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Abstract

This thesis introduces a triple variable framework for Schubert calculus that general-
izes traditional single and double versions. The primary focus of this work is the com-
putation of structure constants for the equivariant cohomology of flag varieties. First, I
provide a new proof of Triple Pieri rules, which offer explicit formulas for the product of
certain geometric classes. These rules are derived using skew divided difference operators
and identities within Hecke-type algebras. Second, I develop pipe puzzles, a visual and
combinatorial model for computing these structure constants. This model is specifically
designed for permutations with separated descents. It generalizes earlier structures, in-
cluding bumpless pipe dreams and the puzzle model of Knutson and Zinn-Justin. In the
proof of this model, I utilize lattice models and the Yang–Baxter equation. I also provide
the code used to compute R-matrices for specific representations. A key finding of this
research is that triple Schubert structure constants satisfy two types of recurrence rela-
tions. This suggests that although the triple framework is broader than its predecessors,
its underlying proofs can be simplified. Third, I present the major geometric contribution
of this work: a new interpretation of triple variables as equivariant parameters within
higher-dimensional flag varieties. This perspective allows for the proof of equivariant
positivity conjectures originally proposed by Samuel and Kirillov. The proof relies on a
refined version of Graham’s positivity theorem regarding effective cycles.

Finally, there are several potential applications of these results. The Hecke-type
algebra identities may extend to generalized cohomology theories. The simplified proof
for puzzle rules can likely be applied to other combinatorial models. Additionally, the
R-matrix code can be adapted for further representations. The geometric interpretation
offers a path to explaining positivity in K-theory and beyond.
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CHAPTER 1

Introduction

This thesis is primarily devoted to introducing the author’s research work on triple
Schubert calculus. Combinatorially, we study the expansion of the product of two
double Grothendieck polynomials in different secondary variables

(1.0.1) Gu(x, y) ·Gv(x, t) =
∑
w

cwu,v(t, y) ·Gw(x, t),

Setting β = 0, one obtains the Schubert polynomial version

(1.0.2) Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t),

In this thesis, we will introduce results in three directions.

Triple Pieri rules: In [44, Section 7], a triple Pieri rule was stated for Schu-
bert polynomials. In this thesis, we will give a simpler proof via the methods
developed by the author and his collaborators [16].

Pipe puzzles: In [17], the author and his collaborators gave a combinatorial
model when u, v are permutations with separated descents. In this thesis, we
will give a more detailed treatment with its representation-theoretic background.

Graham positivity: In [18], the author and his collaborators proved the Graham
positivity of triple Schubert calculus in the cohomology case. In this thesis, we
will explain the geometric meanings of triple Schubert calculus.

It is worth mentioning that the proof of the triple Pieri rules relies in part on Hecke-type
(nil-Hecke algebras and 0-Hecke algebras) — the formulas for which were generalized by
the author and collaborators in [37].

1.1. Triple Schubert Calculus

Classical Schubert calculus studies the structure constants of the Schubert basis of the
(equivariant) cohomology ring of flag varieties. Combinatorially, this can be reformulated
in terms of Schubert polynomials:

Su(x)Sv(x)

=
∑

w c
w
uvSw(x)

Su(x, t)Sv(x, t)

=
∑

w c
w
uv(t)Sw(x, t)

Su(x, y)Sv(x, t)

=
∑

w c
w
uv(t, y)Sw(x, t)

(single) Schubert calculus double Schubert calculus triple Schubert calculus

The geometric meaning of triple Schubert calculus is not immediately apparent from its
definition. One interpretation involves treating y as a variable that will be substituted
by y = f(t) for some f ∈ Sn. Then the coefficients will be the equivariant Schubert
expansion for non-transversal intersections. Following the idea that y could be viewed
as the parameter of the transversality of the intersection, we can generalize the idea to
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an intersection problem over the product of two flag varieties G/B ×G/B; see Knutson
and Tao [25]. We will explain another geometric meaning and prove positivity using it
in Chapter 6.

Combinatorially, the relation between single/double/triple Schubert calculus can be
summarized as follows

single t = 0⇐========= double y = t⇐========= triple

From the geometric perspective, the requirement that a flag variety admits a torus action
is a strong condition. In some cases, double Schubert calculus could be more approachable
than single Schubert calculus in some problems. The extra variable t will provide extra
information and is usually helpful in the proofs. However, note that the double Schu-
bert structure constants are “single”, i.e. only one family of variables t = (t1, t2, . . .) is
involved. Triple Schubert calculus could be viewed as a model that doubles the Schubert
constants. Following a similar philosophy, under certain situations, while the problem
of computing triple Schubert structure constants is broader, its proof could be simpler.
This is what we will see in Chapter 5.

The case that both u and v are k-Grassmannian permutations was solved by Wheeler
and Zinn-Justin [49, Theorems 2” and 3”]. After setting β = 0, Su and Sv are both
double Schur polynomials, and the question was considered by Molev–Sagan [39]; see
also Knutson and Tao [25, Section 6] and Zinn-Justin [50].

There is another branch of such questions, concerning the coefficients of a product of
a single Schubert polynomial and a double Schubert polynomial.

Su(x)Sv(x, t)

=
∑

w c
w
uv(t, 0)Sw(x, t)

single times double (SxD)

This question also specializes to single Schubert calculus

single t = 0⇐========= SxD y = 0⇐========= triple

Moreover, this SxD turns out to be equivalent to a question of skew operators applied
on single Schubert polynomials, considered by Kirillov [22].

Now let us switch to the detailed introduction of the three aforementioned results.

1.2. Triple Pieri rules

In this section, we restrict ourselves to Schubert polynomials (1.0.2). A triple Pieri
rule is a formula of cwu,v(t, y) when

v, w ∈ Sn are arbitrary, u = sk−r+1 · · · sk−1sk

for some 0 ≤ r ≤ k. In this case, the single Schubert polynomial Su(x) is the elementary
symmetric polynomial in x1, . . . , xk. Here is a brief history of Pieri rules in Schubert
calculus.

2



(i) In the case where y = t = 0, we are restricted to single Schubert polynomials.
When v is a k-Grassmannian permutationi, i.e.

v(1) < · · · < v(k), v(k + 1) < · · · < v(n),

the single Schubert polynomial Sv(x) is a Schur polynomial in x1, . . . , xk. As
a result, if we specialize y = t = 0, the formula reduces to the classical Pieri
rule for Schur polynomials [36]. When y = t = 0 and r = 1, i.e. u = sk, the
expansion is classically obtained by Monk [40] and Chevalley [13]. For general
r in the case y = t = 0, the single Pieri rule was obtained by Sottile [45] (see
also Lascoux and Schützenberger [30]).

(ii) When y = t, i.e. we are restricted to double Schubert polynomials in the same
secondary variables. The double Pieri rule was obtained by Robinson [43]. A
geometric proof is established by Li, Ravikumar, Sottile and Yang [33].

(iii) When y = 0, as explained above, the formula is equivalent to a formula of skew
divided difference operators applied on Schubert polynomials. The case r = 1
was established by Kirillov [22], and the case for general r is due to Liu [34].

(iv) The triple Pieri rule was obtained by Samuel [44, Section 7]. In this thesis, we
will present a simple proof via the approach in [16].

The key combinatorial structure in establishing Pieri rule is the k-Bruhat order [31,
4, 5, 32, 45], i.e. the partial order generated by the relation

u⋖ utab if a ≤ k < b with u < w in Bruhat order.

It was generalized to any parabolic subgroups by Knutson, Lam and Speyer [24]. Its
extended versions were considered by the author and collaborators in [16] and [15] re-
spectively.

Now let us state the triple Pieri rule.

Theorem A (Triple Pieri rule). Let 1 ≤ r ≤ k ≤ n and u = sk−r+1 · · · sk−1sk. For
any v ∈ Sn, we have

Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t)

where the sum ranges over all w ∈ Sn such that w = vta1b1 · · · tar′br′ with (0) r′ ≤ r; (1)
ai ≤ k < bi; (2) ai’s are distinct; (3) ℓ(vta1b1 · · · taibi) = ℓ(v) + i and the coefficients

cwuv(t, y) = Ssk−r+1···sk−r′
(t, y)|ti 7→td(i)

for any permutation d ∈ Sn such that the image set of [k − r′] is exactly ∆k(v, w) :=
{u(i) : 1 ≤ i ≤ k, u(i) ̸= w(i)}..

Note that the formula presented here is different from the formula in [44]. See also
Theorem 3.3.1 for another formulation.

The idea of the proof can be summarized by reversing the arrows in the previous
section by

single
Rigidity
=========⇒ SxD

Expansion
===========⇒ triple .

The first step is to prove the Rigidity Theorem (Theorem 3.2.1), which means that
the SxD structure constants can be controlled by single coefficients. The second step
is to utilize the known expansion of double Schubert polynomials to single Schubert
polynomials.

3



1.3. Pipe Puzzles

In this section, we will give a formula for cwu,w(y, t) in (1.0.1) for two permutations
u, v ∈ Sn with separated descents at position k, that is,

(1.3.1) maxdes(u) ≤ k ≤ mindes(v),

where maxdes(u) = max{i : u(i) > u(i + 1)} and mindes(v) = min{i : v(i) > v(i + 1)}.
Here, for the identity permutation id = 12 · · ·n, we use the convention that maxdes(id) =
0 and mindes(id) = +∞.

Our formula for cwu,v(t, y), see Theorem C, is described in terms of “pipe puzzles”.
The formula includes the following specializations and applications.

(i) The case y = t. Theorem C recovers the puzzle rule for permutations with
separated descents by Knutson and Zinn-Justin [28, Theorem 1], which is man-
ifestly positive in the sense of Anderson, Griffeth and Miller [2] (an equivariant
K-theory extension of Graham’s positivity theorem [19]).

(ii) The case β = 0. This corresponds to the limit from K-theory to cohomol-
ogy. Theorem C becomes a combinatorial rule for the expansion of the product
Su(x, y) ·Sv(x, t) of two Schubert polynomials in different secondary variables,
see Theorem B. We point out that in the case y = t = 0, Huang [20] derived a
tableau formula for the product Su(x) ·Sv(x) of two single Schubert polynomials
for u, v with separated descents.

(iii) The case that both u and v are k-Grassmannian permutations. Theorem C
extends the puzzle formula for the product Gλ(x, t) · Gµ(x, t) by Wheeler and
Zinn-Justin [49, Theorem 2] (The latter formula on the one hand is an equivari-
ant extension of Vakil’s puzzle formula [47] for the product Gλ(x) ·Gµ(x) of two
single Grothendieck polynomials, and on the other hand is a K-theory extension
of the Knutson–Tao puzzle formula [25] for the product sλ(x, t) · sµ(x, t) of two
double Schur polynomials).

We remark that (1) an alternative puzzle formula (different from the one in
[49]) for Gλ(x, t) · Gµ(x, t) was conjectured by Knutson and Vakil, and proved
by Pechenik and Yong [42] (after a modification), (2) Wheeler and Zinn-Justin
[49, Theorems 2” and 3”] gave puzzle formulas for the product of two dual
Grothendieck polynomials in different secondary variables, and (3) puzzle formu-
lations of the Molev–Sagan tableau formula [39] for the product sλ(x, y) ·sµ(x, t)
of two double Schur polynomials in different secondary variables were given by
Knutson and Tao [25, Section 6] and Zinn-Justin [50].

(iv) The case that k = n (this means u may be any permutation of {1, 2, . . . , n}),
v = id, and x = t. Theorem C reduces to the bumpless pipe dream model
of double Grothendieck polynomials by Weigandt [48], which, by setting β = 0,
leads to the bumpless pipe dream model of double Schubert polynomials by Lam,
Lee and Shimozono [29]. An alternative proof of Weigandt’s model was given
by Buciumas and Scrimshaw [11] based on colored lattice models.

An innovation in our approach is finding that cwu,v(t, y) satisfies two kinds of recurrence
relations, as given in Section 5.2. Such recurrence relations work well when u and v are
restricted to permutations with separated descents. This could essentially simplify the
proof of Theorem C. Specifically, to prove Theorem C, it suffices to show that our pipe
puzzle formula obeys the same recurrence relations (together with an initial condition).
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This could be achieved (without too much effort) by realizing pipe puzzles as an integrable
lattice model.

We remark that the above mentioned recurrence relations are no longer available in
the case y = t. The proof of the y = t case in [28, Theorem 1] is achieved by studying
the geometric representation of quantized loop algebras and quiver varieties [26, 27].
It turns out that while the problem of computing triple Schubert structure constants is
broader, its proof could be simpler. From this point of view, our approach may provide
new insights into the study of Schubert calculus for flag manifolds.

In the remainder of this section, we assume that u and v are permutations of Sn with
separated descents at position k (1.3.1). We are going to describe our pipe puzzle formula
for cwu,v(t, y). To begin, consider an n by n grid with labeled boundary:

θ1v θ2v · · · · · · θnv
0 · · · · · · κ1u

0 · · · · · · κ2u
...

...
...

. . . . . .
...

...
...

...
...

. . . . . .
...

...

0 · · · · · · κnu

η1w η2w · · · · · · ηnw

κiu =

{
u−1(i), u−1(i) ≤ k,

0, u−1(i) > k.

θiv =

{
0, v−1(i) ≤ k,

v−1(i), v−1(i) > k.

ηiw = w−1(i).

(1.3.2)

We see that the nonzero labels on the right side are 1, . . . , k, and the nonzero labels
on the top side are k+1, . . . , n. There is no obstruction to rebuilding u, v and w from the
boundary labeling, because of the separated-descent assumption. For the sake of brevity,
the label 0 on the boundary will often be omitted. See Example 1.3.2 for the boundary
labeling for u = 42135, v = 14532, w = 53412, and k = 2.

Our formula is a weighted counting of tilings of the n by n grid by unit tiles (with
pipes), subject to certain conditions. To warm up, we first give the formula for double
Schubert polynomials.

1.3.1. Statement for double Schubert polynomials. Assume that

(1.3.3) Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t).

The admissible tiles are

(1.3.4)

The curves drawn on the tiles are referred to as pipes. A tiling of (1.3.2) built upon the
tiles in (1.3.4) is a network of pipes such that

(1) there are a total of n pipes, among which k pipes enter horizontally from rows on
the right side labeled 1, . . . , k, and n− k pipes enter vertically from columns on
the top side labeled k+1, . . . , n. The pipes inherit the labels of the corresponding
rows and columns.

(2) the n pipes end vertically on the bottom side, such that the label of each pipe
matches the label of the column where it ends.
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A Schubert pipe puzzle for u, v, w is a tiling of (1.3.2) with the tiles in (1.3.4),
subject to the following restriction on the tiles :

(1.3.5)

The horizontal pipe in must receive a smaller label. For exam-
ple,

3

2
1

3 1 2

is allowed, while

3

1
2

3 2 1

is not allowed.

Denote by PP0(u, v, w) the set of Schubert pipe puzzles for u, v, w. For each π ∈
PP0(u, v, w), define its Schubert weight by

wt0(π) =
∏
(i,j)

(tj − yi),

where the sum is over empty tiles at the (i, j)-positions (in the matrix coordinate).

Theorem B. Let u, v ∈ Sn be permutations with separated descents at position k.
For w ∈ Sn, we have

(1.3.6) cwu,v(t, y) =
∑

π∈PP0(u,v,w)

wt0(π).

Remark 1.3.1. It may happen that Sw(x, t), w ∈ Sn′ with n < n′, appears in the
expansion of Su(x, y) ·Sv(x, t). In such a case, to compute cwu,v(t, y), one needs only to
embed naturally Sn into Sn′ , and then apply Theorem B (u and v are now viewed as
permutations in Sn′).

Example 1.3.2. Let u = 42135, v = 14532, and set k = 2. For w = 53412, there are
four Schubert pipe puzzles in PP0(u, v, w):

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

Here, the empty tiles are colored. So it follows from (1.3.6) that

c5341242135,14532 = (t4 − y1) + (t5 − y3) + (t3 − y2) + (t1 − y1).

1.3.2. Statement for double Grothendieck polynomials. In addition to the
tiles in (1.3.4), one more admissible tile than (1.3.4):

(1.3.7)
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The extra tile in (1.3.7) is a “bumping” tile . The following restrictions apply to the
use of the bumping tile :

(1.3.8)

If the two pipes in are from the same side, then the northwest
pipe must receive a greater label. For example,

3

2
1

3 2 1

is allowed, while

3

1
2

3 1 2

is not allowed.

(1.3.9)

If the two pipes in are from different sides, then the north-
west pipe must enter from the right side (equivalently, it receives
a smaller label). For example,

3
2

1
2 3 1

is allowed, while

3
2

1
2 3 1

is not allowed.

A (Grothendieck) pipe puzzle for u, v, w is a tiling of (1.3.2) with the tiles in (1.3.7)
obeying the restriction (1.3.5) on , as well as the restrictions (1.3.8) and (1.3.9) on

.

Let PP(u, v, w) be the set of pipe puzzles for u, v, w. For π ∈ PP(u, v, w), its weight
wt(π) is the product of factors contributed by all tiles of π: at the (i, j)-position,

(1) an empty tile contributes tj ⊖ yi;
(2) an elbow tile , in which the pipe is from the right side, contributes 1+β(tj⊖yi);
(3) an elbow tile , in which the pipe is from the top side, contributes 1+β(tj⊖yi);
(4) a bumping tile , in which the two pipes are from the same side, contributes

β;
(5) a bumping tile , in which the two pipes are from different sides, contributes

β(1 + β(tj ⊖ yi));
(6) any other tile except for the above cases contributes 1.

Here x⊖ y = x−y
1+βy

, whose geometric meaning will be explained in Section 2.3.3.

Theorem C. Let u, v ∈ Sn be permutations with separated descents at position k.
For w ∈ Sn, we have

(1.3.10) cwu,v(t, y) =
∑

π∈PP(u,v,w)

wt(π).

Note that Remark 1.3.1 is still valid for Theorem C. We also remark that Theorem
C specializes to Theorem B in the case β = 0 by noting that wt(π)|β=0 = 0 whenever
π /∈ PP0(u, v, w), and wt(π)|β=0 = wt0(π) for π ∈ PP0(u, v, w).

Example 1.3.3. Take the same setting as in Example 1.3.2. There are nine pipe
puzzles in PP(u, v, w), among which the pipe puzzles in the top row are those appearing
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in Example 1.3.2. Here, the tiles with weights not equal to 1 are colored.

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

As a result,

c5341242135,14532 = (t4 ⊖ y1)(1 + β(t1 ⊖ y1))(1 + β(t4 ⊖ y3))

+ (t5 ⊖ y3)(1 + β(t1 ⊖ y1))(1 + β(t4 ⊖ y1))

+ (t3 ⊖ y2)(1 + β(t1 ⊖ y1))(1 + β(t4 ⊖ y1))(1 + β(t5 ⊖ y3))

+ (t1 ⊖ y1)(1 + β(t4 ⊖ y1))(1 + β(t1 ⊖ y2))(1 + β(t5 ⊖ y3))

+ β(t4 ⊖ y1)(t3 ⊖ y2)(1 + β(t1 ⊖ y1))(1 + β(t4 ⊖ y3))

+ β(t1 ⊖ y1)(t4 ⊖ y1)(1 + β(t1 ⊖ y2))(1 + β(t4 ⊖ y3))

+ β(t1 ⊖ y1)(t1 ⊖ y2)(1 + β(t4 ⊖ y1))(1 + β(t1 ⊖ y3))

+ β(t1 ⊖ y1)(t3 ⊖ y3)(1 + β(t4 ⊖ y1))(1 + β(t1 ⊖ y2))

+ β(t3 ⊖ y2)(t3 ⊖ y3)(1 + β(t1 ⊖ y1))(1 + β(t4 ⊖ y1)).

1.4. Equivariant positivity

In this section, we will explain a geometric meaning of triple Schuber calculus of
(1.0.2) and the Graham positivity.

In [18], we proved the following conjecture of Samuel [44, Conjecture 1.1] on cwu,v(y, t)

Theorem D. For u, v, w ∈ S∞, cwu,v(y, t) ∈ N[ti − yj]i,j≥1.

Setting y = 0, we obtain Kirillov’s conjecture [22]:

Theorem E. For u, v, w ∈ S∞, ∂w/vSu(x) ∈ N[x].

The following are some special cases:

(i) In the special case w = v = id, we have cwu,v(y, t) = Su(t, y) and it implies the
positivity of double Schubert polynomials Su(x, y) ∈ N[xi − yj]i,j≥0. Correspon-
dently, in this case the skew divided difference operator ∂w/v is the identity oper-
ator, and it implies the positivity of double Schubert polynomials Su(x) ∈ N[x].

(ii) In the special case ℓ(w) = ℓ(u)+ℓ(v), cwu,v(y, t) has degree 0, and thus cwu,v(y, t) =
cwu,v(0, 0) is a constant. As a result, it implies the positivity of single structure
constants.
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(3) When v⋖w in Bruhat order, the divided difference operator ∂w/v is a difference
operator ∂ab for some a < b, and in this case the conjecture was established by
Kirillov himself [22, Section 8].

Our proof relies on a refined version of Graham’s positivity theorem [19] (Theorem
6.2.3). To apply this result, we establish a new geometric interpretation (Section 6.4) for
the coefficients cwu,v(y, t), distinct from the one given by Knutson–Tao [25].

Acknowledgment

I would like to express my sincere gratitude to my advisor, Kirill Zainoulline, for his
guidance and supervision. I also thank Yuly Billig, Leonardo Mihalcea, Monica Nevins,
and Hadi Salmasian for carefully reading an earlier version of this thesis and for their
helpful comments. I am grateful to Neil Fan, Yibo Gao, Peter Guo, Martina Lanini and
Kirill Zainoulline for their collaboration [16, 37, 17, 18].

9



CHAPTER 2

Geometric and Combinatorial Background

2.1. Flag varieties and Schubert varieties

Consider G = GLn the general linear group over complex numbers C. We define
B = B+ (resp., B−) the subgroup of the upper (lower) triangular matrices in G, and
T = B ∩B− the subgroup of diagonal matrices. That is,

T =

∗ . . .
∗

 , B = B+ =

∗ · · · ∗
. . .

...
∗

 , B− =

∗... . . .
∗ · · · ∗

 .
The (full) flag variety is the variety of (full) flags in Cn, i.e.

Fℓn = {0 = V0 ⊊ V1 ⊊ · · · ⊊ Vn−1 ⊊ Vn = Cn : dimVi = i} .
Let ϕ+ ∈ Fℓn be the standard flag, i.e.

ϕ+
i := span(e1, . . . , ei)

where {e1, . . . , en} is the standard basis of Cn. The group G acts on Fℓn by changing
basis, and it induces an isomorphism1

(2.1.1) G/B
∼−→ Fℓn, gB 7−→ gϕ+

i .

Let W = Sn be the symmetric group. For each w ∈W , we can define ϕw ∈ Fℓn by

ϕw,i = span(ew(1), . . . , ew(i)).

For example, ϕ+ = ϕid. Moreover, the T -fixed points

(Fℓn)T = {ϕw}w∈W .

Precisely, a flag V• ∈ Fℓn is fixed by T if each Vi is T -equivariant, i.e. is a coordinate
subspace. Then V• must take the form ϕw for some w ∈ Sn. Under the isormorphism
(2.1.1), ϕw corresponds to wB ∈ G/B, where w is considered as a permutation matrix.

2.1.1. Schubert cells. We define the Schubert cell and opposite Schubert cell
of w ∈ Sn to be

X◦(w) = B · ϕw ⊂ Fℓn, Y ◦(w) = B− · ϕw ⊂ Fℓn .

Under the isomorphism (2.1.1), they correspond to BwB/B and B−wB/B respectively.
We can describe the flags in X◦(w) or Y ◦(w) in terms of linear algebra. To describe this,
we need the concept of relative position. Let V•, U• be two flags. We say they are of
relative position w ∈ Sn if there exists a basis {v1, . . . , vn} of Cn such that

Vi = span(vw(1), . . . , vw(i)), Uj = span(v1, . . . , vj).

1Strictly speaking, the algebraic variety structure of Fℓn is actually defined such that this bijection
is an isomorphism of algebraic variety.
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Note that there always exists a unique w ∈ Sn such that the above condition holds. The
existence is a standard linear algebra exercise. The permutation w is unique since w can
be recovered from the dimensions

dim(Vi ∩ Uj) = rji := #{a ≤ j : w(a) ≤ i}.

Note that rji is the number of 1’s in the first j × i submatrix of the permutation matrix
of w. For example

w = 231 =

 1
1

1

 , r =

0 0 1
1 1 2
1 2 3

 .
For example, if V• and U• are of relative position id ∈ Sn, then we have V• = U•. It
follows from definition that

V• ∈ X◦(w) ⇐⇒ V• and ϕ+ are of relative position w.

Let us denote w0 = n · · · 21 ∈ Sn the longest element. We denote ϕ− = ϕw0 ∈ Fℓn the
standard opposite flag, i.e.

ϕ−
i = span(en, . . . , en−i+1).

Then we have

V• ∈ Y ◦(w) ⇐⇒ V• and ϕ− are of relative position w0w.

From the discussion above, we can decompose Fℓn into disjoint union, called Bruhat
decomposition

(2.1.2) Fℓn =
⊔
w∈W

X◦(w) =
⊔
w∈W

Y ◦(w).

We define the (opposite) Schubert varieties of w ∈ Sn to be the closure

X(w) = X◦(w) ⊂ Fℓn, Y (w) = Y ◦(w) ⊂ Fℓn .

Let us denote the Bruhat order over Sn by ≤. Then we have

X(w) =
⋃
u≤w

X◦(u), Y (w) =
⋃
u≥w

Y ◦(u).

Thus the Bruhat decomposition defines a stratification of Fℓn.

2.1.2. Coordinates of Schubert cells. Let us describe the structure of X◦(w) and
Y ◦(w). It will be useful in the later sections. First, the stabilizer of ϕw in G is

{b ∈ G : bϕw = ϕw} = {b ∈ G : bwB/B = wB/B} = wBw−1.

Thus

X◦(w) = B/(B ∩ wBw−1) as B-varieties,

Y ◦(w) = B−/(B− ∩ wBw−1) as B−-varieties.

Let us define subgroups

N = N+ =

1 · · · ∗
. . .

...
1

 , N− =

1... . . .
∗ · · · 1

 .
11



Then we can rewrite the above identification

X◦(w) = N/(N ∩ wNw−1) as B-varieties,

Y ◦(w) = N−/(N− ∩ wNw−1) as B−-varieties.

Let ℓ : Sn → Z≥0 be the length function, i.e.

ℓ(w) = #{(i, j) : i < j, w(i) > w(j)}.
We have

N± ∩ wN±w−1 ∼= Aℓ(w0)−ℓ(w), N± ∩ wN∓w−1 ∼= Aℓ(w)

and the multiplication induces an isomorphism of varieties(
N± ∩ wN∓w−1

)
×
(
N± ∩ wN±w−1

) ∼−→ N±.

For example, for w = 231 ∈ S3, we have

wNw−1 =

1∗ 1 ∗
∗ 1

 , wN−w−1 =

1 ∗ ∗
1
∗ 1

 .
Then

N ∩ wNw−1 =

1 1 ∗
1

 ∼= A1, N ∩ wN−w−1 =

1 ∗ ∗
1

1

 ∼= A2.

As a result, we have

X◦(w) ∼= N ∩ wN−w−1 ∼= Aℓ(w),(2.1.3)

Y ◦(w) ∼= N ∩ wNw−1 ∼= Aℓ(w0)−ℓ(w).(2.1.4)

2.1.3. Kleiman’s transversality theorem. For two subvarieties A,B of Fℓn, we
say the intersection A ∩B is proper if

dimFℓn +dimA ∩B = dimA+ dimB

and is transverse at the generic point if

TanxA ∩ TanxB = Tanx(A ∩B)

at each generic point x of each components of A∩B. Note that the second condition does
not imply the first condition. For example, when A = B ̸= Fln, the second condition is
satisfied, while the first condition is not.

Theorem 2.1.1 (Kleiman [23]). Let A,B ⊂ Fℓn be two subvarieties. There exists an
open dense subset of g ∈ G such that the intersection gA∩B is proper and transverse at
the generic point.

Corollary 2.1.2. For all u, v ∈ W , the intersection X(u) ∩ Y (v) is proper and
transverse at the generic point.

Proof. By Kleiman theorem, there exists an open dense subset of g ∈ G such that
gX(u) ∩ Y (v) is proper and transverse at the generic point. Note that B−B ⊂ G is an
open dense subset. This follows from dimension counting

dimB− ·B = dim(B− ·B/B) + dimB = dim(Y ◦(id)) + dimB = dimG.

Since the intersection of two open dense subsets is nonempty, we can find an element
g = xy for x ∈ B− and y ∈ B. Since G acts on Fℓn, so the intersection yX(u)∩x−1Y (v) =

12



x−1(gX(u)∩Y (v)) is also propert and transversal. Since X(u) is B-invariant, and Y (v) is
B−-invariant, we have yX(u) = X(u) and xY (v) = Y (v). This proves the Corollary. □

2.1.4. Flag varieties for other types. Let us briefly mention the flag variety for
other types. Now assume G is a reductive group. Let B and B− be two opposite Borel
subgroups, and T = B ∩B− be a maximal torus. The flag variety of G is

B = {Borel subgroups of G}.

We can identify

G/B
∼−→ B, gB 7−→ gBg−1.

Let W = NG(T )/T be the Weyl group of G. By an abuse of notation, we will also denote
w ∈ NG(T ) a representative for w ∈ W . Then the fixed points

(G/B)T = {wB/B}w∈W .

We can similarly define (opposite) Schubert cells as in type A

X◦(w) = BwB/B ⊂ G/B, Y ◦(w) = B−wB/B ⊂ G/B

and we also have the Bruhat decomposition

G/B =
⊔
w∈W

X◦(w) =
⊔
w∈W

Y ◦(w).

We define the (opposite) Schubert varieties to be the closure

X◦(w) = X◦(w) ⊂ G/B, Y ◦(w) = Y ◦(w) ⊂ G/B.

2.2. Examples of Schubert varieties

In this paragraph, let us give examples of Schubert varieties, which will appear in the
later sections. Recall that

V• ∈ X◦(w) ⇐⇒ dim(Vi ∩ ϕ+
j ) = rji.

From the combinatorics of permutations, we have

V• ∈ X(w) ⇐⇒ dim(Vi ∩ ϕ+
j ) ≥ rji.

This can be explained by the semi-continuity of the dimension of intersection, i.e. when
two subspaces degenerate to special position, the dimension of the intersection will in-
crease.

Let si ∈ Sn be the simple transposition of i and i+ 1.

13



2.2.1. Example: n = 2. When n = 2, the flag variety can be identified with the
projective line

Fℓ2 = {0 ⊊ V1 ⊊ C2 : dimV1 = 1} = P1.

Note that W = {id, w0}. Using the classical identification of

P1 = C ∪ {∞}
we have

X◦(id) = X(id) = {0},
X◦(w0) = P1 \ {0}, X(w0) = P1,

Y ◦(id) = C, Y (id) = P1,

Y ◦(w0) = Y (w0) = {∞}.
Here is a picture

Y (w0)

X(id)

X(w0) = Y (id)

2.2.2. Example: n = 3. When n = 3,

Fℓ2 = {0 ⊊ V1 ⊊ V2 ⊊ C3 : dimVi = i}
is the incidence variety, i.e. it can be identified with the space of incidence relations over
the projective plane P2, i.e.{

(P ∈ L) :
P is a point in P2

L is a line in P2

}
.

Let (P0, L0) be the incidence relation corresponding to ϕ+. The description of (P,L) ∈
X(w) can be described as follows

w = 123 us
1 1

1

1 1 1
1 2 2
1 2 3

 P = P0

∋ ∋

L = L0

w = 213 u s  1
1

1

0 1 1
1 2 2
1 2 3

 P P0

∋ ∋

L = L0

w = 132 us
1 1

1

1 1 1
1 1 2
1 2 3

 P = P0

∋ ∋

L L0

w = 231 u s  1
1

1

0 0 1
1 1 2
1 2 3

 P P0

∋ ∈ ∋

L L0

w = 312 u s  1
1

1

0 1 1
0 1 2
1 2 3

 P P0

∋ ∋ ∋

L L0

w = 321 us
 1

1
1

0 0 1
0 1 2
1 1 3

 P P0

∋ ∋

L L0
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The following diagram represents the Bruhat order

321

312

88

231

ff

213

OO 77

132

OOgg

123

ff 88

2.2.3. Simple reflections. Let us describe the Schubert variety X(sk) for a simple
reflection sk with 1 ≤ k ≤ n − 1. Note that dimX(sk) = 1, so X(sk) is a curve. By
definition, it can be described as

X(sk) =
{
V• ∈ Fℓn : j ̸= k ⇒ Vj = ϕ+

j

}
⊂ Fℓn .

As a result, we can identify X(si) as a projective line

X(sk) ∼= {Vk : ϕ+
k−1 ⊊ Vk ⊊ ϕ+

k+1} ∼= P(ϕ+
k+1/ϕ

+
k−1) = P1.

The condition can be described in a diagram

0 = ϕ+
0 ⊂ ϕ+

1 ⊂ · · · ⊂ ϕ+
k−1

⊂

⊂

Vk ⊂ ϕ+
k+1

⊂ · · · ⊂ ϕ+
n−1 ⊂ ϕ+

n = Cn

ϕ+
k

⊂

This example has two generalizations.

• For a ≥ k,

X(sasa−1 · · · sk) =
{
V• ∈ Fℓn :

k ≤ j ≤ a⇒ Vj ⊂ ϕ+
j+1

j < k or j > a⇒ Vj = ϕ+
j

}
.

The conditions can be described in a diagram

· · · ⊂ ϕ+
k−1

⊂

⊂ Vk
⊂

⊂ · · ·
· · ·
⊂ Va−1

⊂

⊂ Va ⊂ ϕ+
a+1 ⊂ · · ·

ϕ+
k

⊂ ϕ+
k+1

⊂ · · · ⊂ ϕ+
a

⊂

• Similarly, for b ≤ k,

X(sbsb+1 · · · sk) =
{
V• ∈ Fℓn :

b ≤ j ≤ k ⇒ Vj ⊃ ϕ+
j−1

j < k or j > a⇒ Vj = ϕ+
j

}
.

The conditions can be pictured as follows.

· · · ⊂ ϕ+
b−1

⊂

⊂

Vb ⊂ Vb+1 ⊂ · · · ⊂ Vk ⊂ ϕ+
k+1

⊂ · · ·

ϕ+
b

⊂

⊂ · · · ⊂

· · ·
ϕ+
k−1

⊂

⊂ ϕ+
k

⊂
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2.2.4. Schubert divisors. Let us describe the Schubert variety Y (sk) for a simple
reflection sk with 1 ≤ k ≤ n− 1. Note that the codimension of Y (sk) is 1, so Y (sk) is a
divisor. It can be described as

Y (sk) =
{
V• ∈ Fℓn : dim(Vk ∩ ϕ−

n−k) ≥ 1
}
.

Equivalently, the complement is

Fℓn \Y (sk) =
{
V• ∈ Fℓn : Vk ∩ ϕ−

n−k = 0
}
.

This example has two generalizations.

• For a ≥ k,

Y (sasa−1 · · · sk) =
{
V• ∈ Fℓn : dim(Vk ∩ ϕ−

n−a) ≥ 1
}

whose complement is

Fℓn \Y (sasa−1 · · · sk) =
{
V• ∈ Fℓn : Vk ∩ ϕ−

n−a = 0
}
.

For example, when a = n− 1,

Y (sn−1 · · · sk) = {V• ∈ Fℓn : ϕ−
1 ⊂ Vk}.

• More generally, for b ≤ k,

Y (sbsb+1 · · · sk) =
{
V• ∈ Fℓn : dim(Vk ∩ ϕ−

n−b) ≥ k − b+ 1
}

whose complement is

Fℓn \Y (sasa−1 · · · sk) =
{
V• ∈ Fℓn : dim(Vk ∩ ϕ−

n−b) = k − b
}
.

For example, when b = 1,

Y (s1 · · · sk) = {V• ∈ Fℓn : Vk ⊂ ϕ−
n−1}.

The two families of Schubert classes introduced above are called special Schubert
classes.

2.2.5. Dominant permutations. Recall a Hessenberg function is a function
h : [n] → [n] such that

i ≤ h(i) ≤ n, i ≤ j ⇒ h(i) ≤ h(j).

We have an associated permutation wh ∈ Sn such that

w(i) = max
(
{1, . . . , h(i)} \ {w(1), . . . , w(i− 1)}

)
.

That is, w(i) is the lexicographically maximal permutation such that w(i) ≤ h(i). Then

X(wh) =
{
V• ∈ Fℓn : Vi ⊆ ϕ+

h(i)

}
.

The permutation of the form wh is called a codominant permutation. Let wh =
w0wh ∈ Sn. Then

Y (wh) =
{
V• ∈ Fℓn : Vi ⊆ ϕ−

h(i)

}
.

The permutation of the form wh is called a dominant permutation or a 132-avoiding
permutation. For example, for n = 5 and Hessenberg function

h(1) = 2, h(2) = 4,
h(3) = h(4) = h(5) = 5

Then
wh = 24531, wh = 42135.
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The condition for X(wh) or Y (wh) can be pictured as follows.

V0 ⊂ V1 ⊂

⊂

V2 ⊂

⊂

V3 ⊂ V4 ⊂ V5

ϕ±
0 ⊂ ϕ±

1 ⊂ ϕ±
2 ⊂ ϕ±

3 ⊂ ϕ±
4 ⊂ ϕ±

5

2.3. Equivariant cohomology and K-theory

2.3.1. Equivariant cohomology. Let EN = (CN \ 0)n equipped with the natu-
ral action of the torus T = (C×)n. For a nonsingular T -variety X, the equivariant
cohomology of X is a graded ring whose i-th component is

H i
T (X) := H i(E×T X),

where E = EN for N ≫ 0. For a T -equivariant vector bundle V over X, we can construct
an induced bundle V ′ = E×T V over E×T X. For i ≥ 0, the i-th equivariant Chern
class is defined by

ci(V) := ci(V ′) ∈ H2i(E×T X) = H2i
T (X).

For a T -equivariant subvariety Y ⊂ X of codimension d, we have a subvariety Y ′ =
E×T Y ⊂ E×T X of the same codimension, its equivariant fundamental class is

[Y ] := [Y ′] ∈ H2d(E×T X) = H2d
T (X).

Let pt = SpecC be a single C-point. Following the historical convention in Schubert
calculus, we write

ti = c1(C−zi) ∈ H2
T (pt),

where C−zi is the bundle corresponding to the character

T ∋ diag(z1, . . . , zn) 7−→ z−1
i ∈ C×.

Then H•
T (pt) is naturally isomorphic to the ring of polynomials in t1, . . . , tn:

(2.3.1) H∗
T (pt) = Q[t1, . . . , tn].

Over the flag variety Fℓn, we have the tautological flag

0 = V0 ⊊ V1 ⊊ · · · ⊊ Vn = O⊕n
Fℓn

,

where the total space of Vi is

{(V•, v) ∈ Fℓ(n)× Cn : v ∈ Vi}.
For i = 1, . . . , n, let

xi = c1
(
(Vi/Vi−1)

∨) ∈ H2
T (G/B)

be the first equivariant Chern class of the line bundle (Vi/Vi−1)
∨.

We have the following Borel presentation [8]; see also [1, Section 15.6]

(2.3.2) H∗
T (Fℓn) =

Q[t1, . . . , tn, x1, . . . , xn]

⟨ek(x)− ek(t) : 1 ≤ k ≤ n⟩
where t = (t1, . . . , tn) and x = (x1, . . . , xn) and ek is the k-th elementary symmetric
function in n variables.

Since Schubert varieties are T -equivariant, we could consider their equivariant funda-
mental classes

[X(w)], [Y (w)] ∈ H∗
T (G/B), w ∈ W.
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They are known as equivariant Schubert classes. Since the Bruhat decomposition
defines an affine stratification of Fℓn, we have the following isomorphisms of H∗

T (pt)-
modules

H∗
T (G/B) =

⊕
w∈W

H∗
T (pt) · [X(w)] =

⊕
w∈W

H∗
T (pt) · [Y (w)].

We will explain the polynomial representation of them in the next section.

Since Fℓn is a projective variety, we have an H∗
T (pt)-linear map∫

Fℓn

: H∗
T (Fℓn) −→ H∗

T (pt),

the push-forward map induced by the unique morphism Fℓn → pt. The Poincaré
pairing of two classes γ1, γ2 ∈ H∗

T (Fℓn) is

⟨γ1, γ2⟩ = ⟨γ1, γ2⟩Fℓn :=

∫
Fℓn

γ1 ∪ γ2 ∈ H∗
T (pt).

The classes [Y (w)] form the dual basis of the classes [X(w)] under the Poincaré pairing,
i.e. for w, u ∈ W , we have 〈

[X(w)], [Y (u)]
〉
= δu,v.

Actually by Corollary 2.1.2,
〈
[X(w)], [Y (u)]

〉
is the number of points of the intersection

X(w)∩Y (u) when it is nonempty of dimension 0, and is zero otherwise. Thus only when
w = u, it is a nonzero number and in this case X(w) ∩ Y (w) = {ϕw} is a single point.

2.3.2. Equivariant K-theory. LetX be a nonsingular T -variety. The T -equivariant
K-group KT (X) of X is the Grothendieck group of the category of T -equivariant coherent
sheaves on X. To be specific,

KT (X) =
⊕
F

Q[F ]
/
⟨[F ] = [F1] + [F2]⟩

where the sum is over all T -equivariant coherent sheaves, and the relation is spanned over
all short exact sequences 0 → F1 → F → F2 → 0 of equivariant coherent sheaves. Since
X is non-singular, there is a well-defined product structure such that

[F ]⊗ [G] := [F ⊗ G]

when F is flat. For a reference of the equivariant K-theory, see for example [14].

Following the classical notation of Schubert calculus, we define

Ti = [C−zi ] ∈ KT (pt), ti = 1− [Czi ] ∈ KT (pt),

where, as before, C−zi is the bundle corresponding to the character

T ∋ diag(z1, . . . , zn) 7−→ z−1
i ∈ C×.

Then KT (pt) is isomorphic to

KT (pt) = Q[T±1
1 , . . . , T±1

n ] = Q
[
t1,

−t1
1−t1

, . . . , tn,
−tn
1−tn

]
.

Over the flag variety Fℓn, for i = 1, . . . , n, we write

Xi = [(Vi/Vi−1)
∨] ∈ KT (G/B), xi = 1− [Vi/Vi−1] ∈ KT (G/B).

Since Schubert varieties are T -equivariant, we can consider their structure sheaves

[OX(w)], [OY (w)] ∈ KT (G/B), w ∈ W.
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We similarly have

KT (G/B) =
⊕
w∈W

KT (pt) · [OX(w)] =
⊕
w∈W

KT (pt) · [OY (w)].

2.3.3. Connective K-theory. It would be useful to consider connective K-theory.
In general, a formal group law F determines a generalized cohomology theory hF (−) (in
the topological sense). For example,

F (x, y) = x+ y, hF (−) = Heven(−),

F (x, y) = x+ y − xy, hF (−) = K(−).

A formal group law is a formal power series

F (x, y) = x+ y + · · ·

satisfying commutative group axioms:

(1) F (x, F (y, z)) = F (F (x, y), z);
(2) F (x, 0) = x and F (0, x) = x;
(3) F (x, inv(x)) = F (inv(x), x) = x for some inv = −x+ o(x);
(4) F (x, y) = F (y, x).

A logarithm of F is a formal power series λF (x) = x+ · · · such that

(2.3.3) λF (F (x, y)) = λF (x) + λF (y).

An exponential of F is a formal power series ϵF (x) = x+ · · · such that

F (ϵF (x), ϵF (y))) = ϵ(x+ y).

When the base ring is a field of characteristic zero, we can solve for λF as follows.
Applying ∂f

∂y
to both sides of (2.3.3), we get

(2.3.4) λ′F (F (x, y))Fy(x, y) = λ′F (y).

Setting y = 0, we have λ′F (x)Fy(x, 0) = 1. Thus

(2.3.5) λF (x) =

∫ x

0

dx

Fy(x, 0)
= x+ · · · ,

where the integral is formally defined to be∫ x

0

∑
k≥0

akx
k :=

∑
k≥0

ak
1

k + 1
xk+1.

We still need to check λF (x) satisfies (2.3.3). It suffices to check the derivative (2.3.4).
Substituting λF into (2.3.4), we need to check

(2.3.6)
1

Fy(F (x, y), 0)
Fy(x, y) =

1

Fy(y, 0)
.

Taking ∂
∂z

on both sides of

F (F (x, y), z) = F (x, F (y, z)),

we will get

Fy(F (x, y), z) = Fy(x, F (y, z))Fy(y, z).

Setting z = 0, we will get (2.3.6).
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Assume the exponential ϵF exists. We have a linear map called the Chern character
commutative with the pull-back

ch : h(X) −→ Heven(X)

such that when X = Pn for n ≥ 1

ch : h(Pn) → Heven(Pn), iH∗(1) 7−→ ϵF ([Pn−1]),

where iH : H = Pn−1 → Pn is the natural inclusion. Since it commutes with pull-back,
the Chern character ch is an algebra homomorphism.

Example 2.3.1. For example, consider the case F (x, y) = x+ y − xy. Then

Fy(x, 0) = 1− x, λF (x) =

∫ x

0

dx

1− x
= − ln(1− x).

Thus ϵF (x) = 1− e−x. It is easy to check that

F (ϵF (x), ϵF (y)) = (1− e−x) + (1− e−y)− (1− e−x)(1− e−y)

= 1− e−x−y = ϵF (x+ y).

Now the Chern character is the usual Chern character for K-theory. More precisely, it
suffices to check for finite dimensional projective space Pn, the hyperplane H = Pn−1 is
cut by a section of O(1), i.e. we have

0 −→ O(−1) −→ O −→ OH −→ 0.

This proves [OPn−1 ] = 1−O(−1). By definition,

ch([OPn−1 ]) = ϵF ([Pn−1]) = 1− e−[Pn−1] ∈ H∗(Pn).

That is, ch(O(−1)) = ec1(O(−1)), which agrees with the classical Chern character.

Now let us consider the formal group law with coefficients in Z[β]

F (x, y) = x+ y + βxy.

It has exponential

ϵF = β−1(1− eβx) = x+ β
x2

2!
+ β2x

3

3!
+ · · · .

The corresponding oriented cohomology is called the connective K-theory, since it
connects cohomology (β = 0) and K-theory (β = −1):

β

-1

K-theory

0

cohomology

connective K-theory

We will take connective K-theory as an intermediate step of taking the limit from K-
theory to cohomology. This will serve as an algebraic trick in the next section. We will
denote

x⊕ y = F (x, y) = x+ y + βxy

x⊖ y = F (x, inv(y)) =
x− y

1 + βy
.
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2.4. Schubert and Grothendieck polynomials

2.4.1. Schubert polynomials. Let ∂i be the BGG Demazure operator:

∂if =
f − f |xi↔xi+1

xi − xi+1

.

They satisfy the relations of the nil-Hecke algebra, that is,

∂2i = 0

∂i∂j = ∂j∂i |i− j| > 2

∂i∂i+1∂i = ∂i+1∂i∂i+1.

The double Schubert polynomial Sw(x, t) for w ∈ Sn is determined by the following
two properties:

Sw0(x, t) =
∏

i+j≤n

(xi − tj);

∂iSw(x, t) = Swsi(x, t), if wsi < w.

Here w0 = n · · · 21 ∈ Sn is the longest element. Since ∂2i = 0, it follows that

∂iSw(x, t) =

{
Swsi(x, t), if wsi < w,

0, if wsi > w.
(2.4.1)

Setting ti = 0 defines the single Schubert polynomial

Sw(x) = Sw(x, 0).

Proposition 2.4.1. Under the convention of Section 2.3.1, the double Schubert poly-
nomial

Sw(x, t) = [Y (w)] ∈ H∗
T (G/B).

Proof. We give a sketch of the proof, the proof is essential due to [6], and the detail
can be found in [1]. Let us consider a partial flag variety

P = {0 = V0 ⊊ · · · ⊊ Vi−1 ⊊ Vi+1 · · · ⊊ Vn = Cn : dimVk = k} .
We have an obvious forgetful map

π : Fℓn → P
by forgetting the i-th subspace Vi in V• ∈ Fℓn. Note that π is a P1-bundle. We can
consider the composition, known as push-pull operators

∆ : H∗
T (Fℓn)

π∗−→ H∗−2
T (P)

π∗
−→ H∗−2

T (Fℓn).
On one hand, one can check ∂i coincides with ∆, under the convention of Section 2.3.1.
Using spectral sequence, we have

H∗
T (Fℓn) ∼= H∗

T (P)⊕H∗
T (P) · xi

and the ∆ corresponds to the projection to the first component. Since H∗
T (P) could be

viewed as the subalgebra which is invariant under the change of variables xi ↔ xi+1, it
is direct to check that the operator ∂i does the same job. This can also be seen from
localization.

On the other hand, we have

π−1(π(Y (w))) =

{
Y (wsi), wsi < w,

Y (w), wsi > w.
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Moreover, Y (w) is birational to π(Y (w)) only if wsi < w. This proves

∆([Y (w)]) =

{
[Y (wsi)], wsi < w,

0, wsi > w.

It remains to show the Proposition when w = w0. The variety Y (w0) is the fixed
point w0. The class is characterized by

[Y (w0)]|w =

{∏
i<j(tj − ti), w = w0,

0, w ̸= w0.

It is direct to check that

Sw0(wt, t) =
∏

i+j≤n

(tw(i) − tj) =

{∏
i<j(tj − ti), w = w0,

0, w ̸= w0.

So we have Sw0(x, y) = [Y (w0)] ∈ H∗
T (G/B). □

Definition 2.4.1. For w ∈ Sn, we define

∂w = ∂i1 · · · ∂iℓ
for any reduced word w = si1 · · · siℓ .

This is well-defined since the ∂i’s satisfy braid relations. Then we have

Sw(x, t) = ∂w−1w0
Sw0(x, t).

2.4.2. Stability of Schubert polynomials. Let us consider the sequence

S1 ⊂ S2 ⊂ S3 ⊂ · · · ⊂ Sn ⊂ · · ·
where we identify Sn ⊂ Sn+1 as the subgroup preserving the element n + 1. The union
of them

S∞ =
⋃
n≥1

Sn =
{
bijective Z f→ Z : m≫ 0 ⇒ f(m) = m

}
.

We will show Sw(x, t) is defined for w ∈ S∞.

Proposition 2.4.2. The Schubert polynomial Sw(x, t) does not depend on the choice
of n with w ∈ Sn.

Proof. Let w
(n)
0 be the longest element of Sn. It suffices to show

S
w

(n−1)
0

(x, t) =
∏

i+j≤n−1

(xi − tj).

By definition, we have

S
w

(n−1)
0

(x, t) = ∂n−1 · · · ∂1
∏

i+j≤n

(xi − tj).

Applying the following identity

∂i

(
k+1∏
j=1

(xi − tj)
k∏

j=1

(xi+1 − tj)

)
=

(
k∏

j=1

(xi − tj)
k∏

j=1

(xi+1 − tj)

)
πi(xi − tj)

=
k∏

j=1

(xi − tj)
k∏

j=1

(xi+1 − tj),
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we get the result. □

The following Proposition is well-known, and it was first pointed out in [10].

Proposition 2.4.3. We have

Sw|xi 7→ti =

{
1, w = id,

0, w ̸= id .

Proof. For any f ∈ Q[t1, . . . , tn, x1, . . . , xn], let us introduce

supp f = {w ∈ Sn : f |xi 7→tw(i)
̸= 0}.

Then direct computation shows

supp(∂if) ⊆ supp(∂if) ∪ supp(∂if)si.

Since supp(Sw0) = {w0}, we can obtain by induction that

supp(Sw) ⊆ {u ∈ Sn : u ≥ w}.

In particular, Sw|xi 7→ti = 0 if w ̸= id.

When w = id, we need to notice that id is the longest element of S1. By the Proposition
above, we have Sid = 1. □

Proposition 2.4.4. We have

(∂wSu)|xi 7→ti =

{
1, u = w,

0, u ̸= w.

Proof. Note that

∂wSu = 0 or Suw−1 .

Applying Proposition 2.4.3, we get the assertion. □

Proposition 2.4.5. The double Schubert polynomials Sw for w ∈ S∞ form a Q[t1, t2, . . .]-
basis of Q[t1, t2, . . .][x1, x2, . . .].

Proof. Let us define

cw : Q[t1, t2, . . .][x1, x2, . . .] → Q[t1, t2, . . .], f 7→ (∂wf)|xi 7→ti .

Note that

cw(Su) = (∂wSu)xi 7→ti = δu,w.

This proves the linear independence.

Claim. For any f ∈ Q[t1, t2, . . .][x1, x2, . . .], there are only finitely many w ∈ S∞ with
cw(f) ̸= 0.

Note that f involves finitely many variables, say f ∈ Q[t1, t2, . . .][x1, . . . , xm]. We
have ∂if = 0 if f does not contain xi and xi+1. So cw(f) ̸= 0 only when wsi > w for
i > m. Note that cw(f) = 0 if ℓ(w) > deg(f). Now the claim follows from

#{w ∈ S∞ : ℓ(w) < ℓ,wsi > w for i > m} <∞

for a given ℓ and m.

23



Claim. For any f ∈ Q[t1, t2, . . .][x1, x2, . . .],

cw(f) = 0 for all w ∈ S∞ ⇒ f = 0.

By induction it is easy to see if w is minimal in supp(f), then id ∈ supp(∂wf). As
a result, f |xi 7→tw(j)

= 0 for any w ∈ S∞. Pick an n ≫ 0 such that f only involves

x1, . . . , xn, t1, . . . , tn. Consider the involution τ ∈ S2n with τ(i) = n+ i and τ(n+ i) = i.
Then f |xi 7→tw(j)

= 0 implies f = 0.

The two claims imply double Schubert polynomials Sw for w ∈ S∞ span the polyno-
mial ring Q[t1, t2, . . .][x1, x2, . . .]. □

Lemma 2.4.6. For w ∈ S∞ \ Sn, we have

Sw|xi 7→tu(i) = 0

for all u ∈ Sn.

Proof. Let us define

supp(f) = {x ∈ S∞ : f |xi 7→tu(i) ̸= 0}.

We know from the proof above that for m ≥ 0

supp(Sw) ∩ Sm ⊆ {x ∈ Sm : x ≥ w}.

By taking m→ ∞, we get

supp(Sw) ⊆ {x ∈ S∞ : x ≥ w}.

Note that supp(Sw) contains no element of Sn. The proposition follows. □

Proposition 2.4.7. For w ∈ S∞ \ Sn, the class

Sw|xn+1=tn+1=···=0 = 0 ∈ H∗
T (Fℓn).

Proof. It follows immediately from the localization theorem that

H∗
T (Fℓn) −→ H∗

T (W ) =
⊕
w∈W

H∗
T (wB/B)

is injective. The map sends xi to (tw(i))w∈W . □

Corollary 2.4.8. If

Su(x, t)Sv(x, t) =
∑
w∈S∞

cwu,v(t)Sw(x, t),

then in H∗
T (Fℓn),

[Y (u)] · [Y (v)] =
∑
w∈Sn

cwu,v(t)[Y (w)].

2.4.3. Skew operators. Let us explain the skew operators introduced by Macdon-
ald [35, Chapter II].

Definition 2.4.2. Let us define skew operators ∂w/u for u,w ∈ Sn by

∂w(fg) =
∑
u∈Sn

∂u(f)∂w/u(g).
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Example 2.4.9. For example,

∂i(fg) = ∂i(f)si(g) + f∂i(g).

So

∂si/ id = ∂i, ∂si/si = si.

By induction, it is easy to see

∂w/ id = ∂w, ∂w/w = w.

Proposition 2.4.10. Let us fix a reduced word w = si1 · · · siℓ. We have the following
formula for the skew operator

∂w/u =
∑
J

ℓ∏
j=1

{
sij , j ∈ J,

∂ij , j /∈ J,

where the sum is over all reduced subwords J for u.

Example 2.4.11. Assume u < utij = w with ℓ(w) = ℓ(u) where tij is the transposition
of i < j. Then we have ∂u/w = ∂ij the operator with

∂ijf =
f − f |xi↔xj

xi − xj
.

Proposition 2.4.12. If

Su(x, t)Sv(x, t) =
∑
w∈S∞

cwu,v(t)Sw(x, t),

then

cwu,v(t) = ∂w/u(Sv)|xi 7→ti .

Proof. Recall that cw : f 7→ (∂wf)|xi 7→ti . We thus have

cw(fg) =
∑
u∈Sn

cu(f)(∂w/ug)|xi 7→ti .

Apply this formula to Su(x, t)Sv(x, t) =
∑

w∈S∞
cwu,v(t)Sw(x, t), we get immediately the

assertion. □

Corollary 2.4.13. We have

∂w(fg) =
∑
u,v

cwu,v(x)∂u(f)∂v(g)

Proof. We can expand ∂w/u =
∑

v f
w
u,v(x)∂v. Applying this to Sv, we get fw

u,v(x) =
cwu,v(x) from the Proposition above. □

2.4.4. Grothendieck polynomials. In this section, we will fix β as the parameter
of the connective K-theory in Section 2.3.3. Recall the notation introduced in Section
2.3.3

x⊖ y =
x− y

1 + βy
.

Let πi be the Demazure operator:

πif =
(1 + βxi+1)f − (1 + βxi)f |xi↔xi+1

xi − xi+1

.
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They satisfy the relations of 0-Hecke algebra

π2
i = −βπ

πiπj = πjπi |i− j| > 2

πiπi+1πi = πi+1πiπi+1.

The double Grothendieck polynomial Gw(x, t) for w ∈ Sn is determined by the
following two properties:

Gw0(x, t) =
∏

i+j≤n

(xi ⊖ tj);

πiGw(x, t) = Gwsi(x, t), if wsi < w.

Here w0 = n · · · 21 ∈ Sn is the longest element. Since π2
i = −βπi, it follows that

πiGw(x, t) =

{
Gwsi(x, t), if wsi > w,

−βGw(x, t), if wsi < w.
(2.4.2)

Letting ti = 0 defines the single Grothendieck polynomial

Gw(x) = Gw(x, 0).

Setting β = 0, we get the double (resp., single) Schubert polynomial

Sw(x, t) = Gw(x, t)|β=0, (resp., Sw(x) = Gw(x)|β=0).

Proposition 2.4.14. Similarly, under the convention of Section 2.3.2, the double
Grothendieck polynomial satisfies

Gw(x, t)|β=−1 = [OY (w)] ∈ KT (G/B).

All the properties on double Schubert polynomials in the previous section can be
generalized to double Grothendieck polynomials.

Proposition 2.4.15. We have

Gw|xi 7→ti =

{
1, w = id,

0, w ̸= id .

Proof. The proof is the same as Proposition 2.4.3. □

Let us consider

π̂i = π + β.

Then

π̂2
i = βπ̂

π̂iπ̂j = π̂jπ̂i |i− j| > 2

π̂iπ̂i+1πi = π̂i+1π̂iπ̂i+1.

Proposition 2.4.16. We have

(π̂wGu)|xi 7→ti =

{
1, u = w,

0, u ̸= w.
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Proof. If ℓ(w) ≤ ℓ(u), the proof is the same as the case of Schubert polynomials,
since

π̂w = πw + span(πu : u < w).

The remaining case follows by induction on w on the following statement

∀u ∈ Sn, ℓ(w) > ℓ(u) ⇒ (π̂wGu)|xi 7→ti = 0.

Assume wsi < w. Then

π̂wπu−1w0
= π̂wsi(πi + β)πu−1w0

= π̂wsi

{
πsiu−1w0

+ βπu−1w0
, usi < u,

0, usi > u.

Thus

π̂wGu = π̂wsi

{
Gusi + βGu, usi < u,

0, usi > u.

If usi > u, there is nothing to prove, so let us assume usi < u. We have

π̂wsi(Gusi)|xi 7→ti = 0

by induction. If π̂wsiβGu ̸= 0, then by induction, this only happens when u = wsi. But
this is impossible since wsi < w and usi < u. □

We can define similarly the skew operator π̂w/u for u,w ∈ Sn by

π̂w(fg) =
∑
u∈Sn

π̂u(f)π̂w/u(g).

Let us fix a reduced word w = si1 · · · siℓ . We have the following formula for skew operator

π̂w/u =
∑
J

β|J |−ℓ(u)

ℓ∏
j=1

{
sij , j ∈ J,

(1 + βxi)∂ij , j /∈ J,

where the sum over all subwords such that
∏

j∈J πj = β|J |−ℓ(u)πu.

Proposition 2.4.17. If

Gu(x, t)Gv(x, t) =
∑
w∈S∞

cwu,v(t)Gw(x, t),

then

cwu,v(t) = π̂w/u(Gv)|xi 7→ti .

Remark 2.4.18. The algebra generated by ∂i and πi’s are all Hecke type algebras. In
[37], we study its generalization to all formal group laws. The skew operators, combina-
torially defined above can be lifted to the existence of coproduct structure. The formulas
in Proposition 2.4.12 and Proposition 2.4.17 are known as reconstruction formula loc.cit..

2.5. Examples of Grothendieck polynomials

This section should be compared with Section 2.2.
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2.5.1. Example: n = 2. When n = 2, we can compute directly

Gw0 = x1 ⊖ y1 =
x1 − y1
1 + βy1

, Gid = 1.

In particular,

Sw0 = x1 − y1, Sid = 1.

Let us explain the geometric meaning of them. Recall that

Fℓ2 = P1 = C ∪ {∞}, Y (w0) = {∞}.

The infinity point {∞} is the zero of a global section of O(1) = V∨
1 . More precisely,

we can identify H0(P1,V∨
1 ) = (C2)∗, and ∞ = [0 : 1] is the zero of the first projection

C2 → C. Equivariantly, we need to twist V∨
1 by the trivial bundle C−z1 with nontrivial

torus weight to get a equivariant section, so

[∞] = x1 − y1, [O∞] = 1− V1 ⊗ [C−z1 ] = x1 ⊖ y1.

2.5.2. Example: n = 3. When n = 3, we can compute

G321 = (x1 ⊖ y1)(x1 ⊖ y2)(x2 ⊖ y1),

G231 = (x1 ⊖ y1)(x2 ⊖ y1),

G312 = (x1 ⊖ y1)(x1 ⊖ y2),

G213 = (x1 ⊖ y1),

G132 = (x1 ⊕ x2)⊖ (y1 ⊕ y2),

G123 = 1.

Let us explain the geometry. Recall

Fℓ3 = {0 ⊂ V1 ⊂ V2 ⊂ C3 : dimVi = i}.

We take Y (132) and Y (312) as an example. Recall Y (132) can be described as the
variety of flags V• with Ce3 ⊂ V2. This condition can be described as the vanishing of
the morphism

Oe3
⊂−→ O⊕3

Fℓ3
−→ O⊕3

Fℓ3
/V2.

As a result,

[Y (132)] = c1(O⊕3
Fℓ3
/V2)− c1(Oe3) = −x3 + y3 = x1 + x2 − y1 − y2

[OY (132)] = 1−O⊕3
Fℓ3
/V2 ⊗ (Oe3)∨ = y3 ⊖ x3 = (x1 ⊕ x2)⊖ (y1 ⊕ y2).

Similarly, Y (312) can be described as the variety of flags V• with V1 = Ce3. This condition
is equivalent to the vanishing of

V1
⊂−→ O⊕3

Fℓ3
−→ O⊕3

Fℓ3
/Oe3.

As a result,

[Y (312)] = Euler class of O⊕3
Fℓ3
/Oe3 ⊗ V∨

1

= (x1 − y1)(x1 − y2)

[OY (312)] = Koszul complex of O⊕3
Fℓ3
/Oe3 ⊗ V∨

1

= (x1 ⊖ y1)(x1 ⊖ y2).
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2.5.3. Schubert divisor. We have

Gsk = (x1 ⊕ · · · ⊕ xk)⊖ (y1 ⊕ · · · ⊕ yk).

Recall
Y (sk) = {V• ∈ Fℓn : dim(Vk ∩ ϕ−

n−k) ≥ 1}.
The condition can be restated as the degeneration of

Vk −→ O⊕n
Fℓn

−→ O⊕n
Fℓn

/ϕ−
n−k.

That is, the vanishing of
detVk −→ det(O⊕n

Fℓn
/ϕ−

n−k).

As a result,

[Y (sk)] = c1(det(O⊕n
Fℓn

/ϕ−
n−k))− c1(detVk)

= x1 + · · ·+ xk − y1 − · · · − yk,

[OY (sk)] = 1− detVk ⊗ det(O⊕n
Fℓn

/ϕ−
n−k)

= (x1 ⊕ · · · ⊕ xk)⊖ (y1 ⊕ · · · ⊕ yk).

2.5.4. Dominant permutations. Let w = wh be the dominant permutation de-
fined by a Hessenberg function h. We have

Gw =
n∏

i=1

n−h(i)∏
j=1

(xi ⊖ yj).

Let us explain its geometric meaning. Recall that

Y (wh) = {V• ∈ Fℓn : Vi ⊆ ϕ−
h(i)}.

Let us construct
Yk = {V• ∈ Fℓn : Vi ⊆ ϕ−

h(i) for all i ≤ k}.
We prove by induction that

OYj
=

k∏
i=1

n−h(i)∏
j=1

(xi ⊖ yj).

Note that Yk ⊆ Yk−1 is the subvariety with Vk ⊆ ϕ−
h(k), i.e.

Vk
⊂−→ O⊕n −→ O⊕n/ϕ−

h(k)

should vanish. Note that the restriction of this morphism to Vk−1 already vanishes. So
OYk

is the zero locus of
Vk/Vk−1 −→ O⊕n/ϕ−

h(k).

Thus

[OYk
] = [OYk−1

] ·
(
Koszul complex of (Vk/Vk−1)

∨ ⊗ (O⊕n/ϕ−
h(k))

)
= [OYk−1

] ·
n−h(j)∏
j=1

(xk ⊖ yj).
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CHAPTER 3

Triple Pieri Rule

In this chapter, we will compute the coefficients

(3.0.1) Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t),

when u takes the form sasa+1 · · · sb−1sb. We will call the formula the triple Pieri rule.
We will show how to establish the triple Pieri rule from the single Pieri rule. That is,

y = t = 0 y = 0 arbitrary

classical Pieri rule ⇒ single times double ⇒ triple Pieri rule

In Section 3.1, we will review the classical Pieri rule, where we recall k-Bruhat order. In
Section 3.2, we will establish the first implication, where the rigidity theorem in [16] plays
an essential role. In Section 3.3, we will establish the second implication, by expanding
double Schubert polynomial into single Schubert polynomials.

3.1. Classical Pieri Rule

Let us fix an k with 1 ≤ r ≤ k ≤ n − 1. Let u = sk−r+1 · · · sk−1sk. Then the single
Schubert polynomial is

Su(x) = er(x1, . . . , xk) = er(x[k]) =
∑

1≤i1<···<ir≤k

xi1 · · · xir .

Let us recall the following classical result. In the following, we will use tab as the trans-
position of a and b.

Theorem 3.1.1 (Pieri rule [45], [30]). Let v ∈ Sn. We have

er(x[k]) ·Sv(x) =
∑
w

Sw(x),

where the sum ranges over all w ∈ Sn such that w = vta1b1 · · · tarbr with (1) ai ≤ k < bi;
(2) ai’s are distinct; (3) ℓ(vta1b1 · · · taibi) = ℓ(v) + i.

This rule can be equivalently stated using k-Bruhat order on Sn. Let us define

u⋖k w ⇐⇒ w = utab for some a ≤ k < b and ℓ(w) = ℓ(u) + 1.

The k-Bruhat order the partial order generated by ⋖k, i.e.

u ≤k w ⇐⇒ there is a chain u⋖k u
′ ⋖k · · ·⋖k w.

Figure 1 shows the order over S3 where k = 1, 2. Figures 2 and 3 show the the order over
S4 where k = 1, 2.

This was implemented using the following SageMath code
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123

132 213

231 312

321

123

132 213

231 312

321

Figure 1. k-Bruhat order of S3

1234

1243 1324 2134

1342 1423 2143 2314 3124

1432 2341 2413 3142 3214 4123

2431 3241 3412 4132 4213

3421 4231 4312

4321

Figure 2. 1-Bruhat order of S4

1234

1243 1324 2134

1342 1423 2143 2314 3124

1432 2341 2413 3142 3214 4123

2431 3241 3412 4132 4213

3421 4231 4312

4321

Figure 3. 2-Bruhat order of S4

1 n = 4; k = 2; W = Permutations(n)

2 def t(a,b):

3 res = [1..n]
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4 res[a-1],res[b-1]=b,a

5 return W(res)

6 def k_cover(u):

7 res= {}

8 for a in [1..k]:

9 for b in [k+1..n]:

10 w=t(a,b)*u

11 if w.length()==u.length()+1:

12 res[w]=u(a)

13 return res

14 def show(w):

15 return "".join("%s"%w(i) for i in [1..n])

16 H = {}

17 for w in W:

18 ell = w.length()

19 if ell not in H.keys(): H[ell]=[]

20 H[ell].append(w)

21 # H = {i:sorted(H[i]) for i in H}

22

23 D = DiGraph({w:k_cover(w) for w in W})

24 D.layout(heights=H,layout="ranked",save_pos=True)

25

26 res = ""

27 Nodes = D.get_pos()

28 for w in Nodes:

29 res+="\\node (%s) at (%.2f,%.2f) {\\(\\sf%s\\)};"%(show(w),Nodes[w][0]*2,Nodes[w

][1],show(w))

30 res+="\n"

31 for u in W:

32 for w in k_cover(u):

33 res+= "\\draw[->] (%s) to (%s);"%(show(u),show(w))

34 res = "$$\\begin{tikzpicture}\n"+res+"\n\\end{tikzpicture}$$"
35 print(res)

36

37 D.plot(vertex_labels=show,vertex_size=200,arrowsize=1,vertex_shape="")

Theorem 3.1.2 (Pieri rule). Let v ∈ Sn. We have

(3.1.1) er(x[k]) ·Sv(x) =
∑
w

Sw(x),

where the sum ranges over all w ∈ Sn such that there is path

v −→ vta1b1 −→ vta1b1ta2b2 −→ · · · −→ vta1b1 · · · tarbr = w

from v to w in the k-Bruhat order, and a1, a2, . . . , ar are distinct.

In [41], a new formulation of Pieri rule was found. Let us introduce

u
τ−→ w ⇐⇒ u⋖k w = utab and τ = u(a) for some a < b.

We call a chain
γ : u0

τ1−→ u1
τ2−→ · · · τℓ−→ uℓ

is decreasing if τ1 > τ2 > · · · > τℓ. We denote end(γ) = uℓ and ℓ(γ) = ℓ.

Theorem 3.1.3 (Pieri rule). Let v ∈ Sn. We have

(3.1.2) er(x[k]) ·Sv(x) =
∑
γ

Send(γ)(x),
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where the sum ranges over all decreasing chains γ all decreasing paths starting at u of
length ℓ(γ) = r.

Corollary 3.1.4. For v, w ∈ Sn, there exists at most one decreasing path starting
from v to w, and it exists if and only if the condition in Theorem 3.1.1 is satisfied.

3.2. Rigidity Theorem

In this section, we will review the main method of [16]. The key step is the following
Rigidity Theorem stating that the coefficients of the equivariant Pieri rule are controlled
by the single Pieri rule.

Theorem 3.2.1 (Rigidity Theorem [16, Section 4]). Let v ∈ Sn and a k-subset A ⊂
[n]. Suppose that

(3.2.1) er(xA)Sv(x, t) =
∑
w∈Sn

cwu,r(t) ·Sw(x, t).

Then we have

(3.2.2) cwu,r(t) =
∑
r′≤r

cwu,r′(0) · er−r′(t∆A(u,w))

where ∆A(u,w) := {u(i) : i ∈ A and u(i) ̸= w(i)}.

Let us denote

∆k(u,w) = ∆[k](u,w) = {u(i) : 1 ≤ i ≤ k, u(i) ̸= w(i)}.

Applying this Theorem, we obtain the following “single times double” Pieri rule.

Corollary 3.2.2. Let v ∈ Sn. We have

er(x[k]) ·Sv(x, t) =
∑
γ

er−ℓ(γ)(t∆k(v,end(γ))) ·Send(γ)(x, t),

where γ runs over all decreasing paths starting at u in the extended k-Bruhat order. Here,
ℓ(γ) denotes the length of γ, namely, the nunber of edges in γ.

The remaining of this section is devoted to a proof of Theorem 3.2.1. The key step is
a translation of the coefficients in term of skew operators in Section 2.4.3.

Lemma 3.2.3. We have

cwu,r(x) = ∂w/ver(x[k]).

Proof. Recall that cw : f 7→ (∂wf)|xi 7→ti gives the coefficient of Sw in the double
Schubert expansion of f . We thus have

cw(fg) =
∑
v∈Sn

cv(f)(∂w/vg)|xi 7→ti .

Apply this formula to the left-hand side of (3.2.1), we will get

cwu,r(t) = ∂w/ver(x[k])|xi 7→ti .

Since ∂w/ver(x[k]) only involves variable x = (x1, x2, . . .), the assertion is proved. □
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Let us introduce a generating function for a subset A of {1, . . . , n}

Q(xA) =
∏
a∈A

(1 + qxa) =
∑
r≥0

qrer(xA).

The following lemma follows from direct computation.

Lemma 3.2.4. For a ̸= b, we have

(3.2.3) ∂abQ(xA) = (δa∈Aq − δb∈Aq)Q(xA\{a,b}).

Proof. By definition

∂abQxA
=

1

xa − xb

(
Q(xA)−Q(xA′)

)
where

A′ =


A, a, b ∈ A or a, b /∈ A

A \ {a} ∪ {b} a ∈ A, b /∈ A,

A \ {b} ∪ {a} a /∈ A, b ∈ A.

In the first case, we have ∂abQ(xA) = 0. In the second case,

∂abQ(xA) = Q(xA\{a})
(1 + qxa)− (1 + qxb)

xa − xb
= qQ(xA\{a}) = qQ(xA\{a,b}).

Similarly, in the third case,

∂abQ(xA) = Q(xA\{b})
(1 + qxb)− (1 + qxa)

xa − xb
= −qQ(xA\{b}) = −qQ(xA\{a,b}).

The three cases can be summarized as (δa∈Aq − δb∈Aq)Q(xA\{a,b}). □

Lemma 3.2.5. Assume w = ta1b1 · · · tambm ∈ Sn. If

(3.2.4) ∂a1b1 · · · ∂ambmQ(xA) ̸= 0

for some subset A, then the non-fixed points

(3.2.5) M(w) := {1 ≤ i ≤ n : w(i) ̸= i} = {a1, b1, . . . , am, bm}.

Proof. It is obvious that M(w) ⊆ {a1, b1, . . . , am, bm}. We next prove the reverse
inclusion by induction on m. If m = 0, then w is the identity permutation, and both
sides of (3.2.5) are empty.

Now consider the case m > 0. Suppose to the contrary that w(x) = x for some
x ∈ {a1, b1, . . . , am, bm}. For 0 ≤ j ≤ m − 1, let wj = taj+1bj+1

· · · tambm . As x ∈
{a1, b1, . . . , am, bm}, there must exist j such that wj(x) ̸= x. Let i be the smallest such
j. Since w0(x) = w(x) = x, we have i > 0. Noticing that wi−1(x) = taibiwi(x) = x and
wi(x) ̸= x, we obtain

(3.2.6) {ai, bi} = {x,wi(x)}.
On the other hand, by (3.2.4), we have

∂ai+1bi+1
· · · ∂ambmQ(xA) ̸= 0,

and so it follows by induction that

M(wi) = {ai+1, bi+1, . . . , am, bm},
which along with Lemma 3.2.4 implies that

(3.2.7) ∂ai+1bi+1
· · · ∂ambmQ(xA) ∈ Z[q]Q(xA\M(wi)).
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Since wi(x) ̸= x, we see that wi(wi(x)) ̸= wi(x). Thus both x and wi(x) belong toM(wi).
In view of (3.2.6), both ai and bi belong to M(wi). Consequently,

∂aibiQ(xA\M(wi)) = 0,

which together with (3.2.7) would yield

∂aibi∂ai+1bi+1
· · · ∂ambmQ(xA) = 0,

contrary to the assumption in (3.2.4). This completes the proof. □

Lemma 3.2.6. For v, w ∈ Sn, we have

(3.2.8) ∂w/vQ(xA) ∈ Z[q] ·Q(x∆A(u,w)).

Proof. By Proposition 2.4.10, we can write

(3.2.9) ∂w/v =
∑
J

∇J , wJ =
∏
j∈J

sij ∇J =
ℓ∏

j=1

{
sij , j ∈ J,

∂ij , j /∈ J,

where the sum over all reduced subword J for u.

For any v ∈ Sn, it is easy to check that

∂ab v = v ∂v−1(a)v−1(b).

Hence, for J ⊆ [ℓ] such that wJ = u, the Demazure operators appearing in ∇J defined
in (3.2.9) can be moved one by one to the rightmost side of wJ , and so we may assume
that ∇J takes the form

∇J = u ∂a1b1 · · · ∂ambm ,

where m = ℓ− #J . On the other hand, since tab v = v tv−1(a)v−1(b) for any v ∈ Sn, we can
use exactly the same procedure with ∇J to deduce that

w = u ta1b1 · · · tambm ,

or equivalently,
u−1w = ta1b1 · · · tambm .

Combining Lemma 3.2.4 and Lemma 3.2.5, we obtain that

(3.2.10) ∂a1b1 · · · ∂ambmQ(xA) ∈ Z[q] ·Q
(
xA\M(u−1w)

)
.

Therefore,

∇J Q(xA) = u∂a1b1 · · · ∂ambmQ(xA)

∈ Z[q] ·Q
(
xu(A\M(u−1w))

)
= Z[q] ·Q

(
x∆A(u,w)

)
,

yielding (3.2.8). □

Proof of Theorem 3.2.1. Let

(3.2.11) cwv (q, t) =
∑
r≥0

qrcwv,r(t).

Then

Q(xA) ·Sv(x, t) =
∑
r≥0

qrer(xA) ·Sv(x, t) =
∑
w∈Sn

cwu (q, t) ·Sw(x, t).

By Lemma 3.2.3, we obtain that

(3.2.12) cwv (q, t) = ∂w/vQ(xA)
∣∣
xi 7→ti

.
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By (3.2.12) and Lemma 3.2.6, we see that

cwu (q, t) = f(q)Q(t∆A(u,w)),

where f(q) ∈ Z[q]. Setting all ti = 0 on both sides, we obtain that cwu (q, 0) = f(q, 0), and
hence,

cwu (q, t) = cwu (q, 0) ·Q(t∆A(u,w))(3.2.13)

= cwu (q, 0) ·
∑
r≥0

er(t∆A(u,w))q
r(3.2.14)

Comparing the coefficients of qr in (3.2.11) and (3.2.14), we are led to (3.2.2). □

3.3. Triple Pieri rule

Now let us prove the triple Pieri rule. Recall u = sk−a+1 · · · sk−1sk.

Theorem 3.3.1 (Triple Pieri rule). Let v ∈ Sn. We have

Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t)

where the sum ranges over all w ∈ Sn such that there exists a decreasing path of length
r′ ≤ r from u to w, and

(3.3.1) cwuv(t, y) = Ssk−r+1···sk−r′
(t, y)|ti 7→td(i) .

Here, d ∈ Sn can be taken as any permutation in Sn such that the image of [k − r′] is
exactly ∆k(v, w).

The proof of Theorem 3.3.1 is very straightforward — it is obtained by expanding
Su(x, y) into single er(x[k]). To do this, we need to introduce the complete symmetric
polynomial

(3.3.2) hr(x1, . . . , xk) =
∑

1≤i1≤···≤ir≤k

xi1 · · · xir .

The following expansion is well-known.

Lemma 3.3.2. We have

Su(x, y) =
∑
i+j=a

ei(x[k]) · hj(−y[k−r+1]).

Proof. This is a special case of so-called Giambelli formula [35]

Su(x, t) =
∑

u=u−1
2 u1

ℓ(u)=ℓ(u1)+ℓ(u2)

Su1(x)Su2(−t).

Since u = sk−r+1 · · · sk−1sk has only one reduced word, the only possible decomposition
is given by

u = sk−a+1 · · · sk−i︸ ︷︷ ︸
u−1
2

· sk−i+1 · · · sk−1sk︸ ︷︷ ︸
u1

.

The Lemma follows from the fact Ssksk+1···sk+r−1
(x) = hr(x1, . . . , xk) in (3.3.2). □
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Proof of Theorem 3.3.1. Let w be a permutation admitting a decreasing path
from u to w of length r′ ≤ r. By Corollary 3.2.2

cwu,v(t, y) =
∑
i+j=r

ei−r′(t∆k(v,w)) · hj(−y[k−r+1])

=
∑

i+j=r−r′

ei(t∆k(v,w))hj(−y[k−r+1])

=
∑

i+j=r−r′

ei(t∆k(v,w))hj(−y[(k−r′)−(r−r′)+1])

= Ssk−r+1···sk−r′
(t, y)|ti 7→td(i) .

In the first equality, we used Corollary 3.1.4. □

As a summary, using Corollary 3.1.4 we can restate the triple Pieri rule in terms of
condition of classical Pieri rule Theorem 3.1.1.

Theorem 3.3.3 (Triple Pieri rule). Let v ∈ Sn. We have

Su(x, y) ·Sv(x, t) =
∑
w

cwu,v(t, y) ·Sw(x, t)

where the sum ranges over all w ∈ Sn such that w = vta1b1 · · · tar′br′ with (0) r′ ≤ r; (1)
ai ≤ k < bi; (2) ai’s are distinct; (3) ℓ(vta1b1 · · · taibi) = ℓ(v) + i and the coefficients

cwuv(t, y) = Ssk−r+1···sk−r′
(t, y)|ti 7→td(i) .

Remark 3.3.4. When r = k, the formula above can be simplified further. In this
case,

Su(x, y) =
k∏

j=1

(xi − y1).

Moreover, for w ∈ Sn in the sum, we have

cwu,v(t, y) = Ssk−r+1···sk−r′
(t, y)|ti 7→td(i) =

∏
a∈∆k(u,w)

(ta − y1).
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CHAPTER 4

Yang–Baxter Equations

This chapter provides the representation-theoretic background required for the sub-
sequent chapter. The most important trick in the proof of Theorem C is the application
of the Yang–Baxter equations. In this part, we will give a general, self-contained,
computational treatment of this topic.

We will overview the representation theory of quantum groups in Section 4.1, which
serves as a primary source for solutions to the Yang–Baxter equation. We compute many
examples arising from representation theory in Section 4.2. The code and detailed steps
are provided. There is another classical source of solutions from the vertex model. We
illustrate how to solve it with the assistance of a computer in Section 4.3.

4.1. Quantum groups

4.1.1. Finite quantum groups. Recall the Lie algebra sln ⊂ gln is the set of
traceless n× n matrices. The Chevalley generators of sln are

Ei =


. . .

0 1
0

. . .

 , Fi =


. . .

0
1 0

. . .

 , Hi =


. . .

1
-1

. . .


for 1 ≤ i ≤ n − 1, where in the above formulas the shown block is the 2 × 2 submatrix
corresponding to the indices i and i+1. The Dynkin diagram and the Cartan matrix is

◦
1

◦
2

· · · ◦
n−2

◦
n−1 C =



2 -1

-1 2 -1

-1 2
. . .

. . . . . . -1

-1 2 -1

-1 2


.

That is,

cij =


2, i = j,

−1, |i− j| = 1,

0, otherwise.
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The enveloping algebra U(sln) admits the following Serre presentation

[Hi, Hj] = 0(4.1.1)

[Hi, Ej] = cij · Ej, [Hi, Fj] = −cij · Fj, [Ei, Fj] = δijHi,(4.1.2)

1−cij∑
k=0

(−1)k
(
1− cij
k

)
Ek

i EjE
1−cij−k
i = 0 (i ̸= j),(4.1.3)

1−cij∑
k=0

(−1)k
(
1− cij
k

)
F k
i FjF

1−cij−k
i = 0 (i ̸= j).(4.1.4)

The last two relations (4.1.3) and (4.1.4) are called the Serre relations. They are
obtained from

[Ei, [Ei, . . . [Ei,︸ ︷︷ ︸
1−cij

Ej] · · · ]] = [Fi, [Fi, . . . [Fi,︸ ︷︷ ︸
1−cij

Fj] · · · ]] = 0

The algebra U(sln) is a Hopf algebra, whose coproduct comultiplication is given by

(4.1.5) ∆ : U(sln) −→ U(sln)⊗ U(sln),

Hi 7−→ Hi ⊗ 1 + 1⊗Hi,

Ei 7−→ Ei ⊗ 1 + 1⊗ Ei,

Fi 7−→ Fi ⊗ 1 + 1⊗ Fi.

The quantum group Uq(sln) is a quantum analogue of the enveloping algebra U(sln),
generalized by quantizing the above presentation. More precisely, Uq(sln) is the C(q)-
algebra generated by Ei, Fi, K

±1
i for 1 ≤ i ≤ n− 1 with relations

KiKj = KjKi, KiK
−1
i = 1(4.1.6)

KiEjK
−1
i = qcij · Ej, KiFjK

−1
i = q−cij · Fj, [Ei, Fj] = δij

Ki −K−1
i

q − q−1
,(4.1.7)

1−cij∑
k=0

(−1)k
[
1− cij
k

]
Ek

i EjE
1−cij−k
i = 0 (i ̸= j),(4.1.8)

1−cij∑
k=0

(−1)k
[
1− cij
k

]
F k
i FjF

1−cij−k
i = 0 (i ̸= j).(4.1.9)

Here we use the notation of quantum numbers

[m] =
qm − q−m

q − q−1
, [m]! = [m] · · · [1],

[n
k

]
=

[n]!

[k]![n− k]!
.

The last two relations (4.1.8) and (4.1.9) are also called the Serre relations.

The quantum group Uq(sln) also forms a Hopf algebra, whose comultiplication is given
by

(4.1.10) ∆ : Uq(sln) −→ Uq(sln)⊗ Uq(sln),

K±1
i 7−→ K±1

i ⊗K±1
i ,

Fi 7−→ Fi ⊗ 1 +Ki ⊗ Fi,

Ei 7−→ Ei ⊗K−1
i + 1⊗ Ei.

We remark that there are actually many different choices of comultiplications, and they
all differ from each other by automorphisms of Uq(sln).
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4.1.1.1. Representation theory. The category of finite-dimensional representations of
U(sln) is a symmetric tensor category. This follows from the fact the comultiplication of
U(sln) is cocommutative, i.e. the following diagram is commutative

U(sln)
∆ // U(sln)⊗ U(sln)

τ :X⊗Y 7→Y⊗X
��

U(sln)
∆ // U(sln)⊗ U(sln).

However, the category C of finite-dimensional (over C(q)) representations of U(sln) is only
a tensor category, since the comultiplication of Uq(sln) fails to be cocommutative. How-
ever, the general representation theory of Uq(sln) implies (1) the category C is semisimple;
(2) the Grothendieck group of C forms a commutative ring; see [12]. In particular, for
two representations U and V in C, there exists an isomorphism of Uq(sln)-modules

(4.1.11) U ⊗ V ∼= V ⊗ U.

Note that the näıve map τ : U ⊗ V → V ⊗ U given by τ(x ⊗ y) = y ⊗ x is not a
Uq(sln)-homomorphism. These isomorphisms (4.1.11) can actually be made “functorial”,
or in fancy language, the category forms a braided tensor category. That is, for any
representations U and V , we could fix a choice of an isomorphism

R = RU,V : U ⊗ V
∼−→ V ⊗ U

which is functorial in both U and V . Moreover, RUV satisfies the Yang–Baxter equa-
tion

(RVW ⊗ 1)(1⊗RUW )(RUV ⊗ 1) = (1⊗RUV )(RUW ⊗ 1)(1⊗RVW )

as isomorphisms between

U ⊗ V ⊗W
∼−→ W ⊗ V ⊗ U.

The following illustrates the Yang–Baxter equation

U

U

V

V

W

W

=

U

U

V

V

W

W

We remark that in general

RV,U ◦RU,V ̸= idU⊗V .

In terms of diagrams, it says the “braid” cannot resolved in general:

U

U

U

V

̸=

U

U

U

V
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Let us briefly explain the construction of R for completeness. First observe that

HomC(U ⊗ V, V ⊗ U) = HomC(U ⊗ V, U ⊗ V ) ◦ τ
= EndC(U)⊗ EndC(V ) ◦ τ.

Note that the representation map Uq(sln) → EndC(U) is surjective when U is irreducible.
Actually, this is known as the density theorem in ring theory. Moreover, two elements
x, y ∈ Uq(sln) are distinct if and only if they act differently on some representation U
in C. In particular, the question is almost equivalent to the construction of a universal
element (called the universal R-matrix)

Θ ∈ Uq(sln)⊗ Uq(sln)

such that

∆(X) ·Θ = Θ · τ∆(X), ∀X ∈ Uq(sln).

However, such Θ only exists in a completion of

U+
q ⊗ U−

q ⊆ Uq(sln)⊗ Uq(sln),

where U+
q (resp., U−

q ) is the subalgebra generated by Hi and Ei (resp., Hi and Fi) for
1 ≤ i ≤ n − 1. These are quantum versions of the upper (resp., lower) triangular Lie
algebra. Moreover, the element Θ is unique, and can be constructed explicitly; see [12].

4.1.2. Quantum Loop groups. The loop algebra Lsln is a base-change

Lsln = sln ⊗ C[z±1], [X ⊗ zn, Y ⊗ zm] = [X,Y ]⊗ zm+n.

Note that Lsln is NOT a Kac–Moody algebra. To obtain a Kac–Moody algebra, we still
need to introduce the differential operator d = 1

z
d
dz

and take a central extension. We have
a natural inclusion

sln ∼= sln ⊗ 1 ⊂ Lsln.

Let us denote

E0 =

0 . . .
z 0

 , F0 =

0 z-1

. . .
0

 , H0 =

-1 . . .
1

 .
We also define the Dynkin diagram and the Cartan matrix (n ≥ 3)

0◦

◦
1

◦
2

· · · ◦
n−2

◦
n−1

C =



2 -1 -1

-1 2 -1

-1 2
. . .

. . . . . . -1

-1 2 -1

-1 -1 2


.

That is,

cij =


2, i = j,

−1, i ≡ j ± 1 mod n,

0, otherwise.
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The case n = 2 is special, its Dynkin diagram and Cartan matrix are defined separately
to be

◦
1
⇐⇒ ◦

2
, C =

[
2 -2
-2 2

]
, i.e.

{
c11 = c00 = 2,

c10 = c01 = −2.

The enveloping algebra U(Lsln) admits the same Serre presentation (4.1.1) to (4.1.4),
but now the index 0 is included. Similarly, U(Lsln) is a Hopf algebra whose coproduct is
given by the same formula (4.1.5), again, including the case i = 0.

Similarly, we can define the quantum loop group Uq(Lsln) to be the C(q)-algebra
generated by Ei, Fi, K

±1
i for 0 ≤ i ≤ n− 1 (0 is included) with the same relations (4.1.6)

to (4.1.9). Moreover, Uq(Lsln) is a Hopf algebra whose comultiplication is given by the
same formula (4.1.10).

The quantum loop group also admits a Drinfeld presentation. That is, Uq(Lsln)
is the C(q)-algebra generated by Ei,r, Fk,r, K

±1
i , ψi,s (1 ≤ i ≤ n − 1, r ∈ Z, s ∈ Z \ {0})

with relations

KiKj = KjKi, KiK
−1
i = 1(4.1.12)

ψ±
i (z)ψ

±′

j (w) = ψ±′

j (w)ψ±
i (z)(4.1.13)

Kix
±
j (z)K

−1
i = q±cijEj(z)(4.1.14)

[x+i (z), x
−
j (w)] =

δij
q − q−1

(
δ(w

z
)ψ+

i (w)− δ( z
w
)ψ−

j (w)
)
,(4.1.15)

ψ+
i (z)x

±
j (w) =

q±cijz − w

z − q±cijw
x±

′

j (w)ψ+
i (z),(4.1.16)

ψ−
i (z)x

±
j (w) =

q±cijw − z

w − q±cijz
x±

′

j (w)ψ−
i (z),(4.1.17)

x±i (z)x
±
j (w) =

q±cijz − w

z − q±cijw
x±j (w)x

±
i (z),(4.1.18)

Sym
z1,z2,...

1−cij∑
k=0

(−1)k
[
1− cij
k

]
x±i (z1) · · · x±i (zi)x±j (w)x±i (zi+1) · · · x±i (z1−cij) = 0 (i ̸= j)

(4.1.19)

where

δ(z) =
∞∑

r=−∞

zr, x+i (z) =
∞∑

r=−∞

Ei,rz
−r, x−i (z) =

∞∑
r=−∞

Fi,rz
−r,

ψ+
i (z) =

∑
r>0

ψi,sz
−s, ψ−

i (z) =
∑
r<0

ψi,sz
−s.

This presentation is crucial when describing its representation theory.

4.1.2.1. Reprensetation theory. The category of finite-dimensional representations of
Lsln (i.e. of U(Lsln)) is a commutative tensor category. For a representation V of sln,
we denote the representation of Lsln = sln ⊗ C[z±1] by

V (z) = V ⊗ C[z±1].

For z0 ∈ C×, we similarly denote

V (z0) = V ⊗ Cz0
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where Cz0 = C[z±1]/(z−z0). The finite-dimensional irreducible representations of U(Lsln)
are of the form

m⊗
i=1

Vi(zi)

where z1, . . . , zm are distinct points over C× and each Vi is a nontrivial finite-dimensional
irreducible representation of sln. Note that the category of finite-dimensional represen-
tations of U(Lsln) is not semisimple, because of the existence of representations such
as

V (z)/(z − z0)
2 = V ⊗ C[z±1]/(z − z0)

2

for some z0 ∈ C×.

We warn readers that the enveloping algebra does not commute with base change:

U(Lsln) = U(sln ⊗ C[z±1]) ̸= U(sln)⊗ C[z±1].

Actually a finite dimensional representation of U(Lsln) is equivalent to a quasi-coherent
sheaf of sln-representations over C× = SpecC[z±1] such that the points whose stack is a
non-trivial representation are finite.

Now let us switch to the representation theory of the quantum loop group Uq(Lsln).
Note that the relations in the Drinfeld presentation (4.1.12) to (4.1.19) are written in
terms of generating functions. In particular, one can check directly that we can define an
automorphism

ρz0 : Uq(Lsln) −→ Uq(Lsln)

for any z0 ∈ C× by

x±i (z) 7−→ x±(z · z0), ψ±(z) 7−→ ψ±(z · z0), Ki 7−→ Ki.

For any representation V of Uq(Lsln), we can define a representation V (z0) the repre-
sentation obtained by twisting with the automorphism ρz0 . We can similarly define an
C[z±]-linear representation V [z±] = V ⊗ C[z±] such that V (z0) = V [z±]/(z − z0). We
denote V (z) = V [z±]⊗C[z±] C(z).

The category C of finite-dimensional (over C(q)) representations of Uq(Lsln) is a tensor
category, which is not symmetric in general. But, in contrast of the case of finite quantum
groups, C is NOT braided. Actually for two representations U, V in C, the tensor product
U ⊗ V is not isomorphic to V ⊗ U in general. This is because the universal R-matrix Θ
of Uq(Lsln) does not always converge on the tensor product U ⊗ V .

But this does not happen very often. Actually, for two representations U, V in C, the
tensor products are isomorphic

U(x0)⊗ V (y0) ∼= V (y0)⊗ U(x0)

for generic x0, y0 ∈ C×. Actually, the image of the universal R-matrix

R : U(x)⊗ V (y) ∼= V (y)⊗ U(x)

is well-defined as a product of a matrix of rational function in x/y and a (meromorphic)
function in x/y. So the matrix R is well-defined when x0/y0 avoids the zeros and the
poles of its determinant. Usually, we normalize the R-matrix such that it is identity when
applied to the highest weight vectors (of Uq(sln)), so it will be a rational function in x/y,
and we denote it by

RUV (x/y) : U(x)⊗ V (y) −→ V (y)⊗ U(x)
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to emphasize its dependence on x/y. To distinguish it from the finite R-matrix, we call
RUV (z) the R-matrix with spectral parameters.

Moreover, when U, V are both irreducible, the tensor product U(x0) ⊗ V (y0) is irre-
ducible for generic x0, y0 ∈ C×. Note that the same phenomenon appears in the repre-
sentation theory of Lsln. As a result, for generic x0, y0 ∈ C×, we have

HomC
(
U(x0)⊗ V (y0), V (y0)⊗ U(x0)

)
= span

(
RUV (x0/y0)

)
.

This is the uniqueness of R-matrices with spectral parameters. Note that the finite R-
matrix is unique considered as a functor, while the spectral R-matrix is unique for each
single pair of irreducible representations. This fact will be useful in the computation.

The spectral R-matrices satisfy the Yang–Baxter equations, i.e. as an operator
U(z1)⊗ V (z2)⊗W (z3) → W (z3)⊗ V (z2)⊗ U(z1),

(RVW (z2/z3)⊗ 1)(1⊗RUW (z1/z3))(RUV (z1/z2)⊗ 1)

= (1⊗RUV (z1/z2))(RUW (z1/z3)⊗ 1)(1⊗RVW (z2/z3)).

The following is a diagram for the equation.

z1 z2 z3

=

z1 z2 z3

As a feature of spectral R-matrices, we also have the unitary equation, i.e. as an
operator U(z1)⊗ V (z2) → V (z2)⊗ U(z1),

RV U(z2/z1) ◦RUV (z1/z2) = idU⊗V .

The following is a diagram for it:

z1 z2

=

z1 z2

4.2. Examples of R-matrices

To author’s knowledge, there is no existing algorithm for computing R-matrices in
the literature or in any mathematics software system. In standard textbooks of quantum
groups [12], the only known example of R-matrices is for natural representations of
Uq(Lsln). Moreover, it is actually not from a computation but a proof that a given matrix
is the R-matrix. In this section, we illustrate how to compute the spectral R-matrices.

4.2.1. Examples of sl2. Let us consider the natural representation of sl2.

sl2
↷ C2, H1 =

[
1

-1

]
, E1 =

[
0 1

0

]
, F1 =

[
0
-1 0

]
.

Its quantum version is given by

Uq(sl2)
↷ C(q)3, K1 =

[
q

q-1

]
, E1 =

[
0 1

0

]
, F1 =

[
0
-1 0

]
.
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Next, let us consider the adjoint representation of sl2.

sl2
↷ C3, H1 =

2 0
-2

 , E1 =

0 -2
0 1

0

 , F1 =

 0
-1 0

2 0

 .
Its quantum version is given by

Uq(sl2)
↷ C(q)3, K1 =

q2 1
q-2

 , E1 =

0 -[2]
0 1

0

 , F1 =

 0
-1 0

[2] 0

 .
Recall that [2] = q-1 + q.

We can extend C2 and C3 to representations of the loop algebra Lsl2 by

H0 = −H1, E0 = zF1, F0 = z−1E1.

Its quantum version is given by

K0 = K−1
1 , E0 = zF1, F0 = z−1E1.

Let U = C(q, z)2 and V = C(q, z)3. Let us compute the R-matrices

RUU(x/y) : U(x)⊗ U(y) −→ U(y)⊗ U(x),

RV V (x/y) : V (x)⊗ V (y) −→ V (y)⊗ V (x),

RUV (x/y) : U(x)⊗ V (y) −→ V (y)⊗ U(x),

RV U(x/y) : V (x)⊗ U(y) −→ U(y)⊗ V (x).

It turns out that we only need the action of K1, F1, F0 ∈ Uq(Lsln) to solve the R-matrix.
Let us illustrate the computation of U(x) ⊗ V (y) as an example. By definition the
representation

Uq(Lsl2)
↷

U(x)⊗ V (y),

Uq(Lsl2)
↷

V (y)⊗ U(x),


K1 7→ K1 ⊗K1,

F1 7→ F1 ⊗ 1 +K1 ⊗ F1,

F0 7→ F0 ⊗ 1 +K0 ⊗ F0.

The actions of K1 are given by
q3 0 0 0 0 0
0 q 0 0 0 0
0 0 q-1 0 0 0
0 0 0 q 0 0
0 0 0 0 q-1 0
0 0 0 0 0 q-3

 ,

q3 0 0 0 0 0
0 q 0 0 0 0
0 0 q 0 0 0
0 0 0 q-1 0 0
0 0 0 0 q-1 0
0 0 0 0 0 q-2

 ;

the actions of F1 are
0 0 0 0 0 0
-q 0 0 0 0 0
0 q2+1 0 0 0 0
1 0 0 0 0 0
0 1 0 -q-1 0 0
0 0 1 0 1+q-2 0

 ,


0 0 0 0 0 0
q2 0 0 0 0 0
-1 0 0 0 0 0
0 -1 1 0 0 0
0 0 q+q-1 0 0 0
0 0 0 q+q-1 q-2 0

 ;
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the actions of F0 are


0 -(1+q-2)y-1 0 x-1 0 0
0 0 q-1y-1 0 x-1 0
0 0 0 0 0 x-1

0 0 0 0 -(q2+1)y-1 0
0 0 0 0 0 qy-1

0 0 0 0 0 0

 ,


0 q-2x-1 -(q+q-1)y-1 0 0 0
0 0 0 -(q+q-1)y-1 0 0
0 0 0 x-1 y-1 0
0 0 0 0 0 y-1

0 0 0 0 0 q2x-1

0 0 0 0 0 0

 .

Assume the R-matrix is

R = RUV (x/y) =


x1 x2 x3 x4 x5 x6
x7 x8 x9 x10 x11 x12
x13 x14 x15 x16 x17 x18
x19 x20 x21 x22 x23 x24
x25 x26 x27 x28 x29 x30
x31 x32 x33 x34 x35 x36

 .

The equation K1 ◦R = R ◦K1 implies

xi = 0, unless i ∈ {1, 8, 10, 14, 16, 21, 23, 27, 29, 36}.

That is,

R = RUV (x/y) =


x1 0 0 0 0 0
0 x8 0 x10 0 0
0 x14 0 x16 0 0
0 0 x21 0 x23 0
0 0 x27 0 x29 0
0 0 0 0 0 x36

 .

The equation F1 ◦R = R ◦ F1 implies the following equations

q2x1 = −qx8 + x10

−x1 = −qx14 + x16

−x8 + x14 =
(
q2 + 1

)
x21 + x23

−x10 + x16 = −q−1x23

(q + q−1)x14 = (q2 + 1)x27 + x29

(q + q−1)x16 = −q−1x29

(q + q−1)x21 + q−2x27 = x36

(q + q−1)x23 + q−2x29 = (1 + q−2)x36.
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The equation R ◦ F0 = F0 ◦R implies the following

q−2x−1x8 − (q + q−1)y−1x14 = −(1 + q2)y−1x1

q−2x−1x10 − (q + q−1)y−1x16 = x−1x1

−(q + q−1)y−1x21 = q−1y−1x8

−(q + q−1)y−1x23 = x−1x8 − (1 + q2)y−1x10

x−1x21 + y−1x27 = q−1y−1x14

x−1x23 + y−1x29 = x−1x14 − (1 + q2)y−1x16

y−1x36 = x−1x21 + qy−1x23

q2x−1x36 = x−1x27 + qy−1x29.

With the normalization x1 = 1, we can solve

x8 =
−q4x+ x

q3x− y
x10 =

−q2y + qx

q3x− y
x14 =

q2x− qy

q3x− y
x16 =

−q2y + y

q3x− y

x21 =
q2x− x

q3x− y
x23 =

q2x− qy

q3x− y
x27 =

−q2y + qx

q3x− y
x29 =

q4y − y

q3x− y

x36 = x1 = 1.

As a result, we have

(4.2.1) RUV (x/y) =



1 0 0 0 0 0

0
−q4x+ x

q3x− y
0

−q2y + qx

q3x− y
0 0

0
q2x− qy

q3x− y
0

−q2y + y

q3x− y
0 0

0 0
q2x− x

q3x− y
0

q2x− qy

q3x− y
0

0 0
−q2y + qx

q3x− y
0

q4y − y

q3x− y
0

0 0 0 0 0 1



.

By a similar manner, we can compute the R-matrices

(4.2.2) RV U(x/y) =



1 0 0 0 0 0

0
−q2x+ x

q3x− y

q2x− qy

q3x− y
0 0 0

0 0 0
q4x− x

q3x− y

q2y − qx

−q3x+ y
0

0
q2y − qx

−q3x+ y

−q4y + y

q3x− y
0 0 0

0 0 0
q2x− qy

q3x− y

q2y − y

q3x− y
0

0 0 0 0 0 1


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(4.2.3) RUU(x/y) =



1 0 0 0

0
q2x− x

q2x− y

−qx+ qy

−q2x+ y
0

0
−qx+ qy

−q2x+ y

q2y − y

q2x− y
0

0 0 0 1



(4.2.4) RV V (x/y) =



1 0 0 0 0 0 0 0 0

0 ▲ 0 ♦ 0 0 0 0 0

0 0 ⋆ 0 ♣ 0 ♠ 0 0

0 ♦ 0 ▼ 0 0 0 0 0

0 0 ◀ 0 ■ 0 ▶ 0 0

0 0 0 0 0 ▲ 0 ♦ 0

0 0 ♠ 0

♣

0 ⋆0 0

0 0 0 0 0 ♦ 0 ▼ 0

0 0 0 0 0 0 0 0 1


where

▲ =
q4x− x

q4x− y
, ♦ =

−q2x+ q2y

−q4x+ y
, ▼ =

q4y − y

q4x− y
,

⋆ =
(q2 − 1)2(q2 + 1)x2

(−q2x+ y)(−q4x+ y)
, ⋆=

(q2 − 1)2(q2 + 1)y2

(−q2x+ y)(−q4x+ y)
,

◀ =
(q3 − q)(−x2 + xy)

(−q2x+ y)(−q4x+ y)
, ▶=

(q3 − q)(−xy + y2)

(−q2x+ y)(−q4x+ y)
,

♣ =
(q3 − q)(q2 + 1)2(−x2 + xy)

(−q2x+ y)(−q4x+ y)
,

♣

=
(q3 − q)(q2 + 1)2(−xy + y2)

(−q2x+ y)(−q4x+ y)
,

■ =
q6xy + q4x2 − 2q4xy − 2q2xy + q2y2 + xy

(−q2x+ y)(−q4x+ y)
, ♠ =

q2(−x+ y)(q2y − x)

(−q2x+ y)(−q4x+ y)
.

4.2.1.1. Codes. The above computation can be done via SageMath, and here is the
code.

1 R = PolynomialRing(QQ,["q","x","y"]); q,x,y = R.gens()

2 class myrep(list): pass

3 def qnum(m,k=1): return gaussian_binomial(m,k)(q^2)*q^(-k*(m-k))

4

5 # define the representations Uq(sl2)

6 U = myrep([2]);

7 U.E = matrix([[0,1],[0,0]])

8 U.F = matrix([[0,0],[1,0]])

9 U.K = matrix([[q,0],[0,q^(-1)]])
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10

11 V = myrep([3]);

12 V.E = matrix([[0,-q-q^(-1),0],[0,0,1],[0,0,0]])

13 V.F = matrix([[0,0,0],[-1,0,0],[0,q+q^(-1),0]])

14 V.K = matrix([[q^2,0,0],[0,1,0],[0,0,q^(-2)]])

1 def checkrel(V):

2 K = V.K; E = V.E; F = V.F;

3 comm = lambda X,Y: X*Y-Y*X

4 if K*E*K^(-1) != q^2*E: return False

5 if K*F*K^(-1) != q^(-2)*F: return False

6 if comm(E,F)!= (K-K^(-1))/(q-q^(-1)): return False

7 return True

8 print(checkrel(U))

9 print(checkrel(V))

1 # define the representation of Uq(Lsl2) via evaluation

2 def rep(prerep,para=1):

3 res = myrep(list(prerep)+[para])

4 res.E1 = prerep.E

5 res.F1 = prerep.F

6 res.K1 = prerep.K

7 res.E0 = para*(prerep.F)

8 res.F0 = para^(-1)*(prerep.E)

9 res.K0 = (prerep.K)^(-1)

10 res.I = res.K0*res.K0^(-1)

11 return res

12

13 # define tensor product

14 def ten(U,V):

15 tp = lambda X,Y: X.tensor_product(Y)

16 res = myrep(list([(U[i],V[i]) for i in range(len(U))]))

17 res.E1 = tp(U.E1,V.K1^(-1)) + tp(U.I,V.E1)

18 res.E0 = tp(U.E0,V.K0^(-1)) + tp(U.I,V.E0)

19 res.F1 = tp(U.F1,V.I) + tp(U.K1,V.F1)

20 res.F0 = tp(U.F0,V.I) + tp(U.K0,V.F0)

21 res.K1 = tp(U.K1,V.K1)

22 res.K0 = tp(U.K0,V.K0)

23 return res

1 # construct the tensor representation

2 X = rep(U,x)

3 Y = rep(V,y)

4 XY = ten(X,Y)

5 YX = ten(Y,X)

6 # ten(X,Y).E1

7

8 S = PolynomialRing(R,["x"+str(i) for i in range(X[0]^2*Y[0]^2)]);

9 x = S.gens();

10 Rmat = matrix([[x[i*X[0]*Y[0]+j] for j in range(X[0]*Y[0])] for i in range(X[0]*Y[0])

])

11

12 # find all relations

13 Relations = [x[0]] # x[0] = 1 by normalization
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14

15 def add_rel(mat):

16 for row in mat:

17 for ent in row:

18 if ent!=0:

19 Relations.append(ent)

20 add_rel(YX.K1 * Rmat - Rmat * XY.K1)

21 add_rel(YX.F1 * Rmat - Rmat * XY.F1)

22 add_rel(YX.F0 * Rmat - Rmat * XY.F0)

23 # add_rel(YX.E1 * Rmat - Rmat * XY.E1)

24 # add_rel(YX.E0 * Rmat - Rmat * XY.E0)

25

26 # linearize the relations

27 def linear_rel(poly):

28 res = [0 for xx in x]

29 my_dict = poly.dict()

30 for ind in my_dict:

31 i = 0

32 while ind[i]==0:

33 i+=1

34 res[i] = my_dict[ind]

35 return res

36

37 LHS = Matrix([linear_rel(rel) for rel in Relations])

38 RHS = [(1 if i==0 else 0) for i in range(len(Relations))]

39 x_0 = Matrix(LHS).solve_right(vector(RHS))

40 Rmat = matrix([[x_0[i*X[0]*Y[0]+j] for j in range(X[0]*Y[0])] for i in range(X[0]*Y

[0])])

41 print(Rmat)

1 # double check:

2 print(YX.K1 * Rmat == Rmat * XY.K1)

3 print(YX.K0 * Rmat == Rmat * XY.K0)

4 print(YX.E1 * Rmat == Rmat * XY.E1)

5 print(YX.F1 * Rmat == Rmat * XY.F1)

6 print(YX.E0 * Rmat == Rmat * XY.E0)

7 print(YX.F0 * Rmat == Rmat * XY.F0)

There is some room to optimize the algorithm.

4.2.2. Natural representations. Consider the natural representation of the Lie
algebra sln

sln
↷ Cn =

n⊕
i=1

Cei by

Hiej = (δij − δi+1,j)ej,

Fiej = δijei+1,

Eiej+1 = δijei.

Its quantum version is given by

Uq(sln)
↷ V :=

n⊕
i=1

C(q)ei by

Kiej = qδij−δi+1,jej,

Fiej = δijei+1,

Eiej+1 = δijei.
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We can represent the actions by the following diagram:

en

En-1 ** · · ·
Fn-1

jj
** · · ·jj

E2
**
e2

F2

kk

E1 ++
e1.

F1

jj

We can extend Cn to a representation of the loop algebra Lsln

Lsln
↷ Cn(z) by

H0ej = (δnj − δ1j)ej,

F0ej = δnjz
−1e1,

E0ej+1 = δnjzen.

Similarly, its quantum version is given by

Uq(Lsln)
↷ V(z) by

K0ej = qδnj−δ1jej,

F0ej = δnjz
−1e1,

E0ej+1 = δnjzen.

We can represent the actions by the following diagram (for simplicity, we only represent
the action of Fi, and ignore the scalar)

en

F0

((
en-1

Fn-1

oo · · ·
Fn-2

oo e2
F2

oo e1.
F1

oo

Let us compute the spectral R-matrix for

R = R(x/y) : V(x)⊗ V(y) −→ V(y)⊗ V(x).
The following is our strategies:

(1) Note that the R-matrix preserves weights, since it commutes with the action of
Ki for 1 ≤ i ≤ n − 1. The weight of ei ⊗ ej is ϵi + ϵj ∈ Zn/Z(1, . . . , 1), so we
have

R(ei ⊗ ej) ∈ span(ei ⊗ ej, ej ⊗ ei).

This includes the case i = j.

(2) The representation V ⊗ V is generated by e1 ⊗ en as a Uq(sln)-representation
over Q(q). This fact will also be illustrated in the computation. As a result, any
Uq(Lsln)-homomorphism is determined by the image

R(e1 ⊗ en) ∈ V(y)⊗ V(x).
So we first describe R(ei ⊗ ej) in terms of the coefficients f and g defined below
and taking advantage of the fact that R is a Uq(sln)-homomorphism.

(3) Assume
R(e1 ⊗ en) = f · e1 ⊗ en + g · en ⊗ e1

for some f, g ∈ C(q)(x, y). To determine f and g, we could equalize the image
R(e1 ⊗ e1) in two ways:

e1 ⊗ en
En-1

//

F0

''
e1 ⊗ en−1

En-2

// · · ·
E2

// e1 ⊗ e2
E1

// e1 ⊗ e1.

Let us describe R(ei ⊗ ej) in terms of f and g.
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Lemma 4.2.1. If i < j, we have

R(ei ⊗ ej) = f · ei ⊗ ej + g · ej ⊗ ei.

Proof. We can compute

Ej(ei ⊗ ej+1) = Ejei ⊗K−1
j ej+1 + ei ⊗ Ejej+1 = 0 + ei ⊗ ej,

Ej(ej+1 ⊗ ei) = Ejej+1 ⊗K−1
j ei + ei+1 ⊗ Ejei = ej ⊗ ei + 0

when i < j < n; and

Fi-1(ei-1 ⊗ ej) = Fi-1ei-1 ⊗ ej +Ki-1ei-1 ⊗ Fi-1ej = ei ⊗ ej + 0,

Fi-1(ej ⊗ ei-1) = Fi-1ej ⊗ ei-1 +Ki-1ej ⊗ Fi-1ei-1 = 0 + ei ⊗ ej

when 1 < i < j. The claim follows from these identities and induction. □

Lemma 4.2.2. When i = j, we have

R(ei ⊗ ei) = (f + q−1 · g) · ei ⊗ ei.

Proof. This follows from the similar computation above,

Ei(ei ⊗ ei+1) = Eiei ⊗K−1
i ei+1 + ei ⊗ Eiei+1 = 0 + ei ⊗ ei,

Ei(ei+1 ⊗ ei) = Eiei+1 ⊗K−1
i ei + ei+1 ⊗ Eiei = ei ⊗ q−1ei + 0

when i < n; and

Fi-1(ei-1 ⊗ ei) = Fi-1ei-1 ⊗ ei +Ki-1ei-1 ⊗ Fi-1ei = ei ⊗ ei + 0,

Fi-1(ei ⊗ ei-1) = Fi-1ei ⊗ ei-1 +Ki-1ei ⊗ Fi-1ei-1 = 0 + q−1ei ⊗ ei

when i > 1. □

Lemma 4.2.3. If i > j, we have

R(ei ⊗ ej) = (f + (q−1 − q)g) · ei ⊗ ej + g · ej ⊗ ei.

Proof. We first compute

Fj(ej ⊗ ej) = Fjej ⊗ ei +Kjej ⊗ Fjej = ej+1 ⊗ ej + qej ⊗ ej+1.

As a result,

R(ej+1 ⊗ ej + qej ⊗ ej+1) = (f + q−1 · g)
(
ej+1 ⊗ ei + qej ⊗ ej+1

)
We know from Lemma 4.2.1 that

R(ej ⊗ ej+1) = f · ej ⊗ ej+1 + g · ej+1 ⊗ ej.

Thus

R(eȷ+1 ⊗ ej) = (f + q−1 · g)
(
ej+1 ⊗ ei + qej ⊗ ej+1

)
− qR(ej ⊗ ej+1)

= (f − qg + q−1g) · ej+1 ⊗ ej + g · ej ⊗ ej+1.

For general i > j, it follows from identities similar to those used in the proof of Lemma
4.2.1. □

Note that all of the above computations do not involve any spectral parameters x, y,
since we only use the finite quantum group Uq(sln)-actions. Actually, since

dimHomUq(sln)(V⊗ V,V⊗ V) = 2,

any choice of f, g determines a morphism of Uq(sln). Now let us use the action of F0 to
determine f and g.
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Lemma 4.2.4. Denote z = x/y. We have

f =
(1− q2)z

1− q2z
, g = q

1− z

1− q2z
.

Proof. Let us compute in V(x)⊗ V(y)

F0(e1 ⊗ en) = F0e1 ⊗ en +K0e1 ⊗ F0en = 0 + q−1e1 ⊗ y−1e1,

F0(en ⊗ e1) = F0en ⊗ e1 +K0en ⊗ F0e1 = x−1e1 ⊗ e1 + 0.

The computation in V(y) ⊗ V(x) is obtained by swapping the roles of x and y. As a
result,

R(q−1e1 ⊗ y−1e1) = f · q−1e1 ⊗ x−1e1 + g · y−1e1 ⊗ e1.

That is,

R(e1 ⊗ e1) = (x−1y · f + q · g)e1 ⊗ e1.

By the normalization, we can assume R(e1 ⊗ e1) = e1 ⊗ e1, so we have

f + q−1 · g = 1, x−1y · f + q · g = 1.

So we can solve for f and g, as asserted. □

Substituting the f and g above, we have

Lemma 4.2.5. The spectral R-matrix is given by

(4.2.5) R(z)(ei ⊗ ej) =



(1− q2)z

1− q2z
ei ⊗ ej + q

1− z

1− q2z
ej ⊗ ei, i < j,

ei ⊗ ei, i = j,

1− q2

1− q2z
ei ⊗ ej + q

1− z

1− q2z
ej ⊗ ei, i > j.

4.3. Vertex models

We have seen the Yang–Baxter equation as a property of R-matrices. But the ex-
istence of R-matrices with Yang–Baxter equations does not always follow from the rep-
resentation theory of a known algebra. Actually, new R-matrices usually lead to new
interesting quantum algebras.

4.3.1. Six-vertex model. Historically, the R-matrix was first found in statistical
physics in the study of the six-vertex model. The mathematical formulation is the
following. Let V = k · e1 ⊕ k · e2 be a two-dimensional space over some field k. We want
to find some matrix (also called an R-matrix)

R(z) ∈ Hom(V ⊗ V, V ⊗ V )(z)

satisfying the Yang–Baxter equation

(R(x)⊗ 1)(1⊗R(xy))(R(y)⊗ 1)

= (1⊗R(y))(R(xy)⊗ 1)(1⊗R(x)).

From the computation of the previous section, we see the assumption that

R(x)(ei ⊗ ej) ∈ span(ei ⊗ ej, ej ⊗ ei)
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could make the computation simpler. This is exactly what the six-vertex model refers
to. More precisely, the six-vertex model is the case of the R-matrix taking the form

R(z) =


a1(z) 0 0 0
0 b2(z) c1(z) 0
0 c2(z) b1(z) 0
0 0 0 a2(z)


R(z)(e1 ⊗ e1) = a1(z) · e1 ⊗ e1

R(z)(e2 ⊗ e2) = a2(z) · e2 ⊗ e2

R(z)(e1 ⊗ e2) = b1(z) · e1 ⊗ e2 + c1(z) · e2 ⊗ e1

R(z)(e2 ⊗ e1) = b2(z) · e1 ⊗ e2 + c2(z) · e2 ⊗ e1.

We will further assume

a1(z), a2(z), b1(z), b2(z), c1(z), c2(z)

are all non-zero functions. The Yang–Baxter equation is equivalent to

a1(x)b2(xy)a1(y) = b2(x)a1(xy)b2(y) + c2(x)b2(xy)c1(y)

a1(x)c1(xy)b2(y) = c1(x)a1(xy)b2(y) + b1(x)b2(xy)c1(y)

b2(x)c2(xy)a1(y) = c2(x)b2(xy)b1(y) + b2(x)a1(xy)c2(y)

b2(x)b1(xy)b2(y) = b1(x)b2(xy)b1(y)

c1(x)a1(xy)b1(y) + b2(x)b1(xy)c1(y) = a1(x)c1(xy)b1(y)

b2(x)a2(xy)b2(y) + c1(x)b2(xy)c2(y) = a2(x)b2(xy)a2(y)

c1(x)b2(xy)b1(y) + b2(x)a2(xy)c1(y) = b2(x)c1(xy)a2(y)

c2(x)b1(xy)b2(y) + b1(x)a1(xy)c2(y) = b1(x)c2(xy)a1(y)

b1(x)a1(xy)b1(y) + c2(x)b1(xy)c1(y) = a1(x)b1(xy)a1(y)

c2(x)a2(xy)b2(y) + b1(x)b2(xy)c2(y) = a2(x)c2(xy)b2(y)

b1(x)b2(xy)b1(y) = b2(x)b1(xy)b2(y)

b1(x)c1(xy)a2(y) = c1(x)b1(xy)b2(y) + b1(x)a2(xy)c1(y)

a2(x)c2(xy)b1(y) = c2(x)a2(xy)b1(y) + b2(x)b1(xy)c2(y)

a2(x)b1(xy)a2(y) = b1(x)a2(xy)b1(y) + c1(x)b1(xy)c2(y)

The purpose of this section is to partially solve these functional equations.

Lemma 4.3.1. To have a solution of the Yang–Baxter equation, it is necessary to have

a1(z)a2(z)− b1(z)b2(z) + c1(z)c2(z)

ai(z)cj(z)
∈ k, ∀i, j ∈ {1, 2}.

Example 4.3.2. Recall the R-matrix in (4.2.3) or (4.2.5) from the previous sections:

1 0 0 0

0
q2z − z

q2z − 1

−qz + q

−q2z + 1
0

0
−qz + q

−q2z + 1

q2 − 1

q2z − 1
0

0 0 0 1



a1(z) = a2(z) = 1,

b1(z) =
q2 − 1

q2z − 1
,

b2(z) =
(q2 − 1)z

q2z − 1
,

c1(z) = c2(z) = q
z − 1

q2z − 1
.

We have
a1(z)a2(z)− b1(z)b2(z) + c1(z)c2(z)

ai(z)cj(z)
= q + q−1,

a constant.
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The proof of Lemma 4.3.1 will be given in Section 4.3.2 below. Our next step is to
divide the solution into two families, depending on whether

a1(z)a2(z)− b1(z)b2(z) + c1(z)c2(z) = 0.

Before that, we mention some “freedom” of R(z)-matrices, which could be used to nor-
malize our solution.

Lemma 4.3.3. If R(z) satisfies the Yang–Baxter equation, then so does the matrix

R̃(z) = f


a1(z

m) 0 0 0
0 b2(z

m) g · c1(zm) 0
0 g−1c2(z

m) b1(z
m) 0

0 0 0 a2(z
m)

 ,
f ∈ k(z)×,
g ∈ k×,

m ∈ Z.

Proof. It suffices to deal with three cases

(i) f = 1 and g = 1, (ii) f = 1 and m = 1, (iii) g = 1 and m = 1.

The cases (i) and (iii) are both trivial. The case (ii) can be seen directly from the
equations since the change preserves the Yang–Baxter equation. More precisely, either
c1(?)c2(?) comes in pair, or ci(?) appears singly in each factor, e.g.

· · · = · · ·
b1(x)a1(xy)b1(y) + c2(x)b1(xy)c1(y) = a1(x)b1(xy)a1(y)

c2(x)a2(xy)b2(y) + b1(x)b2(xy)c2(y) = a2(x)c2(xy)b2(y)

· · · = · · ·

There is another, more conceptual way of seeing (ii). We can construct a matrix

Q(ei ⊗ ej) = gδi>jei ⊗ ej.

Then in case (ii), we have

R̃(z) = Q ◦R(z) ◦Q−1.

also satisfies the Yang–Baxter equation. The trick is, we can construct matrix

Q̂(ei ⊗ ej ⊗ ek) = qδi>j+δi>k+δj>kei ⊗ ej ⊗ ek

such that

Q̂(R(z)⊗ 1)Q̂−1 = (QR(z)Q−1 ⊗ 1),

Q̂(1⊗R(z))Q̂−1 = (1⊗QR(z)Q−1).

So

(R̃(x)⊗ 1)(1⊗ R̃(xy))(R̃(y)⊗ 1)

= Q̂(R(x)⊗ 1)(1⊗R(xy))(R(y)⊗ 1)Q̂−1

= Q̂(1⊗R(y))(R(xy)⊗ 1)(1⊗R(x))Q̂−1

= (1⊗ R̃(y))(R̃(xy)⊗ 1)(1⊗ R̃(x)). □
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Case A. When a1(z)a2(z)− b1(z)b2 + c1(z)c2(z) ̸= 0, we have

a1(z)/a2(z) ∈ k, c1(z)/c2(z) ∈ k
are both constants. By Lemma 4.3.3, we can normalize R(z) such that

a1(z) = 1, a2(z) = a2 ∈ k, c(z) := c1(z) = c2(z).

Assume

∆ =
a2 − b1(z)b2(z) + c(z)2

c(z)
∈ k.

Then we have

a2 = 1(4.3.1)

b1(y/x) =
b1(y)b2(x)

−∆c(x) + c(x)c(y) + 1
(4.3.2)

b2(y/x) =
b1(x)b2(y)

−∆c(x) + c(x)c(y) + 1
(4.3.3)

c(y/x) =
c(y)− c(x)

−∆c(x) + c(x)c(y) + 1
.(4.3.4)

This is done using computer, and the following is the code. Here we used the fact

b1(z) =
1−∆c1(z) + c1(z)

2

b2(z)

to reduce the number of variables.

1 # 6-vertex model

2 S = PolynomialRing(QQ,["D","a2","b2x","cx","b2y","cy"]);

3 x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

4 a1x = 1; a2x = a2; c1x = c2x = cx

5 b1x = (a2x-D*c1x+c1x^2)/b2x

6 a1y = 1; a2y = a2;c1y = c2y = cy

7 b1y = (a2y-D*c1y+c1y^2)/b2y

8 Poly = PolynomialRing(S,[abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2

"]]);

9 x = Poly.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

10 # a1x = a1, etc; a1y = a1’, etc; a1z = a1’’, etc;

11

12 K_Poly = FractionField(Poly)

13 Rx = matrix(K_Poly,[[a1x ,0,0,0],[0,b2x ,c1x ,0],[0,c2x ,b1x ,0],[0,0,0,a2x ]])

14 Ry = matrix(K_Poly,[[a1y ,0,0,0],[0,b2y ,c1y ,0],[0,c2y ,b1y ,0],[0,0,0,a2y ]])

15 Rz = matrix(K_Poly,[[a1z ,0,0,0],[0,b2z ,c1z ,0],[0,c2z ,b1z ,0],[0,0,0,a2z ]])

16 I = matrix(K_Poly,[[1,0],[0,1]])

17 def ten(A,B): return A.tensor_product(B)

18

19 LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);

20 RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

21

22 Rel = []

23 for (i,j) in [(i,j) for i in range(8) for j in range(8)]:

24 lhs = LHS[i][j]; rhs = RHS[i][j]

25 if lhs != rhs:

26 Rel.append(lhs-rhs)

27

28 def linear(f): # f is a linear function in S, return the corresponding vector
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29 f = Poly(K_Poly(f).numerator())

30 res = [0 for i in range(6)]

31 my_dict = f.dict(); # print(f.dict())

32 for ind in my_dict:

33 i = 0

34 while ind[i]==0 :i+=1

35 res[i] = S(my_dict[ind])

36 return res

37 Rel = [linear(rel) for rel in Rel]; # print(matrix(Rel))

38 Rel = matrix(FractionField(S),Rel)

39 sol = Rel.transpose().kernel().basis()[0]

40 [a1z,a2z,b1z,b2z,c1z,c2z] = sol

41 for ind in sol:

42 print(ind.factor())

43 print(a2z == 1)

44 print(b1z == b1y*b2x/(-D*cx + cx*cy + a2))

45 print(b2z == b1x*b2y/(-D*cx + cx*cy + a2))

46 print(c1z == (c1y-c1x)/(-D*cx + cx*cy + a2))

Now let us solve the function equation (4.3.2), (4.3.3) and (4.3.4).

• Let us assume ∆ = q + q−1 for some q in some field extension of k. The trick is,
we can write

y − x

−(q + q−1)x+ xy + 1
= e−1

(
e(y)

e(x)

)
where e(z) = qz−q

q2z−1
with e−1(z) = qz−q

q2z−1
. As a result, (4.3.4) is equivalent to

e(c(y/x)) =
e(c(y))

e(c(x))
.

The rational function solutions are of the form e(c(z)) = zn for some n ∈ Z.
That is,

c(z) = q
zn − 1

q2zn − 1
.

• By (4.3.2) and (4.3.3), we have

b1(y/x)

b2(y/x)
=
b1(y)

b2(y)

/
b1(x)

b2(x)
.

This implies b2(z)
b1(z)

= zm for some m ∈ Z.
• It remains to solve

b1(y/x) =
xm · b1(y)b1(x)(q2yn − 1)(q2xn − 1)

(q2yn − xn)(q2 − 1)
.

We can write it as

f(y/x) = f(y)f(x), where f(z) =
b1(z)(q

2zn − 1)

q2 − 1
z

m−n
2 .

This implies f(z) = f(z−1) and thus f(y/x) = f(y)f(1/x). Thus f = 1. So

b1(z) = z
n−m

2
q2 − 1

q2zn − 1
, b2(z) = z

n+m
2

q2 − 1

q2zn − 1
.
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In conclusion, in this case, we get the following family of solutions of the Yang–Baxter
equation

R(z) = f



1 0 0 0

0 z
n+m

2
q2 − 1

q2zn − 1
g · zn − 1

q2zn − 1
0

0 g−1 zn − 1

q2zn − 1
z

n−m
2

q2 − 1

q2zn − 1
0

0 0 0 1


,

f ∈ k(z)×,
g ∈ k×,

q ∈ k×,

n ∈ Z \ {0}
m ∈ n+ 2Z.

This is a generalization of Example 4.3.2.

Case B. When a1(z)a2(z)−b1(z)b2+c1(z)c2(z) = 0. By a “rational group”, we mean
a group object in the category of varieties with rational morphisms (morphism defined
on a nonempty open subset). Let

G̃ =
{
(a1, a2, b1, b2, c1, c2) ∈ C× : a1a2 − b1b2 + c1c2 = 0

}
Then G = G̃/C× is rational group with product determined by

(a1, . . . , c1) · (a′1, . . . , c′1)−1 = (a′′1, . . . , c
′′
1)

the right-hand side (a′′1, . . . , c
′′
1) is the unique vector satisfying the Yang–Baxter equation

up to constant, under the convention of Section 4.3.2. Note that the product is defined
over an open subset since the right-hand side is not necessarily in G.

The group structure of G was described by Brubaker, Bump and Friedberg [9]. We
consider a birational group homomorphism

∆ : G̃ −→ H ⊂ GL4, H =


b1 A

b2

 : detA = b1b2


by

(a1, a2, b1, b2, c1, c2) 7−→


b1 0 0 0
0 a1 -c1 0
0 c2 a2 0
0 0 0 b2


−1

.

Direct computation shows that the rational group structure over G̃ obtained by ∆ is a
lifting of G. That is,

a′′1 = (a2a
′
1 + c2c

′
1)/(a1a2 + c1c2)

a′′2 = (a1a
′
2 + c1c

′
2)/(a1a2 + c1c2)

b′′1 = b′1/b1

b′′2 = b′2/b2

c′′1 = −(c1a
′
1 − a1c

′
1)/(a1a2 + c1c2)

c′′2 = (−c2a′2 + a2c
′
2)/(a1a2 + c1c2)

is the unique non-zero solution of Yang–Baxter equation up to a constant. As a result,
G has a birational group homomorphism to H/C× ∼= GL2.

Note that a solution of R(z) is equivalent to a rational group homomorphism C× → G.
By the discussion above, it is equivalent to a rational group homomorphism χ : C× →
GL2.
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Example 4.3.4. Consider the following R-matrices from quantum supgroups Uq(Lsl(1|1))

1 0 0 0

0
q2z − z

q2z − 1

−qz + q

−q2z + 1
0

0
−qz + q

−q2z + 1

q2 − 1

q2z − 1
0

0 0 0
q2 − z

q2 − 1



a1(z) = 1,

a2(z) =
q2 − z

qz − 1

b1(z) =
q2 − 1

q2z − 1
,

b2(z) =
(q2 − 1)z

q2z − 1
,

c1(z) = c2(z) = q
z − 1

q2z − 1
.

Note that the only difference comparing with te Example 4.3.2 is a2(z). We have

a1(z)a2(z)− b1(z)b2(z) + c1(z)c2(z) = 0

The corresponding rational group homomorphism is

C× → GL2, z 7→ 1

q2 − 1

[
q2z − 1 −qz + q
qz − q q2 − z

]
.

4.3.2. Proof of Lemma 4.3.1. In the following computation, we will denote

a1 = a1(x) a2 = a2(x) b1 = b1(x) b1 = b2(x) c1 = c1(x) c2 = c2(x),

a′1 = a1(xy) a′2 = a2(xy) b′1 = b1(xy) b′1 = b2(xy) c′1 = c1(xy) c′2 = c2(xy),

a′′1 = a1(y) a′′2 = a2(y) b′′1 = b1(y) b′′1 = b2(y) c′′1 = c1(y) c′′2 = c2(y).

By taking generic x, y, z, we can assume

a1, . . . , c2, a′1, . . . , c
′
2, a′′1, . . . , c

′′
2

are all nonzero.

We can view the Yang–Baxter equation as a linear function in a′′1, . . . , c
′′
2 with coeffi-

cients in a1, . . . , c1 and a′1, . . . , c
′
2. That is,

a1b
′
2 0 0 −b2a′1 −c2b′2 0

0 0 0 −c1a′1 + a1c
′
1 −b1b′2 0

b2c
′
2 0 −c2b′2 0 0 −b2a′1

0 0 −b1b′2 b2b
′
1 0 0

0 0 c1a
′
1 − a1c

′
1 0 b2b

′
1 0

0 −a2b′2 0 b2a
′
2 0 c1b

′
2

0 −b2c′1 c1b
′
2 0 b2a

′
2 0

−b1c′2 0 0 c2b
′
1 0 b1a

′
1

−a1b′1 0 b1a
′
1 0 c2b

′
1 0

0 0 0 c2a
′
2 − a2c

′
2 0 b1b

′
2

0 0 b1b
′
2 −b2b′1 0 0

0 b1c
′
1 0 −c1b′1 −b1a′2 0

0 0 −c2a′2 + a2c
′
2 0 0 −b2b′1

0 a2b
′
1 −b1a′2 0 0 −c1b′1



·



a′′1

a′′2

b′′1

b′′2

c′′1

c′′2


= 0.

To have a non-trivial solution, we need to assume this matrix has rank < 6, i.e. the minor
of size 6 has to vanish. Let us consider the ideal generated by the minors in the Laurent
polynomial ring

Q[a±1
1 , . . . , c±1

2 , a′±1
1 , . . . , c′±1

2 ].
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With the assistance of computer, we are able to describe these relations:

a′1a
′
2 − b′1b

′
2 + c′1c

′
2

a′1c
′
2

=
a1a2 − b1b2 + c1c2

a1c2
(4.3.5)

a′1a
′
2 − b′1b

′
2 + c′1c

′
2

a′2c
′
1

=
a1a2 − b1b2 + c1c2

a2c1
(4.3.6)

Note that (4.3.5) and (4.3.6) imply

a′2c
′
1

a′1c
′
2

=
a2c1
a1c2

if a1a2 − b1b2 + c1c2 ̸= 0. The following is the code. More precisely, we first compute the
list of the determinants of those minors, and normalize them by dividing each of them
by a monomials if necessary. In the polynomial ring Q[a1, . . . , c2, a

′
1, . . . , c

′
2], the ideal

generated by the relation has two associated primes. It is easy to see that in the Laurent
polynomial ring, they reduce to one prime.

1 # 6-vertex model

2 S = PolynomialRing(QQ,[abc_name+i+var for var in ["x","y"] for abc_name in ["a","b","c

"] for i in ["1","2"]]);

3 x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

4 Poly = PolynomialRing(S,[abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2

"]]);

5 x = Poly.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

6 # a1x = a1, etc; a1y = a1’, etc; a1z = a1’’, etc;

7

8 def my_print(f):

9 res = str(f)

10 # for xx,yy in [(abc_name+i+var,"%s_%s(%s)"%(abc_name,i,{"x":"x","y":"y","z":"xy

"}[var])) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in

["1","2"]]:

11 for xx,yy in [(abc_name+i+var,"%s_%s%s"%(abc_name,i,{"x":"","y":"’","z":"’’"}[var

])) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in ["1","2"]]:

12 res = res.replace(xx,yy)

13 return res.replace("*","")

14

15 Rx = matrix(Poly,[[a1x ,0,0,0],[0,b2x ,c1x ,0],[0,c2x ,b1x ,0],[0,0,0,a2x ]])

16 Ry = matrix(Poly,[[a1y ,0,0,0],[0,b2y ,c1y ,0],[0,c2y ,b1y ,0],[0,0,0,a2y ]])

17 Rz = matrix(Poly,[[a1z ,0,0,0],[0,b2z ,c1z ,0],[0,c2z ,b1z ,0],[0,0,0,a2z ]])

18 I = matrix(Poly,[[1,0],[0,1]])

19 def ten(A,B): return A.tensor_product(B)

20

21 LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);

22 RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

23

24 Rel = []

25 for (i,j) in [(i,j) for i in range(8) for j in range(8)]:

26 lhs = LHS[i][j]; rhs = RHS[i][j]

27 if lhs != rhs:

28 print("%s & = %s \\\\"%(my_print(lhs),my_print(rhs)))

29 Rel.append(lhs-rhs)

1 def linear(f): # f is a linear function in S, return the corresponding vector

2 f = Poly(f)

3 res = [0 for i in range(6)]
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4 my_dict = f.dict(); # print(f.dict())

5 for ind in my_dict:

6 i = 0

7 while ind[i]==0 :i+=1

8 res[i] = S(my_dict[ind])

9 return res

10 Rel = [linear(rel) for rel in Rel]; # print(Rel)

11

12 # Rel.sort(key = lambda ind: tuple(i==0 for i in ind))

13 print(("\\left[\\begin{matrix}\n%s\n\\end{matrix}\\right]"%("\\\\\n".join(" & ".join(

my_print(f) for f in row) for row in Rel))).replace("-","-"))

1 # assume ai, bi, ci! = 0

2 def red(f): # return the polynomial g such that f = g * (a monomial)

3 f = S(f); my_dict = f.dict()

4 expo = list(my_dict.keys())[0]

5 for ind in my_dict:

6 # print(f,ind)

7 expo = [min(ind[i],expo[i]) for i in range(len(expo))]

8 return S(f/S.monomial(*expo))

9

10 Dets = []

11 for A in Subsets(len(Rel),6):

12 det = matrix([Rel[s-1] for s in A]).determinant()

13 if det!=0: Dets.append(red(S(det)))

14 print("relations computed")

15

16 I = S.ideal(Dets);

17 ap = I.associated_primes()

18 print("prime ideal computed")

19

20 for prime in ap:

21 B = prime.gens() # B = prime.groebner_basis()

22 for b in B:

23 print(my_print(b))

24 print()

We can also view the Yang–Baxter equation as linear functions in a1, . . . , c2 with co-
efficients in a′1, . . . , c

′
2 and a

′′
1, . . . , c

′′
1. Using the above algorithm, we can get the following

relations

a′′1a
′′
2 − b′′1b

′′
2 + c′′1c

′′
2

a′′1c
′′
1

=
a′1a

′
2 − b′1b

′
2 + c′1c

′
2

a′1c
′
1

,(4.3.7)

a′′1a
′′
2 − b′′1b

′′
2 + c′′1c

′′
2

a′′2c
′′
2

=
a′1a

′
2 − b′1b

′
2 + c′1c

′
2

a′2c
′
2

.(4.3.8)

Note that the right-hand sides are different from the left-hand sides of (4.3.5) and (4.3.6).

There is a more direct way of doing this, by solving the Yang–Baxter equation under
the assumption (4.3.5) and (4.3.6). That is, we are working over the fraction field of

Q[a±1
1 , . . . , c±1

2 , a′±1
1 , . . . , c′±1

2 ]/ ⟨(4.3.5), (4.3.6)⟩ .
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Now the kernel of the matrix has dimension 1 and we can compute explicitly a non-zero
vector

a′′1 = −b1b2c2a′2b′2c′1 + c1c
2
2a

′
2b

′
2c

′
1 − a2c1c2b

′
2c

′
1c

′
2

a′′2 = −b1b2c1a′2b′2c′2 + c21c2a
′
2b

′
2c

′
2 − a2c

2
1b

′
2c

′2
2

b′′1 = −a1b2c2a′22 c′1 + a1a2b2a
′
2c

′
1c

′
2 − b1b

2
2a

′
2c

′
1c

′
2 + b2c1c2a

′
2c

′
1c

′
2 − a2b2c1c

′
1c

′2
2

b′′2 = −a2b1c1b′22 c′2
c′′1 = a1c1c2a

′
2b

′
2c

′
1 − a1a2c1b

′
2c

′
1c

′
2

c′′2 = a2c1c2a
′
2b

′
2c

′
2 − a22c1b

′
2c

′2
2

Direct computation shows (4.3.7) and (4.3.8).

The following is the code. More precisely, we denote ∆1 = (4.3.5) and ∆2 = (4.3.6).
Then

a1 =
∆2c1a2
∆1c2

, a′1 =
∆2c

′
1a

′
2

∆1c′2
,

b1 = −∆2c1a2 − a1a2 − c1c2
b2

b′1 = −∆2c
′
1a

′
2 − a′1a

′
2 − c′1c

′
2

b′2
.

Then the fraction field is isomorphic to

Q(∆1,∆2, a2, b2, c1, c2, a
′
2, b

′
2, c

′
1, c

′
2).

1 # 6-vertex model

2 S = PolynomialRing(QQ,["D1","D2"]+[abc_name+i+var for var in ["x","y"] for abc_name in

["a","b","c"] for i in ["1","2"] if abc_name+i not in ["a1","b1"]]);

3 x = S.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

4 a1x = (D2*c1x*a2x)/(D1*c2x)

5 b1x = -(D2*c1x*a2x - a1x*a2x - c1x*c2x)/b2x

6 a1y = (D2*c1y*a2y)/(D1*c2y)

7 b1y = -(D2*c1y*a2y - a1y*a2y - c1y*c2y)/b2y

8 Poly = PolynomialRing(S,[abc_name+i+"z" for abc_name in ["a","b","c"] for i in ["1","2

"]]);

9 x = Poly.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

10 # a1x = a1, etc; a1y = a1’, etc; a1z = a1’’, etc;

11

12 K_Poly = FractionField(Poly)

13 Rx = matrix(K_Poly,[[a1x ,0,0,0],[0,b2x ,c1x ,0],[0,c2x ,b1x ,0],[0,0,0,a2x ]])

14 Ry = matrix(K_Poly,[[a1y ,0,0,0],[0,b2y ,c1y ,0],[0,c2y ,b1y ,0],[0,0,0,a2y ]])

15 Rz = matrix(K_Poly,[[a1z ,0,0,0],[0,b2z ,c1z ,0],[0,c2z ,b1z ,0],[0,0,0,a2z ]])

16 I = matrix(K_Poly,[[1,0],[0,1]])

17 def ten(A,B): return A.tensor_product(B)

18

19 LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);

20 RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

21

22 Rel = []

23 for (i,j) in [(i,j) for i in range(8) for j in range(8)]:

24 lhs = LHS[i][j]; rhs = RHS[i][j]

25 if lhs != rhs:

26 Rel.append(lhs-rhs)

27

28 def linear(f): # f is a linear function in S, return the corresponding vector

29 f = Poly(K_Poly(f).numerator())

30 res = [0 for i in range(6)]
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31 my_dict = f.dict(); # print(f.dict())

32 for ind in my_dict:

33 i = 0

34 while ind[i]==0 :i+=1

35 res[i] = S(my_dict[ind])

36 return res

37 Rel = [linear(rel) for rel in Rel]; # print(matrix(Rel))

38 Rel = matrix(FractionField(S),Rel)

39 sol = Rel.transpose().kernel().basis()[0]

40 [a1z,a2z,b1z,b2z,c1z,c2z] = sol

41 Dx = a1x*a2x - b1x*b2x + c1x*c2x

42 Dy = a1y*a2y - b1y*b2y + c1y*c2y

43 Dz = a1z*a2z - b1z*b2z + c1z*c2z

44 # print(Dx/(a1x*c2x) == Dy/(a1y*c2y))

45 # print(Dx/(a2x*c1x) == Dy/(a2y*c1y))

46 print(Dz/(a1z*c1z) == Dy/(a1y*c1y))

47 print(Dz/(a2z*c2z) == Dy/(a2y*c2y))

48 # print(Dx, Dz)

49

50 K_S = FractionField(S);

51 Rx = matrix(K_S,[[a1x ,0,0,0],[0,b2x ,c1x ,0],[0,c2x ,b1x ,0],[0,0,0,a2x ]])

52 Ry = matrix(K_S,[[a1y ,0,0,0],[0,b2y ,c1y ,0],[0,c2y ,b1y ,0],[0,0,0,a2y ]])

53 Rz = matrix(K_S,[[a1z ,0,0,0],[0,b2z ,c1z ,0],[0,c2z ,b1z ,0],[0,0,0,a2z ]])

54 I = matrix(K_S,[[1,0],[0,1]])

55 LHS = ten(Rx,I)*ten(I,Ry)*ten(Rz,I);

56 RHS = ten(I,Rz)*ten(Ry,I)*ten(I,Rx)

57 # LHS - RHS

1 oldS = PolynomialRing(QQ,[abc_name+i+var for var in ["x","y"] for abc_name in ["a","b"

,"c"] for i in ["1","2"]]);

2 x = oldS.gens(); exec("; ".join("%s = x[%s]"%(x[i],i) for i in range(len(x))))

3 D1 = (a1x*a2x-b1x*b2x+c1x*c2x)/(a1x*c2x)

4 D2 = (a1x*a2x-b1x*b2x+c1x*c2x)/(a2x*c1x)

5 # D1 = (a1y*a2y-b1y*b2y+c1y*c2y)/(a1y*c2y)

6 # D2 = (a1y*a2y-b1y*b2y+c1y*c2y)/(a2y*c1y)

7 oldvar_name = ["D1","D2"]+[abc_name+i+var for var in ["x","y"] for abc_name in ["a","b

","c"] for i in ["1","2"] if abc_name+i not in ["a1","b1"]]

8 oldvar = []; exec(";".join("oldvar.append(%s)"%var_name for var_name in oldvar_name))

9

10 def my_print(f):

11 res = str(f)

12 for xx,yy in [(abc_name+i+var,"%s_%s%s"%(abc_name,i,{"x":"","y":"’","z":"’’"}[var

])) for var in ["x","y","z"] for abc_name in ["a","b","c"] for i in ["1","2"]]:

13 res = res.replace(xx,yy)

14 return res.replace("*","")

15

16 for ind in sol:

17 res = ind(*oldvar)*(-b1x*b2x*c2x*a2y*c1y + c1x*c2x^2*a2y*c1y - a2x*c1x*c2x*c1y*c2y

)*b2y

18 print(my_print(res)+"\\\\")

By (4.3.5), (4.3.6), (4.3.7) and (4.3.8), we get the equation in Lemma 4.3.1.

4.3.3. Five-vertex model. There is another model slightly simpler than the six-
vertex model. Similar approach of this section also works.
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Let us assume in the six-vertex model

c1(z) = 0, other entries ̸= 0.

That is, the matrix R(z) is lower triangular. This is known as the five-vertex model
in the literature. Now the Yang–Baxter equation can be written as

a1b
′
2 0 0 −b2a′1 0

b2c
′
2 0 −c2b′2 0 −b2a′1

0 0 −b1b′2 b2b
′
1 0

0 −a2b′2 0 b2a
′
2 0

−b1c′2 0 0 c2b
′
1 b1a

′
1

−a1b′1 0 b1a
′
1 0 0

0 0 0 c2a
′
2 − a2c

′
2 b1b

′
2

0 0 b1b
′
2 −b2b′1 0

0 0 −c2a′2 + a2c
′
2 0 −b2b′1

0 a2b
′
1 −b1a′2 0 0





a′′1

a′′2

b′′1

b′′2

c′′2


= 0.

In a similar manner, we can compute

a′1a
′
2 − b′1b

′
2

a′1c
′
2

=
a1a2 − b1b2

a1c2
,

a′1a
′
2 − b′1b

′
2

a′2c
′
2

=
a′′1a

′′
2 − b′′1b

′′
2

a2c2
.

Example 4.3.5. Consider the following R-matrix:

lim
q→0



1 0 0 0

0
q2z − z

q2z − 1

−q2z + q2

−q2z + 1
0

0
−z + 1

−q2z + 1

q2 − 1

q2z − 1
0

0 0 0 1


=


1 0 0 0

0 z 0 0

0 -z+1 1 0

0 0 0 1


a1(z) = a2(z) = 1,

b1(z) = 1,

b2(z) = z,

c2(z) = 1− z.

We have

a1(z)a2(z)− b1(z)b2(z)

a1(z)c2(z)
= 1.

Case A. If a1(z)a2(z)−b1(z)b2(z) ̸= 0. Then similarly as above, we have a1(z)/a(z) ∈
k, and we can assume a(z) := a1(z) = a2(z) = 1. Assume

∆ =
a1(z)a2(z)− b1(z)b2(z)

a1(z)c2(z)
∈ k.

We can solve

b1(y/x) =
b1(y)

b1(x)
, b2(y/x) =

b2(y)

b2(x)
,

c2(y/x) =
c2(y)− c2(x)

1−∆c2(x)
.

Then we have

b1(z) = zm, b2(z) = zn, c2(z) =
1− zk

∆
, m, n, k ∈ Z.
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We make sure ∆ ∈ k, we need to assume k = m + n. In conclusion, in this case, we get
the following family of solutions of the Yang–Baxter equation

R(z) = f



1 0 0 0

0 zm 0 0

0 1-zm+n

∆
zn 0

0 0 0 1

 ,
f ∈ k(z)×,
∆ ∈ k×,

m, n ∈ Z.

This is a generalization of Example 4.3.5 above.

Case B. If a1(z)a2(z) − b1(z)b2(z) = 0. Similarly, it reduces to a rational group
homomorphism χ : C× → B where B is the upper triangular matrices.

Example 4.3.6. The following is another family of R-matrices

R(z) = f



1 0 0 0

0 zm 0 0

0 1-zm+n

∆
zn 0

0 0 0 zm+n

 ,
f ∈ k(z)×,
∆ ∈ k×,

m, n ∈ Z.

The corresponding rational group homomorphism is

C× → B, z 7→
[

1 0
1− z z

]
.
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CHAPTER 5

Pipe Puzzles

In this chapter, we will prove Theorem C. The proof consists of three parts. We
will first degenerate the R-matrix obtained in the previous Chapter. Then we get the
recursion formulas of the coefficients. Lastly, we prove the Theorem C via lattice models.
We will also discuss some applications of Theorem C.

5.1. Degeneration of R-matrices

There are three steps in the degeneration.

5.1.1. Step 1. Let us consider an infinite dimensional vector space

V =
⊕
i∈Z

C(q)ei = · · · ⊕ C(q)e-1 ⊕ C(q)e0 ⊕ C(q)e1 ⊕ · · · .

Let us define

R(z) ∈ Hom(V⊗ V,V⊗ V)(z)
by

R(z)(ei ⊗ ej) =



1− q

1− qz
ei ⊗ ej +

1− z

1− qz
ej ⊗ ei i < j,

ei ⊗ ej i = j,

(1− q)z

1− qz
ei ⊗ ej +

q(1− z)

1− qz
ej ⊗ ei i > j.

Proposition 5.1.1. The matrix R(z) satisfies the Yang–Baxter equation

(R(x)⊗ 1)(1⊗R(xy))(R(y)⊗ 1)

= (1⊗R(y))(R(xy)⊗ 1)(1⊗R(x)).

Proof. The R-matrix R(z) is essentially the R-matrix obtained in (4.2.5). Let us
denote the R-matrix in (4.2.5) by R′(z). Let us define Q ∈ End(V,V) by

Q(ei ⊗ ej) = qδi>jei ⊗ ej.

We claim that

R′′(z) = Q ◦R′(z) ◦Q−1

also satisfies the Yang–Baxter equation. The trick is, we can construct matrix

Q̂(ei ⊗ ej ⊗ ek) = qδi>j+δi>k+δj>kei ⊗ ej ⊗ ek

such that

Q̂(R′(z)⊗ 1)Q̂−1 = (QR′(z)Q−1 ⊗ 1),

Q̂(1⊗R′(z))Q̂−1 = (1⊗QR′(z)Q−1).
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So

(R′′(x)⊗ 1)(1⊗R′′(xy))(R′′(y)⊗ 1)

= Q̂(R′(x)⊗ 1)(1⊗R′(xy))(R′(y)⊗ 1)Q̂−1

= Q̂(1⊗R′(y))(R′(xy)⊗ 1)(1⊗R′(x))Q̂−1

= (1⊗R′′(y))(R′′(xy)⊗ 1)(1⊗R′′(x)).

Note that R(z) can be written as R′′(1/z)|q 7→q−1/2 , which is also a solution of Yang–Baxter
equation. □

There is a diagrammatic way of presenting R-matrix coefficients. Let us denote

coefficient of ea ⊗ eb
in R(z)(ei ⊗ ej)

= Rab
ij (z) =

 z

⃝i ⃝j

⃝a ⃝b
 .

By our definition, the coefficient is zero unless

z

⃝c ⃝c

⃝c ⃝c
z

⃝a ⃝A

⃝A ⃝a
z

⃝A ⃝a

⃝a ⃝A
z

⃝a ⃝A

⃝a ⃝A
z

⃝A ⃝a

⃝A ⃝a

1
1− z

1− qz

q(1− z)

1− qz

1− q

1− qz

(1− q)z

1− qz

where a < A and c arbitrary. The Yang–Baxter equation can be reformulated as

∑
p,q,r

⃝i ⃝j ⃝k

⃝p
⃝q

⃝r

⃝a ⃝b ⃝c

x

y

xy
=
∑
p,q,r

⃝i ⃝j ⃝k

⃝p
⃝q

⃝r

⃝a ⃝b ⃝c

y

x

xy

for any fixed i, j, k, a, b, c. Actually, the left/right-hand side is the coefficient of ea⊗eb⊗ec
of the left/right-hand side of Yang–Baxter equation applied to ei⊗ej ⊗ek. For example,
let (i, j, k) = (1, 1, 2) and (a, b, c) = (1, 2, 1). Then the nonzero contribution of the two
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sides is

⃝1 ⃝1 ⃝2

⃝1
⃝1

⃝2

⃝1 ⃝2 ⃝1

x

y

xy

1− q

1− qy

1− xy

1− qxy

1

⃝1 ⃝1 ⃝2

⃝2
⃝1

⃝1

⃝1 ⃝2 ⃝1

y

x

xy

1− x

1− qx

1

1− q

1− qy ⃝1 ⃝1 ⃝2

⃝1
⃝2

⃝2

⃝1 ⃝2 ⃝1

y

x

xy

(1− q)x

1− qx

1− q

1− qxy

1− y

1− qy

We have

1− q

1− qy
· 1− xy

1− qxy
· 1 =

1− x

1− qx
· 1 · 1− q

1− qy
+

(1− q)x

1− qx
· 1− q

1− qxy
· 1− y

1− qy
.

5.1.2. Step 2. Let us denote V(z) = V ⊗ C(z). Let us denote V1(z) = V(z) and
V2(z) = V(z/q). Though they are isomorphic as vector spaces, we will treat them as
different spaces. We denote R1(z) = R2(z) = R(z) and

L(z) =
1− z

1− z/q
R(z/q).

We view

Ri(z1/z2) : Vi(z1)⊗ Vi(z2) −→ Vi(z2)⊗ Vi(z1) i = 1, 2

L(z1/z2) : V1(z1)⊗ V2(z2) −→ V2(z2)⊗ V1(z1)

The coefficient of L(z) is given by

z

⃝c ⃝c

⃝c ⃝c
z

⃝a ⃝A

⃝A ⃝a
z

⃝A ⃝a

⃝a ⃝A
z

⃝a ⃝A

⃝a ⃝A
z

⃝A ⃝a

⃝A ⃝a

q(1− z)

1− z/q
1 q − 1− q

1− z/q
−(1− q)z/q

1− z/q
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where a < A and c arbitrary. It is clear that we have the Yang–Baxter equations

(L(z2/z3)⊗ 1)(1⊗ L(z1/z3))(R1(z1/z2)⊗ 1)
= (1⊗R1(z1/z2))(L(z1/z3)⊗)(1⊗ L(z2/z3));

(5.1.1)

(R2(z2/z3)⊗ 1)(1⊗ L(z1/z3))(L(z1/z2)⊗ 1)
= (1⊗ L(z1/z2))(L(z1/z3)⊗)(1⊗R2(z2/z3)).

(5.1.2)

They can be pictured as follows

z1 z2 z3

=

z1 z2 z3 z1 z2 z3

=

z1 z2 z3

Since V1 and V2 are viewed as two representations, the space of solutions of the equations
(5.1.1) and (5.1.2) has an extra degree of freedom, leaving us some room to modify. For
our purpose, we can consider another matrix L̃(z) defined by

z

⃝c ⃝c

⃝c ⃝c
z

⃝a ⃝A

⃝A ⃝a
z

⃝A ⃝a

⃝a ⃝A
z

⃝a ⃝A

⃝a ⃝A
z

⃝A ⃝a

⃝A ⃝a

q(1− z)

1− z/q
c ̸= 0

(1− z)/q

1− z/q
c = 0

1 q

− 1− q

1− z/q
a < A < 0

− 1− q

1− z/q
0 < a < A

−(1− q)/q

1− z/q
a ≤ 0 ≤ A

−(1− q)z/q

1− z/q
a < A < 0

−(1− q)z/q

1− z/q
0 < a < A

−(1− q)z

1− z/q
a ≤ 0 ≤ A

where a < A and c arbitrary.

Proposition 5.1.2. The matrix L̃(z) also satisfies the Yang–Baxter equation (5.1.1)
and (5.1.2).

Proof. The proof is very similar to that of Proposition 5.1.1. Let us introduce
Q1 ∈ End(V1 ⊗ V2) and Q2 ∈ End(V2 ⊗ V1) by

Q1(ea ⊗ eb) = q1(a, b)ea ⊗ eb, q1(a, b) =

{
q, a < 0 < b or a = b = 0,

1, otherwise.

Q2(ea ⊗ eb) = q2(a, b)ea ⊗ eb, q2(a, b) =

{
q−1, a ≤ 0 ≤ b,

1, otherwise.

Then we have

L̃(z) = Q−1
2 L(z)Q1.
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We can construct Q̂1 ∈ End(V1⊗V1⊗V2), Q̂1.5 ∈ End(V1⊗V2⊗V1), Q̂2 ∈ End(V2⊗V1⊗V1)
by

Q̂1(ea ⊗ eb ⊗ ec) = q1(a, c)q1(b, c)e1 ⊗ eb ⊗ ec

Q̂1.5(ea ⊗ eb ⊗ ec) = q1(a, b)q2(b, c)e1 ⊗ eb ⊗ ec

Q̂2(ea ⊗ eb ⊗ ec) = q2(a, b)q2(a, c)e1 ⊗ eb ⊗ ec.

Then it is not hard to check

(R1(z)⊗ 1)Q̂1 = Q̂1(R1(z)⊗ 1),

Q̂2(1⊗R2(z)) = (1⊗R2(z))Q̂2,

Q̂−1
2 (L(z)⊗ 1)Q̂1.5 = (L̃(z)⊗ 1),

Q̂−1
1.5(1⊗ L(z))Q̂1 = (1⊗ L̃(z)).

This implies (5.1.1). A similar argument works for (5.1.2). □

5.1.3. Step 3. Our last step is to specialize the R-matrices R1(z), R2(z), L(z) we
will use. It is obtained by

(1) setting q = 0;
(2) shifting the indices

old −k · · · −1 0 1 2 · · ·

new 1 · · · k 0 k + 1 k + 2 · · ·

(3) changing of the variables from z to x

βx = 1− 1

z
.

Correspondently, z1z2 are replaced by x1 ⊕ x2 := x1 + x2 + βx1x2, and z1/z2 are
replaced by

x1 ⊖ x2 :=
x1 − x2
1 + βx2

.

The resulting matrices are listed as follows. The matrix L̃(z) becomes Table 1 and the
matrix Ri(z) becomes (rotated for later use) Table 2 and Table 3.

Remark 5.1.3. Using the motivic Segre class, it suffices to build the degeneration on
matrix L̃(z); see [28].

5.1.4. Examination. Since the matrices are obtained by degeneration, they auto-
matically satisfy the Yang–Baxter equations. But it would be more straightforward to
check the Yang–Baxter equation directly. Here we provide the SageMath code.

1 Qbeta.<beta> = PolynomialRing(QQ); ominus = lambda x,y: (x-y)/(1+beta*y);

2 Pol = PolynomialRing(Qbeta,["x","y"]); x, y = Pol.gens()

1 def R(N, E, W, S, var = x):

2 if N == E == W == S == 0: return var

3 if E == W == 0 < N == S: return 1

4 if N == S == 0 < E == W: return 1

5 if 0 < E == W < N == S: return 1
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⃝0
⃝0

⃝0
⃝0 ⃝a

⃝A

⃝A
⃝a ⃝0

⃝a

⃝a
⃝0 ⃝a

⃝0

⃝0
⃝a

x 1 (0 < a < A) 1 (0 < a)

⃝a
⃝a

⃝0
⃝0 ⃝0

⃝0

⃝a
⃝a ⃝A

⃝A

⃝a
⃝a

1 + βx (0 < a ≤ k)
1 (k < a)

1 (0 < a ≤ k)
1 + βx (k < a)

β (0 < a < A ≤ k)
β (k < a < A)

β(1 + βx) (0 < A ≤ k < a)

Table 1. The matrix L̃(z)

A B1

⃝0 ⃝0

⃝0 ⃝0

⃝a ⃝a

⃝a ⃝a

⃝0 ⃝0

⃝b ⃝b

⃝c ⃝c

⃝0 ⃝0

⃝A ⃝A

⃝a ⃝a

1 (0 < a) 1 (0 < b ≤ k < c and 0 < a < A)

C B2

⃝0 ⃝a

⃝a ⃝0

⃝A ⃝a

⃝a ⃝A

⃝b ⃝b

⃝0 ⃝0

⃝0 ⃝0

⃝c ⃝c

⃝a ⃝a

⃝A ⃝A

x (0 < a < A) 1 + βx (0 < b ≤ k < c and 0 < a < A)

Table 2. The R-matrix Rrow.

6 if E == S == 0 < N == W <= k: return 1+beta*var

7 if E == S == 0 and k < N == W: return 1

8 if N == W == 0 < E == S <= k: return 1

9 if N == W == 0 and k < E == S: return 1+beta*var

10 if 0 < E == S < N == W <= k: return beta

11 if k < E == S < N == W: return beta

12 if 0 < N == W <= k < E == S: return beta*(1+beta*var)

13 return 0
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A B1

⃝0 ⃝0

⃝0 ⃝0

⃝a ⃝a

⃝a ⃝a

⃝b ⃝0

⃝b ⃝0

⃝0 ⃝c

⃝0 ⃝c

⃝a ⃝A

⃝a ⃝A

1 (0 < a) 1 (0 < b ≤ k < c and 0 < a < A)

C B2

⃝0 ⃝a

⃝a ⃝0

⃝a ⃝A

⃝A ⃝a

⃝0 ⃝b

⃝0 ⃝b

⃝c ⃝0

⃝c ⃝0

⃝A ⃝a

⃝A ⃝a

x (0 < a < A) 1 + βx (0 < b ≤ k < c and 0 < a < A)

Table 3. The R-matrix Rcol.

1 def R_row(NE,NW,SE,SW, var = x):

2 if NE == NW == SE == SW: return 1 # case A

3 if NE == NW and SE == SW: # case B

4 if (0 == SE and NE <= k) or (0 == NE and k < SE) or (0 < NE < SE): return 1 #

case B1

5 if (0 == NE and SE <= k) or (0 == SE and k < NE) or (0 < SE < NE): return 1+

beta*var # case B2

6 if (NE == SW == 0 < NW == SE) or (0 < NW == SE < NE == SW): return var # case C

7 return 0

8 def R_col(NE,NW,SE,SW, var = x):

9 if NE == NW == SE == SW: return 1 # case A

10 if NE == SE and NW == SW: # case B

11 if (0 == NE and NW <= k) or (0 == NW and k < NE) or (0 < NW < NE): return 1 #

case B1

12 if (0 == NW and NE <= k) or (0 == NE and k < NW) or (0 < NE < NW): return 1+

beta*var # case B2

13 if (NE == SW == 0 < NW == SE) or (0 < NE == SW < NW == SE): return var # case C

14 return 0

1 def Check_row_YBE(Alph): # check thm

2 Tri = [(i,j,k) for i in Alph for j in Alph for k in Alph]

3 for (a1,a2,a3) in Tri:

4 for (b1,b2,b3) in Tri:

5 LHS = sum(R(a1,a2,p,q,x)*R(q,a3,r,b3,y)*R_row(p,b1,r,b2,ominus(x,y)) for (

p,q,r) in Tri)

6 RHS = sum(R(a1,p,b1,q,y)*R(q,r,b2,b3,x)*R_row(a2,p,a3,r,ominus(x,y)) for (

p,q,r) in Tri)

7 if LHS!= RHS: return False

8 return True

9 def Check_col_YBE(Alph): # check thm

10 Tri = [(i,j,k) for i in Alph for j in Alph for k in Alph]

11 for (a1,a2,a3) in Tri:

12 for (b1,b2,b3) in Tri:
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13 LHS = sum(R(p,r,b1,b2,x)*R(q,a3,r,b3,y)*R_col(a2,a1,q,p,ominus(x,y)) for (

p,q,r) in Tri)

14 RHS = sum(R(a1,r,b1,p,y)*R(a2,a3,r,q,x)*R_col(q,p,b3,b2,ominus(x,y)) for (

p,q,r) in Tri)

15 if LHS!= RHS: return False

16 return True

1 k = 3;

2 for A in Subsets([0..6],3): # check thm 4.3

3 print(A,Check_row_YBE(A))

4 for A in Subsets([0..6],3): # check thm 4.5

5 print(A,Check_col_YBE(A))

5.2. Recursion formulas

The purpose of this section is to give recursion formulas for the coefficients cwu,v(t, y).

Proposition 5.2.1. If siu < u, then

(5.2.1) cwsiu,v = − 1 + βyi
yi − yi+1

cwu,v +
1 + βyi+1

yi − yi+1

cwu,v|yi↔yi+1
.

Proposition 5.2.2. If siw > w, then

csiwu,v =


−1 + βti+1

ti − ti+1

cwu,v|ti↔ti+1
+

1 + βti
ti − ti+1

cwu,v + cwu,siv|ti↔ti+1
, siv < v,

− 1 + βti
ti − ti+1

cwu,v|ti↔ti+1
+

1 + βti
ti − ti+1

cwu,v, siv > v.

(5.2.2)

Since when ti and ti+1 are exchanged, yi and yi+1 are invariant, we should keep t and
y independent in the induction.

Lemma 5.2.3. We have

cidu,v(t, y) =

{
Gu(t, y), if v = id,

0, otherwise.

Proof. Taking x = t in (1.0.1) and then applying Proposition 2.4.15, we obtain the
following relationship. □

As a result, Proposition 5.2.1 and Proposition 5.2.2 determine cwu,v(t, y) with the initial
value

cidw0,v
(t, y) =

{
Gw0(t, y), if v = id,

0, otherwise.

5.2.1. Left operators. Define the (left) Demazure operator by

ϖif = −
(1 + βti)f − (1 + βti+1)f |ti↔ti+1

ti − ti+1

.

Proposition 5.2.4. We have

ϖiGw(x, t) =

{
Gsiw(x, t), if siw < w,

−βGw(x, t), if siw > w.
(5.2.3)
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A geometric proof of Proposition 5.2.4 can be found in [38]. Here, we provide an
algebraic proof. To this end, we need the Hecke product on permutations:

si ∗ w =

{
siw, if siw > w,

w, if siw < w,
and w ∗ si =

{
wsi, if wsi > w,

w, if wsi < w.

This defines a monoid structure over S∞ called the 0-Hecke monoid.

Proof of Proposition 5.2.4. Without loss of generality, we may assume β = −1.
Suppose that w ∈ Sn. Let w0 = n · · · 21 be the longest element in Sn. Define

Gw(x, t) = Gw0w(x, t).

Then (2.4.2) can be rewritten as

πiG
w = Gw∗si .(5.2.4)

Note that the identity in (5.2.3) can be restated as

ϖiG
w = Gsn−i∗w.(5.2.5)

We prove (5.2.5) by induction on length. When w = id, it follows from direct com-
putation that

ϖiG
id(x, t) = ϖiGw0(x, t) =

∏
a+b≤n

(a,b)̸=(n−i,i)

(xa ⊖ tb),

which coincides with Gsn−i(x, t) = Gw0sn−i
(x, t) = πn−iGw0(x, t).

For ℓ(w) > 0, one can find an index j such that wsj < w, and so by induction,

ϖiG
w = ϖiπjG

wsj = πjϖiG
wsj = πjG

sn−i∗wsj = Gsn−i∗wsj∗sj = Gsn−i∗w.

Here, we used the fact that the operators πj and ϖj commute in the second equality, and
(5.2.4) in the fourth equality. □

5.2.2. The proofs. Now, we can give proofs of Propositions 5.2.1 and 5.2.2.

Proof of Proposition 5.2.1. We introduce another operator

φif = −
(1 + βyi)f − (1 + βyi+1)f |yi↔yi+1

yi − yi+1

,

which is the same as the operator ϖi, but acts on the variable y. Assume that siu < u.
Applying φi to (1.0.1), by Proposition 5.2.4, the left-hand side is

Gsiu(x, y) ·Gv(x, t) =
∑
w

cwsiu,v(t, y) ·Gw(x, t).

While the right-hand side is ∑
w

φic
w
u,v(t, y) ·Gw(x, t).

Comparing the coefficients of Gw(x, t), we are given cwsiu,v = φic
w
u,v, as desired. □
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Proof of Proposition 5.2.2. Apply ϖi to (1.0.1). By Proposition 5.2.4, the left-
hand side is {

Gu(x, y) ·Gsiv(x, t) =
∑

w c
w
u,siv

(t, y) ·Gw(x, t), siv < v,

−βGu(x, y) ·Gv(x, t) =
∑

w −βcwu,v(t, y) ·Gw(x, t), siv > v.

To compute the right-hand side, we use the following property of ϖi:

ϖi(fg) = (f |ti↔ti+1
)(ϖig)−

1 + βti
ti − ti+1

(f − f |ti↔ti+1
)g.(5.2.6)

By (5.2.6) and Proposition 5.2.4, the right-hand side is∑
w

ϖi

(
cwu,v ·Gw(x, t)

)
=
∑
w

(
(cwu,v|ti↔ti+1

)ϖiGw − 1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)Gw

)
=
∑

siw<w

(
(cwu,v|ti↔ti+1

)Gsiw − 1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)Gw

)
+
∑

siw>w

(
−β(cwu,v|ti↔ti+1

)Gw − 1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)Gw

)
= −

∑
siw<w

1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)Gw

+
∑

siw>w

(
csiwu,v |ti↔ti+1

− βcwu,v|ti↔ti+1
− 1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)

)
Gw

= −
∑

siw<w

1 + βti
ti − ti+1

(cwu,v − cwu,v|ti↔ti+1
)Gw

+
∑

siw>w

(
csiwu,v |ti↔ti+1

− 1 + βti
ti − ti+1

cwu,v +
1 + βti+1

ti − ti+1

cwu,v|ti↔ti+1

)
Gw.

Extracting the coefficients of G(w) with siw > w on both sides, we deduce that

csiwu,v |ti↔ti+1
=

1 + βti
ti − ti+1

cwu,v −
1 + βti+1

ti − ti+1

cwu,v|ti↔ti+1
+

{
cwu,siv, siv < v,

−βcwu,v, siv > v,

which coincides with (5.2.2) after the variable exchange ti ↔ ti+1. □

5.3. Proof of the results

5.3.1. Lattice models. Consider a square grid with n horizontal lines and n vertical
lines. The intersection point of two lines will be a vertex (so there are a total of n2

vertices). The lines between two vertices are called edges. We shall also attach additional
half edges to the vertices on the boundary, so that there are four half edges around each
vertex.

75



Let us consider a square grid as follows

⃝0 ⃝κ1u
⃝0 ⃝κ2u
· · · · · ·

· · · · · ·

⃝n ⃝κnu

⃝θ1v

⃝η1w

⃝θ2v

⃝η2w

· · ·

· · ·

· · ·

· · ·

⃝θnv

⃝ηnw

κiu =

{
u−1(i), u−1(i) ≤ k,

0, u−1(i) > k.

θiv =

{
0, v−1(i) ≤ k,

v−1(i), v−1(i) > k.

ηiw = w−1(i).

A state is a labeling of all the (half) edges with labels from {0, 1, 2 . . . , n}, with a
fixed boundary condition which is consistent with that in (1.3.2): the left half edges are
all labeled 0, the right half edges are labeled κ1u, . . . , κ

n
u from top to bottom, the top

(resp., bottom) half edges are labeled θ1v, . . . , θ
n
v (resp., η1w, . . . , η

n
w) from left to right.

The label of each (half) edge will be marked with a circle, and a vertex will be formally
assigned a parameter x. A state is admissible if the local configurations around each
vertex (namely, the labeled half edges adjacent to each vertex) satisfy exactly one of the
conditions as listed in the middle column of Table 4. Moreover, each allowable local
configuration is assigned a weight as given in the first column of Table 4.

The lattice model L(u, v, w) we are considering is defined as the set of all admissible
states (L(u, v, w) can be regarded as a colored lattice model if the labels 1, 2, . . . , n are
viewed as n colors). The weight wt(S) of a state S in L(u, v, w) is the product of all the
weights of vertices with x = tj ⊖ yi in row i and column j. The partition function of
L(u, v, w) is defined by

Zw
u,v(t, y) =

∑
S∈L(u,v,w)

wt(S).

That is,

Zw
u,v(t, y) =

�
 �	θ1v
�
 �	θ2v ···

�
 �	θnv

⃝0 t1⊖y1 ⃝ t2⊖y1 ⃝ ··· ⃝ tn⊖y1

�
 �	κ1u

⃝ ⃝ ⃝
⃝0 t1⊖y2 ⃝ t2⊖y2 ⃝ ··· ⃝ tn⊖y2

�
 �	κ2u

⃝ ⃝ ⃝
...

...
...

...
...

...

⃝ ⃝ ⃝
⃝0 t1⊖yn ⃝ t2⊖yn ⃝ ··· ⃝ tn⊖yn

�
 �	κnu�
 �	η1w
�
 �	η2w ···

�
 �	ηnw
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Each configuration around a vertex naturally corresponds to a tile that is used to
define a pipe puzzle, as illustrated in the last column of Table 4, with pipes inheriting
the labels of edges. We display the information in Table 4 more intuitively in Table 5.
Therefore, each admissible state generates a pipe puzzle, and vice versa. See Figure 1 for
an admissible state and its corresponding pipe puzzle.

⃝N
⃝W x ⃝E

⃝S
:

weights conditions tiles
x N = E = W = S = 0

1 E = W = 0 < N = S

1 N = S = 0 < E =W

1 0 < E = W < N = S

1 + βx E = S = 0 < N = W ≤ k

1 E = S = 0 and k < N = W

1 N = W = 0 < E = S ≤ k

1 + βx N = W = 0 and k < E = S

β 0 < E = S < N =W ≤ k

β k < E = S < N =W

β(1 + βx) 0 < N =W ≤ k < E = S

Table 4. Weights, local configurations, and tiles.

⃝0
⃝0 ⃝0

⃝0

⃝A
⃝a ⃝a

⃝A

⃝a
⃝0 ⃝0

⃝a

⃝0
⃝a ⃝a

⃝0
x 1 (0 < a < A) 1 (0 < a)

⃝a
⃝a ⃝0

⃝0

⃝0
⃝0 ⃝a

⃝a

⃝A
⃝A ⃝a

⃝a
1 + βx (0 < a ≤ k)

1 (k < a)
1 (0 < a ≤ k)

1 + βx (k < a)

β (0 < a < A ≤ k)
β (k < a < A)

β(1 + βx) (0 < A ≤ k < a)

Table 5. Diagram illustration of Table 4.

Collecting the above observations, we summarize the following facts.

Proposition 5.3.1. Let u, v ∈ Sn be permutations with separated descents at position
k. Then, for w ∈ Sn,

(1) The set L(u, v, w) of admissible states are in bijection with the set PP(u, v, w) of
pipe puzzles.
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5 4 3

2

1

4 5 2 3 1

⃝0 ⃝5 ⃝4 ⃝0 ⃝3
⃝0 -t1⊖y1-⃝0 -t2⊖y1-⃝0 -t3⊖y1-⃝0 -t4⊖y1-⃝3 -t5⊖y1-⃝0

⃝0 ⃝5 ⃝4 ⃝3 ⃝0
⃝0 -t1⊖y2-⃝4 -t2⊖y2-⃝4 -t3⊖y2-⃝0 -t4⊖y2-⃝0 -t5⊖y2-⃝2

⃝4 ⃝5 ⃝0 ⃝3 ⃝2
⃝0 -t1⊖y3-⃝0 -t2⊖y3-⃝0 -t3⊖y3-⃝0 -t4⊖y3-⃝0 -t5⊖y3-⃝0

⃝4 ⃝5 ⃝0 ⃝3 ⃝2
⃝0 -t1⊖y4-⃝0 -t2⊖y4-⃝0 -t3⊖y4-⃝2 -t4⊖y4-⃝2 -t5⊖y4-⃝1

⃝4 ⃝5 ⃝2 ⃝3 ⃝1
⃝0 -t1⊖y5-⃝0 -t2⊖y5-⃝0 -t3⊖y4-⃝0 -t4⊖y5-⃝0 -t5⊖y4-⃝0

⃝4 ⃝5 ⃝2 ⃝3 ⃝1

Figure 1. Correspondence between a pipe puzzle and an admissible state.

(2) We have

Zw
u,v(t, y) =

∑
π∈PP(u,v,w)

wt(π).

5.3.2. Initial cases. Denote by u0 = n(n−1) · · · (n−k+1) 12 · · · (n−k) ∈ Sn the
unique longest permutation among those u ∈ Sn with maxdes(u) ≤ k:

(5.3.1) u0(i) =

{
n+ 1− i, i ≤ k,

i− k, k < i ≤ n.

By direct computation, we have

Gu0(x, t) =
k∏

i=1

n−i∏
j=1

(xi ⊖ tj).

Actually u0 is a dominant permutation corresponds to Hessenberg function h with

h(i) = min(i, k).

The Grothendieck polynomial for dominant permutation was explained in Section 2.5.4.
This can also be verified by induction on n. This is clearly true for k = n. If the statement
is true for k, then applying operators π1 · · · πk, we can compute the case of k − 1. This,
along with Lemma 5.2.3, leads to the initial condition.

Proposition 5.3.2. For v ∈ Sn,

cidu0,v
=


k∏

i=1

n−i∏
j=1

(ti ⊖ yj), if v = id,

0, otherwise.

Propositions 5.2.1 and 5.2.2 are valid for any u, v, w ∈ Sn. We explain that such re-
currences are closed when restricting u, v ∈ Sn to permutations with separated descents
at k. In other words, we could use Propositions 5.2.1 and 5.2.2 (only applied to permuta-
tions with separated descents at k), along with the initial condition in Proposition 5.3.2,
to compute cwu,v(t, y) for any u, v ∈ Sn with separated descents at k.
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• First, compute cidu,v(t, y) for w = id. The initial case is for the longest permutation

u = u0, as done in Proposition 5.3.2. We next consider cidu,v(t, y) with ℓ(u) <
ℓ(u0). Since u ̸= u0, one can always choose an integer i among the first k
values u(1), . . . , u(k), such that i appears before i + 1 in u. For example, given
u = 7423156 and k = 4, we may choose i = 4 or i = 2.

Now we have u < siu ∈ Sn. It is easily checked that maxdes(siu) ≤ k. Set
u′ = siu. By backwards induction on the length of u, the value of cidu′,v(t, y)

is known, which allows us to compute cidu,v(t, y) = cidsiu′,v(t, y) from cidu′,v(t, y) by
means of Proposition 5.2.1.

• Second, compute cwu,v(t, y) for ℓ(w) > 0. In this case, choose any si such that
siw < w. It is also easily checked that if siv < v, then we still have mindes(siv) ≥
k. Set w′ = siw. By induction on the length of w, the values of cw

′
u,v(t, y) and

cw
′

u,siv
(t, y) are known. Applying Proposition 5.2.2, we may deduce cwu,v(t, y) =

csiw
′

u,v (t, y) from cw
′

u,v(t, y) and c
w′
u,siv

(t, y).

5.3.3. Induction on u. Suppose that siu < u. It is easily checked that maxdes(siu) ≤
k. Recalling the definition in (1.3.2), we see that 0 < κi+1

u < κiu ≤ k or κiu = 0 < κi+1
u ≤ k,

depending on the positions where i and i + 1 lie. Clearly, κsiu is obtained from κu by
interchanging κiu and κi+1

u . For example, for n = 7 and k = 3, we list a descending chain
as follows:

u = 5431267 · · · > 5341267 · · · > 5241367 · · · > 4251367 · · ·
κu = 0032100 · · · → 0023100 · · · → 0203100 · · · → 0201300 · · ·

Proposition 5.3.3. If siu < u, then

(5.3.2) Zw
siu,v

= − 1 + βyi
yi − yi+1

Zw
u,v +

1 + βyi+1

yi − yi+1

Zw
u,v|yi↔yi+1

.

Proof. Consider the lattice model L(u, v, w). We attach an Rrow to the left boundary
of row i and row i+1 (Meanwhile, we make the variable exchange yi ↔ yi+1 in the states
of L(u, v, w)), as illustrated in (5.3.3).

(5.3.3)

...
...

...
...

⃝0 ⃝ t1⊖yi+1 ⃝ t2⊖yi+1 ⃝ ··· ⃝ tn⊖yi+1

�
 �	κiu

yi ⊖ yi+1 ⃝ ⃝ ⃝
⃝0 ⃝ t1⊖yi ⃝ t2⊖yi ⃝ ··· ⃝ tn⊖yi

�
 �	κi+1
u

...
...

...
...

By Table 2, there is exactly one admissible configuration for the R-matrix Rrow (from A
in Table 2). So the partition function of (5.3.3) reads as

(5.3.4) Zw
u,v|yi↔yi+1

.

Noticing that (tj ⊖ yi+1)⊖ (tj ⊖ yi) = yi ⊖ yi+1, we may apply repeatedly the Yang–
Baxter equation in Section 5.1 to (5.3.3), resulting in a model depicted in (5.3.5), with
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an R-matrix Rrow attached on the right boundary.

(5.3.5)

...
...

...
...

⃝0 t1⊖yi ⃝ t2⊖yi ⃝ ··· ⃝ tn⊖yi ⃝ �
 �	κiu

⃝ ⃝ ⃝ yi ⊖ yi+1

⃝0 t1⊖yi+1 ⃝ t2⊖yi+1 ⃝ ··· ⃝ tn⊖yi+1 ⃝ �
 �	κi+1
u

...
...

...
...

Consider the partition function of (5.3.5). Keep in mind that 0 < κi+1
u < κiu ≤ k or

κiu = 0 < κi+1
u ≤ k. For each situation, there are two admissible configurations for the

R-matrix Rrow respectively from B2 and C in Table 2, corresponding respectively to the
models L(u, v, w) and L(siu, v, w). Thus, the partition function of (5.3.5) is

(5.3.6) (1 + β(yi ⊖ yi+1))Z
w
u,v + (yi ⊖ yi+1)Z

w
siu,v

.

Equating (5.3.4) and (5.3.6), we get the desired formula in (5.3.2). □

5.3.4. Induction on w. We now establish the recurrence relation for Zw
u,v, which is

parallel to Proposition 5.2.2.

Proposition 5.3.4. If siw > w, then

Zsiw
u,v =


−1 + βti+1

ti − ti+1

Zw
u,v|ti↔ti+1

+
1 + βti
ti − ti+1

Zw
u,v + Zw

u,siv
|ti↔ti+1

, siv < v,

− 1 + βti
ti − ti+1

Zw
u,v|ti↔ti+1

+
1 + βti
ti − ti+1

Zw
u,v, siv > v.

(5.3.7)

Proof. This time we attach an Rcol to the top boundary of L(u, v, w). Applying the
Yang–Baxter equation in Section 5.1, we obtain equivalent models given in (5.3.8).

(5.3.8)

�
 �	θiv
�
 �	θi+1
v

ti ⊖ ti+1

⃝ ⃝
··· ti⊖y1 ⃝ ti+1⊖y1 ···

⃝ ⃝
···

...
... ···

⃝ ⃝
··· ti⊖yn ⃝ ti+1⊖yn ···�
 �	ηiw

�
 �	ηi+1
w

=

�
 �	θiv
�
 �	θi+1
v

··· ti+1⊖y1 ⃝ ti⊖y1 ···

⃝ ⃝
···

...
... ···

⃝ ⃝
··· ti+1⊖yn ⃝ ti⊖yn ···

⃝ ⃝
ti ⊖ ti+1�
 �	ηiw

�
 �	ηi+1
w

We first consider the partition function of the right model in (5.3.8). The assumption
siw > w implies 0 < ηiw < ηi+1

w . Notice also that ηsiw is obtained from ηw by interchanging
ηiw and ηi+1

w . In view of Table 3, there are two admissible configurations for the R-matrix
Rcol (one is from B1 in Table 3, and the other is from C in Table 3), corresponding
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respectively to the models L(u, v, w) and L(u, v, siw). So the partition function of the
right model in (5.3.8) is

(5.3.9) Zw
u,v|ti↔ti+1

+ (ti ⊖ ti+1)Z
siw
u,v |ti↔ti+1

.

We next consider the partition function of the left model in (5.3.8). There are two
cases.

Case 1. siv < v. In this case, notice that k < θi+1
u < θiu or 0 = θi+1

u < θiu, and that θsiv
is obtained from θv by interchanging θiv and θi+1

v . By Table 3, for either k < θi+1
u < θiu or

0 = θi+1
u < θiu, there are two choices for the configurations of Rcol (one is from B2, and

the other is from C), corresponding respectively to the models L(u, v, w) and L(u, siv, w).
So, the partition function of the left model in (5.3.8) is

(5.3.10) (1 + β(ti ⊖ ti+1))Z
w
u,v + (ti ⊖ ti+1)Z

w
u,siv

.

Equating (5.3.9) and (5.3.10), we deduce that

Zsiw
u,v |ti↔ti+1

=
1 + β(ti ⊖ ti+1)

ti ⊖ ti+1

Zw
u,v + Zw

u,siv
− 1

ti ⊖ ti+1

Zw
u,v|ti↔ti+1

=
1 + βti
ti − ti+1

Zw
u,v + Zw

u,siv
− 1 + βti+1

ti − ti+1

Zw
u,v|ti↔ti+1

,

which, after the variable exchange ti ↔ ti+1, becomes the first equality in (5.3.7).

Case 2. siv > v. In this case, i appears before i+1 in v. So we have 0 = θiv = θi+1
v , or

0 = θiv and k < θi+1
v , or k < θiv < θi+1

v . By Table 3, for each of these situations, there is
exactly one admissible configuration (from A or B1) of Rcol, and we see that the partition
function of the left model in (5.3.8) is precisely equal to Zw

u,v. By equating with (5.3.9),
we obtain that

Zsiw
u,v |ti↔ti+1

=
1

ti ⊖ ti+1

Zw
u,v −

1

ti ⊖ ti+1

Zw
u,v|ti↔ti+1

=
1 + βti+1

ti − ti+1

Zw
u,v −

1 + βti+1

ti − ti+1

Zw
u,v|ti↔ti+1

.

After the variable exchange ti ↔ ti+1 on both sides, we reach the second equality in
(5.3.7). □

5.3.5. Initial condition. We finally verify the initial case for u0 (as defined in
(5.3.1)) and w = id.

Theorem 5.3.5. For v ∈ Sn, we have

(5.3.11) Z id
u0,v

=


k∏

i=1

n−i∏
j=1

(ti ⊖ yj), if v = id,

0, otherwise.

Proof. Here, we go back to the pipe puzzle model PP(u0, v, id) for the computation
of Z id

u0,v
. The boundary condition is illustrated in the left diagram in Figure 2. Evidently,

the pipes labeled k + 1, . . . , n must go vertically from the top side down to the bottom
side. So we have Z id

u0,v
= 0 whenever v ̸= id. It remains to check the case v = id. It is

easily checked that there is exactly one pipe puzzle in PP(u0, id, id), see the right diagram
of Figure 2. This pipe puzzle contributes a weight as displayed in (5.3.11). □
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θ1v θ2v · · · θkv θk+1
v · · · θnv

· · · · · ·
· · · · · · · · · · · · · · · · · · · · ·

· · · · · ·
· · · · · · k

· · · · · · · · · · · · · · · · · · · · · ...

· · · · · · 2

· · · · · · 1

1 2 · · · k k+1· · · n

k+1· · · n
· · · · · ·

· · · · · · · · · · · · · · · · · · · · ·
· · · · · ·
· · · · · · k

· · · · · · · · · · · · · · · · · · · · · ...

· · · · · · 2

· · · · · · 1

1 2 · · · k k+1· · · n

Figure 2. Boundary condition and the unique pipe puzzle in PP(u0, id, id).

5.4. Applications

We list two main applications of Theorem C. The first application is to recover the
puzzle formula discovered by Knutson and Zinn-Justin [28, Theorem 1].

5.4.1. Separated-descent puzzles. Consider (1.0.1) by setting y = t:

Gu(x, t) ·Gv(x, t) =
∑
w

cwu,v(t, t) ·Gw(x, t).

Assume that u, v ∈ Sn have separated descents at k. For w ∈ Sn, a pipe puzzle π ∈
PP(u, v, w) has weight zero if and only if π has (at least) one empty tile on the
diagonal. This implies that cwu,v(t, t) is a weighted counting of pipe puzzles π ∈ PP(u, v, w)
such that π has no empty tile on the diagonal. For such pipe puzzles, we have the following
observation:

• Each position on the diagonal is tiled with either or , and each position
lying strictly to the southwest of the diagonal is tiled with .

This can be checked as follows. First, the tile at the position (1, 1) must be tiled
with either or since (1) the tile cannot be empty, and (2) the labels on the left
boundary are all 0. Therefore, all positions below (1, 1) in the first column must be tiled
with . The same analysis applies to the remaining positions (2, 2), . . . , (n, n).

Let π ∈ PP(u, v, w) be a pipe puzzle without empty tile on the diagonal. Cut π along
its diagonal into two triangles, and denote by P (π) the upper-right triangle. By the above
observation, π can be recovered from P (π). To get the puzzle visualization of Knutson
and Zinn-Justin [28, Theorem 1], we rotate P (π) counterclockwise by 45 degrees, and
then warp it into an equilateral triangle. If further assuming that u and v are both
k-Grassmannian, there is a bijection to the classical Grassmannian puzzles, see [28, §5.1]
for more details.

Example 5.4.1. Consider the pipe puzzles in Example 1.3.3. The following four
puzzles survive after setting y = t.
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5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1

5 4 3

2

1

4 5 2 3 1
Their upper-right triangular regions are

5 4 3

4@@

5@@ 2

2@@

3@@ 1

1@@

5 4 3

4@@

5@@ 2

2@@

3@@ 1

1@@

5 4 3

4@@

5@@ 2

2@@

3@@ 1

1@@

5 4 3

4@@

5@@ 2

2@@

3@@ 1

1@@

After rotation and warping, the corresponding puzzles are

@@ @@ @@ @@ @@

3

2

4

5 1

4 5 2 3 1 @@ @@ @@ @@ @@

3

2

4

5 1

4 5 2 3 1 @@ @@ @@ @@ @@

3

2

4

5 1

4 5 2 3 1 @@ @@ @@ @@ @@

3

2

4

5 1

4 5 2 3 1

In the second application, we explain that Theorem C could be used to recover the
bumpless pipe dream model of double Grothendieck polynomials by Weigandt [48].

5.4.2. Bumpless pipe dreams. Let k = n and v = id. In this case, arbitrary
u ∈ Sn satisfies the separated-descent condition in (1.3.1). By Lemma 5.2.3,

cidu,id(t, y) = Gu(t, y).

Let π ∈ PP(u, id, id). Then all pipes enter into π from the right side. Apply the following
operations to π:

• reflecting π across the diagonal;
• replacing κiu = u−1(i) by i, and ηiw = i by u(i).

The resulting diagram is denoted as B(π). Write

BP(u) = {B(π) : π ∈ PP(u, id, id)}.
By the restriction (1.3.5) on along with the restriction (1.3.8) on , it can be checked
that for a diagram in BP(u): (1) two pipes cross at most once, and (2) if two pipes have
a “bumping” at position (i, j), then they must cross at a position to the northeast of
(i, j). This implies that the set BP(u) is precisely the set of bumpless pipe dreams of u,
as defined in [48].

Remark 5.4.2. As bumpless pipe dreams in BP(u) are obtained from pipe puzzles in
PP(u, id, id) after a reflection, a tile at position (i, j) is assigned a wight in the following
way:

(1) an empty tile contributes ti ⊖ yj;
(2) an elbow tile contributes 1 + β(ti ⊖ yj);
(3) a bumping tile contributes β;
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(4) any other tile contributes 1.

The weights described above are slightly different from the weights adopted in [48]. It
seems that when setting β = 0, the weights we used imply more explicitly the bumpless
pipe dream model of double Schubert polynomials due to Lam, Lee and Shimozono [29].

Example 5.4.3. Let u = 32514. Below are pipe puzzles in PP(u, id, id).

4
2
1
5
3

1 2 3 4 5

4
2
1
5
3

1 2 3 4 5

4
2
1
5
3

1 2 3 4 5

4
2
1
5
3

1 2 3 4 5

After reflection and relabeling, the resulting bumpless pipe dreams of u are

3
2
5
1
4

1 2 3 4 5

3
2
5
1
4

1 2 3 4 5

3
2
5
1
4

1 2 3 4 5

3
2
5
1
4

1 2 3 4 5
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CHAPTER 6

Graham positivity

In this section, we will establish Theorem D by providing a new geometric meaning
of triple Schubert calculus.

6.1. An example

Let us give a motivating example. We will need the following double Schubert poly-
nomials

Ss1(x, y) = x1 − y1, Ss2s1(x, y) = (x1 − y1)(x1 − y2).

We can compute

Ss1(x, y) ·Ss1(x, t) = (x1 − y1)(x1 − t1) = (x1 − t2 + t2 − y1)(x1 − t1)

= (t2 − y1) ·Ss1(x, t) +Ss2s1(x, t).

To explain the geometric meaning, we will work with the flag variety Fl4, and regard
y1, y2 as equivariant parameter t3, t4. We have

Ss1(x, t) represents {V• ∈ Fl4 : V1 ⊆ span(e2, e3, e4)} ,
Ss1(x, y) represents {V• ∈ Fl4 : V1 ⊆ span(e1, e2, e4)} ,

Ss2s1(x, t) represents {V• ∈ Fl4 : V1 ⊆ span(e3, e4)} .
As a result,

Ss1(x, t) ·Ss1(x, y) represents {V• ∈ Fl4 : V1 ⊆ span(e2, e4)} .

Let W = span(e2, e3). Let us consider

X
π1

~~

π2

""
Fl4 P(W )

X = {(V•, [v]) ∈ Fl4 × P(W ) : V1 ⊆ span(v, e4)} .

Then

Ss1(x, t) represents the image of X under π1,

Ss1(x, t) ·Ss1(x, y) represents the image of X2 under π1,

Ss2s1(x, t) represents the image of X3 under π1

where Xi is the fiber at [v] = [ei] along π2 for i = 2, 3. Over P(W ),

x− t2 represents the point [e2] ∈ P(W )

x− y1 represents the point [e3] ∈ P(W )

}
=⇒ in HT (P(W )), we have

[e2] = (t2 − y1)[P(W )] + [e3].

Applying π1∗π
∗
2, we get

Ss1(x, y) ·Ss1(x, t) = (t2 − y1) ·Ss1(x, t) +Ss2s1(x, t).
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6.2. A refined Graham positivity

LetG be a connected, complex, reductive algebraic group, B ⊂ G be a Borel subgroup,
B− be its opposite Borel subgroup, T = B ∩ B− be a maximal torus, N (resp., N−) be
the unipotent radical of B (resp., B−), W = NG(T )/T be the Weyl group and Φ be the
associated root system, with positive roots Φ+ and simple roots ∆ = {α1, . . . , αr}. For
α ∈ Φ, write sα for the corresponding reflection, and write si for sαi

for simplicity. For
w ∈W , its (left) inversion set is I(w) := {α ∈ Φ+ |w−1α ∈ Φ−} and its non-inversion
set is J(w) := {α ∈ Φ+ | w−1α ∈ Φ+} = I(ww0), where w0 is the longest element in
W . For each w ∈ W , we pick a representative of it in NG(T ), and also denote it by w,
slightly abusing notation.

The flag variety G/B admits a Bruhat decomposition
⊔

w∈W B−wB/B into

Schubert cells. Their closures B−wB/B ⊆ G/B are the Schubert varieties. The

Schubert classes {[B−wB/B]T | w ∈ W} form an H∗
T (pt)-basis of H

∗
T (Fℓm).

We define the following closed subgroups of G.

Definition 6.2.1. For w ∈ W , define N−(w) := N− ∩ wN−w−1 and B−(w) =
T ·N−(w).

By [21, Section 28], as a variety, N−(w) is isomorphic to the Schubert cell B−wB/B ∼=
Cℓ(w0)−ℓ(w) via x 7→ xwB/B. In particular, N−(w) is connected. Its Lie algebra is

n−(w) = span(Fα | α ∈ J(w)) ⊆ g := LieG

where Fα is a root vector of weight −α.

Lemma 6.2.1. If wsi > w, then N−(wsi) is a normal subgroup of N−(w).

Proof. Recall that [Fα, Fβ] ∈ C×Fα+β if α+ β is a root, and [Fα, Fβ] = 0 otherwise.
As wsi > w, we have J(w) = J(wsi) ∪ {wαi} and thus n−(wsi) ⊂ n−(w), N−(wsi) is a
closed subgroup of N−(w) by [21, Theorem 13.1].

In fact, n−(wsi) is an ideal of n−(w). To check this, take any α ∈ J(wsi) and β ∈ J(w),
and it suffices to show [Fα, Fβ] ∈ n−(wsi). If α + β /∈ Φ, [Fα, Fβ] = 0. Thus, consider
γ = α+β ∈ Φ+. If β ∈ J(wsi), then γ ∈ J(wsi) as well; and if β = wαi, γ ̸= wαi ∈ J(w),
so γ ∈ J(wsi). Indeed, n

−(wsi) is an ideal of n−(w) and by [21, Theorem 13.3], N−(wsi)
is a normal subgroup of N−(w). □

We are now in a position to state a refined version of Graham positivity theorem. We
need the following Lemma.

Lemma 6.2.2 (Grahma [19]; see [1, Proposition 19.4.4]). Assume we are given

T
∩

B′ ⊂ B
∪ ∪
U ′ ⊂

χ
U

• B = T ⋉ U is a solvable group with maximal torus T and
unipotent radical U ;

• U ′ ⊂ U is a normal subgroup of B with dimU/U ′ = 1, and
B′ = T ⋉ U ′;

• the T -weight of LieU/LieU ′ is χ ∈ X∗(T ).

Let B act on a non-singular variety X. If Y is a B′-invariant effective cycle in X, then
there exist B-invariant effective cycles Z1, Z2 such that

[Y ]T = [Z1]T + χ[Z2]T

in H∗
T (X).
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Theorem 6.2.3. Let B− act on a non-singular variety X, and let Y be a B−(w)-
invariant effective cycle in X. Then there exist B−-invariant effective cycles Z1, . . . , Zm

such that

[Y ]T ∈
m∑
i=1

N[−α]α∈I(w) · [Zi]T

in H∗
T (X).

Proof. We use induction on ℓ(w). When w = id, B−(w) = B−, so there is nothing
to prove. Assume the theorem holds for w. Let us prove the statement for wsi > w.
By Lemma 6.2.1, the pair B−(wsi) ⊂ B−(w) satisfies the condition of Lemma 6.2.2
above with χ = −wαi. So there exist B−(w)-invariant effective cycles Z1 and Z2 such
that [Y ]T = [Z1]T + χ[Z2]T . Since I(wsi) = I(w) ∪ {wαi}, the inductive step is now
established. □

Corollary 6.2.4. Let X = G/B be the flag variety. Under the above setting, we
have

[Y ]T ∈
∑
w∈W

N[−α]α∈I(w) · [B−wB/B]T

in H∗
T (G/B).

Proof. Since the flag variety has finitely many B−-orbits, any B−-invariant effective
cycle over G/B must be a non-negative combination of Schubert classes [B−wB/B]T . □

Remark 6.2.5. When w = w0 is the longest element, B−(w0) = T and Theorem
6.2.3 gives Graham’s positivity theorem [19, Theorem 3.2]. Our assumption is stronger
than that of Graham’s, since a B−(w)-invariant cycle is necessarily T -invariant, yielding
a stronger positivity result where roots are restricted to I(w) rather than all positive
roots. A similar generalization in this direction appeared in the proof of [3, Theorem 8.7
and Corollary 8.11].

6.3. A geometric explanation of positivity in Billey’s formula

As an application of Theorem 6.2.3, we give a geometric explanation of positivity in
Billey’s formula [7]. See [46] for a great survey on this subject.

The T -fixed points of G/B are (G/B)T = {wB/B | w ∈ W}. Define the localization
to be the restriction map ·|w : H∗

T (G/B) → H∗
T (wB/B) ≃ H∗

T (pt). Billey’s formula [7]

is a combinatorial formula of the localization of Schubert classes [B−uB/B]T |w for any
u,w ∈ W . From its explicit form, which we do not provide here, we see that

(6.3.1) [B−uB/B]T |w ∈ N[α]α∈I(w).

We provide a geometric explanation of this positivity using Corollary 6.2.4.

Recall that the point w0B/B = B−w0B/B is invariant under B−. So the torus fixed
point ww0B/B is invariant under wB−w−1. This implies that ww0B/B is invariant under
B−(w). By Corollary 6.2.4, we have

[ww0B/B]T ∈
∑
u∈W

N[−α]α∈I(w) · [B−uB/B]T .

Following [38, Section 3] and [1, Section 16.5], for a Weyl group element w ∈ W , the
automorphism gB 7→ wgB/B induces a left action wL : H∗

T (G/B) → H∗
T (G/B). We
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remark that wL is not H∗
T (pt)-linear unless w = id, but it is semilinear with respect to

the automorphism of H∗
T (pt) induced by w. Applying wL

0 to the above, we get

[w0ww0B/B]T ∈
∑
u∈W

N[−w0α]α∈I(w) · [Bw0uB/B]T .

As I(w0ww0) = {−w0α |α ∈ I(w)}, replacing w0ww0 by w and w0u by u, we can rewrite

(6.3.2) [wB/B]T ∈
∑
u∈W

N[α]α∈I(w) · [BuB/B]T .

Now let us take the Poincaré pairing with [B−uB/B]T on both sides. The left-hand side

is [B−uB/B]T |w, and the right-hand side is the coefficient of [BuB/B]T in (6.3.2) by [1,
Proposition 7.3]. This gives (6.3.1).

6.4. Application to triple Schubert calculus

We restrict to the case of G = GLm. By [1, Theorem 10.6.4], the class [B−πB/B]T
is represented by the double Schubert polynomial Sπ(x; t). We will not be working
with the algebraic definition of Sπ(x; t)’s. For any permutation π ∈ Sm, we naturally
identify it as π ∈ Sm ↪→ S∞ via π(k) = k for all k > m.

Fix permutations u, v. By picking n ≫ 0, we can assume (1.0.2) only involves those
w ∈ Sn. Let G := GL2n and B,B−, T be as above. We identify H∗

T (pt) = Q[t1, . . . , t2n]
with ti = −ϵi := −c1(Cϵi), where ϵi is the character of T corresponding to the i-th diagonal
entry. We rename the variables tn+i = yi for all i ∈ [n] := {1, 2, . . . , n}. Consider a special
permutation τ ∈ S2n such that τ(i) = n + i, τ(n + i) = i for all i ∈ [n]. By [1, Section

16.5], [τB−uB/B]T is represented by Su(x; τt) = Su(x; y).

Lemma 6.4.1. The intersection τB−uB/B∩B−vB/B is proper and transverse at the
generic point.

Proof. Let w
(m)
0 ∈ Sm be the longest permutation m m−1 · · · 1. For permutations

w, π ∈ Sn, write w×π ∈ S2n as the direct sum of w and π; that is, w×π(i) is w(i) if i ≤ n,

and is π(i − n) + n if i > n. Since v ∈ Sn, siv > v for n ≤ i < 2n, and thus B−vB/B
is invariant under si, where si = (i i+1) is the simple transposition. Therefore, we have

B−vB/B = u0B−vB/B where u0 = 1 × w
(n)
0 . Similarly, τB−uB/B = τu0B−uB/B. As

u−1
0 τu0 = w

(2n)
0 , the lemma follows from [1, Section 19.3]. □

We are now ready to prove our main theorem.

Proof of Theorem D. By Lemma 6.4.1, we can rewrite the coefficients of interest
via

[τB−uB/B ∩B−vB/B]T =
∑
w∈Sn

cwu,v(y, t) · [B−wB/B]T .

Since τB−uB/B is closed under τN−τ−1 and B−vB/B is closed under N−, the inter-
section is closed under N− ∩ τN−τ−1 =: N−(τ). By Corollary 6.2.4, we conclude that
cwu,v(y, t) ∈ N[−α]α∈I(τ), where we compute I(τ) = {yj − ti | 1 ≤ i, j ≤ n}. □
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[30] A. Lascoux and M. Schützenberger, Polynômes de Schubert, C. R. Math. Acad. Sci. Paris, Sér. I
Math. 294(1982), 447–450.

[31] C. Lenart, S. Robinson and F. Sottile, Grothendieck polynomials via permutation patterns and
chains in the Bruhat order, Amer. J. Math. 128 (2006), 805–848.

[32] C. Lenart and F. Sottile, A Pieri-type formula for the K-theory of a flag manifold, Trans. Amer.
Math. Soc. 359 (2007), 2317–2342.

[33] C. Li, V. Ravikumar, F. Sottile and M. Yang, A geometric proof of an equivariant Pieri rule for flag
manifolds, Forum Math. 31 (2019), 779–783.

[34] R.I. Liu, Twisted Schubert polynomials, Selecta Math. (2022).
[35] I.G. Macdonald, Notes on Schubert Polynomials, Laboratoire de combinatoire et d’informatique
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