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Abstract 

Let B = k[X0, Xi, X2] be the polynomial ring in three variables over an algebraically 

closed field k of characteristic zero. We consider the homogeneous case of the problem 

of describing locally nilpotent derivations of B. Given integers ao,ai ,a 2 satisfying 

g c d { a o , a i , 0 2 } = 1, we define a Z-grading g on B by declaring that Xi is homogeneous 

of degree a, (for % = 0,1, 2). In this thesis, we give an explicit description of the g-

homogeneous locally nilpotent derivations of B when the integers oq, 0.2 are not 

pairwise relatively prime. In the case where ao, ai, a.2 are pairwise relatively prime, we 

characterize the kernels of g-homogeneous locally nilpotent derivations of B among 

all subalgebras of B. 

Now assume that k is an arbitrary field of characteristic zero. In the remainder of 

this thesis, we study properties of affine k-surfaces which have trivial Makar-Limanov 

invariant. In particular, we prove that such surfaces have only finitely many singular 

points. As an application, we also prove that a complete intersection surface with 

trivial Makar-Limanov invariant is normal; in particular, any hypersurface of the 

affine space with trivial Makar-Limanov invariant is normal. 
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Notation and conventions 

The following notations and conventions are used throughout this thesis: 

• The natural numbers, integers, rational numbers, real numbers and complex num-

bers are denoted by symbols N, Z, Q, R and C, respectively. We include the number 

zero in N. 

• All rings are commutative and associative rings with identity element. 

• The group of units of a ring A is denoted A*. 

• Given sets A and B, we write A c B to indicate that A is strictly included in B. 

• k always denotes a field, and the algebraic closure of k is denoted by k. 

• Given a ring A and an integer n > 0, A^ denotes an A-algebra isomorphic to the 

polynomial ring in n variables over A. 

• By a domain, we mean an integral domain and, UFD means a unique factorization 

domain. If A is a domain, the field of fractions of A is denoted by Frac A. 

• If A C B are domains, the abbreviation trdegA B means the transcendence degree 

of Frac B over Frac A. 

• If n is a positive integer, by we mean Frac(ktnl). 

• Given rings A C B, we say that B is an affine A-algebra if and only if B is finitely 

generated as an A-algebra. 

• Given a positive integer n, A£ (or A") and (or Pn) denote the affine and the 

projective n-spaces over k, respectively. 

• The Krull dimension of a ring B is denoted dim B. 

1 



Nota t ion a n d c o n v e n t i o n s 2 

• Given a ring R, Max R denotes the set of all maximal ideals of the ring R. 

• Given a k-algebra B, the group of k-automorphisms of B is denoted Autk(5). 

• Given integers m, n G Z, gcd(m, n) is the greatest common divisor of m and n, which 

by convention we take to be a nonnegative integer. By convention, gcd(0, 0) = 0. 



Introduction 

Fix k to be an arbitrary field of characteristic zero. As the title suggests, this thesis 

is broadly divided into two subjects: homogeneous locally nilpotent derivations (of 

polynomial rings) and affine surfaces with trivial Makar-Limanov invariant. We divide 

the material of this thesis into 5 chapters. 

In Chapter 1, we gather and develop some known facts that we use throughout 

this thesis. Chapters 2-4 are devoted to the study of homogeneous locally nilpotent 

derivations of polynomial rings. Chapter 5 deals with the study of affine surfaces with 

trivial Makar-Limanov invariant and can be read independently of Chapters 2-4. A 

self-contained appendix on valuation rings is also included at the end of the thesis, 

in order to provide proofs of certain known facts about polynomial curves stated in 

Chapter 1. 

Given a ring B, a derivation D of B is a map D : B —> B satisfying the following 

conditions for all x,y G B: D(x + y) = D(x) + D(y) and D(xy) = D(x)y + xD(y). A 

derivation D of B is locally nilpotent if, given b £ B, Dn(b) = 0 for some n € N. The 

set of all locally nilpotent derivations of B is denoted by LND(S). Given D G LND(J5), 

ker D= {be B \ D(b) = 0 } is a subring of B. 

As indicated in the introduction of [30], the study of locally nilpotent derivations 

goes back to the 1960s in the work of Dixmier, Gabriel, Nouaze and Rentschler in 

Lie algebras and Lie groups. Nowadays, the theory of locally nilpotent derivations 

provides algebraic machinery to investigate some of the fundamental questions of 

3 



5.1. I n t r o d u c t i o n 4 

affine algebraic geometry. In fact, many of these questions can be formulated in terms 

of (locally nilpotent) derivations. One of them is the famous Jacobian Conjecture. Let 

B = k [x i , . . . , xn] = k ^ . We say that a derivation D of B has a slice if there exists 

an element s G B satisfying Ds = 1. Then the Jacobian Conjecture is equivalent 

to the following problem: Suppose that / = ( / i , . . . , fn-i), where £ B. Consider 

the Jacobian derivation Af of B, which is given by the Jacobian determinant. That 

is, A f (b ) = for all b G B. If A/ has a slice s, does it follow that 

k [ / 1 ) . . . , / n _ 1 , s ] = £ ? 

Another important question in this area is the Zariski Cancellation Problem for 

the affine space: If V is an affine variety and V x A1 = An + 1 , does it follow that 

V = A"? This problem is equivalent to the Slice Problem in the theory of locally 

nilpotent derivations: If D G LND(KTNL) has a slice, is kerD = k^ - 1 !? Not only can 

locally nilpotent derivations be used to reformulate the statement of the Cancellation 

Problem, they can also be used to investigate the problem. As one example of this, we 

mention that Crachiola and Makar-Limanov [5] gave an elementary proof of the case 

d i m F = 2 of the above problem, based on the theory of locally nilpotent derivations. 

A special case of Hilbert's Fourteenth Problem is the following question: Given 

B = k'n' and D G L N D ( 5 ) , is ker D a finitely generated k-algebra? This question has 

an affirmative answer when n < 3 and a negative answer when n > 5. The case n = 4 

is still open. Several counterexamples to Hilbert's Fourteenth Problem use locally 

nilpotent derivations. (See [26, 29, 40, 54, 60, 19].) 

Given an affine k-domain B, the Automorphism Problem 2 for B asks for a 

description of the automorphism group of the k-algebra B, denoted Autk(5). This 

is equivalent to describing the automorphisms of the algebraic variety X = Spec B. 

One approach for understanding automorphisms of B is the study of algebraic actions 

of certain algebraic groups on X. Of particular importance is the additive algebraic 

group (k, +), also denoted by Ga(k) or simply Ga . A remarkable fact is the natural 

2Note that the Automorphism Problem for B = ktn ' , n > 3, is a famous open problem. 



5.1. In t roduct ion 5 

bijection between the set of all algebraic Ga-actions on X and the set LND (5) . This is 

one of the reasons why a classification of locally nilpotent derivations of B is desirable: 

it would be equivalent to a classification of all GQ-actions o n X = Spec B. 

The theory of locally nilpotent derivations is also used as a tool for classifying 

affine algebraic varieties. For instance, there is an ongoing project whose aim is to 

classify affine surfaces that admit "many" Ga-actions. Chapter 5 of this thesis is 

devoted to this question. 

With these motivations in mind, one wants to describe LND(fi), where B is 

an affine k-domain. We stress that LND(£?) is only a set, i.e., it does not have any 

interesting algebraic structure. For instance, it is in general not closed under addition: 

X-§y and Y £ are two elements of LND(k[X, y]) whose sum is not in LND(k[X, y]) . 

Also note that ^ belongs to LND(k[X, y]) but X-J^P does not. So when we speak of 

describing LND(B), it is a set that we want to describe, not an algebraic structure. 

Also noteworthy is the fact that, in many cases of interest, the problem of describing 

LND(S) reduces to that of describing the set 

KLND(-B) = { ker D \ D e LND (B) and D ± 0 }; 

in particular, this is the case when B is a polynomial ring over k (cf. 1.4.2). 

Because of the fundamental importance of polynomial rings (or affine spaces) in 

algebraic geometry, the description of the sets LND(k^) has been of great interest. 

The Automorphism Problem for k'nl is a classical open question of algebraic geometry 

for n > 3. The solution to this problem is trivial when n = 1; indeed, all automor-

phisms of k[x] have the form ax + b, where a 6 k* and b G k. The case n = 2 was 

settled by Jung and van der Kulk [34, 46]. Their result says that any automorphism 

of k ^ is tame (cf. 1.3.5). Recently, Shestakov and Umirbaev [57] made some extraor-

dinary progress in n = 3 case of the problem. They proved that the famous Nagata 

automorphism of k ^ (see [51]) is not tame. Despite this development, there are still 

several unanswered questions related to the structure of the group Autk(k^) . 
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The problem of describing LND(k^) is trivial, and LND(k^) was described by 

Rentschler in 1968 [53]. 

Prom now on, let B = k'3'. Although a complete description of the set L N D ( 5 ) 

is out of reach, the homogeneous case of the problem is partially understood. Let G 

be any torsion-free abelian group. Given a grading g = {Bi}i€G of B, a derivation 

D of B is Q-homogeneous if there exists e £ G such that D(Bi) C Bi+e holds for all 

i £ G. In this case, we say that D is homogeneous of degree e. We set 

KLND(5,g) = { kerD | D e LND(B), D ^ 0, and D is g-homogeneous }. 

Daigle [10] described the set K L N D ( 5 , g) when B is graded by an N-grading 

g = [Bi]jgfij. In his analysis, he assumed that the grading g on B satisfies BQ = k; his 

classification splits into two cases depending on the "type" of the grading: type(g) = 0 

and type(g) > 0. Inspired by his work, we consider the problem of describing kernels 

of homogeneous locally nilpotent derivations of B when B is Z-graded. 

In Chapter 2, we study coordinatizable gradings of polynomial rings. Given a 

torsion-free abelian group G and B = k'n', where k is a field of characteristic zero, 

a grading g = {Bi)i&G of B is coordinatizable if there exist g-homogeneous elements 

Xi,... ,Xn £ B such that B = k [ X 1 ; . . . , Xn], For such a coordinatizable grading g 

of B, we then define the notion of type(g) (cf. 2.3.9). A result of Chapter 2 is as 

follows: 

Corollary. Let g = {i?j}ieG be a grading on R = k [ X i , . . . , Xn] = where G is 

a torsion-free abelian group and where we assume that the variables X\,... ,Xn are 

Q-homogeneous. Then the following hold: 

(i) If A £ KLND(fl,fl), then\{Xu...,Xn}r\A\ > type(g) - 1. 

(ii) If type(g) = n, then KLND(_R, g) = { A i , . . . , An}, where A{ = k^ - 1! is the subal-

gebra of R generated by {Xi,... ,Xn} \ {Xj}. 

If k is any algebraically closed field of characteristic zero, it is known (cf. 2.3.6) that 

for any Z-grading of B = k'3' there exist homogeneous elements X,Y, Z £ B satisfying 
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B = k[X. Y, Z\. So the above assertions (i) and (ii) are valid for any Z-grading of B. 

In Chapter 3, we give an algebraic characterization of the subalgebras of B = k[3] 

which belong to K L N D ( 5 . g), where g is a Z-grading of type 0. The main result of 

that chapter (with some minor changes in the notation) is as follows: 

Theorem 3.1.1 Let k be an algebraically closed field of characteristic zero. Let g = 

{Bi}i<zz be a Z-grading on B = k[X, Y, Z] = k® such that X, Y, Z are homogeneous 

and gcd(degX, degY, deg Z) = 1. Suppose that f,g G B are homogeneous, and let 

A = k[f,g]. / /gcd(deg(/) , deg(<?)) = 1 or type(g) = 0; then the following conditions 

are equivalent: 

(1) A G K L N D ( 5 , G ) . 

(2) = (A(fg))N and f,g have integral fibres in B. 

Moreover, if type(g) = 0 then gcd(deg(/), deg(p)) = 1, whenever these equivalent 

conditions are satisfied. 

In the above theorem, Byg) is the degree zero component of the Z-graded ring S~lB, 

where S = {1, fg, (fg)2,... }. 

Note that a special case of the above theorem (where g is an N-grading) was proved 

by Daigle (cf. Theorem 3.5 of [7]). 

In Chapter 4 (which can be read independently of Chapter 3), we classify all 

homogeneous locally nilpotent derivations of B = k[3] when B is Z-graded by a 

grading g that satisfies type(g) > 0. One key result used in our classification is the 

fact that the kernel of any such derivation contains a variable of B. This nontrivial 

fact follows from the condition type(g) > 0 and is a consequence of a theorem due 

to Daigle (cf. Theorem 4.1.2). In Theorems 4.2.3 and 4.2.5, we give a complete list 

of kernels of homogeneous locally nilpotent derivations of B when the type of the 

grading is positive. 

The second part of this thesis is Chapter 5, which is devoted to the study of affine 

surfaces which have trivial Makar-Limanov invariant. Given an affine k-domain R, 
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the Makar-Limanov invariant of R (denoted ML(i?)) is the intersection of the kernels 

of all locally nilpotent derivations of R. If X is an affine k-variety, we define the 

Makar-Limanov invariant of X to be the Makar-Limanov invariant of its coordinate 

algebra In recent years, this invariant has become a central tool in classify-

ing and distinguishing affine varieties. It provides a method to actually compute the 

automorphism groups of certain affine k-algebras. Researchers have used this invari-

ant to investigate several important questions including the Linearization Problem 

for C*-actions on C3 ( see [36]) and the Cancellation Problem for Varieties (cf. [5], 

[28]). A k-domain R is said to have trivial Makar-Limanov invariant if ML(Z?) = k 

and is said to be rigid if ML(i?) = R. Varieties of dimension at least two which 

have trivial Makar-Limanov invariant admit many Ga-actions and have "large" au-

tomorphism groups. The affine spaces are the simplest examples of varieties with 

trivial Makar-Limanov invariant. While it is known that A^ is the only affine curve 

with trivial Makar-Limanov invariant, the class of affine surfaces with trivial Makar-

Limanov invariant contains many surfaces other than some of which are not even 

normal (cf. Examples 5.3.7.1, 5.3.7.2). 

Let M(k) denote the class of two-dimensional affine k-domains with trivial 

Makar-Limanov invariant. We use the same symbol M(k) to denote the corresponding 

class of surfaces. That is, an affine surface X = Spec B is said to belong to M(k) if 

B e M(k). A surface in the class M(k) is also called an ML-surface. 

Describing all surfaces in M(k) is an important problem related to the classi-

fication of affine surfaces. (See [3], [11], [15], [22], [32], [47]). In particular, the 

special cases when the affine surface is smooth or normal have been studied by many 

researchers. However, it is desirable to understand the algebraic and geometric prop-

erties of surfaces in the class M(k) when we drop the assumption of normality. With 

this motivation, we explore some properties of surfaces in M(k) in Chapter 5. A 

complete list of properties of ML-surfaces proved in this thesis is given in 5.1.3. One 

important result of Chapter 5 (with minor changes in the notation) is as follows: 
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Theorem 5.5.6. Suppose that R G M(k) and let I be a height 1 ideal of R. If 

AUA2 G KLND(i?) are such that I n Ai ± 0 (for i = 1,2), then A\ = A2. 

The above theorem has some algebraic and geometric consequences: 

(i) A surface in the class JVt(k) has finitely many singular points. 

(ii) Complete intersection surfaces in the class M(k) are normal. In particular, hy-

persurfaces of A^ with trivial Makar-Limanov invariant are normal. 

Our proof of Theorem 5.5.6 is given by using the geometry of surfaces in the class 

M(k) and studying their fibrations; this allows us to prove the theorem under the 

additional assumption that k is algebraically closed (for all geometrical arguments, 

we assume that the base field is algebraically closed). Then we use some algebraic 

arguments to deduce that the theorem is valid over any field of characteristic zero. A 

second proof of Theorem 5.5.6 is given at the end of Chapter 5. This proof is purely 

algebraic and relies on an unpublished result of Bhatwadekar (Theorem 5.7.3). We 

thank Professor Bhatwadekar for allowing us to include his result in this thesis. 

Finally, we would like to emphasize that the results (i) and (ii) mentioned above 

are valid over an arbitrary field of characteristic zero. Certain results, for instance 

Lemma 5.3.6, are known (and are almost trivial) when k is algebraically closed, but 

require careful arguments when that assumption is dropped. Also it is interesting 

to note that surfaces in the class M(k) do not always behave well when k is not 

algebraically closed. For instance, if X = Spec R belongs to the class M(k), then X 

is not necessarily rational and may have very few k-rational points. Moreover, k(g)k-R 

is not necessarily an integral domain. (See 5.3.7.3.) 

Some results of Chapter 5 will appear in [41] and are used in a joint paper with 

Daigle [21], where we classify all complete intersection surfaces in the class M(k). 



Chapter 1 

Preliminaries 

In this chapter, we give some definitions and basic facts about locally nilpotent deriva-

tions, commutative algebra and algebraic geometry. This chapter provides basic back-

ground required for all other chapters. The material in this chapter is well-known, 

and our main references are the books and notes of van den Essen [25], Freudenburg 

[30] and Daigle [9]. 

1.1 Derivations 

Throughout this section, B denotes a ring and A denotes a subring of B. 

Definition 1.1.1 A derivation of B is a map D : B B that satisfies 

D(x + y) = D(x) + D(y) and D(xy) = D(x)y + xD(y) 

for all x,y E B. If D is a derivation of B, we define ker D = { x E B | D(x) = 0 } . 

In fact, ker D is a subring of B. A derivation D of B is an A-derivation if D(b) = 0 

for all b E A. 

Notation 1.1.2 The set of all derivations of B will be denoted Der (B) and the set 

of all ^-derivations of B will be denoted Der^(i?). 

10 



1.1. Der ivat ions 11 

We note that Der (B) is a 5-module and Der^-B) is a 5-submodule of Der (5) . 

Definition 1.1.3 A derivation D of B is locally nilpotent if for each b G B, there 

exists a natural number n (depending on b) such that Dn(b) = 0. 

Notat ion 1.1.4 The set of all locally nilpotent derivations of B will be denoted by 

LND(Z?). By LNDA(B), we mean the set of all locally nilpotent derivations of B which 

are also A-derivations. We also define 

KLND(5) = { ker D | D G LND(B), D ± 0 }, 

K L N D A ( B ) = { ker D | D G L N D A ( B ) , 0 }. 

Example 1.1.5 Let B = k[X,Y,Z] = k ^ . Then D = X2^ is a locally nilpotent 

derivation of B with ker D = k[X, Y]. 

Definition 1.1.6 Let B = k[Xu ...,Xn] = k K Then D G Der (B) is triangular if 

D(Xi) G k [ X I , . . . , AJ_I] for every i. In particular, D(XI) G k. 

Lemma 1.1.7 Every triangular derivation is locally nilpotent. 

Proof: See Corollary 1.3.17 of [25], for instance. I 

Definition 1.1.8 An element b G B is algebraic over A if there exists a nonzero 

polynomial f(T) G A[T] such that f(b) = 0. If b is not algebraic over A, we say that 

b is transcendental over A. We say that A is algebraically closed in B if every element 

of B \ A is transcendental over A. 

Definition 1.1.9 Let A C B be domains. We say that A is factorially closed in B 

if, x,y G B and xy G A \ {0} imply that x,y G A. 
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1.1.10 Suppose that A C B are integral domains and A is factorially closed in B. 

Then the following hold: 

(1) A is algebraically closed in B and A* = B*. In particular, if k is a field contained 

in B, then k C A. 

Proof Let b G B be algebraic over A. Write a relation 

anbn + an-ibn~l H b axb + a0 = 0 

of least degree n, where dj G A. If a0 = 0 then b = 0 by minimality of n, so b G A. If 

a0 0, then 

bionV1-1 + --- + a1) = -a0eA\ {0}. 

As A is factorially closed in B, it follows that b G A. Thus, A is algebraically 

closed in B. Next, A* C B* is clear, so let b G B*. There exists b' G B such that 

bb' = 1 G A \ {0}. Again A is factorially closed in B implies that b, b' G A, so b G A*. 

(2) An element of A is irreducible in A if and only if it is irreducible in B. 

Proof. If a G A is irreducible in B, then it is irreducible in A because A* = B*. Now 

let a G A be irreducible in A and write a — 6162 with b\, 62 £ B. Then b\, 62 e A 

because A is factorially closed in B, so one of 61,62 belongs to A* and hence to B*. 

So a is irreducible in B. 

(3) If B is a UFD then so is A. This follows from the previous property. 

(4) B fl Frac A = A. 

Proof. Let 0 ^ b G B n Frac A, then b = a/a' for some a,a' € A \ {0}. So ba' = a G 

A \ {0}. As A is factorially closed in B, be A. 

Definition 1.1.11 Let B be a ring and D G LND(B). A slice of D is an element 

s e B satisfying D(s) = 1. A preslice of D is an element p G B satisfying D(p) ^ 0 

and D2{p) = 0. 
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1.1.12 Given a multiplicatively closed subset S C B \ {0}, D G Der(S) can be 

extended to a derivation T) G Dex(S~lB). If b G B and s G 5, we define 

We sometimes use the notation 2) = If S C ker£> then S)(|) = and 

£> G L N D ( S ) implies that 2) G L N D ( 5 _ 1 5 ) . 

Definition 1.1.13 A degree function on a ring B is a map deg : B —> N U {—CXD} 

such that for all x,y E B, 

(1) degx = —oo x = 0 and deg (xy) = deg(x) + deg(y), 

(2) deg(x + y) < max(degx,degy). 

We note that if B admits a degree function then it is a domain. Also, if deg is a 

degree function on a domain B, then { x G B \ deg a; < 0 } is a factorially closed 

subring of B. 

It is well-known that exponentiating a derivation gives rise to a ring homomor-

phism. In the case of locally nilpotent derivations this gives the following fact (for a 

proof, see Proposition 2.7 of [9], for instance). 

Lemma 1.1.14 Consider rings B C C, where C D Q . If D G LND(B) and 7 G C, 

then the map 

is a homomorphism of A-algebras where A = ker D. 

1.2 Basic properties of LNDs 

Suppose that B is a domain of characteristic zero. Let D : B —> B be a nonzero 

derivation of B, and let A = ker D. Then the following hold: 

(1) If D is locally nilpotent, then A factorially closed in B. In particular, A is 
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algebraically closed in B, and if k is a field included in B then D is a k-derivation. 

Proof. Define a map degD : B —> N U {—00} by degr,(0) = — 00 and degD(x) = 

max{ n G N | Dn(x) ^ 0 } for any nonzero x E B. First we claim that deg^ is a 

degree function on B. To prove this claim, consider the ring C = (S , - 15)[T], where 

S = Z\ {0}, and T is an indeterminate. Then B C C are rings and CD Q. By 

Lemma 1.1.14 (with 7 = T E C), we get a ring homomorphism 9 : B —> C, where 

9(b) = J2n=0^.Dn(b)Tn. Note that 9(b) = 0 implies that b = 0, so 9 is injective. 

Then degD is the composite B — —00} , which is a degree 

function on B. Next we observe that A = ker D = { x G B | deg^, x < 0 }. It follows 

that A is factorially closed in B by the definition of the degree function. 

(2) Let S be a multiplicatively closed subset of B \ {0}, and consider the derivation 

2) = S^D of S~XB defined in 1.1.12. Then 2) is locally nilpotent if and only if D is 

locally nilpotent and S C A. If D is locally nilpotent and S C A, then ker 2) = 

and S~1AnB = A. 

Proof Suppose that D is locally nilpotent. As ker £> is factorially closed in S~XB, 

we have S C (S~ l B )* C ker 2). It follows that S C B D ker 2) = A. Furthermore, 

D being a restriction of a locally nilpotent derivation, D is locally nilpotent. To 

prove the other direction, suppose that D is locally nilpotent and that S C A. Then 

2)(J) = for all b G B and s e S, so 2) is locally nilpotent. 

Next assume that D G L N D ( 5 ) , S C A. Given b G B and s E S we obtain, 

It follows that ker 2) = S - 1 A Finally, B n S^A = B n ker 2) = ker D = A. 

(3) Assume that D is locally nilpotent and that Q C B. If s is a slice of D, then 

Proof. The first assertion is a well-known result due to D. Wright (cf. Proposition 

2.1 of [59]) and the second assertion follows immediately from the first. Indeed, let 

p be a preslice of D and a = Dp. Then « G i \ {0}. Consider the multiplicatively 

B = A[s] = A^. If p is a preslice of D and a = Dp then Ba = Aa\p] = AaK a 
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closed set S — {1, a, a2, • • • } of B and the derivation £> = S~XD G LND(S~1B). It 

follows by (2) that kerlS) = S_1A and = 1; so the result follows from the first 

assertion. 

(4) Let b G B\ {0}. The derivation bD : B —> B is locally nilpotent if and only if D 

is locally nilpotent and b G A. 

Proof Assume that D is locally nilpotent, and b G A. Then bD is locally nilpotent 

because (bD)n = bnDn for all n. In the other direction, suppose that bD is locally 

nilpotent and nonzero. Then there exists a preslice p G B of bD. Note that ker (bD) = 

ker D = A. As bD(p) G A \ {0} and A = ker (bD) is factorially closed in B, we obtain 

b G A. It follows that (bD)n = bnDn for all n, and this implies that D is locally 

nilpotent. 

(5) If D is locally nilpotent then S~lB — (Frac where S = A \{0} ; in particular, 

trdegA 5 = 1. 

Proof. Consider the multiplicative set S = A \ {0} of B and the extended locally 

nilpotent derivation D = S~lD of S^B. Recall that ker D = S^A by (2). Choose a 

preslice p of D and let a = p/D(p). Then a is a slice of S_1D and S~lB = 

by (3); it follows that S~lB = (F rac^W and t r d e g A B = 1. 

(6) If AUA2 G KLND(-B) and AX C A2, then AX = A2. 

Proof. By (5), trdegAl B = 1 = trdegA2 B. If Ai C A2 then trdegAl A2 = 0, hence A2 

is algebraic over A\. But Ax is algebraically closed in B, so Ax = A2. 

1.3 Coordinate systems and automorphisms 

Definition 1.3.1 Let A C B be rings and B = a n . A variable of B over A is an 

element / G B such that B = A[f, / 2 , . . . , /„] for some / 2 , . . . , fn G B. A coordinate 

system of B over A is an ordered n-tuple ( / i , . . . , / n ) of elements of B such that 

B = A[fi, . . . , / „ ] . If B is a polynomial ring over a field k, by a variable of B, we 

mean a variable of B over k. By a coordinate system of B, we mean a coordinate 



1.3. C o o r d i n a t e s y s t e m s a n d a u t o m o r p h i s m s 16 

system of B over k. 

Lemma 1.3.2 Let A C B be rings, where B = AN. 

If (/i> • • • i fn) is a coordinate 

system of B over A, then / i , . . . , fn are algebraically independent over A. 

Proof: This is well-known, but we recall the proof. The assumption B = A^ 

implies that there exists a coordinate system (x^,..., xn) of B over A such that the 

family ( x i , . . . , xn) is algebraically independent over A. Then, by the universal prop-

erty of the polynomial ring, there exists a homomorphism 9 : B —> B of A-algebras 

such that 0(xi) = fi for all % = 1 , . . . ,n. Note that 9 is surjective. To prove the 

lemma, it is enough to show that 9 is injective. If A is noetherian then so is B, and 

the result follows from a well-known fact: if R is a noetherian ring, every surjective 

ring homomorphism R —> R is bijective. In the general case, consider f3 G B such 

that 6(0) = 0; we show that (3 = 0. We can choose a finite subset S of A such that: 

(i) when [3 or any fi is expressed as a polynomial in Xi,... ,xn, then all coefficients 

belong to 5; (ii) for each i, one can express Xi as a polynomial expression in / i , . . . , fn 

with coefficients in S. Let A0 be the subalgebra R[S] of A, where R is the prime 

subring of A. We have A0[xi,..., xn] = A0[fi,..., fn], and we denote this subring of 

B by Bo. Then Bo is noetherian, and 6 restricts to a surjective (hence bijective) ring 

homomorphism B0 —> B0. As (3 € B0 and 9((3) = 0, it follows that (3 = 0. I 

Remark 1.3.3 If A and B are domains, then the above lemma can also be proved 

by considering the transcendence degree of B over A. 

Corollary 1.3.4 Let A C B be rings, where B = AW, and let ( / I , . . . , / N ) and 

(<7I> • • • J 9n) be two coordinate systems of B over A. Then there exists a unique 9 G 

kutA(B) satisfying 9(fi) = gi for all i = 1,..., n. 
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1.3.5 Let B = k ^ . The group of algebraic k-automorphisms of B is called the 

general affine group or the affine Cremona group in dimension n and is denoted 

GAn(k). Choose a coordinate system (Xi,...,Xn) of B. An automorphism F G 

GAn(k) can be represented by the n-tuple . . . , Fn), where Fi = F(Xi) G B, and 

the fact that F is an automorphism implies that (Fx,..., Fn) is a coordinate system 

of B. The affine subgroup of GAn(k) is defined by 

Afn(k) = { F G GAn(k) | deg Fi = 1 for each i }. 

The well-known general linear group GLn(k) can be realized as a subgroup of Afn(k) 

consisting of affine automorphisms ( F i , . . . , Fn), where F(0) = 0 for each i. Elements 

of GLn{k:) are called linear automorphisms of B. The triangular subgroup £L4n(k) of 

GAn(k) is 

{ F G GAn{k) | Fi = aiXi + fu a4 G k*, ft G k [Xi , . . . , for each i }. 

Elements of BAn(k) are called triangular automorphisms. The tame subgroup TAn{\i) 

is the subgroup of GAn(k) generated by Afn(k) and BAn(k). 

Note that the subgroups Afn(k), BAn(k) and TAn(k) of GAn(k) depend on the 

choice of the coordinate system 7. If 7 and 7' are coordinate systems of B and F is 

an automorphism of B which is tame with respect to 7, it is not a priori clear that 

F is tame with respect to 7'. 

1.3.6 Let k be a field. The variables of k'nl have the following properties: 

(i) If / is a variable of k [X i , . . . , Xn] then the ideal of k [ X l 5 . . . , Xn] generated by 

the partial derivatives (1 < j < n) is equal to k [ X i , . . . , 

(ii) Let ( / i , . . . , / n ) be a coordinate system of k [ X i , . . . , X n ] and, for each % G 

{ l , . . . , n } , let Lj = YTj=iaijXj (with o -̂ G k) be the linear part of fi (i.e., 

the homogeneous component of fi of degree 1, with respect to the standard 

grading). Then the n x n matrix (aJ?) has nonzero determinant. 
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(iii) Let / be a variable of k[X, Y] such that / <£ k[X], and write / = fo(X) + 

h(X)Y + • • • + fn(X)Yn, fn(X) ± 0. Then fn{X) G k \ 

1.4 LNDs and their kernels 

Definit ion 1.4.1 Let B be a ring. A derivation D : B —• B is irreducible if the only 

principal ideal of B that contains D(B) is B. 

1.4.2 Given a domain B, kernels of locally nilpotent derivations of B are important 

objects of study, especially, in describing the set LND(J3). Indeed, we have following 

well-known results. (For the proofs, see 2.19 and 2.20 of [9], for instance.) 

Lemma 1. Let B be a domain of characteristic zero satisfying the ascending chain 

condition for principal ideals, let A G KLND(B) and consider the set 

S = {D G LNDYT(5) | D is an irreducible derivation }. 

Then S ^ 0 and L N D A ( B ) = { aD | a G A and D G S 1 } . 

Lemma 2. Let B be a UFD of characteristic zero and let A G KLND(B). Then 

l n d ^ ( 5 ) contains an irreducible derivation D, unique up to multiplication by a unit. 

Moreover, for any such D, L N D ^ ( 5 ) = { aD | a G A }. 

By the above lemmas, we observe the following: If B is a noetherian UFD con-

taining Q, then the problem of describing LND(B) splits into two parts: 

(I) Describe the set KLND(B). That is, answer the question: Which subrings of B 

are elements of KLND(Z?)? 

(II) For each A G K L N D ( 5 ) , give the unique irreducible element of L N D A { B ) . 

Definit ion 1.4.3 Let B = k'nl and D G Der (B) . The rank of D is the least integer 

r G { 0 , 1 , . . . , N} for which there exists a coordinate system ( 7 i , . . . , Tn_ r , X\,..., Xr) 

of B satisfying k [ 7 \ , . . . , TN_R] C ker D. Given such a coordinate system, we can write 
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with fi(T, X) E k [ r l 5 . . . , Tn_ r , Xl,...,Xr) for all i. 

Let B = k ^ . The following facts are easy to prove: 

• rank D = 0 if and only if D = 0; rank D = 1 is equivalent to saying B = (ker £))W 

and ker D = k ^ 1 ! . 

• rank D < n if and only if ker D contains a variable of B. 

• Derivations with same kernel have the same rank. 

The rank of a locally nilpotent derivation of k ^ is less than two because of the 

following theorem [53]: 

Theorem 1.4.4 (Rentschler's Theorem). Let B = kt2!, where k is a field of charac-

teristic zero. If 0 T̂  D E LND(B), then there exist u and v such that B = k[it, i>] and 

kerD = k[it]. Moreover, given such u,v, we have D = f ( u f o r some f(u) € k[u]. 

We remark that, if n ^ 2, there exist locally nilpotent derivations of k^1' of rank n. 

(See [31], for instance.) 

Theorem 1.4.5 (Miyanishi's Theorem). Let k be a field of characteristic zero and 

B = kl3l. If A e KLND{B) then A = k^. 

The above result was proved in [50] for the special case when k = C, and one can 

reduce the general case to the special case by using [37] (details are given in [20]). 

1.4.6 Remark: Kernels of locally nilpotent derivations of k'nl are not always finitely 

generated. In fact, a special case of Hilbert's Fourteenth Problem can be stated as 

follows: Let k be a field of characteristic zero and B = k^. If A E klnd(5), is A 

finitely generated clS 8L k-algebra? 

The above problem has an affirmative answer when n < 3 and has a negative answer 

when n > 5 (cf. [26, 29, 40, 54, 60, 19]). The case n = 4 is still open. 
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1.5 Some algebraic geometry 

For the general background in algebraic geometry, our main reference is [33]. 

Definition 1.5.1 A variety X is an integral separated scheme of finite type over an 

algebraically closed field k. We say that X is complete if it is proper over k. 

Remark 1.5.2 It follows from the definition of algebraic varieties that if £ is a point 

of a variety X, then the local ring Ox,x is an integral domain; if X = Spec A is an 

affine variety, then A is an integral domain and a finitely generated k-algebra. 

Definition 1.5.3 The dimension of a topological space X (denoted dimX) is the 

supremum of all integers n such that there exists a chain Z$ C • • • C Zn of irreducible 

closed subsets of X (recall that C means strict inclusion). 

Definition 1.5.4 The dimension of a scheme X, denoted dim X, is its dimension as 

a topological space. If Z is an irreducible closed subset of X, then the codimension of 

Z in X, denoted codim(Z, X), is the supremum of integers n such that there exists a 

chain Z = Z0 C Z\ C • • • C Zn of distinct closed irreducible subsets of X, beginning 

with Z. If Y is any closed subset of X, we define 

codim(y, X) — inf codim(Z, X), 

where the infimum is taken over all closed irreducible subsets of Y. 

Definition 1.5.5 Given a prime ideal p of a ring R, height of p, denoted ht p, is the 

supremum of all integers n such that there exists a chain p0 C pi C • • • C pn = p of 

distinct prime ideals of R. If I is a proper ideal of R then the height of I (denoted 

ht I) is the infimum of the heights of the prime ideals p of R which satisfy p D I. 

1.5.6 Let R be an affine k-domain where k is any field. Recall that, trdegk R is 

the transcendence degree of Frac R over k. The following are well-known facts from 

commutative algebra: 
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(a) dimi? = trdegk(i?) 

(b) For every p G Spec R, dim(i?/p) + ht p = dim R. 

(c) Every maximal ideal of R has height equal to dim R. 

If X = Spec R is an affine variety, dim X is equal to the Krull dimension of the ring 

R. Varieties of dimension 1 and 2 are called curves and surfaces, respectively. 

An integral domain is said to be normal if it is integrally closed in its field of 

fractions (see Definition 1.8.1). More generally, a ring R is normal if Rp is a normal 

domain for every prime ideal p of R. 

Definition 1.5.7 A variety X is normal at a point x G X if the the local domain 

Ox,x is normal. We say that X is normal if X is normal at each x G X. 

Note that an affine variety X = Spec R is normal if and only if R, is a normal ring. 

Definition 1.5.8 Let X be a variety. A point x G X is nonsingular or regular or 

smooth, if the local ring Ox,x is a regular local ring (i.e., its maximal ideal can be 

generated by dim Qx,x elements). We say that X is nonsingular (or regular or smooth) 

if it is nonsingular at every point. A point of X which is not nonsingular is said to 

be singular. The set of singular points of X is denoted Sing X. 

Example 1.5.9 The curve in A2 given by the equation y2 = x3 has only one singular 

point, namely, (0,0). 

Theorem 1.5.10 Given a variety X, Sing X is a proper closed subset of X. 

Proof: See [33, Theorem 5.3], for instance. I 
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Definition 1.5.11 A variety X is regular in codimension 1 if codim(Sing(X), X) > 

1. A ring R is regular in codimension 1 if Rp is a regular local ring for every height 

1 prime ideal p of R. 

Note that an affine variety X = Spec R is regular in codimension 1 if and only if 

R is regular in codimension 1. 

The following theorems are well-known results of algebraic geometry. See Chapter 2, 

p. 126 and 127 of [56], for instance. 

Theorem 1.5.12 A nonsingular variety is normal. 

Theorem 1.5.13 A normal variety is regular in codimension 1. 

Consequently, normality and regularity are equivalent conditions for affine curves. If 

X is a normal surface, then SingX is a finite set of points. For an affine surface X, 

X is smooth =4> X is normal => SingX is a finite set. 

However, the converses of the above statements do not hold, as can be seen in the 

following examples: 

Example 1.5.14 Consider the affine surface S C A3 defined by the equation XZ = 

Y2. Then S is normal and has a singular point at the origin. 

Example 1.5.15 Consider the 2-dimensional affine k-domain B = k[x ,xy ,y 2 , y 3 ] . 

Then the origin is the only singular point of S = Spec B. However, S is not normal. 

Definition 1.5.16 Let R be a domain containing a field k. We say that R is a 

complete intersection over k if it is isomorphic to a quotient 

k[Xu...,Xn]/(fu...,fp) 

for some n,p G N, where ( f i , . . . , fp) is a prime ideal of k [ X i , . . . , Xn] of height p. If 

R is a complete intersection over k, we call Spec R a complete intersection over k. 
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Recall the following criterion for noetherian normal rings due to Serre. (See [48], for 

instance.) 

Theorem 1.5.17 (Serre) A noetherian ring A is normal if and only if it satisfies 

(Ri) Ap is regular for all p G Spec A with h tp < 1, and 

(S2) depth Ap > min(ht p, 2) for all p G Spec A. 

We obtain the following consequence of Serre's Theorem: 

Lemma 1.5.18 Let B be an affine k-domain which is a complete intersection over 

k. If B is regular in codimension 1, then B is normal. 

Proof: It is a well-known fact that complete intersections are Cohen-Macaulay 

(cf. [24, Proposition 18.13]), and so they satisfy (S2). (See [48, 17.1, p.125].) In view 

of Serre's theorem, it suffices to prove that B satisfies (Ri). So let p G SpecS. If 

htp = 0, then clearly Bp is regular. If h tp = 1, Bp is regular by hypothesis. I 

Let k be a field of characteristic zero and let B be a k-algebra. Then there is a 

bijection between the set LND(B) and the set of all Ga(k)-actions on the affine 

scheme Spec B. This section is devoted to describing this bijection in the case when 

k is algebraically closed. 

For a proof of the following well-known fact, see Proposition 3.2 and Lemma 3.3 of 

[9], for instance. 

Proposition 1.6.1 Let B be an algebra over a field k of characteristic zero, D G 

L N D ( B ) and A = ker D. The map 

1.6 LNDs and Go-actions 
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is an automorphism of B as an A-algebra which satisfies A = {b £ B \ eD(b) = b }. 

The subgroup generated by the set { eD | D G LNDk(5) } is normal in Autk(i?). 

Notation 1.6.2 Let k be any algebraically closed field of characteristic zero. By 

Ga(k) or simply Ga , we mean the additive algebraic group (k, +). Recall that the 

coordinate ring of this affine algebraic group is k'1!. 

Definition 1.6.3 Let k be any algebraically closed field of characteristic zero. If X 

is a k-variety, then an algebraic Ga-action on X is a morphism a : G„ x X —> X of 

varieties which satisfies for all x G X: 

(1) a ( 0 , x) = x. 

(2) a(a + b,x) = a(a, a(b, x)) for all a, b G k . 

1.6.4 Given an algebraically closed field k of characteristic zero and a k-algebra 

B, let us define a set map LNDk(i?) —> {Ga(k)-actions on Spec B}. Given a locally 

nilpotent derivation D of B, we have a group homomorphism / : (k, +) —> Autk(I?) 

given by /(A) = eXD. Applying the "functor Spec," we get the group homomorphism 

(k, +) Autk(Spec5), A i—> SpeceXD. 

To prove that we get a Ga-action, we need to verify that the map 

a :Gax SpecB -» SpecB, (A,x) ^ (Spece X D ) (x) 

is a morphism of varieties. Let k[T] be the coordinate ring of the algebraic group 

Ga(k) where T is an indeterminate. Then 

Ga x Spec B = Spec(k[T] <g>k B) = Spec(B[T}). 

To show that a is a morphism, it suffices to prove that a = Spec 6 for some k-algebra 

homomorphism 9 : B -> B[T}. Define 9 : B B[T} by 9(b) = ^ T * . By 

Lemma 1.1.14, 9 is a k-algebra homomorphism and one can verify that Spec# = a. 
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So the above discussion defines a set map L N D ( 5 ) —> {Ga-actions on Spec B}, 

D i—• a, and one can verify that this map is bijective. Moreover, the ring of invariants 

BGa of the action a corresponding to D is equal to ker(D). Indeed, for b G B we have 

beBGa « VAek eXD(b) = b <=> VAek b G ker(AD) b G ker D. 

1.7 Makar-Limanov invariant 

Definition 1.7.1 Let k be a field of characteristic zero. Given a k-domain B, one 

defines its Makar-Limanov invariant by 

ML(B) = p ) ker D. 
£>GLND(B) 

Note that k C ML(B) by 1.1.10 (1). If X = SpecB is an affine k-variety, define 

ML(X) = ML(5). We say that B has trivial Makar-Limanov invariant if ML(5) = k. 

The Makar-Limanov invariant plays an important role in classifying and distinguish-

ing affine varieties. Given a domain B over a field k of characteristic zero, the following 

properties can be easily obtained: 

(i) ML(B) is a subring of B that is invariant under any automorphism of B. 

(ii) ML(J3) is factorially closed in B. Consequently, B* C ML(£) and ML(if) = K 

for any field K. 

Example 1.7.2 Let B = C[X, Y], then ML(fi) = C. If we regard B as a C-algebra, 

it has trivial ML-invariant. If we regard B as an M-algebra, it does not have trivial 

ML-invariant. 

Example 1.7.3 Affine spaces are varieties with trivial Makar-Limanov invariant. 

The ring R = C[X2 ,X3] is a variety satisfying ML (R) = R (cf. Example 5.1.1 (4)). 

(Such rings are called rigid rings.) 
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1.8 Integral closure and valuation rings 

Definition 1.8.1 Given rings R C S, we define the integral closure of R in S to be 

the subring of S consisting of all the elements of S that are integral over R. If R 

is a domain, the integral closure of R in Frac R is denoted R and is also called the 

normalization of R. We say that a domain R is normal if R = R. 

The following is a well-known fact. See [2, Proposition 5.12], for instance. 

Proposition 1.8.2 Let A C B be rings, C the integral closure of A in B. I f S c A 

is multiplicatively closed, then S~lC is the integral closure of S~lA in S~lB. 

Theorem 1.8.3 (Emmy Noether) Let R be an affine domain over a field k, and let 

L be a finite extension of Frac R. If T is the integral closure of R in L, then T is a 

finitely generated R-module; in particular, T is again an affine k-domain. 

Proof: See Corollary 13.13 of [24], for instance. I 

Definition 1.8.4 A subring R of a field K is a valuation ring of K if every nonzero 

x E K satisfies x E R or x~x E R. 

1.8.5 A valuation ring R is a local ring, and we denote the maximal ideal of R by 

MR. The residue field of R is the field R/MR. 

Proposition 1.8.6 [49, Theorem 10.4]. Let R be a subring of a field K. The integral 

closure of R in K is the intersection of all valuation rings V of K such that V D R. 

Notation 1.8.7 Given a field extension F/k, the set of valuation rings of F that 

contain k will be denoted Val(F/k). We also define P F / k = { R E Val(F/k) | R ± 

N 
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1.8.8 Let A be a domain of trdeg 1 over a field k, and let F = Frac A Note that 

the set E = { R G Pf/Ic | A ^ R } is nonempty because, if every element of Pf/Ic 

contains A, then 

A C P | R = k , 
i?GVal(F/k) 

where k is the integral closure of k in F. This is a contradiction. 

Definition 1.8.9 Let E = {Re P F / k | A <£ R } as in 1.8.8. We refer to the 

elements of E as the "places at infinity of A". If E = {i?}, we say that A has one 

place at infinity, namely R. Furthermore, if the residue field of R is k, we say that A 

has one rational place at infinity. 

For the proof of Lemmas 1.8.10 and 1.8.13, refer to Lemmas A.0.11 and A.0.14 of 

Appendix A, respectively. 

Lemma 1.8.10 For a domain A of trdeg 1 over a field k, the following are equivalent: 

(1) The normalization of A is kW. 

(2) A is a subalgebra of k^. 

(3) FracA = k ^ and A has one rational place at infinity. 

Corollary 1.8.11 Let A be a normal domain of trdeg 1 over a field k. If A C kW; 

then A ^ kW. 

Definition 1.8.12 If A and k satisfy the equivalent conditions of Lemma 1.8.10, we 

say that A is a polynomial curve over k. 

Lemma 1.8.13 Let k be a perfect field and let A be a k-domain. If there exists an 

algebraic extension K/k such that K is a polynomial curve over K, then A is a 

polynomial curve over k. 



Chapter 2 

Homogeneous locally nilpotent 

derivations of k ^ 

In this chapter, we discuss regular gradings and coordinatizable gradings. Then we 

define the notion of "type" for a coordinatizable grading of a polynomial ring. The 

notion of type for N-graded polynomial rings was introduced by Daigle in [10]. We 

generalize this notion for polynomial rings that are graded by an arbitrary torsion-free 

abelian group G, and then we discuss the special case G = Z in detail. The material 

of this chapter serves as background for Chapter 3 and Chapter 4; besides, it also 

contains some new results related to homogeneous locally nilpotent derivations of the 

polynomial rings k ^ . 

2.1 Gradings and homogeneous derivations 

Throughout this section, assume that (G, +) is an abelian group. 

Definition 2.1.1 Let R be a ring. A G-grading of R is a family g = {-Ri} ieG of 

subgroups Ri of (R, +) satisfying R = ©J^GRI and RtRj C Ri+j for all i,j £ G. An 

element of R is homogeneous if it belongs to (J i g G i?j . If x ^ 0 is a homogeneous 

28 
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element of R, then there is a unique i G G such that x G R^ we write degg(x) = i. 

(Note that deg g (xy) = deg0(x) + deg0(y) for all homogeneous x,y G R such that 

xy ± 0.) 

Definition 2.1.2 Given a G-graded ring R and b £ R, we can write b = YlieG ^ as a 

decomposition of homogeneous elements of R. The homogeneous elements bi G Ri are 

called the homogeneous components of b. A subring S of R is called a homogeneous 

subring if a G S implies that every homogeneous component of a belongs to S. 

Lemma 2.1.3 If R is a G-graded ring, then 1 is homogeneous of degree zero. 

Proof: Write 1 = Y!ieGxi xi £ Ri- If h G Rj then h = where 

XIH G Ri+j. In particular, we must have x0h = h. It follows that XQIJ = y for every 

y G R, so x0 = 1 (and Xi = 0 for a l i i G G \ {0}). I 

Definition 2.1.4 Let g = {Bi}ieG be a grading of a ring B. A derivation D of B is 

homogeneous (or g-homogeneous) if there exists j G G such that D(Bi) C Bi+j for all 

i G G. Such a j is unique if D / 0 and we say that D is homogeneous of degree j. 

Notation 2.1.5 Let g = {Bi}iea be a grading of a ring B. The set of all g-

homogeneous locally nilpotent derivations of B will be denoted by LND(5,g). Simi-

larly, KLND(£,g) = { kerD | D G LND(5,g) and D ± 0 }. 

Lemma 2.1.6 Let g = {Bi}i&G be a grading of a ring B. If D is a homogeneous 

derivation of B, then ker D is a homogeneous subring of B. 

Proof: We may assume that D 0. Let d G G be such that D is homoge-

neous of degree d. Recall that ker D is a subring of B. Let 0 ^ a G ker D and write 

a = YTj=1 aij where a^ G Bi:j and ii,... ,in are distinct elements of G. Then D(a) = 0 

implies that D(aix) + • • • + D(a,in) — 0 where -D(a^) G Bij+Ci and i\ + d,...,in + d are 
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distinct elements of G. It follows that D(aij) = 0 for each j = 1,..., n. I 

Let B = k^, where k is any field of characteristic zero. Recall from Miyanishi's 

Theorem (cf. 1.4.5) that any nonzero D G l n d ( 5 ) satisfies ke rD = k'2'. We also 

have: 

Lemma 2.1.7 Let k be a field, and let A = 
k [ 2 ] 

be graded by a Z-grading. Then there 

exist homogeneous elements f,g£A such that A = k[/, g]. 
Proof: See [4, 38], for instance. I 

Applying the above lemma, we obtain the homogeneous version of Miyanishi's The-

orem: 

Corollary 2.1.8 Let k be a field of characteristic zero. Assume that B = k [ X , Y, Z} = 

kl3l is Z-graded by a grading Q, and O ^ D g l n d ( 5 , g). Then ker D = k[/, g] = kl2!, 

where f and g are Q-homogeneous elements of B. 

2.2 Regular gradings 

Definition 2.2.1 A grading g on a ring R is regular if x,y G R are homogeneous 

whenever xy is a nonzero homogeneous element of R. 

Example 2.2.2 Let k be a field and R = k [ X ] / ( X 2 ) (where k[X] = k^). Write 

R = k[a;], where x2 = 0 and, define a Z-grading on R by setting R0 = k, Ri = kx 

and Ri = 0 for every i G Z \{0 ,1} . As 1 + x and 1—x are non-homogeneous elements 

whose product is 1, the grading is not regular. 

Example 2.2.3 Consider the set of complex numbers C. Then C = R © iK is a 

nonregular grading of C by the group Z/2Z. 
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Lemma 2.2.4 Let g = {Ri}iea be a regular grading of a ring R. Then, 

(1) Every unit of R is homogeneous. 

(2) / / k is a field included in R then k C R0. 

Proof: If u E R* then uu~l = 1 is homogeneous, so u is homogeneous by regu-

larity. Let k be a field included in R and suppose that k <2 Ro- Pick A E k \ RQ. 

As A is homogeneous by the first assertion, A E Ri for some i ^ 0. As 1 E Ro, 

we see that 1 + A is not homogeneous (note that A ^ 0 since A ^ Ro). However 

1 + A e k \ {0} C R*, contradicting the first assertion. I 

Lemma 2.2.5 An abelian group admits a total order if and only if it is torsion-free. 

Proof: See Proposition 1.1.7 of [1], for instance. I 

Lemma 2.2.6 If G is a torsion-free abelian group, then every G-grading of an inte-

gral domain is regular. 

Proof: By Lemma 2.2.5, we may choose a total order on G. Let g be a G-grading 

of an integral domain R. For each x E R define: Supp0(x) = {z E G | X j ^ O } , 

where x — an ordering of G and define for each x E R \ {0}, 

W+(x) = maxSupp0(x), W~(x) = minSupp0(rc), a n d W ( x ) = W+(x) — W~(x). 

Then we have a map W : it! \ {0} —> G with the following properties: 

(1) Vrr E R \ {0}, W(x) > 0, where equality holds if and only if x is homogeneous. 

(2) W(xy) = W(x) + W(y) for all x,y E R\ {0}. 

If x, y E R are such that xy ^ 0 and xy is homogeneous, then 0 = W(xy) = 

W(x) + W(y), which implies that x and y are homogeneous, so we are done. I 
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Notation 2.2.7 Let G be any abelian group. Suppose that R = is a G-

graded ring, and A is a subset of R. Then G(A) denotes the subgroup of G generated 

by the set { i G G | A fl Ri ^ {0} }. In particular, G(R) is the subgroup of G 

generated by { i G G | Rr 7̂  {0} }, and it is clear that for every subset A of R, G(A) 

is a subgroup of G(R). 

Proposition 2.2.8 Let G be an abelian group and 0 a G-grading of a domain R. 

Then g is regular if and only if G(R) is torsion-free. 

Proof: Suppose that G(R) contains an element k 7̂  0 of finite order. We show 

that g is not regular. Let 5 = { i G G | Ri ^ {0} }. Note that S is closed under 

addition because R is an integral domain. As G(R) is the subgroup of G generated 

by S, there exist distinct elements i,j G S such that k = i — j. Choose x G Ri \ {0} 

and y £ Rj\ {0}. Let n > 2 be the order of k and define 

The element x — y of R is not homogeneous, but (x — y)z = xn — yn is homogeneous 

since ni = nj. So to prove that g is not regular it suffices to verify that (x — y)z ^ 0. 

Note that each term xuyn~1~u in (2.2.1) is nonzero and has degree 

deg g (x u y n ~ l ~ u ) =ui + (n- 1 - u)j = (n - 1 )j + u(i - j) = (n - 1 )j + uk; 

now u 1—• (n — 1 )j + uk is an injective map {0 ,1 , . . . , n — 1} —> G (because k has 

order n), so the terms in the sum (2.2.1) have distinct degrees; in particular z ^ 0 

and consequently (x — y)z 0. So g is not regular. 

Conversely, if G(R) is torsion-free then g is regular by Lemma 2.2.6. I 

Corollary 2.2.9 Let R be an integral domain and a finitely generated k-algebra. 

Suppose that R is endowed with a regular G-grading, where G is an abelian group. 

Then G(R) is isomorphic to II for some r > 0. 

n-1 
( 2 . 2 . 1 ) 

u=0 
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Proof: Write R = k[/II , . . . , hn], where each hi is homogeneous. Note that k C R0 

by Lemma 2.2.4, so G(R) is generated by the finite set deg0(/i;), where 1 < i < n. 

By Proposition 2.2.8, G(R) is torsion-free, so it is a free abelian group of finite rank. I 

2.3 Coordinatizable gradings and type 

Throughout this section, we have B = k'ra' where k is a field of characteristic zero. 

Definition 2.3.1 Let G be an abelian group. A G-grading g = {Bi]ieG of B is 

coordinatizable if k C Bo and there exists a coordinate system 7 = ( X i , . . . , X n ) 

of B such that each Xi is homogeneous. Such a coordinate system 7 is called a 

homogeneous coordinate system of B. 

Remark 2.3.2 If G is torsion-free then the condition k C Bo is automatically satis-

fied by Lemmas 2.2.6 and 2.2.4. 

Example 2.3.3 Consider the Z/2Z-grading of B — C [ X | , . . . , Xn] given by 

B = Bo © Bi, B0 = M[Xi,..., Xn], B\ = i M[Xi,..., Xn]. 

Then each Xi is homogeneous but C B0, so this grading is not coordinatizable. 

Remark 2.3.4 Let G be an abelian group, g a coordinatizable G-grading of B, 

( X i , . . . , X n) a homogeneous coordinate system, and h, a nonzero homogeneous ele-

ment of B. Write h = aiXi where i = ( i 1 } . . . , in) e Nn, Xi = Xj1 • • • and 

di € k. Then 

deg0(X l) = degg(h) for each i such that â  ^ 0. 

Remark 2.3.5 To define a coordinatizable G-grading of B, we may proceed as fol-

lows. Choose an arbitrary coordinate system 7 = ( X i , . . . , Xn) of B and an n-tuple 
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( a i , . . . , an) G Gn. Then for each j G G define Bj to be the k-span of the monomials 

X\1 • • • X^ satisfying + • • • + inan = j. Note that, in particular, we have k C Bo. 

Then g = { Bj } ? e C is a coordinatizable G-grading of B and 7 is a homogeneous co-

ordinate system of B. In fact, g is the unique G-grading of B which satisfies k C 5 0 

and Xi € Bai for i = 1 , . . . ,n. Note that every coordinatizable G-grading of B can 

be obtained by the above procedure. 

2.3.6 The following fact is highly nontrivial: 

Theorem. If k is an algebraically closed field of characteristic zero, then all Z-

gradings o/k^ are coordinatizable. 

The case k = C of the above theorem is a consequence of [39, 45, 42, 35, 44, 43, 55, 36]. 

The generalization to algebraically closed fields of characteristic zero is considered 

straight forward. 

For the remainder of this section, let G be an abelian group and g a coordinatizable 

grading of B — k'"'. 

2.3.7 Each homogeneous coordinate system 7 = (Xi,... ,Xn) of B determines an 

element <1(0,7) = ( a i , . . . , an) of Gn , where a* = deg0(Xj) for each i. The subgroup 

of G generated by ..., an is G(B) (in the notation of 2.2.7). 

Lemma 2.3.8 Let 7 and 7' be two homogeneous coordinate systems of B. Then 

a(g, 7 ' ) is a permutation 0 / 0 ( 0 , 7 ) . 

Proof: Write 7 = ( X i , . . . , Xn) and 7' = {X[,..., X'n). For each k G G, let 

h = { i I degg(Xj) = k } and I'k = { i | deg0(X-) = A;}. It suffices to show that 

\Ik\ = \I'k\ for every k G G. Suppose that k G G is such that \I'k\ > For each 

i G I'k, we may express X[ as a polynomial in XX:..., Xn as follows: 

X[ = a + Li + Qi, (2.3.1) 
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where Q G k, Li is a linear form in Xi,..., Xn and Qi belongs to the ideal ( X i , . . . , Xn)2 

of B = k [ X i , . . . , Xn]. As X[ is homogeneous, Li belongs to the k-span of { Xj \ j G 

Ik}; as \I'k\ > |7FC|, it follows that {Li \ i G I'k } is linearly dependent. Choose a 

nonzero family (si) i e/ ' of scalars such that = 0 a n d ^ V = S i p / ' fc fc fc 

Express V as a polynomial in . . . , Xn, V = c + L + Q as in (2.3.1); then L = 0, 

and this is impossible because V is a variable of B. I 

Definit ion 2.3.9 Let 7 = ( X x , . . . ,Xn) be a homogeneous coordinate system of B 

and let a(g, 7) = ( a i , . . . , an) be as in 2.3.7. For each i G { 1 , . . . , n}, let G7 i j be the 

subgroup of G generated by { aj \ j G { 1 , . . . , n} \ {?} }. So in the notation of 2.2.7, 

G7 j i = G(K[Xi , . . . , Xi-i,Xi+x,..., Xn]). The unordered n-tuple [G7)I, • • •, G7!n] of 

subgroups of G depends only on Q by Lemma 2.3.8 (i.e., it is independent of the choice 

of 7). Consequently, the cardinality of the set { i | G7;j ^ G(B) } depends only on 

g. We define an integer type(g) G { 0 , . . . , n} by 

type(fl) = |{« | G 7 > i ^ G ( 5 ) } | . 

Remark 2.3.10 Observe that each coordinatizable grading of B has a well-defined 

type. Also note that the trivial grading on B is of type 0. 

2.4 Homogeneous derivations of a UFD 

In Section 2.4, we assume that G is a torsion-free abelian group and B is a G-graded 

UFD containing Q. Let g = {Bi}i€Q denote the grading of B and observe that g is 

regular by Lemma 2.2.6. Given A G KLND(£?, g), recall (from 2.2.7) the notations 

G(A) = ({ieG I AnB^{0}}), G(B) = {{ieG I £^{0}}) 

and define "K(A) to be the set 

{ H | H is a homogeneous prime element of B and deg (H) G(A) }. 



2.4. H o m o g e n e o u s der ivat ions of a U F D 36 

Note that % (A) = 0 whenever G(A) = G(B). 

The following generalizes Proposition 2.1 of [7]. 

Proposition 2.4.1 Let g = {Bi}ieG be a G-grading of B. If A G KLND(Z?,0) satis-

fies G(A) ± G(B), then: 

(a) "K(A) ^ 0 and any two elements ofK(A) are associates in B. 

(.b) Let H G 'K(A). Then for any D G LND(5,g) satisfying ker D = A, the set of 

homogeneous preslices of D is { aH | a is a nonzero homogeneous element of A }. 

Proof: As G(A) is a proper subgroup of G(B) and {g E G \ BG ^ 0 } generates 

G(B), we may choose g G G such that BG ^ 0 and g 0 G(A). Choose a nonzero 

A G BG, and note that deg A ^ G(A). Since B is a UFD, write A = HI • • • HS as a 

product of prime elements of B. As A = HI • • • HS is homogeneous and the grading is 

regular, every HI must be homogeneous. If deg HI G G(A) for alH G {1 , . . . , s}, then 

deg a = deS Hi ^ which is not the case. Hence deg HJ ^ G(A) for some 

j G { 1 , . . . , s}. Then HJ G ^(^4), and W^A) ± 0 . Next, let D G LND(B,Q) be such 

that ker D = A. We claim: 

Each element of'H(A) is a homogeneous preslice of D and divides (2.4.1) 

every homogeneous preslice of D. 

Indeed, let H G Oi(A) and let v be a homogeneous preslice of D. Then a = Dv G 

A \ {0} and Ba = Aa[v\ = J^a (cf. 1.2 (3)). In particular, there exists an integer 

m > 0 such that amH G A[v\. As amH is homogeneous, we may write amH = 

Yliei aivl •> where 7 is a nonempty finite subset of N and for each i G / , AI G A\ {0} is 

homogeneous with d e g ( a ^ ) = d e g ( a m H ) . Hence dega, + idegv = radega + degH 

for each i G I. Consequently, idegf ^ G(A) because deg H <£ G(A). In particular, 

?' > 0 for all i G I. Therefore we have: 

AMH = bv for some b G B \ {0}. (2.4.2) 
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We claim that H \ v in B. If not, then H | b because H is prime in B. Then by 

(2.4.2), v | am. As am £ A \ {0} and A is factorially closed in B (cf. 1.2 (1)), it 

follows that v £ A. This contradicts the fact that Dv ^ 0, hence H \ v in B. Writing 

v = aH for some a £ B, (2.4.2) gives ba = am £ v4\ {0}. Again A is factorially closed 

in B implies that a £ A. As 0 ^ v = aH is homogeneous and the grading is regular, 

a is homogeneous. So we have: 

v = aH for some homogeneous a £ A \ {0}. (2.4.3) 

It follows from (2.4.3) that if is a preslice of D, so claim (2.4.1) is proved. Prom (2.4.1) 

we deduce that if H and H' belong to £ Ji(A), then H \ H' and H' | i f , which proves 

the assertion (a) of the proposition. Next, the assertion (b) follows from (2.4.3). I 

2.5 Homogeneous derivations of k^ 

Throughout Section 2.5, let B = k^ , where k is a field of characteristic zero. We 

also consider a coordinatizable G-grading g = {Bi}i&o of B, where G is a torsion-free 

abelian group. Note that g is regular by Lemma 2.2.6. 

Lemma 2.5.1 Let 7 = (Xi,... ,Xn) be a homogeneous coordinate system of B and 

let j £ {1,..., n}. Then the following hold: 

(1) If h £ B is a homogeneous element such that deg(/i) ^ G 7J , then Xj \ h. 

(2) If A £ KLND(#,g) and G(A) % G 7 j , then Xj £ A. 

Proof: If h is a homogeneous element of B such that Xj \ h, then h contains 

a monomial of the type XX[ni ... X j ^ ' X j ^ 1 . . . X™" , where A G k* and m, > 0 

for every i ^ j. Since h is homogeneous, cleg h is equal to the degree of the above 

monomial, which is an element of G 7 J . This proves (the contrapositive of) the first 
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assertion. To prove (2), let A G KLND(5,G) be such that G(A) <2 G 7 J . Then there 

exists a homogeneous element h G A\ {0} such that deg(/i) ^ G 7 j . It follows that 

Xj | h by the first assertion. As A is factorially closed in D. it follows that Xj G A. I 

Proposit ion 2.5.2 Let A G KLND(S,g) be such that G(A) ^ G(B) and let D G 

LND(£?, g) be such that ker D = A. Let 7 = ( X i , . . . , Xn) be a homogeneous coordinate 

system of B. Then the following statements are equivalent for any j G { 1 , . . . , n}. 

(1) d e g a ( X j ) ? G ( A ) . 

(2) Xj is a preslice of D. 

(3) G(A) = G 7 J , 

(4) G ( A ) C G 7 J ^ ( B ) . 

Moreover, there exists a unique j G {1 , . . . ,71} satisfying the above conditions. 

Proof: As each X j is prime and homogeneous, (1) is equivalent to 

(2') Xj G "K(A) 

by definition of the set 'K(A), and (2') is equivalent to (2) by Proposition 2.4.1. Since 

G(A) is a proper subgroup of G(B), deg(Xj) ^ G(A) for some j G {1 , . . . ,n}. So 

at least one j satisfies (1). The elements of 'K(A) are associates of each other by 

Proposition 2.4.1. So at most one j satisfies (2'); thus exactly one j G { l , . . . , n } 

satisfies the equivalent conditions (1), (2') and (2). 

Now suppose that j satisfies (2'). Then j is the only element of { 1 , . . . , n} which 

satisfies (1), so each i G {1 , . . . , n} \ { j} satisfies deg(Xj) G G(A) and consequently 

G-yj C G(A). If G(A) % Gltj, then Xj G A by Lemma 2.5.1. This contradicts the 

fact that deg ( X j ) £ G(A) , so G(A) = Gld. This proves that (2') implies (3). It is 

easy to see that (3) implies (4). Next, if j satisfies (4) then deg(X,-) ^ (otherwise 

G7J- = G(B)), so deg(Xj) ^ G(A) (because G(A) C G 7 j ) . So j satisfies (1). I 
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Corollary 2.5.3 If type(g) = 0 then G(A) = G(B) for all A £ KLND(B,g). 

Proof: Let 7 = (Xx,..., Xn) be a homogeneous coordinate system of B. Let 

A £ KLND(5,g) be such that G(A) ^ G(B). Then G(A) = G 7 ; i for some j by 

Proposition 2.5.2. But then G 7 j / G(B) and hence type(g) > 0 . I 

Corollary 2.5.4 For any homogeneous coordinate system 7 = (Xx,... ,Xn) of B, 

{ G(A) | A £ K L N D ( £ , G) } = { G 7 ; 1 , . . . , G7 > n} . 

Proof: Let Ai = k^ - 1 ' be the subalgebra of B generated by {Xi,..., Xn} \ {Xj}. 

Then ker (AY?) K L N D ( 5 , G ) and G(Ai) — G 7 i i , which proves that 

{ G(A) | A £ K L N D ( S , 0) } D { G 7 ) 1 , . . . , G 7 , n } . 

Let A £ K L N D ( 5 , 0 ) . We show that G(A) = G 7 J for some j = I,... ,n. If 

G(A) ^ G(B), the result follows by Proposition 2.5.2. So assume that G(A) = G(B), 

then clearly, G 7 J C G(A) for all j £ { 1 , . . . , n}. As A £ KLND( S , 0), we have Xj ^ A 

for some j £ { l , . . . , n } . Then (2) of Lemma 2.5.1 implies that G(A) C G7J-. So 

G{A) = G 7 j . I 

Corollary 2.5.5 Let A £ K L N D ( 5 , 0 ) . Then for any homogeneous coordinate system 

7 = (X l , . . . , Xn) of B, |{X"i,..., Xn} fi A\ > type(g) — 1. If we also assume that 

G(A) = G(B), then | { X i , . . . , Xn} n A\ > type(g). 

Proof: By definition, type(0) is the cardinality of the set S = { % \ G 7 ; i G(B) }. 

If G(A) = G(B), then each i £ S satisfies G(A) % G 7 ) i , which implies that Xi £ A 
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by Lemma 2.5.1. So | {Xi , . . . , X n } n A\ > type(g) in this case. If G(A) ± G(B), 

then by (4) of Proposition 2.5.2, exactly one j e S satisfies G(A) C G 7 J . Then 

the total number of elements i € S satisfying G(A) % G7 i j is type(g) — 1 . So 

\{Xu...,Xn}nA\ > t y p e ( f l ) - l . I 

Corollary 2.5.6 Every Q-homogeneous locally nilpotent derivation D of B = k ^ 

satisfies rank(D) < n + 1 — type(g). 

Corollary 2.5.7 Let 7 = ( X i , . . . ,Xn) be a homogeneous coordinate system of B. If 

TYPE(FL) = N , then K L N D ( B , G) = {YLI , . . . , An} where Ai = k[N_1L is the subalgebra of 

B generated by {Xi,..., Xn} \ {Xj}. 

Proof: Clearly, KLND(B,g) D {A\,...,An}. If A e KLND(S, g) then Corollary 

2.5.5 implies that . . . , Xn} D A\ > n — 1. Hence A = Ai for some i. I 

2.6 The case G = Z 

Some of the definitions and results of Sections 2.3 and 2.5 acquire a simpler form in the 

special case G = Z. The purpose of this section is to give those simpler statements, 

with brief explanations. 

Throughout this section we let B = kt"', where k is a field of characteristic zero, and 

we consider coordinatizable Z-gradings of B. 

As Z is torsion-free, an arbitrary Z-grading g = {Bi}iSz of B is regular (cf. Lemma 

2.2.6), and in particular satisfies k C B0 (cf. Lemma 2.2.4). Thus g is coordinatizable 

if and only if there exists a homogeneous coordinate system of B (i.e., a coordinate 

system ( X i , . . . , Xn) of B such that each Xj is homogeneous). 
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If g = {BI}I€Z is a coordinatizable Z-grading of B then any homogeneous coordinate 

system 7 = ( X i , . . . , XN) of B determines 

a(g, 7) = (a1,...,an) = (degp^) , • • • , deg(Xn)) G Zn 

which, up to permutation, is independent of the choice of 7 (cf. Lemma 2.3.8). The 

integer d = gcd { a* | i — 1 , . . . , n } is equal to the gcd of the set Supp(g) = { i G 

Z | Bi {0} }, so we will use the notation d = gcdSupp(g) for it. Note that d = 0 

is equivalent to g being the trivial grading. If g is not the trivial grading then we 

may always assume that d = gcdSupp(g) is equal to 1. Indeed, our purpose is to 

describe KLND(S, g), and the grading g' = of B defined by B[ — BDI satisfies 

g c d S u p p ( g ' ) = 1 a n d KLND(£,g) = KLND(5,g ' ) . 

Until the end of this section, let g = {Bi} iez be a coordinatizable Z-grading of 

B = k ^ satisfying gcdSupp(g) = 1. 

2.6.1 Let 7 = ( X i , . . . , X n ) be a homogeneous coordinate system of B. Let Z7)i 

be the subgroup of Z generated by { aj \ j G {1 , . . . , n} \ {i} }. It follows from 

Definition 2.3.9 that type(g) is the cardinality of the set { i The notion 

of the type can be clarified as follows. For i G {1 , . . . , n) we define: 

a i = gcd { aj | j G {1 , . . . , n) \ {i} }. (2.6.1) 

The following facts can be deduced easily: 

• The nonnegative integers . . . , a n are pairwise relatively prime. 

• gcd(a;j, aj) = 1, and i ^ j =>• ck; | aj. 

• The unordered tuple [ a i , . . . , an] is independent of the choice of 7, and so is uniquely 

determined by the grading g on B. 

• Given i E { l , . . . , n } , Z7;j is the subgroup of Z generated by ctj. We note the 

following: Z7ii = Z a t = 1. It follows that 

type(g) is the cardinality of the set { i | cti ^ 1 }. (2.6.2) 
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Definit ion 2.6.2 Given A G K L N D ( 5 , G ) , define d(A) = gcd { i \ i G Z(A) }. Equiv-

alently, d(A) = gcd { i G Z | ^ ^ 0 }. 

Note that the subgroup Z(A) (cf. 2.2.7) of Z is equal to d(A)Z. 

Theorem 2.6.3 Let 7 = ( X i , . . . ,Xn) be a Q-homogeneous coordinate system of B. 

Then we have the following: 

(1) {d(A) | A G K L N D ( 5 , 0 ) } = {a\,..., an}. In particular, type(g) = 0 implies 

that d(A) = 1 for all A G K L N D ( 5 , G ) . 

(2) Let i G {1 , . . . , n}. If h G B is homogeneous and aj { deg(h), then Xj | h. 

(3) Let D G LND(B, g) and A = ker D. Let i G { 1 , . . . , n} be such that OIJ 1. 

(a) Ifd(A) ^ «j then Xj G A. 

(b) If d(A) = a.i, then the set of all irreducible and homogeneous preslices of D is 

equal to { A XJ | A G k* } 

(4) For each A G KLND(Z?, g), | { X i , . . . ,Xn} nA\> type(g) - 1. 

Proof: Note that Z(A) = Z7)i d(A) = Then (1) follows from Corollary 

2.5.4. Moreover, type(g) = 0 implies that a* = 1 for all i. Hence d(A) = 1. 

Next, let h G B be homogeneous and ctj \ deg(h). Then deg(h) Z7i i, and Xj | h 

follows from Lemma 2.5.1. So (2) holds. 

Let us now prove (3). Let D G K L N D ( 5 , G ) and A = ke rD. Suppose that 

i G {1 , . . . , n} is such that a^ ^ 1. If d(A) / cij, then cij \ d(A) ( because d(A) = atj 

for some j ^ i and «j { aj if % j ) . Then Z(A) Z7ii, and Xi £ A holds by Lemma 

2.5.1. If d(A) = ai, the desired conclusion follows from Proposition 2.5.2. 

Finally, the fact in (4) follows from Corollary 2.5.5. 

I 

We remark that Corollaries 2.5.6 and 2.5.7 are also valid here, but since their state-

ments remain the same we will not repeat them. Next, we introduce some notions 
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which will be used in Section 4.2. From now on, fix a homogeneous coordinate system 

7 = ( X 1 , . . . , X n ) of B. 

Definition 2.6.4 Let us define u = fllLi ^ = ©iet/Z 

Note that u is a nonnegative integer, and R is a subring of B. Both v and R are 

independent of the choice of 7, and are uniquely determined by the grading g on B. 

The following facts will be used in Theorem 4.2.3. 

Lemma 2.6.5 R = k fXf 1 , . . 

Proof: For any i, deg(Xf i) = a^ is divisible by v. Hence k [X? \ . . . , C R. 

Conversely, if XI1 . . . X^n is a monomial in R, then deg(X®1 . . . X^n) = exai + • • • + 

e„a„ = pis for some integer p. As • • •, an, v are divisible by a 1, so is aiei. But 

gcd(ai,a1) = 1 so a i | e\. Similarly on \ et for all % = 1 , . . . , n. It follows that 

RCk[X?,...,XZ»}. I 

Lemma 2.6.6 IfU denotes the set of homogeneous prime elements of B that do not 

belong to R then 

U = { A Xi | A <G k* and i & {1,... ,n} is such that ^ ^ 1 }. (2.6.3) 

Proof: The right hand side of (2.6.3) is contained in U by Lemma 2.6.5. Now let 

h G U. As h R, some aj \ deg(h). It follows that Xj \ h by Theorem 2.6.3. But h 

and Xj are prime so h = XXj for some A G k*. Since h ^ R, Xj £ R. Also by Lemma 

2.6.5, X^3 G R, so aj ^ 1. Thus U is contained in the right hand side of (2.6.3). I 



Chapter 3 

An algebraic criterion for kernels 

3.1 Introduction 

Let k be a field of characteristic zero and B — kPl. Consider the problem of describing 

KLND(_B,g), where g is a Z-grading on B. In view of the homogeneous version of 

Miyanishi's Theorem (see Corollary 2.1.8), each element of KLND(B, g) has the form 

k[/, g] for some homogeneous elements f,g G B. So the question that has to be 

answered is the following: 

Which Q-homogeneous polynomials f,g G B satisfy K [ f , g ] G KLND(£?,G) ? 

A partial answer is given by Daigle in [7], namely: 

Theorem. Let g be an N-grading on B = k [ X , Y , Z ] , where k is any field of char-

acteristic zero, X,Y,Z are homogeneous, and gcd(degX, degF, degZ) = 1. Let f,g 

be homogeneous elements of B satisfying gcd (deg / , deg g) = 1 and set A = k[/, g}. 

Then the following are equivalent: 

(1) There exists D G LND(B, g) such that ker D = A. 

in 

44 
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(2) B(fg) = (^-(/g))'1' and, f,g are irreducible in k[X, Y, Z\. 

The goal of this chapter is to generalize Daigle's theorem to the case of Z-

gradings. We will prove the following result: 

Theorem 3.1.1 Let k be an algebraically closed field of characteristic zero. Let g = 

{Bi}iez be a X-grading on B = k'3' such that gcdSupp(g) = 1. Suppose that f,g G B 

are homogeneous, and let A = k [ f , g ] . If gcd(deg(/), deg(p)) = 1 or type(g) = 0, 

then the following conditions are equivalent: 

(1) A G K L N D ( S , g ) . 

(2) B(fg) = and f,g have integral fibres in B. 

Moreover, if typeg = 0 then gcd(deg(f),deg(g)) = 1, whenever these equivalent 

conditions are satisfied. 

In the above statement, we refer to Definition 3.3.1 for the notion of integral fibres. 

Theorem 3.1.1 is a consequence of Propositions 3.4.4 and 3.5.4, below. 

Remark 3.1.2 (i) In condition (2), 5(/g) is the homogeneous localization of B with 

respect to the multiplicative set S = {1, fg, {fg)2, • • •} (i.e., -B(/g) is the degree zero 

component of the Z-graded ring S ^ B ) . 

(ii) Daigle also gives a geometric condition equivalent to the conditions (1) and (2) 

of his theorem, namely: / and g are irreducible elements of B = k[X, Y, Z] and the 

surface Proj B \ V(fg) is isomorphic to minus 2 lines. 

3.2 Some known results 

The following is Lemma 2.4 of [7] and will be used in the proof of Proposition 3.4.4. 
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Lemma 3.2.1 Let R = ®Rn be a Z-graded UFD satisfying: 

For every neZ, if Rn ^ 0 then Rn fl R* ^ 0 . 

Then Ro is a UFD. 

The following results will be used later in the proof of Proposition 3.5.4: 

Lemma 3.2.2 [7, Lemma 2.5] Let R = 0 Rn be a Z-graded domain and Q a homo-

geneous subring of R satisfying 

For all neZ, if Rn ± 0, then RnC\Q* ^ 0. 

Then the following are equivalent: 

(1) There exists a homogeneous element v of R such that R = Q[v] = Q^; 

( 2 ) J R 0 = ( Q O ) [ 1 ] . 

Theorem 3.2.3 [8, Theorem 2.1] Let B be an affine UFD over a field k of charac-

teristic zero and let Xi,... ,xn (n > 2) be prime elements of B no two of which are 

associates. Suppose that B = k[xi,..., xn] and that B = is a Z-grading such 

that k C BQ, each Xi is homogeneous and 

(i) gcd(deg(x1), • • • , deg(xi_i), deg ( s i + i ) , . . . , deg(ar„)) = 1, for all i = 1 , . . . , n. 

Suppose that A is a homogeneous subalgebra of B satisfying A B0 and the following 

conditions: 

(ii) A* = B*, A is a UFD and every homogeneous prime element of A is a prime 

element of B. 

(iii) A = k[S] and B{s) = for some homogeneous multiplicatively closed subset 

S of A. 

Then gcd {i \ A^ ^ 0} = 1 and A is the kernel of a homogeneous locally nilpotent 

derivation D : B —> B. 

The following fact will be used in the proof of Proposition 3.4.4. 
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Lemma 3.2.4 Let B be a UFD containing an algebraically closed field k of charac-

teristic zero. If t r d e g K 2 3 = 2 and A G KLND(!B), then B = A^. 

Proof: Let A G KLND('B). Since "B is a UFD, there is an irreducible D G LND(®) 

such that ker D = A (cf. 1.4.2, Lemma 2). In view of 1.2 (3), it suffices to prove that 

D has a slice. Let E denote the set of all preslices of D and note that E ^ 0 . Define 

a set map i : E —» N as follows: given s G E, consider the prime factorization of D(s) 

in A, Ds = upi.. .pn where u G A* and the pi are prime elements of A. Set £(s) = n 

(recall that A is a UFD since it is factorially closed in B, cf. 1.1.10 (3)). Choose 

s G E which minimizes the value of £(s). We claim that £(s) = 0. Indeed, suppose 

the contrary and assume that Ds = upi.. .pn, where n > 1. Write p = pn. As A is 

factorially closed in B, p is prime in B and hence B = B/pB is an integral domain. 

Let D G LND('B) denote D modulo p'.B; then D ^ 0, because D is irreducible. As 

trdegk(®) = 1 and k is algebraically closed, it follows that ker(Z)) = k. Note that the 

element s+p"B of "B belongs to ker D; so there exists A G k such that s+pB = X+pB 

in B, or equivalently s — X G pB. Define s' = (s — X)/p G B, then D(s') = D(s)/p. 

So s' G E and £(s') = £(s) — 1, contradicting the minimality of £(s). Thus £(s) = 0 

and D(s) G B*. It follows that D has a slice. Then B = A^ follows by 1.2 (3). I 

3.3 The notion of integral fibres 

Definition 3.3.1 Given a k-algebra B, an element h G B is said to have integral 

fibres if and only if h — X is a prime element of B for every A G k. We will sometimes 

say that h has integral fibres in B when there is a risk of confusion (e.g. if h G A C B 

where A is a subalgebra of B). 
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Remark 3.3.2 If B is a UFD containing a field k, b G B has integral fibres if and only 

if b — A is irreducible for every A G k. Note that h G B has integral fibres implies that 

h is irreducible, but the converse fails. For example, consider B = C[X, Y, Z] = 

Then XY + 1 G B is an irreducible element of B which does not have integral fibres. 

Lemma 3.3.3 Let B be a UFD containing an algebraically closed field k and satis-

fying B* = k*. An element h G B has integral fibres if and only if h, $ k and k[/I] is 

factorially closed in B. 

Proof: Suppose that h G B has integral fibres. As 0 is not a prime element of B , it 

is clear that h £ k. Let us prove that k[/i] is factorially closed in B. Let be G k[/i] \{0} 

for some b,cEB. As k is algebraically closed, we can write be = /j, W^h — jii) for some 

/ij G k and n G k*. As h has integral fibres, the elements h — ^ are prime elements of 

B. Using unique factorization in B and B* = k*, we conclude that b, c G k[/j] \ {0}. 

Thus k[/i] is factorially closed in B. In the other direction, suppose that h £ k and 

that k[/i] is factorially closed in B. Then h is transcendental over k and for any A G k, 

h — A is an irreducible element of k[/i] = k^'l As k[/i] is factorially closed in B, it fol-

lows that h—A is an irreducible element of B (cf. 1.1.10 (2)). So h has integral fibres. I 

Lemma 3.3.4 Let B be Z-graded UFD containing a field k and satisfying B* = k*. 

Let h be a homogeneous element of B. Ifdeg(h) ^ 0 and h is prime in B, then h has 

integral fibres. 

Proof: Let A G k* and let us show that h — A is irreducible in B. First consider the 

case where deg(h) > 0. Suppose that h — A = fg where f,geB. Write / = ^-Li0 fi 

and g = Ylf=j09j, where ft E Bu g3 G Bj} i0 < jo < ji, and where /l(1, fh , gjo, 

and gj1 are all nonzero. Since h and A are homogeneous of degrees deg(h) > 0 and 
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deg(A) = 0, respectively, it follows that 

fio9jo = a n d (3.3.1) 

fil9jl = h. (3.3.2) 

It follows from (3.3.1) and B* = k* that fio,gjo G k*, so i0 = 0 = j0. From (3.3.2) 

and the fact that h is irreducible we get that one of fi1,gj1 belongs to k*. If f^ G k*, 

then ii = 0 = i0. Hence / = fio G k*. Similarly, if g^ G k* then g G k*. So one of 

/ , g is a unit and h — A is irreducible in B. 

In the case where deg(h) < 0, replace the grading of B by its opposite and apply 

the above paragraph. I 

3.4 A necessary condition for a kernel in 
k [3] 

In Section 3.4, we assume that k is an algebraically closed field of characteristic zero. 

Let B = K ^ be graded by a Z-grading g and let A G K L N D ( £ , 0 ) . By Corollary 

2.1.8, choose homogeneous elements f,g £ B m B satisfying A = k[/, g]. With these 

hypotheses, the goal of this section is to prove Proposition 3.4.4. 

3.4.1 Recall from Definition 2.6.2 that d(A) = gcd { i \ Ai ^ 0}. If A = k[f,g] 

where / and g are homogeneous, then one verifies that d(A) = gcd(deg(/), deg(^)). 

So if type(fl) = 0, then gcd(deg(/), deg(c/)) = d(A) = 1 by Theorem 2.6.3. 

Lemma 3.4.2 Assume that at least one of deg(/), deg(<?) is nonzero. Let p = 

AI A —ttt, Q = AI A d<>/gf[9l—TvTi and £ = Then £ is transcendental over k gcd(deg(/),deg(g)) ' ^ gcd(deg(/),deg(g))' s s 

and A(fg) = k[£, In particular, A^g) is a UFD. 

Proof: The integer d := gcd(deg(/),deg(p)) > 0 by assumption. So the integers 

p, q in the statement of the lemma are well defined. Since one of deg(/) and deg(g) 



3.5. A sufficient condi t ion for a kernel in k'3' 50 

is nonzero, without loss of generality we assume that p ^ 0. As A = k[/, g] = kt2], / 

and g are algebraically independent over k. So £ is transcendental over k. Clearly, 

G A(fgy, hence k[£,£_1] C A^g). Next, let a = j f ^ j G Ayg) for some a G A 

and integers i,j, where a is a homogeneous element of degree equal to d e g ( f l g i ) • It 

suffices to prove that belongs to k[£, for any monomial A f k g l in a (where 

A G k*). Since deg(A fkgl) = deg ( f g j ) , it follows that deg( / ) ( fc- i ) = - deg (g){l-j). 

Dividing throughout by d, we obtain, p(k—i) = —q(l—j)- Since gcd(p, q) = 1, p | l—j. 

Let pi' = I — j. Then p(k — i) = —q(l — j) = —qpl'. As p ^ 0, k — i = —I'q. It follows 

that 
VV = A/fc-v-, = x f - i V ' = x r i ' e 

I 

Corollary 3.4.3 / /gcd(deg(/) , deg(#)) = 1, then A{fg) = k^,^"1] where £ = 

Proposition 3.4.4 7/gcd(deg(/), deg(p)) = 1 ortype(g) = 0, then BUg) = (A{fg))^ 

and f,g have integral fibres in B. 

Proof: If type(g) = 0, gcd(deg(/), deg(g)) = 1 by 3.4.1. So we prove the theorem 

when gcd(deg(/), deg(g)) = 1. Note that Bfg is a Z-graded UFD. If the n-th graded 

component of Bfg is nonzero for some n G Z, then there exist integers i,j such that 

d e g ( f g j ) = n. Then / y G B*fg fl (Bfg)n, and BUg) is a UFD by Lemma 3.2.1. 

Next, let us choose D G LND(5,g) such that kerD = A. We claim that A^g) 

is the kernel of some nonzero locally nilpotent derivation of -B(/g) • As / , g G A, 

Dfg : Bfg —> Bfg is a nonzero homogeneous locally nilpotent derivation of Bfg, and 

kerD/g = Ajg (cf. 1.2 (2)). Suppose that the derivation Dfg has degree n. Since 

gcd(deg(/), deg(g)) = 1, we can choose integers k,l such that d e g ( f k g l ) = —n. Then 

fkglDfg is a locally nilpotent derivation of Bfg, which is homogeneous of degree zero. 

The restriction of fkglDfg to Byg) is also a locally nilpotent derivation, and has kernel 
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equal to Byg) fl k e r ( f k g l D f g ) = -B(/g) fl Afg = A^gy So the claim is proved. Next 

observe that 

trdegk B(fg) = trdegA( / s ) BUg) + trdegk AUg). 

By Corollary 3.4.3, Ayg) = k[£,£ - 1] where £ = ^deg(/), and £ is transcendental over k, 

so trdegk A{fg) = trdegk k[f, = 1. Since A(fg) G KLND(B i f g )) , trdegA(/g) B{fg) = 1 

by 1.2 (5). Thus trdegk B{fg) = 2. As B{fg) is a UFD, B{fg) = ( A { f g ) b y Lemma 

3.2.4. 

Finally, since A — k [ / , g] = k ^ , / — A and g — A are prime in A for all A G k. 

As A is factorially closed in B, f — A and g — X are prime in B. It follows that / , g 

have integral fibres in B. 

I 

3.5 A sufficient condition for a kernel in k[3] 

In Section 3.5, we assume that k is algebraically closed and B = k[3] is Z-graded by 

a grading g satisfying gcdSupp(g) = 1. (cf. 2.6). Let f,g be homogeneous elements 

of B and let A — k[f,g]. The following assumptions hold throughout Section 3.5: 

Bug) = (A(f9))[1] (3-5-1) 

/ , g have integral fibres in B (3.5.2) 

f,g satisfy equivalent conditions (1), (2) of Lemma 3.5.1 below. (3.5.3) 

Lemma 3.5.1 Under assumptions (3.5.1) and (3.5.2), the following conditions are 

equivalent: 

(1) At least one of deg(f), deg(g) is not equal to zero. 

(2) / , g are algebraically independent over k. 
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Proof: Suppose that (1) holds. Since f,g satisfy (3.5.2), / , g ^ k. If f,g are 

algebraically dependent over k, we can pick a polynomial (p(X, Y) G k[X, Y] = k® 

such that <p(f, g) = 0, and 

V>( / ,0 )^0or ip(0, g) ^ 0. 

We may assume that < (̂0, <7) 0 and write ip(X,Y) as ip(X,Y) = Xipi(X,Y) + 

<p(0, Y). Then ( p ( f , g) = 0 implies that M ( / , g) = -<p(0, g) G k[#] \ {0}. Since g has 

integral fibres in B, k[g] is factorially closed in B by Lemma 3.3.3. So / G k[g] \ {0}. 

As k is algebraically closed, f = ag + b for some a G k* and b G k. Since at least 

one of deg(/), deg(g) is nonzero, 6 = 0. Hence / and g are associates of each other. 

Then BUg) = A[^}g) implies that B{f) = = (k[/](/))W = kW. This leads to a 

contradiction because trdegk B ^ = 2. Hence / , g are algebraically independent over 

k and (2) holds. 

Next, suppose that (2) holds. If (1) does not hold, then deg(/) = 0 = deg(g). 

Hence deg ( f g ) = 0, and A(fg) = Afg. Also note that 

B(fg) = ( V / V I deg(6) = d e g ( / V ) = 0 } = (B0)fg. 

The condition Byg) = (Ayg))t1l implies that (B0)fg = (Afg)^. As f,g are alge-

braically independent over k, trdegk ( (Af g )^) = 3. It follows that trdegk(5o) = 3 

and B0 = B\ this contradicts the fact that gcdSupp(g) = 1. 

I 

Lemma 3.5.2 For any a G A, 

f\ainA<^f\ainB, 

Proof: We prove that / | a in A o / 

is similar. Clearly if / | a in A, then / | 

and g\ainA^g\ainB. 

| a in B, and the proof of the other assertion 

a in B. Now let us assume that / | a in B. 
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Write a G A as a = P(f,g) for some polynomial P(f,g) G A = k[/, g]. There exists 

a polynomial tp(f,g) G k [ f , g ] such that 

a = M f , g ) + P(0,g). 

To prove that / | a in A, it suffices to prove that P(0, g) = 0. By contradiction, assume 

that P(0, g) G k[<7]\{0}. As / | a in B, f | P(0, g) in B. Then fb = P(0, g) G k[g}\{0} 

for some nonzero b G B. Recall that g has integral fibres by assumption, so k[p] is 

factorially closed in B by Lemma 3.3.3. Then / G k[g], contradicting the fact that 

/ , g are algebraically independent over k. I 

L e m m a 3 . 5 . 3 If gcd(deg(/), deg(<7)) = 1 or type(g) = 0, then every homogeneous 

prime element of A is a prime element of B. 

Proof : Let a be a homogeneous prime element of A. We shall prove that a is 

prime in B. If / | a in B then, / | a in A by Lemma 3.5.2. As a is a prime element 

of A, OL = A/ for some A G k*. As / is prime in J5, a is prime in B and we are done 

in this case. Similarly, if g \ a. in B then a is prime in B. From now on we assume 

that / j a and g \ a in B\ it follows that 

g c d B ( a , / 0 ) = l. (3.5.4) 

Note that either a G ( A f g ) * or a is prime in Afg. If a G ( A f g ) * then a \ ( fg ) n in A 

(hence in B) for some n G N, so gcdB(ai, ( f g ) n ) ^ 1, which contradicts (3.5.4). So a is 

prime in Afg. Let d = gcd(deg(/), deg(g)). As deg(a) G <iZ, we may choose i, j G Z 

such that d e g ( f l g ^ a ) = 0. It follows that flg^a is a prime in Afg. As f%g^a G 

it follows that f l g ^ a is a prime in Ayg). So f%g^a is a prime in B(fg) by (3.5.1). Let 

us now show that 

if /3, 7 G B are homogeneous elements such that a \ in B, then (3.5.5) 

a | (3d or a | 7d in B. 
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Indeed, there exist 11,31,12,32 € Z such that fng^ lf3d and f%2g^2^d belong to B(/p). As 

a | in B, it follows that pgja divides ( f h g j l P d ) { f i 2 g j 2 j d ) in Bfg, and hence that 

flgja divides { f n g^1 (3d)(p2 g^2^d) in As flgja is a prime in Byg), we obtain 

that pgja divides fng:ilPd or fl2gj2"fd in B^gy It suffices to consider the first case: 

pg^a divides fng-'1l3d in B(fgy Then a \ ,3d in Bfg, which implies that there exist 

m, n G N such that a \ fmgn(3d in B. As gcdB(a, fg) — 1, we obtain a | /3d in B and 

(3.5.5) is proved. 

By assumption, gcd(deg(/),deg(g)) = 1 (i.e., d = 1) or type(g) = 0. If d = 1 

then condition (3.5.5) implies that a is a prime element of B and we are done. From 

now on assume that type(g) = 0. As B is a UFD, condition (3.5.5) implies that 

a = PN for some homogeneous prime element P of B and some integer N > 0. 

Choose a homogeneous coordinate system ( X , Y, Z) of B; choose distinct elements 

u,v G {X, Y, Z} such that u \ P and v J P in B; then u \ a and v \ a in B, so 

gcdB(a, f guv) = 1. Since type(g) = 0, we have gcd(deg(u), deg(t>)) = 1 and we may 

therefore choose r, s G N such that deg (u r v s P) G GE; then choose i3, j3 G Z such that 

f3gj3urvsp e As a = PN, fgia divides (fi3gj3urvsP)N in Bfg; thus f g j a 

divides ( f l 3 g ^ u r v s P ) N in B^g). Since flg^a is a prime in -B(/9), it follows that f%g^a 

divides fl3g^3urvsP in B^g). Then there exist m , n G N such that a | fmgnurvsP in 

B. As gcds(ct, fguv) = 1, we obtain a \ P in B. Thus, a is an associate of P, and 

hence it is prime in B. I 

Proposition 3.5.4 / /gcd(deg(/), deg(#)) = 1 ortype(g) = 0, then A G KLND(5, g). 

Proof: Let B = k[X,Y,Z] and assume that typeg = 0. Every homogeneous 

prime element of A is a prime element of B by Lemma 3.5.3. One verifies that all 

conditions of Theorem 3.2.3 are satisfied by the pair (A, B). Then A G KLND(S,g) 

follows from Theorem 3.2.3. (Moreover, gcd(deg(/), deg(g)) = 1 also holds in this 
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case.) 

It now remains to prove the proposition when gcd(deg(/), deg(g)) = 1. As 

B(fg) = (^(j-p))!1], Bfg = Afg[v] = A^ for some homogeneous element v of Bfg 

(cf. Lemma 3.2.2 with R = Bfg and Q = Afg). Then D := ^ is a homogeneous 

locally nilpotent derivation of Bfg, and ker 2) = Afg. Choose m, n G N such that 

fmgnT>(b) G B for each b G { X , Y , Z } . If V := fmgnrB, then T)'(B) C B and 

D' : Bfg Bfg is locally nilpotent and homogeneous. So the restriction D of D' 

to B is a homogeneous locally nilpotent derivation of B, and kerD = Afg fl B. It 

suffices to prove that Afg fl B = A. 

First we claim that A n f B = f A . To see this, recall that A = k [ / , g] = k[2] 

where k is algebraically closed. As / is prime in B, f B is a prime ideal of B and 

hence A FL f B is a prime ideal of A. It is clear that f A C A FL fB; if this inclusion 

is strict then A fl f B must be a maximal ideal of A and hence of the form (/ , g — A) 

for some A G k. Then g — A G f B . As / and g — A are irreducible (because / , g have 

integral fibres in B), it follows that they are associates, which contradicts the fact 

that they are algebraically independent over k. This shows that A fl f B = f A , and 

similarly A fl gB = gA. Then by induction, one can show that 

A(lfigjB = figjA V i , j e N . 

It follows that Afg n B = A. So A G KLND(B, g). I 

3.6 Remarks on Theorem 3.1.1 

In view of Propositions 3.4.4 and 3.5.4, the proof of Theorem 3.1.1 is now complete. 

Compare Theorem 3.1.1 with Daigle's Theorem mentioned in the introduction of this 

chapter. Note that the condition of having integral fibres is necessary in the statement 

of Theorem 3.1.1. To justify this, we provide the following example: 
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Example 3.6.1 Let B = k[X, Y, Z] be graded by a grading g of type zero which is 

defined by declaring (deg(X), deg(Y), deg(Z)) = ( 1 , -1 ,0 ) G Z3. Let f = X, g = 

XY + 1. Then f,g are algebraically independent over k, and are both homogeneous 

elements (of degrees one and zero, respectively). Note that g does not have integral 

fibres. Set A = K [ f , g ] . Then A £ K L N D ( £ , G ) . Indeed, if A = k[X,XY + 1] G 

KLND(B, g), then XY G A. As A is factorially closed in B, Y € A; this implies that 

k[X,Y] C k[X,XY], a contradiction. 

Next we claim that -B(/g) = (^-(/g))'1'- To prove this, it suffices to prove two 

things: A ( / G ) = k^,^"1] and B{fg) = k[g,g~\Z]. The inclusion k [C/ ,P - 1 ] C A{fg) is 

clear. Let £ Ayg), where a is homogeneous and deg(cn) = deg( flg:') = i. We can 

write a as a sum of monomials in k[/, g], each homogeneous of degree i. It suffices to 

prove that for each monomial A f m g n in a (where A G k*), G k[g,g~1}. But this 

follows immediately because i = d e g = d e g ( A f m g n ) = m. So A^g) = k[g, g - 1] . 

Next, the inclusion k[<7, <7_1, Z] C B^g) is obvious. In the other direction, assume 

that jq^j G for some homogeneous b G B. Let \XkYlZt be a monomial in b, 

where A G k*. It suffices to prove that G k[<7, Z\. Note that 

k-l = deg(A XkYlZl) = deg { f g j ) = i, 

hence k = l + i. As X = f and Y = = we obtain: 

AXkYlZt _ Xfk(g - 1 )lZt _ A(g - l)lZl 

pgj ~ fl+igj ~ 

It follows that B{fg) = k{g,g-\Z} = (A{fg))W. 

ek[g,g~\Z}. 

Note also that the condition type(g) = 0 or gcd(deg(/), deg(p)) = 1 is required in the 

statement Theorem 3.1.1. For instance, consider the following example: 

Example 3.6.2 Let B = k[X0,X1,X2] = k ^ . Define a grading g on B by declaring 

deg(Xo) = 1, deg(Xi) = 0 and deg(X2) = 0. Note that (a0, a 2 ) = (0,1,1) and 

consequently, type 0 = 1. Let / = Xi, g = X2. Note that gcd(deg(/), deg(g)) = 0 and 
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A = k [ f , g ] e KLND(5,g). As B0 = A, it follows that Byg) = A^g) and Condition 

(2) of Theorem 3.1.1 is not satisfied. 



Chapter 4 

Classification of Z-homogeneous 

Let B = k'3! be the polynomial ring in three variables over an algebraically closed 

field k of characteristic zero. In this chapter, we give a classification of kernels of ho-

mogeneous locally nilpotent derivations of B when B is graded by a Z-grading g that 

satisfies type(g) > 0. The main purpose of this chapter is to generalize the following 

theorem of Daigle [10] when k is algebraically closed: 

Theorem: Let k be any field of characteristic zero and B = Consider a grad-

ing g = {Bi}i€N of B satisfying B0 = k, gcdSupp(g) = 1, and typeg > 0. If 

A E K L N D ( S , g ) , then there exists a homogeneous coordinate system (Y 0 , Y i , Y 2 ) of B 

such that one of the following holds: 

(ii) gcd(deg Y0, deg Yi) = 1 and A = k[Y0, Y0
eY2 + ip(Y0, Yi)] for some e E N and some 

4>(Yq,Yi) E k[Y0, Yi], such that Y0
eY2 + ip(Y0, YJ is homogeneous and irreducible. 

(ii) gcd(deg Y0, deg Y^ = 1 = gcd(deg Y0,deg Y2) and A = k[Y0, P] for some ho-

mogeneous P E B which satisfies gcdB(Py1, Py2) = 1 and which is a variable of 

derivations Positive 

( i M = k[Yb,yi]. 

k ( Y 0 ) [ Y i , Y 2 ] . 

58 
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Theorems 4.2.3 and 4.2.5 generalize the above theorem under the additional 

assumption that k is algebraically closed. Although the statements of our results 

are very similar to those which were known in the special case of N-gradings, it does 

not seem possible to obtain the generalizations simply by repairing the proofs of the 

special case, as some key steps of the argument break down when applied to the 

general setting. Finally, we would like to point out that our classification relies on a 

nontrivial result proved by Daigle (cf. Theorem 4.1.2). 

4.1 Preliminary results 

Throughout this section, k denotes an arbitrary field of characteristic zero. We gather 

some results that we will be using later in the classification of homogeneous locally 

nilpotent derivations. The following is an immediate consequence of Theorem 2.4 of 

[18]. This result will be used in the proof of Theorem 4.2.3. 

4.1.1 Let R be a UFD containing Q, let S = R[X,Y] = R[2] and let K = Frac R. 

For a subring A of S, the following are equivalent: 

(1) A E KLNDR(S). 

(2) A = R[P] for some P £ S which satisfies g c d s ( P x , P y ) = 1 and which is a 

variable of K[X, Y], 

Moreover, if P is an element of S such that R[P] E KLND^S1) then P satisfies (2). 

The following result will be used in Lemma 4.2.2. 

Theorem 4.1.2 [12, Theorem 5.1] Let B = kl3l? and let D be an irreducible locally 

nilpotent derivation of B. If there exists a variable Y E B such that DY ^ 0 and 

D2Y = 0, then there exist X, Z E B such that 

B = k[X,Y,Z], DX = 0, DY E k[X], DZ £k[X,Y}. 

In particular, ker D contains a variable of B, and D is triangular. 
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Lemma 4.1.3 Let G be an abelian group and R = @i&cRi be an affine k-domain 

endowed with a regular G-grading. If A is a graded subring of R such that R = AW, 

then there exists a homogeneous element f £ R such that R = A[f]. 

Proof: The subgroup G(R) of G generated by { % £ G | Ri ^ 0 } is isomorphic 

to 71 for some r by Corollary 2.2.9. So G(R) can be totally ordered. Replacing G by 

G(R) if necessary, we may assume that G can be ordered. Fix a total ordering of G. 

Choose / £ R such that R = A[f], let / = YhieG fi the homogeneous de-

composition of / and note that the set { i £ G | fi £ A } is nonempty. Define 

e = max | i 6 G | / j ^ A } . As R = A[f] = A[f + a] for any a £ A, we may choose 

/ so that 

f e ^ A and fi = 0 for all i > e. 

We shall prove that R = A[/e]. Define a G-grading on the polynomial ring A[X] = 

by keeping the original grading on A and declaring that X is homogeneous of degree 

e, i.e., A[X] = ®neGA[X]n where: 

A[X]n= J2 A*Xj-
i+je=n 

If H(X) £ A[X]n and H(X) ± 0, then H(fe) £ Rn\ {0} (note that R = implies 

that A is algebraically closed in R, so fe is transcendental over A and consequently 

H(fe) 0). As fi = 0 for all i > e, we also have: 

H ( f ) = H(fe) + r for some r e ®i<nRi-

Now let h ^ 0 be a homogeneous element of R. Then there exists P(X) £ 

A[X]\{0} such that P ( f ) = h. Let P(X) = ^ n e G P B ( I ) (where Pn{X) £ A[X]n) be 

the homogeneous decomposition of P{X), and let N = max {n £ G | Pn(X) ^ 0 }. 

Applying the preceding paragraph to each Pn(X) gives 

P ( f ) = PN(fe) + r for some r £ ®i<NRi, 
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where P/v(/e) E RN\{0}. It follows that PN{fe) = h (and r = 0), so h G A[fe], which 

shows that R = A[fe]. I 

4.1.4 Let B = k[X I ,X 2 ,X 3 ] = k ^ and A G K L N D ( 5 ) . Prom Miyanishi's Theorem 

(cf. 1.4.5), A = k [ / i , / 2 ] = k'2l for some / i , / 2 G B. One defines the Jacobian 

derivation A a (or A(f1j2)) of B by the Jacobian determinant 

d(fuf2,b) 
d(X1,X2,X3) 

for any b G B. If (X[ , X'2, X'A) is another coordinate system of B and if f[. f2 are such 

that A = k[/{, then A ( / i ) / / ) = AA( / l>/2) for some A G k*. 

The following Lemma is Corollary 2.6 of [6]. 

Lemma. Let B = K[3] and A G K L N D ( B ) . Then the Jacobian derivation A^ : B —> B 

is locally nilpotent, irreducible and has kernel A. Moreover, 

{ D G LND(£) | ker D = A } = { aAA | a G A \ {0} }. 

Remark. If G = {Bi}ieZ is a Z-grading on B = k^ and A G K L N D ( 5 , G ) , then A a 

is g-homogeneous. Indeed, if D G LND(S,g) is such that ker D = A, then D = aAA 

for some a G A by above lemma. As D is g-homogeneous and g is regular, it follows 

that A a is g-homogeneous. 

4.2 Classification 

Throughout Section 4.2, we assume that k is an algebraically closed field of char-

acteristic zero. Let g be a Z-grading on B — k ^ satisfying type(g) > 0 and 

gcd Supp(g) = 1 . 

4.2.1 Recall from Section 2.6 that a homogeneous coordinate system 7 = (X0, X\, X2) 

of B and the grading g on B determine the following data: 
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• the ordered triple 0(0,7) = (a 0 ,a i ,a 2) = (deggX0, deggXi, deggX2) 

• " (0 ,7) = (ao,ai,Q!2) = (gcd(ai,a2),gcd(a0 ,a2),gcd(a0 ,ai)) 

• type(g) = |{ i \ a^ ^ 1 }| (type(g) is independent of the choice of 7) 

• the integer u = a0aia2 and the ring R = (Recall also that u and R are 

independent of the choice of 7.) 

Given A E KLND(£?, 0 ) , recall also the integer d(A) = gcd { i E Z | 0 }. 

L e m m a 4.2.2 Let the setup be as in the beginning of Section 4.2. If A G KLND(5 , 0), 

then there exists a homogeneous coordinate system (X,Y: Z) of B such that X E A. 

Proof : Choose a homogeneous coordinate system (Yo, Yi, Y2) of B and let D be a 

homogeneous locally nilpotent derivation of B such that A = ker D. We may choose 

D to be irreducible by 1.4.2 (Lemma 2). First we consider the case when D(s) E k* 

for some s E B. In that case, B = AW follows by an easy application of 1.2 (3). As A 

is a homogeneous subring of B, Lemma 4.1.3 implies that there exists a homogeneous 

h G B such that B = A[h}. By Corollary 2.1.8, A = k [ f , g ] for some homogeneous 

f,g G B. So ( / ,g , h) is a homogeneous coordinate system of B and / G A. This 

shows that the desired claim is true whenever Ds G k* for some s G B. 

If type(0) > 1, the result follows from Theorem 2.6.3 (4). So suppose that 

type(g) = 1, then there is a unique i G {0,1, 2} such that ctj 1. Without loss of 

generality, we may assume that ao ^ 1 and ot\ = 1 = a 2 . If d(A) ^ ao, then Yo E A 

by Theorem 2.6.3 (3a) and the result is proved. 

If d(A) = a0, Yo is a (homogeneous) preslice of D by Theorem 2.6.3 (3b). Then 

by Theorem 4.1.2, there exists a coordinate system (X, Yo> Z) of B such that DX = 0 

and DY0 E k[X] \ {0}. It suffices to prove that X and Z can be chosen to be 

homogeneous. 
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We may assume that DY0 k* (otherwise the result follows from the earlier 

argument). As k is algebraically closed, we write DY0 G k[X] \ {0} as 

m 
DY0 = A - a^ 

i=1 

for some A, ai G k. Since Yo is homogeneous, and D is homogeneous, DY0 is homo-

geneous. As the grading g on B is regular, X — at is homogeneous for each i. In 

particular, X — ax is homogeneous. Then DY0 G k[X] = k[X — ai], where X — ax is 

homogeneous. Replacing X by X — ax if needed (and calling it by X again), we can 

choose X to be homogeneous. Note that k[X, Y0] is a homogeneous subring of B. As 

B = k[X, Y0, Z] — k[X, Yo]'1', Z can be chosen to be homogeneous by Lemma 4.1.3. 

I 

Theorem 4.2.3 Let the setup be as in the beginning of Section 4.2. Given A G 

KLND(5,G) , there exists a homogeneous coordinate system (Y0, Yi, Y2) of B such that 

one of the following holds: 

(i) A = k[Y0,Y1}. 

(ii) gcd(deg Yo, deg Y^ = 1 = gcd(deg Y0, deg Y2) and A = k[Yo,P], for some ho-

mogeneous P G B which satisfies gcdB(Py1, Py2) = 1 and which is a variable of 

k(Y0)[YuY2]. 

(iii) gcd (deg Yo, deg Y\) = 1, A = k[Y0, <^(Y0)Y2 + ^ Y , ) } for some <p G k[Y0] \ 

{0}, and ip G k[Y0, Yi] such that g c d = 1, and (p(Y0)Y2 + ip(Y0,Yi) is 

homogeneous and irreducible. 

Proof: If (Yo, Yi, Y2) is a homogeneous coordinate system of B and if A is one of 

the rings displayed in (i)-(iii) of Theorem 4.2.3, then A G KLND(S, g) by 4.1.1. 
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By Lemma 4.2.2, we choose a homogeneous coordinate system 7 = (Yo, Y i , ^ ) 

of B so t h a t Yo G A. Let 0 ( 0 , 7 ) = (<20,01,02) and <2(0,7) = (c^o, a2) be as in 

4.2.1. As B = k[F0][2], 4.1.1 implies that A = k[Y0]tl]- Since A is graded and k[F0] is 

a homogeneous subring of A, it follows from Lemma 4.1.3 that A = k[Yo, P] for some 

homogeneous element P of B. By 4.1.1, it follows that gcdB(Py1, Py2) = 1 and P is 

a variable of k(r0)[Yi,F2]• 

Observe that P is irreducible in B (because it is irreducible in A = k[Yo, P] = k ^ 

and A is factorially closed in B). Consider the case where a% \ d e g P for some 

i G {0,1,2}. Then Yt \ P follows from Theorem 2.6.3 (2), and this implies that P 

and Yi are associates; thus A = k[Yo, Yj\ and in particular i € {1,2}. In this case, 

condition (i) of the Theorem is satisfied. 

From now on, we assume that Qj | d e g P for each i. (4-2.1) 

It follows that P G R — (Bi^uzBi, where v = ctoaia2. We claim that there exists 

Q G B homogeneous and irreducible such that 

k(Yo)[P,Q} = k(Yo)[YuY2}. (4.2.2) 

Recall that B = k[Yo, Y"i, Y2], ^ = k[Yo,P] and consider the Jacobian derivation (cf. 

4.1.4) A a B —> B which is homogeneous, locally nilpotent, irreducible, and has 

kernel A. Let K = k(Y"0)- Since P is a variable of K\YU Y2], there exists Q' G K[YX, Y2] 

such that K[P, Q'} = K[YU Y2]. We may assume that Q' G B. As (P, Q') and (Yu Y2) 

are two coordinate systems of we obtain: 

A ( M D ( P ' < = K* 

and so AA(Q') £ B(~)K* = k[Yo]\{0}. Since A^ is homogeneous, some homogeneous 

component Q\ of Q' satisfies AA(Q'I) G k[Y"0] \ {0}. Let 5 denote the degree function 

determined by A a . As AA(Q' i) G k[y0] \ {0}, 6(C£) = 1. Write Q\ e B as a product 

of prime factors. A unique prime factor Q of Q\ satisfies S(Q) = 1, and the other 
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factors have 5-degree 0 and hence belong to A. Then Q\ = aQ with a G A\{0}, where 

Q is homogeneous and irreducible; also, aAA(Q) = AA(Q'i) G k[y0] \ {0} implies that 

Aa(Q) G k[F0] \ {0}. 

Let S = k[y0] \ {0} and let A = S" 1 AA € LND (k(y0)[yi,y2]). Then A (Q) is 

a unit of lc(Vb)[Vi,>2] and hence k(y0)[yi,y2] = (ker A)[Q] = (kerA)W by 1.2 (3). 

As ker A = S ^ K E R A * = k(y0)[P], this gives k(y0)[yi,y2] = k(y0)[P,Q], i.e., Q 

satisfies (4.2.2). Hence (4.2.2) is proved. Next, recall that the ring R = ®i^„zBi 

equals k[Y0
a°, F" 1 , Y2

Q2] by Lemma 2.6.5. After choosing Q as in (4.2.2), we make two 

cases. 

• The case Q G R: In this case, P,Q G R. Note that (Frac R){Y0) C k(F0, YH Y2). As 

k(y0)[P, Q] = k(y0)[yi, y2], and P, Q G P, it follows that (Frac P)(y0) 3 k(y0, Yu Y2). 

Thus we obtain (Frac P)(Yo) = \t(Y0,Yi,Y2), and consequently, 

k ( y 0 , y r , y 2
Q 2 ) = k(^ . ,y i ,y2) . 

It follows that a i = 1 = a 2 and condition (ii) of the Theorem is satisfied. 

• The case Q ^ R: In this case, some a* \ degQ. Then Yi \ Q by Theorem 2.6.3 (2); 

this implies that Q and Yi are associates. Since (4.2.2) holds, i ^ 0, so i G {1,2}. 

Without loss of generality, we may assume that i = 1. Then simplifying (4.2.2), we 

obtain: 

k(y 0 ) [yi ,p] = k(r0)[yi ,y2] = (4.2.3) 

where K — k(>o)- In other words, we have C[P] = C[Y2] where C denotes the ring 

k(y0)[yi]; this implies that P = c{Y2 + c0 for some G C* and c0 G C. Using that 

P G B, it follows that 

p = <^(y0)y2 + ^(y 0 ,y i ) (4.2.4) 

for some nonzero ip(Y0) G k[y0], and ^)(YQ,YI) G k[y0 ,yi]. If I>{Y0,YX) = 0, then 

<p(Yo) G k* because P is irreducible, and A has the form as in (i). Next, assume that 

x/j(Y0, YI) / 0, and let us prove that a 2 = gcd(a0, ai) = 1. As P is homogeneous 

d e g P = deg((p(yo)y2) = deg(^(y0)) + degF2 . (4.2.5) 
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Note that <P(YQ) is a homogeneous polynomial. As A2 | d e g P (cf. (4.2.1)) and A2 | A0, 

it follows that a2 | deg</?(Yo) and a2 \ a2 by (4.2.5). Since gcd(a2,a2) = 1, it follows 

that a 2 = 1. The condition gcd(^-,<^) = 1 follows from (4.2.4) and from the fact 

that gcd s(Py1 , Py2) = 1. So A has the form as in (iii). I 

4.2.4 Let the setup be as in the beginning of Section 4.2. We fix a g-homogeneous 

coordinate system 7 = (X0, Xi, X2) of B and describe all the elements of KLND(5, g) 

in terms of 7 . Since type(g) > 0, we assume that 7 has been chosen so that 

a 0 ± 1. (4.2.6) 

Let W(B,g, 7 ) be the set of all pairs (u,v) G B x B satisfying: (X0,u,v) is a g-

homogeneous coordinate system of B. 

Theorem 4.2.5 Assume the setup as in the beginning of Section 4.2 and the notation 

as in 4.2.4. Then the elements O /KLND(I? ,G) are: 

(a) k[X0 ,P] for all homogeneous P G B such that g c d B ( P X l , Px2) = 1 and su°h 

that P is a variable of k(X0)[Xi, X2], 

(b) k[u, (p(u)v + ip(u, X0)], for all (u, v) G W(B, g, 7 ) such that <p G k[w] \ {0}, and 

ip G k[it, Xo], g c d = 1, where <p(u)v + ijj(u,X0) is homogeneous and 

irreducible. 

Proof: If A is one of the rings displayed in part (a) (resp. part (b)) of the 

statement of the theorem, then we apply 4.1.1 to B = k[X0pl (resp. to B = kjt t]^) 

to conclude that A G K L N D ( 5 , g). In the other direction, let A G KLND (£?,g) . We 

will prove that A occurs in one of the rings displayed in (a) and (b). If X0 G A, 4.1.1 

implies that A = As A is graded and k[X0] is a homogeneous subring of A, 

it follows from Lemma 4.1.3 that A = k[X0, P] for some homogeneous element P of 
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B. By 4.1.1, gcdB(Px1, Px2) = 1 a n d P is a variable of k(X0)[Xi, X2]; so A is of the 

type described in (a). From now on we assume that 

X 0 i A (4.2.7) 

By Theorem 4.2.3, choose a homogeneous coordinate system 7' = (Yo, Yi, Y2) of B so 

that one of the following holds: 

(i) A = k[Y0,Y1}. 

(ii) gcd(deg Y0, deg Yx) = 1 = gcd(deg Y0,deg Y2) and A = k[Y0, P] for some homoge-

neous P G B which satisfies gcdB(Py1, Py2) = 1 and which is a variable of k( Y0) [Yi, Y2]. 

(hi) gcd(deg Y0, deg Yi) = 1, A = k[Y0, </?(Y0)Y2 + Y,)} for some <p G k[Y0] \ {0}, 

and ^ G k[Y0, Yi] such that gcd ( | £ , <p) = 1, and <p(Y0)Y2 + YJ is homogeneous 

and irreducible. 

Let (CMQ, Q ,̂ a'2) = a(g, 7'). Applying Lemma 2.6.6 to each of 7, 7' gives 

{ A Xj | A G k* a n d a , ^ 1 } = { A Yj | A G k* a n d a'j ± 1 }. (*) 

As Xo belongs to the left hand side of (*), there exists i G {0,1, 2} such that a[ ^ 1 

and 

X0 = A Yi for some A G k*. (4.2.8) 

Then a'{ ^ 1, where (a'0, at'x, a2) = a(g, 7')- Note that this i also satisfies the following 

condition: 

given distinct k,j G {0,1,2}, gcd(deg Yj, deg Yk) = 1 {j,k}. (4.2.9) 

Since one of (i)-(iii) holds, Y0 G A. Then by (4.2.7) and (4.2.8), 

Yii A and i £ {1,2}. (4.2.10) 

If (i) holds then Y0,Y1 G A by (4.2.10). So i = 2 by (4.2.7) and (4.2.8). Then 

(X0, Y0, Y\) is a homogeneous coordinate system of B and (Y0, Yi) G W(B,Q,~f). So 
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A = k[it, for some (u,v) £ W(B,g, 7 ) , and A appears in (b) with <p(u) = 1 and 

ip = 0 (also observe that gcd(^^ , (p) = gcd(0,1) = 1). 

If (ii) holds then gcd(degy0, degYi) = 1 = gcd(deg F0, degF2). Then (4.2.9) 

implies that i = 0, which contradicts (4.2.10). So this case does not arise. 

If (iii) holds then gcd(degr0 ,degYi) = 1. Conditions (4.2.9) and (4.2.10) imply 

that i = 1. Then (X0, Yo, Y2) is a homogeneous coordinate system of B and (Yo, Y2) £ 

W(B,g,j). In this case, 

A = k\Y0, <p(Y0)Y2 + il>(Y0, n)] = k[u, y{u)v + ^(u, ±X0)] 

where (u,v) = (^0,^2) G W(B,g, 7 ) , so A appears in (b). 

I 

4.3 Examples 

Throughout this section, let B = k̂ 3' where k is an algebraically closed field of charac-

teristic zero. We consider some examples of Z-gradings g of B satisfying type(g) > 1, 

and we give explicitly all elements of KLND(B, g) for each g. 

In each case, we write B = k[X0, Xy. X2], and we define g by declaring that 

Xo,Xi,X2 are homogeneous of certain degrees. Note that (X0, Xi, X2) is then a 

homogeneous coordinate system of B. 

Example 4.3.1 If type(g) = 3, then by Corollary 2.5.7 we obtain: 

Example 4.3.2 Define a grading g on B by declaring deg(X0) = —2, deg(Xi) = 3 

and deg(X2) = 0. Note that (a0, OL\, A2) = (3,2,1) and consequently, type(g) = 2. 

We show that all the elements of KLND(5, g) are: 
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(i) k[X0, Xi] 

(ii) k[X0,X2 + f(X$Xf)], for some polynomial / € k[X$X2} 

(iii) k[X1,X2 + g(X$Xf)], for some polynomial g E k p ^ X f ] 

Before proving this, observe the consequence: B = vl'1' for all A E K L N D ( B , g). This 

is a special property of the grading g, but not all gradings of type 2 have that prop-

erty. 1 

It is clear that all rings given in (i—iii) belong to K L N D ( P , g). We prove the con-

verse. Let W(B,G) be the set of all pairs (u,v) E B x B such that (X0,u,v) is a 

g-homogeneous coordinate system of B. Given A E KLND(P,g), two cases arise by 

Theorem 4.2.5: 

Case (I) A = k[X 0 ,P] for some homogeneous P E B, where gcdB(Px1, Px2) = 1 

and such that P is a variable of k(X0)[Xi, X2]. Note that P is irreducible in B, 

because it is irreducible in A and A is factorially closed in B. If X\ \ P then X\, P 

are associates in B, so A = k[Xo,Xi] and we are done in this case. From now on, 

assume that X\ \ P. Then P contains a monomial bX^X% for some b E k*, j, k E N. 

This implies that deg(P) is even and hence (by homogeneity) P E k[X0, X f , X2], 

This implies that PXl{X0,0,X2) = 0. Then 1.3.6 (i) (and the fact that P is a 

variable of k(X0)[Xi,X2]) implies that PX2(X0, 0, X2) E k(X0)*. If we write 

P = P0 + P1X2 + --- + PnX% E k[X0 ,Xi], Pn ^ 0) 

then Pn E k[X0] \ {0} by 1.3.6 (iii), so the fact that PX2(X0,0,X2) E k(X0)* implies 

that n = 1 and hence that P = fiXQX2 + i[)(X0,Xi), with e G N, \x E k* and 

ip(Xo, Xi) G k[X0, Xi]. In fact we have e = 0. Indeed, if e > 0 then deg(X^X2) < 0, 

so deg(^(X0 , Xi)) < 0, which implies X0 \ I/J(X0,XI) and hence Xo | P; this implies 

that XQ, P are associates, which contradicts the fact that A = k[Xo, P]. So e = 0 and 

consequently deg(P) = deg(^X2) = 0. By homogeneity, it follows that ijj(X0,Xi) E 

so A is of the type described in (ii). 
1 Define 0 by deg(X0) = 4, deg(Xi) = 9 and deg(X2) = 6, then type(fl) = 2; let A = k[X0 , 

Xf] , then A e KLND(B,g) and B ± A^l 
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Case (II) A has the form k(/u, ip(u)v + ip(u, Xo)], where (u, v) E W(B, g), <p(u) E 

k[tt] \ {0}, ip(u, X0) E k(/u, X0], Lp{u)v + ip(u, X0) is homogeneous and irreducible and 

g c d = 1- As (u,v) E W(B,q), (XQ,u,V) is a g-homogeneous coordinate 

system of B. By Lemma 2.3.8, (deg(tt), deg(v)) is either (3,0) or (0,3). We claim: 

If (deg(u), deg(v)) = (3, 0), then (u, v) = (aXu bX2 + / ( X 3 X 2 ) ) for (4.3.1) 

some a, b E k* and f E k [ X ^ X F ] ; 

and, 

if (deg(u), deg(v)) = (0, 3), then (u, v) = (bX2 + / ( X 3 X 2 ) , AXX ) for (4.3.2) 

some a,bEk* and / E k [ X $ X F ] . 

It is clear that (4.3.2) can be obtained from (4.3.1) by interchanging u and v, so it is 

enough to prove (4.3.1). Assume that (deg(-u), deg(w)) = (3,0). As u is homogeneous 

and deg(ii) > 0, it follows that Xx divides each monomial of u, so Xi u: as u is 

irreducible, u = aX\ for some a E k*. Write 

v = F0 + FlX2 + --- + FnX2 (FIG k[X0 ,Xi], Fn ^ 0). 

As u = aXI, (X0, Xi, v) is a homogeneous coordinate system of B. In particular, for 

each choice of a, (3 G k the element v = v(a, (3, X2) E k[X2] satisfies k[X2] = k[w], so 

degX2(v) = 1. This implies that n = 1 and that jF\ G k*, so v = Fo(Xo,Xi) + bX2 for 

some b E k*. By homogeneity, F0(X0,X1) E k[XgXf], so (4.3.1) is proved. So both 

(4.3.1) and (4.3.2) are true. 

In case (4.3.1), A = k [ A X I , Q) where Q = p>(aXl)(bX2 +f(XlXl)) + il>{aXu X0). 

As Q is homogeneous, we see that if (p is not a constant then X\ \ Q, which is not 

possible; so (p E k* and Q = b'X2 + g(XgXj) (some b' E k*), which means that A is 

as described in (iii). 

In case (4.3.2), A = k[bX2 + / ( X ^ X 2 ) , Q] where 

Q = p(bX2 + / ( X 0
3 X 1

2 ) ) ( A X 1 ) + ?P(bX2 + / ( X 3 X 2 ) , X0). 
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As deg(Q) = 3 and deg{tp{bX2 + /(XQX2), X0)) < 0, homogeneity of Q implies that 

= 0. Then irreducibility of Q gives tp € k*, so Q is a unit times Xx and A is as in 

(ii). 

Finally, we remark that 

{ d{A) | A e KLND{B , G) } = {1, 2, 3} = { « 0 , Q 2 } . 

Consequently, Theorem 2.6.3 (1) is also verified for this example. 

Example 4.3.3 Define a grading 0 on B by declaring deg(X0) = 1, deg(Xi) = 0 

and deg(X2) = 0. Note that (q;0, a 2 ) = (0,1,1) and consequently, type(g) = 1. 

Applying Theorem 4.2.5 and by an easy computation, we can show that all the 

e lements of KLND (B , G) are: 

(i) k[XuX2}. 

(ii) k[X0, P], where P is a variable of k[Xi, X2]. 

Also note that { d(A) \ A e KLND(B, g) } = {0,1} = {A0, oti, a2}. 



Chapter 5 

Affine ML-Surfaces 

5.1 Introduction 

Throughout this chapter, k denotes an arbitrary field of characteristic zero. Recall 

from Chapter 1 that the Makar-Limanov invariant of a k-algebra B (denoted ML(5)) 

is the intersection of the kernels of all locally nilpotent derivations of B. If X = 

SpecS is an affine k-variety, one defines ML(X) = ML(5). We say that B has 

trivial Makar-Limanov invariant if ML(£?) = k and that B is rigid if ML(2?) = B. 

The Makar-Limanov invariant, also known as the AK-invariant, was introduced by 

Makar-Limanov in 1996 and provides a useful algebraic tool to classify and distinguish 

varieties. Computing the Makar-Limanov invariant of a given algebra can be very 

challenging. We discuss examples below, of which some are trivial, but others require 

significant work. 

Example 5.1.1 Let us see the Makar-Limanov invariant of certain domains. 

1. ML(k) = k because every locally nilpotent derivation of k is a k-derivation. 

2. Let B = k[xu ..., xn] = k K Then ML(£) = k because 

d d 
ker —— n • • • fl ker —— = k. ox i oxn 

72 
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3. Let B be a nonrigid one-dimensional affine k-domain. Then B = k'W for some 

field k' such that k C k' C B and k' is algebraic over k. Indeed, let 0 ^ D e 

LND(_B) and let A = kevD. Note that t rdegkA = 0 because trdegA B = 1 by 

1.2 (5). Hence A — k' for some field k' such that k' is algebraic over k. Now 

choose a preslice a of D. Then 0 ^ Da 6 A = k'. In fact, a is a slice of D. 

Then B = k'W follows from 1.2 (3). 

4. Let B = k[x2,x3]. As d i m S = 1 and B is not a polynomial ring, B is a 

one-dimensional rigid k-domain by the previous example. 

5. Let B = k[x,y, z]/(xnz — P(y)), where d e g P > 1 and n € N. If n < 1 or 

deg P(y) = 1, then ML(£) = k. If n > 2 and deg P(y) > 2, then ML(S) = k[x]. 

6. The Russell-Koras threefold: Let R = C[x, y, z, t], where x + x2y + z2 + t3 = 0. 

Makar-Limanov proved that ML (R) = C[a;]. The proof of this simple look-

ing fact is not easy. This fact played a role in the solution of the important 

linearization problem for C*-actions on C3. 

7. If B is a two-dimensional affine factorial C-domain satisfying ML(13) = C, then 

B = C'2l. So Ajr is the only factorial C-surface with trivial Makar-Limanov 

invariant. 

8. Let B = C[x, y, z]/(x2 + y3 + z5). Then B is a two-dimensional affine C-UFD 

and ML(5) = B. 

9. A result of Bandman and Makar-Limanov [3] states that every smooth hypersur-

face of A^ with trivial Makar-Limanov invariant is isomorphic (as an algebraic 

surface) to a surface with equation xy = p(z), where p(z) is a nonconstant 

polynomial in C[z] with simple roots. 

We note that a variety with trivial Makar-Limanov invariant has a "large" automor-

phism group (where the word "large" does not have a precise definition). Indeed, if B 
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is a k-domain of dimension at least two and satisfies ML(B) = k, then | KLND(I?) | > 1. 

It follows that KLND(JB) has infinite cardinality due to the following fact (cf. Propo-

sition 1.10 of [13]): 

Proposition. Let B be a domain of characteristic zero and suppose k C B is a field 

such that trdegk B < oo. Then | K L N D ( B ) | is either 0, 1 or |k|. 

Consequently, a domain with trivial Makar-Limanov invariant admits many locally 

nilpotent derivations with distinct kernels. Since a locally nilpotent derivation of B 

gives rise to an automorphism of B via exponentiation, it is reasonable to consider 

that the group Aut k (S) is large. 

As we have already observed, the affine line Ak is the only affine curve with 

trivial Makar-Limanov invariant. Clearly, this claim fails in higher dimensions. For 

instance, Example 5.1.1 (5) gives many affine surfaces with trivial Makar-Limanov 

invariant which are not isomorphic to Ak. Although it is desirable to classify all 

affine varieties of a given dimension which have trivial Makar-Limanov invariant, the 

problem seems to be hard even in dimension 2. 

Notation 5.1.2 Given a field k of characteristic zero, let M(k) denote the class of 

two-dimensional affine k-domains which have trivial Makar-Limanov invariant. We 

say that an affine surface X = Spec B belongs to the class M(k) if B e M(k). Such 

X is also called an ML-surface. 

Over the last decade, Bandman, Daigle, Dubouloz, Gurjar, Masuda, Makar-Limanov, 

Miyanishi and Russell (see [3], [11], [15], [22], [32], [47]) have been actively investi-

gating properties of normal (or smooth) surfaces in the class M(k). However, it is 

desirable to understand what happens when we drop the assumption of normality. 

In this chapter, we explore some interesting properties of the surfaces in the class 

M(k). In 5.1.3, we list some facts and observations obtained in this chapter. Some 

of these facts are easy to prove (and some special cases are known), while other facts 

are nontrivial. 
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5.1.3 Let B G M(k), where k is any field of characteristic zero. Then: 

(1) B is not necessarily normal (cf. Examples 5.3.7.1 and 5.3.7.2). 

(2) B is not necessarily rational (Remark 5.3.7.3). 

(3) If k is algebraically closed or B is normal, then B is rational (Lemma 5.3.8). 

(4) If A G KLND(I?), then A is not necessarily a polynomial curve over k (Example 

5.3.7.2). 

(5) If B is normal and A G KLND(B) , then A = k[1] (Lemma 5 .3 .6) . If B is rational 

and A G K L N D ( S ) , then A is a polynomial curve over k (Remark 5 .3 .9) . 

(6) If AI,A2 G K L N D ( 5 ) and I is a height 1 ideal of B satisfying / n Ai ^ 0 and 

7 PI A2 / 0, then Ai = A2 (Theorem 5.5.6). See Proposition 5.5.1.2 for the geometric 

version of this statement when k = k. 

(7) B is regular in codimension 1. Consequently, the affine surface Spec B has finitely 

many singular points (Corollary 5.5.10). 

(8) If B satisfies Serre's condition (S2), then B is normal (Corollary 5.6.1). Hence, 

complete intersection surfaces in the class M(k) are normal (Corollary 5.6.2). In 

particular, hypersurfaces in with trivial Makar-Limanov invariant are normal. 

5.2 Preliminary results 

Throughout this section, assume that k is any field of characteristic zero. The fol-

lowing is a consequence of Lemma 3.1 of [9], but for completeness we include a proof. 

Lemma 5.2.1 Let B be a k-algebra and f(T) G B[T], where T is an indeterminate. 

(a) If f(T) has infinitely many roots in k, then f(T) = 0. 

(b) If J is an ideal of B and /(A) G J for infinitely many A G k, then f(T) G J[T]. 

Proof: To prove (a), we use induction on degT(f). The result is immediate if 

degT( /) < 0. So assume that degT(/) > 0. Let a G k be such that f(a) = 0; since 

T - a G B[T] is a monic polynomial, f(T) = (T - a)g(T) for some g(T) G B[T} such 
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that degT(g) < degT( /) . If (3 G k \ {a} is such that /(/?) = 0, then ((3 - a)g((3) = 0 

and (3 — a G B*, so g{(3) = 0. So g((3) = 0 holds for infinitely many (3 G k and, by 

the inductive hypothesis, g(T) = 0. It follows that f(T) = 0. 

To prove (b), consider an ideal J of B such that /(A) G J for infinitely many 

A G k. If f(T) G (B/J)[T] denotes the polynomial / (T ) modulo J , then f(T) is the 

zero polynomial by (a). It follows that f(T) G J[T], I 

R e m a r k 5.2.2 Recall that if 7 is a proper ideal of a ring R, then ht I is the infimum 

of the heights of the prime ideals p of R which satisfy p 3 I . Note that ht I is not 

defined when I = R. Whenever we speak of an ideal / of a certain height, we tacitly 

assume that J is a proper ideal. For instance, the statement of Lemma 5.2.3 should 

be interpreted as saying that if / is a proper ideal of B of height h, then IB' is a 

proper ideal of B' of height at most h. 

L e m m a 5.2.3 Let B C B' be domains such that B' is integral over B. If I is an 

ideal of B of height h, then its extension IB' satisfies ht IB' < h. In particular, 

ht I = 1 implies that ht IB' = 1. 

Proof : Given an ideal I of B of height h, choose a prime ideal p of B satisfying 

/ C p and ht p = h. As B' is integral over B, there exists a prime ideal q of B' such 

that q n B = p. Note that ht q < h by [49, Ex. 9.8, p. 70]. Also / C p implies that 

IB' CpB'Cq (so in particular, IB' ± B'). Then ht IB' < ht q < h. If ht / = 1, 

then ht IB' < 1. Since B' is a domain, ht IB' ± 0 and so ht IB' = 1. I 

The following lemmas are well-known facts from commutative algebra. See Chapter 

5 of [2] (Corollary 5.8 and Exercise 3). 

L e m m a 5.2.4 If A C B is an integral extension of rings, p G Spec B and p0 = 

p FL A G Spec A, then p is maximal if and only if p0 is maximal. 
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L e m m a 5.2.5 Let f : B —> B' be a homomorphism of A-algebras, and let C be an 

A-algebra. If f is integral, then f <8> 1 : B <g)A C B' C is integral. 

Defin i t ion 5.2.6 Let R be a ring and D G Der(i£). An ideal I of R is called an 

integral ideal for D if D(I) C I. 

L e m m a 5.2.7 Let R be a noetherian k-algebra, and let D G Der (R) . If I is an 

integral ideal for D, then every minimal prime ideal of R that contains I is also an 

integral ideal for D. 

Proof: This fact is an easy consequence of [12, Lemma 2.10], but we provide a 

proof for the sake of completeness. Consider the noetherian k-algebra R = R/I. As 

D(I) CI, D induces a derivation D : R —> R, defined by D(r + I) — Dr + / . Since 

there is a natural bijection between the set of minimal prime ideals of R containing 

/ and the set of minimal prime ideals of R, it suffices to prove the case I = 0 of the 

lemma. So it is enough to prove that: 

D(p) Q p for every minimal prime ideal p of R. (5.2.1) 

Let rj denote the nilradical of R and recall that 77 = Hp, where p varies over the set 

of all minimal prime ideals of R. First we shall prove that D(r/) C 77. Consider the 

ring homomorphism e : R —> i?[[£]], e(x) = , where t is an indeterminate. 

If x G 77, then x is nilpotent, hence e(x) is a nilpotent element of -R[[t]]. So each 

coefficient of the power series e(x) belongs to 77; in particular, D(x) G 77. 

As A is noetherian, it has finitely many minimal prime ideals, say p i , . . . , pm. 

Then we have: 77 = HI^i P N ° w let us prove (5.2.1). If m = 1, 77 = pi, and we 

are done. So assume that m > 1. It suffices to prove that -D(pi) C pj for each 

i = 1 , . . . ,m. Given i G {1 , . . . , m}, choose x G pi and y G p| pj such that y pj. 

Then xy G 77, hence D(xy) G 77. Note that 

D(x)y2 + xyD(y) = y{D(x)y + xD(y)) = yD(xy) G rj. 
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Since xyD(y) £ 77, we obtain D(x)y2 £ r\ C pj. Hence D(x) £ pi, which proves that 

D{pl) C P i . I 

Lemma 5.2.8 Let R be a k-domain, and let I be a nonzero ideal of R. If A € 

KLND(I?), then the following statements are equivalent: 

(1) / n ^ ( 0 ) . 

(2) There exists D € LND(I?) such that ker D = A and I is an integral ideal for D. 

Proof: Assume that (1) holds. Let 0 ^ a E I D A, and let E E l n d ( R ) be such 

that A = ker E. Since a £ A, aE £ LND(R) and aE has kernel A. Moreover, as 

a El, (aE)(b) = a(Eb) £ I for all be I. So (aE){I) C I, and hence D := aE is the 

required locally nilpotent derivation of R proving assertion (2). 

In the other direction, assume that D £ l n d ( R ) , ker D = A, and D(I) C I. 

Choose any b £ I, b ^ 0. Then the set {b, Db, D2b,... } is included in / and contains 

a nonzero element of A. I 

Lemma 5.2.9 Let B be ak-algebra, J an ideal of B, and D £ l n d (B). IfetD(J) C J 

for some nonzero t e k; then J is an integral ideal for D. 

Proof: First we observe that if etD(J) C J for some nonzero t e k, then etD(J) C J 

for infinitely many t £ k. Let f £ J. We will show that D ( f ) £ J. Let n = d e g D ( f ) , 

i.e., n is the maximum nonnegative integer such that Dn(f) 0. Define a polynomial 

P(T) £ B[T} by 

D2(f)T2 Dn(f)Tn 

P(T) = f + D(f)T + — + • • • + U ) 

2! n\ 

Then for infinitely many t £ k, 
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By Lemma 5.2.1, all the coefficients of P(T) belong to J , so D ( f ) £ J . I 

Lemma 5.2.10 Let R be an affine k-domain, and let D G LND(-R). If R denotes the 

normalization of R, then there exists D G LND(R) such that ker D fl R = ker D. 

Proof: Let A = ker D and consider S = A \ {0}. Recall that D extends to a 

locally nilpotent derivation D of S~XR defined by = ~ for any r G R and 

s G S. Consider the integral closure (S~lR)~ of S~lR in Praci? and note that 

(S-XR)~ = S~lR. As S~lR = (Frac A)W by 1.2 (5), S~lR is a polynomial ring over 

a field, so it is normal. It follows that S~lR = (S , -1i?)~ = S~lR. Thus, D extends 

to a locally nilpotent derivation 2) of S ^ R . 

By Noether's Theorem, R is a finitely generated R-module. Let xx,... ,xm be 

a set of generators for R as an Z?-module. For each 1 < i < m, V(xi) G S_1R. So 

there exist s, G S such that SiD(xi) G R. If we set s := ni^i then sD(x) G R for 

each x G R. As s G ker D C ker 2), sD G LND(S~ lR) by 1.2 (4). Then the restriction 

D : R —>• R of s D belongs to L N D ( P ) and satisfies ker D fl R = ker D. I 

Lemma 5.2.11 For a two-dimensional affine k-domain R, 

| KLND(Z?) | > 1 if and only if ML(i?) is algebraic over k. 

Proof: Assume that ML(i?) is algebraic over k. Since trdegkA = 1 for any 

A G KLND(/2), we obtain | K L N D ( / ? ) | > 1. In the other direction, let A and A' be 

distinct elements of K L N D ( P ) . AS trdegk A = 1 = trdegk A' and AflA! is algebraically 

closed in R, it follows that AC\A' is algebraic over k. Thus ML(i?) is algebraic over k. I 
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Corollary 5.2.12 If R G M(k), then R G M(k') for some algebraic field extension 

k' D k such that k' C R. In particular, if k is algebraically closed, then ML(i?) = k. 

Proof: As Re M(k), we get | KLND(J2) | > 1 by Lemma 5.2.11. Let and A2 be 

distinct elements of KLND(i2). There exist A1:A2 G KLND(P) satisfying A{ D R = Ai 

(cf. Lemma 5.2.10), so | KLND(i?)| > 1. Hence ML(i?) is algebraic over k and is a 

field, say, ML(i?) = k'. Then clearly, k C k ' c R and k' is algebraic over k. I 

5.3 Rationality and normality of ML-surfaces 

Throughout this section, unless otherwise stated, k denotes an arbitrary field of char-

acteristic zero. 

Theorem 5.3.1 Let f : X —» Y be a dominant morphism of integral schemes of 

finite type over k, and let e = d imX — d imF. 

(1) f ( X ) is a constructible subset ofY. In particular, f { X ) contains a dense open 

subset ofY. 

(2) There exists a dense open subset U of Y such that, for each y G U, every 

irreducible component of f~l(y) has dimension e. 

Proof: Both assertions are due to Chevalley. See [33], Chapter II, Exercises 3.19 

and 3.22. I 

Lemma 5.3.2 Let B be a k-domain and A G KLND(5) . Let ir : Spec B —• SpecA be 

the canonical morphism determined by the inclusion map A > B. Then there exists 

a nonempty open set U C SpecA such that 7r_1(p) = A L , for every p G U, where 



5.3. Rat ional i ty and normal i ty of ML-sur faces 81 

fc(p) is the residue field Av/pAp. Furthermore, if k is algebraically closed and A is 

k - a f f i n e , then 7r_1(m) = = A^ for every closed point m of U. 

Proof : Pick a nonzero D e LND B such that A = ker D. Then I := D(B) n A is a 

nonzero ideal of A and consequently U := Spec A \ V(I) is a nonempty open subset 

of Spec A. We claim that 7r_1(p) = for every p e U. Let p e U and consider 

the commutative diagram 

B )®AB (5.3.1) 

A- •«(P) 

which defines the fibre of IT over p, i.e., N 1(p) = Spec(re(p) <8>AB). As p ^ V(I), 

there exists a £ I such that a ^ p (so in particular a ^ O ) . Then we have 

Ba = AM (5.3.2) 

Indeed, by the definition of I , there exists a preslice p of D such that Dp — a. Then 

Ba = Aa\p] = A^ by 1.2 (3). As a £ p, the horizontal arrows in the Diagram (5.3.1) 

factor through Aa and Ba respectively: 

Bc Ba «(p) <g>A B 

•«(P) 

Moreover, we claim that 

K(P) K(P) <GUA Ba. 

Indeed, we know that Ba = Aa B, so 

(5.3.3) 

«(p) <gu„ Ba ^ k(P) ®Aa (Aa ®A B) ^ «(p) <g>A B. 

Hence (5.3.3) is proved. Putting together (5.3.2) and (5.3.3), we obtain 

«(p) ®aB* k(P) ®A A Ba « (p) * «(p)[il . 
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It follows that 7T-1(p) = Spec(«;(p) (g>A B) Spec^p)'1 ') ^ A*(p). 

Furthermore, assume that A is a finitely generated k-algebra. If m is a closed 

point of U, then /t(m) is simply Ajm and hence is a finitely generated k-algebra. 

By Hilbert's Nullstellensatz, the field extension /c(m)/k is algebraic. So if k is alge-

braically closed, «(m) — k and the result follows by the previous case. I 

The following fact is used in the proof of Lemma 5.3.6. 

Lemma 5 . 3 . 3 Let B be an affine "k-domain of dimension 2. Let A I , A 2 be affine 
fi fa 

subalgebras of B of dimension 1, and let SpecAi <— Spec B —• SpecA2 be the 

morphisms determined by the inclusions A\ ^ B A2. If B is algebraic over its 

subalgebra k[Ai U A2], then at most finitely many curves C C SpecB are such that 

/ i (C) is a point o /SpecAi and f2(C) is a point of Spec A2. 

Proof: Set YJ = Spec AJ (for i = 1,2). Consider the product of affine schemes 

Y\ x k Y2 = Spec(Ai A2). By the universal property of the product, there exists a 

unique morphism / : Spec B —• Y\ Y2 such that the following diagram commutes: 

Spec B 

We leave it to the reader to verify that 

no curve in Y\ xk Y2 is shrunk to a point by each of the projection (*) 

morphisms Y\ Yi x k Y2 ^ Y2. 

Now consider a curve C C Spec B which is shrunk to a point by each of / i , /2 . As C 

has closed points and the image of a closed point is a closed point, fi(C) is in fact a 

closed point of SpecAj for each i = 1,2. So, for each % = 1,2, iTi(f(C)) is a closed 

point of Spec Aj. It follows that the closure f(C) of f(C) in Yi x k Y2 is shrunk to a 

closed point by each 7r̂ . By (*), f(C) cannot be a curve; as f(C) is an irreducible 
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closed subset of Y\ x k Y2 of dimension 0 or 1, it must be a closed point of Yi x k Y2. 

We have shown that any curve in Spec B which is shrunk to a point by each of f i , /2 

is already shrunk to a closed point by / . So it is enough to prove the following claim: 

At most finitely many curves in Spec B are shrunk to a point by / . (**) 

Let Ai (g>k A2 B be the homomorphism of k-algebras corresponding to / and let 

A C B be the image of ip. For each i — 1,2, the composite Ai —> A\ <g)k A2 ^ B is 

the inclusion map Ai B, so k[Ai U A2] Q A C B and hence B is algebraic over A. 

So dim A — 2 = dimi?. Applying the functor Spec to A\ ®k A2 -» A B gives the 

commutative diagram 

Y1 x k y 2 

Spec B — S p e c A 

where / is as before, h is a closed immersion, and g is a dominant morphism of sur-

faces. Now it is well-known that a dominant morphism of surfaces shrinks at most 

finitely many curves (for instance, this follows from Theorem 5.3.1). As h is in par-

ticular injective, (**) is proved and we are done. I 

Lemma 5.3.4 Let K/k be an extension of fields of characteristic zero and let B 

be a k-algebra. Then each D £ LNDK(B) extends uniquely to a locally nilpotent K-

derivation D : K B —» K Moreover, if A = ker D then ker D = K <g>k A. 

Proof: The exact sequence 0—> A ^ B B'm the category of k-vector spaces 

gives rise to the exact sequence 0 —» K (g>k A —> K (g>k B K (g)k B in the category 

of K-vector spaces, where D is the linear map defined by 

D(A <g> b) = A <8) D{b), for all A e K and b G B. 

It is easily verified that D £ LNDft^i^^k B) and that D is the only extension of D. I 
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Lemma 5.3.5 [11, Lemma 3.7] Let R be an integral domain containing a field k of 

characteristic zero. If R is normal and ML(i?) = k, then for any field extension K 

of k we have: 

(a) K <8>k R is an integral domain. 

(b) ML (K <g>k R) = K. 

Lemma 5.3.6 Let B G M(k). If B is normal and A G KLND(B), then A = k[1]. 

Proof: Let A G KLND(B). Note that A is a normal domain of transcendence 

degree 1 over k. In view of Lemma 1.8.11, it suffices to prove that A C k ^ . First 

consider the case when k is algebraically closed. As BE M(k), there exists A' G 

KLND(B) such that A ^ A'. Let Spec A Spec I? Spec A' be the canonical 

morphisms. Observe that A and A1 satisfy the hypotheses of Lemma 5.3.3. Hence by 

Lemmas 5.3.2 and 5.3.3, we can pick a closed point y G Spec A' satisfying: 

1. r \ y ) ^ K l 

2- / / - 1 ( y ) is not shrunk to a point by / . 

Then the composite f'~l{y) ^ SpecS Spec A is a dominant morphism of curves 

Ak —> Spec A. This implies that A is a subalgebra of a polynomial ring k'1', so we 

are done in this case. 

Next we prove the general case. By Lemma 5.3.5, ® := k (g>k B is an integral 

domain and ML(23) = k. If "B denotes the normalization of S , then ML(3) = k by 

Corollary 5.2.12. Applying previous case, each element of KLND(33) is isomorphic to 

k[1l. Given A G KLND(5) , k<g)k A G KLND(23) and there exists D G LND(23) such that 

ker D n B = k ® k A (cf. Lemma 5.2.10). As ker D = k ^ , it follows that k ® k A C k ^ . 

Then A C k'1' follows by Lemma 1.8.13. I 
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5.3.7 Let B G M(k) and A G KLND(B). If B is not normal, A need not be a 

polynomial ring; in fact, A is not necessarily a polynomial curve over k. To justify 

these claims, consider the following examples. 

Example 5.3.7.1 Consider the 2-dimensional affine k-domain B = k [x , xy , y 2 , y 3 ] . 

Then D = x j^ , E = y a r e two locally nilpotent derivations of B satisfying ker DH 

ker E = k, so ML(£) = k. Observe that ker E = k[y2 ,y3] ¥ k[1]. 

Example 5.3.7.2 Let B = R[x, ix, y, iy], where i2 = —1. Then B is a two-dimensional 

affine R-domain. Note that the normalization of B is B = C[x,y\ . Also note that 

D\ = XT^ and D2 = y-j^ are two nonzero locally nilpotent derivations of C[x,y] . 

Furthermore, Di(B) C B for every i = 1,2. Let St := Then St E LND(£?) and 

Ai := ker Si = ker DiHB for each i = 1,2. It follows that = C[X] C\B = M[X, ix], 

and A2 = R[y, iy}. So ML(5) = R. As Frac(Ai) = C(x) = C (1 ), it follows by Lemma 

1.8.10 that Ai is not a polynomial curve over R. 

5.3.7.3 In the previous example, B G M(R) and FracB = C ( x , y ) = C (2 ) . This 

proves that an affine ML-surface is not necessarily rational. Moreover, one can see 

that Spec B has only one R-rational point and that C <S>M B is not an integral domain. 

The following gives an interesting criterion for the rationality of an affine ML-surface. 

In particular, the following lemma proves that a normal ML-surface over an arbitrary 

field of characteristic zero is rational. 

Lemma 5.3.8 Let k be a field of characteristic zero and R G M(k). Then the 

following are equivalent: 

(i) R is rational, i.e., FracR = 

(ii) k is algebraically closed in Frac R. 

(iii) ML(i?) = k, where R is the normalization of R. 

Moreover, if R is normal then (i)—(iii) are satisfied. 
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Proof : Assume that (i) holds. As k is algebraically closed in , it is clear that 

k is algebraically closed in Frac R and (ii) holds. Now assume that (ii) holds. Recall 

by Corollary 5.2.12 that ML (R) = k' for some field k' that satisfies k C k' C R 

and k' is algebraic over k. As R. C Frac R and k is algebraically closed in Frac R, it 

follows that k is algebraically closed in k'. Hence ML(i?) = k and (iii) holds. Finally, 

assume that (iii) holds and recall that ML(i2) = k. Given A G KLND(J2), there exists 

A G KLND(R) such that AnR = A (cf. Lemma 5.2.10). As A = k'1! by Lemma 5.3.6, 

it follows that k C A C k[1]. So Liiroth's Theorem implies that Frac A = k (1). Then 

Fraci? = (Frac A) = follows by 1.2 (5), proving assertion (i). 

The last assertion is clear, as (iii) holds whenever R is normal. I 

R e m a r k 5.3.9 Let R G M(k) and assume that R is rational. Then each element 

A of KLND(.R) is a polynomial curve. Indeed, ML(i?) = k by Lemma 5.3.8. Also, 

Lemma 5.2.10 implies that there exists A G KLND(P) such that A fl R = A. Since 

A = k'1! by Lemma 5.3.6, we have k c A C k'1', so A is a polynomial curve. 

5.4 Completion of surfaces and fibrations 

Throughout this section, we fix k to be an algebraically closed field of characteristic 

zero. All varieties are assumed to be k-varieties. In this section, we state some 

properties of affine normal surfaces, fibrations on such surfaces, and completions of 

such surfaces. The material of this section is known. 

Def ini t ion 5.4.1 Let S be a complete normal surface, and let C i , . . . , Cn be distinct 

irreducible curves in S (where n > 1) satisfying: 

(i) Ci U • • • U Cn is included in S \ Sing(S); 

(ii) each curve Ci is isomorphic to P1; 
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(iii) iii ^ j and Ci H C.j ^ 0 then Ci fl Cj is one point P and the two curves meet 

transversally at P (i.e., the local intersection number of Ci and Cj at P is 1); 

(iv) if i,j, k are distinct then Cj fl Cj fl Ck = 0-

Then we use the following terminology: 

• The formal sum D = ^ called an SNC-divisor of S. 

• The closed subset C\ U • • • U Cn of S is called the support of D and is denoted 

Supp(.D). 

• The curves C i , . . . , Cn are called the irreducible components of D. 

Remark 5.4.2 An SNC-divisor of S is in particular a Weil divisor of S, but for our 

purposes it is not necessary to define the notion of a Weil divisor. 

Definition 5.4.3 1. Let Y be a scheme and CP a property of a point. The phrase 

"the general point of Y has property CP" (or u7(y) is true for general y G Y") 

means that there exists a dense open subset U of Y such that every point y G U 

has property CP. 

2. Let f : X Y be a morphism of schemes and 7 a property of a fibre. The 

phrase "the general fibre of / has property CP" means that there exists a dense 

open subset U of Y such that, for every point y G U, the fibre f~l{y) has 

property CP. Note that if the general fibre of / has CP and Y is an integral 

scheme, then the generic fibre of / (i.e., the fibre of / over the generic point of 

Y) has CP. 

Definition 5.4.4 An A 1-fibration (respectively, a F1-fibration) on a surface S is a 

surjective morphism p : S —> Z on a nonsingular curve Z whose general fibres are 

isomorphic to A1 (respectively, to P1). For our purposes, we will always consider 

A^fibrations whose codomain Z is A1. 
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Recall that k is an algebraically closed field of characteristic zero. 

Lemma 5.4.5 Let B G M(k). If B is normal and A G K L N D ( S ) , then the canonical 

morphism p : Spec B —>• Spec A induced by the inclusion map A ^ B is an A1-

fibration. 

Proof: If A G K L N D ( 5 ) , A = k[T] = K ^ by Lemma 5.3.6. The inclusion A ^ B 

gives rise to the canonical morphism p : S —> A1 = Spec(k[£]). The general fibre of p 

is an affine line by Lemma 5.3.2, so it is enough to show that p is surjective. Given 

a maximal ideal p = (t — A) of A (where A G k), consider its extension pB in B. As 

B G M(k), B* = k* and t — A ̂  B*. Hence there exists a maximal ideal P of B such 

that t — A G P. Then P fl A = p, so p is in the image of p. I 

Definition 5.4.6 Let S be an affine normal surface and p : S —> A1 an A1-fibration. 

By a completion of the pair (S, p), we mean a commutative diagram of morphisms of 

algebraic varieties 

(5.4.1) 
p p 

A1C ^ P 1 

such that the "c->" are open immersions, S is a complete normal surface, and S \ S 

is the support of an SNC-divisor of S. 

5.4.7 It is well-known that given any affine normal surface S and an A1-fibration 

p : S —> A1, there exists a completion of (S,p). Indeed, such S can be embedded 

as an open set into a complete surface S' by Nagata's theorem. By resolving the 

singularities of S' which are in S' \ S, we get a complete normal surface S" which 

contains S as an open set and such that S" \ S is the support of an SNC-divisor of 

S" . An A^fibration p on S gives rise to a rational map S" --•> P1. By a suitable 
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succession of blowings-up of points of S" \ S, we arrive at a complete normal surface 

S and a morphism p : S —» P1 such that (S, p) is a completion of the pair (S, p). 

Furthermore, if S is an affine normal surface and pi, p2 are two A ̂ fibrations on 

S, then we can find a complete normal surface S such that (S, pi) is a completion of 

(5, pj), respectively, for each i = 1,2. 

Setup 5.4.8 Throughout Paragraph 5.4.8, we assume: 

(i) S is an affine normal surface. 

(ii) p : S —>• A1 is an A^fibration. 

(iii) (S,p) is a completion of (S,p), with notation as in Diagram (5.4.1); we let D be 

the SNC-divisor of S whose support is S\S. 

As S is complete, p is a closed map. So given any curve C C S, p(C) is either a point 

or all of P1. Accordingly we have: 

Definition 5.4.8.1 A curve C c S i s p-verticalii p(C) is a point. Otherwise, we say 

that the curve is p-horizontal. Thus C C S is p-horizontal if and only if p(C) = P1. 

Lemma 5.4.8.2 Let the setup be as in 5.4.8. Then the following hold: 

(a) The morphism p is surjeetive. For a general point z £ P1, p~l{z) fl S = A1 and 

p~l(z) = P1. Consequently, p is a F1-fibration. 

(b) A general fibre of p intersects D in exactly one point. 

(c) Exactly one irreducible component of D is p-horizontal, and a general fibre of p 

intersects this component in exactly one point. 

Proof : As p is surjeetive and S is complete, it follows by the commutativity of 

Diagram (5.4.1) that p is surjeetive. Since p is an A1-fibration and Diagram (5.4.1) 

commutes, a general point z € P1 satisfies p~l{z) fl S = p~l{z) = A1. Note that 

p_1(z) is a union of curves for a general point z 6 P 1 (cf. Theorem 5.3.1), so write 

p~1(z) = Ci U • • • U Cr for some irreducible curves Ci C S. As p'x{z) n S = A1, it 
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follows by irreducibility of A1 that exactly one i G {1, . . . , r } satisfies CL D S = A1 

and Cj fl S = 0 for j ^ i. We say that z G P1 is a bad point if a component of 

p~l{z) is contained in D. As D has only finitely many components and a component 

of D cannot be mapped to two points of P1, it follows that the set of bad points of 

P1 is finite. Ignoring this finite set of bad points of P1, we conclude that a general 

fibre of p is a complete irreducible curve whose intersection with S is an affine line. 

This complete curve is nonsingular by the well-known "characteristic zero Bertini 

Theorem", hence it is isomorphic to P1. It follows that p is a P^fibration and (a) is 

proved. 

As the general fibre of p satisfies p~l{z) = P1 and p~~l{z) fl S = A1, it follows 

that p~l(z) intersects D in exactly one point, proving assertion (b). 

Finally, we prove (c). If all components of D were p-vertical, p(D) would be a 

finite subset of P1. Then ( p ) - 1 ^ ) C S for a general point z e P 1 contradicting (b). 

Hence there exists an irreducible component of D which is p-horizontal. If Hi and 

H2 are two p-horizontal components, then p(Hi) = P1 = p(H2). For a general point 

2 G P1, there exist points Pi G Hi and P2 G H2 such that p(Pi) = z = p(-P2). As 

(p)~l(z) intersects D in only one point, Pi = P2 G Hi fl H2. Then z G p(Hi fl H2), 

i.e., a general point of P1 belongs to p(Hi D H2). This is absurd, because p{Hi fl H2) 

is a finite set. Hence p has a unique horizontal component, say H. Since a general 

fibre of p meets D in exactly one point and p(H) = P1, it follows that a general fibre 

of p meets H in exactly one point. I 

5.5 Geometry of surfaces in the class M(k) 

In this section, k is an arbitrary field of characteristic zero except in 5.5.1 and Corol-

lary 5.5.3, where it is assumed to be algebraically closed. 
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Setup 5.5.1 The following assumptions and notations are valid throughout Para-

graph 5.5.1. Suppose that k is algebraically closed. Fix B G M(k), assume that B 

is normal, and let S = SpecB. Consider distinct elements AI,A2 G KLND(I?) and 

recall from Lemma 5.3.6 that AI = kW for i = 1,2. Let PI : S —> A1 be the morphism 

determined by the inclusion AI ^ B for i = 1, 2. It follows from Lemma 5.4.5 that P\ 

and p2 are A^fibrations, and Lemma 5.3.3 implies that at most finitely many curves 

in S are contracted to a point by each of p\, p2 (consequently, the general fibre of p\ 

is not shrunk to a point by p2). Choose a complete normal surface S and morphisms 

PI, p2 : S —» P1 such that, for each i = 1,2, (S,PI) is a completion of (S,PI) in the 

sense of 5.4.6. We also consider the following diagram: 

Let oo be such that P1 = A1 U {oo} in Diagram (5.5.1). For i = 1,2, let Hi be 

the unique irreducible component of D = S \ S which is pj-horizontal. (See Lemma 

5.4.8.2.) 

Lemma 5.5.1.1 We have: PI{H2) = {oo}, and p2(HI) = {oo}. In particular, HI 

and H2 are distinct. 

Proof: Recall that HI C D and PI(HI) = P1 for each i = 1,2. For a general point 

zi G P1, pil{zi) = Ci is an irreducible curve in S which intersects H\ in a unique 

point, say Q, and Ci fl S is not shrunk to a point by p2. Then p2(Ci) = P1. Choose 

Qi G Ci such that p2(Qi) = {oo}. Clearly, Qi G D. Since Ci meets D in exactly 

one point, Cx fl D = {QI}. Consequently, {Q} = Cx fl Hi C Cx n D = {QI}. It 

follows that {Qi} = C\ fl H\. Repeating this process for infinitely many points Zi of 

P1, we get infinitely many points Qi G Hi satisfying pi(Qi) = Zi and p2(Qi) = {oo}. 

So we conclude that P2(Hi) = {oo}. Similarly, we can prove that pi(H2) = {oo}. As 

Sc (5.5.1) 

Aic 
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p\(Hi) = P1 = P2(H2), it follows immediately that Hi and H2 are distinct. I 

Proposition 5.5.1.2 There does not exist an irreducible curve C C S such that 

Pi(C) and p2{C) are points. 

Proof: By contradiction, suppose that there exists an irreducible curve Co of S 

such that Pi(Co) = a\ and p2(C0) = a2 for some points aj G A1. Consider C := C0, 

the closure of Co in S. Then C is a curve in S such that C fl D 0 , p\{C) = ai, 

and p2(C) = a2 (where a i ,a 2 G P1 \ {00}). Since D is connected, there is an integer 

k > 1 and a sequence £>1,..., Dk of irreducible components of D satisfying: 

• For each 1 < i < k, Di is ^-vertical and p2-vertical, and Dk € {Hi, H2}. 

• C n Di / 0 , and A H Di+1 ^ 0 (for 1 <i < k). 

Note that Pj(Dk) — 00 for some j £ {1, 2}. Since CU Di U • • • U Dk is connected, 

it follows that pj(C U Di U • • • U Dk) is connected and is a finite set of points, i.e., is 

one point. But aj, 00 G Pj{C U Di U • • • U Dk), so we obtain a contradiction. I 

For the remainder of this section, assume that k is an arbitrary field of characteristic 

zero. 

Definition 5.5.2 Let B be an integral domain of characteristic zero. We say that B 

has property (*) if, for any height 1 ideal I of B (with I B) and Ax, A2 G KLND(5) , 

the conditions I fl Ai ^ 0 and I (1 A2 ^ 0 imply Ax = A2. 

Corollary 5.5.3 Suppose that k is algebraically closed and that B G M(k) is normal. 

Then B has property (*). 

Proof: By contradiction, suppose that there exist distinct Ax, A2 G KLND(B) and 

a height 1 ideal I of B such that I fl Ai ^ 0 for i = 1, 2. Pick a height 1 prime 

ideal p of B such that p ~D I, and note that p fl Ai ^ 0 for % = 1, 2. So the irre-

ducible curve C = V(p) C Spec B is mapped to a point by each canonical morphism 
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Pi : Spec B —» SpecAi (i = 1,2). This contradicts Proposition 5.5.1.2. I 

Notat ion 5.5.4 Let B C B' be integral domains of characteristic zero. We write 

B < B' to indicate that B' is integral over B and that, for each A E K L N D ( 5 ) , there 

exists A' E KLND(B ' ) such that A' fl B = A. Clearly, < is a transitive relation. 

Lemma 5.5.5 Let B,B' be integral domains of characteristic zero such that B < B'. 

If B' has property (*), then so does B. 

Proof: Let I ^ B be a height 1 ideal of B and let AUA2 E KLND (B) satisfy 

/ n Ai ± 0. As B' is integral over B, IB' ± B' and ht IB' = 1 by Lemma 5.2.3. 

Since B < B', there exist A[,A'2 E KLND(B ' ) such that A• fl B = Ai for % = 1,2. 

Moreover, A[ fl IB' Z> Ai n I ^ 0. Since B' has property (*), it follows that A[ = A'2. 

Consequently, A\ = A2. I 

Theorem 5.5.6 Each element B o /M(k) has property (*). 

Proof: If B denotes the normalization of B, B < B follows by Lemma 5.2.10. 

Moreover, Corollary 5.2.12 implies that B E M(k') for some field k'. As B < B, it 

suffices to prove the theorem when B is normal by Lemma 5.5.5. 

If B is normal, 23 = k B is an integral domain and ML(!B) = k by Lemma 

5.3.5. Then 3 £ M(k) by Corollary 5.2.12, so 3 has property (*) by Corollary 5.5.3. 

It suffices to prove that B <1 "B because then the result follows by Lemma 5.5.5. 

As k is integral over k, it follows by Lemma 5.2.5 that k <g>k B is integral over 

k <g)k B = B. Furthermore, given A E KLND(B), A = k ®k A belongs to KLND(S) by 

Lemma 5.3.4 and satisfies i f l ( k ® k B) = A. This proves that B < fB. Finally, 3 < ® 

and < is transitive, so it follows that B <'.B. I 
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Remark 5.5.7 It follows that every two-dimensional affine k-domain has property 

(*). Indeed, let B be such a ring. If | KLND(£?)| < 1, then it is trivial that B has 

property (*). If | K L N D ( £ ) | > 1 then B G M(k') for some field k' (by Corollary 

5.2.12), so B has property (*) by the above theorem. 

Theorem 5.5.8 [48, Theorem 73, p.246] Let A an affine domain containing a field. 

Then U = { p G Spec A | Ap is a regular local ring } is a nonempty open subset of 

the affine scheme X = Spec A. 

Proposition 5.5.9 Let B be an affine k-domain. If p is a height 1 prime ideal of B 

such that Bp is not regular, then D(p) C p for every D G LND(B). 

Proof: The set T = { p G Spec B \ Bp is not regular } is a closed and proper 

subset of X := SpecB. For every p G T satisfying htp = 1, the closure {p} is an 

irreducible component of T of codimension 1. Moreover, p is the unique generic point 

of that component. As T has only finitely many irreducible components, it follows 

that T contains only finitely many prime ideals of height 1. Denote these prime ideals 

by pi, . . . ,pn . 

Pick p G {pi, • • • , p„} and D G LND(B). We will prove that D(p) C p. In view 

of Lemma 5.2.9, it is enough to show that 

As the group Aut(B) acts on the set T, it follows that it acts on {p i , . . . , pn}. Further-

more, k = ( X i { ^ e k I eAD(p) = PJ } • Since k is infinite, there exists i G {1 , . . . , n} 

such that Q := { A G k | eAD(p) = pj } is infinite. Pick distinct elements Ai, A2 of 0 . 

eAD(p) C p for some nonzero A G k. (5.5.2) 

Then e(-A2+Al)D(p) C p. So (5.5.2) holds. I 
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Corollary 5.5.10 If B E M(k) and X = Spec B, then the set 

Sing(X) = { p E Spec B \ Bp is not a regular local ring } 

is a finite set of maximal ideals of B. Consequently, B is regular in codimension 1. 

Proof: The set T = SingX is a proper closed subset of X, so d i m T < 1 . It 

follows by Proposition 5.5.9 that given a height 1 prime ideal p of B belonging to T, 

D(p) C p for every D E LND(B). Then Lemma 5.2.8 implies that p D ker D 0 for 

every D E LND(B). Since B has property (*) by Theorem 5.5.6, we obtain that the 

set KLND(-B) is a singleton, a contradiction. So T contains no height 1 prime ideal; 

consequently, B is regular in codimension 1. This also proves that d i m T = 0. So T 

is a finite set of maximal ideals. I 

5.6 An application to complete intersections 

In this section, k is an arbitrary field of characteristic zero. By Serre's normality 

criterion and Corollary 5.5.10, we obtain: 

Corollary 5.6.1 If B E M(k) and B satisfies Serre's condition (S2), then B is 

normal. 

Note also the following consequence of Lemma 1.5.18 and Corollary 5.5.10: 

Corollary 5.6.2 If B E M(k) and B is a complete intersection over k then B is 

normal. 

Corollary 5.6.3 Let S be a hypersurface of If S belongs to M(k), then S is 

normal. 
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5.7 Algebraic approach, Bhatwadekar's theorem 

Throughout this section, assume that k is a field of characteristic zero. We now 

proceed to give a purely algebraic proof of Theorem 5.5.6 which relies on a result of 

Bhatwadekar. 

Lemma 5.7.1 Let A be a noetherian normal domain and / I , . . . , fn G A. If no height 

1 prime ideal of A contains / i , . . . , fn, then A = Aft fl • • • fl Afn. 

Proof: Let x G Afx fl • • • D Afn. If p is a height 1 prime ideal of A, then 

fi ^ p for some i. Consequently, Aft C Ap; hence, x G Ap. As A = Hhtp=i^p 

by [49, Theorem 11.5, p. 81], it follows that x G A. I 

Lemma 5.7.2 Let K be a field and A be a normal domain. If K C A C K[x] = K^ 

and Frac A = K{x), then A = K[x]. 

Proof: Since A contains a nonconstant polynomial / G K[x\, it follows that x is 

integral over A. As x G Frac A and A is normal, it follows that x G A. I 

Theorem 5.7.3 (Bhatwadekar) Let k be a field of characteristic zero, and let R be 

a k-affine normal domain of dimension 2. Assume that k[x] and k[y] are distinct 

elements of KLND(R). Then R is integral over k[x, y}. 

Proof: Let A = k[x, y] and let B be the integral closure of A in Frac R. As R is 

normal and R D A, it follows that B C R. Note that k[.x] is algebraically closed in 

R (cf. 1.2 (1)), and y ^ k[x]. It follows that A = and so Fraci? is algebraic over 

Frac A. Since Frac A B is the integral closure of Frac A in Frac R, it follows that 

Frac A B = Frac R. Thus, B C R is a birational inclusion of rings. 
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Let S = k[x] \ {0}, then S^R = k(x)W holds by 1.2 (5). Hence k(x) C S^B C 

S_1R = k(x)!1', where S^B is normal and birational to S~1R. It follows that 

S _ 1 £ = S^R by Lemma 5.7.2; in particular, R C S~lB. As R is affine, R C Bs for 

some s G k[x] \ {0}. Similarly, R C Bt for some t G k[y] \ {0}. So R C Bs n Bt. To 

complete the proof of the theorem, it suffices to show that Bs Pi Bt = B. 

As s G k[Z] \ {0}, t G k[y] \ {0} and A = k[x, y} = k ^ , it is clear that no height 

1 prime ideal of A contains both s and t. As B is integral over A, it follows that no 

height 1 prime ideal of B contains s, t. Then Lemma 5.7.1 implies that Bs fl Bt = B, 

and we are done. I 

The following gives another proof of Theorem 5.5.6. 

Corollary 5.7.4 Each element B o /M(k) has property (*). 

Proof: As we argued in the first paragraph of the proof of Theorem 5.5.6, it 

suffices to prove the case where B is normal. So, suppose that B is normal and (by 

contradiction) suppose that there exist distinct A I , A 2 G K L N D ( 5 ) and a height 1 

ideal / of B such that I n Aj ^ 0 for i = 1, 2. Pick a height 1 prime ideal p of B such 

that p D / , and note that p fl Aj ^ 0 for % = 1, 2. By Lemma 5.3.6 and the fact that 

B is normal, we have Aj = k'1! for each i = 1, 2. Write Ax = k[x] and A2 = k[y]. So 

the height 1 prime ideal p of B satisfies pflk[x] ^ 0 and pnk[y] ^ 0. Then the prime 

ideal p0 = p fl k[.x, y] = k'2' must be maximal, since it contains a nonzero element of 

k[x] and a nonzero element of k[y]. As B is integral over k[x,y] by Theorem 5.7.3, it 

follows that p is a maximal ideal of B and hence has height 2, a contradiction. 

I 



Some concluding remarks 

While Chapter 4 describes explicitly the homogeneous locally nilpotent derivations of 

B = k^ in the case of a Z-grading g of positive type, it still remains an open question 

to give such a description in the case type(g) = 0. The criterion given in Chapter 3 

is a useful piece of information, but does not answer the question in a satisfactory 

way. This becomes clear if we compare Chapter 3 with the extensive theory which 

exists in the special case of N-gradings of type 0. As that theory (cf. [16] and [17] ) 

is based on the study of the geometry of the weighted projective planes Proj (B,Q), 

which are defined only when g is an N-grading, it is not clear how to carry out a 

similar investigation when g is a Z-grading. 

We wish to mention that Theorem 2.6.3 of Chapter 2 is used by Daigle in [14], 

where he gives a necessary condition that a polynomial / e B = k[X, Y. Z] must 

satisfy if there exists a nonzero locally nilpotent derivation of B satisfying D2(f) = 0. 

The main results of Chapter 5 (in particular, Theorem 5.5.6 and its corollaries) 

should eventually appear in [41], and are used in the joint paper [21] with Daigle. 

One of the main results of [21] is as follows: 

Theorem. A complete intersection surface over k with trivial Makar-Limanov in-

variant is isomorphic as an algebraic surface to the hypersurface of given by 

XY = P(Z), where P(Z) £ k[Z] is a nonconstant polynomial. 

In this result, k is any field of characteristic zero and no assumption of smoothness 

or normality is made on the surface. Corollary 5.5.10 of this thesis is needed in the 
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proof of the above theorem. 

We believe that the machinery developed in [21] can be used to investigate the 

following interesting question : 

Classify all nonrigid hypersurfaces of Ak . 

Next, we say that an affine surface S is quasihomogeneous (with respect to 

Aut(S)) if the natural action of Aut(5) on S has a Zariski-open orbit with finite 

complement. It is known that smooth ML-hypersurfaces of A3 are quasihomogeneous 

(see [3]). We are confident that similar arguments as in Proposition 5.5.9 and Corol-

lary 5.5.10 of this thesis would prove that an affine ML-surface is quasihomogeneous 

with respect to its group of automorphisms. Related to this subject, the following 

question arises naturally: 

Which quasihomogeneous surfaces have trivial ML-invariant? 

The above question has been answered by Gizatullin, Bertin, Bandman, Makar-

Limanov (in the smooth case) and Dubouloz (in the normal case). We hope to 

investigate this question in the case when the surface under consideration is not nec-

essarily normal. 



Appendix A 

Valuation rings 

The purpose of Appendix A is to prove Lemmas 1.8.10 and 1.8.13 stated in Chapter 

1. To prove these results, we gather and develop some basic results in the theory of 

valuation rings. We refer to Section 1.8 of Chapter 1 for the basic definitions and 

facts about valuation rings. 

Theorem A.0.5 [49, Proposition 10.2 ] Let K be a field, A C K a subring, and p a 

prime ideal of A. Then there exists a valuation ring R of K such that A C R and 

MR FL A = P. 

Remark A.0.6 Let R and S be two valuation rings of a field K. If R C S and 

MR C MS, then R = S. Indeed, given x G K, 

x £ R => aT 1 G MR G MS =>• x £ S. 

Thus K \ R C K \ S-, it follows that R = S. 

Given fields k C F , recall the notations Val(F/k) and P F / k from 1.8.7. 

Lemma A.0.7 Given field extensions k C F C F', we have a surjective set map 

(F : Val(F'/k) Val(F/k), R' ^ R! fl F. 
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Proof: Consider R! £ Val(F'/k) and let R = R! n F. First we prove that 

R £ Val(F/k). Clearly k C R. Given x £ F*, we have to show that x £ R or 

x - 1 £ R. As F* C F'* and R' £ Val(FVk), it follows that x £ R! or x~l £ i?'. Then 

x £ .R' fl F or x~l £ i ? n F , which proves that x E R or x - 1 £ R. So (p is a well 

defined map. Moreover we have: 

Mr = R \ R* = (R' n F) \ (R* n F) = (R' \ R'*) n F = MR,(1F. (A.0.1) 

To prove that (P is surjeetive, let S £ Val(F/k) and note that k C S C F C F'. By 

Theorem A.0.5, there exists R' £ Val(FVk) such that S C R' and MW n S = MS. 

Note that S and R' n F belong to Val(F/k). As S C R' n F and MS C MR, n F = 

MRI'nF by Equation (A.0.1), S = R'DF follows by Remark A.0.6 and (P is surjeetive. I 

Definition A.0.8 Consider fields k C F C F', R £ Val(F/k), and R' £ Val(F' /k) . 

We say that R' lies over R if R' n F = R. 

The following is a well-known fact; see [58, Theorem 1.2.2], for instance. 

Lemma A.0.9 Let k be a field, K = k ( t ) = k (1). Then 

P^/k = { k[*]m | m £ Maxkft] } U {k[l/t] (1 / t )>, 

where Maxk[t] denotes the set of all maximal ideals ofk[t\. In particular, k[t] has 

only one (rational) place at infinity. 

For a proof of the following fact from field theory, see [52, 1.2]. 

Theorem A.0.10 (Generalized Liiroth Theorem) Let k C K C be field exten-

sions, where t r d e g k { K ) = 1. Then K = k^1). 

The following results (Lemmas A.0.11, A.0.12, A.0.13 and Theorem A.0.14) are taken 

from unpublished lecture notes of Daigle. 
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L e m m a A.0 .11 For a domain A of trdeg 1 over a field k, the following are equiva-

lent: 

(1) The normalization of A is kW. 

(2) A is a subalgebra o/k^. 

(3) Frac A = k ^ and A has one rational place at infinity. 

Proof: Set K = Frac A. Clearly, (1) implies (2). To prove that (2) implies (3), 

choose a ring k [t] = kW such that k C A C k[*]. Then K = k ^ by Liiroth's Theorem. 

As the set E = { S G P^r/k | A ^ S } is nonempty, it follows that A has at least one 

place at infinity, say A R. To prove (3), it remains to show that such R is unique 

and has residue field k. 

Consider the field extensions k C K C k ( t ) . There exists R' G Val(k(£)/k) 

such that R' (1 K = R by Lemma A.0.7. If k[t] C R! then then A C R' n K = R, 

a contradiction. So k[t] ^ R' and R! is a place at infinity of k[£]. As k[t] has one 

rational place at infinity, it follows that R'/MR> = k. 

If R\ is a place at infinity for A satisfying R\ ^ R , then there exists R[ lying over 

RI, and R\ ^ R R\ ^ R'. As k.[t] has only one place at infinity, it follows that 

A has only one place at infinity. Furthermore, k C R/MR C R'/M'R = k; it follows 

that R/MR = k, and A has a unique rational place at infinity. Thus (2) implies (3). 

Finally, we prove that (3) implies (1). Suppose that K = k(it) = k ^ and that 

A has one rational place at infinity, say R. Recall from Lemma A.0.9 that 

P K / k = { k[u]m | m G Maxk[tt] } U {k[l/u] ( 1 / u )}. 

If R = k[l/tt](i/u), then we have: 

A = C \ V = p k[u]m = k[u], 
me Max k[u] 

where V varies over the set of elements of Val(/C/k) that contain A. So A = M in this 

case and we are done. If R = k[u]m for some m G Maxk[«], then k[w]/m = R/MR = k 



since R is a rational place at infinity of A. It follows that m = (u — A) for for some 

A £ k. Then R = k[it](u_A) = k[« — A](U_A) = K[L/w'](i/u')> where u — A = 1 /u', and 

the result follows by the previous case. I 

Lemma A.0.12 If A is a polynomial curve over k, then A is k-affine. 

Proof: Let k[t] = k^ be the normalization of A, and note that t is integral over 

A. Assume that tn + aitn~l + • • • + an = 0 for some ax,... ,an E A. It follows that t 

is integral over A0 = k [ a i , . . . , an]. Consequently, k[t] is a finitely generated module 

over the noetherian ring A0. Then the submodule A of k[t] is finitely generated, so 

A is k-affine. I 

Lemma A.0.13 Suppose that A is an algebra over a field k and that Kjk is a field 

extension such that K <g)k A is K-affine. Then A is k-affine. 

Proof: Choose ... ,an E A so that 1 ® ax,..., 1 <g> an generate K <g)k A as a 

K-algebra. Write A0 = k [ a i , . . . , a„] and consider the inclusion map i : A0 ^ A. As 

K is a flat k-module, the homomorphism of K-algebras (1 <E> i) : K ®k A0 ^ K (8>k A 

is injective. Note that (1 <g> «)(1 ® a^ = 1(g) a^ for every i = 1 , . . . , n. Since K A = 

K [ l ® a i , . . . , l(g>an], it follows that 1<E>« is surjeetive. This, together with the fact that 

K is a faithfully flat k-module, implies that i is surjeetive, so A = A0 = k [ a l 5 . . . , a„]. 

Thus A is a finitely generated k-algebra. 

I 

Theorem A.0 .14 Let k be a perfect field and let A be a k-domain. If there exists 

an algebraic extension K/k such that K <8>k A is a polynomial curve over K, then A 
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is a polynomial curve over k. 

Proof: Choose an algebraic extension K of k such that K ®k A is a polynomial 

curve over K. Note that K A is K-affine by Lemma A.0.12 and A is k-affine by 

Lemma A.0.13. Write A = k [ a i , . . . , an]. Choose a polynomial ring K[t] = K^ which 

contains K A as a subalgebra. For each i = 1 , . . . ,n, write ai = fi(t) £ K[t\. 

Let S be the finite subset of K which contains the coefficients of the polynomials 

/i) f2, • • •) fn a n d define k' = kfS1]. Then the image of the composite k' (g)k A —> 

K ®k A K[t] is included in k'[t]. So 

[k' : k] < oo and k' 0 k A is a polynomial curve over k'. 

Define F = Frac A and F' = (k' ®k A) ®A F = k' F and note that all homomor-

phisms are injective in the following diagram: 

,/c k' ®u Ar- F' (A.0.2) 

kc - F 

Since F' = (k' ®k A) F is a localization of the domain k' (g)k A, we have 

k' A C F' C Frac(k' ®k A). As k' is algebraic over k, F' = k' Cg>k F is integral over 

the field F, and hence is a field. Thus, F' = Frac(k' <8>k A). 

Let 3 be a basis of k' over k such that 1 e 23. Then 23 is a basis of F' over F. 

This implies that 

[F' : F] = [k' : k], F' = k'F, k' n F = k. 

As k' (8>k A. is a polynomial curve over k', it follows that F' = k'^1'. In particular, k' is 

algebraically closed in F'. From this and k' fl F = k, it follows that k is algebraically 

closed in F. In the terminology of [58], k is the full field of constants of the function 

field Fjk. As F' = k 'F, F ' / k ' is an algebraic constant field extension of F / k . Now 
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k is assumed to be perfect, so all the hypothesis of [58, Theorem III.6.3, p. 103] are 

satisfied. Hence Fjk has genus zero and F'/F is unramified. It suffices to prove that 

A has one rational place at infinity. (A.0.3) 

Indeed, if this is true then F = k^1' (because F / k has genus 0 and has a rational 

place), so Lemma A.0.11 implies that A is a polynomial curve over k. 

Consider Diagram (A.0.2) and let 

E= { R e P F / k | A £ R } a n d E' = { R' e P F ' / k ' | k ' ® k A £ R! }. 

If R is any element of E then every R' e PF ' /k' lying over R (i.e., satisfying R'DF = R) 

must belong to E'. But E' is a singleton, say E' = {R1}. It follows that E is a 

singleton, say E = {-R}, and that R! is the only element of PFyk' lying o v e r R- Let 

K' and K be the residue fields of R! and R, respectively. Then [F' : F] = e f , where 

/ = [«;': K] and e is the ramification index of R' over R. As F'/F is unramified, we 

have e = 1. Also, as k' (g>k A is a polynomial curve over k', K' = k'. Hence 

[k' : k] = [F' : F] = ef = [«' : «] = [k' : K], 

so K = k and (A.0.3) is proved. 

I 
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