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ABSTRACT
Numerical meth043~are widely used for the solutiqn,of
cbmplex differential.equations for which exact solu;ions are
not possible. The series solution, although k;:;ﬁxtg\ke very
raﬁidly converging was aﬁp}ied in the past only for tﬁn\ffee
vibration analysis of rectangular plates, satisfyingf%hg_
requirements that at least two opposite sides of the plate

are simply-supported. Although Gorman [14] extended the

" application of the series ‘solution to casei where this

constraint no longer applied, his treatment was restricted
to the the free vibration analysis of single span isotropic
rectangular plates.

In the method of superposition as it applies to free
vibration problems of plates, the plate element -under
Eonsideration is broken into morésbasic units, referved to
aé the building,blocks, for which the solution can be either
direct£§ obtained or inferred from a Levy type solution.

In the present study, a series solution is formulated for

- ——

the free vibration analysis of continuous orthotropic

-~

plates with "bridge type" boundary conditions. The soluti?n
is tested for convergence by varying the number of t;rﬁs
used in the solution and the convergence is found to be’very
rapid. The equations obtained in the eigenvalue problem are

solved using the IMSL routine LINV3F. Tables covering a

wide range of values in terms of dimensionless parameters

3
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have been generatéd—Tfor ready -reference and for a quick

estimation of the natural frequencies of. vibration of
centinuous rectangular .plates. .Whenever possihle results

of the present method dre compared with available data in

~

1

technical literature and close agreements are fgund.

*.

A very rapidly Eonverging'solution, the generality of

the present method and the ability to use the solutions of - °
the building blocks developed_for otﬁer problems are its
obviogs advantages over other numerical methods generally
re%triptedfto problems withlqucific boundary condifions.
. o ‘
- : : ]
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NOMENCLATURE

2a . Dimension’ f the plate in, the «x
direction. .

Am’,Bm,Cm,Dm Constants to be determined from the -
boundary conditions.

2b- Dimension of the plate in the y

’ direction.

: : : L C ) 1/4

Ca Rigidity paramater b/a(Dx/Dy)

D, ‘ : ‘ Coupling rigidity of orthotropic plate

Dx,Dy ' Flexural rigidity lof the orthotropic
plate in the x and y directions.

Dxy . Torsional rigidity of-—the orthotropic

" plate. '

E: Ey ‘Elastic modulus of the plate in-the x and
Yy direction.

Gxy - Shear modulus,

H, Torsional Rigidity

m,n No. of terms in serifs solution.

Ra . : Frequency ratio. .

L]

.Rb ° Frequency ratio.

t ¢ Time ¢ -

w " Deflection function of the plate.

- ¥
wy ' s Deflection function of the first building
‘ block.

Wy . ' Deflection function of the second
building block. .

X,y ‘ Rectangular cartesian coordinates.

va " .

A . . Plate eigenvalue = wb?v/(po/D,)

Po . ) Mass density per unit area of plate.

Ym Y : ~ Frequency coefficients
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Frequency coefficients

Circular frequency of plate vibration.
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Inverse aspect ratio = a/b.
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Poissons ratio of orthotropic plate in x
and y directions.

Dimensionless plate coordinate x/a

Dimensionless plate coordinate y/b.

Torsion paramater H;/\/D,Dy
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'Chapter ,

INTRODUCTION

Structurally orthotropic plates aré increasingly being
utilized as components of large scale structures such AQ
ship bottoms, auditoriums and building floor 'systems. Also
orthotropic materials such as'fibre reinforced plates and
shells are now frequentl& being employed in the aerospace
and nuclear industry. This has been primarily due .to
attempts by designers to distribute Sstructural rigidities in
different directions, according to functional requirements,

resulting in a better utilization of the material. .

g

The orthotropic plate theory also finds  important
applications in the static and dyﬁamic analysis of highway
bridges. Often, not only must the designer ensure that
Structures withstand the applied static loading but also
ensure that excessive vibrations due to resonance caused by
the matching of the frequency of the driving periodic force
and the plate's natural frequency does not occur. Hence in
order to evaluate the dyn;mic response, a study of the

vibration characteristics of the structure is essential.

~)
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Modern trends . tBHards slender aesthetic b{idges.
resulting from higher lnatefial strength and. more precise
c;mputations are increasingly'yie}ding 1ighter bridge slabs
with little reserve éi{gngth, which in turn demand a precise
determination of the natural .frequencies_ for the dynamic
-analysis of such slabs.

. While free vibration characterigtics of square and
rectangula; plaées'ﬁith various boundary conditions have.

been investigated by a number of authors, [44] [30] [24]
(18] the.problém of free vibration of continuous plates has |

not received nearly as much attention. This is especially

LY

true of continuous orthotropic plates with "bridge type"

B

boundary coriditions (Figure 5) Analytlcal solutions to the

governing differential equatlon are d1ff1Cult to obtain and

-

hence reSearchers have to frequently resort to numerical
techniques and indirect solutions. Literature on free
vibration of continuous plates ﬁas been generally 1iﬁited'to
simply supported and clamped boundary condltlons ‘“Shls is
probably due to the relatlve .ease of assumed functlons
satisfying the bouﬁdary conditions fb; these types of
supports, for the various numerical ﬁﬁthlqueS adopted by
previous researchers. =

In the present studf a series solution is formulated‘for
’the free vikgation_analysis of eontinuops orthotropic plates

: Q
with "bridge type" boundary condipions. Levy [26] proposed

a 51ngle Fourler ‘series solution to problem of bending of

»
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rectangular plafe;, "having at least tno oppoéite edges
"t\“msimply supported and variohs-boundary conditions_along the
remaining edges. The series is capable of repres nting- the
plate displacement function to any de81red egree of

accuracy by taking. up sufficient ‘térms. Gérman [14)

introduced ' the method of Superposition for ocbtaining

accurate solutlons to classical plate vibration problems.

"Levy's solution required that at least two opposite sides be

simply supported. In his method Gorman analyzed single span

isotropic plates with any prescribed boundary conditions by
exploiting the method of Superposition. The method of

Superposition consists essentiélly of judicious choosing

forced vibration(problems. for which solutions ‘of the Levy

type can be obtained. The known solutions are then

Superimposed and parameters apbearing in their boundary

formulations are so adjusted that the combined éolutions

satisfy the prescribed boundary conditions of the plate.

The solution exactly satisfies the different;al equation and
'the boundary conditions are subsequently satisfied to ény
degree of accuracy by superimposition. .

The solution presented hele extends the Levy type series
solution to solve continudus orthotropic ;iaté problems,
where the requirement of at least two~bpposite sides being
simply supported need not be satisfied. The treatment in

this thesis is restricted to equal span continuous

orthotropic plates with "bridge type" boundary .conditions.

~
-
SNew o~
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The . symmetry of the pyoblem 'is taken into account in

formulating the solution.

: BN

1.1 OBJECT AND SCOPE
The mairg ob}ective of this thesis is to formulate a
general series solution for the problem of free vibration of

A
continuous orthotropic plates, The convergence

characteristics of the developed solution are examined and
after the validity of the method has been established,
tablés for eigenvalues of continuous orthotropic plates
covering a large range of parameters in dimensionless form

are generated for ready reference.
{

| ~ {J _
1.2 Outline of the thesis

Since the main objective of this thesis is to formulate

the series solution to free vibration of continuous



orthotropic plates, existing literature on vibration of
simple span and continuous pPlates is briefly reviewed in
chapter 'II. Chapter III is devoted to listing of the
assumptions and to formulate equations in non-dimensional
form for various types of boundary conditions, edge moments
and vertical edge reactions for such plates. A Levy type
solution is developed to the governing differential equation
for two cases; case 1 coerresponds to a ﬁévy type solution
with trigonometric functions running in the f{ direction,
while in case 2 the solution is developed for trigonometric
functions r:;;ing in the 1 direction. These solutions are
later utilized to obtain solutions to the building blocks as
develqped in subsequent chapters.

Chapter IV outlines the analysis for doubly symmeteric
modes of vibration. The two building blocks, representing
components of the desired solution are developed aﬂd the
formulation of the eigenvalue matrix leading to the
extractiod'o{ﬂjﬁgﬁffquired eigenvalues is discussed. The
equations are solved UQEBEHEHE‘IMSL\Eputine LINV3F.

In Chapter V, the antisymmetfic - ;§ﬁﬁéfftc\\m9des of

. \\
vibration are discussed.. The formulation follows steps
Similar to those in chapb)r IV and the final solution is
obtained by superimposing the building blocks. °

Chapter VI is devoted to doubly symmetric and symmetric -

antisymmetric modes of vibration and the governing

eigenvalue equation is developed- in each case.



Finally in the last chapter, resglts of the present study
are discussed and the conclusions drawn from the% are
summarized.

All computations are programmed in FORTRAN IV for' the
Amdahl 470. The program 1listings are included in the

appendix. ‘7

2
]



Chapter 11
LITERATURE REVIEW.

Investigations on the dynamic behaviour of single span
bridge decks were made by many authors i'ncludiﬁg Inglis‘
[19] , Hillerborg [17] and 'Biggs -[3].,Genérally the bridge
deck was a-lssumed to behave as a beam and obviously su;:h‘ an
assumption is valid only for relal;ively long span br;idges.
g;,ou.w [27] proposed an approximate mgtho_d by which thec’
frequencies and corresponding peak-dynimic deflections of
simple span highway br{dges under the action of a ;:wo .‘axl'e
vehicle could be predicted. In the analysiy, again the
bridge wasridealized a:s & prismatic beam. 7 -

The governing differential equation of orthotropic plé‘tes
subject to pure bending is attributed to Huber and its
development was presented in detail by Leissa [24] in 1969,
The problem of free vibrations of rectangular plates was
investigated by Warburton [44] who obtained approximate
frequency equations - for isotropic plates with various

boundary conditions by using beam functions in :uﬂ

orthogonal directions. Laura [23] proposed a method of



determining the fundamentalifrequency of orthotropic plateé
of polygonal boundary shape, employing the Raylej - Ritz
method, while Knazawa and Kéwai [ib] studi;d the orthotropic
plate problem for several edge conditions by the integral
equation method.

Huffington and Hoppmann [18] determined the exact
frequencies and modal eigenfunctions for single span
rectangular plates with ﬁbridgg type" boundary conditions
by direct solution of the goﬁerniﬁg differential equation of
moetion using the Levy apbroach.

Hearmon [15] and Rajappa [30] gave frequency equations

- for orthotropic plates with simply supported or -clamped:
edges. Yamada. and Veletsos [43] studied the vibration of
single spéh I beam and slab bridge décks treating thelﬁlab
as continuous over a sgfies of flexible beams using the ™

gy et

Rayleigh - Ritz method. = The free vibration problem %

- —

L\\///}idealizing_the structure as an equivalent ofythotropic plate
was also solved by them using the same method.

The natural frequengies of continuous plates hinged along

two opposite edges were determined by Veletsos and Newmark

[42]. The formulation is, however, only valid for isotropic

+ panels and is restricted hy the. fact thét _the available

tables of stiffness and carry - over factors needed for the

anal&gis cover only 'a small range of values.
Elishakoff [13] solved the eigenvalues of rectangular

isotropic plates continuous over rigid supports at regﬂiiiﬁf
S\ : ‘ . '
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intervals with an _arbirrary- number oﬁ spans, usiug an
approximate analytical technlque He solved for all_ p0531b1e
combinations of' simply supported and clamped boundary
conditions. ‘ |

Durvasula [12] applied the partition method to the
v1bratlon problem of plates, by expressing the solutioh of
the governing differential equation in terms -of functions'
satisfying the boundary.conditions and setting to zero the .
error in the differential. equation’ over a 'partifioned
domain. The application of the method was oiscussed‘uith
SPecial reference to clamped boundary conditions.

Nagaya [28] [29] studied the transient response of a

elastlcally supported contlnuous plate. . The solution was

" obtained from the equatlon of motion in terms of "unknbwn"

external\foroes, equivalent to the actual restoring forces
of the elastic Support, using the Laplace transform method.

Vibration characteristics of rectangular plates
continuous over intermediate rigid supports and simply
Supported along two opposite edges with simply supported
and or clamped end. conditions were calculated by Azimi [1]
using the Receptance method

Sakata [33] [34] [35] [36] demonstrated that the natural
frequency of an orthotropic continuous plate could be
estlmated from that of an 1sotrop1c continuous plate with
the same boundary conditions by u51ng the reductlon formulae

derlved by him. He also used this method -to solve for the



- o

buckling force in the plate. His treatment was restricted

to simply supported and elastically restréined edges.
Other methods-used in the  free vibration analysis of

*

orthotropic plates are listed below:

2.1 . Series Solution
- —

The Fourier series method proves to be extremely powerful

.. for the <c¢¥se of rectangular plates with simply supported
i . '
).

;‘ edges. In _1820 Navier présented a ﬁéper toe the French
*Academy Of Sciences on thé';Séluiion of small deflection
:problem of simply supported rectanghlar plates b& the‘double
%ourier series method. Levj [26] suggested a single
Fourier series solutiom tp problems of rectangular platgs
that have at least twvopposite edges  simply Supportéd.-The
proposed solution is very rapidly converging with a one ter@'
solution yielding deflection correct to three significant
places [39]. Gorman [14] undertocok a comprehensive free

vibration analysis of single span isotropic rectangular

.

plaées wiith various boundary conditions hy exploiting the -

method of superposition. He also solved problems of point




2.2 Ritz Method.

Lord Rayleigh [31] in his classic work gave a method for
approximating the fregquencies of dynamic systems. Later W.
Ritz [32] gave what is called the Rayleigﬁ - Ritz method for
approxiya%ing frequencies in dynamic systems. The Rayleigh -
Ritz soluk{gprqxg vibration problems was obtained by Young
[45] for squa . plates with combinations vof free and
clamped edges, and by Hearmon [16] " for orthotropic
rectangular /plates with simply supported and claﬁped

. conditions.

2.3 Finite Strip meth

The finige strip method pioneered by Cheung [5] was also
applied by Cheung and Reddy [4] to the solution of the
Problem of frequency analysis}of single and continuous span
bridges. . : .

In tﬂe finite‘strip method the bridge deck is assumed as
an assemblage of parallel orthotropic strips each of which
.may have o:;hotroplc pProperties which d1ffer between strips
but are constant within each Strlp A displacement function :
of the form X(x) Y(y) 1is chosen, where Y(y) is a

characteristic beam function that satisfies the end



C
. \:>

conditions of the strip and X(x) is a simple polynomial
given in terms of the displacement pérameters at the twe
adjacent ﬁode lings. Compatib&lity between two adjacent
strips is ensured as the function defines the di3p1acements
and its first derivatives uniqueiy alohg the interface by
the common nodal displacements parameters. By husing. a
function of this tyée twﬁ'aiménsipnal problems are reduced
to one1aimensional ones. Conseqqutly the size of resulting
matrices .is considerably feduéed and this .is advantageous
for programming on a small computer. The finite strip
method was used By Cheung [5] to solyg)vibration problems of.
continuous plates' using single‘ span beam functions_ while
plates continuous in one or .two directioné were studied by
Wu and bheung [6] using the finite "strip method with
continuogﬁ beam functions. Smith [37] used this method to

analyze_thé dynamic response of beam and slab type highway

bridges.

r

2.4 Finite Elemant method

The advent of high speed computers during the 1last two
decades has led to a Erowing poéularity of the method. The
versatility and generality of thié/fo i of seolution,

obtained without solving the governing differential equation

-12_



. directly are some of its main advantages, although the

<

required computer ' storage may sometimes be a limiting
. - - ‘

factor. = Dawe [11] solved the case of wvibration of

rectangular plates having various'edge conditions, using the

finite element method.

b



Chapter (11
SOLUTIONS TO THE GOVERNING DIFFERENTIAL

EQUATION OF AN ORTHOTROPIC PLATE

3.1‘ Introduction

The differential equation governing the behaviour of
orthotropic plates is attributed to, Huber and a detailed
treatment is given by Triotsky [41]

For ease of computation the governing differential
equation is first transformed to dimensionless coordinates
and is then solved for two cases ; Case 1 represents the
solut;on to the governing differential equation when the
opposite edges corresponding to [£=0 and £=1 are simply
supported and case 2 represents the case of two opposite
edges n=0 and n=1, being simply ‘supported. These solutions
are utilized in the chapters to follow thle formulating the
building blocks leading to the solution of the free

vibration problem.



3.2

Basic assumptions

Assumptions: The following are the assumptions made about

the equivalent orthotropic plate.

1.

3.3

- plate are neglected.

The deflection of the plate is small and does not
exceed one fifth of the plate thickness.

The plate -material is perfectly elastic, continuous,
homogeneous, obeys Hookes law and possesses different
elastic properties in orthogonal directions.

Thickness of the plate is Smail iﬁ comparison to the
dimensions of the plate.

There is' no deformatioiyyf the middle plane of the
plate; i.e;the middle4hp1a of the plate remains
unstretched during bending. —/) )
Linear‘elements perpendicular the middle plane of
the plate before bending remain straight aﬁd normal to
the deflected surface of the plate after bending;

The normal stresses transverse to the plane of the

¢

Boundary Conditicns .

Equations for boundary conditions, distributed bending

moments and vertical ‘edge reactions are developed in this

section. The equations are presented in the cartesian and

dimensionless coordinate systems.

~
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3.3.1 Formulation of boimdary conditions

Mathematical formulation of th platé boundary conditions

is carried out in reference to Fi ures 2,3 and 4.

Simply supported edges Z/-/.

Cartesian Coordinates

uw(zy) - - 3.3.1

27

Dimensionless Coordinates

w(z,y} =

_w(g,m) _ _
wlbn) = —F 5 =0 3.32

Clamped Edges

Cartesian Coordinates

w(z,y) oz 0 | . - 333

3.3.4




-

Cartesian Coordinates ; edge x:=a

D,

(z,9)

azu(z,y)

( 182
D:c [ 3122 Uy

dy?

(2H, — D,) 3*w(z,y)

[ Fuw(z,y)

az3

Cartesian Coordinates

s Dy[

9%uw(z,y)
o, [Z5 e

D,

~
; edge y=b

aaw(f’ﬂ) +

(2H1 - Dl) 63w

3zdy?

dz?

Fotea)

dy3

Dy

dyoz

Dimensionless Coordinates edge n=1

D

o

*w(&,n)

n)

¢2

dn?

(2H: — Dy) 3*w{§,n)

vy 8w (f,n)} 0

FPw(é,
=56

D.¢?

Dimensionless Coordinates edge £=1

b,

a¢?

0£dn?

-

v. 8w (E,n)] _o

+ (2H), — D,)¢* 33w(¢,n)

*w(,n)
DU [ .anz T3 ¢‘2
33w(€,n)
ans D,
- 17 -

0€%dn

| =0
[ =0

]

| =0

]z

3.3.5

3.3.6

3.3.7

3.3.8

3.3.9

3.3.10

3.3.11

3.3.12



/
3.3.2 Formulation of Distri-buted Bending Moment

Cartesian Coordinates )
(8w F*w :
M: = —D: [@ + Uya—yz] 3.3.13
o \ ‘\.M . 62w 62w
v v | 3y2 +Uz"a? 3.3.14
/ , . ‘o,
Dimensionless Coordinates
Mea _ _ [820(6m) | vy Sw(tin) 3.3.15
D, EYZ $?  an?
M._ob 32 32
2 "’[—-———w(f’n)-i-uxqbz——w(f'n) . 3.3.16
D, on? a¢? -
3.3.3 Formulation of Vertical edge reaction.
Cartesian Coordinates
Fw(z,y) (2H,-D,) 33w
V, = — !
z D, [ 5.3 + D. azayz] 3.3.17
' Aw(z, 2H, - D,) 33
v, = _D,,[ (zy) | (2H - D)) 0% ] 3.3.18

ay® D, dydz?

Dimensionless Coordinates ' ‘\?



Vea? [aaw(e,n) , 2H - D) 33W(€,n)]
a&2 D, 8tand

Vadt? _ _ [Pw(bn) | (2H, - Dl)¢,263“’(f’")] 3.3.20
.Dy a ans Dv anafz

3.4 Sclutions to the qifferential equation

The governing differential equation for the transverse
free vibrations of a homogeneous .orthot:ropic plate is
obtained by replacing the load term in_‘the. differential
equation for applied static ‘loading by the inertia force
term poaw/atz -wherein the term PO is the mass .per unit area

b

of the plate, and is given by.

- D 0%w + 2H,0'w D, 0%w + pod%w

- 3.4.1
ozt T Bz25y7 T oy %z =0

where

2H[ = Dz”y + U:Dy +4D=y

- 19 -
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-

E]

Using w(x,y,t)=w(x,y).T(t) in Equation 3.4.1 above

yields the following equation.

" D.8% 2H,8'w D 3w
;z‘ + 322552 + —(%?— —wlpow =0 3.4.2

where v represents the circular frequency of the system.
Equation 3.4.2 is que dimensionless with respect to
side b and is transformed to dimensionless ¢oordinates £
and n corresponding to the cartesian co;rdinates x and y
yYielding .
bD: 3'w(z,y)/b | 2H1b B'w(z,y)/b
a* . 3(zfa)* a?b? 3(z/a)?3{y/b)?

Dybdtw(z,y)/b
bt 3(y/b)*

- bw2p0w(z, y)/b=0 ‘ 34.3

Introducing the dimensionless coordinates £=x/a and n=y/b we

r

get

Olw(&,n) | 2H, 3'w(€,n) | D, d'w(e, ‘
Dy aq4 + ¢:lzl 662(3’72) T‘T l;(&s r’) - %fpowzw(fv ﬂ) =0

Substituting ¢=1/¢, in the above equation yields

Hw(¢,n) 4 2Hi18? 2w(E,n) | D.¢* 9%w(e,n) ¢*a'powiw(€,n)
In* D, 8€289? D, ge¢ D,

=0 3.4.4

The above equation is solved for two cases corresponding
to two opposite sides being simply supported ; Case 1

representing the <case when the two opposite edges



)

o

borrgspanding to &50 and E=1 are simply supported Case 2

T

being the case when the two opposite edges corresponding to

n=0 and n=1 are simply supported.

o

. ' '
Case 1. Two opposite sides £ =0 and £=1 being simply supported. \_

-

The deflection functidn as suggested by Levy [26] is chosen

to be of the form

»

. w(&,n) = Z Yin(n)Sin(mn¢) | 3.4.5-

m=]
-
’

This series solution involves the Fourier trigonometric
function Sin(m#g) and.the coefficients Ym are functions of
the variable n. The series is capable of representing the
plate displacement function to any desiréd degree of
accuracy, if the number of terms in .éhe series 1is madg
sufficiently large. Substitutioﬁ of the above equation into
the pgoverning differential equation (3.4.4) vyields the

following characteristic equation.

_ 2H1¢>2 .

Ym(n)'Y D mn)?Y ()’ + ¢4 [D./D,(mn)* - a"w2p0/Dy]Ym(n) =0 3.4.6
v .

1

Roots of the above ordinary fourth order partial

differential equation with constant coefficients are

'4L 2 . 2
iqs(mar)(&) [ x4 ﬂ:[ H 1+—°‘2—]1’L] 3.4.7

Dy) |\/D.D, \D.D, "~

Introducing

- 21 -



I I

R? . - 3.4.8

at g

Ad 1
b ‘_———-Q,‘S:

. “ 2,4 PO
(maJDijD;"1  where . ){=uM'T

> / - The roots of equation 3.4.6 can now be written as
. 7 . °

:tmﬂ'ca[,u:l: [#2 -1 +R3] 1/2] 1/2

L)

where
u= S :
. D.D, : ] © 3.4.10
and
1/4 -
Co=o(2=
D,
_ _ N
Depending upon the sign of- the last
term D./Dy(mn)* - a‘uzpo/Dv in equation 3.4.6, the

general solution of the governing differential equation

3.4.4 is given by

for D, 4 a4w2p0
—_ >
Cn\/ p,™) > =p,"
4

Ym(n) = ApCoshipan + BmSinh‘gbmn\-ijmSinhquq + DmCoshdn 3.4.11

A

4,2
and & 4 aw ho
D, (mnt) < D,

- 22 -



J where

m *

4

! 1Y

'Ym(ﬂ) = Amcos‘hm n+ Bm3£nh¢mf] + CmS:'n{émn + DmCos¢mn 3.4.12

-

-

¥ = {mnC.)?[[u* - 1.+ RZ)"/* +4] ' :

¢Z = (mnC,)? [[,u2 ~ 1+ R}] vz _ u]
or = ﬁprL)’[ —[pz—-1+uR3]U2] whichever is positive.

Cm . Dm are constants deﬁending upon the boundary

conditions to be imposed on the soclution.

Case 2. Two opposite sides n=0 and n=1, being simply supbc‘:rted.

For solutions with trigonometric functions running in the n

direction, w is of the form

©o

w(é,n) = Z.Yn (7)Sin(nnn)
n=} | f/_,

yYielding the characteristic eqygiion

Ya(e)'v -

Q\&(“,f

2H, (nr)?

1 - ! .
D Yn(f)”'*‘aj[D:/D\:hth"qb"&‘powz/D,] Ya(€) =0 3.4.13

Roots of the above characteristic equation are

- 23 -



. L :
+ D\ * 2 4.2 174
(2 [ e ] s

¢ \D,/ |\/D.D, \D,p, T Triin,
. : atpg -
Iﬁtroducing
A ] 4 .2 T .
2 _ ¢ w : . -
Rb Iﬂ-ﬂ']‘D . _ - 3.4.1\]'
’ a‘po \ ‘ :
= Ay = 3 where Af = w24t 20 —
(n'rr) -Dy

® -

-

Equation 3.4.14 pgiving the roots of the characteristic

& . . ~TN
equation can now be written as: —_ }

- .
:tf:ﬂ-ca [H- :t'[,u,.z-l 1+R3] 1/2]1/2 U 3416

where

and

The general solution in this case depends upon'the sign of
the last term Dy/Dz(nw)“—qS“a"powz/Dz, and is given ‘as
_Y;,(f) = A,Coshnn + BaSinh,n + CnSin ¢in + DpCosdan 3.4.17

D 4.4, 2
for Hyi,va . 2atpow .
_ Dz(’”") <T L »
—
- 24 - §



and as

Ya(§) = AnCoshiun + B, Sinkipn + CnSinkdan + DyCoshd,.n  3.4.18

for ) ) : .
D 4_4 2 ' . .
v 4« ?'apow
oA > — :
Bl > £ _
where - -
nx)? 1/2
e N [ R |
a J .
nr)?
¢:= (03 [[#2_1+R3]1/2_#]
2 : -
or = (nﬂ) [‘u — [,u2 -1+ Rﬂ '/2} whichever is positive. ,

2

The formulation of the theoretical model is simplified by

: taking advantage of Symmetry. Symmetry dictates that all

L

modes of vibration must be either symmetric or anti-

symmetric about the co-ordinate axes, if they are suitably'

chosen. The study of free vibration modes hence consists of

the foilowing modes of vibration. T\

1. Doubly symmetric modes e

2. Modes anti-symmetric about both the axes.

3. Modes symmetric about the 3 axié and anti-symmetric

about the n axis.



4 ] ‘ ‘
oo M ' N
4, Modes anti-symmetric about the £ axis and symmetric -

.

about the n axis.
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Chapter' v

,DOUBLY SYMMETRIC MODES

In ofde; to determine the -doubly symmetric modes only a
quarter ségment of ‘the continuous plate need bé\?nalyzéd,.as
_dépictéd in figure.ﬁ. In‘ordg; to analyze the plate segment
.shown wa.haveqfo supefiﬁpoSe the solutions'cifféspon&ing to
the buiidfhg ‘Blocks (i)= andf (2) and then adghst the
constants appearing .in tﬁe bpun&arﬁ ‘forﬁulation .so that
their combination pro&ideé bodnd;ry'conditions that safisfy,
the requirements of the fpiaté under consideration. . Slip
shear - conditions "exist aloﬁg thé edges of the. plate
undergoing symmetrib"vibration modes therébj implying tﬁht
the plate has zero vertical edge reaction’ and the sldpé of
the pla£e normal to the edge is zero. .

- . ’
- . . ’

-4 Solution for the first building block

For ‘the first building block, -using a Levy type solution

K L T
wi(€,n) = E [AmCoshippn + DnCospmn|Sin(mnf). +
, m=1,3,5 o . :

S

e



oo

m=k*4+2

Antisymmetric terms about the origin are deleted in order to

satisfy ' the boundary conditions along - the edge £=0. The

*
first summation (m=%k ) includes_ terms for
which D:/Dy(mn*) > a4w2p0/Dy' and the second summation
includes terms for  which D./Dy(mn*) < a*w*po/ D, .

Henceforth these two cases are referred to as case a and
case b respectively and so are the corresponding equations:

Slip shear conditions are to be enforced on the edge =0

and we have simply supported condltlons at the edges £=0 and -

£=1. The remaining edge n=1 is to have zero vertical edge
reaction but. is acted upon by a- distribﬁted moment of
magnltude M, (&) whlch varles cyc11cally with tlme and - has
the same frequency as the plate Enforcing zerq vertical

edge reaction along'the edge n=l we have

p,Buileen) | $2H, - D)Puwy(ein)
VT g3 " 0€33n

= - 4.1.2

L]
N

yielding

v Dy[AmVd Sinhpn + Dbl Sindmn]

' 4 ¢ [2H, - D[]I—Amt,bm-s:.phtbmq + Dmc‘ﬁmSir}&ﬁ,r]](mﬂ)z =0 | (4.1.3)

P A Y
"Hence

mnbm-Smhnbm[xbm "'E-m——'l(m;r)z +
Dv. .- :

- 28 -
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qumqubm [d) QSZLEIID——I)(m:r)z] =0 " 4.1.4a
‘y .

and using the companion equation developed from the second

summation of equation 4.1 we get

AmémSinhip,, [‘{;rzn _ ¢2-(2Hto : Dy) (m)z]

¢2 (2H1 -Dl)

+Dmbm Sinkgy, [¢:, +
DU

(rmr)z] =0 4.1.4b

Hence the bracketed quantities of the summation of equation

4.1.1 can be written as

Yim(n) = Am [Coshmn + 81 mCosdmn] 4.1.5a
or

Ym(n) = Am [Coshyymn + 82,,Coshdmn] 4.1.5b
g -
respectively, where .

_ [#*(2H: — D1)/Dy(mn)? ~ Y] YmSink

O1m - 4,1.6a
" [¢*(2H: - D1)/D,(mn)? — 6%,)6m Sinkim
> .
_ [6*(2H: - D\)/D,(mn)? - g3 |6,nSink ., 16h
M7 (62 - $%(2H, —Dy)/ Dy mfr)z]qémS:nhqu -
Enforcing moment ‘equilibrium along the edge n=1 we have
¢bMI(€) - _ azwl(fsn) ¢2a wl(f:n) 4.1.7
D, dn? a¢? ot

Using equations 4.1.1 and 4.1.5 we get

- 29 - .
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k

wi(6,0) = Y Am|Coshtmn + 81, Cosdnn|Sin(mnE)
m=1,3.5

+ 3 An[Coshbmn + 83mCoshmn]Sin(mné) 4.1.8
m=k*~42 . '

Using equation 4.1.7 and differentiatingl obtains

Epn=-—Am “-,b,’*; - -g-‘-qs’(mn)’} Cosyp, —'a,m [qsfn + %g&ﬂ(m)’] cosqb,,.] 4.19a
v ¥

or
D
En=-Anm Hd)?,, - &¢2(mw)2] Costbyn + 02 [qﬁfn - -—l¢2(mw)2] Ca.shd)m] 4.1.95
' Dy D,
'
Hence \
A = Em - 4.1.10a
f11m :
. or
E.
Am = 4.1.10b

' . 022m R —\
where ) : *

D .
Cum = [—1‘152(”““)2 —Wn]c'oshsbm + 01m |3, + &qbz(rmr)’ Cosdpm 4.1.11a
D, . D,
and )
Ba9m = %¢2(mw)2 - gbfn] Coshyfrm + 02m [%dﬁ(mx)? - ¢.§,] Coshdm 4.1.116
v Vv

~ L -

Hence the expression for wltis given by

ELV/ k* '
Cowién) = Yo ﬁ[cm,pmn+e,mcos¢mq]sm(mwe) .

]
m=1,3,5 1™

- 30 -



Em
822.";

o0
+ Z [Cosht,bmn + Ongoshd:mn] Sin(mn§) ©4.1.12

k*+2

4.2 Solutions for the second building block.
- .

Referring to the second building block of figure 6, the Levy .

type solution can be written as:

==

w2 (€, n) =. Z Y.(£)Cos(nnn) - 4.2.1

I"I=1-2 F

Expanding the dimensionless moments in series form we get

-

o
aA—Jl%(—’?—) = Z E.Cos(nnn) 422
x n=1,2 :

. ’
o

Substfing‘into the governing differential equation Yields

Y.lE) = A‘mCoshxbnE + BmSinhtp,€ + CpnSingn€ + DnCosdnt 4.2.3a

-

or
N

Yn(e) = AmCOJh\[JnE + BmS‘nh¢nE + CmS‘nh¢nf + DmCOSh¢nf 4-2.36

*

In view of the simple support conditions along the edge £=0

"the symmetric terms are deleted from the above two equations
yielding LM

Ya(€) = BmSinhtn€ + CnSingné ., "4.2.4a

or

Yo(€) = BmSinhpnt + CmSinhdnt 4.2.4b

r N\
Enforcing tﬁ!xfondition Yn(£=1)=0 we get

¥

- 31 -
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By, = - né’inhgbn 4.2.5a
or .
Stnhe,
- _ .2.5b
Ba " Sinhi, 423
. Hgﬁce
. Sindn . |
- = S ntg — " . wdes
Ya(¢) C,.[ indn Sinhg, 3{}1%5] L 42.60
or. . '\n\‘l \‘ﬂ-ﬁ
. Sinhe, .
_ n 4.2.6b
Yn(£) %Cn [3'“h¢ﬂ€ Sinhy, Sin ‘[_’“6]

The boundary condition of equation 4.2.2 must now be

enforced.
aMy(n) _ *w, (€, n) D; 1 dwy(€,n) 4.2.7
D. | o T D.g on -
Hence
' E
= n 4,2.8
Cn (QS?-; + \bz)s‘.n¢n - : ¢
or ’
c. E, . 4280

" (¥Z = 4%)Sinkd,

Using equation 4.2.8 to express Cn in terms of En we get

T

- En [Singnf Sinhyné

YA () = TE +$i) S Sihg 4.2.9a

or

.- 32 .



___E, sans,.g_smmpneJ 4.2.08
= G- a [ Smé,  Sins o

From Equation 4.1.1 one obtains the general solution as

5 E, Stngn & Sinhy, €
wa(&,n) = ,g, 92+ 97) [ Sind. - Sinho. JCos(mrr;) .
En [Sinh¢n€ Sinhy,¢
ng, (v2 - [smhqs,, - W] Cos(nwn) 4.2.10

4.3 The solution for doubly symmetric modes

The superposition of the solutions Wy and Wy yield the the
sought eigenvalues. The Fourier coefficients "in the moment
expansion must be constrained so " that the following edge

-pw

conditians are satisfied by the superimposed solution.
1.. There must be no residual moment along the edge n=1
2. There must be no residual slope along the edge (=1

The contribution of the first building block along the edge

n=1 can be expanded as a sine series and 1s given by.

$bM; (€) _ _[a’tbx(f,n) Dy j29%wa(&,m ) 4.3.1

D, an? D, 0¢2

The contribution to the bending moment along the edge n=1

can be expanded as a sine series and the contribution to




the bending moment along the same edge of the building block

. &
is given by ‘
2 2
RE w:(E,n) ¢23 wz (€, 1) 4.3.2
an? u afz

Substituting the appropriate derivatives of the function w,

in equation 4.3.2, we obtain contribution of each term to

the moment as

_M [[ 2 D_ Stﬂ.¢n Sinhg&-,,f
va+¢2 (nm)" + D,\tﬁ"] Sind, [( m)? - :¢2 "153] W} 4.3.3a

or

E.Cos(nx) D Sinkg, ¢ Sink
et |0 - o] Tt~ [~ Eadel bl INPEEY

Next applying the condition of zeroc slope along the edge £=1

aw2(£1 n) + 3!1)] (E! ﬂ)

=0 : 4.3.4
¢ 9§

dw &
36_1 =¥ (mn) 2 r ™ [Coshyimn + 61,mCosdmn]Cos(mn)

m=1,3 1m
e
£
[~} <
+ z (mr)—"-[Coshiy,n + GgmGos(qu)]Cos(mw) . 435 .
m=k*42 02 im

a En n n n
IU2 Z - [ti’ Cosgn  YnCoshipn] Cos (ﬂ‘fl’r])

+¢2)| Sing. Sinhy,

234 -



¢

E, $nCoshd,  Y,Coshy,
+Z (3 —¢2)| Sink¢, Sinhy,

Cos(nrn) 4.3.6
k41
. -

Contribution of the first building block to the slope aleong

£=1 is
ouwy = E—-(mw)Cos(mw)[Casther] + 81 mCospmn) 4.3.7a
¢ tim

or

ouw, = GE—(mw)Cos(mw)[Coshwmn + Gngoshqﬁmn] 4.3.7b

E 22Im

Contribution of the second building block to the slope aldng

.

£=1 will be
dwy _ E, [ $nCo03¢n___1hnCoshipy, 4'.3&
e (2 + 42) n
or
dw, _ 2En - [¢n oshg,, - t,anoshx,b,._ Cos(nﬂ'q) 4.3.85
¢ (¥2 +42)
If vwe use t terms in each solution|, we -shall have 2t

unknowns and 2t equations availablle to ‘relate these
unkno@ns. This would lead to a matrix t.x 2t, the 4irst t
Tows resulting from enforcing the coh ition of zero net
slope along the edge n=1 fhe second t }fows resultlng from
enforcing the condition of zero net bending moment along the
edge £=1. A schematic representation of the matrix obtained
is shown in Figure 10. Expressions for each segment

corresponding to case a and case b are formulated below:

- 35 -



Sehment(l,l)

It is a diagonal segment with each element equal to

unity.

Segment (1,2)

-

Elements of this segment, evaluated by multiplying the

appropriate expressions of equation 4.3.3 by ZSin(lAE)-

- and integrating from 0 teo. 1 are given by.

2(mm)Cos(nx)Cos(mn)
ZEr A
where
| (nr)? + Brg6%  (nm)? - Bro?yl
BT ¢ — (mm)? * 2 + (mmn)32
or )
2(mn)Cos(nmr)Cos(mmn)-.
¥i- ¢ =

where

(nn)? = Brgy2  (mm)? —BrgPg?

e T + (mm)? $2 + (mm)?

Segment (2,1)

4.3.9

4.3.10

4.3.11

4.3.12

Elements of this segment are evaluated by multiplying

the appropriate expression of equation 4.3.7

by 2

Sin(nxn/2) and integrating from 0 to 1 The integrals

are obtained as
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2(m7r)Cos(m7r)Cos(r:rr) 4.3.13
llm :
where s
_— . .
YmSinkpm  BimbmSind, -
z, = YpSinhim | Oim 2 4.3.14
tm + (ﬂ‘?f) ¢m - (flﬂ')
or
2[m1r)Co.s(m7r)Co.s(nw) T 43.15
22m
_where . 7

S Ny v e Yy s ¢

Segment(z 2)
This segment is diagonal WJ.th each element: obta:.ned
from the approprlate expression of Equation 4.3.8 and

the elements of this segment are given by

) 1 ¢nco~5¢n B \anOSh‘l’n] 43.17
v Y2+ ¢21 Sing, Sinhy, :
or . /(' ’ ‘
. 1 [¢nCoshén ¢n008h¢n] 4.3.18
Y2 -2 | Sinhé, Sinhyn

- 37 -
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The eigenvalue is determined using the IMSL routine LINV3F

Using the steps outlined in the Appendix.



Chapter V

ANTISYMMETRIC - SYMMETRIC MODES

The quarter segment of the\\plate that needs to be
analyzed is shown in Figure 7. In order to analyze the
'.plate segment shown we have to superimpose the sclutions
corresponding to the building blocks (1) and (2) and adjust
the constants appearing in the bounda;y formulation so that
EﬁEir combination satisfies the requirement of the

continuous plate.

5.1 Solution for the first building block.

For the first building block taking the solution in Levy

form we have

a N
(&)= 3 Ym(n)Sin(mme) | s.;}n

m=1,23

. Expanding the moment as a sine series

Mi(6) = En;Sin(mjrf) | 5.1.2

m=1]



-

Since we have simply supported conditions along the edge n=0

odd terms in the function Y (n) must be deleted.

Hence .
\/\
Ym(n) = BmSinhpnn + CnSingmn ’ 5.1.3a
-orxr
You(n) = BmSinhymn + CrSinhémn 5.1.3b

The condition of zero vertical edge reaction along the edge
n=1l requires

Pwi(6,n) | °(2H: — D) 3wy (é,m)

=0 5.1.4
an’ D, a€%an

Taking the derivatives and enforcing the above boundary

condition yields

Btbm [¢3,, - ﬂ?%lﬂ(m)’] Coshtpm,
4

. -—C",,,¢m [¢f,1 + ¢2(2H1; —Dy) (mw)z] Cos¢p, =0 ' 5.1.5a
- Ly

or

_Dl)

(mar)z]Coshqﬁm:O . _Y | 5.1.5b

Eliminating the constant Bm in equation . 5.1.3 yields.

Y 2 CrlfimSinhYmn + Singmn| 5.1.6

where
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_ $m[ph + $*(2H, — D)/ D, (mn) 2] Cosdm

!{lm"/‘ - ¢*(2H, — D,)/Dy(mn)?|Coshi,, >11
- F
or
| Yin = Crn [62m Sinkornn + Sinhdumn] 5138
where 2
b bm [¢fn - ¢*(2H, - Dl)/Dv(mw)z]Coshgﬁm 5.1.9
am Ymlyd — 6*(2H, - D;) /Dy(mn)2]|Coshim "
Moment equilibrium along the edge n=1 fequires e
bM 3%w, (€, D, .92 ,
¢oM, (¢) _ _[ 1(5 n) + 242 wy(€,n) 5.1)10
D,. dn D, aE?

Expressing the necessary derivatives in series form we get

Q
oo o0
z S'n m”f Z C ellrns‘n(mﬂf) Z Cmagngt-n(mﬂ'f) 5.1.11
m=1,3 m=1,3,5 m=k*+1]

(J y

. . D o
Oiym = [qbfn g: ¢2(m1r) ]Sinqb,.,., — 01m [v,b?n - D—:¢2(mn)2] Sinho, 5.1.12a

where

and ) _
022m = 02,m [gi¢=(mw)’ - ¢,’,,]Ss‘nhwm' +‘[§l¢2(mw)= - qbfn]Sinhqu 5.1.12b
v Yy

-3
-

Eliminating t constant C_ from the equation we obtain

5.1.13a



or

3 (n) = f—mlf’zmstnhwmn + Sinhémn . 5.1.13b
22

..

Referring to the second building block of figure 7 the Levy

type of solution is written as

wa(€,n) = Z Ya(€) Sm(m1r ) ' 321
n=1,2
and’
——aﬁgz(") = n; s:'n(f‘-:—") - 5.2.2

Since''we have simple support conditions along the edge (=0
Symmetric terms are deleted from the expressions for Yn(E)

giving _— N

Y,.(e) BmSinhpn€ + CmSingn€ 5.2.3a

or

Ya(€) = BmSinhyin€ + CraSinhdnt : 5.2.36

5.2 Solution for the second building block

The required solution can be inferred from the second
building block for the doublyj\symmetric modes. The required

expression is given by. /
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n [Singat  Sinkyn€] .. /nmn g
walbon) = n_lzuwf’w [S-'nqas,. " Sinhy,, ]S’"( i)
E, _ [Sinhgat  Sinhy,€] .. (nmn
+k§2( e [ Sinhd. ~ Sioh wnJS’"(T) 5.2.4

N

5.3 The solution for antisymmetric-symmetric modes.

Al

The two edge. conditions that must be satisfied by /the

superimposed solutions are

. 1. ' +There must be no net residual moment along the edge
n=1 )
2. There must be no net residual slope along the edge £=1

The contribution of the first building block can be expanded

v

a4s a sine series

= BTy o $M(E)w . [8%wn(ém) | Dy (39%wa(€,m) 5.3.1
L @snl) - Eplte [Fulln) D2l

~

Contribution to tthbending moment along the same edge of

the second building nlock is given by

-

[azwz(fyﬂ) Dy ,8%w,(€,1n) 5.3.2

- —ang _+_-D_y¢ 362 ] \
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Substituting the appropriate derivatives of the function w,
in equation 5.3.2, thé contribution of each term to the
moment is found to be |

_EaSin(e) H ()" + &¢=¢3‘]'§f"_¢n_f _ [(ﬂ)’ _ &w?} Sinhyn¢
(W2 +¢2) 2 D
or

E,Sin(%F) H+ ([1__7[)’ _ &4.,2 2] Singnt _ [(ﬂ)z ~ &qbﬂ.p’}m"—e] 5.3.3b
(82 +¢3) 2

Condition of zero slope along the edge {=1 implies that

dwa(&ym) , dwi(&m) _ . 534
a¢ a¢

w
4

The contribution of the first building block to the slope

along the edge f=1 is obtained for each term by taking

appropriate derivatives yield ng >
o ™~
. PE = F.[GlmSmht,bmn + Singmy|mrCos(mn) _ -3.5a
- ox¢ 3 P : :
—;? = El[ﬂnginhwmn + Sinh@mn|mrCos(mn) _ 5.3.5b
i2m .

Contribution from the solution w, to the slope along the

edge £=1 becomes

En  [¢nCOsbnk  ¥nCoshyn] .. [nmn
¢3.+¢:[ Sings  Sinhy, JS’"(T) 5.:3.8a
/ Nor :
E. 1 ¢nCosho, YnCoshii, 1o . nrn :
_ nn 3.6b
¢,=,_¢3,[ Sinhe., Sinhy,, F""‘( 2 ) 53_6

-
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Following an approach similar to. the one used for forming
the coefficient for the doubly symmetric modes we obtain

expressions for each segment of the matrix.

1. Segment (1,1)

This is a diagonal Segment with each element equal to

unity

2. Segment (1,2)
Elements of .this éeg ent obtained by multiplying
appropriate expressio ; of éqﬁation 5.3.3 " hy 2
Sin(m#f) and integrating between 0 and 1 are given by

the expression

2(mx)Sin (%) Cop(mm)a,

| o 537
~ where " "
(—'6}%:{%’ (%)° - Bro?vl 5.3.8
(mw)’\ T )’ -
. ar
2(m7r')S:'r:b(;,—:);‘08(m?r)Ix 5.3.9
where
D _ (nx nx\* _ Dy 42 42
Big2e2 - () (% ) 0,9 ¥n 5.3.10

=T g () ¥2 = (mn)?
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3. Segment {2,1)

Elements are obtained by multiplying the appropriate
expression of equation 5.3.5 by 2 Sin(nan/2) and

integrating from 0 to 1 giving
"

. nw Iy
2 C S —_— .
(mm)Cos(mn) m( 2 )3um 5.;.11
where
‘  B1m¥mCoshym  FmCosdm <312
1= 2 ne\2 g nry2 e
Yot (T) bm ~ (T) X -
or ’
2(m1r)Cos(m1r)Si::z(nz—w.) % - 5.3.13
where
Oam¥mCoshyy,, . Cosh¢m vt
z; = 2 :b ‘ “'f d’:‘ snf d 5.3.14
vR+(F) R+ (%)
4. Segment (2,2)

This is a diagonal segment with each element obtained

from the appropriate expression of 5.3.6 is given by

¢nCosdn/Sing, — !b,;Cosh‘bu/Sinﬁd;n

5.3.15
2+ 2
or . -
-~ $nC08¢n [ Sinhdn — Y Coshyp, [Sinhy,
o4 : 5.3.16.
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The eigenvalue matrix having been established eigenvalues

are obtained in a way similar to that for the doubly

. symmetric modes. ™



Chapter VI

F.D.W ANTISYMMETRIC AND SYMMETRIC - -

ANTISYMMETRIC MODES

% ’

6.1 Doubly Antisymmetric modes

The general form of the solution is given by

o , . T——
w(€,n) = Y _ |AmCoshymn + BmSinkippmn + CnSingmn + DnCospmn]| Sin(mmnE)
.=t o ) 6.1.1a
or
‘w(é,n) = z [AnCoshippn + By Stinhmn + CpaSinhén + D Coshemn| Sz"n(mvrf)
m=1
6.1.16

6.1.1 Case a; Solutions for D, /D, (mr*) < a*w?po/D,

Enforcing the condition of zero displacement and zero

bending moment for the edge n=0 yields

Y (1) = BmSinhpmn + CmSindmn . 6.1.2



The condition of zero bending moment and zero vertical edge
reaction at the edge 1n=1 yields the solution to the

éigenvalue problem. Condition of zero bending moment

requires

a2 .D a*
[ ! lcb’ w]= 6.1.3

dn? a¢?
Taeking appropriate derivatives and substituting them in

equation 6.1.3 yields

(

i _¢=(m) ] Sinhtm — Com [¢= B8 mn)? } Singm=0 6.1

+

Next applying the condition of zero vertical edge reaction

¢*(2H; = Dy) O _ -’601.5
3113 Dy afzan

and substituting the appropriate derivatives into the

equation we get

Bumtbm [w?,. - "2(”;; = D) (m)’] Coshiprm
¥

—~Coném [¢:‘ - ¢ (2HI; = Di) (m:r)z] Cos¢n =0 6.1.6
v

A non trivial solution exists for Bm and Cm of equations
6.1.4 and 6.1.6 only if the determinant of their coefficient

matrix vanishes. The ‘eigenvalue equation %s hence given by
@ ' -




$*(2H, — D;)

|  ém [¢3,‘ + D (rmr)’] [¢3,, - g—:qs’ (m)=] Sinhv.b,:c‘osqu
¥

— 2 _ M mx)? . + &¢2 mx)?{CoshynStng,, = 0 6.1.7
m ¥ (mx) (

6.1.2 Case b; Solutions for D_/D, (mx*) > a‘w?pe/D,

Following the steps outlined for case a and using equation

6.1.1b we get the solution to the eigenvalue equation as:

.

b [qb2 - M(mw)z] [gbfn - &qbz(mar)z] Sinhy,Coshd,,
” D, D,
—Ym [4,’ _ #(2H - D)) (mw)ﬂ] [q&fn - &&(m)?]coahtpmsmhq‘sm =0 6.18
™ D, D,
W
6.2 Symmetric - Antisymmetric modes

The general form of the solution is

w(€n) = D [AmCoshtpmn + B Sinhimn + CmSingmn + DinCosbmn) Sin(mn¢)
m=1

- . 6.2.1a
or )

" .
w(€,n) = Z [AmCoshpmn + BinSinhpmn + CmSinhmn + D,Coshémn| Sin(mn€)
m=1

6.2.14

6.2.1 Case a; Solutions for D;/D (mn?) < a‘w?po/D, | '

In order to satisfy the boundary conditions at the edge =0
Antisymmetric terms have to be deleted. Hence the

expression for w is given by. -
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w(E,n) Z:[A CoshPwp + DrnCosdmn| Sin{mnt) 6.2.2

Imposing the condition of zero vertical edge reaction at the

edge n=1, we have

3w + ¢2(2H1 - Dl) 63w

=0 _; 2.3
an3 D, 3&29n 6

Substituting appropriate derivatives ‘to 'equétion 6.2.3

Yields - S2H, —
Am¥m '“4’3,. _ uHTl—Dl—)(rmr)zJ Sinhim
v
*(2H, - D :
+Dmm [45:1 - 2—{——5———12(71?1!')2] Sing,, 6.2.4 -
: v

Applying the condition of zero bending moment at the edge
n=1
9w .
D‘¢2aw =0 6.2.5
an aE?
Substituting the required derlvatlvesgr? w into equation

6.2.5 yields the follow;ng .

m '\b:‘ - I—)i¢2(m")2] Co"hd’mn ~Dp, [¢rzn - %¢2(m‘ﬁ)2] Cos¢mn =0 6.2.6
y v

—~___

A non trivial solution for the unknowns B, and C, of ™M™
equations 6.2.4 and 6.2.6 requires the determinant of the
coefficient matrix to wvanish yielding the eigenvalue

equation as

om 62, + #(2f B2 e | [ -gfé’(m)’] (CoshipmSingn] -




—¥m [!.b.z,. - 45’(2!3”— D) E’mr)’] [¢

D .
:‘ + I—)iqs:(rmr)’] [Sinh\meos¢m| =0 6.2.7
. .

6.2.2 Y Case b;- Solution for D,/D?{v}:r“) > a*w?po/D, !

Following the steps outlined for case a and using equation

6.1.1b we get the solution to the eigenvalue equation as

o [¢:. + &2 Dy (mxr] 2
v - -

~

L [xb’ _#'(2H, - D))

B, ] e e

Dy 3, 4]
Dv¢ (mﬂ-) J

=
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Chapter VII

EMPIRICAL FORMULATION OF EIGENVALUES.

7.1 Formulation Of Equations

A pgeneral solution to the problem of determining
eigenvalues for various vibration modes was discussed in fhe
previous chapters. The inpﬁt parameterstpzﬁDvP(‘ y and the
aspect ratio ¢ are combiﬁed to produce a closed form
solution giving sufficiently -accurate values for all

practical purposes. The method is essentidally a trial and

error approach and consists of studying the, varjation of the

eigenvalue by treating one parameter at a time, for constant.

values of the remaining p rameters. Individual algebraic
expressions governing the nature of variations are developed
by using curve fitting techniques and the final expression

is -written by superimposing the individual expressions to

give a ‘closed form solution. Toe study the variation of the

eigenvalues Tables kNos 3 to 22) covering a wide range of

values (D=/Dv)l/‘= l to 20;4*0.1 to 1.0 and ¢‘=1 to 4 were

generated. The 1lateral contraction of the .plate was
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neglected. Hence, D , is taken. eéqual to zero. This is true

for Beam-S5lab type bridge decks. (21]

7.2°  Empirical Equations
The following Empirical equations have been proposed,
based upon curve fitting techniques,

1. Doubly Antisymmetric mode.

A = wh? po/Dy

1
__szzaa
where
i D114
e
D,
2. Doubly Symmetric m;de.
2 _ G 2 1
b= 2o’ 42 .
3. - Symmetric-Antisymmetric mode.
For 1l<pg2 X . .
'2_“ 9 By : L/
Ay = E, L;J +[E3 ~ EqJ{u - 0.5)/0
a .o .
where

E\ = 3.5714 + 0.4296p + 2.4215p° + 0.001259p>

, ' - 54 - -



E;=128+03(p- 1)
By =4.54+2.35(p ~ 1)
Eq=14(¢-2)-08.

For 2<p<20

2 2] % | ‘
A} = E, [ EJ +[Ey — Ed($=2)/3](u - 0.5) /0.0

where ' :

. - E£1=0.0871 + 0.00428p + 3.8544p%

E2=(2- :
(2-¢)[0.212 - 0.081p%] +0.274p2 1 1349

074 . '
E3=]188- 22 -173
| [ 3P (¢—14(u—&&*129~045

Antisymmetric-Symmetric mode.

-

For lgp<2 . ' ‘

215
Ag::El[—} + E3

$ ¢ '
‘where
E1 = 0.0871 + 0.00428p + 3.8544p?
. E2 = (2- ¢} [0.212 - 0.081p?] + 0.274p? + 1.342
_— 08157
0.74 _4.1;5
E3 = 11.88 — =3P (¢~1)| (u- 0.5) « 1.29 - 0.15
N _
For 2<p<20
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4
A2 = CF1!'31+1.976(p - 0.5)

where

E1 = 0.0871 + 0.00428p + 3.8544p?

E2=(2-¢)[0.212 - 0.081p%] +0.274p? + 1.342

0.74 : |
E3 = [1.88 - —3—p"-73(¢ - 1)] (4 —0.5) « 1.29 — 0.15

The variation between theoretical and empirical values is
shown typically in Figures 11 to 20 for the symmetric-
antisymmetric m;de. Using the empirical eunEi?ns a maximum
error of 15.931 ‘was observed in -Ehe firgé Ssymmetric-
aritisymmetric mode for pﬁl, u=0.2 and ¢=3.5. The error
decreased to a maximum of 10.5% for p=2 ang bécame less than-
5% Af?%;IB;B' For the anti-symmetric-symmetric mode the
maximum observed error was 11.15% for pz1 and decreased to
less, than 5% for p=4. Thé efror_f Tt doubly symmetric and

doubly anti-symmetric mode” was npted to be less than 0.1%.
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Chapter VIl
RESULTS AND CONCLUSIONS

- J

The Fourier<1§eries solution was used to obtain the
- solution for the free vibration énalysis Of, continuous
orthotropic plates. The results were obtained for aspect
ratios ranging from 1.0 to 4.0 and the ratio of the rigidity
parameter (Dx/Dy;/;aﬁging from 1 to 20. The eigenvalues for
the tables were obtained using ten terms solutions, thus
yielding eigenvalues: for a wide range of interest in

practical problems. . ' .

To determine the 'converéence characteristics of this
method of free vibration analysis, numerical experimentation
was carried out by. varying the number of terms in the
dispiacement function w. Results thus obtained are shown in
Table 1. It can be seen that the convergence oflthe solution
is excellent, the variation in the answer for a three term
solution and the ten term solution being only in the fifth
decimal digit. The convergence of the solutien doeé not

deteriorate with higher modes.’




Table 2 shows the frequencies for the first 7 modes of
vibration of an isotropic pontinuous-plate for aspect ratio
£ 1. The results are compared with those obtained by Cheung
] and Warburton [44]. The agreement has been found to be
very good (maximum variation less thah 2.6%2). For
orthotropic plates, no results are available'in fechnical
literature, hence no comparison can be made.

Tables 3 to 22 show the eigenvalues for doubly symmetric,
antisymmetric - symmetric, doubly antisymmetric and
symmetric - antisymmetric modes of vibration for different
aspect and rigidity ratgos. The value of D1 was assumed to
be zero; since the‘lateral contraction of the plate can be. -
neglected for a beam-slab type of bridge [21]. A;

Eigenvalues for the first doubly- anti-symmetric and the
doubly symmetric mode are found to independent of the
torsion parameter u. The eige Ggiﬁe vary directly as (Dx
/Dy )U‘ for constant values \of the asp;ct ratié ¢ - and
~inversely as the squage of.the aspect ratic ¢ for constant
valueg of (Dx /Dy )l/‘ e

For all wvalues of the plaﬁe aspect ratio and the
rigidity ratios, the #fundamental frequency is found to
.reside in the first doubly antisymmetric mode ana is heﬁce
independént of the torsion parameter u.

For the symmetric-aptisymmet}ic and the antisymmetric-
symmetric mode, the eigenvalues exhibit a strong dependence

-

on the torsion parameter p. This is especially true for low
"J ' .
]

-



values of the rigidity parameter (D._./D,_.)”4 . Hence,

eigenvalues for isotropic plates are Sensifive to the values

of . This dependence on u is more pronounced in the
symmetric-antisymmetric 'ﬁode éhan for the antisymmetric
symmetric mode. The variation of eigenvalues, which decrease
with decreasing values of-—the torsion parameter is
apprbximately of tB§ first order. Th; significance of the
torsion parameter is found to decrease with increasing
values of the rigidity ratio.

The following conclusions can be drawn for all modes of
vigration. (

1.. For given values of the rigidity ratio and the
tot§i6h parameter y , greater the aspect ratio,
smaller the frequency. -

2. Under constént values of’ the aspect and rigidity
ratio; the frequency decreases or rem#in§ unchanged,

»
with decreasing values of the torsion parameter.

3. An incfease in the rigidity ratio fo; constant values
of ail other parameters leads to an increase in the
frequency of vibration. |

Empirical equations were developed in Chapter‘VII uéing
curve . fitting techniques aﬁd the equations obtained give
eigenﬁalues{sufficiently aécurqte.for.practiqal design. The
empirical formulation enables a rapid combutation of the

frequencies of vibration without going through a detajled

analysis. -



Finally from the present study it can be concluded that

the present method. is a very accurate a general method for

free vibration analysis. All combinatio
i

o
boundary conditions;i.e simply supported, free and clamped

of the classical

can be readily solved using this method. Once solutions for
different types of building blocks have been developed, they
can be used to formulate solutions to other £free wvibration

problems.

The tables cover the practical range of values in terms
of dimensionless parame;érs enable a quick estimation of the
natural frequency oflvibration. Coﬁputing time and memory
requirerients beiné small the method is ideally suited for
computers with relatively smaller capacity and speed.

"It may further be added that the solution technique

adopted in this thesis is quite general in its application

- .

and further studies could be directed towards obtaining
I . , ‘
solutions for free or forced ‘vibration " probléms of

continuous bridges of unequal span or orthotropic plates

continuous in both directions. s

»
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Table 1: Convergence table for free vibration of
continuous orthotropic plate.
Doubly s?mmetric mode ¢=1.0 Dx =Dy=1'0 =0 ny
=0.5 ,
No of Eigenvalue
Terms -
3 15.418291 /!
5 15.418290
7 15.418289
10 15.418289
Table 2: Eigenvalues of a twoe span continuouys
orthotropic plate. -
Aspect ratio ¢=1.0 D =D 51.0 D, =0.0; D .5
X b4 1 ‘
Freq. ' Trans. Ldng. ) Ref. Pfesent
Strip( 4) Strip( 4) (44) Solution
9.87 9.63 9.86 - 9.8707
15.43 15.41 . 15.4183
. . , .o 17.2584
17.92 16.83 17.17 17.8821
22.21 22.16 . 22.8130
. . . 32.3612
39.65 38.25 39.48 39
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) Appendix A’
“PROGRAM LISTINGS ’

dede p ek
COMPUTER PROGRAM FOR ANALYSING DOUBLY SYMMETRIC FREE
VIBRATION MODES
INPUT VARIABLES
R(I)=TITLE OF DATA SET
KT=NUMBER OF TERMS CONSIDERED
KL=NUMBER OF EIGENVALUES REQUIRED
ACC=NUMBER OF DECIMAL DIGITS REQUIRED IN
THE EIGENVALUE SEARCH

NRD=NUMBER OF VALUES OF OF D1 FOR WHICH SOLUTION IS REQUIRED

NF=NUMBER OF VALUES OF THE ASPECT RATIO

ND=NUMBER OF VALUES OF DX/DY

NMU=NUMBER OF VALUES OF MU

ARD=VALUES OF D1 INPUT

APHI=VALUES OF ASPECT RATIO INPUT

ARDXY=VALUES OF DX/DY

AMU=VALUES OF MU

*% NOTE SAME NOTATIONS USED IN ALL THE PROGRAMS %%

IMPLICIT REAL*8(A-H,0-2)

REAL¥8 MU,MUS,LAMS , LAMF, NP,NPS,NPF,MP,MPS,MPF

DIMENSION A(20 20),B(20), WKAREA(ZO) R(200)

DIMENSION APHI(20), ARDXY(ZO) AMU(20) ,ARD(20) ,ALAMS (10, 10)
DIMENSION ADEL(30),AFAD(30),AFL(30)

IR=5

IP=6

READ(IR,69) (R(I),I=1,15)

FORMAT(15A4) .

WRITE (IP,69) (R(I),I=1,15)

WRITE (IP,12)

WRITE(IP,77) |
FORMAT (IH ,3X,'#%A%%* p, SYMM MODES ') \
WRITE(IP,12) . '
READ(IR, 10) KT,KL,ACC,DEN
FORMAT (2I10,2F10.3)
IF(KT.LT.1l) KT=15

WRITE (IP,1ll) KT,KL,ACC,DEN
FORMAT (1lH -,3X,'NO OF TERMS KT =',I5,/,3X,
1'NO OF EIGENVALUES KL=', 615,/ qx :
1'Acc=',D16.5,/,1X, 'DEN=",F10.4)

wRITE(IP 12)

™ - 102 -



41

90

14
18

FORMAT (/)

KT1=2%KT-1 ‘ -

KT2=2.0%KT . —
DPA=1.0 _

PI=DATAN(DPA)™4

READ (IR,41) NRD,NF,ND +NMU

WRITE (IP,41)NRD,NF ND ,NMU

FORMAT (4110)

READ(IR,2) (ARD(I),I=1,NRD)
READ(IR,2) (APHI(J),J=1,NF)
READ(IR,2) (ARDXY(K),K=1,ND)
READ(IR,2) (AMU(L),L:1,NMU)
FORMAT (6F10.2) .
WRITE (IP,3) (ARD(I),I=1,NRD)
WRITE (IP,3) (APHI(J),J=1,NF)
WRITE (IP,3) (ARDXY(K),K=1,ND)
WRITE (IP,3) (AMU(L),L=1,NMU)

FORMAT(1H ,/,6F10.2)
READ (IR,90) (ADEL(I),AFAD(I),I-=1,NF)
READ (IR,90) (AFL(I),I=1,NF) N
FORMAT (6F10.5)

WRITE (IP,12)

WRITE (IP,90) (ADEL(I),AFAD(I),I=1,NF)
WRITE (IP.12)

WRITE (IP,91) (AFL(I),I=1,NF)

FORMAT (6F10.4 )

DO 4 IX=1,NRD

DO 4 JX=1,NF
DEL=ADEL(JX)
FADzAFAD(JX)
FLAMS=AFL (JX)

DO 4 KX=1,ND
LAMS=FLAMS

DO 4 LX=1,NMU
RD=ARD(IX)
PHI=1.0/APHI(JX)
RDXY=ARDXY (KX ) **¢
MU=AMU (LX)

NJ=0

KNT=0

JN=1

IC=0

ICC-0

CLAMS=0

FA=1.0

FORMAT (4F10.2, 2D10 Q)

FORMAT (1H ,3X, 'LAMS:"' +F8.3,5X, 'DLIM=" F8.3 5X, 'DEL:

1,/.3X, "FAD:="' FB 3,5X, ACC— DIS 5,5X, DEN*
WRITE (1P, 12)

CONTINUE
103 -
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32

s

PHIS=PHI*PHI
PHIF=PHIS*PHIS
CA=PHI*RDXY**0_ 25
CAS=CAYCA
MUS = MU*MU
LAMF=LAMS "L AMS

DO 15 I=1,KT2

DO 15 J:=1,KT2
A(1,3)=0.0

DO 100 M=1 KT

DO 100 NI=1 KT

N=NI-1

J=KT+N+1

1=M

NP=N*PI

NPS=NP*NP -
NPF=NPS*NPS

MP=M*pT

MPS=MP*M

MPF=MPS*MP

RAS=LAMF /MP}/RDXY/PHIF
RA=DSQRT (RAS)
EXP=MUS-1.0+RAS.
IF(EXP.LE.0.0) EXP=-~1.Q%EXP
EXPR=DSQRT (EXP)
TE=MPS*CAS

SIMS=TE* (EXPR+MU)
SIM=DSQRT (SIMS )
T1=MU-EXPR
FIMS=TE*DABS(T1)
FIM=DSQRT (FIMS )
ARG=RDXY*MPF- LAMF/ PHIF

1IF (ARG.GT.0.0) €O TO 20
IF (N.GT.0) GO TO 32 v
A(I,I)=1.0

CONTINUE

HSDY=MU*DSQRT (RDXY)
TEA=PHIS*(2.0*HSDY-RD)*HPS
TEB=RD*PHIS*MPS

THH1=(TEA-SIHS)*SIH*DS(SI”)/(TEA * FIM
THM11=(TEB-SIHS)*DC(SIM) + THM1*

PA=SIH*DS(SIH)/(SIHS*NPS)

Pl=PA - THHT*FIM*DSIN(FIM)/(FIMS-NPS)

S)/FIH/DSIN(FIM)

(FIMS*TEB)*DCOS(FIH)

A(J,I) =2-0*MP*DCOS (MP) *DCOS (NP )/ THM11%P1]

IF(N.EQ.0) A(J,I):=A(J,1)/2.0
GO TO 99

CONTINUE
HSDY=MU*DSQRT(RDXY)
IF(N.GT.0) GO TO 35
A(I,1)=1.0
CONTINUE
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TEA=PHIS*(2.0*HSDY-RD)*MPS -

THM2= (TEA-SIMS)* SIM *DS(SIM)/(FIMS-TEA)/FIM/DS (FIM)
TEB=RD*PHIS*MPS

THM22= (TEB-SIMS)*DC(SIM) - THM2*( TEB- FIMS ) *DC({F1IM)
PB= SIM*DS(SIM)/(SIMS+NPS)

P1=PB « THM2*FIM“DS(FIM)/(FIMS+NPS)
A{J,I)=2.0*MP*DCOS(MP)“DCOS (NP)/THM22*P] .
IF(N.EQ.0) A(J,1):A(J.1)/2.0

99 CONTINUE
100 CONTINUE _

DO 200 M=1,KT
DO 200 NI=1,KT
N=NI-1

J=KT+NI

I=M

(@]

NP=N*P]

NPS=NP*NP

NPF=NPS*NPS

MP=M#*PT o~
MPS=MP*MP ‘

MPF=MPS*MPS

IF(N.EQ.0) CO TO 140

RBS=LAMF /NPF
RB=DSQRT (RBS ) ) )
EXP=(MUS-1.0+RBS) )
. EXP=DABS (EXP) _ e
EXPR=DSQRT (EXP )
TE=NPS/CAS
SYNS=TE¥(EXPR+MU)
SYN=DSQRT( SYNS )
T2=EXPR-MU
FINS=TE*DABS (T2)
FIN=DSQRT(FINS) .
GO TO 141 . '
140  SYNS=LAMS/CAS
SYN=DSQRT(SYNS)
FINS=SYNS
FIN=SYN
141  CONTINUE _
ARG=1.0/RDXY*NPF-LAMF/RDXY,

C
IF(ARG.GT.0.0) GO TO 120
IF(M.GT.1) GO TO 125
VAL=FIN*DC05(FIN)/DSIN(FIN) : SYN¥DC(SYN)/DS(SYN)
A(J,J)=VAL/(SYNS°FINS) :

C i _—

125 CONTINUE
E1=(NPS4RD*PHIS*FINS)/(FINS-MPS) *. (NP5-RD*PHIS
I*SYNS)/(SYNS*HPS)

105 -



» 120

137

199

401

. 402

c
303

&
A(I.J)=2.O*HP*DCOS(NP)*DCOS(HP)/(SYNS~FIN5)§EI

GO TO 199 . :
IF(M.GT.1)G0 TO 1374

VAL=FIN*DC(FIN)/DS(FIN)-SYN*DC(SYN)/DS(SYN)_
A(J.J)=VAL/(SYNS~FINS) -
CONTINUE

EZ=(NPS-RD*PHIS*SYNS)/(SYNS‘HPS)—(NPS-
1RD*PHIS*FINS)/(FINS*MPS) :
A(I.J)=2.0*MP*DCOS(NP)*DCOS(MP)/(SYNS-FINS)*EZ
CONTINUE
CONTINUE

IJOB=4
N=KT2

- IA=KT2

‘D1=1

IC=IC+1 ' '

CALL LINV3F(A.B.IJOB.N.IA.DI,DZ,UKAREA.IER)
D=D1*2%**D2 .

IF(IC.EQ.1) GO TO 302

IF(NJ.LE.0) GO TO 402
IF(DABS(D).GT.DABS(SSD)/1.5) co To 401
GO TO 402 "

IF(NJ.EQ.0) GO TO 302

NJ=0

FA=1.0

D=RSD

LAMS=RSL

GO TO 302
IF((FA.LT.I.O).AND.(LAHS.CT.RSL)) FA=1.0
1F(D/SD.GT.0.0) GO To 302 :
IF(DABS(D). GT.ACC) GO To 302
IF(DABS(SD).GT.ACC) GO TO 302

FORMAT (1H .3x,'LAMs=',F10.4.5x,'D=',Elz.a,sx.'snz'.zlz.a,
13X, '1C=",15) ,
IF(IC.EQ.ICC) GO TO 32]

IF(FA.LT.0.50) ¢o To 320

ICs=1cC -

SSD=SD

SSL=SLAMS

RSD=D

RSL=LAMS

FA=FAD ) .

LAMS=SLAMS *0.95*DABS(SD)/(DABS(SD)*DABS(D))*(LAMS-SLAMS)
ICC=1c+1 ‘

NJ=1

WRITE (IP.113)LAMS.SLANS.D.SD,IC

FORMAT (2H , '*1] LAM.SLA,D.SD'.2F9.3.2X.2E12.4.1X.16)_
GO TO 64 -
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44

321

c
320

407

409

118
117

302

999
88
a3

|

-
K

10

'. r b R
SD=D

SLAMS=LAMS
FA=-1.0%FAD
LAMS=LAMS + FA*DEL
NJ=2

GO TO 64

IF(DAES(D).CT.ACC/DEN/IO.) GO TO 407
GO TO 409
NJ=0 '
FA=1.0 ,
LAMS=RSL . ‘
D=RD °
GO TO 302
CONTINUE
FA=1.0 _ .
WRITE(IP,303) LAMS,D, SD.IC
ALAMS (LX, JX )=LAMS .
IF (LAMS-CLAMS .GT.DEL) GO TO 117
. WRITE(IP,118) .
FORMAT(1H -, 'CHANGE acc')
STOP
CLAMS=LAMS .- . ,
LAMS=LAMS+DEL*FA ~ . ) B
SD=D - - . o
IF(NJ.EQ.2)SD=-1.0%D . .
KNT=KNT+1 - - . )
NJ=0. : ' : .
IF(KNT.LT.KL) GO TO -64
GO TO 1 . .
CONTINUE : : v '
WRITE (IP,999) LAMS ,SLAMS ,D,SD,IC,FA
SLAMS=LAMS

LAMS FA

(IH,° 'SLA D SD IC',2F10.4,2E12.4,15,E9.2)
RMAT (1H , 'NO OF ITERATIONS > 9000 ") .
CONTINUE : :
_GD.TO 64

" CONTINUE

LAMS=FLAMS
CONTINUE _

WRITE (IP,44) ((ALAMS(HY.JY).HY=1.NMU).JY=I.NF)
FORMAT (10F10.4) ‘.
STOP

END T,
FUNCTION DS(X) .
IMPLICIT REAL *8(A-H,0-Z)

IF(X.GT.125) 60 TO 10 ' ~ . -
DS=DSINH(X) .
RETURN

DS=1.0

RETURN

END
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FUNCTION DG(X)
IMPLICIT

*B8(A-H,0-2)

IF(X.GT.125) ¢0 TO 10
DC=DCOSH[X) ) :
RETURN -

DC=1.0
RETURN
END
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PGM *%% B(C A%y

COMPUTER PROGRAM VIB FOR ANALYSING DOUBLY ANTI- SYMMETRIC
AND '
SYMMETRIC-ANTISYMMETRIC FREE VIBRATION MODES

IMPLICIT REAL*8(A-H,0-Z)

: REAL¥8 MU,MUS,LAMS,LAMF ,NP,NPS,NPF,MP,MPS,MPF

DIMENSION A(2.,2),B(30),WKAREA(30),R(200),BLAMS (10,10)
DIMENSTON APHI(20),ARDXY(20),AMU(20),ARD(20),ALAMS (10, 10)
DIMENSION ADEL(30).,AFAD(30),AFL(30)
IR=5

IP=6 ‘

READ(IR,69) (R(I),I=1,15)

69 FORMAT ( 15A4)

WRITE(IP,69) (R(I),I=1,15)
WRITE(IP,12)
WRITE (IP,77) /
77 FORMAT(1H ,3X,'** B *% SYMM.ASYMM.MODES') P
KL=2 , _ ' '
MM=1 -
ACC=0.01
DEN=1.0 -
READ(IR,69) (R(I),I=1,15)
_WRITE(IP,11) KL,MM,ACC,DEN .

11 FORMAT (1H ,3X,' KL =',I5,/3X,'MM=',I5,3%,'ACC=',D12.5,5X,

1'DEN=',D12.4)

12 FORMAT (/)

KT=1 _

KT2=2%KT *

DPA=1.0

PI=DATAN (DPA)*4

sNelols

-

READ (IR,41) NRD,NF,ND,NMU
WRITE (IP,41)NRD,NF,ND,NMi
41 FORMAT (4I10)

" READ(IR,2) (ARD(I),I=1,NRD)
READ(IR,2) (APHI(J),J=1,NF)
READ(IR,2) (ARDXY(K),K=1,ND)
READ(IR,2) (AMU(L),L=1 NMU)

2 . FORMAT(6F10.2)

WRITE (IP,3) (ARD(I),I=1,NRD)

WRITE (IP,3) (APHI(J),J=1,NF) y

WRITE (IP,3) (ARDXY(X),K=1,ND)

WRITE (IP,3) (AMU(L),L=1,NMU) ot
3 FORMAT(1H ,/,6F10.2)
: “READ (IR,90) (ADEL(I),AFAD(I),I=1 NF)

READ (IR,90) (AFL(I)},I=1,ND)

90 FORMAT (6F10.5)
WRITE (IP,12) ‘ .
WRITE (IP,90). (ADEL(I),AFAD(I),I=1,NF)
WRITE (IP,12)

~ WRITE (IP,91) (AFL(I),I=1,ND)

91 FORMAT (6F10.4)

C
DO 4 IX=1,NRD
DO 4 JX=1,NF . -
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DEL=ADEL(JX)

DO 4 LX=T;
RD=ARD(IX)
PHI=I.O/APHI(JX)
RDXY=ARDXY (KX )4
MU=AMU (LX)

KNT=1
I1C=0
FA=1.0
M=1

14 FORMAT (4F10.2,2D10.4) \

18 FORMAT (1H .3X.'LA.HS=',F8.3,5X, 'DLIM=' ,F8.3,5X, 'DEL=",F8.3
1./.3X.'FAD='.F8.3,5X,'ACC='.DIS.5.5X,’DEN='.FlOuQ)
WRITE (IP,12) _

64 CONTINUE

PHIS=PHI*PHI
PHIF=PHIS*PHIS
CA=PHI*RDXY**#Q 25
CAS:=CA*CA

MUS=MU*MU ' | .
LAMF=LAMS*LAMS L
HSDY=MU*DSQRT (RDXY )

DO 15 I=1,KT2
© DO 15 J=1,KT2
15 A(I,J)=0.0

MP=M*PI
MPS=MP*MP

MPF=MPS*MPS
RAS=LAMF /MPF / RDXY / PHIF
RA=DSQRT(RAS ) -
EXP=MUS-1.0+RAS

EXP=DABS (EXP)

EXPR=DSQRT (EXP )

TE=MPS*CAS_

SIMS=TE*(EXPR+MU )

SIM=DSQRT(SIMS )

FIMS=TE*(MU-EXPR)

FIMS=DABS (FIMS )

FIM=DSQRT(FIMS)

SIM2=SIM/2.0 :
FIM2=FIM/2.0 .
ARG=RDXY*MPF-LAMF/PHIF
IF(KNT/2%2 .EQ.KNT) GO To 51

GO TO 52

51 CONTINUE , : _
IBC=2 , .
IF (ARG.GT.0.0) GO To 20 r/’\\“’//”F_‘\\\\\‘-___~Nh
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320

FS=PHIS*MPS
A(l,1)=(SIMS-RD*FS)*DS(SIM2)

A(l,2)=- (FIMS+RD*FS)*DSIN(FIM2)
A(Z.1)=SIH*(SIHS—(2.0*HSDY-RD)*FS)*DC(SIHZ)
A(2.2)=-FIH*(FIHS‘(2.0*HSDY-RD)*FS)*DCOS(FIHZ)
GO TO 99 -

CONTINUE
FS=PHIS*MPS

A(1,1)=(SIMS-RD*FS)*DS(SIM2)

A(1,2)= (FIMS-RD*FS )*DS (FIM2 )
A(Z,1)=SIH*(SIHS-(2.0*HSDY-RD)*FST*DC(SIHZ)
A(2.2)=FIH*(FIHS-(2.0*HSDYfRD)*FS}*DC(FIH2)
GO TO 99

IBC=1

IF (ARG.GT.0.0) GO TO 22

FS=PHIS*MPS

A(1,1)=(SIMS-RD*FS)*DC(SIM2)
A(1.2)=-1.0*(FIHS‘RD*FS)*DCOS(FIH2)
A(2.1)=SIM*(SIMS-(2.0*HSDY-RD)*FS)*DS(SIMZ)
A(2.2)=FIM*(FIMS*(2.0*HSDY-RD)*FS)*DSIN(FIMZ)
GO TO 99 ‘

CONTINUE
FS=PHIS*MPS

A(l.1)=(SIMS-RD*FS)*DC(SIM2)
A(1.2)=(FIMS-RD*FS)*pc(Fluz)
A(2,1)=SIM*(SIM$-(2fO*HSDY-RD)*FS)*DS(SIHZ)
A(2.2)=FIH*(FIMS—(2.0*HSDY-RD)*FS)*DS(FIMZ)

CONTINUE
IC=1IC+1

CALL SR(a,D)

IF (IC.EQ.1)GO TO 302
IF(D/SD.GT.0.0) GO TO 302

FORMAT (1H .3X.'LAMS=',FIO.Q,SX,'D='}EIB.6.5X,'SD='.EIB.6)

IF(FA.LT.0.20) GO TO 320
FA=FAD ‘

LAMS = SLAMS + DEL*FA

GO TO 64

FA=1.0

WRITE(IP,303) LAMS,D,SD

IF (IBC.EQ.1) ALAMS(LX,JX)=LAMS
IF (IBC.EQ.2) BLAMS(LX,JX):LAMS
LAMS=LAMS+DEL*FA

SD=D

KNT=KNT- 1

1C=0

FA=1.0

IF(KNT.LE.KL) GO TO 64

KNT=1

- M=M+1
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LAMS=LAMS+DEL*FA
GO TO 64
1 CONTINUE
LAMS=FLAMS
4 CONTINUE
WRITE (IP,44) ((ALAMS(MY.JY).HY=1.NMU),JY=1.NF)
WRITE (IP,17) :
17 FORMAT (1H ,///) .
WRITE (IP,44) ((BLAHS(MY.JY).MY=1.NHU).JY=1.NF)
44 FORMAT (10F10.4)
" STOP - ' ‘
END
FUNCTION DS(X)
IMPLICIT REAL *8(A-H,0-7)
DS=DSINH(X) .
RETURN
RETURN
.END
FUNCTION DC(X)
" IMPLICIT REAL *8(A-H,0-7)
DC=DCOSH(X)
RETURN .
RETURN
END ‘
SUBROUTINE SR(A,D) '
IMPLICIT REAL *B(A-H,0-2) ;
DIMENSION A(2,2)
D=A(1,1)*A(2,2) - A(l,2)*A(2,1)
RETURN :

END
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69

77

10

11

41

90

**PGM- D**
COMPUTER PROGRAM FOR ANALYSING  THE
ANTI-SYMMETRIC SYMMETRIC FREE VIBRATION MODES
IMPLICIT REAL*8(A-H,0-Z)
REAL*8 MU,MUS,LAMS,LAMF,NP,NPS,NPF ,MP,MPS,MPF,NPT,NPTS,NPTF
DIMENSION A(20,20),B(20),WKAREA(20),R(200)
DIMENSION A(30,30),B(30),WKAREA(30),R(200)
DIMENSION APHI(20).ARDXY(20),AMU(20),ARD(20), ALAMS (10,10)
DIMENSION ADEL(30),AFAD(30),AFL(30)
IR=5
IP=6
READ(IR,69) (R(I),I=1,15)
FORMAT ( 1544)
WRITE(IP,69) (R(I),I=1,15)
WRITE(IP,12)
WRITE(IP,77)
FORMAT(1H ,3X,'** D *% ASYM.ASYM.MODES')
WRITE(IP,12)
READ(IR,10) KT,KL,ACC,DEN —~
FORMAT (2I10,2F10.3) .
IF(KT.LT.1) KT=15
WRITE(IP,11) KT,KL,ACC,DEN
FORMAT. (1H ,3X, 'NO OF TERMS KT =',15,//,3XK,
1'NO OF EIGEN VALUES .15,/ ,3X, ACC-
1,D16.5, fa 3X, 'DEN=" 'F10.4) . _
WRITE(IP,12) .
FORMAT (/) -

KT1=2%*KT-1

KT2=2.0%KT

DPA=1.0

PI=DATAN(DPA)*4

READ(IR,41) NRD,NFI,ND,NMU
WRITE(IP,41)NRD,NFI,ND,NMU
FORMAT (4110)

READ(IR,2) (ARD(I),I=1,NRD)
READ(IR,2) (APHI(J),J=1,NFI)
READ(IR,2) (ARDXY(K),K=1,ND)
READ(IR,2) (AMU(L),L=1,NMU)
FORMAT(6F10.2)

WRITE(IP,3) (ARD(I),I=1,NRD)
WRITE(IP,3) (APHI(J),J=1,NFI)
WRITE(IP,3) (ARDXY(K),K=1,ND)
WRITE(IP,3) (AMU(L),L=1,NMU)

FORMAT(1H ,/,6F10.2)

READ(IR,90) (ADEL(I),AFAD(I),I=1,NFI)
READ(IR,90) (AFL(I),I=1,NFI)
FORMAT(6F10.2)

WRITE(IP,12)

WRITE(IP,90) (ADEL(I),AFAD(I),I=1,NFI)
WRITE(IP,12)

WRITE(IP,91) (AFL(I),I=1,NFI)

FORMAT (6F10.4)

DO 4 IX=1,NRD
- 113 -



14
18

DO 4 JX=1,NF1
DEL=ADEL(JX)
FAD=AFAD(JX)

FLAMS=AFL(JX)

DO & KX=1,ND -

FLAMS=AFL(KX)
LAMS=FLAMS

DO 4 LX=1,NMU
RD=ARD(IX)
PHI=1.0/APHI (JX)
RDXY=ARDXY (KX ) *#4
MU=AMU (LX)

KNT=0

JN=1

NJ=0

I1C=0

ICC=0

FA=1.0

CLAMS=0

FORMAT (4F10.2,2D10.4)

FORMAT (1lH .'LAHS=',F8.3.5X.'DLIH='
1/.11,'FAD='.F8.3,5X,'ACC='.DIZ.J.SX
WRITE(IP,12)

CONTINUE
PHIS= PHI*PHI
PHIF=PHIS*PHIS
CA=PHI*RDXY*%0 25
CAS=CA*CA
MUS=MU*MU
LAMF=LAMS*LAMS
DO 15 I=1,KT2

DO 15 J=1,KT2
A(I,7)=0.0

DO 100 M=1,KT
DO 100 NI=1,KT1,2
N=NI
J=KT+(NI+1)/2

I=M

NP=N*PI
NPS=NP*NP
NPF=NPS*NPS
NPT=NP/2.0
NPTS=NPT*NPT
MP=M*PI

MPS=MP*MpP
MPF=MPS*MP$S
RAS=LAMF /MPF/RDXY/PHIF
RA=DSQRT(RAS }
EXP=MUS-1.0+RAS
EXP=DABS (EXP)
EXPR=DSQRT (EXP )
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32

99
100

TE=MPS*CAS

SIMS=TE* (EXPR+MU)
SIM=DSQRT(SIMS)
T1=MU-EXPR
FIMS=TE*DABS({Tl)
FIM=DSQRT(FIMS)
ARG=RDXY*MPF - LAMF/PHIF
IF (ARG.GT.0.0) GO TO 20

IF (N.GT.1) GO TO 32

A(I,I)=1.0

CONTINUE

HSDY=MU*DSQRT (RDXY)

TEA=PHIS*(2.0*HSDY-RD)*HPS
THHl=FIH*(FIHS'TEA)*DCOS(FIH)ISIM/(SIHS-TEA)!DC(SIH)

TEB=RD*PHIS*MPS
THH11=(FIMS*TEB)*DSIN(FIM)-THMI*(SIHS-TEB)*DS(SIH)
PA=FIM*DCOS (FIM)/ (FIMS-NPTS)
P1=THM1*SIM*DC(SIM)/(SIMS+NPTS)-PA

A(J,I) =2.0*MP*DCOS (MP ) *DSIN(NPT)/THM11%P1

GO TO 99

CONTINUE
HSDY=MU*DSQRT (RDXY)
IF(N.GT.1) GO TO 35
A(I,I)=1.0

. CONTINUE

TEA=PHIS*(2.0*HSDY-RD)*MPS ‘ :
THH2=FIH*(TEA-FIHS)*DC(FIM)/SIH/(SIHS-TEA)/DC(SIH)
TEB=RD*PHIS*MPS
THHZZ=THH2*(TEB-SIHS)*DS(SIH)+(TEB-FIMS)*DS(FIH)
PB= FIM*DC(FIM)/(FIHS*NPTS)
P1=THH2*SIH*DC(SIH)I(SIHS*NPTS)*PB
A(J.I)=2.0*MP*DCOS(HP)*DSIN(NPT)ITHM22*P1

CONTINUE
CONTINUE

DO 200 M=1 KT
DO 200 NI=1,KT1,2
N=NX
J=KT+(NI+1)/2
I=-M -~
NP=N*PI
NPS=NP*NP
NPF=NPS*NPS
NPT=NP/2.0
NPTS=NPT*NPT
NPTF=NPTS*NPTS
MP=M*P]
MPS=MP*MP
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125

120

137

199
200

88
87

L

MPF=MPS*MPS

RCSZLAMF/NPTF - ...
RC=DSQRT(RCS ) °

EXP= (MUS-1.0+RCS) .
EXP=DABS (EXP)
EXPR=DSQRT (EXP)
TE=NPTS/CAS

SYNS=TE* (EXPR+MU)
SYN=DSQRT(SYNS)
T2=EXPR-MU
'FINS=TE¥DABS (T2) TN
FIN=DSQRT(FINS)

ARG=1.0/RDXY*NPTF-LAMF/RDXY

IF(ARG.GT.0.0) GO TO 120

IF(M.GT.1) GO TO 125 '
VAL=FIN*DCOS(FIN)/DSIN(FIN) - SYN*DC(SYN)/DS(SYN)
A(J,J)=VALI(SYNS*FINS)

CONTINUE .
E1= (NPTS +RD*PHIS*FINS)/(FINS-MPS) + (NPTS-RD*PHIS*,
1SYNS )/ (SYNS+MPS ) .
A(I,J)=2.0*MP*DSIN(NPT)*DCOS(MP)/(SYNS*FINS)*EI

GO TO 199 _

IF(M.GT.1)GO TO 137
VAL=FIN*DC(FIN)/DS(FIN)-SYN*DC(SYN)/DS(SYN)
A(J.J)=VAL/(SYNS-FINS)

CONTINUE
EZ=(RD*PHIS*FINS-NPTS)/(FINS*MPS)*(NPTS-
IRD*PHIS*SYNS )/ (SYNS+MPS) -
A(I.J)=2.0*MP*DSIN(NPT)*DCOS(MP)/(SYNS-FINS)*EZ

4.
il

CONTINUE
CONTINUE

1J0B=4
N=KT2
IA=KT2
D1=1]
IC=IC+1

IF(IC.LT.1000) GO To 87
WRITE (IP,88)

FORMAT (1H ,'ERROR IN LAMS')
GO TO 89

CONTINUE

CALL LINVIF(A,B,1J0B,N,14,D1,D2, WKAREA, TER)
D=D]1%*2%#p3
IF (IC.EQ.1)G0 TO 302
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IF(NJ.LE.O) GO TO 402

IF(DABS(D).GT.DABS(SSD)/1.5) GO TO 401

G0 TO 402
401 IF(NJ.EQ.0) GO TO 302

NJ=0 .

FAz1.0

D=RSD g

LAMS=RSL

GO TO 302
402 IF((FA.LT.1.0).AND. (LAMS.GT.RSL)) FA:1.0

IF(D/SD.GT.0.0) GO TO 302

IF(DABS(D).GT.ACC) GO TO 302

IF(DABS(SD).GT.ACC) GO TO 302
C
303  FORMAT (1H ,3x.'LAMS:',rlo.a.ax.'D='.Elz.a,ax.'sn:',a12.4,

13X, 'IC=',15)

IF(IC.EQ.ICC) GO TO 321

IF(FA.LT.0.50) GO TO 320

ICS=1C

SSD=SD

SSL=SLAMS

RSD=D

RSL=LAMS

FA=FAD .

LAHS=SLAMS+0.9S*DABS(SD)/(DABS(SD)*DABS(D))*(LAMS-SLAMS)

I1CC=IC+1
C WRITE(IP,113) LAMS,SLAMS,D,SD,IC

NJ=1

113  FORMAT(1H ,'*1} LAM,SLA,D,SD',2F9.3,2E12.4,1X,16)
GO TO 64

321 SD=D -
SLAMS=LAMS
FA=-1.0%FAD
LAMS=LAMS+FA*DEL

C WRITE(IP,1112) LAMS ,SLAMS |D,SD, IC :

1112 FORMAT(1H ,'*22 LAM SLA D SD',2F9.3.2X.2£12.4,1X.16)
NJ=2 ’ .
GO TO 64

320 IF(DABS(D}.GT.ACC/DEN/IO.) GO TO 407
GO TO 409 T

407  NJ=0
FA=1.0
LAMS=RSL
D=RD
GO TO 302

409  CONTINUE

. FA=1.0 ,

89  WRITE(IP,303) LAMS,D,SD.I¢ -
ALAMS (LX, JX) =LAMS .

] IF(LAMS-CLAHS.GT.DEL) GO TO 117

WRITE(IP,118)
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A

10

10

FORMAT (1H ,3X, 'CHANGE ACC VALUE" )
STOP

CLAMS=LAMS

LAMS=LAMS+DEL*FA

SD=D

IF(NJ.EQ.2) $D=-1.0%Dp

KNT=KNT+1

NJ=0

"IF(KNT.LT.KL) GO TO 64

GOTO 1

CONTINUE
SLAMS=LAMS

SD=D

LAMS=LAMS +DEL*FA

GO TO 64
CONTINUE
LAMS=FLAMS
CONTINUE

WRITE(IP,44) L(ALAHS(HY.JY).MY=1.NMU).JY=1.NFI)
FORMAT (10F107%) )

STOP ‘ °

END

FUNCTION DS(X) ,

IMPLICIT REAL *8(A-H,0-Z) ‘
IF(X.GT.125) 60 TO 10

DS=DSINH(X)

RETURN

DS=1.0
RETURN ;,f"
END

FUNCTION DC(X)

IMPLICIT REAL *8(A-H,0-Z)

IF(X.GT.125) GO TO 10

DC=DCOSH(X)

RETURN

DC=1:0

RETURN

END
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IMSLD ROUTINE LINV3F

Purpose - in pTace

Appendix B

SOLUTION ROUTINE

S

inverse, ¥quation _Solytion and or

determinant evalulation

Usage -CALL LINV3F(A,B,IJO§.N.IA.Dl,DZ.WKAREA,IER)

Arguments

A -

Input/Qutput matrix of dimension N by N.

See parameter 1JOB

B - Input/Output Vector of . length N when

I1JOB -

IJOB = 2 or 3, otherwise B is not
used. On input B contains the }ight
hand side of the equation AX=B. On
the OQutput the solution X replaces B.
INPUT OPTION PARAMETER.

1J0B=1 i Invert matrix A. A is
replaced by its inverse.

IJOB=2 ; Solve the equation AX:=B. A

~

is replaced by a LU deéomposition of
{
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. Ol

4 Towwise permutation of A, where y
is the uppef triangular and L is the
lower triangular, matrix with unit
diagonal.
IJOB=J i Solve AX=B and invert matrix
A. A is replaced by %ts inverser
~1JOB=4 ComputF the determinant of
CA. A is replaced by  the LU
decomposition of ‘a- rowwise
N pPermutation of A,
N - Order of A {Input)
IA - Row dimension of matrix A
D1 Input/Output. If the DI and D2
components of the determinanat‘of A
=D1*2%*D2 are desired input Dl GE O,
otherwise input Dl LT 0. D? is never

input.
\‘.

WKAREA ork area of length atleast 2*N for
éi;OB=l or IJOB-3. Work area of input
length atleast N for IJQB=2 or

IJoB=4,

IER Error pParameter.

Once the eigenvalue matrix is established, the

eigenvalues are Se?ncﬁed using the following steps.
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After selecting the number of terms in the series

a trial value for the eigenvalue establish

coefficient matrix (Figure 10).
Evaluate and store the determinant.
The trial value of f?e eigenvalue is incremented

after repeating i;jps 1 and 2 a wvalue of

eigenvelue causing-

and

the

and

the

he determinant of.the coefficient

matrix to wvanish 1is established. A vanishing

determinant indicates that a non trivial solution

:exists for E m and E n @ond hence the associated

[N

_*value is an eigenvalue.

~





