Dynamics Based Linearization and Control
of an

Autonomous Ground Vehicle

prepared by

Mohammad Eghtesad

Submitted to the University of Otawa
as a partial fulfilment of the requirements for the degree of

Doctoral of Philosophy (PhD)
in

Mechanical Engineering

Ottawa-Carleton Institute for Mechanical and Aerospace Engineering
University of Ottawa
Ottawa, Ontario, Cancda, KIN 5N6



l ¥ . Natonal Library

of Canada

Acquistions and

Bibligiheque naticnale
du Canada

Direclion des acquisitons et

Bibliographic Services Branch  des services bibliographigues

395 Wellhgton Stree!
Ottawa Onlano
KA QNS KA QNG

The author has granted an
irrevocable non-exclusive licence
allowing the National Library of
Canada to reproduce, loan,
distribute or sell copies of
his/her thesis by any means and
in any form or format, making
this thesis available to interested
persons.

The author retains ownership of
the copyright in his/her thesis.
Neither the thesis nor substantial
extracts from it may be printed or
otherwise reproduced without
his/her permission.

394, rue Wellngton
Orawa (Ontano)

LIS TLRE L o ol Rt g W

Our tie Samep netpepnce

L’auteur a accordé une licence
irrévocable et non exclusive
permettant a la Bibliothéque
nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de sa thése
de quelque maniére et sous
quelque forme que ce soit pour
mettre des exemplaires de cette
these a la disposition des
personnes intéressées.

L’auteur conserve la propriété du
droit d’auteur qui protége sa
these. Ni la thése ni des extraits
substantiels de celleci ne
doivent étre imprimés ou
autrement reproduits sans son
autorisation. '

ISBN 0-612-19953-3

Canada



I@ UNIVERSITE D'OTTAWA
| UNIVERSITY OF OTTAWA



In the name of God

the Compassionate, the Merciful

With the hope of acceptance
by Imam Mahdi

for their pravers and patience
dedicated to my parents
Ali Eghtesad and Esmat Torabizadeh

and

for her sacrifice and support
dedicated to my wife
Maryam Najafi



Abstract

Several aspects of dynamics based motion control of autonomous ground
vehicles have been studied. For example kinematic and dvnamic modelling of the
vehicle. path and motion planning, path following and trajectory tracking, stabilization
to a manifold and a to a desired position with specified orieniation have been
considered.

Assuming the (ideal) rolling without slipping conditions for a wheel imposes the
nonholonomic (non-integrable) constraints on the motion of the wheel and the vehicle.
Nonholonomic systems are found not to be asymptotically stabilizable by a smooth state
feedback laws.

In this research, first, kinematics and Newtonian dynamics of a tricycle with
front wheel steering and driving are developed and then using the concepts of Lagrange
equations of the first kind, the dynamic models of the tricvcle in the form of

x =f(x,u) with torque inputs are derived.

Nonlinear control theory and input-output feedback linearization as a systematic
approach have been applied on these dynamic models of the vehicle. Cartesian space
feedback linearization is utilized for trajectory tracking and asymptotic stabilization to
a one dimensional manifold and simulation results are provided. Curvilinear space
feedback linearization approach for asymptotic stabilization of two outputs with open-
loop control of the third planar variable using a planned path between two end positions
and orientations has been verified by simulations and implemented on an experimental
setup.

Internal dynamics of the system has been investigated, and its dimension, state

variable and stability have been analysed.
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Chapter 1

Introduction

1-1 Background

For the past few years, research interest in autonomous vehicles, i.e., mobile
robots and automated guided vehicles(AGVs) has grown. There are a variety of
potential and active applications of these vehicles in industrial, household. military,
security, space, office automation and scientific laboratory systems, and some examples
are material handling inside factories, cleaning an industrial waste site, maintaining a
nuclear plant, inspecting and repairing underwater structures, assembling structures in
outer space, fire fighting, bomb removing, window cleaning and aiding the disabled.

Active attempts to build and analyse mobile devices started immediately after
world war IL. The first AGVs were made in 1950's. But, the true ancestor of AGVs was
developed in 1960's at Stanford University [1]. Also, Shakey, the first serious
autonomous mobile robot was built in late 1960's at Stanford Research Institute [1].
Although the historic origins of AGVs and mobile robots are quite different, today they
resemble each other in many respects, particularly in their increasing use of faster and
more powerful onboard signal and data processing microprocessors for control and
communication 1]. The motion of an AGV is restricted to certain predefined paths, and

once the guidance mechanism is installed a new path can be achieved only by rebuilding
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this mechanism. A more flexible AG\" must be capable of following different paths and
to be so it must be programmable for path selection. On the other hand. the interest in
land vehicles has shifted 10 make them be able to move independently in remote,
unstructured. and hazardous environments. The challenge has been to allow these
systems to make independent, intelligent decisions as the situation changes and perform
various actions without human intervention. As a result, more sophisticated vehicles
with on and off board control devices and sensors are needed to make independent
decisions and actions. Today the use of autonomous (or semi autonomous) vehicles as
a support for conceptual and experimental work in advanced robotics and vehicular
systems is as strong as ever. |

An autonomous ground vehicle is composed of these basic groups of
components:

- Mechanical assefnbly including the platform, driving and assembly subsystems.
energy conversion and transmission and coasting and braking.

- Electronic components and interfaces, electrical components and onboard
power: Electronic components and interfaces such as amplifiers, digital to analog and
analog to digital convertors and specially sensors. Electrical components such as
switches and relays provide trouble shooting and easier operation. Also. batteries are
widely used to provide onboard power for actuators and onboard computing devices.

- Navigational systems such as guidepaths for AGVs, inertial navigation systems,
laser scanning and beacons, ultrasonic and optical devices, dead reckoning and so on.
Different combinations of these systems can be used to preduce satisfactory results.

- Onboard computing facilities and controllers to handle many tasks at different
levels of control. |

Each of these components and their assembly and combinations need careful

consideration in order that the best design and performance can be achieved.
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1-2 Research Objectives

There are several problems arising when designing autonomous ground vehicles:
sensor data acquisition, interpretation and integration, real world modelling, path
planning and navigation, map presentation, vehicle design and modelling, machine
learning and decision making for navigation. actuator control for vehicles with
complicated dynamics, global monitoring and control of the vehicular system as a
whole. These problems are direct or indirect consequence of having those four groups
of components and solving them demands knowledge of control. electrical, computer,
optical and mechanical engineering.

This research focuses on those issues which require mechanical engineering
knowledge, including modelling, kinematics and dynamics, ope;n and closed loop
control, path and motion planning, path following and trajectory tracking and
stabilization.

These issues are common between robot manipulators and ground vehicles, but
unlike manipulators which are holonomic systems, wheeled vehicles are nonholonomic.
A kinematic constraint in differential form is holonomic if it is integrable and this
constraint is called nonholonomic if it is not integrable. —

A conventional wheel has only twe degrees of freedom, since its third DOF in
a planar pair model(wheel with the ground) is omitted when the sideway component of
wheel velocity is set to be zero 1o eliminate sideway slip. This assumption together with
the assumption that the wheel roils without slip are called ideal rolling conditions. Ideal
rolling conditions impose kinematic constraints on the wheel motion that are not
integrable. _

The primary objective of this research is to contribute to the solutions of the
dynamics based motion control problems of nonholonomic ground vehicles. Dynamic
modelling is more accurate, more realistic and more complex. Also,

- Dynamics based control makes it possible to control directly input force and
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torque commands to the system. It also allows to take the dynamic parts of the system
like suspension and wheels into consideration.

- There are some "dynamic constraints" like motor-torque limits that should be
considered and in this case their saturation should be avoided. On the other hand, ideal
rolling conditions could be verified by checking the wheel-ground contact forces. These
can be done much more easily if dynamics based control is used.

- Nonholonomic constraints which govern the motion of autonomous(or semi-
autonomous) wheeled vehicles are kinematic constraints (between velocities and general
coordinates) and that is why controllability. stabilization and following(tracking)
properties of kinematic and dynamic models are the same.

Using differential geometric control theory. it has been shown that nonholonomic
systems are (weakly)controllable from any starting point [2]. Also, applying Brockett's
theorems regarding nonholonomic systems results that these systems are not smooth
state feedback asymptotically stabilizable [2,3,4].

In this research nonlinear control theory is applied to study the motion control
problems of an autonmous ground vehicle. Feedback linearization, which is a systematic
approach to nonlinear control systems, is used. This method works very well for
minimum-phase systems which can be asymptotically stabilized by smooth state
feedback controllers. Nonholonomic systems are not minimum-phase and their internal
dynamics stability problem remains to be solved. This internal dynamics is examined,
its state variable is found, and its stability for trajectory tracking and path following

procedures(asymptotic) and for point stabilization(bounded) is investigated.

1-3 The Vehicle

The autonomous vehicle modelled and used in this research report, CLAMOR,
is a three-wheeled vehicle with the front wheel steering and driving and has five

mechanical parts (Figure 1-1):
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- A rigid structure to which the other parts are attached,

- Two rear wheels,

- A front wheel,

- Steering assembly. attached to the front wheel, the main body and the steering
and driving motors.

The vehicle is moving on a flat horizontal surface and this motion is studied

under ideal rolling assumptions.

Figure 1-1 A view of the CLAMOR platform

1-4 Outline of tke Thesis

This thesis is organized as follows:
Chapter 1- Related issues like  brief history, applications and the components

of autonomous ground vehicles are reviewed as the background. Objectives of the

5
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research and a brief description of the vehicle modelled and utilized in this thesis are
also included in this chapter.

Chapter 2- Existing literature has been surveved and the most recent relevant
contributions to the open and closed loop control of autonomous vehicies are discussed.
Different possible configurations of the vehicles and their kinematic and dynamic
modelling have been reviewed.

Chapter 3- Existing kinematic and dynamic models of the described vehicle has
been updated the complete set of equations has been found. This set of equations can
be rearranged to obtain (almost) minimal systems of differential equations that can be
used to control the vehicle.

Chapter 4- Exact input-output feedback linearizations of Cartesian and
curvilinear space dynamic models have been performed. It is found that the vehicle's
internal dynamics is one dimensional. Steering angle by analytical examination and by
physical discussion is determined 1o be the only internal dynamics state. This internal
dynamics as long as the vehicle keeps moving forward is found to be stable. Then.
theoretically, trajectory tracking and path following procedures are asymptotically
stabilizable by applying feedback linearization. By further examination of wheel-
ground contact area, bounded stability of the internal dynamics for the case of
point(position with orientation) stabilization of the vehicle is validated.

Chapter 5- The suggested methods as solutions to the motion control problems
of the autonomous vehicle are described in this chapter. Previous chapters resulits are
used to show how exact input-output feedback linearization in Cartesian and curvilinear
spaces can be utilized to serve as these solutions.

Chapter 6- Simulation and experimental results are presented and compared.
Discussion and comments follow these results.

Chapter 7- This chapter comprises of a summary and conclusions, contributions,

and recommendations for future work.

Appendix A- Algebraic manipulation to reduce the number of rec -ired equations

6
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is performed in this appendix. These equations are needed in order to find the
(almostyminimal set of differential equations containing both inputs and outputs of the
control systems.

Appendix B- Results of PD, time-varying and discontinuous control laws for
kinematic models are obtained from the original publications. They are presented with

discussion and some comments on the results.

Y



Chapter 2

Literature Survey

A variety of branches of science and engineering are incorporated in the research
of autonomous ground vehicles. The knowledge of those branches is employed to look
from different angles in various aspects of mobite robots and AGVs. Consequently, an
enortnous number of publications are relevant to this research aréa.

The literature has been surveyed to provide a comprehensive background on the
pertinent aspects of the research of the autonomous ground vehicles. Kinematic and

dynamic modelling and motion control strategies of these vehicles are particularly

reviewed.

2-1 Configurations of Wheeled Autonomous Vehicles

The most familiar wheel layout for a vehicle is a four wheel configuration in
which the wheels are placed at the corners of a rectangle. Often, the two rear wheels are
used for driving and the two front for differential steering. Alternative arrangements
include front wheel drive, four wheel drive, and four wheel steering allowing some
limited sideway motion [5,6].

One way to simplify the complications of four wheel vehicles is to replace the
coupled steering wheels with one wheel and keep the rear wheels driven. Still the two
rear wheels must rotate at slightly different speeds for accurate control of turning [7,8].
Another motor configuration for three wheel vehicles is to have two rear wheels

independently driven and the front wheel idle caster. In order to steer this vehicle the

8
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rear wheels should be driven at different speeds [9,10]. The vehicle modelled in this
research is a tricycle with the front wheel steering and driving [11-13].

Campion et al [14] classified different possible configurations of combinations
of four types of wheels: three conventional: (fixed, centred orientable and off-centred
orientable) and one Swedish (or omnidirectional) wheel. Based on the number of
degrees of freedom they can be classified in six groups.

The vehicles mentioned so far have two degrees of freedom. There is 2 kinematic
relation between their orientations and speeds, a nonholononic constraint. The systems
with nonholonomic constraints have some motion control problems which are hard to
overcome. To avoid these problems one idea is to use omnidirectii:;nal vehicles. These
vehicles have the ability to achieve decoupled dynamics(in position and orientation) for
following paths and avoiding obstacles, but they are more complicated and may need
suspension to avoid tipping over. Because they are in their early stages, they are not fast

enough. This type of wheels will not be dealt with in this research.

2-2 Modelling, Kinematics and Dynamics

The word "modelling" refers to the use of Newtonian, Lagrangian or Hamiltonian
dynamics to produce a system of differential-algebraic equations as the model of the
vehicle or nonholonomic system in X =f(x,u) form, where x is the state vector and u
is the input vector. Bloch and McClamroch and d'Andréa-Novel et al have applied two
different diffeomorphisms to have their models [3,15,16]. Saha and Angeles also
studied kinematics and dynamics of a nonholonomic system [17]. They applied the same
method as d'Andréa-Novel et al used for their modelling which is called Orthogonal
Complement method. Since the orthogonal complement of a system is not unique, they

introduced a simpler one called natural orthogonal complement [18}. More

details and components of a vehicular system can be modelled and further simplified
as presented in the books by Ellis and Wong [19,20].

9
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Muir and Neuman [21] proposed simplified configurations of robot vehicles

modelled under the design assumptions:

1) The wheeled mobile robot is built from rigid mechanisms.

2) There is zero or one steering link per wheel,

3) All steering axes are perpendicular to the surface of motion,
and the operational assumptions:

4) The surface is a smooth plane,

5} No translational slip occurs between the whe€l and the floor,

6) The rotational friction at the point of contact is small enough for the wheel
to turn freely about 2 vertical axis through that point.

Wheeled mobile robots are considered as multiple closed-lirk chains, with higher
pairs of contact points between wheels and surfaces, with reducedqdegrees of freedom
due to nonholonomic constraints. They also introduced Instantaneously Coincident
coordinates as the inertial frame coinciding with the moving vehicle body frame at each
instant of time to simplify their matrix equations of multibody robotic mechanisms.

Necsulescu et al [12] directly used Newton-Euler equations to model their
vehicle’s dynamics. In this research, intermediate and advanced multibody dynamics are

applied to derive the kinematic and dynamic equations of our vehicle [22-24).

2-3 Controllability

Since nonholonomic vehicles are nonlinear systems, nonlinear control theory, in
which the concept of controllability is related to the dimension of the corresponding
control Lie Algebra, should be used [25-28]. Campion et al proved that both kinematic
and dynamic model of nonholonomic systems satisfy the strong accessibility rank

condition and stated that this property implies controllability [2,26]. Barraquand and

Latombe [29] discussed accessibility, local and weak controllability and local weak

controllability and showed that for the case of less than 4-trailer nonholonomic
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veiicies(front wheel drive) are controllable.

2-4 Open-Loop Control: Path and Motion Planning and Steering.

There has been a great deal of work on robot motion planning. Maps and
diagrams are the tools in motion planning which require the use of classical geometry,
topology, algebraic geometry, algebra and computational geometry [30). Extending
those works to nonholonomic systems is not direct and easy because "a robot may be
physically incapable of following a path that changes direction by a largé amount at
single point, partly due to the degrees of mobility of the robot and partly due to the
inability of motors to achieve infinite acceleration” [31]. This made the researchers
choose the strategy of considering the paths that satisfy the nonholonomic constraints.
This strategy leads to what is called "nonholonomic motion planning". Some examples
are the papers in the book by Canny and Li [32].

One direction in nonholonomic motion planning focuses on correcting the
mentioned problem, while using the same tools, maps and diagrams. One example is
Barraquand and Latombe’s on mobile robots and optimal maneuvering [33]). Schwartz
and Sharir [34] worked on piano mover's problem, while Tournassoud and Jehl [35]
addressed the problem of turning a vehicle in 2 corridor. Laumond [36] showed that a
two DOF mobile robot with a bounded gyration radius can follow any trajectory within
the admissible configuration space at the expense of extensive maneuvers if this space
is in a domain with connected interior.

Another direction in nonholonomic motion planning uses analytical approaches.
This type of contribution is based on first bringing a given number of outputs, by the
same number of inputs, to their desired values and then, by using different tools,
bringing the rest of states to their desired numbers. Based on those tools this direction
can be divided into these categories {37]:

- Differential geometric or differential algebraic techniques, by using iterated Lie

brackets or recursive averaging method as in the papers by Lafferriere and Sussman
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[38] and L. Gurvits [39].

- Geometric phases by using Stoke's theorem b Mukherjee and Anderson (40],

- Parametrization of the inputs by using a family of sinusoids at integrally related
frequencies or gradient descent algorithm by Murray and Sastry [41] and Divelbiss and
Wen [42].

These methods that were developed for the systems without drift can be extended
to power and chained forms but are not yet available to the systems with general form
of drift including steering [43,44]. More references can be found in [37].

A related field to geometric phase type of contributions considers various paths,
classified as follows [45]:

1} Piece-wise continuous paths,

2) Continuous paths,

3) Contiruous orientation paths,

4) Continuous curvature paths and

5) Continuous curvature derivative paths.

The goal is to find smooth paths which satisfy some order of optimality of the
curvature of the path. Kanayama and Miyake [46] introduced clothoid pairs and
proposed the connection of two postures with zero end curvatures. Neléon [47]
introduced the use of polar polynomials for arc turns (to replace circle arcs) and
Cartesian polynomials (to replace circular arc-arc or arc-line-arc segments for line
change maneuvers). In Nelson's proposal the equations have closed forms, unlike the
case in Kanayama and Miyake’s. Kanayama and Hartman [48] used the squares of path
curvature and path curvature derivative as two cost functions to find circular arcs and
the set of cubic spirals as the answers to the path planning problem of symmetric
postures (position with orientation). The idea presented in this paper is that in order to
have a good dead reckoning (position sensing using odometry), the path has to be of
continuous curvature. The continuity of the curvature and its derivative is achieved by

using 'steering angle (or its derivatives) as the input to the system. Their open loop
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approach does not explicitly address other parameters that may affect the dvnamics of

the vehicle when travelling along the path.

2-5 Path Following and Trajectory Tracking

Closed-loop control approaches for following the planned paths and motions
have been mentioned under various names like: locomotion control, path control, path
tracking, trajectory tracking and path following. "Locomotion control" works as a
flexible interface between path planner and motor-wheel system [45). To differentiate
between current and reference postures, v and w(heading and angular velocities) are
chosen as inputs and a PID controller is used to make e,, e, and e; (errors in Cartesian
positions and orientation) go toward zero. "Path control" separates the path errors
(between measured and reference states) into tangential and normal while the velocity
errors into two heading and speed errors and uses these four values in compensating for
differences between steering angles and driving angular velocities of the reference and
actual systems [11]. Hemami et al [8] used linear equations for slip angles and side
forces i‘rom vehicle dynamics models and assume the steering angle as the only input
to upgrade the linear proportional controller of their previous works to a nonlinear one.
Later, Hemami et al [49] used a time-variant linearized version of the dynamic model
of their system and applied optimal control theory to design 2 controller for “path
tracking™. Their cost function contained a quadratic function of position and orientation
errors and steering angle. Kanayama et al [50] analysed the stability of their proposed
controller for tracking using the Lyapunov direct method. They assumed heading and
angular velocities of the vehicle as the inputs and a simple Cartesian kinematic set of
equations for stable tracking. They also noticed that tracking a virtual vehicie makes the
reference posture time-variable and the system by definition becomes non-autonomous,
a fact that usually is ignored in the literature.

One of the most quoted papers in control of mobile robots is the paper by

Graettiger and Krogh [51] in which they suggest time rescaling for travelling along the
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path in order 1o satisfy torque constraints and other constraints for vehicles. Many
contributors have focused on path following as apposud to trajectory tracking because
lime assignment changss can be made. Dahl and Neilson [52] using the "s". path
parameter, applied this idea for on-line change of the nominal trajectory . Canudas de
Wit and Roskam [53] modified the feedback law presented by Dahl and Neilson.
Serdalen and Canudas [54] extended their work on stabilization, to path following
problem. They proved that if the desired path is composed of a sequenée of straight
lines and circle segments and there are two vectors of desired velocities and maximum
deviations at cornecting points between each two consecutive segments(velocities could
be negative or zero), then a feedback law guaranties following that path.

Having steering angle(or its derivatives) as the main state of ke control law
causes some error in positioning of the system. Shin et al [55] suggested a feedforward
component in the control system to compensate for that error if the steering dynamics
is modelled exactly by a first order system. They also used a fifth-order equation of the
path parameter "s" as the error along the path to replan the path at each control cycle.
After converting the new path into steering angle, this accounted for the feedback part
of their controller . They stated that considering the kinematics and assuming the point
at the middle of the rear axle as the point on the path (and not the centre of mass)
kKinematically separates the velocity control and steering control, but they also
mentioned that these two variables are dynamically coupled.

Samson {56] uses "s", "y"(normal to the path from the current point to the
desired one) and B(orientation) as the states and not the usual Cartesian coordinates. By
applying Lyapunov direct method, he shows that with one input it is possible to make
y and 8 follow their desired values. The advantage of this approach is that it leaves the
other input (heading velocity) to control the third variable “s”. Most of the models
presented in the above approaches were kinematic. For dynamic models, feedback

linearization is one of suggested methods and the references will be quoted later.
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2-6 Stabilization. Asymptotic stabilization to a manifold or a point.

One of the most challenging features of motion control of nonholonomic systems
in general and vehicles with ideal rolling assumptions in particular has been asymptotic
stabilization. Brockett by two theorems showed the "necessary" conditions for the
existence of a continuously differentiable (smooth) feedback control law for the system
of X=f(c,u) with fix,.0) =0 which makes x, asymptotically stable [4]. Several
researchers, among them Samson and Ait-Abderrahim [57], have shown that for the
systems they have studied condition (iii) of the first theorem is not satisfied. Because
théir linearized matrix was not square and therefore not controllable, they had to use the
second theorem in that paper of Brockett for critical situations, but condition (iii) was
not satisfied and thus that system was not stabilizable by smooth state feedback laws.
Bloch and McClamroch [3] using their diffeomorphism of the nonholonomic systems
showed that the equation X, =0 is the zero dynamics of the system which is obviously
not locally asymptotically stable. This system has as many zero eigenvalues as the
degree of nonholonomy is. Campion et al [2] using condition (iii) proved this global
result that neither the kinematic nor the dynamic model of the systems having
nonholonomic constraints can be made asymptotically stable by smooth feedback laws.
This (local result versus global) is one of the differences between the diffeomorphisms
these two groups of researchers have used.

Given that nonholonomic systems are not full state asymptotically stabilizable,
the question is how many outputs can be made asymptotically stable. Bloch and
McClamroch [31 and in [58] with Reyhanoglu using their diffeomorphism and Campion
et al in [2] with their modelling showed that in the case of "n" generalized coordinates
with "m" nonholonromic constraints, the control system with 2 smooth feedback is
asymptotically stabilizable to a "n-m" dimensional manifold.

The second question is about the possibility of non smooth (discontinuous)
feedback control laws. Sussmann [59] proved the existence of stabilizing piecewise

continuous state feedback laws for a class of nonlinear systems. This class includes
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kinematic and dynamic models of nonholonomic control systems. One discontinuous
controller for mobile robots was proposed by Canudus de Wit and Sordalen [9] for a
simple kinematic model subject to a feedback law with exponential rate of convergence.
They introduced a family of the circles passing through origin with 8= 0 at origin and
the current position{and not necessarily current orientation) of the vehicle. They used
two inputs, the arc length "a" for circles and., the difference between current orientation
(8,) and the angle § between the tangent of the circle at the current position and x-axis,
. Because the straight line between current position and the origin is always shorter
than ary arc length, “a" and "a" will converge to zero with an exponential rate. A
different approach to constructing piecewise continuous controllers has been developed
by Astolfi [60] and Aicardi et al [61]. There a nonsmooth state transformation is used
and then a smooth time-invariant feedback is applied to stabilize the transformed
system. In the original coordinates the resulting feedback is discontinuous. Recently
sliding mode approach has been proposed [62]. The disadvantage of the sliding mode
controllers is that they may cause chattering.

Another approach to the stabilization of nonholonomic systems to a single point
is due to Samson and Ait-Abderrahim [57] in which they, using the idea of stability of
tracking a virtual vehicle, proposed time-varying feedback laws with the exogenous
variable "time". Samson [10] developed a time-varying feedback law for 2 simple
kinematic based model in the mobile frame which makes the cart converge to zero
posture. Samson in a later [56] paper uses path variables rather than Cartesian
coordinates and obtains the same final result. In his next paper [63], Samson adds
steering to the model and makes the system equations as a system without drift. The
simulations show a low rate of convergence with a difficult dynamics to follow.

Coron [64] proves that accessibility rank condition on R”-{0} is sufficient to
guarantee the existence of a global periodic time-varying feedback control law for
driftless systems, but does not present 2 systematic approach. Pomet in [65] and Coron

-and Pomet in [66] present 2 rigorous result for this problem. In their experimental work,
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M*Closkey and Murray [67] demonstrated that smooth time-periodic feedback laws may
not steer mobile robots to a small neighbourhood o: the desired configuration in a
reasonable amount of time. Then non-smooth time-varying control laws were suggested.

Time-varying controllers have also been proposed for chained and power forms [68,69].

2-7 Noanlinear Control Theory: Feedback Linearization.

There has been a growing interest in the applications of nonlinear control
techniques. Almost every physical system is fundamentally nonlinear. A linear system
approach is often taken into design of a controller based on a linear approximation of
the system about a desirable operating point or a rich set of output trajectories. Under
reasonable conditiohs. the linear controller can be used to stabilize and regulate the
system about the operating point or reference trajectory. This system is valid in a very
small neighbourhood of the desired point or trajectory and a time-varying compensator
has to be designed. Few methods are available to design such compensators. Another
approach is time scheduling, but few analytical results prove the effectiveness of this
method [70]. Robust methods were developed to enlarge the region where such linear
controllers can effectively control the nonlinear system.

For a nonholonomic system in general and a vehicle with ideal rolling conditions
in particular, of course one of the goals is trajectory tracking or path following, but the
linear approximation is valid for a small region and not a long trajectory or path. For
these systems linear approximation results in a non-square matrix, and the system
becomes uncontrollable [57]. The alternative approach is to use nonlinear control theory
and in particular input-output feedback linearization. This method is useful for tracking
and stabilization of nonlinear systems with stable internal dynamics(see Slotine [74] and
Isidori [25]). Examples of applying this method to vehicles and mobile robots are given
in Necsulescu et al [13] and d'Andrea et al [75]. Yun and Yamamoto [76] for dynamic
model of a two rear wheels driven mobile robot used feedback linearization and showed

that its internal dynamics is stable if the vehicle keeps moving forward. Deng and
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Brady [77] developed a controller design for trajectory tracking of a dynamic model of
a tricycle with front wheel steering and driven. Sarkar ot al [78] did the same thing for

path following of a vehicle with two driving wheels.

2-8 General Comments on the Literature

- While most of contributions for autonomous vehicles are for kinematic
models, the iway to start from the kinematic based approaches to extend them to more
elaborate models is not explored. Recently more interest in dynamic models has been
shown.

- It has been largely accepted that nonlinear control theory and its techniques
have to be used to treat nonholonomic systems, but they have hardly been systematicalty
used. Recent use of power and chained systems are exceptions.

- Stability of trajectory tracking for a simple kinematic case without steering
using 2 Lyapunov function has been proven. For a more complicated dynamic (including
steering) model just feedback linearization has been reported to be used [13, 75-78).

- It has been proven that nonholonomic systems are not asymptotically
stabilizable using smooth state feedback laws. Two alternative approaches for
stabilization of these systems have been proposed by Sarhéon(time—varying feedback
laws)[10] and by Sussmann [59], and Canudas and Serdalen(discontinuous feedback
laws using a family of circles}[9], but, both have been applied on very simple kinematic
examples. Later Samson [63] added steering to his model.The problem for time-varying
controllers so far is its poor dynamic behaviour. It has been experimentally shown that
smooth time-periodic feedback laws may not steer vehicles to a small neighborhood of
the desired position and orientation in a reasonable amount of time and nonsmooth
time-varying laws have been suggested [67, 37].

- In a few research works that include steering, the compiete dynamics based
modelling and the internal stability have not been covered, and in most of these

- researches O (the steering angle or its derivatives) and v(heading velocity or its -
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corresponding angular velocity) have been used as outputs. These methods cannot
correct any offset in position by using feedback from &, since & is compared with
O,(desired) at each time and before & approaches &, the errors in position have occurred
and cannot be recovered. One way is to add a feedforward part to the controller [55].
- Lately Cartesian space and curvilinear(path variables) space methods have been.
distinguished as different possibilities for outputs. The corresponding method of
Cartesian positions control in curvilinear variabies {s. ) has not been analytically

explored.
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Chapter 3
Kinematic and Dynamic Equations and Dynamic Models
3-1 Kinematic Equations

3-1-1 Cartesian Space Kinematics

Wheeled vehicles correspond to multibody mechanisms and require multiple
reference frames chosen in such a way as to facilitate the development of kinematic and
dynamic equations as well as dynamic models [12,51). For the case of planar motion
of a three-wheel vehicle with rigid structure and wheels, one inertial and four moving
reference frames are chosen (Figure 3-1). One moving frame x, y, z is attached to the
vehicle main body (x-axis along the vehicle, y-axis parallel to the rear axle with the
origin O at centre of mass and z-axis opposite the gravity direction). Three others x; .y,
Z;(i=1,2,3), with origins O, are attached to the three wheels (x-axes along the direction
of motion of the wheels and z -axes parallel to z). x, .y, ,z, frame can be considered
with different origins on z ;-axis to be used for both front wheel and steering assembly.
A global inertial frame X, Y, Z is chosen with Z paraliel to z.

To determine the moving reference frames positions and orientations with regard
to the inertial frame, the vectors R, R; (i=1,2.3) for absolute positions of the origins
and the orientation angles € of X, x,, x; and 6+ of x, with respect to X are defined.
Theref;re. the transformation between the unit vectors i, j of x, y frame and I, J of the

inertial frame X, Y will be (Figure 3-1):
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Figure 3-1 The reference frames of the vehicle.

i | cosB sin®||T I
. = . = (3‘1)
-sin@ cosO(lJ| [
Also, three geometric relations:
R, =R+ Trp,. G =123) (3-2)

represent 6 scalar holonomic constraints. Here p; are relative positions of the origins

O; (i=1,2,3) with respect to x-y frame origin, O (Figure 3-2):

o, = b-ci e (3-3)

P = ~of +URY (3-4)
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Py, = —cl =(l2)f (3-5)
Y .
A v1 ~
/5
« R /

X

Figure 3-2 Position vectors and velocity diagram for no skp
conditions.

while in X-Y frame;

Absolute velocities of the origins O; expressed in X ,Y frame are obtained by
differentiation, (Note

$,=0 , because of the rigid body assumption):

R,=R +wxT7p ¢ = 1,2,3) (3-6)

where ® = 8k is the angular velocity of the moving frame x-y-z with respect to

X,Y,Z. The absolute velocities V and V, (i=1,2,3) expressed in x, y frame are given by:

V =Vi+Vj | (3-7)

R=XI+Y¥1J
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From Equations (3-1) and (3-7), R can be written in this matrix form:

VS
| c9

Similarly, for the velocities of the origins of x; ,y, ,z (i=1,2,3) frames:
hV‘=V_ﬂi+ij =V, +Vrj+mxpf (3-9)

combining (3-3 to 3-5) and (3-9) gives:

V) = Vi + [V, +(b-c)b)j (3-10)
Vv, = [V,-(r2)8] ¢ + v,~c®ji - (3-11)
v, =V, + @281+ (¥, —c8)j (3-12)

Absolute accelerations of the origins O, of X;,Y; frames (i=1,2,3) expressed
in X, Y frame are obtained by differentiation, again. (Note p,=0 , because of the rigid
body assumption):

R, =R +axT7p, + ax(wx T7p) (i=1,2,3) (3-13)

where @ = 8k is the angular acceleration along z axis of moving frame x, y with
respect to X, Y. The absolute accelerations a and a; (i=1,2,3) expressed in x, y frame
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are:

@ =ai+aj (3-14)

and with repect to X-Y frame: R = XI +¥J

or, together with Equation {3-1) in this matrix form:

=r’t‘] © (3-15)
pJ

Also, for the accelerations of the origins of x; ,y; ,z (i=1,2,3) frames:

X

8,=a,l +a,j =ali *a j + Oxp +@x(wxp) (3-16)

combining Equations (3-1 to 3-5) and (3-16) gives:

a; = [a,~(6-c)8¢ + [a, +(b-c)B) (3-17)
a, = [a_+c é* -(2)01: + fa,-¢ 0-qr) 62] j (3-18)
a, = [a_+c& +2)0)1 + la,-cB+@2)8" | (3-19)

Also, from Figure (3-1), differentiating of angular velocities of the wheels for front
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wheel will give:
) =6, §, +@, 7,
=0, i, +(0+8) kxw, 4, (3-20)

=0, +0+d)w, j,

and for rear wheels (i=2,3):
©,=0 1+ 7
=0, i+0kxw i G-21)

=6, 1 +6&)‘ Fi

The constraints for velocities, Equations (3-10 to 12), and for accelerations,
Equations (3-17 to 19), were obtained from the holonomic constraint, Equation (3-2).
The assumptions with repect to the contact between the wheels and the ground impose
further constraints. The wheel angular speeds W= &; (i=1,2,3) about their axes y;: and
the absolute velocities V| of the origins O; expressed in x, y frame are linked by the
following differential constraints (ideal rolling assumptxons, Figure 3-2),

Vol |7, @, cosd ‘
V.= = (3'22
! [Vﬂ} [’-JQI sinﬁJ ‘
14 P |
V2= [ :2} - [rv2 2] (3_23)
” 0
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(3-24)

where r; (i=1,2,3) are the radii of the wheels and 3 is the front wheel steering angle.
The six differential scalar constraints given by Equations (3-22 to 24) will be reduced

to five independent constraints if it is taken into account that Equations (3-11 and 3-12)

give:
Ve =V (3-25)

such that V,, =0 in Equation (3-23) implies in this case \; =0, which makes the
second equation of (3-24) redundant. Equation (3-22) contains the nonholonomic
constraint:

4 1
=2 = tand (3-26)
Vx:

while the other differential constraints are integrable. The dynamic model contains,
however, reaction forces between the wheels and the ground which are associated with
these differential constraints and for this reason ali differential constraints are retained.
The 13 coordinates used for determining the motion of the vehicle structure (x Y, 0)
and the wheels (x,, jr,, X2, Y20 X3» ¥3» &1, &, , &3, O) are subject to 6 scalar holonomic
constraints given by Equation (3-2) and 5 independent differential constraints out of the
6 constraints given by Equations (3-22 to 24). Consequently, the vehicle has only two
degrees of freedom.

By eliminating V,; and V; from the differential constraints for velocities,
Equations (3-22 to 24), using the derivative of the holonomic constraints (3-2) in the

form given in Equations ( 3-10 to 12), the following 5 independent scalar differential
constraints will result:
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v, =r,,wcosd (3-27)
V, + (=) = r_ @ sind (3-28)
v, -2)8 = r 0, (3-29)
v, ~cb=0 | (3-30)
V, - @20 =r o, (3-31)

Also, from'Equations (3-28) and (3-30):

v, = ir_,m,sina (3-32)

Equations (3-1), (3-8), (3-27) and (3-32) give:

X

chose-!”sinﬁ = r,,@,(cosdcosd -i—sinﬁsine) (3-33)

~.
n

Vsin@+¥,cos = r_ o (cosdsind +§sin6cosﬁ) (3-34)
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The nonholonomic constraint in terms of V, . V, and & results from Equations (3-27)

and (3-32):

tand = —2 (3-35)

The constraints for accelerations can be obtained by taking derivatives of V, (i=1.2.3),
Equation (3-9):
V=V 4]
(3-36)

a2V =V ivV j+V ivy §

But, for pure rotation of unit vectors i and J» Equation (3-21), the following derivatives
can be taken:

i=Bkxi= 8
. (3-37)
J=Okxj=~8;
Equations (3-36) and (3-37) give:
v -0
as 1T (3-38)
wl |V,+07,,
Equations (3-22 to 24) and (3-39) can be used to obtain:
@ cosb-r_ o 5sind-r .Osind
o= x1=’-1 1 /@080 =r_, @, (3-39)
Byi) |r,,@,sind +r,, 0, Scosd +rw,tole cosd
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a, rw.‘ (b:
a, = . (3-40)
i a.)"‘ rwl‘emR
PR
ay =] =77 (3-41)
y2 F -38""3

Eliminating a,; and a,; from the constraints for accelerations, Equations (3-39
to 41) using Equations (3-17 to 19) will result in the following 6 differential constraints

in scalar form:

ru @088 -r_ @ 8 +8)sind = a_-(5-c)6° (3-42)
roOsind+r, 0,3 +6)cosd = a +(b~c)P (3-43)
rea®, = a, + 8 -2)0 (3-44)
r.8@, = a,-c8-q2)8’ (3-45)
r_l,obs =a_+cb + r2)0 (3-46)
r.0w, = ay. -8 + (r2)8* (3-47)
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Only five independent constraints result out of the six given by Equations (3-42
to 47). Eliminating a, -~ ¢®  between Equations {3-45) and (3-47), taking the

derivative of the resulting equation and using Equation (3-44) will give Equation (3-46).

3-1-2 Curvilinear Space Kinematics

Y A

» X

1
Figure 3-3 Curvilinear space variables s, n and ¥

Following [56], it can be assumed that ¢(x, y)=0 is a smooth planar curve along
which the vehicle is supposed to move. ¢ is either open and infinite or closed on itself
and its curvature has successive derivatives uniformly bounded along ¢. The radius of
any circle (containing ¢ at two or more points) whose interior does not contain any
point of the curve, is bounded from below by some positive number r_ . In this case,

introducing s, (the arc length along ¢) and n, (the distance from the vehicle to the curve,
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along the normal at each point, passing through the centre of curvature), will constitute
a Frenet frame, the curvilinear coordinate system of » and n. The angle 6, is between
s and X and the difference between 6 and 8, is denoted by . The radius of curvature
at each point is denoted by p and its reciprocal by x [76].

The velocity of the vehicle has the components V, , V, in the x, y frame and V,
» Va in the s-n frame. They are related by rotational transformations (Figure 3-3):

the tangential component along ¢: V,= chosw-Vysintp " (3-48)
and normal to ¢ : Vo= Vsin +¥, cosy (3-49)
Also, the proportion -:—=—p- from Figure (3-3) gives:
s Pn
._p 1
= vV = vV
: pn * (l-nx) ° (3-50)
Equations (3-48 to 50) will result in:
V. cosyr- Y sinfy
s:
(1-nx)
c (3-51)
r, /@, (cosd cosll!-;sina sinyf)
(1-nx)
n = r',ml(cos&inllr*-%sinﬁéoslp) (3-52)

From kinematic textbooks [22-24] and Equation (3-51):
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s _.
9¢=;=s X

r, 0, (cosdcosy —fsinﬁsimp)lc

(1-n%) ‘ (3-53)
Curvilinear space kinematics will be utilized in section 3-3-2.

3-2 Dynamic Equations

A Newtonian dynamic model of the vehicle is derived using free body diagrams
for the rigid structure of a vehicle (Figure 3-4), for each of the 3 wheels (Figure 3-5)
and for steering assembly (Figures 3-6 and 3-7) [12]. For the rigid structure, three
equations can be written for the planar translation and the rotation about axis Z. For
each wheel, five equations of motion can be obtained for the planar translation (x; , y;)
and for the rotation about the x; , y; and z; axes. Also for steering assembly, these five
equations can be written in x, ,y, ,z, frame. The 23 Newton-Euler equations of motion
using absolute accelerations expressed in the x-y frame are the following :

a) for the rigid structure of the vehicle (Figure 3-4)

"’o ax = sz *+ FxS + FFSA: c055 - F-"'SJJ' Sin6 (3-54)
m, ay = Fyz + Fy3 + Fm’ sind + me cosd (3"'55)

JoO=(U2)(~F , +F, ) +(b-c)(F g, sind +F . cosd) |
0 2 3 FsA FS4y (3-56)

e Fy2 +Fy3) -t: ~M 2 M 3
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(2) ®

Figure 3-5 Free body diagrams for front wheel (a) and rear wheels i=2,3 (b).
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b) for the front wheel (Figure 3-3a)

ma,, = (G, ~Fg,)e0s0 (G, -F, Jsind (3-57)
ma, = (G,,~Fy)sind + (G, -Fg, eosd (3-58)
I, ©,8+8)= G+ M, (3-59)

1,0, = T,~G,r,, (3-60)

J, 0+ =M ,_ (3-61)

c) for the rear wheels (Figure 3-5b)

mya., =G,,~F,, (3-62)
m,a, = Gy2 -F'y2 (3-63)
T, (@, 8)= G r M, (3-64)
Iy2(b2 = -Gerwz (3"65)
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L0= (3-66)
M8y = GyynF, (3-67)
mia,y =G -F, (3-68)

~I4(w,0) = Gttt M, (3-69)
Ly = -G ,yr,, (3-70)
L0= M ' (3-71)

d) for the steering assembly (Figures 3-6 and 3-7)

M5 3= (FogFigy 008 = (Fy, ~Fpg, sind (G-72)
M50y = FspsFrsy5ind + (Fg, ~Fe, Jeosd (3-73)
Iy O+0)0 =5, F oo\ 45 F o\ +M o, M Ste (3-74)
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Tay®, = =5y Fpgay =S Fgp *M Fsay %4 (3-75)

Jgg B+8)=t,~m (3-76)

N
_)Il

“Frsa M psqy
0 ? yJ' AN
-F FSAy
b
L i ]
FS ﬁ Sa .
1 < hd
F SA}’ -T.'I
 Figure 3-6 Steering assembly front view.
where
m, J, are the mass and the moment of inertia, about an axis parall to

Z, for the rigid structure of the vehicle,
m;, L1y J; (i=1,2,3) are the mass and the moment of inertia about x i +Y; andz, ,

respectively, for each wheel,
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Miga IsacIsaydsa are the mass and the moment of inertia about x, ,y, and 2,,
respectively, for steering assembly,
S, .8, are the distance from steering assembly centre of mass to centre

of the front wheel and to the rigid structure, respectively.

Xy
L M pe,
M )k\
= X [\7m
yl\:(\( @
L —Frse \ o

Figure 3-7 Steering assembly top view.

3-3 Dynamic Models
3-3-1 Cartesian Space Dynamic Model

Dynamic models for model based controllers require minimum size dynamic
models for real time computations. So far, kinematic variables x, y, x;, y;, o; (actually
in differential form © =&, (i=1,2,3)), © and & have been used, and it has been shown
that Vi, V. Vs, Vi 8,4 25 (=1,2,3) can be written using those variables (Equations 3-22
to 25, 3-32 and 3-39 to 41). Equations (3-28 and 3-30) give:
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9=i—r. [ ,sind 3-7D

This equation with (3-29) and (3-31) show that ®, and w; also can be eliminated
leaving just x ,y, 8, & and w,. Since X and Y are projections of the absolute position in
X, Y frame, they will be used instead of the projections x and y in x, y frame.

In the dynamic equations F,;, F,,, My, M, (i=2,3), G,,, G, (i=1.2,3), Ko Ry
Msacs Msazs Fesass Frsays Mpsaxo Mipsay» T, and T, have been introduced. t, (steering
torque) and T, (driving torque) are actuator torques and in a dynamic model have to be
chosen as the inputs. Gy, Gy (i=1,2,3) are wheel-ground (contact) forces and the rest are
internal forces and moments. -

Reaction forces between bodies and wheel-ground unilateral friction (contacﬂ
forces can be eliminated from the dynamic model. In a reduced form of the dynamic
model, x, y (or X, Y), 8, 5, w, and/or their derivatives as the state variables and 5 and
Tg as the inputs should be present. The elimination of the reaction and contact forces
and moments is presented in theé Appendix A. The differential equations containing the
state variables and the inputs are Equations (3-33, 34, 77) and (A-71, 78, 79):

X = V:cosﬁ-V,sinB = r',ml(cosﬁcose—%sinﬁsine) (3-33)
Y= szin0+V,cosB = r',m,(cosﬁsinﬂi-%sinﬁcosﬁ) (3-34)
9=-Il;rﬂm Si : 3-77)
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) -rm,sina
T, ~Num(B)r;,w,w, T (A-71)
@y = Den(d)
5“% (A-78)
ma - t‘[ 1 r.,Sinzﬁ ]_ _".sin ){ ]
Js*l, 52Dend) b Den(d) (A-79)
r, N o)
+T’m1(.)6[ Du:((ﬁ)) : 1Sin& -cosd)

3-3-2 Curvilinear Space Dynamic Model |

In order to have the minimum size curvilinear space dynamic model, similar

discussion to the one for Cartesian space minimum size dynamic model will lead to this
conclusion that the same variables have to be taken with this difference that Cartesian

space coordinates (X, Y, 0) are to be replaced with their corresponding curvilinear

space variables (s, n, §) (Figure 3-3). The differential equation containing ¥ will be

resulted by subtracting (3-53) from (3-77):

, [rﬂm,(cosﬁcoslll-%sinﬁsim[r)]1:
lll =9-ed=;r W, sind~

w1

(3-78)

(1-nx%)
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Also, similar to wy;

®, =Y =6-9, (3-79)

Rewriting Equations (3-51 and 52) and (A-71, 78, 79) together with (3-78), the
minimum size curvilinear space dynamic model of the vehicle will be:
r, @, (cosd cos\lr-%sinﬁ sinyp)

§= (3-51)
(1-nx)

W= r'lml(cosﬁsinl.]ﬂ-%sinﬁcos‘ll) (3-52)

[r, ,w!(cosﬁcosﬂl—-g-sinﬁsiml!)]lc

. . (3-80)
cov:-gr, /@,sind o)
2 r, lsinﬁ
T, ~Num(®)r,,0 0, - b T (A-71)
© = Den(d)
6=m6 (A-78)
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. [ ] r:ISinzbl (rvl - 6)[ Tt.’ ]
W, =T + - (—sin
¢ Jeut, b3Den(d) b Den(d) (AT
l“. N 6 2 .
+—Eim,w6[#((6))r,,sm6-cosﬁ]
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Chapter 4

Feedback Linearization and Internal Dynamics

4-1 Feedback Linearization

Feedback linearization is an approach to nonlinear control design. The central idea
of the approach is to algebraically transform a nonlinear system dynamic into a (fully or
partially) linear one, so that linear control techniques can be applied [71]. Ir input-output
feedback linearization the basis is to find a direct and simple relation between the system
outputs and the control inputs [71]. To generate this direct relationship, the derivatives of the

outputs should be taken until the inputs all appear in the equations. In this case:

y? =E() u +R (x)

where y is the outputs vector, p is an integer representing the order of derivatives, E(x) is the
matrix of the relationship between the outputs and the inputs, x is the states variables vector
» W is the inputs vector and R(x) represents the rest of the equation which is a function of the
state variables. E(x) is called decoupling matrix. If the determinant of the decoupling matrix

is zero, differentiation should continue. When this matrix becomnes non-singular, then;

u=E'x)y?-ERG)

A linear control law in terms of y and its derivatives which satisfies the stability
conditions will guarantee the stability of the external dynamics of the contro! system. The
internal dynamics of the system should ne analysed separately {25,71].
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4-1-1 Cartesian Space Feedback Linearization
Given that the vehicle has two degrees of freedom and two inputs (t, , T,) are applied

to the system, only two out of the six states (X, Y, 6, 8, w,, w,) can be controlled [25). If for
Cartesian space feedback linearization the coordinates X and Y are chosen as the outputs, the
first derivatives are Equations (3-33 and 34) {13]:

X= r_;w,(cosdcosb -Z sindsin6)
» b @1
¥= r_,ml(cosﬁsine*%sin&:osﬁ)

No inputs are present and obviously E(x) =. Taking another derivative and using (A-71):

r, ,smBT

£ 2

T,~Num (B)r.} 0, 6, -

X=r_,[4, —W, (4,05 +A,0,)]

Den(d)
4-2)
2 r_,sinb
T,~Num (D)r,, 2,0, - T,
Y=r,_[4, Den® 0, (4, wy=4,0,)]
where;
A= cosﬁcosﬁ-%sinSsinﬁ ; 4,= cosdsinB +=sindcosd
: i @-3)
4,= sinécosﬁ+;cos§sinﬁ s 4,= sinGsinB-;cosﬁcosﬁ
and;
Num(®) = 2—‘;9,(sin25-c0526) +0,,sinbcosd (A-72)

43



Feedback Linearization and Internal Dvnamics

Den(d) = 1,,*[Qcos°d +i‘stin"'5 -%Q,sin&cosﬁ]rf ) (A-73)
b -

T,and T4, both appear, but it can be easily shown that, det E{x) = 0. Before taking one more
derivative, this intermediate inputs should be introduced:

r,,sind
u, = [z, . u)" = [t,- "”b T, . t) 4-9)

Then;
X9 =14 [ﬁ,,-rj,mG(Ndm (B)w, +Num (B)®,)-Den (),
Al Den (5)
um (6)4 u r .. (4-5)
—r, 0 (4, + Den ) l)[-fs‘f-fl -~ b’{mlsm6+mlw6cosa)]
T [2(4,096 + 4,00, +(4,04 4 (00, Wy ~(4 W4 -4, 0,0, *4,
o -y 4 [:E”-r,f,(oa(Nu}n (8w, +Num (8)@ )-Den (b)cbl]
w2 Den ()
Num (&
=, w4,+ m ¢ )-42)[ i -2{(blsin6+mlmacosﬁ)] (4-6)

Der (8) "I, +J, b

* 1 [2(4,09=4, 00, (4,04 44,00, ~(4,0, +A, W0, Wy +A Gy

The following are used in Equations (4-5) and (4-6):
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A4 = —(cosdsin0 +§sin§u‘:ose)ma

-(sinOcosO -*%c:osﬁsinﬂ)ml5

4-7)
= —Azwe_A3m5
and;
A= AWy 0
4= A Wy +A, W0y 4-8)

A= A,05+4,0,

To see if, det E(x) = 0 or not, (Equations 4-5 and 4-6):

Terd _ oy Num )
[Xm] . Der (8) ruildy 4, Den(d) 1o, u
= E(x)u,+*R(x) =

o b LR @9)
Y ro4, Num (6) i,

— - A +d e

Den(d) Perlds ' Den(5) 1o,
such that:

2 -
detE(x) TerTA A A0, (4-10)
Den(6)

with:
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AA,-A 4, =(cosdsind +—:-sin6cos9)(sin6cosﬂ +%cos§sin0)
~(cosdcosOd —Esinﬁsine)(sinﬁsine -%cosﬁcos@)

=s5indsinBcosdeosh +§(sin"6cos=0 +cos0sin0)

-

+c—‘sin65inﬁcost‘5cos9
b - .

-sindsinBcosdeosO +—g-(cos=6cosze +sindsin?0)

2
—c—_‘sinﬁsinecosﬁcosﬁ
b -

c_ . . . .
=;(sm25cos26 +cos*Osin0 +cos 8050 +5in28sin20)

=< (cos?0 +5in?0)
b
=£
b (4-11)
which means;
crl o,
det E(x) = ——L 1 «-12)
b Den(0)

This shows that det E(x) = 0 if, 0, =0 orc =0 . Also, from Equation (4-9):

(3)]

_ Num () Num (8) ]
i, ® Tuildyt4, Den(d) o, r,,[4,+4, Den(d) ]""_l [ y o) +R(x)]
=E"(x)[ +R(x)]= _
ua YG) v!'Az rwl'Al det E (x)
Den(d) Den(d) (4-13)
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4-1-2 Curvilinear Space Feedback Linearization

Similar to the previous case, two inputs (t, , T,) are available, and at most two out of
six states (s, t, 6, 8, @, ;) can be controlled [25). If s and n we are chosen, the first
derivatives are Equations (3-51 and 52) [76]:

r,, @, (cosdcosy —-g-sinﬁsintll)

5=

(1-nx) (4-14)

n= r_ ., (cosdsiny +§-sin6cos\ll)

Obviously, E(x} = 0. Taking another derivative:

ind
T,~Num (B)r],@, @, - s T,
f1-nx)=r_[4, Den(d) —0, (4,0, +4,W)] +5(rix+nK)
(4-15)
ind
T,~Num (5)r3 oA o T,
A=r_ld, Den(8) rO,(4,0,=4,09]
where;
4= cosﬁcostl:—%sinﬁsinl]t
4,= cosﬁsimlﬁ—:-sinﬁcosllr
(4-16)

Ay= sinﬁcosllh%cosﬁsin\p

A,= sindsiny -L;-cosﬁcosll:

T, and T4, both appear, but, det E(x) = 0 . Then the next derivative should be taken:
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s 81 —r) =25k +nR) ~S(AR+ 2% +nR)

="'-r‘4 1 [

i, "‘::“’a(N“.m (B)w, +Num (8)d,)-Den O,
Den (9) ]

4-17)
 Num (04, u. r

[ wl . .
> (®,sind +0 w,cosd)]

-
L7 i ¢

Ty [2(4,00, 4,00, W40, -4 WPw, Wy~ 0y =4, 0 )0, Wy +A. O

thy T ONum (8), +Num (®)®,)-Den (5)5,‘]

=l Der )

r
- r (4, + =100 sind+@, w,cosd
O, Den (D) )[Js.«"'J1 P 1©3¢0sO)]

4-18)

+r, ,[2(:'410)* 4, 00, (4,0, +.4306)m:m¢—(‘43w¢ +A,W )0, Wy 44 O

N

In Equations (4-17 and 4-18), the following were used:

A.:= -(cosﬁsinllh%sinﬁcosl]:)(ow
—(sinbcosyr -tv%f.:osiiz-.im):)c.)5 4-19)

= -—Azc% -Azﬁ)a
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4,5 A0, A 0,
A,= AW, +4,0, (4-20;
A= A0, 44,0,

To verify if, det E(x) =0 ornot :

[ Num (8)
A.+4
s® i _r‘d[ a lDe"(ﬁ)]m 4,
. Den(8) (1 -nx) (1-nx) !
= E(x)i, +R(x) = +R(x
n® Terfs Num (8) u
— - A +4 2
Den (0) wildy*4; Den(d) To, | (4-21)
such that:
2 -
det E(x) = Tei(CA A, A0, 4-22)
Den(8)(1 -nx)
with;
AAs-4. 4, =(cosdsinys +§sin6cos¢)(sin6cosllr+§cos§sint}:}
-(cosdcosty -%sinbsinl]:)(sinﬁsinl[f—%cosﬁcosll})
=£
o b (4-23)
which means:
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c 2
= Fui wl

b (4-29)
d E D e —
et Ee) Den(0)(1 ~nx)

This shows that det E(x) =0 if, w, =0 or c = 0 . Also. from Equation (4-21):

Num(8). |
Tl 4, ] s@
';u s - wt[Aq+A1Num (5)]"‘)1 . Den(® W, [,,(3) *RE
=E"\(x){ o R Den(d) {1 -nx) =
t
e oy rod, “E®
Den(6) Den(d)(1-nx) | (4-25)
4-2 Controller Design
4-2-1 Cartesian Space Controller Design
A simple linear controller design for X® and ¥® gives:
®f [ XX IX,-X| [x, -
= k| |k |y (4-26)
YO [p® F,-F| |F,-7| (¥

X, and Yy and their derivatives are zero for stabilization at the origin and non-zero for

tracking. The torque inputs T, and 7, can be calculated using Equations (4-5, 4-6) and (4-26).

4-2-2 Curvilinear Space Controller Design

Same type of linear controller as the one for Cartesian space can be used for
curvilinear coordinates s and n:
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3 z 2 -
S s =5
L } = ‘k:[ ]-kz{ ]-kj{ "‘ (4-27)
3 5| qn n

4-3 Internal Dynamics

To find the dimension of the internal dynamics, Singh's inversion algorithm can be
used {77]. This algorithm starts by definirg S, (x , y) = h(x)-y, where y is the outputs vector
and h{x) is the vector of outputs expressed using the states vector x.

Taking derivative of S, ard having X=flx)+g(x)u gives:
o
d

S, 38, .
gu+——y= f ey +g,Orpu
x dy

. AN
Sy bey ) =—2f0x) +
dx
where u is the inputs vector. Let p, denote the rank of g , , p;=m (the number of inputs) and
Pr=Py~Po- A P1X p, matrix K, can be chosen in such = way l'.h:at‘Ko g o= 0. Now the vector.
S,=K;f,. At each step:

838, 9S8, 4y

e P —
d yy 3 y(k)y

. ds a8
S, Gyyy* )= > xf,‘&)«* > ;g&)w

=ft(xo’l};ty ®=1) g k(x.y,ﬁ,y ®Nu

Also, at each step the matrix G, ={ G,, g, I" can be constructed with proper numbers for
rows and columns of each of them. Two matrices T, and K, can be chosen in such a way
that T, G, + K g, = 0. By denoting p, as the rank of G,, the following equation will be true:
Per =P~ (B - Pro)- Thematrix §,, =T, K, +K, f, canbesetwithE =[F,, F I"
When one of G,'s has rank m this algorithm ends and n-p=n- (3. p,) shows the size of
the internal dynamics of the system where n is the number of the states. In this case, for
Cartesian space dynamic model we have: n=6 withx={XY 0 6 ©, ], u=[0, wgl”
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+B&) =[X Y] and S,=[X-y, Y-y.]". Taking derivative of S, gives:

Sozlr, 04,5, 7,,04,5,) (4-28)

withg =0 and p =0, p =2 and p =2. For the next step K I ,can be selected as the identity
matrix of rank 2. Them; S=[r, 0 4,-y, r, @d,» I
Taking derivative of S, gives:

S _.tvl (04, -, 0 +A;30,)] -,

o I - {4-29)
! wz["’lAz“"x(Al“’e"'A4"’6)]'yz

rA, 0 = .

with ;= ™ " | pi=1and p,=1. By choosing T, =[0 0] and K, = [-A, A, 17, S, will
rwIAZ 0

be:
S,=r, wlml[(Alz "'Azz Joog+(dA4;-4,4 )w,) *A 4,7, (4-30)

Since ®; and @, both appear in the derivative of S, the algorithm ends here with,
Pz=2, P3=P2~(p, - p; )=0 and p=X p,=2+2+1+0=5 . Since n=6, the system’s internal
dynamics is one dimensional.

4-3-1 Zero Dynamics

Knowing the dimension of the internal dynamics, its structure by using zero dynamics
algorithm defined in [25] and [71] can be found. This dynamics plays a role similar to that
of the "zeros" of the transfer function in 2 linear system [25]. It consists of "zeroing the
outputs” (and their derivatives) in order to find the states (equal to some numbers or int form

of some differential equations) and the inputs that keep outputs (and their derivatives)
identically zero for al] times.
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If the Cartesian coordinates X and Y are selected as the outputs, the following steps
result:

1) X=0 and Y=0

2) X =r_ 4,0, =0 and ¥ =r_ 4,0, =0 .These mean =0 or A;=0=A,. Because
of their definitions A, and A; can not be zero at the same time, and the only feasible result
iIsw=0.

3) X =, (4,0,+4,0)= 0 and F = (4,6, +4,0,)= 0 . Since it is already
known that w,=0 and A, and A, cannot be equal to zero at the same time, the only conclusion
is @,=0 .

4) Higher order derivatives of X and Y equal to zero. Because of their structure, the
only conclusion canbe «® = ¢ .

Thus, this algorithm does not give direct information about the other states, 6, & and
;. Equation (3-77) and =0 give: 6=0  and Equation (A-79), ;= 0 and T=0=t,
(inputs are zero for zero dynamics) give: @,=0 ie., wy=const and 3=5(t). Then & should
be the internal dynamics variable.

Another way to find the internal dynamics state variable is to use the physics of the
vehicle. If this dynamics is 0, the vehicle cannot make any moves(X, Y and w, and their
derivatives are zero), thus it is not zero dynamics, but & can keep changing since the front
wheel, which theoretically has just point contact with the ground, can rotate about a vertical
axis at constant speed w,=const even when vehicle is stationary (e = 0). This physical
interpretation leads to this conclusion that the vehicle's zero dynamics is "6". It should be
noted that this is the same for Cartesian X and Y or curvilinear s and n.

One more point to make here is that, although the vehicle has three wheels and each
of them has one nonholonomic constraint, because the two rear wheels have the same
structure for their nonholonomic constraints ( ¥,2= 0 = V,; ), the number of independent
nonholonomic constraints is reduced to two. Moreover, it is known that internal dynamics
is one dimensional, which means that the number of independent nonholonomic constraints
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should be one. In fact the state "6" governing the relations V2= 0 =¥, andthestate "8"

bV
governing the nonholonomic constraint of the front wheel ( tan§=—0Cz

) are related by the

¢ Vx

r
holonomic constraint { 9=—;—’-wlsin5 ).

4-3-2 Internal Stability for Non-vanishing o,

In zero dynamics, the behaviour of the internal dynamics when the system is
stationary is studied and it is interested to see if some states can keep changing while the
outputs and their derivatives and the inputs are zero. For nonholonomic vehicles the zero
dynamics is not null. For CLAMOR, the internal dynamics state is steering angle & which
means steering assembly can keep rotating when centre of mass position, velocity and
acceleration and driving and steering torques all are zero.

An altemnative discussion for path following and trajectory tracking would be to
analyse the stability of internal (steering) dynamics while the system is moving. (A-75) is
the govemning equation for steering dynamics. To examine unforced stability, it is assumed
that steering torque is equal to zero. The equation:

5+%m,cosas+l';_'¢,sina=o @31)

and its approximate linearized form around =0 where sin®& and cosd=1 -

t‘.')+r—‘!:='-c-)l 5+r—;i6)‘ 8=0 (4-32)

have no closed-form solutions. By assuming that @, is constant, Equations (4-31) will be
reduced to:



Feedback Linearization and Internal Dynamics

& +% w,cos868 =0 4-33)

which has a solution of the type 0 =tan™'[{tanv +k)/c,] where v is a linear function of
rwI (I)!

time and a nonlinear function of h where A= and c, is a constant. This solution is

indefinite when t-« . Also Equation (4-32) will be reduced to:

5+%w, 6=0 | (4-34)

which its solution is bounded but not asymptotically stable around zero.

Oné interesting suggestion is given by Yun and Yamamoto [73]. If the vehicle’s
motion under some conditions is (asymptotically)stable around 8=0 , then assumning that
it moves along a straight line, without loss of generality inertial X direction (with may be
some fluctuation around this line) is acceptable. If these conditions are found, the result
stands and if som-e conditions under which the system’s motion is unstable are found, there
may be a chance of recovery later. This is the case because the unstable mode may oppose
the initial assumption of moving on a straight line. This recovery has to satisfy the conditions
for (asymptotic)stability around zero or other possible configurations. Then;:

X= % fe)
. (4-35)
Y=0
Inverting (3-8) gives:
V.= X cosO+Y sin@
(4-36)

v, -X sinB+¥ cosd

Rewriting (3-35) and including (4-35 and 36) give:
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be=b(—A" sinB+Y cos6)

tand= - -
¢V, e( X cosB+Y sind)
_b[-f)sind]
c[ fdcosB]
b tanf
c (4-37)
or for w,»0 ,
-1, —b tanbd
d=tan™Y( . ) (4-38)
Taking derivative of & will result in:
b=l (21 )4
(1+Learg) € 005 | 4-39)
c2
where:
itan'lu= 1 Q . itanu: 1 i‘i
dr 1+u2dt 4t cosy dt
Equations (3-77) and (4-39) give:
rw! -
6- -b (?QISIHG) ‘?'wI(IJlSil'lﬁ o
2 2
c1+Ztan?0)(—1 ) (ccos0+2 sin%0)
c? cos®0 ¢ (4-40)

o1
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,
&+ ! l sind=0

(ccos?0 +£sin26)
c

W

(4-41)

To solve this differential equation, the variable separation method should be used:

dé T?®,

= dr
: 2
sin® (ccos?® b sin%) (4-42)
[
The solution is:
Inande- [T g
(ccos?0 +£—sin26) (a-43)
¢
or:
5=2tan"[exp(- i co; dt)] +const.
{ccos?® +£’—sin26) (@-44)
c

By assuming that &( t, )= 0, then, const.= 0. A sufficient condition to have this variable
approaching zero is that the integrant be bounded from below by a number a) 0. Which
means;

8 < 2tan"l(e =)

with; lim(e )= 0= lim6~ 0 (4-45)

I~ o I~ o

In this case the sufficient condition for stability of the internal dynamics is that w, be
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bounded by a number w,;,) 0. (r,, and ¢ are positive). which means as long as the vehicle
keeps moving forward, its internal dynamics is stable. Also, if vehicle moves backward its

motion will be unstable.

4-3-3 Internal Dynamics for w,= 0. Wheel-Ground Contact Area.

When w;=0 and the vehicle is stopped, the Equation (4-31) will be reducedto § =0 .
This comes from the fact that for simplicity it is usually assumed that the contact between
wheel and ground happens at a point or a line(with the width of the wheel), the reality is that,
because of the weight of the wheel and the fact that wheel is not completely rigid, there is
an arez of contact [79], which is known as Hertzian surface (Figure 4.1). As a result, contact

friction leads not only to a resultant force applied to the center of the area but also to a non-

Contact Arca

y,

Figure 4-1 Wheel-ground contact area.
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vanishing moment of forces about the vertical axis through the center of that area [79].

This moment is determined in this section and its effect is shown on motion of the
steering wheel for small and relatively large, but not very large, steering angles. By
considering a differential area of dA which is located at d from the center of the area and
makes an angle of & degree from x-axis. This small area is rotated by angie &. Friction
force dF, (Figure 4-2) will resist this motion and, the resultant of those forces on the whole
area isdenoted  Gi,+G,j, . (Fig. 3-5) The resultant of multiplication of the arm d by
the friction force dF,, dM =dxdF, , is:(Figure 4-2)

M= | [aM;= [ [axarF,

V
= f f|a"i (cos(er +8)i +sin(ex + &) W, T;_‘da
dd

(4-46)

Friction Force dF, 2 X
=p dW, Vy/ Vo
a
(PR W \
a d=/d [(cosal+sinaj)
]
A
Rotated Arm d 3

ik

y [d/[cos(a+@i+sin(a+)]] ]

Figure 4-2 The infinitesimal area and friction force.
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where W, is the share of the front wheel of total weightand dW, =W, dd is the part of W,
acting on dA and V,,, is the velocity of the infinitesimal area, Double integral indicates that
the integrant should be calcula*ed for the whole contact area. For simplicity it is assumed that
the shape of contact area remains the same throughout tuming and since the vehicle is close

totheend w,=0 and V,, is only turning velocity of each point:

V
—2 =sin(e+8)i -cos(a+8) (4-47)
Vs

Then:
M =-pW, f]dldAk

=-uW, 0,k (4-48)

=-0k

where 0, is a constant function of the size of the area and o0 is a function of the size of
contact area, wheel material, type of wheel-ground contact, weight of the vehicle, etc. M,

should be added to Equation (A-75) with this note that it opposes the steering motion. The
result is:

T = Uy +J) 6+ 8) M,

(4-49)
=, +J OIS +%(cblsin6 +@,8cosb)] + OI_EI_

Equation (4-49) is a non-homogenous nonlinear differential equation. Rather than
attempt to calculate o from Equations (4-46) or (4-48), it is sufficient here to observe that g
is nonzero in practical situations. This conclusion permits to clarify the internal stability for
the case of driving angular velocity @ 1=0and T,=0 . Equation (4-49) shows that, the
friction term transforms a marginally stable system for 6=0 into a bounded stable system
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for 0=0 .In fact, as usual, dry friction term leads to energy dissipation during motion and
eventually to sticking in the vicinity of the desired orientation. In the experiments, the result
of the friction term on motion stability when slowing down toward the end of the path will

be investigated.
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Chapter 5

Motion Control of an Autonomous Ground Vehicle

As mentioned earlier, the main focus of this research is on motion control
problems of autonomous ground vehicles including kinematic and dynamic modelling,
path and motion planning, path following and trajectory tracking and stabilization. To
have a system that represents some reality of an actual vehicle but remains somehow
simple to model and work with, a tricycle with front wheel steering and driving was
chosen. Eventually. the dynamic models found based on kinematic and dynamic
equations of the vehicle were nenlinear and motion conirol problems of relatively long
trajectories and far desired positions could not be dealt with by linearized
approximation of the system.

The emphasis of this thesis, to solve the motion control problems, is to apply
systematic approaches that can be extended, by some adjustments, to more complicated
models. Feedback linearization is one systematic technique in noalinear control theory
that by transforming the control system into a linear one and by applying a linear
controller for the transformed system could stabilize the original system around a point
or about a trajectory. This technique has been used to solve nonlinear control problems
and a known version of it which is called computed torque method is proven to work
for robotic systems. But those systems are holonomic and wheeled vehicles are
nonholonomic. Application of this technique to nonholonomic vehicles trajectory

tracking and stabilization to a manifold were suggested and used by d'Andréa-Novel et
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al [72], Yun and Yamamoto [73], Deng and Brady [74], Sarkar et al and Necsulescu
et al [13]. Since by feedback linearization, a smootk feedback will be applied to the
system, it cannot directly contribute to asymptotic stabilization of the overall
nonholonomic system. Nonholonomic systems have an internal dynamics which its
dimension is equal to the number of independent nonholonomic constraints and because
feedback linearization only treats the external dynamics of the system, internal

dynamics remains to be examined separately.

5-1 Kinematic and Dynamic Modelling

Kinematic and dynamic equations of the motion of the system were obtained in
chapter 3. These equations by means of the concepts of Lagrange equations of the first
kind, i.e., by algebraically eliminating internal and contact forces and moments, as
performed in Appendix A, will be reduced into (almost) minimum size dynamic models
of the form x=f(x,u) (section 3-3). The minimal models could be obtained by
presenting the system in body moving frame and not inertial frame (for Cartesian
space). In that case the six-state variable model could be reduced to a five-state variable
model, since ¥=c6 (Equation 3-30) would make one of “y” or “0” redundant.

5-2 Feedback Linearization

Input-output feedback linearization technique was applied to the dynamic models

with X-Y and s-n as outputs and T;and 7, as inputs. To be completed, this approach
‘needed a dynamic extension(derivatives of the inputs should be taken in order to
succeed) and the result was the appearance of the third derivative of the position, jerk,
in the transformations of output equations (section 4-1). Consequently, the third order
linear control laws, Equations (4-26) and (4-27), for the linearized system have three
parameters to be chosen and some “trial and error” is required to determine the

appropriate values. One reason is that as a result of feedback linearization
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transformation, all nonlinearities are contained in the loop between the jerk inputs to
the linearized system and the inputs to the nonlinear system, T,and T, The result is that
the overall system does not necessarily project the changes in the linear controller gains
as expected and even relatively small change in one of these parameters may cause
somehow drastic changes in the overall performance of ike system. On the other hand,
the behavior of the system not only is affected by system's external dynamics but also
by its internal dynamics. The internal dynamics of the system is not a part of
linearization procedure, so the effect of this nonlinear dynamics will make it more
difficult to have some kind of regulation on changing the linear gains of input-output
feedback linearization approach.

Figure 5-1 shows the feedback Linearization loop of the system.

Reference
OlltPlIB » . ) ;1, g x y
> u-k"(z‘-z) "’" =g(x,0) —» J’ Hx =f(x, 2) (™ y=h(x) |——p
and their \
derivatives

Linearization Loop

F‘U»Y:--) —F

Figure 5-1 Dynamically extended input-output feedback linearization loop of the vehicle.

with;

Cartesian Space Curvilinear Space
x=[X, Y, 6, 0, § o] x=[s, n, ¥, @, 5, @)
y=IX, YI" y=[s, n]”
v=[X® YOT v=[s¥, n®]T
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Cartesian Space Curvilinear Space
z=[X,Y, X, ¥, X, 7, 0, 0] z=[s.n, s 4 5 A 0, 0
z=Xy Yo X, ¥ X, F o X, vOY z,=[ss, 0,0,0.0,0,0,0]"
f: Equations (A-71,78,79), (4-33,34,77) f: Equations (A-71,78,79), (4-51,52,80)

Also, Cartesian space g is Equation (4-13) and curvilinear g is Equation (4-25).
u; which is for both spaces is Equation (4-4).

5-3 Path Following and Trajectory Tracking

In case‘ of path following the time assignment is arbitrary, while for trajectory
tracking, the time assignment is predetermined. Desired positions, velocities,
accelerations and jerks are obtained by calculation, sensing or mixed. Based on these
data, Cartesian space feedback linearization technique can be applied to the system to
follow a path or track 2 trajectory. The external dynamics of the system, by choosing
proper values for ky, k ; and k ; (Equation 4-26), will be exponentially stabilized around
the path, but internal dynarnics issue has also to be addressed. By examining the
system, it becomes apparent that steering is the only internal dynamics state variable
(section 4-3).

To investigate the stability of this internal dynamics for trajectory tracking where
some assumptions of the zero dynamics algorithm, particularly in this case ®, =0 ,do
not hold, a situation in which steering torque would remain zero can be considered. The
homogenous differential equation form of (A-75) does not have a closed-form solution.
The approach is to check the system close to (one of)equilibrium position(s), §=0 in
this case, and see under what conditions it stays there and under what conditions it tends
to move away. When steering torque is zero and steering angle close to zero, the vehicle

‘will follow an almost straight line. In subsection 4-3-2 an analytical discussion shows
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that the internal dynamics for a moving vehicle is exponentially stable if the front wheel

angular velocity is greater than zero. For w,<0 some other equilibrium position(s) may

exist.

5-4 Stabilization to a Manifold

Although full state smooth feedback, asymptotic stabilization is not possible for
nonholonomic vehicles, for the case of planar motion, the asymptotic stabilization to
a one dimensional final manifold (usually orientation is considered as this manifold
coordinate) is possible. By input-output feedback linearization, external dynamics can
be asymptotically stabilized, and the internal dynamics, which under ideal rolling
assumptions with point contact is marginally stable, decides what the final value for the
third coordinate(usually orientation) will be. Theoretically this value is known by
knowing the iritial conditions and the motion from initial to the final point, but it may

not be an acceptable value.

5-5 Stabilization to a Position with Orientation. Bounded Stabilization.

By reviewing the literature, it seems that further research is required for solving
the asymptotic stabilization problem of dynamics based models of nonholonomic
vehicles with front wheel steering. During last few years the evolution of this issue has
become faster. What has been tried to do in this research is to find a bounded solution
to the stabilization problem of the model that can be verified on an experimental setup.
By bounded, an internal dynamics is mear: which is bounded stable but not
asymptotically stable, and therefore a final position and orientation which are in close
vicinity of the desired ones. To do this, it is intended to apply the input-output feedback
linearization technique to the curvilinear space coordinates of the vehicle and use “s”,
the arc length, and “n”, the normal to the path of the vehicle at each point, as outputs.

This path should connect the initial position and orientation to the desired ones. Also,
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this path should be an analytical function of X and Y, or s and n and close to the ends,
its curvature(x) be as much as possible close to zero. The path should be analytical
because it is desirable to spend less computing memory and time on path calculations.
Then, preferably the definition of the path should be a combination of some of library
functions already defined for the computer. Also, the path should be as close as possible
to straight lines at the ends, to take advantage of the results on internal stability study
close to, but before, the end (section 4-3-2, with this note that, when moving on a
straight line Cartesian and curvilinear coordinates coincide). By traveling along this
path, closed loop control of s-n will make the vehicle follow the path closely and reach
the final position. This, theoretically, means that the orientation remains in an open loop
and can be driven to a vicinity of the desired final value. The reason, it is said to a
vicinity and not on target, is the steering. For a vehicle without steering, usually the
position of the middie point of the rear axle is controlled and not center of mass, and
as it moves along a path, its orientation coincides with the tangent to the path at each
point. For a vehicle with steering, there will be a difference between vehicle orientation
and tangent to the path. For our model, Equations (3-33 and 3-34) show that if 5=0 ,
then, tan®=¥/X and orientation and tangent coincide, otherwise, that difference will

be present.

5-5-1 Path Planning

Among the suggested analytical paths to connect two end positions and
orientations, clothoid pairs with zero end curvature by Kanayama and Miyake [46]
seems to be very interesting. In describing the disadvantages of clothoids in which the
curvature (x ) is a linear function of s (x =ks+c,), Nelson [47] points out that they have
no closed form in terms of Cartesian coordinates, x and y, and also because of that any
numerical error in calculations may result in a mismatch in end conditions. These are

not valid here because s, n are already being used as the coordinates. Clothoids may
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connect the end conditions or two straight lines passing through those ends: Kanayama
and Hartman [48] say this transition from one line to ihe other is non-smooth and may
cause slippage. Since closed loop control, and not open loop is to be dealt with in this
research, this non-smoothness should not be a major problem. To have better
smoothress, cubic spirals which are cubic functions of s (§=As’+Bs*+Cs+D) have been
prornsed [48). Also polynomial functions in terms of x. y and polar coordinates have
been suggested [47]. The only difficulty with Cartesian cubic polynomial is that their
curvature at the ends may not be as desired and if higher order polynomials are going
to be used to account for that, more than one saddie point may appear in the middle of
the path which is undesirable. An intuitive suggestion is presented in [78]. The initial
and desired positions and orientations are defined by P,(X,.Y,.6,) and P, (X, Y,.6,). The
distance between the desired and initial positions is L. (Figure 5-2) The path is
calculated in (x,, y,} frame whose origin is G; and where X, is parallel to P, P, and ©

is the angle between x, and X. The four boundary conditions suggest a forth order

differential equation to obtain a smooth path.
d* ¥,
dx:

Its general solution is a transcendental function of x, dependent on a parameter "B":

Let us consider the equation: -B*y, =0

¥, =b,cosPx, +b, sinPx, +b;coshPx, +b,sinh Pz, (5-1)

where four coefficients b, to b, are calculated from the boundary conditions. These

boundary conditions in (x,, y,) frame are;

dy,
y,(o) =0 » Z"(o) = tan( e; -9}

(5-2)
dy,
yL)=0, I(L)ﬂan( 6,-©)

4



Motion Control of An Autonomous Ground Vehicle

A
> X
Figure 5-2 Path planning in (x,, y, ) frame.
2
Bg=1.0
B=0.060
1.5 -
Cubic Polynomial
E
= 1 i
05 -
0 1 L] 2 1 3 L]
0 0.5 1 1.5 2 2.5 3
X (m)

Figure 5-3 Paths for X,=0, Y;=0, ,=60°, X,=2.5, Y,=1.5, 6,=-30".
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WhereAs it can be seen from Figure (5-3). the suggested path has a more smooth
change of curvature than the polynomial path which is more desirable for a good
dynamic behavior of the system, particularly in the last quasilinear portion of the path
before reaching the final position. This path does not allow the vehicle to reach every
point from every initial position. To find a path, defined by a function y=f(x,}. which
satisfies the boundary conditions of Equation (5-2), the following inequalities in (x,, y,)
frame have to be verified:

-gse‘-e<§ = 56,-0<2 (5-3)

In this thesis, these paths are not to be compared with each other and to show
that the method works, from clothoid, cubic spiral or transcendental functions, which
all of them close to the end have acceptable curvatures, the last one is chosen and
simulation and experimental results based on this choice will be presented. The reason

for this selection is programming availability.

5-5-2 Bounded Stabilization by Feedback Linearization

To justify the method presented in this thesis to achieve bounded stability the
following explanation is necessary. As it is known, because of Brockett’s theorem, feedback
linearization which applies a smooth feedback cannot asymptotically stabilize the wheeled
vehicle motion. As long as the vehicle is moving forward on the selected paths, its external
as well as intemal dynamics are stable; when it gets closer to the end unless a drastic
change in steering angle happens, under some realistic conditions the bounded stability is
achieved. To have a more realistic representation, a look at the contact area between the
wheel and the ground will be very useful (section 4-3-3). Bounded stability of Equation. (4-
49) will insure that the vehicle{with asymptotically stable external dynamics) will arrive to
a small neighborhood of final desired position and orientation.
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Chapter 6

Simulation and Experimental Results

The results on motion control problems of autonomous vehicles including
trajectory tracking, stabilization to a manifold and bounded stabilization to a position
with orientation using suggested methods will be reported in this chapter. The results
of the simulation on PC and experiments refer to the vehicle CLAMOR [80). The
simulations have been designed to represent the actual vehicle’s platform as accurately
as possible. The dimensions and dynamical properties of CLAMOR which have been

measured and used in simulations and experiments are given below.

6-1 The Vehicle’s Parameters
The dimensions of the CLAMOR are (Figure 3-1):

Tw: = 0.0625 m L:=0.075m T,3=0.075m
b=0381 m c¢=0.187m 1=0.36 m

and the vehicle’s dynamical characteristics are:

my=18.0 kg m=0.1kg m,=0.15kg m;=0.15kg mg,=6.1 kg
Jo =201kgm* J, =0.000844kgm? J; =0.000844 kg m* Jsa =0.354 kg m?
L, =0.000195 kg m? L, =0.000422 kg m* L; =0.000422 kg m*
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More of vehicle's dimensions and properties and its mechanical and electrical
characteristics can be found in [80].

To avoid actuator saturation, one simple method is time scaling {51]. By
knowing the limits, current actuator values and desired commands, if saturation occurs,
the calculation backward from the limit(s) to the command jerk(s) will be performed to
find the jerk(s) which will not cause the torques to saturate. To make sure this
procedure in real time experiment will be done before and not after it is needed, model
based prediction in which the commands are assumed constant over a longer period of
time can be utilized [81]. .

To compensate for discontinuous readings (incremental c;ptical encoders have
1000 steps per revolution) and possible perturbations in odometry variables and their
derivatives, a low pass filters on odometry data can be utilized. The second order IIR

low pass filter has the general form of:

2 - 1
sz cl” Co

.2 1
dz" dlz do

Yntired O ¥rensed + WiB G

where CpCplndydy,d, can be calculated by MATLABR command “butter”. This
command needs two inputs, first the order of the filter, in this case 2, and a number
between 0.0 and 1.0 which is equal to the cutoff frequency of the filter divided by haif
of the sampling rate of the main program. To take the derivatives of the sensed

variables, a simple first order filter is used. It has the form of:

20’.“ you) (2 Td T.r)yotd
27, T,

Vaew

where T, is the sampling rate and T, is a function of T ,, here chosen 10 times T » These

derivatives are then filtered by the IIR filter. The filters on steering angle and front
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wheel angular position have the cut-off frequency of 2 Hz. For various motion control

problems, the simulation and experimental results aic as follow.

6-2 Trajectory Tracking

Most of recent simulation and experimental results on motion control problems
of nonholonomic vehicles in the literature are for path following and trajectory tracking.
Among them are the results on CLAMOR reported in [80]. Here, the result of input-
output feedback linearization approach reported in [13] will be repeated (i"'igure 6-1).
The trajectory starts at (0.5, 0.0) with 45° as the starting orientation, the heading
velocity is 0.25 mfs and  (rate of change of orientation) of the trajectory is 0.1 rad/s.
The vehicle starts at (0.0, 0.5) parallel to X-axis. The same trajectory is tracked with
the saturation limits on the inputs (Figure 6-2). For simulation without saturation limits,
ky=3.5, k;=27.5 and k;=12.5, and for simulation without saturation limits, k, =0.6, k,
= 2.3175 and k; = 0.3375 with t,,;,.=1.6 N.m and Ta1im=0.55 N.m have been used.

5
41
3
o~
&
> 2}
travelled path
l [ —
4
’o'
,~°  desired path
0 : : W A
=2 -1 1 2

0
X (m)
Figure 6-1 Trajectory tracking without saturation.
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Y (m)

2 ) 0
X (m)
Figure 6-2 Trajectory tracking with saturation limits on input torques.

0 5 10 15 20 25
time (sec)

. Figure 6-3 Ervor (distance between desired and real trajectory) versus
time for both with and without saturation limits.
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Stabilization to a Manifold

Asymptotic stabilization to a manifold of a two DOF vehicle in a planar motion
means two out of three variables will be closed loop controlled. Usually orientation is
the third variable. To illustrate this the same starting I{1.0, 1.0) and final D(3.0, 2.0)
positions as in the previous section with different starting orientations, 0 and 90 degrees
(Figures 6-4 and 6-5, respectively), with saturation limits are chosen. These figures
clearly show that for different starting orientations (starting and final positions are the
same), final orientations will not be alike. This is the main reason why researchers are
interested in asymptotic (or bounded) stabilization of the vehicles. The advantage there,
is that in a closed-loop (asymptotic stability) or an open-loop (bounded stability) control

the vehicle would arrive at the final position with (or close t0) the desired orientation.

18 ¢

16 |

Y (m)
N\

14 | ]

12 ¢

1 1.5 2 2.5 3
X (m)
Figure 6-4 Stabilization to a manifold with 0 degree as the starting orientation.
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Figure 6-5 Stabilization to a manifold with 90 degree as the starting orientation.

6-4 Simulations on Internal Stability with Non-vanishing Driving Velocity

To show the validity of the discussion of section 4-3-2, two simple simulation
have been performed. The initial conditions for both are the same, the vehicle starts _
from origin with §,=0.1 rad, lw1=0.1 , 6,=0.0 and heading velocity +0.1 mJs,
the only difference is that in the first simulation, it moves forward(Figures 6-6, 6-7),
and in the second one, backward (Figures 6-8, 6-9).

These two simulations 2rz not with the same gains. When the gains used for
moving forward were applied for moving backward, they resulted in a faster but
unstable motion (not shown). Figures (6-8) and (6-9) show a stable but slower mode
around §=180° with 0=180° and w,<0 which was not discussed in section 4-3-2.
The rotation by 180 degrees of the steering wheel (Figure 6-9) leads in fact to a

subsequent forward motion while still @, =-0.1 rad/sec.
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Figure 6-F Position result of moving forward.
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Figure 6-7 Steering angle, moving forward.
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Figure 6-8 Position result of moving backward.
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Figure 6-9 Steering angle, moving backward.
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6-5 Stabilization to a Position with Orientation. Bounded Stabilization.

Bounded stabilization 10 a neighborhood of desired position and orientation can
be achieved by using feedback linearization in terms of curvilinear space coordinates.
To show this by simulation and experiment. four different conf igurations were chosen.

These configurations are listed below:

Starting Position  Final Position ~ Starting Orientation Final Orientation

Testl (0.0.0.0) (2.5,1.5) 60° -30°
Test2 {0.0,0.0) (2.0,1.0) 30° 60°
Test3 (0.0,0.0) (2.0,1.0) 0° 60°
Test4 (0.0,0.0) (2.0,1.0) 0° 90°

The numbers were chosen in order that the experimental tests could be carried out in

the available laboratory area. The planned path is given by the transcendental function
with §=0.003 , [78] and (section 5-5-1).

6-5-1 Simulation Results

Simulation results show that by choosing proper gains for the cases of dynamic
models with saturation limits on torques and with filters on odometry variables, steering
angle and driving angular position, the traveled path can be very close to the planned
one. Since, theoretically, the vehicle cannot start from @, = 0 and use input-output
feedback linearization (the decoupling matrix will be singular in that case.‘Equation 4-
25), a PD control law on steering and driving variables and their derivatives has been
applied for the first two seconds of the traveling [80].

Also, after making sure that the torques are less than or equal their limits, with

a safety factor of 90%, a friction model of Bo-Pavelescu type is applied to the torques
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to help friction compensation [80]. Bo-Pavelescu model for low speeds is:

_(2)13
<

-
%

™ Fuiscons (@) = (Tppoged

-:ourpur= Sigﬂ (tnodd) (a e

with;
. - Volt .
Vﬂ‘?ﬂ'= X Tompue  » K =0.4748 (E) Jor experiment,
K= 1.0 (M) Jor simulation.
N.m
where: & is the Stribek effect coefficient .

wy Is the rotational velocity of the given motor (rad/s)
€ is a small rotational velocity, 0.05 (rad/s)
Tary 15 the dry friction (N.m)
FLiseons 1S the viscous friction (N.m)
Tmace 1S the given torque command from the controller
The simulation results were obtained by using k;=2.4, k=1.9 and k;=0.5, T, = 4.5 N.m

and t 4, = 1.35 N.m.

6-5-2 Experimental Results

The programs of the simulation with saturation and filter were modified to
_perform on dSPACE available at the laboratory. The main difference was that in the
experiment, & and &, were measured and not calculated. Also, the vehicle and not its
mode, which is not perfect, was utilized. The simulation and experimental results are
presented together in order to compare them more easily. Different gains were used for
different tests. The results of the experiments will be summarized at the end of this
section.
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Some important numbers of the experimental results are reported here:

tme(sec) final X(m) final Y(m) final 6(deg) k, ki Kk

Testl 9.990 2.497 1.411 -29.95 II.1 111 1.0
Test2 7.950 2.061 1.086 55.50 70 140 8.0
Test3 8.270 2.027 1.051 60.20 755 985 3.3
Testd 8.820 1932 0.961 86.72 80 17.0 100

6-6 Comments on the Results

- The experimental work reported in [80] demonstrated that Cartesian space
feedback linearization can be implemented to work on a real vehicle with steering. The
comparison between feedback linearization of the dynamic model and PD control of the
kinematic model for trajec:o:jr tracking of CLAMOR revealed that both methods can
be utilized; input-output feeback linearization performed better when dynamics effects
become more important, i.e., at high speeds and sharp turning angles.

- The experimental results on bounded stabilization of curvilinear feedback
linearized vehicle show that this method works well enough to be considered as a
suitable method to be used for the available and also more complicated dynamic models
of the vehicles. Since PD control of kinematic model of the vehicle could not be used
for bounded stabilization of orientation, its implementation on the vehicle was not
further considered in this work. Other methods presented in the literature have not
considered steering dynamics, and they could not be applied to CLAMOR for
comparison of the experimental results.

- To carry out the experiments, the intention was to make as few changes as
possible in the available setup and programs(hardware and software) and use only three
gains, Equation (4-27), to modify the vehicle’s performance. Of course, the change from
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Cartesian 1o curvilinear space was inevitable.

- The assumptions made for the theoretical part of the work are quite different
from what happens in reality. The laboratory floor is not completely horizontal and flat
and there are some embedded materials inside the floor that sometimes cause “slip”™
during the vehicle’s motion. On the other hand, the fact that the measurements are from
odometry make system’s errors relatively large. As a result of the slips, the chance of
the vehicle passing the desired point (and then braking or moving further) or stopping
before the desired position will be higher.

- In the experiments, steering torgque commands show sometimes oscillatory portions
with relatively high amplitudes (Figures 6-18, 32, 46, 60). The same result, with lower
frequencies and lower amplitudes can be seen in simulations, Figures (6-19, 33, 47, 61). It
was observed that higher cutoff frequencies of filter make steering assembly to shake. On
the other hand, reducing the frequency 100 low tends to cause the vehicle 10 ignore the
changes in the trajectory.[80] The result of using low cutoff frequencies can be high

frequency oscillatory portions in torque commands. Equation (A-75) represents 2 forced
' nonlinear system an the required torque may change very fast, and even oscillate at high
frequency during the motion to compensate for internal and external factors, However,
because the overall system is stable (marginally or bounded), no oscillations are noticeable
in steering angle. This is confirmed by the results showing no “chattering” in the steering
angle (Figures 6-22, 36, 50, 64) as a result of having high frequency of the steering torque
commands filtered by the lower natural frequency of the overall closed loop system. It
should also be mentioned that higher gains will help reducing the effect of friction, but also
may cause this type of oscillations.

- Since for each test (experiment), the vehicle moved on different parts of the

laboratory floor with different inclinations which, even small, can produce some forces
not accounted for, different gains were had to be chosen for different paths and starting
and final positions and orientations,
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Chapter 7
Conclusions and Recommendations

7-1 Summary and conclusions

The prime objective of this research is to show that input-output feedback
linearization can be used to solve the bounded stabilization problem of the autonomous
ground vehicles. Extension of this systematic approach from simpler to more
complicated systems is theoretically straightforward. Since smooth state feedback laws
cannot be used for asymptotic stabilization of these systems, other methods like time-
varying and discontinuous feedback laws have been suggested. Mathematical procedures
used in these methods to prove their usefulness are very tedious. This makes the
extension of these methods, from currently being applicable to simple systems to be
applied on more complex models, very difficult. Input-output feedback linearization
applies a smooth state feedback to a nonlinear system, therefore, it cannot be used
directly to solve asymptotic stabilization of the nonholonomic vehicles. Two
modifications have been suggested in this thesis to fix this difficulty. First, the
asymptotic stabilization problem has been reduced to bounded stabilization. From a
practical point of view, this reduction will not make much of difference, because in real-
time tests those methods will have some bounded errors in position and orientation, too.
The other modification is to switch from using Cartesian space coordinates to
curvilinear space variables. By having a preplanned path, this allows the vehicle to

arrive at a vicinity of the final position and orientation.
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One of the major issues involved in applying input-output feedback linearization
is that as a consequence of transforming a nonlinecu: svstem to a linear one by this
method, the system’s dynamics will be divided into tow parts. external and internal
dynamics. Feedback linearization can only treat the external dynamics. In this research,
the internal dynamics of the vehicle “CLAMOR"™ is examined. The vehicle has a one
dimensional internal dynamics which has the steering angle as its governing state. The
examination of steering dynamics indicates that when the steering torque is zero, this
dynamics is asymptotically stable as long as the vehicle keeps moving forward. This
result refers to the asymptotic stabilization of rajectory tracking procedure,

For point stabilization, if close to the end point the path is almost a straight line,
| internal stability discussion leads to the result that as long as the front wheel angular
velocity is positive, the overall system is stable and when this velocity approaches iero.
close to the vehicle's stop, unless a drastic change, caused by external contact forces,
makes the front wheel to deviate, its orientation remains almost unchanged and near the
desired value. Also, it should be mentioned that this deviation of the front wheel
. orientation may not have enough time to cause the vehicle’s orientation change.

Theoretical approaches to control nonholonomic wheeled vehicles have rarely
been experimentally verified. The implementation of Cartesian and curvilinear spaces
input-output feedback linearization on a tricycle with front wheel steering and driving,
CLAMOR, demonstrates the usefulness and capabilities of the approach for trajectory
tracking and bounded stabilization.

7-2 Contributions R

The major contributions of this research can be summarized as follows:
- A complete dynamic model for a 3-wheel vehicle with front wheel steering and
driving is developed.

- Input-output feedback linearization in Cartesian and curvilinear spaces have
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been applied on this vehicle. Cartesian space coordinates have been used for trajectory
tracking and curvilinear space variables for point stabilization.

- Internal dynamics of the vehicle has been analytically examined. The
conditions under which this dynamics is asymptotically stable when the vehicle is in
motion are found. Also, bounded stability of the internal dynamics when the vehicle is
stopped has been proved. |

- By both simulation and experiment, the suggested solutions 1o the motion

control problems of autonomous ground vehicles have been verified.

7-3 Recommendations for Future Work

- Full autonomy for the experimental vehicle by the implememationl of an on
board computer is needed for performing an extensive experimental study. More
accurate models of motors, more advanced techniques to identify its dynamical
characteristics, equipping it with inertial sensors along with odometry for position
sensing, providing a larger test area that allows more tests at higher speeds, testing its
performance on somehow rougher surfaces and also on an inclined plane are
recommended. Also more complicated routines and sensors to detect slippage, skid and
other practical problems and to compensate for them are required.

- One of the main reasons for using feedback linearization is that it permits to
take advantage of the methods applied to linear systems. Among them are robust control
and adaptive control that can improve the performance of the system by accounting for
unmodeled dynamics and parameter uncertainties.

- As a systematic approach, input-output feedback linearization can be
implemented to more complicated vehicles. The difference will be the more lengthy
procedure to find the relationships between the inputs to the system, motor torques in

this case, and the outputs, the positions and their derivatives.
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- From theoretical point of view, smooth and nonsmooth time-varying and
discontinuous feedback laws can lead to asymptotic stabilization of nonholonomic
systems. On the other hand, input-output feedback linearization applies a smooth state
feedback. Exploring the possibilities of making these methods work together to control
complicated dynamic models of wheeled vehicles with steering is very interesting.

- As tried in this research, dealing with physical realities as well as theoretical
aspects of nonholonomic vehicles at the same time is desirable. To enrich controller
designs only improving one side is not effective and complete. Autonomous vehicles
for current and possible future applications require improvements of design and

mathematical aspects of nonlinear control theory and vehicle's modelling.
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Appendix A

The derivations of w, and w, and their derivatives, in terms of the other state
variables or their derivatives and the inputs, 7, and T, . based on the kinematic and
d}namic equations of the system [12], are presented in this appendix. These derivations
are needed in the elimination process of the intemnal and contact forces and moments.
The first step is to define the internal forces and moments based on the other forces and
moments and kinematic variables [Equations (3-54 and 55), (3-57 and 58), (3-62 to 64),
(3-66 0 69) and (3-71 to 73)]:

Fp=Gma, (A-D)
Fy2=Gomma, A-2)
F3=G,3ma,, (A-3)
F3=Gy-ma,, o (A-9)
M ;=G 7 -1 ,0,0 (A-5)
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M_.=J8 (A-6)
M, 3=-Gngl 0 (A7)
M_,=J8 (A-8)

qu cosd - FSAy sind = -m @, - F- F,

(A-9)
=~(ng,+m)a  + G, cosd- G,,sind

Frcir sin5+me cosd = -m o2, - Fﬁ,- Fﬁ

(A-10)
=~lng*m)a,+ G, sind+ G, cosd

Equations (A-9 and 10) come after adding 3 F, and ¥ E equations of the steering
assembly and the front wheel (Equations 3-57,58,72 and 73). From Equations (3-57 to
59), (3-61) and (3-74):

Fgcos8 - Fo, sind = -ma_, + G c0s8 - G, sind (A-11)

Fg,5ind + Fg, cosd = “ma,, + G,sind + G, cosd (A-12)

127



Appendix A

My = ~-1,6+8)0- G r (A-13)
M, =J,(8+8) (A-14)
My Tg O +0)00,~ §,F g, - s Fo, + Mg, - (A-15)

The next step is to eliminate the wheel- ground contact forces from the equations
for the input torques. Equations (3-75 and 76) and (3-61) give:

td= '{VIG)!+ Gx)‘r wl ‘ (A-l6)

T= Ugrd)) (B+8) (A-17)

- Equation (A-17) is obtained from adding ¥ M, equations of the steering assembly and
the front wheel (Equations 3-61 and 3-76). Rewriting Equation (3-56):

JB= (b-0)(F g, Sind +F g, c058) +§(—F,2+Fﬂ)

(A-18)
-C(FJ’Z"'FJG) _ts-M:.Z —M

=3

Equations (A-1 to 4),(A-6 and 7), (A-10) and (A-18) give: -
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JB= B-0)[-mg, *m)a,,+G, sind+G cosd)

*é(-Gﬂ+Gﬂ+mzaﬂ-m3a 5

(A-19)
~c(G,p*Gymaa ,omya,)
-1,-J.8 -7,0
Equaﬁons (3-17 1o 19);
a,= a -(b-c)8’ (A-20)
a,= a +(b-c)0 (A-21)
_ 92 l;
o, ar o6~ L (22
= a,~ oB- L¢
Q2= a,~ cu- _2' {A-23)
a .= a+ 6%+ éé (A-24)
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az
(2.?3-‘- a_v- c9+ 7)—9 (A-zs)

can be used to eliminate the accelerations of the moving frames" origins. Combining
Equations (A-19) and (A-20 to 25) give:

Uptp+ )8 = -(b-c)(mg, +m,)la, - b-c)0)+(b-c)(G, sind + G,,cosd)

-»é[mz(tz_,r +cb - (112)B) -mfa_+c8°+ (112)8)] - (A-26)

+clm,(a, -c8-(2)8) +msla, -eB+(r2)89) - G,2-G,3-7,

2
[UgTy0) el sm) +(c 2+ ) o 18

*‘":(é)(-mz my)+a [b-c)m,, +m,)~clm,+m,)] =

(A-27)
~c(G,,+G,) %(-chﬂ) +(b-c)(G,;5ind +G, cosb) -1,
All ¥ F, equations can be added together(3-54, 57, 62, 67 and 72) and give:
mga +mga ,+ma . +(me, +ma_, . G,,c0s6-G, sind+G ,+G,; (A-28)

Combining Equations (A-28) and (A-20, 22, 24) give:
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mya, +m.(a, +c92--£-ﬁ) +m,a, +ceﬂ—i-é) g, vm Ma +(b-0)8]

2 (A-29)
= ucosG-G_‘,‘,siné*Gj_,*Gﬂ
or;
2l
(g +myvmytmg, +my)a, +[clmy+my) - (ng, +m ) b -c))0 L (-m,om )0
o My T My g, T,y 2Ty Vg, My 5 2ty (A-30)
=Gc080-G,5ind+G ,+G
Adding all } F, equations, (3-55, 58, 63, 68 and 73) gives :
M@, 8,y v maa g Himg, vm, ) a, = G,,5ind+G, cosd *G,;*G,; (A-31)
Combining Equations (A-31) and (A-21, 23, 25) will result in:
{22 I a2
mya,+m,@a -8 -EG )+m3(ay-c9+:2-9 )+mg, +m,)la, +(b-c)] -
=G _sind ~G,,c08d *Gp*Gy
or;
(m°+m2+m3 +ms‘ +m!)ay+é(-mz+m3)ez+[cm2+m3) -(’uSA +m1) (b _C)]é (A_33)

=G,5ind~G,,c0s5+G,,+G,;

Equations (A-27), (A-30) and (A-33) can be rewritten as:
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Gucosﬁ—Gﬂsina +G ,+G, ;+P,=0 (A-34)
G, 5in6+G, c0s8+G ,+G ;+P,=0 (A-35)
l . .
-c(Gﬂ-rGﬁ)«-E(—G‘z*-Gﬂ)+(b-c)(Gﬂsm6+Gy,cosﬁ)+P3=0 (A-36)
with;
P= -Ma =" Q392— %(-m;+m3)9 (A-37)
i z
»= ~Ma - ,E(-m 2*m )6+ Q,0 (A-38)
‘ l |
. P3= —Q"G "E("m2+m3)ax+ Q3ay- r_g (A"39)
where;
M=mg+m, +m,+m;+m, (A-40)
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Qy=letmy+m)-(b-c)lm, +m )] (A-41)
Qu=Up+ o) +b-c)img, +m.} +(c 2+%)(m:+m3) (A-42)

From Equations (A-34 to 36), G,, can be written in terms of the other forces:

Gg(ésinﬁ-bcosﬁ) —Gﬂ(ésinﬁﬂbcos&) ~bP,cosB~(cP,+P,)sind

(A-43)
G =
= b
or;
I . .
—(G_‘z—G_,_,)smﬁ-b(G_,z-t-G_:,)cosﬁ—bPIcosa—(cP2+P3)31n6
G,=2 (A-49)
b
Rewriting (3-45);
1 i
6:2(-rw2m29+ay-592) (A-45)
Equation (A-45) with (3-65 and 70) and (3-44 and 46) give:
2 '
Gp+CGy=-Qya,-(cQ, ""%Qz) 92""% (-r 0,8 *a) (A-46)
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2 i
G -G ;=-Q,a,- (cQz+%Q1) 6’ +3QC—’ (-7 o, 0+a) (A-47)

where;

2 2 (A-48)

I, I
Q, =;§ _"% (A-49)
w2 w3

On the other hand, Equations (A-35 and 36) give:

cP2+P3=-(%)(-mz+m3) a +(-cM+Q;) a,

(A-50)
+0Q5~Q)B~c(2) (-myom )87,
Equations (A-45 and 50) will result in:
=l .‘ Q,
PyP3=- () myrm)a +(-eM+Qy+Qy-—Ya
2 ¢ 7
Q, (A-51)

+Dlctomymy -Q3+%>Jez-(r,,zmze>(c23—7
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o
ePyPy=(C)my-ma, (-cM+Qs-Q)a,
a (A-52)
Hlclm,-m) +QJ8%+ gl 0,0,
where;
Q5= -Qy* % " (A-53)

2
P,=Ma +(Elc-) (-m2+m3)r,2w29—(é) (-mz-'-ma)ay*'[({z(-mz*'m_;) -Q,16°  (A-54)

Also, Equations (A-37, 44 to 47 and 53) have this result:

[ P Q. . I
G, =[-ZQ7sm6 +Qcosd] a;[Tasmﬁ -—ZZQ,cosG] a,

+[i(-cQ -I—ZQ -QJsind+(cQ +I—ZQ +Q;)cosd}8’ (A-55)
Zb 7 dc 1 1 dc 7 3

Lo o2 yes, 1 ind
+[-3(Qs *’ZQI)S‘“S +ZQ7c056] (r,,0,8) + s’: T,

where;

Qos=l Qi+ M | (A-56)
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Q= Qp* my* m, (A-57)

Equations (3-10, 11, 23, 42, 43, 77) and {(A-55) give:
G,,=[Q cos? +-;—2stin26 -%Q,.sinE»COSt‘.’b]r“,.,tl‘.>1
+[E%Q7(sin25 -c05?8) +Q,sindcosdlr, 85 (A-58)

retpd o 4oy ‘ 5
bJZ [(—2-Q7EQ3)3“136+(Ql4-bQ6+qS-Ql1)C05631n26]ez+.51%13

where;

12

Q8= ZQI'F cM ‘-Q3 +Qs (A-59)
12
Q= " Pd 0 (A-60)
12
o™ Qi 2290 (A-61)
12

% 2% (a-62)
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[of

Q2= -Q, +‘_.-:Qs (A-63)

Q3= Qp+ B-0)Q;+Q,,

(A-64)
'.-.--E';Q7
12
Q= Quo*-0)Qs --Q; (A-65)
The following relationships can be obtained from the Q;’s definitions:
Qe ~5Qg +Qq -Qy, =0 : (A-66)
2Q, +20,4 =0 (A-67)
27 Ty
Then, Equation (A-58) can be rewritten in this reduced form:
G,,=[Q,c05% +izQasin26 -%Q,sinﬁcosﬁlrw 16y
b
+[%Q,(sin26 -c0s%8) +Q,,sindcosd]r,, 0, & (A-68)
+Si;:6 z,
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Combining Equations (A-16) and (A-68) will result in:

2

%l Q05 +-£,Qysin%-LQsindcosdind o,

+[-2%Q7(sin26 -cos%0) +Q, ,sindcosd)r 10

rwsinﬁt
b k1

-+,

or:
T, —[%Q,(sinzb—coszé)+lesin5c056]rf,016 _rwzmﬁ
I, I+(Qsoos25+ﬁqasin26—%Q7sinﬁcos6)r:,]d)l
Then:
T, —Num(ﬁ)r,f,mi _:Lsm_ﬁ_rs
o b
©,
Den(8)

where;

Num(8) = é@,(sinzﬁ—co_szﬁ) +Q,sinbcosd

rwl

Den(3) = _{w-o-[QGcoszﬁq-%stinz&-éQ,sinﬁcosB] 2
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Equations (3-10, 11. 23) and (A-17 and 45) give:

5 9

Sty
T

I
Jau+hy
T

£
A
T:

1, 2 2. ‘
= T, --:(-r,,,m,smﬁcosﬁ*-a_)

-l(—rweco,cosﬁ +iez+a‘,~£92)
c 2 -2

—l(—rwﬂmlcosﬁ +a)
- :

(A-74)

Then;

§ == l(rw,co sind+r, @, Scosd)

Equation (A-75). can be deducted from (A-74), (3-43) and (A-45), since:

@y~ rosind o7, @ +8)arcosd +2)r 0,0 +L (B0

_(_..
_.[r Imlsma +r I(—colsm6+8)m,cosﬁ
l b-c\ a2
+ —:_)(rwc.)loosﬁ 3-9)9 —2' T)e ]

r -
=%[g,d),sin6 +r,, %’-mlsin6+8)mloosﬁ +(£)rwm,9cosbl

2
-—[r 0, SInd+r, (r; lsmé+5)m1cosé+(-—)—"’-cofsm6cosf5]

2

—[r O SIn8 47, 80, cosd s1+2¢ —;’-mfsmﬁcosbl

<)
c
2
r
='§‘ W @;Sind +r, 6w c058) +%’0¥sin6cosﬁ]

(A-76)

Combining Equations (A-71) and (A-75);
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]

"
-T""mlacos&-

- (r"” sind)[
3

T

r
wi . 2
1, Sind-r Wc.)l(SJ'\fum{t'S)

Ty

By having this definition:

Jo

1

Den(d)

W, =5

Equation (A-77) can be rewritten in this form:

Wy

=

2 .
1 Frwsmzﬁ

]- :'L’sinﬁ)[

“Jut, ben(d) b

rwI

——0, [

b

Num(5) 2

——p

Den®) ™"

ind-cos]
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Study of Some Qther Methods

In this appendix, some of other suggested methods in the literature will be studied.
There will not be a direct comparison betiveen their results and input-output feedback
linearization approach results presented in this thesis, rather the differences will be
qualitatively discussed. These methods are: PD control, time-varying control and
discontinuous control.

B-1 PD Control

PD control is one of the simplest methods available. Usually more advanced methods
are to be compared with these simple methods in order 1o show their differnces and the
advantages of applying advanced control methods. Also, they may be utilized as a part of a
robust control method. PD control in its direct form can not be categorized as a method that
may be used for asymptotic or bounded stabilization problems of nonholonomic vehicles.
The reason is that it cannot direct the vehicle to the desired orientation in a planar motion if
the position coordinates are closed-loop controlled. To show this fact, a simpte PD control
law has been applied on the dynamic model of CLAMOR with the same saturation limits on
input torques given in chapter 6. The same PD control law was used for trajectory tracking
of the same vehicle [80). First, a P controller gives resolved speeds (c stands for command):

X=(x,-0K, , F=(r,-n)k, (B-1)
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The relationships between the outputs (in this case 9§, steering angle, and w,,

front wheel angular velosity) and the inputs (<, and <,) are:

T, =0y~ OKpe* Bp-0Kps . T,=(0,,-0)K, (B-2)

Here, “D" represents the desired values.
By using K =0.429, Ky =4.5, Kps =25.0 and K, =1.0, the following results for
position and orientation of the vehicle when it starts from (0.0. 0.0) with angle as the

starting orientation and moves towards (2.5, 1.5) are obtained:

1.5

¥Y(m)

0.5

0 . . . .
0 0.5 1 1.5 2 2.5
X(m)

Figure B-1 PD position control.

This result could be repeated for other starting and desired positions and
orientation, but the result would be the same and there would be no control over final

orientation value.
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Figure B-2 PD Control. Orientation versus time.

B-2 Time-Varying Control

Samson’s results presented in [63] for 2 kinematic model of a vehicle with

steering in the form of:

x= v(l+1/e)y tan(®) , y=-v(l/e)x tan(d)

6= v(l/e) tan(d) , Edt-;an(é) ={1+tan?(5)] & (B-3)

where x and y are vehicle’s moving frame Cartesian coordinates, 6 is the orientation,
v is the heading velosity and & is the steering angle are regenerated by using the same
gains. Although the orientation angle as shown in the following results is moving
towards its desired value {here 0°), system’s dynamic behavior is not very desirable.
Two simulations are performed; starting “S” and final “F~ positions and orientations are
$,(0., 1, 0°), §,(0.,0., 90.°), F, (0.,0., 0°) and F(2.5,1.5, 0°), respectively.
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Figure B-3 Time-Varying Control. Simulation 1. Position.
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Figure B-4 Time-Varying Control, Simulation 1. Orientation versus

time,
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Figure B-5 Time-Varying Control. Simuiation 2. Position.
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Figure B-6 Time-Varying Control. Simulation 2. Orientation versus

time. '
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B-3 Discontinuous Control
Canudas and Sordalen’s results were given in [9] for a very simple kinematic
model of a two rear wheel! driven vehicle. The system’s model is:
X=vcos(0)
y=vsin(0) (B-4)
8=w

where x and y are the Cartesian iﬁertial coordinates, v is the heading velocity and 8 is
the orientation angle and  is the planar angular velocity of the vehicle. The vehicle
starts from (-0.707,-0.707) with 90° as the orientation angle and moves towards the
origin horizontally.
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Figure B-7 Discontinuous Control. Position.
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Figure B-8 Discontinuous Control. Orientation versus time.

The simulations show ‘that this method has very interesting results, but this
method has not been applied on 2 dynamic model of a vehicle that has the steering angle
as one of its main state variables. The nature of the mathematical proof of the
asymptotic stabiiity for this method makes it very difficult, if not impossible, to validate
the same type of stability for more complcated models. Recently, discontinuous control
laws for models in chained form have been introduced and discussed in the literature
[82].
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