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Abstract

This thesis introduces a triple variable framework for Schubert calculus that general-
izes traditional single and double versions. The primary focus of this work is the com-
putation of structure constants for the equivariant cohomology of flag varieties. First, I
provide a new proof of Triple Pieri rules, which offer explicit formulas for the product of
certain geometric classes. These rules are derived using skew divided difference operators
and identities within Hecke-type algebras. Second, I develop pipe puzzles, a visual and
combinatorial model for computing these structure constants. This model is specifically
designed for permutations with separated descents. It generalizes earlier structures, in-
cluding bumpless pipe dreams and the puzzle model of Knutson and Zinn-Justin. In the
proof of this model, I utilize lattice models and the Yang—Baxter equation. I also provide
the code used to compute R-matrices for specific representations. A key finding of this
research is that triple Schubert structure constants satisfy two types of recurrence rela-
tions. This suggests that although the triple framework is broader than its predecessors,
its underlying proofs can be simplified. Third, I present the major geometric contribution
of this work: a new interpretation of triple variables as equivariant parameters within
higher-dimensional flag varieties. This perspective allows for the proof of equivariant
positivity conjectures originally proposed by Samuel and Kirillov. The proof relies on a
refined version of Graham’s positivity theorem regarding effective cycles.

Finally, there are several potential applications of these results. The Hecke-type
algebra identities may extend to generalized cohomology theories. The simplified proof
for puzzle rules can likely be applied to other combinatorial models. Additionally, the
R-matrix code can be adapted for further representations. The geometric interpretation
offers a path to explaining positivity in K-theory and beyond.
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CHAPTER 1
Introduction

This thesis is primarily devoted to introducing the author’s research work on triple
Schubert calculus. Combinatorially, we study the expansion of the product of two
double Grothendieck polynomials in different secondary variables

(1.0.1) Gu(r,y) - Gy(z,1) = > (1Y) Gy, t),

w

Setting 8 = 0, one obtains the Schubert polynomial version

(1.0.2) Gu(,y) - Syz,t) =Y el (ty) - Su(z,t),

w

In this thesis, we will introduce results in three directions.

Triple Pieri rules: In [44, Section 7], a triple Pieri rule was stated for Schu-
bert polynomials. In this thesis, we will give a simpler proof via the methods
developed by the author and his collaborators [16].

Pipe puzzles: In [17], the author and his collaborators gave a combinatorial
model when u,v are permutations with separated descents. In this thesis, we
will give a more detailed treatment with its representation-theoretic background.

Graham positivity: In [18], the author and his collaborators proved the Graham
positivity of triple Schubert calculus in the cohomology case. In this thesis, we
will explain the geometric meanings of triple Schubert calculus.

It is worth mentioning that the proof of the triple Pieri rules relies in part on Hecke-type
(nil-Hecke algebras and 0-Hecke algebras) — the formulas for which were generalized by
the author and collaborators in [37].

1.1. Triple Schubert Calculus

Classical Schubert calculus studies the structure constants of the Schubert basis of the
(equivariant) cohomology ring of flag varieties. Combinatorially, this can be reformulated
in terms of Schubert polynomials:

Gu(2)6,(x) Su(z,t)S,(x,t) Su(z,y)6,(x,t)
= 2w CunSu() = 2w Cun(t)Su (2, 1) = 2 Cun(t, )G, 1)
(single) Schubert calculus double Schubert calculus triple Schubert calculus

The geometric meaning of triple Schubert calculus is not immediately apparent from its
definition. One interpretation involves treating y as a variable that will be substituted
by y = f(t) for some f € S,. Then the coefficients will be the equivariant Schubert
expansion for non-transversal intersections. Following the idea that y could be viewed
as the parameter of the transversality of the intersection, we can generalize the idea to
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an intersection problem over the product of two flag varieties G/B x G/B; see Knutson

and Tao [25]. We will explain another geometric meaning and prove positivity using it
in Chapter [6]

Combinatorially, the relation between single/double/triple Schubert calculus can be
summarized as follows

single Q double & triple

From the geometric perspective, the requirement that a flag variety admits a torus action
is a strong condition. In some cases, double Schubert calculus could be more approachable
than single Schubert calculus in some problems. The extra variable ¢t will provide extra
information and is usually helpful in the proofs. However, note that the double Schu-
bert structure constants are “single”; i.e. only one family of variables ¢t = (¢,ts,...) is
involved. Triple Schubert calculus could be viewed as a model that doubles the Schubert
constants. Following a similar philosophy, under certain situations, while the problem
of computing triple Schubert structure constants is broader, its proof could be simpler.
This is what we will see in Chapter

The case that both u and v are k-Grassmannian permutations was solved by Wheeler
and Zinn-Justin [49, Theorems 2” and 3”]. After setting § = 0, &, and &, are both
double Schur polynomials, and the question was considered by Molev—Sagan [39]; see
also Knutson and Tao [25] Section 6] and Zinn-Justin [50].

There is another branch of such questions, concerning the coefficients of a product of
a single Schubert polynomial and a double Schubert polynomial.

Su(r)S,(x,t)
= Zw Cﬁv(t, O)Gw(x’ t)

single times double (SxD)

This question also specializes to single Schubert calculus

single Q SxD @ triple

Moreover, this SxD turns out to be equivalent to a question of skew operators applied
on single Schubert polynomials, considered by Kirillov [22].

Now let us switch to the detailed introduction of the three aforementioned results.

1.2. Triple Pieri rules

In this section, we restrict ourselves to Schubert polynomials (1.0.2). A triple Pieri
rule is a formula of ¢ (£,y) when

v,w € S, are arbitrary, U= Sgp_pi1° " Sk_15k

for some 0 < r < k. In this case, the single Schubert polynomial &, (z) is the elementary
symmetric polynomial in xy,...,z;. Here is a brief history of Pieri rules in Schubert
calculus.



(i) In the case where y =t = 0, we are restricted to single Schubert polynomials.

When v is a k-Grassmannian permutationi, i.e.

v(l) <--- < w(k), vk+1) <. <w(n),

the single Schubert polynomial &,(z) is a Schur polynomial in zq,...,zg. As
a result, if we specialize y = t = 0, the formula reduces to the classical Pieri
rule for Schur polynomials [36]. When y =t = 0 and r = 1, i.e. u = sy, the
expansion is classically obtained by Monk [40] and Chevalley [13]. For general
r in the case y = t = 0, the single Pieri rule was obtained by Sottile [45] (see
also Lascoux and Schiitzenberger [30]).

(ii) When y = t, i.e. we are restricted to double Schubert polynomials in the same
secondary variables. The double Pieri rule was obtained by Robinson [43]. A
geometric proof is established by Li, Ravikumar, Sottile and Yang [33].

(iii)) When y = 0, as explained above, the formula is equivalent to a formula of skew
divided difference operators applied on Schubert polynomials. The case r = 1
was established by Kirillov [22], and the case for general r is due to Liu [34].

(iv) The triple Pieri rule was obtained by Samuel [44], Section 7]. In this thesis, we
will present a simple proof via the approach in [16].

The key combinatorial structure in establishing Pieri rule is the k-Bruhat order [31],
4, 5], 32, [45], i.e. the partial order generated by the relation

u < uty if a < k < b with v < w in Bruhat order.

It was generalized to any parabolic subgroups by Knutson, Lam and Speyer [24]. Its
extended versions were considered by the author and collaborators in [16] and [15] re-
spectively.

Now let us state the triple Pieri rule.

THEOREM A (Triple Pieri rule). Let 1 <r <k <mn and u = Sg_ry1 - Sg_15k. For
any v € S,, we have

Su(w,y) - Sy(w, 1) =Y 2, (t,y) - Syl t)

where the sum ranges over all w € S, such that w = vtay, - -ta 5, with (0)r' <r; (1)
a; <k <by; (2) a;’s are distinct; (3) L(vtayp, - - tawp,) = (V) + i and the coefficients
EEU (t7 y) - 65k7r+1”'3k,7‘/ <t7 y)
for any permutation d € S, such that the image set of [k — 1] is exactly Ag(v,w) =
{u(@) : 1 <i<k,u(i)#w()}..
Note that the formula presented here is different from the formula in [44]. See also
Theorem [3.3.1] for another formulation.

The idea of the proof can be summarized by reversing the arrows in the previous
section by

ti th(i)

SxD Expansion

Rigidity triple

single

The first step is to prove the Rigidity Theorem (Theorem [3.2.1)), which means that
the SxD structure constants can be controlled by single coefficients. The second step
is to utilize the known expansion of double Schubert polynomials to single Schubert
polynomials.



1.3. Pipe Puzzles

In this section, we will give a formula for ¢, (y,t) in (L.0.1) for two permutations
u,v € S, with separated descents at position k, that is,

(1.3.1)

maxdes(u) < k < mindes(v),

where maxdes(u) = max{i: u(i) > u(i + 1)} and mindes(v) = min{i: v(i) > v(i + 1)}.
Here, for the identity permutation id = 12- - - n, we use the convention that maxdes(id) =
0 and mindes(id) = +o0.

Our formula for ¢} (¢, y), see Theorem , is described in terms of “pipe puzzles”.
The formula includes the following specializations and applications.

(1)

(i)

(iii)

(iv)

The case y = t. Theorem |C| recovers the puzzle rule for permutations with
separated descents by Knutson and Zinn-Justin [28, Theorem 1], which is man-
ifestly positive in the sense of Anderson, Griffeth and Miller [2] (an equivariant
K-theory extension of Graham’s positivity theorem [19]).

The case f = 0. This corresponds to the limit from K-theory to cohomol-
ogy. Theorem [C| becomes a combinatorial rule for the expansion of the product
Sul(z,y) - Sy(z,t) of two Schubert polynomials in different secondary variables,
see Theorem [Bl We point out that in the case y =t = 0, Huang [20] derived a
tableau formula for the product &,(z)-&,(x) of two single Schubert polynomials
for u, v with separated descents.

The case that both u and v are k-Grassmannian permutations. Theorem
extends the puzzle formula for the product &,(z,t) - &,(x,t) by Wheeler and
Zinn-Justin [49, Theorem 2] (The latter formula on the one hand is an equivari-
ant extension of Vakil’s puzzle formula [47] for the product &, (z) - &, (x) of two
single Grothendieck polynomials, and on the other hand is a K-theory extension
of the Knutson-Tao puzzle formula [25] for the product sy(x,t) - s,(z,t) of two
double Schur polynomials).

We remark that (1) an alternative puzzle formula (different from the one in
[49]) for &) (z,t) - &,(x,t) was conjectured by Knutson and Vakil, and proved
by Pechenik and Yong [42] (after a modification), (2) Wheeler and Zinn-Justin
[49, Theorems 2” and 3”] gave puzzle formulas for the product of two dual
Grothendieck polynomials in different secondary variables, and (3) puzzle formu-
lations of the Molev-Sagan tableau formula [39] for the product sy(x,y)-s,(z, 1)
of two double Schur polynomials in different secondary variables were given by
Knutson and Tao [25], Section 6] and Zinn-Justin [50].

The case that k = n (this means v may be any permutation of {1,2,... n}),
v = id, and x = t. Theorem [C] reduces to the bumpless pipe dream model
of double Grothendieck polynomials by Weigandt [48], which, by setting 5 = 0,
leads to the bumpless pipe dream model of double Schubert polynomials by Lam,
Lee and Shimozono [29]. An alternative proof of Weigandt’s model was given
by Buciumas and Scrimshaw [11] based on colored lattice models.

An innovation in our approach is finding that c (¢, y) satisfies two kinds of recurrence
relations, as given in Section Such recurrence relations work well when u and v are
restricted to permutations with separated descents. This could essentially simplify the
proof of Theorem [C] Specifically, to prove Theorem [C] it suffices to show that our pipe
puzzle formula obeys the same recurrence relations (together with an initial condition).
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This could be achieved (without too much effort) by realizing pipe puzzles as an integrable
lattice model.

We remark that the above mentioned recurrence relations are no longer available in
the case y = t. The proof of the y = t case in [28, Theorem 1] is achieved by studying
the geometric representation of quantized loop algebras and quiver varieties [26, [27].
It turns out that while the problem of computing triple Schubert structure constants is
broader, its proof could be simpler. From this point of view, our approach may provide
new insights into the study of Schubert calculus for flag manifolds.

In the remainder of this section, we assume that v and v are permutations of S,, with
separated descents at position k& (1.3.1)). We are going to describe our pipe puzzle formula
for ¢/ ,(t,y). To begin, consider an n by n grid with labeled boundary:

1 2 ------ n
91» (91,‘ 91» . U,il(i), ufl(z’) < k’,
0 ...... h;l[ K/;IJ,: 1
o | ... K2 0, u (i) > k.
(1.3.2) SR b [0 vTH(i) <k,
SN o), o) >k,
0o ... KD . s
ol 2 N 7) 77’LU =w 1(?’)'
r/ w /r] w T r} w
We see that the nonzero labels on the right side are 1, ...k, and the nonzero labels
on the top side are k+1,...,n. There is no obstruction to rebuilding u, v and w from the

boundary labeling, because of the separated-descent assumption. For the sake of brevity,
the label 0 on the boundary will often be omitted. See Example for the boundary
labeling for u = 42135, v = 14532, w = 53412, and k = 2.

Our formula is a weighted counting of tilings of the n by n grid by unit tiles (with
pipes), subject to certain conditions. To warm up, we first give the formula for double
Schubert polynomials.

1.3.1. Statement for double Schubert polynomials. Assume that

(1.3.3) Gu(1,y) - Sy(x,t) = Y v, (ty) - Sula,t).

w

The admissible tiles are

| : :
(134) 'T' r' 'J I [r—

The curves drawn on the tiles are referred to as pipes. A tiling of ((1.3.2]) built upon the
tiles in ([1.3.4)) is a network of pipes such that

(1) there are a total of n pipes, among which k pipes enter horizontally from rows on
the right side labeled 1,...,k, and n — k pipes enter vertically from columns on
the top side labeled k+1, ..., n. The pipes inherit the labels of the corresponding
rows and columns.

(2) the n pipes end vertically on the bottom side, such that the label of each pipe
matches the label of the column where it ends.
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A Schubert pipe puzzle for u,v,w is a tiling of (1.3.2) with the tiles in (1.3.4)),
subject to the following restriction on the tiles —-:

The horizontal pipe in —— must receive a smaller label. For exam-
ple,
(1.3.5)

-2 is allowed, while is not allowed.
1

O ———
O

o

rl
an 2
1 2 1

Denote by PPg(u,v,w) the set of Schubert pipe puzzles for w,v,w. For each 7m €
PPo(u,v,w), define its Schubert weight by

weo(m) = [ J(t; — w0,

(3.4)
where the sum is over empty tiles at the (i, j)-positions (in the matrix coordinate).

THEOREM B. Let u,v € S, be permutations with separated descents at position k.
For w € S,,, we have

(1.3.6) Lty = > who(m).

mE€PPo(u,v,w)

REMARK 1.3.1. It may happen that &, (z,t), w € S,y with n < n/, appears in the
expansion of &,(z,y) - &,(z,t). In such a case, to compute ¢, (t,y), one needs only to
embed naturally S, into S,s, and then apply Theorem [B| (v and v are now viewed as
permutations in S,).

EXAMPLE 1.3.2. Let u = 42135, v = 14532, and set k = 2. For w = 53412, there are
four Schubert pipe puzzles in PPy(u, v, w):

54 3 o4 3 o4 3 54 3
AU [ B ]~
Il —r2 ||l /2 || |2 7|2
L] L] | |
Ll er bt bbbl et ] et
L |l NN NN
45231 45231 45231 45231

Here, the empty tiles are colored. So it follows from (1.3.6|) that

Cotsaaasse = (ta —y1) + (5 — y3) + (ts — yo) + (t1 — y1)-

1.3. 2 Statement for double Grothendieck polynomials. In addition to the

tiles in , one more admissible tile than :
(1.3.7) 4 [~ ] = A



The extra tile in (1.3.7) is a “bumping” tile <~. The following restrictions apply to the
use of the bumping tile =-:

If the two pipes in <~ are from the same side, then the northwest
pipe must receive a greater label. For example,

(1.3.8) 3

~ 1 is not allowed.
J{. 2
2

~2 is allowed, while |
1
21

3
|
|
| s
3 31

If the two pipes in <~ are from different sides, then the north-
west pipe must enter from the right side (equivalently, it receives
a smaller label). For example,

(1.3.9) 3 3

T2 _ 2
—  is allowed, while - is not allowed.
|

| -1 | -1
1 1

23

A (Grothendieck) pipe puzzle for u,v,w is a tiling of (1.3.2)) with the tiles in (1.3.7)
obeying the restriction (1.3.5) on —, as well as the restrictions (1.3.8) and ((1.3.9) on

oy

Let PP(u,v,w) be the set of pipe puzzles for u, v, w. For m € PP(u, v, w), its weight
wt(m) is the product of factors contributed by all tiles of 7: at the (7, j)-position,

23

(1) an empty tile contributes t; © y;;

(2) an elbow tile < |, in which the pipe is from the right side, contributes 14 3(¢;6y;);
(3) an elbow tile , in which the pipe is from the top side, contributes 14+ 8(t;©y;);
(4) a bumping tile -, in which the two pipes are from the same side, contributes

B; |
(5) a bumping tile <, in which the two pipes are from different sides, contributes
B+ 8(t ©wi));

(6) any other tile except for the above cases contributes 1.

Here z © y = {72, whose geometric meaning will be explained in Section .

THEOREM C. Let u,v € S, be permutations with separated descents at position k.
For w € S,,, we have

(1.3.10) @ ty)= Y wi(m).

7EPP (u,v,w)

Note that Remark [[.3.1] is still valid for Theorem [Cl We also remark that Theorem
specializes to Theorem [B| in the case f = 0 by noting that wt(7)|g=o = 0 whenever
7 ¢ PPo(u,v,w), and wt(7)|s—0 = wto(m) for 7 € PPy(u,v,w).

EXAMPLE 1.3.3. Take the same setting as in Ezample [1.3.3. There are nine pipe
puzzles in PP(u,v,w), among which the pipe puzzles in the top row are those appearing
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in Example[1.3.3. Here, the tiles with weights not equal to 1 are colored.

As a result,

53412
C42135,14532 —

In this section, we will explain a geometric meaning of triple Schuber calculus of

5 4

U

=TT

Ol e e e | -

co——l—t
L

i
S —)

U

(N
e

(\]
(\]

Ul e

—_

[a—
Ct———— | -t

BTN
D | _—
=
cs—|—
~— e
A -

O e e e o | -t
=
co—|——
~— e
e
=

+ B(ts ©y3))
+ B(ts © 1)

=(tioyn)1+Btiey) 1
+(ts©y3)(1+ Bt ©y1))
+ (ts © y2) (1 + Bt © y1))
+toy)1+B(taon))
+6(t4@y1 (ts30y)(1+ Bt y))(1+ B(ta ©ys)
751@?/1 tioy)(1+ Bt 0y)(1+ B(ts©ys
ttoy)(tioy)1+8tion))(l+ Bt oys

(

(ta

(1 )
( )
(1

t@y1 t3@y3 1—|—Bt @yl 1+5t1@y2
Btz ©y2)(tz ©ys)(1+ Bt ©y1)) (1 + B(ts ©

) ) ) )
) ) DL+ 5( )
) ) DL+ B(t ©ys))
) ) DL+ 5( )
)(t3 © ys)( N+ B(ta © 1))

f\/\/\/\

1.4. Equivariant positivity

(1.0.2) and the Graham positivity.

In [18], we proved the following conjecture of Samuel [44] Conjecture 1.1} on ¢,

THEOREM D. For u,v,w € S, ¢, (y,t) € N[t;

Setting y = 0, we

= Yjlij>1-

obtain Kirillov’s conjecture [22]:

THEOREM E. For u,v,w € S, 0y/vGu() € N[z].

The following are

(i) In the special case w = v = id, we have ¢ ,(y,t)

positivity of

(ii) In the special case ¢(w)

constants.

some special cases:

double Schubert polynomials &,(z,y) € N[z;

~— ~— ~— —

- L

(\]

—_

1+ B(tsey))(1+ B(ts ©ys))
+ Bt © 1)) (1 + B(ts © y3))

= G,(t,y) and it implies the
— yjlij>0. Correspon-
dently, in this case the skew divided difference operator d,, is the identity oper-
ator, and it implies the positivity of double Schubert polynomials &,(z) € N[z].
= l(u)+L(v), ¢, (y,t) has degree 0, and thus ¢ ,(y,t) =
v (0,0) is a constant. As a result, it implies the positivity of single structure



(3) When v < w in Bruhat order, the divided difference operator d,,, is a difference
operator J,, for some a < b, and in this case the conjecture was established by
Kirillov himself [22], Section 8§].

Our proof relies on a refined version of Graham’s positivity theorem [19] (Theorem
6.2.3]). To apply this result, we establish a new geometric interpretation (Section for
the coefficients ¢}/ (y, t), distinct from the one given by Knutson-Tao [25].
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CHAPTER 2
Geometric and Combinatorial Background

2.1. Flag varieties and Schubert varieties

Consider G = GL,, the general linear group over complex numbers C. We define
B = BT (resp., B7) the subgroup of the upper (lower) triangular matrices in G, and
T = BN B~ the subgroup of diagonal matrices. That is,

T—| - |, B=B*=| - :|. B =
The (full) flag variety is the variety of (full) flags in C", i.e.
Fl,={0=V, WV C---CV, 1 CV,=C":dimV; =i}.
Let ¢t € F/, be the standard flag, i.e.
¢ := span(ey, ..., e;)

where {ej,...,e,} is the standard basis of C". The group G acts on F¥¢, by changing
basis, and it induces an isomorphismﬂ

(2.1.1) G/B — Fl,, gB — go;.
Let W = S,, be the symmetric group. For each w € W, we can define ¢,, € F¥,, by

¢w,i = span(ew(l), . ,ew(i)).

For example, ¢ = ¢q. Moreover, the T-fixed points

(]:gn)T = {wa}wew-

Precisely, a flag V, € F/, is fixed by T if each V; is T-equivariant, i.e. is a coordinate
subspace. Then V, must take the form ¢, for some w € S,,. Under the isormorphism
(2.1.1)), ¢, corresponds to wB € G/B, where w is considered as a permutation matrix.

2.1.1. Schubert cells. We define the Schubert cell and opposite Schubert cell
of w e S, to be
X°(w) = B - ¢y C Fly, Y°(w) =B~ - ¢ C Fl, .

Under the isomorphism ([2.1.1)), they correspond to BwB/B and B~wB/B respectively.
We can describe the flags in X°(w) or Y°(w) in terms of linear algebra. To describe this,
we need the concept of relative position. Let V,, U, be two flags. We say they are of
relative position w € S, if there exists a basis {vy,...,v,} of C" such that

Vi = span(vyy, - - -, Vu(i)) U; = span(vy, ..., v;).

IStrictly speaking, the algebraic variety structure of F¢,, is actually defined such that this bijection
is an isomorphism of algebraic variety.
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Note that there always exists a unique w € S,, such that the above condition holds. The
existence is a standard linear algebra exercise. The permutation w is unique since w can
be recovered from the dimensions

dim(V;NU;) =rj =#{a < j: w(a) < i}

Note that 7j; is the number of 1’s in the first j x ¢ submatrix of the permutation matrix
of w. For example

1 00 1
w=231= |1 . or=111 2
1 12 3

For example, if V, and U, are of relative position id € S,,, then we have V, = U,. It
follows from definition that

V. € X°(w) <= V, and ¢ are of relative position w.

Let us denote wy = n---21 € S, the longest element. We denote ¢~ = ¢, € F¥, the
standard opposite flag, i.e.

¢; = Span(eTU cee 7en7i+1)-
Then we have
Ve € Y°(w) <= V, and ¢~ are of relative position wow.

From the discussion above, we can decompose F/, into disjoint union, called Bruhat
decomposition

(2.1.2) Fl,=| | X°(w)= | | Y°(w)

weW weW

We define the (opposite) Schubert varieties of w € S,, to be the closure

X(w) = X°(w) C Fl,, Y(w)=Y°(w) C Fb,.
Let us denote the Bruhat order over S,, by <. Then we have

X(w)=JX°w), Y =|]JY(w.

u<w u>w
Thus the Bruhat decomposition defines a stratification of F/,,.
2.1.2. Coordinates of Schubert cells. Let us describe the structure of X°(w) and
Y°(w). It will be useful in the later sections. First, the stabilizer of ¢,, in G is
{be G :bp,=0¢,}={b€G:bwB/B=wB/B} =wBw™".

Thus

X°(w) = B/(BNwBw™) as B-varieties,

Y°(w) =B~ /(B- NwBw™*) as B~ -varieties.
Let us define subgroups

11



Then we can rewrite the above identification
X°(w) = N/(NNwNw™") as B-varieties,
Y°(w)=N"/(N"NwNw™") as B~ -varieties.
Let ¢ : S, = Z>( be the length function, i.e.
U(w) = #{(1,5) 1 < j,w(i) > w(jf)}.

We have
N*=NwNFw™ = A=) N= N Fy™! o2 AN

and the multiplication induces an isomorphism of varieties
(N* N wNFw ) x (N* nwN*wt) = N*,

For example, for w = 231 € S3, we have

1 1 *x =
wNw = |* 1 x|, wN-w™ ! = 1

* 1 * 1

Then
1 1 % x
NNnwNw™ ! = 1 *| @A NNnwN w™! = 1 ~ A%

1 1
As a result, we have
(2.1.3) X°(w) =2 NNwN w™t =AM,
(2.1.4) Yo(w) =2 NN wNw™! =2 Afwo)—t(w)

2.1.3. Kleiman’s transversality theorem. For two subvarieties A, B of F/,,, we
say the intersection A N B is proper if

dim F¢, +dimANB =dimA+dimB
and is transverse at the generic point if
Tan, AN Tan, B = Tan, (AN B)

at each generic point x of each components of AN B. Note that the second condition does
not imply the first condition. For example, when A = B # F,,, the second condition is
satisfied, while the first condition is not.

THEOREM 2.1.1 (Kleiman [23]). Let A, B C F¥{, be two subvarieties. There ezists an
open dense subset of g € G such that the intersection gA N B is proper and transverse at
the generic point.

COROLLARY 2.1.2. For all u,v € W, the intersection X(u) NY (v) is proper and
transverse at the generic point.

PRrOOF. By Kleiman theorem, there exists an open dense subset of g € G such that
gX(u) NY(v) is proper and transverse at the generic point. Note that B~B C G is an
open dense subset. This follows from dimension counting

dim B™ - B =dim(B~ - B/B) + dim B = dim(Y°(id)) + dim B = dim G.
Since the intersection of two open dense subsets is nonempty, we can find an element
g=uwxyforz € B~ and y € B. Since G acts on F/,, so the intersection y X (u)Nz~'Y (v) =
12



27 (gX (u)NY (v)) is also propert and transversal. Since X (u) is B-invariant, and Y (v) is
B~ -invariant, we have yX (u) = X (u) and 2Y (v) = Y (v). This proves the Corollary. [

2.1.4. Flag varieties for other types. Let us briefly mention the flag variety for
other types. Now assume G is a reductive group. Let B and B~ be two opposite Borel
subgroups, and T'= B N B~ be a maximal torus. The flag variety of G is

B = {Borel subgroups of G}.
We can identify
G/B—B, gB+—gBg".

Let W = Ng(T)/T be the Weyl group of G. By an abuse of notation, we will also denote
w € Ng(T) a representative for w € W. Then the fixed points

(G/B)" = {wB/B}uew.
We can similarly define (opposite) Schubert cells as in type A
X°(w) = BwB/B C G/B, Y°(w)=B wB/B C G/B

and we also have the Bruhat decomposition

G/B= | | X°(w)= | | Y°(w).

weW weW

We define the (opposite) Schubert varieties to be the closure

X°(w) = X°(w) C G/B, Y°(w)=Y°(w) C G/B.

2.2. Examples of Schubert varieties

In this paragraph, let us give examples of Schubert varieties, which will appear in the
later sections. Recall that

Ve € X°(w) <= dim(V; N ) =ry.
From the combinatorics of permutations, we have

This can be explained by the semi-continuity of the dimension of intersection, i.e. when
two subspaces degenerate to special position, the dimension of the intersection will in-

L L/

Let s; € S, be the simple transposition of 7 and 7 + 1.
13



2.2.1. Example: n = 2. When n = 2, the flag variety can be identified with the
projective line
Flo={0CV; CC*:dimV; =1} =P,
Note that W = {id, wo}. Using the classical identification of
P! = CU {oo}
we have
=P!

Y

X°(id) = X (id) = {0}, Y°(id) = C, Y(id
X°(wg) = P\ {0}, X (wp) =P, Y°(wg) = Y(wp) =

Here is a picture

~—
——

2
Inas

Y (wo)

X(id)

2.2.2. Example: n =3. When n =3,
Flo={0CV, CV, CC*:dimV; =1}

is the incidence variety, i.e. it can be identified with the space of incidence relations over
the projective plane P2, i.e.

{(PGL):

Let (Py, Lo) be the incidence relation corresponding to ¢*. The description of (P, L) €
X (w) can be described as follows

P is a point in P2
L is a line in P? '

1 1
1 1
[

w =123

NN =
ICOM!—\

w = 231

w = 321

N3 MDY MO NOT NOTY MO
s

—
— OO0 RO REFEO REFERFR = 42O
) N — = N = O N — = DN DN =
W N = W N = W N = W N = OJMHI



The following diagram represents the Bruhat order

321
312 >< 231
213 132

~ 7
123

2.2.3. Simple reflections. Let us describe the Schubert variety X (s;) for a simple
reflection s, with 1 < k < n — 1. Note that dim X (s;) = 1, so X(s;) is a curve. By
definition, it can be described as

X(sp)={Va € Fly:j#k=V;=¢} CFt,.
As a result, we can identify X (s;) as a projective line
X(s) = {Vi: 9, S Vi & ¢§+1} = P(Qs;ﬂ/?bqu) =P
The condition can be described in a diagram
0=¢<T c @bf c o C¢z—1c Vi C¢;j+1c Cﬁbzflc ¢y =Cn
78
This example has two generalizations.

e Fora > k,

<j< ot
X(sasa—l”'sk):{V.E}"ﬁn: hsj<a=V;Cop, }

j<korj>a=V;=¢;

The conditions can be described in a diagram

. C¢k+_1c Vk.c e c Vo1V, C¢:{+1C
e N 4

e Similarly, for b < k,

<j< 5 ht
X(3b3b+1"'8k)={‘/.€f€n: bsjsk=Vioo7, }

j<korj>a=V;=¢S

The conditions can be pictured as follows.

ccgf o Vy eV coens C.Vk C(ﬁZ_HC
I 7
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2.2.4. Schubert divisors. Let us describe the Schubert variety Y'(s;) for a simple
reflection s, with 1 < k <n — 1. Note that the codimension of Y'(s;) is 1, so Y (sg) is a
divisor. It can be described as

Y (sy) = {Va € Fl, : dim(Vy N g, ) > 1}.
Equivalently, the complement is
Fl,\Y (sp) = {Va € Fl,, : VN @, _, =0}.
This example has two generalizations.
e For a > k,
Y ($4Sq-1+""5k) = {V. € Fl, :dim(VyNo,_,) > 1}
whose complement is
Flu \Y (SaSa—1""SK) = {V. eFl, :ViNg,_,= O}.
For example, when a =n — 1,
Y(spo1-+-sx) ={Ve € Fl,, : 67 C Vi.}.
e More generally, for b < k,
Y (spSpr1---Sk) = {V. € Fl, :dim(VyNe, ) >k—b+ 1}
whose complement is
Flo\Y (SaSa—1-"Sk) = {V. € Fb, :dim(VyNeo, ) =k— b}.
For example, when b = 1,
Y(syooosp) ={Ve € Fl,, : Vi C &, 1}
The two families of Schubert classes introduced above are called special Schubert
classes.
2.2.5. Dominant permutations. Recall a Hessenberg function is a function
h : [n] — [n] such that
i < h(i) <mn, i <j= h(i) < h(y).
We have an associated permutation wy, € S,, such that
w(i) = max ({1,...,h()} \ {w(1),...,w(i — 1)}).
That is, w(7) is the lexicographically maximal permutation such that w(i) < h(i). Then
X(wp) = {Ve € Fly: V; C 650 }-

The permutation of the form wy is called a codominant permutation. Let w;, =
wowy, € S,. Then

Y(@n) = {Ve € Flu: Vi C 6y }-
The permutation of the form wj, is called a dominant permutation or a 132-avoiding
permutation. For example, for n = 5 and Hessenberg function

h(1) =2, h(2) =4,
h(3) = h(4) = h(5) =5

Then
wy, = 24531, wy, = 42135.

16



The condition for X (wy,) or Y (w),) can be pictured as follows.
Vo c Vi cVp c V5 cVycls
N

G G dy C oy C ¢F <
2.3. Equivariant cohomology and K-theory

2.3.1. Equivariant cohomology. Let Ey = (CV \ 0)" equipped with the natu-
ral action of the torus 7' = (C*)". For a nonsingular T-variety X, the equivariant
cohomology of X is a graded ring whose i-th component is

HL(X) := H(E xT X),
where E = Ey for N > 0. For a T-equivariant vector bundle V over X, we can construct
an induced bundle V' = E xT V over E xT X. For i > 0, the i-th equivariant Chern
class is defined by ' 4
(V) =c¢(V) e H¥E x" X) = HF¥(X).
For a T-equivariant subvariety Y C X of codimension d, we have a subvariety Y’ =
E xTY CcE xT X of the same codimension, its equivariant fundamental class is

Y] :=[Y'] € H*YE x* X) = H?*(X).
Let pt = Spec C be a single C-point. Following the historical convention in Schubert
calculus, we write
t; = c1(C-s,) € Hi(pt),
where C_,, is the bundle corresponding to the character
T > diag(zy,...,2,) — 2, = € C*.
Then Hj(pt) is naturally isomorphic to the ring of polynomials in ti, ..., t,:
(2.3.1) Hi(pt) = Q[ty, ..., t,].
Over the flag variety F/,, we have the tautological flag
0=V0§V1§"'§Vn:0i2?n7
where the total space of V; is
{(Va,v) € Fl(n) x C": v € V;}.
Fori=1,...,n, let
z; = c1((Vi/Vie1)Y) € Hi(G/B)
be the first equivariant Chern class of the line bundle (V;/V;_1)".
We have the following Borel presentation [8]; see also [1I, Section 15.6]
()] TP A S
(ep(x) —er(t) : 1<k <n)
where t = (t1,...,t,) and x = (x1,...,2,) and e is the k-th elementary symmetric
function in n variables.

(2.3.2) HA(FE,) =

Since Schubert varieties are T-equivariant, we could consider their equivariant funda-
mental classes

(X (w)], Y(w)] € Hp(G/B),  weW.

17



They are known as equivariant Schubert classes. Since the Bruhat decomposition
defines an affine stratification of F¥¢,, we have the following isomorphisms of Hj(pt)-
modules

H(G/B) = € Hi(pt) - [X(w)] = € Hi(pt) - [V (w)].
weW weW
We will explain the polynomial representation of them in the next section.

Since FY, is a projective variety, we have an HJ.(pt)-linear map
D Hp(Fln) — Hr(pt),
Fln

the push-forward map induced by the unique morphism F¢, — pt. The Poincaré
pairing of two classes v1,72 € Hy(Fl,) is

(71, 72) = (M, 72) 7o, = / 7 U € Hi(pt).
Fln

The classes [Y (w)] form the dual basis of the classes [X (w)] under the Poincaré pairing,
i.e. for w,u € W, we have

(X ()], [V (W)]) = duo-
Actually by Corollary , ([X (w)],[Y (w)]) is the number of points of the intersection

X (w)NY (u) when it is nonempty of dimension 0, and is zero otherwise. Thus only when
w = u, it is a nonzero number and in this case X (w) NY (w) = {4y} is a single point.

2.3.2. Equivariant K-theory. Let X be a nonsingular T-variety. The T-equivariant
K-group Kr(X) of X is the Grothendieck group of the category of T-equivariant coherent
sheaves on X. To be specific,

Er(X) = P QIFI/([F] = [Fi] + [Fa])

where the sum is over all T-equivariant coherent sheaves, and the relation is spanned over
all short exact sequences 0 — F; — F — Fo — 0 of equivariant coherent sheaves. Since
X is non-singular, there is a well-defined product structure such that

[Fle gl = [Fed

when F is flat. For a reference of the equivariant K-theory, see for example [14].

Following the classical notation of Schubert calculus, we define
T, =[C_,,] € Kr(pt), ti=1—[C,,] € Kr(pt),
where, as before, C_,, is the bundle corresponding to the character
T > diag(z1,...,2,) — 2, + € C*.
Then Kp(pt) is isomorphic to
Kr(pt) = QT .., T = Qlty, 7225, o, 725
Over the flag variety F¥,, for e =1,...,n, we write
X;=1[V;/Vi.1)"] € Kr(G/B), ri=1—[V;/Vi.1] € Kr(G/B).
Since Schubert varieties are T-equivariant, we can consider their structure sheaves
[Oxw): [Oyw)] € Kr(G/B),  weW.
18



We similarly have

Kr(G/B) = @ Kr(pt) - = P Er(pt) - [Ovw)).

weW weWw

2.3.3. Connective K-theory. It would be useful to consider connective K-theory.
In general, a formal group law F' determines a generalized cohomology theory hr(—) (in
the topological sense). For example,

F(z,y) =z +y, hp(=) = H*(-),
F(r,y) =v+y—ay, hp(-)=K(-).
A formal group law is a formal power series
Fl,y)=z+y+---
satisfying commutative group axioms:

(1) F(z, F(y,2)) = F(F(z,y),2);

(2) F(z,0) =x and F(0,2) =z

(3) F(x,inv(z)) = F(inv(x),x) = z for some inv = —x + o(x);
(4) F(x,y) = F(y,x).

A logarithm of F' is a formal power series Ap(z) = & + - -+ such that
(2.3.3) Ar(F(z,y)) = Ap(z) + Ar(y).
An exponential of F' is a formal power series ep(z) = x + - -+ such that

Flep(r),ep(y))) = e(z +y).

When the base ring is a field of characteristic zero, we can solve for A\p as follows.
Applying g—i to both sides of ([2.3.3]), we get

(2.34) Ne(F (2, 9)) Fy(2,y) = Np(y)-
Setting y = 0, we have A\ (z)F,(x,0) = 1. Thus

Y dx
2.3. A = S e
(239 o= [ e

where the integral is formally defined to be

1 k+1
J A S

U k>0

We still need to check A\p(z) satisfies (2.3.3). It suffices to check the derivative (2.3.4).
Substituting A\r into (2.3.4]), we need to check

1 1
F(Fp).0) Y = B oy

(2.3.6)

Taking % on both sides of
F(F(x,y),z) = F(z,F(y, 2)),
we will get
Fy(F(z,y), 2) = Fy(z, F(y, 2)) Fy(y, 2).
Setting z = 0, we will get (2.3.6)).
19



Assume the exponential er exists. We have a linear map called the Chern character
commutative with the pull-back

ch:h(X) — HV"(X)
such that when X =P" forn > 1
ch : h(P") — H(P"), imy (1) — ep([P"1]),

where iy : H = P! — P" is the natural inclusion. Since it commutes with pull-back,
the Chern character ch is an algebra homomorphism.

ExXAMPLE 2.3.1. For example, consider the case F(x,y) = x +y — xy. Then

v g
Fy(,0) =1 -z, AF@;):/ (-,
0 — X

Thus ep(x) =1 —e ", It is easy to check that
F(ep(z),er(y)) = (1 —e ) H(l-e)—(l-e)(1-e)
=1—e"Y= €F(l’ + y)

Now the Chern character is the usual Chern character for K-theory. More precisely, it
suffices to check for finite dimensional projective space P, the hyperplane H = P!
cut by a section of O(1), i.e. we have

0— O(-1) — O — Oy — 0.
This proves [Opn-1] = 1 — O(—1). By definition,
([Oprms]) = en([P)) = 1 — e ®") € 1 (B7).
That is, ch(O(—1)) = e©1) which agrees with the classical Chern character.

Now let us consider the formal group law with coefficients in Z|[f]
F(z,y) =x+y+ Bzy.

It has exponential
x? 3
er=p"1—-e")=x+ Ao+ 52—3, + -

The corresponding oriented cohomology is called the connective K-theory, since it
connects cohomology (8 = 0) and K-theory (5 = —1):

K-theory cohomology
| | 4 /6
I L4

|
-1 connective K-theory

We will take connective K-theory as an intermediate step of taking the limit from K-
theory to cohomology. This will serve as an algebraic trick in the next section. We will

denote
rdy=F(r,y) =2 +y+ Bay

T—y

1+ By’

vy = Flz,inv(y)) =

20



2.4. Schubert and Grothendieck polynomials

2.4.1. Schubert polynomials. Let 0; be the BGG Demazure operator:

8Zf — f - f Ti$>Ti41 )
Ti — Tiy1
They satisfy the relations of the nil-Hecke algebra, that is,
02 =0

0i0i410; = 0;410;0541.
The double Schubert polynomial &, (z,t) for w € S,, is determined by the following

two properties:
Suy(a,t) = ] (zi 1)
i+j<n
0;6(z,t) = Sy, (2, 1), if ws; < w.
Here wy = n---21 € S, is the longest element. Since 9? = 0, it follows that

Gus, (x,t), if ws; < w,
(2.4.1) 8,6, (x,t) =
0, if ws; > w.
Setting t; = 0 defines the single Schubert polynomial
Gu(x) = G4y(z,0).
PROPOSITION 2.4.1. Under the convention of Section the double Schubert poly-

nomial
Su(x,t) =[Y(w)] € H:(G/B).

PROOF. We give a sketch of the proof, the proof is essential due to [6], and the detail

can be found in [I]. Let us consider a partial flag variety
P:{O:%g...gvi_l C Vigq-- gVn:C”:dika:k}.
We have an obvious forgetful map
w: Fl, =P
by forgetting the i-th subspace V; in V, € F/,. Note that 7 is a P!-bundle. We can
consider the composition, known as push-pull operators
A HE(Fl,) T Hi72(P) 2 Hi2(FL).
On one hand, one can check 9; coincides with A, under the convention of Section [2.3.1]
Using spectral sequence, we have
Hyp(Fl,) = Hp(P) & Hi(P) - x;

and the A corresponds to the projection to the first component. Since H;(P) could be
viewed as the subalgebra which is invariant under the change of variables x; <> z;,1, it

is direct to check that the operator 0; does the same job. This can also be seen from
localization.

On the other hand, we have

T (m(Y(w))) = {

21

Y(ws;), ws; <w,

Y(w), ws; >w.



Moreover, Y (w) is birational to 7(Y (w)) only if ws; < w. This proves

A(lY (w)]) = {

Y (ws;)], ws; <w,

0, ws; > W.

It remains to show the Proposition when w = wy. The variety Y (wg) is the fixed
point wy. The class is characterized by

[Y (wo)]|w = {(l;liq(tﬂ' —t), Z ; ZZ’

It is direct to check that

= T g = {00 0=

ihi<n 0, w # wp.
So we have &, (x,y) = [Y(wo)] € H}(G/B). O
DEFINITION 2.4.1. For w € S,,, we define
O =i+ 0,

for any reduced word w = s;, - - - 5,

This is well-defined since the 0;’s satisfy braid relations. Then we have
Gu(x,t) = 0110 Oy (x,t).

2.4.2. Stability of Schubert polynomials. Let us consider the sequence
S,cS,cS;c---CcS,C---

where we identify S, C 5,11 as the subgroup preserving the element n + 1. The union
of them
See = | J Su = {bijective Z L Z: m > 0= f(m) =m}.
n>1

We will show &,,(z,t) is defined for w € S,.

PROPOSITION 2.4.2. The Schubert polynomial &,,(x,t) does not depend on the choice
of n with w € S,,.

PROOF. Let w(()") be the longest element of S,,. It suffices to show
Gwénq)(x, t) = H (i —t;).
i+j<n—1
By definition, we have
Gw(()n—l)(x,t) = 8n_1 tee 81 H (Iz — t])
i+j<n

Applying the following identity

0; (H(L — tj) H(IEiH — tj)) = (H(wz — tj) H(:L’Hl — tj)) i (x; — tj)

j=1 j=1 j=1 j=1
k
= H(ﬂfz — 1) H(%’H tj),
j=1 j=1



we get the result. U

The following Proposition is well-known, and it was first pointed out in [10].

PROPOSITION 2.4.3. We have

Sy

B {1, w = id,

0, wid.
PROOF. For any f € Qty,...,tn, 21,...,x,], let us introduce
supp f = {w € Syt flust, . # 0}
Then direct computation shows
supp(9;f) C supp(0; f) U supp(9; f)s;.
Since supp(S,,) = {wo}, we can obtain by induction that
supp(S,) C{u € S, 1 u > w}.

When w = id, we need to notice that id is the longest element of S;. By the Proposition
above, we have Gy = 1. U

1, u=w,
Ti—t; —
0, u#w.

8w6u =0or Guwfl.
Applying Proposition [2.4.3] we get the assertion. U

In particular, &,

PROPOSITION 2.4.4. We have

(6w6u)

PROOF. Note that

PROPOSITION 2.4.5. The double Schubert polynomials &,, forw € S form a Qlty, ta, .. |-
basis of Q[tq,ta, .. .|[x1, 22, .. ].

PROOF. Let us define

Cy - @[tl,tg, .. .][l’l,l’g, .. ] — @[tl,tg, .. .], f — (3wf)

witi-
Note that
cw(6u) = (0wSu)zimst; = Oupw-
This proves the linear independence.
Claim. For any f € Q[ty, s, .. .|[z1,x2,...], there are only finitely many w € S,, with

cuw(f) # 0.

Note that f involves finitely many variables, say f € Q[tq,ts,.. . |[T1,. ., 2Zm]. We
have 0;f = 0 if f does not contain x; and ;1. So ¢,(f) # 0 only when ws; > w for
i > m. Note that ¢, (f) =0 if {(w) > deg(f). Now the claim follows from

#{w € S : l(w) < L,ws; > w for i > m} < 0o

for a given ¢ and m.
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Claim. For any f € Q[tq, o, .. .|[x1, 22, .. ],
co(f)=0forallwe Sew = f=0.

By induction it is easy to see if w is minimal in supp(f), then id € supp(9d,f). As
a result, f vy = 0 for any w € Se. Pick an n > 0 such that f only involves
Tiy.. Ty, t1, ..., t,. Consider the involution 7 € Sy, with 7(i) =n+ ¢ and 7(n + 1) = i.
Then f|zst,,, = 0 implies f = 0.

The two claims imply double Schubert polynomials &,, for w € S, span the polyno-
mial ring Q[t1, ta, .. .][x1, 22,...]. O

x>t

LEMMA 2.4.6. For w € Sy \ Sy, we have
Gu

Tty (3) =0

for allu € S,.

PROOF. Let us define

supp(f) ={r € S : f
We know from the proof above that for m > 0

supp(Gy,) NSy, C{z € S, : & > w}.

ity ;) 7& O}

By taking m — oo, we get
supp(6,) C {z € S : © > w}.
Note that supp(&,,) contains no element of S,,. The proposition follows. O
PROPOSITION 2.4.7. For w € Sy \ Sy, the class
Gulanii=tni1=w=0 = 0 € Hp(Fly).

PRrooOF. It follows immediately from the localization theorem that

Hy(Ft,) — Hy(W) = € H;(wB/B)

weW

is injective. The map sends x; to (ty())wew- O

COROLLARY 2.4.8. If

then in Hy(Fl,),
Y()]- Y ()] =) c,0F (W)

wGSn

2.4.3. Skew operators. Let us explain the skew operators introduced by Macdon-
ald [35, Chapter II].

DEFINITION 2.4.2. Let us define skew operators 0y, for u,w € S, by

Ouw(fg) = Z @u(f)ﬁw/ (9)-

UESn
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ExaMPLE 2.4.9. For example,

9i(fg) = 9i(f)si(g) + f0i(g)-
So
0s,/id = O;, Os, /s = Si-
By induction, it is easy to see

3w/id - aw; aw/w = w.

ProOPOSITION 2.4.10. Let us fix a reduced word w = S;, - -+ S;
formula for the skew operator

¢ el
aw/u:zn{g; e

J j=1 37

We have the following

0"

where the sum is over all reduced subwords J for u.

EXAMPLE 2.4.11. Assume u < ut;; = w with {(w) = {(u) where t;; is the transposition
of i < j. Then we have 0/, = 0y the operator with

T; — I’j
ProrosiTION 2.4.12. If
Su(z, )8, (x,t) = > ¥ ()Su(x,1),

’wGSoo
then
Cluu,v (t) = 6w/U(6v) |zt

PrOOF. Recall that ¢, : f + (Owf)|z;5t,- We thus have

ol(f) = 3 el ) (Ouyus)

UGSTL

Apply this formula to &, (z,1)&,(z,t) = >, cs. Cuy(t)Bu(,t), we get immediately the
assertion. ]

it

COROLLARY 2.4.13. We have

0u(fg) = ¢ (2)0u(f)Du(g)

PRrROOF. We can expand Oy/y = ), fi,(7)0y. Applying this to &, we get f./, ()

v (z) from the Proposition above.

uU,v

0o

C

2.4.4. Grothendieck polynomials. In this section, we will fix § as the parameter
of the connective K-theory in Section [2.3.3] Recall the notation introduced in Section

2.3.3
T —y

1+ By

rTOyY =

Let m; be the Demazure operator:

(L4 Brip)f — (1 + Bi) f
Ty — Tit1
25
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mif =




They satisfy the relations of 0-Hecke algebra

T = T ’Z—j’>2
TTG41T = T 1 T T4 1

The double Grothendieck polynomial &, (z,t) for w € S, is determined by the
following two properties:

®wo(xvt) = H (xi@tj);

i+i<n
Ti®y(x, 1) = By, (2, 1), if ws; < w.
Here wg = n---21 € S, is the longest element. Since 7? = —f;, it follows that
Gy, (x,t),  if ws; > w,

(2.4.2) Ti®,(2,t) = {

0BG, (z,t), if ws; < w.
Letting ¢; = 0 defines the single Grothendieck polynomial
Gy () = &y(z,0).
Setting 5 = 0, we get the double (resp., single) Schubert polynomial
Gu(z,t) = &y(x,t)|s=0, (resp., Sy (z) = &y (x)|s=0).

PROPOSITION 2.4.14. Similarly, under the convention of Section the double
Grothendieck polynomial satisfies

&y (z,t)|5=-1 = [Oy(w)] € Kr(G/B).

All the properties on double Schubert polynomials in the previous section can be
generalized to double Grothendieck polynomials.

PROPOSITION 2.4.15. We have

1, w=id
®w Tyt T ’ . ’
i {O, w #id.
PRrROOF. The proof is the same as Proposition [2.4.3] U
Let us consider
7ATZ‘ =7+ B
Then
7%12 = fr

T T4 = T T T4 1 -

PROPOSITION 2.4.16. We have




PRrROOF. If {(w) < {(u), the proof is the same as the case of Schubert polynomials,
since

Tw = Ty + span(m, : u < w).

The remaining case follows by induction on w on the following statement

Yu € Sy, U(w) > l(u) = (T,®,)

Tty — O

Assume ws; < w. Then

ﬁwﬂu*1w0 = ﬁwsi(ﬂ-i + B)Wu*1w0

A Ts;u—lwg + 67Tu*1w07 us; < u,
Tws;
0, us; > u.

Thus

= Tws:
u ws
’ 0, us; > Uu.

N N {ﬁusl + Bﬁua us; < Uu,
Ty ®

If us; > u, there is nothing to prove, so let us assume us; < u. We have
ﬁU}Si<®USi)|$i'—>ti =0

by induction. If 7, A&, # 0, then by induction, this only happens when v = ws;. But
this is impossible since ws; < w and us; < u. O

We can define similarly the skew operator ,, for u,w € S,, by
ﬁw(fQ) = Z ﬁ'u(f)ﬂ-w/u<9)
’MGSTL

Let us fix a reduced word w = s;, - - - 5;,. We have the following formula for skew operator

- | J|—£(u) Sijs jE J7
7Tw/u Zﬁ H{ —‘l_ﬁxz ] gé J’

7,‘77

where the sum over all subwords such that [] jes T = I,

ProrosiTION 2.4.17. If

B, (2, 1)B,(z,1) = Y ¥ (1)Sy(z,1),

WESo
then
Cg,v (t) = ﬁw/u(ﬁv)

REMARK 2.4.18. The algebra generated by 0; and 7;’s are all Hecke type algebras. In
[37], we study its generalization to all formal group laws. The skew operators, combina-
torially defined above can be lifted to the existence of coproduct structure. The formulas
in Proposition and Proposition [2.4.17 are known as reconstruction formula loc.cit..

Tt

2.5. Examples of Grothendieck polynomials

This section should be compared with Section [2.2]
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2.5.1. Example: n = 2. When n = 2, we can compute directly
1 — Y
14 By’

®w0:$1@y1: @idzl.

In particular,
61110 =1 — Y1, Gid =1
Let us explain the geometric meaning of them. Recall that

Fly =P = CU {oo}, Y (wg) = {o0}.

The infinity point {oco} is the zero of a global section of O(1) = V. More precisely,
we can identify H°(P!,V)) = (C?)*, and co = [0 : 1] is the zero of the first projection
C? — C. Equivariantly, we need to twist V) by the trivial bundle C_,, with nontrivial
torus weight to get a equivariant section, so

[o0] = 21 — v, O] =1-V®[C_,,| =210 y.

2.5.2. Example: n =3. When n = 3, we can compute

G321 = (21 © y1)(21 © 42) (22 © Y1),
Ba31 = (11 © Y1) (T2 © Y1),

B2 = (11 © Y1) (71 © Y2),

Go13 = (11 © 11),

B3 = (21 © 22) © (Y1 D Y2),

Let us explain the geometry. Recall
Fls={0C Vi, CV,CC®:dimV; = i}.

We take Y(132) and Y(312) as an example. Recall Y(132) can be described as the
variety of flags V, with Ces C V5. This condition can be described as the vanishing of
the morphism

Oes — 0% — 0% /.
As a result,
[Y(132)] = c1(OF, /Va) — c1(Oes) = —x3 + y3 = 21 + T2 — Y1 — ¥
[Oyasy] = 1= 0%, /Va @ (Oes)” = ys © 15 = (11 B 22) © (11 D 1a).-

Similarly, Y (312) can be described as the variety of flags V, with V; = Ces. This condition
is equivalent to the vanishing of

V= 0%?3 — 0%3/(963.
As a result,
[Y(312)] = Euler class of O%; /Oes @ VY
= (21— y1) (21 — ¥2)
[Oy (312)] = Koszul complex of (’)%’3 /Oez @ V)

= (21 © Y1) (71 © 12).
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2.5.3. Schubert divisor. We have
G, =@1® Bxr) O (L ® - D y).
Recall
Y(sg) ={Ve € Fl,, : dim(V; N g, ;) > 1}.
The condition can be restated as the degeneration of
Vi — O — O f67.,.
That is, the vanishing of
det V, — det(@j‘??n/gb;k).
As a result,
¥ (50)] = ea(det (O /6, _,)) — ca(det V)
=Tt T Ty — Yk
[Oy (5] =1 —det Vi, ® det(OF] /o)
= (@@ Oxk) O (N D DYp)-

2.5.4. Dominant permutations. Let w = w;, be the dominant permutation de-
fined by a Hessenberg function h. We have

n n—h(i)

=11 11 @ow.

i=1 j=1
Let us explain its geometric meaning. Recall that
Y(wn) = {Ve € Fl: V; € ¢ }-

Let us construct
Y ={Vs € Ft, : V; C gb;(i) for all i < k}.
We prove by induction that

k n—h(i
:H H xz@y]

Note that Yy C Y, is the subvariety with Vk - ¢h(k), i.e.

Vi — 07" — O /gy

should vanish. Note that the restriction of this morphism to V,_; already vanishes. So
Oy, is the zero locus of
Vi/ Vi1 — OEB”/@:(;C)
Thus
[Oy,] = [Oy,_,] - (Koszul complex of (Vy/ V1) ® (OEB"/QS,:(,C)))

n—h(j)

=0y ]- ] (@wew).

Jj=1
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CHAPTER 3

Triple Pieri Rule

In this chapter, we will compute the coefficients

(301) GU(‘r:y) ’ 6v(£7t) = ZELUW@??J) ’ Gw($,t>,

w

when u takes the form s,s,41 - - sp_15,. We will call the formula the triple Pieri rule.
We will show how to establish the triple Pieri rule from the single Pieri rule. That is,

y=t=20 y=20 arbitrary

classical Pieri rule | = | single times double | = | triple Pieri rule

In Section [3.1] we will review the classical Pieri rule, where we recall k-Bruhat order. In
Section[3.2] we will establish the first implication, where the rigidity theorem in [16] plays
an essential role. In Section |3.3] we will establish the second implication, by expanding
double Schubert polynomial into single Schubert polynomials.

3.1. Classical Pieri Rule

Let us fix an k with 1 <r <k <n—1. Let u = sg_,11---Sk_15k. Then the single
Schubert polynomial is

Gu(x) = er(T1,. .., k) = ex(ap) = Z Tiy T,
1<ip < <ir <k

Let us recall the following classical result. In the following, we will use t,;, as the trans-
position of a and b.

THEOREM 3.1.1 (Pieri rule [45], [30]). Let v € S,,. We have
er(zp) - Su(z) = Y 6y(),

where the sum ranges over all w € S, such that w = vty p, - ta,p, with (1) a; < k < b;;
(2) a;’s are distinct; (3) L(vta,p, - tap,) = (V) + .
This rule can be equivalently stated using k-Bruhat order on S,,. Let us define
U <pw <= w = uty for some a <k <band {(w) = L(u) + 1.
The k-Bruhat order the partial order generated by <, i.e.
u <, w <= there is a chain v < v’ < -+ <} w.

Figure [1| shows the order over S3 where k = 1, 2. Figures [2| and [3|show the the order over
Sy where k=1, 2.
This was implemented using the following SageMath code
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321 321

S/ N
231 312 231 312
T (N
132 213 132 213
a N
123 123

FIGURE 1. k-Bruhat order of S;

4321

e

3421 4231 4312
{jii////i:;} ///)
2431 3241 3412 4132 4213

% 7

1432 2341 2413 3142 3214 4123
A el

1342 1423 2143 2314 3124
///” {ijj/////::;;
1243 1324 2134

-

1234
FIGURE 2. 1-Bruhat order of S,

4321

I

3421 4231 4312

N N

2431 3241 3412 4132 4213

SN A NTA SN

1432 2341 2413 3142 3214 4123

N S RN, X/

1342 1423 2143 2314 3124

N

1243 1324 2134

!

1234

FIGURE 3. 2-Bruhat order of S,

1
2
3

n=24; k =2; W= Permutations(n)
def t(a,b):
res = [1..n]
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14
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26
27
28
29

30
31
32
33
34
35
36
37

res[a-1] ,res[b-1]=b,a
return W(res)
def k_cover(u):
res= {}
for a in [1..k]:
for b in [k+1..n]:
w=t(a,b)*u
if w.length()==u.length()+1:
res[wl=u(a)
return res
def show(w):
return "".join("%s"%w(i) for i in [1..n])
H={}
for w in W:
ell = w.length()
if ell not in H.keys(): H[elll=[]
H[ell] .append(w)
# H = {i:sorted(H[i]) for i in H}

D = DiGraph({w:k_cover(w) for w in W})
D.layout (heights=H,layout="ranked",save_pos=True)

res = ""
Nodes = D.get_pos()
for w in Nodes:
res+="\\node (%s) at (%.2f,%.2f) {\\(\\sf%s\\)1};"%(show(w) ,Nodes[w] [0]*2,Nodes [w
1011, show(w))
res+="\n"
for u in W:
for w in k_cover(u):
res+= "\\draw[->] (%s) to (%s);"%(show(u),show(w))
res = "$$\\begin{tikzpicture}\n"+res+"\n\\end{tikzpicture}$$"
print(res)

D.plot(vertex_labels=show,vertex_size=200,arrowsize=1,vertex_shape="")

THEOREM 3.1.2 (Pieri rule). Let v € S,. We have

where the sum ranges over all w € S, such that there is path
U — Vg, — Vlgibitagby — =+ — Vlgip, ** " lapp, = W
from v to w in the k-Bruhat order, and aq,as, . ..,a, are distinct.
In [41], a new formulation of Pieri rule was found. Let us introduce
u—>w <= u<pw =uty and 7 = u(a) for some a < b.

We call a chain
yoiug w2 e o
is decreasing if 77 > 7 > -+ > 7. We denote end(y) = uy and () = /.
THEOREM 3.1.3 (Pieri rule). Let v € S,,. We have

(3.1.2) er(p) - Su(2) =D Senag) (),
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where the sum ranges over all decreasing chains v all decreasing paths starting at u of
length ((7y) = r.

COROLLARY 3.1.4. For v,w € S, there exists at most one decreasing path starting
from v to w, and it exists if and only if the condition in Theorem|3.1.1] is satisfied.

3.2. Rigidity Theorem

In this section, we will review the main method of [16]. The key step is the following
Rigidity Theorem stating that the coefficients of the equivariant Pieri rule are controlled
by the single Pieri rule.

THEOREM 3.2.1 (Rigidity Theorem [16, Section 4]). Let v € S, and a k-subset A C
[n]. Suppose that

(3.2.1) er(za)8y(x,t) = Y (1) - &y(x,t).

Then we have

(3.2.2) L (8) =D e i(0) - erpr(tan(uu)

r<r
where Aa(u,w) :={u(i): i € A and u(i) # w(i)}.
Let us denote
Ag(u,w) = Apg(u,w) = {u(i) : 1 <i < k,uli) # w(i)}.
Applying this Theorem, we obtain the following “single times double” Pieri rule.

COROLLARY 3.2.2. Letv € S,,. We have
er(x[k]) . 61} (.T, t) - Z Er—o(v) (tAk(U,end(v))> . 6end('y) (.Z‘, t)a
v

where v runs over all decreasing paths starting at u in the extended k-Bruhat order. Here,
U(~y) denotes the length of v, namely, the nunber of edges in 7.

The remaining of this section is devoted to a proof of Theorem The key step is
a translation of the coefficients in term of skew operators in Section [2.4.3]

LEMMA 3.2.3. We have
Cg,r(x) = aw/veT(I[k])'

PROOF. Recall that ¢, : f + (Owf)|s,st; gives the coefficient of &, in the double
Schubert expansion of f. We thus have

cw(fg) = Z o (f)(Ow/vg)

UES’n

Apply this formula to the left-hand side of (3.2.1)), we will get

Tt

w

Cour (t) = 8w/veT(I[/ﬁ]) |$1»—>tZ
Since Oy ver () only involves variable & = (1, 22, . ..), the assertion is proved. O
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Let us introduce a generating function for a subset A of {1,...,n}

Q(za) = [J(1+qza) =D d"er(za).

acA r>0

The following lemma follows from direct computation.
LEMMA 3.2.4. For a # b, we have
(3.2.3) OabQ(24) = (dacaq — Obeaq)Q(Ta\{ab})-

Proor. By definition
1

Lg — Ty

aaan:A = (Q(‘IA) - Q(JJA’))

where

A, a,be Aora,b¢ A
A= A\{a} U{b} aecAb¢ A,
A\ {b}U{a} a¢ Abe A
In the first case, we have 9,,Q(z4) = 0. In the second case,

aabQ(SL’A) - Q('TA\{G}> (1 T QIL'Q) — (1 + qxb)

Lo — Tp
Similarly, in the third case,

IapQ(r4) = Q(za\ (1))

The three cases can be summarized as (dacaq — Opeaq)Q(Ta\{ab})- O

= qQ(ra\{a}) = qQ(Ta\{ab})-

(14 qzp) — (1 + qzy)

= —qQ(iEA\{b}) = _QQ(IA\{GJ’})'

LEMMA 3.2.5. Assume w = tq.p, -+ ta, b, € Sn- If

(3.2.4) Oarty *** O Q(4) # 0
for some subset A, then the non-fized points
(3.2.5) Mw) ={1<i<n:w()#i}={a1,bi,...,an, bn}
PROOF. It is obvious that M(w) C {ay,by,...,amn,bn}. We next prove the reverse

inclusion by induction on m. If m = 0, then w is the identity permutation, and both

sides of (3.2.5)) are empty.
Now consider the case m > 0. Suppose to the contrary that w(xz) = z for some

v € {a,b,...,am,bp}. For 0 < j < m—1, let wj = to, 0,0, tapb,. As z €
{a1,b1,. .., am, by}, there must exist j such that w;(z) # z. Let ¢ be the smallest such
J. Since wy(z) = w(z) = z, we have i > 0. Noticing that w;_(z) = ta,5w;i(z) = z and
w;(x) # x, we obtain

(3.2.6) {a;,b;} = {z,w;(z)}.

On the other hand, by , we have

aai+1bi+1 T aamme(xA> 7é 0,
and so it follows by induction that
M(w;) = {air1,biv1, - - oy G, b},
which along with Lemma implies that

(327) aai+1bi+1 te 'aamme(xA) € Z[Q]Q<$A\M(wi))‘
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Since w;(z) # x, we see that w;(w;(z)) # w;(x). Thus both x and w;(x) belong to M (w;).
In view of (3.2.6)), both a; and b; belong to M (w;). Consequently,

Oaib; Q(T a\M(wy)) = 0,
which together with (3.2.7)) would yield
aaibiaai+1bi+l T aamme(xA) =0,
contrary to the assumption in (3.2.4]). This completes the proof. O

LEMMA 3.2.6. For v,w € S, we have
(328) 8w/vQ(xA) € Z[Q] : Q(xAA(u,w))'

PROOF. By Proposition [2.4.10] we can write

Y .
(3.2.9) Ow/o = ;VL wr = Hsij Vi = H {2 ? ; j

jed j=1 3
where the sum over all reduced subword J for u.
For any v € G,,, it is easy to check that
(9ab V=7 81}71(&)1,71((,).

Hence, for J C [¢] such that w; = u, the Demazure operators appearing in V; defined
in (3.2.9) can be moved one by one to the rightmost side of w;, and so we may assume
that V; takes the form

VJ = uaalbl o a(lmbm7

where m = £ —#J. On the other hand, since tq, v = v t,-1(q)-1() for any v € &,,, we can
use exactly the same procedure with V; to deduce that

w = Utalbl T tambm7

or equivalently,
wrw =t - ta,n,,-
Combining Lemma and Lemma [3.2.5] we obtain that

(3.2.10) Oarty *** Oabn Q(.4) € Zq] - Q (T 4\ Mr(u-1u) ) -

Therefore,

Vi Q(za) = uQayby *** Qb QT 4)
€ Z[q] ' Q (xu(A\M(uflw))) = Z[q] : Q (':CAA(U,’LU)) 5
yielding ((3.2.8]). O

PROOF OF THEOREM B3.2.1]. Let

(3.2.11) ey (g, t) = Z q"cy(t).

r>0
Then
Q(ra) - &y(x,t) =Y qen(za) - Syla,t) = > (g, t)- Sy, ).
r>0 weS,
By Lemma|3.2.3] we obtain that
(3.2.12) c(q,t) = 8w/vQ(xA)|xﬁti.
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By (3.2.12)) and Lemma [3.2.6, we see that
C$<Q7t) = f(q)Q(tAA(u,w))?

where f(q) € Z[q]. Setting all t; = 0 on both sides, we obtain that ¢¥(g,0) = f(¢,0), and
hence,

(3.2.13) ¢ (q,t) = (2, 0) - Q(ta 4 (uw))
(3.2.14) = c¥(q,0) - > erltasuu)d”
r>0
Comparing the coefficients of ¢" in (3.2.11)) and (3.2.14)), we are led to (3.2.2). U

3.3. Triple Pieri rule
Now let us prove the triple Pieri rule. Recall u = sp_q11 - Sgp_15k-

THEOREM 3.3.1 (Triple Pieri rule). Let v € S,,. We have

6u(l‘7y) ’ Gv<x7t) = Zéiv(tay) ' Gw(l'7t)

w

where the sum ranges over all w € S,, such that there exists a decreasing path of length
r" <r from u to w, and

(3.3.1) Gt y) = 681@7#1“-8164/ (t,y)

Here, d € S,, can be taken as any permutation in S, such that the image of [k — r'] is
exactly Ag(v,w).

Limtaesy

The proof of Theorem [3.3.1] is very straightforward — it is obtained by expanding
Su(z,y) into single e, (). To do this, we need to introduce the complete symmetric
polynomial

(3.3.2) he(zy, ..., z8) = Z Ty Ty
1<in <-<ir<k

The following expansion is well-known.

LEMMA 3.3.2. We have
Sulx,y) = > eiwp) - hy(—Yp—ri)-

i+j=a
Proor. This is a special case of so-called Giambelli formula [35]
Gu(l‘,t) - Z 6ul (x)GW(_t)‘

-1
uU=u, U1

L(u)=~(u1)+€(u2)

Since u = Sk_,41 - - - Sp_15k has only one reduced word, the only possible decomposition
is given by

U = Sg—a+1 """ Sk—i " Sk—it+1 """ Sk—15k -
- o

The Lemma follows from the fact Sy, . ...crp, 1 (7) = hr(T1, ..., 73) in (3.3.2). O
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ProoFr ofF THEOREM [3.3.7]. Let w be a permutation admitting a decreasing path
from u to w of length " < r. By Corollary

e (ty) = > eiwtayww) - hi(—Ym-riy)
i+j=r
= Z € (t Ay (w,0)) P (= Yp—r+1)

it j=r—r/

= Z €i(tay (o)) g (—Y[(e—r')—(r—rn)41])

i+j=r—r'

= 65k—r+1"‘5k_r/ (tv y)
In the first equality, we used Corollary [3.1.4] O

tﬂ—)td(i) .

As a summary, using Corollary we can restate the triple Pieri rule in terms of
condition of classical Pieri rule Theorem B.1.1]

THEOREM 3.3.3 (Triple Pieri rule). Let v € S,,. We have
Su(z,y) - Sylw,t) =Y 0, (ty) - Sulz,1)
where the sum ranges over all w € Sy, such that w = viap, -+ ta b, with (0) " <r; (1)
a; <k <b;; (2) a;’s are distinct; (3) U(vtayp, - - tawp,) = (V) + i and the coefficients
Egv (tv y) = 681@77-“"-8;@4/ (t> y)

REMARK 3.3.4. When r = k, the formula above can be simplified further. In this
case,

ti'_nd(i) )

k
Su(z,y) = H(%’z — 1)
j=1
Moreover, for w € S, in the sum, we have

E'Z},v(t7 y) = Gsk_r+1"~5k77ﬂ/ (t7 y>|t¢'—>td(i) = H (ta - yl)

a€A (u,w)
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This chapter provides the representation-theoretic background required for the sub-
sequent chapter. The most important trick in the proof of Theorem [C]is the application
of the Yang—Baxter equations. In this part, we will give a general, self-contained,

CHAPTER 4

Yang—Baxter Equations

computational treatment of this topic.

We will overview the representation theory of quantum groups in Section which
serves as a primary source for solutions to the Yang—Baxter equation. We compute many
examples arising from representation theory in Section 4.2 The code and detailed steps
are provided. There is another classical source of solutions from the vertex model. We

illustrate how to solve it with the assistance of a computer in Section [4.3]

4.1.1. Finite quantum groups. Recall the Lie algebra sl, C gl, is the set of

4.1. Quantum groups

traceless n x n matrices. The Chevalley generators of sl,, are

for 1 <i <n — 1, where in the above formulas the shown block is the 2 x 2 submatrix
corresponding to the indices ¢ and ¢+1. The Dynkin diagram and the Cartan matrix is

That is,

n—2 n—1

Cz’j =

2 -1
-1 2 -1
c_ -1 2
-1
-1 2
i -1
2, 1=y,
-1, li—j|=1,
0, otherwise.
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The enveloping algebra U (sl,) admits the following Serre presentation

(4.1.1) [H;, Hj] =0
(4.1.2) [Hi, Ej] =Gy - Ej7 [Hia F}] = —Cij - Fj7 [Ei7 FJ} = 6iJ'Hi’
1—c;;
1 — Cg9q —Cj i — . .
(4.1.3) (—1)’“( ]{;CJ)EZ?“EJ-E,A1 E=0 (i #£)),
k=0
1—cyj 1
(4.1.4) (_1)kz( kcz]>FiijFil_Cij_k —0 (Z 7& j)
k=0

The last two relations (4.1.3) and (4.1.4) are called the Serre relations. They are
obtained from

[Ei [Ei\ar-“[Ei}Ej]"'H = [F [F . [ Fy] -] =0

The algebra U(sl,,) is a Hopf algebra, whose coproduct comultiplication is given by
H— H®1+1® H,,

(4.1.5) A U(sl,) — U(sl,) @ U(sl,), Eir— E;01+1Q E;,
Fir— FE1+1Q F.

The quantum group U, (sl,,) is a quantum analogue of the enveloping algebra U (s, ),
generalized by quantizing the above presentation. More precisely, U,(sl,) is the C(q)-
algebra generated by Ej, Fj, K*' for 1 <i < n — 1 with relations

K, — Kt
(41.7) KEK ' =q¢v-E, KK '=¢% -F, |[BF]= 5"jq——qfl’
I—Cij
1—c i
k 1] k 1—cij—k . .
(4.05) 3 A ]
1—cy; 1
k - Cij k 1—Cij—k‘ o . .
(11.9) S L EE <0 ),

Here we use the notation of quantum numbers

¢"—q " _ nl__ [nl!
FEr= [m]! = [m]---[1], [k} = T — &l

The last two relations (4.1.8]) and (4.1.9) are also called the Serre relations.

The quantum group U, (sl,,) also forms a Hopf algebra, whose comultiplication is given
by

[m] =

Kf'v— KF' @ K

(4.1.10) AU, (sl,) — Uy(sl,) @ Uy(sl,), Fir— F,®1+ K F,
E—EQK '+1®E,.

We remark that there are actually many different choices of comultiplications, and they

all differ from each other by automorphisms of U,(sl,,).
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4.1.1.1. Representation theory. The category of finite-dimensional representations of
U(sl,) is a symmetric tensor category. This follows from the fact the comultiplication of
U(sl,) is cocommutative, i.e. the following diagram is commutative

Ul(sl,) —2= Ulsl,) @ U(sl,)
H lT:X@Yb—)Y@X
Ulsl,) —2= U(sl,) ® U(sl,).
However, the category C of finite-dimensional (over C(q)) representations of U (sl,,) is only
a tensor category, since the comultiplication of U,(sl,) fails to be cocommutative. How-
ever, the general representation theory of U,(sl,) implies (1) the category C is semisimple;

(2) the Grothendieck group of C forms a commutative ring; see [12]. In particular, for
two representations U and V' in C, there exists an isomorphism of U, (sl,,)-modules

(4.1.11) UV 2Vel.

Note that the naive map 7 : U®V — V ® U given by 7(z ® y) = y ® x is not a
U,(sl,)-homomorphism. These isomorphisms can actually be made “functorial”,
or in fancy language, the category forms a braided tensor category. That is, for any
representations U and V', we could fix a choice of an isomorphism

R=Ryy UV VaU

which is functorial in both U and V. Moreover, Ry satisfies the Yang—Baxter equa-
tion
(Rvw ® 1)(1 ® Ryw)(Ruv © 1) = (1® Ryv)(Ruw ® 1)(1 ® Ryw)

as isomorphisms between
UVeW —SWeVeU.
The following illustrates the Yang—Baxter equation
w v U w v U

We remark that in general
Ryyo Ryyv # idygy

In terms of diagrams, it says the “braid” cannot resolved in general:

u Vv u Vv
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Let us briefly explain the construction of R for completeness. First observe that

Homc(U®@V,V@U)=Homc(U®V,U®V)or

= End@(U) & End(c(V) oT.
Note that the representation map U,(sl,,) — End¢(U) is surjective when U is irreducible.
Actually, this is known as the density theorem in ring theory. Moreover, two elements
z,y € U,(sl,) are distinct if and only if they act differently on some representation U

in C. In particular, the question is almost equivalent to the construction of a universal
element (called the universal R-matrix)

© € U,(sl,) ® U,(sl,)

such that
A(X)-© =0 7TA(X), VX € Uq(sln).

However, such © only exists in a completion of
U @ Uy CUy(sln) ® Uy(sly),

where U (resp., U;") is the subalgebra generated by H; and E; (resp., H; and F;) for
1 <i < mn—1. These are quantum versions of the upper (resp., lower) triangular Lie
algebra. Moreover, the element © is unique, and can be constructed explicitly; see [12].

4.1.2. Quantum Loop groups. The loop algebra Lsl, is a base-change

Lsl, = sl, ® C[z™], X ®:"Y®2"=[X,Y]®:"
Note that Lsl, is NOT a Kac-Moody algebra. To obtain a Kac-Moody algebra, we still
need to introduce the differential operator d = %dilz and take a central extension. We have

a natural inclusion
sl, =2 sl, ® 1 C Lsl,.
Let us denote
0 0 2! -1
Eo = ; ko = ; Hy = .
z 0 0 1

We also define the Dynkin diagram and the Cartan matrix (n > 3)

2 -1 -1
-1 2 -1
5
-1
/ \ - 2
o~—o0—---—0—0 e |
1 2 n—2 n-—1
-1 2 -1
-1 -1 2]
That is,
2, 1=y,
cij =4 —1, 1=j7+1modn,

0, otherwise.
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The case n = 2 is special, its Dynkin diagram and Cartan matrix are defined separately

to be
0 <= o, C = 2 -2 , e Cu = oo =2,
1 2 -2 2 Ci0 = Cg1 = —2.

The enveloping algebra U(Lsl,) admits the same Serre presentation (4.1.1)) to (4.1.4),
but now the index 0 is included. Similarly, U(Lsl,) is a Hopf algebra whose coproduct is
given by the same formula (4.1.5)), again, including the case i = 0.

Similarly, we can define the quantum loop group U,(Lsl,) to be the C(g)-algebra
generated by FE;, [y, K for 0 < i < n—1 (0 is included) with the same relations (4.1.6))
to (4.1.9). Moreover, U,(Lsl,) is a Hopf algebra whose comultiplication is given by the
same formula (4.1.10)).

The quantum loop group also admits a Drinfeld presentation. That is, U,(Lsl,)
is the C(q)-algebra generated by E,., Fj,, Ki' b, (1 <i<n—1,r€Z, s Z\{0})
with relations

(4.1.12) K,K; = K;K;, KK '=1

(4.1.13) PE(2)0T (w) = ¢F () (2)

(4.1.14) Kia; (2) K" = ¢" Ej(2)

(41.15) (27 (2), 25 ()] = —25 (6(2)s (w) — (2 )5 ().

g—q!

(4.1.16) Ui (2)aF(w) = %x;‘“(w)w (2),
(4.1.17) V7 (2)ay (w) = %%i/(w)%(z)a
(4.1.18) rf (2)z) (w) = % 7
(4.1.19)

1—c;;

Sym Z (—1)k |:1 _kCij:| x?(zl) ... x;t(zz)xjt(w)x;t(zl_,’_l) ... xz?t(zl_qj) =0 (Z 7& ])

21,22, 1

where
8(z) = i 2", zf(2) = i E;i.z", z; (2) = i F, .2,
wj_(z) = Z%’,SZ’_S, wl_(Z) = Zwi7sz_8.
r>0 r<0

This presentation is crucial when describing its representation theory.

4.1.2.1. Reprensetation theory. The category of finite-dimensional representations of
Lsl, (i.e. of U(Lsl,)) is a commutative tensor category. For a representation V' of sl,,,
we denote the representation of Lsl, = sl, ® C[zF!] by

V(z) =V ®C[z*.
For zy € C*, we similarly denote

V(Zo) =V X (Czo
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where C,, = C[z*']/(2—2). The finite-dimensional irreducible representations of U (Lsl,,)

are of the form
&) Vi(=)
i=1

where 21, ..., z, are distinct points over C* and each V; is a nontrivial finite-dimensional
irreducible representation of sl,,. Note that the category of finite-dimensional represen-
tations of U(Lsl,) is not semisimple, because of the existence of representations such
as

V(2)/(z = 20)* =V @ Clz"]/(2 — 2)?
for some 2z, € C*.

We warn readers that the enveloping algebra does not commute with base change:
U(Lsl,) = U(sl, ® C[z*"]) # U(sl,) ® C[z*].

Actually a finite dimensional representation of U(Lsl,) is equivalent to a quasi-coherent
sheaf of sl,-representations over C* = Spec C[2*!] such that the points whose stack is a
non-trivial representation are finite.

Now let us switch to the representation theory of the quantum loop group U, (Lsl,).
Note that the relations in the Drinfeld presentation to are written in
terms of generating functions. In particular, one can check directly that we can define an
automorphism

Pz Ug(Lsl,) — Uy(Lsly,)
for any zg € C* by

i (2) — 27 (2 - 20), P (2) — T (2 - 20), Ki— K.

For any representation V' of U,(Lsl,), we can define a representation V'(zy) the repre-
sentation obtained by twisting with the automorphism p,,. We can similarly define an
C[zF]-linear representation V[2%] = V ® C[z*] such that V(z) = V[2%]/(z — 29). We
denote V(z) = V[2*] ®cp+) C(2).

The category C of finite-dimensional (over C(q)) representations of U,(Lsl,) is a tensor
category, which is not symmetric in general. But, in contrast of the case of finite quantum
groups, C is NOT braided. Actually for two representations U, V' in C, the tensor product
U ® V is not isomorphic to V ® U in general. This is because the universal R-matrix ©

of U,(Lsl,) does not always converge on the tensor product U @ V.
But this does not happen very often. Actually, for two representations U,V in C, the
tensor products are isomorphic
U(zo) @ V(yo) = V(yo) @ Ul(xo)
for generic zg,yo € C*. Actually, the image of the universal R-matrix
R:U(x)@V(y) ZV(y) @ U(x)

is well-defined as a product of a matrix of rational function in x/y and a (meromorphic)
function in z/y. So the matrix R is well-defined when z,/yo avoids the zeros and the
poles of its determinant. Usually, we normalize the R-matrix such that it is identity when
applied to the highest weight vectors (of U,(sl,)), so it will be a rational function in z/y,
and we denote it by

Ryv(z/y):U(z) @ V(y) — V(y) @ U(x)
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to emphasize its dependence on xz/y. To distinguish it from the finite R-matrix, we call
Ryv(z) the R-matrix with spectral parameters.

Moreover, when U,V are both irreducible, the tensor product U(zy) ® V(yo) is irre-
ducible for generic xg,yo € C*. Note that the same phenomenon appears in the repre-
sentation theory of Lsl,. As a result, for generic xg,yy € C*, we have

Home (U(xo) @ V(y0), V (y0) ® U(xo)) = span (Ryv (xo/yo)).

This is the uniqueness of R-matrices with spectral parameters. Note that the finite R-
matrix is unique considered as a functor, while the spectral R-matrix is unique for each
single pair of irreducible representations. This fact will be useful in the computation.

The spectral R-matrices satisfy the Yang—Baxter equations, i.e. as an operator
U(z1) @ V(zg) @ W(z3) = W(z3) @ V(29) @ U(z1),

(RVW(Z2/23) & 1)(1 (024 RUw(Zl/Zg))<Ryv(21/Zg) & 1)
= (1® Ryv(21/22))(Ruw(21/23) ® 1)(1 ® Ryw(22/23)).

The following is a diagram for the equation.

21 zZ9 zZ3 21 2 z3

As a feature of spectral R-matrices, we also have the unitary equation, i.e. as an
operator U(z1) ® V(z2) = V(z2) @ U(z1),

Ryy(22/21) o Ryv(21/2) = idygy .

The following is a diagram for it:

21 22 21 22

4.2. Examples of R-matrices

To author’s knowledge, there is no existing algorithm for computing R-matrices in
the literature or in any mathematics software system. In standard textbooks of quantum
groups [12], the only known example of R-matrices is for natural representations of
U,(Lsl,). Moreover, it is actually not from a computation but a proof that a given matrix
is the R-matrix. In this section, we illustrate how to compute the spectral R-matrices.

4.2.1. Examples of sl;. Let us consider the natural representation of sls.

wre - La-P e[t )

Its quantum version is given by

Uy (s) ™ Clg)?, K= {q q_l] o {0 (1)] R = [_01 o} |



Next, let us consider the adjoint representation of sls.

~ 2 0 -2 0
sly  C3, H, = 0 LB, = 0 1|,F”=1|-10

Its quantum version is given by

Uysk)  "Clg)’, Ki= 1 , By = 0 1|,F=|{-1 0

Recall that [2] = ¢! + q.
We can extend C? and C? to representations of the loop algebra Lsly by

Hy—=—H,,  E,=zF, F,=2"E,.
Its quantum version is given by

Ko =K', Ey = zF, Fy=z2"1F,.
Let U = C(q,2)? and V = C(q, 2)®. Let us compute the R-matrices

Ryy(z/y) : Ur) @ Uy) — Uly) @ U(z),

Ryy(z/y) : V(r) @ V(y) — V(y) @ V(x),
Ryy(z/y) : U(z) @ V(y) — V(y) @ U(x),
Ryy(z/y) : V(z) @ Uly) — Uly) @ V(z).

It turns out that we only need the action of Ky, Iy, Fy € U,(Lsl,) to solve the R-matrix.
Let us illustrate the computation of U(z) ® V(y) as an example. By definition the
representation

Uq(Lg[Q)mU(,I)@V(y), K1|—>K1®K17
~ F1P—>F1®1+K1®F17
U,(Lsly) "~ V(y) @ U(x), Fo Fy®14+ Ko ® F.

The actions of K are given by

@ 0 00 0 O ¢ 0lo 0]l0 O
0 g 0|0 0 O 0 g|0 0|0 O
0 0 q¢gtf0 0 O 0 0Olg 0[]0 0 |
00 0jqgq O 0 | 0 0|0 g0 0 [’
00 010 gt O 0 0[0 O gt O
00 0|0 0 ¢3 0 0[0 OO0 g
the actions of F} are
[0 0 0] 0 0 0] [0 0] 0 0 |0 0]
-¢g 0 0] O 0 O ¢ 0 0 0 0 0
0 ¢*+1 0| O 0 0 -1 0 0 0 0 O
1 0 0] O 0O 0|’ 0 -1 1 0 0 0]’
0 1 0|-q! 0 0 0 0 [g+q! 0 0 0
0 0 1| 0 1+¢% 0 0 0| 0 g+q'|qg? 0

45



the actions of Fj are

[ 0-(+¢2y'0 |z 0 0 0 ¢ 227" |-(¢+a )y 0 0
0 0 gyt 0 2t 0 0 0 0 ~(g+a ")y 0
0 O 0 0 0 a7t 0 0 0 ! 0
0 O 0 0 -(*+1)y™* 0 ’ 0 0 0 0 Yy
0 0 0 0 0 gyt 0 0 0 0 2
0 O 0 0 0 0 0 0 0 0 0

Assume the R-matrix is

Ty X2 | Tz T4 | Tz Te
7 Tg | L9 Tio | T11 T12
13 Ti14 | 15 Tie | 17 T18
T19 T20 | 21 T2 | T23 T24
Tos Toe | T27 T28 | L29 T30
T31 T32 | T33 T34 | L35 T36

R = Ryy(z/y) =

The equation Ky o R = R o K implies

x; =0, unless i € {1, 8,10, 14,16, 21, 23,27,29,36}.

That is,

§

e}
e}
S

s 0 10
rig | 0 6
a1 0 | xo3
0 To7 0 99
0 0 0 0 T36

o o O

R = Ryv(z/y) =

O OO O O

o O OO O
)

The equation F} o R = R o F} implies the following equations

w1 = —qzs + T10
—T1 = —qT14 + Ti6
—s+ 71 = (¢ +1) 221 + 723
—T10 + T16 = —q ' Tag
(¢ +q Hrws = (¢ + 1)xor + 29
(q+q Hae = —q a9
(q+q a4+ ¢ ar = w36
(4 ¢ aos + ¢ w29 = (14 ¢ )36
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The equation R o Fy = Fyo R implies the following

gz 'ws — (g+q My

)
g 2 w0 — (g +q )y
—(g+q My !
—(g+qMy!

-1 -1
xr 9 + Yy

ry=—1+¢)y "=

T = x_lxl

Ty = q 'y s

T3 = twg — (1 + ¢y ‘a1

ot

¢ 'y ey

T g3 +y g = 27 ey — (14 @)y e

-1 1 -1
Y X36 =T To1 QY T3

2 —1 —1 1
q°x T3¢ =T Tor +qY Tog.

With the normalization z; = 1, we can solve

Gzt Py tagz _Pr—gqy =Py +y
Ty = —5—— 0= 55— — T4 = —3 Ti6 = —
P*r —y Pr—vy P —y Pr—y
¢r—x P —qy Py +qzx 'y —y
T2l = 5 T23 = —5 L271 = — 3 L29 = —3——
Pr —y Pr—vy P —y s
T3g = L1 = 1.
As a result, we have
M1 0 0 0 0
—q¢'r+x 0 —¢*y + qx 0
Pr—y Pr—y
0 CToay 0 —*y+y 0
(421)  Ryv(sfy)=|__ 9T~V ¢r—y
0 0 v —u 0 ¢’ —qy
34 3
Pr—y Pr—y
0 0 —°y +qx 0 'y —y
34 3
Pr—vy Pr—vy
0 0 0 0 0
By a similar manner, we can compute the R-matrices
[ 1 0 0 0 0
_ 42 2. _
) —CrtT Cr—gy 0 0
Pr—y  Pr—y
0 0 0 ¢'r—x  ¢y—qr
(4.2.2) Ryu(z/y) = , ) Pr—y —gr+y
y—qr —q'y+y
0 0 0
—Pr+y Pr—y
0 0 0 Cr—qy Y-y
Pr—y  Pr—y
0 0 0 0 0
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© 0 N O O W N =

(1 0 0 0]
0 Cr—v | —qr+qy 0
(4.2.3) Ryy(z/y) = ¢Fr—y | —¢Pr+y
—qr+qy | Py—y
0 0
—Pr+y | ¢r—y
0 0 0 1]
1.0 0[0 0 0[0 0 0]
O A O|4 0O 0 0
00 |0 & 0| 00
O 0/v 0 0 0 0
(4.2.4) Ryyv(z/y)=10 0 «|0 W 0[» 0 O
00 0/0 0O A|O &0
00 4|0 % 0% 0 0
00 0/0 0O /0 v O
(000 0/0 0 0[0 0 1|

where

R _—Trtdy _dy—y
¢'r —y’ —q'z+y’ q'r —y’

% — 0 = D¢ + D)a? x - @V Dy
(—¢*z +y)(—q'z +y)’ (= +y)(—q'z +y)’

o (@9 (=2 +ay) b (@ —a)(zry +7)
(—@*z+y)(—¢*z +y)’ (—¢®z +y)(—q¢*z +y)’

o LoD ray) o (@@ D ey +yY)

(=¢*z +y)(=¢'z +y) (=¢*z +y)(—q¢'z +y)
m_ Loyt de? —2lay —2Puy + Pyt ey Py (@Y - )
(—¢*z +y)(—q'z +y) ’ (—¢*z +y)(—q*'z +y)
4.2.1.1. Codes. The above computation can be done via SageMath, and here is the
code.

R = PolynomialRing(QQ, ["q","x","y"]1); q,x,y = R.gens()
class myrep(list): pass
def gnum(m,k=1): return gaussian_binomial(m,k) (q~2)*q”~ (-k*(m-k))

define the representations Uq(sl2)
myrep([2]);
matrix([[0,1],[0,0]1)
matrix([[0,0],[1,0]])
matrix([[q,0],[0,97(-1)11)

Scaaw
N T
nmn
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10
11
12
13
14

© 0 N O O~ W N =

© 00 N O G~ W N =

N N NN H B B B2 2 2 e
W N B O © 00 N O 0 b W N H O

© 0 N O OB~ W N =

=
o

11
12
13

myrep([31);

= matrix([[0,-g-9q"(-1),0], [0,0,1],[0,0,011)
matrix([[0,0,0],[-1,0,0],[0,9+q~(-1),011)
matrix([[q~2,0,0],[0,1,0],[0,0,97(-2)11)

=S << <
N T /|
I

def checkrel(V):
K=VK; E=V.E; F=V.F;
comm = lambda X,Y: X*xY-Y*X
if K*ExK"(-1) != q"2#E: return False
if KxF*K~(-1) != q~(-2)*F: return False
if comm(E,F)!= (K-K~(-1))/(q-q~(-1)): return False
return True
print (checkrel (U))
print (checkrel(V))

# define the representation of Uq(Lsl2) via evaluation
def rep(prerep,para=1):
res = myrep(list(prerep)+[paral)
res.El = prerep.E
res.Fl = prerep.F
res.K1 = prerep.K
res.E0 = para*(prerep.F)
res.FO = para”(-1)*(prerep.E)
res.KO = (prerep.K)~(-1)
res.I = res.KO*res.KO"(-1)
return res

# define tensor product

def ten(U,V):
tp = lambda X,Y: X.tensor_product(Y)
res = myrep(list([(U[i],V[i]) for i in range(len(U))]))
res.El = tp(U.E1,V.K1"(-1)) + tp(U.I,V.E1)
res.EO = tp(U.E0,V.K0"(-1)) + tp(U.I,V.EO0)
res.F1 = tp(U.F1,V.I) + tp(U.K1,V.F1)
res.FO = tp(U.FO,V.I) + tp(U.X0,V.FO)
res.K1 = tp(U.K1,V.K1)
res.KO = tp(U.KO,V.KO)
return res

# construct the tensor representation
X = rep(U,x)
Y = rep(V,y)

XY = ten(X,Y)
YX = ten(Y,X)
# ten(X,Y).E1

S = PolynomialRing(R, ["x"+str(i) for i in range(X[0] 2xY[0]"2)]1);

x = S.gens();

Rmat = matrix([[x[i*X[0]*Y[0]+j] for j in range(X[0]*Y[0])] for i in range(X[0]*Y[0])
D

# find all relations
Relations = [x[0]] # x[0] = 1 by normalization
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14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

41

N O O W N =

def add_rel (mat):
for row in mat:
for ent in row:
if ent!=0:
Relations.append(ent)
add_rel (YX.K1 * Rmat - Rmat * XY.K1)
add_rel (YX.F1 * Rmat - Rmat * XY.F1)
add_rel (YX.FO * Rmat - Rmat * XY.FO)
# add_rel(YX.E1 * Rmat - Rmat * XY.E1)
# add_rel(YX.EO * Rmat - Rmat * XY.EO)

# linearize the relations
def linear_rel(poly):
res = [0 for xx in x]
my_dict = poly.dict()
for ind in my_dict:

i=0
while ind[i]==0:
it+=1

res[i] = my_dict[ind]
return res

LHS = Matrix([linear_rel(rel) for rel in Relations])
RHS = [(1 if i==0 else 0) for i in range(len(Relations))]
x_0 = Matrix(LHS) .solve_right(vector (RHS))

Rmat = matrix([[x_O[i*X[0]*Y[0]+j] for j in range(X[0]J*Y[0])] for i in range(X[0]*Y
[01>1)
print (Rmat)

# double check:

print (YX.K1 * Rmat == Rmat * XY.K1)
print (YX.KO * Rmat == Rmat * XY.KO)
print(YX.E1 * Rmat == Rmat * XY.E1)
print (YX.F1 * Rmat == Rmat * XY.F1)
print (YX.EO * Rmat == Rmat * XY.EO)
print (YX.FO * Rmat == Rmat * XY.FO)

There is some room to optimize the algorithm.

4.2.2. Natural representations. Consider the natural representation of the Lie
algebra sl,,

" Hie; = (0i5 — dir15)e;,
sl, "C'=@Ce, by  Fe;=djem,
=1 Eiej = dije;.

Its quantum version is given by

Kiej — q6ij —03+1,5 e,

Uq(ﬁ[n) i V= @C(Q)GZ by Eej = 5ijei+1,
=1 Eiejn = d;je;.
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We can represent the actions by the following diagram:

En Eo Eq
— — —
e, . €9 eq.
~— ~— ~ ~—
Fr-1 Fy Fy

We can extend C" to a representation of the loop algebra Lsl,,
Hoej = (0n; — 015)e;,
Lsl, m C"(2) by Foej = 0,;2 ey,
Epeji = Opj2ey,.
Similarly, its quantum version is given by
Koej = ¢ Ve;,
U,Lsl,) " V(z) by Foe; = 0,2 ey,
Eoeju = 0pjze,.

We can represent the actions by the following diagram (for simplicity, we only represent
the action of Fj, and ignore the scalar)

Fo
e, <—¢€, cee e eq.
" Fpa ! Fr-2 Fy 2 Fy !

Let us compute the spectral R-matrix for
R =R(z/y): V(z) ® V(y) — V(y) ® V(z).
The following is our strategies:
(1) Note that the R-matrix preserves weights, since it commutes with the action of
K; for 1 <i <n—1. The weight of e; ® e; is ¢, + ¢; € Z"/Z(1,...,1), so we
have
R(e; ® e;) € span(e; ® e;,e; ® €;).
This includes the case 1 = j.
(2) The representation V ® V is generated by e; ® e, as a U,(sl,)-representation

over Q(¢q). This fact will also be illustrated in the computation. As a result, any
U,(Lsl,)-homomorphism is determined by the image

R(e1®@e,) € V(y) ® V().

So we first describe R(e; ® €;) in terms of the coefficients f and ¢ defined below
and taking advantage of the fact that R is a U,(sl,,)-homomorphism.

(3) Assume
Reg®e,) =f-eRe,+g-e,Re;
for some f,g € C(q)(x,y). To determine f and g, we could equalize the image
R(e; ® e;) in two ways:

Fo

T

eg®Re, —e ®¥e, | — - —>e; ey —=e; e.
Ep-1 Ep-2 Eo Er

Let us describe R(e; ® e;) in terms of f and g.
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LEMMA 4.2.1. If i < j, we have
Rei®e;)=feRe +g-e Qe
ProOOF. We can compute
Ei(ei®eju) =LEje,® K]-_lej+1 +e ®Ejen =0+e ®e;,
E;(ej1 ®e;) = Ejej ® Kj_lel- +en®Ee =€ ®e+0
when ¢ < 7 < n; and
Fii(eii®e;) =Fiaei1®e+ Kiei 1 ®F1ej=e;,®e; +0,
Fiilej@ei)=Fie;®eq+Kie;@F 6., =0+¢e Xe;
when 1 < i < j. The claim follows from these identities and induction. O
LEMMA 4.2.2. When @ = j, we have
Rle;@e)=(f+q ' g) e
Proor. This follows from the similar computation above,
Ei(e;®eu) = Eie; ® K; 'ej1 + € ® Eiej =0+ €;® e,
Eem®e)=FEen @K 'e+en@Ee =e®q 'e+0
when ¢ < n; and
Fiile1®e)=F e 106 + K6, ®F1e,=e ®e +0,
Fii(ei®ei) = Fioie;® e + Kie; @ Fiei =0+ ¢ 'e; @ e
when 7 > 1. U
LEMMA 4.2.3. If i > j, we have
Rlei®e;)=(f+(g "' —q)g) - e®e; +g-e e,
PrROOF. We first compute
Fi(e; ®e;) = Fie;j ® i + Kje; © Fje; = €ju @ € +qe; @ €ju.
As a result,
Rleju ®ej+qe;®ejm) = (f+q " g)(ejn @e +qe; @eju)
We know from Lemma [£.2.7] that
Rej@eju) =f-ej@ej +g- e Qe
Thus
Rler1®e) = (f+q " g)(ejn ®e+qe; @eju) — qR(e; ® €ji1)
=(f—a9+q'9) e Qe +g-€ Qe

For general ¢ > j, it follows from identities similar to those used in the proof of Lemma

421 O
Note that all of the above computations do not involve any spectral parameters z, v,
since we only use the finite quantum group U,(sl,,)-actions. Actually, since
dim Homy, (5, ) (V@ V,V® V) = 2,

any choice of f, g determines a morphism of U,(sl,). Now let us use the action of Fj to
determine f and g.
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LEMMA 4.2.4. Denote z = x/y. We have

fi(l—qQ)z R -
1l —g2z g—ql—q%‘

PROOF. Let us compute in V(z) @ V(y)
Fo(e; ® e,) = Foer ® e, + Kpey ® Foe,, =0+ g 'er @y ey,
Fyle,®e)) = Fye, ®e; + Kpe, @ Fpe, =1 'e; ®e; +0.

The computation in V(y) ® V(z) is obtained by swapping the roles of x and y. As a
result,

Rlgler®y'e))=f-¢let@a'er+g-y 'erQe.
That is,
Rer®er) = (z7'y- f+q-g)e1Qer.
By the normalization, we can assume R(e; ® e;) = e; ® e, so we have
f+qt-g=1, a7y f+q-g=1

So we can solve for f and g, as asserted. O

Substituting the f and g above, we have

LEMMA 4.2.5. The spectral R-matrix is given by

(L=@)2, et gt e ey, i<

5. Ciwe; —€; e, 1 )

1_q2z J ql_q2Z J J

(4.2.5) R(z)(el (059 ej) =€ e, z':j7
1=¢ e tq- e ® >

€; ¥ e; ——€; ¥e,, ) .

\1_q22 J ql_qzz 7 J

4.3. Vertex models

We have seen the Yang-Baxter equation as a property of R-matrices. But the ex-
istence of R-matrices with Yang—Baxter equations does not always follow from the rep-
resentation theory of a known algebra. Actually, new R-matrices usually lead to new
interesting quantum algebras.

4.3.1. Six-vertex model. Historically, the R-matrix was first found in statistical
physics in the study of the six-vertex model. The mathematical formulation is the
following. Let V =k -e; @ k- ey be a two-dimensional space over some field k. We want
to find some matrix (also called an R-matrix)

R(z) e Hom(V @ V,V @ V)(z)
satisfying the Yang—Baxter equation
(R(z) @ 1)(1 @ R(zy))(R(y) @ 1)
= (1@ R(y))(R(zy) ® 1)(1 ® R(z)).
From the computation of the previous section, we see the assumption that
R(x)(e; ® e;) € span(e; ® ej,e; ® €;)
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could make the computation simpler. This is exactly what the six-vertex model refers
to. More precisely, the six-vertex model is the case of the R-matrix taking the form

R(z)(e1 ®e1) =a1(z) - €1 ® e

ai(z) 0 0 0 )
R(2) 0 bo(z) | c1(z) O R(z)(e2 ® e2) = ax(2) - €2 ® e
S0 e(z)|bi(z) O R(z)(e1 ®ez) =bi1(2) e e+ ¢1(2) - e2 @ e
0 0 0 as(z) R(2)(es @ e1) = ba(2) - €1 @ es + ca(2) - €3 D €.

We will further assume

a1(2),a2(2),b1(2),ba(2), c1(2), ca(2)

are all non-zero functions. The Yang—Baxter equation is equivalent to
a1(2)ba(zy)ai(y) = ba(z)ar (zy)ba(y) + c2(z)ba(zy)er(y)

ar(z)er(zy)ba(y) = cr(z)ar(zy)ba(y) + bi(2)ba(zy)er(y)

ba(x)ea(zy)ar(y) = ca(x)ba(zy)b1(y) + ba(x)ar(zy)ca(y)
ba(2)b1 (2y)b2(y) = b1(2)ba(2y)b1(y)
cr(z)ar(zy)bi(y) + ba(x)bi(zy)er(y) = ar(x)er(zy)bi(y)
ba(w)az(wy)ba(y) + c1(x)be(wy)ca(y) = az(z)ba(zy)az(y)
c1(@)ba(zy)b1(y) + ba(x)az(zy)ei(y) = bao(x)cr(zy)as(y)
c2(2)br(zy)b2(y) + bi(x)ar(xy)ca(y) = bi(x)ca(zy)ai(y)
bi(x)ai(zy)bi(y) + c2(x)bi(zy)er(y) = ai(z)bi(zy)ar(y)
ca(x)az(xy)ba(y) + bi(2)ba(2y)ca(y) = az(x)ca(2y)ba(y)
bi(2)ba(zy)b1(y) = bo()b1(2y)ba(y)

bi(z)er(zy)az(y) = c1(x)bi(zy)ba(y) + bi(x)az(zy)er(y)

az(w)ea(xy)bi(y) = co(w)az(xy)bi(y) + ba(x)bi(xy)ca(y)

az()bi(zy)az(y) = bi(x)az(zy)bi(y) + c1(x)bi(zy)ca(y)

The purpose of this section is to partially solve these functional equations.

LEMMA 4.3.1. To have a solution of the Yang—Baxter equation, it is necessary to have

ar(2)az(z) — b1 (2)ba(2) + c1(2)ca(2)

ek, Vi, 7 € {1,2}.
()61 (2 2
EXAMPLE 4.3.2. Recall the R-matriz in (4.2.3)) or (4.2.5) from the previous sections:
10 0 0] @al)=awl)=1L
2
g —1
2, _ bi(z) = 2 — —
0 TPz | —erta 1(2) e
¢?z—1 | —¢?z2+1 9
(¢~ 1)z
REETR T B e
—¢?z+1| ¢?z—1 L1
| 0 0 0 1 cl(Z)IC()—qQZ_1
We have
ay (% —bi1(2)b2(2) + ¢ z
1(2)a2(z) = bi(2)ba(z) + ar(Z)ealz) _
a;(2)c;(2)
a constant.
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The proof of Lemma [4.3.1] will be given in Section below. Our next step is to
divide the solution into two families, depending on whether

ai(z)as(z) — b1(2)ba(2) + c1(2)c2(2) = 0.

Before that, we mention some “freedom” of R(z)-matrices, which could be used to nor-
malize our solution.

LEMMA 4.3.3. If R(2) satisfies the Yang—Bazter equation, then so does the matriz

al(gm) ) (0 | 0( ) 8 fek(z),
- 2™ g-ci(2™ x
R(Z) = f O gflzcz(zm) bl(lzm) O ’ g € ]k )

0 0 0 as(2™) m € Z.

PROOF. It suffices to deal with three cases
(i) f=1and g =1, (il) f=1land m =1, (iii) g =1 and m = 1.

The cases (i) and (iii) are both trivial. The case (ii) can be seen directly from the
equations since the change preserves the Yang—Baxter equation. More precisely, either
c1(7)ea(?) comes in pair, or ¢;(?) appears singly in each factor, e.g.

bi(z)ar(zy)bi(y) + ca(z)bi(zy)er(y) = ar(z)bi(zy)as(y)
ca(w)ag(zy)ba(y) + bi(2)ba(wy)ca(y) = az(x)ca(xy)ba(y)

There is another, more conceptual way of seeing (ii). We can construct a matrix
Qei®e)) = g"e; @ e;.
Then in case (ii), we have
R(z) =QoR(z) 0 Q"
also satisfies the Yang—Baxter equation. The trick is, we can construct matrix

Q(ei ® ej ® ek) — q5i>j+5i>k+5j>kei ® ej ® e

such that

So
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Case A. When a;(2)az(z) — bi(2)by + c1(2)c2(2) # 0, we have

ai1(z)/azx(z) €k,  a(z)/ea(2) €k
are both constants. By Lemma [4.3.3] we can normalize R(z) such that

a(z) =1, az(z) = as € k, c(2) = c1(2) = ca(2).
Assume
AL B2~ bi(2)ba(2) + c(2)? ck
c(z2) '
Then we have
(4.3.1) az =1
- b1 (y)ba(x)
(4.3.2) bi(y/z) = —Ac(z) + c(z)e(y) + 1
B bi(x)by(y)
(4.3.3) baly/w) = — Ac(z) £ c(x)e(y) + 1
B c(y) — c(z)
(4.3.4) c(y/z) = —Ac(z) + c(z)e(y) + 1

This is done using computer, and the following is the code. Here we used the fact
1= Ac(2) 4 ¢1(2)?

bl(Z) bQ(z)

to reduce the number of variables.

# 6-vertex model

S = PolynomialRing(QQ, ["D","a2","b2x","cx","b2y","cy"1);

x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))
alx = 1; a2x = a2; clx = c2x = cx

bilx = (a2x-D*clx+clx”~2)/b2x

aly = 1; a2y = a2;cly = c2y = cy

bly = (a2y-D*cly+cly~2) /b2y

Poly = PolynomialRing(S, [abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2
"11);

x = Poly.gens(); exec("; ".join("%s = x[%s]"%(x[1i],1i) for i in range(len(x))))

# alx = al, etc; aly = al’, etc; alz = al’’, etc;

K_Poly = FractionField(Poly)

Rx = matrix(K_Poly, [[alx ,0,0,0],[0,b2x ,cix ,0],[0,c2x ,blx ,0],[0,0,0,a2x 1])
Ry = matrix(K_Poly, [[aly ,0,0,0],[0,b2y ,cly ,0],[0,c2y ,bly ,0],[0,0,0,a2y 11)
Rz matrix(K_Poly, [[alz ,0,0,0],[0,b2z ,clz ,0],[0,c2z ,blz ,0],[0,0,0,a2z ]])
I matrix(K_Poly, [[1,0],[0,1]11)

def ten(A,B): return A.tensor_product(B)

LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);
RHS ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

Rel = []
for (i,j) in [(i,j) for i in range(8) for j in range(8)]:
lhs = LHS[i][j]l; rhs = RHS[i][j]
if lhs != rhs:
Rel.append(lhs-rhs)

def linear(f): # f is a linear function in S, return the corresponding vector
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46

Rel
Rel
sol

f = Poly(K_Poly(f) .numerator())
res = [0 for i in range(6)]
my_dict = f.dict(); # print(f.dict())
for ind in my_dict:

i=0

while ind[i]==0 :i+=1

res[i] = S(my_dict[ind])
return res
[linear(rel) for rel in Rell; # print(matrix(Rel))
matrix(FractionField(S) ,Rel)
Rel.transpose() .kernel () .basis() [0]

[alz,a2z,blz,b2z,clz,c2z] = sol

for

ind in sol:
print (ind.factor())

print(a2z == 1)
print(blz == bly*b2x/(-Dxcx + cx*cy + a2))
print(b2z == blx*b2y/(-Dxcx + cx*cy + a2))

print(clz =

(cly-c1x)/(-D*cx + cx*cy + a2))

Now let us solve the function equation (4.3.2)), (4.3.3)) and (4.3.4).

e Let us assume A = g+ ¢! for some ¢ in some field extension of k. The trick is,

we can write

—(g+qYr+ay+1

where e(z) = 5% with e 1(z) = £=%. As a result, (4.3.4) is equivalent to

271 q?2z—1"

e(c(y))

The rational function solutions are of the form e(c(z)) = 2" for some n € Z.

That s,
2" —1
(2) = 45—

q*z" — 1
e By (4.3.2) and (4.3.3), we have

bi(y/) _ bl(y)/bl(x)
ba(y/x)  bay)/ ba(w)
ba(z)

This implies bl—(z) = 2™ for some m € Z.

e It remains to solve

2™ - b ()b (@) (¢*y" — 1)(g*a" — 1)

bi(y/x) =

We can write it as

(¢®y" — ") (¢* = 1)

bi(2)(g*2" — 1)

fly/z) = f(y)f(z),  where f[(z)=

This implies f(z) = f(z7!) and thus f(y/x) = f(y)f(1/z). Thus f = 1. So

nem q*—1
q22n -1
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In conclusion, in this case, we get the following family of solutions of the Yang—Baxter
equation

1 0 0 0 f ek(2)",
S S L RO B g€k,
R(Z):f QQZ”—l q2z”—1 7 qG]kX,
_1 2" =1 n—m q2_1
¢l ¢l €n+2Z
m n .
0 0 0 1

This is a generalization of Example

Case B. When a;(2)az(z) —b1(2)ba+c1(2)c2(z) = 0. By a “rational group”, we mean
a group object in the category of varieties with rational morphisms (morphism defined
on a nonempty open subset). Let

G = {(al, as, bl, bg, 1, Cg) eC*: a1 — blbg + cicp = 0}
Then G = G /C* is rational group with product determined by

(ar,...,c1)-(d),....d)) ' =(d,....c])
the right-hand side (af, ..., c}) is the unique vector satisfying the Yang-Baxter equation

up to constant, under the convention of Section [£.3.2] Note that the product is defined
over an open subset since the right-hand side is not necessarily in G.

The group structure of G was described by Brubaker, Bump and Friedberg [9]. We
consider a birational group homomorphism

by
AIG—>HCGL4, H = A ZdetA:ble
by
by

by 0 0 0]
0 a -4 O

(a17a27b17b27cl702) — 0 021 a; 0
0 0 0 b

Direct computation shows that the rational group structure over G obtained by A is a
lifting of G. That is,

ai = (aga] + coc)) /(aras + c1¢9)
ay = (aray + c1dy) /(aras + c1¢o)
b = b /by

b/zl = bl2/b2

dl = —(c1d] — a1d)) /(aras + c1¢9)
¢y = (—coay + asdy) /(aras + c1¢9)

is the unique non-zero solution of Yang—Baxter equation up to a constant. As a result,
G has a birational group homomorphism to H/C* = G L.

Note that a solution of R(z) is equivalent to a rational group homomorphism C* — G.

By the discussion above, it is equivalent to a rational group homomorphism y : C* —
GLs.
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EXAMPLE 4.3.4. Consider the following R-matrices from quantum supgroups U,(Ls((1]1))

ai(z) =1,
1 0 0 0 Pz
2 a2(2): z_l
0 q°z—z —qz+q q
QQZ— 1 _q22+1 bl(Z) _ q2_ 1
—qz+q | ¢-1 0 ¢*z — 1’
—Pz+ 1| @2—1 b(g)_(2_1)z
22 a ¢?z—1"
0 0 o 1
: F-11 @) —aE) =
1 — 02 _qq22—1‘

Note that the only difference comparing with te Example is as(z). We have
ai(z)as(z) — b1(2)be(2) + c1(2)c2(2) =0

The corresponding rational group homomorphism is

1 [¢®’2—1 —qz+¢q

C* — GL >
» P e ler—g -

4.3.2. Proof of Lemma In the following computation, we will denote
a; = ai(x) ag=as(x) by =bi(x) by =byx) ¢ =c1(xr) co=co(x),
ay = ar(zy) ay = ax(zy) by =bi(zy) by =Dba(zy) | =ci(zy) &= ca(xy),
ai =ai(y) ay=axy) Vi=bi(y) b =bly) d=aly) =c(y).

By taking generic z,y, z, we can assume

aip,...,cCs, Ay, ..y Co, ay,...,cy
are all nonzero.
We can view the Yang—Baxter equation as a linear function in af, ..., ¢ with coeffi-
cients in ay,...,c; and a,...,c,. That is,
[ Ojlbé 0 0 —bgall —Czbé 0 i
0 0 0 —ca +ardy —=biby 0
b20/2 0 _026/2 0 0 —bgall _a’ll_
0 0 —b b, bab) 0 0
0 0 ca) — aic) 0 bl 0 aly
0 —as bIQ 0 b2al2 0 C1 bl2 b”
0 —boc c1 bl 0 byal, 0 1 0
—blcé 0 0 Cgbll 0 bla’l b -
—alb’l 0 bla’l 0 Cgbll 0 2
0 0 0 Cotly — agch 0 b, b, c)
0 0 b, b, —bob} 0 0
0 blc’l 0 —Clbll —bla’Q 0 _0/2/_
0 0 —CQCL/2 + CLQC/Q 0 0 —bgb,l
0 a,gbll —bla'Q 0 0 —Clbll_

To have a non-trivial solution, we need to assume this matrix has rank < 6, i.e. the minor
of size 6 has to vanish. Let us consider the ideal generated by the minors in the Laurent
polynomial ring

Qait, ... et a5,
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With the assistance of computer, we are able to describe these relations:

(435) ayay — biby + iy ajag — biby + cico

ayc ay ¢y

(4.3.6) ayay — biby +cichy  ajag — biby + cico

ahel ascy

Note that (4.3.5)) and (4.3.6) imply

ascd)  ascey

aycy ajcs
if ayas — b1bs + c1c9 # 0. The following is the code. More precisely, we first compute the
list of the determinants of those minors, and normalize them by dividing each of them
by a monomials if necessary. In the polynomial ring Q[ay,...,cs,a},...,c)], the ideal
generated by the relation has two associated primes. It is easy to see that in the Laurent
polynomial ring, they reduce to one prime.

# 6-vertex model
S = PolynomialRing(QQ, [abc_name+i+var for var in ["x","y"] for abc_name in ["a","b","c
u] for i in [||1||,||2||]]);

x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],1i) for i in range(len(x))))

Poly = PolynomialRing(S, [abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2
"11);

x = Poly.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

# alx = al, etc; aly = al’, etc; alz = al’’, etc;

def my_print(f):
res = str(f)

# for xx,yy in [(abc_name+i+var,"%s_%s(%s)"%(abc_name,i,{"x":"x","y":"y","z2":"xy
"}[var])) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in
[*an,m2"]]:
for xx,yy in [(abc_name+i+var,"/s_%s%s"%(abc_name,i,{"x":"" "y":"2" tz" "2} [yar
1)) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in ["1","2"]]:

res = res.replace(xx,yy)
return res.replace("x","")

Rx = matrix(Poly, [[alx ,0,0,0],[0,b2x ,clx ,0],[0,c2x ,blx ,0],[0,0,0,a2x 1])
Ry = matrix(Poly, [[aly ,0,0,0]1,[0,b2y ,cly ,0],[0,c2y ,bly ,0]1,[0,0,0,a2y 11)
Rz = matrix(Poly, [[alz ,0,0,0],[0,b2z ,clz ,0],[0,c2z ,blz ,0],[0,0,0,a2z ]1])
I = matrix(Poly,[[1,0],[0,11])

def ten(A,B): return A.tensor_product(B)

LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);
RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)
Rel = []

for (i,j) in [(i,j) for i in range(8) for j in range(8)]:
lhs = LHS[i]l[j]; rhs = RHS[i][j]
if lhs != rhs:
print("%s & = %s \\\\"%(my_print(1lhs) ,my_print(rhs)))
Rel.append (lhs-rhs)

def linear(f): # f is a linear function in S, return the corresponding vector
f = Poly(f)
res = [0 for i in range(6)]
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my_dict = f.dict(); # print(f.dict()
for ind in my_dict:
i=0
while ind[i]==0 :i+=1
res[i] = S(my_dict[ind])
return res
Rel = [linear(rel) for rel in Rel]; # print(Rel)

# Rel.sort(key = lambda ind: tuple(i==0 for i in ind))
print (("\\left [\\begin{matrix}\n%s\n\\end{matrix}\\right] "% ("\\\\\n".join(" & ".join(
my_print(f) for f in row) for row in Rel))).replace("-","-"))

# assume ai, bi, ci! = 0
def red(f): # return the polynomial g such that f = g * (a monomial)
f = S(£f); my_dict = f.dict()
expo = list(my_dict.keys()) [0]
for ind in my_dict:
# print(f,ind)
expo = [min(ind[i],expo[i]) for i in range(len(expo))]
return S(f/S.monomial (*expo))

Dets = []
for A in Subsets(len(Rel),6):
det = matrix([Rel[s-1] for s in A]).determinant ()
if det!=0: Dets.append(red(S(det)))
print("relations computed")

I = S.ideal(Dets);
ap = I.associated_primes()
print ("prime ideal computed")

for prime in ap:
B = prime.gens() # B = prime.groebner_basis()

for b in B:
print (my_print (b))

print ()

We can also view the Yang—Baxter equation as linear functions in aq, ..., cy with co-
efficients in @, ..., ¢, and af, ..., /. Using the above algorithm, we can get the following
relations

" 1" /1711 /I ! ! / 1./ !
(437) "o - !l )
a;cy a16
" VAN /1 !/ (BN) /]
ajay —biby + ey ajay — biby + ¢y
(4.3.8) - = .

(518 a5 Cl

Note that the right-hand sides are different from the left-hand sides of (4.3.5)) and (4.3.6)).

There is a more direct way of doing this, by solving the Yang—Baxter equation under
the assumption (4.3.5)) and (4.3.6). That is, we are working over the fraction field of

Qlat,..., i, ..., &)/ (E3H), {@39) .

61




N

0 N o 0o~ Ww

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Now the kernel of the matrix has dimension 1 and we can compute explicitly a non-zero
vector

a = —bibacaabblyc) + crcaabblc; — ageicablc)ch

aly = —bibyciabblych + ceaahblychy — ascibhcy

V) = —a1bycadl ) + arasbaalydcy — bibaahe,cy + bycicaahd)cy — agbaci )y
V) = —asbci b,

no_ NN /1]
€] = a1c1C2a5b5¢) — arascibycycy
"o VN 2 11 02
Co = A2C1Co05b5Co — a5¢105C
Direct computation shows (4.3.7) and (4.3.8]).

The following is the code. More precisely, we denote A; = (4.3.5) and A, = (4.3.6)).
Then

/!
o = Ascyan o - Aqcaly
1 — ) 1 /2]
A1C2 A162
!/ ! ! ! ! )
b _A201a2 — a1a9 — C1Co Y _A2016L2 — ajaly, — i
' b L b, '
2 2

Then the fraction field is isomorphic to

VA
Q(A17A27 a27b27017027 CL2, 2701702)'

# 6-vertex model

S = PolynomialRing(QQ, ["D1","D2"]+[abc_name+i+var for var in ["x","y"] for abc_name in
["a","b","c"] for i in ["1","2"] if abc_name+i not in ["al","bl"]1]);

x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

alx = (D2*xclx*a2x)/(D1*c2x)

blx = -(D2*clx*a2x - alx*a2x - clx*c2x)/b2x

aly = (D2*cly*a2y)/(D1*c2y)

bly = -(D2*cly*a2y - aly*a2y - cly*c2y)/b2y

Poly = PolynomialRing(S, [abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2
"11);

x = Poly.gens(); exec("; ".join("%s = x[Vs]"%(x[i]l,i) for i in range(len(x))))

# alx = al, etc; aly = al’, etc; alz = al’’, etc;

K_Poly = FractionField(Poly)
Rx = matrix(K_Poly, [[alx ,0,0,0],[0,b2x ,cix ,0],[0,c2x ,bix ,0],[0,0,0,a2x 1)

Ry = matrix(K_Poly, [[aly ,0,0,0],[0,b2y ,cly ,0],[0,c2y ,bly ,0],[0,0,0,a2y 11)
Rz = matrix(K_Poly, [[alz ,0,0,0],[0,b2z ,clz ,0],[0,c2z ,blz ,0],[0,0,0,a2z 1])
I = matrix(K_Poly,[[1,0],[0,1]])

def ten(A,B): return A.tensor_product(B)

LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);
RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)
Rel = []

for (i,j) in [(i,j) for i in range(8) for j in range(8)]:
lhs = LHS[i][j]; rhs = RHS[i] [j]
if lhs != rhs:
Rel.append(lhs-rhs)

def linear(f): # f is a linear function in S, return the corresponding vector
f = Poly(K_Poly(f) .numerator())
res = [0 for i in range(6)]
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my_dict = f.dict(); # print(f.dict()
for ind in my_dict:
i=0
while ind[i]==0 :i+=1
res[i] = S(my_dict[ind])
return res
Rel [linear(rel) for rel in Rell]; # print(matrix(Rel))
Rel = matrix(FractionField(S),Rel)
sol = Rel.transpose().kernel() .basis() [0]
[alz,a2z,blz,b2z,clz,c2z] = sol
Dx = alx*a2x - blx*b2x + clx*c2x
Dy = aly*a2y - bly*b2y + cly*c2y
Dz = alz*a2z - blz*b2z + clzxc2z
# print (Dx/(alx*c2x) == Dy/(aly*c2y))
# print (Dx/(a2x*clx) == Dy/(a2y*cly))
print(Dz/(alz*clz) == Dy/(aly*cly))
print (Dz/(a2z*c2z) == Dy/(a2y*c2y))
# print(Dx, Dz)

K_S = FractionField(S);

Rx = matrix(K_S,[[alx ,0,0,0],[0,b2x ,clx ,0],[0,c2x ,bix ,0],[0,0,0,a2x 1])
Ry = matrix(K_S,[[aly ,0,0,0],[0,b2y ,cly ,01,[0,c2y ,bly ,0],[0,0,0,a2y 11)
Rz = matrix(K_S,[[alz ,0,0,0],[0,b2z ,clz ,0],[0,c2z ,blz ,0],[0,0,0,a2z 1])
I = matrix(X_S,[[1,0],[0,1]])

LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);

RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

# LHS - RHS

01dS = PolynomialRing(QQ, [abc_name+i+var for var in ["x","y"] for abc_name in ["a","b"
,"c"] for i in ["1","2"11);

x = oldS.gens(); exec("; ".join("%s = x[Vs]"%(x[1i]l,1) for i in range(len(x))))

D1 = (alx*a2x-blx*b2x+clx*c2x)/(alx*c2x)

D2 = (alx*a2x-blx*b2x+clx*c2x)/(a2x*cix)

# D1 = (aly*a2y-bly*b2y+cly*c2y)/(aly*c2y)

# D2 = (aly*a2y-bly*b2y+cly*c2y)/(a2y*cly)

oldvar_name = ["D1","D2"]+[abc_name+i+var for var in ["x","y"] for abc_name in ["a","b
"o"e"] for i in ["1","2"] if abc_name+i not in ["al","b1"]]

oldvar = []; exec(";".join("oldvar.append(%s)"%var_name for var_name in oldvar_name))

def my_print(f):
res = str(f)
for xx,yy in [(abc_name+i+var,"%s_%s%s"%(abc_name,i,{"x":"" "y":"2" vz" "2 "} yar
1)) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in ["1","2"]]:
res = res.replace(xx,yy)
return res.replace("x", "")

for ind in sol:
res = ind(*oldvar)*(-blxxb2x*c2x*a2y*cly + clx*xc2x~2%a2y*cly - a2x*clx*c2x*cly*c2y
) *b2y
print (my_print (res)+"\\\\")

By ([£.3.5), (£.3.6), (4.3.7) and ([4.3.8), we get the equation in Lemma [4.3.1]

4.3.3. Five-vertex model. There is another model slightly simpler than the six-
vertex model. Similar approach of this section also works.
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Let us assume in the six-vertex model
c(z) =0, other entries # 0.

That is, the matrix R(z) is lower triangular. This is known as the five-vertex model

in the literature. Now the Yang—Baxter equation can be written as

alb’z 0 0 —bgall 0
bQCIQ 0 _CQbIQ 0 —bgall _a’l’_
0 0 —by b bo by 0 .
0 _a2b/2 0 bgalz 0 ap
—b10,2 0 O Cgbll bla’l b,, . 0
—alb’l 0 bla’l 0 0 1 e
0 0 0 Cothy — aochy byl b
0 0 b1 b, —bob} 0
0 0  —coah + asd, 0 —bob | Lch ]
L 0 a2b’1 —blCLIQ 0 0 |
In a similar manner, we can compute
ayal, — b\b, _ 10z — biby ayal, — bib, _ alay — bjby
a’dy aicy akch ascy
EXAMPLE 4.3.5. Consider the following R-matrix:
- P I LD R
o LETE |0zt 0 2100 bi(2) = 1
lim ¢?z—1 | —¢*z+1 1
a0 4L [ 71T 0—2+1 0 by(2) = =
—?z+1] ¢Pz—1 o olo 1 ca(z)=1- 2z
| 0 0 0 1 ] - -
We have

ay(z)ag(z) — b1(2)ba(2)

w(@alz)

Case A. If a1(z)as(2) —b1(2)ba(z) # 0. Then similarly as above, we have a;(z)/a(z) €
k, and we can assume a(z) := a;(2) = az(z) = 1. Assume

ai(z)as(z) — by(2)ba(2)

A= o (eal?) € k.
We can solve
/o) = P8 ety =
)
Then we have
bi(z) = 2™, ba(z) = 2", ca(z) = L m,n,k €Z



We make sure A € k, we need to assume k = m + n. In conclusion, in this case, we get
the following family of solutions of the Yang—Baxter equation

1 0 0 07
0 2m 0 0 fe]k(Z)X,
Rz)=F | — : A € k¥,
0 =x—|=" 0 m,n € 7.
L0 0 0 1|

This is a generalization of Example [4.3.5| above.
Case B. If a1(z)as(2) — b1(2)b2(2) = 0. Similarly, it reduces to a rational group
homomorphism y : C* — B where B is the upper triangular matrices.
EXAMPLE 4.3.6. The following is another family of R-matrices
1 0 0 0

0 om 0 0 f S ]k(Z)X7
Ri)=f | : A ek,
0 =x—]= 0 m,n € Z.

(0 0 |0 |

The corresponding rational group homomorphism is

C* — B, z»—>[ ! 0]
1—2 =z
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CHAPTER 5
Pipe Puzzles

In this chapter, we will prove Theorem [C| The proof consists of three parts. We
will first degenerate the R-matrix obtained in the previous Chapter. Then we get the
recursion formulas of the coefficients. Lastly, we prove the Theorem [C] via lattice models.
We will also discuss some applications of Theorem [C]

5.1. Degeneration of R-matrices

There are three steps in the degeneration.

5.1.1. Step 1. Let us consider an infinite dimensional vector space
V= @ C(Q)ei =@ C(Q)e-l ¥ C(q)eo ) (C(q)el @
i€Z
Let us define
R(z) € Hom(V®@ V,V® V)(2)

by
(170 e+~ "6 <
—€; €; (SH €; ] s
1—gqz Tl —qz J
R(z)(ez ®ej) =& €; 1= ja
(1-—q)z q(1 - 2) Ny
[ T—gz 0T T e 2

PROPOSITION 5.1.1. The matriz R(z) satisfies the Yang—Bazter equation
(R(z) ® 1)(1® R(zy))(R(y) ® 1)
= (1® R(y))(R(zy) ® 1)(1 ® R(x)).
PrROOF. The R-matrix R(z) is essentially the R-matrix obtained in (4.2.5)). Let us
denote the R-matrix in by R'(z). Let us define @ € End(V,V) by
Qle; ®ej) = Pie; ® e;j.
We claim that
RI(2) = Qo R(2)0 Q!
also satisfies the Yang—Baxter equation. The trick is, we can construct matrix
Qlei®e; @ ey) = "> Hertre;, @ e; ®ey,

such that
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So

(R"(z) ® 1)(1 & R"(zy))(R"(y) ®1)
QR(x) ® 1)(1® R (2y))(R'(y) © )Q™"
Qe R(y)(R(ry) ® (1 ® R (2)Q""
= (1@ R"(y))(R"(zy) @ 1)(1 @ R"(x)).

Note that R(z) can be written as R"(1/z)|,_,,-1/2, which is also a solution of Yang-Baxter
equation. U

There is a diagrammatic way of presenting R-matrix coefficients. Let us denote

© O
& O

coeflicient of e, ® e,

in R(z)(e; @e;)  — Fil2) =

By our definition, the coefficient is zero unless

©O 00 060 060 00 O
O 0o d oad o oa ©

1—2 g1 —=2) 1—gq (1—gq)z
1—gqz 1—gqz 1—gqz 1—gqz

1

where a < A and c arbitrary. The Yang—Baxter equation can be reformulated as

@. , G G 0. O

0 ® © O7T®

for any fixed i, j, k, a, b, c. Actually, the left /right-hand side is the coefficient of e, ® e, ®e.
of the left /right-hand side of Yang-Baxter equation applied to e; ® e; ® e;,. For example,
let (i,7,k) = (1,1,2) and (a,b,c) = (1,2,1). Then the nonzero contribution of the two
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sides is

O ;0 O,

y @ i—qy

@ xy 1—_q1:;:yy

®

oo o
® 0,.,0,, 0 0.0, .
@ x 1—gqgx @ x 1—qx
xy @ L Ty ®11—_qu
@ ®
o oY o o' olw

We have
1—q 1—2ay | — 1—x 1 l—-q (1—-¢q¢x 1—q¢ 1-—y
l—qy 1—quxy 1 —gqx l—qy 1—qr 1l—quvy 1—-qy

5.1.2. Step 2. Let us denote V(z2) = V® C(z). Let us denote Vi(z) = V(z) and
Va(z) = V(z/q). Though they are isomorphic as vector spaces, we will treat them as
different spaces. We denote R;(z) = Ry(z) = R(z) and

B 1—=z
- 1-2/q

L(z) R(z/q).

We view

Ri(Zl/,?/’g) : ‘/;(21) & %(ZQ) — %(ZQ) & ‘/1(21) 1= 1, 2
L(z1/22) : Vi(21) ® Va(z2) — Va(22) ® Vi(21)

The coefficient of L(z) is given by

© 00 060 ®0 00 6
© 0o 00 @0 @@ ©

q(1—z) l-¢  (1-g)2/q
1—2z/q

1 _
! 1—2z/q 1—2z/q
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where a < A and ¢ arbitrary. It is clear that we have the Yang-Baxter equations

(5.1.1) (L(22/23) @ 1)(1 ® L(z1/23))(Ra(21/22) © 1)
- = (1 ® Ri(21/22))(L(21/23)®)(1 ® L(22/23));
(5.1.2) (Ra(22/2) ® 1)(1 @ L(21/25))(L(21/22) @ 1)
- = (1® L(21/22))(L(21/23)®) (1 @ Ra(22/23)).

They can be pictured as follows

21 Z9 z3 21 Z9 z3 Z1 Z9 zZ3 21 z9 z3

Since Vi and V; are viewed as two representations, the space of solutions of the equations
(5.1.1) and (5.1.2)) has an extra degree of freedom, leaving us some room to modify. For
our purpose, we can consider another matrix L(z) defined by

© © @ @60 @ o 0 @ ©
@ © @ 00 © @ 0 @ ©

R Sk P € ek )74 SR
q(1—2) 40 1—2/q 1—-2/q
1—2/q _1—q (1—9q)z/q
1 e . 1 q = /g 0<a< A _m 0<a< A
1—2/q _(1=d)/q a<o<a =92 a<0<A
1—2/q 1—2/q

where a < A and c arbitrary.

PROPOSITION 5.1.2. The matriz L(z) also satisfies the Yang-Baxter equation (5.1.1)

and (513).

PROOF. The proof is very similar to that of Proposition [5.1.1} Let us introduce
@1 € End(V; ® V3) and Q2 € End(V, ® Vi) by

, a<0<bora=0=0,
Q1(ea ® eb) = ql(a, b)ea X ey, ql(a7 b) = q .
1, otherwise.
1 a<0<b,
Qa(e. @ &) = g2(a,b)e, @ e, q2(a,b) = 4 ==
1, otherwise.

Then we have

f}(z) = Q;lL(z)Ql_
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We can construct @1 € End(V1eVieVs,), @1,5 € End(VieVhe1), @2 € End(VaeVi®V;)
by

@1(ea Re,®e.) =qla,c)g(bcle ®e,® e,
Qus(e. @ e, @ e.) = qi(a,b)gx(b, c)e) @ e, @ e,
@Q(ea ® e, ®e.) = qa,b)g(a,cle; ®e, ® e,.
Then it is not hard to check
( 1(2) @ 1)Q1 = Qu(Ri(2) @ 1),
Q2(1® Ry(2)) = (1® Ra(2))Qa,
L(z
®

HQ

(2
Q' (L(z) @ )Q = (L(z) ®1),
Qi1 ® L(2)Q = (1@ L(2)).
This implies (5.1.1). A similar argument works for ([5.1.2]). O
5.1.3. Step 3. Our last step is to specialize the R-matrices R;(z), Ra(z), L(z) we
will use. It is obtained by

(1) setting ¢ = 0;
(2) shifting the indices

od -k --- =10 1 2

new 1 -+ k& 0 k+1 k42

(3) changing of the variables from z to x

1
fr=1——.
z
Correspondently, z1zy are replaced by z1 @ x5 := 21 + x2 + S22, and 21 /2y are
replaced by
Ir1 — X2
L+ By

The resulting matrices are listed as follows. The matrix L(z) becomes Table [1| and the
matrix R;(z) becomes (rotated for later use) Table [2] and Table [3|

T @I‘Q =

REMARK 5.1.3. Using the motivic Segre class, it suffices to build the degeneration on
matrix L(z); see [28].

5.1.4. Examination. Since the matrices are obtained by degeneration, they auto-
matically satisfy the Yang—Baxter equations. But it would be more straightforward to
check the Yang—Baxter equation directly. Here we provide the SageMath code.

Qbeta.<beta> = PolynomialRing(QQ); ominus = lambda x,y: (x-y)/(1+betaxy);
Pol = PolynomialRing(Qbeta, ["x","y"]); x, y = Pol.gens()

def R(N, E, W, S, var = x):
if N ==E == W == S == 0: return var
if E=W==0<N S: return 1
if N==S ==0<E W: return 1
if 0O <K E==W<N == 8: return 1
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f (0<a<A<LE)
L+ g Egzz)sm 1+5i Egiz)ﬁ’@ B (k<a<A)
Bl+Br) (0<A<Ek<a)

TABLE 1. The matrix L(z)

B

A
© 006 O
©® 0

O 00 00 ©
o 00 0d 0

1 (0<a)

1 0O<b<k<cand0<a<A)

B

C
@ 0 @
© 0@ ©

O 00 00 0
o 00 o0& @

r (0<a<A)

1+pr (0<b<k<cand0<a<A)

TABLE 2. The R-matrix R,oy.

== 0 < N == W <= k: return 1+beta*var

if E == 8
if E==S == 0 and k < N == W: return 1
if N ==W==0 < E == S <= k: return 1
if N==W

== 0 and k < E == S: return l+beta*var

if 0O <K E==S < N == W <= k: return beta
if k < E==S < N == W: return beta
if 0 <K N == W <= k < E == S: return beta*(l+beta*var)

return O
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def

def

B

A 1
© 00 0 O 00 o @
®© 0 0 © 00 o O

1 (0<a) 1 0O<b<k<candO<a<A)
B

C 2
@ 06 0 0O - 0B
®© W @ 0 WO 0B

r (0<a<A) 1+pr (0<b<k<cand0<a<A)

TABLE 3. The R-matrix R..

R_row(NE,NW,SE,SW, var = x):
if NE == NW == SE == SW: return 1 # case A
if NE == NW and SE == SW: # case B
if (0 == SE and NE <= k) or (O
case Bl
if (0 == NE and SE <
beta*var # case B2
if (NE == SW == 0 < NW == SE) or (0 < NW == SE < NE == SW): return var # case C
return 0O
R_col(NE,NW,SE,SW, var = x):
if NE == NW == SE == SW: return 1 # case A
if NE == SE and NW == SW: # case B
if (0 == NE and NW <= k) or (0 == NW and k < NE) or (0 < NW < NE): return 1 #
case B1
if (0 == NW and NE <= k) or (0 == NE and k < NW) or (0 < NE < NW): return 1+
betaxvar # case B2
if (NE == SW == 0 < NW == SE) or (0 < NE == SW < NW == SE): return var # case C
return 0

= NE and k < SE) or (0 < NE < SE): return 1 #

k) or (0 == SE and k < NE) or (0 < SE < NE): return 1+

def

def

Check_row_YBE(Alph): # check thm
Tri = [(i,j,k) for i in Alph for j in Alph for k in Alph]
for (al,a2,a3) in Tri:
for (b1,b2,b3) in Tri:
LHS = sum(R(al,a2,p,q,x)*R(q,a3,r,b3,y)*R_row(p,bl,r,b2,ominus(x,y)) for (
p,9,r) in Tri)
RHS = sum(R(al,p,bl,q,y)*R(q,r,b2,b3,x)*R_row(a2,p,a3,r,ominus(x,y)) for (
p.9,r) in Tri)
if LHS!= RHS: return False
return True
Check_col_YBE(Alph): # check thm
Tri = [(i,j,k) for i in Alph for j in Alph for k in Alph]
for (al,a2,a3) in Tri:
for (b1,b2,b3) in Tri:
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LHS = sum(R(p,r,bl,b2,x)*R(q,a3,r,b3,y)*R_col(a2,al,q,p,ominus(x,y)) for (
p.9,r) in Tri)

RHS = sum(R(al,r,bl,p,y)*R(a2,a3,r,q,x)*R_col(q,p,b3,b2,ominus(x,y)) for (
p,9,r) in Tri)

if LHS!= RHS: return False
return True

k = 3;

for A in Subsets([0..6],3): # check thm 4.3
print (A,Check_row_YBE(A))

for A in Subsets([0..6],3): # check thm 4.5
print (A,Check_col_YBE(A))

5.2. Recursion formulas

The purpose of this section is to give recursion formulas for the coefficients c;; (¢, ).

PrRoOPOSITION 5.2.1. If s;u < u, then
L4+8Yi W | 14+ BYir1 w
- C, .+ c

(521) C;U’U,'U - u,v u,v I3 7 N
" Yi — Yit1 Yi — Ypr VT
PROPOSITION 5.2.2. If s;w > w, then
1+ Btiy1 o, 1+ Bt ., w
_—+Cuv ti<rtit + u,v Cy sivlticrtiv1 SV <0,
ti —tiz1 ti —tiy1 ’
(5.2.2) oo =
’ 1+ 5t; w 1+ 5t; w

lietitn S;U > V.

- "¢ —
U, uU,v )
ti — tit1 ti — tip1

Since when ¢; and t;,1 are exchanged, y; and y;,; are invariant, we should keep t and
y independent in the induction.
LEMMA 5.2.3. We have
_ &.(t,y), ifv=id,
C;f,v(ta y) = {

0, otherwise.

ProoF. Taking z =t in (1.0.1)) and then applying Proposition [2.4.15| we obtain the
following relationship. U

As a result, Proposition and Proposition determine c, , (,y) with the initial
value

_ Guolt,y), ifv=id,

Cipa(t:y) = {

0, otherwise.
5.2.1. Left operators. Define the (left) Demazure operator by
@+ Bt f = (L + Btia)f
wif =—

ti — tiv1
PROPOSITION 5.2.4. We have

(5.2.3) @, (2, ) = {

tisrtitn

G0l 1), if siw < w,
—B8,(x,t), if s;w > w.
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A geometric proof of Proposition can be found in [38]. Here, we provide an
algebraic proof. To this end, we need the Hecke product on permutations:

s;w, if s;w > w, ws;, if ws; > w,
Sk w = ] and w*s; = )
w, if s;w < w, w, if ws; < w.

This defines a monoid structure over S, called the 0-Hecke monoid.

PRrROOF OF PROPOSITION [£.2.4l Without loss of generality, we may assume = —1.
Suppose that w € 5,. Let wyg =n---21 be the longest element in S,,. Define

&Y (x,t) = Bypu(, t).
Then ([2.4.2)) can be rewritten as

(5.2.4) TEY = G,
Note that the identity in ([5.2.3) can be restated as
(5.2.5) B = B

We prove ((5.2.5) by induction on length. When w = id, it follows from direct com-
putation that

@6 (2, 1) = @Gy, (1.t) = [[ (m.0n)
a+b<n
(avb)7é(n_i’i)

which coincides with &*=i(x,t) = &5, . (2, 1) = T i By (, 1).

For ¢(w) > 0, one can find an index j such that ws; < w, and so by induction,
w,-QSw — wZ‘Tfj@wsj — ijiqswsj _ ﬂ_jqjsn_,-*ws]- — @Sn—i*WS XS — @ySn—i*¥W

Here, we used the fact that the operators m; and @, commute in the second equality, and

(5.2.4)) in the fourth equality. O

5.2.2. The proofs. Now, we can give proofs of Propositions [5.2.1f and [5.2.2]

ProOF OF PROPOSITION [£.2.9l We introduce another operator

o (1 + 5yz’)f - (1 + 5yi+1)f YiYig1
oif = — ,
Yi — Yir1

which is the same as the operator w;, but acts on the variable y. Assume that s;u < u.
Applying ¢; to (1.0.1)), by Proposition [5.2.4] the left-hand side is

®Siu($’y) : Q5v(x>t) = chiu,v(tv y) : Q5w($at)'

While the right-hand side is
Z (piciv(ta y) ) Qﬁw(xa t)

Comparing the coefficients of &,,(z,t), we are given ¢, , = @iy, as desired. O
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PrOOF OF PROPOSITION [5.2.2] Apply w; to (1.0.1). By Proposition [5.2.4] the left-
hand side is

Bu(z,y) - Gslw,t) =, cv oot y) - Buyl(z, 1), siv < v,
—BG(7,y) - Gy(x,t) = >, —Becn ,(t,y) - Gu(x,t), sv>v.
To compute the right-hand side, we use the following property of w;:

1+ Bt
t - tz—i—l

(5.2.6) @(f9) = (

— (-

By ((5.2.6) and Proposition [5.2.4] the right-hand side is

sz Coo ® w(,t))

z+1>

i+1 ) (wlg>

14 8t
- Z ((Cu,v i i+1)wi6w - m(cu,v - Lults i+1)®w>
1+ Bt;
= Z (( '<—>ti+1)®siw - ﬁ(czu,v - czu,v|ti<—>ti+1)6w)
s;w<w v i+l
w 1+ Btl w w
+ Z (_5(Cu,v|ti<—>ti+1)®w - ﬁ(cu,v - Cu,v|ti<—>ti+1)®w)
S;W>w v i+l
1+ pt;
= - Z %(C;ﬁv — Cylt; i+1)®w
S;w<w ’ i+l
S; W w 1 + Btz w
+ Z <Cul,v i1 60 wltieortipcr ﬁ(cu,v - Cu,v i i+1>> 610
S;w>w i i+l
1+8t ., w
= = Z ﬁ(cu,v - Cu,v|ti<—>ti+1)®w
s;w<w ¢ i+1
148t , . 1+Bt
S N T ke VR R S
_I_ Sﬂuz>w ( ’LLU i+1 tl _ tz+1 u,v tl _ tl+1 Cu,v 7 1+1)

Extracting the coefficients of &(w) with s;w > w on both sides, we deduce that

. 14t o, 14Bh Cusivr SV <,
Cu,v ticrtiv1 — t— 1 Cu,v t— s Cu,'u i<tit1 + w
i — lit1 i — litl —Bcw, SV >,
which coincides with (5.2.2)) after the variable exchange ¢; <> ¢;11. d

5.3. Proof of the results

5.3.1. Lattice models. Consider a square grid with n horizontal lines and n vertical
lines. The intersection point of two lines will be a vertex (so there are a total of n?
vertices). The lines between two vertices are called edges. We shall also attach additional
half edges to the vertices on the boundary, so that there are four half edges around each
vertex.
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Let us consider a square grid as follows

© B
I RO R S
@ b 0, u (i) > k.
i {0, vTH(i) <k,
v i), vT(i) > k.
L=w(i).

@ e

A state is a labeling of all the (half) edges with labels from {0,1,2...,n}, with a
fixed boundary condition which is consistent with that in : the left half edges are
all labeled 0, the right half edges are labeled k!,... x" from top to bottom, the top
(resp., bottom) half edges are labeled 6!,..., 6" (resp., nl,...,n) from left to right.
The label of each (half) edge will be marked with a circle, and a vertex will be formally
assigned a parameter x. A state is admissible if the local configurations around each
vertex (namely, the labeled half edges adjacent to each vertex) satisfy exactly one of the
conditions as listed in the middle column of Table [dl Moreover, each allowable local
configuration is assigned a weight as given in the first column of Table [4]

The lattice model L(u, v, w) we are considering is defined as the set of all admissible
states (L(u,v,w) can be regarded as a colored lattice model if the labels 1,2,... n are
viewed as n colors). The weight wt(S) of a state S in L(u, v, w) is the product of all the
weights of vertices with o = ¢; © y; in row ¢ and column j. The partition function of
L(u,v,w) is defined by

Z4(ty) = > wi(S).

SeL(u,v,w)

oG

t1@y1 120y1 —O— —O— tnOy1 '

22,1, ) = O O e

That is,




Each configuration around a vertex naturally corresponds to a tile that is used to
define a pipe puzzle, as illustrated in the last column of Table [ with pipes inheriting
the labels of edges. We display the information in Table [d] more intuitively in Table [5
Therefore, each admissible state generates a pipe puzzle, and vice versa. See Figure [1| for
an admissible state and its corresponding pipe puzzle.

weights conditions tiles
x N=E=W-=5=0
1 E=W=0<N=S5 |
1 N=S=0<E=W -
1 O<E=W<N=3S am
@ 1+ E=S=0<N=W<k ~“
@—x—@: 1 E=S=0andk<N=W -
@ 1 N=W=0<E=S<k
1+ N=W=0andk<E=S
B O<E=S<N=W<k
B k<E=S<N=W I
Bl+Bz) 0<N=W<k<E=S

TABLE 4. Weights, local configurations, and tiles.

© @10
@ @

a<A) 1 (0<a)

¥ © @
© @- + =
©

x 1 (0

A\

2 Y ¢
@~ © ©- @ @ + <
© @ @

1+ Bz (0<a<k) 1 (0<a<k) ggiiiiﬁ;k)
1 (k<a) 1+ Bz (k<a) B1482) (0<A<k<a)

TABLE 5. Diagram illustration of Table [4]

Collecting the above observations, we summarize the following facts.
PROPOSITION 5.3.1. Let u,v € S,, be permutations with separated descents at position
k. Then, for w € S,

(1) The set L(u,v,w) of admissible states are in bijection with the set PP(u, v, w) of
pipe puzzles.

T



 ©® © 0 ¢
@'tl SI '@'tz Oy1 '@'ts @yl'@'t4@y1‘@'t5 @yr@
© ©® O O 0

| | | | |
? ? 3) @tl@y2'@'t29y2'@'t3Gyz‘@'t46y2'@'t56y2'@
pm
a2 G.D @ @ @ @
I I !_Jl @'1‘4Gys@t29y3‘@'t3GyS‘@'t4@y3‘@'t5@y3‘@
aunual!
LT ® © 0 o 0
45231 (O)t10y4-0)taoys 0 tsoys- (2 tsoys (2 tsoys<D)

® © o o 0
(O)rt10y50)taoys{0)rtsoys 0 ts0ys{0)rts0y4<0)
® ©® © 6 O

F1GURE 1. Correspondence between a pipe puzzle and an admissible state.

(2) We have
Ze(ty) = > wi(n).

T€PP(u,v,w)

5.3.2. Initial cases. Denote by uy = n(n—1)--- (n—k+1)12---(n—k) € S, the
unique longest permutation among those u € S,, with maxdes(u) < k:

n+1—14, 1<k
5.3.1 up(?) = oo
(5:3.1) ol?) {@'—k, k<i<n.
By direct computation, we have
k n—i
&, (z,t) = [[[[ (=i ©t).
i=1 j=1

Actually ug is a dominant permutation corresponds to Hessenberg function h with
h(i) = min(i, k).

The Grothendieck polynomial for dominant permutation was explained in Section [2.5.4]
This can also be verified by induction on n. This is clearly true for £ = n. If the statement

is true for k, then applying operators m - - - 7, we can compute the case of kK — 1. This,
along with Lemma [5.2.3] leads to the initial condition.

PROPOSITION 5.3.2. Forv € S,

k n—i
i H (tioy;), ifv=id,
uo,v i=1 j=1
0, otherwise.

Propositions [5.2.1] and [5.2.2] are valid for any u,v,w € S,,. We explain that such re-
currences are closed when restricting u,v € S,, to permutations with separated descents
at k. In other words, we could use Propositions|5.2.1jand [5.2.2| (only applied to permuta-
tions with separated descents at k), along with the initial condition in Proposition m,
to compute ¢, (t,y) for any u,v € S, with separated descents at k.
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e First, compute ciﬂv(t, y) for w = id. The initial case is for the longest permutation
u = ug, as done in Proposition We next consider ¢ (t,y) with £(u) <
l(up). Since u # wug, one can always choose an integer i among the first k
values u(1),...,u(k), such that i appears before i + 1 in u. For example, given
u = 7423156 and k = 4, we may choose i = 4 or i = 2.

Now we have u < s;u € S,. It is easily checked that maxdes(s;u) < k. Set
u' = s;u. By backwards induction on the length of u, the value of cﬁv(t,y)
is known, which allows us to compute cifv(t,y) = ci.;:u,m(t, y) from cijl,ﬂ)(t, y) by

means of Proposition [5.2.1}

e Second, compute ¢, (t,y) for £(w) > 0. In this case, choose any s; such that
s;w < w. It is also easily checked that if s;v < v, then we still have mindes(s;v) >
k. Set w' = s;w. By induction on the length of w, the values of c}j’:v(t, y) and

Cff,/siv(t’y) are known. Applying Proposition , we may deduce cgyv(t,y) =
S (t,y) from ¢, (t,y) and ¢, (L, y).

5.3.3. Induction on u. Suppose that s;u < u. It is easily checked that maxdes(s;u) <
k. Recalling the definition in (1.3.2)), we see that 0 < /™' < k! < kor ki, =0 < ki <k,
depending on the positions where 7 and ¢ + 1 lie. Clearly, x4, is obtained from &, by
interchanging !, and .. For example, for n = 7 and k = 3, we list a descending chain
as follows:

u = 543 > 534 > 524 > 425
K, = 0032100 - - - — 0023100 - - - — 0203100 - - - — 0201300 - - -

PROPOSITION 5.3.3. If s;u < u, then

]_ .
(5.3.2) Z0 = _ LBy zv,

1 i
zv 4+ + BYir1
Yi — Yi+1 Yi — Yit+1

YisrYit+1®

Proor. Consider the lattice model L(u, v, w). We attach an R, to the left boundary
of row i and row i+ 1 (Meanwhile, we make the variable exchange y; <> y; 41 in the states

of L(u,v,w)), as illustrated in (5.3.3)).

@\ /Q t10Yi+1 —O— 120Yi+1 —O‘ —O— tnOYit1
Yi © Yit1

' ' I '

(5.3.3)

By Table [2| there is exactly one admissible configuration for the R-matrix R,q, (from A
in Table [2)). So the partition function of ([5.3.3)) reads as

(5.3.4) Zv

U,V

YisrYit1

Noticing that (¢; © yiy1) © (t; © ¥i) = yi © Yit1, we may apply repeatedly the Yang-
Baxter equation in Section to (5.3.3), resulting in a model depicted in ((5.3.5)), with
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an R-matrix R,., attached on the right boundary.

@— t1£yi —O— t2éyi _Q_ | —O_ tn|@yi AO\
| Yi © Yit1

@- v O v O+ O om0
B B I B

(5.3.5)

Consider the partition function of (5.3.5). Keep in mind that 0 < x' < k!, < k or
! =0 < k! < k. For each situation, there are two admissible configurations for the

R-matrix Ry respectively from By and C' in Table [2] corresponding respectively to the
models L(u,v,w) and L(s;u,v,w). Thus, the partition function of ([5.3.5)) is

K

(5.3.6) (L+ BWi ©Yit1)) Zuy + (Ui © Yi1) Zg o
Equating (5.3.4)) and (5.3.6)), we get the desired formula in ((5.3.2)). OJ

5.3.4. Induction on w. We now establish the recurrence relation for Z%. . which is

parallel to Proposition [5.2.2] 7

PROPOSITION 5.3.4. If s;w > w, then

1+ fti 1+ Bt;
— B +1 Z;UU ticrtir _ 5 _Z;UU —|— Z:fs-v tirtig1s S;U < ’U,
(5.3.7)  Zgv ti—te b=t 7 -
3. wy 1+ B8t ., 1+ Bt .
_—tA — t~+1 Zu,v ticrtit + EZW, SV > 0.

PROOF. This time we attach an R, to the top boundary of L(u,v,w). Applying the
Yang-Baxter equation in Section [5.1] we obtain equivalent models given in (5.3.8)).

i Oty = ti10m —O— Oy — -

Od
s

(5.3.8) C)

= tiOYn —O— tis16yn — - L ©lita
T

We first consider the partition function of the right model in (5.3.8)). The assumption
s;w > w implies 0 < 7, < 1. Notice also that 7., is obtained from 7,, by interchanging

n%, and nifl. In view of Table [3] there are two admissible configurations for the R-matrix

R (one is from B; in Table , and the other is from C' in Table [3]), corresponding
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respectively to the models L(u,v,w) and L(u,v,s;w). So the partition function of the

right model in (5.3.8)) is
(539) Z::v|ti<—>ti+1 + (ti © ti+1>Zif;U|ti<—>ti+1‘

We next consider the partition function of the left model in ([5.3.8). There are two
cases.

Case 1. s;u < v. In this case, notice that k < 6:t1 < ¢ or 0 = 057! < 0" and that 6,
is obtained from 6, by interchanging ¢ and 6:*'. By Table[3] for either k < 0iF! < 6 or
0 = i1 < @, there are two choices for the configurations of R, (one is from B,, and
the other is from ('), corresponding respectively to the models L(u, v, w) and L(u, s;v, w).
So, the partition function of the left model in (5.3.8)) is

(5.3.10) I+ Bt ©tis1)Zy, + (i O ti1) 2y 0
Equating (5.3.9) and (5.3.10)), we deduce that
_ 1+ B(t; © ti1) 1
ZSZ'LU ] ) — Z’LU Zw . —Z'LU ) )
u,v |tz<—>tz+1 tz o ti+1 u,v + u,8;v tz o ti—i—l u,v|tz<—>tz+1
_ +—523fv +ZY Mz&v’vhﬁtiw

ot =t ti —tiya
which, after the variable exchange t; <> t;,1, becomes the first equality in (5.3.7)).

Case 2. s;v > v. In this case, 7 appears before i + 1 in v. So we have 0 = 6" = 0! or
0=0 and k < 0i*! or k < 0 < 65, By Table [3] for each of these situations, there is
exactly one admissible configuration (from A or By) of R, and we see that the partition

function of the left model in (5.3.8) is precisely equal to Z7,. By equating with (5.3.9)),
we obtain that

S;Ww 1 w 1 w
Zujv tisrtiv:r — mZu,v - mzu,v tisrtipl
L+ Btiva 1+ Bliva
= —+Zu,v - —JrZu,v ity

t; — tiy1 by — tig1

After the variable exchange t; <+ t;1; on both sides, we reach the second equality in
(5.3.7)). O

5.3.5. Initial condition. We finally verify the initial case for uy (as defined in
(5.3.1)) and w = id.

THEOREM 5.3.5. For v € S,,, we have

k n—i
id (tioyy), ifv=id,

(5.3.11) Zow = Hjl
0, otherwise.

PROOF. Here, we go back to the pipe puzzle model PP (ug,v,id) for the computation
of Z}g’v. The boundary condition is illustrated in the left diagram in Figure 2| Evidently,
the pipes labeled k + 1,...,n must go vertically from the top side down to the bottom

side. So we have Zlif(lw = 0 whenever v # id. It remains to check the case v = id. It is
easily checked that there is exactly one pipe puzzle in PP (uq,id, id), see the right diagram
of Figure . This pipe puzzle contributes a weight as displayed in (5.3.11]). U
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oL 6% ... gForL... o0 k+1--- n

U
2 T
[ (.
(1 Il

1 2 -+~ Ek+1---n 1 2 - kk+1---n

FIGURE 2. Boundary condition and the unique pipe puzzle in PP (uy,id,id).

5.4. Applications

We list two main applications of Theorem [C| The first application is to recover the
puzzle formula discovered by Knutson and Zinn-Justin [28, Theorem 1].

5.4.1. Separated-descent puzzles. Consider (1.0.1) by setting y = ¢:

G, (x,1) - Gy(w,t) =Y ¥, (1) Gy(a,t).

Assume that u,v € S, have separated descents at k. For w € S,,, a pipe puzzle 7 €
PP(u,v,w) has weight zero if and only if 7 has (at least) one empty tile on the
diagonal. This implies that ¢}, ,(t,?) is a weighted counting of pipe puzzles 7 € PP (u, v, w)
such that 7 has no empty tile on the diagonal. For such pipe puzzles, we have the following
observation:

e Each position on the diagonal is tiled with either ~ or | , and each position
lying strictly to the southwest of the diagonal is tiled with | .

This can be checked as follows. First, the tile at the position (1,1) must be tiled
with either ~ or | since (1) the tile cannot be empty, and (2) the labels on the left
boundary are all 0. Therefore, all positions below (1, 1) in the first column must be tiled
with | . The same analysis applies to the remaining positions (2,2),..., (n,n).

Let m € PP(u, v, w) be a pipe puzzle without empty tile on the diagonal. Cut 7 along
its diagonal into two triangles, and denote by P(m) the upper-right triangle. By the above
observation, 7 can be recovered from P(w). To get the puzzle visualization of Knutson
and Zinn-Justin [28, Theorem 1], we rotate P(7m) counterclockwise by 45 degrees, and
then warp it into an equilateral triangle. If further assuming that v and v are both
k-Grassmannian, there is a bijection to the classical Grassmannian puzzles, see [28], §5.1]
for more details.

EXAMPLE 5.4.1. Consider the pipe puzzles in Example [1.3.3.  The following four
puzzles survive after setting y = t.
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54 3 54 3 54 3 54 3
('TJ ! f'TJ I('J FTJ f'J ('TJ !
ll—2 [l /2 |1 12 ] 2
L] L] L L
Ll et b ber et ] et
L] NRRRN RN RN L
45231 45231 45231 45231
Their upper-right triangular regions are
54 3 54 3 54 3 54 3
_+J | 4_+J (_J 4_TJ J 4_TJ |
2 s\ 2 s |2 5| 2
S RS I —J 0
2 2| 27 2
3 l('l 3 l{"l 3 l('l 3 I('l
1 1 1 1
After rotation and warping, the corresponding puzzles are
3 3 34 3

\\,2 ) 2 ) 2 N/
5/ : & >(\(> X 2
Qs /\ (X RO

\/\/\\/
4 5 2 3 1

1 45 231 45 2 3 1

(G200

In the second application, we explain that Theorem [C] could be used to recover the
bumpless pipe dream model of double Grothendieck polynomials by Weigandt [48].

5.4.2. Bumpless pipe dreams. Let £k = n and v = id. In this case, arbitrary
u € S, satisfies the separated-descent condition in . By Lemmam

Cu,id(t7 y) = ®U<t7 y)
Let m € PP(u,id,id). Then all pipes enter into 7 from the right side. Apply the following
operations to 7:

e reflecting 7 across the diagonal;
e replacing k! = u~'(i) by 4, and 1%, = i by u(3).
The resulting diagram is denoted as B(w). Write
BP(u) = {B(m): m € PP(u,id,id)}.

By the restriction on - along with the restriction on -, it can be checked
that for a diagram in BP(u): (1) two pipes cross at most once, and (2) if two pipes have
a “bumping” ~~ at position (7, 7), then they must cross at a position to the northeast of
(,7). This implies that the set BP(u) is precisely the set of bumpless pipe dreams of u,
as defined in [48].

REMARK 5.4.2. As bumpless pipe dreams in BP(u) are obtained from pipe puzzles in
PP(u,id,id) after a reflection, a tile at position (4, j) is assigned a wight in the following
way:

(1) an empty tile contributes t; © y;;
(2) an elbow tile < contributes 1+ 5(¢; © y;);
(3) a bumping tile <~ contributes f;
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(4) any other tile contributes 1.

The weights described above are slightly different from the weights adopted in [48]. It
seems that when setting § = 0, the weights we used imply more explicitly the bumpless
pipe dream model of double Schubert polynomials due to Lam, Lee and Shimozono [29].

EXAMPLE 5.4.3. Let u = 32514. Below are pipe puzzles in PP(u,id,id).

—4 —4 —4 —4
12 2 2 2
1 1 | L 1
R R SN S cectt N ol e et I ol NN R A G
|l w3 A3 /3 || =73
12345 12345 12345 12345
After reflection and relabeling, the resulting bumpless pipe dreams of u are
—— 3 ——3 — 3 — 3
(T 2 | —2 — 2 2
Ll 5 —— 5 |~ 5 —— 5
s s S o 425 s S e n S S e 2 i S
Ll e L e L e L e
12345 12345 12345 12345
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CHAPTER 6
Graham positivity

In this section, we will establish Theorem [D| by providing a new geometric meaning
of triple Schubert calculus.

6.1. An example

Let us give a motivating example. We will need the following double Schubert poly-
nomials

S, (z,y) =21 — W1, Gasi (2, y) = (21 — y1) (@1 — ¥2).
We can compute
G, (7, y) - G, (7,1) = (1 —y1)(x1 — t1) = (21 —ta + 12 — y1) (21 — 1)
= (tQ - yl) ' 651($7t) + 63231(ﬂf,t).

To explain the geometric meaning, we will work with the flag variety Fl4, and regard
Y1, Y2 as equivariant parameter t3,t,. We have

S, (z,t) represents {V, € Fly : V; C span(eq, e3,e4)},
S, (z,y) represents {V, € Fly : V; C span(eq,es,e4)},
Gs,s, (2, 1) represents {V, € Fly: Vi C span(es, eq)}.
As a result,
Sy, (x,t) - &4, (z,y) represents {V, € Fly : V) C span(ea, eq)} .

Let W = span(ea, e3). Let us consider

X
7 Y X ={(Ve; [v]) € Fly x B(W) : Vi C span(v, eq)} .
Fly P(W)

Then

S, (z,t) represents the image of X under 7,
S, (z,t) - &4, (z,y) represents the image of X, under 7,
Gipsi (2, 1)

where X; is the fiber at [v] = [e;] along 7y for i = 2,3. Over P(WW),

represents the image of X3 under m

x — to represents the point [es] € P(W) in Hp(P(W)), we have
x — y; represents the point [e3] € IP’(W)} — [es] = (ta — y1)[P(W)] + [es].
Applying .75, we get
Sy (z,y) - Gy (@,t) = (ta — 1) - Gy (2, 1) + Sy, (,1).
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6.2. A refined Graham positivity

Let G be a connected, complex, reductive algebraic group, B C G be a Borel subgroup,
B~ be its opposite Borel subgroup, 7'= B N B~ be a maximal torus, N (resp., N~) be
the unipotent radical of B (resp., B~), W = Ng(T')/T be the Weyl group and ® be the
associated root system, with positive roots & and simple roots A = {ay,..., . }. For
a € O, write s, for the corresponding reflection, and write s; for s,, for simplicity. For
w € W, its (left) inversion set is [(w) := {a € & |w 'a € &~} and its non-inversion
set is J(w) := {a € &F |wla € &T} = I(wwy), where wy is the longest element in
W. For each w € W, we pick a representative of it in Ng(7'), and also denote it by w,
slightly abusing notation.

The flag variety /B admits a Bruhat decomposition ||, ,, B~wB/B into
Schubert cells. Their closures B~wB/B C G/B are the Schubert varieties. The
Schubert classes {[B~wB/B]r | w € W} form an Hj(pt)-basis of H(Fly,).

We define the following closed subgroups of G.

DEFINITION 6.2.1. For w € W, define N~ (w) := N NwN w™! and B~ (w) =
T N~ (w).

By [21], Section 28], as a variety, N~ (w) is isomorphic to the Schubert cell B-wB/B =
CHwo) =t via 1+ zwB/B. In particular, N~ (w) is connected. Its Lie algebra is
n (w) =span(F, |a € J(w)) C g:= LieG
where F, is a root vector of weight —a.

LEMMA 6.2.1. If ws; > w, then N~ (ws;) is a normal subgroup of N~ (w).

PRrROOF. Recall that [F,, F3] € C*F,.p5 if a+ [ is a root, and [F,, Fj3] = 0 otherwise.
As ws; > w, we have J(w) = J(ws;) U{wa;} and thus n~(ws;) C n~(w), N~ (ws;) is a
closed subgroup of N~ (w) by [21, Theorem 13.1].

In fact, n~ (ws;) is an ideal of n™ (w). To check this, take any a € J(ws;) and 5 € J(w),
and it suffices to show [F,, F5] € n~(ws;). If a + ¢ ®, [F,, F5] = 0. Thus, consider
vy=a+p € dt. If § € J(ws;), then v € J(ws;) as well; and if § = way;, v # wa; € J(w),
so v € J(ws;). Indeed, n~(ws;) is an ideal of n™(w) and by [21, Theorem 13.3], N~ (ws;)
is a normal subgroup of N~ (w). O

We are now in a position to state a refined version of Graham positivity theorem. We
need the following Lemma.

LEMMA 6.2.2 (Grahma [19]; see [II, Proposition 19.4.4]). Assume we are given

T e B=T xU is a solvable group with maximal torus T' and
/ n unipotent radical U;
B C B e U' C U is a normal subgroup of B with dimU /U’ =1, and
U U B =T xU';
v % U o the T-weight of LieU/ Lie U’ is x € X*(T).

Let B act on a non-singular variety X. If Y is a B'-invariant effective cycle in X, then
there exist B-invariant effective cycles Zy, Zy such that

Ylr = [Zi]r + x[Za]r
in H3(X).
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THEOREM 6.2.3. Let B~ act on a non-singular variety X, and let Y be a B~ (w)-
wmwvariant effective cycle in X. Then there exist B~ -invariant effective cycles Zy,. ..,
such that

m

in Hx(X).

PrROOF. We use induction on ¢(w). When w = id, B~ (w) = B, so there is nothing

to prove. Assume the theorem holds for w. Let us prove the statement for ws; > w.
By Lemma [6.2.1, the pair B~ (ws;) C B~ (w) satisfies the condition of Lemma

above with xy = —wa;. So there exist B~ (w)-invariant effective cycles Z; and Z, such
that [Y]r = [Zi]r + x[Z2]r. Since I(ws;) = I(w) U {wa;}, the inductive step is now
established. 4

COROLLARY 6.2.4. Let X = G/B be the flag variety. Under the above setting, we
have

Y]r € Y N[-alactw) - [B-wB/Blr
in H3(G/B).

PROOF. Since the flag variety has finitely many B~ -orbits, any B~ -invariant effective
cycle over G/B must be a non-negative combination of Schubert classes [B~wB/B|r. O

REMARK 6.2.5. When w = wjg is the longest element, B~ (wy) = T and Theorem
gives Graham’s positivity theorem [19, Theorem 3.2]. Our assumption is stronger
than that of Graham’s, since a B~ (w)-invariant cycle is necessarily T-invariant, yielding
a stronger positivity result where roots are restricted to I(w) rather than all positive
roots. A similar generalization in this direction appeared in the proof of [3, Theorem 8.7
and Corollary 8.11].

6.3. A geometric explanation of positivity in Billey’s formula

As an application of Theorem [6.2.3] we give a geometric explanation of positivity in
Billey’s formula [7]. See [46] for a great survey on this subject.

The T-fixed points of G/B are (G/B)T = {wB/B|w € W}. Define the localization
to be the restriction map |, : H3(G/B) — Hy(wB/B) ~ H;(pt). Billey’s formula [7]
is a combinatorial formula of the localization of Schubert classes [B~uB/B]r|, for any
u,w € W. From its explicit form, which we do not provide here, we see that

(6.3.1) [B_UB/B]T|w S N[a]aej(w).

We provide a geometric explanation of this positivity using Corollary [6.2.4]

Recall that the point woB/B = B~ wyB/B is invariant under B~. So the torus fixed
point wwy B/ B is invariant under wB~w™!. This implies that wwyB/B is invariant under

B~ (w). By Corollary [6.2.4] we have
[wwoB/Blr € > N[—alacsw) - [B-uB/Blr.
ueW

Following [38] Section 3] and [1l Section 16.5], for a Weyl group element w € W, the
automorphism ¢gB + wgB/B induces a left action w! : H%(G/B) — Hi(G/B). We
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remark that w’ is not H;(pt)-linear unless w = id, but it is semilinear with respect to
the automorphism of Hj(pt) induced by w. Applying w{ to the above, we get

[wowwoyB/Blr € Z N[—woa]acrw) - [BwouB/B]r.

ueW
As I(wowwy) = {—wpa | a € I(w)}, replacing wowwy by w and wou by u, we can rewrite
(6.3.2) [wB/Blr € > Nla]aerw) - [BuB/Blr.

ucW
Now let us take the Poincaré pairing with [B~uB/B]|r on both sides. The left-hand side
is [B~uB/B|r|w, and the right-hand side is the coefficient of [BuB/B]r in (6.3.2)) by [1l
Proposition 7.3]. This gives (6.3.1)).

6.4. Application to triple Schubert calculus

We restrict to the case of G = GL,,. By [1, Theorem 10.6.4], the class [B~7B/B|r
is represented by the double Schubert polynomial &, (x;t). We will not be working
with the algebraic definition of &, (x;t)’s. For any permutation m € S,,, we naturally
identify it as m € S,,, < S via (k) = k for all £k > m.

Fix permutations u,v. By picking n > 0, we can assume only involves those
w € S,. Let G := GLy, and B, B~,T be as above. We identify Hj(pt) = Q[t1, ..., t2,]
with t; = —¢; := —c1(C, ), where ¢; is the character of T corresponding to the i-th diagonal
entry. We rename the variables t,,.; = y; for alli € [n] := {1,2,...,n}. Consider a special
permutation 7 € Sy, such that 7(i) = n+1i, 7(n+14) =i for all i € [n]. By [Il, Section
16.5], [rB~uB/B]r is represented by &, (z;7t) = &, (z;y).

LEMMA 6.4.1. The intersection TB~uB/BNB~vB/B is proper and transverse at the
generic point.

(m

PROOF. Let wy ) € Sm be the longest permutation m m—1---1. For permutations
w, ™ € Sy, write w X € Sy, as the direct sum of w and 7; that is, wx (i) is w(i) if i < n,
and is 7(i —n) +n if ¢ > n. Since v € S, s;v > v for n < i < 2n, and thus B-vB/B
is invariant under s;, where s; = (i i+1) is the simple transposition. Therefore, we have

B~vB/B = uwyB~vB/B where uyg = 1 x w(()n). Similarly, 7TB~uB/B = TugB~uB/B. As

ug ' rup = w™, the lemma follows from [I, Section 19.3]. O

We are now ready to prove our main theorem.

Proor oF THEOREM [Dl By Lemma[6.4.1], we can rewrite the coefficients of interest
via

[rB-uB/BNB~vB/Blr = Y c(y.t)-[B-wB/Blr.
wWESy

Since 7TB~uB/B is closed under TN~7! and B-vB/B is closed under N~, the inter-
section is closed under N~ N7N~-7~! = N=(7). By Corollary we conclude that
oy, t) € N[=a]aci(r), where we compute I(7) = {y; —t; | 1 <i,j < n}. O
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