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Abstract

For many centuries, streams, rivers and oceans have been used for the dis-
posal of all kinds of man-made wastes and pollutants, of which some are
extremely harmful. Studies of the spreading of these effluents require the
knowledge of the velocity distribution and current patterns. A practical
and alternative way to fixed current meters is the use of tracers such as
combined floats or drogues.

The purpose of this laboratory investigation is to study the use of combined
floats, consisting of a floating disc and a spherical weight, for velocity and
discharge measurements and float diffusion. An experimental program was
carried out in the hydraulics laboratory and it was found useful to inves-
tigate the effect of i) length and width of the study section, ii) float size
and its depth of immersion and finally iii) the velocity itself (the magni-
tude). Because of the limitations involved, three float sizes were selected
for which only the disc diameter varied; the sphere diameter, however, was
kept constant. When compared to the velocity measured by the Pitot tube,
a combination of the smallest float submerged at channel depths above 0.6d
in a relatively uniform small section (width and length) was found more
appropriate and consequently more accurate.

Float diffusion on the other hand was found to depend mainly on the study
section length and the float size. Flow velocity was not found to be crit-
ical, especially for large floats, and the diffusion width seems to be much

diminished when large floats are used.
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Notations

a,b = Calibration coefficients for current meters
a = Tangential acceleration

Ag = Constant equal ;

Ag = Area of the dis~

Ag,Ap = Area of the body considered

A, = Area of the sphere

By = Constant

C = Constant or Chezy coefficient

c = Concentration

Cy,Cu = Constants

Cp = Total drag coefficient

Cbp, = Pressure drag coefficient

Cp, = Friction drag coefficient

Cp, = Drag coefficient for the disk

Cp, = Drag coefficient for the sphere

d = Particle diameter

D = Depth

E(k) = Turbulent energy

f = Depth of immersion of the sphere
Fg = Buoyant force

Fey = External forces on the disc

il



Fe, = External forces on the sphere

Fp = Total drag force
Fp, = Drag force on the disc
Fp, = Frictional drag force
Fp, = pressure drag force
Fp, = Drag force on the sphere
Fr = Froude number
F; = Total force
g = Acceleration due to gravity
= Depth
h = Depth or head
ha = Thickness of the disc
k = Von Karman coefficient
K = Wave number
K; = Wave number associated with eddy size 1
k, = Coefficient
K, = Added mass coefficient for the disc
I, = Added mass coefficient for the sphere
K, K3,K3,K; = Coefficients
Li.,L = Distance or length scale
I = Arithmetic mean distance
m = Mass of the fluid displaced
m = A coefficient that depends on the channel roughness
M = Total mass

v



mg = Mass of the disc

™M, = Mass of the sphere

N = Repetitive runs

n = Number of revolutions

p = Pressure

q = Flow rate

GG = Arithmetic mean of the flow rate
R = Hydraulic radius

Tp = Particle radius

R = Disc radius

R, = Sphere radius

R,(£) = Lagrangian correlation coefficient
Re : = Reynolds number

s = Surface

t = Time

1 = Arithmetic mean of the time

T == Tension

s = Lagrangian micro-time-scale

tu = Lagrangian time scale for fluid velocity fluctuation
lup = Lagrangian time scale for particle velocity fluctuation
u = Velocity,average velocity
Vo,UosUm = Mean velocity

Uasttn = Friction velocity

v = Velocity



VU sy = Velocity of the disc

Um = Mean velocity

Uy = Relative velocity

V;,0y, = Velocity of the sphere

v, = Water velocity at the surface
Vv = Volume

w = Weight of the body

21,2, = Lateral distance

z,Y,2 = Cartesian coordinates

o = Constant of integration

do = Boundary layer thickness
€2yEy 1€z = Coeflicients of turbulent diffusion
T = Depth averaged lateral diffusivity
€2p = Particle diffusivity

0,9 = Angles

7 = Dynamic viscosity

v = Kinematic viscosity

25Pw = Water density

Pd = Density of the disc

Py = Particle density

s = Density of the sphere

o? = Variance

o? = Particle variance
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To

= Shear stress

= Shear stress on the bottom of the channel
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Chapter 1

Introduction

1.1 General

Man’s first attempts at measuring velocity were undoubtedly by using free
floats. This method of floats, seen as the most primitive of all velocity
measuring techniques, has played over many centuries an important part
in the development of hydraulic concepts and formulas.

Leonardo Da Vinci (1452-1519) was the first to use float techniques to show
that the maximum velocity occurs at the free surface of the water. The float
he used consisted of a rod with a bladder fixed about 5cm below the upper
end and a brick attached to the bottom. This is to say that the use of
floats to measure the velocity of the water dates to many years before the

concept of discharge was used and even before the notion of hydrometry



was introduced.

A special application of this technique should be mentioned here. One
of the fundamental requirements for the study of dispersion in rivers and
oceans is the knowledge of the velocity distribution and current patterns.
A common and practical way that has shown accuracy in determining this
information is by using floats and determining their successive positions.
Floats have also shown distinct possibilities in discharge measurement. The
only disadvantage in this case is that a detailed knowledge of the geometry
of the cross-section studied is required to calculate the area and conse-
quently make the computed flow rates accurate. Their advantage on the
other hand is their simplicity of construction and use, particularly in some
circumstances such as excessive turbulence and low flow speed conditions
where the use of current meters is unsuccessful. Finally, we notice that,
historically, Da Vinci’s work was the first and most comprehensive one in
the subject. Since then, many other investigators recommended the use of
floats for flow velocity and discharge measurements, and it is the author’s
belief that much can be done to improve this technique to be a most suitable

and accurate alternative method for velocity and discharge measurements.

1.2 Objectives

The study described has made an investigation of the use of floats for ve-
locity and discharge measurements.

Specifically, the items examined can be summarized as follows:

2
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o Measurement of the velocity by means of combined floats submerged

at different depths.
o Determination of the discharge from the float measurement.

¢ Determination of the dynamical response of the floats to accelerating

and decelerating flows.
o Study of the float diffusion.

¢ Determination of the drag coefficients for the sphere and the discs

used,

The last of the above items has been started, then discontinued after three
sets of experiments hecause the drag cocfficients for the body shapes used

are well known and are available in many references.

1.3 Scope

The study deals primarily with velocity measurement using combined floats.
The floats, consisting of a disc floating at the free surface of the water and a
sphere submerged at a certain depth, are released in the water; the velocity
is then determined by the ratio of the distance to the time the float takes

to travel that distance.



More details on the description of the floats and the experiments conducted
are presented in the following chapters.

The analysis of the data collected was based on the determination and
comparison of the local velocitics, mean velocities and discharges obtained
from float measurement to thosc obtained by other means such as Pitot tube
for the velocity, weirs and weighing tank for the discharge. Also velocities
obtained using a system-balanced drag equation were compared to those
obtained by floats, and finally, a theoretical study was conducted to explore

the dynamical response of the floats to accelerating and decelerating fows.



Chapter 2

Theoretical Background

2.1 Velocity Distribution In Open Channel
Flow

2.1.1 General

The flow in a conduit may be either open channel or pipe flow. Both kinds
of flow are similar in many ways but differ in one important aspect. Open
channel flow must have a free surface which is subject to atmospheric pres-
sure while pipe flow, confined in a closed conduit, exerts hydraulic pressure
only.

Due to the presence of the free surface and the friction along the channel,



velocities in an open channel are not uniformly distributed over the channel
section.

Velocity distribution does not depend only on the presence of the free sur-
face and the friction along the channel boundaries, but it depends afso on
many other factors, such as, the shape of the section, the roughness of the
channel, the presence of bends and changes in the channel cross section.
Due to the diversity of factors influencing the velocity, it is quite difficult
to establish a general pattern for the velocity distribution in the channel,
Generally speaking, the velocity distribution in the case of an open chan-
nel flow is not axisymmetric (as in pipe flow). One might therefore expect
to find the maximum velocity at the free surface where the shear stress is
negligible. However, the maximum velocity usually occurs below the free
surface.

The Prandtl-Von Karman velocity distribution law which predicts that the
maximum velocity occurs at the free surface, has been found to be consis-
tent only in some cases such as in wide, rapid and shallow flows or in flows
occurring in very smooth channels, while in some other cases such as in or-
dinary channels, laboratory tests and field measurements have shown that
the maximum velocity usually occurs below the free surface at a distance
between 0.05 and 0.25 of the depth.

Figure (2.1) illustrates the general pattern of velocity distribution over var-
ious vertical and horizontal sections of a rectangular channel and the curves
of equal velocity (isovels) in the cross section.

Figure (2.2) in the other hand shows the general patterns for velocity dis-

tribution in various channel sections of other shapes.



Figure 2.1: Velocity distribution in a rectangular channel.
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Figure 2.2: Typical curve of equal velocity in various channel sections.



The effect of the channel roughness on the velocity distribution can be
seen from figure (2.3). The increase in the curvature of the vertical veloc-
ity distribution curve is highly pronounced in the case of rough channels.
However, in channels 1.ith smooth bed, the velocity distribution is nearly
logarithmic and the maximum velocity appears to occur at the free surface.
In the literature, most of the equations governing the velocity are found
to be one dimensional; that means that they consider only the variation of
the velocity in the vertical direction. However, most channels encountered
in practice exhibit two dimensional velocity distribution and in many other
cases three dimensional ones.

Fundamental to theory development for the velocity distribution is the
knowledge of its properties; these properties cannot be put on a precise
basis for various channels encountered in practice. Therefore, based on ex-
tensive measurements and long experience in different kinds of open chan-
nel flow, the U.5. Geological Survey has established a standard velocity
distribution curve shown in figure (2.4). The curve characteristics may be

summarized in the following statements;

1. The curve may be assumed parabolic.

[

. The maximum velocity does not occur at the free surface but slightly

below, at a distance between 0.05 and 0.25 of the depth.

3. The mean velocity occurs at approximately 0.6y below the water sur-

face.
4. The mean velocity is approximately 85% of the surface velocity.

8



Figure 2.3: Effect of roughness on velocity distribution in an open channel.
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Contrary to the U.S. Geological Survey’s velocity distribution curve, the
other commonly used curve is based on Prandtl-Von Karman velocity dis-
tribution law; it predicts that the profile is nearly logarithmic and the
maximum velocity occurs at the free surface,

Prandtl demonstrates this as follows:

Starting with the equation for the shear stress

r= o) (21)
where
T = shear stress,
{ = characteristic length or mixing length,
u = average velocity,
y = depth of flow.

From equation (2.1)

p=
du = ‘/E;dy (2.2)

1 is usually assumed to be proportional to the depth of the flow y.
1=ky, k is a term of proportionality called Von-Karman'’s universal constant
and is assumed to be approximately equal 0.4.

Substituting for 1 in equation (2.2)

T

P dy (2.3)

du =

10



or

du =25 |T% (2.4)

Py

w=25[2mnY (2.5)
P Yo

Integrating we get

where
To = shear stress at the bottom,

Yo = a constant of integration.

Substituting u. for the shear velocity ﬁ yields
u = 25u.lnt (2.6)
Yo
Yo is a constant of integration and it depends on whether the boundary is
hydraulically smooth or rough.
If the boundary is smooth then, yo depends solely on the kinematic viscosity

and the shear velocity.

Yo = = (2.7)

Where m is a coefficient and is equal to approximately 1 for smooth surfaces,

Substituting for y in equation (2.6) yields

9yu.
v

u = 2.5uln (2.8)

11



When the boundary surface is hydraulically rough, yo depends only on the

roughness height

yo = mk, (2.9)
In this case m is approximately equal to 3’—0 for sand grain roughness.
Substitution of equation (2.9) in equation (2.6) yields,

U= 2.5u.ln§:—y (2.10)

2.2 Velocity Measurements [29]

2.2.1 Hydrometric Current Meters

The standard method of river flow measurements is by means of current
meters. Their principle of operation is based on the proportionality between
the local flow velocity and the speed of the rotor. Types of current meters

that are in wide spread use are:

1. Price or cup current meter: The most common current meter in use
in the United States. It consists of six conical cups rotating about a
vertical axis. Each complete revolution of the cups closes a battery
operated circuit and an audible click is emitted in the headphone
worn by the user (operator).

Close attention must be given when choosing the measuring station,

i.e. there should be little or no turbulence at all and current directions

12



should be parallel to the channel axis.
The relation between the revolutions per unit time and the velocity
is

u=a+bn (2.11)
where
u = flow velocity,

n = number of revolutions per unit time,

a, b = calibration coefficients.

. Propeller current meter: In this type of meter there is a propeller
which rotates around a horizontal axis. Their principle of use is the
same as that of Price meter but they are not subject to rotation by
vertical currents while the Price meters are. The propeller current

meter can be equipped with mechanical counters or electrical coun-

ters.

. A third type of current meter is based on the electromagnetic prin-
ciple,. When a fluid with a certain conductivity is moving through a
magnetic field at 90° an electromotive force is induced in the fluid at
right angles to both the flux of the magnetic field and the velocity of
the fluid. The voltage induced by the movement of the fluid through
the magnetic field is proportional to the average velocity of flow.

These current meters are more accurate and efficient than the two

other meters described above.

13
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Figure 2.5: Velocity measurements by current meter.

In order to measure the discharge, the hydrometric section and the current
meter should be first selected, the cross section is then divided into a num-
ber of vertical sections (see figure 2.5 above).

Each of these subsections should not include more than 10% of the total
flow. The average velocity in each subsection may be determined by a
variety of methods, however, the one that is widely used is based on the

velocity measurement at 0.2 and 0.8 of the depth.
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2.2.2 Hydrometric Floats

The principle of flow velocity meusurements by means of a float depends
on the proportionality between the float velocity u and the flow velocity v

or

Uxv

These two velocities can be made equal if a suitable specific weight of the
float is chosen or if the weights inside the float are cleverly distributed.
Floats can be used to measure local or mean velocities of flow in open
channels. Measurements of the mean velocity of flow may consist in certain
cases in measuring local velocity of flow at a certain depth where the local
velocity is equal to the mean velocity of flow, or by measuring the velocity
of motion of a free float released at the bottom and carried by the current
to the free surface.

The most commonly used types of floats are as follows:

Surface Floats

Surface floats may consist of a spherical float, a wooden disc, a stoppered
bottle or any perceptible body with a density less than water and chosen
so that its velocity is as near as possible to the main flow velocity.

Measurement with surface floats is simple. They are released in the river
some distance upstream of the test section. The time t the float takes to

travel the test section is measured by a stop-watch and the mean velocity

15



is then determined by dividing the distance L over the time t or
U= L v
=T

The ratio between the mean velocity of flow in the vertical plane and the

velocity of a surface float varies from 0.82 to 0.92.

Subsurface Floats

This kind of float is used for measuring flow velocity at a definite depth. A
variety of these floats has been used in the past from which a description

for the two commonly used ones is given here;

e Canister Floats: These consist essentially of a closed canister con-
nected by a thin line to a small surface float equipped with a flag
permitting its observation during the measurement.

The float dimensions and its depth of immersion have to be chosen

so that the float velocity is equal to the flow velocity at that depth.

¢ Rod Floats: Wooden rods or thin walled metal tubes loaded at their
lower end are widely used whenever the use of rod floats is selected.
Rod floats are loaded at their lower end and the loading can be varied
just by varying the amount of lead shot. This allows the worker
to make the velocity of the float approximately equal to the mean

velocity in the vertical plane parallel to the channel axis.

16



Integrating Floats

Floats of this type consist of a sphere or a ball float rising from the bottom
to the free surface of the flowing stream. It enables one to measure the
mean velocity of flow in the vertical plane parallel to the river axis without
measuring local velocities. The determination of the mean velocity of flow
in the vertical section may be determined by measuring either the depth H
and the distance L to the point where the float surfaces, or, by measuring
the length L and the time t from the moment of release to the moment of
surfacing,

The mean velocity is determined by the relation

1 H
= — 212
Vm = g ./c; vdh (2.12)

The rate of flow per unit width can be consequently computed using the

formula

q=vnd (213)
The operation of an integrating float is based on the principle that a body
rising from the bottom to the free surface of a flowing water will integrate

the horizontal velocities in its vertical path, measured by the horizontal

distance travelled from the time of release to the time of surfacing,

17



2.3 Hydrodynamic forces

2.3.1 Drag force

A fluid moving relative to a body exerts a dynamic force on the body that
is caused by two factors. First, shear stresses due to viscosity and velocity
gradients at the boundary surface cause forces tangential to the surface.
Second, pressure intensities which vary along the surface because of the
dynamic effects result in forces normal to the boundary.

The shear force is referred to as the skin friction drag, while the pressure
drag which depends largely on the shape or form of the body is known as
the form drag,.

The two kinds of drag may be defined as follows:

Skin friction drag

The type of resistance the fluid particles exhibit against displacement in
relation to each other and with respect to the surface of solid obstacles,
presents itself in the form of frictional drag. In a similar way to that of solid
surfaces sliding along each other, a tangential force originates whenever a
fluid moves past the surface of the body. This tangential force is defined as

the skin friction drag,.
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Pressure drag or form drag

The distinction between the skin friction drag and the pressure or form
drag is that the first one results from tangential forces, whereas, the second
one results from the distribution of forces normal to the body surface. The
induced drag is also a case of pressure drag and any type of wave resistance
including those at the free surface of water act upon the obstacle or the
body by way of pressure differentials along that body.

Bodies like airfoils, hydrofoils and slim ships have large and sometimes
completely dominant surface resistance while bluff objects such as spheres,
bridge piers and automobiles have large form drag relative to surface resis-
tance.

The two kinds of drag are summed together to give the total drag, therefore

one can write

FD=FD_{+FDp (214)
Each of the two components can be defined as follows:
Frictional drag: Fp; = [,7sin¢ds
Pressure drag: Fp, = — [, pcos ¢ds
where

= total surface area,
¢ = angle between the normal to the surface element and the flow direction,

T = shear stress,
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P = pressure.

Drag coefficients are given by the following relations

Fpy = CDIP%&AI (2.15)
y
Fp, = CD,,pEOA,, (2.16)
where
Fpy = frictional drag,
Fp, = pressure drag,
Cop = pressure drag coefficient,
Cp; = frictional drag coefficient,
Ay and A, = areas of the bodies,
p = density of water,
g = mean velocity.

For surface resistance, Ay is usually the actual area over which the shear
stresses act to produce Fp,. For form drag, however, A; is usually the
frontal area normal to the velocity vg.

Drag coefficients Cp; and Cp, can be computed from the previous equa-
tions and it is customary to define the total drag coefficient as the sum of

the two coefficients, therefore we can write
Cp=Cps+ Cp, (2.17)
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and the total drag exerted by the fluid on the body can be written as follows

vy
FD = Cpp?A (2.18)

where
Fp = total drag on the body,
Cp = total drag coefficient,

) = density of water,
vp = flow velocity,
A = frontal area normal to v,.

Notice that the dimensionless force coefficients that have been described
above are functions of the body geometry and the Reynolds number Re
(see figure 2.6) and they apply only for a deeply immersed bodies such
as aeroplanes or submarines where there is no wave drag effect or what is

called wave resistance.
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2.3.2 Interfacial effects on resistance or wave drag ef-

fect

Compared to the cases cited above, the new factor which can be introduced
when the body is moving at, or, near an interface between two fluids of
different densities is the production of surface waves.

For such cases, energy is expended on the generation of interfacial wave
motion. Thus, gravity influences both the flow field and the drag and also
the lift, if there is any on the body.

The drag will therefore be a function of both Reynolds number Re = 1‘;’
and Froude number Fr = ﬁ The first one (Re) expresses the effect of
viscosity on the drag while the second nondimensional term (Fr) expresses
the effect of surface wave formation on the drag.

The numerical value of the Reynolds number indicates the type of eddy
pattern caused by shear stresses. In a similar way,the numerical value
of the Froude number indicates the type of wave patterns caused by the

passage of the body through the water.

In general, the total drag on a body is the sum of the frictional and the
pressure components. In presence of surface waves, the relation still applies,
. .
however, the ratio F—z"- and also the magnitude of the drag are affected by
»

the interfacial field i.e wave formation.



2.3.3 Buoyant force

Submerged body

The resultant force exerted on a body by a fluid in which it is submerged is
called the buoyant force. It is the difference between the vertical component
on its underside F; and the vertical component on its upperside Fi,

The buoyant force acting vertically upward is denoted by Fp and equal to
F. —~ F. and it is due to the gravity force of the volume of liquid displaced
by the body.

In equation form, the buoyant force is known (from the time of Archimedes)
to be
Fg =4V (2.19)

where
Fg = buoyant force,
- = unit gravity force of fluid,
V = volume of fluid displaced by the body.

If the body is in equilibrium i.e W = Fj, this means that both the fluid
and the body have the same density. If W is greater than Fp the body
will sink, whereas, if W is less than Fy the body will rise. The criterion

for stability of a submerged body is that the center of buoyancy must be
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above the center of mass of the body.

Floating body

When a body having a weight W less than that of the same volume of liquid
is present in a liquid with a free surface it will rise and float on the surface,
hence W becomes equal to Fg. Therefore, one can state that a floating
body displaces a volume of liquid equivalent to its weight. In equation
form, the formula given for submerged bodies is applied to floating bodies,
however, contrary to submerged bodies, a floating body might be stable
irregardless of whether the center of buoyancy is above or below the center
of mass. The only criterion in this case is that the two forces W and Fy

must be equal and lie on the same vertical,

2.4 Lateral diffusion in open-channel flow

Based on the principle of conservation of mass, the equation of diffusion is

known in general as

o0, 8 _ 0 ( 80\ 8(0C\ 2( €\ .
Bt Yo T Oz (e,,. 6:::) + Ay (E” ay) * o2 (e: Bz) (2:20)

where C is the time averaged local concentration of the substance, ¢z, ¢, and
€. are the turbulent diffusion coefficients, u is the time averaged velocity

in the main direction (x), %, y and z are Cartesian coordinates and t is the

time.
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Neglecting the effect of longitudinal diffusion and assuming a steady- state

situation (% = 0), equation (2.20) will be reduced to

oc 9 ac 0 ac
u% = 5; (Eygy-) + 22 (e,,-é;-) (2.21)

Multiplying each term of the above equation by 22, integrating over the

total width z assuming that u, ¢, and €. do not vary with z gives

0C _ (20 ( 80 [0 ( 6C
fuz am—fzay eyay +fz§ &g (2.22)

Introducing o? and M defined as
+
of = f ngCdz

M= j_;” Cdz

Equation (2.22) can then be written as

9o} @ [ 8o2
ug = By (eyw) +2e. M (2.23)

At a certain distance z¢ downstream from the source, the material is uni-
formly distributed across the depth of the channel, the variation of ¢? and
M in the y direction can be neglected and equation (2.23) will then have
the following form

do?
v Oz

U and €; are depth averaged velocity and lateral diffusivity respectively.

. 2
Normalizing the variance o?=73k

= AME; for T > 2o (2.24)

substituting into equation (2.24), one gets

e ==-U-— (225)



One of the widely used relations for € which has fitted well the available

experimental results was given by Okoye (1970); it is defined as
€ = 0.16U.R (2.26)

where U, is the frictional velocity and R is the hydraulic radius.
Assuming €; not to be a function of the longitudinal distance, o? will then

vary linearly with x and the concentration over the total depth will exhibit

a Gaussian distribution. Hence ¢%(0) =0
Therefore, arranging equation (2.25) and integrating gives

o? = 25— (2.27)

Substituting for the value of & in equation (2.26), the variance could be

evaluated
o? = 0.32—Rx (2.28)

2.5 Effect of particle size on the diffusion

process

Observations of the diffusion of sufficiently small particles in a turbulent
flow showed that they are similar to the diffusion of dissolved particles. For
larger and neutrally buoyant particles, however, dimensional analysis has
indicated an additional parameter. It characterizes the rate of diffusion in

homogeneous turbulent field and is of the form £ where 1 represents the
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length of the diffusing object whereas R represents a typical dimension of
the flow field (a hydraulic radius here).

In 1952, Ogura [21] studied the relative diffusion of large balloons released
in the atmosphere. He concluded that only eddies that are larger than the
body dimension contribute to the diffusion, and that the field flow is not
disturbed by the passage of the diffusing object.

In 1967, Iwasa and Imamoto [11] came up with a slightly different model
for studying the turbulent diffusion in free surface flows. The model was
obtained under the assumption that the instantaneous velocity of a particle

is a volumetric mean value of the fluid velocities.

2.6 Kinematic model of Ogura [21]

In his study, Ogura [21] defined the turbulent energy as follows:

—_ 3

Sa7 = [" Blk)dk (2.29)
2 0

where k; = 2% is the wave number associated with eddies of size 1. After

introducing the Von Karman’s interpolation formula, the following relation

can be obtained and evaluated

2, f (%) (2.30)

uw?

2

Ogura [21] argued that the E(k) can be integrated with a wave number
that is function of Iy.; corresponding to the largest eddies present in the

turbulent field under study. To get a relation for relative diffusion, it is
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required to first define o* and ¢2; Taylor and Batchelor defined o2 as
o® =2\u? Lt =241 (2.31)

where ¢, and L are the Lagrangian macro-time-scale of the turbulence and
the corresponding length respectively. By analogy o can be defined.
Finally, the following relation approximating the relative diffusivity can be
defined

ol Uy l €
2= ¥ £ _ = 22 :
a? u'? f (lmm:) € (2 32)

where o} is the mean square separation of the particle and €:p 18 its diffu-

sivity.

2.7 Kinematic model of Iwasa and Imamoto

[11]

Diffusion by continuous movements of fluid particles in a homogeneous
isotropic field of turbulent flow was described by Taylor. Extending Taylor’s
diffusion theory to discrete particles, the variance for the displacement of

a particle at a certain time is expressed as

o2) =2, [ [ Ry(e)dedn (2:33)

or

o3) = 2 [~ ) R(E)de (234)
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+

p is the fluctuating velocity of the discrete particle and R,(£) is the

where u

Lagrangian correlation coefficient of u, and is expressed as

Ry(8) = u;’(t")zfj—(t" +¢) (2.35)
p?

and under the assumption made for the velocity, u, can be expressed as

w(t) = % [ wyav (2.36)

By introducing an averaging time r related to the size of the particle, the

above equation can be written as follows:

1 gt
u(t) = = [ 7wt (237)

If t. and ¢., are the integrated Lagrangian time scales for the fuid turbulent
velocity fluctuation and the particle velocity fluctuation respectively, the
analysis yields to:

ul®t., = u”t, (2.38)

which predicts the absolute diffusion to be independent of the particle size.
Laboratory experiments and field observations were made to verify the
statistical theory. Poor agreement was found between the proposed model

and the experimental observations made by Iwasa and Imamoto (11].
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2.8 Literature Review

2.8.1 Use of floats

A review of literature shows different types of floats used for velocity and

discharge measurements.

In 1968 Liu and Martin [16] conducted a study using integrating floats,
The floats they used were accurately machined spheres with density less
than water. The float released at the bottom of a stream will rise to the
water surface in a time ¢ at a horizontal distance ! downstream from the
release position. The velocity and the discharge per unit width can then

be calculated from the relations

i
U_E and q=;h

where h is the depth of flow in which the float is released,
These two equations, according to what Liu and Martin (16] wrote are

based on:

1. Steady flow
2. Horizontal uniform flow
3. Absence of turbulence and secondary currents

4. Float size infinitesimally small
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5. The float accelerates to the horizontal speed of the stream and to a

constant upward terminal velocity instantaneously after release.

In 1970 Liu and Martin [17] continued their experimental investigation on
the reliability of the method in the case of low streamflow velocity. Spheres
made of hollow stainless steel 2 inches in diameter were released at the
center of the flume and the corresponding discharges were computed using

two different ways:

1. By taking the arithmetic mean of the values of q obtained from the

measurement of | and ¢, in mathematical form
I;h
?:1 '(-;)_;

N

¢_’7=

o

By taking the arithmetic means of 1 and ¢ first, and using these means
to calculate the average discharge 4.
o=t

t
Liu and Martin [17] found that the average values of q determined by the
two methods differ by much less than 1% and the average difference between
the discharges obtained by float measurements and those measured by other

standard laboratory means was only 2.4% for the range of the studied low

velocities (ranging from 0.02 to 0.3 fps).

In 1973 Dr R. G. Warnock and co-worlkers from Ottawa University and NRC
[33,34] reported on the Ottawa river project. The portion of the project
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the group undertook consisted of several aspects of which only the velocity

measurement will be considered. This has been done by two means:

1. Current meters to determine the velocity variation laterally and with

depth for different flow rates.

2. Float survey by aerial photographs.

The float model used by the group was made of } inch thick plywood 18
inches square attached by a half inch flexaframe aluminium rod to two
pieces of galvanized iron sheets 5 by 12 inches bent to form vanes.

The reliability of the data collected in the float survey may be summa-
rized in the following: the discharges calculated from the float survey at
3 positions were compared to those measured by other means, the largest
deviation from the mean value was 9.2%, also the total flow in the river was
computed and found to be slightly above the daily discharge. The trans-
verse distribution of the mean velocity (in the vertical) determined from
the float survey was also compared to similar data from previous velocity
measurements at the same cross-sections. It was found that float data show
the transverse velocity distribution well and that the velocity distribution

is altered by changing flow conditions.

Ronald E. Johnson [24] in 1975 conducted a study using different surface
floats and drogue depth combinations. He used four different buoys, three
were coupled to steel plates rigidly attached to each other forming a cross

or plus shape, the fourth one however, was a spar type approximately 10ft
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long that did not require a subsurface drag plate.

Johnson presented his work in two separate parts. The first one consists
on data acquisition, methods and techniques used, while the second one,
which we were not able to find (according to what Johnson wrote in the first
part) will contain the analysis of the data and Lopefully the formulation of
a prediction equation for the relationship between the observed true current
velocity at the depth of the drogue, the measured system velocity, surface

current and speed.

2.8.2 Accelerated motion of particles in a liquid

The motion of particles immersed in a fluid is an important problem in
many engineering applications. The free fall of a sphere from rest in a
viscous fluid, or the motion of sediments in water, or the floating of dust
particles in the atmosphere of an orbiting spacecraft are among the cases
that have been studied to gain a better understanding of the accelerated

motion of particles.

Lawrence D. Cloutman [15] examined the case of the sphere moving through
a uniform fluid having a constant velocity throughout the region of study.
He considered only the component of motion in the velocity direction and

came up with the following relation

— = —Sp=E v (2.39)
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where

Cp = drag coefficient,

p = density of water,

pp = particle density,

v = particle velocity in the fluid frame,
rp, = particle radius.

In this equation, the added mass effect and the Basset history integral were
neglected. Assuming that the initial speed and position are known, two
solutions were given depending on whether the Reynolds number is less or

greater than 1000. A high speed solution was found to be:

_ __v(0)
W) =3 Av(0)t]

In the low speed region however, the velocity goes exponentially to zero as

(2.40)

t goes to infinity, in equation form

QB! | e 1 | !
(=5

u(t) = {(v* +C)e N (2.41)

Using 3 different particle sizes, Cloutman concluded that the smallest parti-
cle is slowed most quickly, whereas, the largest one show the same behavior

as that of the high speed solution in the early time.

The case of a sphere falling in a viscous fluid was studied by many investi-

gators. In Stokes range, Basset [2] presented the following equation

¢
(m, + I{,m)% = (m, — m)g — 3undv, — %d’,/vrpp./(; (2.42)

Je—r"
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where

m = mass of the fluid displaced by the particle,
m, = mass of the particle,

v, = particle velocity,

K, = added mass coefficient for the sphere.

‘This integro-differential equation has been accepted and used by many other
authors including V. Boussinesq, C. W. Ossen C. M, Tehen and J. L. Lum-
ley.

Lucien M. Brush et al [18] noticed that the solution presented by Basset
[2] was in error. They presented a solution using Laplace transform then
compared the solution obtained by a series expansion to that obtained from
the numerical evaluation of equation (2.42). Good agreement was found

between the two methods.

The resistance of particles above the Stokes range on the other hand is no
longer a lincar function of v,. Therefore, equation (2.42) may be rewritten

as

(my + -l—m)fll)i = (m, —m) d—z Cpr|vs|v Eciz\/:rr j‘ —%v-’f—dr
+To dr Ve g SP DT |[Va|Uy ) Pluo ra——
(2.43)
Contrary to the case of particles in the Stokes range for which no experimen-
tal evidence is available, Moorman has presented experimental information

on particles ranging from near Stokes range to well above it.
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Numerical evaluation of the instantancous fall velocity for three particles
of the same density ratios (-‘i’- = 2.5) and different Reynolds numbers was
obtained and plotted against the experimental results of Moorman. Also, a
similar plot of the fall velocity for particles with the same Reynolds number
and different density ratios was presented. Close agreement between the
computer solution of equation (2.43) and Moorman’s experimental points
on both graphs suggests that the numerical solution adopted is valid and

applicable for a wide range of Reynolds numbers and density ratios,

2.8.3 Velocity distribution in rectangular channels

In a shear flow, three regions can be distinguished: viscous sublayer, inner

layer and outer layer.

Viscous sublayer: characterized by a laminar flow and exists approximately

up to a distance £ = 0.001 in which & is the boundary layer thickness and

z is the distance from the boundary.

Inner layer: In this layer the viscous stress is negligible and the flow is

dominated by the wall. This layer extends up to a distance of £ =015

Outer layer: the flow in this region is influenced by the constraints of the
entire periphery of the channel geometry and it extends up to the free

surface.
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Turbulent flow over smooth flat plate

The basis for determining the velocity profiles in shear flows is the mixing

length model. Prandtl’s mixing length theory results in:
u 1
o= 7 In(z) 4 constant (2.44)

in which u, = \/Iﬂ,T is the shear velocity, u is the velocity in x direction at
z, k is the Von Karman’s universal constant, 7y is the bed shear and pis

the mass density.

Ludwieg, Tillman, Hama and many others [7] measured the mean veloc-
ity distribution across the boundary layer along a smooth flat plate with
zero pressure gradient. In the inner region, the data were found to fit the
equation

u 2U.

— = 4, ln(—u-) + By (2.45)

-

known as the universal logarithmic velocity distribution.

Different values of 4 and By were suggested. Clauser [3] suggested the
values for Ay and By respectively as 2.44 and 4.9. A value of 45 = 2.5 is
usually accepted. Townsend [28] remarked however, that many of the ob-
served data indicate a value of By nearer to 7 than 4.9. Therefore, equation

(2.45) can be written as follows:

¥ _o k] .
L = 251(Z) + 5, (2.46)

in which By has a value in the range of 4.9 to 7.0.

In the outer region, Hama (7] proposed the following erapirical formula for
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the mean velocity distribution

Ug— U _ _ i 2 °
=960~ 5) (2.47)

in which up is the free stream velocity.

For the region between *:2 = 100 and 2000, a 1 power law was found to

hold well.

u SUpm. 1

—_= ke 9

o 83( ~ )r (...48)
Turbulent flow through wide open channels

Based on measurements in the middle verticals of eight different wide chan-

nels, Bazin obtained the following formula

um""u

=6.3(1 - %)2 (2.49)

L

It can be easily seen that the above equation resembles the equation (2.47)
except in the numerical coefficient. therefore, one can say that Bazin's law

is for the outer region.

Keulegan [14] argued that equation (2.46) which is valid for smooth pipes
can be extended to smooth wide open channels. He adopted such a proce-
dure where he verified the logarithmic profile but he did not determine the

constants of the logarithmic equation.

From experiments in two dimensional channels, Vanoni [30] reported that

the data were found to fit the logarithmic velocity distribution some dis-
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tance below the free surface and the maximum velocities occur below the

free surface.

Goncharov [6] derived the local longitudinal velocity u for plane turbulent

flow as
u _ In(3)

™ () (2.50)

in which w, is the velocity at 2=D i.e., at the free surface and c is 2 constant,

Turbulent flow in open channels of finite widths

Keulegan [14] suggested an approach for obtaining the velocity distribution
in case of channels with polygonal sections. To illustrate the method, he
chose a trapezoidal section and drew the internal bisectors of the base
angles. Three different zones were obtained; he assumed that at any point
in any particular zone, the velocity distribution follows the logarithmic law
and that the flow in any of the three zones was influenced by the wall of

that zone only.

Schlichting [25] observed on the basis of Nikuradse’s data that the fow at
the free surface was not two dimensional for a narrow rectangular channel

and that the maximum velocity occurred below the free surface.

Enger (4] conducted experiments in a trapezoidal channel with rough bound-
aries; he concluded that the velocity distribution was logarithmic and was

unaffected by any secondary current of appreciable magnitude.

40



Goncharov[6], on the other hand, extended the equations given by him for

the plane flow to the flow in a rectangular open channel; the equation he

presented was as follows

cb w
D
log 27C,

U
v

(2.51)

log (f=v)4c +c,,) (log “—'E.g-"-)

-
log 5400

in which u is the velocity at any point (y,z) in the channel, y is the lateral
distance from the side wall, C, and C,, are constants. Measured profiles
were not in good agreement with the theoretical ones and the dip (the ratio
of the depth below the free surface where the maximum velocity occurs in

the vertical section to the total depth of flow in the channel) was not zero

as implied by the model.

Rajaratman and Muralidhar [22] conducted experiments on velocity distri-
bution over almost the entire width of the channel. They confirmed the
validity of the logarithmic law and noticed that the dip was not zero and

that it was observed near the side walls.
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2.9 Dynamical response of floats to acceler-

ating and decelerating flows

The system consists of a sphere suspended from a line of length 1 attached
to a floating disc in water flowing at velocity v, at the free surface and at
velocity vo at the level of the sphere some distance below the free surface.
The forces consisting of weights, buoyant forces, line tension and drag forces
are first in equilibrium, so that the system moves at a constant velocity v;
with the line making an angle 8, with the vertical. A sudden change from
vo to v, in the water velocity at the level of the sphere destabilizes the
system. The question which arises then is what length of time is required
for the system to reach a new equilibrium conditicn.

The exact equations for the system were found to be complex and very
difficult to solve, therefore, three simplified cases were examined as given
below. The analyses of these cases yield a better knowledge of the response

of the actual system.

The first case proposed is to find the time required to reach equilibrium
when there is a 10% increase in the water velocity in which a freely floating
sphere is moving at the initial water velocity. Assuming that the Basset
integral or what is known as the historical parameter is negligible, the

equation of motion of the sphere is

(my + Kom) e = Cobutlagy, 50 (2.52)
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Figure 2.7: Casel: a sphere accelerating in water.

where
m = mass of the fluid displaced by the sphere,
m, = mass of the sphere,
v, = velocity of the sphere,
vy = velocity of the water,

Cp, = drag coefficient of the sphere,
A, = area of the sphere,
pw = density of the water,

K, = added mass coefficient for the sphere.

The mass term is the sum of the sphere mass and the added mass. The
added mass for a sphere accelerating in a liquid is equal half of the mass of
the fluid displaced by the sphere.

or

my + Kym = -;-pw(g'trR,s) + p,(%ﬂ'R,s) (2.53)
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or

my + Kym = gwﬂ,:"(%pw +p,) (2.54)
Therefore
4 .1 dv, Cp,puwis 2
§WR’(§p“’ - = -—2—(1;1 —v,) (2.55)
After rearrangement and simplification, one gets
2 C(or - v, (2:56)
gt = =) ”
which can be written as
dv,
— = Cdt 2,57
('01 _ Ua)z ( )
where C is a constant that can be evaluated from the following relation
_3__nlp__ (2.58)

SR (gpw + Pa)

Introducing tie density ratio, C can be written as follows

3 Cp

= ARl x o (2.59)
4 R(1+22+)
To solve the equation, we proceed by variable changes
let v = v; — v, then du = —dv,
substituting into equation (2.57), and integrating
——=Cfﬁ (2.60)
Att=0,v,=v,u=v -1
At t = tl y Uy = 0.99‘01 a U= 0.011)1
0.01v
- d—‘; =c | " at (2.61)
vy—yy U
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The integration gives

1
== Ct (2.62)

substituting the values of u and t one gets

1 1
0.011)1 ™ — Vg

= Ct, (2.63)

If v, = Cyvp then

t—l( 11 )
= C 0.01011)0 Cl'vu - Vo

;1 ( 11 )
17 Cop\0.01C;,  C1—1
1 ( 0.99C, — 1 )

h= e \T0ci (G- D

say C; = 1.10 (10% increase in velocity) then

: 1( 0.99(1.10) ~ 1 )

T Co \ 0.01(1.10)(1.10 - 1)
§0.91
= 2,
t= (2.64)

C is typically quite large and is inversely proportional to the sphere size,
therefore one can conclude that in order to minimize the time response,
sphere size should be as small as practical. It can also be seen from equation
(2.64) that the new equilibrium would be reached quickly in presence of high

water velocity.

The second case is to consider a sphere suspended from a line of length 1in
water flowing at velocity v. The force system composed of weight, buoyant

force, line tension and drag force is in equilibrium so that the line makes

an angle 8; with the vertical.

45



—=z i\

\
\,90 \ /
¢

(
o
=
b <4—— New equilibrium position

Water velocity —_——

AT A TITITTTTTTTIEN TR

Figure 2.8: Case2: a sphere suspended from a tethered line subject to an

accelerating flow.

Figure 2.9: Forces on the sphere.
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There is a sudden increase in water velocity to v, as shown in fig,2.8. What
length of time is required for the sphere to reach the new equilibrium po-
sition?

The equation of motion in the tangential direction is

Z F, = —Fe,sinf + Fp, cos(¢ + 8) (2.65)

applying Newton’s second law
Ma, = F, (2.66)
where M includes the added mass, the equation (2.66) can be written as
d*6 .
(m, +Ix,m)ld—t2- = —Fe,sin@ + Fp, cos(¢ + 8) (2.67)
Let Fp, = Cv,?, where v, is the water velocity relative to the sphere.

¢\/B<
v

- dé
~1 dt

Referring to the figure above v, can be expressed as

do 2 ( de 2
2 _ _1== — s 2.
vt = (v, Idt cosB) + (ldt 51n9) (2.68)

Using trigonometric relations, cos (¢ + ) can be expressed as

cos (¢ + 8) = cos §cos 8 — sin ¢ sin § (2.69)
then o
sing = iﬂj’—’w- (2.70)
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and

Idﬂ
cos ¢ = —Jt—c‘ﬂ (2.71)

substituting cos ¢, sin¢ and Fp, by their respective values into equation

(2.67), one gets

— 48 148 53
(m, + K m)Idtf = —Fe, sin §+Cv? ([v;_l:éﬂ] con 8 — —d%ﬁ— sin 4

which can be simplified to

(my + Ix,m)ldqa = —~Fe,sin8+Cv, [(v; - liﬂ—g- cos ) cos § — (I%g sin @) sin 0]

dt? dt
(2.73)
The above equation is reduced to
(m, + K, m)Idt2 ~Fe,sinf + Cv, (v1 cosf — I—C-i-q) (2.74)
with
211
[(m - l— cos 9) + (I-—- sin§) ] (2.75)
or
214
vy = [ vy —OUII%COSG'FI?((:{?) ] (2.76)

substituting for the value of v, in equation (2.74), one gets

J.
a6 dé dé ., d8.2
prri —Fe,sin6+C (vl cosﬁ—la) [ -..vlldt c059+l(

(2. 77)

Assuming a small angle 8, then sinf = # and cosd = 1, substituting the

(m, + K,;m)l—

values, the final equation is derived and is of the form

. \,d%8 dé dg ., .df.? :
= — ol — 2vy1— —
(m..+Ix,m)ldt Fe,804+C (v1 ldt) [ lldt +t( ]
(2.78)
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21 .
the term [v] — 2v11% + 1(£)"]3 is equal (v, — 148}, Therefore, the equation
can be written as

df

(m,+ K m)t’dt2 = —Fe,0 + C(v, — Idt (2.79)
or
d*8 1 dé
¢y _ av 2 2
a2 (m, T I\’,m)l Fe,B + C‘Ul ‘)C'Ull + Ci ( dt) (280)
Introducing constants K, the final equation is written as
8 = K16 + Kpv,0 + Ka6? + K02 (2.81)
where
K = Fe, 3 W — Fg
1 = = = —C
(m, + K,m)l ~ 2zR, pw(l +228 )
with
4 o3
W = pgV, = ger, Psg
and

Fp = ngVs = %WRaSPwQ

after substitution and rearrangement

K _ 2C1 _ _E Cp
2 (ms+ K,m)l — 2R, (1 + gfr.)
2
Koe CB___3_ Col

(ma+ K,m)l ~ 4R (1 + 221.)
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>

Figure 2.10: Forces on the disc.

and
. C 3 Cp
i -

$Tm + Kam)l T 4R, (1+22)1

The third case proposed to complete the solution is to find the time required

to reach equilibrium for case 2 if the increased horizontal tension component
on the line is applied to a floating disc.
The equation of motion of the disc is as follows:

dvd

(mg + kgm P Tsind - Fp, (2.82)
and
Fey =Tcosd (2.83)
or
Fed
= 84
T cosé (2.84)
Combining to eliminate T
dvg sin
(md + kdln)-d—t = Fed-c—os—a- - FD‘ (2.85)



or

d
(mg + kdm)% = Fegtan — Fp, (2.86)
with
Cp.pui
Fp, = 248274y, — v, )’ (2.87)
Fey
= 2
T cos (2.88)
and
Fey = Fg — W = wR}hg(pw — pua) (2.89)
substituting for Feg and Fp, in equation 2.86, one gets
d
(mq+ kdm)% = wR3hg{py — pa)tant — -C-'D—"{;i"ﬁ(vd -v,)%  (2.90)

Neglecting the added mass effect and dividing both sides by mq = wR3hpy,
developing and rearranging the above equation, one gets the equation ex-
pressing the velocity of the disc as a function of time which can be solved

numerically using the Range Kutta method

dyg Pw = Pd Cp, p Cp, p Cp, Puw
Vg _ (Pw Py g ZDafw 2, ZDalw, . _ ZZalw, 2 (291
dt ( Pa Jtan 2h pg vd h pa Yu¥d = o pdv (2.91)
or
dvg Pw Cp, p Cp, p Cp, Pu
dva _ Pw _ qyiang— =DePu, 2 EDsluw, . ZDaPu, 2 (997
7t (Pd Jtan ok pdvd + h Pdvuvd 2h de (2.92)

The equation is of the form

vg = Kitand — Kovg® + 2Kov,04 — Kyv? (2.93)

9l



Chapter 3

Experimental work

3.1 Introduction

Three groups of experiments were carried out. The vertical distribution of
the mean velocity was first obtained using a combined float. A paramet-
rical study was then undertaken using three different float combinations.
Velocities were measured for two different study -ection lengths. The effect
of the float size was then studied by comparing velocities so obtained to the
ones obtained by Pitot tube. The third group was concerned mainly with
the float migration and the effect of the float size on the diffusivity. Drag
coefficients experiments were also started then discontinued after three sets
of experiments because it appeared that little could be added to what was

in many fluid mechanics textbooks.
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3.2 Laboratory equipments

3.2.1 Description of experimental channels

Experimental investigations were conducted in the hydraulics laboratory of

the University of Ottawa. The tests were performed in two different fixed

horizontal flumes:

1. A small flume with a rectangular section of 12.7 cm wide, 20 cm deep

and 6 m in length.

2. A big flume with a rectangular section of 38.7 cm wide, 61 cm deep

and 12 m in length.

The walls of the two flumes were made of glass permitting a view of the
trajectory and distance travelled by the float. The water supply tank which
introduced the water was attached to the flume in both cases and the flow
leaving the flume was measured by two different means: in the case of the
small flume, at its end the discharge was measured by a weighing tank while
at the end of the big flume, the discharge was measured by a rectangular

weir. In both cases the flows were discharged back to the sump.
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3.2.2 Description of floats

As shown in figure 3.1, the combined floats used in this project consisted of
a circular disc floating on the surface of the water and a sphere submerged
at a certain depth. The discs, having the same thickness, varied in diameter
while the sphere diameter was kept constant. The two parts of the floats

were counected by a monofilament fishing line.

Float Type a (em) [ b(mm) | c(cm)
| a , Float 1 2.5 3.0 1.9
bl I ' Float 2 3.1 3.0 | 1.9
Float 3 3.8 3.0 1.9
Shape Material [Density (kg/m)
°l O Disc Wood 989
Sphere |Polyethylene 1073

Figure 3.1: Description of floats.



3.3 Velocity experiments

3.3.1 Experimental procedure

For each run, the measurements made were as follows:

bo

. Velocity measurements with a Pitot tube were made at three different

sections within the reach. Each section was divided into six points
including the surface and the bottom, the four other points were taken

by incrementing the depth by 0.2D starting from the free surface down

to the bottom.

The combined float was then released with the depths of sphere im-

mersion: f = 0.8D, f =0.6D, f =0.4D and f = 0.2D respectively.

The time t the float took to travel the predetermined distance was
measured using a stop watch. The stop watch was started at the time
the float reached the beginning of the hydrometric section and was
stopped manually when the float reached the end of the predetermined

section of study.

The velocity at the free surface was then determined by releasing the
disc in the channel and taking the time t the disc took to travel the

predetermined section of study.

The depth of flow in the channel and the position of the Pitot tube

at the points where velocities were measured were obtained by means
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of a movable point gage.

6. The water temperature was measured by a thermometer at the be-

ginning and the end of the experiment.

7. The discharge ieaving the flume was measured. The rectangular weir
for the big flume had been already calibrated (1] with the following
rating curve:

Q = 1.847(1 - 0.2h)Ah}

where
@ = discharge of the weir,
[ = length of the weir,

h = head upstream of the weir.

8. To get accurate results, velocity measurements at each depth were

repeated 10 times and the arithmetic mean was taken as a result.

3.4 Drag experiments

The apparatus used is as shown in Figure 3.2. The test bodies were im-
mersed in a flume with a rectangular section of 12.7 cm wide, 20 cm deep
and having a length of 6 m. Supporting rods made of leaf spring 5 mm

wide and nearly 1 mm thick were rigidly fixed to an instrument carriage.
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Two strain gages were placed on the sides of ihe rod at 25 cm from the test
borlies and were wired to a voltmeter or a digital strain indicator via the
terminals.

Before testing the bodies, the relationship between the force and the strain
was determined by experiment and the corresponding calibration curve was
plotted.

When the force was applied to the body, the system deformed showing an
output reading on the strain measuring device that was proportional to the
force. The test bodies were then submerged in water at different depths
and at each depth readings were taken. These readings were related to the
drag on the testing body and the rod all together. The test bodies were
then taken off and the supporting rod was submerged once again in water
at the same depths for which readings were taken before. The strain re-
lated to the drag force on the test bodies was then obtained by subtracting
readings for the supporting rod from those in presence of the test bodies.
In order to calculate drag coefficients, the temperature was measured by a
thermometer for each test run and flow velocities were also measured by
a movable Pitot tube at nearly 1 em upstream of the center of the test-
ing body. The drag coefficient was determined by applying the well-known

formula for the drag force
'02
Fp=C Dp-égA

Drag coefficient Cp is then equal to



where
Fp = drag on the body,
Cp = drag coefficient of the test body,
2 = water density,
vo = velocity of the water,

A = frontal area of the test body.

Strain gages AN ; ::
Leaf Spring\

}.
ﬂ\

Test body

Strain
indicator

Figure 3.2: Experimental set-up for drag measurements.




3.5 Parametrical study

3.5.1 TFloat size effect

When the use of floats and drogues is necessary for current measurements,
the size of their constituent parts then will be of great importance. In order
to see the size effect on velocity measurement, a parametrical study was
carried out. The experiments were conducted in the large lume and two
study sections of 3.8m and 7.6m in length were selected. The floats used
consisted of a combination of a disc and a sphere as previously deseribed
which are balanced to be almost neutrally buoyant. The floating part (the
disc) as shown in Fig 3.1 was allowed to vary in diameter. Three diameters
were selected 2.5 cm, 3.1 cim and 3.8 cm but the thickness was kept constant
and equal to 3 mm. Water depths were first measured with a point gage
mounted to an instrument carriage on the top of the flume, the velocity at
a predetermined depth of immersion was then measured by a Pitot tube
and by the three float combinations respectively. Velocities so obtained are

given in Table 5.15 where they are compared to the Pitot tube ones. The

results will be discussed later.
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3.5.2 Section length effect

In an actual velocity measurement using floats, accurate results can be
obtained if the hydrometric section is sufficiently long and uniform.

In the present investigation, uniformity was insured using the laboratory
flume, the effect of the length ¢ © the reach, however, was to be examined.
Ten experiments were carried out in the large flume using the three float
com:binations previously described. Velocities after travel distances of 3.8
m and 7.0 m were obtained for each float and compared to those obiained
by Pitot tube, Results are presented in Table 5.15 and they are discussed

in section 4.6.2,

3.6 Float diffusion

Float diffusion experiments were started using the same float combinations
used for the parametrical study. After a few observations, the smallest
float combination was excluded due to the fact that in most cases, the float
reached the flume walls at mid-distance of the study section. The experi-
ments were conducted in the large flume. Three scales were placed at about
1 to 2 cm above the water surface. These scales were used to determine the
lateral float diffusion (see Figure 3.3).

The floats were released manually into the flume at a certain distance up-
stream from the first scale and were collected manually at the grid down-

streamn from the third scale. In order to minimize initial disturbances, the
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floats were dropped just above the water surface. To reduce any acceleration
required to bring the float up to the water velocity, floats were moved at an
approxima’ ~ly constant velocity along the surface before dropping them.
The experiments were conducted for two water depths and all the floats
were submerged at the same depth, hence they were exposed to almost the
same conditions during the process of diffusion. For each combination of
float size, travel distance, immersion depth and hydraulic conditions, three
series of experiments were conducted with thirty individually repeated runs.
By repeating the experiments for each float, the lateral diffusion afte: travel
distance of 3.8 m and 7.6 m respectively can be determined from the scale

readings as is shown in the next section.

Gate First scale Second scale Third scale Weir
3.8m from first scale 7.6m from first scale
- ! I '
= | t !
= | ) |
a — Zl 1 Z! | Za
Float release
=
12.00m ’I

Figure 3.3: Top view of the flume and experimental set-up of the float

diffusion experiments.

61



3.7 Experimental data reduction

The relation used for calculating the velocity by Pitot tube was as follows:

v=1/2gAh (3.1)

where
g = acceleration of gravity,

Al = dynamic pressure head.

The float velocities were then determined from the ratio of the distance to

the time the float takes to travel that distance or

v=—

to
. Once velocities using the Pitot tube and the float were obtained, they
were used as the input for the determination of the velocity from the drag-
balance equation obtained as follows
For the disc

2
Vid — VU
Fpg = CDdP(H—.)Z)"Ad (3.2)

-t

where
Fpy = drag force on the disc,

Cpyq = drag coefficient for the disc,
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p = density of water,

vy = velocity of the disc,
vy = velocity measured by Pitot tube at the surface,
4; = arca of the disc.

For the sphere
. )2
FDJ = CDJP(_UE_.)ELQ'AS (3'3)

-

where
Fp, = drag force on the sphere,

Cp, = drag coefficient for the sphere,

P = density of water,

vy, = velocity of the sphere,

vy = velocity of the water at the level of the sphere,
A, = area of the sphere.

Equating the two drags gives:

C (vfd - v2)2 _ (Ul - vf-‘)2 3.4
pap——5——As=Cpp—5~ =4, (3.4)
After simplification and rea.rrangement, we get the equation for v,

v =gy + C A (U!d — v,)? (3.5)
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where

vy, = velocity of the sphere,
vyq = velocity of the disc,
v, = velocity measured by the Pitot tube at the surface.

Sphere and disc drag coefficients as a function of Reynolds number, shown
in Tables 5.1 through 5.4 were obtained from the literature (Figure 2.6).
Velocities, using the three different techniques, were found and the corre-
sponding errors were calculated as shown in Tables 5.5 through 5.8.
These results are discussed below.

In the parametrical study, two parameters were investigated; the length of
the study scction and the size of the floats. Two length reaches of respec-
tively 3.8 m and 7.6 m were selected and three different float combinations
were used in which only the diameter of the disc varied; the sphere diam-
eter, however, was kept constant and equal to 1.9 em. For each run, the
velocity was first determined by a Pitot tube at a selected depth then each
of the three float combinations was used to measure the velocity at that
depth. Velocities so obtained are compared to those obtained from Pitot
tube measurements.,

The data from the float diffusion experiments were used to determine the
properties of the distribution of the lateral migration of the floats. The
frequency distribution of the veriable Az given by Az =2z — 2 in which z,
is the reading of the upstream scale and z, is the reading of the downstream
one, was described by calculating the three characteristics of the distribu-

tion, namely the mean, the variance and the skewness. The method of
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moments was preferred and the following characteristics were ealculated.

The mean or the first moment

1
=5 > Az {3.6)
where N is the number of repetitive runs.

The second moment about the mean is the variance defined as

1 1
0y’ = ¥ 2 (An—p) = N DA -t (3.7)

and the third moment about the mean indicates the skewness of the distri-

bution

_i - 3__1_ .3 2 3
Ho =37 2 (A5 —p) = = 3T A~ Buo’ — p (3.8)

Theoretical variance on the other hand is given by the relation

o? = 0.32%12.1: (3.9)

The velocity terms were eliminated as follows. The shear velocity is related

to the mean velocity of the flow:
U. = —‘(/:E_U (3.10)

Assuming a steady flow and using the simpler formula stating that C varies

as the sixth root of R or

C =

1
R (3.11)
n

substituting for the value of C in equation 3.10 leads to the relation used

to determine the shear velocity

U, = ?—@U (3.12)
Re
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or

U.
T (3.13)

o o3
25

in which n is the Manning’s roughness coefficient equal 0.010 for the type
of flume used (glass and machined metal).
Substituting for the value of %'- into equation 3.9, one gets the expression

for o

o = 0.32n/ga RS (3.14)

Particle variances (equation 3.7) obtained from the method of moments
were plotted together with equation 3.14.
Float diffusivities on the other hand, were calculated using the following

approximate relation given by Ogura [21] :

e _ Vi _ (1) e
& Vu? B lnaz T ot
or simply
G _ % _ %
& o 0.32n/gzRE
where
& = lateral diffusivity, and

€:p = Particle diffusivity.
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For each experimental condition and float combination used, a ratio of
the float o2 to the theoretical variance o2, obtained respectively from the
experiments and equation 3.14, was found and then plotted against the
relative float size %. D is the surface float or disc diameter and R is the
hydraulic radius. Results are plotted in Figure 5.24 and will be discussed

later.
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Chapter 4

Discussion

4.1 Introduction

As discussed in chapter 1, this study was mainly an experimental one di-
vided into three parts. The first one was the measurement of velocity by
combined floats at different depths. The second part consisted of a para-
metrical study in which the float size and the study section length effect
were examined. The third part was the study of float diffusion or lateral
float migration.

The experimental data for the velocity measurement are presented in Ta-
bles 5.1 through 5.8 and the related figures are presented. The data for the
parametrical study are presented in ‘Table 5.15.

Finally, data for float diffusion are presented in Tables 5.16 and 5.17 and
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plotted in Figures 5.23 and 5.24.
Besides the experimental part, a theoretical study of the response of the
floats to accelerating and decelerating flows was carried out and the corre-

sponding results are shown in Figures 5.25 through 5.28.

4.2 Results and analysis of the velocity dis-

tribution

Ten runs were performed in each of the two flumes used. In each run,
the velocity was measured at the central part of the flume at different
depths(from the surface to 0.8 of the depth by an increment of 0.2D) using
both the Pitot tube and the float. To obtain a large range of velocities,
water depths were varied . They ranged from 10 to 14 ¢in when the small
flume was used and from 12.7 ¢cm to 25.4 em (5 to 10 in) when the large
flume was used. Velocities so obtained ranged from 0.4 to 0.95 m/s. The
floats were found to underestimate the velocity in the case of the small
flume, while in case of the large flume, the floats tended to overestimate
the velocity; in other words, the floats tend to move at a velocity higher
than the flow velocity. This is believed to be due to the side effects and the
related boundary layers.

Relative errors for the 100 point measurements were mostly below 5% ex-
cept for 10 points. The location of the latter points close to the bottom of

the channel (at 0.6D and 0.8D) leads cne to conclude that the submerged
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part of the float wes affected by the boundary layer growing from the bot-
tom. However, no boundary layer effect from the side walls was expected
when the floats were released at the center of the lume.

In general, the velocity distribution evidenced & bluntness of the profile.
In case of the large flume, the velocity distribution in the vertical section
follows the logarithmic profile and the maximum velocity seems to occur
at the surface. In case of the small flume, however, the logarithmic profile
extends up from a bottom to a certain depth ranging from 0.4 to 0.2 of the
flow depth; then, the velocity follows the parabolic law.

A fact that was observed when analyzing the data of both the Pitot tube
and the float is that the maximum velocity does not always occur at the
free surface, but sometimes occurs at a certain depth below it. This phe-
nomenon called dip was more pronounced in case of the small lume than

in the case of the large one.

Pitot tube and float measurements in most cases indicated that velocity
variation with depth could not be easily detected above 0.2 and below
0.8 of the total depth. Therefore, and in an attempt to define properly
the distribution of the velocity, special attention was given to the velocity
measurement near the floor and the water surface.

A drag balance equation previously described was also used to calculate
the velocity at the level of the sphere. It can be seen from Tables 5.4
through 5.8 that velocities obtained from the drag balance equation are very

accurate and, contrary to the float case, it is hard to say that drag balance
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overestimates or underestimates the velocity. Nevertheless, it is apparent
that in most of the cases, velocities obtained from the drag balance cquation
are closer to the Pitot tube ones than the float velocities are. Notice that

the drag on the tethered line was neglected and so is the wave drag.

4.3 Comparison of average velocities

The velocity distribution curves obtained from the Pitot tube were inte-
grated over the depth of the flow to find the average velocity and so were
the curves obtained from the float measurements after being extrapolated
near the floor. Also, depending on whether the small or the large flume
was used, an average velocity was calculated from the weighing tank or the
weir respectively. The three average velocities obtained from the different
techniques were compared.

The results (Table 5.9) obtained in the small lumne showed the float aver-
age velocities to be slightly below the Pitot tube ones. In the large flume
however (Table 5.10), float average velocities were found to be above the
average velocities computed from the Pitot tube profile. When compared
to the average velocities obtained by the weir and the weighing tank, float
average velocities were found to be above the average velocities computed
from the weighing method and the weir respectively. There was no apparent
regularity to the differences in the average velocity between the floats and
the other standard laboratory means used in this study, except that, in the

case of the small flume, the floats did underestimate the Pitot tube average
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velocity by an average of 1.46% while in the case of the large flume, floats
did overestimate the Pitot tube average velocity by an average of 2.32%.
On the other hand, floats were found to overestimate the weighing tank and

the weir average velocities by an average of 0.99 and 2.40% respectively,

The cause of the slight difference between average velocities obtained from
the float and the other techniques may be due to the integration method.
The interpolation by straight lines between measured velocities and the
extrapolation of the velocity curves made near the channel bottom may
have resulted in a modification of the curves producing a slight change
in the average velocity computed from the integration. Another source
of error might be the 10 points equally weighted integration method. A
smooth curve interpolation might have produced more accurate average
velocities by the balancing effect.

Finally, human interaction with different equipment such as piezometers,
point gages, and stop watch, may have resulted in an error in determining

the local velocities on the basis of which the average velocity was computed.

4.4 Comparison between average and sur-

face float velocity

For each of the twenty experiments performed, a surface float consisting of

a disc with a 3.8 cm diameter and a density of 989 -r';‘;‘!,- was used to measure

-]
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the velocity at the surface level.

Assuming the Pitot tube average velocity to be the most accurate, surface
velocities obtained from different runs by the surface float were compared
to the corresponding average velocities computed from the trapezoidal in-
tegration of the Pitot tube velocity curves.

The results in Tables 5.11 and 5.12 show that from a point to point compar-
ison, the surface float overestimates the average velocity by an amount that
ranges from 0.68 to 9.77%. However, analyzing the results obtained from
each of the flumes used separately, the surface float was found to overesti-
mate the small and large flume average velocities by an average of 1.97 and
7.17% respectively. This agrees to a certain extent with what was found
by other researchers even though most of them assume that the average

velocity is 15% less than the surface float velocity.

4.5 Comparison of discharges

As mentioned earlier, ten runs were performed in each flume. The velocity
profiles were interpolated using the trapezoidal method to get an average
velocity on the basis of which the discharge was computed. Discharges so
obtained were then compared to those obtained either from the weir in the
case of the large flume or the weighing tank in the case of the small one.

Col.2 in Tables 5.13 and 5.14 shows the discharge measurement by one or
the other laboratory equipment i.e. the weir or the weighing tank. Col.3 on

the other hand, gives values of Q s (discharge obtained from the lintr’qration
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of the float velocity profile).

Assuming that the weir measurements are correct, the percentage of error
for float measurements calculated fmm 100(—Q--LQ-—!Q—“‘l in the case of the large
flume reveals that the floats tended to overestimate the discharge, and that,
the error increases as the discharge increases. The maximum and minimum
errors were found to be 11% and 0.77% respectively. Disregarding the sign,
the average error for the 10 runs was 3.52%; when the sign was considered,
the average error was reduced to 1.96%. In the small flume, however, the
floats were found to overestimate the weighing tank discharge. The average
error calculated from 10012{;_,-—;‘?-'l was 5.16%. Individual percentage of errors
in the case of the small flume ranged from 3.37% to 9.49%. No special trend
in the error was found.

The difference may have resulted from errors in measuring L, D, T and the
weight in the case of the small flume and L, D, T and h of the water at the
upstream end of the weir in the case of the large one. Combination of the
above measured quantities may have resulted in errors in the determination

of the average velocities and areas and consequently the discharge.



4.6 Parametrical study

4.6.1 Effect of the float size

By varying the diameter of the disc (the floating part) and keeping the
sphere diameter constant, the size effect of the floating part on velocity
measurement could be determined.

Measurements were made in the large flume. The three floats overestimate
the velocity. By comparing the velocity obtained by Pitot tube to those
obtained by each of the three floats at the same water depth, it was found
that the smallest flcat size combination gives the smallest value and con-
sequently the closest one to the Pitot tube velocity. The fact that large
floats move at a velocity higher than the flow velocity can be explained as
follows: If the volume occupied by the float were filled with a mass of the
flowing water, then a certain part of its kinetic energy would be dissipated
in eddies. Since these energy losses do not take place in presence of the
float subjected to the same external forces as those acting on the equivalent
fluid mass, then the float velocity is higher than the flow velocity. Thus, it

is evident that small floats move at velocities nearer to the flow velocity.



4.6.2 Effect of the study section length

In order to study the effect of the section length on velocity determina-
tion, measurements were first made at the center of the large flume with
the Pitot tube; then, the floats were released and the velocities were de-
termined after a travel distance of 3.8 and 7.6 m respectively. The reason
for choosing 3.8 m and 7.6 m is to investigate the effect of the length to
width ratio on velocity determination. In fact, 3.8 m and 7.6 m represent
the commonly used ratio of 10 and 20 times the width of the channel.

From Table 5.15, it can be seen that velocities ubtained after a travel dis-
tance of 3.8 m were more accurate than those obtained after a 7.6 m travel
distance. This was evident after analyzing the float diffusion data which
showed the float diffusivities to be proportional to the longitudinal dis-
tance. In other words, the lateral float migration results in a timing error
much larger in the case of 7.6 m than it is in the case of a 3.8 m distance.
Therefore, it can be concluded that a study section length of 10 times the
channel width appears to be appropriate and more suitable for average

velocity measurements.

4.7 Float diffusion

As presented in Tables 5.16 and 5.17, three properties, namely, the mean,

the variance and the skewness of the lateral migration of the floats were
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obtained from experiments. Values of 2 calculated from the equation
o = 0.32n,/GaRé

representing theoretical values for diffusion of a dissolved substance were
plotted in Figure 5.23 together with the experimental values o,

Also, float diffusivities were evaluated from the equation €., = %u(y)g,_,‘;:
and normalized with the depth-averaged coefficient of transverse mixing
€ = 0.16u_ .

The relative float diffusivities so obtained were plotted against the relative

float size % in which D is the disc diameter and R is the hydraulic radius.

Results (sce Figure 5.23) showed that for a given hydraulic condition, the
float variance increases as the float size decreases. On the other hand,
float variance was found to increase as the travel distance increases. No
special trend indicating that the variance will increase with the increase
of either the float size or the travel distance were found. Also, the figure
showed that, in both cases, the lateral diffusion obtained when considering
a dissolved matter is relatively higher than the float diffusion and again
no regular trend was found as to how much greater the diffusion can be.
Therefore, based on the above observations, it can be concluded that fioats
of the size used can not be treated as discrete particles or dissolved matter
and that, the difference in the lateral diffusion is related to the float size.
Figure 5.24, on the other hand, shows that the results obtained for the
two experiments were consistent and the relative float diffusivity decreases
exponentially as the relative float size increases. Also, the figure showed

the same behavior and a qualitative agreement with the kinematic model

7



of Ogura [21]. Nevertheless, we failed to determine the largest eddy size

that fits the experimental values.

4.8 Dynamical response

Three cases were studied. A sphere accelerating in water was first invest;-
gated, every single force was talen into consideration except the historical
term known also as the Besset integral. The problem was first formulated
and the integration was performed manually assuming an increase of 10%
in water velocity and finding the time the sphere takes to reach 99% of
the new velocity. The solution found suggests that the time response is
inversely proportional to the flow velocity, the sphere radius and the den-
sty ratio. Even though 99% of the new velocity is really difficult if not
impossible to reach, the solution shows that a few seconds are sufficient for
a sphere to reach its new velocity. For spheres of diameter less than the

one considered, the time response is even better.

The second case, on the other hand, was to study the time response when
a submerged sphere tethered to a line is subject to an accelerating flow.
The formulation of the problem led to a second order nonlinear differen-
tial equation. The equation was solved numerically since an exact solution
cannot be obtained. The Runge-Kutta method was selected for this pur-

pose. The program listing and & sample computer result are presented in



the appendix. As given in the appendix, the angular displacement and the
angular velocity were determined for different density ratios and plotted
against the time. This procedure was repeated for different density ratios
(i.e f:=2,3,4,5). The time required was then obtained for different combi-
nations of parameters. As it can be seen from Figures 5.25 through 5.28,

less than 2 seconds are sufficient for the system to reach its new equilibrium,

The third case is to investigate the time response when the increased hori-
zontal component of the tension resulting from case 2 is applied to a floating
disc. The formulation led to a differential equation that is a function of the
angle 8, the velocity of the disc vy and the time t. The external forces in
the equation were known and an expression for the angle  was needed.
The integration of the angular velocity found in case 2 was performed as
given in the appendix. The constants were then determined using boundary
conditions (i.e initial and final values) and substituted into equation 2.86,
a final expression was found which relates the time and the disc velocity.

This equation, which was not solved, has the following form:
¥y = Kytan® — Kyvg® + 2K,v,0y — Kyv? (4.1)

and the angle 8 obtained from the integration is defined as:

Yy ke k.
Frorae  |cos(wttg)+—sin(wi+ @) +C (42)
where
w = frequency,



angle,
coefficient for the decaying exponential response,

time.
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Chapter 5

Conclusions

The conclusions that can be drawn from this study are:

o Combined float techuiques are well suited for velocity and discharge

measurements.

o Combined floats underestimated the velocity in the case of the small
flume. It is believed this is due to the wall effects and the related
boundary layers. In the large flume however, floats overestimated the
velocity. This is thought to be possibly due to one of two effects:
1) the fact that the disc is in the zone of highest velocity or 2) the
calibration of the Pitot tube used for the large flume.

o Combined floats overestimated the average velocities measured by

both the weir and the weighing tank by an average of 2.40% and
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0.99% respectively.

Combined floats overestimated the Pitot tube average velocities by
an average of 2.32% in the case of the large fiume, in the casc of the
small flume, however, floats underestimated the Pitot tube average
velocities by an average of 1.46%. The reasons for this are believed to

be the same as mentioned for the individual velocity measurements.

The most accurate measurements were obtained with the smallest
float in a relatively small study section length (about 10 times the
channel width). This is due to the lesser effects of float diffusion for

this case.

Average errors on discharge measurements were 3.52% and 5.16% in

the large and small flumes respectively, for the same reasons previ-

ously given.

For a given condition, lateral float diffusivity decreased with increas-

ing the float size.

Float variance increases as the float size decresses and the travel

distance increases.

The diffusion of a dissolved substance is relatively higher than the
lateral diffusion of the floats (due to their size, floats of the kind used

can not be treated as a dissolved matter or discrete particles).



Table 5.1: Determination of drag coefficients (Float submerged in the small
flume)

Water || Measurement || Velocity by | Reynolds No. |Dra.g Coefficient
Depth Level Pitot tube | Disc | Sphere | Disc | Sphere |
surface 0.536
0.2d 0.548 15065
10.00 0.4d 0.551 21150 | 15147 | .12 0.43
0.6d 0.548 15065
0.8d 0.542 14900
surface 0.453
0.2d 0.474 13030
10.50 0.4d 0.471 17875 | 12948 || 1.12 0.40
0.6d 0.471 12048
0.8d 0.464 12755
suiface 0.562
0.2d 0.582 16000 0.44
11.00 0.4d 0.576 22177 | 15843 || 1.12 0.44
0.6d 0.571 15697 0.44
0.8d 0.556 15284 0.43
surface 0.488
0.2d 0.500 13745
11.50 0.4d 0.500 19256 | 13745 || 1.12 0.41
0.6d 0.498 13690
0.8d 0.490 13470
surface 0.583
0.2d 0.608 16714
12.00 0.4d 0.605 23005 | 16631 | 1.12 0.44
0.6d 0.602 16549
0.8d 0.594 16330
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Table 5.2: Determination of drag coefficients (Float submerged in the small

flume)
Water || Measurement Velocity by Reynolds No. || Drag Coefficient
Depth Level Pitot tube (m/s) | Disc [ Sphere || Disc | Sphere
surface 0.621
0.2d 0.642 17649 0.45
12.50 0.4d 0.642 24505 | 17649 | 1.12 0.45
0.6d 0.044 17704 0.45
0.8d 0.629 17291 0.44
surface 0.611
0.2d 0.629 17291
13.00 0.4d 0.626 24110 | 17209 | 1.12 0.44
0.6d 0.631 17346
0.8d 0.628 17264
surface 0.642
0.2d 0.652 17923
13.50 0.4d 0.649 25333 | 17841 || 1.12 0.45
0.6d 0.654 17978
0.8d 0.646 17759
surface 0.657
0.2d 0.671 18446
14.00 0.4d 0.674 25925 | 18528 | 1.12 0.45
0.6d 0.676 18583
0.8d 0.668 18363
surface 0.637
0.2d 0.660 18143
14.00 0.4d 0.652 25136 | 17923 | 1.12 0.45
0.6d 0.652 17923
0.8d 0.654 17978
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Table 5.3: Determination of drag coefficients (Float submerged in the large
flume)

Water || Mzasurement || Velocity by || FKeynolds No. | Drag Coefficient
Depth Level Pitot tube || Disc | Sphere || Disc | Sphere
surface 0.630
0.2d 0.620 17044
12,70 0.4d 0.611 24860 | 16796 | 1.12 0.44
0.6d 0.604 16604
0.8d 0.580 15944
surface 0.663
0.2d 0.637 17511
13.97 0.4d 0.621 26162 | 17072 | 1.12 0.44
0.6d 0.604 16604
0.8d 0.565 15532
surface 0.710
0.2d 0.694 19078 0.45
15.24 0.4d 0.682 28000 | 18748 | 1.12 0.45
0.6d 0.664 18253 0.45
0.8d 0.620 17044 0.44
surface 0.735
0.2d 0.723 19875
16.51 0.4d 0.723 29000 | 19875 | 1.12 0.45
0.6d 0.706 19408
0.8d 0.670 18418
surface 0.760
0.2d 0.757 20810
17.78 0.4d 0.757 29989 | 20810 | 1.12 0.45
0.6d 0.743 20425
0.8d 0.723 19875
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Table 5.4: Determination of drag coefficients (Float submerged in the large

flume)
Water | Measurement Velocity by Reynolds No. |i Drag Coefficient
Depth Level Pitot tube (m/s) | Disc | Sphere || Disc Sphere
surface 0.825
0.2d 0.813 22350
19.05 0.4d 0.815 32550 | 22404 | 1.12 0.46
0.6d 0.805 22129
0.8d 0.773 21250
surface 0.815
0.2d 0.810 22967
20.32 0.4d 0.810 32160 | 22267 || 1.12 0.46
0.6d 0.805 22129
0.8d 0.778 21387
surface 0.848
0.2d 0.850 23367
21.59 0.4d 0.852 33462 | 23422 || 1.12 0.46
0.6d 0.852 23422
0.8d 0.847 23284
surface 0.884
0.2d 0.888 24411
22.86 0.4d 0.892 34880 | 24521 | 1.12 0.47
0.6d 0.895 24604
0.8d 0.878 24136
surface 0.813
0.2d 0.813 22349
25.40 0.4d 0.813 32000 | 22349 || 1.12 0.46
0.6d 0.807 22184
0.8d 0.784 21552
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Table 5.5: Comparison of velocity measurements by pitot tube to those

obtained from drag-balance equation and floats (Small flume).

Water " Measurement Velocity (m/s) Error (%)
Depth | Level Pitot | Float | Drag Balance
(Cm) Up L [#]s] 2%:—’!' EL:;ER
surface 0.536 | 0.529 1.30
0.2d 0.548 | 0.541 0.548 1.28 0
10.00 0.4d 0.551 ( 0.542 0.549 1.63 | 0.36
0.6d 0.548 | 0.543 0.550 0.91 | -0.36
0.8d 0.542 | 0.535 0.542 1.29 0
surface 0.453 | 0.441 2.65
0.2d 0.474 | 0.453 0.466 443 | 1.68
10.50 0.4d 0.471 | 0.458 0.471 2.76 0
0.6d 0.471 | 0.457 0.470 2.96 | 0.21
0.8d 0.464 | 0.438 0.451 5.60 | 1.30
surface 0.562 | 0.545 3.03
0.2d 0.582 | 0.567 0.584 2.57 | -0.34
11.00 0.4d 0.576 | 0.577 0.589 -0.17 | -2.26
0.6d 0.571 | 0.568 0.585 0.53 | -2.45
0.8d 0.556 | 0.549 0.566 1.26 | -1.79
surface 0.488 | 0.480 1.64
0.2d 0.500 | 0.491 0.499 1.80 | 0.20
11.50 0.4d 0.500 | 0.490 0.498 2.00 | 0.40
0.6d 0.498 | 0.487 0.495 2.21 | 0.60
0.8d 0.491 | 0.480 0.488 2.24 | 0.61
surface 0.583 | 0.570 2.23
0.2d 0.608 | 0.585 0.598 3.78 | 1.64
12.00 0.4d 0.605 | 0.587 0.600 2.97 | 0.83
0.6d 0.602 | 0.577 0.590 415 { 1.99
0.8d 0.594 | 0.570 0.583 4.04 | 1.85
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Table 5.6: Comparison of velocity measurements by pitot tube
obtained from drag-balance equation and floats (Small flume).

to those

Water || Measurement Velocity (m/s) Error (%)
Depth Level Pitot | Float | Drag Balance
(Cm) Up vy vp E’.L:;‘i '-J’:—:Q
surface 0.621 | 0.615 0.96
0.2d 0.642 | 0.640 0.646 0.31 | -0.62
12.50 0.4d 0.642 | 0.645 0.651 -0.47 | -1.40
0.6d 0.644 | 0.636 0.642 1.24 | 0.31
0.8d 0.629 | 0.620 0.626 1.43 | 0.48
surface 0.611 | 0.591 3.27
0.2d 0.629 | 0.615 0.635 2,23 | -0.95
13.00 0.4d 0.626 | 0.623 0.643 0.48 | -2.72
0.6d 0.631 | 0.620 0.640 1.74 | -1.43
0.8d 0.628 | 0.596 0.616 510 | 1.91
surface 0.642 | 0.626 2.49
0.2d 0.652 | 0.652 0.668 0 | -245
13.50 0.4d 0.649 | 0.651 0.667 -0.30 | -2.77
0.6d 0.654 | 0.642 0.658 1.83 | -0.61
0.8d 0.646 | 0.630 0.646 2.48 0
surface 0.657 | 0.642 2.28
0.2d 0.671 | 0.668 0.683 0.45 | -1.79
14.00 0.4d 0.674 | 0.665 0.680 1.33 | -0.89
0.6d 0.676 | 0.662 0.677 2.07 | -0.15
0.8d 0.668 | 0.648 0.663 2.99 | 0.75
surface 0.637 | 0.620 2.67
0.2d 0.660 | 0.642 0.659 2.73 | 0.15
14.00 0.4d 0.652 | 0.645 0.662 1.07 | -1.53
0.6d 0.652 | 0.650 0.667 0.31 | -2.30
0.8d 0.654 | 0.630 0.647 3.68 | 1.07
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Table 5.7: Comparison of velocity measurements by pitot tube to those
obtained from drag-balance equation and floats (Large flume).

Water | Measurement Velocity (m/s) Error (%)
Depth Level Pitot | Float { Drag Balance
(Cm) v | vy vp el e
surface 0.630 | 0.625 0.79
0.2d 0.620 | 0.630 0.625 -1.61 | -0.81
12.70 0.4d 0.611 | 0.629 0.624 -2.95 | -2.13
0.6d 0.604 | 0.619 0.614 -2.48 | -1.66
0.8d 0.580 | 0.593 0.588 -2.24 | -1.38
surface 0.663 | 0.665 -0.30
0.2d 0.637 | 0.658 0.656 -3.29 | -2.98
13.97 0.4d 0.621 | 0.653 0.651 -5.15 | -4.83
0.6d 0.604 | 0.646 0.644 -6.95 | -6.62
0.8d 0.565 | 0.629 0.627 -11.33 | -10.97
surface 0.710 | 0.691 2.68
0.2d 0.694 | 0.681 0.681 1.87 | 1.87
15.24 0.4d 0.682 | 0.707 0.688 -3.67 | -0.88
0.6d 0.664 | 0.700 0.681 -5.42 | -2.56
0.8d 0.620 | 0.678 0.659 -9.35 | -6.29
surface 0.735 | 0.748 1.77
0.2d 0.723 | 0.735 0.722 -1.66 | 0.14
16.51 0.4d 0.723 | 0.744 0.731 -2.90 | -1.11
0.6d 0.706 | 0.736 0.723 -4.25 | -2.41
0.8d 0.670 | 0.735 0.722 -9.70 | -7.76
surface 0.760 | 0.763 -0.39
0.2d 0.757 | 0.769 0.766 -1.58 | -1.19
17.78 0.4d 0.757 | 0.769 0.766 -1.58 | -1.19
0.6d 0.743 | 0.763 0.760 -2.69 | -2.29
0.8d 0.723 | 0.758 0.755 -4.84 | -4.43
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Table 5.8: Comparison of velocity measurements by pitot tube to those
obtained from drag-balance equation and floats (Large flume).
Water || Measurement Velocity (m/s) Error (%)
Depth Level Pitot | Float | Drag Balance
(Cm) Y» vy vD sl B
surface 0.825 | 0.816 1.09
0.2d 0.813 | 0.804 0.813 1.10 0
19.05 0.4d 0.815 | 0.812 0.820 0.37 | -0.61
0.6d 0.805 | 0.812 0.803 -0.86 | 0.25
0.8d 0.773 | 0.813 0.804 -5.17 | -4.00
surface 0.815 | 0.845 -3.68
0.2d 0.810 | 0.850 0.820 -4,93 | -1.23
20.32 0.4d 0.810 | 0.843 0.813 -4.07 | -0.37
0.6d 0.805 | 0.841 0.811 -4.47 | -0.74
0.8d 0.778 | 0.815 0.785 -4.76 | -0.90
surface 0.848 | 0.871 -2.71
0.2d 0.850 | 0.859 0.836 -1.06 | 1.65
21.59 0.4d 0.852 | 0.872 0.849 235 0.35
0.6d 0.852 | 0.860 0.837 -0.94 | 1.76
0.8d 0.847 | 0.869 0.846 -2.59 | 0.12
surface 0.884 | 0.916 -3.64
0.2d 0.888 | 0.914 0.883 -2.93 | 0.56
22.86 0.4d 0.892 | 0.905 0.874 -1.46 | 2.02
0.6d 0.895 | 0.908 0.877 -1.46 | 2.02
0.8d 0.878 | 0.910 0.879 -3.64 | -0.14
surface 0.813 | 0.790 2.83
0.2d 0.813 | 0.805 0.828 0.98 | -1.85
25.40 0.4d 0.813 | 0.803 0.826 1.23 | -1.60
0.6d 0.807 | 0.805 0.826 0.25 | -2.35
0.8d 0.784 | 0.780 0.803 0.51 | -2.42
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Table 5.9: Comparison of average velocities (Small flume)

Pitot tube || Float || Weighing Error (%)

v, Vi || Tank V, EE‘}?‘* ‘_’15’_"1
0.511 0.510 0.500 -0.20 ) 1.96
0.436 0.425 0.430 -2.69 1 -1.18
0.535 0.530 0.505 -0.93 | 4.72
0.4G6 0.457 0.450 -1.93 | 1.53
0.561 0.546 0.542 -2.67 | 0.73
0.598 0.597 0.585 -0.17 | 2.01
0.587 0.575 0.578 -2.04 | -0.52
0.609 0.606 0.593 -049 | 2.15
0.634 0.620 0.612 -221 | 1.29
0.611 0.603 0.620 -1.33 | -2.82

Table 5.10: Comparison of average velocities (Large flume)

Pitot tube || Float | Rectangular Error (%)
v, Vi | Weir v, | g | Ho
0.569 0.577 0.582 1.39 | -0.87
0.573 0.600 0.568 4.50 5.33
0.626 0.646 0.663 3.19 -2.63
0.663 0.689 0.G87 3.97 0.29
0.700 0.715 0.692 2.10 3.22
0.754 0.760 0.760 0.79 0.00
0.752 0.783 0.770 3.96 1.G6
0.795 0.810 0.760 1.85 6.17
0.832 0.855 0.784 2.69 8.30
0.753 0.745 0.726 -1.07 | 2.55
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Teble 5.11: Comparison between surface and average velocity (Small
flume).

Run Velocity by Average velocity || Error (%)
No | surface float v, || from Pitot tube V, ﬁ{:—;&
1 0.529 0.511 3.40
2 0.441 0.436 1.13
3 0.545 0.535 1.83
4 0.480 0.4066 2,92
] 0.570 0.561 1.58
6 0.615 0.598 2.76
T 0.591 0.587 0.68
8 0.626 0.609 27
9 0.642 0.634 1,25
10 0.620 0.611 1.45




Table 5.12: Comparison between surface and average velocity (Large
flume).

Run Velocity by Average velocity || Error (%)
No || surface float v, || from Pitot tube V, ﬂ{"—_]Vz
1 0.625 0.577 7.68
2 0.665 0.600 9.77
3 0.691 0.046 6.51
4 0.748 0.689 7.89
5 0.763 0.715 6.29
6 0.816 0.760 6.86
T 0.845 0.783 7.34
8 0.871 0.810 7.00
9 0.916 0.855 6.66
10 0.790 0.745 3.70
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Table 5.13: Comparison of discharges (Small flume).

Run Discharge *10*(m?/s) Error (%)
No [l Weighing tank@, | Float Q; QJQC'&
1 6.17 6.47 4.63
2 5.41 5.67 4.58
3 6.39 7.00 9.49
4 6.29 6.67 5.70
9 7.91 . 831 4.81
6 8.90 0.40 5.92
T 9.17 0.49 3.37
8 9.95 10.38 4.14
9 10.G60 11.02 3.81
10 10,17 10,72 5.13

Table 5.14: Comparison of discharges (Large flume).

Run (| Discharge *10%(m?3/s) (| Error (%)
No || Weir Q, [ Float Q, | 2459«
1 28.62 27.97 -2.32
2 30.73 30.97 0.77
3 37.31 36.92 -1.06
4 40.51 39.10 -3.61
b 44.23 44.72 1.05
6 48.56 48.17 -0.81
7 | 5123 | 5308 9 348
8 55.50 58.G0 5.29
9 61.62 65.43 0.82
10 64.23 T2.17 11.00
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Figure 5.1: Comparison between Pitot tube and Hloat velocity (small fluine).
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Figure 5.2: Comparison between Pitot tube and Hoat velocity (small flumne).
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Figure 5.3: Comparison between Pitot tube and float velocity (small flume).
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Figure 5.4: Comparison between Pitot tube and float velocity (small flume).
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Figure 5.5: Cowmparison hetween Pitot tube and float velocity (sinall fhune).
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100



14
=T Depth of water = 13.00cm
10 |
T sl a = Float
L o = Pitot tube
<
5 sf
a
4 -
2 s
O { |

0.40 0.45 0.50 0.55 0.60 0.65
Velocity (m/s)

Figure 5.7: Comparison between Pitot tube and float velocity (smnll flume).
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Figure 5.8: Cowmparison between Pitot tube and float velocity (siuall fluine).
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Figure 5.9: Comparison between Pitot tube and float velocity (small flume).
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Figure 5.12: Comparison between Pitot tube and float velocity (large flume)
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Figure 5.13: Cowmparison between Pitot tube and float velocity (large fhume)
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Figure 5.14: Comparison between Pitot tube and foat velocity (large lume)
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Figure 5.15: Comparison hetween Pitot tube and float velocity (Iarge flume)

21
18 |
Depth of water = 19.05cm .

15 |
T Ll o = Float
=) © = Pitot tube
=
5 of
o

8 |

3 =

0 1 1 1 ] ] 1

0.45 050 0.55 0.60 0.65 070 075 0.80 0.85

\ Velocity (m/s)

Figure 5.16: Comparison between Pitot tube and float velocity (large flume)
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Figure 5.17: Comparison between Pitot tube and float velocity (large (hune)
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Figure 5.18: Comparison between Pitot tube and float velocity (large flume)
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Figure 8.19: Comparison between Pitot tube and float velocity (large flume)
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Figure 5.20: Comparison between Pitot tube and float velocity (large flume)
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Figure 5.21: Comparison of average velocities in the small flume
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Figure 5.25: Angular velocity and displacement (case 2: density ratio=2).
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Figure 5.26: Angular velocity and displacement (case 2: density ratio=3).
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Integration of the angular velocity found in case 2

The angular velocity is of the form

Xsin(wt + ¢)e™ (.1)

The angular displacement then, can be found as follows:

j.sz'n(wt + ¢)e~dt = -le /e‘“d(coa(wt +4)) (-2)
= _5 [e'“cos(wt +¢)— f cos(wt + ¢)d(e“")] (:3)
= _% [e-“cos(wt +¢)+k f cos(wt + ¢)e""dt] (:4)
= —:—J- [e'“cos(wt +é)+ 5':' je"k‘d(-?in(m + ¢))] (:5)

[e"“cos(wt + ¢) + g [e"“sin(wt + ) — fsz'n(wt + ¢)d( e'“)]]
6)

\ 2
[e"“cos(wt + ¢) + ‘-I;-e”"‘sin(wt + ¢) + %jsin(mt + ¢le~Mdt

(-7)
kz

_ l -kt __A'_'_ -kt . N . ket
=—-e cos(wt + ¢) € szn(wt+¢)—w2/sm(wt+¢)e dt (.8)

E|lr

rearranging we get

% »
fsin(wt + qS)e'“dt-]—%/sin(wt + ¢le~Ftdt = —%e""‘ [cos(wt +¢) + ;sm(wt + ch)]

.9)
(1+ %-Z) j sin(wt + ¢)e~"dt = —i-e-kt [cos(wt + @) + gsin(wt + ¢)j

(110)
] sin(wt + ¢)e~*dt = —(—I—;Lﬂ)e"“ [cos(wt +é)+ %sin(wt + gb)] (.11)



. ~kt gy _ W ~kt _l‘_ :
| f.sm(wt + @)e™dt = Tt [cos(wt +¢) + wszn(wt + ¢)] +C
(.12)
Multiplying both sides by X, one gets the expression for the angular dis-
placement
X fsin(wt + e Mdt = - _xokt cos(wt + ¢) + fc-.sz'n(r.wi.‘ + ¢)|+C
k2 4 w2 w

(-13)

where C is the constant of integration.
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FILE: SAM2 FORTRAN *  UNIV D'/OF OTTAWA CMS

c SAMPLE PROGRAM TO SOLVE THE DIFFERENTIAL EQUATION OBTAIND IN CASE2 SAMO0O10

INTEGER N, INO,NW,1ER,K, IV

REAL Y{3).C(24),W(3,9),X,TOL,XEND,T(2000),v(2000),Z(2000),U(2000)
EL

COMMON v

EXTERNAL FCN1
CALL ANYDEV

DO 100 Ivm1,3
VEL=D,5+{Iv~1)*.2
N

Na3
X=0.0
YE1 =0.05
v(2)=0.0
TOL=0.001
INDs=1
DO 10 Kw1,350
XEND=FLOAT (K) *.01
c IF (XEND,.GE.60) XEND=FLOAT(K-9)*60
CALL DVERK(N,FCN1,X,Y,XEND,TOL,IND,C,NW,W, IER)
c IF (IND.LT.0.0R.IER.GT.0) GO TO 20
T(K)=XEND
U{K)mv (1
V{K)my (2
Z(K)=y(3
WRITE(2,*) T(K),U(K),v(K)
10 CONTINUE
100  CONTINUE
CALL HWROT('AUTO')
CALL NOBRDR
CALL PAGE(8.5,11.)
c CALL SWISSM
CALL THKFRM(0.01)
CALL PHYSOR(1.5,6.3)
CALL AREA20(S.,3.)
CALL FRAME
CALL HEIGHT {.15)
CALL HEADIN(*ANGULAR DISPLACEMENT VS TIMES',100,1.0
CALL HEADIN('FOR DIFFERENT WATER VELOCITIESS’,100,1
CALL HEADIN(®(L=10CM,CDw0.5,DENSITY RATIO=2.0)$°,10
CALL MESSAGE 'SL-1ocu)s'.1oo.z.o.1.o)
CALL MESSAGE(®
CALL CROSS
CALL XNAME&’TIME (S)$°,8)
CALL YNAME(’ANGULAR DISPLACEMENTS$',20)
CALL GRAF(C.,0.5,4.0,0.,0.3,1.2)
CALL HEIGHT (.08)
CALL LINES(’VELOCITY=0.5 M/S$*, IPAK,1
CALL LINES('VELOCITY~0.7 M/SS$’,IPAK,2
CALL LINES('VELOCITY=0.9 M/S$’,1PAK,3
CALL LINES({’VELOCITY=0.B M/S$’,1PAK,4
CALL LINES{'VELOCITY=1.4 M/S$’,IPAK,S
CALL LINES{'VELOCITY=1.5 M/S$',1PAK,6
REWIND 2

0

o0 OO0

oo

124

L=10CM,CD=0.5,DENSITY RATIO=2.0)%*,100,0.7,2.6)

c USING RUNGE-KUTTA METHOD, THEN TO PLOT THE RESULT (DENSITY RATIOS=2SAM0O0020

SAMOQ0D30
SAM0O0040
SAMO0050
SAMOO0E0
SAMO0Q70
SAMO00B0
SAMC0090
SAMO01C0
SAMO0110
SAMO0120
SAM00130
SAM00140
SAM00150
SAMO0150
SAMO0170
SAMO0180
SAM00190
SAM00200
SAM00210
SAMO0220
SAMO0230
SAMO0240
SAM00250
SAMOD260Q
SAMO0270
SAMO0280
SAM00290
SAMO0300
SAMO0310
SAMO0320
SAM00330
SAMO0340
SAMO0350
SAMO0360
SAMOO370
SAM00380
SAMOO380
SAM0O0400
SAMOO410
SAM00420
SAMO0430
SAMO0440
SAM00450
SAM0O0460
SAMD0470
SAM00480
SAMOD490
SAMO0500
SAM00510
SAM00520
SAMO0S530
SAMO0540
SAMOOS50

PAGE 00001



FILE: SAM2 FORTRAN *  UNIV D'/OF OTTAWA CMS PAGE 00002

DO 41 Jymi,3 SAMOOS60

DO 42 KK=1,350 SAMO0S570
READ(2,*) T(KK),U(KK) SAMO0S80

42 CONTINUE SAMODSS0

¢ DO 45 I=1,500 SAMODS00
c T(1)=T(I SAMO0610
c u(1)=u{1 SAMO0620
¢ 45 CONTINUE SAMO0530
CALL CURVE(T,U,350,50) SAMD0S40

41 CONTINUE SAMD0650
CALL LEGEND (IPAK,3,3.4,0.1) SAMO0660

CALL ENDGR(0) SAMO0B70

CALL FHYSOR(1.5,2.20) SAMODEB0

CALL AREA20(B.,3.) SAMO0ES0

CALL FRAME SAM00700

CALL HEIGHT {.15) SAMD0710

c CALL HEADIN(’ANGULAR VELOCITY VS TIME$',100,1.0,1) SAMD0720
c CALL HEADIN{'FOR DIFFERENT WATER VELOCITIES$',100,1.0,3) SAMDO730
c CALL HEADIN(®(L=10CM,CD=0.5,DENSITY RATIO=2.0)$',100,0.8,1) SAMO0740
c CALL MESSAGE(®(L=10CM,CD=0.5,DENSITY RATIO=2.0)$’,100,0.7,2.6) SAMO0750
CALL XNAME('TIME (S)$'.8) SAMO0760

CALL YNAME(’ANGULAR VELOCITY$’,16) SAMOOT70

CALL GRAF(0.,0.5,4.0,-1.,0.5,3.0) SAMOO780

CALL HEIGHT (.08) SAMDO790

CALL LINES{'VELOCITY=0.5 M/S$*,IPAK,1 SAMOOBC0

CALL LINES('VELOCITY=0.7 M/S$’,IPAK,2 SAMO0B10

CALL LINES(’VELOCITY=0.9 M/S$’',IPAK,3 SAM00820

c CALL LINES('VELOCITY=0.8 M/S$',IPAK,.4 SAMO0830
c CALL LINES('VELOCITY=1.4 M/S$’,IPAK,S SAMO0840
c CALL LINES{’VELOCITY=1.5 M/5$',1PAK,6 SAMD0BS0
REWIND 2 SAMD0BG0

DO 51 JJm1,3 SAMD0870

DO 52 KK=1,350 SAMO0880
READ(2,*) T(KK),U(KK),V{KK) SAMO0890

52 CONTINUE SAMD0900
CALL CURVE(T,v,350,50) SAMOD910

S1 CONTINUE SAM00920
CALL LEGEND (IPAK,3,3.4,1.5) SAM00920

CALL ENDGR(O SAMDO940

CALL ENDPL(O SAMD0S850

CALL DONEPL SAMD0S60

STOP SAMD0970

END SAMO0980
SUBROUTINE FCN1({N,X,Y,YPRIME) SAMO0990
INTEGER N SAMO1000
COMMON VEL SAM01010

REAL Y(N),YPRIME(N),X,A,B,L,D SAM01020
Ctttt bt SAM01030
Am-39,24 SAMO1040
Bw-7.89 SAMO1050

Lm0, 395 SAMO1050
Dw39.5 SAMO1070
CHrd - SAMO1080
YPRIME(1)=Y(2) SAMO1080
YPRIME(2)}mA%Y(1)4B2Y(2) *VEL+L*Y(2) **2+D*VEL*92 SAMO1100
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Y(3)=YPRIME(2) SAMO1110
RETURN SAMO1120
END SAMO1130
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