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Abstract

When an Ornstein-Uhlenbeck (or CAR(1)) process is observed at discrete times 0,
h, 2h, -+ [T/h]h, the unobserved driving process can be approximated from the ob-
served process. Approximated increments of the driving process are used to test the
assumption that the process is Lévy-driven. Asymptotic behavior of the test statis-
tic at high sampling frequencies is developed assuming that the model parameters
are known. The behavior of the test statistics using an estimated parameter is also
studied. If it can be concluded that the driving process is Lévy, the empirical process
of the approximated increments can then be used to carry out more precise tests of
goodness-of-fit. For example, one can test whether the driving process can be modeled
as a Brownian motion or a gamma process. In each case, performance of the proposed

test is illustrated through simulation.
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Chapter 1

Introduction

In keeping with the Nobel prize winning work of Black, Scholes [8] and Merton [36]
that proposed a continuous-time stochastic model for option pricing, researchers have
long recognized that continuous-time models are needed to represent the reality of
the economy and financial markets. A continuous time model reflects the natural evo-
lution of a process indexed by an interval I C R, and the choice of an appropriate
stochastic model is essential. Thus, it is critical to test how well the proposed model
represents the observed behavior of the process - in other words, we must assess the
“goodness-of-fit” of our model. However, in reality most frequently the continuous
time process can only be observed at discrete times. Reconciling the discrete data
with the continuous model is the principal motivation for this work. The recent avail-
ability of high-frequency (or tick-by-tick transaction) data of various financial markets

allows us to closely approximate the behavior of the continuous time process.

Univariate continuous-time autoregressive moving average (CARMA) processes are
the continuous time analogue of the widely employed discrete-time ARMA process.

CARMA (p, q) processes are the solutions of linear stochastic differential equations of
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the form
DPY (t)+a; DP'Y (t)+- - -4a,Y (t) = bgDL(t) + by D*L(t)+- - -+ b, DI L(t). (1.0.1)

They were introduced in [20] in a Gaussian setting and generalized in [9] to include

Lévy driving processes. Further extensions include multivariate CARMA or fraction-

ally integrated CARMA models (see e.g. [35] and [13]).

The probabilistic properties of CARMA processes have received considerable atten-
tion. However, there has been little development in statistical inference for such mod-
els or in particular, goodness-of-fit. This thesis takes the first steps in developing
rigorous statistical techniques for assessing goodness-of-fit of CARMA models, and
complements recent work by Brockwell and Schlemm [14]. As pointed out in [14], if
one decides to model a continuous time process using the CARMA framework, three
main problems arise: a) the choice of the orders p and ¢; b) estimation of the model

coeflicients a; and b;; ¢) choosing an appropriate model for the Lévy driving process.

Here we will focus on analyzing b) and c) for the CARMA(1,0) (equivalently, CAR(1))
process. Because (under general assumptions) the CARMA(p, q) process can be ex-
pressed as a sum of dependent CAR(1) processes (cf. [12]), we expect that in the

future, our results will be useful in analyzing the more general model.

Formally, the Lévy-driven Ornstein-Uhlenbeck process (equivalently CAR(1) or
CARMA(1,0) process, see (1.0.1)) is the stationary process, Y, that satisfies the

stochastic differential equation
dY (t) = —aY (t)dt + odL(t), a,0 > 0. (1.0.2)
This model was proposed by Barndorff-Nielsen and Shephard [4] as a continuous time

stochastic volatility model (also known as the BNS model) by replacing the Brown-

ian motion driving process (equivalently, noise) in the classical Ornstein-Uhlenbeck
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model (c.f. [43]) by a more general Lévy process L. Lévy-driven CAR(1) processes
not only allow one to consider non-Gaussian driving processes such as the gamma
process, but can also incorporate discontinuities, or jumps, in the stochastic volatil-
ity models considered in many areas of application see ([26],[30], [31], [33],[34], for
example). This model has become a very popular way to describe moderate and high

frequency financial data, see ([17], [5], [4] and [3]).

There are several papers that discuss estimation of the coefficients for CAR(1) models;
see e.g. [11] and [44] and the references therein. In [11] and [14] the authors address
the third issue, namely estimation of the parameters of a specified family of Lévy
processes, assuming that the order and the coefficients of the model are known. In
[28] the authors consider nonparametric estimation of the underlying Lévy measure.
Their method utilizes the Markovian structure of the CAR(1) process and its mix-
ing properties. Sample characteristics (sample mean, sample autcovariances) of the
discretely sampled process Y are examined in [19] for a general Lévy driven moving

average model that includes the CAR(1) process studied here.

However, before one selects a parametric family of Lévy processes and/or estimates
the model coefficients, one should verify whether it is reasonable to assume that the
driving process is Lévy. From the point of view of exploratory data analysis, the first
step would be to plot the sample covariances of the driving process at various lags.
This procedure assumes a priori that the underlying driving process has finite second

moment.

The driving process L is unobservable and cannot be directly recovered if the CAR(1)
process Y is sampled at discrete times. Thus, as in [11], the driving process can only
be estimated and inference must be performed with noisy data. Hence, the first topic

addressed in this thesis is the development of statistical inference techniques for the
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sample covariances of the (approximately) recovered driving process L, assuming that
the second moments of the driving process are finite. (Note that this is in contrast to
[19], where it is the sample covariances of Y that are of interest.) Initially, we assume
that the model coefficients a and ¢ are known. We go beyond exploratory data anal-
ysis by providing a formal test of the hypothesis of uncorrelated increments. Our test
statistic is shown to be asymptotically normal. En route, we prove several results of
independent interest, including finding a precise bound on the approximation error
of the unit increments of the recovered process, as well as providing an elementary

proof of a central limit theorem for the integrated CAR(1) process Y.

Subsequently, we explore the performance of the test statistic when the model coeffi-
cient a is unknown and must be estimated. Without loss of generality, the parameter
o can be assumed to be one since it can be incorporated into a reparametrization
of the Lévy noise. Due to the complex relationship between the parameter a and
the (approximate) recovered increments of L, the choice of a suitable estimator is
not straightforward. We will show the consistency and asymptotic normality of our
proposed estimator and then demonstrate its effect on the asymptotic behaviour of

the test statistic.

The final contribution of this thesis is the following: If the hypothesis of independent
increments of the driving process of a CAR(1) model has not been rejected, we then
consider a test of goodness-of-fit for the unobserved Lévy driving process. Using the
empirical process defined by the estimated unit increments of the driving process L,
we provide a test of the composite hypothesis that the driving process belongs to a
specific class of Lévy processes, such as Brownian motion or gamma processes. There
are two main challenges that arise here: first, the hypothesis is composite, and so
estimators of the parameters defining the distribution of L must be substituted for

the theoretical values in the usual empirical process. As is well known, even when
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exact values of L are available, the resulting limiting distribution no longer leads to
distribution-free tests. Second, we must use estimated values of L both to define
the empirical distribution and to calculate estimators. The first issue is resolved by
using a simple yet powerful technique proposed by Burke and Gombay in [16]: if the
parameters of the distribution are estimated using a single bootstrap sample drawn
from the original observations, the limit of the empirical process is the same as when
the correct theoretical values of the parameters are used. The second problem can be

resolved with a high sampling frequency.

We proceed as follows. After introducing some preliminaries in Chapter 2, we use
the inversion formula of Pham [42], that represents the unobserved driving process
L in terms of the continuously observed CAR(1) process Y. The same strategy was
employed in [11] and in a multivariate setting in ([14], Theorem 4.3). Since Y is
observed at discrete times, as noted above the driving process L cannot be recovered

exactly and a trapezoidal approximation is used to replace an unobservable integral.

In Chapter 3, we are able to provide a uniform bound on the approximation error in
the unit increments of the recovered driving process (see Lemmas 3.3.5 and 3.3.7 as
well as Theorem 3.3.1). Our Lemma 3.3.5 can be compared to Theorem 5.7 in [14].
Although the result in the latter paper holds for more general multivariate CARMA
models, our bound is more precise and is uniform with respect to N, the length of time
that the process is observed. As a consequence, we can derive central limit theorems
for partial sums and sample covariances (see Theorem 3.3.1 together with Corollary
3.3.3, and Theorem 3.3.11). In a brief digression, as an important by-product, we
prove a central limit theorem for the integrated CAR(1) process Y (Theorem 3.4.2).
The significance of this result is that the proof is quite elementary and does not re-

quire any mixing arguments.
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We turn to the problem of verifying the assumption that the driving process L is
Lévy in Chapter 4. We propose an appropriate test statistic to test the hypothesis
that the driving process has uncorrelated increments and in Corollary 4.1.1 we prove
that it is asymptotically N (0, 1) under the null hypothesis. Several simulation studies

illustrate the behaviour of the statistic under both the hypothesis and alternative.

In Chapter 5 we scrutinize the effect of using an estimated value of the model param-
eter a in the test statistics that were defined in Chapter 5. Theorem 5.2.6 exhibits
somewhat different asymptotic behavior for the resulting test statistics. Once again

we illustrate with simulations.

In Chapter 6, we propose more precise tests of goodness-of-fit based on the empirical
processes of the estimated unit increments of L. Theorem 6.1.1 shows that the boot-
strap technique of [16] leads to test statistics that are asymptotically distribution-free.
We give simulation studies that illustrate the performance of the classic Kolmogorov-

Smirnov test.

In the conclusion, Chapter 7, we briefly summarize our results and propose directions

for future research.



Chapter 2

Preliminaries

In this chapter we introduce CAR(1) models and describe their elementary properties.
In order to do this, we recall the notions of strict and second-order stationarity, as well
as the definition of Lévy processes, followed by examples such as Brownian motion
or gamma process (Sections 2.1-2.2). We also give an example of a non-Lévy process
that will be used to show power of some tests (Section 2.3).

Next, we introduce second-order CAR(1) models (Section 2.4). The material pre-
sented there is taken from references such as [11]. However, we evaluate moment
properties of the CAR(1) models for completeness.

In Section 2.5 we introduce a sampled process (with fixed frequency h). We show
that the sampled process has an AR(1) structure. This is known in the literature (see
19)).

In Section 2.6 we introduce one of the most important tools of this thesis, namely the
inversion formula that allows us to express the unobserved driving noise in terms of the
observed CAR(1) process. The formula is taken from [42], [12]. However, we provide
a proof for completeness. We note in passing that a different strategy to recover the
unobserved driving process was employed in [23] for the general CARMA (p, ¢) model.

Without assuming any particular values of p and ¢, increments of the Lévy driving
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process are estimated via renormalized recovered noise from the Wold representation
of the sampled CARMA sequence. The recovered process is shown to be Ly-consistent
under the assumption that the CARMA process is invertible.

Using the inversion formula, in Section 2.7, we approximate the unobserved incre-
ments of the driving process by discretely sampled CAR(1) process. We study the
moment properties of the sampled increments and we show inconsistency in case when
sampling frequency is fixed (see Proposition 2.7.1).

We remark that the contents of Sections 2.1-2.6 are based on existing literature ([10],
[42], [11] and [38]), while Section 2.7 is new.

We finish with a comment regarding notation. In general, we use the notation Y (¥)

when the time parameter t is continuous, and Y; when the time parameter ¢ is discrete.

2.1 Second-Order Stationarity and Strict Station-
arity

We begin with an arbitrary T-indexed stochastic process X = {X(¢),t € T'}, where
T =10, 00).

Definition 2.1.1 (The Autocovariance Function vx(+,-)). If X is a process with a

finite variance, we define the autocovariance function vyx(-,-) as
Tx(r,5) = Cov(X (r), X(s)) = E[(X(r) - E[X(1)]) (X(s) ~ E[X(s)})] r.s€T.

Definition 2.1.2 (Second-Order Stationarity). The process X is said to be second-

order stationary if
(i) E[X%(t)] <oo forallt €T,
(ii) E[X(t)]=m forallt €T,

(iii) yx(r,s) =~v(r+t,s+1t) forallr s, t €T.
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Remark 2.1.3. If X is second-order stationary then vyx(r,s) = yx(r — s,0) for all
r,s € T. Therefore, it is convenient to redefine the autocovariance function of a

second-order stationary process as a function of only one variable:
v(h) = vx(h,0) = Cov (X(t+ h), X (t)) forall ¢t,heT.

Definition 2.1.4 (Strict Stationarity). The process X is said to be strictly stationary
if (X(t1), -+, X(tg)) and (X (t1 + h), -+, X(tx + h)) have the same joint distribution
for all integers t1,--- ,tp, € T, k> 1 and h > 0.

Note that any strictly stationary sequence with a finite second moment is second-order

stationary.

2.2 Lévy processes

Suppose we are given a stochastic base (2, F, (Ft)o<t<oo, P), Where Fy contains all

the P-null sets of F and (F;) is right-continuous.

Definition 2.2.1 (Lévy process). A process L = {L(t),t > 0} is an (F;)-adapted
Lévy process if L(t) € Fy ¥t >0 and

e L(0) =0 a.s.,

L(t) has independent increments, i.e., L(t) — L(s) is independent of F, for any

0<s<oo,

L(t) has stationary increments, i.e., L(t + s) — L(s) has the same distribution

as L(t), for any s,t > 0,
e L(t) is stochastically continuous, i.e. ¥ € >0 and ¥ t > 0,

lim P(|L(t) — L(s)| > €) = 0,

s—t
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e L(t) has cadlag (right continuous with left limits) sample paths.

Lévy-Khintchine representation
For a Lévy process L, we can characterize the distribution of L(t) by its characteristic
function,

dr(0) = E [¢70)]

0 € R, which satisfies the following relation:

1 )
Gr)(0) = exp (i@mt — 592b2t + t/ (e —1— iz <) V(d:L‘)) (2.2.1)
Ro

for some m, b € R, where v is a measure defined over the Borel subsets of Ry = R\ {0}
such that:

min(z?, 1)v(dr) < oo.
Ro

The measure v is called the Lévy measure of the process L. A wealth of distribu-
tions for L is attainable by a suitable choice of the measure v. The triplet (m, b, v)

is called the Lévy triplet. It describes the distribution of the Lévy process completely.

Second-Order Lévy Processes

Definition 2.2.2 (Second-Order Lévy Process). We define L to be a second-order
Lévy process if L is a Lévy process and E[L*(1)] < oco. If p = E[L(1)] and n* =
Var [L(1)], then by the independence and stationarity of the increments of L we have

Var (L(t)) = n%*, t>0. (2.2.2)

2.2.1 Examples of Second-Order Lévy Processes

Brownian Motion

If v in the Lévy triplet is the zero measure then equation (2.2.1) becomes:
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1
Gr(0) = exp (i@mt — 59217215) .
Then L(t) ~ N(mt,b*t) and hence, L is a Brownian motion with drift. We denote

L by B and we have B(1) ~ N(m,b?), and u and 7 in equation (2.2.2) are m and b

respectively.

Poisson Process
If we let m = b = 0 in the Lévy-Khintchine decomposition and v = A§(1) for A > 0
where 6(1) denotes the Dirac measure with support on {1}, then equation (2.2.1)

becomes

Grw(0) = exp (—)\t (1 - eie)) .

Hence, L(t) follows a Poisson(At) distribution. We denote L by P, P(1) ~ Poisson(\).
In equation (2.2.2) we have p=n*=\ .

Gamma Process
If we consider the Lévy triplet with b = 0, v(dz) = a%e% 1m0y dor, and m =

fol xv(dz), then equation (2.2.1) becomes:

1
drw(0) = exp (i@t/ xv(dx) + t/ (ewx —-1- i0x1|x‘<1) V(dx)>
0 Ro

© 1 = o ¢F _ e#-3)
= exp|t (elex — 1) a—e?Fdr | =exp | —at ¢ ¢ dx
x x
0 0

(1—1i63)" "’
where in the third equality we used Frullani’s integral, see §21.16 in [27].
Hence, L(t) follows a I'(at, §) distribution and we denote L by G. Then in equation
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(2.2.2) we have
p=af and n*=ap®=pp.

Consequently,

and we have

G(1) ~T(a,8) =T (’;—z %2) .

2.3 Example of a Second-Order Non-Lévy Processes

Fractional Brownian motion

A continuous-time Gaussian process By = {Bpy(t),t > 0} is called fractional Brow-
nian motion with Hurst parameter H € (0,1) if it has zero mean and the covariance

function

1

Cov (Bu(s), Bu(t)) = 5

([ + |2 — |t = s|*) . (2.3.1)
The fractional Brownian motion, By, has the following properties

e By has stationary increments, i.e., By (t+s) — By(s) has the same distribution

as By(t), for any s,t > 0 which is clear from equation (2.3.1)

e The Hurst parameter, H € (0, 1), associated with the process By, describes the
process in the sense that when H = % then B 1 is a Brownian motion. When
H > % the increments of the process are positively correlated, and when H < %

the increments of the process are negatively correlated.

Hence By, H # 3 is a second-order process (E[B%(1)] < co) which has stationary

dependent increments.
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2.4 CAR(1) models

In what follows, we assume that the process L is cadlag with stationary increments.

Definition 2.4.1 (CAR(1) process). A CAR(1) process Y driven by the process L is

defined to be the solution of the stochastic differential equation
dY (t) = —aY (t)dt + odL(t), (2.4.1)

where a,0 € R, and Y (0) is independent of L. We call the process L the driving
process, and if L is a Lévy process then Y is called a Lévy-driven CAR(1) process.

The unique solution (cf. [38], Section 17) for equation (2.4.1) can be written as
t
Y(t) = e Y (0)+0 / e WAL(u), t>0.
0

The function f(u) = e~**~% is deterministic and continuously differentiable. Using

an integration by parts formula we can define the CAR(1) process pathwise as:

Y(t)=e Y (0)+ oL(t) — ao /t e UL (w)du, t>0. (2.4.2)

Proposition 2.4.2 (Proposition 1, cf. [11]). Let Y be a CAR(1) process driven by a
second order Lévy process L. If Y(0) is independent of {L(t),t > 0}, then'Y is strictly
stationary if and only if a > 0 and Y (0) has the distribution of o fooo e~ "™dL(u).

Lemma 2.4.3. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (2.2.2) holds. Then

2,2 2,2

E[Y(0)] = 22, var(v(0)) = 2L, 4y(s) = Cov(Y(0),Y(s)) = “22 e,

(2.4.3)
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Proof: Recall equation (2.4.2). Let
t t
= / e™dL(u) = e™L(t) — a/ e™ L(u)du, (2.4.4)
0 0
then
Y(t) = e ™Y (0)+oe "L, =e*(Y(0) + 0Z;). (2.4.5)
First we need to compute both E [Z,] and E [Zﬂ:

at t _au
E[Z] = pte” —ap (te— —/ e_du) _H (e — 1)
a o @ a

Now to find E [Z7] we need;

E[L(#t)L(t+h)] = E[L(#)(L(t+h) — L(t) + L((t))]
= E[L@)]E[L(t+ h) — L(t)] + E [L*(¢)]

= JPht + 0t + it
and in general when u < ¢ we have:
E[L(u)L(®t)] = p2(t —w)u+n*u+ pu® = (1Pt +n?)u. (2.4.6)

To simplify calculations we will work with a centered Lévy process L(t) = L(t) — ut.

Then,

E [( /0 t ea“E(u)du)2] = E [ /0 t /O t ea“ea”f/(u)f/(v)dvdu}
~ 9 /0 o < /O " g (L)L (w)] dv) du
— o2 /0 o < /0 ’ ve‘wdv) du = 12 Ot eat (uea“ - eaua_ 1> du

2 2 t 2 2 t 9 2 t
= ue?™dy — " / 2%y, + Rt/ e™du
0
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where in the third equality we used equation (2.4.6) with p = 0.

Let

7, = /Ot e™dL(u) = e™L(t) — a/ot e L(u)du. (2.4.8)

Using equation (2.4.7) we have

] -

E

(e“ti(t) —a /0 t eaui(u)du) 2]

X' [fﬂ(t)} — 2ae™ /Ot e™E [i(t)i(u)] du + a’E

(/ t L) ]

t e2at -1 772
7]2t€2at . 2(177260,15/ ue™du + 772 (t62at . ) _ (62at . 1)
0

2a a
2 ¢
+2 (e )
¢ eat -1 €2at -1 7,’2
772t62at . 27726at(t6at . - ) + 772 (t€2at . o ) . E (62at . 1)
2 2
+2 (e )
27,]261115 " n . 772 " 2772 .
et 1) (e ) () 2 )
2772 2at __ _at 3772 2at 2_772 at __
I ot et B g ) 4 B (ot )
77_2 2at 3_772 _ 2_772 _ 77_2 2at
2° + 2a a  2a (¢ b

Using (2.4.4) and (2.4.8) we conclude the following relationship between integrals Z;

and Z:

7

= T, + pte™ — pue™

_ /0 AL () = L) — a /0 ()

= e(L(t) 4 pt) — a/o e (L(u) + pu)du

¢ ¢
= e"L(t) — a/ e™ L(u)du + pte™ — a,u/ ue™du
0 0

t t ~ ol
+u/ edu=1I,+ = (e” — 1)
0 0 a
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= I, +E[Z)]. (2.4.9)

Hence

Var(Z,) = Var(Z;) = E [fﬂ U (e —1)

and consequently

2 2

E[Z7] = Var(Z)+E*[L]) = - (™ —1) + 5 (e —1)".

a a

Since Y is stationary, (E[Y(¢)] = E[Y(0)]), and by taking the expectation for both

sides of equation (2.4.5) we have:

—at —at MO _at ( at
(1—e™)E[Y(0)] = ce “E[L,]="—¢"(e*—1),
a

which implies E[Y(0)] = £%. This concludes the computation of the expected value.

To find E [Y?(0)], we start by squaring both sides of equation (2.4.5),
Y3(t) = e 2Y3(0) + 20 2V (0)Z; + o?e L7

Taking the expectation for both sides, using stationarity and the fact that Y'(0) is
independent of {L(t),t > 0}, we have:

(1 —e*E [Y?(0)]

= 20e *E[Y(0)|E[Z;] 4+ o’¢ *E [Z;]]

_ 21;_2;‘262@(6@ 1)+ o2 R [Zﬂ

_ 2!;22‘72 p—at _ 2:“@_2;‘262@ 1 g2e2at (g (e2at . 1) + Z_z (eat _ 1)2)

_ 2;;2202 oat _ 21;_2;262@ + % (1 _ 672at> i Uz,l;? (1 _9emat 4 e—Zat)
= —27“—2:-262% + ij (1—e) + % + %62@
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This implies

2 2
= EYOY(s)] - 55
Now
E[Y(0)Y(s)] = E[Y(0)] (e (Y(0) + 0Zs)) = e~ (E [Y2(0)] + oE[Y (0)] E [Z.])

2,2 252
= o (B 0) + 7 ) = ) + e

2 2 2 2 2 2

— ¢ ®E {YQ(O)—M a‘; } + £ a‘; = e~ Var(Y(0)) + 2 a‘;
_ o2 .. 2o’
2a a? ’

which implies

2.5 The Sampled CAR(1) Process

In practice, continuous time processes are usually sampled at discrete times. Here we
assume that the CAR(1) process is observed at equally spaced intervals of length h.
To be precise, let Y be a strictly stationary CAR(1) process

Y(t)=e Y (0)+o /t eI AL(u).

For 0 < s < t we have:
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For h > 0 and n € Z, choose t = nh and s = (n — 1)h. Define Y\ = Y (nh). Then

nh
YW = e_“hY,fﬁ)l + U/ e~ =W gL (u).
(n—1)h

The sampled process {Yn(h), n=20,1,2,---} can be written as:

YW =o¢y™ +2W n=012" - |, (2.5.1)
where
nh
p=e"" and ZM = a/ e~ =g (u). (2.5.2)
(n—1)h

Now assume that L is a Lévy process. Since L has stationary and independent in-
crements, {Zflh),n > 1} is an i.i.d. sequence. Hence, the sampled process {Yn(h),n =

0,1,2,---} is a discrete-time AR(1) process.

If L is a second-order Lévy process then we can represent the noise Zﬁbh) as

Consequently, using Lemma 2.4.3 and stationarity of the process Y we have

E[Z"] = B[Y,"]-¢E|[Y,")] =1 -9EN|=01-9). (253

a
2
Similarly we can use E[YZ?] to compute E [(Z,@) } as follows:
2
B[(0)] = B[ (- ov)| =B ) - 20m [rn] 4 08 [0

= (1+¢)E[¥2] — 26E YY)
_ (1 _|_¢2) (,U20'2 n 02772) o 2¢ <C72772¢_|_ ,UQO'Z)

a? 2a 2a a?
2,2 2 2
_ o0 2 Mo
Hence,
022
Var (Z") = (1-¢%) ——. (2.5.4)
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2.6 Recovering the driving process

If the CAR(1) process Y is continuously observed on [0,7] then the following the-
orem (cf. [11]) provides an inversion formula that represents L in terms of Y. The
formula uses an argument of Pham-Din-Tuan (cf. [42]). The proof is provided for

completeness.
Theorem 2.6.1 (Inversion Formula). Let Y be a CAR(1) process satisfying
t
Y(t)=e"Y(0)+0o / e AL (u).
0

Then t
L(t) = o~ {Y(t) ~Y(0) +a /O Y(s)ds] (2.6.1)

Proof: Let L be the process defined as in equation (2.6.1). It is enough to show that:
t
e Y (0) + 0/ e~ WAL (u) = Y(t).
0
Now,
t
e Y (0) + o / e~ WAL (u)
0
t
= e Y (0)+oL(t) - aa/ e L (w)du
0
t
= e Y (0) + {Y(t) -Y(0)+ a/ Y(s)ds]
0
t u
—a/ et [Y(u) - Y(0) +a/ Y(s)ds} du
0 0
t t
= e Y (0)+Y(t)—Y(0)+ a/ Y (s)ds — a/ e WY (u)du
0 0
t t u
+a/ ea(t“)Y(O)du—aZ/ (/ ea(t“)Y(s)ds> du
0 0o \Jo
t t
— MY (0) £ Y () - Y(0) +a / Y (s)ds — a / DY () du + Y (0) — e~V (0)
0 0
v
—a2/ (/ e_“(t_“)Y(s)du) ds (by Fubini’s Theorem)
0 s

t t t t
= YY)+ a/ Y(s)ds — a/ e~ Y (u)du — a/ Y (s)ds + a/ e =Y (5)ds
0 0 0

0
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= Y(t).
Note that Theorem 2.6.1 does not require the assumption that L is Lévy.

2.7 Approximation of Lévy increments using the
inversion formula

When the CAR(1) process Y is sampled discretely, the driving process L cannot
be recovered exactly via the inversion formula (2.6.1). Instead, it is necessary to
approximate the increment of L over the sampling intervals.

Recall the inversion formula (2.6.1):

Thus, the increment of L over the interval ((n — 1)h,nh),h > 0 is:

nh

ALM™ = L(nh) — L((n — 1)h) = ¢~ {Yéh) - Y,@l + a/ Y(u)du} (271
(n

~1)h
The above increments require the continuously observed process Y. If the process is
observed at discrete times nh, then Brockwell et al. (cf. [11]) replace the integral by a
trapezoidal approximation. For now, let us assume that a and ¢ are known, in which
case we have:

(h) |y

R v,
ALW =0~ Y™ — Y™ + ah% ,m=1, N (2.7.2)

We will refer to the above equation as the estimated increments. The estimated in-

crements have the following properties.
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Proposition 2.7.1. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L, B[L(t)] = ut, Var (L(t)) = n*t. Then,

() E[ALY] =E [ALP] = s
(ii) For each s >0,

Yazm(s) = Cov (ALgh ,ALsH)

B 72 aPh?\ an®h? B 2 - "
= (E )Gb ( 3 %) (Qb + ¢ ),

where ¢ = e,

(iii) For each s > 0,

(% a772h )¢s (an _ %) (¢|s—1\ +¢s+1)

A . 3 2a

s+1

Before we provide a proof, we make several comments:

e We note that although L has independent increments, the non-zero covariance
in (ii) appears due to the discretization error introduced by the trapezoidal

approximation.

e lim,_,, Cov (Aig’”, AES{”) — 0, for fixed h.

2 2

as expected the discretization error disappears when h — 0. However, the
rate of convergence to zero is the same for covariances (s > 0) and variance
(s = 0). For this reason, it does not seem possible to test for independence
of the increments of L using estimates of Cov (ALl ,ALsH) as h — 0. An

alternative approach is discussed in Section 3.3.4.
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Proof: (i) We have from Lemma 2.4.3

E [AZ;’”} —E [AEY‘)} _ dhyg [Yo(h)] — uh.

K2
(ii) For simplicity we consider v,z (n —1) = Cov(AL ALP). Now
Cov (ALY, ALY) = E|ALPALY| —E AL | E AL
- E [AE@AZ;’U} — 12,

+
1
= = (IE [Yl(h)yn(h)] +E |:}/E)(h)yn(ﬁ)l:| _E [le(h)Y(h)l] & Yo(h)Yn(h)])
o
a’h?
402 ]

1

a’h?

402
2 a’h? (h)y-(h) a*h? 1 (h)y-(h)
- (? i 202 ) £ [YO Y"*J * < 102 ;> E [Yb }/(”_2)}

+<W‘§)E[YO v

Using Lemma 2.4.3 we obtain

_|_

n—

(E |:Y'1(h)yn(h)] +E [Yb(h)yn(f)l} +E [Y'l(h)y(h)l +E [Yb(h)y(h)}>

+ o (2R [y ] B )+ E [y

n

E [AL{"ALP

n
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_ (2 @R (0 aen 0 (@R LN (0 o pP0°
o2 202 2a a? 402 o2 2a a?
. a2h? 1 022 J— 202
402 o2 2a a?

_ (772 + a772h2> efa(nfl)h_'_ <a772h2 _ 772) efa|n72|h_'_ <a772h2 772) efanh

a 4 8 2a 8  2a
plo? (2 ah? ulo? (a?h? 2
+ =+ - - =
a?2 \o?2 202 a? 202 o2
_ 12 + a772h2 e—a(n—l)h + (1772}12 B 7772 e—a|n—2|h + M - 7772 e—anh + ,U,2h2.
a 4 8 2a 8 2a

This implies

R R 2 27,2 a?h? 12
AL(h) AL(h) _ no,an —a(n—1)h e —al|n—2|h
CO"( . aL) a1 )¢ T\ T2
+ a772h2 - 12 —anh
8 2a
2 272 212 2
_ no,oan h —a(n—1)h anh / —a|n—2|h —anh
- (a+ 4 ) +( 8  2a (6 te )

This finishes the proof. O



Chapter 3

Asymptotics for the sampled

process

In this chapter, we consider the asymptotic properties of the sample characteristics
(mean, variance, covariance) of the recovered driving process under different dis-
cretization scenarios. Assume that Y is observed at times 0, h, 2h,--- [T'/h]h on the

interval [0, 7).
e Case (I): his fixed, T'= Nh, and N — oc.

e Case (II): T'= N remains constant, h = -, and M — co.

1
Mo

e Case (II): T =N, h =+, and N A M — o0.

&
We will see that Case I can be handled with classical time series techniques (see
e.g. [10], [19]), whereas Cases II and III require a new approach, which is our main
contribution (see also [1]).

In Section 3.1 we introduce the three scenarios. In Section 3.2 we obtain asymptotic
normality of the sample mean and sample covariances in Case 1. Proofs use standard

time series techniques.

24
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Section 3.3 deals with Cases (II) and (IIT). The first main result is Theorem 3.3.1 that
provides the approximation of the true process L . The proof relies on Lemma 3.3.2
in which we approximate the continuous process Y via its sampled version. Then,
we apply the inversion formula. As a corollary, we obtain the central limit theorem
for the estimated process L (Corollary 3.3.3). Next, we provide a uniform bound
on the approximation error in the unit increments of the recovered driving process
(see Lemmas 3.3.5 and 3.3.7). Our Lemma 3.3.5 can be compared to Theorem 5.7
n [14]. Although the result in the latter paper holds for more general multivariate
CARMA models, our bound is more precise and is uniform with respect to N, the
length of time that the process is observed. As a consequence, we can derive central
limit theorems for sample covariances (see Theorem 3.3.11).

In Section 4, in a brief digression, as an important by-product, we prove a central
limit theorem for the integrated CAR(1) process Y (Theorem 3.4.2). The significance
of this result is that the proof is quite elementary and does not require any mixing

arguments.

3.1 Discrete approximation of L
Recall equation (2.2.2):

E[L(t)] = ut and Var (L(t)) = n*, t>0, (3.1.1)
and the estimated increments (cf. (2.7.2)):

Y 4y ®
VARIES S ah%

1 ah o1
- (—+;—)Y7§h)+<;———)Yﬁ)l, n=1,---,N. (3.1.2)
g g g

o

AL = 571

n

Since L(Nh) = ZnN:1 ALY the estimated value Z(h)(Nh) of L(Nh) from the dis-
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cretely observed process Yn(h) can be written as a partial sum:
N N (h) (h)
~ ~ 1 Yo' +Y
LO(NR) = Y ALW == 1y -y +ah "t
1 ah & ah
_ (h) (h) } : (h) E : (h)
o ( N 0 + O_n:1 n +20_ o n—1
1 ah & ah
_ 2 (v (h) (h) (h)
_ J(YN Y, )+ U;:l:yn +20<YN +, "+ Yy, )
N
ah 1 ah
_ Y(h) - <Y(h) _ Y(h)) 3.1.3
o n (O’ 20_) N 0 ( )

Sample mean and covariance

We define AL®, the sample mean of the estimated increments ALY, n=1,..., N,

as N R
N Z LM(NR)
- N & N
and y,7m (k), the sample covariances of AL n=1,2,--- N, at lag k > 0, as
Yazm (k) N : Z (ALf{;k AL ) (AE,@ ~ AL® ) L 0<k<N.(3.14)

Furthermore, let p,7m (k) be the sample correlation which is defined as

— Yoz ()
P <)(k) — N
AL Yazm (0)

Three discretization scenarios

We will consider three different discrete sampling scenarios when investigating the

asymptotic behaviour of the sample mean AL®™ and sample covariances @ (k).

Assume that Y is observed at times 0, h, 2h,--- [T'/h]h on the interval [0, 7.
e Case (I): his fixed, T'= Nh, and N — oc.

e Case (II): T = N remains constant, h = 1>, and M — oo.

e Case (III): T =N, h = 47, and N A M — o.
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3.2 Case (I): his fixed, T = Nh, and N — oo

As we noticed in Proposition 2.7.1, the discretization with a fixed frequency h intro-
duces an error leading to estimated recovered increments with non-zero covariance.
Nevertheless, one can still obtain some relevant limiting results that can be used for

estimation of the model parameters.

Proposition 3.2.1. Consider the second order stationary Lévy-driven CAR(1) model
Y such that (3.1.1) holds. Then

(i) ALM 2y D [V (0)] = ph as N — 0o;

(i) VN (Af(h)

as N — oo.

. uh) = L (Z<h>(Nh) _ uNh) N (oh—zm%@ b = e~k

Remark 3.2.2. Before we provide a proof, we indicate how this result can be used in
statistical inference. When h > 0 is known, the central limit theorem for the sample
mean allows us to construct confidence intervals for p based on the recovered Lévy
process. Nuisance parameters 7, a appear only in the variance of the limiting normal
distribution and in principle can be bootstrapped without estimating the parameters
a,n. On the other hand, when a confidence interval for y is based on the process Y

then Lemma 2.4.3 indicates a non-identifiability issue.

Proof: We start with part (i). From equation (3.1.3), the sum of Lévy increments
SN ALY defining L(Nh) can be replaced with the sum of AR(1) random variables

plus a term that becomes negligible under norming by N. We obtain

= hl 1 ah\ Y -y
AL = 2 ZY(h (— “)T‘) (3.2.1)

o 20

By ergodicity of Yn(h), n > 1, and Lemma 2.4.3 we have

1 v ® Q)
NZ LB =5
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The result follows since the second term in the equation (3.2.1) converges to zero in

2
probability as N — oo since E {(YJ\(,}L) — Yg(h)) } < 00.

We proceed with the proof of (ii). Since V" is a strictly stationary AR(1) process
(c.f. (2.5.1)), it can be written as (cf. [10])

Y = Z pz® = Z o (28 -r (28] +E[Z0)])
_ i [0 (h) )
SR [A]+ o (2 B [71])
where Z{" is defined as in equation (2.5.2) if n > 0 and if n < 0 we define,

nh

ARES a/ e~ M= AN (—u—),
(n—1)h

where M = {M(t),t > 0} is a second Lévy process independent of L and with the

same distribution.

Now by equation (2.5.3)

e o <.
v = S et a-g)+ > (2, -E[20)])
=0 =0
= B3 (2 -r[28)])
=0
po - h h
= 243y (2, -E[2)]). (3.2.2)
j=—00
where
0 if j<0
Yy =
¢F if >0

Note that (cf. (2.5.4)):

2,2
(h) ") )\ _ N
<Zn_j —E [Zn_jD ~ 11D (O,Var (Zn_])) — 1ID (o, (1-¢?) T) ,
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Using Theorem 7.1.2 in [10] we have:

=S -Em) 5 N8, (3.2.3)
n=1
where
F =3 wh) = (1-et) G (Z w])
j=—00 j=—o00

B 02772 1 2 B 14 ¢ 02772

n (1_¢2) 2a (1—gb> N (1—¢> 2a
Hence,

N 272
%Lz(yém_ﬂ)i”\;(o’agﬁz)
o N a o

n=1
The second term (multiplied by v/N) in (3.2.1) converges to zero in probability as

N — 00, and so by Slutsky’s Theorem we have:

N
1 ~ d a’h? ah’>n*1+ ¢
(h) _ 2\ _
_\/W;:l (ALn Mh) 4, N(O, - ) _N(O, > —1_¢>.

OJ
We state a result for the sample covariances as well. However, from an applied point
of view this result is not particularly useful, since the theoretical covariances of the

estimated increments do not vanish due to the discretization error.

Proposition 3.2.3. Consider the second order stationary CAR(1) model Y such that
(3.1.1) holds. Then for k > 1 we have

—

(1) Yazm (k) == Yazm (k) as N — oo;

(ii) m(@(k) — PAﬂh)(k')) LN N(0,W?) as N — oo, where

o

. . ) 2
Wp = Z (pAE(h) (J+ k) + oAz (U — k) = 207z (K)pazm (])) :

Jj=1
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Proof: (i): We decompose the sample covariances in the standard way:

—

Vazg (F)
| Nk
- (h) T(h
= > (ALY —aL® ) (ALY —AL®) )
n=1
| Nk
h B =
- ¥ % <AL; ) ALW — ATW AL®) — ALWAL® + ALM) )
n=1
1 Nk 1 Nk T
N_anI n+k n _k; n+k N_anI n
= 2
+ <AL(h> .
(3.2.4)

We use the formula (3.1.2) to simplify the first term of equation (3.2.4):
| Nk
RN Q)
N T Zl ALY, AL

1 ah\? 1 ho1\? 1 &
— (_ —+ ;L_) - Yn(i)kYn(h) + <a_ _ _) Y(h)ly(h)
ag g ag

N—k
1 ah ah 1 1 (h)
) (=) — Y y (h)
* <0 * 20> <20 O’) N —k k1T
1 ah ah 1 1 iy (h) v (h)
-+ — == ) Y. Y.
i <0 * 20) <20 0) N—k kel
(3.2.5)

Using ergodicity of Yn(h), n > 1, we have

n

N—k
1 h P h)y-(h
g E Yn(+)ky(h) AN ) [Yb( y )} .
n=1

A similar argument can be applied to the other three terms in (3.2.5). Hence, as

N — o0,

1 N—k
T((h) A T(Rh)
S > ALY ALY
n=1
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20 o

1 ah\’ ho 1)\’
N (_+“_) B[y + <a___> B [vv)

1 ah 2 ah 1 2 (h)~-(h)
= ((5*7) *(%‘5))“3[’”0 7|

1 ah ah 1 h)~-(h) 1
L [Y( Y, } -
* <0‘ * 20) <20 a) 0 He1] ¥ +

—ahlc+ M202 i 2h2
a? 402

—ah(k+1

_ 9 . a2h? ok a2h? - o2
o2 ' 202 ) 2a 402

|
(- 2)sbime b+

ah 1 (h)y ()
—) (5 ;)E[Yo v

ah 1 () (h)
—> (g - ;) E [Yo Yk-i—l]
1N (0 e 207
o2 2a a?

_ah|k:—1\ +e—ah(k¢+1)> +2h?

1
o2
2 2,2 2,2
_ (77_ + ah®n )e—ahk i (ah ) (e—ah|k—1\ +e—ah(k+1)) +2h?

a 4

=" yagow (k) + p*h%;

(in (*) we used Lemma 2.4.3 and in (**) Proposition 2.7.1).

Using the continuous mapping theorem in conjunction with Proposition 3.2.1 and

Slutsky’s theorem we have:

——2
o AL Ly 2p2

AT T ALY, 2 i
N— k h) 279
° k Z AL 1whe.

Putting everything together we have

@(k) e ’YAE(h)(k) + M2h2 — ,u2h2 —

This finishes the proof of (i).

’h? + p2h?.
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(ii): Using equation (3.2.2) we can rewrite equation (3.1.2) in the following form:

(ﬂ
a -
7=0
ah 1\ (10 S0 g [g»
%_; 7+Z¢ n—1—j5 n—1—j
7=0
1
- () (e (- + oo
a 2 o o =
wh ah 1) 1 & i 0 [h)D
£ U 7" _E|z
+(2 a)+(20 0>¢;¢ "I "
= . 1 ah ah 1
S (e nl]) (Lo L
a +j21¢ I " 0+20+2¢ oo
ah
42 (zW g [zM
+(3+50) (@ -E(2)
- - (h) (h)
— pht Y 4 (20 -E|Z0]),
j=—o00
where )
0 if <0
U= q (L4 o) it j=0
\¢j<§+%+%—$¢) it > 1

Since we have:

> Il <oo and > ] < oo,

j=—o00

then the result (ii) follows by using Theorem 7.2.2 in [10].

j=—o0

(3.2.6)

(3.2.7)

3.3 Case (II) and Case (III): h=1/M, and M — o

We start with some notation that will be used throughout this section. Here, we

assume that h = 1/M. As in equation (3.1.3) we consider
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NM

~ ~ 1 ~

L\ = Lo (NMM) = ALJM. (3.3.1)
n=1

Note that ES\J,\/[) has a different meaning than ZE\};) in (3.1.3). Indeed, in (3.1.3) we
computed the sum of N observations taken at time points h,2h,..., Nh. In other

words, EE\};) approximates the Lévy process at time point Nh. Here, we have N x M

observations sampled at 1/M,2/M, ..., N. In other words, ES\],V[) approximates L(N).

As in (3.1.3), we will represent ES\J,W) in terms of the sampled process Y. Clearly,

Yn(l/M) =Y (ﬂ) Hence,

M
NM
Ton _ LZY(l/M)+ I a (Y(l/M)_Y(l/M)>
" Mo =" o 2Mo NM 0
NM
a 1 a
= = Yo - = YN —Yo). 3.3.2
MJ; i T (0 ZMU)( N 0) ( )

3.3.1 Approximation of Y and L

In Case I we analyzed the behaviour of the partial sum E(h)(N h) by representing it
in terms of an AR(1) model. Here, we take a different route. We approximate the
estimated Lévy process by the true process L using the bound given in Theorem 3.3.1
below. This result is applicable in Case (II) and Case (III) since the sampling error
will converge to zero. This approach could not be used in the previous case, due to

the sampling error coming from a fixed h.

Theorem 3.3.1. Consider Case (I1I) and Case (III). Let Y be a strictly stationary
CAR(1) process driven by a second-order Lévy process L such that (3.1.1) holds. If

EE\],V[) is defined as in equation (3.3.2) then for every N, M € Z,,
<nNva (1 —6_7?>§ LY
2

i -2 o

Consequently, the bound converges to 0 as N — oo and N/M — 0.

L
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The proof of Theorem 3.3.1 relies on the following uniform bound on the difference

between integrals of Y and the corresponding discretely observed process.

Lemma 3.3.2. Under the assumptions of Theorem 3.3.1, for every N,M € Z.,

1 N 1 X
‘ﬁ </0 Y(s)ds—M;Y]@)

The bound converges to 0 as N — oo and N/M — 0.

< \/N;—% (1 - 61\;>%. (3.3.3)

Lo

Proof: In what follows we will also use the following notation. Let

NM
(M) — T _
Yy (s) = > Yﬁl(ﬂqgﬁ)' (3.3.4)
Then
) N | M 2 ] e | MM 2
— Y(s)ds——» Yn = —E / Y(s)ds— —» Yn
H\/ﬁ</0 M; M> Lo N < 0 Mn=1 "

1 N N 2
= —E (/ Y(s)ds—/ YJS,M)(s)ds)
N | \Jo 0
1[N ?
M
= 3| /0 (Y(s) vl )(s)> ds]
N 2
< E/ (Y(s)—Y]\(,M)(s)) ds,
0
by the Cauchy-Buniakowski-Schwarz inequality. We have

/ON]E[(Y(S)—Y}VMNS))Q} ds = g/jE{(Y(S)_Y&ﬂ ds
- glj\/ar (Y(s)—}%) ds

NM i
= Z/ (2VarY0 — 2Cov(Yy, YA%_S)) ds.
=1 7 5

Hence, using (2.4.3)

/0 "B {(Y(s) - Y](VM)(S))Q} ds — % / (2“222 _ 2“222264&8)) ds
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IA
Q
SRS
/N
—_
|
Q)
g
N———
I~y
[V

This finishes the proof.

Proof of Theorem 3.3.1:
Recall equation (3.3.2) and the representation of L(N) (cf. (2.6.1)):

L(N) =+ [Y(N) —Y(0) - /ONY(s)ds] |

g

Using the bound from Lemma 3.3.2 we have

- I0)

e (n-227)
\/1N i[y(N)Y(O)Jra/ONY(S)dS] AL%W* (3; 21\(140
- e e s
1 a

NM

IN
\

n=1 9

Var? (Yn — Yp)

IN
2
3
N
/N
[a—
|
N
2l
N—
(NI

a
_i_i
2M+/No

_a>% zMjF(f(Un) <f77f<1_€;;)5+

IN
E
g
i

) (Yy — Y)

Lo

Since, as N — oo, N~Y2(L(N) — Ny) converges to a normal distribution with vari-

ance 7, the following corollary is immediate in Case (IIT).
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Corollary 3.3.3. Consider scenario (III). Under the assumptions of Theorem 3.3.1
we have N — oo and N/M — 0,

1 -
TN (L%@ —NM> 5 N, 7).

3.3.2 Estimated unit increments

Inference on the covariance structure of L will require estimated increments of L
over intervals of fixed length. Therefore, we look at finer properties of the estimated

increments over unit intervals. Recall now notation (2.7.1). In the analogy we define
AL, =ALY =L, — L,y and A LM =0 _ M) (3.3.5)

We note that the latter notation indicates the increments over interval (n — 1,n],
when the sampling frequency is M, as opposed to (2.7.1) where the increment over
((n — 1)h,nh] is considered.

Using the inversion formula we have

A1Ln - Ln_Ln—l

_ % [Y(n) —Y(0) + a/OnY(s)ds} - % [Y(n —1) - Y(0) + a/on_l Y(s)ds}
_ % [Y(n) V(-1 + a/nnl Y(s)ds] | (3.3.6)

Furthermore, we represent
A LM =T M = T

and
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_ Y. + (1 I ) (Yo —Yo1). (337

i=(n—1)M+1
That is, the estimated increment over (n— 1, n] is represented as the sum of estimated
increments over the small intervals ((n — 1), (n — 1) + 2] , - -
Properties of the estimated increments

We will prove some basic properties of the estimated increments Alfq(lM), n>1

defined in (3.3.5).

Remark 3.3.4. Since Y is a strictly stationary process with a finite second moment
then it can be easily shown using (3.3.7) that Ali%M), n > 1, is a second-order strictly

stationary sequence.

In the next Lemmas we show how closely the estimated increments Alﬂ(zM) approx-

imate the true increments AyL,, n > 1. The estimate in (i) will be used to develop

the asymptotic behavior of partial sums and sample covariances.

Lemma 3.3.5. Consider Case (II) and Case (III). Let Y be a strictly stationary
CAR(1) process driven by a second-order Lévy process L such that (3.1.1) holds. If
ArLy, ML are defined as in equation (3.3.5), then

() VneN, AL - AL <ava(l-ed )+ B0 -
(i) Vn €N, AliﬁlM) - AL, —0 as M — oo.
Lo

In order to prove Theorem 3.3.5 we first prove the following uniform approximation.

Lemma 3.3.6. Under the assumptions of Lemma 3.3.5

nM 1
—a

M,: Y]Q_/TLRIY(S)CZS Sj/_%<1—61\4>2.

Lo
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Proof: Recall Lemma 3.3.2 | for every N, M € Z .,

(e i)

Now by letting N = 1 we have
1

"(AIY(S)dS_%iYAZ> < % (1—6%?)2 .

The result extends to all n by stationarity. 0
Proof of Lemma 3.3.5: (i)
By using equations (3.3.7) and (3.3.6) we compute,

n-am) = 2 (5 3 v ) gt
g

(n—1)M+1
(3.3.8)

< \/N;—% (1—677;)5.

Lo

By taking the L, norm and using Lemma 3.3.6 we get:

HA1E(M)—
n Lo
nM n
< 4L % —/ Visds|| + g (; )
= o ||M M ) oM L,
i=(n—1)M+1 Lo
s
< nva(1-ei )"+ B [(vi - Vo)
- nﬁ(l—eﬁ)ﬂﬁ(\@rm Yy))?

|=

Using Lemma 2.4.3 we have

a3 a o’n? o’n? 2
< 1 ﬁ) 07 I 97 o=a
= Wa( ‘ +2Ma< % 2 )

HA12;M> _ AL,

Lo



3. Asymptotics for the sampled process

(ii) The result is a consequence of (i), since

_ 1
m/E(l—eM) \2/]:477(1—6(1)2—)0 as M — oo.

The following approximation lemma can be viewed as a corollary of Lemma 3.3.5.

Lemma 3.3.7. Under the assumptions of Lemma 3.3.5, for k > 0,

HA LODAZM) — AL

1 ~ 2 - 1
< |n+E-= [AILgM)] m/ﬁ(l—eM) n\/_(l—e )% :
2M
The bound converges to 0 as M — oo, uniformly in n and k.

Proof: By Lemma 3.3.5 (i) we have

E ‘A@fﬁ%lfw ~ AL,

= E|ALALY — ALy L+ ALk L = ALy A LYY
= E|AiLow (AlﬂM) ML)+ AT (AT - A L)

< E‘Aan+k (AZ0D - AL, +E)A L0 (A2 - A LM)‘
< E? [(ALni)?] B2 {(AlL;W —Aan) ]

YE3 {(Alig@) ] {(A I AL n+k>2}
S e (e
< (nHE% {(Aligw)QD (n\/a (1-e7)" +%( —e_“)é).

The bound converges to 0 by application of Lemma 3.3.5 (ii).
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Remark 3.3.8. We note that the bounds in Lemma 3.3.5 (i) and Lemma 3.3.7 are
independent of N, so that convergence is uniform in N. As a consequence, we can

use the above estimates both in Case (II) and (III).
Corollary 3.3.9. Under the assumptions of Lemma 3.3.5,
() VneN E [Alim —
(ii) VY n €N, Var (Alng» — Var (A L,) as M — oo;
(i) Vn > 1, Cov (A1E§M), A1E;M>> 0.

Proof:

By Remark 3.3.4 without loss of generality it is enough to prove (i) and (ii) for n =1
only.

(i): Using equation (3.3.7) and Lemma 2.4.3 we have

M
~ a 1 a
Bla] = R LB (; - 2Ma) R
i=1

(ii) is an immediate consequence of Lemma 3.3.5 (ii).

(ili) is an immediate consequence of Lemma 3.3.7. U

3.3.3 Asymptotics for the Sample Mean

The next result is a simple corollary of Theorem 3.3.1 and Corollary 3.3.3. We note
that the law of large numbers requires N A M — oo only, while the central limit
theorem needs N — oo and N/M — 0.

Corollary 3.3.10. Consider scenario (111). Under the assumptions of Lemma 3.5.5.

Let Alz(M) and n? be the sample mean and sample variance, respectively, of AIE;M),

n=1,---,N: e
N

N
1 - B 1 - 2
T2 NI and i = ;:1: (AlL;W — A L(M)) .

n=1

Ay LOD)
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Then,

(i) A LM 25 as NAM — oo,

(ii) \/N<m—,u> —%5 N(0,7?) as N — oo and N/M — 0.
(iii) 72 2 n® as NAM — .
Proof of (i), (ii): Note that

= 1 ZNM 1
= ~(M ~(M
n=1

By Theorem 3.3.1,

N 11 - L(N)
—I0D S—H—LN—L(M)) +‘——u
HN N L /_N /—N( ( ) N L N L
B L(N)
< 1 — g—a/My1/2 van B
<iva(l = o Ty e L

Let N AM — oo and (i) follows. Part (ii) is an immediate consequence of Corollary
3.3.3.
Proof of (iii): We have

E|~ XN: (A1E<M>)2 _ L ZN: (ALY < ZN:E ‘ (AIZ(M))Q — (A L)
N 2 n N 2 = N n
— 0 as M — oo (by Lemma 3.3.7, k = 0).
Now since,
L\ 2 )
N;(Aan) — E[L1]” as N —
then

WE

1 N2
N <A1L£LM)> L RL) =0 +p? as NAM — oo;
1

n

consequently the result follows by (i). O
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3.3.4 Asymptotics for the Sample Covariances

In this section we consider the sample covariances of the estimated unit increments,

defined by

N—k
o 1 ~ — ~ =
T (h) = —— (AL = A T00) (A LR — A, Z0D)),
n=1
where
— 1N
n=1
and k > 1.

Again, we note that the sample covariance here has a different meaning than the
one in (3.1.4). There, “lag k” means that we look at dependence between ALY and

Af(h)

nir (n > 1), that is the estimated increment over ((n—1)h, nh| and the estimated

increment over ((n+k —1)h, (n+ k)h|. In the present setting we look at dependence
between the estimated increments over ((n — 1),n] and ((n + k — 1), (n + k)], when

the CAR(1) process is sampled at frequency h = 1/M, M — oc.

Theorem 3.3.11. Consider scenario (III). Let Y be a strictly stationary CAR(1)

process driven by a second-order Lévy process L such that (3.1.1) holds. Then
(i) WA/@(\M)(]‘?)L)O as NANM =00 VE>1;
(i) VN 7a zon (k) —5 N(0,7%) as N — o0 and N/JM =0 ¥ k> 1.
Remark 3.3.12.

(i) For the sample covariances we can assume without loss of generality that

E [Alng)] = = 0 because in case pu # 0 we can consider Ali;M) = Alz%M) —

. Then
’Y:z(\zm (k)
1 N—k - R -



3. Asymptotics for the sampled process

N—k
= ﬁ <A1Eg\ﬁ — Kk (AIE(M) - M)) (Alfsz) — K <A1
n=1
1 N—k ~ -
n=1
= ’YA/lsz)(k)-

(ii) L is a Lévy process, so it has stationary independent increments.

-)

If X, =
AL, ,AL,, k > 1, n > 1, then X, is a strictly stationary k—dependent

sequence with mean zero (assuming p = 0) and autocovariance function:

vx(n—1) = Cov (AL AL, AL,y AL,)
— E[ALiy AL ALy AL,

(E[(ALLYE[(ALYY]  ifn=1

0 if 1l<n<k

E[(ALi4)°]E[ALIALyy] if n=Fk+1

0 if n>k+1

\
This implies

nt if n=0
Vx(n) =

0 if n>0

Using Theorem 6.4.2 in [10] we have:

VN T VN 5 d
T Z Xo=5—7 Z ALyk ALy == N(0,1").
n=1 n=1

Proof of Theorem 3.3.11: (i): We decompose the sample covariance as

—

YA, LD (k)
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N—k
= ﬁ (ALn+kAL — AN TN — A\ TODA T +AL(M>
n=1
1 N—k
_ (M
= 7 2 AL ALY AL(M>—ZALn+k
n=1
N—k
= 1 ~ —\ 2
—M LD ST A LM + (A1L<M>) . (3.3.9)
n=1

For the last three terms in equation (3.3.9) we use Corollary 3.3.10 (i) with p = 0.
Then we have as N A M — oo that:

— 2
. (A1L<M>) 250

« AL N N—k ZN FAL Ln+k — 0, since Ay LOD 250 and N e ZN FALL Ln+k

=

l>

() L ST AL 250, since AL 25 and 1 SN ALY

=

For the first term of equation (3.3.9) we have for all n € N,

1 N—k

5 2 MLk AiL,
n=1

‘|HZAL+kAL

L

< N— HA LAY = A Lyadh Ly
-1 1
(A, D00 s2\? e :
< (77+IE2 [(AlLl ) D (W&(l—w) M (1€ )2)
(3.3.10)
by Lemma 3.3.7. The bound converges to 0 as M — oco. Hence,
| Nk
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Using Remark 3.3.12 (ii) we have
| Nk
N_% Z AL, ALy, 250 as N — oo.
-1
This completes the proof of (i).
(ii): We use again the decomposition (3.3.9). The last three terms of equation (3.3.9)
multiplied by v/N are negligible as N — oo and N /M — 0 by a similar argument as

in part (i), now using Corollary 3.3.10 (ii).
For the first term of equation (3.3.9) multiplied by v/N, we claim that

N— \/N N—k
Z n+k M- N _ & Z ALy L, 25 0 as N — oo and N/M — 0.

n=1

(3.3.11)
Indeed by using equation (3.3.10) we have,

\/_ N-— N—k
-
A SIS ol |
< VN (n+Ez [Alf“”)r n\/a(l_eni>5+”\/5(1_ea)é ol X
B ! 2M AR

(3.3.12)

The bound converges to 0 since N/M — 0. This completes the proof of the claim
(3.3.11). Now, we are ready to finish the proof of (ii). Using Remark 3.3.12, (ii) we

have that:
N—k
d
? Z ALy AL, == N(0,n*) as N — oo.
n=1
Now,
N—k
N FM) A T(M
v 7 2o ML AL
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=

—k
AanJrkAan
1

\/N N—k ~ ) R \/N N—k \/N
_ (M) _
= % Zl ML M LY — ; ALk Dln + 55—

n

LN N(0,nY),
as N — oo and N/M — 0. So,
VN Ja (k) 5 N(0,7%) as N = oo and N/M — 0,

completing the proof of (ii). O
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3.4 CLT for the Lévy-driven CAR(1) process

This section is a brief digression from the central topic of our thesis. Here we use our
estimator of the driving process L to prove a central limit theorem for the integrated
CAR(1) process Y. The significance of this result is that the proof is quite elementary
and does not require any mixing arguments. In Corollary 3.3.3, we have proven a CLT
for the estimated process ZE\?” by showing its closeness to the true Lévy process L(N).
In this section, a similar approach leads to a CLT for the sampled process <qu1/ M)>
by using the CLT for Z%M), see Theorem 3.4.2. We note that results similar to those
in Corollary 3.4.1 and Theorem 3.4.2 can be obtained using different methods. In
[44], mixing properties of the CAR(1) model are utilized, while sample means and
sample covariances for the discretely sampled process Y are considered in [19]. In our
Scenario I (fixed h) asymptotic normality of the sample mean and sample covariances

are proven under appropriate moment assumptions.

Corollary 3.4.1. Consider scenario (III). Let Y be a strictly stationary CAR(1)
process driven by a second-order Lévy process L such that (3.1.1) holds. Then

(i) As NAM — oo,

Proof: From (3.3.7) we have

NM
(M a 1 a
(LEV)_NM):<M_O' Y&_N‘L)Jr(E_zMa)(YN_YO)'

n=1

Therefore, since Y is stationary, (i) follows by Corollary 3.3.10 (i) and (ii) follows by
Corollary 3.3.3. O
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In fact, Corollary 3.4.1 gives us a very simple proof of the CLT for the integrated
Lévy-driven CAR(1) process Y:

Theorem 3.4.2. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (3.1.1) holds. Then

i = [ o) - Epaas £ v (0,257,

Proof: 1f we center equation (3.3.3), we have, for every N

“WA (Y(s)—E[Yo])dS_ﬁM;(Y&_E[YO]) .

Sﬁj/_%<1_eﬁ>5:o< N/M).

Let
1 N
Av= / (¥ (s) — E[Yg]) ds
and
B = 1 1NM Y. EY;
N’M_\/_NM;< » —E[Y]) .

Arguing as in Theorem 25.4 of [7], for any 4 < 2 <y, with y' —2z <€, 2 —y <,

P(Byu < y) — P(|Ay — By u| > €) < P(Ay <)

< P(Byum < y”) + P(|Ay — By u| > €)

for all N, M. Therefore, letting N — oo and choosing M such that N/M — 0, by
Corollary 3.4.1,

P(W <) <liminf P(Ay < z) < limsup P(Ay <) < P(W <y’

N—oo N—o0

),

where W is normal with mean zero and variance n%0?/a?. Since ¢ is arbitrary, the

result follows.



Chapter 4

Inference based on the sampled

process

We now return to the central topic of our thesis. In this chapter, we develop a
test of hypothesis that the driving process L in our CAR(1) model has uncorrelated

increments. Recall equation (2.2.2)
E[L(t)] = ut and Var (L(t)) = n*t, t>0. (4.0.1)

In the following sections we formulate the test statistic as well as study the perfor-
mance of the test under both the null hypothesis (sections 4.2.1, 4.2.2, 4.2.3) and the
alternative hypothesis (section 4.2.4).

In summary, the performance is very good for Brownian motion and the Poisson

process, but slightly worse for the gamma process.

4.1 Test Statistics

Let (Yn(l/M),n =1,... ,NM) be a discretely sampled stochastic process. If YV is a
CAR(1) model driven by a process L we can use the estimated increments to test Hy

that L has uncorrelated increments, which will be true if L is a Lévy process. We

49
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reject Hy for a large absolute value of the statistic W, 7. (k) for a specified value of

k, where W, 7 (k) is defined as follows:

Corollary 4.1.1. Consider scenario (III). Let Y be a strictly stationary CAR(1)

process driven by a second-order Lévy process L such that (4.0.1) holds. If N and

fyﬁﬂ (k) are the sample variance and covariance of Alz(M) respectively, then,

Va.zon (F)

N
Wa,zon (k) = VN A 4 N(0,1) as N — oo and i — 0.

(M)
2
U

Proof: By Theorem 3.3.11 we have shown that

— N
VN VA@(M)(k) i> N(O,n4) as N — oo and i — 0.

Consequently, -
7A15<M>(k') d
VN —=5—— — N(0,1).
n
2
Now, % -4 1 by Corollary 3.3.10, hence
n
VA/@(\M) (k) VA/@(\M) (k) 772

d

Under Hy, for large N, M and N/M small we have
a~ P (|WA1Z(Z\/I)<I€)| > Za/?) )

where z, /5 is the critical Z-value where Z ~ N(0,1).

4.2 Simulation Study

4.2.1 Brownian motion driven CAR(1) process

— N(0,1) by Slutsky’s theorem.

(4.1.1)

The Brownian motion B is defined in Section 2.2.1. For a large K, we simulate

an ii.d. sequence (noise) Z% ~ N(0, %), i=1,2,--- ,NK. We approximate the
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driving process B(t) as,

0 if t=0
B(t) =

Y

Zgg%,if%§<t§

==

which will be treated as an approximation to a standard Brownian motion on [0, V].

Figure 4.1 shows a simulated driving process B;.

Driving Process

0 20 40 60 80 100

Time_Scale

Figure 4.1: Simulated standard Brownian motion for N = 100 and K =
5000.

In order to simulate Y;, Brownian motion-driven CAR(1) process, we look at its

definition through its stochastic differential equation
dY (t) = —aY (t) dt + odB(t)
which by Euler’s scheme can be approximated by the difference equation:

+J<Bf—BFL>,

K

where t is of the form t = ¢/K, i = 1,..., NM. Using the simulated noise Z% we

have,
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Figure 4.2 shows a simulated sample path Y; with K = 5000 and N = 100 and Ysampled

which are the values of Y; observed at the times {0, %, %, -+« N}, with M = 500.
CAR Sampled CAR

pled

Y_sam

0 20 40 60 80 100 0 20 40 60 80 100

Time_Scale Indices

Figure 4.2: Simulated Brownian motion driven CAR(1) process Y for {N =
100, K = 5000, 4 = 0,n=1,0 =1,a = 1} and Ysampiea for M = 500

We recall (3.3.7):

nM
a 1 a

AL — = Y - Y, Y, ).
o Mo o v \o o) ! 2

We compute the estimates of the recovered increments A1§7(LM) over the intervals

(t—1,7,i=1,---,1 =100, using Ysamplea illustrated in Figure 4.2.

In Figure 4.3 below, we compare the estimated increments with the true increments

AB, =B, — B,_1.

To show that A B,, and AlﬁgM) are not identical, we display the differences in Figure
4.4.
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True Increments Recovered Increments

Delta_1L
0
|

0 20 40 60 80 100 0 20 40 60 80 100

Figure 4.3: True Increments: A;B,,, Recovered Increments: Alg,(@M)

(True-Recovered) Increments
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Figure 4.4: (True-Recovered) Increments: Ay B,, — A, BM

In Figure 4.5, we compute the sample autocorrelations function for both the recovered
increments (Aléq(zM)) and the true increments (A;B,). The sample autocorrelation
are very similar for the true and estimated increments, in agreement with equation
(3.3.12). Figure 4.5 also reflects the 0 correlation of the true increments and the
asymptotic 0 correlation of the estimated increments. This is in agreement with The-

orem 3.3.11 and Remark 3.3.12.
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Figure 4.5: The sample autocorrelation function for the True Increments

A1 B, (True) and for the Recovered Increment A, B (Recovered)

We want to test at level 0.05
Hy:p(1)=0 vs. Hy:p(1)#0  where p(1) = Corr (A1B,, A1Bpyi1) .

To assess the performance of our proposed test statistic based on estimated increments
(see Lemma 4.1.1), we compare it with the corresponding statistic based on the true

increments; that is, we compare the performance of the statistics:

o —

YA, 5(1 _ Ya, gon (1) .
Wa,s(1) = VN M%B;( ) _ VN pa5(1), Wi gon(1) = VN AIBT = \/NPA1§<M>(1)

where Wa,5(1) is based on the (unobserved) true increments Ay B,,, and Wy 5o (1)

is based on the recovered increments Alé,gM).

(4.1.1).

See Corollary 4.1.1 and equation

Tables 4.1 and 4.2 give the empirical levels @, g, 0, gan for both tests based on
Wa,5(1) and Wy g (1) respectively, over R = 400 simulations, with nominal level

0.05. We consider various values of the parameters a and o.
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N =50,M = 100N = 100, M = 100|N = 100, M = 300|N = 100, M = 500
an, B aAlé(w an, B aA1§<M> aaB amE(M) aaB amé(m
a=0.9 | 0.0600 0.0600 | 0.0375 0.0375 | 0.0375 0.0375 | 0.0375 0.0375
a=10 | 0.0375 0.0400 | 0.0375 0.0400 | 0.0475 0.0475 | 0.0450 0.0450
a=100|0.0325 0.0250 | 0.0350 0.0475 | 0.0325 0.0350 | 0.0500  0.0500
a=1000| 0.0375 0.0450 | 0.0500 0.0450 | 0.0375 0.0400 | 0.0400 0.0425
Table 4.1: We fix {o = 1, K = 5000, x = 0, R = 400}

These results are consistent with a nominal level 0.05, since with R = 400, the em-

pirical level should fall in the range 0.05 4+ 0.021 95% of the time.

N =50,M = 100N = 100, M = 100|N = 100, M = 300|N = 100, M = 500
anB  Qp gon | OB Qp gon | QA Qp gan | Q@aB O B
oc=1 10.0600 0.0600 | 0.0375 0.0375 | 0.0375 0.0375 | 0.0375 0.0375
oc=10 | 0.0625 0.0625 | 0.0600 0.0600 | 0.0625 0.0625 | 0.0625 0.0625
o =100 0.0600 0.0600 | 0.0425 0.0425 | 0.0575 0.0575 | 0.0500 0.0500
o = 1000| 0.0425 0.0425 | 0.0525 0.0550 | 0.0775 0.0775 | 0.0650 0.0650

Table 4.2: We fix {a = 0.9, K = 5000, x = 0, R = 400}

The test statistics based on the true and recovered increments give us virtually iden-

tical empirical levels except for large values of a (a = 100 or a = 1000). Looking at

the formula for the recovered noise (3.3.7), we see that large values of a introduce

more volatility and so this result is to be expected.

For a Gaussian driving process, the performance of the test statistics does not seem

to be particularly sensitive to the sampling frequency M or the value of the ratio

N/M. Also, a sample N = 50 seems adequate.
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4.2.2 Gamma-driven CAR(1) process

The gamma process GG is defined in Section 2.2.1.

Following the same steps as in the case of Brownian motion driven CAR(1) process

we simulate the driving process G(t) using the discrete approximation

x®
where F% ~ 1i.i.d. F(a%,ﬁ) = (’;—z%, 175) ,i=1,2,---  NK. Figure 4.6 illustrates

a simulated sample path G(t).

Driving Process

100
1

80
1

60
1

40

20
1

0 20 40 60 80 100

Time_Scale

Figure 4.6: Simulated gamma Process for {N = 100, K = 5000, = 1,1 =
1}

We also use Euler’s scheme to approximate, Y;, a gamma-driven CAR(1) process, by

the discrete equation:

1
Yi—Y, 1 =-aY, 1 +oly,

where ¢ is of the form ¢t =i/K,i=1,..., NM. In this case we begin with any chosen
value for Yy then use Euler’s scheme to approximate the process Y. We drop the first

2000 simulated values in order to achieve stationarity.
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Figure 4.7 shows a sample path Y; with K = 5000 and N = 100 and Ysamplea Which

are the values of Y; observed at the times {0

CAR

1 2

»ap ap o N} with M = 500.

Sampled CAR

pled
3
I

Y_sam|

0 20 40 60 80 100 0 20 40 60 80 100

Time_Scale

Figure 4.7: Simulated gamma-driven CAR(1) process for {N = 100, K =

Indices

5000, =1,n=1,0 =1,a =1} and Ysamplea for M = 500

In Figure 4.8 we display AG,, = G, — G,,_1 and Alé,ﬁm computed by equation

(3.3.7), using Ysamplea from Figure 4.7.

Also, the differences (A1G,, — A4 é%M)) are displayed in Figure 4.9 as well as the sam-

ple autocorrelation functions in Figure 4.10. As before, the sample autocorrelations

support our theoretical results.

True Increments

Recovered Increments

Delta_1L
2
I

Figure 4.8: True Increments:

A1G,, Recovered Increments: AlégM)
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Figure 4.9: (True-Recovered) Increments: AG,, — A G (M = 500)
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Figure 4.10: The sample autocorrelation function for the True Increments

A1G,, (True) and for the Recovered Increments Alé\%M) (Recovered).
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Tables 4.3 and 4.4 give computed empirical levels @a, ¢, @p o) for tests based on
Wa,a, (1) and Wy aan (1) respectively, following the same procedures as before, over
R = 400 simulations, with nominal level 0.05. We consider various values of the

parameters a and o as well.

N =50,M = 100N = 100, M = 100|N = 100, M = 300|N = 100, M = 500

ane  Qpaon | Qae Qpaon | Qac Qagon | Qa6 Opgon
a=0.9]0.0200 0.0200 | 0.0725 0.0725 | 0.0500 0.0500 | 0.0375 0.0375
a =10 | 0.0250 0.0250 | 0.0550 0.0550 | 0.0400 0.0425 | 0.0425 0.0450
a=1000.0350 0.0250 | 0.0450 0.0325 | 0.0500 0.0525 | 0.0375 0.0350
a = 1000 0.0300  0.0175 | 0.0475 0.0200 | 0.0300 0.0225 | 0.0300 0.0300

Table 4.3: We fix {oc =1,u=1,n=1, K = 5000, R = 400}

N =50, M = 100|N = 100, M = 100|N = 100, M = 300|N = 100, M = 500

ane  Opaon | Qae Opaon | Qag Qxgon | Qag QpGon
oc=1 [0.0200 0.0200 | 0.0725 0.0725 | 0.0500 0.0500 | 0.0375 0.0375
o =10 ]0.0425 0.0350 | 0.0375 0.0425 | 0.0525 0.0500 | 0.0500 0.0525
o =100 0.0350 0.0350 | 0.0250 0.0325 | 0.0525 0.0475 | 0.0325 0.0300
o = 1000| 0.0375 0.0300 | 0.0400 0.0425 | 0.0500 0.0525 | 0.06250 0.0650

Table 4.4: We fix {a = 0.9, = 1,n =1, K = 5000, R = 400}

We note larger discrepancies between the empirical levels aa, ¢ and @ A, g for small
M than we did for Brownian motion. This is likely due to the larger discrepancies
between the true and recovered increments as illustrated in Figure 4.11, for M = 100.
As a result, in the case of a gamma process driving function, the test statistics are
more sensitive to the sampling frequency M and to the sample size N. However, the

ratio N/M does not appear to play a significant rule.
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In the left hand plot in Figure 4.11, we see the true-recovered increments with
M = 100. There are four large peaks that obscure the remaining differences. Remov-

ing these peaks allow us to illustrate the remaining differences in the right hand plot.

(True-Recovered) Increments (True-Recovered) Increments without peaks

3| SN S

0.006
Il

0.002

Delta_L - Delta_1L

)
The_difference
0.002
Il Il

-0.006
|

0 20 40 60 80 100 0 20 40 60 80 100

Time Time

Figure 4.11: (True-Recovered) Increments with and without peaks for small

M =100

4.2.3 Poisson-driven CAR(1) process

The Poisson process P is defined in Section 2.2.1.

Following the same steps as in the case of Brownian motion driven CAR(1) process

we simulate the driving process P(t) using the discrete approximation

0 if t=0
P(t) =
S Py i 2oz,

where P% ~ 1iid. P(A%), i =1,2,--- ,NK. Figure 4.12 illustrates a simulated

sample path of P.
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Figure 4.12: Simulated Poisson Process for {N = 100, K = 5000, A = 1}

We also use Euler’s scheme to approximate, Y;, Poisson-driven CAR(1) process, by
the discrete equation:

1
Yo=Y, L =—aY, g +oly,

where ¢ is of the form t =i/K,i=1,..., NM.
In the same way as in the gamma driving CAR(1) process we drop the first 2000

simulations to be closer to stationarity.

Figure 4.13 shows a sample path Y; with K = 5000 and N = 100 and Ygamplea Which
are the values of Y; observed at the times {0, 77, =, -+, N} with M = 500.

In Figure 4.14 we display AP, = P, — P,_1 and AP computed by equation
(3.3.7), using Ysamplea from Figure 4.13.

Also, the differences (A1 P, — A4 IST(LM)) are displayed in Figure 4.15 as well as the sam-

ple autocorrelation functions in Figure 4.16. As before, the sample autocorrelations
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Figure 4.13: Simulated gamma-driven CAR(1) process for {N = 100, K =
5000,A =1,0 =1,a = 1} and Ygampiea for M = 500

support our theoretical results.
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Figure 4.14: True Increments: Ay P,, Recovered Increments: AlﬁT(LM) (M =

500)
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Figure 4.15: (True-Recovered) Increments: AP, — A1]3,§M) (M = 500)
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Figure 4.16: The sample autocorrelation function for the True Increments

AP, (True) and for the Recovered Increments Ay P\™) (Recovered).
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Figure 4.17: (True-Recovered) Increments with and without peaks for small

M =

100

Tables 4.5 and 4.6 give computed empirical levels aa,p, @ A, pon for tests based on

Wa,p,(1) and W, pan (1) respectively, following the same procedures as before, over

R = 400 simulations, with nominal level 0.05. We consider various values of the

parameters a and o as well.

N =50, M = 100/N = 100, M = 100N = 100, M = 300|N = 100, M = 500
aAlP aAlﬁW) aAlP aAlﬁ(M) aAlP aAlﬁ(M) aAlP aAlﬁ(M)
a=0.9]0.0450 0.0450 | 0.0450 0.0475 | 0.0525 0.0525 | 0.0475 0.0525
a=10 | 0.0475 0.0575 | 0.0375 0.0350 | 0.0575 0.0475 | 0.0525 0.0550
a =100 0.0575 0.0600 | 0.0500 0.0325 | 0.0325 0.0300 | 0.0550 0.0575
a = 1000} 0.0375 0.0350 | 0.0550 0.0350 | 0.0275 0.0300 | 0.0550 0.0425

Table 4.5: We fix {o = 1,5 =1,7 =1, K = 5000, R = 400}

As in the case of Brownian motion, the performance of the test statistic does not

seem to be particularly sensitive to the sampling frequency M or the value of the
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N =50, M = 100

N =100, M = 100

N =100, M = 300

N =100, M = 500

aa, p aAlﬁ(M) an, p @Alﬁ(w Qa,p amﬁ(M) QINY amﬁ(m

o=1 |0.0450 0.0450 | 0.0450 0.0475 | 0.0525 0.0525 | 0.0475 0.0525
o =10 | 0.0500 0.0450 | 0.0475 0.0500 | 0.0325 0.0300 | 0.0375 0.0400
o =100 0.0400 0.0400 | 0.0325 0.0300 | 0.0425 0.0450 | 0.0325 0.0325
o =1000{ 0.0375 0.0400 | 0.0525 0.0475 | 0.0400 0.0500 | 0.0475 0.0475

Table 4.6: We fix {a =0.9,u=1,7=1, K = 5000, R = 400}

ratio N/M. Also, a sample N = 50 seems adequate.

4.2.4 An alternative case

To illustrate the behavior of the test statistics Wa, (1) and W, zan (1) under an

alternative case, we simulate fractional Brownian motion By (t) with Hurst parameter

H (see Section 2.3) by using the techniques developed in [18].

Driving Process
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-400

-600

20 40

Time_Scale

60 80

100

Figure 4.18: Simulated fractional Brownian motion for N = 100, K = 5000
and H = 0.8.

Following the same procedures as before we approximate the process Y; (By-CAR(1))

Y and Ygamplea in Figure 4.19, with H = 0.8. In Figure 4.20 we consider the same
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Y; and Ysamplea from Figure 4.19 and we computed ABy, = By, — Bu,—1 and
A1Bp, by equation (3.3.7). Also, the differences (A;By,, — A1Bpy, ) are illus-
trated in Figure 4.21.
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Figure 4.19: Simulated fractional Brownian motion driven CAR(1) process

for N =100, K = 5000 and Ysamplea for M = 500
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Figure 4.20: True Increments: A; By ,,, Recovered Increments: A, B H,n( :

The sample autocorrelation functions are displayed in Figure 4.22 where we can see

that the positive correlation at lag 1 is reflected by both the recovered increments
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— (M
(AIBH,n( )) and the true increments (A1 Bp ).
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Figure 4.21: (True-Recovered) Increments: Ay By, — AIBH,n( )
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Figure 4.22: The sample autocorrelation function for the True Increments

— (M
A1 By, (True) and for the Recovered Increment Ay B H,n( : (Recovered).

To graph the power functions for both tests at level 0.05 based on Wa, g, (1) and
W (1), we computed the empirical rejection rate ,/B\Al Bis B — o for different
AlBH A1BH

values of the Hurst parameter H. The power functions are illustrated in Figure 4.23.
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H | Bassy BAEE(M) H | By EA@E(M)
0.05 | 0.92 096 |0.55| 0.04 0.04
0.10 | 0.92 0.90 |0.60 | 0.18 0.16
0.15| 0.74 0.78 |10.65| 0.18 0.16
0.20 | 0.66 0.68 |0.70 | 0.32 0.32
0.25 | 0.58 0.52 | 0.75| 0.70 0.70
0.30 | 0.36 0.44 | 0.80| 0.60 0.60
0.35 | 0.24 0.30 | 0.85| 0.80 0.80
0.40 | 0.24 0.26 090 | 0.90 0.90
0.45| 0.04 0.04 |095| 0.98 0.98

Table 4.7: N =50, K = 1000, R = 50,a = 0.9,0 = 1

Power Functions
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Figure 4.23: The power function for the test based on W, g, (1) is the solid

line and the one based on W (1) is the dashed line .
1PH



Chapter 5

Asymptotics for the sampled

process with estimated parameter

In this chapter we study the consistency of the test statistic W, 7 (1) defined in
Corollary 4.1.1 if we replace the parameter a by an estimator.

Recall equation (2.2.2):
E[L(t)] = ut and Var (L(t)) = n*, t >0, (5.0.1)
and the Definition 2.4.1 of Y, a Lévy-driven CAR(1) process:
Y(t) = e Y (0)+o /0 t e~ WAL(u), t>0,

where a € R, 0 € R;..

We notice that o and 7 are not identifiable, but without loss of generality we can
assume that o = 1 since if Y is a CAR(1) process driven by L with o # 1 then Y;
can be also seen as CAR(1) processes driven by the Lévy process L'(t) = o L(t) with

o’ = 1. This discussion is concluded in the following remark.

Remark 5.0.1. Because we test the hypothesis of 0 correlation of the increments,

the assumption that o = 1 will not affect the test statistic W, g (k).

69
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Hence, the only parameter we need to estimate is a.

In what follows, in Section 5.1 we discuss different estimators of a (cf.[44]). We prove
the asymptotic normality of the chosen estimator in Theorem 5.1.1.

In Section 5.2 we state the main result, Theorem 5.2.1, that deals with asymptotic
normality of the test statistic for zero covariance. This result shows an interesting ef-
fect of replacing a with its estimator. Theorem 5.2.1 should be compared to Corollary
4.1.1. The proof is lengthy and technical.

The final section deals with simulation studies. We illustrate Theorem 5.2.1 by show-
ing different power of the test statistics when we use the true value of a and its
estimated value. We observe the difference for moderate values of a, as suggested by

the Theorem.

All the results in this chapter are new.

5.1 Estimation of a

Let Y be a strictly stationary CAR(1) process driven by a second-order Lévy process
L.

Consider first the classical least squares estimator for a:
NM
Ly Tt (Yo — Yy ) Vs
CLN = ) Nt 5 .
M Zn:l <Yn]\—_41)
If the driving process L is a Brownian motion, the weak and strong consistency of

the estimator a’%”) is studied in [32], [21], and [29]; the asymptotic normality and

)

asymptotic efficiency of EL'E\],V[ was proven in [37]. Recently Zhang et al. [44] have

shown the strong consistency and asymptotic normality for 5534) if the driving process
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L is a zero mean (u = 0), second order Lévy process. In this case, it is proven in [44]

that

~(M .S.
oag\,)%a as N, M — oo,

o \/N<Zi§\],\/[)—a> %y N(0,2a) as N — oo and N/M? — 0.

To perform our test with an estimated value of a in the test statistic W, zan (k), we

need to consider an estimator for a for the general second order driving process L

(i.e. p#0).

The above discussion motivates us to introduce the following estimator of a:

ET]:[:JVI[ <YL—1 — YL) (Yn;l — ?)
a0 = AL . (5.1.1)

NM Evd
% Zn:l <Y"7_1 - Y>

where
| NM

Y=y 2=
n=1

Theorem 5.1.1. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. Ifag\],w) defined as in (5.1.1), then,

(i) 5%‘4)L>a as N,M — oo

(ii) \/N(EL\E\J/V[) —a) 4y N(0,2a) as N — 0o and N/M? — 0.

In order to prove Theorem 5.1.1, we start with the following lemma.

Lemma 5.1.2. Let Y be a CAR(1) process driven by a second-order Lévy process L
with parameters a,o such that (5.0.1) holds. Then the process Y — 2 is a CAR(1)
process driven by the centered second-order Lévy process L(t) — ut with the same

parameters a,o.
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Proof :
Recall equation (2.4.2):

t
Y(t) = Y (0) + o L(t) — a0 / e~ L (u)du, > 0.
0

Then
po
v(t) - 22 =
(0~
t
e (Y(O) - M—0> el KT, oL(t) —aoc [ e “"YL(u)du
a a a

= e (Y(O) - E) el MO oL(t) —ao
a a

t
—apoe” ™ / ue™du
0

t
= (YO - E) e T )~ a0 [ (L) ) du
a a a 0

at
_apoeat <t€ 1 (eat _ 1))

a a?

a

= e (Y(O) - M—U> + 0o (L(t) — pt) — ao /Ot e~ (L(u) — pu) du

Proof of Theorem 5.1.1:

Assuming first that the driving process L is a centered second order Lévy process

(u=0), we rewrite 6%‘4) as

NM — NM NM
N — 2
r i (Yn;l—Y>
(ZNMM<Yn1—Yn>Yn1+MYZ ( Wl_yﬁ»
ﬁ(z <Yn ) 2V YNy £ NM (Y )>
_M<ZNMM<Yn1—Yn>Yn1+MyyO )
1 )

. (Zfﬁ (Yn;) —2V 3 Y + NM (Y
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NlM (Zgﬁ M (YL—l — Yﬁ) Yn_/1> + %? (Yo — Yy)
—= 1\/12 M ) ‘ (512)
NM ~ NM —
wir Tt (Yoo ) =2 gy T2 Yo + (¥)

— N_—
Now,Y -5 0 as NAM — oo by Corollary 3.4.1 (i). Therefore, %Y (Yo —Yn) 20

NM
— 1 ~\2 p
as N — oo and —2YWn§:1:Yan+(Y) —0 as NAM — oo.

This shows that when the driving process L is a centered second order Lévy pro-
cess, then vV.N (65\],”) - a) and VN (E(NM) - a) have the same asymptotic behaviour.

Hence (i) and (ii) hold for ag\],\/[) as well.

If L is a general Lévy process, then the result follows in light of Lemma 5.1.2 because

the estimator aﬁ% defined for Y is the same as the estimator 65\],\4) defined for Y — “a—"

Namely,
NM V. e NM _ po n _ ko G v 1o
S (i 73) (s F) S g (0 ) - 2)
—\2 = — 5 .
B (Yor - 7) 2 N (Yors — 2 — (7 - 1)
OJ

5.2 Test statistics: asymptotic normality

In order to proceed, in analogy to equation (3.3.7), we define the recovered increments

using an estimator of a:

San _ anl e ay”
i=(n—1)M+1
M) ()
_ g Sn 1= Ny, —y 52.1
A Wi +< 2M>(n n—l)' ()

Also, we define WAﬁ“(l) to be the test statistic defined in Corollary 4.1.1 if we
1

replace the parameter a by a§§4> and we define ﬁAz to be N? defined in Corollary 3.3.10
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if we replace a by ?i%w).

Let Y; be a discretely sampled stochastic process. If Y is a CAR(1) model driven by
a process L, we can use the estimated increments to test Hy that L has uncorrelated
increments, which will be true if L is a Lévy process. We reject H for a large absolute

value of the statistic W — —p, (1) which behaves as follows:
1

Theorem 5.2.1. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. Consider Case (II), then

1) = vi 22 an gy o)

A1L<M) 77

where

e as N — oo, N/M — 0,

\/—'VAEA (1) _d, 4 N(0,1),
7’

e as N = 0o, N/M — 0 and a — o, 6%4’(@) — 0,
e 0,(1) 250 as N — oo, N/M — 0.
Under Hy, for large N, M, a and N/M small we have
am P (W5, (D] > Zap2)

where z, /5 is the critical Z-value where Z ~ N(0,1).
The proof of Theorem 5.2.1 is lengthy and requires several preliminary results.

5.2.1 Preliminary lemmas

Now we will present a sequence of lemmas that will help to prove Theorem 5.2.1.
Because of the non-identifiability between o and 7 (see Remark 5.0.1), without loss

of generality we will assume o = 1 in what follows.
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Lemma 5.2.2. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. Then

2
NZ/ Yo — Y)ﬂ—g—a(e_“—l)Q as N — oo.
1 N 772 2

(ii) N;a/ Y (s)ds(Y, — Y, 1) =5 %(e —1)" as N — oc.

N

1 " a.s

(iii) —g a/ Y(s)ds(Y, —Yn-1) — 0 as N — oo.
n=1 -

iﬂé& /M Y(s)ds/

n
n—1

2

2

Y (s)ds =% ;7— (e — 1)2 +pu? as N — oo,
a

2

Proof : Recall the notation AL, = L, — L,_1. From equation (3.3.6) we have:

AL, = Y(n)—Y(n—-1)+ a/n Y (s)ds.

n—1

(i) By ergodicity we have,

since

E[A1L, (Vo1 — Vo))
= s [(v-virra [ vouw) O )

-1
n

-1

— R[(Y,—Y, ) (Yo — Y,)] + aE { /n Y(s) (Yors — o) ds]
— B[y~ Y0) (Yo~ Yi)] 4 aE [/01y<3>(3/2_ws]

1 1
— B - VY- Yo+ V¥4 o [ EYWlds—a [ B (5)Yids
0 0

n? 1 1
= — (26‘“ —1—e 24 ae_Q“/ e*®ds — ae‘“/ e“sds>
2a 0 0
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2
(26‘“ —1—e

o Q

RIS

(47 —2—

1 N
NZ n+1

and the result follows.

(ii): Similarly to (i),

1 N

N

By ergodicity we have,

AT Z Aan—H(Yn - Yn—l)

n+1

)

a.s.

n+1

NZ(/

3) (Yor1 — Vo).

E [(Yn - Ynfl) (Yn+1 - Yn)]

2,,2
S (EVY: — EVY) — EY; + EVY)

a

2 2
(e — e — 1) =~ (e 1),

a a

(5.2.2)

V) 2% —L (e —1)”
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7

Also by ergodicity and independence
N
N Z Aan+l(Yn - Yn—l) % E [AILn—H (Yn - Yn—l)] - O
n=1

The result follows.
(iii) : By ergodicity we have,
2

_ZAl Yo = Y,) 25 E[AL, Yy —Y,)] = L (1—e),

a

since
E[ALL, (Y, — Y, 1)]
= E {(Yn Y, 1+ a/ Y(s)ds) (Y, — Ynl)}
n—1
= E|[(Y, - Yn71)2:| + alE [/n Y(s) (Y, =Y, 1) ds]
n—1
1
= B[ - 0]+ o | [ V) 05 - Yoy
. 1
~ Var(vi —Y0)+a/ E [V (s)Vi] ds—a/ E [V (s)Yo] ds
0 0
2 1 1
— 727_a (2—26 a—i—ae“/o e “ds a/o “Sds)
2
- 727_a (2- e (e7*—=1) — (e — 1))
2 2
_ g_a(z—ze*a—ue e +1) =L (1-e).
Now,
1 & 1 & n
N Z_: Aan(Yn — Yn—l) = N n;l <Yn - Yn—l + a/nl Y(S)ds) (Yn — Yn—l)
N

2|~

By ergodicity we have,

N
1 s, 2 _
SOV —Yo)® 5 Var(Yn—Yn,l):%(l—e @,

N - : lN a ' s)ds _
- ;(Yn Y1) +an::1< Y )d)(yn Y ).

(5.2.3)
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and the result follows.

(iv) : The result follows directly from (i), (ii), and the equation:

n=1
N Z a2/ Y(s)ds/ Y(s)ds + N Z a/ Y(s)ds(Ypi1r — Ya)
n=1 n n—1 n=1 n—1
1 N n+1 1 N
+ > a/ Y (s)ds(Yo = Yoo1) + > (Vi = Yaot) (Yo — V)
n=1 n n=1

since

N
]- a.s.
N E AL, 1AL, =% 1> as N — oo.

n=1

O

Lemma 5.2.3. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. For n > 1 define

nz Y. (5.2.4)

i=(n—1)M+1

S(M)

Then

(i) as NAM — oo,

N (M)
1 Sn 1% P
— —=]1 =0
NZ<M a) ’

n=1

(ii) as N — oo and N/M — 0,

N (M) 2
1 Sn p\ d 1
— 2L N (o0, L)
\/N;(M a) <’a2)

Proof: Using the definition of S5, the result follows from Corollary 3.4.1 (i) and
(ii). O
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Corollary 5.2.4. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. If SM s defined in (5.2.4) then,

1 N S(M m n )
n p —a
) & a< | Ve = Ya) o = (e = 1)7 as NAM = oo

n=1

1 al 57(1M) % p
(iii) NZ@ — = | (Yo —Ys1) —0 as NAM — oc.

1om o (S w (S8 u\ b >
(iv) NZCL v e 7 . —>%(e —1)" as NAM — .

77— +a—1)—|—u2 as N ANM — oo.

a

Proof:

The proofs of (i), (ii), (i4) and (iv) depend on showing the L; closeness of the terms

in Corollary 5.2.4 to the corresponding ones in Lemma 5.2.2.

(i) :

1 N ST(lM) m N S(M) M
NZG Vi —5 (Yn+1 NZ@ Yo — Y) N(YNH—YD-

n=1

The last term converges to 0 in probability as N — oo.

N o o(M)
Sn

Now we show the L; closeness between the term N ngl GW(YnH —Y,) and the
corresponding one in Lemma 5.2.2(i). We have

S A

—E an— n+1 a/ Y 7L+1 Y)

N n=1 M n=1

N (M)
a Z Sn
S N n=1 E M 77«+1 Yn / Y n+1 Y )
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a
S N M |(Yn+1 - Yn)HLg
—1
SSLM) "
— a . Y(s)ds|| [|[(Yns1 — Ya)llo
n— Lo

[N —

VAN

% (1 - eJT> (Y = Yo)|,, by Lemma 3.3.6

— 0 as M — oo, uniformly in N.

Hence the result follows by Lemma 5.2.2 (i).

(i), (iii) : Similar to ().

v () (o 2)-

(M) N gO)

_Z n+1_ GMZ n+1__z ;\L/[ _}_MQ'

n=1

(iv) : We have

By Lemma 5.2.3 (i) we have that the terms
N oM N
al ST(L+1) BN _M Z

N~ M N —

Now for the term first term, similar to (i), we have:

] N 2S(Af1) S’r(LM) N , nt1 n
N]E ;a M ;a /n Y (s)ds /n—1Y(S)dS
2 N (M) (M) n+1 n
a S 7S
< E|Zptl=m Y Y
< N; VM : (s)aks/n_1 (s)ds
S,SM) n S(M S(M) n+1 n
< a? (H ) Y (s)ds ) X}l ) HWH_ : Y (s)ds ) /n—l Y (s)ds L

The upper bound converges to 0, uniformly in N, by using the same argument as in

(i). Combining the terms, the result follows.
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(v) : Recall the definition and the consistency of 7* from Lemma 3.3.10:

n=1
N (M) 2
1 S, a _ 2
= = 1 —) Y,—Y, )| - (A L(M))
N; (“ M +< STA 1)> !
N (M) 2 N (M)
- NQHZJI(M) +<2_M>N;GM (Yo = ¥os)
1 < a1 & 2 1
— Y, -V, )} = —— Y, -V, )? — Y, -V, )
+N;( y MN;< ) +4M2N;( )
— 2
- (AlL(M)> (5.2.5)
Hence,
N M)\ 2 N (M) N
]. 2 Sn ~9 a ]- Sn ]- 2
= 72— 2——)— Y, =Yy )= —S (Y, Y,
NCL;<M> ( MN;CLM< ) N;< )
a1 & 2 1 2
o« + 2 o 2 A(M)
+ MN;(Y" Yo-) 4M2N;<Y" Yoa) 4 (AlL )

Now by (iii), as N A M — oo, we have

1 al 57(1M) H P
NZ& o | (= Ya) 50
n=1

SM
M

~

which implies that

a

=] -
WE

n

Il
—
3
Il
—

Hence by ergodicity and (iii), as N A M — oo we have:

M

n=1

N[ g2
la2z Sn RN 772—Var(Y1—Y0)+M2:772—77—-#7]_@—“4_“2‘
N a a
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5.2.2 Asymptotics for Sample Mean and Sample Variance

Lemma 5.2.5. Let Alf(M) and 77:2 be the sample mean and sample variance, respec-

tively, of AlfglM)

N N 2
EOD = ESSATOD g Bz L CTOD A T
Then

) ALLOD sy as NAM — oo.

( M)_aN

(iii) »? 77 2s? as NAM — .

@—LN@mﬂasN%aamdNMWAO

Proof of (i), (ii) : Using equation (5.2.1),

— ~(M M ~(M ~(M
S s (8
a

Using equation (3.3.7) we have:

/%4) ag\sz) T(M
MY = 2= (AR — )

M ~(M M
= aW st + EV)(Y—Yl)—-a S
N M a oM nooon M a
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Part (i) follows from Theorem 5.1.1 (i), Lemma 5.2.3 (i) and Corollary 3.3.10 (i).
Part (ii) follows Theorem 5.1.1 (i), Lemma 5.2.3 (ii) and Corollary 3.3.10 (ii).

(iii): By replacing the parameter a by its estimator aﬁj‘“ in equation (5.2.5) we have,

- N/ gn\? aln (M)
P a5 () < () e

By (i) the last term converges in probability to u* as N A M — oco.
By ergodicity and Slutsky’s Theorem we have as N A M — oo,

a1 & (a%w)> 1 &
N 2 2 p
_WNZ:(YH_Y”_I) +WN2::(YH_Y”_1> — 0,
N
1 U
= 2 P Var (Y, — Yy g) = L~ e
NZ ar ( 1) i

Using Theorem 5.1.1 (i), Corollary 5.2.4 (iii), Slutsky’s Theorem and an argument
similar to that used to prove Corollary 5.2.4 (v), we have as N A M — oo,

g\ 1 ~aon St P
— M NZGN i (Yn_Yn—l)—>0-

Using Theorem 5.1.1(i), Corollary 5.2.4(v), and Slutsky’s Theorem, we have as N A

n=1

M — oo,
(M)
N (M) 2 N M) 2
1 ony? Sn ( ) N 2
N(GN);<M ; ;(e —|—a—1)—|—u.
The result follows by putting all the terms together:
A~ 2 2 2
TR %(e*a—i—a—l)+/L2+%—%e’a—u2:n2.
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5.2.3 Asymptotics for Sample Covariances

In this section we consider sample covariances of the estimated increments with esti-

mated parameter a at lag 1, defined by

)

N—1 —_
1 — —— — =

e = (M) _ M (M) _ M

Tazon D = 53 z; (AlL"“ ALt )> (Aan AL
where

L\~ A7
n=1

Theorem 5.2.6. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (5.0.1) holds. Then

VN 5 = VN 75200 (1) + ey (a,n) + 0,(1),

o ()
where as N — oo and N/M — 0:

o VN 73 700 (1) =5 N(0,n%) (by Theorem 3.5.11(ii)),
4, —a 1 4
° 6%\4)(% n) 4N (072w> :

e 0,(1) 0.

Proof: We decompose \/_7A L(M)(l) as:
— _ M) _ 2N
\/_7A L(M)( ) - N 1 — A Ln+l a AIL( ) a 1%

A(M) — M)
a
S (A 700 Ay’ 700 _ax
Z A Ln+1 — —,U/ Aan — T'u
(- B S (a2 -
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— (M) JN N-1/ (M)
~ a N ~ a
- (AIL(M) - ]ZL M) E (AlL%M) - %H)

N -1

n=1

~(M)

2
44W(mﬂw—%%o =1 — I — Is+ 1. (5.2.6)

As N — oo and N/M — 0, we have by Lemma 5.2.5 (i), (ii) and Slutsky’s Theorem

the following asymptotics:

— ~(M) — (M)
° [4 = \/N (AlL(M) — Iy ,LL> (AlL(M) — Iy ,u) i> 0,

a

— a(M)
[ I3 = AlL(M) — ](\; 1%

N AT _ SN ) Py
Hence,
N-1/ ~(M) — ~(M)
. VN ~(M) ay 7)) Ay
VNG (0= 5o (AlL"*l ) \METTn ) al),

where op(1) converges in probability to 0 as N — oo and N/M — 0. Now, from the

proof of Theorem 3.3.11 (i) we have that

\/N N-1 N N
V Ny zon = N1 > (AlLS\Q - M) (AlL%M) - M) + 0p(1),

n=1

and
\/N N-—1 oy R . N
N—1 ; <A1L£l+% - M) <A1L£LM) - M) — N(O,n4) as N — oo and i 0.

Next we consider the following difference:

VN N-1 — a(M) — a(M) R N
N1 AL} = ) (MDY = ) — (AL = ) (AL — ) |

a
n=1

We have,

W0\ (g
Ailpyy == —p | [ Biln™” == —4
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R %_E + _aﬂ (Y1 — Ya) G SéM)_H
N M oM ntl T o N M o«

ay’
+ 1— W (Yn - Yn—l)

M M
_ (a(M))2 S B S LB L g0n S B
N M M N M

M a

SO0\
(g <aN ) g0
vy <_ — ) =Y =25 (5

~(n)\?
@) (s,sﬂ ) vy

a

ﬁ) (Yn - Yn—l)

- g) (Yn+1 - Yn)

N (o ag” on g (M)
v 7 _ N T _ N _ 7 _ T(M) _
W3 (- B (8 - ) - () (40200 )
N

—1 (M) M
_ VR (@) - a) e Y (B S
N N-1~=\ M a M a
N-1 / (M)
(M) 1 Sn+1 iz B
+VN (aN a) N1 2 ( 7 a) (Y, —Y,1)
N—1 / (M)
(M) 1 SnT o p
—|—\/N (ClN a) N _1 2 ( Vi ) (Yn+1 Yn)
2
- (@Q7) 1 g
n+1 _ ﬁ _
VN N ] ( M a) (¥n = Ya1)
2
a2 — (&\%\4)) 1 N-1 S M)
+VN S N1 ( i ) (Yng1 — V)
\/»a — ag\, U T tc
(aw))? .
VNS Y (Yo = Ya) (Yo = Yaon).
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Simplifying,
VN <~ ((Fon ay” “on g ~(0) ~ (M
vt o (WD = T | (M = S| (M ) (AL )

N-1 / o(M) (M)
o (~00)2 o\ 1 Spei B\ (Sn p
N((“) “>N—1Z(M a><M a
SM)
Z) (Yn+1 - Yn)>

VN Z_ <<5n+1 _M) (Yn—Yn1)+< X

M a

2
+a2—<a\5\]fw)> VN & 1((&%%_#)(5/_1, )+(S7(LM) “)(y _y))
oM N—1n1 M o)V M )ttt
~(M N-1
+f“_AjN N—l Yot = Ya) (Y — Yo1)
n:l
( (M)> CL2 N—1
+VN O N - Yoa1 — Yn) (Y — Y1) (5.2.7)
n=1

By Corollary 5.2.4 (i),(ii), as N A M — oo and N/M — 0,

N-1 (M) (M)
1 ((SW _ ﬁ) (Y, =Y, 1)+ (S& B g) (Yoo — Yn)> Py

M a

N -1
n=1
Hence, using Lemma 5.1.1 (ii), Corollary 5.2.4 (i),(ii), ergodicity, and Slutsky’s The-

orem, all terms of equation (5.2.7) converge to 0 in probability as N — oo and

N/M — 0 with the exception of the first term.

For the first term in (5.2.7),
N—1 / o(M
JE (a(M))Q—aQ 1 s YR S
N N-—1 M a M o«

= \/N(Zig\],\/[)—a><aN +a N1
n=1

+VN (6%‘/1) - a) (aN
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Using Theorem 5.1.1 (ii), Corollary 5.2.4 (iv), and Slutsky’s Theorem, the first term
of equation (5.2.8) converges to 0 in probability as N — oo and N/M — 0.

For the second term, using Theorem 5.1.1 (ii), as N — oo and N/M — 0 we have,
2 4 (p—a _ 1)4
6%\4)(a’n)5m(a%w)—a) (a%w)Jra)n—(e‘“—lf LN N<0,2M> ‘

2a3 at

Summarizing, we have shown that

_ (s a
\/NVAI/’L\F/[) (1) = Z A Ln+1 a AILTL - Tlu + 0P<1)
n=1
\/— N-1 N
= o 2 (AL ) (AZED = ) + @) + 0, (1)

— M
= \/N RINYACD) + ESV )(CL, 7]) + 0p(1).

O
5.2.4 Proof of Theorem 5.2.1
By Theorem 5.2.6, Lemma 5.2.5 (iii), and Slutsky’s Theorem we have that
VN A1L(M)( ) _JN ’VA1L<M>(1) n fg\]rw)ia )+ Opﬁl)‘
7 7 PR
By Lemma 4.1.1,
T~ on (1 N
WMLN(O,I) as N — oo and — — 0.
2 M
By Slutsky’s Theorem
(M) 6%\4)(@, n »
ey (a) = = —0
Ok
(1
as N = oo, N/M — 0, a — oo, and 2 )—>OasN—>oo,N/M—>0 O
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5.3 Simulation Studies

5.3.1 Brownian motion driven CAR(1) process

Table 5.1 gives computed empirical levels &5 o), aA@D for tests based on W, g (1)

(a known) and WA@” (1) (a estimated) respectively, following the same procedures

as before, over R = 400 simulations, with nominal level 0.05. We consider various

values of the parameter a.

a aAlé(M) aA@D a aAlé(A{) aA@D a &A1§<M) &A@U
0.1 | 0.0475 0.0375 | 7.0 | 0.0600 0.0625 | 14.0 | 0.0625 0.0625
0.5 | 0.0475 0.0075 | 7.5 | 0.0475 0.0475 | 14.5 | 0.0525 0.0500

1.0 | 0.0575 0.0200 | 8.0 | 0.0475 0.0525 | 15.0 | 0.0575 0.0600

1.5 | 0.0400 0.0225 | 85 | 0.0175 0.0175 | 15.5 | 0.0475 0.0475

2.0 | 0.0475 0.0400 | 9.0 | 0.0375 0.0400 | 16.0 | 0.0450 0.0475

25| 0.0575 0.0475 | 9.5 | 0.0450 0.0400 | 20.0 | 0.0250 0.0225
3.0 | 0.0650 0.0500 | 10.0 | 0.0425 0.0475 | 30.0 | 0.0600 0.0575
3.5 0.0450 0.0600 | 10.5 | 0.0350 0.0325 | 40.0 | 0.0225 0.0225
4.0 ] 0.0525 0.0425 | 11.0 | 0.0500 0.0525 | 50.0 | 0.0525 0.0525
451 0.0350 0.0275 | 11.5 | 0.0450 0.0475 | 60.0 | 0.0475 0.0475
5.0 | 0.0375 0.0450 | 12.0 | 0.0650 0.0675 | 70.0 | 0.0375 0.0350
5.5 | 0.0375 0.0300 | 12.5 | 0.0375 0.0400 | 80.0 | 0.0475 0.0475
6.0 | 0.0325 0.0350 | 13.0 | 0.0725 0.0725 | 90.0 | 0.0500  0.0475
6.5 | 0.0300 0.0250 | 13.5 | 0.0600 0.0600 | 100 | 0.0475 0.0475

Table 5.1: N =100, M =500, R =400,0 =1
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5.3.2 Gamma-driven CAR(1) process

Table 5.2 gives computed empirical levels & ao), aA@D for tests based on Wy g (1)
and WA/@\M) (1) respectively, following the same procedures as before, over R = 400
1

simulations, with nominal level 0.05. We consider various values of the parameter a.

a | G aon &Al/a?m a | ax aan aAl/é(\M) a | Qx aon aAl/é<\M>
0.1 ] 0.0425 0.0275 | 7.0 0.025 0.020 14.0 | 0.0550  0.0550
0.5 | 0.0400 0.0075 | 7.5 | 0.0300 0.0325 | 14.5 | 0.0300 0.0300
1.0 | 0.0600 0.0225 | 8.0 | 0.0300 0.0300 | 15.0 | 0.0375 0.0375
1.5 ] 0.0425 0.0250 | 85 | 0.0200 0.0275 | 15.5 | 0.0475 0.0500
2.0 | 0.0425 0.0150 | 9.0 | 0.0375 0.0375 | 16.0 | 0.0300 0.0350
2.5 1 0.0325 0.0200 | 9.5 | 0.0400 0.0350 | 20.0 | 0.0425 0.0450
3.0 | 0.0475 0.0475 | 10.0 | 0.0325 0.0350 | 30.0 | 0.0425 0.0425
3.5 | 0.0600 0.0325 | 10.5 | 0.0475 0.0475 | 40.0 | 0.0500  0.0500
4.0 | 0.0250 0.0225 | 11.0 | 0.0325 0.0325 | 50.0 | 0.0300 0.0300
4.5 1 0.0300 0.0225 | 11.5 | 0.0350 0.0450 | 60.0 | 0.0350 0.0350
5.0 | 0.0325 0.0300 | 12.0 | 0.0375 0.0350 | 70.0 | 0.0425 0.0450
5.5 | 0.0375 0.0350 | 12.5 | 0.0325 0.0275 | 80.0 | 0.0475 0.0475
6.0 | 0.0650 0.0650 | 13.0 | 0.0475 0.0500 | 90.0 | 0.0400 0.0400
6.5 | 0.0425 0.0400 | 13.5 | 0.0325 0.0300 | 100 | 0.0400 0.0400

Table 5.2: N = 100, M = 500, R = 400, 0 = 1

The empirical levels of the test statistics using an estimator of a are close to those
using the true value of a for a > 3. The variability for a < 3 is to be expected,

—a__ 4
because 65\]/\4)(@) ~ N (O, 2 (=) ) has large variance for small a.

at
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5.3.3 An alternative case

To illustrate the behavior of the test statistics W, 7 (1) and WATEUUO) under an

alternative case we follow the same procedures as in Section 4.2.4.

To graph the power functions for both tests at level 0.05 based on W A E\(M)(l) and
1DH

W —,, (1), we computed the empirical rejection rate BA §\<M>,ﬁ —q for differ-
A1 By 1EH A1 By

ent values of the Hurst parameter H with a = 5. The power functions are illustrated

in Figure 5.1.

H |8 A B0 EAIEA;A@ H |8 A B0 BAIEAH\W)
0.05 1.00 0.74 0.55 0.10 0.10
0.1 1.00 0.76 0.60 0.31 0.12
0.15 0.99 0.69 0.65 0.47 0.48
0.2 0.94 0.46 0.7 0.77 0.85
0.25 0.89 0.29 0.75 0.95 0.98
0.3 0.66 0.13 0.8 0.96 0.98
0.35 0.28 0.10 0.85 1.00 0.99
0.4 0.24 0.05 0.9 1.00 0.95
0.45 0.04 0.04 0.95 1.00 0.97

Table 5.3: N =100, M =200, R =50,a = 5,0 = 1



5. Asymptotics for the sampled process with estimated parameter 92

Power Functions

1.0

Beta_BH
0.6
1

0.4

0.2

0.2 0.4 0.6 0.8

Figure 5.1: The power function for the test based on VVA E\(M)(l) is the
1DH

solid line and the one based on W — (1) is the dashed line. Fix a = 5.
AB

1DH

Table 5.4 gives computed empirical rejection rate B A FEOD) B —— . for the tests
1 A

—— ()
H 1B
based on W (1) and W — (1) respectively for different values of the pa-
A1By A BH( )

rameter a and fixed Hurst parameter H = 0.8. The power function is illustrated in

Figure 5.2.

The power is good for small and large values of a, but the test may lack power for

moderate values of a.

Power Functions

1.0

0.8
1

Beta_BH
0.6
1

0.4

0.2

" J
~~~~~~~~~~~

0 10 20 30 40 50 60

Figure 5.2:  The power function for the test based on W E\(A/l)(l) is the
1

H

solid line and the one based on W —, /(1) is the dashed line. Fix H = 0.8.
AB

1DH
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-~

B

—aon B
A

-~

a

-~

B

-~

—on B
A

a

-~

B

-~

—an B
A

A By B0 A By Fa™ A By ™
0.1 0.94 0.92 6.3 1.00 0.96 12.6 0.96 0.26
0.3 0.96 0.44 6.6 0.96 0.98 12.9 0.94 0.16
0.6 0.98 0.04 6.9 0.96 0.96 13.2 0.98 0.20
0.9 0.94 0.12 7.2 0.98 0.96 13.5 098 0.14
1.2 0.96 0.40 7.5 1.00 0.88 13.8 094 0.12
1.5 0.96 0.66 7.8 0.98 0.86 14.1 1.00 0.18
1.8 0.96 0.82 8.1 1.00 0.80 14.4 0.94 0.08
2.1 096 0.92 8.4 0.96 0.92 14.7 0.94 0.22
2.4 0.96 0.94 8.7 0.98 0.82 15.0 0.96 0.18
2.7 1.00 1.00 9.0 0.98 0.74 20.0 0.98 0.16
3.0 0.96 1.00 9.3 0.98 0.70 25.0 0.98 0.52
3.3 0.96 0.96 9.6 0.98 0.60 30.0 0.98 0.66
3.6 0.98 1.00 9.9 1.00 0.56 35.0 1.00 0.80
3.9 0.98 0.98 10.2 1.00 0.58 40.0 0.97 0.89
4.2 0.98 0.98 10.5 0.96 0.56 45.0 0.97 0.86
4.5 1.00 1.00 10.8 0.96 0.56 50.0 0.95 0.89
4.8 1.00 1.00 11.1 0.94 0.46 60.0 0.99 0.97
5.1 0.98 1.00 114 1.00 0.40 70.0 0.98 0.95
5.4 0.96 0.96 11.7 0.98 0.50 80.0 0.99 0.97
5.7 0.98 0.96 12.0 0.98 0.36 90.0 1.00 0.98
6.0 096 0.94 12.3 0.96 0.24 100 0.99 0.97

Table 5.4: N =100, M = 200, R = 50, H = 0.8,0 = 1
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-~ -~

Table 5.5 gives computed empirical rejection rate BA =), B —, for the tests
1B Aq

— (M)
By

based on W _——un(1) and W —

AlBH(M)( ) AT

(1) respectively for different values of the pa-
rameter a and fixed Hurst parameter H = 0.65. The power function is illustrated in
Figure 5.3. Again we observe that the power is good for small and large values of a,

but the test lacks power for moderate values of a.

-~ -~ ~ ~ ~ ~

a 5A1§;(M> 5A1%\;M) a 6A1§;(M) 5A1%\;M> a 5A1§;(M> 5A1§\H\(M)

0.1 0.42 0.26 7.0 0.40 0.17 14.0 0.48 0.13
0.5 0.48 0.07 7.5 0.57 0.10 14.5 0.48 0.11
1.0 0.48 0.44 8.0 0.55 0.12 15.0 0.57 0.20

1.5 0.51 0.78 8.5 0.51 0.09 15.5 0.47 0.09

2.0 0.47 0.83 9.0 0.50  0.05 16.0 0.56  0.09

2.5 0.50  0.90 9.5 0.55 0.07 20 048 0.17

3.0 0.48 0.84 10.0 0.50 0.10 30.0 0.47 0.30

3.5 0.53 0.81 10.5 0.46 0.08 40.0 0.51 0.37
4.0 0.48 0.72 11.0 0.44 0.03 50.0 0.42 0.39
4.5 0.53 0.52 11.5 0.54 0.07 60.0 0.49 0.42
5.0 0.51 0.60 12.0 0.47 0.08 70.0 0.53 0.50
5.5 0.49 0.46 12.5 0.48 0.07 80.0 0.42 0.38
6.0 042 041 13.0 0.48 0.06 90.0 0.38  0.38
6.5 0.46 0.34 13.5 0.38  0.08 100 0.53 0.49

Table 5.5: N = 100, M = 200, R = 50, H = 0.65,0 = 1
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Power Functions
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Figure 5.3: The power function for the test based on W, —qn (1) is the solid
1DH
line and the one based on W —; (1) is the dashed line. Fix H = 0.65.
ABr



Chapter 6

Goodness-of-Fit Test

Given a CAR(1) model, if the hypothesis of independent increments of the driving
process has not been rejected, the next step is to identify the underlying Lévy process.
Therefore, in this chapter we consider empirical processes and goodness-of-fit tests
based on estimated increments of the recovered driving process. The goal is to develop
a test of goodness of fit for the unobserved Lévy driving process of the CAR(1) model.
We will test the composite hypothesis Hy : L(1) ~ F, where F () = F(;; u,n?) € A,
where A is a class of distributions completely determined by p and n? (for example,

this will be the case if L is a Brownian motion or a gamma process).

We proceed as follows. In the following section, we start with the empirical process
based on true increments of the Lévy process. The asymptotic theory is classical.
Then we proceed with complications: we have to estimate parameters p and 1 which
induces an additional error ([22], [15]). Furthermore, we do not observe the driving
process. It turns out that all these issues can be handled by a beautiful bootstrap-type
trick from [16]. Our main result is Theorem 6.1.1. The proof is long and technical

(Section 6.2). We conclude with numerical studies (6.3).

96



6. Goodness-of-Fit Test 97

6.1 Introduction and Main Results

We now describe our setup in detail. We assume that Y is a strictly stationary

CAR(1) process driven by a second-order Lévy process L such that (2.2.2) holds:
E[L(t)] = ut and Var (L(t)) = n*t, t > 0. (6.1.1)

Recall equations (3.3.6) and (3.3.7) for the true and estimated increments:

AL, =2 /n Y (s)ds + é Y(n)—Y(n—1)), n=1,---,N, (6.1.2)

g

nM
~ 1 a
AL = Vit (5 - 2Ma) (Yo —Yo1), n=1,---,N. (6.1.3)
i=(n—1)M+1

By Lemma 3.3.5 (i) we have that V n € N,

e —a 1 l
HAILW “ AL <nva (1 - eﬁ) P (1—e)? (6.1.4)
Lo 2M
The sequence {A;L,,n=1,--- N} is an i.i.d. sequence with distribution function

F. We assume that the distribution of F' belongs to a class A determined by pu
and n?. For example, A= {N (u,7*),p€R,n>0}or A={'(a,8),a = ’;—;,ﬁ =
%, a > 0,3 > 0}. To emphasize this dependence on u and 1, we write F' = F (+; u, n?).

We introduce the following notation:

N

~ 1
Fapy(t) =+ le{Aan <t} (6.1.5)
denotes the empirical distribution function of {A;L,,n =1,---, N}. By the empiri-

cal central limit theorem we have

VN (ﬁAlLN(-) — F(;p, 7]2)> 2, Br(-) as N — oo,
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where 2+ denotes convergence in distribution in the Skorohod topology on D(R),
F = F(-;u,n?) is the cdf of A;L; and Bp(+) is a Gaussian process with zero mean

and covariance given by:
Cov(Br(s), Br(t)) = E[Bp(s)Br(t)] = F(s) AN F(t) — F(s)F(t).

However, even if L is observable, since the hypothesis is composite and p and 7?
are unspecified, we will estimate p and n? by the sample mean A;L and the sample

variance 72 of AL, respectively:

N
——\2
AL ENZA L, and 7p zﬁg L, — AL (6.1.6)

Unfortunately, the process

VN (ﬁAlLN(') — F(4 A1L7ﬁ%))

does not lead to distribution free test (see [16], [22] and [15]). In order to resolve
this problem we use a technique of Burke and Gombay [16] that uses bootstrapped

estimators of p and 7%

To be more precise, let {w,,n=1,--- N} be i.i.d. multinomial (1,+,--, ), on
{1,2,--- , N}, ie. Plw,=1)= N, n=1,--- N, and the sequence w, is independent

of both AL, and Alz,(@M) for all n > 1.

Define {Ale,Ale(M),n =1,--- ,N} as

ALF = ZI{wn—z}AL and A, LM = Zl{wn—z}Al . (6.1.7)

=1 =

Define the sample mean and variance based on the bootstrapped true increments and

bootstrapped estimated increments as,

N
A L* = %ZA Ly and 77L = — Z (AL — AlL*)Q (6.1.8)
n:l
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and

A L*(M)

N N

1 . R 1 . —_——\2

T AL and e = = :(AlL;(M) — A L*(M)> . (6.1.9)
n=1

n=1
We will show in Proposition 6.2.1 that the conditions of Theorem 3.5 of [16] are

satisfied, and so
~ )
VN (FAILN(-) _F ( AL )) s Bp() as N — oc. (6.1.10)

However, a further complication is that we do not observe the true increments, AL,

)

which must be replaced by the estimated increments, Ali,ﬁM . Therefore we will

extend (6.1.10) to the weak convergence in D(R) of:
s - =< __ __ ~2
VN (FAligvM)(') _F (.;AlL*(M)’n* >) 7

where

N
N 1 N
Fypon(®) =5 > MM <.

n=1

Our main result is Theorem 6.1.1. From this, we will be able to develop distribution-

free tests of the composite hypothesis, Hy : L(1) ~ F € A.

Theorem 6.1.1. Let Y be a strictly stationary CAR(1) process driven by a second-
order Lévy process L such that (6.1.1) holds. We assume that F(-; u,n?), the cdf of

ALy, belongs to a class A of distributions that are characterized by i, n?, and for
all F (;;u,m?) € A:
o F(t;u,n?) is continuous with bounded derivative in t;
e The vector
V) = (22, 28 ) (6.1.11)

is uniformly continuous in t and (u,n?) € A, where A is the closure of a given

neighbourhood of the true value of (i, n?);
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e The sample mean (AIL) and the sample variance (02) are MLE’s of u and n?
that satisfy condition (3.2) in [16];

e I has a finite fourth moment.
Then,

\/N(ﬁ

AL

_ N2
()= F ( ;AIL*(M),U*2)> N Bp(-) as ST 0 and N — oo,

where Br(t) is a Gaussian process with zero mean and covariance given by:

Cov(Bp(s), Bp(t)) = E[Bp(s)Br(t)] = F(s) N F(t) — F(s)F(t).

6.2 Proof of Theorem 6.1.1

The proof appears as a series of propositions. First we prove (6.1.10).

Proposition 6.2.1. Under the assumptions of Theorem 6.1.1, we have

~ 9
\/N<FA1LN(') - F <~;A1L*,nz )) 2, Bp(t) as N — oo,
where N
~ 1
Fa,n,(t) = ~ ;I{Aan < t},

and Br(t) is a Gaussian process with zero mean and covariance given by:

Cov(Bp(s), Bp(t)) = E[Bp(s)Br(t)] = F(s) N F(t) — F(s)F(t).

T
Proof: In what follows, we show that the vector of estimators < AL, 7? ) satisfies

conditions (A;) — (Ag) of Burke & Gombay [16]:

(A1) : We verify

AL
Voo I i I

m n
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1 XN: AL, — . 0
VN (AL, — )= VN (77% — % Yy (Ar Ly — u)2> 7

(AiLn = AIL)" = (ALy — p)’)

Eﬂ\z

—2M L AT + (BiD)” + 2t L — 1)

Eﬂ\z

> (2t (- 5T - (- (7))
1 N
Nn:l

(,ufm) (Alqu)L)O as N — oo.

(4= BiD) &3 (281Ly — (i + BiT))

(6.2.1)
Hence by letting
T—H
l(w,wf)[( ) 2],

condition (A;) of [16] is satisfied.

AiLy —
(4,): E T ]0.

(ArLy — )" =7

(As) :

T
AL, — AL, —
S_E 1 2# 1 2,“
(ArLy, — )" =7 (ArLy, — )" =7

Var (AL, — p) Cov (A1 Ly — p, (A1 Ly, — w? - )
Cov (A1Ly — i, (A1 Ly — p)* = 1%) Var ((ArLy, — p)° = 1?)
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UR E[A L, — )’
E[AiLy =’ E[(Li -] -t
which is a finite non-negative definite matrix if E[L]] < oo.
(A4) : The vector V2 F(t; pu,n°) = < ?9_1;’ g_;; )T is uniformly continuous in ¢ and

(1, m*) € A by assumption.

(As) : Each component of the vector function

T — i

2 2

R PR

is of bounded variation on each finite interval.

We assume that the sample mean (A;L) and the sample variance (7)7) satisfy condi-

tion (3.2) in [16]; i.e,

[ (I,,LL, 772> = v,u,'r]2 Ing (x»/lﬂ]Q) ' ]_1 (,LL, 772> )

where f is the density function of F' and 1! (u,n?) is the inverse of the Fisher infor-

mation matrix:
() =E[V,2log f (AL p,n?)] - [V log f (AL, 1%)]

Brownian motion and Poisson process are examples of Lévy processes that satisfy

this condition; gamma process, however, does not.
(As) :

Remark 6.2.2. There is a small typo on condition (Ag) of [16] and the correct version
18:

A L* AL 1
VN — = — ALLE, ) — 1 (AL, 1, 7%)) + €n,
%2 ﬁZQ \/anl(( 1 un) ( 1 Nﬁ)) EN
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where ey — 0 as N — .

We have,

(5
un nL

0 0
+ _ 9 — .
( VN (7 = % 2N (AL - p)?) ) ( VN (i1 = 4 5200 (AL, — p)?) )
We have shown in (A;) that

N
1
W(ﬁi—N;(AILn—W) 250 as N = o0,
and similarly to equation (6.2.1) we have

W(ﬁi—— <A1L;—u>2> = VN (p = A LF) (AL —p).

n=1

Recall equation (6.1.7),

1 N 1 N N

n=1 n=1 1=1

Note that: E |A;L*| = u. Now, noting that

Lw, = i)l(w, =j) =0, i#j,
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we have

|37 =, = E[AL - 4]

N N N
1 . .
n#m j=1 i=1 J
N & )
= m Z P (wn = Z) E [AlLl]
n=1
1 N N
—I—m Z Z P (w, = i) P (wy, = i) E[A L]
n#m i=j=1
1 N N
n#EmM i#£j
1 2
= —E[AL
SE[AL
1 2
+5 (N? — N) NE [A L]
1 2 1
+W(N2_ ) WMQ—M2—>0&SN—>OO,

hence, A;L* -5 ;i as N — oco. Furthermore, it is standard that almost surely, the
conditional distribution of v'N (m — u) converges weakly to a N (0,7?) distribu-
tion. Therefore, for any subsequence (N') we can take a further subsequence (N”) so
that with probability 1, as N” — oo, (m — u) — 0and VN (m — u) AN (O, 772),
and so almost surely v N” (AL* — i) (A L* — i) =5 0 as N” — oo.

For any k£ > 0 and for almost all w,

P (VN7 (BT = 1) (BiTF = ) > k| L(-w)) = 0 as N — oo,
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Therefore, by dominated convergence,

P (VN (BT = 1) (BiLF = ) > k) = 0 as N — o0,

for all k > 0, and so VN" (A L* — ,u) (A L* — u) 250.
Now suppose that
_ - P
VN (AL — p) (A LF — ) £ 0.

Then there exist € > 0, § > 0 and a subsequence (/N') such that
P <\/ﬁ(m—u) (A L — ) > e) >4 for all N’
But by the argument above there exists a subsequence (N”) such that
P(W(m—u) (ALL* — p) >€> —0as N" — oo,
which is a contradiction. Therefore,

\/N(AIL*—,M) (AlL*—,u) L5 0as N — oo,

hence (Ag) is satisfied. Proposition 6.2.1 follows by Theorem 3.5 of [16].

It remains to show that AL, can be replaced by A M.

- 2 T = o~
Proposition 6.2.3. Let AiL*, 05, A L*M) | and 77*2 be defined as in equations

(6.1.8) and (6.1.9). Under the assumptions of Theorem 6.1.1 we have

— — = N
sup‘vN (F <t;A1L*,?722) - F (t;AlL*(M),n*Z»‘ 2y 0 as ”M —0 and N — o0
t

To prove Proposition 6.2.3 we need two lemmas that show the closeness between the

estimators of u, n? defined by the bootstrapped true increments and bootstrapped

estimated increments.

Lemma 6.2.4. Let AL} and A L™ be defined as in equation (6.1.7). Then

HAIL; . AIZ;(M)‘

1
=0 | — ' ly inn € N.
. <\/M) uniformly in n
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Proof of Lemma 6.2.4: We have

2

HAlL; CALLEOD

9 N
_ E — 7 (M)
L) = H - I {wn = ’l} (AILZ AILZ >

2

Lo

_ E iI{wn:i} (AlLi—Alng))

Li=1

= E i\f: f:I{wn =i} IH{w, = j} (Ale‘ - AIEEM)> (AlLﬂ' N AIZﬁM))]

| j=1 i=1

— E ZN:I{wn =i} 1{w, = j} (AlLi - Alfz(M)> <A1LJ - AlEE‘M))
i#j

N
+ 3 T{w, =1} (AlLi - AleM)>2]

i=j=1

= K

N
=1

since for all n, I{w, =i} I{w, =7} =0 ifi#j.

Hence, by independence and Lemma 3.3.5

2 2

HAlL; ~ A LD

Lo Lo

2 1
LQ_O(M)'

N
3 P(w, =) HAlLi YNV
=1

= Ak- AT

Lemma 6.2.5. Let A, L*, 5%2, AL | and 73\*2 be defined as in equations (6.1.8)
and (6.1.9). Then

() VN | &7 = A LD

~o(/5)
7], =0 (/%)

52 %
N, —N

(il) VN
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Proof of Lemma 6.2.5:

IN

(Z) : \/NHAlL* - Alz*(M)‘

N
1 —~
— N Az — A L*(M)’
Lo \/N;H 1on 1on

Lo

-o(i)

- VN HAlL; - Ai:}M)‘

by Lemma 6.2.4.

N N
s et 1 A2 L D) _ A TA0n))
(i) : VN ||ny” — L VN Nz;(AlL;—AlL ) _Nzl(AlL; ~ AL (M)) )
n= n= 1
< \/NHAlL; + a0 ALy - Ao
2 2
VN ||[BTF + AT 00| ||ETE - AT
2 2
< 2VN HAlL; + A LD ALy — A LEOD
L2 L2
Xt
by Lemma 6.2.4. U
Proof of Proposition 6.2.3:
By Taylor’s theorem we have
- 9 —_— __
VN <F (t; A L* n% ) - F (t; AIL*(M),U*2>)
) OF (t;61,02)
_ AN Tr AL TM =552 ) op
N m( (AIL* AIL*( )>7 <7]L T]* ) OF(t;01,02)
on?
for some 0, 6, such that: }01 — AlL*| < ‘AIL* — A LM and |6y — | < |np — 77*2

By Lemma 6.2.5 we have N — oo and N/M — 0,
- = — ~ N
VN (AlL* _ AlL*(M)> 240 and VN (nf . n*Z) L5 0as /72 = 0.
Since the probability that (AIL*, ﬁf) and (Al/L\*(M ), 7/7\*2) lie within A converges to

1,
sup ’\/N (F (t; A@*,ﬁ{?) _F (t; A@*(M),ﬁﬁ))‘ 4,0
t
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as N — oo and N/M — 0 by (Ay). O

The next result shows that the empirical distribution function based on the estimated

increments is close to the empirical distribution function based on the true increments.

Proposition 6.2.6. Under the assumptions of Theorem 6.1.1 we have
N2
sup\/_‘ AL(M) FAlLN(t)‘LO asﬁ—>0 and N — oo.
Proof: Let A%M) = A\ L, — Al/[:,(lM). Then

sup \/_ ‘ L(]\[) FAlLN (t) ‘

= sup\/_‘ ZI A1 M)<t}——ZI{AL <t}

< s Zl A0 — AL+ AL, <t} — AL, < 1)
1 N
— — ) |I{AL, <t+AMY _T{AL, <t
sgp\/NZJ{l_‘i‘n}{l—H
1 N
< swp—= DIt - AN < ALy <t ARV}
n=1
1 N
= s = S AR < ALy - < AR
n=1
1 N
= swp—= > H{AL] 2 AL, — ¢}
=1
< supLZN:I{é(M)>\A1L —t]}
- ¢+ VN M= !

3
Il
_

where 5§VM) =SupP,—1,...N

A,

Now, for given € > 0 and (ay) any sequence that converges to 0, we calculate:
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<sup\/_ ) ot FAlLN(t)‘>e>

<

IA

IN

IN

P

P

P

Sup\/lﬁZI{ ) > AL, —t\} >
N
s%p;I{éj(VM) > |A L, — t\} > \/Ne)

N
sup [ZI {5§VM) > |AL, —t],|A1L, —t| > aN}

t n=1

N
+ZI{5(M)>|AL —t],|ALL, —t|<aN}] >\/_e>

=1

P(supZI ) > AL, t|,|A1Ln—ty>aN}>\/N§>

+P (supz { ) > AL, t\,\Aan—t|§aN}>\/N§>

P (NI{(S( > aN} > VN ) +P (sgpiI{]Aan — ] < ay} > ﬁ%)

N
1 €
P(5§VM> >aN) +P <s3p\/NNnZII{t—aN <AL, <t+ay}> 5) ,

Now, by Lemma 3.3.5 (i) (see (6.1.4)),

P(0 > ay) = P <[VJ (A0

and

Lo
2 = 2
an an

2 2
SV E )AM N HAS?“
> CLN) < <

_ 0 (a;vVM> (6.2.2)

N
1 €
P(Slivaﬁngll{t—(ZNSAan§t+aN}>5)

= P (sup\/ﬁ(ﬁAlLN(t—i—aN) _ﬁAlLN@_aN)) > %)
t
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€
< P (sgp\/ﬁ\WAILN(thaN) — Wa,ny(t—an)| > Z)

+1 {Slip\/N(F(t—FGJN) — F(t—ay)) > ZEL}

where N
1

v 2o AL, <t} = F(1)).

n=1

WAlLN (t) =

We have

€ €
j2 <sgp\/N(WA1LN(t Fan) — Wa,ny(t—an)) > 4) <P (w (\/NWAlLN,zaN) > Z) 0,

where

w(z,0) = sup |z(t) —z(s)], 0<0<1
[t—s|<d

is the modulus of continuity of the process x. By the argument on pages 198 — 199
of Billingsley [6], (22.13) holds since F' is continuous, that is for every positive ¢ and

7 there exist 9, 0 < § < 1, and ng such that for all n > ng

P (w (\/NWAlLN,6> > e) <n.

Now let (ay) be any positive sequence that decreasing to 0. Choose Ni, such that
Ny > Ny and ay < § for all N > Ny. Then for all N > Ny, w (JNWAILN,@Q <
w (\/NWAILN,(S), and so

P(w (\/NWAlLN,CLN) > 6) < P(u) <\/NWA1LN,5> > e) <.

Hence w (\/NWAlLN, 2aN) 250 as ay — 0.

Since F' is continuous with bounded derivative then by the Mean Value Theorem,

sup VN (F(t+ay) — F(t —ay)) < 2sup VNF'(t)ay < 2KV Nay. (6.2.3)

N? €
H if — — 0, th 1t foll f 6.2.2 d (6.2.3) by choosi = —
ence, if - — 0, the result follows from ( ) and ( ) by choosing ay ik

since € is arbitrary. 0
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We can now complete the proof of Theorem 6.1.1:
\/N (ﬁAlig\]fw)

+VN (F (t,m, @2> —F (t, A1E*<M),17A*2)> +VN (ﬁAlzgvM) (t) — Fa, Ly (t)) .

0 (15T 7)) = N (P P (o 5T 7))

The result follows by Propositions 6.2.1, 6.2.3 and 6.2.6. 0J

6.3 Test Statistics

Under the assumptions of Theorem 6.1.1, one can construct a distribution-free test
statistic for the composite hypothesis Hy : F' € A where A is a class of distributions
determined by p and n?.

We have shown in Theorem 6.1.1 that:

2468
— 0 and N — oo.

VN (Fyzon () = F (50200, 7)) = Be() as

AL

where Bp(t) is a Gaussian process with zero mean and covariance given by:
Cov(Br(s), Br(t)) = E|Br(s)Br(t)] = F(s) N F(t) — F(s)F(t).

We note that Brownian motion satisfies the hypotheses of Theorem 6.1.1. If p > 7,

the gamma process does as well.

6.3.1 Kolmogorov-Smirnov Test

Define the Kolmogorov-Smirnov (K-S) test statistics for a test of Hy : L(1) ~
F(+;1,m%) based on the estimated increments Ali%‘/]) and the bootstrapped esti-

mators A L*M), 77*2 as

KSAIE%W) = stzp\/ﬁ F

NS

(t)— F (t; AIE*W),E*Q)’ .
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By Theorem 6.1.1 we have that

246

KSy g0 = sup | Bp(t)] < sup |B(u)| as — 0 and N — oo,
N t

0<u<l1

where B(-) is the standard Brownian bridge on [0, 1]. This is also the limiting distri-

bution as N — oo of
KSAlLN =SsSup v N F\A1LN<'> - F(';ﬂa 772) )
t

the Kolmogorov-Smirnov test statistic based on the true unobserved increments Ay L,,,

n=1,---,N and specified values for x and n?.

First, we consider the Brownian motion driven CAR(1) process. Table 6.1 compares
the empirical levels aa,p and aAlg(M) for tests based on KSa,p, and KSAIEJ(VM),
respectively, with true parameters p = 1, n = 1, over R = 400 simulations, with

nominal level 0.05. We consider various values of the parameter a.

N =50,M = 2500 | N =100, M = 500

anp  Qp gon anp  Qp gon
a=0.1 | 0.0450 0.0575 | 0.0400 0.0575
a=0.9 | 0.0550 0.0525 | 0.0350 0.0475
a=10 | 0.0450 0.0400 | 0.0375 0.0725
a=100 | 0.0725 0.0300 | 0.0450 0.0400
a=1000 | 0.0500 0.0750 | 0.0500 0.0475

Table 6.1: We fix {oc =1,u=0,7 =1, R = 400}

The test performs well in comparison to the usual K-S test and does not seem overly

sensitive to the relation between N and M.
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Next, we consider gamma driven CAR(1) processes with u = 10 and ? = 1. Similar to
Table 6.1, in Table 6.2 we computed empirical levels aa,q, @ A, g0 for Kolmogorov-
Smirnov tests based on the true increments and parameters and the estimated in-
crements and bootstrapped estimators respectively, over R = 400 simulations, with

nominal level 0.05. We consider various values of the parameter a.

N =100,M =500 | N = 50, M = 2500

QAL G QA G A G QA G(M)

a=0.1 | 0.0375 0.0600 | 0.0375 0.0475

a=20.9 | 0.0400 0.0425 | 0.0550 0.0425

a=10 | 0.0450 0.0450 | 0.0375 0.0475

a =100 | 0.0450 0.0250 | 0.0450 0.0400

a = 1000 | 0.0425 0.0625 | 0.0425 0.0250

Table 6.2: We fix {c =1, =10,7 =1, R = 400}

Similar to the Brownian motion case, the test performs well in comparison to the

usual K-S test and does not seem overly sensitive to the relation between N and M.

Although, in the case of the gamma driven CAR(1) process, the estimators (AlL)
and (%) are not based on maximum likelihood methods, and the Burke and Gombay
technique has not been yet justified in this case, our simulations give surprisingly

accurate empirical levels. This needs further investigation.

In Table 6.3, we illustrate the behavior of the test statistic for different values of u,
with n =1 and a = 0.9. The test behaves well for all values of ;1 > 1. However, the
differentiability assumption (6.1.1) is violated for u < 1, and that is reflected in the

empirical rejection rates for u = 0.5 and 1.0.
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% ane  Qp aon fo| Qae Qpaon ane  Qp aon

0.5 | 0.0500 0.3400 | 3.5 | 0.0350 0.0525 | 6.5 | 0.0600 0.0675
1.0 | 0.0425 0.1025 | 4.0 | 0.0550 0.0475 | 7.0 | 0.0400 0.0625
1.5 | 0.0425 0.0625 | 4.5 | 0.0300 0.0500 | 7.5 | 0.0475 0.0575
2.0 | 0.0425 0.0550 | 5.0 | 0.0375 0.0500 | 8.0 | 0.0425 0.0400
2.5 | 0.0675 0.0575 | 5.5 | 0.0300 0.0425 | 8.5 | 0.0450 0.0425
3.0 | 0.0275 0.0450 | 6.0 | 0.0400 0.0500 | 9.0 | 0.0475 0.0275

Table 6.3: N = 100, M = 500, R = 400,a = 0.9, = 1,0 = 1

Next we consider power by computing empirical rejection rate Sa,¢ and 8, g for

the tests based on K'Sa,q, and KS A, GO respectively, for different values of the pa-

rameter a. First, we simulate the gamma driven CAR(1) process and test the claim

that the driving process is Brownian motion. Empirical rejection rates are given in

Table 6.4 and the power function is illustrated in Figure 6.1.

a BAlG BAlawn a BAlc BAlawn a BAlc BAlawn
0.5 | 1.00 094 |35 | 1.00 0.88 |6.5| 1.00 0.93
1.0 | 1.00 0.85 | 4.0 | 1.00 0.87 | 7.0 | 1.00 0.94
1.5 1.00 093 [4.5| 1.00 092 | 7.5 1.00 0.86
2.0 1.00 094 | 5.0 1.00 091 |80 | 1.00 0.96
2.5 | 1.00 0.96 |5.5| 1.00 0.88 |85 | 1.00 0.90
3.0 | 1.00 092 6.0 1.00 091 9.0 1.00 0.87

Table 6.4: N =100, M =500,R =100,y =1,n=1,0 =1
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Power Functions
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Figure 6.1:

line and the one based on KSAlé(JM) is the dashed line .

The power functions for the test based on KSa,¢, is the solid

Next, we simulate the Brownian motion driven CAR(1) process and test the claim that

the driving process is a gamma process. Empirical rejection rates are given in Table

6.5. In this case, we have a 100% rejection rate, reflecting how well we approximate

Brownian increments.

a BAlB B\Alg(M) a BAlB BA1§<M> a B\AlB //B\AIE(JW)
0.5 | 1.00 1.00 | 3.5 ] 1.00 1.00 | 6.5 | 1.00 1.00
1.0 | 1.00 1.00 [4.0] 1.00 1.00 | 7.0| 1.00 1.00
1.5 1.00 1.00 [4.5] 1.00 1.00 | 7.5 | 1.00 1.00
2.0 | 1.00 1.00 [ 5.0] 1.00 1.00 | 8.0| 1.00 1.00
2.5 | 1.00 1.00 [ 5.5 ] 1.00 1.00 | 85| 1.00 1.00
3.0 1.00 1.00 | 6.0 | 1.00 1.00 |{9.0| 1.00 1.00

Table 6.5: N = 100, M = 500, R = 100, 1 = 10,n = 1,0 = 1
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Comment: As observed above, the Burke and Gombay technique has not been jus-
tified in the case in which the driving process is gamma. Nonetheless, Tables 6.2, 6.3
and 6.4 illustrate that remarkably accurate empirical levels are achieved, as well as
good power. Indeed, the proof given in Section 6.2 demonstrates that Theorem 6.2
of [16] is valid for the gamma process, and although the KS test statistic is no longer
nonparametric our simulations indicate that the error introduced in the variance is

likely small (see Figure 6.2). This needs to be investigated further.

Moreover, we conjecture that an alternative approach proposed in [39] is valid for
a wide range of Lévy driving processes, including both Brownian motion and the
gamma process. In this case, a parametric bootstrap technique is used. Assuming
that one observes L, a random sample X7, ..., X3 is simulated from the distribution
F(-,A1L,7?). Next, let X* and #%. denote the bootstrapped estimators of u and n?.
Then if F- is the empirical distribution based on the bootstrapped sample, both

VN (Fan() = F( BT R))

and

VN (B () = F(, X))
have the same limiting distribution. We conjecture that in light of Propositions 6.2.3
and 6.2.6, the same would be true using recovered values of L. In this case, repeated
bootstrap samples would allow us to calculate an appropriate critical value for our

test statistic. However, we note that although this technique would be more widely

applicable than that of Burke and Gombay, it is computationally far more intensive.
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Figure 6.2: Histograms of the Kolmogorov-Smirnov test values based on
the true gamma process increments and parameters and the one that based
on the estimated gamma process increments and bootstrapped estimators

respectively. R = 1000, N = 100, M = 500, n = 1 and p = 10.



Chapter 7

Brief Summary and Extensions

In summary, if the CAR(1) process is observed at discrete times, we have constructed
test statistics to test, initially, the Lévy assumption of uncorrelated increments of
the driving process. Then, if the Lévy assumption is not rejected, we have created a
more precise test statistic to examine which candidate of the Lévy family could be

the driving process.

7.1 Future Work and Extensions

We proved the asymptotic normality of the test statistics for uncorrelatedeness of the
increments of the driving process. It would be interesting to consider other tests for

independence of the increments.

We suspect that techniques from [25] and [2] can be used to improve the rate condi-

tion N2/M — 0 in Theorem 6.1.1.

We will verify that the technique of [39] is valid using recovered values of L, and

compare its performance to that of Burke and Gombay.

118
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Another interesting topic for immediate extension is to further investigate the be-
havior of the test statistic defined in Chapter 6 if we replace the parameter a by the
estimator defined in Chapter 5.

An extension to the Lévy-driven CARMA(2,1) process is an important problem. This
model was employed by Todorov and Tauchen [41] and Todorov [40] to represent
stochastic volatility in the Deutsche Mark/U.S Dollar daily exchange rate.

Subsequently, a natural question is whether our results are extendable to general
CARMA(p, q) or at least CARMA((p, 1) models. A close inspection of our proofs show
that they rely on the inversion formula and second order properties of Y. Hence, our

results should be extendable, but this will require detailed analysis.

Last but not least, in [24], Garcia et al. used an a-stable Levy process as a driving
process for the CARMA(2,1) process to model spot prices from the Singapore New
Electricity Market. Accordingly, it would be desirable to extend some of our results
to CARMA(p, ¢) models driven by a stable Lévy process. Clearly our techniques will
no longer be appropriate since they rely on an Ly approximation of the noise L by

the process Y, and so a different approach will be needed.
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