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ABSTRACT
Temperature profiles during polymerization , for the infinite

solid cylinder, the*'infinite hollow cylinder and the star perforated

infinite cylinder of polyurethane emmonium perchlorate solid propellant;

have been determined. They show that the temperature across the solid

rises considerably above the wall température‘and exceeds the 60°C
(140°F) 1imit, recommended for the polyurethans propéllaﬁts, by a
considerable margin, often as much as 25°F.

An end effect test indicated that a hot region of fleeting
duration is present near the ends of the soligd. |

Burning rates, measured radially across a piece of solid
propellant, showed that a varistion of burning rate with radius is
present. The burning rates across é thin walled hollow cylinder of"
probellant did not vary radially.

Correlation coefficients between the burning rate and thé
ma ximum temperature gradient for the so;id cylinder sre of the order
of 0.92, indicating that a high deg;ee of correlation 1s present between
burning rate and polymgrization temperature. Correlation coefficients
of this megnitude 8lso show that ome of the real causes of ﬁneven

burning in rocket motors is high temperature during polymerization.




- AINTRODUCTION

Uneven burning has plagued the solid Propellant field from the
very beginning. Often a certasin configuration of motor and grain would
work on a small scale but for some reason would become unstable as the
rocket was made larger. Meny reasons hé've been advanced for this
phenomenon - most involving an explanation based on the flow of gases
from the burning surface to the nozzle and vortices in the_flow field.
In spite of much good work along these lines, 1t seemsd that the true
explanation mightA'.'!.‘ie elsewhere.. In this study it was decided to focus
attention on the s0lid propellant itself and to divine what might have
happened in its preparation that could cause uneven burning. It was
likely to be due to some oversight in preparation or secms variable
introduced in the scale up. In brief, attention was focused on the AR
temperature, a factqr easily controlled on lsboratory scale where the -
quantities involved ere small but not so ea‘sily controlled in a large
solid, necessary.for a rocket grain. Also, it is known thet some
polymerizations.give off a considerable quantity of heat. In sddition,
plestics and rubbers are good heat insulators. This means that when a
viscous solid propellant mixture is placed in a mo.uld the temperature
across it will vary greatly even though the outer surfaces may be kept
constant. The result 13 that the témperature in the centre region could
rise and approach decomposition temperatures. Therefore 1t was decided
to investigate the heat of polymerization, evaluate the temperature

gradients using the heat conduction equation with active sources present,




and compare the curves with actual radial propellant burning rates -

obtainsd in & strend burner for possible correlations.
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LITERATURE SURAVEY

Intr:}duction

Combustion» instability hes been a problem for rocket
designers throughtout the history of rocketry. In the early dsys,
experimenters always had s number of unexplained explosions among
their successful designé, expiosions which seemed to be due to a
failure in the motal wall. To avold this difficulty & number of
nondestructive tests such as X-rays, the fluoroscope, snd magnaflux
were introduced to cgtch the flaws in the metsl components before the
rocket was assembled. This helped to some extent but still a nu@ber
of rockets blew up - I;ocl;ets whose design should have been satisfactory -
since 8ll the equations for burning rate, maximum pressure and flow: '
through the nozzle checked out and whose. Pressure time curves were
normal. This difficulty could only be avoided ‘by putting more metal
in the wall with consequent loss i‘n~ rangs. As technology advanced
the method of measuring preséure was chenged from a Bourdon guage
with an oill or Vgrease filled tube to demp out the osecillations to a
system with much faster response with pressure transducers, oscilloscopes
and camerss. Then for the first time the resson forbthe une xplained
blow ups became spparent. 'The pressure in ‘the rocket was hot nearly as
steady as had been thought but showed .un,explained peaks which could
easily blow the cesing tp pieces. Ix‘nmedia'bely a8 new avenue of resesrch

had to be opened to find the explanation.




The survey msde in this investigetion consists of the following:
l. Basic Equations in Rocketry. -
2. Burning Rate Fundementals.
3. acoustic Instability.
4. Vortices.
5. The solution of the heat conduction equation with chemiesl
heat sources.
6. Chemical reactions in propellant formation.
7. Experimental Methods. .' o ‘ P

8. Circuits and Electronics. -

Basic Equations in Rocketry.

The velodity at which a solid propellant was consumed duringt
operation was celled the burning rate. It was meassured in a direction
normal to the propellant surfage and was usually exprassed‘in inches
per second, as stated by Sutfon (112a). The burning rate was a factor

in determining.fhe mass rate of flow. of gases according to the equation

‘X;l; PoAnr e 00 s e POV RIPENTITYS o.o-.‘ooc--.-‘.o.aq-(l)
P
given in Sutton (112b), where m was the mass raté of flow in lbs./séc.,
: 3
¢ was the density of the propellant in lbs./ft , A was the burning
D .
surface asrea in ft2 and r was the rate in ft./sec. The mass velocity

was one of the fectors which determined the thrust of the rocket motor
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according to the formmla

F =m_é_:’3_v L Y I S €
given in Sutton (112b) where F was the thrust in 1bs force, m was the
mass rate of flow in lbs mass/sec., Vé was the velocify of the gses at
the nozzle ex.1t in ft/sec., g was the gravitational constant in ft/seca,
Pe was the pressure of the gases at the exit of the nozzle, P,y was the
atmosphesric pressure and‘Ae was the srea of the. nozzle ét the exit in ftz.

Mass velocity also helped %o determins the maximim velocity a
chemical rocket could attain. Consider a rocket in flight in a vacuum.
At time t consider the conditions during an increment of tims dt. First |

a puff of gas rlowa from the nozzle of mass equal to dM. 'I’he impulee

imparted is Igped. Iet the mass of the rocket be M and its velocity V.
Implllse = Fot - AMV - Maao At :IBDOAM Oo-u-l-lnloooo'no-o-o(s)

]

Equating the last two terms gives

Mo, At = I AN
M.aV.dt = I_ (-dM)
at SP :

M-dv - -IspodM

dv = I _.dM
e sp T
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[ d V = / - I s p * (_i_l\-_ﬁ_
0 by, + M, M

where M, was the msss of the rocket and M_ was the mass of the ropellant
T , D P

[v] = -*‘isp [1n o] &R

0 My + M,

[v-d

I, - m[mr-;-f«.:g] et (0
g

VBI'GD.SChlU.SS = ISP .« 1n [I\‘r‘;t"l\"fn o.-....-..o.---.----.(4)
‘r

Virenschiuss Wes the velocity at the end of' burning: Sutton (1ll2c¢) gave

the formula

I = vexit ...I..".I..l’...“ll"l..l'...'l'...l.'..(5)
g s

Substituting (5) in (4) gives

VBrenschluss = Ve . ln[Mr‘f'Mp_J PN )|
g M,

The nozzle exhsust velocity Vexit was also given by Sutton (112¢) es

- 1
Vexit = |[2g% . BT, |1 =[P ¥ |+ ¥V  vevrernai(?)
Y- 1 Pe :

where g = the acceleration due to gravity

4

the ratio of the specific heats cp/cv




= chamber temperature

o’i
]

v
"

gas cons t'ant

pressure at the exit

o)
"

Pe = chamber pressure

velocity at the nozzle entrance

<l
"

1f the chamber cross section w.e‘as‘large' compared to the nozzle then ‘v'i
could be neglected.

the basic performance relation was derived by Sutton (11243)
from the principle of conservation of matter. ‘Ihe propellent mass burned
per unit time had t',o equal the sum of the invcrease in gas mess per unit
time in ths combustion chamber and the mass flowing through the nozzle

per unit time,

TL
Ag . o e =2 d‘eC'VC) 4, . P a’ 2 3’:]-: eesssen e 8) '
° Pdt FA e P %— (¥+1) ( |

The term on the left hand side of the equation gave the rate of gas
goneration. 'ihe term on the right gave the change in propellant mass

in the combustion chamber, and the last term gave the nozzle flow.

Burning Rate Fundamentals

It hes been known for s.on;e time that the propellant burning

rate was dependent on the workihg pressure. St. Robert'_s (110) law

n

r = bp ..0’...0'...'.l...‘..Il.l......l....0...0...(9).




where 0.3 & n 5 0.7, was often used tq describe the relationship for
double-bsse propellant - 8 homogéneous mixture of nitrocellulose and

nitroglycerine. Muresour's lsw (90,91)

Ir = a+bp ..-o..ooo-}o-c--ooo.;-oo-0.-ouco-aoo-o--‘.o;o(lb)

could also be used to describe the burning of double-base propellants, ‘
and sometimes a combination of both these empirical laws,

T - a+?‘pn l.!'0...‘..’..0“".‘;DIC;I0.00DC.I'O'....l..l(ll)

was used. Ambient temperature was accounted for by Gibson (55) in the

correlation

b = b' loo--.ouo'..o!‘Oiln‘f.vnolocticalooooo. tll.ooo(lz) 3

where Ti was the initial temperature end b' was the constant thereaf. It

erosive burning was to be considered Gibson (55) gave
r : bpn (l+kv) l..l...'.ll.."0..’.’.‘.0.....lll..".(ls)

where k was a constant and v was the velocity of the gases parallel to
the surfece. When composite propellants, such as ammonium perchlorate
with polyurethene binder, were considered; these equations did not work

very well over a wide pressure renge snd therefore Summerfield (111)




42 (14)
r P 4 .

In this equation a wes & constant determined by the chemiesl kinetics

of the combustion which were rate-contro-lling' at low pressures, and b

was a constent determined by the diffusion characteristics of the fuel
and oxidizer vapors, which werg rate~-controlling for combustion at high
pressui'es.

The structiire of bne-dimensional Tlames was studied by Boys
and Corner (14), who showed that they were completely determined by
constants such as those of hest conductivity, of diffusion, and of the
homogeneous reaction rates. The mathematical broblem in the most
generél case was intractable, but thres simple cases were fully solved
by 8 mathematical method of successive agproximations. The three cases
were those in which diffusion is n2glected compared with heat éonductivity
and in which the reaction velocities of the Tollowing type were
considered: unimolscular, bimoleculsr, and the quasimolecular form of a
unimoleculer reaction at low pressure. The method of mathemstical
approximations was shown to involve errors of Yhe ‘order of only 10% in
same actual cases, an error which :@s nagligible compared with other
uncerteinties of the problem. In these simple cases it was impossible to
solve all deteils of the structure such ss the varietion of composition
and temperature throu‘gh the flame.

Gibson (55) states that it has long been known thet a solid
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propellant was satisfectory only if it obeys the "lew of burning in

. e
parellél layers"; this was to say that the self-oxidstion resction, i.e.
the "burning" took plsce only on the ezposedvsurfsces and that the rate
at which the burning' progressed normal to itself into the powder grsin
was the same at 8ll points. Tﬁis rate of progression was called the

"Jinear burning rate™ of the powder.

It was seen from the foregoing that control of the rate of

goneration of hot geses by a solid propellant was definitely e complicated

problem. Basically the principal factors invoived were the product of
the density ¥, the burning surface S, and thé linear burning rate r.
The Burning surface was controlled by the geometry of each single grain
of the propellent charge and must be known at every instent of the
reaction., The linear burning rate depende@ on the following factors

and was uader control only when these factors were under control:

(1) chemical composition; (2) chamber pressure; (3) initiel powder.
temperature; (4) radistion from thg enviroament; end (5) the tangentisl
velocity of propellant gases. It was only recently thet the significance
of these last ¥hree variables was recognized ani investigated.
Generslly speaking, the empirical understsnding of these factors had

sdvanced to a point where the equation (Gibson (55))

Pequilibrium = Sb (?- P

could be set up to give quite sccurately the equilibrium pressure in &

rocket from a knowledge of the properties of the propellant. Here b




and n cams from the equation.

n

T = bp .clq.-._'----...-.-.-'.-...-...--. ...... ......-..(9)

The mechanism of the burning of double-base propellents was

studied by Crawford, Huggett and McBrady (28). Such propellants burned

by layers. Thus they maintained their shape. The function of an incresse

in pressure was to compress the reaction zone into e smeller distsnce
about the burning surface. This tpok place through an acceleratidn of
fhe chemical processes and also through the'pompression of the gaseous
products, The detailed strucfure;of the meaction zone and the form of
the temperature gradient through it dependedjon the compositions of the
propellant.

Parr and Crawford (93) developea 8 physical theory of burning
of dAouble-base rocket propellants. Considersble experimental evideﬁce
indicated thet the burning of double-basé propellants was a step-wise
process. It was_generally'believed that three main stages were involyed:
(a) primary solid-phase decomposition giving organic fragments end
aitrogen dioxide; {b) nonluminous gas-phase reactions of the products
of (a) to give nitrig oxide and esldehydic molecules; and (e) luminous
gas-phase reaction of thé prqdugts of (b) to glve the‘final products.
The se stages might be called thsifoam, fizz, and flame reactions
respectively. o

The task of treating thislburning mechanism'quantitatively
Wwas really twofold. A definite model had first to be set up, and thén.
the reang devised for treeting it mathematicslly. The model had to

W




include detailed kinetics of individusl steps and various thefmal
yusntities - seversl unknown parameters - and hence at best could only
be a crude approximstion. Starting from an sssumed molel snd with a
suitable choice of parameters, theoreticsl results could be obtsined
which should be close to those obtained experimentally. If this attempt
was successful, it was possible to claiq that the model had some use ;
if not, it might be hoped that the mathematical treatment would have
value elsewhere. e

The burning of doﬁble-base powder appeared to occur in three
stages, according to’ Rice snd Ginell (101), a1l with the evolution of
heat. The first stage occured st the surface of, or just within,‘ths.
solid powder, and resulted in the formetion of unsatursted fregments
which were ejected into the gas phase normal to the surface. In the
second stage, these fragments reacted in the gas phase in an assumed Mcﬁ
second-order reaction. These two stages constituted what together was-
called "fizz burning"; the gsses produced were still capable of fqrther
reaction. At lpw pressures (from 1 to a few atmospheres) the only heat
reaching the sﬁrface is that producea by the reaction at the surfsce,
which was thus- self-sustsining st e definite (limiting low pressure)
rate. At higher pressures hest generated from the gas phase reaction
resched the surface and the reéction rate then incressed with pressure.
The reactions thus far considered produced no visible light.

The third stege of the reaction consisted of the flame,
which appeared only st pressures exceeding about 20 atmos., and

apperently did not affect the rate of reaction below about 100 atmos.

The flame exhibited a very striking sppearance. The edge of the luminous
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zone was fairly sharp. The base of the flame at the burning end of s

long oylindrieal stick of powder appeured no larger‘in diamster than 'tho
powder. Byond this, however,. the flame flared out, frequently exhibiting
signs of turbulence. This appearance suggested that the second gas-phase
reaction resembled a branching-chain explosion,

Type of Theory: There were two distinct possibilities as regards gas-
phase reactions, which would make a considerable difference in the

nature of the thesory to be applied:

1) If the energy of activation of a gas-phase reaction was
small, the average distance from the lsurfecevand the average time at
which 1t would occur would be determined by a reaction rate which would
not be strongly dependent on temperature.

2) If the energy of activation was high the average distance
and tims would not depend directly on the rate constent, but rather®on
the time required for any particular portion of the gas to be carried.
into a region where temperature is high enouéh for reaction to occur
at an appreciable speed. |

Case: 1 was the theory considered here. Among contemporary
developments of this type might be mentioned the work of Daniels (122).

Case 2 has been considered in detail by Boys and Corner (14).
In this case the gas~phase reaction was completely rate determining; the
zone of reaction merely moved foi-wgrd or away from the surface, so that
the temperature of the latter was ad_justed to eject reactive fragments
into the gas, at the required rate for maintensnce of a steady state.
'I"his theory made the slope of the log M vs. log p curve (p = pressure,

M = mess rate) equal to one-half the order of the gas-phase reaction
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(14, 101) while the theory of cése 1 indicated that the slope of the
curve might be & much more complicated matter.

Peansr (938) reviewed the litersture on propellant burning.

Wilfong, Fenner and Daniels (122) found thst when nitrocellulose
"burned" the surface underwsnt violent decomposition and evolvei large
wuuntities of hot gases which could be used for propulsion purposes.
At the surfsce, molecules were decomposed and ejected, fresh layers of
molecules were exposed successively deeper snd deeper in the propellent.
The rote of regression or "peeling off" of one molecular layer after
another, were measured directly snd found to be of the order of 2 cms/sec
8t a8 pressure of l500ilbs/1n2. A small bomb was developed by Crawford et
8l (27) for the rapid ‘determination of the linesr burning rate of
experimentel propellsnts under pressure, meking use of fuse wires and
timing circuité. The linesr rate of burning aepénded grestly on the

. .

pressurs of the gsses surrouniing the propellent ani to a small extent
o0 thg initial temperature of the propel;ant.

The rate determining step was the isothermal unimoleculér
rupture of the oxygen-nifrogen bonds at the surface. The genersl squation

for the reaction
A4+B = «F R s T3

in terms of the thermodynamic functions wes given by Laidler (76s)

ast
R TRT

D X2 ) |

k=§’§ee
h
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If the resction was unimaleculsry Lyidler (74b) gsve the relationship

AE;-F -E;
i RT
k = e kTe e A 1|
h

Here k was the specific resction rate k, R, T and h were Boltzmenn's
constont, the gas coastant, absolute temperature, end Planck's constant,
respactively, and AS-F, AuF and Be were the entropy, heat and
experimentsl energy of activation, respectively. AS;F might bs regarded
ss essentislly zero for the breeking of a bond, and 8t 1000°C the

formula became

k = 3.10% .e P <)
-1
g = 46,700 calories -per mole ang the‘)refore k = 5.5 . 105 sec at~
1000°C. The numerical value of the frecuency factor was discussed
extensively by Huggett (67a).
Radiation effects in pi‘opellent burning were investigated by
Avery (2). In a'n effort to explain the action of added potassium salts
upon the burning rate of propellaents, an exasminstion wes made of the
factors that could affect the shape of the pressure-time curve of a
rocket fired staticelly under standsrd conditisns. Of the variables
considered, it wus most reasonablé to assume thet the werming of the
powder (1) through heat conduction or (2) through rediation caused the
burhing rate, snd hence the pressure, to increase with time of buraing.
A roughly qﬁantitative treatment was also mede by Avery (2)
which showed that the effect of heat conduction wss negligible but that

warming of the powder by redistion might be appreciable. The radiastion
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effect was studied in some detsil snd the changes in shape of the
pressure-time curves investigated theoretically for two cases in which
the postulated conditions were (2) & constant radiation intensity and a
constant ebsorptivity of the powder; (b) a rediation constant with time
but distributed spectrally asccording to Plaxick's radiation law for a
black body at SOOOOK., the absorption co‘efficient of the powder being
given as a function of the wave llength from experimental dats.

Pressure-time curves calculsted by the formulae developed weré
bresented for radiation intensi'ties corresponding to several different
fractions of the radistion from a blackvboiy.alt BOOOOK.

Bircumshaw and Newmen (7) investigated the thermsl decomposition
of ammonium perchlorate in vacuo in the temperature ranges 220 to 2eo°c
and 380 to 450°C. Small initial pressures of nitrogen were used to |
suppress sublimetion. The experimental ’cechniques for following the
decomposition and sub,sequent» analysls of the products were described and
gas snalysis résults given.

In the low temperature range only 30% decomposition occurfed
though the "residue" was still emmonium perchlorate. In vecuo sublimation
occurred all the time and also after decomposition has ceased which
indicafed that the reactio_n was not in the vapour phase. Some of the
properties of the sublimated maeterial and the "residus" were investigated;
in particulsr, it was found that t'he. residue which was porous in texture
(the decomposition had occurred fhroughout the crystal) could be
"re juvensted" by exposure to solvent vapour.

The crystal transformation at 240°C from orthorbambic to cubic, .

the addition of some metallic oxide cetalysts, were also investigated.
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A thermsl model of solid propellant burning wss postulated. by
Green (56), in which the complex chemical reaction and hest coniuction
problem in the gas phase were replaced by a simplified boundary
condition, which assumed coavective heat transfer to the surfsce from a
parsllel flow of gas at flamedtemperature. The effective heat transfer
coefficient was assumd to be an inversé function of propellant burning
rate, which in turn was essumed to be an Arrhenius funetion of the
surface temperature. This model permitted calculation of stesdy-state
propellant temperatures, burning rates and tempersture gradients which
showed the proper quelitstive dependence upon>the propellant and gas.
flow barameters and which, for the assumed velues of these parameters
appeared to bes of the proper order and ﬁagnitude. The non-steady behaviour
of the model was analyzed, .assuming that the nonsteedy variations in
hest flux, surface tempersture, and burning rate may be expressed as.
small perturbations from the steady-state values, and considering that.a
small time interval is required for compleﬁion of the phese change or
disordering of the propellant matter from the solid to homogeneous;
gaseous state ih 8 thin zone comprising the burning "surface". The
results indicatedtthét, when the simplified transfer coefficient assumed
to govern heat flow to the surface was subject to fluctustions at high
frequencies as a result of "sonance" in the grsin cavity, conmditions
could exist under which s cqupling between the heat transfer fluctuation
and the decomposition reaction could cause large-amplitgde oscillations
of the surfsce temperature. In .such & "resonsnce" condition, significgnt
déviations in the burhing rate from its nominal steady-state value may be

effected.
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The determination of the rasdistion from a composite propellant
flame has been carried out by Blair (10, 11, 12, 100).

Hermance and Summeffield (61) have compered the burning rates
in strsnds end rocket motors and have found that, in general, the burning
rate in the rocket motor at any specified pressure was less than that
of a strand burning at the sams pressure,

In their propellant ignition étudies, Hermance, Shinnar,
Wenograd and Summerfield (60) have investigated the ignition of the
reaction field adjacent to the surface of a solid propellant.

Denison and Baum (40) have worked .out a simplified model of
unstable burning in solid propellants, wherein an analysis of the °
surface temperature, and hence mass flux, response of z; solid propellant
to a disturbanece in gas pressure has"been.developed. Time lags in the
gas phase were seglected while transient heat conduction in the solid
was considered. The results were obtained by perturbing the conserv-at,ion
oequations in both the gas ‘phase and the solid phase. Stability conditions
were obtained in terms of a few dimensionless parameters which deéended
upon the steady state conditions.

Bastress and Summsrfield (6) heve studied the modification of
burning rates of ammoniun; perchlorate solid propellants by paricle size
control.

The mechanism of accelérgted burning of ammonium perchlorate
at high pressures was i.nvestigated by Irwin, Salzmen, snd Andersen (71).
The linear burning rate of ammonium perchlorate previously has been shown

to undergo a marked increase in pressure dependence at high pressures.

£
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The effect was considered to result from an incressed burning surface
ares formed by a shear process at the burning surface as a result of
high:pressure. The possibility that the steep thermsl gredient whiech
existed st the burniﬁg surface at high- pressures also could hsve lsad to
the shear stress responsible for cracking, was investigated. The snslysis
indicated that the thermal stress was slmost solely responsible for the
cracking~ovef the entire pressure range of the burning rate experiments.
Chuffing end nonscoustic instébility'phenomenanwas studied by
Yount end 4ngelus (126), and nonscoustic combustion pulsetions of
ammonium perchlorate‘Contaiﬁing aluminum was investigated by_Ihani and

Shanfield (69).

The performence of solid propsllants containing metal additives

was studied by Cheung and Cohen (21). Test firings of solid propellant
research rockets were made to gtudy effects_oﬁ propellant composition,
pressure, and engine size on the exhaust oxide psrticle size, amd.on the
éomposition of the solid exhaust p#bducts. The experimental results of
this work snd those reported by others were analysed collectively fo
provide &8 reasonable description of sluminum combustion and oxide
condensation processes in solid propellant motors. Combustion of
aluminum was found to occur ia the vapour phase, snd wes essentiaslly
complete in the engines studied although some combustion took place -in
the nozzle. The experimental resuitg indicsted that the condensation of
the oxide vapour could be described by first-order chemical kinetics.
Further pasrticle growth by sgglomeration appesred likely. The effect.of

two phase flow was found to be significant in thé motors tested and

4]
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reached a meximum in motors of @ certain size. In motors where this loss
was large, significant improvement in delivered performance could be g
realized by reducing the aluminum contenit.
Lindsey and Willisms (79) investigated the structural integrity
' of an ablating rocket s'ubjected to éxial sccoleration. |
Schappery and Cantey (105) did thermochemical response studies
of solid propellants subjected to eyclic and random loading.
The relationship between filler distribution and uniaxiél

rupture was studied by Fishman (52).

Acoustic Instability

A gtudy of the damping of sound by mists and tiny solid
particles was carried out by Epstein and Carhart (49) and strong
transverse waves without shocks in a eircular c¢ylinder were investigated.
by Maslen and Moore (81). |

Zucrow and Osborn (128) did .an experimental study of high-
frequency comﬁustion pressure oscillati§ns. The paper reports the results
of some experiments conducted bto‘ investigate the influenée of the
length of the combustion chember, the steady-state chémber pi'easure, the
shape of the nozzle, and the 'equivalexice ratio on high-frequency

' combustion pressure oscillations'. The experiments were conducted with a
rocket moto.r burning pre-mixed gases, thereby simplifying the
experimental work and eliminating the effects of such variables as

étomization, vapourization, mixing, etc. The pre-mixed gaseous
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propellents used were superheated propane smd air, ethsne and ‘sir,
me thane and air, hydrogen and air, and ethyiene and air. For the
longitudinal mode of combustion pressure oscillstion snd frequencies
ranged from 570 to 1750 cycles per second. The results indicated that
a relationship existed between the amplitude snd frequency of the
combustion pressure oscillationé, the combustion chamber geometry, and
the burning rate of the propellsnts.

Combustion instsbility in solid propellant rocket motors was
studied by Price and Sofferis (99) end lster Price (95) alone using a
T-burner. : . |

Hert and McClure (59) investigated the acoustic interaction
with the burning surface. A theory of the response of a burning solid
to a sound wavé was developed, based on t;me-dependent solutions of the
transport equations relevant to s combustible heving idealized physiéal
and chemical properties. The development was restricted to smsll -
perturbations about the steady-stete conditions for a rather simple
model whose parameters had either s direct or physical significanée, or
were experimeﬁtally determinable. The introduction of ad hoc time de lays
or other phenomenological parameters was entirely avoided.iKinetiCS was
also savoided by consider'ing only those cases whose volumstric rate of
reaction corrsesponded to instantsneous steady state. The predictions of
the theory were discussed briefll'y,. and several rather general -
observations were mede.. However,. in vview of the complexity inherent in
the phenomenon and the inadequate state of empirical knowledge et the
tims the work was done, it Wwas not yet possible to mske a quantitstive

comparison between theory and experiment.

h"””‘"‘* o
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An experimental investigation, by Brownles and Marble, (15) on
finite~wave axial cdmbustioﬁ instability was carried out and Crump and |
Price (35) lpoked at "catastrophic" changes in burning rate.

McClure, Hart and Bird (85) considered solid propellant motors
as acoustic oscillators and Price (96) reviewed the experimental research
on combustion instability. Later Price (9‘7) did an experimental
investigation on the same subject. |

Bird, Haar, Hart and McClure (8) studied the effect of solid
propellant compressibility on combustion and Kogaro (75) investigated
the ampliflcation of compression waves in the cambustion zone.

The effect of the acoustic environment on the burning rate of
double-base propellants was‘ considered by Crump and Price (36), while
McClure, Hart and Bird (86) investiga;tedlthe heat release 'rate,
temperaturs and pressure on instability.

Price, Mathes, Crump and McGie (98) found that 1) tangential
rather than axial vibrations were primerily responsible for instability,
2) the rate decreased in regions where severs pressure oscillations and
only mild veiocity oscillations oceurred, 3) the burning response to
periodic disturbances was independent of the fregusacy.

The field of irregular burning ‘in solid propellants was
surveyed by Vandenkerckhove (119).

Watermeier (120) also studied combustion instability. Double-
base rocket propellant.slabs were burned in a transpaz_'ent walled chamber
which was vented to the atmosphere through a nozzle. The slabs were

'ignited at ambient hitrogen pressures of 200 to 800 psi. Pressure waves
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vwere proiuced normal to the burning surfsce by a siren operating at
frequencies of 100 to 1400 cps. Fhotographs revealed an incressed
burning rate as the siren approached the resonant frequency of the
chamber. Large pressure variations recorded during this process present
evidence of possible scoustic interaction with the burning surfsce. When
3w aluminum waé added to the powder, each perticle seemed to act like a
flame holder and no instability was present. |

The effects of gas phase and solid phese damping on instability
of low frequency modes was investigated by Deters (41). '

The initistion of finite wave axia'l instability by firing
black powder charges was carried out by Dickinson (42) who slso, together
with Jackson (44) wrote a gensral paper on instability.

E[hel acoustic admittanc_e of a buljning solid propellant surface

was measured by Horton (63), while Horton and Price (66) mpasured the

 dynemic cherscteristics of propellant combustion.

MeClure, Bird and Hert (84) determined the erssion mechanism
for nonlinear instebility in axial modés and Ryan, Coates and Baef (103)
investigated the participation of the soiid phase in oscillatory burning.

Virtual specific acAou'stic admi ttance measurements were made by
Strittmeter, Watermeier a_nd Pheff (109) while Trubridge end Badhem (117)
described the experimental methods used to suppress uastsbls combustion.

Watermeier, Aungst and 'Ptl‘aff (121) did en experimental study
of the aluminum alditive role in uns_table combustion. Composite-doubls
base rocket propellant slsbs which contained different concentrstions
and particle sizes of al;xminum were burned in‘a transpsrent walled

chamber. The chamber was exhsusted to the atmosphere. The slabs were
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ignited in cigerette fashion and burned under embient nitrogen pressures
of 200-800 psi. Experimental rqns were made under steady flow coniitions -
and under oscillating ponditions with s siren rotating over the exhsust
port. .

Motion pictures were taken of the burning process at high
framing rates. Data on droplet burning snd Yc:;ncentrations in various
regions above the propellant surfaces were obtesined from individusl
frames of the film.

Wood (125) also investigated oscillstory burning and MecClure
et al (83) held ‘a panel discussion on the subject.

Culick (38) studied the stability of high freguency pressure
oscillations while Hart and Cantrell (58) investigated the amplification_
and attenuetion of sound by burning propellants.

Particulate damping experiments on oscillatory combustiox} were
done by Horton and McGie (65).
| The interaction between sound and flow and the s.tabili't_y of
the T-burner wes done by MeClure, Hart and Cantrell (87).

Linear ascoustic gains and"vlosses were investigated by Cantréll,
Hart snd McClure (18) and Coates, Horton and Ryan (22) determined
the acoustic admittance by the r.I'--’burner method, while Crump and
Price (37) noted the effects of the acoustic environment on the
burning rate. |

Dobbins and Temkin (45) measured particulate acoustic
sttenuation while Bisel, Horton, Price and Rice (46) studied the

preferred frequency of oscillatory combustion snd Engler snd
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Nachber (48) did experimepts with s solid propellant acoustic-
oscillator. ‘

Admittance measurements of solid propellants by an acoustic
oscillator techniqu? were done by Foner, Hudson and Hall (54).

Nonlipear effects in instability wers studied by Hert, Bird,
Cantrell and McClure (57) whils Horton (64) used a one-dimensional
T-burnsr to i.nvestigate oscillatory combustion. Later Horton and Rice
(67) noted the effect of compositional varisbles upon oscillatory
combustion and the influence of the solid phase was dome by Ryan and
Coates (103). _

Bird, Hert and McClure (9) s;cudied finite acoustic oscillations
and . erosive burning in solid fuel rockeAts while the effects of thermal
rsdiation on. the acoustjic mspénse was noted by Cantrell, McClure and |
Hart (19). | |

Imber (70) worked out the stability criteria using transiéqt
effects and Trubridge (llﬁ)discusses the empirical methods which heve
been adopted to eliminafe the effeéts of instability. |

The 'responsé of a burning fuel plate to sound vibrations has
been studied by Williems (123). |

A theorstical study of superficisl gaseous discharge with h{gh
frequency oscillatioxis was done by Croccol (‘29')_ who worked out a number
of complex frecusncies which should be present. CroccQ (30) d4id not agree
with Zucrow and Osborn (128} in their conclusion that a relationship
existed between the amplitude and' frequancy of the camﬁustion pressure
oscillations, the co'mbus.tion chsmber geometry, and the burning rste .of

the propellants. The importance of the sensitive time lag in longitudinal

| E——
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high-frecuency combustion instebility was investigated by Croéco, Grey and
herrje (31) and later Croceo, Grey and Harrje (32) worked out a theory

of liguid propellant rocket combustion instability ani verified it
exparimentally. Crocco, Harrje snd Reardon (33) developed a theoreticsl
formulation of stability criteria for purel; transvefse modes of high
frequency combustion instability, based on the time lag theories.

Osborn (92) questioned the validity of the time lag theory es
experimentsl work 4id not verify the upper critical length. In reply,
Crocco (34) stated that it waes nscessary to avoid confusion between
liquid propellant rockets end premixed gss rockets. The behaviour of the
two was generally quite different. Liquid propsllant rockets did exhibit,
almost invariably, the so-called "time-lag behaviour".

Sirignano and Crocco (106) developed a shock wave model of
unstable rocket combustors and Bowmen, Glassmen snd Crocco (13)‘disgusséd
ACOmbustion instability and concluded that obéervations could be explained
in terms of sn instability model in which the driving mechanism depended

on chemical kinetic factors.

Vortices»

Jenkins and Swithenbank (73) and laster Swithenbsnk and Sotter.
(113) dicussed vortices in solid.propellant rocket motors.'Studies of
combustion instability revesled an interesting interéction be tween the
flow pettern and the combustion chemistry. This took the form of strong

vortices in the acoustic cavity which lead to several remsrkable effects. -
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Swithenbank end Sotter (114) fourd that vortices are genersted by
acoustic oscillations as a see“ond-order viscous effect. Travelling
tangentiel modes in an exially perforated solid propellant rocket gave a
single vortex swirlir}g sbout the axis. Tangentisl velocity at the
periphery, typically a few hundred fest per second, could be predicted
approximately using acoustic stresming theory modified by heat addition
and radial flow effects. Serious consequences of the vortex were 1)
torque, which gave undesired roll, especially in large vehicles sas
torque varies as the radius, and 2) pressure rise caused largely by
reduction in effective area of the nozzle throat. Standing tangential
modes produced a pair of vortices rotating in opposite directions for
each pressure sntimode. These gave no net torque anﬁ were much less
destructive. Experimental data included 3200 fresmes per second cine-films
of the vortices, torque measurements, anl radisl pressure gradient
determinations in ’che_ head end of a motor. The trevelling tangential~
modes could be initiated readily by t‘angent‘ial injection of nitrogen
into the motor. | , |
Flendi‘o (53) found that roll torque of considersble magni tude
was generated ip some solid propellant rocket motors during periodsq of
high-intensity acoustic combustion instebility. Forces normal to the
motor axis sometimes accompanied roll perturbations. These effects
sppeered to result from nonlinesr viscous phenomens (acoustic streaming)
thet occurred in the presence of intensea acoustic wave motion in
combustion geses. Direct measurements of the moments and associated
vortex flow disturbances originating within the burning cavity verified.

this theoretical description. Unstable motors using & cylindrical grain
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perforation geom try were especially subject to roll torque generation. _
However, similar effects were exhibited in more complex grain
configurations. Star-perforate%cavities were capable of producing
several levels of roll torque, depending‘upon the number of star-points.
The secondary force effects were sensitive to initial grein temperature
and thus could be minimized in some motors by prerun tempesrature

condiitioning.

The Solution of the Heat Conduction Eguation with Chemical Heat Sources.

An experimental snd -theoretical ianvestigation of the combustion
of slabs of dry wood was mede by Bamford, Crank aml Malan (4), including
spontaneous and forced burning of the surface. A minimum heeting time
was required to produce spontaneosus burning. For sheets of different
thickness the temperature at the‘centre of the block af the minimum -
heating time was about 480°K. The final temperature at the centre of the
block was about 780°K. A mathematical traatment considersd heat libérated
by the exothermic decomposition reaction superimposed on the expression
for heat conduction. Simplifying assumptions ebout the rate of escape
and calorific value of thg decomposition products were necessary.
Decomposition was considered to be a simple reaction of the first order.
Equations were derived for the riée.of the central temperature with time
during spoataneous burning, for the rgte of ges evolution, and for the
thickness of the combustion zone. In forced burning the surface was
exposed to externsl redisnt heat. Slow decomposition began at the

surface, and the products might be ignited. The flams died out unless

s
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the intensity of radiation exceeded & criticel value. The raste of
evolution of gasas oasloulated for exparimantel conditions under
rediation rose to a maximum end. diminished.

Crank and I:I‘icolson (26) deviesd a practical method for
numerical evaluation of solutions of pertisl differential equetions of
the heat-conduction type which arose when & chemical reaction wes trested
as a heat source. This psper was cecncerned with msthods of evaluating

numericsl solutions of the nonlinear partial differentisl equation

_)_e_ :}ze - q _)l .oooo-aocooac.uoonco.o'--o(lg)
ot w2 ot
dx
where
-A/Q
dw = k.. o *tecressstavecnssrcsnsessescssac. (20)
t

subject to the boundary conditions

e = fi(x)
} at ¢

0 for 0<¢{x <1

w = fz(x)
38 = H(8) et t=o0fort2o0 cereerereeasas (20a)
3x 1
>
¥ = H(6 att=1lfort=o0
X 2

A,k, and q are constants. |

Equation (19) was of a type yvhich arose in problems of heét
flow when there was an internal generation of heat wi'thin the medium; if
the heat was due to & chemical reaction proceeding at each point at a
rate dependent upon tha' local temperature, the rate of heat generation

was often defined by an equation such as (20).
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Chemical Reactions in Propellant Formation

Evans and Tyrall (51) in an inveétigation of the heats of
polymerization of acrylic acid snmd its derivatives, found 18.49 kca.’fs/
mole, 15.84 kcals/mole, 20.19 kcels/mole and 12.9 kecals/mole for acrylie
acid, methacrylic acid, methyl acrylicester, and methyl methacrylate,
resgspectively. l

A method of determining the aleoholic hydroxyl group in orgsnic
compounds using phthalic anhydride and pyridine was developed by Elving
and Warshowsky (47).

The edditive calculation of the heét of combustion was improved
to such an extent by Klages (74) that it was possible to calculate the
total heat of combustion of aliphatic anmi simpls alicyelic hydrocarbons |
to within 0.5 parts per thousand, in some cases even to 0.2 parts per
thousand, of the truth.

' The preparation of some oxyeyclobutans Polymer was reported '<by_
Farthing (5la) who used boron trifl}loroethei'ate as a catalyst.
Wittbecker and Katz (124) gave the following genmeral reaction
for the production of polyurethames from a diisocyanate and a glycol
HOHQ 91 |
0=C=N-R-N=C=0 + HO-R'~0H ———> {N-R=N-C-0-R'-0-C} +v.ivevne....(21)
n
It was found also that the resultihs" polymers were not too stabls to
heat. |
The vapour pressures and heats of mixing in the systems

polyglycols-me thanol were studied by Lakhenpal and Conway (77) and the
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thermodynamic functions of the system polyglycols-methanol were also
studied by Conwsy end Lékhanpal (24). The equilibrium swelling of
crosélinked polyurethane elastomers was investigsated by Conway and Tong
(25) and Conwey (23) Zdetermined the elastic properties of the derived
e lastomers.

Dickinson (43‘) derived new elastomers from the copolymers of
tetrahydrofui'an snd proPYlens: oxide. The reactions were sas i‘qllowg: ’

1) a cationic catalysis to:produce a difunctional diol

b 7% R W HO-CH - CH., ~CH= CH- o h
CH-.': + ('JHZ ,.| 2 + 0- o~ CH - =CH=-0H C 12 hours >
o3 CHy— CH, ' ‘ solvent - ethylene
. A chloride .
propylens tetrahydrofuran butylens glycol
oxlide

(starter)

H CI'.[ -CHz-CH:CIi-O-CH=CH-C}I=C%I-O-CI{ -C}{Z OH etss00000sessn e ( 22) ’ °
2 ’ oy - ‘ .
a

"

the diol - pﬁlyoxyproPYlenete'trarne thylene glycol M.Vit. 2100

The polymerization was done in & solution of ethylene chloride using
boron trifluoride etherate ss a catslyst -

. :-- ?Iz

g i .
C{B GHz O---;BF3

boron trifluoride etherate
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The crosslinking triol was a propylene oxide addunct of 1, 2, 6 hexans
triol with a molecular weight of 1500 (Union Carbide Niex Triol IHT 112).

The reasction was 2)

. _ .
0 L0 _
HO-CH,_CH-CHy~CH_~CH,-CH_-GH + CHp - CH >
HO CHZ z=CH, 5=CH, ' .
CcH
. : T3
1,2,6 hexane triol propylens oxide
| i
0
t—
CH-CH
[ . ' 5
CH2

| .
5
HO (l.TH—CI-Iz-O caz-ca-m{z-mz-‘czizv-‘qnz o-pﬂz-c':ﬂ H oeeeene...(23)

CH:3 nl ) o i . CH- nz ,

Polyoxypropylene hexane triol M.Wt. .1500

Niax Triol IHT 112 -

3) The next step Was to treat the. crosslinker with toluene 2,4 diisocyanate

H
0
r+—
CH~CH .
|
G . fﬁz
+CH - O n
CH gp-N=C=0 . i 3 ‘ _
(|11 . gh 4+ H ?H-CHZ-O CHB-GH-Cﬂz-CHz-CHZ-GHz o-cnz-clm 0 ————>
Seu” CH n | CHJ n
N=C=0 , 5 1 | 2

2,4 toluene diisscyanste polyoxypropylene triol
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Let the cross linker be written as

§ |

1
0=C=N- R -N=C&0

and the diol as HO-.R' ~-0H, then these two when reacted together

give the elastomeric uait

Fy=Omiz;

-
®

H-?l-o-
o -

- Z=cr=o
&

0=C=N- R -N=0Z0 + HO- R' -OH —3H0~ R’ -_o.‘-g-_m - R -I\IH-g-O- R' -OH...(25)

The catalyst was kerrie AcstylAce tonate

F Ct..
IO
Fo 4 0 - CH
. I
i
=0
|
B CH .
_ 5 _]
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Carde uses the semo method with the exception that the diol is s

polyoxypropylene. The equation.for its production was

0 ' :
Cﬁz-\-CH '—'>HO CHzTCH—O-CHZ-CHOH 0-.'o-c.-oocn¢-onoo.a!5000(26)

GH3 CHB cH
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Experimental Methods

Crawford (27) developed a small bomb, préssurized with
nitrogen, to burn small strips of propellant, and formally called a
strand burner. N

A method of measuring erosive‘ burning using tiny pleces of
propellant was perfected by Marklund and Lake (80).

Ives, Dominik and Proell (72) developed e heat sink strand
bomb for determining ballistic properties of solid propellants.

An experimental method of measuring intensity of turbulence in
a rocket chamber photographically was worked out by Herseh (62).

Bastress, Hall and Summrfield (6) described a method for
particle size analysis of smmonium perchlorate by liquid sed imsntation.

The thermal diffusivity of ammonium perchlorate has been found
" by Rosser, Inani and Wire (102).
A discusslion of methods of determining the heat of

rolymerization was given by McCurdy (82) under the following headings:

1. Combustion Method: The heat of polymerization was found by subtracting

the heat of combustion of the monomer from the heat of combustion of the
polymer. Since.heats of combustion were many times larger than the heats
of polymerization, high precision was required.
2. Direct Calorime try:
a) Non-isothermal Msthods. .
1) Integral Method: This method involved the messurement of
the amount of heat corresponding to the formation of a certain weight

of polymer.
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i1) Differential lMethod: The amount of heat evolved and a
physicael property related to the extent of the reaction were measured at
convenient tims intervals. l

iii) Self Heating Method: If a reaction was initiated
photochemically the centre of the illuminated volume element might
mméin adisbatic long enough for this element to be used as its own
caloriseter.

b) Vaporization Method: The heat of polymerization was used to
evaporate a liquid in equilibrium with its vapor at the boiling point.
The weight of the liquid evaporated was direétly proportional to the
heat.

c) Fusion Method: An isothermal calorimeter was used with diphenyl‘
ether as the working substance. |
3. Other Methods:

a) Thermodynamic Method: A long chain polymer could be in
thermodynemic equilibrium with monomer only at a certain activity,
similar to the fact that a solid or a liquid_has a definite equilibrium
vapour preasuré at a given temperatb.re. Moesurement of this actifity at
'different temperatures permitted the evaluation of the heat of
polymerization by the application of the isochore.

b) Semi-Empirical Msthods:‘ This method depended on the fact that

heats of formation were~approximétgly additive.
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Circuits and Elsctronics

Dauphine’e (39) has designed an isolating gotential comparator
with which‘ elsctromotive forces could be compared acﬁurate,ly without .
making any direct e;ectrical connection between them. A double~pols,
double throw chopper, heving & condenser connected between the vibrating
contacts, was used with a galvanometer or elsctronic amplifier to
indicate any inequality between e.m.f's. without allowing any net flow
of current between the circuits.

A differential microcalorimeter of the Tian-Calvet type has
been designed and constructed by Attres, Cushing,. 1add and Pieroni ‘(3).
The galvanometers previously employed have been replaced by a DC
amplifier, which materially simplified the construction and operation
of the instrument. In additibﬁ this allowed an elsctrical analog
integrator to be used which gave ‘directly the heat of the reaction.

Sensitivity of the instrmmﬁt in the range from 0.0l to 2-
calories was such that meesurements could be made with a precision of
1% or better. Measurements have been made, under ideal conditions, of
0.002 calories with a standard deviation of 0 1%.

Mueller (88, 89) developed a special form of the Wheatstone
bridge for measuring the resistance of a resistance thermometer with
four leads. | |

The analog integrator was described by Alvert (1).

An improved resisfance therxﬁometer'bridge was developed by

Evans (50) .
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Summarx:

In all this there seems to be no realization that the burning
rate and the polymerization temperature at different bositions redislly
across the grain may not be constant. Should this be the case, another
explanation for uneven burning is a real possibility. Therefore, ;t.was
decided 1) to mpasure the linsar burning rates redially across the grain
2) to set up a mathematical modsl for the heat during polymerization
3) to mpasure the heat of polymerization at different temperatures iﬁl
the microcalorinnﬁer, 4) to measure the appropriafe heat transfer
constants, 5) fo» solve the mathematical mode'l for instantansous
temperatures on the computer, 6) to draw curves from the se :instantans ous
temperatures, 7) to attempt to correlaté the temperature and the burning

rate, 8) to attempt another explanation for unsven burning.
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THEORETICAL CQONSIDERATIONS

The Effect of Heat on the Tbmperature Distribution

The differential equation governing heat flow in a solid was
developed in Sokolnikoff and Rsdheffer (107). The development given
below is for the case where heat sources are ‘present, It was known froml
empirical results that heat will flow from points at higher temperatures
to those at lowsr temperatures. At any point the rate of decrease of
tempereture varied with direction, and it was generally assumed that
the amount of heat AH crossing an. elemont oi‘ surface A6in At seconds
was proportional to the greatest.rate of decrease of the temperature T

that is

=]
n

k.AnAt IQEI ooot‘oocooooo‘t.0000..-.00.-0.0..0-.(27)
dn , ’
A vector q, representing the flow of heat, was defined by the formula

-kVT ..........-......................-...-........(28)

[fe]
1

where k was a constant of proportionality known as the thermal
conductivity of a substance. The negative sign was chosen in the
definition because heat flows frdm_points of higher temperature to those
of lower, and the vector VT was directed normally to the lavel surface
T = a constant in the direction of increasing T. Then the total amount
of heat H flowing out in At seconds from an arbitrary volume T bounded

by a closed surface 0= was




H é -At]kﬂdﬂ‘ = Atfqan da. ..-......‘....-.-.-(29)
dn

' [ g

Since q.n = ~k dT/dn by equation (28). On the other hand, the
amount of heat lost by a body T could be calculated as follows: In
order to increase the temperature of a volx;me element by AT°, it is
necessary to supply an amount of heat that is proportional to the
increase in temperature and to the mass of the volume element plus the
; contribution of the contimuously distributed heat sources, Q' (x,y,2,t) .

Hence
AH = ¢ AT? AT +Q'(x,y,2,%)

where c was the specific heat of the substance and ¢ was its density.

Therefore, the total heat loss from the volums T in At seconds wes

ot

H = "At/_a_T. O'dt +At/Q'(Z.y,Z,t) av .ooo.o.acccu‘o'oo(so)
* T o

Equating (29) and (30) gave

At/q.n dor = -A% g’I‘ cp ar+ Af./Q'(x,y,z,t) dae
t
T .

r
T

The application of the Divergencé fI'heorem given below

ﬁ.n ao = fdiqut‘
) - e

to the left hand side gave
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j=N
[
<
0o
a
L]

-/_)2 cgat -}fz'(x,y,z,t) S P £ 3

‘tan

and since q -k VT, the foregoing equation assumed the form

l[div(-kVT) + cpaT -Q'(x.y.z,t)J AT = 0 seevsevcencsss(B2)
¥t A

if k was a constant
div(kVT) = kVAT

3
'

apd (32) became

f[—kV‘?‘T +ce_)_51_' - Q'(x,y,z,t)] at = o secesesessvensss(33)
4 It |

Since this integral must vanish for an arbitrary volume T and the -integrand

is a continuous function, it follows that the integrand must be equal to
zero, for if such were not the case, 7T could be 8o chosen as to .be a
region throughout which the integrénd has & constent sign. But if the
integrand had one sign throughout this region, then the ihtegral would
have the same sign and v_fould not vanish as required by equation (33).

Therefore
2 o
kYT +cpdT - Q' =0
it '

«VPT = Q-ce_g_T+Q'
- t
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AT

.= 48 -

3
2 -
_kV'T = 3T - _Ql
cf " c

st X= k , where X is the thermsl diffusivity, then
ce ‘ :

)(VZT - —&_‘_.oc-u-on‘-oo'oa-ocoo-.--o--u.oo.--ooc.-00.0(34)

AT
At X

If no heet sources are present this equation reduceé to

szT _E .'....'.’....'.'.........'....‘..........Q..’..(ss)
¥t
If the solid has s cylindricel shape W° in cylindrical coordinates

equals

2 = 12 , ¥ 1 rireeevecenenecnssas(36)
v ‘“ . ceessan
3r rJr + rz)ez + )Zz

”

as given by Mickley (87b). If no heat sources are present in a solid

cylinder of infinite length the differential equation is

x[}z_'lj + 3T] = PP 12
Ir? : b . .

with the boundary conditions
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=

3
A
1
-3

............».....................‘-..-......(38)

whem t>o 00-.0.0lo.o..001;000000000.00009.(59)

=
=
Kt
[}
3

Carslew and Jeeger (20a) gave the solution as

kA%t
= 1 2 o % Jo(AnT) D P 4§
Ty - T, " R © Ag J1(AR)

=]
[}

- l, 2, 30.00.00-..00...0., are the roots Of

ey

S

=
"

L N 73

When heat sources are present, Thews (115) gave the solution of the

differential equation as

2 ” ' |
T )T = ;T - Q1 . 900000 cssevssressesesssnseseslldd
"[%;*m] A reee

with the boundary condi?ions glven below

!

"
3

(r,0) . '...................,..-.........A.............(.'38)

T(R't) Tl Where t>0 ‘0.00-00000.l0.0oo..l..."ouocoot(zg)

[‘T] = 0 l‘.I...O.C‘...O...'Q.l.‘.'ll1'.'.‘.00'...“...(40)
r=o : ' '




o

RS

- 45 -
[_;E] :"O Q.-.-0-....-.i.to.OOC.QOOplcOQUOOOOl.o‘..l.(40)
i
> =
as I-Tg =
'I‘l-To

where An are the roots of

.
14

T(AR) T 0 teererssrcenceanssranonrorseassosasonosanaenee(d8)
(o]

if Tl - To then the solution as given by Carslaw end Jaeger (20b) was

o0
| R o
(T-TO) = _QL'(Rz-rz) - 2 Q' ) a J‘O(knr) ooo.oo-.ooo(45)

e 4N RN Pec B AP

where i'.Xn, n= 1,2,3..........."..we'i'e the roots of

J (AR) = 0;..”..“..{n....“..u..”..".”.."..“...uz)
(o] . .

The Mathematicsl Representstion of the Heat Source

In this work the overall heats of polymerization were

meesured by the integral method while simultaneously the deflection .
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corresponding to the instantaneous g wés recorded. The deflection curve
was xaprogented mathematically es the difference of two exponential

decays, (17),
¢ : ale -— aze ..'.'...'.......'.l'....."..'..‘.(‘46)

which it closely resembles. This will become clear by élancing at
Figures 1 and 2. On Figure 1 the exponential decay (17b)

wlt

91= a.e .l!‘..'.."'llll..'.'.llQ'Q.'l“"...........(47)

1 "

is plotted together with the second exponential decay (17b)

wzt

92= 823 l..!.l.O..lt.'...lo!l!.tt.Qt'o.l.!'...'l.t.ﬂ.(m)

with a value of Wy = lOwl. The second exponentisl 02 is plotted on the
negative side since it is to be subtractsd. When the curve repreéenting
the difference of the two is plotted, (Figure 2), it is soon evident

that a curve closely resembling the deflection curve results. But since

only a fraction of the total amplified signal was sent to the deflection

recorder, a constant ¢ hust be placed in'front as the integrator works
on fhe total emplified signal. The individual constants W and Wgo were
found by plotting the qeflecfion égainst time on semilogarithmic papsr.
Teking the slope of the early part.of'the main decay,'and working out
“the best it by the method of least squares gave wl and 8y To get.wz,

a8 a first
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1 A Plot of two exponentials where wp = 10w,

5 30

°6 5 10
TIME IN HOURS

Figure 2 A Plot of @ = 81 - 65 to illustrate the combinetion of two

'exponentials
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approximation a, was assumd equal to a8, and esch point at various time

instants was placed equal to
) = 8 el ¢ .l'.‘lﬁl'...'..Dl..lll.....l.10.000600.00(49)

This gave a series of values, representing different points on

wzt

e - ale 0.'0.0-.40-0.oo.lo-.-.Iooootolcoolooo0.000(50)

A semilogarithmic plot gave a fairly straigﬁt line but the best fit was
found by the least squares method. Thus Wy Wwas found from the slope. The
value of az rarely corresponded to al. Since on;y 8 Ifew points were

usually available for the calculation of fche second decay curve, and the
slope must be positive initiaily, _ah arbitrary value of 8y = 0.9a) was

taken. The combined equation for deflection ss read was
¢ : al(e -O.ge ) 00..‘...“....’l‘.l....l..'...ll(sl)

To determine the constent ¢ and mske the equation balsnce the total heat

of the reaction, the formula

A.h =/ ;h dt loooocooaoo-uu.---‘o-- -oc‘o-ooco-ooo.--o-uoo(&v)

was used. Then substitution gives
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AH :/Cal (6 -0.9 <] )Maooooo.o.‘;o-'-0002-6-0(53)
o] . .

Once ¢ is known the equation for 3H can be written as
) ot

2

eseeseccsrssssecessasassselSd)

The equation for JH was foﬁnd 8t three different temperatures ani then
the combined equazzon was found by placing a constant value dependent on
temperature in front. This constant velue was found by plotting c8q.
versus tamperatﬁre Bn semilogarithmic paper. Similarly a combined
constant for w,t was found ia the same manmer. The combined coastant for
wzt was found by averaging since the relationship was not lihear and

because the second term is small compared %o the first. The form of the

combined esquation is

T
pT| ¥te ct .
QE : “]Ae e -‘O.ge .I.l.'l...b.."'...l...(ss)
t . _

In the heat conduction equation the heat source term is Q'

Re,
PT
] BT | Yt e ct :
.. g.__ = e e 20298 | T £(Tyt) eerrrenerans.(558)
Cc c
b P

Now if o = °1A/(’°p- then £(T,t) is es follows

eT
g7 ¥t o ct
f(T,t) = ale e - 0-98 oa-.--c-o-u.-o-----300(56)
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Developments -
The solutlon of the heat conluection equation when the source

is »# heat pulse of duration t' hours: The differentiasl equation of the

hest flow in an infinite solid cylinder has been given by Thews (115) as

cssssscrseceasassescesonse(43)

X ¥r 3T = 3T -
[)rz + r)r] 3t pr a

Boundsry Conditions were as follQWS:‘

1) Mr,0) = T, (58)
2) T(Ryt) = Ty Where £30 wevieienerneeeseees(39)

J =z 0 (40)
I‘r_ 0 ' ‘ . '

3) [gg

LaPlace transforms.with respect to time give

-pt!
l -8 ‘.Qo..-oloococoooolo(sr’)

)19.___2'—1.'.+dT=p-T--T - _Q
qp2 mr ‘ p(’cp

..l.'O.l.......n.l"'l.l.....ﬁ_e)
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Multiplying through by ra gives

rzdz'f-l-r_d_f - p'frz =0
dr2 dr X

'2- - :,% = iv;%— |
T = A'Io(@r)-l-BKo(gr) (59)

Now the form of the R.H.S. is @ constant and therefore T = D is a

solution. Substituting this in the diffe.rential equation (57) gives

3 Iol-ZI

The total solution is
T=AI°(E1')+BK°(\[§::)+_0_+'§;' l1-6e ) veesesssa{6l)
, P Pe p? .
‘ P
Applying boundary condition 3) requires differentiation with respect to r

_g_% = A % I]:Ggr) - Brg Kldgr) .................T(sz)

&

= A I.(0) - B Ki(0) = 0 seveinsee...(82g)
)rr_o v_.,E".- 1 g 1 a
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now I(x) = _1__ xP and
p
pieP
Il(O) = 1 0l 0
112l
also K (x) = 2-d(p-1)1.x
K (0) = (1-1)¢ Z1.1 = o0
1 0
then (3T =Av§'.o-B e 00 = 0
()r X vg

r=0

therefore B must be zero
- A I T ' ’- ‘ ‘ e to 000080t dsvn e
T O(Vgr)'l'"g‘l"TQ—_z (1 e R | (63)

applying boundary condition 2) gives '

_pt'

T T ' - |
L AI_o(vgﬂ)+;9+_&?hpp (; e ).

-pt'

= (Ty _T) g' (1 -6 ..............;....;..(54)
P Io(vg R) P I (VIJ_'RS

E
.

-pt' Pt'

= (1T )I (r_- ) v :
then T= ‘*17 o) o' fofr! _ &' (1-e V}Trl Q'¢1- ) «e(65) .
pIO(Y;T};R) f‘cp.p‘ IO(V‘TR) " i) +ecppe (69)

Some substitution I (x) = 1P 7 (1x)
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let A= i V'g‘ and then differentiating with respect to p gives

L

-2
ah = i p = _i
dp 2 VX 2 Ypx

multiplying top end bottom by p gives

a =4V = A
@ Hyx 2P

n
]

2 N . . .
therefore p= -XXN. When these values are substituted in (65)

- . -pt' o -pt'
T = (T1-To) Jo(dx) - §'(1-s ) JTo(Ar) , T Q' (1- ) «e(68
p I (AR) | ecp p* JO(A R) f'fg-'- ?cp; . ( *)

Inversion term by term gives

T - (Tl-To) JO(AI‘) = (pn ‘oo-.ao-o-o-o.oooo-ooooulltto 67
. PI(AR) ?LLG?;)L o

p,t
j(Pn) e
1'4p,)

-
=]
—
<t
A
"

-
o]
it

p-To(z\R)

=
=

bv
11}

dl(Pn) = J (MR)ap pdl ).dA=JAR-RJ$




- 54 -

There is a simple pole at Py = 0

€ & (Po o = umit Ty - To) ToAr) | (68)
(0) f'q';i')“—' . A=—»0 I (AR) - AR J1(AR) .
2 . .

o

(Tl-TO) cl
1-0

(1y - T,)

Thers is a pole Whemever J (AR) = 0 ’

Pt Pt R
€.t =4(Pn) o = = limit (T1-15) To(Ar)g™2" 2 (m3-T) Io(Ar)e +.(69) =
' 1'(p,) J(AR)»0 T_{AR)-AR J1 (AR) 0 - AR J1 (AR) :
. - 2 | 2 -
‘ . =XA%t 4
Gt=s (T, -1T) ) -2%ar) e iiiiiiiiiiiiiiniee.. 2(70)
R Ag LR -
' ]
T ( T) ( | ) -x'\it Io(A |
2 (T, - - 2(7, - T e nr e £ 2
1A 1 1 o
| % R ° Xa T1(Aah) |
_ - -ptt, '
Now T,z -Q'(1 -6 ) Jo(Ar) D R R R TP 4

¢ c, p° J,(AR)

There is a double pole at Py, = 0 end also a pole whenever Jo()\R) < 0.

For the residue at the double pdla p=0

t -
en(t) = (A1+A2t)epn = oPa® As 4 .
. : B ~ 1)!
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m—-
Pn(p) = (p - py) 2(p)

m=-8 m=-3 )
2, (pn) = [Q"Ex'-'é' ﬂh(p)J
dp P,

atm=2,8=1, ns0

-
m-s m=-s 2 -1 ~-pt!
p, (p,)) = |2 (P -Pq) (351) (L ~6 ) Jo(Ar) | +ecees(78)
m-8 p2 Jo(MR) '
. Ldp » Ay
m-s ~ 2 r 2 ~-pt!' - -
fn_(Pn) = {p*7 (AR} |(P-Pa) (L -e )(-r)Ty(dr) ar ‘
=57 ° | dp
?cp 2 -pt'
(p=pg) JTo(Ar) e (-%') dp
: dp
_pt' '
(L-e ) J(A) 2 (p-p,) a°
: L ° dp
2 pE
-(p -p )1 -6 )T (AD) [Bpglp_ T (AR + pP(-R) 31 (AR) %
, dp d
p* Ji(AR), '

S oy - 2 [z -pt' o =pt' -pt')
2—;,—(—'1)- = PPl - e ) (or) T (An)ad 4p7(Le T t'(lee )2
?ZQ;- . dp

2 -pt’ 2
-p (1l-e ) (1) [2p(l) +p“(~R) J;(4R) g&]
dp

..78)

Py=0

]

p* (1)




m-s 3 -pt!

¢n_jpn[ = p e tt = g% v = g
o 2
sz P

Q.
s
2
1
)

s o -
|t.+

m-s P
A = 1 ¢  (*n)
° {m-g}j! a
A =1 s 1 . =Qre = Q'
s (2-1)f R (£29 .

2 (—Q' ~pt?
g, (Pn) = [a (p=py) W (1-0 )7 (M) veees(75)
2-2 2 o :
d - . -
: WP T (1-1) 3 ()
p® 7 (MR)
= -3! gO! (lz
f¢p (1)
= 0 ‘
m=s
A, = _1 9 (p) = 1_(0) = o
s=2 (m-s)t °= ¢ (2-2)!
| pnt . _ _
(1) = (atap)e? = (%g.%z.+ot ) & = G (70

now to find the pols st Jo()\R) =0
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pt
P(t) = j(Pn) o®
a 1'(p,)
?(p) = Q' Io 0, o I
Pcp p Jc(hﬂ)
Up) = 5% 3 (AR)
1'(p) = 2pdp J_(AR) [ Jo(AR) .
dp , - dp
= AR) . 4 A [- .
2p T,(AR) . +p 2 [-R 7, (R)]
- 2 -
2p T (AR) +p é% [RJl(AR)]
= p (2T (M) - IR J.(MR)
[ o 2 ! ]
, Xt
?n(t) = | -2 Jo(Mr) e

tp p2 Jo()\R) - AR Jl(ART
2 JO(AR) =0

- o~
= -@Q' Jolr)e
o p 0 - AR J’l(AR)

. - 2

_ f-x)\zt
= - Q' Jo(l\g) e
Pcp  (-kX°) - AR J;(AR)
2 .

0

| R ' |
E (¢) = - aQ' Y oe T Jo(dar)  sieieiiieenn...
cpoRR A2 J31(AgR) '

~kXCt

T2 = - Q' - 2Q! e n Jogl\nr ...................

PCp TCoRR X T (AR
‘ !
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-o.-nn-o..oo----.o.-oc--.-c.oo--o---qcc-o-..-co-.’o-o-(&)

T = T

20
3 p
T = T 'EE R IR I I BN B R B N B B IR IR I Y I Y I I A S B I B I B O B NI LI B B I )
. | (81)
- -pt’ :
T4 = Q' gl-e lOt..uOltooooovo..o|-toco¢o.'o|o.'-0Ot.l.u(ez)
tCp 2
Y
- -pt!
T = Q.1 - & e
4 QE ¢ 2
Pop? “’p’

T4: - g' t - Q,' . OWhen O(t(t' .occo-o-oo-.uoocooc(as)
°p £ t-t' when t 7t'f . '

The full solution is

o
‘ -xxzt
T O (R -T) - 2(T -T) )e * Jo{ Ao )
° R ‘Ao 7 (AaR)
i

| ‘ PN Y
- Q' -~ 29! (1L-e ) e Jo(An r)
©p ?cp)fR - TN TR

T g‘ - Q' OWhen 041541;' ’ C"ootoo-lo.lo-..(84)
Tt °p o [t-t' when t?t]

ot

where '.'.'An, n= 1,2,5.....'....._.'. ere the roots of the equatioh

T (M) = 0 (42)
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In the past workers (26) have treated a chemical reaction as s
L ]
heat source in the heat conduction equation

)(VE’T = _L_' i co-.o-oo----...---oo..-.con-.---000(34)
Here, the crossiinking resction in the formation of polyurethane elastomers
will be trested ss s heat source and represented ss a funetion of
temperature anl time. Its form has been developed previously in this

work as
. T .
, QT ¥t e ¢t
f(T’t) = “le e . "0093 ) oooo.oo.on..o'.(ss-)

The overall equation will be solved numericslly for a number of
representative propellant shapes namesly, the solid cylinder, an end
effect on the solid cylinder, the thick walled hollow cylinder, the thin -
walled hollow cylinder, and the thick walled star shaped centre hollow '
¢ylinder. The LaPlacian operator V2 is used in cylindrical coordinates.
Certain assumptioﬁs sre necessary; 1) The msterial is solid throughout
the polymerization, 2) The thermsl diffusivity, thermsl conduetivity,
density and heat capacity of the solid propellant and the viscous
mixture of ingredients from which it is formed are the same, 3) The
thermal diffusivity, thermal conductivity, density and heat capacit; are
independent of temperature in the rsnge of interest (i.e. 77 to 200°F).

The overall equation in cylindrical coordinates is

T
' ‘ 0 gT )'tee ct o5)
YT 4 T )T T e ) -0.9¢ [..(85
[)r +r)r+r2) 2 ] %— "% : .
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Since an snalytical solﬁtion has not yet been founmd fTor this
equstion 1t hes been hecessary to turn to a numericsl method. Therefore,
the differential equation will be converted into a finite difference
equation, in this case using centrsl differences, as given by Mickley

(87¢).

- Tm-l-l,p,o,n -sz,p,o,n +Tﬂ1"‘l.p,0’n .-ono-..o.lo.o..!(ss)

e
Do
3

)T = Tm+llp,ojn - Tm,p,o’n oo.o--..lcco.o.-.ooooo-oooo.ao(BV)
yZr . (ar)

[ ]
¥r = Tm,p,0+1,n0 -2Tm,p,0,n +Tm,p,o-l,n cesteracarseenss.(88)
%2 ag)?

)ZT = ijp'*'lgagn - sz,p.O,n +Tm’p'1,0,n l.ll.t‘ll.....lt"(sg_)
32 - (az)?

)T = Tm,p,o.n-'-l - Tm.p,o,n o.............-.-............(90)
ot T (at)

-l. : l' ..‘...’..‘........’........'.."..‘.....‘........‘('91')
r. m(AT)

-l—- : l ...."...Q..‘.l....QI..ll..........l...l..‘.'l..(gz)
rz mz(AI')z

T : Tm’p’o,n ...‘...'...‘l..‘.’".....'.'...l............(93)
t : n (At) ;........"........Q....'..’..I..........l...‘(94"‘
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The development of equation (87) following the method in Mickley (87c).
Since T = £(r,8,z,t), the function f£(r,8,z,t) may be expanded sbout r,
for fixed velues of §,z, and t, by usiang Taylor's Series

T(r+ar,8,z,t) = T(r,8,z,t) , ArdT (Ar) 537 (ar)4 4T....(95 )
! + )r 2 }r 6 a3 + 24;

J . 2
As long:as (Ar) is sufficiently small, the terms of the order of (ar)

and higher, may be neglected, and a first spproximation to 2T is

ir-
3T = Ir+ar,8,z,t) -T(r,0,2,t) = ‘m4l,pon - Tn,p,0.n
ar (ar) (Ar)
similarly
= T - T T
}..2 = (LS,Z,t'*'At) - T(I‘,S,Z,t) - m,p,o,041 - my,p,o,n
pad (at) (at)

Two series expansions are needed to obtain the first approximation :

to ) T , these are
o2

T(r+ar,8,z,t) = T(r,8,2,t)4ArdT +ar 3°T L ar X1y arfyin. ...,
2 32

™r-ar,8,z,t) = T¥r,8,2,t)- ArdT -tArz}zT - Arz)z’l‘ _A_34)4T..........;..

edding these two equations and neglecting terms of the order of Ar4 gives

the first approximation to JZT . This is
Ip?
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?r+Ar,8,z,t) + I(r-Ar,0,z,t) = 2 T(r,e,z,t)+Ar2fT fettrceans
dra
thus 3°T = Ta4l,p,0,0 - 2Tm p.o,n 4 Tn-1,p,0,0 .ve... ..(86)
3r? (Ar)?
In a similer menner
i
i .
JZT = Tm,p,o+l,n - ‘?’Tm,p,o,n + Tm,p,O—l,n veee.(B88)
362 (A0)2 :
and ézT - Tm,p+l,o,n - 2Tm,p,o,n -+ Tm,p-l,o,n eiesevee(B9)
dz? (Az)?

The three dimensional differentisl equation (85) when changed

to a finite difference equation is

[}

X Tm+laP’0;n il BTm,Paoyn +Tm-l,£,o,n+ 1 Tm+lyp)01n - mepaoin +
(Ar)2 (Ar)m (Ar) '

Tm,p,o-l-l,n - 2Tm1P)0:n '+’Tm,p,0—l,n + Tm,p+l, 0,0 ~ ZTm:P;O)n +Tm1p'l991n

mflar)? . (A0)® (az)? |
—~ . . QT
@T,:hmte an{]
= Tu,p,0,04l - Tm,p,o,n = o e e - 0.98 ees(98)
(At)
Letting M = (Ar)z' N S VA
x(At)

A L PO 1)

K = !Ae!z onoo--oo-o-.-o.nto.n.oc.c--oc-aoc-o.oq.nni(gg)
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rearranging and collecting terms gives:

[ (141/m) Tmel,p,0,n +[(M-2—l/m)+(-2/m2) - _2_] Tm,p,0,0
W -

M - M(as)= Z
1 Tm-l,p,o,n + 1 Tmopro"‘l:n' +_!—_____ vapvo'lon
i oiAs)® 7 nPuas)?
1 Ty, pel 1 Tm p-1 :
= sP¥i,0,0 +_ m,p-1,0,0
Z Z ‘

L ' -

QT
. T Ynat e cnat
= m’p,o,n+1 - ﬁAt e . a - 0.9 e ..o.....(lOO)

resrranging sgain and letting & = NlAt gives

Tm,p,0,041 = (1+1/m)Tm#l,p,0,n + [(M—E—l/m)-fL—E/.mz) - 2| Tm,p,0,n
M wmas)e 2
L]
+1 Tm-1,p,0,0 | Tm,p,o4l;n + Imyp,0-1,n
M n?M(a8) 2 afuias)®

+__l‘ Tm,p-i-l,o,n + 1 Tm,p-l,o,n
2 Z
T _
pT Junat e cnat
+“e =) ‘ - 0.9 e -oocoo-o.o.c(lol)

Now it will be noted thaet when r = 0, m = O. Thus for this cese the
terms 1/m snd 1/m® will become 1/0 which is indeterminate. Therfore
another equation must be found to use when r = O. This is dons by

evsluating the temm

)2T+ 2T 4 )2T+ fr P 0-)
}&2 rs=sQ ’

w2 o TIT | L2)g2
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noting that only the groups JT end ¥ give rise to trouble since
rIr -
they would be 3T snd T at r = 0, the usual method is to apply
)I‘ )SB
o)
[}
L'Hopitels Rule. The term _3T csn be written 3T - differentiating top
r)r o :
. -
end bottom gives
¥r ¥r e e |
)I_‘ - )rz = )2T ......--....g......'.-...-..-...(103)
ir 1 NP

This takes care of the first group. The second group éz'l‘ can be
‘ 2)e2
r~i8

written )?‘T and when it is differentiated with respect to r gives

)8

———

by

[aV)

Yo o P ,
}r)@i - Srssa ............v.......-..............(104)
2r ir 2r ‘

ir

which is still indeterminate at r = 0. Thus it must be differentiated

with respect to r once more and it then gives

4T
<) 02

4 | : .
% R SN 1o 1:)
2)r 29r<98 _

bE3

replacing these groups in equation (102) gives
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2 . 2 2 - 12 4 2 .
YT, 3T, 3T, FT = 12T, 9°T T ceresdied(106)
[)r2+r)r+r2)ez+}zz] r=0 [ pyeS 2)r2382+)z2 =0

The next problem is to find a finite differsnce equivalent of )
)rZJe

using the computational moleculs in Lspidus ,(78), who gives

1
(ar) 2

now using row times column multiplication

¥ = Tm+l,p,o+l,n -2 Tm-t'l,p,o,n +Tm+l,p,o-l,n

sznp’O*lnn + 4 Tm,-p,o,n =2 Tm,p,o-l,n 1 2 .‘.','0(107)
| . . rZas)?

+Tm-l,p,o+l,n -2 "m-1,p,0,n + m‘l’p,o"l,n

Thus the finite difference equation for r = 0 is

2 [ m"’lyDQOn -2 Tm,p,o n+Tm- 1,p,0, -;I_I_

Fm+l,p,o+l,n
(ar) © . 2(Ar)‘(AG)‘

+Tm+l.P.o-l.n -ZTm,p,o-l-l,n +4Tmspr°an -2 Tm,p,o-l,n +Tm-l,p,o+1,n

-2Tm-l,p, o,n +Tm-l,p,o-l,a +T@LD+1,E>A,n) 4-2Tm,p,o,n +Th1,p-l,o,n
z
p‘I‘

T ¥nat e cnat
- Tm)PJOLn"’l - Tm,PLM "“]_ o e - 0.9 8 ...(108
(at)
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T =fa- 1 IT 4+1,D,0,n - 1 |2 ‘
sDy0,041 2 m4l,p,0,04|2 = .| ‘o~4,p,0,0
[M M(a® M Mas)

T T |
+ M- 44 _2 - 2] 'myp,0,0 4 1 m+l,p,04l,n
M M Ma%)° 3 ZM(aB) ©

+Tm+1,p,0‘l’n - 2TmyP,O+l,D - 2Tm’p,°-l,n+Tm-l,p,O+l,n

+Tm-1,p, o-1,n |4 1 Tmop"'lvovn +1 Tm,p-l,o,n
Z Z

6T YnAt e cnab
+°( ] a -0.99 ..............-.(109)

Some Special Cases:

2
1) The solid rod of infinite length, here 3°T and )°T = 0. Thus
: )22 )82 '
equation (96) becomes
Tm,n4l = (14 1/m)Tndl,n o (M=2-2/m) Tm,n o 1Tm-2,n | o
M M | -

M
T i

@T ¥nat e cnat - '
+“e 0 i 0.99 o 0.-.ooo'ocuotocuotoovoo(llo)

end in a similar menner the differential equation for the csse r = 0 is

eT
‘ 8T ¥nat e cnab
Tm,n4l = 4Tmed,n 4 (M=¢)To,n 4 ole | o - 0.9 0 ceese(111)
M M . ‘

2) The solid rod of finite length. Here )2‘1' = 0, and the finite
Va2
difference equivalsnt of equation (96) is
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To,pyn4l = (141/m) Tmel,p,n 4 [(M'-z-lzm) - 3] Tm,p,n 4 1 Tm-1,p,n
, T M M

T T
+1 Tm,P'Fl.n +1 "myp-1l,n 4 oo
yA VA

end the centre equation is

Tm,p,n+l = 4 Tmsl,p,n + |(M=2) -
M

2 vap,n -+ Y Tm,p+l,n+ by Tm’p—ltn’
M 2 Z - Z

‘ T ’
$T ‘[VnAt ee cn% S :
+“e 18 - 0.9 8 -oo-uooo.oooooc---oo(lIS)

3) For the hollow cylinder of infinite length: Only one equation is
required '

Tmyn#l = (1+1/m)Tmel,n +[(M-2-l[m)] Ta,n 4 1 To-1,n
| m M M

QT[ ¥nat e cnﬂ‘
+“9 e - 0.9 e , r-nco.oooocnoootoo.ooo(uo)

4) For the hollow cylinder of finite length

Tm,p,n41 = (1+i(m) Tm41,p,n +[(M-2-l(m) - g] Tm,p,n +1 Tn-1,p,n
TR A N 2 u

eT
. T ' BT [)’nAt e
+% m, p+l,n +% m,p-1,n +o(e e

cnAb
- 0.9 e ]..(1.14)

) For the hollow cylinder of infinite length with a ster shaped
hollow centre, J)2T

=.0 , then
7%

eT
¥nat e cnAt |!
i ) - 009 e oo-(lJ.Z)

B
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Tm,o,n+l S (141l/m) Tn4l,0,n + | (M=2-1/m) - 2/m® ]Tm,o,n +1 Tm--l,o,n :
: 2

4+l Tm-l,o,n+ 1 Tmyo4l,n g 1~ Tpo-l,n
M 21(A9) 2 n?M(Ag) 2
. . eT
¢T | ¥nat e conat ' .
+% . e Ld 0.96 : '0.0.0.0.'..0..'....(115)

6) For the solid filled hollow centre cylinder of infinite length with e
star sheped mold or form in the centre: The main equation is the same
as equation (115) but here a centre ‘equation for r = O must be used, it

is

Tm,o,n+l = ]2 - 1 Tm+l,o,n+ 2 - 1 Tm-l,o,n +
M wae)® M ma9)?

FM 1\-/1 4 + 2 Tm,o,n + - 1 [Tm L,o04l,n +Tm+l,o-._l,n
mas)? 2M(a0) 2
-2Tm,041,0 ~2Tm,0-1,n+Tm-1,041,n +Tm-1,o-l,n_-l

¢T

: BT | ¥nat e ' cnat| -
- +d6 . L . - 0-9 e .--..........-..--o(llﬁ)

No discussion of .solution of finite difference equations would

be complete without adiscuscion of convergence and stability of the
numerical methods used to approximé't,e the solution of a psrtial
differential equation, (BRef, 874) . Ualess ‘these cfite;'ie'ara fulfilled,
one camnot trust the results of the calculations. |

It will be recalled that convergence implies that the finite

difference approximstion will reduce to the exact solution when the size
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of the incremsnts is made igfinitesimally §mau. Stability irﬁplies that
errors associated with the use of increments of finfite size, numerical
mistakes, or round-off errors will not grow as the calculation proceeds.

Unfortunaﬁe%y, analytical tests for convergence and stability
that are valid for a wide variety of problems that arise in practice
are not available. However tests have been developed which apply to
finite difference methods used to solve linear partial differential
equations with constant coefficients. (Mickley 87e).

Errora due to truncation of the Taylor series may also be
present.

Stability test on the equation for the solid cylinder:

The finite difference equation for the 8olid cylinder with

the assumption of infinite length was

Tm,n+l = (1+1/m) Tm-l-l,n + EM—Z-lZm:]) Tm,n + Py Tm—l,n + QA ..‘.(115). ,
M M M c
. ' P .

taking only the part of Tm,n 1 equal to the first three terms in the

above equation givea

Tn,n4l = (1+1/m) Tm+l,n+[(M-2-l(mi] To,n + 1Tmel,n ... (29
M : M M

Putting this in the form of equation (10-30a) in reference (87f) gives

Tmbln g (e2el/m) Ton 4 1 Toan oz oy Tn 0+l
(141/m) , (1+1/m) (1 +1/m)
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compsring this to equation (10-308) which is

Tm+l,n - 28 Tm,n +b2 Tm"l,n = c Tm’n"'l +d Tm,n-‘l ®oses000ee
-28 = (M=2-1/m); ©b® = 1 _; ¢ = M ; a
(14+1/m) (141/m) (1+1/a)
and then o = (Me24l/m); b = 1 3 e = M ; a
2(1+21/m) (141/m) (1+1/m)
Now do the boundsry conditions f£it the conditions
To’n:th,l,n -I—yu(n) fat m=0
T = : P = k
and L,n h2 TI.;;IsD 4+ v (n): 8t m =L ‘?
et m = 0, (%;) =0
Yr=0
then (Ti,n - Ton) =0
(ar)
therefore To,n = T1,n
this fits To,n = BTy, + u(m)  ifhy 21, and u(n) =0
atm=1, Trn= Ta
when compared to TL,n = Oy TL-l.n + v (n) hz =0 ahd v (n)

Do these boundary conditions satisfy the following conditions?

(10-30a)

1"
o

:Ta




< P4
0 T n T
L m
0% %)
Ibj
b=+l 1 .1
1+1/m o]

Now here m goes from 0 to 6, &

- 7] -

...--.............-;-'-.......-...-(10-31)

=+ “(l-i-l/m)

tm=0,1 =00
o]

then 0 £ 1% 00 fits the condition,

At m = 6,

1 = [(I+i/8) =
fo

and 0% 0¥ 1.08 also meots t

The equation is stab

vl.16666 = ]1.08

his condition.

le (1) 1f the roots of the equation

R2+ E(B-bCQSO()R"-d = O 'ol'cu'oooooo.----otoao.o(lo-52)
C .

given in (87g), do not exceed
value of o . (2) Neither R =

of (10-32).

unity in absolute value for any real

+l,’ for R = -1 may be a repeated root

R4 2/ -M42+1/m - \’1 ccsNJR+ 0 2 0 ......(118)
+(l+l/m [2'zl+l7mm5 (141/m)

Then R= 0, and R = 3[ -é-l(m -I-V(l-l-l/m) COSO(J
M 2

The root R = 0 satisfies the r

the second root

equirement -1 € RE 41, When applied to
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A

l .'cul‘...‘..."‘.(llg)

!
—
]

2 E M-2-1/m + V(I+1/m) cos{]
T P)

taking the right hand equality

2 [M-z—l[m l-l- v(l+l/m) . dos-t]é 1
M 2

N-2-1/m <+ 2‘(l+1/m) + COS& < M

here any positive value will suffice, now taking the left hand equality

HhH

-1

2 [M—z-llm <+ V(l-{-l/m) . cosel
M 2 |

1M

-2M

-2 = 1m +2Y(1+1/m) . cos o,

here ' the equation will start at m = 1, end go tom = 6

(11 28

atm =1, -2M 2= -2 142V .coset

M = 0,086 and 2.914

«*« M must be 2.914 or larger..

atm = 6 -2M = -2 -1/6 +2 V(l+l/6) «COS &
M = 0.00 and 2,1666
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<+« M must be 2.,1666 or greaster.

A check on the equation to be used at m = 0

Tm,nel = 4 Tmad,n o (i-4) Ton - STAE o (110)
M . M @cp

Here it will be noted that if M is smaller than 4 the vemperature at
plans m would exert a negative influence on the tempersture st the ssme
plane one tine increment lster, a situation which is intolerable on
physicel grounds. Theref&re the modulus M for the cese of the solid
cylinder must be 4 at least. A value of 4.5687‘has been chosen for
actual computations.

In the problem of the ster shsped centre s term of the form

n2M(ae)

[(M—E-lzm) - 2 J Tm,p, O’n
M 2 1

arises. In accordanée with the above argument the coefficient must be

equal or greater than zero

ny

O B § 1))

.. [ M-2-1/m - 2
M m2M(as) ?

Since the smallest m = 5 and AS =
50

[M—-Z-l[m - zgso)Z:, T 0 civiiirienaenaa(121)
i

25M T2

‘e Mmust be 22.464 or lsrger.
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The actual M used in the problem was 22.5 .
In the case of the end effect on the solid cylinder there is
a, coofficient of the form

If M T 4.5687, and m = 1 then

”

405687‘2"1‘1 - 3 - O .‘.Q.";‘fcuoon.o.c0.00010(122)
4.5687. Z k :

«*. Z must be 5.82495 or larger.
atm=6

4.5687 Z

[4.5687-2-1‘6 - _2.] - 0 -...........-...-......-(125)

"« Z must be 3.8039 or larger.
If M is 4.5687 and X is 0.008104 end At is 0.04689 hours, are half inch

intervals of Az possible? Putting in half an inch for az gives

Z = (Az)2 = 1 = 4,6687
At X 4. 144 . 0.008,104 . 0.04689

which is too small. Next trying one inch intervals

4 = (az)® = 1 | = 18.275
At X 144 . 0.008,104 . 0.04689

This meets the condition. “
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The calculation of the boundary conditions at the star: The valus of
the depsndent variable is specified along an irregular boundary. The
value of the dependent variable at a net point near the boundary is
found by extrapolation. Suppose that T is specified and Ty is desired.

Linsar extrapolation gives (see Figure 10-9 in Ref. 87k)

TS-TB+1 = TB-TB+1 ".'..'......’.....l...‘...(m4)
AB Ar

which may be used to relate TB to T and TB+1

it was found bast to use the theta direction rather than the radial as

« At the tip of the star
‘ the point in question was nearer the point to be determined. The
distance AB was found by solving the linear equation for the straight
line in polar coordinates

r{sin ® - 1.437,069 cos 0 ) = =0.239,490 ........(125)

at the appropriate angle and subtracting,

:
-
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SXPERIMENTAL

)

Introduction

Since the objective was to see if any correlations existed
between burning rate a;ld polymerization temperature in a rocket grein,
some experimentsl work was necessary. Burning rates were needei and
temperature profilss were required. Burning rates could be measured
direcfly, but the temperature gradients had to be obtained from the
solution of s mathematical model because the facilities at hand were
only extensive enough to permit the determination of the model parameters.,
Therefore the experimental work fell under the Tollowing headings:
1. Strand Burnsr |
2+ Polymer Production
5. Temperaturs Profiles
4. Moasurement of Physical Properties

5. Microcalorimstry

Strand Burner

Strands, one quarter of an inch square end six inches long
were cut at constént redil of 0.0, 0.5, 1.0, 1.5, 2.0, end 2.5 inches
along the sxisl direction frbm a8 five inch diameter solid cylinder; snd
8t constant radii of 1.5, 2.0625 and- 2.625 inches from a hollow cylinder
(Outer diameter equal to 5.25 inches ahd inner diameter equal to 3
inches) of ammonium perchlorate polyure thane propellant reéeivei from
CARDE. To make the strands burn cigarette fashion they were coated on

the external surfece with a noninflammable materisl VYHH, a vinyl-chloride~

s B
T ES A T SO kT I r AT g

Rt 23
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vinyl acetate copolymer. ifter co.nditioning in a room at fairly constant
humidity they were placed in ‘a Jig where holes were drilled in them at
intervals of 0.5, 1.0, 1.0 and 1.0 iaches. Half aempere Buss lead fuse
wire was threaded th;‘ough and a nichrome ignition wire was placed in the
hole nearest ons end. The threaded strand was placed in the holder shown
in Figure 6, which shows a strand burner card, front and. back, in
deteil. The top wiré on the left hand diagram is the nichrome firing wire
and all the others, spaced at one inch intervals, are the load fuse
wires. The strand was held ‘in place by_tightening the tiny screw in the
holder at the bottom. The right hamd disgram shows the placing of the
wires on the back. The card was attached to the rexﬁovable head and placed
in the burner as shown on Figure 3 and wires were attached to the

various terminals on the top. Figure 3 1is a schematic diagram of the

strand burner set up but without the assocliated cirecuitry. It is essentially.:

8 pressure bomb with two armour glass windows connscted to a surge tank of
sufficient volume to keep the bressure consfant during burning of the
strand. A phototube, sensitive to red light, is situated behind a réd
glass filter outside the windovf on one side and another phototube,
sensitive to green light, behind a green glass filter facing the wind ow
oo the other side. A tank of nitrogen is present to supply the

atmosphers for the system. 4Each Photocell is connected to a eircuit shown
on Figure § . The wires at the top were connected to the circuit shown

on Figure 4 and the firing wires were connscted to the circuit shown on
Figure 7 , A discharge pipe to vent the exhsust gases to the atmospher_e

outside the building is also present. The

oI I AL

P9 ¥t
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eC

By,
g
2
3
G)
0

Cied

A - Strand bomb

B - Photoelectric tubes

C - Armour glass windows o
D - Strand mounted on burner card
E - Heise Bourdon guage

G - Nitrogen cylinder

H - Reducing valve "

| - Valves _ o

J - Electrical terminals

K - Surge tank

Figure 3 A Schemstic Disgram of the Strend Burner
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Figure 4 A Schematic Diagram of the Strand Burner Timing Circuits

s e O] @] |®
ELECTRIC TIMERS | _

11O v. T T
._.BL_ - { 'L.\ 1 f] £ £
'L ] P ] ,L ]
oV. | “
STEVENS- ‘ ”
ARNOLD
MILLISECOND
RELYS A
'6v.
P40
(3 L6 Y
2 TO
VISICORDER
- VE.  =VE. = -VE

Figure 5 A Schematic Diagram of the Photoslectric Recording Circuits
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o—1

h

Figure 6- 4 Schematic Disgram of the Strand Burner Cards

[IOV. % VARIAC

THE FIRING CIRCUIT

Figure 7 A Schemstic Diagram of the Strand Burner Firing Circuit
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pressure in fhe system was read c;n a Heise Bourdon Gauge accuréte to 0.1%.
The burner was fiiled with aitrogen to a pressure of about 285
psig and then the pressure was released to purgs oxygen from the system.
This process was repeated at least threé times., Then the burpner was
pressurized with nit;'ogen to the test pressure - usually 400 psi, snd
allowed to stand from 15 to 30 minutes Yo make sure that the strand had
reached the jécket temperature, previously set to the desired level,
ususally 25°C. The strand was fired. Flame, burning ciigarette fashion,
travelled down the strand. When it reached the first fuse wire, the lsad
melted and the circuit controlling Stevens Arnold millisecond relay #1 -
on Figure 4 was opened. This started Standard Electric Time Company n
timer, model S-1, accurate to 1/100 of a second, designated #1 on
Figure 4 ‘. As the fleme burned on down the strand it reached the second
fuse wire and activeted relay #2. Th\;lg one vset of contacts opensd the
circuit controlling clock #1 and 1t stopped while simultaneously the |
second set of contacts in relay #2 closed the circuit controlling clock
#2 and 1t began to run. When the flame reached the third fuse wire, relay
#3 was activated stopping clock #2 and starting clock #3. The clocks thus
gave the time %o burn each inch of propellant in sequence in the strand.
An ad&itional system, consisting of two photoelectric tubes,

6957 for red light and IP39 for green light, a window in the burner and a

Honeywell Visicorder, made an additionsl check on the burning rate Possible.

The length of the window and the time for the flame to pass by it were

known aend hence the rate could be computed. The phototube circuit is shown

on Figure 9, Each phototube was connected to a pentode as shown in the

figure. A second pentode was present to g€ive the required degree of
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amplification. The final stage in- the circuit waes a cathode follower
with & low impedance output suitable for matching the galvanometers in
the visicorder.

The circui-\t for firing the gtrands is shown on figure 7.»
It consists of a variac connected directly to the nichrome ignition

wire.

Polymer Production

' An attemp?: to duplicate the work in Dickinson's paper (43) ‘
was crowned with éonsiderable .success. A polytetramethylens glycol of
about moleculer weight 2100 was produced in a sigma blade mixer,
received from Dr. Georg; Wright, of the Univérsity of Toronto. The
jackst was cooled to 0°C., by'circulatihg e:fpanded Freon 12 from a
quarter ton compressﬁr unit, to avoid the side reaction propylene oxide

‘to allyl alcohol. The formula for the ingradients was as follows:

1. Tetrahydrofuran ' ' _ ‘ 72.00 % by weight
2. Propylens Oxide L | 25,74 % m ™
3. Butylens Glycol (starter) | 1.26 % " .' "
4, Boron Trifluoride Etherate (catalyst) 1.004 * »

100.00 %
The polymerization was carried .ou14; in a 5% solution, the solvent being
othylens dichloride. The ingredients were placed in the mixer and the
reaction continued for 12 hours, then it was quenched with water. This

diol wes then cro_sslipked with tolylene diisocyanate and Niax Triol




LHT 112 scecording to the formula:

1. Polytetramethylene Glycol

2. Niax Triol IHT 112

3o Tolylene Diisocyar;ate

4, Diethylhexylazelate (plasticizer)

5. Ferric scetylecetonate

The elastomers produced seemed to be the same ss the elastomer in CARDE's

77.32 % by weight
9.20% " v
7.48 % " "

) 5.00 % " "
l..00 % " "

100.00 %

rocket powder. At this stage CARDE kindly agresd to send some of their

own ingredients which obviated the need to mske diol. Since CARDE's

procedure and formule were different from the ones given above they are.

guoted below:

1. PFG +anti-oxident
{polyoxypropylene glycol +Fhenyl

76.092 % by weight
- methylamine)

2. 2,4 - Toluene Diisocyanate 8.952 % "
3. Cross-linker (polypropylens hexsne friol) 9,904 % " ®
4, Plasticizer (Diethylhexyl azelate) | 4,748 % " "
5. Curing cstalyst (Fer'ric Acstyl Acotonste) 0,304 % " "

100.000 %

The triol sand the isocysnate were mixed and heated to 80°¢

for 2 hours then cooled to room temperature. (NOTE: l}sre no specific

temperature wes used). The curing catalyst was mixed into a small amount '

of the PPG to make s thick psste, then slowly incressing the amount of

diol to sssure complete mixing. These two solutions were then combined




with mixing to give binder. Some c'arbon dioxide gas was evolvéd at this
point as a result of the diisocyanate mescting with traces of water, The
gas was removed by plscing the mixture under vascuum until gas evolution
stopped. Care was required in applying the vacuum ss fosming occurred.

The polymer was cured at 50°C for three to four dayé.

Temperaturs Profiles

To see if the crosslinking reaction was really exothermic some
home made diol was crosslinked in ean 18 mm test tube with an iron
constantan thermocouple, encased in glass snd with silicome fluid ses a
heat transfer medium, placed in the centre of the test tube. through a
hole in the cork. The thermocouple was cénnected to a2 cold junction (ice
et 0°C) and the output wires were connected to & Phillips 12 point
millivolt recorder. In all cases the temperaturs at the centre was higher

then the ambient temperature i1an the bath.

Mesasurement of Physical Properties

: Valueé 51‘ thermal diffusivitir, thermel conductivity, heat
capacity and density were fequi_red for sﬁbsequent calculations.
The density of ammonium perchlorate polyurethane propellant was
. measured directly. A cylinder of prépellant was weighéd and its dimensions
were messured. This gave .the density té three figures. See page 107 for
a sample ecslculation. .

Thermal conductivity was mpasured. Agsin a cylinder of
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-propellant was chosen end a nich:lome heating wire was threaded axially.
down the centre. Iwo tiny holes”ivere also drilled qxially at rl and rz
and two iron constantan thermocouples were inserted in them. The
thermocouples were connected to & cold junction and the leads ﬁere
connected to a 12 poﬂint Phillips millivolt recorder. The ends of the
nichrome wire were clipped even with the propellant and two copper 'leads
were attached to sach end. The leads were fastensd to a Hesthkit battery
eliminator BE 4 for DC current, an ammeter was placed in series and a
voltme ter across. Both ends of the cylinder wez_‘é insulated. The resistance
was measured énd fch.a ensrgy in watts at steady state was determined. At
steady state the thermocouple temperatures were resd and knowing rl and

r2 and the thermel flux, the thermel conductivity, k, could be calculated..
(See page 108 for a sample calculstion).

Once the thermel conductivity waé known, the thermal diffusi#ity
could be determined. A cylindrical shape was chosen sgain. The centre was
piercad half way dowg axially, a @rop of silicone fluid and an iron
constentan thermmocouple wers ir;serte;l.' The oylinder was warmed in a bath
to about 80°C.,' then removed é.nd allowed to Cool in air. The heat transfer

coefficlents hc and hr wore calculated. Then the eigenvalues were

calculated from the formula , °

Bi(8) = 47 (B) iiiiiiiiiiiiiiiie e (126)

where t@n, n=1,2 3...... secesees 80 the roots of equation (126)
given in Carslaw and Jaeger (20). Now writing aa{n s Qn’ xt/az =T N

ah = A = a(hc + hr),, the thermal diffusivity could be calculated from
k B .
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o0
T.. Tair - e B ZA Jo(r’n/a) ..-.......-......’.....(127)
T, Tair (Qi'l‘Az) -To(En)

(See page 109 for & sample calculation).
The heat capacity was not measured directly but was calculated
from the other valuss (see page 113 for s éample calculation) by the relation

000....‘-.cco..o-oQ.ou'colcoQo.'ooo.ococnollo..(lae)

X = Xk
ecp

Microcalorimetry .

To obtain the thermal gradient as a function of time, a Tien~-
Calvet (17) differential type microcslorimeter was used. This instrument

; gave the instantaneous heat flux throughout the reaction time

t
AH : f & dt LN .‘.....'."'...-.............“.......(52)
o ot )

Figure 8 shows the elecfrical .calibration circuit for the -
calorimeter. It is simply a leeds end Northrup precision ome ohm resistor
(#1590907) in series with the calibrating resistor, whose value was
previously meaéured with Tinsley Instruments Wheatstone Bridge Type 4970,

in the cell. A potentiomefer of the Dieselhorst pattern (Tinsley Type

3589-R) is connected to the precision resistor to read ths potential and
hence the current passing through the resistor, directly. A Heathkit
battery eliminator, model BE 4, or a battery was used to power the eircuit.

A FPisher electric stopwatch accurate to @ tenth of a second was required .
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Electrical .
Calibration | Ohm
L . o A
i , T VN
le) o)
Potentiometer

Figure 8 A Schematic Diagram of the licrocalorimeter Calibration Circuit

Resistance -
Thermometer

Bridge

Figure 9 A Schematic Diagram of the Resistance Thermometer Bridge |

]
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to resd the time. The formule for the heat in calories is

Calories = R T P O £-1°))
8s given by #cCurdy (82). The secosd ecircuit in Figure = 9 1is the
Rinfret bridge (Tinsley Type J1003) for qaasuring the resistsnce of the
resistance thermomter. A thermo elsctric free reversing switch (Tinsley
Type 4092) has been adled to mske the interchanging of the lesads easy.‘

The calorimster was cslibratel both chemically, using anhydrous
lithium sulphste, whose hest of reaction with water is known and
tabulated in Selectéd Values of Thermodynamic Properties (118), and
electrically using & standerd resistor, immersed in a bulb containing
transformer oil and s cell containiﬁg water. For these experiments
electrical calibration was deemed sufficient'since the lithium sulphate
cross check came within 2.2% and 7% of the litarsture values for
calorimeters #1 and #2, respectively.

The time coanstant of & microéalorimeter is the time to resch
63.208% of the totél deflection on the héat flux chart for eny heat
pulse, or in mathematicsl terms it is the coastent T in the exponential

growth equation

-t/T i
B = Po(l-0 ) eviiiiiiiiiiiiiiieeienennan... (130)

given in Calvet and Prat (17as). It can also be found from the

exponential decay curve .at 36.79% deflection,Aif the deflection has
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reached a steady state before tﬁe constant heat source in the cell is
cut off, In this case the methemuticsl squation is
-t/T

g = @0 D P B £< 3 |
given in Calvet and Prat (17b). In graphical‘form these equations are
shown on Figure 10. Bssically the time constent of a calorimeter is
8 measure of how quickly the instrument can follow a heat pulse and
da2termines whether the line drawn on the chart is a feithful
representation of what is hsppening in the cell. If the production
of heat is too fsst the hest will not be able to flow to the

aluminum block fast enough snd corrections will have to be made to

get the true hest flux plot. This does not mean however that the
total value of the heat will be wrong, just that the rete at which

it is produced will not be correctly recorded. If no corrections

are to bs mede one must be sure that the reaction is slow enough
for the results to be valid. Here, corrsctions were attempted for
the resction st 62°C when the rate is grestest, but no chenge in |
the curves reéulted. Therefors, the curves can be taken as resd.

The osverall equation for the calorimeter is

W = P+R'+/S-£1_A B U (B £<3-))
8 g dt

88 given by Galvet and Prat (17c). Since no Peltier hest was used, it

was not necesséry to know P. The gquantity p/g was measured as follows:
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An electrical heater wss Aplaced in the cell and s continuous, stzady
current wss passed through it. A graph DB, as depicted in Figure 11,
was obtained similar to Figure 25 in Calvet snd Pret (17d). Then the
current wos shut off st A and the decay 4C at the end was obtsined.

When the graph levelled out at its peek at B, dA wss zero snd hence
das

PA U <19
128

or j7)

W is known and A 1is also known and thus p/g can be calculated.
The constant A(/g can then be calculated from the fact
that T, the time constant, equals 4 /p.

T 5 e = (MB) cveiiniiiiiiiriiiiiiiiietnnirasneen.o(134)"
p (p/g) ‘

R o T T L e i

Samples of the ingredients for the crosslinking reactions were

preparad, weigheri into two calorimetric cells and pleced in the cebin
to come to tempersture. The catelyst was weighed into one of two tiny
bulbs sach at fhe end of pieces of 3 mm diameter gless tubing sbout 8
inches long, which were attached to the plungers. After the cells had

reached temperature they were placed in the microcalorimeter snd again

- hed to stand until ecuilibrium was resched. The recorder base lines were

ad justed to zero and both plungers were depressed. Both the instantaneous

heat flux and the integrated value of the heast were recorded. The
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calibration .factor was applied afd the total heat of the reaction
obteined as well as its temperature history.

Three ambient cabin temperatures, 25°C, 4;8°C and 62°C were
used. The first calorime ter, #1l, was used at the two lower temperatures
because it has a time constent of about 20 minutes. The second
calorimster, #2, was used only at 62°C because its smaller time constant,
10 minutes, allowed it to follow a fast.er reaction et higher temperatures
more faithfully. When e corrsction for the heat flux curve was attempted -
it was found that nons was necessary even at the highest temperaturs.

Figure 12 is & schematic of the microcalorimster and the

assoclated electronic components for measuring q and AH.
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CAICULATICNS

The calculstion of the function gg taking the sample of the
recorder results, given in Table VII, on cgzorimeter #1 at 47.32°C as
an example of the method. When the valuss were plotted a gréph of the
form shown on Figure 13 resulted, which could be represented as the
difference of two exponeantials

w,t w.t

q : (ale - 8262 ) .'oc-ooco--;.o.-.-...--ou10000.0(135)

In order to find Wl it was necessary to plot the values oa semilogarithmic

paper. This was done in Figure 14. Hers it will be noted that the

decaying portion of the graph was not a st:aight line but departed fram
linearity as time increased. This was due to the faet that the reaction
was still giving off a little bit of heat. A glance at Figure 13 will -
show that the area under the tail is not vefy great and thus no great
error will be made if it is bartly neglected. Therefors @ straight line
has been drawn bn the semilogarithmic plot through the points up to the
time (4 hours in this case) where the tail begen to depart from linearity.
Once the points to be used in the caléulation of the first term aiewlt
were known, then the best lins through‘them is found by the method of

least squares as shown in Teble ViI, whe re

ol

Yi = lns "c..o..'.tc.OCO;UOCOCQOQOOQlOac.'a"'.l-O-.I'(l‘?o)

o B
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Figure 14 A Semilogerithmic Flot of s ssmple of the Recorder

50 Readings on Microcalorimeter f1 at 47.32°C
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and %, = time in hours. Therfore the first term in the equation was

w,t -0.823,06%
a e = 49.22 o P .1

w.t
ow to #et a, e & , eacn point on the lins was the difference betwsen
w1t
the experimental point .. a&nd .a ‘point on a; e 1, For example at time
egual to 0.0s'hours the first term gave

~0.623,06(0.05)
S, = 49.22 e = 47,71 eeveevenees.s(138)

The experimental point at 0.05 hours was 10.0 and thus the first point

on the second exponential vwss the difference between the two
(47.71 = 1040) T 37271 wevevenvneeeeerennnnnnnnseness(139 )

The rest of the points were tabulated in Teble IX and the leas?t squares'
determination of ﬁhe best line through them is given in Table Z. Since
the first exponential had many more points then the second its valus of
So is much more accurate. Then for the first itrial take

Wt  <-11.617%
2 49.22 o S 7T )

2]
(0
"

-0.623;06% -11.617% ’
"e ) --.onl'.(lél:

and 9 49.22 (e

Now this equation mustAgiva the right value of AH which in this case was
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7.076, thus a constant wes necessary because only a fraction-of the
instantaneous q is shown on the recorder. This constant was Tound by

integration over the totel time which was 12 hours in this case

+t=12 "wlt wzt
Ad = //? 49.22 (e - 8 ) dat = 7.076 cecossecanreosees(142)

o]
-7.476,72
] - = 70076
06 -ll 617 c 49.22

o.. [o] - 00094’697 Ul.U..O0.0l‘.'...'.'..l'.'."'-..(143)

-0,623,06% =-11.617%
then JH = 4.661 (e - © ) cals ceeeeenesl(ldd)
ot gm hr

Table XII contains the rest of the functions calculated in the same

manner.

The calculation of AH overall for the sample of the recorder results:.

The integrator was not on full time but for an initial period of 1.5
hours and thea for another period between 7.55 and 8.‘5 hours. The finsl
value was worked out by counting squares.

The number of squares in area 1 was 105.10 on Figure .15.

The number of squares total was 261.90 on Figurs 15.

The aumber of integrator unité in area 1 was 39.30 on Figure 15.

Therefore the total number of integrator units was 261.90(39.30) = 97.93
105.10

The number of squares in area 2 was 7.66
The aumber of integrator units in ares 2 was 3.78

Therefore the total number of integrstor units was 261. (3.78) = 129.24
7

90
66
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lence the aversge number of integrator uanits was 97.93 4 129.24 = 113.58
2

A calibration was carried out on this integrator using a 503.8 ohm

resistor in the calorimeter through which a curreat of 0.013,3 amperes
was passed for 24.9 seconds. The corresponding integrator reading was

7.4 units. The hest in calories given off by the resistor was given by

g = RI% = 503.8 (0.015,3)2 24.9
2. 1840 %.1840

2
‘The heat in calories per iantegrator unit was 503.8(0.013,3) 24.¢
4.1840(7.4)

The total heat given out then was 505.8(0.015.5)224.9(115.58)
4,1840(7.4)

In this case 1.151 grams of material were used, therefore

AH = 50

.8
1

3.8(0.013,3)%(24.9) (113.58) = 7.076 cals/em
%, 7

( 3)
840 (7.4) (1.151)

A check on the accuracy of the funetion.

-0.623,06t  ~11.617%
e=49¢22(e - 8 ) .coono.-ooonc-c---00(141)

Points are calculated usihg the function and plotted on Figure 13 for
comparison with expsrimental values. Here 8, will ‘be 0.9(49.22) to give
8 positive initiel slope at time zero. ‘ .

B.%e 8% time = 0.1 hours
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: -0.623,06(0,1) -11.617(0.1)
8 = 49.22 8 -8

-« 8 = 032.55

The full list of velues is given in Table XI.

An area check: 1) Counting squares under the experimental curve gives
a numbar of 87.35
.*. area = 87.35(2)(0.5) = 87.35

2) By integration of the function as given below

12 -0.623,06% -11.617¢
49.22 | o . -8 at
o .

75.159

aresa

area

The percentage deviation is = (87.35 -~ 75.139) = 11.69%
87 .35

llost of this difference was in the tail and not the main part of the

function.

Trisls for the combined eguation: 1) at 25°C

AH__ = 4.243 cals/gn

av
200 . -0.070,52% -2.951%
AH = 4,243 = f 0.264,814 C.  _|s -6 at
o . flnal .
.. .= 1,15  and
{inal

0.264,814 Cpy .0 = 0.306,8
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Therefore at 25°C the finel eguation is

-0.070,58t  -2.951% | :
di = 0.306,8 e -0 cals/gn/AT  e.veoe.a.(145)
9t .

2) at 48°C

. = 6.845 l S
Auav cals/gm

12 ~0.673,6% -10.7983%
A H=6.85¢% 5.194,5 Cf e -8 dt
o .

+*. 5.194,5 C, = 4.919

Therefore the Tinal equation at 48°C is

-0.673,6t  -10.793t
3I‘I: 4.919 e -8 ca].s/gm/hr ..0."...'0-(146)
ot .

3) at 62°C

AHav = 5.358 cals/gm

: -2.122% ~6.009t
AH = 5.358 = 19.195 Co | o -0 at
o]

e 19.195 Cf = 17.58

Therefore the final equation at 62°C is

———

-2.122t -56.009%
3 = 17.58 | e -8 cals/gm/hr c.cvesecencass (147}
t ’

The constants wore averaged in the dH functions at each temperature and
% :

the resultant values are given in Tabls ZIV. The problem now is to wor
. *
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sut a function from these values,‘dependent on both temperature and
time. This was done as follows: A semilogarithmic plot of g versus T
gave almost a straight line in Figure 16 and another semilogarithmic
plot of W Ve rsus Tx{Figure 17} also gave a nesrly straight line. The
me thod of least squares was then used to draw the best line through

these two sets of values (see Teble XIV). For T in degrees centigrsde,

the functions wers

0.110,5 T
¢ = OIOzO’ébe . ..l..‘.....l"..'..l..l"..(l48)

0.092,60 T
WI = -0'007’216 <] c.oOc-loolonquooout-l0655(149)

and for T in degrees Fshrenheit, the functions were

0.061,408 T .
0.002’8969 .lll...l'...........l....(150)

=
1

0.051,447 T
-0.901,591 <] O-AQ--.-o.nutc.c.oo.coc-(lsl)

w1

Since the wz's did not fall on a straight line on sither
ordinary greph psper or semilogarithmic graph peper and because they

were the least accurate of all the values, they were simply averaged.

wz = :21950 - 100795 - 6-009 = "6-584 aooo.ooul(l52)
e .

(¥}

Putting s8ll this together the msster equation for the chemical resction
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Figure 17 A Semileogarithmic Plot of w, versus Temperaturs
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as a heat source, represented as & function of temperature and time was

0.051,447T
0.061,408T| -0.001,391%e : -6.584t
dH = 0.002,896 e e - 0.9 o cals
3t gm hr

P i 1 ¥
where T was in degress Fahrenheit.
st To calculate the greatest possible value of the constesnt &,
the upper two values of P were taken since the figures at the uppsr
temperatures are more accurate. The least squares determination was
given in Table XIII and the fuaction is

- 0.056,59T :
¢-0.012,34B (T=OF) -ccun-uc-ooco.ooo'ooluoo(lM)

Using the highest possible'Value for AH, which was 2.6 times the

average, and combiniag it with the value 0.012,34 the total beceme

0.012,34(2.6) = 11.079
0.002,8%6
: 0.051,447T
| 0.061,408T| -0.001,391te -6.5841
Then 8H = 11.079(0.002,896)e o - 0.9

ot ,
CALS  seevevsss{189)
gm hr

The calculation of the density of the propellant: A cylinder of

propellant, with a conical shaped depression in ons end, was weighed and
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the deasity was calculated from the. figures.
Cverall height = 8.5 cms. |

heignt of the cone = 0.5 cums

Cversll radius = 2.5/2 = 1.20 cms

Cverall diameter = 2.5 cms

Rediius of the cone = 0.5 cms

Weight of the propellant = 71.6 grams

lensity = @ = weight = weight ) A O 110
volume (TD*h =~ Trh, )
4 3

1.72 g:c‘ams/cuf3 or 107.328 .'Lbs/i‘t;3

The czlculstion of the thermsl conductivity of the propellant. For

thermal conductivity msasurements a cylinder'of propellant with a piece
of nichroms wire threaded through the centre in the exial direction, was
used. Two other holes wers dmlled axially at rl and Ty and iron
coastantan thermocouples were placed in esch. The ends were sealed to
heat and & known current was put throuéh. At steady state the formula

Tor this case, ss given by Carslew and Jeeger (20c) is
2Tk (vl -vy) = Fo 1in (rz/rl) R o L VA
2 Co ;
where E R e S AP 1 15T B

Volts used = (0.8 V.
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Current = 0.6 A.

T, < S mm
T, = 10 mm
Watts = 0.48
Length = 85 om
T,O= 76.3°F
Tp = 72.9°F

F_ = Vatts . kW . BIU/r « mm » in = _BTU
0 o Watts kW in Tt hr Tt

2 Mk (76.3 ~ 72.9) = 0.48 . 1 . 415 . 25.4 .12 . 2. 50310g 10/5)
85 1000 1 1 1

ot k = 0.191 BT
hr ft OF

The sum of the errors is 3.75% =+ 50% <+ 1% = 55%
Then k = 0.191 1‘0.105 BIU « It will be noted that this
hr £t CF

method of calculating errors gives a range which is probably too large.

The celculation of the thermel diffusivity. A cylinder of propellant,

which has been heated uniformly to a high temperature is allowed to cool

vin air with an iron constantan thermocouple at its centre to record the

temperature decay. The fofnlula for this case is (Carslew and Jasger (204)
)

“XA2t .
T _ Tyir = e X 2C' Jo(ha 1) creseceseesanneso{158)

To = Tair R (C'24A8) T_(AR)
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where C' = h/k, and (A R) Jl(xnaa -C JO(AnR) T 0 eiveereeineesss(160)
writing Ry = §,5 Xt =T ; R =4

ToET

= e 24 Jolrln/R) S S T30
R2+0 708,

<|<

Y ot1; Y Xo negative values are included.
Now the values of the film coeificients, hc and hr must be found. Tsking
representative values of At and then using the average values of At,

gives

At°C = 63.7°C or 114.7°F
At
av

D!
o]

The formula given by Ferry (94) is

, . 0-25 '
hc : O.4[A's] ..Q..l..'l..'C......ll'..!."....l.(lsa)
DO

. . hc = l.14 _ BIU

63.7/2

diemeter in inches, where D = 22.4 mm

—————ep———

hr £t< °F

Using the formula for radiation as given by Ferry (94) and T, = Toy

Gp = 0.175 4 <; ‘> (;0;>.:} = b A (T - Tp) ......(183)
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. oh, = 1.2 BTU
hr ft< oF
then (b 4+ h) = 1.14 +1.12 = 2.26 BIU  or 2.3 B
¢ I men hr £12 OF ‘ i 257 OF

A check on the methol using & bress cylinder (70% Cu, 30% Zn) teking the
values from Table VI.
Digmeter = 19mm, then R = 0.031,16 ft

h = (heghy) = 2.5 = 0.031,08
K 74

A - hR = 0.031,08(0.031,16) = 0.000,968,4
42 = 0.000,000,957

1= 0.049,8

8, = 3.831,7

93 = 7.015,6

62 - 0.002,48 (@f +4%) = 0.002,48
¢ = 14.681,9 (82 +4%) = 14.681,9
Q2 = 49.218,6 (@g +42) = 49.218,6

where t = 0.375 hours © -Ta = 45.9 - 20.3 = 0.338,1

T~ T, 96.0 - 20.3 :
-0.002,48T
0.339,1 = 8
4 (0.000,968,4) 0.002,480,9 J_(0.049,8)

o T e 617.177 end X = 1.597,8 £t2/hr

The litersture value is 1.322 and the deviatioa from it is 20.86%.

Therefore the method is satisfactory since the literature value (45a)
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for brass is nominal.

The sctual calculation of thermal diffusivity of a piece of
propallant taking valuss from Table XV.

R = 11.2 mm or 0.038,7 feot

R = 0.001,346 £1°

7. = 19.0°C; T = 82.7°C; T = 44.0°C at 0.333,3 hours.
Py

T _Ti = 44.0-19.0 = 0.392,4

1O~ lA .7-192.0

n o= (hedBp) = 2,3 = 12.04

A = hR = 12.04(0.036,7) = 0.441,868

2% = 0.195,2

0.797,4; Qi + 42

¢, = 0.003; € = = 0.992,6
8, = 5.94; % =15.523,6; @2 +4% = 15.718,8

Substituting these values in the formula gives

-0.794,4T -15.523,6 T ,
0.392,4 = e 4+ e coeea(163)
4(0.441,8) 0.992,6 J,(0.895) 15.718,6 J_(3.94)

.*. Tis 2.161,7 and ¥ is 0.008,727 £t°/hr

| ~1.725,7 -33.557 |
4 check using the second term e : + e the second

term 1s too small to make any difference and thus the value of T is.

satislactory.
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Tna values for the other cooliay curves wore given in Tables XVI 4o XXII.
Similerly the vslues of thermal diffusivity were tabulated in Teble
33III. The effect of the varistion in k and {(fc + hr) was given in
Table XIV.

The calculation of the hest capscity of the propellant is
civen below:

X = k e, e ieeieaae. ceeet ceseeseaa.e(128)

thermal diffusivity in £1%/hr

where X

k thermsl conductivity in BTU/hr/ft/°F

4

c

density in 1lbs/£t°
p = heat capacity in BIU/1b/°F

substituting in the formula

0.008,104 = _0.161
107.328 Cp

"« Cp 1is 0.219,5 BIU/1b/°F
The effect of the variation in the thermsl diffusivity on heat capacity
was given in Table AV.
The estimation of the heat traansfer constsnts X, k, €, and
Cp for the 20% sluminum cese was as follows: The new mixture is 20% Al.,

20% polyursthane, 60% NH, 010, .

0.8(0.008,104) + 0.2(3.665)

X
u

Xz 0.739,5
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~
]

0.8(0.191) - o.2{118) = 23.75

-0
H]

0.8(107.328) -~ 0.2(189) = 119.7

[¢]
1}

0.8(0.219,5) ~ 0.2(0.214) = 0.218,4

The values of these constants for aluminum, polymer alone, polyursthane
propellant and propellant plus 20% &luminum were tabulated in Tbblé
GVI.

Cross check

= 23,75 = 0.908,4 £t°/hr

X =k
ecp 119.7(0.218,4)

T

This is the final figure used for computation. An earlier figurs of
0.476 was used in some calculations but inlthis range of values has
negligible difference on the final figurss.:

The magter escuation convertsd to enginesring units:

BTU = cals . BIU . grams . cn® .« 1in

hr £t° gu hr cals em” ind £1°

assuming that the density of the polymer is 1

BIU = 0.002,896(16.38)(1,728) = 0.325,2
hr £t° 252

Application: Now taking the finite difference equation for the infinite
solid cylinder from the theoretical sesction, (equation 110) and using

the above for the heat source term gives
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T, a4l = (1+Mm{%lﬂL+@%&L%”hm_hlﬂan+%iﬁ-u.”JlM)
1 R M Cp

Here our heat source is only 25% of the total material so the last term

must be written as

2l 291 At
e%ol100

Now M has been worked out to be 4.5687

o
Then 4.5687 = _(0.5)°
144(0.008,104) At

« « At = 0.046,89 hours
Then the averege valus of G'| 25| At bscomes
?°p {100

0.325,2(25)(0.046,89) = 0.000,161,8
107.328(0.219,5) 100

end the top valus of _G'| 25| At is
?Cp (100

11.07(0.325,2) (0.25)(0.046,89) = 0.001,791
107.328(0.219,5)

: 0.051,447T
0.061,408T[:~0.001,391(0.046,89)ne !

Q. = 0.000,151,8 e . e , .
-6.584(0.046,89)n .
"Oog 8 .001-000(1.651'

o s R 3 e A
B T AT ERBAES 0
'}
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: 0.051,4477
0.061,408Tl: -0.001,391(0.046,89)na :
q" < 0,001,791 ¢ “le
top —6.584(0.046,89)%]
- 0.9 o Cersencann (166
: Ro(T)
Beta({T)} Gama(n)e cn

q" = 4lfs e 8 - = CONS3T e noting that n At = ¢

For the low vselues of Q' [ 25] At
§Cp [200]

M= 4.5687 = (Ar)® = (0.5)2

X At 144(0.006,8) At

.. At is 0.055,88 hours

41fa = 0.325,2(0.25)(0.055,882,7) = 0.000,359,38,
av 107.528(0.117,8)

Alfs = 11.07(0.000,559,386) = 0.003,987,
top 4

Gama = -0.001,391(0.055,882,7) = =-0.000,077,73

Ro = 0.051,447

¢ = -6.584(0.055,882,7) = -0.367,95

For tho high values of &' [ 25] At
0Cpi100
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=
(XY

(0.5)°

K At

« « At is 0.035,29% hours

144(0.011,413) At

alfz = 0..25,8(0.25)(0.033,295) = 0.000,085,208

o 107.528(0.290)
Alfa, = 11.07(0,000,085,208) = 0.000,943,2
Gams = -0.001,391(0.G33,295) = -0.000,045,31
¢ = -6.584,454(0.0853,295) = -0.219,229
For the 20% Alumiagum cese.

. 2 £
M = 4.5687 = (Ar) = (0.5)
XAt 144(0.908,4) At

'« At is 0.000,418,3 hours

Hers the heat source is oanly 20% of the material

0.000,011, 51

Llfa = 0.20(C.225,2)(0.000,418,3) (11.07)
top 119.7(0.218,4)
Beta = 0.061,407,51
Guss = -0.001,391(0%000,418,2) = -0.000,000,581




N AR R

Q= 0.031,447

¢ = -6.504,494(0.000,418,3) = -0.002,752

The computstion for the Renk-Differsnce Nethod of correlation between
the burning retse and the maximum tempersturs curve for X = 0.008,104

ALl e O e ' .
L% /hr, 1227F boundaries, positive initial slope and top alfa was ss

>
Velwes of N, }(u; - v,) esd }:(ui - v.)” were taken from Teble YXVII

and the formula was taken from Stanierd Mathemetical Tablss (107a)

-
"

1-5 X(lli - Vi)z R G X2
a(n® - 1) ‘

I the Rsnk-Difference Method is revorked according to the method given

in Steel ond Torrie (108c), who give the formuls 8s

ro= 1-82(% -, e (B8 )
s (a-1)an{n+1)
where 0 ie Spesraen's renx Correlation coefiicient snd n is the aumber

“

of {41 - Vi) torms. The criterion




t = T ¥ n - 2 A S - 1D

is distributed as Student's t with (n - 2) dzgrees of fresdom. From

pgrovious dgta X}ui = Vi)® = 14 end N T 8. I this is sssociated with

{n - 2) degrses of fresdom then

D= 2 T N tiveseeecratsoecorascecensaseancanneneeell70 )

a-2 = §
n = 8

(8 - 1)8(8+1)

Coanfidence limits on the correlstion coefficients wers worked
out using TFisher's method given in Steel snd YLorrie (108b). Confidence
limits cannot be placed directly on r becauss r is not symmetric.

Tazrefore the method is to calculate

z = f(r) = tenh r = 0.5 1n (l4r

P L/ 2
(1 -r)

which is symmetric. Compute the semple estimate of the variance in z

from




e g
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Place confidsace limits oa 2, work out the high and low values, snd then
coavert back, with the sxception thst r is aow called e , @ more
suituble symbol for s whole populatioa.

w P2

For r = 0.985,2

Lz = 0.51n(i+r) = 0.5 1n

(L +0.925,2) = 1.624,3
(L -12) (1 - 0.¢25,2)
s = 1 = 1 = 0.577,36
Z
{n - 3) (6 - 3)

For 054 confidence limits and an infinite population a table of Student's

t cives 1.96, now

t - E—Z .l;"o!.l.ll...0..Q.-1'..t.d'...'l."'..o(l?B')

= 1.96(0.577,38) = 1.13162

[
]
~ ]
[ ]
<t
143]

z = 2z ¥ 1.3
Z = l.624 T 1,132

falls between 0.492 and 2.756

e i

or

The corresponding values of P sere 0.46 and 0.98




RESULTS

Introduction

Experimentsl values of the burniné rate, heats of
polymerization, instantaneous q during polymerization, temperature
profiles and physical measuremsnts for .the heat transfer constants are
listed below.

The polymerizetions were done at 25°C, 48°C amd 62°C.

The burning rstes of a solid cylinder of propellant and a
thin walled hollow cylinder of propellent were measured at 400 psig.

Experiments wers done to determine the deasity, thermal
conductivity, heat capacity and thermal diffusivity of the solid
propellant.

Values calculated from these fiéures are also included.

Calculated values of the constants in the exponential decaiss'
sre given also.

Correlation of the burning rate and polymerization tampei-ature
was carried out by the Product Mome nt Method and by the Rank Difference

Method.
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Strend Buraner Results

TaBLE I

Thie Relstionship between the Burning Raste snd the Radius for Polyure thane

Propellant

The Five Inch S9lid Cylinder

Experimeat Numbsr Rate "r" in

inches per second

1 0.376
2 0.370
3 _ 0.297
4 0.835
Av, 0.469;
1 0.484
2 ‘ 0.273
3 | 0.657
4 | 0.783
5 0.442
8 0.448
7 0.523
8 , 0.437
Av, 0.50625

Radius ™"

in 1ianches

0.0
O.o
0.0

0.0

0.5
0.5
0.5
0.5
0.5
0.5
0.5

0.5

JR—




TaZls I CONTILUED

Guperiment Numbsr Rste "r" in vRadius " pn
inches per sécond in inches
1 0.388 1.0
g 0.481 1.0
3 $.403 1.0
4 0.434 1.0
Y 0.276 1.0
) 0.309% 1.0
7 0.245 1.0
8 0.278 1.0
9 C.48%7 1.0
10 0.583 ' 1.0
11 ‘ 0.822 1.0
12 1.020 ‘ » 1.0
13 0.509 1.0
14 . 0.960 1.0
15 0.932 1.0
Av. 0.5077
1 0.539 1.5
2 0.554 1.5
3 0.494 1.5
4 0.408 1.5
5 C.783 1.5

Av. 0.5034




=
1

l i

i

Expariment Number

(]

1N

[e}}

10

11

Av.,

Av,
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TABIL I CONTINUED

Rata "r" in

inches ger s=cond

0.207
0.192

0.1995

Rasdiuvs "pv

in inches

2.0
2.0
2.0
2.0
2.0

2.0

2.0
2.0
2.0

2.0

2.5

]
*
w
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TABLE II

T S L N

Fropellant

The Hollew Cylinder €.D. B¢

I.D. 3"

Ixperiment Number

Av,

[}

AV,

Rate "r" in

inches per secoand

0.188
0.187
0.173
0.179
0.174

0.184
0.184
0.203

0.196
2

0.197
0.2:6

0.260

0.191

0.2164

Radius "r"

in inches

1.5
1.5
1.5
1.5

lIS

2.0625
2.0625
2.0625
2.0625

2.0625
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TASLE  TIX

Tne Valuss of AH for the Polymerizstion of the Polyurethane Polymer,

Experiment Numbsr

10

11
1z
13
14
15
16
17

18

19

obtained from the Microcalorimeter

Temperature

o¢

25
25
25
25
25

25

48
48
48
48
48
48
8

48

AX in
cals/gm
4.830
1.712
11.69
5.005
S5.842
1.567
3.927
£.356
2.271
3.226
Av. T 4,243
7.473
3.798
7.076
5.375
8.121
3.002
12.82
47.098
Av. = 6.845

8.724




3

1]

TABLE III CONTIKUED

riment bumber Tempa raturs T AH in
oC | cals/gm
20 62 7.608
21 32 6.396
28 82 3.017
23 62 2,583
24 62 2,409
25 62 3434
26 62 5.282
27 62 4,406
28 62 4.171
29 62 4,074
30 62 2.841
21 62 3.786
32 62 8,110
33 6z 9.313
54 62 5,503
35 62 4.410
o6 2 6.671
57 62 7.709
38 62 5.562
39 62 6‘567
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TABIE “III CCNTINUED

Experiment Number Tempe raturs ) AH in
°¢ cals/gm
Some high values not included in the main list since an O-ring was used

in place of a belt on the preamplifier.

40 48 10.40

41 ‘ 48 7.241

42 . 48 _ 14.54

43 48 13.10
TABIE IV

Temperature History of a smsll sample of Polyurs thane during

Polymerization - 1

Time in minutes  Willivolts  Temperature in °C
0.0 1.46 28.6 '
0.1 1.67 | | 33.6
0.2 - 2.17 | 42.2
0.3 2.72 52.5
0.4 ‘  5.10 - 59.7
0.5 . 3.23 62.2
0.6 B.24. 62.3
0.7 5.26 62.7
0.8 ' 3.27 ’ 1 62.9
0.9 , 3.27 62.9

1.0 5.28 83.1
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TABLE IV CONTINUED

Time in minutes Millivolts ' Tbmperatufé in ¢
1.4 5.30 63.4
2.4 5.35 644
34 3.35 64.6
da4 3.37 64.8
504 3.36 | 6446
6.2 5.36 64.6
6,535 5.35 644
6.9067 - 5.85 . 64.0
7.2 o 3.30 6304
7,583 3.28 63,1
7.867 3.27 62.9
8.2 5.28 ‘ | 62.8
8.535 5.25 62.6

‘ 8.857 5.24 62.4
9.2 B.24 62.4
9.533 5.24 62.4
10.2 | 5.2 | 62.2
10.533 3.23 62.2
13.535 | ‘ 3.25 ' 62.2
16.867 3.23 62.2
20.2 . 3.23° 82.2
£3.553 ' Bonz 62.0

buth , 5.8 62.0
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TARIE V

Temperature History of a smsll sample of Polyursthane during

Tiws 1in minutes

0.0

1.0

2.0

3.0

6.0

7.0

8'0

9'0

10.0

11.0

1200

13.0

14.0

1560

16.0

17.0

18.0

Polymerization ~ 2

Millivolts
1l.64
1.67
1.74
1.90
2.05
2.22
2.37

2.50

2.73
2.78

2.82

2.88
2.89

'2.90

Temperature in °c
32.0
32.6
34.0

37.0

49.2
51.8

52.8

S54.4
55.0
95.4
55.6
'55.8
56.0
56.0
56.0

56.0




Time ia minutes

23.0

24.0

TABLE V CONTINUED

Millivolts

2.88

2.88

2.84

2.8"*

2.83

Temperature in °C

55.6

55.5
55.4

55.4




in migutss

7.0

3.0

49.0

TAELE V CCNTINUED

Millivolts

Tempsrature in °¢
52.0
51.8
51.8
51.6
51.6
51.6

51.6
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TADIE VI

Temperature History for s 19mm dismster Brass Cylinder cooling in eir

Time in minutes bMillivolts Tb&perature in OC
0.0 , 5.05 96.0
7.5 3.82 73.2

15.0 2.90 56.0
22,5 2.36 ; 45.9
30.0 2.00 39.0
37 .4 1,72 33.8
45.0 1.52 . 29.7
52.5 | 1.40 27 .4
60.0 1.30 23+4&
67.5 1.22 24.0
75.0 1.18 ’ 23.2

1iz2.5 1.05 20.3
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TABIE  VII

4 sample of the recorder resdings taken on Calorimeter #1 at 47.32°C

Time in hours

0.00

0.05

0.10

0.125

0.25

0.78

1.00

1.25

1.425

1.50

2.50 -

3.00

3.50

Instanteneous q in divisions
Q.00
10.00
24.95
30,17
39.37
44.59
39.32
33.09
26.15
20,64
17.76
17.58
9.43
7.31
5.95
4f54
4,25
3463
3.18

2.76

Integrator units

0.0

39030 - O

Integrator off




TABIE VII CONTINUED

Tirme 1in hours Instantaneous ¢ in divisions Integrator units
7.50 2.02 Integrator off
7.55 | 0.00
§.50 " 1.65 3.78 - 0

TABLE VIII

Determination of the Constaats 81 and ¥1 in the function § = alew'lt by
The Method of Least Squares
n 6 ¥y X5 V% xiz
1 44,59 3.798 0.375 1.424 0.1401
2 39.32 3.671 0.5 1.836 0.250
3 30.09 3.500 0.75 - 2.625 0.563
4 26.15 3.264 1.00 3.264 1.000
5 20,64 3.025 1.25 3.782 ' 1.563
6 17.76 2.876 1.425 . 4.098 2,031
7 17.58 o 2.868 1.50 4.301,8 2.250
8 9.43 2.244 2.50 5.610 6.250
] 7.31 1.989 3.00 5.968 9.000
10 5.95 1.783 . 3.50 6.242 12.250
11 4.54 _1.513 4.00 _6.052 16.000
30.531 19.800 45.200 51.298
| -1

w, = o 3%iYi - 9% Y Vi = 11(45.200) - 19.8(30.53) = -0.623 hrs
* 2 2 11(51.3) - 16.8(19.8
a in - (in) ) ( )
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ZY? Yvi - Z:(i [xiyi = 5

TABLE VIII CCNTINUED

30.53) - 19.8(45.80) =

b = 1.30{
o 9 31 % -
n}:x; i (E:Ii)% 11(51.30) ~ 19.8(19.8)
b = 3.897
b = 1n 0_; log 3.807 = 1.692,1; .*. 8§ = 49.22 =
° 10 2.503 o
TABIE IX
Wz't
An Zxponentisl decay, where 8, = a.e
t In §; logq108; 8, 8, = (81-q)
0.00 3.897 1.692,2 49.22 49,22 - 0.00
0.05 3.866 1.678,6 47.71 47,71 -10.00
C.l 3.835 1.665,l 48.25 46.25 =-24.75
0.125 3.819 1.658,5 45.53 45,53 ~29.97
0.25 3.741 1.624,4 42,12 42,12 -39.71

5.897

49,22
37.71 -
21.50
15.56

2.95
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TABIE X

Wzt

by

Jetermination of the Constoats 22 and V2 in the function 2 = 22°

T

e kethod of Least Squeres

an‘z‘ - (in)ﬁ

W2=

-1
-11.67 hrs

5(0.090,6) -~ 0.525(0.525)

o 85 yi Xi ¥ixg xi
1 49,22 5.897 0.00 0.000,0 0.000,0
o 57,71 .650 0.05  0.181,5 0.002,5
3 21.50 3.068 0.10 0.306,8 0.010,0
4 15,56 2.745 0.125 0.343,1 0.015,6
5 2.95 1.082 0.25 0.270,5 0.062,5
14.422 0.525 1.101,9 0.090,6
) = | |
b= /%i)Vi -~ 2Xi) *¥iVi < 0.090,6(14.422) - 0.525(1.101,9)
P
2 Y - (T5y) 5(0.090,6) - 0.525(0.525)
b = 4,104
b= 1n 6 ; log. 8 £.106 = 1.782,
R 5.505 0
.*+ 8 = antilog 1.782,0 = 60.53 = a,
w, = a)Vi¥i - DXiQ Vi = 5(1.101,9) - 0.525(14.422)
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TABLE T

Calculated velues of g for Comparison with the Experimoatel Curve

in Hours

0.00 ‘

0.2565

0.30

0.375

0.50

0.75

1.00

1.25

l. 425

1.80

a(cal) in divisions

4.922

39.08

39.70

35.93

26.48

14.07

7.57¢

4,085

qglexp) in divisions
0.00
10.00
24,95

30.17

39.37

39.32
44.59
39.52
33.09
26.15
20.64
17.76

17.58

9.43
7.31
5.95
4.54

4.25




Time in hours

5.00

5.50

6.50

7.00

7.50

8.00

8.50

12.00

TABLE XI CCNTINUED

g(eal) in divisions

2.215

l.181

0.027,8

G v i

+glexp) in divisions

2.76
2.49
2.22

2.02

1.65




No T°C
1 25
2 25
5 25
4 25
5 25
6 25
7 25
8 25
9 25

10 25
e

ot
1 48
2 48
3 48
4 48
5 48
8 48
7. 48
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TABLE XIT

The Constents for

& ¢ cals/gn/hr
0.175,8
0.165,5
6.264,8
0.205,4
0.600,5
0.182,6

©0.251,7
- 0.458,0
0.132,1
0.211,7

2.648,1

83Cq, = 0.2684,8; Wig

av.

-0.070,5
0.264,8 | o

4.096
1.680
4.661
4,593
6.830
1.987

11.235

wlt
the Fouation alc(e -

Wy LA
-0.032,3 -2.246
-0.089,2 " ~-1.368
~0.004,7 -2,092
-0.039,3 -1.816
~0.151,4 -4.908
-0.112,0 -3.141
-0.059,7 - -3.383
-0.101,6 =3,742
-0.053,1 -3.075
-0.061,9 -3.738
~0.705,2 | ~29.509

AH cals/ga/hr
4.83
1.150,5

11.89
5.005
3.842
1.567
3.927
4,356
4.720

5.226

v -0.070,52; Wogy~ =2.950,9

2t -2.950,9t
-6 cals/gm/hr

-0.521,3
~0.420,2
-0.623,1
-0.789,7
-0.781,7
-0.603,2

-0.801,5

-11.981
-12.951
-11.617
-10.428
-11.088
- 7.660

- 9.378

7.473

3.798

7.076

5.375

8.121

3.002

lz.82




TABILE XII CONTINUED

No T°C ac cals/gm/hr Wy W |
8 48 _6.512 -0.848,3 -11.243
41.554 -5.389,0 -86.346
alcav: 5.194,2; wlavz—O.6’75,6; Wzav=-10.793
~0.673,6t  =10.793%
.C. 3H = 5.19%,2 [e -8 ] cals/gm/hr
ot

1 62 7.376 -0.837 -§§,94€’
2 62 76.858 ~3.919 - -6.402
3 62 14.153 -1.730 -7.292
4 62 31.37 ~3.870 ~6.165
5 62 9.538 ~2.584 -8.605
8 62 16.16 -3.491 -7 .447
7 62 7.841 -1.516 -4.506
8 62 17.27 -1.715 -3.605
9 62 11.375 -1.613 -4.296
10 62 4.399 -0.945 -9.125
11 62 12,17 -1.779 -4.397
12 62 18.29 -2.874 -5.191
13 . 62 8.659 -1.705 ~6.697
14 62 14.28 -1.420 -7.323
15 62 19.6 1.187 -2.720
18 62 25.94 -2.617. -5.887
17 62 30.35" -3.406 -6.742

AH cals/gn/hr

7.079,8

8.7
7.608
6.396
3.017
2.583
2.459
34434
5.282
4.406
4.171
4.074
2.841
3.786
8.110
9.513
5.505

4.410




No - T°C
18 62
19 o2
20 62
21 62
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TABLE XIT CONTINUED

a,c cals/gm/hr Wiy Vo AH cals/gm/hr
18.59 -2.053 -7.7é3 6.671
llf79 -1l.141 -4,484 7.709
12,03 -1.691 ~-6.858 5.362
&5.07 . ~2.478 ~4,849 6.567
- 403,109 -44,5656 A -120,185
alcav=19.195; Wlav: -2.122,2; Wzav: -6.009 S

-2.122,2% -6.0091%
= 19.195 | e -8 cals/gu/hr

- * . ﬁ
ot
TABIE XIII
Exponential Constants in the Heet Source Zguation
Temperature o} ¢Omax Q Y @
Scale ° .
¢ 0.020,65 0.110,535 ~-0.007,216 0.092,605
op 0.002,896 0.012,54 0.061,408 -0.001,391 0.051,447
TABLE XIV
The Constants in the dH Equations
3t
Tomperature ) . W, Vg
25°¢(77°F) 0.306,8 - ~0.070,52 -2.950,9
48°c{118.4%) 4,919 1 -0.673,6 -10.793

52°¢(143.6°F) 17.58 -2.122,2 -6.009
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4 Cooling Curve for Tolyurethsne Propellant in Air - 3

irs in misutes Millivolts Teaparature in °C

0.00 £.55 82.8
2.285 4,353

.25 3.86

12.75 2.92

20.25 2.26

27.75 1.85

35.25 1.64 | 32,0

42.75 1.52

50.25 l.42

S7.75 1.35

65.25 1.34

72.75 1.30 © 25.4

e e P
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TABLE XVIII
4 Cooling Curve for Polyurcthsne Propellsnt in Air - 4
Time in miautes killivolts Tomperature in °C
0.0 ' 4,33 82.8
3.0 4£.20
10.95 Sels
13.0 2.35 ‘
200 ' 1.87
33.0 1.88
40.8 1.52
48.0 l.42 _ 27.8
55.5 1.34
83,0 1.29
70.5 1.28
78.0 1.24
85.5 1.23 . ,
93.0 . 1.23

100.5 1.22 ' 24.0
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TABIZ  XIX
S A

A Cooling Curve for Palyure thane Propellant in Air - 5

Time in miautes Millivolts Temperaturs in °C
0.0 \ 2.30 100.5
7.5 4,27
15.0 ' 3.12
22.5 2.90 ‘
30.0 1.96 ' 38.2
37.5 1.89
45.0 1.52
52.5 | 1l.41
80,0 1.34
67.5 1.30
75.0 | 1.27
82.5 | 1.26
90.0 l.24
97.95 l.24
105.0 | 1.23

157.5 l.22 24.0
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. Cooling Curve for Polvurcthane

¥

el

opellant in Air - 6

minutes Millivolts

)
Tempersture in C

101.86

42.8
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A Cooling Curve For Polvurethens Propellsnt in dir - 8

Time in minutes Millivolts Tempersture in °C

.0 | - D.E6 99.8

9.5 Sa74%
‘ 17.0 2.79
DAL 2.20

SS9 _ 1.60

84.5 l.24 ' 24.2
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TABLE XMIIT

Propellant Thermal Diffusivity

Number Thermsl Diffusivity ia £42/hr
1 ' 0.008,727
2 0.008,986
3 0.007,569
4 | ' 0.007,089
5 0.007,490
6 0.007,270
7 ‘ 0.009,318
8 0.008,403

TABLE XXIV

The Bffect of the Varistion in k and (Be™PMr) on Termal Diffusivity

(h,+hy) _B.T.U. : k _B.T.U. | x £t2
hr £1% OF hr £32 OF hr
2.3 B ' 0.086 0.006,0
‘ 2.3 0.191 0.008,104
2.3 : 0.296 0.009,36
1.5 . 0.086 0.006,8

1.5 0.296 0.011,413




e Bffect of the Veriation in Therassl Diffusivity on Heat Capacity

Thermal Diffusivity ia £t%/br ¢ Hest Capscity in BTG
d 1b OF
0.008,0 0.133,56
0.006,8 0.117,8
0.008, 104 ' 0.219,5
0.002,35 | 0.294,6
0.011,413 0.241,6

TAZLE X0VUI

The Sstimation of the Heat Trensfer Coanstants, X, k, €, cp, for the

20% Aluminum Case

2
Matsrial x LIt k _BIU 1bs ¢, BT
hr hr £t °F 23 1o °F

Polyurethans Ammonium Ferchlorate 0.008,10¢ 0.191 107.328 0.219,5°
Ture sluminum 3.665 118.0 169.0 0.214
Polymer - Amm. Per. 20% Al 10.908,4  23.75  119.7 0.218,4

Polymer - alone ‘ 0.004,884 0.098,4 64£.896 0.311,8
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TABIE ICNVIT

Computation for ths Raak-Difference iethod of Correletion between the

Burning Rste and the Meximum Temperasturs Curve faor X = 0.008, 104 ft‘?'/hr,'

1229F bounderies, Positive Initial Slope end Top Alfa

Ko  Asdius "r' Rete "r" u; Temp. in v (w - Vi) (v - vy)
in inches in in/sec oF -

1 0.0 0.470 4 157.2 1 3 9

2 0.5 0.506 2 156.4 2 0 | 0

5 1.0 0.538 1 154.1 3 -2 4

4 1.5 " 0.505 S 149.0 4 -1 1

] 2.0 0.269 S 139.0 5} 0] 0

6 2.5 0.200 6 122.0 6 0 _0
0 14

N =8

@ = 0.6 95% conf;dence limits place § between -0.41 and 0.95

If n =8

Ty = 0.83, 95% confidence limits place Q batween 0.07 and 0.98
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TABLE ZEWIIT

The Iraduct monent Methodl of Correlstion of the Burn

ing Rste and the

Jaximam Temperature for the Top Velue of 4lfa (X = 0,008,104 ftz/’hr)
o Radius Rate in o (r - _) (:;:___)
in inches in/sec T &
1 0.0 0.470 0.220,900 0.427,790 0.182,004
= . T.0 0.506 0.255,038 0.704,279 0.496,009
S 1.0 0.558 0.289,4%44 0.950,005 0.902,20¢
& 1.5 0.5C3 0.205,009 0.681,239 0.464,086
3 2.0 0.259 0.072,361 -1.115,941 1.245,324
5 2.5 0.200 0.040,000 -1.645,879 2.702,918
2.486 1.131,750 0.001,493 5.999,850
r= Z r = 2.{:86 = O.él-’-k3
n 8
2 2 5 5
or, = Ir - (¥)7/n = 1.131,750 - (£.486)%/6 = 0.016,953
a 6
B‘-r = \lo.om,gas = 0.130,202
- 2
Ko Radius in Temp. in iic (.'l’ _T) (T = T)
inches - OF A [
1 0.0 57.2 24,711.84 0.875,968 0.783,820
3 0.5 " 156.4 24,460,986 0.80¢,823 0.655,813
3 1.0 154.1 . 83,746.81 0.625,408 0.381,135
4 1.5 149.1 22,230.81 0.224,505 0.050,402
2 2.0 13¢.0 1¢,321.00 -0.285,518 0.342,597
& 2.5 12:.0 14,884.00 -1.948,337 5,796,512
877.3 128,35850.42 0.0080,000 2.996,979
o= A07.3 = 146.5

S




oo

v': (2o T
°r
0,873,968

£.809,825
$.525,408

0.224,508

~-1.115,941 -0.585,518
-1.645,879 -1.948,587
2 2
{ Zf‘V' _ = b5.551,288
' Yy © 8(6)
2 - 5

0.925,2 y'

0.925,2 x'

149,595.48 - (877.8)°/6 T 155.548,

x'y!

0.373,875
0.570, 541
0.594,141
0.152,942
0.653,180

3.206, 809

5.551, 288

855
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TARLE NI
Proiuct tioment Correletion Cosfficients between Burning Rste amd
Folymerivstion Temueraiure
Ko o o x 7(2,0)°F r 95 confidence
hr limits on r
1. 0.001,792 0.008,104 122 0.925,2 0.45 to0 0.98
Ze 0.000,161,8 0.008, 104 iz2z 0.910,56 0.38 o0 0.99 )
S 0.001,792 0.008, 104 77 0.918,9 0.42 t0 0.99
Z. 0.000,161,8 0.008, 104 77 0.910,7 0.58 to 0.99
e 0.000,943,% C.011,413 77 0.913,7 0.40 o 0.99
Se 0.000,085,208 0.011,413 77 | 0.910,4 0.28 to 0.99
7. 0.000,943,2 0.011,413 122 0.917,8 0.42 to 0.99
, 8. 0.,000,085,208 0,011,413 122 0.908,0 0.36 to 0,99
c. 0.003,97 ~  0.006,8 77 0.921,7  0.44 to 0.99
10. 0.000,356 . 0.006,8 77 0.909,9 0.37 to 0.9
1l. 0.003,97 0.006,8 122 0.874,0 0.22 1o o.égv

iz. 0.000,359 C.008,8

}.J
AV}
1A
O
L ]

[61]
~J
(]
-3
(@]
.

W
I

2 to 0.99
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DISCUSSION

The Discussion will be given undsr the following hesdings:
1. Burning Rate
2. The Rznge of AH
3. The Duration of Polymerization
4. The Polymerization Temperaturs Curves Tfor the Solid and Hollow
Cylinders
5. The Polymerization Temparature Curves for the Star Porforated
Cylinder
6. Bnd Effsct
7. The Role of Aluminum Additives
8. Formal Correlation of the Burning Rate and the Maximum Polﬁmerization
Temperature
9. Possible Corrective Measures

10. Implication of the high Correlation Coefficients

1. Burning Rete

In Figure 18, the radial varietion in the linear burning rate,
it is easily seen that the linear burning rate across & grein {or
cylinder of propellant) is not linear. As one proceeds from the outer
surface towards the centre the rate rises from 0.200 inchss per second
2% 4C0 psi at the surfsce to a peak of 0.538 inches per second at a

radius of one inch thsn drops slightly to 0.470 inches psr second at

B

—
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the centre. Although the scatter in the points making up thesse rssults
is iigh, a statistical analysis shows that thers is a significant
variation between the aversges and therefore the variation can not bs
cxplaiced on the basis of scatter.

It ssems that the list of rates probebly contains soms values
vaich are too high. This could be dus 1o a piece of burning propsilant
droppiag off the top, striking the sirand further down and igniting it.
nccofdingly, cigarette iype burning would not be maintained. Thus, the
general shape of the curves could be correct but the true valuss are a
bit lower than those shown on the graph.

Figure 18 shows the burning rate and the polymerization
temperature radially scross a grain of solid propellant. Only the
temperature curves up to the time that meximum temperature is attsined
are shown. It is evident that the maximunm temperature curves and the
burning rate curve have the same general shape although the burning
rate curve is not as smooth as tha others. The early curves at 77°F
initial condition show a drop in the centre and there is soms hintAof
this in the burning'rate curve. On the basis of these graphs it is fair
to say thst a fairly high degree of correlation is present between
burning rats and temperature during pvolymerizatioa.

Figurse 19 also éhows the burning rate ani polymerization
tempersture across a thin walled hollow cylinder of solid propellant.
dzre oo correlstisn is eyident probébly due to the thin wall allowing

hest to escupe too easily.
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2. The Range of AH

A glance at the list of experimental velues for AH (Teble III)
will show & range of about 1 to 13 calories per gram. This variation is
due to a number of csuses - the most important being the mixing of the
iczredients ia the cell. The principle on which the microcalorimeter
works requires that the sluminum block gnd the cell contents be at
squilibrium before the resction staris. Thersfore catalyst and ingredients
cacnot te premixed berfore the waiting period is over because the resction
would begin To produce heat. Since the ingredients are highly viscous
say stirring would immediately produce heat and throw the reading off.
The result is that the degree of mixing after the bulb containing
catalyst is broken, is different in all cases. It is thought that the
low results could well bs caused by only partial polymerization due to
the catalyst not reéching all the reactanté - a conclusion confirmed
by visual observatioﬁ of the sample after the cell was opensd. In some"
cases 1t was plainly evident that only part of the msterial had taken ‘
in the reaction, leading to the conclusion that the high values are the
accuratz ones. | |

Anothsr error could have been introduced by drift in the
electronics. Af 25°C the resction took at lesst two deys to reach
completion. An electronic instrument will always have some drift and if
the displacemeat is very small it.is easy for drift to become an
appreciabls pert of the reading, esbecially if it has been running for

some time without a resetting of the zero.




an electronic error cou'ld also bs introduced by a componsnt
such es a tube chenging in value over the two days rud. I;‘ a tube is
just starting to break down it will rnot bs spotted immediately and will
introduce some error in the reading which is not easily detectable. 4is
the tube gets worse, it will reach a stege where its effect is
unmistakable but until that point is reached, its effect msy not be
noticed.

The Liston Becker Breaker Amplifier has & belt driven set of
contacts which should produce a square wave of four hundred cycles psr
second. Since the(succeeding stages are deliberately designed for four
hundred cycles on the superheterodyne principle, an effect will be
produced if the belt should slip on the pulleys resultmg in a frequency
below 400. It is belleved that this did happen some of the time but it
is difficult to say for certain. Howevsr, i‘c is certain that if the belt
did slip the effect on the results would be considerabls, resulting in

lower values.

3. The Duration of Polymerization

The durstion of polymerizestion depends upon smbisnt temperaturs.
Tne reaction continues for 50, 12 end 3 hours at 25°C, 48°C and 62°C,

respectively.




4, The Polymerization Témperature'Curves for the Solid and Hollow

Cvlindexrs

The graphs (Figurss 20, 21, 22, 23, 24, 25, and 26) for the
temperature gradients ecross sn iafinite solid cylinder for the seventy-
saven degree Fahrsnheit initial condition sll show the same general
shape. Again only the temperature curves up io the time that maximum
temparature is attained are shown. The valley, which appears initially,
grudﬁally f£ills and becomes a peak rising to a temperature of 137°F f§r
the high velue of AH and 125°F for the average value of AH. A rangs
test has been conducted ito Iind the effect of the uncertainty in the
thermal conductivity on the final values. The corresponding thermal
diffusivity is 0.006,8 ftz/hr on the low side and 0.011,413 fta/hr on
thé high side with the centre value st 0.008,104 ftz/hr. The effect of
a thermal diffusivity of 0.006,8 ftz/hr is.to railse the peak to a value
of 147°F while the high value, 0.011,413 ftg/hr, does not affect it at
all. ‘

If one starts with an initial condition of one hundred and
twenty-two degraés'Fahrenheit, an altogether different picture emerges.
This time there is no valley sad the tempersturs curves rise to a poak
of 157°F, whenla thermal diffusivity of 0.008,104 ftz/hr is used in the
caleulation. 4t the low end the peak is at 165°F and at the high end it
is 146°F. The differeance is dus to the rate at which heat can flow to
the outer surface. The lower the thermal diffusivity the loanger it takes
to escape and therefore is evaileble to raise the temperature higher.

szain if the average valuss of AH sre used the peaks ars at 128°F, 128°F

e
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and 12¢°¥,

One six iach diameter solid eylinder has been solved for
infinite length giving a 134 F peak and e 159°F peak at 77°F and 122°F
iaitisel conditions, respesctively. The gensral shape of the curves is the
som3 as those obtalned for the five inch dismeter solid cylinder.

It is thought that the true temperature gradient curves lis
somewhere betwean the 77°F and the 1220F initial cases.

It will thus be noted that the radiesl temperature gradients
across a piece of solid propellant, show an envelope of the same general
shape as the burning raste curve (Figure 18). The envelope also rises fraa
the surface to a maximum with a tiny dip at the centre (Figure 18).' This
gives rise to the possibility of an analogy between the shape of the
burning rate curves and the temperature graqients during polymerizetion
and indicates that the temperature during polymerization mey be a prime
factor in csusing a variation in rate across the cylinder of propellant.

As the crosslinking resction in the polymerization of the
elastomer is exothermic, it is evident that although the surface of.the
mould may easily bs kept at & constant tempersture, the temperature
across the radius will be higher. In this case the ammonium perchlorate
polyurethane mixturs is an'excellent heat insulator and thus the stage
is set for high temperature gradieats not far from the centrs of the
solid.

In Figure 19, the radial variation in the linear burning rate
Tor o vhin-walled, hollow cylinder; it is seen thst the varistion in

roie is not very sreat. It will b2 noted here that this hollow cylinder
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hss & differeace in raedii, or web, of only one inch. But even so the
rote is not linesr scross the radius.

The corrasponiing tempersture graphs for the thin-walled
hollow cylinder (Figures 27, 828, 29, 30, &1 and 32) at an initial
condition of seventy-seven degrees rahrenheit and ths top valus of AH
show a gradually filling depression which turns into a peak. The peaks
ere 136°F, 127°F, and 124°F for thermel diffusivities of 0.008,8,
0.008,104 snd 0.011,413 ftz/hr, respactively. If the average valus of AH
is used the figurss sre 123°F, 122.5 F, ani 122.3°F for thermal
iirfusivities of 0.006,8, 0.008,104 and 0.011;413 ftz/hr, respectivaly.

When sn initisl condition of one hundred and twenty-two
degrees Fahrenheit is used -the curves peak at 138°F, 127°F and 125°E for
thermal diffusivities of 0.006,8, 0.008,104 end 0.011,413 ftz/hr,
respectively, for the top value of AH. If the average value of AR is
used the peaks sre at lBéOF, 123°F end 122.5°F for thermsl diffusivities
of 0.006,8, 0.008,104 and 0.011,415 £t%/hr, respectively.

| It will be noted that the sctual size of the thin-walled
hollow cylinder'used in the experimsnts on strand burning retes was
slightly differeat from the size drewn here. The outer radius was 2.625
inches, ons eighth of an ipch lerger than the outer radius used in the
calculation. This is dus to the fact that the computer programs were
designed for a Ar of one half zn inph snd it was thought that this
would ta close enough for this caze.

In the case of the thin-walled hollow cylinder it will bs ngtsd

that the high temperature is flesting end guickly disappears. Thus the
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bropellant does not seem to be at & high temperature long enough to
alter the burning rate characteristics. But it is thought thet had ;
larger hollow cylinder, with a bigger web been used,lsame variation
woull have sppeared.

The graphs (Figures 23, 34, 35, 36, 37 and 38) for the
teumperature gradients scress a thick walled hollow cylinder are again
vli of the same general shspe for an iniéial condition of seventy-seven
degrees Fehrenheit: This time the curves are ast comple tely symme trical
s would be expected and ia all cases there is a slight shift towsrds
the outer side. agaln s graduslly fillisg depressisn turans into a peak
5% about the ceatre. This pesk has a value of 134°F, 129°F and 127°F for
thermal diffusivities of 0.006,8,.0.008,104 and 0.011,413 ftz/hr,
respectively; when the top value of alpha is taken. If the average value
of alpha is used, the temperature rises to 122°F for the thres velues of
the diffusivity.

Should e one hundred snd twenty-two initial condition be used.
the temperature gredually rises to a peak of 165°F, 161°F and 1540F for
thermal diffusivities of 0.006,8, 0.008,104 and 0.011,413 ftz/hr,
respectively; when the top value of alpha is tskea. If average alphas
are used then the peaks occuf at 132°F, 127°F and 126°F for thermal
diffusivities of 0.006,8, 0.008,104 and 0.011,41% ftz/hr, respectively.
4s before the differsnce is due to the rate at which heat can flow'to
the surfaces. At lower thermal diffusivities it takes lorger to escepe

unl therefore causes & higher tempersture in the centre.
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. Polymerization Temperature Curves for the Ster Perforatsd Cylinder

o

The tsaperaturs gredisnts across a thick wglled, star shsped
cantre, hollow cylinder (Figures 39 to 66) form s much more éomplicafed
setlern then any of the simpler shapes. Here a valley appears ia the
tase of each tip wheré the web 1s thickest, if one starts.out with a
seventy-seven degree Fahrenheit initisl condition. After one and a half
hiours has elapsed pesks begin to éppear in each tip of the propellaat
and the valleys begin to fill. When two hours have passed, peaks bagin
to sppear foirly nesr the wall, in the thickest part of the web. At two
end a half hours the valleys are practically filled and the peaks are
spreading out into regions. At three hours the valleys have all becoxs
peaks and this picture is maintained uatil the heat sources die out.

If an initial condition of one hundred ani twenfy-two degrees
Fehrenheit is used, a peak forms where the web is thickest, later turas
into a hot band running all the way around the cyiinder and again this
picture is maintained until the heat sources are no longer active.

Although samples for iinear burning rate were not teken from
a plece of propellént with this shape, it is thought that the burning
rate curve will be ;imilar to the shape of the temperature eanvelops for

this configuration.

Up to the present a1l the differant propellant éhspes have

beon solved with the assumption of infinite length and the question new
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aris=s ss to whether or aot this zssumpiiosn is reslly justified. To see

o

N

if there is an end effect, the simplest possible shape, the solid
cylinder, was solved in three dimensions - two of space, r zal z, zad

ix inch dismeter and five inch

6]

one of time. Two sizes of cylinler -
diameter were considered in the test and the assumption was mads that
the patiern at seven inches from the end was the ssme ss the pattern
Tor infinite length. Initially, a symmatrical pattern is assumsd by the
brcpellant when the initial coniition is seventy-seven degress Fahrenheit
(Figures 67 apd 68) and the outer diemster is six inches. Soon & hot
doughaut shaped ring appears, at one hour past time zero, about ons inch
in from the end and'one inch ia from the outer surface. As time proceeds
to one and a half hours the ceatre of the doughnut fills in and gives
way to a hot region ebout one and & half inche; from the end and two
inches from .the outer surface. Later{ at two hours this region bscomes
compressed and moves farther in to between thrse and five inches from
the end. 4t two and a half hours this region becomes much smaller, has
assumed an ellipticasl shape, and is now ceatred at four end & half inches.
Finally, & symmetrical pattern emerges sfter three hours have elaspsed
and tiiis general type of psttern is maintsined until the heat sources
are no longer ective. Then all points level out at one hundred end
twenty-two degrees Fahrenheit.

If the initisl CQnditioh i§ one hundred and twenty-two degrees
Fahreaheit, (Figures 89 end 70), a symmetrical pattern appears and its
sereral shape is meintained throughout thes period in which the heat

&

sources are active. When half sn hour hss gone, the centre rcaches a
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temperature of one hundred and fifty-ons degrees Fahreaheit. 4t ons hour

it resches one hunired wnd fifty-eight, then falls to one hundred and
Tifvy-Tour et one and ¢ helf nours, fwiling sgein to one huadred and
forty-seven st two hours, dips to ons hundred end forty-one at two and s
half hours and drops to one hundred ani thirty-seven st three hours.
Finslly after the hsat sources asre no longer active the patiern levels
sut at one hundred snd twenty-two degrses Fsahrenheit.

“When the test is conducted oa a five inch dismeter cylinder,
(Figures 72 end 72), with an initisl condition of seventy-seven degrées
rahrenheit, at first a symmetricsl pasttern appeafs. Then after one hour
a waffle shaped hot region sppesrs, whose shape cén best be judged by
looking at the diagram in Figure 71. When ons and a half hours have
passed the hot region has become circular in §hape end has moved in to
about two ilaches f:om the end, from about 5ne inch. At two hours the
pattern 1s almost symmetrical in shape and at two and a helf hours is
certainly so. This general type of patiern is maintsined until the heat
sources die out.

The corresponiing best with an initiel comdition of one
hundred and twenty—two degrees Fehrenheit, (Figures 73 and 74), gives a
symmetricel pattern throughout the sctive life of the heat sources. It
reaches a peak of 155°F ia one hour.
Compsrison of 5" and 65 diemeter end effects: When the initisl boundary
condition is 77°F, the five vnd six inch diasmeter grains show the same

general psttern but the effect is s little more pronounced end lasts a
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0it longer in the larcer grain. In 3oth Ccases 8 maximum temperatufe of
105°F is rouched. If ths initiuvl bounlery comiition is 122°7, &
syanstrieal patiern sppeurs in both grain sizes and resches & maximum
of about 153.8°F in .the larger and 155.7°F for the smaller.

Hermance (61) stated thst several cuenched grains, buraning at
iow and high chamber pressures, revealed an interesting general
cnaractaristic of the burning surfece, as shown in Figure 75. The smsll
dip - exaggerated in the sketch but uniform sll around the grain - iﬂ
the propellant surface was explained by the tendency of propellaent to
burn faster near a moulded surface. A "moulded surfaceﬁ was thet portion
of a casting of solid propellant which was in contact with the surface
of the casting mould. The reason for the smell rise in the surface level,
immediately adjacent to the inhibitor, might be explained by the complete
removal of the mould release egent associated with the Preparation of the
cured grain for inhibiting. According to Hermance, the lack of oxidizer
lmmediately next to the grain surface would cause s slowing of the burning
rate at this surfacg.

But with 8ll due respsct to Hermance a glance at the diagrams
of end effect immodiately shows that the dip shown in Hermance's e port
is elso exactly at the region whore the early hot spots occur at the end
of the grain. Therefors, it séems that these dips may be explained more
satisfactorily by high temperatures during polymerizstion caused by heat

sources mede extremely active near the surfasce.

4n end effeet test on the thick walled hollow cylinder was not
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carried out but it is expecised thst o patiera similar to the solid

viinder with an sennular ring of higher temperatures near the end, would

If 2n end ‘effect tast was done on a thin walled hollow
¢ylinder, it is not believed that an unsymmetrical pattern would appear.

The end effect on the star shaped cenfre hollow cylinderiwould
likely show a much more complicated picture. It is expected that a hot
region nser the tips of the star and snother near the outer surfacs,
would sppear ani come together and merge into a hot region & littls
farthor in. Then a gradusl conversion iato the s&mmetrical shape would

take place.

7. The Role of aluminum 4dditives

Figures 76 and 77, the temperature gradients across s solid
cylinder of ammonium perchlorate polygrethane propellant containing 20%
gluminum indicates thst the temperaturg reaches a peak just the same és
it does in other cases but does it hine or ten times fester (9.333 times
to b exact). The pesk is got very vronouaced. For average AH it reaches
122.03134°F and 122.05134%F for 77°F and 122°F initial conditions,
respectively, as compared with 133°F énd 160°F for the solid containing
no aluminum snd with a thermal diffuéivity of 0.008,104 ftz/hr. When the
top value of AH is used ths peaks are st 122.3561,74°F and 122.361,74°F

~

Tor the 779p snd 122°F initisl corditiocns as compared with 126°F and

O, . o s s : " ) 5
147°F for the so5lid coateiniag no sluminum. In ell cases after the peak
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has bean reached the temperature slo%ly drops back to 122°F as the hest
sources die out. Therefore the burning characteristics although altered
=72 not as severely afrfected as the case where aluminum is sbsent. In
effsct one could almost say thut in the sluminum case the designsr has
c-~aic close 1o achieving s steady tempsrsture across the grain, provided
one>forgets about the initial period. The reason for this surprising
change in the phenonisnon is simply due to changes in the heat flow
characteristics'of the propellant and to ihe fact that less polymer is
rresent. aluminum, es is well kaown, 1s @n excellent conductor of heat.
its thermal conductivity is high sni its thermal diffusivity is second
only to copper smong the common metal;. Thus, its preseance, ia the
ordervof 207%, can oanly mean a huge incresse in the heat flow
charactaristics. Estimated values soon show this. In effect the
propallant mixture is changed from an insulator fo a conductor. Heat
given off by the chemicgl reaction raises the tfemperature slightly and
then readily flows out of the msterial. The result is that the propellant
is not sltered as much in burning raste slthough the effect is not
removed. Thus the sddition of 20% sluminum helps to dampen the effect,
out does not eliminate it. The resultant combustion instebility will

still reappear if the working pressure 1la the rocket motor is raised

high saough.

L R

S. Formal Correlotion of ths Burning Rsts and the Mexinum Tempersture

4 formal calculation of the correlation coefficienis for the
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?ive inch dismoter solid c¢ylinder hes besen done by the IToduét-Moment
5231 the Rank-Differsnce Wdthols. Correlation by the Product-iioment
Lasnod of ths vurning rate sal the mexismum polymerizetion tsmpersture
P wives correlstion cosfficients of 0.925,2 and 0.910,56 for ths 122
ree Fshnvenhsit boundary coniition, aversge thermal diffusivity of

0.008,104 £t%/hr, end top 2nd average alls, rsspectively. &n exsmple of

the nethod of cslculatiosn has been given in Table XXVIII. The regression

linse for these casss are:

AT = 00925,2 ¥' eiiiieinicinecitanecctersisacasncocsensaa{(174)
and ¥' = 04085,2 . X' eiieieienoiecesasncnasacassanararannaessell?D)
For T(R,0) = 1229F, top alfa, positive slope and X = 0.008,104 ftz/hr

x* = 0.910,%6 y' .........................................(176)
and yt = 0.910,%6 x' .........;.....................7.........(177)

For T(R,0) = 122°F, average alfa, positive slope and X = 0.008,104 ftz/hr.
Two scatter diasgrsms, Figures 78 and 79, were drawn to display equations

174,175,176 eand 177. In both figures .the itwo lines are close together

indicuting that the degree of corrslstion is high. Correlation cooefficients
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have also bsen caleulated for high snd low initisl conditigné, top and
average slfaes sad the full range'of thermal diffusivities. They are
tabulcted in Table 22IX.

A computation of the correlstion cosfficient by the Rank-
Jirference iLcthod for ths case where W = 0.008,104 ftz/hr, top alfa,
T(R,0) = 122°F and positive initial slope gives a value of 0.60 using
the method given in Standzard Mathematical Tadles (107a) and a value of
J.Con usiag Spearman's metnol in Steel and Torrie (1080).

On the basis of these resulis, namely correlstion coefficients
of the order of 0.91 snd only one chance in twenty that the velue of "'
will fall outside the range 0.40 1o 0.99, it is fair to say that a
definite relationship exists between burning rate and temperature during
polymerization for polyuresthsne ammonium perchlorate propsllant. This

relationship can only be describsd as stroang.

9. Possible Corrective MNzasures

The question now arises as to how the effect of high tempersturs
during polymerizetion could be reduced or eliminated. One msthod would
certainly be to make the rocket grain in sections, each small enough to
make the heat flow path as short as possible, then put them together in
a composite whole. Another method might be to change the surfsce
tomperature to o lower velue sfter the reaction has started to aid the

Tlow of heat to the outside. Tor it is well known that the flow of hest
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depends not only on the thermel conductivity but also oa the‘driving
force, or in other words ths lempsrature gradient. also the nolymsr
might be altered to get a smeller heat of resction in the initiasl
perisd. Ssunders and Frisch (1042) have stated that polyursthane
propellants should not be cursd ebove 6000 (iL_Z.LOOF), a temperature which

has beea considerably exceeded in CARDZ's propellent.

10. Implication of the high Correlstion Coefficients

Combustion instability is a phenome’nox;x which appears in both
liquid and solid fuel rockets. In liguid fuel rockets it takes only a
tiny push to start the whole thing oscillating, a push which. could .be
initiated by a slight rise in pressure due to instantaneous bstter
mixing, the resultant effect on the servo mechanisms controiling feed,
a drop in feed rate and a resulting drop ian pressure. Once the whole
thing has started‘ to oscillete it. is not so sasy to stop it. In solid
fuel rockets a slight increase in pressure can also start the whole thing
oscilleting. The question is "What gives it this push?" in extensive
literature exists on the subject of combustion instebility. Many workers
have explained it on the basis of high frequency waves, vortices and the
like but all these explanations are funiamentally the result of focusing

attention on what happens in the rocket after ignition. None, seem to

hove realized, that sanothor factor could have had 2 great dsel to do

withn the phenomenon, & factor having ¥n do with a flew in the prepsretion
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of the propellent which would slip by unnoticed in all thess expariments.

ists. It is ths temperature of the

]

It is beslieved thst such o fucitor o
moterial during polymerizavion. Workers have knowa for some time that
the polymsrization tempersture must aost become so high that decompositiosn
woull deke place ss this would be indicsted by a burned arce in ths csntre
of the grain which woull be plainly noticsd provided the mixture 4id not
blow up. But they did not recalize that a polymsrization tempersture thst
11id not reach these limits snd gsve no visibls sign of its presesnce
could easily affect the burning characteristics. Another reason that
“his facitor was overlooked is the fact that expérimental work always
involves small quantities of meterial. No propellant manufacturer likes
to have lorge snd expensive pileces of propellsat cut up fgr gxperimentel
tests, yet this is sometimes necessary if errors ere a0t to slip
vhrough. The result is that a situation exists where, in spite of much
good work, s phenomenon hes been explained on the basis of high freguency
pressure waves and vortices, wh;le another explanation, possibly much
closer to the truth than the others lay hidden out of sight. It is
evident that all fhese other effects are present, but they ars not the
key to the phenomenon. The real cause of combustion instability in solid
propellant rocket motors is-high température during polymerization.

The cuestion anow arises sas t5 the case of propellent grains
that are formed by extrusion from a'powder mixture. They elso can show

-

combuction instebility. Here the srgumeat still holds for it is well

[erd

anown that whenever & maieriel is prossed through a dye considerable

hest is generated. Thus the propellsat is hested during formation end
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since meterials like double-base powders sre excellent heat insulators,
. ®
' oy s .
vith & thermsl diffusivity of 0.004 £t7/hr, the centre region will reach

high temperstures because the heat can not escaps quickly. When one

n

considers large

gq

rains of propellent formed from small grains plus a
golvent such &s double-base propellent with acetone, the argumsat holds
again for considerable hest is given off in this rsaction, setting the
stage Tor high tempzreturss in the centre region of the grain. It will
now 32 evident thet this factor of nizh tempsreture during the formation
of solid propellsnts, is much more genersl then was first supposed. Thus

the high corrolstion coefficlent between dburning rate and tempereture

has uncovered one of the real causes of combustion instability.
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CCONCIUSICHS

1) ‘he burning rete across & groin of polyurethene ammonium perchlorate

propellent in e radial direction is not constent as has previously
been thought. A& statistical unslysis of the results shows thet a

significsnt difference exists &t various redii, e difference which
can not be explained on the besis of scatter. Iherefore,.it must be

concluided that burning rate variess with the radius.

The link between the buraing rute in a rsdial direction across a
grain of propellent and the maximum temperature during polymerization
hss been esteblished. The correlation coefficient computed by the
Froduct-dMoment Nathpd comss to 0.92. & figure of this magnitude

means that the probability of s re%ationéhip between the varisbles

is high. On this basis it is safe to say that the real ceuse of
uneven burning in solid propellant. rocket motors is high temperature

during the formation of the solid.

3) Aluminum affects the burning rate through the alterstiosn of the hest

transfer properties. A glance &t the estimated‘values for propellant
conteining 20% aluminum-soon shows the huge change in values compared
to those for propellant without‘elumiﬁum. In effect the material has
become 8 heat conducto; instesad Qf 8 hsat insulator. ﬁven though héat

gources sre present the temperature gradients will be different snd

“therefore the burning rate will differ slso. It will be noted that




this effect is in sddition to the other effecfs of aluminum

reported in the literature.

4) It hos been reported in the litersture that polyurethane propellants
should not be cured above 60°C (140°F). In many cases considered in
this work the meximum temperature was well above 140°F, of ten

reaching 158°F to 165°F, Thus it must be concluded thst CARIE's

propellsnt is being injured by excessive temperstures during

formation.

5) CATDRL sppears to be using an excessive curing time of 50 hours st

A O

2ra: e s
SRt

50°C. At 50°C 8 15 hour cure should be adequate whereas 50 hours

would only be suitable if the resction were carried out et 25°C.

SRR RN T

4

6) High tempersture during polymerization might be eliminated by a)

Making the rocket grain in sections, each small enough to make the

hest flow path as short as possible, then putting them together in e
composite whole. b) The use of different surface temperatures, e.g.,

high to start the reactlon off, & quick drop while the reaction is

going over the hump, and finally when the hump is safely past, high
again to reduce the cufing time. ¢) A higher initial propellant
temperature to start the resction off, and with a lowér surface
temperature to insure quick remo§al of heat. d) The alteration of the

polymer to get & smaller heat of reaction in the initial period.
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APPENDIX -1

STATISTICAL &UAIYSIS OF THE RESULTS

NOMILCLATURE FOR STATISTICAL ANALYSIS

n numoar
x 2 meesured guantiiy
= sample mean
: o sample standard devistion
; & semple variasnce
% T populatiﬁn mean
% o= populstion variance
V 5% sample estimate of the populetion varisnce
g si estimate of the sample variance of the mean from & single set
S gstimate of the sample standard deviation of the mean from a

single set

é t Student's "g"
? P probability
. L Neyman and f@arson's test to see 1f the populations represented
by the samples have the seme veriance
o .
s; estimated sample varigncs of a set . e
ny number of sets
i‘ 52 estimate of within sample error variance
i =, sopulation mean bosed on the sets
: 5%’9 variunce of the populstion mezans
i ;% ' second estimate of the wopuleticn verisnce
) ratio of sé/sé
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'™ n
.0 4
0.5 8
1.0 15
1.8 5
2.0 11
2.5 2
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sr Solid Cylinder

o Szaple

AV DEEE

Sampls
Variancs

&2
0.045,50
0.021,06
0.065,51

0.017,31

0.003,437

0.000,056

Sample

Standierd

Jeviation
W

0.213,3

0.145,1

0.007,483

95j confidence
limits on x

0.469,5+0.391,9

0.269,3%0.041,3

0.199,5%0.095,1

"I Test

+ ve

Surning Rete of the 5.25" 0.B., 3" I.D. Hollow Cylinder

1.5 5
2.065 5
2.625 5
Temp.

25°C 10
48°¢C 8
62°C 21

0.179,8
0.196,2

0.216,4

4£.243
6.845

5.358

0.000,034 0.005,848 0.179,8+0,008,1

0.000,244 0.015,63

0.000,617

7.515
8.007

4.174

0.024,84

0.196,2%0.021,7 <4 ve

0.216,4+0.034,5

Z&H fesults

2.741
2.830

« 043

O

4.243% 2,088
6.845 k2,529

5.358%0.953

+ve

"Frlest

Ths

hzans

ars
Differsnt

The
Meens
Diffexr

The
isans
ars
the
Same




Stztisticul Analysis of %tne $olid Cylinder Results: {Burning Rate)

r = 0.0 inches

n X IE

1 0.575 0.141,375

2 0.570 0.185, 900

5 0.297 0.088, 209

4 0.835 0.697,225
1.878 1.063,710

¥x = 1.878 = 0.469,5

o]
1

— 2 . )

& = Xx® - (Ex)%/a = 1.085,710 - (1.878)%/4 = 0.045,497,5
n 4

& = \0.045,497,5 = 0.213,30

s® = n62 = 4(0.045,497,5) = 0.080,663

n -1 (4 - 1)

2 _ 2 _ ' _

s, % 8 = 0.060,663 = 0.015,185
n &

S, = \]0.0l5,165 = 0.123,15

For 9%% confidence limits, £ = 4 -~ 1 =3
From Mickley (87h) at £ = 3 and 0.95, P - 5,182

.. 0540 of the time t lics between -3.182 und +5.182




[}
&l
1

sLace

11
&y
7}
o0

10.122,15) =

= 0.361,86

therefore 95w of the tims x

- X lies betwesn -0.391,86 and +0.391,85.
Sith x = 0.489,5, $56 of
inches per second at 400

the time X lies between 0.077,6 and 0.861,4
2
investigator be in error

lbs/;in", or ia only five times in 100 wille the

if he assigne 0.469,5 ¥ 0.321,9 to the result.

For r = 0.5 inches
n x 2{2
1 0.484 0.254,256
2 0.2875 0.074,529
g 0.657 0.431,648
4 0.786 0.617,796
5 0.442 0.195,204
8 0.448 0.200,704
7 0,523 0,273,529
8 0.437 0.190,96¢
4,050 2.218,796
X = ¥x = 4.050 = 0.506,25.
a 8
& = g = 2.218,795 - (£.050)%/8 = 0.021,062
a (e}




o = \5.021,062 = 0.145,15
~ —D
g~ = n&- = 3(0.021,052) = 0.024,070
o -1 &~ 1

¢ = s = 0.084,0Y0 = 0.003,008,73

V0.00S,OOG,?E‘) = 0.004,852

B2
1

2or $55% contidence limits snd £ =28 - 12 7
¥rom Micxley (87h) et £ = 7 snd 0.95, P = 2.385

«%e 935 of ths tim. t lies between -2.365 aad +2.365

Since t = x-%X
sm
i
*-F% = t.s_ = 2.365(0.054,852) = 0.129,72

Lherefore 95% of the tims X - X lies between -0.129,72 aad +0.129,72.
With x = 0.506,25; 95 of the time X lies between 0.376,53 and 0.635,97
inches per second at 400 lbs/ing, or ia only five times in a 100 will

the iavestigator be in error if he assigns 0.506,25 *0.129,72 to the

result.
For r = 1.0 inches
2
jot x x
1 0.383 0.150,544




W

™
3]

)

‘“

o
1!

n

¥or » = 1.0 inches (Cont.'d.)

X X
0.403 0.162,409
0.404 0.188, 356
0.278 0.075,176
0.509 0.095,481
0.245 0.060,025
0.276 0,075,176
0.497 0.247,009

535 0.294,089

0.822  0.675,684
1.020 1.040,400
0.509 0.259,081
0.960  0.921,600

0.933 0.870,489

8.066 5.220,040

Y2 - 5x%n = 5.520,040 - (8.066)%/15 = 0.085,512,2
n 15

V0.085,512,2 = 0.255,95

[RE ]

&3

55,512) = 0.070,181,6

- 0.070,161,6 = 0.00%,379,4
15




ro
(o3}
s
t

T~ e aoa 4 — sy oAAa
s_= Y0.004,679,4 = 0.068,408

or 93w confidence limits and © = 15 - 1 = 14

-

From Miekley (87h) at £

14 aad 0.95, P = 2,145

.T. UDw of tho time t lies between -2.145 and +2.145

il

= Tt .5, = 2.145(0.088,408) = 0.146,73

Therefore $5% of the time t lies between -0.146,73 and +0.146,73. With

x = 0.537,7; 950 of the tims ¥ lies between 0.391,0 and 0.684,4 inches
o 8 . . . .

per second at 400 lbs/in~, or in only five times ia 100 will the

investigator be in error if he assigns 0.537,7 £0.146,7 to the result.

For r = 1.5 inches

o X x2

1 0.539 0.114,921
2 0.554 0.306,916
z 0.494 0.244,036
4 : 0.408 0.166,464
5 0.722 0.5212.\284

2.517 1.353,621

% = Fx = 2.517 = 0.503,4




2= 5.2 - (£x%a = 1.353,631 - (2.517)%/5 T 0.017,312

n S
o~ e 5 N
o = Vo.,017,312 = 0.181,07
Y 5(0.017,312) = 0.021,64
a-1 5 -

tn
I

\o.cos,528 = 0.08%,787

=]

4

for 954 confidence limits and £ = 5 - 1

From Mickley (87h) at £ = 4 and 0.95, P = 2,776

.". 95% of the time t liss between -2.776 and +2.776

Since t 2 x-%

X-% = t.s_ = 2.,776(0.085,787) = 0.182,82

Therefore 95% of the timz % lies veiween -0.182,0 and +0.182,56. With
T = 0.503,4; 954 of the time % lies between 0.320,8 and 0.686,0 inches

2

per seconi at 400 1lbs/in”, or in only five times in a 100 will <the

investigator be in error if he assigns 0.503,4 10.182,6 to the result.
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For r = 2.0 inches
1 ) X =2
é 1 0.18¢ 0.035,721
1 2 0.183 0.035,489
; 5 0.200 0.040,000
_ A 0.310 0.096,100
% 5 0.303 0.091,809
f 5 0.272 0.073,984
: 7 0.59% 0.155,256
g8 0.287 0.082,369
9 0.288' 0.082,944
10 0.261 0.068,121
11 0.275 0.075,625
2.962 0.835,398
% = %x = 2.962 = 0.2069,5
n 11

| o R
)2/a = 0.8%5,398 - (2.962) /11 = 0.003,437,4

a - 11
&= = Y0.003,457,4 = 0.058,529
2 2 |
s° = n0 = 11(0.003,437,4) = 0.003,781,2
4a-1 11 - 1
s%= % = 0.003,781,2 = 0.000,343,74
S 11 '
s = \0.000,643,74 = 0.018,540




=

ror 955 confidence limits end £ T 11 - 1 = 10
rrom wickiey (87h) st £ = 10 and 0.95, P = 2,228

.« $5u of the time ¢ lies Dbztiween -2.228 and 2.228

sincs t = x-%
s
m
X-% T tos. = 2.228(0.018,540) = 0.041,307,1

snsrefore 950 of the tims X - X lies befween -0.041,3 and +0.041,3. With

p

¢ lies beiweea 0.228,0 and 0.310,8 inches

|9
b

= 0.285,3; 95 of the time
' s 2 : )
per second at 400 lbs/in , or in only five times ia a8 100 will the

investigator be in error if he assigns 0.269,31'0.041,3 to the result.

For r = 2.5 inches

j oy X ‘ I2

1 0.207 0.042,849

2 0.192 0.036,864
0.359 0.079,713

x = Yz = 0.399 = 0.199,5
bs! 2

— 2 2 2,
G = yx~ - (Ix)°/n = 0.079,71Z - (0.%39)°/2 = 0.000,056

o 2
& = }0.000,008 = 0.Q07,483,3
2= 20 = 2(0.000,058) = 0.000,112

o -1 2 -1
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s“= % = 0.000,112 = 0.000,055

i a -—-——-———-——-2
s = |0.000,088 = 0.007,485,5

for 95w coafidence limits and £ =2 - 1

=1
From mickley (87h) et £ = 1 and 0.95, P = 12.70¢

.". 950 of the time t lies between -12.706 ani +12.7C6

Since T = ;-‘?
Sa
*-% = t.s._ = 12.706(0.007,483,3) = 0.095,08 °

Therafore 95% of the Time % - % lies between -0.095,1 and +0.095,1. With
%= 0.199,5; 95% of the time % lies between 0.104,4 snd 0.294,6 inches
per sscond at 400 lbs/ina, or in only five times in a 100 will the

investizator be in error if he assigns 0.199,5£0.095,1 to the result.

YHE L TEST
e L test is epplied hers with the assumption that the

aunter of readings in each ssmple is the same.

= $(0.680,063 . 0.024,07 . 0.070,191 . 0.021,84 . 0.003,718.2 . 0.000,112)

4

SO0, 680 +0.054,07 +0.070,161+ 0,051,064 +0.003,718,2 + C.500, 112




Roferring to sickley (871), amd

sivos adout 0.6 et 5% and about 0.5 at

~ 281 -

. L= 5.28

taliing

n; =6 and (Pk)1 = 7, ths table

1%. Thus the L test is positive

anl it iz possible to proczed to the K test.
TiE & TIST

5 = 0,181,656 +0.168,495 40,982,685 +0.086,554 +0.037,812+0.000,112

- & +8 +15 +3 +11 +2 -6

s° = 1,457,656 = 1.457,65¢ = 0.037,375

45 - 6 59

3?0 = 4(0.469,5)+8(0.506,25)+15(0.537,7)+11(0.269,5)+2(0.199,5)+5(0.505,4)

k 4 T +8 +15 +11 +2 +5

Ep = 1.878,0+4.050,048.065,5+2.662,340.599,0+2.517,0 = 0.441,595
45

f,p

a, P

=]
1t

2 2 2
=1(0.469,5 - 0.441,6) +(0.508,25 ~ 0.441,59) +{0.537,7 - 0.441,6)+
2 2 2
(0.269,3 = 0.441,6) 4+(0.199,5 ~ 0.441,6) 4-(0.503,4 ~ 0.441,6)
6 - 1

= 0.106,313,46
5

= 0.021,2562,692

2 2 2 2 2 2
1 45 = (4 4$8 +15 +11 42 +5 ) = 6.977,78
65 - 1 4 +8415-+11+2+53
2 -
Boe Sy T 6.977,78(0.021,262,692) = 0.148,36
z 0.4 3.969




1
]
(e3)
fay]

1

Do . . e -

agw sg is assoclegted with 45 - 6 = 39 degress of fresdom
2 . . . - =

ard s is associated with 6 - 1 = 5 Jdegrees of freedom
P _ .

Ine table in Mickley (873) gives
=z 2,48 at 5 and

= 3.54 at 1w

b
1

Since the calculated value of ¥ is greater than that
corraspondling to the li level, in less than 1% of the cases could the
cbserved difference in sample means be explained on the basis of the
zcatter of the obsexrved deta. L1t is reasonable to conclude that the

sample meeans are differsat.

Statistical Analysis of the nollow Cylinder Burning Rate Results:

For Ti = 1.5 inches

n X X2

1 0.186 0.034,596

2 0.187 0.034,969

3 0.173 0.029,929

4 0.179 0.032,041

5 0.174 0.030,276
0.899 0.181,811

= 0.899 = 0.179,g
5

M1
]
lhﬂ

ol i
1

to

— 2, v 2 .
= ¥ - (3x)7/n = 0,161,811 - (0.899) /5 = 0.000,034,2
n i )




9
1

{c.000,004,2

i
O
*
Q
(&)
(&1}
CG
[tpS
%
o]

s¥ =z go® = 5(0.000,034,2) = 0.000,042,75

a -1 5 -1
2 2 ;
s « 5%z 0.000,042,75 = 0.000,008,55
B 5

¢ = Y0.000,008,55 = 0,002,924

Yor 95% confidence limits and £ =25 -1 % 4
From iickley (87k) and £ = 4 and 0.95, P = 2,776

e 95w of the tims + lies between -2.776 and +2.776

Since t = X =%
sm
X-% = t.s, = 2.776{0.002,924) = 0.008,117

Tharefore 95% of the time x - X lies between -0.008,117 and +0.008,117.
With x = O.l?é,B; 95% of the time X 1lies between 0.171,7 and 0.187,9
inches per second at 400 lbs/inz, or in only five times in a 100 will
the investigétor be in error if he aésigns 0.179,8%0.008,1 to the

result.

For o + Ti - 2.0062,5 inches

L X x

1 0.224 0.050,176
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2

ol X X

2 0.188 0.034,596

s 0.184 0.033,856

¢ 0.18¢  0.033,856

5 0.2085  0.041,209
0.681 0.193,893

X I ¥x = 0.981 = 0.196,2

B 2
F2: Y - (Ix%/a = 0.193,503 - (0.981) /5 =
o 5

a
]

\0.000,244,2 = 0.015,627

sz n6® = 5(0.000,244,2) = 0.000,305,25

n-1 5 -1
2 2 . . ~
s®= g” = 0.000,305,25 = 0.000,061,05
a n 5
sm= V0.000,061,05 = 0.007,813,45

Ffor 95% confidence limits end £ = 5 - 1 4

2.776

(B}

From Mickley (87h) at £ = 4 and 0.95; P

« . 95% of the time t lies batween -2.776 and +2.776

Since t = X -7%

X - = %t .8 = 2.776(0.007,815,45)

0.000,244

' 2
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then 954 of the time x - ¥ lies bstweea -0.021,690 and +0.021,690. With
% = 0.196,2 then 955 of the time % lies betwsen 0.174,5 and 0.217,9

2 i
inches per second at 400 1lbs/in , or ia oaly five times in a 100 will

avestigator be in error if he assigns 0.198,2%0.,021,7 to the

<k
e
i
%

for Yo = 2.8625 inches
2

I X X

1 0.197 0.038,809

2 0.226 0.051,078

3 0.260 0.067,800

4 0.208 0,043,264

5 0.191 0.036,481

l.082 0,237,230

x = JYx = 1.082 = 0.216,4
n 5
= 2 2 2 -
= 7° . ¥x)°%/n = 0.237,230 - (1.082) /5 = 0.000,617,2
o - 5
o =

q0.000,Sl'?,B - 0.024,843

4]
tt
o3
11
o
—
(@]
L]
o
[&]
o
N
o
},—l
-3
v
Al

= 0.000,771,5

a S
s = \0.000,154,5 = 0.012,421

- l“’ s




1]

4

For 95/ confidence limits and £ = 5 - 1

2.778

From Mickley (87h) et £ = 4 snd 0.95, P

.. 95% of the +timz t lies batwsen -2.77% and +42.776

Since t = X~

X-F 2 t.s = 2.776(0.012,421) I 0.034,480

Ihearelore 955 of the time x - ¥ liss betveen -0.034,48 and 40.034,48.
With x = 0.216,4 then S5, ofbthe time X liss between 0.181,9 sad 0.250,9
inches per secénd at 400 lbs/inz, or ;n only five timss in a 100 will
the investigator be in error if he assigns O.216,4:t0.034,5 to the

result.

‘The L test

2 2 2 l/ni
D3(S) S2 .. iiuiuin......5B4)

PLi
1/3

L. = 3( 0.000,042,75 . 0.000,305,25 . 0.000,771,5 )
0.000,042,75 + 0.000,305,25 + 0.000,771,5

t—(

Heferring to mickley (87i) with the number of sets equal to 3 snd the

cumbzr of weasuremsnts in ons set equal to 5, the Table gives

. 4. 2 0.975,5 for Spvalues aadl L = 0.428,1 for 1l values. The tslculated
- e

1
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value of Ll, 0.573,51, shows that the probebility of the populstion
varisnces being the same is greater then 5. Lt is reasonadle to
conclude thet the population roprzseantad by the samples have the sames

variancs.

the 1 test

- 0.000,171 +0.001,221 +0.003,086 = 0.004,478 = 0.000,373,18
5 +5 +5 - 3 12

1]
i

™
1]

5(0.179,8) + 5(0.196,2) +5(0.216,4) = 2.962,0 = 0.197,48

2 3 +5 +5 15
2 ' 2 2 ' 2
Sm p= (0,179,8 - 0.1¢7,5) +(0.196,2 -~ 0.197,5) +(0.216,4 - 0.197,5)
’ S -1
2
8 = 0.000,313,29 +0.000,001,694+0,000,357,21 = (.000,336,095

a,p 2

e .
8 = n 52 = 5(0.000,336,095) = 0.001,680,475
P o ,p
8
o= ER = (0.001,880,475 = 4,503
2 0.000,373,15
e .

lhe table in sickley (873) gives ¥ = 3.88 at the 5% level and ¥ = 6,93

c
v

at the 1% levél; where s; iz associated with 15 - 3 = 12 degress of
freedom end s? is associéted with 3 = 1 = 2 degrees of freedom. Since

P
the celeculated value of F = 4.503, falls between the 1% and the 5% levsl
(the actusl value is 4.187%) in less than 4% of the ceses could she

coserved difference in sample meens o3 explained on the besis of scetiar

in the observel dete. 1v iz reasonsble to conclude thet the sample




T R T e

7.514,61

mzans are actually differsnt.
Statistical &nslysis of the kicrocalorimster A Results:
For 25°C

L x x

1. £.820 £3.323,9

2. 1.712 2.930,944

L. 11.69 136.656,1

4. 5.005  25.050,0

5. 3,842  14.780,9

6. 1.567 2.485,4

7. 5.927 15.421,3

8. 4,356 18.574,7

9. 2.271 5.157,44

10. 3.228 10.407,0

42.426  255.142,6
x = Fx = 42,426 = 4.242,6 cals/gm
n 10
=2 2 .2 2
6 = ¥x - (1x)/n I 255.142,56 - (42.428) /10 =
n 10

o = \7.514,61 = 2.741,3

) s

s % no~ = 10(7.51£,61) = 8.349,56

L -1 10 - 1




2 2 - -
5. = s = B8.549,56 = 0.834,958
bl n lO

0.83%,956 = 0.913,76

For 95 confidencs limits and £ = 10 - 1 = 9

From kiicikley (87h) at £ = 9 and 0.95, P = 2.262

. . 95% of the time't lies between -2.282 and +2.262

Siace t
S
m
x-% = t.s_ = 2.262(0.913,76) = 2.066

Terefors 95 of the tims X - X lies between -2.066 and +2.066. With
X = 4.243 then 95% of the time X lies between 2.177 and 6.309 calories
per gram, or in only five times in 100 will the investigator be in error

if he assigns 4.245 £2.086 to the result.

o]
For 48 C
| 2 '
n X X
1 7.473 55.845,729
2 3.798  14.424,804
3 7.076 50,069,776
£ 4 5.375 28.890,525
i 5 8.121 65.950,641

RSSO

8 3.002  9.012,004




~
L X X
7 12.82  184.052,400
. 8 7.098  50.381,504

54.763  438.927,583

x = Yx = B54.783 = 6.845
n 8
a;:: - 2 .2 - - - . 2
= Ix - (@Zx)"/n = 438,027,583 - (54.763)°/8 = 8.006,789
n 8 .
o = V\8.006,780 = 2.829,6

, _ _
s no* = §(8.008,788) = 9.150,616
8 - 1

15
"
n

s = 9.150,616 = 1.143,827
m n 8

n vl.143,82'7, = 1.089,95

1]
1

For 95w confidence limits £ =8 -« 1 = 7
From Kickley (87h) at £ = 7 eand 0.95, P = 2,355

<"« 95 of the time % lies between -2.3265 and +2.365

Since t T x-F
S
m
T -% = t .S, = 2.365(1.069,5) I 2.529

-

iherefore 950 of the time % - X lies betwcen -2.529 and +2.529. With
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% T 5.845 then 95% of the time x-lies between 4.316 and S.374 calories
per grem, or in only five times in a 100 will the investigator bs in

error if he essizns 6.845 £2.529 to the result.

For 62°C

2
n X X

8.724  76.108,176

F.J

2 7.808  57.881,0664
5 6.396  40.908,816
& 3.017 9.102, 289
5 2.583  6.671,889
8 2.459 6.046,681
7 3.434  11.792,356
8 5.282  27.899,524
9 4.406  19.412,836
10 4,171 17.397,241
11 4,074  16.597,476
12 2.841 8.071,281
13 3.786  14.333,796
14 8.110  65.772,100
15 9.313  86.731,969
16 5.50%  30.283,009
17 4,410  19.448,100
18 8.671  44.502,241

19 7.709  59.428,581




e X X
z0 .362 28.751,044
21 6. 567 43.125, 489

112.526  680.5810,058

% T Ix = 112.526 = 5.358
n 21
-2 2 2 2 -
= ¥x” - (¥x) /o = 590.5610,058 - (112.526) /21 = 4.173,946
n 21 '
T = V4,173,046 = 2.043,0
2 D :
s = n%¥ = 21(4.173,946) = 4.382,044
n-1 2L - 1
2 2
s % s_ T 4.382,644 = 0.208,597
@ n 21

]
1]

\[©.208,697 = 0.456,83
m

20

For 95% confidsnce limits anl £ = 21 - 1

From Mickley (87n) at £ = 20 and 0.95, P = 2.086

"« 955% of the time t lies betwesn -2.086 snd +2.086

Since t = x -

S
]
il
{
¢t
n
11

2.086{0.456,83) = 0.952,9

‘herefore 95 of the tims x - X lies bestween -0.952,9 aand +0.952,9.




1
oo
~3J
[€Y

1

Tith x = 5.358 then 954 of the tims x lies between 4.405 and 6.311
cslories per gram, or in only five times in a 100 will the investigator

. . . . e e -
oe in error if he assigns 5.3958 X0.953 %» the result.

Population Totals.

2

Tempa rature n X x
25°c 10 | 42.426  255.142,6
48°c 8 54.763  433.927,583
62°C 21 112.526 _590.610,058
39 209.715  1384.680,241
¥ = limit ¥x = 200.715 = 5.377
n—»o00 n 39
2 2 2. N 2 -
%= Ix" - Ix)%/n = 1,584.680,241 - (209.715) /39 = 6.589,183
n 3¢ :
o~ = \.589,185 = 2.536,9,
0 2
¢“= no~ = 39(6.589,183) = 5.762,583
n-1 3¢ -1
2. 2 . o mam = -
so= s = 6.;;2,u83 = 0.173,399
fed

19}
1

= Yo0.173,398 = o0.416,412

For 954 confidence limits and £ = 39 - 1 = 38

rrom iickley (87h) et £ = 32 and 0.95, P = 1.959

" $5% of the time t lies between -1.959 and =+1.95
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Since t = T L%
Sm .
X-% = t.s_ = 1.959(0.416,41) = 0.815,7
Iherefore 950 of the time X - X

lies between -0.815,7 and +0.815,7.
{ 377 then 95% of the timo X lies between 4.561 and 6.193

calories per gram, or in only five times in 100 will the investigator

in error if he assigns 5.377 £0.816 %o the result.

fhe 1 t2st

¢

2 2

2 1/n,;
L, = 0408] Sg eveveeineoey) /8y
1 Zsz
i
1/3
L, = 5(8.749,56 . 9.150 . £.382,544) = 0.952
8.549,56 +9.150 + 4.382, 644

#oferring to Mickley (871) snd taking ni = 3 and mk)i ~ 15 the table
gives L = 0.863,2 st the 5p level and L = 0.797,6 at the 1% level. Here

the "L test" 'is positive aad hence it is possible to proceed to the

"F test".
The I test
32 .
. = 10(7.514,61) +8(8.005,780) +21{4.175,946) = 6.501
10 +8 421 -3
YT 45,426 +54.760 +112.518 =  5.377
39
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[AV]

2 2
a = 1 {10 - 107+ 421

+8 421) = 11.744

o B oI 10 +8 421 )
2 £ 2 ' 2
S T 14.2342,6 ~ 0.877) 4 (6.840 ~ 5.377) 4 (5.358 - 5.377)° = 1.720
Fps S - 1
= 52 = 11.744{1.720) = 20.1%9
; o P
Pz Sy = £0.199 = 3.205
2 84301
e

. 3 : [rde) n - o 2
now s iz assecisted with 39 - 3 T 36 degrees of freedom and sp is

associgted with 3 - 1 = 2 degrees of freedom. The table in Hickley {873)
gives F = 3.26 at the 3% level and ¥ = 5.25 at the 1% level. Since the
value of F calculated is less than the 5% lsvel, it is reasonable to
coaclude that the sample msans are the seme end that the difference is
due 1o scatter inbthe results.

Now applying thes ¥ test to the most closely Corresponding
peir. 325 = 4.242,6;‘§;8 = 6.845;'§. - 5.358. Therefore the mos£

closely corrssgondling pair are x25 and x .

s I 75.146487.652 = '162.798 T 5.613,72
° 10 +21 - 2 29
B?P: 52.426 +112,518 = 154.944 = 4.998

10 + =21

2. _.2
a = _1 (10421 ~310"+21") = 13.540
>z -1 10 +21 )
2 2 2

5% (4.242,8 - 4,993) +(5.355 - £.998)° = 0.699,8
-1
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2 . 2 - s oee . . - s
s T n_s = 13.55(0.699,8) = 9.479
P o “m,p
2} 2 - '
¥ T s /Sp - 9.479 = 1,683
poe 5.014
4 2. PS— - 5 - 2
Maw &< is sssociated with 31 - 2 = 29 degrees of freedom end sp ie
e
gcsociated with 2 - 1 = 1 degree of freedom. Now tne table in iickley

(87;) gives ¥ = 4.18 at the 5% level end ¥ = 7.60 at the 1% level.

¢}

Therefore the sample means at 25°C and 62°C do not differ significantly.
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APPEIDIY ~ 2.

“ e~y e
Comguter Prograns

The rive iach diameter iafinite sclid cyvlinder written in Basic ¥ortren IV

v
A

for ths LEUIS0 molel 40.
20 pasrcent aluminum cas
top valus of 21fg for comparisoﬁ vith slightly different velues
program for finding the iemperature sradients in a five inch
diameter solid centre grein of propellent with heat sources
gctive during psrt of the reactiosn vime.
heat sources columnwise deleated
thermel diffusivity is 0.908,4 square feet per hour
positive initial slope
122 degree boundaries
final values of alfa to ¢ were used
delta t is 0.000,418,3 hours
revised alfa was used here
delta r is 0.5 inches

G.he Campbell Februery 1, 1967

dimension T(6,2000), mM(6), KOLUM(8

common T, MM, XOLUM
constants

sUT = 1989




1l

NUTL = hUT - 1

wIN = 1

MAX = 6
MAR]L = MAX - 1

CONSTH = 4.5587
COK34M = 4./CONSTHM
COlsdis = 1. - COLS4R:
UCKSIM = 1./CCNSTM
CONS2s = CONSTM - 2.
CONS3T = .é

CONSTD = .418.38-03

«1151E-04

ALFA

.81407518-~-01

EETA

-.581E-08

"

GANA
RO = .514469E~CL

C = -.2752E-02

LNITIALIZE

DO 11, =1, MAX
() = M
D0 1 &k = 1,maX]l

L OLUM(3) = 3888




1 0(M,1) = 12z,
¥OLUM(8) = 8888
T(6,1) = 122.

70 2 i o= 2,AU7

2 1{6,h) = 122,

¢
c FILL IN THZI ENTIRE TABLE
C

DO 8 i = 1,NUTL

NZO0 |

LINZS = 17-

TESTL = 888.
C

DO 88 NPAGES = 1,117
WRITE(3,599) (MM(M),i = MIN,MAX)

999 FORMAT(L1HL, 42 N, 4H HES, <X, 6(5XI1,5%) // )

21 DO & LIGHES = 1,LINES
N = Nl
FNL = N -1

HRS = FNIsCONSTD

bl
1

EXP(CKFN1)

GANMNL = GAMAMEN1

Iy (N - 2) 13,888,113




1% IF(7TEsS?l) 3, 4, 888

388 TESTL T ALFAREXP(EETARI(L,N) )W (EXP(GAMILAIXPTIN) - (CONSS RIXECK) )

W

I

(%

(TESTL) 3, 4,

3 IEST1 = O.

4 (1,hFl) = CONS4bRD(2,H) = CONM&w#I(1,8) + TESTL
D0 7 K T 2,MiX1
FM= M- 1
Fli = 1./FM
EXPTLR = EXP(RORI(I, 1))
IF (KOLUM(M)) 80CO, 55, 8000
8000 TZST = ALFA%WEXP(BETAW(M,N) )& (EXP(GAMNIMEXPTMN) - ( CONS3 TAEXPCK) )
IF (TEsT) 5, 6, 6
5 XOLUM(M) = 0.
55 TEST = 0.
6 T(M,N 1) = (1l.+FL4)/CONSTM T(M+1l,N) < (CONS2M-F1k) /CONSTM*I'(M,N)'-i-
1 CORS1M®I{lM-1,N) 4 TEST

7 CONTINUE

c
'u'J'RITE(S;Q) N, HES, (T{(&,N), M = 1,MAX)
9 XORVAT(1HD, 14, ¥10.5, 6F1l.5)
8 CONTINUE
88 COXTINUE
c




sn end effect test on the Tive inch diameter solid cylinder written

(@]

Basic Fortrsn IV for the IBM 360 modsl 40
AN SID SFEZCT UDST O WS SIVE INCH DIAMITER SOLID CYLINDIR
a0 DIMENSIONS, R AND 2, ARE TAXEN 1RTO ACCOUNT HET
115 PROGRAM WILL k2 ROW ON UHME LEW IEM 300.
(i, L, ) CONTRACTI) 10 (i, LP)
DELIA L LS 0.046,89 HIOURS
DILTA R IS 0.5 LKCEIS
NELT4 Z IS 1.0 INCHES
THE HIGE VALUE OF ALFA IS USHD HERE
\HE FINAL VALUES OF THE CONSTANTS ALTA TO C WERE USED
HZAT SOURCES ARE NOT COLUMMWISE DELSETED
79 DEGREZ BOUNDARIZS
iR THERMAL DIFFUSIVITY IS 0.008,104 SQUARE FEET PER HCUR
POSITIVE INITIAL SLOPE
PEMPERATURE IS IN DIGHEES FAERANHELT
G.A. CAMPBELL OCTOHER 24, 1986
NIMENSION BM(7), T(7,7), U(7,7)

COMON M, T, U

aX = 40
¢5812 = .001791

.06140751

078840
¢858 = -.00006522

C56665 = .0514469

K
i

n
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U465 = -.208745
CONS3T = .9

IR=1

i

CONSID 04689

Cif = 4£.368

l./CM

Clu

Cait = 4. /CM
7 = 18.2748

Zl = 1./Z

72 = 2./2

GiZl = 1. - G - Z2
Cif22 = 1. - 2%CLid - 22

Citll = 1. - C4il - 21

CiZ8l = 1. - 2.%C1lM - Z1

DO 2 & = 1,7

2 MM(H) = M

LNITIAL BQUNDARY CONDITIONS

Do 3% IP = 1,7

DO 3 = 1,5
T{i5, LP) = 77,
©{(:,1) = 100.

S COLWTINUE




e
a8
-

¢
€

Q

1000

1010

-~ 285 -

T(6,IP) = 100.

100.

(7,IP)
COFTINUE
1Go = 1

GO 70 44

FIHAL BOUNDARY CONDITICONS

DO 1010 IP = 1,7
T(6,IP) = lz22,
T(7,IP) = 122,

DO 1010 M = 1,5
7(i,1) = 122,
CCONTINUE

IGo = 2

GO TO 1001

N =0

DO 12 NPAGES = 1,MAX

WRITE(3,4) (MM(M), M = 1,7)

FORMAT(1HL, 2H N 2X2HIP, 7(7XI1,7X) / )

D0 12 NBLOCK = 1,5

IF (N) 55, 55, 66

N = N+41




YRITZ(3,99) N, IR, ({(T(i,IP), % = 1,7), IP = 1,7)
00 FORMAT( 1K, I4, IZ, 2%, 7(1x214.8) )

WRITE(S,111)
111 FORMAT( i ) |
66 TN = N - 1

NETE41

FN465 = FN#C465

NBe8 = I%C898

D0 8 IP = 2,7

DO 8 M= 1,5

(M, IP)

=
b
n

1r8 IP+1.
IF (IP8 - 8) 30, 31, 31
30 IF (M- 1) 5, 5, 8
5 TPARD = C/;wmr(z,IP) + CMZIMDMP + Z1¥T(1,IP+1)
GO To 7
6 iz il-1
CMFM = C1M/FM
6666 TPART = (C1M+CIFM)¥T(M+1,IP) + (CiZ2 ~ CMFM)¥TMP—C1M#T(}-1,IP) +

2 Z1D(M, IP+L)

7 IPl = IP -1




WEs

77

31

c

16

17

177

88

~
1C

t
O3
(e}
[$3)

i

L (IF1) 88, 88, 77
LPART = TPART = T{ii, {P1)%#2
w0 T0 38

L8 {m - 1) 15, 13, 18

LPAHD = Chidkl{ 2, LP) — CMZ11iMP

GG TC 17

FMZ M -1

CliFii = Clu/FM

IPARL = (CLM 4 CMFiw) %L (sid+l, LP) (CiiZ2Ll -~ CMFL)NTMP 4 CLun b-1l,1P)
IP1= 1P-1

\F (IP1) 88, 88, 177

IPART = UPART < '0(d,1P1l)%Z1

CTLP = (7394 5%

BXPON = ¥NB9BRILP(C5666855%iMP)

SPART = C5812%xXP(CTMP)%( ( ZXP(LXPON)) - ( CONS3THLIP( #1465) ) )

Ulni, LP) = UPARD < ZPART

COnTlnUis

DO 10 IP = 2,7

00 10 K T 1,5

U(.zi,.LP)

it

i, LP)

CONLLNLDE
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¢ 10 (1000,1001), IGO

1001 JRITE(3,9) ¥, IR, ((T{,IF), = 1,7), IP= 1,7)
¢ PORAT( 1, 14, i2, 2¢, 7{131e.8) )

VIRITZ(3,11)

12 CONTINUE
RETIRN

ERD

The iafinite thin-walled hollow c¢ylinder 0.D. = 5*; I.D. = 3"; written

in Fortran II for the IEM 1620

c PROGRAM FOR FINDING THE TEMPERATURS GRADIENTS IN A HOLLCW
c CYLINDZR OF PROPELLANT WITH THE OUTZR DIAMETER EQUAL TO

C - FIVE AND A QUARTER INCHES AND THE INNER DIAMETER ZQUAL TO
c THREZ INCHES.

c THE WIB IS ASSUMED TO H ONE TICH.

c i FINAL AVIRAGH VALUZS WEHS USED HE

c REAT SCURCES COLULNIISE DILEZTED

C  REVISED ALF4 WAS USEZD HERE

c FINAL VALUES FOR ALF4 TO C WELE USED

c DEILTA T IS 0.046,89 HOURS

c DZLTA R IS 0.5 INCHSS

c TSIFIRATURS IS IN DIGRIZS FAHREKHBLT

c THERAL DIFFUSIVITY IS 0.008,104 34ULRE FEET PER HOUR




| i

<«

|$]

(@]

1

(@]

POSITIVE INITIAL SLOFE

G.A. CAMPHELL SEPTEIEIR 28, 1968.

DIMANSION T(1%,100), U(13), MM(13), Xol{13),

COMMON T, U, LM, LOL
CONSTANRTS

KUL = 100
sUTL = AUT - 1
MIN = 1

EINL = MIN 41
MIDDLE = 2
MAX = 3

NAXL = MAX - 1

CONSTH = 4.5687
CCNS4R = 4. /CCNSTi
CONIAM = 1. - CONSLM
CONSIM = 1./COSTM
CoNSaM = CONSTY - é.

.9

CONS3T

CCliSTD . 04689

ALFA = .0017¢2

V(13)




0614075

t
t=
1%
[+
[

U = -.00006522

4
5.
£
3
£
H

C = -.308745

C
r C INITIALIZE
C
DO 11 M = mIN,MAX
3= M3
KOL{M) = w3
11 MM(M) = M3
T(KMIN,1) = 100.
T(MAX, 1) = 100.
T(MINL,1) = 77.
* D0 2§ = 2, KUT
T(MIN,N) = 122.
2 T(MAX,N) = 122,
é c
‘ ‘ C FILL IN THE ZNTIRY TABLA
C

=20

NPAGES = 10

)]

LINAS = 10

LCCL = ¢

o




2l

2020

2121

10

Z

PRINT 999, (MM(M),R=RIN, AX)

FORMAT(1H1l, 3E XN, 3, 4k HRS, 4, 3(3};12,4:’;5 )
IF (LOCK) 21, 20, 21

L0CX = $999

N 21

THESL = 0.

PRINT 9, N1, THRS1, (T(M,Ni), M = wIN,MAX)

IF (NP - NPAGES) 2121, 2020, 888

LINES = 9

DO 8 LIGWZS = 1,LINES
N=N<+1
FN = N

HRS = FN%CONSTD

L =N -1
EXPCN = TAFF(CXFN1)

GAMAFENL

GAMNL

8 = KINL

¥M = 4.

Flif = 1./FM

EXPTMN = ZXPR(RO%T(M,N))

TIST T ALFANEXEY( BETANT{ ¥, N) )% SXFF (GAMNL#EXPTIN) - ( CONSBTNIXECY) ).
V(4) T TEST

IF(T3ST) 5, 68, 66

,.m.r‘ff‘!’?’:“




o
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66 &0

6

10

l.)
AV ]

89

88

388

99¢9

TME = (L.+F1M) /CORSTimT (M#1,8)+(CORSEM ~ FiM) /CONSTM#T(M,N) -+
1 CONSLla#l{M-1,K)

TLNT = UMK < TIST

T(M,N 1) = 1T

IF (XCL(m)) 12, 10, 12

U(M) = Ty

GO IO 7

U(k) = ThvT

N1 H 41

PRINT 9, N1, HRS, (T(M,N1), M = MIN,MAX)

PRINT 89, {(U(M), & = MINL,HAX1)
DRINT 89, (V(M), M = MINL,MAXL)

FORMAT(1EO, 13, 1X, F8.4, 1X, 3¥9.3)
FORMAT(1d , 22X, F9.3)

CONTINUE |

CONTINUE

GC 10 99

PRINT 2999

FORMAT(1H1, 28H NPAGESHNLINES = 100 - 1)

¢ Call EXIT
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‘’ha infinite hollow cyliader with Q.D. = 24" gnd L.D. = 12" written in

Basic Foritran LV for the 1IN 2360 model 40

G PROGRAN FOR FINDLLG Toll TEWILRATURE GRADIENTS IN A HOLLCY CYLINDER
C OF PROFZLLANT WITa ILEE CUTHR DIAMETER ECUAL TO
C TUENTY-FCUR INCHES AlD THE INKER DIAMETER BECUAL TO TWELVE INCHES.

C HEAT SQURCES COLUMNWISE DIi&ZTED

¢ 122 DEGREL BOUNDARIES

C PINAL VALUES OF ALFA TO C WERE USED

C DELTA T IS 0.046,89 HOURS

‘C DELTA R IS 0.5 INCHES

C EMPERATURE IS IN DIGREES FAHREMNHBIT

C THE THERVAL DIFFUSIVITY IS 0.008,104 SJUARR FEET FER HOUR

C POSITIVE INITIAL SLOFE

C G.A. CAMPEELL, JANUARY 19, 1687

DIMENSION T(13,100), U(13), Mu(1l3), XOL(13), V(13)

COMECN T, U, i, KOL
c CONSTANTS

WUT = 100
NUTL = KUT = 1
stz 1

w1 = WMIN -1

MIDDLE =

SN eauk ot




2

wdd = 13

P

WARL = MAK - 1

CCLSTM = 4.5687
CONG< = ¢./CONST:
CORsAM = 1. - CONS4M
CONS1M = 1./CCNSTM
CCiS24 = CONSTM - 2.
CORSTD = .04089

COKS3T = .9

ALFA = .1619E-03
ZETA = .8140751E-01
GAMA = -.6522E-04

R0 = .514469E-01

C = -.308745
INITIALIZE
DO 11 M = wIN,ssX

mleg = M 12

KOL(K) = 112

11 23

'3
=
H
Lo
i
}._J
o
s

[N
4
fu
1
fo
o
o
.




DO 1 K = MINL, k&1
1 (1) = 1=22.

DO 2 N = 2,.UT

T(MIN,N) = 122.

2 {MAX,N) = 122,
o
c FILL ¥ THE SNTIRE TAXLE
c
g ¥=0
NPACES = 10
E LIS = 10
LoCK = 0
C
DO 88 NP = 1,NPAGES
E WRITE(3,999) (M(M),M = MIN,MAX)

999 FORMAT(1Hl, 3H N, X, 13(3XIz2,4X%) )
IF (LOCK) 21, 20, =21
20 LOCX = 9999
N1 =1
WRITE(3,9) N1, (T(M,N1), & = KIN,MaX)
21 LF (NP - KPAGES) 2121, aoéo, 838

2020 LINES = 9

2121 DO 8 LIGRES = 1,LINES

K=i +1




nRS = FNACCKSID

ko
[rexd
-3
11}

N-1
EXECN = MiP(CRINL)

= GAMAMENL

[

ks

Bl

}_J
L]

103 D0 7 M = WINL,MaX1
Fio= M +11
P = L./FM
EIPTE = EXP(RORD(M,L) )
[EST = ALTAREXP( BETANT(M,N) ) %( EXP(GAMNLREXPTIV) - { CONS3 THEXECK) )
V(M) = TEST
IF (N - 1) 55, 55, 666
55 KOL(M) = 0
666 IF (TEST) 5, 66, 6
5 TZST = 0
656 KOL(M) = O
5 Mt = (LebFLid) /CONSTHAT(im1, i)+ CONS2A #1M) /CONSTMST(M, F) -
1 CONSLII(i-1,K)
TBNT = 0+ TES
T(#,K41) T TNNT
IF (KOL(1)) 12, 10, 12
10 U(M) = TV
GO 1O 7

12 U{k) = TamT




7

CONTINUE

N1 = N 41

WRITI(3,$) N1, (T(i,N1), M = MIN,iax)
NRITE(3,89) (Uli), M = MINI,HAX)
URITE(3,899) HRS, (V{M), w = Iv}II\;l,xxﬂGil)
FORMAT(1HO, 13, 123x9.3)

FORZAT(1d , 6X, BHERS, 3X, 11¥9.3)
PORGAT(14 , 3X, 12¥9.3)

CONTINUE

CONTINUE

GO TO 99

WRITZ(3,9999)

FORMaT(1Hl, 286H NPAGES NLINES = 100 - 1)
CALL EXIT

RETURY

EXND

The star sheped centre infinite hollow cylinder written in Basic Fortran -1V

for thé 12 360 model 40
SUBROUTINE TEARPT(ATMP, 18, IIP, AT, ACLu, AC2K, AC1K, ATPART, ACMKL)
DIMENSION AT(19,11)
ATMP = AT(IM,1iIP)
AFM Z IN - 1 |

ACAMIDL = ACLu/ATM




ey SR EEP U T DT A T
Az = ADNRAE

SO SO
LU BA;I'AL‘ Bava

11

ACZIFN]
ACLeFM = aClx/ATiE2

( ACLE FACLNR [ C RN ( Iid +.L y & I» )+( A0EIA~ACKEN-ACRETM ) }‘T( IP:I, .LIP) +

o3
3
kd
b
j
4]

1 ACLAZA I -1, LIP)+{ ACIXFM)®AT(IL:, tIP4L) ACLEFM3AT(IM, 1IP-1)

A&TURN

SUBROUTINZ FFCTUP(FCTMP, ¥BETA, FTMP, KFN,HEPART,FALFA,r¥EYPCN,sFNE0E,
1 FRO, :sCCI:.;T ¥FN465, FU, FIPARD, JM, JIV)

DIMENSION FU(l ,11) -t

SCTUP = sEITLMTIR

IF (¥FFN) 1, 1, 2
1 FEPART = riLFA%(EXP(FCTIMP))#*.1

G0 P03

HEAPOL HF118984CKP( FRO # TMP)

=4

e

FEPART = FALFA%EXP(FCTMP) #( (EXP(FEXPON)) -(FCONSTWEILP(TFN465)))

S U(JM,JIP) = ¥TPART <-IEPAST

LD
C
c RIST TECGRAM ON Tilm NaW IBM 260
C FROGRAM TOR PIMNING TIE TEMPERATURT GRADIENTS IN A CYLINDER OF
o FROFELLART VITH n‘ HCLLCT, TIVE POINTED, STAR AIIAPED CENTRE.




<

(@]

(]

2.1 DOINTS CF THR STAR HAVE A4 DLAUETER OF TEN INCHES.
T VALIEYS OF THT ST4R HAVE A DIAETIR OF FCUR INCHES
f3 N Ih IS FOUR INCHLS. |

40 DIMISIONS, R 4D TalTi, 430 TalfIN INTO A0COUNT HERE

{1, L,5) CONTRACTED T0 T(,IP)

DILLA THETA IS PI GVER 50 RADIANS OR 5.6 DIGEIES
THE SECTOR IS PI OVER 5 RADIANS OR 36 DSGREES

T HIGH VALUE OF ALF4 IS USED HERE

[T FINAL VALUES OF THE CONSTANTS ALFA TO C WERE USED
HZAT SOURCES AT HOT COLUMNIISE DELZETED

122 DIGRIE BOUNDARTLS

TE THERUAL DIFYUSIVIIY IS 0.008,104¢ SQUARE FIET PER HOUR
POSITIVE INITIAL SLOEE

TEMFERATURE IS IN DIGREES TASRENHIIT

NE{ VALUE FOR '(10,11)

G.4. CAMPEELL NOVEMEER 17, 1966.
DLENSION 334(18), T(19,11), U(19,11)

MAY T 100.
ALFL = L305752E-00

v
JM P«

.61407513-01




GAMA T ~.1324378-04

80 = L014469E-01
C = ~.52603-01
CCLST = .¢©
12=1

2.61818

CONSTH

coNsSTD = 009321

.0888264

(@}
fue
s

1]

1M = 1./CK
 CHEL = 1. - 2.%C1M
ClK = 1./CK

C2K = 2./CK

o7 = 77.

€115 = 11.5

Q

(¢

03]

o

[&]

P}
t

= .38201
£28067 = ,28987
C13633 = .15833
€28253 ; 28253

21288 = .21288

(@]
T
[y
-~
w
(&)
H
.
o
Q
~3
(9)]
(&)}




2 WM T M
C
C ANWITLAL BOUNDAZRY COMIITIONS
C

7(5,1) = 122.

9
~e

3
P
(W2}
3]
1n
o)
I

7(5,3) = 122,
T(5,4) = 1e23.
DO 3% 1P = 1,11
DO S M = 6,18
T(M,IP) = 122.

CORTINUE

(3}

T(19,1P) = 122.

33 CONTINUZ

7(7,8) = 122.
T(8,9) = 122,
£(9,10) = 122.
T(10,11) = 122.

“7,7) = 1z2.
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FINAL SCUNDLRY CCORDITICNS

4 N=0
DO 12 NPAGES = 1,MAX

I3
Wk

ITE(3,4)

j<3

o

4 yORVAT(1HL, Sm N IP , 2H 5, 6X, 2H 7, 6X, 2H 8, 6%, 2

1 2510, oa, 2nll, OX, 2612, 6X, 2H13, 6X, 2Hle, 6X, 2H1S,

2 6x, 2nl?, 6%, 2nl&, 6%, 2H19, /)

DO 12 NBLOCX = 1,4

122 1(5,5) = 0

2(5,6) =0

11
o

(5,7)

[
L
(&3}
O
[}]
O

3 +3) 3 L] (=]
Cam - - - -——
¢ -3 o w ~3
o B B ©
O O o o ~—
[}

1 i 11 H
(o]

O o o o

2
o
'_J
|

]
(o]

H 9, 6X,

hatl ¢ P
6X, 2E16,
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F
)
[
]
O

-2
—
[92]
[
r
1

O\

7(g,11) = O

ne=n+1

WRITE(3,111) I

FORMAT( Lii, 13)

WRITE(3,99) ((T(M,IP), & = 3,19), IP = 1,11)
FORMAT{ 1H, 5X, 15FS.3)

FN = N -‘1

FN2 = N

HES = FN2xCONSTD

N=0nN-41

Fi485 = FN#C

FNg9g = FNHGAMA

Pzl

DO 1101 MX = 6,18
M= MX

T™MP = T(i, IP)
Fil= M -1

CiFM = CLM/FM

W2 = FMAEM

CRKEM = C2K/F2




CLiFM = ClK/Fli2

TPART = (C1h+ CMFM)RT{H+1, 1P)+( CMK1-CLFN-C2IFH) #T(1, IP) +

1 CLM#T(L-1, LP) + CaiFyisT{l, IP+1)

CALL FFCTMP(CTVP,BuTa, IMP, Fii, BPART, ALFL, ZXPON, FN898, 80, COKET,
1 Fi465, U, TPART, L, IP)

1101 COKTINUE

9004 1P = IP+1

Gl

Go 0 (23,23,25,23,84,84,28,29,41,45,45), IP
25 DO 8000 MX = 6,18
M = M
CALL TRARPT{TMP, M, LP, ', ClK, C2&, CIK, TFART, CMX1)
CALL FFCTMP(CTMP, HETA, "L‘LE’,FN,‘EPJI\.RT,AIFA,EXPON,FNBQB, RO, CONST,
1 FN465, U, TPART, M, LP)
8000 CONTINUE
IF (IP - 12) 2004, 1001, 9643
86 DO 8006 ¥X = 7,18
M= KX
CALL TEARPT(TMP, M, IP, T, Clm, C2K, ClK, TPART, CME1)
CALL FFOTMP(CTHP, KETA, TP, FN, ER4RT, ALFA, BXPON, FI698, KO, CONST,
1 ¥N485, U, TPART, M, LP)
8006 COLTILNUE |
IF (IP - 12) 9004, 1001, 9643
23 DO 80CL ML = g,18 ‘

CAilL TEARPT(THP, M, IP, T, ClM, CZK, CIX, PPART, CLX1)
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CALL FFCTMP(CTE®,BITA, WP, N, 2RART, 4ALFA, EXPON,FNE98, RO, CCLST,

2001 CONTINUE
1® (IP - 12) 9004, 1001, 9043
41 DO 8002 MX = 9,18
MOZ MK
CAll TEARPT(TIP, i, 1P, T, Clu, C2«, ClK, TPART, CNK1)
CALl FFCTVR(CTwR, Hifh, TviP, FIi, BPART, ALFA, EXFON, F898, RO, CONST,
1 FN465, U, LPART, i, LP)
2002 CCNTINUE
iF (IP - 12) $004, 1001, 9643
4% DO 8003 X = 10,18
o= MK
CALL TEARPP(THP, M, IP, U, Cli, 021‘1, Clx, UPART, CMK1)
Call FFRCTHP(CTMP, BETA, ME, kN, BPART, ALFA,X20N, ¥N898, 20, CONST,
1 ¥N485, U, TPART, &, 1P)
8003 CONTINUE.
¥ (IP.- 12) 9004, 1001, 9643
45 DO 8004 ¥X = 182,18
M= EX
P = T{M,IP)
MO on- 1
CLIF = ClM/FM

WoEY e

HUZ = FRARL




t

Cli¥n = CLK/FH2
SpART = | Clw ORI #0{+L, LP) + (CMEL- CHN-C2K FM)*T(M, LP) +
1 Cllu%{i'(}.i—l,l'?) O Pl s, L5-1)
SALL JCUIP\CLAI,,;TA,'."‘P,r‘N,EPART,ALFA, ©XPCI, FNE98, BC, COST,

1 #NasH, U, TPART, b, LP)

3004 CCNTIIWVE

9644 rORMAT(204,54Hw¥DIIORRIELEDERRO RDINDIPDRCUTINED# %)

C

1001 DO 7000 1P = 1,11
GO 0 (7001,7001,7001,7001,7002;7002,7008,7003,7004,7005,
1 7008), LP |
7001 LNIT = 6
GO TO 7007
7002 LNIT = 7
G0 TO 7007 .
7003 INIT = 8
GO TO 7007
7004 LKIT = 9
GG 10 7007
7005 IL¥IT = 10
GG 10 7007
7006 1.IT = 12

7007 DO 7008 J= 4nlT, 18
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L(5,2) = (C5/C38201)%(122. - 2{&,2)) + u(8,2)

(C5/C28667) #(182. ~ 1{8,3)) + T(6,3)

M

(3

&
(1)

(C5/C15833)%(122., - T(8,4)) + U(86,4)

(5,4)

DO 1010 LP = 1,11

D0 1010 & = 6,18

7(19,1P) = 122.
1010 COMTLIGE

{6,5) = 122.

7(5,5) = (C5/028253)%(122. - T(7,6)) -+ 1(7,6)
T(7,7) = 122.

0(7,8) = (05/C21288)%(122. - T(8,8)) +1(8,8)
7(8,8) = (C3/C30536)%(122. - 1(9,9)) +2(s,9)
7(9,10) = (C5/C25755)%(128. - T{10,10) + T(10,10)
2(10,11) = CONSTH¥ 122. - $(10,10)) 4 1(10,10)

P(11,11) = 122,

1002 WAITE(3,11) N, HES
11 FORAT( 1H, 15, 24, £9.5)
wRITI(5,9) ({T(8,IP), 1 = 5,19), iP = 1,11)
¢ sOZAT( 1k, 5k, 15K8.3)
12 COPLE
Cali <all
K370 R

ELD
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AFPADIN - 3

‘e solution of the neat conduction eguation without heat sources and

with &

constant temperature boundary

2 -
Rv'w= 3y S AP apOPY B 153 |
o+
v

I R 1oL 8

2., ik o
taen X b TF+ pYA + 3 {
dr% TIT E)se

2
then ¥ YL bR

——— O cvmtm—

'Drz rr

' with boundery conditions

Taking LaPlace Transforms

[)
d[%

o
N -
L

2
2. = 0
Iz%

o.-o.o-o-oo--o-o-.o.o-.-c-.o-o.-oc‘&’?)

3T
3t

..I..l.‘....'..‘l‘..&s'e)

1) (00 =i

2)  wRt) =

1 vhere £ 20 J..ee...(38)

()]

(_a_‘g 2 0 eivevsecenenenness(20)
or/ r=0

with respect to time gives:
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d<;+dT-ﬁ=-.‘E_q
x
dr2 rdr X

e squal zero as this is @ linear ecuation

L2t the left nand sid

2, ——— ——.
[ —
L & ST =
A w28 - s 0
1.2 rir K
A
< 5 0 7]
: T Lo AT =E - -
aaltiplying through by r gives st 1'4_rq1' - pir = O
- P dr X
ir

S
1"
o
T
!
LA
v
1
o
i
e
/
L4 }.J
o]t
=
i
o
i
o

o
1

t
pd3

J P {s 1< D)

then T = 4 I () + 8 X (VP )

Since the form of % is a constent then ¥ = D must be a spluticn.

Substitution of T = D into the differential equation gives

the Full solution is

: TR & 2)

T o= s (Yewr) +85,(Vame) + 2o

3




, first differeatiate

+ 3 43
a with
@

?}I Nogr - D\J—;L-L

volving LoPlace transforms with rospect to time to eguatien

(g; )r=0

40) gives

F

[ 1]
(@]

substituting this in the zbove

09 :API —BE%M = 0
fow Il(O) = 0 and K-_L(O) =

oo, and since esch term must be zero, this
requires that B = 0. Then equation (178) bec

-~

omnes

T = AIO(\lp, T R R TR R PR TR

.. {179)
P
applying La

Place transformsc with respect to time to equetion (39)

gives
g 0,
T(R,p) = 11
b
cuoctituting this 1o 2Qu




O S N
p L (Voixa)
substituting this in equetion 1179) as
Toe (- T TRy To e e 1180)
pl \P/X P
)
asting that ip(x) T 1Y J (ix), eqaation ,180) cen be writiten
P
7oz Ty - T 554 7% r) L o
N ) T
D 0\1 2i4 R) P

, . |
et A= 1\["‘2 , then AM = A ard p = -xX. Substituting this in gives
X

P 2p
T o= (T1- ) To(hr) 4 T
JO(AR) +p

1'(p) = T {8 4p pEd__Jq(AR)] ax To(AR) 4 o] -2 7, (0R)| A
a‘;- + i - 0 [- 1 £
1'(p) = Jo()\R) - %g T, (NR)

The poles are at p = O and Jo()\R) = 0. Ths residus at the pole p = O is

0 = 4(0) = uimis (T3 = %) oar
: T0) A—>0. T (A3) - pi J

Jito pesidue ot tho poles Jo(/\“'ﬂ) =0 is
-.d




CElp) = daite M 17 ) J o
¥ 17(p) JO(XR)-—-&O Jo‘)“ﬁ - AR J.(AR) 0 - AR J1(AgR)

-
1

e — 1'"n .
s = 2
_ R N
0 = -2 il2 =) SHlANT) o F
b ;T N
AR v;(/\rni -
2
ATy L
Taking all velues of n R = &Tl - T)Y-2]e "3()\:\.““
il e} = puas -
R An J-()\n:t)

mzl

The second term “o inverte vo To. Tnen the full solution is

.p ) . L J
<
-XAt
m ¢ N
L= AT - L) o= 2 (T1 = =%) e Ip(ApT) + 4
R : -
}‘n Jl()‘nﬂ)
~m e '
oarranging
o0
)«2
KA %
|'| n -
. =T = _g2 Ye Jo(Apr)
- T R J R
Tl 2 >‘n JZ!.-(’\n:i)
mn]
whers
O W3 BT O R R R R R -3

o a.
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n without heat sources aad

¢
jost
(0]
Q
<t
o
84
[
(&%)
ooy
[¢]
ct
P
8]
o)
O
e
o
[
ct
-4
(o]
3

Thne solution of tbhe

é: '?7)
- BN S ¢ 8 PG e COPE Y IEOINESTION PR O OTenee K\J

I veevereecensencsneeneei38)
Q

1

with bouniary conditions 1) T{r,0)

o X0}

2 @—91‘:0

3) T - h(T = T) eeveriene...{181)
(—3-;>r=R k R 4

Taking LaPlace transforms with respsct to time, equation (37) becomes

2. m i m
a=y 47 - p T -1
X S -] = X o

2 =nir

ir

dgiﬁ_i_ ar -Q.'-I" = -_Eg_
2 xdr X P .

ar
Similarly to the solution in apperdix 3

xll

T = A T (1 [Bhr) 4 B Y (ip&r) 4+ o
P

iifferantiating with mespect To r
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= ( \[— 5 ) + 8 ( 1!F> B

. . 3=0, and the equation bzcomes

' 2
lct A= ik[i', then 4\ = A and p = -x\. Substituting this in gives
b

(%g)rﬂ{ T % T i /P)

Differsntiating the main equation with respect to r gives

(_g) = -4 )Jlmr)

apylying 5.C. 3) zives

@Z> R = b (T, = 7./%)

A
=R




hen T = h (1 - 1) T ar) - . 7
~ il e B e _9
= p/ A (R 5
Iy fipd -:’, T[‘_ﬁ = k (’52 _ :“_) _.JG()‘H) 4 32
R R " 5 PR -

erranginog end substituting back gives.

T = D5 do(Ar) - Ya Jolhr) +Tolk/n; /\m)\a) - Ty I5(AR)
bl ['\k/h) )le().R) - JO\AH)j

1lp) = u (AR) - ;ro(,\m]
1'(p) =

[wl)\ﬁ -J(A]+p[§_§_ AR) -4 J (Azﬂ@
A aa dp

EEM(“‘) AL %_,\ XAR T (AR) + R ;rl(,\a)]

']

—

e
!

h

s poles are at p = 0 and E:AJl()\R) - 7 (M) = 0

itp) = uimit (o 7 ¥4 Todr) + % [ie/m) A%100a) = ToAs)]

by =
1'(p)  A—0 [xAJ{(AR)-J (/\R-TJ 1Ak ART (AR) +R 4, (AR)
| [:h * S [h ° 2 _]
= (T - +T%5 (0-1) =
€ (0 -1 + 00 +0) A
P t r m o
¢ = e (T T Joldn + % (0)
: LIERET R 4 5 3,0
2 Lk R © " kA

R o= 55, - Ti) Jo(dr) & ©
ooy o ‘ A\
O R f-a) J )\:.;




L To(he) N <123
P 2. J (AR
(NR +¢C) Jo()‘~)

ORI is &

ART AR - hEJ_ AR 0 eeeiiiiiiiiii 1183
L

whers n = %1, '-"-2, trecassassserssl@TCa

2
it a=ha; B = Aa; l= xE; then
K & 1
[sed
T B
" P P g e
- i i J ey (———
- Tt = & g4 U0t < G s -7/

o ‘ (@ 447 W&y
where i‘@n, AT 1, 2, cocenseesss are the roots of

@JI(Q) = A Jou\z) (125,




