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Abstract

Control of large groups of robotic agents is driven by applications including
military, aeronautics and astronautics, transportation network, and environmental
monitoring. Cooperative control of networked multi-agent systems aims at driv-
ing the behavior of the group via feedback control inputs that encode the groups’
dynamics based on information sharing, with inter-agent communications that can
be time varying and be spatially non-uniform. Notably, local interaction rules can
induce coordinated behaviour, provided suitable network topologies.

Distributed learning paradigms are often necessary for this class of systems
to be able to operate autonomously and robustly, without the need of external
units providing centralized information. Compared with model-based protocols
that can be computationally prohibitive due to their mathematical complexity and
requirements in terms of feedback information, we present an online model-free
algorithm for some nonlinear tracking problems with unknown system dynamics.
This method prescribes the actuation forces of agents to follow the time-varying
trajectory of a moving target. The tracking problem is addressed by an online value
iteration process which requires measurements collected along the trajectories. A
set of simulations are conducted to illustrate that the presented algorithm is well-
functioning in various reference-tracking scenarios.
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Chapter 1

Introduction

Flocking is the collective movement of numerous self-propelled agents exhibited
by a lot of animals such as fish, bees and fungi [1] [2]. In addition, flocking is re-
garded as an emergent behavior, induced by simple rules followed by all agents,
which do not need any centralized information. Ref. [2] presents three funda-
mental principles for featuring the flocking behaviors, alignment, cohesion and
separation, specifically.

Autonomous tracking is a class of control problems that requires the system to
follow a desired reference or behavior without explicit human guidance [3]. Ide-
ally, the tracking process aims at driving the tracking errors to zero, while the sys-
tem performance is improved. Cooperative control algorithms for multiple agents
in general require the full knowledge of the system’s dynamics or model, and of-
ten they require the knowledge of the environment [1]. This may be prohibitive
or impossible, without the prior knowledge of the system dynamics in the model-
based implementation, and therefore a model-free approach may be desirable if a
model-based approach is not possible. As a model-free approach, machine learn-
ing uses neural networks to estimate unknown quantities necessary to implement
control algorithms.

Reinforcement learning (RL) is one of the most popular machine learning tech-
niques, where an agent is able to learn to make decisions in a completely unknown
environment to accomplish its goal [4]. There is no explicit supervisor to guide the
agent’s learning process. The system can estimate the state of the navigation en-
vironment and take the appropriate actions depending on a reward returned by
the navigation environment. Artificial neural networks (ANNs) can be a class of
machine learning tools, which, in the context of autonomous navigation, use a set
of input-output tuples to train themselves to learn tracking behaviors [5]. Hence,

1



CHAPTER 1. INTRODUCTION

neural networks are applied to approximate optimal actions and then solve control
problems with unknown dynamics.

1.1 Motivation

Autonomous tracking is quite challenging for networked multi-agent systems,
since many problem-solving algorithms are either offline or rely on an accurate
model [6] [7]. When it comes to designing controllers for underactuated high or-
der systems, the complexity of the technique escalates [8]. Hence, more and more
researchers are developing online data-driven techniques for such complex sys-
tems [7]. Unlike the tracking problems for a single agent, a large number of agents
lead to high dimensional problems. For networked multi-agent systems, it can be
infeasible to implement the model-based control that aims at driving the behavior
of the group via feedback control inputs that encode the group’s dynamics based
on information sharing and local interation rules on the topology of the communi-
cation graph. Moreover, with the growing complexity of real-world multi-agent
systems, integrating multi-function autonomous vehicles, mobile sensor networks,
and other devices [7] [8], it is more difficult to formulate accurate models for such
systems.

To overcome the above problems typically characterizing such complex mod-
els, the development of machine learning techniques that are less dependent on
the prior knowledge of the plant dynamics has become necessary in several con-
texts [8]. Machine learning techniques, such as reinforcement learning, have been
increasingly applied in the area of control systems during the last decades. Various
machine learning techniques can be scalable to autonomous motion and intelligent
decision making for some demanding or complicated control problems.

1.2 Thesis Objectives and Contributions

The main goal of the thesis is the formulation of a motion control algorithm for a
system of mobile agents with multi-objective tasks such as tracking and formation
control while navigating a specific environment, with the aim of using a model-free
approach to obtain adaptive tracking gains that rely only on data locally collected
along the trajectories. This is a first step towards a fully model-free formulation
that would include the estimation of the environment and of other quantities nec-

MASTER OF APPLIED SCIENCE THESIS 2



CHAPTER 1. INTRODUCTION

essary to implement coordination algorithms based on local interactions.
Consistently, the main contribution is the formulation and implementation of

a motion control and coordination algorithm for multi-agent systems (MASs) with
a model-free component, using a reinforcement learning framework for online,
model-free adaptive gains determination, in this case regarding trajectory tracking.
The extension of this work would include the model-free formulation of additional
optimization tasks, including the navigation environment and the local interaction
rules involved in coordination of certain classes of MASs. The approximators are
based on actor-critic neural network iterators that estimate optimal control policies
and evaluate their performance in the sense of Bellman’s optimality.

1.3 Thesis Outline

The remaining of the thesis can be structured below:

• Chapter 2 presents the theoretical background on multi-agent systems, and
provides the literature review of optimal control and machine learning meth-
ods.

• Chapter 3 formulates the optimal tracking problems together with the model-
free temporal difference solutions, and introduces our main contribution,
where a trajectory tracking control in a model-free fashion is designed to
drive agents, based on reinforcement learning. The rest of the chapter presents
the setup and numerical simulation results of several scenarios.

• Chapter 4 summarizes the conclusions and suggests a few future feasible
study directions.

MASTER OF APPLIED SCIENCE THESIS 3



Chapter 2

Background and Literature Review

Section 2.1 presents a literature review of sensor networks, where some challenges
and issues are summarily discussed. Based on graph theory, section 2.2 provides
a basic theoretical background on sensor networks. Flocking control problems are
discussed in section 2.3. Reference-tracking regulation and nonlinear optimization
problems are formulated in section 2.4. Section 2.5 summarily presents a litera-
ture review about some categories of machine learning algorithms and their ap-
plications. Reinforcement learning control methods for nonlinear systems used
throughout this thesis are illustrated in section 2.6.

2.1 Background of Sensor Networks

A wireless sensor network (WSN) comprises numerous sensing agents, where each
agent (or sensor node) can function measuring and calibration, and sensing agents
generate a wireless communication network (example in Figure 2.1) [9] [10]. Prac-
tical applications of WSNs involve, but are not limited to, comfort control in build-
ings [11], environment monitoring [12] [13], traffic control [14] [15], automated
manufacturing [16], and surveillance systems [17]. When dealing with the dy-
namic environment, stationary WSNs may be often deficient and a mobile sensing
technique is popular because of outstanding performance with respect to its high-
resolution detection capability and adaptability [18] [19].

Within a sensor network, mobility can boost its sensing coverage both in time
and space and robustness against the dynamically changing environment [18].
Each mobile sensor is resource-constrained among WSNs; it motions with a con-
fined communication range, limited computational power and low memory. These

4



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW

Sensor Node

Communication

Figure 2.1: An Example of a Wireless Sensor Network [19]

mobile sensing agents generate a WSN in order to communicate with their neigh-
bors. Each sensor has fixed abilities, but as a group, they are able to operate mul-
tiple missions at a level compatible to several high end mobile sensor. To achive
multiple assignments for example, surveillance [20], exploration [21] and environ-
mental monitoring [12] [13], distributed control of mobile sensors has attracted
considerable attention.

Figure 2.2: Estimated Environment of Chlorophyll Measured by Observation Sys-
tem in Florida, USA [22]

Environmental monitoring has recently attracted a lot of attention of control re-
searchers and environmental experts [23], for demanding problems in distributed

MASTER OF APPLIED SCIENCE THESIS 5



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW

control of mobile sensors. It is owing to many practical applications, as for example
tracking pollutants in a distributed field. One application can be tracing harmful
algal blooms in a pond [23]. In some cases, snappily propagating noxious algal
blooms in ponds or in seas may result in a lot of cyanotoxins. Exposure to water
poisoned with algal cyanotoxins brings on chronic health effects or serious acute
respirtory syndrome to human beings and side effects to marine life. The content
of chlorophyll can be regarded as a measure nearly affiliated to cyanobacterial and
algal biomass in Figure 2.2. The other practical application is to detect hazardous
chemicals [12] [24]. Multiple mobile sensing agents are deployed in a particular
area. The chemicals odor plume or fire is traced by robots. Robots then monitor
and predict the odor source location, via the information of the movement of odor
molecules. It is effective and applicable to lower the risk to human or animal lives.

In [2], Olfati-Saber proposed embracive analyses of flocking algorithms. The
flocking algorithms were initially developed as the simulations of the motions of
flocking agent in computer graphics, in which each intelligent agent follows mul-
tiple rather simple local rules (illustrated in Ref. [25]). An agent in a flock co-
ordinates with the motions of its neighbors and tries to gather whilst avoiding
collisions. Generally, the swarming behaviors are regarded as the outcomes of nat-
ural optimization in Ref. [21]. A flocking algorithm can be applied to move mobile
sensor networks [26] [27].

2.2 Graph Representation of Sensor Networks

We will illustrate a graph representation for sensor networks in this section. The
flock-like behaviors are modeled based on algebraic graph theory.

2.2.1 Basics of Graph Theory

A graph G, represented in Figure 2.4 is a pair (V , E) that is comprised of a number
of vertices V = {1, 2, ..., N} and edges E ⊆ {(i, j) : j ∈ V , j 6= i} (without any
self-loops). The graph G is undirected when (i, j) ∈ E ⇐⇒ (j, i) ∈ E , where all
edges are bidirectional. A graph (defined in Ref. [28]) is connected if and only if
for each pair of vertices i and j in graph G, and there should be a path where i and
j are end vertices.

The adjacency matrix A = [aij] of a graph is a matrix without zero elements

MASTER OF APPLIED SCIENCE THESIS 6
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1

3

2

4

Figure 2.3: A Simple Graph

that satisfy the inequation [aij] 6= 0⇐⇒ (i, j) ∈ E . Typically, aij can be defined as

aij =

{
1, if ij is an edge

0, otherwise.
(2.1)

For example, following is the adjacency matrix for the undirected graph in Fig-
ure 2.3:

A =

1 2 3 4


1 0 1 1 1
2 1 0 0 1
3 1 0 0 1
4 1 1 1 0

(2.2)

where the labels 1, 2, 3, 4 are for vertices in the graph.
A graph can be called weighted if and only if the elements of its adjacency

matrix are not only 0 − 1 elements [28]. Hence, weighted graphs, associated to
position-dependent adjacency elements, are mainly used in our work [2]. As for
an undirected graph G, the adjacency matrix A is symmetric (i.e. AT = A). The
neighbors of node i can be given as

Ni = {j ∈ V : [aij] 6= 0} = {j ∈ V : (i, j) ∈ E} (2.3)

For instance, the simple wireless sensor network in Figure 2.1 can be represented
by the graph of Figure 2.4.

2.2.2 Dynamic Graph

Let qi ∈ Rm indicate the position of node i for all i ∈ V . We denote all nodes in a
graph as

q = [qT
1 , qT

2 , qT
3 , ..., qT

N ]
T (2.4)

MASTER OF APPLIED SCIENCE THESIS 7
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A set of vertices
Edges

7

1

2

3
4

5

6

Figure 2.4: Graph Representation

where q is the global configuration and all dynamic nodes in a group are with
differential equations

q̇i = vi

v̇i = ui
(2.5)

where qi,vi,ui ∈ Rm, ∀i ∈ V . qi is the position of agent i, vi is the velocity, and ui

is the control input signal. Note that the pair ( qi( ),vi( ) ) is the state trajectory of
all dynamic nodes in a group. The centroid of the group can be given by

qc =
1
N

N

∑
i=1

qi, vc =
1
N

N

∑
i=1

vi (2.6)

with average poition qc, and average velocity vc.
Therefore, we can consider each vertex in the graph as a dynamic particle, be-

cause of its simple mathematical representation of mobility. This is one of the most
simple forms of the so-called dynamic graph [2] [28].

2.2.3 Communication Graph

Suppose that r > 0 denotes the interaction or communication range between two
sensing agents. An open ball with radius r, indicates the set of the neighbors of
agent i which can be determined as

Ni = {j ∈ V : ‖qj − qi‖ < r} (2.7)

MASTER OF APPLIED SCIENCE THESIS 8
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where ‖ � ‖ is the Euclidean norm in Rm. Given a communication range r > 0, the
undirected communication graph G(q) = (V , E(q)) [29] is defined by the set of
edges E(q) and V .

The mathematic topology of a wireless sensor network (WSN) with a limited
communication range is an undirected communication graph [29]. Each sensing
node can be defined as a vertex, and an edge denotes a transmission communica-
tion between a pair of mobile sensors. The neighborhood set of sensing node i can
be represented in (2.7).

Therefore, WSNs can be treated via graph-theoretic representation. As illus-
trated in Figure 2.5, ith agent gathers the transmitted measurements from the other
four neighbors in a limited communication range r. In this thesis, we assume the
agents in the sensor network to be homogeneous [30]. That is, each agent has the
same limited communication range.

𝒓𝒓

𝓝𝓝(𝒊𝒊)

𝒊𝒊

Figure 2.5: Model of a Wireless Sensor Network [21]

2.3 Flocking Control

In order to operate a certain task, mobile nodes (or agents in a group) can be driven
by a flocking algorithm [2]. Additionally, the biologically-inspired flocking control
[2] [31] supports to make and keep the communication graph connected. The con-
trol is combined by three behaviors [2]: cohesion, separation and alignment.

MASTER OF APPLIED SCIENCE THESIS 9
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2.3.1 Preliminaries

σ-norm

The ‖ � ‖σ or σ-norm [2] is a mapping Rm 7→ R≥0, and unlike the classical norms
‖ � ‖ , it is differentiable everywhere

‖qj − qi‖σ =
1
ϵ
[
√

1 + ϵ‖qj − qi‖2 − 1] (2.8)

where ϵ is a positive real number.

Bump Function

As a scalar function ρh(�), a bump function smoothly changes from 0 to 1. Herein,
bump functions are used for flocking algorithms [2] with smooth adjacency matri-
ces. Here, we used the following bump function presented in Ref. [2]:

ρh(z) =


1, z ∈ [0, h)

1
2

[
1 + cos

(
π
(z− h)
(1− h)

)]
, z ∈ [h, 1]

0, otherwise

(2.9)

where h ∈ (0, 1). Obviously, ρh(z) is a C1-smooth function with the property that
|ρ′h(z)| can be uniformly bounded in z and ρ′h(z) = 0 throughout the interval [1, ∞)

[2]. We will construct a smooth adjacency matrix via the definition of this bump
function.

2.3.2 Separation Behavior

We use a collective potential function similar to Ref. [2] to enforce the separation
flocking rule, given by

U(q) =
1
2 ∑

i
∑
j 6=i

ψα(‖qj − qi‖σ) (2.10)

where q can be the global configuration and ψα(z) can be the function of a smooth
pairwise repulsive/attractive potential [2]. It makes the collective potential a smooth
function. That is, for example, even when two agents coincide (i.e. qi = qj), there
is no singular configurations for a collective potential with the property that it is

MASTER OF APPLIED SCIENCE THESIS 10



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW

differentiable everywhere. ψα(z) is given by

ψα(z) =
∫ z

dα

ϕα(s) ds (2.11)

with a minimal point at dα and a finite cut-off when rα = ‖r‖σ. ϕα() is a gradient-
based term (also named as react force) given by

ϕα(z) = ρh(z/rα)ϕ(z− dα) (2.12)

ϕ(z− dα) =
1
2
[(a + b)σ1(z− dα + c) + (a− b)] (2.13)

where z = ‖qj − qi‖σ, rα = ‖r‖σ and σ1(z̃) = z̃/
√

1 + z̃2. ϕ(�) is an uneven
sigmoid function with factors c = |a − b|/

√
4ab, 0 < a ≤ b which guarantees

ϕ(0) = 0 and ϕα(z) = 0, ∀z ≥ rα.

𝒅𝒅𝜶𝜶 𝒓𝒓𝜶𝜶

𝜓𝜓𝛼𝛼

𝑧𝑧

Figure 2.6: Example of a Collective Potential

A collective potential, of which a simple example is shown in Figure 2.6 (here
parameters dα = 0.488, zα = 0.936), generates a reaction force which is attracting if
a pair of two agents are apart but repelling if the distance between the two agents
are quite small. There is an equilibrium point when z = dα, which can be chosen
to make the reaction force first become zero. For z > 0, the potential shapes the
reaction force to reach zero smoothly when z becomes dα which is faintly smaller
than rα. Therefore, we generally configure parameters as 0 < dα < rα, which yields
the gradient of the collective potential to be a zero vector when the communication
to agent i is not connected from its neighboring agent j. In this case, despite the
limited communication, a continuously differentiable reaction force can be con-
structed.
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Gradient-based Component

We introduced the separation model (2.12) proposed in Ref. [2], to construct the
mobile sensing behaviors. Taking partial derivative of U(q) (2.10) associated with
qi, we obtain

∇U(q) = − ∑
j∈Ni

ϕα(‖qj − qi‖σ)nij (2.14)

where q is the global configuration and nij is a vector, given by

nij =
qj − qi√

1 + ϵ‖qj − qi‖2 (2.15)

where j ∈ Ni and ϵ ∈ R>0. Furthermore, the separation term of agent i is defined
as

us
i = −∇U(q)

= ∑
j∈Ni

ϕα(‖qj − qi‖σ)nij.
(2.16)

2.3.3 Alignment Behavior

Graph Laplacian

For a graph G, its adjacency matrix is defined as A = [aij]. The degree matrix of
the graph G can be a diagonal matrix DA, of which diagonal entries are row sums
of matrix A, i.e., DA = diag(∑N

j=1 aij). The graph Laplacian L = [lij] ∈ RN×N can
be defined as

L = DA −A (2.17)

where the graph Laplacian L must have a right eigenvector of 1 = [1, 1, ..., 1︸ ︷︷ ︸
N

]T,

which refers to the N-vector of ones associated with eigenvalue λ1(L) = 0 (proof
is given in Ref. [32]).

In Ref. [32], λ2(L) is associated with algebraic connectivity for a graph. A
graph can be described as a connected graph, when λ2(L) > 0 [28]. It is necessary
to study the connectivity of a communication graph, by using the graph Laplacian.
Particularly, an m-dimensional graph Laplacian can be given by

L̂ = L⊗ Im (2.18)

MASTER OF APPLIED SCIENCE THESIS 12



CHAPTER 2. BACKGROUND AND LITERATURE REVIEW

where the identity matrix Im ∈ Rm×m and ⊗ denotes the Kronecker product (de-
tailedly defined in [28]). The quadratic velocity disagreement function [2] ΨG :
RmN 7→ R≥0 is defined as

ΨG(v) =
1
2
vTL̂ v

=
1
4 ∑
(i,j)∈E

aij ‖vj − vi‖2
(2.19)

where v = [vT
1 ,vT

2 , ...,vT
N ]

T ∈ RmN and vi ∈ Rm stands for the velocity of agent i.
Therefore, differentiating ΨG(v) in terms of v, we get

∇ΨG(v) = L̂ v (2.20)

which is the so-called consensus term [21] [33].

Velocity Matching

A smooth spatially weighted adjacency matrix can be written as [2]:

A(q) = [ aij(q) ]

aij(q) = ρh(‖qj − qi‖σ/rα) ∈ [0, 1], j 6= i
(2.21)

with rα = ‖r‖σ. q = [qT
1 , qT

2 , ..., qT
N ]

T is the global position and qj is a neighbour of
qi in the graph, and ρh is the bump function. It can be seen that ‖aij‖ = 0, when
the associated distance between agent i and j ∈ Ni is bigger than rα.

Hence, the alignment control ua
i , which is accountable for regulating the ve-

locity of each agent (index i) to the weighted average of those of its neighbouring
agents (proof in Ref. [2]), is defined as

ua
i = −∇ΨG(v) = − ∑

j∈Ni

L̂ij vj

= ∑
j∈Ni

aij(q)(vj − vi)
(2.22)

where ∇ΨG (2.20) is consensus term.
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2.3.4 Cohesion Behavior

Flocking centralized information is used to achieve cohesion behavior [34] [35].
Each agent in a flocking system is driven via a consensus method to predict the
flocking centroid and attempts to stay closer to its neighbours via local communi-
cation. A virtual leader is introduced to facilitate and guide agents to predict the
centroid faster, eliminating fragmentation phenomena (proof in Ref. [2]).

Inspired by classical Proportional-Derivative (PD) controller, the cohesion term
(also named as the tracking term in Ref. [31]) is given by

uc
i = f c(ql,vl, qi,vi)

= −kp(qi − ql)− kd(vi − vl)
(2.23)

where ql ∈ Rm refers to the position and vl ∈ Rm refers to the velocity of the
virtual leading agent (or leader). Weights kp, kd ∈ R>0 are positive feedback gains.

Agent

−

Agent

Agent
Se

ns
or

Flocking Control

Ta
sk

Si
gn

al

Evaluate Map

Global 
Command

Environment
(e.g. target 

location etc.)

Figure 2.7: Representation of Tracking Control [12]

Also, ql,vl can be states of a target when we consider the tracking problems
[2] [31]. This is why the cohesion term is also called as the tracking term. In Fig-
ure 2.7, each sensing agent is driven to achieve the task assigned by engineers. The
environment can stand for information from a monitored surveillance area, and for
example agents locate odor source [12] [24] [36], the chemical particle [27] [37], the
oil spills [13], etc. In engineering context, the virtual leader (or the moving target)
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can indicate a reference trajectory assigned to every agent. Therefore, the main ob-
jective is to build tracking controllers that guide all agents to track the time-varying
reference trajectory via local information exchange. In our work, we assume that
all agents have full knowledge of states ql,vl of a target, when tracking it.

2.3.5 Combined Behavior

In this section, we describe a distributed combined control [2], which drives agents
to accomplish certain missions cooperatively. The dynamics of agent i in (2.5),
where ui is the input of agent i, is given by

ui = ksu
s
i + kau

a
i + kcu

c
i (2.24)

where ks, ka, kc ∈ R>0 denote the weight parameters for all behavior-based terms.
Inspired by separation, alignment, cohesion behavior [2], us

i (2.16), ua
i , (2.22), uc

i
(2.23) are gradient-based, consensus, and tracking term, respectively. These terms
are combined to drive each agent to flock together toward a target location. Hence,
ui is specifically written as

ui =

gradient-based term︷ ︸︸ ︷
ks ∑

j∈Ni

ϕα(‖qj − qi‖σ)nij +

consensus term︷ ︸︸ ︷
ka ∑

j∈Ni

aij(q)(vj − vi)

+ kc(−kp(qi − ql)− kd(vi − vl))︸ ︷︷ ︸
tracking term

(2.25)

Shown in Figure 2.8, agents are driven to track the trajectory of a target, to syn-
chronize their speeds to a common value, and at the same time, to avoid collisions
with their neighbors.

2.3.6 Limitations

There are, nevertheless, some disadvantages for practical application. The dy-
namics of each agent is often complicated and impossible to be modelled accu-
rately in real-world scenarios. For example, nonlinear mobile robots have been
used in a variety of industrial applications. Abouheaf and Gueaieb [31] intro-
duced a method for a number of nonholonomic systems via input-output feed-
back linearization. An extended Takagi-Sugeno-Kang fuzzy method is presented
in Ref. [31] to achieve a local control objective (collision avoidance). Jadaliha et
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Separation
Target 
Tracking

Interaction 
Range

Figure 2.8: Combined Control Behavior [31]

al. [37] proposed a distributed control law to a group of nonholonomic differen-
tially driven vehicles. The control in Ref. [37] is constructed by the gradient ascent
depending on the recursively estimated fields as well as the swarming effort. In
addition, most tracking control methods often require the knowledge of reference
trajectories [31]. However in practical applications, the dynamical models of ref-
erence trajectories are often unknown or uncertain [38]. Accordingly, it could be
computationally prohibitive to introduce high uncertainties in the implementa-
tion.

Hence, a model-free approach could be advisable when a model-based ap-
proach is hard for implementations. This approach aims at obtaining adaptive
tracking gains which rely only on measurements locally collected along the trajec-
tories.

2.4 Nonlinear Control

2.4.1 Formulation of Tracking Problem

In order to unify and simplify the notations of the states, i.e. qi, ql, vi,vl, we use
the new notations xi,xl to describe the systems’ states. The control system is dis-
cretized into a discrete-time system so that it can be integrated into a finite differ-
ence adaptive control structure. Consider the communication graph G = (V , E)
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with N agents, each agent with local dynamics defined as

xi(k + 1) = fi(xi(k),ui(k)) (2.26)

where xi(k) =
[
qT

i (k),v
T
i (k)

]T ∈ Rn refers to the state trajectory of agent i, and
ui(k) ∈ Rm is regarded as the tracking control signal for agent i ∈ V = {1, 2, ..., N}.
k is the discrete-time index and fi : Rn ×Rm 7→ Rn, ∀i.

Suppose that xl(k) =
[
qT
l (k),v

T
l (k)

]T ∈ Rn is the reference trajectory. For the
tracking problem, the control objective is to build the control ui(k) for the system
(2.26). The dynamics of the reference system [3] is defined by

xl(k + 1) = fl(xl(k)) (2.27)

Regarding the local tracking error as ei(k) = xi(k)− xl(k), then the equation fol-
lows from (2.26) and (2.27) that

ei(k + 1) = fi(ei(k) + xl(k),ui(k))− fl(xl(k)) (2.28)

The tracking goal is given by

limk→∞‖ei(k)‖ = 0, i ∈ {1, 2, ..., N} (2.29)

which means that each state synchronizes to the reference state. And this behavior
is the so-called tracking behavior [39] or cohesion behavior [2] in flocking control.

2.4.2 PID Control

As one of the most common control algorithms, Proportional-Integral-Derivative
(PID) controller [40] [41] has been broadly used in control engineering. PID con-
trollers are popular because of their functional simplicity as well as their robust
performance in a wide range of operating conditions, allowing control engineers
to apply them in a forthright way [41]. As its name indicates, PID control method
comprises three fundamental factors: proportional, integral and derivative, which
can be tuned to reach optimal response. The classical PID control theory and the
performances of tuning a closed-loop control system are reviewed in [40]. The
three basic coefficients are the control gains:

• kp: proportional;
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• ki: integral;

• kd: derivative.

The discretized PID controller can be constucted at discrete time k:

ui(k) = uPID
i (k) = gi( ei(0), ei(1), ..., ei(k)︸ ︷︷ ︸

k+1

)

= kp ei(k) + ki

k

∑
κ=0

ei(κ) + kd (ei(k)− ei(k− 1))

(2.30)

where ei(k) is the local tracking error vector (2.28), and the three gains kp, ki, kd ∈
R≤0 (named as pinning gains [42]), and gi : Rn 7→ Rm. The control diagram is
shown in Figure 2.9 based on the PID ontroller.

𝒙𝒙ℓ(k) Multi-agent 
System

+

PID Controller�

− 𝒆𝒆𝑖𝑖(𝑘𝑘) 𝒙𝒙𝑖𝑖(𝑘𝑘)𝒖𝒖𝑖𝑖𝑃𝑃𝑃𝑃𝑃𝑃(k)

Figure 2.9: PID Control

While traditional PID control is broadly used in control problems, its perfor-
mance may not always be acceptable as the result of nonlinear and time-varying
effects for industrial applications. Firstly, since the sizes of the real-world dynam-
ical systems become increasingly large, most real-world systems are too complex
to obtain or identify precise mathematical models [43] [44]. Also, once the number
of agents (N) is extremely big, the control process can be effected by the curse of
dimensionality [4]. Secondly, the tracking error serise ei(0), ei(1), ..., ei(k) is diffi-
cult to be stored instantly. Hence, a good storage capacity for data and information
should be required [41]. Thirdly, the weights are the conventional PID coefficients,
which are often fixed gains and tuned traditionally [45]. That is, PID manual tun-
ing is conventionally based on past engineering experience, and even for an ex-
perienced control engineer, adjusting nonlinear or unknown systems is extremely
hard. Hence, some approaches have been introduced to make gains adjusted adap-
tively [6] [45].
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Therefore, machine learning techniques are widely used in multi-agent track-
ing control, such as fuzzy-logic [46], Bayesian approach [47], reinforcement learn-
ing [48] [49], etc. One of the general forms [49] for machine learning control can be
defined as

ui(k) = ği (Ei(k)) (2.31)

where ui is the machine learning controller that will be discussed in the following
sections, and Ei(k) is described as

Ei(k) = [ ei
T(k), ei

T(k− 1), ..., ei
T(k + 1− K)︸ ︷︷ ︸

K

]T (2.32)

where K is the number of terms stored in the cumulative error vector [6] [45] and
Ei(k) ∈ RnK for agent i [6].

2.4.3 Optimal Control

Optimal control is one of the mathematical disciplines with a number of appli-
cations in mathematics, engineering and operations research [50] [51]. It aims at
deriving a control by optimizing cost functions defined by users which capture de-
sired design objectives, over a period of time. As a development of the calculus of
variations, optimal control is comprised of a set of mathematic procedures to find
control policies [50]. The method is greatly owing to the study of Bellman [52],
after Edward’s contributions in calculus of variations [51].

For optimal tracking problems, it is necessary to construct a controller, which
drive agents to track the desired reference trajectories and to achieve the optimal
performance [6] [53]. Extensive work exists for solving the optimal tracking prob-
lem relied on the system’s model [43]. The state errors and the expected control
are applied to obtain the performance index, and then the optimal tracking control
problem can be reformulated as the optimal regulation control problem of the state
errors associated to the performance index [43] [44].

However for several real-world scenarios, there is often no prior or sufficiently
accurate information about the dynamics [54] [55]. With a totally unknown model,
the control problem for nonlinear dynamical systems was solved in [6] using input-
output information. In these cases, a class of model-free algorithms were presented
in [6] [45] [54].
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The performance index in [50] with respect to the long-run cost can be given by

Ji =
∞

∑
k=0

Ri(Ei(k),ui(k)) (2.33)

where Ri(�) is the quadratic objective cost function [50]

Ri(Ei(k),ui(k)) =
1
2
(ET

i (k) Si Ei(k) + uT
i (k) Zi ui(k)) (2.34)

where Si > 0 ∈ RnK×nK and Zi > 0 ∈ Rm×m. Ei(k) is the cumulative error vector
defined in (2.32). Further, the optimal tracking problem for the system (2.26) can
be reformulated into an optimal regulation problem [50], which is, to figure out
the control

u∗i (k) = arg min
ui

Ji (2.35)

associated to the performance index (2.33).
The term model-free means that the dynamics of the system (2.26) and the ref-

erence system (2.27) are completely unknown, i.e., fi(xi(k),ui(k)) and fl(xl(k))
are unknown. Consequently, the tracking error dynamics (2.28) is unknown. In
the thesis, each agent tracks the reference trajectory using the measurable state in-
formation rather than the accurate dynamics in (2.28). Machine learning methods
to solve the optimal problems are going to be reviewed in the following section.

2.5 Machine Learning Methods

2.5.1 Reinforcement Learning

As an important topic in machine learning, reinforcement learning (RL) can be ap-
plicable to solving optimal control problems. RL is one of the three fundamental
machine learning algorithms (The book [49] classified the machine learning algo-
rithms as: RL, supervised learning and unsupervised learning), where the agent
(controller) interacts with the environment (controlled plant) and changes its ac-
tions (control signals) according to stimuli obtained in response to its actions in or-
der to minimize the cumulative reward [49]. RL is also called action-based learning
and it tends to emulate human behavior [4] [50]. The advantage of using RL in con-
trol problems, is that an agent is able to self-learn to adapt to the time-varying en-
vironment, and be trained online, synchronously improving system performance
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[56].
Therefore, RL has long been applied on games and simulated environments

[49] [50] and during the last two decades it has been explored to multi-agent sys-
tems in real world applications, such as area coverage [57], obstacle avoidance [58]
[59], etc. The RL control diagram for multi-agent is illustrated in Figure 2.10.

Environment

Agent 1 Agent 1 Agent 𝑵𝑵…

joint action 
joint state 

joint reward 

Figure 2.10: Multi-agent Reinforcement Learning [49]

An RL control diagram is shown in Figure 2.11, where the controller, based on
reinforcement and state feedback associated to its previous action, estimates the
control which will bring about a better performance [49]. The reinforcement signal
is generally defined as a performance evaluation function, associated to the state
plus the control.

Controller

Plant

Performance 
Function

control

state signal 

reinforcement 
signal

state 
feedback 

Figure 2.11: Reinforcement Learning Controller [49]
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Elements of Reinforcement Learning

There are some fundamental elements [8] of the reinforcement learning (RL) strat-
egy: a reward, a policy and a state (s) from the environment. At each time step
t = 0, 1, 2, ...., the agent chooses a state st ∈ S as an input, which stands for the
state of the environment at t, and S stands for the set of all states. Depending on
the current state, the agent does an action at ∈ A(st), in which A(st) refers to the set
of all possible actions from state st. At the next time step t + 1, the state transition
is from st to st+1 after taking action at. The transition corresponds to a immediate
reward rt+1 ∈ R, depending on how "good" or "bad" is selecting action at at state
st. This framework was first presented in [60] and then extended to the research by
Barto [61]. Comprehensive treatment of RL fundamentals are provided by Sutton
and Barto [8].

Figure 2.12 shows that an agent (of multi-agent systems) interacts with its envi-
ronment by taking an action and this action can be associated to a reward (negative
or positive RL signal [8] [50]) as mentioned above. As a control engineering term
[50], the reward implies a control cost increase. In this thesis, we consider the
reward as a negative signal.

Figure 2.12: Reinforcement Learning [49]

The RL agent interaction is featured by the action, state and reward signal [8]:

• The state signal is regarded as the state of the environment.

• The RL agent affects the environment, throughout the action signal.

• The reward signal indicates the negative feedback regarding to the action [8]
[49].
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2.5.2 Cumulative Reward

Reward (or reward signal) is one of the main elements of the reinforcement learn-
ing (RL) algorithms. In RL, the overall purpose is to obtain a policy (mapping
from every state to every possible action) which yields the minimum long-term
accumulated reward [4]. To influence the agent’s behavior, a reward mechanism
is adopted. The reward function applied is often custom designed based on the
problem in hand. It is the objective of the agent to learn from the environment’s
behavior by estimating and minimizing the long-term total expected reward [49].

Herein, we suppose that an RL task is with an associated terminal state. Then,
the cumulative reward Rt (named as the return in Ref. [49]) is defined as

Rt = rt+1 + rt+2 + rt+3 + ... + rt+T+1 =
T

∑
k=0

rt+k+1 (2.36)

where T is the terminal time step. Such a cumulative reward definition is applica-
ble to a class of RL tasks with a terminal state [49]. That is, the agent-environment
interaction terminates when it reaches the specific state. In such cases, the experi-
ments of the interaction can be broken down to episodes, where each episode [49]
refers to a succession of the interactions between the environment and the agent,
which starts at t = 0 and ends when the environment achieves the terminal state.
Nevertheless, terminal states may not exist in some situations. In such scenarios,
the agent-environment interaction continues indefinitely T = ∞. When T = ∞,
the collective reward can be also named as the performance index in Ref. [50].

Besides, a discounted term can be used to determine how much the RL agent is
concerned about the rewards in the distant future, compared with those in the im-
mediate future. An example of a discounted cumulative reward function is given
by

Rt = rt+1 + γ rt+2 + γ2 rt+3 + ... + γTrt+T+1 =
T

∑
k=0

γk rt+k+1 (2.37)

where the parameter γ is named as the discount rate, 0 ≤ γ ≤ 1. The discount rate
is a weighing factor that affects the current estimation of the future rewards [4]. If
γ → 0, the agent will be thoroughly myopic, which only learn about the actions
that lead to the immediate reward. On the other hand, when γ → 1, the agent
will assess the performance of its actions, depending on the sum total of all future
rewards. In addition, since γ < 1, the reward sequence {rt+1, rt+2 , ..., rT+k+1} and
the sum of future rewards, remain bounded as T → ∞ [4].
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2.5.3 Markov Decision Processes

Generally, the feedback from the environment at time step t + 1 to the action at

chosen at time step t, relies on the past information of the agent’s states and actions
[4]. Such dynamics can be described by the conditional probability

Pr{st+1 = s′, rt+1 = r | st, at, rt, st−1, at−1, ..., r1, s0, a0} (2.38)

for every possible state s′ ∈ S, reward r, and all available values of early states,
rewards and actions, Pr stands for the probability. A Markov process is a special
case of such systems. A process satisfies the Markov property whenever its status
at time step t+ 1 only relies on that at time step t [4]. Based on this, an environment
has the Markov property when the probability of its state st+1 at time t + 1 only
depends on its state st and the action at. Hence, the probability is given by

Pr{st+1 = s′, rt+1 = r | st, at} (2.39)

for all s′ ∈ S, r, st ∈ S and at ∈ A(st). Any reinforcement learning (RL) task
satisfying the Markov property is named as a Markov decision process (MDP) [49].
Moreover, if there are only a finite number of state and action spaces in those tasks,
then those tasks can be called finite Markov decision processes (MDPs) [49].

Given an action at and a state st at time t, the probability for each available or
possible next state s′ is called a transition probability [49] and is given by

Pa
ss′ = Pr{st+1 = s′ | st = s, at = a} (2.40)

Likewise, the expected value of the next reward associated with action a at state s
and transiting to state s′ can be defined by

Ra
ss′ = E{rt+1 | st = s, at = a, st+1 = s′} (2.41)

This reward signal informs the agent how "bad" or "good" it is to take action a at
state s instantly [49]. The main goal of the agent is to minimize the total long-term
reward, not the immediate reward rt+1 at any specific time step. Accordingly, a
value function is based on each state-action pair which indicates the long-lasting
evaluation of any state [62]. Because the value function reflects the long-lasting
performance of the state-action pairs (i.e. particular policies), the agent gives it
special consideration [62]. Over the learning process, the agent receives the imme-
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diate reward signal rt+1 and then uses it to calculate the value function for each
state s [4] [49]. The book [49] defines the state-value function Vπ(s) (the value of a
state over a policy π) as below

Vπ(s) = Eπ{Rt | st = s}

= Eπ{
∞

∑
k=0

γk rt+k+1 | st = s}

= Eπ{rt+1 + γ
∞

∑
k=0

γk rt+k+2 | st = s}

= ∑
a

π(s, a)∑
s′

Pa
ss′ [R

a
ss′ + γ Eπ{

∞

∑
k=0

γk rt+k+2 | st+1 = s′}]

= ∑
a

π(s, a)∑
s′

Pa
ss′ [R

a
ss′ + γ Vπ(s′)]

(2.42)

where π(s, a) refers to the probability of choosing action a in state s according to
policy π, and Eπ{} stands for the expected value of a certain variable, given the
policy π followed by the agent.

Likewise, the action-value function Qπ(s, a) is defined in Ref. [49], which refers
to the expected reward of choosing action a in state s with policy π

Qπ(s, a) = Eπ{Rt | st = s, at = a}

= Eπ{
∞

∑
k=0

γk rt+k+1 | st = s, at = a}

= Eπ{rt+1 + γ
∞

∑
k=0

γk rt+k+2 | st = s, at = a}

= ∑
a

π(s, a)∑
s′

Pa
ss′ [R

a
ss′ + γ Qπ(s′, a′)]

(2.43)

Equations (2.42) and (2.43) stand for the Bellman equations for the state-value
equation Vπ and the action-value equation Qπ under policy π, respectively [49].
These equations balance all the possible circumstances by their probability of oc-
curring [62]. They also state that the value of the starting state is equivalent to the
discounted value associated to the expected next state and the long-run reward.

The main objective of RL tasks, is to find a policy which provides the smallest
long-term reward [4]. To put it differently, they are required to obtain the policy
which has a smaller or equivalent expected cumulative reward than other policies
for all states. Value functions validate the efficiency of all possible policies [49].
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A better policy associates a smaller value function. A policy π is better than or
equivalent to a policy π′ when the expected cumulative reward brought by π is
smaller than or equivalent to that brought by π′ for all states [62]. That is to say,
policy π is better or as good as π′ when

Vπ(s) ≤ Vπ′(s) ∀s ∈ S (2.44)

A policy that minimizes the long-term reward is called an optimal policy π∗.
The state-value function yielding the minimum reward is defined as the optimal
state-value function V∗ [49], and can be calculated from

V∗(s) = min
π

Vπ(s) (2.45)

Likewise, the optimal action-value function [49] Q∗(s, a) is expressed as

Q∗(s, a) = min
π

Qπ(s, a) (2.46)

The optimal state-value function and the optimal action-value function must sat-
isfy the Bellman equations (2.42), and (2.43), which can be rewritten as

V∗(s) = min
a ∑

s′
Pa

ss′ [R
a
ss′ + γ V∗(s′)] (2.47)

Q∗(s, a) = ∑
s′

Pa
ss′ [R

a
ss′ + γ min

a′
Q∗(s′, a′)] (2.48)

Equations (2.47) and (2.48) are called the Bellman optimality equations [4] for the
state-value function V(s) and the action-value function Q(s, a), respectively. Some
dynamic programming methods to solve the above Bellman equations is going to
be reviewed in the following section.

2.5.4 Dynamic Programming

Dynamic programming, as one of the key methods in reinforcement learning (RL),
is a class of algorithms that are applied to obtain the optimal policy when given
a full dynamical model for the environment as a Markov decision process (MDP)
[4] [50]. As mentioned above, the main idea of dynamic programming, and of RL
generally, is to utilize value functions and to structure the search for the best policy.
In this section, we will review the dynamic programming algorithms that function
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in calculating the optimal policies and the value functions. The book [4] classifies
dynamic programming into the value iteration (VI) and policy iteration (PI) based
on how the optimal policies are obtained, in the RL context.

Policy Iteration

The existence of an optimal policy is guaranteed since the number of policies is
finite [50], regarding a finite Markov decision process problem. Given a policy π,
we can evaluate whether it is the best policy or not by trying an action a 6= π(s) at
state s and subsequently following the existing policy π [62]. If this new policy π′

with action a is better than to the initial policy π, then the value function Vπ′ must
be smaller than or equal to Vπ (i.e. Vπ′ ≤ Vπ). Hence, policy π′ becomes a more
optimal policy for the environment. To take all possible policies into consideration,
we can operate this process repeatedly to find the optimal policy π∗. This iterative
or recursive way is the so-called policy iteration (PI) [50]. Suppose that for each
state, we have a series of approximate value functions V0, V1, V2, ..., where the
initial approximation V0 can be selected randomly, then over the iteration process,
the successive approximations can be obtained using Bellman equation (2.42)

Vk+1(s) = Eπ{rt+1 + γ Vk(st+1) | st = s}
= ∑

a
π(s, a) ∑

s′
Pa

ss′ [R
a
ss′ + γ Vk(s′)]

(2.49)

In a PI strategy, there are two main steps (summarized in Ref. [50]): policy eval-
uation and improvement. The first step is to evaluate the current policy through
the state-value function (2.49), and the second step is used to improve the current
policy by considering a new greedy policy π′, defined as

π′(s)← arg min
a

∑
s′

Pa
ss′ [R

a
ss′ + γ Vπ(s′)] (2.50)

In the end, the outcome converges to the optimal policy [4] [50].

Value Iteration

As a simpler dynamic programming method, value iteration (VI) solves the Bell-
man equation (2.47) iteratively [4]. Similar to policy iteration (PI) methods, it re-
quires comprehensive information of the state-transition probabilities as well as
the rewards for each transition [62]. In this case, the updating rule [4] can be for-
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mulated as
Vk+1(s) = min

a ∑
s′

Pa
ss′ [R

a
ss′ + γ Vk(s′)] (2.51)

for all s ∈ S, where γ is the discount rate, 0 ≤ γ ≤ 1. After converging to a value
function [4], the policy is given by

π(s)← arg min
a

∑
s′

Pa
ss′ [R

a
ss′ + γ V(s′)] (2.52)

for all s ∈ S, where arg min
a

denotes the action at state s that is associated with the

minimum state-value function [4].

2.5.5 Temporal Difference Learning

The temporal difference (TD) learning methods are the extension of dynamic pro-
gramming methods, which can be model-free and easily applicable online with
step-by-step computation [4]. Similar to dynamic programming, TD learning meth-
ods update the estimations after interactions between the environment and the
agent without waiting for a final result (i.e., waiting till the next step t + 1) [50].
TD learning methods can learn the optimal policy straightway from their own ex-
perience. Unlike dynamic programming techniques, they do not need a full model
for the environment [4] [44].

One of the simplest TD learning methods, known as TD(0) [4], uses the im-
mediate interaction information, the estimated value V(st+1) and the immediate
reward rt+1, to generate a target at time step t + 1 in the form of

target = rt+1 + γ V(st+1) (2.53)

where γ is the discount rate and the term target indicates the desirable motion di-
rection. The difference between the target and the previous estimate V(st), named
as the TD error, can be applied to update the previous estimate, and is expressed
as

V(st)← V(st) + α[rt+1 + γ V(st+1)−V(st)] (2.54)

where 0 ≤ α ≤ 1 is the learning rate. This rate determines how much the agent
learns from the newly discovered information [4] (i.e., estimated value V(st+1) and
the immediate reward rt+1 ). If α = 0, the agent does not learn anything, but for the
case where α = 1, the agent only learns from the newly discovered information.
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Figure 2.13 shows the backup rule in a diagram form for TD(0). TD learning
methods are called bootstrapping methods [49] because they update the state node
s depending on one sample transition to the instantly following state s′.

Figure 2.13: Backup diagram for TD(0) [49]

There are two classes of TD learning methods [49] [63]:

• On-policy TD learning: The policy that is being estimated is used to make
decisions during the learning process [49].

• Off-policy TD learning: Off-policy methods do not have an expected pol-
icy to be followed [63]. Their estimations are updated independently of the
policy. Q-learning [64], as one of the most popular off-policy TD learning
methods, will be detailedly described in the following section.

Q-learning

Q-learning [63] [64], as one of the most useful temporal difference (TD) learning
methods, with great attention from the machine learning communities. The "Q"
in Q-learning stands for "quality", objective of which is to determine how useful
a given action is in obtaining several future rewards. Thus, the Q-learning agent
estimates the Bellman equation (2.48) (also named as Q-value [4]) recursively to get
an optimal policy. The simplest Q-learning is the one-step Q-learning [4], where
the target is defined as

target = rt+1 + γ min
at+1

Q(st+1, at+1) (2.55)

where 0 ≤ γ ≤ 1 is the discount rate, and 0 ≤ α ≤ 1 is the learning rate.
Q-learning [62] also utilizes the immediate new experience from the interaction

as a target. Hence, the TD error is the difference between the current Q-value and
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the target. The update rule for Q-learning is expressed by

Q(st, at)← Q(st, at)(1− α) + α [ rt+1 + γ min
at+1

Q(st+1, at+1) ] (2.56)

where rt+1 refers to the environment-returned reward of action a under state s.
Similar to the forementioned backup diagram of the TD learning, the backup

diagram of Q-learning is shown in Figure 2.14. Since update rule (2.56) is updat-
ing a state-action pair, the top node and the bottom node are regarded as an action
node [4] [49]. Besides, the backup also defines the action associated with the mini-
mum Q-value over all possible actions under the next state [4].

Figure 2.14: Backup Diagram for Q-learning [49]

Q-table, shown in Figure 2.15 is one of the simplest data structures used to
minimize the Q-value function Q(...) [49]. Q-table is a lookup table that includes
Q-values. The input of the table should be the agent’s state-action pair and the
output is a Q-value associated to the pair [65] [66]. A selection of a control input is
decided by Q-values [65]. Subsequently, the Q-value corresponding to the selected
control input is updated based on a reward that is relative to the agent’s state-
action pair. The optimal Q-table can be found by iteratively updating Q-values
illustrated in Figure 2.16. Basically, Q-table guides an agent to the best action at
each state [49].

Nevertheless, conventional Q-table takes much time to reach the optimal Q-
values [65]. Hence, some appropriate methods [67] [68] can be considered to ap-
proximate the Q-value.

2.5.6 Neural Network Approximation

When considering the tracking problems in our work, the conventional Q-table
methods can be applied to analytically solve Bellman equation (2.48) and deter-
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Figure 2.15: Q-table [49]

Agent

Figure 2.16: Q-table Process [49]

mine optimality in an offline fashion [69]. The offline methods are solved back-
ward in time, with the full knowledge of the system’s dynamics. However, for the
offline methods, it is infeasible to address the tracking problems with no prior or
sufficiently accurate information about the system’s dynamics. Therefore, the on-
line methods can be used to surmount the deficiency. The online methods move
forward in time, and recover optimality by using neural network approximators
and iterators to estimate quantities in the future.

Inspired by the human brain (Figure 2.17), artificial neural networks (ANNs)
comprise numerous layers, associated with interconnected processing elements
[5]. ANNs are widely used as excellent function approximators to estimate re-
inforcement learning (RL) solutions [68] [69]. Neural networks make approxima-
tions of the value update as well as policy evaluation steps of RL. The neural net-
work solution uses two different approximators which learn the solution to the
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Bellman equations. While one of the two neural networks predicts the optimal
control strategy, the other neural network estimates the temporal difference (TD)
solution.

Figure 2.17: Brain-inspired Neural Networks [5]

The adaptive critics approaches [8] [70], also named as actor-critic learning ap-
proaches, are applied to find neural network solutions for optimal control prob-
lems. The approaches implement two-step RL processes via different neural net-
work approximation methods [68] [71]. The solutions of the Bellman equations
are estimated using feedforward neural structures defined by the critic structures
[8]. However, the optimal control strategies are estimated by another feedforward
neural network, which is named as the actor structures [8].

The tuning processes for the weights of adaptive critics, are coupled interactive,
which means the actor weights are regulated while the critic weights are tuned re-
garding to evaluations of the environment [8] [72]. An adaptive critics structure is
illustrated in Figure 2.18. The action-value function update step (2.56) is rewritten
as:

Q(st, at)← Q(st, at) + α ϵTD (2.57)

where 0 ≤ α ≤ 1 is the learning rate and ϵTD is given by

ϵTD = rt+1 + γ min
at+1

Q(st+1, at+1)−Q(st, at) (2.58)

where γ is the discount factor and rt+1 is the immediate reward.
In Figure 2.18, the critic neural network tries to predict the optimal action-value

function for the state st over the action at. The actor neural network controller is
responsible for obtaining the action at with minimum action-value. Then the state
st immediately transits to st+1 after taking the action at. Execute the adaptation
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Actor

Critic

action
𝒂𝒂𝒕𝒕

state
𝒔𝒔𝒕𝒕

𝒓𝒓𝒕𝒕 reward 

TD error

Policy Action 
Policy Improvement

Value Function 
Policy Evaluation

Environment

Figure 2.18: Adaptive Critics Structure [8]

process in Figure 2.18 iteratively, until the final optimal decision is found. In gen-
eral, the control strategy and value function can be improved through iteration
and converge to the optimal action-value function with optimal control policy, via
adaptive critics approaches [8].

Adaptive critics for an optimal tracking problem, associated with nonlinear
cost function, is presented in [67] [73]. A Proportional-Derivative (PD) controller is
together with an RL method to control the movement of a two-link flexible manip-
ulator to follow a reference trajectory in [74]. A trajectory-tracking controller based
on adaptive critics is proposed for a fully self-governed underwater robot in [69].
The nonlinearities can be compensated over the learning process. The adaptive
critics are widely used in single-agent systems [69] [74] and multi-agent systems
[73] [75], where each agent has its own adaptive critics structure. In a distributed
fashion, these structures solve the graphical games, associated with neighbor in-
formation [76] [77]. In this thesis, the adaptive critics method will be applied to
deal with a class of multi-agent problems in graph frameworks [43] [78] [79].

2.6 Reinforcement Learning Controller

Reinforcement learning (RL) controller tries to minimize its future rewards [80]. It
can be equivalently described as the minimization of a long-term cost in a control
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engineering context [50]. In this way, RL method works as an adaptive algorithm
that converges online to an optimal control policy for a thoroughly unknown sys-
tem [4] [50]. It solves the Bellman equation online with measurements along the
system trajectories, without any knowledge of the dynamic model [80] [81].

Recall that the objective cost Ri(�) (2.34) is used to calculate the performance
index Ji (2.33). Similarly, we define the Bellman temporal difference equation [50]
using the Q-learning method:

Qi(Ei(k),ui(k)) = Ri(Ei(k),ui(k)) + Qi(Ei(k + 1),ui(k + 1)) (2.59)

where Qi(Ei(k),ui(k)) refers to the action-value with the current input pair at k
and Qi(Ei(k + 1),ui(k + 1)) stands for the action-value with the future input pair,
cumulative error Ei(k+ 1) and control ui(k+ 1) at time k+ 1. Similar to Q-learning
[6], the optimal control policy u∗i (k) is defined by

u∗i (k) = arg min
ui(k)

Qi(Ei(k),ui(k)) (2.60)

Substituting (2.60) in (2.59) gives the Bellman optimality equation [50]:

Q∗i (Ei(k),u∗i (k)) = Ri(Ei(k),u∗i (k)) + Q∗i (Ei(k + 1),u∗i (k + 1)) (2.61)

where Q∗i (Ei(k),u∗i (k)) refers to the optimal action-value at time k, and Q∗i (Ei(k +
1),u∗i (k + 1)) stands for the future optimal action-value at time k + 1 over the op-
timal control policy u∗i (k + 1).

2.6.1 Adaptive Critics Implementation

We adopt adaptive critics in the form of artificial neural networks (ANNs) to obtain
optimal control policies. The best strategy is approximated using an actor network,
when the action-value of this strategy is approximated by means of a critic network
[8] [68] [69]. The solving value function Qi(...) is approximated by the following
structure [6] [7]:

Q̂i(Ei(k), ûi(k)) =
1
2
[ET

i (k) û
T
i (k)] Wi

[
Ei(k)
ûi(k)

]
(2.62)
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where Wi refer to the critic weights for the approximation of the solving value
function:

Wi =

[
WEiEi WEiûi

WûiEi Wûiûi

]
> 0 ∈ R(nK+m)×(nK+m) (2.63)

Ei(k) ∈ RnK is the cumulative error vector for agent i at time k and ûi(k) ∈ Rm

stands for the approximation of the optimal control policy given by

ûi(k) = ΩiEi(k) (2.64)

where Ωi ∈ Rm×nK are the associated weights. The target, which is used to update
the critic weights, is defined as

Q̃i = Ri(Ei(k), ûi(k)) + Q̂i(Ei(k + 1), ûi(k + 1)) (2.65)

where Ri(�) is the objective cost (2.34). Similarly, the target of the approximated
optimal policy ûi(k), which is applied to update the actor weights [50], is defined
as

ũi = −
[
(Wûiûi)

−1 WûiEi

]
Ei(k) (2.66)

In Figure 2.19, the adaptive critics approximate the control ûi to drive agents (∀i)
to track the state of the reference system xl.

𝐾𝐾

Figure 2.19: Adaptive Critics Diagram

2.6.2 Update Rules for Adaptive Critics

Adaptive critics provide a method to construct a controller that can adapt online to
the unknown system dynamics, depending on minimization of the objective cost
[8] [68]. A gradient descent approach [82], in this thesis, is used as the update law
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for the neural network approximation. In Figure 2.20, the update process of the
adaptive critics is illustrated.

Multi-agent
System

Actor Neural Network 

Critic Neural 
Network 

update rule

+

�

−

update rule

𝒙𝒙ℓ(k)
𝒙𝒙𝑖𝑖(𝑘𝑘)

Figure 2.20: Update Process for Adaptive Critics

Update Rule for Critic Neural Network

The approximation error δcritic
i of the solving value function can be computed by

δcritic
i = Q̂i(Ei(k), ûi(k))− Q̃i (2.67)

where Q̂i is the approximated value (2.62) and Q̃i is the target values (2.65). Define
the least-squares error of the critic network εcritic

i as

εcritic
i =

1
2
(δcritic

i )2 =
1
2
(

Q̂i(Ei(k), ûi(k))− Q̃i
)2 (2.68)

Differentiating εcritic
i in terms of Wi, we get

∂εcritic
i

∂Wi
=

∂εcritic
i

∂δcritic
i

∂δcritic
i

∂Wi

= ( Q̂i(Ei(k), ûi(k))− Q̃i )

[
Ei(k)
ûi(k)

] [
ET

i (k) ûT
i (k)

] (2.69)
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It gives the update rule for the critic weights

W
[r+1]
i = W

[r]
i − ηc

(
∂εcritic

i
∂Wi

)[r]

= W
[r]
i − ηc

(
( Q̂i(Ei(k), ûi(k))− Q̃i )

[
Ei(k)
ûi(k)

] [
ET

i (k) ûT
i (k)

])[r]

(2.70)
where 0 < ηc < 1 is the learning rate of a critic neural network and r refers to the
index of the iteration.

The update process of the critic neural network for agent i in a multi-agent
system is shown in Figure 2.21. The input, consisting of cumulative error vector Ei

and control ûi, is fed into the critic neural network. After the critic neural network
outputs the approximation of the value function Q̂i(...), the weights Wi will be
updated immediately by the rule (2.70).

Critic
Neural 

Network

Input Layer

𝑬𝑬𝑖𝑖( )

Output

�𝑄𝑄𝑖𝑖

update rule

𝑾𝑾𝑖𝑖

�𝒖𝒖𝑖𝑖( )

Figure 2.21: Update Process for Critic Neural Network

Update Rule for Actor Neural Network

Similarly, the approximation error vector δactor
i of the control policy is given by

δactor
i = ûi(k)− ũi (2.71)
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where ũi is the target of the approximated policy (2.66). Define the least-squares
error of actor network εactor

i as

εactor
i =

1
2

δactor
i

T
δactor

i =
1
2
(ûi(k)− ũi)

T(ûi(k)− ũi) (2.72)

Taking partial derivative of εactor
i with respect to Ωi, we get

∂εactor
i

∂Ωi
=

∂εactor
i

∂δactor
i

∂δactor
i

∂Ωi

= (ûi(k)− ũi)E
T
i (k)

(2.73)

In a similar fashion, the update law for the actor weights Ωi is

Ω
[r+1]
i = Ω

[r]
i − ηa

(
∂εactor

i
∂Ωi

)[r]

= Ω
[r]
i − ηa

(
(ûi(k)− ũi)E

T
i (k)

)[r] (2.74)

where 0 < ηa < 1 is an actor neural network learning rate and r refers to the index
of the iteration.

Actor
Neural 

Network

Input Layer

𝑬𝑬𝑖𝑖( )
Output

�𝒖𝒖𝑖𝑖

update rule

𝛀𝛀𝑖𝑖

Figure 2.22: Update Process for Actor Neural Network

Figure 2.22 illustrates a update process of the actor neural network for agent i
in a multi-agent system. The control policy ûi is the output of the actor neural net-
work, and the weights Ωi are autonomously tuned via the associated update rule
in (2.74). In conclusion, the critic and actor weights are regulated online through-
out a VI, shown in Algorithm 1 where the superscript [r] is the iteration index.
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Algorithm 1 Adaptive Critics Implementation
Initialization:

Weights W [0]
i and Ω

[0]
i

Initial cumulative number K
Recent error record ei

T(0), ei
T(−1), ..., ei

T(1− K)
Maximum number of learning iterations NT

1: for r = 0 to NT do
2: Obtain E

[r]
i (k) and calculate approximation û

[r]
i (k).

3: Compute the objective cost Ri(E
[r]
i (k), û[r]

i (k)) and update E
[r]
i (k + 1).

4: Find the approximatie policy û
[r]
i (k + 1) and calculate the approximatie

value Q̂[r]
i (E

[r]
i (k + 1), û[r]

i (k + 1)).

5: Calculate the targets Q̃[r]
i and ũ

[r]
i .

6: Apply (2.70) to update the critic weights W [r+1]
i .

7: Apply (2.74) to update the actor weights Ω
[r+1]
i .

8: Terminate upon convergence of ‖Q̂[r+1]
i (...)− Q̂[r]

i (...)‖.
9: end for

2.6.3 Adaptive Flocking Control

Recall that the flocking control drives a class of agents with dynamics (2.26) to
track a leader system in (2.27) cooperatively, while at the same time, agents are also
required to follow some other local interaction rules [21] [33]. Adaptive critics offer
an online learning method for this class of systems to be able to operate adaptively
and autonomously [6] [7]. Hence, an adaptive flocking control can be given by

Multi-agent
Systems

+
Reinforcement 

Learning Controller

�

𝒆𝒆𝑖𝑖 𝑘𝑘𝑐𝑐 �𝒖𝒖𝑖𝑖

Separation Controller

𝑘𝑘𝑎𝑎 𝒖𝒖𝑖𝑖𝑎𝑎
+

𝒖𝒖𝑖𝑖

𝑘𝑘𝑠𝑠 𝒖𝒖𝑖𝑖𝑠𝑠

Alignment Controller

Figure 2.23: Adaptive Flocking Control

ui = ksu
s
i + kau

a
i + kcûi (2.75)
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where ks, ka, kc ∈ R>0. us
i and ua

i are for the separation and velocity consensus,
respectively. The last term is the tracking control via adaptive critics. Therefore, ui

drives agents to cope with a class of nonlinear flocking problems in Figure 2.23.

2.7 Summary

This chapter summarizes an overview of the literature on machine learning algo-
rithms and their applications. After discussing the reference-tracking regulation
problem, we presented an adaptive control structure to tackle this problem. In
the following chapter, we will describe more details of the implementation of the
presented control structure using online measurements.
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Chapter 3

Optimal Control Formulation

Section 3.1 formulates the online tracking problem for multi-agent systems and
presents a combined flocking controller. Section 3.2 provides two case studies of
the reference-tracking problems. Several concluding remarks are made in section
3.3.

3.1 Problem Formulation

Recall the discrete dynamics of the multi-agent system in (2.26). We assume that
agents operate in a two-dimensional planar area, where the state xi(k) is measured
online and given by

xi(k) = [ qT
i (k) vT

i (k)]
T

= [ qi{x}(k) qi{y}(k) vi{x}(k) vi{y}(k) ]
T

(3.1)

where qi{x}(k), qi{y}(k) stand for the cartesian positions and vi{x}(k), vi{y}(k) refer
to the cartesian velocities in the coordinates x, y for agent i ∈ {1, 2, ..., N} at discrete
time k. We suppose that every agent is able to sense the same state information of
the target, and the state information, with respect to the target’s dynamics (2.27),
is given by

xl(k) = [qT
l (k) vT

l (k)]
T

= [ ql{x}(k) ql{y}(k) vl{x}(k) vl{y}(k) ]
T

(3.2)

where ql{x}(k), ql{y}(k) refer to the positions and vl{x}(k), vl{y}(k) refer to the
velocities in x, y directions for the moving target at discrete time k. Note that we
assume each agent in the group can measure the states of its neighbors only in a
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limited communication range, but all agents can measure the direct states of the
target. This is a strong assumption to be able to isolate the implementation of the
model-free tracking algorithm from the consensus part of the controller. In the
literature on consensus applied to motion control of multi-agent systems, tracking
and alignment are treated simultaneously, with agents reaching consensus about
the estimate of the leader’s trajectory through the same underlying communication
network topology [33] [34]. Moreover, this assumption for the isolation is required
for behaviour-based flocking control that naturally integrates various competing
flocking behaviours (i.e., tracking, consensus and separation) [21] [33]. The online
tracking error (shown in Figure 3.1) can be expressed by

ei(k) = [eΛ
i (k)] =


e1

i (k)
e2

i (k)
e3

i (k)
e4

i (k)

 =


qi{x}(k)− ql{x}(k)
qi{y}(k)− ql{y}(k)
vi{x}(k)− vl{x}(k)
vi{y}(k)− vl{y}(k)

 (3.3)

where Λ ∈ {1, 2, 3, 4}. In order to control this system, the cumulative error vector

Target

𝑒𝑒𝑖𝑖1

𝑒𝑒𝑖𝑖2

𝑒𝑒𝑖𝑖3

𝑒𝑒𝑖𝑖4

Robot

The direction of 
robot movement
The direction of 
target movement
The velocity component on 
𝒙𝒙,𝒚𝒚 directions (target)

The distance component 
on 𝒙𝒙,𝒚𝒚 directions 

The velocity component on 
𝒙𝒙,𝒚𝒚 directions (agent)

Target’s trajectory 

Figure 3.1: Online Measurements of Tracking Error

can be reformulated as:

Ei(k) = [EΛ
i (k)] =


e1

i (k), ..., e1
i (k + 1− K)

e2
i (k), ..., e2

i (k + 1− K)
e3

i (k), ..., e3
i (k + 1− K)

e4
i (k), ..., e4

i (k + 1− K)

 (3.4)

where K is the number of terms stored. Noticeably, the model-free learning solu-
tions do not need any information about the system dynamics (i.e., fl, fi), where
they act as black-box methods [7]. In addition, the methods are implemented on-
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line, where only the real-time measurements are collected. Motivated by machine
learning literature (reviewed in Chapter 2), an adaptive flocking control integrates
adaptive critics (Algorithm 1) and classical flocking control (2.75) to drive agents
to learn autonomously to track a moving target:

ui(k) = ks u
s
i (k) + ka u

a
i (k) + kc ûi(k)

= −ks ∇U(q(k))− ka ∇ΨG(v(k)) + kc ûi(k)
(3.5)

where ks, ka, kc ∈ R>0 and ∇U(�), ∇ΨG(�) are defined in (2.16) and (2.22), respec-
tively. q(k), v(k) are the global states:

q(k) = [qT
1 (k), q

T
2 (k), ..., qT

N(k)]
T

v(k) = [vT
1 (k),v

T
2 (k), ...,vT

N(k)]
T (3.6)

Inspired by the classical Proportional-Derivative flocking control of Olfati-Saber
in Ref. [2], the associated postion control terms and velocity control terms can be
summed to build the coupled control ûi(k), which is equivalently a logic combi-
nation of scalar signals û1

i (k), û2
i (k), û3

i (k) and û4
i (k):

ûi(k) = [ûi{x}(k) ûi{y}(k)]
T

= [û1
i (k) + û3

i (k) û2
i (k) + û4

i (k)]
T

(3.7)

where û1
i (k), û2

i (k) correct the position deviations in x, y directions and û3
i (k), û4

i (k)
correct the velocity deviations in x, y directions. To simplify and unify the no-
tations, we define ûΛ

i (k), Λ ∈ {1, 2, 3, 4} (i.e., one for each of the four adaptive
learning loops) that can be given by

ûΛ
i (k) = ΩΛ

i E
Λ
i (k) (3.8)

where the superscript Λ stands for a control loop of each state, and ΩΛ
i are the

control gains that are determinated by the actor neural networks, which will be
updated via the rules in (2.74). Similarly, the weights of the critic neural networks
WΛ

i are used to estimate the solving value:

Q̂Λ
i (E

Λ
i (k), ûΛ

i (k)) =
1
2

[
EΛ

i (k)
ûΛ

i (k)

]T

WΛ
i

[
EΛ

i (k)
ûΛ

i (k)

]
(3.9)
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Algorithm 2 Adaptive Flocking Control
Initialization:

Weights
(
WΛ

i
)[0] and

(
ΩΛ

i

)[0]
, ∀Λ ∈ {1, 2, 3, 4}

Global initial states q(0) and v(0)

Cumulative error
(
EΛ

i (0)
)[0]

Parameters ks, ka, kc
Maximum number of learning iterations NT

1: for r = 0 to NT do
2: for Λ = 1 to 4 do
3: Obtain

(
EΛ

i (k)
)[r]

4: Scalar
(
ûΛ

i (k)
)[r]

=
(

ΩΛ
i

)[r] (
EΛ

i (k)
)[r]

5: end for
6: (ûi(k))

[r] = [
(
û1

i (k)
)[r]

+
(
û3

i (k)
)[r] ,

(
û2

i (k)
)[r]

+
(
û4

i (k)
)[r]

]T

7: (ui(k))
[r] = −ks ∇U(q(k))− ka ∇ΨG(v(k)) + kc (ûi(k))

[r]

8: Drive agents via (ui(k))
[r]

9: for Λ = 1 to 4 do
10: Obtain

(
Q̂Λ

i
)[r]

(...)

11: Calculate the targets
(
Q̃Λ

i
)[r] and

(
ũΛ

i
)[r]

12:
(
WΛ

i
)[r] → (

WΛ
i
)[r+1]

13:
(

ΩΛ
i

)[r]
→
(

ΩΛ
i

)[r+1]

14: end for
15: end for

where the weights WΛ
i can be updated via the rules in (2.70). The adaptive control

process is detailed out in Algorithm 2, where the notation r refers to iteration index.
In the next section, a set of computer simulations will be conducted to illustrate

the efficiency of the presented algorithm in react to various reference-tracking sce-
narios.

3.2 Simulation Results and Analysis

We set up the parameters for simulations in section 3.2.1. Section 3.2.2 shows
the scenario for tracking a moving target with a constant velocity. Section 3.2.3
presents another scenario for tracking a reference trajectory with a time-varying
velocity.
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3.2.1 Simulation Setup

The simulations are performed in Python 3, with parameters in Table 3.1. Proper
initialization requires engineers’ prior experience. We tested a lot of possible val-
ues of the parameters by guessing, experience, or the analysis of previously evalu-
ated results in Ref. [2] [6] [31].

Table 3.1: Parameters for Simulations

Parameters Values Equation

N 5 (2.4)
K 3 (3.4)
a 5.0 (2.13)
b 5.0 (2.13)
h 0.2 (2.9)
r 0.75 (2.7)
ηa 0.5 (2.74)
ηc 0.001 (2.70)

The cumulative number K of stored errors is set as 3, which leads to EΛ
i (k) =

[eΛ
i (k) eΛ

i (k− 1) eΛ
i (k− 2)]T, Λ ∈ {1, 2, 3, 4} (i.e., one for each of the four adaptive

learning control loops). Same as the dynamics used in [26] [27], discretizing the
system function with the sampling period 0.01 s leads to

qi{x}(k + 1) = qi{x}(k) + 0.01 vi{x}(k)

qi{y}(k + 1) = qi{y}(k) + 0.01 vi{y}(k)

vi{x}(k + 1) = vi{x}(k) + 0.01 ui{x}(k)

vi{y}(k + 1) = vi{y}(k) + 0.01 ui{y}(k)

(3.10)

where ui{x}(k), ui{y}(k) are the control signals (i.e. accelerations) in x, y directions.
And the control signals drive agents to flock together and track the reference tra-
jectory cooperatively.

The actor and critic learning rates can be fixed as ηa = 0.5 and ηc = 0.001,
respectively. The critic learning rate ηc is set as a notably small parameter to com-
pensate for the relative big initial tracking errors [7] [83]. Inspired by Ref. [7],
Si, Zi are set as

Si = I3×3 =

 1 0 0
0 1 0
0 0 1

 Zi = 1 (3.11)
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According to the initializations for the associated weights of adaptive critics in
Ref. [7], the initial positive-definite critic weights WΛ

i for the control loops Λ are
initialized to

WΛ
i =


0.09 0.03 −0.06 0.04
0.04 0.11 −0.03 0.01
−0.06 −0.03 0.13 0.014
0.04 0.01 0.01 0.045

 (3.12)

for all i ∈ {1, 2, 3, 4, 5} and similarly the initial actor weights ΩΛ
i [7] for the control

loops Λ are given by
Ω1

i =
[

0.833 1.134 0.95
]

Ω2
i =

[
0.833 1.134 0.635

]
Ω3

i =
[

1.33 1.34 1.35
]

Ω4
i =

[
1.33 1.34 1.35

]
(3.13)

for all i ∈ {1, 2, 3, 4, 5}.
In addition, five agents (N = 5) are placed at the initial positions:

q1(0) =
[
−1.0 0.0

]T
[m]

q2(0) =
[

0.5 −0.5
]T

[m]

q3(0) =
[
−0.707 −0.707

]T
[m]

q4(0) =
[

0.0 1.0
]T

[m]

q5(0) =
[

1.0 1.2
]T

[m]

(3.14)

with the same initial velocities [1.0 1.0]T[m/s]. Note that the initialization of the
state values can be set randomly, but for the case when the distances between each
agent and its neighbors are too small, we must set the critic learning rate ηc to a
relatively large parameter in order to compensate for the excessively small initial
tracking errors.

Two scenarios will be considered:

• Agents are required to track a moving target with a constant velocity;

• Agents are required to track a moving target with a time-varying velocity,
instantaneously following the local interaction rules.
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Figure 3.2: Tracking of Constant Velocity Target (With Only Tracking Component)

3.2.2 Reference Trajectory with a Constant Velocity

In this scenario, the multi-agent system is required to track a linear trajectory start-
ing at an initial position ql(0) = [0 0]T[m]:

ql{x}(k) = 0.01 k · vl{x}(k)
ql{y}(k) = 0.01 k · vl{y}(k)

(3.15)

with a constant velocity vl{x}(k) = vl{y}(k) = 1 [m/s]. This scenario will be
simulated to analyze the tracking performance of adaptive critics, where only the
tracking component in (3.5) is active. Figure 3.2 shows that the agents track the
desired trajectory. In addition, we extract the trajectories into x and y directions in
Figure 3.3 with iteration step k from 0 to 1000.

Tracking errors eΛ
i , Λ ∈ {1, 2, 3, 4} can be used to analyze the adaptive con-
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troller. The tracking errors consist of position tracking errors e1
i , e2

i and velocity
tracking errors e3

i , e4
i , which is controlled via the control loops. In Figure 3.4, the

errors e1
i , e2

i between target’s postion and each agent’s, are shown in (a) and (b),
where (a) is in x direction and (b) is in y direction. Secondly, the velocity track-
ing errors e3

i , e4
i in the associated directions, are shown in (c) and (d) respectively.

Consequently, the controller stabilizes the tracking error.

Figure 3.3: Tracking of Constant Velocity Target in x, y Directions

In order to illustrate how adaptive critics work to achieve the control objectives,
we take an agent as an example. It is clear that critic weights converge in approx-
imately 700 iterations quickly, shown in figure 3.6. Otherwise, actor weights are
adaptively updated to associated control gains in Figure 3.5.

Table 3.2: Control Gains for Agent 2

ΩΛ
2 Control Gains

Ω1
2

[
0.7989 1.0787 0.9151

]
Ω2

2
[

0.8089 1.1158 0.6105
]

Ω3
2

[
−0.3689 −0.1775 −0.2138

]
Ω4

2
[
−0.3908 0.5345 −0.2674

]
Therefore, the agents’ states can synchronize to the leader’s. In Figure 3.7, the

states q2{x}, v2{x} are controlled to track the desired trajectory. Similarly in Fig-
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Figure 3.4: Controller’s Performance in x and y Directions

ure 3.8, q2{y}, v2{y} are controlled over the duration. The final control gains for
agent 2 given by the proposed algorithm are listed in Table 3.2, which generate the
control signals to drive the agent in x and y directions.

This scenario can be applicable for mobile robotic systems with physical con-
straints. For example, sea vessels [7] often have limited capabilities for their veloci-
ties (e.g. surge velocity). A vessel will follow a constant velocity when the leader’s
velocity exceeds the maximum setting of the vessel.
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Figure 3.5: Adaptation of Actor Weights (a) Λ = 1; (b) Λ = 2; (c) Λ = 3; (d) Λ = 4.

Figure 3.6: Adaptation of Critic Weights (a) Λ = 1; (b) Λ = 2; (c) Λ = 3; (d) Λ = 4.
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Figure 3.7: Changing States in x Direction

Figure 3.8: Changing States in y Direction
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3.2.3 Reference Trajectory with a Time-varying Velocity

In this set of simulations, the multi-agent system is set to track a sinusoidal trajec-
tory defined by

ql{x}(k) = 0.01 k · vl{x}(k)
ql{y}(k) = 0.4 sin(0.01 · 0.3 k)

(3.16)

starting form ql{x}(0) = ql{y}(0) = 0 [m] and velocity measurements are repre-
sented by

vl{x}(k) = 1

vl{y}(k) = 0.12 cos(0.01 · 0.3 k)
(3.17)

In Figure 3.9, the agents are driven to track the desired trajectory with some
local interaction rules (i.e. separation, alignment and consensus), with iteration
step k from 0 to 10000. We extract the trajectories into two directions, and the
extraction of x direction is shown in Figure 3.10 during the duration of simulation.

Figure 3.9: Tracking of Time-varying Velocity Target
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Figure 3.10: Tracking of Changing Velocity Target in x Direction

The adaptive learning process enables the agents to track the time-varying tra-
jectory, and the tracking errors eΛ

i are regulated as illustrated in Figure 3.11. The
figures show the capability of the process to adjust to the high maneuverability
associated with the reference trajectory.

Figure 3.11: Controller’s Performance in x and y Directions

Hence, each agent adaptively follows the moving target with time-varying ve-
locity, and tries to maintain a certain formation via locally interacting with its
neighbours. In addition, we use the centroid of the group to evaluate the per-
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Figure 3.12: Consensus Performance in x Direction

formance of the consensus behaviors in terms of the agent i:

δq{i} = [δx
q{i} δ

y
q{i}]

T = qc − qi

δv{i} = [δx
v{i} δ

y
v{i}]

T = vc − vi
(3.18)

for all i ∈ {1, 2, 3, 4, 5}, where qc,vc are the centralized information defined in (2.6).
In Figure 3.12 and Figure 3.13, the consensus performances are shown.

Figure 3.14 shows the update of the critic weights for agent 2. It is observed
that the critic weights take more time to converge compared to the earlier scenario,
which is due to the complexity of the independent trajectory of the leader. In sim-
ilar fashion, the changing of the adaptive weights of the actor networks is shown
in Figure 3.15, as imposed by the value iteration structure.

In Figure 3.16, the position of agent 2 in x direction is controlled to track the
desired trajectory. After a slight fluctuation period, the velocity of agent 2 con-
verges to the steady-state value. Similarly in Figure 3.17, the associated states in y
direction are controlled.
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Figure 3.13: Consensus Performance in y Direction

Figure 3.14: Adaptation of Critic Weights (a) Λ = 1; (b) Λ = 2; (c) Λ = 3; (d)
Λ = 4.
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Figure 3.15: Adaptation of Actor Weights (a) Λ = 1; (b) Λ = 2; (c) Λ = 3; (d)
Λ = 4.

Figure 3.16: Changing States in x Direction
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Figure 3.17: Changing States in y Direction
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Herein, we gave the comparison of the control signals of the presented method
corresponding to a Proportional-Derivative (PD) tracking control used in Ref. [2],
in order to show the performance of the presented method with respect to de-
creasing the control effort of the system. In Figure 3.18, the consensus term ua

i (k)
in (3.5) can be represented into x and y directions, i.e. the extracted scalars ua

i{x}
and ua

i{y} for agent i (e.g. the subscript {x} means the associated term in x direc-
tion). Compared with the case with the constant weights in Ref. [2] with the same
initial conditions and parameters (Note that the word constant means that the as-
sociated weights are unchanged for the adaptive critics during the simulation), the
proposed law with the adaptive weights make ua

2{x} and ua
2{y} converge at roughly

8000 iterations.
The control effort is defined in Ref. [84], as an integral equation with the norm

of the control signal. Herein, the definition in Ref. [84] can be mathematically
applied to the consensus term ua

i (k) in (3.5), and is given by

Oi(u
a
i (k)) =

NT

∑
k=0
‖ua

i (k)‖ (3.19)

where the maximum number of learning iterations NT = 10000. Hence, O2 =

6985.32 can be easily obtained for the case with the constant weight. But for the
case with the adaptive weights, the agent can be driven with a lower effort O2 =

3953.78. In practical engineering, low control effort is highly desirable because this
may result in long working-life for actuators.

𝑢𝑢2{𝑥𝑥}
𝑎𝑎

𝑢𝑢2{𝑦𝑦}
𝑎𝑎

Figure 3.18: Consensus Control Comparison
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3.3 Summary

This chapter provides the implementation of the adaptive critics. First of all, we
tackle the online tracking problems involving unknown systems’ dynamics, using
a reinforcement learning framework. This method does not require both all fol-
lowers’ and target’s dynamics. Instead, it utilizes online measurements of tracking
errors to approximate control strategies, based on neural networks. Additionally,
the consensus behaviour is achieved based on graph theory, while the separation
behaviour is accomplished through smooth potential functions. Finally, a series of
simulations demonstrate that the proposed controller performs effectively in vari-
ous reference tracking scenarios.
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Chapter 4

Summary and Future Work

Technological developments in fields such as autonomous technology, wireless
communication, and sensors, allow networked multi-agent systems (MASs) to co-
operatively accomplish various missions in a distributed manner [34] [35]. Wire-
less sensor network is an important application of MASs, where a group of sensing
agents can track the reference trajectories cooperatively.

This thesis presents an online reinforcement learning mechanism for tracking
with MASs. The solution can be obtained over a value iteration process associated
to the Bellman equation [7] [49]. This method does not rely on any conventional
error dynamics that generally lead to difficult-to-implement control strategies [48].
It uses online measurements of the system trajectories to make optimal control de-
cisions. Furthermore, it is not necessary to find the solution on identifying the
full dynamics of systems, when model-free control methods are used. The adap-
tive critics are then applied to estimate the optimal strategies and the associated
values.

This work is based on several idealizing assumptions:

• Local interactions within agents in the sensor networks are characterized
without any communication delay;

• Signals measured by all sensing agents are always accurate and instanta-
neous;

• All mobile sensing agents are purely kinematic and fully actuated.

Nevertheless, the practical implementation of the presented approach can be
much more challenging. Firstly, one of the main hurdles is communication de-
lay. Communication delay is inherent in a mobile sensor network, when sensing
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agents constantly motion and synchronously execute various tasks via sharing lo-
cal information throughout the entire network. Secondly, this research work could
also be extended to the three-dimensional (3D) case, which is not considered in
this thesis. Thirdly, state estimators based on noisy measurements can be embed-
ded in mobile agents to investigate the coupling with the proposed control law. In
addition, there is also the issue of perfect knowledge of the target’s trajectory.

In view of big challenges happening in real-world applications, ample oppor-
tunities exist to further extend and enhance the proposed approach. Numerous
avenues can be taken to further study the current work.
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