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ABSTRACT

3

Parametiic statistical te&hniques are generally used by
hydrologists in flood frequenc? analysis. The assumption is
made that the underlying distribution of the flood data is
known, for example,' it is a log-Pearéon type I1I
distribution. Such an assumption ié not alwafs justified,
and can sometimes lead to considerable variability in the
estimation of design floods. Nonparametric density
estimation provides an alternative methpd cof analysis which

- does not require any a priori distributional assumption.
Since being introduced by Rosenblatt (1956) and Pﬁrzen
(1962), the kernel estimator has become one of the thtér
known nonparametric methbds.e In a kernel estimate both the
kernel'function K(.) and the smoothing factor h répresent
empirical choices. Various methods: to optimally compufe h
directly from the data have been proposed; including those
of Scott, Tapia and Thompson (STT), Adamowski and Feluch
(AF), and Wagner (W). Method STT is based on asymptotic
‘expansion of the integrated mean équare error criterion,
method AF is based on a similar criterion at the
distribution function, and method W is heuristic. These
-methods of obtaiﬁing h in the kernel estimator have been

investigated for use in flobd frequency analysis.
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In this thesis desigq floods for the Northeast Margaree
River at Mérgaree‘Valley in Canada and the Warta River at
Poznan in Poland have beep computed using nonparamétric
methods. The regplts are compared with thé results &051
traditional parametric analysis. A Monte-Carlo simulation
study was performed to ’permit a comparison of flood

computation methods‘and various data-ba;ed algorithms for h.
In the simulation a LP III pafent was used and skews of
0.444 (Data 1) and 1.467 (Data 2) have been considered.

.The principle finding is that design floods up to the 100
‘year return period can reasonably be estimated using the
nonparametric methods W, STT and AF log. It is shown that
nonpéfametric methods are especially suitable for multimodal
data.. Wiﬁh highly skewed data, a transformation would

improve the estimates of floods.
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Chapter I
INTRODUCTION .
1.1 MOTIVATION

Water resource management involves not only the
beneficial uses of wgtsr resources, but also the prevention
or minimization of the harmful effects of water excess or
deficiency. The prediction of thesJ}extremes of hydrologic
processes i1s one of the most basic taéks faceg by the ‘
hydrologist. 1 -

Man has built many of his cities close to large rivers
for reasons of water supply, wastéwater disposal and
navigation. Population pressires have caused further

deﬁelopment, often on flood plains. A major flood on the
PN

o

Fraser River, British Columbia caused $20 million of damage
to some 2,000 homes in 194B. Engineering works such as
dikes, storage.reservoirs ang flood control dams can mitigété
flood damage, but not avert it altogether. The Winnipeg

Floodway is a good example of such measures being taken to

reduce flood damage.

Knowledge of the magnitude and frequency of flbods are

crucial to the proper design of hydraulic structures and
a
drainage facilities. Kite (1977) has cited a number of

studies which indicate that inadequate spillway dééign is one



of thre major causes of dam failure. Inadequate spillway
.deéign can usually be traced back to.inadequate flood
frequency analysis. fhe objective of flood fréquency
analysis has been stated as "the inference of the form and
parameters of the statistical distribution which
characterizes the population from the sample of recorded

.data”, (Hall, 1984, p.86). *

Drought anﬁlysis, although not pursued in this study, is
3 .
similar to flood frequency analysis, but at the other end of

the water spectrum.

Clearly, the prediction of extreme hydrologic events is
of great practical importance. Péramet;ic sta;istiéél
'techniques are n&?mally used in single station flood
frequency amalysis. A basic-problem wifh parametric analysis
is that a theoretical frequency distribution for the

population of events must be assumed, and there is no general

agreement among hydrologists on the best one.

During approximately the last 25 years new developments
-in statistical theory have érovided an alternative approach
of nﬁnparametric aqalysis. This approach involves estimating
the density nonparametrically, and hésfthe big advantage of

bypassing a prior distribution choice alteogether.
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In this study, nonparametric techniques are investigated

within the context of statistical.hydrology, and for the

specific problem of flood frequency analysis’

1.2 MATHEMATICAL MODELS IN HYDROLQGY

The term.'model' is so widely used in hydrology that its
meaning has Qgcome vague. A model is an abstraction of
reality which is used.as a tool to derive ngwers about the
behavior of hydrologic systems or processes. :?s nature is
constantly oéiginal and inventivé, a model can only

.

approximate certain of its aspects. The fundamental
. & -

questions which then arise are, which aspects of reality must

be modeled and how good must these approximations be?

Some models which have been found useful in hydrology
4
are shown in Fig. 1.1. This figure should not be considered
rigid, sihce actual medels tend to overlap categories,

however it is illustrativis:of the .relative characteristics of

various models.

Optimization models concern themselves with finding the
best set of conditions satisfying a set of objectives, 'given
a set of constraints. Nonopfimization models can be
classified as physicél/deterministic or statistical. The
forme; are perhaps more, deeply rooted in hydrology than the
latter, and can be further divided into causal and empifical

models. Causal or conceptual models attempt to explain and
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understand hydrologic processes based on the theoretical\‘
application of the principles of basic sciences. Empirical
models offer a prag}ical; immediate answer; however they are
quite specific to the data for which they are developed.
Statistical inference has been found necessary in the

planning of water-resource systems, and provides an !
intermediate/view in which statistical principles help bridge

L4 -
the gap when components in causal relationships are unknown

or perhaps unknowable,

Statistical hydrologié models can be subdivided into
parametric or nonparametric. In parametric analysis it is
assumed that the unknpwn probability density takes a known
functional form

£(x) = £(x;8) ' (1.1)
wherefﬁ is a vector of p parameters which cqmpletely specify
the dénsity function. Paramet&ic procedures are_relag\vely
efficient if the correct functional form for the sample data
has Beén chosen. In nonparametric analysis the probability
density function is directly estimated with no assumptidn
about the functional form. This density estimation apprecach
is more complex sings‘the density cannot be given by an

equation, but is cémputed numerically from the data.

Computer use is essential with nonparametric procedures.

Nénpérametric analysis should not be thought of as //

assumption free. However very little is assumed, and the

g
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assumptions made are mild, such as working in a particu%ar
space. A series of increasingly stronger assumptions must be

made in moving from nonparametric to parametric analysis.

Hydrologic processes are known to be continuocus, time~
varying and nonlinear. Hydrologists often assume time-
invariance, or stationarity, and linearity in their models

-

since it leads to a simpler exPlanation of the .process, one
with workable méthematics. «The assumption of stationarityl
has been challenged by Sagan et al. (1979%).~ They contend

) "
that. "considering only global~dfgedo changes, it is possible
that human alteration of the environment has made a. |
significant contribution to the observed global climatic
shifts of both the last several decades and the last several
millennia." Thus the longer the record, the more likely it
is nonstationary. .Homogengity may also be an inappropﬁégte
assumption in many applications. High floods and low floods
tend to‘be treated as'comiqg from the same causes. In
Canada, floods may be generated by either snowmelt or
rainfall, and different types of storms can give rise to
different flood_characteristids. With nonparametric analysis

the density is not assumed to be unimodal, or of any

functional form, so nonhomogeneous data can readily be

considered.



In statistical hydrology, a nonparametric class of
' models offers promise as they appear to be powerful while

making few assumptions regarding underlying distributions.

<

1.3 ELOOD FREQUENCY ANALYSIS

3
To the hydrologist, flood frequency analysis has come to

mean the science and art of fitting distributions to annual
flood series (AFS) and the associated problems of estimation
of parameters, goodness—of-fit testing, treatment of
outliers, plotting position, etc. However, to the
statistician the expression is a bit of a misnomer and might
be better know; as flood magnitude fregquency analysis,ﬁas the

usual, type of problem is the[ggfimation of flood magnitude

corresponding to a specified return period, ;ﬂ

If the gqth quantile of a random variable X is a value

Xqr then:

X
q .
F(x ) =q=/ fG)x=1-= (1.2)
q T
0
where F is the cumulative distribution function (CDF), f the
density function, and T the return.period. Thus it can be
seen that the density function is the derivative of the
. . . . s -

cumulative distribution function, or simply the distribution

~
function, i.e.:

£ = 9L 5 0 (1.3)
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Furthermore

j;;(x) = 1 ﬁ (1.4)
whichy indicates that the area under the density function is
1. '

The .100-year flood X.gg is often the selected design

) r . ,
value for flood control structures. It is sometimes

convenient to work directly in! terms of exceedance

_érdbabifity, pP-

. 1 -0 B
p=1-q-f f(x)dx=-,f A (1-5)

. xq?
From eq. 1.5 it can be seen that when an AFS is analysed,
the probablllty of the T-year flood belng excgfded in any
glven water year is 1/T. A more pertlnent value is the risk
of failure, R, which is :he probability of the T-year flood

being exceeded during the design life of the structure. 1If

the design life is taken as N years, ‘then

’\L)/

R=1-(1-(n" | L.e)

For example, the risk of failure in a 100-year desiagn 1¥fe

using the 100-year flood is 0.63.;

1.4 OBJECTIVES OF STUDY _ \

Variocus authors have ﬁvéed that the potential of

nonparametric probability density estimation is not beihg

fully realized (Tarter and Kronmal {1976), Scott and Factor
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(1981)). One of the reasons for this is that many of the

results have been of the large éample\tYpe, and little~

.gquidance exists as to their practical implementation.

r .

- However, the use of nonparametric estimates for very large

.'\
samples i§ a questionable procedure. Intuitively, large

samples are more suited to a parametric approach, since with
the amount of information available the diktribution should
be known. This line of reasoniﬁg supports the use of -

nonparametric techniques for small and intermediate sample

sizes, such as the samp%e\gifsé available to hydrologists

-for, £lood freqdendy analysis.

\,.

-Rosenblétt {395&) was one of the jirst researchers of

hile the field has

'

nonpara@;trip.density estimation; and
since burgeoned, the techniques are generally known and used
only by statisticians. For over ghe past decade Yakowitz
has studied nqnparametric estimation methods and their
suf?ébility for time series modeling.- Yakowitz has
recommendeé wider use of nonparametric techniques‘and has
stated that "flood predictida_is a wide open field"
(Yakowitz, 1981, p.91). Thi:\gzsdy is an ?ttempt to address

this issue.
The specific objectives of this thesis are:

' K .
1. To investigate the possibilities for the application of
nonparametric methods to flood fregquency analysis. EXisting

[l



methods are reviewed and evaluated in light of the new

methods.

2. To present various nonparametrip techniques including
graphical estimators, kernel estimators and NDMPLE
(Nonparametric Discretized Maximum Penalized Likelihood
Estimator). The presentation is not intended tp be a
rigorous .theoretical explanation. Insteéd‘the methods will
be described from an engineering viewpoint and given with
the‘goal of propér application in flood frequency analyéis.
.
3. To explore the kernel estimator and some of its
aﬁ;dificétions in considerable detail. The investigation
%i&l;ipclude problems sucﬁ as (i) selection of a kernel and
(ii;'the determination of the sméothing factor, especia%ly
by data-based algorithms. As the kernel estimator is the

most popular and theoretically develcped nonparametric

estimator, it warrants special attention.:

4, To apply the nonparametric techniques to.two sets of
annual flood series data,.and compare the results with those

of conventional parametfic flood frequency analysis.

5. To perfqrm'a Monte-Carlo simulation study so that the
relative merits and suitability of the various approaches
can be compared numerically. The simulation study will also .

be designed toc allow seome preliminary conclusions on the
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effects of sample length and skewness on the nonparametric

flood estimates. s

LI

It should be noted that this thesis deais within thé;ﬁ
field of statistical hydrology, and aq.subh iﬁs aim is more
modest than that of deterministic hydrology in that the
6bjective‘is to predict only the frequency or_magnitude of
future occurrences without attempting to. specify tHe times of
these occurrences. Information on soils,'ﬁatersheds, etc. 1is
not applicable, é; the‘model‘is statistical, not physically—
based. Regional frequency analysis can be very useful,
especially with limited data, however this study is limited
to single station frequengy analysis. Basicgily, it is the

intention of this thesis to use ;;;BEr&mggfic statistical

analysis as a new tool in flood frequency analysis.

.

1.5 THESIS OVERVIEW o : .

A
Chapter I gives background material, the .problem

statement and a review of this thesis.

In Chapter II, beginning with a brief historical review,
a survey is made df methods currently used in parametric
statistical floéd.frequency analysis. Attention is focuéed
on.the limitations of these methdds, which in turn provide
the rationale for investigating nénparametric methods.
Within this chapter general concepté and relevant terminology

are introduced..
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Chapter III deve;ops various nonparametric methods which
appear suitabie for flood frequency analysiss Graphical !
honparametric density estimation methods, éuch as the
convéntional histogram and lessetr known frequency polygon are

introduced. Next the kernel estimator is presented. Various

data-based algorithms which automaticaliy choose the

smoothing factor required for the kernel estimator are

emphasized. Finally NDMPLE, a computer routine available

from IMSL (1980) for nonparametric density estimation, is

discussed.

In‘Chapter IV, two sets of data are selected for
analysis. The daté f% presented graphically and flow charts
are given for computer programs which effect the
nonpagametric analysis. Chapter IV ingludes a description of

the Monte-Carlo simulation study.

t,
Chapter V compares the parametric and nonparametric
analysis for the tWo data sets, and discusses the simulation

study results.

Chapter VI summarizes the main conclusions of this

thesis, and gives suggestions for further research.



Chapter II

.
*

LITERATURE REVIEW OF PARAMETRIC METHODS
2.1 A HISTORICAL PERSPECTIVE

According to the late V.T. Chow {1964), the various

periods of development of hydrology since the turn of the

century may be ¢&lassified af: . : v
(1) Period of empiricism 1300-1930
(2) Period of rationali;ation 1930-1950
(3) Period of theorization . 1950-to date

During thé period of empiricism much eméhasis was placed on
prdbability plots and envelope curves. Probability paper was
introduced by Hazen in 1919. The period of theorization has’
given rise to increasingly éomplex hydrologic models and the
use of more sophisticéted statistical techniques, with the
result that the importancécpf probability plots has
decreased. However, probability plots and plotting formula,
or empirical distribution formula, remain useful for the 7
graphical presentation of datamand the detettion of outliers.
Few engineering decisions based on the analytical fitting of
distributions to data are made without the use of a graphical

display.

- 13 -
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While the most recent period has been labellgd as the
period of theorization, it has also been marked by the
advent of the computer with ever increasing raw data
handling and computational capacity. Hall (1984) has
observed that "the last 30 years haverseen the subject of
hydrology mature from being largely an engineering design

aid into a recognized branéh of the science of geophysics,"

Data series which have been used in the modelling of
floods include the annual flood serieé (AFS) and thé partial
duration series (PDS). The AFS conéists of the seguence of
maximum daily or fhstantaneous discharges recorded in
successive wafer years. It is preferable to use
instgntaneous values in design, however due to the longer
record lengths available maximum daily dischar@e values are
often used in flood frequency analysis, and then transformed
to instantaneous design values by the Fuller equation. _ The
PDS consists of all independent flood peaks within the
record above a specifieé threshold discharge. Thus the PDS
is based on the truncation of the hydrograph to establish
the stochastic nature of flood peaks, wﬂile the AFS is based
dn the empigical fit of distributions. The late ﬁr. Chow
{1964} has shown that the probability distributions obtained
by either method are essentially the same for return periods

greater than 10 years. For frequent events, i.e. return
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7~

periods }ess than 10 years, the PDS should be used;

-I—-——"h__‘
otherwise the AFS is the best choice.

'

One concept which is ?ow geqe;ally considered outdated =
is that of the Probéble Maximuﬁ Flood. It is a.totally
.deterministié method which relies on ng identification of a
relatiohship between rainfall and streémflow. To the laymaﬁ
it is implied that the maximum flood cannot exceed this
limit, however és there is no associated probability level,
the protection provided is illusiohary. On the other haﬂd,
flood- frequency analysis accepts events of any magnitude as
being possible although the occurrence probability decreases’

as the magnitude increases.

There are a large ngmber of distributiocons avaiiable.for
the analysis of AFS. In 1967 at an International |
Hydrological Decade meeting in Leningrad lt was sald that
over 100 dis;r;putions had been tried. Often used
distributions include lognormal, Gumbel, and log-—-Pearson
Type III (LP III)}. The normal distribution has been studied
in more detail by statisticians than any other distribution,
so its ﬁse, with a log-transformation to account for the
skewness of flood data, was inevitable. 1In 1941 Gumbel
initially postulated the use of the double exponential Type-
I Extreme Value Distribu;ion law for evaluating design

floods. 1In 1977 the United States Water Resources Council

issued Bulletin 17A, which recommended the use of the LP III
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distribution as a base method for all U.S. Federal agencies.
McCuen and Rawls (1979) have commented that the large number
of procedures available creates the burdensome task for
potenp{al users of sorting and selecting a method for
immediate use, They recommend guidelines be developed so
that consistent information on data requirements, accuracy,
reproducibility, and practicality of various procedures can

=]

be included with published results.

2.2 PLOTTING POSITION -

The plotting position can be thought of as the return
period or cumulative probébility assigned %o each
obsérvation in a sample, Plotting positions aré-uséd to get
a-general idea of how well the observations fit a
theoretiéal frequency distribution .on a plot. Plotting
position is a function of the sample size and the rank of an
event, and the pthting position of a particular opservation
will change as the data expands. Thus, for small samples

the plotting position may be unrepresentative of the true

probability.

Many plotting position formulae are of the following

general form:

FJ = (3-a)/ (N+1-2a) : (2.1)

g)
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1 < F2 € vae € FN;

value of N ordered observations, and ¢ is a

where Fj are ordered probability values F
j is the jth
constant depending on the‘distributioﬁf_”ggr the normal
distribﬁtion o ; 0.375 (the Blom formula), for the extreme
value Type-I distribution ¢ = 0.44 (the Gringorten formula),
and for the uniform distributione¢ = 0 (the Weibull
formula). Cunnane (1978) has noted that the often
recommended Weibull formula can provide biased results, and
he hypothesized o = 0.4 as a compromfée value, Cunnane's
value is supported for the LP III distribution by

Srikanthan and McMahon (1981), who note that a varies with g,
the coefficient of skewness, and recommend that an optimum
value of g4 for all values of é lies close to 0.4 based on a
Monté-Carlo analysis. Zhang (1982) has derived a
gengralized plotting position formula based on order
statistics, which is suitable for samples-containing both
extraordinarily large and small historical values. He notes
that the Weibull formula is a special case of his

generalized formula.

Adamowski (1981) has recommended using a= 0.25 for a

distribution free plotting formula based on the mean square

1)

error criterion. Other recommended values of o includea

0.3 (Chegodajew formula which is used in U,S.S.R.) and ¢

0.5 {the Hazen formula).



A comparison of qu return periods assigned to the
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largest value, given a hypothetical AFS of 100 values, for

various plotting formulae is made in Table 2.1.

TABLE 2.1

Plotting Position Formulae

Values of F

and T

For j=1 and N=100

a in

Name Formula Fj Eq. 2.1 Fj T=1/Fj

Blom (j-0.375)/(N+0.25) 0,375 0.0062 160.4
Gringorten (3-0.44 )/(N+0.123 0244 0.0058 178.8
Weibull 3/( N+1) 0.00 0.0099 101.0
Cunnane (§-0.4) /({N+0.20) 0.40 0.,0060 167.0
Adamowski (3-0.25)/(N+0.50)  0.25 0.0075 134.0
Chegodajew (5-0.3 )/(N+0.4 )}  0.30 0.0070  143.4
Hazen (j-0.5 }/ N 0.50 200.0

0.0050

With so many plotting .formulae available, some

direction has been provided by Cunnane (1978) in his review.

article,

which "confer the best statistical qualities on:

He suggests that plotting formulae should be used

(1) 3judging whether a given sample might reasonably have

been drawn randomly from the type of distribution in

question; and (2) estimating guantiles.”

Estimated

quantiles should be unbiased and have minimum variance among
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&

graphical estimates. Various plotting formula are compared

in Fig. 2.1.

2.3 THEORETICAL FREQUENCY DISTRIBUTIONS -

2.3.1 General

Almost all current techniques of flood frequency
analysi; are based on‘a parametric_apprbach. The AFS is
assumed to follow a known distribution;‘and the parameters
.of the distribution are e§timéted'from the sample data. In
effect, the data 1s summarized in a few distribution
paraméters.‘ Two basic sources of error exist. One is that
the form of the digtribution is not known and must be
gquessed. The effgéi of this may be considerable, as most of
the sample data which\provide some information occupy the
central portion of the distribution, while the event
'magnitudes of interest are in the tails. Two different
distributions may fit the same data equally well, but
probabilities of extreme values could be vastly different.
The second-source of error is due to poor fitﬁing of the
distribution. The sample data whicﬁ1é§ovide estimates of
the parameters of the.distribution are often relatively

short in length and are in themselves -subject to error.

S

parameters estimated, one method of performing the fregquency

Once a d%@%ribution hhas been selected and its

.'d..':m ;ip_
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analysis is through the use of frequency factors. Chow

(1964) proposed the general equation
. ’ x'-r=1,1+KU (2.2)

where X is the event magnitude at a given return period,

T, v and o are the population mean and standard deviatioéﬁ

estimated from sample moments, and K is a freqqency factor
which ié a function of the return period and the |
distribution parameters. Frequency factors for )
distributions commonly usea in flood frequehcy analysis are.
given in Kite (1977).

o _
For parametric analysis the standard error, which is a

measure of the difference between computed estimates and
recotrded events, can B®~derived for various methods of
parameter estimation. However, the standard error of
estimate accounts only for errors in parameter estimation,
and does not include errors due to incorrect theoretical

frequency distribution choice.

The lognormal, extreme value, LP III and Wakeby

distributions are presented in the following subsections,

L

2.3.2 Lognormal Distributions
~— g

If the causative factors of a random variable X are

multiplicative, that is if X = X, X then from the

1 X9 ""%N'
Central Limit Theorem, Y = 1nX can be expected to be
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normally distributed with mean “y and variance oyz.
probability density function for the two-parameter -lognormal

The
distribution is:
*(x) =——ﬂ-exp{1 ———51 (inx - )%} o (2.3)
xcy L 267 . y _

In effect the transformation Y = 1nX is being used to
normalize a skewe distribution; which then makes analysis
easier as the thecoreticpl properties of the normal

. distribution are weil‘kn6Wn. .
L .

The gwofparameter lognormal distribution cannot have
negative skewneSs,Jand'its variates take on vaiues in the
rangé‘[0,+m]. The parameEer u yi determines the scale, of
the ngtributioﬁuwhilb cyz determines the distribution's
shaﬁe. The two-parameter lognormal distribution will

\\\,J/ reproduce a coefficient of skewness equal to:

. '
BT Cv-+ 3Cv B A2.4)

whgre CvAis the coefficient ¢of variation of the recorded
events. - For this distribution the theoretical coefficients
of skew and kurtosis of the log-transformed data are 0.0 and

. 3.0 respectively, which allows for a quick and easy check on

(—\.

-

.the validity of the fit.

CA
Due to its simplicity, and be¢§use many hydrologic-

variables such as discharge and precipitation are measured



’froﬁ zero and have no upperibound, the two-parameter
lognormal distribution has been widely used in hydrology.
However, Condie et al. &198116have found with Canadian data
that‘the log-transform can overdo the noimalizing process,
turning positively skéwed basic data into data with a

substantial negative skew coefficient.

L]

A gqheralization of the two-parameter lognormal ~
. . . .._ . . .. . "“.‘—s_
dlstrlbutlonqls the shifted lognormal or three-parameter
lognormal distribution obtained by letting 2z = ln (X-c) be
r

normally distributedl' The probability density function for

.
‘the thxee paﬁameter lognormal distribution is

f(}) = -;—Ej;-jg~exp{ 7o, z[ln(x C) - ] } (2.5)
where ¥, and 022 are the mean and variance of 2. When the-

location parameter ¢ is set to zero, eg. 2.5 reduces to the
two-parameter lognormai distribution. The third parameter,
c, provideg.the exkra degree of freedom required to fit the
distribution to the first three moments of the AFS. Thus
EE? %hrée—paraqsfgf lognormal dist;ibution will reproduce o
thé coefficient of skewness of the observed data. If the
data is positively skewed, c will be a lower boumd; while if
" the data is negatively skewed, c will be an upper bound.

While there are fitting techniques available for the Upper

'bounded case, if the distribution has a finite upper bound

e L *
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-

close to the maximum observed flood in a data series, then

its physical basis becomes questionable.

The three-parameter iognormal distribution is very
flexible and in general is more Successful as é
transformation towaﬁak normality than the two-parameter
lognormal. The theéretﬁq§l values for the skew and kurtosis

of the transﬁo;med data foy the three-parameter lognormal

distribution are 0.0 and 3.0\respectively.

2.3.3 Extreme Value-Distributions

B . ¢

Fisher and Tipp found that the distribution of
maximum or minimum events selected from N samples approached
a limiting form as the sample size n increased. This

limiting form is given by the functional equation (Kite, 1977)

[

. o
é@(x) = F(anx + Pn) | | {(2.6)

where a, and bn are functions 0f n. There are three
possible solutions to this functiohal equation, the
unbounded” EV]l, the lower bounded EV2 and the upper bounded

EV3 distributions.

The EV1 or Guimbel distribution results when the initial
distributions withiﬁhthe samples are exponential. Since E.
J. éumbel‘s éxtensiye studies, the Gumbel'distribution,
also known as the double exponential distribution, has been

much favored in flood frequency analysis. The theoretical

o
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values for the coefficients of skewness and kurtosis for the.

Gumbel distribution are 1.14 - and 5.4 respectively.

The Gumbel distribution has béen generalized to the
general extreme value (GEV) distribution, the CDF of which

~.

‘may be written as (Hall, 1984)

F(x) = expl-[1-k(x-c)/a] llk} - (2.7)

where a is -the scale parametér and ¢ the location parameter.
As k tends to zero, the EV1 distribution is obtained, for

which the CDF is

*F(xy) = expf-exp[~(§1-c)/a]} (2.8)

and the probability density function is

3 "

f(xl) = aﬂlei_;ép{"- [in—-c) )a] -exp [(xl-c) /al} (2.9)

When the va;ue'bf'k in eg. 2.7 is.negative, the EV2
distribution is obtained, The EV2 distribution has a
coefficient of skewness.greater than 1.14, and is lower
bounded at c + a/k. Whenlthg k-value in eq. 2.7 is
positive,.the EV3 dist;ibution is obEained, which is upper
bounded at ¢ + a/k and has a goefficient of skewness less
than 1.14. There are polynomial approximations available
for k which only require knowledge of the coefficient of

skewness.,
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The Weibul%}distribution is closely related to the EV3
distribution, being the negative of the EV3 variate. The
Weibull distribution is used in hydrology as the

distribution of low stream flows. ’ -

Itﬁshéuld be noted that the GEV distribution is in.real
' space, not log space. 1In the United Kingdom a preference

has been ekpreésed for use of the GEV distribution in flood
frequepcy analysis (Hall, 1984)2

2k3'4 The Log-Pearson Type III Distribution (LP III)

~

In an e%ﬁort to promote uniform.and consistent flood-
flow fregquency determination, the U.S. Water Resources
Council (WRC) in June 1977 published Bulietin 17A, an
extension of several earlier publications. In Bulletin i7A '
the Pearson Type III Distribution with log transformation of
lthe flood data (LP III) was recommended as the badic -
distribution for defining the AFS. It was fur thefr
reéommendeglthat the method of moments be used For
determ;ning the distribution pa;améters. Subsequently
Bulletin 17B, which provided new relations for modifying the \
"station skew qoefficiént based on a-generdlized skew study D
and revised procedures for treating outliers and computing
confidence limits, has Been issued by'the U.S. Géological
Survey's Interagency Advisory Committee on Water Data.- The
latest update of Bulletin 175 is March 1982,

(¥4



In 1895 Karl Pearson proposed choosing the density: £{x)
‘which soives the differential equation (Kite, 1977)
d log £(x) _ X - a

-
dx bo + blx b2x

2 ~(2.10)

»
where the four constants are based on the first four sample
moments, and bi = —a. The gamma and beta distributions are
two members of the Pearsonian family of distributions. 1In

particular, the three-parameter gamma or Pearson Type III

distrlbutlon has found wide use in hydrology.

If the logarithms, Y = 1lnX of a random variable X follow
the Pearson Type'III distribution, then the variate itself
conforms to the log-Pearson Type III distribution. The

probability density function for the LP III distribution is

where a, b and ¢ are the scale, shape and location parameters
.respectivély, and T{.) is the gamma function. When a > 0,
the distribution has positive skewness.and is unbounded; but
when. a < 0, i.e. negative skewness, an upper bound exists éq

exp c.

Bobee (1975) has shown that the overall geomeprical

shape of the distribution depends on the scale and shape



parameters, a and b as follows:

(1/a) > 0: <b<1 reverse J-shape
: > 1

unimodal bell-shape
(1/a) <. 0: -1 < (1l/a)-< 0

{l1/a) < -1;

b <1 U-shape
0 17
(1/a) < -1; b

J-shape
unimodal bell-shape

: 0L
< b X[
> 17
Not all of these shapes are plausible for use in flood

frequency anélysis, especially those where a is negative, %

Condie (1977) has noted that a generally is negative for the

flood series of Canadian rivers, -

As the CDF 6f eqg. 2.11 cannot be expressed in closed
form, by making the substitutionz = (lnx - ¢)/a and using

the Wilson-Hilferty approximation for chi-square one obtains

1/6 2/3

y-1/7(9b2/3y+1/333

lnx-t=c+a{t/(3b {2.12)

where 1nxt is the logarithm of the T-year event and t is the

standard normal deviate for the required return period.

The WRC recommended fitting the LP III distributjon to
an AFS by computing the base 10 logarithms of the discharge

[T

. T )
Q, at selected exceedance probability p, from the equatiion

Log Q = X + KS - (2.13)

where X and S are defined below and K is a frequency factor

that is a function of thé'skew coefficient and selected
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exceedance probability (see also eq. 2.2).

X IX (2.14)
2 22, 0.5
» ' 8- [E(—%)"—/—Nl : (2.15)

_ ¥’ - amex? + 200 (2.16)

¢ 3
N(§-1) (N-2)§

where
X = logarithm of annual peak flow
N = number of items in sample
X = mean of logarithms
S = standard deviation of logarithms

G = skew coefficient of logarithms

Thus the LP III distribution will reproduce the measured
coefficient of skewness of the observed data, as well as its

mean and variance.

One consequénce of the WRC endorsement of the LP III
distribution is that it sparked considerable research on
distributional analysis by hydrolggists. While some
hydrologists contend that this choice was ill-advised, it is
evident from the literabyré that there is nodparticular
frequency distribution which is cleariy preferable to the
others. 1In view of thié, the imposiﬁion of a cheoice, such
as LP IIiuby Ebe WRC is Eerhaps not such a bad idea. It

should be noted that the Australian Institution for
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DR
Engineérs also recommended the use of the LP IIT distribution
for Australian Rivers in 1977, -and they too have become

involved in the LP III debate.

2.3.5 Wakeby Distribution

The fact that nature has been given more ihherently
unstable skews than most statistical distributions has led to
the Wakeby‘distribution (Houghton 1578} . The Wakeby has been
described as a grand parent and is similar to a'fiyé— -
parameter member of the Tukey famiiy of lambdas. While the
Wakeby has five parameters, the higher order moments are not
used to estimate these parameters. Some of the 'separation
effect' presented by Matalas et al. (1975) can be explained~"
by the Wakeby, which is a very fiexible distribution with its
left-hand side (small observations) divorced from its right-

hand side (large observations).

The Wakeby is most conveniently defined as an inverse

distribution function

x = —a(1~F)b + c(l_F)'d +-e (2.17)

where ¥ is the CDF, F(x). Equation 2.17 is formulated such
A L]
that a, b, ¢ and d define-the shape of each of the tails and
e c .
‘¢ is the location parameter. %uczera {(1982) has observed

that the Wakeby is robust because the argument F is an
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integral which is more stable than a peint or fOnctional

value,

Due to the versatility of the Wakeby distribg;ion, it
can be used to éénerate synthetic flows in the pattern of
any.bf the more traditional disqributions. However there
are configqurations of the Wakeby that cannot be mimicked by
any three—paramete: distributiﬁn. For this reason the

Wakeby has been called a grand parent.

2.4 FITTING TECHNIQUES

Four techniques of fitting distributions (i.é.
parameter est?mation) in increasing ordér of efficiency are:
graphical, least squares, moments and méﬁimum likelihood,
Referring back to eg. 1.1, the objective of paréméter
estimation ig to obtain 51 ;, an estimate of parameter Bi
for the p parameters of the density. The parameters 51’..'9
must be inferred from the AFS. Certain terms should be
defined. An unblased estimator is one whose expected value
quals the quahtity being estimate@, i.e.. ‘E(é) =0, If
an estimator, @ , converges to the true valﬁe 8 as the
number of observations increase, the estimator is said to be
consistent. An eétimator 8 of a péraméter 8 is said to be
the most efficient estimator if it is unbiased and its
variance is at least as small as that.of any other unbiased

estimator.
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The graéhical method of'parametep estimation consists
of visually fitting a function fhrough the coordinate pairs.
Use must be made of plotting position (refer ﬁo Section 2.2)
and various types of graph paper with transformed
coordinates are availabe to simplify the process. The ba;ic
disadvantage of this method is that it is very subjective,

Legehdre in 1805 was the first to publish the theory of

—— _ .
least squares and Snyder in his development of the unit
hydrograph was the first to apply the technique in
hydrology. Least squares estimation teéhniqueé minimize the
sum of squared differences between values predicted from the
theoretical function to be fitted and the observed values
from an empirical distribution. Partial deri&atives of the
objective function are taken, yielding a number of eﬁuations

equal to the number of parameters to be estimated.

The method of moments depends on relating either
absolute or central moments to the parameters of the
distribution. The general equation for the rth absolute

moment is

o= s xTE () dx S . (2.18)

and for the rth central moment is

o A (2.19)
o= S G TEGefx
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where ¥ 31' is the first absolute moment. Most distributions

are adequately defined by the first two or three moments.
The location parameter is analogous to the first absolute
moment, the scale parameter to the square root of the second
central moment (i.e. )\ standard deviation), and i1f present the
shape parameter depends on the third central moment. The
third central moment rescaled by standard deviation so as to

be dimensionless is called the coefficient of skewness.

Maximum likelihood estimation theory was developed by R.
A. Fisher approximatly 1810. The principle of maximum
likelihood states that the joint probability, L, of obtaining

a sample of n values from a distribution with probability

density function f(x;a,b,...) is proportional to the product
n .
L=1 f(xi; a,b,...) (2.20)
1=1
L is the likelihood, and the parameters a,b,..., are chosen

to maximize L. It is wusually more convenient to maximize
the log likelihood function, 1lnL. Maximization is obtained
by taking the partial derivatives of lnL with respect to each

parametaggird equating to zero

(31nL)/ (3a)=0; (3lnL)/(3b)=0; ... (2.21)
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Parameters estimated by the method of maximum likelihood are

generally considered as the most efficient obtainable.

Recently, a new fitting technique based on probability
weighted moments.has been introduced (Landwehr, 1979) whicH
is especially useful for distributions, such as the Wakeby,
that can only be expressed in inverse form. Bayesian
analysis has been investigated bygviceﬁs et al. (1975) as a
method for combining regional information with single

station records in order to reduce parameter uncertainties.

Monte-Carlo experiments by Nozdryn-Plotnicki and Watt
(1979) investigated the small éample properties of three
alternative fitting techniques for the LP III distribution.
The techniques were the method of moments as recommended by
the WRC, a maximum likelihood method in log space proposed
by Condie (1977}, and a third method developed by Bobee
(1975) which preserved thé moments of the original data
rather than those of the logs of the flow. While maximum
likelihood was best for large samples (n > 100), no one
method was superior to %he others.ﬁor small samples. In an
etfort to circumyent the problem of skew coefficent
determination with the method of moments, Rao (1980) has

'proposed the method of mixed moments. This method does not
require the skew coefficient, but useé a combination of

lower-order moments in both real and log space.
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Due to the samp;ing error of-the third moment for émall
sample sizes (n < be), the WRC has rgpommended that the
sample skew estimate be replaced bf a ‘linear combination of
the samples skew and a ;egional skew value obtained from a
skew map. Matalas‘et.al; (1975) have shown.that skewness
estimates obtained from historical flood sequences were more
variable than any of the commonly used frequeﬁcy
distributions, a phenomenon that they called the 'condition
of separation'. In an extension of this work énto log space
Landwehr and Matalas (1978) have shown that the usefulness
of regional ékew maps in log sp;qe is questionable;
Different skew contours in real space cduld give rise to

identical contours in log space and vice versa.

-

‘An alternative fitting approach for the three-parameter
lognormal distribution which uses the median instead of the
coefficient of skewness has been proposed by Sangal ahd
Biswas (1970). However Burges et al. (1975) in their

investigation of skewness coefficient bias correction have

’ shan that estimates using this method are less efficient

than those based on skewness.

2.5 GOODNESS-OF-FIT TESTS

%
The choice between frequency distributions can”be made
by classical statistical tests such as the chi-sguare test

or the Kolmogorov-8Smirnov test.



36

The statistic
2 ko 2, . |
X, =L (0, -E)/E (2.22)
c i 1 i

. im] .
is distributed as rhi-square with n = k-p-1 degrees of
freedom where k is the number of class intervals, p the
number of parametérs, Oi the observed and Ei the expected
(according to’ distribution being testedi—fiumber of
observations in the ith class inverval. The hypoﬁhesis that

the data are from the specified distribution is accepted at

the ¢ level of significancF if

H : 2 2 S

k Xe < Xyia (2.23)
) | &

where the value in_ is available from tables.

r

One problem with the chi—square-test is the loss of
information due to grouping. The Kolmogorov-Smirnov test .
provides bounds within which every observation must lie if

the sample is drawn from the specified digtribution.

Passing a goodness-of-fit test is a necessary, but hét.
‘a snfficient criteria for'acceptance of a certain
distribution. The difficulty is these conventional
go;dness—of—fit tests do not_reflect on'the quality of fiﬁ
in the right-hand tail, an important considerétién when
obtaining design floods. Recently a test which weights

specifically on the high or low flood data as desired has



" 2.3, are unimodal.. However, it has been noted that

.riverflow is the final link in a loné éause—and-eftect ~chain

" distribution method coupled with the detection and

' iif ) . . 37
been developed by Lin and Bothe (1984) of the' Hydrology

Branch, Alberta Environment.

2.6 RECENT RESEARCH TRENDS

Greis (1983) in a review article no%es that-majo%
accomplishﬁehts in flood frequenéY analysis between, 1979 and
1982 are in‘the areas of (1) distributional analyéﬁs (2)
robust parameter estimation and (3) regionaiized and

geomorbhologic approaches to the flood frequency prgﬁlfm.

J

In the area of distributional analysis, some

. . _ .
hydrologists have come to feel that for flood fregquency

analysis, unimodal moedels are suspect. Most of the common

- parametric forms, including the ones discusseg in Section
1 .

-

which probably makes it a md?e‘complex process than its

causative factors (Klemes, 1980), and various more complex .

. ¥F . . .
mod gither bimodal or multimodal, have been proposed.

Wood an Sriquez—lfqrbe.(l975) have suggested a composite
model con isting'of a linear combination of individual

distributions, each weighted by a parameter. K. P. Singh

anﬁ M. Nakashima (1983) have concluded that “the mixed

‘modification of outliers and inliers may be the best

available method for flood frequency analy§;s at present."

Vo
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signifies insensgitivity in the model given a moderate

38

Rossi §1984) has suggested that the two-component eXxtreme.
value (TCEV) distribution can be'assumed as a parent filood
aistribu%ibn. The TCEV dist;fbution assumes individual
‘floods arise from a mixture

tf two exponential components

and its four parameters can be estimated by the maximum

~Jlikelihodbd method.,

-

Kuczera (1982) has argqued that effort:should be

directed towards developing robust distribution functions

/khat yield stable estimatesmgf'the recurrence probabilities. .

The wgrd 'robust“ﬁ%as many connotat?ons, but generally
perturbation among the data. In the context of flood
frequency models two necessary properties of a robpst model
are resistance over a wide parameter range and efticiency,
i.e. smaller mean bquarelgrror. Kuczeré notes that density
functions which contain exponential terms produce wide
fluctuations in extreme events estimated from the tails
givén even small errors in the parameters. Based on
sampling exXperiments, Kﬁczera {1982) COnClUdFd that tﬁe two-
parameter lognoqmal maximum likelihood procedure was the

most robust of the single sﬁition'procedures considered.

Recently efforts have been made to use nonhydrologic
information to increase efrective record lengths. Costa
(1978) suggests that geologic methods such as (1) pollen

analysis and radiocarbon dating of organic flood deposits
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.f2) dating of'submergeg landforms and (3) tree ring analysis
are applicable to flood frequéncy analysis. .Benson (1950}
do;uments a method of combining censored historical data and
redeﬁt data. Condie and Lee {1982) treat the AFS together
with any historic information as a censored sample-froﬁ-a

three-parameter lognormal population, and derive the maximum

likelihood solution.

i

Some honparametric studies have appeared in the
hydrologic literaturg, however ﬁhey are qdite differenf than
the methods that will be investigated in this thesis. The
approach'taken by Léttenmaier and Burges*(1978) is "based on
a linear “programming formulation for the maximum and minimum

exceedance probabilities of an arbitrary distribution with a

. . . v , ' , .
given set of moments taken as’ constraints.” A cubic spline:

fit‘at pré—specified nodes was used to approxXimate the
probability density function. The problem dealt with by
Cooper and Cldarke (1980) involved inferring the
probabilistic charéctéristics of a streamflow variable from
a correlated longer record, with the jd}nt pfobability being
distribution free. Unny et ai..(l981) have considered the
nonparametric appfoach in the context of pattern recognition
as it pertains 'to time series synthesis. Yakowitz (1985)

has presented a nonparametric Markov modeling approach for.

daily river flow.forecasting.

4
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"A final research trend is that there is currently much:

o

interest in a greater linking between hydroiogy and climate,

especially through the procéssing.of remote sensing data,

2.7 LIMITATIONS OF THEORETICAL FREQUENCY DISTRIBUTIONS

The major problems and limitaticns of using theoretical

frequency distributionsiih flood freguency analysis are:

1. *A priori distributional selection. The nonparametric
approach, as discussed in the,next chapter, may well provide

an alternative to assuming a particular theoretical

-
-

frequency distribution for use in flood frequency analysis.

“___/’

2. The estimation of the distribution:s parameters.
Yevijevich eflal. (1584) have noted that thg estimation of'
skewness, or of parameters related to skewness,lis a weak
link in the aéplication of mathematical statistics to
hydrology. A large afea of the WRC log skew map.has
negative values which implies a finite upper bound. This
bound is not physically meaningful, and in some cases is

less than observed floodé, or- those inferred from high water

marks. //

3. The identification and-treatment of outliers. Outliers
can significantly affect distribution parameters, especially

for small samples. If there is not a rafionale for removing
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A

outliers, then they should remain in the data set, otherwise

incorrect estimates will result.

4.  The assumption of homogeneity in flood data. The
causative factors of floods vary and as well local changes
in tHe watershed, such as increased urbanization, can’ alter

flood data.

5. The handling of multimodal densities. Multimodal |
densities cannot be handled by the conventional parametric
forms, however recently there has been increased research

interest in the treatment of mixed distributions.

6. A final problem with conventional analysis is tail‘
pathologies. Several different distributions may fit an AFS
equally well, but yield very different flood magnitudes due

to their different tail behaviors.

S

The nonparametric approach is not a magic\panacea for
these problems of conventional flood frequency anaiysis.
However, in addition to not needing a distributional
assumﬁtionf the nonparametric approach requires only one
deéign paramétef, and can readily estimate multimodal,
densities and handle nonhomogeneous data. Comments on the
tail behavior' of nonparametric estimates and the effect of

outliers are premature at this stage.



a v CHAPTER III

LITERATURE REVIEW AND
DEVELOPMENT OF NONPARAMETRIC TECHNIQUES

3.1 GENERAL

The objective cof this section is to introduce and trace
the historical development of nonparametric techniques,

ending with a tabular comparison of various estimators.

. Many different types of nonparametric density estimato;s'
are avaiiable,‘including the histogram, k-nearest .neighbor
estimator, maximum likelihood estimator, kernel estimatog,
orthogonal series estimator, spline estimator and penalized
likelihood estimator. During the last twenty-five vears a
very extensive literature has developed in the area of
noﬁparametric density estimation. Almost all of the
.literature is in the form of papers, and the following review
articles provide a useful summary of the field to the
uninitiated: “Tarter and Kronmal (1976), Fryer (1977), éean
and Tsokos (1980), Wegman (1972a, 1972b). These articles are
listed in'order of increasing complexity. The first Wegman
article gives an outline of methods to 1972 and their '
properties including a detailed qiscussion on types of
consistency. In the latter paper, Wegman givés results of a
Monte~Carlo study coéparing the effectiveness cof a

trigonometric orthogonal series estimator, a kernel

- [,2:_

Voo
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estimator, and a maximum likelihood estimatar, The review
articles provide many references and a détailed bibliography
up to 1977 is giﬁen in Wertz and Schneider (197§). Many of
the over half dozen pattern recogqition'texts published in
the early 1970's contairied a chapter on nonparametric'
techniques, however the first English language boock entirely
devoted to the topic is Tapia and Thompson {(1978). This
excellent book considers the histogram, Pearson
distributions, series estimators and kernel estimators; but’
concentrates on maximum penalized likelihood estimétion

methods. 5

In Chapter I it was mentioned that Rosenblatt (1956)
was one of the first researchers of nonparamgtric density
estimation. ﬁis research stemmed from an.inyestigation into .
the properties of histograms. Histogram construction is
such a routine process we may fail to realize that even when
using identical class interval widths, different choices of
theirx iocations may result\in very different looking
histograms for the same data. This fallibility of the
classical histoéram prompted development of the shiftable
histogram in which the intervals arefshifted so that every
sample point is in the center of an interval. The
Rosenblatt estimator, also known as a zunning‘or floatiqg"

-

histogram, is'given_by

| 2(x) = fl observatiog;hin {x-h, x+hl (3.1)
~N
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where X,, Xor «..r Xy is a random sample of observations

1
from a continuous but unknown density F, and h is a constant
known as the smoothing factor. Alternately,

2(x) = F("”‘)Z; F (x-h) (3.2)

where

F(x) = ff observations <€ x

X : BRNERY

If the sample points are, likened to an energy source, the
potential at any of these points Qttains a maximum value,
but decreases rapidly at any point away from the sample
p&int. Rosenblatt (1956) demonstratéd his class of
univariate estimators to be pointwise and integratedly
consistent in quadratic mean as long as h is suitably
chosen.. The 'shiftable' histogram has been generalized by

Parzen, and is now known as the kernel estimator.

Parzen (1962) imposed constraints on the kernel, which
he called the weighting function, and investigated the
aéymptotic properties of seven suitable kernels. Parzen
showed uniform consistency in probability and popularized
the kernel estimator to such an extent that it is also
called the Parzen estimator, or Pafzen—window approach.
Since Parzen's work, various authors have obtained stronger
consistency results underkdiffering conditions. Anotherwhas

extended much of Pa£zen's work to the multivariate case.



The kernel estimator will be discussed in greater detail in

Section 3.3 of this chapter.

Although much of ;he statistical literature on
nonparametfic estimation deals with propeities such as
convergence and asymptotic behavior, uniqueness and
optimality, strong or weak and global or pointwise -
consistehcy; the engineer is inclined to accept sﬁch fesults
on faith and an in-depth discussioprgf these properties is
beyond the scope of this thesis. However it is useful tg
stﬁess anlimportant difference between the histogram and the
kernel eStimator at this point. While the histogram is
computationaily éfficient, it is quite inefficieqt in terms
of integrated mean squared error (IMSE). The IMSE is widely
accepted as a global measure of performance of an estimator £

of a density f and is defined by

MSE = BI[EGx) - £G0)1% ax (3.4)

Given a random sample Xj, ..., X, the histogram IMSE is

asymptotically minimized proportional to N—2/3 Qhen t N
histogram class interval width is optimally chosen T{Scott,
1579). On the other hand, the kernel estiﬁator is
statistically efficient with IMSE rate convergence in the
drder of N~4/5.° The advantaée of N—4/5 convergence 1is

reminiscent of the advantage of central differences in

numerical analysis. Yakowitz (1985) has pointed out that

-
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even if the true density function was known a priori, then
on the basis of the sampie size N the IMSE of a parametric
estimate is usually N,

In 1951 Fix and Hodges wrote a paper on nonparametric
“discrimination which influenced the development of the k-

neareft neighbor density estimator of Loftsgaarden and

Quesenberry (1965). This estimator is given by
f(x) = [(k(n)—l)/ﬁj[lfArk(n).x] (3.5)

where xeRd, Ark(n)' ¥ is the volume of the d-dimensional
hypersphere about point x With radius Le(n) which is the
QListance to the k(n)th nearest neighbor. Thus the number of
observations is fixed and the volume is random. In the
Univariate case the 'sphere' reduces to a line segment and
the 'volume' becomes the length of the line. The s
counﬁerpart of choosing h in the kernel estimator is
‘_\Spooéing the numﬁer of nearest neigthrs in the k—nearesﬁ
' neighbor estimator. While the estimator of Loftsgaarden and

> .

Quesenberry does not require the choice of a kernel, it is

'essentially.the uniform kernel with the smoothing factor.f
chosen by a different criteria. The k-nearest neighbor

es;imator'was quite popular during the 1970's, but the
,\Jgaterest in‘iF has since decreased. As the k-nearest

neighbor estimator is not a probability density function, it

is of limited use in flood filequency analysis.
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Various types of orthogonal series estimators have been
considered, including those based on trigoqometric, Laguerre
and Hermite functions. <Cencov (1962) was the first to
suggest .that Fourier series be used for the estimation of
brobability density functions. The general formula for an

orthogonal series estimate is

4

£ (x) o= u:x 8,8 (x) . (3.6)
with

~ 1 N )

Ul (g)jlz_l sk(xj)r(xj). (3.7)

-

where = is a family of orthogonal'functibhs with respect to,

some weiggting function r. This estimator is not always
nonnegative. However negative estimates have been‘
interpreted as evidence there is insufficient éata to
.provide estimates rh these regiohé? One’” approach to
smoothing the series estimafor is that of Cencov (1962), who
has proposed a stopping rule for the nuhBér'of terms in the
series based on the truncation of high frequency terms.
Tarter and Kronmal (1976) recommend an additional inclusion
rule and have considered series estimators for the
cumulative distributibn function as well as the density
function. A second approach to smoothing the series
Testimator has been to apply a low—pdss window to the series
exXxpansion. Orthégonal series estimaﬁo?s have certain

operational -advantages, including the fact that during



computation all samples need not be stored and the final

result is easily stored. However, one disadvantage is that

the IMSE depends substantially on the choice of the seriéé,

which is not made by the data, but is left up to the user,

The spline estimator is somewhat related o Ehe
worthogonal series estimator. The 'hisfospline‘ approach of
Boneva, Kendall and Stefanov (1971) begins with a histogram
and ends up soiving a cubic spline in order to obtain a
smooth estimate of an unknown probability density function.
A ﬁroblem with the estimator is that it can assume négative
values; ScHoenberg (1972) has proposed an alternative
called the 'spliﬁ%gram' which provides a smoother .estimate.
The procedure again.Pégins with the histogram but uses
parabolic arcs in a wéy whiéh‘preserves the nonnegativity.
Wahba, in a series of pépers beginning in 1970, has made an
important conﬁribution to the formulation of spline

smoothing in its modern form.

As noted by Wegman (1972a), in general maximum
likelihood estimates {(MLE) for density functions do not
exist; however, if the estimate is selected from a suitably
restricted class of densities, then a maxinum likelihood
estimate for that class may exisE. Robertson has considered
the case of a MLE for a unimcdal densiﬁy with known mpde,
while Wegman has investigated the case where the mode is

unknown. In his maximum likelihood approach, Wegman has
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obtained a modified histogram estimator wﬁere thelinterval
widths are inversely proportional to the density of saméle
points in the interval. Tapia and Thompsan (1978,'9.45)
have proved that the histogram estimator is actually a
maximum likelihood‘estimé$0r. Wegman {1972b) has noted that
MLE's are veri daté sensitive, have fast computation times
and few arbitra%y choicés, however have very pobr IMSE

properties. . o . °

The penalized likelihood estimator will be discussed in

Section 3.5 of this chapter.

-

An impprtant cgncept common to all the typeﬁ‘of
estimators discuésed here is that the& all requife some sort
of factor wpich controls the degree of smoothing in the
estimate. Density estimates can be thought of to summarize
the data. Estimates with different degrees of smoothing
will emphasize different features, Thus the selection of
the smoothing factor is critical. Even the choice between

methods sometimes is less serious than the choice of the

smocthing factor.
\

Fryer (1977) has tabulated some of<ihe advantages and
disadvantages of the kernel estimator, along with some other

estimators, as shown in Table 3.1.



TABLE 3.1

estimators (After Fryer (1977))

Some advantages and disadvantages of the .various types oi)
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i
1Y

Orthogcnal Series Kernel

N
Histogram MEE

For:

Optimal Stopping

, Can be density
Rule exists

Easy to Can have

compute infinite support
Good TIMSE Good IMSE
~and rate

of convergence

Against: .
. Choice of Kernel to be
series: chosen although
critical the choice is-
not critical
. 4 .
Not usually - Critical
a density .choice of h
Often ' Large amotnt
finite of computer

support time. required

Few arbitrary
choices

Can have
infinite support

Easy to compute

Error rate see
higher than O(N E‘?5)

4/j;;ry poor
IMSE’

~
Interval length

For reasons summarized ig Table 3.1, the kernel

estimator is eméhasized in_thié thesis.

The relevant theory

is presented in Sections 3.3 and 3.4 of this chapter.

-However, as graphical representation i%.yery impoﬂ&i?t in

engineering, especially when used to inform and convince

clients, grap@ical nonparametric methods are discussed in

Section 3.2. Primarily since qhe computer Troutine NDMPLE is -

¥ -
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-

reag;ly available froﬁ IMSL, the Nonparametric Discretized

'

Maximum Penalized Likelihood Estimator is detailed in -

~
_ 3.2 \GRAPHICAL, NONPARAMETRIC DENSITY ESTIMATION METHODS
. IR \ .
: L 2.1 Hlstogram57
‘ ¢ 4 | .
The histogram is probably the oldest probability

Section 3.5.

-

‘density estimator,‘anq it is the tlassic nonparametric
}ézh_ éﬁétistical tool for the graphical displéy of data.

vj/f? ~Examples of near histograms may be found in the 014

' Testgment,-i. ., the cengussﬁ,of able-bodied fighting men per
\ﬂ tribe by_Mdses.(NumBers, Chs. 1 and 26). In 1661 John

J\‘_ ' Graunt, a Lbndon haberdasher, répresented birth and deathf

data in a ﬁéﬁner whicﬁﬁwaé pefhaps the first formal

hiétoéra . Statistician Karl Pear;on gave t histogram its

name in 1895.
— 4 ’
.5_." ~ The. 50pess of using histodréms is so simple we may not
‘ think of the decisions which must be made prior tO'hisfogram
7 construction. These éﬁc&sions include (l{ the number of
“'g J ﬁ%ﬁ%%tervals t;Muse, (2) the size of these intervals, and (3)
| fpheir location~ Various rules of thumb exist for the number
of intervals, some completely arbitrary like between 5 and
15 intervals, others based on the sample size n, i.e. the
eqﬁation 1 + 2.2 log n haSAﬁgen‘sugggsted. Intérval sizée is
normally determined by dividing the sample range by the

2
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desired number of intervals. However this is complicated by
the fact that equal-probability histograms with intervals of’

varying size can also be constructed. The location of the

t

intervals is chosen so that observatiods do not fall on
interval boundaries. Finally, the last step,in histogram
construction is determining fhe Trequency of observations in

each interval, and graphing the results.

|
In the more precise language of mathematics, given the

randocm sample xl, X2, Ceet xn € (a,b), ¢onsider an equally

ipaced mesh ti where a = tl < t2 < ... < tm +1 = b. Let q;

be the number of sample points falling in the ith interval.
m “ . .
Clearly, I q, = N. The histogram may be defined as
i=]1 :
94
Bi41 ~

f(x) = , for x€(t,,t ) (3.8)

N( D .

t

If F is the cumulat%gs;?istribution function as defined by

eq. 3.3, the histogram may also be written as

F(ti+1) - F(t

Ty ~ Y

)
) = L for x €(t,>t,,)s 1°1,2,.-0,m (3.9)

Tt is instructive to compare this equation with that for the

shiftable histogram, eq. 3.2.

The considerable latitude in hisﬂogram construction
might lead the inveétigator to force the histogram to -‘look
right', thereby biasing the presentation of tﬂe data. 1In
addition to being completely ad hoc, problems with the |

histogram include the fact that it is difficult to update
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and ?s the sample size goes to infinity, the number of
characterizing parameters increases without limit.
Furthefmore; histograms should not be used to compare the
distributions of two populations, as the process is so
arbitrary that'eéé

n/Zi;tograms constructed from samples from
t\

the. same population caﬁ\gppear very different.
. )

.

- ! , ¥
In an effort to decrease the_subjectivity involved in
histogram construction, Scott (1979) has shown that choosing

a histogram interval size or bin width of °

W e 16 TeteoZaa N2 (3.10)

P
isathe optimal choice based on an IMSE criterion. It is

assumed that f is ; continuous probability density function
with two continuous and bounded derivatives. For'?ny
density and any positive constant ¢, the IMSE using a-«
pofioptimal bin width ch* is larger than.the minimum IMSE by
the factor (c3 + 2)/(3&). Thus using a bin width 50%_too

small implies an IMSE 42% too large. For Gaussian data, eq.

3.10 becomes

* -
h* = 3.49aN 1/3 (3.11)

where s is the sample estimate of the standard deviation.

Scott (1979) considered the lognormal demsity as a model of

skewed data, and noted that the prestnce of signifijfcant

skewness reguires a reduction in the bin width from tha
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given by‘eq. 3.11. As flood data is invariably skewed, the

correction factor is reproduced in Fig. 3.1.. The exact, form

of the equation graphed in Fig. 3.1 is quite complicated,

however it is well-approximated over the range‘shown by

. ¥
afy) = ( 1 - 0.0060y + 0.2772 - 0.00697;3 )“l ‘ (3.12)

where y is the coefficient of skewness and o is the

correction factor.

- .

3.2.2 - Frequency Polygon

The frequency polygon is constructed from an equal

“inferval histogram by connecting the midpoints of the bars

with straight lines. Its advantage over the histogram is
its extra visual smoothness, which makes it more useful for
comparing sample estimates from differing populations,
However some sta;isticians, including Fisher, have belittled
the f:eguency polygon,.saying that any advantage is-'

illusionary.

In an insightful but as yet unpublished paper, Scott
(1984) has shown that while the frequency polygon.is
computationally equivalent to the histogram, it is
statistically similar‘to the kernel estimator. Scott proves

that an optimally cbnstructed frequency polygon achieves an
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FIG. 3.1 Ratio of histogram bin width to
theoretical Gaussian bin width
with same varlance (a) versus
skewness (After Scott, 1979).
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-2
IMSE rate convergence ofFN_4/5. Choosing the bin width to
be —-—
B = 2(15/ (49 S £"(x)2ax) 1Y% WL/5 (3.13)

asymptotiéally minimizes the frequency polygon IMSE. For
any density and any positive constant ¢, the IMSE using a
nonoptimal bin width ch** is larger than the minimum IMSE by
the factor (c5 + 4)/(5c). Thus using a bin width 50% too
small implies an IMSE 61% too large. Two observations. can
be made. The first is that frequency polygons (also kernel
estimators) are more sensitive to nonoptimal choices of

smoothing factors than histograms. The second is that the

. optimal freguency polygon will in general be constructed

from a nonoptimal histogram. For Gaussian data, eq. 3.13

becomes

-

1/5

h** = 2.15sN (3.14)

where'sfis the sample standard deviation. Again, for skewed

data a correction factor from Fig. 3.1 can be applied.

3.3 KERNEL ESTIMATOR

The kernel estimator, already defined by egns. 3.1 and

3.2, can be written in more general form as

1 N x—xi . -
i=1
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where Xl’ x2, ey XN is a random sample of observations,
£(.) the unknown density, K(.) the kernel, and h a design
parameter commonly called the smoothing factor or window

width. The kernel must satisfy various conditions of

e

unbiasedness and consistency which are given in Wegman

{1972a) as:

J K(y)dy = 1 {3.16)
FRG) |2y < - (3.17)
’ —iXy

[
h)

sup |K(y)| <« =

ey {3.18)
1im |yR(y)| = 0 (3.19)
Y#‘D
K(-y)=K({y) » 0 (3.20)
Conditicens on h are:

4m h = 0 , lim Nh =« , and h >0 {3.21)
N-a2 N+ . .

* The choice of h is critical and in practise not easy. Too

large an h ,implies large bias, an oversmoothed estimate, and

consequent loss of information. TooO small an h implies
large variance and too rough an estimate. An analogy is
that in the former case.we see too much of the forest;
while in the lattef_case we see too many trees in the
 forest.~ As(h,approaches zero, K{.) approaches a birac

delta fqnctibn centered at X, and f(.) approaches a

- | |
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superposition of delta functions centered at the samples,

where the Dirac delta function . 6(.) is defined as

[ 8y =1 (3.22)
6(y) =0 if y ¥ 0 ’
Many investigators, including Anderson (1969) and
Schuster (1982) have determined that the choice of kernel
seems to matter little. Three useful kernels, including

their interval of support and ﬂ(Ki) (see eq. 3.26) are given

¢

in Table 3.2

TABLE 3.2

Typical kernels {After Tapia and Thompson (1978, p. 60))

Kernel, K, Interval of Support u(Ki)
h} .
Ry = 1/2 Iyl <1 1.3510
) '72"31 -y’ 12 ly| < = 0.7764 p
Kz(y T . y *
3 2 1.7188
Ky = 70-y9) [y] <1

The rectangular kernel, Kl’ is computationally effEcient due

‘to finite suppert and use of absolute value; however

(

estimates tend to be rough., The Gaussian kernel, KZ'
. e

-

computationally inefficientydue to infinite support and use

is

of exponentiation; however it is still gquite poﬁular. =

Silverman (1982) has noted that with the Gaussian kernel,

[y

computing the kernel estimate directly from eq. 3.15 is
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highly inefficient. He has proposed a more efficient method
in which the estimate is obtained as a multiple of thé
produc; of the Fourier transform of the data and the kernel.
The quadratic kernel of the general form given by K3z has been
shown by Epanechnikov (1969) to be optimal in terms of IMSE
rate of convérgence for univariate kernel estimation
regardless of the sample size or true-underlying density.

The precise form of the kernel derived by Epanechnikov is

i

3 3 2 o
w5 " qovs for vl

K, (y) ={ (3.23)
: 0 for |y|>/5 °
Even earlier, Bartlett (1963) proposed the following
asymptotically optimal kernel
. 3
. s 9 ' (3.24)

§E(1"5Y2/3b2) for |ylch
Ks(y) ={ ’

s . 0 - otherwise
Greblicki and Krzyzak (1979) have also recommended the
parabolic kernéi?“ It should be noted that many symmetric
kernels, including the Gaussian kernel are ;early optimal.
The Epanechnikov kernel only gives a 4% improvement in ghe”
_IMSE lower bound 6ver7£he Gaussian kernel. (Tapia and

Thompson, p. 76) .-
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The rectangular, Gaussian and quadratic kernels,- are all
used in thi# thesis. The shapes of these three commonly used

kernels are shown in Fig. 3.2. 1In this figure the difference

between kernels with™finite support (K1, K3} and infinite

support (Kp) is readily apparent.

In a kernel estimate the density is constructed by
summing N kernels centered on the N samples. An illustration

of the kernel method' approximation of a density function by

the sum eof quadratic-kernels is shown in Fig. 3.3. The data

used in Fig. 3.3 consists of the fdllowing five sample
points, {0.6, 1.2, 1.6, 2.2, 2.3}.  This test data will be
used to illustrate further points in this chapter. How the

smoothing factor h controls the degree of smooﬁhing in a

kernel estimate is demonstrated in Fig. 3.4.
’ . ’ : )

Both the kernel function and the smooth%ng factor

represent empirical choices. Since all error measuxes depend
‘.-’ . - .

on the unknown density, they generally cannot be used in
deriving analytical expressions for selecting the smoothing
factor. THowever, a global optimai hlcan‘be obtained by
minimizing the IMSE and substituting f(x) for f. Scott:gf’"
al._(1981) present this asymptotically optimal choice for the

smoothing factor h as follows:
’ - - .

/5 '

h = a(K) B(E) N © (3.25)

N



where )
- k) = | [k a1 Urenyayi T (3.26)
and ;
B(£) = [If."(x>2dx1‘"”5 (3.27_)

Thus it can be seen that the smoothing factor h depgﬁéﬁgon

the true density £, the kernel K§.), and the. sample size N.. N
5 ngn one has obtained a good esEimate of the smoothing
”.'factor for a particular kernel, say h1 for Kl,gb good
. estimate pz for any other kernel Ko may be'ob;ﬁingd by

ig- e .
’ scaling as follows:

~

o (KZ)

hZ-&(Tl)hl (3.2?)

Some values for u(Ki) are listed in Table 3.2.

As h is an empiricai choice, sdme statisticians have
advocated the‘ad hoc procedure where plots -of f’ are'J-
examined; startingiwith h valués which are too large and
tﬁen decreasing h until density estimates which are too
rough.are obtained, The genefal idéa'of this procedure can
be ascq;tained-ffom Fig., 3.4. Tapié gnd Thompson (1978,
p:67) havé not¥a that "the pointi!he:é.further attempts at
resolﬁtiSn by decreasing h drives one>into a highlé dgisy

: estimate is genérallyﬁfairly shargf‘and.readily\observab;e.“

This method is Gerﬁ!@geﬁui in data”exploration; however it
[ I ol 5, ' Y - . : -t

e,
e




of théese factors limit the applicability o

procedures in flood frequency, analysis.

! Y
An interesting modification is to examine plots

rather than of . .The second derivative is much more

sensitive to small changes in h then the density function

itself. This procedure has been developed by Silverman
(1978) and results in picturés he calls "test graphs.”

Silverman has shown that if the random fluctuations of f£"

are of maximum size +k sup f" , then the h corresponding to
- ;

this test graph should be used to codgiruct the density.

The constant k depends on the‘kernel, and the factor sup £°"

is estimated from the test graph. Unﬁgrtunately the test

- L]
graph procedure is still subjective. Silverman (1981) has

also published an article describing a statistical test
7

-which usés‘kernel'dénsity estimtes to investigate the number

of ﬁodes in a population;

Woodroofe (1970) was one of the firsﬁ to tackle the
probler of objective determination of the smoothing factor
h. He considered a £wo step précedure; £he'first step
gstimating the kernel dénsity in the ;sual way, then using £
to estimate h. Woodroofe's procedure i? theoretically based
on minim%zinghthe meéﬁ sqdﬁre errorfg%aa pbint,-but it is
slow to converge and computationally‘impraézpcal.

-

LY
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“In recent years there haslbeen considerable researxh
interest in algorithms that automatically choose 5 smooething
factor suitable for a given set of data. One such
p}ocedure, a neu method of crosg-validation called least
squares cross-validation has been proposd by Rudemo (1982)
and Bowman (1982). Hall (1983) has investigated the
procedure, showing it to be asymptoticaliy timal in
addition to beinc consistent. ;arious othejpdata—based

algorithms which experimentally compute the h value are

presented in detail in the following section.

3.4 DATA-BASED 'ALGORITHMS

3.4.1 Method of Adamowski and Feluch (AF)

The method descrlbed in this subsejtlon was first used
with the Cauchy kernel for its 51mp$ec{ty of implementation
and phyS1cal justlflcatlon (i.e., Cauchy kernel is

unbounded). However, the density estimate obtained was much

too sensitive to the data points andyin fact was a Dirac

-~

'solution. De Montricher, Tapia and Thompson (1975) note

that continuous functions, differentiable functions,

inffq&&g;{jdifferentiable functions, and polynomials can all

approximate Dirac delta functions. ’ -

Purther expgrlmentatlon, including split- record

L) <€

testlng, was done with a number -of other ggynels, 1nc1udlng

the triangular and rectangular ones, -and it was concluded
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that the rectan ar kernel was preferable among those
tested. This kernel, also known as Ehe uniform or boxcar
kernel, is. .

{1/2 Iy| <1 .
K(y) = '
0 ) |Y| 1 (3.29)
Substituting eg. 3.15 intoveq. 1.5 gives '
N x-X ‘ N
1 i 1
p(x) == I ] K(=—)dx = == I C ,(x) {3.30)
_ N;h i=]l x h Nh i=1 1
o© -x-—xi
where Ci(",)'f K(——) dx (3.31)
- x '
For the rectangular kernel,
" n for x§X - h
1 .
c (x) = {{‘Ogih;x) for . X, - h<xLX +h (3.32)
o 0 ' for x»X, +h g o

©

The smoothing factor h can be determined by minimizing the

following meanh;;a%re error expression . -
N | ” 2 min T ‘
L [pj - P(xj)]b'——ﬁ"_" . (3.33)
j=1 ) L
. where Py can be obtained empirically using plotti;Q fgrm&la.
Differentiating eq. 3.33 and equating to zero gives J
h N & 4 ap(x,) ’ <
o v I [PJ - P(xj)3 ——Egi—'=70 N (3.34)
— j:l . , 7 . .
where K .
. . 3
dp(x,) N dC,(x,) :
R M Ay 1
& Cw T R Cylxy)! . (3.39)
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¢ " &
. .
and, when using the rectangular kernel, one obtains the
followin ~ : - -
9 > 1 for x < Xi - h
dCi(x) | '

-l

T-{I/Z for xi-h<x(xi+_h (3@)

0 for x xi + h

The probability of exceedance of an ordered set of
observations to be used in eq. .3.33 can be computed by using

a distribution-free plotting formula {(Adamowski, 1981)

) | |
: . }0.25 -
“ Pj N+0.50 ‘ ’ = .(3'37) c

The Adamowski,formula 1s used due to its good berformance

for N>25 as shﬁﬁn in Fig. 2.1. . .

“rhe value ef the smoothfng factor h can be obﬂé%ne@;byj
solving éa. 3.34. The method of successive approximations
is usedl' Then ,[from eq. 3.30 for any assumed value of x, a
-probabilit§ can be determined. Similarly, for any assumed
.probability p {or returﬁ-period T = 1/p) the corresponding

[y

value of xp can be calculaied. .

&

As the method of Adamowski and Felucqh}s quite /
complicaeed computationallyJ.a eomputer is requiredlﬁo
© analyse tﬁe test data sample {0.6, 1.2, 1.6, 2.2, 2.3}. ‘The
program, which‘will be discussed in the'ng??'chapter,
returﬁs a smoothing factor h = Q%8525f_ Aiplot of the
resulting deﬁsity ;s‘shqyn in Fig.-QLS(a). It is apparent
how the deﬁsity is constructed by summing rectangular :

'blocks'. It.is' also apparent that the density is very

| | N

N . .
a - A

—
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b) h by Method of Scott, Tapia & Thompaon
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'FIG. 3.5 Density Function Plots for Test Data {0.6,1.2,1.6,2.2,2.3}
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rough. However it should be noted that a density is not
really'fequired in order to obtain flood estimates, as the
method of Adamowski and Feluch works directly in terms of
exceedance probqpility. This is in,contrast to the methods
discussed in the\ following subsections, whose basis is to

first estimate théxdensity, and then integrate numerically

§
to obtain the probability distribution.
-

3.4.2 Method of Scott, Tapia and Thompson {STT)

14

Scott,'Tapia and"Thompson (1957) developed an algdfithm
based on functional iterétiph to calculate a quasi-optimal
kernel smoothing factor h‘fgr the Gaussian kénnel given a
random sample f:om_aﬁ;ﬁnknown density. Given an initial y
choice h(0), they form the squence i

h(i+1) = a(K) 'ﬁs(fh(i))n'”5 ' ’ (3.38) -

where i denotes the iteration number,

) N N ' < ‘1
. - -5 3 4 22
Lo’ : B(E. ) = ——— I Z-h - (x;,-x%x)h ,
- + T h 8vanch’ j=l kel Ik -Hhﬁ\\\\;
(3.39)

1 4 2 2
+ 15 (xj-xk) } t.axp{—(xj'-xk) /l!h | : . - . <
and o(KY has been given inweg. 3.26. They choose the
‘largest nonnegative solution of eq. 3.38 and Réve'showp that

choosing h(0) to B2 the sample ragge guarantees convergence
S

-

\

~e
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N ,
to this solution. If the largest solution is h=0, they call

the resulting Dirac delta estimate degenerate.

Eg. 3.39 is almost zero for large h, however;as h

approaches zero, eq. 3.39 increases at least as fast -as an

) exponentia}. The quasi-optimal smobthing factor lies

between these two extfemes. In the algoriEhm Newton's
method 1is employed and rsually about 5 ilterations are -
.required to have | h{(i+1) - h(i)]| < +0"°. However, a problem
&with the method of STT is that in practical applications it

fails 5 to 10% of the time,

E Scott et al. {981) in a sensitivity analysis of three
data-based algorithms demonstrated that the h values

obtained by the method of STT wereaquite insensitive to the

E;gtesence of a single outlier, and nearly independent of its
A

value. The method of Duin (refer to next subsection} and

Wahba'ps series estimator method were more sensitive.

“The STT program required three iterations to determine

the smoothing factor for the test data sample as follows:

Iteration h
' 0 1.60000
1 S O‘.BO?%G

(\ 2., - 0.818
) 3" - 0.81830

-,

The deqslty functlon plot is sho(:‘in Fig. 3. Skb) While

the plot i smoonh, being construgted from only £five sample

/
p01nts 1t reveals as much information about the kernel

*



5

]
2
L ]

"(i.e. Gaussian kernel was used) as about the true undeflying
dehsity. . ‘ v

Ed

3.4.3 Method of Duin (DHH)Y

The method of Duin (1976), independently arrived at‘by-
Hermans and Habbema (1976), can be called a leave-out-one-at-
a-time nonparametric maximum lixelihood method. To avoid the
degeneracy problem, the contribution of the sample itself is \\ff>i
omitted in the estimation of the density at that point:

. ' N

max L(h) = T f (x
S

(3.40)
h>0 g o3

j)
where -

L4

N X,~x
. CEy(xy) Elifl e - | .41
\J ! 1#4 - '
~uIn the terminology of Wahba €q. 3.40 is a cross-
validation likeliﬁood function, howeve; the method was not -
shown to be cross—valiaatory until somé years after being
introduced (Hail, 1983). Schuster (1982) has noted that thfé

" method can produce‘inconsistentLdensity,estimatesifor long-
’ &

tailed distributions such as the double ekponen§{%l,but works

gquite well for'short—tailed distributions. Bowman (1982).

showed that this method of cross-validation can kg derived by

<&

minimiiihg the Kullback-Leibler loss function. -
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Duin (1976) has reported that the optimization of eq.
3.40 was "always executed by finding the zero crossings of
its first derivative, using a speciél adapted version of the
regula falsi."™ A 'caﬁned' single parametér optimization
routine was not available , but it was first atte%pted to
find the maximum working directy with eq. 3.40 and |
repeatingly fitting quadratics. As thig approach often did
not converge, a new progéam was written working with the
first derivétivg ins;ead. In this thesis the methodrpf Duin

is used in conjuncétidn with the quadratic kernel, Ky-

/

For the tes} data sample the program gives a value for
the émoothing factor of h=0.5623. A plQt of the resulting
density function is shown in Fig. 3.3. The .fine structure

of the density is visible in this plot.

3.4.4 Formula Method of Flanagan (FF)

In his-M.S. thesis entitlgd "Computer Programs for
Kernel Estimates of a Probability Density Function",
completed in 1980 at the U?iyérsity of South Carolina under
the supervision‘of Dr. R, Taylor, P. Flanagaﬂ gave the

foll:;;ng formula for the optimal bandwidth when using the

quadratic kernel (Ky): o ®
- N i-l
\ % - x _
* 3 P i (3.42)
. | . BTSN (-1073)
B o . . : s R
K"
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is shown.

-

This formula is based on the theoretical development of

*Tapia and Thompson (1978) for a global optimgl h, presented

here as eqns. 3.25, 3.26 and 3.27.

For the test data sample -{0.6, 1.2, 1.6, 2.2, 2.3} the

numerator of eq. 3.42 works out to:

8.8 -
j, h = Y Geo1o73y - 047226

S \i

The density function plot is shown in Fig. 3.5(c¢). Again,

as with the method of DHH, the fine structure of the density

3.4.5 Method of Wagner (W)

’

.In an effort to allow the data to play a role in the
degree of smoothing'about obseru&fﬁon"points, Wagner 11975)_

proposed the modified variable bandwidth .kernel density

~ e

S ‘ : i
estimator. Liu (1983) has written a computer program for
this estimator.

-

The modified variable bandwidth estimator can be

considered a combination of the kernel estimator and the

nearst neighbor‘estimator. The nearest neighbor estimator

X L8



does not have a fixed bandwidth, but one which varies with

A

the data.

L

In the modified variable bandwidth kernel the smoothing
factor h is some symmetric function-of the observations Xl'

Xz, et Xn' Wagner (1975J) suggests letting k(n) ='Tna],

where 0 < a < 1, and Dy, be the distance from Xy to its k(n)

nearest neighbour from Xl’ x2, ey Xn {with xj omitted)

wﬁepe 1 ¢ 3 <n. Then h may be selected at rardom from Din’

n D . :

n ) .
D2n' ""'Dnn‘ The quantlg;es 151—%—' xmhx (Dln4 N Dnn)
aqf min (Dy, s ««ev Dnn)‘W}ll also work for h in the

§

N 9
estimator.

n D 7
In Liu's program h= % —%5 is-used to avoid
- . =1 . ' ,'
problems caused by data duplicates (which often occur in

flood data) in the random sample. In this thesis the method -
‘of Wagner is used in conjunctioh with the quadratic kernel,

K4.

'

For the test data sample {0.6, 1,2, 1.6, 2.2, 2.3},

choosing a=0.5, k(n) = [@® 1.= [5%°°] = 2. Then D1 = 1.0,

. n D a -
P2 = 0.6, D3 = 0:6, D4 = 0.6, D5 = 0.7; and B = jzl —ﬁ-
works out to h = (1.0+0.6+0.6+0.6%0.7)/5 = 0.70. A plot of

b}

the density function is shown-in Fig. 3.5(d). The quadratic
) e c .
kernel K, has an interval of support of /5 , so thedensity

goes to zero at 0.6 - /5(.7) = -1.0 and 2.3 +/5(:7) = 3.9 - -

-~

as can be, seen in-the plot.

s
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3.5 NONPARAMETRIC DISCRETIZED MAXIMUM PENALIZED LIKELIHOOD

ESTIMATOR (NDMPLE)-

Good and Gaskins (1971) séggested a means of choosing
the smoothing parameter in a éenalized>maximum like;ihood
method. The basic concept was a trade off between goodness-
.of—fit to the data, as measuréd bf the sum of squared
residuais; and'smogthness, as measured by the inﬁegrated‘
squared second dééivativé. De Montricher, Tapia and Thompson
{1975) showed that the problem introduced by Good and Gaskins
was well defined regarding both existence 'and uniqueness bf
solutions. Good and Gaskins (1980) continued their work,
finding the use of Fourier series.in the computaﬂéon of their

‘estimates far preferable to the use of Hermite sSeries.

FOE a given &ample X1, ..., Xy-the ¢ - penalized

likelihood of f is defined by
- ’ '

f(xi)exp(—‘b(f)) (3.43)
1

L=

iie) =
' i

where f is ény probability density function and 2(f) a

penalty functional such as

a£ (1)
2

¢(f) = af
: dt

s

dt. C(3.44)

Without the penalty functiocnal there would be a degeneracy
problem. The second derivative is used in the penalty term
" [ . -

rather than the first derivative as it results 'in less iocalf

.

'roughness'. Note that practically 1nL({f) is maximized, and

;3

EE, . - ‘—‘\3 .;:-_
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v
eq. 3.43 separates into a log likelihood term and a log

penalty term. . .

To implement this estimator a nonlinear constrained’

optimization problem must be solved. First the estimator

must be dis;retized, with outlyidg data points being
truncated. A modification of Newton's method can be used ,4//2
which makes use of the fact that the Hessian of the

_Lagéangian is a diagonaily dominant tridiagonal matrix.: The
operation count per iteratioh is then :OQNZ)‘instead of 0(N3)

as is usuak??xfhe case with Newtqn{s method. . Scott (1%16)

presents details of the method and NDMPLE, a computer’ program r,,f\\
. \

for-thiS‘éstimgzpr, is part of the IMSL
c _

(1880) library. =

. ’ -3
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Pl

NUMERICAL AhALYSIS

4.7 DATA SELECTION ’

" Two sets of data were chqsen "flor numerical analysis,
namely the Northeast-Margaree River ét Margéree Valley
(Station WSC O1F§OO1) in Canada from 1917-1983 (N=67) and
the Warta River at Poznan im Poland from 1826—1965 (N=140) .
The AFS consisted of maxipum daily flows, with statistical
cﬂaracteristics showﬁ in Table #.1. The data itself één be

found in Appendix 4.

. o " TABLE 4.1

Data Used for Numerical Analysis

River Mean STDV  C.V. c.s. C.K.
‘Margafee _ ' .
X Series 171.827 57.367 0.334 1.073 .b4.500
(LNX Series 5.096 0.319 0.063 0.166 3.135
y , ‘
: Warta
- "X Series 436.457  319.690 0.732 1.770 6.046
LNX Series 5.863 0.6%6 0.110 . 0.272 2.759

NOTE: . STDV = standard deviation; C.V., C.S., C.K. =
coefficients of variation, skew and kurtosis respectively.

A

Both ‘stations are for natural, unregulated watersheds< The
location of Station WSC O1FBGO1 is LAT 46 22 10 N; LONG 60

58 36 W and its drainage area.s 368 square kilometers.
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The Margaree River for the period 1917-1973 has Been
analyzed using four different distributions (Gumbel, .
‘logqormal, three—parameter lognormal, LP III) by Condie et
alY (1981): The Warta‘Riﬁer was selected due to its long

‘record length.
4.2 REAL DATA

4.2.1 Graphical Bnalysi

The two data sets were analyzed graphically and screened
u51ng tests available in the Consolidated Frequency Analysis
Program documented by Pilon et al. (1985). The assumption:
that on an annual basis, floods are independentiy and ‘
identically distributed (iid.) can be checked by dlscharge—
time and rank-time plots. For the Margaree River statlon
these plots are given in Fig. 4.la'and b. There is no
evidence of time-dependence or trend in the plots, and it
_s?ems unlikely that significaht watersted changes have
occurred duting the period of record. Fig. 4.lc, a
discharge~rank piot, is useful fariideﬁtifying high or low
outlieré, which would appear ae near-vertical lines at either

s

end. There is no evidence of outliers in Fig. 4.lc.

The independence and randomness of the data can be

w» verified by statistiéal hypothesis testing, as in Table 4.2
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v Test for Independence, Trend,.Randémness and Homogeﬂe'ty
Northeast Margaree River at Margaree Valley (-1917=1T983)

Test Critical Value at 5% Level Test Result

Spearman Test for Independence:
Spearman Rank

Order Serial : R
LCoeff = 0.112 g

D.F. = 64 - 1.670 - Not Significant =
Corresponds to Students R .

T = 0.498 . . . .
Conclusion: There is no sigpificant serial dependence.
Spearman Test for Trend: —
Spearman Rank

Order Correlation .

Coeff = -0.018

D.F. =-65 . -1.998 Not Significant .
Corgesponds to Students ' R :
T': -—0.1“8 ‘
Conclusion: The Data do not display significant -trend.

Run Test for General Randomness: .

Runs Above and ‘ \.

Below Median = 29 ) -

Runs. Rbove-Median = 33 1.960 . Not Sighificant
.Runs Below Median = 3% °~ : ‘ ,
For this test, Z = 1.353 . P .
Conclusion:” The sample is significantly random.
b . #

Mann-Whitney Homogeneity Test

Split by Time Span, - _

Size 'of Subsample 1 = 33  -1.645 Not Significant
Size of Subsample 2 = 34

For this test, Z £ -0.684 :
Conclusion: The samples appear to be Trom the same

o ' population.

p= ZK '
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~ IABLE 4,3
' Test for Independence, Trend, Randomness and Homogeneiﬁy
Polish River Warta at Poznan (1826-1965)

Test Critical Value at 5% Level Test Result

Spearman Test for Independénce:

Spearman Rank

Order Serial

Coeff = 0.161 :

D.F. = 137 1.645 Significant

Corresponds to Students : ‘

T =1.911 ‘ :

Conclusion: At the 5% level of significance, the correlation
is significantly different from zero, but it is
not so at the 1% level. That is, the dependence
is significant, but not highly so.

Spearman Test for Trend:
Spearman Rank
Order Correlation E

Coeff = 0.123 M :

D.F. = 138 dJ/ 1.960 Not Significant
Corresponds to Studen B

T = 1.452

Conclusicn: The data do not display sigrnificant trend.

‘Run Test for General Randomness: h{;

.. Runs Above and

below median = 62

Runs Above Median 70 - 1.960 Not Significant
Runs Below Median 70 . )
For the test, Z = 1.527

Conclusion)JThe_sample is significantly random.

Mann-Whitney Hom@rfty Test: . -
Split by Time Spams=® } :

Size of Subsample 1 = 68

Size of Subsample 2 = 72-
For this test, Z = -1.632 «
Conclusion: The samples appear to be from the [Same

: \\\?qulation.'

h

-1.645 Not Significant
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for the Margaree River data. To test for homogeneity, the

Manh—Whitney test can be used (Kite, 1977, p. 11).

Discharge histograms for Margaree River are given in
Fig. 4.2, The histogram in Fig. 4.2b is constructed using
seven intervals. The histogram in Fig. 4.2a, Ey'éresgnting
F%e data in terms of % maximum disqhqrge, avoids requiring'
any choice_és to how many intervals to use. Fig. 4.3 gives
the optimal ;}stogram and freéuency poiygon for the same
data. . The interval sizes have been caiculated from eqns.
3.11 and'3.i4, ﬁsing the skewness correction factor from
Fig. 3.1. Note the similarity between Fig. 4.2a and Fig.
4,.3a. While the frequency polygon gives the smoothest
result, all the plots in Figs. 4.2 and 4.3 are similar and
all adequately describe the data, perhaps indicating that

the data is 'well-behaved'.

Fig. 4.4 gives the discharge-rank-time plots for the
Warta River. The data appears random and there is no
evidence of outliers. Statistical tests for the Warta River

data are presented in Table 4.3.

’ >
Discharge histograms for Warta River are given in Fig,.

4.5. The optimal histogram and frequency polygon are given
in Fig. 4.6. The % maximum discharge histogram in Fig. 4.5a
and the frequency polygon in Fig. 4.6b are fairly similar in

shape. Both have three modes and show 14 observations to be

.
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quite a bit higher than the rest. The optimal frequency .
polygon is constructed using 11 intervélé of width 142 while
the optimal histogram is constructed using 13 intervals of
width 120, The optimal histogram in Fig. 4.6a has an
additional mode. The histogram in Fig. 4.5b is constructed
using an arbitrarily selected sevé; intervals. It aoes not
adequately describe the data, suffering from loss of

information. The optimal histogram has about twice as many

intervals as the histogram in Fig. 4.5b.

These histograms and frequency polygon provide a
preliminary look at the~data and can be compared with the

kernel d¥nsities in the next chapter.

4,2.2 Paramet;ic Analysis

_ Flood frequency analysis of the two data sets were”
performed for the parametric distributions discyssed in L///
Section 2.3 using the Consolidated Frequency Anadysis r
Program (CFAl) documented by.Piloh et al.‘(1985). The

complete results including frggquency curves can be found in

Appendix A. '
& ‘e

The CFAl program is a more powerful and easier to use
update of the Flood Damage Reduction Program documented by
Condie et al. (198l). CFAl does single station analysis for
the three-parameter lognormal, the generalized extreme

value, the log-Pearson Type III and Wakeby distributions.




e e e

CFAl is capable of'handling non-standard cases ‘involving -
combinétions of historic information, low outliérs 6r Zeros.
In the program parameters are estimated bf maximum

likelihood except in cases where they are unobtainable and
then moment estimates arelused.

3

The frequency analysis for the Northeast Margaree River
.at Margaree valley and Warta River at Poznan sﬁations were -
standard. No historic information was avéilab&e, and there
were no low outliers or zero flows. All solutions were
obtained via maximum likelihood. Both stations have a‘.
positivelcbefficient,of skewness, 50 in the th;ee—paﬁameter
lognormal (LN3) distributionlthe iocation parameter ¢ is a
lower bound. For the LN3 distribution the samble e timétes
of skewness and kurtosis for the transformed data can be
comparéd with their theoretical equivalents of 0 and 3. ]
These are (0.002 and 3.210 for the Margareé River and -0.067
‘and 2.870 for the Warta River. For both stations with the
GEV q;stribufiqn, k is less than zefo, which indicates a
lower boundeéz%VZ‘distribution. For both stations with the
LPIII distribution, a and‘b are greager than zero,
indicatgna‘an'unbounded unimodal bell-shaped distribution.
For Margaree River the Wakeby distribution is upper bounded

at 1605. As the flood estimate for the 500 year return

period is only 441, this is not necessarily a problemn.
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Now comes the question of deciding ﬁhich distributiecn
gives the best representation of the flood frequency regime,
- t .

The appearance of the frequency plots, Figs. A.1 - A.8 can

aid in the decision.

It is apparent that for the Northeast Margaree River at
Margaree Valley all the distributions fit well and give
similar estimates of flood magnitude values. As the
“\\\\\hist5grams indicate thaE the Margaree River station is
'good', this could be anticipated. Condie et al. (1981)
recommended using the LN3 distribution for this station

- .
based on its very ccessful normalizing transformation.
s

-

For the Polish River Warta at Poznan the choice is more
o difficult. There is considerable variability between flood
estimates‘using the GEV and Wakeby distributions. Either
the LN3 or LPiII distributiocns could be'reéommended based on
their frequency curves. However nei;her-of these
distribﬁ%ions fit the higher observaticns very well. Thege
prbblems illustrate why nonbarametric methods are being

considered in this thesis.
Q R

4.2.3 Nohparametric Analysis

\

Computer programs for the kernel estimator with the
/
smoothing factor automatically selected by methods presented
. in Section 3.4 can be found in Appendix B. The programs

have been designated RECKER, NORKER, QUAKER and MVBKER;

~ ~
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acronyms for rectangular kernel, normal kernél, guadratic
kernel and,modified variable bandwidth kernel. These
programs select h usiﬁé the data-basea é;gorlthms of
Adamowski and Feluch, Scott, Tapia .and Thgmpsdn, Flanagan;

and Wagner respectively. ‘
]

The formula for the kernel estrmator’fiq. 3.15) should
not b& used directly for its calculation. This would be
inefficient since if the density‘ié to be éstimated‘at m
x:coordinates given a sample of N observations, the kernel
would have to be evaluated mN times. If the kernel- has
finite support, both-the data points X4 and x-coordinates

can be ordered, and the interval of support specified so as

ko achieve greater efficiency. i
~ . ﬂ._‘

Flowcharts fqQr RECKER and MVBKER are given in Figs. 4.7

and 4.8. The MVBKER flowchart is also valid for NORKER and

° QUAKER, thg,only differences being that h is selected by a,

different method and used with a different kernel. Detailed
comments describing. the input expecﬁed, important variables

ind subprograms can be found in the programs'themselves.L

NORKER requires specifying an initial choice for the . ! b
smocthing factor, h(0). TIf &he user has no prior knewledge,

the sample range can be used. RECKERffequires speéifying

EPS, an aacuracy limit to stop the method of bisection. For

. untransforsed data EPS=0.01 was used and for log transformed

data EPS=0.0005 was used. These values allow the smoothing
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factor to be calcﬁlated to at least three significant
digits. All the programs are in single precision eXCépt
NQRRER which is in-double precision as required for the STT
a&t\hm. NORKER calls IMSL (1980) routine NDKER to

evaluate the density function at the desired x-coordinates.

In évaluating the densities a minimum of 100 x-
coordinates were used. To eﬂable.coﬁsisteht comparison of ’
densities for Margaree River or Warta River for the various
mgthods, the same x-coordinates (sgacings) were uéed. It
should be emphasized that calculation of the density

'
function is not essential in RECKER. 1In the other programs
the density function is essehtial as it is integrated‘

‘numerically to obtain the dist?&bution function. 1In all
cases numerical integration was done using Simpson's 1/3

-

Rule.

-

Experimentation was done with two additional
nonparametric methods, the method of Duin and NDMPLE. It
was determined that these methods do not appear .workable for

use in flood freguency analysis.

The method of Duin is described in Section 3.4.3.
Programs were written both to maximize the likelihood
function and to find the zero crossings of its-first B

derivative. While the programs worked well for the test

data sample (N=5), they failed to converge tc an h value 50%

»
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of the time with untransformed or log transformed Margaree
River (N=67) and Warta River (ﬁ=140) data. Devroye et al.
(1985, p. 153) states that the method of Duin works in most,
but not all, gltuatlons. Hall {1984, p. 94) notes that
computatipnal’problems including programming difficulty,
time~consuming operation and unobtaiﬁable solutions for

certain data sets can arise in maximum likelihood based

AN

The theory behind the routine NDMPLE is described in

methods.

Section 3.5. Although this routine is W1dely used now that
it is parE of the IMSL library, it reguires th; user to
specif§ the penalty weighting factof uﬂ the interval of ,
support fof\the estimate (Bl, B2) and the- number of mesh
nodes MMAX. Unlike the histogram which becomes too rough
with too many iqtervals, NDMPLE app}oaches a smooth limit as

MMAR approaches infinity. N

Over 106 NDMPLE runs were done using different
combinations of a, Bl, 82,.and MMAX for the Margaree River
flood data. Attempgs’were made to chgose MMAX based on the
number of observations in the sample. Plotting formula were
used to help select Bl, B2. However the resulting flood
estimates didn't follow any pattern, and seemed to depend
heavily upon the-aiscretizaﬁion. The most promising results.
were when the mean and standard deviation of the estimate

matched those calculated from the sample.
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/’"/ Another problem is tﬁe recommendation that when using
NDMPLE, extreme observations be truncated. This méy be fine
for large samples of items other'than floods. However
hydrologists cannot simply truncate extreme obsérvations,

-'gggfcially high onés. It was finally decided that too many
variables must be subjectively selected in NDMPLE to makéy.

-~

rational use of it in flood frequency analysis;

4.3 MONTE-CARLC SIMULATION DESIGN

-

Flood magnitude values for the parametric and
nonparametric analysis methods .can be compared with each
other. However, as the true flood magﬁitudeé are not knowﬁ
when using rgal data it is not possible to determine which

- 2

estimates are the correct ones. For this reason a

simulation study was designed.
. kﬁ,/’q
The Wakeby distribution is well suited for Monte Carlo
studies because it can generate flows inlthe pattern of any
of the more traditional distributions'usually employed in
~ hydfology. However in this study synthetic data from an
LPIII parent was used. The data was available in already

-

generated form from Environment Canada, and had- been usgd by

them to assess the various parametric distributions in their

new Consolidated Frequency Analysis Program (CFAl).

The technique used to generate the LPIII data is

described in Nozdryn-Plotnicki and Watt (1979). As the CDF
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i

of the gamma disifibution does not egist in explicit form,
use was made of the Wilson-Hilferty transformapion,'eq.
2.12; .The random variates were generated by’thg power.

- residue metﬁodzon a CDC computer using IBM routine RANF. To
ﬁinimize the effect of the starting value, five samples were

generated and discarded with £he sixth being kept fof use.

The values of the LPIII parameters used in the
generation are given in Table 4.4, and represent typiéal
values for Canadian rivers. Each saﬁﬁle had 50,000 values,

and statistics for the samples are presented in Table 4.5.

TABLE 4.4

LPIII Parameters Used in Generation

a b C

+
.Data 1° - —-,06 25 7
Data "2 -.06944 64 10

- TABLE 4.5

Statistics of the Generated Data

Mean. STDV c.S
Data 1
Untransformed 255.54¢86 73.829 .444
LP3 Transform 5.500 .300 -.402
Data 2 _
Untransformed 299.803 167.979 ) 1.467

LP3 Transform 5.552 .557 -.249

oy T PP
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In calculating population flood values from eg. 2.12,

.

the substitution t=-t must be used with negative skewness.

i’

The Monte “Ga¢lo experiments were carried ouf for one
underlying distribution F(x), four data-based algorithms for
selecting h in the kernel method on both untransformed and

log transformed data, two values ©of y , two values of N, and

four QT events. In summary, the experimental sample space
was:

F(x) LPIII;

h = AF, STT, FF, W on untranaformed data

AF, STT, FF, W on log transformed data;
Y 0.444 (Data 1), 1.467 (Data 2);
N 5057 100;
QT Q10, @50, €100, Q200.

-

The errors computed were the 'bias and root mean sgquare

.error (RMSE) for each QT event where

MSE = (Bi_as)2 + Variance
(4.1)
RMSE = JMSE )

In the mean square error kMSE) the bias term describes the -
systematic portion of the error and variance the random
portion. These errors are'presented graphically’ in Fig. 4.9.
The RMSE of a‘QT event can be thought of as the standard
deviation about its true population mean. Iaeally, it is
desired to have estimates of QT events which are both precise

(small vdariability) and accurate (unbiased) .
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Chapter V

RESULTS AND DISCUSSION

5.1 REAL DATA

Flood frequency analysis results for the two sets of
real data 5re summarized in Tables 5.1 and 5.2. Flood
magrmitude values are given*for the 10, 50, 100 and 200 year
return periodg for both the nonparametric‘analysis methods
considered and four commonly used parametric distributions.
Nonparametrié analysis was déne on both X, the original data
and on LNX, the log transformed data. Natural logs were
used. The kernel eskimator requires only one parameter, the
smoothing factor h, which is given in Tables 5.1 and 5.2 for

the various data-based algorithms of Section 3.4.

~

Due to the‘sparsity of data in the tails with the
éaméle sizes considered, it was not justified to determine
flood magnitude-values beyond the 200 year return period. -
From the theory and examples in Chapter III, it is clear
that the kernel method caqnot be used to estimate a density
in an area where there are no observatioﬁs. Using, the
Cunnane plotting formula,. the largest observation in the
Northeast Margarée River at Margaree Valley‘data set 1is

assigned a return period of 112.0 years. Similarly, for the

‘Warta River at Poznan étation, the largest observation 1is

assigned a return period of 233.7 vears. .Details of these

- 101 -
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calculations can be found in columns 5, 6 and/7 of Tables

A.l and_A.G.‘

It has been observed (Fryer, 1977} that the kernel
method performs best for symmetric f(.). However, as flood
data is not symmetrical but invariably skewed, analysis on.
log bfansfonmed data has been done in addition to original‘
data‘analysis. That the log transformation is a
transformation towarés near-symmetry can be demonstrated by
comparing the C:V.'s for the data sets in Table- 4.1 or

alternatively the coefficients of variation of the inter--»

observation distances: ' //
Inter-observation C.V., Original C.V., Log
Distance Data Transform
_Margaree River 1.62 1.35
Warta River- 2.33 1.47

Of course other transformations are possible including those

discussed by Singh et al. (1983). However an in-depth

consideration of transformations is beyond the scope of this

.

;hesis.

4€?Zhou1d be,noted that with flood data in hydrology,
even the effect of data alter§tion by standardization is not
completely known. While there are theoretical reasons with

the kernel estimate to "uniformize" the data on a closed

[0,1] interval (bevroye et al., 1985, p. 121), the choice of

&
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a suitable tréhqform when one is mainly interested in the_,
o .
upper tail is,not\éqiy. Devroye et al. (1985, pgs. 80, 245)
note that the isoscelég triangular density is the easiest to

~

estimate by the kernel ﬁéthod, and this forms the basis of
j _

their transformed kernelféstimate. . ; .

In garamétric gnalysis, the choice of assumed
distribution matters only when different choices lead to
different designs. It éan be seen from the QT estimates in’
Table 5.1 that for the MargareelRive;; any method of
analysis would result in a similar design. An indication of
th'e relative variability of the nonparametric versus
paramefric analysis methods can be given by tne ratios of
the span between the highest and lowest estiﬁate values.

This is given in Tables 5.3 and 5.4 for the two sets of

Variability of Nonparametric versus Parametric Flood
Estimates for Margaree River (N=67)

Estimate Range " Ratio

Nonparametric Nonparametric L
Parametric Untransformed Log Transform (2)/(T) - (3)4(1)

-

v (1) (2) S (3) (4) (5)
- Event: .
Q10 3 3 5 1.00 1.67
Q50 10 Y 1 0.40 0.10
Q100 11 6 12 0.55 1.09
Q200 12 I

22 0.92 1.83
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: c TABLE 5.4
-Variability of Nonparametric versus Paramefric Flood
Estimates for Polish River Warta At Poznan (N=140)
— Estimate Range- Ratios ,

Nonparametric .Nonparametric
Parametric .Untransformed Log Transform (2)/(1) (3)/(1)

(1) - (2) (3) (4 (5)

.Event: ‘ '
Q10 17 100 . 52 ¢ 5.88 3.06
"Q50 200 4 107 0.02 0.54
Q100 430 ' 29 236 0.07; 0.55

Q200 780 5 396 - 0.07 0.51

e

data.- For the Margaree River, the variabiliﬁy_of the
nonparametric and parametric methods are comparable.

For the Warta River, except for the Q10 event, the
variability of the nbnéarametric estimates is approximately
50 to 60% that of the parametric estimaﬁzs. Note that %n
Tables 5.3 and 5.4, excepting ghe Q10 events, the estimate

'spané increase for the higher events as would be expected.

The nonparametric densities and distributions for the

twe sets of data are presented in Figs. 5.1 through 5.12.

Fig 5.1 shows the nonparametric densities, for Mérgaree-
. . . - -
P River for the untransformed data. Fig. 5.7a is quite rough.
There are a large number of peaks (14) in the density and"
-

bumps occur at outlying observations. Howej%r,.Fig. 5.1d is
o

very smooth. The number of peaks in a density is indicétive

b
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of its smoothness. Thes& are given in.Tables 5.5 and 5.6
for the two data sets. In geherai, tﬁe data-based
algorithms ranked from roughest to smocthest eétimateﬁare:
AF, STT, FF, W. A final observation which can be made from
Fig. 5.1 is th%t the shapes of the estimated density
functions are quité simi%ar for the methpds gf AF and STT, -
although the methods are very different. ‘The densities '
estimated by the methods of FF and W are also quite similar.

These similarities are also evident with the other data. set,

““ag/seen in Fig. 5.7.

Fig. 5.2 shows- the nonpargmetric densities for Margaree
River for-the log transformed data. Note that all of 2&9
\densities are distinctly bimodal, and the problem of buéps
\“,/"
at outlying observations has been resolved. Scaﬂt et ‘al.

' ™~
(1981) have indicate# that nonparametric technique

particularly well suited for multimedal data. As stated in
Chapter I, flood data can be multimodal as the causative
factors of floods vary. Spring'floods are usﬁally caused /by

- S
rapid snowmelt, heavy .rainfall or both.,combined whi fall

floods may be caused by heavy rains accompah&éag}H/\ig
he

thunderstorms or hurricanes. It was postulated that

’
'5igﬁt—hand mode in Fig. 5.2d might be due to the effect of
fall floods. Means were computed from the nonparametric

density without the right-hand mode and for the right-hand

)

.J
) g
rub /\

P
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mode in isolation and compared with seascnal means computed

from the data as shown below:

Means from Nonparametric Density = = Means from Data
Right Hand Mode Only: Fall Flcods (Sept.- Dec.):
199.7 CMS - Mean of 14 is 185.5 CMS
Rest of Density: te Rest of Year (Jan.- Aug.):
167.3 CMS ‘ " Mean of 53 is 168.2 CMS
Overall: . Cverall: ' ‘
172.6 CMS . . Mean of 67 is 171.8 CMS

While the comparison is interesting, it must be remembered

+

.that it .is for log transformed data. The log transform is a

nonlinear transformation, and none of the Margaree River
untransformed. data densities appear bimodal. However othex

stations such as WSC 05QA001 English River Near Sioux Lookout
exhibit multimodality with untransformed data. A final note"
is ;hat in Fig. 5.2d-the fine structure of the density is,
visible: One criterion which has beep suggested for chcosing
the smoothihg factor is when rapid fluctuations just start to

appear in the density.

In an applicatien such as flood freguency analysis, the

distribution function plots are equally if not more important

. than the density function plots. The‘distributions

coerresponding to the densities in Figs. 5.1 and 5.2 are given
in Figs. 5.3-5.6. The observations are represented using the
empirical distribution formula given by 'eqg. 3.37. 1In Fig.

5.3, while the distribuﬁlon functions 'fit' the‘observations,
the sudden 'zig' towards the second largest data point is not

desirable due to poﬁential overfitting. Klemes (1980) has
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neg against overfiitting, i.e. mistaking noise for

information. Note the effect of the log trangform in Figs.

5.5 and 5.6. Here the distribution functions are no longer
almost horizontal after the last obse%(ifion as they are in

Figs. 5.3 and 5.4.:

LS . 4 ' .

Fig. 5.7 shows the nonparametric densities for Warta

"
® -

'/) River for the untransformed data. With this set of data the
. ; . . .
3 right-hand tail is longerfand more complex, as could e~
anticipated from the histograég in Chapter IV. In Fig. 5.7c¢

and d there jis a problem in that the left—-hand side of the N

Y 1 - .
dénsities become slightly negative. As negativé floods have
; e ‘ ? s NG
no physical basis and ‘mlso toyallow uniform scaleg_hith the
7 . : .
other plots on the page, thes densities have been truncated

at ze}o. The effect of this anomaly can be seen on the left-

7 hand side of the distribution functions in Fig. 5.10. In any
case however, estimates of floods with return periods less
than 10 years should be computed uging partial duration

series, not annual flcod series.

In Fig. 5.9 and 5.10 for the higher olservations the

//// distribution funéfloﬁ-matches‘%ﬁé data points as though by

interpolation. Even though the true plotting position for

the Qbservations is not known, it can be seen that the kernel

e estimator allows the data to "speak for itself".

4

N
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lFig. 5.8 shows the nonparametric densities for Warta
River for the log transformed data. Contrast Fig. 5.8a with
Fig. 5.8b. 1In Fig. 5.8a the density is £oo rdugh while in
Fig. 5.8b it is oversmoothed. Of the four density plots on
the page, Fig. 5.8a has thg smallest smoothing faé;or h and
Figl 5.8b the largest. These density estimators should be
compared with respect to their distribuﬂion functions as well
as the density function. . In Fig. 5:.11 for h by STT it is
seen that there is a negative bias in the left-hand tail of
the distributdon function and a positive bias in the right-
hand one. In Fig. 5.11 for h by AF th;,distribution function
ffits’ the observéiions extreﬁely well. This is hardlg
surprising as.the same plottiﬁg formula is used in the ~
formulation of h by AF:és‘is“used in represeﬁting'thé
observétions in the figure. More 'reasonable' densities for
the Warta River are given in Fig. 5.8§ and d; with their
_cofresponding distributions being given in Fig. 5.12. As the
true densities are unknown, this assessment is subjective;

however the fine structure of the densities is apparent, and

the appearance of the distributicns pleasing.

To gharacterize the nonparametric densities, the
following statistics were parametrically computed using
moments:

X where n= L f (5.1)

=1 Y © gy 1

x|
]
o
o~
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. B -

Results for the two data sets are given in Tables 5.5

and 5.6. They can be compared with the equivalept:statistics

-calculated from the data, in Table 4.1. The estimate and
data values agree very closely for the Margaree River, but
less so for the Warta River. The difficulty with the Werta

River might be anticipated from its higher coefficient of
[

skewness.. The' estimate standard deviation decreases for all:

the methods except the method of STT with the log
>

transformation. The method with the closest match between

estimate and data for both the mean and standard deviation is

AF log. -1 " ’ ‘ . "

)
«

-Figure 5.13.compares typical perametric and
nonparametric distribution plots for ﬁhe Warta River. It can
be seen that out of the total sample”of;l¢0/‘only 14

cbservations are in the portion of the distributions to the

L

right of® the 10 year recurrence interval., In the parametric’
model, the parameters are largely determined by the central
porticn of the distribution, where most of the observations
lie. Howevep T the nonparametric model, mote weight.ie
éiven to the fight-hand teil, ie. the 14 observations to the
right of‘the 10 year recurrence interval. The nonpérametric
model seems more suitabkle for pgedictions in this region than

a

the.parametrig one.

~
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" TABLE 5.5

2

Nonparametric Density Estimate Statistics for

North@ast Margaree River’
( N=67, Record from 1917-1983 )

t Margaree Valley

123

.

Method Number

Estimate

\
N _

Nonparametric Density Estimate Statistics
for Polish River Warta at Poznan.
( N=140, Record from 1826-1965 )

Estimate Standard-
of Peaks Mean X Devigtion 3
Untransformed: o tf , L\ .
AF : 14 ‘ 172.19 58,39
STT ’ 5 171.87 58.59 ™
- FF 4 171.84 59.72
W 2 , 171.84 . 60.u6
Log Transform:. - , ‘
AF _ 14 171.95 57.82
STT 4 172.36 59.41
FE 3 172.43 59.68
W 5" 172.58. 60.21
2
TABLE 5.6

Method‘r ' . Number Estimate Estimate Standard
‘of Peaks Mean X Deviation 8
, .
Untransformed: _ ]
AF 12- 436.39 348.02
.  SST 6 436.57 349.62
PF 3 436. 44 356139
W 3 436.45  354.39
Log Transform: . :
AF 15 436.59 325.77.
STT 2o 449,23 359.61
FF ‘ 3 i42.56 341.10
W Y 439.62 332.79
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except for the Q100 event estimated by the methods of STT,

125

5.2 SYNTHETIC DATA

" The complete simulation results for the experimental !
sample space and errors described in Section 4.3 are given in
Tables 5.7 through 5.10. The true-population values are now

known and are shown. As with the real data, estimates were
<

computed for the Qlo; 050, Q100 and Q200 events.

L

In the simulation results, some basic differences can be
seeh between the method of AF and the other three methods.
These differences can be attributed to the fact that AF is
really formulated based on- a diétribution function criteria,
while the-other methods are based on probability density

function estimation.

First consider the bias results, untransformed data.
For Data 1 the iesults are very unbiased, generally less than

2%, For Data 2 with sample size 100 this is also true,

FF, W. For Data 2 with sample size 50 the bias is less than
2% for only'half the events aﬁd methods. The exceptions this
time are the.QSO event estimated by the meﬁﬂégé of ST%, FF, W
and most of, the cases in which the bias is negative. Note
that Data 2, sample size 50 is the most difficult to estimate

as it has the largest coefficient of skewness with the least

.amount of data. With the kernel estimate, the increasing

negative bias is evidence of the increasing spérsity of data
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in the tail. A negative bias in a QT event estimate is

\ usually more critical than a positive one, since the

B .

underdésign of flood control structures have more severe

0y

consequences than the overdesign.

Still considering the untr

ormed data bias results,
“ note that for the density methods of §TT, FF, ﬁ the QT event
with the larges£ poéitive bias is QN ere N is the saﬁple
"size. fhis holds for both data sets, and for bofh N=50 and
N=100. On the other hand, for the distribuﬁion criteria .

based method of AF, the bias is generally small but negative,

with its magnitude simply increasing for the higher events.

Now consider the ‘bias results, log transformed data.
The methods of STT, FF, W all have a larger bias than with
the untransformed data, and for the events considered, a
positiﬁe.one. Howeygr if higher events were caIbuiated, say
Q500, a negative bias could be expected. The effect of the
log trapsform with these methods is to shift the QT event
with the largest positi&e bias higher, to say about Q2N.
With the method of AF, the log transformation- results in QT
event éstimates which are less biased. This can be ascribed
to the fact that the l&:ﬁfsgns%orm decreases the skew of:the
data, and the method of AF makes use of an empirical
distribution formula to ;Ssign probabilities based on rank

information. .
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Consider now the standard deviation results. As would
be expécted, in all cases the standard deviation increases

with increasing QT event.

[ 3

The last columns in Tables 5.7 through 5.10 give the.
RMSE. For'the untransformed data, the method of STT
performed best in terms of RMSE. For the log transformed
data, the method of AF performed best. 'Except for this
method, -the. RMSE increased for all fhe data-based algorithms
with the log transformation. Of all the methods, STT has
-the least variance, and AF log the smallest bias. With all
the estimators, but e$pecially with AF and AF log, the RMSE
is mainly due to variance, as. the estimates are generally

very unbiased. With,the higher value of skewness and the

smaller sample size, the results are more biased.

Finally, consider, the change in RMSE when the sample
size doubles from N=50 to N=100. With more information
available, one would expect the RMSE to decrease. This is

almost always true, the ratio RMSE / RMSE usually being

100 50

in the range 0.70 to O.Qb. However there are two exceptions
with untransformed Data 2 for the Q100 %yent estimate by the
methods of FF and W. The reason for this'is the large bias
for these methods as shown in Table 5.9 compared with the
corresponding values in Table S.iO. The cause of the large

bias can in turn be traced to the abnormally large smoothing

parameters for these methods with untransformed Data 2 as

‘w
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shown-in Tables 5.13 and 5.14. In”Table 5.13 for the method
of FF thé mean h is 40.53, the lérgest of any method.
Similarly, in fable 5.14 for the method of ﬁ the mean h is
53.05, again tﬁe largest. This problem of oversmoothihé for
these methods does not exist with log transformed Data 2.

Note that both FF and W are density estimation methods.

~

Iq general the¢e i; a very close correlation between
bias in Tables 5.7 to 5.10 and smoq?hing parameter h in
Tables 5.11 té 5.14. Small h corre;}onds to a small bias,
and -large h to a large bias. Some exceptioné occur.for the
Q200 event estimate when Ehe Samble size is 50. Even though
the different data-based alggrithms make use of differen$
. Kernels, £here is still a close correiétion, which confirms

theory presented in Chapter III. , ;

-~ ]

It is interesting to examine the coefficient of
variation, C.V. of the smoothing parameter in Tables 5.11
through 5.14. The log transform does not have much effect.
Decreasing the sample size from 100 to 50 increases‘the.C.V.
of h by a factor of 1.30 to 1.45, except for the method of
STT, where the factor iétﬁ.OS. However the C.V. for the
method of STT is much larger than the C.V. for the other
methods to begin with. Perhaps this larée‘variance in the
smoothing parameter with STT explains why QT event estimates

by this method have the least variance. In these tables,

note that the method of STT failed to converge to a h value

e
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TABLE 5.11
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."

Smoothing Parameters in Simulation:

Data 1, Sample Size

100, Replications = 500

Degenerate.

' % Degenerate smocthing Parameter, h
Method Cases Cases Mean STDV C.V.
Untransformed:

AF . 0 0 15.61 1.650 A06
STT . 36 7.2 25.55 6.473 .353
FF 0 0 19.00 1.352 ©.g7
"W 0 o' 16.15 1.529 ~——=095 .
Log Transform:
AF ) 0 .0620 .0067 .108
STT 34 6.8 .1035 L0271 .262
FF 0 0 <0777 .0056 .073
W . 0 0 .0665 .0066 .099

. 1 .

Smoothing Parameters in Simulation:
Data 1, Sample Size {= 50, Replications

= 1000

Degenerate % Degénerate Smoothing Parameter, h
Method Cases ses Mean STDV C.V.
Untransformed: .
AF 0 0. 21.72 3.369 . 155
STT 81 8.1 31.12 8§.263 .266
FF 0 0 19.49 1.965 101
W 0 0 23.83 2.948 124
Log Transform: i '
AF 0 0 ‘. .0854 .013% .158
STT 63 6.3 *2.1260 .03u5 .274
FF 0 0 L0791 .0o8g2 . 104
W 0 0 .0976 .0126 . 129

K
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TABLE 5.13

] Smoothing Parameters in Simulation:
Data 2, Sample Size = 100, Replications = 500

- .
: Degenerate % Degenerate Smoothing Parameteéer, .h.
Method Cases Cases Mean . STDV C.V.

Untransformed:

AF 0 - . 0 29.24 3.386 a 116
STT 50 - 10.0 . 38.97 10.74 .276
FF ., 0 .0 §0.53  4.1084 .101
W .0 0 37.12  5.518/  .1kg
" Log. Transform: - ‘ -
AF S0 - -0 1165 L0129, 111
STT 34 6.8 - . 1945 0514 . .}%U
FrF 0] 0] 1436 .0107 075
W o 0] 0 : . 1235 . .0124 . 100
TABLE 5.14 e

Smoothing Parameters in<Simulation:
.- Data 2, Sample {ize = 50, Replications = 1000 7

1 ‘
\%%:genebate % Dégenerate "Smoothing Paramefer, h

Metﬁqd Cases . Cases Mean - STDV c.V.
. I Fd )
Untransformed: :
AF 0 . 40.89 . 6.857 .168
STT 110 bg.27 - 14.08 . 286
FF ‘ . 0 41.54 5.811 . 140
W - 0 +53.05 9.574 . 180
Leg Transf rm: v s
AF 0 ) . 15973 .0253 , » 159
STT / 82 ‘ ..2368 L0641 L27T
FF 0 L1472 0154 L1058
W 0 . 1806 .0230 - .127°
- o=
t ____)\'
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between 6.3 and 11% of the time when using the sample range

as h(0).

Using‘the mean h information in Tables 5.11 to 5.14,
Table 5.15 shéwi}pﬁe effect of reco}d length oﬁ the
smbothing parameter. Based on asymptotic expansion theory
for the IMSE {(eq. 3.25), the theoretical value for the ratio’
" h100/h50 is 0.871. The method STT is closest to this,
differing from it by about negative 6%. This is not
surprisiég, as the data-based algorithm of STT is formulatéd

using asymptotic IMSE theory. The same is true for the

TABLE 5.15

Effect of Record Length. on Smoothing Parameter

-

Méthod | Datd 1: . Data 2:
Ratio of h100/hS50  Ratio of h100/h50
-

“Untransformed:’
‘ AF 0.719 o 0.715
STT 0.821 - 0.791.
FF 0.975 - -0.976
W 0.678 0.700
Log Transform:’ )
AF ' 0.726 0.731
STT . 0.821 : ‘ 0.821
. FF 0.975 0.976 ,

W _ 0.681 0.68U

method FF; however its difference from the thecoretical value
is positive 12%. The h value by the method FF is quite

invariant to the record length, which is not desirable. The
o .
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method AF has a h100/h50 ratio with a differencé‘f m 0.871
of between negative 16 to 18%. Note that the methol AF is
based on an IMSE criterion at the distpibution function.
For the method W, the % difference from 0.871 is between

fl

negﬂ?we 20 and 22%. The method W is completely heuristic.

The total execution times for the various methods are

given in Table 5.16. With sample size 100, 500 replications

were done; with sample §ize 50, 1000 replications.

TABLE 5.16

. o :
Computer Times in Simulation with 50,000 Random Values

Data Sample CPU Seconds {Amdahl Model V8)

' Size AF STT FF W

Data 1 . . '
U 100 3050 1074 24 23
L 100 2696 . 1023 23 23
U .50 1932 714 25 24
L 50 : 1412 701 24 E

Data 2
U 100 3197 1616 22 21
L 100 2670 1009 22 22
U 50 2011 1000 26 - 25
L 50 1365 675 25 25

NOTE: U = Untransformed, L = Log Transformation
There is not much of a difference between the.times for Data
1 énd Data 2. Generally lag transformed data required less
time. For the method of STT, if there ﬁere mcre degenerate

cases, more computing time was required.
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Small sample (N=50) simulation resultsﬂéor the two best
nbnparametnic techniques, AF log and STT untransformed, are
gémpared with those of five parametric ones in Table 5.17.
For Data 1, the RMSE of STT untransformed and AF log closely
appreoach thosé!of LP3, which is the correct parametric
distribution for the genehated data. For Data 2, the RMSE
of AF log for Q50 is 2% larger, and for Q100 is 4% larger
than the RMéE of LP3 estimated by maximum likelihooé; The
;erro}s for these events lie.within the traditional

fengineering 5%. However, the important factor is not so
Smuch the slze of the errbrs, as the faect that they have been
achieved with much weaker.assumptions than in parametric:

analysis. For both Data 1 and Data 2 the bias of “AF log is

very small, sometimes even smaller than that of LP3.

While the information given in Table 5.17 is limited,
it imdicates the potentiél of nonparametric téchniques in

flood frequency analysis.



Chapter VI

> CONCLUSIONS ¢

6.1 MAJOR CONCLUSIONS

Based on.the results presented in-this thesis, the

following conclusions can be made:

“J: . .
1. Nonparametric flood estimates obtained by the kernel

methed are wit?in'the same order of magnitude as the
estimates obtained by currently usedaparamétric techniques.
Thds the kernel method aﬁpears to be a viable alternative
with the advantage of not reqpiring a‘distributiqnal

assumption.

2. The simulation study indicates that nonparametric flood
estimates can be equally or more accurate than those of the
LPIII distribution used to generate the data.
' )

. ! e
3. A comparison of flood estimates by the methods AF, STT,
FF and W with those assuming LN3, GEV, LPIII and Wakeby
distribﬁtions shows that the nonparametric design floods
determined in this study are less variable than the
parametric ones. This suggests that while h is critical, it
~1s perhaps less critical than the computation of parameters

in parametric analysis.

- 139 -

Lo
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4. The kernel estimator requires the selection of only the

kernel and the smoothing factor. In this respect it is more

parsimonious than parametric models.’

5. Of the three kernels used, the rectangular kernel gave
the roughest density estimates. Both the quadratic and

Gaussian kernels gave smoother estimates.

6. Based on a visual assessment of smoothness in the
density function and fit in the distribution function with -
two sets of real data, determination of ‘the smoothiﬁg factor
h by the method W gives the best results. However, based on
simulétion results, the metﬁod STT on untransformed data and
AF on log transformed data are preferéble. It is‘thefgfore
recommended that allhthree methods be used in flood frequency
analysis applications."Should?a‘farticular method be
Unsuitable for a.giqen set of data (i.e.’'STT is known to fail

5-10% of the time}, the other methods serve as alternates.

7.  Flood data for the Margaree River has been shown to be
‘multimodal due to different causative factors for spring and
fall flocds. Nonparaﬁetric density estimation is

particularly suitable for multimodal data.

8. Flood data with long tails (eg. Warta River station)
present. fitting difficulties with- the commeonly used
distributions since more weiéht is given t¢ the central part.

This is especially true when its parameters, are estimated.by

"
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. the method of Moments. Howevet, the nonparametric approach
allows a'greater weight in the tails, and thus provides more

reliable flooa estimates.

9. With uqtransformed data, the kernel estimator is not
suitable for use outside the range of the data. .An estiﬁate
too far into the tail would depgnd heavily on the highest
observation and the particular kernel used. _Thus with’
untransformed data the kernel estimator should Be used for

interpolating rather than extrapolating purposes.

10. Log transformed flood data has aiso been- analysed in
.this thesis. The log transform decreased the problem of
bumps at outlying observations especially evident in
untransfofmed data analysis for the method AF. In the
simulation only the method AF showed an improvement in RMSE
when used with log transformed data insteaa of untransformed
déta.

e

11. Given‘ioﬁg—term stations with record lengths of 50 or
more years, flood magnitude'values up to the Q100 event can
reasonably be eétimated by nonparame;ric metheds. Floods
with 20 to 100 year return peribds are used in many
engineering problems,.fér example irrigation design and the

delineation of flood risk areas.

-

12. The coéfficient of skewness could be used to decide

whether the data should be transformed. In the simulation,
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the nonparamétric flood estimates with the more highly skewed
data had a larger relative RMSE. For Data 1 the Q50 event is
best estimated by the ﬁethod W on untransformed data. For
Data 2 it is preferable to use log transformed data to
estimate this event by the method W. Thus it would appear
that with iﬁcreasingly skewed data, a transformation improves

the estimates of floods.

13. The optimal histogram and optimal frequency polygon are
useful in the graphical presentation of flood data. Adequate
1

graphs can also result by plotting the flood data in terms of

% maximum discharge.

- - "

14. Methods DHH and NDMPLE appear to bé lesg suitable for
use in flood frequency analysis than the other methods
investigated. The problem with DHH lies in the nonlinear
nature of flood data or in programming difficulty. The
problem with NDMPLE is that the user must specify four
factors, and there is no clear-cut cri;erion for balancing

- the penalty and the likelihood. This makes NDMPLE more of a

parametric procedure than a nonparametric cone.

15. As nonparametric methods are data-based, a fair amount
of computation is required. The algorithms ranked in order

of increasing compuﬁation tim§ are: W, FF, STT, AFr.

In conclusion, the pdtential usefulness of nonparametric

techniques in flood frequency analysis has been demonstrated.

()
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In addition, these techniques can be modified and refined for .

use in other areas in' hydrology.

6.2 RECOMMENDATIONS FOR FURTHER RESEARCH

During this study is has become evident that there are a
number of areas‘where continued research would be beneficial.

These include:’ %

1. Further research on the automatic selection of h. 1In
their recent book, Devroye et al. (1985} challeﬁge the widely
accepted IMSE density estimation criterion. They note that

-~

with this criterion regions with low f values such as tails

are less important and misleading estimates can result. They

show that Lj; the®ry, which makes use of the error criterion J
= f]f(x)—ffx” dx, is in many ways preferable. 1In L, for the
kernel estimator, E(J) decreases at the rate N-2/5 if h is

chosen in proportion to N™1/5, 7The corresponding IMSE rate

El

is N74/5 if h is chosen proportional to nN~1/5,

2. A comprehensive investigation should be made of the N
: -

effect and suitability of various transformations. Ideaglly a

transformation ‘should have both theoretical and physical

justification. Of particular interest -is the transformed

kernel estgmate suggested by.Devroye et al. (1985, p. 244)

i

which is D 'eﬁfzriangularizing the data instead of

normalizing it. 'In the method a robust Parametric

-

distribution is initially assumed, then transformed to the

N
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triangular density on [0,1].‘ Using the Epanechnikov kernel,

the optimal smoothing factor h is explicitly known as

h = (5/192rN). Retransformation would provide flood
estimates.
3. The nanparametric one-sample procedure of Parzen (1979)

could be used in flood frequency anaiysis. The basis of the
method is the fact that every probability'family has a
characteristic densitynquahtile function.JpEmpirical ana
theoretical standardized density- quantlle functions are

compared in order to select the dlstrlbutlon that best

represents the data.

b3

4, Slmllarly, the Baye51an approach to probability density
estlmatlon presented by Ishlguro et al (1284) could have
application in flood frequency analysis. They have shown
that their method works efficiently for any data set, provided

———

the true dens;Ey‘fgnctlon is ‘properly smooth.

5. Simulations involving'multimodal data, outliers, or
other skew classes and record lengths could be done. This

would be required to reflect various hydrological regimes.

6. Further studies could investigate multimodal data in
greater detail, possibly in more than one dimension.
Nonparamettic copfidence intervals are an open question.
Finally, nonparametric regression ie a related subject with

many potential applications in hydrology.
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TABLE a.l '

WSC STATION NO=01lFBOO1 List:lng of Data
WSC STATION NAME=NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY

T T T T T T T T T T T T T T T T T S e S e e e e e e e e e e e e e D e e e e e

MONTH YEAR " DATA ORDERED RANK FROB. RET. PERIOD
(1) {2y (3) . (4) (5) S (B U7
{CMS) {CMS (%) { YEARS)
11 1917 '163.000 355.000 1 « 0.89 112.000
5 1918 283.000 ‘343,000 2 2.38 42,000
g, 1919 124.000 292,000 3 3.87 25.846
3 1920 237.000 283.000 4 5.36 "18.667
3 .~ 1927 206.000 272.000 5 6.85 14.609
5 1922 175.000 263.000 6 8.33 " 12.000
16 1923 245,000 249,000 7 9.82 10.182
5 1924 146.000 237.000 8 11.31 8.8472
2 1925 137.000 226.000 9 12.80 . 7.814
5 1926 178.000 225.7000 10 14.29 7.000
11 1927 272.000 225.000 11 15.77 6.340
7 1928° 125.000 224.000 12 17.26 5.793
5 1929 138.000 216.000 13 18.75 5,333,
3 1930 - 149,000 214.000 s 14 20.24 4.941
4 1931 80.100 206.000 15 . 21.73 4.603
1 1932 156.060 "t 206.000 16 23.21 4.308
"1l 1933 119.000 206.000 17 24.70 4.048
~ 5 1934 . 226.000 . 201.000 - 18 26.19 3.818
1 1935 2251000 191.000 19 27.68 3.613
3 Y1936 225.000 190.000 20 29.17 ©3.429
11 1937 - 1B7.000 189.000 21 30.65 3.262
4 1938 163.000 1B7.000 22 32.14 “3,111
10 1939 130.000 1:87.000 23 33.63 = $2.973
5 1940 168.000 186.000 24 35.12 2.847
S 1941 185.000 185.000 2 36.61 2.732
5 1942 120.000. 178.000 26 38.10 2.625
5 1943 1567.000 177.000 27 39.58 2.526
5 ' 1944 119.000 175.000 28 41.07 2.435
5 1945 109.000 174.000 29 42.56 2.350
.4 1946 - 177.000 " 168.000 30 44,05 2.270
S 1547 214.000 167.000 3 45,54 2.196
.5 1948 190.000. 167.000 32 47.02 C2.127
11 1349 161.000 1656.000 33 48.51 2.061 -
4 19590 111.000 - 163.000 34 50.00 2.000
3 1951 125.000 163.000 35 51.4293 1.942
1 1952 125.000 162.000 36 52.98 1.888
2 1953 174.000 161.000 37 54.46 1.8356
2 1954 77.000 156.000 18 55.95 - 1.787
3 1955 " 118.000 150.000 39 57.44 1.741
1 1956 , 187.000 149.000 4G 58.93 1.657
5 1957 123.000 . 146.000 .41 50.42 1.655
4 1958 131.000 144.000 42 61.90 1.615
11 1359 121.000 138.000 13 53.39 1.577
4 "1960 131.000 138.000 44 . g4.83 1.541
5 1961 167.000 137.000 as 65.37 1.507
4 1962 342.000 137.000 15 57.86 1.474
5 1963 i44.000 131.000 47 59.35 1.442
5 1564 . 137.000 131.000 48 70.83 1.412
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Continuation of TABLE A.l1

WSC STATIOV,NO O1FB0O1l Listing of Data
WSC STATION NAME=NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY

MONTH YEAR DATA ORDERED RANK PROB. .RET. PERIOD
(1) (2) (3) - (4) ' (5) (6) (7)
{CM3) (CMS) (%) ( YEARS)
5 ‘1965 108.000 130.000 . 49 72.32 1.383
5 1966 94.300 -129.000 507 73.81 1.355.
11 1967 263.000 125.000 51 75.30 1.328
12 1968 206.000 125.000 52 76.79" 1.302
5 1969 292.000 124.000 53 78.27 1.278
5 1970 121.000 123.000 54 79.76 1,254
11 1971 206.000 123.000 55 81.25 1.231
5 1872 . . 224.000 121.000 56 B2.74 1.209
5 1973 138.000 © 121.000 57 84 .23 1.187
4 1974 123.%000 120.000 58 85.71 1.167
12 1975 216.000 115.000 - 59 87.20 1.147
5 1376 166.000 119.000 60 88.69 . 1.128
o 1377 201.000 118.000 .6l 90.18- 7 1.109
1 1978 181.000 111:000 52 91.67 1.091
1 1979 162.000 | 109.000 63 93.15 1.073
12 1980 186.000 108.000 64 94.64 1.057
4 1981 189.000 94,300 .65 . 96.13 1.040
4 1982 - 355.000 80.100 66 97.62 1.024
3 1983 150.000 77.000 67 99.11 1.009

-
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FREQUENCY ANALYSIS - THREE-PARAMETER LOGNORMAL DIS

01FBOC1

% SERIES 1
LN X SERIES
LN(X-¢) SERIES

X(MIN)Y = 77.0
L(MAX) = 355.0

" LOWER OUTLIER LIMIT OF

SOLUTION OBTAINED VIA MAXIMUM LIKELIHOOD

3LN PARAM

MEAN
71.827
5.096

4.933

00
00

ETERS:

RETURN
PERIOD

.003
.050
. 250
.000
.000
. 000
.000
.000
.000
.000
000

TABLE A.2

SAMPLE STATISTICS

s.D. C.V.

57.367 0.334
¢.319 0.063
0.374 C.076

C.3.
1.073
0.166
0.002

TOTAL SAMPLE SIZE=
OF LOW QUTLIERS=

NC.

o

¢= 23.073 wuw_ = 4.

FLOOD FREQUENCY REGIME

EXCEEDANCE
PROBABILITY

. 397
-952
-800
.500
.200 a
.100
.040
.020
-010
.005
.002

joRuNoleNeNoNoNelNoNe

fes )

FLO

72.

37.
124.
1632.
213.
247.
290.
323.
355.
3387.
431.

0b

NO. OF ZERO FLOWS=

o

4
3.
3

15

IBUTION
NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY
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TABLE A.3

t

FREQUENCY ANALYSIS - GENERALIZED EXTREME VALUE DISTRIBUTION
01FBCO1 NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY

SAMPLE STATISTICS

MEAN S.D. ' cC.v. ' C.S5. C.K.

X SERIES . 171.827 57.367 0.334 1.073 4.500

- LN X SERIES 5.096 0.319 0.063 0.166 3.135
X(MIN).= 77.000 TOTAL SAMPLE SIZE= 67
KIMAX) = 355.000 NO. OF LOW QUTLIERS= 0

LOWER OUTLIER LIMIT OF X= 65.249 NO. OF ZERO- FLOWS= 0

gﬂtUTION OBTAINED VIA MAXIMUM LIKELIHCOD

GEV PARAMETERS: C= . 1l4s.s87 A= 43,287 K= -0.025

FLOOD FREQUENCY REGIME

,,//% RETURN -+ EXCEEDANCE .. FLOOD .
PERIOD PROBABILITY
1.003 0.997 71.10
1.050 0.952 98.10
N 1.250 0.B00 125.00
2.000 0.500 162 .00
5.000 0.200 212.00
10.000 0.100 + 246.00
25.000 0.040 290.00
50. 000 0.020 . 323.00
100,400 0.010 357.00
200000 0.005 391.00
500. 000 0

-002 436.00
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TABLE A.4
I 2

FREQUENCY'ANALYSIS - LOG PEARSON TYPE IIT DISTRIBUTION

01FBOO1

MEAN
171.827
5.086

X SERIES
LN X SERIES

X(MIN)=
HIMAR) =

77.000
355.000

LOWER OUTLIER LIMIT OF X=

NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY

SAMPLE STATISTICS

S.D. C.vV. C.S C.K.

57.367 0.334 1.073 4.500
0.319 0.063 0.166 3.135

TOTAL SAMPLE SIZE= 67
NO. OF LOW QUTLIERS= 0

65.249 NO. OF ZERO FLOWS= 0

J

SOLUTION OBTAINED VIA MAXIMUM LIKELIHQOD

T

LP3 PARAMETERS: A=]0.2729E-01 B=

I RETURN
PERIOD

.003
.05

240
.000

.000
10,000

\
LA
U1 B b et

25.000 .

" 50.000
100.000
200.000
500.000

134.6 LOG(c)y= 1.422

b

FLOOD FREQUENCY REGIME

EXCEEDANCE, FLOOD

PROBABILITY
0.997 72.60
0.952 37.50
0.800 _125.00
0.500 . 162.00
0.200 : 213.00
0.100 i 246.00
0.040 290.00
0.020 322.00
0.010 - 355.00
0.005 389.00.
0

.002 434.00
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TABLE A.5

FREQUENCY ANALYSIS - WAKEBY DISTRIBUTION
01FB0OO1 NORTHEAST MARGAREE RIVER AT MARGAREE VALLEY

SAMPLE STATISTICS

MEAN '§.D. C.V.- c.s. C.K.

X SERIES - 171.827, '57.3867 0.334 1.073 4.500
LN X SERIES 5.096 0.319 - 0.063 0.1l66 3.135
X{MIN)= 77.000- : ' - TOTAL SAMPLE SIZE= &7
K{MAX) = 355.000 ' NO. OF LOW OUTLIERS= 0

- LOWER OUTLIER LIMIT OF X= 65,249 NO. OF ZERO FLOWS= 0

THE FOLLOWING WAKEBY PARAMETERS WERE OBTAINED BY ASSUMING E TO BE
- NON-ZERO. THE ITERATION ALGORITHM-WAS NOT REQUIRED.

E= 83.137 A= 38.623 _B= 5.80 C= -1483.534 D=-0.039
DISTRIBUTION IS UPPER BOUNDED AT 0.1605E+04

: ¥
FLOOD FREQUENCY REGIME
RETURN .  EXCEEDANCE . FLOOD
PERIOD PROBABILITY
1.003 . 0.997 ' 84.00
1.050 '~ Cw 0.952 95.5¢0
1.2590 0.84Q0 - 124.00
2.000 0.500 161.00
5.000 0.200 212.00 -
10.000 0.100 ' 243.00
25.000 0.049 297.00
50.000 0.020 ~332.00
100.000 0.0190 366.00
200.000 0.005 ' 399.00
“  500.000 0.002 441.00
A o :
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- TABLE A.6

Listing of Data for
STATION NAME= POLISH RIVER WARTA AT POZNAN

MONTH YEAR DATA ORDERED RANK PROB. RET. PERIC

(1) (2) (3) ' (4) (5) (6) (7)
(CMS) (CMS) (%) ( YEARS)
1 1826 125,000 1573.000 1 0.43 233.667
1 1827 319.000 1515.000 2 1.14 87.625
1 1828 191.000 1510.000 3 1.85 53.923
1 1829 . 275.000° 1460.000 4 2.57 38.944
1 1830 1035.000 1395.000 5 3.28 30.478
1 1831 393.000 1253.000 6 3.99 25.036
1 1832 206.000 ' 1162.000 7 4.71 i 21.242
1 1833 382.000 1120.000 B 5.42 - 18.447
1 1834 . :692.000 1105.000 9 6.13 16.302
1 1835 105.000 1073.000 10 6.85 14.604
1 1836 303.000 1055.000 11 7.586 13.226
1 1837 548.000 1035.000 12 8.27 12.086
1 1838 725.000 1015.000 13 8.99 11.127
1. 1839 512.000 990.000 14 9.70 10.309
1 1840 525.000 775.000 15 10.41 9.603
i 1841 745.000 . 770.000 16 11.13 . 8.987
1 1842 118.000 750.000 17 11.84 8.446"
1 1843 207.000 745.000~ 18 12.55 7.966
1 1844 300.000 728.000 19 13227 7.538
1 1845 1015.000 728.000 20 "13.98 7.153
1 1846 728.000 725.000 21 14.69 , 6.806,
1 1847 153.000 718.000 22 __15.41/ 6.431
1 1848 418.000. 706.000 23 e 5.204
1 1B49 457.000°° 7 692.000 24 16.83 5.941
: 1850 1395.000 671.000 25 1755 "-5.699
1 1851 24.000 - 500.000. 2 18.26- . 5.477
1 1852 ‘5407000 572.000 . 2 18.97 5.271
1 1853 718.000 555.000 28 19.69: 5.080
1 1854 600.000 548,000 29 20.40 4.902
1. 1855 1515.000 - 348.000 30 21411 4.736
1 * 1856 399.000 545.000 . 3 21.83 4.582
1 ‘1857 122.000 540.000 2 22. %4 - 4.437
1 1858 198.000 .539.000 33 23.§%~ 4.301
1 1839 | 125.000 539.00C . 34 23797 4.173
1 1860 355.000 ¢ . 525,000 » 35 24.68 4.052
1 1861 43§;ggg/ " 518.000 . 36 . 25,39 3.938
1 1862 353y 515.000 37 26.11 3.831
-1 . 1863 100.000 . 512.000 38 26.82 ‘3.729
1 1864 187.0C0 - 511.000 3 27.53 3.632
1. 1865 285.000 "503.000 40 28.25 3.540
1 1866 . 252.000 “50P.00C 1 41 28.95 20453
1 . 18e7 375.000 473,000 23 - 25 57 3.370
- 1888 - '548.000 465.000 43 . 20.39 £ 3 291
, § 869 235.000 S 157.000 44 31.10 3.21s
{ 1876 246.000 455,000 45 31.81 3.143
1 1871 . 1120.000 £5.000 45 32.52 ) 3075
1 1872~ 370.000 1 4504000 47 33.24 3.009
1 1873 \\\ija.ooo o 448.000 - 43 33.95° T 2.945
. "1 . - S
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Continuation of TABLE A.6

Listing of Data for
STATION NAME=POLISH RIVER WARTA AT POZNAN

3 a
__________________________________ (R bt - -

MONTH .  YEAR - DATA - " ORDERED RANK PROB.  RET. PERIOD

(1) 2y (3) ’ (4) (3) (6) {7)
' (CMS) (CMS) (%) . ( YEARS)

1 1922 301.000 257.000 97 68.90 1.451
1 1923 518.000 255.1000 98 63.61 1.436
1 1924 1573.000 252.000 39 70.33 1.422

;1 1925 199.00C 250.000 100 71.04 4 1.408
1 1926 413.000 247.000 101 71.75 % 1.394
1 1927, 545.000 241.000 102 72.47 7Y - 1.380
1 1928 539.000 214.000 < 103 73.18 1.366
1 1928 299.000 214.000 104  73.89 1.353
1 1930 109.000 213.000 105 74.61 1.340
1 1931 362.060 207.000 106 75.32 '1.328
1 1932 192.000. 207.000 107 76.03 1.315
1 1933 168.000 206.000 ' -108 76.75 1.303
1 . 1934 116.000 -  205.000 " 109 77.46 1.291
1 1935 250.000 202.000 110 78.17 1.279
1 1936 150.000 200.000 111 78.89 1.268"
1 1337 330.000 199.000 | 112 79.50 1.2568
1 1938 450.000 . 199.000 112 80.31 1.245
1 1939 292.000 198.000 114 - 81.03 1.234
1 1940. 990.000 195.000 115 B1.74 1.223
1 1941 »  750.000 1%3.000 116 . 82.45 1.213
1 19427 " - 671.000 19%.000 117 83.17 1.202
1 1943 148.000 1917900 118 83.2 1.192
1 1944 - 195.000 187.000 113 . 84.5 1.182
1 * 1345 455.000 185.000 . 129 85.21 1.172
1 1946 386.000 185.000 . 12 86.02 1.163
1 1947 1055.000 182.000 . 122  .86.73 1.153
i 1948 511.000 182.000 122 87.45 1.144
1 1949 255.000 ~-TEEN00 | 124 89.16 1.124
1 1950 193.000 153.000 - 125 88.87 APEL
1, 1951 150.000 150.000° | 126 85.59 1.116
1 1952 148.000 - 150.000 - 127 90.30 1.1p7
1 1953 706.000 148.000 128 * 9x.0l . 1,093
1 1954 207.000 - 148.000 129 91.73 1. é)
1 1355 122.000 141.000 130 92.44 1.087
1 1956 - 214.000 134.000 131 - 93.1% 1.074
1 1957 299.000 " 125.000 132 93.37.. 1.065 |
i 1958 . 437.000 _. 125.000 133. 94.58 . l.057
1. 1553 185.000 - *ﬁqlzz.ooo 134 ,  95.29 1.049.
1 0. 182.000 1184000 135 96.01 ., N, l.042
1 1961 293.000 116.000 136 96.72. ©1.034
1 1962 "~ 350.000 109.000  * "137 37.43 1.025
1 1363 350.000 105.000 138 33.135 1.013
1 1564 305.000 -100.000 ) 139 33.86 1.012
1 1965 1 469.000 83.000 140 99.5 1.004



Conéigpation of TABLE A.6

Listing of Data fo &
STATION NAME= POLISH RIVER RARTA AT OZNAN

MONTH YEAR DATA : ORDERED RANK - . PROB.

{1 (2} (3) ‘ (4) AR (6)
{CMS) ({CM3) “ (%)
1 1874 275.000 441.000 49 34.66
1 1B75 280.000 437.000 50 35.38
1 1876 1105.000 432.000 - 51 36.09
1 1877 365.000 431.000 . 52 36.80
1 1878 380.000 418.000 53 37.52
! 1879 333.000 418.000 54 38.23
1 11880 572.000 - 413.000 55 38.94
1 1881 475.000 3997000 . 56 35.56
1 1882 134.000 393,000 57 40.37
o1 1883 269,000 28%.000 58 41.08
1 1884 © 259,000 382.000 59 41.80
1 1885 200.000 . 380.000 60 42.51
1 1886 +  775.000 +:376.000 - 61 43.22 -
1 1887 © - 260.000 3Z5.0600 62 43,594
i 1888 1510.000C _ 370.000 63 44.8%5
1 1889 . . 1460,000 - 365.000 - 64 15,136
1 1890 3157000 362.000 65 346.08
1 1891 °  1162.000 262.000 66 46.79
1 1892 515.000 . 353.000 57 47.50
1 1893 500.000 350.000 68 48.272
1, 1894 335.000 350.000° 69 48.33
1 . 1lass . 728.000 346.000 70 49.64
1 )-1896 169,000 335.000 71 50,326
1 1857 °© + 503.000 " 332.000 .72 51.07
1 1898 - . 247.000 . 330.000 . 73 51.78
1 1899 257.000 319.000 <74 52.50
H 12490 418.000 312.000 .75 53.22
.1 1901 44B.,000 205.0C0 76 53,92,
1 = 1902 441,000 - *303.0G0 77 54,64
1 1903 . 297.000 '231.000 - 78\ £5.35
1. 1904 297.000 4  200.0C0 73 56.06
L1 1905 39.000 - 299.000 80 56.78
1 198%m 214,000 299.000 31 57.49
1 1567 362.000 . 297.000 a2 53,20
1 1908 7 455.000 297.000 « 83 58.32
1 1909 - 1253.000 295.000, 84 59.63
1. ~ 1910 185.000 294,000 85 '50.34
it 19711 539.000 293.000 S35 B1.06.°
1 1912 294.000 292.000 87 a5l.77 .
1 1913 205.000 287.000 88 %g2.43°
1. 1314 287.000 285.000 53 $3.20
L 1915 202.000 280.000 * S50 53.91
<1 1915 431.000 275.000 91 64,52
gt 1917 "1073.000 275.000° 92 55.34
1 1318 376.000 . 268,600 g3 56.05
1 (1919 ¢ 131,060 - "254.000 94 - 66,76
1 1920 770.000" - 260.000 ® 35 87.48"
1 1921 241.000 259.000 , 96 63.19
¢ Lo

(7)
(YEARS)

i—'l»—‘l—‘b—‘I—-}Al—’F—'l—-‘l—'r—‘l—'l—-‘J—'ldl-‘H}—“‘PJ}-‘r-‘k—"r-‘l-‘l—‘.l'—-'NNNMNN:\JNK\)NB{NNNNNN&JNNNN

. 885
.827
771
717
.6565
.616
.568
. 522
.277
.434
.392
.352
.314
.278
. 240
.204
.170
.137
.105
.074
.044
.014
.986 .
.958 -
L5831
.5308
.879
-854
.B30
.807
.784
.7861 .
.733
J7LE T
. 657
.677
. 657
.638
.615 -
.600
.582

. 565
.547
.531
.514
.498
.482 -
467

b2

ggki;”
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© TABLE A.7

FREQUENCY ANALYSIS - THREE-PARAMETER LOGNORMAL DISTRIBUTION®
"POLISH RIVER WARTA AT POZNAN

SAMPLE STATISTICS j -'\\f\jr
MEAN S.D. C.V. C.S. C.K.
X SERIES  436.457 319.690 .. 0.732° 1.770 6.046
LN X SERIES 5.863 _0.646 0.110 0.272 . 2¢75
LN({X-c) SERIES 5.654 0.787 0.139  ~ -0.067 2.870
X(MINY= . 891000 . o TOTAL SAMPLE SIZE= 140
X(MAX)=  1573.000 | NO. OF LOW QUTLIERS= 0
e LOWER OUTLIER LIMIT OF X=  46.572 NO. OF ZERO FLOWS= 0
. : .
SOLUTION OBTAINED VIA MAXIMUM LIKELIHOOD
- - N -
3LN PARAMETERS : c= © 52.042 yu_.= 5.654 g = 0.787
., . LI o z ‘il z .
] i M ' *
. . ‘ B
| C FLOOD FREQUENCY REGIME
. RETURN - EXCEEDANCE FLOOD
PERIOD PROBABILITY
N— N
1.003 0.937 B4.90
1.050 ——. 0.952 129.00 _
¢ 1.250 & 0.800 199.00
2.000 0.500 ©337.00
5.000 0.200 . 505.00
16.000 0.160 - 834.00 .
25.000 . 0.040 . 1180.00
50.000 0.020 1490.00
) 100.000 - 0.010 1830.00
y\\\\_/ 200,000 0.005 2220.00 .
. ; g 500.000 0.002 2800.00
AR .
'f/ »
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TABLE A.8

166

FREOUENCY ANALYSIS - GLNERALIZED EXTKEME VALUE DiSTRLBUTION

MEAN

b POLTSH RIVER WARTA AT POZNAN

SAMPLE STATISTICS

Z.

v S.D. C.V. C.s.
¥ SERIES 436.457 319.690 -+, 0.732 1.770 . 6.
LN "X SERIES 5.863 0.646 /7 0.110 0.272:
X(MIN)=-, B9.000 \\\ TOTAL SAMPLE SIZE=
X(MAX)=  1573.000 ) _ . NO. OF LOW OUTLIERS=
LOWER OUTLIER LIMIT OF X= ~ 46.572 NO. OF ZERO FLOWS=
: L 4 .
SOLUTION OBTAINED VIA MAXIMUM LIKELIHOOD
- ‘ »
GEV PARAMETERS: © , C = 273.61 &= 157.087 K=  -0.
\ FLOOD FREQUENCY REGIME
/ . RETURN 'EXCEEDANCE FLOOD
/ PERIOD PROBABILITY ”
/ . . ‘,‘
1.003 0.997 £9.90
‘ - 1.050: 0.952 130.00
) . 1.250 0.800 205.00
= 2.000 0.500 335.00
5.000 0.200 586.00
10.000 0.100 819.00
25.000 0.040 1220..00
50.000C D.020 1620.00
100.000 0.010 2130.00
' . &.200.000 0.005 . 2780.00
b f 50C.000 0.002 ' 3340.00
/ . :
S/
\ ’
. I3 > N
t ' LA
. ~ “\,
. -

C.K.
046
759

140
9
0



TABLE A.9

FREQUENCY ANALYSIS - LOG PEARSON TYPE III DISTRIBUTION »
POLISH RIVER WARTA AT POZNAN

£

C::Lh; SAMPLE STATISTICS ¢

, MEAN S.D. . C.V. C.s. C.X.
. X SERIES 436.457 319.690 0.732 1.770 6.046
¥y ¥ SERIES 5.862 .  0.648 0.110 0.272 2.759
KUMIN) = 89.000 K ‘ . TOTAL SAMPLE SIZE= 140
© Z(MAX)=  1573.000 - NO. OF LOW OUTLIERS= 0
. . LOWER OUTLIER LIMIT OF X= 46.572 . NO. OF ZERO FLOWS= 0
/ . . * Y ’ \
~
SOLUTION OBTAINED VIA MAXIMUM LIKELIMOOD
™ ‘ N
LEP3 PAR§p ERS: A= 0.1223 3= 27.91 LOG(gl= *.2.449
: ¢ = 11.57
v ‘_ =
;7 . xﬁp._ FLOOD FREQUENCY REGIME
- RETURN EXCEEDANCE ‘ FLOOD &
PERICOD PROBABILITY
1?’5\ 0.997 77.a40.
- 1.450 0.952 129.00
1.250 . 0.800 203.00
S 2.000 0.500 338.00
: 5.000 ‘ 0.200 596 +00
10.000 0.100 822.00
. 25.000 0.040 ~ 1180.00
\ 50.000 0.020 © . 1510.00
10C.000. 0.010 . 1890.00
200.000 9.005 2340.00
200,000 0.002 _ 3050.00 .
- ' \

R |

i ‘ '
i

-
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TABLE A.10 s '
FREQUENCY ANALYSIS - WAKERY DISTRIBUTION
POLISH RIVER WARTA AT POZNAN
. . ‘ ) ]
SAMPLE STATISTICS .
: MEAN 5.D. CCLV. C.S. . TUK.
X 3ERIES 136.457 319.590 0.722 1.770 62046
L ¥ 3ERIES 3.853 0,546 0.110 0.272 2.759
[ ..
TIMING = 23.0600 TOTAL SAMPLE SIZE= 140
S(MAX)=  1573.000 : NO. OF LOW OUTLIERS= 0
LOWER OUTLIER LIMIT OF X= 46.572 NO. OF ZERO FLOWS= 0
THE FOLLOWING WAKEBY PARAMETERS WERE OBTAINED BY ASSUMING E TO BE
ZERO. THE ITERATION ALGORITHM WAS NOT REQUIRED.
%
E = ©.000 A= . 141.096  B= 44,11 C=  2882.555 D= 0.094
Q -
' FLOCD FREQUENCY REGIME
RETURN EXCEEDANCE | FLOOD
*PERIOD PROBABILITY
1.002 9.997 | ' © . 13.30
1.080 . 0,357 ‘ 132.00
1.2% S~ 5.3%0 202.90
2.000 0.500 323,500
5.0C0 9.200 S11.00
10.C00 2.100 *. R33.50
25.000 © T 3.040 LI58.00
\ 5G.000 9.029 1420, 0:
100.000 0.010 1790.00
200.000 1,905 CTNGG. A0
330.006 9.002 2129.00 £
1
i -
\> &
~
2 .
L

I
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APPENDIX B

Computer Proérams
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