.23)

. h '
Va,se1 = Ve T3 B A5 6t T s

where s=0,1... ‘ .
The corrector equations (3.23) are iterated to convergence, i.e

until

(Yi,s+l - yi,s) < Try‘i-,‘s-i-l .+. a ! -

where T, and 1, age the user specified rélative and(adieﬁgﬁe
toleranée errors. 1f the stepsize is small- enough, converqeﬁée
usually ogchrs after }_or 2 iterations. The k starting values
qenerated in this way then make 1it possibie to initiate the RIPC

method. -

3.5 EXTENSION TO VARIABLE STEPSIZE

~ -

-~
- L]

Once the method for starting the solutiqn. s used, BIPC
methods can be evoked and the solutign continued as far into the t

domain as desired. However, in the® second and major portion of

‘the computation,

ELE

@ most importéntliarameter is the stepsize to
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“yse. In order to be reasonably effective and efficient, a nume-

rical ‘inteqration method should have the capability of adapting to

variations in the local truncation error which occurs along the

solution trajectory. This adaptation 1s typically achieved by a

"scheme" for selecting the integration stepsize, h, in a way which
ensures that this error becomeé neither unacceptably larqﬁ nor
undu%y small (thereby resulting in wasted computing effqrt), and a
“technique"” for handling these variable steps. In other words, an‘

integration method is the combination of three parts: a particu-

lar formula, a scheme, and a technigue.

3.5.1 Schemes for Stepsize Selection

T

‘An effective mean for'establishinénthe stepsize to control .

the error in the inteqration process is essential if the procedure
is to progress efficiently and reliably. Strategies for achieving

variations in, the -inteqration stepsize are typically based on a

solution quélity_cfiterion expressed in terms of the ratio Ri ="

E . . .
i . . - .
lg—f where ¢. 1s.an estimate of the local truncation error
assoclated’ with the solution value Yir and’Ei is an admissible
™2 .
user specified local truncation error  tolerance.
j.

- ' '
Inasmuch as BIPC formulas simultanecusly generate a block of

k new solution values on each step (i.e., Yir i=1,2,7..k), it
follows that whqﬁever R = max (Ri) is less than or equal to unity,
then the %teé;céh be considered to be successful, while if R is

greater than unity, the step must be rejected'and repeated with a

; |



60

—
-

ééduced inteération stepsize. From an analysis of local error
) behaviour [see, for example, Shampine & Watts 1976], it c;; be
demonstrated that theh“bést“'stepsige for the next iteration (in-
'dependént of whether R 'is éreat?r than or ‘less than uniﬁy) to

achieve the required tolerance is:

i‘p-&l

R ... (3.24).

h = ¢ h with o = I

b |
- -~

where p is the order of the formula. For the BIPC formulas, o=k+1
for the internal points of the block and k+2 for the last point.
o :

-

Throughout our considerations, the admissible local trunca-

tion error tolerance Ei at ti is chosen to have the. form

R .
€. = T
1 r

o+ -

Yil * Ta _

where T, and T, are user specified relative and absolute error
tolerances, respectively. This approach provides a combined

"relative + absolute" flavour for the admissible error pa:émeter.

4

‘Local truncation error estimates with predictor-corrector

methods typically have the £form: _ . ¥
* P, : o ‘ A : -
e, = Croly; —¥vy) . . ... (3.25)

]
L

* - . .
where Ci is a-constant and € is the error estimate at ti. A

@&
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.

. . _ _
conventional choice for Ci is unity and we refer to this approach

as the "simple difference™ approach. ' - A
An alternate chdice for CZ can be develﬁped based'bh*thé ﬁaét
that the predictor and corrector formulas within the BIRC‘EBntegt
are ‘both of the same ogder, hamely (k+1) for the k>bloc$"case
- {except for .the éorrector at tk which is of order (k+2);ﬁ Tﬁg
principél local truncation errors for the predictors  and

correctors are respectively,

L3

*T?‘= C? h}'c+2 y[k+2] (CP)

p ~ .
‘ L3 € [t_ t ] )
. t t TRESE L (3.26)
. : ) i=1,...,k-1
- k+2  [k+2] v
T, = C; h : (), gy € [tgr £y .. (3.27)

wheré the values of Ci and C? are qgiven by (3.12) and (3.13)

~ AN
respectively.
r

.

It follows that the exact value of y at t,, namely vy(t;), can
. ’ -

theq be written'as (with higher order error\;erms neglected)

: = 4P k+2 [k+2] By . T k2 [k+2
y(ep) =vi + e n yR21 0By 2y, vy w2yl | gy
Thus, _ -&l
_SP _ P k42 [k+2] o py _ . k+2 [k+2] -
Yi T¥y S G by (z3) = €4 b (e5)  ---(3.28)

[y
- -

~

P

..
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4
" Assuming how that the (k$2)gh derivative is reasonably constant at

-

the value y over the interval (t_pr t]r then

. ." ' . X . - P
k+ - + ’ __ : o .‘ : +
y[ 2] (zy Py =y[k 2] (g;) Lo —_
and furthermore, ‘from (3.28), it Eqiroes ﬁhéﬁ_'. ) _ ) "_
P = (cP = oy nk*2 - - "
Y y3 (Ci Ci) h ¢. . . ..:(3.29;

The -interesting feature here is ‘that "equations (3 ?7) and (3,29)

together prov1de a measure of the local truncatlon error Ch at"‘c.l

in terms cof yi'and vii namely,
- i . . .
e, = —=— (y;- v)

- C.
1

D) =Ty s 1,..0 %=1
t 1 : el (3.30)

. ' . . . '-""'.p_"
i.e., Ci in equation (3.25) is Ci/((.i Ci).

The above e@uation'represents a key result for implementing
{3.24); i.e. for the determination of the next value of the
stepsize. This techniqie is.ffequently referred to as ﬂilneﬂs

device; however, we shall.refer to it as thef“weiéhted d;fference"

L4 £l

approach. ) o . e

A drawback of this approach/'within the " context of RBIPC

"

methods is that equatlon (3.30) doés not hold at the. end point »f

the block (i.e., at t = because the predlctor and corrector

k)
formulas at this polnt have different_orders.' Thus,.the use of

-
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’
“

the above procedure . implies that the local truncation errors at

only the internal points .of the block are available for the deter-

mination of the stepsize while that at the end point is not taken

1

into ‘consideration.

'3.5.2 Techniques for Handling Variable Steps

The step¥éontrol scheme defined by (3.24) may call for a

reduction or permit an increase in_fhe stepsize within the new
block with respect to the previous block. However, it should be
recalled that 1in the developmént' of the predictor formulas in

+ Section 3.2, there is an implicit'assuﬁption that the separatidn

™

hl N
between the generated values in the. new block is the same as Cfor

i

those in the previous block (back values). Thus, if,the‘spaginq

is different; i.e., if the back values are separated by n and the
new values by oh, then the previous formulation of ‘the predictor

formulas 1s no longer valid.:

One technique ié to generalize the coefficients, within the

predictor formulas, so that the formulas sroperly accomodate steop-—

-
-

size changes between adjacent blocks. We outline this procedure,

in the context of the EWP form, by first re-writing the ith equa—}

-

tion in (3.3) as:

- ¥
- r

b.. £_.)  i=l,...,%

.e.(3.31)

where‘bio = g.. S
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From the fundamental théoremjaf*galculps we have that
. ._.“ 1 -
y(t;) = yle_») + [ -£(t,v) dt
] £
.-] s ‘
~and since T
1k ]
ylt,) =95 T v(t))
: ‘ i k+1 5=0 i
then
. 1 K L-
yit;) = 157 -E (y_j + £(t,y) dt)
=0 r o
_j .
1 k &5 ‘ . ¥
R g S R e t i
F+los5-p . .. (3.32)

where P(t) is the polynomial of deqreé ¢ %k .which interpolates

f£(t,y) "at the points é—k’ ceer tge

The right -hand of (3.32) represcnts an approximation to

the solution a ti. Since thYs approximation and the one given by

(3.31) are boty, based on-a polyhomial interpolation Of f(t,y) at

E yreeer to, and since there is only one such polynomial of degree

k passing through these points [§hampine & Gordon 1975], it
follows that both these approximafiQns to y(ti) are the same;

“ hence, the right-hand side of (3.37) is equal to y?.

A representation for P(t) ‘tven by the Lagrange form;

i.e-, £



3

k.
£ *n
n=0
nr

P(t) =

(£ £ q)
(t__-t__)

r -n

-..;(3.33)_

A

With the incorpeoration of the change of variable sh=t-t0.(where h

is the stepsizé of the current block extending from t_k to tOJ we

hquation (3.32) then becomes

p _ _1
. S T (y_s *+
1 k+1 320 Jj

y

I = =

ohtain: .
- .k
g P(sh + t,} = _ &t £__ * v _(s)
0 =0 r r
where
K ‘s+n)
vp (8) =1 R -
n=0
, nr
If we let gh be the stepsize on the new block extending from s
tk, then:
t = ti implies that s = (ti - to)/h = igh/h = i¢
~and t = t_, implies that s = (t_; =tg)/h = =jh/h = -
Thus
Al
ti iv. k-
= Rh* . *
i P(t)dt h* -f I .f—r vr(s) ds
t-j -7 r=0
. ’ k ig -
= h* * _
h E f_r f ‘ vr(s) ds
r=0 -]
k
= h* ¢ £ * (V_{ig) - V_(=3))
r=g ~F T r
where Vr(s) = vr(s)‘d§ _

(V.(lo) = V.(=3)))

tO_
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» A
ok Lk ko , |
=y L Yy o+ 0y ¢ &£ f_ 2 (V_.(ie) -V («3)V
k+1 5=0 | k+1l 3=0 r=0 r r r
;K S k T
== § y .+ L f__ I (V_(ic).- V.(=3))
k+1 5=0 | kfl r=0 r 3=0 r r
’ 4
1 k k : 1 k
===~ [ y_ i+h* ¢ £__ *(V_{(io) - gy "t V_ (-3}).
k+1 3=0 ] r=0 T r k+; 3=0 r S
_ ees (3.34)
Thus, the bij coefficients of equation (3.31) -are
_ i=1,....,%
®ij V3 (1o) + @y 3=0,L, ..,k cee (3.3%)
=] k
where 6. = — I V.(-r)
3. k+l Ly 3 -

With these o dependent coefEic%ents, the predictor eéuations
of the EWP form are generalized to;accomodate.vagiations in.the
inteqration 3tepsize between adjacent blocks. The specific vafi--
able sfepsize predictor formulas, based on the above analysis are
given in Appendix C for the cases k=2,4,6 and 8. Included alsé

_are expressions for principal local truncation. errors.

The development of the variable stepsize predictor formulas

for the NWP form approach closely parallels the above. Recall

that in this case

P - . *. T :
yi YO + h ‘(:E_ bij f_j) 1 l'._-.'k -..(3-36)
=0 -
As a result, the equivalent of equation (3.3%) 1is



.“

.k .
P _ * " * ; - 7
Y; = Y0_+ h E f_r LVr(loJ fr(O))
. . r=0 R
4_*— N - W -
. — .
But Vr(0r = 0, and therefore ' ) S
' k
P _ ] % * . c_
Y] = Yo ¥ h :z:_ f—r (Vr(lc) i=l,...,k .o (3.37)
) r=0 .
) .. . . y
- .Thus, the bg% coefficients of equation (3.36) are -
‘ biy = Vs (ig) " - ) %=,l,...,k ... 13.38)
- ‘ j=0,l,-..,k

Ry comparing equations (3.35) and (3.38), we notice that the
only difference in the bii'coefficients within the formulas given

by (3.31) and (3.36) 1s that those iR (3.36) have éj =0. Conse-

'qﬁently, the_predfctor formulas Ebr the NWP form can be triviq}ly

obééined'from those given in Appendix T by setting the'oj's to
: ' 1
zero and replacing the first term of.the formulas (i.e., k+1

k . ' - e
I y_jJ.with yo. Note also éhgt the corresponding local trunca-
j=0 ‘ : : IR '

tion error constants, C%, can be .obtained froh'those'ghown, by

9 K ‘ . -
setting the constant terms (i.e., the ones independent of o) to

Tzerow
) b *

It is noted that the predictor formulas given in Appendix B
(for fixed stepsize) are special cases of-thosg given in Appendix

C, and can be obtained by simply setting o=1.

Since the corrector equation (3.2) uses onlx information on

L]
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~[t0' tk], in which the spacing is h = o ho1ar e c§n write
—_ £ p Y * 'l ] -
Y =y, + h, (855 # DFV) o * ... (3.39)
~

In summary therefore, the variable stepsize implementation of

the BIPC process is based on:

o+

(i) equatien (3.25) (with C; set either t§ 1, or to the va}ue
Ci/(Cé- Ci)) which provides a measure Qf the loca; ;runca;
tion error at t=ti, : oo
(ii) equation (3.24) which provides a‘value for the pqramet&r g
which relates the stepsize wiﬁhinAadjacent blocks,
}iii) the use ®f the ¢-dependent coefficients within the predic-
tor formulas as given by either eguation (3.35)°.(the FWP
form) or by Equation (3.38) (the NWP form),

(iv) the usefof‘equation (3.39) to produce the solution values.
k) ‘ . .

LY

A sedond technigue for handling stepsize chanqes bhetween

adjacent blocks consists of generating an alternate set of back

values that are svaced by oh. These alternate values can then be.
. AN _
used directly with the fixed-stepsize predictor {ormulas (shown 1in

Appendiz B) to establish the predicted values within the new

block. .~

* .
K .
-~

In this apbroach,_an alternate set of both solution 'values

1

and dérivative values must be produced in the case of the EWP

form. These can .both bé‘acquffed from an\appropriate interpola-

tion' formula using the available back values. {The defivative

values could equally well be obtained by diréct evaluatibn using
. .

the interpolated solution values).®t

-
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~tions) _are required to generate one solution-value

v Y - C
v . R rhe hes 69

- T . -
% B

« If Lagrange interpolation, (see eguation (3.33)) is used for

this purpose,=then (k+l)_2 operations (Mddition and multiplica-~-
~ ":__ . rﬂ’.‘

O one' deriva-

. -y 7 ‘
tive value. However, k back points have to be generatéd, and in a

-

multiprocesSor environment, phe processor would typically be, *

il - Q.n—*’ . .

allocated to .generate one point. Thus, the workload of each pro-
: - >
o{, -+

-r

_cessor -would consist of 2(k+102 operaﬁiqnspto generate‘the solu-

-"tion and the derivative .at one:poi:%\ Howevéfh.in the case of the

- A »
il g
L

variable stepsize predictor’ “formulas~ given in. Appendix .C, the

- w

- ’ . . s - - *u .
" computation of the vi coefficients at one point reguires roughly
. : . t'

+

&

(k+l)2; overations i.e., half the computation required by interpo-

-

*lat'ion approach. o -

g ‘

'In the case of NWP form, an alternate s$t.of only derivative

: ’ .
wvalues would need to be generated via %nterpolation. Hence, only
(k+l)2operations are needed for the interpolation which is equal

.

to the n@mber of operations required to compute‘the Vi coeffi-

© cients within the variable stepsize predictor sformulas.

/

-

L

~

As a conclusion, the wvariable stepsize -‘formulas have less

workload than intgrpolation for EWP form, and equal workloag-for

the NWP form. Hence, the interpolation alternative will not- he

) A .
considered further.

Zf' . ’
3.6 THE USE OF A MODIFIER K

///”’// . - v n
An interestina alternative for the error” estimate of (2.30)

. -~ N g -

oW

e

7
\

o

J
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o . . , '
is to use it to improve the local accuracy of the.correcteﬂ values
- r
(an idea or1q1nally squested by Hammlng [1959])' The approach

oy

4

‘here is szmply to add T to vy, i=l,..., k-l, therebv achlev1nq a

result of order (k+2) at all the points of the block ‘Pirther-
more, in addition to modlfylnq the corrector valueq, the predictor
values can be modified in a similar manner. An estimate for the

P

principal local truncation error of the predictor forwula t; can

be deduced from (3.26) and (3.29); namely,

This estimate cannet be used to impfqve the‘pfedicted value
since, at the prediction stage, the corrected valee Yy is née‘yetT
known. However, if ip is assumped that ehe differénce between thev
corrected and predicted véluesiedoes not chanqge, violenﬁly. from’

block to -block "or fthat‘-the local truncat{on error remains

approximately constant over two adjacent blocks, then we may -

write. X
p ) p
- C* - CH .
L _ 1 ¥ _ P ~ . i . _ p - s -
S T I S £ L= (i = ¥y k) .ea(3.40)
] i i i i : T

The predlgged value can then be lmproued or modified uy addlnq the
~— . .
term T? to ff%uslﬂg only 1nformatlon calculated prev10u°ljﬂ

. ‘ On the ‘basis, we. may now summarize the overall calcylation in

o A\

-

the following steps: . ' :



"

. .11

" {i) generate.-the predictor values using equation (3.3),

(ii} modify the predictor values by adding T? specifiéd by

3.40), - |
( .'.‘ ’ \ ) 3 Q , 13

{iii} evaluate the derivatives at the "modified" predictor
values, ' : -

o

r

{iv) generate the corrector values using equations (3.2} and the
. derivative values from (1ii), _ . ~
{(vi modify the corrector values by adding Ti'specified by

(3.30),

LI -
Ll

(vi) evaluate the derivative at the modified corrector values.

- . <

e

We shall refer to this technigue as the use of.a "modifier".

- .
- .-

It is important, however, to realize that the use of- a modifier -
. . . - & v .
robs us of the possibility of also using (3.30) for step-control
] - . ’
‘in"~this case to the use of

- b ’

.'purposes. ~We are therefore confined

" the simple difference approach for this purpose. : -

-~

4
- * . . ’ 3



Chapter IV . : .

”

, exPERHJENTAL EVALUATION OF SEVERAL BIPC METHODS

4.1 INTRODUCTION

While theoretical measures of error and stability are neces- .
. a .

sary for comparing intearation methods, no such c?mparison is
: . . T - S
complete without an experimental evaluation of the methods across {

- -
P

a variety of test problems. L o

-

F
In Chapter 3, the basis €£for several ﬁarallel, variable

T stepsize integration methods was* developed. Methods-of this .type

-

have not'previously appeared 1in the literature. The e thods {Tll

into two cateqgories that are distinguished by the underlying

K3

..formulas ubonlwhich they are based; :namely, the EwpP-based methods

N 1

and the NWP-based methods. The formulas for the first case have

- ~

their origin in the narrow context of . the fixed. stepsize
inyestiqations of 3hampine and Watts [1969] which were garried out
- -for the special cases of k=2. The formulas for the MWp-form are

At

newly proposed in this thesis. A

S r . LT

L i -

s

Our aeneral ‘goal in this Chanter is ‘to:

(a) evaluate the ‘relative pegformance of a . selected qroup of
parallel variablg stepsize integration methods_whifh° have

been derived from the consideration in Chapter 3.7

. o 72
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& .
- ' Y . L~

(b) examine the performance of these methods relative to a group

“'of widely used serial methods.

These evaluations are based on solutions obtained'_from a

group of test pﬁoblems. In these evaluations, the principal
comparisofi measure we rely on, is a count of the number of func-
tion evaluations;:'i.e., evaluationg of tke derivative function

required to obtain a solution over a prescribed interval.

-

.. -
[l
<.

- Mo%b'specifical]J, our obﬁectiges are to explore two ovarticu-
[ . .

i ". . .
lar issues. The first .of these s to gain insight into the per-

formance of the sélected parallel methods in terms of the parame- . .

- ; -

ter k on which the order of the method depends- (i.e., order =

~ -

k+1) . "In the most straiqghtforward system implementation, k.also

corresponds to the number of processoré.that-are ieeded.

&
: .o - ' .
-Tdeally ‘as ‘the number of processor is incCreased, we would-

. ‘ . - . ' .
hone to ‘have a corresponding incteas® in the solution rate as
. ' 2 . r

measured in teyxms ©f & decrease in the number of right-hand side

-~

L7 . ' . :
evaluations per processor. This aspect of performance .is explored

in some detail in this chapter hy formulating "a variety of mea-
O o N - - '

ningful ratios that reflect on this behavior. .
; .

. . . [
The second important aspect of Qur assesgment 1is concerned

with the performance of the selected parallel methods an a func-
tion of.deéired‘sofution'accuracy. In this regard, a wide range

o

-of accuracv requirements ‘were considered. The . relationship

»

1 ..
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-betweenrn the order of the methods and their. accuracy behavior 1is
also investigated.
). - ' " : : :
Refore . presentlnq the resultq ohtalned ‘we give, in the next

.sectlon, brlef descrlptlon of the set of test nroblems used in

. .

' ;he evaluatlon process. Thls is” Eollowed in section 4.3, by .a
description of thé various -BIPC methods to be compared, as well as
of. four,. weli' known, inteﬁ;ai%on méihods used és reférence
methodé., In" section 4.4, the critefia ;used; for combérinﬁ the
different methods, is preéenﬁed. We ouﬁlfﬁe, in sectioen 4.5,:tﬁ%
framework w1th1n which the experlmerts were. carrled 0ut. Finally,'

in section 4.6,, the results ,of' the evaluatlon proceqq arc

presented and conclusions are drawn.

i v

4.2 TEST PROBLEMS

- L4
i

ach of the Droblems is chéractergzed‘ﬂy A set of Adifferen-

tial equatlons, an lnlttal condltlnn, hn initiatl time-‘tI and a .

final time ty which . indicates that the intearati is to pfqgecd' o
VI ’ ’ . ' ' )

over the interval from tI-to ty- In order to achiNve

meaningfnl

conc1u51ons, in thls comparison proceqs, it 1is npcés. ry that ‘

- -

reasonably é%ten51ve and comprehen51ve collactxon of test problcm,

w . A=

T

" be examined. Furthermore, -in order to.Eac111tate the determin

- s .
‘-tlon of solutxon errors, it 1s desirable to'use*only problems that

'have an avallablp ex011CLt analytlc solutlon.

T -

~ - » . . -

Nur experimental, work -is bhased on:-a Bt “of fourteen test
. . ., ‘_/: - ~ .
problems ' which are specified in Appendix D. ° Included in this-

collection-aré.both linear and nonlinear problems (problems TPIl,

- . * -
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" 4.3.1 BIPC Methods
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TP3, TPB and TP9 are .linear, .while problems 'TP2,. TP4, TP5, TP6,

TP7, '"P10-TP14 are nonlinear). In all. cases the imitial. time, t.,

-has the value zero. Ten of these prpbiéms have .been selected from

‘ -

thé extensive work "by Hull ‘et al‘[1972J-on comparing‘numéricq&

sclution methods .for ode’s. All problems used have an explicit

,
.

analytic solution.’ X

. . - .
v . . - . -

453 METRODS TO BE COMPARED

In .general, a method for the solution of ode's ‘is: viewed as

“heling cemnosed .of three distinect parts;'némelv, a formula-that

‘gnectifies how a new solution walues is-obtained in terms of one or

’ - - < .
more past values, a scheme to select the integration .steosize :on
' * — . .. - )

each successive step, and a technigue for accommodating chanqges in,
inpeq?ation_stepaizé on successive'steps (with the class of single
step~methods, e.q. Rgpég;Kutta meEééds, the last of these 1is not

relevant). _ . _ .

-

-
8

Qs was indicated previously ,in Chapter 3, the tﬁ&eelbaéic

'

_ingredients of a “hethod are a formula which generates the new
LY - . s .

solution values, a scheme for error control and stepsize 'selection -

. i . .
- b

and .a techniauoe ‘to incorporate chanaes in ' steosize on two

-
-

successive steps. In the previous chapter some altern¥tives for

each- of these have-%en formulated in the context of th"gf_BIPC.

.

approach. In this section we 1dentifyv the particular options that

- -
.

have - been selected for experimentation, together with some

justification for these choices. - -
- - . ® " B ’ )
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b

" The two underlyindg RIPC formylas, we consider, are the EWP

form and the NWP form specified by equations (3.31) énd.(3.36)

wrespectively, and by equation (3.2); As noted previously, the

basis for the first 'of these lies in the work of ZShampine and ”

Watts {1969], while the second. is'a new probosal_whicﬁ, as will be

demonstrated, exibits superior performance. We consider the four

cases of k=2,4,6 and 8 in the investiqation.

Alternates to these two BIPC formulas can be obtained by

incorporatinq'ﬁhe modifier concept deriVéd in section 3.6, In
. pu— / - . . : -

particular, we add to the predictor and corrector values the

A}

weighted difference truncation error estimates (see aquations
(3.30) and (3.29)) and thereby'create an alternate BIPC formula.

‘We refer ‘Yo these formulas as the modified-EWP form and> the

-~
'-

modified-NWP Eprm.

N .
.
B a . . s

v

.. ' The scheme for stepsize selection is based on cauation (3.24)

-

which, -in "turn,. depends on the c¢hoices made for the local
- -~ L] : * e

truncation error.tolerance EL and the approximation nsed for local

. : s
truncation error, e.. A common choice.’or £, hag’the form
E T, v .10 . .‘ S 1# ' -
R 3 T - - . : ’ »
: “i 7 Tes '1! ‘a T T -

where 't andl%a'correSpond'ﬁo relative and apsolite error tole-

‘ v - . ./
rances. This particular form_providgs‘a_COmbined "relative" ‘plus
Sy L T - o~ _ ,
"absolute" - format for the local truncation error tolerance.
Although t_ and 1, can be assigned independent values, we impose

. . - ’ ’ N -
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1
-
|

the simplifyina constraint that'-rr = ¢t in which case
<

1
' i-

& =1 (lyi] + 1)

< .
.

The parameter, t, 1s referred to in the sequel as the error con-

trol parameter.

T™wo choices were”discussealfor €4 in the previous chapﬁer,
namely; the simple difference‘epproach and - the ighted differeﬁce
annroach. Experiments carried out with these two approaches
showed that the former'éonsistently qeve ;u_ or performance, and
therefore,'the results reported here are all based, exclusively,

on the simnle difference approach,

.
-
-

The, technique we use for handlina variable steps consists of

asing the general variable stepsize predictor formulas shown in-

Appendix C: ~An alternate idea of limiting stepsize chanqges over
two successive blocks to halving and doubling was also.evaluated.

This approach.ﬁas a lower overhead because the coefficients wf the

. -

Eg\\rlaq are constants (i.e. ¢ = 0.5 or ¢ = 2} and hence do- not

» v & T Y

'§‘qu1re repeated re—-evaluation. Tﬁis 1s 1In contrast to. -those of

the general varlable step51ze formulas which have to be:-evaluated
each time. ¢ changés value. However, our experiments showed that

the general Gériable stepsize approach qrearly improved_the per-

<formance of the methods relative to the halv1nq/doubl1e3’approach

anda therefore only results based on the variable stepsize approach

-

are given. - ‘ .

LI

“\u
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2k L. . :
In summary then, results are presented  for four variable
stepsize BIPC methods each of which uses the simple difference

approaéh for estimating the local truncation error. These are:

s
RWP/N:' the EWP fofm {no modifiera,
FWP/M: the modified - EWP form, : ’ - =
N@P/N: thehNWP ;orm (Qo'%odifier),
'NWP/M: the modified - NWP form;
- a | e - . i

a

4.3.2 Reference Methods . ;ﬁ___//f‘

- . ,-’\

a) Runge-Kutta ;¥K) Methods:

v

. Numerical reference solutions, for comparison purposes, were:

obtained, for the test problems, using three different Runge-Kutta

methods, each of different order. All three are of the dual order

type. One of the methods is based on the 7onnveld. [1964] 4/5

i

formula while the othgil:wo aig_based on the »/7 and 8/0 formulas
1

developed By Yerner " [ 8].." In cach of these cases, a -variable

stepsize: implementation was achieved using the local truncation

error / estimates embedded in the formulas together with the
~— ' ' .. . .

stepsize control scheme specified -by (3.24). Also, "in each case,

the solution estimate provided by the‘.pigher order. result was
adopted. THe Tesulting methods are referred to in the sequel.as
_*RK5 {fifth order),' RK7 (seventh order) and RK9 (ninth'_prder)

‘respectivelyv. ~ . ' .

¢ e




h) Shampine-hérdon/hdam (SGA) code:

reference method is alsc considered. It 1is based on the Adams

predictor-corrector formulas together with exténsions incorporated

A

/

\;';.

Bl

.,
¥
4

oo

A
H
i
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r

]

by Shampine and Gordon. [ 1975] which yield a variable order - vari-

- ;able stepsize .method.
3-—-taken from this reference.

In addition to the three. Punge-Kutta méihods, .a multistep

£

T w
.

The code used in our experiments has been

o~

ke

-

B . M 3v .
The code starts by -formulas of order one and then increases
the order as more data becomes available, if it anpears désirable.
) >

nebides enabling the code to be self-starting, this permits’ the

control of the error with;n the aenerated solution values bv vary-

ing the order as well as.fhe:séeosize. This makes this method

oﬁ‘lcieéf at all Eolerances.'  o | J§E§ 
. \\3 )

) » ’ . . ~"’ s i
The. requisite error estimates come from comparing results at

.
-

different orders; " this reguires no exira function evaluations.
size are relatively complex and add a high overhead to this gcode s

However, the tésks of selecting and changing the order and step~

r
.

f
4.4 COMPARISON CR&TERIA
T The time taken for solving a differential eguation may be

divided into two ovarts; the time, qu,taken to repeatedlv evaluate
+ the derivative function, €, and th overhead. which is the time

d-
- -

-

. i
.o -

-

acpuqliy speht in 'solving . the pgyoblem after excluding 7T
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Execution time measurements are complicated by the fact (that
mainframe computers are typically "time shared" so that the’ time
- spent by a program cannot be measured accurately. For problems

with complex derivative functions, the time Td dominates the

overall solution time. Thus, a count of the number of evaluation

-

. o i
of £ is directly related to Ty and hence 1s a reasonable measure

"

has the advan-

- ‘g,"f )
of the overall solution time. This approacﬁ/ﬁ?éo
Af&taéé of being  independent of the type of computer

“problems with simple derivative functions, the overhead time does

make a sianificant relative contribution to the overall =solution
1. time. Nevertheless, because of the problem of accurate nxe&utfnq
time measurement, we use the count of derivative function (riqht-

hand-side) evaluations as our principal comparison criteria.
. . ; .

. ' Another important issue is the error to be measured. Inte-
aration methods attempt to control the 1local truncation error.

Hull et al {1972] define the local error by <

.

-

where Y. is the solution value qgenerated by the method at fJ\and

Y(t,;Y, ;) is the true solution of the differential cauation which

-

. 4 ] - ) B
passes through the last camputed value. In their study,.gthev

measured how well some methods succeeded in controling this crror

-

bv reporting the numper of times the local error, produced-Qy, a -—
method, exceeded a Ufer specified tolerance 1. -!,/’“\ .
A ’ . ‘ /’ . ) :

o~

. - . L]
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However, d&ers of methods for seolving ode's, qenerally expect

that when glven a tolerance, 1, and a problem, the method will

vield global, or true,rerrors of about t. ~ This érror is defined

by

. Yy - Yitgr Yp) , - |

. 4

a*
R » N

where Y(tJ;'Y ) is the true solution which passesﬁthrough the

I .
qivenﬁiniﬁial point. Shampine et al [1976] and Krogh [l973]-have,‘

f—

expressed the view that because of the user's concern with global: -

error, this quantity should be eq&pasized. We share this view apd

use qlobal SXror consideration throughout our evaluatior e

-

/ T
procedure, . [

6 - -

We 1mpnqe a global error tolerance cequlroment,-4é, and for
1

N s

each expeg}ment, the error tolerancp parameter, 1, 1s suitablv

a@justed in a preliminary iterative phase. in order to achieve

solutions consistent with G,

La

[}

4j}  EXPERIMENTAL FRAMEWORK : _ -

. Our interest. is- to. con uct experiments which_establish hoﬁ(
well various RIPC methods behave when prodiding a solution within

a predefined global error requirement. An experiment consists of

[

~solving a test problem with a giiizfulax ‘method ats’ a specific
W

7 Arror tolerance requirement, Gy

occurs along the solution trajectory

e-defipe the global error which



‘where G, is the global error in the itD block. We define G, as
- :' - r
- : - , .
. G, = max {a.}
lcick 3 ¢ /J\\—) . -
0 ﬂ -
where L . . .
< J |
a. = ) Yj : Y(t_]) " -
] "

. 1 i . )
B 'yjl . ‘,for ’vd > 1
3. ‘

- @ R 1,  Otherwise

F

In the case of test problems with more than one differential couas

P <
« 0

tion, qj is appronriately extended over all state variables,

- -

If G is within a factor or 2 of the qglobal error tolerance

+

, the experiment is considered successful and the

reguirement, GT

number of “riaht-hand-side evaluations (PHS3) is recorded, Other-

wise, the error tolefance‘oarameter, +, 1is adjuﬁ}qd, and the ﬁxpvzm?
riment is repecated: This process continues antil a sucecessful 7
- - - . ‘ m * . - 0
result is obtfajined. The experiments were carriagd out nor threco.
N - > ) . .
3 -~ . : R -9 .y :
separate vai of Cni ‘namely, 1D 0 anad 10, i wnde

ranae was selected in order’ to reasonably evaluate A cethad ' s
. » . ) ‘
performance over different accuracv reguirements. _ -
' - A\ °

- PR

s ' . " - . "é(ﬂ. * -

- i : v

-

A peint to pé . nbted here 1s that 1n i expﬁrimuuta ries

§
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>

N R . . - .

réstrictions have been placed .on the stepsize. We also attemnt to
>

supress as much as possible the effect of a poor choice of a

starting stepsize. We provide the methods with an arbitrarv.

starting value (h (tN - tl)/200} and use the starting pro-

start =

cedure (of section 3.4) together with a -stepsize adjustment proce-
dure based on equation (3.24) to adjust this value until one is
found for.which 0.5 GT < Gl < 2 GT; i.e. .the global crror in the

first block is within the prescribed bounds. The number of «HS

evaluations during this process 1is not taken into account. Thé

solution procedure then continues with the sclected BIPC method

—

which sstarts with this particular steﬁsize. , " e

. |

4.6 NUMERICAL RESULTS AND CONCIAUSIONS .

o . —

In this section, the results of applyving the four BIPC
methods, and the four reference methods, over the fourteen test
problems, are presented. Al computations were carried out nn an

™4 -

Amdahl 470/%7 using double precision arithmetic.

-

For' each method and each test problem, results for three

. c e . - ~6
qlobal}error tolerance soecifications; namely, L0 3, 1.0 anri

10—9, were Optained. For each of these; we report the numhar “of
RHS evaluations per processor. This is defined to be equal to:
v T .

- ¥

(total. number of RHS evaluations in the single processor mode)
- - ol . JN .

—" T o - P

s T ”. &

=

e

*

“i &
|
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A

where NP = 1 for the reference methods and N, = K for the BIPC
methods. This convention reflects the fact that the BIPC methods

are intended to be used- in a k éfocessof.environment where the
total workload would be equally shared. The maximum glbbal error

that occurs along the solution trajecﬁory is not reported because
this error is always within a factor of 2 .of the global'vgror
tolerance specification (due to the initial tuning step'referreé

-

to in section 4.5) and we regard variations of this amount to be
inconsequential. The results for the four BIPC ‘methods, for each
of the test problems, are shown in Tables (4.17- 4.4), The

results for the Punge-Katta methods are given hv Table .(4.5) while

k)

those for the SCA code are shown in Tabhle (4.6).

»

We first examine the data in these tables from the point of

G

view of assessing the relative perfo%mance among the four BIPC

methods under consideration. In particular, from an examination

of the total number of RHS evaluations per pgoéeésor, given'in.Ehe

last row of Tables (4.1 - 4.4}, we "note that the use of the
’ . . )

W

modifier improves performance (i.e. provides a lower total number

of RHS evaluations \per pr?ceésorf in the £wQ lower order cases
(k=2 ané k=43). In other words,‘for these two cases, methods NWP/M
and EWP/M qive better perférmance than methods wa/u and EWP/N
respectivelv. This 1is t:de oGer all accuracies; -i.e.,.all three

values of the qlobal error tolerance, G, and furthermore, ‘the

T
higher the accuracy (i.e., the smaller the Grp value) the gredter

is the improvement. We believe that the reason for this greater

. »



TARLE 4.1 .Number of RHS Evaluations Per Processor

-

1 k=2 k= T ksf 1 . k=8
g — : "
TP 103 10-6 10-9 |.10-3 10-6 10-% | 10-3 106 10-9 | 10°3 10-6 10-9
1 32 257 842 | 150 ~168 250 | 198 204 230 | 294 306 . 314
" use ot | 3% o 1R | 42 68 10 &0 70 108
786 4216 | 116 266 6887 84 180 348 | 100 136 216 ' L
R : . . " . b
92 teaq | #2246 - 110 24 40 66| 26 ‘3. 48
5 470 2636 14772 | 154 482 1692 | -92 212 . 580 | 126 140 248 (
. - - -
s 512 1686 13328 | 130 440. 1360 | 136, 176 416 | 206 216 38 |
; AR . L
7 740 4000 11850‘-( 916540 1214 | 126 200 7| 122 186 230
- .~ ‘ -\
g A 518 2826 15972 1e\5 s 1662 | 136 . 214 582 | 210 214 200
9 128 766 4710 | 130 -226 794 | 182 - 188 290 | 278 290" 298
10 332 1300 (6130 | Yez e26 1330 | 128 234 450 {178 190 48
L. | 16 236 13178°) 238 588 1660 | 146 326 654 182 250 . 468
12 298 3560 19782 | 292 673 19547| 226" 424 872 | 722 380 68
13 | 702 4866 27334 | 386 888 2582 266 488 1166 | 254 440 808
e li3s6-sis ags70 | 564 1466 4794 | 676 1166 2190 | 382 850  2A20
P [N ' T a
TOTAL =|5924 33632 182374 |2702 6822 20232 |2362 4118 8346 12640 3668 7326 |

for, Method EWP/N -



k=2 k=4 k=6 k=8
GT | I
TP+ 10-3. 10-6  10-9 | 10-3 1076 10-9 | 103 1076 10-% { 10-3 1076 10-%
1 138 308 1310 | 188 200 372 { 402 450 . 462 | 488 596 618
.2 2 1se 1082 |- 3% 90 220 | 52 72 130 | 138 176 .19
3 176 780 5242 | 128 238 714 | 108 172 "3a4 | 168 204 330
"4 26 108 490 | 22 42 102 | 267 40 .60 | 26 38 54
- . . 3'
5 s87 786 4388 | 158 480 .892 | 150 204 384 168 206 . 330
6 478 1678 6656 | 166 436 1078 | 260 296 . 4X0 | 376 404 294
7 504 1420 446071 214 308 1214 . 144 180 368 | 198 240 358
] L 4 ) ' 1)
8 366 1424 9486 | 158 420 _ 1166 | 250 274 - 494 | 328 358 394
9 158 578 2460 | 200 246 662 | 332 382 376 | 422 468 482
310 330 1298 5150 | 124 340 942 | 232 256" - 430 | 286 308 332
11 298 1396 4656 | 188 492 1036 | 246 320 652 | 350 352 542
12 318 1762 6990 | 292 646 1384 | 254" 424 860 | 384 460 ' 734
] 13 — | A8 273¢ 10858 | 286 680 2582 | 290 484 1070 | 245  660. 834
14 .- 11328 496041630 | 470 1362 3174 ) 576 1070 2152 | 524 1202 1488
TOTAL =|5026 19386 104818 |2628 5938 15538 |3322 4584 8182 {4201 5712 7184

Table 4.2 Number of RHS Evaluations Per Processor for

M‘ethod- EWP/M

"
24

-



-3 el -« 87
b k=2 ¢ k=4 k=6 k=8
GT ‘u i ','_'“':.'

TP 10-3 10-6. 10-9 | 10-3 10-8 1079 { 10-° 10-6 10-% | 10-3 10-6 10-9
1 105 186 765 | 126 146 _ 230 { 136 146  1u0 | 1a¢ 188 158 4.0
27 | 36 1 s 36 90 “180 | 38 66 130 | 46 66 104
3 146 © 786 4214 | 116~ ?62 .702 | 78 168 348 | 80 % 137 - 216
8 o6 92 4qs | 22 46 <110 | 28 40 66 | 26 32 48

: g,
5 470 263 14772 | 162 486 1692 | 94 230 580 ) 78 128 248
6 510 168c 13326 | 140 440 1360 | 118 206 416 | 110 140 “326
7 780 3998 11850 |#216 580 1216 | 124 200 372 | 117 182 238
8. 516 2820 15072 142 528 1642 | 110 222 587 | 112 152 2%
~9 132, 770 e710 | 118 226" 704 | 13¢ 138 290 | 138 148 176
- ' . _‘ Y

10 332 130D 6130 | 142 - 426 - 1330 | 128 234 450 } 112- 184, 228
11 356 23¢8 13178 | 738 58 1640 { 142 324 654 | 15D 50 464
12 498 3560. 19782°| 292 674 1954 | 226 424 877 206 © 350 684
13 ©)| 702 48e6 2733¢ | 36 888 2582 | 266 428 1166 ) 254 24 808

o N - 4 b | . - . -.
0 1326 ‘e3ss a9s70°| 564 1466 4794 | 576 1166 2190 | 378 834 2728

[ToTAL -|5892 33556 182294 (2700 6805 20226 (2194 3992 8296 {1946 3184' 6716

" TabTe 4.3 Number of RHS Evaluations-Pe

"t

¢

r Processor for Method NWP/N '




- ) 3 . ": ,,: ‘ &Bgﬁ
L "‘ﬂ’:" - r?; o }, -
k=2 k=4 k= g v
N\ 6T - 3 L R
Tp N | 1073 10-6 103 | 1073 1076 1079 | 10-3 36 1079, 19-3710€ 1077 |,
1 11a 286 1296 | 1407 156 286 | 152 162 188 | 164 170 180
g - s . . & -
2 32 154 706 { 32 90 178} 38 667 728 | §¢ B4 104
‘ g 3
3 174 786 3124 | 112 238 660 [84 164 346 | 94 152, 214
\ ' ‘ - - 2
4 26 82 464 | 22 42 .102 | 26 40 60 |26 36 50°
[ | Ll
5 282 786 4394 | 158 440 892 | 88 198 384, 98 132" 236
’ *
6 428 1680 6666 | 166 436 1078 [ 104 184 410 | 118 122 178 |
: x : oot
a : . ,} L . )
7 "512 1390 4466 | 214 308 1212 | 118 176 . 35R% 117 186 ° 250
- , - ,
8 366 1426 7988 | 150 420 1166 | Tda 224 492 |-)52 174 244
| 9 146 578 2292 |.162 224 . 662 [, 180 190 290 {1198 202" . 212
.- a0 - ? . -
‘:). . e N .'\—' - - ;._‘ « . .
10 330 1300 5156 | 126¢ 340 - 942 } 128 224 426 | 118 18 218 |
¥o) o ] _ ¥ ¥ i ) . o
11°-° [ 208 r3gs 4664 | 188 492, -1036” <158+ 314 652 | {158 268 496
12 -. | 318 1764 6998 | 292 646 133 | 196 410 856 | 194 334 -B0§
, e B T Y ~ T
13 614 2738T10872 270 880 ,2582 |-276° 484" 908 J‘ZST'_' 440 B1E,
- . . _,:,\-r— ) "_-‘,"‘ o .‘ - o} . -_"- ‘ . .,
14 |1326 4968 41684.|.504 1370°  3174.{ 572° 1066 2148 | 350 724 1448
TOTAL =|4966 19332 100770 |2536 5882 15306 |2268..3962 7646 f2082 3170 5254 .
“ ) r “', : i -k .. - |
Table 4.4 Number of RHS Evaluations Per Proceseor for Method NWP/M/
’ - . * . A ! , )



r S RK7 o RK9 .
6T
TP .10-3 10-6 10-% | 10-3 10-8° 10-% | 10-3 10-6 10-9
1 117 187 530 | 167 218 385 | 330 379 523
2 56 105 273 | 70, 130 250 | 96 160 228
3 %278 1232 5629 | 216 676 1330 | 360 570 1153
L

a sa 137 -ass | so mze 207 | 70 Ther  zme

; _-‘l ‘}.’.’ "‘-' T Y
5 5| 44 1405 3897 | 391 700 1510 |, 383 656 1280
s |ase 1377 "397 | 550 1260 3339 | 640 1376 2960
i ¥ o

4 '1&" - T -
7 393 1527 €212 | 300 859 2159 | 431 &30 1679
-5 6561 2096 8342 | 3¢6. 928 1940 | 570 1143 2174
9 203 G11 31074 199 5297 1394 | 381 730 - 1504
- \ : L . ’..-. ...".“b

w05 | 399 1207 46eR | 541. 1020 2659 | 586 1040 2224
1 597 1853 7332 | 576 1275  285% | 667° 1249 2271
‘124 792 2782 9187 672 1556 -3189"| Ra9 1449, 2617
13 11162 3522 13931 | 933 2085 © 4445 {1177 1795 3835
‘18 1977 5926 23750 | 1486 3953 7637 [1897 3820 959
TOTAL =|7657 24257 93203 |6506 15256 33103 |8441 15324 29609

Table 4.5 Numbér

' - .
® L. T

-

of RH$:Evaluatiens for Runge-Kutta Methods

<y

-

k]

L



oy

-
i

o)

Al
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L—\ . e '@:..‘_: . e, >
L A b ' *
_ il x i R
T ::,,L‘;r | ,:' GT b ‘ ' - v |
TP 10-3 10-6 10-° e .
- 3 ] ; e . . L} L8
- 1 | 9% 152 238 |- , ).
a 2 -39 127 245 : T
4 |
. ‘ &
3 =1 169 298 520
&5 ) .
~ 4 Tl 31 71 142
\‘.\ T .'1‘
: A . ~
- 5 178 408 711
.ﬂ\ . o " F
6 7| 261 410 714
< 7 .y 261 457 661 |
_— 8" 251 424 772 -
> - -
. 9 178 383 © 692
. 107 209 385 764
g ‘.’? - .
~ T 311 657 964
- )
12 416 864 1690 -
| 13| 649 1158 2114
% _
14 944 2422 4048 "
TOTAL =|3993 8216 14275
" Table 4.6 Number of RHS Evaluations for the SGA Code .
p , .

en

’
-
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1mprovement, at hlqh accuracy, lS due to the fact that the use. of

" the- modlfzer ;ncreases the order ,of the methode and. ‘Zie

SN
qenerally true that hlqh order methods are ‘more . efflc1ent at hzqh'

-

accurac1es:thah leer order methods. The fact that the use of the  *-
modifier also 1mproved Qerrormance at low accuracv is somewhat

-

counter 1ntu1t1ve to the qenerally accepted view that at low accu—

racies, low orQer methodi are preferable.
- . . . * “‘ " h
: LY o ‘o -.'.

mdy N T e . w a3
-

.For the- two hiqher order~cases {k=6 and k=8), the modifier
- 1mproves performance at: high acCuraCV'(GT=lO—9)awhile for low

i
7 - ‘

v -

accuracy {C LO .1ts ueerdeterlorates performance. This .1s dae

!

K3 |

'y

Yo the same reasoﬁs nentloned above. For the WP form with
t. L . ‘t; . - ’
mode:ate accuracv solutlons GT lﬂas) the use of the modifier also

- .

*f deterlbrates performance. Eor the VWP form wlth Gm 10- ' et use
~ T \‘ -- .
-, of the moalfler=q1ve§ 5 marqlonal 1mprovement.: Put hecause of the
¥ . oy -

' overhead assocxated men the uqe oE the modlfler (ovaluatlon of

Y u Ly I

. the T«and Tf as descrrhed in sectlon 3 6J,'1ts uqe cOuld nor hq3

. = Y

. recommended;for;k=6=and T when solutlonS'oF moderate accuracy are “oE

~

. desftedfand it is.therefore not thefqelected a1ternat1Ve in thn~“'

. ~

discussion that follows. - . _‘ . . "~T
. v 3 “ b - ‘_" 1 :
A . . AP . . o . N PR N

. " *

- Bv ,way of comparlng the performance of the twb methodq ba Ldi;

. on the FWP form (i.e. FWP/N and nwp/h), we show in aDLe (4 7) the o

.

g

alternatlve which ylelds superlor performance {or eaoh value of V

.
1 ~ - £ -, -

and each of the three values of G, (the totai number of RH% eva—'“

- luations per processor is also 1ncluded for each caSe) Table‘

(4.8) provxdes an analoqous summary ‘for -the cCase ‘of the two _{

methods that are based on the NWP form. . T . :,ﬂf



._ GT:J ) S R -
X » 103+ | - 10-6 -} 10797
S EWP/M | EWP/M | EWP/M.
k=2 5026 19386 .| 104818
Ewp/M | “EWP/M | EWP/M
k=4 2628 - | 5938 | 15538
| Ewe/m | EweN |- EWP/M-
k=6 | 2362 ai1g |- 8182
¢ . i
EWP/N | EWP/N EWP/M
k=8 2640 . 3668 7184-

Table 4.7 Best EWP Performance

. LY

3

6T . :

k 10-3 | 10-6 |} -10-9
. NWP/M | NWP/M | NWP/M
k=2 ~4966 19332 100770

NP /M NWP/M | —NWP/M

k=0 2536 —+ 5882 15304
S | nwe/ NWP/N | NWP/M
k=6 2194 3992 7R46

. B

BRI EEE

k=B - | 1946 3184 5254

-

Table 4.8 Best NWP Performance

’

l’,,‘_



. . modikfier or not has no impact on the multiorocessor realization
. L . N »

. _ S . 93

i
A - “

~ It should be stressed here that the option of including the

-} -

- -

) ‘(1.é:ﬁ-the number of processors). It cém be achieved by a simple
. . * . ¢ . -

software switch. ' 4

B

A"
o e
e

w¢ first note that in 'Tables (4.7) and {4.8) a desired

~l - b

feature is a monotonic decrease in tne number of RHS evaluations
%
per processor as k increases (for each value of Gg)._ With only

one exceontion (FWP with Gn = 10—3) the data, does have tive
property. The 'implication MMn this ekcopf%onal°icase_ is that

. : Y : -
solution time, as measurer by PHS evaluations oner ! processor,
A ~ I . (o8 .
increases. when the number of processors is “increased from & to 8,
I 9
a situatipn which is clearly counterproductivea.

w . 14 7

Another inferpretation of these -results 1s that an elqght
- S ‘
s N

P=k=8) implementation of the hwP form of Tthe RIPC

process yields a.system that is nglobally superior"; i.e., unlike
N
tvpical fixed-order methods, it provides superior performance over

processor (N

N
a wide range of ‘accuracy redquirements. This 1is not the case for

' the EWP form. ..

-

.

In order to explore this behaviour in more deétail it is ‘wse-

.
-

: \ .
fy1 to examine the incremental advantaae ‘that results from -an

- -

increase in the number of procesSors. Suppose, in particular,

that k, and ky are two distinct values of k with kg = ck, and

¢ < 1 and that (RHS)a = c' (RHS)b. As noted above, a minimal

1

requirement is that c' > 1. _However a far more desirable

condition is that cd’:> 1 since this ensures not only an absolute,



- e 8 . . T N el
. - e o= -

but also a relatlve advantage of the additional - processors. In

Tables [(4.9), énd (4 10), * values of ¢' and cec' are %pown for

adjacent values of ka and kb using data from Tables (4.7) and

(4.8) respectively. As expected, the values of ¢' (first entrvy in

s o
T

each tuple) are consistently "areater than *one, except for the one

- . N

case 1dentlflpﬁ above. However the values of the oroduct ~cc'

-

_{second entry in each tuple) are areater than one in fewer than

half the cases and almost all of Ehese occur in the high accuracy

\ . ' ]
tests (G%= 10 9). For moderate accuracy solutions, .some of the

values are qreater than one and the others are only slightly less

"

than one and are ‘still considered to be ‘acceptable. 7The results
for low accuracy solutions suggesf thE‘%xistence?Qf a'“diminishing
r N - . -

returns" phenomenon. o

1

An

4

e

‘ ] , .
An interesting alternate presgptgtion -of * the results in

Tables (4.1-4.4) 1s given in quure (4.1);“ Hefe the BIPC’ﬁethod

which gives the lowest total ﬁUmber of RHS evaluatlons per _proces-

sor, at each k and GT' is given toqethe?';lth the npfcentaqe per-
formance deterioration of the other RIPCﬁmethggf rél@tlgg to’ the
hest method. o - ii h -

N .. ° ,l‘:* s R

' . < o %, -

from this Fiqure we note the general superTdrity &% the NP
A N .
- . P

R w e .
form relative to the FEWP form since*an NWP entn&,appean&“at the

-

. - ey
head of each column. The improvenment 1n performagﬁe becones, more,
w

P - . "
signifigant as k increases. This could‘90551b1yxbe\pqpause the
~ 4 N MR
ratio of the.,stability boundries for the~ NWP formuI@s raAatlve to
= ! 'L..

the EWP formulas-qenerally‘1ncreases as k “increases (see Tablg

3.1)). We also observe from the Figure thag fo;N§%2 and 44;{Hé

4

..

-



- } - s 1' -
‘\.' . -.' Y
- 61 . 4
’ K RN 10-3 10-6 . 109
2 >4 |(1.91, 0.96)|(3.26, 1.63)](6.75, 3.38)
S - A
’:‘ - N T i -'. r.
4+ 6- |(1.11, 0.74)((1.44, 0.96)}(1.90, 1.27)
. B B l R
v . ‘. -~ > ;[
\.“ - Tk
68 1(0.89,70.67)](1.12, 0.84){(1.14, 0.86)
‘o Ty e . .
r “
: Table 4.9 {ncremental Advantage for the EWP Form
. A7 - .‘3-‘_ o H - .~ e
v. ;" . - Ny A,
i T oL =,
<. - )
D ‘ GT ‘:‘:‘_;'ﬂ' - N
- s\ kN ~, . “:_"x;.. .. v -
N - -3 -6 0-2
~ . NN 10 10 .
ot e NP -
. . - AN .. T
~ 14 . . -
- “2+4 |(1.96, 0.98)|(3.29, 1.68)|(6.58,3.29)
o, ™ - . Gl '
T~ - -~ K
. % _
% Y as6 J(1.16, 0.77))(1.47, 0.98)(2.Q0, 1.33)
R Y w T N R .
-vq‘““_‘l‘:. ] ~
N ' .
s 638 [(1.13y 0785)q(I,255 0.94)|(1.46, 1.10)
= . - . .o
."" * y - ‘:

L. .‘g . ul.h A L ™ t— . 1'.\.. - d :‘.
~ , Tdble 4.10, Incregentd] Advantage feor the NWP Form:
\‘ ':'. .“: » - 5!_ N ‘.- LY Yo . --& . ‘f:v - . ;\:#;‘— R‘-‘ N

- . N - .-t - . -~ . g% .:
o - . Vaw e v -
T g - I R S
Mo "-':: - e \\ N - : kel -u: K;‘:— ‘; ;‘..- 14., ‘: ;'
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10-3
r o
NWP/M | 4966 | NWP/M [1a332 NWP/M 100770 ONWP/M | 2536 | NuP/M 15304
EWP/M | 1.2% | EWP/M | 0.3% | ewpymM | 4% cup/M | 3.6% | EMP/M 1 1.5%
NWP/R 118.7% | MP/N 173.6% | map/n 80.9% NWP/N | 6.5% | NWP/N 321
Ewp/N | 195 | FMP/N | 7a% | EMPUN | 817 | EWP/N | 6.6% | EWP/N |32.2%

NWP/N | nWP/i | 3902 | Wi/ | NWP /N

NWP/M | 3.4% | NWP/N | 2.3% { EWP/M | 7% NWP/M | 7% | NWP/N | 0.4% | NWP/N |27.8%
EWP/N | 7.7% | EWP/N | 5.6% | NWP/N | 8.5% EWP/N | 35.7%| EWP/N |15.7% | EWP/M |36.7%
EWP/M |51.4% | EWP/M |17.5% | EWP/N | 9.7% EWP/M { 120% | EWP/M |80.2% | EWP/N }39.4%

Figure 4,1 Relative Performrance Among the BIP( Methods
- - - . - * —

-



-

second entrv is an FWP form while for k=6 and 8, it is an NWP form

. - . - - q . ) M .
(except for one case; namely, k=6, GT=10 ). The percentaqe
deterioration ©f the second,entfy'is relativelv minor, (except for
o ' ‘

-

the'cése k=8, GT=10—9). The subétantial-benefit of usina the

modifier at k=2 and 4 is also.gpparent from the Figure.

o . b
.
- .

our comparison-of the performange of* the BIPC concept with

. . -

the Egsults obtained from the reference methods 1is conflned to the

superlorﬁfase of the NWP- form (i.e.; the results shown in Table

Y ’
- {4.8)).: The correqponﬁlnq RHS evaluations ver processor over the

W

tesi problems are shown 1n Table (4.11). The comparison .is

I

presented in terms of two separate "speed-up ratios”. Roth of

these neflectq average relative ne¥formance over all test

.
sroblems, but they differ - in the wav in which this Aaveraqge

5 - . - : 0
behaviour is formulated.

. . . RK 56 .
In the first case, which we denote by Sf or‘Sl(A {dependinn

on whether the comparison is with respect to Runge-Kutta methods

-

or the SGA code) we compare total RIS evaluation over all test

problems by. .forming the ratios
Ead

PRI .
-
F - . )

RK(G,,)
NWP(k,G,,)

SGA(G,)
_ SGa _
. S1 (KeGp) = {EE (R, r 7 .

2 R : y
. for each value of k and G . The values of MNWP(k, C ) are -taken

. . [aa)

T 8

*

o
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k=2 k=4 k=6 k=8
GT g - '
TP 10-3 10-6 10-9 [30-3 106 10-% | 1073 108 10-3 10-3 "10-6  10-°
1 1la 7Re 1296 | 140 156 284 | 136 166 188 184 © 148 180
2 32 15# 706 | 32 %0 178 | 38 66 128 a6 - 64 104
3 174 786 3128 | 112 238 660 | 78 168 us | 80 132 218
s . | -2 52 a6 22 42 102 | 24 40 60 | 26 32 50
5 | 282 Ja6 4300 | 158 440 892 | 98 230 386 | 78 128 236
6 |48 1680 6666 | 166, 436 1078 | 118 “éos 410 | 110 " 140 178
7 S12 1390 4466 | 214 308 1214 | 124 200 358 | 112 182 250
8 366 1424 7988 | 150 420 1166 | 110 222 4% y 112 152 244
9 146 578 2292 | 162 T 224 662 | 138 138 290 { 138 148 212
10 130 - 1300 5156 | 126 380 942 | 128 238 426 | 112 18¢ 218
R 298 1308 4664 | 188 492 1036 | 162 324 652 150 250 496
12 318 1766 6998 | 292 646 133 | 226 424, 85%6 léos 350 608
13 614 2738 10872 _270 620 2582 | 266 428 908 Lzsa’ 440 816
14 1306 4968 4168 | 508 1370 3174 | 576 1166 2148 { 378 834 1448
TOTAL =|4966 19332 100770 (2536 5882 15304 |2194 3992 7646 {1946 3184 5254
Table 4.11

Number of RHS Evaluations Per Processor for the Best NWP performance

J

E Y




denoted by S,

99

~
3

fﬁsm Table'(4.8).f The values of RK(G%) are obtained from thg last‘

row of Table (4.5) by selecting the smallest number from among the

three that correspond to the selected G, value. Thus we have

’ - : -
-

¢

-

, Rk (10-3) = 6506 (provided by RK7) R -
"rr(10~%) = 15256 (provided by RK7) : .
Rk(1077) = 29609 (provided by RK?) .
h - -
The values of SGA(GT) are obhtained krom the last row oT'TSbln
(4.6). The séeed-up ratio§'STK énd SQGA qré shown 'in Tables

1
(4.12) and (4.13) respectively .«
The- sccond type of speed-up ratio which we consider is
RK __ <SGA '

and (4.15) respectively. It is obtained as the average of the
SN - ‘

or S, ' Their values are shown in Tables (4.14)

individual speed-up's taken over the -fourteen .test problems,

rather than as: a ratio of total performance as in the case of 5.

In varticular

¢

SgK(kqu-.) = ]i—z ;4 —_PRI;:;((;T)(*—)- *
S i=l it . .
‘K SSGA(k e - 1 ;4 - SGAi{GT) . | SN
, 2 rGep TR P R

-
Ead

NWPE(k,GT) is the value in Table (4.11) for test problem TPi that

corresponds to the selected X and G, values. The value of PKi(GT)

r'
is obtain from Table {4.5) ?n the row co;rQSQOnding to test

&
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N 6T GT- .
kN | 107 10-6 10-9 10-3 106 | .10-%
. 4 N
k=2 1.31 0.79 .| 0.29 k=2 0.80 0.42 0.14
k=4 - 2.57 2.59 |- 1.93 k=4 1.57 1.40 0.93
k=6 .| 2.97 3.82 3.87 k8 1.82 2.06 1.87
3 ) | '
k=8 3.34 4.79 5.64 k=8 2.05 2.58 2.72

Table 4,12 S?K Speed-up Ratios

1 ] N

k 10-3 10-6 | 10-9
k=2 1.50 0.84 0.38
k=4 | .2.48 2.44 1.91
k=6 2.97 3,71 |+ 3.96
k=8 | 3.17 4.68 s;zs

Table 4.14 SRX Speed-up Ratios

Table 11.13'S§GA Speed-up Ratios

/

r

- GT

KON 1073 10-6 10-2
k=2 uo.qo 0.49° | 0.19
k=4 1.47 .33 0.94

- k=6 1.77 | 1.98 1.85
8 i.sg f z.ﬁa i 2.76

«

. - ’ /
Table 4.15 S%FA Speed-up Ratios
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broplem TPi. When GT = 10-3, and 10-6, the value from RK7 1is u;éd

while RK9 is used for G, = 10”7, These choices aret made because
these methods provided the®1lowest total number of RHS cvaluations

at these accuracies’ and because they were also used 1in . the

.- . ] -
- .

calculation for the Sl ratios. The value of SGAi(GT) is taken

from the fow;correspondinq to test prgblem TPi in Table (4.6} at

-

the given G.. !

. -

o

" It is clear from Tablds (4.12) and (4.14) that the’s‘]”" and’

—t

K . . :
S? ratios are approximately. the same and fromgTables (4.13) and

sG
{4.15) that the S?GA and 52 A are also gbout the same. We also
G £
notice tnat the G; A anﬁ S;GA are about half the values of STK and

RK .
52 . Althouqh the SGA code has a lower number of function

T

evaluatlons relative to- the Runqge- -vutta methods, this corfde has a

”

+

" .much hlqher overhead than bBoth the Runge- -Kutta nothodq and the
\ \kﬁky method‘.

-

[ 3

_Also, as a aqeneral observation, we note that the case k=2

does not show qood performance. This ls because of its low order,

relative to the methods with which it has been comnarnd (7th and

9th order Runqe-hutta ‘and variable order Adams}. It qhould e

A

noted furthermore that this inferior performance has been accentu-

ated by not using the 5th order:Runge-Kutta results in the

x
comparison. This choice arose because of our interest in.

Ty

comparing the BIPC methods with the most efficient of the.

Runge-Kutta codesybeing considered.

t.
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. Perhaps -the- most Iimportant - ocbservation from the results

descrlbed in. thls sectlon is that the ;ase k=8 gives the hlghest

L
- ]

speed;up‘over all accuracies. Although relatlve to ther- SGH code,

L]

the speed-up- is .not as high as desrredrlt 1s,.neqertheless, st111

h significant particularly when the high overhead Sf this reference
) . B

hY -

cnde is taken into account.

-
. - . . L -

- - . . ‘ -

" mHe. discussion- in this chaptef has assumed a svstem
) ) . ; AN
realization in which the number of processors (ﬂ ) 1is eouab\to the
. 7 S

-number of new solution values'/in each new block- l.€v, Ku Recause

%
of the dlrect counling bhetween~+ and the order of the 1nteqratlon

.-
-

process (p), the number. of processors and p haVe~likewise;been

impiicitly coupled in our tonsiderations. Tc is théreEore.of

ne’ the de51rab111ty of attemptlng to

. /s
decouple'mp and k (amd he ce-No and % ). The two ‘slinple
. - : . . ‘ s - +
possibilities are to,h%ve_mp a% a multiple of k or%k as a multlple

interest to° brieflv exan

-

of Np. In the former case the number ©»f processors.bxceeds the

. o -
; - . v . T -

"natural parallelism" within the underlyina procedure and hence

all processors could be utilized only by.seq@entigg the deriGEéive

vector. This alteérnative introduces codéiderati?:f that are

outside the scope.JF the study. - -, - .

- -

- -
T . . -
- - .
et . -
. . . . . o

A specific,' and entlre]v f éfble, eiample of the second

‘e - .-

alternatlve is to 1mnlemenr a k—B case u31nq four orocessors. The

S

“question then arises as to whether or not such a utllzqtlon of

- -

four processors would yield better performanc¢e’ than a "conven-
\ .

.

tional™ k=4 implementation; Insight into this questioﬁ'can be

tas

-~
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obtained frOm the soeed-up ratlos in Tables (4.12-4.15). We ndte.

" « -
»

first that such a’ v1rtua1" k 8 1mplementat10n would,»at heqt, run

at” half the’ speed of, an: actual k—B 1mplementaclon. . Thus this

~

alternatlve is worthwhlle Oan 1f the k=4 qpeed up value is less

S

than half the k= 8~va1ue For any oartlcular C This Ls 1ndeed the

. H 5 -

-

case for the hlgh accuracv qolutlons (G 10 ) but is not the (ase_

. -

for.- low accuracy solutlons ( -10 )ﬂ“‘Ig is almqst true ‘for the

-6

-.nodenate aocuracy casé of uT 10, ". A similar‘aqalyéis can be

'z.undertaken for any other valid-. possfblllty but, on the bdsis of

.
? s, * - M A
-

?

the dath 1ﬁ Tables (4. 12 4.1%), the aﬂbraach is most llkely to He

;VHGVantaqeous when higher qolutlon accurac1es are de51red

- . - - , \
- . IS
-

- - t

-
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5.1 INTRODUCTION e ~ >

) . . - - [ .
- N .

* -
" n - .
.

g . . 4 - '
Experience .ith multiprocessor systems has :shown that the

wr R

minimization of interprocessor ‘interference 1s one of the key

design iééues‘in exploiting parallelism. Making the right data .

-

available to the right processor at the right time is essential to .

[

keeping all the processors busy and this depends crucially upon

the existence of the appropriate data paths. A number of articles

4 ~

give surveys oOn computer interconnection Strucgpres [Anderson &

»

Jensen 1977; Sieqel 1979]. Havnes €t al [1982] summarize seqp;al

-

practical intercomnection networks using three parameters: coOst,

qenerality, and efficiency. Very efficient: networks 1include

[

crosspoint switches [Fnslow 1977], reconfigurable buses [Aréeﬁ &

, Giniosar 1982] and systolic arrays [Kung 1982]. The crosspoint

. .and the reconfiqurable buses represent very general but expensive

<

interconnections. : ' _ .
Systolic arrays are exdmples of nearest neighbour processor
connections, but very special examples - their communications and
. <
processors are optimized for specific problem classes. . They

provide extremely high speed and are very efficient, in that &

large percentage of the hardware is in use at any given time. 1/0

.

. 104
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is overlapppd w1th computation, but'the crucial point 19“that oach

- -

operand is input only once and 1s then operated upon .manv times.

. The problem of feeding the processors adequate amounts oE data

tw

b

from the outside world is clearly vital. Therefore, thé ratio of

.

input coperations to arithmetic operations is an important metric

for e%aIHQting:thQ;r potential efficiency.

- L : Some less efficient and less expensive interconnections

ranging from the general pufpose to specialized include the bényan
[Goke & Lipovski 1973], k-cube [Locanthi 1980], Shuffle [Stone

1971] and tree [DNespain & Patterson 1978]. The ring topoloay is a

low cost, widely used ggnefal interconnection network; however it

is relatively inefficient.

-
- If a multiprocesSsor contains a shared memory for interpro-

cessor communication, then a multiport memory may be used and
elaborate interconnection networks avoided. However,  multiport

memories can give rise to implementation difficulties. The

replicated memory concept 1is another approach "for shared memory
systems {Lillevik & Easterday 1983].  Such a memory structure
consists of a set of memories, one for each processor, with iden-

tical contents. This eliminates read conflict since each proces-

tw

sor can simply access its own private copy of the shared memory
asynchronously or concurrently. To ensure shared memory inte-
~

grity, wrlte requests transfer data to all copies in paréilel.

.
- 3

However, because several processors may wish to write simultaneou-—

sly, write requests .require arbitration. The above system,

therefore, eliminates read conflict hut hnot write conflict.

- . -
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.
» -

However, for the class of BIPC integrat;on“metQst ﬁiscussed in

Chapter 3, the processors terminate their cémpuﬁa;ion at the same

time and hence are required to exchange their data simultaneously

and later read them concurrently. Thus, any implemgntation of -

this. class of methods must eliminate both read and write

conflicts. . ﬁf R

i Lo <

The processor interconneq;iqn we are proposing i§ a very
speéialized one that is tailored to the cla§s of BIPC .methods. It
is based on the idea of ré;}icated’shared memories‘With k memo;y
elements for each processor where k 1s the number offprocessors.
This approach makes it pessible to eliminate both read and write

conflicts, thus it satisfies the necessary reguirements to

correctly and efficiently support the class of BLIPC methods.

5.2 FUNCTIONAL DESCRIPTION

. Fiqure (5.1) 1illustrates, for a _4 processor case, the
architecture of the proposed multi—microcomputér implementation of
the class of BIPC methgés” The number of processors used in the
system will .generally be equal to the block size of the method
(N =k) . As will be described below, the approach incorporates
_efficieﬁt methods’ Of. orocess synchronization and data transfer
among the processors. ‘

The user will typically ségcify the egquations of the

simulation model at the terminal of a suitable development system,

e.g. MDS 225 [Intel 1983a]. To assist in program development,

-
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D p P P
1 2 3 - 4 1Y
™ 1 - | I e —
. i PMI PMI PR
RAM 1,1 ‘ RAM 1,2 RAM 1,3 RAM 1.4
| . "'\ - . »
PMI PMI PMI
RAM 2,1 RAM 2,2 RAM 2,3 CRAM 2,4
pMI PMI ~ | oM
RAM 3,1 RAM 3,2 RAM 3,3 RAM 3.4
P PMI M1 i:
RAM 4,1 ‘j AM 4,2 RAM 4.3 RAM 4.4

PMI = Processor-Memory-Interface

Figure 5.1: The Proposed Configuration (k=4)



"that the data written in a memopy element will be written simul tae

LY

e > W - ms e

: . S < >

the development system software would tyolcally 1nglﬁde an editom, =~ -~*
o = N g Tt

a macro assembler, a high- level language compfler, _#tlﬁpfiqg

™ _.."-

loader, and a library manaqer.‘ With this support&om:th@hhost,y -

Y ~ ':&r'_ S~
- qystem, the nser prepares an object file which contains the system
a( b 4
odpl for later down -loading to the microcomputers” local memorles. -
=X
‘Program executlon, however, is controlled by the prdtegsors hem= =
-~ b \-.:" 'ﬁk
. ‘ T - )
selves. . ¥ e, - w ™
. » P -~ v _‘. - .‘:."'
\ . P . B ” o

‘Since the parallel tasks assoc1ated with the proposed & %

. _ R
1ntegratlon algorlthm are known in advance, the assocxated code is _
s ‘-“"b -
statlcally allocated to, and stored 1n the ROM of "each processorr ey
- - -r,-—-' A ."\...
- ~
The code 1in processor°i has the task of produczng thg so&ution *’Ql -
alue, ;s together with its derivative, f.. From: an examination ST
of the underlyinag formulas and the step adjustment procedures, it -
is clear that all processors havé exactly. the samencomputatlonal
T e : -
load. This effectively eliminates synchronlzaflon wfoblems. e hi
\ . oL b S
: o - e
’ - - . e ™~ h
The processors communicate their respectlve~computed values.
I - hd
- o -
throuqh a 'k*k matrix of low cost memory.elements.‘~All prooessors o
* ., :.‘__.:-a-\ “‘ - - -
wrlte their computed values simultaneously wltheQroceSoor l‘wset— ro
- T T e Fp “"x.’" -

ing 1ts data in the memory element having subscrlpt Ll.;f v:ﬂoweé

ver, the memory elements of a row are connected i parallel so

neously in all the -memory elements of 1its row thereby cree%ing E

. . - -
I . . i . . ¥ * L S -
identical 1nformatlon in the memory elements of each column, When -~ _
. e . . _- -
s " .
reading data, each processor lS glven access to all k memory. ele..,”
-’ ‘CL — bl -
ments of its column. ' This replication of data in each_'coldmn-
- : -, -..,. * .
e a “ H"- .
* L) \_\ = .‘
; A . -
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I prov1des the means for instaﬁtédEoﬁs*data gxchange among the pro-

. ot - -~ -

. 1 ' cessors and has very Tittle oveppead. The e@ata flow direction

- for-each “of the off—dlagonalhmemory ekgheptsfiQ:tontrolled by a

v w -~ \-\ =~ ":-"“

prodessor memory interface (PMI) uni&fconsis:ﬁng of bidirectional

L e < - -~

-«
bus buffers. ' _ .’
.. f\ g - * . ¢ e T e oy,
b, . -
% N . \ L
-y - ;": . - L * .
- w N Fiqurg-(S.Z}? the basict events durings two cycles of the

- 4'-\. - <

BIPC grocedure are lIidstrated 1n the coatext of the‘four proces-

-

- " o
Ssor conflguratlon.*_These 1nchde the ﬁata“branaf&?s to the memory
- oy, i

, aggd?. Note E£Hat the elements in the k (&n this case 4 ) row

-, ©of the memory array are alsthgtlve inasmuch as they hold Ffour,

N A - o “V
w, w0 ~ e o ) C

ratHer than two, data-values. ~ We assume an &-bytegrepresentation

- -
S -

P of the data and that all computation will e carried oot in -louble
-~ - -
b - .-H. . -~ . N . ) -
preclision ,1sing a RuUmerlc data processor. Since the Q@mory elp-

~
ments of the 4th row store 4 data values, a size of ?k bytes [or

e
each of‘thése would he adequate for -solving up np 64 ode's (ggid).

-~

We reqar&‘thls as a realistic saumber.
~ T ;

-

- .
- - ‘ 4

-
Ny - - * . - ~
. . L. - -
PN *

. v . - ’ . -
o7 At step 1 (and 6), processor i generates the predlcgeﬁ value

-
- . -
- » - . . ~

—

“ - “ﬁgénd'sfotes it in its local memory (y?is required later din the.

- ~
- ' . -

» error estimation process). The derivative va}ues E? is also qene-

1 .

Qef,ff.ra eJ and wrltten to the memory element ?AM1 - Because all
LS : .

.~ 0 ‘guently be written in all memories Of row i. At step. “(and 7),
T p}ogessor i¥*computes the-solution at 1its po;nf tsr checki the

» o
ot . - - .-

. -

4 v *

- - .. -

T emory eleméhts of a row are connected in parallel, E?'Will tonse="

~ - error, calculates the-correspgnding Ri(see section 3.5.1} ana,

- wrltes it to the memorg_ﬁrray. Since all Ri values are-now avail=

-~

“\—._———
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activity \ Row .1 Row 2 Row 3 |_ - Rowd
: — $ _L, — —————] -
0 tbegin ff3 fo, *f *fy (Yo {T-u * 2
) Ry p * p
1 |execute predictor step foy (fy f-p |f foy 1 1T 1yg 1F-u71Fy |s
{compute néw solution values . ,

2 _using-correctqr formulas, |f3 (R} [f-y R, (-1 [Rs [Tg [¥o [Fry [R& | N
examine solution quality . - "
criterion and, if necessary .
reduce stepsize and return .

{to step 1 ¢ - v
3 {if solution quality accept- ! - .
« lable,.write solution valuesff_, \y, |f-, ¥, iil ¥y fo 1Yo 1f-s ’y“
* -to memory array ; i
. ¢ e ¥
& lcompute derivatives 4fog 'fl fo 06 1f |f5 1T 1Yo fu 1Y, 4@
5 ‘rename (i + i-k) * f * fe | ¢ (T foo | ™ | To |Yo (E1)
_ Py LP P i IR N

6 fexecute predictor step ' £, foq f f_2 f3 f.1 f-“ f f0 Yo
compute few solution values| s

7 using corregtor formu}as, R, fog |Ry [f- Ry |- fo, |Ry Ifg Yo
examine solution quality
¢criterion and, if necessary
reduce stepsize and return

"|to step 1 ‘ '

& [if solution quality accept-
able, write solution values|y, fog |y, [f-2 l¥s fop ey Yy fa ¥y
to memory array ~

B - T
9. {compute derivatives fl f_ fzﬂ f_2 ‘F,3 f'l fu Y fo ¥
] ‘(10 rename (i » i-k) 4 fog | % |fep | * AF-0 | "o Ty (Yo (f-a | T J(ED)

(£1) - end of first cycle, (E2) - end of

second cycle, * _ jndicates available®space

ey

Figure 5.2 Event Sequence and Memory Array Updates "=*
(Four Processor Configuration} .

r
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X . L . .
able to all processors, each processor then determines the larqgest

of these values; i.e. R . if R > 1, -the block computation is

. [
3

. L, .
rejected and step 1 (or 6) ‘is repeated with a reduced value of o

obtained from equation (3.24). NOtherwise, the computation is

-

. Rl
considered -successful and the solution values are written toLthe
ﬂ

memory array. At step 4 (and 9). the derivatives at tho new

gsolution values are--conputed and written to the memory array.

-

The remdlnlnq step cOrresoonds to the 1index replacemeﬁt i+ (i-k) .

_ which simply reflects the labelling uonventlons between solution

values within "old" and "new" -blocks and has no relevance to the
processing activity.

»

.

Slnce all processors write their data at the same time after

evalgf&}on of essentially identical formulas, a simple and eff1c1-
P

ent* synchronization mechanism can be used. A pProcessor, having

&Kreached a synchronization point in the program, executes an output

instruction and waits until all other processors reach the same
synchronization point (this will necessarily occur almost simul-
paneously). One bit of an output bort of each proceésor is AND-
connected for this purpose as shown in Fiqure (% 3). when S 1is
one%;lt enables all processors to proceed with COmputarlon until

the next synchronization point.

It is signific¢ant to note that the proposed architecture can
alsq,provide Eor fault tolerance because of the replication of

data in the memory areay. -On¢e a processor’ is detected to be

. - . - ¥
- -

- w - - U -
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ﬁaulty, i+ is eliminated together wigh its memory elements (the
whole golumn is removed) and the remaining pfoceésors would run a
lower blocksize formula (smaller k) stored in their local ROM's.
Similarly, in the case of a memory failure, the faulty memory as
well as ~all other memory elements in its column are eliminated
together with thelr corresoondlng Processor. fhus,' the
archltecture has the added desirable feature of providinag for fail

soft tolerance.

u

- +

In the fOllOWlnG section we suqqest ‘a system implementation
nased on the Intel product line and specif 1callv on the 15R”C R6/05
sinqlo‘SOard microcomputer. The board is based on the l6-bit iAFX
86/10 microprocessor. Tt is aseumed that the board will include
an 8097 HNumeric Data Processor which provides a hafdwar@
inplementation of double wprecision afithmgkic. This 1is a hithy'
desirable feature in our Iintended application. The design could
easily be modified to accomedate other hardware components.

-

5.3 SYSTEM IMPLEMENTATION -

-

In the preceding section, a functional description. of the
system was presented. This section explains how these functions

are implemented.

.

L4

5.3.1 Address Bus Buffering S

When interfacing to microprocessor-controlled systems, one
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must constantly keep in.miﬁd_the electrical "load" being placed on

any digital signal line. By load we mean the “amount of electric

14 ' s
4

current a particuléf digital signal line is required to- subply.

?

Fach input of a devxce oresentq a load on the output driving it.
Ruses cannot Feed an unlimited - number of c1rcu1ts. #ecause Qf -

this huffers or drivers are used:- ln lTarge systems tb ‘hoost the’

- 4 L "

driving power of the buses [Blbbero & Stern 1982- r-Aumleux 1982;

*. r . . .

zaks & Lesea 1979]. e PR .

As shown 1in Fiqure (5.4), address lines (ADRO/—ADR&/i from * °

the Multibus® of each processor [Intel 1981b] are buffered and
. .
inverted using 74L804 "inverters. LS-Series logic (Low-power

Schottky -diode- clamped) is used for buffering becauSe its IIT

s

.value of -0.4 mA is con51stent with the Multibus constralnf of
-0.8mA maximum.[Intel 1979a]. S-Series (Schottky-diode~clamped)

or standard series logic will not meet this specificatidbn since

these have IIL egqual to =2 mh and -1.6 mA respectively [Texas

1971]. Tiyr however, is satisfied for all series.* The huffered

addresq lines of each processor are then sent to all the memory
clements on 1its row and column to select a specific location.

-

5.3.2 ﬂés Address Decoding

-
-

J/ihiS'logic decodes the appropriate Multibus address bits of

e&é% processor 1intoc RAM requests, The address decoding circuit

~ »"
.

diagram is shown in Figure (5.4). ;

>



+

<

Figure 5.4: Address Decoding Circuit

~ - Ed
ADRO/-ADRA/ ‘ 741504 ' ADRO-ADRA
L > y
. .
741504
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< 781504 2:9 — 52/
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/ : Ne | £ L 84/
L g
° 741504 T
: y
ADRE/ No
- L7
ADRD,” 74Ls11 741510
. ADRF/ al ™ BASE ADRSELECT/
ADR1G/ — o
: . 78LSN
ADR11/ 7o
ADR12/
_ADR13/ °
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Within the context®of the four processor‘system being discus-

. sed, each processor can access any of %hevﬁouf memory clements in

its column of 2K-bytes éach;’ Adéréss lines (ADRD/, ADRF/-ADR13/)
are ANp-ed together using 74LS1l AND gates. LLS-Series loggc is

required to meet the Multibus specification. Address line (ADRE

is inverted by a 74LS04 inverter and AND-ed with” address lines

(ADRD/, ADRF/-ADR13/) by a 74510 NAND gate to form the BASE’
ADRSELECT/ signal. " This signal specifies the base address of ah

8K~byte mémory hayiﬁg the address 04000 to O05FFF. it enables a

745139 two—line—tq~foué:1ine decoder for degoding chip selects for

the row memories. Address lines (ADRB/LADRC/) are buffered and

inverted using a 74LS04 inverter and then input to the decoﬁer”sé‘

that the 4 row memories will have the addresses 04000 to 047FF,

N4800 to 04FFF, 05000 td 057FF, and 05800 to QSFFF respectively.

The maxi@um propagation delays for ;he 1¢L§%%f 74;804y 74510,
and 745139 are 15 ns, 15 ns, 5 ns and 10 ns'féé%létf?e%y“[Te¥aé
1976]. Hence the chip select signals will be delayed by a maximum
of 15+5+10=30 ns from the applicaqioﬁ of stable address lines and
‘willrpreceed memory read/write qommands {MRDC/ ,MWTC/)} since these.
are applied at least - 50 ns after the application “of sféble

address. These delays will be- important when considering memory

read and write timings.

5.3.3 Control Signal Logic . . -
7

)
, .
. - S
, !

The control signal logic consists of the circuits that

\

t
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forward the memory read/write commands from the. Multibus of each
N : - l:. . . .. :
processor to their respective destinations, ‘provide the bus with a

transfer acknowledge response, and drive the system inﬁerrupt

lines.

. -

a) Control Signals

Three Multibus control signals are used in the proposed sSys-—.

tem; namely

g

-

(i) the Memory Read Command (MRD/} which indicates that

-

the address ‘of a memory location is on the Multibus
interface address lines and that the contents of that

location are to be placed on the Multibus interface

-,

data lines, ) i : .

. . - e
L]

4

(ii) the Memory Write Command (MWTC/) which indicates that

- -

the address of a memory location .is on the Multibus

; interface address lines and that the contents on the

Multibus interface data lines are to he written into

A
: that location, and

-

-
*

(iii) the Transfer Acknowledge {XACK/) that:inﬁicates that

-%

the addressed memory locatiqp has completed” the,

specified read or write operation. .

[RY

-



-

aCCPptpﬁ pr that read data 4t has "odueqtea_is_nvailable on the

addressed and a ‘command is present.

118

-

Because the bdstC requirements specify that each board may

B

Joad the MRDC/ and MWTC/ lines with 2.0'mA,;§chottky.dévices are

used [Intel 1979%a]. The circuit diagram for genegating the

control siqnals is shown in Figure (S5.5): The_MRDC/.and MWTC} are -

quallfled by the BASE ADRSELECT/ signal to form the RD and _
signals. - The RD/ and WT/ signals will’ be delayed by a maximum of

10.5 ns frpm tHe application of MRDC/ and MWTC/.

- ' =

b) Tyansfér Acknowledge Generation ..

The ‘user interface transfer acknowledge. generation logic

provides a transfer acknowledge respohse, “ACK/, to notifv"the bus

master that write ﬁata nrovideﬁ bv the bus maser has bheen

P

Multibus data lirfes. XACK/ allowc the hus' raster o conslude its

current instruction. The transfer “ackpsawledae =icnal st he'

~

drivén by three ’'state drivers to.meet the HMultibus DC requi-

rements. ‘Phe driver., is, enabled ~when the- bus interface is

.\\ .': * 5 ’ - .

The circuit which qenerates the transfer acknowledge is shown

~

in Fiqugé {(5.5). The RD and WT s%gnals are OR-ed to form the BD_

FNBL/ signal which is inverted and.used to drive the CLEAR pin of

A 74164 shift register. When . the slave board is not being

accessed, the CLEAR pin .of the 'shift ;egister will be low (BD"
FNBL/ is high).- This causes the shift register to remain cleared

and éll“gqtpu;s of the shift reqister will be low. _When the slave

. . A

. . - g
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Figure 5. % Control Signals and Transfer Acknowledge
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board is accessed, the CLEQR pin will be high, and the A and B
inputs (which are high) will be clecked to the output pins by a
Constant Clock (CCLK/) provided by the Multibus. To select a
delay for the XACK/ signal, a jumper must e 1nstalled from one of
the shift register output pins to the 8089 tri-state driver. tPach
of the shift reaister output pins selects an ‘integer multiple of
CCLK/ periods £for the signal delay. Since the CCLK/ signal 1is
asynchronous, the acteal delay selected-ﬁay oniy_be specified with
a tolerance of one CCLK/ period. In this/dégzghy\H_ge&aq\ef 1- %

/——’—_/
CLLK/ periods 1is' selected; .with a CCLK/ perlod of 100 ne?\fﬁe

e

XACK/ delay would occur somewhere.wlthla,the range of 100-200 ns

from the time when the CLEAR signal goes high. _This delay 1is

selected because it ' is well suited to the access time of tﬁe-

L}

memory element ‘used in this design.

c) Interfupt Logic

1

The type of interrupt used in this design 15 a Nen Bus Vecto-

.

red . lnterruot in which the interrupt vector address is generated

by the bus' master. This does not reguire the Multibus address

rs

lines for transfer of the interrupt vector address. The interrupt
vector address 1is generated by the-interrupt controller on the

master and transferred to the processor over the local 'bus. The

we

source of the interrupt gan be on the master module or on other
bus modules, in which case the bus modules use the Nultlbus 1nter—

rupt request lines (INTO/-INT7) to generate their ,1nterrupt .
4

requests to the bus master.. When an interrupt request line is

3

\
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activated, the bus master performs its own interrupt operatlon and

processes the interrupt. The asvnchronouq 1nterrupt ‘Tines mth be.

driven B} open_collector devices with a minimum drive of 16 mA

[Intel 1979al. o

’ : ..

In the proposed system, since all.grocessoré dr;te their data
at their desiﬁnated area at the same ‘'ime, 'a :processor, having

reached a synchrOﬂlzatlon pOLnt in a program,wexecutes an output

o

1nstructlon and walts uantil ‘all othen procesqors reach “the same

>
.

synchronlzatlon poznt Off-board perloheral operations are handl-

‘ed 1n the isdc 86/05 throuqgh th:oea‘ 8- blt, parallel I/0 ports

havmnq the'addresses ca, CC, and C8 and are connected to external

-

equlpment via edqe connector gl [Tntpl l981a]. Using port C8,

- - »

eqoh processor sgnds a hyte’ equal to l which will set bhit 0 of

port“ c8 (J1-47). These bits- age_ ANBLeﬂ together and output

throuoh “an open collector gate to.ihe Multibus interrupt lines

* -
(INTL1/) of each nrocessor.. The 1nterruot logic circuit Jdiagram is

-

shown in Figure (5.6). .The 1nterrupt reduest is cleared by per-

‘formlng an output of a byte cgual-to 0 by all processors to port

C8 at the end of thelr Interrupt. 9erv1ce Routlnee.

¥

=" i -

. -

5.3.4 Datg Bus Buffers . .

. R -
’ s .

. In the general case, the communication media consists of a

k*k matrlt of low cost random access memory elements where k is

R -
f

the number of processor. Processor 1 can write data only inf

RAMi r However, all memory elements of a row are connected in
. .
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parallel and this leads to the simultaneous transfer of data among

. . ! .
all row memories. _ All processors can however read data indepen-

b}
9 . “ :
. r . . , J . .

dently, each from their respective column memories. >

L . : . . .

* ! . _:..‘ .
r : ' K . Ny
. g Y X L .
A processor-memory interface J(PMI)+must .be provided for each

. . . v N . - = ,v e

mefiory element {(edcept the diagonal memori@ﬁ) in order to control
bl - '

- -t

the -direction of jhe data transfer.: _This™is shown in Fiqure
-

"({5.7). Processor] i can write into RQMi 3 while progessor ] can
»

A 5 " R
only read from it. Four ¢ 2tal bus transceivers, each consisting
of an Intel 8287 are used. The &two that‘areuconnected to the data
- £
lines of processor 1 (DATO/ —DATF/ ) are always in the transmit

mode (T is high) while the £wO others, connect@d‘to the data lines

&

LOf processor J (DATO/j- DATA/ ) are in the receive mode (T is

low). @pwever, the output ({as selected by F) 15 not ‘enahled

. . " -
- -~ »

unless the, output enable signal (OE)} is low. Transceivers A and C

-
’
3

.. - e, N T . .
are enabled when processor 1 1s wrlting (NT/r ¥5 Jdow) in row 1

&
(CSi/i"is low) while transceivers B and D are enabled when
- r T,
processor j is reading (RD/jis low) “from RAM 3 (CSi/j ig. low).
’

»” -

2l

5.3.5 Memory Elements and Data Transfer
—

i <
~ -
-~ ) ' LIRS

There are two b351c {vpes of circuit techﬁoboqy for semicon-
ductor RAMs: statlc and dynaﬁlc. While dynamlc RAM is dpnqor and
less expensive, nd has lbwer pQwer dlsqlpatlon than Statlc RAM,

it “reguires more comple?‘ drive <ircuitry and has more crltlcal

. . -
4 tinfing requirements. - a,
- 2 - ] 1ll - N
-~ -
Y 2.
»
~ N - ¥ . A - ~
‘:ﬂ ~ N ‘ — -
N Yo - - b .
- - r -~ L)
- ' x LS
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Fach memory element. used in this design rconsists of four

2148H=»3 [ Intel 1983b] common I/0 Staﬁ.ic Random Access Memories

! LI

r columns. . The 2148H-3 is a 4096-bit organizéd as

arrange
”
A \ - - o

~

hits sg that e-size of each memqry element ‘will be

- . - “

1X words,by

- .

IX wordq btr 16-bies ‘I‘he 2148%-> has .a minimum ‘read and write
” — .. R

+ cvcl‘e “rimes ef SS ns whlch is compatlble with the Mu-]tlbué MRDC/

>, o o« v N - -

,andeWTC/' pulse andth -0f- 100 ns.+ The aadress,' data,- and -_co:ntrol'

~ v e

sxgnaﬁs ‘h:dm processors i and 3 to 'RAM; j-afe shrown in"-!-‘iq{;ré-

(5.8)- s - -‘_ - . . L P . '-' . e - ..

» P . - . .. P N / -

4 - - - - - o ) -
- - A . : .

L4 - - - - - =
e . 7 ve v P s * -

v - RAVl_L 3 will, be in- the write mode only I.f PrOCQb‘SOL‘ 1 is
r - -

wririny (K-T/. is connecte-d to- the memory W_) Otherwlse, .1t: wlll'

. - v
Be in” the, 'réad.-mode._ . The buffered .address llneq (f\DRl ADRI\)

’

“both ﬁrocessorc; 4 and. 3 are'connected to -the address lines o_F.'

RAMi"; throuqh 741,158 2- llno —to- 1- Lrne multlnlﬂ‘-xerq. ,»‘\ddres:z

r

~

liness (ADR’li - ADRA } are selected only 1if procesjzor 1 1s writlnq_
-

-

(WTi is high), otherwise address.llnes {F‘«DRJ,.} !‘(I‘SI‘A )»nro

r

-

's‘élected: -
_ -

P & - - - T
R e el - 1

'It 15 mterestlnq to note rhe .reason for the use of Lhe 1.5=-

Series for the multlpl-exers r:ather than the S berleb. For the
-~ - .

- -

-

* . r .
four processor case, each buffered 'atjd-ress ,llr}e- nmust drivé,- one

input line for each of six mult:ipl'exe‘rs. “The number of devices Of

the same electrical type a particular device is able to drive 1is

- v

xnown as the "fan out” of the device' [foffron & iong 1983]. 'This
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is egual to-min 'EQL igﬁ ybere IOL and_IOH are the logical 0

=, .
. . IIL IIH T

and logical, 1 output currents- of the driving device ard II; and

-

.I;y are the sum of logical 0 and logical.l input currents respec=

-»

tively of the driven devices. These electrical parameters can be

~

obtained from the data sheets of the different devices. wWith the’,

use of the LS-Series, - .
. . - . -

-

. Fan out = min (400 , B - 20 =
) 20 g.a) - 2

which means that each address lihe puffereé by a 74LS04 can drive

. N » .

'

up to twenty input lines of a-747.8158. However if the §-Series 15

used then the” fan out is ohly equal to four which is less than the

number of lines reguired to be driven..ThereEore, LS=Secries should

-

be used [or the multiplexers.

s

A price is paid by having a larger sropagation delay for the
74L5158 than that of the 74515Q§ The 74LS158 has a maximum pro-

pagation delay of 24 ns, and since the 4T signal occurs after 5.5

ns from the MWTC/ command, then the address to the memory element

hecomes valid after gt most 2.5 ns from the MWTC/ comma&ﬁ. The
o] o

2148H-3 speéificatibns; imply that addresses should he vdlid prior

' -
to or coincide with TS transition low (t,o = O ns MIN). RAMi.jis
. b3
selected only 1f processor 9 is readinqg- from it (RD/j and
. . e . . th '
CSl/j are both low) or processor 1 1S writing in the 12 row (W’I‘/.1

~

amd'CS?‘i/.l are both low). These_siqnals are AND-od to form the

. . T, . ~_ ,
chip select for the memory element. Slan\RD/ and WT/ siqgnals
“ . ' +

A -
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- . g
N .

arrive after'at most. .10.5 ns  from the application of MRDC/ or

'MWTC/ and since the maximum delay is 7.5 ns for 74508‘and 7 ns for
74532, fhen the memory element is selectpd after at most 25 ns
from the a;pllcatlon of WRDC/ or MWTC/. This means that TS is
valid prior to _address lines become valid which vioiates. tge
15148H-3 ‘specifications. Two 74S04 inverters. are inserted, as

Bos
mes valid after the appearance of stable addresses.

*

[ [
]

This section has given a detailed design approach for the

propoged multi-micrcomputer éystem‘ based on the Intel product

line. Howevet;' the .approach could egually be undertaken using

-
-

hardware components from other manufacturers.

shown in Figure (5.8), to delay the CS by 9.5 ns so that it bheco= -7



Chapter VI

_ SUMMARY AND CONCLUSIONS - . -

_
The research reported in this thesis has explored a possible

-~
.

means for exploiting multiple processors in the

) Qolution ‘of

continuous system gimulation pro6igas~ﬁ\fhis has been undertaken

in terms of

a) an investigation of a class of rarallel vagiabie stepsize
integration méthéds that are based on block’ implicit

predictor-corrector formulas, -

-

¢ LY

b) the desian of a computer architecture with a special communi-

cation mechanism well suited to the proposed-class of parallel

»

-~

methods. -

——

The underlying goal 1in such a multiprocessor system application
is, of course, the achievement. of Ffaster solutions of.the ode’s
embedded within continuous system simulation problems. This issue

has been explored via an extensive set of numerical experiments.

-
~
o

Parallel variable stepsize integration methods have not bHeen

previouély'fépérted in the li*erature. The class of such methods

investigated in this research project are intended for use with

L
S

129
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continuous system models that are characterized as being-

*non-stifF”. It is not likely that these methods will provide qbod
' 9

peformance when applied to stiff Drobleﬁg.

-
"

.

Two particular subclasses of methods have been evaluated
which we refer to as the FWP and NWP forms. Stability .analysis’
complexity considerations and the experimental results obtained,

all sdéqest the superiopity-of the latter approach which is newly-

~'
)

proposed. ' -

It is important to note that tﬁe -investigated inteqgration
methods are parallel in nature which makes it natural to stati-
cally assiqh the different tasks required by these methods to
senarate processors, and makes task'allocation conmpletely problem

independent. This overcomes the problems associated with the

caquations qecementatlon approach where the user or & conoller has

the difficult task of trying to evenly balance the workload over

. the avéilable.processoré. The synchronous nature of these nethods

areatly simplifies task schedulinq and task synchronization.

~

-A multiprocessor architecture for realizing the proposed

LY

parallel-integration algorithm has also been proposed where the
processorsg are interconnected through a replicated shared memory.
The memory structure consists of a-two dimensional array of low

cost memory. elements. Such an interconnection structure elimi-

v

nates both read and write ‘coﬁflicts and allows the data to be

‘ instantaneously exchanqéd among all processors.  This feature

- - . -
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b < . .
*

. makes the proposed structure well suited to the synchronous nature

b ad . 1. .\ . - .
of these igtegration nethods since all the processors terminate

- .
3
-~

same instant in time. o .

- R RS o

“

r"he con51derable decrease 1n lnterorocessor interference (the

‘elimination of both read and write conflicts) nrov1ded by such an

v »

interconnection structure defimitely ihcreases the-mult1processon:

»

throughput. In addition, it may provide for increased fault

tolerance because of the frenlication of data in the oronosed

LY

structure. ) —

-

Although, a detailed desiqn of " the prqnosed Architecture is
presented bhased on the 8086 micronrocessor, the architecture,. is a
general-purpose infrastraction; i.e., it can be casily uparaded to

-

more powerful microprocessors (e.qg. R18084, 828026,..).

.

Because a hardware realization of the nroposed system is not

yet available, th§ féported performancé results have becn ohtained
from‘SLmulatlon studies in a single 2rocessor environment. Our
results obtained in this Framework do establish the nractlcaglty
of the aporoach as an effeptive means of achieving parallelism,
and hence speea-up, in the solution of the ode's within c¢continuous
éystem simulation problems. However it must  he emphasized that
actual performance gains for any specific problem will likely

differ from those that are reported in this study. There are two

maior reasons for this; namely,

-

tHeif computation apd “become ready to, exchange their data at the’
L . .

\

-
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~

" - . . L 14

a) THe results are based on a pafticular limited set of test

. . . . \
problems. . . ’ . "
-3 . a - - . )
h) The results ‘are based on an imperfect solution time measure

-

(count of derivative function evaluations) which ignores some
S _ - .
portion of the workload carried out .dy the various integration

methods compared in the study

Tﬁe- eétent “to which perférqanpe: variations occur over the
kapplications domain will certéinly rgquire'.fu;tﬁér experimenta--
tion. With-reqard to (b), we note that its influence does tend
.to vanish as the complexity of the derivative fuﬁéﬁions increases

since then the relative contribution of the ignored workload is

) r

diminished. . - N

-~ —

The highest value of k (the number of new solution values
qeneratedu in each new block) consgidered in the. experimental
investigations described in.Chapter 4, isieiqﬁt. Tt is natural,
Ehereforé, to wender if a deterioration in perfofmance should Ee
anticipated és .k is increaéed beyond this value. From an
examination‘of the absolute stability boundary results given 1in
Table (3.1), it is clear th;t for values of k beyond fourteen, the

absolute stability boundary significantly decreases. From this it

could be inferred tﬁat. a maximum practical value for k would

’
-

probablv occur at k=14.

our consideration have principally focused on the case where
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k=Np (here Np is the number of processors used' in the implemen-

‘pation). Two alternate situations; namely the case where k is a

~multiple of«Ng and the case where Np is.a multiple of k, are

briefly discussed at the end of Chapter 4.

.

-

The proposé& NWP form of the RI#C approach has been demons-
“trated in our study to be an effective means for .achieving
parallelism in' the simulation studies of continuous svstems.
Further’ exger;ﬁentation— with the approach bhased hon an actual

T hardware impiementation of the suagaested architecture would bhe a
fruitful avenue for research. Further research into other -
parallel integrdtion algorithms for the solution of ode's would

also be worthwhile, particularly in the context of special problen

classes: e.q:, stiff systems.



Appendix A

DEMONSTRATION OF THE NON-SINGULARITY OF‘fhE MATRIX U

-

-

-- ~In this éppendix we demonstrate the non-singularityd of the kxk matrix

o - .

U= [u1 0 e uk]

. 1 - "'"13._ - e
where u=142 and ud = | 29
K -
w67

Recall first that. the Vandermonde matrix

1 1 el 1
A A A
1 2
. A= b _ k
: : ; ~
L k-l kel A ;
1 2 .....

is non singular brovided Ay # AJ . If we set Aj = j, then

11 ceenese 1T
. 1 2 k
R B -2 k2
A=l .

|1 ok-1 kk‘_l_

is non-singular

Let N .be the kxk diagonal matrix whose diagonal entries are 1, 2, 3,

r

~ »
- ko Then Q = A D 1s non-singular and furthermore Q = uT, hence U also

is non-singular.

-134 -



i

| TN
h : 3h
Yo * T35 (251fD +.646f1 - 2551’2 s- 106f3‘ - 19f4) + _T)é'.o_ ,
= h(ger 24;c 4 2:¢fﬂ"‘ f-‘ f ‘+ n6yL6] -
= 'YO + -QU- (ngo .+gl 1 ¢ ..:2 + 4 3.\ : 4) _go__ :
L ) CTogslsl
3h 3hoylt
'YQ"F o (9f0 + 3-'11‘1 + 24f2 + 1:11‘3 - f4) + TGU_ , ~
| ' 7071 -
2h e . 8ny
Yo+ 5B (TFy + 32f) + 12F, £ 32F 700 ) - —gm— . %
. ‘ r
4 - . '
) Corrector Formulas for k=4
. © . |
W5 -,
. - L.

#

o . Appendix B

-

CORRECTOR AND PREDICTOR FORMULAS

Yor Tz Bfp * 81 - T *
5 [5). .
h

Yo+ 3 (fo* 4y * fa) - —gp— -

‘Corrector Formulas for k¥2

Sew



et

,.
£

- LA N 136‘-:. d g I,
L Y . N ‘r.__'... s‘-.-.--“f:"'" -
=y + gy (19087%, + 65112F, - 41.5.4611‘ + 75086, - 20012F, L~ 1T
Yy Yo 7 30280 0 1 2 T AUV 45T N o
y- 8'[8] ‘:- bl iy
. 275h e
+ 6312f - 863fg) + —2-4-1%-2-—- , NN - .
L) . . \k \ |
h ' . ¥ -
= - L
Yo = Yo * T7ES (1139f, + 5640f, + 33f, + 1328f, 807, + 268f . | N
. ' : 8.[8] - '
- 8h -
) . - 37f6) +\.—g§5— 5 . a ™
N i . h l . - . , - p-"r -,
¥y = ¥ * ppgy (685Fg + 3240f, -+ 1161f, + 2176F4 ~ 729F, + 216fy
" . 8 [8\] A ~ .
9h - . 5
= :Zh‘ ’ . LT ) < . | -
Y47 ¥ * TE3 (143f ,+ 69§f1 + 192f 5, + 752f, + 87’f4 + 24%; - 4f)
) - ' - 8.8 .- - v
L. - gh _y'[ ] : . . .
: ' z. - T e -
Y5 =¥ ¥ T20% (_?4.31*0 jt.3480f1 + 1275f5, + 32005 + 2325¢, Lov -~
L ‘ C i g8 [8] 1 .1 -
- . 275h"
+1128f 5 - 55f) + e - . - e
¥ . - - \
’ . , ) 1Y .‘ - - . ‘r . h‘
_ . h . ! . . -.; ‘.\ -
Yo = Y5t 135 (41F, + 21f.5f1-+ 27, + 272f4 + 2§f4 + 216, - " .
| 9,[9 © T
9h”y : . DA - .
, - 41fg) - g - -
| - STl
- R L i, R
N Corrector Formulas for k=6 e ~_ N
. o RO
N <
r ® \
\ - ” - . . ~ k N o L]
- 5 N e e,
- - \ ."-"; ‘
B A
- a.
. "’. — r -
: 1-.



w

- . - I o owm

-t -~ o =
- -
[ > UL | -

- e . - [N -~
o e e LY ’
-t . KRN

.
it ' ’ b
- s . .
- h <
: L. r ] - . -
- - "
. - - N
— . " ~ -
-~

K g re
+ ~STIEE00 *:'-(10?.‘{-"1_7ﬁ

+ 4467094f~ - 4604594f + 5595858f3

- 503312Qf- + 3146338? - 12912«zaf6

) 4 graanl0 {10}
8 ~TT3E300 ,

cA .

- -4

-

3 - 116120fa‘

3
+ 74728f -- 31154f6 + 7624f7 833f3)

A . +,312q74ﬁ7 - 33953f
, - = = - By [
P -" : v - .'\ e '- . -
TTEKUE (32377f + 182584f1.- 42493f2 + 120088f
- - ", + sh [10] 2.
- . . I 00 o '

raat
.

R h " :- ., ) - .-. -
Ty (12881F) + 785026, ~ 3438,

o et

-

o (401, + 2232

-

..+%§qqu~i_

Ty,

1

v 79334F, - S6160f, - |

3

- 5 -t VR )
+ MM, - 140627 + 3&0?f7‘:v36?f8) _

- -

2L

-

10 0l
= 94h y.[l i

A
- -
L

-

- ‘_v

- -

~
-,

!-q‘

+ 34186f

-

+ 18f, T+ 3228

f

H

3

+ 158y + 721,

6

TT5400 (21361f0 +-116662f, + 6958f

| - 1169f8)

1

2

-’
LTS

.
Ry - .
Y - .,

- -
-

- 9080f

g)

-

.7 ¥ =Yyt TEETS? (8341f0 + 4603Qf + 151pf + BGG?OfB - so()f4

&

+

- o

5*7 9830f6 + 229Uf7 - 245f8)
T e . 25h10 yL}O]

-~

»
-

5 + 2664f5 .

105 [10]

-~

- 360f

37 -

-3 . L
+ 9232f - 3956f6 + 976F, - 107f,)"

9tg) * EE‘TI%U';" s

15?134f3 + 7840f§' )

+ 1051§4f5 + 74573f6"+-31882f7

_s1ganl0 100,

[



/

-

8h_ (gg9f. + 5888f, - 928f, + 10496f, - 4540f i
14175 0 1 2 .3 4 .
+ 10496f. - 928f. + 5888f, + 989f,,)
. 5 6 7 8
. zeenil y1I -
- . - 46/715 - ' '
- " . ) .
: - ) . . . .
. - Correctar Formulas for k=8 . . .
- L - N ’ -
- " e - -
- Pl . - . - N '
-’ -, . Tt e - .
- - . - .4-- - . _. :. - IR .. - . - - .1“-
* et Lo S S S
LT Lt . - - - . ) . . E ;
s - b a4 - " -'.,’,_ L - .
. " - - e - - M)
T R Sl -t o . .
¢ - . - . ‘_ - .. N e W O - - 0T . . . f'-.
" " T b ; " ! " . . s 'o
-._- ,‘." N A ._-‘ T . . . '\ - .-’
- ., . . --, : e .- . . ‘- ) . . .-' .
. S, , B - . meT - -
. . . - - , - . ‘:. .
- " ) * - I' .:\f L -
. - . F -
v - .
: » . e " ' -. v
. R * ' . - - .
.- y . - - v .
- - ‘-‘ﬂ.' r
- . '_oo . - - e ) . ' .
- - -, - . »e -
. , . . )
. . . < .
Ll . -
. ..
- . [ . - - -‘ . .
. - .. i ; ‘ - Soee .
» PR N . - . - - : - *
* * ." - - -~ B ) - e ! ..----' - ' ,
" L .- 5 "- - . -'. * e T - " . ) . ,‘ :
“ - ‘: * - - - . .- S . - . . '
¥ - - - ’ L4 ) * - ) N -! h . -
- Yoo D P e T - :
.. / - . . . - R .'-, W : . T
.. 7 . - R . B .
” . v “ e S
- _" = . . o . ."' L, l: T, - .
- .-“ L. .- . - - ’ *
L. . EooTe '_ . Y. - -

-
’-
-
«
» -
-
-* )
- - » .
"
"
- -
- s - .
- L
. -
- .
.
-
-
- - -
- - -
-
el Tas .
. .- .
. - -
- -
- -
-
.
.., .
- -
-
- = -
. . -
-
-
P v
-
.o -
. -
.
- . .
- ~
. . . - R
0 . .
- .
. . - .
L RS -
- + = -
. - - .
. e . -
o .o .. .
T m . - N
-
1. + -
I3 -
N -
L
. -
- -
-’ Eh
. .
. .
- . ~
5
. -
L -
. - . -
.
- -
- v - -
A ..
—a— -
-
-
.. '
- - o
- -
LEY - " . -
-
! -
“ g
1Y i . -
.
. “ s ="
b - - &
PR .
- - “ -
R LT < LT .
. L .
e e e -~
- . N
- -7 “ -
- ‘e *
. e LIPS
- . ERT
. , . -
- 3 . ..
-
o
. - - .
., o -
. -
1 .
- et
.
]
. n . .
v -
. v
- -




2 ) . VIR 7
_ 1 4" h ' 13 . 4 [4],
Yy 3 jzo y_5 g (U3 - 4F # 30 vy My
- - .: i
- - f‘ o » - »
1 - 191 4
=z I y,...tqu*Ugf"'-?Zf *29\‘ )+_;,z nd L8], _
- =0 . i )
x -0“1‘\-" + ) - ~ -
o -~ - ’ L= . -
"~ - ‘Pred1ctor Farmulas for k=2 (EWP Form) :
e oa X
w - ~- .
e A g e ‘ o
c¥ T g AR T (697F, "~ 686F .+ 936f_, - 322 5 + 95f )
- . ,4“ 46 i 6.“[6]
- - - . m . N r., / A
v bl o + ..".' - : - - ) ) 'I
.’.'. - ::.;1: a_,_," j—.. " - ’*/ _
'yi;"'?j.z-.‘o'x:-] “Z0 {«Mllf’o - 9226f -1 + 10272f_2 - 5110_f__3 + 1093f_'4)
A 2369 6 [6]
« .7 ? . + m h Y )
€T - "-
4 | .
g5 Tt LYyt 755 (26083F - 68026F | + 78600F , - 41974f .5 + 81F ,
. J= :
L2870 46 (6]
© w1 4 . h . )
% 5 I Yyt Tm (10469f, - 30430f | + 36576f , - 20258f - + 4363f_
o« = J= 4 . .
to T 31369 46 6],
et £ SN
T N Predictor Formulas for:k=4 (EWP-Form)
)
a /
&y e

74

q)



+ h
15120

+ 102789f_4

h L]
* F0ZB0 (11582511’0

+ 4449825f -, - 14gsiii_f
L

+ 1908067f _,

(53623f

-4

0

-

- 93528f _

Ban

5

1

+ 219749f ) +

-

- 28584f . + 50257f ) +
FOM -5

).

w 557824F _ + 96959f
-5 t -6

N

599
2018

)+ 139597
T TH048

\
+ 178299f_2 - 157376f_3

8]

h8 y[

hy

156727. 8

=

h

~

h - N .
* ZGEE0 (12716059f0 —_56823336f71 + 1;4325983f_2.

- 127578752f

3

.

i = |
.+ gy (358081 - 1449472f ) + 2788637F , - 3014208

8 3/{8};

8]

+ 82402353f_, - 1289211767 o + 4302229f ¢)

. 3797047 .8 y[a]

A
.6
1 B
X __=3 L Yy s
1 “j=0 J
) &
Yy = Ly .
2 7 j=0 -J
e/
. JK.
o 1 6.
. : oy
y3 7J= - =]
Yo = 7 Sy
4 - 7 520 -]
Y iy “g TY_s
5 7 j‘d -j
i_ 6
-y = Loy_s
6. 7j:0. i]

;@é;-

Lo

140

-

.41704f_1‘+ 6980125f*2 - 7177600f'3

vl

h . .
* 5170 (8051-"'_‘5399'f_0 - 381??456f_1 + 79396496f_2 - 90685312f_3

59543973f -, ~ 21179016F  + 3180329f )

»
+:h N
IR0

- 296535164f _

3

(24269689f

0.

- 119694904f

1

+ 255020357f_

. 3069043 8
T

2 -

yl

8]

+ 19732122f -"70941512?_5 + 0781751¢_)
20254753 .6 [8] .
* e Y

s

1

Predictor Formulas for k=6 (EWP Form} e, _

&

-

-

»

>



141

i

. 8 '\__\ , . -
D h , ‘ .
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App_endix C

VARIARLE STEPSIZE PRENICTOR FORMULAS (EWP FORM)

? 4 :
p = 1 " * - * - . p a [a]
..- §o=1,2
where o ’
) ) :
V.O(S) = .]1‘.2 (253 + 9s5° + 125) .. 00 = 7
‘1 . 3 2 _ 2
Vl(s) - '3'— (s + 35 ) : Ol = g .
21 3 2 1
Vo(s) = gy (257 + 3s°%) L0y = 4
' C?=%—;—(54+4s3+452—%’-) ;1=1,2
35 = i0

L 3
T Variable Stepsize Predictor Formulas For k=2 (EWP Form)
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. 4 - - 7 T
p_1 . s . P 6 [6] R
Yi =% I _Y_J.+h? T f—m*(«vm ('1c)+em)+c1,h y | e
j=0 ™ m=0 "M
S i=1,2,3,4 il
where " .
Ty N ool 5 3 2 NPT
Vols) = 77 (6s° + 755" + 350s° + 750s° + 7208) 05 625° 73

- © e
£y - . L -

v (s) = 35m (1255} 1355% + 52q53.~-+‘ '7255'2) "5 0, =-%%’ T
| V,(s) = == (385 + 30s% + 953+ 9052) - e; =%§ ~
| v, (s)"= 33% (175> + 1055; + 28053+ 2205%) . R =_21%(T _
V,(s) = 7%). (5;5 + ass? + 1108° + '9052) ' ; 0, =%éﬁ .
) P=lr (b 1255. ¥ 52.5'5“') 10053 .+ 7252 = 7) 5 i=1,..,4

—_Variable stepsize Predjctor Formulas For k=4 (EWP Férm)
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V,(s) = ?U%EU (5057

Vs(s) =

FOERT (125’

* (v (ie) +o) # ¢ ylB]

-5

+ 29855 4+ 2940s5 e+ 15435s" + 454725

+ 7408852 + 60080s )

[N

- N

Egéﬁ (357 + 7056

+ 7560s%)

7 , 700

(8 + 28’ + 52 6 + 1176s> + 3048s% + 47085

"+ 651s> + 3085s% + 7308s

-

variable Stepsize Predictor

-1“.: ‘1"2;;...‘6"".;'--

Al
L]

3

. = 15
+ B 7 7EBn

wi

+ 1330s5 + 11508s5 + 48205s* + 952805

2 S 2s49
+ 75600s%) so, s B
g (1587 31555 + 254155+ 97655% + 177805
2 S T
.+ 126005 D0y 3
o~ (60s” + 119050 + gasas® + 32235s° + 554405°
+ 3780052) 3 0 = %%%%ﬁ
= 2 (357 + 56° + 309s° + 136557 + 2268
2 ‘ 839
15125°) y 9¢ = 7ean
e (1257 + 2106 + 142855 + a7255% + 76725
2 L 647
+ 5040s2) ;0 = ToTeT

3
;1 =1,2,..,6
s = io

Formualas For k=6 (EWP Form)
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Vy(s) =

. y3(5) =

-1 0sd + 157558 + 262805’ + 281500s% + 132652857
: 4 3 2 T 626627 .
+ 4397400s" + 8311680s° + 7257600s%) : 0, = FEse0
; .
TET%IUU (120s° + 535558 + agna0s’ + 751800s° + 38528285°
+ 11562390s% + 18779020s> +°12700800s%)  : ©, = Foaert
s M. (28057 + 1039558 + 16002057 + 1341900s% + 6am3a56s°>
4 ; 3 2, . _ 90991
+ 18075960s% + 269203205 + 16938400s7) 3 04 = g
- * 5
oy (355°% 12608 + 1881057 + 150360s° + 6925595 -
’ ! 3 =2 ] _ -1816
- iy 1280s° + 9765s® + 16076087 + 16820205° + 48101765° "
+12325320s% + 1705536057 + 1016064652 5 o .= Foro0d
. ] " - L3 . < -9
S - (140s° + 72558 + 6588057 + 49130058 + 21190685
+ 53014505 + 7200480s° + 42336005°) 0 = 30k
- |
= rarazs (20s° + 1308s% + 1762057 + 128100s° + 54928857
+ 1328080s* + 1779840s° + 1036800s°) 0y = Hrd3l

i
where?

“ L Ygls) = we7apn (108

"

{

-8.

m=>g

.o

- - . -

9

+ 805s% + 7020s’ + 68040s

i=12,...,8

6

+ 204082s° + 1513890s”
. o . 2857
9 % TTZ08

+ 354372043 + 493128052 + 3628800s)

L+ h D faTH (Vo (f0) v o)+ c? h

v

10 :[10 ,
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Vg(s) =

LT

" . i 151
1 9 8 7 6 5
~ETERG0 (10s” + 3155 + 4140s f 29400s° -+ 1?_13425S
+‘29547054“+ 392049f? + 226800s2) : o = 21767

- -

L)
-

+ 365280s° + 20m00s% = 2232 L -
_ S iz 1,2,00.,8 7
:’.. .8 = ig

variable Stepsize Predictor Formulas For k=8 (FWP Form)
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& =y (s10 1 2089 + 682.55° + 68805 - + 3761555 » 1345685 * 2953105
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.TP1:
-«
TP2:
TP3:
- ‘TP4 ;
L 3

Lo, _ ...‘ C
L o m e _, Appendix.D . -
. =~ ; .,..: o N .’ - - .._‘ . .
* __ SPELIFTCATIONS OF THE TEST PRORLEMS
R ST e . T
o 1 - -
a * 2 -
RX w " . ~ -
- - - - o [ =)
'i"-', - -
o
.3.":".}/ i ‘."_'\' > .V(O)=1,,_ - -
Q: 1] ,'_’ b
5 '.“tf = 2:0 -
Analytic Solution i
y=et* -
)
L X
. 3
V=i ; y(0) =1
- f—\ - -
, ; te .= 20
- . *a &
Analytic Solution ‘
g
y S o——————
Y ot+l
y =y cost ; y(0) =1
: te = 20
Analytic Solution T
sin t )
y = e R i - ) "~
- . » T D) "
y=F0 -4 5 oy =1
; te = 20 -
v . .
Analytic Solution - < car
. 20
1+19e . .
X
- - l'?- ]
N T
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.TP5: yi el PR ) y3/r :
}2 =.V1 ".y2-.Y3/r' ;

. . &3 = yl/;‘- . o
. N

w1§p ro= (yl + y2) :

o
-

*: .
Analytic Selution

4 . -

(2 + cos(t)) cos(t)

Yl =
Yp = {2 + cos(t)) sin(t)
yq = sin(t)

TPE: ¥, = ¥, . :
IS o
Yo 1 ’
.;'3 = .‘}’4 3
v = /r3 .

k]

3
with r = (y? + yg)‘

-

Analytic Solution

¥y ® cos(t)
Yo = -sin{t)
- Y3 = sin(t) ~ .
o Yq ='cos(t)
3 —
.
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TP8:

TPY:

Yl = y2'

¥

Analytic Solution

1.
¥y = .
17T
N
? (1+t:‘):'
) Yy .
¥y = LI y
110 €2 M
< Y%“_ . 2t v
Yo T PTH¥) 4!

Analytic Solution

E 2
Sy ® (1+t) c_os(t )

= (1+0)? sin(tzl

Yz =

91 = yZ 5
92 = ‘2y2 - lnlyl v
Yy 7 9,

yd = y} ‘aYQ = ?QY3;

Analytic_Sqution

yy = 0.1e " sin(10t)

; .yl(ﬂ)

2
-ny (1 - 4t yl) 3

: t

]

<<
(A%
——
=
—
n

e
—
—
o
——
1

"y (0)

y,(0)

Yo =w(1.01)1-'e'tcos (10t+@l)

Y3

Ya

(se”sin(10t-y)+10e 2% sin(5t+4))/Q

(5e7t(101)* cos(10t-(y-6,)+10e72% (29)}

-
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with Q = 50 (6476)*
v = tan'l(-20/74)
9 = tan~l(-10/76)
[0y = tan™1(0.1)
8, = tan (0.4)
P10, = vy
Y2 = Y0
¥y = -yl-/(y:f vy )32
. 2,372
Ya © '.Y2/(Y§ * }'2) /2
e. = 0.1
. TP11: As above with ¢ = 0.3
TP12: As -above with £ = 0.5
TP13: As above with ¢ = 0.7
P18 As above with ¢ = 0.9
Analytic Selution
¥y © cos(ﬁ) - €
Yo = (-1-52)é sin(u)
_ - sin u
Y3 7 T ¢ <cos(u)
- {l-ez)icoé(u)
Y 1- ¢ cos (u)

where u - ¢ sin(u):L t=20
- &.U -

-
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