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- SYNOPSIS

An experimental and analytical investigation has been carried
out on the thermal behaviour of concrete. and composite bridge models. Their
cross sections were composed of a reinforced concrete slab monolithic
with either a steel beam or a reinforced concrete beam. The upper
and lower surfaces of the simple span bridge member models have
been exposed to different steady temperatures-and a twq-dimensional
temperature field has been prodﬁced in the plane of the beam cross
section. The beams were free from external.restraints and stresses
were induced by temperature changes..

In the laboratory, various temperature conditions have been
applied to the simply supported beams. The outer surface was
heated by means of an electric heater or alternately was cooled by
the use of melting ice. The temperatures within the beam were
measured with copper-constantan thermocouples and the longitudinal
deformations with linear transducers, Hewlett-Packard model type
7DCDT—100. The beams were immersed in water until tested wifh
melting ice and were completely dried prior to being heated.

In this manner, the analysis of the temperature field was limited
to use the thermal conductivity of fully saturated concrete and

completely dry concrete.



- The finite element method has been used to determine the tempe--
rature field within the cross section and the elastic deformations
and stresses it produced. In the analysis, the beam cross section
was represented by an assemblage of rectangular and alternately of
triangular elements. A linear temperature variation within each
eler-.t was assumed. In the stress analysis, a linear strain variation
within the elements was used due to the- linear temperature distribution.
A solution to the thermoelastic problem of the unrestrained beams
was obtained using linear strain rectangular elements. The dérivation'
of a linear strain triangular element with six nodes was alsovpresented.
The resulting system of the finite element equations has produced a
symmetric, positive-definite matrix which was stored in band form
in the computer. Cholesky's square root method was used for the
solution of the system of equations.

The solution of the thermoelasticity problem of the unrestrained
beams has been obtained by the plane strain formulation. The beams were
initially considered to be fully restrained at its ends. The resultants
of these end restraints and the stresses due to restraints and to the
two-dimensional temperature variation as well were computed. The
restraining stresses produced solely by these end restraints were computed
and were superposed on the previous results. The finalistresses were those
of the simply supported beams subjected to a steady temperaturé variation.
Under the condition that the tensile strength of the concrete.has not

been exceeded, the section of the beams was considered to be uncracked

in the analysis.
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The restraining stresses were obtained as the solution of
nonthermal plane strain problems. These problems were formulated |
by assuming either a uniform longitudinal strain-or a linear straiﬁ
such that the resultants of the restraints, required at the ends to
maintain a state of plane strain, were equal to those in the thermally
restrained problem.

The effects of variations in the Poisson's ratio and in the
coefficient of exfansion of the concrete have been presented in

the computed stresses and strains.
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CHAPTER I

INTRODUCTION

1.1 Object

The object of the investigation was to determine experimentally
and analytically the steady two-dimensional temperature distribution
»produced-in a cross-sectional plane of the composite simple span
bridges when their upper and lower surfaces were exposed to ‘different
temperatures. In addition, the temperature effects on the strength of
the structure were studied on a short term basis.” Two typical
members of the bridges were modelled and their details are shown.in
Figures 1 and la. The composite steel-concrete beam consisted of a
reinforced concrete slab acting compositely with a steel bean.

The reinforced concrete T-beam was composed of the same reinforced
concrete slab cast monolithicall& with a reinforced concrete beam.

The analytical study was separated into two parts. First,
using the theory of heat tramsfer in solids, the temperature distribution
was predicted, Second, with the knowledge of the existing temperature
field, stresses and deformations were computed away from the ends of -

‘the beams. The stress analysis was restricted to the linear thermoelasticity

theory and the material properties such as the thermal conductivity,



the coefficient of expansion, the modulus of elasticity, and Poisson's
ratio were considered to be uniform. Both the temperature and the
thermoelasticity problem were solved by means of the finite element

method.

1.2 Nature of the Problem

It is knowﬁ that changes in temperature cause bodies tb expand
or contract. If all the elements in a body are free to deform, no stresses
are produced. The thermal stresses are produced when these natural
deformations of the elements are frevented either by éxternal forces or by
the adjacent elements having different deformatioms.

Since the natural thermal deformations depend on the temperature
aﬁd on the coefficient Bf ex?ansion, the elements will tend to deform in
different amounts as a result of a nonuniform temperature distribution or
‘of a uniform teméerature change in a composite structure made of materials
having-different coefficient of expansion. Such deformations in a body free
of external constraints cannot proceed accor&ing to the local.temperature
rise and they must interfere with each other in order to emable the body
to remain continuous.

In stress amalysis, the continuity of the. deformable body under
the conditions of the linear, small-displacement theory is assured by the
compatibility equations. For bodies which are lbng in comparison with
cross-sectional dimension and for sections relatively far from the ends,
the assumﬁtion that plane sections remain plane is made in place of the

compatibility equations.



Stresses in an unrestrained composite beam will not be zéfo
unless fhe temperature variation is such as to produce a uniform or
linear displacement distribution throughout the cross-sectional plane
without any intérference with the displacements of adjacent elements.
For.such a temperature field the élane cross sections remain plane and
no internal forces are produced by adjacent eiements to maintain that
plane section during the exﬁansion or contraction of the beam. If a
temperature field tends to cause throughout the plane a nonlinéar
distribution of displacements, then the elements will imteract and exert
on each other internal forces in order to prevent the plane cross section
from warping out of plane. These internal forces give rise to thermal
stresses. The T-beam or the compoéite steel-concrete beams of exposed
bridge sections are subjected to various temperature distributions and
it is with thermal stresses produced by different temperature variations
that this investigation is concerned. |

The thermal stresses in the unrestrained beams in.this
investigation result from the nonuniform two~dimensional temperature
distributions and due té the different coefficient of expansion of
concrete and steel. Since the section of the T-beam and the composite
steel-concrete beam is geometrically symmetric, the temperature field,
which is a function of the spatial coordinates, will have across the

width symmmetric variations about the center line of these sections.



These temperature variations tend to sflit the sections into halves
by the bending action that the nonuniform tempeéature variations produce
about the vertical axis passing through the centroid of the half sections.
These half sections mutually frevent each other from bending and thus
give rise to thermal bending stresses about these vertical axes. Such
stresses can be produced by steady temperature variations as well as under
transient conditions.

This investigation is restricted to steady temberatu£e variations.
It is felt that an understanding of the behaviour of the beams in steady
temperature condition is necessary before dealing with the transieﬁt
temperatures. The thermal stresses, determined by the transient temperature
distributions as a result of gradual changes in enviromment temperatures,
are little different from those computed from the same teméerature
distribution in steady state, Before steady temperature condition ﬁrevails,
the beams will experience greater thermal stresses dﬁe to higher teméeraﬁure
gradients occurring through the cross-sectional area of the beams. . These
transient temperatures are distributed nonlinearly and it is the non;inearity
in the temperatures that causes stresses in a homogeneous body free of
external restraints. |

In steady condition, the temperature variation over the cross
sections can be considered in two parts, one within the slab and the other
in the beam. The temperatﬁre, in the slab, varies almost linearly
through the thickness. The heat transfer in the beam is analégous

to that in a fin which is attached to a surface of a structure for the



express purpose of increasing the surface heat trénsfer. Its tempera-
ture profile through the depth is nonlinear. The beam and slab, each
tends to have different curvatures due to its temperature variation,
interact in order.to satisfy the requirement of plane crbss section
and thus thermal stresses are introduced.

The behaviour of the sections becomes more complicated
especially when the sections are composed of dissimilar materials
such as steel and concrete. The temperature gradients, in the steel -
which has a higher thermal conductivity, are not as large as those
occurring in concrete. With these abrupt changes in temperature
gradients throughout the section . made of concrete and steel, each
having different coefficient of expansion, the possibility of the
unréstrained beams to undérgo temperature changes without: producing
stresses is very unlikely to occur. |

Various temperature differentials are produced between
the upper and lower surfaces of the exposed bridges to seasonal
temperatures. These temperature differentials could be caused by
solar radiation, wind convection, rainfall, snow, or by a sudden warm
or cold wave that changes the ambient air temperature. The temperatures
in the structure undoubtedly do not reach steady state due to the low
thermal conductivity of concrete and to tﬁe continuous variation of

the surrounding air temperature with time.




The magnitude of the temperature differential depends largeiy
on the rate of heattransfer by conduction in steel and concrete. The
entire steel beam, having a higher thermal conductivity than the concrete,
reacts more rapidly to the surrounding air temperature while the concrete
slab undergoes a more gradual adjustment towards the air temperature. The
largest temperature differential occurs in the bridge at early stages of 2
sudden change of the surface temperature.

The thermal stresses become more severe as the temperature
differentials are increased. These stresses may either increase the stresses
that already exist in the bridge due to dead load, live load, creep, and
shrinkage or they may partially relieve the'structure from its stresses.' The
concrete has a very low tensile strength which is'in the order of a few
hundred pounds per square inch. To cause failure in the tensile zone of
concrete, the magnitude of the thermal stresses need not be very laxrge.

Thermal stresses may be significant enough to affect the strength
of the exposed bridges to daily temperature fluctuation by fatigue rather than
by overstressing the structure. Temperéture flﬁctuation is typical in North
American climate. In summer the sun can heat the upper surface of the bridge
to as much as 140° F and in winter temperatur. drops to a low of'—40° F.

Thermal fatigue rarely causes failure by complete separation of
material in one particular region. Cracks are usually scattered throughout
the sections. Under repeated thermal loading, failure of the material
is first initiated in onme or many locations wherever large stresses
occur. These cracks do not propagate throughout the sections under

repeated thermal load as is the case under mechanical loading.
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The thermal stresses in these yielded regions are lowered and large
stresses, which may cause failure, are developed in other regions.
Whenever the thermal loadings are repeated, new cracks are formed
elsewhere and thus, the strength of the bridge is reduced so that it

can no longer sustain the load it carried.

1.3 Review of Previous-Research

The thermal analysis of composite bridges involves solutions
of'problems related to heat transfer,  stress analysis and material properties.
The formulatioﬁ for closed-form solutions of thermoelastic
problems, dealing with plates and beams having uniform cross section made
of homogeneous and isotropic material, can be found in the standard works
of Timoshenko and Goodier (1), Gatewood (2), an& ﬁoley and Weiner (3).
The fundamental principles of theory of thermal stresses have been used in the
analysis of bridge members subjected to steady two—aimensional temperatures
such that a solution can be obtained by finite elemegt method.
7uk (4 and 5) has obtained a closed-form solution of
one-dimensional thermal stress problem for simply supported composite
bridge beams. These beams were composed of homogeneous and isotropid
concrete slab and steel beam. The concrete slab was restrained
transversely against deformation due to the effect of adjacent beams .that
formed the bridge cross section and the longitudinal stresses were
computed due to a simplified nonuniform temperature distribution
that variéd only through the depth of the section. Berwanger (6) has
extended Zuk's approach for simple beams to continuous-span bridges

and has presented a solution to such problems that are involved in



satisfying the compatibility conditions at interior supports. In
addition, Berwanger has considered symmetrical as well as unsymmetrical
steel reinforcement in the concrete slabs that experience nonuniforn
temperature distributions.

The problem for determining the two-dimensional temperature
field and the corresponding stresses within the simply supported beams
of complex cross section as shown in Figures 1 and la is entirely
intractable by classical methods. A numerical approach such as the
finite element method can easily handle the complex geometry of the
cross sections composed of dissimilar materials.

At the present time, there are a large number of research
papers available on the development of finite elements and its applications
to structural analysis. Only references relevant to this work have
been cited. The finite element method was proposed by Turmer, Clough,
Martin, and Topp (7) and it was applied to plame stress .
problem. Gallagher, Padlog, and Bijlaard ) have extended finite element
analysis to solve problems such as heated homogeneous plates having
across the width a parabolic variation of temperafure and thickness
or having a :entrally located_hole.. The plate of nonuniform thickness
was idealized by an assemblage of rectangular elements, each of constant
thickness and linear thermal strain distribution. Weber (9) has
demonstrated the use of the finite element method in thermoelastic
plate p;oblems. As an illustrative example, Weber has given a solution
to the nonuniform thickness plate problem in reference (8) by;using
a linear strain rectangular element of linear thickness. In the present

study, the derivation of the rectangular and triangular element for the




temperature and stress problem has followed the procedure outlined
by Cowper, Kosko, Lindberg, and Olson (10).

The finite element method is applicable to problems that
can be formulated in variational form. Zienkiewicz and Cheung(11)
have applied finite elements to sélve general steady heat conduction
problems dealing with several types of boundary conditions including
convection, specified surface temperatures, and specified heat flux.
In their textbook, the formulation of triangular and quadrilateral
elements both having linear temperature variation is given. The
applications of finite elements have been extendéd to transient heat
conduction pfoblems and Wilson and Nickell (12) have presented 2 finite'
element formulation of transient heat conduction problem.S

The accuracy of the results obtained in the analysis of ‘
temperatures and stresses in the beams can be seriously disrupted by
incomplete knowledge of the properties of steel and concrete. The

steel thermal properties of interest in this investigation are well

known. It is difficult to predict the required thermal properties

of concrete since the concrete is a nonhomogeneous and anisotropic
material. The major factors influencing these properties are the

mix proportions, the type of cement, the type of aggregates, volume of
air voids present, the moisture content of the concrete, the temperature,
and the concrete age. The coefficient of expansion and the dynamic
modulus for the concrete of the same mix proportion that was used in

this investigation, were measured experimentally by Sarkar (13).

These properties were measured at different temperatures, at different
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contents of water absorbed in concrete, and at different ages such

that the results can be used in this analytical computation of thermal
stresses for the concrete that was fully saturated and alternately
completely dry when tested at various temperature distributions. The
investigation carried out by Sarkar is an extension of the study reported
by Berwanger (14).

The studies conduc£ed on the thermal conductivity of concrete
by Lenzt and Monfore (15), by Campbell-Allen and Thorne (16), and by |
Thompson (17) have shown that the content of water present in concrete
is a significant factor. Lentz and Monfore have shown that the variation
of the thermal conductivity of concrete is very small within the
temperature range of 0°F to 75°F. 1In this investigation, the conductivity
of concrete at temprafures within the range of 320F to 126OF can be
considered to be uniform without introducing significant error. Brewer (18)
has correlated the conductivity with the unit weight for concretes
varying from oven-dry to fully saturated. In this respect, an approximate
‘value of the conductivity of the concrete can be selected according to

its unit weight and to its water content.

1.4 Scope of Present Investigation

This investigation is concerned with the analysis of stresses and
strains resulting from steady two-dimensional temperature distributions produced
throughout the cross-sectional area of the beams shown in Figures 1 and la.

The two bridge beam models were simply supported at the ends. These beanms were
exposed on the upper and lower surfaces to ambient air at different uniform

temperatures or their outer surfaces were maintained at a uniform temperature.

\
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Experimentally, the sections were subjected to four différent
types of temperature distributions. Thé upper or lower surface of the
ﬂéams was alternately cdoled with melting ice while the other surface
was exposed to the laboratory room temperature. During the cooling
tests, the concrete was considered to be fully saturated as the béams
were completely immersed in water prior to testing. The concrete was
then dried and the experimental investigation was extended to heated
structures. The air, above the reinforced concrete slabs, was electrically
heated to various temperatures. Similarly heating tests were also
carried out on the beams having its lower surfaces exposed to various
ambient air temperatures. In addition, as the ambient air temperature
underneath the sections was increased, the tests were extended to a
forced convective system as the upper surface of fhe composite steel-
concrete beam was cooled by a cross flow of air prodﬁced by electric
fans. The temperatures within the beam were measured with copper-
constantan thermocouples and the longitudinal deformations with linear
transducers, Hewlett-Packard model type 7DCDI-100.

To compute analytically the stresses and strains, the
temperature field over the cross section must first be known. The two-
dimensional temperature distribatioss, to which fhe beams were subjected
in the experimental investigatiom, were obtained by means of the finite
element method. The resulting temperatures were determined from two
different element models. Rectangular and triangular elements, both
having a linear temperature variation were employed. Based on- the
linear temperature variation, the rectangular and triangular elements

having a linear strain distribution were considered in the stress analysis.
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The thermal stresses and strains were obtained using a uniform rectangular
element idealization in which the reinforcing wires were considered.
The beams.in the finite element idealization behaved as a linear elastic
structure. The expressions, for the stresses and strains.in the unrestrained
beams subjected to temperature changes, were developed only for uncracked
section since the tensile strength of concrete has not been exceeded.

The thermoelasticity problem was solved in three stages.
The beams were initially considered to be fully restrained at their ends
by the plane strain formulation. The solution of the problem yielded
the stresses, produced by the two-dimensionzl temperature distributions
and by the artificial end restraints, and in addition,bthe resultant
force and moment of these restraints which were required to maintain
the state of plane strain. This problem will be consistently referred
to in this investigation as the thermally restrained problem. The
stresses and strains solely due to these end restraints were computed
and then these results were superposed on the previous solution in
order to obtain the solution of the unrestrained beams. The restraining
stresses due to the resultant force and due to the resulfﬁnt ﬁoment"' |
were considered separately and were obtained as the solution of a
nonthermal elasticity problems. The solutions of these nonthermal
problems were formulated by the two-dimensional theory of plane strain.
In the formulations, a uniform and alternately a linear longitudinal
strain distribution was inserted into the stress-strain equation that
only relates the longitudinal strain to the normal stresses. The

resulting stresses, strains, and the resultant force and moment acting
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‘on the ends were determined by the finite element method in terms

of the assumed strains. These strains were computed by equating the
fesultant restraints of the nontﬂermal problem to those in.the restrained
thermal problem.

In the finite element method, the resulting system of linear
equations producés a sparsely populated coefficient matrix, which is
symmetric and positive-definite. This matrix, which is stored in band
form in the computer program, will be consistently referred to in the
temperature problem and in the stress problem as the stiffness metrix
of the structure. Thesec equations are solved by means of Cholesky's

square root method.



- 14 -

1.5 Acknowledgements

The present study was carried out under the direction of
Professor Carl Berwanger. The author wishes to thénk him for hi;
guidance during this investigation.

The project was financially supported by research gramt.
of the Ontario Department of University Affairs and thfough grants
" held by Professor Berwanger.

In addition, the author is indebted to Df. G.R. Cowper,
Dr. G.M. Lindberg, and Dr. M.D. Olson of the National Research Council
of Canada for valuable discussions and suggestions concerning the
finite element analysis of the elasticity problems.

The'Computing Centre of the University of Ottawa is to be

thanked for providing their facilities.



- 15 -

1.6 Notations

A list of symbols used and their general meaning is summarized
below. The notation distinguishes matrices which are demoted by straight

brackets from vectors or columns which are indicated by braces

Latin Letters , .

a, b, ¢ Element dimensions

S 2, bi Coefficients of assumed polynomié,ls
{a} " Column of coefficients a;

B {c} Column of polynomial distribution

. d Depth of steel beam

ﬁi dc Thickness of reinforced concrete: slab

;_ D Rigidity for plane strain problem

§  E Modulus of elasticity of material
F(m,n) Modified Euler's beta function

M {F} = Load vector or lcnow.ﬁ column matrix
{F A} Element load vector that results frome ,
{FB} Element load vector that results from Ye,
{Fe} - Subscript e indicates load vector or known column

of element

{F } Subscript t denotes element load vector due to temperature

g Thermal conductivity of material

h Unit surface conductance or convection heat transfer
coefficient

h Unit surface conductance for vertical surface




[x]
[x]
[Kc]
[Ke]
[KL]

L]

1

M

m., 1. . .9 L.y S
> By Pl’ ql: i’
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Functional

Electric current passing in heatiﬁg element

Number of generalized coordinates of finite element
Stiffness matrix of finite element relative to vector {A} .
Stiffness matrix of structure

Convective stiffness matrix of finite element

Stiffness matrix of finite element with respect
to global coordinate system

Stiffness matrix of finite element w1th respect ;
to local coordinate system

Upper band factor matrix of symmetric structure stiffness .
matrix X

Typical distance bstween nodes

Exponents of £, nor x,y in lth term of polynomial
expression

Resultant moment of end restraints in restrained
thermal problem

Resultant moment of end restraints in nonthermal problem

Number of equation in resulting system of linear
equation in finite element method

Half band width of matrix [K]
Truncation error

Resultant force of end restraints in restrained
thermal problem

Resultant force of end réstraints in nonthermal problem
Heat transfer

Heat supplied or heat lost for half beam per foot length
Rotation matrix

Boundary surface
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[s] ~ Stress matrix

t Temperature

tg Ambient temperature

tS Surface temperature

[t] Temperature transformation metrix

[Tl] Displacement transformation matrix

[Td] | Strain transformation matrix

u,v Global displacements in X,y directions. Subscript

indicates first derivative

u,v Local displacements in ¢, n directions. Subscript
indicates first derivative

U Strain Energy

UA kepresents part of strain energy that results from €

UB : Represents part of strain energy ;hat results from YEB

Ut _ Strain energy dealing only with the;mal effect

V. . Potential energy of external load

AR Voltage supplied to electric heater

X,Y,2 ' Global ‘coordinates

{x} _ Unknown column vector or scalar

% Distance from centroid uncracked section to base of
finite element

Ve Distance from base of finite element to centroid of

stress volume

Y Distance from centroid of uncracked section to any
point within section '

w Thickness of web in structural steel section
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Greek Letters

o ’ Coefficient of thermal expansion of material
€ Uniform strain in z-direction produced by resultant
force of end restraints
€g Linear strain in z-direction produced by resultant
moment of end restraints
€ sy, €,> © Strains in x,y, and z directions
ec, en _ Strains in z and n directions
Shear strain
'ny, YC n
Zan Local coordinates
] Angle between global and local coordinate axes
v Poisson's ratio
ox,cy,cz Normal components of stress parallel to x,y, and z axes
cz', a;"» Normal components of stress parallel to z axis in
~ nonthermal problems
c;;pn Normal components of stress parallel to ¢ and n axes
T Shear stress
Xy 4 .
I Total potential energy
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CHAPTER 2

Experimental Investigation

2.1 QOutline of Tests

The experimental program consisted of measuring the deformations
and the temperatures of a heated and cooled simply supporied composite
steel-concrete beam and reinforced concrete T-beam. The main features
of the two sections are shown in Figures 1 and la.

The cooling tests were carried out by placing melting ice on
either the top or bottom surface of the beam. -The other surface was exposed
to an.ambient.temperature at room temperature.

Tests on heated structures were conducted by means of an
electric heater. The heater, placed either above or underneath the
sections, was used to raise the ambient air temperature in varying incre-
ments. While the lower surface of the composite steel-concrete bean
was heated, the experimental program was extended to a forced convective
- system. The upper surface of the reinforced concrete slab was chilled

by a cross flow of air produced by electric fans.

2.2 Specimens

The cross section of the composite steel-concrete beam used in
this investigation was modeled on the bridge that spans the Assiniboine
River at Brandon, Manitoba. The scale factor for the model béam cross

section shown in Figure 1 was 0.35395. Of the steel sections listed in
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the manual of American Institute of Steel Construction (19), the

10 X 4 B1S section of ASTM A36 grade steel was selecte& as the section
vhose dimensions are the closest to the scaled dimensions of the prototype
steel beam 30 W 108. To have the flange width equal to the scaled
prototype width, the steel flange was machined to the required width of
3.68 inches.

To investigate the thermal behaviour between the composite
steel-concrete beam and reinforced concrete T-beam, the choice of the
cross-sectional dimensions of the reinforced concrete T-beam shown in
Figure la, was based on the composite beam model dimensions. The
concrete T-beam was constructed of the same reinforced concrete slab
and of a reinforced concrete beam. The reinfbréed concrete beam was
designed so . that the concrete T-beam would have the same elastic
moment capacity as the composite beam model.

Thé beam models of 62 inches simple span were reinforced
with 75 ksi U.S.S. deforned steel wire conforning to ASTH A 496
specificafions (20). The concrete had a water-cement ratio of 0.672.

The mix proportionsof a cubic yard of concrete consisted of 477 1bs. of
normal Type 1 Portland cement, 317 lbs of water, 1610 lbs. of fine

quartz aggregates and 1610 1bs. of coarse limestone aggregatgs. A

3/4 inch maximum size aggregate was uéed and the aggregateé weré graded
according to the Standard Specifications for Concrete Aggregétes (CSA A 23.1).
In the tests made in accordance with ASTM C 39 specifications (21), the
concrete at 28 days for the composite steel-concrete beam and for the

reinforced concrete T-beam had a compressive cylinder strength of 4100

and 4300 psi respectively.
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2.3 ABEI aratus -

Temperature Measuring Devices -

Temperatures were measured by means of butt-welded copper-
constantan thermocouples. The thermocouple lead wires were both # 20
gauge. The thermocouple potentials, based on an ice-bath reference
junction, were measured with a manual Honeywell potentiometer readable

to 0.001 millivolt.

Displacement Measuring Devices

A schematic diagram of the equipment, used for measuring

deformations at the surfaces of the sections, is given in Figure 2.

A general view of the apparatus is shewn in Figure 3.

A D.C..power supply unit, Hewlett Packard model 6204 B was
used to supply constant voltage to the transducers. The voltage
required was 6 volts. .The output of the transducers was monitoresd
on the Frequency 'Counte; model 5221 A as the output voltage from the
transducers by a Voltage Frequency Converter of Hewlett Packard model
2212 A. All twelve transducers were connected to the readout device
by two Switching Units, BLIl model 220.

The deformations were measured with displacement transducers
of the Hewlett Packard Sanborn 7 DCDT-100. The DCDT senses surface
deformation by means of a movable magneticlcore. thenever the specimen
contracts or expands, this core is displaced along the axis of the bore
in the coil assembly as shown in a simplified functional diagram of the
transducer in Figure 3. The Setub of the DCDT's each having 2 10 inch
gauge 1¢ngth is shown on the upper surface of the concrete slab in

Figures 4, 8, and 9. The transducers were mounted on aluminium blocks



- 22 -

e which were glued to the surfaces of the beams. The transducer core was
..... -fixed at the end of an aluminium rod and was positioned inside the
trapsducer by connecting the other end of the.lo inch aluminium rod to
another aluminium block. The longitudinal contractions or expansions
of the beams within the 10 inch gauge length will cause the core to
displace from its initial position.
The. effect ¢f the heat on the aluminium bars of a high. coefficient
of expansion has an appreciable influence on the surface dis§1acement .
;j”“i measurements. The aluminium rods were subjected to various changes in
tempefature and the expansion or contraction of the bars were taken into-
consideration in the calculations of the required surface deformatioms.
The contraction of the aluminium bars due to the temperaturé

change from room temperature to melting ice temperature was measured

experimentally. A cardboard was placed between the ice cubes and the

concrete surface in order to prevent change in temperature of the concrete

surface during the very short period that was required for the aluminium

rods to reach the melting ice temperature. From the thermocouple readings

taken along the concrete surface, it was found that the temperature of the

‘concrete surface remained unchanged during that period. In this way, only

the aluminium bars were.permitted to react to the sudden change in temperature.
The frequency readings of the transducers were recorded as the contraction of
the bars. From these readings, the coefficient of expansion was calculated for
each bar exposed to the ice cubes. The cardboard was then repoved and, aftéer
the temﬁerature field within the beams has reached steady-state, the following

set of readings was registered as the surface thermal deformations of the

beams.
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In tests in which the aluminium rods were exposed to ,a:ﬁbiegt
air, the temperature change of each rod resuiting ‘from its ﬁroximi_ty
to the warm or cool surface was measured by means of a co?per-constanﬁén
thermocouple glued to the surface. Using the measured coefficienf of .
expansion pertaining to each aluminium rod, the eXpansions or contractions
of the rods were computed and, thus the surface thermal deformations"

of the beams were obtained.

Heating Elements

The heating elements were arranged to electrically heat the
air above or below the beams. The elements consisted of a nichrome strip
with a resistance of 0.416 ohms per lineal foot; An A.C. voltage of 110
volts was supplied to the heater. The current was controlled by three
Jagabi resistors of 9 ohms and 12 amperes, shown in Figﬁre 3. The
rate of electrical heat supplied per foot length of half of the beam is
g_iven by

Q = (I'V' 3.413) %— (é—g)  BTU/hr-£t. 2.1

where I' denotes the measured current in amps through the heating element

and V' is the potential drop across the heating elements in volts.
These nichrome strips were mounted on a dexion’ angle frame

which was placed either above, as shown in Figure 4, or below the beam.

The frame was then enclosed by 2 inch thick styrofoam slabs to form a

chamber.
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2.4 Preparation of the Test Specimen

The beams of 62 inches in length were simply supported at
the ends so that the beams were free to rotate about the supports
and to deform in the longitudinal direction when temperature changes

occurred. The temperature variations and the resulting deformations

were measured at mid-span in the beams by an arrangements of thermocouples

- and transducers shown in Figures 5 and 5a.

The edges of the slab were insulated with 2 inch thick
styrofoam against heat exchange since in the bridge the horizontal !
temperature gradients throughout the section between adjacent slabs is
zero. The effectiveness of the insulation was checked by means of a
thermocouple placed between the concrete surface and the-styrofoam

as shown in Figure 5.

The end surfaces of the beams were also insulated with
styrofoam against heat exchange with the surrounding air so that a
uniform temperature over its full length is maintained. A series of
thermocouples .Was-placed at 103 and 237 inches from the ends to verify

the uniformity of the spanwise temperatures.

2.5 Test Procedure

Thermocouples and transducers readings were recorded after
2 days of the onset of temperature conditions. The four distinct
temperature conditions imposed.on the beams are given as follows:

1) The uipper surface of the concrete slab was cooled to a

uniform temperature of melting ice. The bottom of the slab was exposed
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to an ambient air temperature in the laboratory, as shown in
Figure 6.

2) The témi)erature conditions were reversed, as the melting
ice was placed underneath the slab and the upi)er surface of the slab
was subjécted to the ambient air temperature. |

3) The temperature of the air above the slab was controlled
by an electric heater while the bottom surfaces of the beam were exposed
to laboratory air temperature. A view of ‘the interior of the s;yfofoam
chamber with the heater placed on top of the slab is shown in Figure'{l.
The complete chamber is shown in Figure 7. The qua.ntitjr of heat supplied
was increased in three or four increments. The increase of air femperature
in the chamber was limited since the particular modgl of the transducer
used’'in this experiment, was design to a temperature range of -65°F 't_o 140°F.

4) The general procedure outlined in step 3 was. followed,
except that the temperature conditions were reversed. The heater was
placed under the beam whose toia surface was exposed to ambient air. temperature
in the laboratory‘. This temperature condition was extended to a forced
convection system for only the composite steel-concrete bean. | As the air
below.the beam was heated to various temperatures, the top. surface was
chilled by a cross flow of air produced by three electric fans. A
general view of this sfstem is shown in Figure 9.

The variation of the thermal conductivity of concrete,

due to the water content absorbed :Ln the concrete, was controlled in
order to facilitate the analytical formulation. The concrete, in the

T-beam, was maintained fully saturated from casting till the tests with
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melting ice were completed. The composite beam was submerged in wﬁter

for a period of one month prior to testing. In the tests in which the

beams were heated, the concrete was considered to be complete dry. Prior

to the test, initial transducers readings were taken at uni form temperature

within the dried beams in order to avoid the shrinkage effect of concrete.
'The T-beam and the composite beam were tested after a period

of 6 and 9 months respectively.
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CHAPTER 3

Analysis of Heat Conduction Problems by Finite Elements

3.1 General

The composite steel-concrete beam and the reinforced concrete
T-beam are subjected to a steady two-dimensional temperature field
which is a function of the x and y coordinates in the cross-sectional
plane as given in Figures 10“andjba. With the z-axis in the longitu-
dinal direction of the beams,.tﬁe temperature over the cross sections
?%f“' away from its ends is uniform. A glight variation in th¢ longitudinal

temperature near the ends still exists even for insulated ends. The

end effects are neglected and this study considers the temperature to be
uniform over the full length.. The temperature field t(x,y) within the
beams made of materials of uniform thermal conductivity g, must satisfy
:;l A the heat conduction equation
D3y 4 D0 5.1
=85 T 8y =0 .
subject to the following boundary conditions

a) For a specified surface temperature

t =t
S

where the temperatures t are prescribed on a boundary to a temperature tg.
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b) For convection to surrounding air
A =h(t-t
(t-t)

where q is the rate of convective heat transfer from a unit area surface
to across an air boundary layer. The air - dutside the boundary layer
has a temperature tg which is lower than the temperaturé t at the
surface. The uniform surface conductance is denoted by h.

c) For an adiabatic surface or for a representation of a line of
symmetry

where n is the outward normal to the boundarj surface.

From variational calculus, the governing differential
equation with its boundary equations can be transformed into the
variational form as explained by Berg t22). Considering the
differential formulation in the form of Euler equation, the variation

of the functional I is
2

2
81 =H (gd—%' +gd—%) §tdx dy +[ h(t-t }8tds- 0
dx dy g

where s designates the boundary surface of the beams.
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Integration by parts yields

” > {g (dx) ) %) axdy + J h (—;-'t2~tgt)ds 3.2

The function t(x,y), that makes the functional stationary
§I =0, is the solution to the differential heat conduction equation 3.1
Since the temperature function is unknown,lit is therefore necessary to
approximate a function for which the functional has a value appréximately

equal to its stationary value.

The approximate temperature field throughout the cross .section
of the beams can be constructed by an assembly of a finite number of
‘discrete elements where over each element, a témpe;ature function is
assumed. - These elements are interconnected at assigned points along
their boundaries and these points are called ﬁodes. The assumed tempe-
rature function within the elements is expressed in terms of the tempe-
Tature at its nodes; These nodal temperatures act as generalized
coordinates. The choice of the function must be such that the tempera-
ture field construction over the cross section of the beams has no
discontinui;ies between adjacent elements. In that case, the elements
are interconnected along the interface boundaries as well.

The unknown nodal temperatures can be evaluated when the
functional, for the system of all the elements that constitute an analytical
model of the cross section of the beams, is stationary. Ovér each of these
elements, a functional can be written so that the entire functional may be

expressed as ‘2 summation of the subfunctionals. The functional of the

+ine
ing

individual elements is related to its nodal temperatures by substitut
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the assumed function into Equation 3.2. To minimize I of each element,

the derivatives of the functional with respect to the nodal temperatures ti'

in an element are set equal to zero. This minimization procedure yields a
set of algebraic equations in which the nodal temperatures within the element

are related to each other. These equations can be written in matrix form

-k I =0 3.3
i

where Ke is the so-called element stiffness matrix in structural analysis

and {t} signifies the scalar temperature field expressed in terms

of the nodal temperatures.

On assembling the elements into a representation of the cross section

of thé beans

> kI{t} =0
and applying the boundary conditions, the resulting set of

simultaneous equations can be written in the form
k] (X} = (F} . ' 3.4

where K denotes the structure stiffness matrix
X signifies the unknown scalar temperature at the nodes
F contains the known temperatures to which the nodes

of the structure are exposed

Equation 3.4 can be solved for the nodal temperatures.
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The apérokimate solution will converge to an exact solution
when the number of elements is increased. The rate of convergences
of the solution largely depends on the selection of the temperature
functions within the finite element. The sufficient conditions
for the finite element to ensure monotonic convergence of the
functional I to its exact value are that the temperatures and their
gradients at the boundaries of adjoining elements be continuous.

The temperature field is unknown. It can be apprdximated
by a piecewise function. Depending on the nature of the problem, the
general behgviour of the desired solution is usually known and 2
function among the polynomials, the trigonometric functions, or
any other functions can be selected to best represent the solution.
The temperature variation in a differential element is described by
Fourier Law of heat conduction. The temperature profile within a
solid conducting element of uniform thermal conductivity can be
taken as linear. Having .a linear femperature distribution within
the elements does not necessarily imply that the temperature variation
throughout the structure is linear.

Both rectangular and triangular elements, having a linear
temperature variation, were used in the finite element method to
determine the temperature field in the composite beam and T-beam.

The size of the elements is considered to remain unaffected by the

temperature changes.

x i d

a3 LA N
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3.2 Derivation of Properties of the Linear Temperaturc Triangular Element

Coordinate Systems

The two coordinate systems used with the triangular element
are shown in Figure 11, | he properties of the clement are first
derived in the local coordinate system  z-n and then transfbrmed
" to the global coordinate system x-y where the assembled cross.
section of the beams is located.

The vertices, which arc the nodal temperztures of the
particular element, are numbered in a counter-clockwise order as
shown in Figure 11. The local ccordinate system for each element
is lccated with the g-axis passed along the base cf the triangle,
that is, from vertex 1 to vertex 2. The n-axis is directed
through the thixd vertex of tﬁe triangle.

The dimensions of the triangle are given as follows:

the lengths

a2 = [(3\2 - xs) (}:2 - xl) + (}’2 - ys) (}'2 - )’1) ]/I‘
b = [(}\3 - xl) (xz - xl) + (YS - }’1) (yZ - )’1) ]/I’

¢ = [(xz - XIJ (YS - yl} = (xs - xl) (Yz - )"1) J/I'

where _ V/

r =/ (x, - xl)

2




- 33 -

the rotation angle ©

X

Cos 6 = and Sin 6=

27X R4
r T

Temperature Function

For a linear temperature distribution within each element,

the temperature function is represented by

- + + .
t(z,n) = a; Fartanm 3.5
or in matrix form
. al
as_
= {cyta 3.6

Introduction of the nodal coordinates into Equation 3.5, -
yields, in matrix form, the nodal temperatures within the element

in terms of the arbitrary parameters f{A}.

1
t2 - 1 a 0| la
t3 1 0 c as_
or using matrix motation {t} = [T] {a} 3.7

Provided that the determinant of [T] is not zero, that is, c(atb) # 0,

1 .
the triangle having an area 7 c(atb) exists.

Thus, 5.8

{A} = [T"l]' {t}

Y B W L I Rt

Al G e
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The temperature, which is uniquely defined at any point in .

the element by its nodal temperatures, is given by

t(z,m) = et (e}

The continuity of temperature along the common edges between
adjacent elements is satisfied. The temperature distribution along the
edges of the triangular elements is linear and uniquely defined in terms

of the nodal temperatures along that particular edge. In the adjacent

element, the linear temperature profile along the common edge is expressed

in terms of the same nodal temperatures, thus ensuring temperature
compatibility along tﬁe interfaces of adjoining elements.

The temperature gradients, which are the first derivatives of
the temperature function with respect to the spatial coordinates, do not
coincide at the interfaces between elements. They are constant within
each element and vary from element to element. The reason for attaching
such importance ﬁo the temperature gradient compatibility is due to its
physicalwsignificance.. The product of. the gradiemnt and the thefmal ‘
conductivity of the material yields the rate of heat flow. The rate of
heat leaving ome glement through the boundary surface must be equal to
that entering the other element. This requirement of energy balance is
not met in this analytical model made of a system of triamgular elements.
However, the inter-element tem?erature gradient compatibility does not
ensure energy balance between elements. The adj;cent elements can have

different thermal conductivities.

TTH U b~ d e R

ARV T AT AN
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Element Stiffness Matrix

The stiffness matrii of an element is obtained from the
functional in Equa;ion 3.2 but without considering its convective
boundary term. The matrii, representing fhe contribution from the
convective boundary term, is derived separately and then is combined
with the stiffness matrix whenever the element edges are exposed to
ambient éir at a uniform and steady temperature tg. The functional

of a single element is given by

1 : dt 2 dt 2
. = Et e s 12 1 )
I-ZU {g(dg) g(dn)}dcan 3.9
Substituting the assunmed linear temperature functicn
(3.5) into Equation 3.9 and performing the necessary integrations

over the areca of the element, the functional can be arrangesd in the

form.
1= 2 W] W
I’o 0 o]
vhere [k] - 0 1 9 < ;TD g
o 0 i
Using Equation 3.8
1T porlqn ponracd
I= 5 {t} [T7] [kI[T°] {t} 3.10

I is a quadratic function of the temperatures.

A s sr~earv m ru sy

2 ss0s g
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The differentiation of the functional with respect to the generalized

nodal temperatures leads to
kIt =0 | 3.11

» Y -
where the ‘element stiffness matrix can be evaluated as [Ke] =[T 1] [x]LT 1]

The stiffness matrix becomes

c2+ a2 ~c% ab. -a
2(atb)c 2(atb)c 2¢
v 2 42 - :
k] =g cct ab c b -b 3.12
e 2(atb)c 2(atb)c 2c
-a b ath
2c 2c 2c

Convective boundary matrix

If the side of the element, in Figure 11, along the C-axis
is exposed to an ambient air at temperature tg, the temperature
function between nodal points 1 and 2 is reduced to

t(g) = al + 32 z
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By expressing the convective functional - Jﬁtgtds+%-Jhtzds

in terms of the two temperature nodes and differentiating, the:

resulting set of equations can be written in the following matrix form

1 11
2 R
2 s 3 152

or in the matrix notation

- {Fgt + [Kc]' {t}

Here, ¢ is the distance alohg the exposed edge and h, which is the
uniform surface conductance along that edge, can vary from one element
to the next. The matrix Kc’ in Equation 3.13, is called the consistent
convective stiffness matrix. |

An alternate matrix, known as the lumped convective

stiffness, is given by

hgt_ +hg 3.14

g

tof = N]r—ﬂ
o N

N~ ©
o

2

This matrix has been derived on the basis(of the rate of convective

heat transmitted to the surface. The steady rate of heat flow

through the ambient air to the entire exposed surface of the element

is given by q = he(t-t,). This rate of heat transfer q is distributed
g

ih equal shares to the two nodes on the convective side of the element

'in order to yield the lumped convective stiffness 3.14.
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The modifications, necessitated in the element stiffness
matrix by incorporating the consistent convective matrix, have affected
the terms in the main diagonal as well as the terms off the diagonal.
Using the lumped convective stiffmess matrix, the convective coefficients
appear only on the main diagonal of the element stiffness matrix.

The concept in the derivation of the lumped convective matrix
is not consistent with the assumption méde in the problem for the temperature
function. The convective matrix is derived over the edge surface of an
element. The edge can be intérpreted as a one-dimensional line element
of length £ and having a node at each ends. In the co;sistent convective
element, the temperature along the edge is distributed linearly. When
this element is combined with c.ther the linear temperature trianmgular or
rectangular element, the temperatures along the common boundary ére
compatible. In the lumped convective element, the temperature contrarily
to that assumed is constant along its length and, in the assembly, the
temperature compatibility is not satisfied. The combination of Iumped
convective element and linear teméerature element yields a different
functional than that in Equation 3.2. As the number of element are increased
in the model of the beam, the piecewise temperature field will not eventually
become the true temperature field since a different functional was minimized.
The solution to the differential heat equation 3.1 is the continuous

temperature function that minimizes the functional I.

3.3 Derivation of Properties of the Linear Temperature Rectangular Element

Two rectangular elements were considered. Ome was derived in the
same manner as the triangular element. The other element, which will be
referred to as the modified rectangular element, is formed from an assembly

of triangular elements.

A 3 arcNet-v o ve sy
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Following closely the procedure outlined for the
triangular eleﬁent, the linear temperature function of x and y

is assumed over each element

t (x,¥) = 2, + a2x+ 2y + a,xy 3.15

The'drigin of the local coordinate system is shown in Figure 12.

The assumed bi-linear function ensures continuity of
tgmperature at the interfaces of adjacent elements. The temperature
profile, along the line joining nodes 3 and 4, is described by
t(x) = xt3 + (1-x) ty. In the adjacent element, the temperature,
along that same edge, is defined as t(x) = xt2+ (l—x)tl. The
nodal temperatures, which are the same for both elements, make
the temperature variations along a common boundary compatible.

The stiffness matrix of the rectangular element is given by

2
e PO LR W
] 202 2Pn?ly  vRad el
K - & 3.16
B | 2.2 22 sl oRat

p2-242 a2p? Awt 222467

The modified rectangular element is obtained by averaging
the stiffness matrices resulting from two different arramgements
of right-angled triangular elements which are combined to yield

a rectangular element.
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The possible arrangements are shown as follows

4 3 ;. 4_ 354 :3
=3 ( + )
1 2 1 2 1 2

' 1 1 .
[k1 =5 (Rapps Hages) ¥ 7 Cagsg* ¥goy)

where the indices specify the triangle under consideration

202 2 0 -a?]
: o -b2 a2+b2 -az 0 _
[Ke]= = . 2 3.17
—az 0 -b2 a2+b2

In this case, the averaging procedure of the stiffness
matfices has no merit $ince both configurations of right-angled
triangles lead to identical stiffness matrix. The reason for this
is that the right-angled triangles have failed to relate the opposite
nodal temperatures in the diagonal direction as it is indicated by
the presence of zeros in the stiffness matrix of the modified regténgular
element. In the triangular element stiffhess matrix given in Equation
3.12 the coefficients, that relate the two nodal temperatures along
the hypothenuse, become zero since either a = 0 or b =0
or c2 = ab.

In certain problems, this type of rectangular eiement has
proven to be very effective as shown by Fujino and Chsaka (23). In

their analysis of the stationary temperature variation in a plate,

the system of modified rectangular elements has yielded fairly
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accurate results. The governing differential equation, describing
the heat conducted through the plate and dissipated to the surroundings

by convection; is different from '‘that given in Equation 3.1.

3.4 Solution of the Temperature Problem

Assembly

The stiffnesses of all the individual elements, that represent
the cross-sectional area of the beams, are combined in order to obtain
the structure stiffness matrix K. This is easily accomplished by
assigning the coefficients of each element stiffness maﬁrix to a
definite position in the structure stiffness matrix. These positions
are specified by the numbering system of all thé nodes in the cross-
sectional area. The overlapping coefficients, which occur when |
elements meet at common nodes, are simply added. For each mnodal
temperature in the structure, an equation is written. The equation
relates the.paz;ticular nodal temperature to the nodal temperatures
of its element as well as to those of the adjoining elements that
are associated with the node under consideration. .The structure stiffness
matrix is symmetrically and sparsely populated.

The assembly of the elements into a representation of the
cross-sectional area can be most conveniently accomplished within a
computer subroutine. This program has been called the Subroutine
Setup and is presented in Appendix D. The subroutine stores only the

upper band portion of the symmetric and sparse stiffness matrix K.
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Boundary Conditions v

The structure stiffness matrix K, in the initial assembled
form, is singular. The matrix is rendered nonsingular by the application
of the temperature boundary conditions.

The convective boundary condition is conveniently taken into
consideration during the assembly of elements. For the sides of the
elements that are exposed to convection, either Equation 3.13 or 3.14
are incorporated into the element stiffness matrix. The assembly of all

the elements may be presented in the following form

+ ' - =
Ik I+kD it} - {F} =0
The procédure results in a set of linear equations written in matrix

Equation 3.4, which is

[Kj' {x} - {F}

For elements with specified temperature boundary conditioms,
the structure stiffness matrix is modified by equating the appropriate
" surface nodal temperatures to the known temperature ts such thaf the final
set of equations can be solved for the nodal témperatures. The modifica-_
tion can be done in various ways and are briefly described as follows.

In the structure stiffness matrix, the rows corresponding
to the specified nodal temperatures are removed. The coefficients,
in the corresponding columns, are multiplied by the temperature ts
and the results are transferred to the coluwmn matrix {F} which initially

consisted of zeros only. The remaining rows and colums are rearranged to
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to occupy the deleted rows and vacated columns. This results in a
‘reduction of the matrix size ahd;the system of linear equations has
the form given in Equation 3.4.

Alternate approach'results in maintaining the original
size of the stiffness matrix K. The coefficients in th; corrésponding
rows to the specified nodal temperature are set equal to zero with the
exception of the main diagonal coefficients which take on a unit value.
The corresponding coefficients in {F} are set equal to the temperature
t.. The products of the coefficients in the corresponding columns
with the temperature t_ are transferred to {F} . These coefficients
of the corresponding columns are replaced by zeroes. The resulting
equations are written in the form given in Equation 3.4.

A simpler method in dealing with the specified temperature
boundary conditions is to consider that surface as being exposed to
convective boﬁndary condition. The nodal surface temperatures are set
equal to the specified temperature by assuming a high unit surface
conductance h. A value of 900,000 BTU/hreft-in-of'fbf h was usedlin

the calculations.

Idealization of the Cross-Sectional Area

From symmetry, only half of the beams' cross section need be
considered. The areas of the composite beam and the reinforced concrete
T-beam are divided into rectangular elements which are further subdivided

into two right-angled triangles as shown in Figures 10 and 10a.




As previously discussed, if the rectangles were subdivided by either
one of the uiagonals and using a linear temperature elements, the
resulting temperatures, iﬁ the beam subjected to convection or to
specified temperatures, would be identical. |

In order to obtain the narrowest band width in the structure
stiffness matrix, the nodes, in the finite element jdealization of
the composite section and the T-beam, are mumbered in different ways.
For the composite section, the mumbering scheme is shown in Figure 10.
The nodes in the concrete slab are mumbered beginning at the edge
from top to bottom and moving towards the center line. In the T-bgam,
the nodal numbering system follows a diagonal pattern as shown in °
Figure 10a.

The cross-sectional areas can be jdealized by any system
of elements varying in size. In the jdealization of unequal element
size, the accuracy of the results is reduced. This type of idealization
is best used in problems in which the variation of the unknown

function is more pronmounced in certain regions. These regions of

high variation of the fimction can be represented by a large concentration

of smaller elements.

Solution of Nodal Temperatures

Taking advantage of symmetry and the sparseness of the

structure stiffness matrix, the set of linear equations given in

Equation 3.4 is solved for the nodal temperatures by means of Cholesky's

square root method. Details of this method are presented in Appendix A.

A computer program called Subroutine BSOLVE is given in Appendix D.
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Two sets of results for the two sections were obtained.
One was based on an idealization of rectangular elements and the
other on a triangular element idealization as previously shown in

Figures 10 and 10a.

Verification of Results

If the final temperatures are correct, the rate of heat
gained by the surface of the beams is equal to the rate of heat
transmitted out of the beams. The convective heat transferred to one

of the element sides, as discussed previously, is given by

1 1
s W (GFt+st, -t
4 Gttty -t
The total heat transfer rate accross the upper surface or lower

surfaces of the half section of the beam is computed as the summation of q.

Q=)4q - : BTU/hr-ft. 3.18

For the beams with isothermal surfaces ts’ the quantity
of heat entering or leaving can be determined by summing the heat
flow by conduction of all the rectangular elements that are located -
along the isothermal surfaces. If, in the rectangular element in
Figure 12, the side between nodal points 3 and 4 has a temperature ts,
the heat conducted through the element is in the amount of

I R S

q = gE' 74577 S) BTU/hr-£t.
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3.5 Comparison to the Finite Difference Method

The temperafure, at the nodes given in Figures 10 and 10a,

can be determined by means of the finite difference method. For the
beams exposed the convection or subjected to specified gurface
temperature, the set of linear equations resulting from the finite
difference formulation is-identical to those obtained in the finite
element method. That is, of course, when the right-angled triangular
element and the lumped convective matrix 3.14 are used in the analysis.
The reason that both methods, finite element and finite difference,
yield identical solutions is due to the fact that its formulation was
based on the assumption that the temperature varies linearly between nodes.

In the finite differencé approximation, where 2 is a typical

o d% a2t .

distance between nodes, the second derivatives s and 5;2-, having
neglected all terms containing fourth or higher powers of &, are
accurate to 0(24) for uniform grid. For an unequal grid, the accuracy
is reduced to 0(23). The difference equations can be modified for
higher precision.

The main advantage of the finite element method over the
finite difference method is in its capability to represent the structure
In addition

under consideration by a system of elements of varying size.

curved boundaries, which presented considerable difficulties to other

methods, can be most conveniently handled by using triangular elements.
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3.6 Evaluation of Surface Conductance and Thermal Conductivity

from Experimental Results

The evaluation of unit surface.conductances, which depend on -
the temperature, physical properties, and velocity of the air in the
conducting system, is extremely difficult. These results were’approximated
from the experimental results. Using the surface temperatures measured
with thermocouples, the rate of heat transmitted to or from the upper
surface can be calculated according to Equation 3.18. The uniform surface
conductance can be estimated by equating the rate of heaf transfer to that
supplied by the heating elements in Equation 2.1. Its units useq were
BTU/hr-ft-in-"F. They correspond to the units of the surface dimensions
of the elements which are in inches.

_ The calculated value is a crude apﬁroximation. It was assumed that
there was no loss of heat from the styrofoam chamber. In addition, the exact
surface conductance varies over a nonisothermal surface. Of the temperature
conditions imposed on the beams, the largest temperature difference resulting_'
on the upper slab surface between the edge and center line was less than 6°F:.
The error introduced by considering a uniform surface conductance is small.

With the estimated surface conductance, the conductivity of
concrete can be obtained from a one-dimensional analysis of heat conduction
at sections where the thermocouples register temperatures at sufficient

distances from the center line. The conductivity was computed from

g = ——A—t—i- BTU/hr-ft~"F 3.19

where At designates the measured temperature difference between the upper

and lower surface at a section of the concrete slab of thickness denoted by dc’

N
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The thermal conductivity of concrete iﬁ this experimentai
investigation has mainly a dependence on the moisture content. Its
~ temperature dependency, within the relatively small temperature change
of interest, is not severe and is neglected. |

When the surfaces of the beams were subjected to melting ice
temperature , the concrete was fully saturated. A series of concrete
conductivities with its corresponding surface conductance h can be
obtained according to Equation 3.19. The concrete conductivity can
vary from 1.5 to 3.0 BTU/hr-ft-OF with its corresponding Surfacé
c‘onduétance without producing any substantial effect on the results.

The surface conductance is greater when the beams are ‘treated to melting
jce conditions than when . heated because of the film condensation
of air forming on the surfaces.

The surface conductance hv for the vertical surface in the
steel beam can be determined from the anglytical solution of heat
conduction in th’ web which is considered to be, in respect of the
theory of heat transfer, 2 fin. The temperature.variation across the very
thin steel web can be neglected so that a one-dimensional analytical treatment
as shown-in Jakob's textbook (24) on page 211 may be applied to determine
the temperatures in the steel web.. The surface conductance hv can be
found by recording the temperatures at the top corner tc of the web
and the embeddled flange in concrete, at mid-depth t and at the bottom

of the steel beam t_ and then substituting these temperatures into equation

2

s t +t -2t T, 2t ¢
hY:gw{% In (LS & g + fitte Ztg\_l)}
2t, - 2, Wty - 2tg / |

Here the steel beam of depth d and web thickness W has a thermal conductivity g

of 31 BTU/hr-ft-CF.
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CHAPTER 4

Analysis of Thermoelasticity Problem by Finite Elemente

4.1 Genefal

The calculation of stresses and deformations, produced
in the unrestrained beam by the steady two-dimensional temperature
distributions just determined, can now belcairied out. The
thermoelasticity problems of the unrestrained beams, which' are. subjected
to the two—dlmen51onal temperature distributions in their cross-sectlonal
coordinates, can be reduced to ~two-dimensional problems in plane strain.
The analysis by finite elements is seperated into three stages.

1) Restrained Thermal Problem

A set of artificial restraints is  applied at the ends of the -

beams such that the stresses produced by the temperatures and by the
Testraints are obtalned as a plane strain solutlon. In addltlon, the -

resultant force and moment of these fictitious restraints acting at the

ends of the beam in order to maintain the state of plane strain, are determined.

2) Force Restraint (Nonthermal) Problem

The stresses and deformations, produced solely by the fictitious

resultant force applied at the ends in the previous problem, are computed



- 50 -

.3) Flexural Restraint (Nonthermal) i’roblem

The stresses and deformations resulting from the reéultant»
momenf prescribed at the ends in the restrained thermal problem
are calculated.

The three solutions are then superposed to yieid a solution
to the thermoelastic problem for the unrestrained beams. The formulation
of the problems and the application of the principle of superposition |
to the problem are based on the following assumptions. |

The beams are considered to be made of homogeneous, .isotropic
materials obeying Hooke's law. The concrete, howevez;, is a much different
material from that assumed. It is heterogeneous, anisotropic and
does not follow Hooke's law very far. For compressive stresses up.to
half the cylinder strength, the concrete behaves nearly in a linear elastic
manner, that is, stresses and strains lare closel& proportional. The above
simplifying assumptions are introduced with little error in the ana'lysis‘
of the unrestrained beams subjected to small temperature changes that
produce, in the concrete, compressive stfesses within the elastic range of
the stress-strain curve.

In the analysis, the concrete can sustain tensile forces that
do not cause the concrete to crack. It is assumed that no tension cracks
were formed since the tensile bending strength (modulus of rupture)
has not been exceeded. According to the ACT 435-201 (in keference 25),
the modulus of rupture ranges from 7.5 to 12 times the square root of
the compressive strength. For concretes of compressive strength of
4100 psi and 4300 psi, it is taken as 8 times, which is, 512 and

525 psi respectively. The slope of the stress-strain curve for tensile
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stresses up to half the ultimate value is very nearly the same as

that of the stress-strain curve for the same range of compressive

stress.

The finite element technique, which discretizes the structure
into a system of finite elements, can be modified to deal with the
tension cracks in the concrete whenever the& occur as shown by Ngo
and Scordelis (26). The cracks are introduced in the elements when their
principal stresses exceed the tensile strength. The tensile loads
are removed from the elements that can no longer sustain any load and
are redistribute& in adjacent elements.

Since the experimental investigation is confined to small
temperature changes and to small deformations, the products of the
small displacements derivatives and with small temperature changes
are negligible in comparison with thé quantities themselves in the
stress-strain relations and strain-displacement relations. For an
isdtropic homogeneous material that obeys the linéar elasticity theory,
the thermal stress-strain relations resulfing from this assumption are
expressed as follows:

1 o
-at = g (o, v(cy%ozll

£
X
1
ot = E(g - . 4.1
?y ot = F (qy V(°k+°z))
ez'- ot = %‘(oz - v(dx+qy))

where E is the elastic modulus

v is the Poisson's ratio

o 1is the coefficient of thermal expansion

t is the temperature change from the unstressed state
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The linearized strain-displacement relations, where u and v are
the displacement components in the x and y directions respectively,

are presented as

u
ex = %
€ = 91" ' 4.2
y ¥y | '
Ju v
- 2L o+ 9V
Yyy = 3y ©

The effect of the small displacements on the gedmetry
of the elements in the finite element idealization is negligible only
when the displacements are small as compared to the element size., The
sizes of the elemenﬁs can be assumed constant under this éction of thermal
loading. Such consideration has no serious effeﬁt on the element
stiffness matrix and on the element load vector which are derived on
the basis of the area of the element.

Based on the assumption that the stiffnesses of the elements
remain unaltered and that the beams act as a linear elastic structure,
the principle of superposition can be readily used to combine the three
separate solutions in order to yield a solution of the unrestrained
beam. If the behaviour of the beam is ﬁot in accordance with the
elastic theory, the problem can be treated in the step by step response
of the beam due to incremented loading conditions and thus, reducing the

problem to the solution of a series of linear problems.
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The nonthermalisolutions represent an approximate solutions.
The formulation of the nonthermal problems takes no account of the
detailed distribution of the end restraints but only of their resultant
force and moment. According to Saint-Venant's prinéiple, the approximate
nonthermal solutions of the beam whose length is large compared with
its cross-sectional dimensions can be considered satisfactory, except
in regions at the ends of the beam. These end regions are cxtended at
distances swaller than the maximum cress—sectionél dimension. Near the
ends, a large ;oncentration of shear forces will occur, especially at
the interfacé of steel and concrete in the composite steel-concrete
member. The ends of the beams will not remain plane in cruss secticn.

The temperature along the length of thé cﬁmposite steel-concrete
beam is not uniform as assumed in the heat corduction analysis.. There
will be variations in temperature gradients occurring in the vieinity
of shear comnectors 1} u 1.17 spaced at 4} inches and of transverse
reinforcing wires D4 spaced at 4} inches. This nonuniform temperature
variation along the length of the bean will produce stresses. In the
vicinity of the shear connectors, a cencentration of shear stresses will
occur and will increase in magaitude for shear commectors near the ends
of the beam. " This effect is not taken into account in the analysis.
Complete interaction bstween the steel and concrete is assumed.

The physical préperties of steel and concrete such as the
coefficient of thermal expansion and the modulus of elasticity which are
temperature dependent are considered to be constant within the small

O - ~oL A vy
temperature range of 32°F to 126°F. The influence of this temperature
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change on the broperties is negligible. For steel, according to
AISC (in Reference 19), the coefficient of eﬁpansion between room
temperature and 200°F is 6.5 X 107° in/in./°F. The modulus of
elasticity is close to 30 X 106 psi at room temperature. It decreases
linearly to 25 X 106 psi at 900°F. For the comcrete of same mix
proportion, Sarkar (13)has measured, at 84 days, the coefficient of
expansion of dry and ﬁet concrete between 52°F and 150%F to be 4.0 X 10-6
and 3.72 X 10"6 in./in./°F respectively. In addition, at 84 days the
dynamic modulus of elasticity frem 32°F to 150°F decreases from

4.4 % 10° to 4.2 % 10% psi for dry concrete and from 5.4 X 10° to

5.2 X 106 psi for wet concrete. In this calculation, to show the .
effect of variation in coefficient of expansion of the concrete on

6

the results, values of 5.5 X 107> and 4.5 X 10-6 in./in./oF were used.

Calculations were carried out with a modular ratio of 8.
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4.2 Restrained Thermal Problem

The thermal stresses and the resultants of the fictitious
restraints at the ends of the beams are obtained by means of the finite

element method

4.2.1 Piane Strain Formulation

The problem is reduced to a plame strain problem where the
displacement in the axial direction is prevented, that is, e, = 0

in Equation 4.1. The longitudinal normal stress becomes

o, = v(ox+-cy) - cEt 4.3

The stress components in the x and y directions are obtained from

_ _E@-v) [e +-L ¢] - B¢
X (1-2v) (1%v) x 1l-v 7y 1-2v

Q
1

4.4

o - Egl-v) [Ey + _gc e ] _ Eft

Y T @-2v) (1)

Similar to the plane stress problem, the plane strain problem
is solved for the normal st?esses 9, and oy. Once these stresses aremobtained,
the axial stress cz can be determined using Equation 4.3. The solution
of the two-dimensional problem can be obtained by means of energy principles

used in conjunction with the finite element technique

4.2.2 Minimun Potential Energy

This boundary-value problem can be expressed in a variational
formulation where the functiomal is called the total potential energy I.

The total potential energy is the elastic-strain energy U stored in the
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beam plus the potential energy V of the external loads acting on the beam.

I= U-V 4.5

The strain energy, stored in the beams of a unit length, is given by

U= % H{[g -(1#v)et] +[s - (+v)ar]i 2 =l -(l"‘v)ct]fe - (1)t T 2(1 v) v}dXdY
E(1-v)
where D= Ty (72w

It is convenient to separate the strain energy expression into two parts

such that

1-2v 4.6

1 2 2., 2 . 2; 2
- = e+ “p 224¥ .
vhere U =5 D JI[ex +ey R G sy) 3 (iv) ny] dx §y

mt U, s b0 ||l e e, +e)+2%—3)Lcat)21dXdy 4.7

The principle of potential energy states that T is stationary
for the compatible displacements which satisfy the equilibrium conditions.
That is, the first variation of the total potential enmergy is 8l = U =0
where the beam is free from external forces (V = 0). The minimization of I
can be expressed by sumning the differentiations, with respect to the
displacement components {3},of the total potential energies over the elements
that form the structure and then setting the results equal to zero

M. KX - {F} = 0 4.8
a{v}
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where K is designated as the stiffness matrix of the structure and
is determined when Uk is differentiated
X represents the unknown displacement vector,

F signifies the thermal load obtained from the differentiation of Uk

4.2.3 Derivation of Linear Strain Triangular Element

The linear temperature variation in the element for the

two-dimensional heat conduction yields a linear strain within the element.

Displacement Function

In the local coordinate system as shown in Figure 13, the
displacements u and v in the directions of ¢ and n respectively

are approximated by a quadratic polynomial

a

=
"

+ a.r+a_nta,rota_rrit
1 azl; a.,n a4l; aSCT\ a6n 4.9

2 2
- +
V= a, taglagnta; ;t- Fa,,Ln Fa,n

Taking the vertices and the mid-points displacements as generalized
coordinates, the displacement vectors in the local coordinate system
-0 o o .

L - 1
{V} = [ul v1 u, Vo eeeeee Ug v6] can be related to.the polynomia

. T
coefficients {A} = [al 2, Agieeedpy 1 by

u )
-} = [T 1 | | 4.10
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The transformation matrix T1 is non-singular as the determinant is only
zero when the area of the triangle is nonexistant.

The disélacements at any one point of the element in the
local coordinate system can be related to any other coordinate system by
means of well-known transformation formulas. The transformations
related to displacements are established by the laws of vector transformation.
jhe displacements u and v in the x and y directions respectively of the
global coordinate system are related to the displacements u and v in the

local system as follows:

u = u Cos® - v Sin ©

v = u Siné + v Cos ©

In matrix form

{U}.= [r] {u} 4.11
v

where R is referred to as the rotation matrix ‘

The assumed displacement fields in the individual elements
guarantee compatibility at the inter-element boundaries. The quadratic
variation of displacements along the interface is uniquel)f defined
by the three nodal displacements on that edge. Its first derivatives,

which are the strains according to Equation 4.2, are not continuous from

element to element.
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Element Stiffness Matrix

k

element stiffness matrix. The strain energy for an element of unit

The strain energy expression U, will be used to derive the

thickness can be expressed in terms of the displacements by means of

Equation 4.2.

592 + A2 (ﬁnﬁ;)z} drdn

1 -2 ,-2,2v .~
= = T
U = 5D Jj{uc vt in (u; " T4E)

k

where the subscripts denote the differentiation of local displacements
with respect to the local coordinates.

Substituting the displacement function 4.9 and carrying out
the integrations over the area of the element, the strain energy Uk

can be written in matrix form

D 1T
U, = 7 ) k] {a} 4.12

Substitution of Equation 4.10 into Equation 4.12 gives the strain

energy Uk in texms of the nodal displacements

U

D uy T pm2qT -17,U4
- 7 &) [T1] [x] [T1 ]{{,} 4.13

The differentiation of Uk with respect to the nodal displacements

16y,
v
yields the stiffness matrix KL of the element with respect to the local

coordinate system

K, = D [Til]T[k] [Tf] 4.14
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To assemble the stiffness of each element, the stiffness
matrix, based on the local coordinate system, is transformed by the
use of Equation 4.11 to the global coordinate system. The stiffness’

matrix for the element in the global coordinate system is

[x,] = [R]" [xJ[R] 415

The manual computation of the matrix k becomes more compli-
cated when higher degree of polynomials is used. The 12X12 matrix k
can be evaluated automatically within the computer program as shown by
Cowper, Lindberg, Kosko - and Olson (10). Rewriting Equation 4.9

in summation notation

6 -
1-1 = .L a. Kml nnl
=l 1 .
2
v - i, oa PLql
- i=7 "1
Differentiating
6
i i-1 , ni
U, = i§1 2.m, - n
and
6 6 e .
5.2 L .I a.amm [ETWT2 nitnj

Yr o= oif g1 HHMY

such that the integration over the area of the triangular element is

6 6
- 2 _ mi+m; -2 nitng. . .
jJ u; dzdn = i§1 j§1 aiajmimj flﬁ A n Cdn
A .
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The integration can be carried out by the use of the following integral

formula, known as the modified Euler's beta function.

Jl & dzdn = F(m,n)

n+1 ’ {am'*'l

mtl m! nt
- 27 (mtn+2)!

where a,b,c are the given dimensions of the triangular element

The coefficients in matrix k are given by

- kij = mimj F (mi-ijmj—z,ni-inj ) +qiqj F (pi-l-pj s qi+qj -2)

1-2v L
+ 300 [ninjF(mi-i-mJ. ,ni-l-nj-Z)+pJ..qu(p]...pj 2,qi+qj)]
1-2v 1-2v
+[2(l-v) P1 1 oo T P ]F(m P, lsn +q; -1)+ [2(1 ) . PJ 1 = 4% ]F(m +p -1,n:%q5-1)

Thermal Load Vector

The nodal force vector due to temperature is obtained from the
thermal strain energy Ut given in Equation 4.7. After introducing the
displacements into Uk by the linearized strain-displacement relations and

_discarding the products of the thermal strain since these quantities when

differentiated with respect to the nodal displacements vanish, the thermal

strain energy expression becomes

D 2 & ot @.+7 '
Ut = - _Z.HZ (l-v) at (uc+ Vn) dz dn 4.16
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Following generally the same procedure as for the element

stiffness, the thermal load vector of an element is given by
: T ro-1 -17 :
{F,} = D [RY" [1] 1 k] [T7°] {t} 4.17

Rewriting the linear temperature profile given in Equation 3.5 for the

triangular element

3 . e
t = .L. b, gNin’d
=1 73
such that 1+
- — - + e -
Ki5 = T a[miF(rj+mi Ls;*m,) qF(rs*p; 595 ¥s; 1l

Stress-Strain Relationship

When the problem has been solved for the nodal diéplacements,
the stresses within each element can be computed. From the obtained
displacements, the strains can be determinéd by means of the strain-
displacement relations and, from the strains, the stresses by means
of Hooke's law for the prescribed temperature distribution.

The. strain components, corresponding to the displacements assumed in

Equation 4.9, are

u 2 0o- 0 ©0 0 0 0 0}l
eg uc 0 1 0 z 0 ‘1
elo!% |=lo. o o0 0o o0 0o 1 0 & 2 %2
n n .
yoof [3#,| o 0o 10 T 01 0 2z n 0|,
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or

{&} - [Td]'{A}

These local strain components can be expressed in terms of the calculated

nodal displacements and have the form
(&) = [1,)0r] [R] 6 4.19

The strain components with reference to the local system are referred to

the global system as follows:

Cos20 Sin%0 -2 Cos® Sin 6 £,
- | sin% Cos’ 2 Cost Sin 8| (e 4.20
Cos® Sin & -Cos 8 Sin 6 Cos> 8-Sin28 o

It is evident from matrix Td that the strains in the elements
are a linear function of ¢ and n . Only the strains at the vertiées of
each triangle are of interest while the mid-nodes strains are discarded.

The stresses, at the vertices of each triangle, are obtained
from the constitutive relationship already given in Equation 4.4 for plane

strain. Rewriting in matrix form

. _ v |
cx 1 i~ 0 e 1
. EQY) v Bt 4m
5 rmTmam | Y % Y| T
i 1-2v- ‘
_‘l"xy_ . 0 0 Ty - LY Xy _0_

or {o} = [D] {e} + {e,}
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Stress-strain Relationship

The stress components at any point in the element can be

computed from

4) ! 1
X v 1
o, | =[s] | Eat 1 .
Y : T (1-2v) 4.25
u
4 0
L.YX)’- Vil L

where ,
B’-b X-a b-y X Y .X =y a-x ]
ab ab 1 ab zb 'l ab @b V1 zb @b 1
E : R
1_(¥-b, x-a b=y Xy X Dy, &x
l:—Si15™ % Y4 o &% o =1 3 1
1-v1 .
X~ , 3.t - .b; X -y a-X -
2T Yoo A ZX gy obY Xy Yo BX Gy DY o
o ab ab . . ab ab ab * ab
1o
and
v E
-4 E, = ——
v, =
1 1-v 1 l-vz

All three stress components at a common nede of adjacent
rectangles are incompatible. Each element yields a different stress
value at a common node. In the analysis, the stresses were automatically

averaged.
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The stresses for each individual element can be interpréted
from the nodal displacements in various ways. The stresses can be
computed at the node points by means of Equation 4.21. These stresses
at a common node of adjacent elements are incompatible. The stress
components at a node can be evaluated as an arithmetic average of the
stresses of the elements meeting at that node. An alternate solution
is to compute the stresses at the centroid of the element. This method
yields.only a unique value of the stress components. The advanﬁage is
in a system of elements varying in size. For a uniform mesh; the
procedure cpngisting in averaging the stresses may be more successful
due to the fact that the stresses at a node can be as accurate as at the
centroid. By taking an average the fossibility of haﬁing a stress value
extremely high or low is eliminated.

Another possible approach in determining the stress components
i; by applying finite difference operators. The strains at the nodes can be
obtained from the approximate expressioms for derivatives in terms of ‘differences
rather than from the assumed displacement funétion. The finite difference
approach may be the most accurate since the difference expressions can be
modified for higher precisions. The &rawback of this approacﬁ is that it
is not as flexible as the finite element technique when ﬁonuniform mesh
is encountered.

4.2.4 Linear Strain Rectangular Element

The derivation of the rectangular element properties follows the

same general procedure as that used for the triangular element.
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'Displacement Function

To obtain a linear strain variation within the rectangular
element shown in Figure 12. The displacements are taken to be bilinear

in the x and y directions.

=
n

+ax+ 4+ oaxy
87 X T A5 T g%y

4,22

- + a xt+ ta . xy
v oz agt agxt ay +agx

S 8

where the eight arbitrary coefficients can be found from the displacements
of fhe four corners of the rectangle.

The displacement functions ensure the compatibility of
displacements along a common boundary between adjacent elements. The
first derivatives of the displacements are discontinuous across the
common boundarics of adjacent elements.

Stiffness Matrix

The element stiffness matrix is readily given by

et

K1
K
4 ’ k14 6\
Z}:[
"I\S }\6 "1\2 N c
D ’ - » r &
[K]- = % %, XK % K 4.23

=12

o KK K oKy Kg |
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where

__— + 2(1-2v)a e _anat (1m2V)a o _a(1-2v)
R e R = IR L Ll sy
. _ LS . _ 1.5(0-4v) . - " 2a(1-2v)
kz = I Ke = S Kg = 2b/a - B5(1-v)
. 2b(1-2v) " 2b(1-2v} ., . b{1-2v)
- + - AP bt - ) 2. - S —————— - - ———t—r—
ks = 4a/b 2 (1) Kg = 2a/b 2 (1) Xg = 2a/b 2 (1)
wp - - . + b 1-2\)
K07 %t Ay

Thermal Load Vector

The thermal load vector for a linear temperature variation within

the element is given by

-2b -2b -=b -b

-2a -a -a -2a

2b 2b b b tl

_— D(L+v)a -a -2a ~2a -a t2 424
= 1.
€T 12(l-y) b b2 | |t -

a 2a 2 2a f4“

-b -b -2b -25

2a a 2 2a

The thermal load vector F, given in Equaticn 4.24 is restricted to a linear
. [
temperat:re variation which includes a uniform temperature change throughout

the element.
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472.5 Determination of Nodal Displacements

The thermoelastic froblém of the beams is a continuation
of the heat conduction problem. The same idealization of the cross-
sectional area of the composite steel—c&ncrete beam and of the T-béam
was employed. The problem was analyzed by using the linear strain
rectangular element. The numbering systems for these two sections
remain unchanged. The problem can be reanalyzed by means of the linear
strain triangular element which results from the division of rectangles.

The assembly of the elements follows generally the same
process as discussed in the heat transfer problem. The relation
between the thermal load vector and the nodal displacement vector are

given by matrix equation 4.8 which is
{F} = [K] (¥

Since the resulting structure stiffness matrix is symmetrically
and sparsely populated, it is sufficient.to store, in the computer
program, the upper sparse portion of the matrix. Once the boundary
conditions have been incorporated in the set of Equations 4.8, these
equations are solved for the nodal displacement'yectors by Cholesky's

square root method.

Boundary Conditions

In the assembled form, the structure stiffness matrix which
represents half of the cross-sectional area of the beams, is singular.
This implies that the idealized two-dimensional structure is not

restrained against rigid-body motion (two translations and one rotation).
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It is, therefore, necessary to apply constraints to the displacement
nodes in order to eliminate these rigid body modes. The matrix then
becomes non-singular.

If the beam, considered with its full cross-sectional area,
were to ckpand or contract, the horizontal disélacemcnts of the
particles would result in the direction away from the plane of symmetry,
vhich is, where the y-axis passes through. Along the y-axis, the
horizontal displacements are zero. In addition, the vertical expansion
or contraction of the section requires a relative or fixed position from
where the displacements woul& proceed. The fixed position, is chosen
at the origin of the X,y coordinate system in Figures 10 and 10a
and the vertical displaccment at that node is zero.

These boundary displacement conditions can be incorporated
in the resulting system of Equations 4.8 'in two different ways. In
the stiffness matrix K, the rows and columns corresponding to the
zero displacement components are omitted. The corresponding coefficients
in the load vectcr F are discarded as well. As a wosult, the dimensions
of the stiffness matrix are reduced by the number of displacement compo-
nents tc be eliminated.

The other possible approach consists of setting the
corresponding rows and columns cqual to zero and then assigning 2 unit-
value in the main diagonal. The corresponding coefficients in the

olved

vi

load vector are also set equal to zerc. When the problem is
s K o 37
for the nodal displacements, the zero displacements, prescribed at

. ! 1 v 3 -1 <
the nodes, appear as zero. This approach was used in the analysis
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since it is the most convenient from a programming viewpoint. The
first approach is advantageous when a large number of equations are
to be deleted. With the reduction of the size of the stiffness matrix,

a smaller memory core in the computer is required.

4.2.6 Calculation of Axial Stresses and Artificial Restraints

The axial thermal stresses, at any node in the idealized
beams with its ends completely restrained against axial deformation,

are given in Equation 4.3 which is

6, = v(cx+ cy) - aEt

The restraints, produced at the ends due to the restriction of axial
temperature displacements, are determined as the resultant force
and moment. The resultant force is the sum of the stress volume of

each individual elements
P-= j o dxdy 4.26
AZ ' -

The resultant moment is given by swmming the moments of the elements

about the centroid of the idealized cross-sectional area of the beam

] ¥ | 4.27
- jA 0,0, * ¥p) dxdy |

where Yy is the distance from the centroid of the section to the base
of the rectangular element and the centroid of the rectangular stress

volume, in which 015 0Oy, Oz, O, aTe the nodal stresses, is given by

2
) b(01+gé+ 203+ _04)

c 3(ol+02+ 03+ 04)

y
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For the right-angled triangle, the distance from the base
(which is, from nodes 1 to 2) to the centroid of the stress volume

is given by
+g.,+
) c(ol g, 203)
c 4(01+62+63]
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4,3 Force Restraint Problem

To find the stresses and strains produced by the force restrain£s~
in the thermal problem, a set of forces is applied on the end surfaces of
the beams. The resultant of these forces is equal and opposite to that
calculated in Equation 4.26. The solution givés.the stresses at a sufficient

distance from the ends. The results are superposed on the thermal solution.

4,3.1 Plane Strain Formulation

The axial resultant force applied on the end surfaces
of the beam is considered to produce a uniform longitudinal strain
throughout the depth according to the assumption thaf the plane
cross section remains plane after deformation. This defofmation
and the accompanying stresses are determined in the plane strain
formulation.

In the formulation of the problem, the beams are undergoing
én assumed uniform longitudinal strain EA' The resultant force,
required at the ends of the beams to prevent this strain €\ fo
prd;eed,,can ﬁe determined with the stresses and strains in the-pléne,f
strain solution. From this nonthermal solution, the stresses and
strains due to the resultant force appiied on the ends of the beanms
in the restrained thermal problem can be obtained.

Writing the stress-strain relationship in terms of the

uniform axial strain EA

1
- = - + gt
e, = § (o v(qy a,))
- Lo ' 4.28
Ey = I (cy v(ox +cz))
€ -g, = L {c! -v(o.75.))
z A T E z Xy
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‘The third equation of 4.28 is similar to the thermal
itress-strain Equations 4.1 with the exception that € A replaces at.
The analysis can now be carried out as a plane strain problem where

€, = 0 and the axial normal stress is given by

T _ + -
o, = v(ox cy) E;A . 4.29

The strains become

-
1-v v
& -VE, = TF (cry--—-—l_v x)
2
1-v v
% " VA T E Cy - 15 y)

4.3.2 Energy Expression

The formulation of this problem follows the general
procedure outlined in the thermal problem. - The strain energy stored

in an element can be expressed by

o

2 2, 2 1-2v_ 29 4 4
=2 3 ~ Rl vl O -ve, )+ dx &
U=.3 H [(ex ve,) +(sy ve ) 7o (e ve,) (ey ve,) 2 Ty ] ax dy

Considering the strain energy expression in two parts by writing it as

U =Uk+UA

where Uk is given in Equation 4.6

and r( a2
1 =2v + 2 2 N 4.30
U, =5D h[ v ©A (e, t sy) 15 & ] éx.dy .
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After minimizing and assembling the elements, the displacements can

be obtained from

[K] {x} - {F} = 0

The assumption that plane transverse sections remain plane is

retained. The axial strains throughout the section are equal to £y

4.3.2 TLateral Contractions Load

The load vector of an element is established from the
strain energy expression UA' Taking into account only the quantities
that contribute to the load vector, the strain energy expression

reduces to

D -2v
- — — + dx
UA -2 H 1-v E:A(Ex ey) dy

The load vector of d rectangular element is readily given

in matrix form

-a

' _D A | . 4.31
{Fp} = 12 1T b '

For triangular element

w3 = olRIT [T [ 1.32

"

\) .
. = — - +g. .5Q.-
where ki = 1oy €A [mil-‘(mi 1Ln,) *9;F(p;,q; 1)]
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4,3.3 Stresses

. , v ' v
- o [1 I o ] e, 1
o _ EQ-v) v 1 0 e | - __ELEA_. 1
y| AN ,f-v . y | - T -2v)
| 1-2v
Fxy S E °
--- 4.33

When the Poisson's ratio is constant throughout the section,
the strains ey and ey are equal to VE,. The stresses o, and Gy are
then reduced to zero and the axial normal stresses given in

Equation 4.29 become

vo_ o
o = ~Eg

Interaction effect between the different materials occur when
the beams are made of materials of different Poisson's Ratios. This
gives rise to stresses o and qy. These stresSes are concentrated in the A
vicinity of the two different materials.

The normal axial stresses are expressed in terms of €0
The uniform axial straip €y produced in the thermal problem if only
uniform longitudinal deformation is permitted, can be determined by
equating the axial resultant force of the nonthermal problem PA =j6; dx dy
to that computed in Equation 4.26. The substitutions of the calculated
uniform axial strain €, into the stress expressions give a solution for

A
the stresses in the beams due to the artificial resultant force

prescribed at the ends in the thermal problem.
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4.4 Tlexural Restraint Problem

This analysis is carried out in a similar mamner as the
force restraint problem. It is required to compute the longitudinal
stresses and strains solely due to the resultant bending moment

applied at the ends of the beam in the thermal problem.

4.4.1. Plane Strain Formulation

Complete restraint against bending is provided in the beams.
These bending restraints at the ends prevent the transverse sections
of the beam to rotate about the x-axis. This rotation is defined
by the bending strain &g times Y where Y is the distance from the

centroid of the section to the point at which the strain is considered.

The stress-strain relations in terms of the linear longitudinzl stxain is

- é. - Lt t
e = (ox v(cy o, }D)]
- .1'. - +g'!? 4,3
sy = 3 (0y v(oxTGZ )3 t.34
g - Y= l—(c"-v (0% ))
z BT~ E ‘Yz Xy

Treating the problem as one of planc strain wherc €, = 0, the longitudinal

bending strosses become

te

oz = V(Ox+ cy) - EEBY

e
[#3
[¥a}

The strains are

l—vz v
-ve - {
ex Ve T = E Y% - v c&?
r 1‘\)“ v
Ey “vep Y = E (cy Y ox)
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The strain energy ex?ression becomes
- p ff 2, 2.2V 1-2v 2

U=3 - (e - (g _~ - CYZ IRy

> h[(ax veBY). (ey veBY). ™ (ax ve BY) (ey veBY)+ 160 ,ny 1 ax dy
Separating the strain energy into two ﬁarts by rewriting it as

= U +
U= Uk UB

where Uk is given in Equation 4.6

and : 2
D [[r-2v 2v 2.2 4.36
- = A + 4+ LY
U= 3 ” [l-v e (g, ey) T g Y ] axdy

The minimization of the strain energy U for an assumed displacement
function yields a system of solvable linear equations written in

the following form

[x]{x}- {F} = 0

4.4.2 Lateral Contractions Load

The load vector of an element is obtained from the followirig

terms in Equation 4.36. Rewriting, the equation becomes

D]z + -
UB= 2” T eBY (sx ey) dx dy
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For rectangular element, the load vector in matrix form is

-2b%
-3ab
-2p2
-3ab
D wve 2
- . B 4b : : '
{FB} = IE—TT:G) + yb{FA} 4.37
: 3ab
-4p?
3a§l
and for the triangular element
: T r=1qT :
{F} = D[R] 7771 [k + ¥y (Fp} 4.38
where ve

=
]

B
— -1,n.+ 1)+
i 0% Ty MFm-Lngt 1T oiF(p;.q;)

4.4.3 Stresses

The stresses at any nodal points are given by

c 1 0 (S 1
X 1-v X VE €Y
6 | 2BV _ |V 1 0 ||e| -2l
y | - (Atv)(1-2v) |1-v . y (3+tv) (1-2v)
1-2v
,Txy 0 0 v ny - 0
~---- 4,39

The stresses are expressed in terms of €x and the resultant
moment applied at the end surfaces of the beam is given by the summation
about the x-axis of moments produced by the restraining stresses c;'

in each element

M, = J o!' (y, ty ) dxdy 4.40
A Z b ‘¢
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The strain €ps produced in the thermal problem if the

ends are free from bending restraints only, are determined by equating
the resultants in Equations 4.40 and 4.27. The value of € is
substituted into the stress expressions in order to give the restraining
stresses due to the bending restraints applied at the ends of the

beam in the thermal problem.

4.5 Solution for the Unrestrained Thermoelastic Beam

The solution of the thermoelastic problem for tﬁe beanms
having their ends free of external restraints is obtained by super-
posing on the solution of the restrained thermal problem the nonthermal
solutions of the beam subjected to the resultants of the end restraints.
According to Saint-Venant's principle, this is the solution at distances
from the end smaller tﬁan the maximum cross-sectional dimension.

The axial normal stresses in the unrestrained beams are

- *o) - -t -t 4.41
o, = v[ax oy) oEt o -9,

and the axial strains are

4.42

The final thermal stresses in the beams with free ends were

verified. The thermal stress systems are self-equilibrating.

AMNVIUCNT 2TV - -

i
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CHAPTER 5

DISCUSSION OF RESULTS

5.1 Temperature

The temperatures recorded by the thermocouples, when the
four distinct temperature conditions were imposed on the composite steel-
concrete beam, are presented with the temperatures obtained using the linear
temperature triangular element in Tables 1 to 3. Similarly, tables 4to6
exhibit the resulting temperatures that are pertaining to the reinforced
concrete T-beam, . From the finite element temperatures, a temperature
field for each of the four different conditions has been plotted in
Figures 14 to 21.

The finite element method provides a means to determine within
the beams the temperature ficld which is required to compute the temperature
stresses and strains. The finite element resuits can be comparzble with
those of experiment only when the surface conductance for the upper and lower
surfaces of the reinforced concrete slab and the vertical surface
conductance of the reinforced rectangular concrete beam are known to an
accuracy of x0.002 BTU/hr—ft-in—cF. These values as well as the conductivity
of concrete were calculated froin the experimental temperatures. However,
these properties fail to yield the desired accuracy. The finite element
temperatures were determined by adjusting the approximate values of the surface
conductance until the temperatures along the surfaces of the scctions coincide
with those in the experiment.

The systems of 1652 and 1097 equations vesulting from the
finite element idealization of the composite and T-beam respectively

were solved using Cholesky's square root methed in double precision.
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The correction method was not required as the equations were solved to
an accuracy of $0.00001°F. These systems of equations are ideal for
soi;ﬁng by Cholesky's method. The m;in diagonal coefficients are the
largest coefficients in its respective equations and only the sum of the
off diagonal coefficients is equal in magnitude to its main diagonal coefficient.
As shown in Figures 14 to 17, the temperature variation at
section . 1-1 is one-dimensional and experiences no effect of the two-dimensional
temperature variation produced in the vicinity of the center line by the
steel beam which behaves, according to the theory of heat conduction, as a
fin. The fin, as mentioned previously, increases the heat exchange between
.the surface of the slab and the ambient air. In other words, the variable
surface temperature of the slab will become, as approaching the steel beam,
increasingly cioser to the ambient air temperature to which the lower surface
of the slab is exposed. This effect is illustrated by the isotherms in
Figures 14, 15 and 17. The increasing mumber of isotherms in the vicinity
of the center line of the concrete slab indicates an increase in heat flow
through the thickness. This implies that the temperature differential
between the two surfaces of the slab is larger at the center line than at
" the edge (section 1-1). The temperature variation through the thickness of
the slab is linear except for the sections where the reinforcing bars are
embedded as indicated by the noticeable sharp variations in the isotherms.
It can be seen in the temperature variation across the width of the slab
that half of the slab would bend about the center line if the adjacent half
did not prevent it.
The material of high conductivity has a lower temperature
gradient as shown in the temperature profile at the center line. The stresses,

produced in the composite beam which.has a different temperature differentials
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in the steel beam and slab, are not as large as would be if the materials

had identical coefficients of expansion. The curvature of the concrete

I
1

slab having a greater temperature differential and a lower coefficient of

T L, L Fteg et e
i ot L B e e et et
! Y H ;

expansion can be equivalent to the curvature of the steel beam having a smaller
temperature differential and a higher coefficient of expansion. This type

of construction is ideal for this nonuniform temperature distribution as the

I

thermal stresses, induced by the unmatched curvatures whose difference is:
not as large, are lowered. Stresses are produced by the nonlinear temperature

in the steel beam as well.

i i il

A two-dimensional temperature variation, as shown in the

1

i
-
i

composite beam, does not reoccur in the identical reinforced slab of the
T-beam. The isotherms in Figures 18 to 21 are very near horizontal straight
lines. It can be concluded that the rate of heat flow through the depth at
any sections from section 1-1 to the section at the center line is identical
for the steady temperature field in Figures 18, 19 and 21. That is, the
.rectangular concrete beam of a low thermal conductivity does meither increase
or decrease the heat flow. The tempefature distribution in the T-beam can
be analyzed as a one-dimensional heat conduction problem. Figure 20 presents
the case where the rectangular concrete beam decreases the heat transfer in
the slab.

The uniform témperature across the width of the T-beam does
not tend to bend the half section about the center lime. Stresses will be
induced mostly from the different temperature differentials of the reinforced
concrete slab and of the reinforced concrete beam which, in addition, has a
nonlinear temperature variation. Examining the temperature profile at the center

line, no sharp temperature variations occur in the area where the reinforcing

?!III..
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wires D15 are embedded. In that region, the temperature profile is smooth
and the stresses will be caused by the difference in the coefficients of
exg;msion. A series of themocouple:as, placed at .10% and 23} inches from the
ends of the beams has ensured that the temperature is uniform along the
length of the beams except near the ends.

The tests, conducted on the composite beam subjected to forced
convection CS-7 and CS-9, were not successful as expected. The purpose
of the investigation was to apply a symmetric temperature variation about -
the center line. Having the upper surface cooled by a cross flow of air has
'produced ‘2 unsymmetric temperature distribution. A temperature difference
of 4°F was recorded on the upper surface at 10 3/8 inches from the center
line.. Such discrepancy was caused by the velocity drop of the blown air

across the width of the slab and by the obstruction of air flow in the

vicinity of the strain gauges.

Location of Embedded Thermocouples

Only the surface temperatures as well as the eubient air tempera-

tures registered by the thermocouples are given in Tables 1 to 6. Temperature

readings within the beam are not presented since the exact locations of these
thermocouples are unknown. It is extremely difficult to assure that the
embedded thermocouples at a specific location were not displaced during the
placing of concrete. These locations of the thermocouples could have been
measured accurately by simply cutting with a diamond saw the concrete beam at

the plane of thermocouple layout after the experimental investiggtion has

been completed.
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Comparison of Results Using Lumped and Consistent Convective Matrix

The difference, in using the lumped or comsistent convective
matrix on the results obtained from the fine mesh size given in Figures
10 and 10a, is  0.005°F. Because of such a fine mesh, both matrices
yield answers that are very close to the exact solution. The difference
between the two convective boundary representations may be seen in a

coarser mesh where the solutions are not as close to the exact one.

Comparison of Triangular and Rectangular Element Solution

The rectangular and triangular element idealizations yield
a difference of 0.005°F in the resulting temperatures. Again, an
assessment of the elements, based on such idealization, cannot be made.
The superiority of an element over the others is assessed in many ways.
The choice of using a particular element depends mainly on the.nature
of the problem.. In addition, it is desired to have an element that has a
high rate of convergence and, at the same time, yields a small number of

equations such that the computer storage is not exceeded.

Alternate Approach in Dealing with Surface Conductance

The procedure, in evaluating the vertical surface conductance
of the steel web in the steel beam 10 X 4 B15, is adequate as no adjustment
of the value was done. As for other surface conductances, these properties
are not needed as an alternate procedure can be used. The surface
temperatures measured with thermocouples can be plotted. From the plotted
curves, the temperature for each surface node in the finite element idealization

can be specified to the nodal points to determine the temperature field.
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5.2 Thermoelasticity Solution
General

The correspending experimental and finite element strains to
the temperature conditions imposed on the composite steel-concrete beam are
presented in Table 7. The strains in the reinforced concrete T-beam are
given in Table 8. The analytical strains were obtained using the linear
strain rectangular elements.

The reference temperature TR given in these.tables is a
uniform temperature of the beams prior to being subjected to the four
different temperature conditions. This is the temperature at whicﬁ tﬁe
beam is considered to be in the state of free thermal stress and strain.
Thermal deformations were measured and calculated in the beams that were
subjected to any change in femperature from the reference temperature TR.

In reality the reference temperature is the temperature at which the concrete
has hardened.

When the composite steel-concrete beam 1is subjected to the
temperature coaditions CS-14 and CS-15 and the reinforced concrete T-bean
to the temperature conditions T-8 and T-$, the temperatures in the beans
are below the true reference temperature. The steel znd concrete elements,
which are assumed to be isotropic, will deform in different amount. EIxamining
the contractions of the elements in the xy plane, the emvedded steel, in the
concrete such as the reinforcing wires and the top flange of the stecl bean,
will contract more than the surrounding concrete which has a lower coefficient

of expansion. Imn this respect, no forces in the x and y directions ave
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developed between the dissimilar materials and the o and the Uy, in
Equation 4.3, due to the interaction of the different materials, are zero

at the interface of steel and concrete elements. However, these stresses

Gx and Uy can still be induced in the concrete and in the steel by nonlinear
temperature distributions. Complete intereaction between the reinforcing rods
and the concrete in the z-direction docs not‘exist as slippage occurs.
Slippage may even occur between the top steel flange and the concrete despite
the interconnection by the shear comnectors. The finite element technique
fails to take into account this separation of steel and concrete and treats
the cooled bean problem in the similar manner as a heated beam problem in
which the displacements at the boundaries of concrete anﬁ steel elements are
compatible. This neglected effect in the finite element analysis of the

cooled beam problem deviates the results from the exact solution.

Effects of Heat on Strain Gauses

The calculations of the contraction or expansion of the 10

inch aluminium rods have introduced errors in the measured surface deformations.

- The aluminium rods, exposed to ambient air temperature, arc not undergoing

a uniform temperature aziong its length as considered. These rods are fixed

at one end to the beam surfaces by an aluminium m unting of very high thermal

conductivity 117 BTU/hr-ft-oF. Heat is transmitted through the mounting

to the aluminium rod which has a nonuniform temperature distribution along

its length. The interpretation of a uniform tcmperature distribution in the
.- . P c . oximately 12.8 in/in/°F

aluminium rods of high coefficient of expansion approximately 12.8 in/in

will introduce error in the experimental measurements. The measurcments,

recorded by the gauges that were covered with melting ice, are considercd
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to be more accurate since the aluminium rods are sﬁbjected to a2 uniform
temperature. In this investigation, it is desirable to have the rods made
of Invar and the mountings of low thermal conductivity material.

On Finite Element Method

The assembly of linear strain rectangular elements into a
representation of the composite section as shown in Figure 10 yields a
total of 3304 equations with a half band width of 26 columns. These
equations require a computer storage space of 410,000 bytes in single
precision. In the rectangular idealization of the T;beam as shown
in Figure 10a, the resulting structure stiffness matrix K, which is a
2154 by 44 matrix, requires a single precision storage capacity of 460,000 bytes
in the computer. In solving the system of equations using of Cholesky's
square root method, the coefficients of these equations were stored in
single preciéion and the arithmetic operations were performed in double
precision. The correction method, which is presented in Appendix A, was
repeated five times.

The numerous repetitions of the correction method gives an
indication of the accuracy of the results before the correction method has
been applied. This correction method causes. the results to converge to 2
certain degree of accuracy and then the results oscillate with no improvement
in accuracy as the correction method is repeated. However, the results are
sufficiently accurate to show the stress variation due to the various tempera-
ture conditions imposed on the beams. The results of the composite bean
problem are more accurate than those of the T-beam problem. In a matrix of

smaller band width, there are fewer arithmetic operations that produce

roundoff errors.
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There is a fallacy in the finite element idealization of the
composite section in Figure 10. At the node situated in the lower corner
of the top steel flange, the nodal Qertical displacement v of the steel.
element and that of the concrete element should be separated. When the
beam is subjected to a change in temperature, the particles on the
surface edges of steel flange and those adjacent in the copcréte displace
independently of each other. -To rectify this idealization, these nodal
displacements can be detached from their adjacent elements by simply
assigning the displacements to two nodes, one in the steel element and |
the other in the concrete element. The horizontal displacements u along
that boundary remain compatible. The error, introduced by disregarding
such effect, is negligible for such a fine mesh.

The solution, using linear strain triangular element in the
idealizations shown in Figures 10 and 102, was ﬁot obtained due to the
limited storage capacity of 512,000 bytes in the computer. The mumber
of equations resulting from the triangular idealizations is close to
twice the number of equations in the rectangular idealizatiohs. Even if the
computer could accomodate such a large number of equations in single .

precision, the solution, obtained using Cholesky's square root method, will

be meaningless due to the numerous roundoff errors.

Stresses énd Strains due to Temperature Differentials

The experimental longitudinal stresses were not determined
since the calculation of these stresses from the measured surface deformations
are not wholly correct for these beams. These experimental longitudinal
stresses would be related to only the applied temperature distribution

throughout the depth and the measured longitudinal strains. Thus, the
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stresses Sy and cy are neglected. It is for this reason that only the

experimental strains with those of the finite element method were presented.

Tables 9a to 12b present the longitudinal stresses as well as the
strains obtained using linear strain rectangular element. Tﬁese stresses and
strains were computed for beéms subjected to temperature differentials only
and not to the ﬁemperature changes from the reference temperature of the
beams prior to the tests. .These temperature differenfials were based on.the~
lowest nodal temperature in the cross section of the beams and the temperature
is dénoted in the tables by TL or TU, which it may be eithe: at the ldwer or
upper surface of the beams. In addition, the stresses and strains due to
a constant temperature change of 10°F in the beams are presented such that
the stresses or strains produced from a temperature change can be readil&
obtained by combining the stresses or strains due to the temperature
differentials with those given for uniform temperature change.

To show the effect of the stresses o, and Uy on the longitudinal
stresses, only the stresses, in the composite steel-concrete beam subjected
to a uniform temperature change of 10°F and having its ends completely '
Testrained against longitudinal expansion, will be discussed. At the edges
of the reinforced concrete slab, the oy and oy are equal to zero and the

longitudinal stresses 0, in Equation 4.3 are reduced to -acECt which is

- 206.25 psi. In the vicinity of the reinforcing steel, the wires, having

its expansion in the x and y directions partially restrained by the -

- i i i . compressive
surrounding concrete, experience compressive stresses O and cy The comp

stresses o_, in the steel, are jncreased while those in the surrounding
z

concrete are slightly relieved. Similar effect occurs in the vicinity of

the embedded steel flange. If the o, and Gy are neglected, the longitudinal
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stresses, in the steel flange, are -1950 psi. These compressive stresses o,

2long the interface are increased due to the compressive cx. At the centerline,

the stress ¢, on the upper surface of the steel flange is -2011 psi where

Poisson's ratio of concrete is 0.15. In the adjacent concrete, the

B Ly

tensile o, diminishes o, to - 195.9 psi and on the upper surface of the

reinforced concrete slab the compressive 9. increases g, to -211.7 psi.

f

The stresses Ux and cy, vhich were discussed, are produced

solely due to the difference in coefficients of expansion of the steel and

s g

concrete. These stresses can become more significant when the beams are

undergoing a nonuniform temperature distribution through its depth.

.

i

In the nonthexmal problems, the stresses Ux and oy that result

TTF

from the difference of Poisson's ratio of steel and comcrete, are small as

£
i
{
t

compared to those in the restrained thermal problem. The difference in Poisson's

3
:
:
;.
g

ratios has a similar effect as the difference in the coefficient of expansion.
The Poisson's ratio of concrete, which is smaller than the steel, partially
restrains the lateral deformation of steecl when the beams are subjected to
external load. Vhen the Equations 4.3, 4.28 and 4.35 are combined, the final
stresses o and Gy are slightly reduced from those in the restrained thermal

problem.

Effect of Differcnt Poisson's Ratio for Concrete

As the Poisson's ratio for concrete becomes closer to that of
steel, the interfércnce of lateral defbrmationé in the twb materials is
decrcased. If the Pcisson's ratio of concrete is 0.18 in the composite
steel-concrete beam which has its ends completely restrained and is subjected
to a uniform temperature change of 10°F, the longitudinal stresses at the

Y

center line are -208.3 psi on the upper concrete surface and -196.8 psi
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in the concrete at the interface of steel and concrete. The stress G, given

fbr.concrete having Poisson's ratio 0.15 are -211.7 and -195.9 psi. As the

Poisson's ratio is increased, the stresses cz become closer to e206,25 psi
which is the stress computed as GCECT. ‘This stress variation gives an

indication of the accuracy of the equation solver with the correction method.

It is the author's opinion that the system of equations is solved to an

accuracy of *1 psi for the stresses given in concrete.

vf.g';.-f;:;.‘; o ':f‘

The streses, given in Tables 10a, b and ¢ for the composite

beam which is subjected to different temperature differentials, follow a general

E

pattern as the Poisson's ratio for concrete is varied. For temperature

Sw e

differentials having negative gradients, the stresses at the upper surface of
the siab increase in teasion while at the lower surface of the slab the stresses
increase in compression. The stress patterh is feversed fqr positive temperature
gradients. No conclusion is drawn from the stress variations for different
Poisson's ratios of concrete in the T-beam since the results may be influenced
by the round-off errors committed when solving the system of finite element
equations.

It is difficult to reach a conclusion on the variation of the
resultant restraints acting on the beams of different Poisson's ratio. The
variation of Poisson's ratio affects the magnitude of o, and Oy The
longitudinal strains and the resultants forces are computed from the o, which
is a function of the transverse stresses. The ;esultants do vafy with different
Poisson's ratio. The variation of the resultants and the strains (as shown in
Tables 7, 8, 9 and 11) is too small to arrive at a conclusion that can be
mislead by the round-off errors in the resuits.

For the composite beam having the Poisson's ratio of concrete as

0.12, 0.15, and 0.18, the resultant axial force, which prevent a lengitudinal
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strain €p2 is given as 1976, 1977, and 1977 abEc;A respectively. The resultant -
bending restraints are computed as 22444, 22462, and 22480 abEceB.respectively.
The area and moment of inertia of the equivalent section is 1976ab and 22462ab.
For the T-beam, the restraining resultant force is 1156, 1156, and 1155 abEceA
respectively and the restraining resultant moment is 19807, 19788, and 19778
abEc;A respectively. The section has an equivalent area of 1155ab and moment

of inertia of 19761ab.

When the bdundary conditions were imposed on the half section, the
concrete slab was permitted to take on a anti¢lastic curvature resulting from
transverse strains as it occurs in a narrow beam. In bending, a thin wide blate“
retains a straight surface in cross section exéept at.the edge regions where
the plate curves slightly. .Because of thé straight surface across the width,
the stiffness of a slab in bending is greater than that of a narfow beamn.

The stiffness increases with an increase of Poisson's ratio for the slab.

Effect of Temperature Distribution on Stresses

The contours for the unrestrained longitudinal stresses which are

produced by the temperature differentials whose isotherms have been previously
presented, are given in Figures 22 to 31. These stress contours follow very
closely the patterns outlined by the isotherms.

In Figures 22 and 25, the stresses, as .predicted by the beam

theory, are distributed linearly through the depth of the steel beam that

undergoes uniform temperature change . For nonlinear temperature distributions,

the steel beam is stressed nonlinearly.

The temperature distributions, as shown, tend to produce a
greater flexural effect in the concrete slab than in the steel beam. With a

lower coefficient of expansion for concrete, the bending of the slab is reduced
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and the stresses as well, as indicated in Tables 9a to 10c. However, this
may not always be the case for bridges exposed to seasonal temperatures. The
steel beam, reacting to the sudden change in temperature more quickly than the
concrete, will undergo a larger temperature change and due to the larger

difference of the two coefficients of expansion, the stresses will increase.

Closure

The agreement between the experimental and analytical strains are
generally good considering the fact that comparatively short beams were built
for this investigation (i.e. 62 inches in léngth to a width of 35.4 inches in
the concrete slab). The resuits obtained in this analysis are for sections at

apprdximately 4 times the maximum cross-sectional dimension.
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CHAPTER 6
Conclu%ions

The work represents an attempt to predict with 2 reasonable degree
of éertainty how model concrete and composite bridges behave under various
steady temperature conditions. For given temperature boundary conditions, an
accurate two-dimensional temperature distribution over the cross section of a -
complex bridge can be determined using linear finite elements. In éddition,‘
it can be seen from the results that the finite element method can be used to
accurately determine the stress distribution in concrete and composite beams .

when subjected to various temperature conditionms.

From the stress distributions produced by the various temperature
distributions, the nonuniform temperatures and mainly the nonlinear temperatures
are most severe on the beanms. Results indicate that the stresses are not large
enough to overstress the concrete in compression.but they certainly can produce
tension cracks in concrete. The critical regions in the concrete of the
composite beam are shown to be in the vicinity of the embedded steel flange,
which are, at the interface of steel and concrete and at the upper surface of
the slab. Steel reinforc;ment should be provided within these regions in order
to prevent complete separation of the concrete when cracked. It is the steel
beam that exerts such-force on the concrete slab that can be stressed to a:
greater extent in cases where larger steel beams or girders are used.

In the reinforced concrete T-beam, high stress concentrations, 2s
shown, are iocalized at the center line such as, on the upper surface, at

approximately mid-depth of the section and in the vicinity of the reinforcing

wires D15 at the bottom.
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The stress pictures are magnified in prototypes. In the cases of-
thicker concrete slabs and beams, greater temperature differentials usually-
exist and larger stresses.as well.

The thermal effect can be detrimental when coupled with other forces
that were not considered in this investigation such as, creep under stress,
éhrinkage, dead loads, and live loads. The thermal stresses can be_ad&itive
numerically to dead and live loads stresses only for those problems that are

based on the assumption of linear elasticity.

Recommendations for Fuxrther Study

Solutions to larger systems of equations will enable the sections of
the beams to be idealized into systems of smaller elements. As the elements
become smaller, the accuracy of the results can be established. With this
large equation solver, a solution, for the idealization, presented in this
investigation, of a system of linear strain triangular elements, can be obtained.
The results of the triangular and rectangular element can be compared.

With the available storage capacity at the present time, the
composite section and the T-beam can be reanalyzed using constant strain
triangular element. From the obtained nodal displacements, the stresses can
be computed by difference operators as previously mentioned. In the
idealization of the T-beam, the number of equations would be half of the
number as that in the rectangular idealization due fo the numbering system
of the nodes.

In the case of the anticlastic curvature in the concrete slab
as previously discussed, the curvature can be restrained easily. Instead of

having the x-axis passing through the bottom of the beams, it can be directed

along the upper surface of the reinforced concrete slab. The vertical displace-
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ments along this axis are set equal to zero except near the edge of the slab.

This investigation of thermal effect can be extended to simple
span as well as continuous span bridges made of either ccmposite beams or
T-beams placed side by side to form a roadway.

Further research is required in order to predict transieat
temperatures which is the nost realistic temperature conditions to which the
bridges are exposed. Once these temperatures are determined, the deformations
and stressos can be computed by the method presented in this investigation
only if the effect of ;oupling between the displacements and tcemperatures is

disregarded.
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APPENDIX A

s

Solution to Symmetric Band Matrix by Cholesky's Square Root Method

The procedure for solving a system of N linear equations by

Cholesky's square root method is carried out in detail as given in numerical

textbooks (27 and 28). The set of linear equations is vepresented in matrix

form
X} {x}= {r} Al
vhere the symmetric and spsrse coefficient matrix K has a half band width of
NUBW. It is omnly necessarf to store the upper portion of the matrix in the
computer.program.
The matrix X can be transformed into the product of twe ﬁatrices
such that ,
= 21" - k2
where Eﬂ} is the upper triangular band watrix and [L]T is its transéose.
Details of this development, which is referred to as triangulari-

zation, are given as follcws

L, ,:Ila.l 1<} ¢RUBY
3P
-1, .
L, ,= - i, .
i,1 ng'l i -n,n-,l n<NUDW

A negative or zero value will occur within the square r00t function when the
matrix ¥ is said to be ill-conditioned. This implies that the structure is

unstable.

i.5 - L, .

R Li«n,n?l i-p,j+n i
L, .= n=1 1< <EUBK
1, L B<NURY

L,1

N
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Combining Equations A,l and A.2, the-system of equations to be

solved can be written as

L] 2] (x3= 5} A3

g~

Letting |L]{X}={x*} A.
such that Equation A.3 can be written as
] % = () A5
The unknown vector X~ can be obtained by forward substitutions, The vector X
can now.be solved in the system of Equations A.4 by backward substitutionms.
Details of both substitutions are outlined. The forward substitution

procédure is described as follows

X 1
! Ll,l
i1 )
F, -} L, ., X5 1<i
& 1, oy imm,n#l Tien
X, = - n<KURY
i L,
i1
The vector {X} is gemerated by the backward substitution
)(; .
X, =——
R R
x i-1
| B SRS e SR L
= — <NUBW
and Kiei 1 L e

N-i+l,1
Iin generai, Cholesky's method leads to an efficient and very fast
computer program for the solution of a large number of equatioms. Unfortunately,
for a large system of equations with a large band width, the arithmetic
operations becoﬁe aumerous and the round-off error may accumulate in such a
manner as to produce considerable error in the solutiomn. Ramstad(29) has.
discussed the rounding errors introduced in the triangularization. It is in

that stage that the major part of the rounding errors is produced.
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Improvement of Accuracy

1 . .
The results, denoted by X, can be easily verified by the
1 .'1. . X 1 " . o .
multiplication of K by X™ where, as given by Equation A.1, the product is equal
to F. Due to rounding errors committed when solving the system of equations,
the differences between the results of the multiplication and T are evaluated as
1, . =7 sl
{aF"} ={r}~[R]{x}
' The solution of the system of linear equations can be improved.
3 0 Al 1 o 1 . f 1
The error, produced in ecach cozfficient of the column matrix X to cause {AF },
is obtained as the solution of the system of equations.
- ) PR, §
K] {ax™} ={aF"}
od 4 ' Ciaelt e n 1.0 to © .
The calculated incremental vector {AX"} is then added to the previous
solution such that the corrected answers are
" el 1 1
{X7}={x"}+{8x7}
w2 cpsq s . -

The accuracy of X° can be verified in a similar manner as givem for
Xl. If the solution is not sufficiently accurate, the correction method can
be repeated until the desired accuracy has been achieved.

The accunulated round-off errors cam be reduced when the system of
linear equations is solved in double precision with the computer. The computer
storage for a double precision program is nearly twice the size as that for a
single precision program. The rumber of equations invelved in the problem end
the desired degree of accuracy of the sclution 1s controlled by the available
computer storage. In problems where the computer carnot store the required numbex

equations

[0

of equations in double precision but only in single precision, thes
can be solved with only the arithmetic operations executed in double precision.
This solution is not as accurate as the double precision solution. Thus, the

correction method is required to be repeated more frequently.
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FIG. 4 ELECTRIC HEATER MOUNTED ON CONCRETE SURFACE

exion frame which is enclosed by 2" styrofoam.

On top: nichrome strips on d

Bottom: strain guages and thermocouples on beam surface at mid-span.
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FIG. 13 - TRIANGULAR ELEMENT WITH SIX NODES
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~ TABLE 8 = EXPERIMENTAL AND FoEe STRAINS (IN/INX10<-6>) IN T-BEAM

FOR STELL BEAM, COEFFICIENT OF EXPANSION 6.5X<-6> AND POISSON'S RAIO 0430
COEFFICIENT OF EXPANSION 545<-6> , '

FOR CONCRETE,
AND POISSON' S RATIO (0.12 TO J.18)

! TR = 715 F Il TR = 71.5 I} TR=170F |
| T-117-2 17-3 |T-4 |1 T-5 1T-6 I7-7 |1 T-8.1 T-3 |
- | ] | | - | i | |=—esee]mme==]
UPPER SURFACE OF SLAB | | | | B! | I ! I i
FINITE ELEMENT ] ] | I I | i B | I
{971 100} 135] 155}1  83] 116l 1551} -175 1-193 |
EXPERIMENTAL VALUES | | | { I | | 1 | 1
AT Cele] 112] 98] 148] 15711 59] 88] 136]] -149 |-226 |
4 INe FROM Cele | 119] 1171 133 174]1 57| 81} 147]] -142 {-203 |
LEFT SIDE] 1021 123] 1291 14911 78} 104] 15111 -153 [-191 |
9.5 IN. FROM Celel 1291 105] 144} 15511 621 311 142f] -158 |-218 |
‘ LEFT SIDE] 1221 1151 1391 15211 711 98] 15911 -135 |-203 |
| -] |m=e=Jme=]] ===c]ococ]em==]] —==tc|mme-- {
: | ] | | i | I il i |
LOWER SURFACE OF SLAB | i ] | 1 ] | B l |
FINITE ELEMENT | | | | i 1 | il ] 1
| 112} 1191 1601 13811 671 951 13511 -183 |-169 |
EXPERIMENTAL VALUES | ] | ] 1 ! | R | |
4 IN. FROM Colo] 1311 130] 162] 1891 48] 641 9611 -173 j-151 |
LEFT SIDE| 1171 148] 147| 182}1 40l 721 1221l -154 1-165 1
9.5 IN., FROM C.L.] 1381 139] 157] 20811 541 &7l 129]] -166 =147 |
LEFT SIDE| 129] 128] 1421 13541 431 75| 113|| -180 1-158 |
- -- Ry P P Rt | e |=-—-i1 | |
! | | I B | ] 11 l I
4 IN, FROM UPPER SLASB | ] | ] 11 | | B | |
FINITE EL EMENT | | | | R | | 11 ] |
| 121] 130] 176l 21811 571 891 11711 -196 1-154 |
EXPERIMENTAL VALUES | ! | I H I 1 i l I
RIGHT SIDEl 147} 1591 173] 22011 29l 421 6811 -181 |-145 |
LEFT SIDE| 1421 154| 160] 20911 38l 57f 84]] -201 |-134 |
----------- ] l | | || ====]-===]----11 ] |
| I | | i 1 | 11 | I
11,375 INe FRCM TOP | l | ] I} | | il | |
FINITE ELEMENT ! | | | I | ! I | |
| 1581 1771 2421 3231} 16} 25: 42;} -228 ; -92 :
EXPERIMENTAL VALUES | | | I
- RIGHT SIDE; 191} 202 2231 29011 -101 6l 2411 =223 |-117 |
LEFT SIDE] 178] 193] 2371 277i] 5] 14| 31}] -208 |-105 |

e i e A Mt

czzeans




TABLE QA - F.E, STRAINS (IN/INX10<=-6>) DUE TO TEMPERATURE DIFFERENTIAL
LOWEST TEMPERATURE ON UPPER SURFACE IN COMPOSITE SECTION

| UPPER SURFACE | LOWER SURFACE | 3.875 ABOVE NA| 3.875 BELOW NA
| 545<=6D1 & 5<=6>15 4 5¢=6>] 44 5<=6>] 54 5<=6>] 4o 5<=6>154.5¢=6>] s 5~ 6>
CS-(10 F) | | - | | R
v=,12] 55,42] 45486 | 57467] 50,45 | 58.45] 52,04 | 654621 56470 |
V=e15] 554401 45483 | 57.75] 50453 | 58457| 52416 | ~66405] 67,18 |
v=.1a: 55.39: 45.82-:» 57.84;-50.61 | 58.57) 52427 | 66431 67:54°]
Y VPV [P [ — R P e e bl

S -1
TU=100.44 F |
- ! 1 RN g g S | —oeses fommmn |
€S - 2
TU=100.44 F

v =12} 9.61] Te23 | 24432]. 22444 | 29.41] 27.71 | 7644176432

v =, 15} 9.601 7,21 | 244471 22458 | 294621 27.93.1 77413177.00 -

v =,18] 9.571 7.18 | 24456] 22,67 1 29.76] 28,03 | 77.661 77451
I

- u [ P e e e | -==mmn

cS - 3
TU=107.34 F
v =,15]  132.¢3] | 37.30] | 454551 | 121,051 - |
v 5,181 13,591 | 237.44] | 45.71] | 121.93] [
--- | =1 | | | == | J— |
cS - 4
: TU= 97.33 F
- v=,12] 13.93| | 364831 | 4%455] | 118.031 !
. v =,15] 13.92] | 37.06] ! 44,96 ] 119.14] |
- v =,18] 13.88] | 37,211 | 45429] | 119.84] - i
N - ! 1 ! ! [ ===l ! | 1
® S -5
; TU= 94,96 F
i v=,12]  14,28) | 37.71] | 45.841] | 120,711 |
: v 2,151  14.27] 1 37.95] | 46.16] | 121.84] i
f v =, 18]  14.23] | 328.101 | 464381 ] 122.67] ]
. -1 - f=mmmem R |==-mm- | ——-—-- |- | —mmmmef =emmmm
i cS - 6
TU= 94466 F
- v =.12| 13,54} 1 364761 | 44.671 1 117.601 |
N v =.15] 13.92] | 36,991 | 44493 | 118.771 I
I v=,18] 13.88] | 27.14] | 45420 | 119.521 |
f: ] | e | = |===--- | === |e=———- | ===——- |- ]
K S - 7
& TU= 82.18 F
. v =.15] 11.04] | 40,801 | 51.071 | 1464291 |
B v=,18]  10.99| | 40,571 | 51.36] | 147.161 !
| ! P N P |-mmmmn | ---—-- e !
l% S - ¢
i TU= ©7.02 F
B % =.12(|32 164891 | 47.73] | 584421 | 156.96] |
|- v = 15] 16.87] | 484031 | 53.83] | 158.381 |
T v =.18] 16482 | 48.22] | 5910! ] 1594441 i
:%; --------- | ~—mem ] | e | —————- [ Bt i Manintntd i |
.E' €S - ©
TU= . 3 :
= g =?§z? 13.471 | 48,71l | 62428 | | 178.09] 1
v =.15] 12,45 1 506041 I 62,72 | | 1794631 2
v =,181 134401 1 50.24] ] 63.02 | | 180,761

O

R i et

Fre TR EE




TABLE 98 - FeEe STRAINS (IN/INX10<-6>) DUE TO TEMPERUTURE DIFFERENTIAL
LOWEST TEMPERATURE AT LOWER SURFACE IN COMPQSITE SECTION

| UPPER SURFACE { LOWER SURFACZ | 3.875 ABOVE NA| 3.875 BELON NA
’ 505('6)'4d5<‘6>‘5.5<’6>l4.5(‘6)]5.5(‘6)‘405(’6>|5.5<'6>’4.5<’6> :

I
I
|
l

—— g e

49,38}
49433
49,34)

554261 45494
55,201 4690
55421] 46490

-1,08}
-1.22|
-1,31}
------ |

e s e Gans
— g N

l ‘1039‘- 0.38
| <1.55§ O
l '1067]
! |-mm--

(=4
[

W
=t

77571
77481
77481

-ZOZZl
'2043'
-2.27]

107.731
107.61|
127.62]

1 =2.721
l '3004'
’ ‘3025‘
|

e |

(IN/INX10<=-6>) DUE T0 TEMPERUTJRE DIFFERENTIAL

cs- 10
Ti= 83,00 F

v =012' 70065' ' 54.85'

v =,15} 70.63] | 54811

v =0181 70068, ’ 54082]

| | 1 | -
cs- 11
TL= 84,71 F

V=2,12]  7S.14] 66456 | 6le4l] 51499

v =,15] 79.12] 66453 | 624361 51.55

v =,18] 79.18] 66455 | 61437] 51496
--------- 1 1 | —mmem | e e
€S- 12

TL= 83.53 F

v 30121 111020‘ I ’86023'

vV =,15] 111.17| | 86415}

v =018| 111025'. I 86018‘
S p— P Y
€S- 13

TL=82, 67 F

v =0121 154027' , 119.71]

v =,15] 154.241 | 119,61}

v =018' 154034] I 119065]
S R

TABLE 9C - FeEe STRAINS

] UPPER SURFACE | LCWER SURFACE | 3.

i 5.5<—6>]4.5<—6>|5.5(-6>I4.5<-6>15.5

€S- 14
TL= 32,68 F
v =,12] 28,401 23455
v =0151 28041] 23456
v =,18] 28.48] 23461
R
CS- 15
TU= 32.66 F
v =,121 10468] 6459
v =,15] 10,671 6457
v =,18] 10,611 6451

] !_.-_-_

COOLED COMPOSITE SECTION

— sy St

20.491 17.01
20.34] 16487
20.28] 16. 82

————— o ———-

48,07 | 44482
48,40 | 45012
48,61-] 45.31

———— | m——

I
I
I
1

17.751 1473
17541 14456
17.43)] 1l4.47

58.07
58443
61. 78| 58476

875 ABGVE NA| 3.875 BELOW NA
C=6>1 4o 5¢=6> |545C=6> |44 5<=5>

l -70511 '6.19
l -8.25l '6080
] ‘8.791 '7024

| ------ |----=-

| 180.521180.23 |
| 1824351181467 |
| 183.191182.75 |

|




i

Hl

1h

| | | i

TABLE 10A -F.E. STRESSES (PSI) FROM TEMPERATURE DIFFERENTIAL -COMPOSITE BEAM @é
| 5

| SECTION 1-1 | SECTION 2-2 AL CENTER LINE | i

| UPPER|LOWER | UPPER] 1-BAR]2~BAR|LOWER | UPPER}INT-C]INT-S|LOWER i

CS-11¢ F) -1 ! [ | l [ [ $-—- | £

V=,15]| 1e51 1042 | 2.3] -302]1 -26S] 13,2 =-3.91 19.71-286.1 67 |
v =,18] le€] 10.6 | 6e4] =291 =267 9.2 -0.4] 19.11-295.] 53 |
I

----- D ] ey P R B

ki

|
|
V:.IZ‘ 1.6] 10.0 l -0041 -319I ‘270] 16.3' '7.8' 1908'-268.] 84 l
I
!
1

-— COEFe EXPe=4e5K-6>

v=012| 302' 2044 I 106] -607’ ‘525' 28,1
V=,15] 3.11 2047 | €.01 -589] -525] 24,9
V=, 18] 3.1] 21.C | SeT1 =5781 =523| 22.0
[ gy R | —oee] —=—mf
cs - 1

TU= 100 "‘4 F - CDEF. EXP.=5.5<-6>

-849] 33.61-52441152 | |

Jemmmm |=memmt=m= |

——— D ey, somaen

- =

R 7 BT RS

V=,12] 32,11 =82 | 17.6| 65| -128] -5.8 | 211 -29.31-434,]237
V=,15] 32.31 -8.0 | 23.0| 70] ~-1291-10.6 | Ee41-31.0]-461, 1218
\):. 18] 32.‘9] ‘709 ‘ 27.8' 73' -1301-1502 ’ 14.4‘ -33001“47701205 :

l e B B B R P Gt

s -2
TU=100.44 F == COEF, EXP¢=5,5¢=6>

e

i

-8e1]-4045}-590.1319
0.11-42.71-625. 1294
78] =4545]-645.1277

——— el S Sadetey

| 16491 69] -133] 0.1
| 22,71 761 -135] -6.1

V:.IZ' 36.8’ -1,
V:.]_S] 3701‘ -0
v=, 18, 37031 -0

[0 RN Mo }
5T s s

Etant=

-= COEF, EXPe=4e 54-6>

~12.1]-20.8]-668.1321
"4. 8 l-21.9 1-702. 1297
2.11-23.61-721.1280

I e

\):.12' 27.7] 8.7 ‘ 1006' ‘66] ‘1091 11,1
V=,15] 27,91 9.0 | 17.1] -401 -2011 5.4
V=, 18] 28.01 Se1 | 22.8] =26 -202] -0.0
!

el It

—— oy v
— a—

__--..-_-_] ——— l —————
€S -~ 2
TU=107,34 F - COEF. EXDO=5.S<-6>

-1706| "62.9"910.!495
~5,0]-6642 |-963. 1456
6.8] =70.51-99441430

e A

| 22.31 101] -1781 5.3
1 22.8] 112] -181] -4.2
1 42.21 118] -182(-13.2

— A iy
ama — ——

€S - 4
TU= 97.23 F —-- COEF, EXPo=5.5¢-6>

_ i n s aiieneheemsdiias s e L Sdid e 2 B A

e Y AT S e T S A e

! H . EER ! i !
{ ) -

1

-14.,8]-61.91-899.1489
-2.3]-65421-952, | 451
Q5] 69451 -982. 1424

v=, 12} 53.4] 1
\J:.]_Sl 53.8' 1.
v=, 18] 54.1] 1

I 34.2] 115] -1891 -6.2
8

— .y —
———e T —

- % | s —---—l’--:‘ ----- | —===] ====]===-- ——— | t-—- ‘
TR Cs- 5
: E 1'.U:‘ 9“.?6 F - COEF. Expo=505<"6>
E e 12 4, 05 2402] 105] -217] -3,2 ! —15.5]-63o4’—92001500 l ;
E VTil8l tees] 2.1 | 46.s] 123] -196(-15.6 1 9.31-71.2]-10071634 1
- g S -1 U"-l -] ————] =] ====]==m-- | === |~ |t | ‘;




CONT D TABLE 10A

s =6
TU= 94,66 F -- COEFs EXPe=5.5<-6>

-13,31-61.61-895, 1488 |
“0+8] =64¢9| 94841450 |
11,0]-6%9.21-979. 1423 |

| —-=l t 1

Dsiube buvebbaiirieitd | da Sa ke Lidas etk P b

v=e12] 53.41 0.2 1 24441 107] -1881 2.7
v=e15] 53.8] 0.7 ! 34.8] 118} =191| =6.7
V=018| 5401] 0.8 ‘ 44.2' 1241 '192"15.8
SRS B | —mmm] el
€s - 7
TU= 82.18 F -- COEFe EXPe=5.5<-6>

~22.61-72421-10251579
'304]’7601"1085!535
501]'8101"1119‘504

| ! t+

v=.12] 42.61 16,2 | 17.2] 127 -106] 21.8

v=e15] 42.9] 1648 | 2S.0] 1391 =109 11.2

=.18] 43.2] 17.0 1 39.4] 146l -111] 1.2
1 | === !

_____

ot el cotnn
D i, D s,

--] --] -
s - 8
TU= 97.02 F  —- COFF. EXPe=5¢5<-6>
-2%,01-81.81-1179] 644
~8.8]1-86,11-1248]594
£e5]-91.71-1287 1560
1

‘ --l i3 .

1 27.01 131] -212] 10.0
1 40.5] 1451 -2151 -2.2
l 52.6‘ 153] ‘217"1307
1

PO T Y
— s S s

(s -9
TU= 82453 F - CCEF. EXP.=5.5<‘6>

-23,01~87.31-12441705

v=.12] 52.01 17.3 1 22.3] 161] -135] 25.6 ]
-5.91-92.2]-1318]650 |
1
!

v=elt 52.4] 18.1 | 326481 1771 -139] 12.5
V=018| 52.7‘ 18-3 ‘ 49.71 185! -1411 002

| —mem] —=—=l-=m-

10.81-98.31-13611613

B s e

At s b oot

- | ——--- |----- | ——-—




1t

YRR
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. R . . . v
s St s b ol il =
e —

== cs- 12

TABLE 10B ~Fe.E, STRESSES (PSI) FROM TEMPERATURE DIFFERENTIAL -CCMPOSITE BEAM

e

Rl

| SECTION 1-1 | SECTION 2-2 1 AT CENTER LINE |
| UPPER] LOWER | UPPER|1-BAR|2-BARJLOWER | UPPERJINT-C|INT-S|LOWER |
e iy el Dok P PASRY PRS BNY |
£s- 10 -
TL= 83.00 F -~ COEF, EXPe=545<=6>
v=,12] =33,31-12.6 | -2.4] =445} -352] 7.4 | 3l.1} 83,51 378' =275 |
V=415] =33,61-12.6 1 =5.3} -445] -345] 9.4 | 27.9] 85.6| 389} -272 ]
V=o18] =33,71-12¢2 | -Te3] -443] -338] 11.4 | 24.7| 87.71 3971 -271 |
; ! R R R PR PO [mmmmm fmmmn ] 1
€S- 11 '
TL= 84,71 F -- COEF. E XPe =54 5<—-6>
V=¢12] =37.9]1-12,1 | -5.4] =509} -394] 8.9 | 32.6) 93.8] 427] -315 |
V=415] -38¢3{-12,0 | =-7.7] -508] -385] 11.2 | 28,91 35.21 4401 -310 .|
v=018l '38.4'-1106 ' '1001] -506‘ '378] 13.7 1 2502' 98.6' 449' -310 l
--1 | | 1 | ] -} == | ]
-- (CQEF, EXPe= 4, 546>
v=412] -2442] 3.2 | 3,4] -876] =T12] 16.0 1 30.5] 87.8] 1091 -211 |
v=415] =24.61 -3.2 | ze6] -875] -706] 17.8 | 27.6] 90.61 115] -210 |
v, 181 24481 -3.0 | 1.5] =872] -700] 19.6 | 24461 93,5] 121] -211 |
——————e-- | === |==—- | === jemmm= | | ] j=—==-1 | |
TL= 82,53 F -= C(DEF, EXPe=5.5<-6>
V=412 =54,21-14,7 | -9.5| -7271 -554] 12,2 | 432.5]132.5] 606] -451 |
V=, 15] ~5447]-1446 | =-12.81 -726] -5411 1646 1 38.2]1135.9] 625] -444 |
v=¢18] =-54,9]-14,1 | -16.2] -723] -530] 20.2 | 32.81129.4] 639] -443 |
R R P PR — |=2ele frmmmm [=mmm !
Cs- 13
TL=82.67 F  -- COEF. EXP.=5,5¢-6>
- -613 |
v=,12] -71.11-23.1 | -10.8] -998] -781] 15.6 | 6le6]1182.,0] 821] -61
v=415] =71.81-232.0 | -15.11 -9¢7] -764] 20.2 | 54,5[186.61 8471 -605 |
V=,18] -72.01-22.3 | ~19.,8] -992] -749] 24.9 ] 47.3|191.4; 865: -604 }
----- | | ] - | =]

NI A IR

LR

EaLE

NaTen S IIEAIL




TABLE 10C -FeE. STRESSES (PSI) FRCM TEMPERATURE DIFFERENTTAL -COMPOSITE BEAM

—t Vit otrnd st

| SECTION 1-1 | SECTION 2-2
| UPPER|LOWER | UPPER|1-BAR|2-BAR{LIWER |
| -] i | | ===
cS- 14
TL= 32.68 F == CCEFs EXPo=5.5¢<-6>
AV .12' ‘94.01 ?8.6 l -7701| ’531' 137‘ 7106
V=e15] =94,61 7845 | -84.8] -554| 165] 78.9
V=e1l8] =95.0] 79,0 | -92,2] -569] 182} 86.4
———m————— | ==——- |- jom——— joe——-
~= COFFe EXPe=4,5¢=6>
V=e12] =75.7] 65.2 | -61,0] -682] 31] 59.7
V=0151 ‘76.2' 65.1 ] '6701‘ ’704‘ 51] 65,8
V=e18] =7645] 6545 | =72.61 =716} 65| 72.0
-=1 = |e——— ] - | ]
€S- 15
TUz 32,66 F == COEFe EXP4=5,5<-6>
v=e12] 41.71 -8,0 1 26091 1561 -176] 1342
v=e15] 42.1] -7.3 1 41,51 172] -180] -T7. 4
v=e18] 42.5] =T.1 | 54,7] 180] -182]-12.6
----- |———= | === -1 |
- CEEFQ EXP.=4.5<‘6>
=.12] 26.0] 14.1 1 12.2] -85] -291] 343
Vv=e15] 2644 1448 | 164,01 =-31] -295] 22.1
v=e18] 2671 15.0 | 38.21] 58] -297] 10.6

—mmmmmme]

i B B P

— — ey

R e

AT CENTER LINE
UPPER|INT-C | INT-S|LOWER

-73.2] 77.8]1 6021 -384

-82,7] 8l.2] 643] -364

’91.8' 8500' 669! ‘355
1 | |

-58,6] 64,51 493] -317
-664,5] 67.4] 498] -301
-74,0] 70.5] 5011 -293

T B

18.3] -51.5] -853] 686

26,11-56.7] -929] 634

53.,2]-63.2] -972] 597
] ] ]

1.21-17.41 -985| 689
17.21-20.6]-1058] 634
32.41-25.01-11001 597



TABLE 11A -F.Ees STRAINS (IN/INXlO(—é)) DUE TO TEMPSRATURE DIFFERENTIAL T-BEAM
. LOWER SURFACE HEATED -- CONCRETE COEFFICIENT OF EX?ANSION 545X10<-6>

EEER et ]

| UPPER SURFACE | LOWER SLAB | & FRCM TOP | 114375 FIRM TIP

‘ T - (10 F) | | | | f
| T B N B B
S T -1 ;
B Tu= 88.18 F ;
% v=,121 5,81 [ 18445 | 26403 l 58425 |
S - V=15 5.85 |  18e44 | 25,99 1 5800 |
4 o v=,181 5. 83 | 18443 | 25499 i 58412 i
- e T R | =ma-- | - |
S| | T-2
‘ i Tu= 88.48 F
<k v=,15] .67 | 23.80 | 3347 | 7543 1 .
-1 v=,181 7.65 | 23,79 | 33,47 | 74452 | |
{ 3 m————- | —————— | = | == | === | 3
¥ j T -3 .

il TU= 94413 F '
i t’— ?
. il v=,121 11.23 | 34,18 | 47.95 | 1064477 | i
R - v=,15] 11.30 I 34,16 { 47.88 | 106.16 | |
SR v=.181] 11.27 | 36.15 l 47.88 | 106.21 | :
4 el T | —--—-- | omm——— ] - bl
T -4
TU= 98.88 F
‘ v=,12 15,00 | 44487 { 62,79 | 138437 l
v=.i5|l 15.10 | 44y 85 { 62.69 | 138455 |
_____ v=.18} 15.06 | 44483 | 62469 | 138462 |




TABLE 11B -FoE.

M R ' A ‘.
B o R I :
il i e e i ] ke r e A Al
e e A - e e A
. 8

STRAINS (IN/INX10<-6>)
UPPER SURFACE HEATED & COOLED BEAM :
CONCRETE COEFFIENT OF EXPANSION 5.5X10<-6>

| UPPER SURFACE |

LOWER SLAB |

4 FRCM TOP |

DUE 70 TEMPERATURE DIFFERENTIAL T-BEAM

11,375 FORM TOP

B e i e U S e S et KR T AT M NS SIS
H ' H ) . B
i1 : . : i t '

7T-5
TL= 73.64 F
v=o1zl 72,682 | 65012 | 45.16 | 2,79 |
v=,15] 71,75 | 65,14 | 44.88 | 2.81 I
v=,18] 71.32 | 66e46 | 45,16 | 3,40 |
——————— i A B e
T -¢
TL= 74066 F
v=,12] <8430 | 75,23 1 6l.63 | 3,83 |
v=,15| 97,92 | 75.25 | 6l.6s | 2,87 |
V=.18] 97931 ‘ 75025 l 01.64 ' 3.82 I
--------- T e L
T -7
TL= 77.%4 F
v=,12] 131,53 | 101.25 | 83.08 | 5,87 |
v=, 151 121,55 | 101.28 | 83,12 | 5,93 |
v=,18] 131,55 | 101.27 1 83.05 | 5,85 |
| T -8
i TL= 22,5 F
H I
B v=e12] 57.81 | 20448 1 16,08 | -2.61 |
L V=15 | 27,77 | 2048 | 1611 1 =2e47 |
v=,18] 37,80 | 20448 | 18,09 | =2.56 |
--------- SO et P
T-3g
TU= 320 S
= 11,456 403,97 | 58 048 | 132,93 |
3=:i§; iioés : 46,95 | 58,58 | 133.5% |
V=.18] 11,51 | 40,93 | 58.5¢ | 133,60 _1




TABLE 12A -F+E. STRESSES (PST) FROM TEMPERATURE DIFFERENTIAL IN T-BEAM
LOWER SURFACE HEATED -- CONCRETE COEFFICIENT OF EXPANSION 5.5X10<-6>

| SECTICN 1-1 ] SECTION 2-2 ] AT CENTER LINE |
| UPPER|LOWER | UPPER|1-BAR|2-BAR|LOWER | UPPER]1-BAR]2-BARILIWER |
3. | -1 [=oemem |=emm=] ! | m=———1] | | !
i T - {10 F) ! ! ] | I J ] ! ] |
- V=, 12] =2.C1 3.2 | -0.8] =370] =3471 4.9 | =2.3] -191] -165] 31.5 |
iR V=.15] =1.8] 3e2 | =-Zo71 =371l =3411 7.2 | -4.4] -1921 -167]1 38.6 |
, \):.18] "108' 3.2 I -1051 -362‘ "338! 6e3 l "302] '188' ‘165' 36 6 l
51 R el Bl | ] | ! | | | !
: . _ T - 1_
E TU= 88,18 F
iR v=,12] 22.5] -8.2 | 16.11 53] -145] -8.0 | 13.6] -1371 651 6349 1
Bl . v=a15] 22.9] -8.5 | 12.2] 511 -140] -4.0 1 9.9 -1401 651 73.5 |
3 v=,18| 23.0] -8,8 | 1461 541 -1411 =642 | 12411 -135} 651 70.2 !
k| | --1 | | T B i Rl ettt |
i T - 2
A8 TU= 88448 F
El v=.12] 20.51-12.5 | 22.0] 741 -192]-11.3 | 19.91 -199] 84] 82.1 |
3 v=,15] 30.0[-12.8 | 17,01 71| -184] -6.2 | 15,1} -178] 831 9445 |
3| v=,18] 30.21-13.2 | 20.1] 751 -186] -9.2 | 18,01 -172] 841 90.3 |
iy ~—-=-—=—=] -——-- ] -1 | | P e Bt Bttt |
T -3
%; & TU= 94,13 F
¥ V=.15| &4&4.11-21.9 1 26451 1121 -275]-11.0 1 26.0] -251] 120] 135.0 l
¥ V=,18| 44e5]-22.4 | 31.0] 1171 -277]-1545 | -30.2] -242] 1221 129.1 |
. -—-—-- | —mmmm]mmom= | mo=- |====- |ee——- |=em—- | ] | |- ]
T -
: TU= 98,88 F
v =, .01 -30.9 46,0] 161] -3831-26.1 1 467! -319] 160 15247 |
v=.§%= 22.8‘-2?.6 } 37,01 1541 -3691-16.2 1 37.41 -356] 1581 17645 |
v=.18] 59.5/-32.3 | 42.51 1611 -372]-22.0 | 43.11 -3131 160l 168:E-|



| SECTION 1-1
| UPPER] LOWER

SECTION 2-2
UPPER|1~BAR|2-BAR]LOWER

TABLE 128 ~F.E. STRESSES (PSI) FROM TEMPERATURE DIFFERENTIAL
UPPER SURFACE HEATED & COOLED BEAM

AT CENTER LINE
| UPPER|1-BAR]|2-BAR |LIMER

IN T-BEAM

CONCRETE COEFFICIENT DF EXPANSION 5.5X10<-6>

T-5
TL= 73.64 F
V=e12] =2244] =244 ) =-9.1} ~540) -36€] 4.3 | le4] =541 -309] -%5¢% |
V=.15] -22.7‘ -201 ’ "7-01 "‘526[ '362‘ 207 I 2.9' "53] -310l 474 I
v=418] =22.51 =1eS | =791 -5211| -355] 4.2 | 2.1 =54 =3)3] =466 |
S g P R R e R |
T-6
TL= T4.96 F
V=.12| "31.4" 202 l -15.4' -754| ‘48.” 6eb l "5.3] "74' ‘422] '6109‘
v=415] =31e71 2.7 | -12.6] =749 -482] 644 | =311 =721 -42%]1 =654 |
V=.18| -32-0] 300 l -14021 '738l '473! 500 l ‘406’ '74‘ ’421‘ =634 6 l
; -1 | | I | l | ===l l |====-- I
T-7
TL= 77.54 F
v=,12] =41e2] 12.6 | -232.5| -956] =712 1648 | -18.3] -274} -515] =804 |
v=,15] =-4¢1.7} 13.2 | -20.0]-10021 -714] 13.9 | -15.8] -272] =515} =85.3 |
v=,18] =42.21 13.7 | -22.21 -993] =6S7] 1647 | -17.91 -274] =516 -82-9 |
T -
TL= 32.5 F
v=e12] =756 7843 | -69.4] =523] 248] 78.2 | -99.9] -112] -222] =344 |
v=e15] =7642] 789 1 -64,5] -5041 232] 73.3 | -99.,2] -1071 2211 -42.8 |
=,18) =76.71 795 | -67.7] -5111 243] 7649 | -99.81 -110} -222} =38.8 |
ettt IOARAY Thadiy uinnay PR PRSPt Bl ettt b et 1
T-09
TU= 3245 F
- - 5] - 78] 140.2 |
V=612 Lte6]-41e9 | 44.0] 1211 -3821-32.0 | 43,01 -3751
v=.15} 45 4614266 1 3543l 114} -37¢]-22.9 | 34.4] -3811 76] 161l.2 |
v=.18] 46411-43.3 | 40.8] 121 =3731-2844 | 39.5] -370] 781 153.7 |
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APPENDIX D ~— FLOW CHARTS

1 - HEAT CONDUCTION PROBLEM

| READ TEMPERATURE CONDITIGNS |
| AND THERMAL PROPERTIES (TTG,TBG slKyHTH4BHVY |

|

| COMPUTE ELEMENT STIFFNESS MATRIX |

1

| GENERATE NODAL PQINTS AND |
| SETUP STRUCTURE STIFFNESS MATRIX WITH BOJNDARY CONDITIONS | .

|
!

| SOLVE BAND MATRIX FOR NODAL TEMPERATURES I

........ ol

| SLOT TEMPERATURE FIELD |
]
|
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‘2 -_NONTHERMAL ELASTICITY PROBLEMS

-02 -

] CALCULATE ELEMENT STIFFNESS MATRIX AND ELEMENT LOAD VECTIR l

I
| GENERATE NODAL POINTS AND SETUP STRUCTURE STIFFNESS MATRIX |--
- —————————-—- - - |

! I
|

| APPLY BCUNDARY CONDITIONS |

| SOLVE BAND MATRIX FOR NODAL DIS PLACEMENTS |==--- | CHECK SJLUTION |

|
i
|
I
!
|
|

| CALCULATE X AND Y STRESSES IN ELEMENTS AND AVERAGE AT EACH NJDE |

| PUNCF AXIAL STRESSES AND RESULTANTS ON CARDS |
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3 = THERMAL STRESS PROBLEM

| READ NODAL TEMPERATURES |

|
]
| CALCULATE ELEMENT STIFFNESS MATRIX AND ELEMENT LJAD VECTIR |
|
]
| SETUP STRUCTURE STIFFNESS MATRIX |====e-

APPLY BCUNDARY CONDITIONS |
| 1
]
| SOLVE BAND MATRIX l---—--T------I CHECX SOLUTION l
|
|

| CALCULATE X AND Y STRESSES AND THE AVERAGE AT NODES |

— it s, T s s S s o

1

iy B I

[

TP T T e ey e
—— | :

1 ok REsULTANT FoRGE A AL T N\
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SUBROUTINE LTT(XyYsCKySK)

0000 000000 0008000000000 080000C00CROCIIROEONBEOOIDNDONCENIOECEBOSE000CB0CBOCGOICGIOISOITSTS

PURPOSE
TO CALCULATE THE STIFFNESS MATRIX SK OF THE LINEAR TEMPERATURE
TRIANGUL AR ELEMENT WHOSE THERMAL CONDUCTIVITY IS DENOTED BY G. THE
COORDINATES OF THE NODES ARE X,Y o

0606600606000 000000000508 0000060000060 0060 0003000860080 00606008000600080c0¢s000 0

IMPLICIT REAL*8(A-H,C-2) :
DIMENSTON T(3y3),SKO(3y3)5SK[343),4X(3),Y(3)
SR=(X{2)=X(1))**k2+(Y (2)-Y(1))**2
SR=DSQRT(SR)
AL= ((X{2)=X{3) )% X(2)=-X( 1))+ {Y(2)=Y(3) ) *(Y(2)-Y(1))) /SR
BL=({X(3)=X{1))*(X(2)=X{1)I+(Y(3)=-Y(1))*(Y(2)-Y(1))} /SR
CL=C{X(2)=X{1)1*(Y(3)=Y(1) ) =(X(3)=X(1))*(¥Y (2)-Y(1)))/SR
0O 5 I=1,3
D0 5 J=1,3
SKO(I4J)=0sD0
T(I,J)=0.CO
SK(1,J)=0.D0
5 CONTINUE

T(1,1)=AL/(AL+BL)
T(1,2)=BL/(AL+BL)
T(241)=-1.D0/(AL+BL)
T(242)=1.0007(AL+8L)
T(3,1)=-AL/{(AL+BL)*CL)
T(3,2)=-BL/{(AL+BL)*CL}
T(3,3)=1.0D0/CL
SKO(2,2)=CKk {AL+BL)*CL/2.0D0
SKO (3, 3)=CK*(AL+BL)*CL /2,000
DO 15 I=1,3
DO 15 J=1,3
SUM=0.DC
DO 10 K=1,3
DO 10 L=1,3

10 SUM=SUM+T (K, I)%SKO(K,L)*T(L,J)

15 SK(I,J)=SUV
RETWRN
END

e Lx LT S S I T e R R L 2 5
. H L . 4 . i HE|
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SUBROUTINE SETUP(I4JsKyAsNWoNUBHBsVLyITyJJsXLyH)

Cgn
(AR}

.0000.0..0000000.000.000000000000000.0000000000000000.0000.0.0000.000

PURPOSE
THE COEFFICIENTS OF THE ELEMENT STIFFNESS MATRIX B HAVING NODES I,

JyK ARE PLACED IN ITS LOCATION IN THE STRUCTURE MATRIX Ae
CONVECTIVE CONDITIONS ARE TAKEN IN ACCOJNT WHEN BOTH IT A\D JJ ARE
NOT EQUAL TO ZERO, THE SURFACE CONDUCTANCE IS REFERRED TO AS H o

000.00.0..0....00..00.000.00..000.0.0000loﬂo00000.00000.00.00.0000000

IMPLICIT REAL*8(A-H,0=2)y INTEGER(I-N]
DIMENSION A(NWoNUBW)4B(3,y3)yVLINW)
A{I,1)=A(I,1}4B(1,1)
IF(IeLTed) A(Iyd=T+11=A(1,d-1+11+8(1,2)
IF(I.LTeK) A(T4K-I+1)=A(I1,K-T+1)4B(1,3)
[F(JelTel) AlJyI=J#11=A(Js1-J+1)+B(2,1)
AlJs1)=A(Js1)+B(242)
[F(JoLTeK) AlJsK=J+1l)=A{J-K-J+1)+B(243)
1F(KoLTol) A(KyI-K+1)=A(KyI-K+1}4B(341)
IF(KoLTed) AlKyJ=K+1)=A(KyJ=K+1)+B(3+2)
A(Kysl)=A(K,1)+B(3,3)
[F(11EQe0 «ORe JJoEQe0) GO TO 20
ACIT 1)=ACI1y1)+XL*H/3.0D0
IF(11eLTedd) A(II:JJ-II+1)=A(II,JJ-II+1)*XL*H/SoODO
AlJJy1)=A(JJs 1) +XL%H/3,0D0
IF(JJetToll) A(JJyII-JJ+1)=A(JJ1II—JJ+1)+XL*H/6.ODO
VLOIT)=VLUIT)+#XL¥H/2. 000
VLIJJ)=VLIJJ)+XL*H/20D0

20 CONTINUE
RETURN
END
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SUBROUTINE BSOLVE(AsNWsNUBW+B,C)

PURPOSE
TO SOLVE A SYSTEM OF NW LINEAR EQUATIONS USING CHOLESKY®S SQUARE

ROOT METHOD.
WIDTH OF NUBW.

MATRIX ARE DENOTED BY B AND C RESPECTIVELY

C...00000ODODD.OD.DBODOODDBOOOO00.60..0°0.0.Q.OOOO0.0.0.00.0..OOOOO

100
110

120

130

140

145
150

155
160

IMPLICIT REAL*8(A-H,0-Z), INTEGER{I-N)
DIMENSION A(NWsNUBW) ¢B{NW),C (NK)
DO 140 I=1,NW

L=NW=-1+1

IF(NUBW oLTo L) L=NUBW

DO 140 J=1,L

L1=NUBW~-J

IF(Ll o6Te (I-1)) Li=I-1
SUM=A(1,J)

IF(Ll -EQe 0) GO TO 110
DO 100 K=1lsL1
SUM=SUM=A{I-Ks1+K)*A( 1=Ky J+K)
IF({JeEQo1l) GO TO 120

Al I4J }=SUM*TEMP

60 TO 140

IF(SUMoGTo0.D0) GO TO 130
WRITE(3s1) I,JsSUM
FORMAT(1H0,213,E25.15,' DIAGONAL COEFF.
GG T2 140

SUM=SUM*100.D0
TEMP=10.D0/DSQRT (SUM)
A(I4J)=TEMP

CONTINUE

DO 150 I=1,4NW

J=1-NUBW+1

IF((I+1) oLEs NUBW) J=1
SUM=B (1)

B(I)=C(I)

IPi=I-1

IF(IP1 oEQes O ) GO TO 150
DO 145 K=J,IPl
SUM=SUM=-A (K5I -K+1)*C(K)
C(I)=SUM*A(Is+1)

DO 160 I1=1,NW

I=NW-11+1

J=T+NUBHW-1

IF{JeGT«NW) J=NW

SuM=C(I)

IPl=1+1

DO 155 K=IPl,d
SUM=SUM-A(I,K-I+1)*C(K)
C{I)=SUM*A{I,s1)

RETURN

END

IS ZERO OR NEGo')

THE SYMMETRIC COEFFICIENT MATRIX A HAS A HALF BAND
THE KNOWN COLUMN MATRIX AND THE UNKNOWN COLUMN

AR A RS o e e

e o, A
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_SUBRUUTINE LST(X,YyCEX,EMR:ANU,T,XT:S:AL,BL,CL,SI,CO)

PURPBSE =
TO CALCULATE THE STIFFNESS MATRIX FOR A LINEAR STRAIN TRIANGULAR
ELEMENT HAVING 6 NODES. THERMAL LOAD MATRIX XT OF THE ELEMENT ARE
COMPUTED AS WELL. MODULAR RATIO » POI SSON'S RATIO, AND COEFFICIENT
OF EXPANSICN ARE DESIGNATED BY EMR, ANJy CEX RESPECTIVELY.
Xy Yy ARE THE GLOBAL COORDINATES OF THE NODES AT THE VERTICES.

XXXEXEETRE N 2 J ......'..............‘..... ..0...................C..........

IMPLICIT REAL*8(A-Hs0-1)+ INTEGER( I-N)

DIMENSICN K(3)1L(3)yM(lZ)1N(lZ)yMP(12)1NQ(12)yXT(lZ:3)ySK3(12112)1
PX(B):Y(B),T(IZ,IZ)1T1(313)9$(12112)

DATA K/O,l,O/,L/OyO,1/1M/091709211,0907090101010/9N/0101110117210'
80,090,090/1MP/09010909090’0'19092117°/,VQ/010:°109010109091:0{192/

DO 5 I=1,12
Do 5 J=1,12
IF(TeLEe3 oANDe Jo LEe3) T1(I,J4)=0.0
IF(JJLE¢3) XT(I,3)=040

5 7(1,J)=0.0
SR=DSQRT((X(Z)—X(l))**2+(Y(2)—Y(1))#*2)
AL=((X(2)-X(3))*(X(2)-X(1))+(Y(2)-Y(3))*(Y(Z)—Y(l)))/SR
BL=((X(3)-X(1))*(X(2)—X(l))+(Y(3)-Y(1))*(Y(Z)-Y(l)))/SR
CL=((X(2)-X(1))*(Y(3)-Y(1))-(X(3)-X(1))*(Y(Z)—Y(l)i)/SR

CoO=(X(2)-X(1))/SR
SI=(Y(2)-Y(1))/SR
FORMATION OF ROTATION MATRIX
sxo(1l,1)=CC
- SKO(1,2)=SI
SKO{ 2y 1)=-S1
sK0(2,2)=C0
DO 10 I11=2,10,2
Do 10 1=1,2
Do 10 J=1,2
10 SKU(I+IIQJ+II)=SKU(11J)
FORMATION OF DI SPLAC EMENT TRANSFORMATION MATRIX T
T(1,1)=1.0
T{1,2)=-BL
T(1,4)=BL*BL
T{2,7)=1.0
T({2,8)=-BL
T{2,10)=8L*BL
T(3,1)=1.0
T(3,2)=AL
T(3,4)=AL*AL
T(447)=1e0
T{4,8)=AL
T(4,10)=AL*AL
T(5,1)=1.0
T(5,3)=CL
T(5,6)=CL*CL

T(6,7)=10
T{649)=CL ‘
T(6,12)=CL*CL N
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T(7,1)=1.0
T(7,2)=(AL=BL) /240
T (744 )=tAL=BL 1%¥2/4 0
T(8,7)=1.0
T(8,8)=(AL-BL) /2.0
T(8,10)=T(744)
T(9,1)1=1.0
T(9,2)=AL/2.0
T(9,3)=CL/2.0
T(944) =AL¥AL/ 44 0
T(9y5)=AL#CL /440
T(946)=CL¥CL/440
T(10,7) =1.0
T{1048)=AL/2.0
T(10,9)=CL/2.0
T(10,10)=AL¥AL /440
T (10511 )=AL*CL /440
T(10912 )=CL¥CL/4 D
T(1151)=1.0
T(1142)=-BL/240
T(11,43)=CL/2.0
T(11,4)=BL¥BL/44¢0
T(11,5)==CL¥BL/ 440
T(1146) =CL*CL/440
T(12,7)=1.0
T(12,8)==BL/2.0
T(12,9) =CL/2.0
T{12,10)=BL*BL /4.0
T(12,11)=-CL%BL/4 4D
T{12,12)=CL¥CL/440
c FORMATION OF INVERTED TRANSFORMATION MATRIX Tl
T1{1,1)=AL/(AL+BL)
T1(1,2)=BL/(AL+BL)
T1(2,1)==140/(AL48L)
T1(2,21=1.0/ (AL+BL)
T1(3,1)=-AL/((AL+BL)*CL)
T1(3,2)=—8L7 ({AL+BL)*CL)
T1(3,31=1.0/CL
INVERT DISPLACEMENT TRANSFORMATION MATRIX T
CALL MATIN(T,12)
DO 15 1=1,12
00 15 J=1,12
SUM=0.0
00 14 11=1,12
14 SUM=SUM+T (T,T113%SKO(IT,J)
15 S(I,J)=SUM
DEVELOPMENT OF THERMAL LOAD MATRIX XT
DO 30 I=1,12
DO 30 J=1,3
TF(M(1).EQ.0) GO TO 20
MF=K (J)#M(T)-1

NF=L(J)+N{T)
IF(MFeLTeC «CRe NF.LT.0) GO TO 2C

CALCULATE THE MODIZIED EULER'S BETA FUNCTION
CALL FACT(F,MFsNFsAL,BL,CL)
XT(1,J1=M(T)#F
20 CONTINUE

»



30

31
32

34

27
36

40

45

50

55

-0 -

N

IF(NQ(I)+EQ.0) .GO TC 30
MF=K{J)+MP(I)
NF=L{J)+NG(I)=1
IF(MFeLTe0 «ORe NFeLTs0) GO TO 30
CALL FACT{FsMFyNF,AL,sBL,CL)
XT(T4J)=XT(1,J)+NQ{T)*F
CONTINUE
D0 32 I=1,12
DO 32 J=1,3
SUM=0.0
00 31 11=1,12
DO 31 JJ=1,3
SUM=SUM+S{IT 411 AXT(IT,JJ1*T1(IJ,J)
T(I,J)=SUM
DO 34 I=1,12
DO 34 J=1,3
XT (T9d)=T (T4 J VHEMR¥CEX/ (140-240*ANU)
DO 37 I=1,12
WRITE(3,26) (XT(I,J)9J=1,3)
FORMAT (1HO,3E1246)

DEVELOPMENT OF ELEMENT STFFNESS MATRIX T
SUM=ANU /( 1.0-ANU)
DO 70 I=1,12
DO 70 J=1,12
SKO(I,J)=0.0
IF(M{I) «ECeD «ORMIJ)ILEQ0) GO TO 40
ME=M{I)+M(J}-2
NE=N(I)+N(J)
TF(MF.LTe0 oORs NFeLTo0) GO TO 40
CALL FACT{(F,MF4NF,AL,BL,CL)
SKO(I9J)=M{T)XM(J)I*F
CONT INUE
TF(NQ(I)eEQel oORe NQUJIoEQ.D) GO TO %5
MF=MP (1 )4MP(J)
NF=NQ(T)+NC(J)-2
TF(MFeLTe0 «OReNFeLTL0) GO TO 45
CALL FACT(FyMFyNF,AL,BL,CL)
SKU(IyJ)=SKO(I,J)+NQ(I)*NQ(J)*F
CONTINUE
TFE(N(I) oEQsD «ORGN{J1LT o0} G0 TGO 50
MF=M(1)+M(J)
NF=N(T)+N{J)-2
TF(MELTJ0 oORe NFoLT.0) GO T0 50
CALL EACT(F,MF NF4ALsBLsCL)
SKD(I,J)=SKU(I,J)+(1—SUM)*N(I)*N(J)*F/Z.O

CONTINUE }
IF(MP(I)elTe0 «CRe MP(J)LTe0) GO TO 35
MF=MP(1 )#MP(J)-2

NF=NQ(T)+NC{J)
IF(MF.LTe0 JOReNFeLTe0) GO T0 55

CALL FACT(F,MFyNFqALqBLyCL)
SKO(I9J)=SKO(IyJ)+(1-SUM)*MP(I)*MP(J)*F/Z.O
MFE=M(J)+MP(T)-1

NF=N(J1+NQ(1)-1
1E(MF.LT.0 «ORe NF.LTo0) GO 70 60

CALL FACT(F,MF NF sALsBLsCL)
SKD(I,J)=SK5(I:J)+((l-SUM)*N(J)*MP(I)/2.0+SUM*M(J)*NQ(I))*F

s e en o g v AT T bl .
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70

80
85

86
T2
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MF=M(I)+#MP(J)-1

NF=N{I)+NC(J) =1

IF(MFoLTe0 «ORe NFelTe0) GO TO 70

CALL FACT {FyMF,NF, ALsBL,CL) :
SKO(I,J)=SKO(IsJ)+((1-SUM)*N(I)*MP(J)/2.0+SJM*M(I)*NQ(J))*F
CONTINUE

DO 85 1=1,12

DO 85 J=1,12

SUM=0.0

DO 80 11=1,12

DO 80 JJ=1,12

SUM=SUM+S(II,I)*SKO(II,JJ)*S(JJ,J)
T(I,J)=SUM*EMR*(1.0-ANU)/((1.0-2.0*ANJ)*(1.0+ANU))
po 86 1=1,12

WRITE(3,72) (T(IJ)yd=1,12)

FORMAT(1HO,12F1044)

RETURN

END

SUBROUT INE FACT (Fy MF,NFy AL, BLoCL)

.0.0............Q.C.........C

TOD CALCULATE THE MODI FIED EULER'S BETA FUNCTICNe THE TRIANGJLAR

DIMENS IONS ARE DENOTED BY ALsBLsCL

L*8 (A=H, 0-Z)» INTEGER( I-V)

IMPLICIT REA
L**(MF+I)-(—BL)**(MF+1))

F=CL¥¥ (NF+1)*(A
J=MF+NF+2

DO 10 I=1+J

M=1

TF(1.GT JMF) M=1
N=1

IF(T.GTLNF) N=1
F=FHM*N/ 1

10 CONTINUE

RETURN
END

et Tat
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SUBROUTINE SETUP(104A 4B yVLsVsNW,NUBW)

.000000.00000000000000000000000000000000000000000

PURPOSE

10

COEFFICIENTS OF THE LINEAR STRAIN TRIANGULAR ELEMENT Vi WHOSE NODES
ARE REFERRED TO AS I0s ARE ASSIGNED TO THE STRUCTURE STIFFNESS
MATRIX Ac . THE THERMAL LOAD VECTOR VL OF THE STRUCTURE IS ALSO
FORMED FROM THE LOAD VECTORS V OF THE ELEMENTS.

ese oo ...‘..Q.....'......................'.O.......l..........'.'oao

DIMENSION A(NH,NUBH)1B(12712),VL(NH),V(12)110(6)

DO 10 K=leb

DO 10 M=1,2
MM=K*2-2+M
11=2%10{K)-2+M
VL(I1)=VLAIL)I4VMM)
D0 10 L=l+6

DO 10 N=1,2
NN=L#2-2+N
12=2%10{(L)-2+N
IF(I1leLEoI2} A(11,12-11+1)=A(11712-Il+1)+B(MM,NN)
CONTINUE

RETURN

END

|

el

2k s SvaN by i bl Sl A





