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Crack Pﬁopagatﬁon in Isotropic Linearly Elastic Solids

ABSTRACT. _ ' :

The k1net1cs theory of therma]]y activated time dependent fracture
propagat1on was extended to describe the crack size d1str1but1on in
homogeneous isotropic linearly elastic so11ds. In the theory the crack
‘propagation process is represented by a differentjal equat1on that

' _describes the crack size distribution.os a function of time forlsing]e
step processes. Because of the essential physical similarity of

crock propagation with diffosion and heat transfer, the functional
solution of the fracture equation can be devoloped advantageously

by utilizing the Tathematica1 toeory of diffusion and heat- tragsfer.
The results describe the crack-size distribution as a function of

the surface free energy (bond energy), temperature, time, as well

as the loading and geometrical boundary -conditions of the test
specimen,

A complete kinetics analysis is carried out for the description of

the Kinked crack front propagat1oo rate over the consecutive energy-
barrier system of the crysta1'1attice. The steady state kink concen-

tration distribution and the crack propagation velocity are determined

by using discrete analysis approach and.by a continuous function des-
) ~

P

cription.  The analysis shows that the two methods "give the same
results except when the rate of bond breaking is less than the rate
of bond healing. The crack propagation velocity and the kink concen-

tration distribution are expressed as functions of the applied stress,



i

*

"

.temperature, the surface free energy (bond energy) and the defective

nature of the mgteﬁié]. Theré is a good agreement between Region I
of stress Eorrosion.cracking for pbrce]ain in water and the steady
state crack front spreading analysis. The threshold stress iﬁteqsity,
appears to b; controlled by the, material p:operties, the ;rack'
geometry and the chemiga] environment.

The. kinetics analysis of non—s?éady state crack_prqpagation is
carried out ﬁo describe the crack size distribution in stregg cor-
rosion cracking. The analysis shows that the crack size distribution
is a_functioh of the applied stress, temperature, time, the activa-
tion free energy of the corroded material and the chemical environ-
ment. Typical calculation results show that steady state is reached

within a small fraction of a second.

a
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Nomenclature

jnteratomic distance in the x-direction
interatomic distance in the y—Jirection
equilibrium interatomic distance

critical interatomic distance

-sgmiaxis of an elliptical crack

. distance between two atomic planes

crack length

critical crack length

Plank's constant

counter

counter

Boltzmann's constant

rate constant for the bond breaking process

rate -constant for the bond healing process

sum of the bond breaking and bond-healing rate constants

difference between the rate of bond breaking and the rate

of bond healing

combined rate constant for the threshold region

distance between two adjacent kinks

number of bonds broken or healed per unit activation

total number of specimens
reduced crack tip concentration
diameter of the crack tip plastic zone

time -

crack propagation velocity
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crack size
cross section area

potential energy change associatedewith the bond

breaking process

potential energy change associated with the bond
healing process

Young's modulus of elasticity

applied force

maximum applied force

the net flow of crack tips over the i-th barrier

steady state flow of crack tip .

cfack driving force g

critical crack driving force for mode I prack_propagation

apparent free energy

free energy of activation for the bond breaking procéss

free energy of activation for the bond healing process

critical energy release due to mode I epack propagation
stress intensity for mode I crack propagation .
critical stress 1ntensﬁty for mode I crack propagation

number of bonds intersecting unit area of the crack plane

number of intact bonds initially present in the cross

-section

number of crack tips in the i-th valley
concentration of crack tips

total number of bonds initially presént in the cross
section ;

number of bonds per unit width of the crack front

[ r=
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equilibrium kink concentration

total number of specimens

' partition function taken with respect to the ground level

partition function for the }eactant state
temperature

elastic strain energy

surface energy

total energy of the crack system

mechanical energy absorbed during the bond bréaking process

mechanical energy absorbed during the bonq healing process
proportionali%y constant ~

number of molecules

surface energy per unit area

plastic worﬂfin forming a unit surface area of the crack
transmission coefficient for the bondrbreaking process
transmission coefficient for the bond healing process
chemical potential

generalized coordinate \
concentration of crack tips

crack tip radius

applied norﬁa] stress

normal stress at the end of a‘crack

yield stress

norma] stress in the y-direction

~

h/kT



Chapter 1

Introduction

Modern fracture mechanics was established in 1921 when Qriffith [1]
developed fhe c]assicai';heory of crack propagation. Hi§ theory was
based on two conditions. First, that the maferia] is an isotrobic Tinear
elastic continuum and secondly that crack propagation will occur if ihe
total mechanical enefgy_composéd_of the stored elastic énergy and the
work done by the applied load is gufficient to provide-the energy that

is required for crack growth.

o

t 1t t 1

T T T T 77
o

Figure 1.1 Plate containing an elliptical hole and subjected to uniform
tension. ’



s / -2 -
- To confirm the theory experimentally Griffith used glass, a material which -
obeys Hooke's iaw closely at all stress Tlevels.

According to Ing]%s [2] the total mechiani cal energy released when an
elliptical crack is created in a thin plate subjected to a constant

applied stress (Fig. 1.1) is expréssed as
_ - 1?0
U £
or unit thickness of the plate. The potential energy of the surface of

e crack, also per unjt thickness of the plate is

US =4C.T _ :
Hence the total free energy of the crack 5ystem is

T AL .‘ ;

The Griffith equilibrium condition is

_a‘U- - - -
3¢ 0
v 2 -
or 4r - ELEEQ_E_== 0
For a given stress o, therefore, the equilibrium half crack size Ccr is
_2rtE
cr o2 m

Consequently, (Fig. 1.2) cracks smaller than CCr will reduce in.size while

LN

those greater than C__will grow, at a gﬁréss‘o.
. Orowan [3] ex{ended this theory for the atomic scale descrfpt?on of
crack initiation and propagation process.- He'suggested that when a

- crack opens up and the material sepqrétes locally, the bonds are broken

and the interatomic forces vary according to Fig. 1.3: When the interatomic
force F is maxitum, Fos the atoms are disp]dted to the critical distance
it and'further(gggaration could take place at a smaller force. The

. . f - 2
area below the-curve is'the work of fracture (equal to 2a0 r).

.
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Figure 1.3 The interatomic.force actihg‘between two atoms as a function
of the interatomic distance. :

0o | Gint .



At the maximum of the curve in.Fig. 1.3, the amount of energy represented
by the shaded area below the curve must be present between all neighbouring
pairs of molecular (or atomic) planes perpendicuiar to the force. If

Hooke's law is assumed to be valid up to the theoretical maximum stress,

then
“max’

S F0 x.number of bonds per unit area : . (1.7)

s

The elastic strain energy stored in a volume, having a unit area and a

height equal to the distance b between two atomic planes is then of the’

order of . ‘
b o2 i I
- max - . - . '
2F - . S (1.8)
If it is assumed that the shaded area is about one half of the total area
below the curve and, therefore, approximately equal to aor, the -
relationship .
b 02max ’
__—ZE = T (]-9)
givesthe order of magnitude of the critical molecular stress as
. 2 E I3 SN
T ax (——) . (1.10)
In the case of an e111pt1ca1 crack (Figure 1.1) Inglis |2| calculated
the stress at the end of the crack to be
~ o =20 (c/p)? : (1.11)
-where p-is the crack tip radius. Orowan's condition for the crack
extension then is o ., =0, SO that _ 3
1
T .
o = [E_zl'f (%)} | (1.12)

-

Th1s relationship is Orowan s version of the Griffith cr1ter1on for crack
growth (Eq. (1.6)). Both the Griffith and Orowan re]at1ons lead to the

same fracture.stress when the radius of curvature at the crack root is

¥

it A—t

et A e bt e
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3,

p =—=>b. For very sharp cracks {p < % b), the Griffith's criterion

(strain energy criterion) should control the crack advance, whereas for

cracks with p S'g-b, Orowan's relationship should be used to determine
the stress at- which crack propagation occurs.

Irwin [4] introduced the concept of stress intensity. For the
case of a crack in an g]astic b1ate whEﬁé the stress components ahead
of the crack correspond tq\? condifion of plane stress, the stress
intgnsity KL is defined as

KI=tJi\/‘Rr

"When the applied stress o is increased so that the crack is able to
move rapidly, the stress intensity is critical. Equation 1.13 is then
written as )
‘ KIC =g v/aC
From Equation (1.6) it follows that
2
| KIC =2kr =¢2 1
Thus, the critical stress intensity can be measured from the material

properties, Irwin defined the crack extension force G as

dUE=TTOZC
dC E

This is the force required to move the edge of the crack through the

-

G=

plate. Comparing Eq. (1.16) to the Griffith's relationship (Eq. {1.6)),

the critical crack driving force is expressed as

62w C -
\ GI-C- 3 2r

- The crack will, therefore, propagate only if the crack driving force'is

greater than twice the surface energy per unit area. Both the critical

stress -intensity and the critical crack driving force may be considered

(1.13)

(1.14)

(1,15)

(1.16)

(1.17)



to be parameters (determined by the material constants) that measure

‘the resistance of the material to crack extension.

When the maximum stress at the tip of an equilibrium crack corresponds
to the theoretical strength of the material, the force-separation
relationship for the atomic bonds, as Griffith noted, may become

non-linear. In such cenditions Hooké's law may hardly be assumed to

hold. Furthermore, Griffith's model was based on a reversible thermodynamic

system in which the creation of the new fracture surface by the rupture

of the interatomic bonds provided the ‘sole mode of absorbing the
mechanical energy. Indeed this may be taken as the definition of an
ideally brittle material but in semi-brittle and non-brittle materials
irreversible processes jnevitably acco&pany crack growth and substantially
greater amoﬁnt of mechanigal enekgy may be consumed in the process of
separating the materia]..

Linear elastic stress field analysis of thé'crack [5,6] predict an
infinitely large stress value at the crack tip when the crack tjp radius s
zero. Most materials, however, exhibit a yeild stress above which
they deform plastically. ~C0nsequent]y, (Fip.‘1.4) there is a region
in froﬁt of the crack tip where plastic deformation occurs. Irwin [4,7],
Dugdale [8] and others [9,10], have attempted to ca1cu1§te the size of the
plastic region using; among other techniques, the crack opening displacement
(COD) method.. Mechanical energy is absorbed during plastic deformation.

In problems where the movement of the crack involves plastic deformation

Eq. (1.17) becomes

G =2 (r + rp)

(1.48)



—stress distribution in the y-direction

djiZ?h\+——pl§stic region

erack A -+

tip \ ((/7 v
L

. — ,|

T

Figure 1.4 Schemat{c diagram of the stress distribution and the plastic
region in front of the crack tip.. The dashed line indicates
the stress distribution determined from linear elastic stress

analysis approach while the solid line shows the actual stress
distribution for an elastic ideally plastic solid.

where rp is the p]astic work in forming a unii surface area of the crack.
This is the so—ca]]ed Orowan-Irwin generalization of Griffith's

equilibrium condition. The fracture toughness KIC and hence the critical
crack driving force has now been accepted as a reliable safety criterion

in engineering design. However, the fracture toughness design criterion

is restricted to crack initiation [73].



Although some of the accidents due to component failures are
certainly due to poor design, it has been discovered gradually that
material defects in the form of pre-existing flaws could <dnduce
fracture. Furthermore, Anderson [16] and Biggs [17] observed that many
failures occur under low stress conditions and were accompanied by very
Tittle or no plastic deformation. Consequently, the conventional design
criteria based'oh the tensile strength, yield strength and the buckling
stress are insufficient because there are always existing flaws in the material
that act as stress raisers and initiate crack growth, the rate of which is
sensitive to such variables as temperature, the applied load and the
concentration of the chemical environment {18]. Brittle fracture is,
therefore, a thermally activated and hence time dependent process.

Thomson, R., C. Hisieh and V. Rana [19,20] used the lattice trapping
theory to review Griffith's continqgm model for the physically more
realistic discrete conditions. In this theory the material is considered
to be composed of atoms‘fﬁterconnected by linear or non-linear interatomic
bonds.. The nature of the atomic bonds or springs depends on the material
as shown in Table 1.1. Fjgures 1.5 and 1.6 show one and two dimensional
models of the crack tip. Because of the periodic nature of the material
the surface energy field is also periodic. The Griffith model was'modified‘
to take into ?ccount the periodic surface energy. Figure 1.7 (a) shows
the modified surface energy as a function of the crack length. The linear
function.is the continuum approximation while the periodic functions (step
or sine functions) are the superimposed effect of the periodic crystal lattice.
Figure 1.7 (b) shows the change in the stored elastic energy as a function

of the crack length while Figure 1.7 (c} shows the apparent free enérgy



Figure 1.5 Lattice model of a quasi one dimensional crack. |38|

Figure 1.6 Two dimensional crack model consisting of jnfinite square lattice
loaded a]ong 0Y. The crack propagates along OX. |38|

e i e



surface free energy

stored elastic energy

o C

X

Figure 1.7 (a) The surface energy as a function of crack size (b) The stored
elastic energy change as a function of crack size (c) The
apparent free energy change AGb during crack propagation.
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Type of . .

Bond - Typical examples
Diamond, Chlorine molecule,. -

Covalent: Hydrogen molecule, etc.

. Ceasium chloride, Sodium chloride,

Tonic Calcium fluoride, etc.

Met;11ic iron, Copper, Aluminum,
Silver, etc.

Table 1.1 Typical Examples of atomic bonds. - "

change AG during crack propagation. The crack tip model clearly shows that
the crack propagates through the material by consecutive bond breaking
and, as will be shown later, occasional mending steps. The potential

function for a pair of crack tip atoms takes the form shown in Fig. 1.8

(a).
-
To break the bond the two atoms have to be separated from the equilibrium
spacing a, to 1nfin%ty and the force transmitted to the crack tip by the
applied load must exceed F0 (Fig. 1.8 (b) and (c)) and supply the
dissociation energy EO. However, it was pointed out earlier that brittle
fracture takes place under Tow stress cond¥¥10ns. Consequently, the
mechanical energy supplied by the force transmitted to the crack tip may be
lower than thg dissociation energy EO. The additional energy required for
bond breaking is supplied by the thermal energy [21]. Atoms vibrate
randomly (Fig. 1.8 (a)} about their equilibrium lattice points with an
amplitude dependent on the temperature of the material. Bonds break or
heal as a consequence of the applied mechanical energy and the random

thermal activations [2Z]. Because thermal energy has to be supplied for

the bond to break or heal, the consecutive bonds can be represented by
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consecutive free energy barriers. At each of the equilibrium lattice

points a_, 2a0, 3a0 ...,jao in Fig. 1.7 (c) the crack will momentarily stop

until_the random thermal activation enables the next bond to break or the
previously broken bond to heal. The crack is mechanically trapped

within a stable stress region that 1ies interjacent to two unstable regions;
viz, oné in which the

fracture occurs (Fig. 1.9). This is the so-called lattice trapping theory

developed in analogy to the Peierls-Nabarro dislocation motion [23,63].

This effect of the lattice is in contradiction with the continuum_pre&iction

of Griffith that a crack will be stable at a singTe‘crack size, above which

it propagates catastrophically and below which it heals.

Al - ' III I I1I
on a unstable region |stable regioni unstable region
crack crack healing lcrack is lattice fracture
trapped | -
surface force | I
l
|
| I
eyéstic for | l
craci length x
Figure 1.9 Schematic diagram of the surface and elastic forces on,ﬁﬂe »
, . crack. The elastic force is linear while the force on the

crack due to the surface energy is the periodic function (after
C. Hsieh and R. Thomson |20]).

crack heals spontaneously, and one in which catastrophic

.
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With the introduction of the lattice trapping theory, therefore, it is

advantageous to study‘the crack tip events. in terms of the fundamental

atomic bond breaking and healing processes.

That a crack propagates as a result of a series of. time dependent,
thermally act1vated atomic bond bre:ilng and healing steps was established

by Tobolsky and Eyring [24] in their classical theory of time dependent
fracture.” The process of bond breaking end bond healing while the
composition of the specimen remains constant 1is identical to the dissociation
process in chemical reactions where a molecule breaks (;to smaller molecules
while the composition remains unchanged. Because of this identity the

study of fracture can be considered as a special branch of chemical kinetics
[27]. Hence thg rates of bond breaking and mending processes are described
by expressions that are identical to the cofresponding procesees in a
cheﬁica] reaction. In general the process of bond breaking.and mending is

e
identical to an elegentary first order reaction defined as [21]

AE
- Q kT __b
hb % Q. R eXP ( FT") , (1.18)
for the forward reaction or bond breaking procese and
AE, ' -
gfkT h 10y
Ry, = exp ( - T —) {1.19)

for the reverse or bond hea11ng process.
In this analogy the intact bond is in the reactant state while the

broken bond is in the product’state (Fig. 1.10). The change in the potential

.energy AE for the bond breaking and AEh for the bond healing have to be

supplied by'the thermal energy of the material. The stat1st1ca] thermodynamics

definition of the Gibbs free energy AG leads to the express1on 21]

n AEE AG:; .
Q. exp (- ) = exp (- T (1.20)
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Froduct

]
. tReactant

5

LS

Reaction Co-ordinate -

Figure 1.710 Schematic representation of the potential energy chinge along
‘ the reaction path.

The apparent free energy for the bond breaking process, AGb, and aG_ for

h
the bond healing process are functions of the mechanical energy and the

intrinsic energy of the material (bond energy). They are defined as

26, = 867 - W, (o) | - |
. (1.21)
= 26F ' |
and AGh AGh + wh(§)

In Egs. (1.21) the mechanical energy W(s) is indicated as'being a function

rof the applied stress. However, in some problems it could also be a

function;éf the crack Tength (as stress intensity actually is) and a
function—d$.time when the 1oading is time dependent. Finally, the rafes of

bond breaking aéd healing events in terms of the material property and it

the loading conditions are expressed as -
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(\ A
", 1":’ (AG* - W (0))
RN by = g exp (-~
o (B W (o)) - -
kh‘==%l-exp (- hkT h ) FT.ZZ)

In Eqs.2(1.22) xb.and Kp, were considered to be 'unity. kb and hh are
proportional to the probability of the bond breaking and the bond heating
events respeétive1y. ~

Inglis {2] showed that the stored elastic strain energy is proportional
to the square of the applied stress so that the mlchan1ca1 energy is

expressed as . 7
W(o) = o2 (1.23)(a)
while Irwin [3] argued that the mechanical energy sh0u1d be proport10na1
to the app11ed stresg thus ) ‘ . i
Wo) « o R (.23
Equation (1.23 (b)) was found to be valid by Speidel [25,26], Brown [27]
- . and also by H. M. Cekirge, W. R. Tyson, and A. S. Krausz [15] while Eq.
(1.23 (a)) was found to be valid by Lawn [28,25] and,é]so by W. R. Tyson,
H. M. Cekirge and A. S. Krausz [30]. Both expressions are noe generally
accepeed. . |
Tobolsky and Eyring used the expressions 1.22 to develop the fundamental
concepts of the molecular thebry of time dependen£ fracture. They showed
that the net rate of individual bond breaking can be expressed as /

d N
e =Ny = (N - N, ) | (1.24)
Hsiao |31] further refined thgs}theory while Robinson [32] and Zhurkov [33]
I

tested it experimenta]]}. Zhurkov confirmed that the 1ife time of a

component under Toad is given by the expression

. — . e e - . . . e e e e L s e ——— e fm—



- 17 -

(86 - W(a))
te =T, eXp T (1.25)

The conclusions derived .from the exberimenta] results were in good agreement
with the theory for about 50.meta1s and po]ymeés tested in creep and fof é
poiymeric sol{ﬁ‘rocket propellant tested in a complex 1oéang fracture
regime. . ‘

Krausz [34] extended the TobOlsky—Eyring theory to describe fracture
propagation gt the.SOTecu]ar level. HWhile theqformérltheory determines the
rate of individual bond breaking, that of Krausz determines the rate of ©
cooperative bond breaking. The_basis of the cooperative bond breaking theory
is that during crack propagation, successive bond breaking takes p]aﬁe and
thaf the oxack moves over a.periodic consecutive system of free energy
barriers. At each barrier, forward and backward activations take p]aceyand_
the net number of activations will determine the craék propagation velocity. A

simple quasi rigid crack front propagation {(Fig. 1.11 (a}) with a constant stress

field was assumed. The concentration of X sized cracks changes in unit

time as . : . :
| 3p 3 % a2 ‘ -
sE= (b - k) 55 a v (y + k) 5~ 55 | (1.26)

Perhaps the most interesting remark about Equation (1.26) js that it is
identical to the thermal conduction and diffusion equations-processes that \1
are also controlled by consecutive atomic interaction changes iﬁ function

of the interatomic energy-interatomic distance dependénce [21]. Thé , N
procedures for solving Equation (1.26) thus follow those used in diffusion

and heat conducfion problems and were outlined by Krausz [35]. The crack

size distribution thus obtained is a function of time, temperature, the

* s \.-’-'-—’ '
applied load and perhaps the concentration of the chemical environment,

)
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F1gure 1.11 Crack front propagation modee
Ea) quasi rigid crack, front
b) ‘kinked ¢rack front
(¢) kink spread1ng sideways.
-The study of the ther&d]ly act1vated time dependent crack propagat10n
is not comp1ete w1thout d1scus$1ng the actual mechanisms of the crack o
nucleation and propagat1on *Kusenko et al. [36] ob;erved exper1menta11y
by us1ng small angle X- ray scatter1ng, 1ight scatter1ng and alectron .
microscopy methods that in. po]ymers,.10n1c crystals and metallic solids,
the fracture processes 1nc1ude a regu]ar process of nucleation and deve]opment
of “submicro-cracks followed by a gradual accumulation of these 1nc1p1ent
cnacks, the accumu]ation rate being strese'and temperature dependent.
- Because of the nature of most materials,’ the nucleation process will easily
take place so that-the rate of development and accumulation of the micno-
cracks will determine the rate df crack growth- Thgi this_ds indeed
was shown experimenta11y by V. R. Regel and A. ﬁ% Leksovsky [37] who used
polymer films to show that it is the kinetics of cracg growth rather than

the initiation that determines the lifetime of the materials under both
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cyclic and static loading._ Thompson et al. [19,20] argued that the rigid
crack front propagation model is energetically unfavourable; instead they
suggested that it is energet1ca1]y more favourab]e for the crack propagat1on
‘process.to take place by k1nk nucleation fol]owed by sideways spreading as

‘shown in Figs. 1.11 (b) and 1.1i (c).

The double Kinks nucleate a{ong the crack front where vacancies or
other defects haQe weakened the structure and offer a high probability
10cat19n for the kink nucleation, requiring greatly less energy than the
rigid crack front propagation does. Ofice a doﬁb]e kink has formed it can
spread side@ays,in discréte steps of one or more atomic distances. This .
sequencé is al§0 a low energy process. A very large number of these events
téke place along the crack front, and when two adjacent kinksﬁmeet mutual
annihilation takes place. As a resu]tiof these events craék front
propagation is observed. Depending on the-temperature and the stress
Tevel as well as the nature of the material, either. the double kink
nucleation or the spread%ng process can be rate controlling. Lawn [28,38]
used this model to ca]culate the velocity of crack propagation. A steady
state condition was consjdered whereby the kink pairs are nuc1eated.
therma]]y, and sdbsequeht1y expand 1atéra11y to collidé with and
ané}?fjéﬁe their neighbours. This takes place in the load range where
a nucleéteq kink either heals back or propagateﬁ dynamic511§ as.shown in
Fig. 1.12. When the nucleation rate equals the annihilation rate -in steady

state, the equilibrium k1nk concentrat1on is
*
UN - U

L .
2 kT

*—.
Nw —-Nw ?xp (i

(1.27)



« ;
and the crack propagation velocity is ;
* %* ‘
N u, + U :
_ Wkl __ N M
Ve T, h exp (- =7 (1.28)

It was noted that a theoretical basis for calculating the activation
energy for the kink nucleation, U;} and the activation energy for the
kink motién, U;, has not yet been established for cracks; and as an
approximation, the, activation energy for the kink motion may be determined ‘Qigaﬁ
from the Irw1n Orowan expression ( 1L13) as ' A
6 UM (- G + 2r) a (1.29)
where a sd is the surface area traced out by the mov1ng kink.
Krausz [22] modified this theory by introducing statistical thermodynamics.
He proposed that in a crack system Qhere the nucleation and the spreading
processes take place over the consecutive energy barrier system presented
by the per1od1c energy field of the lattice, the same number of activations
Fi occur over each of the consecutive barr1ers when steady state condition

is attained. Accordﬁngly, the f]oﬁ equations are

. ~ DKN DKN .
Forn = Nokn o - M R | Lo
. 1 1
Fr Ny Gk - Ny ey o (1.30)
— i . i
" Ni il - N By
F e

N : ;
n UL , ".
where the symbol DKN was used for the double kink nucleation process. Ni . :

js the number of specimens in front of the i-th barrier, ih1 is the rate

constant for activation from the vatley in front of the i-th barrier to i
| .

" the top of. the barrier, and 1h1+1 is the rate constant of the backward

activation from the j+1-th valley to the top of the i-th barrier. f;liZ ...N

represents the spreqding barriers. In steady state where
7 ° . -

C\ T Ll

-
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kink co-ordinate

Figure 1.12 Potential energy diagrams for kink motion ‘according to the
Jattice model. Activation barrier for discrete motion
through an atomic spacing is indicated by heavy curved line.
The corresponding continuum behaviour is indicated by full,
straight line. ((a) limiting state for the thermally activated
kink spreading. (b) the Griffith equilibrium condition and
(¢) limiting state for crack healing.
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| Foy = F1 = Fp = -+ Fis (1.31)
the flow of crack tips, Fi’ is given by
: % i % i i
AGT - W 2 AGT - W - W,
- h R i i+l
.Fi Nokn %kT [?xp { T .b) + n exp ( T b)
AG™- ].w‘ -1 '
X exp (—5—F—n a
P (17 y)]( , (1.32)

*In Equation (1.31), b is the number of bonds that are broken in the

nucleation step. The average crack propagation velocity was expressed as

= ] ¢
v —.(NDKN) a, ? Fi (1.33)

Equations (1.32) and {1.33) are formally equivalent to the approximate

relations derived by Lawn and Wilshaw [38] in Equations (1.27) and (1.28)
for the equi{ibrium kink concentration and the crack propagation velocity
respectively. .

A further development of{the kink nucleation and spreading theory by
Lawn described the effect of the chemical environment on the crack growtﬁ.
The theory of stress corrosion cracking (environmentally affected cracking)
was developed by Charles [39] and Hillig [40] and was further modified by
Wiederhorn [41]. 1In this theory, the generalized interaction between
the crack tip bonds B and the environmental molecules of species A is
expressed as

mA'+B 4B - . (1.34)

where the asterisk denotes passage over the activation.barriér into the
ruptured gtate. Thus, the interaction facilitates the lateral kink
advance through one atomic distance while the reverse.interaction'converse]y
faci1itate$ the crack retreat.- The energy rate for the system i.e., the

crack plus the environment is
}

~ . !



du '
R- '_-G'*‘ZF-HUANA ) (]35)

while without the effect of the environmental molecules the energy rate is

d

—

- G+ 2T : (1.36)

, the term 2 I is defined as

2T = (-UB* - UB) NA

—

In Equation (1.35

where g and Mgx are the chemical potentials for the crack tip bond before
and after rupture respectively;.and Hp is the chemical potentja] for the
environmental species. Thus, the effect of the chemical environment is to
lower the free surface energy (bond eﬁergy) of the material. The kink
concentration and thg crack propagation velocity then changes accordingly.
Good agreement was obtained between this theory and the stress corrosion
cracking of sapphire in water vapour [38].

The concept of kink nucleation and spreading mode of the crack front
propagafion was further used by Brown [27] in his extensive study of stress
corrosion cracking in ceramics. He approached stress corrosion cracking in
terﬂs of the multi-barrier kinetics (i.e., the network theory) suggesting that

it consists of at least three consecutive and/or parallel rate processes.

The resulting equation from his analysis for the crack propagation velocity

.

as a function of the stress intensity is of the form

. *
f ) .
o K a3k [1oe b (K- K]
. 150, %

vea e + ¢ (1.37)

1+ 2, e 31

In Equation (1.37), Ryr R0 890 235 and L are constants depending on the
- . * i

material and the environment. KI is thy threshold stress intensity. This

theory was in good agreement with a wide variety of stress corrasion

cracking data.- While Lawn's analysis for the stress corrosion cracking

was limited to Regions I and II of the stress corrosion cracking diagram
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(Fig. 1.13), that of Brown can be used for Regions I, II éhd I11.

Krausz [42,43] introduced a simpler system for studying stress
corrosion crgcking. He proposed that the Track probagation velocity in
Regions I aﬁd IT is controlled by a system of two consecutive energy
barriers. Barrier I represents the (therma]]&lactivated) breaking of the
(usually brittle} corrqded méieria1 in front of the crack tip while
barrier II represents the chemical reaction between the crack tip bonds
and the environﬁentai mélecu1es (diffusion controlled process). The two
consecutive energy barrier process is in parallel with a single barrier
which accounts for the non-environmentally affected cracking in Region III.
Although the mechanisms in Regions I and III were associated with singie
energy barriers, the actual mechanisms are double kink nuéTeation and
sideways spreading {42[. The complete kinetics equation is of the form
__ﬂ'“c.'a [ - o ()7

l1)] "+ (RO
In'Equgtion (1.38) k(1), R(II) and k(III) are combined rate constants for

i

v +n_a R{III)

Regions I, Il and III respectively and are functions of the elementary

rate constants kb and hh.

Experiments on stress corrosion cracking have shown that for some

. material-environment systems, there is a threshold stress intensity

(KISCC) value below which stress corrosion cracking does not take place.
Using Equation (1.37) of Brown or (1, 3g) of Krausz to fit the experimental
data it is szsﬁb]e to calculate. this parameter which has many applications
~in engineering &esign problems where stress corrosion. cracking takes

L5

place.

(1.38)
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Figure 1.13 Schematic diagram of the typical stress corrosion crack
propagation behavior of most metallic and non-metallic
materials. .

<

Considerable attempt has been made to §tu&y the crack tip events in
terms of the fundamental bond breaking and bond mending processes and the
effect-of the chemical environment on such processes. This has lead to
improved understanding of brittle fracture. The putpose of this thesis
was to further deye]op the concepts of the crack tip évents so far
described and it is hoped that the conclusions that have been reached are
helpful in controlling brittle fracture. The following will be discussed

in this thesis.
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First, using a 9uaéi-rigid crack front that‘is double kink nucleation
controlled (hereafter referred to as a rigid crack front model) model, a
. \ ;

crack size distribution function was developed in continuation of Krausz's

-~y
o

work on the non—steady.staté-crack propagation. The effects of_the applied
stress, temperature and the material properties on the crack size distribution
were investigated. i
Secona]y, an approximate mathematical expressidh fo? the kink
concentration distribution function was developed and the results were
- comparéd with those from the discrete analysis. The effects of the applied
stress, temperature and the defective nature of the material gn the kink
d1§tr1but1on and the crack propac:t1on velocity will be discussed. E;>

Finally, an introduction to the non-steady state fracture k1net1cs

analysis is presented, with application to stress corrosion crack1ng.
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. Chapter 2

Crack Size Distribution in Homogeneous So]ids_

Crack propagation is the consequence of successive bond breaking and -

occasional bond mending steps during which the crack moves over a periodic
consecutive system of free energy barriers [22,34,35,42,55,56]. The flow

of crack tips over each of the consecutive energy barriers can be either

-

a steady state or a non-steady state process. In this chaptér, the crack

size distribution function for a non-steady state process will be
derived. The effect of the app1iéd stress, temperature and the material
properties on the crack size distribution will be discussed.

2.1 'Kinetics Analysis

During a thermally activated .crack propagation process bonds are
successively broken under the combined effect of the available mechanical
work and the thermal energy flowing into the crack tip region where
vibrational interatomic distance changes occur. Because fracture and
plastic flow have been identified to be a special branch of chemical
kinetics, deformation kinetics concepts as well as chemical kinetics
principles were used by Krausz and Eyring to develop the theory of conse-
cutive bond breaking\procesées associated with steady state plastic
flow [21] and by Krausz [34] to formulate the theory of the non-steady

state fracture propagation rate.

r : - "-"-q
. . . ,
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Figure 2.1 Apparent potential energy change AE when the crack size
changes from the ith bond to the j+1 or i-1 bond and the
number of .specimens N having the corresponding sizes.

0
—

crack size g X

In his theory, Krausz considered'a statistically large number of specimens

‘that are subjected to identical loading conditions. The total number of

specimens is N,. Another approach that may be used [71] is to consider

a single loaded specimen in which simultaneous development of cracks may
be energetically favourable at a large number of points, Nt >> 1.

The apparent potential energy given by

2 = a8* 2 U(o) 2

o kit =



is shown in Fig. 2.1.n'0f the tofa] Nt specimene, Ni-1 specimen; will have
a crack of size i-T atomic distances Ni will have a crack of size i
‘atomiE distances, etc. There are Ni specimens or cracks in which thea
crack size increases in consequence of bond breaking from Xi to Xi+]
The rate of

and

decreases in consequence of bond healing from X to X1 1"

bond breaking k b and bond hea11ng hi,h are defined for unit nnmber of
cracks per unit length of the crack of Xi size. The chenge n the’ number
of cracks of X. size is the net result of crack growth from the (i-1)-th
valley across the activated state into the i-th valley and froh the i-th .
valley into theb1;] th valiey across the act1vated state fo]]ow1ng the
i-th vaI]ey— The rate of flow across the activated state between the

valleys i-1 and i is described by the kinetics equation as

i ‘ '
Rict TRip Moy - Ry N (2.2).
The rate of flow across the activatedlstate between X{ and Xi%] sized

h

cracks is

i+1 _ -
R TR N Ry Mo | (2.3)

-

The rate of change in Xi sized crack concentration Xi is then

w

i i R1+] (2.4)

In general, the change of the number of specimens with crack size Xi per
unit time ‘is given by the net number of specimens with cracks flowing into
valley i m1nUS the net number of spec1mens with cracks flowing out of
valley i. In steady state, the net number of specimens with cracks flow-

g into valley i is equal to the net number of specimens with cracks
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flowing out<;i the valley i. The crack tip concentrations N and N

i+l i-1
can be expressed with the truncated Taylor polynomial in terms of Xi sized

crack concentration Ni as

Z ks T s A _
M T N TR T T TR o (28
- a_aN. 32N, .
SR TR TR s A Hs (P

b

Substituting Eqs. (2.2) and (233) in Eq. (2. 4) results in

b aN]. § .
3t Rien,p Mo Bn M RBie N R n N ' (2.6)
and from Eq. (2.5), Eq. (2.6) becomes .
2 N, a a Ny 32N,
5T~ Rip (N - fT*‘%gjr)‘@mW
N 1
a.aN; a2N; . a7 . '( )
k. Nat k., (N, + ) " 2.7
i,b d itl,h M aX [’ aX?

In cases where the rate of bond breaking k and the rate of bond mending h

are independent of the crack size and time, the propagation rate is

2 ' .
aN al x a2\
st (b~ k) oy g by k) e (2.8)

Equation (2.8) is the one dimensional crack propagation differential equa-
tion; the solution of which gives the crack size distribution function.

2.2 Solution of the Differential Equation

Equation 2.8 can be rewritten as

aN _ , %N N
3t KW+ C aX _ (2.9)
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2

W

_ X
where K —-E—-(hh + hb) and

= ax(hh = hb)

In deriving Eq. (2.9), it was considered that crack pgopagation was
taking place in sufficiently 1arge‘specimehs so that the stress field
around the propagating crack remains unchanged. Under this condition, the
specific rate constant k can be considered, in the firs; approximation,
to be independent of the crack size. Consequently, K and C are constants.
N It is of interest to note that the differential equation of crack
propagation ig identical to the heat transfer and dfffusion equations.:
This, as Krausz_pointed out, is a necessary consequence of the fact that
all three are contrdlled by the same physical condition: the consecutive
atomic interactiqn.changes in function of the interatomic energy --
interatomic distance dependence [21]. He;;e, the solution of Eq.-(2.9)
follows the mathematical methods that have been developed in heat transfer
and diffusion. In particular, Eq. (2.9) is recognized as the descrip-
tion of a diffusion process in a convection field [ﬂ4,45:46] where C is
broportioqg] to the acceleration caused by the exterﬁé] field and K is
equiva]ént to the diffusion coefficient.
Consider the simplest initial condition when at t=0 only microcracks
of indentical size X&,exist in semi-infinitely large specimens. Because
acracks cannot heal back across the surface at X=0, the boundary condition -

is expressed as, (Fig. 2.2(b) 3.
o a )
ke NM{ - 5=, t) - b N{ 52t) =0 {(2.10) -
b 2 h 2 '
, N1

-
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Figure 2.2 (a) An elliptical crack in a semi-infinite plate loaded in
the Y-direction. Free energy barriers are indicated in
the direction of crack propagation.

(b) A schematic drawing showing the free energy barriers
at x=0. :
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that is, the net number of crack tips flowing to the free enefgy valley

correéponding to X=0 must be equal to zero.

That macroscopic crack healing indeed takes place was shown experi-
ﬁenta]]y by Orowan [47] as well as by Wiederhorn [48] in experiments with
mica and giass respectively. However, this.is only under very closely
defined, limited conditions. The crack heaking will only take place if
. there is no p]ag}ic deformation at the crack tip because such deformation
causes'géometrica1 mismatch of the broken bonds. Also; the crack healing ‘
will not occur if there is chemical contamination of the crack surface;

In aﬁa]ogy to Ficks 2nd law in diffusion or Fourier equation in heat
téansfer, the flow of crack tips in the X-direction per unit area, per

unit time is expressed as -

o, oN
F — K x CN (2.11)

Thus, the boundary condition can_be stated as

Kg—';‘(+cw=o | . L (2.12)

at X0 for all t > 0O

td

The solution of the differential equation (2.9) with the boundary condition

(2.12) s obtained by first introducing the transformation [44,49] of the

variables

o{X - X
N(X,t) = n(X,t) exp [- ( X o - CZE] ' ' (2.13)

] -

Eq. (2.9) then reduces to the standard form

. : 2 -
angi,t) —k 2 BQSX,t) ‘ (2.14)

while the boundary condi tion (2.12) becomes
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K BIBIXX t} +1§C n(X,t) =0 .4 s (2.15)
at X0, t > 0

Eq. ‘(_2.]4) with ‘boundary condition (2.15) js a standard problem in the
theory of heai transfer. The solution is [49,50]

X - X2 _ X+ X )2
L0655 R R g [— —T ] + exp |- ——-————( T o/ }
Nt 2(rkt)? t t

w

C (a+x2‘C(C“X)]
+_m /{exp [— 4K‘t) + 7K 9 1} da {2.16)

%o

_ After some transformations, (Appendix 1), Eq. (2.16) takes the form

, X - X )? (X + X )2
alGt) 1 X% 0
N 2(akt)? mp[ 4Kt } =P [ 4Kt ]} '

o

C g2y ClX+ X)) ] [ ‘ '
+ —— exp [ - exp (-y?) dy (2.17)
Ko/ 4K 2K X+X _-Ct ,-

2(Kt)?
Substituting Eq. (2.17) into Eq. (2.13)} we obtain

X - X )? X+ X )2
_L_l__[;}[t___)]

e 2(akt)? W IKt
CXx-Xx) .2
o” _(ct
e"p[“ 2K 41(} i
c X+ X, - Ct

> exp(- % ) erfc ( ) (2.18)
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Eq.(2.18)}thus describes the crack size distribution. At time t, the

equation gives thé concentration (number of specimens per unit length of °
the crack) of the specimens_in which the crack size is X.

The initiail microcrack of size XO, may, in most caseé, be very small
compared to the practical méFrocrack sizes. In these cases, it can bé

assumed that X03=0 and £q.{2.18)reduces to

13

N(X,t) _ 1 (X + Ct)2 <
N, TeXP - e 7
t {mKt) .
) ' ¢ - ' : _
- exp () erfe 1—12’(‘ )Et (2.19)
' Kt _

Depending on the stress and temperature, the constant C will be greater

than zero, less than zero or equal to zero; as shown in Figs. 2.3 &, b and c.

AG ‘ AG

VAN

crack size x crack size x crack size x
: - ‘ . ) AG, < AG
‘A6b>Aﬁh AGh Aeb . b b
(a) C>0or (b C=0 : (¢c) C<0
kb < hh : kb =\kh hb > hh

Figure 2.3 ?ree energy change as a function of the crack size. (a) Crack
healing condition when hb < hh. (b) The Griffith's critical
condition, kb = hh = h, "and (c) Crack propagation condition

. T

when kb > hh.



Consequently, Eq. (2.18} or (2.19) has three forms that describe the

crack size distribution in the three conditions.

Case i: hb < kh

S

Thé crack size distribution when hb < hh can be obtained fth Eq.
(2.18) when X, + 0 and from Eq.(2.19 When X, = 0. The former condition,
however, 1is not of pracficai interest because, as discussed earlier,
physical conditions will not allow the.crack to heal back.

From Eq. (2.18) or (2.19), when t ~ = the crack size distribution.is
=Coexp( -2y, c5o0 (2 26)
t K K ? ' Q :

It is interesting to note that the stationary crack size distribution

(Eq. 2.20), is independent of the initial microcrack size. Equation (2.20)
could also be derived by considering the stationary state of Eg. (2.9),

thus
32N oN _ aN _ :
Ko * Cax ~at O (2.21)

On integration,

aN

KEK‘+CN=3.1
The 'solution of this differential equation is . Eﬁ
a C
N = El + a, exp( ~ ¥ X)

where a; and a, are integration constants. Because of the boundary condi-

tion (2.12), a; = 0. The total number of specimens N, is defined as

N, = dex,
(o]

i,
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from which a, = -% Nt

Thu§, the crack size distribution is

N(X,t) _ [ _ X ) .
N, x exp(- ¢ ) _ (2.22)
Defining the constants k' and b~ as
4
k —(!zb k)
k ::(kh - kb),

Eq. (2.20) can be written in dimensionless form as

~a ﬂiﬁ:ﬁl.zzéﬁf exp[}_ 2k -y 5.?] (2.23)
. t :

h+ k ax

Case ii: hh =f =h

The condition that hh = kbf= k corresponds to the Griffith's equi-
Tibrium condition where the crack can either heal back or propagate. From

Eq. (2.18), when C = 0, the crack size distribution is

(X - x )2 (X + X )2 .
NX,t) -1 I L A4
Ve 2ttt texp P iy el (2.24)

and when X0 =

( ) ‘ - y2
: étt =( )} exp ‘__4K§ ) (2.25)
T

The average crack size X is given by [45]

pre]

v X2 N(X,t) dx ]?

© (2.26)
[ N(X,t) dx »

and from Appendix 2, when kh = hb = f,

X = a(2kt)? (2.27)
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As before, Eq. (2.25) can be written in dimensionless form as

(X)*
N(X,t) 1 %y .
a = exp -~ —i— _ (2.28)
x Ny (tt)? 4kt

Case (iii): R_ >k

b h

When hg > hh thé crack size distribution can be obtained from Eq.
(2.18) when XO % 0 and from Eq. (2.19) when XO %= 0. It can be shown that
when t is large, Eq. (2.19) takes the form (Appendix 3).

NEX,E) 1 (X +ct)? :
N T 8P - g (2.29)
t 2{mKt)

The average crack size X is

[ X2 N(X,t) dx |3

(=]

¥ =
N(X,t) dx

which gleads to {79]

= - Ct - (2.30)

In dimensionless form, Eq. (2.29) is

X -
(> +kt)?
a, N{X,t) ~ ] a,
N

T exp|- (2.3i)

t (27k"t) 26t

In summary, Eqs. (2.23), (2.28) and (2.31) describe the crack size distri-

4

bution for the three conditions kb < hh, hb = kh = k and hb > hh

respectively.



w = 39 -

2.3 Discussion

(a) Crack Healing Condition, kb < hh
.
- ¥
Figures 2.4, 2.5 and 2.6 show the crack size distribution when the

rate of bond breaking is less than the rate of bond healing and the ini-
tial microcrack size is approximately zero. The curves were calculated
from Eq. (2.19). The rate constants kb an& h? were calculated from Eq.
(1.22}. The activation free energy associated with the bond breaking
process was taken as j.O eV while the activation free energy associated
with the bond hea11ngq%r0cess was considered to be approximately zero
[20,28,22]. Typical values of the activation free energy for different
materials are given in Appendix 4. JThe mechanical energy values were
generally considered without assuming any mechanical energy-applied
stress relationship. Both the Griffith and the Irwin conditions described
in Eqs. {1.23) are incorporated.

The curves in Fig. (2.4) were calculated with tﬁe mechanical energy
value of 0.49 eV. It is of interest to note that because the activation
free‘energy associated with the bond healing process is zero, the forward
rate coné%ant hb will be equal to the backward rate constant hh whéﬁ the
mechanical energy is equal to half the activation free energy asggciated
with the bond breaking process. Thus, for W(s) = 0.49 éV, the rate of
bond breaking is less than the rate of bond healing. Figures é.4 and
2.5 illustrate the effect of the mechanicai energy and tem;erature'on
the crack size distribution while the summary of the calculation results

is shown in Table 2.1. For a mechanical energy of 0.49 eV and a
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temperature of 200K (Fig. 2.4(a))), the time taken to reach steady state

is 100 seconds whiie, if the temperature is increased to 300K (Fig. 2.4(a)),
the time taken to reach steady state is only one hundredth of a second. '
The steady stéte crack size change in Table 2.1 was defined for a negli-
gibly small va]ge of the crack tip concentration (ax N/Nt; 0.005) relative to
the concentration scale. The steady state crack size change is 0-6 |

atomic distances when the temberature is 200K and 0-9 atomic distances

 when the temperature is 300K, for a mechanical energy value of 0.49 eV.

Mechanical “Time needed to reach| Steady state crack size
energy Temperature steady state change
{eV) K- . (sec) (atomic distances)
0.49 200 100 0 -6
300 ' 0.01 0-9
0.499 200 104 0 - 30
. 300 1 ¥ 0 - 44

Table 2.1. The table shows the summary of the effect of the mechanical
energy and: temperature on the steady state crack size change
and the time needed to reach steady state illustrated in
Figs. 2.4 and 2.5.

When the mechanical energy is increased from 0.49 eV toc 0.499 eV at 200K,

the time to reach steady state increases from 100 sec. to 10,000 sec.

. .

(about 3 hrs) while the steady state crack size change increases from

0-6 atomic distances to 0-30 atomic distances. For the same increase in

the mechanical energy but at a temperature of 300K, the steady state

crack size chaﬁge increases from 0-9 atomic distances to 0-44 atomic

distances, while the time to reach steady state increases from 0.01

seconds to 1.0 second.
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It follows that the steady state crack size change (distribution)
1ncrease§ while- the time to reach steady state decreases'witﬁ increasing
temperature. 0On the other hand, both the steady state crack size distri—'
bution and the time needed to reach steady state increases as the
meéhanica] energy increases. In general, fhe steady state crack size
distribution increases with a decreasing ratio of !z'/!z+ as shown in Fig.
2.6. The curves in Fig. 2.6 were calculited by using Eq. (2.23).- The
steady state crack size distribution is, therefore, controlled by the
magnitude of the ratio of !a'/fa+ which is.determined by the mechanical

&

energy, temperature and the activation free energy of the material.

When the rate of bond breaking is less than the rate of bond heaﬁing,
incipient cracks develop in the specimen. That these incipient cracks

o

are of the order of a few atomic distances in size and that they are
differeni in size was shown experimentally by Zhurkov and his co-workers ‘
[53] as well as Kusenko et al. [36] in metals, polymers and ionic solids.
The knowledge of the size and concentration of the incipient cracks is
useful in,the study of'pp]ymer and metal fracture where the main crack

is formed by the accumulation of these microcracks [53].

The observations in this study are in contradiction with the Griffith

>Ry .

theory which proposed that crack Propagation takes place when hb h
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(b) Crack.Propagatipn, hb >-hh

The existing submicrocracks in a'spe;$ﬂﬁn will propagate when the

rate of bond breaking is greater than or equal to the rate of bond

hea]ind? It was, however, observed in the proceeding section that even
when the rate of bond breaking is less than the rate of bond healing,
microcracks are generated in the §Pecimeh. Becauie hb and kH are propor-
tional-to the probability of the bond breaking and healing events respec-
tively, the size iz'the crack is not defined by an exact number, but as

a range on the crack size séa]e. The.ﬁrobabi1i£y and the crack size
distribution are described by the distribution function. Equations (2.28)
and Q.31)are the distribution functions when hb = kh =k and hb > hh
respectiveiy. ”

Figures 2.7, 2.8, 2.9 and 2.10 are typical probability curves calcu-
lated by using Eq. (2.31). The probability curves describe the crack
size distribution as a function of the mechanical energy, temperaturé,
time, and the activation free energy of the material. As in part (a) of
the discussion, the activation free energy associated with the bond
Ereakinghbrocess was taken to be 1.0 eV and the same procedure\was used
to calcukate the rate constants. The effect of the applied stress and
temperature on the crack size distribution is illustrated in Figs. 2.7,
2.8, 2.9 and 2.10 and summarized in Table 2.2. The crack size distribu-
tion was defined (as before), for a negligibly small value of the concen-

" tration (aX N/N, = 10"7). The curves in Figsl 2.7 and 2.8 were calculated

with a mechanical energy of 0.501 eV. When the temperature is increased

v
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from 300K to 350K (Figs. 2.7 and 2.8), the crack.size distribution in-

creases.bj about ,230% while the average crack size intreases by about

1500% when the time is 10% seconds. . "
Mechanical Average crack| Crack size
energy Temperature | ‘Time size X distribution| Figure
oV oy 105 atomic 105 atomic
distance distance Y
0.501 300 I 10t 192.4 + 0.8 2.7 a
2 x 10% | 384.8 -+ 1.0 2.7 b
! l ,
4 x 10% | 769.6 + 1.3 } 2.7 ¢
350 - 10 | 3049.3 L 2.7 2.8 a
2 x 10 | 6098.6 + 3.6 | 2.8b
L4 x 0% 12197.2 + 4.5 2.8 ¢
300 .10 s RN 2.9 a
2 x 10 | 22306 {2 1.4 2.9 b
4 x 104 | 44612 .+ 2.0 2.9 c
0.54 :
350 . 10" ) 160990 + 3.5 2.10 a -
) 2 x 10% ;321980 s 5.0 2.10 b
P4 x 104 | 643960 + 6.5 2.10 ¢

:

Table 2.2 Summary.of the effect of the mechanical energy and temperature

on the crack size-distribution illustrated in Figures 2.7, 2.8,
2.9 and "2.10.

Similar observations are made when the mechanical energy is-0.54 eV. The

curves in Figs. 2.7 (a) and 2.9 (a) were calculated with the mechanical

energy values of 0.501 and 0.54 eV respectively. Due to the increase in the

mechaniéalrenergy (i.e. from 0.501 to 0.54 eV) the crack size distribution

increases by about 40% and the average crack size -increases by about 5600%.
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The distribution or probability curves in Fig. 2.11 were célcu]ated
by using Eq. (2.31) with the value of (th) for curve 1 =2.5 x 108,
' curve 2 =107, curve 3 =2 x 109 and |(k~ tf?:= 2 x 107 = constant. Tﬁe
crack size distribution increases with the increasjng value of (k' t).

I

In Fig. 2.12, the distribution curves were calculated by using Eq. (2.31) .
with the values of (fz+ t) for curve 1 = 2.5 x 108, curvé 2 =56 x 108,
curve 3 =109, and the values of k™ t for curve 1 =2 x 107, curve 2 =
2.01 x 107 and curve 3 =2.02 x 107. It follows that the crack size
distribution or the ;hape of the crack size distribution cufves is‘contro1—
led by the value of (!z+ t) while the average crack size or the 16catioq is
controlled by the value of (k” t). However, when kb = kh = k, the average
crack size is ax(2kt)% and 1Ebis stationary. Similar results were obtained
by Krausz [54] using random walk mathematics. It is not a coincidence
that the two approaches give similar results. In{?he present analysis,
the matheégtica] treatment pf crack propagétion leads to a differential
equation that is formally equiva]ent to the differential equation of dif-
" fusion which is a‘typicai random walk process.

The crack size distribution is actually the scattér of experimental
readings in the crack propagatioq measurements. However, the ﬁesu]ts
above Eredict a scattéring of experimental readiﬁgs in the order of one
tenth of a miilimeter (106 R) while in actual experiments the scatter
is Targer. The reason for this discrepancy may be due to the fact that
\

‘most materials are not homogeneous as assumed in the analysis. Conse-
.. 4

quently, the rate constants will not remain constant during crack

—_—
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propagation, but will vary accordingrto the local potential energy of

the material. Due to the structural inhomogeneities each of the Nt'
cracks in the engeﬁble (for a given specimen with an ensemble of Nt
cracks) has its own characteristic potential surface [71]. Also,

scatter in the applied load, temperature and the geometry of the crack
lead to tﬁe observed crack size scatter in the crack propagation measure-

ments.
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Chapter 3
The Steady State Fracture Kinetics of Crack Propagation

In Chaéi?} 2, the crack size distribution was analyzed for the non-
steady state flow of crack t1ps over a perjodic consecutive system of free
energy barr1er5 in which rigid crack front propagation was assumed and a
continuous function for the crack size distribution was used. Thomson et al.
[19,20], Lawn [28] and Krausz {42] have proposed that t@erg%ack propagation
process is controlled by double kink nucieation and subéeqﬁent spreading
over a consecutive free energy barrier system in analogy to the Peierls-

Nabarro mechanism of dislocation movement. This, they argued, is an

energetically more favourable process than the rigid crack front propagation.

The continuous fanction description for the crack size distr%bution that
wés used in the previous Chapter is an approximation of the actual discrete
description. The actual cragk size distribution function should, therefore,
be discrete and also incofporate the concepts of the double kink nucleation
and spreading processes of the crack front propagation.

In this Chapter, the steady state fracture kinetics of the crack-front
sp?eading will be discussed. First, the discrete analysis of the steady
state double kink spreading will be carried out to derivé the kink
- concentration distribution and the crack propagation velocity expressions.
Secondly, an épproximéte, continuous mathematical description will be
infroduced and the kink concentration distribution and the crack propagation

velocity expressions will beﬁderived. In both cases, the kink distribution

and the crack propagation velocity will be determined in a §enera]1y valid form

when the plastic flow in front of the crack tip is negligible. The effect

“I-
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of the applied stress and temperature on the kink distribution and the
crack propagation velocity will be discussed.

3.1 Kinetics Analysis

The craék front propagation by double kink nucleation and sideways
spreading appears to be an energetically more favourable and important
mechanism than the rigid crack front propagation mechanism. Figure 3.1
illustrates the process that takes place. Both the double kink nucleation
and spreading processes involve breaking and occasional healing of the
atomic bonds. These are low energy processes compared to the rigid crack
front propagation mode. The nucleation process is expected to occur at
the weak segments‘of the material such as at the conglomerations of point
adefects, dangling bonds, dislocations, inclusions, etc. Because the
activation free energy at sthese segments is re]ati§e1y Tow, it -was shown
experimentally [37] that the nucieation process will be instantaneous.

The spreéding process needs a higher activation energy and consequently

it controls the rate of crack propagation. There is not yet a theoretical
basis for calculating the'kink nucleation energy but the energy associated
with the spreading process may, as an approximation [35] be determined
from the Irwin-Orowan expression 1.29,

a) Discrete Analysis

Consider n consecutive spreading step process. , The net flow of crack
o

tips, F, over each barrier is described as - \\
- i Y )
L TR I (3.1)

where ik1 is the bond breaking rate constant over the.i-th barrier, i.e.,

_ the number of thermal eftivations per'uﬁit time that acts on the Ni number
1 K .

$
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Figure 3.1 Diagrams (a) to (c) illustrate the crack front movement in the x
direction as the result of nucleation and spreading of kinks in
the y direction over consecutive free energy barriers illustrated
by dashed lines. Diagram (d} is the energy barrier system
associated with the n spreading step process illustrated in (c).

DK identifies the energy barrier associated with nucleation of
- the double kink.
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of kinks that are in the valley in front of the i-th barrier. The
activation moves the kink from the valley to the activated state at the

top of the barrier. The rate constant ihi+] represents the reverse process -
the bond healing rate that acts on the Ni+1 kinks in front of the i+l-th
barrier, ﬁausing the backward flow. The superscripts and subscripts show
the graphics of the two activation types. The net flow of kinks over the
i-th barrier is given by £q. (3.1). The breaking and healing rate coﬁétants

are defined in Eqs. (1.21), respectively as

+1 i : '
. AGTY - WY (o, i, t)
i _ kT i j » ¥
ih n exp [ : T } (3.2(a))}

VORI ;
LS L [_ 8Gi,q * Wiu {0 T t)l

i+1 h kT

Because all spreading-barriers are equal, when the crack front is much
longer than the distance £ between the double kinks the work is independent
of the location i of the kink. If static loading condition is assumed,
then the mechan;ca] energy is independent of time. Hence Egs. (3.2(a)) and

{3.2{b)) can be expressed as

' a6 < W (o) -
1h1 = Ry ==%I~exp [} ——llﬁ?rilji% - (3.3(a))

: £
i a6 + W (o
. k ,
Rys1 =kh==h—T_exp l.'—h?fh_ (3.3(b))

Because the aoub1e kink pattern repeats itself, and because the spreading
process is symmgtrica] about y = %3 it is sufficient to analyze the kinetics
over a distance 2/2 only. The number of spreading barriers is'(ﬂ/Zay—T)

or n. Due to annihilation at the n+1-th barrier, the concentratiof at the
n+1-th valley is zero and the flow over the n-th barrier_ig

Fo=N nfzn , | (3.4) *
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Writing the net flow of kinks aver each barrier, starting from the n-th

. barrier results in

n
Fn Nn nh (1)
n-1 n-1
Fn-] n-1 n-lfz - N hn (2)
n-2 n-2
Fn-2 No-2 n-E& N Rn-1 (3) -
: (3.5)
i i '
Fy =Ny 4k - Ny Ry (i)
] 1
Fp=N, ok - Ny hy (n)
_ dk dk
Fak = Mok ai® "Ny (el
-In steady state, F] = F2 = ... = Fi== ... Fn = F, . Equations (3.5) then
contain (n+1) uhknowns, Ndk’ N1, N2 . Nn and n+1 algebraic equations.
Solution of the Algebraic Equations. Ll
From the first expression of Eqs. (3.5), we have \
N s | '
)
n
Multiplication .of the second equation by nhn/"']hn and adding the first
two eqUaiﬁons leads to
F (-I + n )= n=1 n-1 n (3.6)
n".lk n—]h
n n
hence n-1, - | _
{ 1
N _ n + (3.7)
n-1 FrFés ph hn-l hn-]
n. n-1 n-1

Multiplying the third equation by
: n n-1

nk n-]fz

n-1 n-2

- kn .ﬁkn—1

cea s
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’
and adding to Eq. (3.6) results in

n n n-1 n n-1 n-2
F (1 + nh . nh n-]k =,Nn-2 nfa n-]k n—2’2
SS n-]h n—Tk n—2h n—],2 n—Zk
n n n-1 n n-1
=1
and .
N - F "oy "y . " L1 (3.8)
n-2 ss [ 0 k"'1 fan—2 hn-T - hn—z kn-z :
n-1 n-2 n-1 n-Z n-2
From the pattern established now the genéra] term is _ ’
n-1 n- i n-2, °~ n-3 1
N = by gy e g p e e e B
i ss " kn-]' hi hn-l fzn~2 hi ih ’
n- n-1"_ g n-1 n-2 AT 4

The first term of Equation {3.9) expresses the activation from the i-th
valley to the top of the n-th barrier, while the second term expresses éke
“activation from the i-th va]]e& to the top of the (n-1)-th barrier, etc.
The last term expresses\the activation from the i-th valley to the top of
the i-th barrier. As an illustration, consider the pumber of kinks in

front of the first barrier.

T e, % Yo Zp LY,
N, =F (-I + 2 +—2 3 + + 2 3 1
1 ] 2 1 2 3 1 2 DR
Yo, 2, T, LY =

2 "3 i n

1 - ) {3.10)
R kS ... .k B"

4 ] 2 -.-T “ee n
(/It can be shown that (Appendix 5) a term, for instance of the type
]kz
]kl zhz

is expressed as
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-r*\nig 262 -
2 _h o o1% 1
PP S A s B
1" 20 1
Simf]arTy, the term
”

A, 2
Ry “k

e 3
T3
1R ok R

is expressed as
) 1, 2

The terms Ni in Equation (3.5) can ﬁow be written in short hand notation as

_ 1. ] Al
M TR [T AT A e T
. R it i

or

. i " Fss RN !

From Appendix 6,

- byt 1
Thus Ny =5, % (E;) 7

F Jj=n-i . k (j’
= _55 J __h
5 £ U, where U EE

n+l-i .
S5 (1 - U ) T
1-1U

=,f§§ . (Eﬁ n+1-1i

R By : | w




-

N\

\

-7

' Expressing the number of kiﬁks in valley i in terms of concentration i.e.,

”

the number’ of crack tips per unit length of the crack front, the above

- expression becomes, ;?
FSS kh‘n+1—i
N=‘a—-—-:' -(h_) > -
yk b RN
where B~ = hb - hh - \\\\
F

Determination of ss.

The steady state flux is determined from the total number of kinks,

Nt’ from the relation

N n

N, =N, + £ N.
t dk i=] i

where Ndk is the number of Rnk nucleation sites waiting for the double

kink nucleation process, defined by
dk

= —_— 4 b _—
dk 5S dk dk . 1+
gl gk 30 4k
In Equation (3.13),
‘;'.:~-; . ) ol

and hence
n F .
N, =38 | g gMl-d ~
i=1 ! - i=1
A '
where, as before, U =5
b

LY

(3.12)

4

(3.13)



T\-

also because .

then
\.-

g

Since, as explained before, the activation free energy associated with the

kink nucleation process is low, the rate.constant d%éociated with the

N )
‘ . i £ kh n
-F = R * ' T % -
=is —h el O ﬁ
- "% 3 R
k b 1 - EE B
1w
=T TR R
‘ ]h b b-
“ .
/
- T S |
Ndk'_ Fss 1dk‘+ dl L '%— ‘ |
-dkh ‘\dkh- 30 . b .
. : _kh n
— [ \==' F = ] . . dkh‘l -L ] -‘ (E;)
S5 dk dk k" k ‘
k k b. h |
Ldk dk® . 1_-_72;

doubT® kink nucleation can be apbroximated as

[

' xdk dk »
P O ' M- S s . . S
dk h &P KT W dk a” =
dky .
dep, KT o070 1 _ kT L - _
. B Th T B Q
Thus k, n -
| S N
No.o=-581h = h = h b}
k- kT KT* R R
I S Pog o o
Hence fro& Equation (3.f§), the total number of kinks is
' ' ,(kh)n 1 “
Foolky ‘RO T L - - .
N =S8 *b_{ b } {hk S }oen hk - o,
e t ck— k.b kh i kT o kT ’ \, R
AL | .
L] “Fb ' 3 iy "5\

T e aam

. EI U Y
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AN

The éteady state flow of'kinks, Fss’ iﬁ_then determined from the expression

k., n T e
by (k_h) ! hk ' hk~ ! S ' |
T b . he -
Fog =Ny {E;{ o PG - 1 ene kT} (3.15) .
By~ |

Equation (3.15) describes the steady state flow of kinks in terms of the
rate constants, the tot;] number of spifimeﬁs (kinks) and the number of
spreading barriers. It is assumed that there is a steady state, uniformly
distributed nuhqer of the active double kink sites per unit length of the .
crack front. Tﬁe number of the ipread{ng barriers, n, therefore, is |
constant and it is the same for all the doyble kink pattérns.

The concentration of the kinks in valléy i can now be written as

) B m+1-1 B
N 1 - (k_)
N =t - b
: a n
’ y (E%) T r::
(F) - 1 I
— b —d
Hence it follows that
ot Ry -
A (g, |
y = LY -
- b (h—) -1 _ _ l ‘
h b hk hk -
B, R P - W g
— - 1] .
kb .
’,_ A

When W 3s~iarge so that
; . . . -
R B e (- 25 - e () <<,

. . .- ~ . R
- * -
~ ' ’ .
. - . ’

Lt

Kaidm g

‘
O kb bk S

¥

hE
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\
Equation {3.16) (p) becomés
: _ Ry, n+1-i
1~ ()
gyN EE .
WA — : (3.17)
t h -I = (._h) '
h b

~ ' . n - —

* b]-hh ’
(. B U
The concentration of the active kink sites waiting fd} a double kink .

nucleation step is

b, 1f
SN o 1o (o
kT a Ry, 1-Fk/k oY
LY b h"% (3.18)
dk T k. n T
b (-1 '
L Tt L N .
kT kTR, R .
-1
Eﬂ; .
The condition‘that-kb = kh =k is a special case. From Appendix 7, the
asymptotic expression of Equation (3.16) in this.cése is ‘Q{
2N . .
= —Ft (7.3
. ay‘h“ ) | ¢ (3.19)

Thus the concentration of kinks in any valley (1 ton) can'be_determined
from Egs. (3.16) and (3.17) while the concentration of the kink nucleation
sites waiting #or the double kink nucleation step can be determined from

Equation (3.18) for a given apptied stress and temperature. When

kb ==kh = k Equation (3.19) is used to calculate the kink .concentration.



- 75 -

T Pt
A .

v - /.}
b) Oifferential Equation Approach. « |
To. facilitate the mathematical development, the kink distribution )
is described by a cqptinuous function as an approximation of the discrete ;
quantities of Equation (3.1) or (3.5). The number of kinks at the kink j
locations corresponding to N and N 1 is defined as a function of the kink |
concentrat10n N { Qaumber of Kinks over a unit length of the crack front
in the y direct1on). The number of k1nks in front of the i-th barrier,
Ni’ and the number of kinks in front of the i+1-th barrier, Nis1 can be,
expressed with the Taylor expansion respectively, as ‘ i
- a = : 5
2= - d_N(J’_.)__.Y_ . - :
N =y [N(_y) ik L ?. IENERUIEN
and' _
L L dNGy) Py .
Njy &2, [Ny o+ Sy (3.20)(b) -
Expressing the terms in Equation'(3.1) from Egs. (3.3)xag§/ﬂ§7é0) results in f
a a /
- _oy ANy _y N , i
ey W) by ey (Nt ) % !
or . ' 2 | ) : - / . ‘ B \:
, _a2 _ .
' =;_d1 5 dN _ .
F (h + kh) +a (hb hh).N ' [(3.21)
In wr1t1ng EQUat1on (3 21) it was- assumed ‘that - . *  ) .
1_ .2 _ _ _
| ]h f'zk‘ ces 1k h k \
and . ;o | _ B
. o 2 P n-1
’ = i —] = — -
. S ; Q? k3' . ki+1 hn hn.
S O
In steady state, the flux F is constant and the k1nk concentrat1on def1ned
by Equat1on (3.21) i _
& [] '
- 3"
\ . .
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-where ' .-hf:='hb - hh
“by

and C is an integration constant. The double kinks are nucleated at .

_ A .
distances £ apart, and, therefore, a kink propagates over a distance g
£/2 (Fig. 3.1 (d)). When the two kinks meet, annihilation occurs and
the concentration N at'y < £/2 is zero. Accordingly, at the boundary,

Equation (3.22) is
. ) F C L_‘__‘._ Jﬂ.
Yk R Sy |
so that o=/l _ep - E 4 (3.23)
. : a .= + a N
: LN y -
- Substituting (3.23) in (3.22), we get - ' :
L B S
TN =S5 E - exp {=— Qa 2a )i} _ (3.24) .
yk- By STy e _

Determination of Fss.

The stegdy state_f]ow of kinks, F;S, is determined from the total

number of kinks (specimens) N, from the relation ’ o ,) o
\.._/\t . . « -
N E/Z \_\.' ‘ o l
Ny = _[ . N{y)dy : . - ]
0 . N ) - ., |
! . ss £ 4 Lk 2 )
s Vs O en - ) |
. TRy k y k !
Hence it follows that Ve v : o
2a S - NPT - 4-1 ¥
: =Y RN |1 - LR 1 £ _b-_.} : T (3.25) J
Fss AR L e L s A C o 1
X . B d y R 4
. Equation (3.24) can now be wr1tten as _ ) ) o ' E
N Dot - ewE (AT '
LN ' N=£t : kv [y (3.26) {0
: . \ a ,
@’. 1 - -’g'— 1 - exp &_.@_ ' N
' £ k a k"‘ . N
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Hence it follows that_:

2kR” £
a N 1-ep (g (-5 )
KRL.== y y
a .+ -
t é——[? -Z-ZE:-{] - exp.-ﬁ—k—;}]
y Lk y k-

(3.26)(b)

The condition that kn = hh =k is a special case. The flux Equation (3.21) is

a2+'
£ =.__.Y_h_@._—q_32{zgﬂ
sS 2 dy | Gy " dy
~
and the concentration of the kinks is
Fos ¥
N=-Zzg*+C

Because, again, the concentration at £/2 is zero, the boundary condition

leads to *
c-3 4
a<h 2
_ Yy
and .hence ' : A .
F ,
- _ _SS ¢y _ &
» N ak (a- 7a )
‘ ¥y b "y o

The steady state flux, Fss’ can be determined as before from

2/2 F
N f Ny) dy =32 L
0 .

. Y -
Thus o,
. .2
. Fss N & ffx'
and the crack tip concentration is = -
.. :'_'_<“ . : 2N 'l ) ) . ' l
T . N = t - g_{ . . 4
N=7 (1-77 . -

(3.30)

(3.31)

|
|
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Ay
Equations (3.26) and (3.31) are the approximate expressiogg‘Fgr the
crack tip concentration derived from the\cont%nuoué function description
of the kink distribution. When k ==kh = k, Equation (3.31) should be

b
used to calculate the kink concentration.

© " ' 9
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3.2 Crack Propagation Velocity.

Once a double kink has formed it can spread sideways in discrete
steps of one or more atomi} distances. A-very large number of these
events take place aleng the crack front, and when two adjacent kinks meet
mutual annihilation takes place. Nhen kﬁnk annihilation occurs tﬁe crack

:Jgpont moves forward in the x-direction by one atomic distance {or an
integral multiple of it). There are N, number of segments each containing
»)‘one double kink. The number of times that each annihilation occqrs fpr

each segment is, (from Equation (3.15)) *
. F .

N R nk — . (3.32)
L MU |
h | % he” |, . b Ve
' B | R, kT kT 2
-
b

The frequency of annihilation is Fss/Nt aanit is the frequency of the

_crack front movement by one atomic distance a, (or an integral multiple
+ of it) in the x-direction. It will be assumed here that |27| there is a
steady state number of the active kink nucleation sites so that the kink

Y

spreading djstance (n+1 atomic distances) will ‘remain constant. Thus,

the crack propagation velocity is _ | ’
.b , y k (.Z.Iln_] - ]
SRR B T M N o Y T30 RN,
v, axk . kh 7 Rl IR kT | (3.33)
. EE"I 3 -
F 4 -~

' : I
The crack propagation velocity Equation (3.33) was derived fpom the

discrete analysis approach. Whén the continuous function is used to

describe the kink concentration distribution,,fhe frequency of apnihilation

ot »
o, -t .

- recome_s (_from.-Equa'tioﬁ (3.25))



IA]sd‘wheﬁ

'Because (Ef—f

F 2a a_  + - ==
) Ws—i=-(—z-‘1) ™ 1-213_—[1 equ-z—-@;]f
t k y R
and the crack propagation velocity is ' )
2a a .+ - 1)1
——Ya iy k ] _E R
Yy ' T ox & { ] L p- [1 exp 3, k+)

The condition that kb,= kh== k is a specia case. The crack propagation
velocity is derived from the asymptotic expression of Equation (3.33)

for this condition, thus (Appendix 8)

- 2ax . _E? -
' (i Vx =5z k .

R, = Ry, = k, the continuous function description of the kink

concentration leads to the frequency of annjhilation expression 4

F 2a_ 2 -

1 (—4) & ™~

N £

t .
The crack propagation velocity is then expressed as

2y,*
v, =2 a, ( 7 Yk

2'; n%, Egs. (3.36) and (3.37) are identical.

When the discrete aﬁa]ysis is used to calculate the kink distribution
the crack propagation velocity is given by Equation (3.33) and by Equation
(3.36) when kb = hh = kR while if the continuous function is used to

describe the kink concentration, the crack propagation velocity 1is
&

_calculated from Equation (3.35) and from Equation (3.37) when kb== kﬁ = h.

-2

- "

(3.36)

(3.37)



-~ 3.3 Discussion

a) The Kink Concentration D1str1but10n

" /h\\- Figures 3.2, 3. 3 3.4 and 3. 5 show the k1nk concentration distribution
aiong the kink spreading distance. The distribution curves were calculated
by using Egs.(3.16) and (3.19)‘tha£ were derived from the discrete
ana]&sis approach and Eqs. (3.26) and (3.31) derived from the continuous
function description of the kink concentration. The procedu}e for
calculating the }ate constants is the same as that outlined in Section 2.3l(a)l
Again, for illustration the activation free energy associated with the
bond breaking process was taken to be 1;0 eV.

" The kink distribution curves in.Fig. 3.2 were calculated for a crack K\__J
front with a steady state, uniformly dfs;ributed number of active kink
nucleation sites pgr unit length such that the distance between two adjacent
kink sites is 100 atomic distances. The kink spreading distance then is —
50 atomic distances. When the mechanical energy is 0.49 eV (kb,< hh) i.e.,
the kink is in the "uphill” condition; the slope of the concentration curve
is very steep at the kink nucﬁeation site (y=0) and it decreases to almost
zéro at the kink .absorbing boundary (y=£/2)}. Further increase in the

.- mechanical energy leads to a decrease in.the slope of the concentration
curve and in the concentration at y=0. The slope of the‘conéentratioq
curve at the absorbing boundary ( y=£/2) increases w%th the ihcrease in
the mechanical work. It is of interest to note that when h h
fhe kink concehtration distribution is linear. When the mechanical eneréy
is greater than hilf the activation free energy (hb >-kh) the curvature

~of the concentration distribution curve changes from conggve to convex.

~»

1
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However, when the mechanical energy is high (hb >> hh), the kink
concentration is almost constant except for the last few barriers where
. a3

it decreases sharply to zero at y=£/2. This behaviour of the kink

concentration is indeed expected from Eqs. (3.26) and (3.16) which reduces

to T “~

r N:E;E%]—expliz(L__&_“

R, n+1-1i
b
» (,,zb)

.respectively when kb >> hh-and R /R = 1.0. Thus, an increase in the

and

=

[+1}

mechanical energy will, in general, lead to a decrease in the slope,
dN]dy, anﬂ'the concentration at the kink nucleation site (y=0) while.at
the kink absorbing boundary, y=£/2, the slope of the distribution curve:
will increase with the increase in the mechanical work. Because the
steady state flow of'kinks, FSS,'is directly proportional to the slope at
the absorbing boundary-(Eqdation (3;2f)), the increase in the mechanical
energy, as expected, will lead to an increase in- the steady state flow
of kinks and hence the crack propagatioq'vefocity. »
The curves in Fig. 3.2 (b) show the kink concentration distribution
for ﬁﬁg:samé conditiofis as in Fig. 3.2.(6} but at a tempgrature of 500K.
In the “dphi]l" range of the mechanical energy (k,

b
the temperature increasé on the kink concentration distribution is the

< kh), the effect of

same as that produced by, increasing the mechﬁnicaljgnergy, i.e., increase

‘ in the slope, dN/dy, at y=¢/2 while -at y=0, the slope and the concentration
decreases. This behaviour is illustrated more c]equy in Fig. 3.4.(5)
where the mechanical energy is kept constant (0.499 eV) and only the

temperature is varying. Nhen ky = By, =, the kink .concentration

k4

""‘,

¥
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distribution is independent of tempereture. In the "downhill" range of
the mechanical energy (hb‘> hh), the effect of the temperature increase
is the same as that of decreasing the hechanica1 energy, i.e., decrease
in the slope at y=£/2 while the slope and the kink concentration at y=d
1n9reases. Figure §;4 (b).i11ustrates this behaviour. THe curves were
calculated by using Equatﬁon (3.26) with the va]ue of the mechanical i
energy kept constant (0.50] eV) and only the temperature is vaty1ng

It is of interest to note that in the "uphill" range of the mechanical
ehergy, the effeﬁ; of the temperature increase on the kink concent(ation .
‘distribution is the same as that of increasing the mechanica] energy.
In the "downhili" range, howgver, the'effect of the temperature -increase
on the kink concentretion;distribution is the 'same as that of Qecreasinq
the mechanical energy. An 1ncfease’ﬁh the mechanical energy leads to an

-
increase in the rate of bond breaking, kb’ while the rate of bond healing, k

h’
decreases with the increase in the mechanical energy. Both h and h will
increase with an-increase in temperature It appears that the effect of the
temperature 1ncrease on the kink. concentrat1on is analogous to decreaSTng

the height of the apparent free energy barrier. For examp]e,

AG1/kT] ==AGZ/kT2 : J;:) e
if eG] =1.0eVand T /T = 2, then AGZ = 0,5 eV P Consequently, a change
in the he1ght of the free energy barrier, whether it is due to the .
temperature or the mechanical energy change w111 have a def1n1te ‘ef fect
_on th k1nk\eoncentrat1on distribution. Hence, in genera1, the kink

concentration distributi;gpkiIl be determined by the ratio of hh/hb or

k_/h+. Figure 3.5 (a) sfiows the general kink distribution as a function

4
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of hh/kb. The curves were calculated from Equation (3.17) that was

derived from the discréte analysis.: For the same values of hh/hb,
Equation (3.26) that was derived from the continuous function description

of the kink concentration was used to calculate the kink concentrakion

aistribution.curves in Fig. 3.5 (b). The numbers on each curve din
Fig. 3.5 (b),represents the tatio of h_/k+that was‘ca1eu1ated from the
corresponding ratio of hh/hb.

Apart from the temperature.and the mechanical energy, the kink :
concentration distribytion‘is affected by the defective nature of the
material, that is, the number,ot the aetive:kink nucleation sites
available at the crack front. The greater the number of the kink
nucleation sites, the smaller is the kink spreading distance (£/2). 1In -
Figs. 3.3 (a) and 3.3 (b) the curves were batcu]ated with the same “
temperature and mechanical energy as in Figs. 3.2 (a) and 3.2 (b)-
respectively, but with a kink spreading distance of 100 atomic distances. :
The jncrease in the kink‘spreading'distance from 50 {in Fig. 3.2) to 100 . 75
atomic distances (in Fig. 3.3) results in a decrease of-both the kink .
concentration, N, and the slope, dN/dy, along the kink spreading_distance _ !
for the same mechanical energy and temperature. Because'the steady .
state flow of kinks is proport1ona1 to the s]ope dN/dy and the kink
concentration N (Equation (3. 21)), an 1ncrease in the k1nk spread1ng
distance leads to a decreaaf in the steady state flow of the k1nks, N
Fss’ and hence fewer kinks annihilate per secona Consequently, the - @ ..f;

crack propagation ve]oéity, which is directly proport1ona1 to the steady

state flow of crack tips (kinks) is ihverse1§ proportianal to the kink - Q;.
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The agreement between the results from the continuous function descriptitn
of the kink concentration and those from the diserete analysis is interestfng{

The kink'concentration distribution curves in Fig. 3.2 {c) were calculated

by using‘Equation (3.16) that wes derived from the discrete analysis for

the same conditions as those in Fig. 3.2 (a). The curves in Fig. 3.2 (a)
were calculated from Equation (3.26) that was derived from the continuous
function description of the'kink concentration. There.i; a neg]igib]y
small difference’ (Append1x 10) between the resu1ts from :the twolapproaches
when the mechan1ca1 energy is 0.501, 0.505 and 0.54 eV; that is, when

kb > hh When h = h== R, however, the two approaches lead to thefsame -
kink concentrat1on resu1ts In general (Append1x 10), the difference
between the results from the two approaches decreases as the mechahica1
energy inoreases.'_This‘behaviour is expected from‘Eqs. (3.12)."and (3:?4)

derived from the oﬁscrete analysis and the continuous function respectively.

lThese'equations are : u .
’ ‘ - . F R, ntl-i . . '
i L L
- ._yk-} ’% ” ) ’ s -
~ for the discrete analysis.and - - - L ' L e
. \ R © s ) e . T
v FSS i - az . . . . Coe
N——==— D --(exp - ﬂ s o
e p h;) . o B

~ - . o
for the cont1nuou5xfu$ct1on descr1pt1on hen hb > h the expohentia]

terms in the RHS of both express1ons are uch/Te S han un1ty, hence the

smal]er 15 Ehe difference between the results from the two approaches é?"‘
‘ However, when hb < kh’ the expoﬁEﬁ%1a1 term’in Equatlon A become9 greater |

than that in Equation B. The greater the d1fference"fn the two.

exoonentiaIAterms, the greater i3 the difference in the kink concehtration-
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“calculated from the two approaches. In the derivation of Equétion B,

_the kink distribution was described as .a continuous function. The number
of kinks in frbnt of the i-th barrier, Ni’ and the number of kinks in

front of the i+1-th barrier, Ni+1’ were expﬁessed with the Taylor expansion
in which the higher order terms were neglected (Eqs. (3.20) (a) and (b)).
It appears that the residue of the Taylor series is high in the "uphill"
ran'ge‘(fzb < kh). Hence the first order term approximation in the

Tay]br series is Tess satisfactory. To 1hprove the results, therefo}e;
highgr 6rder terms should be included in the Tqy]or expansion. This,

extension, however, is not necessary for-the description of the kink

distribution in the "downhill" range (kb > kh).
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b} Crack Pfopagation Velocity.

Figures 3.6, 3.7, 3.8 and 3.9 show the variation of the c¢rack
propagation velocity with the mechanical energy, temperature and the kink
spreading disfahce for activation free energy values of 1.0, 2.0, 3.Q and
4.0 eV respectively. The curves were calculated from Equation (3.33) that
was derived from thé discrete analysis. The solid lines indicate the slow

10 46 1073 m/s. The Tower Timit for

crack growth region ranging from 10
this region was arbitrarily set to represent the lowest experimentarily

measurable crack propagation velocity. It has been assumed in the absolute

theory of rate processes that the compiexes in the stable conf1guratmon @

are in equilibrium with the act1vated complexes [21], (Fig. 1.10).

Zwolinski and Eyring [76] and others [77] showed that the error introduced
by this assumption is negligible (5%) when

r.AE#—'

> 10 | T
Because crack propagation is one of the rate processes, expression C
was used to determine the upper limit for the s]ow crack growth region.

The results show that in the slow crack growth region as well as in

~ the dynamic fracture range of the crack propagation velocity, both the

continuous function deséription approach and the discrete analysis {eadr
to the same results of the crack propagation velocity. Similar conc]usioﬁs
were arrived at in the case of the kink distribution.

In Figs. 3.6.to 3.9 the logarithm of the crack propagation velocity
is plotted against the mechanical eﬁergy for different temperatiures with
constant kihk spfeading distance. The curves in Figs. 3.6(a), 3.7(a),_3;8ta) and

3.9 (a) were calculated for a kink spreading distance of 50 atomic distancai
; :
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while the curves in Figs. 3.6 (b), 3.7 (b), 3.8 (b) and 3.9 (b} were —~
calculated for a kink spreading distance of 100 atomic’ distances. The
results show that the crack propagation velocity droptéharply to

negligible values when the mechanical energy is less than half the -
activation free energy. The lower the kink shreading'distance the Tess

steep is the drop. The crack propagation velocity curves for different

temperatures appear to converge. when_kb >> k_and W(o) = AG?, the crack

h
propagation velocity Equation (3.33) reduces to
. KT % ‘ -
“«“h n ' D

The craeck propagation velocity curves in Figs. 3.6 to 3.9 may sometimes
appear to converge to one point, suggesting a temperature indepeﬁdent
crack velocity value. This behaviour is only apparent and it is not
expected, (from Eq. D).

It was pointed out in Section 3.3 (a) that the greater the k%nk
spreading distance the smaller is the steady state flow of crack tips.
Because the crack propagation velocity is direcf]y proportional to the
stea@z_g{ite flow of the crack tips, it follows that the crack propagation
velocity is inversely proportional to the kink spreading distance. The .
greater the number of the active kink.nuc]eafion sites, therefore, the
greater is the crack propagation velocity.

* The resuits show that the mechénica1 energy range cbrrespopdiné to -
the slow crack growth region varies with temperathre. Table 3.7 g;ves
! sqmmary of the var{ation of the tqlérance-(mechanica1 energy range)
with the temperature and the activation free energy obtained from
Figs. 3.6 to 3.9. For compgrison, the fﬁ%io of the mechanical energy
range, AW(c), to the mechanical energy corresponding to the Gritfith

equilibrium qanjfion (AG:/Z) is also considered. For a given activation

.,
et it e e e e
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free energy, the tolerance fir&t increases with an increase in the
temperature to a maximum value and then decreases. ‘In the low temperature
range, the tolerance is sma]] and the crack propagat1on velocity is

negligible (below 10710

m/s) -until a certa1n va1ue of the mechanical
energy is,reached when dynamic fracture takes place after a period qf
slow crack growth (time dependent crack propagation). As the'temperature
is increased, more thermal energy is avat]éb]e'at the crack tip bonds’

so that subcritical crack growth starts at’'a lower mechanical energy

value, while the mechanical energy corresponding ‘to the upper ]imit of ., - -

the slow crack growth reg1on decreases with the 1ncrease in the temperature

The net effect, however, is an’ 1ncrease in the tolerance with the increase - f .

in temperature until a maximum tolerance 1s reached .. Further 1ncrease 1n
the temperature Teads to a decrease in the tolerance

It is ?f-in;erest to note-ﬁfrom column- 4 of Table 3.1)‘that.in the
Tow temperature range (200-300K) the tolerance decreases with an increase
in the activation free energy. For example, when.thertemperature is
300K, a material with anlactiyation free energy of 1.0 eV has a tolerance
of 0.52'while a material with an activation free energy of 4.0 eV has
a'to1erance of 0.22. Hence at low temperature conditions stronger materials
will be more brittle than weaker materials. In the high temperature
range kabove 1000K) the tolerance appears to increase with the increase in
the activation free energy. however, because thermally activated plastic
deformation takes place at the crack tip when the temperature is h1gh
the crack tip events are more comp]Icated than the elementary bond break1ng
and healing events represent. & The cr1t1ca1 crack driving force, GIC
{or JIC) for the crack 1n1t1at1on has to be determined experimentally—_

(1” 3, 14).
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o
Bond £ Tem STow crack growth " Tolerance
Energy, 4G p. range of mech. energy 2 AW(o)
(EV) 'OK AH(U) ey AGE
N N
- 1.0 200 $\, 0.29 0.58
300 0.26 0.52
400, 0.16° 0.32
500 ¢.10 0.20
2.0° 200 0.30 > 0.30
. 300 0.41 0.41
400 0.64 0.64
© 500 0.52 0.52
) 1000 0.16 0.16
3.0 2_60/> 0.30 0.20
300 0.43 0.286
400 0.66 0.44
500 0.75 0.50
1000 v 0.64 0.426
1500 0.29 0.719
4.0 300 7 0.4 0.22
500 - 0.78 0.39
1000 1.21 0.605
1500 0.81 0.405
1900 0.42 0.21
Table 3.1.' Summary of the variation of the é]ow crack growth range of
the mechapical energy with the activation free energy
b and temperature, illustrated in Figures 3.6 to 3.9.

e P
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The fracture kinetics analysis carried out in this Chapter is :
generally valid whén the p]aétic flow in front of the crack tip is
negligible. No particular expresgion fﬁr the mechanical energy as a
function of:the_app]ied stress was assumed. Both the Griffith and Irwin
expressions 1.23:(a) and 1.23 (b) respectively, can be incorporated in
the genefﬁ] crack propagation velocity Equation (3.33). Hence the effects
of the applied strg;s, temperature and the kink spreading distance can
be investigated by using the general c¢rack pr&bagation vglocity expression
that was deveToped in this thesis. For practical applications these
1nvest1gat1ons are incomplete without discussing the effect of the chemical

_enV1ronmenFFon the crack propagation velocity,

. Specimen

- F1gure 3. IF

Chemlcally changed matrix‘
(corroded zone) '

Chemical environment

-
-

A schematic diagram show1ng the corroded zone 1n front of ;

the crack tip.
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It wagtsuggested'by Lawn T28] and others.{39, 40, 41, 82, 58, 59]
that the effect of the chemical environment is to weaken the material
in front of the crack tip. The environmental molecules reaet with the
crack tip bonds. The atomic. bands of the material formed during’ the
chemical reaction,are weaker than those of the parent material.
In general the stress corrosion reaction has ffve_sucéeﬁsive v .
stages: (f) transport of the reactive species ‘to the crack tip,
‘(2) adsorptio;\Bf the reactive species, (3) reaction on the surface,
{4) desorptidn of the products, and (5) transport of the 1iberated
products from the surface into the environment. Wiederhorn [41]
suggested that the three possible limiting steps are diffusion,
chemisdrption and the chemical reaqtion. The latter two processg§
involve the chemical reaction with the crackltip bonds. N
The schématic diagram of the typical stress corrosion crackihg
in most metallic and non-metallic materials is shown in Fig. 3.12.
Thg crack pfopagation velocity in Regions I and III is a function 6f
the mechanical energy, while in Region Il the crack velocity abpears.
to be independent of the applied load. It follows, thefefore{ that -
because diffusion is not stress‘dependent, crack: propagation in
Region Ilis_contro1]ed by the breaking (thermally activated) of the
corroded zone in front of the cfﬁhk‘tip while in Region II it is
controlled by diffusionr(énd hence the chemical reaction) [41]. In
Region III typical experimental results indicate that thé,grack
. velocity is not affected by the chemical environment. It‘aﬁpears
that eacH of the three regions in Fig. 3.12 is controlled by a single .

energy barrier process, the rate constant of which is defined as

et b ke



» -- .10‘3 -
L . :t
AG, - o K
= kT o 1
hi h SXP kT

where the mechanical energy was.expreséed as

W{g) = a KI
"It follows from Equﬁtion E that, in general the effect of an energy
barrier can be represented py a straight line in the 1og.ki vs. stress
intensity co-ordinate system., In Fig. 3.1?, the thin lines indicate
the effect of each barrier on the process separately. When consecutive
energ} barriers control the raté of activation, the slowest process
_dominates. It, therefore, follows from Fig. 3.12 that Region I and 1I
are combgined in series. In parailel processes always the fastest |
dominates: Agéin, in Fig. 3.12 it is clear that Region III-is confrol]ed
by a process that is para]]ei to barriers I and II. Thus in genera],_
stress corrosiog cracking is controiled by consecﬁtive energy barrier
system of two barriers parallel with a third barrier. It was suggested
by Lawn [28,38], Brown [27] and Krausz [42] that crack propagation in
Regions I and II; takes place by a double kink nucleation and sideways
spreading processes. - .

Figure 3.16 shows the experimental data in Region I of stress corrosion
cracking of porcelain in water [60] by Evans and Linza. The solid Tine
was calculated from the general crack propagation velocity Equation (3.33).
For the calculation of the rate constants, the bond energy was cons%derédv
to Be equaf to the activation free energy for the chemically changed |
matrix (corroded zone) at the crack tip while Irwin's expression was used
in calculating the mechanical energy, i.e.,

W(g) = «a KI

J R

U ———
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Figure 3.12

b ' _
- Region II barrier - surface
o| reaction controlled process/4
> o /°
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—b
Stress intensity - »
The combination of the consecutive barriers with the

paraliel barrier leading to the observed stress
corrosion cracking behaviour. -
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where o is a proportionality constant controlled by the geometry

of the crack [51| as well as the type of the chemical environment. The

parameters used in.the calculations were obtained by fitting Equation

(3.33) to the experimental data.

A computer subroutine ZX S5Q (Appendix 9),

that is a finite difference Levenberg-Marquardt routine for solving

non-linear least squares equations was used to fit Equation (3.33) to

the .data.

The parameters obtained from the fit are in gobd agreement with those

obtained by Brown [27] for the same experimental data in an extensive .

study of stress corrosion cracking in ceramics. Table 3.2 gives a summary

“of the results obtained in this thesis as well as those obtained by Brown.

Table 3.2 Summary of the results obtained from curve fitting.

Parameter

Resultd from

Results obtained

this analysis by Brown
aef: 1.05 eV 1.13 eV
o/KT 3.015 x 1072 m3/2 3.32 x 1072 p¥/2
N - N
5 6
Kisee 6.7 x 10° N_ 6.9 x 10° N
3/2 - 372
m m
£ 200 5 {assumed)
2a
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The free energy of activation for the corroded zone in front of the

crack tip AG:, the proportionality constant, «/kT, and the kink spreading

dispance K/Zay were obtained from the curve fitting computer'program,
while the threshold stress intensity, KISCC’ was obtained from the graph
in Fig. 3.10. Brown obtained the threshold stress intensity value from
the curve fitting program. However, Brown assumed that there were

5 X 106 kiﬁks-per cm of the crack front which is.equivalent to about

10 atomic distances between two adjacent kinks. The agreement between
the results from‘this analysis and those from Brown's analysis for

-

8GF, of/KT and Kig.. is within 10%. The similarity between Brown's

analysis and the present kinetics is that the crack is assumed to advance

by nucleation and Steady state spreading of the double kinks. It was
further agsumed jn the two analyses that there is a steady state number
‘of active double kinks per unit length of the craék front and that the
crack growth is isothermal: Brown's analysis, however, includes the
effect of_;he chemical environment and is a complete description of
stress corrosion cracking while in the present kinetics only the
general model of the double kink nucieation and steady state spreading
is discussed.

It was pointed dut earlier that crack propagapion in Regions
I and II of the stress corrosion cracking process is controlied by a
system of two consecutive energy barriers. However, in this analysis
it has been shown that crack propagation in Region I is controlled by
the breaking of the chemically changed ﬁatrix at the crack tip and tha£

the crack propagates by double kink nucieation and spreading over a

U PP

S T

ORI = SR
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Region II
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Figure 3.13 Schematic diagram of Regions I and II of stress corrosion

diagram.
h Y

series of identical consecutive energy barriers. The general behaviour
observed in Regions I and II is shown schematically in F{Q. 3.13. This
behaviour, while it appears to be controlled by a consecutive double
barrier process, if is pseudo-double barrier process.

.It appears from the analysis that for the threshold stress intensity,
the mechanical energ} is approximately equal to one.half of the bond

energy, i.e.,

W(o) = AG*/z

/



- 108 -

When Irwin's expression is used, the threshold stress intensity is
- AG#: |
K ——1 —_b . -
ISCC 2« ‘ N

This is a very important result because the threshold stress intensity

value can now be estimated from the material property, AG: and the

constant o which depends on the crack geometry.' In stress corrosion

‘eracking, Aeﬁ represents the free energy of activation for the chemically

changed matrix at the crack tip and is a,pfopefty of the particular
material and the enviroﬁment, However, in some material-environment
systems, the threshold stress intensity is approximately zero. In such

cases, the proportionality constant, «, is very large; a condition that

probably exists in aluminum alloys [25]. Equation F indicates the condition

toward which the development of stress corrosion resistant aligys could
be aimed,

In Region III, crack propagation is expected to be controlled by
double kink formation and sideways spreading [82]. .While, therefore,
it appears to be controlled by a single energy barrier process, it is

a consequence of a series of identical barriers.

"*—f*°f‘}f'_ff
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Figure: 3.6 (a)
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Figure: 3.6 (b) &) L

The Figure shows the crack propagation ‘velocity as a function
of the mechanical energy, temperature and kink 'spreading
distance for a material wiih bond energy of 1 eV and
interatomic distance of 2 £. The solid Tines represent the
slow crack growth range (10710 to 10-3 m/s). The curves

were calculated by using Eq. 3.33. (a) Kink spreading
distance is 50 atomic distances. (b) Kink spreading

distance is 100 atomic distancac
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Figure 3.7: The Figure shows the crack propagation-velocity as’a

function of the mechanical energy, temperature and
kink spreading distance for the same conditions as

in Fig. 3.6 but for a material with a
2 eV and interatomic distance of 2A.-
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Figure 3.9: The Figure shows the crack propagation velocity as a

“function of the wmechanica® energy, temperature and kink
"spreading distance for the same conditions as in

Fig. 3.6 but for a material w}th a bond energy of 4 eV
-and interatomic distance of 2A. .
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Linza |60| on porcelain in water. Only Region I
data of the stress corrosion cracking was considered.
? The circles represent the data and the solid line

was calculated by using Eg. 3.33.
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Chagfer 4

Non-Steady State Frgctufé’Kinetics Analysis

It was discussed in Chapters 2 and 3 that thermally activated crack
.propagation takes place by a bond breéking and healing process over a
consecutive syste%lﬁf enerqy barriers. The continuum approach was intro-
duced in Chapter 2 while in Chapter 3, both the continuum and discrete
approaches were discussed. The discrete fracﬁure kinetics analysis lead

to the following flux equations

i 3
Fior "N By - Ny Ry g
P “Ni kg - Ny y ‘ | (4.1)
Fiwl =N, b S
TN RiaqLb T N Ry p

1

- \
In Eq. 4.1, ki p andgpr . represent the bond breaking and bond healing

rate constants for the ith barrier respectively while Ni represents the
concentration of the crack tips in front of the ith barrier. Studies

are usually carried out for the steady state condition. Then
) ®

TR TR e Ry = R (4.2)

In thiw chapter, the kinetics analysis of non-steady state crack

ES

propagation where

AR PR P R

will be introduced. The general definition of the physical condition will

[

el U S P,
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be presented. However, the general method of the analysis will not be

discussed and only th application of the method to stress corrosion

cracking will be presented.

4.1 The Definition of the Physical Condition

Consider the propagation of a crack haQing an initial tip
location at X0 (Fig. 4.1 (2)) in a plate of length L. A'quasi rigid crack
front propagation will be assumed although the procedure could be applied
to the spreading process of the double kink. Crack propagation is the
net result of thermally activated bond breaking and healing steps. The
crack'tip, therefore, "pulsates" as it propagates. These pulsations
(fluctuations), can be of any size, each with a defined probability, de-
term{ned by the rage constants. However, the crack cannot shrink below
the initial crack size,Xo(Figf 4.1 (b)) where the free enérgy field goes
to infinity presenting a non-scalable reflecting boundary. In the
general case, the plate is finite and the crack tip reaching X = L cannot
be activated back. The last barrier n presents an infinitely large
backward activation %ree energy as illustrated in Fig. 4.1 (b). At this
end, the energy barrier system is terminated by'an absorbing boundary.
The analysis can be easily modified to cohsidgr an infinitely long p1éte.

Becadse;in non-steady state the flux over .each barrier is different
the number of crack tips N{ is a function of time t as well as the loca-
tion. The process has to be described by a non steady state discrete

system, the rate equations of which are expressed as

Y P
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P . . ).X'

X ' (b)

Figure 4.1 (a) Semi-infinite precracked specimen.
' (b) The energy barrier system for a finite specimen of length L. -
(c) The energy barrier system for stress corrosion cracking.

The dashed arrow indicates that the rate of corrosion product
, to reactant process is negligible. '

J

e o e

e e



- 121 -

" dN ‘ 1
2N = 1 -
it Ny (Rl + Ny Ry + R{nl Rim, | )

1 2
Q2 Ny R - Np(pk2 5 hy) + Ny Ry s Ry, = Ry

i . i-1 i1, L i
aT Nir gk N Ty i) NG Ry g
* Ry - Rimi_
dN
n_ n-1 n-1 n
dt No-1 n-]k - Nn( Ry nk y Rom = Rimn (4.3)

Equations (4.3)are the expression of crack conservation law similar to

other transport‘processes such as chemical reacta?ns [70,72,74], fluid

flow, heat tranéfer, diffusion, electron flow, mechanical vibration, plastic
flow, etc. -Each equation expresses tﬁe rate of change of the number of

mobile cracks N with the crack tips at X as

dN, '
Hil'z flow over a unit time into valley i -

flow over a unit time out of valley i and creation of cracks -
immobilization of cracks.

In Eqs. (4.3), Rn and Rim expresses the rate of nucleation and immobiliza-

tion respectively. The s&stem of n differential equations has n unknowns

lNi(i =1 ... n) and defines fully the behaviour when the initial condi-

o

tions at t = 0 are imposed. Often two or more of the crack tip locations
have identical free energy surroundings, i.e., all rate constants are
identical. In these cases, the equations can be combined into a single

one. For example
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dN
L _ 2-1 2-1 L 2
& Noq gt B Nz( Ry * k7)) Nowq k2+1
dN ' '
m_ m-1 m-1 m m
S A L Fm Fa ) Ny T
. 2-1 _ m-1 _ v-1
-with E_]k —-m_]h v-]h
m_ ,e v
mk = lh __'vk

m v
Ve = Mgy = g . ‘
Combination gives
EEH&H;_EEE:= (N2—1‘+ Nm-T)m—lkmnl B (Nz ¥ Nm)(m_]km +lmhm—)
" gy M) by
;g£:= Nv-].vrlkb-] ) Nv(‘}—]kv * vhv) * Nv;1'vkv+] -

In these expressiﬁns, the nucleation and fmmobilization rates were con-
sidered to be negligible - a realistic and convenient condition for the |
explanation of the combination concépt. The symbol v'signifies that the
combined equations prévi&e only the combined £ and m but will not
- determine them as separate entities.

The crack size distribution relations will iqvo]vé solving the dif-
ferential Eqs.(4.3 Yto obtain N, Naoy Ny ... N,- The procedure for solving

the n differential equations has been outlined by Sokolnikoff, I1.S. and
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Redheffer, R.M, [78] an& by Krausz [61]. In the following, a system of

two consecufive energy barriers contro]iiné éhe crack propagaiion in

Regions I dnd II of the stress corrosion cracking diséussed in Chapter 3, ‘.
will be considergd. This is a much simpler system that can serve to f]—i?i-

Tustrate the general procedure.

4.2 The Non-Steady State Fracture Kinetics of Stress Corrosion t
Cracking.

L ]
Consider Nt number of precracked specimens shown in Fig. 4.1 (a).

At time t ==}h\the specimens are loaded and subjected to a corrosive
environment simultaneously. The corrosive environment de]ive:; the
reagent molecule that diffuses to the crack tip. A chemical reacyion

then takes place at the crack tip and the matrix atoms in front gé’;he
crack are reﬁ]aced by a usually brittle compound. The weakened bonés are
broken by the combined éctién of the mechanical work,and the random thermal

activations of the atoms at the cré&k tip. Both the corrosion and bond

breaking steps are thermally activated and because the chemical reaction - Q

has to take place before the corroded bonds break the process is sequen- '

tial over the range of Regions I and II. The free energy barrier .system

for this process is shown in Fig. 4.1 {c). The first barrier is associa-
ted wigh the chemical reaction and this is fp]loWed Ey the breaking of
A'the corroded bonds. Diffusion of the reagent to the crack tip again

takes place, followed by a chemical reaction and the bond breaking of the
corroded matrix. FEach cycle, therefore, consists of two barriers as shoﬁn

in Fig. 4.1 {c). The non-steady state flux over the barriers can be

-

written as

dN
o

I
R L

ky ©- N_ k° initial stage
oq

I, Nlll

B arl IRV PL SR e

e
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first cycle

I I ¢
g%ﬂ.: N2 R - N3( kI + IfZI) + Nq Ik ‘ (4.4)
I ; i .
- I I
=Ny R =Ny k" + N, &
2 3 I 4 I ‘
N I 1 I A
‘d_r/‘t; Ny Ifz - Ny{ sz+ H!z 5 + Ng !zI second cycle ‘
I I,
= N3 Ik - Nq( hII+ !?.IB J
dN: . I I 1 I
EITS- = Nq Hh. - NS( kI + If?. ) + Ns k

I ot T oS P P rel—— e
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For mathematical convenience in the present méde]; it was considered that

the corrosion reaction step is 1rrevers1b1e, i.e. h =0, This is a

physically reasonable assumption. However, it should not be cons1dered

to be a restriction on the ra1idity of the model. Equations{4.4 kan be

comb1ned as before to give . -

dN \ r
_0= ) :
at ,4// |

I

= (NNt Ny NG ) pIl - (7‘1”“‘3+_"‘5-")1'2

I
I
+ (N2+NQ+N5...) f

II
d(Ny+NuNe . . . 1 I 1L
(N, — - (Np+#Ng*Ns. .. ) o = (Np#yt L) kIth_I) . -(4-5)
Thus
aNy N R
dt "o
s~
N
odd _ II I I C 0
dt ,No i Neven( hII+ I® S'— Nodd Ih
dN
even _ I I, .1
at Nodd 1% = Nayen! k11+11ku) | (4.6)

The crack size distribution will, therefore, be given by the solution of

Eqs. (4.6).- No defines the number of specimens with initial crack size

'Xo, NOdd represents the number of specimens in front of type I barriers

and Neven represents the number of specimens in front of type IT barriers.

IkI and k represent the forward and reverse’ rate constants respect1ve1y

for the corroded bond breaking step while IIfznrepresents the forward rate .
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n ' ._ \
constant for the corrosion (chemical reaction) process.

The general solution for Eqs. (4.6) is

At

Yodd T Codd © T * %od | | | (4.7)

C -at

= +
NEVEH .- even e_ ¢even

Subsgjtuting Eqs. (4.7) in Egs. (4.6) results in

I At II ~ .
(I[h h A) Co € ¢0 IIk . / \
- 0. -t I At 1 I -At I
TpR G @t (k- A) Cogg @7 - Gy (Chyp ph)e ™ =g

I I, I,
“%odd 1° * %even! Ppp t k)

aven
I -t P A | At I
and - Ik € Codd * ( kH+IIh - Alpeven &7 T boqq 1P
I, o
- Clyp+ gl ) ®aven , ‘ §4‘8)

In Eqs. (4.8), the L.H.S. represents the time'dépendent terms and the R.H.S. -

represents thevtime 1ndepéndent terms. Each of the Eqs.‘in (4.8) must
be satisfied separately by the time dependent terms and by the time inde-

pendent terms. Therefore, it follows for the time dependent terms that

Rty ' 1.
(Hh A) 0 0 C0
II I I I '
-fe (k- A) - Chypv ok Codd o)
| 4.9
0 - k' (T ekl 2
LTI utr
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</2nd for the time independent term§_tﬁLt

-~ 1 o - -

IIk 0 0 dbo

IT I I I1 .
1§ G LS TLI [ VI R (4.10)
I I II

| 0 i - Crpprpe™) ] even]

The set of algebraic equations given by (4.9) has non trivid] sdTutions

if the determinan%ﬁpf the'coefﬁfcients,'%hat are formgd_by the rate

constantssand A, is zero.

&

Therefore,

1L A 0 0 | ' .
Il :

II I I 11 _
Ik (o =2 =Crpp + (D) | =0
I I, 11 ’

0 -1k - Cpp o+ (o - A ) (4.11)

s
On expanding the determinant 4.11,

- Il I I, " I1 I,1 I, .
(A—;Ih ){(A-Ifz)[A -( hII+ = -Ih(hII+IIk 1} =0

C Il I I 1
O | [ S N kl)}=0

I "
Leading to
Ay =0
. S (4.12)
A3 = IhII r gl et - |
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i

A

Substituting A; = 0 in the algebraic Eqs. (4.9}, we obtain

/
¢ IIhII =0 . | | S N - - mjixﬂ,,
% IIkH " Codd Ikl ¥ (IkII.+ I-IhIIj Coven ~ O (4.13)
“odd IkI‘ - Chpp + 1) Coyen = 0 | |
Solving for‘Co, Codd 3nd Cgyen» We have - | ;
C0 =0 | |
Cogd 11 * 1t o /
Ce\»'en IfzI .
If qeven = a, then C ., = ab. Op substituting thes? resdlts in Eqs. (4.7) i

together with i, =0 ‘

. _ |
Ng =0 + 0y ' "/}///

1 - . ) “ -
* Nodd 3B+ 94d . - (4.14)
' Nr =3 + ¢’

even even

Case (b): ap = IIkII

In this case, the algebraic Egs. (4.9) become

1

' I 11 I . I II _
o 117 .+ (g™ - 1R} Cogq * ( Rip * 1k ) Ceven —0

55 SRR A
1 Coad = R11 Ceven =0
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I 14
. C k

thus COdd = il =

even Ifz’

’, - ¢

¢ R+ Iy

and "o _ 1 IT _ . S :
C I i -
even G . . :
0 - . ‘ - ’

If Ceven 1s chosen arbitrarily aga1.n, say Ceven =
then Co = vb

Coag =0 | _ -
Thus, from Eqs. 4.7, '

It

N“ = +b _II!2 t+

o Y0 E %

" _‘ 'IIkIIt

Nogq = vb e * %odd ' ) (4.15) -

. BTG S |

Neven = b & ¥ ¢eve_n i

. B | I o, I

Case (c): ag I!a + kII\ IIh

. ! .

Again, from the algebraic Egs. (4.9) we have .

I I JC =0
(fk" + “Ryp” Yo
II 51 11 I, - IT _
Co 1" * Chpp = k) Cogq * Chpp + (k7)) Cgpep =0
I I _

Codd 1® * Coven 1R =0

which gives _ : k

_ ‘. I I
C0—~0 smce(Ifz +._!zH)7E0

C = . e "a— . \/‘\—/’_

odd =~ Ceven N

Letting C =d, then C

even odd ~~ d

RO T
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hence
- w [
No ~ ¢ ‘ v
mwe- ~Ast
odd ~ " 98 77T * bo4q
111) =' -Ast
Neven de ¥ Paven

" (4.16)

The general solution is obtained by summing all the particular integrals,

thus }

- | " [{1]

Hence, from Eqs. (4.14), {4.15) and (4.16), we obtain,

o -x,t
N0 vy be + ¢0
_ “Agt L mAgt '
Nodd ¢y be” de +af + ¢odd
_ =it -Ast
Neven be +de * 3 daven

From the first of Eqs. (4x10) we get

¢0 =0,
and from the Tast two of Eqs. (4.10), we obtain
I . II
g * gk
kI

¢ = 8.¢

odd ~ even even

I

At time t =0, No = Nt and Neven = Nodd =0

Nence from Eqs. (4.17) we get

N0 = Nt =y b‘
Nodd =0=a B.+ B dayen * ¥ b -d
Neven =0 =23+ ¢ +b+d

even

(4.17)

) .

(4.18)
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It follows from the first of Eqs. (4.18) that
| L4

s
.. N
b =-_t
0 Y -
Eqs. (4.17) then becomes
Aot
Ny =N, e
=N ¥ oAt “Agt
v Nodd Nt Y € de +B(a+ ¢even)
— ‘]_ —lzt -A3t . - .
Neven Nt Y € tde Tav 4’even (4.19)
At time t =0, the Tast two Eqs. of Egs. (4.19) become
_ _ v '
0 =8B(a + ¢even) d + Nt ”
0=a+ ¢ +d+ N 1
even ty
If we let a\+ Soven — E> t@en from the first Eq. we get
= ¥
d = Be + Nt - ‘
Substituting the value of d into the second Eq. results in
N AT+ y)
[ =
Y(T + 8] (4.20)

HEI’]CE’ d = —Y(W)_

Finally, the number of crack tips in front of each of the two barriers js

given by

N
0 e'Azt

N

ot

) _Nt__._ - g + q R (4-21)
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where
I
=k
f. hI + Ih
I II
Pl I
= '8
T T 1 I
(o g™+ TRy )Gk + TRpyp)
\IhI
o
GRS
IkI |
P=— T 1
G P LA
I 1
@ - ik ot Ry
I T 1
R * ik R

L
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4.3 Discussion

Figure 4.2 shows the crack §ize dispribution as a function of the
mechanical energy and time. The curves were calculated By using Eqgs.
(4.21).The parameters are those for the stress corrosion cracking of
po]ycrysfa]]ine a]uminé‘in toluene [27]. The free energy of activation
for the corroded zone in front of the crack tip is 1.4 eV. The tempera-
ture is 300K th]é the rate constant for the diffusion process is 350/s
(considered to be independent of the mechanical work). The procedure
that was used to calculate the rate constants IkI and IkII was similar
to that for calculating hh and hb, outlined in Chapter 2. The dashed aﬁd

. , {
solid curves represent the number of crack tips in fropt'%f type II :

N
barriers, ﬂg!gﬂ and the number of crack tips in front of type 1 barriers,
\ .
ﬁggg-’respective1y.
+ t *

The number of the crack tips at the initial crack size X0 decreases

sharply from N, =N, at t =0 to almost zero within 2 x 1072 seconds

N
while the number of the crack tips in front of type II barriers, ﬁgggg .
‘ t
. . N
and the number of the crack tips in front,of type I*barriers, Nggg s
. éven‘ dedt
increases from zero to the steady state values . and N respect-
t ts

ively, for a given mechanical energy.. When the mechanical enefgy is in-

s . y WS II
creased, Neven(Nt increases while Nodd/Nt decreases. Because IIh was

assumed to be independent of the mechanical energy, NO/Nt is not a function

of the mechanical energy.
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Figure 4L2£ The figure shows the variation of the number of crack tips in front of barriers I and
II with the mechanical energy and time. The dashed and solid curves represen t the

number of crack tips in front of the type II barriers, (N

tips in front of type I barriers
represents the mechanical energy
T = 300K and (k! = 350/5. e

even) and the number of crack
(Nodd) respectively. The number on each curve

value. The other parameters are [27]; ac¥ = 1.4 ev,
and IhIi were calculated by using Eqs. 1.22.
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Chapter 5

Conclusions

5.1 Crack Distribution in Homogeneous Solids

The non-steady state fracture kinetics analysis for a quasi-rigid
crack front (that is double kink nucleation controlled) propagation in
semi-infinite plate specimens lead to a crack size distribution function.
The analysis shows that the crack size d?stributioﬁ function is controlled
by the mechanical energy, temperature, time and the activation free

\

" energy of \the material. The following are concluded from the analysis.

the rate of bond breaking is less than the rate of bond healing,

incipient cracks develop in the specimen to a steady state crack size

distribution of a few atomic distances. The existing microcracks may
heal back to the same steady state crack size distribution if the
physical conditions are favourable. One of these condition§ is that
there should be no plastic deformation of the crack tip because such
deformation may cause geometrical mismatch of the atomic bonds. An-
other physical condition is that the crack surfaces must be free

from chemical contamination. .

2. The crack size is normally distributed wﬁen the rat; of bond'break—
ing is greater than or equal to the rate of bond healing. The shape
of the crack size distribution is controlled by the value of (h+t)
while the average crack size or the location of ;he crack tip is
controlied by the value of (h't).h When the stress level corresponds
to that of the Griffith equilibrium condition, i.e. the rate of
bond breaking is equal to the rate of bond healing, the average

crack size is ax(2k+t)i.

[

e e e e e s
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The typical crack size distribution that was preqicted in the,
analysis is in the order of one tenth of a mi]limeter (106ﬂ). In crack
prohagation velocity measuremenég, howeyer, a larger scatter is usually
observed. Although there could be other factors affecting the crack
~size distribution, one of the main reasons could be that the cracks
probably propagate by the double kiﬁk nucleation and sideways spreading -
mechanism rather than the quasi-rigid crack front (that is double kink

> T
nucleation .controlled) mechanism that was assumed in the analysis. That

the rate constants remain constant during crack propagation may not

necessarily be true because the change in crack Tength usually Teads to

a change in the stress infens}ty and hence a change in the rate constants.

The structural inhomogeneities, scatter in loading, temperature fluctua-
tions and scatter in the geometry of the crack are some of the possible

causes of the observed large scatter in crack propagation experiments.

e ——
e — m—— e e

v
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5.2 The Steady State Fracture Kinetics of Crack Propagation

The steady state fracture kinetics analysis of the double kink
nucleation and spreading leads to the kink diétribution and cracdk propa-
gation velocity expressions.

Both are controlled by the applied stress, femperature, the activa-
tion energy of the maperial and the kink spreading distance. The analysis
Teads to the following conclusions.

1. The kink concentration distribution is determined by the ratio of
kh/hb (or k“/k+), for a given<kink spreading distance. The larger
the kink spreading distance the smaller is the kink concentratioe
and. hence, the steady etate flow of kinks. Thus, the crack propa-
gation velocity is inversely proportional to the k1nk spreading
distance.

2. The continuous function description approach and the discrete ana-
lysis approach lead to the same ‘kink distribution and crack propa-
gatlon velocity results when the rate of bond breaking is greater
than or équal to the rate of hond healing. It appears that when
the rate of bond breaking is less than tﬁe rate of bond healing,
the residue of the Taylor series is high. In this range, therefore,
the first order term approximation in the Taylor expansion is less
satisfactory and higher order terms need to be included. For the
slow crack growth range (10710 - 7073 m/s) however, this extension
is not necessary because the two approaches iead to the same results.

3.‘ In the Tow temperature range ( < 300K}, the mechanical energy range

(tolerance) corresponding to the slow crack growth range is small.
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The -observed low tolerance in'the low temperature range Teads to

the cohc]usion that components operating under low fémperature con-
ditions will fail in brittle manner. Stronger materials, however,
are more brittle than weaker materials in the Tow temperature range:\
In Region I of stress corrosion c}acking, the crack propagation
velocity is controlled by fherma]]y'éctivated bond breaking and
healing of the chemically chénéed matrix (corroded zone) in front K
of the crack tip.- The crack propagates by double kink nucleation

and steady state sideﬁays §preadjng over a series of identical
consecutive energy barriers. When the kink spreading distgdbe is

large (approximately gfeater than 100.at0mic distances) the thresh-

0ld stress intensity (KISCC)is approximately equal to one half of

-the activation free energy for the corroded zone in front of the.

crack tip. Thus, in crack-environment systems, where the threshold
effect is observed, the threshold stress intensity can be estimated
from the material properties, the crack geometry and the‘chemical

environment.
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5.3 Non-Steady State Fracture Kinetics of Stress Corrosion Cracking
. Stress corrosion cracking was considered to bQ,contro]]ed by a

B

system of two consecutive free enerqgy barrjers. The non-steady state ‘
fraéturg kinetics analysis was used to dgsﬁ}ibe the crack size distribu-
tion. The analysis shows that the crackfbize distribution is controlled
by the mechanical energy, temperature, time, the activation free energy
for the corroded mateﬁia} in %ront of the crack.tip and by the concentra-
tion of the chemical environment. - Typical resuits show that the time

needed for the system to reach'stifﬂy state is in the order of a few

hundredths of a second. 1
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Chapter 6

W
Recommendations for Further Researcn,4’//ﬁb

6.1 Crack Size Distribution in Hombgeneous Solids

In the present analysis, crack propagation in semi-infinite plate
specimens was considered. However, in most cases, the plates are of

finite size. The present study should, therefore, be extended to des-

cribe the crack size distribution in finite plate specimens; say of length L.

In addition to the refiecting boundary at X-= 0 that was discussed in
Chapter 2, an absorbing boundaFy at X =L should be introduced. Together
with the absorbing boundary, the change in the rate constants with the

crack tength [51,64], may be incorporated in the model. .1t is, however,.

anticipated that the mathematics involved in the extension will be com- =~ o .

plicated. Simplifying assumpti may be nécesgany.' e _ '~“
6.2 The Ste tate Fracture Kb tics of Crack Propagation -
7 o .

The :;;gnﬁ?bn of the analysis of steady state fracture kineticS of

crack fromt spreading to include cyclic .loading cpﬁditions (fatigué) would
. 4 . .

-

lead to re 1}5 that are applicable to fracture.progiéms in industry.

Fatigue faildre is caused by the elmentary fracture processes [73]; i.e.

thermally activated bond breaking and healing processes. Tpe extension .
of the present wark to descripe ?afigue fai]u}e would, therefore, reduire
a functional relats n§E1p bétween tHe rate constants-anq time. Further
extensions to include co;rosipn fatigue fai]urefprocessés would be even
more applicable becgpse'in‘most cases  fatigue and stre§s corrosion ~

cracking take place simultaneghs]y.

-~
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APPENDICES
Appendix 1 o

The second term in the R.H.S. of Eq. (2.16) is

-]

c - Jfl + g2 Cla - X))
3 eXpl- IRt * T da
2K(wKt)

%o

Rewriting the term under the integral sign as

A

C(X + X))
X+ a-cCt)2 Ct 0
exp KT exp| gx ™
leads to . -
LX+ X)) f 7
C Ct - 0 -(X + a - Ct)2 . -
exXplay - —5p—— exp da
Cknkg) LT T X 4Kt

Transforming the exponential term as,

_X+a-Ct . : . -
2(kt)?

leads to dy ~2(Kt)* = da | .

The transformed integral, togetﬁer with the corresponding integration

limits are ' : -
C(X + X.) .
L €t 7 "o’ -
" exp| 7x - TR exp(/ygﬁ dy.
" X+X -Ct
2(kt)?
.

i

AT.]
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Appendix 2 Q@ . ‘ ‘ —
The average crack propagation distance ¥ is
-'& [=-]
. f X2 N(X,t)d 2
i — 0
, r N(X,t) dx -
. -
From Eq. (2.25)
) @ -~ ¥
- ‘N . 2 .
f X2 N(X,t) dX = —t 5'[ X2 exp( %E ) dX, and from the table of
o (nKt) '
0 . :
standard integrals, .
_ 3
= (2!(1:) Nt
Alsofn(x tydx N, |
? t -X2
= exp( 75— ) dX.

R= ket = (key?

A2.1

Be2.2
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Appendix 3 \>
Eq. (2.19) is o
N(ﬁ’t) =1 T exp - +tC + é%-exp( :%E) erfc 15—:—%3)
t (nKt)? - 2({Kt)

- 2 .

Let -
and |
é%exp(—ﬁ—x)erfg.-('x"—cil=a N ,
2(Kt) .
‘ X e Ct)
i N I 3 A 1<
eratmE———(E) T =
’n exp (- %i ) erfc X = Ct)
2/RT

‘Consider the ratio, B/a when X = - Ct. So that X + Ct=20

8 _, 2 ( Kyt 1
i -
@ et exp. EEE . erfc ( Ztt)

YKt

Fz=c(} ), then

B_ 2 1 1
s 4

/m L exp (Z%) erfc(-I)

Let Z = - Z, {when fzb' > by, Cis - Ve)

. o ya 7 eZ‘ er‘fc(ZT

as t >0, 7> 0,

-A 3.1

A 3.2

s s e e e
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{
From error Function and Fresnel Integra1§r(cohplementary error

! R . v

function table),

..22
le” erfc 7 = 915641896
Tim Z »> @
R
-
So that ‘ ’
B__2 o 4-.B : A 3.3
a 2 ‘
Hence
b8
2’ .
Thus,
. 5 /7-
N(X,t) _ X+ 0t A 3.4
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Appendix 4

Table A 4.1 Typical values of bond energies [69].

Bond 4 . Bond

Bond energy AGbl Bond ° energy AGb

: (eV) . | (ev)

|
H-H  4.52 | C-¢C 6.247
si-si® 3297 Fe - Br 2.56
. } ‘ -

Li -F . 5.965 C - §i 4.51 A
C-N , 7.98 | Na - C1 .14
Ni - NI 2.407 Fe - Au 1,95

Cu - Cu i 2.01 ! H - Vinyl ‘g " > 4.68
Al - Al { 1.735 ! (CH3) 3 ajslm:n Y3 2.90
| {1

fab]e 4.2 Typical values for free energy of activation for

the chemically changed
t1p (corroded zone).

matrix in front of the crack

"\ Chemical Free energy of Activation

Material . Environment (eV)
Porcelain  Water, at 300K 1.13 [27]
Commercial soda | .
lime silica glass, Octanol at 300K | 0.73 [27]
Soda Lime Sili- ;
cate Glass " | Distilled Water | 1.13  [66]

: | ] \
Soda-=Lime . ' v i
Silicate Vacuum l 6.24 [67)

/‘.

SN, S

4
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Table A 4.3 Typical mechanical energy corresponding to different
stress intensities.

This table is meant to illustrate how the mechanical energy is

related to stress intensity§ using Irwin's relation W =« KI

-

| Stress Intensity Stress Proportionality ? Mechanical f
' KI factor : energy i
M- 2 a,eV/MN - 3/2 CW=a K (ey)
. 1

0.7 -y 0.78 ) 0.546 |
0.9 | 0.78 ? 0.72 §
0.8 | 0.75 N 0.375 |
07 0.75 ; 0.525 %

The proporfionality constant « is obtained experimentally for a given

- _material and crack geometry.

I M ’
IO &, e -
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Appendix &
The number o0f kinks in front of the first barrier is given by
' - i-1 W an i1, n-l
. I, 2h.... k. X ky 23 ...ki ces hh

1
Bl oh2... R R k2 k3 ... k"

1 ,

Ny = F{ 2 R B2

)

+ LI ]

Each of the terms in the brackets is a complete rate constant, as-illus-

trated in Fig. A 5.1.

Figure A 5.1 Illustrates the meaning of the complex rate.constants.

" (a) the rate constants of activation
(b) the apparent free energies of activation and the
true free energies.
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IAGI = IAG¢1 - INI(U)

-+

1[\62 = IAG 2 _INZ(U)
2862 = ,86¥2 - ,W2(g)

IAG_Z = lﬂGi:l - lAGiz + zAGiz

Thus

. 1
* 1
kT exp - (a6 ?k; Wo(a}

(W (o) + Wa(a) + ,W2(0) )

¥ ! #
kT AGTL - W kT AGTA - W2
poexp (- = ) e (- A )

kT
R

_h 1862 v ]
kT &P () TRZ

kT

=h_exp Ii(lAG*I - IAG#;? * QAG*?') - (W

s

Ve

v

L W, + ?HZ{I

where for convenience W(c) = W was written and the symbol ;AG2 was

introduced to indicate the apparent activation energy from the first

valley to the top of the second barrier.

e e e - -
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Appendix 6

The expression

'

L Ll PO i+j-1
1T s ’ﬁ1‘+2---- k

. can be written as

'

i+j

iki+j ihi 1-+]k1'+"l i+jk1‘+j
. ige*i+]+ 1'+1AG¢1_'+2+ 2 o j5&+i+j+(i“1+1+i+]”1+2+°"*MWLJ-)
;:. exp - (iAGﬁ ¥ 1‘+1ﬂGﬁ+] - HJ.AG*H‘].)-(]-Ni+1.+]wi+j+...+1.+J.wi+j'

An approximation. is made that [28]

1‘f.\f.-‘f*‘iﬂ = 1AG*,_ =...=0

1AGii = 1+1AG:H+] = ... = AG*b
and

1“1 -|+11'qi+.l - ]HH] = dkwl =W. so that

1 (3 + 1) a6°, - (25 + )W
e kTP kT
;

—h_ o 26 - (a6* - 2u)j
$ -, eXp g exp

kT kT
. J
Sty
hb kb

e LA e e e — e 4

KT

e B et e
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Appendix 7 \
Eq. (3.16) is ‘
po Hl-d \\
a_N ]-(k—h) \
Y o b /
Nt fahn
po| 1 -('E— ) _ _
_ﬂ b DE. - 1] + F]+ hg_
kb 1 - kh kT kT
By
which can be written as
h n+]".| k
h h
1-() (1 -
ayN=[ 2, IR .
N n;
t k -k - - k
h h hk hk h
E;[T-(q) [k—T']J+(n+'ﬁ)(]'E;)
J .

The numerator can be written in series form as (hh/hb = exp(AG* - 2W)/KT)

dooy (867 - 2W)  (n+1-1)2 ,a6¥ - 2H)2
E -1 -(n+'[-‘1) KT - 5 ( T - eee. | X

E_ : _AG*-zw_l(As*-zw)z‘_ |
KT 2 kT

#; 2 _iy2 + _
— (n+]—i)( AG 2W ) + (n+; 1) ( AG 2

)+
kT kT e

Because E%— << 1 when W » AG¢/2, the first term fn the denominator

can be written in series form as

& % + ' * :
AGT - 2W . 1 , AGT - 2U AGT - 2W . n? , AGT - 2W,2
]'LTT"__"L"Z'("_kT—_)"L"':|’:"__”_+ ‘(_W"_)

(W)
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26" - 24 n2 + 2n (46" =20y, n+n2 ( 86* - 2u
kT 2 kT

A7.2

and the second term in the denominator can be written in series. form as

+
AGT - 2W AG - 2
i o Rl

a6* - 2W
)2 T

““ET“') &0 ] A7.3

Combining Eqs. A 7.1, A 7.2 and A 7.3 for the denominator and numerator

terms of Eq. (3.16) we get ‘ ’

| y - 242 (n +1 )2, ie* - 2
a N _ (n+1-1) ( ———Ijr——- ( kT )
N
t 86T - oW |2 n + n2 2n + 3n2 AGT - oW .-
( ) 5 ) + 5 ( kT )+

n+1-1’ +_(m]—'i)2 ( AG - 2“ ) _{_ vee

+ =

? A7.4
n+ n- , 2n + 3n2 ( AG' - 2W )+
2 . 6 kT
t‘When W + a6%/2, a6¥- 2w » 0, thus
-a N . .
Y oo, (H-i) 2
Nt 2 n+n n [l n+1 ] AT.5
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Appendix 8

Eq. (3.33) can be written as
: _'%_T_'"a

v = h " "x '

X S R, N . kh n
o R e (LSBT ()

.I+('EI')“) _—'k:— + ¢ fi’. .n-.—-—.._._k
1 1-2 b1 -k,
b Ry, R,

The second term in the denominator can be written in series form as

: " + '
, AGT = 2W . oy AGT - PWy. ...
ﬁ X DR Yl PO I s S (T
kT 1 kT Fon i
2 . AGT - 2W +n2 ( AGT - 2”)+ .
KT kT
. #
= n when 2W -+ AG A 8.1

Similarly, the third term in the denominator can be written in series form

as
+ . : 3 e
AGT - W | n#n2 , AGT - 2W n aG - 2W
exp ( 7 ) 7 (T )T
k +
'EE'_] 1+;_(AGR_}2N)+...
b
n+n2 . pin? ( AGT - 2u ) 3
- 2 2 kT AGT - W
exp —————
. - 1 a6* - 2 kT
L A
as 2W -+ AG*,

5 exp A 8.2

n+n? ( 86T - W )
- — kT
Combining Eqs. A 8.1 and A 8.2 for the denominator of Eq. (3.33), the

. F
crack propagation velocity when W -+ A%— is

S T

. —
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a T

v, = x
X

- .
1+n+ g%ﬂ exp((AG# - W)/KT)

t 2
Because (1 + n) exp - ( AG k; W ) << DIN

2
and Ell%ﬂl = gF

» the crack propagation velocity is

2ax k
Yx T Tz X
‘
- _.’

T L L RN i,

A 8.3
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Appendix 9
Non-Linear Least-Square Curve Fitting s

-

Experimental data for the.Region I of stress corrosion cracking of
porcelain in water environment was obtained by Evans and Linza f60|. The
activation parameters wsre obtained by fitting the cfgck p}opagation
velocity ,equation 3t33 to the data. A-ForEyan program was written to
fit équation 3.33 to the data. The basic subroutine of this program
includes an algorithm whose fuhction is to estimate the activation
parameters so that the resiéua] sum of the squarés is - minimized, in the
usual least square sense. This subroutine is Z X $5SQ and is part of a
commercial softwére‘pacﬁage known as IMSL |68]. The-fo11owipg;was the
Fortran program and thé oufput parameters. Other computer prbgfams t?at

were used in the thesis are also included.

St

e T R T k] AR ST et~ — T —
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ippendix 10 .

The comparison between the kink distribution calculation results

obtained from the discrete and the differential equation analysis is shown

o
in the following tables.

3.2{a) and 3.2(c),

TabTe A 10.7, W = 0.49 dy

The corresponding curves were shown in Figures

Table A 10.28 W = 0.499 oy

| Differentiai] Differential
Kink Discrete Equation [ Kink Discrete Equation
length | dnalysis analysis , length analysis analysis-
(Ly | @y aN sy | A aN
a () (&) ; a ( = ()
y £ Ny i y Ny P
0 0.T1678 E 01| 0.7373 F OO_T 0 0.8799 - E-01/ 0.843] E-01]
2 0.2485 E 00 0.1687 E 00 | 2 0.751113 E-01| 0.7197 E-01
4 0.5288 E-01{ 0.3862 E-01 4 0.64075 E-01: 0.6139 E-01
6 0.11253 01| 0.8839 E-02 6 0.54619 E-01| 0.5234 E-01
8 0.23945 E-02| 0.2023 E-02 . 8 0.46519 E-01| 0.4458 E-01
10 0.50954 E-03| 0.4630 E-03 . To 0.39580 E-01| 0.3793 E-01
12 0.70843 E-03; 0.1060 £-03 i 121 0.3363 E-01 0.3224 E-0] !
14 0.23073 E-04] 0.2426 E-04 : 14 0.28545 E-011{ 0.2736 E-01 r
16 0.49099 E-05 (.5557 E-05 ; 16 0.24183 "E-071{ 0.23] ”EJOJH‘JH,,Aﬁ\
18 0.10448 E-05{ 0.127] E-05 : 18 ; 012046? E-01| 0.1960 £-01 |
20 0.22233 E-06, 0.2908 F-06 | | 20 | 0-17246 E-01 0.7653 €-01 !
2 0.47310 €E-07: 0.6656 E-07 | 22 | 0.14504 E-07 0.1391 E-01
. 0.1523 E-07 i 24 0.12156 E-01( 0.71165 E-01-
0.3486 E-08 ! 26 - 0.107144 E-Q1 0.9726 E-02
0.7979 E-09 | 28 | 0.84203 E-02| 0.8074 E-02
0.1826 E-09 @ 30 © 0.69439 E-02 0.6659 E-02
0.4180 E-10 32 | 0.56793 E—02' 0.5447 E-Q2
0.9567 E-11 | 34 - 0.45959 E-02 | 0.4408 E-02
0.2189 E-11 36 | 0.36679 E-02| 0.3578 E-02
0.5011 E-12 38 0.28729 E-02! 0.2756 E-02
0.1146 E-12 40 0.21919 E-02| 0.2103 E-02
0.2618 E-13 - 42 + 0.16086 E-02 | 0.1543 E-02 |
0.5936 F-14 4§ 0.11089 E-OZJ 0.1064 E-02
0.1303 E-14 46. ' 0.68081 E-03 ! 0.6531 E-03 |
0.2427 E-15 48 ;1 '0.31412 E-03 . 0.3014 E-03 b
0.000 | 50 N 0.000 j 0.000 ;
Qr
\

.
e et e e
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Table A 10.3, W =0.501 eV

5

\

Y

<N

Table A 10.4, W = 0.54 eV

, - Differential | ) [ Differential
Kink . | Discrete Equation Kink Discrete Equation
length | analysis analysis length | analysis analysis
( Y ) aN_ aN ( x;)\__ aN_ i aN
a ( 7= (5) -2 (=) (1
y Nt Nt . Y Nt Nt T
0 0.26570 E-01 | 0.2622 Efbi 0. 0.20428 E-01 | 0.2022 E-01
2 0.26475 E-01 7 0.2613 E-01 2 0.20428 E-01 | 0.2022 E-0Q1
//ég’ 0.26365 E-01 | 0.2602 E-01 4 0.20428 ‘E-01 | 0.2022 E-01
0.26235 E-01 | 0.2589 E-01 6 0.20428 E-01 | 0.2022 E-01
8 0.26084 E-01 | 0.2574 E-O1 8 0.20428 E-01 | 0.2022 E-01
10 0.25908 E-01 | 0.2557 E-01 10 1 0.20428 E-01 | 0.2022 E-01
12 0.25703 E-01 | 0.2536 E-01 12 0.20428 E-01 { 0.2022 E-01
14 | 0.25463 E-01 | 0.2513 E-O1 14 0.20428 E-01 | 0.2022 E-01
T6 0.25182 E-01 | 0.2485 E-01 16 . 0.20428 £-01 | 0.2022 E-01
18" 0.24855 E-01 { 0.2453 E-01 18 : 0.20428 E-01 | 0.2022 E-01
20 0.24473 E-S] 0.2415 E-01 20 : 0.20428 £-01 | 0.2022 E-01
22 0.24028 E-O1 { 0.2371 E-01 22 ; 0.20428 E-01 | 0.2022 E-01
24 0.23507 E-O1 | 0.2320 E-01 24 - 0.20428°E-01 | 0.2022 E-01
26 ° | 0.22900 E-01 | 0.2260 E-01 26. 0.20428 E-01  0.2022 E-01
28 0.22191 E-01 | 0.2190 E-01 28 - 0.20428 E-01 | 0.2022 E-01
30 -1 0.21363 E-01 | 0.2108 E-01 30 - 0.20428 E-01 | 0.2022 E-01
.32 0.20397 E-01 | 0.2012 E-O1 32 0.20428 E-01 | 0.2022 E-01
34 0.19268 "E-03. | 0.1901 E-O1 34 - 0.20428 E-07 | 0.2022 E-01
36 -0.17951 E-O1 @ 0.1771 E-O1 - 36 - 0.20428 E-01 | 0.2022 E-Q1
38 0.16414 E-01 ' 0.1619 E-01 38 + 0.20428 E-01 | 0.2022 E-01 |
' 40 . 0.14619 E-01 . 0.1442 E-01 40 - 0.20428 E-01 | 0.2022 E-01
42 ».1.0.12524 E-01 . 0.1236 E-01 4 0.20428 E-01 | 0.2022 E-01
44  *1°0.10079 E-01 : 0.9943 E-01 2 44 0.20428 E-01 | 0.2022 E-01 - i
46 0.72237 E-02 ' 0.7126 E-02 g 46 - 0.20428 E-01 | 0.2021 E-01 '
I 48 .0.38907 E-02 | 0.3838 E-02 | 48 0.20386 E-01 | 0.1970 E-01 -
+ 50 0.0000 -1 0.0000 - ? 50 + 0.0000

The kink spreading distance for the kink distribution

lations is 50 atomic distances.

in Ehe above calcu-*
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