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ABSTRACT

This theéis is a study of cell complexes,.of
the conditions C and W of Whitehead and of
CW-complexes. The topological properties of Ehese
spaces are considered in some detail and their
relevance in algebraic topology examined. Finally
the category of CW-complexes is compared to the
category of compactly generated spaces (k-spaces)
in the spirit of the conditlons suggested by Steenrod

in "A convenient category of topological spaces".
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INTRODUCTION

In this work we study CW-complexes (introduced first
by J.H.C. Whitehead in [17] which is thé‘basic reference
for the subject) and in the process we see why most of their
interesting properties depend on both conditions C and W,
and finally, we compare the category of CW-complexes and |
continuous maps with Steenrod's category of compactly generated
spaces and continuéus maps.

In Chapter I, a cell complex is defined, and it is seen
that the category of cell complexes is closed under the forma-
tion of subcomplexes, finite Cartesian products and quotients
by closed subcomplexes if the quotients are Hausdorff. |

In Chapter II, we consider cgll complexes which have the
weak topology with respect to their cells, i.e. W-complexes,
and see that this category is not closed under the formation
of subcomplexes or Cartesian products but quotients under the
same restrictions as above are W-complexes. Also, subcomplexes
need not be élosed.’

Chapter III deals with cell complexes which are closure
finite, i.e. C-complexes. Subcomplexes and finite Cartesian
products of C-complexes are C-complexes, quotients with the
above‘restrictions:are C-complexes but as above subcomplexes

need noé be closed.

In~Chapter IV, we see that the category of CW-complexes
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(that 1s, cell complexes which satisfy both conditlons

C and w)3 is closed under the formation of subcomplexes
and quotient complexes. Condition C 1is not strong enough
to insure that the Cartesian product of two CW-complexes be
a CW-complex. Several other propert;es of CW-complexes are
investigated.

It is shown that the definition of a cell cqpplex given
in Chapter I together with conditions C and W 1s equivalent
to an inductive defin;tion which is useful in constructing and
in recognizing CW-complexes. Then some (well known) examples
are deséfibed and finally we look at locally finite CW-complexes
and their properties.

In Chapter V, it 1s seen that CW-complexes are particu-
larly useful in homotopy theory and for computingrthe homology
groups.

Chapﬁer VI contains a comparison of CW-complexes with
compactly generated spaces. The category of CW—cémplgxes is
a full subcategory of Steenrod's category of compactly generated
spaces and has the same categorical product.

We show that the category of pairs (K, L) and cellular
maps, where K 1is a CW-complex and L 15 any subcomplex of
K 1s closed under adjunction and product (if we use the cate-
gorical product). Finally we get some results analogous to
those of Steenrod for neighbourhood retracts and filtered spaces.

. We find'that CW-complexes satisfy most of Steenrod's
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conditions for a convenient category. However there seem
to be two difficulties. We can say almost nothing about
function spaces, and as Steenrod mentions [15], some impor-

tant_spaces such as Cantor sets cannot be given a CW-decomposi-

tion. ‘ ..




Chapter I
: CELL COMPLEXES

_A cell decomposition of a non-empty Hausdorff space

K, is a partition {ey}y ¢ ©of K such that for every A,
there 1s an integer |A] > 0 (called the dimension of e,)
and a mapping f,: (Dlll, S1Al-1) + (K, K|A|-l),'such that

K= U e

= Lkl =0,k #¢, and £ |B|A| 1s a homeo-
lulzn ¥ - A |
morphism BMl ~ e, .

0

D" 1is the closed unit n-disk {xeRnI |x|] <1}. D~ is a

one point space.

B® 1is the open unit n-disk {x € Rnllxl < 1}.
1

s 45 the boundary of D%, 3D" = {x € R||x|= 1}, s™° = ¢.
fl is the characteristic map of ey
K" is the n-skeleton of K and if |[A| = n, then e, 1is

called an (open) n-cell of K, Ek a closed n-cell of K.

The space K together with a cell decomposition is

called a cell complexX.

n

If K=K for some n, then the dimension of K,

dim K = n. Otherwise dim K = =,

Examples

. 1.1. Any Hausdorff space K can be made into a cell




complex by defining every point to be a O-cell.
l.2a. Let K C R2 be composed of three 0O-cells (0,0),

(1,0) - and (%, 1) and two l-cells, the intervals ((0,6),(1,0))

and ((%, 0), (%, 1)), with topology induced from R%2. K 1is not

a cell complex since it does not satisfy the boundary condition.

1.2b. However, if the same set K has an additional O-cell

(%, 0) and has as l-cells the intervals ((0,0), (%, 0)),

((l, 0), (1,0)) and ((%, 0), (l, 1)) then it is a cell complex.

Remarks

1.3. TFor every A, fl(Dp") = .

Since Dl)‘l is compact, f

N continuous and K Hausdorff,

fX is a closed mapping. Also since fA is continuous and

closed, fXIES = fxl Y. Thus fA(D) = fA(ES = A(BS = EA‘
1.4, By 1.3, EA is compact for every A € A.

1.5. K® need not be closed in K.

For example, let K C R2 have as 0-cells those points

of the form (x, 0), 0 < x <1 and points (1, l) and (1, -%)




and have one l-cell, the interval ((1, - %),
(1, %)), with topology induced from the plane.

K 1is a cell complex but k® is not closed
in X. ‘
1.6. The following example (cf. [4]) shows that EA

need not be a union of cells. Let KX C R3 be the union

of 82 and the segment I Jjolning the A
points (1,1,0) = A and (1,-1,0) =B C
(with topology induced from R3), having B

two O-cells {A} and {B}, one l-cell
I - {A, B} and one 2-cell Sz-C, C being the point (1,0,0).

K is a cell complex although 52 . 1s not a union of cells.

Subcomplexes

L CK 1s a subcomplex of K if L 1is a union of cells

of K such that if e, CL then e CL. If L= \J e,
i1s  a union of cells of K and L is closed in K, then L

is a subcomplex of K, since if e, < L, then EA CT CL.

However example 1.1 above shows that a subcomplex need not
be a closed set. The.boundary condition implies that x?
is a subcomplex for every n. Also the union and non-empty
intersection of any set of subcomplexes are subcomplexes.
If X C K 1is any subset of K, let K(X) denote the

smallest subcomplex of K which contains X. Clearly




K(p) = K(e) = K(E) where p is any point in X and
e CK is the cell containing p. .

Any finite subcomplex (i.e. one containing a finite
number of cells) is compact and closed since it is a finite
union of compact sets.

Products

The topological product K1 x K2 of cell complexes

Kl and K2 is a cell complex if we take as 1ts cells all

products e, X eu = eX+u of cells of 31 and K2. Let
hk u: b'l|+lul + D!A‘ x DIul be a homeomorphism for each

’ -
pair of characteristic maps fA: lel > EA and

cpll o s '
gu. D -+ eu of Kl and K2 respectively. Then

.plAl+lul L5 <3
(fx x gu)°hl,u' D >e, xe, is a characteristic map
of the cell e, X eu of Kl % K2.
1

1.7. For example, if S is considered as a union of
one (-cell and one l-cell and I as a union of the two 0O-cells

{0} and {1} and one l-cell (0,1), then the product st x1

consists of two O-cells, three l-cells and one 2—ce11.




Since e, X e, = EA b Eﬁ, the produét of two sub-
complexes 1is a subcompléx of thé product.

The Eollection of all cell complexes and contlnuous
map§.is a full subcategory, say CC of the category of
Hausdorff spaces and continuous maps. The topoclogical
product together with the cell decomposition defined above
" is the product in this category. cC contains_arbitrary
coproducts (i.e. disjoint unions) but only finite products.
Quotients |

Let A be a closed subcomplex of a cell comﬁlex K
and f the identification mapping f : K + K/A identifying
the points of A. Also'lét K/A be Hausdorff. This will
be the‘case if K 4is regular. Then the cell decomposition
of K/A 1nduced by. f consists of those cellé of K which
do not belong to A plus one O-cell which is f(A). K/A
is a union of cells satisfying the boundary condition and
thus is a cell comp}ex.

2

1.8. For example, let D be cohsidered as a union

2

of one 2-cell B-, one l-cell Sl - p, and one 0O-cell the

point p, with topology induced from the plane. Then if
the points of the closed subcomplex Sl are identified,

the quotient space D2/Sl is the cell complex 82 con-

sisting of one 2-cell and one 0O-cell.




Chapter II
* W-COMPLEXES

- The weak topology on a cell complex K coinduced

by the family of characteristic maps {fA}AGI\ is defined
‘as the finest bopology on K such that the maps £

are continuous. Tbereforeu U 1s open (closed) in K

iff le (U). is oben.(closed) in lel for every AE€A.

A cell complex K with the weak topology defined

above is called a W-complex.

THEOREM 2.1. (ecf. [1]) Let K be a cell complex.
Equivalent: V

(1) X is a W-complex

(2) F CK is closed in K iff FNe 1s closed in K,

for each cell e € K

(2)' F C K is closed (open) in K "iff F'Ae is closed
iff F N is closed

(open) in €, for every e € K. 1.e. K has the weak

topology with respect to the closed cells.

(3) For every subset A C K, A closed or open in K, for all

topological spaces Y, and for every g : A+Y, g 1is

continuous iff g|A N e 1is continuous for each cell

e € K.
Proof ‘

(1) => (2) If F 1s closed in K then Fn e is closed




in K,v e € K since e 1is closed. If -an 1s

closed in K,¥ e € K, then £3H(F) = £7HF N E) s

closed since fk is continuous. Thus F 1is closed by (1).
(2) => (2)' F closed in K implies that F A & is

. ' ] e
_closed in e. Now if F N e is closed in e, Fne =

FANENs=Fne But FANe=FNenelFNeNE.
That is, FN e is. closed in K and by (2) F 1s closed
in K. Also, U open in X implies that UN e -1s open
in ‘€. Conversely, if UN e 1is open in e, then
e-(UNe =(K-U)n e is closed in e and by pre-
ceding result, X - U is closed in K. That is U 1is
Open in K. '

(2)'=> (2) If FN e is closed in K, then FN & 1is
closed in e and by (2)' F dis closed in K.

(2) =>(3) If g is continuous then all its restrictions
are continuous. Therefore only the converse must be shown.
Suppose that A ¢ K 1is closed in K, that glANne is

continuous for each e € K and that F 1is any closed set

of Y. Then g'l(F) Nne-=(glAn )" L(F) 1s a closed set

of An e .,Vve € K. But since A 1s closed, AN e 1is
closed in K. Therefore g-l(F)n e 1is closed in K,Veé&K.

By (2) g'l(F) is closed and so g 1is continuous. If A

is open 'a similar argument using (2)' gives. the result.




(3) => (1) Let <1 be the given topology on K and

7., the weak one. The identity map (K,t) - (K,Tw) is

W

continuous by (3) since for every Tw-closed set F, le(F)

is closed in DIAI, fkle(F) =Fne, is T-closed (£,

being t-closed). Then T > Ty, and therefore T = Ty
by definition of Tye

Remarks
2.2. Any finite cell complex is a W-complex, since,
n _ n _
A L (F ey

f
o
D
=
I
e |
D
~~
C
®

if FCK then F

is closed iff FN Ei is closed in K for every 1i,

l1<1<nm.
2.3. If K is a finite dimensional W-complex,
i.e. if K = K®, then each n-cell is open in K. (This is

not true for arbitrary cell-complexes, e.g. [0,1] composed

of O-cells only with induced topology). For, let éA be

an n-cell. Then, for |u| < n,

eu if pw # A

(K—- ek) N E = Ill—l)

H £,(s if p =2

Since f, is closed, (K - ék){ﬁ Eﬁ is closed in

K, Ve € K. Thus (K - ex) is closed in K and .el is

open in K.




2.4, A subcomplex of a W-complex need not be a

W-complex. For example, 1f K = D2 is the union of one

2=-cell B2 and Sl composed of O-cells only with topology

induced from the plane, then K 1is a W-complex, since if

2 - F 1is not closed. S

1l

FC K 1is not closed, FN D is a

subcomplex of K but is not a W-complex, since if it were,
1,0 .

then by 2.3 above, every point of S~ = K, would be open.

From this example it 1s seen that a subcomplex of a W-complex

need not be closed (i.e. S1 - p is a subcomplex of K), and
also that an n-skeleton of a W-complex need not be a W-complex
(st = k%

2.5. As 1n the case of arbitrary cell ébmplexes, an

n-skeleton K of a W-complex K need not be ciosed in K.

‘ For example let X C R? (with the . (1,2)
" induced topology) be the union of
one 2-cell (the interior of Iz), (0,1)§7w,¢7,
A ////"/ g
€ 7 /.’,:'// ¢
three l-cells, e,, e,, €., the a 44%647 ¢
YR/,
: (0,0) (1,0)
three 0-cells (0,0), (1,0), and €p

(1,2) and the intgrval [(o,1), (1,1))

composed of O-cells only. Then K 1s a W-complex, since

if FPC K and F 1s not closed,then as F=FNK-=

2

(FAT?) U (FNE,), elther FNI° or FNE, 1is not
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closed in K. However K° 1s not closed in K. (Kof\I?

is not closed in 12).
. 2.6. If K 1is finite dimensional and 1f every

skeleton is a W-complex, then every subcomplex 1s closed.

Proof
Since every n-cell e, 1s open in K% (cf. Remark

2.3), K" - Kn-l = U e is open in K®. Thus Kn—l
IA[=n
. Al=n

is closed in Kr; ¥n > 0, and therefore Kn is closed in

K. Let L be a subcomplex of K. LO» is closed in K0
and thus in K. Suppose that 1’1 is closed in g1
and thus in XK. L is the union of 1* 1 and some n-cells.
- Therefore _ .
"tne if Al <n
L?l\lgx =¢ & 1f [A| = n and e, € Lt

n-1 = n
L .f\ e, if [\l =n and e, ¢ L

n is closed 1in Kn and in K. Hence L 1is

and thus L
closed in K. .

2.7. If K is finite dimensional and if every skeleton
is a W-complex, then every subcomplex is a W-complex.
Proof

Let L be a subcomplex of K. Then L. is closed in

n+l

nois closed in K R

K (by 2.6), L™ 1is closed in K", K
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n+l -

sO Ln is closed in KX and therefore in Ln+l.

0 0

K is a W-complex, therefore is discrete and L is

a W-complex. Suppose 1™ is a W-complex for ail m<n.

-~

Consider Ln+l. Let F C Lm'l

such that F N EA 1s

n+l

closed in L for all e, € Al 1p e, € LB, FNe,=

n+l

= (FNLHN EA is closed in L and thus in L®

implying that F nLn is closed in L and thus in K"

n+l

and X Ir e, € k- pnE = (FALN) N E,

is closed in kPl Therefore F AN EA is closed in gl

n+l n+l

for all ex_é K , implying that F 1s closed 1n K

n+l F C Ln-.l-l n+l

and thus in L since . Consequehtly L
is a W-complex and so is L.

2.8. An example will be given later to show that the
product of two W-complexes need not be a w—compléx. However,
if K

and K, are W-complexes and one of them is locally

1l 2
compact, then their product is a W-complex. This 1s a con-
sequence of a theorem of J.H.C. Whitehead (ef. [5] p. 262)
and the proof goes as follows. The characteristic maps

of X, (K2) induce a map f(g)

lJ.D“'w2= Ly plly
A€ A YET

(£ ren (e )y ¢ 1)

of the topological sum D1 =

onto K; (K Then f and g are identifications (this

2)'
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is equivalent to saying that Kl and K2 are W-complexes).
Let f, x g, be the characteristic maps of K, x Ké.

D, x.D, = | (D')‘I « plYly, K, x K

1 is a W-complex 1iff
AsY '

2

~

f x g 1is an identification. Since D,

5 is loca}ly compact,

£ x 1:D. x D. » K, x D, 1s an identification by Whitehead's

1 2 1 2

theorem. By the same theorem, if we assume Klf to be
locally compact, 1 X g:Kl x D2 -»> Kl x K2 is also .an identi-

fication. Finally since the composition of two identifica-
tions is an identification, £ x g = (1 x g) o (f x 1) 1is an
identification. '

2.9. A W-complex is a CG space of Steenrod [1s].
For let FN A be closed in K for all A compact in K.

e

L 1s compact for every A€ A. Thus F N EA is closed in

K for eVery e\ € K. Therefore F 1is closed in K. It is

not true in general that a CG cell complex is a W-complex

as 1s seen by K = S1 consisting of 0-cells only with the

induced topology from the plane. We shall see later that

this is true when the family {EA} is locally finite

(cf. p. 36).
- Quotients
PROPOSITION 2.10. The quotient K/A.(we assume 1t to be

Hausdorff) of a W-complex K by a closed subcomplex A 1s

a W-complex.
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Proof

We show that a subset F of K/A 1s closed iIf
(pf‘)\)'1 (F) 1is closed for every characteristic map pf,

of > K/A, where p:K = K/A 1s the canonical projection and

f. a characteristic map of  K mapping into the comple-

A

ment of A. But F 1is closed iff p_l(F) is closed and

p_l(F) is closed for

~

in turn p'l(F) is closed iff le

eVery characteristic map of K, since K 1is a W-complex.

It 15 ‘therefore sufficient to check that f30 p™(

F) 1is
closed for the fk's mapping into A. 1In such a case, assuming
first that F does not contain p(A), A and p‘l(F) are
disjoint, £3% p~2(F) = ¢ and is closed. Finally if F

-1 -1 _ Al
does contain p(A), £, p (F) =D and is also closed,

proving the proposition.




Chapter III
, C-COMPLEXES

- A cell complex X 1is called a C-complex (closure
finite) if for every point p of K, K(p) is a finite

complex.

PROPOSITION 3.1. (cf. [1]) Let K be a cell complex.

Equivalent:
(1) X is a C-complex.

-~

(2) For every cell e € K, K(e) 1s finite.

(3) The adherence of each cell e of K meets only

finitely many cells of K.

Proof

(L)<= (2) K(p)

K(e) for p€ e € K (cf. p. §)

(2) => (3) e, n e, # ¢ Iimplies that e C K(e,) since

p P

K(EA) is a union of cells.’

(3) =>» (2) Remark first that 1f e, N Eﬁ # ¢, then '

|A] < |pl. X(&) can be described as the following union.
K(3) =eule'|lerne#otUfer|er'nE #¢tU ... .
At each step only finitely many cells are added by assumption
and the process ends after finitely many steps by the previous
remark.
Remarks _

3.2. Any cell complex consisting entirely of O-cells 1s

a C-complex. Thus a C-complex need not be a W-complex.
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3.3. The example of K = p'(n > 2) considered as

n-1

the union of one n-cell B" and S composed entlrely

of 0-cells shows that a W-complex need not be a C-complex.

(K(B®) 1is not finite)Q (cf. Remark 2.4).

3.4. A subcomplex of a‘C—complex is a C-complex, for
if p €L CXK, then L(p) = K(p). |

3.5. The product of two C-complexes is a C-complex, for
K (py) * Ky(py) = (Ky x K;)(pys Py)- : L

3.6. The quotient complex of a C-complex by a closed
subcomﬁlex is a C-complex, for K/L (x) C pK(x'),
x' € p~l(x).

3.7. Also any finite complex is clearly a C-complex.

3.8. As with W-complexes, nelther a subcomp;ex nor an
n-skeleton of a C-complex need be closed. . (See example in
Remark 1.5 page 2). Note however in this example that. if

K 1is given the weak topology then every subcomplex is closed.

PROPOSITION 3.9. [17] If K is a C-complex, then K 1s a

W-complex iff the following condition holds: F C K 1is closed

iff F Q L 1is closed in X for every finite subcomplex L

of K.
By Theorem 2.1, it is enough to show that if K 1is a
C-complex then FN e 1is closed in K iff FN L 1is closed

in K for every cell of K and every finite subcomplex L
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of K. But the fact that FNL= U (FNne) 1is a
e€l

finite union, proves the necessity. Since for every cell
eeK,.K(E) is finite by assumption, then F N €=(EﬂK('e'))(\'é
Shows the sufficiency 6f the statement.

Condition C 1is too weak to insure that each compact
set is contained in a finite subcomplex, and condition W
is too weak to insure thatAevery subcomplex is a” W-complex.
Also, neither C nor W imply that subcomplexes are closed.
It will be seen that these results are desirable. Since C
is a'pfoperty of the cell structure and.not topological, any
C-complex can be made into a W-complex and remain a C-complex.
We shall see that these two conditions on a cell complex imply

the desired properties.




Chapter IV

CW-COMPLEXES

v

_ A cell complex is called a CW-complex if it is both

a C-complex and a W-complex. . ' _.

PROPOSITION 4.1. (ef. [1] or [171) If X C K is a compact

set in a CW-complex K, then K(X) 1is finite.
Proof .

If X meets only finitely many cells ey A=1l,2, ... n,
o n
then X(X)C \U K(e,) 1is finite. Suppose X meets an in-
A=l

finite number of cells e, of K. Choose a boint pké XN ey
for each A and let P = {pl}. Since K 1is é C-complex each
€, of K meets only a finite number of cells of K. Thus
PN Eﬁ being finite, is closed for every e].l € K, implying

that P 1is closed since K 1s a W-complex. The same is
true for every subset of P. Hence P 1is discrete. But P
is a closed subset of a compact set X and thus is compact,

which is impossible.

THEOREM 4.2. Let K be a cell complex.

Equivalent:
(1) K 1is a CW-complex.

(2) F C K 1is closed if F f\L is closed in K for every

finite subcomplex L of K.~
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(2)* FC K 1s closed (open) in X iff FNL is

closed (open) in L, for every finite subcomplex

L of K, i.e. K has the weak topology with respect

to the finite subcomplexes.

(3) K and every n-skeleton K" of K are W-complexes.

(4) For every A C K, A closed or open in K, every.

topological space Y, and every g : A > Y, g is

continuous iff g|ANL is continuous for every

finite subcomplex L of K.

(5) K .is the direct limit of the family of finite sub-

complexes.

Proof

‘(1) ==> (2) cf. Proposition 3.2.

(2) =>(2)* F closed in K implies that F N L is closed

in L, VLC K. Now if FANL is closed in L, F N = =

FALAL=FNL. But FNL=FNLNLCFNLNL.

That is, FN L 1s closed in K and by (2) F 1s closed In K.
U open in K implies that UNUL is open in L. Con-

versely, if UNL is open in L, fof every L C K, then

L - (UAL) =(K-U)NL is closed in L, VL C K, and by

preceding result, XK - U 1s clqsed in K. That is, U dis open

in K. |

(2)' = (2) If FNL is closed in K, then by (2)' FANL

is closed in L and also by (2)', F _is closed in K.

(2) => (3) From the proof of Proposition 3.9, we see that




e

‘is a C-complex. Clearly this is true for KO. Assume K

e
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K 1is a W-complex. Also, (2) implies that each K% is
closed in K since if L 1is a finite subcomplex of K,
k" N L is a finite subcomplex of K and is thus closed in
K. Now suppose F C Kn‘ such that FN e, 1is cloéed in K°

for every e, € K. TFor every finite subcomplex L of K,

n

LNK is a finite subcomplex of K%, Thus LN K" is a

finite union of closed cells of Kn, say U 'e_*)‘,, and thus

FAL=FALNK =FN(UE,,) = U(FN §,,) is closed

in k" by assumption, and hence in K. Therefore F 1is

closed in K by (2), and thus in K",
(3) = (1) (ef. [1] or [17]) It suffices to show that KX
n-1

is a C-complex for some n > 0. Let e, be an n-cell.

Ay~ € 1s compact and thus by Proposition 4.1, K(Ek - el)

is finite. Hence K(_e'l) = K(—e'k - eV e, is finite. By

induction K 1is a C-complex, since if ey € K, e € Klll.

Pad

(2) =>(4) If g 1is continuous then every restriction of g
is continuous. Therefore we need to show only the converse.
Suppose that A C K 1is closed in K, that g|AN L is
éontinuous for all finite subcomplexes L of K, and that F

is any closed set of Y. Then 'g‘l(F) NL= (glAn_L)'l(F)
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is closed in ANUL for all LCK. But ANL is

closed in K since A and 1L are closed in K. Hence
g-l(F)I\ I is closed in X for all L C K. By ’2)

g_l(F) is closed in K and so g 1s continuous.

If A is open in K, and U 1s any open set of Y,

g_l(U){\ L = (g|a r\L)'l(U) is open in ANL (since
restriction is continuous) VL C K. Also A NL is open

in L (since A 1is open in K). Therefore g'l(U)Jﬂ L

is open in L, VYL C K. By (2)' g'l(U) is open and thus
g 1is continuous. _

(4) =>(2)' Let Tt be the topology of K and T, the

Weak topology with respect to the finite subcomplexes. Then
the identity map (X, t) -+ (K, Tw) is continuous, since the

inclusion (L, t) - (K, Tw) is continuous by definition of

W for every finite subcomplex L of K. Hence 7T is

finer than Tw and therefore T = Tw.

To prove that (5) is equivalént to the other conditions,

we recall first that if X 1is a topological space and {AA}

a family of subspaces ordered by inclusion, A = 1lim AA iff

(1) A= UA, and (i1) A has the weak topology with respect
X .

>0 the subspaces AA‘ For a cell complex K and the family
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of finitg subcomplexes, the condition (i) is equivalent
to C and (ii) is equivalent to (2)'. Since (1) implies
C and (2)}, (1) implies (5) and (5) implies (2)'.
Remqpks
4.3. For an arbitrary cell complex K, one sees from

the above proof that if every K?  is a ‘W-complex, then

every K? 1s a C-complex and consequently K 1s a C-complex.
4.4, (ef. [17] p. 96) Every subcomplex of a CW-complex

is closed and is a CW-complex. (This is proved in the same

way as the fourth part of 4.2 ). Also k9 1is discrete. In

fact, if P 1is a point of Ko, P 1is a 0-cell and thus open

in KO

(by Remark 2.3 ). .

4.5. A cell complex 1s a compact CW-complex iff it is
finite. The sufficiency 1is clear and the necessity follows
from Proposition 4.1.

4.6. (ef. [11). If K is a CW-complex, every n-cell

e has an open neighbourhood U which meets no cell of

dimension less than or equal to n, except e 1itself. It
suffices to let U = K - (K? - e) which is open since

K? - e 1is closed..
7. (ef. [17], [l])} Every CW-complex K is:
(a) normal,

(b) perfectly normal (i.e. normal and such that every
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closed set is a countable intersection of oﬁen sets)
and thus (cf. [5]1),

(¢) completely normal (i.e. any two sets A and B
of K such that (ANB) U (A NB) = ¢ can be separated.
| 4.8. Every CW-complex K 1s paracompact. The first
proof of this is due to H. Miyazaki [12]. A proof by
R. Mather can be found in [1]. )

4.9. Every CW—complex K is locally path connected
[1]. Since the reference [1] 1s not easily obtainable, we
reproduce the proof given there. Let x be a point of K,
e the n-cell which contains x and U any open neighbour-

hood of x 1in K. It 1is necessary to show that U contains

a path connected open set containing Xx. Let f be the

. characteristic map of e. f-l(U) is open in Dnv and contains
£~1(x) which is a point of B". Let V, be the image by f

of an open ball of B centered at f'l(x) and contained in

f-l(U). Then V, 1s open in e and x € V,. Consider the

set of (n+l)-cells (el) whose closures meet VO. Let (fl)

_1(

be their characteristic maps. fk U) 4is open in DI)‘l

and contains f;l(V6) C.Slkl-l, Consider the cone with

vertex (0,0 ... 0) and base le(v By taking the points

0).

of the cone sufficiently near Slkl-l, a path connected open
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set in DIAI, contained in f;‘l(U), whose image by f,
meets VO’. can be found. Let the image of this set bg AA

and let V., be the union of the sets Ay "and V.. Then

1l 0

n+l

V. 1s path connected and open in K . Repeating this

1

process with all (n+2)-cells (e}\) the closures of which

meet V,, etc., ... , a sequence of sets {Vm}m_>_n_ is

obtained for which VnC Vo412 VnC U, x €V, V

n is path

o
connected and open in KP. Let V = v Vm. V 1s a path
S m=n

connected and x € VCU. KNV = vV, 1s open in each K"

implying that V 1is open in K.
Remark

Whitehead has shown [17] that K 1s locally contractible,
which implies that K 1is locally path connected [8].

4.10. The component and path-component of a point in a

CW-complex K coincide. This is a corollary of 4.9 but we

‘give an independent proof: Let x &€ K, C the component of

x and P the path component of x. C and P are sub-
complexes of K: 1f y €C (P), y € e for some cell e and

Ssince & 1is connected (path-connected), e € C (P). We know

that P C C, and we show by contradiction that C - P = ¢.

Let z€C~-P, z €e for some cell e. Then e CC and

therefore e CC - P. Hence P and C - P being subcomplexes
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are closed, disjoint, contradicting the fact that C
1s connected.

‘4,11, If a CW-complex K is connected then so is

K?,~for every n > 0, (cf. [17], p. 96). Conversely, ir

n

K" 1is connected for some n > 0, then so 1is K: If X

is not connected, then K = AU B 1s a disjoint union of non-

empty closed sets A and B. Thus X® = (KN 4) U (X"NB)

is a disjoint union of closed sets. If P 1is any point in
A, then K(P) being connected, belongs to A. But K(P)N K %4
since K(P) must contain some 0O-cell. Similarly KN B # ¢,

so that K" 1s not connected.

4.12. Equivalent: (1) KX is connected, (ii) kb is
 connected, (iii) K 1s path connected. (Follows from 4.10
and 4.11). '

4,13. A CW-complex need not be locally compact. CZ,
the cone over 2Z (example 4.21) is not. Later we will define
a property ensuring local compactness.

h.14, A Cw;complex is not metrizable in general. For
example the cone CZ. is a simplicial complex which is not
locally finite and therefore not metrizable (cf. [7]). We
will look at thié'property later on.

4,15, For a CW-complex, countable, separable.and

Lindel8f are equivalent properties.
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Proof

If K 1s countable then K 1s the continuous

image of the separable space u Dl)‘I (A indexes the
AEA '

set of all cells), and thus separable [5]. Since K 1is
then separable and paracompact, it is also Lindel8f [5].
Conversely, suppose K 1s not countable. For each A€,

we can choose a point p, € e,. Let P = {pA}A;‘A‘

P 1is discrete and uncountable and thus cannot be Lindeldf.
But this means that K 1is not Lindel8f, since if K 1is
Lindel8f, P being a closed subset of K would also be
Lindel8f [5]. '

4.16. The product of two CW-complexes is not a
CW-complex in general. An example due to Dowker can be
found in [5]. This example is equivalent to the product
of the two cones CZ and CI, cf. 4.21. By 2.8 and 3.5,
we know that if one of the two CW-complexes is locally-
compact then their product is a CW-complex.

4,17. The quotient K/A of a CW-complex K by a
subcomplex A 1s a CW-complex (see 2.10 and 3.6). In
this case A being a subcomplex is closed and K/A 1is
Hausdorff since K is normal. } ‘

Note also that the quotient map p : K - K/A is

(1) closed, since if F 1s closed in K,
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-1 F if FNA=¢
p p(F) =
. F\UA if PN A# ¢

(2) -perfect if A 1is finite, since A 1is then compact.
~ 4.18. (cf. [171 p. 97). If £ : K+ L is an

identification from a W-complex K onto any cell complex
L such that L(f(e)) 1s finite for each cell e of K,
then L 1s a Cw-cpmplex. (This is a little stronger than
the reference because of 4.2 (2), but the proof is identical).

Other properties of CW-complexes, in particular homo-
topical ones can be found in [17].

The Inductive Approach

We would like to show that our definition of a CW-
complex is equivalent to an inductive definition such as

that given in [141].
. Given a space X and a closed subspace A, we shall

say that X 1s obtained from A by adjoining n—ce;ls if
there is a family of maps {wA . st-1 A}A.EA.(A may be
empty) and X is the adjunction space (111Dn)\u£ A

(ef. [5] p. 127) where LJ denotes the topological sum

and ¢ : Ll s™1.4+ 4 1s the unique map induced by {wk}'
. x -

In other words X is the pushout of (LJs™1eslip?,y)
A A

(ef. [2] for instance).

THEOREM 4.19. A non-empty topological space K 1s a
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CW-complex iff there 1s a sequence of closed subspaces

KOC K'C ... CK'C ... such that

0

(1) X~ 1is discrete and non-empty,

(2) for n > 1, K is obtained from K"

-1

by adjoining
n-cells.
(3) k= UK", - - :

(4) the topology of K is coherent with {K"} i.e.

n>0?

K has the weak topology with respect to {Kn}n>0‘

(A space K with such a sequence of closed subspaces

‘satisfying (3) and (4) is called a filtered space).

Proof

Let us assume first that K is a CW-complex. Takiﬁg

for K%, n > 0, the n-skeleton of K, by remark (4.4) K"

is closed in K, k% 1s discrete and (3) holds. To prove
(2), we first define T : | %J DIAI + K as the unique map
Aj=n
: = Fl [A]=1
induced by the characteristic maps_{fx} s £ =T L1 s
4 |A|=n |Al=n

and remark that h = F| LI BIAI is a bijection LJ'BIAI+Kn-Kn'1.

|A]=n |x]=n
We prove that
£

Ll oslr-t —— 5 kol
|AT=n"

JI fl
_ - F
IL'J plAl —~ g

Al=

n - *
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is a pushout. If Y 1is an arbitrary set, u : K% » ¥

and v : ]lﬁ lel + Y are such that uf = vj then there
_ Al=n

is a unique g : K° - Y with gi =u and gf = v, g being
defined by

: . u(x) , x € k*°1
g(x) =

_vh_l(x), x € K? - g1 .

So the above square is a pushout of sets. It remains to

show that the topology of K" 1is coinduced by {i, T}.

1 1

Taking F C K® such that 171F = FNK*1 and FIF

n-1

are closed in K and L DIAI respectively, we show

[A]=n
that F 1is closed in Kn, i.e. fhat FNe is closed in
e for every cell of dimension < n, since x? ‘is a W-complex.
n-1 n-1

FNK closed in KX implies FMN e closed in e for

every cell of dimension < n-1. TF closed in lLf plAl
. . Al=n

implies Tl plAl = £7HF N E,) closed in oA gor

every A with IA] = n. Since f, : DIAI + e 1s a closed
-1 - _ -

surjection, flf} (Frj ek) =FNe Iis closed in ‘?A for

every n-cell e, -

It remains to show that K has the weak topology with
.respect to its skeletons. Let F C.K be such that F N KL
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is closed in k? rfor every skeleton K., If e 1is
any cell of K, e Dbelongs to K® for some n and

therefore FMN e = (FNK® N&E 1is closed in e since

-~

FN KXK' 1is closed in K® and kK% 1is a W-complex. K
having the weak topology with respect to its cells, F
is closed in K.

Conversely, we now assume that K possesses a

sequence of nested closed subspaces K= satisfying the

conditions (1) to (4). First we show that K is a cell
complex. Consider a fixed n. By (2), K" is an adjunc-

tion space ( LID™) k)wKn-l, where ¢ : Ul go-1 , gn-1
Y . a2

is induced by some family of maps {¢A . s Kn}x € A

For every A € A we define a map f, : (D", Sn'l)+(Kn,Kn'l)

as the composite

. - - - - p ‘ -

o%,s" Lyes (LD LUk, (U s™h L g™ > ?, k0T,
A A

where p 1s the canonical projection; we define also

e

x = fA(Bn). We know (ef. [5]1) that LJ B 1is homeomor-
. ' A

n-1 n

phic to its image K" - K by p and consequently f,|B
is a homeomorphism B" + ey, for every A; put |}l = n. By

inductlon we show that k" is a cell complex for every n.
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0

This is true for K~ since it is discrete by (1);

assuming that K™ 1 is a cell complex, KP=gP~1uU(xP-k"1)

and K% - k™1 = \J e, (disjoint) imply that K" has

|A=n A

~ 1

a cell decomposition with characteristic maps fA.' The

fact that X" is Hausdorff follows from a general result

-Kn-l

about adjunction spaces (cf. [2] or [6]),since is

Hausdorff by the induction hypothesis, LIp? is regular
: A
and 'L18™! is a neighborhood retract of LI D™.
A : A

To prove that K 1s Hausdorff, consider two distinct

points x, y € K. Then Xx, y € K" for some m > 0 and

thus fqr all n > m. We construct a sequence {Un’vn}nzm

of sets such that Un, \'2 are open in Kn, X €T

n y € Vn’

n’

NK=u_, Vo N K" = v, . Since

Unlq Vn = ¢ and Un+l n

K® 1is Hausdorff, we can find open sets U

m? Vm separating

x and y in K™, Suppose we have '{Un, Vn} for m<n<p.

K? is a retract of an open nelghbourhood W = l_l(Dp+1-0)\Jpr
. . A

in Kp+1, the retraction r : W » kP being induced by the

radial retraction Dpfl - 0 - sP. Let U = r-l(Up) and

p+l

= r'l(Vb). Since W 1is open in Kp+1, U and V

v pt+l

p+l pt+l
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are open in Kp+1 and separate k and y. Let

o _
U =’é;$ Uh and V = Q:g Vn. U and V are opén sincg_
they meet each X? in open sets of X" and separate X

and y. Therefore K 1s a cell complex.

We now show that every K% is a W-complex, again by

induction. WKO being discrete is clearly a W-complex. Assume

n-1

that K is a W-complex. Then x? being an adjunction

space, if F C K%, F 1is closed in X% iff F AN g1

is
n-1 —1 = n
closed in K and f,"(FMNe,) is closed in D~ for all

n. But this means that F 1is closed in Kn

A with |[A] =
iff FNe, is closed in e, ‘for all i with [A[< n-1
(since k"1 45 a W-complex), and F N EA = flf;l(Ftﬂ EA)

is closed in EA for all A with |[A] = n (since

w . oph n
fk : D A

ﬁeak topology with respect to its cells.

+ e, 1is a closed surjection), that is K  has the

By Theorem 4.2, it remains to show that K 1is a W-

complex. Consider F C K such that FNn e is closed in K
~ for every cell e: of K. Then FnN E'r\Kn is 6losed in K&
for every e and n. Since K? is a W-complex 1t follows

that F N K® is closed in K" for all n and by (4) F is
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closed in K since K has the weak topology with respect
to {K"}..
Exaﬁples

~ 4,20. Any C-complex can be given the weak topology
with respect to its.cells, making it a CW-complex. In
particular this is true for all 0 and l-dimensional cell
complexes which are automatically C-complexes. -Every finite
cell complex is a CW-complex.

4,21. [1]. Let K be the l-dimensional CW-complex

2: the 0-cells are

defined as the following subset of R
the points (0,1) and (n,0), n € Z, the l-cells are the

open segments joining (0,1) to (n,0) for all n € Z.

(0,1)

e & c/ \o N e .
-2 =101 2

K 1is homeombrphic to the cone CZ, i.e. the quotient
complex Z x I/Z x {1}, where 2 is considered as a 0-
dimensional CW-complex and I= (0,1] as a l-dimensional
CW-complex with the O-cells {0} and {1} and the l-cell
(0,1).  (ef. [5D).

Giving the underlying set of K the induced topology

from R2 and the same cell decomposition we get a new cell
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complex K', which is not a W-complex since the induced
topology is strictly coarser than the weak one. In fact,

the 'set {pnln € N}, where Py lies on the segment joining

(n,0) to (0,1) at the distance 1/n from this latter point,
is closed in the weak topology, but is not closed in the
induced ﬁopology since it does not contain itg cluster

point (0,1). o : -

Another interesting description of K' c¢an be given

as follows. We consider the subspace of the ,ez-space

conéiéting of the sequences (xn) with all but one term

equal to zero and 0 < x, 2 1. Let the 0O-cells be the
sequence (xn) with the non zero term equal to 1 and (0),

the orié&ﬁ/of 4@2, and the i'th l-cell {(xn)lo <xy; <1,

i=1,2, ... . Given a point (xh) in this space, the

gssignment Xon (n, 1 - x2n), Xopo1 ™ (1 -n, 1 "x2n-l)

and (0) - (0,1) defines a bijection with the subset of R2

above. One sees that thls space, wiﬁh the topology induced

by the ,e 2-norm is homeomorphic to K', but not isometric.
The cone CI;, where I 1s considered as 0-dimensional

CW-complex provides a similar example.

4,22, (ef. [84]). Let I(N) c IV be the set of sequences
t = (tn)ntsN’ t € [0,1], for which at most a finite number of
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(-]
terms are different from zero. Then | tn makes sense.
1

Let K =1{t e 1M 3 t, = 1}, with the following cell
) n=1 . ,

decomposition. Let In be the set of n+l natural

integers 1 = (i, <1, < ... <1 ). For each n > 0 and

0 1 , n
1 €I, define an n-cell e? by
n _- : - _ -
e = {(t )€ KO <t <1 if kK€L, b =0 If k ¢ 1}.
For n=0 and each 1 € I0 = N, define a 0-cell eg by
.»0_ _ - -
e; = {(t) € Kle; = 1, t, = 0 if k # 1},

K may be given the following topologies:

(a) the product topology, i.e. that induced by IN,

(b) the Ag%:ffpology, i.e. that induced by the norm

<«
2
el = /1 ¢
n’ n=1 B >
.(c) the weak topology with respect to the cells, making

K a CW-complex. With this topology, K is homeomorphic

to 4% = \U A" with the weak topology with respect to the
 n>0
An's, where AP 1is the standard n-simplex in Rn+1, i.e.

the convex hull of the unit points on the axis.

The ,? 2-’copology is strictly finer than the product
topology. Any open set in the product topology contains a

subset U of the form




- 35 =

I, = 1,

U = (a j

b, ) X ... X (a b, ) x I{I
il ik’ i

i’ K J

J £ 1, cee 1k}. Then any point (t ) € U 1is the

center of an /ez-open ball entirely contailned in U.

By taking r = min min{lti - ay |, lti - by ]}, the
1<j<k J J o

ball {(sn) € Kld((sn), (tn)) <r}cCu. Moreover, the

sequence of O-cells {eg}n€N> converges to
(0, ¢vov, 0, ...) in the product topology but not in the

/Qz-topology, showing that this latter topology is strictly

finer than the product ‘topology.

The weak topology is strictly finer than. the ,ez—topology.
This latter induces the Euclidean topology on any standard

n

simplex A and since K has the weak topology with respect

to these An, the weak topology is flner than the ,62 one.

On the other hand the set B = {bn} of barycenters bn

n>0

(f.e. b = (t), t, = =fr» for k= 1,2, ..., n+l

and t, = 0 for k >n + l)'is not ,ez-closed since
0=(0, «.., 0, ...) 1is a cluster point but it is closed in

the weak topology since B N A" consists of n+l points.

4.23. The infinite sphere S = \U S" with the weak
n>0 .

topoiogy with respect to the sP's is a CW-complex. S0 is
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discrete, by the standard embedding s is closed in

n+l n+l
3

S S can be obtained from S" by adjoining two
(n+i)-cells, the two hemispheres, and the result follows
by ‘Theorem 4.19.

4.24k., Let F denote one of the fields R, C or H
and d = dim.F, i.e. d =1, 2, or 4 respectively.

n-1

The projective n-space PUF is obtained from P F

by adjoining a single dn-cell via the canonical projection
sdn-1 , p=1g (6], Therefore P"F is a finite cell-
complex (and thus a CW-complex) of dimension dn. Since
n-1

P F can be conslidered as a closed subspace of ‘PnF, the

infinite projective space P7F = W P"F with the weak
n>0

topology with respect to the P'F's is a CW-complex by
Theorem ﬁ.l9.

4,25. A less trivial example is given by a ceil decom-
position of the Stiefel manifolds, cf; [16].

Locally Finite Cell Complexes

A cell complex K 1is locally finite if every point

of K has a neighbourhood which 1s a finite subcomplex
of K.

One can easily show that this definition is equivalent
to the following one. (cf. [1]): a cell complex is locally
finite if it is a C—compiex and the family of open (or closed)

cells is locally finite.
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PROPOSITION 4.26. A cell complex 1s locally finite iff

it is a locally compact CW-complex.

Proof
Suppose the cell complex K 1locally finite and let
FC K be such that F N L 1s closed for every finite
subcomplex L of K. We show that K - F 1is open and
therefore K 1is a CW-complex by 4.2. Let x € K - F.

By assumption there exists a finite subcomplex L0 which
is a neighbourhood of x. Then L, - (F N LO) is a neigh-

boufhbod of x coptained in X - F, which is therefore open.
Moreover since a finite complex is compact, K 1is locally
compact.

Cbnversely, if K 1is a locélly compact CW-complex,
every point has a compact neighbourhood which is contained
in a finite subcomplex by 4.1 and therefore K 1is locally
finite.

For the sake of completeness we include the following
results (cf. [1] and [5]).

~4.27. A conpeéted locally finite complex is second
countable and therefore separable and o-compact.

4.28. A Cw-complex.is first countable iff it is
locally finite.

PROPOSITION 4.29. A CW-complex is metrizable iff it is

locally finite.
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Proof
Let ‘K ~be a metrizable CW-complex and suppose that

K 1iIs not locally finite. Then there exists p € K such

that every neighbourhood of p meets infinitely many cells.

Since K 1s metrizable it is firsf countable and let

{Vn} be.a local base at p, such that V DV ., for

n>0

all n. In each Yn we can choose a point xn-¢ b, such
that if n # m, X, and X beléng to different (open) cells.
Now the sequence (xn) converges to p and therefore the
set E = {x } 1is not closed. On the other hand K being a

C-complex E N e is finite for every cell and therefore E
is closed since K 1is a W-complex. Thus we get a contra-
diction.

(We remark that this proves half of 4.28).

Conversely, suppose that K 1s locally finite. Then

the identification £ : l_]DlAI + K 1induced by the charac-
teristic maps is closed. The result follows from the following
theorem by Morita and Hanai [13], which says that if f : X + ¥

if a closed surjection of a metrizable space X, then Y 1is

metrizablé iff f—l(y) has a compact boundary for every yé€Y.
From these results it folldws that for CW-complexes the
concepts of local finiteness, first countability, local com-

pactness and metrizability are- equivalent.




Chapter V
CW-COMPLEXES AND ALGEBRAIC TOPOLOGY

. The category of CW-complexes and continuous maps
or cellular maps seems to be the best adapted to homo-
topy theory. We shall mention only three reéults to
support this claim, and refer to [14] for their proof
and further details.

That 1t is sufficient to consider cellular méps

follows from the cellular-approximation theorem:

THEOREM 5.1. Any map between CW-complexes is homotopic

to a cellular map. Moreover if there are two such cellular

maps they are cellular homotopic.

THEOREM 5.2. For CW-complexes, the notions of weak homotopy

equivalence and homotopy equivalence coincide.

THEOREM 5.3. Any space X has a CW-approximation, i.e.

a CW-complex K and a weak homotopy equivalence £ : K+ X.

Moreover K is unique up to homotopy type.

Another advantage of a CW-decomposition of a space is
that it provides a method of computing the (singular) homo-
logy of this space. Thils method can be obtained by using a
spectral sequence (cf. [14]) or directly (cf. [3]). We-
shall offer a proof of this result based on notes of a course
given by A. Dold and using only elementary properties of

homology. We Introduce a few.definitions first.
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A skeletal decomposition of a space X 1s a filtra-

tion X 1Cc x%cxltc ... cx"C ... Cx by subspaces
(calied skeletons) satisfying the conditions

(Si} the singular chain complex SX = \J sx™.
n
(s2) H (X", 1) = 0 for q # n.

We shall call a space X together with a skeletal

decomposition a skeletal space.

If X and Y are two skeletal spaces, a map f:X » Y

is skeletal if f£(X®) € Y for all n.
Skeletal spaces together with skeletal maps obviously

form a categofy.

THEOREM 5.4. If X 1s a skeletal space, there is a non-

negative chain complex CX, (the skeletal chain complex of X)
' _ n n-1 .
defined by C X = H (X', X"7), n > 0, and 9, : C X ~C_ X

is the connecting homomorphism of the homology sequence of

n xn--l

the triple (X, s Xn-z). The skeletal homology H(CX)

is naturally isomorphic to the homology H(X, X 1).

Proof

We begin by a few remarks. First Hq(Xn+k, ™ =0

for k>0 and n + k < q, @ £n. This follows by induction

o K and by using the homology sequence of the triple
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(xPHE yFR=1 4Dy yith the condition (S2).
Next, Hq(X, x™) = 0 for q < n, as follows from

the condition (S1) and the preceding remark. Finally

H (x*1 x 1y - H (X, X

-1
n )

i1s an isomorphism for all

n >0 as follows from the hdmology sequence.of the triple

n+l

(x, x**1 x1

and the preceding remark. -
We consider now the following diagram defining the

boundary homomorphisms an and where the rows and columns

are homology sequences of triples.

n+1l n : n-2 -1,_
Hn+1(x 1.X ) Hn-l(x »X )—O.
¢ \\\an'*‘l
" ~a v
- n-1 -1 n -1 n ,n-1 n-1 -1
O-Hn(X »X )-+Hn(X X 7) -+Hn(X s X R ) + Hn_l(X , X )
v an \‘\
v N4 v
n+l -1 n-1 n-2
H (X7, X°7) H (X775, X779
v

B (x™L 1™ =0

Obviously, ana = 0 since the middle row is exact.

n+l

-1
H (X", X77), im 3 .. = im ¢,

ker an n

H (CX) = coker ¢ = im ¢ = H (XMl = H (X,X71) .

in

It remains to show that 3 1s actually the connecfipg

homomorphism of the sequehce of the triple (Xn,Xn'l,Xn"z).
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Hn(Kn, Kn'l), n > 0 with the free abelian group on the

set of n-cells.
Tet e be an n-cell of K and f 1ts characteristic

map. From the proof of the preceding theorem, one can see

n-l) onto

that f, maps the generator (say 1) of H_(D", s

n-l).

.the generator e of Hn(Kn, K Therefore, considering

the diagram

Ox
n n-1 n-l
T (fISn-l);~‘\ .
M Y
n n-1 . n-1 : n-1 . n-2
H, (K Lli_§2_~____; > Hy KT ——rE ) (KK
/
%
1t follows that 3 (e) = Ju(1) = 2. a,e,, where a,
|A]=n-1

is the degree of f.‘lsn-l on e,. More precisely, ai is

the degree of the composite map

f

Sn-l > K

n-1 N Kn—l/Kn-Z - Sn—l’

n-2)

n-1 o n-1,n-2, .n-1,,n-2
since H__, (K™%, ¥ = B, (k"71x"72), k™l is

3

the wedge of (n-1l)-spheres (the closure of all (n-1) cells
being identified to a point), and the last map identifies all

spﬁeres but the A-th one to a point.
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As an application of thils remark, we shall show that
there is glways a CW-complex wlth preassigned homology.
This illustrates the fact that CW-complexes form a reason-
ably large category.

PROPOSITION 5.7. Given a sequence {A } n > 0 of abelian

groups, with AO free, there exists a CW-complex K, such

that HK =4, n > 0. | -

n
Proof

‘Given a free abelian group F with basis {x3 ¢

the wedge of spheres V s? with the weak topology with
A€A .

reépect to the spheres is a CW-complex, and Hq(\/ S?) = F
) A

if gq=n and 0 otherwise. Now, any abelian group An

can be represented as a quotient of a free abelian group F,
i.e. we have a short exact sequence

¢ Y
0O - N » F ~» An - 0

where F has a basis, say {XA}AGEA and N being also

free has a basis .{yu}U‘EM' Therefore, by 5.4, if we can

find a family of maps {f: s >/ shh such that the

AEN MVUEM

boundary homomorphish an+l of the skeletal chain complex

of  K =(. L D|ﬁ|)\j ( V s}

Jul=n+1 (fu‘)_ AEN

is equal to ¢, then
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ﬁqK = An 1f g=n and 0 otherwise.

Since ¢(yu) =] aax » f, must be chosen so that
. A

its degree on Xy is aﬁ, and the problem 1s reduced to

~

the existence of such maps. . _

Por a given u, a) = 0 for all but finitely many

u
A'S, S8y Aas ..., A_. Construct £ : S® + \/ sS? by
1 r W AEN A

composition of the following maps. Divide S into r
lunes by r half meridians and identify these meridians

r
to a point. This gives a map st - \/ S? which is of
i=1 i

degree 1 on every S? . Construct \J’S? +\/S§ by taking
i . i i i
A
I of degree a 1 for 1 =1, ..., r, and finally
Ay M H _

S

r ' '
include V Sg inte V S?. Then the composite f
i=1 M AEA M

f
wlll have the degree ag on S?.




Chapter VI

COMPARISON WITH STEENROD'S CATEGORY OF COMPACTLY
GENERATED SPACES

We would like to look at the category CW of CW-
complexes and continuous maps 1in the light of Steenrod's
paper [15] on the category CG of compactly generated
spaces (k-spaces) and continuous maps, that is we would
like to see Jjust how "convenient" CW is (cf. with Steenrod's
own result at the end of his paper [15]).

A compactly generated space 1s a Hausdorff space which

has the weak topology with respect to its cohpact sets, or
equivalently.a Hausdorff space which 1s the direct limit
of the family of 1ts compact subspaces.

A compactly generated space is charagterized by the
following universal property: if X € CG, Y 1s Hausdorff
and f : X > Y a function which is continuous on each com-
pact set, then f 1is continuous.

CG contains»all locally compact and all first count-
able (in particular all metrizable) spaces. With the usual
definitions of subspace, product and function spaces, CG
does not satisfy fhe conditions given by Steenrod for a
convenient (for algébraic topology) category of topological
‘spaces. Examples.are;given to show that a subset of a CG

space, with induced topology, which 1is not closed or open,
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'need not belong to CG, that the Cartesian product of

two CG spaces need not belong to CG and that 1f X

énd- Y are in CG, the function space C(X, Y) with
compact-open topology need not be in CG. To overcome

these difficulties, Steenrod defines a functor k (the
retraction functor) from the category H of Hausdorff
spaces and continuous maps, onto CG. If X € g, then

k(X) 4is the set X with the weak topology with respect

to the family of compact subsets of the original Spaée X.
If £ : X+ Y 1is a mapping in H, then k(f) 1is the same
function k(X) - k(Y). k 1s the coadjoint to the inclusion
(i.e. if X €CG and Y € H and 1 is the‘inclusion CG-H,

og(Xs K¥)). k refines the topology

then homH(i X, Y) = hom
on a Hausdorff space but does not change the family of compact
sets, and consequently does not change the homology.

CW 1s a full subcategory of CG. We have

c C H
Y V)
CWw CwcCce

(where C(W) 1s the category of C(W)-complexes and continuous
maps) and these inclusions are proper.

We shall now consider separately the conditions proposed
by Steenrod.

Subcomplexes and Quotient Complexes

. There is no difficulty heré. Every subcomplex and every

duotient complex of a CW-Complek is a CW-complex.
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Products
The Cartesian product of two compactly generated

spaces need not be compactly generated. Steenrod defines

then the product of two CG spaces X and Y by X X1 Y =

= k(X X Y). This turns out to be the categorical product
in CG. |

.As in CG, we have seen that the Cartesian .product of
two CW-complexes néed not be a CW-complex: One can see
that the functor k. maps the Cartesian product of two
CW-complexes into CW.
PROPOSITION 6.1. (cf. [3] p. 98) If K and L are CW-

complexes then K xk L 1is a CW-complex.

We shall prove this a little later.
COROLLARY 6.2. [3]. The Cartesian product X x I, of two

CW-complexes K and L is a CW-complex iff K x L € CG.

Note that the categorical product in CG 1is the categor-
fcal product in CW. '
| The Cartesian product of two CG spaces X and Y is
compactly generatéd if X or Y 1s locally compact. To
compare with this in CW:
PROPOSITION 6.3. If K and L are CW-complexes and either

K or L is locally finite or if K and L are locally

#*
countable then the Cartesian product K x I is a CW-complex.

*) A CW-complex is locally countable if every point has a

neighbourhood which is contained in a countable subcomplex.
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Proof |

The first part is due to Whitehead [17]. J. Milnor
[10] shows that the Cartesian product of two countable
CW-complexes 1s compactly generated and thus a CW-complex.
This result i1s extended to locally gountable CW-complexes
by Cooke and Finney [3j.

As in CG, the first part of the above result shows
that the concept of homotopy 1s unchanged in CW.

If £ :X~+Y is an identification, X € CG and Y
is Hausdorff, then Y € CG. In CW we have a similar

result: If f : K » L is an identification, K € CW and

L 1s any cell complex, then L is a CW-complex iff L(f(e))

is finite for every e € K (ef.-4.18).

The Cartesian product of two identifications need not
be an identification. An example due to Dowker can be found
in [5]. We have observed (cf. 2.8) that a cell complex is a
W-complex iff the map induced by its characteristic‘maps is
an identification. However Steenrod shows [15] that the
categorical pro&uct iﬁ CG of two identifications is an
identification. By 6.1, the same proposition holds for CW,
that is: _

PROPOSITION 6.4. If £ : Kl -+ Ll and g : Ky + L, are

identifications in CW, then f x : K, x. K, =+ L, x_ L

k 8 B Xk B2 1 Tk 2
is ah ldentification.
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Steenrod's result about products of identification
in CG mentioned above also yields a proof of 6.1:

Proof of 6.1.

Suppose K and L are CW-complexes, and f and

~

g the identifications induced by their characteristic
maps, (cf. 2.8). Then we know by 2.8 that K x, L 1s

a CW-complex iff ¢ xk g 1s an identification,-and it

is one by Steenrod.

Function Spaces
'Since the function space C(X, Y) with compact-open
topology is Hausdorff iff Y is Hausdorff, we see that if

| X and Y are CG spaces, Yx

= k(C(X, ¥Y)) is compactly
generated. Thus the functor k works well in CG, and
Steenrod shows that for any spaces X, Y, Z in CG,

X X ZX

1) (¥ x 2T =¥ x

¥x X
(2) z ¥ = (zHX

(3) the composition of mappings X + Y -+ Z is a continuous

Y

function 2 xk Yo -+ 2

As in CG, if K and L €CG, C(K, L) need not be
in Cw. C({O,l},.bI) gives us an example, since this is
homeomorphic to CI x CI. Moreover if K, L € CW, C(K, L)
'does‘not seem to have a natural cell decomposition,'so that

CW 1is not closed with respect to the function spaces.
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To our knowledge, the best results in this direction
are the following: |
" 6.5. (Milnor [11]). If Y has the homotopy type
of a CW-complex and X 1s compact, then C(X, Y) has
thé homotopy type of a CW-complex. -
6.6. (Hyman [9]). If K is a Cw—compiex and X

is compact metric, then Kx 1s an M-space (cf. -Hyman's
paper for this definition).

Neighbourhood Deformation Retracts

" Steenrod calls a closed subspace A of a CG space X

a neighbourhood deformation retract (NDR) if there exists

a mapping u : X+ I and a homotopy h : X x'I - X such

that A = u-l(o), h(x, 0) = x for all x € X, h(x, t) = x
for all x €A and t €I and h(x, 1) CA fof all x
such that u(x) < 1. |

If A 1is én NDR of X, (X? A) is called an NDR pair.

Steenrod considers then the category of NDR pairs, shows
that every such pair has the homotopy extension property and
that this cafegory is closed under the formation of products
and adjunction spaces.

We shall no% show that the category of CW-pairs (K, L),
where K 1s a CW-complex and L a subcomplex of K (with
cellular maps of.pairs, i.e. mapping n-skeletons into n-

skeletons for all n) is actually a subcategory of the




- 54 -

category of NDR pairs, and then derive for this category
- of CW pairs a few results analogous to those of Steenrod.

PROPOSITION 6.7. Every CW pair is an NDR pair.

Proof
Whitehead [17] proved that the inclusion of subcomplex
into a CW-complex is a cofibration. The result follows by

Theorem 7.1 of [15].

COROLLARY 6.8. A CW pair (K, L) has the following equiva-

lent properties

(1) Kx 0UL x I 1is a deformation retract of K x I.
(11) Kx 0\JUL x I 1is a retract of K x I.

(111) (X, A) has the homotopy extension property.

Proof
Follows from 6.7 and [15] Theorem 7.1. N
THEOREM 6.9. Let (K, L) be a CW pair, Y a CW-complex and

h:L+Y acellular map. Then (Y UK, ¥) 1s a CW pair.

Proof

We first show that Z =Y LJhK is a cell complex. The

(open) cells of Z are those of Y and those of K - L with

the following characteristic maps. If {fx}lel\. ({gu}ué M)

are the characteristic maps of the cells of Y (K - L) then

the characteristic maps of Z are {T £, ey 2and

{h gu}uéM’ where I and h are the maps of the pushout

diagram
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h
 ——

L Y
[ & [
h
K — 2

Since h 1is cellular, the boundary condition for the
cells of K- L 1is satisfied. -

Let p : YLIK ~ Z be the canonical projection.
Since Y UK 1is a CW-complex, Z a cell complex and p
an identification, by 4.18, K is a CW-complex if Z(pe)
is finite for every cell of YLIK. If e CY, then
Z(pe) = Y(e) 1is finite, since Y 1is a CW-complex which
can be identified to a subcomplex of Z. If e CL, p(®)
1s a compact subset of Y and thus contained in a finite
subcomplex. If e € K - L, e meets only finitely many
cells of .K and therefore finitely many of K - L and
finitely many of L. Since p(e NL) meets only finitely
many cells of Y,'we see that p(e) will meet only finitely
many cells of Z, which is equivalenﬁ to saying that 2Z(pe)
is finite by 3.1.

Therefore we see that this category of CW pairs is
closed under gdjunction and product, provided that we use
the categorical product (cf. below 6.2).

REMARK 6.10. For CW-complexes, the NDR property as defined
above is acfually equivalent to the ordinary notion'of a

strong deformation retract of a neighbourhood, as defined




- 56 -

for instance in [5]. This follows from Theorems 7.1
of [15] and XV. 7.4 of [5].

- A CW palr is also a collared pair in the sense of
Greenberg [6].
Filtered Spaces

.- : ) )
Let X = U Xn be a filtered space (cf. Theorem 4.19
n=0

for the definition) such that every Xn is a CW-complex.

Since each (X X_ ) 1is a CW pair, it is an NDR pair and

nt+l’> "n

by Theorem 9.4 [15], X is Hausdorff aﬂd therefore a cell
complex with the obvious cell decomposition. Actually X

is a CW-complex by 4.2 (2):- Let FC X be such that FNL
is closed in K for every finite subcomplex L of X. For

any n, let M be a finite subcomplex of Xn' Since Xn is

imbedded in X, M 1is a finite subcomplex of X. Thus
FNAM=(FN Xn)(W M 1is closed in X and hence in. X,

Since Xn is a CW~-complex, F_(\Xn is closed in Xn. This

1s true for every n. Consequently F 1is closed in X
since X has the weak topology with respect to the family

{Xn} We have therefore proved:

n>0°*

THEOREM 6.11. A sgace X fil?ered by CW-complexes X/

is a CW-complex and (X, Xn) is a CW pair for all n > O.
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In Hyman's terminology [9], we see that the category
of CW-complexes is closed under adjunction and.weak union.
Hyman's cétegorylof M-spaces is the smalleét such category
containing all metric spaces. It contains all CW-complexes
and 1s contained in the category CG of Steenrod.

Our last result will be concefhed with filt;ations of
an identifilcation space. In particular, if X is filtered
by CW-complexes Xn and if L 1is a subcomplex-of X, then

one can see that X/L is filtered by the CW-complexes
Xn/XnJW L. This will follow from the following more general

result.

THEOREM 6.12. Let X be a space filtered by CW-complexes

X K a cell complex and f : X’>» K an identification such

n,

that K(fe) is finite for every cell e of X. Then K

is filtered by the CW-complexes K(an).

Proof

First, X 1is a CW-complex by 6.11, K and every K -=
= K(f Xn) are CW-complexes by 4.18. The'Kn's form an

expanding sequence of closed subspaces of K and it is
therefore sufficient to prove that the topology of K 1is

coherent with '{Kn} Let F C K be such that F f\Kn

n>0*

1s closed in K for all n > 0. Let L be a finite
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subcomplex of K. Then L C K, for some n and
FNAL=FnN Kntﬁ L 1s closed in Kn and thus in K.

Thislimplies that F 1is closed in K since K 1is a
CW-complex, proving that the topology of K 1is the weak

one with respect to the Kn's.
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APPENDIX

Remarks

i. A CW-complex K, being completely regular, can
be émbedded in some cuﬁe, that is, in some Cartesian
product of the unit interval I = [0, 1], (see [51).

2. A CW—complex K can be embedded in the Hilbert

cube I~ iff K is locally finite and countable.
Proof
If K; is locally finite and countable, then

K= L] K,, where X, 1s locally finite and connected
a€A

and thus 2° countable, and A 1is a countable set. Thus

K is 2° countable and so is homeomorphic to a subspace
of I, (see [5], p. 195). Conversely, I° is metrizable

and separable and so is evéry subspace of Iw, [5]. But a
CW-complex which is metrizable and separable is locally
fihite and countable by 4.29 and 4.15.

We thank Dr. H. Helfenstein for suggesting the above
remarks.

3. If a cell complex K C R" is a subset of R" with
the induced topology, then K is a CW-complex iff K is
locélly finite. .

The sufficiency follows from Proposition 4.26. Proposi-
tion 4.29 and the fact that R® and every subspace of R

is metrizable pfoves the necessity.
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