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Abstract

In this thesis we consider the traditional Van der Pol Oscillator with a forcing de-
pendent on a delay in feedback. The delay is taken to be a nonlinear function of
both position and velocity which gives rise to many different types of bifurcations. In
particular, we study the Zero-Hopf bifurcation that takes place at certain parameter
values using methods of centre manifold reduction of DDEs and normal form theory.
We present numerical simulations that have been accurately predicted by the phase
portraits in the Zero-Hopf bifurcation to confirm our numerical results and provide a

physical understanding of the oscillator with the delay in feedback.
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Chapter 1

Introduction

In 1920, while working as an engineer, Balthasar van der Pol published A theory of the
amplitude of free and forced triode vibrations [15] in which he presented the oscillator

that bears his name, given by
E(t) +e(2?(t) — Di(t) +x(t) = £(t), (1.1)

where ¢ > 0. Originally equation (1.1) was a model for an electrical circuit with a
triode valve, and it has evolved into one of the most celebrated equations in the study
of nonlinear dynamics.

Van der Pol found that in the unforced system (when f = 0) the trivial equilib-
rium point is unstable and the system contains a stable oscillation for all values of ¢.
He also explored the effect of a periodic forcing on his oscillator, which for example,

can be given by
E(t) +e(2?(t) — D)i(t) + x(t) = Acos (%) (1.2)

Upon adding this periodic forcing, van der Pol found that much more complicated
phenomena could arise in the system. As the study of nonlinear differential equations
has progressed, it has become known that the system exhibits chaotic behaviour

when the nonlinearity becomes larger (i.e. ¢ = 8.53). Because of the many different

1



1. Introduction 2

examples of nonlinear dynamics that occur in the system, the van der Pol oscillator
has become a recurring example in modern mathematics.

The van der Pol oscillator has become synonymous with modern systems that
exhibit limit cycle oscillations in many far reaching branches of the physical sciences.
Kaplan et al. provide a simple example of a biological application of the van der
Pol oscillator to the dynamics of the heart [9], and the FitzZHugh-Nagumo model is a
modified form of the oscillator that has direct applications to neurones in the brain.
On the larger scale, Cartwright et al. showed that the van der Pol oscillator can be
used to model earthquake faults with viscous friction [3]. All of these applications
and many more make the van der Pol oscillator one of the most widely celebrated
differential equations in mathematics and one that is just as relevant today as the
day that van der Pol himself presented the equation.

Despite all of these applications of the van der Pol oscillator, it wasn’t until
around the start of the twenty-first century, almost eighty years after van der Pol
introduced his equation, that mathematicians began to experiment with the effect of
delays on the equation. Delay differential equations have proven to be useful in many
physical problems ranging from the study of neural networks to the cutting of metal
(see [13, 14]). For this reason, it is especially useful to study the effect of delays
on one of the most famous nonlinear differential equations in all of mathematics to
observe the power that a lag in communication can have over a dynamical system.

Atay [2] studied the equation
i(t) 4 e(z®(t) — Da(t) + z(t) = eka(t — 1), (1.3)

where 7 > 0 is a delay, and found that the stability of the limit cycle present in
the system now depended on the amount of delay applied to the system. A similar
study was presented by Oliveira [12], in which they added delays in the nonlinear
terms of the unforced system, and found that periodic solutions still existed under

certain conditions. Both of these studies confirmed that the effect of adding a delay
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to the equation can vastly affect the behaviour of the system and provide us with an
outcome not easily predicted upon first inspection.
It was Wei and Jiang [16, 17] who considered the forcing on the equation as a

nonlinear function of the delay in position, x(t), given by
) +e(2®(t) — Da(t) + x(t) = g(x(t — 7). (1.4)

They found that under certain conditions single, double and triple zero eigenvalues
were possible as well as a purely imaginary pair with a zero eigenvalue. The cases
of the single and double zero eigenvalues were presented in [17] and [8], respectively,
with full details of the nature of their respective bifurcations. Later, Wu and Wang
[19] undertook the bifurcation analysis of the purely imaginary pair and the zero
eigenvalue to find that a Zero-Hopf bifurcation was occurring. They found that under
certain conditions only two of the four possible bifurcation diagrams of the Zero-Hopf
bifurcation were possible due to restrictions put in place by the initial assumptions
on the nonlinear forcing.
In this thesis we consider the van der Pol oscillator with general nonlinear delayed
damping,
E(t) 4+ e(z®(t) — Da(t) + z(t) = g(@(t — 1), z(t — 7)), (1.5)

where g € C3, ¢(0,0) = 0, g:(0,0) = a and g,(0,0) = b, and work to understand its
dynamics. This allows us to consider the work of Wei and Jiang as a special case of
equation (1.5), and as in their work, we find all bifurcations are again possible with
the added possibility of a quadruple zero bifurcation. This thesis will concentrate
on the Zero-Hopf bifurcation taking place, and we will see that the added delay in
the velocity has now allowed us to explore all possible bifurcation diagrams predicted
for the Zero-Hopf bifurcation. We will use methods of normal form reduction on the
centre manifold to effectively study the dynamics of the system near the bifurcation.
This will therefore allow us to observe the dynamics of the Zero-Hopf bifurcation as

it occurs on the centre manifold.
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We begin our study with an in-depth analysis of the characteristic equation of
equation (1.5) and provide the necessary conditions under which each distinct bifur-
cation in the system will be present. After summarizing the analysis of the Zero-
Hopf bifurcation and the centre manifold reduction for DDEs, we work to reduce
our infinite-dimensional system to a reduced three-dimensional system on the cen-
tre manifold. Upon finding the equivalent system on the centre manifold, we work
to connect ourselves with the normal form given by the Zero-Hopf bifurcation and
therefore offer a complete unfolding of the system using the bifurcation parameters.
Upon completing our analysis of the system we use computational tools that allow us
to numerically simulate the system and confirm our theoretical results. Please note
that Chapters 3 and 4 are contain known results and provide the foundation for many
of the main concepts to be used later. These concepts are applied to equation 1.5
in Chapters 2, 5, 6, and 7 where the results given are the independent work of the

author.



Chapter 2

The Characteristic Equation

In this chapter, we will work to identify the eigenvalues of equation (1.5) and, more
specifically, the conditions that lead to eigenvalues on the imaginary axis. Upon

linearizing around the solution z(t) = 0, we obtain
E(t) —ex(t) + x(t) = a@(t — 1) + b (t — 7). (2.1)

Now, substituting the ansatz x(t) = e into (2.1), where \ is a complex parameter,

we find the associated characteristic equation to be
ANT) =22 —ed+1— (aA+b)e ™ =0. (2.2)
This brings us to the following theorem about the roots of equation (2.2).
Theorem 2.1. Suppose that b =1 is satisfied. Then
(i) A =0 is a single root to Eq. (2.2) when T # € + a;
(ii) X =0 is a double root to Eq. (2.2) when 7 =¢+a and €% — a® # 2;

(iii) X\ = 0 is a triple root to Eq. (2.2) when T =¢ +a, 2 —a®> =2 and ¢ # &y ~
1.632993162;

(iv) X =0 is a quadruple root to Eq. (2.2) when T =¢ +a, € —a* =2 and € = &;

5



2. The Characteristic Equation 6

Figure 2.1: Diagram of the (e, a)-plane. The shaded area shows where com-
plex conjugate roots of the characteristic equation occur.

(v) If T =719 #¢c+a and e — a®> < 2, Eq. (2.2) has a simple zero root and a pair

of purely imaginary roots A\ = +iwy. Here wg and 1y are defined by

1 1—-(1 2
wo = V2 —¢e?+a?, To = —arccos( ( +£a)w0>.

Wo CL2CLJ(2) +1

Proof:  Immediately we see that A = 0 is a root of Eq. (2.2) if and only if b = 1.
Substituting b = 1 into A(\, 7) and differentiating with respect to A, we get

dA(N,T)

o= 2\ — ¢ —ae M +arte ™ + e M. (2.3)

Hence when A = 0 Eq. (2.3) is 0 if and only if 7 = ¢ 4 a, and the conclusion of (i)
follows.
By differentiating Eq. (2.3), we obtain

d>A(\, 7T)

0\ =2 — (2 — a?)e MEH) _ g\ (e + a)2e M, (2.4)

T=¢+a
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Again setting A = 0 Eq. (2.4) is 0 if and only if €2 — a? = 2, and hence the conclusion
of (ii) follows.
From Eq. (2.4), we find that

d3A(0,T)

-3 =6 —2c° £2(e? — 2)Ve2 — 2. (2.5)

T=c+a,e2—a2=2,A=0

Eq. (2.5) has only one positive root, denoted ey, and the conclusion of (iii) follows.
From Eq. (2.5), we get that d*A(0, T)/d)\4|7_:€0+a’53+(12:2 # 0 for either choice of

a, which gives the conclusion of (iv).

By taking A = iw (w > 0) in (2.2), when b = 1 we get
1 — w? = cos(wT) + awsin(wr) and — cw = aw cos(wT) — sin(wT). (2.6)

Squaring and adding the above equations gives w?[w? + (¢2 — 2 — a?)] = 0. Denote
the positive, nonzero root of this equation wy. Similarly, the expression for 7y can be
obtained by a simple manipulation on the equations in (2.6) to isolate cos(wT), and

hence the conclusion of (v) follows. i

The first thing that we should note after considering this theorem is that the
addition of the parameter a has opened up the possibility of a quadruple zero eigen-
value, something that is unattainable in Jiang and Wei’s work. The locations of the
€ and a pairs which give the quadruple zero eigenvalue are shown by the two points
along the line €2 — a? = 2 in Figure 2.1. The figure shows the particular regions in the
(¢, a)-plane at which each of the multiplicities of the zero eigenvalue can be obtained.
By considering delays in both the position and the velocity of the object, we have
effectively allowed for the possibility of more complicated dynamics in the original
system proposed by Jiang and Wei. Although the existence of the quadruple zero
eigenvalue is interesting, few, if any, theoretical results are known about this bifurca-

tion. Consequently, an analysis of this singularity is beyond the scope of this thesis.
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Furthermore, where cases (i) and (ii) correspond to codimension one and two bifur-
cations respectively, cases (iii) and (iv) are codimension three and four respectively,
making the analysis increasingly more difficult as the codimension rises.

The grey region bounded by ¢ > 0 and €2 — a? < 2 gives the location of the pairs
(€, a) such that equation (2.2) has a pair of complex conjugate roots on the imaginary
axis, as well as a zero root. This will be the area that will be focused upon for the
remainder of the work presented. We will see in the coming chapters that under
the conditions given by Theorem 2.1(v) a Zero-Hopf Bifurcation (a codimension two
bifurcation) is occurring and how the addition of a delay in velocity will yield results

generalizing those presented by Wang and Wu in [19].



Chapter 3

A Pure Imaginary Pair and a

Simple Zero Eigenvalue

Here we will use the methods from [6] and [10] to provide a partial theoretical analysis
of the Zero-Hopf bifurcation. This particular bifurcation was first studied by W. F.
Langford in his 1979 paper Periodic and steady-state mode interactions lead to tori
[11], where he completely analyzed the local codimension two bifurcation that occurs
when we have a purely imaginary pair and a simple zero eigenvalue. This chapter
will provide a brief overview of his work to provide us with some expectations for the
bifurcation that is occurring in the unfolding of equation (1.5).

Using the method of normal form reduction, Guckenheimer and Holmes tell us

in [6] that the normal form of a differential equation with linear part

T 0 —w 0 T
gy |=|w 0 0 y | (3.1)
z 0O 0 0 z
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can be written in cylindrical coordinates as

7= airz + asr® + azrz® + O(|r, z|*),
2= byr? + by2? + b3r?z + by + O(|r, 2|4) (3.2)

0=w+O(r, 2%,

by applying the change of coordinates x = rsin(f), y = rcos(f), and z = z, where
O(|r, z|*) denotes terms of the kth degree and higher in r and z. Conveniently, the
normal form contains no #-dependent terms for large k, and therefore the azimuthal
component in (3.2) can be decoupled, leaving us with a degenerate two dimensional
vector field.

Truncating (3.2) at O(|r, z|?) and eliminating the azimuthal component, we get

r=airz,
(3.3)
z = b17“2 + bQZQ,
in which we assume that ay,b;,bo # 0. By applying the rescaling 7 = —/|b1ba],

Z = —byz we can decrease the number of coefficients and obtain the equivalent system

r=arz,
(3.4)

2 =br? — 22,

where a = —ay /by is assumed to be nonzero and b = +1.

Guckenheimer and Holmes [6] give six distinct topological types for this normal
form, which are given in Figure 3.1. They note that the cases b = +1, a < 0 can
be grouped together since their unfoldings are nearly identical, which is also the case
when b= —1, a < 0.

As we work to obtain the universal unfolding of the normal form (3.2), we will

add the two-parameter linear part

H1y ’ (35)
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Figure 3.1: The six topological types for the normal form given in (3.4).
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which [6] tells us will now provide all possible state perturbations of the fixed points

up to a topological conjucacy. In terms of the planar system (3.4), we get

r=r+arz,
i (3.6)
2= pg + br? — 22

This system has fixed points at

(Tu Z) = (O’i\/:u_Q)’ (3.7)

(r,z) = ( %(5—; - uz),—%>, (3.8)

for p? > a’uy if b = +1 and p? < a’uy if b = —1, and the linearized system has

for s > 0, and

matrix

w +az ar

2br —2z

(3.9)

We now turn to the case when b = +1 and a > 0, which corresponds to Figure
3.1a. At the fixed points (r,z) = (0,+,/u2), matrix (3.9) is diagonal and takes the

form

f1 £ ay/po 0
0 T2/

Therefore, when ps > 0, we see that the fixed point (0,,/u2) is a sink provided

(3.10)

—a\/fiz > ju1, and similarly, (0, —,/p2) is a source provided p; > a,/pg; outside of
their respective regions each point becomes a saddle.

This tells us that crossing the line us = 0 for p; # 0, a saddle-node bifurcation
is occurring on the invariant line r = 0. Similarly, crossing us = p?/a® with pus
decreasing for p; # 0, pitchfork bifurcations occur from the fixed point (r,z) =
(0, +/p2) if py < 0 and (0, —/u2) if 1 > 0 (since we are only interested in the case
when 7 > 0). On the curve pus = p?/a* the fixed points in which these pitchfork
bifurcations are occurring have a zero eigenvalue and are therefore referred to as

degenerate fixed points.
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M2

W, =HM3/a’

=
:

( kj&
Va

Ma

S

)k// t/ \\
Al < \/ b
N

Figure 3.2: The universal unfolding when b = +1, a > 0. On the curve
o = 112 /a® phase portraits are homeomorphic to those above the curve, but
the lower saddle is degenerate if p; > 0 and the upper saddle is degenerate
if < 0.

Using matrix (3.9), we see that the fixed point (r,2) = (\/13/a% — pa, —pu1/a) is
a saddle for all py < p?/a?, and we have now completed our study of this particular
case of the Zero-Hopf bifurcation. The complete unfolding in the (p1, o) plane is
given in Figure 3.2 along with the associated phase portraits.

We should note that all phase portraits are in cylindrical coordinates and there-
fore the trajectories have a different meaning in the original three dimensional system.
That is, all trivial fixed points, given when r = 0, relate to a fixed point in the original
system, but nontrivial fixed points relate to a limit cycle corresponding to a slice of a
cylinder. Furthermore, limit cycles in cylindrical coordinates will relate to an invari-
ant torus in the regular coordinate systems. Similarly, a heteroclinic orbit’s trajectory
will follow along a sphere with poles at the trivial fixed points. It is very important to

understand the connection between these phase diagrams to ensure that we can draw
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immediate conclusions from the system in the three-dimensional Euclidean system.

We now move to the case when b = +1 and a < 0, whose origin on the bifurcation
diagram is shown in Figures 3.10 and 3.1c. Using computations similar to the previous
case, we find that the fixed point (0, +,/Jz2) is a saddle point provided ji; > —a /12,
and is otherwise a sink. Furthermore, the point (0, —/f2) is a saddle point provided
ay/fz > p1, and is otherwise a source. As before, we have that saddle-node and
pitchfork bifurcations are occurring on s = 0 and s = p?/a?, respectively.

Now we will see that the behaviour of the third fixed point, given by (r,z) =
(/13 /a2 — po, —p1/a), is very different in this case. The eigenvalues of the linearized

matrix (3.9) at this fixed point are given by

i

Mo =B /H
a a

2
+ = (ui — a’pa), (3.11)

and therefore it is a sink for gy > 0 and a source for p; < 0. As we cross p; = 0 for
e < 0 we see that a Hopf bifurcation is occurring. Interestingly, when pu; = 0, the

system becomes

r=arz,

(3.12)

3= g + br? — 22,

which is completely integrable. That is, the function
F(r,z) = 2 y2/a |:[1,2 + o zg] (3.13)

2 1+a

is constant along solution curves.

We can find that there exists small negative values of ;1 such that a stable limit
cycle exists. The existence of this limit cycle is outlined in detail by Kuznetsov in
[10], where it says that as the values of p; and ps approach the curve

_ —a
 3a+2

o {(ul,m) i 2 + O], s < o} (3.14)

from the right, the period of the cycle goes to infinity. This kind of bifurcation is

referred to as a cycle blow-up, but it is also known to be called a blue sky catastrophe.
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M2

M, =Hi/a®

Figure 3.3: The universal unfolding when b = +1, a < 0. On the curve
te = pi/a® phase portraits are topologically equivalent to those above the
branches of the curve. The phase portrait at the origin is determined by the
value of a; the left case being when a < —1 and the right when a € (—1,0).

The analysis of this bifurcation is very complicated and is beyond the scope of this
thesis.

We have now completely described the bifurcation diagram of the case when
b =41 and a < 0. A sketch of the unfolding and corresponding phase portraits
is offered in Figure 3.3, where we see that the cases when a € [-1,0) and a < —1
differ only at the origin. The diagram presented is based on that which is given by
Kuznetsov in [10].

We now turn to the case when b = —1. When a < 0 the unfolding is fairly
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M2

M= Hzl/ 32
<
=\

A

AN M

Figure 3.4: The universal unfolding when b = —1, a < 0. On the curve
po = p?/a® phase portraits are topologically equivalent to those below the
branches of the curve. The phase portrait at the origin is determined by the
value of a; the left case being when a € [—1,0) and the right when a < —1.

straightforward, and the results are comparable to those when b = +1 and a < 0.
We see that the fixed point (r,z) = (\/u2 — p?/a?, —ui/a) does not undergo a Hopf
bifurcation, but remains a saddle point in the region uy > u?/a® , where it exists.
We can perform similar inspections on the fixed points (0, +,/Jz2) to determine their
stability, and arrive at the bifurcation diagram and phase portraits given by Figure
3.4.

The last case, when b = —1 and a > 0, is vastly different from the previous
three cases. The fixed point (r, 2) \/m —p11/a) can now change stability,
and therefore a Hopf bifurcation occurs when py = 0 and ps > 0. As in our earlier
work, the system becomes integrable under these assumptions and we have that the

function

1
G(r,z) = %TW“ Ho = T aTQ — 22 (3.15)

is constant on the solution curves of the system. This tells us that there exists a
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M2

&

\w%y v “S

Figure 3.5: The universal unfolding when b = —1, a > 0. On the curve
to = p2/a® phase portraits are topologically equivalent to those below the
branches of the curve.

stable limit cycle that forms for sufficiently small values of py > 0. Furthermore, as
before we had a cycle blow-up, we now have a pair of fixed points that will draw in

the limit cycle in as its period increases. That is, on the curve

. —a
C 3a+2

P—{wmm:m m+owm%m>o} (3.16)

a heteroclinic orbit can be observed. Again, the proof of this is very difficult and the
reader can refer to either [6] or [10] for the results.

We now have all of the required information to create a sufficient bifurcation
diagram for the case b = —1 and a > 0. The unfolding and its corresponding phase
portraits are given in Figure 3.5, and we now have a clear picture of the four possible
unfoldings for the Zero-Hopf bifurcation.

It is worth noting that the uncoupling with 6 is only valid up to finitely many
elements of the normal form due to the fact that as we add terms to the normal

form the size of the domain of validity of the normal form given in equation (3.2)
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decreases to zero. That is, this uncoupling with 6 disappears in the neglected higher
order terms, and therefore cannot be omitted. However, we note that we only require
terms up to the third order to fully determine the nature of each bifurcation that is
present in the four cases, and hence for small enough values of r and z we obtain the
bifurcation diagrams given in this chapter.

Now that we have analyzed and understood the different possible unfoldings
for the Zero-Hopf bifurcation, we are able to apply this theory to our work with
delay differential equations. In the coming chapters we will work to reduce the phase
space from infinite dimensional to the three dimensional centre manifold and therefore
observe the system as it behaves on this manifold. A major difference between the
system we have presented in (1.5) to that of Wei and Jiang’s [16] is that their system
will only allow for the cases when b = —1, but we will see that the added delay in
velocity will open up the possibilities to all four of the unfoldings presented in this
chapter. For that reason, we are able to obtain much more complete dynamics in

system (1.5), as well as more detailed results.



Chapter 4

The Centre Manifold Reduction of
DDEs

In this chapter, we use the methods outlined by Faria and Magalhaes in [4] and
[5] for the centre manifold reduction of delay differential equations with parameters.
This will allow us to move from an infinite dimensional phase space into the finite
dimensional centre manifold where the most interesting dynamics of system (1.5) can
be observed. We will apply this method to system (1.5) in order to observe and
classify the Zero-Hopf bifurcation that occurs.

To begin, we consider for 7 > 0, the phase space C' = C([—,0]; C"), the space
of continuous functions from the interval [—7,0] into C*. Consider the following

retarded functional differential equation with parameters
() = L(p)z + Gz, 1) (4.1)

where 1 € V| aneighbourhood of zero in R?, z,(0) = z(t+60), -1 <6 <0,L: C — C"
is a bounded linear operator and G' : C'xRP — C" is some sufficiently smooth function
such that G(0,0) =0 and D,G(0,0) = 0.

By denoting Ly = L(0) the linear homogeneous retarded functional differential

19
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equation at p = 0 can be written
From Reisz’s Representation Theorem, Ly has the form
0

Lo = [ dnl6)o(®), peC (1.3
where 7(0), —7 < 6 < 0, is an n x n matrix whose elements are of bounded variation.
Therefore, equation (4.2) becomes

0
2(t) = / dn(0)z(t +0). (4.4)

Let A be the infinitesimal generator of the semigroup of solutions (see [7] for details)
to equation (4.2), we have Agp = ¢ with domain

D(A) = {90 e (7.0, 510) = [ dn(@)ww)}. (45)

-7

Define C* = C([—,0],C™), where C™* is the space of row vectors. Then for
@ € (C and ¢ € C* we define the bilinear form

o) = 0060 = [ [l = o)no)p(€)as (16)

Call A the set of eigenvalues of the operator Ay with zero real part, and let P be the
generalized eigenspace associated with the eigenvalues in A. Then for the purpose of
this paper we can assume without any loss of generality that dimP = m is finite, and
denote P* as the generalized eigenspace of the adjoint of Ay in C*. Now C' can be

decomposed by A such that C' = P & Q, where

Q={peC: () =0forall € P*}. (4.7)

Then there exists bases ®, ¥ for P, P* respectively satisfying (¥, ®) = I. Using
these bases we can now project solutions from the infinite dimensional space C' to the

finite dimensional centre manifold P.
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Then, as described by Faria and Magalhaes in [4] and [5], we consider the phase
space BC of functions from [—7,0] to C™ uniformly continuous on [—7,0) and with
a jump discontinuity at 0. Therefore any element in BC' can be written in the form

¢ = ¢ + Xoc, where X is the matrix valued function given by

o= 70 (4.
0, 0¢€[-T1,0)

¢ € C, and c is a vector in C". This allows us to consider equation (4.1) in BC' as

the abstract ordinary differential equation

d
U= Au+ XoF (u, p) (4.9)
where
F(p,n) = (L(p) — Lo)p + G(p, 1) (4.10)

for o € C, u € V and the operator A : C' — BC' is an extension of the infinitesimal

generator Ay and is given by
Ap = ¢+ Xo[Lop — ¢(0)]. (4.11)
Then 7 : BC — P is the continuous projection
(o + Xoc) = T, ) + ¥(0)(] (4.12)

which allows us to decompose the space BC' by A such that BC' = P & Ker 7. Since
we have that Q C Ker m we may rewrite equation (4.9) as

T=Jr+V(0)F(Px + 1y, u)
d (4.13)
oY = Ay + (L = m)XoF(®x +y, )
where x € C™, y € Q' = QN C*, Ag: is the operator A restricted to functions in
Q', and the m x m matrix J satisfies the ordinary differential equations d®/df = ®.J

and dV/df = —J V.
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We may use the Taylor series expansion of F' at (z,y,u) = (0,0,0) to expand
the nonlinear terms in equation (4.13) and obtain

, 1

i>2

d 1
Tv=Agy+) = fi ey
=2

(4.14)

where f;(az, y, i) are the homogeneous polynomials of degree j.

The first equation in (4.14) gives us a differential equation on the centre manifold
in terms of the unknowns = and y. We now apply the theory outlined in [4] and [5] to
obtain a normal form of the equations in (4.14) such that y = 0 is a solution to the

second equation and therefore we get the normal form on the centre manifold given

by
i =Jr+ gy(x,0, ) + g5(2,0, p) + O(ul* + |z]|p]* + [x[p] + |2), (4.15)

where g1 and g3 are the second and third order terms in (z, i), respectively.

4.1 Necessary Terms in the Normal Form

In this thesis we consider the case when A = {iw, —iw, 0}, and thus we will use normal
form theory to calculate the necessary terms on the centre manifold corresponding
to this choice of A. Tt follows that J = diag(iw, —iw, 0), m is taken to be 3 from the
definition above, and since the Zero-Hopf bifurcation is a codimension 2 bifurcation,
p is taken to be 2.

First, let V;(C* x Ker 7) be the space of homogeneous polynomials of degree
J in the variables (x, u) with coefficients in C* x Ker 7. Define M; : V;(C? x Ker
7) — V;(C? x Ker 7) such that

M;(p, h) = (Mjp, M?h) (4.16)
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where
o . Op
18351 20352 h
1 _ o Opa Ops
M;p(z, p) = Dep(z, p)Jz — Jp(z,p) =iw | 215— —205— +p2 |,

Ozp "0 (4.17)

9ps _ Ops

Yox, o,

M?h(z, 1) = Dah(x, p)Jw — Agrh(z, ),
with p(z, u) € V;(C?) and h(z, u)(0) € Vj(Ker w). We now have the decomposition
Vi(C?) = Im(M}) ® Ker(M;) for j > 2.

Introduce the nonlinear change of coordinates

v =1+ Uy (&, p)
’ (4.18)
y =i+ Us (&, p),
where
U21(x7u) = (Mll)ilprojIm(Mg)f%(xa 07”)7
Us(x, 1) = (M3)™" f3 (2, 0, ).

Equation (4.14) now becomes

(4.19)

&= (I + DUy (2, 1)) [Ja + JU3 (2, 1) + Y f} (@ + Ug (. 1),y + Us(, )]

j>2
d .
—y = Agy + AgiUs (w, p) = DoUs (w, 1) + S F@+ Uy, p),y+ Us(z, )
Jj>2
(4.20)
upon dropping the hats.
For ||x|| small we have that
(I + DU, 1)) ~ T = D,UL(w, ) + (DaUS (. 1)) (421)

and using Taylor’s Theorem we obtain

Fa(atUy (2, ), y+Us (2, 1) = fo (2,y9)+Dafy (@, ) Uy (2, 10)+Dy fo (2, y)U3 (2, p)+heo.t.,
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fs(@+ Uy, ),y + U (2, 1)) = f3(x,y) + hoot.

Therefore we now have the normal form on the centre manifold given by equation

(4.15) where

95(95707,“) :ProjKer(M%)fQI(x707:u)
95(2,0, 1) =Projgeany | f3(x,0, 1) + Dy fy (2,0, )Uy (, ) + Dy f (,0, p)U3 (, pr)
— DUy (w, 1) JUy (0, p1) = DoUy (, 1) f3 (2,0, ) + (DoUy (2, p))* |
(4.22)

Consider the basis {pPale; : k = 1,2,3,p € N2, g € N3, [p| + |q| = j} of V;(C?),
where e; = (1,0,0)7, e; = (0,1,0)T and ez = (0,0,1)T. Then for j = 2, upon finding

the images of each basis element under My, we find that Ker(M;) is spanned by
Hi1T1€1, Hol1€1, T1T3€1,

H1T2€2, 2T 2€2, T2X3€E2,
2 2 2
T1T2€3, U1T3€3, U2X3€3, h1€3, Ug€3, U1 U2€3, T3E3.

Similarly, we find that Ker(M;) is spanned by
2 2 2 2
H1peZ1€1, 1 T1€1, HoX1€1, H1T1T3€1, hol1T3€1, T1T2€1, T1T3€1,

2 2 2 2

H1oT2€2, U1T2€2, UoX2€2, I1X2T3€E2, UaT2L3C2, T1L €2, T2L3E2,
2 2 3

H1T1T2€3, UoX1X2€3, h1T3€3, UaT3€3, 1 U2T3€E3, L1X2T3E3, T3€3.

To see where each individual basis element is taken under the operator M} see [19].

The condition that y = 0 must satisfy the second equation in (4.14) comes from
the choice of the nonlinear change of coordinates given in (4.19). This guarantees
that the range of M j2 is the whole space V;(Ker ), and therefore gives higher order
terms that all must include some power of y. This solution y = 0 is not a trivial

result by any respect, and it is proven with a certain degree of difficulty by Faria
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and Magalhaes in [4] and [5]. This is one of the main results given in their papers
and it comes from the application of tradition Normal Form Reduction applied to
the ordinary differential equation in the complement space ). Faria and Magalhaes
tell us that regardless of the ordinary differential equation that we are given in the
compliment space, all terms that do not contain a variable from that compliment
space will be eliminated under the proper change of variables to produce the normal
form. Thus we have obtained a normal form on a finite dimensional manifold tangent

to the subspace P for the linearized equation at z = 0 and pu = 0.



Chapter 5

The Reduced System

Here we will apply the theory from the previous chapter to reduce system (1.5) from
a delay-differential equation with an infinite dimensional phase space to an ordinary
differential equation on the three dimensional centre manifold. This reduction will
allow us to analyze the Zero-Hopf bifurcation in the system and help us classify
the conditions necessary to induce the different possible results with this type of
bifurcation.

To begin, suppose € > 0 and €2 — a? < 2. Then if b = 1 and 7 = 79 # € + a,
Theorem 2.1 tells us that the characteristic equation has a zero root and a simple
pair of purely imaginary roots given by =iwy.

By setting u; = z, us = & we get from (1.5) the following first order delay

differential equation,

U.I = U3,
(5.1)
g = —uy — e(u? — Dug + glua(t — 7), us(t — 7)),
where the Taylor expansion of ¢ is given by
1 2 1 o 1 3
: 5.2
1 1 1
+ 59961’3/(07 0)z?y + §gyya:(0a 0)zy® + ngyy(ov 0)y* + O(|z, y|*).

26
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After the scaling t — /7, system (5.1) becomes

p

Uy = TUp,
Uy = — Tuy —eT(ud — Dug + 7 {am(t — 1) 4+bus(t—1)+ %gluul((]? 0)ui(t—1)
Lo 0000t~ Vst~ 1) + S (0,003 — 1)+ s (0,00 — 1)
b 5 (00083 = 1t = 1)+ S uguen, (0,0)ua(t — 1)t — 1)
\ + éguwa(O, 0)us(t — 1)1 + O(Jug, ug|*).
(5.3)

If welet py =b—1 and ps = 7 — 79, then py and py become bifurcation parameters

and system (5.3) now becomes

)
Uy = ToUz + H2Usz,

g = — Touy + Tour(t — 1) + Toaus(t — 1) + eTous — pioti
+ gty + apioun(t — 1) + Topyur (t — 1) + pouy (t — 1) — eTouiug — epouiusy

1
+ M1M2u1(t - 1) + 5 709u1uy (07 O)U%(t - 1) + T0Gu1uz (07 O>u1 (t - 1)u2(t - T)

2
+ 570000 0. 00630 = 1) + s 0,0zt ¢ — 1)
¥ G (0,0) st (£ = st = 1) + 2 (0, Ot — 1)
+ 708 0, 00t = 1)+ 1000, 00 (¢ — Dt — 1)
| 0 (0.0t D0 1) 00 (0,006 — 1) + heot,

(5.4)
where h.o.t. stands for "higher order terms” and in this case represents the terms of
order four and more in wuy, ug, @y and ps.

Linearizing (5.4) around (uq, us, i1, o) = (0,0,0,0) we get
Uy = ToUs,
Uy = — Touy + eTous + Touq (t — 1) + Toaus(t — 1).
By letting
n(0) = Ad(0) +Bo(6 + 1) (5.6)
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such that
0 79 0 O
A= , B = , (5.7)
—T0 €70 To a7y
we can define the operator
0
Lo= [ dn®)p(0), Vo€ =C(-10).C%), (5.8)
-1

Define X = (uy,u2)?. Then (5.4) can be rewritten in the following form,

X(t) = LX, + F(X,, ), (5.9)
where F/(X;, u) = (F*', F?)T is given by

F' = MU,

F? =pguy + epiaus + apous(t — 1) + topqur (t — 1) + poug (t — 1)

1
— 57’0ufu2 - 6u2ufu2 + pypoug (t —1) + §Togulu1 (0, O)uf(t - 1)

1
4 T0Gurus (0, 0)uy (t — Dug(t — 1) 4 = ToGuyu, (0, 0)ua(t — 1)+

2
2 s (0,00~ 1) (0. 0tz (£ — Vi — 1) + 2 g0, O — 1)
i (0,00~ 1)+ 30001000, 00 ¢ = Dus(t — 1)
+ %Toguwwl(O, 0)uy(t — Dua(t — 1) + éToquuQuQ(O, 0)us(t — 1) + h.o.t.
(5.10)
Using the definition of n above we can simplify the bilinear form in (4.6) to get
W) = 0000 + [ vl B (5.11)
The infinitesimal generator A : C'([—1,0],C?) — BC' is defined as
% if —1<6<0,
Ap(0) = ¢+ Xo[Lp — ¢(0)] = /idn(t)w(t), £0—0 (5.12)

with adjoint A* : C*(]0,1],C*) — BC given by

if 0<s<1,

. . ¢
A*p(s) = —tp + Xo[L 9 +1(0)] = /1w(—t)dn(t) e (5.13)
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Then A and A* have eigenvalues 0, iwyTy and —iwyTy for which we must now compute

their respective eigenvectors.

Lemma 5.1. There erists bases ® = (p1, @1, 02) and W = (1,11, 12)T of the centre
space P and its adjoint P* such that ® = ®.J, U = JU and (U, ®) = I, where
901(‘9) - (17 in)Teiw()me? 902(6)) - (17 O>T

V1(s) = D(1,0)e™0ms, a(s) = Di(e + a,—1)

. . . 1Wo
J = dzag(zono, —WoTo, O), 0 = m,
1 1
D= . . D=
1 —iowy + Teoe™0m0 (1 — jawy) e+a—1
Proof: Suppose ¢1(0) = (1, p)Te0™? is an eigenvector of A corresponding to

iwoTo. Then Apy(0) = iwotop:1(6). From the definition of A we get
Ap1(0) + By1(—1) = iwoTow1(0)

which gives us that

—in 1 1 0
70 . . . = )
—1 47070 g — qe” "0 — g p 0

which gives p = iwy. Similarly suppose @o(6) is the eigenvector of A corresponding
to 0. From the definition of A, we have that ,(f) is a constant vector (o, 3)7 such

that

(6]
(A +B) =0
B

from which we obtain ¢9(0) = (1,0)7. Let ® = (¢1(0), $1(0), p2(0)). Then it is easy
to check that ® = ®.J.
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Now suppose ¥1(s) = D(1,0)e™“°™% is an eigenvector of A* corresponding to

—iwpTy. Then A*Yq(s) = —iweTo11(s). Then from the definition of A* we have

Y1(0)A + Y1 (1)B = —iwoTe11 (0)

or equivalently

in 1
7 (1, o) | | — (0,0)
—1 4 ™07 ¢ 4 qe'™070 +

which gives us

1wy
O = —.
1 — eWwoTo

Suppose that 15(s) is the eigenvector of A* corresponding to 0. From the definition
of A*, we have that 1,(s) is a constant vector (a, ) such that

(c, B)(A+B) =0

which gives 15(s) = Di(e + a,—1). Let ¥ = (¢1(s),1(s),%2(s)). Then we have
U =—Ju.
It can be checked that (¢1,p1) = 0, (¥, 1) = 0 and (1, ¢2) = 0. In order to

assure (11, 1) = 1, (19, ) = 1, we must determine the factors D, D;. Since
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(1, 1) =D [(1, J) ! + /0(17 5.)6—iono(§+l)B

iwo -1 ’in

D [1 + iGwg + Tooe 0 (1 4 iawo)}

0

eiworoédg} 7

(¢2,¢2)=D1[(5+a,—1) ; +/(€+a,—1)IB% ! dg]

—1 0

:D1[€+CL—T0],

we get the desired results, finishing the proof of the lemma.

Now let u = ®x +y where z € C3 and y € Q' = {p € Q : ¢ € C}, then we write

u as
up(0) = 00z 4 e 00y 4+ 25 + 41 (0)
us(6) = iwoe™ ™ zy — iwge O™z + o (6).
Let
i1 Yo D Do
v(0) = o1 Yo | = D Do
P31 Y3y Di(e+a) =Dy

Then System (5.4) is decomposed as
&= Jr+ V(0)F(Px + y, )
y=Agy+ (I —m)XoF(x +y, )

and upon using Taylor’s Theorem we obtain

i =Jr+ fy(x,y,pm)+ f3(z,y, 1) + hot.,

y = AQly + f22<x?y7,u) + fg?(l’,y,/ﬁ) + h.O.Tf.7

(5.14)

(5.15)

(5.16)

(5.17)
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where

U Fy (P +y, 1) + 1o F5 (Px + y, 1)
f21(x7y7 ) = ¢21F21(<D$ +uy,p) + ¢22F22(<I’$ +y, 1) |
V31 By (P 4y, 1) + 3o F5 (P + y, 1)

Fy (P +y. p)
f;(l’,y,,u):(]—ﬂ')Xo ? 3
F3 (Px +y, p)
(5.18)

V11 F3 (Px +y, 1) + 1o B3 (Px + y, 1)
f3(@,y,10) = | Yo FH(Qa + y, ) + ¥oa F3 (Px + . p1) |
Va1 (P + y, 1) + 5 I (P + y, 1)

FN®z +y, 1)

f3(a,y, 1) = (I — )Xo
F2(®x + y, p)

Then we are able to compute the normal form of system (5.17) taking the form
&= Jr+ g3(z,0, 1) + g3 (x,0, p) + h.o.t. (5.19)

First we compute g4(z,0, ). From the work in the previous chapter we have

that

g% (.CE, Oa M) = ProjKer(le)fél (.CC, Oa M) + O(’/JJF)

(@11 + ar2p12)T1 + 137123

(5.20)
= (Gy1p01 + Grapie) T + Q132273 + O(|N|2)~

2
(ag1piy + agafia) T3 + as3T1Te + A2473



5. The Reduced System 33

Now expanding out the terms in (5.18) we get

Fy =pa(iwory — iwows +1(0)),  Fy =0,
2 _ . s . —iwoTo
Fy = — po(xy + 29 + 23 + y1(0)) + epo(iwoxy — iwors + y2(0)) + aps(iwee T
— Gwoe™0 ™y + y2(—1)) + Toul(e_iwomxl + 0T x4 14 + yi1(—1)) + ,ug(e_iwoma:l
+e“xy + w3+ y1(—1)) + §TOgu1u1 (0,0)(e™* 070y + “°T0xy + x5 + yl(_l))2
+ T0Guyus (0, O)(e’i‘“mml + 00y + g + yl(—l))(iwoe’i‘”mml — e O™ 1
1 . — WO TY . WO T
+ yQ(_1)> + 5 09usuz (07 0)(2(,006 0 01‘1 — W€ 0 01‘2 + yQ(_l))27
. . 1 — WO T
F32 =—ero(x1 + 22+ 23+ yl(O))z(zwoxl — iwpza + y2(0)) + §gu1u1<07 0)pg (e 002y

+ 00wy + @3 4+ Y1 (=1))% + Guyus (0, 0) (€700 wy + 0wy + 25+ y1(—1))

: —iWQ T ; WO T 1 : — WO T ; WO T
(iwpe ™0™z — jwee™ ™ xy + yo(—1)) + §gu2u2(0, 0) po(iwpe 0™z — iwpe™ ™z
1 — WO TY WO T 1
+y2(—1)) + éTogmulul(Ov 0)(e™™*™zy + €y + x5 + yl(_l))3 - §TOQU1U1u2 (0,0)

(e”'wmxl + MO0y 4 g 4 yl(—l))Q(iwoe’wOToxl — fwe™O™ gy + ya(—1))

+ = T0Gusuzuy (0,0) (€700 + €“°0x9 + x5 + y1(—1)) (iwpge™ ™z — dwee“ ™z,

2
1 . — WO T . WO T
+ya(—1))* + G T0uzuzus (0,0) (iwpe™™“°™ 2 — iwee™ ™ xy 4 yo(—1))*.
(5.21)
Therefore, recalling that the characteristic equation gives us (1+iawg)e 0™ = —w2 —
iewp + 1, we compute the coefficients in (5.20) to be
aip = TOD(TG_WOTO, a12 = D(Z'UJO — 5'(4}3),
N — W0 T . — WO T Ti
a13 = 70D (Guyuy (0,0)€70™ + iwoGuyuy (0,0)e07) ag = 7_—2a, (5.22)
) — € —

1
Q22 = 07 Q23 = a21(gu1m (O’ 0) + wggww (07 0))7 Q24 = §a2lgu1u1 (07 0)
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Now to compute gi(z,0,0), recall that
93(2,0, 11) = Projgera) | f5 (2,0, 1) + Dy fo (2,0, 1)Uy (2, 1) + Dy f (2,0, 1)Uy (2, o)

= PrOjKer(Msl)fBI(x7070) + PTOjKer(M%)DSCf%(x7O7M)UQI(‘I?O)
+ PTOjKer(Mg)Dyf(xv 0, M)UQZ(SC: 0) — PTOJKer(Mg)DxUzl(I'?H)JUQ(% t)
- PTOjKer(Mgl)DIU%(:U7H’)fZl(x7 0,0) + PrOjKer(Mg)(DxU%(x7 0))2J33
+ O(lf|p]* + |l
(5.23)

(7) First we compute ProjKer(Mé)fg(x, 0,0). Since

D& Hy (1, z, 73)
f?}(xa 070) =170 DO’H1($1,$2,£B3> ) (524)
—D1H1(1317372,$3)

where
. 2 1 —1WwoTo
Hi(x1, 29, x3) = —icwg(x1 — xa) (1 + 22 + x3)° + Egululul((), 0)(e 1
+ €0y + 23)° + 59”1“1“2(07 0)(e”™0™0g) + 0Ty + 23)?
. —1iwQTo . WO T 1 —1wQTo 1w T
(twoe 1 — twoye T9) + §9u2uw1(0, 0)(e T +e T
. — WO T . WO T 2 ’in — WO T WO T
+ x3) (iwpe "0z — iwee™ 0 x9) — ?<€ 0T0 ) — "0,
(5.25)
this gives us that
b1170329 + bioxy 75
PTOjKer(Mg)f:sl<$7070) = 1_711331$% + 1_7121'2%% ) (5-26)

bglfL’ll’Ql‘g + bggﬁ(]g
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such that

1 1 )
5 Juruiun (07 O) + 5 9uruius (07 0)(2&)8 - ZWO)

b1y =19 DFe om0 { — 2iewne™ 00 + 3 5

1 y iwgs
+ §gu2U2U1 (07 O) (2("-)0 + ZWO) - ?guwzw (07 0) )

| (5.27)
_ _ . 1 Wy
b12 :TOD0'€ 070 |: — Zgwoelono + §9u1u1u1 (07 0) + 79u1u1u2 (07 0):| ’
w? T
b21 = — TODI |:gu1u1m (O, O) + TOgUQUQUI (07 0):| ) b22 = ?ODlguwnu (O’ O)

(i) To compute Proje(ary)Defz (2,0, 1)Uy (2, 0) we use

1 . 1 o 1\—1 . 1
U, (33, O) = U (37’ :u)’u=0 = (MQ) PTO]Im(M%)fQ (37, 0, O)
ba {guwl(o’ 0)(e~2 om0yt — 2xy29 — 50003 — 13 — 0 ry13)
—|— ol O O _w26_2iw07—0x2 _ 2w2$1132 + lMQeQiWOTOxQ
2u2 \ M) 0 1 0 370 2
+2.gulu2 (07 0) (iwoeiziwoml'% + %'L.W()emw()‘ml'% + %in61w070172[E3):|
Do |:gU1U1 (0,0) (g2 0mF + 2m 29 — 207023 + 23 + € O™z 14)
70

_ 1 —24 ] 2
" iwg + Guzus (0, 0) (—gwie™ 0™ at + 2wim 25 + wier 0™ x3)
0

+2Guyus (0, 0)( iwge 2T g2 jge?iwoTo g2 4 %iWOG_ZonOl'll'g)]

1,2 2 1.2 2 —i '
—Dy {gmul(o 0)(ge™#w0mp] — e @003 2700 13 — 200 Ty13)

_ 1,2 —2iwpTo .2 1,2 2iworg 5.2
+Guzus (0, 0)(—5wie T] + jwpe T3)

+2Gu,u, (0, 0)( iwge 2o 2 —|— Woe20To g2 4 e 0T g g + iWoeinTO.T2I3>:|
(5.28)

This gives us

011:13?902 + C12$1!E§
PTOjKer(Mé)Dmf21<x707O)UQI(xvo) = | enxa3 + Graxaa3 | (5.29)

3
C21T1X2X3 + C22X3
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—7'02D5

%Dae%wm(@mmmAWQ—wa%wxmmf+awﬁ%wxaomwwmm>
+ 260Gy (0, 0) Gy, (0, 0)) + 2D0( — T(Guyy (0,0))? — 10W3 Gy iy (0, 0) G, (0, 0)
—&ﬁ@mwmﬁ»”—n@awxamf)+3Dmi%mQ%wxamV

+ W0 Guyuy (0, 0)9U1u2 (07 0) + iwggmw (07 O)QUQW (O, O) - wggmm (07 0)9U2U2 (07 0)

+mﬂ%mmm»ﬁ}
—27’0D0'|:
Clg = —/—

7007 D (g (0,007 + 200110, 0,0101,0.0)

—%%m@m%mmm)+m{—%%mmMP—%%mwm%mm@

—%@Waamf)+Dm%m(@wAamf+%w%mmﬁmwaamﬂ,
. 27'02D1
N iwo

+ 2“(2) (guwz (07 0))2 + w(2)gmu1 (07 O)guwz (O, O) + 3iwggu1u2 (07 O)gUQUZ (O, O>>

C21

[Daeﬁmex%wxmo»Q+3wMwamommwaxm

+Dm@m(—3mwAamf+stmmmnmmmwmw—ma%wxmmf

- w(QJguﬂu (0, O)QUzw (07 0) + 3iw39uw2 (07 0) Guzus (07 0))} )
27—0Dlgu1u1 (07 0)
in

+ Dge™wom ( — Guyuy (0,0) 4 1w Guyu, (0, 0))] -

Co2 =

{Dae—iwom (gu1u1 (0> 0) + 100 Gy us (Ov O))

(5.30)

(iii) To compute Projge.ayDyf (2,0, 1)U3(x,0) we define h = h(x)(0) = U3, and

write

)
h(@) = = hgooﬂ?%+h020$§+h002$§+h110$1l‘2+h1011’1x3+h0111’21‘3, (531)
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where hagg, ho2o, hooz, 110, Piot, horr € Q. Then we solve for the coefficients of h using

the fact that (M2h)(z) = f2(x,0,0), or equivalently,
Applying the definition of A and 7 we obtain the following ordinary differential equa-
tion,

h— DyhJx = ®(0)¥(0)Fy(®a,0), (5.33)

h(0) — Lh = F5(®z,0),
where £ is the derivative of h with respect to 6. If we denote
Fy(@x,0) = Asgox] + Aoaoxs + Agoeal + Arioz12s + Adiozias + Aoz, (5.34)

where A;;; € C?,0 <, 5,k < 2,i+j+k = 2, we are able to compare the coefficients of
each monomial and obtain a differential equation for each individual coefficient of h.
An inspection of the coefficients in Fy(®x, 0) reveals that gy = hogo and hgi1 = hio1,

and therefore we must only solve the following ordinary differential equations,

hzoo — 21w Tohogo = CI’(Q)\I/(O)AQoo?

. (5.35)
ha00(0) — L(haoo) = Asoo,
hio1 — iwoTohior = P(6)W(0) Ay,
.101 WoTol101 () () 101 (5.36)
h101(0) — L(hi01) = Ao,
hiio = ®(0)T(0)A110,
.110 (0)¥(0)A110 (5.37)
h110(0) — L(h110) = A110,
ooz = ®(0)T(0) Agge,
002 (0)¥(0)Agoz (5.38)

h002<0) - L(h002> = A002~

The equations for each coefficient in h is solved in full detail in the appendix.
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Since
0
F2(Ut,0) = ) ) )
ToGuiuq (07 O)ul(_l) + T0Gugus (07 O)u2(_1) + 27—097«&1“2 (O’ O)ul(_l)u2(_1)
(5.39)
we have
¢12H2(l’1, T2, 333)(h)
-
Dyf21’y:0,u:0(h) = 50 ¢22H2($1, Ta, 1‘3)(]1) ) (5-40)
3o Ho (21, 22, 23)(h)
where

Hy(x1, 29, 23)(h) =Guru, (0,0) (€700 x; + 005y 4 2)h D (—1)+
Guzs (0,0) e ™y — o ™2)h ) (1) + guyu, (0,0) (7Pt
+ e™0Tog, 4 .133)}1,(2)(—1) + Guyus (0, 0) (iwpe™ ™0™ 1y
— dwge0m g ) A (=1).

(5.41)

Therefore,

d11$%$2 + dlzfﬂlil?%
PTOjKer(M§)<Dyf21(='Ea Y, M))US(% M)|y:0,u:0 = 621156'1513% + Czlzll?ziﬁg ) (5.42)

dgll’lxgl’g + dgg(lfg
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where
TOD o iwoTo —iwgTo iwoTo 7, (2)

dyy =——— 9 9u1u1(0 O)( h2oo( 1)+6 h110( 1))+9u1u2(0,0)( h200( 1)
+ e PR (—1) + zwoe*mh%(—1> — iwoc™ ™ iy (1))
0 upay (0, 0) (e~ 0 B (—1) — om0 2] 1))} ,
7—ODO- — WO T . —iwoTo 7, (2)

diy =5~ [gwxo 0) (™™ higy(—1) + higr (—1)) + itiguyus (0, 0)e™“"™higy(—1)
+ Gz (0,0) (€0 R, (—1) + Aoy (—1) + z'woe—mmhéta—l))] :
_TOD — W T W0 T

doy =— 1{%”1(0,0)( hory(—1) + € P hig (—1) + hitg(~1)
160 Guzuz (0, 0) (€70 R (—1) — €0 B (<1)) + guyuy (0, 0) (€0 R (—1)
T e om ) (<1) 4 A (=1) + dwpe =R (1) — itope R (~ 1 >>],

dyy =021 hith(—1 hZ(—1

22 = 5 u1u1(0 0) 002( )+9u1u2(0 0) 002( ) .

(5.43)

(iv) Lastly, to compute Projge,p)DeUs (2, 1) JUy (2, 1),
ProjgeyDaUs (x, 1) f3 (2,0,0) and Projgeqay(DeUs (2,0))* Jo we must only use
the explicit form of Uj (x, i) as given in (5.28).

Then,

611$%!E2 + 612$1$§
PTOjKer(Mg)DxUzl(xy 0)JUy (,0) = E11T1T5 + E122273 | (5.44)

3
€21T1 X223 + €2213
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where

—272D5 [ - . . .
en =007 | D 027, (0, 0)) %0 — 270 (g, (0, 0) %07
0

+ 18iWqulul (0’ O)gulu2 <O7 O)eiiwom + 18iwggu1u2 (Oa O).guzuz (07 O)eiiWOTO‘F
36'Lwogu1u1 (07 0)91,(,1’&2 (07 O) + 36@wggulu2 (07 O)gu2u2 (O’ 0)) _I_ D0-<_19(gu1u1 (0’ 0))2

- 34w(2)guw1 (07 0)9U2U2 (0’ O) - 19w§<9U2U2 (07 O))2 - 4wg(guw2 (O’ O))Q) )

€12 = _Z‘i f 4 [D&ei‘”m (2(Gurus (0,0))%e™ 0 4 diwy gy, (0, 0)guyuy (0, 0)
— 262G (0,0)Guru (0, 0)e ™) + Do (—3(guyuy (0, 0))2
— 205w 1 (0, 0) Gz (0, 0) — Wi (Guyur (0,0))%) |,

- inl [meiwws(gw (0,0))% + 302 w100 (0, 0)uyuy (0, 0)

+ 5iw89uwz (07 O)guwz (07 0) + 5iWoGuyuy (0, O)Quluz (07 0) + 2w(2)(9uw2 (O, 0)>2)
— Dgeom (5( Gy, (0, 0))2 + 3W89uw1 (0,0)Guzu,(0,0) — 5iwggmu2 (0,0)Gusu,(0,0)
— DIWoGuyuy (O’ O)guluz (07 0) + 2wg(gu1u2 (O, 0))2) )

_ 2Tnggu1u1 (07 O)
22 iwg

g 0.0)]

{D&eiwom (Jurui (0,0) + iWoGu,u, (0, 0)) — Doge™0m (Gurus (0,0)

(5.45)

Similarly,

fnxfxz + f12$1$§

PTOjKer(Mg)DzU21<5U70)f21<$7070) = fn%wg + f_12902$§ ) (5.46)

foarz1zoms + f22$§
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where

—TgDﬁ

fir =g [ Doe™ ™ (=6(gu4 (0,0))%€ ™" + 12i0gu;u, (0, 0) gy (0, 0)e ™07

+ 6w (Guguy (0,0))2€707 £ 12iw3 Gy 1y (0, 0) Guyu, (0, 0)e =0T

— 240w G5 (0, 0) Gusus (0, 0) — 24iwoguyu, (0, 0)guyus (0,0)) + Do (14(guyu, (0, 0))?
+ 2005 Gurus (0, 0) Guus (0, 0) + 14w (Gusus (0, 0))? + 865 (Gurus (0, 0))%)

+ D1 ™ (=3(guyu, (0,0)) = 3ioGuyuz (0, 0) Gugus (0, 0) + 3w Guyuy (0, 0) Guyus (0, 0)

— 3iw0gusu1 (0, 0)gurus (0, 0) — 6w0(gusur (0, 0))%) |

- W |:D5'€_iw07'0 ((guwl (07 0))2€_iWOTO + 2iw09u1U1 (O’ 0)9U1U2 (07 O)
0

- w(%gurln (0’ 0)9U2U2 (07 O)G—iwom)) + DU(_Q(QU1U1 (07 0))2 - W(Q)gmm (07 0)9U2U2 (0’ O)

- wg (guw2 (07 O))2) + Dle—iwm’o (2<guw1 (07 O))2 + 22.(")09?11711 (07 0)9U1u2 (07 0)) )
—273D M = —iwo T
N {Dae 7 (3(gusur (0,0))” + 8 uys (0,0)guz0 (0. 0)

+ 3iw89u1u2 (O, 0)9U2u2 (07 0) + 2”3(91111@ (07 0))2 + 3iWoGusuy (0> 0)9U1U2 (Oa O))
- DO_GWOTO (S(QUNM (07 0))2 + w(2)g’tL1u1 (07 0)9U2U2 (O’ O) - Siw(z]))gulm (O’ 0)9U2U2 (07 O)
+ 2&)3 (gu1u2 (07 0))2 - Siwﬂgmul (07 0)gulu2 (Ov O)) ’

272D G (0,0) [+ i | oo
foo = s 1500 ( ) |:D0'€ 0 O(Quwl (07 0) + 10 Guyus (07 0)) — Doe™® 0(gu1U1<0’ O)

g 0.0))|

(5.47)
And finally,

2 2
g11T7T2 + g122123

PTOjKer(M§)(DxU21(xaO))ij = | guT173 + Grazox3 | (5.48)

3
21712223 + gooX3
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where
—T(?D&

9i(.d0
+ 720 Gurus (0, 0) Guguy (0, 0) — 36 (Gugus (0, 0)) %) 4+ Do (4(guyu, (0,0))?
- 8“(2)guw1 (0,0)Gusu,(0,0) + 4w§(gmu2 (0, 0))2 + 16w(z) (gmu2>2)

+ Dle_iwom(_g(gulul (0, 0))2 — 9iWoGuyu; (0,0)Guyus (0,0) + 9w§gu1u1 (0,0)Guzu, (0,0)

gn = Dge™ ™ (36(guyu, (0,0))%e™"°™ + 72i00uy s (0, 0)guyus (0, 0)

- giwggmuz (07 0)gu2u2 (07 0) - 18("]8 (gu1u2 (07 0))2)

T2D6_ —1WQ T
12 = (;'wo |:DU<(9U1U1 (07 O))2 + w(%(gmw (07 O))Q) + Dlguuﬂ (07 0)6 ¢ 0(_4guw1 (O’ 0)

_ 4z'cuogu1u2<o,0)>]

) )
g1 = ;')w 1 |:DU€ MOTO((gulm (O? O))2 + W0 Guguy (O? O)guluz (07 0) - wggulul (07 0>gu2u2 (Oa O)
0

4 808 Gy (0, 0) Gunur (0, 0) + 203 (Guyuy)?) — De™®™(gy,u, (0,0))?
— 1WoGurus (05 0)Guyus (0, 0) = w5 Guyur (0, 0) Guuzus (0, 0) = 4655 Guuyuy (0, 0) Guipur (0, 0)
268000
g22 =0
(5.49)

Therefore, on the centre manifold, System (5.19) can be reduced to

)
¥y =iwory + (a11p1 + a1apt2)xy + a13z123 + (b + ci1 + dip —e1n — fin + 911)»’17%552

+ (512 + C12 + dlg — €19 — f12 + 912)1‘1333 + h.O.t.,
Ty = — lwTs + (G101 + Q1oplo) T2 + 137273 + (511 +én+dy —en— fu+ Qn)xlx%
+ (612 + 512 + Czlz — 512 — ]?12 + 912)I21)§ + h.O.t.,

Ty =(ag1 i1 + agapie)rs + G23$§ + (ba1 + co1 + do1 — €21 — fo1 + go1) 17273

+ (522 + Co2 + d22 — €99 — f22 + 922)1‘3 + h.o.t.
(5.50)

We can convert the above ODE from complex variables to real variables by introducing
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the change of variables x1 = wy — 1wy, T9 = wy + tws, x3 = wz. Upon completing
this change of variables we may now convert to cylindrical coordinates by letting

wy = 1rcosé, wy =rsiné, wy = z. System (5.50) now becomes

7= ay(p)r + Burz + Bor® + Brorz® + h.o.t.,
Z= o)z + y20r* + Y022° +Y032° + heot, (5.51)
£=—wo+ (Imfay1]py + Im[aio)pz)r + h.ot.,

where

a1 (p) = Relan]pr + Relaro]pa, aa(p) = agipn + asopia, Bi1 = Relass],
B30 = Relbi1 + c11 + din — enn — fi1 + g11), Bi2 = Ref[bia + ciz2 + dia — 12 — fi2 + 912,
Y20 = G23, Yoz = Qa4, Vo1 = ba1 + a1 +da1 — €21 — far + go1,
Y03 = baz + Cog + dog — €22 — faz + goa.
(5.52)



Chapter 6

Bifurcation Diagrams

In this chapter we will determine the bifurcation diagrams for (5.51) based on values of
the bifurcation parameters pq and ps. We draw direct links between the normal form
found in the previous chapter and the normal form of the Zero-Hopf bifurcation as it
is given in [6] and in Chapter 3 of this thesis. This will allow us to accurately predict
the behaviour of the system on the centre manifold for any given initial conditions of
the system.

Dropping the azimuthal component of the normal form, we have

7=y (p)r + BTz + Bor® + Brar?, (6.1)

2 =ap()z + Yoor? + Y022 + V032>,

where the coefficients are as they are defined in (5.52). To achieve the exact normal
form of the Zero-Hopf bifurcation we let » — r and z — z + 9, where ¢ is yet to be

defined explicitly. This gives

7 =(a1(p) + 110 + 51252)7” + (P11 + 20512)r2 + B3or> 4 Brarz?,
2 =(a ()6 + 70202 + 7030°) + () + 26702 + 37030%) 2 + Yoor? + (Vo2 + 30)2% + Y032
(6.2)

44
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We choose 6 = 6(p) such that (aa(p) + 20702 + 37036%) = 0. Therefore,

1
o(k) =3 { — Yoz & \/732 - 3703042(,“)}
Y03
. (6.3)
:% { — a9y + \/034 - 37036@1#1} :
Now to ensure §(0) = 0 we choose
( 1 r 7
—— | — a2 + Va3, — 3ozaa |, ax >0,
303 | i
5(#1) = (6‘4)
LT -
—— | — a2s — v/ ad, — 3yo3azipir |, axa < 0.
L 3703 | i

For small values of 1, 0 is a continuous function that is differentiable at p; = 0.

Letting

mo=on(p) + Bud + P126%, a1 = Pu +20P1a,  as =P, az = Pio (6.5)
M2 = a(p)d + 29020% + 7030%, b1 =20, b2 = Y02 + 3,
we obtain the normal form of the Zero-Hopf bifurcation as given in (3.2).
Provided that a;, b; and by are nonzero, we may only consider terms up to the
second order. Upon tracing the values back to equation (5.22) the non degenerate

conditions can be simplified by ensuring gy, 4, (0,0) # W3 Guyu, (0,0) and gy, (0,0) # 0.

Then truncating the system at the second order gives us

7T =mr+arz,

(6.6)
z =12 + b17”2 + b222.
Now taking r — —+/|b1bs|r and z — —byz, we get
7 =x1r + Arz,
(6.7)
% =2 + Br? — 22,
where
—a
X1 =", A= b_l’
2 (6.8)
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Recall from the previous work on the Zero-Hopf bifurcation that when B = 1 (re-
spectively B = —1) and A > 0 (A < 0) the bifurcation diagrams in the (x1, x2)-plane

contain the origin and the curves

S = {(XluXZ) tx2=0,x1 # 0}7

1, , (6.9)
P = {(X17X2) X2 = pXit O(xal”), xa # 0}7
where a saddle-node bifurcation and pitchfork bifurcation occur respectively.
Furthermore, when B = 1 (respectively B = —1) and A < 0 (A > 0) the

bifurcation diagrams in the (x1, x2)-plane contain the origin, the curves P and S and

the curves

M = {(Xl)XZ) X1 = OaX? <0 (X? > 0)}7

N (6.10)
N = {(Xl,xQ) DX1 =

3A+2

where Hopf and Cycle Blow-up (Heteroclinic) bifurcations are occurring respectively.

Yo+ Ol xe < 0 (xa > o>},

We now work to define these bifurcation diagrams in terms of the bifurcation
parameters p; and pus. We start by using the fact that ¢ is differentiable at 0 and

d(0) = 0 to obtain the Taylor series expansion

—a 3a%1703 2 3
) = — O ) 6.11
(111) 20 M T 8a, + O(|l”) (6.11)
We also find that
— — — 0 —R
4=2 = P =0 _ Relal | o1, (6.12)
2 o2 Y02

And finally,

X1 = —ba(a ()8 + 27026° + 7035°)

2a2,R —anR
_ (2024 e[a112] as1 e[als])ul + Refaia]pa +
24

2
a31(2812 — 3agsRelas]) 3
O
8@%4 Hq + (|:U’1| )7

X2 = Oél(u) + 116 + 51252

3
—0a2173 3 4
= + O .
8aZ, Hq (pea]®)

(6.13)
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This now brings us to the following theorem about the bifurcation diagrams in the

(11, p2)-plane.

Theorem 6.1. Let (pq,12) # (0,0) be sufficiently small, gy u,(0,0) # —Guyu, (0,0)
and Gu,u, (0,0) # 0. Then for A and B defined above we have the following.
(a) If B =1 (respectively B = —1) and A >0 (A < 0) then the bifurcation diagram

of System (5.4) contains the origin and the curves

S = {(MD,UQ) = Oalu2 7& O}a

(ag1Relays] — 2a94Relar1]) Relai3]ag \/m
P = Dy = +
{ (b1, ) g 2Rearz]agy 1 DRefar)a3, 2

Q21031 < 0} )

where saddle-node and pitchfork bifurcations are occurring respectively.
(b) If B =1 (respectively B = —1) and A <0 (A > 0) then the bifurcation diagram
of System (5.4) contains the origin, the curves S, P as defined in (a) and the curves

(aglRe [CL13] — 2@24R€[CL11])

M = {(Ml,uz) 2 = 1, a21Yozt1 > 0 (azl’Yosul < 0)},

2Relaiz]agy
(azRelag] — 2az4Rear1]) az (3azRelars] — 2612) ,
N = : -
{1 W T SRelan "

a3, Relas]yos
a34(3Re[a13] - 2@24

)u‘i’,amogm > 0 (a21v03p01 < 0)}

Along S and P, the same bifurcations are occurring as in (a). Along M and N, Hopf

and Cycle Blow-up (Heteroclinic) bifurcations are occurring respectively.



Chapter 7

Numerical Simulations

Here we work to apply the theoretical results from the previous chapters to the
system in (5.4) to confirm our results. This will allow us to bring physical meaning
to the bifurcation diagrams given by Guckenheimer and Homes in [6], and help us
to understand the dynamics of the system under certain initial conditions. Here we
focus on three main phenomena that can be observed in the system; an unstable
limit cycle that repels the orbits into a nontrivial fixed point, a stable limit cycle that
will attract all orbits on the centre manifold and a stable torus formed by the Hopf
bifurcation that occurs in the system.

We use a computer program to effectively project orbits onto the three-dimensional
centre manifold and convert them to cylindrical coordinates. Upon doing so, we are
able to create phase portraits that closely resemble those given for the Zero-Hopf
bifurcation. The code for this program is given in the appendix, and to the author’s
knowledge, it is an entirely original idea to present the findings in such a way. We
will use this program to better understand the nature of the system on the three-
dimensional centre manifold and to aid us in understanding the bifurcation taking

place.

48
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7.1 Simulation 1: The Nontrivial Fixed Point

Here we take ¢ = 0.6, a = 0.5 and

1 1 1 1 1
g(uy,us) = aus + buy + %uf — 1otz + Zug - gui’ + ZU%UQ — Zulug + éug (7.1)

Clearly, 0 # guyu,(0,0) = 55 # Wigusu,(0,0) = —0.687385, and therefore we may
apply Theorem 6.1.
Now, wy = 1.37477 and 79 = 2.17954. Then from our work in Chapter 5 we get

a1 = 0.8231 + 0.6314i, ags = 1.64586 + 0.83988i, ay3 = 0.16911 — 0.05002;,
as1 = 2.01895, ass = 0, ass = 3.95283, apy = 0.10094, by; = —0.12766 + 0.00519,
by = —0.90846 + 0.81959i, by = —3.29089, byy = —0.33649, c1; = 1.23482 + 2.295654,
C1p = 0.04175 — 0.126964, cpy = 1.48191, c9p = 0.01348, di; = 0.2703 + 0.583464,
dis = —0.06815 + 0.069134, do; = —0.16386, doy = —0.04387, ey = 3.76587 — 5.002761,
€12 = 0.11072 — 0.260024, €5 = —1.81909, €9y = 0.02038, fi; = —0.71929 + 5.470113,
fiz = —0.08599 + 0.371214, foy = —1.4819, fay = —0.02938, g1, = 2.53105 — 1.19093i,
g1 = —0.02938 — 0.12196, go1 = 0.43392, gop = 0.

(7.2)

This gives us that B = —1, A < 0 and
P = {(p1, i) : pta = 0.5274p; & 6.19443,5/*}. (7.3)

Choosing 1 = 0.002 and pe = 0.00095, this gives us that b = 1.002 and 7 = 2.18049,
and furthermore, we have that the point (pq, u2) lies between the branches of P in
Theorem 6.1.

Figure 7.1 shows the trajectory of the system that is approaching the fixed point
at x &~ 0.3357. We see that the radius of the trajectory is increasing as it progresses
from left to right due to the unstable limit cycle shown in the bifurcation diagrams

and as the trajectory become sufficiently close to the cycle, it is thrust towards the
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0.1
0.08} ;"f:‘g ‘ N 1
‘ N
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Figure 7.1: An unstable limit cycle bringing trajectories close then pushing
them towards a nontrivial fixed point at approximately x = 0.3357.

nontrivial fixed point. This phenomenon is better observed in Figure 7.2 where we
have plotted multiple trajectories and projected them onto the centre manifold and
then converted to cylindrical coordinates and compared it with the original phase
portrait predicted in Chapter 3. This shows us the effect of the saddle point (a limit
cycle in the original system) pulling trajectories close to it before they are pushed
away to the nontrivial fixed point. This phase diagram corresponds exactly with the
theoretical results found in [6, 10].

Since the limit cycle is unstable, this tells us that depending on our choice of
initial conditions, we may obtain a solution that diverges. That is, a trajectory
will not go to an equilibrium. This can be observed in Figure 7.20 in the lower
and rightmost regions of the phase diagram. This illustrates just one of the many

trajectories possible in the system depending on the initial conditions.
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Figure 7.2: (a) Multiple trajectories projected onto the centre manifold and
converted to cylindrical coordinates and (b) the phase portrait predicted in
Chapter 3.

7.2 Simulation 2: The Stable Limit Cycle

As a second simulation to confirm our theoretical results we take ¢ = 1, a = 0.2 and

1 1 1 1 1 1 1
g(uy,us) = aus + buy — 1—01@ — Gl + Zug — éui’ + Zu%ug — Zulug + éug’ (7.4)

Again, 0 # guy0,(0,0) = 2+ # 0.5099 = W§Gu,u,(0,0), and we may use the results

from Theorem 6.1.

Now, wg = 1.0198, 7 = 1.77603 and from the work in Chapter 5 we get,

a1 = —1.15318 — 1.40417i, a1, = —1.67184 + 1.90376i, a3 = —0.48535 + 0.868844,
(91 = 3.08323, agy =0, asz = 1.5887, agy = —0.30832, by, = —2.43052 + 1.877864,
by = —0.05886 — 1.496756, byy = —4.15208, by = —0.51387, c11 = —1.19747 + 0.838i,

cro = —1.36241 — 2.500864, ¢y = 2.27535, cop = 1.18324, dy; = —6.40189 + 7.93013,
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Figure 7.3: A stable limit cycle in the system for (p1, o) = (—0.02,0.0495).

dis = 0.59595 + 3.645967, doy = —0.40332, day = —1.47911, €11 = 0.148719 — 1.28944,
e1o = 0.28244 — 0.180314, ea1 = 15.47006, 95 = 2.10146, f1; = 4.24192 + 5.292661,
fio = 1.84226 4 2.33629i, for = —2.27535, foy = —2.10146, g1 = 1.34619 — 1.97031,
g1o = —2.10146 — 2.14514i, goy = 4.50001, gop = 0.

(7.5)

This gives us B=1, A <0 and

M = {(p, p2) : po = —2.14132p1, p11 < 0}, (7.6)

Choosing p1; = —0.02 and py = 0.0495, the point (i1, pe) lies above the curve M, and
therefore is between M and S.
As predicted by the bifurcation diagrams of the Zero-Hopf bifurcation, Figure

7.3 shows the existence of a stable limit cycle that will attract all orbits on the centre
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Figure 7.4: (a) Multiple trajectories projected onto the centre manifold and
converted to cylindrical coordinates and (b) the phase portrait predicted in
Chapter 3. The fixed point that trajectories converge to relates to a limit
cycle in the original system.

manifold. Furthermore, these claims are proven true by Figure 7.4, where trajectories
have been projected onto the centre manifold and converted to cylindrical coordinates
to reveal the phase portrait. This phase portrait corresponds exactly with that of

Guckenheimer and Holmes in [6].

7.3 Simulation 3: The Invariant Torus

Here we explore some of the most interesting dynamics of the Zero-Hopf bifurcation:
the invariant torus - a two-dimensional invariant donut shaped manifold existing in

a three-dimensional space. We start by taking ¢ = 1.8, a = 1.3 and

1 1 1 1 1
* — Cugug + —ui — —ud A+ —uduy — Swgul 4 Bug’ (7.7)

g(uy,ug) = aug + buy — Eul 5 1 5 1 1
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This is the same function we used in the second simulation, and therefore we may
apply the results from Theorem 6.1 to our simulations.

Now, wy = 0.67082, 19 = 2.77354 and again we have,
ay; = —0.03403 — 0.908547, a2 = —0.62938 4+ 0.16216¢, a3 = 0.31154 4 0.170291,
a9 = —8.4958, a9 =0, agg = —2.54875, agy = 0.84958, by; = 0.1633 — 1.808421,
b1y = 0.43777 — 0.765921, by = 9.77022, beg = 1.41597, c1; = 3.61382 — 0.89108q,
c12 = 0.16566 — 1.32314, co1 = —13.85122, 99 = —8.92481, dy; = 1.49544 + 0.767571,
dyy = —0.83811 + 0.28069:, doy = —13.78274, dos = 1.13355, e1; = 0.02947 — 0.01976¢,
ez = 0.05482 — 0.707527, ey = 11.88788, ey = —1.72537, f11 = —3.55352 — 0.613015,
fio = —1.81478 + 4.210467, fo1 = 13.85122, foo = 1.72537, g11 = —3.58435 + 0.51554,
g2 = 1.72537 — 3.34442i, goy = —7.14128, gop = 0.

(7.8)

This gives us B = 1 and A < 0, and therefore we have the unfolding given by
Figure 3.3. The bifurcation lines for the Hopf and Cycle Blow-Up bifurcations are
given by

M = {(p1, pr2) = pr2 = 242091, py < 0},

N = {(p1, pi2) : po = 2.42092p1 — 13.341863 + 667.2721645, 1 < 0},

(7.9)

respectively. By taking p; = —0.05 and py = —0.2 the point (ug, po) lies between
the curves M and N, and our work in Chapter 3 tells us that in this region there is
a stable torus taking in all orbits of the system.

At first glance Figure 7.5 looks somewhat complicated in nature, but a closer
inspection reveals a very unusual periodic orbit. This periodic orbit is phase-locked
on the stable torus in the three dimensional system on the centre manifold. To better
understand what is happening we look to Figure 7.6 where the values z(t) are plotted
against the independent time variable t. We can now clearly see modulated oscillation

in the system; relating to the periods of oscillation along the torus in three dimensions.
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Figure 7.5: A phase-locked periodic solution occurring on the stable invariant
torus on the centre manifold when (p1, u2) = (—0.05, —0.2).
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Figure 7.6: The one dimensional system showing a modulated oscillation
relating to a torus on the centre manifold.
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Figure 7.7: (a) Projecting multiple trajectories of the system onto the centre
manifold reveals a stable limit cycle in cylindrical coordinates and (b) The
phase portrait predicted in Chapter 3. The limit cycle is given roughly by
the dotted line.

To confirm that we are obtaining solutions that lie along an invariant torus,
we use the MATLAB code given in the Appendix to project solutions on the centre
manifold. Figure 7.7a shows these projections converging to a limit cycle in cylindrical
coordinates which is given approximately by the dotted line. The bifurcation diagram
predicted by our analysis of the Zero-Hopf bifurcation is given in Figure 7.7b to show
just how accurately our theoretical and numerical results align themselves.

Although we have accurately predicted the rise of an invariant torus in our so-
lutions, we still do not know the nature of the solutions once they are on the torus.
For that reason trajectories may take many forms upon becoming attracted to the
torus. That is, as our parameters move between the curves M and N, there may be
bifurcations occurring on the torus itself. This could be analyzed by taking Poincare

sections along a plane perpendicular to the torus and viewing the bifurcations taking
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place in the related discrete dynamical system. Therefore, within the torus itself we

may have stable and unstable periodic solutions.

To better illustrate this we look at another example. Take ¢ = 1.2 and a = —0.3
with
Lo L, 5 15 2, 13
g(uy,us) = aus + buy + 1—Ou1 — Gtz + 74~ 6“1 + 7 Uit = Uit + 6u2. (7.10)

Now we have wy = 0.80623 and 7y = 1.22344, which gives us

ay; = 0.37077 — 0.74288i, a;o = —0.67123 4 0.65216¢, a;3 = —0.22531 — 0.298044,
ag) = 3.78262, agy =0, agy = 1.98587, agy = 0.37826, by; = —0.74754 — 1.561271,
b1 = —0.07122 — 0.47498:, by = —4.60218, byy = —0.63044, ¢ = —1.93857 — 1.84424,
c12 = —0.84986 + 0.216087, co1 = 11.52804, oo = 0.91436, di; = —0.88494 — 0.902457,
dya = —0.16562 — 0.03871¢, doy = 9.3307, doe = 0.33499, e1; = —0.21946 — 2.80922,
e12 = 0.05816 — 0.58682i, e9; = —1.90394, eqo = 1.11866, f1; = 0.70635 + 1.578611,
f12 = 1.03831 — 0.02327i, fy = —11.52804, fyo = —1.11866, g1; = 1.71911 — 1.19195¢,
g12 = —1.11866 + 0.67254i, go1 = 2.82755, goo = 0.
(7.11)

This gives us B = —1 and A > 0, and therefore we have the unfolding given by
Figure 3.5. The bifurcation lines for the Hopf and Heteroclinic bifurcations are given
by

M = {(p1, pi2) = pr2 = 2.23072p11, 1y < 0},

N = {(p1, p2) : pio = 2.23072p1 — 31.2522p% + 36.82313, 11y < 0},

(7.12)

respectively. Taking iy = —0.02 and ps = —0.054 we get that the point (i1, po) lies
between the curves M and N, and from our work in Chapter 3 we know that there
is a stable torus in this region.

The phase diagram predicted in Figure 3.4 has a separatrix which tells us that

depending on our initial conditions, orbits either converge to the torus or diverge
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Figure 7.8: A stable and unstable limit cycle within the invariant torus when
(p1, p2) = (—0.02, —0.054).

entirely. Figure 7.8 shows one such trajectory that converges to the torus in the
analogous two dimensional system. Again by projecting solutions onto the centre
manifold we find a limit cycle in cylindrical coordinates confirming that the trajectory
in Figure 7.8 is indeed converging to the torus. Moving from left to right in the figure
we see a very quick convergence to the torus and then it appears as though the inner
cycle pushes the orbits to the outer cycle in a very systematic way. It seems that there
is an unstable limit cycle on the torus that pushes trajectories to a larger stable limit
cycle. Not all simulations will show the unstable limit cycle, but the one presented
here must have converged to the torus near the unstable cycle and once it is on the
torus it thrust away and into the stable limit cycle.

The unfolding of the Zero-Hopf bifurcation leaves no indication as to what we
can expect in the ways of the dynamics on the torus that is present, only that it

appears through bifurcations. For this reason, the dynamics in the area between
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curves M and N differs case by case and can lead to very nonintuitive results. It
would be expected that Arnold tongues exist (see [1] for details) that give the period
of phase-locked solutions on the torus, and therefore allow us to accurately predict
the fate of trajectories after they have converged to the torus. This phase-locking on
the invariant torus relates to the two periods of oscillation on the torus being related
by a rational value. In the case of an irrational relation between these periods we
will find that trajectories will densely cover the surface of the torus and no periodic
orbits can occur in this case. Despite our claims, very little analysis has been done
to further our understanding of the dynamics on the tori and therefore we are left to

analyze the results as they appear in our numerical simulations.



Chapter 8

Final Thoughts

Over the course of this thesis we have seen the effect of adding a nonlinear forcing
depending on a delay in feedback to the traditional van der Pol oscillator. Using
methods of centre manifold reduction we have effectively reduced our study from an
infinite-dimensional phase space to the three-dimensional centre manifold where the
most interesting dynamics are occurring. Our theoretical work has been confirmed
by numerical simulations that have also provided the reader with a visualization of
the dynamics of the system.

By considering delays in not only the position of the object, but also in the
velocity, we have opened up the system to dynamics that were not possible with only
the delay in position. That is, the system can now attain all four unfoldings given
in Chapter 3 for the Zero-Hopf bifurcation, and therefore gives us a richer system
that depends greatly on the initial values in the system. We see that only a few
variables defined in the system can greatly affect its dynamics and give way to some
very interesting phenomena.

One of the most interesting aspects of the study presented in this thesis is the
numerical projection onto the centre manifold using the theoretical techniques given

in Chapter 4. The code for this procedure is given in the appendix to provide the

60
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reader with the tools to conduct their own experiments on delay differential equations.
This numerical projecting technique has allowed us to draw the connection between
the given DDE and the three-dimensional phase portraits given by the Zero-Hopf
bifurcation, allowing the reader to easily visualize the dynamics of the system without
any manual computation.

The work in this thesis has essentially made the work of Jiang and Wei a special
case of the broader system studied here. In [19] mathematicians Wang and Wu studied
the Zero-Hopf bifurcation occurring in Jiang and Wei’s system and found that only
two of the four possible unfoldings could be obtained. We now see that the added
delay in velocity has allowed us to obtain all four of the unfoldings, and therefore
allowing the system to take on much richer dynamics. In short, system (1.5) is the
most general case for delayed forcing studied to date in the van der Pol oscillator.
The results here now give that all other delayed forcing studied in the van der Pol
oscillator is a special case of the work in this thesis, while also expanding the dynamics
of the system and allowing for much more interesting results.

Moving forward, it would be very interesting to observe the behaviour of the other
bifurcations that are given in Theorem 2.1. Since we have seen the effects on the Zero-
Hopf bifurcation by adding a delay in velocity, it might be worth investigating the
behaviour of the other bifurcations under the same conditions. In Chapter 2 we also
saw that a quadruple zero eigenvalue is possible under certain conditions, which is a
bifurcation that is unique to the forcing on the equation given in this thesis. This
bifurcation may also lead us to many very interesting dynamics and peculiar results
that could be of interest in a physical setting, but as of the completion of this thesis
there is little known about such a bifurcation.

This work also leaves the reader wondering what effects adding delays in higher
order derivatives of the solution to the forcing component will have on the system.
This work has only touched the surface as to what can be expected in a system with

a delay in forcing and possibilities left to explore seem endless. For these reasons, and
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many more, the study of delay differential equations becomes increasingly important

for mathematicians to model the world around us.
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Calculation of the terms /7,

Lemma A.1. Equation (5.35) gives us
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Proof: Applying the integrating factor e=2“07 to equation (5.35), we obtain
hooo(0) = e*o™ /0 e~ 20 ()W (0) Aggodt + ce* 0™ (A.2)
0
where ¢ € C? is a constant and now we have
hia00(0) = ®(0)¥(0) Aggo + 2iwgToc. (A.3)
Now using the definition of the operator L we get
L(hago) = Be 2«07 / T e m ()T (0) daoodt + L™, (Ad)
0

and from the second equation of (5.35) we have
0

(2iwomol — L(e**°™))c = —(®(0)¥(0) —I)Aggo — B / e 2T G ()W (0) Aggodt. (A.5)

-1

This gives us

0
c = (2iwgrol — L(e*°™) 1| — (®(0)W(0) — 1) Az — B / e~ 2T G (1)U (0) Aggodt | .

B (A6)

Therefore, after long computation we arrive at the desired expression for hgg(—1). I
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Lemma A.2. Equation (5.36) gives us

e~ iwoTo (gu1u1 (()’ O) + iwoguluQ (O, 0))
2awy (1 4 iwp)

h%)l(_l) - {DU(QTOG_MTO — 2ewy — 2iaweTpe” 0T
— 2ie2amye” 0T — 2qeT 0T _ 4522 4 4ia® + 8i + 2iaPToe 0™ + diaTye 0T
— Zaonoe_i“’OTO) + Do (—2ewq + je"Wo0T0 _ joiwoTo 2aw06iw070 4 igeiwo

- iae_ion(J) + Dl(—2aWo€_mmO + 2iae 0T 4 2wy + 2awy + 2ae” 00 — 24q
— 2ia” + 2ie® — 24) — Qwo} :

_e—iwo’ro (gu1u1 (07 O) -+ z'woguluQ <07 O))
a(l 4+ dwp)

2 _ 0 .
W (—1) = [Da(—zawome w0 | G — 9o
— 262 + 2a% — 2iwyToe 0T + daTge 0T — 2e2qTe 00 4 203 pe W00

+ Qiaonoe—lono) + DO.(_aezono + ae—zwgm —9_ e—lono + 282 o 2&2 o GWOTO)

+ ino} .
(A.7)
Proof: Using the integrating factor e *°7 equation (5.36) gives us that
hig1(6) = ™o /9 e WP (H)W(0) Ajgrdt + ce™o™ (A.8)
0
where ¢ € C? is a constant. Differentiating with respect to theta now gives
h101(0) = ®(0)¥(0)A1g; + iwyToc- (A.9)
From the definition of the operator L we get
L(hoy) = Be~i«om / () (0) Adt + LE ™), (A10)
0

and from the second equation of (5.36) we have

0
(7;0007'0[ — L(@inTO))C = —((I)<O)\D(O) — [)Alﬂl — B/ €_iw070®(t)\p<0)14101dt. (All)
1
This gives us
0
¢ = (iwyrol — L(e“0™) 1| — (®(0)(0) — [)Argr — B / e~ (1) (0) Ayondt .

- (A112)
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Therefore, after long computation we get the desired expression for hig(—1). |

Lemma A.3. Equation (5.37) gives us

2 .
B (—1) = ~2(gurar (0,0) + wBgurus (0, 0)) [w—oamwau — ™)) — 7Dy

2Re|Da| — Dy) |,
T g 2RelDa] 1)} (A.13)
hito(—1) = ~2(Gusu1 (0, 0) + w5 usu (0,0)) [2Re[Dor(1 — ™))
+ (¢ + a)(2Re[Do] — Dy)].
Proof: By integrating the first equation we get
0
0
Then differentiating with respect to theta we get
ilno(()) - @(O)‘I’(O)Allo, <A15)
and
-1
L(hi10) = IB%/ O(1)W(0)A0dt + L(1)c. (A.16)
0
From the second equation we get
0
L(1)e = —(@(0)T(0) — I)Apo — B / B(£)T(0) Ayt (A7)
—1
Call the right side of this equation b;. Then calculation shows that
) 1
b = _QTO(QU1U1 (07 0) + WoGuzus (07 0))(2R6[D0] - Dl) : (A18)
et+a

Since L(1) = A + B is not an invertible matrix we use Kuznetsov’s method presented

in [10]. From the facts

L(1)p2(0) =0,  2(0)L(1) = 0,
(Dy'(e+a) '4a(0),92(0)) = 1, (Dy*(e+a) '42(0),b:) =0,

(A.19)
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we may solve the bordered system

L(1 0 w b
W wo) (v (u) 0
Dyl (e +a) Y (0) 0 u 0
We find a unique solution w = L(1)!¥Vb; to the system. By setting ¢ = L(1)/¥Vb,,
and using this ¢ we obtain the desired equation for hjj0(—1), as needed. i
Lemma A.4. Fquation (5.38) gives us
2 .
oa(—1) = ~gurua (0,0) [—<Im[Da<1 — €“")]) = Dy + ——(2Re[Do] — D1) |,
wWo et+a
high(—1) = —Guyur (0,0) [2Re[Do (1 — €0)] + (¢ + a)(2Re[Da] — Dy)].
(A.21)
Proof: By integrating the first equation we get
0
0
Then differentiating with respect to theta we get
hoo2(0) = ®(0)T(0) Aggs, (A.23)
and
-1
L(hoo2) = ]B%/ O(t)W(0)Agoadt + L(1)c. (A.24)
0
From the second equation we get
0
L(1)e=—(®(0)W(0) — I)Agoz — B/ O(t)W(0)Agoadt. (A.25)
—1
Call the right side of this equation by. Then calculation shows that
1
by = —70(guyu, (0,0)(2Re[Do| — Dy) . (A.26)

eta
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Again, L(1) = A+ B is not an invertible matrix so we create a bordered system using

the following,

L(1)p2(0) =0, »(0)L(1) =0,

(A.27)
(D7 (e + a) " 4a(0), 92(0)) =1, (Dy'(e + a)42(0), bg) = 0.
This bordered system now becomes
L) w0 (w) (k) s
DY e+ a) M (0) 0 u 0

As in the proof of Lemma A.3, we find a unique solution w = L(1)"¥Vb, to the sys-

tem. Setting ¢ = L(1)"™Vb,, and we can now find hgga(—1). i



Appendix B

MATLAB Code

Here we provide the MATLAB code for the numerical centre projection program
detailed in Chapter 7. We utilize the methods presented in Chapter 4 to reduce
the infinite dimensional delay-differential equation to an equivalent three dimensional
ordinary differential equation on the centre manifold. Using the bilinear form given in
equation (5.11) we decompose trajectories of the delay equation to obtain a trajectory
on the centre manifold. By running this program with many different initial conditions
in the delay equation we are able to create our own phase diagrams and compare them
with those presented in Chapter 3. Examples of such diagrams are given in Figures

7.2a, 7.4a and 7.7a.

function [rsmooth,zsmooth] = CentreProjection(r0,z0, tfinal, eps, a)

% CentreProjection: A numerical centre projection function

b

% Syntax:

% [rsmooth,zsmooth] = CentreProjection(r0,z0, tfinal, eps, a)
b

% Inputs:

69
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b
b
o
b
b
b
h
b
b
o
b
b
b
b
b
b
b
b
b
b
b
b
b

r0, z0: Initial values for cylindrical starting position.
tfinal: Number of iterations to be done by DDE simulator

eps, a: Variables from van der Pol oscillator

Output
[rsmooth, zsmooth]: A two dimensional vector of cylindrical

coordinates.

Example,
[rsmooth,zsmooth] = CentreProjection(0.1,-0.1, 100, 1, 0.2);

plot(rsmooth,zsmooth)

The CentreProjection function projects solution trajectories of the
delayed van der Pol oscillator onto the three dimensional centre
manifold. Solutions are given in cylindrical coordinates and are
projected using the Bilinear Form from chapter 5. DDE simulations are

obtained using the built in MATLAB function dde23.

Output utilizes supsmu.m, a numerical smoothing program created by
Douglas M. Schwarz. It is publicly available on the MATLAB
Central file exchange. The algonrithm uses Friedman’s supersmoother

algorithm to produce smoother and more accurate results.

%Variable Declarations

t

X

=O;

zeros(3,tfinal);

zeros(1,tfinal);
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z = zeros(1l,tfinal);

/iConstants

w0 = sqrt(2 - eps™2 + a”2);

taul = (1/w0)*acos((1-((1+eps*a)*(w0~2)))/((a"2)*(w0"2)+1));

sigma = -1i*w0/(exp(1i*wO*tau0)-1);

sigmaC = conj(sigma);

DC = 1/(1+1li*sigmaC*xw0 + tauO*sigmaCxexp(-1i*wO*taul)*(1+1li*a*w0));
D = conj(DC);

D1 = 1/(eps + a - tau0l);

%DDE Simulator
options = ddeset(’RelTol’,le-5,’InitialStep’,0.01,’MaxStep’,0.005);

sol = dde23(’ddefun’,1,’history’, [0 tfinal],options,r0,z0);

%The Bilinear Form
while t < tfinal

t0 = find(sol.x-t >= 0,1);

tl

find(sol.x-t-1 >= 0,1);

f = zeros(3,t1-t0+1);

initialBilinear = [DC#*sol.y(1,tl) + DCxsigmaC*sol.y(2,tl);

Dxsol.y(1,t1) + D*sigma*sol.y(2,t1); Dix(eps + a)*sol.y(1,tl) -

Dixsol.y(2,t1)];

index = tO0;

while index <= t1

xi = sol.x(index)-t;
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f(:,index-t0+1) = [tauO*DC*sigmaC*exp(-1i*wO*taul*xi)*
(sol.y(1,index) + a*sol.y(2,index));

tauO*D*sigmakexp (1i*wO*tauO+*xi)*(sol.y(1,index)

+ a*sol.y(2,index)); -tau0*D1*(sol.y(1,index)

+ axsol.y(2,index))];

index = index+1;

end

intpoints = sol.x(t0:t1) - t -1;
integrall = trapz(intpoints,f(1,:));
integral2 = trapz(intpoints,f(2,:));
integral3 = trapz(intpoints,f(3,:));
t = t+1;

X(:,t) = initialBilinear + [integrall; integral2; integral3];

end
%Conversion from Complex to Real Values
realPart = (X(1,:) + X(2,:))/2;

imaginaryPart = (X(1,:) - X(2,:))/2i;

%Conversion to Cylindrical Coordinates

r = sqrt(realPart.”2 + imaginaryPart."2);

X(3,:);

V4

%Smoothing of the values
1 = 1:length(r);

rsmooth = supsmu(l,r);
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zsmooth = supsmu(l,z);
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