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ABSTRACT OF *

The problem of intertemporal optimal consumption-saving allo-
cation under uncertainty (a stochastic extension of Ramsey's original
deterministic problém) is studied within the framework of stochastic
control theory. First, existing lilerature on the problem is surveyed
extensively. This survey unveils a number of importiant issues which
must always be remembered in any study of this type, but which have
so far not been integrated. These issues relate to the types, sources
and "measurement" of uncertainty and their respective impacts on the
optimality conditions of the models.

At the end of this extensive survey, argument is advanced concer-
ning the best tool to employ in the analysis of the problem. First,
stochastic control theory is seen as naturally suggesting itself. Next,
among the tools of stochastic control theory, the stochastic maximum
principle is seen as most suited, not only because of (1) its more gene-
ral mathematical validity (e.g., as compared with the method of dyna-
mic programming); and (2) its wealth of qualitative properties (which
are always attractive to the economist); but also (3) because of the
success already achieved at the deterministic level in employing and
interpreting the Pontryagin maximum principle as a theorem in
economics.

In the literature of stochastic opﬁrnalcsntrol,there have been
two attempts to directly develop stochastic counterpart from the
Pontryagin’ s maximum principle. One attempt made by Kushner
was developed for fairly general transition equations except that only
additive noise is admitted. The second which is due to Sworder takes

care of multiplicative noise, but his transition equations are less

M.0. Odaro, Intertemporal Optimal Consumption-Saving Allocation
Under Uncertainty: an Economic Application of Stochastic Oovtimal
Control Theory, Unpublished Doctoral Dissertation, University of
Ottawa, 1971.




ABSTRACT

general than thosc of Kushner., Comparcd with the gencrality of
stochastic differcntial equations or the multiplicily of ways uncer-
tainty may be admilted in practical problems, the exisling two ver-
sions of the stochaslic maximum principle constitute only a starting
point for the development of a full fledged theory. Howecver, of the
two versions, Sworder's secms of special interest in view of
the predominance of mulliplicatlive noise not only in the subject-
matter of this thesis, but also in several other economic problems.

The economic problem considered earlier in the study is there-
fore reformulated in terms of the Sworder stochastic maximum prin-
ciple. The economic interpretations of the principle seem straight-
forward extensions of their deterministic counterparts, but the results
are nevertheless quite interesting. For instance, by drawing on esta-
blished relationships between dynamic programming and the maximum
principle it becomes easy to see the adjoint function of the latier as
a marginal indirect utility function and the maximum of the Hamiltonian
as the change in the indirect utility with respect to time, holding all
other variables constant. A slochasiic counterpart of the famous
Keynes-Ramsey rule derives almost trivially from the maximum
principle independently of dynamic programming.

However, immense computational difficulties are encountered
once the criterion funclional is nonquadratic. This threatens to deny
one the advantages of qualitative properties which closed form solu-
tions generally afford. However, the Sworder stochastic maximum
principle presents no computational difficulties when applied to
economic problems with quadratic criteria or to nonquadratic cri-
teria when the two step solution suggestied in this thesis can be utilized,
The advantage of the procedure is that it does not require the restric-

tive assumptions needed by the certainly equivalence principle.



CHAPTER 1
INTRODUCTION

Economists have long recognized that any optimal growth
theory which assumes away real-lifc factors of uncertainty is only
a first approximation. Even in his seminal article of 1928, F.P.
Ramsey [108, P. 549] did recognize that "the mosl serious factor"
he was neglecting was "the possibilily of future wars and earth-
quakes destroying our accumulation." Yel, wriling forty ~one years
(1969) afier Ramsey, Levhari and Srinivasan [81] could cite only
two papersl as atlempts that have been made to introduce unceriainty
explicitly into the Ramsey-typc model. This is rather surprising,
especially when one realises that on one hand, there has been a great
outburst of literature on the Ramsey-typc problem since the 1950's and
on the other hand, there have been important developments in the eco-
nomics of uncertainty following the works of von Neumann and

Morgenstern [ 1407 and Arrow 3] .

An obvious need, therefore, has been that of integrating optimal
growth theory with the economics of uncertainty. This need was re-
cognized recently by Dobell [28, P, 47] when he emphasized the
great importance thal awails stochastic control theory in future
economic theory. The present work explores one aspect2 of econo-
mic theory, namely, the problem of interiemporal optimal consumption-

saving allocation under uncertainty, in which stochastlic control theory

Mirrlees [90] and Phelps [100] . However, Phelps refers to an
unpublished paper by Beckmann [127 .

Of course, the present work is only one of several possible
economic applications of stochastic control theory. Some other

examples are mentioned briefly at the end of chapter VII, In
principle, the tools of stochastic control theory are capable of
handling any problem of dynamic optimization under uncertainty.
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may be expccied to play that futurce important role.

The work may be visualized as consisting of two parts, the
first of which prescnts the economic problem; and the second of
which describes the technical tools by means of which the problem
may be analysed. In this vein, part one is made up of chapters I

through V, and chapters VI through IX constilule part two.

Part one is essentlially a survey of relevant economic
literature on the problem of intertemporal opltimal consumptlion
saving allocation models under uncertainty. The subjcct-matier
covered logically belongs to the theory of personal saving.

Although the classic Ramsey model and what later became its
offspring the theory of optimal economic growth-naturally belong
to the field of macroeconomics, almost all the attempts so far made
to generalize the theory by introducing uncertainly have been micro-
economic in character. Phelps [100], Levhari-Srinivaszn [81] ,
and others to be discussed later, all take the planning agent as an
individual consumer planning his consumplion-saving allocation

over a certain interval [tO‘ t1J which may be finite or infinitle.

The introductlion of uncertainty into the model immediately
brings to mind a number of questions such as those relating to the

types, sources and measurement of uncertainty, and their respective

There now exists a substantial amount of lifcrature applying

deterministic optimal control theory {o a variely of economic
problems, especially oplimal growth theory. For example,

see Arrow [6] , Burmeistier and Dobell [20] , Dorfman [31]

and Shell [120]
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impacts on optimality. Ilach of these questiions is the subject of
an individual chapter,

In addition to Phelps and Mirrlees a number of importiant
artlicles have been produced in the last few months. These include
an unpublished papcr by Dreze and Modigliani [35] and published
papers by Samuelson [113] , Merton [88], Fama [36] , Hakansson
[571 and Hakansson and Liu [597 . Each of these papers has an
importiant contribution of its own.

Samuelson [113] and Merton [88] , in a pair of companion papers
treat the Ramsey-Phelps-Mirrlees-Levhari-Srinivasan problem
showing the latier as special cases of their own more general model
which simullaneously treats both optimal saving and portfolio problems.
Since these models will be discussed in delail in chapter III, nothing more
will be said about them at this point.

Nearly all of the above concentrate on the problem of "capital
risk" as opposed to thal of "income risk". "Capilal risk" relates
to uncertainly over the yield of capilal investment; whereas "income
risk" relates to uncertainty about future wage income. The effects on
optimality of these two sources of uncertiainty is the subject-maltter of
Sandmo [116] . Dreze and Modigliani also treat the two problems, but
they as well as Sandmo deal only with two-period models .

By assuming statislical independence for the rate of retlurns to

capital in different periods, Samuelson [1137, Merton [88] , Phelps [1001

However, according to Fama [367 , this is nol necessarily resirictive,
since under "fairly" general conditions, mulli-period modcls can
always be reduced to two-period models. See proposilion V.4,
(chapter V) below.
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and others are able to demonstrate the so-called "separation theorem”
of portfolio theory which states in essence that savings and portfolio
decisions can be taken independently of each other. Hakansson and Liu
[597 address themselves to the problem of the derivation of optimal
properties for consumption-investment paths as well as dynamic port-
folio selection under uncertainty when statistical independence of
yields cannot be assumed. By employing some powerful tools from the
theory of stochastic processes, Hakansson and Liu are able to demon-
strate that the "separation theorem" as well as " myopia."6 can
still be proved.

In terms of the types of uncertiainty admissible in these models,
the most complete work so far done is that of Dreze and Modigliani 357 .
While Fama [36, P. 166] concerns himself with what may be called a
once-and-for-all decision problem of "timeless" uncertainty, all of
the other writers above cited deal with the problem of "temporal" or
delayed uncertainty. Bul no where, except in Dreze and Modigliani [35]
is the distinction between these two types of uncertainty carefully drawn

1 . .. . . .
out. Since this is the subject of the next chapter no further discussion

of the distinction is called for at this point.

> The " separation theorem" was first proved by Tobin 7137] in a static
framework.
"Myopia" refers to the conditions under which it is optimal to base
each period's portfolio decision on that period's saving and probabi-
lity distribution of yields only,disregarding the future completely.

7

See, however, Mossin r92"



INTRODUCT!ON 5

An introduction to the problem of the required technical tools
is given in the {irst part of chapter V1. The second partl of chapfer VI
calalogues definitions, propositions, and theorems from the theory
of probabilily and stochaslic processes that are nceded in various parts
of this study. The problem of the classification of stochastic conirol
systems is taken up in chaptler VII, and chapter VIII ties the stochastic
maximum principle of Kushner [72 , 73] and Sworder [126 — 130] with
the well-known deterministic maximum priaciple of Pontryagin et. al.
[1047] .

Chapter IX is an economic application and interpretalion of the
tools of chapter VIII: the problem of chapter IIl is reformulated by
means of the new {ools.

The main results are discussed in sections 2 and 3 of chapter IX.
Section 2 gives economic interpretations to the major relalions which
comprise the stochastic maximum principle. Utilisation of established
relationships between dynamic programming and the maximum principle
makes it particularly easy to derive interesting resulls. Section 3 deals®
with several of the computlational difficulties involved in an attempl to
obtain explicit solulions for the three equations representing optimal
control, and the corresponding trajectories and adjoint function. The
difficullies encountered tend to spring mainly from the nonquadracti-
city of the criterion function,

The main sirands of the entire study are collecled together in
the concluding chapter X, Some suggeslions for further research are

also given.



CHAPTER 11

TYPES OF UNCERTAINTY

As mentioned in chapiler I, two diffcrent types of uncer-
tainty situations may be distinguished from the economic literature
dealing with thc problem of intertemporal opfimal consumption-
saving decisions under unceriainty., These {wo lypes of situalions
have becn labelled as "timeless" uncertainty and "temporal" or
"delayed" uncertainty by Dreze and Modigliani [357 . Massin
[92, p. 172] , began his explanation of this distinclion, in the follow-
ing way. " When someone asks you which of a s=t of unceriain pros-
pects you prefer you should answer: thal depends upon when the out-
comes will become known. "

One way 10 caplure the import of this distinctlion is to ima-
gine yourself in a situation in which you have to take a decision
about some problem the result of which depends on some eveat
taking place in the future. Naturally, until the oulcome of that fulure
event is known, you are uncertain what the result of your decision
will be. If the uncertainly aboutl the event is to be removed before
you take your decision, the situation you are in is said to be that
of "timeless" uncertainty. Whereas, if the uncertainty about the
event is not to be removed until after you have taken your decision,
your situation is that of "temporal" uncertainty. Mossin [92, p. 174]
gives the example of a2 professor who is "indifferent between teaching
course A and course B next fall, but (who) in view of the
preparations that must be made in the meantime, would certainly not
want the decision to be postponed until classes begin"
As was stressed by Markowilz [86, chapters 10-11])an important feature
distinguishing "temporal" from "timeless" uncertainty is the possibi-
lity of "intervening decisions" in the former case and the lack of it in

the latter The intervening decision in the above example is io prepare
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either course A or B or both.

Another way to appreciate the difference between the two
types of uncertainly is to visualize the situation as thal of a game
between the decision maker (yoursecl{) and "mother nature" (chance).
The distinction then lies in who has the {irst move: if "chance" has
the first move, the situation is that of timeless uncerilainty (e.g.,
lottery); whereas, if you have the {irst move, thc situation is that of

temporal uncertainty (e.g. life insurance policy).

While the importance of the distinction between the two
types of uncertainty was noted by Markowilz as early as 1959, it
remained almost unnoticed in the literature on inlertemporal optimal
consumplion-saving under unceriainty until the recent work of Dreze
and Modigliani. For instance, Phelps [100], Levhari and Srinivasan
[81], Samuelson and Merton [113,88] and others to be discussed in
chapter III, never stated explicilly which of the itwo types of uncertain-
ty they were interested in, Yet, as was emphasized by Mossin [ 92,

p. 1727 the importance of the distinction is not only because it affects
the choice of a decision maker, "but more fundamentally because it
has to do with the question of whether or not it is possible to represent

such choices by means of a utility function."

The Dreze-Modigliani analysis as well as that of Mossin [ 927
was confined to a two-period {framework. It is not clear whether the
distinclion carries over to the multi-period framework.l The remainder
of this chapter will, therefore, be confined to a {two-period analysis, and
will rely to a large extent on Dreze and Modigliani [ 357 which is the most

meticulous analysis of the distinclion so far available.

See, however, Fama [36], and section 2 of chapter IX below.
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1. Timeless and Temporal Uncertainly in a Two-period
Consumption Model.
In order to understand the meaning and implication of the dis-
tinction {for subsequcnt analysis, consider the problem faced by a con-

sumer who must allocate his total wealth vy,
sy oy, 1)t (2.1)
y =YY, r .

between a flow of currenti (or period one) consumption < and a resi-
dual stock y - <) oul of which future consumption c, (including bequests)
will be financed. In equation (2.1)
y. is the net market value of the consumer's assets,
plus his labour income in period one;
yz(l + r)'-l is the present value of his future labour income
and receipts from sourcesother than his period one assets
(e.g. inheritance);

r is the real interesl rate; and

<, is defined by

c,=y )1+ =

) -e) (L +r)+y, (2.2)

1
It is assumed that in the period one Y, is known with
cerlainty, but v, and r are unknown. Temporal uncertainly is defined
as the situation which results if the uncertainty about v, and r is removed
only at the end of period one; i.e., afier c1 has been chosen. On the
other hand, the situation is that of timeless uncertainty if the consumer
knows that the uncertainty about v, and r will be completely removed
before the choice of < is made.
The first questiion that may be examined with regard to the

two types of uncertainly is the consumer’s expecled utility in each case.

This is imporiant since {for the problem atl hand, optimality in uncertairty
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siluations is often determined in terms of the maximisation of expected
utility subject to given constraints, For the presenl purpose, assume
r=r° is non-stochastic, so that the only random variable in the situa-
tion is Y, having defined <, by equation (2.2). Having done this,
define the expected ulilily associated with temporal uncertainty as Jl

and that associated with timeless uncertainty as JZ' where

0 0
I, = réllaXIu {eps yyme)@+r)+y, 142 (v,,r)(2.3)
0 0
JZ = ‘frrcljx u{cl, (yl—cl)(1+r ) + Y, } dd (YZ,I‘ )
0-1 © 0
= V{y, +y,(l4r) ", r}de(y,,r). (2.4)

v{., ro)is the cardinal indirect utility function associated with u (c1 , CZ)’

and &(., ro) is the consumer's subjective probability distribution function

for the uncertain prospect (yz,r ) .
In words, what equations (2.3) and (2.4) are saying is that

in the case of temporal uncertainty, the consumer maximizes over
c., the expecled value of the utility derivable from < and <, In the
case of timeless uncertainty, the consumer does approximately the
reverse. He first maximizes his utility for o and c, over o and
then takes the expected value of that utility,

Dreze and Modigliani invoked an important theorem of

Marschak [87, p. 201, foolnote 8] which shows that J, is at most equal

1

to J2 )

Jl < JZ (2.5)
with equality holding if and only if

b3 F % sk
-C - = - 1 .

ul{cl , (y1 < Y(1+r) + Y53 1+ r)u2 {cl,(yl Cl) (2.6)

i.e., ul(cl,cz) = (1+r)uZ (Cl’CZ)
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over the smallest domain D {for which

Jp ¥ (e =t

where \!;(CZ) is thc distribution functlion of the random variable C,- The
only cconomically relevant situation in which the identity (2.6) holds is
dc
undcr complete certainty with L - o.
dr

Furthermore, it may bc noted that JZ - J1 equals what is known
in statistical decision theory as "the expected value of perfect information"

(EVPI); i.e., in the present case, "the loss to the consumer from

lacking information about Yo when choosing <y

The economic interpretation of inequality (2.5) yields

Proposition II. 1

A temporal uncertain prospectl is never preferred to the
timeless uncertain prospect described by the same mass
or density function, no matter what thec consumer's utility
function may be.
Equation (2.4) shows thatl under timeless uncertainty. the indi-
0 . . . .
rect function V(y, r ) summarizes all the information required for
choice among uncertain prospects. Hence, under timeless uncertainty,
both the direct and indirect ulility functions are defined. However,
under temporal uncertainty, the choice of a prospect and the consumption

decision cannot be separated. Problem (2.3) must be solved first and

both the ordinal and cardinal propcriies of u(ci, CZ) are rclevant in

2
See Dreze and Modigliani [35, pp. 13-14], Marschak [87, pp.201-2057

3
Dreze and Modigliani [35, p. 12]; their foolnole 15 should be noted.
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selecting the optimal ¢,. Mhas been stressed by Mossin [92 Jthat

i
under temporal uncertainly the indirect utility function is generally
not defined.

2. Timeless, Temporal Uncerlainty and the Arrow-Pratt

Risk Aversion Measure

The Arrow-Pratt [4, 105 )measure of risk aversion provides
a convenient way of visualizing the implication of proposition II. 1 for
optimal behaviour under temporal vis-a-vis timeless uncertainty.
The Pratt-Arrow measure corresponds to the case of timeless uncer-
tainty about total wealth y. Hence, if r is given, the Pratt-Arrow
absolute risk aversion function is given by

v

Y2Y2

. v

vy _

- 030 ¥ ‘ro =Ty | o (2.7)
y y, T

where subscripts denote partial differentiation; e.g.,

dv dv

Yy Ta Vi, T el

y 2’2 dy,
Dreze and Modigliani showed that at any point in the (Ci’ CZ)

space, the risk aversion measure that corresponds to the case of

temporal uncertainty is given by

Vv 2
2
u V.Y dc d c
22 2’2 1 2
_22 =1 T 7 (2.8)
u2 Vv dy2 4 2
<, Yo c1 u

where
dc1

o and Vyzyz /Vy2 are evaluated along the Engel curve going
A :

through that point; i.e. the Engel curve that corresponds to a rate of
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u
intercst r such that 1 +r = L atl that point‘ll If all partial
u

2
derivatives of third and higher orders vanish, then the sccond term
on the right hand side of equation (2.8) is the EVFPI. In that case,
the risk aversion index under temporal uncertainty would be the
sum of the EVPI and risk aversion index if the same uncertainty
were timeless.
With the assumption that marginal propensity to consume

lies in the open interval (0, 1) and that indifference curves are strictly

convex, the sccond term on the right hand side of (2.8) is positive,

and hence v
u Yoy
22 2’2
- - — 2.
u, > v (2.9)
2
. v v . . D
Since yzyz/ y, 1s the Pratt-Arrow measure of risk aversion in

the case of timeless uncertainty, it means that using the latter as a
measure of risk aversion under conditions of temporal uncertainty
under -estimates the degree of risk aversion. Dreze and Modigliani
actually say that inequality (2. 9) implies that one's risk aversion
increases with time.

Equation (2.8) decomposes risk aversion under temporal

uncertainty into a first term, - Vyzyzl Vyz, which measures purely
4
See Dreze and Modigliani [35, p. 17].
5
See Dreze and Modigliani [35, p. 18, footnote 23],
6

As done by all writers (except Sandmo (116]and Dreze-
Modigliani) to be discussed in chapler V below.



TYPES OF UNCERTAINTY 13

cardinal propertics, and a sccond term (dci/dyz)z(dzcz/dci) lu’

"which measurcs purely ordinal properties". For "infinitesimal
risks", this second term alone mecasurcs the EVPFI., The second
factor of the term, (dzczldc?)[h1 (= 1/%—), is a local measure of the
curvaturc of the indifference curves. To see the relevance of the
curvature of the indifference curves in comparing timeless and

temporal uncertainty, consider the following two extreme situations:

(1) Indifference curves are approximately linear in the
neighbourhood of the equilibrium point: in thig case, c,
and c_ are almost perfect substitutes, and (d CZ/dci)
= 0. EVPFPI is therefore approximately zero.! For
such a consumer, there is hardly any difference
between temporal uncertainty and timeless uncertainty.

(2) Indifference curves approximate to right angles in the

neighbourhood of the equilibrium: in this case, <y and <,

are almost perfect complements. (dzcz/dci) \u is very
large and, therefore, dc,/dr is very small. For such

a consumer, there is a big difference between temporal
and timeless uncertainty.

Equation (2.8), therefore, shows that aversion to temporal
uncertainty grows with the curvature of the indifference curves,

To understand the role of the second factor, dci/dyz, also
consider the two extreme cases: dcl/dyZ =0, and dc1/dy2 =1.
dc_‘ildy‘2 = 0 means that optimal ¢, can be chosen without reference to

1
y,s SO that perfect information is again worthless. dc_i/dyZ = 1 means

In limit, the indifference curves are complete straight lines;
therefore curvature is zero and EVPI is zero, implying that
perfect information is completely worthless.
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that the individual wants to conswume all his wealth now (in period one)

becausc he derives no utility from futurc (period two) consumption.

Although the forcgoing analysis has becn based on the assump-

. . 0 C .
tion of given r and random Yy @ similar analysis could be undertaken

0

with the assumption of given Y5

and random r.

Howevcr, Dreze and Modigliani showed that in this case, the
"inferiority of temporal over timeless uncertainty" is not as great as
in the case in which Yo is the random variable. In view of the fact
that most of the work dealt with in chapter III assume random rate of
return rather than random income, this remark should be consola.tory.9
But with both y, and r assumed random, the deviation of —uZZ/uZ \CT

from - Vyzyz/ Vyz should be greater than shown by equation (2.8).10
The behaviour of - u22/112 is summarized by

Proposition I1.2

Risk aversion under temporal uncertainty will be lower:

(i) the lower is risk aversion under timeless uncertainty,

(ii) the larger is the marginal propensity to consume and/or the res-
ponsiveness of <y to a compensated change in r;

(iii) the lower is the substitution effect (in absolute term) of a change

in interest rate on his current consum.ption.11

8

An example of such an individual is a consumer who is sure to die in
period one, and does not care to bequeath anything to his heirs,

See footnote 6 above.

10
Details of this are given in Dreze and Modigliani [35, footnote 337.

11
ibid., p. 24.
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A corresponding measure to the Pratt-Arrow relative
(proportional) risk aversion could also be derived for the foregoing
case of temporal uncertainty. However, the difficulty here is that
whereas the Pratt-Arrow utility function has only one argument,

namely wealth (in the above case YZ)’ the utility function in the case of

n and CZ’

and so, there is the problem of which of them to use as weight for the

temporal uncertainty has at least two arguments, namely, c

risk aversion measure. One can however conclude that the relative
risk aversion index for temporal uncertainty is also greater than that

c., >0.

for timeless uncertainty provided Ci’ >

3. Summary and Cc‘mclusions

The foregoing discussion should serve as a reminder of the
constant need for caution in employing the Arrow-Pratt measure of
risk aversion in the explanation of the impact of uncertainty on optimal
saving-consumption decisions. Inequality (2.9) shows that under tempo-
ral uncertainty, the Pratt-Arrow measure of risk aversion may be an under-
estimate. Yaari in a recent article [152] derives the risk aversion
measure using the more general "states of nature" approach to decision
making under uncertainty, and showed the Pratt-Arrow measure as a
special case of his.own more general measure,.

As Dreze and Modigliani have warned, while part (ii) of
proposition II.2, may be used to confirm empirical observation that
people are high savers because they are exposed to uncertainty, the
causal relation could equally well run in the other direction, namely:
they are exposed to risk because they are high savers. Hakansson
[56, p. 457] seems to have come close to this conclusion namely,

that no simple relationship can be drawn between risk aversion index
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and optimal saving under uncertainty.

Having sounded the above warnings, the term "uncertainty"
will be used in subsequent chapters to mcan temporal uncertainty,
with explicit qualification to be given only when the danger of mis-
understanding makes it necessary. As Mossin [92, p. 174] put it,
"in the real wgrld temporal prospects, not timeless ones, are the

rule rather than the exception."



CHAPTER III
SOURCES OF UNCERTAINTY

In chapter I, referencc was made to the few attempts
made so far to introduce uncertiainty explicilly into the Ramsey-type
model. A simple version of the deterministic Ramsey model may be

written as

Max IT e—ptu[c t)] dt (3.1)
0
subject to
c(t) = ry(t) y(t) (3.2)
and
v(0) = yq» ¥(T) =Yy (3.3)

where c(t) and y(t) are given per capita interpretation, and
(1) u {c(t)] is the utility of the rate of consumption at time t;
(2) y(t) is wealth (capital) at time t;

: _ dy(t)
(3) y(t) a

(4 T is the real rate of interest, and

(5) p is the rate of time preference.

The utility function in equation (3.1) is assumed to be

additive in the Pollak [103] sense. : Additivity in this sense implies

Denote a consumption path on the interval [0,T] by C= {c
where c(t) denotes the rate of consump‘clon at time t.
Under certainty, the consumer is assumed to be maximizing an
ordinal utility function u(c). Under uncertainty, he is assumed to
be maximizing the expected value of a cardinal von Neumann-
Morgenstern utility function V(c). Additivity in the Pollak sense
means that there exists a twice differentiable function F,F' > 0
and function u [c t), t] such that

F[U{c t)}] = fTu [c(t),t] dt.

For the von Neumann Morgenqtern case, there exists a functionv{c(t),t]
such that

t T T _
Ve (t)} = J‘o vic(t),t]dt.
See Pollak [103, p. 493].

’
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that at each time there is a return (utility) which depends only on the
values of the consumption at timie t, such that the utility of a whole
history is the sum or integral of the value of the ulilitics at each

moment of time,

A little reflection on the model of equations (3.1) (3.3)
suggesils a variety of ways through which uncertainty may be intro-
duced into the problem. For instance, it may be admitted that, among
other sources, uncertainly emanates {rom the following four, namely:
(1) the rate of return to capital,

(2) a. the production function (if the model is interpreted
as a national output growth model), or
b. non-capital income (if the model is interpreted as an
individual's planning problem),
(3) the utility function; and

(4) the time horizon.

It turns out that these four sources are actually the ones that
have, in varying degree, attracted the greatest attention, and of the
four, the most widely discussed so far is the first - the rate of return
to capital. The latter which is also the earliest attempt at introducing
uncertainty explicity into the Ramsey-type model, began with the work
of Edmund Phelps [100] in 1962. This also forms the starting point

of study in the present chapter

1. Uncertain Rate of Return to Capital

In the context of a finite horizon, discrete time-form, Phelps

studied the problem of a consumer who aims at maximizing

T = E L3 & e 0<p < 1 (3.4)
T r t=1 t
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subject to

Yeer = TV me)tx y, = k (3.5)

where
the subscript t stands for timec period,
<, is consumption,
u is the individual's von Neumann-Morgenstern
utility function in period t,
Yt is capital (wealth) on hand,
X is non-capital income assumed constant in every period,

rt—i is the random rate of return to capital, and the r,

are independent and drawn from the same probability
distribution.

In solving the above problem, Phelps employed the method
of stochastic discrete-dynamic programming, and arrived at the
following results. First, optimal consumption is an increasing
function of both age and capital, thus confirming the result of the
deterministic theory, and pointed out that without furthcer restrictions
on the utility function, it is not possible to make any more definite
statement. Phelps then studied three special cases of positive
constant relative risk aversion utility functions, which while they
cannot yield general theorems, do help in "providing counter-examples
to conjectures".2 For instance, he shows that quite apart {rom

reasons of time preference the classical phenomenon  of

Phelps [100, p. 730].
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. 3 .
"hump saving"  necd not occur if capital is risky. Instead, a low-
capital "trap" region is possible in which it is optimal to maintain

or decumulate capital no maiier how distant the planning horizon.

The three special types of ulility funclion studied are:

(1) ule,) = u - xct’y 9, y>0, A> 1 (3.6)
(2) u(e,) = A’ AN>0, 0<vy<1 (3.7)
(3) u(ct) = log Ct (3.8)

What these three utility functions have in common is that
they are the only monotone increasing and strictly concave utility

functions for which the proportional risk aversion index

q(c) = -cu"(c)/ u'(c) (3.9)
is a positive constant.4 They have been widely studied in the lite-
rature because of the convenience of analytical solution possible
when they are as surned.5

Taking equation (3.6) it may be shown that optimal

consumption out of uncertiain income is smaller than out of certain

income (the "structural" effect)., Also, an increase in expected

A consumer may have two different motives for saving: (1) saving

for posterity - i.e. saving to provide for his heirs; (2) saving

only to be able to spend at some later stage (e.g. retirement).

This latter has been widely discussed in the literature under the name
of "hump saving", so called because the saving path in this case is
usually humped. The "hump saver"saves while young and dissaves as
he grows older, e,g.,see de Graaff[53] and Ramsey [10§]. The condi
tions under which hump saving will take place when capitalis risky
have been carefully spelt out by Samuelson 1137 See pp 28-29 below.

See Hakansson [656, p. 450].

For instance, for this class of utility funclions, il has been possible to
prove the so called "separalion thcorem™.
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return encourages consumptiion, while an incrcase in uncertainty of
capital lowers optimal consumption (the "marginal" effect). The
reverse is truc in the case of the utility function in (3.7). That is,

the ulility functions (3.6) and (3.7) yield opposite results. However,

it is interesting to note that in all cases, "risk always opposes return".
Also, it is clear from the foregoing that the "structural” and the
marginal effects are in the same direction.

To understand the meaning of the contrasting results given
by equations (3.6) and (3.7) one only needs to realize that both of them
have the same parameter vy for the elasticity with respect to consum-
ption except that in the one case the parameter carries a negative sign
and in the other a positive sign,

For the utility function in (3.8) i.e,, the logarithmic utility
function, the optimal consumption rate is independent both of the
expected return and size and change in the uncertainty of capital.

The above results have been confirmed by more recent writers
including Levhari and Srinivasan (81 ) Samuelson [1137, Merton [887,
Hakansson [56,577] and Hahn [(55].

Levhari and Srinivasan followed Phelps in studying the same
problem, with the little simplificatlion that non-capital income equals
zero. However, Levhari and Srinivasan studied the case of infinite
time horizon instead of {irst analysing the model for finite time hori
zon, and studying its limiting properties as T tends to infinity as
Phelps did. Levhari-Srinivasan derived a set of conditions charact-
erizing an optimal policy and proved the sufficiency of concavity of

utility function for a maximum. They also extended their model to

6

The "structural" and the "marginal" effects will be defined
precisely in Chapter V.
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cover the problem of dynamic portfolio sclection. Hahn's work is
best rcgarded as a companion to that of I.evhari-Srinivasan.

Taking for granted thc existence of solution, Hahn's objeclives were
to derive the propcriies of the optimal path "in a simpler way" and to
reinterpretl them.

Samuelson [113] and Mertion [88] studied identical problems,
one in discrete time form, and the other in continuous time form.
Since they also reached the same conclusions, it is necessary to dis-
cuss only one of them. Samuelson's formulation will be employed
here not only because it is simpler than that of Merton (which, or
course, is a good enough reason), but also because il is closer to the
Phelps' formulation presented above. Besides, although Merton
presents the continuous version, he also begins with the simpler dis-
crete case, and to solve his model he also resorts to dynamic pro-
gramming formulation just as Samuelson does.

Several aspects of the Samuelson-Merton problem are also
studied in Hakansson [56]which also covers some problems not
touched upon by Samuelson and Merion. For instance, Hakansson
explicity includes in his model the problem of random time horizon
as well as the possibility for the decision maker to borrow or lend
and buy insurance on his life or sell insurance on the lives of others.
However, the remainder of this section will be devoted largely to the
Samuelson-Merton study, and the main part of the Hakansson study

will be taken up in section 4 below.

The Samuelson-Merton Model

Consider the simplificd Ramscy model described by equations

(3.1)-(3.3) which are repealed here for convenien-:e :
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Max f: e u [e())d (3. 10)
subject to

c(t) = ry(l) - y() (3.11)
and

ylo) =y, y(T) =y, (3.12)

where the variables are as defined above.
Since there is no terminal wealth, the model may be

reduced to a standard calculus-of-variations problem,

J = max J‘Te’pt ulry -~ y]dt (3.13)
{y(t)3 *°
which can be related to a discrete-time formulation
T -
J=max T(1+p) u[ct] (3.14)
o
subject to y
t+1
= - = . 15
o T -t Vg1
max )(j) (1+p u[yt~ 1+r] (3.16)

for prescribed Vo Vit

Recursion conditions for regular interior maximum

Yy Yy
_1_"'_&| ___t__ - 1 t+ 1 3.17
1+ru[yt—1 1+r] u[yt 1+r] (3.17)

are derived from (3. 16) by differentiating partially with respect to
each Yy in turn. With a concave utility function u, solving the second
order difference equation (3.17) with boundary conditions (yo, YT+1)
suffices to give an optimal life~time consumption-investment programme.
So far, the model has been deterministic. To make it stochastic,

suppose that part of the individual's wealth is now invested in a risky

asset. To be specific, postulate that in addition to:
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(i) a safe assct that mnakes $1,00 invested in it at time
t return to the investor at the end of the period
$1.00 (1 + r) therc is also

(ii) a risky asset that makes $1.00 invested in it at time

t, return to the investor at the end of the period $1.00 Zt;
where Zt is a random variable subject to the probability distribution
P (Zt < z) = P(Zt) , Z > 0 (3.18)

Hence, Zt+1 1 is the percentage "yield" of each outcome.

Suppose that at each instant of time, the optimal fraction of
wealth invested in the risky asset is et. Then, 1 - et is the optimal
fraction going into the safe asset. Once these optimal fractions are

known, the constraint (3. 15) must be written as

y
t+(1 (3.19)

c. = [y, - 1.
t t ((t-0)(l+r)+e2]

Using (3.19) instead of (3. 15), the stochastic generalization
of (3.14) and (3.15) or (3.16) is writien as

T
JT (yo) = max E E (t+p) u [ct:]
subject to
c, = [y Tttt ] (3.20)
t t [(1—et) (1+r)+etzt

y, given, y. 4 prescribed.

The programme (3.20) is the basic stochastic programming
problem that needs to be solved simultanecously for optimal saving-
consumption and portfolio selection decisions over time.

To grasp the meaning of the problem represented by (3.20)

imagine an individual who has to acl now (period o) to select Co’ and
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€ Assumec he knows Vs bul does not know yet how Zo will turn out.
He must act now, knowing that one period later, knowlcedge of Zo's
outcome will make ¥y known.7 Contingenl on knowledge of Yy he will
again have to make a new decision, but for now the best he can do is

guess what that decision will be.

Employing backward-optimizaticn dynamic programming,
Samuelson showed that the optimal conditions for the problem of (3.20)

satisfy the following recursive optimality equations:

1
wile ) - L+ EJL , (y) {(1-g)(1+r) + g Z_)

o}
1

- co) (Zo 1 -r)

o]
-1
o = u'(cy, ;) (1+p) E T, (y,)i(1-8 _)(1+r)+e 7 )
(3.21)
o = EJ, by, , c_ )2 _,-1-1)] (3.22)

t =1,...T 1
Solving (3.22) at any stage gives the optimal decision rules

for consumption-saving and for portfolio selection, in the form:

¢ = fpp )

and
6, = 8p_. (v) (3.24)

since the Z's are independently distributed.

Having thus solved the problem for any finite T, what is

left is the important casc of infinite time horizon. There are two

This is the definition of temporal uncertainty. See Chapter II, p. 6
above.



SOURCES OIF UNCERTAINTY 26

alternative procedures: (1) FFor well-behaved u (i.e., u' >0, u'"<0),
simply let T =« in the above formulac or (2) as often happens, the
infinite case may be the casiest of all to solve, since for it,

c, = f(Yt) and et =g \(Yt), independently of time. Samuelson showed

t
that both Ct and et can be deduced as solutions to the functional

equations:
o = u' [{(y)]- (1+p):1krmJ'[y—f(y)] {(14+r)-gly)z-1-1 }
) [ (14r)-g(y)Z-1-r)] dp (Z) (3.25)
o = f:u'[{y—f(y)}(Hr—g(yxm—r)n [Z-1-r] (3.26)

He then applied the results to the special case of isoelastic
marginal utility functions, u'(c) = cY_i, Y <« 1 and obtained the result
that "the optimal portiolio decision is independent of wealth at each
stage and independent of all consumption-saving decisions".

This result was confirmed by Merton who adds that for the Bernoulli
case (i.e. where vy = o) the "separation" goes both ways, i.e.
consumption decision is independent of financial parameters, except
" the level of wealth, 9

Hakansson [56, p. 459 goes even a step further. He proves
that for utility functions possessing positive constant relative risk
aversion, not only is optimal portfolio of risky assets independent of

wealth, but in addition, it is independent of non-capital income stream,

age and rate of impatience to consume. Moreover, the size of the total

8
See Samuelson [113, p. 2447,

Merten [88, p. 2537,
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investment commitment in risky opportunities in each period is pro-
portional to the individual's wecalth plus the present value of his potential
non-capital income. With non-capital incomne equal zero, the ratio of
risky portfolio Lo total portlolio is independent of wealth, age and impa-
tience,

%

The optimal fraction of wealth invested in the risky asset §

is then a constant, which as, Samuelson shows, is a solution of
© Y-i
o =[ [(t-0)1+r) + 2] (2 -1 1)dP (Z) (3.27)
o

For the no beguest case ( o), Samuelson shows

e Vpgy T
that the optimal consumption decision at each stage is of the form
* 3.28
= C .
i TiVTa ( )
where one can deduce the recursion relations

{ a, / (1+61)

[(14p) / (14 )Yy 1Y (3.30)

1

C

{ (3.29)

2y

where 1-y is the Pratt-Arrow measure of relative risk aversion.

(Y= L6 (1) 4 627" ap(z) (3.31)
c, =ayc ,/(+ac ) (3.32)
:ail/(1+a1+ai+ .ai1)< c. 4 (3.33)
- ai1 (2, 1)/(ai1+1— 1), a, # 1 (3.34)
=1/ (1+i) 5 a =t (3.35)

The limiting case where y =30 yields the Bernoulli logarithmic
function,

a, = 1 +p from (3.30)
independent of r* and all saving propensities depend on subjcctive

time preference p only, being indgpendent of technological investment
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opportunites (except to the degrece that Yy will itsclf definitcly depend
on those opportunitlies).

1+ r* can be inlerpretied as a kind of "risk corrected" mcan
yield; and the behaviour of a long-lived individual depends critically

on whether:

B3 1
(1+r )Y i (1+p), corresponding to a, i 1. 0
where vy is the elasticity of the ulility function, u(c) = 1 cY,

(i) For (1-|—r>l=)Y =(1+4+p), i.e., a1 = 1, the individual plans
always to consume at a uniform rate, dividing current Yoi evenly by
remaining life, 1/(1+4i). If young enough, he saves on the average;
in the so called "hump saving" fashion, he dissaves later as the end

comes sufficiently close in sight.

(ii) For (1+r>!<)Y > (14p), 2, < t and investment opportu-

1
nities are so tempting that one consumes nothing at the beginning of
a long-life. Again, hump saving must take place. With T = «» , the
perpetual life-time problem is divergent and ill-defined except for
y <0and p> 0.

(iii) For (1 + v*) < (1 +p), a, >1, and consumption at very
early ages drops only to a limiting positive fraction, rather than
zero. Whether or not there will be initial hump saving depends on

the size of r* - ¢, or whether
[20]
1
ri-1- [+ y®) [ (14p)) L -y S0

All the above derivations depend on the no-bequest assumption,

but the Merton companion paper shows how the analysis can be

10
The conditions under which hump saving will take place when capital

is risky are thus made more precise. See foolnote 3 above.



SOURCES OIF UNCERTAINTY 29

gencralized t{o cascs where a bequest function B is added to

oY ppt)

2 (1 +p) " ule,).

Optimalily under Serially Dependent Yields:

So far in this section, all the studics cited have assumed
that investment yields in the various periods are statistically inde-
pendent of yields in previous periods. The exilension to cover the
case in which yields in the various periods are serially correlated is
the subject of Hakansson and Liu [59]. By utilizing a number of
powerful assumptlions and theoremns in the theory of stochastic pro-
cesses, Hakansson and Liu are able to prove that the "separation
theorem", proven for the statistically independent case, still holds.

The most important of the assumptions are:

(1) The economy obeys a (possibly) non-stationary
Markov process.
(2) The Markov chain formed by the transition probability
is irreducible and ergodic. i
The first assumption is not as restriclive as it might seem at
first sight. Proposition VI.3 of Chapter VI states that a given sto-
chastic process can always be converted into an equivalent Markov
process by appropriate definition of the stale space.
The validity of the second assurnption is not entirely clear.
Whereas the importance and usefulness of stationary processes are

due to the fact that ergodicity theorems can be proved for this class,

Hakansson-Liu do not require the economy 1o be stationary in any of

11
See definitions VI, 15 and VI. 16 in Chaptler VI.
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the various scnses of the term. The proof of the validity or invalidi
ty) of the crgodicily assumption in this casc is beyond thec scope of

the present work, but it does sccm that the scparation theorem proved
by Hakan sson-Liu depends significantly on this assumption.

Other main results of the Hakansson-Liu study are the following:

t) Optimal investment policy at each decision point is myopic, i.e.

it is independent of the behaviour of the economy and the
available opportunities beyond the current period;

2) Optimal investment policy is the same as the optimal sequential
policy when the utility of distant wealth is logarithmic.

3) With serially dependent yields, the logarithmic utility for
distant wealth is the only utility function which gives an
optimal (sequential) policy which is myopic;

4) The optimal policy is such that there is no possibility that the
investor will be ruined. Ewven if he pays himself dividends
so large that the expecled growth rate of his capital is
negative, he will survive indefinitely long !

5) While the optimal investment policy is independent of wealth,
dividend, and returns beyond the current period, it does
depend on everything else; the interest rate, the economy's
transition probabilities, the distribution functions of the
risky opportunities for the state concerned, and therefore,
on the state itself,

2. Uncertain Production Function.

There is virtually no literature on the problem of introdu-
cing uncertainty through the production function. In fact, the only
direct attempt is that of Mirrlees [90], and this is unpublished.
Mirrlees assumes that labour is subject to Harrod-neutral technolo-

change, 12 At’ which is a2 random variable., In particular, log At is

12

Harrod-neutral technological change is defined in scveral standard
texts on growth theory, e.g. Burmeister and Dobell[20, p.697.
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assumed forced by a Wicner-IDrownian motlion process. The definition

oj the Wiener-Brownian motlion process is given as definition VI, 18 in

Chapter VI. X(i) in thal dclinition corresponds Lo log At in Mirrlees,

The main assumptions are as follows:

(A.1) %f 0 <1 <", then A‘/At is indepcndent of A{' , (0 <" zt), this
is the Markov properiy.

(A.2) 1ihe distribution of AT+t / AT is independent of T for fixed i,

this is the homogeneily propertiy.
(A.3) log At is normally distributed with mean (¢ B)t and
variance 2 8i;

(A.4) AO takes some value with probabilily 1.

A few commentis may be made on these assumptions. The
Markov property, assumption (A. 1), may be supporied by proposition
VI.3 of Chapter VI, and so needs no further comment. Assumption (A,2),
the homogeneity propertiy is another way of saying that the Markov
process has stationary transilion probabilities. A Markov process is
said to be homogeneous in time if the transition probability depends on
t and T only through the difference (T-t). The third assumption (A.3)
requires that log At be normally distributed. In other words technolo-
gical progress At is lognormally distributed, and hence the Brownian
motion is for log At and not At itself. One possible reason for this
assumption rather than the assumption of normalily is the fact that the
entire range of the lognormal distribution is positive whereas the nor-
mal distribution is symmetrical with respect to zero. The lognormal
distribulion is positively skewed. Frequency curves of the lognormal
distribution for various values of mean and variance are piclured in

figures I and II (p. 58 below). The mean m and variance V of a

lognormal distribution are given by
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2 2 2
2+ o
- (e

1
m = e T7Z0° and V =e¢ 1)

2 . i
where g and ¢ are the mcan and variance of the corresponding

normal distribution., In the case of assumption (A.3) these beccome

2(a + At 2at
m:eat , and V:e(a4B)L—e(l

It need hardly be said that assumptions (A.1)- (A.3)
together are indeed very strong. Mirrlees does recognize this.
Whether or not the picture thus painted can be supported by emprical
evidence will not be entered into here, but it is a worthwhile effort if
it can be done.

Having stated and discussed Mirrlees' assumptions, his pro-

blem may be framed as that of maximizing

_ c
T=E [®e Pt 1, w (=f) at (3.36)
o ¢ %L,
subject to

o, + K = AL, I Etiﬂ-t) , K, > 0, K_ given (3.37)
where Lt - Loenl‘E

L. = labour

K = capital

c = consumption

p = discount factor

t = time subscript

A = the random Harrod-neutral technological change

Mirrlees derives a set of conditions characterizing an
optimal consumption policy for this problem and he shows these
conditions to be a function of per capita capital and the level of tech-
nology. His conditions may be regarded as the stochastic equivalent

of the Keynes-Ramsey rule or the Euler equations and transversality
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condilion for the optimal path under certainty. For the casc in which
the elasticity of marginal ulilily is a consiant grealer than unity and
the production function is Cobb-Douglas, Mirrlces shows that optimal
saving will increasc with uncerfainty.

Samuelson has shown that his problem is equivalent to that of
Mirrlees provided

(a) equation (3.19) above is replaced by

£f(y JA ) - N }
AFyAD -my - (y oy

(b) technological change is allowed to be governed by
the probability distribution

P {A =
{ ¢ S At+121 P(Z)

(c) Yt is reinterpreted to be Mirrlees' per capita capital

Kt /L ¢ with Lt growing at the natural rate n, and

(d) it is posited that Atf (Yt / At) is a homogeneous
first degree concave neoclassical production function

in terms of efficiency units of labour.

The possibility of drawing this relationship gives suppori to
the legitimacy of interpreting equation (3.2) as a transition equation
either in the context of a growth model or in the context of an indivi-

dual planning model as has been done on p- 18 above,
3. Uncertain Utility Function

In all of the foregoing analysis., a common practice is the
assumption of a utility funclion which is static in one sense or the
other, Thus write Dreze and Modigliani [35, p. 687 "consumplion
preferences are assumed to be independent of the events underlying the

realizalions of the random variable (y,,r)". Also, Phelps' ulility
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function, equation (3.4) implics scparabilily, stationarily and indepen-
dence1.3 On an individual planning level, a stationary utility function
is restrictive enough; on a socictly planning level, the only delfence for
such a utility function is its simplicity. There is an obvious need to
make allowance for the fact thal future preferences both of the individual
and the sociely are, if anything, unceriain.

On a macro-planning level, this need has been recognized by a
few recent writers including Goldman [51, 527, Phelps and Pollak [10]
and Inagaki [647]. But they take a rather different viewpoint from the
one of interest in the present work. Phelps and Pollak analyse the pro-
blem as one of n-person non co-operative game, in which the inlerests
of the present generation are in conflict with those of the future.
Goldman suggests the practice of "continued planning", 14 arguing that
plans once formulated become immediately obsolete since the composi
tion of the society is constantly changing.

These special issues will not be pursued here, since the
interest is on the sense in which the utility function may be regarded
as a source of uncertainty. There are two senses in which a utility
function may be regarded as uncertain. In the first place, a utilitly
function may be regarded as uncertiain because its arguments are

stochastic; e.g., the utility function u(c) is uncertain because c¢ is

13
These terms are explained in Phelps [100, p. 732].

14
"Continued planning' requires that at each moment in time the current

population be free to select whatever future plan it desires and to
begin the immediate implementation of this plan. This should be
compared with "sequential planning" under which new plans are

instituted only at the expiration of old ones.
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stochastic. In thc second place, the ulilily function u(c) may be
regarded as unceriain in the scnsc thatl the function u is itsel{ sto-
chastic. This second sensc of uncertain utilily function, is no doubt
much more weird than the first and there is litile or no literature on
the subject. 5 Uncertainty of utilily function in the {irsl sense is the
subject-matter of Stigum [1237. Although Stigum formulates a
rigorous definition of an uncertain utility function in this sense, no
theorems emanate from his study and one is left in the dark as to
what impact this source of uncertainty has on optimal decisions. It
is, therefore, best at this point to conclude that the analysis of inter-
temporal consumption-saving allocation with uncertain utility function

is right now only at its descriptive stage.

4, Uncertain Time Horizon

Several writers, e.g., Fama [36] and Stigum [12 3] have
included in their models the problem of uncertain time horizon, but
Yaari [150] , and Hakansson [56] are devoted entirely to this problem.
In all these studies, the procedure is to firsi solve the optimality
problem under the assumption that the horizon T is a known fixed
number, and then proceed to investigate what happens to the optimal
properties when T is no more fixed, but a random variable distributed,
say, on an interval [0, E] . This procedure was adopted, in particular
by Yaari who analyzed the problem for four combinations of bequest/
no bequest motive and insurance/no insurance, by means of classical
variational calculus. The same problem has been analyzed by Hakansso
for the special case in which the one-period utility functions have rela-
tive risk aversion indices which are positive constants. Hakansson

employs discrete-time dynamic programming.

15 See, however, Hildenbrand [61] and the literature therein cited.
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Yaari formulates iwo alternative hypotheses to describe
consumer behaviour in the face of uncertainty of life time. One
sees the consumer as attempling {o maximize the expected value of
what he calls a "Fisher ulility function", subject to the constraint
that his net assets at time of death be non-negative with probability
one. The other sees the consumer as atlempting to maximize a
"Marshall utility function", In the Fisher case, there is no bequest
motive; in the Marshall case, there is. The analysis is carried out
for each of the two utility functions for the case in which (i) insurance

is not available, and (ii) insurance is available.

The Fisher Problem Under Certainty

For the purpose of comparison, the optimality problem is
first analyzed for the case of certainty and in which there is no
bequest motive. The model may be represented as

Max J.(c) = ITp (t) ulc(t)]dt (3.41)

o
subject to

(i) y(T) =o0

(ii) c(t) =z ofor alltin [0,T]

(iii) y(t) J‘T{exP J‘T r(7)dT ) {x(t) - c(t)1dt = 0
o t

The symbols are to be interpreted as before, namely:
(1) p is a subjective discount function satisfying
p(0) = 1;
(2) u is a cardinal utility function - concave
and {wice differentiable;

(3) y(t) is the consumer's nel asset al time t;

(4) r(t) is the rate of interesl expected at time (t);
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(5) x(1) is the rate of carnings (othcr than intcrest)
(6) «<(i) is the stream ol consumplion;
(7) y(T)is nct assct at terminal time T,

(8) The subscript £ on J is mncemonic for Fisher.

Yaari showed that the optimal plan c¥ salisfies the diffe-

rential equation:

G (1) = - [xly Sty wleld ] (3.42)
p( w e (t) ]

where p/p may be regarded as the consumer’'s subjective rate of
discount. For instance, if p(i) = ekt, then ;.)(t) /[ p(t) =k. Thus

equation (3.42) says that c* is increasing whenever r(t) > E)(t)/p(t) .

Uncertain Horizon

With random T, J{c) and y(T) are also random since these
depend on T. To solve the problem one needs to find the maximum of
the expected value of J, subject to the constraint, y(T) = 0, which
is now probabilistic. The constraini problem may be solved either
by replacing y(T) = 0 with a new constraint.

P {y(T) =0 } =1 or by imposing a penalty ¢ [ y(T)] such

that
w(t) = 0 for 7 = O

< 0 for 7 < O
In this case a new utility function (a Marshall ulility function)

J (c) is defined as
m
T
J (e} = [Tot)ulet) Jat +8(T) ¢ [y(T)] (3.43)
o]
where @ is a concave ulility funclion {for bequests and g is a

subjective discount funclion for bequests,
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(f,ase A

Fisher Utility Function, Insurance Unavailable

Max J”T P(t) p(t) u[c(t) )dt (3.44)
o
subject to:
(1) c{t) = O forall t
(i1) c(t)

(iii) y(T)

x%(t) whenever y(t) = 0

A

1

0

where P(t) is the probability that the consumer will be alive at
time t, and T obeys the probability law specified by the density

function w defined on [ 0, T ].

Yaari showed that the solution c* of this problem will in
general, be composed of three types of segments: (1) segments in
which c*(t) = 0, the constraint (i) being effective; (2) segments in
which c¢*(t) = x(t), the constraint (ii) being effective; and (3)
interior segments in which neither constraint is effective. He

also showed that whenever c#*(t) is interior it satisfies

Sx (1) = [r(t) + };(E_) vy 2 (0) (3.45)
P i )

which is the counterpart of equation (3.42) under uncertainty. The
only difference between equations (3.42) and (3.45) is that p(t)/p(t)

in the former is replaced by =, (t) p (t) /p (t) in the latier. Since

t
Trt(t) p (t)y /p (t) ?-p (t)/p (t)’i‘c means that the future is discounted more
heavily in the uncertainty case, This is the Fisher case in a world

in which the consumer has no loved dependents. This result has

been confirmed and expanded upon by Hakansson [56, pp 456-58]

using positive constant relative risk aversion utility functions.
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Casc B:

Marshallian Utilily Functlion, Insurance Unavailable

Let _jm. be the cxpected valuc of J given by equalion
m
(3.43). After writing J and changing the order of intcgration, one

obtains:

(c) = EJ_(c)= [T @) p(t)u [c@)] + m B(t) g [y(t)]dt (3.46)

m m
(o]

Yaari showed that maximizing (3.46) subject to ¢ > o yields a pair

o

of simultaneous equations for the optimal consumption plan c* and the

corresponding asset function y* respectively, and that c¥* and y*

satisfy .
ex(t) = (riv) +22 g ) SLIHEL OO
P w'[ex(t) ] p (t) u"[c¥(t)] (3.47)
y* (t) = x(t)  c¥(t) + r(t) y* (t) (3.48)
Equation (3.47) may be rewritten as
() = x() + AL LU mlt)ptu: [c*(t)]-B(L)PLy*(t)]
olt) " unfex (1) o (t) un [ek(t)] (3.49)

The first term on the r.h.s. of (3.49) is the same as the-entire r,h.s.
of equation (3.42), It follows that the consumer is more impatient or
less impatient according as the second term is negative or positive,
i.e., according as p (t) u'[c*(t)_]§ B (t) e [y*(t)] . Again,
Hakansson has obtained explicit solution for the case in which

u'(-) = @'(-) and x(t) = 0, but for his special class of utility functions.
The optimal properties are the samc as in Case A except that the
propensity to consume out of "permanent income" is now lower

at each point in time.
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Case C:

Fisher Utility Function, Insurance Available

The problem is to maximize

J, = ij(t) p (t) u [c(t))dt (3.50)
(e]
subject to

(i) c(t) = 0 forallt
() [T fexp [ [Y5(n1} &0 -cl)yat =0
o o

where
ity = r(t) + wt(t) denoles the rate of interest on "actuarial
notes", and equation 3.50 (ii) approximates
J‘T’A{exp [ - j’t jir)ydr 1y {=(t) - c(t)}dt =0
o o
where T - A, A>0, is the time the consumer must settle his account
with the insurance company.

The solution of (3.50) ¢ » 0 which satisfies

Gx(t) = - (j(e) + AL, By wileHU)] (3.51)

P pt)  uek()]
may be obtained from equation (3.42) by putting j in place of r and

pP in place of p. From the definition of P and Trt(t) (in Section A)
it can be shown that

P(t) / P(t) = - m(t)

so that upon using j(t) = r(t) + -rrt(t), equation (3.51) becomes

b(t) . w [ew(t)]
o)} fexn] 0 ¢ 0 (3.52)

which is exactly equalion (3.42). Thc constanils of integration will,

c* (t) = - { r(t)+

however, not be the same in both cases. For the speccial class of
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positive constant rclalive risk aversion utility functions, Hakansson
56, p. 4617] shows thatl the consumer is better off without insurance,
and that the only possible justification for insurance when there is no

bequest molive is to meetl the "solvency constraint™”,
Case D :

Marshall Utlility Funclion, Insurance Available

The problem is to maximise

T_(ey) = [TUP® p(e) ul c(t)] + w0 E)ply(6)]dt (3.53)
(o]
subject {o
(i) c(t) = 0 for all t

T t
(1) J7 gexpl [ j(r)dr I {x(t)-c(t)-m (&) y(t)} at = 0
o

o
The consumer is now faced with a portfolio problem, namely. how
much of his total assets R(i1) he should hold in regular stock y(t) and
how much in actuarial notes Q(t). The actual maximisation is a
routine matter and it can be shown that c*(t) satisfies equation (3.52)
while y*(t) satisfies

Bt) . '[y* ()]
p(t) 3 'y (1))
As can be seen from (3.52) and (3.54) c*(t) and y*(t) are

y(t) = - {r(t) + (3.54)

symmetric in the sense that (3.54) gives the samc rule of behaviour
as (3.52) with B replacing p and ¢ replacing u. The most
important feature of equations (3.52) and (3.54) is that the laiter does
not involve c*. This means that when insurance is available, the

consumer can separate bis consumption decision from hisbequest decision.

15

Hakansson [56 ] has shown how the analysis can be extended to include
the problem of oplimally deierminingthe amount of insurance {o purchase.
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5. Conclusion

A generalisation of the type of problem tackled in this
chapter calls for designing a model which simultancously takes
account of all the sources of uncertainly. Such achievementi will
herald the maturity of stochastic control theory and of its application
in economics. Withoul doubt, this is nol an easy problem and need-
less to say none of the studies surveyed in this chapler aspires to that
goal.

Obviously, simultaneous recognition of all possible sources
of uncertainty will significantly complicate both the problem and its
solution. It is not yet known if the complicated model that will thus
arise is capable of solulion by any exisling tool. For instance, in his
exposition of the stochastic imaximum principle, Kushner [73, p. 14]
noted that recognition of a random horizon involves an addition of several

entirely new concepts to an already complicated problem.

However, one need not be discouraged by this fact. The
quotation from Koopmans [68] which appears al the beginning of
Chapter VI below is a plea for the interaction between tools and
economic science. A problem well-posed is half solved. Once posed,
the existence of the problem could stimulate research towards the
development of tools necessary for ils solution. In this vein, there-
fore, one could visualise the problem of this chapter as that of
selecting an admissible control [c*(i), @+ (t)] such that the tra-
jectory which transfers the phase point y(o) = Yo to y(T) = yp
yields a maximum to equation (3. 1) in whichwu, ¢, 8, p, T, r, vy,

Yo and Yp are all stochastic.

Before one can determine what the stochastic nature of
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the problem mcans for the optimal properties of the various rodels,
it will be necessary to find out how one might "mecasure" the un-
cerlainty that is involved in a whole system such as that represented
by equations (3.1) - (3.3) in which unccriainty is admitted from all
sources. This might well be an impossible problem. Attempts to
"measure" uncertainty have so far been confined to the static {rame-
work., KEven in this case, the task has been far from easy. In the
dynamic framework, the task will, no doubt, be much more difficult.
One might wonder if in the absence of analogous measure in the
dynamic framework, one can employ the "static" measures, and

if so, what that will imply for the stochastic processes that will be

assumed over the relevant variables, These questions will be

tackled in Chapter IV,



CHAPTER IV

MEASUREMENT OF UNCERTAINTY

Having discussed in the preceding chapters types as well as
sources of uncertainty, it seems natural to ask how uncertainty may be
"measured “.1 The problem of the measurement of uncertainty is an
interesting one in its own right. The task of having to determine the
impact of uncertainty on optimality makes the measurement problemall
the more important.

As was mentioned in the last paragraph of chapter III, attempts
at measuring uncertainty have so far been confined to the static frame-
work. In this literature, three different approaches to the problem may
be distinguished, namely:

(1) the mean-variance approach;

(2) the approach inveolving partial ordering of cumulative pro-

bability distributions: the concept of stochastic dominance;
and

(3) the entropy approach.

In the first section of this chapter, the above three approaches
will be discussed. The second section will be devoted to a critique of
the uncertainty measures employed in the literature surveyed in
chapter III. An extension to this critique will be undertaken in section 3
which deals with additional problems that are introduced when the fore-

going "static" measures are employed in a dynamic framework,

The word "measure" is used in this chapter not in the rigorcus

sense of mathematical measure theory, but as an umbrella term
which, for want of a better term, is supposed to cover intuitive

notions of cardinal and ordinal measure.
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1. Approaches to the Mcasurement of Uncertainty

(a) The Mean-variance Approach:

The commoncst, and perhaps the earliest, approach to the
measurement of uncertainty is the so-called mean-variance approach of
Tobin [136] and Markowitz [86]. This approach simply identifies the
variance of a distribulion with the uncertainty (or riskiness) thatl is in-
volved in the situation. It is now well-known that the mean-variance
approach is generally invalid, and that the approach may be defended,
only under two alternative highly restrictive assumptions. These two
assumptions are:

(1) the utility function of interest is quadratic; and

(2) the random variable of interest has a distribution which

belongs to the family of distributions differing only by
"location of parameters" .Z

The quadratic utility function has been criticized on two main
grounds:

(1) it is relevant only for the rising portion of the curve; and

(2) it violates the hypothesis of decreasing risk aversion

which Arrow [4] and Pratt [105] believe to be a reason-
able one.
The first criticism is not a serious one, since the objeclion can easily
be met by imposing appropriate bounds to guarantee that the function is
increasing over the relevant range. The second criticism is an empi-

rical one.

See Rothschild and Stiglitz [108, p. 241]. Two distributions

F and G are said to differ only by "location parametcrs" if
G(x) = F(ax + b) where a > 0.bis called the "centering" paramecter
and a the "scale" parameter. See Feller [40, p. 44].
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In the context of the present chapter, a much more important
objection to the quadratic utilily function is the faci that with such a
function, optimality is not affccted by the degrec of uncertainty.
Thereforc, one interesied in measuring uncertainty solely for the pur-
pose of delermining its impact on optimalily need not worry about how
uncertainly is measured if the relevant utilily function is quadratic.

The question of the most appropriate probability distribution to
assume for the random variable of interest is another subject for empi-
rical verification. The normal and the rectangular distributions are
well-known members of the family of disiributions differing only by
location parameters. So far, agreement is far from being reached as
to whether the normal distribution, for instance, is an appropriate
assumption for the rate of returns to capita1.4 The rectangular distri-
bution has not even been suggested by any writer., Further comments

on this issue is differed to section 2 of this chapter.

(b) Ordering of Cumulative Probability Distributions~

the concept of Stochastic Dominance.

This approach to the '""measurement" or scaling of uncertain-
ty is a product of the general dissatisfaction with the variance measure,
and the literature owes the approach to the works of Hadar and Russell [54],
Hanoch and Levy [60]}, Rothschild and Stiglitz [109] and Whitmore[141] .
The essential idea behind the approach, which is largely an exercise
in the manipulation of cumulative probability distributions, is that of
"stochastic dominance"” . The concept of stochastic dominancc relates
to rules by which uncertain prospects can be ordered given different

sels of admissible ulility functions. Three different types

See Leland [80, p. 467].

4 The normality assumption has been questioned by several of the contri-
butors in Cootner [23] . See also Fama [36, p. 168] and Samuelson

(114, p. 537].
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of stochastic dominance have been identified, namely first- , 'second—
and third-degree stochastic dominance and these correspond respecti-
vely to (1) the set of unrestricted utility functiions; (2) the set of risk-
averse (concave) utility functions; and (3) the sci of decreasing risk-
averse utility functions.

Let F(x) and G(x) be two cumulative probability distribulions
where x is a random variable (continuous or discrete) representing the
outcome of a prospect. Then, the three rules are:

(1) First-degree stochastic dominance wunrestricted utility

functions:

The prospect F(x) is said to be preferred to the prospect
G(x), if and only if,

F(x) - G(x) < 0 forall xin [a,b]. (4.1)

(2) Second-degree stochastic dominance - risk-averse (concave)

utility functions:

The prospect F(x) is said to be preferred to the prospect
G(x) if, and only if,

j: [F(y) - G(y)ldy < 0 for all x in [a,b]6 (4.2)

(3) Third-degree stochastic dominance - decreasing risk averse

utility functions:

The prospect F(x) is said to be preferred to the prospect
G(x) if, and only if

f: IZ [F(z) - G(z)] dzdy< 0 for all x in [a,b] (4.3)

and

j: [Fiy) - G(y)] dy < 0 (4.5)

See Whitmore [141],
6

All the integrals in this section are to be understood as Lebesgue-
Stieltjes integrals. See Cramer [26, pp. 70-71].
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From the above three rules, il is clear that {rom the point of
view of disiribution functions that can be ordecred the mosti general is
third-degree stochastic dominance, followed by sccond-degree and firsi-
degree in thal order. The converse is true from the point of view of
admissible utilily functions, The extension to third-degree stochaslic
dominance is due to Whitimore. For other writers, ¢.g. Hanoch and
Levy [60] and Rothschild and Stiglitz [109], the investigation stops atl
second degree stochastic dominance. I is sufficient for present pur-
poses also to slop at second degree slochaslic dominance; and more so,
as it can be shown that second-degree implics third-degree stochastic
d0nr1inance.7 Besides, there are many practlical situations which cannot
be ordered by third-degree stochastic dominance.

Rothschild and Stiglitz have suggested three intuitive ways in
which the prospect G, may be regarded as more uncertain than the
prospect F, and shown that partial orderings derived in the three
different ways are all equivalent. Lel X and Y be two random variables,
and F and G, the corresponding cumulative distribution functions.
Then,

(1) Y is said to be more uncertain than X if Y has the same
distributlion as X 4+ Z, and Z is a random variable with the
property that
E(z|X) = 0 for all X (4.6)

(2) Y may be said to be more uncertain than X, if X and Y
have the same mean, and
EU(X) = EU(Y) for all concave U, 4.7)

(3) Y may be said to be more uncertiain than X if X and Y
have density functions f{ and g, and if g can be oblained
from f by taking some of the probabilily weight from the

centre of { and adding it to each tail of f in such a way as
to leave the mean unchanged.

See Whitmore [141, p. 458]

Ibid.
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The following definitions and concepls are uscful in defining
the pI:xrtial ordering that corresponds to each of the above three concepts

. . .
of increasing uncerlainty.

(1) Mean Preserving Spread:

A function s(x) will be called a mean preserving spread (MPS)

if it satlisfies

ra 2 0 fora< x < a+t

-0 £ 0 fora+d x<a+d+t

A

s(x) = -B < 0 forb<x < b+t (4.8a)

B = 0 forb+e < x<b+e+t

- 0 otherwise
where

0s a< a+tsat+ds<a+d+t (4.8b)
and

Be = ad (4.8¢)

It can be shown thal for such a function,

I 1 s(x) dx = fol xs(x)dx = O (4.84)
0 .
Therefore, if f is a density function then
1 1 1
"ro gx)dx = IO f(x)dx + ‘ro s(x)dx = 1° (4.9)
and 1 1 1
f xg(x)dx = f x[f(x) + s(x)] dx = jl xf(x)dx (4.10)
0 0 0

It follows that if g(x) = 0 for all x, then g is a density function with
the same mean as f. The effect of adding a MPS function s to { is

to shift the probability weight from the centre to the tails of the distri-
bution. The function g is said to differ from the function { by a

single MPS if g and f are densitics and s = g - f.

(2) Integral Conditions:

For two densities g and f differing by a single MPS, s,
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the difference of the corresponding cumulative distribution functions

(c.d.f's) G and F is thc indefinite integral of s. That is,

s =g {=S=G-TF (4.11)
where
Sx) = [ s(udu (4.12)
0
The function S(x) obeys the following properties:
(i)  S(0) = S(1) = 0 (4.13)

(ii) There exists a z such that
2 0 if x = 2z

S(x) (4.14)
<0 if x > =z

(iii) if T(y):J‘VS(x)dx, then
0
T(1) = 0 (4.15)

since T() = fl S(x)dx = x S(x) I (1) - f(; xs(x)dx = 0
0

(iv) Conditions (4.14) and (4.15) together imply that
Ty) = 0, 0<vy < 1 (4.16)

Conditions (iii) and (iv) shall be called "integral conditions".

Transitivity

A reasonable definition of "greater uncertainly" must obey
the property of transitivity. This property is obeyed if one can show
that given two random variables X and Y withc.d.f.'s F and G,
G may be obtained from F by a sequence of MPS's, The integral

conditions guarantee that this can be done.9

The partial orderings corresponding to the above three

concepts of greater uncertainty are the following:

See theorems (la and 1b) and lemmas (1 and 2) in Rothschild-
Stiglitz [109].
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The partial ordering < .

F < “ G if, and only if there cxists a joint distribution
function H(x,z) of the random variables X and Z

defined on [0.1] x [-1,1] such that if

Jy) = PX+Z < y) (4.17)
then
F(x) = H(x,1), 0< x < 1 (4.18)
G(y) = J(vy), 0< y =< 1 (4.19)
and

E(z|X=x) = 0 for all x,.

In terms of the random variables X and Y, an equivalent

definition is X <4 Y, provided there is a random variable Z satisfy-

ing (4.6) such that Y has the same distribution as X + Z.

(2)

(3)

The partial ordering Su .

Fsu G if, and only if

fl u(x) dF(x) = J“lu(x) dG (x) (4.20)
0 0

This is familiar from the theory of expected utility
maximisation.

The partial ordering <

F < 1 G if, and only if

G - F satisfies the integral conditions.

The main result of the Rothschild-Stiglitz analysis is to prove

that the three different partial orderings defined above are equivalent

(their theorem 2).Theproofofihe theorem consists of demonstrating

that

S => <> s =< (4.21)
a u I a

10

Relations (4.15) and (4.16) above. The similarity between the
integral conditions and the second degree stochastic dominance is

clear.

See relation (4.2) above.



MEASUREMENT OF UNCERTAINTY 52

The three different intuitive ways of visualizing grealcr uncert-
ainty, therefore, lead to a single definition of greater uncertainty.
This definition, however, differs from that resulting {rom the mean-
variance approach,

Whereas each of the foregoing threce orderings is a partial
ordering, an ordering based on the mean-variance approach (x < v Y,
if EX = EY and EX2 < EYZ) is notl a partial, but a complete ordering,

and is, therefore, stronger than any of the above partial orderings.

(c) "Entropy" as a Measure of Uncertainty .

It is interesting to realize that information theorists also
measure uncertainty in a way that approximates the discussion of the
last section; i.e., in terms of probability distribulion functions. In
the literature of information 1:heory,11 the crucial concept is that of the
"entropy" or the expected information of a probability distribution.

Consider a set n of events, X1 .. .Xn, with probabilities
PP > forming a complete set in the sense that exactly one of them
will certainly occur. When one receives a reliable message that Xi

has aclually occurred, the information content of the message is defined

as
h(Pi) = - log p, (4.22)

The information content h(pi) of a message is a decreasing
function of the probability P, Whereas, any decreasing function will
do, it is conventional to take the log of the reciprocal of the probabi-
lity P, because this affords the convenience of additivity in the case of
independent events,

The expected information (entropy) is therefore defined as

n n 1 n
HP) = Z P.h(P)=Z Plog= = T P, logP, (4.23)
T R S N S S i

That is, H(P) is a weighted average of h(Pi)' H(P) is non-negative, and

11
E.g . Shannon [118), Shannon and Weaver [119], Theil [133,134] ,

Murphy [ 94] and Kullback [71] .
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is zero if and only if one of the probabilitics Pi is 1 and all others O.
In this case, Pi log P‘.1 is really not defined, being of the form zcro
times minus infinity. However, by convention, Pi log Pi is taking
as equal zero if Pi = 0. Since H(*) = 0, ils minimum value is zcro,
and this is ailtained when Pi = 1 for some i, P, = 0 for all j / i. In
other words, no uncertainty exists in a situation when it is known before
hand that some Xi has probability 1. This is the casc in which the
probabilily distribulion is concentirated on a single point Xi'

On the other hand, the entropy (the uncertainty) is at a maxi-
mum when all probabilities Pi are equal. To see this, maximize H(:)

with respect to Pi subject to T Pi = 1. The resultis

-1 —1ogPi—)\ =0,i=1,...,n (4.24)
where X\ is the Lagrangian mulliplier,
(4.24) implies
log Pi:—l N (4.25)
Hence
(-1 -\) 1

P - _1 4.26
i 7 ° REEY ( )

implying that the probabilities are the same and hence equal 1/n. The
case of equal probabilities yields what is known to statislicians as the
uniform (or rectangular) distribution.

The foregoing analysis has been confined to the discrete case
because it is simpler, and also because it is more gencral in the
following sense. 12 A discrete distribution may be associated with
qualitalive characteristics as well as quantitative variables, However,
continuous distributions are more closely related to discrete distribu-

tions of the quantitative-variable type. Furthermore, while a change

12
See Theil [ 134, pp 391-92] .
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. 13
in measurement does not affcct the entropy in the discrcle case, the

eniropy in the continuous-distributions casc is affected by changes in

the unit and/or scale of measurement. However, once these reserva-

tions are borne in mind, the continuous extension of the discrele enlropy

measure is straightforward.

Suppose now thal thc distribution is continuous with densitly

function f(:). The entropy of a continuous distribution is defined as

H = Jf; f(x) log f(x)dx (4.27)

As an example, take the normal distribution with mean p and variance ¢ :

Hence

fx) = —— exp [ -3 Etg (4.28)
oVen c
H = (log ovﬁF)‘ﬁ; £(x)dx +'—L§‘[Z(x—*nszde (4.29)
20
= % log 27 eo® (4.30)

Equation (4.30) shows that entropy (and hence the uncertainty)

depends on variance alone, and not on the mean. Hence in this case,

the variance is an appropriate measure of uncertainty.

The following statements have been proved by Goldman [50, pp.

127-1347:

(1) Out of all distributions with a given variance, the normal
distribution is the one with the largest enlropy (uncertainty)
provided the range of variation is ( -w, o) .

(2) When the range of variation is finite the rectangular distri-

bution has the largest entropy.14

13

Observe from equation (4.23) that x does nol enter into the definition

of the entropy. For the continuous case (see equalion 4.27), x does
enter into the definition of eniropy.

14

This is in agreement with the resull given by equation (4.26) above.
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(3) For a distribution over (0, o, the maximum entropy case is
that of the negative exponential distribution, the density
function of which is

-ax
a C

where a = 1 is fixed, and p is the mean of exponential
distribution.

In the literature of statistical decision theory, thc uniform distri-
bution has also been associated with maximum uncertainty (or "total
ignorance", to use the decision theoretic term), but this has sparked off a
long-standing controversy. The conception by which the uniform distri-
bution is associated with total ignorance or maximum uncertainty has been
known in the literature as the "Bayes' Postulate" 15 or the "Principle
of Insufficient Reason ".1

One may conjecture a statistician's analog of the entropy measure
of uncertainty by drawing attention to the fact that the uniform distribution
(maximum entropy) is the limit of what statisticians call "platykurtosis",
while the degenerate case with the entire probabilily mass (or density)
concentrated on one point (minimum entropy) is the limit of what is called
"leptokurtosis', One could therefore define a partial ordering similar to
those of sub-section (b), provided one noles that kurtosis and uncextainty
are inversely related, whereas enlropy and uncertainty are positively
related, at least for smooth distributions having fourth moments.

Perhaps the easiest avenue of carrying out the comparison
between the measure of uncertainty discussed in this sub-section and that
of the preceding one is via the third concept of greater uncertainty in that
sub-section (p. 48). One could envisage thal as the process of removing

some probability weight from the centre of f 1o add to each tail of f

See Schlaifer [117, p. 4457 .

16 Fellner [41, p. 27]. See also Pratt, Raiffa and Schlaifer [106 ,

chapter II, section 4.4].
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contijues , the resulting density will approach that of the uniform dis-

tribution.
2. Uncertainly Mcasures in the Literaturc surveyed in Chaptcr III

A brief revicw of the measures of uncertainty employed by the
studies surveycd in chapter III will now be undertaken. As mentioned
in section 1 of this chapter, the commonest measure of uncertainty
employed in the literature is the variance. A review of chapter III
reveals that one form or the other of the variance measure actually
figured prominently. Dreze-Modigliani, Sandmo, Leland, Merton, Hahn,
Phelps, Levhari-Grinivasan, all employed the variance measure.

Levhari-Srinivasan [81, p. 16] identified uncertainty with the
variance of a lognormal distribution. They then visualized a situation
of increased unceriainty about the yield rate r as one in which the ex-
pectation of r, ; remains constant, while the variance of r increases.
Lievhari-Srinivasan neither discussed nor gave any reason for their
choice of the lognormal distribution. A brief diversion is, therefore,
called for in order to bridge this gap.

For the simplest case of two parameter distribution, the mean

2
a and var B of a lognormal distribution are given by

e
a = eHM72° (4.31)
and 2 2
2 2u +
7= e M T (e - 1) (4.32)

where
p and 02 are the mean and variance of the corresponding normal dis-
tribution.

From equation (4.32), it is easy to see that the variance of a

lognormal distribution is a function of both the mean and the variance

17 See Aitchison and Brown (1, p. 8].
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of the corresponding normal distribution. But by holding consiani the
mean of the lognormal distribution, the variance of the latter beconics
a function of the variance of the normal distribution alone. It is inte-
resting to note that the lognormal distribution is positively skewed, and
that the greater oz, the greater the skewncss. An examination of the
frequency curves {for various values of 02 reveals in what sense in-
creased variance may be associated with increased uncertainty;, namely
the concentration of the density towards the right tail is greater, the
greater is the variance 02. In this latter sense, the mean is at least
as good a measure of uncertainty as the variance or any other moment
of the distribution, and there is no better reason for holding the mean
constant rather than the variance. Figures I and II illustrate,

In figure I, p is fixed and 02 is varied, while in fig II, the reverse

is done.

Hahn [557 which is a companion to Levhari-Srinivasan, is
simply contented with the investigation of cases "when uncertainty can

be measured by variance.

Leland {80) and Sandmo [116] employed the variance as a
measure of uncertainty, but in order to avoid the restrictions of this
approach, each of them tried to derive the variance in a particular way
Leland's approach, which is also adopted by Dreze-Modigliani [35],
is to develop the decision-maker's {irst order condition in a Taylor's
series up to quadratic terms.

The problem may be formulated as follows:

Max E[U (Ci’CZ)] (4.34)
subject to

c, = (1 - s)Y1 (4.35)

c, = Y_ 4+ (1 +1r)sY (4.36

2 2
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Fig. XL, Frequency curves of the logiormal distribution for threz values of

Source: Altchison and Brown [1,p.10].
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) =Y, (4.37)
= O (4.38)

Y1 is thc fixed income in period onc, and Y2 is the random income in
period two. The saving rale s is the control variable.
Problem (4.34) is a simple calculus problem yielding the first

order condition:

E(Ul) = (1 +r) E(Uz) (4.39)
where
3U <G
U, = —, and U, =
i 8c1 2 acz
Assuming that optimal s has been dclermined for the situation where
YZ = _3_{2, from (4.35) and (4.36) the optimal sO will determine a (c?, cg)
satisfying
0 0
U1 = (1 + r)U2 (4.40)

where the superscript indicates that the appropriate partial derivatives

0
were evaluated al (c,, ¢ Equation (4.39) may be expanded in a

1 2)'
Taylor series around (Ci’ CZ)' For fixed s, only <, is random, and so

equation (4.39) may be expanded as a function of ¢, alone, and this

2
yields
0 0 0 0 1.0 0
E(U,)" = sz (U, + U, (ey = e )+ 35U (e o 4 ... ]
f(YZ) d&z (4.41)
where 0
E(Ui) = E(Ul) when s = s
From equation (4.36), with {ixed s,
0 —_—
(c:2 -cz) = (Y2 YZ) (4.42)

Substituting (4.42) in (4.41) and integrating tcrm by term yiclds
‘ 0 _ 0 , 1,0 2 2
E(Ul) = U1 + 2U122 c + of(o) (4.43)

which contains the variance of YZ'
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Sandmon [116] adopts a more direct approach. Ie considers two
types of shift in the probability distribution of YZ’ namely:
(1) an additive shift which is equivalent to an increase in
the mcan with all othe r moments constant;
(ii) a multiplicative shift, by which the distribulion is
"stretched" around zero, or more precisely stretched on

the right side of zero, since Y2 > 0.

Sandmo then defines "a pure increase in dispersion" as "a strelching
of the distribution around a constant mean". To illustrate, consider
future income written as

yYZ + 6 (4.44)
with expectation

E[vY, +6). (4.45)

v is the multiplicative shift parameter, and ¢ 1is the additive one.

Since Y2 = 0, a multiplicative shift around zero will increase the mean,

The multiplicative shift must therefore be counteracted by an additive
shift in the negative direction so that expectation is constant. Taking
the differential of (4.45), the requirement is that

dE [\(Y‘2 +6] = E [dey +de)] =0 (4.46)
implying

dg /dy = -E(Y (4.47)

5)
and the indifference curve between the additive and multiplicative

shifts in the probability distribution of Y are negatively sloped, the

2

slope being equal to the negative of the expectation of Y The impli

2

cation of the analysis is that provided one remains on such indifference

curve, increased variance may be interpreted as increased uncertainty,
Phelps [100, p. 739] simply takes a rectangular distribution and

is thus enabled to measure uncertainty by the sizc of the variance.
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PROBABILITY PER UNIT INTERVAL
»

_ YIELD PER CENT
F1G. .. Comparizon of yield distributions for various stakes,

Source: Plackett[102,p.12].
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The variance is a good measure of uncertainly when the probability distri
butiox? is uniform. Howecver, it is important to ask how reasonable it is
to assume a uniform distribution for the rate of returns on capital.
While empirical evidence is as yet scanty on the most appropriate stoch-
astic process to assume for investment returns, most of what exisis
suggests the general class of random walk which includes normality and
lognormality as special cases. 18

Perhaps, no one particular distribution or stochastic process is
ideal. Plackett [102] suggests that yield distribution changes drastically
with changes in ¢ = number of bond (investment) units times the number
of years the units are held. In figure III, yield per cent (or rate of return)
is measured along the horizontal axis and probability per unit interval is
measured along the vertical axis. The distribution is shown to vary from

nearly normal (for ¢ = 10,000) to nearly triangular (for ¢ = 500).
3. Dynamics and the Measurement of Uncertainty.

From section 2, it could be seen that the literature of chapter
III invariably employed the variance measure of uncertainty., Also, it
has been seen that even within the static framework in which the variance
measure was originally developed, the latter is valid only under highly
restrictive conditions: the utility function is either quadratic or the
relevant random variable has a normal or rectangular distribution. On
the other hand, it has been seen that the two other approaches to the
measurement of uncertainty stochastic dominance and entropy - permit
a wider class both of utility functions and of distribution functions,
Furthermore, the evidence of figure III suggests that no one particular
type of probability distribution may be appropriately assumed for the

random rate of return to capital over an arbitrary time interval. While

18 See Cootner [23] and Samuelson [112].
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this observation dcals a devastiating blow on the variance measure, it

also gives a greater boost to the stochastiic dominance and cntropy
mcasures, since these permitl probability disiributions {o changec with
time. But this is not suggesting that the stochastic dominance and/or

the entropy measure can be carried over to an explicit dynamic {ramework
without serious undertones., What the stochastic dominance and the entropy
measures permit is the freedom to rc-order the distribution functions
after every period. From period to period given disiributions may change
their parameters. Secondly,a given distribution may become completely
inapplicable ,

The implication of any uncertainty measure, such as the variance
measure, which requires the distribution to remain unchanged from period
to period is obvious: the stochastic process that has to be assumed for the
random variable must be of the stationary type. 19 Limiting the admissible
distributions in the static framework to the normal and the rectangular is
resirictive enough. Adding the assumption of stalionarity to ensure validi-
ty of the measure in the dynamic framework is still more resirictlive,
since the implications of stationarity, e.g., for the rate of return to capital
do not even appeal to one's common sense, nor to the results of actual
empirical research. Intuition would suggest that the uncertainty involved
in situations in which only stalionary processes are admitted is lessthan
that involved if the more realistic non-stationary processes are admissible,
This is because for non-stationary processcs uncertainty affects not only
the realisation of the random variables, but also the values ol the para-
meters, If this intuition is correctl it means thatl the uncertainty involved
in dynamic optimisation problems, such as those of chapter III 1s actually

2
greater than those studies suggest. 0 Unfortunately, it is beyond the

19

See definition VI, 14 in chapter VI

20 Recall that in chapter II it was also found that these studies

under estimale the degree of risk aversion.
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scope of the present work to devise a truly rigorous mcasure of unccriainty
that will be acceptable in a dynamic context, If anything, the purpose of the
foregoing comiment has been to put one on one's guard in interpreting the
impact of uncertainty as set oul in chapler V. In rcalily, it may bc comple-
tely impossible to "measure" the amount of uncertainly involved in a whole
system such as that represented by equations (3.1) (3.3) of chapter III

in which uncertainty is admissible through every possible source.



CHAPTELR V

THE IMPACT OF UNCERTAINTY ON OPTIMALITY: A SYNTIIIESIS
1. Introduction

The impact of uncertiainly on optimal decisions has been referred
to in several contexts in the preceding chapters. The commonestl way
this impact has been rationalized has been in terms of the Arrow-Pratt

risk aversion indices,

-u" (c) /u' (c) and -u" (c)c/u' (c). (5.1)
where the primes denote differentiation.

In the special case in which

it is straight-forward to show that

a = -u" (¢) c/u' (c) (5.3)

is the elasticity of marginal ulility of consumplion with respect to
consumption.

Mirrlees [90] considered the case in which a >1 and showed
that optimal saving increases with increasing uncertainty. In addition
to a>» 1, Phelps [100] , Levhari-Srinivasan [81], Hahn [557,
Samuelson-Merton [113, 88] and Sandmo [116] considered a < 1 as
well as the borderline case of a = 1 which results if u(c) = log c,

and they were all unanimous in the conclusion that oplimal saving:

(1) increases with increasing uncertainty if a > 1;
(2) decreases with increasing uncertainly if a < 1;
(3) remains unaffeclted by increasing uncertainty if a =1,

A most vivid analysis along these line is availablec in Hahn [55] .
Hahn stiudied the Levhari-Srinivasan formulation of the problem; that is:

max E[; ptu (c(t))N

;i p > 0 (5.4)
t=o
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subject to
y(t) = [y(t-1) - c(t-1)] r, y(0)> O, y{t) = O (5.5)

where:
u is a concave utility function of consumption c,
r> 0, is a random variable, distributed independently of t; and
y(t) is wealth at time t.
In the Hahn analysis, the function g(.) defined as

g, c[y(0)]} = u{cly@M)}r (5.6)

is crucial. A similar approach has also been followed by Mirman [8§9 ].
g(.) may be regarded as the value of the consumption prospect at time

zero. From (5.6) one may compute

g =u' {cly)]) (1 -a) (5.7)
and

g = u' {c[yD)]} al-a)/r (5.8)

rr

where o has been defined by equation (5.3). By substituting a E- 1

in (5.7) and (5.8), it can be readily shown that the funclion g(.) is

a decreasing convex funcltion of r if a> 1
an increasing concave function of r if a < 1, and
linear in v if a =1,

Figures IV and V illustrate the effects of uncertainty on optimal
saving for the case in which there are only two possible rates of
return (r1 , rz) and these are changed to (ri , r‘2 ) leaving the mean
E (r) unchanged.

"What is relevant to the saving decision is the marginal gain,

in any period, from consuming a litile less in the preceding
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9(r,¢)

ALIC)|
efatr, 9}

Fig. IV. Effects of Uncertainty on Optimal Szving, a<l
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E[ﬂ (,",' c)]
EpC. o7

Fig. V. Iffects of Uncertainty on Optimal Saving, a>1

Source:Hahn [55, p. 22]
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perioed.’

1in (5.7) and (5.8) one can sec

By substlituling a >

<
what happens to marginal valuation as consumption prospect changes.

The analysis may be rationalised in a number of ways:

(1)

(2)

(4)

When a > 1, the expected marginal valuation increases
(see fig. V)when the ratc of return changes from (r1 ) rz)
to (!, r! ). This causes the decision maker to "margi-
nally prefer the"wmsafe " course of action, which is fulure
consumption. Hence in this case, optimal saving can
increase with uncertainty. The converse is true when

a< . When a =1 there is no change in marginal va-
luation, and hence no change in saving.

By analogy with the conventional gambling-insurance
analysis, one may say that when a > 1, the decision maker is
"insuring" his future (risk-averter), whereas when

a <1l heis "gambling" his future (risk-lover).

a >1 implies there may be "infinite disasters, but only
finite gains", because in this case the utility function is
bounded above but unbounded below; the reverse is implied
when a < 1. Hence, when a > 1, increased uncertainty
will cause the decision maker to increase his saving in
order to avoid the possibility of "infinite disaster. n3

As is done in the Hicks-Slutsky analysis of price effects in
ordinary consumer theory. the uncertainty effect on optimal
saving may be broken into incomec effect and substitution
effects. a > 1 may, therefore, be interpreted as the case
in which the positive income effeclt dominates the negative
substitution effect, whereas a < 1 corresponds to the case
in which the substitution effect dominates.

Hahn [55, p. 237 .

Note, however, however that the utility function employecd here is
strictly concave and is, thereforc, not a risk-lover's utility function.

For this interpretation, Hahn gives credil to David Gale.

Sandmo [1161 and Diamond [27] give this interpretlation.
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(5) Finally, applying ordinary maximisation rule of equating
margins also yields the same results. Equation (5.7)
with a > 1 implies the right-hand side is negative. As no
maximiser ever operalcs at a poinl with a ncgalive mar-
ginal value, thc optimal coursc of action is to raise the
marginal value by consuming less; i.e. by saving more.
The reversc is truc if a < 1. In this casc, the marginal
valuation g_1is only a fractlion of the marginal utilily u'
Hence optimality calls for reducing the right hand side
by consuming more; i.e. saving less.

In the remainder of the present chapter, a more detailed look at
the impact of uncertainly on oplimalily will be undertaken in the light
of the materials covered in chapters II, IIl and IV. In particular,
there will be an examination of how the consideration of different {ypes,

sources, time dimension 6nu1tiperiod and two period) and "measure-

ments" of uncertainty affects the impact of uncertainly on optimality.

2. Overalland Marginal Impacts of Uncerlainty

To begin with, it is necessary to distinguish two different types
of impacts, namely, the "overall" and the "marginal" impacts, of
uncertainty on oplimality. While this distinction is implicit in the

. 5 . o e
works of other writers, the precise distinction is due to Dreze and

For instance, in the analysis of section 1, the decision maker
was visualized as "marginally" preferring one course of action
over another., Hahn [55] was quoted above to have said that
"what is relevanti {o the saving decision is the marginal gain..."
Cn the other hand, in the Yaari-llakansson analysis of uncertain
horizon, the procedure was Lo compare optimal saving under
certainly (deterministic case) with optimal saving under uncer-
tainty (’'stochastiic case).
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6
Modigliani [357. In analysing the overall impact, interest lics in
the relationship belwecen optimal saving under certainty (the deler-

ministic case) and oplimal saving under uncertainty (the stochastic case),

and nol in the changes in oplimal saving as uncertainly changes.

The latler is the appropriate focus when one is interested in the mar-
ginal impact.
Following Dreze and Modigliani, the overall impact is defined

as thal impact which resulls when an unceriain prospect ¢ (y,.r) is

X
replaced by some specified "sure" prospect (y;, r+), whereas the

marginal impact is that which results when a "liltle" more uncer-

tainty is added {o the uncertiain prospect ¢ (y,. r).

2
Dreze and Modigliani emphasized the point that in general one

cannot ensure that the two impacts are well defined withoutl spccifying
the reference "sure" prospect (y—;, r
what is meant by "little more uncertainty” in the case of the mar-

) for the overall impact and

ginal impact. According to them however, in the special case of
"infinitesimal risks" ala Arrow and Pratt, the two impacts are
well defined and are identical. In this special case, one starts from

+ + . e .
a given sure  prospect (y2 , ¥ ) for which initial optimal consum-

It is fair to mention that Phelps 100, p. 7397 did clearly understand
this distinction; his distlinclion belwecen "marginal® and "stiructural®
effects is the same as the Drezc-Modigliani distinction between
"overall" and "marginal”. Also, Phelps noled that the overall and
marginal impacis are in the same direction.
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. . 1 . .
plion is cl , and then moves to an uncertain pro pect ¢ (y,,r) with

1
Z’
-[ .
E(YZ) = Yy E(r) - ! and probabilily concentrated in a neighbour-

hond of (y"z, r-l ).

In order to clicit the importance of the reference "sure" pros-
pect for the impact of uncertainty, Dreczce and Modigliani suggcested
three different criteria and formulated what they called a "certaintly

equivalence thcorem" f{or each of the three.

The reference crileria:

(2) Expccted valuc: y-; = ;2, r!

= r ,
+ +
(b) Market valuc: Y, and r arc such that:

- ihe prescnl value of y+ equals the present valuc of an uncertain
future income with marginal density ¢ (yz)‘,

- the (stock markel) price of an asset with surc yicld r+ equals_
the pricc of an asset whosc yield has the marginal dencily ¢(r).

. + + . . . . .
(c) Expccted utility: and r are a solulion of the implicit equation
P Yy, 2 I 1

max‘rU[cl, (yl - c,) (L4 r)+ YZ ] d¢ (yz,r)

Jur g, v, -2)a+14y,]dply,.n)

n

max Ulc_, (y, - c.) (14 r+)+y+]
c1 1 1 1 2

The Theorems7

Theorem 5.1: Expcclied Value

Let D denote the smallest convex domain in (cl, cz)spacc defined

Only the resulls are prescenticd here. Anyonc interesiced in detlails
should consull Drezc and Modigliani,
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by
fc = 'c‘l, Jp d(e,)=1)

X
Let r equal the rate of return on a perfectly safe assetl, if such an

aszet exists and is traded on a perfect market,

% du %
t - + "t = 22
Let v - U Fru,,, = 3 ’
1
v = E(y.) + ( ¢ ) [E(x) 7, and
Yo = BTy o ey U s
define €)= %1 (rx, ?2 )
R
If dc_ has a constant sign over D, then
1
du
A > =
22> implies ¢, = .C
dc, < 1< 1
1
Theorem 5.2: Expected Utility Uss
d
u u u
22 2 2
Let o - ;——-/acl-(l+rx)a ——-g-—-/acz = ——
2 u, dc1

Let yg be such that

X 0 ~ "~
max wlec, (y, c)(+r)+y,]=Eu[é, {y-c)l+r)ty,],

<, 1
and define
CO _ CO: (l‘x 0 )
1 1 » Yo I
u
. ] 22 >
Then, if d “22 / dc , has a constant sign over D,d —'-——/dc1 - 0
u, 1 u?.
implies
& T e
1 > 1

3
K

The subscripts on u denote partial differentiation.
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Theorem 5.3: Markei Value

Ey2u2(3 , C.)

X 1 2 X X X X
Le T = f - .
vy, Eu. (2. o) ,anddcimecl < (r ,yz)
2 1 2
! 2
Then, if 3 —/ 23 CZ has a conslanl sign over D,
u "2
2
2% L /%% 2 0 implies & 2 .
uZ 2 < 1 < i
Corollary 5.1
, U u
If over D, 3 —]:‘/BCZ < (=)0, and d - ——2—2-/dc has a
u 2 u 1
2 x 0 2
. A _ [
constant sign, then ¢, =< (=) c, S € S ¢
where
31 is the optimal consumption given the uncextlain prospect ¢ (yz, r);
CT, c? , ¢, are the optimal consumption resulling from the market value,

expected utility and expecied value crileria respectively.

Discussion of the Theorems and Corollary

The {irst pcint to re-emphasize afier stating the above theorems
and corollary is that no substantive statement about optimalily under
uncertainty can be made on the basis of the risk aversion function above.
Note that a different condition is needed for the completion of each of

the three theorems. In theorem 5.1, the condition is on the sign of

u

duZZ/dc1 . In 5.2 it is on the sign of d - -‘-1-2-% / dc1 . While in theorem
2 N i 2

5.3 the condition is on the sign of 3 1-1-—/ o) c2 . As Dreze and

2
Modigliani have noted, thesc condilions are "rather refined prupcrties"g

Dreze and Modigliani, p. 58.
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of the consumer's tasies,

duZZ/dc1 is the second derivale of u as a functlion of c2 alone

differentiated with respect to < It can be shown that d 22/dc

- .. 2 u 2 sk
includes the condition required for theorem 5.3, L /3¢

5
Y2
u /u2 is the consumecer's marginal ratc of substitution (MRS), and
2% 2
d — /3 c, is its second derivalive with respect to c,. MRS increases
u, 2 2
with ¢, , and
2
"1
32:1- > MRS increases at an increasing rate
2 < 0 = MRS increases at a conslant rate
3 CZ MRS increases at a decreasing rale.
2
u
22
d - u
2 is the derivative of the absolute risk aversion with respect
dc1

to - If this derivatlive is positive, it means thal absolule risk

aversion about c2 decreases , when CZ increases as a resull of a

lower c.. This silualion has been labelled as one of "endogcnously
diminishing absoluie risk aversion", in contrasi to the "exogenous"

case in which the increase in ¢, is not caused by a lower o .9 It can
2

2

2
2 u
be shown that 3 -1 /3¢ 0 implies endogenously diminishing

)

See Dreze and Modigliani, p. 38, equation (6.2.3).This equation
brings oul the respective roles of risk aversion and of purely ordinal
properties of the consumer's tastes.

9
ibid., p. 41
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dc
absolule risk aversion. Also, il can be shown that ar 0 implies
u_ ! u
2 2 2 .
d :}' /3 ¢, = 0. Thus BZ L / ac; describes an ordinal property
u

of u thatl is neccssary for a zcro interest elasticity of consumption
at all r, This condition is alseo sufficienti for there Lo exist a time-

T . . ., 10
distribution of income bringing aboul such zero elasticity. Dreze
2

2:

o

2
and Modigliani believe that empirical evidence supporis 3 21 /3 ¢
u

approximately, implying that the Arrow-Prait hypothesis of decreasing
absolute risk aversion is a reasonable one.

Apart from the above "rather refined properties”, the impact
of uncertainty on optimally also depends on the opporiunities deter-

mining the consumer's prospect ¢ (yz, r).

The following proposition may be stated.

Proposition V.1

When there exists perfect insurance and asset markets and

u -~
A &1
d -u—l /3 C; = 0, then the consumptior. and portfolio decisions
2

are separable with the former entlircly delermined by the market
values z_ and N independently of the chosen portfolio and of
the consumer's risk aversion.ll

where

(1) z_ is the present value of future earnings y_ .
(2) oy is the rate of return on the perfectly safc asset.

10
ibid., p. 47

11 ibid., p. 60

ot
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In the present context. the "separation thcorem" for the widely
discussed speccial casc of quadratic utility function can be made valid

only by adding an cxtra vrestriction, namecly: that fulurc earnings v, be
2

12 .
uncorrelated with the rates of rclurn £, = 1'j o where rj is the
rale of return on the jth risky assct.

In the absence of perfect insurance for fulure earnings, proposition
V.1 falls down completely ¢ then varies with the consumer's risk

1
aversion, and y); is determined endogenously with é\l and x, 's given

where:

xi is the amount invested in asset i, and
X . .
y, is as defined by theorem 5.3.

However, the following two propositions may be dcduced {rom

corollary 5.1.

Proposition V..2

81 is less than would be the casc if the consumer could exchange

0

0. r0) yielding the

his uncertain prospect for a sure prospect (y
same expected ulility. 13

Proposition v.3

2. is less than would be the case if the consumer could exchange

his uncertain prospect against a sure prospect (y,, rO) yielding
a present value of total consumption equal to his current cx-
peclation. 13

12
cf. comments following equation (7.5), p. 104,below,

13
See Dreze and Modigliani, p. 65.
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. . 0
In the’partlcular case where r = 1, the most general statement that

’ .
can be made to the cffcct that uncertainty is apt to discourage consumption,

u
is that whenever 62 —-1—/ ac; < 0, then 315 c)l(g C(l) < —El .
2

When the consumer has access to risky investments, in addition to the
. 0 . .
perfeclly safe one Xq he is belter off in the sense that his y, is higher

X
than would be the case without risky investments. Also, when (r - r )
- 0 then y. >y. .
(y; - ¢)) > 0 then y, >y,
When neither earnings nor assets are traded on perfect markets,

both Y}Z( and r are deterrnined endogenously, and the hypothesis of

u
decreasing absolute risk aversion, 3 2 17/% c; = 0, does not help much.
u

u 2
2
But if the hypothesis of 3 -Jl— / acg = 0 is abandoned, then the
2

various siluations are better classified on the basis of market opportu-
nities rather than in terms of "refined propecrties" of consumer's

2
tastes. Taking the case of az 1y dc. < 0, theorem 5.3 indicates

2
X "2
that 31 < ¢ - This implies that a consumer having access Lo the market
for the sure prospect (y;{ =z, ro= rO) may choose instiead an uncertain

prospect (defined by @/ 0, x ¢ O)T of equal value, entailing a higher
expected ulility, but calling for a smaller current consumption. Such
a consumer would thus accept a current sacrifice for the sake of an
uncertain future gain,

If there do not exist perfect insurance and/or assct markets,

the most useful result emanates from theorem 5.2, namely: "cndogenously

Py
& is the uninsured {raction of Y, -
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dinlin{shing absolute risk aversion" implics ?1 < ccl). In other words,
current consumption falls short of the level that would obtain under
cerlainly with r = r* bul no gain or loss in expecled ulility., If in-
vesiment opportunitics are constant, then it is possible for the con-
sumer to shift from a perfecily safc to a risky occupation, at a gain

of expected utilily, while making downward adjustment in current
consumplion. One may conclude that consumers choosing Lo bear more

. . 14
uncertainlty may well choose simullaneously to consume less.

3. Types of Uncertainty and the Impacl on Cplirnalily

In this, seclion a brief comment is made concerning how the re-
cognition of different types of uncertainly affect optimalily. In
chapter II, it was indicated that the only iype of uncertainty that will
be of interest is the temporal one. As Mossin [92, p. 1747 has noted
the case of temporal uncertainty is often the one thatl is of practical
relevance. Also, Markowitz [861 followed by Mossin [ 927 demonstra-
ted that whereas a direcl and a corresponding indirect utility function
may be defined in a situation of {imeless uncertiainly, an indirect utility
function may nol exist in the case of temporal uncertainly. Differcnce
in the relevant utilily functions in the two situations also leads to
difference in the size of the risk aversion measure. The inequality

(2.9) adds some weight to the strength of proposition II.1. Howecver,

14 cf. proposition I11.J,B 10 above. Consumcrs withalower marginal

propensity toconsume are also betier suited to bear (temporal)
unceriainty.
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the work of Fama [367 secems lo imply thal temporal uncertainty may
be converted into timecless uncertainty by defining a utility function
that is analogous {o an indircct utility function in a mulliperiod

(dynamic) framework.

4. Sources of Uncertainty and the Impact on Optimality
<
Inthe a - 1 analysis of section 1, consideration was given
to only one sox?rce of uncertainly, namely capital risk., An inlerpre-
tation reducing the Mirrlees' model with stochastic rale of technological
progress to the general stochaslic saving-consumption model was
suggesied in chapter III. However, in that chapler, three other sources

of uncertainty were identified, namely income risk, uncertain utility

function and uncertain time horizon (stochastic stopping time).

For the uncertain utility function, no resulls are so far available.
If the utilily function is regarded as uncertain because its arguments
are stochastic, then the impact of uncertainty resulting from this source
may be inferred from the analysis of other sources of uncertainty.
But if the utilily function is regarded as uncertain in the sense that the
function is itself unknown, then the analysis can become rather intra-
ctable. 15

The impacl of uncertainly resulling from income risk was cove-

red by Sandmo [1161 as well as Drezc and Modigliani. The result is

definite: increased uncertainty always incrcases oplimal saving provided

one assurmes decreasing temporal risk aversion,

15
In fact, this has nol been attempted by anyone.
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!

The impact of uncertainty resulting from uncertain time hori-
zon rcceived detailed attention from Yaari [150] and Hakansson 567 .
The resulls in this case depend on

(1) whether the utility funciion is Marshallian or I'isherian and

(2) whetlier insurance is available or unavailable.

Without insurance, the impact of uncertain time horizon is to
increase optimal saving if the utility function is Fisherian (compare
equation (3.42) with (3.45)), which agrees with what happens in the
case of capital risk il a > 1. With a Marshallian utilily function,
the relationship between optimal saving under ceriainty vis-a-vis

uncertainty depends on the sign of

b 6
o () u' [ cE®] - B ® @' [y (1) .

If the sign is positive, optimal saving under uncertiainty will be greater
than undzr certainty; if it is negative, il will be smaller. In order
words, whal counts is the relative size of the discounted maxrginal
utility of consumptlion vis-a-vis the discounted marginal utility of
bequest.

With insurance available, uncertainty brings no change to optimal
saving, whether the utility function is Fisherian or Marshallian,
Besides, with a Marshallian utility funclion, availability of insurance
means that the decision maker can separate his consumplion decision

{rom his bequest decision.

16

See equatlion (3.49) in chaptler IIJ.
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5. Two-period Versus Multiperiod Models and the Impact of Uncerlainty
!

The next issue to consider is whether results obtained in a {wo-
period framcwork can be proved valid for mulliperiod problemis. For
the multiperiod problem no general theorem has becn stated except for
the class of constanti risk aversion ulility functlions. For the latler
class, the "separation" theorem as wcll as "myopia" has bcen provead.
The separation theorem says that optimal consumption-saving and porti-
folio decisions can be made independently of each other. "Myopia"
refers Lo the situation vnder which the choice of oplimal porifolio mix
depends only on one-period utilities and returns. When myopia is
optimal the inveslor's sequence of decisions is obtained as a series of
single-period decisions (starting with the first period), with each period
treated as if it were the only one. If in addition to constant relative
risk aversion, one assumes identical yield distributions in all periods,
then a fixed portiolio (i.e., a portfolio independentl of wealth) is oplimal.
With serially dependent yields, myopia is oplimal only if the utility
of final (distant) wealth is logarithmic, i Theorems derived from

two-period mocdels may not be as restirictive as one might conjecture.

An important proposition due to Fama [367] is the following:

Proposition V.4:

If the consumer's ulility function for lifetime consumption is
strictly concave and markets for consumptlion goods and port-
folio assels are perfect, then thc consumer's obscrvable be-
haviour in the market in any period is indistinguishable from

that of a risk averse (concave ulility) expected utility maximizer
who has a one-period horizon.

17

See Hakansson and Liu [597 discussed in chapler III above.
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In other words, one does not need the restrictive assumptions
about utility function and/or yield distribution to prove "myopia™
optimal. This is certainly an importani proposition, but it needs to
be taken with a grain of salt, for if it is true under "general conditions",
there will be no more point in building complicated multiperiod models.
Fama's "trick" in utilizing his proposition is to'interpret the consumer's
lifetime planning problem as equivalent to the consumption-saving pro-
blem of a risk averse consumer with state-dependent utilities and a one-
period horizon.

Mirman [89] gives another interpretalion which reduces a multi-
period planning problem to a two-period problem. In this interpretation,
multiperiod (including infinite horizon) may be broken into two periods
only in which the second (and last) period involves the (maximal dis-
counted sum of all) future utility obtainable from the wealth left after
the first period. In this case the second period utility function has
the same form as a welfare function defined as the maximum expected
sum of discounted utility over the horizon (possibly infinite).

Two-period theorists emphasize that the qualitative differences
between optimality under uncertainty and optimality under certainty
depend largely on the entire shape of the utility function, and not only
risk aversion functions. In particular the third derivative must be

considered. 18

18

Recall that unrestricted risk aversion functions consider only
the first and second derivatives.
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This was alsc emphasized by Hahn even though he used the
val'iar'lce mcasurc of uncertainty. £9 Of the multiperiod theorists,
Hakansson emphasizcd that it may be too simple 1o »alionalize the
impact ol uncertainly on optimalily on the basis of risk aversion
function alone.

Even within the framework of two-pcriod models, different kinds
of restrictions have Lo be imposcd on the shape of the utility function
if definite resulls are Lo be obtained. 20 The following theorcm is due

to Mirman [89].

Theorem 5.4

Let sC be the optimal saving policy under ceriainly and s* the
u
optimal saving policy under uncertainty. Then, a sufficient condition

for s* = s%* is that
c u

gl E(Y)) = E(g (Y))
2
for all random variables Y, or equivalcntly that g be concave. ! The
function g employed here is similar to that utilized by Hahn [55] , and

the results are of course the same.

19

It can be readily shown that differentiating the risk aversion function

resulls in a term which contains the third derivative of the utilily

function. But Hahn did not do this. He emphasized thc importance of
the third derivative on the ground that changes in uncertaintly (variance)

must involve the third derivative .

20
See theorems 5.1 to 5.3 above, for instance.

21 This theorem is an application of Jensen's inequality; Sece Feller

(40, pp. 151 - 527.
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Let g(c) = cu‘Z (c)

s . . .
Then g(c) is strictly concave or convex according as

" <
2ul (¢)4cu (c)> 0.

2
With ué‘ (c) negative by assumplion, a negative u" is sufficient
-Zug (c)
for g(c) to be concave and convexity requires ug' (c) = .

which mcans that u!' (c) musl be positive. According Lo Mirman [89]
there is no a priori economic reason to expcct either requirement to be
salisfied. Bul he does nol seem {o be awarc thal the Arrow-Pratl
hypothesis of decreasing absolute risk aversion implies ug' must be
non-negative. DBy conlrast, increasing absolule risk aversion is
sufficient for u" (c) Lo be non-positive. Increasing absolute risk
aversion is, therefore, sufficient for optimal saving under uncertain-

ty to be at leasl as great as optimal saving under cerlainty.
6. Measurement of Uncerlainty and the Impact on Optlimality

Finally, this section takes up the question of how a change in the
measurement of uncertainly affecls the impacl on optimalilty. From
the discussion of seclion 2 above, il can be seen that if one is inle-
rested in the overall impact, the question of how uncertainty is
measured may not be of direct concern, since the question here is
that of comparing a situation in which there is uncertainty with onc in
which there is none, and not in how much uncertaintly exists, For the
purpose of the overall impact, thercfore, the analysis can continuc

as soon as once can represent uncertainly in onc form or the other,

81

For instance, the existence of a non-degeneralc probabilily distribatlion

function over the variable of interest could be 1aken 1o indicate the
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presence of uncecrtiainty. On the other hand, in analysing the ma rginal
f
impact, there is a direct intercst in how uncertainly is mecasured since

the problem here involves what happens when uncertainty changes.

Various "measures" of uncertainty were discussed in detail in
chapter IV, and the problems involved in employing these "static"
measures in explicitly dynamic situations were noted. In particular
the shoricomings of the well-known variance measure were noted, and
the approach based on pariial ordering of cumulative probability
distribulions was found to admit a number of intuitive interpretations
all of which lead to the same (consistent) resulls. This approach was
also found to be consistent with the entropy analysis of information
theorists; whereas the variance measure was found to bc generally
inconsistent with the other measures and to lead to results which are
not generally true.

However, as was discussed in chapter I'7, seclion 2, virtually
all the literature covered in chapler III employed the variance measure,
Rothschild and Stiglitz in an article just published [1107] illustrate
how their stochastic dominance measure of uncertainty can be employed
in analysing the marginal impact of uncertainty on optimal saving and
portiolio decisions. Unforiunalely, this arlicle came out too late to
receive adequate coverage in the present work. Fortunalely, their
results are consistent with those of Mirrlees, Phelps, Levhari-Srinivasan,
Hahn etc., in section 1, However, the advanlage of the Rothschild-
Stiglitz stochastic dominance analysis is nontrivial, Whereas, the
results of section 1 were derived for highly specialized utility
function and distribution function, these resirictions are not required

in the Rothschild -Stiglitz analysis.
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While the Rothschild-Stiglitz analysis is no doubt, a stcp forward,
it certainly cannot constitule the last word on the issuc. The analyses
done by Hahn, Mirman, Dreze-Modigliani and cven Rothschild-Stiglitz
all usc two period problems as examples. Whether these results are

supposed to carry over Lo multiperiod problems is not clear.
7. The Road Ahead

In spite of these questions, the cnsuing survey of economic
literature must terminate at this point. Beginning with the next
chapter, cffort will be concentrated on how the problem of this and the
preceding chapters namely. the problem of intertemporal optimal
consumption-saving allocation under uncertainty, may be analysed by
means of the new tools to be introduced. These new tools belong to
the theory of stochastic optimal control. It will be argued that these
tools are the natural ones to use for the problem on hand since their
deterministic counterpart have played a vital role in the analyslis of
the deterministic counterpart of the ensuing economic problem.

The new theory is introduced by chapter VI which also contains
definitions of several technical terms that appeared in the earlier
chaplers as well as those that will be employed in subsequent chaplers.
Chapter VII is a rather delailed taxonomy of stochastic systems,

In a sense, this chapter supplements chapter III since it elaborates

on the problem of the various forms uncertainty may take in a dynamic
problem and shows the sources (classes) identified in chapter III

1o be special cases of 2 more gencral structure. Chapter VII is,
therefore, descriptive, but chapter VIII presents the actual analytical
tools that may be employed in solving the problems, and chapter

IX illustrates how this can be done.

G



CHAPTIER VI
INTRODUCTION OF TIIIE TOOLS

In principle, tools have scivani's status. The best choice
of tools dcpends on the problem arca sclected and on the
exlent to which at least partial answers have been found. ..
If we look with a historian's intercst al the development of
a science, however, we find that tools have a life of their
own... The solution of important problems may be delayed
because the requisite tools are nol perceived. Or availabi-

lity of certain tools may lead to an awareness of problems,
important or not, that can be solved with their help ...

Koopmans [68, p. 110] .

Dorfman's recent article [31] shows how oplimal control theory
has helped in the solution of problems that could not cven be formulated
before the tool was applied. The examples cited by Dor[man are the sta-
tionary state of the classical economists and the equilibrium of Bohm -
Bawerk's theory of the period of production. Dorfman argued that both
of these examples "describe the state of affairs in which further capital
accurulation is not worthwhile", and that even though such analysis is
"poorly suited to an understanding of capital accumulation and economic
growth, no other technique seemed available for most of the history of
capital theory". If the foregoing is true on the deterministic level, it is
probably more true in stochastic situatlions.

Reference has already been made in Chapler I to the works of
Arrow, Burmeister and Dobell, and Shell as economic applications of
deterministic optimal control theory. Although there are still a number
of unresolved issues1 in the theory as well as in the cconomic applications

of deterministic optimal control, the success so far achicved by the above

See Dobell [28, pp. 46-477] and Dobell and Ho [29 p. 7] for some of
these issues. Notablc among the issues is the so-called "singular"
problem, which is of keen intcrest to the cconomist.
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named writers, among others, secems to indicatc that it would be [ruitiul to
investigate how the theory of stochastic optimal control might help in
the solution of dynamic economic problems under uncertainty such as

those surveyed in chapter III,

Stochastic control theory is a very broad subject. The pro-
blems with which it is concerned arise when therc is a nced to control
dynamical systems involving uncertainty in one form or the other.

For analytical purposes, one assumes that the dynamical system can be
described by systems of stochastic differential or difference equations.

The theory then addresses itself to the following three problem areas:

(a) analysis the problem of determining the statistical pro-
perties of the system variables,
(b) parametric optimization - given a system and a control with
a given structure, but with unknown parameter,
how are the parameters to be adjusted in order to
optimize the system with respect to a given criterion?
(c) stochastic optimal control - given a system and a criterion,

find a control law which optimizes the criterion,

The present work is limited only to the third of the above three

problems areas, namely: the problem of siochastic optimal control.

2
Some of the ways uncertainty may enter into the problem wcre discussed
in chapter III which dealt with sources of uncertainty.Morc will be in-
troduced in chapter VII,

3
See Astrom [9, p. 67.

4
This is the problem of smoothing, filtering and prediction.
See definition VI. 11 below.

5

This is the problem of parametcr adaptive control.
See definition VI. 12.
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Optimal control theory has traditionally cmployed tvo well -known tools:
the maximum principle and dynamic programming. On the deterministic
level both of these tools have been widely applied to a varicty of cconomic
problems. On the stochastic level, only dynamic programming has been
applied. 6 There is legitimate interest in what additional insights, if any,
can be obtained [rom the application of the stochaslic maximum principle
to problems of the type only stochastic dynamic programming has hitherto
been applied.

So far, the appeal of dynamic programming (both deterministic and
sltochastiic) to economisis as well as Lo other scientisls has been due more
to its feasibility as a practical algorithm, then to ils qualilative properties?
On the other hand, the appeal of the maximum principle derives, besides
its more general mathemaltical validity,8 from its qualilalive properiies
which are invaluable 1o the economist. The maximum principle concepts
such as the Hamiltonian and the transversality condilions which have been
given meaningful economic interpreta‘cions9 have either no straighiforward
counterpart in dynamic programming or if such couaterparis exist, they
have nol been adcecqualely studicd. The main focus of the present worlk,
therefore, will be the stochaslic maximum principle as a direct counterpart
of the Poniryagin's deterministic maximum principle. The relationship
between the maximum principle and dynamic programming will be discussed
in chap.VIIT, and will be used to advantage in the economic interprctations

of chapter IX . However, beforc describing the maximum principle, a few

6
The works of Phelps, Levhari-Srinivasan, Samuelson-Merton, Hahn and
others surveyed in chapler III above, all employ stochastic dynamic pro-
gramming.

7

The only attempt (known 1o the present writer) at a qualitative economic
inlerpretation of dynamic programming is implicit in Fama [36, p. 1667,
In the contaxl of multi-period consumption investment decision under
uncertainly, the optimal value function of dynamic programming J° is

"the relevant utilily function for timeless gamblcs taking place at period 1m,

See Pontryagin [104, p. 737, Fel 'dbaum [38, p.85]and Wishart [143,p.314].

E.g .,thc works of Arrow, Dorfman, Shcll and others cited ahove.
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preliminaries are in order. The next section catalogues required defini
tions, propositions and theorems {rom the thecory of probability and
stochastic processes, The scction may be skipped by the initiated without
loss of continuity. The imporiance of chapter VII should be obvious after
reading chapters VIII and IX, namely the revelation that only a small

class of stochastic systems has so far received any attention {rom economists.

Required definitions, propositions and theorems from the

theory of probability and stochastic processes 10

Definition VI.1 Fields and Sigma (Borel) Fields

A class F of w seils is called a {field il it has the following pro-
perties:
(i) Q ¢F
where Q 1is an abstract space of points w ;
(ii) if n is any natural number, and if

A,..., A € F, then
1 n

n n
UA. e F, NA ¢ F.
1 ] 1 J

A field F is called a ¢g-field a if it satisfies the following
additional property:

(iv) if Ai’ 2,.‘.,eF,then U AjeF, and ﬂAjeF.
Given a class S of w sels, thiere is a unique g-field of w aects,
c (:lm) with the properties

v a cC o(a
) m ( m
(vi) if o, is a g-field of w sels and if a ca,, then o(a )ca,
i m 1 m i
o (am) is the smallest o-field of «w setls which contains all the sels ofa

10 . . .
Complete treatment of topics mentionced here is available in standard

texts' e.g. Loeve [33] and Doob [30].
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It is also called the g-field generated by @ A Borel field is a g-ficld

defined on the extended real linc E .

Definition VI.2 Random Variables

A random variable X is a mapping fiom Q to the cxtended real
line R (the real line including + « ) such that

X*.Aea

for all A ¢ Borel Field ( g-field on _Ii) where X—1 is the inverse ma

. . -1
pping of X; i.e. X A = {wIX(w) ¢ A, w2y

Such an X is called o-measurable.

Definition VI.3 Expectation

Define an indicator function I, as

1 A A
1 - ) 0)€
A @ =0y i

The expectation of IA is defined to be
EIA = PA
where P is a probability measure.

A finite linear combination of indicator functions is called a simple

function., If

m n
X =7 a Il = ¥ b, I
i=1 i Ai j=1 ] Bj

where Ai and B, are measurable, i.e. Ai’ Bj € o, then the expecta-

{ion of X is defined to be

m n
EX = ¢ a PA = T b, PB,

1 i i 1 ) j
If X 1is a non-negative random variable, and if {an and {Yn's are Lwo

sequences of measurable simple functions such that

X —»X and Y -—‘.*X,
n n
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then

= lim EY
n

limm EX =
n

and this common value is defined tc be EX., The cxpcctation of a

random variable X on (2, a, P)is defined to be
EX = EX| EX’
where

_'._

X = max (X,0), X

= max (0,-X)
EX 1is also wrilten as

EX = deP

Definition VI.4 Absolule Conlinuily

Suppose two probabililies P and Q are available for the saine

(R,0). P is said to be absolutely continuous with respect to Q,
(written P << Q) if Q(A) = 0 irnplies P(A) =0

Proposition VI.I Radon-Nikodym Theorem

11
P << Q if and only if there exisls a measurable  function f
(written as dP/dQ) such that
(i)

2
f = 0, Qalmost everywhere;1

(ii) PA = [ fdQ for arbitrary A ¢ a, [ fdQ < = ;
(iii) Q 1is uniquc almost everywhere.
11
The function f is a2 measurable function if for cvery open sct G
in the real number system, -1 (G) is a measurable set.
See Munrce [ 93,chapter IV ] .
12

That is, except on a set of probabilily zcro.
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Definition VI.5 Conditional Expcctation

;’Let (Q, a, P) be a given probability triple, ¥ a sub-sigma

ficld of @ and X a random variable such that

[1X] dP <
It can be shown by the Radon-Nikodym theorem that there exists a
function h such that

(i) h is ¥ measurable,

(ii) jAth = fA XdP for all A¢¥

(iii) h is unique, P almost everywhere.
This function h is written as E(XIZ) and is called the conditional ex-

pectation of X with respect to ¥ .

Definition VI.6 Stochastic Process

A stochastic process {Xt(w), t € T1 may be defined intuitively
as a family of random variables indexed by some set T, and which are
all defined on the same probability triple (2,0, P). If Xt is discrete
for each t£ T, then the problem is said to have a discrete stale space.
Similarly, if Xt is continuous valued, then the problem is said to
have a continuous state space. The index set T itself may be discre-
te or continuous. If it is discrete (continuous) then the stochastic
process is said to be a discrete (continuous) parameter stochastic
process.

A formal definition is given as follows. I.et a probability iriple
(2, a,P) and a parameler set T be given a priori. A stochastic pro-
cess is then defined to be a finite real valued function X(t,w) which

for every fixed t€ T is a a-mecasurable function of we D,

Note: (1) The set T does not have to represcnt time;

(2) The stochastic process is not defined for -cw and +o .
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Definition VI.7 Sample Functlion

The stochastic process {X(l), t¢ T) is in rcalily a function of
two arguments {X(t,w), te T,weR} . For fixed value of i, X(t, *)
is a funclion of the sample space 2, or equivalently, X, *)is a
random variable. On the other hand, for fixed weQ, X(-, w) is a
function of { that represents a possible observation on the stochas-
tic process {X(t), te T}. The function X(-,») is called a realization

or sample function of the process.

Definition VI.8 Markov Process

A discrete parameter stochastic process x(k), k= 0,1,..., N

is said to be Markovian if

Plx(k+1)| x (k), x(k - 1),...,%(0)] = P[x(k + 1)} x(k)] (6.5)
for all k; that is, the probability density function of x (k + 1) depends
only on knowledge of x(k) and not on x(k i), i =1,2,... For the conti-
nuous case, a process is Markovian if it is completely specified by

giving the joint density function

Px(t), x(7)] forallt, 7€ (to, tl) . (6.6)
Since

Plx(t), x(1)] = P[x(1)] x(1)] P[x(r)] (6.7)
a Markov process is also completely specified by giving the density
functions

P{x(t)| x(r)] and Plx(r)] Vt, 1€ (to,tl) (6.8)

Proposition VI.2 The Markov Property

"The natural and perhaps the only stochastic extension of the

2
deterministic concept of state is the Markov process. nl3 For the

13
Kushner [74, p. 3347 .
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Markov process, knowledge of the present stale eliminates all need

for knowledge of the past.

Proposition VI.3 The Generality of the Markov Property

Given any discrete (continuous) slochastic process thal depends
on the finite past (involving a finite number of time derivatives), one
can always convert it to an equivalent Markov process by properly

redefining the state space.

Proposition VI, 4

A linear combination of Gaussian random vectors is also a

Gaussian random vector,

Definition VI.9

A Gauss-Markov process is a Markov process with the added
restriction that

P [x(k)] and P [x(k + 1) | x(k)]
or

P [x(k)] and P[x(t) \ x(7 )]

are Gaussian probability density functions for all k, or for all t,

in (to,t ).

1
Proposition VI.5 The Gauss-Markov Property

A discrete (continuous) Gauss-Markov process can always be
represented by the state vector of a multistage (continuous) linear
dynanic system forced by a Gaussian purely stochastic process in

which the initial state is Gaussian.

14
See Bryson and Ho [19. pp. 317 and 3287, Hakansson and
Liu [59, p. 3867, Aoki [2, chap IV].

15
See Bryson and Ho [19. pp. 320, 328-9].
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Proposition VI.6

i

' . . .
The transition probabilities of Markov processcs are governed
by lincar equatlions cven if the original stochastic differcntial equa-

tions are highly non-linear,

Definition VI.10 "Open" versus closed-looped systems

In the presencc of stochastic elements, control is much more
meaningful if it is of the "closed-loop" or feedback type than if it
is of the "open loop". In open-loop control, the control u is stated
only as a function of time t. This requires the system being program-
ed in advance to give the desired output (state variables x), which
may vary with t. Under the closed-loop approach, the control (input)
is stated as a function of both the state variable x and time t.
Accordingto Astrom (7, p. 1747, this implies that the state variables
must be quantifiable. One may liken the open loop approach to a
once-and-for-all decision, whereas closed loop calls for sequential
decision making. One has to compare input with output (or some functlion
of the output) and use the difference to activate the control elements.
One of the short-comings of deterministic oplimal control theory is that it
does not make the appropriate distinction between open loop and closed
loop (:ontrols.17 In fact, for determinisiic systems, open loop and
closed loop controls yield the same results, whereas for stochastic
and adaptive sysiems this is not so. 18 The distinction between open
loop versus closed loop systems on the one hand, and purcly stochastic

and parameter adaplive systems on the other hand, is to be carefully

16

Astrom [7, p. 1757,
17 -

See Astrom [9, pp. 2-37.
18

See Dreyfus [33, p. 209], Whittle [142, p. 325] .
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borne in mind.

Definition VI.11

The process of cstimating the most likely values of the state
variables is called "smoothing", "filtering" or "prediclion",
4n

depcnding on whether one is estimating the "past", the "present

or the "future" wvalues of the state variables.

Definition VI.12 Dual (adaptive) Control

When the characteristics of the system noise (disturbance) or
some other parameters of the system are unknown, one musi use the
conirol function to both contirol the sysiem and to estimate the para-
meters. This has been called "dual control” by Fel'dbaum {38, p.31]
and "adaptive control” by Aoki [2, p, 10].

Definition VI.13 "Purely" stochaslic conilrol system

A stiochastic control sysiem is said to be "purely stochastic” if
all the variables involved have known probability distributions, or at

least have known first, second, and possibly, higher moments.

Let
= , , W), = s - ,T 6'

¥epp T 8 v @) t= 041 (6.9)
where

®w is a random dislurbance;

u 1is the action (control variable) of the decision maker;

x 1is the state variable;

g 1is a given transformation function; and

is the time index.

19

See definitions VI.12 and VI.13 below.
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The stochastic casc occurs when the joint probability density function
(p.d.f) of Wgr @yreers O is known {o be P(wo, @
@y wl 1o s are not necessarily independent. In the adaptive case,
the joint p.d.f. of w_, w_,..., Wy

e joint p 0’ 1 Wrp 0
where @ is an unknown (possibly vecctor) parameter, and the "prior"

; ,wT) where
given ¢ is known to be qf

.,lee),

joint p.d.f. of g is known to be L(gp).

Proposition VI.7

Adaptive stochastic systems are reducible to purely stochastic
ones.
Proof:;

The proof of the proposition is reproduced here because it is quite

short. Define the function v, by

t:gt(xt’utswt)) from (69)

~
|

= Jt(Xt’u

Vt(Xt’ w wt) (6.10)

m

In the adaptive casc, the expeclation EJ of (6.10) is given by
T

- n
ET=[...] [g v (xu,0)) qleg, e o) L(g)dwy ... dw,dg
(6.11)
and the (marginal) joint p.d.f{. of wo, ce ,wT is known, since
Py, .. ep) = falg,. .. 0n]8) Lin)de (6.12)

Since the v, are independent of ¢ , equation (6.11) can be re-written as
T

EJ = jf [g vt(x ,ut,wt)] P(w ..,wT)dw ...dc'oT (6.13)

t 0’ 0
which is simply the expression for the total output J for the stochastic

case. Hence, the proposition is proved.

20
See Miyasawa [91, pp. 275-761 .
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Delimition VI,14 Stalionarily

Intuitively, a slationary proccess is one whose distribution re-
mains the samc as time progresses. In order to give a more formal
definition of stationarily definc a lincar index sct T as an index sct
with the property that the sum t + h of any two membecrs t and h of T

also belongs to T. Examplcs of a linear index set are: (1) T={1,2,...,"°

(2) T={0,+1,+2,....7and (3) T = {t:1 >0} . Then a stochastic

process whose index set T is linear, is said to be

(a) strictly stalionary of order k, where k is a given positive
integer, if for any k points 1.1 s e ey tk in T, and any h in T,

the k-dimensional random veclors

(X)), .. .0 X)) and [X( +h),..., X(t_+h)]

1 k

are identically distributed;

(b) striclly stationary if for any integer k it is siriclly stalionary

of order k.

. . 21
(c) covariance stationary if it possesses finite second moments

and its covariance kernel KX(s,1) is a funclion only of the abso-
lute difference \s - 1.[ , in the scnse that there exisls a functiion
R{(v) such that for all s and tin T

K(s,t) = R(s - 1);
or more precisely, R(v) has the properly that for every t and v
in T

cov [X(t), X(t+ v)] = R(v).

R(v) is called the covariance function of thc stationary process

{X(1), teT}. For most practical applicalions, covarisnce

21
Covariance slalionary is also known as "weakly stationary",

"stationary in the wide sense", or "sccond order stlationary".
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stationarity suffices, and the more mathematically involved concept
of strict stationarity is not rcquired.
The notion of stationarity derives ils importance from the

fact that the ergodic theorem was first proved for stationary pro-

cesses,

Definition VI. 15 Lrgodicity

Ergodicity deals with the problem of determining the sta-
tistics of a process X(w,t) from a single observation. X(w,t) is
ergodic in the most general form if (with probability 1) all its sta-
tistics can be determined from a single sample function X(w ,-) of

the process.

Definition VI, 16 Markov Chain and Irreducibility

A Markov chain is said to be irreducible if all pairs of
states of the chain communicate, so that the chain consists of
exactly one communicating class. Two states, j and k, are said to
communicate if j is accessible from k, and k is accessible from j.
A state k is said to be accessible from a state j if for some in-

(N) >0 .

teger N > 1, ij

Definition VI. 17 Separability

A process {Xt(w), t € T} is said to be separable if there
exists a countable set S ¢ T and a fixed null set /A such that for any
closed set K c(-«. ») and any open interval I the two sets
fw: Xt(w) €k, teINT} and {w: Xt(w) €k, t €I NS} differ by

at most a subset of A

22
See Parzen [96, p. 72].



INTRODUCTION OF THE TOOLS 101

Proposition VI.8

For cvery stochastic proccss {Xt, t ¢ T} there cxists a
process [f(t, L € T} defined on the same probability space such
that

A A
(1) {Xt, t €T} is separable
A

=X ) = 1 foreachte¢ T,

(1i) P(Xt ‘

Definition VI. 18 Wiener-Brownian Motion Process

A stochastic process {X(i), t =0} is said to be a Wiener-
Brownian rnotion process if

(i) {X(t), t 203} has stationary independent increments;

(ii) For every t > 0, x(t) is normally distributed;

(iii) For all t » 0, [E X(t)]}=0

(iv) X(0) =0
Because of properties (i) and (iv), to state the probability law of the
stochastic process X(i), it suffices to state the probability law of the
increment X(t) - X(s) for any s <t. Since X(t) X(s) is normal, its
probability law is determined by ils mean and variance. It can be
shown that

(v) E[X(t) X(s)]=0, and
the variance of X(t) - X(s) is proporiional to (t s),
i.e., ,

(vi) var. [X(t) X(s)]= o |t - s]

The probability law of a Wiener proccss is, thereforc, determined by
propertiies (i) to (iv) up to a parameter 62 - an empirical constant

which must be determined from observalions.



CHAPTER VII

CLASSIFICATION OF STOCHASTIC SYSTEMS

Onc possible classification of slochasiic systems, namcly,
"purely stochastic" and "parameter adaptive", is alrcady obvious
from the definitions VI. 12 and VI. 13 of the preceding chapter. Anocther
approach is to formulale a very general model of stochaslic systems,
and then exemplify various types of control systems by varying the
assumptions on the parameters and/or variables of the system. Using
this approach Aoki [2], has identified several differeni classes of
control systems., While the sequel is rather closc to the Aoki classi-
fication and presentation, a different criterion of classification will be
emphasized, namely; whether or not the system'is amenable to the
"certainty equivalence principle" of Simon [121] and Theil [132]. This
is, indeed, a useful classification since it is wellknown that for systems
obeying the certainty equivalence principle, the funciional form of the
optimal control is unaffected by the presence of stochaslic elements in

the model.

The certainly equivalence principle has also been dubbed the
1
"separation theorem" because when the principle holds, the problem
2
of optimal control divides into {wo separate parts: the estimation of

the state vectors from the observalion data; and the delterminatlion

E.g., see Bryson and Ho (19, p. 4147. Strictly speaking, the
certainty equivalence principle is not the same thing-as the separa-
tion theorem. The relationship between separability and certainty
equivalence is the subject of a recent article by Patchell and Jacobs
[98]. As has been shown there, scparability is a necessary condilion
for certainty equivalence, whereas a condition known as "neutrality"
may be sufficient, but has not yet been proved.

cf. the separation theorem of porifolio theory cited in scveral coniexis.
e.g., see pp 4 and 81 above, ’
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of the feedback law from the corresponding deterministic system.
The study of systems which satisf{y the certainly cquivalence principle

is the subject of a new book by Astrom [9].

1. The Certainly Equivalence Principle

The certainty equivalence principle is the name given to the
procedure of obtaining control policies for stochastic sysiems by con-
sidering the optimal control policies for the related deterministic
systems where the random variables are replaced by their expected
values. When the oplimal control policies for the deterministic
system thus obtained are also oplimal for the original stochastic
systems, one says that the certiainty equivalence principle holds;
otherwise, the situation is that of "certainty diffcrcence principle.

The conditions under which the certainty equivalence principle
holds are given below without proof. > The condilions given here are
for continuous systems. Analogous conditions hold for discrete time
and are, therefore, omitted.

Conditions for Validity of the Certainty Equivalence Principle:

i. The criterion functional must be quadratic.
2. The transition equation,
x = Ft)x + Hl) u + w(t) (7.1)

and the observation equation
y(7) = G(7)x(7m + 7N(7) (7.2)

must be linear,

Aoki [2,p. 51].

Dreyfus {33, p. 224] .
¥or proof, see Bryson and Ho (19, PP 414-16, 428-327.
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3. The system noise w(l) and the obscrvotion noise 1 (L) must be

i
. J . .
whlte,gaussmn vector processcs; that is, they must obey

w (t) Q) N (1) .
: ' _ (- ) (7.3)
E[ﬂ (t)] S ST Y
where the prime denotes transposition and § (L-7) is the Dirac delta
function.
’
and
El wt)] = E[(N(®)] = E(X(LO)] = 0 (7.4)

4, x(to) must be a gaussian random vector independent of w(l) and

() that is

E [x(ty)x ’(to)j = Py, E[x(t)hy' (1] = E[x(t)e' (1)] = 0 (7.5)

0
These are rather strong conditions, Note that conditions 3 and
4 together imply that the variance-covariance of T(t) must be indepen-
dent of u(t). This is important, for without it, it is easy to consiruct
examples obeying conditions 1 to 4, and for which the certlainty cquiva-
lence principle does not holdé. Condition 1 constitules a serious
setback for the use of the certainty equivalence principle in the econo-
mic context when the criterion is a utility functional. In chapter IV
the handicaps of the quadratic utility function w=re noted. In parti-
cular, it was noted that with a quadralic utilily uncertainty is of no
significance. Besides, the fact that the quadratic utility function
alone does not guarantec the validity of cerlainty equivalence principle
is demonstrated by the fact that in the examples given bélow, a qua-
dratic criterion is taken in each case, bul not cvery casc satisfies

the principle of cerlainty equivalcnce.

For example, see Dreyfus [ 33, pp. 222-4].
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2. A Genceral Model of Stochastic Optimal Control

(2) Discretc time form

Consider a control system described by

Xt+1:Ft(xt’ut’wt’at)’t:o' 1,..., T-1 (7.6)
and observed by
I 7 Bl M By €Y (7.7)
The criterion functional is taken as
T
J = le .'ft(xt,ut_l), Wt = 0, utE Ut (7.8)

Notation

1. x denoles stale variables, and u control variables;
2., w and 7| are random noises in the sysiem dynarnics (equation (7. 6))
and observalion device (equation(7.7)), respectively;

3. a and B are unknown parameter veclors

ac and R ¢ (P
Ja 8

where @ and q are parameler sub-spaces, a and 8 may be
a o
)
time-varying or time-invariant.

4. The subscript t denotes iime period

(b) Continuous time form

Consider a stochastic control sysitem decscribed by

x (t) = F[ x(t), uflt), o), a(t), t] (7-9)

Aoki [ 2, P.397 requires that the function Wt > 0. but il is not
clear why this is nccessary
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and observed by

I
y(t) = Hix(t). @), &), 1) ylt) e Y{1) (7.10)

The critcrion is taken as

T
J= [ F(xt), u@), 1)+ ¢ (x (T)); ult) € Ult), W= F+¢ (7.11)
o

The above formulation will now be specialized to a number of
cases. For inslance, the criterion function (7.8) or (7.11) can be
reduced to terminal value problems by putling Wt =0, t=1,...,T-1
and taking WT to be a funclion of X only (equation 7.8) or by
setting F equal to zero in (7.11). For the purpose of illustration,
a number of one-dimensional examples are given below. For
simplicity, only discrete time-form, terminal value problems are
considered, and the constraint on ithe control u is ignored.8 Need-
less to say that any combination of the classes in the sequel is itself

a conceivable class.

3. Systems Obeying the Ccrtainty Equivalence Principle

(1) A detlerministic conirol system

This system is included in this sectlion to facilitate comparison
with non-deterministic systiems to be considered later. Consider a

special case of equation (7.6) written as

X :axt—b\;\t 0 g t< T-1 (7.12)

and observed by
Yt = xt, 0< t < T 1 (7.13)

The examplcs are all drawn from Acki [2] .

it

06
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Take a criterion function of the fovm
i
2 2
oy - , -b 7,14
J X (a.xT-1 uT—l) ( )
X, a, b, and u arc taken Lo be scalar quantitics, and the parameters

a and b are assumed known. It is easy to show that the optimal control

ut which maximizes the criterion J subject to the constraint of equation

(7.12) is
%

= e 1"‘

ut axt/b (7.15)

(2) A Stochastic Control System with Random Time Consiant.

The system is the same as that of example (1), except that the
constant "a" is now replaced by a sequence {atl of independent and
identically distributed random variables with known mean § and known
variance 02. Also, the crilerion funclion is still the same X%I" except
that X is now a random variable. The optimal control must now maxi-~
mize the expected value of J, EJ.

Consider the problem of choosing U at the (T -1)th control stage,

t
Since
2 2
EJ =Ex,, = E[B(x, \xo, Xpsee X 45 UoaWyse e,y )] (7.16)

where the outer expectation is taken with respect to the random va

. 2 . o
riables XO’Xi’ oo ,XT_1,9 ExT is maximized by maximizing the inner
conditional expeclation with respect to Uy for every possible collection

of x_,

AERE XT—i’ uo,...,u

T-1°

For non-randomized closcd-loop control policies, uo, . ,uT i are

some definite functions of Xgr e Xy for any given control policy.
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;Substifuting for x% {rom (7. 14),
}

., 2 2
L(XT \xo, xi"”’xT—i’ uo,...,uT 1) _E(aT—ix’I‘-iﬁbuT-i)
2 2 2
= - - A
(C\XT__1 buT—i) 4 GxT—l (7.17)
Hence
sk
uT_1 = eXT-ilb (7.18)

Comparison of equations (7.18) and (7. 15) reveals that they areidentical,
except that "a" in (7.15) is replaced by § in (7.18). Hence the cer-

tainty equivalence principle holds.

(3) Stochastic Control System with Noisy Observation

This represents another modification to the systein of example (1).

The only change is in the observation equation (7.13), which now becomes
= : -1 |
Y, x, + ’ﬂt 0 <t T (7.19)

where T]t is th2 noise in the observation mechanism (observation error
random variable of the system at time t). The first and second moments
of T]t are assumed given. However, it is no longer possible to say (as
was said for example (1)) that the control variable (7.15) is optimal
since whal is known at time T-1 is the collection Y22 ¥g rather
i.e.

than of x is not available for the purpose of synthe-

T-1 ot

sizing control variable u One must now consider closed-loop

T-1"
control policies where u, is some deterministic function of the current
and past observations on the system's stale variables, and of past

employed controls, That is, the control is now taken to be
u, = ¢t(y0,y1,...,yt, uO"'"’ut-i) (7.20)

and the function ¢0, .. must be chosen to maximize EJ.

o Py
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Denote the conditional mean and variance of X, by
E cees = 7.21
(2, 1yg ey = wy (7.21)
and

var (x .yt) =g, o0 sts T-1 (7.22)

L yge-

It is easy to verify that
2
E(XTlYO""'yT—i’uO"'"uT—l) = E [(axT_i-buT_i) |

2
e, Cu, ... = 7.2
Yo' Yr_10 % un_yd=(ax rog) t2 op_ g (7.23)

T-1

By choosing u o maximize (7.23) for given' Yogre 2 Yp_qr Yoo Yp_y

t
T-1

2 . - .
ExT is maximized, since

2 2 - -
L T P (7.24)

For the certainty equivalence principle to hold in this case, it is nece-
ssary to add an extra assumption, namely that SR is independent of

U 45 i.e. the noise must not be control dependent. With the impo-
sition of this extra assumption, it is straightforward to show that
* T-1

U 4 = auT_i/b =aE(x

)/b u (7.25)

T-11Y P

is optimal in the sense that this control policy maximizes EJ, and

T-t T2 2
@ =% 97

optimally is therefore reduced to that of

max E(J |y (7.26)

The problem of choosing Un g

estimating x given yT-1 by the conditional mean B g

T-1
(4) Stochastic Control System with Additive Transition Noise

Again, the system is the same as example (1), except that

10

. T-1 . T-1
Th tat df y o e d .
e notation y is used for y and u for U peeea Uy y

LS
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random disturbances are now added to the transition cquation:
= ax b 7.27
X4 T U o ( )
X given

y, =% 0=t <T- (7.13)

where wt are independent with

E(wt) = 0 (7.28)
2 2
E(wt) = o, 0< t < T-t (7.29)
Procez=ding as in example (2)
2 T-1 T-1 2
E(lex , u )-(axT_i—buT_i) + GT-l (7.30)
since
B |xp »vp_y) = (axg y bug )
and
2
var(xT\xT_i, uT—i) =

-1

because the conditional probability density P(XT IXT—l’uT _ 1) is given
h it = - .
by that of Oy wu:hmT_1 X 8% ‘buT_1
From (7.30) optimal policy is given by
% _ -
LI aXT-i/b (7.31)
since Iy is a constant independent of Uy Note that the effect

on EJ is similar to the effect of noisy observation in example (3).

In both cases,the maximurn of E(J \ yT— 1) is decreased by an amount
proportional to the variance of the disturbances. Since the mean of w0,
is zero, the system of example (1) is the deterministic system obtained
from example (4) by replacing W, by its mean, i.e. by applying the
certainty equivalence principle to the system. Equation {(7.31) is

identical with (7. 15).
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4. Certlainly Difference Principle Systems or Sysiems
Violating the Certainly Equivalence Principle.

All of the above classes clearly fall within the class Jabelled in
chapter V1 as "_urely stochastic". Onec may conjeclure thal systems
obeying the certainty equivalence principle must be "purely stochastic™”,
since none of the above problems has unknown distribution parameters.
However, not all purely stochaslic systems are certainty equivalent,
as evidenced by the stringent conditions given in seciion 1 above.

Each of the classes can also be discussed in the parameter adaptive

context. It turns out that none of them will be certainty equivalent.

(5) Stochastic Control System with Unknown Time Constant

Consider the system described by

= 7.32
Xt+1 a.xt+but (7.32)
Yo T X T (7.33)

2
T o= %, (7.34)

This is the same system with that of example (1) excepl that the
state variables X, are no longer exactly observed. Assume that the
noise in the observation (equation 7.33) prevents the deltermination of
"a" exactly by measuring the state variables at two or morc distiinct
time instants. Assume, thercfore that "a" is now a random variable
but with known mean a and variance otz . The Tlt arc assumed inde-
pendent, and independent of "a". This problem is a simple example
of plant parameler adaptive coniro) systems. The certainty equiva-
lence principle docs not apply. It rcquires a much more involved

computation to show that optiinal control at time T-1 is given by

Al
R

* _ i)
Un 4 © aXT-i/b (7.35)



CLASSIFICATION O STOCHASTIC SYSTEMS 112

- T 1 T-111
where axT_1 = E (axT_ily , u )

6. Stochastic Control System with Unknown Gain

This is another example in which the ccrtainty equivalence prin-

ciple does not apply. Consider a system represented by

- 7.36
xlch1 axt + but + wt ( )

X given
Yt = Xt O<t < T-1 (7.37)
where a is a known constant, but b is now assumed to be a random

variable, independent of W with finite mean and variance. Assume

w are independently and identically distributed random variables with

E(wt) =0 (7.38)
2

var (wt) = Zo 0<t g T-1 (7.39)

12

It can be shown that

% _ b

up = - 7 2 (3% ) (7.40)
T-1"%T7-1

where

T-1

by = B [x° ) (7.41)

7. Random Time-Constant System with Unknown Mean

The system is that of example (2) with the exception that the

See Aoki [2,P. 15].

12 -
See Aoki [2, pp. 111 ff].
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the mean ¢ of { at} is now assumcd unknown. The system is described

= ax -bu (7.42)
y, = % (7.43)

where at's are independently and identically disiribuled gaussian ran-
2 .
dom variables with unknown mean § and known variance o . Denoling

the distribulion of a random variable by Li(+ ), it is assumed that

L(a) = N(o, o) (7. 44)

where N(a,b) is a standard notation for a normal distribution with mean
a and variance b. The unknown mean is assumed to have the a priori
distribution

) (7.45)

. 2
Lo(e) - N(eo: GO

2
with 60 and %y given.

This is another example of parameter adaptive system. Again,

the computation required to derive the oplimal control is quite involved.

(8) Control System with Unknown Initial Condition.

This could have been treated under example (3) above, since the
presence of an observation equation in that example already admitted
that the vector x including X could not be observed directly.

However, in that example it was assumed thatx , 7 _,. were
o o

o Mgy

all independent normally distributed random variables with known mean
5 :

.  and variance ¢ . If it is now assumed {that not only is X unknown,

but also its mean Mo is unknown, one must proceed as in example (7)

by assuming a prior probabilily distribution over x - The effect ol the

13
Ibid. ’ pp 17"18 .
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) 2 2 .2
unknown mcan ¢ of x 1isto replacc ¢ byoc + & where ¢
o

14
is the wvariance of the unknown mearn.

(9) Systems with Stochastic Stopping Times

For problems belonging to this class of systems, the terminal of
control depends on random events. For such problems, the criterion
functional maybe modified by including the random stopping T among its

arguments, so that instead of

T
J = ¥ W, (x,u )
i=1 t t t-1
one has
T
J = W, (x,, u , T)
£=1 t 't t-1
where

T is a random variable.
Methods for solving the examples given above do not apply in this case.

Some suggestions for tackling this problem are available in Acki [ 2,

pp 303-308].

5. Concluding Comments: economic interpretations
of the Classified Stochastic Systems,

The simplicity of the illustrative stochastic systems employed in
this chapter may becloud their usefulness in the economic context.
However, with little modification in each case, it is possible to fitl
some interesting economic models within the framework of the systems
described. The various classes of stochastiic systiems described may of

course, be regarded as a classification of the various sources from which

14
See Aoki [2, pp 58-59, 93-94 7.
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uncertainty may be introduced into # dynainic optimization problem.
From this point of view, three of the four sources of uncertainty
discussed in chapter III fit squarely within the forcgoing classification.
These arc the rale of returns to capital and the rate of tcchnological
progress, both of which can be easily inlerpreted as special cases

of stochastic systems with "random time constanl" (example (2))15

and the uncertain time horizon which is, of-course, a clear example of

systems with stochastic stopping times,

Systems with uncertain utilily (criterion) functions are problem-
atic not only in economics, but in other disciplines as well, Recall
from chapters III and V the two different senses in which a utility
function may be regarded as uncertain, Aoki also takes the easier route
of assuming the utility function as non-stochastic except to the extent

that it is a function of random variables.

Systems with unknown initial conditions were not encountered
in chapter III, but their relevance in economics is beyong doubt,
For instance, they seem the most natural to employ for several inte-
resting problems in the economics of conservation. For a decision
maker, say, in the field of oil or gas exploration, it is only a first
approximation to assume that the initial stock of resources X is
known, as was assumed, for instance, by Burt and Cummings [217].

Systems with unknown initial condilion also scem most realistic

in the problem of general economic planning in the under-developed

1 . . .
5 Equation (3.5) of chapter III is a special case of the above classes

of stochastic systems in which the random time constant and
unknown gain appear simultaneously, even though a and b
happens to be the same parameter in this case.



CLASSITICATION OF STOCHASTIC SYSTLMS 116

4
countr'les, since in general, the initial stock of resources is unknown.,

Another of the above classes of stochastic systems which will
be quite useful in the problems of mineral exploration and economic
planning in the underdeveloped countries is the class with unknown
gain (example (6)). The uncertainty of the effect of conirol action may
be taken account of by permilting the coefficient b of the control

variable u to be a random variable with known or unknown statistics.

The economic relevance of sysiems with random time constant,
and unknown initial conditions is further justified by recent works
by Kendrick [677] and Turnovsky [139]. Kendrick's is a macro
planning model simultaneously involving the three classes as illus-
trated respectively by uncertain capilal -output ratio bt’ unknown
initial capital stock ko, and unknown consumplion-tax parameter 'Bt
Turnovsky's ir a muitiplier -accelerator model involving random
time constant (the marginal propensity to save s) or unknown geain
{the adjusiment coefficient a), but not both simultaneously.

The problem represented by systems with noisy observation is
analogous to what has long been known in econometirics by the name
of "errors in variables" the problem posed by the fact that "most economic
statistics contain errors of measurementi, so that they are only
approximations to the underlying true values ”16. In equation (7.19)
the variables x and y may be interpreted as the "rue" and the
observed values, respectively, e.g. of gross nalional product,

levels of unemployment, money supply, capital slock or capital

16
Johnston [66 , P. 1487 .
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output ratio.

Systems with additive transilion noisc also have analogy in econo-
metrics. The @ term (olten called the stochaslic term) has bcen used
to take care of "error in equation'; i.e. an umbrclla tcrm for all
variables which cannot otherwise be represented. In thc original
Ramsey [1087 article, the additive transition noise would stand for
"the possibility of future wars and earthquakes destroving our accu-

mulation ,

Before concluding this chapter, it may be worthwhile to mention
that neither the stochastic systems described above nor the interpreta-
tions attempted was intended to be really exhaustive. It is believed,
however, that the exercise ia this chapter has served the purpose of
throwing some light on the question of how many factors are being
assumed away by each of the models of chapter III. Some of the
"open areas of research" in the general problem of chapter III should
therefore, be obvious {rom this chapter. There should, however,
be no illusions regarding the price at which the several factors leit
out by each of the models of chapter IIl can be simultaneously taken
account of. As will be evident after the study of chapter VIII, it is not
yet clear how much complication will be introduced into the stochastic
maximum principle to be prescnted there, for instance, if unknown
initial conditions and/or stochastic time horizon are permitted in the

system.

17
An example in which the observalions of the last two variables are
corrupted by uncorrelated noise is treated in seclion 3 of
Kendrick [67].

18 Ramsey [108, P 5497 .
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I ’

Finally, it may be observed that several of the examples of
economic interpretations of stochastic systems given in this chapter
have no dircct relevance to the problem of chapter III. This sort of
exiended foolnole was underiaken in order to juslify the statement
made earlier in chapler I that in principle the tools of stochastic
optimal conirel theory are capable of handling any economic problem

of dynamic optimisation under uncertiainty.
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CHAPTER VIII

THE MAXIMUM PRINCIPLE

The objective of the last chapter was taxonomy. In con-
trast, the present chapter concentrates on a descriplion of tools by
means of which the problems of chapter VII may be solved. In
keeping with the argument of chapter VI, the maximum principle
(both deterministic and stochastic) is presented as an aliernative to
dynamic programming.

For the purpose of applying the maximum principle, opti-
mal control problems may be classified in a number of ways,
Pontryagin et. al. [104] distinguished among:

1) autonomous and non-autonomous systems;

2) fixed time and free time problems; and

3) fixed end and free end problems.

Autonomous systems are those in which the time variable
t does not enter explicitly into the right-hand side of the transition
equation, e.g.,

i .
= fl(x,u), i=1,... n; (8.1)

dt
Nonautonomous systems are those in which t enters the right-hand
side of (8.1); 1i.e.,

b’ _ £ t); i=1 (8.2)
T x,u,t); i=1,...n .

Fixed time problems are thosc in which the time interval
for control [to, tl] is fixed, whercas for free time problems to
and/or 1:1 are left free.

For fixed end problems, the state at which the trajectory

x(t) begins % and the state at which it ends Xl are given. For {rece

end problems, Xq and %, are not given, bul arc merely restricted
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to tak?: their values {rom given smooth manifolds SO and Sl res-

peclively. If S0 and S1 degenerale into points, the problem with

free end points becomes the problem» with [ixed end points.

By allering assumptions on the above three classifications,
one can come up with several different optimal control problems for
each of which a maximum principle thcorem can be stated and proved.
Seven oul of the first nine theorems of Pontryagin were formulated
on this basis.

In choosing the class of problems to study bclow a major
consideration was nol only the probable usefulness in the economic
context, but also the availability of the stochaslic counterpart with
which to compare the deterministic version. Thus, theorems VIII.1
and VIII, 2 below have been chosen because they correspond Lo
Kushner [72 and 73] and Sworder [126-130] .

The remaining pari of this chapter will be organised as
follows. Section 1 describes in detail the nature of the control pro-
blem. Section 2 develops the delerministic maximum principle
stating two theorems, one for fixed time and the other for free time
but both with variable right-hand end points. The siochastic maximum
principle is introduced in section 3, Kushner's version of the sto-
chastic maximum principle is covered in section 4, while section 5
is devoted to the Sworder version- the stochastic maximum principle
when the noise structure is mulliplicative rather than additive as in

the case considered by Kushner Section 6 compares the Poniryagin

See also Bryson and Ho [19, chap. 27, Athans and Falb[ 10, sec. 5.]
and Lee and Markus [79, chapters 4 and 5] for similar classifications,
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maximum principle with the IJushner and Sworder stochaslic versions,
!

and section 7 briclly presents a dynamic programming approach to

the Sworder problem of scction 5. In the concluding scctlion 8 some

of the unanswercd questions in the earlicr scclions are mentiioned.

1. The Control Problem

Consider the fundamental system of iransition equation

1 .
:f: :fl(x,u),izl,...n,xeX,ueU (8.1)

where

2
x = (x ,xz,...xn) and u = (ul, u ,...ur)

Assume f' are continuous in the variables x, u, and contlinuously
differentiable with respectl o x.
With a given control law u = u(l), equation (8.1) becomes
dx1
dt
From (8.3) (for any initial conditions x(to) =

= fl(x, uf(t)) i=1,...n, xe¢ X,ueU (8.3)

xo) the transition of

the system x = x(1) is uniquely determined, in a ceriain interval
[to,t11 . x(t) is called the solulion of (8.1) corresponding to the
control u(t) for the initial condition x(to) = XO. The solulion x(l) may
not be defined for the entire interval fto,tlj , on which u (t) is given,
but if it is and, in addition, passes through the point x1 al time t1 s
then the admissible control u(t), 1. <t < t_, is said to have transferred

0 1
the phase point from the position X to the position X .
Now, in addilion to (8.1) consider one more function
o
f (x,u). Assume this function is continuous together with its partial

o .
derivatives df /3 xl, i=1,..., n, onthe X+«U space. Thec control

problem is stated as follows:
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In the phase space X, two points x, and x_ are given.
| Among all admissible controls u = u(l) which transfer
the phase point {rom the position X, to the position x

(if such controls exist), find one for which the functlional
3 = j‘tl (), u(t)) dt (8.4)

takes the least possible value.
The control u* (i) which solves the problem is called an optimal
control corresponding to a transition from x to x1 . The correspon-
ding trajectory =x* (t) is called the optimal trajectory.

In order to solve the problem some reformulation is useful
To the phase vector x, adjoin one more element xo, and let the latter
vary according to

0
) %i—‘—: (x, u), (8.5)

where f is the function appearing in the definitionof J in equation

(8.4). In other words, instead of the system of differential equations

(8.1) consider

dx’' i
= i=0.1,..., .6
T f(x,u), i=0.1, On (8.6)
whose right hand does not depend on x . Introduce the vector
0 2
2 = (x,xl,x,...,Xn) = (XO,X)

in the (n+1) dimensional vector space x. Re-write the system (8.6)

in vector form as

s e w (8.7)
2
Pontryagin ef. al. [104, p. 13] . In the present work inlerest is in

maximization rather than minimization. The difference between
the two problems, is, however, a malter of sign,
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o 0
where f= (f ,f) docs not depend on the element x of the vector sz.

The solution of (8.7) with initial condition ;:(to) = 5&0, corresponding

to the control u(l), has the form

t

0

x = [ £ 0x0), um]dr, ox= x()
0

In particular, whent =t

0 tl o

X = j‘ fx(t), ut)] dt=7J, x=x
t0 1

This means that the solution x(1) of (8.7) with initial condition x(i

o

= X, passes through the point = = (J, Xl) at L = tl . Another way
to see what is going on here is the following. Lel 1 be the line in
X passing through the point = = (0, Xl) and parallel to the xo axis.
#z(t) may be regarded as passing through a point on © with coordinate
x =J, at time t = 1:1 . The conirol problem may, therefore, be refor-
mulatedin the following way:
In the (n+l) - dimensional phase space X the point x_= (0,x)
and the line © are given. The line i is assumed parallel
to the x axis and to pass through the point (0, x_ ). Among
all admissible controls u = u(t), having the property
that the corresponding solution z:(t) of (8.7) with initial

condition x(t,) = x_ intersects 1, find one whose point of
intersection with 7 has the smallest coordinate x0.3

2. The Deterministic Maximum Principlc

In order to formulale the maximum principle, il is useful

to consider in addition to the system (8.6),

—= {(x,u), i=0,1,..., n, (8.6)
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another system of equations in auxiliary (adjoint) variables P _,

0
Pl,oo.’ Pn:
dP, n a
i Ly 3w 5 5 0,1,..., n. (8.8)
dt i a
a=o dx

If an admissible control has been chosern, and the corresponding tra-

jectory #(t) of (8.6) has been found with initial condition x(to) =%

the system (8.8) takes the form

.y 2im(), ue)

1
a=o0 9 x

P,i:O,l,...,n, (8-9)
a

Equation (8.9) is linear and homogeneous, and therefore, for any
initial condition it admits the unique solution
= P e o 0y .
P = (Py, P,..., P)
Combining equations (8.6) and (8.8), one obtains the Hamiltonian H

as T
H(P,x,u) = P fix,u) = ¥ P 2 (x,u) (8.10)
a=0

where £ = (fo, f) and the prime means transpose.
Equations (8.6) and (8.8) can be written with the aid of H as

i

dx  9oH .

i aPi , 1i=0,1,..., n (8.11)

ap

i oH .
@& " ax , 1i=0,1,..., n (8.12)
! 4

Taking an arbitrary (measurable) control uft), to < ts< ‘c1 , and the
initial condition x(t.) = x, one can find the corresponding (i.e. satis-

0 0
fying equation (8.11)) trajectory (t) = (xo(t),xl t),... ,xn(t)).

4
See footnote 11 on P 92 above.
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After that one can find the solutions of system (8.12)
P(t) = (P,(t), P .(t),...,P (1))
0 1 n
correspondiang to the functions u(t) and x(t). For fixed P and x, the
function H becomes a function of the parameter u ¢ U. Denote the

least upper bound of the values of H by M(P,x):

M(P,X) = 8sup H(P,X,U) (8013)
uey
If H attains its upper bound on U, then M(P,x) is the maximum of

the values of H for fixed P and x. Hence the theorem is called the
maximum principle.

Theorem VIII 1: Maximum Principle for Autonomous fixed time,
free end problenm5

Let u(t), to <tgt. , be an admissible control which transfers

the phase point from som:: initial position x € 506 to the position

% €Sl ) 6 and let x(t) be the corresponding trajectory starting at the
point == (o, xo). In order that u*(t) and x*(t) yield the solution of
the autonomous fixed time, free end problem (sece equations (8.4) and
(8.6)) it is necessary that there exist a nontrivial continuous vector

function P%*(t) such that

(lo) for every t, to < t < t1 , the function H (P(t), x(t), u) of the
variable u £U attains its maximum at the point u = u¥(t):

H (P(t), x(t), u¥(t)) = M (P(t), x(t)) (8.14)

See Lee and Markus [79, pp. 315-167 .

S0 and S1 are smooth manifolds ( in the n-dimensional Euclidean

space X) of arbitrary dimensions o rl < n. See Pontryagin
(104, pp 45-48] .
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(20) M (P(L), x(l)) is constant and P:; {ty< O

(30) P*(tl) is orthogonal to T

al the point X, -

7
1’ the tangenl plane to S1

Theorem VIII 2: Autonomous free time, frce end problem

Let u(l), to <t<« tl , be an admisazible control which transfers

the phase point from some initial position x ¢ SO to the position

X, = Sl , and let :(t) be the cocresponding trajeclory starting at ithe

point wo= (o, xo). In order that u*(t) and x%*(i) yield the solution of
the optimal problem with free end points, il is necessary that there

exisl a nontrivial continuous vectlor function P(1), such that

(1°) for every t, to < t < tl, the function H (P({), x(t). u) of the

¢

variable u ¢ U attains ils maximum atl the pointu = u P(’c):

H (P(t), x(l), u¥{)) = M (P(t), x(t)) ; (8.15)
(20) at the terminal {ime 1.1 ihe relations
Po(tl) <0 , M (P(tl), X(‘El) =0 (8.16)

(30) and the transversality condition at tl are salisfied., Further-
more, if P* (t), x* (t) and u*(t) satisfy cquations (8.11) and
(8.12), and condition (10), the time funclions Po(t) and M(P({1),

x(i)) are constiant, and (8.16) may be verified, notl just at tl ,

but at any time 1, to <t< tl; i.e.,

M(P(t), x(t)) = 0 and PO"‘&) <o everywhereont stst . (8.16a)

Orthogonaliwy of P(t.) and T1 al X, means that the transversality
condition is satisfied at that point.

See Ponlryagin [ 104, p. 50, Theorem 3 | .
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Remark 8.1

It should be emphasized that the maximum principle and the
iransversality conditions of theorems VIII.1 and VIlI.Z2 constitute
only "necessary" conditions for optimum. In general, the optimal
problem cannot be considered solved until the " sufficient" condilions
have been investizated. However, by analogy with ordinary calculus,
one may ensure that the "necessary" conditions are also "sufficient"
by assuming that the Hamiltonian is a concave function.

The nature of the two theorems is qualitative, rather than
quantitative. Whereas the theorems ideuntified the differential equa-
tions that must be satisfied by x*(t) and P(t) and the relation that must
be satisfied by the optimal Hamiltonian as compared to other
Hamiltonians, the theorems are mute on how the value of the optimal
control may be computed. It should be added that, by analogy to
ordinary calculus, if the maximum is attained at an interior point of
the control region U, the maximum condition (equations (8.14) and

(8.15) is satisfied only if

H(P(t), x(t), u)
ou \

and the value of the optimal control may be comput ed from equation

oz wk() = © (8.17)

(8.17). If the maximum is attained at the boundary of the control

region, the Kuhn-Tucker theory must be applied,

3. The Stochastic Maximum Principle

Preliminary

Consider a system described by the general stochastic

This has been proved by Mangasarian [85] . Sce also Arrow [6,
p. 927 and Shell {120, pp. 252-537 .
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differential equations

dx = f(x,u,t) dt + g(x, u, z, t) dz (8.18)
where
{z(t), te TY is a Wiener process with incremental covariance Idt.

Equation (8.18) may be rewritten as
t t .
x(t) = x(t )+J‘ f(x,u,t) dt +j g(x,u,z,t) dz (8.19)
° %t t
o
where the integrals on the right hand side are interpeted, not as an
ordinary Stieltjes integral, but as an Ito integral, a Stratonovich
. . 0 .
integral or the integral I}\1 , O < A Z 1. It can be shown that if f
and g satisfy certain conditions, then equation (8.19) has a unique
solution. 102
The symbols x and u in equations (8.18) and (8.19) are to be
interpreted as vectors of state and control variables, respectively.
A more general interpretation of x and u is also possible. For
instance, instead of interpreting them as vectors of state and control
variables at time t, they may be interpreted as integrals of these

variables up to time t. In this latter interpretation, the system is

said to possess "memory" which may be finite or infinite depending

10 See Astrom [9, P. 711 . The Ito integral is obtained by setting

A equal to zero and the Stratonovich integral by setting )\ equal to
0.5. The advantage of the Stratonovich integration is that it per-

mits one to fall back on the ordinary formula for integration by
parts, whereas the Ito integration does not. On the other hand,
the Ito integral concept has the advantage that the mean value
function of the process can, in this case, be intuitively justified.
The reason the integrals in (8.19) cannot be interpreted as ordi-
nary Stieltjes integrals is that almost all sample functions of a
Wienetr process have unbounded variation.

10aSee Astrom [9, p. 717 .



THE MAXIMUM PRINCIPLE 129

on the limits of integialion, Converscly, systcims in which x and u
are inlerpreted simply as vectors are called systems withoul me-
mory. Although systems with memory may be much more rcalistic
Lo employ in certiain situalions, they are also much more difficull to
handle and the sequel will, therefore, be limited to systems without
memory,

The systcm described by equation (8.18) is gencral enough
to cover cases in which the noise componenti appears either additively
or multiplicatively or both., The cases considered by Kushner [72,73]

and Sworder [127-130] can be easily obtained from equation (8.18).

Kushner 's equation

dx = f (x,u)dt+ dz (w,1) (8.20)
is the special case obtained from equation (8.18) by setting {(x,u,t)
equal to f(x, u) and g(x, u, z, t) dz equal to unity. Note thatl the
noise component dz(w,t) in cquation (8.20) apprars additively.

Similary, Sworder s equation

-g?xz A (®, t) x{1) + B(w, 1)V () 8.21)

x(o) = X

is the special case that results from equation (8.18) when f is re-
placed by A(w, t) x(t), g by B (w,t) v (1) and dz by dt.

In (8.21), the coefficients A and B are stochastic matrices posses-
sing appropriate dimensions. Hence in this case, the noise appears
in the system mulliplicatively. In view of the preponderance of

multiplicative noisc in several economic systems including those of

11
In this case, the adjoint equation is identical to Pontryagin’s [1047.
That is, it is a sysiem of ordinary (not stochastic) differcntial
equations. See Flerming [43, p. 195] .
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chapter III, the Sworder version of the stochastic maximum princi-
ple is of special intcrest. The problem with the Sworder version of
the stochastic maximum principle, however, is that the differential
equation for the adjoint variable is significantly different from that of
the delerministic (Pontryagin) problem or thc stochaslic one obtained
by Kushner. Because, A(w,l) and B(w,t) enter into the equalion for
the adjoint variable, the latler itself becomes a stochastic process.
As will be seen later afler assuming a particular form for the adjoint
variable, the diffcrential equation becomes a stochastic partial diffe-

renlial equation. This may be difficult to solve.

4. Kushner's Stochastic Maximum Principle

Preliminary :

Consider the system governed by the stochastic differential

equation
dx(w,t) = f(x(w,t), u(w,t))dt + dz(w,t) (8.22)

where

x(w,t), f(x(w,t), u(w,t) and z{w,t) are n-dimensional veclors,
x{w,t) is a stochastic process; and u(w,t) called the control, a sto-
chastic process with Lebesgue measurable sample functions, such
that for all finite t , df’tt1|\ u(w,t) || dt <o . For eachu(.,.) define
a criterion functional

J() = Ec' x(w,t))=c! jg x(w,t, )do (8.23)
where
the prime denotes transpose;
¢ is any chosen vector; and £ is the sample space with points w ;
Equation (8.22) is to be interprcied always as an integral. (See
equation 8.18)). When one asserts that (8.22) has a unique solution

for a given w, u(w,.) and initial condition x(w,0) what is meant is
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that therc cxists a unijue function x(w, .) such that

| t

Cx(o,t) = x(0,0) 4 [ M ix(,7), ule.t)) dr 4 a(,1)-2(,0)

tO (8.24)

forallt, 1. < t £ {
0 1
The optimal control problem is Lo select an admissible u(w,t),

tO < t < tl such that the cerresponding trajectory (see cquation

(8.22)) starting at x(w,0) at time tO’ maximize (8.23)

Notation

5
il

the Borel Field over rto,tlj ;

T(t) = the minimal g-field over which z(.,7 ), 7= t is
measurable;
E’ = T (tl) x B = the minimal g-field over which z (., .)

is measurable;

w (dw) =  probabilily measure on I (tl)

di = Lebesgue measure = the measure over the Borel field
t .t 1.
[ 01
-’
m(dw X dt) = the measuie on 3 .
T (1) is the minimal ¢g-field over which the information
m

2
available attl is rncasurable.1

Note: The argument © will often be deleted to simplify notation;
e.g., x(w,.) and x(w,t) may be written as x(.) and x(t).
The stochaslic maximum principle will now be presented in

the form of lemmas and two theorcems corresponding to theoremsg

VIOI,1 and VIII.2 given above for the deierministic case. Necither

12
In general T __ (t) c % (t).
m
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proofs nor the dctailed assumptions nccessary for the formulation

3
of the lemmas and thecorems will be givcn.1

(a) Stochastic Maximum Principle for autonomous Fixed Time
Problem with Variable Right-hand Endpoint

Lemma VIII.}

Let u(.) be an admissible control. Then there exists a null
set N, not depending on u(.), such that, for each w in 2 N (where

2 is the sample space of points w), the equation
t
x(t) = rl f(x(1), u(r))dr + z(t) - z(0) (8.25)
“t
o
has a unique Lebesgue integrable solution.
Also E || x(t) || < », and
B!
O Ell=@)|ldt< o (8.26)
0

Note ¢ Equation (8.25) is equation (8.24) with «w dropped.
Lemma VIII, 2

Assume the condilions of lemma VIII.1. Let x(.) be the
solution of (8.25) corresponding to u(.) and let §u(.) be an admissible
control. Then, for 2ll w in N, there is a unique Lebesgue integra-

ble solution x(.) 4+ su(.); also &x(.) satisfies

t
bx(.) = [ 1AL (e(r) + 6x(r), u(r)+ salr))-£lx(), u(n)1dt
t (8.27)
and the function defined by (8.28) is Lebesgue integrable in l'to,tl'l .
§x(t) = f(x(t) + 8x(t), ut) + sdu(t)) - f(x(t), u(t)) (8.28)

13
For these, see Kushner [72 and 73] .
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Furthermore,

ot
] 8 =(t) l| = Knekntlf1 |1 suit) |1 dr 14 (8.29)
t

0
Lemma VIII,3

Assume an admissible optimal control u(.) exists. Let x(.)
correspond to u(.) via (8.25) for each w in 2 - N. Let P(.) be defined

as the solution of the differential equation

dP(t) = - f' (x(t), u(t)) P(t)dt

P(tl) = c (8.30)

(where f'x denotes the transpose of a square matrix fx with its 1jth
element fx )
13
Then, for each w in 2 N, the solution of (8,30) exists and is

unique and uniformly bounded in ® and t, and each component of P(.)

is Lebesgue integrable. Define for any admissible u(.},

H(x(t), u(t), P(t)) = P (t) £(x(t), u(t)) (8.31)
Then H is well defined and Lebesgue integrable for each w in Q - N.
Also tl
j‘t E | H(z({t), ut), P@))|dt < o
0

Theorem VIII.3

Assume the conditions of lemmas VIII.3. Then there exists
anull wset N such that for any arbitrary admissible control u(.)
and each w in Q - ﬁ, one has

E {H[x(t), u*(t), P(t)]] £ (6)} = EfH[x(t),ult), P(t)] IZm(t)}
(8.32)

From (8.27), ||8x(t)|| < [ Kn (8x(7)|}+]|éu(r))dr . Hence
(8.29) follows.
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4

except perhaps on a t set of Lebecsgue measure zero.

!
Recall that 5 (1) denotics the minimal ¢-field over which the
m

information available al t is measurable. Rzlation (8.32) is the
condilional expectation defined by the Radon-Nikodym Theorc)m1

as a Zm(t) measurable function with the property
[ BEx0), 00, POT| 5 (01 p (o) = [ HIx(0),u(),

P(t)] (dw)
for any sel A in Y (1).
m %
The maximum value of (8,32) determines a u (t) that is a funclion of
the information available at 1 only and may intuitively be replaced by
the maximization of
E { H[x(t), u¥{), P(t)] | informatior available at t 1 (8.33)

(b) Stochastic Maximum Principle for autonomous Variable
Time Problem with Variable Righi-hand Endpoint

Lemma VIII.4

Let § (to,tl) be an n x n matrix such that, for almost all w, it

is defined and measurable with respect to 3‘: and | | ) (1,1 ,t)l ] < K1 , for
K ,
some K,
where
t = X X

z( 1) T 1) [15]

Define

vit) = ut)+ su'(l) (8.34)

where

i . . . s
du (.) is an admissible periurbation and u(.) is an admissible control,

15
Sec proposition VI.1 in chaptler VI,
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Let x(.) be the solution of cquation (8.22) corresponding to
u(.). Then the veclors (8.35) and (8,36) arc delined with probabilily

1 and arc finitc.

he,v) = Ea (1 t,) (0%, v (0] - Lx(), u(w)] (8.35)

0
. i .
by o 1 1 2
o (v ) = jt h(t, v)dt (8.36)

0
2
Also, for any vl(. ), v (.)and o,1 =@ > Othere exisls an admissible

perturbation Gua (.) and \)a(.) = u(.)+ 6ua (.) such that
t 1 2
o(v) = J Th(t,v )at=as () + (1 - alpy (8.37)

0
with probability 1.
In other words, the range of g (.) over all admissible v(.) is

convex,

Theorem VIII. 4

L.et uaz(.) be the optimal control. Decfine, for somc d, a
function P(.) of w and i such thatl
aP(t) = f;; [x(t), u(t)] P(t) i (8.38)
P(t d
( 1)

[l

Then there exists a null w sel N and a d, such that for any admissible

perturbed control v (.) = u¥(.) 4 su(.) andwe © - N,

E{ P ()f[x%(t), ur(i)]] ()= E(P' ()= (1),v(1)] ]zngt)]

(8.39)
exccpl perhaps on a Lt set of Lebesgue mcecasure zero,
The transversalily condilions are derived as
dy= ¢ + Agg (R) (8.40)
where R = Ex(w,i), R¥* = Ex*(w,‘rl) is the maximum valuc ol equation

(8.23) subject to Ex(w,t) being given in a closed convex set G and Y
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and )\ are scalars,
The geometric inlerpretation of the trensversality condition is
given in f{igure VI, in which II is the convex range (over all admissi-

ble v (.)) of the translated function E x* (tl) 1 0(.).

5. Multiplicative Noise and the
Stochastic Maximum Principle,

Considar a system described by the first order linear stochas-

tic diffcrential equation

dx x(t) = A(w,t) x(t) + Blw,i)v (1),
dt
x (0) = x (8.41)

o
which is reproduced here for easec of refcrence,
Let x(t) be an n-dimensional state vecltor, Vv (1), the conirol, is for
convenience taken to be a scalar. Let A(w,t) and B(w,1) be stochastic
matrices whose values determine the transition of the system dyna-
mics. Assume thal each element of A(w ,t) and B(%,1) is a separable
Markov process with a finite numbecr of states.

Suppose the controller is capable of making use of {wo diffe-
rent kinds of information: one from the instantaneous stalc of the
system x(t) and the other from the coefficients A(w,t) and B(w,1).
The observations on the coefficients A(w,1) and B(w,t) are assumed
representable in the conirol law by a vector y (t) where ¢i(t) is the
posterior probability at time t that [A(w,1).B(w,t)] = [Ai’ Bi] .

The feedback signal accessible to the conlroller may there-
fore be wrillen as

G(t) = [t, x(1), q;(t)"T (8.42)

where T denotes matrix transpose. A control y (i) is to bc selected
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on the basis of the observed valuc of G(t), i.e.

Vi(t) = u(G (1)) (8.43)
where
u, the control rule, is a function {rom the observation space to the
real line. Note that although G(t) and vV (t) are random, u is nonrandom.
Sworder simplified his problem by assuming that §(i) satisfies a

differential equation of the form

We) = £(y(t), s(t), t) (8.44)
implying that the system is passive. That is, the evolution of the
posterior probability {(t) is independent of the state x(t). In equation
(8.44), s(t) stands for incoming data {rom the "plant sensors", 16
Assume also that the joint process given by {(t) and [A{c,t),B(w,t)] is
Markovian.

Suppose the decision maker wants to maximize the functional

Ju) = E {_J”T £2(v (t)) dt} (8.45)
(0]

subject to the constraint given by equation (8.41). Assumc an optimal
control v* (t) exists and that it is a piecewise twice differentiable
function of its arguments. V(t) is otherwise unconstrained. Suppose

that corresponding to v* there exists a solution to equation (8.41)

X#(t) = A(©,t) x%(t) + B(w,1) wk(G*(t)) (8.46)

X>‘=(0) = Xo

16
A "plant sensor" is any equipment or device attached to a plant to
provide information about the operation of the plant. In the zcono-
mic applicalion to be tackled in chapter IX, a plant sensor is Lo be
interpreted as any mechanism by which the consumer can acquire
experience regarding past behaviour of the rate of return., It is
not too much to assume that he knows the past states of his capital
stock.
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where

[, (), § ()]

Q
2

iy
—

~
I

and

—~—

—

~
1l

wk [GH(1)]

The adjoint variable P(l), itself now a slochastlic process, is definecd

by

N sk sk T
Bt) = [-A(w,i)]  (B(w.1) QE(—G*—“L] P(t)
oOxX
0 sk B
s (_aéf;* Rt G ()] 7T (8.48)
ox
P(T) = 0

The importani difference between equation (8.48) and its deterministic
counterpart (equation (8.9)) or the Kushner stochasiic counterpart

(equation (8.30)) is the appearance of extra terms (precisely

—g—z— (G(1))  which result from the explicit feedback nature of the
problem (see equations (8.43) and (8.44)). Detlerministic sysliems
require no feedback law. In the Kushner stochaslic case, the feedback

does not affect the opiimal control becavse the control is not an argu-

ment of the crilerion functional,

Theorem VIII.5

Denote the siochastic Hamiltonian by

H(x, P, u, G. t)

17
= PW)T [A(t) x(t) + B(t) u(G(t)))
+ 10(x, w(G*(t))) (8.49)
Then, if w¥ is an opltimal conirol
E {H(x*,P%, u¥, Gk, t | G¥(1))
> E {H(x*, P, u, G¥, t |G* (1)} (8.50)

1

The argument omega has been dropped from the coefficients
A(w,1) and B(w,t) to simplify notalion.
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almost surely for all t « [O,T]18

Using this thcorem and the assumption that u is a twice differ-
entiable piecewise continuous function ol its arguments, the optimal
control w¥* may be evaluated by sciting the derivative of the leftl hand
side of relation (8.50) with respect to u equal to zero. That is

o
E {P(t)T B(t) \ Gx(t)} - %f;* aa—ux = o0, a.s. (8.51)

In earlier sections of this chapter, the development of the ma-
ximum principle (deterministic as well as stochastic) did not proceed
beyond this point. See Remark §.1. Without assuming spccial forms
for P and fo, it is not possible to obtain general analytic solutions.
Hence, to illustrate the steps involved assume

© = x0T Rxt) + v’ (8.52)

P(t) = 2 K(t) x*(t) (8.53)

The deterministic counterpart of this problem has been solved by
Athans and Falb [ 10, chap. 9] who advance the case for the special
form taken by 2 and P. The argument for (8.53) is that the canoni
cal equations relating x(t) and P(t) is linear. (8.52) is justified on
practical grounds. The contribution of Sworder to this deveclopment

lies in treating K(t) as a stochastic matrix,

Utilizing (8.52) and (8.53) in (8.51) gives the optimal control

rule as

wt (GH(t) = E (BT K@) | 61 () (8.54)

18
See Sworder [127, P. 1827 .
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Up to this poinl the development of the stochastiic counterpart
of the maximum principle has becen quite straightforward. Howecver,
equation (8.54) introduces the first complication that must be dcalt
with as a result of the stochastic nature of the problem. In order to
obtain an explicit expression for wl, one must evaluate tlhic conditional
expeclalion in equation (8.54), Using equations (8.53), (8.48), (8.406)

and (8.54) one can write a differential cquation for K(t) as

K(t) = -A(t) K{) K()A{) + R-2K(t) B{) BUO) LK ()

+ K1) Bt) BT Kt) (8.55)

where

Bt)l K(t) = E {B(L)T K(t) | G(t) )

Because of the conditional expectations on the right hand side
of (8.55) K cannot be obtained by direct inlegration as could be done
in a deterministic problem. The conditional expecialions depcad not
only on the present value of K but also on what one expectis its futlure
value to be. Written out in full, the conditional cxpectation of K (t)
given §(t) and the event [A(1), B(1)] = [Ai, BiJ , is a partial differential

equation in K{(t). —

E {K({) | wt), [it)] ]}

ot
oK. (¥ (1),t) _
+ - E { ()] 91).[i(t) 1} (8.56)
3y (t)
o
K. (¥ (t), t) q.(1)

where
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19
| (450 s+ 0 (8), it
Prob ([iltt 1 a)) [[HOD = "1hq s 40(a), i=j
i

K (4(t), ) = E [K(t) | G (1), [i(1)])

[i(t)] = the eveni [A(L), B(1)] = [Ai’ Bi]

Substituting the right hand side of (8.56) for K (t) in (8.55) and dropping

the arguments of -I—{., one obtains
i

3K; K, . m

+ K ' i > K
_ . _ m

- ATK.-KA +R 2K.B EB'.TKw(t)
i i i1 1 1j=1 J J )
m — m T —

+ (z K.B_U.(t) (T B, K, {.(t)) (8.57)
SV BN g 430
J J

Eiwm, T) = o,¥ {(T), i

where

AT K, = E(AM K@® |GHo, [101]

and

m ~ T

= B.K. (y.(t)) = B(t) K(t)

j=1

In general, the partial differential equation in (8.57) is difficult
to solve. However, if "certain conditions" are met the partial diffe-
rential equation may be reduced to an ordinary diflercntial equation

by employing the method of characteristicsz,o Suppose, in the second term

19 See Cox and Miller [25, sec. 4.5].

20 See Garabedian [49,chap.2] or any texl on first order partial diffe-

rential equalions.
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on the leflt hand sidec of (8.57)

. 21
E{y )] v @), 1M = BIOW (1), St), ) u(t),rie)n
= (4 (t), t,i) (8.58)
Then if
h(r;i) =1 (b(r), 7,i), t < 7 < T
h(t;i)= v (t); i=1, , M (8.59)
and
Ta “ " mo 7, .
K (1) = -A. K(tr) K. (1)A. +R-2K (7)B. ¥ B, K _(1)h(r,i)
1 1 1 1 1j=1 ] ]
m m Ta
+(z K./(r)Bh.(r,i)) (T B K,(1)h,(r,1))
j=1 3 1) j=1 i
m
- R(T) g (1) (8.60)
j=1 )
e
K(T) = 0
where
K;(t) = K. (4 (0), t)
The optimal control rule is
m T
uk (G(t)) = ¥ B. K. (t) v.(t) x¥(t) (8.61)
j=1 J J J

Equations (8.59), (8.60) and (8.61) give the solution to the

problem posed by equations (8.45) and (8.46). The solulion equations

are rather complicated but not as much as they lock. First note that

(8.59) and (8.60) may be solved independecntly of each other and the

values of \pj and %j obtained, substituted in (8.61). This independence

removes problems associated with two-point boundary problems.

21
From equalion (8.44) .
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The procedurc for oblaining the solution is to first integrate equation
(8.59) forward in time, and then use its results in (8.60) to integrate
backward in time. The control rule, cquation (8.61), involves only
algebraic manipulations of the solulions to equations (8.59) and (8.60).
Note, however, thatl since equation (8.60) is Riccati, closed-form
solutions are in general not available, and one must resort to a digital
compuler. An algorithm for compuling the delerministic counterpart
of this equation is available in Athans and Falb [10, P. 7677 .

The solution equations suggest some interesiing qualitative

properties implicit in the syslem. These are summarized in Note

VIII.1.
22
Note VIII.1

(a) Equation (8.59) indicates how fast the controller 'adapts' to

changes in its dynamics. As the solution approaches the vector

J'l,l
lo, i

equation (8.60) rapidly approaches the corresponding equation for

observable [A(t), B(t)] .

t

j
j

s

(b) If in addition to (a), the transition probabilities of thc process
are small, then equation (8.60) converges to the deterministic Riccati
equation,

(c) The certainty equivalence principle of chapter VII does not apply,
since the differential equation {or h (t) does not even give the expected

value of ¢ (t).

22
See Sworder [127, P. 185]
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4 6. The Pontryagin Kushner Sworder
! Maximum Principles Compnred
For the purposc of comparison, il is instructive to gather
together the main strands of the maximum principle as devcloped by
Pontryagin, Kushner and Sworder. Table I serves this purpose. The

pertinent equations arc

(1) equations (8.7), (8.22) and (8.42) for the transition equation;
(2) equations (8.9), (8.30) and (8.48) for the adjoint funclion; and
(3) equations (8.10), (8.31) and (8.49) for the Hamiltonian,

From Table I it is clear that there is practically no difference
betwecn Pontryagin and Kushner. In particular, the equations for the
adjoint variable and the Hamiltonian in both cases are identical. On
the other hand, some complication is evident in the Sworder version,.
In particular, the equation for the adjoint variable in the Sworder
version is written as a new stochastic process in terms of the gradient
of the state variable veclor x.23 Whereas the Pontlryagin as well as
Kushner P(t) function is obtained from a set of ordinary differential
equalions, the Sworder equation for P(t) generally ieads to a set of
stochastic partial differential equations. Some reason for this pheno-
menon was advanced in the paragraph immediately following equation
(8.55) above. In general, partial differential equations are more
difficult 1o solve than ordinary differential equations. The atltack
suggested by Sworder above is Lo reduce the partial stochastic to an

ordinary stochastic differential equation by using the method of

23
See the paragraph immediately following equation (8.48) 2.139 above,
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TABLE I

THE PONTRYAGIN - KUSHNER - SWORDER MAXIMUM PRINCIPLE

I :
(1) Pontryagin: -i—}t(— = f(x,u) (8.7)
Transition
(2) Kushner: dx(t,w) = f(x(t,w), u(t,w))dt + dz(t,w) (8.22)
Equation
(3) Sworder: -(é?x = A(t,w)x(t) + B(t,w) v (t) (8.41)
G(t) = T't, x(t), ¥ (t)] (8.42)
v(t) = ufG (t) 1 (8.43)
4P . __af
Adjoint (1) Pontryagin: at t) % (x(t), ult)) P(t) (8.9)
Equation (2) Kushner: dP(t) = - %ix[ x(t), u(t)] P(t) dt (8.30)
] e T
(3) Sworder: g'fi = -[A(t,w)+B(t,w) -é-}-l—-(%%-it—)'] P(t)
3x”
e xR sk (4 T
boRur 2urGE®) (8.48)
3x dx
P(T)=0
(1) Pontryagin: H(P,x,u) = (P, f(x,u)) = P f(x,u) (8.10)
The (2) Kushner: H(P,x,u) = P f(x,u) (8.31)
Hamiltonian (3) Sworder: H{t,x,u,G) = P(t)T[A(t,w)x+B(‘c,w)u[G(t)]+fo(u(G(t)) a.

(8.49)
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characteristics. Howecever, this device does not remove the Riccatli
nature of the resulling ordinary differential ecquations. There arc no
generally known methods for solving Riccati equations analytically

although they can be solved quite fast by modern digital computlers.

7. Dynamic Programming Approach
to the Sworder Problem

In chapter IX, the Sworder version of the stochastic maximum
principle will be applied to the economic problem surveyed in chapler
III. As was seen in chapter III and mentioned in the introductory part
of chapter VI, dynamic programming has been utilized to advaniage
for these and a wide variety of similar problems. Dynamic program-
ming is a valuable tool in its own right and how the method ties in
with the maximum principle has been clearly demonstrated by
Rozonoer [111] as far back as 1959. The advantage of this symmelry
between the two tools has, however, nol been adequalely exploited
by eccnormists who have been applying these lools for nearly a decade
now. A combination of ideas gathered from chapters II and III with the
relationship between dynamic programming and the maximum principle
to be highlighted later in this section could give a lead on the possible
economic interprelations of these tools,

The usual argument of the proponents of the maximum principle
is that dynamic programming does not have any rigorous logical basis
in several of the cases where it may be successfully utilized as a
valuable heuristic tool. Pontryagin [104, P. 73], Fel 'dbaum [38, P.85]
and Wishart [143, P. 314] may be cited in this regard. Precisely, the
argument is that the optimal value functlion to be introduced beclow is

arbitrarily assumed to possesss conlinuous pariial derivatives with

respect to x and t. While this weakness may be important to
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mathematicians, economists may prefer to gloss over it. Therefore,
in order to exploit the advantage of the established symmetry between
dynamic programming andthemaximum principle, the remainder of
this section will briefly present the basics of the dynarnic program-
ming approach to the Sworder problem of section 5.

To solve the problem of equations (8.45) and (8.41), dynamic

programming calls for the introduction of an optimal value function
Jo(x(t)s t), o «t < T, defined as

3% (1)) = E { max fT £2 (v (1)) dt } (8.62)
wWreU %t
x(t) e X
where E is the expectation operator. The basis of dynamic program-
ming rests on the assumption (in addition to the assumptions needed to
formulate the maximum principle) that the function Jo(x(t) ) has
continuous partial derivatives with respect to x and t.
Having made the foregoing remark, the fundamental partial diffe-
rential equation of dynamic programming is usually derived in the
following manner. First, it is shown that the function Jo(x (t)) may

be written as

o t+ At T o

T (x(t)) = E { max Ifo(v(t))dt + j £7(V(t)) dty (8.63)
ueU t+A
x(t) € X

or, for sufficiently small At,

o o o
J (x(t)) = E {m?&{J £ (v(t)) at + T [x(t + at),t +at]) (8.64)
u €
x € X

A Taylor series expansion of x{t + At) gives

x(t + At) = x(t) + >.<:(t) At +-21' x (t + eAf)(M‘)2
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where 0 < 0~ 1. Substituting for x from cquation (8.41)

|

x (t +‘At) = x(t) + [A{L) x(1) + B(L) v (t)] At + 0, (at) (8.65)

1

where 01 (At) denotes a small quantily of small order higher than At.

Substituting (8.65) in the second term of the right hand side of
(8.64) gives

TO(x(t + At), t+ At)

Pl

= J°{x(t) + [A(t) x(t) + B(t) v (t)] at + 0, (AL), t + At} (8. 66)

1
Applying a Taylor expansion on the function 7° of (8.66) in the neigh-
bourhood of the point (x, t) yields

IO0x(t + at), t + At

= J°M(t), t]+ [V T [x(t), t][A() x(t) + B(t) v (t)] } at (8. 67)
23° ‘
225 (), t] At + 0, (a)

where 02(1:) is a quantity of higher small order compared to At, and
v J° is the gradient of 7° with respect to x.

Substituting (8.67) into (8. 64), dividing by At and letting
At —=3 0, the formula takes the form

o
gt—J[x(t), t] = max {f (v) + VI° [ x(t), t].

[ A(t) x(t) + B(t) v (t)]} (8.68)
which is known as the Bellman equation. (8.68) is a singular pariial
differential equation since as a result of the maximisation =x(t)
vanishes from the right hand side for allt ¢ [0, T]. In the general
case this equation cannot be solved analytically and numerical methods
must be used. However, for the purposc of comparison with the

. . . . o )
stochastic maximum principle, assume again lthat £ takes the form given

by equation (8.52). Substituting (8.52) in (8. 68) yields
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) 50 o
0 = max E { [x(t)T R x(l) + v (t) ] + —g“}—]{—- (Ax + Bvy) + %—{— }(8.69)
from which the oplimal conirol is
o
_ 1 3 J
w(G@H) = - > E(B | G(t)) Eyan (8.70)
If Jo(x, 1) is of the form
2
%%, t) = K(t) x (t) (8.71)

then there is no difference between equations (8.70) and (8.54) once

. . o
the interpretation of 3J” in obscrvation VIII.1 below is recalled.

oOx

Observatlion VIII. 1 Relationship between the Maximum Principle
and Dynamic Programming.

Some inlercsling resulls can be obtained on closer examination
of equation (8. 68) and comparison of same with the expected value of
equation (8.49), the stochaslic Hamiltonian. The right hand sides of
these two equalions are identical once P(1) is defined equal o V JO,

It means that the maximum of the Hamiltonian of the maximum princi-
ple is the same thing as the partial derivative (with respecl to time)
of the optimal value function provided the partial derivative of the
latter function (with respect to x) is defined equal to the adjoint variable
P(t). This last statement is not arbitrary; rather, it is a condilion
that must hold on the optimal trajeclory, and was demonsirated by

Rozonoer [111, part 3 ] as far back as 1959.2

8. Concluding Comments

No doubt, several loose ends arc evid:ul in the discussion of the
preceding sections. A brief comment in this regard will be useful

before terminating this chaptcr. Firsi, il is worth repealing that the

24
See also Bryson and Ho [19, pp 49 and 1347 .
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development of the stochastic counterpart of the maximum principle is
just beginning.

Section 3 made it clear that in the attempt al developing the
stochastic maximum principle atlention has so [ar becen concentrated
on a resiriclive class of stochastic differential equations. The class
of problems to which thcorems VIII.3 and VIII.5 may be appliced are
differenl and the proofs of the theorems are also different, 25 It is
not to be construed from sections 4 and 5 that the respective maximum
principle theorems can be upheld for all systems of additive and multi-
plicative disturbances. Other importiant assumptlions employed in the
development should be noted. In Kushner [72,73], the only constiraint
on the admissible control is that its integral over the control time
exists, In Sworder, the control is virtually unconstrained. While
Kushner's transition equation is nonlinear, that of Sworder is linear,
and there is no assurance that his theorem carries over Lo nonlinear
systems with mulliplicative noise.

Also, both Kushner and Sworder treat systems in which initial
conditions are known, the time horizon is non-stochastic and the slates
are perfectly observed. Sworder has no comment on what happens if the
horizon is stochastic. Kushner notes that problems with stochastic
horizon involve the addition of several new concepts to an already
complicated problem. What those new concepls are, are not known.
These circumstances dictate the type of illustrative problem atiempted

in the next chapter.

25
Sworder (130, p. 36] .



CHAPTER IX
ECONOMIC APPLICATION OI' THE STOCHASTIC
MAXIMUM PRINCIPLE

In the economic litcrature, the commonest example of the
application of the maximum principle at the detcrministic level is the
derivatlion of optimal properties for one secltor models of economic
growth. In this connection, reference was made in preceding chapters
to the works of Arrow [6], Dobell 287 Dorfman [31] and Shell [120]
among others. This chapter is an aliempt at providing a stochastic
prarllel to these works., Alternatively, the present chapter may be
regarded as a reinterprelation of the general model in chapter IIT
above. The vehicle of analysis will be the tools developed in chapter
VIII, section 5,

As in chapter III, the Samuelson-Merton Model will be used as
the pivot of discussion. Section 1 reproduces this model and describes
it in the language of chapter VIII, section 5. Section 2 attempts some
economic interpretations of the major relations. A number of inle-
resting results are derived which may be regarded as stochastic
counterparts of the Keyncs-Ramsey rule., Some of the rcsults are
particularly easy to derive when one exploits known relationships
beltween dynamic programming and the maximum principle which were
noted in observation VIII.1. An example of this is the interpretation
of the adjoint function P(t) as a marvrginal indirect utility function.
Section 3 is addressed to a number of computational problems involved
in the derivation of the optimal control (i.e., the optimal consumption
path) using the Sworder stochastic maximum principle. These pro-
blems are removed once the model can be trcaled as a "state regu-

lator". The major findings of the chapler are summarized in section 4,
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| 1. Modcl Foriaulation and Description

A stochaslic version of the Samuelson-Merion model in continuous
time may be wrillen as

y () = rlw,t)y) - c(l) (3.11)

<
o}
11

y, >0 (3.12)

y (t) is capital stoclk at time 1
c (t) is rate of consumption at time t

r{w,t)is a stochastic rale of relurn at time t, and

dy(t)

y = g

The consumer is assumed according to this model to generate all his
income from the yield of his capital investment. He has no wage
income. He bas initial capital Y, which he invests al an exogenous rate
of return r{ w,1). The yield on his capital at time { is, therefore,
r(.,t) y(t), a random variable out of which he consumes c(t).

The process described by equalion (3.11) is Markovian since the
equation is a first order linear stochastic differential equation; i.e.,
a state model. ! The equalion is a parlicular case of equation (8.41)
in which A(w,t) = r(w,1), B(w,t) = -1, x(t) = y(t) and v (t) = c(i).

In the Samuelson-Merion model instead of thc process r(w,1) one has
and ordinary random variable r(l) independently distributed with

respect to time; i.e. no serial correlalion is permitted., For the

See Astrom [ 9, P. 44].
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application of the Sworder maximum principle, r(w,t) is assumed Lo be
a separable 2 Markov process with a finitec number of states. In

other words, for cach t, onc only necd to assume that the random rate
of relurn r(.,t) assumes a finile number of values m, each with a
posterior probability q:i(t)., IL is not necessary Lo assume away serial

corrclation. This is an advantage over the Samuelson-Merton analysis.

In practice, separability has the advantage of enabling one to
reduce the index set of the process (which may not be countable) to a
couniable set. The assumption is not restrictive since, by proposition
V1.8, for every stochastic process Xt’ there exists a separable pro-
cess ﬁt defined on the same probability space such that P(Xt :it)z 1.
The Markovian assumption can be justified by invoking propostion VI.3

the generality of the Markov process. The finiteness of the number
of states m is not regarded as restrictive for the present problem since
in principle m may be chosen as large as onc pleases, short of infi
nity.

Turning to the interpretation of the feedback control law, equation

(8.43) is rewriiten in the preseni context as

clt) = ¢ [G(t)] (9.1)
where, by equation (8.42),
G(t) = [ y(0), y()] (9.2)

wi(t) is the posterior probability at time
t that r(.,t) = r (.,t)

the prime denotes {ranspose;

See definition VI, 17 in chapler VI,
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and, by equation (8.43),

b0 = £ Ly, sit), t] (9.3)
where

y(1) is the entire veclor [ ¢1(t), q;z(t), cees ¢m(t)] ,

and

s{l) is a scalar funciion representing data from the
3
"plant sensors" ; 1.e. the experience based on past behaviour

of r(w,i), thus giving the model a sort of Bayesian character.

The cxplicit appearance of t on the right hand side of equation (9.3)
could be given an interpretation analogous to technological progress
in a production function. In this sense, t may symbolize the growth

in the efficiency of the information gathering device (the plant sensor).

The feedback control law equation (9. 1) makes consumption at
time t a function of capital on hand at time i, the posterior probability
distribution over r(.,t), and the time the decision is being made.
Observe that although G(t) and thus c(t) are random, the function ¢ is
not random.

To complete the description of the control problem, it must be
assumed that the consumer has a well behaved utilily function, u defined
over his consumption ati time t, and that his objective is to maximize the

criterion funclional

See foolnote 16 in chapter VIIJ.

4
However, the subjeclive element inhcrent in the prior probability

distribution of Bayesian anelysis seems lacking in this model.
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T _pt

Jlct)) = E [ e P"u [ c(t)]dt (9. 4)
o

subject to the constraints imposcd by equations (3.11) and (3. 12).

Following the procedure of chapter VIII, seclion 5, the adjoint

function, itself now a stochastic process, is defincd by

s s sk B
. -ot LG (t L [G (¢t
Py = et (2 20 BTy 20 e
- o
y dy Y (9.5)
P(T) = 0
where

the stars denote functions evaluated at their optimal levels, and

'

G (t) = [t, y (t), ¢(t)]
Note that it is not necessary to assume a priori that P(t) is a stochastic
process. It is by definition a stochastic process since r(w.t) is a

stochastic process.

2. Economic Inlerpretation of the
stochaslic maximum principle

The function J (c (t)) defined by equation (9.4) was interpreted
in chapter II (see equation (2.3)) as the relevant utilily function in
the context of temporal uncertainty. The corresponding function under

timeless uncertainty would be defined as
T ot
1%y = B max [ Pufe [G)])a (9.6)
o

Equation (9.6) can be recognized as the definition of the optimal ex-

. . . 5
pected value [unction in stochastic dynamic programming.  One may

See equation (8.62) in chapter VIII.
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thercfore, infer that the stochastic dynamic prograimnming approach to
dynamic optimisation under unceriainty always involves a first step
in which the inherent "temporal'" uncertainty is reduced to "timeless"
uncertain’cy.6 The interpretation may be regarded as a partiial answer
to the skepticism expressed in Crabbé and Odaro [25. p. 5]as to whe-
ther or not the distinction between "temporal" and "timeless" un-
certainty can be usefully extended beyond the {two-period analysis,
when the Fama [36] proposition does not hold.7 The right hand side
of equation (9. 6) requires that y(t) be known at the time c(t) is chosen.
The explicit dependence of the left hand side on y(t) suggests that the
expected optimal value function of stochastic dynamic programming
may be interpreted as a dynamic analogue of the usually "metastatic"
indirect utility function8 in conventional economic theory.

The P(t) which solves the differential equation (9.5) satisfies the
interpretation given in observation VIII. 1 (p.150). In other words
P(t) is equal to the gradient with respect to y(t) of the expected optimal
value function. Therefore, it follows that if the optimal value function

is called an indirect utility function, the adjoint function P(t) must be

6
In view of proposition II. 1 namely that temporal uncertainty is
never preferred to timeless uncertainty described by the same
mass or density function, this {two step approach of stochastic dy-
namic programming seems to make a lot of sense,

7
E.g., when T is infinite.

8

Fama [36 p. 166] has given this interpretation.
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interpreted as a "marginal indircct utility function™.

It is true that in the deterministiic framework, a general
"shadow price" tiype of interpretation for P(i) has been recognized by
a number of writers,9 but the specific interpretation suggested here
has ncver before been recognized in the literature dealing with the
subject matter of this thesis. This specific inlerpretation is, there-
fore, to be underlined. In the stochastic framework, the marginal
indirect utility function (the "shadow price" function) depends on the
state of the world. In other words, for each y(t), there are now as
many shadow prices as there are states of the world; the gradient of
the optimal value function is stochastic,

It would be interesting to be able to compare the motion of P(t)
in the deterministic with that in the stochastic context. The difficul
ties on the way of such comparison will be discussed in section 3
below. For now, the task of interpretation turns on the stochastic
Hamiltonian.

Following usual prccedure, the stochastic Hamiltonian is
obtained from equations (3.11) and (9.4) as

H(y, P, 4, G) = e P" u { 2 [G()]} + P(t) [r(w, t)y(t)-e(t)]

= e P u fe)] + ) () (9.7)
where
the relationship (9.1) has been usecd, and G(t) is as defined by
equation (9.2).

? See, e.g. Arrow [6,p.88] and Dorfman [31] for interpretation in

optimal control context and Zangwill [153, pp. 62=68] in the
context of mathematical programming.
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The stochastic Hamiltonian is madec up of two parts:
(1) the discounted utility of consurnption at time t; and
(2) 1investment valued in units of "marginal indirect utility'} P(1).

Hence, the Hamillonian is the sum of instantaneous {lows of ulilily
from all sources, including a parl enjoyed immediately, e—pt u and a
part expected to be enjoyed in future P(t) y(t). This double-compo-
nent interpretation of the Hamiltonian was recognized by Arrow

[6, P.88] in the deterministic context, but in the present stochastic
context, the interpretation is good only for one state of the world w.
A different flow of utilily results for each state of the world.

Next, by invoking theorem VIII. 1, sub-sections (10) and (20),
and assuming that the left hand side of relation (8.50) (p.l139above)
does not violate the conditions of these two sub-sections, it requires
no computations whatever to show that the famous Keynes -Ramsey
rule musil hold. The theorem says that on substituting the optimal
control path £%(G(t)) into the expected Hamiltonian, the latter equals
M, a constani, which may be inlerpreted as Ramsey's Bliss point B.

Therefore, on substiluting 4% on the right hand side of (9.7) and taking

expectation, the Ramsey rule

-nt .
B e PPEu = EP®{) y(t) (9.8)
must hold.
Observation VIJI.1 yields another interesting economic interpretation

in the context of the present problem. Recalling the relationship

o
-b—f-:—g——: max EH = M,
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i . . .
one can rationalizc the following:

(1) if the consumer has a "flexible" planaing horizon,
and if his investment y(t) depends only on his capital and
consumption, and not on timec,then his indirect utility
will be a constant function of time, since M equals zero ;
whereas

(2) if the consumer has a fixed planning horizon and/or
if his investment depends on time as well as on his
capital and consumption, then his indirect utility
will not be a constant function, but will change through
time at a constant rate M1

It may be interesting to make a few comments here concerning
the impact of uncertainty. Of course, the first point to note is that
uncertainty introduces lack uniqueness into the system. Since the
Hamiltonian is now defined only for one state of the world at a time,
it means that there are as many different flows of utility as there
are states of the world. Without prior knowledge of the resulting
Hamiltonian for each w, it is not possible to compare the flow of
utility under uncertainty with the flow under certainty. This compa-
rison if it were possible, would indicate the "overall" impact of un-
certainty. For the "marginal” impact, one needs an acceptable
measure of uncertainty to be explicilly included in the stochastic
Hamiltonian and with respect to which the latter must be partially
differentiated. It is not clear how one may go about this.

Back to equation (9.7), if the oplimal consumption path c¥(t)

10 Provided the left band side of relation (8.50) (see p.139 above) obeys

relation (8.16a), p. 126 above .

i1 Provided the left hand side of relation (8.50) obeys condition 2° of

theorem VIII.1. Seep.125 above.



ECONOMIC APPLICATION OI" TITE STOCHASTIC 161
MAXIMUNM PRINCIPLE

f
is substituted for c (i), then the relation

E{ePtul i @xt)] 1 PO L |G

2E {7 u [ 2(GEN] + Pt) 70| GH) (9. 14)

must hold.
The left hand side Hamiltonian in (9. 14) satisfies the relation
RE(H | G(t))

oc
which simply says that at the optimum, the expected total flow of utility

= 0 (9.15)

must be irresponsive to consumption changes. The complete expression
for equation (9. 15) is
oot E {u [2(G(EN]])
ol
where c(t) = £(G(t)) has been substituted from(9.1). Equation (9. 16)

E[PH)|GH)] =0 (9.16)

shovws that the optimal consumption is such that the discounted marginal
expected utililty of consumption equals expected marginal indirect utility
of capital.

In general, it is not possible to say whether or not the &*(t)
which solves (9. 16) will increase or decrease as uncertainly increases
since this depends on the explicit form of the right-hand side of the
equation. However, following similar argument by Rothschild and
Stiglitz {110, p. 69), it seems reasonable to say that increased uncer-
tainty will increase optimal 4 (t) if E(P(t) ]G(t)) is concave and decrease

it if E(P(t) | G(t)) is convex.
3. Computational Problems

Synopsis

ale
9

Analytic solution for 4 (1) is generally not possible without
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assuming spccific forms of utilily and adjo.nt Junctions. In fact the
appeall of the maximum principle, cven in the deterministic framework,
has never becen claimed to lie in its compufational cfficiency. As will
be seen in this scclion considerable difficulties arise in the attempt to
oblain explicit solution even when the particular utility function of
chapicr III is assumed. Closed-form solution follows immediately on
assuming equation (9.17) below for the utlility function. But that closed
form solution is writlen in terms of a function which is itself unknown.
Once an acceplable function is given for E(P ]G(t)) the path of the optimal
control can be casily described. Butl the difficulty in obtaining P(t)
lies in the fact that it is interdependent with y(t), itself an unknown
function. The efficiency of the techniques described in chapter VIII
thus seems greatly reduced once a criterion other than a quadratic is
employed. In order fo elicilt some of the main problems involved,

the Samuelson-Merton Mcdel will be used.

Samuelson-Mertion Model Without Porifolio the Phelps-Ramsey Problem

The model formulated in section 1 and inlerpretied in section 2
does not involved any porifolio problem since it involves only one asset,
In the language of chapter III this special case of the Samuclson-Merton
model is called the Phelps-Ramsey problem.

If the specialized utilily function,

u(c) = -:? cY = "1\; {,I:G('!:)']Y (9.17)
where

Yy, 0< vy « 1 isthe elasticily of the utility function,
employed in chapter III is substiituied for u(l ) in equation (9.16),

then it is easy to show that the optimal consumption path ft*(t) is

given by
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i
) = [P E{Pm)|Gu] v ! (9. 18)
which would be identical to Merton [88, equation (18)7il {(he depen-

dence of P(t) on G(1) were ignored, sincec by obsecrvation VIII. 1

(o]
. RS ¥
E[PW)] = E[2]

The qualification is, however, an unpalatable pill to swallow. There
is no a priori reason to expect that P({) will be independeni of t, y

and {. If, however, this were true, it would mean that the "marginal
indirect utility" P(t) is a constant, and this is a contradiction of the
specialized utility function (9.17). If P(t) is not a constant, then
there is the important problem of determining its behaviour, e.g., as
compared with the corresponding P(t) in the deteriniaistic {ramework.
Before embarking on this task a few words can be said about the be-

haviour of the oplimal consumption path as given by equation (9. 18).

According to equation (9. 18), three different variables are vital
in the determination of the consumer's oplimal consumplion path:
(1) the expected value of his marginal indirect ulility conditional on
his instantaneous capital stock, his posterior probabilily over the rate
of return on his capital stock and the time the cocnsumplion decision is
made; (2) his rate of time prefecrence p : and (3) his relative risk
aversion y-1. Holding every other thing constant:

(1) increase (decrease) in his rclative risk aversion results in

a lower (higher) optimal consumptlion path;
(2) increase (decrease) in his rate of time preference results in

a higher (lower) optimal consumption path;
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f! (3) increasc (decreasc) in the conditional expected value of the
marginal indirect utility function results in a higher (lower)
oplimal consumption path;

(4) the rate at which optimal consumplion increases through time

depends on the relationship between his rate of time prefe-

rence p and the inverse of his relative risk aversion ;_1—1‘7.
if p is greater than -\(Ti—i'- , the consumption that will be
oplimal {o the consumer will increase steadily through time
at a rate equal to ;9*1 ;

1

if p is less than g the consumption that will be optimal

to the consumer will decrease steadily through time at a rate

equal to )
v 1
if p is equal to "'T , his optirnal consumption will increa-
2 Y7 2
se at the rate p = 1/(y-1)

All these seem interesling and siraightforward, and they do confirm
12
results obtained by other writers using other methods. What is not so

easy to delermine is the behaviour of P(t) which according to the cano-

nical equalions 1
. pt s Y—l
Bt) = (ox(ot) + LETBEHOIGEN I o |
oy <7
- pt b Y-
Feftepsy [y TV, T EEHOBWIT (g g
;) ¥
§(t) = o, t) y(t) - [P B(P(Y) |G(t) V-1 (9.20)

depends, among other things, on the unspecified function E(P(1) lG(‘c))°

In a deterministic model this preblein would not arise, since

12
See e.g. Merton [88, p. 250].
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there would be no need for the problemnatic terms involving E(P(t)] G(t))

in equation (9. 19). 13

Following the development of chapter VIII, the firsi step in de-
termining the behaviour of P(t) is to assume that the solution P(t)

of (9. 19) takes the form

P(t) = K(t) y(t) (9.21)
so that
Rt) = K(t) y(t) + K(t) y(t) (9.22)

y

where K(t) is a matrix each element of which is a stochastic process
conditionally independent of y(t)land then derive a solution for I.((t)
from a Riccati equation of the type given by equation (8.55) in chapter
VIII. However, such a procedure does not seem very useful here
since (9.20) is not linear. If the procedure were to be adopted, it
would be immediately revealed that K(t) is not independent of y(t) since
y(t) would appear explicitly on the right hand side of the differential
equation for K(t). To see this, substitute equation (9.21) into (9.20),
substitute the result in (9.22) to obtain an expression for ].?(t), and
substitute (9.21) into (9.19) to obtain a second expression for 'Ht),

Equalize the two expressions for P and solve for K(t). The result is

. 1
K(t) = - 2r(w,t)K(t) -I—Iyi(—(tt)) [e‘otE(K(t)\G(t))y(t) ] y -1
N
+$‘t—1) [P Ex@®) |Gm) vt ] T-7 . [ " E®®) |G ]
2y
RS S - : M) TTov | TE(K (¢
Dy Le"E®E) | GitNyt) ] -y . [BEE®) |G1) ]
K(T) = d = constant (9.23
1
13 ot .. y-1
Recall that the term _@_[9 E(P“‘(L),.,J G(t) ] enters into (9. 19

3y"
because of the feedback nature of the problem. In a dcterministic
model this feedback would be unnecessary since the optimal control
would be the same with or without feedback, See Definition VI. 10
in chapter VI.
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in which K(t) is explicitly dependent on y(t). Also, the Sworder condition

K(T) = 0 cannol be imposcd in this casc because with this condition

K(t) does not cxist whenever v < 1.

Equation (9.23) is a non-lincar stochastic partial differentjal
equation. By applying the method of characteristics suggested in
chapter VIII, equalion (9.23) reduccs to the ordinary stochastlic diffe-

rential equation

3 o I%i(T) ot T , :
K (1) = - zig (r)r;(0,t) + — o= e Z K.(mh.(7,)y(t) | ¥
+ 57 [eptrz:n R.(r)h.(7 )y(t) ] ‘1«/ ptm“.
v 1 e ; T [e JEiK,('r)h (7,1) ] 9.24)
e s & i Zn : R
R CA R FRELAREEEE R S
A
K (T) = d
where
R.(1 = E (K@) |G(t), [it)] ]
[ i(t) ] is the event r(.,t) = r,,i=1,..., m; and

i
h, is the solution of equation (8.59) in chapter VIII,
J

Unlike in chapter VIII, one now has to simultaneously solve a system of
non-linear partial differential equation so thai the technique described
by Athans and Falb [10,p 767 |breaks down. On substituling P(t) =
K(1) y(t) in (9.20) one has

JE) = rlet)yt) [ EEW) | GlE)yw) ] v-1
m
= rlet)yt) [ef 3 R (0 (niy) ) (9.20a)
j=1

The problem is clear Omne cannot solve for y(i) unti]l one knows

ﬁ., j=1,..., m; neither can one solve {or ﬁj in equation (9. 24)

until one knows y(t).
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Several attecmpts were made al obtaining a solution for (9.20)
and (9.24) by assuming alternative functional forms for E(P(1) 1 G(t)).
The problem was always the same. As long as P(i) is intcrpretcd as a
marginal indivectl utility function any plausible functional form for it
must involve y(t), so that one always comecs back to the situation of
having to find y(t) in terms of y(t)! For instance, Lhe function

E(P)|G(t) = e “Ay(t) 14

was tried, so that equation (9.20) became
1

J(t) = r(.,1) y(t) - [P MY JY‘j (9.20b)

A steady state solution for y(t) was sought for this expression,

yielding 1
y(t) = {[ep—)\) t'Y(t)J Y'/ r(.,t) (9.20c)

or

1

log y(t) = (1) (ot = \y(t) - log x(.,1) (9.20d)

which can be more easily solved for t than for y(t). Atlempt was made

to eslimate the function Y(t) {rom the equalion

t = [(y-1)log y(i) +log r(.,t) + Ay(t) ]/ p (9.20c)

14 This particular form was choscn on the ground of its plausibility

as a marginal indirect utility funclion since it obeys
-\ y(t
Wiy = E @@ |6y = e 50, x50

and

uln(y(t)) - aE(aPS')]G(L)) _ _}\e-Ky(t)

< 0
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by using particular values for p, N\, v, r(.,t) and varying y(t). By
using ‘this procedure, it is possible to obtain a particular (but by no
means gencral) function y(i) which is valid only for the particular set
of parameter values used. For cach different set of parameter values,
a different function y(t) resulls, and the possible combination of the
parameters is infinite.

A parlicular funclion y(t) obtained in the above fashion could
be fed into equation (9.24) and a numerical solution attempted for K(t).
Of course, a different K(1) would result for different y(t)'s. In the
end, so many arbitrary assumptions shall have been made about the
parameters as to make the results worthless in general, although fully
specified problems could be solved numerically.

No doubt, the foregoing computational problems are formidable,
and tend to depreciate the great potential of the new tool. This handi-
cap seems however due to the particular problem being solved here.
The problem seems to arise from the fact that the original principle
was developed from the so-called "state regulator" 1node115a in which

the decision maker seecks to minimize a criterion functional of the form

To= Sy Fylt) + 5 J"OT<y(t)' M y(t) + ¢' N c)dt (9.25)
subject to

y = r(t)y(t) c(t)
where

y and c¢ are now deviations from equilibrium levels or deviations

from levels specified by the dccision maker,

15.
This is a general weakness of the state-of-the-world approach

to decision making under uncertainty, See Kendrick [67,pp 1-27.

15a.
See Athans and Falb [10, sect, 9.3]
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M and N arc positive definite matrixes; and I, a positive semi
definite matrix represcenting the condition imposed on terminal capital
siock.

The oplimal contirol for this problem is known to existi and is
given by

JFw o= N ym'® = N e (9.26)
substituting from (9.21). Therefore, any problem that can be reduced
to the state regulator formulation would seem to be easily solvable by
mecans of this tool.

The most promising route of escapc from the complications
indicated in the preceding pages, therefore, is the following. If one
is preparcd to decompose the problem into the two steps suggested by
Kendrick [ 67, p. 3 |, then its solution by means of the Sworder sto-
chastic maximum principle is siraightforward. Such a solution is
however only an approximation, but it is better than no solution, or
the solution, if any,that the complicated procedure of the preceeding
pages may yield.

Consider again the stochastic Hamiltonian (equation (9.7)) with
ufct)d = -\1(- cY . ile.,

H = e Pt —f{— ¢+ P {x(.,1) yit) - c(t) ) (9.27)

The first step is to assume that the slochaslic process r(w,t) takes is

expected value T (w,t). The Hamiltonian (9.27) is then delerministic,

16
The corresponding equation in Athans and Falb {10, eqn.(9.60) |
would be ¥ (t) = -N'i(t) B(t)' K(L) y(1), but in the above example
B(t)' = -1.
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and so the feedback may be ignored. The optimal consumption path is

given by 1

c ¥(t) = [e-pt P(t) ] v-1 (9.28)
and the canonical equations are

. . _ 82 7

P(t) = - 3y P(t) r (.,t) (9.29)
and _

yt) = r(.,t) y(t) - c*(t)

1
= r(.,t) y(t) - [e’ptp(t)]v—i (9.30)

The solution P(t) from (9.29) is

P(t) = Me-I *(., e)ds , M =constant > 0 (9.31)

which is a decreasing function as is already well-known.

Substituting in (9.30)

1
;r(t) = r (.,t) y(t) [ M exp{—qt—jtr (.,s) ds}] ¥~ (2.32)
The solution of the homogeneous part is’
;(t) _ Mefr(.,t)dt ’ M > 0
The complete solution is
= T -fx(.,t)d
Sty = ef Lot (Jar) e [rC.0dt 4 0w (9.33)
where
t Y-1
Q(t) = -[ M exp{—et—ftr (.,s) ds)]
)
t
In equation (9.33), the expression f _CA(__L_ dt is the dampening
o T (o,t)dt

factor and the path of y(t) depends on the relative magnitude of

[ 2L dt and the constant M. Equations (9.28), (9.31) and
ol T (.,t)dt

9.33) may be regarded as the "nomina solutions to the original
33) y garded the " inal" 1uti h ig

problem.
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The second step in the solution process is Lo determine what
happens to equations (9.28), (9.31) and (9.33) whencver r(.,t) does
not assume its expected value. This second slep lends itself directly
to the application of the Sworder maximum principle, for as Kendrick
[67, P 11] has observed, the criterion functional for the second step
of the solution always turns out to be quadratic irrespective of the

. . . . 17 . e ..
original criterion. The second step, therefore, is to minimize

J = E{ J‘ % cd(t)2 dt } (9.34)
subject to
Valt) = r4(t) yq () - c4(t) (9.35)

yd(t), cd(t) and r d(t) are now to be interpreted as deviations from the
nominal paths. e.g., yd(t) = ; - Y, i.e. nominal y minus actual y.

The solution is
* PN 18 ’
éd Gyl = - '21 Kj("r ) tyj(t) yd(t) (9.36)
J.__
where K. is as defined on P. 166 above. The corresponding optimal

trajectory and adjoint functions are given by
m

L sk A *
Y = Tty  (0) + T KJ. (1) \Pj(t) 74(0) (9.37)

j=1

17
The present procedure is not the same thing with the certainty

equivalent principle. The restrictive assumptions of the latter are
not required by the technique suggested here.

18 This is the special case of equation (8.61) in which B',Ttakes

value -1 and (l)_i(t)= p{r(.,t): rj(t) and B(.,t)= 1}
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and
o 2 r R 2 2 B(nh i) -
I&i(t) = - r, Ki('r) + K.l('r)j')i1 J.('r) (7,1) - ‘
m A 2 m P 19 5 (9.38)
(z KAr)h(r, 1)) - = K.(r)q.(7,i) !

A
K(T) = 0
Equation (9.38) is now of the same form as equation (8.60)

in chapter VIII and so, it may be solved by means of the algorithm

described in Athans and Falb [10, P, 767 7.

Equations (9.36), (9.37) and (9.38) measurc the differences
between the deterministic and stochastic solutions of the optimal
control, optimal trajectory and the corresponding adjoint function,
respeclively. For instance, whether theoptimal consumplion path will
be higher or lower under stochastic (unceriainty) than under determi-
nistic (cerlainity) depends on the sign of equation (9.36). 0 This sta-
tement boils down to saying that, other things being equal, oplimal
consumption path under uncertainly will be lower than under certaintiy
if the deviation of capital path (given by equation (9.37)) from its
nominal path (given by equalion (9.33)) is negative. The converse is
true if the deviation is positive.

Similar reasoning applies in comparing the other two sets of

19.
See equation (8.60) in chapter VIII.

20 Of course, all the variables and paramelcrs of equation (9.28)

have to be held constani for this statemecenl to be true.
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functions. If the solution f{(t) of (9.38) is positive, the resultwillbean
upward shift of the entire path of the marginal indirect utility function
except at the terminal point; i.e. where ﬁ(T) = 0. In other words,

the path of the stochastic marginal indirect utility function lies above

the corresponding deterministic path except at the terminal point

where the two paths are equal.

The behaviour of equation (9.37) depends on the signs and

. A ¢
relative magnitudes of K(t), Y4 (t) and r (t)..

d

4. Summary and Conclusions

The major findings of this chapter may now be summarized. The
objective of the chapter was to apply the tools chapter VIII to the
general economic problem of chapter III. At the qualitative level,
straightforward stochastic counterparts of well -known results in the
deterministic literature were derived without any difficulty. This
was the case, for instance, with the classic Keynes-Ramsey rule which
could almost trivially be inferred by applying theorems VIII. 1 and
VIII.5, chapter VIII. Established relationships between dynamic
programming and the maximum principle (observation VIII. 1) were
used to advantage. The result of this relationship, applied to the
problem studied here, was to yield the interesting interpretation of the
adjoint function P(t) as a marginal indirect utility function and of the maximum
of the Hamiltonian as the change in the indirect utility with respect to time,
holding all other variables constant. These relationships also made it

possible to rationalize the behaviour, through time, of the indirect

utility function.
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Compared with the stochastic maximum principle, it was disco-
vered ‘that stochastic dynamic programming always involves a {wo
step procedure in which the first step calls for reducing a given
situation of temporal uncertainty {o one of timeless uncertainty while
the sccond step calls for opltimizing the resulting indircctl utility
function. While this procedure is sensible jn view of the proposition
that a temporal uncertain prospect is never preferred to a timcless
uncertiain prospect described by the same probabilily mass or densily
function, thc siochastic maximum principle has the advaniage of si-
multancously yielding the three imporiant functions: the oplimal

consumption path 4(t), the corresponding capital path y(t) and the

path of utility functlion P(t) associated with it.

However, in the attempt to obtain explicit solutions for these
three functions, a number of compulational difficulties were en-
countered and these threatened to break down the new tool which
initially scemed theoretically very powerful. These difficultics
were deliberately sludied in detail in order to serve as a guide to
future researchers in the area. The root of the difficulty was traced
to the fact that the original tool was developed forthe so-called "state
regulator" model. It became obvious, therefore, that if the original
problem could be converted to a state regulator formulation, the
computational difficulties would immediately disappear A technique
was suggested for effecting this conversion. The overall impact of
uncexrtainty on the three functions was verbalized {rom equations

(9.36), (9.37) and (9.38) .



CHAPTER X
SUMMARY AND CONCLUSIONS

The problem of intertemporal aptimal consumption-saving alln-
cation under uncertainty has been investigated within the framewnrk of
slochastic aptimal control theory. To begin with, an cxtensive survey
of the relevant economic literature was underiaken. This survey un-
veiled a number of important issues which must always be remembered
in any study of this type, but which have so far nnt been integrated.
These issues always arise nnce one recognizes the fact that in a dynamic
nptimisation problem of the type studied in this thesis: (1) different lypes
of uncertainty may be identified; (2) these uncertainties may emanate
from a number of different sources; and (3) various "measures" of
uncertainty may be employed,

The implications of these distinctions for the impact of uncertainty
on optimal solutions were examined in detail. In particular, it was
noted that all of the existing "measures" of uncertainty were developed
in a static framework. While the development of a truly rigorous
"measure" of uncertainty was not atlempted in this thesis, sufficient
warning was given in this regard concerning the interpretation of the
impact of uncertainty on optimality.

Taking inspiration from the work of Koopmans [68, p. 110 ],
argument was advanced concerning the best tool to employ in the
analysis of the problem posed. First, stochastic conlrol theory was
seen as naturally suggesting itself. Next, among the tools of stochastic
control theory, the stochastic maximum principle was seen as most
suited, not only because of (1) its more general mathematical validity
(e.g., as compared with the method of dynamic programming) ;

and (2) its wealth of qualitative properties (which are always attractive
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to the economist); but also (3) because of the success alrcady achieved
at the deterministic level in employing and interpretating the Pontryagin

maximum principle as a proposition in economics.

From a survey of the literature of stochastic control theory, it
was discovered that two attemptls have been made at directly developing
a stochastic counterpart of the Pontryagin maximum principle. One
altempt made by Kushner was developed for fairly general transition
equations except that it handles only the case of additive noise. The
second which is due to Sworder permils multiplicative noise, but the
transition equations are less general than those of Kushner., Compared
with the generality of stochastic differential equations or the multiplicity
of ways in which uncertainty may be admitted in practical problems,
the existing two versions of the stochastic maximum principle consiitute
only a starting point for the development of a future, full-fledged
theory of the stochastic maximum principle. However, of tP’xe two versions,
Sworder's was recognized to be of special interesi because of the pre-
valence of multiplicative noise not only in the subject-matter of this

thesis, but also in several other economic problems.

A comprehensive exposition of the two stochastic maximum
principles and how they relate to the well-known Pontryagin maximum
principle and the method of dynamic programming was given. Juxtaposed
with each other (Table I, p. 146), the thrce versions of the maximum
principle did not reveal any significant dilfcrences in principle. In fact,
the Kushner version was found to be almost identical with that of
Pontryagin. However, some extra computational complexity was evident

in Sworder's equation for the adjoint function P(i). Whereas the
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Pontryagin as well as the Kushner P(L) functlion is obtai.ed from
a set of ordinary differential equations, the Sworder equation for
P(l) generally leads to a scl of stochastic partial differential equations

of the Riccati type.

Important implications for the future role of stochastic optimal
conirol thecory in economics were noted after a delailed study of
classifications of stochaslic control systems. When the various classes
of stochastic systems were interpreted as a classificalion of the various
sources from which uncertainty may be introduced into a dynamic pro-
blem, several "areas of open research" became evident: in the
literature of stochastic optimal control theory, eight different classes
of stochastic systems were exemplified. Of these eight, only two
classes - random lime constant and stochastic stopping time were
secn to have so far received atlention in the economic literature dealing
with the subject-maltter of this thesis., There is no doubl thal increased
realism can be atltained by admitting uncertainty from several sources
al the same lime. However, there should be no illusions regarding
the price at which this can be done. Il is not yct clear how much
complication will be introduced into the stochaslic maximum principle,
for instance, if unknown initial conditions and/or stochastic time
horizon are simultancously permitied in the model. It might, therefore,
be wise for economisis to wait until mathematicians and control theorists
are able to sort out these issues. These were the considerations that

influenced the type of illusirative problem attempted in this thesis,

Perhaps the most significant contribution of this thesis is itls
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pioneering effort in employing and interpreting the Sworder

stochastic maximum principle (so far as it has been developed) in

the analysis of the Phelps - Ramsey problern. A number of inte-
resting results were derived some of which may be regarded as
stochastic counterparts of the classic Keynes-Ramsey rule. For
instance, the latter was inferred without any difficulty by applying
theorems VIII.I and VIII.5. Established relationships between
dynamic programming and the maximum principle (observation VIII.I)
were used to advantage. Applied to the problem studied in this thesis,
the result of these established relationships was to yield the interesting
interpretation of the adjoint function P(t) as a marginal indirect utility
function and of the maximum of the Hamiltonian as the change in the indirect
utility with respect to time, holding all other variables constant.

These relationships also made it possible to rationalize the behaviour,

through time, of the indirect utility function.

Compared with the stochastic maximum principle, it was disco-
vered that stochastic dynamic programming always involves a two
step procedure in which: (1) the first step calls for reducing a given
problem involving temporal uncertainty to one involving timeless
uncertainty; while (2) the second step calls for optimizing the resulting
indirect utility function. This procedure was recognized as sensible
in view of the proposition that a temporal uncertain prospect is never
preferred to a timeless uncertain prospect described by the same
mass or density function. On the other hand, the stochastic maximum
principle has the advantage of simultaneously yielding the three
important functions: the optimal control (the optimal censumption path),

the corresponding optimal trajectory (the optimal capital path) and
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the a.d‘jOmt function ( the utilily funciion) associated with it.
However, in the altempt to obtain explicil solutions for these
three functlions, a number ol computational difficullies werc encoun-
tered. These difficulties inilially threatened to suppress the might
of the new tool, and they were dcliberately studied in detail in
order to serve as a guide to fulure researchers in the area. The
root of the difficulties was traced to the fact that the original {ool
was developed on the basis of the socalled "slate rcgulator” model,
It becamc obvious, thercfore, that if the original problem could be
converted {o a state regulator formulation, the computational
difficulties would immedialcly disappear. A technique was suggesied
for effecling this conversioa. The advantage of the procedurc is that
it does nol require the restrictive assumptions needed for the

application of the certainty equivalence principle.
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