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Abstract 

In this thesis we present a parallel N x N MIMO detection algorithm that is suitable 

for implementation on multi-core low-power processors. This algorithm has multiple 

versions which, depending on the SNR and target FER, allows for the complexity, 

performance and power consumption to be traded off on a packet-by-packet basis. 

The proposed hybrid algorithm essentially consists of coding the transmit symbols 

in pairs using the Alamouti space-time block code. At the receiver, one or multiple QR 

decompositions are performed in parallel after which alternate successive interference 

cancellation, Alamouti decoding and coherent combining are performed. Iterative 

detection can also be performed should better error performance be required. 

Despite the use of the capacity-lossy Alamouti code we show that the outage ca-

pacity and FER performance of the proposed algorithm at practical SNR levels below 

20dB are comparable to, or sometimes outperform, those offered by spatial multiplex-

ing algorithms such as MMSE-VBLAST. Furthermore, we show that our algorithm is 

more robust than MMSE-VBLAST in the presence of channel imperfections such as 

spatial correlation and channel estimation errors, two commonly encountered imper-

fections in practice. We also show that the complexity of our algorithm is equivalent 

to that of a lower complexity version of MMSE-VBLAST. Through FER comparisons 

with other well-known hybrid algorithms we also show that our algorithm achieves 

similar or better performance at a much lower complexity. 

The features offered by the proposed algorithm that is: parallel architecture, good 

FER/capacity performance, robustness against channel imperfections make it an ideal 

candidate for use in 4G and beyond-4G wireless standards. 
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Chapter 1 

Introduction 

Given a bandlimited wireless channel and a regulatory maximum transmit power con-

traint, which are usually imposed by regulatory bodies, is it possible to reliably send 

and receive digital information at transfer rates far beyond those offered by tradi-

tional wireless communications systems? This question has preoccupied researchers 

especially for the past decade mainly because the demand over higher data rates that 

support high-speed wireless network access has been steadily increasing while licensed 

radio frequency spectrum has become scarce and more expensive. 

It turns out that the answer to the above question is yes if certain channel condi-

tions are met, multiple transmit (TX) and receive (RX) antennas are employed, and 

the signals at the transmitter and/or receiver are processed in a manner that exploits 

the temporal and spatial properties of the wireless channel [22] [53]. The latter is 

usually achieved by introducing controlled redundancy across the time dimension as 

well as the space dimension (i.e. across antennas). 

Systems that employ such space-time signal processing techniques to increase 

throughput or/and to improve the reliability of the wireless link are referred to in the 

literature as Multiple-Input-Multiple-Output, or simply MIMO. Figure 1.1 depicts 

1 
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Figure 1.1: 4 x 4 MIMO system model 

a 4 x 4 MIMO system model, where Sj represents the transmitted signal from TX 

antenna j, and yi represents the received signal at RX antenna i. 

Unlike in the Single-Input-Single-Output (SISO) wireless link, where the channel is 

simply modeled as a single impulse response, the MIMO baseband channel consists of 

a matrix, hereafter called H, whose random entries h^ represent the impulse response 

from the j-th TX antenna to the i-th RX antenna. When the channel is frequency-flat, 

the channel elements h^ are simply complex-valued coefficients. 

1.1 MIMO Benefits 

The capacity (measured in bit/s/Hz) that could be achieved by a certain MIMO 

link depends primarily on the statistical properties of H, with the greatest capacity 

offered when the various h^ gains are uncorrelated to one another [22] [53]. It seems 
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that the rich scattering that naturally exists in many environments, like in indoor and 

dense urban environments, greatly help synthesize such a channel. Put differently, 

MIMO exploits multipath to its advantage as opposed to traditional array systems 

which attempt to mitigate its effects. It will be shown in Chapter 2, that under 

the conditions described above, the MIMO channel capacity grows linearly with the 

minimum of the number of TX/RX antennas used. This latter advantage of MIMO 

systems is regularly referred to as the multiplexing gain in the literature. Other 

advantages include diversity gain (better reliability), array gain (enhanced signal-to-

noise ratio) and interference suppression in multiuser applications1. Generally, those 

gains can not be obtained simultaneously as increasing one will generally lead to 

decreasing the other. 

1.2 Existing MIMO Algorithms 

Many algorithms have been proposed that attempted to achieve the dormant capac-

ity and/or the diversity advantage offered by the MIMO channel. Early research 

efforts started at Stanford University by Paulraj and Kailath [40]. Some time later 

researchers at Bell Labs, led by Foschini, proposed Diagonal Bell Labs Layered Space-

Time [23], also known as D-BLAST, and Vertical Bell Labs Layered Space-Time [19], 

also known as V-BLAST. Shortly after, this same team of researchers demonstrated a 

laboratory prototype of V-BLAST where they achieved an unprecedented capacity of 

42 bits/s/Hz using 8 TX and 12 RX antennas [19]. One major drawback of V-BLAST 

is its dependence on matrix inversion which limits its performance due to the noise 

amplification that takes place [57]. 

1More precise definitions of some of these gains will be stated later. 



4 

In 1998, Alamouti proposed [1] a very simple space-time code for the two transmit 

and one receive antenna case. The Alamouti code possesses the distinctive feature 

of having a low-complexity maximum likelihood (ML) linear receiver. This makes 

it very attractive for use in battery-powered terminals. This explains the adoption 

of this particular space-time code by various 4G standards such as IEEE 802.1 In 

(WLAN) and IEEE 802.16e (mobile WIMAX). 

During the same year, Tarokh et al. [50] introduced the Space-Time Trellis Code 

(STTC) where they borrowed many concepts from Trellis Coded Modulation (TCM) 

and applied them to space-time coding. The main advantage of STTC is its ability to 

provide coding gain as well as the full diversity gain. Unfortunately, the complexity 

of STTC grows exponentially with the number of TX antennas and the modulation 

format used [56]. This disadvantage makes STTC unscalable and unattractive for 

practical implementation in modern systems where adaptive modulation is normally 

used to maximize system capacity. Realizing this deficiency in STTC, Tarokh et 

al. [48] introduced the theory behind Orthogonal Space-Time Block Codes (OSTBCs), 

where they generalized the Alamouti code to more than two transmit antennas. They 

also proved that, in order to preserve the orthogonality feature when more than 

two TX antennas were used, the transmission rate had to be sacrificed. This paper 

sparked further research interest in the field and some interesting full-rate and full-

diversity 2 x 2 space-time codes were derived later [29] [16] [58] [7] [18]. These latter 

codes generally outperform OSTBCs at the cost of much higher receiver complexity 

due to the fact that ML decoding must be used to realize the full multiplexing-

diversity gain [12], 

Some of the algorithms mentioned above focus on maximizing the diversity gain 
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while others focus on maximizing the multiplexing gain. It seems that the best algo-

rithms are those that can combine both of these gains [27]. Some of these algorithms, 

generally referred to as hybrid algorithms, are presented in [49] [14]. The drawback 

of most of these proposed hybrid algorithms is that, similar to VBLAST, they still 

employ direct matrix inversion. As we mentioned previously, matrix inversion may 

enhance the noise level, and as a consequence limits the performance gain. 

As most MIMO algorithms attempted to maximize either diversity gain or multi-

plexing gain, it was rather difficult to compare their performance in a fair way. Zheng 

was first to introduce [60] the concept of a fundamental trade-off where he proved 

the existence of an optimal trade-off between these two gains. One drawback of this 

latest benchmark is that it is only valid at infinite-SNR levels, which makes its ap-

plicability restricted to situations where extremely high SNR levels are available. In 

[37], a tradeoff curve is derived for finite-SNR levels where slightly different definitions 

of these gains were introduced. 

1.3 Implementation Complexity 

Since the introduction of space-time codes, the main challenge has been to come 

up with optimal or close-to-optimal (in capacity sense) detection algorithms that 

have a reasonable implementation complexity. At the higher end of the complexity 

spectrum is the Maximum Likelihood (ML) receiver. This algorithm provides the 

optimum Bit Error Rate (BER) performance, and is generally used as a reference for 

the best asymptotic error performance. Unfortunately, the ML receiver implementa-

tion complexity is often prohibitive as it increases exponentially with the number of 

TX antennas and the modulation order used [12]. 
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ML-like algorithms, such as the sphere decoder algorithm (SDA), have been pro-

posed. Unfortunately, the complexity of SDA varies with the Signal-to-Noise Ratio 

(SNR) and the modulation order used, which is not desirable from an implementa-

tion point-of-view. Attempts have been made to come up with SNR-independent 

and modulation-independent versions of SDA. A promising solution that meets these 

two conditions was proposed in [17] but its payload complexity is still high for high-

speed real-time implementation. It is also important to mention that the complexity 

of SDA has been mostly analyzed in the absence of spatial correlation. In [5] it is 

shown that spatial correlation increases the expected complexity of SDA. Moreover, 

providing soft output2 increases the complexity of SDA by about 50% [46]. All of 

the above deficiencies associated with SDA-type algorithms make them unattractive 

for use in 4G systems where sub-Gbps rates are required. For instance, the highly 

optimized implementation of a soft-output SDA that is described in [46] achieves only 

a maximum of 100Mbps throughput for a 4 x 4 MIMO system. 

Due to their relatively lower complexity requirements, non-linear receivers, which 

use successive interference cancellation (SIC), are normally preferred for real-time 

implementation. Unfortunately, their error performance is much worse than the one 

provided by sphere decoders. This degradation is mainly caused by the self-generated 

error propagation problem (EPP) inherent in any SIC-type receiver. This normally 

can be slightly mitigated by improving the diversity of the first detected layer. 

Finally, it is important to mention that due to the increasingly demanding through-

put, energy and delay constraints as imposed by 4G standards' bodies, we believe that 

parallelizing MIMO algorithms will be the only way to meet these requirements. 
2This is a must-have feature because efficient outer decoders expect soft inputs 
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1.4 MIMO in Wireless Standards and Commercial 
Products 

Even though MIMO research started in 1994, it took almost six years to witness the 

first proprietary commercial products. The first systems which used MIMO technol-

ogy to boost data rates were invented by Iospan Wireless Inc., a start-up that was 

later acquired by Intel Corporation. It took few more years until MIMO found its 

way into Third and Fourth Generation wireless standards such as 802.1 In (wireless 

LAN), 802.16e (WIMAX) and 3GPP-Long Term Evolution (LTE), to name few. 

In a nutshell, all of these standards allow for the optional use of various forms of 

MIMO namely: spatial coding (another name for space-time coding), spatial multi-

plexing and spatial beamforming. The latter is only possible to use in Time Division 

Duplexing (TDD) systems and when the channel changes slowly compared to the 

frame rate. Most of these standards have been ratified only recently (i.e. as of late 

2008) and products based on these standards started to appear on the market as early 

as the first quarter of 2009. It is important to note that due to the complexity of the 

RF circuitry and baseband algorithms associated with MIMO most of these products 

currently use no more than two antennas. This is especially true for hand-held and 

battery-powered terminals with the physical dimensions of the device imposing an 

additional constraint on the use of multiple antennas. The use of more than two 

antennas still poses huge complexity and energy consumption challenges and it is 

expected that research efforts in these two areas will be the main focus for years to 

come. It is widely accepted that future MIMO algorithms must be inherently parallel 

so that lower clocking frequency can be used in order to conserve power and meet the 

required peak target rates. 



8 

Finally, it is also important to mention that, because of its linear complexity 

requirements, the Alamouti space-time code (or space-frequency code as in LTE) has 

already been adopted by these standards as the main choice for spatial coding. 

1.5 Problem Definition 

Research efforts over the past few years have focused on the 2 x 2 MIMO case. 

Optimum space-time codes such as tilted-QAM [58] have been proposed. For this 

simple 2 x 2 case, ML-type decoders with reasonable complexity have been proposed 

and implemented recently [42]. 

In order to achieve the high spectral efficiency specified for 4G and beyond-4G 

standards it is anticipated that 4G terminals will have the option to be equipped with 

up to 4 antennas (e.g. [51]). Beyond-4G products are expected to have the option to 

be equipped with as much as 8 antennas (e.g. [52]). 

So it is evident from the above discussion that there is currently a need, from a 

practical point-of-view, to find a Nt x Nr (Nr, Nt > 2) MIMO algorithm that possesses 

the following desirable features: 

• The architecture must be parallel in order to allow for high-speed low-power 

symbol processing. 

• Should achieve ML-like capacity and error performance with reasonable com-

plexity and without knowledge of noise variance, as is needed by some current 

MIMO algorithms. Obtaining accurate estimation of noise variance is not pos-

sible in many practical applications. 
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• Its complexity should not depend on the modulation order used or the opera-

tional SNR, as is the case in most SD algorithms. 

• Should not suffer from the noise enhancement and/or the error propagation 

problems usually associated with SIC-based family of algorithms. 

• Its improved performance should not be attained through the use of more RX 

antennas compared to the number of TX antennas , as is the case in V-BLAST. 

One can only think of a wireless downlink where the receiver, i.e. the user 

equipment (UE), is generally limited in the number of antenna elements that it 

can use due to the small form-factor of some of these devices. 

• Should be robust against spatial correlation that naturally exists between an-

tenna elements in many wireless environments. The majority of the proposed 

MIMO detection or space-time codes presented in the literature are derived with 

the simplistic assumption that the various channel coefficients are uncorrelated. 

• Should be robust against channel estimation error, an imperfection that can 

not be avoided in practice due to the finite length of the training sequence and 

quantization effects caused by finite-precision arithmetic. 

It is obviously challenging, if not impossible, to design an algorithm that achieves 

all of the above features. A tradeoff must be reached especially when it comes to 

performance and complexity. Because of the requirements stated previously (i.e. sub-

Gbps rates, short delays and low power consumption), we believe that the first feature 

listed above is a must-have feature as it will allow for the efficient implementation of 

4G and beyond-4G battery-powered terminals. 
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1.6 Thesis Contributions 

The main contributions of this thesis are as follow: 

1. In Chapter 4, we propose the use of a hybrid MIMO architecture where multiple 

instances of the Alamouti space-time code are used at the TX side. The RX 

decoding algorithm we propose possesses polynomial complexity in the number 

of TX/RX antennas regardless of SNR and the modulation format used. While 

capacity lossy when compared to MIMO capacity, we show that when the Alam-

outi code is compared to other algorithms such as V-BLAST, its capacity at 

practical SNR levels below 20dB is no worse than that of the best performing 

version of V-BLAST. The proposed algorithm is parallel in nature and as such 

should be able to support high data rates with low power consumption, a must-

have feature for 4G wireless terminals. The latter advantage comes from the 

fact that lower clock frequencies can be used to implement this algorithm. Fur-

thermore, when the operational SNR is high some processors can be turned off 

in order to achieve further power savings. This makes the proposed algorithm 

an ideal candidate for use in battery-powered 4G terminals. 

2. We show in Chapter 2 that contrary to the popular statement made in the 

literature regarding the contribution of multiplexing gain to MIMO capacity, 

diversity gain contribution to capacity can surpass that offered by the multi-

plexing gain depending on the operational SNR and the number of TX/RX 

antennas used. In the same chapter, we also find a very good simple approx-

imation for Laguerre polynomial. This in turn simplifies the MIMO ergodic 

capacity expression and allows us to derive a simple closed-form formula for the 
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finite-SNR multiplexing gain. 

3. Through computer simulations in Chapters 3 and 5 we shed light on the multiplexing-

diversity gain offered by MMSE-VBLAST. As such we reconcile many of the 

apparently conflicting conclusions reached in the literature regarding its perfor-

mance. We basically show that its multiplexing-diversity gain changes with the 

transmission rate and the operational SNR. 

1.7 Thesis Organization 

The rest of this thesis is organized as follows. In Chapter 2, we briefly review the 

MIMO channel capacity and bounds on error performance. In Chapter 3, we present 

some of the most well known MIMO detection algorithms and space-time codes such 

as V-BLAST and the Alamouti space-time code. In Chapter 4, we present the pro-

posed algorithm, derive its outage capacity and simulate its FER performance. In 

Chapter 5, we compare the complexity/performance of the proposed algorithm to 

other MIMO detection algorithms. In Chapter 6, we present a conclusion where we 

suggest further research work which can be undertaken to bring improvement to the 

proposed algorithm. 



Chapter 2 

MIMO Capacity and Theoretical 
Bounds 

In order to understand why the use of antenna arrays on both ends of the wireless link 

has created so much research and commercial interest, we have to study the capacity 

offered by the MIMO channel. As this chapter will demonstrate, the MIMO capacity 

is enormous and to realize it, or at least realize a major fraction of it, attention must 

be paid to certain key parameters such as the inter-element spacing in the antenna 

arrays used. 

To make our notation simpler, we will conduct our analysis of MIMO in discrete-

time baseband, thereby dropping any dependency on the carrier frequency component 

from the expressions used. We will also assume that the channel matrix H is static 

over the burst duration, and as such, we will also ignore the dependency on time. We 

will also assume that the channel fading is frequency-flat. 

2.1 MIMO System Model 

Referring to Figure 1.1, we can express the received signal vector y = [yi y2---UNrY 

as follows: 

12 
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— H s + n ( 2 . 1 . 1 ) y V Nt 

(hisi + h2s2 + .... + h NtsNt) + n, 

where H is the Nr x Nt random channel matrix whose elements hij, that represent 

the complex gains between TX antenna j and RX antenna i, have Gaussian distri-

bution that are assumed to be independent and identically distributed (i.i.d.) with 

jV(0, 0.5) in each dimension, s = [si s2....stvJ t is the TX vector with each component 

representing a symbol, generally complex, belonging to a finite set of symbol alpha-

bet a = [ai a2....ax] with |a,̂ |2 = 1, and n = [n\ n2....rijvr]T represents the 

complex noise vector at the input to the receiver with elements n* that are assumed 

to be uncorrelated with Sj and between themselves, i.e. £ (nn + ) = I/vr, where E(.) 

denotes the expectation operator. The normalization factor ensures that the 

total transmit power is always the same regardless of the number of TX antennas 

and the average receive SNR per branch is always equal to p. The second form of 

the equation uses the columns of the channel matrix, i.e. h j — [h\j hij . . . 

Unless otherwise specified we will assume that the receiver has full knowledge of 

H but the transmitter has no prior knowledge of it. In practice, one way H can be 

estimated is by transmitting a known sequence at the beginning of each frame and 

by employing ML or MMSE techniques at the receiver to compute an estimate of 

the channel. For our purposes we assume throughout this chapter that H has been 

perfectly estimated, i.e. the channel estimation error is zero. 

( j = l,2,...Nt). 
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2.2 MIMO Channel Capacity 

Performance limits are important to establish as they allow us to measure how close 

to optimal a certain MIMO algorithm is. In MIMO applications, the capacity offered 

by a certain MIMO channel is the most important bound as it allows us to have a 

priori knowledge about the dormant throughput that we can potentially achieve. 

Depending on whether we are operating in a fast or a slow fading channel, two 

different definitions of capacities arise: ergodic capacity and outage capacity. In what 

follows we will take a closer look at both of these definitions. 

2.2.1 Ergodic Capacity 

Ergodic capacity, sometimes called temporal mean capacity, gives an indication about 

the "average" capacity that can be achieved in fast fading scenarios where the random 

MIMO channel is changing frequently compared to the frame rate. 

We present here the asymptotic MIMO channel ergodic capacity results that were 

first derived in [53][22]. It was shown that the ergodic capacity C is equal to E {CH} 

where the instantaneous capacity CH is equal to: 

In the above expression det(-) represents the determinant operator and H + represents 

the hermitian conjugate of H. 

It can be shown [27] that the maximum MIMO channel capacity is achieved when 

i?(HH + ) = /jvt (or i?(H + H) = INt)I i-e- the different channel gains are uncorrelated 

and of equal magnitude. It should be noted that this definition implicitly assumes 

log2 det [INr + ^ H H + J for Nr < Nt 

log2 det ( l N t + | - H + h ) for Nr > Nt. 
(2 .2 .1 ) 
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the use of an infinite packet length and Gaussian input (with infinite modulation 

order) to achieve the ergodic capacity. It should also be noted that this capacity is 

the maximum that can be attained as all the degrees of freedom are used to transmit 

independent data. When redundancy is introduced, as in the case of space-time 

coding, the capacity of the resulting effective channel will be inevitably lower. 

An alternative, but equivalent, expression for MIMO capacity in (2.2.1) can be 

obtained through the eigenvalue decomposition of the square matrix H = H H + when 

Nr < Nt (or S = H + H when Nr > Nt). H is generally referred to as the Wishart 

matrix in the literature. This matrix has many useful properties such as the one that 

states that all its eigenvalues are real-valued and positive. Using this information, 

the instantaneous capacity is obtained by [27]: 

CW = J > g 2 ( l + ( 2 . 2 . 2 ) 
j=i t 

where Si are the real-valued positive eigenvalues of 3 and 7 is its rank. It should be 

noted that H has full rank in general, i.e. 7 = min(A^, Nr). According to the above 

definition, capacity is reduced when 7 < min(./Vt, Nr), which is the case when there is 

heavy correlation or the MIMO channel is degenerate as we shall see later. 

Figure 2.1 shows the ergodic capacity curves for various values of Nt and Nr at 

an average receive signal-to-noise ratio p of 15 dB. These curves were obtained by 

using (2.2.1) and running Monte Carlo simulations over 10,000 independent channel 

realizations for each simulation run. One conclusion we can draw from Figure 2.1 is 

that the theoretical capacity offered by the i.i.d. MIMO channel is limitless, and to 

realize it we must increase the number of antennas on both ends of the MIMO link. 

Increasing the number of antennas on one end offers only marginal increase in capacity 



16 

Figure 2.1: Ergodic capacity of an i.i.d. MIMO channel for p = 15dB. 

(i.e. similar to the one offered by traditional array systems). Note that equation 

(2.2.1), similar to the famous Shannon equation for the SISO AWGN channel, does 

not tell us how to achieve this enormous capacity. The objective of any MIMO 

TX/RX processing algorithm is to attempt to achieve this capacity with a reasonable 

implementation complexity. In general, the capacity achieved by most existing MIMO 

algorithms is lower. 

The huge capacity enhancement obtained with the use of multiple antennas is due 

to two important concepts: multiplexing and diversity. The former concept relates 
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to MIMO's ability to exploit the various degrees of freedom to send independent 

data across the TX/RX antennas. Intuitively, this ability is limited by the minimum 

number of TX or RX antennas used. The diversity concept relates to MIMO's ability 

to exploit the multiple independent paths created with the number of TX and RX 

antennas. The expressions in (2.2.1) and (2.2.2) do not provide us with insight about 

how these two concepts contribute to MIMO capacity. To see this we resort to the 

upper tight bound presented in [43]. It is shown that the ergodic capacity C is upper 

bounded as: 

c < i W o g 2 ( A ) + l o g 2 (2.2.3, 

Cm Cd 

where Nmin = min(iVt, Nr), Nmax = max(7Vt, Nr) and 

RN N • ,-NT^ ^ (-1 y ( Nmax \ —Nt.: 
P *=0 \Nmin~iJ P 

is the Laguerre polynomial of order Nmin . At high SNR, the contribution from the 

Laguerre polynomial is negligible and the expression in (2.2.3) reduces to: 

C < Nmin\og2(^-) + \og2
 Nm_ax^ (2.2.5) 

s v ' 
CM CD 

We clearly see from the above expression that the MIMO ergodic capacity for 

the i.i.d. channel scales linearly with the number of antennas used. In other words, 

MIMO capacity at high SNR increases by Nmin bi t /s /Hz for every 3dB increase. It 

should be noted that this is only true for i.i.d. channels. A generalization to the 
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above that is valid for all channels is that Nmin = mm(Nt, Nr, 7 ) , where 7 is the rank 

of H. G™ax = Nmin is generally referred to as the multiplexing gain of the MIMO 

channel at infinite-SNR. 

For our case of interest where Nt = Nr = N, the expressions in (2.2.3) and (2.2.5) 

reduce to: 

respectively. Figure 2.2 compares the ergodic capacities obtained with (2.2.1), (2.2.6) 

and (2.2.7) for 4 x 4 and 8 x 8 MIMO systems. We clearly see that the upper bound 

in (2.2.6) is valid for all SNR while the high-SNR approximation as given by (2.2.7) 

is only valid for p > lOdB in the 4 x 4 case while the same is true for p > 15dB for 

the 8 x 8 case. 

Multiplexing and Diversity Contribution to Capacity 

Examining the expressions in (2.2.6) or (2.2.7) closely, one can safely conjecture that 

the quantities Cm and CVi represent the contributions to ergodic capacity due to multi-

plexing and diversity, respectively. We clearly see that the contribution of multiplex-

ing is multiplicative and dependent on SNR while diversity contributes additively to 

capacity, and that is independently of SNR (i.e. vertical shift in the capacity curve). 

It is then rather informative to compare the relative contributions of Cm and C'a 

(2 .2 .6 ) 

and 

(2.2.7) 
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P (dB) 

Figure 2.2: Comparison of ergodic capacity for 4 x 4 and 8 x 8 systems obtained by 
using (2.2.1) to that obtained with (2.2.6) and (2.2.7) 

to ergodic capacity when Nt = Nr = N. To do this we resort to the high-SNR 

Cjn 
cd 

approximation in (2.2.7) in order to find the value of p where the ratio ^ is equal 

to 1. That is: 

On _ N l0ga(£) 
~cd - - h ( 2-2-8 ) 
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After some simple mathematical manipulations we find that: 

p = N ( N \ ( 2 . 2 . 9 ) 

Based on the above equation, Figure 2.3 shows the regions where Cm > Cd and 

Cm < Cd• We clearly see that the diversity contribution to capacity can exceed that 

of multiplexing (i.e. when Cm < Cd) and this can happen at practical number of 

antennas and SNR levels. For example, when N = 4 and p < 9.5dB, Cd contributes 

more than Cm to the overall ergodic capacity. We have to point out that since the 

curve shown in Figure 2.3 was obtained with the high-SNR approximation of the 

upper bound the results are well approximated for p > lOdB. A more precise curve 

can be obtained by trial and error approach using the expression in (2.2.6). The more 

precise curve will be slightly shifted to the left at SNR below lOdB. 

The important fact to highlight here is that MIMO algorithms that exploit di-

versity will be more effective at enhancing capacity at low-to-moderate SNR (and 

by default at low rates) while those that exploit multiplexing will be more effective 

at high SNR (and by default at high rates). Since a wide range of SNR levels are 

encountered in practice switching between both types should be employed. Another 

alternative is to use a hybrid algorithm. 

Another interesting point to observe is that the threshold where Cm = Cd in-

creases as the number of TX/RX antennas increases. For example, when N > 16 and 

p < 20dB, we can see that the diversity contribution to capacity is always greater. 

This suggests that emphasis should be mainly placed on extracting the diversity con-

tribution to capacity in this case. 



21 

16 

14 

12 

x 10 
o: 
x i— 

8 
i— 
CD 

E 

<0 
c: 0) 

1 LU 

c < 
: m 

c d 

c > m 

i 
10 12 14 

p(dB) 
16 18 20 22 

Figure 2.3: Regions where Cm > Cd and Cm < Cd 

Multiplexing Gain at Finite S N R 

As mentioned previously, the N x N MIMO ergodic capacity grows by N bit/s/Hz for 

every 3dB increase in SNR. This is only valid at infinite SNR. Here we are interested 

in knowing the multiplexing gain at all SNR. To do this we resort to the tight upper 

bound formula in (2.2.6) and find an approximation for the the Laguerre polynomial. 

By using trial and error techniques, we found that the following simple function 

approximates the Laguerre polynomial: 
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(2 .2 .10) 

We now obtain a new approximate value for Cm in (2.2.6): 

- O C2Ar-, 
Cm « N\osJ — 1 + loe„(2 (^ )) (2 .2 .11) 

(2 .2 .12) 

To find the finite-SNR multiplexing gain Gp
m we basically find the capacity with 

a 3dB increase in SNR and then subtract it from the current one to obtain: 

Using the above expression we find that the multiplexing gain at p = 10 dB, for 

example, is only 81% of that reached at infinite SNR. 

2.2.2 Outage Capacity 

Outage capacity is a more useful metric to use in block fading scenarios (which is 

assumed in our study) where the channel stays constant during the entire frame. 

Because some of the channel realizations may not support a certain desired rate, it 

makes sense to speak of the percentage of the channel realizations that will support 

(2.2.13) 

(2.2.14) 

(2.2.15) 

(2 .2 .16) 
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p(dB) 

Figure 2.4: 10% outage capacity for various Nr x Nt i.i.d. MIMO channels as a 
function of SNR p. 

this rate. The x outage capacity Cx is then defined as the capacity that will be 

supported 1 — x of the time. Mathematically, we have 

Pout(CH<Cx) = x (2.2.17) 

where Pout denotes the probability of outage. Figure 2.4 shows the 10% outage ca-

pacity of various N x N i.i.d. MIMO channels. It has to be pointed out that realistic 
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modulation orders can be employed to attempt to achieve these capacities. For in-

stance, for a 4 x 4 MIMO channel and a typical SNR of 20dB, the use of 32-QAM 

modulation for each antenna (this translates into using 5 bits per antenna) will be 

sufficient. 

In [39] an interesting interpretation of the x probability of outage is presented 

where it is argued that it is equal to the optimal x Frame Error Rate (FER). We will 

sometimes resort to this interpretation when comparing the performance of various 

MIMO algorithms. Figure 2.5 shows various probability of outage curves (i.e. optimal 

FER curves) for a given desired rate rH for a 4 x 4 MIMO system. 

Because of the randomness of the channel it is not possible to obtain a closed-form 

expression for the outage capacity. If this were possible it would have allowed us to 

conduct an analysis similar to the one presented in the previous section regarding 

the separate contributions of multiplexing and diversity to the overall capacity. But 

intuitively one would expect the same kind of trend to persist. 

2.3 Effect of Correlation and Keyhole on MIMO 
Channel Capacity 

In the previous sections we assumed that the MIMO channel is i.i.d. which, un-

fortunately, is rarely the case in real-world environments. Channel measurements 

conducted in [21] for a dense urban environment, show that the capacity offered by 

outdoor fixed-wireless MIMO channels is around 80% of the i.i.d. Gaussian one. Also 

a phenomenon, called keyhole (or pinhole), may physically occur in real-world wire-

less environments such as in hallways or in long-haul communications. As will be 

shown later, the keyhole phenomenon has a detrimental effect on MIMO capacity 
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Figure 2.5: Probability of outage for a 4 x 4 i.i.d. MIMO channel for various rates 
r#=4,8,12 and 16 bit/s/Hz 

even in the absence of correlation. This possibly explains the considerable research 

interest in developing realistic MIMO channel models. A good review of various mod-

els is presented in [20]. Depending on many factors, such as the richness of scattering 

and mobility issues, these models have their own advantages and disadvantage when 

compared to one another. 

Before diving into details it is rather important to gain insight on how correlation 

and keyhole phenomenon affect MIMO capacity. The following two sections treat 
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these two subjects in more detail using the N x N MIMO channel. 

2.3.1 Effect of Correlation on MIMO Capacity 

To incorporate the effect of correlation into MIMO channels we will use the Kronecker 

model described in [12]. This model assumes that the TX and RX correlations are 

independent and as such the resulting MIMO channel H can be obtained as: 

H = * y 2 H i i d * t
1 / 2 (2.3.1) 

where \&r and are the RX and TX correlation coefficient matrices, respectively, 

and Hjjd is an Af x iV channel matrix with i.i.d. entries. 

If we substitue this value of H in the instantaneous capacity CH in (2.2.1) we 

obtain (assuming Nt = Nr — N): 

CH = log2 

~ log2 

det ( l N + (2.3.2) 

det 

where the approximation is valid at high SNR. Further simplifications of the above 

expression is possible by using various properties of the determinant and the logarithm 

operators such as det (AB) = det (̂ 4) det (B), det(,4+) = det (A), and log 2(AB) = 

log2(^4) + log2(5), where A and B are square matrices. The expression in (2.3.2) 

then reduces to: 

CH ~ log2 det log2 det( \f t) + log2 d e t ( ^ 
v V 

=?y(4't,<5v) <0 

(2.3.3) 
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The quantity rj(\lft, above the brace in the right hand side of (2.3.3) represents 

the combined contribution of the TX and RX correlation. Since the sum of eigenvalues 

of is limited by N, their product which is equal to det(^t) is < 0. The same holds 

true for d e t ^ r ) . So the net effect of TX and/or RX correlation on MIMO capacity 

is to reduce it by a deterministic negative value that is equal to 

r){Vt, = log2 det(® t) + log2 de t (¥ r ) bit/s/Hz. (2.3.4) 

To gain further insight into the effect of correlation on MIMO capacity, we consider 

here the 2 x 2 MIMO channel scenario. In this case, and assuming that = = 'I', 

we have: 

# = 
1 Tp 

1 
(2.3.5) 

The correlation coefficient ip £ [0,1) (0 for no correlation and 1 for full correlation). 

Substituting the determinant of \I> in (2.3.4), we get 

77(V0 = 21og 2 ( l -V 2 ) . (2.3.6) 

Since we are interested in knowing how the amount of correlation behaves with 

linear increase in ifb, we take the derivative of r](x3/) to obtain: 

^ = - R 2 j ( r ^ ) • t2-3-7) 

Note that for values of ip close to 0, the term -02 becomes negligible and as a result 

the rate of decrease of r)(ip) is linear with a slope equal to — When ip is close to 

1 the rate of decrease is inversely proportional to a quadratic function in ifj. 
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To confirm our analysis, we conduct here some Monte Carlo simulations for a 2 x 2 

MIMO system. Figure 2.6 shows the results for various values of ijj using simulation 

and the analytical expression in (2.3.6). Various conclusions can be drawn from this 

figure. First, as expected, the effect of correlation is well approximated by (2.3.6) 

which gives an exact match at high SNR, i.e. ip > 40dB. Second, the approximation 

is still valid for practical SNR levels (ijj < 20dB) and ip < 0.2. Third, for ip < 0.7 

the degradation in capacity due to correlation is almost linear as opposed to when 

'i/j > 0.7 after which a sharp decrease in capacity occurs, again validating our previous 

analysis. The good news is that the effect of correlation at practical SNR levels (i.e. 

p < 20dB) is less dramatic than that predicted by the high-SNR approximation. 

One can ask the legitimate question of how correlation affects the capacity of 

MIMO channels with greater number of antennas. To do this we propose to use the 

exponential correlation matrix. In this case, the elements of the correlation matrix 

are found as: 

It is clear from the above expression that the farther apart the antennas are from each 

other the smaller is the correlation coefficient. This agrees well with both intuition 

and real-world measurements. Another nice property of the matrix in (2.3.8) is the 

fact that its determinant can be shown to have a simple closed-form expression: 

From the expressions in (2.3.8) and (2.3.9) it is easy to see that this matrix is a 

generalization to the 2 x 2 one in (2.3.5). Assuming again that = \&r = the 

M i j = ^ M e {1, 2,...., N} and ^ <E [0,1). (2.3.8) 

det(tf) = ( 1 - - 0 2 ) " - 1 . (2.3.9) 
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Figure 2.6: Effect of correlation on a 2 x 2 MIMO channel capacity for p = 10, 20, 30, 40 
dB 

total effect of correlation is: 

77(V0 = 2 ( 7 V - l ) l o g 2 ( l - ^ 2 ) . (2.3.10) 

To see the effect of a linear increase of V> on the general N x TV MIMO capacity, 

we take the derivative of r](i/j) with respect to ip to obtain the following slope: 

d 4 f ib (2.3.11) 



30 

Figure 2.7: Effect of correlation on a N x N MIMO capacity for p = 30 dB 

For values of ip close to 0, the term ip2 can be simply ignored. In this case, the 

slope becomes — — 1). As in the case of the 2 x 2 channel, the slope for small 

values of -0 decreases linearly but this linear decrease becomes worse with increasing 

N. When ip is close to 1 the slope decreases quadratically (because i[)2 can not be 

ignored any more) and the sharpness of this exponential decent becomes worse as N 

increases. Figure 2.7 confirms these last points by showing the capacity for different 

values of N. 

To summarize, correlation generally reduces the capacity offered by the MIMO 
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channel. Because the reduction in capacity due to correlation is additive (versus 

multiplicative), we conclude that correlation reduces the diversity contribution to 

capacity and as such does not affect the multiplexing gain. The effect of correlation 

becomes worse with increasing tp and N. It is also to be noted that the effect of 

correlation is negligible for tjj < 0.2. That explains why MIMO channels with ip < 0.2 

can be considered uncorrelated for all practical purposes. Indoor-to-indoor MIMO 

channels are representatives of such channels. 

2.3.2 Keyhole MIMO capacity 

The phenomenon of keyhole (or pinhole) can occur in many natural environments 

even in the absence of TX and/or RX correlation [12]. As we will show shortly, 

keyhole has a far worse negative effect on MIMO capacity than correlation does. 

An illustration of what happens in a typical keyhole scenario is depicted in Fig-

ure 2.8. Basically, signals transmitted from all antennas pass through a virtual hole. 

On the RX side, the antennas see the TX signals only through this hole. In practice, 

this situation can occur when there is a single dominant scatterer or the distance be-

tween the transmitter and receiver is large and the radius of the effective scatterers is 

extremely small compared to that distance. As can be easily derived from Figure 2.8, 

the overall channel matrix has the following structure: 

Hp = 

ocifii a2P\ . . . aNPi 

axfi2 OL2P2 ... aN/32 

OLIPN a2(3N • • • &N/3N 

(2.3.12) 
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Figure 2.8: Illustration of keyhole effect on TV x TV MIMO channel 

where the complex channel gains are assumed to be i.i.d. with A/"(0,0.5) in 

each dimension. 

Since every column of the above channel matrix is linearly dependent on every 

other column, we conclude that the rank of the pinhole channel is equal to one. As 

a result there is a single non-zero eigenvalue <5 equal to i r ( H p ) = X ^ i where 

tr(.) is the trace operator. The latter result follows from the property of any square 

matrix which states that the trace of such matrix equals the sum of its eigenvalues. 

In order to compute the keyhole capacity of the MIMO channel we need to compute 

the eigenvalues of the Wishart matrix S = H P H + . This is easily done by realizing that 

S has also rank one and as a result only possesses a single non-zero positive eigenvalue 

6keyhoie e q u a l t o f r = ^N j^.p = | |a | |2 | |/3||2. With this information we 

can easily find the instantaneous capacity of a keyhole channel by substituting the 

value of 5keyhole in (2.2.2) to obtain: 
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C ^ = log2(l + ^| |a | |2 | | /3| |2). (2.3.13) 

In [43], it shown that a tight upper bound on the ergodic keyhole capacity CHp is: 

CHp < log2(l + Np). (2.3.14) 

At high SNR the above expression can be rewritten as: 

CHp < log 2 (Np) 

< log 2 ( ^ ) + log2iV2. (2.3.15) 

Comparing (2.3.15) to (2.2.7) shows that, in keyhole scenarios, MIMO looses its 

multiplexing capability (i.e. multiplexing gain is equal to 1) but still contributes to 

diversity. It should be mentioned that this contribution to diversity becomes marginal 

with increasing N since ^ = 0 as N —>• oo. 

Figure 2.9 shows the ergodic capacity of an N x N keyhole channel. The simulated 

curves were obtained by resorting to (2.2.1) and by running Monte Carlo simulations 

using 10,000 independent channel realizations. Each element of the channel matrix is 

a product of two random variables as in (2.3.12). Each of these variables has Rayleigh 

distribution with zero mean and variance of 0.5 in each dimension. The analytical 

curves were directly obtained from (2.3.15). As expected, the multiplexing gain (i.e. 

the slope of the capacity curve) remains constant and is equal to one regardless of 

the number of antennas used. Also, it is clear from the same figure that the only 

advantage we get from increasing the number of antennas in this special case is to 
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Figure 2.9: Ergodic keyhole capacity of TV x TV MIMO channel 

obtain an exponentially decreasing SNR-independent shift in capacity due to the 

diversity contribution. 

To summarize, while channel correlation only reduces the diversity contribution 

to capacity, the keyhole phenomenon affects both the multiplexing and diversity con-

tributions to capacity, albeit in different proportions: the multiplexing contribution 

is reduced by a factor of TV while the diversity contribution is roughly reduced by a 

factor of y . This latter result can be easily verified using the following approximation: 

log 2 TV!«f log2TV2. 
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2.4 Distributed Scattering Model 

The MIMO channel models presented in the previous sections do not allow us to 

directly tie the physical array parameters to the effect of correlation. Many models 

have been proposed to address this issue. The Distributed Channel Model, hereafter 

referred to as DSM, was first introduced in [26] for outdoor fixed-wireless MIMO 

channels. It is a generalization to the Kronecker model presented in a previous sec-

tion. The main advantage of DSM is that it captures the effects of correlation and 

keyhole simultaneously. Also, the correlation matrix is obtained through the specifi-

cation of physical parameters such as the inter-element spacing (IES) and the distance 

separating the TX and RX ends of the wireless link, among others. 

DSM assumes the existence of effective scatterers at both ends of the wireless 

link. Figure 2.10 shows an illustration of this model. The S TX scatterers collect 

the reflections of all signals transmitted from Nt TX antennas and radiate them to 

an equal number of RX virtual scatterers which in turn send these signals to Nr RX 

antennas. The distance separating the TX and RX scatterers is denoted by D. The 

TX and RX angle spreads B t and O r will heavily influence the amount of correlation 

between the TX and RX signals, respectively. As we will show later the same can be 

said of the TX and RX inter-element spacing dt and dr. 

In DSM the channel matrix H is obtained as: 

H = - ^ K y 2 H r , i i d K y 2 H M i d K , 1 / 2 (2.4.1) 

where = (K t
1/2)(K t

1/2)+, = (Ky 2 ) (K^ 2 )+ and = (K]/2)(Ky2)+ are the 

TX, RX and scatterers correlation coefficient matrices, respectively, H t}i id and H ^ ^ 

are i.i.d. Gaussian matrices. Note that if any of the matrices just mentioned has a 
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Figure 2.10: The distributed scattering model. 

rank deficiency the same can be said of H . Rank deficiency occurs in K s when D is 

much larger than the scatterers aperture, i.e. D » 2Dt or D » 2Dr . The same 

can be said of matrix K t (or K r ) when dt (or dr) is not large enough. 

For a uniform linear array (ULA) of inter-element spacing d and a uniform distri-

bution for TX and RX scatterers, element Kim of K can be computed as [26]: 

Kim = \ £ e - 2 ^ ( m - l ) j c o s ^ + fl,) (2-4.2) 

where A is the wavelength and 9i is the angle of arrival (AOA) with respect to the 

horizontal axis for scatterer i. 

While DSM was derived for the outdoor MIMO channel, nothing prevents its use in 
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Parameter 
Symbol Typical 

Indoor 
Typical 
Urban 

Typical 
Rural 

Number of TX antennas Nt 4 4 4 
Number of RX antennas Nr 4 4 4 
Number of TX scatterers st 21 21 21 
Number of RX scatterers sr 21 21 21 
IES for TX array (in multiple of A) dt 0.5 0.5 0.5 
IES for RX array (in multiple of A) dr 0.5 5 5 
Half TX array aperture (m) Dt 10 35 50 
Half RX array aperture (m) Dr 10 3.1 8 
TX angle spread (degrees) ©t 126.8° 120.5° 28° 
RX angle spread (degrees) e r 126.8° 7° 1.83° 
Distance between TX and RX arrays (m) D 50 1000 10000 

Table 2.1: DSM parameters used to produce Figure 2.11 

simulating indoor MIMO channels as long as no direct line-of-sight is assumed. Also, 

the original model assumes that the angles of arrivals 9i have a uniform distribution. 

Measurements in [2] indicate the angles of arrivals in outdoor channels have rather 

a Gaussian distribution with typical angle spreads of 5-7 degrees at the Base station 

(BS). Using computer simulations we found that DSM can also be used when Gaussian 

distribution and small values (below 10 degrees) of Qi are assumed, which, as we 

mentioned above, is typically the case at the BS site in outdoor environments. 

2.5 Real-World MIMO Capacities 

The DSM was used to simulate the uplink 10% outage capacity of indoor and outdoor 

4 x 4 MIMO channels. The DSM parameters used are listed in Table 2.1. The TX 

and RX correlation matrices associated with these parameters were computed and 
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Figure 2.11: 10% outage capacity of a 4 x 4 MIMO channel in different environments 
obtained by simulation using DSM. 

included in Appendix A. Figure 2.11 shows the simulation results. The curves shown 

in Figure 2.11 confirm the following about DSM: 

• Matching real-world measurements such as the one in [21], MIMO capacities 

are in general lower than the i.i.d. Gaussian case with the indoor channels rep-

resenting the highest (close to 95% of the i.i.d. case) dormant MIMO capacity. 

• Simulated MIMO capacity obtained for a typical urban environment is around 

80% of the i.i.d. This matches field measurements that were reported in [21]. 
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• The low MIMO capacity obtained for a typical rural environment, where poor 

scattering exists and where the distance between BS and user equipment (UE) 

is large, confirms the "keyhole" effect observed in real-world measurements. In 

[33], capacity measurements were conducted in a rural setting. It was shown 

that unless the array spacing is very large (dt, dr A) on both ends of the wire-

less link, the capacity gain from MIMO processing is nowhere near the expected 

one. In fact, as shown in Figure 2.12, the outage capacity as predicted by DSM 

decreases exponentially with distance until it reaches the keyhole capacity at 

extremely large distances (not shown in the figure). This finding and the fact 

that the SNR generally decreases with distance tells us that emphasis should 

be placed on minimizing error probability rather than multiplexing gain when 

the UE is relatively far away from the BS. 

• As mentioned in Section 2.3.1, correlation does not affect the multiplexing gain 

of the MIMO channel. This is evidenced by the fact that at high SNR the slope 

of the curves for the various outage capacities still increases at a rate of roughly 

N bits for 3dB increase in SNR. 

From the above we conclude that DSM accurately models the indoor and outdoor 

frequency-flat MIMO channels. 

2.6 Effect of Inter-Element Spacing on MIMO Ca-
pacity 

Before we conclude this chapter it is rather important to examine the effect of inter-

element spacing on the correlation as it is the only parameter that is under direct 

control of the system designer. For doing so we will resort to (2.4.2) for computing 
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Figure 2.12: Effect of distance between BS and UE on a 4 x 4 MIMO capacity at 
p = 20dB 

the correlation coefficient between a pair of antennas. Figure 2.13 shows the results 

for a case when poor scattering exists (such as at the BS in an outdoor environment) 

and the results for a case where rich scattering exists (such as in indoor environ-

ments or around the UE in outdoor environments). We clearly see the dependence of 

correlation on the random distribution assumed: the curve that belongs to uniform 

distribution decays faster while it suffers from residual correlation even at large IES. 

When Gaussian distribution is assumed, the rate of decay is slower but now the tail of 
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Figure 2.13: Correlation coefficient for a typical (a) poor scattering environment and 
(b) rich scattering environment 

the curve vanishes rather quickly. In the worst case scenario, we can see that in order 

to achieve sufficient decorrelation (i.e. Kim < 0.3) in poor scattering environments 

an inter-element spacing of at least 8A is required while an inter-element spacing of 

0.5A is sufficient in rich scattering environments. Luckily, and for a typical uniform 

linear array (ULA) of 4 elements, the physical space (such as on rooftops) available 
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for the BS ULA allows for a minimum separation of 8A between antennas1. Depend-

ing on the carrier frequency and the physical dimensions of the UE, a ULA of 2 to 4 

elements with minimum separation of 0.5A between elements is practically feasible at 

sub-lOGHz frequencies. Other array geometries may allow for using a higher number 

of array elements but that depends on the physical shape of the UE. One can, for 

instance, think of a laptop, where a planar array can be used instead. 

1For a 2.4GHz carrier frequency this corresponds to an overall ULA size of 3m. The size of the 
ULA shrinks even further at higher frequencies. 



Chapter 3 

MIMO Detection Algorithms 

The previous chapter discussed the tremendous dormant capacity offered by the 

MIMO channel. The main challenge is then how to achieve, or at least approach, 

this capacity using algorithms that have a reasonable implementation complexity. To 

address this issue, researchers have proposed many detection algorithms mainly de-

rived from space-time coding theory. Before we dive into details, it is important to 

restate few important assumptions. 

1. Rayleigh flat fading is assumed. 

2. It will also be assumed that H is quasi-static, meaning that it remains invariant 

during the entire frame period and only changes from one frame to the next (i.e. 

it undergoes block fading only). This is a very reasonable assumption since even 

in the most hostile mobile environments, where vehicular speeds can reach up 

to 300 Km/h (one can think of high-speed trains), the worst Doppler frequency 

does not exceed 500 Hz at a typical 1.8 GHz carrier frequency. The channel 

coherence time Tc, in this worst case scenario, is equal to 0.5/500 = 1 ms [44], 

At a typical transmission rates of 20M symbols/s, the symbol duration, in this 

case is equal to Ts = 50ns, which is several orders of magnitude less than 1 ms. 

43 
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3. Unless otherwise stated, it will be assumed that the channel matrix H has been 

perfectly estimated, possibly through the use of a training sequence transmitted 

at the beginning of each frame. One possible channel estimation method is 

described in [36]. 

4. The focus in this chapter and next will be on the case where Nr = Nt = N. The 

main reason behind this choice is twofold. First, while some MIMO algorithms 

perform better when Nr > Nt, a plausible assumption on the uplink, this is not 

the case in the downlink where generally higher data rates are required and the 

small form-factor of the UE makes satisfying this condition rather impossible. 

Second, most 4G standards define MIMO profiles where the same number of 

TX and RX antennas are used. 

When designing MIMO detection algorithms, there are usually two competing 

objectives to meet: capacity maximization, generally achieved by maximizing the 

use of the various degrees of freedom (i.e. multiplexing capability), and reliability 

maximization, generally achieved by maximizing the use of the various independent 

channel paths to transmit the same information (i.e. diversity capability). One can 

ask the legitimate question of whether there is a tradeoff between these two extremes. 

This problem has been addressed in [60]. The following section discusses this topic 

in more details. 

3.1 Diversity versus Multiplexing Tradeoff 

The optimal tradeoff at infinite SNR levels was derived in [60], where a formal mathe-

matical SNR-dependent definitions of these quantities, namely multiplexing gain and 
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diversity gain, were introduced. The multiplexing gain Gm and the diversity gain Gd 

for a given rate rH (in bit/s/Hz) are respectively defined as [60]: 

Gm = lim p ^ (3.1.1) 
log2(p) 

= - lim l Q g ( 3 . 1 . 2 ) 
p^oo log2(p) 

Note that in this definition the rate is allowed to change with SNR. In other 

words, the multiplexing gain is the rate of increase of the throughput with SNR at 

a given probability of outage while the diversity gain is equal to the negative of the 

slope of the probability of outage curve at infinite SNR on a log-log scale. 

In [60], it was shown that the optimal diversity-multiplexing tradeoff (DMT) 

curve is piecewise-linear connecting the points (m, (Nt — m)(Nr — m)), where m = 

0,1, . . . , min(Nt, Nr). This curve is plotted in Figure 3.1. For comparison purposes, 

we also include on the same figure representative finite-SNR DMT curves that we will 

discuss shortly. 

Before we proceed any further we would like to emphasize the difference between 

commonly used terms in the literature such as "diversity order" versus "diversity 

gain", and "degrees of freedom" versus "multiplexing gain". Somehow related but 

not exactly the same, these terms have been used interchangeably. 

The diversity order is a constant number and it refers to the total number of 

independent paths offered by the MIMO channel. For instance, in a 4 x 4 i.i.d. 

flat MIMO channel, there is a total number of 16 independent scalar channels. The 

diversity gain as defined in (3.1.2) is a variable number that refers to the rate of 

decrease of the probability of outage Pout with SNR and r H . For i.i.d. MIMO channels 

this gain is equal to the diversity order at infinite SNR (while keeping rH fixed), i.e. 
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Figure 3.1: Exact infinite-SNR optimal tradeoff curve for multiplexing gain Grn and 
diversity gain Gj. Optimal tradeoff curves at finite SNR are also illustrated. 

the point (0, NtNr) on the DMT curve. In other words, we can only take advantage of 

the maximum diversity gain (i.e. the diversity order) if we keep the rate rH constant 

as SNR increases to infinity. In this case we clearly see that Gm -> 0. Because of this 

asymptotic relationship between diversity gain and diversity order many authors use 

the former term to refer to the latter one and vice versa. 

The degrees of freedom is a constant number and refers to the number of Nmin = 

min (N t , Nr) in i.i.d. MIMO channels. The multiplexing gain Gm, as defined in (3.1.1), 
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is a variable number that refers to the ability of the i.i.d. MIMO channel to support 

a certain incremental rate with increasing SNR, which at infinite SNR and fixed Pout 

reaches a maximum equal to the degrees of freedom offered by the MIMO channel, i.e. 

the point (min(Nt, Nr), 0) on the DMT curve. In this extreme case the probability 

of outage is kept constant while the rate Gm increases by min(Nt, Nr) for every 3dB 

increase in SNR at infinite SNR. Because of this asymptotic relationship between 

multiplexing gain and degrees of freedom many authors use the former term to refer 

to the latter one and vice versa. 

The other points on the DMT curve refer to how much diversity gain can be 

optimally traded off for multiplexing gain. In other words, we say that a certain 

space-time code is optimal in DMT sense if its behavior at infinite SNR levels follows 

that of the i.i.d. MIMO channel as described by the DMT curve. The 2 x 2 space-time 

codes presented in [58] [18] are examples of space-time codes that achieve the infinite-

SNR DMT curve. For illustration purposes, Figure 3.2 shows the various optimal 

probability of outage curves for a 2 x 2 i.i.d. MIMO channel. These curves were 

obtained by Monte Carlo simulations using (2.2.1) and (2.2.17), and by allowing the 

rate rH(p) to change according to (3.1.1). We clearly see from the figure that as the 

multiplexing gain Gm increases, the rate of decay of Pout decreases and vice versa. 

Finite-SNR D M T 

The infinite-SNR DMT curve is a useful benchmark for comparing the diversity-

multiplexing performance of various space-time codes. Unfortunately, it is only valid 

at extremely high SNR levels (and correspondingly at extremely low probability of 

outage). Practical SNR and probability of outage levels are typically 3-20dB and 

0.1-0.01, respectively [37]. Also, the fact that a certain space-time code is optimal 
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Figure 3.2: Optimal probability of outage curves for various (Gm, Gd) points of the 
infinite-SNR DMT curve for a 2 x 2 i.i.d. MIMO channel. 

in the infinite-SNR DMT sense does not guarantee that it is also optimal at finite-

SNR. For instance, the finite-SNR multiplexing and diversity gains of two space-time 

codes, that are optimal according to the infinite-SNR DMT, may exhibit a completely 

different convergence behavior. 

We have two tools that allow us to examine the behavior of the MIMO channel 

(or any space-time code) at finite-SNR. The first one uses the probability of outage 

curves at different fixed rates and the second uses the finite-SNR DMT curve derived 
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in [37] [35]. As we will see next the first tool is a practical one especially in modern 

communication systems where adaptive modulation is employed while the second one 

is more useful from an analysis point of view. 

The first tool looks at how the various probability of outage curves behave for 

different fixed rates. Figure 3.3 shows the probability of outage curves for a 2 x 2 

i.i.d. MIMO channel for = 2,4,6,8 bit/s/Hz. It is clear that all curves have the 

same slope, i.e. G™ax = 4 at sufficiently high SNR. In other words, for every lOdB 

increase in SNR, Pout decreases by 10G™ax = 104 (or alternatively requires 2.5dB per 

decay). At low SNR we definitely see that we need more than 2.5dB per decay. Gr™x 

can be visualized by looking at the incremental SNR needed to increase the rate by 

min(Nt, Nr) = 2 bit/s/Hz. We notice that this incremental SNR difference very much 

depends on the the probability of outage levels: at high probability of outage levels 

like Pout — 10 1 this optimum value is approached rather quickly as only 3.2dB is 

needed to go from rH = 6 to rH = 8 while this value is 4.5dB at Pout = 10~3. This 

behavior which can not be explained by the DMT curve is explained further in [4], 

Using the above analysis we can then say that a space-time code is optimal in the 

finite-SNR DMT sense if its probability of outage curves at different rates and finite 

SNR behave the same as that of the MIMO channel. 

The second tool resorts to approximations of the finite-SNR DMT curves that 

were first derived in [37] [35], where slightly different definitions of the multiplexing 

and diversity gains were introduced. These new definitions converge to the SNR-

asymptotic ones at infinite SNR levels. According to [35], and using size-asymptotic 

derivations and approximations, an approximate expression for the finite-SNR DMT 

when Nt = Nr = N is: 
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Figure 3.3: Probability of outage curves of a 2 x 2 i.i.d. MIMO channel for different 
fixed rates = 2, 4, 6, 8 bit/s/Hz 

Gd{p) « (N-Gmf 1 -
2 y/9. 

Gm e [0, N}. (3.1.3) 

Even though the above expression slightly overestimates the actual finite-SNR 

diversity gain for Gm < 1 [35], it does give a useful insight of the effect of finite 

SNR on the diversity gain: the term which represents the contribution of finite 

SNR, decays rather quickly with increasing SNR to reach arbitrary small values for 

p > 15dB. Figure 3.4 shows various finite-SNR DMT curves for a 2 x 2 MIMO channel. 
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Figure 3.4: Various finite-SNR DMT curves for a 2 x 2 i.i.d. MIMO channel. The 
infinite-SNR DMT curve is also shown. 

To be consistent with the first tool presented above, and since the DMT curve does 

not factor in the rate, we conclude that the above finite-SNR DMT results are only 

valid for high probability of outage levels. 

3.2 MIMO Detection Algorithms 

The following sections will present various well known MIMO and space-time coding 

algorithms. We will first look at those algorithms that focus on maximizing capacity 
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(i.e. maximizing multiplexing gain) followed by those that focus on minimizing the 

probability of error (i.e. maximizing diversity gain). 

3.2.1 Algorithms for Maximizing Capacity 

Spatial Multiplexing (SM) algorithms are usually designed to maximize multiplexing 

gain. That is, incoming symbols are multiplexed and independently transmitted 

across antennas. The most known algorithms in this category are the Maximum 

Likelihood (ML) detector, the Zeros Forcing (ZF) and Minimum-Mean-Square-Error 

(MMSE) linear receivers, and Vertical Bell Labs Layered Space-Time (VBLAST) 

based on ZF nulling (ZF-VBLAST) or MMSE nulling (MMSE-VBLAST) [39], The 

following sections describe these algorithms in more details. 

The Spatial Maximum Likelihood Detector 

The spatial ML detector is the most optimal algorithm in the BER/FER sense [39]. 

Its BER/FER curve is normally used as a lower bound on the performance that could 

potentially be achieved by these algorithms. 

In the ML detector, an estimate s of the transmitted vector s is found through 

the following optimization problem: 

The ML detector basically compares all possible transmitted vector symbols, mul-

tiplied by a scaled channel matrix, to the received vector y and chooses the one that 

minimizes the /2-norm of the difference. 

It is not hard to see that when L-QAM modulation is used the detection complexity 

of the ML detector is 0(LNt) per symbol vector. While this complexity could be 

2 

(3.2.1) 
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justified for low values of L and Nt, it will be practically impossible to employ such a 

detector when high-order modulations (such as 16-QAM or higher) and/or more than 

two transmit antennas are used. Consider, for example, when Nt = 4 and 64-QAM 

modulation is used. In this case we have to compute 644 = 16777216! norms per 

symbol vector and then chooses the smallest one among all these possibilities. 

Reduced complexity ML-like Sphere Decoding Algorithms (SDA) have been pro-

posed [15]. The main idea that is exploited to reduce the ML complexity is to limit 

the search to potential vector candidates that lie within a sphere of certain radius in 

Nt space. The size of the radius depends on the actual SNR, which makes the com-

plexity of this type of algorithms variable. In addition, the depth of the search makes 

its complexity dependant on the modulation order. These shortcomings make SDAs 

unsuitable for practical implementation [6]. In [6], an SDA with SNR-independent 

complexity was proposed but its complexity still depends on the modulation order. A 

promising SDA that is independent of the modulation order was proposed in [17] but 

its payload complexity is O(N^) which is still extremely high especially for high data 

rate communication. Another disadvantage that the SDA algorithm suffers from is 

that its complexity increases in the presence of spatial correlation [5]. 

The infinite-SNR DMT curve for the spatial ML detector is [12]: 

Gd = Nr( 1 - Gm e [0, Nt]. (3.2.2) 

Spatial Filtering Techniques 

There are two standard spatial filtering techniques, one that is based on ZF optimiza-

tion and another one that is based on MMSE optimization. 
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In the ZF method, we basically find a set of nulling row vectors w^ (k = 1, 2, ...Nt) 

such that: 

1 if k = j 
w fchj = <{ (3.2.3) 

0 otherwise 

Basically, wf. keeps the contribution from symbol s^ while completely nulling con-

tributions from all other symbols s^ (k ^ i). One then derives the following spatial 

filtering matrix, commonly referred to as the pseudo-inverse of H [39]: 

W Z F = ^ ( H + H ) ~ 1 H + , (3.2.4) 

whose k-th row vector w^ is used to null out the contribution of all z-th symbols (i 

k) from y before slicing takes place. Using the above ZF spatial filter one can then 

obtain the the pre-slicing symbol vector estimate as: 

s = s + W Z F U = s + n. (3.2.5) 
noise enhancement 

It is not hard to see that, while WZF succeeds in completely eliminating multi-

stream interference (MSI), it does enhance noise in the process. This is generally 

referred to as the noise enhancement problem in the literature. 

The MMSE method attempts to reach a balance between canceling MSI and 

reducing the effect of noise enhancement. We basically find a set of weight vectors 

Wfc (k = 1, 2, ...Nt) such that each Mean Square Error (MSE) term 

e\ = E (|sfc - wfcy|2) (3.2.6) 
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is minimized. One then obtains the following spatial filtering matrix [39]: 

/ X " 1 

VMMSE 

V 
MSI cancellation 

H + H + (3.2.7) 

noise suppression. 

The first term in the bracket takes care of canceling the effect of interference originat-

ing from undesired symbols and the second one reduces the effect of noise enhance-

ment. One added advantage of the MMSE method, compared to the ZF method, is 

that the ^IjVi term guarantees that the expression inside the bracket is always invert-

ible even when channel conditioning is poor such as when strong spatial correlation 

exists. Note that at sufficiently high SNR (p > 1), we have W M M S E ~ W Z F and 

consequently both methods offer similar diversity performance. 

The preprocessing complexity of these linear receivers (ZF or MMSE), which con-

sists of finding the spatial filtering matrix, is mainly dominated by finding the pseudo-

inverse of a matrix of size Nr x Nt. Efficient matrix inversion algorithms allow us to 

achieve this with 0(iVt
3) complexity. The payload complexity which mainly consists of 

multiplying the RX symbol vector by the filtering matrix requires O(N^) complexity. 

The infinite-SNR DMT curve for the ZF and the MMSE linear recievers is given 

by the same following equation [12]: 

The V B L A S T Algorithm 

A better way to decode the received vector y is to use a feedback loop, similar 

to the one used in time-domain Decision Feedback Equalization (DFE), by which 

Gd = (Nr -Nt + 1)(1 - Gm € [0, Nt]. (3.2.8) 
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the contribution of the already detected symbol is subtracted out from the received 

vector y before the next nulling and detection steps are performed. Assuming the 

correct detection decision has been made, the about-to-be detected symbol enjoys 

an additional degree of diversity compared to the previous one. One might ask the 

question: which symbol should we attempt to detect first? It turns out [19] that 

optimal BER/FER performance is achieved when we choose the symbol that has the 

highest post-detection SNR. This non-linear decoding technique, along with optimal 

ordering, are the main ideas that are exploited in most VBLAST-type of algorithms. 

As we shall see later, these techniques offer improved diversity performance (compared 

to linear receivers) at low-to-moderate SNR. 

The VBLAST algorithm consists of the following three steps: 

1. Optimal ordering ( 0 0 ) 

2. Interference nulling (IN) 

3. Interference cancellation (IC) 

VBLAST starts by keeping the contribution of the symbol that enjoys the best post-

detection SNR while eliminating the contributions from other symbols (IN step using 

ZF or MMSE). We then slice the decision statistics to obtain an estimate of that 

transmitted symbol. Assuming we made the right decision, we then remove the 

contribution of that particular symbol from the transmitted vector y (IC step), and 

then we repeat the same process again, choosing to decode the symbol that enjoys the 

next best post-detection SNR. We do this until all symbols have been decoded. Table 

3.1 summarizes the ZF version of VBLAST, hereafter referred to as ZF-VBLAST. 
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The MMSE version, i.e. MMSE-VBLAST, differs mainly in the computation of the 

spatial matrix. 

Since VBLAST relies on the assumption that previously decoded symbols were 

detected correctly, it runs the risk of carrying (or propagating) additional "noise" 

terms (in addition to n) when decision errors have been made. This deficiency in the 

VBLAST decoding process is referred to in the literature as the Error Propagation 

Problem (EPP) and it has been recognized as the main performance bottleneck in 

any MIMO algorithm that depends on successive interference cancellation (SIC). Note 

that even if symbols detected at later stages enjoy a better diversity, the overall error 

performance is still dominated by the first detected symbol. Many solutions have 

been proposed to improve the performance of the first detected symbol. The easiest 

one consists of using higher number of RX antennas to increase the diversity of that 

stage1. 

The preprocessing complexity of the original ZF-VBLAST (or MMSE-VBLAST), 

hereafter described in Table 3.1, is O(N^), which is more complex than that of the ZF 

or MMSE linear receivers. The payload complexity is 0(N?) which is similar to the 

one provided by linear receivers but a lot less complex than the payload processing 

required by the ML receiver. 

On the D M T Performance of V B L A S T 

There does not seem to be an agreement in the literature regarding the DMT perfor-

mance of VBLAST. We attempt next to reconcile many of the apparently conflicting 

conclusions regarding VBLAST's DMT performance. Our analysis will be validated 

by simulations presented in this chapter and the next. We will strictly focus on 

1We will see later that VBLAST's maximum diversity gain is equal to NR - NT + 1 



58 

initialization : 
i = 1 (3.2.9a) 

Gj = H " 1 (3.2.9b) 
ki = argmin| |(Gi), | |2 (3.2.9c) 

j 
recursion : 

Wfc, = (G)fci (3.2.9d) 

Vk, = w Ix
ri (3.2.9e) 

= Q(yk J (3.2.9f) 
ri+i = r l - s k t ( H)k i (3.2.9g) 

G ? + i = H^ 1 (3.2.9h) 
k l+1 = arg min | | (G , + i ) J 2 (3.2.9i) 

3 t {fei-...fc»} 
i = i + l (3.2.9j) 

Table 3.1: The ZF VBLAST algorithm. Note that here is the pseudo-inverse of 
H, i.e. H 1 = ( H H + ) _ 1 H + 

MMSE-VBLAST as it is the algorithm of interest in our study. Also we will assume 

Nt = Nr = N. 

In [60], it is shown that an upper bound on the DMT curve for unordered MMSE-

VBLAST is: 

Gd<(N- Gm e [0, N}. (3.2.10) 

It is not clear how tight this bound is. It is to be noted that in deriving the above 

expressions the authors did not take into account the rate being used. 

In [9], it is shown that for the 2 x 2 case the diversity of ordered MMSE-VBLAST 

actually depends on the rate-per-layer; if this rate does not exceed 1 (such as when 

using BPSK) then ordered MMSE-VBLAST enjoys a diversity of 2. 
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Contrary to the conclusion reached in [60], it is shown in [30] that at high-SNR 

ordering does not improve the diversity order, i.e. the DMT curve for unordered or 

ordered MMSE-VBLAST is the same. 

While the above presentation seems to offer conflicting conclusions on the DMT 

performance of MMSE-VBLAST, we offer the following explanation that will help 

clarify the issue. First of all, we have to distinguish between the low-to-moderate 

SNR region, where the SNR suppression capability of MMSE-VBLAST helps im-

prove its finite-SNR diversity, and the high SNR region where it looses this advan-

tage. Second, it is to be noted that when the modulation order increases the effect of 

noise on performance becomes worse because the Euclidian distance between the var-

ious QAM symbols become smaller. These two facts make the diversity-multiplexing 

performance of MMSE-VBLAST very much dependant on the rate used and on the 

operational SNR. This explanation will be validated in the next chapter through 

computer simulations. 

On the Outage Capacity of MMSE-VBLAST 

In the literature (see [12] for example) it is frequently mentioned that MMSE-VBLAST 

attains the full MIMO capacity. We have to emphasize here that this is only true in 

fast fading scenarios. In slow fading scenarios, as is assumed in our study, MMSE-

VBLAST does not attain the MIMO outage capacity [54], 

The outage capacity of MMSE-VBLAST can be calculated by considering the 

capacity achieved by the worst detected layer as [11]: 

CMMSE-VBLAST = N t x min {log2(l + pq)} 
qe{l,...,Nt} 

(3.2.11) 
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Figure 3.5: 10% Outage capacity comparison between MMSE-VBLAST and the i.i.d. 
MIMO channel for Nt = Nr = 4 

where 

* = [ ( i W H ; + : , - . U - 1 ( 3 - 2 - 1 2 > 

is the post-detection SNR for qth TX detected stage [32]. Note that in the above 

expression H9 represents a reduced dimension channel where the qth column has 

been deleted. Also note that q refers to the detection order rather than the actual 

TX antenna number. Because the first detected stage in SIC-type of receivers has 

the worst outage performance [34] we can simply replace q with one in the above 
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Algorithm Infinite-SNR 
D M T Perfor-
mance Gd = 

Preprocessing 
Complexity 

Payload Com-
plexity 

ZF 1 Gm 1 N 0(N3) 0(N2) 

MMSE 1 Gm 1 N 0(N3) 0(N2) 

ZF-VBLAST 1 Gm 1 N 0{N4) 0(N2) 

MMSE-VBLAST 1 Gm 1 N 0(N4) 0(N2) 

ML N( 1 - i f r ) 0 0(LN) 

Table 3.2: Comparison between various N x N SM MIMO detection algorithms 

expression. 

Figure 3.5 shows the 10% outage capacity attained by MMSE-VBLAST. It is 

evident that MMSE-VBLAST is capacity lossy as it only achieves about 70% of the 

MIMO channel capacity. 

Comparison Between the Various Spatial Multiplexing Algorithms 

Table 3.2 summarizes the infinite-SNR DMT performance and the complexity of the 

various SM detection algorithms we have presented in this section. 

To see how different SM detection algorithms compare in terms of BER perfor-

mance, we ran some MATLAB simulations for a 4 x 4 i.i.d. MIMO channel with an 

overall bandwidth efficiency of 8 bit/s/Hz (i.e. QPSK modulation is used in each spa-

tial dimension). Figure 3.6 shows the results. As expected we clearly see that the ZF 

spatial receiver has the worst performance while the ML receiver has the best one. We 

also see that MMSE-VBLAST performs considerably better than ZF-VBLAST, at-

taining a BER of 10~3 with a considerable 8dB energy advantage. Also we can clearly 
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P (dB) 

Figure 3.6: BER comparison between various detection algorithms for a 4 x 4 MIMO 
channel with bandwidth efficiency of 8 bits/s/Hz 

see that while MMSE-VBLAST diversity at low SNR is high, as demonstrated by the 

sharpness of the curve, the diversity decreases with increasing SNR as the curve starts 

to loose its sharpness. It is remarkable that MMSE-VBLAST's performance at BER 

< 5% almost matches that of the ML decoder. This demonstrates that the BER per-

formance at low SNR (where BER is high) is mainly by dominated the noise which 

MMSE-VBLAST is able to cancel effectively. The gap between the two algorithms 
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widens with increasing SNR as MMSE-VBLAST starts to loose its diversity advan-

tage while the ML decoder maintains its full diversity advantage of 4 (as the curve 

only needs 2.5dB per decay at high SNR). 

We conclude from the above complexity and error performance analysis that 

MMSE-VBALST reaches a tradeoff between complexity and error performance. This 

explains why we choose it in our study as a good representative SM algorithm. 

3.2.2 Algorithms for Minimizing Probability of Error 

In contrast to standard VBLAST-type detection where spatial multiplexing is max-

imized, space-time coding techniques focus on minimizing the probability of error in 

fading environments by using redundancy2. That is, the same symbol (or a trans-

formed form of it) that was transmitted at time t, is retransmitted from different 

antennas at times t + i (i = 1, 2, ...T — 1), hence reducing the probability that a given 

symbol is completely lost3. 

There are two ways to introduce redundancy. The first one consists of using a 

trellis where memory is introduced. We refer to this type of codes as space-time 

trellis codes (STTC). The more trellis states we employ the better the performance 

we obtain. Unfortunately, the decoding complexity grows exponentially with the 

modulation order and the depth of the trellis. For more in-depth description of STTC 

the reader is referred to [56]. The second category of space-time codes introduces 

redundancy by simply retransmitting a transformed form of the same symbol vector 

at subsequent time instants. We refer to this category as space-time block codes 

(STBC). 

2One can view SM algorithms as a special case of space-time codes where redundancy is not used. 
3This very much depends on how independent the fading each subchannel undergoes. 
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In general, both STBC and STTC provide full diversity gain. While it is true 

that the amount of transmitted symbols in a given frame is reduced when introduc-

ing redundancy, the diversity gain achieved usually allows us to use higher order 

modulation to compensate for the rate loss. 

The decoding of STBC is a lot simpler than the decoding of STTCs while the 

performance of STTC generally outperforms that offered by STBCs because STTCs 

provide coding gain in addition to diversity gain. A special category of STBC is 

orthogonal STBC (OSTBC). These codes possess an additional important property 

of being able to decouple the MIMO channel into simple SISO channels using simple 

linear processing. 

In what follows we will discuss in more details the most simple orthogonal STBC: 

the Alamouti code proposed in [1], 

Alamouti Space-Time Block Code 

The Alamouti OSTBC, first proposed in [1], is a rate-1 space-time code. Not only it 

achieves ML detection with full diversity [27], it also allows the use of linear processing 

techniques at the receiver, hence greatly reducing the baseband processing require-

ments. This feature makes it particularly attractive for battery-powered terminals, 

and that probably explains its adoption by various 3G and 4G wireless standards 

such as 3GPP-LTE and IEEE-802.16e (mobile WIMAX). 

To help us understand how the Alamouti space-time code achieves the full MIMO 

channel diversity with linear processing at the receiver, we reproduce here the fun-

damental equations used by the algorithm. The Alamouti TX processing consists of 

transmitting the following simple space-time codeword: 
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(3.2.13) 

The columns of this code represent space dimension while the rows represent time 

dimension. That is, at time t odd-indexed symbols are transmitted from the first 

antenna while even-indexed ones are transmitted from the second antenna. At time 

t + 1, the complex conjugate of the even-indexed symbols with opposite polarity are 

transmitted from the first antenna while the complex conjugate of the odd-indexed 

symbols are transmitted from the second antenna. One can then express the received 

vector at RX antenna % as follows: 

X 
si s2 

ALAMOUTI 

yi.i 
- ft 

Si S2 hi, i ni,i 
\ o + 

ni,i 

V ^ 
~S2 S1 hi, 2 n2,i 

(3.2.14) 

or written differently 

Vi ,i 
„ * ~ V2 f 

y i 

hi, i hi, 2 

h* i,i h* 
i , 2 

Si fll,i 
+ 

fll,i 

. S 2 . 

H, 

,i= 1,2,..., Nr (3.2.15) 

where the subscripts 1 and 2 have been used to refer to time instant 1 and time 

instant 2, respectively. We can easily verify the orthogonality of the effective channel 

matrix Hj, i.e. H * H j = (|^i,i|2 + |^i,2|2) 12• It is indeed this property that allows the 

use of linear processing at the receiver. To see this, multiply the received vector in 

(3.2.15) by to get the following pre-detection estimate: 
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N, 

S = (3.2.16) 
i= 1 i=1 

Equation (3.2.16) clearly demonstrates that the Alamouti TX and RX process-

ing automatically eliminates multi-stream interference and adds the symbol energy 

coherently while adding the noise components incoherently. Note that this is done 

without resorting to matrix inversion, hence eliminating the noise enhancement prob-

lem associated with the SIC-type of algorithms. Also note that since we have a total 

of 2Nr independent channel coefficients contributing to boosting the symbol energy 

the diversity order achieved by the Alamouti space-time code is equal to 2Nr 

To gain further insight on the BER performance achieved by the Alamouti scheme, 

we have conducted some simulations and compared its performance to that of the 

SISO case. Figure 3.7 shows the simulation results. We clearly see from this figure 

that the 2 x Nr Alamouti scheme offers huge BER improvement over traditional 

SISO systems. For example, a 2 x 1 Alamouti space-time code offers a significant 

lOdB coding advantage at a BER of 10~3. We also note that as Nr grows beyond 3, 

we start to get marginal improvement. 

The biggest advantage of the Alamouti code is that it has zero preprocessing 

complexity while its payload complexity is only 0(Nr) which makes it attractive for 

use in hand-held battery-powered wireless terminals. 

Capacity of the Alamouti STBC 

The capacity of the 2 x Nr Alamouti STBC can be calculated without resorting to 

basic principles of information theory if we can rearrange the TX and RX Alamouti 

equation (3.2.15) in a form similar to (2.1.1). This is indeed possible by stacking the 
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p(dB) 

Figure 3.7: BER performance of 2 x Nr Alamouti STBC with 16QAM modulation 
giving a total bandwidth efficiency of 4 bit/s/Hz 

various channel matrices, receive and noise vectors one on top of the other to obtain: 

y i H i n i 

y2 
- s 

h 2 
s + 

n 2 

. y N r . Hjvr FI-NR 

y fin 

where the 2Nr x 2 matrix H is normally referred to as the effective channel matrix. 
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We can now calculate the instantaneous capacity of the Alamouti scheme as: 

cAlamouti = \ log2 det ( l 2 + (3.2.18) 

= i l og 2 d e t ( l 2 + | | | H | | 2 I 2 ) 

= ^ (1 + fHHH2)2 

= log2 ( l + p H | | 2 ) 

where | |H| | = J ^ i \hij\2 is the Frobenius norm of H and the factor | has 

been included to compensate for the fact that new symbols are only delivered every 

second symbol interval. 

We can easily show that Ch > CAlamouti by rewriting the value of Ch in (2.2.1) 

in a different form as follows [12]: 

CH = log2 d e t ( l 2 + | H H + ) (3.2.19) 

= log2 ( l + f | | H | | | + ( 0 2 | d e t ( H ) | 2 ) 

> log2 ( l + p H | | 2 ) 

where the inequality in the last expression is derived from the fact that the log2 func-

tion is monotonically increasing and | det(H)|2 is always a positive number. Equality 

holds when det(H) = 0 which happens when rank(H) = 1, i.e. when the channel 

is fully correlated or in keyhole scenarios. In summary, the Alamouti code is capac-

ity lossy when compared to the MIMO channel capacity but is capacity optimal in 

fully-correlated or keyhole channels. 
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3.3 Performance Comparison Between the Alam-
outi STBC and MMSE-VBLAST 

It is rather informative to compare the performance of MMSE-VBLAST to that of 

the Alamouti STBC. For fair comparison, the same bandwidth efficiency should be 

used in both cases. We choose here a medium rate of 4 bit/s/Hz. MMSE-VBLAST 

can achieve this rate by using QPSK in each subchannel while the Alamouti code 

needs to use 16QAM in each subchannel. We will also test the robustness of each 

algorithm against spatial correlation and channel estimation errors, two imperfections 

commonly encountered in practice. Channel estimation errors are generally caused 

by the following independent factors: 

1. Insufficient length of the training sequence (or number of pilot symbols). 

2. Insufficient word length when implementing the algorithm in finite precision 

3. Channel deviation during the payload processing phase 

While the effect of the first two factors mentioned above can be minimized by proper 

system design the third factor can not be controlled due to the dynamic nature of 

wireless environments channels. 

For evaluation purposes, we will use the following commonly-used channel esti-

mation error model [59]: 

H = Vl - e2H + eHe (3.3.1) 

where H is the estimated channel matrix, H e is a channel estimation error matrix that 

is independent of H and with elements that are i.i.d. with CjV(0,1). The parameter 
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e 6 [0,1] represents the accuracy of channel estimation. Note that the scaling factors 

used in the above equation ensure that the variance of each entry of the estimated 

channel matrix H is still equal to 1. 

Correlation is introduced by using the exponential channel model discussed in 

Section 2.3.1. We next conduct BER comparison followed by capacity comparison. 

BER comparison 

Figure 3.8 compares the BER performance of the 2 x 2 Alamouti to that of the 

2 x 2 MMSE-VBLAST with and without channel estimation errors. We see that for 

p < 8dB, both algorithms have almost the same performance. As SNR increases the 

Alamouti OSTBC manifests its diversity advantage through its sharper curve. We 

also see that the Alamouti OSTBC is more robust than MMSE-VBLAST against 

channel estimation errors. In fact, as channel estimation error increases to 5%, we 

start to witness an error floor around a BER of 10~3 for MMSE-VBLAST. In contrast, 

the Alamouti curve continues its sharp descent with only slight degradation. For 

instance, comparing the zero estimation error scenario to the 5% estimation error 

scenario, one can easily see that the Alamouti OSTBC looses only a fraction of a 

dB compared to SNR loss of approximately 2dB for MMSE-VBLAST at a BER of 

10~3. The above results can be explained as follows: since MMSE-VBLAST focuses 

on canceling noise its performance at low SNR is almost unaffected. At high SNR 

where noise is negligible, its performance mainly depends on the conditioning of the 

channel matrix which becomes poor due to the additional noise term created by the 

channel estimation error. The Alamouti OSTBC does not depend on matrix inversion 

and as such does not suffer from these deficiencies. 
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p(dB) 

Figure 3.8: BER performance comparison with and without channel estimation error 
between 2 x 2 Alamouti OSTBC with 16QAM and 2 x 2 MMSE-VBLAST with QPSK 
for a total same bandwidth efficiency of 4 bits/s/Hz 

Figure 3.9 compares the BER performance of both algorithms when channel corre-

lation is present. Note that the correlation coefficients chosen represent typical values 

found on the downlink. In this case the link is mostly limited by the correlation at 

the BS side since the correlation at the UE side is generally very low due to rich 

scattering that exists around the UE. 

For moderate correlation, i.e. when ipt = 0.5, the Alamouti OSTBC suffers a frac-

tion of a dB degradation at a BER of 10"3 while MMSE-VBLAST suffers a significant 
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p(dB) 

Figure 3.9: BER performance comparison with and without channel correlation be-
tween 2 x 2 Alamouti OSTBC with 16QAM and 2 x 2 MMSE-VBLAST with QPSK 
for a total same bandwidth efficiency of 4 bits/s/Hz 

SNR degradation of about 2dB at the same BER. When correlation becomes severe, 

i.e. when ipt = 0.9, the Alamouti OSTBC suffers a 2.5dB SNR degradation while 

MMSE-VBLAST suffers a loss of over 7dB at the same BER. The above results are 

expected since MMSE-VBLAST's dependance on channel inversion makes it suscep-

tible to channel conditioning: when channel correlation increases the channel rank 

becomes closer to 1. The Alamouti OSTBC is more resistant to channel correlation 

because it does not depend on matrix inversion. In fact, when the channel is fully 
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correlated the Alamouti code is capacity optimal (as we demonstrated earlier) while 

MMSE-VBLAST completely breaks down. 

The simulation results presented in this section make it clear that the Alamouti 

STBC is a lot more robust against correlation and channel estimation errors than 

MMSE-VBLAST. A more complete comparison would include simulation results at 

different rates since the Alamouti STBC and MMSE-VBLAST have different multi-

plexing and diversity gains. Also, the inclusion of outer channel codes may give us 

different results. Both of these can be studied by comparing the capacity curves. We 

do this in the following section. 

Capacity Comparison 

Figure 3.10 shows the 1% outage capacity for the 2 x 2 MIMO channel as well as 

the corresponding Alamouti and the MMSE-VBLAST curves. It is clear that the 

Alamouti scheme does not achieve the full MIMO channel capacity, as predicted by 

(3.2.19), but the same applies to MMSE-VBLAST. It is also clear that the outage ca-

pacity offered by the Alamouti STBC is greater than that offered by MMSE-VBLAST 

in both the i.i.d. and the correlated channel scenarios. Note that in the correlated 

case, the slope of the MMSE-VBLAST's curve loses its sharpness considerably, i.e. its 

multiplexing gain at high SNR becomes poor. In contrast, Alamouti's multiplexing 

gain is maintained at 1 for high SNR. These findings are consistent with the uncoded 

BER results presented in the previous section: adding channel coding does not help 

MMSE-VBLAST bridge the performance gap with the Alamouti STBC. We have to 

mention that channel estimation errors will introduce further degradation in capacity 

performance and from the BER results we can deduce that this effect will be more 

severe on MMSE-VBLAST's capacity. 
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Figure 3.10: 10% outage capacity for Alamouti and MMSE-VBLAST for a 2 x 2 
MIMO channel. For the correlated scenario: the exponential model was used with 
i/)t = 0.9 and = 0.2 

To summarize, the Alamouti STBC possesses the following desirable features: 

1. It achieves excellent error and capacity performance using a low complexity 

linear encoding and decoding 

2. It is robust in the presence of channel estimation errors. 

3. It is robust in the presence of spatial correlation. 
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4. While it does not achieve the full MIMO capacity it outperforms MMSE-

VBLAST in terms of both BER and capacity performance. 

The question is then: is it possible to extend all, or at least most, of the benefits 

offered by the 2 x 2 Alamouti STBC to the general N x N MIMO case? This is one 

of the questions we will attempt to answer in the next chapter. 



Chapter 4 

The Proposed Architecture and 
Associated Algorithms 

It is evident from the material that was presented in previous chapters that a robust 

N x N MIMO architecture is needed where sufficient multiplexing and diversity gains 

are achieved simultaneously. The associated algorithms with this architecture should 

be robust against spatial correlation and channel estimation errors. Yet these algo-

rithms should have reasonable implementation complexity and should avoid the use 

of direct matrix inversion in order to avoid the noise amplification problem. It is also 

important to emphasize that the algorithm should be inherently parallel in order to 

enable the use of low clock rates for implementation purposes. No feedback channel 

from the receiver to transmitter shall be assumed. The following sections present an 

architecture and algorithms that will allow us to achieve these objectives and most 

of the ones outlined in the introductory chapter. 

Before we present the new technique, it is important to answer the following 

question: how much diversity is sufficient in MIMO applications? In the next section 

we present a discussion which is a step in the direction of answering this question. 

76 
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4.1 Probability of Error with Transmit Diversity 

Even though we restrict our analysis here to transmit diversity and BPSK modula-

tion, the conclusion we arrive at applies as well to receive diversity and higher order 

modulation schemes. 

The probability of bit error Pb for BPSK with Nt TX diversity is [56] 

where £ = is the normalized SNR per bit. The probability of error Pb is plotted in 

Figure 4.1 for Nt = 1, 2, 3,4, 5, 6, 7 and 8. The probability of error for AWGN channel 

(when Nt = oo) is also plotted on the same figure. We clearly see that as Nt increases 

Pb is reduced dramatically. We also notice that when Nt increases beyond four we 

start to get marginal improvement and the sharpness of decent of the various curves 

almost becomes the same1. For instance, increasing Nt from one to two, two to three 

and three to four, gives us a differential SNR gain of 19dB, 6dB and 2.5dB at a BER 

of 10"5, respectively. Increasing Nt from four to five gives only ldB additional SNR 

gain. This leads us to conclude that a diversity gain of 4 is reasonably sufficient for 

providing relatively low error probabilities. 

For a general N x N, this means that as long as the individual symbols emanating 

from each TX antenna enjoy at least a diversity order of 4 we should be able to obtain 

relatively acceptable error performance at finite SNR. 
1This is only true at finite SNR 
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Figure 4.1: Effect of increasing TX diversity on the probability of error Pb of an Nt x 1 
MIMO system. 

4.2 Proposed Architecture 

Similar to [49] [14] we propose to combine STC with SM techniques. On the receiver 

side, in contrast to [49] [14], and in order to avoid the noise amplification problem, 

we propose to use the QR decomposition instead of resorting to matrix inversion. 

Figure 4.2 shows an illustration of the proposed architecture where two groups of 

Alamouti codes were used in a N x N MIMO system, where N is assumed to be an 

even number. Basically, the TX symbols are grouped in pairs and space-time coded 
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Figure 4.2: Model of the proposed architecture 

using the Alamouti STBC. On the RX side channel estimation is performed first2, 

one or more QR decompositions are computed and finally successive interference 

cancellation (IC) followed by Alamouti decoding is employed. 

In order to understand the benefits offered by the proposed architecture we first 

present a brief overview of the QR decomposition which will allow us to reformulate 

the MIMO detection problem. 

4.2.1 QR Matrix Decomposition 

When performing MIMO detection, the QR matrix decomposition allows us to elim-

inate some multi-stream interference without resorting to matrix inversion. To see 

this, let us review how this decomposition works. We will restrict our analysis to our 

case of interest where Nt = Nr = N. 
2Channel estimation is assumed perfect in our study unless otherwise stated 
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Any N x N matrix H can be decomposed as H = QR, where Q is unitary, i.e. 

Q + Q = I, and 

R = 

r\i r12 ... r1N 

0 r22 • • • r2N 

0 0 TNN 

(4.2.1) 

is an upper triangular matrix. The Q and R matrices can be obtained through 

various techniques the most common of which is the Householder transformation. A 

brief overview of this method is presented in Appendix B. Using QR decomposition, 

equation (2.1.1) can then be rewritten as 

QRs + n. (4.2.2) 

By multiplying the RX vector y from the left by Q + we get the following transformed 

RX vector 

y = Q + y = J - ^ R s + h (4.2.3) 

(risi + r 2s2 + .... + rNsN) + n, 

where we have used the property that Q + Q = I. Note that all hi still have zero 

mean and unity variance, i.e. no noise amplification takes place. It is also easy to 

verify that R has the same eigenvalue spread as H, and finding Q and R is always 

possible even when H is ill-conditioned, i.e. when its eigenvalue spread is extremely 
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Figure 4.3: Transformed 4 x 4 MIMO system with QR decomposition 

large. This is in contrast to matrix inversion where the inverse may not exist in 

this particular situation 3. So one added advantage of using QR decomposition is its 

numerical stability. 

One rather useful interpretation of the QR factorization is that it allows us to 

reformulate the MIMO detection problem using a "virtual" channel matrix R rather 

than the actual channel matrix H. This transformation has indeed some useful prop-

erties, and to see this we have redrawn a 4 x 4 MIMO system model (see Figure 4.3) 

using R as the channel matrix. Looking at Figure 4.3 we clearly see that the QR 

transformation has eliminated interference from certain TX antennas. Of particular 

interest are the last two RX antennas. These antennas now "see" contributions only 

from the last two TX antennas. In other words, in the context of MIMO detection, 

3This problem may be compounded in fixed-point processors. 
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the QR decomposition allows us to achieve partial interference cancellation without 

amplifying noise. We have to mention that even though we are discussing the 4 x 4 

MIMO case this is also true for the general TV x TV case. 

Another important property of the QR decomposition is that we can obtain dis-

tinct Q and R matrices by permuting the columns of H for a total number of N! 

QR decompositions. When the TX signals are coded and decoded in pairs, using 

space-time coding and decoding, the total number of permutations reduce to (N/2)!. 

For example, for a 8 x 8 MIMO channel matrix we can have 24 different QR de-

compositions when the TX signals are space-time coded in groups of two symbols. 

Unless otherwise specified, Q and R will refer to the base matrices obtained with 

the default permutation, i.e. Q(l,2,..., j,N — 1,7V) and R(l,2,..., j,N — 1,7V) for an 

TV x TV MIMO system. Throughout this chapter we will use left superscript index to 

refer to a specific permutation. When omitted, it means we are refereing to the base 

permutation. 

In order to gain further insight into the proposed algorithm we have to take a closer 

look at the random distribution of the non-zero elements of the upper triangular 

matrix R. Assuming that all h i j are i.i.d. with CJ\f(0,1), the various non-zero 

elements ritj (% ^ j) of R are also i.i.d. with CJ\f(0,1) and the magnitude square 

\rjj\2 of each diagonal entry rrj is Chi-squared distributed with 2(TV — j + 1) degrees 

of freedom4 [55]. In other words, most of the energy is concentrated in the diagonal 

elements of R. To see this, we next present further analysis on the relationship 

between matrices H and R. 

Using the orthogonality property of matrix Q, we can easily verify that H + H = 
4Each imaginary or real dimension counts as one degree of freedom 
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R + R . In other words, because R has an upper triangular structure, we can easily 

see that: 

Since all the elements of the first column of R are zero except ru, we have: 

N 

| rn | 2 = ^ | / i a | 2 . (4.2.5) 
i=1 

The previous equation clearly shows that | rn | 2 has Chi-square distribution with 

2N degrees of freedom. In practical terms, this means that | rn | 2 will only fade when 

all the \hn\2 (i = 1, 2 , . . . , N) fade simultaneously. In mathematical terms, we know 

that P(\hij\2 < e) ss e [12], where e is a small positive constant representing the 

energy threshold under which reliable communication is not possible. Because the 

channel coefficients are i.i.d., we have P(\r\^\2 < e) ~ t N . In general, we have: 

The above equation establishes that the magnitude square of each diagonal el-

ement, i.e. \rjj\2 ( j = 1,2, . . . , iV), has a diversity order of N — j + 1 while the 

magnitude square of each off-diagonal element has a diversity order of 1. 

4.3 Algorithm Description 

As illustrated in Figure 4.2, we essentially apply the Alamouti space-time code to the 

transmitted symbols in groups of two for a total of y codes. On the RX side, the 

N N 

(4.2.4) 

P ( | r y | 2 < £ ) « eN~j+1 i = j 

P{\rM\2<e) « e i ^ j . 

(4.2.6) 
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description of the proposed detection algorithm differs slightly depending on whether 

we use a single or multiple QR decompositions. 

As the reader will realize soon, our description will be general but there will be a 

stronger emphasize on the 4 x 4 and 8 x 8 cases. The main motivation behind this 

choice is that these two cases represent the strongest possible candidates for future 

implementations of 4G standards. For instance, the recently ratified 4G Long Term 

Evolution (LTE) standard, which is part of the 3rd Generation Partnership Project 

(3GPP), now supports the 4 x 4 case as an option [8] while the advanced version, 

called LTE-advanced (not ratified yet), is moving towards incorporating the 8 x 8 

case in order to meet a target peak bandwidth efficiency of 30 bit/s/Hz [52]. 

In what follows we describe the algorithm with a single QR decomposition followed 

by a description of the one where multiple QR decompositions are employed. A less 

detailed description of the proposed algorithm can also be found in [3]. 

4.3.1 Algorithm with a Single QR Decomposition 

In this base algorithm, we start by computing the Q and R matrices which we use to 

compute a transformed RX vector y. We then decode the interference-free symbols 

corresponding to the last two rows and columns of R. After decoding these symbols, 

we subtract their contribution from y. We then successively repeat these two steps 

until no more symbols are left for decoding. The flow chart shown in Figure 4.4 

helps in understanding the various steps followed by the algorithm. Note that the 

calculation of the Q and R matrices are only required once per frame (preprocessing) 

while all other operations are repeated for every symbol vector (payload processing). 

To gain further insight into the proposed algorithm let us write the expression for 
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Figure 4.4: Description of the proposed algorithm with a single QR decomposition 

the resultant post-Alamouti processing subvector for the qth stage5. Ignoring error 

propagation we have: 

•S/V-2g+l 

SN-2q+2 

SN~ -2?+l + 
vN- •2q+l 

_ SN--2q+2 _ VN--2q+2 _ 

}q = 1 , 2 , . . . , 
N 

(4.3.1) 

where ||rj|2 is the square of the Frobenius norm of submatrix defined as: 
5Note that 'stage' here refers to the decoding of a pair of layers as opposed to a single layer 
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r 9 = 
r(N-2q+l){N-2q+l) ^ ( A T - 2 g + l ) ( i V - 2 9 + 2 ) 

0 f(N-2q+2)(N-2q+2) 

and the noise subvector vq is: 

(4.3.2) 

v ? = 

r(N-2q+l)(N-2q+l) r(N-2q+l)(N-2q+2) 

r(N-2q+l)(N-2q+2) _ r ( A T - 2 g + l ) ( i V - 2 < ? + l ) 

ni,(N-2q+l) 

n, 

(N-2q+2)(N-2q+2) 

r(N-2q+2)(N-2q+2) 

0 

2 , ( J V - 2 g + l ) . 

™ l , ( i V - 2 g + 2 ) 

n 2,(N-2q+2) 

(4.3.3) 

Note that each component of the noise subvector vq contains two independent 

noise components from two different RX antennas at time instant 1 and time instant 

2. 

Since the outage performance mainly depends on the symbols decoded first, i.e. SN 

and Sjv_i, it is important to establish their diversity performance. This can be done in 

a very straightforward manner by observing that these two symbols go through three 

independent channel paths namely rNN, r(jv-i)(./v-i) and r(N_and by resorting to 

(4.2.6). It is not hard to see that the actual diversity enjoyed by these symbols is 

equal to 4 as |rjv./v|2 enjoys a diversity of 2 while |r(Ar-i)(Ar-i)|2 and |r(jv-i)iv|2 each 

enjoys a diversity of 1. 

Ignoring the effect of EPP and resorting to (4.2.6), one can easily find that each 

symbol in symbol-pair (sN-2q+i, 5^-2^+2), where q = 1, 2,..., N/2, enjoys a diversity 

order of 4q. For example, using this algorithm in an 8 x 8 MIMO system allows 

symbols si and s2 (decoded last) to enjoy a diversity order of 16. Unfortunately, 
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when a standard SIC receiver is used, as is the case here, the overall diversity order is 

limited by the diversity order of the first stage [13] (i.e. to 4 in our case). Nevertheless, 

this increasing diversity order allows the symbols decoded at later stages to enjoy a 

better SNR so that the probability of outage Pq (q = 1 , 2 , . . . , ^ ) , and consequently 

the FER, improve as q increases [34]. Mathematically we have: 

Pk < ••• < Pq< ... < Pi- (4.3.4) 

Since outage performance is dominated by the first stage, we can say that outage 

approximately occurs when the instantaneous capacity of the first stage falls below a 

certain desired capacity Cx. That is: 

Pout * Pi = p (log2(l + -^ l i r i l l 2 ) < Cx) . (4.3.5) 

The algorithm described above does not optimize the order in which decoding is 

performed. Similar to any SIC algorithm, one can optimize the outage performance 

by selecting a proper decoding order. There exist various techniques that can be 

implemented at either the transmitter or at the receiver that allow us to achieve this 

objective. A common RX technique is to order the decoding process based on the 

SNR level starting with the group that possesses the best SNR followed by the one 

that possesses the next best SNR and so on. We discuss this subject further in the 

following two subsections. 

Optimum Ordering 

The optimum decoding order is to decode the various groups based on their instan-

taneous SNR level. That is we start the decoding with the stage that possesses the 



88 

best SNR followed by the one that possesses the next best SNR and so on until we 

finish the decoding with the one that possesses the worst SNR. 

Because there are y ! possible pair-wise column permutations, one would normally 

have to perform Nqr = y ! QR factorizations in order to find the optimum decoding 

sequence. This may not pose a problem for small N but the complexity of optimum 

ordering becomes prohibitive for large N. Fortunately, using various properties of the 

QR decomposition, this number can be reduced substantially. We show in Appendix 

B that a sufficient number of QR decompositions Nqr for optimum ordering is: 

for N = 4] 

for N = 6; 
(4.3.6) 

for N > 8 and y is even; 

for iV > 8 and f is odd. 

For instance when N = 14 and N = 16 we have to perform Nqr = 18 and Nqr = 21 

QR factorizations, respectively. Note that, since we are only interested in calculating 

the instantaneous SNR for the various stages, the explicit computation of matrix Q 

is not required. The explicit computation of this matrix is only needed for the chosen 

QR candidate. In the sequel we refer to this ordering method as OPT. 

Suboptimum Ordering 

The optimum ordering method described above requires the computations of O ( ^ ) 

QR decompositions. A suboptimum method can be obtained by realizing that the 

FER performance is mostly dominated by the stage that is decoded first. The number 

of required QR decompositions in this case is Nqr = y (see Appendix B). Note that 

computation of the matrix Q is only necessary for the selected factorization candidate. 

Nqr = 

2 

4 

±N* + \N + 1 

J_ TV2 + -N + -16 ^ 4 i v ^ 4 
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In the sequel we refer to this method as SUB0PT1. 

The simplest way to perform ordering, which does not require any additional QR 

factorization, is to base our decision on the Frobenius norm of the various column-

vector pairs of the channel matrix H. This method is motivated by relationship 

(4.2.4) and by the fact that a significant amount of energy in the corresponding 

column-vectors in matrix R are in the last two non-zero rows that correspond to our 

desired SNR. Obviously this will become less and less true as TV increases since the 

energy above the last two rows becomes greater compared to our desired SNR. We 

ran Monte Carlo simulations to test the validity of this method. We found out, that 

based on 10,000 independent channel matrices, only 17% and 28% of total orderings 

are incorrect (compared to the optimum one) for TV = 4 and TV = 8, respectively. In 

the sequel we refer to this method as SUBOPT2. 

4.3.2 Algorithm with Multiple QR Decompositions 

The ordering methods described above improve the performance of the proposed 

algorithm by selecting to start the decoding with the group that has the best SNR. 

While this improves the SNR performance, it does fail to give additional diversity 

gain as the overall performance is still dominated by the diversity order of the first 

detected stage. 

Another method for improving the performance of the proposed algorithm consists 

of combining the energy contained in various branches. In a way, this is similar to 

coherent combining techniques. As we shall see later, this has the effect of improving 

the overall diversity. 

To understand this method better, let us take a closer look at the effect of per-

muting the various pair-wise columns of matrix H. We take the 4 x 4 as an example. 
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The only possible permutations in this case are (1,2,3,4) and (3,4,1,2). Note that 

column permutation does not change the row ordering whose indices correspond to 

the RX antenna numbers. So when we perform QR decomposition based on permu-

tation (1, 2, 3,4), the noise components seen by symbols (si, s2) (S3, S4) belong to RX 

branches (1,2) and (3,4), respectively. Now performing QR decomposition based on 

permutation (3,4,1,2) will make (si ,s2) (53,54) see noise components belonging to 

branches (3,4) and (1, 2), respectively. Ignoring EPP, the post-Alamouti soft symbol 

estimates are: 

S3 

s4 

51 

52 

P_ /111 
N ri||2 + ||2r2||2) 

= ^ ( i r ^ + m i i 2 ) 

S3 + V 
+ 

. S 4 . 
lVi + 2V2 

S i 
lvx + 2V3 

+ 
. S 2 . 

1v2 + 2V4 

(4.3.7) 

(4.3.8) 

where a left superscript index was used to denote the permutation number. Note that 

l l1^!!2 (or ||2r2||2) has a diversity of 8. The diversity provided by H ^ H 2 (or H^iH2) 

is redundant as they are extracted from the same column pairs. But in the absence 

of error propagation these redundant Frobenius norms still provide SNR gain. 

The above analysis is very optimistic as it does not account for EPP. One way to 

account for EPP is to resort to relationship (4.3.5). In this case a lower bound on 

outage rate (or FER) can be obtained if we assume that l P\ = l P 2 and 2Pi = 2P2. 

Using this relationship and because 1 Pi is independent of 2Pi (as they are computed 

using distinct column pairs) one can for the purpose of analysis write: 
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S4 

51 

52 

P_ na 
N r i i r + ll2^!!2) 

^ i i p + i^riH2) 

S3 ^ 3 + 
+ 

. S 4 . 
1v4 + 2V2 

Si lvx + 2V3 

+ 
1v2 + 2v4 . s 2 . 1v2 + 2v4 

(4.3.9) 

(4.3.10) 

The above equation demonstrates that all symbols have a diversity of 8 even after 

we account for EPP. It is important to emphasize that the noise components after 

post-Alamouti processing and column permutation stay mutually independent. 

Before we can generalize the above to the case where N > 4 it is important 

to realize that, in order to have uncorrelated noise components at the input of the 

combiner, the maximum number of permutations we can have is N™ax = y . This is 

because we can only cycle through a maximum of y row-wise pairs (which represent 

RX antenna numbers) while maintaining mutual independence between the noise 

components of post-processed Alamouti subvectors. 

When choosing the additional permutations, we must do this so as to maximize 

the total average Frobenius norm seen by each symbol pair. This will make sure that 

SNR gain is extracted in addition to diversity gain. 

To illustrate this point, let us take the 8 x 8 as an example. Let us assume 

that our base permutation is (1, 2, 3,4, 5, 6, 7, 8). Note that in this base permutation 

symbol pairs (s7, sg), (s5, s6), (s3, s4) and (si, s2) are associated with an average square 

Frobenius norms of 4,8,12 and 16, respectively. 

When we only need to perform two QR decompositions, i.e. Ngr=2, the second 

permutation that should be chosen is (7, 8, 5, 6, 3,4,1, 2). This permutation consists 

of switching the outer column-pairs and the inner column-pairs, respectively. This 
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choice is unique and ensures that the worst total Frobenius norm is maximized while 

also ensuring that each symbol pair sees an independent noise vector . In this case, 

all the average square Frobenius norms are equal to 20. When Nqr = 3, and since 

one of the symbol pair has to be permuted to the last two columns in order to ensure 

noise independence, the maximum worst square Frobenius norm is equal to 24. Note 

that for N = 8 there are two choices for the the third permutation when Nqr = 3. 

An arbitrary choice can be made or the choice can be made based on optimum or 

suboptimum ordering at the expense of additional complexity. Through simulations 

we found out that a fraction of a dB SNR gain was obtained which in our opinion 

does not justify the additional complexity. Finally, when Nqr = 4, and because all 

symbol pairs cycle through all columns, one unique choice remains and it is easily 

verified that all average square Frobenius norms are equal to 40. 

We should mention that when y is odd and Nqr = 2 it is not possible to obtain an 

optimum permutation as the column-pair in the middle does not have a corresponding 

column-pair to switch with. In this case an arbitrary choice between two permuta-

tions can be made for the second permutation or one that is based on optimum or 

suboptimum ordering. Table 4.1 lists the optimum permutations for N = 4, 6, 8 and 

Nqr = 1, 2, . . .y. The way to read this table is that for a given N and Nqr < y the 

permutations that we should use are the ones listed in the N column starting from 

row one down until the Nqr row. 

While we restricted our analysis here to N < 8, as it is the more practical case, 

similar analysis can be carried out for N > 8. 

Finally we have to mention that the choice of the base permutation can be ar-

bitrary as ordering would not have an effect on performance because of cycling and 
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N q r / N 4 6 8 

1 (1,2,3,4) (1,2,3,4,5,6) (1,2,3,4,5,6,7, 8) 

2 (3,4,1,2) (5,6,1,2,3,4) (7,8,5,6,3,4,1,2) 

3 N/A (3,4,5,6,1,2) (5,6, 7,8,1,2,3,4) 

4 • N/A N/A (3,4,1,2,7,8,5,6) 

Table 4.1: Optimum permutations 

combining, and because of the properties of the QR decomposition stated in Appendix 

B. Monte Carlo simulations (not shown here) have been conducted to confirm what 

we have just stated. 

Iterative Detection 

We can obtain further improvement in performance by reiterating the SIC procedure 

in a zigzag fashion in order to help reduce the effect of EPP6 and consequently 

help increase the SNR gain (which in turn helps faster convergence to the actual 

diversity) with each additional iteration. In this case each improved estimate obtained 

after combining can be reused. Alamouti decoding is bypassed for the first stage 

and these estimates are directly used in canceling MSI contributed by symbol pairs 

(psn,psn_i),p =1,2,..., Nqr. Then alternate SIC and Alamouti can be used until no 

symbols are left for decoding. The multiple-QR version of the algorithm is illustrated 

in Figure 4.5. 
6Reducing the effect of EPP in the multiple-QR version has a huge impact on reducing FER 

as we are not any more limited by the performance of the first decoded stage as in the single-QR 
version 
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To LLR calculation and outer decoder 

Figure 4.5: Description of the proposed algorithm with multiple QR decompositions 

4.4 Information Theoretic Aspects of the Proposed 
Architecture and Associated Algorithms 

In the sequel we will derive the capacity expression of the effective MIMO channel 

and the capacity expressions of the various versions of the proposed algorithm. 

4.4.1 Capacity of the Effective MIMO Channel 

It is rather important to derive the capacity of the effective channel that results from 

the proposed architecture. This will allow us to find out how optimal, in a capacity 
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sense, the various versions of the proposed algorithm perform. Again, as we did in 

Section 3.2.2, there is no need to resort to basic principles of information theory if we 

can find the resulting effective channel matrix H. 

Realizing that the proposed architecture is nothing but the stacking of ~ Alamouti 

codes one on top of the other, we can rewrite the MIMO equation as follows: 

yi Hi,i H34 Hjv-1,1 n 1 
y2 

= , j~P 
\l N 

Hi2 H3;2 • • HJV-1,2 s + n2 

y N H^at H3,3 • • HJV-̂JV nN 

y H n 

(4.4.1) 

where 

H i j = 
h 1,1 h j,i+1 

h* —h* nj,i+1 nj,i j 

(4.4.2) 

Using the expression of the instantaneous capacity in (2.2.1), the capacity of the 

proposed effective channel can now be obtained as: 

Cfi = k lo§2 det ( l N + ^ H + h ) (4.4.3) 2 V JV N 

where the a scaling factor of \ was used because we only send half the amount 

of symbols when compared to SM algorithms. It is very important to emphasize 

that the capacity just derived is that of the effective channel H and not that of the 

proposed algorithm. In other words, it represents the upper capacity bound that can 

be achieved by any algorithm that is used to decode the pair-wise Alamouti coded 

signals. 
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4.4.2 Capacity of the Algorithm with Single QR Decompo-
sition 

Because the proposed algorithm employs successive interference cancellation, we ex-

pect that the symbols detected at later stages enjoy a better diversity order (in the 

absence of EPP) as long as the the first detected stage has a sufficiently high-order 

diversity. In other words, the worst signal-to-noise ratio SNRW experienced by these 

symbols is that of the last two symbols sN and s j v - i (detected first). In this case, 

and inspired by the analysis presented in [11], the capacity is calculated as: 

Because of the structure of the proposed architecture and the use of the QR 

decomposition, it is easily found that: 

4.4.3 Capacity of the Algorithm with Multiple QR Decom-
positions 

Deriving the exact expression for the instantaneous capacity in this case is not possible 

due to the non-linear nature of the SIC operation and the existence of EPP. We can 

however derive a lower bound by resorting to (4.3.5). Using this relationship, one can 

easily find that the instantaneous capacity CM is lower bounded as: 

C^jlogil + SNRv). (4.4.4) 

(4.4.5) 

CNqr>j\og(l + SNRNqr) 
N 

(4.4.6) 
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P (dB) 

Figure 4.6: 10% Outage capacity of various MIMO channels and proposed algorithms 
for 4 x 4 i.i.d. MIMO channel 

where 

SNRN q r = ^ J 2 1 ™ 2 " (4-4.7) 
i=1 

Note that to maximize capacity T x must be chosen according to Table 4.1. 
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4.4.4 Capacity Comparison 

In this section we compare the capacities offered by the proposed algorithm to the 

MIMO channel and to the effective MIMO channel assuming the channel coefficients 

are i.i.d. The various capacities are obtained by Monte Carlo simulations where 10,000 

independent channel realizations are used for each SNR. 

Figure 4.6 shows the 10% outage capacity of the various channels and various 

versions of the proposed algorithm for the 4 x 4 i.i.d. case. As expected, the capacity 

offered by the single-QR version offers the poorest capacity performance. Optimum 

ordering enhances capacity by 1 bit/s/Hz while the multiple-QR version (with Nqr = 

jymax _ 2) offers the best capacity with 2.2 bit/s/Hz improvement. It is interesting 

to note that the lower bound on capacity achieved by the multiple-QR version almost 

matches the capacity that is offered by the effective channel. This demonstrates that 

the lower bound in (4.4.6) is very tight. 

Figure 4.7 shows the 10% outage capacity of the various channels and various ver-

sions of the proposed algorithm for the 8 x 8 case. In this case, we can clearly see the 

incremental capacity improvement with each additional QR decomposition. Again 

we see that the version with a single-QR decomposition offers the worst capacity. 

Optimum ordering offers substantial improvement (about 4 bit/s/Hz) in capacity in 

this case compared to the 4 x 4 case. This improvement is due to the fact that we 

have more independent choices regarding the stage with which to start our decod-

ing. We also clearly see that when we perform additional QR decompositions we get 

diminishing returns. For instance we get capacity enhancement of 5,8,10 bit/s/Hz 

when Nqr = 2,3,4, respectively. This is indeed expected; according to (4.4.6) the in-

crease in diversity obtained from performing multiple-QR decompositions contributes 
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P (dB) 

Figure 4.7: 10% Outage capacity of various MIMO channels and proposed algorithms 
for 8 x 8 i.i.d. MIMO channel 

only logarithmically to capacity enhancement. Again we see that the lower bound 

on capacity almost matches that of the effective channel leading us to conclude that 

the multiple-QR version with N™ax achieves the full capacity of the effective MIMO 

channel. 
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4.5 FER Performance for the i.i.d. Channel 

We present here Frame Error Rate (FER) simulation results for 4 x 4 and 8 x 8 MIMO 

systems with a bandwidth efficiency of 8 bit /s/Hz and 16 bit/s/Hz, respectively. 

In order to achieve this bandwidth efficiency, the proposed algorithm uses 16QAM 

modulation in each subchannel. We use a transmission duration of 130 payload 

symbols per subchannel. For each SNR we run the simulation until we have 100 frame 

errors. Note that frame here is defined as the entire block of symbols transmitted 

from all antennas, i.e. Nt x 130. An error is declared when at least one RX symbol 

is decoded incorrectly. This definition of FER allows us to find out how far we are 

operating from capacity by comparing the required SNR, at a given FER, to the 

outage capacity curve. It should be mentioned that this same definition is used in 

the literature but sometimes it is understandably referred to as BLER (Block Error 

Rate) instead. 

The choice of a 130-symbol time slot is mainly motivated by our desire to have a 

fair comparison with the most important proposed algorithms which used this frame 

size. This frame size is the length of a payload time slot7 in IS-136, a TDMA-based 

North American cellular standard. Historically, this standard was still dominant when 

space-time coding research intensified (between mid-to-late 1990's). 

4.5.1 FER of the Single-QR Version with or without Order-
ing 

Here we are interested in examining the effect of ordering on the FER performance 

of the single-QR version. Figure 4.8 shows the results for the 4 x 4 system while 
7In fact the size of a time slot in IS-136 is 162 symbols, 32 symbols of which are used for 

synchronization and channel estimation purposes 
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Figure 4.8: FER of the single-QR version with or without ordering for a 4 x 4 i.i.d. 
MIMO channel and a bandwidth efficiency of 8 bits/s/Hz 

Figure 4.9 shows the results for the 8 x 8 system. 

For the 4 x 4 case, the effect of simple ordering provided by SUBOPT2 is a 

gain of 1.2dB SNR at 1% FER. Optimum ordering (OPT), which is also equivalent 

to suboptimum ordering SUBOPT1 in this special case8, provides a gain of 1.9dB 

SNR at the same FER. Because the sharpness of the curves with ordering increases 

with increasing SNR, we may erroneously conclude that ordering provides diversity 

8This is only true when N=4 
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Figure 4.9: FER of the single-QR version with or without ordering for a 8 x 8 i.i.d. 
MIMO channel and a bandwidth efficiency of 16 bits/s/Hz 

gain. Notice that the curve of the single-QR without ordering does not decrease 

proportionally to p~4 at finite SNR (the diversity is approximately 2.9 as 3.5dB is 

needed per decay). It only achieves this rate of decay at infinite-SNR levels. So in 

that respect we can say that ordering allows the single-QR version to converge to 

its asymptotic decay value faster. Comparing this figure to Figure 4.6 we conclude 

that the single-QR version without ordering and the single-QR version with OPT (or 

SUBOPT1) are 4.5dB, 5.25dB away from the 10% outage capacity, respectively. 
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For the 8 x 8 case the effect of the simple ordering provided by SUBOPT2 is 1.2dB 

at an FER of 1%. This SNR gain is the same as that provided in the 4 x 4 case. This is 

despite the fact that a greater percentage of false choices of orderings are made. This 

can be explained as follows: while there are more wrong ordering choices there are 

also more choices compared to the 4 x 4 case. This increased number of independent 

choices seems to compensate for the greater number of wrong ordering choices. This 

explanation is supported by looking at the curves obtained with SUBOPT1 and OPT. 

With these ordering methods, where we have the correct choice for the first stage (with 

SUBOPT1) and correct choices for all stages (with OPT), we obtain SNR gains of 

3.3dB and 3.8dB at FER of 1% (compared to 1.4dB for the 4 x 4 case), respectively. 

The incremental SNR gain of 0.5dB obtained with OPT compared to SUBOPT1 

in the 8 x 8 case does not, in our opinion, justify the added complexity of computing 

three additional R matrices. We conclude that ordering method SUBOPT1 offers a 

good tradeoff between complexity and performance. Note that the curves with OPT 

and SUBOPT2 attain the asymptotic diversity order of 4 as only 2.5dB is needed per 

decay. Comparing this figure to Figure 4.7 we conclude that the single-QR version 

without ordering and single-QR version with OPT are 4.75dB, 5.25dB away from the 

10% outage capacity, respectively. 

4.5.2 FER of the Different Stages for the Single-QR Version 

We mentioned in Section 4.2.1 that the diversity increases after each stage. This 

diversity theoretically reaches an order of 2N for the last stage9. We also mentioned 

that this would only be true if the effect of EPP is completely eliminated. For 

illustration purposes, Figure 4.10 shows the FER of the individual stages of an 8 x 8 

9This is a direct consequence of the relationship in (4.2.6) and the use of Alamouti decoding 
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Figure 4.10: EPP-free FER of different stages for 8 x 8 i.i.d MIMO using the single-
QR version of the algorithm. The dotted lines represent the theoretical asymptotic 
diversity curves. 

system using the "genie" concept. That is, we use the actual symbols instead of the 

detected ones for the interference cancellation phase. This basically eliminates the 

effect of EPP. We clearly see in the figure that the diversity increases according to 

the relationship in (4.2.6). 

When EPP is accounted for, as is the case in practice, the diversity enjoyed by 

each stage is the smallest of all stages, i.e. the diversity of the first detected stage. 

Figure 4.11 shows the FER of each individual stage obtained in practice. Clearly, 
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Figure 4.11: FER of different stages for 8 x 8 i.i.d MIMO using the single-QR version 
of the algorithm. The dotted line represents the theoretical asymptotic diversity 
curves. 

all stages enjoy the same diversity order of 4. It is important to note that while 

each stage enjoys only a diversity of 4, the SNR gain increases after each stage. This 

"feature" can be exploited in modern wireless modems where the type of transmitted 

information (i.e. voice, video or data) requires different FER and delay requirements. 

For example, voice data, which does not require stringent FER but rather requires 

the smallest delay possible, can be transmitted using the first stage while data, which 

has opposite requirements to voice, can be transmitted using the last stage. Video, 
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Figure 4.12: FER of the various versions of the proposed algorithm for a 4 x 4 i.i.d. 
MIMO channel and a bandwidth efficiency of 8 bits/s/Hz 

which has medium requirements between voice and data, can be transmitted using 

the intermediate stages. 

It is important to note that, because of how FER is defined, the overall FER for 

the EPP-free version and the actual one will be close as the error rate is dominated 

by the first stage which has the worst outage performance. 
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4.5.3 FER of the Multiple-QR Version 

In this section we are interested in examining the effect of performing additional 

QR decompositions and iterative detection. Figure 4.12 shows the results for the 

4 x 4 case. First, we clearly see that the single-QR version has the worst FER. The 

one with two QR decompositions has a better performance. For instance, the latter 

outperforms the former by 2dB at 1% FER. The positive effect of turbo detection is 

also evident in the figure; an additional 1.4dB SNR gain is obtained at the same FER. 

Note that the curve with two QR decompositions, with or without turbo iterations, 

has a diversity slightly higher than 4. It is expected that the sharpness of both curves 

will increase with SNR to reach its final value of 8 at extremely high SNR levels. 

Comparing this figure to Figure 4.6 we conclude that the single-QR and the two-QR 

(with 4 iterations) versions are 4.5dB and 5.25dB away from the 10% outage capacity, 

respectively. 

The results for the 8 x 8 are shown in Figure 4.13. In general, we see the same 

trends we saw in the 4 x 4 case. But in this case, we have the benefit of examining the 

incremental SNR advantage each QR decomposition brings: at 1% FER we get SNR 

gains of 3dB, 3.8dB and 4.7dB from performing one additional QR decomposition, two 

additional QR decompositions and three additional QR decompositions, respectively. 

The effect of turbo iterations is significant as we get an additional SNR gain of 3dB 

at the same FER. It is also evident that in this case turbo iterations help the four-QR 

curve converge to its final diversity of 16 quicker as demonstrated by the sharpness 

of the curve. By comparing the EPP-free FER performance of the first two symbols 

(which possess a diversity of 16) in Figure 4.11 to that of the four-QR version with 

turbo iterations in Figure 4.13 we can conclude that the full diversity of 16 will 
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Figure 4.13: FER of the various versions of the proposed algorithm for a 8 x 8 i.i.d. 
MIMO channel and a bandwidth efficiency of 16 bits/s/Hz 

be achieved at high SNR as the curves possess the same slope at finite SNR. It is 

noteworthy that only a uniform SNR gain of 2.25dB is needed to achieve the EPP-

free performance of the first two symbols. This is indeed quite remarkable. Only the 

16 x 8 ML algorithm10 can achieve this EPP-free performance but its complexity is 

extremely prohibitive. 

Another point to highlight in the 8 x 8 case is the significant improvement obtained 
10This is because the effective MIMO channel is of size 16 x 8 for the 8 x 8 case 



109 

with the use of turbo iterations (3dB at 1%FER) compared to the 4 x 4 case (only 

1.4dB at 1% FER). This can be explained by the fact that EPP becomes worse with 

higher number of antennas and this proves that turbo detection is an effective way 

to reduce its effects on the overall performance. 

Finally, it is important to highlight that which version to use during the processing 

of any given frame will depend on the available SNR and FER required. For instance, 

given the 8 x 8 as with an available SNR of 24dB and a required FER of 10%, the use 

of the single-QR version is sufficient. If the SNR drops to 20dB then the use of the 

multiple-QR with Nqr = 4 becomes essential to maintain the same FER. This feature 

is essential to have in modern wireless systems where optimizing power consumption 

is of prime importance. Note also that parallelism is inherent in the multiple-QR 

version which makes it suitable for high speed implementations of battery-powered 

terminals. 

How Much Turbo Iterations are Needed? 

Here we are interested in finding out the incremental SNR gain obtained with turbo 

iterations. Even though turbo iterations can be used when Nqr < y , we limit our 

analysis to the case where the maximum number of QR decompositions are used, i.e. 

Nqr = y- Simulations shown in Figure 4.14 and Figure 4.15 show that for the 4 x 4 

and the 8 x 8 we do not get any more improvement beyond 4 iterations. It is worth 

noting that in both cases only one iteration is needed to achieve at least 70% of the 

SNR gain obtained with 4 iterations. We conclude that the multiple-QR version with 

one iteration offers a good compromise between performance and complexity. 
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Figure 4.14: Effect of the number iterations in the 4 x 4 MIMO case 

4.6 Complexity Analysis 

It is important to establish the complexity of the proposed algorithm so that a fair 

comparison can be made with other algorithms. A straight forward way to do this 

is to compute the amount of complex floating-point operations (CFLOPS) that are 

required. 

We will strictly consider multiplications and additions as they are the dominant 



I l l 

p(dB) 

Figure 4.15: Effect of the number iterations in the 8 x 8 MIMO case 

operations. When comparing the obtained complexity to the complexity of other al-

gorithms it is essential that we convert the CFLOPS to real floating-point operations 

(RFLOPS or FLOPS for short). This is easily done by realizing that each complex 

multiplication is composed of six FLOPS (four real multiplications and two real ad-

ditions) and each complex addition is composed of two FLOPS (two real additions). 

Since we are assuming block fading where the channel only changes on a frame-by-

frame basis, it is important to separate the payload processing complexity which is 

required for every symbol vector from that of preprocessing which is only required 
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once per frame. 

4.6.1 Complexity of the Single-QR Version 

In the sequel we will derive the complexity of the single-QR version of the proposed 

algorithm. Deriving the complexity of the multiple-QR version then becomes straight-

forward as we shall see later. The complexity of TX Alamouti processing is ignored 

as it is extremely simple and does not involve any multiplication/addition operations. 

The single-QR version of the proposed algorithm is composed of the following 

signal processing stages: computation of matrices Q and R, RX vector projection, 

SIC, and Alamouti RX processing. The complexity of each is discussed next: 

1. Computation of Q and R: There are three main techniques used to obtain 

the matrix R, namely: Gram-Schmidt, Givens Rotations, and Householder 

Transformation [24]. The latter method seems to be the most desirable as it 

is the most stable and offers a reasonable complexity [31]. Assuming the use 

of Householder Transformations, the cost of obtaining the matrix R is | N 3 + 

0(N2) multiplications and jN3+0{N2) additions [24][25]. To obtain the matrix 

Q costs the same number of operations for a total number of |A/"3 + 0(N2) 

multiplications and §./V3 + 0(N2) additions. In the sequel we will drop the 

dependance of the above complexity expressions on 0(N2) as its contribution 

to the overall complexity is almost negligible for N > 4. It is important to note 

that the computation of these matrices is required only once every frame as the 

channel is considered to be quasi-static. 

2. R X vector projection: To obtain the new transformed RX vector requires 
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multiplying the original RX vector by Q + . This transformation costs N2 mul-

tiplications and N2 — N additions. This operation is required for every new 

symbol vector. 

3. SIC: Because of the upper triangular structure of R, and the fact that SIC is 

not performed for the last stage, SIC requires only n 2 + n — 3 multiplications and 

n 2 + n — 3 additions. This operation is required for every new symbol vector. 

4. Alamouti R X processing: Each individual Alamouti processing requires six 

multiplications and four additions. Because we have y Alamouti RX processing 

to perform every two symbol periods, the total adds up to 6 x | x ^ = | N 

multiplications and 4 x | x | = Af additions. This operation is required for 

every new symbol vector. 

It should be emphasized again that operation 1 is performed once per frame (pre-

processing) while operations 2 to 4 are performed once every symbol vector (payload 

processing). Table 4.2 summarizes the complexity of the single-QR version of pro-

posed algorithm. 

Complexity of Ordering 

We here find the complexity of the optional ordering methods described in Sec-

tion 4.3.1. We restrict our analysis to SUBOPT1 and SUBOPT2 as the OPT method 

offers only minimal improvement for a substantial increase in complexity (see Fig-

ure 4.9). 

1. SUBOPT1: Ignoring the cost of comparators, we require the computation of 

y — 1 additional R matrices and the computation of y square Frobenius norms. 
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Stage Multiplications Additions Flops 

Comp. of Q and R —TV3 
3 - _/V3 

3 3 i v 

RX vector proj. N2 N2 - N 8AT2 _ 2 N 

SIC N2+N-6 
2 

N2+N-6 
2 4N2 + 4N-24 

Alamouti RX proc. | N N UN 

Total: Preprocessing lNs - _/V3 
3 f N 3 

Total: Payload processing \N2 + 2Af — 3 \N2 + \N - 3 12N2 + 13N - 24 

Table 4.2: Required number of operations for the single-QR version of the proposed 
algorithm. 

This latter requires 3 multiplications and 2 additions per square norm for a total 

of | N multiplications and N additions. As stated previously the computation 

of matrix R requires |iV3 multiplications and ^N3 additions. So the total is: 

l(N4 - 2N3) + |iV multiplications and §(N4 - 2N3) + N additions. 

2. SUBOPT2: The computation of the square Frobenius norm of each column of 

matrix H requires N multiplications and N — 1 additions. Because we have N 

such columns the total number of required multiplications is N2. Because we 

operate in column pairs we need to perform y extra additions for a total of 

^ ^ additions. 

It should be noted that the ordering operations are only performed once per frame 

and as a consequence they form part of the preprocessing phase. Table 4.3 summarizes 

the number of operations required by the optional ordering algorithms. 
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Ordering Method Multiplications Additions Flops 

SUBOPT1 

SUBOPT2 

§(iV4 - 2iV3) + §iV 

N2 

l(N4-2N3) + N 

2N2—N 
2 

f(N4-2N3) + llN 

8N2 - N 

Table 4.3: Required number of operations for the ordering algorithms 

4.6.2 Complexity of the Multiple-QR Version 

We first derive the complexity of the multiple-QR version with no iteration. Essen-

tially the multiple-QR version is composed of Nqr single-QR versions in parallel along 

with a combining operation in between. So the complexity calculation can be based on 

Table 4.2. We just have to account for the cost of coherent combining which requires 

only N(Nqr — 1) additions. A single division operation is required the complexity of 

which was not included in our calculations for two reasons. First, the algorithms we 

are going to compare ours to ignore the cost of division as it is only rarely used (as is 

the case here). Second, when Nqr is a power of 2, the division operation can simply 

be achieved by a simple right-shift operation. The complexity of the multiple-QR 

version is summarized in Table 4.4. 

Complexity of Iterative Detection 

Because Alamouti processing is not needed for the first stage we only perform a total 

of NitNqr(^y^) extra Alamouti RX processing where Nit is the number of iterations. 

This translates into 3NitNqr(^f^) multiplications and NitNqr(N — 2) additions for 

Alamouti processing. The total additional cost for SIC is NitNqr( Af2+2
Af~6) multipli-

cations and N1tNqr (Af2^v~6) additions. The additional cost of coherent combining is 

NitN(Nqr
2~1) additions. The required number of extra payload processing operations 

is summarized in Table 4.5. 
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Stage Multiplications Additions Flops 

Comp. of Q and R lNqrN3 CO 

oolco f NqrN3 

RX vector proj. NqrN2 Nqr{N2 - TV) Nqr(8N2 - 2N) 

SIC Ngr(N2+
2

N~6) Nqr (47V2 + 4N -
24) 

Alamouti RX proc. | NqrN NqrN llNqrN 

Coherent combining 0 N(Ngr - 1) 

Total: Preprocessing | NqrN3 | NqrN3 f NqrN3 

Total: Payload processing Nqr(lN2+2N-3) Nqr(lN2 + l N -
3 ) + N(N<r~1) 

Nqr(l2N2+l3N— 
24) + N(Nqr - 1) 

Table 4.4: Required number of operations for the multiple-QR with no iterations 

Stage Multiplications Additions Flops 

SIC \NltNqr(N2 + \NitNqr{N2 + 7V - NitNqr (47V2+47V — 24) 
N- 6) 6) 

Alamouti RX proc. lNuNqr(N - 2) NitNqr(N- 2) 11A^AV(7V - 2) 

Coherent combining 0 |TVitTV(TV - 1) 7VitTV(TV - 1 ) 

Total: NitNqr{\N2 + TV^TV^TV^TV- NuNqr (AN2 + 167V -
27V-6) 5) - \NitN 46) - NitN 

Table 4.5: Extra payload processing required for iterative detection 
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Figure 4.16: Preprocessing complexity comparison between different versions of the 
proposed algorithm. 

4.6.3 Complexity Comparison Between the Different Ver-
sions of the Proposed Algorithm 

In this section we compare the complexity of the single-QR version to that of the 

multiple-QR version. We compare the preprocessing and payload processing com-

plexities separately. 

Figure 4.16 shows a comparison of the preprocessing complexity. We clearly see 

that the complexity difference between the different versions grows with N. Also, as 
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Figure 4.17: Payload complexity comparison between different versions of the pro-
posed algorithm. 

expected, the single-QR version with no ordering offers the lowest preprocessing com-

plexity. The single-QR version with SUBOPT2 requires negligible extra complexity. 

Remember that the SNR gain we obtain with this ordering method is 1.2dB at 1% 

FER in the 8 x 8 case. The single-QR version with SUBOPT1 is 2.7 times more com-

plex but provides a gain of 3.3dB. The complexity of the multiple-QR version with 

Nqr — y is approximately four times more complex but provides a gain of 4.7dB. 

Figure 4.17 compares payload complexity. We again see that the complexity 

difference between the different versions grows with N. We see that for the 8 x 8 case 
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the multiple-QR with Nqr = y is about four times more complex than the single-

QR version. The multiple-QR version with one turbo iteration requires only 40% 

more complexity. Remember that one turbo iteration provides a gain of 2.5dB at 1% 

FER. The multiple-QR version with four turbo iterations requires more than twice 

the complexity compared to the version with no iteration while only providing an 

incremental gain of of less than ldB. So we conclude that the multiple-QR version with 

one turbo iteration provides a good compromise between complexity and performance. 

Another important comparison to make is to compare the complexities required 

by the multiple-QR version with Nqr = 2 to that of the single-QR with SUBOPT1. 

We clearly see from Figure 4.8 and Figure 4.12 for the 4 x 4 case, and Figure 4.9 and 

Figure 4.13 for the 8 x 8 case, that these versions have almost similar performance 

at 1-10% FER. Yet while the preprocessing complexities are comparable as shown 

in Table 4.6, the payload processing complexity of the latter version is half of that 

required by the multiple-QR version one (see Table 4.7). We conclude that the use 

of the multiple-QR version becomes only necessary when better FER performance 

than the one provided by the single-QR version with SUBOPT1 is required. We 

have to mention that this conclusion does not take into consideration the parallelism 

advantage of the two-QR version: despite the fact that it is twice more complex 

than the single-QR version with SUBTOPT1 the two-QR version may be preferred 

in practice. 
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Algorithm N = 4 N = 6 N = 8 

single-QR with SUBOPT1 

multiple-QR with Nqr = 2 

2029 

2731 

9282 

9216 

27395 

21845 

Table 4.6: Comparison between the preprocessing complexities of single-QR with 
SUBOPT1 and multiple-QR with Nqr = 2 

Algorithm N = 4 N = 6 N = 8 

single-QR with SUBOPT1 

multiple-QR with Nqr = 2 

220 

444 

486 

978 

848 

1704 

Table 4.7: Comparison between the payload processing complexities of single-QR 
with SUBOPT1 and multiple-QR with Nqr = 2 



Chapter 5 

Comparison of the Proposed 
Technique to other MIMO 
Detection Algorithms 

In the previous chapter we presented the proposed algorithm but did not mention how 

it compares to other MIMO* detection algorithms. In this chapter we compare the 

complexity and the performance of the proposed algorithm to other MIMO detection 

algorithms. Where comparison of the FER performance is always possible, a direct 

and fair complexity comparison is not always possible as we shall see later. 

Since our proposed algorithm resorts to SIC, it makes perfect sense to compare 

it to other SIC-based algorithms such as VBLAST. We choose here to compare it to 

the best performing VBLAST, i.e. ordered MMSE-VBLAST and one of its variants. 

Also, because of the hybrid nature of the algorithm, we compare it to other hybrid 

algorithms. 

121 
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5.1 Comparison to MMSE-VBLAST and One of 
its Variants 

We will first compare the FER performance of these algorithms, followed by capacity 

comparison and then we compare their respective complexities. For the FER and 

capacity comparison, we will use the original MMSE-VBLAST. A reduced complexity 

variant of MMSE-VBLAST that was first proposed in [28], commonly known as the 

Square Root Algorithm for BLAST (SRAB), will only be discussed in the complexity 

section as the author claims that it has the same performance as that of the original 

MMSE-VBLAST. Unless otherwise mentioned, the multiple-QR version with two 

iterations will be used for the FER and complexity comparisons. 

5.1.1 FER Comparison 

In order to make a fair comparison, we obtain FER results for a wide range of rates. 

This is rather important as focusing on one rate does not tell us the overall picture 

as MIMO algorithms may have different multiplexing and diversity gains. 

It is important to test the robustness of the algorithms against channel correlation 

and channel estimation errors. For channel correlation we will use the exponential 

correlation model discussed in Section 2.3.1. As for channel estimation error we will 

use the model discussed in Section 3.3. We will show simulation results for the 4 x 4 

and 8 x 8 cases as representative examples. Table 5.1 lists the modulation format 

used for each rate. 

As we have mentioned before, we have to keep in mind that practical SNR levels 

rarely exceeds 20dB for both indoor and outdoor applications (see [10] for example). 

In 4G cellular applications, where a frequency reuse factor of 1 is normally used, 
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Algorithm rH = 4 for 4 x 4, rH = 8 for 4 x 4, rH = 12 for 4 x 4 , 
rH = 8 for 8 x 8 rH = 16 for 8 x 8 rH = 24 for 8 x 8 

MMSE-VBLAST BPSK QPSK 8-QAM 

Proposed Algorithm QPSK 16-QAM 64-QAM 

Table 5.1: Modulation format used for MMSE-VBLAST and the proposed algorithm 

interference from neighboring cells will have a detrimental effect especially on the 

User Equipment (UE) that is within the vicinity of the cell boundary. Real-world 

measurements conducted in [10] show that, in a fully-loaded LTE cell, 90% of UEs 

enjoy a maximum SINR of 20dB. 

Figure 5.1 shows the FER curves for the 4x4 i.i.d. case with bandwidth efficiencies 

of 4, 8, 12 bit/s/Hz. It is evident that the diversity of MMSE-VBLAST depends on the 

rate and the operational SNR as its FER curve loses its sharpness with increasing rate 

and with increasing SNR. In fact, the diversity of MMSE-VBLAST at the high-rate-

low-FER region is 1 as each decay requires lOdB increase in SNR. For a bandwidth 

efficiency of 4 bit/s/Hz our algorithm outperforms MMSE-VBLAST by 3.5dB at 

FER of 1%. For rH = 8, MMSE-VBLAST outperforms our algorithm at FER of 10% 

by 0.7dB while our algorithm outperforms MMSE-VBLAST by 1.5dB and 6dB at 

FER of 1% and 0.1%, respectively. For rH = 12, MMSE-VBLAST outperforms our 

algorithm at FER of 10% by 1.2dB while our algorithm outperforms MMSE-VBLAST 

by a significant 4dB and 10.25dB at FER of 1% and 0.1%, respectively. The reason 

that MMSE-VBLAST performance improves with increasing rate at high FER levels 

is that because it has a slightly better finite-SNR multiplexing gain compared to our 

algorithm. MMSE-VBLAST loses this advantage at low FER rates (and consequently 
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Figure 5.1: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 4 x 4 i.i.d. 
channel 

at high SNR where noise is negligible) because it loses the diversity gained from the 

noise canceling capability. 

Figure 5.2 shows the FER for the 4x4 correlated MIMO channel with tpt = 0.7 and 

ijjr = 0.2. These values are typical in outdoor downlink applications as correlation at 

the BS is much higher due to poor scattering. Compared to the i.i.d. case we clearly 

see that as the rate increases the MMSE-VBLAST curves start to lose their sharpness. 

Now the performance of our algorithm at 10% FER is similar to MMSE-VBLAST 
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Figure 5.2: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 4 x 4 correlated 
channel. V't = 0-7 and ipr = 0.2 

while still outperforming it significantly at low FER levels. This is a clear indication 

that our algorithm is more robust to channel correlation than MMSE-VBLAST. This 

is because the performance of the latter depends heavily on channel matrix inversion. 

The channel matrix becomes ill-conditioned as correlation increases. 

Figure 5.3 shows the FER for the 4 x 4 case with 3% channel estimation error. 

We see that both algorithms react similarly to channel estimation error at low rates. 

The story is different at high-rate-low-FER regions. For example, for = 12 and 
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Figure 5.3: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 4 x 4 channel 
with 3% channel estimation error. 

1% FER, our algorithm suffers 2dB penalty compared to the ideal case while MMSE-

VBLAST reaches an error floor at 2.5% FER. 

Figure 5.4 shows the FER curves for the 8 x 8 i.i.d. case with bandwidth efficiencies 

of 8,16 and 24 bit/s/Hz. We now see that MMSE-VBLAST outperforms our algorithm 

for rH = 16 and rH = 24 for all FER. Our algorithm still outperforms MMSE-

VBLAST for rH = 8. This is due to the fact that MMSE-VBLAST's diversity at 

finite SNR increases with increasing N. 
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Figure 5.4: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 8 x 8 i.i.d. 
channel 

In the presence of correlation, as shown in Figure 5.5, the performance gap be-

tween both algorithms shrinks which again suggests that our algorithm is more robust 

to channel correlation especially at high-rate-low-FER regions. In fact, now our al-

gorithm outperforms MMSE-VBLAST by 1.5dB at 1% FER for rH = 24. 
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Figure 5.5: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 8x8 correlated 
channel. -0t = 0.7 and ijjr = 0.2 

The effect of channel estimation error on the 8 x 8 case is shown in Figure 5.6. We 

see that a 3% channel estimation error has a negligible effect on both algorithms at low 

rates. The negative effect of channel estimation error on MMSE-VBLAST becomes 

evident at 1% FER and rH = 24 where we start to see an error floor while our 

algorithm almost maintains its diversity as demonstrated by the unaffected sharpness 

of its FER curve. 
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Figure 5.6: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of MMSE-VBLAST for varying bandwidth efficiencies. 8 x 8 channel 
with 3% channel estimation error. 

From the above simulation results, it seems that, when compared to MMSE-

VBLAST, our algorithm performs as good as or better than MMSE-VBLAST. This 

is especially true when we take into account practical channel imperfections such 

as correlation and channel estimation errors. Let us not forget that throughout we 

assumed that MMSE-VBLAST has perfect knowledge of noise variance. An error in 

estimating this parameter, which is unavoidable in practice, will most likely lead to 

further degradation of its FER performance. 
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P (dB) 

Figure 5.7: 1% outage Capacity comparison between the proposed algorithm and 
MMSE-VBLAST for 4 x 4 MIMO. Exponential correlation model was used with 
V>t = 0.7 and i>r = 0.2 

5.1.2 Capacity Comparison 

Capacity comparison allows us to look at the performance of the various MIMO 

algorithms once capacity-achieving codes are used as outer codes. 

We know that, at infinite SNR, algorithms that maximize multiplexing gain such 

as MMSE-VBLAST only require 3dB increase in SNR for every N bit/s/Hz increase 

in capacity. The story at practical SNR levels is completely different as we shall see 
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next. 

Figure 5.7 and Figure 5.8 compare the 1% outage capacities of MMSE-VBLAST 

to that of our proposed algorithm for the 4 x 4 and 8 x 8 cases, respectively. Capacities 

for i.i.d. and correlated channels are plotted. The following interesting observations 

can be made. 

First, these figures confirm that MMSE-VBLAST does not attain the full MIMO 

capacity when the channel is quasi-static. Also, while the infinite-SNR multiplexing 

gain of MMSE-VBLAST is N, the finite-SNR multiplexing gain, as manifested by 

the slope of the capacity curve, is smaller. For instance, a 3dB increase in SNR from 

14dB to 17dB gives us approximately y increase in capacity for both the 4 x 4 and 

8 x 8 cases. The multiplexing gain of our algorithm almost reaches its infinite-SNR 

value of y at that same range. This proves what we stated in the previous chapter 

that comparing the various space-time algorithms using the idealistic infinite-SNR 

multiplexing-diversity tradeoff curves may be somehow misleading. 

Second, in the 4 x 4 i.i.d. case our algorithm outperforms MMSE-VBLAST for 

0 < p < 14 while offering the same capacity for 14dB < p < 20dB. In the 8 x 8 

i.i.d. case MMSE-VBLAST offers better capacity for p > 5dB. This is explained by 

the fact that the finite-SNR diversity of MMSE-VBLAST improves because of noise 

canceling capability. 

Third, when correlation is taken into account MMSE-VBLAST outperforms our 

algorithm slightly at medium-SNR range (4 < p < 17) in the 4 x 4 channel case. In the 

8 x 8 correlated case, MMSE-VBLAST outperforms our algorithm by approximately 4 

bit/s/Hz across the entire SNR range. Again this is attributed to the fact that MMSE-

VBLAST's diversity at finite SNR improves with increasing number of antennas. 
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Figure 5.8: 1% outage Capacity comparison between the proposed algorithm and 
MMSE-VBLAST for 8 x 8 MIMO for i.i.d. and correlated channel. Exponential 
correlation model was used with ifit = 0.7 and -0r = 0.2 

Note however that in order to reach this capacity the use of more powerful channel 

codes is required compared to our algorithm. This is because the performance of 

MMSE-VBLAST is much worse at 1% FER. Note also that a more complete capacity 

comparison will look at the effect of channel estimation error. From the FER curves 

we can expect that channel estimation error will have a detrimental effect on MMSE-

VBLAST's channel capacity especially at high rates where the required SNR is high 

(because of the FER error floor that appears at high SNR). 
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Finally, since practical SNR rarely exceeds 20dB in many applications of inter-

est, the capacity curves corresponding to the algorithms (versus the actual MIMO 

channel) tell us that we can employ capacity-achieving codes to achieve no more than 

3-3.5 bit/s/Hz/subchannel efficiency at 20dB. This is in contrast to the theoretical 

MIMO capacity which offers 3.8-4.8 bit/s/Hz/subchannel at the same SNR. 

5.1.3 Complexity Comparison 

When comparing complexities in quasi-static scenarios, it is important to differentiate 

between preprocessing and payload complexities. One or the other may dominate the 

overall complexity depending on the frame size and the channel estimation frequency. 

In fixed or low mobility applications, where the channel can be considered invariant 

over a long period of time, the payload complexity will dominate the total complexity. 

In this case, complexity reduction should focus on this phase of processing. On the 

other hand, when the channel changes frequently, such as in high-mobility applications 

that must be supported by 4G systems, channel estimation is dominated by the 

preprocessing complexity. 

As we shall see later the preprocessing complexity of MMSE-VBLAST is 0(N4) 

and its payload processing complexity is 0(N2). A lower complexity version of 

MMSE-VBLAST, called the square-root algorithm for BLAST (SRAB), was pro-

posed in [28]. This algorithm reduces the preprocessing complexity to 0(N3) while 

maintaining the same payload complexity of 0(N2). The reduction of complexity in 

SRAB is achieved through the use of unitary transformations1 to invert the channel 

matrix. It is unclear whether the proposed modifications introduce performance loss 

as the author is silent on this issue. 
xThe author resorts to the implicit use of the QR decomposition 



134 

Algorithm Multiplications Additions Flops 

MMSE-VBLAST 

SRAB 

2iN4 

29 N 3 
3 J V 

2iN4 

22 N 3 
3 1 

54jV4 

232 jy3 
3 J V 

Table 5.2: Summary of the preprocessing complexity of MMSE-VBLAST and SRAB. 

Table 5.2 summarizes the preprocessing complexity of MMSE-VBLAST and SRAB. 

The preprocessing complexity of MMSE-VBLAST is ^ N 4 multiplications and ^ N 4 

additions. SRAB has a complexity of yiV3 multiplications and yiV3 additions. The 

payload processing for both is equal to 2N2 multiplications and 2N2 additions. These 

expressions for preprocessing and payload processing complexities were taken from 

[28]. The author used flops as the unit for the above expressions. But his definition 

of a flop is one multiplication and one addition which justifies the expressions listed 

above. 

A fair complexity comparison can only be made within the context of a real-

world radio air interface. We here choose the 3GPP-LTE air interface [51] as a good 

representative example of a 4G system which uses OFDMA for multiple access on 

the downlink (DL). Note that because OFDM is used, each subcarrier undergoes flat 

fading. We will exclusively consider DL as reducing complexity on the terminal side 

is more crucial than reducing complexity at the basestation. 

In LTE, a frame which is 10ms long consists of 10 subframes of 1ms duration. 

Each subframe consists of two 0.5ms time slots. A time slot contains 6 or 7 OFDM 

symbols depending on whether normal or extended cyclic prefix is used. Each OFDM 

symbol contains from 128 subcarriers for 1.4MHz bandwidth to 2048 subcarriers for 
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20MHz channel bandwidth. Multiple access is achieved by assigning each user a single 

or multiple blocks of Resource Elements (RE). Each RE consists of data and pilot bits 

modulated using QPSK, 16QAM or 64QAM depending on current channel conditions. 

The block(s) assigned to each user, called Resource Block(s) (RB), each contains 12 

subcarriers and spans a single time slot. Each RB contains 4 pilot REs that are used 

to estimate the channel. Channel estimation (and interpolation) is done twice during 

a time slot. When multiple antennas are used, the locations of these pilot REs on the 

time-frequency grid is different for each antenna so that orthogonality can be easily 

achieved by inserting zeros at these same locations within the RB transmitted from 

the other antennas. 

With this information, it is now straightforward to calculate the complexity re-

quired to process the entire RB. Since the channel has to be estimated twice and that 

each RB contains 12 subcarriers then we need 24 times of preprocessing complexity 

calculations. Depending on the array size and the number of OFDM symbols per slot 

(i.e. 6 or 7) the payload processing requirements will vary as the number of payload 

REs will be different. The total complexity Ctot required per RB can be calculated 

as follows: 

Ctot = 24Cpp + (12N s y m b - 4N)Cpl (5.1.1) 

where Cpp is the preprocessing complexity, Cpi payload complexity and Nsymb is the 

number of OFDM symbols per slot. 

Table 5.3 and Table 5.4 lists the number of FLOPS required by MMSE-VBLAST, 

SRAB and our proposed algorithm for N = 4, 6, 8 and Nsymb = 7,6, respectively. 

In both cases we notice that for N = 4, our algorithm requires about 1/3 of the 
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Algorithm N = 4 N = 6 N = 8 

MMSE-VBLAST 349184 1714176 5361664 

SRAB 136192 435456 1003520 

Proposed Algorithm 125104 504216 1389280 

Table 5.3: Complexity comparison between MMSE-VBLAST, SRAB and the pro-
posed algorithm (with Nqr = y and two iterations) to process one RB when Nsyrnb = 7 

Algorithm N = 4 N = 6 N = 8 

MMSE-VBLAST 346112 1707264 5349376 

SRAB 133120 428544 991232 

Proposed Algorithm 114592 469728 1310656 

Table 5.4: Complexity comparison between MMSE-VBLAST, SRAB and the pro-
posed algorithm (with Nqr = y and two iterations) to process one RB when Nsymf, = 6 

complexity required by MMSE-VBLAST. Compared to SRAB our algorithm requires 

15% less complexity. The complexity gap between our algorithm and SRAB shrinks 

as N grows. For N = 6 both algorithms possess comparable complexities while for 

N = 8 SRAB's complexity is about 30% less than that required by our algorithm. It 

is evident that the complexity required by MMSE-VBLAST becomes prohibitive as 

N grows beyond four. 

A more complete complexity analysis would also include the SNR and FER tar-

gets. Averaged over a practical SNR range of let's say 10-25dB and FER target of 

10%, the complexity, and by consequence power consumption, of our algorithm will 
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certainly be much less. Taking the 8 x 8 case as an example one can resort to using 

lower complexity versions of our algorithm for SNR greater than 18dB to meet this 

FER target. In this case, only a subset of the QR-Alamouti-SIC processors will be 

active which also results in power savings. MMSE-VBLAST lacks this advantage as 

the algorithm has the same complexity regardless of the SNR and FER targets2. 

It should also be mentioned that the complexity comparison presented above ig-

nores the implementation platform. If the above algorithms were to be implemented 

in hardware (such as ASIC or FPGA), the proposed algorithm has an advantage 

compared to MMSE-VBLAST and SRAB. This is because parallelism is inherent in 

the algorithm where the computations of all quantities (such the various Q and R 

matrices, the modified RX vectors y, etc) can be done in parallel3. This enables 

high-speed symbol processing at a lower power consumption, a must-have feature for 

4G battery-powered terminals. 

5.2 Comparison to Hybrid Algorithms 

In this section we give a brief description of the most well-known hybrid architectures 

that were proposed within the last decade. Exact complexity analysis is not possible 

as the authors do not focus much on this issue but rather focus on the improvement 

obtained. Nevertheless, where possible, we mention the order of complexity required 

by each. 

The first architecture that combined a space-time code with SM-type of algorithm 

was proposed in [49]. This architecture is similar to ours except that a 2 x 2 STTC 
2 Slight preprocessing complexity reduction is possible by ignoring the ordering procedure 
3This also makes our algorithm well suited for implementation using modern multi-core DSP 

processors 
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code is used instead of the Alamouti STBC. The other main difference is that group 

interference nulling (GIN) is achieved through matrix inversion. Decoding for each 

group is achieved with a Viterbi decoder. Realizing that the diversity is worst for the 

first detected stage, the author proposes the use of unequal power allocation at the 

transmitter so that power decreases proportionally with increasing decoding order. 

In the sequel we will refer to this algorithm as Hybrid Variant 1 or HV1 for short. 

While STTC provides coding gain in addition to diversity gain when compared to 

Alamouti code, their complexity and delay requirements make them unattractive for 

practical implementations. Also, complexity of coding/decoding increases exponen-

tially with increasing rates therefore restricting its use to low-rate applications. This 

exponential increase in complexity is a direct consequence of the need to increase 

the number of trellis states. Another disadvantage of HV1 is that the use of matrix 

inversion amplifies noise when nulling the group interference therefore limiting the 

overall performance. 

Complete complexity comparison with HV1 is not possible. But because it uses 

matrix inversion we can say that the lower bound on preprocessing complexity is 

0(N3). The complexity during payload processing is mainly dominated by ML de-

coding. For this latter, we need to use y Viterbi decoders, i.e., one for each decoding 

stage. Compared to our simple linear processing at the receiver one can safely as-

sume that the complexity of this algorithm is a lot higher than the complexity of our 

proposed algorithm. 

In [47], a similar architecture to HV1, called Generalized Layered Space-Time 

Code (GLST), is proposed where 2 x 2 STTC is also used. There are two flavors to 

the proposed solution. One is called Horizontal GLST (HGLST) where no interleaver 
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is used at the transmitter and another called Diagonal GLST (DGLST) where an 

interleaver is used at the transmitter. The purpose of this spatial interleaver is to 

increase diversity of the TX groups. The authors also propose various solutions to 

improve on the performance of HV1. One solution consists of optimizing the power 

allocation procedure. This solution does not require additional complexity as it can be 

done offline. Another solution suggests using equal power allocation with reordering 

the decoding procedure based on channel energy. In this case, decoding starts with 

the group that has the strongest receive SNR. This further improvement requires 

additional preprocessing complexity on the order of 0(N2). 

When an interleaver with depth Lint is used at the TX (i.e. with DGLST), the 

computations of Lint nulling matrices at the RX become necessary (the authors use 

Lint = 3 in the simulations regardless of N). To improve performance even further, 

the authors propose the use of iterative detection and the use of frame-long inter-

leavers/deinterleavers at the receiver. 

While promising, the above solution has the same shortcomings of HV1 when 

it comes to the use of matrix inversion. In addition, its complexity is extremely 

high especially with DGLST where the use of Lint nulling matrices and Lin*N Viterbi 

decoders are needed. On top of the huge complexity required, their most performing 

solution (with iterative detection) also introduces huge system delay hence limiting 

its applications to frames that carry non real-time data (such as emails). Hereafter, 

we will call this solution Hybrid Variant 2 or HV2 for short. 

The first hybrid architecture that departed from the use of STTC, due to their 

complexity and delay requirements, was proposed in [41]. The author replaces STTC 

with the Alamouti STBC. Optimum TX power allocation and rate allocation per 
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layer is derived based on minimizing the FER at p = 24dB and frame lengths of 2 

and 4. GIN and GSIC are performed at the receiver to recover the TX symbols. It is 

important to note that the use of y Alamouti codes is only a special case with this 

architecture. 

The above solution, while flexible in providing incremental rates, with VBLAST 

and full STC being two extreme versions, it still uses matrix inversion to achieve 

GIN, therefore limiting the overall performance gain that can be obtained. Another 

simplifying and limiting assumption on the part of the authors is the use of frame 

sizes of 2 and 4. The authors resorted to the use of these short frame sizes in order to 

simplify the optimization procedure. This makes the algorithm applicability restricted 

to few applications where the frame size is very small. Hereafter, we will refer to this 

solution as Hybrid Variant 3 or HV3 for short. 

In [14], an architecture called Quasi-Orthogonal Group Space-Time (QoGST) is 

proposed where the TX symbols are grouped together but left uncoded. Instead, 

inter-group space-time coding is applied. In contrast to the above algorithms, the 

receiver performs group space-time decoding before group detection. As usual, group 

detection is achieved through matrix inversion. The authors show that QoGST has 

a better diversity-multiplexing tradeoff than HV1. 

Because the above solution resorts to group detection after performing space-

time decoding, matrix inversion has to be performed on the equivalent expanded 

effective channel matrix. If we assume the use of the Alamouti-type TX coding 

which has a code length of 2, the preprocessing complexity of group detection is 

0((2N)3) = 0(8N3). This is equivalent to performing 8 times more matrix inversions. 
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Figure 5.9: FER comparison between the multiple-QR version of our proposed algo-
rithm and that of HV1 and HV2 for the same bandwidth efficiency of 4 bit/s/Hz 

Said differently, QoGST has roughly the same complexity as the original MMSE-

VBLAST for N < 8. Hereafter we will refer to QoGST as Hybrid Variant 4 or HV4 

for short. 

5.2.1 FER Comparison 

In this section we borrow the curves reported by the authors of HV1, and HV2. It 

is not possible to compare our curves to HV3 and HV4. because the author of HV3 
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presented figures that are so small that accurate comparison is not possible. As for 

HV4 no FER curves were presented for equal number of TX and RX antennas and 

as such fair comparison is not possible. 

The comparison with HV1 and HV2 is straightforward as the authors used frame 

sizes of 130-symbol long. Figure 5.9 shows the results for the 4 x 4 i.i.d. case while 

Figure 5.10 shows the results for the 8 x 8 i.i.d. case for bandwidth efficiencies of 

4 bit/s/Hz and 8 bit/s/Hz, respectively. The multiple-QR version of our algorithm 

with Nqr = y and Nit = 4 was used. 

First we note that the performance of HV1 and HV2 are almost similar in both 

cases. Note that HV2 uses a 16-state STC while HV1 uses 32-state STC. So HV2 

achieves the same performance as HV1 at a much lower complexity. 

In the 4 x 4 case both HV1 and HV2 outperform our proposed algorithm by 0.8dB 

at FER of 10%. This difference shrinks to 0.5dB at 1% FER. This is an indication 

that our proposed algorithm has a better diversity performance. This is clearly seen 

in the 8 x 8 case where our proposed algorithm outperforms HV2 (or HV1) by 0.7dB 

and 1.6dB at 10% and 1% FER, respectively. 

The above results can be explained as follows. Because 2 x 2 STTCs provide 

constant coding gain in addition to diversity gain, when compared to the Alamouti 

STBC, they easily outperform our algorithm for small N. This coding gain remains 

constant while the diversity gain in our algorithm increases with increasing N. This 

explains why our algorithm performs better when N = 8 versus when N = 4. 

It is remarkable that our algorithm achieves almost similar or better performance 

than HV1 (or HV2) despite the fact that HV1 (or HV2) uses STTCs as component 

codes. This is due to the fact that HV1 (or HV2) resorts to matrix inversion for 
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Figure 5.10: FER comparison between the multiple-QR version of our proposed al-
gorithm and that of HV1 and HV2 for the same bandwidth efficiency of 8 bit/s/Hz 

GIN which has the effect of amplifying the noise, therefor limiting the coding gain 

normally obtained with STTCs. 

5.3 Application of the Proposed Algorithm to Multi-
User MIMO 

So far in our study we considered MIMO as a solution to increase data rates belonging 

to the same user. We have mentioned little about the feasibility of implementing 
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MIMO in practical systems. 

While the use of multiple RF chains may not pose a problem on the BS side, 

where we can afford complexity and power is available in abundance, this poses a 

major challenge for hand-held terminals which are power-limited and generally have 

small form-factor which make the integration of multiple antennas on these devices 

extremely challenging. This mostly explains why most 4G hand-held terminals are 

currently equipped with no more than 2 antennas. This practical limitation may 

explain the huge interest in applying single-user MIMO (SU-MIMO) techniques to 

multi-user MIMO (MU-MIMO), where the addition of multiple antennas can be used 

to increase cell capacity instead. A good introduction to MU-MIMO can be found 

in [45], 

Figure 5.11 illustrates a possible MU-MIMO setup where the BS is equipped 

with 8 antennas. The BS communicates with 4 user equipments (UE) each having 2 

antennas. The various UE's communicate with the BS simultaneously, in time and 

frequency, hence increasing the cell capacity by four. 

A major challenge in MU-MIMO is user scheduling, synchronization and power 

control. This problem is no different than the ones faced by CDMA systems and 

hence the vast research developed for CDMA systems over the last two decades can 

be applied to MU-MIMO. One other advantage that MU-MIMO has over SU-MIMO 

is that the correlation between the different UE's is close to zero due to the physical 

separation between the various UE's. 

5.3.1 Application of our Algorithm in the Uplink 

In the uplink (UL) direction our algorithm can be used with no modification (of 

course after proper synchronization and possibly slow power control). In the context 
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Figure 5.11: Illustration of MU-MIMO where BS is equipped with 8 antennas while 
each UE has 2 antennas. 

of MU-MIMO our proposed algorithm has three major advantages. They are: 

1. Parallelism: The multiple-QR version of our proposed algorithm can be im-

plemented in parallel. Remember that each QR decomposition operates on a 

different column-permuted channel matrix. The associated processing with each 

is also independent. This is rather a crucial feature as the BS can only cope 

with the ever-increasing high data-rate requirements of modern wireless systems 

through the use of multi-core DSP processors (or multiple cores implemented 

in ASIC). 
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2. Parametrization, near-far-problem and cell edge: The different UE's 

have generally different requirements depending on the the type of traffic being 

transmitted (voice, video, digital data) and/or depending on how far they are 

from the BS. For example, if the scheduling algorithm decides (on a packet-

by-packet basis) to group voice packets belonging to different UE's together, a 

strong possibility because of stringent delay requirements, then only one QR-

Alamouti-SIC processor will be activated and the single-QR version may be 

sufficient. This in turn leads to reduced power consumption. Because diversity 

increases after each stage, the UE closest to the basestation can be decoded in 

the first stage followed by the next closest and so on until we decode the farthest 

(may be located at cell edge) in the last decoding stage. Another possibility for 

the scheduling algorithm is to prioritize decoding based on the type of traffic 

with voice being decoded first followed by video and then digital data. 

3. Flexibility: Another advantage of the proposed algorithm is that the various 

UE's need not all have the same number of antennas. This flexibility that is 

inherent in the proposed algorithm essentially allows a tradeoff between per-

user throughput and cell capacity. As an example of sacrificing cell capacity 

for greater per-user throughput, UE1 can have 4 antennas, UE2 can have 2 and 

UE3 can have 2, decreasing the cell capacity gain from 4 to 3 but now UEl 's 

throughput is increased by a factor of 2. Other combinations are possible even 

as little as one antenna per user. This is possible as the structure of matrix R 

allows us to use simple backward substitution to solve for symbols transmitted 

using a single antenna, albeit at a cost of reduced diversity for these symbols. 

It should be mentioned that the scheduler in this case must leave the decoding 
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of these symbols to later stages where the diversity is theoretically highest. For 

example, UE1, UE2 and UE3 can have two antennas each and UE4 and UE5 

(whose symbols are decoded during the last two stages) can have one antenna 

each therefore increasing the cell capacity from 4 to 5. 

5.3.2 Application of our Algorithm in the Downlink 

In the downlink our proposed algorithm can not be applied directly as multi-stream 

interference can not be resolved by the smaller number of UE antennas. But if we 

assume the use of a TDD link and the channel coherence time is much larger than 

the UL/DL time slot so that the channel can be considered constant over two consec-

utive UL and DL time slots (plus the round-trip time), then the channel coefficients 

estimated at the BS can be used to form beams in the direction of each UE. In other 

words, we can pre-cancel the multi-stream interference seen by each UE. 

It is also important to mention that in order to achieve the above a lower trian-

gular version of the QR decomposition, here called the LD decomposition, should be 

used [45]. The matrix L is lower triangular and the matrix D is orthogonal. We can 

easily verify that L = R + and D = Q + , where matrices Q and R in this case are 

obtained by performing QR decomposition on H + . 

Note that all intensive baseband processing (channel estimation, LD decomposi-

tion, etc) is performed at the basestation and all UE's only perform simple Alamouti 

payload processing. Also, because of interference pre-cancellation, each UE enjoys 

the full diversity of Aq (q = 1,2, . . .y). Again the role of the scheduling algorithm is 

crucial. For example, the first coding stage can be used to transmit data to the UE 

closest to the BS, followed by the next closest and so on. Alternatively, the order of 

coding and decoding can be based on the type of transmitted traffic. 



Chapter 6 

Conclusion 

In this thesis we presented a parallel N x N MIMO architecture and associated 

algorithms that combined the benefits offered by diversity and multiplexing. The 

proposed algorithm groups the transmitted symbols in groups of two and codes each 

group using the simple Alamouti STBC. At the receiver side, one or more QR de-

compositions along with successive interference cancellation and iterative detection 

are used to decode the received symbols. Compared to a pure spatial multiplexing 

architecture (such as V-BLAST), the proposed one has the effect of increasing the 

diversity order of each processed symbol by at least a factor of four while the overall 

multiplexing gain is only decreased by a factor of two. 

In Chapters 4 and 5, we presented a detailed description of our algorithm and 

compared its outage capacity and FER performance to that of the best performing 

V-BLAST algorithm, i.e. ordered MMSE-VBLAST. We showed through computer 

simulations that, at practical SNR levels below 20dB, the outage capacity of the pro-

posed architecture is very similar to that offered by MMSE-VBLAST especially when 

spatial correlation is taken into account. This is despite the fact that our proposed 

algorithm has an infinite-SNR maximum multiplexing gain of only y compared to 
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N for MMSE-VBLAST. This is because, at finite-SNR levels, the multiplexing gain 

offered by our algorithm is very similar to that offered by MMSE-VBLAST. In addi-

tion, the high diversity gain of 2N offered by our algorithm contributes to capacity 

enhancement. 

Through FER comparison we showed that our algorithm has a huge SNR advan-

tage compared to MMSE-VBLAST especially at FER < 1%. We also showed that 

in the presence of moderate correlation or channel estimation errors, our algorithm 

is more robust than MMSE-VBLAST. It should be emphasized that we assumed 

throughout our study that MMSE-VBLAST has a perfect noise estimate which can 

never be the case in practice. As a result further FER degradation with MMSE-

VBLAST is expected in practice especially at low-to-moderate SNR levels where the 

noise power dominates the performance. 

We compared the complexity of our algorithm to MMSE-VBLAST and SRAB, a 

lower complexity variant of MMSE-VBLAST. We did this using the 3GPP-LTE radio 

interface as a real-world example. We showed that for Â  < 6 our algorithm requires 

less or comparable complexity than SRAB. For N — 8, our algorithm is only 30% 

more complex than SRAB. We also mentioned that the parallelism inherent in the 

algorithm outweighs this increase in complexity and makes our algorithm a strong 

candidate for high-speed low-power communications required in 4G and beyond-4G 

systems. Another advantage of the proposed algorithm, from an implementation point 

of view, is its use of the well studied QR decomposition and the Alamouti OSTBC; 

extensive knowledge and intellectual property exist regarding these two algorithms. 

We also compared our algorithm to other well-known hybrid algorithms. We 

showed through two examples that the FER performance of our algorithm is slightly 
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worse for the 4 x 4 case while offering a better performance in the 8x8 . We mentioned 

that these two competitive solutions use STTCs and as such their payload decoding 

complexity is much higher especially for high rates close to capacity. 

While the results presented in this thesis dealt strictly with fiat fading, they can 

be easily applied to selective fading scenarios where OFDM can be used to decouple 

the frequency-selective channel into multiple frequency-flat channels. Also, because 

of stringent delay requirements in 4G systems, one can replace the time index with 

frequency index resulting in the use of space-frequency Alamouti code instead of the 

time-based Alamouti code. In fact, this code is already part of some 4G standards 

such as 3GPP-LTE [8]. 

Suggested Future Research 

We believe the performance of the algorithm presented in this thesis can be improved 

in many ways: 

• The use of soft interference cancellation instead of hard interference cancellation 

should reduce the effect of the error propagation problem further. This should 

improve the FER performance of the multiple-QR version of the proposed al-

gorithm. 

• The multiplexing performance of the algorithm can be improved in one of two 

ways: by replacing the Alamouti code with full-diversity full-rate space-time 

codes such as the tilted-QAM or Golden codes [12] or by leaving some of the 

TX symbols uncoded. Decoding of these uncoded symbols can simply be done 

through simple backward substation. The former solution has the advantage of 

increasing the maximum multiplexing gain of our algorithm from | to iV while 
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maintaining the same diversity advantage. Unfortunately, this solution requires 

extremely higher payload complexity as only the ML receiver can take advantage 

of the full multiplexing gain provided by these optimum codes [12]. The second 

solution, while it only increases the maximum multiplexing gain from y to 

N+Nus ^ w h e r e ]\[us js n u m b e r of uncoded symbols, is more attractive as 

the decoding of the uncoded symbols can be done through simple backward 

substitution which has only 0(N2
S) payload complexity. In this case, we have 

to ensure that these symbols are only decoded at later stages when diversity is 

highest. To provide enough diversity (i.e. of at least four), this technique should 

only be applied for symbols sq where q > 3, restricting its use for applications 

where N > 5. It should be noted that in this case the decoding process should 

be divided in two parts: one comprising of the coded symbols and the other one 

comprising of the uncoded symbols. For optimal performance, decoding should 

happen in two stages: the decoding of the uncoded symbols should start only 

after applying iterative detection to the coded symbols. 

Throughout this thesis we have assumed the existence of non line-of-sight (NLOS) 

channel between transmitter and receiver. In practice, the BS may under certain 

conditions be considered to have a direct line-of-sight (LOS) to the UE. Further 

study in this area is warranted. We believe that our algorithm will fare well in these 

type of scenarios as it was found that the Alamouti code performs relatively well in 

LOS scenarios [38]. Lastly, the effect of mobility on the performance of the algorithm 

should as well be investigated. 



Appendix A 

TX and RX Correlation Coefficient 
Matrices for Typical Indoor, Urban 
and Rural Environments 

The following table gives the values of the correlation coefficient matrices that corre-

spond to Table 2.1 

Scenario TX Correlation Coefficient Matrix \I>t RX Correlation Coefficient Matrix 

Indoor 

+1.0000 -0.0621 -0.0448 +0.0868 
-0.0621 +1.0000 -0.0621 -0.0448 
-0.0448 -0.0621 +1.0000 -0.0621 
+0.0868 -0.0448 -0.0621 +1.0000 

+1.0000 -0.0621 -0.0448 +0.0868 
-0.0621 +1.0000 -0.0621 -0.0448 
-0.0448 -0.0621 +1.0000 -0.0621 
+0.0868 -0.0448 -0.0621 +1.0000 

Urban 

+1.0000 -0.0149 -0.0910 +0.1249 
-0.0149 +1.0000 -0.0149 -0.0910 
-0.0910 -0.0149 +1.0000 -0.0149 
+0.1249 -0.0910 -0.0149 +1.0000 

+1.0000 +0.4371 -0.1995 -0.0263 
+0.4371 +1.0000 +0.4371 -0.1995 
-0.1995 +0.4371 +1.0000 +0.4371 
-0.0263 -0.1995 +0.4371 +1.0000 

Rural 

+1.0000 +0.8962 +0.6228 +0.2775 
+0.8962 +1.0000 +0.8962 +0.6228 
+0.6228 +0.8962 +1.0000 +0.8962 
+0.2775 +0.6228 +0.8962 +1.0000 

+1.0000 +0.9543 +0.8248 +0.6322 
+0.9543 +1.0000 +0.9543 +0.8248 
+0.8248 +0.9543 +1.0000 +0.9543 
+0.6322 +0.8248 +0.9543 +1.0000 
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Various Reviews and Proofs 

B . l Householder Transformation 

Householder transformation consists of converting an arbitrary column vector x = 

[x\ x2 . . . £jv]T into a transformed vector x = [x\ 0 . . . 0]T whose elements below 

the first element are all zero and x\ = ||x||. 

The above transformation is achieved through the use of a Householder matrix Z 

which is equal to: 

Z = / - 2 u u " (B.l.l) 

where 

u = a 

Using the above vector transformation we can transform a matrix X of size TV x TV 

into an upper triangular form by applying the householder method successively: we 
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X\ — X\ 

XN 

with a = 
yj2xi(xi - Xi) 

(B.1.2) 
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start by finding a householder matrix Z 1 based on the first column of X . We then 

repeat the procedure on a submtarix of reduced dimension located under the first 

column and row of X 1 = Z * X . After N — 1 householder transforms the matrices Q 

and R are obtained as follows: 

Q = Z1Z2...ZN~1 (B.1.3) 

R = ZN~1Z N~2...Z1X (B.1.4) 

B.2 Sufficient Number of QR Decompositions for 
Optimum Ordering 

The proof starts by realizing that \prij\2 = \lrij\2 (p ^ I and i <= j) if and only if 
p h j = % and ph t = This is a direct consequence of how every r^ is computed 

using the Householder transformation described in the previous section. For example, 

given permutations (1,2,3,4) and (2,3,1,4) only |1 r44j2 = |2r44 |2 (here i = j) while 

permutations (1,2,3,4) and (2,1,3,4) satisfy |1 r4412 = |2r44 |2 and |V34|2 = |2r34 |2. 

Using this result we can then see that: 

||pr?||2 = ||*rg||2 (b.2.1) 

as long as the corresponding column-pair in matrix H is the same. 

If we want to find the permutation that has the optimal ordering, i.e. ordering 

based on decreasing ||'rg||2 (q = 1 ,2 , . . . y ) , we would normally have to compute all 

possible y ! decompositions. Because of the above result the number of permutations 

can be substantially reduced. To see this let us take a closer look at the number of 

required permutations Nqr when N = 4. 6. This will allow us to generalize for cases 
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when TV > 8. For simplicity, and because a pair of columns are grouped together, we 

will use a single index to refer to a particular group. For example, when TV = 4, per-

mutations (1, 2, 3, 4) and (3, 4,1, 2) can be equivalently described by group numbers, 

i.e. (1, 2) and (2,1) where the index 1 represents group (1, 2) and index 2 represents 

group (3,4). Note that only the explicit computation of matrix R is required. 

Case When TV = 4 

In this case simple we only have 2 possible permutations so Nqr = 2 

Case When TV = 6 

In this case we have a total of 6 possible permutations namely: 

1 2 3 

2 1 3 

3 1 2 

1 3 2 

2 3 1 

3 2 1 

Because of the useful property in (B.2.1) and the fact that each group number 

appears twice in the last column, we only have to compute 3 permutations to find the 

permutation that has the highest | | p r i | | 2 (p = 1 ,2 , . . . 6). Once found our attention 

is restricted to this group of permutations that have the same optimum group index 

in the last column. In this particular case we only have another permutation. So we 

calculate the QR decomposition for this other permutation and compare the values 

of |'r2|2 where I = k, k + 1 with k G {1, 2 , . . . 6}. So in total we need to compute only 

Nqr = 3 + 1 = 4 decompositions. 
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Case When N >8 

Similar analysis that was adopted above can be applied and we can easily find that 

when y is even we have Nqr = -^N2 + jN + I and when y is odd we have Nqr = 

J_]y2 I i 9 
1 6 i Y ^ 4 J V ^ 4-

B.3 Sufficient Number of QR Decompositions for 
Suboptimum Ordering 

Resorting to the analysis presented above one can easily see that the last column 

contains y different group numbers. Therefor choosing the highest | | p r i | | 2 with 

p = 1,2, . . . y requires the computation of only y QR decompositions. Note that 

only the explicit computation of matrix R is required. 
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