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INTRODUCTION

In this thesis, we are mainly concerned with the properties
of the dual 2 of a C¥-algebra A. We give three equivalent
definitions of the topology on the dual and show how each of these
is used in obtaining various known properties of 2 » We also show

how the dual is used in characterizing some particular classes of

C¥*aglgebras.

Our work is divided into three chapters. In Chapter 1, we
state definitions and basic concepts which are used throughout the
thesis. In Chapter II, we give the three equivalent definitions
of the topology on the dual X of a C¥-algebra A, The first-
definition is given in terms of ‘the Jacobson structure space Prim (A)
of A; the second is based on the space of pure states P(A) of A;

and the third is defined in terms of the set of non-zero irreducible :- -

representations Irr (A) of A,

In Chapter III, we investigate the duais of special C¥-algebras.
These algebras are : the algebra 1C(H) of compact operators on a
Hilbert space H, the dual C¥-algebras, CCR-algebras and. £inally
GCR-algebras. We show that for separable C¥-algebras, these algebras
can be completely characterized by means of their duals., We also
discuss some specific examples of these algebras. The last section

of this chapter is devoted to the study of Liackey Borel structure on

the dual of a separable C¥-algebra in general, and of GCR-algebra in



particular. We show that for separable C¥-algebras, the Mackey
A
Borel structure on A is finer than the Borel structure arising

A
from the topology on A, and that for GCR-algebras they are

identicale.

I wish to express my sincere gratitude to Dr. B. Jo Tomiuk
for suggesting the topic and providing valuable guidance throughout
the development of this thesis. I am also grateful to the
University of Ottawa for providing me with financial assistance

during my studies here for the past iwo yearss



Chapter I

Preliminaries

8 1, Definitions and terminology.

Let A be an algebra over the field € of complex numbers.
A mapping x —> x* of A onto A such that
(1) (x¥)* = x;
(i1)  (z + y)* = x* + 7%
(111) (ux)* = o x*;

(iV) (xY)* = y¥*x¥,

for all x, y in A and fov all « € €, 4is called an involution on

A, An algebra A with an involution is called an involutive algebra.
A subalgebra B of an involutive algebra A is called an involutive

subalgebra of A if B¥ = B, where B¥ = { x*¥ ¢ x € B} e« A normed

algebra A with an involution such that [l x|l = || x*| for all x in

A, is called an involutive normed algebra, If A ia complete, then A

ig: ealled an involutive Banach algebra . An involutive Banach'alge—

bre A such theat
(v) I=l%= hxx],

for all x in A, is called a C*=slgebra (or a B*=algebra in [15] ).

If A is a C¥-algebra, then every closed involutive subalgebra of A

ig a C¥-algebra, called the sub-C¥-algebra of A,

Let A be a C*-algebra. If I is a closed two-sided ideal of A,

then I¥ = I. Let A/I =-{ x'=x+1:x € .A}'; Define in A/I the

operations of addition, multiplication, multiplication by scalars,

-«



involution and norm as follows :

gyt = (x+y)Y

x'y' = (xy)';
ax' = (x)';
(x')* = (x*)';
|x*]| = dinf|x +m|,

m€l
for all x', y' in A/I and for all ® € C, Then with these

operations, A/I Decomes a C¥-algebra, called tﬁe quotient C¥-alge-

bra of A (with respect to I) (cf. 1.8.2, in [3]‘).

TLet A be a C¥~algebra. 4n element x in A is called hermitian
if x* = x; normal if xx¥ = x¥x; positive if x is of the form yy*

for some ¥y in A, If A has an identity element 1, then the element

x in A is called unitary if xx* = x¥x = 1.

‘ ~
Let A be an algebra and let A = C x A Dbe the Cartesian
~
product of ¢ and A, Define in A the operations of addition,

multiplication and multiplication by scalars as follows 3

(ty x) + (P, 5)=(x+D, x+¥);
(o, )P, y) = (ap, px+ &y +x);
B(x, x) = (px, px),
for all %X, ¥y in A and for all o, @ € €. Then with these opera-

~
tions, A becomes an associative algebra. Moreover, if A is an

~
involutive normed algebra, then A is an involutive normed algebra

with the involution given by (&, x)¥ = (od y x*) and the norm, for

example, by
f(ty =)l = To| + U=l
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~n
(We observe that A is also an involutive normed algebra. under

the norm H(Oi,x)“. =/lo<l2+ | x|l ® or %he norm I (o, =)
~

= max (|°(| ’ \I xil' ). ) It is clear that if A is complete, then A

is complete and that A can be considered as a maximal closed two-

sided ideal of X . Purthermore, if A is a C¥=algebra, then there

exists a unique norm under which X is a C¥=algebra. In fact, if

A has an identity element, then Z is a C¥=algebra under the norm

(¢, )| = max (x|, xll )o I£ A has no identity, we consider

the left regular representation x —> I’x of Z « Then under the
~

norm |l x i = I Il , A is a C¥-algebra (of. 153.8. in [ 3] ).

~ o~
The identity element of A is (1, 0). = A is called the C*-algebra

deduced from A by the adjunction of en identity element,

TLet H be a Hilbert space and L(H) the algebra of all bounded
linear operators on H., If T% denote: the adjoint operator of T,
then T ——> T% ig an involution on L(H) end L(H) together with

this involution and the operator norm, is a C¥=algebra.

Tet A and B be two C*-algebras. over the same field € of

complex numbers. A homomorphism § from A into B such that <for

every x in A, ¢ (x*) = 9 (x)¥, is: called a ¥-homomorphism, If Q

is one-to-one, then it is called a ¥-igomorphigm., If there is a

%-igomorphism from A onto B, then A and B are saild 1o be ¥-isomoxr-
phic. If ¢ is a *~homomorphism from A into B, then ?(A) is a
sub-C¥~algebra of B and “q’(x) | = ||x|| for all x in A, If

is a ¥~isomorphism, then it is also an isometry (ef. le3eTy Le821.&

1.8.3, in [3] )+
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8 2. Representations and positive linear funciionals.

Let A be a C¥-algebra and H a Hilbert space., A *-homomorphism

T from A into L(H) is called a representation of A in H, I TT

is a ¥=isomorphism, then it is called a faithful representation.

The dimension of H is called the dimension of TU . The space H is
called the space of TU and is denoted by HTT . A subspace K of H is
said to be invarient under TT(A) if T(A)KCZ K. ILet § € H,

Then the closure of TT(A)E is a closed subspace of H invariant

under TC(a)., If TT(A)E = H, then & is called a %opologically

oyelic vector for TU(A). The representation JU of A in H is said

to be topologically irreducible if H # (0) and if the closed sub=

spaces of H which are invariant under T7(A) are (0) and H only.
It is clear that if TU is topologically irreducible, then every
non-zero vector in H is topologically cyclic. It has been esta =
blished By Kedison [10] that every topologically irreducible

representation of a C¥-algebra is also algebrically irreducible.

Let A be a C¥=algebra and Hl’ H2 two Hilbert spaces. Let

Trl and 7?2 be the representations of A in H1 and H2 respec=
tively. Then Trl and jTé are said to be equivalent if there

exists an isometric isomorphism gi from H1 onto H2 which trans-

forms TTl(x) into 7T2(x) for all x in A, i.e., such that for

all x in 4,

T () = TS .

The collection of all equivalence classes of.non-zero irreducible
A

representations of A 1is denoted by A .
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Let {H be a family of Hilbert spaces and let H be

A}AG!\
the family of all functions (§,) defined on A such that

(1) for each A€ N, & € H,;
(ii} (E}\) contains at most a countablie numbexr of elements

wkich are differen‘tv from zero;
. 2
(1i1) Z»-: ENF< o

We define addition, multiplication by scalars and inner product in

H by the following formulae :

(B + (M) = (Ex+ s
o (E)) = («8));
(@) | M) = 32 E ),

Then with these operations, H becomes a Hilbert space, called the

Hilbert sum (or direct sum) of the Hilbert spaces H, and we

denote it by

H = {E) HA .

AEN
Tet A be a C¥-algebra, { H')\}AC-A a family of Hilbert spaces
and {'IT)‘}}‘ €N e family of representations of A such that T’()‘ is
& representation of A in H), for each A ¢\ . Let H be the Hilbert

sum of H\ . Let (E)\) € H and x € A. Then, since for each X in

Aeand each AE A, |THG&E) I = I x|, it follows that (T(x)TA)

€ H; in fact

]

(T 6D, (TREIED)
> (Tx)Ea, THR(x)EA)

N

2}\: (=) &, 2

I () EDI

Ii
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= Z; I 2 15N < | =® 1 BIIZ .
Now let TU(x) 5e'the operator on H defined by
T(x)(E)) = (M(x)&H).

Then it is easy to see that T0(x) is a bounded linear operator on
H for every x in A, with |TT(x) | == lxii. Since each T\ is

a representation of A in HA s 1t is easily seen that TU 1is =a

répresentation of A.in H which we call the Hilbert sum (or direct
sun). of ‘the-representations 7JTU, and denote it by
T = DT

AEN
(ef. 2.2.3. in [3] ).

Let A be a C¥-algebra. A linear functionel £ on A is called
positive.if £(x*x) = 0 for all x in A. A positive continuous
linear functional £ on A such that | £l =1 is called a state of
A, Tet £ and g be two linear functionals on A, Then £ is said to

najorize g or g is said to be majorized‘by £ if £ - g 1is posi-

tive and we write £ = g oxr & ~ f. A positive continuous

linear functional £ on A is said to be pure if T # 0 and if

every positive continuous linear functional on A majorized by f is

of the form & f where O = o = 1. The set of all pure states

on A is denoted by P(4).

Let A be a (¥-algebra, £ a positive continuous linear

~

Punctional on A and A the C¥-algebra deduced from A by the
~ . ~

adjunction of an identity element. Define I on A Dby



(o, %) = o |z + 2(x),

: ~ -

for 21l (o, x) in A . Then it is easily seen that £ is a
~ ~

positive continuous linear functional on A. We call £ the

~
canonical extension of £ to A (ef. 2.1.5, in [3] Yo

Let A be a C¥-algebra and 7TU a representation of A in a.
Hilbert space H. Let & € H., Then x —> (T'\'(x)E\ E) is a
positive continuous linear functional on A, called the linear

functional defined by TU _and € . Por TU fixed and & varying

in H, we get linear functionals associated to JU, If S is a set

of representations of A, then a linear functional £ on A is said to

be associé:ted to S if £ is associated to at least one element of .

S. Tet B be a sub-C¥-algebra of L(H) and & an element in H., Then
the positive linear functional on B defined by the identity repre-

sentation on B and E y 1.€., the linear functional x —> (xg | & ),

is usually denoted by ‘*’E .

Tet A be a C¥-algebra and £ a positive linear functional
on A. Por every X, y in A, we define (x | y) = £(y*x)., Then it is
clear that this functional is linear in x and semi~linear in y and

(x | x) = 0 for all x in A, We have the following Cauchy-Schwartz

inequality

(1) | 2(yx)| 2 = 2(xx)2(y%y),

for all x, y in A (ef. p.213 in [15]). Tet
v={x€ a: f(x*x)=o}.

Then N is a left ideal of A and by (l),



N = { x € A: £(y*x) = 0 for.allyinA}o
Tet H! = A/N and for x', y' in H', define |
(=t | ¥) = z(y*x).
Then (x? I y') is an inner product of H' for which H'is a prehilbert

space (or inner product space). In fact, using this construction

we can show that every positive continuous linear functional £ on A

gives rise to a unique representation Tl of A in Hf, the

Hilbert space completion of Ht, loreover, there exisis a unique

vector Ef in Hf such that
f(x) = (Tl-f(x)Efl Ef)i

for all x in A. The representation 7JU, and the vector Ef are

said to be defined by £ (cf. 2.4.4. in [3] ).



Chapter II

The dual of a C¥-algebra

S 1. The Jacobson structure space and the dual of a C¥-algebra.

Let A be a C¥-algebra, H a Hilbert space and 7TJU a non-zero
irreducible representation of A in H., Then the: kernel Xer TU of

TT is called a primitive ideal of A. It is clear that every

primitive ideal is a closed two-sided ideal of A, By 2.9.7. in
[5], it follows that every closed two-sided ideal of A is the
intersection of all primitive ideals conteining it. The C¥*~algebra
A is said ©o be primitive if the zero ideal is a primitive igdeal
of A. The collection of all primitive ideals of A is denoted by
Prim (4). It is clear that if two representations are equivalent,
then they have the same kernel. But, in general, the converse is
not true. (cf. [:9] ) Thus JC —> Ker 70 ( TT € i ) is a
mapping Lfrom ﬁ onto Prim (4A), but not one-to-one. We call this

/\ ! .
mapping the canonical mapping of A onto Prim (A) and denote it by

C5> : ?& —> Prin (4).

Temma (2.1.1). Iet A be a C*-algebra, H a Hilbert space and TJT

a non-zero irreducible representation of A in H.

(1) If I is a closed two-sided ideal of A and if TT(I) # 0,

then the restriction WT'[ I of U to I is irreducible.

(i1) 1If I, and I, are two closed two-sided ideals of A such

that 7T(Il) # 0 and 7T(12) # 0, then Tr(zl, 12) £ 0.

Proof: [ 3] The set H' of elements f’ of H such that TT(I)§ =0
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is an invariant subspace with respect to TT(A). In fact, suppose
& € H'. since TT(I) TT(A)E = .TT(I.A)E  T(I)E = o,
it follows that TU(A)E € H' and so TU(A)H'CZ H'. Hence H' is
an invariant subspace. Since TJT(1) # 0, H' is distinet from H',
But TJU is irreducible, therefore HY = (0). Thus, if & # O in H,
then TU(I)E # 0. Since I is a two-sided ideal, it follows that
’)T(I)§ is inveriant with respect to TU(A). The irreducibility
of T dimplies that TT(I)E = Hiand the proof of (1) is complete.
Similarly, it follows that TT(Il)H =H and 7T(12)H = H, Thus
TT(Il)(TT(12§H = H, But TT(II)TT(IZ) = Tr(Il: 12). Therefore

T\‘(:cl . 12) £ 0 and this proves (ii).

Temma (2.1.2). Let I, and I, be two closed two-sided ideals of a

C¥~glgebra A and P a primitive ideal of A. If P - Il . I

(in particular, if P D Il N 12), then either P 2D Il or:
PO 12.
Proof: [3] Suppose P i) Il and PjD I2. Let TU be the irredu~
cible representation of A such that KerTl = P. Then ')T(Il) # 0
and ']T(Iz) # 0. Therefore, by Lemma (2.1.1)(ii)‘, T\'(Il. 12) #£0
and hence P :,'b Il' 12;. a contradiction. Thus either P 2D Il
or P D 12. This completes the proof.

Tet A be a C¥-algebra, Prim (A) the collection of all primi-

tive ideals of A and T a subcollection of Prim (A). Define

(1) = ﬂ P,

P T
Then I(T) is a closed two-sided ideal of A since every P'E€ T is

a closed two-sided ideal of A, Now define ) +to0 be the set of all



primitive ideals of A containing I(T), LleCey

P € Prim (A) and P D I{T)}.

(1) T={rp
If T = @, we define T = T, i.e., % = g. Then we have:

Temma (2.1.%). Let A be a C¥-algebra and let T be defined as. (1).

Then (i) B = #;
(ii) PC= T for every T C Prim (4);
(iii) T =1 for every TCZ Prim (A);

(iv) LU T, = El U T2 - for every TlC Prim (A) and
7, Prim (4).
Proof: [3] (1) By definitionm.

(ii) It is clear that for every P' € T, P'DO I(T) and thus

Pt € T, Hence TC= T for every T C= Prim (4).

(111) We have I(T) = ﬂ_ P CC ﬂ P! = 1(T) since TC T.
PET PIE T

Since, for every P € T, P D 1(T), hence 1(T) = m__ P I(T).
Pe T

Hence I(T) = I(T) and therefore T =T for every T C= Prim (A).

(iv) Tet I, = I(Tl) and I, = I(Tz). Then
T

Now , since
'I<m1um2)= m P‘—(m P')ﬂ(mP')—IﬂI

t ' t
P€T1UT2 PGT PET

we have
T U T, = {P:2 € Prin (A) ena 2 DI, ) I, ).

It is clear tha¥ T U T, T U Ty Next, it P € T, U Ty

I

then P D I, Al 1, end thevefore, by Lemma (2.1.2); either B D I,

U T,={2:P? ¢ Prin (4) and either P2I, or PDI,}.

Q
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or P OO I:2, i.e., either P € 'fi or P € —T‘Z » . Hence
P € EDlU T2 and so Tl U T2C ‘l‘l U T2 . Consequently,

Tl U T2 = Tl U Tz fox every TlC':. Prin (A) and TZC ?rim (4).

This: completes: the proof.

We remark that the statements contained in Lemma (2.1.3) are
just the Kuratowski closure axioms for a topology. Hence it follows
Prom this lemma that there exists a unique topology on Prim (1)
such that for every T C= Prim (&), T' is the closure of T under

this topology. This. topology is called the Jacobson topology on

Prim (&) (in [3] ) or hull-kernel topology on Prim (A) (in [15] ).

Prim (A) with this topology is called the Jacobson structure space
of & (cf. [122] )¢

Theorem (231.4). Let A be a C¥-algebra and Prim (A) its Jacobson

gtructure space. Let T be a subset of Prim (A), Then T is closed

if and only if T is the set of all primitive ideals. containing a
subset of Al

Proof: [ 3] If T is closed, then T = T and hence T is the set of

ell primitive ideals of A containing I(T), a subset of A. Conversely,

1let M be a subset of A and let T be the set of all primitive ideals

of A containing M, Then we have

I(T) = ﬂ P M,

Pe T

Thus, if P € T, then P I1(T) = M. Hence P € T and s0

T C< ?, Therefore T = T and this completes the proof.

iheorem (2:1.5). ILet A be a primitive C¥-algebra and Prim (A) its
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Jacobson structure space. Then there exists a set in Prim (A)

consisting of a single point which is dense in Prim (4),

Proof: Since A is a primitive C*-algebra, the zero ideal (0) is
in Prim (A). Let T = { (0)} be the subset of Prim (A) containing

the zero ideal (0) only. Then I(T) = (0) and so T = Prim (4).

Theorem (2.1.6). Let A be a C¥-algebra. Then its Jacobson struc-

ture space Prim (4) is a T ~space.

Proof: [ 3]  Let P, and P, be two distinct points in Prim (4).
Then either Pl(;t. P2. or P2C;l'_'_ Pl. Suppose PlC P2. Then,
by Theorem (241.4), the set T of all P € Prim}(A) such that
POP is a closed subset of Prim (A). We have: Pl € T, But .

1
P, ¢ T, In fact, if B, é 1, then P, C= B,; a contradiction.

'Hence the space Prin (1) is a T -space.

Theorem (2.1.7). Let A be a C¥-algebra and Prim (A) its Jacobson

structure space. Let P € Prim (A). Then the set { P} is closed

if and only if P is a maximel primitive ideal.

Proof: [:3] This follows from the fact thaﬁ +the closure { P}

of the set { P} is the set of all primitive ideals of A contain-
ing P.

A
Tet A be a C¥-algebra and A the set of all equivalence

classes of non-zero irreducible representiations of A. Ve shall now

) A
"define a topology on A .

' N
“et S be a subset of A . Ve say that S is open if there is

en open set T in Prim (A) such that
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CP-I(T) = 3,

N

where CP is the canonical mapping 3’ : A —> Prim (A). It is
- A

clear that the collection of all such open sets is a topology on A,

N .
called the inverse image topology and A with this topology is

A .
called the dual of A. (In [3] , A is called the “gpectre" of 4).

A —
Thus, if S is a subset of A , then the closure S of S is the set

N
of 11 TU € A such that

Ker 7T D m Kerf .
£ES

N
Remark: It is easily seen that with this topology on A the

N .
canonical mapping @ : A —> Prim (4) is open and continuous.

Theorem (2.1.8). Let A be a primitive C¥-algebra. Then there exists
' N N
a point JU din A which is dense in A ; in particular, every open

A A
set of A is dense in A .

Proof: Since A is primitive, by Theorem (2.1.5), the set T = {(0)}
containing the zero ideal (0) only, is dense in Prim (A). ILet

S
C € A be such that KerJT = (0) and let S = {TT} . Then

A
by the definition of the topology on the dual A , it follows imme-
diately that S = 4.

A

Theorem (2.1.9). ILet A be a C¥-algebra and A its dual. Then the

following conditions are equivalent:
N
(1) A is a T _-space.
A .
(i1) The canonicael mapping @ : A —> Prim (A) is a

homeomorphisn,

(iii) Two non-zero irreducible representations of A having
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the same: kernel are equivalent,
Proof: [3] We prove (iii) = (ii) => (i) = (iii).

(iii) ==> (ii) : Suppose (iii) holds. Then the canonical
A A
mapping ¢ & A —> Prim (A) is one-to-one and onto. Since
this mapping is open and continuous by the Remark above, it follows

that ¢ is a homeomorphism,

(’ii) = (i) : Since Prim (1) is a Tn-space, it follows: that
A
if the caronical mepping ¥ : A —> Prio (A) is a homeomorphism,
A :
then A is a Tg-space.

A
(i) = (ii1) : Tet T, end JT, € A be two representa-
A
tions: having the same kernel., Then every open set in A containing
. N
T4 also contains 'Tt’z"." Since A is a T -space, it follows.

that Tl':L = Tt'2 eand this completes the proof.

Let A be a C¥-algebra, I a closed two-sided ideal of A, XI
(resp. .{‘\.I ) +the set of all 7T € /1: such that TT(I) =0
(resp. TC(I) # 0) eand Prim (4) (resp. Primi(4) ) the set of
a1l P € Prim (A) such that P D I (resp. P O I). Then

N N M I
A= AU 4 and Prim (4) = PrimI(A) U Prim-(4) .

For each 7T € /1\&1, there corresponds the representation Tt
€ (A/I)A given by Tr'(x') = Tt(x), where x' =x+1I € AI,
and conversely, for each. T € (A/I).A, there: corresponds ‘the
representation T € /‘k‘I defined by TJU(x) = TU'(x') for all x in
A, It is easily seen that the mapping U —> T of KI into.

(A/I)A ig one-to-one and onto. Also we can show that P —> P/I
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is a one~to-one mapping of PrimI(A) onto Prim (A/I) (ef. 2.11.2.

and 2,11.5. in [ 3] ). Purthermore, we have

Tneorem (2:1.10). (1) The mepping P —> P/I is a homeomor-

phism. of Prim (A) onto Prim (A/I) end is denoted by
PrimI(A) —> Pnim (A/I).

N
(ii) The mapping TU —> 7t' is a homeomorphism of Ay

N
onto (A/I) and is denoted by
N N
A, —> (/1)

Proof: [5] We observe first that the mapping P —> B/I is

one-to-one: and onto. Next let T be 2 subset of PrimI(A) and
m={2r:2€ 2},

the image of T in Prim (A/I) under the given mapping. Since, for
every P! in PrimI(A),

P m P if and omly if PY/I D | | ®/I,
PE T PE T

it follows that T is closed in PrimI(A) if and only if T' is:

closed in Prim (A/I). Hence the mapping P —> P/I is a homeo~

morphism, This proves (i). The second part of the theorem follows

rrom (i) and the definition of the dual. This completes the proofe
A

Next, for each T{ S AI, there corresponds. the representa-
N

N~
'i:ion'ﬂ" I € I, and conversely, for each Tt' ¢ I, there
A
corresponds the representation U € Al such that 7T = ‘ﬁ'l I,
It is easily seen that the mapping U —> JU| I of Al into I

is one~to-one end onto. Also we can show that the mapping
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P —> P [\ I is a one-to-one mapping of PrimI(A) onto. Prim (I)

(ez. 2,11,2. and 2.11.5. in [3] )e TFurthermore, we have

Theorem (2;1,11). (i) The mapping 2 —> P () I is a homeomor-

ohism of PrimT(A) onto Prim (I) and is denoted by

Primf(a) —> Prin (I).
. N

(ii) The mapping T —_ ']Tl I is. & homeomorphism of AT
A
onto I and is denoted by
AN N
Al — 1,

Proof: [ 3]  We observe first that the mepping P —> P NIis

one~to-one and onto, Next let T be a subset of Prim®(A) and
T!:{Pﬂ Iﬁ:PG T},

the image of T in Prim (1) under the given mapping. Suppose P! € _T-.

Then P! D ﬂ P and so P'*N I O m (P N I). Hence
PE D PE D :

pt\ I é T', Conversely, suppose

ptN I DO ﬂ PN I).
PE T

Then P! D ( N P)N I and P'FDOI so that B! D f\ P
PeT PC T
by Lemma (2,1.2), and hence P! € T, Therefore T is closed in
Primf(A) if and only if T' is closed in Prim (I). Hence the
mapping P —> P A I is a homeomorphism. This proves (i). The

second part of the theorem follows Trom (i) and the definition of

the duzl. This completes the proof.

Corollary (2.1,12). PrimI(A) is a closed set in Prim (4) and

PrimI(A) is an open set in Prim (4). Also A; is a closed set in
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N M N
R I . .
A and A is an open set in A ,

Proof: By Theorem (271.4), PrimI(A) is a closed set in Prim (A)
and , since Priml(A) is the completment of PrimI(A); Prim*(A) is
' N
en open set in Prim (A). It follows now that AI is a closed set

N AI N
in A and A is an open set in A , This completes the proof.

CoroTlary (2.1.13). ILet A be a C¥-algebra and I = closed two-sided

. . A A

jdeal of A. Then we cen identify (A/I) with the closed subset A
A A A

of A and I with the open subset AI, which is the complement of

Ar; we have (a/1) = 4o < I,

N
Meoren (2.1.14). Iet A be a C¥~algebra. Then I —>1I is a

one-~to-one mapping from the collection of all closed two-sided

ideels of A onto the collection of all open sets in "A s We have
A N

Il  — 12 if and only if Ilcz‘_ 12.
- N A
Proof: [3] By Corollary (2.1.13), I is an open subset of A fox

A
every closed two-sided ideal I of A, Now let U be an open set in A

A N

and F= A - U, Then P is a closed set in A, Let I = [\ Ker § .
, fe F

Then I is & closed two-sided ideal of A, Since F is closed in A,

P

N
every U € A such that Ker JU 2D I isin F so that P = (A/I) .
AN

N FAN
Therefore I = A - F = U, Hence the mapping I —> I is onto.

Next suppose Il and 12 are two closed two-sided ideals of A such

A A
that I1 = 12 . Then every primitive ideal of A containing I1 also

Vcontains 12, and conversely. Now, since every closed two-gided

ideal of A is the intersection of all primitive ideals containing
it, it follows that Il = 12. Hence the mapping I —> g is one-to-
one. The final assertion of the theorem is clears.
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g8 2. The second definition of the topology on the. dual.

Let A be a C¥—-algebra -and A' the conjugate space of all
continuous linear functionals on A, ILet P(A) be the set of all
pure states on A; Then P(A) becomes a topological space with the
relative topology induced by the weal topology O(A', A) on AY,

TPurthermore P(A) is a Baire space (cf. py 3%% in [ 3] ).

Let A be a C¥-algebra, If Tr is a non-zero irxreducible

~ representation of A in a Hilbert space H and & is a non-zero vece-
tor in H, then the linear functional f defined by 2(x) = (TT(x)E| ©)
is a pure positive continuous linear functional on A, If we choose
£ such that | £|| = 1, then £ is a pure state on A. Conversely,
if £ is a pure positive continuous linear functional on A, then the
representation' Trf defined by £ is a non-zero irreducible repre-—
sentation of A (cf. 2.5.4 in [3] ). Thus the mapping of B(A)
into ﬁ which associates to each element £ in P(A) the equivalence
clags of irreducible representation defined by £, is well-defined

A
and is onto A . We denote this mapping by

N
P(A) —> A,

N

A
and call it the canonical mapping of P(A) onto A, If TT € 4,

its inverse image in P(A) under this canonical mapping is the set

of all pure states associated to TU o In fact, let £' be in the

inverse image of TU and 77!  +the representation defined by £ in

the equivalence class determined by TU . Since 7T and JU' are

equivalent, there is.an jsometric isomorphism @ from HTT onto



Hoos such thet P T(x) = T (x)® for all x in &, i.es,
-1
D TT(x) P = T0'(x) for all x in A, Let E' be the vector

defined by £'. Then
£1(x) = UG | €)= (BB g9
= (M) E e | F74En) = (M| ),

.wh'ere N = §"1§‘ € Hﬂ_ , and so £' is associated to TU . Thus:
the inverse image of TU € /!: consists of all pure states associ-
ated 1o U . It follows that the canonical mapping P(a) —> /.l:
is one-to-one if and only if every irreducible representation of A
is of dimension 1 and this condition is satisfied if and only if

A is commuteiive (cfe 2.5.7. in [31).

Theoren (2.2.1). ILet A be a C¥-algebra, JU & repregentation of A

and S a set of representations of A. Then the following conditions
are equivalent 3

(1) Ker TU 22 ﬂ Ker £ .
fe s

‘ (ii) Every positive linear functional on A associated %o EAY
ig the weak limit of linear combinations of positive linear

functionals associated to S .
(iii) Every state on A associated to U is the wealk 1imit of

states of the form

n
E : w
EJ o ?J ? .
J=1
where Ej € HPj’ Qj € 8 and the linear functional ng o Pj
defined by the relation
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W, (F,(x)) = (2,81 E,),
J =1y 25 eees I
If the representation JU admits a topologically cyclic vec—
sor & , then the above conditions are equivalent to the following:
(iv) The positive linear functional x —> £(x) = (W(x)E | €)
on A is. the weak limit of linear combinations of positive linear

functionals associated to S.

Proof: [3] We prove (i) = (iii) = (ii) =>(1) and (31) <=

(iv).

(i) = (iii): Suppose Kex JT :Pm Ker P. Then every state
€S -

on A associated to JU 1is zero on Pﬂ Kerf and hence, by 3e4e2.
€8
in [ 3] , we get (iii).
(iii) =>(ii): Obvious.

(i1)==>(1): Let P € S, Ep € H? and £ the positive

o Suppose & € ﬂ Kerp .

1inear functional defined by § and EP

Then 2
s(a¥a) = (P(a*a)Bp | Bp) = [IP(2)5]I" =0,

i.e., £ is zero at a*a., Thus. every positive linear functional

associated to S is zero at a¥a. Since (ii) holds, the positive

linear functional g associated to JU is zero at a¥a., But

g(e¥a) = ((a*a)E | E) = | T()E] 2

for some non-zero & € Hyr, end so TT(a)& = 0. Now if § varies

ovexr H'ﬂ" g varies over the set of positive linear functionals

associated to JU . Hence TT(a)E = 0 for all § € H . and therefore

Tt(a) = 0, iee0; @ € Ker JUT . Hence Ker 7T 3D 9@ Ker P .
S

(ii) <> (iv): It is clear shat (ii) implies (iv). Now suppose
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(iv) holds, We observe first that if £ is a positive linear func-
tionel associated to JU, then for each y in 4, x —>g(x) = .

f(yx‘xy) ig. a positive linear functional associated to TJU; in fact,
s(x) = £(y*xy) = (Wyry)§ | §) = (Wx) T()E | T@)E),

Tor sone non=zero E € H, and so gis associated to T . To complete
the proof, we need to show that for every y in A, +the linear func-
tional = —> g(x) = £(y*xy) is the weak limit of linear combina-
+tions of positive linear functionals associated to S. Since (iv)

holds, it follows that £ is the weak limit of linear functionals fi,
where each :fi‘is the linear combination of positive linear functio-

nals associated to S. Hence g is the weak limit of linear functionals

x —> gi(x) = fi(b’*XY)-
Since each gn'._ is a linear combination of positive linear functionals

associated to S, hence (ii) follows. This completes the proof.

Tt is clear that if JU € S, then the conditions (1), (i1)
and (iii) of Theorem (2.2.1) hold, but not conversely. Hence we
give the following definition:

Definition. Let A be a C¥-algebra, JU a representation of A and S

a set of representations of A, IZf T and S satisfy any one of the

equivalent conditions (i), (ii) and (iii) in the Theoren (2.2.1),

then JU is said to be weakly contained in S.

N
Tet A be a C¥-algebra with the dual A and JU a representa-

tion of A. Then the support S of JU is defined to be the set of all

N
P € A which is weakly contained in JU, 1.€.,

s={9€ Q.:KerP:)KerTl'}o
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. AN
Theorem (2.2.2). Let A be a C¥-algebra wWith the dual A and TU

a representation of A, Then the supporf S of TJU is a closed sub-

N
set of 4 .

Proof: By definition, the closure § of S is the set of all P € /A\;

ch that Ker P :Uﬂ Ker 0. Hence,it follows that if P € §,
€ 8

then KXer £ = Q Ker 0 O Ker JU, so that { € S. Hence
geEs

S = S and this completes the. proof,

~
S

y N A
Theorem (2.2:3). Tet A be a C¥-algebra with the dual 4 , JU € A

and S Co 2 . Then the following conditions are equivalent:

(1 JT € F§.

(i) JU is weakly contained in S.

(iii) Some of the non-zero positive linear functionals asso-
ciated to 'Tl‘ is the weak limit of positive linear functionals

associated to S.

(iv) TEvery state associated to JU is the weak limit of the
states associated to S.

Proof: [ 3] We prove (1) <> (ii) and (iv) = (iii) = (i1) =

(iv).

(i)<=—'>(ii): We have JU € S 4if and only if Ker JT O

?m Ker f if and only if TU is weakly contained in S.
€S
(iy) = (iii): Obvious.

(1i1) = (ii): Since TU is jrreducible, every non-zero vector

£ € HTT is a cyclic vector. Since some of the non-zero positive.

linear functionals associated to JU is the weak limit of positive

1inear functionals associated %0 S, there is € #£0in H'Il' such that
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the positive linear functional x —> (U(x)E | ) is the weak limit
02 vositive linear functionals assoclated to § . Hence, by

Thecren (2;2;1), it follows that JU is weakly contained in S.
(11) => (iv): Suppose (ii) holds. Then Ker JT = /f\ Ker P
P€ES

o that every state associated to JU 1s zero on Kerp and
€S

kence, by 3.4.2. in [3 ] , every state associated to JU is the

weak limit of states associated to S. This completes the proof.

fheorem (2.2.4)., Let A be a C¥-algebra, P(A) the space of all pure

'

N
states on A and A the dual of A, Then the canonical mapping

P(A) —> /.f:

is continuous and open.
: A
Proof: [ 3] Tet S be a set in A and Q be its inverse image in

P(A) under the canonical mapping. Let £ € P(A) and TTU be its
image in K . By Theorem (2.2.3), it follows that £ € Q if and
omly if TU € S. Hence S is closed in 2 if and only if Q is
closed in P(A)- and so the canonical mapping P(A) _ X is. conti-

Next 1let U be an open set in P(4A) and V the image of U in
~

A
A under the canonical mapping. Tor every unitary element wof A,

nuous.

et u(U) be the set of the linear sunctionals x —> glu¥xu) where

g runs over U, Then w(U) is an open set in P(A). Let
o = ),
ueé€ i

here w is an unitary element. Then U! is an open set in P(A).

Since, by 2.8.6. in [ 3] , the irreducible representations TTf

enéd Tt defined by the pure states T and g are equivalent if and
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only if there exists a unitary element u in 'X such that g(x) =
£(u¥xu) for all x in A, it follows that U! is the inverse image of
Vv in P(A). But we know that a set SC= A’'is closed if and only if
its inverse image Q in P(A) is closed. Hence V is open and so.the

A
canonical mapping P(A) —> A is open. This completes the proof.

A
Hence we can state the second definition of the topology on A

as follows: It is the quotient tovology of that of P(A) under the

N
canonical mapping P(A) —> A .

N
Remerk., We see that if A is commutative, then A 1is exactly the

carrier space of .A (cf. p.110 in [15]) ¥

o e N N
Theorem (2-2:5). et A be a C¥-algebra with the dual A . Then A

is a Baire space.

Proof: [ 3]  Tet (Vl, Voy eee ) be a countable family of open dense
sets in 2 . For each n, let Un be the inverse image of Vn under the
canonical mapping P(A) —> 2 . Then, by Theorem (2;2;4), it follows.
thet each Un is an open set in P(A) and, since the canonical mapping
is onto, each U_ is dense in P(A). Hence (Ul’ Uys eoe ) is a
_countable family of open dense sets in P(A). Since P(A) is a Baire
space, /ﬁ\Uh is a dense set in P(4) and, since (N\Vn is the
imege of g [\Un, Theorem (2.2.4) implies. that ﬂvz is dense in
n n
2 . Hence 2 is a Baire space and this completes the prqof.

By an arguments similar to that given in the proof of Theorem

(2.2.5), we can show that the Jacobson structure Space Prim (4) of

a C¥-algebra A is: a Baire space.
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§ 3, The third definition of the topology on the dual.

For each cardinal number n, let Hn be the n-dimensional

Hilbert space of sequences { E:L} of complex numbers such that
:Z: 2 .
- !Ell <'d)9
i
indexed by a set of cardinal n.

A
Let A be a C¥-algebra with the dual A . Fox each cardinal n,

let Repn(A) be the set of all representations of A in Hn and Irrn(A)

+he set of all non-zero irreducible representations of A in Hn. Let
A
VY  be a mapping of Irrn(A) into A which associates with each
A
element in Irnh(A) its equivalence class in A , We call Y the

A
canonical mapping of Irrh(A) into A =and denote it by

IV Irrh(A)'——+> Q .

A A
Let A be the image of Irrh(A) in A under the mapping Y . It

A
is: clear that An is the set of all equivalence classes of non-

gzero irreducible representations of dimension n.
Por each cardinal number n, let L(Hn) be the algebra of all
bounded linear operators on H . Then the topology on L(Hn) defined

by the semi-norms.

T — l(TElﬂ)l,

where E y N € H, is called the week topologz»on.L(Hn), and

L(Hn) with this topology is denoted by Lw(Hn). The topology on

L(Hn) defined by the semi-norms
p —> |lzEll,

< H, is called the strong topology on L(Hn), and L(Hn)

whers §
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with this topology is denoted by Ls(Hn). It is easy to chow that

Ih(Hn) and Ls(Hn) are topological vector spaces whose topologies:

are Heusdroff, If VW is a neighborhood of zero in LW(H ), then
S

there exist £ > O and elements El’ cess & o ﬂl’ ceer M

in Hn such that VW is of the form
(1) vw-_-{m: |(zg, | M) < € ;i=1,.‘..,m};

and if VS is a neighborhood of zero in LS(Hn), then there exist

£ = 0 and t’l’ ceey TGy in Hy such that V_ is of the form

Yow let L(4, I'W(Hn)) be the set of all continuous linear
mappings of A into I (H ). Then Rep (1) C (s, I (5 )). In fact,
w''n n w'n
let JU be any element in Repn(A) and V2 neighborhood of zero in
Lw(Hn). We need to prove that there is a neighborhood W oI zero
in A such that TC(W)CZ V_. We observe that V_ is given in the

form (1) and for every x in 4, IT0(x)ll << |l x|l . Then, since

| GTE, | 1)) = ITCGE | I | = W=NIE 0 Ml

the set..
€

w={xea: lIx| < IIEilllmill;i:l’ cees 1}

is the required neighborhood in A. Similarly, we can show that

Repn(A)C: (4, I:S(Hn)), where L(A, LS(Hn)) is the set of all con-
tinuous linear mappings of A into I’s(Hﬁ)'

Let E and F be two topological vector spaces and L(E, F) the

set of all continuous linear mappings of E into P, Let ot Dbe the
family of all finite subsets of B. For each M € % and each

neighborhood V of zero in P, let



- 28 -

v (g, V) = {ue I(E F): 2= v},
For each u, € L(E, F), form the set
(3) u, * UO(M, V).

Thon finite intersections of sets of the form (3) define a funda-

dde b

» mental system of neighborhoods of the point uo for a topology. on

L(E, F). We call this topology on L(E, F) the topology of simple

convergence. ( ¢f. p.18 in C1D)..

If E= A and F= LW(Hn), the the topology of simple conver-

gence on L(A, LW(Hn)) is called the topology of weak simple con-—
vergence, and L(4, LW(Hn)) with this topology is demoted by
1 (4, LW(Hn)). If E=Aand F =L s’(H ﬁ'>-- , ‘then.. the.! topology of

W
simple convergence on L(4A, LS(Hn)) is called the topology of strong

simple convergence, and L(4, LS(Hn)) with this topology is denoted

vy L (4, T (H)).

The induced topology on Repn(A) as a subset of LW(A, Lw(Hn))

(resp. LS(A, LS(Hn)) ) is called the ‘topology of the weak simple

the topology of the strong simple conver—

convergence in A. (resp.

gence in A ).

Poke E= A, For each M € & and for every neighborhood VW

of zero in Lw(Hn), let
U, V) = UO(M, v.) N Rep (4) = {TU € Rep (4) : T vw}.

Hence if VW is given by (1) and if M = { al, ceey aD} s then

i=l, eeesP }

j=l’ ooo,m

Uo'(M, Vw) = {Tf € Repn(A) : |(7T(ai)gj I Tla)l <.8 ;

and thus for each 7T° € Repn(A)a
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NW(_TFO) = 0, + Uo'(M, vw)

is given by

() B(TT,) = {T0 € Bep,(a) ¢ | (n(ay)5,] M) - (15, (8 8, | )]

£ Es i=1, eeesp; =1, eeeym}

Thus the fundamental system of neighborhoods at each point Tt'o of
Repn(A) with the topology of the weak simple convergence in A is
given by the finite intersections of the sets of the form (4).
Similarly we can show that the fundamental system of neighborhoods
at ‘the point Tfo of Repn(A) with the topology of the strong simple

convergence in A is given by the Pinite intersections. of the sets.

of the form
(5) W) = {TC € Rmep () : [ T0(a,)T; - Tho(a;)% I<E€;
| 1 =1, eeoy P; J =1y eoey x }

It is easy to see that relative to the topology of "bhe weak
simple convergence in 4, a net {TL')\},\G/\ in Repn(A) converges to
TC € Rep,(A) if end only if (T(a)8 | M) —> @(a)E| M) for
all a in A and for all &, T € H, and that relative to the
topology of the strong simple convergence in A, a net {TY)‘}}\E/\
converges to TU if and only if | T\(2)8 - TT(a)E |l —> 0 for

all a in A and for all E, c Hn'

We now show that the above two topologies defined on Bepn(A)

coincide, For this it suffices to show that the identity mapping

of Repn(A) with weak simple convergence topology onto Repn(A) with

strong simple convergence topology, preserves closure, le€o, it

‘suffices to show that (Wk(a)ﬁl n) — (T(2)E | N) for all a in A
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and for a1l & , 7 € H , if and only iz |0\ (a)8 - T(a)E I

—S 0 for all a ir A and for all £ € H . In fact, suppose

thet  (T(2)E | ) —> ((2)E | N) for all a in A eand for all
R ‘Q c Hn; Then |

| T (a)E - TU(asll 2 = (G(2)T - TT(a)E | T(a)E - T(a)8)

T(a) E | Tia)E) - 2Re(Th(a)E | T(a)E) + (Ta)E | TT(a)E)
(Th(a%a)E | E) - 2 Re(T()§ | T0(a)E) + ((a*a)E | €)

—> (T(a*a)& | £) = 2 Re(TW(a)E ‘ TT(a)E) + (T(e*a)E | €) =
The converse follows from the following inequality:

L@E T M) - @@E V] = | 5T - T@T] D

= |

Since Irr, (1) is a subset of Rep, (o), the topology on Rep, (A)
induces the relative topology on Irrn(A) Iet T, € Irzy, (4).

Then every neighborhood of Tto in I:r:r-n(A) contains a neighborhood

N('JTO) of Tco constructed in the following way: let 819 oo a.p

€ A4, El’ eeey & € H end £ > 0; take
(6) N(TT) = {10 € Irz (a): Il TT(ay)E; = T (a;)8; | < €5
i = 1y, ecey P} j=1 ...,m}.

A

A
We recall that An is a subspace of A with the relative

A
topology induced by the topology on A and that Ir:c-n(A) has the

topology of the strong simple convergence in A.

Theoren (2.3s1). Let A be 2 C%-algebra end n any cardinal. Then

the candhicai mapping
A
Yoo Irrn(A) —> A
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A
of Irrh(A) onto An is continuous and open.

Proofs [:3] Let Q be a subset of Irrh(A) and TJU, & point of
Irrh(A)' Let S pe the image of Q in Kn and 'Co the image of T,
in ﬁn’ under: the canonical mapping Y : Irrh(A) —_— 2£ . Novr.
suppose vTTO € Q. Then, by Theorem (2.2.1), every positive linear
functional associated to 'Tto is the wgak 1imit of the positive:
linear functionals associated to Q. Hence, by Theorém (2.2.3),

htb € S so that H1(63 — \PZQS. Consequently W is continuous,

Next, let [, be any point of Irrn(A). Then every neighbor-
hood of JT, in Irrh(A) contains a neighborhood N(TTO) given by
A
(6). Let T, be the image of U, iﬁ An. By 3¢5+7« in [:3 ],
it follows that the image of N(jTo) in An is: neighborhood of "to

N
in A . Hence J is open and this completes the proof.

N
I+ follows then that the topology on An can be defined to

be the quotient topology of that of Irrn(A) under ‘the canonical

napping

A
Y & Irr (4) —> A
Tet A be a C¥-algebra. Then

A
A=Un,
n

L

A A
and it is clear that if m # n, then A N A = #. Ve observe that

the dimension of every non-zero irreducible representation of A is

bounded by a fixed cardinal. ( cf. 2.3.3. in [:3] )e In particular,

if A is a separable C¥-~algebra, then the dimension of every non-

representation of A is bounded by oand we .have
©

ARV

n=1

zero irreducible
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: A
Tet Irr (4) = U Irxel;l(A) and let W : Irr (A) —> A be the
n

A
mapping of Irx (A) into A which associates with each element of

A A A
Irz (A) its equivalence class in A . Then, since A = U A,
n
n

A
the mapping '\-,U is onto. ZLet An be the ‘topological space with the

quotient topology of that of Irrn(A) for each n, Then, by Theoren

N
(2‘.’3.1), this topology coincides with the relative topology on An
A
induced by the topology on A | So the third definition of the
A A
topology on A is given as follows: it is the topology on A

: A N
whose open sets S are the subsets S of A such that S N An is

N N
open in An for all n, where each An has the quotient topology of

that of Irrn(A).

§ 4. Some properties of the dual.

N
Theorem (2v4.1). ILet A be a C¥-algebra, A the dual of A and

. : in A.
{ x)‘}}\e,\ & family of elements dense in A. Let

A .
z, ={ W : TWE A and Tl | > 1}'.‘
A
Then the family {ZA})‘ ¢ N forms & base for the topology on 4 .

Since, by 3.3.2. in [3] , the function Tl--%ll'ﬂ'(x)“
A :
ig an open set in A . Now le%

Proof: [ 3]

is lower semi-continuous, each Zy

A
U be an open set in A and let 7T € U . Ve need to prove that

Por some A € N\ such that T € Zy C_ U, Let

I= m Kerp o

A

there exists 2,

e€ A-1

Since TC € U, there exists x in I such that J(x) # 0. Thus there
A

exists x in I such that | 7T (x) | = 2. But for f € A-1U, we have

¢ (x) = 0. Hence |P(x)| =0 forall ¢ € 4 - U., Since { x)\}AGI\

CaArs AT A,

Toarec>,

4
e 'A)JO:\?
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is dense in A, there exists a A€ A such that || x -x, | < 1,

and since for every representation f of A, we have

lnf(.a - NP = P& - PG |l

= [P -x)| = I=x=-x%)<1;

1% follows that || 7T(xA)ll:> 1. Therefore JU € Z, . To show

L) | "

that 2, U, we: observe that || ?(xA)ll < 1 forall PE€ A-T.
. N

Hence if TU € 2, and T ¢ U, then JU € A - U and so HjT(xh)H <

1, a contradiction. Hence 2, U and this completes the proof.

A
Corollary (2.4,2). Let A be a separable C¥-algebra and A the.

A
dual of A. Then A satisfies the second axiom of countability.

Proof: Simnce A is. separable, there is a countable dense subset

{x;} inh. By Theorem (2.4.1), it follows that the sets

z, = {0 : TE¢ A and II?T(x£)||'37 1 }

A
form a countable base foxr the topology on A .

Since every second countable space is separable, we have:

A
Corollary (2.4,3)s If A is a separable C*-algebra, then A is:
separable.
a family of

.. ¥
Theoren (2.4.4_)_. Let A be a c algebra and { x}‘}XG/\

elements dense in A, Let

N
2, ={Ker T : TWE A emd [T > 1},

Then the family { T,} forms & base for $he topology on Prim (A).
AEA

Proof: Since the canonical mapping

@ ﬁ——e Prim (4)

T ARIC,

A WA\'
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is open, T, , being the image 0f.the open set 2, , is open for
cach A , where %, is defined in Theorem (2.4.1). Now let V be a
open set in Prim (A) and P € V. Then there is a: TT € A such
that Ker 7 = P and 7JU € ?'I(V) « Since the canonical mapping

9 is continuous, q;'l(V) is open in Il}., so that by Theorem
(2.4.1), there exists 2, for some A such that T € 2 C
?—1(V)‘ Hence P € T, C V, so that the family. { T\ }1\'5/\ forms.

a base for the topology on Prim (A). This completes the proof.

Corollary (2.475). If A is a separable C¥-algebra, then Prim (A)

is a second countable space and hence separable.

A
Theorem (2.4.6). .Let A be a C¥-algebra. If the dual. A of A is

a Hausdroff space, then the function JT —> ll'ﬂ'(x) I is continuous:

N
on A for all x in A.

Proof: [3] ILet x € A, Then, by 3.3.7. in [3] , for every
scalar & > O, Z={'ﬂ': ’It'eﬁ and H‘JT(x)“éd} is. a
conpact subset of .fx\ o I 2 is Hausdroff, then Z is a closed sub-
set of 2 and so the function T —> || TT(x)| 4is upper semi-
continuous. Buts by 3.3.2. in [3] , 0 — | TT(x)|] is Lower

N
semi-continuous. Hence JU —> { Tl'(x) f is continuous on A

and this completes the proof.

Theorem (2.4.7). Let A be a C¥-algebra. If the Jacobson sitructure

space Prim (A) is Hausdroff, then the function TU —> [ TW(x)]l is

A
continuous: on A for all x in A,

Proof: ILet x € A. Then, by 3.3.7. in [3] , for every scalar

o > 0, 7 = {mw:TEe 2 and |T(x)|>d} is a compact

N
subset of A . Let

i v, clbamer S
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T={KerTr TT € Z},

Since the canonical mapping (y : ./l; —> Prim (A) is .
continuous, it follows that T is a compact subset of Prim (4).
Thus © if Prim (A) is Hausdroff, then T is closed, Since the mappe
ing @ is continuous, it follows that 2 is closed so that the

A

function TU —> TT(x) is upper semi-coniinuous on A and

A
hence is continuous on A . This completes the proof.

Theoren (2.4.8). Let A be a non-primitive separable C¥walgebra

A A
and A the dual of A, Then there exist in A +1wo non-enpty dis-
joint open sets.

A

Proof: It is clear that if any two non-empiy open sets in A meet
A A

each other, then every open set in A is dense in A . Thus, to

prove the theorem, we need to prove that there is a non-empty open

AL A
set in A which is not dense in A . Suppose that every non-empty

A A ' RNl gyl -
open set in A is dense in A , Let x € A. Since, by .3.3.2, in

[3 ] , the function TU —> TT(x) is lower semi-continuous on

A
A , it follows that for each £ > 0,

2= {0 : Toe X ana [T |>|=z]) -€}

A

I
is a non-empty open set in A and thus is dense in A Dby assump-

tion. Since A ig separable, there is a countable dense subset

{ xi} in A, Por i > 0 and j > 0, let

z..:{'n‘ . T € A and ||7T(xi)ll> [= | - %-}

J
Then Zi’ is a non-empty open set which is dense in A by the above.
/\ L¥] .
argument. Since A is a Baire space by Theoren (2.2.5), it follows

A .
that U = !fl 7. . is an open set which is dense in A . Let JUE U.
1sd

4

T AV A, COMNIT AR

e
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Then for every i, j, we have

I=1 - %‘ < M) <L D= -

\

Since j is arbitrary, hence l‘TT(x Y1 o= 1 x; for every .

Since { xi} is dense in A, it follows that

EESIEREL

for every x in A. Hence KerTT = (0) so that (0) is a primitive
ideal of A which contradicts the fact that A is non-primitive.

N A
Hence there is a non-empty open set in A which is not dense in A,

This completes the proof.

Theoren (2.4,9). Let A be a non-primitive separabie C¥*-algebra

and Prim (A) the. Jacobson structure space of A, Then there exist:
in Prim (A) two non-empty disjoint open sets; i.e., there is a non-

empty open set in Prim (A) which is not dense in Prim (a).

Proof: Suppose that every non-empty open set in Prim (A) is: dense
A .
in Prim (A).,Then, since every open set in A 1is the inverse image

of some open set in Prim (A) under the canonical mepping

Q L —> Prin (4),

A

- A
which is onto, it follows that every open set in A is dense in A.

But this contradicts Theorem (2.4.8). Hence there is a non-empty

open set in Prim (A) which is not dense in Prim (A). This completes

the proof.



Chapter III

The duals of special C¥-glgebras

g 1. The algebra of compact operators and its dual.

Let H be a Hilbert space and T a linear operator on H. Then

T is said to be compact (or completely continuous) if it maps every

bounded set into relatively compact set; equivalently, T is said
to be compact if for every bounded sequence { Ezz} in H, . the:
sequence { TEI{} contains a convergent subsequence. The collection
I¢(H) of all compact operators on H forms a closed two-sided ideal
of L(H) and is itself a C*-algebra. It is clear that if H is

pinite dimensional, then LC(H) = L(H).

Theorem (3.,1,1). The algebra 1c(H) is an irreducible Banach alge~

bra of linear operators in H.
Proof: We need to prove that for any T, N € H, there exists
? in 1C(H) such that TZ = 7 . In fact, there exists a conti-
nuous. linear functional £ on H such that £(%) = 1. Now, define
?: H—>H by T="7M&® £, i1.e.,

15 = 2(5 )7,

for every { € H., Then T is of rank one and so T € IC(H), and

pE = £2(§)N =M .

This completes the proof.

Corollary (3.1.2) The identity representation of IC(H) is

irreducible.
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Theorem (3.1.3). Every pure positive linear functional on 1c(H)

is of the form

x —> (xE|€),
waere g is & non-zero vector in H.

Proof: [ 3] Since the identity representation of ILC(H) is
irreducible, by 2.5.4. in [ 3] , it follows that x —> (xE| €),
where £ # 0 in H, dis a pure positive linear funetional on LC(H).

Now, suppose that £ is a pure positive linear functional on LC(H).

Then, by 4.1.3. in [3] , £ is of the form
[we)

£(x) = D O (xE,] E;)

i=1

where (El’ Ez, vee ) ig an orthonormel system in H and O(ié 0

and such that E ’ o, < & o Next. let
. i

g(x) = o (xE,] E,).
Then it is clear that g is majorized by . Since £ is pure, &

is of the form O£ , where 0 =0 < 1, Thus
& £(x) = o (xE;] €1)»

and so £ is of the form x —> (x€ | £), where § 1is a non-zero

vector in H. This completes the proof.

Theorem (3.1.4)., Every non-zero irreducible representation of

1c(H) is equivalent to the identity representation.

Proof: Let TT be a non-zero irreducible representation of LC(H)

in H'JT .. Since JU is irreducible, every non-zero vector E' € HT\'

is eyclic for JU, and x —> (Te(x)E | E') is a pure positive

—
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linear functional on LC(H). Thus, by Theorem (3.1.3), it follows

that

(TGIE | &) = (x€| B),

ror some & # O in H. Consider the mapping VP given by
P (xE) = T(x)E*.

Then \J dis:linear and, since

(y*xE | E) = (;(y*x)E'| €Y
((x)er| T(y)E*),

il

(xE | y&)

T is en isometry. As { x£: x ¢ Lc(H)} eand

{ T(x)E' : x € c(H) } are dense in H and H . respectivelyy
\_?‘7_ can be extended uniquely to an isometric isomorphism of H
onto H'JT . Ve dénote this isomorphism by § s« 41t remains %o
show that & x = T(x) & for every x € LC(H)., Since for

every y in LC(H), we have

B (xyE) = T(xy) €' = T(x)(T(y)g*)

(® x)(y8)
= Tr(x) (B (yE) ) = (T )B ) (yE)
y € 1c(H)} is demse in H, it follows. that

and, since { yE& :

$ x = 'ﬂ'(x)é . Hence TJU is equivalent to the identity repre-
gentation. This completes the proof.

Corollary (3.1.5). (i) The C*-algebra 1¢(H) is primitive.

(ii) The zero ideal (0) is the only primitive ideal.

S
(1ii) The dual IC(H) consists of only one point.

Corollary (3.1.6). The C¥-algebra 1¢(H) 4is simple; i.e€., the

only closed two-sided ideals of 1c(H) are (0) ana IC(H).
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Proof: [3] Tollows from Corollary (3.1.5)(ii) and the fact
that every closed two-sided ideal of ILC(H) is the intersection

of 211 primitive ideals containing it.

Theoren (3.1.7)e BDvery separable simple C¥*~glgebra A iz

%.isomorphic to LC(H) for some Hilbert space H.

Proof: Let JT be a non-zero irreducible representation of A in

Hoy . Since A is simple, zero ideal (0) is the only primitive

ideal of A. Thus JU is a faithful representation. Sinee'7T(A)

ie an irreducible complex algebra of operators in er ’ T(A) is
strictly dense in Hop . -(cf. pp. 60-61 in [15] ) Tet I be &
closed right ideal in TU(A). Then, by Theorem (204.128) in [15],
T contains every element of TU(A) with finite rank whose range

is contained in M, where M is the smallest closed linear subspace

of er containing the range of each operator in'I. Hence
T(a) N ze(Ey) # ().

Therefore, by 4.1.10. in [3] , 7Tv(a) D 1C(Hj) and hence

every irreducible representation of A having the same kernel as TU

is equivalent to JC. Since (0) is the only primitive ideal in A,

i+ Pollows now that any two non-zero irreducible representations

A .
of A are equivalent. Thus the dual A of A consisis of only one

point. Finallys by Theorenm 4 in [16] , it follows that A is

*=igomnrphic to 1¢(H) for some Hilbert space He
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3 2. Dual C¥-alzebra and its dual.

-

Let A be 2 C¥-2lgebra. For any subset M of A, let

{xe "~ : xl=01},

o7} .

Then L(M) is called the left annihilator and R(H) is called the

(1)

R(M) = {x € &: Ix

~ight apnihilator of M. It is clear that L(i1) is a closed left

ideal and R(M) is a closed right ideal of A. Also we have

M T(r()) and ¥ C R(T(M)),
and if M, CT H,, then L(Mz)CL(IvIl) and R(Mz)c R(Ml)' 1P
sor every closed right ideal I of A, R(L(I)) = I, then for every

closed left ideal J of 4, L(rR(J)) = J. A C¥-algebra A is called

a dual C¥-algebra if for every closed right ideal I of A, we

rave R(L(I)) = I.

mheoren (3.2.1); The algebra LC(H) of all compact operators. on &

Hilbert space H is a dual C¥-algebra.

proof: Let I be a closed right ideal of 1¢(H) and let M be the

smallest closed linear subspace of H containing the range of each

operator in I, Then I contains every element of LC(H) whose,rgnge

is contained in ¥, In fact, let
I = [z e @ : @ i ).
Now let T € Io. Then there exist.

Then it is clear thet I Io'

operators Tn of finite rank such that Tn-——9 7, ILet & be the

n(g) < M, it follows that ET =1 and so

projection on I, Since

gp —> E? = T, ©Since ETn is of finite rank and whose Trange
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is contained in M for each n and since IC (H) is strictly dence
in H, by Theorem (2,4.18) in [15] 9 ETn € I <for each n.

Since I is closed, BT =T € I and so I = Io. Next 1let
¥={2€ mc@E :2mM=0},

and we show that I(I) = N, Iet T* € N, 7Then since T(H) T M
for each T € I, i% follows that T'T(H) C 2t (M) so that T'T(H)
= 0; ie.€ey T'D =0 for ecach T € I. Hence T' € I(I) and so
N L(I). HNow let & be any element of M. Since I¢(H) is irre-
ducible, there exists T € IC(H) such that TE =E . Let E be &
the projection on M. Then ET € I and EIE =& . Hence

TYE = T'ETE = 0 for every pt € L(I). Therefore L(I)C= ¥ and
so I(I) = N, To show that I = R(L(I)), we need only to show that
1 DO Rr(L(I)) sinc;e T — R(z(I)). Tet T € R(L(I)) and suppose
that T ¢ I. Then there exists & € H such that 1E ¢ M

Since M is closed, there exists a continuous linear functional £

on H such that £(M) = 0 and f(TEo) = 1, Define T' : H—> H

by T!' = Eo® £; d.e., Zfor every 7 € H,
T'(n) = f(n)go°

Since Tf dis of ranlk one and £(i) = 0, it follows that

pt € 1c(H) and T'(HM) = 0 and sO ot € L(I). But then T'T =0

and 0 =1'2% = £(T Ea)go = &, vhich contradicts the fact that

TE ¢ M, Hence R(Z(I)) CC I and consequently R(L(1)) = I

so that IC(H) is a dual C¥-algebra.

Theoren (3.2.2). Let B be a sub-C¥-algebra of I¢(H). Then B

is a dual C¥*-aglgebra.
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oroof: Let P be a non-zero irreducible representation of B in

I—I’fJ . Then, by 2;10.2. in [3] , f can be extended to an irre-
cucible representation TU of LC(H) in H such that HP is. &
closed subspace of H.. and P(x) = 'JT(x)I Hp for all x in
B, In fact, H5° is given by HI(_) =—ﬂ§)—7—’l— for some 7 € Hp.
(cf. proof of 2.10.2, in [ 3] ) Since JU is equivalent to the
identity representation, T(B) < IC(Hy) and so S’(B) (—
LC(H?) . Since f is non-zero, by 4.l.ll. in [3] , P(B) =
LC(H?) . Ve show next that £ is faithful. Let x € B; x # O.
Since B is semi-gimple, there exists y in B such that xy # O.
Therefore To(xy)N # 0. But § = T0(y)7 is a non-zero element
of Hp . Therefore P(x)E = TG = T(x) TW(y)M = T(xy)M
# 0. Hence P is faithful. Thus B is. ¥-isomorphic to a dual

C*-glgebra and conéequently B is a dual C¥-algebra. This com-

pletes the proof.
Tet (AA) A e N be a family of C¥-algebras. Let. z}\: Ay,
be the class of all functions (x)\) defined on /\ such that

x, € 4 for each A and sxp | x, | <. Then ; Ay is

closed under the following algebraic operations:
() + () = (n * 73
o (x,) = (o x,);
(x) () = (= a)s
(x 0% = (%),

for 2ll (x]\)7 (y)\) ¢ Z A, and for all o € C, It is easy
A )
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to see that with these operations, E Ay is a C*-algebra under
A
the norm glven by
I (x,) I = s;\.tp ENE

Ve call A, , the product C¥-algebra of A\ or C¥—sum of Ax

If we taeke all functions (xk) such that for any & > 0, the set
{ Aeolx ) = E} ig finite, then this collection is a sub-C¥-

algebra of ; A, which is called the C*-(® ) sum of A, and is

denoted by ( ; A?\)o' The set of all functions (x,\) which are

zero except at a finite number of the indices A, ig dense in
(22 8)
)\ ']
N o

Lemma (3.2.3). TLet A = ( ; 1c(H\)), where Hy are Hilbert

spaces and let H= @\ Hy, be the Hilbert sum of Hy . Then
every element (T)) in A can be identified uniquely with an operator
T € L(H)l such that TE = (1,&\), (i.e., T | Hy = T, ) where
£ =(E,) € E and T, € IC(H,), and the collection A' of all
such operators T in L(H) forms a sub-C*-algebra of the algebra

1¢(HE). The mapping (T)\) —> 7 is an isometric ¥-isomorphism of

A into ILC(H).

Proof: Since each T/\ in (TA) € A is bounded, the operator T

defined on H by

18 = (TA&r ),

for every & = (&,) € H, dis a bounded linear operator and

f 2] = S};lp | Il o It is clear that (T,) —> T is an isome-

tric isomorphism and <o show that it is a ¥-isomorphism, we need

to show that (T)\*) —> D%, gince (T,\*) is the adjoint of (T,)
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in A . Thetdis, if T, =T|H, , we need to show that
% = T*l H . Suppose that T | Hy = T\'. Then for any € = (E/\)

end 7 = (M) € H, we have

(2% | Z (2A 8 | nA> = Z(E EX

and
(& |1 ) = Z CE T E M)
Hence
220 Gulmemy) = ‘? SRENY

2_ (& | (z,% = 2,")M) =0
for all (EA) and (71)‘) in H, Hence ‘1‘}\* - TA" = 0 for all
Ne AN, and so (TA) —> 1 is a ¥-igomorphism. In particular,

A' is a sub-C¥-algebra of ("), (cf. 1.3.7. and 1.8.3. in [5])

Ve observe next that the set B of 21l elenents (TA) which are
zero except at a finite number of the indices A , is dense in A.
T,et B? be the corresponding collection of B in A'., Then B' is: dense
in A'. Hence to show that A' — 1¢(H), we need to prove every

clement T in B' is compact. Let
{ g)(n)} _ {(E)\(n))}

be a bounded sequence of elements in H and let 7 € B!, We shall

prove that {Tﬁ(n)} contains a convergent subsequence. Ve have

E(n) (Ty E(n)) with T\ € LC(H)\)' ‘and TAE(n) 0 except at
o finite number of the indices A o Let [ be the subset of N\

for which T, # 0 and let the elemen*bs' of I—' be )‘l’ ?\2, coey

)\m; ieCey I-_I = { Al’ )\2, coey )\m} . We arrange the

elements of { TE(n)} as follows:
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TE(]‘) = (TAJ_EA](_:L): ,\25)\(1)’ -“’_i‘hmg’\rﬁl)’ 0y 05 «e.)

TE(Z) = (Ta CA( ), ’l‘,\zﬁ,\éz), coos T}‘m'&,\iﬁ)

» Oy 0y se)

TE(n) = (TAlEA:En)’ TAQEAén)’ evey TA EA( ): O’ o, o--)

where some of the T)\is)\:gn) may be zero (i =1y eeey m;y n=1, 2,

...). We then have :

(l) T;‘IE)‘(I), T)\lg (2) ceey T)\J_E}\(n)Q e € H/\l;
(2) TAéekél); TAZ E)éZ), soey Tl\zghgn)y eoe € HAz;
(m) T/\mgi\zgl)’ TAmg)\é?)’ eeey I mEAén)1 e € H)\m .

Since Thq € LC(HAl) and {E}‘(n)} is a bounded sequence of

elements in H"l’ { T;‘lg,‘(n)} contains a convergent subsequence,

say { ( (;)) }

TA;LE,\J_

T

this sequence be ’Yb‘l. Now:

where { (1)} is a subset of { 1y, 2, eee } . Let the limit of

choose the corresponding elements

from (2), i.e., consider the segquence

[ (M) )
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(1)
[0 )

1))1

of elements in HAZ’ {TAZ §A2 }J contains a convergent subse-

(2)y
{T)\z EAinkz }} )

where { m )} is o subset of 1| (1)} . Iet the limit of this

Since Tj, € LC(HAQ) and is a bounded sequence

uence, ~oy

V2

sequence by 7b2 . By repeating the same process, we arrive at

the mth convergent subsequence of the sequence given by (m), say
(a{®))
?

where { n£m>} is a subset of { nim'l)} . Let the limit of

{ Tag Srg

this sequence by 'ﬂ%m . Then the sequence
() (a2)) (2))
{ TE(n‘k )} = {(TA]_ ?;?'1 3 ey T)\ E)\ x s 0y Oy -'0)}
is a convergent subsequence of {fDE(n)} with the limit given by

’)’l = (Yl)\ls n}\29 seey n"m’ 0y Oy eeo )1

since

n (a{®)
HTC (™) - zzz“*xiAnk ) - T

Hence T is a compact operator and thls completes the proof.

Theoren (3.2.4). ILet A be a C¥-algebra. Then A is. dual if and only

if A is ¥-isomorphic to a sub-C*-algebra of the algebra LC(H) of

compact opcrators on a Hilbext space H.

Proo?: Suppose A 1s dual. Then, by Theorem 8.4. 1n [:11] , A is of

the Torm ( >_. A%)b where each A, 1is *-isomorphic to the
NEA
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algedbra LC(H,) on some Hilbert space Hy . Hence it follows from
Lemma (3.2.3) that A is *~isomorphic to a sub-C¥-algebra of the
algebra LC(H) on a Hilbert space H. The converse follows from
Theoren (3.2.2).

It follows immediately from Theorem (3.2.4) that :

Corollary (3.2.5). Every sub-C¥-algebra of a dual C¥-algebra is dual.

Theoren (3.2.6). If A is a dual C¥-algebra, then the Jacobson

structure space Prim (A) of A is discrete.

Proof: Let { Iy : A¢sﬁ\} be a family of minimal-~closed two-sided
igeals of A, Then, by Theorem (4.10.14) in [15] , 4= (%Z ) e
Since each I, is simple, it follows from Theorem (4.9.24) in

[15] that the Jacobson structure space Prim (A) is discrete.

' I
Corollary (3.2.7)e The dual A of a dual C¥-algebra A is discrete.

Theoren (3.2.8). Let A be a separable C¥-algebra., If its Jacobson

structure space Prim (A) is discrete, then A is dual.

Proof: Suppose Prim (A) is discrete. Then, by Theorem(4.9.24) in

[15] , A is of the form ( > . Ah)o where each A, is a
AEN

simple C¥-algebra. Since A is separable and since each Ay, can be

identified with a closed two-sided ideal of 4, A, is separable

for each A . Hence, by Theorem (3.1.7), A, is *-isomorphic to

Ic(E) for some Hilbert space H for each A, i.e., each 4, 1is

duel. Since A = (Z/\ A\) s, by Theorem (4.10.25) in [15] , it
AE .

follows that A is dual.
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8 3, CCR—algebra and its dual.

A C¥.glgebra A ig called a CCR-algebra if for every

srreducible representation JU of A and for every x in 4, 7JT(x)
is compact; equivalently, a C*wglgebra A is called a CCR=~
algebra if for every primitive ideal P of A, A/P is ¥-isomorphic
t0 the algebra of all compact operators on a Hilbert space., Every
commutative C¥-algebra is a CCR-algebra since the irreducible
representations. are of dimension one. By Theorem (3.2.4), it
follows tha't every dual C¥-algebra is a CCR-algebra; in par‘ticulai',
the algebra IC(H) of all compact operators on a Hilbert space H is
a CCR-algebra which is primitive by Theorem (3.1.5)(i). ZILater on,

we shall give an example of a CCR-algebra which is: not dual.

Theoren (3.3.1), Tet A be a CCR-algebra and TU a non-zero irredu- .

cible representation of A in H .
(1) TT(A) = iC(H,r) and every non-zero irreducible represen-
tation of A having the same kernel as JC  is equivalent to TU .
(ii) The kernel of JU is a maxinal closed itwo-sided ideal of
A,
Proof: (i) Since A is a CCR-algebra, T0(a) 16(Hy) end

since TU(4) # 0, (i) follows from 4.1.10. in (3] .

(ii) Sinee TT(4) = LC(HJT) and since _LC(H‘JT) is sinmple, it
follows that the kernel of JT is a maximal closed two-sided ideal

of A.

Gorollary (3:3:2). Bvery primitive ideal oi a CCR-~algebra A is. a.

maximal closed two-sided ideal of A,
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Theorem (3.3.3)e If A is a primitive CCR-algebra, then A is

*.isomoxrphic to LC(H) for some Hilbert space H, i.e., & primitive

CCR-algebra is duale.

Prcof: Since A is primitive, there is a non-zero faithful irredu-

cible representation TU of A in H . By Theorem (3:3.1)(1),
it follows that JTU is a one-to-one mapping of A onto LC(Hy) .

Hence A& is ¥-isomorphic to LC(HTQ and this completes the proof.

Theorem (%.3.4). Let A be a CCR-algebra.

(1) The: Jacobson structure space Prim (A) is a T, -space.
. A |
(ii) The dual A is a T,-space.

Proof: Since A is a CCR-algebra, by Corollary (3.3.2), every primi-
tive ideal of A is maximal. Hence, by Theoren (2.1.7), it follows
that every subset { I’} of Prim (A) consisting only one point is.
closed so that Prim (A) is a T, -space. This proves (i). Now, by .
Theoren (3:3.1)(1), any two mon-zero irreducible representations
of A having the same kernel are equivalent. Hence, by Theorem
(2.1.9),, the canonical mapping P : 2 —> Prim (A) is a homeo-
This

A
morphism, Since Prim (4) is a Tl-space, A is:a Tl-space.

completes the proof.

I+ has been proved by Kaplansky [12 ] that the Jacobson '

structure space FPrim (A) of a CCR-algebra is not only a Tl-space,

but it is also of second category.

Tet A be a C¥-algebra. An ascending sequence (%H}os}LSA of

closed two-sided ideals of 4, indexed by the ordinals between 0]
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and a certein ordinal A , 1is called a composition series of A i
(1 1= (0) and I, =4; end (ii) if FE A is a limiting
ordinal, then %F = LJ I. .
FEF
In [12] , Xaplansky shows thai every CCR-algebra A has a
composition series (I/-‘)Cff-l <« such that each I/J.-}-l/I}* has a

Hzusdroff Jacobson siructure space.

Ve end this section with an example of CCR-algebra which is

not dual.

Tet Q be a non-discrete compact Hausdroff space and c(Q)
the algebra of all continuous complex-valued functions on Q. Then
+the napping L ——> £ is an involution on ¢(Q). Under this invo-

iution 2nd the nmorm f| £ || defined by [[ 2 || = sup [2(x)|, c(Q)
: x€Q

becomes a commuitative C¥-algebra. Hence ¢(Q) is a CCR-algebra. In
particular, every primitive ideal of ¢(Q) is maximal. Since C(Q)
has an identity, by Theorem 3.1l.7. in [3] , every maximal
closed two-sided ideal of C(Q) is primitive. Therefore Prim (c(@))
comtains all the maximel closed two-sided ideals of C(Q). Then, by
Theorem 19C. in [13] , there is a one-to-one correspondence

beiween the elements of Prim (C(Q)) and the points of Q. Since Q

droff space, it follows that for every closed sub-

£ € ¢(Q)

is a compact Haus
set P of Q and Tor every point p not in P, there exists

such that f(F) = 0 and f(p) # 0. Hencey by Theorern 19F, in [:13] ’

Q 2nd Prim (€(Q)) are homeomorphic, If ¢(Q) is dual, then, dy
Pheorem (3.2.6), the Jacobson structure space Prim (C(Q)) is dis-

ecrete and so Q is discrete. But Q is not discrete, hence c(Q) is

rot a dual C¥-algebra.
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3 4, GCR-2lgebra end its dual.

A C*awalgebra A is called a GCR-algebra if efery non-zero

quotient C¥-algebra of A (by a closed two-sided ideal of A) has a

non-sero CCR-closed itwo-sided ideal; equivalently, a C¥—algebra A

is called a GCR—algebra if A has a composition series (I},)D</u <A
such that every %F+l'/IF is a CCR-algebra, Dvery sub-C¥-zalgebra

and every quotient C¥-algebra of a GCR-algebra is a GCR-algebra.

(cf. 42345, in [3] )

Theoren (3.4.1)s BEvery CCR-algebra A is a GCR-—algebra.

Proof: [ 3] Let I be any closed two-sided ideal of 4, I#A It
suffices to show that the quotient C¥-algebra A/I is a CCR-algebra.
To do this, let TJT' Dbe any non;zero irreducible representation of
A/I and let x' =x + I be any element of.A/I. Then, by Theorem
(2;1.10)(iij, there is a non-zero irreducible representation TU of
A such that TU'(x!) = Tt(x). Since A is a CCR-algebra, TT(x) is
compact and sO Jrt(x') is compact for every x' in A/I. Hence A/T

is a CCR-2lgebra; and since this is true for every closed two-sided

jdeal I of A, I # A, it follows that A is a GCR-algebra. This
completes the proof.

The converse of this theorem is. not true. Ve give the follow-—

ing counter example:

nite dimensional Hilbert space and let A be a

t 1e@ N 4= (o).

a commutative von Neumann algebra in H such tha

In fact, let I = (0),

Tet H he an infi

Then B = LC(H) + A is a GCR-algebra.
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I. = L6(H) and I is a composition

1 2 0= p =2
series'of B such that Il/I° and 12/1l are CCR-algebras, since

= B. Then (I/u)

1,/I, = e(®) / (0) = 1c(H)

I,/1, = B/10(H) = (Tc(H) + A)/Tzc(H) &2 A

Hence B is. a GOR-algebra. But B is not a CCR-algebra. In fact,
since the identity representation of IC(H) is irreducible, it fol-

lows that the identity representation Trl of B is irreducible.

Thus, if x € A, then 1Ti(x) = x ¢ 1C(E) and so B is not a

CCR-algebra.

. A C¥*-aglgebra A is called an NGCR-algebra if it does not have

any non-zero GCR-closed two-sided ideals; equivalently, @&

C*-algebra A is called an HGCR-algebra if it does not have any non-

zero CCR-closed two-sided ideals.

Tet H be a separable Hilbert space of infinite dimension and
1et A = L(H) /IC(H). We shall show that A is an NGCR-algebra. Ve
observe first that L(H) contains an uncountable number of orthogonal

projections each of which is not a compact operator. Thus A contains

an uncountable number of projections (i.e., elements x such that

x* = x and x2 = x). Using this fact, we show that A is not separable.

We know that A is alsimple C*-~algebra (with identity). Hence, if A

is separable, then, by Theorem (3.1.7)y, & is isometrically *~isomor-

phic to LC(H') for some Hilbert space H', Since A contains an

identity, it follows that H' is finite dimensional (because the

identity operator is compact). But this means that A contains at
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most a Finite numbers of projections, a contradiction. Hence A is
not separable. Now let JTU be a non-zero irreducible representa-
tion of A. Since A is simple, TU is faithful., We show that

TT{a) N LC(H ) = (0). In faet, iz TU(4) N L6(E,) # (0), then,
by 4.1.10. in [3] , T(A) D 16(H) , and, by the simplicity of A
and hence-of -T0(4), T(4) = I‘C(H'rr) . Since TT(A) contains the
identi'b'y; operator, H'JT is finite dimensional. Hencé "}T(A) is
separable, hence A is separable, a contradiction. Thus A is an

NGCR—algebra. In particular, L(H) is neither a GCR-algebra nor

an NGCR—algebra.

It was shown by J. Glimm [ 9] that if A is an NGCR-algebra,

then there exist families {T\}\} and {f} })\e of irreducible

NEN
representations of A such that the direct sums EB 7T, and @ PA

are faithful and KerT{;\ = Ker £, but T, 1is not equ:.valent to
ﬁ\ for each A\ € A « Thus for an NGCR-algebra A, the canonical

A
mepping ¢ : A —> Prim (o) is:not one-to-one.

Theorenl (3.4;'2). Let A be a GCR-glgebra, Then

(i) for every non-zero irreducible representation TU of A,
TC(4) DD 1e(Hp ; |
(ii)< ariy two non-zero irreducible representations of A having
the same kernel are equivalent.

Proof: [3] Tet JU be a non-zero irreducible representation of

A, Since A is a GCR-algebra, A/Ker JT contains a non-zero CCR-

closed two-sided ideal J. ILet I = { x € A :x'=x+Ker (¢ J} .

Then I is a closed two-sided ideal of A, In fact, if x € I and
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y € A, then, since (xy)!' = x'y' and (yx)' = y'x* are in J,

xy and yx are in I so that I is a two-sided ideal. Next suppose
that x, € I end let x, —> x. Then x "€ J and x t*—> x'.
Since J is closed, =x' € J and therefore X € I. Hence I is
ciczed. We have J = I/Ker7Jy . Since I # Ker JT 7T" I # 0 and,
by Theorem (2.1.21)(ai), TT | T is a non-zero irreducible repre-—
sentation of I. Noreover, the Hilbert space of the répresentation
TC l I is HUT (ef. proof of Lemme (2.1.1)). Then, by Theorem
(2.1.12)(ii),> the representation Tr! of J = I/Ker U defined by
TT'(X') = Tr(x) for every x! = x + KerJv with x € I, is irre-
ducible. and has H?T as its representation space. Since.d is a
COR-algebra, TU'(J3) = LC(H,) so that T0(1) = 6(Hyp) - But
Tl O j’[‘(I), hence JU(4) ::)LC'(H.K) and this proves (i).
The second part of the theorem follows from (i) and 4.1.10. in [ 3] .

. IAN
Theoreml(3;4,31. Tet A be a GCR-algebrea. Then the dual 4 of A is

a Tb-space.

Proof: - By Theoren (3;4.2)(ii), it follows that any two non-zero

irreducible representations of A having the seme kernel are equi-

. IS
velent. Hence by Theorem (2.1af9), the dual A of A is a To-space.

Theoren (3.4.4)s Let A be 2 GCR-algebra. Then A is a CCR-algebra if

A
end only if the dual A is a Tl-space,

If A is a CCR-algebra, then, by Theovem (3.3.3)(ii), the
A

A
dual A is a Tl-space. Conversely, suppose that A is a Tl-space.

Proof:

Then, by Theorem (2.1,9 ), Prim (A) is a Tl—space.and so each primi-

tive ideal of A ig maximal. Therefore TT(A) is a simple C¥-~algebra
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for  every T € A . But, by Theorem (3.4.2)(i), TT(A) Drc(H,) .

N
Hence Tv(A) = LC(HTQ for every U € A . Thus A is a CCR-algebra.

Theoren (3.4.5)., Let A be a separable C¥-algebra. Then the follow—

ing statements are equivalent:

(1) A is a GCR-algebra.

L) A -

(i1) A is a T ~space.

(iii) Any two non-zero irreducible representations. of A having
'the same kernel are equivalent.

Proof: (i)<=> (iii) : This follows from Theorem 5 in | & .

(ii) <= (4ii) : This is given by Theorem (2.1.9).-

Theorem (3.4.6)_. Tet A be a separable C¥*-algebra. Then A is a

A
COR-algebra if and only if the dual A is a Tl-space.

Proof: If A i.s a CCR-algebra, then, by Theorem (32’3;‘3)(1:1.), the

A : A
dual A is a Tl-space. Conversely, suppose that the dual A 1is

a T.~-space. Then, by Theorem (3.4.5), A is a GCR-algebra and so,

1
by Theorem (3.4.‘4), A is a CCR~algebra.

Theorem (3'.4.'1). Tet A be a non-zero separable C¥=algebra and

(Il“) RV RS be a composition series of A. It I/a+1/I/“ is not

zero for all § , then the family (I/u)oﬁf(éA is countable. More-

over, if A is a GCR-algebra, then there exists a composition series

A
such that the dual (In-i-l/ In) of the quotient

I /In is Hausdroff <for every n.

Proof: [ 3] Let (I’u) 0% pEA be a composition series of A such

that I, /1T # (o) for all‘ /A,<'A .

F F

For each ordinal /u < A,
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l‘e’c x/u+1 € I/‘ 41 be such that

| x* inf || x . +y] =
g I %0 * 7

r
I, ; i.e., such that the distance d(xﬂ+l, I/,)

pr | =

where x! = +
: Rl T Fpan

from I ., to I, is 1. Since ll x/Hl | =< ||x +lu, it follows

/u-l-l
hat = 1.
that /l+l I 1 Furthermore, for each u , I|= /"'i‘l /‘“_k_ 1.
To show that the family f{ xr} is countable, let
ﬁ# ={x€ea: |x- %FII < % } R
for each Jz < A, Then S N %F = g, Now, since A is separa-

ble, there is a countable dense subset, say { } n=1 ? in A. Then
every Sﬂ contains at least one Yn and every In belongs to exactly
one S# . Therefore -{Sﬁ} is countable. Hence '{fﬂ} is countable

and couseguently the composition serieé (%M)osf(éA is countable.

Now suppose that A is a GCR-algebra. Then there is a closed
A .
two-sided ideal: I1 of A such that Il is a Hausdroff space. (et.

4.4.4,: and 4.5.3. in [3] ) If I, =4, then the theorem is

proved. If I1 # A, then A/Il is a non-zero GCR-algebra so that
there is a non-zero closed two-sided ideal 12' of A/Il such that

N
12' is a Hausdroff space. But then there exists a closed two-sided

ideal I2 of A such that 12' = Iz/Il' Continuing by induction, we

obtain a composition series (In)O'f < o with the property that

. N .
gach (Inﬁl’/In) of In+l’/In is Heusdroff. This completes the

proof.

Theorem (3.4.8). Let A be a non-zero separable GCR-algebra. Then

N
the dual A is the union of a countable family of mutually dis-

joint subsets B of 4 (a=1, 2, «o.) such that each B with the
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-~ 3 | 3 A A
relative topology induced by the topology of A is a locally compact

Hausdroff space satisfying the second axiom- of countability.

Proof: By Theorem (3.4.7), A has a countable composition series

T ) A i
Mnlo=n 20 such that I, /1, # (0) and (In-l-l/In) +8

Hausdroff for all n. HMoreover, by Theorem (2.1.14.), we have

A — A A
Io Il — 12 C eee
and therefore ,
: ©
A N
A = k ’ I .
n
n= 3
A 00, A '
In fact, it is clear that A - In « We show that
n=0
A w, M A 00, A
A CC T . Suppose there is & TU € A such that Tl'¢ U I.
=0 = ‘p=0

Then TU ¢ -In for all n, ie.eey IV l In = 0 for all n. Since

®
L ) I is demse.in A, we have TJU(4) = 0, a contradiction. Hence
n=0

n ©, A A
A U I. Since (In) is an increasing sequence of sets, we

n=0
have
@ A ® (A A )
I = I -1 ),
=0 n =0 n+l n
A
so that A is the union of a countable family of mutually disjoint
A A b ) . K3 ]
subsets Bn = In+1 - In (n=1, 25 eee ). That Bn is the inter-

A
section of a closed set and an open set of A follows from the

fact that
A A A A
-1 =(a- I) N (X0

H >

Bn = “n+l

Now egain, by Theorem (3.4.7), Bn is Hausdroff because
A A A
R Ry I, = (In+l/ In) ’
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and, by 3.3.8, in (3] , B, is locally compact. Finally, since

nvll,I is a separable C¥-algebra, by Theorem (2.4.2), B, is

second countable. It remains to show that the relative topology
. A
on B_ induced by the topology of A coincides with the given

topology of the dual of I ,/I . We know that B is a closed

n+l

subset of In+1‘ Since by Theorem (2.1. 10,) (i), B, is homeomor-
phic 1o (In+1)1n y it follows that the relative topology on Bn

AN ‘
induced by the topology on In+l is the same as the given topology

on -B . Thus every open set U in B is of the form ur N B, where

A
U' is open in In+1; But, by Theorem (2.1.14), to each open set gt

N o
in In+1 there corresponds uniquely a closed two-sided ideal I' in

the C¥-algebra In#l‘ Since In+l ig a closed two-sided ideal of A,

by 1.8.5. in [3] , I' is . also a closed two-sided ideal of A.

N
Therefore UV is an open set in A . Hence the relative topology on

B induced by the topology of A is finer than the given topology

But if U! is an open set in A , then U' N I el is. also

A A
open 1n A , since In+l

U N I f\ B is an open set in Bn with the given topologye.

on Bn'

is open in A . Thus Uf N Bn =

Hence the given topology on Bn is finer. than the relative topology

g A
induced by the topology of A . Therefore the two topologies coin-
cide. This completes the proof.

Corollary (3.4.9). Let A be a non-zero separable GCR—algebra. Then

there exists a countable compositive _ser:z.es (In)o £Zn Lo such that
. A _ D .
for all n, n+1/,I is not zero and (In+l/’1n) = I - I, is

gsdroff space satisfying the second axiom of

A A
countabilitye. Eacy In+1 - In

a locally compact Hau
is ‘the intersection of an open set
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, A N A
ondi & closed set of A and the topology on In+l - In coincides
- - A A 3
w:.thA-bhe relative topology on Il.n 4 In induced by the topology
of A ., Purthermore, we have
RIS
A = I Ld I .
=1 n+l n

8 5. Borel stiructure on the dual of a GCR-almebra.

A set X, with a family { of subsets of X such that
(1) g, x € &

-e

L @
(1i) U S, ﬂ s, € R  whenever S €p
n=1 n=1 .

(o= 1, 2y des);

(iii) the complement of S is in ® whenever § € ® |,

is called & Borel space and is denoted by (X, D). We shall often

suppress. the ® and simply speak of the Borel space X, The fanmily

) is called a Borel structure on X and we call the elements of

® the Borel subsets of X. Clearly for each femily # of subsets

of a set X there is a unique smallest Borel structure for X which

contains & We call it the Borel structure generated by # and

we call % a generating family for the structure., In particular,

the family of open subseis of X with respect to a topology J on X

a Borel structure which we call the Borel structure gene-

generate:

rated by the topology. The corresponding Borel space is said to be

associated with or defined by the given topological space.

Tet (X, ® ) and (X, © ) be two Borel spaces. If

B, — &4 (i.e., if every subset of X belonging %o  , also

belongs to 8 1) then we say that the Borel structure of (X, ® )



- 61 -

is Piner than the Borel structure of (X, &2)0

A topological space X is called a polonais space if the topo-

logy on X admits a countable basis and if there exists a metric on
X which gives X the same topology and under which X is a complete

metric space.

A Borel space X is called standard if its Borel structure is

generated by a topology of a polonais space.

Tet X and Y be two Borel spaces and f: X —> Y a mapping
from X into Y. If f"l(S) is a Borel subset of X whenever S is a

Borel subset of Y, then f is called a Borel mapping. If I is one-
1

to-one and onto and if f and £7" are Borel mappings, then £ is

called o Borel isomorphism of X onto ¥ and X, Y are called isomor-

phic as Borel spaces.

Let X be a Borel space and Xl a subset of X. Then Xl becomes
a Borel space on defining ‘the Borel subsets of X1 to be the sets

X N\ S, where S runs over the Borel subsets of X. We call X, =

Borel subspace of X. The subspace of a standard Borel space is a

standard Borgl-space.

Tet X be a Borel space and let r be an equivalence relation
in X. Let X' denote the set of all equivalence classes and let
r(x) ( x € X) denote the eguivalence class to which x belongs.
Tet © be the family of all § & X' such that r'l(S) is a Borel
set in X, Then it ié‘clear that ® is a Borel structure for X,

called the quotiént structure of that of X under the mapping
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»: X—> X', and X' with this structure  is called 'a.

quotient Borel space of X { with respect to r Yo

Tet { X,\}A ¢ N be a family of Borel spaces such that
X, N X, =§ foreall \ and p with A # p . We define a Borel

I{

structure on X = U X}\ by defining a subset S of X to be a Borel
AEN :
subset of X if and only if X, (\ 8 is a Borel subset in X, for

each A € A\ . We call X the union of the Borel spaces. Xy o The

union of the standard Borel spaces is a standard Borel space.

(cf. Theorem 3.1. in [14] )

Tet A be a separable C¥-algebra. For each cardinal n = }\‘o,
we equip I:rrn(A) and Repn(A) with the ‘Borel structures generated by
their topologies respectively. By 3.7.l. and 3.7.4. in [3] ’

Ir:ch(A) and Repn(A) are standard Borel spaces. Iet
Irz (&) = \J Tre,(a) .
n

Since for m ¥ n, Irr.ia(A) N Irrn(A) = g, we can thus.define a:Borel

structure on Irr (A). We give Irr (A) the Borel structure which is

the union of the Borel structures on Irrh(A). Since the union of

the standard Borel spaces is standard, it follows that Irr (4) is

a standard Borel space.

We recall that: the .canonical mapping
_ N
Voo Irre (A) —> A
A
from Irr (A) into A, which corresponds to each element in Irr (4)

its equivalence class, is an onto mapping.




Let A be a separable C¥-algebra. Then the quotient structure

A
of that of Irx (A) under the canonical mapping \{/ : Irr (A) —> A

N
is called the Mackey Borel structure on A ,

Theoren (3.5.1). Let A be a separable C¥-algebra. Then the Mackey

N A
Borel structure on A is finer than the Borel structure on A

A
generated by the topology on A o

A
Proof: [3] Let @1 be the Mackey Borel structure on A and

N
P 5 the Borel structure on A generated by its topology. Let S

A : N
be an open subset of A (with respect to the given topology on A )e
A N
Since the relative topology on An induced by that of A and the

A A
given topology on An coincide, S N An is open in An for each

7

A
n. By Theorem (2.3.1), the inverse image of S N An under the cano-
nical mappihg
N
VYV o: Irr (A) —> A

is open in Ir:r:.h(A)a so that '\Il-l(S) is an open set in Irr (A).

Thus "\P"J'(S) is a Borel subset of Irr (A), i.e., S € 6’31.
A

Since every element in 6’-" 5 is generated by open subsets of 4,

it follows that if § € ©, then 5 € B, Hence & ,— &

and therefore & 1 is finer than @2.

Tet A be a separable GCR-algebra. Then the Mackey

A
Borel structure on A

Theoren (3.5.2).

coincides with the Borel sitructure generated

N

bv .
by the topology on A and, with this Borel structure, A is &

standard Borel space.
N

Proof: [3,] Let @l be the Mackey Borel structure on A and
~

: IN
® o the Borel structure on A generated by the topology on A .
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IS A A
Les Al and Az be the corresponding Borel spaces. Then Al is

the quotient of the standard Borel space Irr (A). By Corollary

IN
(3.4.9), A2 is the union of a sequence { Sn} of mutually dis-
A

joint subsets of A , each of which is a locally compact Hausdroff
space with a countable base . Since a locally compact Hausdroff
space with a countable base is: metrizable with a complete metric

(efs [7] ), it follows that each S is a standard Borel space

N
with the Borel structure induced by @32 « Since A2 is. the union

N

of Sn’ A2 is a standard Borel space. Now 1let £ be the identity
IN

A \
mapping of Al onto A2. By Theorem (3.5.1), we know that @>1 is
finer than ® o and therefore £ is a one~to-one Borel mapping

S N N . N -
of A1 onto A2. Since A2 is standa?d and A1 is the quotient
of & standard Borel space, Theorem 4.2. in [14] implies that £
' A A

is a Borel isomorphism of A,- onto A,. Hence ®].= 652 and

this completes: the proof,
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