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ABSTRACT

For the vector differential egquation
v+ Q(e)y =0 , t e [0,)

where Q{t) 4is a real continuous n bv n syvmmetric matrix
function, we present here some results pertaining to the
oscillatory behavior at « in terms of -the "maximum eigen-

. t
value" of P(t) = J Q(s) ds. ‘ .
. 0. . .

)



differential equation

vi

INTRCDUCTION
%

The oscillation theory for the second-order scalar

fa) . V" T+ g(t)u

0 , te [0, , { 2

where g(t) ¢ CO[O,d), has been studied by so many authors.
The equation (a) is said to be ocsciflatory at = or non-
cscillatory at = according as one (hence every) solution
u=uv(t) 0 of (A) has or does not have an infinity of .
zeros on 0 £ t < ». Probably the first such qualitative
study originated in the classic paper of C. Sturm 15—3:1836].
ﬁfﬁer him, A. Kneser [K-l;1893] gave the following

criteria for equation (i),

g(t) = —53 - non-osciliation '
4t .
{B) _
y a(t) 2 il_iiﬂl + oscillation, 6 > 0 .
4+

Later, W. B. Fite [F-1;1918] proved that g(t) > 0 ‘and

f g(s) ds = @ together imply oscillation. (see [W-2],[W-3]) -
0 .

The condition g¢(t) > 0 in Fite's result was later removed
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t s _
(C) lim % J [J g(u) du] ds = » <+ oscillation
t+oe
T
LY . \
This is probably the first criterion using a "mean". lLater,

P. Hartman [H-l;1952]'proved that the non-existence (as a

single finite number) of the limit in ¢¢) and the condition

(D) lim inf %J U g (u) du] ds > -

imply oscillation.
A generalization of (p) was given bv W. J. Colés and D. Willett
[CW-1;1968] where the arithmetical mean was-feplaced by a more

il

general mean

t
(E) : (KQ) (£) = J K(t,s)Q(s) ds
) 0
. t .
where Q(t) = J g{s) ds. Here X(t,s) 1is a kernel which will
0 .

, .
be described in detail later on (see Chapter III). P. EHartman
[H-3;1977] then gave a more general necessary condition for

. L]
equation (A} to be non-oscillatory at «: namely that either
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~¢

t \
{F) : lim inf f K(t,s)Q(s) ds = ==
t + @ 0

or that there exists a constant ¢ such that

t
(G) j K(t,s) |~ Q(s)]—L ds +» 0 as t -+« ,
0

for fixed =1, 1 Tt 2. (F) and (G) are basically analogous to
(C) and (D).

On the other -hand, G. J. Etgeﬁ and J. ¥. Pawlowski
-[EP-1;1976] gave an oscillation criterion ((r) below) for - \

the matrix differential equation

(H) Y+ Q)Y =0

where Q(t) 1is a real continuous n by n s%mmetric matrix
2y

. . . c. . / .
function, by introducing a positive lineay functional g

on symmetric matrices. The condition

N

(1) -

implies that (#) is oscillatory.



Note The definition of oscillatory in the matrix case is
similar to that of the scalar case. Details will be given

later on (see Chapter I).

I+ has been conjectured (see e.g., [HL-1;1980]) that,

for a vector differentizal equation

(7} v' + Qeyy =0

n

where v is in R and Q{(t) 1is as in (&),

t ,
(K) . ' lim A1[J Q(s) ds] =
too
0
implies that eguation (7) is oscillatory at «. (Here
A][ - ] denotes the largest eigenvaluq\of the matrix under

consideration.)

A. B. Mingarelli [M-1;1980] combined Hartman's res&%t
(p) and a particular positive linear functional, in fact,
the "trace" functional, -to obtain sﬁffidient conditions for

equation (J) to be oscillatory at «: specifically,

.

- \ t s
(L) ' lim in lJ tr [J Q(u) du] ds J:— -

o t
£ = 0 0

anéd (x).

-



In this thesis, we are geoing to expleoit a more general

sufficient condition for eguation (J) to be oscillatory at .



CHAPTER I

8§1. Definitions.

The present.workdeals mainly with the formally self-

.adjoint differential system

; 32
(1.1} vyt o+ Q(tiy =0 , ted ,. [ - gt }

for a vector v in R” where J is a real interval and
Q(t) is a real n by n symmetrié continuous matrix function
on some interxrval J. |

The trivial solution v(t) = 0 will not be referred
to as a solution. We follow the notation introduced in
[Ww-5] in the scalar case (n = 1).°

DEFINITION 1.1. The two distinct points t,, t, ¢ J = [a,b]

broT2
will be called (mutuafly) conjugate on the interval a < t £ b

if there exists a solution v(t) of (1.1) satisfving

y(ti) = y(tz) = 0 (the zero vector) on [a,b].

DEFINITION 1.2. The equation (1.1} will be called disconju-
gate on [a,b], if every solution of (1.1) vanishes at most

once in [a,b].



The term "conjugate” has its origin in a fixed end
point problem of Lagrange in the Calculus of Variations

([s-2, p. 311]).

DEFINITION 1.3. When J = [0,») the eguation (1.1) will
be called oscillatory at » if for every a > 0, (1.I1) is not

disconjugate on [a,~). It will be nen-oselllatory otherwise.

Associated with equation (1.1) is the matrix differential .

equation
(1.2) ¥Y" + Q(8)Y =0 , te [0,

for a n by n matrix Y where, Q is as in eguation (1.1).
It is clear that such equatio;% possess solutions for t,,0 < t < =,

. { :
since one can reduce them to\gJETEEt—order system where @
is now of size 2n by 2n and then apply a known existence
theorem (e.g., [CL-1, Chapter I]). .

~ il N

DEFINfTION 1.4. A solution Y = ¥Y(t) of eguation (1.2)
is called non-Znivial if det Y(t) # 0 for at least one
t e [0,°), (det Y(t) will denote the determinant ofﬁrx(t)),
Also, a solution Y(t)} of equation (1.2) is non-singulax

at t=a, ace [0,#), if and only if det Y{(a) # 0.

1



DEFINITION 1.5. A non-trivial solution Y = ¥Y(t) 'of
equation (1.2) will be called cscillatory at = if and only
if det Y(t) has infinitely many zeros in [0,«). It will"
be non-cscallatory otherwise.

A simple differentiation shows that if Y = ¥ (t) and

Y = X(t) are two solutions of equation (1.2), then
{1.3) Y*(£)X' (£} - ¥Y*"(£)X(t) =C

where C is a constant n by n matrix and the asterisk (*) will
denote the conjugate transpose of a matrix, e.g., 1if A is é
Hermitian matrix, aA%* = A. (1.3) defines W(X,¥Y)(t) which
may be called the Wreonskhian of two solutions ¥ “and X of
equation ¢1.2) (cf., [B-1]). ©Note that if ¥ = ¥(t) and
Y = X(t) are solutions of equation (1.2), then W(X,¥) is
a constant matrix and W(Y¥Y,Y) ‘is a skew-syvmmetric matrix.
In‘particular, there corresponds to every splution Y = ¥Y(t)
of‘equatij;f%l.zJ a constant matrix ¢ foxr which (1.3) is
satisftig with x = vy.

=
DEFINITION 1.6. A solution Y = Y(t)  of equation (1.2)

is prepared (or self-conjugate, or conjoined} if
(1.4) H* = H , where H = Y*Y!

or equivalently if for X =Y "in (1.3), C = 0.



The following-exahple, given by E. S§. Noussair and.
C. A. Swanson [NS-1], shows that the'prepared'hypoéhesis
ona.solution Y = ¥ (t) of egquation (1.2; is needed in order
that an analog of the classical theory of oscillation
{(n = 1) can be developed for linear svstems. ansider the

matrix differential equation
Y"(t) + ¥(t) =0 t e [0,=) .

This is the analog of the scalar eguation u" + v = 0, all of whose

solutions are of the form vu(t) = ¢,sin t + c.cos &, ¢ and

] 2 1

czheimg arbitrary constants. These solutions are oscillatory.

On the other hand, one scluticn: of the matrix differential

equation above is given by

cos t -sin t
Y(t) = .
sin t cos t

which is non-oscillatory at « since det ¥

that Y (t) 1is not a prepared solution.

1 on [0,»). Note

It is known (see e.g. [H-2, p. 388 Theorem 10.2}])
that whenever equation (1.1) is disconjugate on J = [a,®«),
a > 0, there exists a non-trivial prepared solution of the
associated differential matrix equatién ¢{1.2) such that

¥Y(t) 1is non—-singular in (a,«). In this case

A



(1.5) vV(t) = Y'(t)y'l(t) , te (a,®) ,
»

will be a symmetric matrix and Vz(t) will be a non-negative

definite matrix (i;e., for aﬁy vector ¥ in Efl, y*sz > 0).
The standard notations of matrix algebra and ca%culus

are used throughout. In so far as is possible, capital

letters (A, B, Q;F;.. ) are used to denote matrices and

most of the matriﬁes to be cénsidered are n by n, consequently

if the term"matrikx" is used it is assumed to be a n by n,

square matrix..-Lower case letters (x, v, ..; } will deno£e

vectors in R®, while the Greek letters (a, &, ... ) will
denocte real sca%ars. The symbols I (résp. 0) will-denote
the identity matrix (resp. zero matrix) regardless of
dimension. If A 1i1s a matrix, then, tr A shall denote the

-1 shall denote

trace of A, and in the event det A ¥ 0, A
the inverse of A. If A(t) is a matrix each of whose
entries is a function, then A(t) will be termed continuous,
differentiablg, etc., when each of its entries has the
indicated property. ~Let S be the real linear vector space
of n by n symmetric matrices. Whenever A is in S, its

eigenvalues (all necessarily real) will be denoted by

Ak[A], 1 < & < n, where we take it that A][A]

AN



(resp. An[A]} indicates the largest (resp..the smallest)
eigenvalue of A. Finally, for A and B in S, A > B

(resp. A > B) will mean that A~ B is a positive definite matrix
(resp. & non-negative or semi-positive definite ﬁatrix),
i.e.l for any vector y . in, RY, <(A - By , v> > 0’
(resp. > 0) where < , > is the usual inner product on Rr" .

The symbol [J is used to indicate the end of a proof..

A non-linear functional (see ([H-4]) g : S =+ R is

called superaddiiive and (po&iziveﬁy] superhomogencous if

(1.6) g(A + B) > q(A) + g(B) and

(1.7) g(ad) > ag(a) for ¢« 2 0 .

Correspondingly, a functional p : § -+ R 1is called

subadditive and (posditively) subhomogencous if

(1.8) P(A + B) < P(A) + p(B) and

(1.9) p(ad) < ap(A) for a > 0

Note (1): Conditioens (1.6) anéd (1.7) (or (1.8) and (1.9))
imply that g (or p) is concave (or convex) and hence

continuous on S. ([H-4])

The study of oscillation criteria for eguation (1:1) using

linear functionals on S (e.g., the "trace" functional)



-

—

has its beginnings in a paper of G. J. Etgen a§d'J. F.
Pawlowski [EP-1] (see theorem 2.1 below). Thi; was
followed by [EL-1] wherein a comparison theorém was formu-
lated relating the oscillatory behavior of eguation (1.1)
as a special case: to the oscillatory behavior of a scalar
diffe;ential equation. Subseguently P. Hartman [H-4] i
obtained a result in the same vein as the latter using

the non-linear functionals ((1.6)—(1.9)) on 8. Recently
D. Hinton and R. T. Lewis [HL-1] have extended some of the
results of [EL-1] to generalized differential svstems
(essentially "Stieltjes integrodifferential systems") and

new oscillation criteria have been obtained in this more

general setting.

A real linear functional g : § - R (i.e., satisfying

(1.10) g(da + B) = g(A) + g(B) , g(ed) = og(d)

for A and B in 8§, « E'Eﬂlié qélled positive (resp.

non-negaiive) if

g(a) > 0 (resp. > 0)

whenever A > 0 (resp. A > 0).



Since a positive linear functional is continuous,

we have

t t

'g[J A(s) ds] = J gla(s)] ds , a, t e [0,=)
a a

whenever A 1is integrable, and

gB'(t)] = {g[B(EI]} , te [0, ,

whenever B is differentiable. (see [EP-1])

§2. Preliminary lemnmas.

The following lemmas will play an important role in

proving our main theorem.

Lemma 1.1, [4-2, Lemma 1.1]

Let A and B be in §. Then both Al and An

) -

are non-linear functionals with the following properties:

(i) A fa + B] S A IA] 4 A, [B] and
Al[aA] < akl[A] , whenever o > 0 is
(ii) A fa + Bl 2 A [Aa] + X [B] and

An[aA] > aln[A] , whenever o > 0 Is

real

real.

artf



(iii) Whenever A is integrable on a compact set J = fa,b],

then ll- and An satisfy the Jensen-type inequalities,

b b
- (1) AI(J Afs) ds] < J ll[A(s)J ds .
a a
b b 5“
(2) ln{[ A(s)} ds] > J ln[A(s)J ds .
a a
(iv) If A > B (i.e., A - B 1iIs a positive definite matrix),

we have

A [A] > X [B] , for each k, 1 £k <n

(v) For A in §, we have

2 2
A 0a%1 2 (A ran” .

Lemma 1.2.

Let A(t) € § be a non-negative definite matrix,

JA(t) 2 0, locally integrable on J = [0,®), then there holds
the ineguality
t ] ' t . t
) : 1
(1.11) AyLA(s)] ds z A A(s) ds| 2 =1 X [A(s)] ds

o 0 . 0

for t 1in J.
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Prooe.” | i
For t > 0, we have tr A(t) = } AL[A(t)].
L=
Therefore,
n t t
1 U A [Aa(s)] ds] =J tr A(s) ds
=1 0 0
t
= tr [{ A(s) ds]
; 0
t
n
= 7 AL[J A(s) ds] .
i=1 0
t
Since f A(s) ds is a non-negative definite matrix,
0
t . . E
?}I[J A(s} ds] > _21 J li[A(s)] ds
0 T
t
> J A][A(s)] ds .
0

This proves the right-hand side of ineguality (1.11} and
the left-hand -side inequality is the Jensen-type ineguality

in lemma 1.1 (iii) (1). O
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'COROLLARY 1.3,

’

If. A(t}) € 5 is a non-negative definite matrix which is
localiy integrable on J = [0,«) and is such that

o o

AfA(e)] ~ =, as t > e
then
ot
ll[f A(s) ds] - ®  , as & + ®
0

Since ‘AI[A(t)] - @ 'as t » «, there exists T > 0 such

that

A][A(t)] >1 , forall t>7T .

For such t > 7T,

& T ' t |
A][J A(s) ds] > %[J, A [A(s)] ds + J A [Als)] ds
0 0 T
> Liem,m) o+ -1 ’ )
= 1n

where c¢(A,T) is some constant depending on A(t) and T.

If we let + + =, then we have



i2
Note (2): The above lemma 1.2 implies that if A(t) is
. t
‘a non-negative definite matrix, then lim A][J A(s) ds] = o

0

ol =}
t -
if and only if lim J A][A(s ds = ¢.
tae 40

LEMMA 1.4, (see [R-2])

-4

If ¢ is a positive linear functional on §, then

: &
there holds the generalized Cauchy-Schwarz inequagnty:

4

(1.12) leca)|? g gtzrgca’)

for all A in S.
PRrOQF .,
The ineguality is clearly valid when g(A) = 0. If

g(A) #¥ 0, let set U = oA + BRI where B = g(A), a, B R.

Then

g (U*U) gl (aA* + BI)(cA + BI)]

(1.13) azg(AZ) + 20Bg(A) + 829(1)

it

e?g(a%) + 2a[g(2)]% + [g(a)1%g(I) .

Since U*U is a non-negative definite matrix, then g(U*U)
is non-negative. Therefore, the discriminant of the

gquadratic in (1.13} 1is negative or zero,

s

(1}



i.e.,

p=[g@]? - [g@1%ea® g <o

This proves the generalized Cauchy-Schwarz inequality. [J

-

CorRoLLARY 1.5, (M-2]

If A is in S, then the trace ¢6f A satisfies

. I
-

~

the Schwarz-type ineguality:

(1.14) (tr 3)° < nctr a%)

Let A(t) bea matrix function in § defined

on [0,«), and suppose that

v
e *

(1.15) A(tz) > A(t]) r T

A
ot

< t < =,

then Ak[A(tz)] > Ah[A(t])], 1 <k <n i.e., the real

;
valued function lh[A(t)] is increasing for large t.

We therefore obtain

Lemma 1.6, (-2, corollary 1.1]

Let A be in 5 and satisfy (1.15). Then

PR
(1.186) ’ lim xkfﬂ(t)J
- -
L J
exists for each k, k=1,2,...,n, (but may be infinite)._
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Finally, if A is a symmetric and non-negative definite

matrix, -the follbwing bound may be readily verxified:
(1.17) A[Al £ tr A gma [A] .
In fact for any matrix A in™ §, one alwayvs has

tr A

(1.18) A dal = <A [A]

Alsq, T. Walters [W-1] obtained ‘the same ki%? of "ineguality
for a positive linear fuﬁctional. Before stating that in-
eguality, we introduce the concept of the ﬁorm of a positive
linear functional. Actually, he showed’that the norm of a
positive linear functional is egual to its value at the

identity matrix [W-1, Theorem 3.2.]. 1i.e.,

(1.19) Il g1l = suwp g = g(I)

[1ally=1 -
where ][-][M is the operator norm of a matrix and A is in &,
i.e.,

[l 2l =. su [ av [,
M v

vl =

where " v ranges over all column n-vectors and |]-||v is

any vector norm which is consistent with the matrix norm.
Now, we may state the inequality [W-1] regarding positive

linear functionals.
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TuEoReM 1.7. [W-1, Theorem 3.3]

‘Let g be a positive linear functional with norm 1.

Then for every symmetric matrix A, we have

(1.20) AIAL S g(a) & A [A] .

LEMMA 1.8.

e

Let A be a real n by n matrix and: x be

a column vector in .Rn , then
(1.21) tr (xx*3i) = <ax , x> ; -

where < , > 1is the usual inner product on R .

The proof of this lemma is straightforward and so will

»

be omitted.
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CHAPTER I

-
§1. Con€;;>ures.

- (s
In 1976, G. J. Etgen and J. F. Pawlowski [EP-1] gave

oscillation criteria for eguation (i.l1) using positive

linear functionals g : § <+ R.

THEOREM 2.1, [EP-1, Theorem 1]
t -

Let ¢ be a positive linear functional on § such that

(2.1) lim g[J g{s) ds] = ®

]

~ Then equation (1.1) if oscillatory at .

An immediate consequence of the above theorem is that equation

(1.1) is oscillatory at « wﬁenéver

t

(2.2) lim tr [[ Q(s) ds]'= oo
oo 0

I+ is clear that the "trace" functional is a positive linear

functional on S. For if e, is the n-component vector
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with a 1 in the 4i-th position and 0's elsewhere, then we

can define a (positive) linear functional 9.t S + R by

(2.°3) , g (A = <Ae£ ' e£> = a.. <4<,

n

where < , > is the usual inner product on R" and a

e

is a diagonal entryv of A. Therefore, for any

n by n matrix A,

" .
(2.4) tr A= ] g_ (a) .

We see that (2.3) along with theorem 2.1 imply that eguation

(1.1) is oscillatory whenever

t
) —~0
(2.5) lim J aLL(S) ds = =
Tt
0
for some diagonal entry a,.. 12 4 £ n. This result was

obtained by E. 8. Noussair and C. A. Swanson [NS—l]:. The -
latter extended a result of G. J. Etgen [E-1, Theorem 2] which

stated that eguation (1.2) is oscillatory if (2.2) holds.
On the cother hand, A. B. Mingarelli {M-2] noted that

(2.6) lim inf tr [j Q(s) ds] = —o

t =+
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may or may not, by'itself, imply oscillation. For example,
Q(t) = diag{t,-2t} satisfies (2.6) and, in fact, eguation
(1.1) is oscillatory. To see this, note that v satisfies

eguation (1.1) if and only if

v, t 0 Y, 0
(2.7) + ' =

Yoy 0 =2t Yo, - 0
that is
(2.8) vy, *ty, =0 ,
(2.9) v, - 2ty2 =0 .

Applying the Fite-Wintner oscillation criterion (p. vii

(C), or [W-4]) to eguation (2.8), we find that equation (2.8) is
oscillatory and we can choose a solution of eguation (2.9)

t§ be the trivial solution. Theﬁ a solution of system (2.7)

Yl(t) :
+ L.e., v(t) has infinitely many zeros.

is y = {
Q

-

On-the other hand, if we let Q(t) = diag{-t,-2t} it once

again satisfies (2.6). Also

(2.10) + =
Y, 0 -2t Y, 0
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that is, N
(2.11) y] - tyl = 0 r
(2.12) v, = 2tv, = 0

Since we know that for g(t) <0, v" + g(t)y = 0 is non-
oscillatory (see e.g., [$-1, p. 119, Theorem B]), both
equations (2.11) and (2.12} have only non—oscillatory
solutions, i.e., y(t) has only a finite number of zeros.

It is, in fact, disconjugate on [0,=).

It was conjectured, ([BL-1]) that if

Q*(t) = Qf¢t) is continucus in [0,%), then

t
(2.13) lim Al(f o(s) ds] = ®
L= 0

implies that eguation (l1.1) is oscillatory at .

A. B. Mingarelli obtained a positive answer to this

conjecture when Q(t) is a non-negative definmite matirx..
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h

THEOREM 2.2, [M-3, Theorem 2.1]

Let Q*(t) = Q(t) be a non-negative definite matrix
and be continuous on [0,®). If (2.13) holds, then equation

(1.1) is oscillatory at =,

-8ince Q(t) > 0 for t > 0, then we must also have
t B
that J Q(s) ds 2 0 for t > 0. However the estimate
0 -
(1.17) implies that
t
X][J Q(s) ds} < tr [[ Q(s) dé] for £t > 0 ;
0 0

thus (2.13) implies (2.2).
Now it follows from [E-1, Theorem 2] that eguation (1.1)

is oscillatory at . O

The next lemma 1s straightforward but of interest,
because this result shows that the conjecture is also

verified when { is a constant matrix.

LeEMMA 2.3, (M-3, Lemma 2.1]

Let Q(t) = Q be in § and a constant matrix.
(a) If @ possesses at least one positive eigenvalue,

then eguation (1.1} is oscillatory at <. s
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() If Al[Q] S 0, egquation (l.l) IiIs non-oscillatory, and

in fact, disconjugate on [0,®).

-

Note (3): It is easily verified that (2.13) with

t

lim inf X [[ Q(s) ds] > =
t =+ n 0

implies that eguation (1.17 is oscillatory at « (see [M-2]).
Also, 1if Q(t)- is a diagonal matrix whose entries are all

monotone, then the conjecture is true.

As we saw above, the conjecture has been completely
verified in the special cases (i);when Q(t) is a non-negative

definite matrix and (ii); when OQ(t) = QO is a constant matrix.

In the latter case (2.13) is egquivalent to kI[Q} > 0 and

’

this, in turn, implies that equation (1.1) is oscillatory at
(by lemma 2.3). .
Recently A. B. Mingarelli [M-2] also obtained a positive

answer to the conjecture-under the assumption that

t

(2.14) lim inf % tr [[ Q(s) ds] > =,
‘t-roo 0
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Later, he [M-1] replaced (2.14) by
(2.15) lim inf = f tr [[ Q(u) du] ds > == ,
. see theorem 2.4 below.

THEOREM 2.4, [¥-1, Theozem 1.]

Let @Q(t) be in 8§ and be continuous on [0,=).
~Assume that (2.15) holds. Then (2.13) implies that eduation

(1.1) is oscillatéry at .

~

Since A] satisfies the Jensen-tvpe ineguality

(see lemma 1.1l (iii) (1)), then (2.13) implies

t

(2.16) lim J A][Q(s)] ds = =
t 0

We can therefore formulate the following weakexr question.

WeakErR CONJECTURE

Let Q(t) be in & and be continuous in [0,%),

w-

then (2.16) implies that (l1.l1) is oscillatory at
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Since, from note (2), (2.13) is equivalent to (2.16)
when Q(t) is a non-negative definite matrix, this weaker
conjecture ig verified when Q*(t) = Q(t) is a
non-negative definite matrix. Moreover it will be clearly

satisfied for all those Q in S which alliow the estimate

Mla)] g cftr )l . ot

where C is bounded, uniformly in t. (When Q(t) is

a non-negative definite matrix, we can choose C = 1.)



CHAPTER I11

§1. Introduction.

In 1952, Philip Hartman [H-1] published necessary
conditions for the non-oscillation of a second-order scalar

differential eguation of the form

(3.1) v + g(tlu =0 T ge CO[O,w) , Lt E [0,5) .

Also some of the results of the above paper [H-1] <can be
found in [E-2, Chapter XI, §7]. Those results were given

by using the (arithmetic) mean

t t
J Q(s) ds , where Q{t) = j q(s) ds
0 0

o+ [

(3.2)

A generalization of [E-1] was given by W. J. Coles and
D. Willett [CW-1], in which the arithmetical mean was replaced

by a more general mean
t

{3.3) {(XQ) {t) = J K(t,s)Q(s) ds ’
0

where X(t,s) 1is the kernel Kn(t,s) = Kn(t,s;¢],...,¢n),

Al
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Kn(t,s) = ¢](s)f ...J¢2(52)...¢n(sn)dsz...dsn/knﬁt) .
' $8S,5---55, 5t
(3.4) £ ‘
R J K (t,s) ds = 1 ,
n
0
depending on non-negative functions Gyre--r0,; see [Cw=-17,

»

[W-3] and the references therein. 1In [H-3], P. Hartman showed
! .

that the methods of [H-1] could be used for very general

"means" (3.3) with suitable conditions on the kernel

K(t,s) > 0 for which the arguments of [H-1] are applicable.

On the bthér hand, G. J. Etgen and J. F. Pawlowski
[EP-1] obtained oscillation criteria for matrix differential
equaéions by using positive linear functionals. A. B.
Mingarelli [M-1] also obtained a criterion for second
order self-adjoint differential systems by adapting Hartman's
[H-1] technigue to systems. That theorem has already been stated
above, i.e., theorem 2.4, which improved on the theorem of
Etgen and Pawlowski [EP-1, Theorem 1]. Therefore we can
expect a more general criterion for second order self-adjoint
differential systems {(i.e. more general than theorem 2.4) by
adapting Hartman's [H-3] general "means" to systems and using
Etgen and Pawlowski's [EP-1] concept of positive linear
functional instead of the arithmetical mean and the "trace"

functional.
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§2. Representations of positive linear functionals.

Let S be the real linear vector space o¢f n by n
¢

symmetric matrices. Define an inner product < , > on 8
in the following manner:
For A and B in §,

i1 13

(3.5) <A , B>=+tr (aB) = § )} a,.
- i=1 j=1

b

L5 7
\
~

where A = [a;

Lj] and B = [bij]‘

It is easy to check that, in fact, <A , B> = tr (AB) 1is
*
an inner preduct on S.
Let C be some fixed matrix in 8. We define a function

9 from S into the real field by

(3.6) g (A) = <& , C> = tr (AQ) .

This function 9. is a linear functicnal on S, because,

g (ah + B) tr [(¢A + B)C)

I

atr (AC) + tr (BC)

agc(A) + gé(B) '

*

for 2 and B in S and ¢ in R.
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Now, we Prove a theorem which deals with the representation

of linear functionals by using the inner product defined

THEOREM 3,1, (cf. analogue to [KK-1, p. 236, Theorem 5])

~

Let § be the real linear 'vector space of n by n

symmetric matrices with the inner product <a , B> = tr (ABEB)
for A and B in § and let g be a linear functional on

Then there exists a unigue matrix C 3in § such that

g(A) = <a , ¢> for all A in S.

_In order to construct such a unique matrix ¢ depending only

on the linear functional g : S -+ IR proceed as follows:
(ef., [HK-1])

Let us define a matrix- ELJ as follows:

Y. only non-zero entry is a 1 in row < and
column { if < = 4.

. 1 . .
: only non-zero entries are —— 1in row <,

V2

column 4§ and row 4, column L 1if £ # §.

The matrices {(E%}, & < 4, 4,§=1,2,...,n, form an
orthonormal basis for S with respect to the inner product

4

given by (3.5). [

s.



The inner product of

n n 'Lj
A= _E _gn aijE and C =
£4=1 4=
L2
where aij and BLJ are in R, is

: nooon :
<A,C>=<}: EQ&EJ,
Li=1 4= i
* L5
nooon if
= - -<E
2,21 j£1~ *4i5%4
, 425
_ nooon
= o B ..
,c‘_£1 jEI %44
i<q

28

n . .

I1 s Y,
,f_:'[ j: j

L2
) B, -E":‘j>
=1 4=1 Y

Lsf

, 45

If g is any linear functional on S, then ¢ has the form

g(a) =

i
'~

n n if
9[ )} ) a; B i
(=1 f=1 M

igf

£=1

If we wish to find a matrix C in §

*for all A. in S, then the components

satisfy Bij = g(Elj).

n

)

=1

£<4

such that <2a

B. .

if, -
ng(E. )y -

, C>

of C must

g (A)
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Accordingly,

. n
(3.7) c= 3

is the desired matrix.

The next theorem gives us a characterization of positive

linear functionals on S. .

\

~)

THEOREM 3.2, (cf., [BB-1, pp. 87])

-

A necessary and sufficient condition that a symmetric

matrix € be positive definite is that the ineguality

(3.8) _ g. (&) = tr (AC) > 0

holds for all non-negative definite matrices A in §. (A £ 0)

T. Walters [w-1] also obtained the same kind of char-

acterization of positive linear functionals on Mn which

is the linear space of all n by n real matrices over the

reals. He has used a slightly different representation of

a positive linear functional, however, we will see that

these representations are identicalon S. We let A ® B denote
the coordinatewise product [a

b..], 4,f =1,...,n, for A

Lf744
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and B in 8 and u will denote the column vector in R

such that u, = 1, £ =1,2,...,n.

THEOREM 3.3, [(W-1, Theorem 3.1]

Suppose that ¢ is a positive linear functional on Mn'

Then there exists a nonnegative definite matrix [c:j] in Mn
-

such that

(3.9) g(A} = <([Cijf @ a)u , uvw> ,
for every A 1in Mn.‘ Conversely, i1f [cij], i1s a nonnegative
definite matrix, then the linear functiocnal g, defined by

(3.9) for u as above, is a positive linear functional.

As we saild above, the two representations (3.6) and (3.9)

are equivalent for every syvmmetric matrix.

CoROLLARY 3.4,

Let A and C be in S and C be a positive definite
matrix. Then the two representations of peositive linear

functicnals g : § + R,

“(3.6) g(a) = tr (AcC) and

(3.9) g(a) = <r[cij1 ® a)u , u> , C 1,2,....n,

1]
—
0
.
-
s

~
L]
|
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are egquivalent for every symmetric matrix A and a unigue

symmetric matrix € > 0 depending on g¢.

ProoE.

g (&)

tr (AC)

n
=1 4
i

. .. + a. .+ ... +oa. .
Lgl (aL]cAI a¢2c42 a&nan)

r . b - 3

- 211 T A% o Sy 1
B71C1 F 85785, T - T 25,C 1
— * - .- . r

L 1% T #p2Cp2 T oo nnn ) L l'
( N r 3 . 3

211%11 212%2 0 #1nCn L 1

351C21 322%22 -+ 22,%y 1 L

— - - - - \. - ' -
L anlcnl anzcnz tt T anncnn IRt 1 ) L lj

= <([cij] & AJu , u>

which is the desired result. [
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~The next theorem shows that the values of a positive
linear functional admit the following bounds in terms of the

trace functional.

THEOREM 3.5,

Let g - be a positive linear functional on §. Then

for every positive definite matrix A in §, we have

(3.10) Y,ET A < g(a) S y,troa

: . -+
where vy and 72 (0 < Yl < Yz)-are some constants in IR

1

depending on ¢ only.

Every positive linear functional g on S can be

represented by

(3.11) gc(A) = tr (AC)

where C > 0 is a symmetric matrix which depends on g.

By using the spectral decomposition of C, we have

n B n
(3.12) C = E] rglele T, = th A [ClE;

where TL is the i-th column wvector with norm 1 of the

orthogonal‘matrix T such that C = TDT* (D diagonal),
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* 3 + _ . .
and EL = TLTL satisfies EL €S, E.:F;=E:E. =.0 1if

L # 5, Ei =E;» E;2 0, and B + E

Multiplving ¢3.12) by a matrix A > 0 and applying the

"+race" to both sides, we have

it

tr (AC) = tr | J x;[ClaE,
A=i
1
- = _21 {a;[Clexr (AE)}
-5} ‘ o oon

by lemma 1.8,

It
t~

L {x 1] (ATJ-_,TL)} .

where (ATL’TL) >0, 4L =1,2,...,n, since A > 0.

n .
Hence g.(A) = tr (AC) = Po{x;lcler (AREY .
' i=1
* Now,
n .
g.(d) = 1 {i;[Cler BREY}

=1

M
X, (el in tr (AE)) '

dv

since tr (AELT-Q 0 for each 4, 4i=1,2,...,n and

Ai[c] > 0. Hence,

g.(a) 2 An[C]tr [A(E1 + E, + ... En)]‘
(3.13)

N

An[c]tr A .



Since C depends on g only, therefore each positivg,
linéar functional satisfies the above ineguality (313)
for all A > 0.

"A similar argument covers the assertion on the right-hand

side of the inequalitv (3.10) where now’ Yy = A]tc]. O

h

§3. Properties of the kernel K(t,s).

Consider (1.1) for Q in S and t e [0,®).

Define
t ’

{(*) P(t) = [ Q(s) ds .
' 0

Then P is an elemenf of S;

Let g : S =+ R . be some positive linear functional

on S. With P as in (*) let

(**) : §(t) = g[P(%)]
t -
(*x**) (KP) (t) = J K(t,s)P(s) ds
' 0
t )
= J "K(t,s)g[P(s}] ds
i 0 :
t s -
= J K(t,s)g{J Q(u) dﬁ] ds .
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~

We use the letter K for both the kernel K(t,s) Snd
the corresponding integral operator P~ KP in (#*#*#). 1In
what follows, we always assume that K(t,s) > 0 is continuous
for 0 < s £ %t, 0 <t < ® We list some other conditions on
K which will be assumed from time to time: The following
conditions on K are analogous to Hartman's [H-3]. We

surmarize these briefly for reference purposes.
(a) (KR) (£) = 0 , t==,if Re @5 ne))[o,=) |

i.e., the operator K is a bounded map on the Banach space

e
(LO n C )[Or )-

(b) (KR)(£) ~ ® , t > , if CO[0,®) 3 R(£) o , t - o .
(cg) (KRI(E) + 0 , t=,if rRe (¥ a0 clo,m

for some fixed o, 1 £ 0 < 2; i.e., the map K 1is a bounded
: 2/0 0
operator from the Banach space (L n C}[0,®) to the

Banach space (L. n CO)[D,w) for some o, 1 < ¢

0

A
o

(d) Assume that there exist functions 0 < k(t) ¢ Co[o,m),

0 < m(t)je CO[O,W), a kernel Xy(t,s} > 0 continuous for

0 £s < t, 0 <t <=, and a constant «, O

A

¢ < 2, with

the following properties:



36

. £ .

(3.14) cltrs) = & J k(£)K(t,s) ds > O

s

exists and is continuous, for 0 < s 2t 0<t <o

(3.15) k2%, 5)
R, (%, )

is continuous for 0 < s < t, 0 < t < =

[=+]
J m(t) dt = =
(3.16) oo

or (= >} lim sup k(t)J m(s) ds > 0 ,
t =+ ® .
t

and, finally (3.14) satisfies for s f t < =»,and s sufficiently large,

t

2=a
- 2 K {(t,u) o,
(3.17) k(t,s) >k (t)m(t)[f _ﬁaTETGT_ dulK (t,s)KO(t,s)
0 .

Let us explain the notation o, 0 (Landau's symbol)
here. Let £ and g be real-valued functions defined on

some interval J < R; then f = o(g) as t -+ « means

that 1lim [£(t) / g(t)]| = 0. Similarly, £ = O(g) as t » =

o

-

means that there exist constants M > 0 and t0 > 0 such.

that [£(t)| < M|g(t)| for every .t > £, (M not depending

on t).
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The following properties of condition (a2} will be
used in the proofs of the lemmas below (see [H-3]).
We refer to [H-3] for the other properties of copditions

(b) to (d) and details.

Condition (a) holds if and only if K satisfies the

‘two conditions

t
(a,) J K(t,s) ds = O(1) as t +« ,
0 (3.18)}
and
) T
(a2) J K(t,s) ds = o(l) , t >+« , for fixed .T ,
0 (3.19)

0 < T < =,



§4. Main theofem.

The main result is

THEOREM 3.6,

Let Q*(t) = Q(¢t) be a continuous real matrix functicn

on [Olm). Assume that K satisfies (a)., (2). (co) and (d).

If

’ : t s
(3.4) lim inf J K(t,s)g[[ Q(u) du] éds » -=

&+ @
o] 0
for some positive linear functicnal ¢ : § + R, then
t

(3.8) lim kl[J Q(s) ds] = o

implies that eguation (1.1} is e¢scillatory at

LemmMa 3.7,

Let (Q(t) be as in theorem 3.6 with the property that
equation (1.1) is non-oscillatory at «, (This means that
there exists an a > 0 such that (1.1) is disconjugate on
[a,=)).

If K satisfies (a} and (cg), and

t
(3.C) lim Al[[ Vz(s) ds} <ew , a>>» 0 .,
) a

£=+c0
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{a depends on V), for every non-trivial prépared_solution

Y¢et) of equation (1.2) such that det Y(t) # 0, a 2t <=,

and V is defined b; v(it) = Y'(t)th(t), then there holds

&

-(3.D) J K(t,s)[g[c - P(s)]|cr ds =+ 0 , as t =+ = |,

0

™ .

for o, 1/5/0 £ 2 and all positive linear functionals
g : § + R, where (¢ is a constant matrix and P(t) is

defined as in (*). In particular, (3.A) holds if g = 1.

LeMma 3.8,

Let Q(t) be as in the theorem 3.6 with the property

that eguation (l.l) is non-oscillatory at . Assume that -
X satisfies (a), (b) and (4). If (3.D) holds for a positive
linear functional g : § =~ IR, then (3.C) holds for every

non-trivial prepared solution Y(t) of equation (1.2) and
VvV as in lemma 3.7.
Note (3): These two lemmas (i.e., lemma 3.7 and lemma 3.8)

improve A. B. Mingarelli's results [M-1, Lemma 1 and Corollary 1].



REMARK.

For the application of lemma 3.8, it is important
to note that the proof of this lemma will show that condition

{3.D) éan be relaxed to (¢3.a). Therefore we have

CoroLLARY 3.9,

Let Q(gj be as in the theorem 3.6 with the preoperty that
eguation (1.1) is non-oscillatory at jm. Assume that K
satisfies (a), (b) and (d). If (3.A) holds for a positive
linear fgnctional g : § + R, then Ehis will imply that

{3.C) holds for evervy non-trivial prepared solution Y(t)

of eguation (1.2) and V as in lemma 3.7.

-

The next lemma is actually in [M-1] but we will present

a different proof from that therein.

Lemma 3.10, <(see [M-1, Lemma 2])

Suppose that equation (1.1) is non-oscillatory at =

and let Q(t) and V(t) be as in lemma 3.7. Then
t
(3.8} lim ll” Q(s) ds] = o
- fotugl=—] o . G}’
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will imply that

(3.E) lim ll[{ Vz(s) ds] =

A\

Since egquation (l1.l1) is non—oscillatofy at  «, ;hen.
there exists a > 0 such thaﬁ equation (1.1) is disconjugate
on [a,~). Hence, by [H-2, p. 388, Theorem 10.2] there
exists a non-trivial prepared solution ¥ (t) of eguation
(1.2) such that det Y(t) # 0 on (a,=), or, without loss

of generality, on [a,«}. V(t) = Y'(t)Yulgt) exists for

t > a2 and so eqguation (1.2) shows that V(t) satisfies

the matrix Riccati eguation,
' 2 _ 3
(3.20) V() + V(L) + Q(t) =0 t%a . .

A quadrature giveés

=] s
(3.21) V(s) + J V2(u) du = V(a) - J Q(u) du , 0 < a

a 2

A
W
A
.8

N~
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Because of (3.C), we can rewrite (3.21) as

(3.22) V(s) + J vZ(u) du - f v (u) du = V(a) - P(s) + P(a) .
a s - '
Qr,
(5.23) vi(s) - J v2(u) du =C - B(s) .
< |

where C = v(a) + P(a) - f v2 (u) du.
- - a -

Now let g : S - R be some positive ‘linear functional.

Then
« g[V(s) - J Vz(u) du] = glc - P(s)] .
- s .
or
(3.24) gfvis)] - g” Vz(u) du} = g[C - P(s)]
s .
Conseguently,

-~

. . g
(3.25) Jglc -.2()11% < 2% gvis ]| + ZU[g[J v2 (w) du]} '
L s

where 1 < o £ 2 and we.have used the ineguality
= :

1x + y|®

A

B 1ut® & (o] BY - '
27 (]x{® + |y|") wvelid for B8 21, x, ¥y e R.
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Since X(t,s) 2 0, we have

t
J K(t,s)|g[C - P(s)][or ds
a
(3.26) N s N
[9)
< 2°J X(t,s)|g[v(s)]|® as + 2°J K(t,s)[g[J v (u) du]] ds.
a a s

Since the assumption (¢3.c¢) implies that

1 N t
lim g[J v2 (s) as] = lim I g[v2(s)] ds < =

tow o
a a

by theore@ 1.7, and |

- o) 2/a - 2

[ [sv@n®]” as = | Jervonl®es

a a
by lemma 1.4, < J g(Ijg[Vz(s)] ds | /

a L
) = g(I){[ gIv? ()] ds} < e .
a

Therefore Ig[V(s)]{U € (L?'/O n CO)[a,m).

Also; g[J Vz(u) du] < cA][J Vz(u) du] < o 2 < s <o
\\ S -

for some constant ¢ = g(I) € r .
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Therefore

g Vz(uj du] € (Lz n CO)[a,m)
S

-

Let us define a function £(t) on [0,=) by

i lg{vie))f , Aif t.gﬂa ,
f(t) =

= |glvar]] , if 0<tga .
It is clear that £f(t) is continuous on [0,=), and

oo ' _ 2/0 a 5 -] 5
f [lf(s)lo] ds J [£(s) | ds + J [£(s)|” ds
0 0 a

[-=]

agz + J ]g[V(s)][2 ds
a

i

Therefore ]f(s)[cr € (L:Z/cr n CO)[o,m) and for t 2 a

t t
0 < J K(t,s) |g(v(s)]]Y ds < J K(t,s)|£(s) |7 ds
a’ v 0

Also let us define a function h(t) on [0,=) by

ht)

ut
A
8
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It is clear that h(t} is continuous and bounded on [0,«).

Therefore h{t) ¢ (LE n CO)[O,W) and for. t > a

t e : &
o -
0 < J K(t,s) [g” vZ (w) au]] ds < J K(t,s)[n(s)]® ds .
a ‘ s 0]

Hence, the first and last terms of the right-hand side of

{3.26) tend to 0 as t -+ =, by (cg) and (a).

Finally:
t !
J K(t,s)|g[Cc - P(s}]| &s )
. _
a ' t
= J K(t,s)|glc— pes)]|C as + [ K(t,s)|glc - P(s)]]|Y ds
0 . a
a £
<M [ K(t,s) ds + J' K(t,s)|g[C - P(S)]Ic ds
0 a
where M =" sup |g[c - p(£)]]°.

O0<tsa . N
Then by (a2) and the fact that the right-hand side of (3.26)

tends to zero as t + «, we have
»

£
J K(t,s)|g[c - P(s)]]|%d +~0 , as &+ o .
0 s 1
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[ S}

Now (3.p) holds for o, 1 £ 0 £ 2; soput o =1, then .

we have
t 5 .
lim J K(t,s)g[c - J Q(u) du] ds = 0 .
-0
0 0
This implies that
t s " t
lim { K(t,s)g[J Q(u) du] ds = 1lim J K{t,s}g(C), as
ol ) N : o+
0 : 0
€ .
v = g(C) [lim J K(t,s) ds]
> 0

>

and by (al), the right-hand side of . the above is bounded.

In particulai, 

£ s .
lim inf J K(t,s)g{J Q1) du} ds > ==
t - = ,x
0 0
This proves lemma 3.7. 0. )

ProoE oF 1 EMMA 3.8,

First of -all we show that (3.¢) exists (but may be
. . 2 2
infinite). Since V" > 0, t ¢ [a,»}, then J Vi(s) ds > 0,

t € [a,*). Also,



g
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for a2 < t, £ t, < ». By applying lemmajl.s, then

t
lim AI[J Vz(s) ds] exists (but may be infinite).

hul 2}

Suppose the conclusion is false, so that (3.c) fails
for some prepared solution Y(t) Z 0 of equation (1.2).

Let +t = a be fixed, and shfficiently large, so that
in particular, det Y(t) # 0 for t > a. Using equation

(3.20), we have

S
(3.27) V(sy + J Vz(u) du = V(a) - P(s) + P{a) , 00< a < s < =,

a -

Let g : 8§ -+ R be some positive linear functional.

Applying ¢ to both sides of (3.27), we have

]
(3.28) g[v(s)] + 'g” vZ (u) du] = g[v(a)] - g[P(s)] + g[P(a)]
a

Then,-multiplying (3.28) by XK(t,s) and integrating from

a. to t, we have



t t s

2 LA
J K(t,s)glvis)] ds + f K(t)s)g[J VT (u) ﬂu],ds
a a a

t . t
J K(t,s){g{v(a)] + g[P(a)]} ds - f K(t,s)g[P(s)] ds
a h a - . .

]

St a
J K(t,s){g[V(a)] + g[P(a)]} ds +H£;/§1t,s)g[P(S)] ds
0

a

t ' - \
- J..K(t,slg[P(s)] ds . . . ‘é
0

-

Combining the latter equalities we £ind that

t t
" (3.30) J\g(t,s)g[V(s)] ds + S(t) = c(t,a) - J K(t,s)g[P(s)] ds ,
) a 0
where
t s
“(3.31) S(t) = J K(t,s)g[J vz(u) du} ds ,
a a )
. t a
(3.32) c(t,a) = J K(t,s){g[v(a)] + g[P(a}]} ds + [ K(t,s)g[P(s)}] ds.

a : 0]
Since (3.¢) does not hold, theorem 3.5 aﬁd (b) ;nd an extension

argument similar to that presented in the proof of lemma 3.7

imply that

(3.33) . s(t) +> , as t >
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Moreover. c¢(t,a) 1is bounded as t + = -by assumptions (al) and

(az). Hence (3.p) implies that the'right—hand side of

—

(3.30) is bounded as &t =+ =, so that

t -
(3.34) lim supU K(t,s)gv(s)] ds + s(t}| < = ,
£t =+ @ o

or

t

. st}

(3.35) - K(t,s)g[V(s)] ds 2 3 , for t large

a

on account of (3.33).

For a fixed constant a, 0 £ o £ 2, Schwarz's inequality

gives
t 2
H K(t,s)g[V(s)] d&s
a. ' '
=Ut &),ﬁKa(t sy K (t s)/{g[V(S)I}Z dsz
(3.36) K, (€/5) 0
t 2-a €
X {t.,u) (&) { 2
< J Sty au f K (t,ﬁ)KO(t,S){g[V(S)]} ds
a a

-

whenever the right-hand side is meaningful.
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From (3.35%,-we have
t 2 2
’J K(t,s)g[V(s)] ds >
a

if t 1is sufficiently large'so that S{(t) > 0. This along

with (3.36) gives

(3.37)

+ ) t
' 2=
ax? ()| B g x | k% (e, )k, (£,8) {g[V(s)]}? ds > k2 (£)s2(t).
KO(t,u) 0 =
a - =1

By Fubini's theorem, (3.31) can be rewritten as

. t t
(3.38) s{t) =J U K(t,u) du g[vz(s)] ds .
2 s

Hence, by (3.14), differentiation under the integral sign
vields

t
(3.39) [k{t)s(t)] =J K(t,s)g[Vz(S)] ds

a

so that (3.17), lemma 1.4, and (3.37) imply

m(t) 2

(3.40) 4[k(t)s({t)] > 5D

[k (t)ys(t)]

for t sufficiently large.
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By a guadrature, for t large, we have

u . u
4J [k(x)S(x)]2 ax > g(%) J mi{x) dx ,
e [k{x)})S(x)] &
therefore
u
4 k{t) . .
) > 3 (1) J m(x) dx
t
or A o
’ u
(3.41) el k(t')J m(x) &x
£

if t < u < =,
This contradicts the first alternative in {3.16) 1if u =+ e=;
and bv (3.33), contradicts the second alternative if u =+ «

and then t -+ «. This proves lemma 3.8. 0

"PrROOF OF coRoL1ARY 3.9,

The method of proof is aimost identical to that of
lemma 3.8, and so we shall omit most of the details.

Starting from (3.30) in the proof of lemma 3.8,

t t
(3.30) J K(t,s)g[V(s)] ds + S(t) = c(t,a) - J K(t,s)g[P(s)] ds ,
a 0
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where
E s
(3.31) s(t) = [ K(t,s)g[J v (u) du] ds
- a a
-t .oa
(3.32) c(t,a) = J K(t,s){giv(a)] + g[P(a}]} é&s' + J K(t,s)g[P(s)] ds
a 0

Wow c¢({t,a) 1is bounded as t » o by assumptions (al) and (32) and

1) (3.3) implies that, the right-hand side of 13}30) is

‘bounded from above as t + =, hence

t .
(3.34) lim supU K(t,s)g[V(s)] ds + S(t) < =
t &+ @
The rest of argument follows the proof of lemma 3.8. O
From the proof of lemma 3.7, using eqguation (3.20), '/
we have
t t
(3.42) V(L) + V(a) = J Q(s) ds + f v2(s) ds .
a a

Since the last integral on the right-hand side of (3.42)

is a non-negative definite matrix, we have
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t
(3.43) -V(t) + v(a) > [ Q(sy ds , t 2 a
a

-

of both sides of (3.43)

-

Taking the maximum eigenvalue AH

and using a combination of lemma 1.1, (iv) and (i) we have
: t
(3.44) l][f Q(s) ds} < l][jV(t)] + AI[V(a)]
a
for t 2 a. Passing to the limit in (3.4¢) as t + =

we obtain

(3.45) l][—V(t)] =® , as &£ > o

We now apply lemma 1.1, (v)*with A = —V(:}fignd use (3.45)

to f£ind that

(3.46) -A][Vz(t)] =ew , as t -+ w .

Therefoxe
t
J A][Vz(s)] ds = , as t =+ =
=}

Hence, by using lemma 1.2, we have'

t
AI[J Vz(s) ds] =e® , as t -+ . E]
a
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Proor oF THFOREM 3.6,
Assume that (3.a), (3.3) with K satisfying (¢a), (b), (cg)
- and (d) holds and assume-on the contrary that eguation (1.1} is
.non—oscillétory at «. Then corollary 3.9 implies
(3.C). ‘

On the other hand, by lemma 3.10, (3.35) implies (3.E)
which is the negation of (3.¢). This is a contradiction.

This proves theorem 3.6. O

THeEoREM 3.11, o - -
Let Q(t) be-as in theorem 3.6. \Assume that " X
satisfies f(a), (b)., (co) and (d) and g is a positive

linear functicnal. A necessary condition for equation

(1.1} to be non-oscillatory at <« is that

t s
(3.F) . lim infi; K(t,SJé[J Q(u) du] ds = «w

or that condition (;.D),of lemma 3.7 holds. %

Suppose that equation (1.1) is non-oscillatory at
and (3.F) fails to hold. The negation of (3:F) is (3.a)
and from corollary 3.9, (3.a) implies (3.c), so we have

(3.D) by lemma 3.7. 0.

/
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§5. Example.

The kernel X(t,s) =1/t for 0<s s t, t >0,
satisfies (a), (b), (c ), (d) with k() =t, m(t) = 1/t,
K. =1, and o =1, (see [H-3]). This example certainly

0
includes the results of A. B. Mingarelli [M-1] and A. Wintner
[w-4]. TFor othef examples we refer thg reader to [H-3].
Also, there is an interesting application for our main

theorem in [H-5, p. 658].

§6. Conclusion.

We presented here an oscillation criterion for differ-
ential systems using some technigues of P. Hartman and A. B.
Mingarelli. Certainly, more can be done in this direction.
i.e., more general kernels can be used. Dr. M. K. Kwong

" (Northern Illinois University) mentioned to me that the
kernel K(t,s)} = l/t2 can cause oscillation.

'but our class of kernels does not include the latter.

Up to now the conjecture (p. 19) is still unsolved.

3'../
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Résumé

Let us consider the system of differential equation
(1) y"+Qtl)y=0 , telJ

- hed . .
for a vecfor y in R where J 1is a real interval and
Q(t) 4is a real continuous n by n symmetric matrix function

on J.

- The equation (1) 1s called disconjugate on [a,b], if

every solution of (1) vanishes at most once on [a,b].

When J = [0,»), the equation (1) is called oscillatory

at » if, for every a > 0, (1) 1s not disconjugate on [a,=).
It is non-oscillatory otherwise.

Let S be the reai linear vecter space of n by n
symmetric matrices.

A real linear functional g : § + R-, (i.e., satisfying
(2) g(A + B) = g(A) + g(B) , g(oA) = ag(A)

for A and B in S, ¢ in R) is called positive if

g(A) > 0

.,

for every A > 0 [A > 0 means that A is a positive/

n

definite matrix, i.e., for any vector y in R , ytAy > 0].
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Consider (1) for Q@ in S and t ¢ [0,~) and define

T

(%) p(e).’= [ Qrs) as
' 0

and, a real linear functional g : S -+ R, and let

(**) P(t) = g[P(t)]
and )
t S
(FEE) . (KPY(t) = J K(t,s)g[J Q(u) dg} ds .
. 0 0 Py .
45 

The following conditions on the kernel K(t,s) were given by

Hartman®,

(a) (KR)(t) » 0 as t e+« , if Re (Lya C’)[0,)
(b)  (KR)(t) + = as t -+« , if C0[0,) 3 R(t) » = as t +» =

(cg) ((KR)(£) » 0 as t-w, if Re (L0 0o,

(d) Assume that there exist functioms 0 < k(t) € CO[O,m), and

0 < m(t) ¢ CO[O,@), a kernel Ko(t,s) 3 0 continuous for

lp. Hartman, '"On nonoscillatory linear differential
equations of second order", Proc. Amer. Math. Soc. 64(1977}),
251-259. MR 57#3510.
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0 £s<t, 0<t<w® and a constant a, 0 2 a £ 2, with the

following properties:

@ - k) =

-

t
k{(t)K(t,u) du > O

s

exists and is continuous for O

(4)
or (= 2) 1im sup k(t)

t + o

and, finally, (2) satisfies for

‘ t
(5) umﬂ;fmmwﬂ
0

s t, 0 <1 < o

¥
ot
il
8

J m(s) ds > 0 ,
t .

sufficiently large s, s £t < =,

g2 % e u) o
Toéﬁ dU]K (t,S)KO(t,S)
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Then our main theorem 1is as follows.

Main Theoren.

Let Q*(t) = Q(t) be a continuous real matrix function
on [Q,=). Assﬁme that X satisfies (a), (b), (cU) and (d).

If the fellowing inequality
t s

tA) _ - iim+igfLJ K(t,s)g[L) Q(u) du] ds > -

holds for some positive linear functional g : § =+ R, then

(B) 1im a_l[J't Q(s) ds] =

T 0

implies that equation (1) is oscillatory at .. (Here 'kl[ -1

denotes the largest eigenvalue of the matrix under consideration.)
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