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Abstract

General results on Fourier Transforms. tight frame wavelets and pseudodifferential op-
erators are presented to provide a theoretical framework for the applications. Known
and new tight frame wavelets that are characteristic and tapered characteristic func-
tions in Fourier Space are constructed in Cartesian and polar Fourier Space with frame
bound 1. These wavelets are used to localize singularities in images.

A review of the use of the diffusion equation in de-noising images is presentec.
A new method. which applies a multi-directional diffusion in Fourier Space is given.
Properties of this new product filter method are described and the product filter's
de-noising ability is evaluated. The product filter algorithm is also compared to other
techniques. including MATLAB'S built-in filters and two recent wavelet techniques.

Finally. a summary of the results of a study of the de-noising abilities of third-order

partial differential equations is presented.
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Chapter 1

Introduction

This thesis is primarily concerned with the localization of singularities and the re-
duction of noise in natural and geometric images via their representations in Fourier
Space.

Tight frame wavelets with frame bound 1 are constructed by paving Fourier Space
with box functions (characteristic functions of rectangular regions) and new tapered
box functions (smooth and overlapping). A new radial paving is also considered via
polar coordinates in Fourier Space. These wavelets are used to localize singularities
in the Barbara and zigzag images. The radial wavelets are used to localize a circular
singularity. These results are presentec in Chapter 2.

A new method for using the diffusion equation to de-noise images is presented in
Chapters 3 to 5. A multi-directional diffusion in Fourier Space is applied minimallv
to noisy images. This new technique is evaluated and compared to other methods.
including MATLAB’s built-in filters and two wavelet techniques.

The results of a study of the de-noising abilities of third-order partial differential
equations (PDE’s) are summarized in Chapter 6.

A theoretical background is provided by presenting some general results on frame

wavelets. Fourier Transforms and pseudodifferential operators. The purpose of this
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(V]

background material is to provide a mathematical context for the image processing

methods developed in the thesis.

1.1 Frame Wavelets

The concept of frames for Hilbert Spaces generalizes the notion of an orthonormal
basis and a Riesz basis in the sense that a frame Z = {z, | i € [ }. where [ is an
index set. provides a stable representation for signals f by means of an expansion
f =3 ,a(f)z. but {z} is not necessarily an orthonormal or independent set. Frames
provide a useful model to obtain signal decompositions in cases where redundancy.
robustness. oversampling. and irregular sampling play a role (see [9]. [10]).
Nonsmooth orthonormal multiwavelets have been constructed (8] for the purpose
of performing microlocal analysis of tempered distributions in R*. [n R®. the multi-
wavelets. which consist of characteristic functions of squares. have perfect localization
in Fourier Space but poor localization in r-Space. It is shown in [29] that no smooth
wavelets exist in the Hardy Space. H*(R). the space of L? functions whose Fourier
Transforms have support on the positive real axis. To obtain good localization in
r-Space and Fourier Space in R®. the block wavelets are smoothed by convolution or
tapering. Several constructions are presented for different pavings of the Fourier Space.
For numerical applications. the construction of smooth frame wavelets for H*(R)
given in [29] with good localization in both r and Fourier Spaces is generalized to
L*(R?) by properly tapering the orthonormal multiwavelets given in [8] so that the

twelve wavelet frame functions
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and their scaled versions in Fourier Space satisfy the identity

G =) [P =1 £#0. (L1

where

[t is noted that G is invariant under dvadic scaling. that is. G(2%¢) = G(€) for all &
and all €.
This work could be considered in the context of almost orthogonal decompositions

by means of - Transforms presented. for instance. in [21] and [22].

1.2 Fourier Transforms

-

The continuous Fourier Transform f(€) of a function f(r) defined over B? and rhe

[nverse Fourier Transform of f (&) will be

- r - 1 S
flo =FUen = [t fnde. o) = FHUAOY = 5o [ flede
(1.2)
For numerical applications on domains with pixels at integer points. say. over squares

with sides of length 1. the standard formulae with harmonic analysts.

fl&) = / e f(r) dr. flr) = / e E F(£) dE (1.3)

will be used.

A fundamental result that is used in this thesis is concerned with the Fourier Trans-
form of parallel straight lines and parallel straight segments. The continuous Fourier
Transform of a line impulse distribution in R? is a line impulse distribution at a right
angle with respect to the original line impulse distribution. It is enough to show this

result for a line impulse along the horizontal r,-axis.
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Proposition 1 Let
flrior) =1, @6d(r2)
be a line impulse distribution along the r,-aris. Then the Fourier Transform
f(§1.82) =278(&1) D 1g,
is a line impulse distribution along the &,-axis. The Fourier Transforms of parallel line
impulse distributions differ by the phase of their elements.

Proof. Fort € R. we have 1, = 2xd(¢t) and o(t) = I,. Hence. by the definition
of the tensor product of distributions. the Fourier Transform acts separately on each

component: thus

-~

F{fry.m)} = [, 28(rs) = 276(&,) D Lg,.
Let f(ry..r») be a line impulse distribution along the line r, = r. that is.
flryers) = 1y Dd(xy —r).
Since ;):(t ~r) =e"],.
F{f(ri.r2)} = 1, D8(ry — r) = 270(&) B 1,0

The Discrete Fourier Transform (DFT) X(k,.k.) of a sequence r(n;.n.) and the

[nverse Discrete Fourier Transform of X (k. k.,) are

N N
.\’(k[.k-)) — Z Z J‘.(‘ni.n.’)e—‘_’m(kl-l)(n[-l)/.\'P—'.’:n(k:—l)(ng—l]/.\' (14)
ny=I1Lny=1
and
LW

.L‘(fl[ n‘)) _ Y(k[ k;) e—‘.’m(kl-l)(n[-[)/.\' e~ IFk:—D(n2—-1)/N (1.3)

+ I52 - - - 02 - . -

v ka=l k=1

A result similar to Proposition 1 holds for the Discrete Fourier Transform of a line
impulse. Hereafter. the MIATLAB convention of a colon. thatis. I : N means 1.2...... V.

will be used for convenience.
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Proposition 2 Let

. iy=Lny=1:YV
r(ny.n,) = .
0. otherunse.
be a line impulse along the first row of an N x N matric. Then the Discrete Fourter

Transform

. vp = Z.\'.. k.,: .
.\’(kl.k.,,)z{l k=1 =1

0. otherwise.
ts a line impulse along the first colurnn of the matric. The Fourier Transforms of

parallel line impulses differ by the phase of their elements.

Proof. A simple summation gives

NN
N (k. ka) = § : § : I(nl'";’)F—.’.‘.l(k;—l)(nl—l),.\'P—‘.’,'.l(k-g—l)(n-_r-l)/_\'

na=1l ny =1

N

— § f,-'.l.‘.uk;—l)(n_-—lyj_\'

nay=1|

_ AR In.'l =1:.\. k"_; =1i.
“10.  otherwise.

Let r(n;.n,) be a line impulse along row r. Then

A% N
-\—(kbk‘_’) — § § Jr(nl.n-_») F".’r.ukl—-l)(m—l)/.\' F—!m(k:—l)(v::—l)/'.\'

ar=1l ny=1

N
— e-2mlki=Lr—11/¥ Z p—2mitka—1)(na =1}/ N
na=1
_ N e 2mki=Dr=1)/ N kp=1:N. ka=1.
0. otherwise.

which is a modulated line impulse in the vertical direction. &
The Discrete Fourier Transform of a constant segment parallel to the horizontal
axis produces an approximation to the cardinal sine in the horizontal direction which

is modulated in the vertical direction. as a simple computation shows.



CHAPTER 1. INTRODUCTION 6

Let

1. ny =ry. Ny =TIy ry.
r(ny.ny) =

0. otherwise.
be a segment impulse along the r\-th row of an .V x V matrix. Then the Discrete

Fourier Transform

NN
X (k. ky) = Z Z r(ny. ny) e 2k =Dn=0/N  =2xilks = 1)(ra=1)/¥

na=1ny =1

ry
= p2milky~1)(r - 1)/N [Z e—zm(k-_.—u(n-_.-l)/uv

na=r

where the term in square brackets is an approximation to the cardinal sine. Bv means
of the MATLAB command fftshift. the vertical peak line of X' (k,.k.) is in the centre
of the matrix. The larger .V is and the longer the segment is. the closer the surface is

to a modulated line impulse.

1.3 Pseudodifferential Operators

Given a function f(r) and a svmbol g(.r. ). the classical pseudodifferential operator (¢

is defined by the formula

L -
Gfr) = 5y / e g(r.€) F(€) dE. (L6)
or
1 " ,
Gie) = 5oe //e’(’_""fg(x-f)f(y)dydE-
[f we define the kernel
L
k(_r_y) = (')'T)'-’ /EIFI-EU(I,S) d€.

then G has the integral operator representation

Gf(c) = / k(r.x — y) F(y) dy.
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Friedrichs [24]. p. 15. has introduced the so-called cokernel

(€)= / e~ g €) dir

to define

Gflr) = — / / ey — €.€)FIE) dEdr.

(2)t

Finally. harmonic analysts [26]. p. 304 -305. consider the operator G as a time-frequency

operator with weight or spreading function

T(x.y) =/f"""k(r.y)dx:

thus

Gflr)= ! - //rf(\.-r-!/)f"“f(!/)d‘!/dx

(2 )?

l)_., //rf(\.u)f‘“"‘f(x:-u)dud\

= (27)2 //f"(\-u)(.‘[YT,‘f)(r) dudy.

(2

— 3

where the translation operator T and the modulation operator M are defined by the

formulae
T,f(r) = flr—y).  M.flz) === f(2).

In the context of this thesis. the representation (1.6) will be the most convenient.
For instance. if one wants to tind the singular support of a function f (ry..r») in the
time domain. one may construct a svmbol g(r.£) such that G f(.r) has significant values
over the singular support of f and is otherwise negligible. (The singular support of f is
the closure of the set of all points where f is not a C™ function.) If the svmbol g(.r. <)
is sufficiently smooth and has appropriate decay at infinity. the singular support of G f

is contained in the singular support of f.
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Taking the Fourier Transform of the heat equation for u(r,. r,.t).

e = Upypy + Upyr,y-

one has

ﬁ' = —'flzﬁ..

which admits the solution. in the frequency domain.
R(E.t) = A(E.0) e
or. in the time domain.

u(r. bty =

e [ e e 0 e (L7)

-t

This is a pseudodifferential operator representation of the solution to the heat equarion.
with svmbol exp(—[£[t*). independent of r. Since the heat equation is a hypoellipric
equation. to give a meaning to this pseudodifferential operator over L*(R?) when the
equation has variable coefficients. one needs to appeal to the Calderén-\Vaillancourr
theorem (12]. However. in this thesis. the discretized versions of these pseudodifferential
operators (1.6) and (1.7) have meaning over a finite matrix even if its svmbol depends
also on r. The discretization of more general pseudodifferential operators may be done
by means of pseudodifference operators [41. 12].

The product filter. introduced in Chapter 3. applies the diffusion equation in the

form (1.7) in many directions simultaneously to a matrix representing a noisy image.

1.4 Noise and the Diffusion Equation

In the modern world. the storage and transmission of data have become of paramount
importance. In particular. the collecting. storage. transfer and transmission of digital

images have become vital in the spread of information and commerce because of the
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pervasiveness of the Internet. But the collecting and transfer or transmission of these
digital images often introduce noise that distorts the image.

A greyscale image can be represented by the set: {(r,..r..[(r,.r2))} where (.r)..r.)
represents the pixel coordinates (1 < r; < m.l < ry» < n. for integers m and n) and
[(.ry..r;) is the corresponding intensity value. Tvpically. 0 < [(ry..ry) < 255 for integer
[(ry.r;)or 0 < I(ry.rs) <1 forreal [{r,.rs). Such an image can also be represented
by the matrix [/(:. ;)]. where [(.. ;) represents the intensity at pixel (i. j). For compari-
son. a colour picture could be represented by {(.£y.rs. [g(xy.£2). [;(£y. £3). [g(xy..02))}.
where [g(ry.r3). [(xy.r2) and [g(r..r,) represent the red. green and blue intensities.
respectively.

The effect of noise is to distort some. or possibly all. of the intensity values in
the following way: noise. represented by V(rp..r»). is added to the intensity values to
produce distorted intensities. [(.r;..r,) = N(.r,..r,). The noise itself can be of different
tvpes. [t can be white noise. which follows a Gaussian distribution. in which all pixels
are affected to some extent. [t can be salt and pepper noise. where some pixels have
their intensity values replaced by the minimum value (tyvpically 0) or the maximum
possible value. resulting in black and white dots in the image (and hence the name).
There can also be noises of more random natures. affecting some pixels to different
degrees. All calculations in this thesis were done with MATLAB. In the MATLAB
environment. images are treated like matrices. The types of noise used are defined and
explained in Chapters 4 and 5.

When presented with a noisy image. the information is often intact - i.e. a viewer
can see what the image is supposed to represent. though fine details may potentiallv
be lost. In extreme cases. the noise may be severe enough to destroy the image and
render it unintelligible. In either case. it would be preferable to have the undistorted

(pre-noise) original image.
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[f the original image and/or a detailed knowledge of the noise process that has
distorted the image (i.e. its intensity and/or distribution) is available. it may be possible
to remove the noise and restore the image. However. in real-world applications. the
original clean image is unknown and the noise process may not be well-understood. The
goal would still be the same - to remove the noise and restore the image. Because the
true natures of the image and noise are unknown (only their sum. [(r;..rs)+ V(r;. ).
is known). any attempt to remove the noise must proceed with caution. lest anv more
damage be done to the image.

One of the first problems encountered is how to identify the noise. Conceptually.
the noise would correspond to transient features in the image. But this is unhelpful
since the edges (contours of regions in the image) and fine details would also be of a
transient nature and vet highly important. So. any procedure that aims to eliminare
noise by eliminating transient features may further damage the image.

Many different techniques have been used to de-noise images [1. 2. 3. 4. 5. 6. 8. 11.
13. 14, 15. 19. 23. 30. 31. 32. 33. 34. 35. 36. 39. 40. 43]. One common method is to use a
filter matrix. Essentially. the image. as a matrix. is mulitiplied by another matrix. rhe
filter. A simple example is an averaging filter. where each pixel’s intensity is replaced
by a (possibly weighted) average of its neighbours’ intensities.

The heat. or diffusion. equation in two dimensions.
iy = "1:[.:[ + u:g:g-

has also been used in the reduction of noise. the rationale being that noise represents
pertubations to the image. Application of the diffusion equation will smooth over the
pertubations. The problem with this approach is that edge data and fine details may
be smoothed over as well. further distorting the image.

Several attempts have been made to correct this limitation [2. 3. 4. 5. 6. 14. 35. 40]
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and to try to enhance edges by running diffusion backwards in time in the vicinity of
an edge. Perona and Malik [35] were the first to tryv such an approach. Their idea was

to replace the diffusion equation with an anisotropic diffusion equation.
i, =V - (g(|Vul) Vu).

where g(-) is a non-negative. monotonically decreasing function with ¢(0) = 1. Diffu-
sion is controlled by the function ¢(-). Along an edge. the gradient is large in magnitude
and normal to it (since the edge is a contour). Diffusion is encouraged within regions
(where Vu is small). but not across the boundaries of regions (edges). So. g(-) is larger
within regions and smaller at edges. The goal is to smooth in directions parallel to the
edge. but not perpendicular to it to preserve the edge and to try to run the diffusion
backwards perpendicularly to the edge to enhance it.

Another group of researchers. including Alvarez. Lions and Morel [2. 3. 4. 5. 6. L4l
have furthered this work and corrected limitations in Perona and Malik's scheme.
This group discovered that Perona and Malik's scheme will actually enhance and not
remove some types of noise and it is unstable. as the solutions to slightly different inirial
conditions may diverge. Also. Perona and Malik's scheme will require pre-filtering in

the case of noisy images. They suggested some further extensions [14]:
uy =V - (g(IVG, = uj) Vu).

where
G.(r) = Co~ " exp(—|r|*/40)

is a Gaussian with variance ¢ and = is convolution. where

f"!]=/ﬁt f(x) g(t — r)dz.

This model is like Perona and Malik's. with the function g(-) to control edge enhance-

ment. but now there is a different argument that is a superior estimator. The need for
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pre-filtering noise is eliminated. A more improved scheme is:

Vu
|Vul

uy = g(|G * Vu])|VulV -

where (G is a smoothing kernel (like a Gaussian) [5]. This last scheme corrects the
drawbacks of the Perona and Malik scheme and the term

YVu
IV ul

AT

ensures that diffusion proceeds in directions orthogonal to V. not in the direction of
Vu. The term g(|G = Vu|) controls the edge enhancement as in their previous scheme
above. This group went on to formalize a set of axioms for image processing [2. 3. 4].

Torkamani-Azar and Tait [10] have suggested
e = V- (g(Vh « uj) Vau).

where

h(ry.ry) = 5

exp(—J3(loy| + |oal)).

and 3 is a constant. Their method was also developed to correct the limitations of
Perona and Malik and to be simpler to implement when discretized. Better smoothing
is achieved than in Perona and Malik [40]. Torkamani-Azar and Tait found that there
was a trade-off between sharpening edges and removing noise when choosing the value
of the constant 3. Smaller .3 led to better noise removal. whereas larger 3 preserved
edges better. It was thus desirable to run several iterations with small 3 for the first
run and larger 3 for the rest to remove noise on the first pass and then enhance the
edges after.

The results from these schemes are good. Noise is significantly reduced and edges

are preserved or enhanced. To implement these schemes. the partial differential equa-

tions (PDE’s) have to be discretized into difference equations. The intricacies in the
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above schemes stem from the desire to distinguish edges from noise and preserve or
enhance the edges while diffusing the noise away. The methods above attempt to con-
trol the direction of diffusion using the gradient of the image and then diffuse a little
in some areas. diffuse more in others and run the diffusion backwards in time in other
regions of the image.

[t was thought thar it might be possible to remove noise with PDE’s in a much
simpler way while preserving edges and details. The alternative approach is this:
diffuse in all directions by a small amount. thereby reducing the distortion caused by
the noise and vet not damaging the image details too much at the same time. And so.
a multi-directional diffusion was attempted in Fourier Space.

Torkamani-Azar and Tait give a convenient expression for the signal-to-noise ratio
(SNR) that will be used in the thesis {10]:

SNR = :il 2 nlig)” _ ull7
- 2o Yo i) = CENE e = Ul

where [u(i.j)] and [U(i.j)] represent the original and noisy images. respectively. as

(1.8)

m x n matrices and || - || is the Frobenius matrix norm. Ideally. if noise were perfectly
removed from a noisy image. the result would be u = " and SNR is infinite. [n general.
a higher SNR value signifies a better result. rhough visual observation is the trne
measurement. since two matrices may have the same norm and vet appear complerely
different when viewed as images.

Related to the signal-to-noise ratio is another quality measure. called the peak
signal-to-noise ratio (PSNR). which is measured in decibels (dB). The formula for
PSNR is [33. 38]|:

- 255°
PSNR = 10 log,, (.\[SE) . (1.9)

where MSE. mean square error. is

1 o
.\ E _— p e .
[S __n Hu L”F
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[t is believed that a PSNR of 30 dB for a processed image represents an excellent
recovery of the original. However. numerical measures cannot replace visual inspection.
PSNR is calculated and used in a comparison of the new product filter algorithm

method with a wavelet technique (see Chapter 3).



Chapter 2
Tight Frame Wavelets

2.1 Necesary and Sufficient Conditions for Tight
Frame Wavelets

Given f € L*(R?). let f,i(r) denote the scaled and shifted function
Felry =2 f(2r — k). JEZ. keZ? (2.1)
[ts Fourier Transform is
Fl€) =271 R Ef(a71g) = ¢ REf (g) (2.2)
where the last expression defines f, Let L be a finite index set. A system
{eh e eznez: C LH(R?)

is called a tight wavelet frame with frame bound A and ¥ = {v},c- is called a tight

wavelet frame function if

I- 2 D
fle) =5 (fuj cln).  VF e LR, (2.3)

e
1£Z
keZ®

where

(f.g9) = /R f(x)g(r)dr.

»

13
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Recall that a system {L"fk beew ez kez2 C L*(R?) is called an orthonormal wavelet basis
and U = {w!'},er is called an orthonormal wavelet function if the svstem { wfk},eL JEZ kT
is an orthonormal basis for L*(R*). which is equivalent to saying that the svstem
{ L'jk},eL sez kez? 15 a tight wavelet frame with frame bound 1 and [jetl] 2z = | for
fel.

The following theorem. which is essentially Theorem | stated and proved in [20].

gives necessary and sufficient conditions to have a tight wavelet frame in R2.

Theorem 1 Suppose {¢'. 2. . ... b} < L*(R?). then

Hlems = 3 [(Ft)] (2.1)

(43
S

ksZ?

for all f € LHR?) if and only if the functions {t. 2. ... vk} satisfy the following

two equalities:

S =1 wegeR (2.5)
e, ‘
JEL

(&) =0 a.e.§ € R Yq e Z°\(2Z)-. (2.6)

where

€)= 3 O 2 (€ = 2mg).  Z. = NU {0}

e’
JEZ .

and q € Z*\(2Z)* means that at least one component q, is odd.
Any function f € L*(R?) admits the tight wavelet frame expansion

flr) = Z (f- 'i';k) 'i";k(l')-
keZ?

—_—
[V
i
-1
—
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By using the localization of the wavelet frame functions in Fourier Space. one can study

the directions of growth of f (€) by looking at the size of the frame coefficients
{f. l.';k) = (:onst(f. :]'k) (2.3)

This equality follows from Plancherel’s formula. By using the localization of the frame
functions in r-Space. one can localize the singular support of f(r) by varving ¢. ; and
k in (2.8).

An alternate formulation of the problem is by means of a pseudodifferential operator

L

(2:7)?2

Pf(r)y= /Fls.rp(x-f)f(f) d€. (2.9)

The problem is to find a symbol p such that Pf is strongly localized on the singular
support of f and negligible where f is smooth. Pseudodifferential operators with
smooth symbols do not extend the singular support of f: that is. the singular support
of Pf is contained in the singular support of f. In Section 2.8 below. the svmbol will
involve only the matrix Q2 which will be a discretized version of :Z defined by (2.2)
and the values of the shift parameter k in the summation in (2.7) will be determine

indirectly by the singular support of f through the size of |{ f . l;:‘“-,‘k)l.

2.2 Smooth Tight Frame Wavelets

In this section. very general orthogonal box wavelets are smoothed by convolution
with the tensor product of even C™* functions with integral one to produce tight frame
wavelets.

The following notation. which is taken from [7] for n-dimensional wavelets. will be

used in the construction of 2-dimensional tight frame wavelets.

e H = {+1}? is a parametrization of the 1 quadrants in R?. For example. in R2.

(+1.+1). (=1.+1). (—1.—1). and (+1. —1) correspond to the first. second. third.
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and fourth quadrants. respectively.

e For n = (n.m) € H. denote by Q, the unit square Hi:l [0. nx]. where [0. —1]

stands for the interval [—1.0].

o E = {0.1}*\ {(0.0)} is the set of 3 vertices of the 2-dimensional unit square less

the origin.

e For : = (5,.5) € E and n = (. 1) € H. denote the elementwise product by

Loen = (5. Salp)-
e Forz=(s.20) € E.n=(m.1m) € H. and j € Z.. define the square

2 (Ql’l + I, % f]) = {(2”(.1’[ - f[f][).?.”{.[,, -+ f-_)f]-_))) [ (.L'[..L".)) S QU} .

Then let Q, ., be the collection of unit squares that cover 2/ (Q, + :. = 5j) with

overlaps of measure zero. that is.

b

Qjuen == {H[”k(€k —Dmb] = 22(zen) VLS FLE SV L6 E V}
k=1

where [—(€x — 1). —¢] stands for the interval [—f;. —(€;, — 1)].
e Given an indexing set A" and a collection {Qy }ren of subsets of R?. define

Q = {Qr tren and 1{Q) := U Qk-

keR

e Define
TQun={7Q | Q€ Q).n}.

e Let ZE*H¥ denote the set of all functions from E x H to Z...

e For a nonnegative integer V € Z.. let Zy := {0.1...... V} and denote the set of

all functions from £ x H to Zy by Z5*#.
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To state Theorem 2. let 1(t) be a C*(R) function of one variable satisfving

e 1. jt] < L.
J(t) > 0. O(t) = (~t). Jt)dt =1. J(t) = 3
- 0. ;t' Z §,
For a« > 0 and € = (§,.&) € R®. denote
L1 (6
€} — —_—
')"(\)—(Y“H')((y)‘
1=l
Theorem 2 Let j € Z_. : € E and n € H. Fir a positive number o satisfying

0<a<1/2 ForQe Q,.,. define \g(E) by
AQIE) 1= e < \rl€) = [ Den(€ = sl de.
=2
where \q ts the characteristic function of the square =QQ. For p € ZE*" let

Q,:= U Tpicn)cn
s E < H

and

Then ¥ := {vqo }Q g, s a tight wavelet frame function.

Proof. To show that

e el

is a tight wavelet frame function with frame bound 1. it suffices to show that

e = > - (@), 01

Qeg,
JEZ
kez*
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for all f € L*(R?). By Theorem 1. this is equivalent to showing that equalities (2.3)
and (2.6) hold.

Since

U 2zQ =R:\{o}.

then 7,(§) > 0 for £ # 0. This shows that the IZE(S ) are well-defined. because 0 ¢

supp v'q. Therefore. the dvadic scale independence of r,. namely.

:

J(2E) =), jEL.

implies the first equality:

Dl =57 Y NP =L e R\{o}.

QeQ, Q<g,

JEZ =z

For Q € 65,‘, and 0 < o« < /2. supp L’; is contained in a 27a/3-neighbourhood of Q.

and this implies that

—

QP2 (E =2mq)) =0, j€Z.. q € Z\(2Z) .

-~

since the supports do not overlap. T

The points (:.n) € E x H can be thought of as rough directions of analvticitv. Bv
choosing p so that p(z. n) is large. that is. by taking the set 2" (Q, + z. x n) to be a
large square. the Fourier Transform of each function g for Q € Q. ..., has support
contained in a square 27Q € 27 Q. ..., Wwhich subtends a very small angle as viewed

from the origin (see Fig. 2.1).

Remark 1 Given an annular ring or shell of functions surrounding the origin and
whose dyadic dilations cover R? \ {0}. there is a ring whose functions have sufficiently

small support so that a shift by 2z in any direction will result in non-overlap with the
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2 24(Q, +€.#m)
n=(-L+1) n=(+l.+1)
e=(0.1) e=(L.1)
2rQ

0 \Q £=(1.0)

2r(Q, + £.*11)

n=(=l—=1 n=(+l-0
Figure 2.1: An example of Q,.

unshifted function and hence equality (2.6) is satisfied. Thus we obtain a tight wavelet

rame by Theorem 2 and if equality (2.5) holds. then the frame bound is equal to I.
] q

2.3 Multiresolution Analysis for Wavelets with Box
Fourier Transforms

This section is concerned with the two-dimensional generalization of Examples [ and
K on pages 386 and 390. respectively. of [29].
Define the classical Hardy Spaces H*(R.) by

HR.) = {f € L*(R) | f(&) =0 aa. £<(2)0}.

In these examples. a wavelet function ¢_ and a scaling function o_ for orthonormal

wavelets of H*(R. ) are defined by

-~ ~

U~ = X[2z.47i- D+ = X[o.2x]-

From the two-scale relation

0+ (26) = my ()0 (€)
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it is found that the corresponding lowpass filter is

mo(€) = \o.ri(E) = 0. (2€)

on [0.27). and extended 2x-periodically. From the two-scale relation

it is found that the corresponding highpass filter is

-~

my(&) = e Smy(€ + 7) = e (26)

on [0.27). and extended 27-periodically.
By the same argument. there are a wavelet function v'_ and a scaling function o_

for orthonormal wavelets of H*(R_). Since
L(R) = H*(R.) = H*(R_).

{r—.e_} and {o..0_} can be regarded as multiwavelet functions and multiscaling
functions. respectively. of L*(R).

For the two-dimensional case. we can take the tensor product of multiresolution
analyses for one-dimensional multiwavelets. Then the four multiscaling functions o'.

o’. 0. o' are defined by

0'(£1.6) == 0-(£1)0-(&) f;"(f[-sz)~= (;—(sl)‘;-(f.z)
0} (&1.6) == 8—(51)‘;—(5.)- 0ME1. &)= 0_(£1)D_(E).

To each muitiscaling function. there correspond three multiwavelet functions. These
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12 multiwavelet functions . F = 1.2... .. 12. are defined byv

CHEL &) = ()0 (). CHELE) = e (E)w(E).

CELE) = _(E) (&), CH(EL&) = e (E1)0x ().

—_ - - - - ~
& &) = e (& )o(&). (€. 8) = e (&) (&),
-9 — o N e ;"
(&1L &) = o (&) _(&). (6. &) = 0 (&) e (&).
o — o 2 c— -
(& &) = e (&) - (&) (& S) = o (§1)o(&).

Four square annuli. each made of 12 wavelets with box Fourier Transform rjf are shown
in Fig. 2.2, with artificially added spacing around boxes for immediate visual perception
of the boxes. The three families in quadrant e (o« = 1.2.3.4). can be generated by the
corresponding scaling function o". The scaling function satisties the identity

< 3
'(D:I(EH‘.’ - Z Z !L":‘("_“‘J(‘Z'}s)lz»

1=t 4=t

[n cthis case. since the ¢’ are characteristic functions of disjoint sets. the squares and
absolute values may be removed to get
< 3
N “Ha—1)~3 .
o™ (&) = E E eHem=3(218),
=1 3=1
[t follows that each 0® (a = [.2.3.4). being the characteristic function of one of the

four central squares in Fig. 2.2 satisfies the two-scale equation

0%(2€) = mg(€)o*(€) (2.10)
with lowpass filter
> 3
mg(€) = 0%(26) = DY M TITNDE) = 0006 (2:11)
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on [0.27) x [0.27). and extended (27 x 27)-periodically. Then each wavelet vf. ¢ =

3(a — 1) + 3. where a = 1.2.3. 4. and .3 = 1.2.3. satisfies the two-scale equation
c!(26) = mf(€)0"(€) (2.12)
with highpass filter
mi(€) = ¢(26) = yupp it (§) (2.13)
on [0.27) x [0.27). and extended (27 x 27)-periodically.

NS
wl

A
\yi"

Figure 2.2: Twelve orthonormal wavelets {Lj} in Fourier Space.

Because of the form of the two-scale equations (2.10) and (2.12). and the lowpass
and highpass filters (2.11) and (2.13). which are the periodized characteristic functions
of the supports of 5"(25 ) and t:"'(?.f ). respectively. a multiwavelet multiresolution anal-
vsis could be generated by one scaling function consisting of the characteristic function

of the central square made of the four central squares in Fig. 2.2
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Similarly. one can use 12 scaling functions of the form
x<
~t “F s
o (§) = E LH(2€).
with the two-scale relation
(R ¢ ¢
@ (2) = my(§)o°(§)

and lowpass filter

mg(€) = o (26) = H(2/€) = vuppean (€)

1=

[

on [0.27) x [0.2x7). and extended (27 x 27)-periodically. The wavelet ¢! satisfies the
two-scale equation

Iy — mf(Cyaf(c

L (28) = mi(&)o’(§)

with highpass filter

[4 HEy ~Ex) TF . £ =€
mi(§) = TR (2E) = SRy (E)

on {0.27) x [0.27). and extended (27 x 27 )-periodically.

[n the terminology of image processing. these are infinite impulse response filters.

2.4 Painless Smooth Tight Frame Wavelets

The argument in this section is in the spirit of the one-dimensional tight frames given
in [28]. which are themselves taken from [16].

Let Qo be the square [~x. 5] x [—7. 7] centered at the origin and consider a “square
annulus™ made of the 12 squares. Q,..... Q2. with sides of length 7 surrounding Q.
similar to what is shown in Fig. 2.4.

Let = be given such that 0 < = < =/2. and let Q, be an enlarged version of the square

Q¢ by at most a band of width = along each side. For example. for Q, = [7.2x7] x [0. =].



CHAPTER 2. TIGHT FRAME WAVELETS 26

Let g, € L*(R?) be such that:
e 7, is continuous.
® ¢, is supported in Q,.
e 3, is nonzero in the interior of Q,. and
e 7, is identically [ on Q,.

Define
12 x
GE =) > @279r. ferR. (2.14)

=l j=~-x

For any given point £. there are only finitelv many nonzero terms in the series in
equation (2.14). Since each g, is bounded. then G is bounded above. For anyv given
point § # 0. there is at least one term in equation (2.14) such that 27/€ lies in some
Q¢. Hence G(€) > 1 except at rhe origin. where it is zero.

Define the functions

l:i(f') - ge(S) ) =1 12, (2.15)
VG(E)
[t is clear that :;,(E) is in L*(R*). For each point £ # 0 we have
12 < "
Yo wrerPE =1 (2.16)
=1 j=—-x

since G is invariant under dyvadic scaling. (Note that this remains true even when G(¢)
is unbounded.)

For k& € Z2. the functions
1 —t&-k 2 9 1=
Ck(f):;ﬁ . fER. (.)..].t)

form an orthonormal basis for L?([0.27]2). The fact that Q, is contained in a square

with sides of length 27 will be used below.
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As in (2.1). define the functions
Clale) =20 (Dr—k).  jEZ. keZ: f=1....12 (2.18)
Applyving the Fourier Transform
g(&) = /g(r) e dr. (2.19)
to (2.18). we obtain
€)= 27 e (277€) 2w (2706, (2.20)

Although it follows from Theorem 2 that the {u'fk} form a tight frame with frame

bound L. an independent proof is given. For f € L*(R?). by Plancherel’s theorem

o i -~ ~ Y
E i(f- '»"f.k>|' = —_('_’ﬁ)“ E I(f- ‘—';.L-)l'
keZ? kez?

)

P
|/f5 (2IE) e ((277€) de|

- /lf(s 2T dE.

( 7‘)
where the last equality follows from the fact that r?‘(?.”f ) is supported in 2JQ,
{ex(271€)} is an orthonormal basis for L*( ”Q ).
Consequentlv
1 12 x N ,
> Y Tl ey ¥ [iferdeor
=i j=—c keZ? = =l j=—-x
12 x
L ry ) -~ - )
=5 .,/if(f)l' ( > et fs)|-) dg
= ) F=l j=—-x
= oz [ 1)
(2= J
= 1 fllz2ze

Thus. the functions
e
{v 1k biezkezre=1.12

form a tight wavelet frame for L?(R?) with frame bound 1.

and
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2.5 A Ring of 12 Tapered Frame Wavelets

In this section. tight frame wavelets with scaling function in the sense of Mallat [33].
p- 83. satisfving (1.1) identically are constructed. This fact accelerates computation in
the construction of the frame. In view of the numerical implementation in Section 2.8.
it will be more convenient to consider squares with sides of length 1/2 instead of length
7 and use definition (1.3) of the Fourier Transform.

Taper functions of one variable must be defined. Partition the time axis with points
{a,} (a; < a,.) into intervals. such that the jth interval is [a,.a,.,] and has length
L, = a,., — a,. Around each endpoint of an interval. say «,. allow a transition region
a, = z,.a, + z,] of width 2z,: in this region. the window function h,(t) over interval
rises smoothly from 0 to 1. and the window function b,_;(t) over interval j — I decreases
smoothly from 1 to 0. The window or bell function. b,(¢t). is nonzero for ¢ in the region
(¢ ~z,.a,y+ 7, )anditis L for tin [a, + =,.a,., — z,.4]. The window functions
over two adjacent intervals overlap in the transition region.

A window function. h,(t). has the following properties:

(1) 0 < b(t) < 1 forall t and

Lifa, +z, <t<a,_;—=z,.
h](t)z ) ] ) =+t = %-1 -1
Oift<a,-z,ort>a, +:,.,

where 5, > 0and =, +:,_;, < L:
(ii) bj(a; +t) +b}(a, —t)y = 1if |t < =
(iii) bj(a; +t) =b;_(a, —t) if |t| < =

2.

Condition (i) says that the window functions are simply smoothed versions of the

rectangular window and b, can be specified if it is known in the transition regions
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@, — z,.a; + =)} and [a;+) — 7,-1.a;+1 + z,-1]- So only the window function in the
transition regions needs to be considered and it is referred to as a taper function.

Without any loss of generality. consider a taper function b(t) over the transition
region [0. 1], that is, 2=, = | and e, = 0.5. since a taper function in an arbitrary region
[a, — =,.a, + z,] can be obtained by a simple change of variables b((t — (a, —=,))/2=)).
Condition (ii) is

b2(t) +b*(1 —t) = 1.

Condition (iii) involves adjacent windows. [t says that the two adjacent windows in
the overlapping region are symmetric about the endpoint a. In other words. the tail
end of the window j — 1 is the reflection of the beginning of the window ;.

Figure 2.3 (left) shows three tapered characteristic functions: (a) of the interval
[0. 1] with transition width 1/2 at both ends. (b) of the interval [1.2| with transition
widths 1/2 at the left end and 1 at the right end. and (c) of the interval [2. 4] with
transition widths 1 at the left end and 2 at the right end. It is seen in Fig. 2.3 (right)
that the square root of the sum of the square of these three functions is one over the
overlapping tapered parts.

1.0y 1.0y
0.5} / K >< \ 05t / \
4 0 1 2 3 % 5 0

6 -1 I 2 3 4 5 6

Figure 2.3: Left: three overlapping tapered characteristic functions: right: square root
of sum of squares of the three functions.

Taper functions of two variables are defined by the tensor product of two taper

functions of one variable.
b(s.t) = by(s)ba(t).

The tapered characteristic functions of the 12 squares of side 1/2 of ring R[%. shown in

Fig. 2.4. have transition widths 1< on the outside edges and 2= on all the other edges.
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Similarly. the three squares of side 1 of the second ring R!'. in the first quadrant.
produced by dilation by 2. have transition widths 8¢ on the three outside edges and 4=

on the remaining edges.

............

Figure 2.4: Twelve squares with sides of length 1/2 of ring R®. 3 squares with sides
of length 1 of ring R!! and | square with sides of length 2 of ring R in the first
quadrant.

[n general. the ring RYi. parametrized by j € Z. is the support of tapered charac-

teristic functions

(€)= (2¢). =12 ...L.

where the Fourier Transform is defined by (1.3). For fixed j. the only rings that intersect
with RUI are RU-Y and RU~!. Given one ring RU!. the other rings are simply obtained
by dilation.

To prove identity (1.1). only points where two. three and four tapered wavelet
frame functions overlap need to be checked. Identity (1.1) at an arbitary point £ in
the intersection of the four tapered parts of Z‘f and 12-5 (€ = 1.2.3) will be checked.
Since tapering is of the same width for all four transition regions. it is obtained by the
same tapering function b. Denote by [h. rh. bv and tv the left and right horizontal

distances and bottom and top vertical distances. respectively, from the beginning of
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the tapering. Then. proceeding counter-clockwise from the top right corner of frame

-~

L.

—le

BA(LR)B* (b)) + B2 (be)b?(rh) + B2 (rh)b*(te) + b*(te)b2(Lh)
= b (be)[b*(Lh) + b2 (rh)] + b (te)[b*(rh) + b*(Lh)]
= b*(ln:) + b*(tr)
=l
The treatment of smooth frames for H*(R) given in Section 8.4 of [29] is generalized
to two dimensions to show thar the ¢/, form a tight wavelet frame with frame bound
L for L*(R?).
[f0 <z < 1/2 the system {¢!;}. j € Z and k € Z*. is a wavelet frame for L*(R?).

For f € L*(R?). Plancherel’s theorem is used to obtain

I ry A ey —da2—t :
D ful =3 [ ez Famg e

keZ? keT?
= [ Ferizere e
where the last equality follows from the fact that c*( 27J€) is supported in 'ZJQ, and

{e=21277k€} is an orthonormal basis for L2(2/Q),). Consequently.

2 2 x
P BDBITASHIED B S AVETICENTNE

f=1 j=- keZ? Pl
=/if(f)|2 ( 3 i [E‘(Q-;f)lz) dE
(=1 j=-x
= / | f(&)[*de
= | fll2ze)-

The tapered characteristic function 5(6) of the unit square inside ring R®. with

transition width 2¢ is a scaling function. It satisfies the two-scale relation

0(26) = my(£)o(€)
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with lowpass filter
mo(€) = o(2€)

on [—1/2.1/2) x [=1/2.1/2). and extended (1 x 1)-periodicallv. The function (;(E)

satisfies the identity
x

12
(&) =Y et

=1 =1

The wavelet ¢ satisfies the two-scale equation

-~

C(26) = mf(€)o(€).
The highpass filter is a partially tapered characteristic function of the form
m{(f) = b1 (£1)b2(&2)

on [—1/2.z + 1/2) x [—1/2.1/2). and extended (1 x l)-periodically. where b,(£) is
the characteristic function ;. ;.. 2(&;). tapered at the left end with taper region of
length =. and b.(&,) is the characteristic function Y1 4.1/4(&2). tapered at both ends
with taper region of length :=.

Finer angular localization in Fourier Space is achieved by rings of 48 wavelet frame
functions by dividing each of the previous 12 squares into four squares as shown in
Fig. 2.5. These functions are tapered and have transition widths 4z on the outside

edges and 2= on all the other edges. [t is easy to see that identity (1.1) is satisfied.

2.6 Pseudo-multiresolution of Polar Frame Wavelets

Polar rings offer an arbitrary number of angular resolutions. A first ring with a few
angular functions and part of the second ring are shown in Fig. 2.6. [t is to be noticed
that the radial interval is of the form [r. 2r]. Radial wavelets are defined by their Fourier

Transforms as characteristic functions over each set. If the plane is totally covered bv
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Figure 2.5: Ring of 48 wavelet frame functions in Fourier Space.

L nonoverlapping wedges. the L familv of wavelets {urf‘k}. with £ =1..... L.jeZ.
and k € Z* form an orthonormal basis of L?(R?). This basis is generated bv a

multiresolution analysis with scaling functions defined as in the case of box wavelets.

-
N>

19
R

Figure 2.6: Polar frame in Fourier Space.

To have better localization in the r-Space. these functions are tapered with width
2z on the inside arcs. width 4z on the outside arcs and width =s. r < 5 < 2r. on the
straight edges. Provided = is sufficiently small so that tapering overlaps are restricted
to immediately adjacent regions. it will be shown below that identity (1.1) is satisfied.

By taking a ring sufficiently close to the origin. Remark 1 implies that polar rings form
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a tight frame with frame bound 1.

Polar frame wavelets which are almost orthogonal can be associated with a pseudo-
multiresolution analysis. In fact. the wavelets ¢! with Fourier Transform o’ covering
the ¢th tapered wedge can be generated by a scaling function of. The scaling function

satisfies the identity
x<
N 2 T 2
DO =12
=1
[t follows that of satisfies the two-scale equation
NS ¢ !
o' (28) = my(§)o*(§)

with lowpass filter

on a square with sides of length 27 containing the support of of(2€). and extended

(27 x 2x)-periodically. The wavelet «f satisfies the two-scale equation
IR Lieyat
e (28) = my(§)o’(§)

with highpass filter
M) = \upp ger2n (€)

on a square with sides of length 2% containing the support of l;t( 2€). and extended
(27 x 27)-periodically. The scaling functions and wavelets with adjoining support are
not mutually orthogonal. Thus it is only a pseudo-multiresolution analysis (pseudo-
MRA). In the terminology of image processing. these are infinite impulse response
filters.

The conception of polar frame wavelets is much simplified by using polar coordinates

(r.8) in Fourier Space instead of the Cartesian coordinates (£,.&,). The inverse and
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direct transformations are

£ =rcoséf. & =rsinf
and
&2
r= \/Sf + £5. # = arctan (C—')
$1

with the appropriate branches of arctan. With the direct transformation. the radial

frame wavelets are supported in the semi-infinite strip

0<§<27

0<r<x.
=

(2m-periodic in #). The strip is divided into rectangles with vertical sides at r

J € Z and horizontal sides at

l)=9()<f)1<"'<f)’<..

= 2.

<A =2

Tapering of characteristic functions of each rectangle is now quite easy. Tapering is
done along vertical sides with taper regions of length 2/ at r = 2 and along horizonral

sides with taper regions of length 2z, with =, = z; at # = ;. [t is then clear that the

identity (1.1) is satisfied.
The frame wavelets of any horizontal strip can be obtained from a pseudo-MRA

The scaling function of(r.#) satisfies the identity
x<

" (r.o)* =3 |ef(2r 8)2

1=t

[t follows that of satisfies the two-scale equation

o' (2r.0) = m(r.0)0"(r.9)

with lowpass filter
(r.6)

x
mi(r.0) = o (2r.0) = Z ei(27r.0) = Xsupp ot (2-)

=2
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on [0.1) x [0.27). and extended (1 x 27)-periodicallv. The wavelet vt satisfies the
two-scale equation

(2r.8) = m' (r.8)0%(r.8)

with highpass filter

mi(r.0) = X4 -€) F(2r gy = | [(r.8)

supp wi(2-

on [0.1) x [0.27). and extended (1 x 27)-periodically.
An almost orthogonal multiresolution analysis can also be obtained by one scaling

function o(r.#) which is a tapered characteristic function of the rectangle

N<r< <.

o] r—
N
>
A\
| R
=

corresponding to a disk with centre at the origin in r-Space. This function satisfies rhe
two-scale relation

o(2r.0) = mo(r.0)o(r. ).

where

mo(r.0) = o(2r.8)

on0<r<1.0<8 < 27 and extended (1 x 2x)-periodically. The wavelet ¢(r.#)

satisfies the two-scale relation
H(2r.0) = m'(r.0)o(r.0)
where
mi(r.0) = by (r)b5(8)

on 0 <r <1 6 <8 < 8., and extended (1 x 27)-periodically. Here b,(r) is the
characteristic function Yji/1.~1,2(r). tapered at the left end with taper region of length

=. and b4(8) is the characteristic funtion X[0,.8...;(0)- tapered at the left and right ends



CHAPTER 2. TIGHT FRAME WAVELETS 37

with taper regions of lengths =, and z,_,. respectively. In the Cartesian &-plane. this
scaling function corresponds to a scaling function whose support is a disk centered at

the origin and with radius = + 1/2.

2.7 General Construction of Pseudo-multiresolution
Analyses

Given a ring of functions ©**(€) as described in Remark 1. define the function o(&) by
g

the identity
x L
|(v)( C E E )J C

The function o(§) with support in the region inside this ring is a scaling function with

low pass filter (;(25) extended periodically. The highpass filter m,(£) is the function
me(€) = 0 (2€) /o(€)
restricted to the support of o 2€) and extended periodically. This follows from the
facts that
supp L:I(Qf) C supp 5(6)

and 5(5 ) does not vanish on the support of supp et 28).

2.8 A Numerical Implementation of the Localiza-
tion Method

Two-dimensional bell functions are produced by the Mathematica Wavelet Explorer by
tapering characteristics functions over the unit square with tapering width 1/8 and 1/4
as appropriate to form the first ring of 12 functions. Tapering was done by iterating

the sine function twice to get

b(t) = sin ( 3 sin? (5 sin? (5¢) ))
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with the option Taper -> {Trig[2],epsilon}. It is easy to see that
b(t)> +b(1 —t)* =1. telo.1],

by noting that sin((7/2)(1 — #}) = cos((7/2)t) and repeated use of the identity cos® t =
l — sin®¢.

Six larger rings are produced by scaling the functions of the first ring. A tapered
scaling function is produced from the characteristic function of the central square with
sides of length 2 with tapering width 1/8. The support of these functions is a square
with centre at the origin and sides of length 287.

These functions are evaluated in the form of tables by Mathematica and exported

to MATLAB in the form of matrices:

Qoo QL . QF QL .. QR

By construction. the 87 x 87 matrix Q2 has lower left and upper right elements in
position (87.201) and (L.287). The application. therefore. will involve a matrix of size
287 x 287.

A barely visible singularity along the diagonal segment S = (40.40) — (80.80) of
a 287 x 287 matrix is introduced in the top left corner of the 256 x 256 matrix of
the Barbara image. producing image f shown in Fig. 2.7. The singularity consists
of a Hanning filter. defined by the MATLAB command w=han(n) from the following

equation

u:(k-+—1)=0.5(l——cos(2ﬁ kl))' k=0..... n— 1.
n—

along the diagonal segment (40.40) — (60.60). This function is tapered in the south-
west direction. producing a surface S,. followed by the negative of this surface along

the diagonal segment (60.60) — (80.80). producing a surface S,. These surfaces are



CHAPTER 2. TIGHT FRAME WAVELETS 39

combined in the form

S = 128(S, — S») + 128.

The integral of the singularity is zero so that its Discrete Fourier Transform will have
zero constant term. Moreover. a smooth circular Gaussian surface centered at (60. 60)

of the form

G = 100  ~0-005((r—60)* ~(5—60)*!

is added to the scarred Barbara image. producing an image f.
The Discrete Fourier Transform F of f is fltered by means of the top right frame.
Q2. of the seventh ring to recover the singularity and eliminate the smooth part of the

image. Write k = (k;. k;). Let the (/. n) element of the matrix of exponentials £, be
(Ex)mn = (Ek, k))mn = e 727 ta=-(kik) /287 (2.21)
Discretizing the scalar product (2.8).
(f. 2.

gives the matrix C = () of frame coefficients

287

k=Y (FxEe«Qimn). ki=k=1.... 287. (2.2:

m.n=1

[V
[V
19
p

where .+ denotes componentwise matrix multiplication. Note that Q? is a real matrix.
The plot of the absolute value of the entries of C shown in Fig. 2.8 clearly indicates
the dominance of the location of the singularity of the image f.

Discretizing the Fourier Transform of the partial sum in (2.7).

S0

D (Fed) w8

ki =k2=10
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the matrix 1} = (wy) of the Discrete Fourier Transform of the filtered image is obtained.

with entries

R0
wy = ( Z Conyomy E—my oy - *(gg) . (2.23)
k

my =10

where summation is over the diagonal segment S. The image of W™ is shown in Fig. 2.9.
The Inverse Discrete Fourier Transform of ¥V is shown in Fig. 2.10. Since the
Fourier Transform of the smooth component of the image is localized mainly near the
origin and the Fourier Transform of the singularity consists mainly of details with high
frequency. the properly modulated matrix filter Q2 picks up only the singularity.

Quantization in Fourier Space of the Fast Fourier Transform (FFT) of the image by
slices of width 1024 does not affect the results and could be used in reducing compurer
time and size of storage.

Another example consists in locating singularities and their directions in the zigzag
image shown in Fig. 2.11. The frame l;¥.k(f ). with support in the top right corner.
picks up the singularities across segments parallel to the main diagonal. The plor of
the frame coefficients given by (2.22) is shown in Fig. 2.12. The singularities across
segments parallel to the secondary diagonal are similarly picked up by the frame LA",:’_L.(S )
with support in the top left corner.

[n Fig. 2.13. a random noise of intensity 30 has been added to the zigzag figure of
intensity 100 (see Fig. 2.11). (Random noise is described in Chapter 4.) The presence
of the noise did not prevent the singularities from being picked up by the frame E;_k(f ).
as shown in Fig. 2.14.

As a numerical application of the smooth polar frame wavelets. a circle of thickness
2 pixels with centre at the origin and radius 50 in r-Space. shown in Fig. 2.13. is
localized by a tapered annulus with inner and outer diameters 14 and 287. respectively.

in a 287 x 287 matrix. The figure of frame coefficients (2.22) for the given circle is
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Figure 2.7: Barbara image with added singularity S and Gaussian surface in the top
left of the image.
shown in Fig. 2.16.

These examples demonstrate that these frame wavelets are successful at localizing
the singularities in images. Hence. they could be used to restore images that have
been damaged by a singularity (an error in transmission. for example). by localizing

the singularity in Fourier Space so that it may be removed from the image.
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L S

Figure 2.8: Location of the image singularity determined bv the frame coefficients
(2.22). On a scale from 0 to 1. black is 1 and white is 0. The 2-pixel wide black frame
is to delimit the figure.

Figure 2.9: Location of the Fourier Transform of the image singularitv determined by
filtering (2.23). On a scale from 0 to 1. black is 1 and white is 0. The 2-pixel wide
black frame is to delimit the figure.
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Figure 2.10: Location of the image singularity determined by filtering (2.23). On a
scale from 0 to L. black is 1 and white is 0. The 2-pixel wide black frame is to delimit

the figure.
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Figure 2.11: The zigzag image. On a scale from 0 to 1. black is 1 and white is 0. The
2-pixel wide black frame is to delimit the figure.
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Figure 2.12: Location of the image singularity determined by the frame coefficients
(2.22). On a scale from 0 to 1. black is | and white is 0. The 2-pixel wide black frame
is to delimit the figure.

Figure 2.13: The zigzag image with random noise half the intensity of the zigzag curve.
On a scale from 0 to 1. black is 1 and white is 0. The 2-pixel wide black frame is to
delimit the figure.
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Figure 2.14: Location of the noisy zigzag image singularity determined by the frame
coefficients (2.22). On a scale from 0 to L. black is I and white is 0. The 2-pixel wide
black frame is to delimit the figure.

Figure 2.15: Circle of radius 50 in r-Space. On a scale from 0 to L. black is 1 and white
is 0. The 2-pixel wide black frame is to delimit the figure.
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Figure 2.16: Location of the circle image singularity determined by the frame coeffi-
cients (2.22). On a scale from 0 to 1. black is 1 and white is 0. The 2-pixel wide black
frame is to delimit the figure.



Chapter 3
The Product Filter

The diffusion equation.
e = Uy py + Upyp,. (3.1)

is of great use in image processing. [t has been used to reduce noise in many schemes 1.
2. 3. 4. 5. 6. 11. 13. 14, 34 35. 40. 43|. The direct application of the equation (by
discretizing to a difference equation. for example) to a noisy image will diffuse the
noise and smooth the image but may distort edges and details if too much smoothing
is allowed. So then. there is a trade-off when applying the simple partial differential
equation above - if diffusion is minimal. the noise may remain as a significant distortion
to the image: if the diffusion is too strong and the image is smoothed significantly. then
details may be lost.

The new alternative proposed is to diffuse minimally. but in many directions. In
other words. allow diffusion to proceed without any restrictions with regards to position
in the image or the nature of the point (be it a noisv point or an edge point). The
more complex schemes discussed in Chapter 1 attempt to preserve edges by minimizing
diffusion (or running it backwards in time) in their vicinity and to smooth noise bv
diffusing more around noisy points. In order to do this. of course. the edge points must

be distinguished from the noisy points (tvpically this involves gradient evaluations).

47
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It is this identification of points in the image that requires the tvpes of PDE’s seen
in Chapter 1. [t was believed that if diffusion were allowed to proceed minimally. but
in many directions at once. the diffusion would be strong enough to smooth some of
the noise. but not so strong as to ruin image details. A new. simpler method of using
the diffusion equation to de-noise images uses a matrix filter that applies the diffusion
equation in many directions. No assumptions are made about the nature of the noise
or the properties of the image in this new method. with the idea then being to develop
a method that would work reasonably well for any image and any type of noise.

To apply the diffusion equation in a specific direction. a change of variable is re-
quired. Diffusion in the r,-direction is governed by 1, = u, .. in the rj-direction by
y = tr,p,. Lo diffuse in the direction of a line that makes an angle of # with the

Ip-axis. the governing equation would be:
. - . ')
1w, = cos” # e oy, —2sinfcosBu, ., +sin~Qu,,,,.
The two-dimensional Fourier Transform of the function u(.r,..r,) is:
o x
-~ -i{€ & r
u(&1. &) = Flulr,. 1)} =/ / w(ry. ry) e MS5 T8 ) g,
-3 -
The Fourier Transform of the PDE would be:

-~ ’ M -~ - — - - -y —-—
n, = —ff cos" @i —2£ & sinfcosfa —~ E.;’sm'ﬁ)u
> . o e oot
= ~—[&cos’H +2£ & sinfcosh + & sin’ 4] it
- “} o~
= —[& cosl + &sinb]*u.
The equation is easily solved in Fourier Space. The solution would then be

(€. E2.t) = A& &2.0) exp(—[€, cos O + & sin 6] ¢).

Also. application of the PDE to an image in Fourier Space would require multipli-

cations. as compared to the finite differences required in r-Space. (See Chapter 6 on
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third-order PDE’s for examples of the difference equations required to apply a PDE
directly to an image.)
Now. if diffusion were to be applied in many directions at once. specified by angles

f). the PDE would be:
e = E [cos® Oy 1y, + 25in 6y coS Ok tp,p, + Sin” Oy 1y, ]
k

Or. in Fourier Space:

;Z' = —( E {fl cos O -:-f;»sin()d"’)fl.
k

which would have solution
(€. Ea ) = (€. 55.0) exp(—- Z[&l cos By + & sin Oy ]? t) .
k

So. if the initial condition. i(&,.£,.0). is taken to be the Fourier Transform of a
noisy image. i.e.

w(€;.&2.0) = F{I(ry.ra) + N(r.12)}.

then applyving the multi-directional PDE in Fourier Space reduces to matrix multipli-
cation with an appropriately chosen value of £. as will be explained below.

The Fourier Transform of an image. which is represented by a matrix. say of size
m x n. will also be an image of the same dimensions. and hence also represented by an
m x n matrix in MATLAB. The origin of the &, &, coordinate system in Fourier Space

will be at the centre of the image matrix. more explicitly at position
((m+1)/2.(n+1)/2)

(which is the exact centre if both m and n are odd). with the £;-axis running down-
wards and the &-axis to the right (this corresponds to the matrix coordinate svstem

of MATLAB). And so. the (&;.%,) coordinates of matrix element (i. j) are

(§1:8&2) = (e = (m +1)/2.j ~ (n+1)/2).
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The algorithm to apply this multi-directional diffusion equation proceeds in the
following manner. The number of directions. p. is chosen (typically 256 - the choice
of this number is explained below). Then there will be p angles {6, |0 < k < p — 1}.
where

b =0. 6, =x/p. 0y =2x/p. .... 8,y =(p— L)7/p.

For each f;. a martrix with (.. j) elements
(i = (m+1/2)cosb ~ (j — (n+ 1)/2) sin b

is generated. These matrices are summed to produce a matrix with elements

p—1

Dl = (m+ 1)/2) cos b + (j — (n + 1)/2) sin 6 ]*.

k=0
This matrix is multiplied by the chosen value of t (tvpicallv of the order of 10™*. as
will be explained below). normalized by dividing by p. the number of directions and

negated. This resulting matrix is exponentiated elementwise to produce the matrix

with elements
p—1
exp(— Z[(i —(m+1)/2)cosby +(j — (n + L)/‘Z)sinﬂk]'“’ t/p).
k=0
This final matrix is then the product filter matrix for the algorithm.

The Fast Fourier Transform (FFT) (using MATLAB's ££t2 function) of the noisv
imege is multiplied elementwise by this filter matrix and the [nverse Fourier Transform
(MATLAB's ifft2) is calculated to produce the smoothed (reduced-noise) image. f£t2
computes the two-dimensional FFT by composing the FFT algorithm with itself. The
FFT of each column of the image matrix is calculated. where the kth component of

the FFT of a vector x of length .V is

N
X(k) = Z £(j) e TmU—Dk=1/N¥
J=1
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and then the FFT is taken across the rows of the results. Function fftshift is used
to move the DC to the centre of the matrix (where it should be for an image). ifft2

takes the two-dimensional Inverse Fast Fourier Transform (IFFT). where

v
Ll g Sl Lm0 —U)k—1)/N
.L‘(J)—Tkz_:l.\(k)t’ )



Chapter 4

Properties of the Product Filter

To test the diffusivity of the product filter with respect to the values of the parameter
t and the number of directions p. an image of size 256 x 256 was generated that was
all zeros. except for a central element (129.129). that was set to be 100. The filter
was applied to this image for various values of ¢ (0.00001. 0.0001 and 0.001) and p (L.
2. 4. 8. 16. 32, 64. 128. 256 and 512). The maximum intensity value of the processed
image was found and used as a measure of the strength of the diffusion. The results
are presented in Figure 4.1. [t can be seen from the graph of the results. that when
t = 0.00001. diffusion is minimal (as the maximum value is high) for all values of p. For
t = 0.001. diffusion is strong (the maximum value is low). When ¢ = 0.0001. diffusion
is moderate. [t will be seen below that ¢ of the order of 10~ is most useful. For all
three values of ¢. the general shape of the curve is the same. There is a strong change
between p = 1 and p = 8 and then the curve levels off. p = 256 occurs in this region
of levelling off and was chosen as a good compromise between having a large enough
value to smooth in many directions versus a small enough value to make the calculations
relatively quick. (A discussion of the calculation times required is presented below.) It
should be noted that there will be thousands of possible directions in an image of size

256 x 256 (or larger). when all possible lines through the centre of the image and each

1]
o
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pixel are considered.

Figures 4.2 to 4.5 show the results of the new algorithm applied to the Barbara.
Cameraman. Moon and Saturn images. I[n all cases. the noise was random noise of the
form 50rand(m.n) — 25 rand(/mn. n) and there were p = 256 directions. In MATLAB.
rand(m,n) generates a matrix of size m x n where all values are random numbers
between 0 and 1 with a uniform distribution (i.e. all values are equally likely). This
matrix is multiplied by a constant in order to produce the random noise matrix to aded
to an image. Gaussian and salt and pepper noises are discussed below. Table 4.1 gives

some statistical properties for tvpical random noises used.

Table 4.1: The statistical properties of the tyvpical random noises used.

type of random noise mean | std deviation | minimum | maximum |

30 rand(m. n) 25.0530 11.46 2.64 x 107" | 19.9991
50rand(m.n) — 25 rand(m.n) | 12.3317 16.16 —24.8127 49.9572
100 rand(m. n) 30.0299 28.92 8.39 x 107* | 99.9984

100 rand(m. n) — 50 rand(m.n) | 25.0988 32.19 | —149.8361 99.8818

Figures 1.2 to 4.5 show the results for £ = 0.00001. 0.0001. 0.001 and 0.01. For all
four images. it can be seen that with ¢t = 0.00001. the algorithm does virtuallv nothing.
while for ¢t = 0.01. there is far too much smoothing. The signal-to-noise ratios (SNR s}
are given in Table 4.2. More detailed studies. both quantitative and visual. of the effect
of the value of t are presented below.

The quantitative study of the value of the t parameter proceeded in the following
manner. Two images. a constant and Barbara. were subjected to both random and
Gaussian noise and the product filter was applied with several values of ¢ and two
values of p. The ratio of the SNR of the processed image to the SNR of the noisv

image was calculated. The results are shown in Figures 4.6 to 1.9.

Since Barbara is a 256 x 256 image with mean intensity 118.8125. the constant
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Table 1.2: Signal-to-noise ratios (SNR's) for the new product filter algorithm applied
to the four images. Formula (1.8) for SNR is given in Chapter 1.

Figure [mage Sub-image t SNR
1.2 Barbara (b) - 40.0945
(c) 0.00001 | 42.7242

(1) 0.0001 | 51.5011

(e) 0.001 | 26.2457

(f) 0.01 | 19.1867

4.3 Cameraman (b) - 43.2793
() 0.00001 | 46.3497

5 (d) 0.0001 | 63.1046

g (e) 0.001 | 45.1310

g () 0.01 | 22.4589

1.4 Moon | (b) - 21.3041
! (c) 0.00001 | 26.1063

; (1) | 0.0001 | 43.6330

L (e) ] 0.001 | 429123

; (f) 001 | 23.8530

4.5 Saturn (b) ! - 18.9383
| () , 0.00001 | 21.8166

L) © 0.0001 | 37.0732

o (e) | 0,001 | 427724

L (D) | 0.0l |26.4392

image was taken to be 256 x 2356 with all entries equal to 120. in order to have a

fair comparison. Figures 4.6 and 1.7 present the results for random noise of the form

50rand(m.n) for p = 8 and p = 256. It can be seen that the shapes of the curves

are independent of p. The ratio of SNR increases for the constant image because here

the more smoothing that is allowed (as ¢ gets larger). the more the processed image

resembles the original (which was smooth). For Barbara. the SNR ratio increases to

a peak at approximately ¢ = 107" and then decreases. So. numerically. the optimal ¢

value is near 10~*.

These calculations were repeated for Gaussian noise of the form 25 randn(m. n). In
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MATLAB. randn(m,n) produces a matrix of size m x n. whose elements are normally
distributed with mean 0 and variance 1. If randn(m.n) is multiplied by constant
C (Crandn(m.n)). the result is a matrix with elements with mean 0 and standard
deviation C (verified numerically). So. 25 randn(m. n) produces Gaussian white noise
with mean 0 and standard deviation 25. Figures 4.8 and 4.9 show the results. which are
again independent of p. [n the case of Gaussian noise. the SNR ratio for the constant
image increases rapidly with t. For Barbara. the same basic shape that was seen with
the uniformly distributed random noise is seen with the Gaussian noise - the SNR ratio
increases to a maximum at + = 2x 10~ and then decreases. So. numerically. t = (0.0002
wottld be seen to be the optimum here. The fact that the SNR ratio values peak at a
larger value should not be taken as an indication that the product filter does a betrer
job at removing Gaussian noise than it does with random noise - this judgement needs
to be made visually.

A visual study of the value of the f parameter was conducted by varving t over
28 values from 0.00001 to 0.01 and applying the product filter with p = 236 direc-
tions to the Barbara. Caneraman. Moon and Saturn images with noise of the form
50rand(m. n). Approximately half of the Barbara study is presented in Figures 4.10
to 4.13. Representative results for the other images are given in Figures 4.14 to 4.19.
The SNR values are collected in Table 4.3.

[n all cases. it was seen that as t increased. there was more smoothing of the
images. For the smaller values of t. the filter does not do anvthing visibly noticeable.
For the larger values of t. there is significant smoothing and loss of detail. The optimal
numerical value was found to be around ¢t = 10~*. This visual study indicates that
the optimum range (for all four images) is + = 0.0001 to ¢ = 0.0005. In this range.
there is some smoothing of the noise without a significant loss of detail. Careful visual

inspection of all four images in this range determined that a value of t = 0.0003 seems to
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be optimal. In this case. optimal means the best compromise between noise reduction.

detail preservation and differences for the four images.

Table 1.3: Signal-to-noise ratios (SNR's) for the product filter algorithm applied to the
four images in the visual investigation of the parameter . Formula (1.8) for SNR is
given in Chapter 1. The largest value of SNR for each image is indicated in boldface.

parameter ¢ | Barbara | Cameraman | Moon Saturn

(noisy image) | 19.8893 21.4869 10.6686 9.4123

0.00001 P 203775 22.0340 11.4550 9.9323
0.00002 20.7651 22.5092 12.0105 | 10.3-08
0.00003 21.0620 229182 12.4053 | 10.6616
0.00004 21.2788 23.2672 12.6904 | 10.9146
0.00005 21.4260 23.5620 12,9007 | L11.1157
0.00006  21.5138 23.8086 13.0589 | 11.2771
0.00007 | 21.5515 24.0124 13.1801 | 11.4080
0.00008 215475 24.1786 13.2746 | 11.5152
0.00009 21.5092 24.3118 13.3492 | 11.6039

0.0001 21.4430 ‘ 24.4163 13.4087 | 11.677

0.0002 L 20.1207 | 24.5233 13.6321 | 12.0245
0.0003 . 18.7483 23.9878 13.6379 | 12.1179
0.0004 I 17.6938 | 23.3696 13.5928 | 12.1418
0.0005 P 16.9139 ¢ 22.7933 13.5315 | 12.1385
0.0006 | 16.3328 ' 22.2708 13.4649 | 12.1223
0.0007 : 15.8918 | 21.8254 13.3973 | 12.0995
0.0008 | 15.3504 21.4218 13.3306 | 12.0731
0.0009 15.2809 21.0610 13.2653 | 12.0448
0.001 15.0641 20.7339 13.2020 | 12.0134
0.002 14.0752 18.6140 12.6670 | 11.7238
0.003 b 13.6804 17.4289 12.257V3 | 11.4697
0.004 ‘ 13.4173 16.6229 11.9227 | 11.2489
0.005 13.2100 16.0180 11.6381 | 11.0531
0.006 13.0346 [5.5367 11.3894 | 10.8766
0.007 12.8807 15.1386 11.1679 | 10.7154
0.008 12.7428 14.8C03 10.9680 | 10.5666
0.009 [2.6178 14.5070 10.7856 | 10.4283
0.01 12.5034 14.2487 10.6178 | 10.2987

A study of the de-noising ability of the product filter with Gaussian noise and
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-arious f values is presented in Figures 4.20 to +4.26. Gaussian noise of the form
25randn(m. n) was added to the Moon image. The product filter. with p = 236.
was applied with five values of ¢ (0.0001 to 0.0005). The SNR values are given in
the Figure captions. It is seen that there is more smoothing as t increases. as ex-
pected. But. more smoothing. of course. results in blurring of the image details. With
t = 0.0005 (Fig. 4.26). there is significant blurring. verv noticable around the craters.
The optimal value of + seems to be t = 0.0002 (see Fig. 4.23). With this value of ¢.
there is some de-noising. but still significant detail preservation.

The times required to do standard calculations with the product filter have been
measured. The 256 x 256 Barbara image and the 312 x 512 Full Barbara image hal
30rand(m. n) noise added to them and were processed with ¢ = 0.0003 and p = 256.
The times required for the various steps in the algorithm’s calculations were measured
using MATLAB's tic and toc commands. The command tic starts a stopwatch timer.
The step in the calculation is performed and the toc command reports the time elapsed
since the tic. The times are reported in Table 4.1. The times required to applv
MATLAB's built-in filters. averaging and median. to these sizes of images are also
given. The total times for the product filter calculations are approximately 20.2 s and
18.7 s. respectively. on a Sun Ultra 5. running at 360 MHz. with 256 MB RAM. [t can be
seen from the times reported in the Table that the bulk of the calculation time required
is to generate the filter matrix. So. if the appropriate size filter matrix already exists.
the calculations become incredibly quick - approximately 5 s and 9 s. respectively
(which includes display time). So. real-time implementation could be feasible in some
applications.

The directionality of the product filter algorithm was also tested. A test image of
size 256 x 256 with sixty-four entries on the main diagonal having intensity 100. all

other entries zero. was generated. In the MATLAB coordinate svstem. this line makes
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Table 1.4: Times required for steps in the product filter algorithm applied to the
Barbara and Full Barbara images with 50 rand(m. n) noise. t = 0.0003 and p = 256.
The times are quoted in seconds. The times quoted for the MATLAB filters are rhe
times required to apply the filters to the images.

calculation step Barbara (256 x 256) | Full Barbara (512 x 512) |
load image 0.0264 0.5004
display image 1.20:44 1.3370 ’
add noise to image 0.0299 0.1729
display noisy image 1.6728 2.6414
take FFT of noisy image 0.1522 0.6605
generate filter matrix 15.3350 69.1373
apply filter l 0.0783 0.4719
take IFFT | 0.1800 0.7051
display processed image 1.4559 2.7622
calculate and display SNR 0.0772 0.2980
MATLAB’s averaging filter 0.2799 0.4047
MATLAB's median filter = 0.5512 0.6180

an angle of 7/4 with the downward pointing r-axis. The Fourier Transform of this
line is a line perpendicular to it. making an angle of 37/4 (see Figure 4.27). The
product filter was applied (with t = 0.0003) in a uni-directional mode (i.e. p = 1) at
these two angles. The filter is applied at these angles in Fourier Space. At an angle of
7 /4. there is not much diffusion as the diffusion direction runs perpendicularly to the
line in Fourier Space. or parallel to the line in r-Space. The maximum value of the
processed image is 99.5871. At an angle of 37 /4. the direction of smoothing is parallel
to the direction of the line in Fourier Space (perpendicular in r-Space) and there is
more smoothing. as the maximum value of the processed image is 37.4769. And so.
the direction of smoothing can be controlled.

In the case of the Saturn image (of size 328 x 438). most of the structure of the
image is approximately parallel to the diagonal running from the bottom left to the

top right corner. making an angle of ¢ = arctan(328/438) = 0.6428 radians relative
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to the bottom of the image. I[n the MATLAB coordinate system. this angle would
correspond to # = o + 7/2 = 2.2136 radians relative to the downward pointing r-
axis. The Saturn image. with noise of the form 30rand(m.n) — 25rand(m.n) and
+ = 0.0003. was tested with two uni-directional filters. one at angle 6. another at angle
8 —~ 7/2 (see Figure 1.28). [t can be seen that the first filter (applied at angle #)
gives a better result. both visually and with regards to SNR values as it diffuses less.
being perpendicular to the dominant features (in Fourier Space). The uni-directional
PDE algorithm is extremely quick. taking approximately 5 s. So. in cases where the
image shows a predominant angle (like the Saturn image). a uni-directional PDE. while
certainly faster. may reduce noise well enough for certain applications.

Numerically. the optimal range for the ¢ parameter has been found to be 0.0001 to
0.0005. The visual investigation agrees and confirms that this range is optimal. The
alue ¢+ = 0.0003 is then used as the standard for calculations. The standard for rhe
number of directions was chosen to be p = 236 in order to include many directions. but
still have an efficient algorithm. (It was seen that there is no real gain in increasing p
from 256 to 512. for example.) The algorithm has been seen to be relatively quick and
does some noise reduction while managing to preserve image details reasonably well.
The direction of diffusion can also be controlled in the algorithm. More investigation

into the de-noising ability is presented in Chapter 5.
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Maximum Value of Pracessed Image vs the Number of Directions
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Figure 1.1: A graph of the maximum intensity value of the single peak image processer
with the product filter versus the number of directions used. The values of ¢ were:

0.00001 (o). 0.0001 (*) and 0.001 (+).
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(a) Original Image (b) Noisy Image (c) t=0.00001

(d) t=0.0001 (e) t=0.001 (f) t=0.01

Figure 4.2: The Barbara image with random noise. 50 rand(m. n) — 25 rand(m. n). for
varying values of £ and p = 256. (a) is the original (pre-noise) image. (b) is the image
with the noise added. (c) to (f) are the processed images with the varyving values of t
shown above each sub-image.
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(a) Original Image (b) Noisy Image (c) t=0.00001

(e) t=0.001

() t=0.01

r— e ————— —e e =

Figure 4.3: The Cameraman image with random noise. 50 rand(m. n) — 25 rand(m. n).
for varying values of £ and p = 256. (a) is the original (pre-noise) image. (b) is the
image with the noise added. (c) to (f) are the processed images with the varving values
of t shown above each sub-image.
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(a) Original Image (b) Noisy Image (c) t=0.00001

(d) t=0.0001 (e) t=0.001 (f) t=0.01

Figure 4.4: The Moon image with random noise. 50 rand(m. n) — 25 rand(m. n). for
varying values of t and p = 256. (a) is the original (pre-noise) image. (b) is the image
with the noise added. (c) to (f) are the processed images with the varving values of ¢
shown above each sub-image.
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(a) Original Image (b) Noisy Image (c) t=0.00001

(d) t=0.0001 (e) t=0.001 (f) t=0.01

Figure 1.5: The Saturn image with random noise. 50 rand(m. n) — 25 rand(m. n). for
varying values of ¢ and p = 256. (a) is the original (pre-noise) image. (b) is the image
with the noise added. (c) to (f) are the processed images with the varving values of ¢
shown above each sub-image.
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SNR Ratio vs Parameter t for p=8 Directions and Random Noise
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Figure 1.6: A graph of the ratio of the SNR of the processed image to the SNR of the
noisy image with p = 8 directions and random noise of the form 50 rand(m. n) for the
constant image (o) and Barbara ().
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SNR Ratio vs Parameter t for p=256 Directions and Random Noise
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Figure 4.7: A graph of the ratio of the SNR of the processed image to the SNR of the
noisy image with p = 256 directions and random noise of the form 50 rand(m. n) for
the constant image (o) and Barbara (=).
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SNR Ratio vs Parameter t for p=8 Directions and Gaussian Noise
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Figure 1.8: A graph of the ratio of the SNR of the processed image to the SNR of the
noisy image with p = 8 directions and Gaussian noise of the form 25 randn(m. n) for
the constant image (o) and Barbara (x).



CHAPTER 4. PROPERTIES OF THE PRODUCT FILTER 63

SNR Ratio vs Parameter t for p=256 Directions and Gaussian Noise
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Figure 1.9: A graph of the ratio of the SNR of the processed image to the SNR of the
noisy image with p = 256 directions and Gaussian noise of the form 25 randn(m. n) for
the constant image (o) and Barbara (=).
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(a) Original Image (b) Noisy Image

Figure 4.10: The Barbara image with random noise of the form 50 rand(m. n) used for
the visual investigation of the ¢ parameter. (a) is the original image. (b) is the noisy
image (SNR value in Table 1.3).
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(a) t=0.00009 (b) t=0.0001

(c) t=0.0002 (d) t=0.0003

Figure 4.11: Processed Barbara images for the visual investigation of the ¢ parameter.
The corresponding ¢ values are given above each sub-image. The original noisv image
is shown in Figure 4.10. SNR values are in Table 1.3.
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(a) t=0.0004 (b) t=0.0005

(c) t=0.0006 (d) t=0.0007

Figure 4.12: Processed Barbara images for the visual investigation of the ¢ parameter.
The corresponding ¢ values are given above each sub-image. The original noisy image
is shown in Figure 1.10. SNR values are in Table 4.3.
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(3]

(a) t=0.0008 (b) t=0.0009

(c) t=0.001 (d) t=0.002

Figure 4.13: Processed Barbara images for the visual investigation of the ¢ parameter.
The corresponding ¢ values are given above each sub-image. The original noisy image
is shown in Figure 4.10. SNR values are in Table 4.3.
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(a) Original Image (b) Noisy Image

Figure 4.14: The Cameraman image with random noise of the form 50 rand(m. r) usecd
for the visual investigation of the ¢ parameter. (a) is the original image. (b) is the
noisy image (SNR value in Table 4.3).
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(a) t=0.00009 (b) t=0.0001

Figure 4.15: Processed Camerman images for the visual investigation of the ¢ param-
eter. The corresponding ¢ values are given above each sub-image. The original noisy
image is shown in Figure 4.14. SNR values are in Table 4.3.
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(a) Original Image (b) Noisy Image

Figure 4.16: The Moon image with random noise of the form 50 rand(m.n) used for
the visual investigation of the ¢ parameter. (a) is the original image. (b) is the noisv
image (SNR value in Table {.3).
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(a) t=0.00009 (b) t=0.0001

(c) t=0.0002 (d) 1=0.0003

Figure 1.17: Processed Moon images for the visual investigation of the ¢ parameter.
The corresponding ¢ values are given above each sub-image. The original noisy image
is shown in Figure 4.16. SNR values are in Table 4.3.
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(a) Original Image (b) Noisy Image

Figure 4.18: The Saturn image with random noise of the form 50 rand(m, n) used for
the visual investigation of the ¢ parameter. (a) is the original image. (b) is the noisyv
image (SNR value in Table 1.3).
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(a) t=0.00009 (b) t=0.0001

(c) t=0.0002 (d) t=0.0003

Figure 4.19: Processed Saturn images for the visual investigation of the ¢ parameter.
The corresponding ¢ values are given above each sub-image. The original noisy image
is shown in Figure 4.18. SNR values are in Table 4.3.
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Original Image

Figure 4.20: The original Moon image.
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Noisy Image

Figure 4.21: The Moon image with Gaussian noise of the form 25 randn(m. n).
SNR = 14.1444. The original image is Figure 4.20.

30



CHAPTER 4. PROPERTIES OF THE PRODUCT FILTER 81

Processed Image t=0.0001

Figure 4.22: Results of product filter applied to the noisy image from Figure 4.21 with
p = 256 and ¢t = 0.0001. SNR = 103.6984.
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Processed Image t=0.0002

Figure 1.23: Results of product filter applied to the noisy image from Figure 4.21 with
p = 256 and t = 0.0002. SNR = 176.6331.
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Processed Image t=0.0003

Figure 1.24: Results of product filter applied to the noisy image from Figure 4.21 with
p = 256 and ¢ = 0.0003. SNR = 209.7790.
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Processed Image t=0.0004

Figure 1.25: Results of product filter applied to the noisy image from Figure 4.21 with
p = 256 and t = 0.0004. SNR = 217.3510.
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Processed Image t=0.0005

Figure 4.26: Results of product filter applied to the noisy image from Figure 4.21 with
p = 256 and ¢ = 0.0005. SNR = 212.9275.



CHAPTER 4. PROPERTIES OF THE PRODUCT FILTER 86

(a) Original Image (b) Magnitude of Fourier Transform of Original

(c) Processed with angle = pi/4 (d) Processed with angle = 3*pi/4

300

00

Figure 1.27: Two uni-directional filters applied to a diagonal line image. (a) is the
original diagonal line image (intensity 100). (b) is the magnitude of the Fourier Trans-
form of the original image. (c) is the result when angle /4 is used (maximum value is
99.5871). (d) is the result when angle 37 /4 is used (maximum value is 37.4769).
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() Original Image (b) Noisy Image

(c) Processed Image with theta (d) Processed Image with theta + pi/2

Figure 4.28: The Saturn image with two uni-directional filters. The noise is of the form
50 rand(m. n) — 25 rand(m. n) and ¢ = 0.0003. The angle # = 2.2136 radians. (a) is the
original image. (b) is the noisv image. SNR = 18.9807. (c) shows the results of the
filter at angle . SNR = 37.2455. (d) shows the results of the filter at angle 8 + =/2.
SNR = 33.9752.



Chapter 5

Comparing the Product Filter

The performance of the product filter algorithm in de-noising was evaluated and testecl
against other techniques. including MATLAB's built-in filters (averaging and median)
and two wavelet-based methods. The product filter is also tested with respect to its
ability to restore a quantized image.

Figures 5.1 to 5.14 present results of the new product filter algorithm. compared
with the results of MATLAB's averaging filter. The averaging filter is invoked using
the fspecial(’average’) command. It replaces a pixel's intensity value with the
average of the intensities over a 3 x 3 neighbourhood centred on the pixel. This results
in a smoothing of the image. In all Figures. ¢t = 0.0003 and p = 256 and the noise was
random (but of varying intensities). Signal-to-noise ratios are given in the captions.

Figures 5.1 to 5.12 present the results with the four images. Barbara (Figs. 3.1
to 5.3), the Cameraman (Figs. 5.4 to 5.6). the Moon (Figs. 5.7 to 5.9) and Sat-
urn (Figs. 5.10 to 5.12). For Figures 5.1. 5.4. 5.7 and 5.10. the noise was of the
form 50 rand(m.n). For Figures 5.2. 5.5. 5.8 and 5.11. the noise was more intense.
100 rand(m. ). A noise of the form 100 rand(m.n) — 50 rand(m. n) was used for Fig-
ures 5.3. 5.6. 5.9 and 5.12. In all cases. it can be seen that the new algorithm does

a comparable job of reducing the noise when compared with MATLAB. However. it

88
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seems to do a better job at preserving details and the SNR values are typically higher.

Figures 5.13 and 5.14 present a different example. The image is part of the Barbara
image with noise (of unknown type and intensity) already added (this image is used
in examples in MATLAB). In Figure 5.13. both the new product filter algorithm and
MATLAB's averaging filter are applied. MATLAB seems to do a superior job on the
noise reduction. however. it also smoothes the image a great deal. The product filter
algorithm. while not removing as much noise. does a far superior job at preserving
the details and has a much higher SNR (615 versus 30). In Figure 5.14. random noise
of intensity 50 (:.e. 30rand(m.n)) was added to the already noisy image. The same
result is seen - MATLAB may do a better job with the noise. but the new algorithm
preserves more details and has a higher SNR.

Figures 5.15 to 5.20 present results of the new algorithm applied to images with
salt and pepper noise. with t = 0.0003 and p = 256. In salt and pepper noise. random
pixels are set to black or white (the extremes of the intensity range). The user controls
the percentage of the image to corrupt. Salt and pepper noise is invoked using rhe
command imnoise(X,’salt & pepper’,r). where .\ is the image to corrupt and r
is the percentage of pixels to effect. Figures 5.15 to 5.18 involve the Barbara image.
Figures 5.19 and 5.20 are for the Cameraman image. Figure 5.15 shows the results of
the new product filter algorithm and MATLAB's median filter applied to Barbara with
5% salt and pepper noise. The median filter is invoked using the command medfilt2.
[t works in a similar way to the averaging filter. but replaces the pixel's intensity
with the median over the 3 x 3 neighbourhood. The median (the middle value) is
less sensitive to extreme values than the mean. making it it more appropriate for
use with salt and pepper noise. where the effect of the noise is to produce extreme
values. Obviously. MATLAB's median filter does a far superior job at removing the

noise. Though. it should be noted that the product filter algorithm does a better
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Job at preserving details. Figure 5.16 compares the new algorithm with MATLAB's
averaging filter for the same 5% salt and pepper noise. Again. the product filter
does a better job at preserving the details. Figure 5.17 compares the algorithm with
MATLAB's median filtering for 10% salt and pepper noise. MATLAB's filter does a
better job with the noise. but does smooth over some of the details. Figure 5.18 shows
the comparison for 10% salt and pepper noise with averaging filtering. Again. the
product filter algorithm does a better job with detail preservation. Figures 5.19 and
5.20 show the Cameraman with 3% salt and pepper noise compared to MATLAB's
median filter (Fig. 5.19) and averaging filter (Fig. 5.20). So. for salt and pepper
noise. MATLAB's median filter is clearly superior to the new product filter algorithm
in noise reducrion.

The application of the product filter to an artificial/geometric image (called zigzag)
is shown in Figures 5.21 to 5.23. The lines in the image are of intensity 120 (approxi-
mately equal to the mean of the Barbara image. 118.8125) on a background of zeros.
The image’s size is 256 x 256. The product filter. with ¢t = 0.0003 and p = 256. was ap-
plied under three different noise conditions. The results were compared with MATLABs
averaging filter. SNR values are given in the Figure captions. Figure 5.21 shows the
results with noise of the form 30 rand(m. n). The noise is 50 rand(n. n) — 25 rand(m. n)
in Figure 5.22 and 25 randn(m. n) in Figure 5.23. The results are all very similar - the
product filter and MATLAB do a comparable job of noise reduction: the SNR values
for the product filter algorithm are slightly higher and the product filter seems to do a
slightly better job at preserving the lines (i.e. they look sharper).

Wavelets have proven useful in the reduction of noise in digital images [8.19. 32. 33.
36. 38. 39]. Figures 5.24 to 5.27 show a comparison of the product filter algorithm with
a wavelet technique of Jean-Marc Lina of the Centre de Recherches Mathématiques of

the Université de Montréal. The Full Barbara image. of size 512 x 512 (see Fig. 5.21).
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is used for this example. Noise of unknown intensity and distribution was added to
produce the noisy image in Figure 5.25. The product filter was applied with p = 256
and t = 0.0003 (see Fig. 5.26). The wavelet technique of Lina (see Fig. 5.27) appears
to do a better job with the noise reduction. has a much higher SNR and preserves some
of the details well (Barbara’s clothes. for example). The product algorithm appears ro
do a better job preserving some of the other details (Barbara’'s eves and the hooks. for
example).

The simplest way of combining the product filter with any wavelet technique would
be to apply the product filter to the output of the wavelet technique. to see if anv
improvement can be made. Figure 5.28 shows the results of applyving the product filter
(with p = 256) to the output of Lina’s wavelet technique (Fig. 5.27) with t = 0.0001.
The result is that more detail is lost and nothing is gained. The product filter was
also applied with ¢ = 0.0002 (SNR = 18.8085) and # = 0.0003 (SNR = 16.1962). As ¢
increases. the results look worse - there is more blurring and more detail is lost.

Another simple way of combining the product filter with wavelets is to exploit the
fact that the wavelet decomposition divides the image into an approximation and de-
tails. The details are divided into horizontal. vertical and diagonal detail sub-images.
each of which has dominant directions that could be exploited by the directional diffu-
sion possible with the product filter. The product filter can be tuned. via the number
of directions and the angles of those directions. to diffuse in specific directions. Fig-
ure 5.29 shows the results of a simple experiment conducted with the Daubechies 3
wavelet [17]. Noise of the tvpe 50 rand(m.n) was added to the Barbara image. The
two-level wavelet decomposition of the noisy image was performed. In Figure 5.29(c).
the product filter was applied in the preferential directions to the detail sub-images
(one each for the horizontal and vertical and two for the diagonal) with ¢ = 0.0003.

The reconstructed image is relatively poor - a lot of detail has been lost and there are
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some blocking effects. In Figure 5.29(d). the product filter was applied (with p = 236)
to the approximation image as well as the details (with their prefential directions).
The processed image is smoother and more detail is retained. However. there is no
advantage to this technique as nothing is gained in image quality and calculation com-
plexity is significantly increased over simple application of the product filter directly
to the noisyv image.

A recent wavelet technique of Portilla et al [36] is quite successful at removing
Gaussian noise from Barbara. Gaussian noise of mean 0 and standard deviation 23
was added to the Barbara image (as was done in [36]) to produce the noisv image. The
results are shown in Figure 5.30. The SNR of the noisy image was 26.6109: the PSNR
was 20.1735 dB (compared to 20.17 dB in [36]). Formula (1.9) for PSNR is given in
Chapter L. The product filter was applied with ¢+ = 0.0003 and p = 256 to produce the
processed image. The SNR of the processed image is 51.7922: the PSNR is 23.0606 (B.
The wavelet technique of Portilla et ul produced a PSNR of 28.57 dB and a superior
image [36].

The last set of experiments conducted with the product filter concerned quantized
images. When an image is quantized. the effect can be similar to noise. as the intensity
values are affected. The Barbara image was quantized and the product filter applied
with p = 256 and five ¢ values (0.0001 to 0.0005) for three quantizations. In each case.
the intensity values are set to the midpoint of the appropriate level. The Barbara image
has intensity values ranging from 0 to 254. Figure 5.31 shows the intensity values of
the image. It can be seen that certain values are more likely than others. and thus. the
image cannot be considered to be of a truly random nature. Representative results are
shown in: Figures 5.32 and 5.33. In all cases. it was seen that the effect of quantization
is not random either. as the difference between the original image and the quantized

image actually resembles the image. The effect of the product filter is to smooth
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the quantized image. improving the appearance slightly. but not actually undoing the

effects of quantization. The SNR values for this study are given in Table 3.1.

Table 5.1: The SNR results for the product filter applied to quantized images. The
results for 8 quantization levels are shown in Figures 5.32 and 5.33. Formula (1.8) for

SNR is given in Chapter 1.

t parameter | 16 levels | 8 levels | 1 levels
(quantized) | 205.7274 | 45.1290 | 10.6750
0.0001 119.6928 | 44.1139 | 11.7285
0.0002 ©3.3049 | 36.9073 | 11.4629
0.0003 249345 | 31.8877 | 11.0500
0.0004 45.7668 | 28.6494 | 10.6963
0.0005  40.4421 | 26.4854 | 10.4189

The product filter has been found to be comparable in de-noising ability to MaT-

LAB’s averaging filter and inferior to the wavelet techniques. However. the product

filter does preserve image details reasonably well.
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(a) Original Image {b) Noisy Image

(d) Results of Matiab

Figure 5.1: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 50rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 19.9288. (c) shows the results of the new product filter.
SNR = 18.7798. (d) shows the results of MATLAB. SNR = 15.6814.
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(a) Original Image (b) Noisy Image

(c) Results of New Algorithm (d) Results of Matlab

Figure 5.2: A comparison of the new product filter with MATLAB's averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m.n). (a) is the original image. (b)
is the noisy image, SNR = 5.0098. (c) shows the results of the new product filter.
SNR = 5.8448. (d) shows the results of MATLAB. SNR = 5.6238.
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(a) Original Image (b) Noisy Image

(d) Resuits of Matlab

Figure 5.3: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m. n) — 50 rand(m. n). (a) is the original
image. (b) is the noisy image. SNR = 9.9567. (c) shows the results of the new product
filter. SNR = 16.3794. (d) shows the results of MATLAB. SNR = 14.4540.
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(a) Original Image (b) Noisy image

(d) Results of Matiab

Figure 5.4: A comparison of the new product filter with MATLAB's averaging filter.
t = 0.0003. p = 256 and the noise is 50 rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 21.7465. (c) shows the results of the new product filter.
SNR = 24.3076. (d) shows the results of MATLAB. SNR = 22.1840.
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(a) Original Image (b) Noisy Image

(c) Resuits of New Algorithm (d) Results of Matlab

-

Figure 5.5: A comparison of the new product filter with MATLAB’s averaging filter.

= 0.0003, p = 256 and the noise is 100rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 5.3681. (c) shows the results of the new product filter.
SNR = 6.5761. (d) shows the results of M ATLAB. SNR = 6.5777.
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(a) Original Image (b) Noisy Image

Figure 5.6: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m. n) — 50 rand(m. n). (a) is the original
image. (b) is the noisy image. SNR = 10.8747. (c) shows the results of the new product
filter. SNR = 20.7148. (d) shows the results of MaTLAB. SNR = 19.9638.
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(a) Original Image (b) Noisy Image

(c) Results of New Algorithm (d) Resuits of Matlab

Figure 5.7: A comparison of the new product filter with MATLAB's averaging filter.
t = 0.0003. p = 256 and the noise is 50 rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 10.6216. (c) shows the results of the new product filter.
SNR = 13.5580. (d) shows the results of MATLAB. SNR = 13.5281.
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(a) Original Image (b) Noisy Image

(c) Results of New Algorithm (d) Results of Matiab

Figure 5.8: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 2.6674. (c) shows the results of the new product fiter.
SNR = 3.4714. (d) shows the results of MATLAB. SNR = 3.4355.
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(a) Original Image (b) Noisy Image

(c) Results of New Algorithm (d) Results of Matiab

Figure 5.9: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m. n) — 50 rand(m. n). (a) is the original
image. (b) is the noisy image. SNR = 5.3437. (c) shows the results of the new product
filter, SNR = 12.8224. (d) shows the results of MATLAB. SNR = 11.9916.
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(a) Original Image (b) Noisy Image

(c) Results of New Algorithm (d) Results of Matiab

Figure 5.10: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 50 rand(m.r). (a) is the original image. (b)
is the noisy image. SNR = 9.4653. (c) shows the results of the new product filter.
SNR = 12.1977. (d) shows the results of MATLAB. SNR = 12.1605.
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(a) Original image (b) Noisy Image

(c) Resuits of New Algorithm (d) Results of Matlab

Figure 5.11: A comparison of the new product filter with MATLAB’s averaging filter.
t = 0.0003. p = 256 and the noise is 100 rand(m.n). (a) is the original image. (b)
is the noisy image. SNR = 2.3580. (c) shows the results of the new product filter.
SNR = 3.0627. (d) shows the results of MATLAB. SNR = 3.0448.
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(a) Original image (b) Noisy Image

(c) Results of New Algorithm (d) Results of Matlab

Figure 5.12: A comparison of the new product filter with MATLAB's averaging filter.
t = 0.0003, p = 256 and the noise is 100 rand(m. n) — 50 rand(m. n). (a) is the original
image. (b) is the noisy image. SNR = 1.7220. (c) shows the results of the new product
filter. SNR = 11.1907. (d) shows the results of MATLAB. SNR = 10.6792.
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(a) Original Image

.
e

(d) Resulits of Matlab

Figure 5.13: A comparison of the new product filter algorithm with MATLAB's
averaging filter. ¢ = 0.0003 and p = 256. (a) is the original noisy image. (Sub-
image (b) would be the same as (a) in this example and is not shown.) (c) shows the
results of the new product filter. SNR = 615.1433. (d) shows the results of MATLAB.
SNR = 30.2710.
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(a) Original Image (b) Noisy Image
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(c) Results of New Algorithm (d) Resuits of Matiab

Figure 5.14: A comparison of the new product filter algorithm with MATLAB's
averaging filter. ¢ = 0.0003 and p = 256. (a) is the original noisy image. (b)
shows the image with random noise of intensity 50 added. SNR = 13.9918 (c) shows
the results of the new product filter. SNR = 14.9311. (d) shows the results of MATLAB.
SNR = 12.1096.
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(a) Original Image (b) Noisy Image

(d) Results of Matlab

Figure 5.15: A comparison of the new product filter algorithm with MATLAB’s median
filter for 5% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a) is the original
image. (b) shows the image with 5% salt and pepper noise added. SNR = 19.8656.

(c) shows the results of the product filter. SNR = 10.9008. (d) shows the results of
MaATLAB. SNR = 36.1251.
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(a) Original Image (b) Noisy Image

(d) Results of Matlab

Figure 5.16: A comparison of the new product filter algorithm with MATLAB's
averaging filter for 5% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a)
is the original image. (b) shows the image with 5% salt and pepper noise added.
SNR = 20.3063. (c) shows the results of the product filter, SNR = 41.3073. (d) shows
the results of MATLAB. SNR = 28.9028.
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(a) Original Image (b) Noisy Image

(d) Resulits of Matlab

Figure 5.17: A comparison of the new product filter algorithm with MATLAB’s median
filter for 10% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a) is the original
image. (b) shows the image with 10% salt and pepper noise added. SNR = 10.0473.

(c) shows the results of the product filter. SNR = 25.5365. (d) shows the results of
MATLAB. SNR = 31.0094.
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(a) Original iImage (b) Noisy image

(d) Results of Matlab

Figure 5.18: A comparison of the new product filter algorithm with MATLAB's
averaging filter for 10% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a)
is the original image. (b) shows the image with 10% salt and pepper noise added.
SNR = 9.9598. (c) shows the results of the product filter. SNR = 25.2802. (d) shows
the results of MATLAB. SNR = 21.0220.
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(a) Original Image

(c) Resuits of New Algorithm

Figure 5.19: A comparison of the new product filter algorithm with MATLAB’s median
filter for 5% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a) is the original
image. (b) shows the image with 5% salt and pepper noise added. SNR = 20.4459.

(c) shows the results of the product filter. SNR = 65.5020. (d) shows the results of
MATLAB. SNR = 116.3877.
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(a) Original Image (b) Noisy Image

(d) Results of Matlab

Figure 5.20: A comparison of the new product filter algorithm with MATLAB's
averaging filter for 5% salt and pepper noise. with ¢ = 0.0003 and p = 256. (a)
is the original image. (b) shows the image with 5% salt and pepper noise added.
SNR = 19.8365. (c) shows the results of the product filter. SNR = 64.0569. (d) shows
the results of MATLAB. SNR = 51.0473.
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(a) Original Image (b) Noisy Image

(c) Results of Product Algorithm (d) Resuits of Matlab

Figure 5.21: A comparison of the product filter algorithm with MATLAB's averaging
filter for the zigzag image with ¢ = 0.0003. p = 256 and noise of the form 50 rand(m. n)
(a) is the original image. (b) is the noisy image. SNR = 0.7814. (c) shows the results
of the product filter. SNR = 0.6706. (d) shows the results of M ATLAB. SNR = 0.6409.
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(a) Original Image (b) Noisy Image

(c) Resulits of Product Algorithm (d) Results of Matlab

Figure 5.22: A comparison of the product filter algorithm with MATLAB's averaging
filter for the zigzag image with ¢t = 0.0003. p = 256 and noise of the form 50 rand(m. n)—
25 rand(m. n) (a) is the original image. (b) is the noisy image. SNR = 1.5559. (c) shows
the results of the product filter. SNR = 1.2716. (d) shows the resuits of MATLAB.

SNR = 1.1639.
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(a) Original Image (b) Noisy Image

(c) Results of Product Algorithm (d) Results of Matlab

Figure 5.23: A comparison of the product filter algorithm with MATLAB’s averaging
filter for the zigzag image with ¢t = 0.0003. p = 256 and noise of the form 25 randn(m. n)
(2) is the original image. (b) is the noisy image. SNR = 1.0399. (c) shows the results
of the product filter. SNR = 1.5716. (d) shows the results of MATLAB. SNR = 1.4662.
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Original Image

Figure 5.24: The Full Barbara image of size 512 x 512.
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Noisy Image

Figure 5.25: The Full Barbara image of size 512 x 512 with noise of unknown tvpe and
distribution. SNR = 10.5562. The original image is shown in Figure 5.24.
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Results of Product Filter Algorithm

Figure 5.26: Results of the product filter algorithm applied to the noisy Full Barbara
image from Figure 5.25. with ¢+ = 0.0003 and p = 256. SNR = 12.0218.
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Results of Lina

Figure 5.27: Results of the wavelet technique of Lina applied to the noisv Full Barbara
image from Figure 5.25. SNR = 66.3294.
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Results of Product Filter applied to Wavelet Result of Lina, t=0.0001

Figure 5.28: Results of the product filter algorithm applied to the Full Barbara wavelet
results of Lina from Figure 5.27 with p = 256 and ¢t = 0.0001. SNR = 53.7721.
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(a) Original Image (b) Noisy Image

(c) Details only (d) Approximation and Details

Figure 5.29: The product filter applied to the sub-images of the two-level Daubechies
3 decomposition. (a) is the original image. (b) is the noisy image with 50 rand(m. n)
noise. SNR = 19.9012. (c) shows the results of the product filter applied to the detail
sub-images only. SNR = 13.0223. (d) shows the results of the product filter applied to
the approximation and detail sub-images. SNR = 17.0830.
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(a) Original Image (b) Noisy image

(c) Results of Product Filter Algorithm

<

Figure 5.30: A comparison of the product filter with a wavelet technique of Portilla
et al [36]. (a) is the original image. (b) is the image with Gaussian noise of the form
25 randn(m. n) added: SNR = 26.6409 and PSNR = 20.1735 dB. (c) shows the results
of the product filter. applied with ¢ = 0.0003 and p = 256: SNR = 51.7922 and

PSNR = 23.0606 dB. Portilla et al achieved a PSNR of 28.57 dB. with superior image
quality.
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Intensity Values for Barbara
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Figure 5.31: Graph of the number of occurrences of the intensity values of the Barbara
image. The range is 0 to 254. with a mean of 118.8125.
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(a) Original Image (b) Quantized Image

(d) Processed Image t=0.0001

Figure 5.32: The Barbara image quantized into 8 levels. (a) is the original image. (b)
is the quantized image. SNR = 45.1290. (c) shows the difference between the original
and quantized images. (d) shows the results of the product filter with p = 256 and
t = 0.0001, SNR = 44.1139.
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(a) Processed Image t=0.0002 (b) Processed Image t=0.0003

(c) Processed image t=0.0004 (d) Processed Image t=0.0005

Figure 5.33: Results of the product filter applied to the quantized image from Fig-
ure 5.32(b). In all cases. p = 256. (a) shows the results of the product filter with
t = 0.0002. SNR = 36.9073. (b) shows the results of the product filter with ¢ = 0.0003.
SNR = 31.8877. (c) shows the results of the product filter with ¢ = 0.0004.

SNR = 28.6494. (d) shows the results of the product filter with ¢ = 0.0005.

SNR = 26.4854.



Chapter 6
Third-Order PDE’s

The usefulness of the diffusion equation.
e = Wppy T lUpyp,.

In image processing is well known [1. 2. 3. 4. 5. 6. 11. 13. 14. 19. 34. 35. 40. 43].
Application of the diffusion equation to a noisv image will result in a reduction of
the noise. as the noise is diffused (smoothed) away. What has not been thoroughly
investigated is the use of higher-order partial differential equations. A study of the

practicality of PDE’s of the form
U +QUg, +bUp, +Clp e +dUp,, + €Uy + flUppy +9 Ursrar, = 0.

where the coefficients (a to g) are constants. in the reduction of noise in images was
undertaken. The rationale behind this study was the thought that the dispersive nature
of these PDE’s might prove useful in the reduction of noise - they might be able to
disperse the transient noise away. while leaving the underlying image intact. In other
words. the possibility of tuning the dispersion was studied. Different frequencies in the
solution of a dispersive PDE will travel at different speeds. It is this attribute of the
solution that could potentially be used to effect the noise reduction.

The PDE above was discretized in the following manner. A superscript is used to

represent the time variable. so u*(i.j) represents u(z,,z..t) at the node (z1.12.t) =

127
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(¢.J. k). For the time derivative.
. Ou  uHij) = u™(i. )
(e j) = — =

at At

was used [37]. For the space derivatives. the following difference equations (all of order

4) were used:

wp (i.j) = TRV [—u™(i+2.)) +8u™(i+1.j) —8u™(i —1.j) + u"(i — 2. )]
ug,(i.j) = [2-;-’:2 [—u(i.j+2)+8u™i.j+ 1) —=8u™(i.j— 1)+ u"(i.j —2)]
L)) = m [— u™(i +2.) + 16 u™(i + 1. j) — 30 u™(i. j)
+16u(i — 1.j) — u™(i — 2. j)|
L)) WIJ:)' [— (i) +2) = 16 u™(ij + 1) — 30 u™(i. )
16U (i) — 1) — u"(ieg — 2)]
Wi (i) = T“—_\-EITI_—![:z"(i+2.J' +2) —8uMi+ 2+ 1)+ 8ut(i+2 )~ 1)

—u"(it+2.j=-2)=-8ui+ Ly +2)+64u(i+ 1.5+ 1)
-64u"(t+ 1. - D +8u"t+1.-2)+S8u"t—-1.j+2)
—64u"(i~-Lj+1)+64u(i— 1.y —-1)=-8u(i—-1.j-2)
—u(i=25+2)+8uMi =25+ 1)-8u"(i—2.5 - 1)

+u"(i = 2.j = 2)]

We opr(BJ) = 8(_\—1:[)—_;‘-[—11"(1'-:-3._1')-:-8u"(i—+—?..j)—13(1“(i+1.j)
+ 13u™(z - 1.j) = 8u™(i — 2. ) +u"(i —3.))]
L

Wryrora(ieJ) = m [—u™(i.j+3)+8u™(i.j +2) -~ 13u"(i.j + 1)
+13u(i.) = 1) =8u"(i.j —2) + u"(i.j — 3)].
The formulas for u,,. ts,. tty;, and u,,;, were found in the literature [25]: those for

Urirys Uryryr, a0d Uz,z,z, Were derived. Since the images that these PDE’s were applied

to were of size 256 x 256. the values Ar; = \r, = 1/256 were used.
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The time evolution of the PDE is described by:

u*THij) = ut(i.j) - At[a wy (1) +bul,(i.j) +cul (i )) +dul,, (i ))

+euy gy + fuy gy + g, (L))

The PDE is applied to the image by taking the image {(r,. r.,. [(ry..r,))} as the initial
data. i.e. u°(i.j) = I(i.j). and applyving the above difference scheme. The boundary
of the image was dealt with in a verv simple way - the difference scheme was not
applied to a three-pixel wide border around the outside edges of the image. So. in the
calculations. ¢ and j were restricted to be between 1 and 253.

The original intention for this investigation was to study the application of all of
the PDE’s of the form above. where each of the coefficients varied from —10 to 0.
in steps of 0.1. However. this plan was too ambitious and had to be scaled-down.
Several hundreds of the PDE’s above were applied to the Barbara and Cameraman
images by varying the values of the coefficients (¢ to g) over many ranges (typically
in the range —5 to 3. with steps of 0.2. 0.5 or 1). for various values of At (tvpically
from (Ar;)*/16 to (Ar;)?) and differing numbers of iterations of the above difference
equation (typically from [ to 13). A¢ was kept small in order to ensure the numerical
stability of the results. Stability was tested experimentally and the range quoted above
was found to be well within the interval of stability.

Because of the impracticality of monitoring the results of hundreds of PDE’s applied
to images and visually comparing the results. a numerical measuring method was used.
The single SNR value is not entirely reliable. so three numerical measures were devised.
Since the original (pre-noise) image was known. represented by a matrix . its norm (in
MATLAB. norm(A) is the largest singular value of ) could be calculated and its largesrt
element determined. In MATLAB. max(A) will give the largest elements in each column

of the matrix 4. max(max(A)) will give the largest of these. which is the largest element
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of the matrix. Also. the average absolute difference between each element’s intensity
and the intensity values of its eight nearest neighbours was calculated (represented
by avg()). After each PDE was applied to the noisy image. these three values were
calculated for the resulting processed image. represented bv the matrix u. Then the

ratios were taken with the values for the original image. to define the following three

ralues:

unorm = norm(u)/norm(.)
umax = max(max(n))/max(max(Ad))
navg = avg(n)/avg(Ad).

[t was thought that the closer these values were to one. the better the processed
image should be. These ratios would be close to one when the processed image hacl
a norm. largest element and average nearest neighbour difference verv similar to the
original (pre-noise) image. In that case. it was thought that the processed image would
better resemble the original. [t was also thought that these three ratios might prove
more insightful than a single SNR value. as they measure three different things and
hence provide three avenues of comparison between the processed and original images.
However. visual comparison is still the best measurement of relative image quality. If
any of the three ratio values were less than 1. the reciprocal was used for comparisons.
The PDE’s that gave the lowest values of the sum and product of the three ratios were
identified. Consistently. the best PDE’s were the ones with f =g =0 and ¢ = d < 0.
t.e. equations of the diffusion type. [t was also found that PDE’s with the third-order
terms. Uy r r, and u.,;,.,. are not particularly useful in de-noising images.

Figures 6.1 to 6.4 present examples of these calculations. using a good second-order

partial differential equation

We + Mgy + Up, ~ Upipy — Upyps — Uppry = 0.
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and a bad third-order partial differential equation
e = Upy F Mgy T Mgy T lpyey T Wppy — Wryrizg — Upyrar, = 0.

Here. good and bad refer to the de-noising ability of the PDE. Both of these PDEs
were applied to the Barbara and Cameraman images with random noise of intensitv
50 and with salt and pepper noise affecting 5% of the pixels. In all of the calculations.
Ary = Ary = 1/256 (since both of the images are 236 x 236). At = (Ar)* (for
stability) and there was one iteration only. Figure 6.1 presents Barbara with random
noise: Figure 6.2 is Barbara with salt and pepper: Figure 6.3 is the Cameraman with
random noise and Figure 6.1 is the Cameraman with salt and pepper. Numerical results

from these Figures are presented in Table 6.1.

Table 6.1: A numerical comparison of the results of second and third order PDE’s
applied to the Barbara and Cameraman images. The ratios unorm. umax and uave
are defined in the text above. Formula (1.8) for SNR is given in Chapter 1.

Figure [mage i PDE Order | unorm | umax uavg SNR |
6.1 Barbara 2 1.1976 | 1.1719 1.2776 | 20.1532

(SNR = 20)
6.2 | (SNR ~ 20)

1.2018 | 3.1574 | 5.0v99 | 1.3055
0.9510 | 0.9956 | 1.3810 | 21.1242
0.9569 | 4.0481 | 6.4435 | 0.9095
[.1931 | 1.1846 | 2.1472 | 21.6694
1.1952 | 3.0940 | 8.1899 | 2.9241
0.9508 | 0.9958 | 1.9770 | 20.9097
0.9542 | 3.5866 | 11.2715 | 1.2204

6.3 Cameraman
(SNR = 21.3) |
6.4 (SNR = 20)

w | ol o | w |

It is clear from the Figures and the numerical results in the Table that the third-
order equation does more harm than good. Instead of de-noising the image (by smooth-
ing. as the second-order PDE does). it actually makes the image poorer. Numerically.
the ratios unorm. umax and uavg are better (i.e. closer to 1) and the signal-to-noise

ratios. SNR. are much higher for the second-order PDE than those for the third-order.
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Visually. the second-order PDE clearly does a superior job at both reducing (smooth-
ing) the noise and preserving the image detail. whereas the third-order PDE seems to
amplify the noise and more detail is lost. However. the third-order PDE appears to
enhance some texture structures. The texture of the scarf in the Barbara image seems
to be more pronounced in the images that were processed by the third-order PDE than

those processed by the second-order PDE.
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(a) Original Image (b) Noisy Image

Figure 6.1: The Barbara image with random noise. 50rand(m.n). (a) is the original
(pre-noise) image. (b) is the image with the noise added. (c) is the result of the

second-order PDE applied to (b). (d) is the result of the third-order PDE applied to
(b).
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v

(a) Original Image (b) Noisy Image

Figure 6.2: The Barbara image with 5% salt and pepper noise. (a) is the original (pre-
noise) image. (b) is the image with the noise added. (c) is the result of the second-order
PDE applied to (b). (d) is the result of the third-order PDE applied to (b).
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(a) Original Image (b) Noisy Image

(c) Second-Order PDE (d) Third—Order PDE

Figure 6.3: The Cameraman image with random noise. 50 rand(m. n). (a) is the original
(pre-noise) image. (b) is the image with the noise added. (c) is the result of the second-
order PDE applied to (b). (d) is the result of the third-order PDE applied to (b).
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(a) Original Image (b) Noisy Image

(d) Third-Order PDE

Figure 6.4: The Cameraman image with 5% salt and pepper noise. (a) is the original
(pre-noise) image. (b) is the image with the noise added. (c) is the result of the
second-order PDE applied to (b). (d) is the result of the third-order PDE applied to
(b).



Chapter 7

Conclusions

The tight frame wavelets constructed in Chapter 2 were found to be successful in
localizing singularities in images. Once a singularity has been localized. it may be
effectively removed from the image. The localization technique could then be used in
image restoration.

The product filter algorithm method for reducing noise is quick. simple to imple-
ment. does smooth noise and preserves image details. In de-noising ability. the product
filter is comparable to MATLAB's averaging filter (but superior to MATLAB in detail
preservation). The wavelet techniques were found to be superior to the product filter
in noise reduction.

The third-order PDE’s were found to be detrimental in de-noising as theyv enhance
the noise. rather than reduce it. But. the third-order PDE’s do seem to enhance some

texture structures.
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