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ABSTRACT

The dynamic analysis of highway bridges is very complex because of the interaction between the
moving vehicle load and the bridge response. Analytical methods such as beam theory and
orthotropic plate theory are applicable only to simple structures and highly simplified moving
vehicle load models. The beam theory is applicable only to long and narrow bridges since it
neglects the effect of transverse flexibility of the bridge. The orthotropic plate theory is only
applicable to slab bridges under simple vehicle load models as complex vehicle models render
the differential equation of equilibrium difficult or impossible to solve. The finite element
method is a very powerful and versatile technique which can be applied to deal with any specific
configuration of bridge structure, supports and vehicle load models. However, the efficiency of
the method needs to be improved because the finite element solutions usually require too much
computer time, too large core storage and too much data input. In addition to these deficiencies,
in order to simulate the local of the moving concentrated wheel loads the finite element mesh

should be refined in both directions.

The finite strip method has already proven to be the most efficient numerical technique for the
static analysis of bridges. In fact the method is even more efficient for dynamic analysis of
bridges. The structure can be divided into a number of finite strips. In each strip the

displacement components at any point are expressed in terms of the displacement parameters of
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nodal lines by means of simple polynomials in the transverse direction and a continuously
differentiable smooth series in the longitudinal direction. Thus, the number of dimensions of the
analysis is reduced by one. The minimum number of degrees of freedom along a nodal line in
the finite strip method is equal to twice times the number of terms used in the series and this is
normally much less than that for finite element method, which requires a minimum of three
times the number of nodes along the same line. Hence the size and the bandwidth of the matrices
are greatly reduced, and consequently it can be handled by personal computers and solved in

much shorter time.

In this study the finite strip method is applied to dynamic analysis of simply supported single
span slab bridges, slab-on girder bridges, box girder bridges and multi-span bridges by using
various vehicle load models. Harmonic analysis of beams is covered in Chapter Two as an
introduction for the finite strip method. A FORTRAN computer program capable of analyzing

all the topics covered in this thesis is also developed.
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Chapter 1

INTRODUCTION

1.1 General

In the past three decades various types of highway bridges have been built in North America as
well as in many parts of the world due to the rapid development of highways networks. These
modern bridges have usually a large span-to-depth ratio and are subject to the passage of faster
and heavier vehicles. The interaction between the bridge and the moving vehicle affects the
design, because of the increase in deflections and stresses induced in the bridge compared with
those produced under static loading. In addition to this impact effect, the vibrations induced by
the dynamic interaction may have psychological and physiological effects on pedestrians using
the bridge when human tolerance is exceeded. Therefore, a full dynamic analysis of bridges is

indispensable for a satisfactory design. The interaction between the bridge and the vehicle and



the increasing complexity of the geometry of bridges makes the dynamic analysis of bridges very

difficult and complex. Therefore, an efficient technique of analysis is indispensable.

Analytical methods such as beam theory and orthotropic plate theory are only applicable to
highly simplified structures and vehicle models. The finite element method which has been
deveioped in late 1960's is a very powerful and versatile technique for analysis of bridges. The
basic concept of the finite clement is the discretization of the domain of the continuum into
usually triangular, rectangular, or quadrilateral elements of finite size. The displacement or
stress field within each element is expressed in terms of a set of unknown nodal parameters. The
minimization of the global potential energy yields either a set of linear equations or nonlinear
equations due to either material or geometric non-linearity and the vehicle model used. The
method can be applied to deal with any specific configuration of bridge structures and supports.
It is suitable for analysis involving all types of static and dynamic loads and all kinds of elastic
and inelastic deformation. However the efficiency of the method needs to be improved because
the finite element usually requires significant storage capacity, tedious and lengthy input data
files. Moreover, bridges are subjected to moving wheel loads, the accuracy of numerical results
tends to decrease because of element discretization and the mesh needs to be refined in order to
simulate the local effects of the wheel loads. An immediate consequence of this is a change of
input data, which becomes a serious drawback for practical applications. The distribution of
wheel loads into two directions also reduces the accuracy of the results obtained from finite

element methods.

The finite strip method can be considered as a special form of the finite element procedure using

the displacement approach. In finite strip method, the domain of the bridge structure is divided



into a number of parallel strips instead of finite elements for its response analysis. In each strip,
the displacement components at any point are expressed in terms of the displacement parameters
of the nodal lines by means of a series of orthogonal functions in the longitudinal direction, y,
and simple polynomials in the transverse direction, x. Thus, the number of dimensions of the
analysis is reduced by one. For static analysis of bridge structures, the finite strip method has
proven to be the most efficient numerical method. The minimum number of degrees of freedom
along a nodal line in the finite strip method is equal to twice (one deflection and one rotation)
times the number of terms used in the series and this is normally much less than that for finite
element method, which requires a minimum of three times (one deflection and two rotations) the
number of nodes along the same line. Hence the size and the bandwidth of the matrices are
greatly reduced, and consequently it can be handled by personal computers and solved in much
shorter time The method is even more efficient for the case of simply supported strip where a
decoupling of the terms of the series occurs and thus reduces the size and the bandwidth of the
matrices even more drastically. The wheel load can be simulated by either uniformly distributed
load (patch load) acting on an area equal to the tire foot print or by a point load which actson a

nodal line.

In summary the finite strip method has the following advantages over the finite element mrthod:
® casy basic concept that involves no complicated mathematics.

® no need for change of input data.

® [ess and ease of data input

® reduction in the number of unknowns in the problem.

@ climination of one and two rotational degrees of freedom for plates and shells respectively.

e satisfaction of C,-continuity for plate bending problem.

(V]



® rapid convergence
® case of implementation

® less computer code and easy to program.

1.2 Development of Finite Strip Method

The finite strip method was first published by Y. K. Cheung [1] for static analysis of simply
supported bridge deck structures. The finite strip method for rectangular slab-type bridges was
also developed independently by Powell and Ogden [2]. The name “finite strip™ was also coined
by Cheung in his first paper about the metho«d. Since then, the method has been extensively used
for the static analysis, and to some extent , tlne vibration analysis of various types of bridges.
Despite its efficiency, the method has not fowund its use in dynamic analysis of bridges. As far as
my knowledge goes, there exists only one pa:per in the literature on dynamic analysis of bridges

using the finite strip method which was publushed by J. W. Smith [3] .

Research in bridge analysis carried out durin g the last two decades includes the following:

® rectangular slabs with general end bound:ary conditions other than simple supports, [5] in
1968.

® continuous slab bridges, flexibility approzch, [8] in 1970.

® slab-type bridges with intermediate colurmn supports using flexibility approach, [7] in 1970.

® simply supported box-girder bridges, [4] an 1971.

e circularly curved slab bridges, [6] in 1971.

® frequency analysis of simple and continusous rectangular slabs, [9] in 1971.

4



® free vibration analysis, [10] in 1971.

® skewed slab bridges, [11] in 1972.

® dynamic response of slab bridges to moving loads, [3] in 1973.

® continuous box girder bridges with transverse diaphragms, flexibility approach, [12] in 1975.

® continuous slab and box girder bridges with transverse diaphragms, stiffness approach, [13]
in 1978.

® Analysis of haunched, continuous bridges, [14] in 1988.

® nonlinear analysis of cable-stayed bridges, [15] in 1988.

® analysis of continuous haunched box girder bridges, [16] in 1989.

Other forms of finite strip method such as the spline finite strip and the compound finite strip,
have also been developed. For structures that have internal supports such as bridges supported by
multiple piers, the ordinary finite strip method is used in conjunction with the flexibility
approach. The compound finite strip method takes care of the need of the flexibility approach. In
this method, the stiffness contributions of attached beams and columns are directly added to the
plate strip stiffness matrix at the element level. Instead of eigenfunctions, the spline finite strip
method uses C,-continuous B;-spline functions. The spline finite strip method effectively deals
with problems involving abruptly changing longitudinal rigidity and problems that have internal

discrete supports.

Recently a comprehensive book [17] was written about the finite strip method by M. S. Cheung,
W. Li, and S. E. Chidiac. Two other books which summarize the basic theory of the finite strip

method were written by Y. K. Cheung [18] and Y. C. Loo and A. Cusens [19].



1.3 Review of Dynamic Analysis of Bridges

The problem of dynamic amplification was recognized in the middle of the 19" century and its
study started with railway bridges. Since then major effort has been directed toward the problem
of bridge dynamic analysis using various analysis techniques and different bridge and vehicle

models.

Following the collapse of some railway bridges in Great Britain, Wills (1849) conducted
laboratory tests in cast iron beam models. Stokes (1867) modeled the bridge as a beam of
uniform mass and the vehicle as a moving load. Jeffcot (1929) who was the first to include both
the mass of the bridge and the vehicle idealized the bridge as a beam. Inglis (1934) represented
the bridge as a beam of uniform mass and the vehicle as a moving mass. He solved the problem
by making use of the assumption that the deflection shape of the beam at any time was that of
the natural mode of the unloaded beam. Hillerborg (1948) treated the bridge as a beam of
uniform mass and the vehicle as a moving load. He made the approximation that the dynamic
deflection curve of the beam at any time was proportional to its instantaneous static deflection
curve due to the moving load (The deflection curve if the load on the beam at that instant were
applied statically). Ayre et al. (1949) studied response analysis of a two-span bridge idealized as
a two-span beam of uniform mass under a moving load. The characteristic equation of beam
bending problem with general end conditions was used in the analysis. Eichmann (1953) found
an exact solution for a bridge modeled as a beam of uniform mass traversed by a massless
moving load. Tung et al. (1956) and Biggs et al. (1959) considered the bridge as a beam of
uniform mass and the vehicle as a sprung mass connected to an unsprung mass. The deflection

shape of the beam at any time was assumed to be proportional to the natural mode of the

6



unloaded beam. Wen (1960) considered the bridge as a beam of uniform mass and the vehicle as
a two-axle load composed of a sprung mass connected to two unsprung masses through linearly
elastic springs. He made the approximation that the dynamic deflection curve of the beam at any
time was proportional to its instantaneous static deflection curve due to the moving load and the
weight of the beam itself. Walker and Velestos (1967) presented the results of an analytical
investigation of the response analysis of single-span highway bridges to moving loads. The
bridge was idealized as a single span but divided into several damped masses. Sundra and
Jagadish (1970) employed orthotropic plate theory to find the responses of a beam and slab
bridge idealized as an orthotropic plate under sprung mass vehicle model. Yoshida and Weaver
(1971) used finite element to solve an isotropic plate under moving load and mass. Smith (1973)
used finite strip method for the response analysis of a highway bridge idea(lized as an orthtropic
plate under the passage of a vehicle represented as a sprung mass connected to an unsprung
mass. Chauderi (1975) studied the dynamic response of curved bridges using a two-axle, four-
wheel vehicle model and he included the centrifugal forces in the formulation of the problem.
Raizadeh and Shore (1975) studied dynamic response of curved box-girder bridges using finite
element method. The vehicle was modeled as two sets of concentrated forces having
components in the radial direction and transverse direction and moving with constant angular
velocity on circumferential paths of the bridge. Toshiro and Noboru (1981) developed analytical
methods for determining eigenvalues and eigenvectors of beams with arbitrary boundary
conditions and used them for forced vibration analysis of beam bridges. Hugh and Ghali (1981)
proposed an analytical procedure for slab-on-girder bridges under the passage of multi-axle
trucks. Mirza et al (1985) used SAP [V and carried out an analytical study of the dynamic

behavior of box girder bridges. Megnounif (1988) carried out dynamic analysis of box girder



bridges subjected to two sets of concentrated moving forces by using ADINA. Khashaf (1991)

presented a detailed study of bridge dynamic analysis by using finite element analysis.

1.4 Objective and Scope

The dynamic character of the response of bridges to moving vehicles is presently well
established. However, the existing literature used either the finite element method which is not
efficient for bridge analysis or highly simplified methods that can only give approximate
solution. The finite strip method is an efficient numerical technique that has been extensively
applied to static analysis of bridges. In fact the method can be applied to the dynamic analysis of

bridges to a high advantage.

The primary objective of this thesis is to extend the application of the finite strip method to
dynamic analysis of bridges. The main topics of the research include the application of the finite
strip method to the dynamic analysis of single span slab, slab-on-girder, box girder bridges and
multi-span slab bridges and the development of a FORTRAN computer program. [ have used

this computer program to solve all the numerical examples in this thesis.



1.5 Arrangement of the Thesis

Chapter Two presents an analytical procedure in which the bridge is idealized as a one-
dimensional beam. The vibration shape of the beam is represented by a superposition of
harmonic functions. The responses of the beam model under various types of vehicle load, such
as a moving load, moving mass, a sprung mass and unsprung mass connected together by an
elastic spring and a dash-pot, and a two axle two wheel vehicle, are reviewed. Some examples
on beams are carried out to compare them with results reported in the literature, then some real

bridges are solved.

Chapter Three is devoted to the dynamic response of a simply supported single-span slab bridge
using the finite strip method. Frequency analysis is performed first to obtain the lowest
frequencies and mode shapes of all the » harmonic functions considered in the study. Then mode
superposition is used to obtain the responses such as deflections, moments, and acceleration
induced by the moving vehicle. Besides the vehicle load models used in Chapter Two, a two-
axle four-wheel vehicle model is also considered. Plate examples are first carried out to compare

them with some existing in the literature, then some real bridges are solved.

Chapter Four presents a study of multi-span bridges. The flexibility method is used in
conjunction with the finite strip approach. Several examples on two-span beam bridges and slab

bridges are carried out.



Chapter Five covers the dynamic analysis of slab-on-girder and box girder bridges. One

numerical example is solved in each case.

Chapter Six contains conclusions of the study and recommendations for future work.

10



Chapter 2

BEAM MODEL OF BRIDGES

2.1 Introduction

In this chapter the dynamic response of a simply supported bridge, modeled as a one
dimensional beam and subjected to a moving vehicle load, is presented. Different vehicle load
models which include a moving force, a moving mass, a moving sprung mass connected to an
unsprung mass through a dash pot and an elastic spring, and a two-axle two-wheel vehicle are
considered. The vibration shape of the beam is represented by a superposition of harmonic
functions (Figure 2.1). The problem of the dynamic response is formulated as an equivalent
static problem through d’ Alemberts’s principle. In this way the inertia and damping forces are
introduced as externally applied forces which have opposite directions to the directions of the

acceleration and velocity of the beam respectively.

The principle of minimum potential energy is used to obtain the equations of motion. The

minimization of total potential energy yields a set of uncoupled linear equations for the moving

11



force case and a set of coupled nonlinear equations for the other three cases. Newmark’s

numerical integration is used to solve the equations of motion.

2.2 Formulations of The Equations of Motion

2.2.1 Displacement Function

The displacement function, w, at any point along the beam may be expressed as a product of a
generalized coordinate, {g}, which is a function of time, and a vibration mode shape, [S,], which

is a function of only the spatial coordinate y.

w(y.0)=[S,{a} @.1)

where

27y . my]
l »

[S_V]=[sin—7ZZ sinT . . . sin——

r stands for the specified number of harmonics to be used for the solution and / is the length of

the beam.
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2.2.2 Strain-displacement Relation

The strain is obtained by appropriately differentiating the displacement function with respect to
the coordinate y. Consider a beam of uniform thickness and take the xy plane as middle plane of
the beam before loading. If the cross sections of the beam remain plane after bending and no
normal forces are applied to the end sections of the bar, the neutral surface of the beam
coincides with the middle surface of the plate and the longitudinal strain is given by

Fw

E =—=Z

y @)2 (2'2)

where ¢, is the normal strain and = is the distance from the middle xy plane of the beam section.

The positive direction of the = axis is downward

2.2.3 Stress-strain Relation

It follows from Hooke’s law that

o, = k¢, (2.3)

Where o is the normal stress and £ is the modulus of elasticity.

2.2.4 Minimization of Total Potential Energy

The strain energy of the beam is given by
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U_l

= 1[50, @)

Substitutions of equations (2.2) and (2.3) into equation (2.4) gives the strain energy as

v =Hay & la} (2.5)

where the stiffness matrix [K,] is given by

(&]=2f[s, ][5, | @6

Due to orthogonality properties of the sine functions, the elements of the stiffness matrix are:

k,=0 m=n

m*r*El

The potential energy due to the external distributed loads p can be written as
i
W, =—[ pwdy (2.7)
Substituting equation (2.1) into equation (2.7) gives

w, = -{q} {F} (2.8)
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where {F}is the load vesctor due to the external load and is given by the following integral
! T
{F}=]pS,] & 2.9)
For a concentrated forcze £, the above integral becomes the following simple expression.

{Fy=f[s,0@] (2.10)

where y represents the gposition of force which is a function of time for the moving force.

The inertia force per umit length of the beam is obtained from Newton’s Second Law as follows:

7w
pl = _pA 5[2 (211)

where p is the mass perr unit volume and 4 is the area of the cross-section.

The potential energy dwe to the inertia force p, can be written as

{
W, =~ p,wdy (2.12)
Q
After some substitutionss, the potential energy due to the inertia force becomes

7, = {q) [, {2} (2.13)

where the mass matrix | [A4,] is given by

[M,]=pA[[S,] [S,]& (2.14)



Again because of the orthogonality of the set of sine functions, the elements of the mass matrix

are:
m,=0 m=n
_pdl
m,.= >

The distributed viscous damping force per unit length of the beam is obtained as follows:

ow _
Pp = _C?t- (2.15)

where c is the distributed viscous damping coefficient.

The potential energy due to the damping force p, can be written as:

/
Wy, = —I ppwdx (2.16)
0

After some substitutions, the potential energy due to the damping force becomes

w,={a} [c K4} @.17)

where the damping matrix [C,] is given by

[Cb]zc_!:'[Sy]r[Sy]dy (2.18)
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The off-diagonal elements of the damping matrix vanish because of the orthogonality of the set

of sine functions, and the diagonal elements become

cl
Cc =

)

The total potential energy of the beam, II, is the sum of strain energy and potential energy. Thus

M=U+W,+W, +W, (2.19)

According to the principle of minimum potential energy, the equilibrium configuration is

defined by the m algebraic equations.

Al
—=0 for m=1,2,..,r (2.20)
oq

m

or in a compact form

Substituting equation (2.19) into equation (2.21) and carrying out the partial differentiation

produces a set of algebraic equations which can be written in the following matrix form:

[ M, ]{é } * [C]{q } +|&J{a} = (F} Q.n)

Newmark’s average acceleration method is used to solve equation (2.22)
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2.3 Response Under a Moving Force Vehicle Model

If the interaction between the vehicle and the bridge is ignored, the vehicle load can be modeled
as a moving force (Figure 2.2). For a vehicle crossing the bridge with a constant acceleration,

the y-coordinate of its contact point is given by

y=—s+Vvi+ %atZ (2.23)

where
-s is the position of the vehicle at time r=0, v is its velocity and a is its acceleration.
If the vehicle travels with a constant velocity, equation (2.23) reduces to:

y=—s+vt (2.24)

The concentrated force exerted on the bridge by the moving vehicle is given by

f=mg (2.25)

where

m, is the mass of the vehicle and g is the acceleration due to gravity.

Substitution of the above equation into equation (2.22) yields:

[4]{a} +C.l{a} +[<lia} =mslsT @2%)

where, for a vehicle crossing the bridge with a constant acceleration
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r

[S1" =

. T
smT(vt +

. 27
sin— (vt +

/

rrw

/

[_sin—(vt +

2
1

2

2

1
—at* - 5)

—at? - 5)

1
—at? - s)

and for a vehicle crossing the bridge with a constant velocity

[ST

-

sinzTﬁ(vt —5)

.

sin—f—(vt — )

sin-rlﬁ(vt —5)

(2.27)

(2.28)

Equation (2.26) is solved for the modal coordinates {g}, then the deflections and accelerations

of the bridge are finally calculated from
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w=[S,]{a} (2.29)
and

w= [S_v]{c}} (2.30)

Dynamic bending moment is given by

M= E[[éy]{q} 2.31)

2.4 Response under a Moving Mass Vehicle Model

If the interaction between the bridge and the vehicle is considered, the vehicle load can be
modeled as a moving mass (Figure 2.3). Unlike moving loads, a moving mass produces several
terms in the formulation of equations of motion. The moving mass is treated as a particle. It is
assumed that the moving mass is always in contact with the bridge while it transverses the span.
In order to determine the effect of the moving mass i.e., the terms contributed to the equations of
motion by the moving mass, the lateral acceleration of the point of contact between the bridge

and the moving mass is considered.

The time derivatives of the displacement, w, at the contact point between the vehicle and the

bridge are given by

W= [S’]{q} + [S]{c}} (2.32)
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v (3 et {3} 1ol e

The force exerted on the bridge by the moving vehicle is given by
f=mg—-mw (2.34)

where m, is the mass of the vehicle.

After some substitutions and rearrangements the equation of motion under a moving mass of the

bridge-vehicle system becomes

(al+[mDa}+(Cl+[c)af (K1+[&Diat=melsT @39

where

[&,]= mv[S]T[:S‘”] (2.36)

If the bridge is crossed by multiple moving masses, the equation of dynamic equilibrium of the

bridge-vehicle system becomes



(1o r. E0a1 ) i)+ ([ 7 2 le] e} +

=1

(AL AN ORI T

i=1

(2.37)

where NV is the number of moving masses; the symbol v, is introduced to ensure that any mass
outside the bridge will not be included in computing the response of the bridge; y; =1 for masses

on the bridge and vy, =0 for masses outside of the bridge.

2.5 Response Under a Moving Sprung Mass Vehicle Model

A vehicle model which comprises a sprung mass m, which is supported by a spring of stiffness £
and a viscous damper of a damaping coefficient ¢, and an unsprung mass m, that remains in
contact with the bridge deck is- used here (Figure 2.4). This model simulates a better interaction

between the vehicle and the bridge than the previous moving mass model.

The equation of motion of the vehicle can be expressed in the form

m v c(-[SHa}-| 3 |{ah+ kn-[s}{ah = {0} 238

where 77 is the absolute deflection of the sprung mass m, measured from its rest position under
gravity.
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The force exerted on the bridge by the moving vehicle is given by

f =mg—m w+c(n—w)+k(n—w) (2.39)

where m, is the sum of the sprung mass m, and the unsprung mass m,,.

After some substitutions and rearrangements the equations of equilibrium of the bridge-vehicle

system motion become

1) o T feered feqiel,
[ 0 ]:l ’: [CHI] [C"]:i {77} (2.40)

where

[Cl=—dS]"  [K.]=—#[ST
[&1=[ST ([ 3 ]+ 5]+ ls])
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1=[sT (2»:[ ]+c[s)

[M,]=m[S][S] (2.41)

2.6 Response Under a Two Axle Two Wheel Vehicle Model

In this section the vehicle body is considered to be a rigid body with a total sprung mass m, and
mass moment of inertia i, . The suspension system supporting the front and rear axles are
represented by springs of stiffness £ and £, and viscous dampers with damping coefficients ¢,
and c, respectively (Figure 2.5). The masses of the front and rear chassis and axles are
represented by m,and m, respectively. This vehicle load model has two degrees of freedom d;
and d, which represent bouncing and pitching motion of the vehicle. Referring to Figure 2.5, the
displacements at the front and rear axles, 1, and n, are respectively related to the two degrees of

freedom d, and d, of the centroid of the vehicle body by the following relationship:

7, =[1 a ]{S‘fi } (2.42a)

n =1 —a,]{;i‘,z} (2.42b)

where a, and a, are defined in Figure 2.5.
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The change of length of the front vehicle spring is given by

A, =n,-w, (2.43a)

where w;,is the vertical displacement at the contact point between the front wheel and the bridge.
Similarly the change of length of the rear vehicle spring is given by

A =q-w (2.43b)

where w, is the vertical displacement at contact point between the rear wheel and the bridge.

The vertical displacements at the contact points are given by

= Vv S 2.44a
w q _ Ssm ] (V S, 2.44b

In matrix form equations (2.44a) and (2.44b) can be written as follows:

w, = [S]j_ {q} (2.452)

v =[] 4o @4

Substituting equations (2.42a) and (2.45a) into equation (2.43a) and equations (2.42b) and
(2.45Db) into equation (2.43b), the following expressions are obtained for the change of length of

springs.

A=l alid}-[s],{a} @460
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A=l ~a]{a}-[s] a} @.160)

where

d

{d} = {sa;z} (2.47)

The time derivatives of A ;and A are given by

Ar=[l a, ]{Zf} - [S]f {a}-[S], {c}} (2.48a)

A-=[1 -a,]{;f} -|5] {a}-Is] {q} (2.48b)

The forces Fyand F, at the front and rear of the vehicle body respectively due to the springs and
dampers are given by

Frzk/'Af+cfAf (2.49a)

F=kA +cA, (2.49b)

As a result of equations (2.46a), (2.46b), (2.48a) and (2.48b), the forces, Fand F, are given by

F=k ([t aJi@r-[sLig) e[t @ lab-[3] @-[sL{a}) @som

F=k(l -al{d}-[s] @) +e(lt alfd}-[5]{a}-[s1{a}) som
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The equations of dynamic equilibrium of the vehicle body are obtained by using the principle of
virtual displacement. The equilibrium of forces in the vertical direction is obtained by giving a

virtual displacement &d, to the vehicle body. The equation of virtual work then becomes

—F.8n, — Fén,—m,d & =0 @2.51)

where the virtual displacements dn,and dn, due to the virtual displacement &d, are given by

&n, =&d, (2.52a)

7
on, =&, (2.52b)

Substituting the expressions for the forces Fand F, from equations (2.50a ) and (2.50b ) and also

the expressions for the virtual displacements dr,and dn, from equations (2.52a) and (2.52b) into

equation (2.51) gives

kol +aysat~[s] a)) e (v asin-[5] (a}-[51,{a})Joaa)

—(k,(a’l —asd, - [S] {q}) + c,(c-z'; - a,sc.lz—— [Sl {q} — [S]r{q})) (5‘11) (2.53)

—m,c.;'ldd, =0

Factoring out minus &, and rearranging of equation (2.53) produces

((kf + kr)dl + (afkf - arkr)sa’2 + (cf + c,)éﬁ (afcf - a,cr)sc.lz+ m, a/l
(2.54)

_(k A1, + k18], + cf[é]f + c[S” {a}-(c,I81, + cr[S],){c.]}J (-6d,)=0
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The moment equilibrium of forces about a transverse direction through the centroid of the vehicle
is obtained by giving a virtual displacement Jd, to the vehicle body. The equation of virtual work

then becomes

~F,ém, + F,(~6n,)—i,d.8d, =0 (2.55)

where the virtual displacements dn,and dn, due to the virtual displacement &d, are given by
on, =a,sod, (2.56a)
on, =—a sid, (2.56b)

Substituting the expressions for the forces /yand F, from equations (2.50a ) and (2.50b ) and also
the expressions for the virtual displacements Jn,and dn, from equations (2.56a) and (2.56b) into

equation (2.55) gives

_(/rc,(al1 +a,sd, - [S],{q})+ c,(c'm a,sda- Mf{q} - [S]f{c',m(afsadz)
Jr(k,(a’1 -a,sd, - [S], {q}) + cr(c.z'l— a,sc}z— {S} {q} - [S],{é}))(a,s&z’z) (2.57)

r

-

l [ 1]
—-S%I-sdz séd, = 0

Factoring out minus sdd, and rearranging of equation (2.57) produces

8-



{(afkf - a,/c,)a’I + (afzkf + a,zkr)sd2 + (afcf - a,c,)c:il-l- (afch + arzc,)sc}z
_(afkf[S]f -a k[S], + agc; [S’] -a.c, [3’] ){q} (2.58)
f r

~(a,c, I8, - a,c,[s],){c}} + %s;}z}(—sddz) =0

Since the virtual displacements are arbitrary, the terms &d, and dd, can take on any value,
including zero. This means that the multipliers of &d, in equation (2.54) and &d, in equation (2.58)

must each equal zero.

(k, + & )d, + (a k, - ak,)sd, +(c, + ¢ )d+ (a,c, - ac)sd:

+m, d.- (kf[S], +k[S] + cf[.é’]f + c[S]) {q} _ (cf[S]/ N C[S]){q} -0 (2.59)

and

(afkf - a,k,)dl + (afzkf + a,z/’c,)saf2 + (afc, - a,c,)c.il+ (afzc, + afc,)sc.z'z+ %S;(;’zzso)

_(afkf[S], -ak[S] + afc,[S]f - a,cr[S’D {q} - (afcf[S], -~ a,c,[S],){c}} =0

Equations (2.59) and (2.60) can be expressed in the following matrix form.

[s}a}+[c)la}+ [k Jad + [, Ja} + [k Na} = (0} (2.61)

where
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m 0

[Mv]= 0‘ 1

[ o k]
S
feal=| 27 Tl <% sl

(k1| 2 st | o 8]+ [k s+ [ 51

[M.], [C,] and [K,] are respectively, the mass matrix , damping matrix and stiffness matrix of the
vehicle. [C,;] and [K,] are two matrices that couple the motion of the vehicle with that of the

bridge.

The forces exerted on the bridge by the moving vehicle at the contact points are given by

=l ekl eefd-(sls) ve 3] on 3] o
(a1, +2m 5] Ja} -l Wab e vam)s
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and

f=[k -aklid)+[c -ac {21 —(k,[S]r +c,[$']r +m”[:§']) (4}

—(Cr[S], + 2mwl::5’] {q} —mw[S]r{&} "'(m.., +a,m‘)g (2.63)

The contact forces frand f; act as external forces on the bridge and the equations of equilibrium of

the bridge motion become

[M, ]{q} +[c, ]{q} +[& Ka} = [SI57, +[SIF £, (2.64)
where [M], [C,] and [K,] are respectively, the mass, damping, and stiffness matrices of the bridge.

In order to obtain the response of the bridge under the action of the moving vehicle, equations
(2.61) and (2.64) are solved simultaneously.

Substituting for the expressions of the forces f,and f; from equations (2.62) and (2.63) into
equation (2.64) and combining the result with equation (2.61) produces the following equations of

equilibrium of the bridge-vehicle system motion.

[([M°][;][M'D [E\?L % [

+[([K.]Jr[l@]) %] {
L ]

{d} (2.65)
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where

[#,]=m, [ST;[S], +m.[SL[S],

[c]=IsE (e 1), +2m,[5] ) + (s (e 151, +2m [3])

(5 1=18T (& [s1, + 3] +m,[3] ) + 15T (e8] +c[5] + m [3])

[&.]= [S];["kf _afkf] + [S]rr[—kr ak,]
[C.]=[SI)[e, ~a,e,]+[ST[-e. ac]

{F}= [S];(m"/ + a,m,)+ [S]f(mw + afm,)

[Cy] and [K,;] are explained in equation (2.61)
To ensure that any wheel load outside the bridge will not be included in computing the response of
the bridge, the terms that are associated with that wheel should not be included in the formation of

the matrices [K 7], [Cil, [K i, [CTl. [K3), [C/] and [M]] and the vector {F7}.

2.7 Numerical Examples on Beams

In this section, several illustrative examples are carried out to prove the validity of the equations
derived in this chapter and the FORTRAN program I have developed. Examples that exist in the

literature are chosen in order to compare their response values with the available results.
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2.7.1 Moving Force Problem

Figure 2.6 shows a simply supported beam under a moving force. The magnitude of the moving
force is one pound and it travels with a constant velocity equal to 4912 in. /sec. Numerical
solutions were obtained from the FORTRAN program I have developed as part of this study. The
dynamic response of the center of the beam using one, three, five, ten and fifteen harmonic terms
are shown in Table 2.1. The results obtained by Khashaf (1992) and Yoshida (1971) using finite
element with consistent mass idealization, Fitho (1966) using finite element with lumped mass
procedure and by Eichmann (1953) using exact solution are also shown in Table 2.1. Figure 2.7
shows the dynamic response of the center of the beam. The ordinate represents the displacement at
the center of the beam divided by maximum static deflection, which is the deflection produced by
a one pound force placed at the center of the beam, while the abscissa represents the real time

divided by the travel time.
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TABLE 2.1
Dynamic Magnification Factors of the Beam

in Figure 2.6 Due to a Moving Load

Wdyu/Wsmt Wdyn/ma %A/W.tw len/"/:mr ,’/dyn/nfsld
TERMS
(This study) | (Khashaf) (Filho) (Yoshida) { (Eichman)
1 1.710
3 1.709
5 1.708 1.706 1.680 1.700 1.707
10 1.708
15 1.708

2.7.2 Moving Mass Problem

The same beam model used for the moving-force problem was analyzed again for the moving
mass problem using the same geometric and material constants. A mass ratio of 10.36, i.e., the
ratio of the mass of the vehicle to the mass of the beam, which is the mass corresponding to one
pound weight is used. The physical constants of the beam are as given before. The dynamic
response of the center of the beam using one, three, five, ten and fifteen harmonic terms are shown
in Table 2.2. The result obtained by Yoshida (1971) using finite element with consistent mass
1dealization is also shown in Table 2.2. Figure 2.3 shows plot of the dynamic response of the

center of the beam for a velocity of 4912 in. / sec which is the same velocity used for the moving-

force problem.
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TABLE 2.2
Dynamic Magnification Factors of the Beam

in Figure 2.6 Due to a Moving Mass

Wdyn /Wsmr deyn /mmt
TERMS
(This Study) (Yoshida)
1 6.233
3 7.565
5 7.690 7.748
10 7.730
15 7.724
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2.8 Examples on Beam Bridges

Analysis of four simply supported concrete beam bridges are carried out. The dimensions and

parameters of the bridges are given in Table (2.3).

TABLE 2.3

Geometry and Material Properties of Bridges

Bridge Span Width Thickness Mass density
Number (m) (m) (m) (Kg/m®)

1 10.0 10.0 0.325 2446.5

2 15.0 10.0 0.400 2446.5

3 20.0 10.0 0.525 2446.5

4 25.0 10.0 0.675 2446.5

Single axle and two-axle vehicle models are used. The first vehicle model consists of a single
sprung mass attached to an unsprung mass through a linear spring. The second vehicle model is a
set of two moving point loads. The third vehicle model consists of a set of two single sprung
masses attached to unsprung masses. The fourth vehicle model is a two-axle two-wheel vehicle

model which consists of sprung mass and unsprung masses. All the vehicle models have equal
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weights and a constant velocity of 100 kmv/hr is used in all cases. The sprung vehicle models have

equivalent spring stiffnesses, sprung and unsprung masses.
Characteristics of the vehicle models

Vehicle Model I

Sprung mass (m,) =30189.0 Kg
Unsprung mass (m,) = 4209.0 Kg
Spring stiffness (k) = 10726325.54 N/m

Vehicle Model II
Front axle weight = 196134.554 N
Rear axle weight = 140965.846 N

Vehicle Model ITT

Front sprung mass (my) =17207.73 Kg
Rear sprung mass (m,;) = 12981.27 Kg
Front unsprung mass (m,,) 2806 Kg

Rear unsprung mass (m,) =1403 Kg

Front spring stiffness (k) =5363162.77 N/m
Rear spring stiffness (k) =5363162.77 N/m

Spacing=6.19 m

Vehicle Model IV ( Two-axle four-wheel model)

Sprung mass (m,) =30189.0 Kg

Front unsprung mass (m,;) = 2806.0 Kg
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Rear unsprung mass (m,,) = 1403.0 Kg
Front axle stiffness (k) = 5363162.77 N/m
Rear axle stiffness (k) = 5363162.77 N/m
Axle spacing (s)=6.19 m

Centroidal distance parameters:

a;=043, a,=0.57

Mass moments of inertia:

i, =263.052 tone.m”

Table (2.4) shows the maximum mid-span static deflections of the four bridges listed in Table
(2.3) due to a single point load and a set of two point loads . Tables (2.5), (2.6), (2.7) and (2.8)

show the maximum mid-span dynamic deflections and their deflection amplification factors.

TABLE 2.4

Static Deflections at Mid-span of Bridges

Bridge Number W ic(mm) W, i {mm)
(One point load) (Two point loads)
1 9.26 5.39
2 16.77 13.20
3 17.58 15.39
4 16.16 14.83

-38-



TABLE 2.5
Dynamic Deflections and Deflection Magnification Factor at

Mid-span of a (10 X 10 m) Bridge

Vehicle Model | W,... | DAF
I 10.75 | 1.16
I 7.40 | 1.37
11 6.76 | 1.25
v 6.77 | 1.26
TABLE 2.6

Dynamic Deflections and Deflection Magnification Factor at

Mid-span of a2 (10 X 15 m)Bridge

Vehicle Model | W,..... | DAF
I 23.44 | 1.40
II 1527 | 1.16
I 15.75 | 1.19
v 15.78 | 1.19
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TABLE 2.7
Dynamic Deflections and Deflection Magnification Factor at

Mid-span of a (10 X 20 m) Bridge

Vehicle Model | Wy,.,.. | DAF
I 26.80 | 1.52
I 19.36 | 1.26
m 2045 | 1.33
v 2042 | 1.33
TABLE 2.8

Dynamic Deflections and Deflection Magnification Factor at

Mid-span of a (10 X 25m) Bridge

Vehicle Model | Wy,.n.: | DAF
I 2473 | 1.53
11 19.63 | 1.32
514 20.37 | 1.37
v 20.34 | 1.37
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Figure 2.1 A Simply Supported Beam and its Lowest Four Harmonic Mode Shapes
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W= Zr:qm sinm;zy

Figure 2.2 Moving Force Vehicle Model
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Figure 2.4 Sprung Mass Connected to an Unsprung Mass Vehicle Model
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Chapter 3

SLAB BRIDGES

3.1 Introduction

In this chapter the finite strip method is applied to dynamic response of simply supported slab
bridges, idealized as either isotropic plate or orthotropic plate, under the action of a moving
vehicle. The basic concept of the finite strip is reviewed and the governing equations for the
dynamic response bridge-vehicle system are formulated. The derived equations are applied to

numerical examples on plates and slab bridges.

3.2 Displacement Function

In plate bending strip all the applied loads act normal to the middle surface of the plate . The

displacements in the direction normal to the middle surface of the plate is called the deflection
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