
INTER-TEMPORAL OPTIMAL CONSUMPTION,- SAVING 
"ALLOCATION UNDER UNCERTAINTY• 

AN ECONOMIC APPLICATION OF 
STOCHASTIC OPTIMAL CONTROL THEORY 

by Moses Osaruy i Odaro 

Thes i s p resen ted to the School of Graduate 
Studies of the Univers i ty of Ottawa 
as pa r t i a l fulfillment of the r e q u i r e m e n t s 
for the degree of Doctor of Philosophy 
in Economics 

u Ottawa 

0 LIBRARIES j , 

Ottawa, Onta r io , 1971. 



UMI Number: DC53378 

INFORMATION TO USERS 

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print, colored or poor quality illustrations 

and photographs, print bleed-through, substandard margins, and improper 

alignment can adversely affect reproduction. 

In the unlikely event that the author did not send a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion. 

® 

UMI 
UMI Microform DC53378 

Copyright 2011 by ProQuest LLC 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code. 

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346 



ACKNOWLEDGMENTS 

This t h e s i s was p r e p a r e d under the direct ion of Prof . P . J Crabbe 

of the Depar tment of Economics , Univers i ty of Ottawa. I want to thank 

h im ve ry s ince re ly for h is invaluable gu idance / as s i s t ance and encourage­

ment without which the thes i s would have been much m o r e difficult to 

comple t e . 

I a lso want to thank Prof . N. Ahmed of the Dept . of E l ec t r i c a l 

Eng ineer ing , Univers i ty of Ottawa, for giving rrie some useful hints during 

the ea r ly s tages of the projec t ; D r . F r e d Glave of the R e s e a r c h and Deve­

lopment B r a n c h , Nor the rn E l e c t r i c , Ottawa, for a s s i s t a n c e in a number 

of p r o b l e m s re la t ing to s tochast ic p r o c e s s e s and probabi l i ty theory and for 

comment ing on an e a r l i e r ve r s ion of chap te rs VI, VII and VIII; and Prof . 

Remi Vai l lancour t of the Dept. of Mathemat i c s , Univers i ty of Ottawa, for 

maintaining active and continued in t e r e s t in the project al l through and, in 

p a r t i c u l a r , for h is indispensable aid in the wri t ing of chapter VIII. Cha­

p t e r s VIII and IX a lso benefited from d i scuss ions with Prof . Donald 

Dawson, Dept. of Mathemat ics , Car le ton Univer s i ty , Ot tawa, Prof . S . J . 

Turnovsky, Inst i tute for the Quantitative Analys is of social and Economic 

Pol icy and Prof . W . M . Wonham, Dept. of E lec t r i ca l Engineer ing both of 

the Univers i ty of Toron to , and from the comments of s eve ra l fr iends and 

col leagues on whom I t r i ed seve ra l of the ideas in th is t h e s i s f rom t ime to 

t i m e . In p a r t i c u l a r , Ronald Onyeonwu , Inst i tute for A e r o - s p a c e s tud ie s , 

Univers i ty of Toronto and Tom Ward , Dept. of Computer Sc ience , Univer ­

si ty of Ottawa, gave me some p rog ra mming a s s i s t a n c e , while K . L . Teo , 

Dept . of E l e c t r i c a l Engineer ing Univers i ty of Ot tawa, helped m e with some 

of the pedes t r i an ma thema t i ca l i s s u e s . 

F ina l ly , I thank the Univers i ty of Ottawa Facul ty of Social Sciences and 

the Humani t ies R e s e a r c h Fund for financial suppor t , the Depar tmen t of 

Economics for providing the congenial a tmosphe re which , no doubt, faci­

l i ta ted my r e s e a r c h , and the Social Science L i b r a r y for a d m i r a b l e co­

ope ra t ion . 

N o v e m b e r , 1971 M . O . O 



CURRICULUM STUDIORUM 

Moses O. Odaro was born September 13, 1939, in Benin 

City, N ige r i a . He received the Bachelor of Science degree 

in Economics f rom the Univers i ty of Niger ia , Nsukka, Niger ia , 

in 1965, and the Mas te r of Ar t s degree in Economics from. 

McGill Univers i ty , Montrea l , Canada, in 1969. The t i t le of 

his t he s i s was The T r e a t m e n t of Capital P r o b l e m in Economic 

Development L i t e r a t u r e . 



TABLE OP CONTENTS 

Chapte r page 

I . INTRODUCTION 1 

II. TYPES OF UNCERTAINTY 6 
1. T i m e l e s s and Tempora l Uncer ta in ty in a Two-

period consumption Model 8 
2. T i m e l e s s , T e m p o r a l Uncer ta inty and the A r r o w -

P r a t t Risk Avers ion 11 
3 . S u m m a r y and Conclusions 15 

III. - SOURCES OF UNCERTAINTY 17 
i . The Rate of Return to Capital 18 
2. The Product ion Function 30 
3. The Utility Funct ion 33 
4 . The T ime Horizon 35 
5. Conclusion 42 

IV. - MEASUREMENT OF UNCERTAINTY 44 
1. Approaches to Measu remen t of Uncer ta in ty 45 
2. Uncer ta inty M e a s u r e s in the L i t e r a t u r e 

Reviewed in Chapter III 56 
3 . Dynamics and the M e a s u r e m e n t of Uncer ta inty 62 

V . - THE IMPACT O F UNCERTAINTY: A SYNTHESIS . . . 65 
1. Introduction 65 
2. Overa l l and Margina l Impacts of Uncer ta inty 69 
3 . Types of Uncer ta in ty and the Impact of the 

Dis t inct ion on Optimali ty 78 
4 . Sources of Uncer ta in ty and the Impact of the 

Dist inct ion on Optimali ty 79 
5. Two-per iod v e r s u s mu l t i - pe r i od mode ls and the 

Impact of Uncer ta in ty on Optimal i ty 81 
6. M e a s u r e m e n t of Uncer ta in ty and i ts Impact on 

Optimali ty 84 
7. The Road Ahead 86 

VI. - INTRODUCTION OF THE TOOLS 87 
Useful Defini t ions, P ropos i t ions and T h e o r e m s 
f rom the Theory of Probabi l i ty and Stochast ic 
P r o c e s s e s 90 



TABLE OF CONTENTS 

C h a p t e r page 

V I I . - C L A S S I F I C A T I O N O F S T O C H A S T I C S Y S T E M S . . . 102 
1. T h e C e r t a i n t y E q u i v a l e n c e P r i n c i p l e 103 
2 . A G e n e r a l M o d e l of S t o c h a s t i c O p t i m a l C o n t r o l 105 
3 . S y s t e m s O b e y i n g the C e r t a i n t y E q u i v a l e n c e 

P r i n c i p l e 106 
4 . S y s t e m s obey ing t h e C e r t a i n t y D i f f e r e n c e 

P r i n c i p l e 111 
5 . C o n c l u d i n g C o m m e n t s : e c o n o m i c i n t e r p r e t a t i o n s 

of t h e c l a s s i f i e d s t o c h a s t i c s y s t e m s 114 

VI I I . T H E MAXIMUM P R I N C I P L E 119 
1. T h e C o n t r o l P r o b l e m 121 
2 . T h e D e t e r m i n i s t i c M a x i m u m P r i n c i p l e 123 
3 . T h e S t o c h a s t i c M a x i m u m P r i n c i p l e 127 
4 . K u s h n e r ' s S t o c h a s t i c M a x i m u m P r i n c i p l e 130 
5 . M u l t i p l i c a t i v e N o i s e and the S t o c h a s t i c 

M a x i m u m P r i n c i p l e 137 
6. T h e P o n t r y a g i n K u s h n c r S w o r d e r M a x i m u m 

P r i n c i p l e s C o m p a r e d 145 
7 . D y n a m i c P r o g r a m m i n g A p p r o a c h to t h e 

S w o r d e r P r o b l e m 147 
8 . C o n c l u d i n g C o m m e n t s 150 

I X . - E C O N O M I C A P P L I C A T I O N O F T H E S T O C H A S T I C 
MAXIMUM P R I N C I P L E 152 

i . M o d e l F o r m u l a t i o n and D e s c r i p t i o n 153 
2 . E c o n o m i c I n t e r p r e t a t i o n of the S t o c h a s t i c 

M a x i m u m P r i n c i p l e 156 
3 . C o m p u t a t i o n a l P r o b l e m s 161 
4 . C o n c l u d i n g C o m m e n t s 173 

X . SUMMARY AND CONCLUSIONS 175 

B I B L I O G R A P H Y 180 



LIST O F FIGURES 

- F requency Curves of the Lognormal Dis t r ibut ion 
for t h r e e va lues of a 

- F requency Curves of the Lognormal Dis t r ibut ion 
for t h r ee va lues of (JL 

Compar i son of Yield Dis t r ibu t ions for va r ious stake 

Effects of Uncer ta inty on Optimal Saving, a < 1 

Effects of Uncer ta inty on Optimal Saving, a > 1 

A Geomet r i c I l lus t ra t ion of the T r a n s v e r s a l i t y 
Condition 



LIST OF TABLES 

Table p a g e 

1. The Pontryagin Kushner Sworder Max imum 
Pr inc ip le 146 



ABSTRACT O F 1 

The p r o b l e m of i n t e r t e m p o r a l opt imal consumpt ion-saving a l lo­

cation under uncer ta in ty (a s tochas t ic extension of R a m s e y ' s or ig ina l 

de t e rmin i s t i c p rob lem) is studied within the f ramework of s tochas t ic 

cont ro l t h e o r y . F i r s t , exist ing l i t e r a t u r e on the p rob lem is surveyed 

ex tens ive ly . This survey unveils a number of impor tan t i s s u e s which 

m u s t always be r e m e m b e r e d in any study of th is type , but which have 

so far not been in tegra ted . These i s s u e s r e l a t e to the t y p e s , sou rces 

and " m e a s u r e m e n t " of uncer ta in ty and the i r r e spec t ive impac t s on the 

opt imal i ty condit ions of the m o d e l s . 

At the end of th is extensive su rvey , a rgument is advanced c o n c e r ­

ning the bes t tool to employ in the ana lys is of the p r o b l e m . F i r s t , 

s tochas t ic control theory is seen as na tura l ly suggesting i tself . Next , 

among the tools of s tochas t ic control t heo ry , the s tochast ic m a x i m u m 

pr inc ip le is seen as m o s t sui ted, not only because of (1) i ts m o r e gene­

r a l ma thema t i ca l val idi ty ( e . g . , as compared with the method of dyna­

mic p rog ramming) ; and (2) i t s wealth of qual i tat ive p r o p e r t i e s (which 

a r e always a t t r ac t i ve to the economist ) ; but a lso (3) because of the 

s u c c e s s a l r eady achieved at the de t e rmin i s t i c level in employing and 

in te rp re t ing the Pont ryag in m a x i m u m pr inc ip le as a t h e o r e m in 

e c o n o m i c s . 

In the l i t e r a t u r e of s tochas t ic optimal con t ro l , t h e r e have been 

two a t tempts to d i rec t ly develop s tochas t ic coun te rpa r t f rom the 

Pont ryag in s m a x i m u m p r i n c i p l e . One a t tempt made by K u s h n e r 

was developed for fa i r ly g e n e r a l t r ans i t i on equat ions except that only 

addit ive no i se i s admi t t ed . The second which is due to Sworder t akes 

c a r e of mul t ip l ica t ive n o i s e , but h is t r ans i t ion equat ions a r e l e s s 

1 
M.O. Odaro, Intertemporal Optinal Consumption-Savinp, Allocation 
Under Uncertainty: an Economic Application of Stochastic Optimal 
Control Theory, Unpublished Doctoral Dissertation, University of 
Ottawa, 1971. 



ABSTRACT 

gene ra l than those of Kushner . Compared with the genera l i ty of 

s tochas t ic differential equations or the mult ipl ic i ty of ways u n c e r ­

tainty may be admit ted in p rac t i ca l p r o b l e m s , the exist ing two v e r ­

sions of the s tochas t ic max imum pr inciple const i tute only a s ta r t ing 

point for the development of a full fledged theory . However , of the 

two v e r s i o n s , Sworder ' s s eems of special i n t e r e s t in view of 

the p redominance of mul t ip l ica t ive noise not only in the subject-

m a t t e r of th is t h e s i s , but a lso in seve ra l other economic p r o b l e m s . 

The economic p rob lem cons idered e a r l i e r in the study is t h e r e ­

fore re formula ted in t e r m s of the Sworder s tochast ic m a x i m u m pr in ­

c ip le . The economic in te rp re ta t ions of the pr incip le s eem s t ra igh t ­

forward extensions of the i r de te rmin i s t i c c o u n t e r p a r t s , but the r e su l t s 

a r e n e v e r t h e l e s s quite i n t e r e s t i ng . For i n s t ance , by drawing on e s t a ­

bl ished re la t ionsh ips between dynamic p rog ramming and the max imum 

pr inc ip le it becomes easy to see the adjoint function of the l a t t e r as 

a m a r g i n a l ind i rec t uti l i ty function and the m a x i m u m of the Hamil tonian 

a s the change in the ind i rec t uti l i ty with r e spec t to t i m e , holding all 

o ther v a r i a b l e s cons tan t . A s tochast ic counterpart of the famous 

K e y n e s - R a m s e y ru le de r ives a lmos t t r iv ia l ly from the m a x i m u m 

pr inc ip le independently of dynamic p r o g r a m m i n g . 

However , i m m e n s e computat ional difficulties a r e encountered 

once the c r i t e r i o n functional is nonquadra t i c . This t h r e a t e ns to deny 

one the advantages of qual i tat ive p r o p e r t i e s which c losed form solu­

t ions genera l ly afford. However , the Sworder s tochas t ic max imum 

pr inc ip le p r e s e n t s no computat ional difficulties when applied to 

economic p rob l ems with quadra t ic c r i t e r i a or to nonquadrat ic c r i ­

t e r i a when the two s tep solution suggested in th is t he s i s can be u t i l i zed . 

The advantage of the p rocedu re is that it does not r e q u i r e the r e s t r i c ­

t ive a s sumpt ions needed by the cer ta in ty equivalence p r i n c i p l e . 



CHAPTER I 

INTRODUCTION 

Economis t s have long recognized that any opt imal growth 

theory which a s s u m e s away rea l - l i fe fac tors of uncer ta in ty is only 

a f i r s t approx imat ion . Even in his seminal a r t i c l e of 1928, F . P . 

R a m s e y [108, P . 549] did recognize that "the mos t se r ious fac tor" 

he was neglect ing was " the poss ib i l i ty of future w a r s and ea r th ­

quakes des t roying our accumula t ion . " Yet, wri t ing fo r t y -one y e a r s 

(1969) after R a m s e y , Levha r i and Sr in ivasan [81] could cite only 

two pape r s a s a t t empts that have been made to in t roduce uncer ta in ty 

explici t ly into the Ramsey- type mode l . This is r a the r s u r p r i s i n g , 

espec ia l ly when one r e a l i s e s that on one hand, t h e r e has been a g rea t 

ou tburs t of l i t e r a t u r e on the Ramsey- type p rob lem since the 1950 ' s and 

on the o ther hand, t h e r e have been impor tan t developments in the eco­

nomics of uncer ta in ty following the works of von Neumann and 

M o r g e n s t e r n [ 140] and Ar row T3] . 

An obvious need , t h e r e f o r e , has been that of integrat ing opt imal 

growth theory with the economics of unce r t a in ty . This need was r e ­

cognized recent ly by Dobell [ 28 , P . 47] when he emphas ized the 

g r ea t impor t ance that awaits s tochast ic control theory in future 

2 
economic t heo ry . The p r e sen t work explores one aspec t of econo­
mic t heo ry , name ly , the p rob lem of i n t e r t empora l opt imal consumption-
saving al locat ion under unce r t a in ty , in which s tochas t ic control theory 

M i r r l e e s [90] and Phelps [100] . However , Phelps r e f e r s to an 
unpublished paper by Beckmann [121 . 

2 
Of c o u r s e , the p r e s e n t work is only one of s e v e r a l poss ib le 
economic appl icat ions of s tochast ic control t h e o r y . Some other 
examples a r e mentioned briefly at the end of chapter VII. In 
p r i nc ip l e , the tools of s tochast ic control theory a r e capable of 
handling any p rob l em of dynamic opt imizat ion under unce r t a in ty . 
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3 
may be expcclcd to play that future impor tan t r o l e . 

The work may be visual ized as consis t ing of two p a r t s , the 

f i rs t of which p r e s e n t s the economic problem; and the second of 

which d e s c r i b e s the technical tools by means of which the p rob lem 

may be ana lysed . In th is ve in , p a r t one is made up of chap te r s I 

through V, and chap te r s VI through IX const i tute par t two. 

P a r t one is essen t ia l ly a survey of re levant economic 

l i t e r a t u r e on the p rob lem of i n t e r t e m p o r a l optimal consumption 

saving al locat ion mode ls under unce r t a in ty . The sub jec t -ma t t e r 

covered logical ly belongs to the theory of pe r sona l saving. 

Although the c l a s s i c Ramsey model and what l a te r became i ts 

offspring the theory of opt imal economic g rowth-na tura l ly belong 

to the field of m a c r o e c o n o m i c s , a lmos t all the a t tempts so far made 

to gene ra l i ze the theory by introducing uncer ta in ty have been m i c r o -

economic in c h a r a c t e r . Phelps [100], Levhar i -Srh i ivaas r i [81] , 

and o the r s to be d i scussed l a t e r , all take the planning agent as an 

individual consumer planning his consumpt ion-saving al locat ion 

over a ce r t a in in te rva l [ t t J which may be finite or inf ini te . 

The introduct ion of uncer ta in ty into the model immedia te ly 

br ings to mind a number of quest ions such as those re la t ing to the 

t y p e s , sou rces and m e a s u r e m e n t of uncer ta in ty , and the i r r e spec t ive 

T h e r e now ex is t s a substant ia l amount of l i t e r a t u r e applying 
d e t e r m i n i s t i c opt imal control theory to a va r ie ty of economic 
p r o b l e m s , espec ia l ly opt imal growth theo ry . For example , 
see Ar row [6 ] , B u r m e i s t e r and Dobell [20] , Dorfman [31] 
and Shell [120] . 
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impac t s on opt imal i ty . Each of these quest ions is the subject of 

an individual chap t e r . 

In addit ion to Phelps and M i r r l o e s a number of impor tan t 

a r t i c l e s have been produced in the las t few mon ths . These include 

an unpublished paper by Dreze and Modigliani [35] and published 

pape r s by Samuelson [113] , Mer ton [88] , Fa ma [36] , Hakansson 

[57] and Hakansson and Liu [591 . Each of these pape r s has an 

impor tan t contr ibut ion of i t s own. 

Samuelson [113] and Merton [88] , in a pair of companion pape r s 

t r e a t the Ramsey- P h e l p s - M i r r l e e s - L e v h a r i - Sr inivasan p rob lem 

showing the l a t t e r as specia l c a s e s of the i r own m o r e genera l model 

which s imul taneously t r e a t s both optimal saving and portfolio p r o b l e m s . 

Since these mode ls will be d i scussed in detai l in chapter III, nothing m o r e 

will be said about t hem at this point . 

Near ly al l of the above concent ra te on the p rob lem of "capi ta l 

r i s k " as opposed to that of " income r i s k " . "Capi ta l r i s k " r e l a t e s 

to uncer ta in ty over the yield of capital investment ; w h e r e a s " income 

r i s k " r e l a t e s to uncer ta in ty about future v/age i ncome . The effects on 

opt imal i ty of these two s o u r c e s of uncer ta in ty is the sub jec t -ma t t e r of 

Sandmo [11 6] . Dreze and Modigliani a lso t r e a t the two p r o b l e m s , but 
4 

they as well as Sandmo deal only with two-per iod models . 

By assuming s ta t i s t i ca l independence for the ra te of r e tu rns to 

capi tal in different p e r i o d s , Samuelson [113] , Merton [88] , Phe lps [1001 

4 
However , according to F a m a [36] , this is not n e c e s s a r i l y r e s t r i c t i v e , 
s ince under " f a i r ly" genera l condi t ions , muHi -pe r iod models can 
always be reduced to two-per iod m o d e l s . See proposi t ion V . 4 . 
(chapter V) below. 
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5 
and o the r s a r e able to demons t r a t e the so-ca l led " sepa ra t i on theorem" 

of portfolio theory which s ta tes in e s sence that savings and portfolio 

dec is ions can be taken independently of each o the r . Hakansson and Liu 

[59] a d d r e s s t h e m s e l v e s to the p rob lem of the der ivat ion of opt imal 

p r o p e r t i e s for consumpt ion- inves tment paths as well as dynamic por t ­

fo l io se lec t ion under uncer ta in ty when s ta t i s t i ca l independence of 

y ie lds cannot be a s s u m e d . By employing some powerful tools f rom the 

theory of s tochast ic p r o c e s s e s , Hakansson and Liu a r e able to demon­

s t r a t e that the " separa t ion t h e o r e m " as wel l as "myopia" can 

s t i l l be p roved . 

In t e r m s of the types of uncer ta in ty admiss ib le in these m o d e l s , 

the mos t complete work so far done is that of Dreze and Modigliani [35] . 

While F a m a [ 3 6 , P . 166] concerns himself with what may be cal led a 

o n c e - a n d - f o r - a l l decis ion p rob lem of " t i m e l e s s " uncer ta in ty , all of 

the o ther w r i t e r s above cited deal with the p rob lem of " t e m p o r a l " or 

delayed unce r t a in ty . But no w h e r e , except in Dreze and Modigliani [35] 

i s the dis t inct ion between these two types of uncer ta in ty careful ly drawn 
7 

out . Since this i s the subject of the next chapter no fur ther d i scuss ion 

of the dist inct ion is cal led for at this point . 

The " separat ion t h e o r e m " was f i rs t proved by Tobin [137] in a s ta t ic 
f r a m e w o r k . 

"Myopia" r e f e r s to the conditions under which it is opt imal to base 
each p e r i o d ' s portfolio decision on that p e r i o d ' s saving and probabi ­
l i ty d is t r ibut ion of y ie lds only, d i s rega rd ing the future comple te ly . 

7 
See , however , Mossin [921 . 
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An introduct ion to the p rob lem of the requ i red technica l tools 

i s given in the f i rs t pa r t of chapter VI. The second pa r t of chapter VI 

ca ta logues def ini t ions, p ropos i t ions , and t h e o r e m s from the theory 

of probabi l i ty and s tochas t ic p r o c e s s e s that a r e needed in va r ious p a r t s 

of th is s tudy. The p rob lem of the classif icat ion of s tochas t ic control 

s y s t e m s is taken up in chapter VII, and chapter VIII t i e s the s tochast ic 

m a x i m u m pr inc ip le of Kushner [72 , 73] and Sworder [126 ~ 130] with 

the wel l -known de te rmin i s t i c max imum pr inc ip le of Pont ryagin e t . a l . 

[104] . 

Chapter IX is an economic application and in te rp re ta t ion of the 

tools of chapter VIII: the p rob lem of chapter III is re formula ted by 

means of the new too l s . 

The main r e s u l t s a r e d i scussed in sect ions 2 and 3 of chapter IX. 

Section 2 gives economic in t e rp re t a t ions to the major re la t ions which 

c o m p r i s e the s tochast ic max imum pr inc ip l e . Uti l isat ion of es tab l i shed 

re la t ionsh ips between dynamic p rog ra mming and the m a x i m u m pr inc ip le 

m a k e s it p a r t i cu l a r l y easy to der ive in te res t ing r e s u l t s . Section 3 deals'" 

•with s e v e r a l of the computat ional difficulties involved in an a t tempt to 

obtain explici t solutions for the t h r e e equations r ep resen t ing opt imal 

con t ro l , and the cor responding t r a j e c t o r i e s and adjoint function. The 

difficulties encountered tend to spring mainly f rom the nonquadrac t i -

city of the c r i t e r i o n function. 

The main s t r ands of the en t i re study a r e col lected together in 

the concluding chapter X. Some suggest ions for fur ther r e s e a r c h a r e 

a lso given. 



CHAPTER II 

TYPES OK UNCERTAINTY 

As mentioned in chapter I, two different types of unce r ­

tainty s i tuat ions may be dis t inguished from the economic l i t e r a t u r e 

dealing with the p rob lem of i n t e r t empora l opt imal consumption-

saving dec is ions under unce r t a in ty . These two types of s i tuat ions 

have been label led as " t i m e l e s s " uncer ta in ty and " t e m p o r a l " or 

"de l ayed" uncer ta in ty by Dreze and Modigliani [35] . Moss in 

[ 9 2 , p . 172] , began his explanation of this d is t inc t ion, in the follow­

ing way. " When someone asks you which of a set of uncer ta in p r o s ­

pec t s you p re fe r you should answer : that depends upon when the out­

comes will become known. " 

One way to cap ture the impor t of th is dis t inct ion is to ima­

gine yourse l f in a si tuation in which you have to take a decis ion 

about some p rob lem the resu l t of which depends on some event 

taking p lace in the fu ture . Na tura l ly , until the outcome of that future 

event is known, you a r e uncer ta in what the resu l t of your decis ion 

will b e . If the uncer ta in ty about the event is to be removed before 

you take your dec i s ion , the si tuation you a r e in is said to be that 

of " t i m e l e s s " unce r t a in ty . W h e r e a s , if the uncer ta in ty about the 

event i s not to be removed until after you have taken your dec is ion , 

your s i tuat ion is that of " t e m p o r a l " unce r t a in ty . Moss in [ 9 2 , p . 174] 

g ives the example of a p ro fe s so r who is "indifferent between teaching 

c o u r s e A and c o u r s e B next fall , but (who) in view of the 

p r e p a r a t i o n s that mus t be made in the m e a n t i m e , would cer ta in ly not 

want the decis ion to be postponed until c l a s s e s begin" 

As was s t r e s s e d by Markowitz [86, chap te r s 10-11 J a n impor tan t feature 

dis t inguishing " t e m p o r a l " from " t i m e l e s s " uncer ta in ty is the poss ib i ­

l i ty of " in te rvening d e c i s i o n s " in the fo rmer c a s e and the lack of it in 

the l a t t e r The intervening decis ion in the above example is to p r e p a r e 
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e i ther c o u r s e A or B or both. 

Another way to apprec ia te the difference between the two 

types of uncer ta in ty is to v isual ize the situation as that of a game 

between the decis ion make r (yourself) and "mothe r n a t u r e " (chance). 

The dis t inct ion then l ies in who has the f i rs t move: if " c h a n c e " has 

the f i r s t move , the si tuation is that of t i m e l e s s uncer ta in ty ( e . g . , 

lo t te ry) ; w h e r e a s , if you have the f i rs t move , the si tuation is that of 

t e m p o r a l uncer ta in ty ( e . g . life insu rance policy). 

While the impor tance of the dist inct ion between the two 

types of uncer ta in ty was noted by Markowitz as ea r ly as 1959, it 

r ema ined a lmos t unnoticed in the l i t e r a t u r e on i n t e r t empora l opt imal 

consumpt ion-saving under uncer ta in ty until the recent work of Dreze 

and Modigliani . F o r ins t ance , Phe lps [100] , Levhar i and Sr in ivasan 

[81] , Samuelson and Merton [113,88] and o thers to be d i scussed in 

chap te r III, never stated explicit ly which of the two types of unce r t a in ­

ty they w e r e in t e re s t ed in . Yet, as was emphas ized by Mossin [92 , 

p . 172] the impor tance of the dist inct ion is not only because it affects 

the choice of a decis ion m a k e r , "but m o r e fundamentally because it 

ha s to do -with the question of whether or not it is poss ib le to r e p r e s e n t 

such choices by means of a utility function. " 

The Dreze-Modigl iani analys is as well a s that of Mossin [92] 

was confined to a two-per iod f ramework . It is not c lear -whether the 

dis t inct ion c a r r i e s over to the mul t i -pe r iod f ramework . The r ema inde r 

of th is chap te r wi l l , t h e r e f o r e , be confined to a two-per iod a n a l y s i s , and 

will r e ly to a l a r g e extent on Dreze and Modigliani [35] which is the mos t 

met icu lous ana lys i s of the dist inct ion so far ava i l ab le . 

See , however , F a m a [36] , and section 2 of chapter IX below. 
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1. T i m e l e s s and Tempora l Uncer ta inty in a Two-per iod 

Consumption Model . 

In o rde r to unders tand the meaning and impl ica t ion of the d i s ­

t inct ion for subsequent a n a l y s i s , cons ider the p rob lem faced by a con­

s u m e r who mus t a l locate his total wealth y , 

y = yx + y 2 (1 + r ) " 1 (2.1) 

bet-ween a flow of cu r r en t (or per iod one) consumption c and a r e s i ­

dual stock y - c out of which future consumption c (including bequests) 

will be f inanced. In equation (2.1) 

y i s the net m a r k e t value of the c o n s u m e r ' s a s s e t s , 

plus his labour income in per iod one; 

y (1 + r) is the p r e sen t value of his future labour income 

and rece ip t s from sources other than h is per iod one a s s e t s 

( e . g . inher i tance) ; 

r is the rea l i n t e r e s t ra te ; and 

c i s defined by 

c 2 = (y c ^ d + r) = (Y l - cx) (1 + r) + y 2 (2.2) 

It i s a s sumed that in the per iod one y is known -with 

ce r t a in ty , but y and r a r e unknown. Tempora l uncer ta in ty is defined 

a s the si tuat ion -which r e s u l t s if the uncer ta in ty about y and r is r emoved 

only at the end of per iod one; i . e . , after c has been chosen . On the 

o ther hand, the si tuat ion is that of t i m e l e s s uncer ta in ty if the consumer 

knows that the uncer ta in ty about y and r will be complete ly removed 

before the choice of c i s m a d e . 

The f i r s t quest ion that may be examined with r e g a r d to the 

two types of uncer ta in ty is the c o n s u m e r ' s expected ut i l i ty in each c a s e . 

This is impor tan t s ince for the p rob lem at hand, opt imal i ty in uncertainly 
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si tuat ions is often de te rmined in t e r m s of the maximisa t ion of expected 

uti l i ty subject to given c o n s t r a i n t s . For the p resen t p u r p o s e , a s s u m e 
o . 

r = r is non-s tochas t i c , so that the only random var iab le in the s i tua­

tion is y , having defined c by equation (2 .2) . Having done t h i s , 

define the expected util i ty assoc ia ted with t empora l uncer ta in ty as J, 

and that a s soc ia ted with t i m e l e s s uncer ta in ty as J where 
Ji = m a x J u i ci> ( Y 1 - C

1 ) ( 1 + r ) + y 2 1 d ? ( y 2 > r ) ( 2 - 3 ) 

J 2 = J m a x uici> ( y 1 - c
1 ) ( 1 + r ) + v2 } d § ( y 2

> r ) 
c l 

= JV [Yl + y 2 ( l + r ° ) " 1 , r °} d 6 ( y 2 , r ° ) . (2.4) 

V(. , r ) is the ca rd ina l ind i rec t uti l i ty function assoc ia ted with u (c . c O , 

and £>(. , r ) is the consumer ' s subjective probabil i ty d is t r ibut ion function 

for the unce r t a in p rospec t (y-> , r ) . 

In w o r d s , what equations (2.3) and (2.4) a r e saying is that 

in the ca se of t e m p o r a l uncer ta in ty , the consumer max imizes over 

c , the expected value of the util i ty der ivable from c and c In the 

c a s e of t i m e l e s s unce r t a in ty , the consumer does approximate ly the 

r e v e r s e . He f i rs t m a x i m i z e s his utili ty for c and c over c , and 
X Ct J. 

then takes the expected value of that u t i l i ty . 

Dreze and Modigliani invoked an impor tan t t h e o r e m of 

Mar schak [ 8 7 , p . 201 , footnote 8] which shows that J is at mos t equal 

to J 2 , 

J j * J 2 (2.5) 

with equali ty holding if and only if 

Mci*' ( yr c i )(1+r) + V -(1 + r ) u 2 f - c i ' ( y r c i ^ (2-6) 

i . e . , u i ^ c i ' cz} - ^ + r^u2 ^ c i ' c 2 ^ 
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over the sma l l e s t domain D for which 

J D d t (c2) = 1 

where \j/(c ) is the d is t r ibut ion function of the random var i ab le c . The 

only economical ly re levant si tuation in which the identity (2. 6) holds is 
d c i 

under complete ce r ta in ty with — = 0. 
d r 

F u r t h e r m o r e , it may be noted that J - J equals what is known 

in s t a t i s t i ca l decis ion theory as "the expected value of perfect in format ion" 

(EVPI) ; i . e . , in the p r e sen t c a s e , "the loss to the consumer f rom 
2 

lacking information about y when choosing c " 
h X 

The economic in te rp re ta t ion of inequali ty (2.5) yields 

P ropos i t ion II . 1 

A t empora l unce r t a in p rospec t is never p r e f e r r e d to the 
t i m e l e s s unce r t a in p rospec t de sc r ibed by the same m a s s 
or densi ty function, no m a t t e r what the c o n s u m e r ' s uti l i ty 
function may be. 

Equation (2.4) shows that under t i m e l e s s uncer ta in ty , the indi ­

r e c t function V(y, r ) s u m m a r i z e s al l the information requ i red for 

choice among uncer ta in p r o s p e c t s . Hence , under t i m e l e s s unce r t a in ty , 

both the d i r ec t and ind i rec t uti l i ty functions a r e defined. However , 

under t e m p o r a l uncer ta in ty , the choice of a p rospec t and the consumption 

dec i s ion cannot be s epa ra t ed . P r o b l e m (2.3) mus t be solved f i r s t and 

both the ordinal and ca rd ina l p r o p e r t i e s of u ( c , , c ) a r e re levant in 

2 
See Dre?e and Modigliani [35 . pp. 13-14 J, M a r s c h a k [87, pp. 201-205] . 

3 
D r e z e and Modigliani [35. p . 1 2 ] ; t he i r footnote 15 should be noted. 
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se lec t ing the optimal c . It has been s t r e s s e d by Mossin [92 ] that 

under t e m p o r a l uncer ta in ty the indi rec t uti l i ty function is genera l ly 

not defined. 

2 . T i m e l e s s , Tempora l Uncerta inty and the A r r o w - P r a t t 
Risk Avers ion Measu re 

The A r r o w - P r a t t [4, 105] m e a s u r e of r i sk ave r s ion provides 

a convenient way of v isual iz ing the impl icat ion of proposi t ion II . 1 for 

opt imal behaviour under t empora l v i s - a - v i s t i m e l e s s uncer ta in ty . 

The P r a t t - A r r o w m e a s u r e co r r e sponds to the case of t i m e l e s s uncer­

tainty about to ta l weal th y. Hence , if r is given, the P r a t t - A r r o w 

absolute r i sk ave r s ion function is given by 

i v y?y? 

- (TTTF) ^ 1 „ = - ^ I „ (2-7) 1 + r O ' V L0 V '_0 
r2 y r y r 

whe re subsc r ip t s denote pa r t i a l differentiat ion; e . g . 

dv „ d Z V 
V = — , V = — - . 

y d y y 2 y 2 dy?
2 

D r e z e and Modigliani showed that at any point in the (c , c ) 
X d 

s p a c e , the r i s k avers ion m e a s u r e that co r r e sponds to the ca se of 

t e m p o r a l uncer ta in ty is given by 

V 9 2 
u v v dc ^ d c 

7? y?y7 1 7 

-=f I -~T^' + tdTi [ r r ^ < 2 - 8 ' 
2 c y JZ dc u 

w h e r e 

dc< v V 
and YjY-y I y? a r e evaluated along the Engel cu rve going 

dy 2 ' 2 ' 2 ' ' 2 

th rough that point; i . e . the Engel curve that c o r r e s p o n d s to a r a t e of 
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u l 4 
— at t h a t p o i n t . 

u . 

U1 4 
i n t e r e s t r s u c h t h a t i + r = —L. a t t h a t p o i n t . If a l l p a r t i a l 

2 

d e r i v a t i v e s of t h i r d and h i g h e r o r d e r s v a n i s h , t h e n the s e c o n d t e r m 

on t h e r i g h t hand s i d e of e q u a t i o n ( 2 . 8 ) i s t h e E V P I . In t h a t c a s e , 

t h e r i s k a v e r s i o n i n d e x u n d e r t e m p o r a l u n c e r t a i n t y would b e t h e 

s u m of t h e E V P I and r i s k a v e r s i o n i n d e x if t he s a m e u n c e r t a i n t y 

w e r e t i m e l e s s . 

Wi th t h e a s s u m p t i o n t h a t m a r g i n a l p r o p e n s i t y to c o n s u m e 

l i e s in t h e open i n t e r v a l ( 0 , 1 ) and t h a t i n d i f f e r e n c e c u r v e s a r e s t r i c t l y 

c o n v e x , t h e s e c o n d t e r m on t h e r i g h t hand s i d e of (2 .8 ) i s p o s i t i v e , 

and h e n c e y 
U 2 2 y 2

y 2 
u , > " V ( 2 ' 9 ) 

2 ^2 

V , V 
S i n c e y y / y i s t h e P r a t t - A r r o w m e a s u r e of r i s k a v e r s i o n in 

t h e c a s e of t i m e l e s s u n c e r t a i n t y , it m e a n s t h a t u s i n g t h e l a t t e r a s a 
6 

m e a s u r e of r i s k a v e r s i o n u n d e r c o n d i t i o n s of t e m p o r a l u n c e r t a i n t y 

u n d e r - e s t i m a t e s t h e d e g r e e of r i s k a v e r s i o n . D r e z e and M o d i g l i a n i 

a c t u a l l y s a y t h a t i n e q u a l i t y ( 2 . 9 ) i m p l i e s t h a t o n e ' s r i s k a v e r s i o n 

i n c r e a s e s w i t h t i m e . 

E q u a t i o n ( 2 . 8 ) d e c o m p o s e s r i s k a v e r s i o n u n d e r t e m p o r a l 

V V 
u n c e r t a i n t y in to a f i r s t t e r m , - Y?Y7/ Y-y w n i c h m e a s u r e s p u r e l y 

4 
S e e D r e z e and M o d i g l i a n i [3 5, p . 17] . 

5 
S e e D r e z e and M o d i g l i a n i [ 3 5 , p . 18, foo tno te 2 3 ] . 

6 

A s d o n e by a l l w r i t e r s ( e x c e p t S a n d m o [11 6 ] and D r e z e 

M o d i g l i a n i ) to be d i s c u s s e d in c h a p t e r V b e l o w . 
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2 2 2 
ca rd ina l p r o p e r t i e s , and a second t e r m ( d c . / d y , ) (d c _ / d c , ' ) | , 

1 ' 2 2 1 'u 

"which m e a s u r e s purely ordinal p rope r t i e s ". F o r "infinitesimal 

r i s k s " , this second t e r m alone m e a s u r e s the EVPI . The second 

fac tor of the t e r m , (d c . / d c j I ( = 1/-—), is a local m e a s u r e of the 
2 1 *u dr 

c u r v a t u r e of the indifference c u r v e s . To see the re levance of the 

c u r v a t u r e of the indifference cu rves in compar ing t i m e l e s s and 

t e m p o r a l uncer ta in ty , cons ider the following two ex t r eme s i tua t ions : 
(1) Indifference curves a r e approximate ly l inea r in the 

neighbourhood of the equi l ibr ium point: in this c a s e , c 
and c a r e a lmos t perfect subs t i tu tes , and (d c ? / d c ) I 
= 0. EVPI is t he re fo re approximate ly z e r o . ' F o r 
such a c o n s u m e r , t h e r e is hard ly any difference 
between t e m p o r a l uncer ta in ty and t i m e l e s s uncer ta in ty -

(2) Indifference cu rves approximate to right angles in the 
neighbourhood of the equi l ibr ium: in this c a s e , c , and c_ 

2 , 2 , * 2 

a r e a lmos t perfect complemen t s , (d c /dc ) | is v e r y 
£ 1 u 

l a rge and, t h e r e f o r e , dc / d r is ve ry s m a l l . F o r such 
a c o n s u m e r , t h e r e is a big difference between t e m p o r a l 
and t i m e l e s s unce r t a in ty . 

Equation (2 .8 ) , t h e r e f o r e , shows that ave r s ion to t e m p o r a l 

unce r t a in ty grows with the cu rva tu re of the indifference c u r v e s . 

To unders tand the ro le of the second fac to r , dc /dy a l so 
X d 

cons ide r the two e x t r e m e c a s e s : dc,/dy_, = 0, and d c , / d y ^ = 1. 
1 2 1 2 

dc /dy = 0 m e a n s that opt imal c can be chosen without r e f e rence to 
.- X Ct X 

y , so that perfect information is again w o r t h l e s s , dc /dy = 1 means 
Li X Ct 

7 
In l imi t , the indifference cu rves a r e complete s t ra ight l i n e s ; 
t he re fo re cu rva tu re is z e ro and EVPI is z e r o , implying that 
per fec t informat ion is complete ly w o r t h l e s s . 
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that the individual wants to consume all his wealth now (in period one) 
Q 

because he de r ives no ut i l i ty f rom future (period two) consumption. 

Although the foregoing ana lys is has been based on the a s s u m p ­

tion of given r and random y a s imi l a r analys is could be under taken 

with the a s sumpt ion of given y^ and random r . 

However , D r e z e and Modigliani showed that in this c a se , the 

" infer ior i ty of t e m p o r a l over t i m e l e s s unce r t a in ty" is not as grea t as 

in the case in which y is the random v a r i a b l e . In view of the fact 

that m o s t of the work deal t with in chapter III a s s u m e random ra te of 
Q 

r e t u r n r a the r than random income , this r e m a r k should be conso la to ry . 

But with both y and r a s sumed random, the deviation of - 2 2 / u | c ' 
V , V 2 i 

r2 y2 f rom - y ? y ? / y ? should be g r e a t e r than shown by equation (2 .8) .*° 

The behaviour of - 22/ 2 is s u m m a r i z e d by 

P ropos i t ion II . 2 

Risk ave r s ion under t e m p o r a l uncer ta in ty will be lower : 

(i) the lower is r i sk ave r s ion under t i m e l e s s uncer ta in ty , 

(ii) the l a r g e r is the m a r g i n a l propens i ty to consume a n d / o r the r e s ­
pons iveness of c to a compensa ted change in r ; 

(iii) the lower is the subst i tut ion effect (in absolute t e r m ) of a change 
in i n t e r e s t ra te on his c u r r e n t consumpt ion. *• 

8 
An example of such an individual is a consumer who is su re to die in 
per iod one, and does not c a r e to bequeath anything to his h e i r s . 

9 
See footnote 6 above . 

10 
Deta i l s of th is a r e given in Dreze and Modigliani [35, footnote 3 3 ] . 

11 
i b i d . , p . 24. 
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A cor respond ing m e a s u r e to the P r a t t - A r r o w re la t ive 

(propor t ional) r i sk ave r s ion could also be der ived for the foregoing 

c a s e of t e m p o r a l unce r t a in ty . However , the difficulty he re is that 

w h e r e a s the P r a t t - A r r o w uti l i ty function has only one a rgumen t , 

name ly weal th (in the above case yy), the ut i l i ty function in the case of 

t e m p o r a l uncer ta in ty has at l ea s t two a r g u m e n t s , namely , c and c , 
X L* 

and so , t h e r e is the p rob lem of which of them to u s e as weight for the 

r i s k ave r s ion m e a s u r e . One can however conclude that the re la t ive 

r i s k ave r s ion index for t empora l uncer ta in ty is a lso g r e a t e r than that 

for t i m e l e s s uncer ta in ty provided c , c > 0. 
X & 

3 . S u m m a r y and Conclusions 

The foregoing d i scuss ion should s e rve as a r eminde r of the 

constant need for caution in employing the A r r o w - P r a t t m e a s u r e of 

r i s k ave r s ion in the explanation of the impact of uncer ta in ty on opt imal 

sav ing-consumpt ion dec i s i ons . Inequality (2.9) shows that under t e m p o ­

r a l unce r t a in ty , the P r a t t - A r r o w m e a s u r e of r i sk aversion may be an under­

e s t i m a t e . Y a a r i in a recen t a r t i c l e [15 2] de r ive s the r i s k ave r s ion 

m e a s u r e us ing the m o r e genera l "s ta tes of n a t u r e " approach to dec is ion 

making under uncer ta in ty , and showed the P r a t t - A r r o w m e a s u r e as a 

spec ia l ca se of his .own m o r e genera l m e a s u r e . 

As D r e z e and Modigliani have warned , while pa r t (ii) of 

propos i t ion II . 2, may be used to confirm emp i r i c a l observa t ion that 

people a r e high s a v e r s because they a r e exposed to unce r t a in ty , the 

causa l re la t ion could equally well run in the other d i r ec t ion , namely : 

they a r e exposed to r i sk because they a r e high s a v e r s . Hakansson 

[56, p . 457] s e e m s to have come c lose to this conclusion name ly , 

that no s imple re la t ionsh ip can be drawn between r i sk ave r s ion index 
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and opt imal saving under unce r t a in ty . 

Having sounded the above warn ings , the t e r m "uncer ta in ty" 

will be used in subsequent chap te r s to mean t empora l uncer ta in ty , 

with explici t qualification to be given only when the danger of m i s ­

unders tand ing makes it n e c e s s a r y . As Mossin [92, p . 174] put i t , 

"in the r ea l wqrld t empora l p r o s p e c t s , not t i m e l e s s ones , a r e the 

ru le r a t h e r than the except ion." 



CHAPTER III 

SOURCES OF UNCERTAINTY 

In chap te r I , r e fe rence was made to the few a t t empts 

m a d e so far to introduce uncer ta in ty explicit ly into the R a m s e y - t y p e 

m o d e l . A s imple ve r s ion of the de t e rmin i s t i c Ramsey model may be 

wr i t t en as 

T +• 

Max J e " p u[c( t ) ] dt (3 . i) 
0 

subject to 

c(t) = ry(t) y(t) (3.2) 

and 
y(0) = y 0 , y(T) = y T (3.3) 

w h e r e c(t) and y(t) a r e given per capita in t e rp re ta t ion , and 

(1) u [c(t)] i s the uti l i ty of the ra te of consumption at t ime t ; 

(2) y(t) is weal th (capital) at t ime t; 

(3) y(t) = £«] 
dt 

(4) r is the r ea l r a t e of i n t e r e s t , and 

(5) p is the r a t e of t ime p r e f e r e n c e . 

The ut i l i ty function in equation (3. 1) is a s sumed to be 

addi t ive in the Pol lak [103] s e n s e . Additivity in this sense impl ies 

1 T 
Denote a consumption path on the in terva l [ 0 , T ] by C= (c (t)} , 
whe re c(t) denotes the r a t e of consumption at t ime t . 
Under ce r t a in ty , the consumer is a s sumed to be maximiz ing an 
ordinal uti l i ty function u(c) . Under unce r t a in ty , he is a s s u m e d to 
be max imiz ing the expected value of a ca rd ina l von Neumann-
M o r g e n s t e r n ut i l i ty function V(c) . Additivity in the Pol lak sense 
m e a n s that t h e r e ex i s t s a twice different iable function F , F ' > 0 
and function u [c(t) , t ] such that 

F 
T [U [c (t)}]= J T u [c(t) , t j dt 

-.T , , 0 , . . . F o r the von Neumann-Morgens t e rn c a s e , t h e r e ex i s t s a function v [c ( t ) , t ] 
SUCh t h a t rri rr, 

v {c (t)} = r v[ C ( t ) , t ]d t . 
O J v o 

See Pol lak [103, p . 4 9 3 ] . 
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that at each t ime t h e r e is a r e tu rn (utility) which depends only on the 

va lues of the consumption at t ime t , such that the uti l i ty of a whole 

h i s t o ry is the sum or in tegra l of the value of the u t i l i t ies at each 

m o m e n t of t i m e . 

A l i t t le reflect ion on the model of equations (3 . 1) (3.3) 

sugges ts a va r i e ty of ways through which uncer ta in ty may be i n t r o ­

duced into the p rob lem. F o r ins t ance , it may be admit ted that , among 

other s o u r c e s , uncer ta in ty emana tes f rom the following four, namely : 

(1) the r a t e of r e tu rn to capi ta l , 

(2) a. the product ion function (if the model i s i n t e rp re t ed 

as a nat ional output growth mode l ) , or 

b . non-capi ta l income (if the model is in te rp re ted as an 

individual ' s planning p rob l em) , 

(3) the uti l i ty function; and 

(4) the t ime hor izon . 

It t u rns out that these four sou rces a r e actually the ones that 

have , in vary ing d e g r e e , a t t r ac t ed the g rea te s t at tent ion, and of the 

four , the m o s t widely d i scussed so far is the f i r s t - the ra te of r e t u r n 

to cap i ta l . The l a t t e r which is a l so the e a r l i e s t a t tempt at introducing 

uncer t a in ty explici ty into the Ramsey - type mode l , began with the work 

of Edmund Phelps [100] in 1962. This a l so fo rms the s ta r t ing point 

of study in the p r e sen t chapter 

1. Uncer ta in Rate of Re turn to Capital 

In the context of a finite hor izon , d i s c r e t e t ime- fo rm, Phelps 

studied the p rob lem of a consumer who a ims at maximiz ing 
T 

J r r (c ) - E [ E p t _ 1 u ( c )] 0 < p ^ 1 (3.4) 
1 r t=l l 
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subject to 

y t + l = r t ( y t ~ C t ) + X y l = k ( 3 ' 5 ) 

where 
the subscr ip t t s tands for t ime per iod; 

c is consumption, 

u i s the individual ' s von Neumann-Morgens t e rn 
ut i l i ty function in period t , 

y i s capi tal (wealth) on hand, 

x i s non-capi ta l income a s sumed constant in every per iod , 

r - i is the random ra te of r e t u r n to capi ta l , and the r 

a r e independent and drawn f rom the same probabi l i ty 

d i s t r ibu t ion . 

In solving the above p rob lem, Phelps employed the method 

of s tochas t ic d i s c r e t e - d y n a m i c p r o g r a m m i n g , and a r r i v e d at the 

following r e s u l t s . F i r s t , optimal consumption is an inc reas ing 

function of both age and capi ta l , thus confirming the resu l t of the 

d e t e r m i n i s t i c theory , and pointed out that without fur ther r e s t r i c t i o n s 

on the uti l i ty function, it i s not poss ib le to make any m o r e definite 

s t a t emen t . Phelps then studied t h r e e special c a s e s of posi t ive 

constant re la t ive r i sk ave r s ion uti l i ty functions, which while they 

cannot yield genera l t h e o r e m s , do help in "providing coun t e r - example s 
2 

to c o n j e c t u r e s " . F o r i n s t ance , he shows that quite apar t f rom 
r e a s o n s of t ime p re fe rence the c l a s s i ca l phenomenon of 

Phelps [100, p . 730] 
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3 
"hump saving" need not occur if capital is r i sky . Ins tead , a low-

capi ta l " t r a p " region is poss ible in which it is optiinal to mainta in 

or decumula te capital no m a t t e r how dis tant the planning hor izon . 

The t h r e e special types of util i ty function studied a r e : 

( i ) u(c t ) = u - X c ~y u, v > 0, \ > 1 (3.6) 

(2) u ( c ) = \cy \>0, 0 < v < l ( 3 . 7 ) 

(3) u(c t) = log c t (3 .8) 

What these t h r e e util i ty functions have in common is that 

they a r e the only monotone inc reas ing and s t r i c t ly concave uti l i ty 

functions for which the propor t iona l r i sk ave r s ion index 

q(c) = - cu"(c) / u '(c) (3.9) 

i s a posi t ive cons tan t . 4 They have been widely studied in the l i t e ­

r a t u r e because of the convenience of analyt ical solution poss ib le 
5 

when they a r e a s s u m e d . 

Taking equation (3. 6) it may be shown that opt imal 

consumption out of uncer ta in income is sma l l e r than out of ce r t a in 

income (the " s t r u c t u r a l " effect). Also , an i n c r e a s e in expected 

4 

5 

A c o n s u m e r m a y have two different mot ives for saving: (1) saving 
for pos te r i ty - i . e . saving to provide for his h e i r s ; (2) saving 
only to be able to spend at some l a t e r stage ( e . g . r e t i r e m e n t ) . 
This l a t t e r has been widely d i scussed in the l i t e r a t u r e under the name 
of "hump saving" , so called because the saving path in th is ca se is 
usua l ly humped. The "hump saver "saves while young and d i s s a v e s as 
he grows o lde r , e . g . , see de Graa f f [53] and Ramsey [108], The condi 
t ions under which hump saving will take place when capi tal is r i sky 
have been careful ly spelt out by Samuelson Q.13], See pp 28-29 below. 

See Hakansson [56, p . 4 5 0 ] , 

F o r i n s t ance , for this c lass of uti l i ty funct ions, it has been poss ib le tc 
p rove the so cal led "separa t ion t h e o r e m " . 
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r e t u r n encourages consumption, while an i n c r e a s e in uncer ta in ty of 

capi ta l l ower s opt imal consumption (the "marg ina l " effect). The 

r e v e r s e is t r u e in the case of the utili ty function in (3 .7) . That i s , 

the ut i l i ty functions (3.6) and (3.7) yield opposite r e s u l t s . However , 

it is i n t e r e s t i ng to note that in all c a s e s , " r i sk always opposes r e t u r n " . 

A l s o , it is c l e a r f rom the foregoing that the " s t r u c t u r a l " and the 

m a r g i n a l effects a r e in the same d i rec t ion . 

To unders tand the meaning of the cont ras t ing r e su l t s given 

by equat ions (3,6) and (3.7) one only needs to r ea l i ze that both of t hem 

have the s a m e p a r a m e t e r y for the e las t ic i ty with r e spec t to consum­

ption except that in the one case the p a r a m e t e r c a r r i e s a negat ive sign 

and in the other a posit ive s ign. 

F o r the uti l i ty function in (3.8) i . e . . the loga r i thmic uti l i ty 

function, the optimal consumption r a t e is independent both of the 

expected r e t u r n and size and change in the uncer ta in ty of cap i ta l . 

The above r e su l t s have been confirmed by m o r e r ecen t w r i t e r s 

including Levhar i and Sr in ivasan [81] Samuelson [113], Mer ton [ 8 8 ] , 

Hakansson [56,57] and Hahn [ 5 5 ] , 

L e v h a r i and Sr in ivasan followed Phelps in studying the same 

p r o b l e m , with the l i t t le s implif icat ion that non-capi ta l income equals 

z e r o . However , Levha r i and Sr in ivasan studied the case of infinite 

t i m e hor izon ins tead of f i r s t analysing the model for finite t ime hor i 

zon, and studying i ts l imi t ing p r o p e r t i e s as T tends to infinity as 

Phe lps did. L e v h a r i - S r i n i v a s a n der ived a set of condit ions c h a r a c t ­

e r i z ing an opt imal policy and proved the sufficiency of concavity of 

ut i l i ty function for a m a x i m u m . They a lso extended the i r model to 

The " s t r u c t u r a l " and the "marg ina l " effects will be defined 
p r e c i s e l y in Chapter V . 
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cover the p rob lem of dynamic portfolio se lec t ion . Hahn 's work is 

bes t r ega rded as a companion to that of L e v h a r i - S r i n i v a s a n . 

Taking for granted the exis tence of solution, Hahn's object ives w e r e 

to de r ive the p r o p e r t i e s of the opt imal path "in a s imple r way" and to 

r e i n t e r p r e t t hem. 

Samuelson [113] and Mer ton [88] studied ident ical p rob lems , 

one in d i s c r e t e t ime f o r m , and the other in continuous t ime f o r m . 

Since they a lso reached the same conclus ions , it is n e c e s s a r y to d i s ­

cus s only one of t h e m . Samue l son ' s formulat ion will be employed 

h e r e not only because it i s s imp le r than that of Mer ton (which, or 

c o u r s e , is a good enough r ea son ) , but also because it is c lose r to the 

P h e l p s ' formulat ion p resen ted above. B e s i d e s , although Mer ton 

p r e s e n t s the continuous v e r s i o n , he a lso begins with the s imple r d i s ­

c r e t e c a s e , and to solve his model he also r e s o r t s to dynamic p r o ­

g r a m m i n g formulat ion jus t as Samuelson does . 

Severa l a spec t s of the Samuelson-Mer ton p rob lem a r e a l so 

studied in Hakansson [56] which a l so cove r s some p rob lems not 

touched upon by Samuelson and Mer ton . F o r ins tance , Hakansson 

explici ty includes in his model the p rob lem of random t ime hor izon 

as well as the possibi l i ty for the decis ion m a k e r to bor row or lend 

and buy insurance on his life or sel l i n su rance on the l ives of o t h e r s . 

However , the r e m a i n d e r of this sect ion will be devoted l a rge ly to the 

Samuel son-Mer ton study, and the main par t of the Hakansson study 

will be taken up in section 4 below. 

The Samuels on-Mer ton Model 

Cons ider the simplified Ramsey model desc r ibed by equations 

(3 . l ) - (3 .3 ) which a r e repea ted h e r e for convenience : 
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Max JT e~& u [c(t)]dt (3.10) 
o 

subject to 

c(t) = r y(t) - y(t) (3.11) 

and 

y(°) = y0, y(T) = yT (3.12) 

where the variables are as defined above. 

Since there is no terminal wealth, the model may be 

reduced to a standard calculus-of-variations problem, 

J = max P e ^ u[r y - yj dt (3. 13) 
(y( t ) } J o 

which can be related to a discrete-time formulation 

T -t 
J = max Z(l + p ) u [ c ] (3. 14) 

o 
subject to 

yt+l 
c = y - — — (3. 15) 
t yt 1 + r v 

T y 
-t yt+l 

max E (i + p) u [ y - — — ] (3.16) 
o t 1 + r 

for prescribed y , y 

Recursion conditions for regular interior maximum 

- T - ^ u ' [ v . - r
y ± - ] - u' [v ^ - ^ ] (3.17) 

1 + r L yt-\ 1 + r J LJt i + r 

are derived from (3. 16) by differentiating partially with respect to 

each y in turn. With a concave utility function u, solving the second 

order difference equation (3. 17) with boundary conditions (y , y ) 

suffices to give an optimal life-time consumption-investment programme. 

So far, the model has been deterministic. To make it stochastic, 

suppose that part of the individual's wealth is now invested in a risky 

asset. To be specific, postulate that in addition to: 
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(i) a safe a s s e t that makes $1.00 invested in it at t ime 

t r e t u r n to the inves tor at the end of the period 

$1 .00 (1 + r) t h e r e is a lso 

(ii) a r i sky a s s e t that makes $1 .00 invested in it at t ime 

t , r e tu rn to the inves tor at the end of the per iod $ 1. 00 Z : 

w h e r e Z is a random va r i ab l e subject to the probabil i ty d is t r ibu t ion 

P (Z t <; z) = P(Z t ) , z ;> o (3.18) 

Hence , Z 1 i s the percen tage "yield" of each outcome. 

Suppose that at each instant of t i m e , the optimal f ract ion of 

weal th invested in the r i sky a s s e t i s Q . Then, 1 - 8 , 1 S the optimal 

f rac t ion going into the safe a s s e t . Once these opt imal f rac t ions a r e 

known, the cons t ra in t (3. 15) mus t be wri t ten as 

y t + 1 
c t = [ y t f ( i - et) (i + r) + e tz t]

 ] • ( 3 , i 9 ) 

Using (3 . 19) instead of (3 . 15), the s tochast ic genera l iza t ion 

of (3 . 14) and (3 . 15) or (3 . 16) is wr i t t en as 
T -t 

J T (y ) = m a x E E (1 + p) u [ c J 
1 O Q T. 

subject to 

c t = [ y t [ ( i - c V U - M + e ^ ] ( 3 - 2 0 ) 

y given, y p r e s c r i b e d . 

The p r o g r a m m e (3.20) i s t h e bas ic s tochas t ic p r o g r a m m i n g 

p rob lem that needs to be solved s imul taneously for opt imal saving-

consumption and portfolio se lect ion dec is ions over t i m e . 

To g r a s p the meaning of the p rob lem r e p r e s e n t e d by (3 . 20) 

imagine an individual who has to act now (period o) to se lec t c , and 
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Q . A s s u m e he knows y but does not know yet how Z will tu rn out. Mo ' o ' o 

He mus t act now, knowing that one period l a t e r , knowledge of Z 's 
7 ° 

outcome will make y known. Contingent on knowledge of y , he will 

again have to niake a new dec is ion , but for now the best he can do is 

guess what that decis ion will b e . 

Employing backward-op t imiza t ion dynamic p r o g r a m m i n g , 

Samuelson showed that the optimal conditions for the problem, of (3 . 20) 

satisfy the following r e c u r s i v e optimali ty equat ions: 

o = u ' (C Q ) - (1 + f T 1 E JL,_ t (yo) { ( l - 0 o ) ( l + r ) + eo Z Q ) 

o = E J - T _ 1 ( y 1 ) ( y o - C o ) ( Z o 1 - r ) 

o ^ - ( c ^ ) ( i+P)" i EJ T _ t ' (y t ) f ( i -e t _ 1 ) ( i + r ) + 9 t _ 1 z_ i 3 

( 3 . 2 1 ) 

° = E J T - t l y t - l V l , ( Z t - l ' 1 - r ^ ( 3 ' 2 2 ) 

t = 1, . . . T 1 

Solving (3.22) at any stage gives the optimal dec is ion ru les 

for consumpt ion-saving and for portfolio se lec t ion, in the form: 

c*= f T _ t ( y t ) < 3 - 2 3 ) 

and 
e*= g T „ t ( y t ) (3.24) 

s ince the Z ' s a r e independently d i s t r ibu ted . 

Having thus solved the p rob lem for any finite T, what is 

left is the impor tan t case of infinite t ime hor izon . The re a r e two 

7 
This is the definition of t empora l uncer ta in ty . See Chapter II, p . 6 
above. 
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a l t e rna t ive p r o c e d u r e s : (1) Fo r wel l -behaved u ( i . e . , u ' > 0, u " < 0 ) , 

s imply let T —> co in the above formulae or (2) as often happens , the 

infinite case may be the ea s i e s t of all to solve , s ince for i t , 

c = f(y ) and 0 = g ^y ), independently of t i m e . Samuelson showed 
U L V t 

tha t both c and 9 can be deduced as solutions to the functional 
t Dt 

equat ions : 

o - u ' [ ( f(y)]- ( i + p ) " 1 / " j ' E y - f f y ) ] { ( l + r ) - g ( y ) z - l - r } 
o 

[ ( l + r ) - g ( y ) Z - l - r ) ] dp (Z) (3.25) 

o * f u ' [ (y-f(y)} ( l+ r -g (y ) (Z - l - r ) } ] [ Z - l - r ] (3.26) 
o 

He then applied the r e su l t s to the special case of i soe la s t i c 
y-1 

m a r g i n a l uti l i ty functions, u ' (c) = c , Y < 1 and obtained the r e su l t 

tha t "the optimal portfolio decis ion is independent of wealth at each 
Q 

s tage and independent of all consumpt ion-saving d e c i s i o n s " . 

Th i s r e su l t was confirmed by Merton who adds that for the Bernoul l i 

c a se ( i . e . where v = o) the " separa t ion" goes both ways , i . e . 

consumption dec is ion is independent of financial p a r a m e t e r s , except 
9 

the level of weal th . 

Hakansson [56, p . 458] goes even a s tep fu r the r . He p roves 

that for ut i l i ty functions pos se s s ing posi t ive constant re la t ive r i sk 

a v e r s i o n , not only is optimal portfolio of r i sky a s s e t s independent of 

wea l th , but in addit ion, it i s independent of non-cap i ta l income s t r e a m , 

age and r a t e of impat ience to consume . M o r e o v e r , the s ize of the total 

§ 
See Samuelson [113, p . 244] , 

9 
Merton [88, p. 253 ] , 
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investment commitment in risky opportunities in each period is pro­

portional to the individual's wealth plus the present value of his potential 

non-capital income. With non-capital income equal zero, the ratio of 

risky portfolio to total portfolio is independent of wealth, age and impa­

tience . 

The optimal fraction of wealth invested in the risky asset 9 

is then a constant, which as, Samuelson shows, is a solution of 

o = J , ro[(l-0)(l+r) + 6 Z j ~ (Z - 1 r) dP (Z) (3.27) 
o 

For the no bequest case (i.e. y = o), Samuelson shows 

that the optimal consumption decision at each stage is of the form 

c* . = c. y . (3.28) 
T-i i yT-i 

where one can deduce the recursion relations 

c t = a t / (* + e t ) i (3.29) 

aj = [ (i+p) / (1 +rV)y] 1 " y (3.30) 

where i-y is the Pratt-Arrow measure of relative risk aversion. 

( l+r*) V =r [(1-9*) (i+r) +G*Z]y dP(Z) (3.31) 
Jo 

°i = a i °i-i / ( 1 + a i °i-l } ( 3 ' 3 2 ) 

= a / ( l + a + a + . . . a ) < c ( 3 . 3 3 ) 

= a* ( & 1 1) / (a**1- 1), & 1 j6 1 ( 3 . 3 4 ) 

= 1 / (1 + i ) ; & 1 = i (3.35) 

The limiting case where y —>o yields the Bernoulli logarithmic 

function, 

a = 1 + p from (3.30) 

independent of r* and all saving propensities depend on subjective 

time preference p only, being indsipendent of technological investment 
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oppor tuni tes (except to the degree that y will i tself definitely depend 

on those oppor tuni t ies ) , 

1 + r can be in t e rp re t ed as a kind of " r i sk c o r r e c t e d " mean 

yield; and the behaviour of a long-l ived individual depends c r i t i ca l ly 

on whether : 

( i+r ) ' (1 + p), co r responding to a 1. 

w h e r e y is the e las t i c i ty of the uti l i ty function, u(c) = — c . 

(i) Fo r ( i+ r* )^ = (1+p) , i . e . , a = 1, the individual plans 

a lways to consume at a uniform r a t e , dividing c u r r e n t y . evenly by 

r emain ing l i fe , l / ( l + i ) . If young enough, he saves on the a v e r a g e ; 

in the so called "hump saving" fashion, he d i s s a v e s l a t e r as the end 

c o m e s sufficiently close in sight. 

(ii) Fo r (1+r*)^ > (1 + p ) , a < 1 and inves tment oppor tu­

n i t i e s a r e so tempt ing that one consumes nothing at the beginning of 

a long- l i fe . Again, hump saving mus t take p lace . With T = co , the 

pe rpe tua l l i f e - t ime p rob lem is d ivergent and i l l -def ined except for 

y < 0 and p > 0 . 

(iii) Fo r (1 + y*) < (1 + p), a > 1 , and consumption at v e r y 

e a r l y ages d rops only to a l imi t ing posi t ive f rac t ion , r a t h e r than 

z e r o . Whether or not t h e r e will be ini t ial hump saving depends on 

the s ize of r* - c , or whether 
00 

1 

r * _ i _ [ ( i+y*) / (1 + p ) ] 1 - Y > 0 

All the above der iva t ions depend on the no-beques t a s sumpt ion , 

but the Mer ton companion paper shows how the ana lys i s can be 

10 
The condit ions under which hump saving will take place when capi ta l 
i s r i sky a r e thus made m o r e p r e c i s e . See footnote 3 above. 
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genera l ized to cases where a bequest function B (y ,) is added to 

E Q (1 + p ) " ' u ( c t ) . 

Opt imal i ty under Ser ia l ly Dependent Yields : 

So far in this sect ion, all the s tudies cited have a s sumed 

tha t inves tment yields in the va r ious pe r iods a r e s t a t i s t i ca l ly inde ­

pendent of yields in previous p e r i o d s . The extension to cover the 

c a s e in which yields in the va r ious per iods a r e se r i a l ly c o r r e l a t e d is 

the subject of Hakansson and Liu [59] . By ut i l izing a number of 

powerful assumpt ions and t h e o r e m s in the theory of s tochas t ic p r o ­

c e s s e s , Hakansson and Liu a r e able to prove that the "separa t ion 

t h e o r e m " , proven for the s ta t i s t i ca l ly independent c a s e , s t i l l ho lds . 

The m o s t impor tan t of the assumpt ions a r e : 

(1) The economy obeys a (possibly) non - s t a t i ona ry 

Markov p r o c e s s . 

(2) The Markov chain formed by the t r ans i t i on probabi l i ty 
11 

is i r r educ ib le and e rgod ic . 

The f i r s t a ssumpt ion is not as r e s t r i c t i v e as it might s e e m at 

f i r s t s ight . Propos i t ion VI. 3 of Chapter VI s t a tes that a given s to ­

chas t i c p r o c e s s can always be converted into an equivalent Markov 

p r o c e s s by app ropr i a t e definition of the s ta te s p a c e . 

The val idi ty of the second assumpt ion is not en t i r e ly c l e a r . 

W h e r e a s the impor tance and usefulness of s t a t ionary p r o c e s s e s a r e 

due to the fact that ergodici ty t h e o r e m s can be proved for th is c l a s s , 

H a k a n s s o n - L i u do not r e q u i r e the economy to be s ta t ionary in any of 

See definitions VI. 15 and VI. 16 in Chapter VI . 
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the va r ious s ense s of the t e r m . The proof of the validity or invalidi 

ty of the crgodic i ty assumpt ion in this case is beyond the scope of 

the p r e sen t work , but it does seem that the separa t ion theorei i i proved 

by Hakan s s o n - L i u depends significcintly on this a s sumpt ion . 

Other m a i n r e su l t s of the Ha.kansson-Liu study a r e the following: 

1) Opt imal inves tment policy at each decis ion point is myop ic , i . e . 
it is independent of the behaviour of the economy and the 
avai lable opportuni t ies beyond the c u r r e n t per iod; 

2) Opt imal inves tment policy is the same as the opt imal sequent ia l 
policy when the uti l i ty of dis tant wealth is l o g a r i t h m i c . 

3 ) With se r i a l ly dependent y ie lds , the logar i thmic ut i l i ty for 
d is tant wealth is the only uti l i ty function which gives an 
opt imal (sequential) policy which is myopic ; 

4 ) The opt imal policy is such that the re is no poss ibi l i ty that the 
inves to r will be ru ined. Even if he pays himself dividends 
so l a r g e that the expected growth ra te of his capi tal i s 
nega t ive , he will survive indefinitely long I 

5 ) While the optimal inves tment policy is independent of weal th , 
dividend, and r e t u r n s beyond the c u r r e n t per iod , it does 
depend on everything e l s e ; the i n t e r e s t r a t e , the economy 's 
t r an s i t i on p robab i l i t i e s , the d is t r ibut ion functions of the 
r i sky opportuni t ies for the s ta te concerned , and t h e r e f o r e , 
on the s ta te i tself . 

2. Uncer ta in Product ion Funct ion. 

T h e r e is v i r tua l ly no l i t e r a t u r e on the p rob lem of in t rodu­

cing uncer t a in ty through the production function. In fact', the only 

d i r e c t a t tempt is that of M i r r l e e s [90] , and this is unpubl ished. 

M i r r l e e s a s s u m e s that labour is subject to H a r r o d - n e u t r a l t echnolo-
12 

change , A , which is a random v a r i a b l e . In p a r t i c u l a r , log A is 

12 
H a r r o d - n e u t r a l technological change is defined in s e v e r a l s tandard 
tex ts on growth theory , e . g . B u r m e i s t e r and Dobell[20, p . 69] . 
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a s s u m e d forced by a Wiener -Brownian motion p r o c e s s . The definition 

of the Wiener -Brownian motion p r o c e s s is given as definition VI. 18 m 

Chapter VI. X(t) in that definition co r r e sponds to log A in M i r r l e e s . 

The main assumpt ions a r e as follows: 

(A. 1) if 0 < t < t \ then A ' / A is independent of A" , (0 <; t " <; t ) , th is 
is the Markov p r o p e r t y . 

(A. 2) the d i s t r ibu t ion of A / A is independent of T for fixed t; 
this is the homogenei ty p rope r ty . 

(A. 3) log A is no rma l ly d is t r ibuted with mean (a p )t and 
v a r i a n c e 2 g t ; 

(A. 4) A takes some value with probabi l i ty 1. 

A few comments may be made on these a s s u m p t i o n s . The 

Markov p rope r ty , assumpt ion (A. 1), may be supported by proposi t ion 

VI . 3 of Chapter VI, and so needs no fur ther comment . Assumpt ion (A. 2), 

the homogeneity p roper ty is another way of saying that the Markov 

p r o c e s s has s ta t ionary t r ans i t i on p robab i l i t i e s . A Markov p r o c e s s is 

said to be homogeneous in t ime if the t r ans i t ion probabi l i ty depends on 

t and T only through the difference (T - t ) . The thi rd assumpt ion (A. 3) 

r e q u i r e s that log A be no rma l ly d i s t r ibu ted . In other words t echnolo­

gical p r o g r e s s A is lognormal ly d i s t r ibu ted , and hence the Brownian 

mot ion is for log A and not A itself. One poss ib le r ea son for th is 

a s sumpt ion r a t h e r than the assumpt ion of normal i ty is the fact that the 

en t i r e range of the lognormal d is t r ibut ion is posi t ive w h e r e a s the n o r ­

m a l d is t r ibu t ion is s y m m e t r i c a l with r e spec t to z e r o . The lognormal 

d i s t r ibu t ion is posi t ively skewed. F requency curves of the lognormal 

d i s t r ibu t ion for va r ious va lues of mean and v a r i a n c e a r e p ic tured in 

f igures I and II (p. 58 below) . The mean m and v a r i a n c e V of a 

l ognorma l d is t r ibu t ion a r e given by 
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i 2 2 2 
m = e 2 and V = e (e 1) 

2 
where u, and a a r e the mean and va r i ance of the co r respond ing 
n o r m a l d i s t r ibu t ion . In the case of assumpt ion (A. 3) these become 

at . , r 2(a + (3)t 2a t 
m = e , and V = e -e 

It need hard ly be said that a s sumpt ions (A. 1)- (A. 3) 

toge ther a r e indeed ve ry s t rong . M i r r l e e s does recognize t h i s . 

Whether or not the p ic ture thus painted can be supported by e m p r i c a l 

evidence will not be entered into h e r e , but it is a worthwhile effort if 

it can be done . 

Having stated and d i scussed M i r r l e e s ' a s s u m p t i o n s , his p r o ­

b l e m may be f ramed as that of maximiz ing 

J = E [ " e ' ^ L u r t dt (3.36) 
J° t L t 

subject to 
K t 

c* + K = A L f ( — - r - ) , K > 0, K given (3.37) 
t t t t A Ld t O 

, L+ = L eut 

w h e r e t o 

L = labour 

K = capital 

c = consumption 

p = discount fac tor 

t = t ime subsc r ip t 

A = the random H a r r o d - n e u t r a l technological change 

M i r r l e e s de r ives a set of conditions c h a r a c t e r i z i n g an 

opt imal consumpt ion policy for th is p rob lem and he shows the se 

condit ions to be a function of per capita capi ta l and the level of t e c h ­

nology. His conditions may be r ega rded as the s tochas t ic equivalent 

of the K e y n e s - R a m s e y rule or the E u l e r equat ions and t r a n s v e r s a l i t y 
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condition for the optimal path under ce r ta in ty . Fo r the case in which 

the elast ic i ty of marg ina l uti l i ty is a constant g r e a t e r than unity and 

the production function is Cobb-Douglas , M i r r l e e s shows that opt imal 

saving will i n c r e a s e with unce r t a in ty . 

Samuelson has shown that his p rob lem is equivalent to that of 

M i r r l e e s provided 

(a) equation (3. 19) above is replaced by 

A f { y t / A t ) - n y t - ( y t + i - y t ) 

(b) technological change is allowed to be governed by 

the probabi l i ty d is t r ibut ion 

P ( A
t S A

t + l Z 1 = P ( Z ) 

(c) y is r e i n t e r p r e t e d to be M i r r l e e s ' per capita capi tal 

K /L , with L growing at the na tura l ra te n, and 

(d) it is posited that A f (y / A ) i s a homogeneous 

f i r s t deg ree concave neoc l a s s i ca l production function 

in t e r m s of efficiency uni ts of l abour . 

The poss ibi l i ty of drawing this re la t ionsh ip gives support to 

the l eg i t imacy of i n t e rp re t ing equation (3.2) as a t r ans i t i on equation 

e i the r in the context of a growth model or in the context of an indiv i ­

dual planning model as has been done on P- 18 above. 

3 . Uncer ta in Utility Function 

In all of the foregoing a n a l y s i s , a common p rac t i ce is the 

a s sumpt ion of a ut i l i ty function which is s ta t ic in one sense or the 

o t h e r . Thus wr i t e D r e z e and Modigliani [35, p . 68] "consumption 

p r e f e r e n c e s a r e a s sumed to be independent of the events under ly ing the 

r ea l i za t ions of the random va r i ab l e ( y 2 , r ) " . A l so , Phe lps ' ut i l i ty 
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function, equation (3.4) impl ies separab i l i ty , s ta t ionar i ty and indepen-
13 

dence . On an individual planning level , a s ta t ionary uti l i ty function 

is r e s t r i c t i v e enough; on a society planning leve l , the only defence for 

such a uti l i ty function is i t s s impl ic i ty . T h e r e is an obvious need to 

m a k e al lowance for the fact that future p re fe rences both of the individual 

and the society a r e , if anything, unce r t a in . 

On a m a c r o -planning l eve l , th is need has been recognized by a 

few r e c e n t w r i t e r s including Goldnian [51 , 52] , Phelps and Pol lak [101] 

and Inagaki [64] . But they take a r a t h e r different viewpoint f rom the 

one of i n t e r e s t in the p r e sen t work . Phelps and Pol lak analyse the p r o ­

b l e m as one of n - p e r s o n non co-opera t ive game , in which the i n t e r e s t s 

of the p r e sen t generat ion a r e in conflict with those of the fu ture . 
14 

Goldman sugges ts the p r ac t i ce of "continued planning", arguing that 

plans once formula ted become immedia te ly obsolete since the composi 

t ion of the society is constant ly changing. 

These special i s s u e s will not be pursued h e r e , s ince the 

i n t e r e s t is on the sense in which t h e uti l i ty function may be r ega rded 

a s a source of unce r t a in ty . T h e r e a r e two senses in which a ut i l i ty 

function may be r ega rded as unce r t a in . In the f i r s t p l ace , a uti l i ty 

function may be r ega rded as unce r t a in because i ts a rgumen t s a r e 

s t ochas t i c ; e . g . , the ut i l i ty function u(c) i s unce r t a in because c i s 

13 
These t e r m s a r e explained in Phe lps [100, p . 732] . 

"Continued planning" r e q u i r e s that at each moment in t ime the c u r r e n t 
population be free to se lec t whatever future plan it d e s i r e s and to 
begin the immedia te implementa t ion of this plan. This should be 
compared with "sequent ia l planning" under which new plans a r e 
ins t i tu ted only at the expi ra t ion of old ones . 
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s t o c h a s t i c . In the second p lace , the uti l i ty function u(c) may be 

r ega rded as uncer ta in in the sense that the function u is i tself s t o ­

c h a s t i c . This second sense of unce r t a in uti l i ty function, is no doubt 

m u c h m o r e wei rd than the f i r s t and t h e r e is l i t t le or no l i t e r a t u r e on 
15 

the subject . Uncer ta in ty of uti l i ty function in the f i r s t sense is the 

s u b j e c t - m a t t e r of St igum [123] . Although Stigum fo rmula te s a 

r i g o r o u s definition of an unce r t a in ut i l i ty function in this s e n s e , no 

t h e o r e m s emana te f rom his study and one is left in the da rk as to 

what impact th is source of uncer ta in ty has on optimal d e c i s i o n s . It 

i s , t h e r e f o r e , bes t at th is point to conclude that the ana lys is of i n t e r ­

t e m p o r a l consumpt ion-sav ing al locat ion with uncer ta in uti l i ty function 

is r ight now only at i ts desc r ip t ive s tage . 

4 . Uncer ta in Time Horizon 

Severa l w r i t e r s , e . g 7 F a m a [36] and Stigum [12 3] have 

included in the i r mode ls the p rob lem of unce r t a in t ime hor izon , but 

Y a a r i [150] , and Hakansson [56] a r e devoted ent i re ly to th is p r o b l e m . 

In all t he se s tud ies , the p r o c e d u r e is to f i r s t solve the opt imali ty 

p r o b l e m under the assumpt ion that the hor izon T is a known fixed 

n u m b e r , and then proceed to inves t igate what happens to the opt imal 

p r o p e r t i e s when T is no m o r e fixed, but a random var i ab le d i s t r ibu ted , 

say , on an in te rva l [0 , T ] . This p rocedure was adopted, in p a r t i c u l a r 

by Yaa r i who analyzed the p rob lem for four combinat ions of beques t / 

no beques t mot ive and i n s u r a n c e / n o i n s u r a n c e , by means of c l a s s i c a l 

va r i a t i ona l ca lcu lus . The s ame p rob l em has been analyzed by Hakansso 

for the specia l case in which the one-per iod uti l i ty functions have r e l a ­

t ive r i sk ave r s ion indices which a r e posi t ive cons t an t s . Hakansson 

employs d i s c r e t e - t i m e dynamic p r o g r a m m i n g . 

See , however , Hi ldenbrand [61] and the l i t e r a t u r e t he r e in c i ted . 



SOURCES OF UNCERTAINTY 36 

Yaar i fo rmula tes two a l te rna t ive hypotheses to d e s c r i b e 

c o n s u m e r behaviour in the face of uncer ta in ty of life t i m e . One 

s e e s the consumer as a t tempting to max imize the expected value of 

what he ca l l s a "F i she r uti l i ty function", subject to the cons t ra in t 

that h i s net a s s e t s at t ime of death be non-negat ive with probabi l i ty 

one . The o ther sees the consumer as a t tempt ing to max imize a 

"Marsha l l ut i l i ty function". In the F i s h e r c a s e , t h e r e is no bequest 

m o t i v e ; in the Marsha l l c a s e , t h e r e i s . The ana lys i s i s c a r r i e d out 

for each of the two ut i l i ty functions for the case in which (i) i n su rance 

is not ava i lab le , and (ii) i n su rance is ava i lab le . 

The F i s h e r P r o b l e m Under Cer ta in ty 

F o r the purpose of compar i son , the optimali ty p rob lem is 

f i r s t analyzed for the case of cer ta in ty and in which t h e r e is no 

beques t m o t i v e . The model may be r ep re sen t ed as 

Max J (c) = ( f T p ( t ) u [c ( t ) ]d t (3.41) 
o 

subject to 

(i) y(T) = o 

(ii) c(t) ^ o for all t in [ 0 , T ] 

(iii) y(t) = J T [ e x p J T r( T) dT } { x(t) - c(t) 1 dt = 0 
o t 

The symbols a r e to be in t e rp re t ed as be fo re , namely : 

(1) p i s a subjective discount function satisfying 

P (0) = 1 ; 

(2) u is a ca rd ina l ut i l i ty function - concave 

and twice d i f f e r e n t i a t e ; 

(3) y(t) is the c o n s u m e r ' s net a s s e t at t ime t; 

(4) r(t) is the r a t e of i n t e r e s t expected at t ime (t); 
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(5) x(t) is the ra te of earn ings (other than in te res t ) 

(6) c(t) is the s t r e a m of consumption; 

(7) y (T) i s net asset at t e rmina l t ime T . 

(8) The subscr ip t f on J is mnemonic for F i s h e r . 

Y a a r i showed that the opt imal plan c* sa t i s f ies the diffe­

ren t i a l equation: 

c*(t) = - {r(t, i £ ] - ) " ' ^ J ^ 1 (3.42) 
P ( 1 ) u " [ c > ) ] 

w h e r e ^/ may be r ega rded as the c o n s u m e r ' s subjective ra te of 
kt 

d i scount . F o r ins t ance , if p (I) = e , then p(t) / p (t) = k . Thus 

equation (3.42) says that c* is i nc reas ing whenever r(t) > p(t)/p(t) . 

Uncer ta in Horizon 

With random T , J(c) and y(T) a r e a l so random since these 

depend on T . To solve the p rob lem one needs to find the m a x i m u m of 

the expected value of J , subject to the cons t r a in t , y(T) = 0, which 

is now probab i l i s t i c . The cons t ra in t p rob lem may be solved e i ther 

by rep lac ing y(T) = 0 with a new cons t ra in t . 

P { y(T) = 0 ] = 1 or by imposing a penalty cp [ y (T)] such 

that 

cp(l") = 0 for T ^ 0 

< 0 for T < 0 

In th is case a new uti l i ty function (a M a r s h a l l ut i l i ty function) 
J (c) i s defined as 

m 

J m ( c ) = J T p ( t ) u [c( t ) ] d t + (3 (T) cp [ y ( T ) ] (3.43) 
o 

where cp is a concave uti l i ty function for beques t s and p i s a 

subject ive discount function for b e q u e s t s . 
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4 a s e A: 

F i s h e r Utili ty Funct ion, Insurance Unavailable 

Max J P (t) p (t) u [c( t ) ]dt (3.44) 
o 

subject to : 

(i) c(t) s 0 for all t 

(ii) c(t) ^ x(t) whenever y(t) = 0 

(iii) y(T) = 0 

w h e r e P(t) is the probabi l i ty that the consumer will be al ive at 

t ime t , and T obeys the probabil i ty law specified by the densi ty 

function u defined on [ 0, T ] . 

Yaa r i showed that the solution c* of th is p rob lem will in 

g e n e r a l , be composed of t h r ee types of segmen t s : (1) segments in 

which c*(t) = 0, the const ra in t (i) being effective; (2) segments in 

which c*(t) = x(t) , the cons t ra in t (ii) being effective; and (3) 

i n t e r i o r segments in which ne i ther cons t ra in t is effective. He 

a l so showed that whenever c*(t) is i n t e r io r it sa t i s f ies 

c * ( t ) = ( r ( t ) + ^ * ( t )} -»' lcl W (3.45) 
P ( t ) * u" [c* ( t) ] 

which is the coun te rpar t of equation (3.42) under unce r t a in ty . The 

only difference between equations (3.42) and (3.45) is that p(t)/p(t) 

in the f o r m e r is replaced by TT (t) p (t) / p (t) in the l a t t e r . Since 

Tr,(t) p (t) / p (t) > - p (t)/p (t)^it means that the future i s discounted m o r e 

heavily in the uncer ta in ty c a s e . This is the F i s h e r ca se in a world 

in which the consumer has no loved dependents . Th is r e su l t has 

been confirmed and expanded upon by Hakansson [56, pp 456 -58 ] 

us ing posi t ive constant re la t ive r i sk ave r s ion uti l i ty funct ions . 
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Case B: 

Marsha l l i an Utility Funct ion, Insurance Unavailable 

Let J be the expected value of J given by equation 
m _ m ° ' 

(3 .43) . After wri t ing J and changing the o rde r of in tegra t ion , one 

obta ins : 

Jm(c) = E J ^ c ) = JT [m p (t) u [c(t)] +TrtP(t)cp [y(t)]dt (3,46) 
o 

Y a a r i showed that maximiz ing (3.46) subject to c > o yields a pa i r 

of s imul taneous equations for the optimal consumption plan c* and the 

co r respond ing a s s e t function y* respec t ive ly , and that c* and y* 

sat isfy 

c*(t) = {r(t, + - i ^ { . m } H l i c i l t i L . Z t ( t )p ( t )c P Ty( t )1 > c > o 

P ( t ) u " [ c * ( t ) ] p ( t ) u " [ c * ( t ) ] ( 3 4 7 ) 

y* (t) = x(t) c*(t) + r(t) y* (t) (3.48) 

Equat ion (3.47) may be rewr i t t en as 
c*(t) = - { r ( t ) + PW } u ' [ c * ( t ) ] , u t( t)p(t)u ' [c*(t)]-g(t)cp[y*(t)] 

p ( t ) u " [ c * ( t ) ] p ( t ) u " [c*(t)] (3.49) 

The f i r s t t e r m on the r . h . s . of (3.49) is the s a m e as the -en t i re r . h . s . 

of equation (3 .42) , It follows that the consumer is m o r e impat ien t or 

l e s s impat ient according as the second t e r m is negat ive or pos i t ive , 

i . e . , according as p (t) u ' [ c * ( t ) J < (3 (t) cp1 [y*(t)] . Again, 

Hakansson has obtained explici t solution for the c a s e in which 

u ' ( - ) = ep'(') and x(t) = 0, but for his special c l a s s of ut i l i ty functions. 

The opt imal p r o p e r t i e s a r e the s ame as in Case A except that the 

propens i ty to consume out of "permanent i n c o m e " is now lower 

at each point in t i m e . 



SOURCES OF UNCERTAINTY 40 

Case C: 

Fisher Utility Function, Insurance Available 

The problem is to maximize 

Jf = JTP(t)p (t) u [c(t)]dt (3.50) 

o 

subject to 

(i) c(t) > 0 for all t 

(ii) / T { exp [ r ^ T ) ] } fx(t) - c(t)) dt = 0 
° o 

where 

j(t) = r(t) + IT (t) denotes the rate of interest on "actuarial 

notes", and equation 3.50 (ii) approximates 

JT _ A{exp [ - f j(T)dT]} (x(t) - c(t)] dt = 0 
o o 

where T - A , A>o, is the time the consumer must settle his account 

with the insurance company. 

The solution of (3.50) c* > 0 which satisfies 

i - n f ; m . p ( t ) , P(t) -, u ' [ c * ' ( t ) l „ c - n 

- ( t ) - - D(t) + p ( t )
 +

 p ( t ) 3 u"[c* ( t)] ( 3 ' 5 1 ) 

may be obtained from equation (3.42) by putting j in place of r and 

pp in place of p . From the definition of P and TT (t) (in Section A) 

it can be shown that 

P(t) / P(t) = - ,rt(t) 

so that upon using j(t) = r(t) + tr (t), equation (3.51) becomes 

which is exactly equation (3.42). The constants of integration will, 

however, not be the same in both cases. For the special class of 
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posi t ive constant re la t ive r i sk avers ion utili ty funct ions, Hakansson 

[56, p . 461] shows that the consumer is be t te r off without i n su rance , 

and that the only poss ib le just if icat ion for insu rance when t h e r e is no 

beques t mot ive is to mee t the "solvency cons t r a in t " . 

C a s e D : 

M a r s h a l l Utility Funct ion, Insu rance Available 

The p rob l em is to m a x i m i s e 

J < c 'y) = t T
T C P ( t ) p ( t ) u [ c( t ) ] +U (t)p(t)cp[y(t)}dt (3.53) 

o 
subject to 

(i) c(t) s 0 for all t 

(ii) J [ e x p [ J j ( T ) d T ]} [x ( t ) -c ( t ) -TT (t) y ( t ) } d t = 0 
o o x 

The consumer is now faced with a portfolio p rob lem, name ly , how 

much of his to ta l a s s e t s R(t) he should hold in r egu la r s tock y(t) and 

how much in ac tua r ia l notes Q(t). The actual max imisa t ion is a 

rout ine m a t t e r and it can be shown that c*(t) sa t i s f ies equation (3.52) 

while y*(t) sa t is f ies 

y(t) = - J r(l) + &> , 2H3*Jtn- ( 3 5 4 ) 
1 Wt) ' *c[y* ( I ) ] l ' 

As can be seen f rom (3.52) and (3.54) c*(t) and y*(t) a r e 

s y m m e t r i c in the sense that (3.54) gives the same rule of behaviour 

a s (3.52) with 6 rep lac ing p and cp replac ing u . The mos t 

impor tan t fea ture of equations (3.52) and (3. 54) is that the l a t t e r does 

not involve c*. This m e a n s that when insu rance is ava i lab le , the 
15 

c o n s u m e r can s e p a r a t e bis consumption decis ion from his bequest dec i s ion . 

15 
Hakansson [5 6] has shown how the ana lys i s can be extended to include 
the p rob l em of opt imally de te rmin ing the amount of i n su rance to p u r c h a s e . 
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5. Conclusion 

A genera l i sa t ion of the type of problem tackled in th is 

chap te r ca l ls for designing a model which s imul taneously t akes 

account of all the sources of uncer ta in ty . Such ach ievement will 

h e r a l d the ma tu r i t y of s tochast ic control theory and of i ts appl icat ion 

in e c o n o m i c s . Without doubt, this is not an easy p rob lem and need ­

l e s s to say none of the s tudies surveyed in th is chapter a s p i r e s to that 

goal . 

Obviously, s imultaneous recognit ion of all poss ib le sou rces 

of unce r t a in ty will significantly complicate both the p rob lem and i t s 

solut ion. It is not yet known if the complicated model that will thus 

a r i s e is capable of solution by any exist ing tool . F o r i n s t ance , in his 

exposi t ion of the s tochast ic m a x i m u m pr inc ip le , Kushner [73 , p . 14] 

noted that recognit ion of a random hor izon involves an addit ion of s eve ra l 

en t i re ly new concepts to an a l ready complicated p rob l em. 

However , one need not be d i scouraged by this fact . The 

quotation f rom Koopmans [68] which a p p e a r s at the beginning of 

Chapte r VI below is a plea for the in te rac t ion between tools and 

economic sc i ence . A p rob lem wel l -posed is half solved. Once posed, 

the ex is tence of the p rob lem could s t imula te r e s e a r c h towards the 

development of tools n e c e s s a r y for i t s solut ion. In th is ve in , t h e r e ­

f o r e , one could v i sua l i se the p rob lem of th is chapter as that of 

se lec t ing an admis s ib l e control [c*(t), Q* ( t ) ] such that the t r a ­

j e c to ry which t r a n s f e r s the phase point y(o) = y to y(T) = y,p 

yields a m a x i m u m to equation (3. 1) in which u, c , 0 , p , T , r , y , 

y , and y a r e all s tochas t i c . 

Before one can d e t e r m i n e what the s tochas t ic na tu re of 
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the p rob lem m e a n s for the opt imal p r o p e r t i e s of the va r ious m o d e l s , 

it will be n e c e s s a r y to find out how one might " m e a s u r e " the un­

ce r t a in ty that is involved in a whole s y s t e m such as that r e p r e s e n t e d 

by equations (3. 1) - (3.3) in which uncer ta in ty is admit ted f rom all 

s o u r c e s . This might well be an imposs ib le p rob lem. At tempts to 

" m e a s u r e " uncer ta in ty have so fa r been confined to the s ta t ic f r a m e ­

work . Even in this c a s e , the task has been far f rom easy . In the 

dynamic f r amework , the t a sk wi l l , no doubt, be much m o r e difficult. 

One might wonder if in the absence of analogous m e a s u r e in the 

dynamic f r amework , one can employ the " s t a t i c " m e a s u r e s , and 

if so , what that will imply for the s tochas t ic p r o c e s s e s that will be 

a s s u m e d over the re levant v a r i a b l e s . These quest ions will be 

tackled in Chapter IV. 



CHAPTER IV 

MEASUREMENT OF UNCERTAINTY 

Having d i s cus sed in the preceding chap te r s types as well as 

s o u r c e s of unce r t a in ty , it s e e m s na tura l to ask how uncer ta in ty may be 

" m e a s u r e d " . The p rob lem of the m e a s u r e m e n t of uncer ta in ty is an 

i n t e r e s t i n g one in i ts own r ight . The task of having to d e t e r m i n e the 

impac t of unce r t a in ty on optimali ty makes the m e a s u r e m e n t p rob lem all 

the m o r e impor t an t . 

As was ment ioned in the l a s t p a r a g r a p h of chapter III , a t t empts 

at m e a s u r i n g uncer ta in ty have so far been confined to the s ta t ic f r a m e ­

work . In th is l i t e r a t u r e , t h ree different approaches to the p rob lem may 

be d is t inguished , namely: 

(1) the m e a n - v a r i a n c e approach; 

(2) the approach involving par t ia l o rder ing of cumulative p r o ­

babi l i ty d i s t r ibu t ions : the concept of s tochas t ic dominance ; 

and 

(3) the entropy approach . 

In the f i r s t section of this chap te r , the above t h r e e approaches 

will be d i s c u s s e d . The second sect ion will be devoted to a c r i t ique of 

the uncer ta in ty m e a s u r e s employed in the l i t e r a t u r e surveyed in 

chap te r III . An extension to this cr i t ique will be under taken in sect ion 3 

which dea ls with additional p rob lems that a r e introduced when the f o r e ­

going " s t a t i c " m e a s u r e s a r e employed in a dynamic f r a m e w o r k . 

The word " m e a s u r e " is used in th is chapter not in the r igorous 
sense of m a t h e m a t i c a l m e a s u r e theory , but as an u m b r e l l a t e r m 
which, for want of a be t t e r t e r m , is supposed to cover intuit ive 
not ions of ca rd ina l and ordinal m e a s u r e . 



MEASUREMENT O F UNCERTAINTY 45 

1. Approaches to the Measuremen t of Uncer ta in ty 

(a) The M e a n - v a r i a n c e Approach: 

The commones t , and perhaps the e a r l i e s t , approach to the 

m e a s u r e m e n t of uncer ta inty is the so-ca l led m e a n - v a r i a n c e approach of 

Tobin [136] and Markowitz [ 8 6 ] . This approach s imply identif ies the 

v a r i a n c e of a d is t r ibu t ion with the uncer ta in ty (or r i sk ines s ) that is in­

volved in the s i tuat ion. It is now well-known that the m e a n - v a r i a n c e 

approach is genera l ly invalid, and that the approach m a y be defended, 

only under two a l te rna t ive highly r e s t r i c t i v e a s s u m p t i o n s . These two 

a s sumpt ions a r e : 

( i ) the uti l i ty function of in t e re s t i s quadra t i c ; and 

(2) the random va r i ab l e of i n t e r e s t has a d i s t r ibu t ion which 

belongs to the family of d is t r ibut ions differing only by 
2 

"location of p a r a m e t e r s ". 

The quadra t ic uti l i ty function has been c r i t i c i zed on two main 

grounds : 

(1) it is re levant only for the r i s ing port ion of the cu rve ; and 

(2) it v io la tes the hypothesis of d e c r e a s i n g r i sk ave r s ion 

which Ar row [4] and P r a t t [105] bel ieve to be a r e a s o n ­

able one. 

The f i r s t c r i t i c i s m is not a se r ious one, s ince the objection can eas i ly 

be m e t by imposing appropr ia te bounds to guarantee that the function is 

i nc rea s ing over the re levant r ange . The second c r i t i c i s m is an e m p i ­

r i ca l one . 

2 
See Rothschild and Stiglitz [108, p . 241] . Two d i s t r ibu t ions 
F and G a r e said to differ only by "location p a r a m e t e r s " if 
G(x) - F(ax + b) where a > O.bis called the "cen te r ing" p a r a m e t e r 
and a the " s c a l e " p a r a m e t e r . See F e l l e r [40, p . 4 4 ] . 
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In the context of the p r e sen t chap te r , a much m o r e impor tan t 

objection to the quadra t ic util i ty function is the fact that with such a 
3 

function, opt imali ty is not affected by the degree of unce r t a in ty . 

T h e r e f o r e , one in t e re s t ed in measur ing uncer ta in ty solely for the pur ­

pose of de te rmin ing i ts impact on optimali ty need not w o r r y about how 

uncer ta in ty is m e a s u r e d il the re levant util i ty function is q u a d r a t i c . 

The quest ion of the mos t appropr ia te probabi l i ty d is t r ibut ion to 

a s s u m e for the random va r i ab l e of i n t e re s t is another subject for empi­

r i ca l ver i f ica t ion . The n o r m a l and the rec tangular d is t r ibut ions a r e 

well-known m e m b e r s of the family of d is t r ibut ions differing only by 

location p a r a m e t e r s . So far , ag reemen t is far from being reached as 

to whether the no rma l d is t r ibut ion , for in s t ance , is an appropr ia t e 

4 

assumpt ion for the r a t e of r e t u r n s to cap i ta l . The rec tangu la r d i s t r i ­

bution has not even been suggested by any w r i t e r . F u r t h e r comment s 

on this i s sue is differed to section 2 of this chap te r . 

(b) Order ing of Cumulat ive Probabi l i ty Distributions-: 

the concept of Stochastic Dominance. 

This approach to the ' " m e a s u r e m e n t " or scaling of unce r t a in ­

ty i s a product of the genera l d issa t i s fac t ion with the va r i ance m e a s u r e , 

and the l i t e r a t u r e owes the approach to the works of Hadar and Russe l l [54] , 

Hanoch and Levy [60] , Rothschild and Stiglitz [109] and Whi tmore [ l 4 l ] . 

The essen t i a l idea behind the approach , which is l a rge ly an e x e r c i s e 

in the manipulat ion of cumulat ive probabi l i ty d i s t r i bu t ions , is that of 

" s tochas t i c dominance" . The concept of s tochas t ic dominance r e l a t e s 

to ru les by which uncer ta in p r o s p e c t s can be o rde red given different 

se ts of admis s ib l e uti l i ty funct ions. T h r e e different types 

See Leland [80, p . 4 6 7 ] . 

The no rma l i ty assumpt ion has been quest ioned by s e v e r a l of the con t r i ­
bu tors in Cootner [23] . See a lso F a m a [36, p . 168] and Samuelson 
[ll^L, p . 537] . 
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of s tochas t ic dominance have been identified, namely f i r s t - , second-

and t h i r d - d e g r e e s tochast ic dominance and these co r re spond r e s p e c t i ­

vely to (1) the set of u n r e s t r i c t e d uti l i ty functions; (2) the set of r i sk -

a v e r s e (concave) ut i l i ty functions; and (3) the set of dec reas ing r i sk -
5 

a v e r s e ut i l i ty funct ions. 

Let F(x) and G(x) be two cumulat ive probabi l i ty d is t r ibut ions 

•where x is a random var iab le (continuous or d i sc re te ) r ep re sen t ing the 

outcome of a p r o s p e c t . Then, the t h r e e ru les a r e : 

(1) F i r s t - d e g r e e s tochast ic dominance u n r e s t r i c t e d ut i l i ty 

functions: 

The p rospec t F(x) i s said to be p r e f e r r e d to the p rospec t 

G(x), if and only if, 

F(x) - G(x) 5 0 for all x in [ a , b ] . (4.1) 

(2) Second-degree s tochas t ic dominance - r i s k - a v e r s e (concave) 

ut i l i ty functions: 

The p rospec t F(x) i s said to be p r e f e r r e d to the p rospec t 

G(x) if, and only if, 

fX [F(y) - G(y)] dy < 0 for al l x in [ a , b ] (4.2) 
cL 

(3) T h i r d - d e g r e e s tochast ic dominance - dec reas ing r i sk a v e r s e 

ut i l i ty functions: 

The p rospec t F(x) i s said to be p r e f e r r e d to the p rospec t 

G(x) if, and only if 

J X JY [F (z ) - G(z)] dzdy s 0 for all x in [ a , b ] (4.3) a a 
and 

J b [F(y) - G(y)] dy ^ 0 (4.5) 
a 

5 See Whi tmore [14 1] . 

All the in t eg ra l s in this sect ion a r e to be unders tood as Lebesgue -
Stiel t jes i n t e g r a l s . See C r a m e r [26, pp . 70 -71] . 
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F r o m the above t h r e e r u l e s , it is c lea r that from the point of 

view of d is t r ibut ion functions that can be o rde red the mos t gene ra l is 

t h i r d - d e g r e e s tochas t ic dominance , followed by second-degree and f i r s t -

deg ree in that o r d e r . The converse is t rue from the point of view of 

admis s ib l e ut i l i ty funct ions. The extension to t h i r d - d e g r e e s tochas t ic 

dominance is due to Whi tmore . For other w r i t e r s , e . g . Hanoch and 

Levy [60] and Rothschild and Stiglitz [109] , the invest igat ion stops at 

second deg ree s tochas t ic dominance . It i s sufficient for p r e s e n t pu r ­

poses a lso to stop at second deg ree s tochast ic dominance; and m o r e so , 

as it can be shown that s econd-degree impl ies t h i r d - d e g r e e s tochas t ic 
7 

dominance . B e s i d e s , t h e r e a r e many p rac t i ca l s i tuat ions which cannot 
Q 

be o r d e r e d by t h i r d - d e g r e e s tochast ic dominance . 

Rothschild and Stiglitz have suggested th ree intuit ive ways in 

which the p rospec t G, may be rega rded as m o r e unce r t a in than the 

p rospec t F , and shown that pa r t i a l o rde r ings der ived in the t h r e e 

different ways a r e all equivalent . Let X and Y be two random v a r i a b l e s , 

and F and G, the cor responding cumulat ive d is t r ibut ion functions. 

Then, 

(1) Y is said to be m o r e uncer ta in than X if Y has the same 

dis t r ibut ion as X + Z, and Z is a random va r i ab l e -with the 

p rope r ty that 

E(Z|X) = 0 for all X (4.6) 

(2) Y may be said to be m o r e uncer ta in than X, if X and Y 

have the s ame m e a n , and 

EU(X) 2 EU(Y) for all concave U. (4.7) 

(3) Y may be said to be m o r e unce r t a in than X if X and Y 

have densi ty functions f and g, and if g can be obtained 

from f by taking some of the probabi l i ty weight from the 

cen t r e of f and adding it to each tai l of f in such a way a s 
to leave the mean unchanged. 

7 See Whi tmore [ l 4 l , p . 458] 
8 

Ibid. 
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The following definitions and concepts a r e useful in defining 

the pa r t i a l o rde r ing that co r r e sponds to each of the above t h r e e concepts 

of inc reas ing unce r t a in ty . 

(1) Mean P r e s e r v i n g Spread: 

A function s(x) will be called a mean p re se rv ing spread (MPS) 

if it sa t i s f ies 

- a > 0 for a < x < a + t 

-a ^ 0 for a + d < x ^ a + d + t 

s(x) = ( -P ^ 0 for b < x < b + t (4.8a) 

3 ^ 0 for b + e < x < b + e + t 

0 o therwise 

where 

and 

O ^ a ^ a + t s ; a + d ^ a + d + t 

(3e a d 

It can be shown that for such a function, 

I s(x) dx = I xs(x)dx = 0 
Jo Jo 

T h e r e f o r e , if f i s a density function then 

J 1 g(x)dx = J 1 f(x)dx + i f 
0 0 

s(x)dx = 1 

and 

(4.8b) 

(4.8c) 

(4.8d) 

(4-9) 

(4.10) J 1 xg(x)dx = J1 x[f(x) + s(x)] dx = J 1 xf (x )dx 
0 0 o 

It follows that if g(x) s 0 for all x , then g is a densi ty function with 

the same mean as f. The effect of adding a MPS function s to f is 

to shift the probabi l i ty weight from the cen t r e to the ta i l s of the d i s t r i 

bution. The function g is said to differ f rom the function f by a 

single MPS if g and f a r e dens i t ies and s = g - f. 

(2) In tegra l Condit ions: 

Fo r two dens i t i es g and f differing by a single MPS, s, 
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the difference of the cor responding cumulat ive dis t r ibut ion functions 

( c . d . f ' s ) G and F is the indefinite in tegra l of s . That i s , 

whe re 

s = g f=>S = G - F (4.11) 

S(x) = J X s(u)du (4.12) 
0 

The function S(x) obeys the following p r o p e r t i e s : 

(i) S(0) = S(l) = 0 (4.13) 

(ii) The re ex is t s a z such that 

„, , k 0 if x s z 
S(x) 1 (4.14) 

[s 0 if x > z 
(iii) if T ( y ) = J y S(x)dx, then 

0 
T( l ) = 0 (4.15) 

s ince T( l ) = J S(x)dx = x S(x) | - J xs(x)dx = 0 

(iv) Conditions (4.14) and (4.15) together imply that 

T(y) £ 0, 0 < y <, 1 (4.16) 

Condit ions (iii) and (iv) shall be called " in teg ra l condi t ions" . 

Trans i t iv i ty 

A reasonable definition of " g r e a t e r unce r t a in ty" mus t obey 

the p rope r ty of t r ans i t i v i ty . This p rope r ty is obeyed if one can show 

that given two random va r i ab le s X and Y with c .d . f . ' s F and G, 

G may be obtained from F by a sequence of M P S ' s . The in tegra l 
9 

condit ions guaran tee that th is can be done. 

The pa r t i a l o rde r ings cor responding to the above t h r e e 

concepts of g r e a t e r uncer ta in ty a r e the following: 

9 
See t h e o r e m s ( la and lb) and l e m m a s (1 and 2) in Rothschild-
Stiglitz [10 9]. 
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(1) The pa r t i a l o rder ing <• 

F ^ G if, and only if t he re exis ts a joint d i s t r ibu t ion 

function H(x,z) of the random va r i ab le s X and Z 

defined on [ O . l ] x [ - 1 , 1 ] such that if 

J(y) = P ( X + Z ^ y) (4.17) 

then 

F(x) = H ( x , l ) , 0 £ x £ 1 (4.18) 

G(y) = J (y) , O s y s 1 (4.19) 

and 

E(Z | X = x) = 0 for all x . 

In t e r m s of the random var i ab les X and Y, an equivalent 

definition is X ^ Y, provided the re is a random var iab le Z sat isfy-

ing (4.6) such that Y has the s ame dis t r ibut ion as X + Z. 

(2) The par t i a l o rder ing ^ 
u 

F S G if, and only if 
u 

f l u(x) dF(x) £ f 1 u(x )dG(x ) (4.20) 
0 0 

This i s fami l ia r from the theory of expected util i ty 

max imi sa t i on . 

(3) The pa r t i a l o rder ing £ 

F £ G if, and only if 

G - F sa t is f ies the in tegra l condi t ions . 

The main resu l t of the Rothschi ld-St igl i tz analys is i s to prove 

that the t h r e e different pa r t i a l o rde r ings defined above are. equivalent 

(their t heo rem 2). The proof of the t heo rem cons is t s of demons t ra t ing 

that 
£ => <£. =%> £ ==> ^ (4.21) 

a u l a 

10 
Rela t ions (4.15) and (4.16) above . The s imi l a r i t y between the 
in tegra l condit ions and the second degree s tochas t ic dominance is 
c l e a r . See re la t ion (4.2) above . 
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The th ree different intuitive ways of visual iz ing g r e a t e r unce r t ­

a inty , t h e r e f o r e , lead to a single definition of g r e a t e r unce r t a in ty . 

This definition, however , differs from that resul t ing from the mean-

v a r i a n c e approach . 

Whereas each of the foregoing th ree o rde r ings is a pa r t i a l 

o r d e r i n g , an o rde r ing based on the m e a n - v a r i a n c e approach (x ^ Y, 
2 2 V 

if EX = EY and EX s EY ) i s not a p a r t i a l , but a complete o r d e r i n g , 

and i s , t h e r e f o r e , s t ronger than any of the above pa r t i a l o r d e r i n g s . 

(c) " E n t r o p y " as a M e a s u r e of Uncer ta inty . 

It i s in te res t ing to r ea l i ze that information t h e o r i s t s a lso 

m e a s u r e uncer ta in ty in a way that approx imates the d i scuss ion of the 

l a s t sect ion; i . e . , in t e r m s of probabi l i ty d is t r ibut ion functions. In 

the l i t e r a t u r e of informat ion theo ry , the c ruc ia l concept is that of the 

" e n t r o p y " or the expected information of a probabi l i ty d i s t r ibu t ion . 

Consider a set n of even t s , X, . . .X , with probabi l i t i es 
I n 

p . . .p , forming a complete set in the sense that exactly one of them 
I n 

will ce r t a in ly o c c u r . When one r ece ives a re l iab le m e s s a g e that X. 

has actual ly o c c u r r e d , the information content of the m e s s a g e is defined 

as 

h(p.) = - log p. (4.22) 

The informat ion content h(p.) of a m e s s a g e is a dec reas ing 

function of the probabi l i ty p . . W h e r e a s , any dec reas ing function will 

do, it i s conventional to take the log of the r ec ip roca l of the p robab i ­

lity p. because this affords the convenience of additivity in the ca se of 

independent events . 

The expected informat ion (entropy) is t he re fo re defined as 
n n , n 

H(P) = £ P .h(P . ) = E P.log 4 = £ P . log P . (4.23) 
i=l x x i=l l P i i=l a 1 

That i s , H(P) is a weighted ave rage of h ( P . ) . H (P) is non-nega t ive , and 
E . g . Shannon [ 1 1 8 ] , Shannon and Weaver [ 11 9] , Thei l [ 13 3, 13 4] , 
Murphy [94] and Kullback [71] . 
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is z e r o if and only if one of the probabi l i t i es P. is 1 and all o the rs 0. 

In this c a s e , P . log P . is r ea l ly not defined, being of the form zero 

t i m e s minus infinity. However , by convention, P. log P . is taking 

as equal ze ro if P = 0 . Since H( ' ) s 0, its min imum value is z e r o , 
l 

and this i s a t ta ined when P = 1 for some i, P . = 0 for all j / i . In 
i J 

o ther w o r d s , no uncer ta in ty ex is t s in a situation when it is known before 

hand that some X. h a s probabi l i ty 1. This is the case in which the 

probabi l i ty d is t r ibut ion is concentra ted on a single point X. . 

On the other hand, the entropy (the uncer ta inty) is at a max i ­

m u m when al l p robabi l i t i es P . a r e equal . To see t h i s , max imize H(-) 
with r e spec t to P . subject to Z P . = 1. The r e su l t is 

v l J i 

-1 -log P . - x = 0, i = l , . . . , n (4.24) 

w h e r e X is the Lagrangian m u l t i p l i e r . 

(4. 24) impl ies 

log P . = -1 X (4.25) 

Hence 

i 1+X 

e 

implying that the probabi l i t i es a r e the same and hence equal l / n . The 

c a s e of equal probabi l i t i es y ie lds what is known to s ta t i s t i c ians as the 

uni form (or r ec tangu la r ) d i s t r ibu t ion . 

The foregoing ana lys is has been confined to the d i s c r e t e ca se 

because it is s i m p l e r , and also because it i s m o r e genera l in the 
12 

following s e n s e . A d i s c r e t e d is t r ibut ion may be assoc ia ted with 

qual i ta t ive c h a r a c t e r i s t i c s as wel l as quanti tat ive v a r i a b l e s . However , 

continuous d is t r ibut ions a r e m o r e c losely re la ted to d i s c r e t e d i s t r ibu ­

t ions of the quan t i t a t ive -var iab le type . F u r t h e r m o r e , while a change 
12 

See Thei l [ 1 3 4 , pp 391-92] 
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13 
in m e a s u r e m e n t does not affect the entropy in the d i s c r e t e c a s e , the 

ent ropy in the cont inuous-d is t r ibut ions case is affected by changes in 

the unit a n d / o r sca le of m e a s u r e m e n t . However , once these r e s e r v a ­

t ions a r e borne in mind , the continuous extension of the d i s c r e t e entropy 

m e a s u r e is s t r a igh t fo rward . 

Suppose now that the d is t r ibut ion is continuous with dens i ty 

function f(• ). The entropy of a continuous d is t r ibu t ion is defined as 

H = P f(x) logf(x)dx (4.27) 
V — CO 

I CO 

-co 

2 
As an example , take the no rma l d is t r ibut ion with mean u, and v a r i a n c e a : 

f(x) = — p : exp [ - | (X / } ] (4.28) 

Hence 

H = (log o\fa) ?m f(x)dx + —[— P" ( x - ji)2f(x)dx (4.29) 
v-co c, J -ca 

= - log 2TT ecr2 (4.30) 

Equation (4.30) shows that entropy (and hence the uncertainty) 

depends on va r i ance a lone, and not on the m e a n . Hence in th i s c a s e , 

the v a r i a n c e is an appropr ia te m e a s u r e of unce r t a in ty . 

The following s t a t ement s have been proved by Goldman [50, pp. 

1 2 7 - 1 3 4 ] : 

(1) Out of all d is t r ibut ions with a given v a r i a n c e , the n o r m a l 

d is t r ibut ion is the one with the l a r g e s t entropy (uncertainty) 

provided the range of var ia t ion is ( -co , co) . 

(2) When the range of va r i a t ion is finite the r ec tangu la r d i s t r i -
14 

bution has the l a r g e s t ent ropy. 

13 

14 

Obse rve f rom equation (4. 23) that x does not en te r into the definition 
of the en t ropy . F o r the continuous case (see equation 4 . 2 7 ) , x does 
en te r into the definition of en t ropy . 

This is in a g r e e m e n t with the r e su l t given by equation (4. 26) above . 
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(3) F o r a d is t r ibut ion over (0,o^, the m a x i m u m entropy case is 

that of the negat ive exponential d i s t r ibu t ion , the densi ty 

function of which is 
-ax 

a e 

where a = — is fixed, and u is the mean of exponential 

d i s t r ibu t ion . 

In the l i t e r a t u r e of s ta t i s t ica l dec is ion theory , the uniform d i s t r i ­

bution has a l so been assoc ia ted with m a x i m u m uncer ta in ty (or "total 

i g n o r a n c e " , to use the decis ion theore t ic t e r m ) , but this has sparked off a 

long-s tanding con t rove r sy . The conception by which the uniform d i s t r i ­

bution is a s soc ia ted with total ignorance or m a x i m u m uncer ta in ty has been 
15 

known in the l i t e r a t u r e as the "Bayes 1 Pos tu l a t e " or the "Pr inc ip le 
16 

of Insufficient Reason" . 

One may conjecture a s t a t i s t i c i an ' s analog of the ent ropy m e a s u r e 

of uncer ta in ty by drawing attention to the fact that the uniform d is t r ibu t ion 

(max imum entropy) is the l imi t of what s t a t i s t i c ians cal l "p la tykur tos is ", 

while the degenera te case with the en t i r e probabi l i ty m a s s (or densi ty) 

concen t ra ted on one point (minimum entropy) is the l imi t of what is cal led 

" leptokur tos is ". One could the re fo re define a pa r t i a l o rde r ing s i m i l a r to 

those of sub-sec t ion (b), provided one notes that ku r to s i s and uncer ta in ty 

a r e inve r se ly re la ted , whe reas ent ropy and uncer ta in ty a r e posi t ively 

r e l a t ed , at l ea s t for smooth d i s t r ibu t ions having fourth m o m e n t s . 

P e r h a p s the ea s i e s t avenue of ca r ry ing out the compar i son 

between the m e a s u r e of uncer ta in ty d i s cus sed in this sub-s-ection and that 

of the p reced ing one is via the th i rd concept of g r e a t e r uncer ta in ty in that 

sub - sec t ion (p. 48). One could envisage that as the p r o c e s s of removing 

some probabi l i ty weight f rom the cen t re of f to add to each ta i l of f 
1 5 See Schlaifer [117, p . 445] . 

F e l i n e r [ 4 1 , p . 27] . See a l so P r a t t , Raiffa and Schlaifer [106 , 
chap te r II , sect ion 4 . 4 ] . 
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cont inues , the resu l t ing density will approach that of the uniform d i s ­

t r ibu t ion . 

2. Uncer ta in ty M e a s u r e s in the L i t e r a t u r e surveyed in Chapter III 

A brief review of the m e a s u r e s of uncer ta in ty employed by the 

s tudies surveyed in chapter III will now be under taken . As mentioned 

in sec t ion 1 of th is chap te r , the commones t m e a s u r e of uncer ta in ty 

employed in the l i t e r a t u r e is the v a r i a n c e . A review of chapter III 

r evea l s that one fo rm or the other of the variance m e a s u r e ac tual ly 

f igured prominent ly . Dreze-Modig l ian i , Sandmo, Le land , Mer ton , Hahn, 

P h e l p s , Levha r i -S r in iva san , all employed the va r i ance m e a s u r e . 

L e v h a r i - S r i n i v a s a n [ 8 1 , p . 16] identified uncer ta in ty with the 

v a r i a n c e of a lognormal d i s t r ibu t ion . They then v isual ized a si tuation 

of i n c r e a s e d uncer ta in ty about the yield ra te r as one in which the ex­

pecta t ion of r , r r ema ins constant , while the va r i ance of r i n c r e a s e s . 

L e v h a r i - S r i n i v a s a n ne i ther d i scussed nor gave any reason for the i r 

choice of the lognormal d i s t r ibu t ion . A brief d ivers ion i s , t h e r e f o r e , 

cal led for in o r d e r to br idge this gap. 

F o r the s imples t case of two p a r a m e t e r d i s t r ibu t ion , the m e a n 
2 

a and v a r (3 of a lognormal d is t r ibut ion a r e given by 

a = e ^ + 2 C T (4 .31) 

and ., .. 2 2 
Z__ e 2 u + a (eCT_ 1} ( 4 > 3 2 ) 

where 
2 

(j. and a a r e the mean and va r i ance of the cor responding n o r m a l d i s -
., • i 7 

t r ibu t ion . 

F r o m equation (4 .32) , it is easy to see that the va r i ance of a 

lognormal d is t r ibu t ion is a function of both the mean and the v a r i a n c e 

See Ai tchison and Brown [1, p . 8 ] . 
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of the corresponding normal distribution. But by holding constant the 

mean of the lognormal distribution, the variance of the latter becomes 

a function of the variance of the normal distribution alone. It is inte­

resting to note that the lognormal distribution is positively skewed, and 
2 

that the greater o , the greater the skewncss. An examination of the 
2 

frequency curves for various values of o reveals in what sense in­
creased variance may be associated with increased uncertainty; namely 

the concentration of the density towards the right tail is greater, the 
2 

greater is the variance <j . In this latter sense, the mean is at least 

as good a measure of uncertainty as the variance or any other moment 

of the distribution, and there is no better reason for holding the mean 

constant rather than the variance. Figures I and II illustrate. 
2 

In figure I, (j. is fixed and CT is varied, while in fig II, the reverse 

is done. 

Hahn [55] which is a companion to Levhari-Srinivasan, is 

simply contented with the investigation of cases "when uncertainty can 

be measured by variance". 

Leland [80] and Sandmo [116] employed the variance as a 

measure of uncertainty, but in order to avoid the restrictions of this 

approach, each of them tried to derive the variance in a particular way 

Leland's approach, which is also adopted by Dreze-Modigliani [35] , 

is to develop the decision-maker's first order condition in a Taylor's 

series up to quadratic terms. 

The problem may be formulated as follows: 

Max E[U (Cj.c ) ] (4.34) 

subject to 

c t = (1 - s)Y1 (4.35) 

C2 = Y 2 + ( 1 + r ) s Y i < 4 - 3 6 
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Fig. A. 4 Frequency curves of the Iojaoraaal dutribution for three values of a6. 

Fig.Zt» Frequency curves of the logisornMl distribution for threz valuer of/i. 

Source: Aitchison and Brown [ l . p . i O ] , 
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(4.37) 

(4.38) 

Y is the fixed income in period one, and Y is the random income in 
J. Ct 

per iod two. The saving r a t e s i s the control v a r i a b l e . 

P r o b l e m (4.34) is a s imple calculus p rob lem yielding the f i r s t 

o r d e r condition: 

E(T!2) 

E(Y 2 

= Y2 
2 

= a 

w h e r e 

E(U ) = (1 + r ) E ( U 2 ) (4.39) 

SU cU 
U = -r—, and U = -— 

1 dc 2 Be 

A s s u m i n g that opt imal s has been de te rmined for the si tuat ion where 

Y = Y f *2 V 
satisfying 

Y , = Y , f rom (4.35) and (4.36) the optimal s will de t e rmine a (c , c ) 
& C x Ct 

U° = (1 + r)U*J (4.40) 

where the s u p e r s c r i p t indicates that the appropr ia te par t i a l de r iva t ives 
0 0 

w e r e evaluated at (c , c ). Equation (4.39) may be expanded in a 
Tay lor s e r i e s around (c , c ). For fixed s, only c is r andom, and so 

X Ct Ct 

equation (4.39) may be expanded as a function of c a lone , and this 

yie lds 

f(Y2) dY 2 (4 .41) 

w h e r e 
E(U )° = E(U ) when s = s ° 

F r o m equation (4. 36), with fixed s, 

( c 2 - c°) = (Y2 Y2) (4 .42) 

Substi tuting (4.42) in (4.41) and in tegrat ing t e r m by t e r m yields 

E (U 1 ) ° = U<J + jV°iZZoZ + o (a2) (4.43) 

which contains the v a r i a n c e of Y v 
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Sandmo [116] adopts a m o r e d i rec t approach . He cons ide r s two 

types of shift in the probabil i ty dis t r ibut ion of Y~, namely : 

(i) an addit ive shift which is equivalent to an i n c r e a s e in 

the mean with all othe r moments constant ; 

(ii) a mul t ip l ica t ive shift, by which the d is t r ibut ion is 

" s t r e t ched" around z e r o , or m o r e p rec i se ly s t r e tched on 

the right side of z e r o , since Y_ ^ 0. 

Sandmo then defines "a pure i n c r e a s e in d i spe r s ion" as "a s t r e t ch ing 

of the d i s t r ibu t ion around a constant m e a n " . To i l l u s t r a t e , cons ide r 

future income wr i t ten as 

\ Y 2 + 0 (4.44) 

with expectat ion 

E [ v Y 2 + 8] . (4.45) 

y is the mul t ip l ica t ive shift p a r a m e t e r , and 0 is the addit ive one. 

Since Y ^ 0, a mul t ip l ica t ive shift around ze ro will i n c r e a s e the m e a n . 

The mul t ip l ica t ive shift mus t the re fo re be counterac ted by an additive 

shift in the negat ive d i rec t ion so that expectat ion is cons tant . Taking 

the differential of (4 .45) , the r equ i r emen t is that 

dE [YY2 + 6] = E [Y2dv + de ] = 0 (4.46) 

implying 

dG / dy = -E(Y2) (4.47) 

and the indifference curve between the additive and mul t ip l ica t ive 

shifts in the probabi l i ty d is t r ibut ion of ~Y a r e negat ively sloped, the 
c* 

slope being equal to the negat ive of the expectat ion of Y ? . The impl i 

cat ion of the ana lys i s is that provided one r e m a i n s on such indifference 

c u r v e , i nc r ea sed va r i ance may be in t e rp re t ed as i n c r e a s e d unce r t a in ty . 

Phe lps [100, p . 73 9] s imply takes a r ec t angu la r d i s t r ibu t ion and 

is thus enabled to m e a s u r e uncer ta in ty by the s ize of the v a r i a n c e . 
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c = 10.000 

1 - 2 3 4 5 6 7 8 9 10 II 12 13 14 IS 
___ YIELD PER CENT 

FIG. AH.- Comparison of yield distributions for various stake3. 

Source; Plackett [l02,p.i2] . 
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The v a r i a n c e is a good m e a s u r e of uncer ta in ty when the probabi l i ty d i s t r i 

bution is un i fo rm. However , it is impor tan t to ask how reasonab le it is 

to a s s u m e a uni form distribution for the ra te of r e t u r n s on cap i t a l . 

While e m p i r i c a l evidence is as yet scanty on the m o s t app ropr i a t e s toch­

a s t i c p r o c e s s to a s s u m e for inves tment r e t u r n s , mos t of what ex is t s 

sugges t s the genera l c l a s s of random walk which includes no rma l i t y and 
1 8 lognormal i ty as special c a s e s . 

P e r h a p s , no one pa r t i cu la r d is t r ibu t ion or s tochas t ic p r o c e s s is 

i d e a l . P lacke t t [102] suggests that yield d is t r ibu t ion changes d ra s t i ca l l y 

with changes in c = number of bond ( investment) uni ts t i m e s the number 

of y e a r s the uni ts a r e held. In figure III, yield per cent (or r a t e of re turn) 

i s m e a s u r e d along the hor izontal axis and probabi l i ty per unit in te rva l is 

m e a s u r e d along the ve r t i ca l ax i s . The d is t r ibu t ion is shown to v a r y f rom 

n e a r l y n o r m a l (for c = 10,000) to nea r ly t r i angu la r (for c = 500). 

3 . Dynamics and the Measu remen t of Uncer t a in ty . 

F r o m sect ion 2, it could be seen that the l i t e r a t u r e of chapter 

III invar iab ly employed the va r i ance m e a s u r e of unce r t a in ty . Also , it 

has been seen that even within the s ta t ic f r amework in which the va r i ance 

m e a s u r e was original ly developed, the l a t t e r is valid only under highly 

r e s t r i c t i v e condit ions: the uti l i ty function is e i ther quadra t ic or the 

re levan t random var iab le has a n o r m a l or r ec tangu la r d i s t r ibu t ion . On 

the other hand, it has been seen that the two other approaches to the 

m e a s u r e m e n t of uncer ta in ty s tochas t ic dominance and entropy - p e r m i t 

a wider c l a s s both of utili ty functions and of d is t r ibut ion funct ions. 

F u r t h e r m o r e , the evidence of f igure III sugges ts that no one p a r t i c u l a r 

type of probabi l i ty d is t r ibut ion may be appropr ia te ly a s sumed for the 

r andom ra t e of r e tu rn to capital over an a r b i t r a r y t ime i n t e rva l . While 

18 
See Cootner [23] and Samuelson [112] . 
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th i s observa t ion deals a devasta t ing blow on the va r i ance m e a s u r e , it 

a l so gives a g r e a t e r boost to the s tochast ic dominance and entropy 

m e a s u r e s , s ince these pe rmi t probabil i ty d i s t r ibu t ions to change with 

t i m e . But this is not suggesting that the s tochas t ic dominance a n d / o r 

the ent ropy m e a s u r e can be c a r r i e d over to an explici t dynamic f r a m e w o r k 

without s e r ious unde r tones . What the s tochast ic dominance and the entropy 

m e a s u r e s pe rmi t is the f reedom to r e - o r d e r the d is t r ibu t ion functions 

af ter eve ry pe r iod . F r o m period to period given d i s t r ibu t ions may change 

t h e i r p a r a m e t e r s . Secondly, a given d is t r ibut ion may become comple te ly 

inappl icable . 

The impl icat ion of any uncer ta in ty m e a s u r e , such as the v a r i a n c e 

m e a s u r e , which r equ i r e s the d is t r ibut ion to r ema in unchanged f rom per iod 

to per iod is obvious: the s tochast ic p r o c e s s that has to be a s sumed for the 
19 r a n d o m va r i ab l e mus t be of the s ta t ionary type . L imi t ing the admis s ib l e 

d i s t r ibu t ions in the s tat ic f r amework to the n o r m a l and the r ec t angu la r is 

r e s t r i c t i v e enough. Adding the assumpt ion of s ta t ionar i ty to e n s u r e va l i d i ­

ty of the m e a s u r e in the dynamic f r amework is st i l l m o r e r e s t r i c t i v e , 

s ince the impl icat ions of s ta t ionar i ty , e . g . , for the r a t e of r e t u r n to capi tal 

do not even appeal to one 's common s e n s e , nor to the r e su l t s of actual 

e m p i r i c a l r e s e a r c h . Intuition would suggest that the unce r t a in ty involved 

in s i tuat ions in which only s ta t ionary p r o c e s s e s a r e admit ted is l e s s t h ? n 

that involved if the m o r e r ea l i s t i c non- s t a t iona ry p r o c e s s e s a r e a d m i s s i b l e . 

Th is is because for non- s t a t iona ry p r o c e s s e s uncer ta in ty affects not only 

the r ea l i s a t ion of the random v a r i a b l e s , but a l so the va lues of the p a r a ­

m e t e r s . If th is intuition is c o r r e c t it means that the uncer ta in ty involved 

in dynamic opt imisat ion p r o b l e m s , such as those of chap te r III is actual ly 
20 

g r e a t e r than those s tudies sugges t . Unfortunately, it i s beyond the 
__ 

See definition VI. 14 in chapter VI 

Reca l l that in chapter II it was a lso found that t he se s tudies 
unde r e s t i m a t e the deg ree of r i sk a v e r s i o n . 
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scope of the present work to devise a t ru ly r igorous m e a s u r e of uncer ta in ty 

that will be acceptable in a dynamic context . If anything, the purpose of the 

foregoing comment has been to put one on one 's guard in in t e rp re t ing the 

impact of uncer ta in ty as set out in chapter V. In rea l i ty , it may be comple ­

te ly imposs ib l e to " m e a s u r e " the amount of uncer ta in ty involved in a whole 

s y s t e m such as that r ep resen ted by equations (3. 1) (3.3) of chap te r III 

in which uncer ta in ty is admiss ib le through every poss ib le s o u r c e . 



CHAPTER V 

THE IMPACT OF UNCERTAINTY ON OPTIMALITY: A SYNTHESIS 

1 . Introduction 

The impact of uncer ta in ty on opt imal decis ions has been r e f e r r e d 

to in s eve ra l contexts in the preceding c h a p t e r s . The commones t way 

this impact has been ra t ional ized has been in t e r m s of the A r r o w - P r a t t 

r i sk ave r s ion i n d i c e s , 

- u " ( c ) / u f (c) and - u " ( c ) c / u ' (c). (5.1) 

w h e r e the p r i m e s denote differentiat ion. 

In the specia l case in which 

u(c) = T V c 1 - Q (5.2) 
1 - a 

it i s s t r a igh t - fo rward to show that 

a = - u " (c) c / u ' (c) (5.3) 

i s the e las t ic i ty of m a r g i n a l ut i l i ty of consumption with r e spec t to 

consumpt ion . 

M i r r l e e s [90] cons idered the case in which a > 1 and showed 

that opt imal saving i n c r e a s e s -with inc reas ing unce r t a in ty . In addition 

to a > 1, Phelps TlOO] , Levha r i -S r in iva san [81] , Hahn [55] , 

Samue l son-Mer ton [ 1 1 3 , 88] and Sandmo [116] cons idered a < 1 as 

wel l as the bo rde r l i ne ca se of a = 1 -which r e s u l t s if u(c) = log c , 

and they -were all unanimous in the conclusion that opt imal saving: 

(1) i n c r e a s e s with inc reas ing uncer ta in ty if a > 1; 

(2) d e c r e a s e s with inc reas ing uncer ta in ty if a < 1; 

(3) r e m a i n s unaffected by inc reas ing uncer ta in ty if a = 1 . 

A m o s t vivid ana lys i s along these line is avai lable in Hahn [55] . 

Hahn studied the L e v h a r i - S r i n i v a s a n formulat ion of the p rob lem; that i s : 
00 t 

max E[E p u (c(t))l ; p > 0 (5.4) 
t=o 
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subject to 

y(t) = [ y ( t - l ) - c ( t - l ) ] r , y(0) > 0, y(t) s 0 (5.5) 

whe re : 

vi i s a concave uti l i ty function of consumption c , 

r ^ 0, is a r andom v a r i a b l e , d is t r ibuted independently of t; and 

y(t) i s wealth at t ime t . 

In the Hahn a n a l y s i s , the function g( . ) defined a s 

g{*, c[y(0)]} = u { c T y d ) ) ] } r (5.6) 

i s c r u c i a l . A s i m i l a r approach has also been follo'wed by Mi rman [ 8 9 ] • 

g( . ) may be r ega rded as the value of the consumption p rospec t at t ime 

z e r o . F r o m (5.6) one may compute 

r 
and 

g = u ' { c [ y d ) ] } (1 -a) (5.7) 

g r r = u ' { c [ y ( l ) ]} a( l - a ) / r (5.8) 

•where a has been defined by equation (5 .3) . By subst i tut ing a — 1 

in (5.7) and (5 .8) , it can be readi ly shown that the function g( . ) is 

a dec reas ing convex function of r if a > 1 
an inc reas ing concave function of r if a < 1 , and 
l inea r in r if a = 1 . 

F i g u r e s IV and V i l lu s t r a t e the effects of uncer ta in ty on opt imal 

saving for the c a s e in which t h e r e a r e only two poss ib le r a t e s of 

r e t u r n (r , r ) and these a r e changed to ( r ' , r ' ) leaving the mean 
X C» X Ct 

E (r) unchanged. 

"What i s re levant to the saving decis ion is the m a r g i n a l gain, 

in any pe r iod , f rom consuming a l i t t le l e s s in the p reced ing 
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p e r i o d . ' By substi tuting a _ 1 in (5.7) and (5.8) one can see 
< 

what happens to marg ina l valuation as consumption p rospec t c h a n g e s . 
The ana lys is may be ra t iona l i sed in a number of ways: 

(1) When a > 1, the expected marg ina l valuation i n c r e a s e s 
(see fig. V)when the ra te of r e t u r n changes f rom (r , r ) 
to ( r ' , r ' ). This causes the decis ion make r to " m a r g i ­
nal ly p re fe r the "unsafe " cou r se of act ion, which is future 
consumpt ion . Hence in this c a s e , opt imal saving can 
i n c r e a s e with unce r t a in ty . The converse is t r ue when 
a < 1. When a = 1 t he re is no change in marg ina l va ­
luat ion, and hence no change in saving. 

(2) By analogy with the conventional gambl ing - insu rance 
a n a l y s i s , one may say that when a > 1, the decis ion m a k e r i s 
" i n s u r i n g " his future ( r i s k - a v e r t e r ) , w h e r e a s when 
a < 1 he is "gambl ing" his future ( r i s k - l o v e r ) . 

(3) a > 1 impl ies t h e r e may be "infinite d i s a s t e r s , but only 
finite ga in s " , because in th is case the uti l i ty function is 
bounded above but unbounded below; the r e v e r s e is implied 
when a < 1. Hence , -when a > 1, i n c r e a s e d uncer ta in ty 
will cause the decis ion m a k e r to i n c r e a s e his saving in 
o r d e r to avoid the poss ib i l i ty of "infinite d i s a s t e r . "^ 

(4) As is done in the Hicks-Slu tsky ana lys i s of p r i ce effects in 
o rd ina ry consumer theory , the uncer ta in ty effect on opt imal 
saving may be broken into income effect and subst i tut ion 
effects . a > 1 m a y , t h e r e f o r e , be i n t e rp re t ed as the ca se 
in -which the posi t ive income effect dominates the negat ive 
subst i tut ion effect, w h e r e a s a < 1 co r r e sponds to the ca se 
in which the substi tut ion effect domina t e s . 

1 
Hahn [ 5 5 , p . 23] . 

2 
Note , however , however that the uti l i ty function employed h e r e is 
s t r i c t ly concave and i s , t h e r e f o r e , not a r i s k - l o v e r ' s ut i l i ty function. 

Fo r this i n t e r p r e t a t i o n , Hahn gives c red i t to David Ga le . 
4 

Sandmo [116] and Diamond [27] give this i n t e rp r e t a t i on . 
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(5) F ina l ly , applying o rd inary maximisa t ion rule of equating 
m a r g i n s a lso yields the same r e s u l t s . Equation (5.7) 
with a > 1 impl ies the r ight-hand side is nega t ive . As no 
m a x i m i s e r ever ope ra t e s at a point with a negative m a r ­
ginal va lue , the optimal cour se of act ion is to r a i s e the 
marg ina l value by consuming l e s s ; i . e . by saving m o r e . 
The r e v e r s e is t r ue if a < 1 . In this c a s e , the marg ina l 
valuat ion g is only a fraction of the marg ina l util i ty u ' . 
Hence opt imali ty cal ls for reducing the right hand side 
by consuming m o r e ; i . e . saving l e s s . 

In the r e m a i n d e r of the p resen t chap te r , a m o r e detai led look at 

the impac t of uncer ta in ty on opt imali ty -will be under taken in the light 

of the m a t e r i a l s covered in chap te r s II, III and IV. In p a r t i c u l a r , 

t h e r e will be an examinat ion of how the cons idera t ion of different t ypes , 

s o u r c e s , t ime dimension p iu l t iper iod and two period) and " m e a s u r e ­

m e n t s " of uncer ta in ty affects the impact of uncer ta in ty on opt imal i ty . 

2 . Overal land Marginal Impac t s of Uncer ta inty 

To begin with, it i s n e c e s s a r y to dist inguish two different types 

of i m p a c t s , name ly , the " o v e r a l l " and the " m a r g i n a l " i m p a c t s , of 

uncer ta in ty on opt imal i ty . While this dis t inct ion i s impl ic i t in the 
5 

•works of o ther w r i t e r s , the p r e c i s e dist inct ion is due to Dreze and 

For i n s t a n c e , in the analys is of section 1, the decis ion m a k e r 
was v isua l ized as " m a r g i n a l l y " p r e f e r r i ng one cou r se of action 
over ano the r . Hahn [551 was quoted above to have said that 
"what is re levant to the saving decis ion is the m a r g i n a l gain . . . " 
On the other hand, in the Yaa r i -Hakansson ana lys i s of unce r t a in 
hor izon , the p rocedu re was to compare opt imal saving under 
cer ta in ty (de terminis t ic case) with opt imal saving under u n c e r ­
tainty ("stochastic ca se ) . 
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l 6 

Modigliani T35] , j n analysing the overa l l impac t , i n t e r e s t l ies in 

the re la t ionship between optimal saving under cer ta inty (the d e t e r ­

min is t i c case) and optimal saving under uncer ta in ty (the s tochas t ic case) y 

and not in the changes in optimal saving as uncer ta in ty changes . 

The l a t t e r i s the appropr i a t e focus when one is i n t e r e s t ed in the m a r ­

ginal i m p a c t . 

Following Dreze and Modigliani, the overa l l impac t i s defined 

as that impact -which r e su l t s when an unce r t a in p rospec t 0 (y , r) is 
+ + 

rep laced by some specified " s u r e " p rospec t (y , r ) , w h e r e a s the 
Ct 

m a r g i n a l impac t i s that which r e su l t s when a " l i t t l e " m o r e u n c e r ­

tainty is added to the uncer ta in p rospec t <j (y r ) . 

Dreze and Modigliani emphasized the point that in genera l one 

cannot e n s u r e that the two impac t s a r e well defined without specifying 
+ + 

the r e f e r ence " s u r e " p rospec t (y , r ) for the overa l l impact and 

•what is meant by " l i t t le m o r e unce r t a in ty" in the ca se of the m a r ­

ginal i m p a c t . According to them however , in the specia l ca se of 

" inf in i tes imal r i s k s " a l a Ar row and P r a t t , the two impac t s a r e 

wel l defined and a r e ident ica l . In this special c a s e , one s t a r t s from 
+ 

r2 
a given su re p rospec t (y , r ) for which ini t ial opt imal consum-

6 
It i s fair to ment ion that Phelps Q00 , p . 739"! did c l ea r ly unders tand 
th is dis t inct ion; h i s dis t inct ion between " m a r g i n a l " and " s t r u c t u r a l " 
effects is the same as the Dreze-Modigl ian i dis t inct ion between 
" o v e r a l l " and " m a r g i n a l " . Also , Phe lps noted that the overa l l and 
m a r g i n a l impac t s a r e in the same d i rec t ion . 
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ption is c , and then moves to an uncer ta in pro peel 0(y~»r) with 
-( •! 

E(y ? ) = Y7 > K( r) -" i' and probabi l i ty concen t ra ted in a ne ighbour­

hood of (y"' , r ). 

In o r d e r to e l ic i t the impor tance of the r e f e r e n c e " s u r e " p r o s ­

pect for the impact of unce r t a in ty , Drczc and Modigliani suggested 

t h r e e different c r i t e r i a and formulated what they cal led a " c e r t a i n t y 

equiva lence t h e o r e m " for each of the t h r e e . 

The r e f e r e n c e c r i t e r i a : 

(a) Expected value: y = y , r = r , 
Ct Ct 

+ + 
(b) Marke t value: y and r a r c such that : 

Ct 

the p r e s e n t value of y_ equals the p r e s e n t value of an unce r t a in 
future income with m a r g i n a l densi ty 0 (yy)'< 

+ 
the (stock marke t ) p r i c e of an a s s e t with s u r e yield r £quals_ 
the p r i c e of an a s s e t whose yield has the m a r g i n a l densi ty 0 ( r ) . 

+ + 
(c) Expected uti l i ty: y and r a r e a. solution of the impl ic i t equation 

m a x J U [ C i , ( y j - c,) (1 -I r)+ Yz) d 0 ( y 2 > r ) 

= / U [ B1, (Y l - Sj) (1 -(- r)H y 2 ] d 0 ( y 2 , r ) 

+ + 
= max U[c , (y - c ) (1 H r ) + y 2 ] 

7 

The T h e o r e m s 

T h e o r e m 5 . 1 : Expected Value 

Let D denote the sma l l e s t convex domain in (c , c J s p a c c defined 
X c 

7 
Only the r e s u l t s a r e p r e sen t ed h e r e . Anyone i n t e r e s t e d in de ta i l s 
should consul t Dreze and Modigl iani . 
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by 

t ° l = V J D
d ^ ( c 2 ) = 1 ) 

L e t r e q u a l t h e r a t e of r e t u r n on a p e r f e c t l y sa fe a s s e t , if such an 

a s s e t e x i s t s and i s t r a d e d on a p e r f e c t m a r k e t . 

1 2 2 - ( 1 + 1 " X ) U 2 2 2 
X d u 0 ^ 

L e t u , o o - (1 + r ) u 0 0 0 = 22 
d c . 

2 s E ( y 2 ) + ( Y i - c^) [ E ( r ) r X ] , and 

x = def ine c = t (r , y ) 

_. d y 2 2 . 

d C l 

d u 2 2 > 
dc < 

T h e o r e m 5 . 2; 

U 22 
L e t o -

U 2 

i a c o n s t a n t s ign o\ 

0 i m p l i e s c , -
i <• 

E x p e c t e d U t i l i t y 

/ ac - (1 + rX)B 

rer u, t n e n 

•Zi 

U 22 . 
/ d c . , = 

U 2 l 

u 2 

d c l 

L e t y b e s u c h t h a t 

m a x u [ C j , (y c ) (1 + r ) + y 2 ] = E u[c j , (y - C j M l + r)+ y 2 ] , 

1 

and d e f i n e 
0 0= . x 0 . 

c l = C l ( r ' ^2 h 

U 2 2 Ui j 22 -̂  
T h e n , if d _££. / dc , h a s a c o n s t a n t s ign o v e r D , d / d c , 0 

1 U7 l < '2 
i m p l i e s 

* < 0 
C l > C l ' 

T h e s u b s c r i p t s on u d e n o t e p a r t i a l d i f f e r e n t i a t i o n , 
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Theorem 5.3: Market Value 

E y 2 u 2 (c^, c2) x x x x 
Let y2 = _ _ _ _ _ f a n d d c W ^ r ^ ( r f y 2 ) . 

2 U l 2 
T h e n , if a / d c h a s a c o n s t a n t s ign o v e r D , 

U2 2 

2 1 . 2 > A > X 
d •— / dc_ - 0 implies c. - c . 

u2 2 < r 1 < i 

Corollary 5 . 1 

2 Ui 2 U22 
If over D, a — / d c^ < (=) 0, and d - / dc, has a 

u 2 u 1 
x 0 =«. 

constant sign, then c < (=) c <, c <, *c , 

where 

c is the optimal consumption given the unceitain prospect 0 (y , r); 
J. c 
x 0 « 

c , c , c, are the optimal consumption resulting from the market value, 

expected utility and expected value criteria respectively. 

Discussion of the Theorems and Corollary 

The first point to re-emphasize after stating the above theorems 

and corollary is that no substantive statement about optimality under 

uncertainty can be made on the basis of the risk aversion function above. 

Note that a different condition is needed for the completion of each of 

the three theorems. In theorem 5 .1 , the condition is on the sign of 
u 

d 22/dc, . In 5.2 it is on the sign of d / dc . While in theorem 
1 u2 1 

2 Ul 2 
5.3 the condition is on the sign of 3 — / d c„ . As Dreze and 

u 2 
2 

Modigliani have noted, these conditions are "rather refined properties 
,.8 

Dreze and Modigliani, p. 58. 
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of t h e c o n s u m e r ' s t a s t e s . 

d 2 2 / d c i s t h e s e c o n d d c r i v a t e of u a s a funct ion of c a l o n e 

d i f f e r e n t i a t e d w i t h r e s p e c t to c . It c a n be shown t h a t d 2 2 / d c 
? U l 2 s'e 

i n c l u d e s t h e c o n d i t i o n r e q u i r e d for t h e o r e m 5 . 3 , $ " — /d c ." 
u 2 

2 
u / u i s t h e c o n s u m e r ' s m a r g i n a l r a t e of s u b s t i t u t i o n (MRS) , and 

2 i . 2 
3 — /d c., i s i t s s e c o n d d e r i v a t i v e wi th r e s p e c t t o c „ . M R S i n c r e a s e s 

u 2 2 ^ 2 

w i t h c , and 

o „ -̂  MRS i n c r e a s e s at an i n c r e a s i n g r a t e 
? 0 —v. £ < t^ —? MRS i n c r e a s e s a t a c o n s t a n t r a t e 

-. _ MRS i n c r e a s e s at a d e c r e a s i n g r a t e . 
d 2 

U 2 2 
d - — 

2 i s t h e d e r i v a t i v e of the a b s o l u t e r i s k a v e r s i o n wi th r e s p e c t 

d c , 

t o c . If t h i s d e r i v a t i v e i s p o s i t i v e , i t m e a n s t h a t a b s o l u t e r i s k 

a v e r s i o n about c d e c r e a s e s , -when c i n c r e a s e s a s a r e s u l t of a 
C Ct 

l o w e r c . T h i s s i t u a t i o n h a s b e e n l a b e l l e d a s one of " e n d o g e n o u s l y 

d i m i n i s h i n g a b s o l u t e r i s k a v e r s i o n " , in c o n t r a s t to t h e " e x o g e n o u s " 
9 

c a s e i n w h i c h t h e i n c r e a s e in c i s no t c a u s e d by a l o w e r c . It c a n 
2 u i 2 

b e shown t h a t 3 —- / 3 c = 0 i m p l i e s e n d o g e n o u s l y d i m i n i s h i n g 
u 2 2 

See D r e z e and M o d i g l i a n i , p . 3 8 , e q u a t i o n ( 6 . 2 . 3 ) . T h i s e q u a t i o n 
b r i n g s out t h e r e s p e c t i v e r o l e s of r i s k a v e r s i o n and of p u r e l y o r d i n a l 
p r o p e r t i e s of t h e c o n s u m e r ' s t a s t e s . 

i b i d . , p . 41 
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d c i 
absolute r i sk a v e r s i o n . A l so , it can be shown that ~ - 0 impl ies 

2 u i ' 2 2 U l 2 
3 — / 3 c_ = 0. Thus 3 — / 3cT d e s c r i b e s an ordinal p rope r ty 

u 2 u 2 
of u that is n e c e s s a r y for a ze ro i n t e r e s t e las t ic i ty of consumption 

at a l l r . This condition is also sufficient for t he re to exist a t i m e -
10 

d is t r ibu t ion of income bringing about such ze ro e l a s t i c i ty . Dreze 
2 u-i . 2 

and Modigliani bel ieve that empi r i ca l evidence suppor ts 3 —- /3 c_ = 0 

" 2 
approx ima te ly , implying that the A r r o w - P r a t t hypothesis of dec reas ing 

absolute r i sk ave r s ion is a reasonable one. 

Apar t f rom the above " r a t h e r refined p r o p e r t i e s " , the impact 

of unce r t a in ty on optimally also depends on the opportuni t ies de t e r ­

mining the c o n s u m e r ' s p rospec t 0 (y , r ) . 

c 

The following proposi t ion may be s ta ted . 

P ropos i t ion V. 1 
When the re exis ts perfec t insu rance and a s s e t m a r k e t s and 

2 U l 2 
3 — / 3 c = 0, then the consumption and portfolio decis ions 

u 2 
2 

a r e separab le -with the fo rmer ent i re ly de te rmined by the m a r k e t 
values z and r , independently of the chosen portfolio and of 
the c o n s u m e r ' s r i sk ave r s ion . 11 

where 

10 

11 

(1) z is the p r e sen t value of future ea rn ings y . 
Ct Ci 

(2) r is the r a t e of r e t u r n on the perfec t ly safe a s s e t , 

i b i d . , p . 47 

i b i d . , p . 60 
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In the p re sen t context , the " sepa ra t ion t h e o r e m " for the widely 

d i scussed specia l ca se of quadra t ic util i ty function can be made valid 

only by adding an ex t ra r e s t r i c t i o n , namely: that future earn ings y. be 
12 . X2 

unco r r e l a t ed with the r a t e s of r e tu rn I - r . i* , w h e r e r . is the j j 0 j 
r a t e of r e t u r n on the jth r i sky a s s e t . 

In the absence of perfec t insurance for future ea rn ings , propos i t ion 

V . l falls down complete ly c then v a r i e s with the c o n s u m e r ' s r i sk 

a v e r s i o n , and y i s de te rmined endogenously with c and x. ' s given 
^ t J 

b y 0 (y2>
 r ) > 

w h e r e : 

x. is the amount invested in a s s e t i , and 
l 

y is as defined by t h e o r e m 5 . 3 . 

However , the following two propos i t ions may be deduced from 

co ro l l a ry 5 . 1 . 

P ropos i t ion V . 2 

c* is l e s s than -would be the ca se if the consumer could exchange 
1 0 0 

his unce r t a in p rospec t for a s u r e p rospec t (y!r , r ) yielding the 

same expected u t i l i ty . 13 

Propos i t ion y . 3 
c* is l e s s than would be the case if the consumer could exchange 
his unce r t a in p rospec t against a su re p rospec t (y , r ) yielding 
a p r e sen t value of total consumption equal to h is c u r r e n t ex­
pecta t ion . 13 

12 

13 

cf. comment s following equation (7 .5) , p . 104,below. 

See Dreze and Modigl iani , p . 65 . 
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In the p a r t i c u l a r c a s e where r = r > the mos t gene ra l s ta tement that 
i 

can be made to the effect that uncer ta in ty is apt to d i scourage consumpt ion, 

is that whenever 3 — / 3 c ^ 0 , then c s c -s c <, c , 

u ? 2 1 1 1 1 

When the c o n s u m e r has a c c e s s to r i sky i n v e s t m e n t s , in addition to the 

per fec t ly safe one x , he is be t te r off in the sense that h i s y is h igher 
U tL 

— V 

than would be the ca se without r i sky i n v e s t m e n t s . Also , when (r - r ) 

(Yj - c i ) > 0 then y 2 > y 2 . 
When ne i ther earn ings nor a s s e t s a r e t r aded on per fec t m a r k e t s , 
X X 

both y and r a r e de te rmined endogenously, and the hypothes is of 
2 ii 2 

dec r ea s ing absolute r i sk ave r s ion , 3 _1_ / 3 c = 0, does not help much . 
Ct 2 U l , 2 But if t h e h y p o t h e s i s of 3 — / 3cf; = 0 i s a b a n d o n e d , t h e n t h e 

U 2 2 

v a r i o u s s i t u a t i o n s a r e b e t t e r c l a s s i f i e d on t h e b a s i s of m a r k e t o p p o r t u ­

n i t i e s r a t h e r t h a n in t e r m s of " r e f i n e d p r o p e r t i e s " of c o n s u m e r ' s 

t a s t e s . T a k i n g t h e c a s e of 3 - / 3 c < 0, t h e o r e m 5 . 3 i n d i c a t e s 
U 2 2 

that c ^ c . This impl ies that a consumer having a c c e s s to the m a r k e t 
x x 

for the su re p rospec t (y = z r = r ) may choose ins tead an unce r t a in 
C C \J 

prospec t (defined by eg/ 0, x -/ 0)T of equal va lue , entail ing a higher 

expected u t i l i ty , but calling for a sma l l e r c u r r e n t consumpt ion . Such 

a consumer would thus accept a c u r r e n t sacr i f ice for the sake of an 

unce r t a in future gain. 

If t h e r e do not exist perfec t insu rance and /o r a s s e t m a r k e t s , 

the mos t useful r e su l t emana tes from t h e o r e m 5 . 2 , namely : "endogenously 

t 
ct is the uninsured fract ion of y 
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diminishing absolute r i sk a v e r s i o n " impl ies c <; c . In other w o r d s , 

c u r r e n t consumption falls shor t of the level that would obtain under 
X 

cer ta in ty with r = r but no gain or l o s s in expected ut i l i ty . If in­

ves tmen t oppor tuni t ies a r e constant , then it is poss ib le for the con­

s u m e r to shift from a perfect ly saic to a r i sky occupat ion, at a gain 

of expected ut i l i ty , while making downward adjustment in c u r r e n t 

consumpt ion . One may conclude that c o n s u m e r s choosing to bea r m o r e 
14 

uncer ta in ty may -well choose s imul taneously to consume l e s s . 

3 . Types of Uncer ta inty and the Impact on Optimali ty 

In t h i s , sect ion a br ief comment is made concerning how the r e ­

cognition of different types of uncer ta in ty affect opt imal i ty . In 

chapter II, it was indicated that the only type of uncer ta in ty that will 

be of i n t e r e s t is the t empora l one. As Mossin [ 9 2 , p . 1741 has noted 

the ca se of t empora l uncer ta in ty is often the one that is of p r ac t i ca l 

r e l e v a n c e . Also , Markowitz [86l followed by Moss in [ 92] d e m o n s t r a ­

ted that w h e r e a s a d i rec t and a cor responding ind i rec t ut i l i ty function 

m a y be defined in a si tuation of t i m e l e s s unce r t a in ty , an ind i rec t uti l i ty 

function may not exis t in the ca se of t e m p o r a l unce r t a in ty . Difference 

in the re levant utili ty functions in the two si tuat ions a lso leads to 

difference in the s ize of the r i sk avers ion m e a s u r e . The inequali ty 

(2. 9) adds some weight to the s t rength of proposi t ion II . 1 . However , 

cf. p ropos i t ion II.l ,P 10 above. C o n s u m e r s with a lower m a r g i n a l 
propens i ty to consume a r e a l so be t t e r suited to bea r ( temporal ) 
uncer ta in ty . 
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the work of F a m a [36l s e e m s to imply that t empora l uncer ta in ty may 

be conver ted into t i m e l e s s uncer ta in ty by defining a ut i l i ty function 

that is analogous to an indirect uti l i ty function in a mul t iper iod 

(dynamic) fr amewo rk . 

4 . Sources of Uncer ta inty and the Impact on Oplimalily 

< 

In the a - 1 ana lys is of sect ion 1 , cons idera t ion was given 

> 

to only one source of uncer ta in ty , namely capital r i s k . An i n t e r p r e ­

ta t ion reducing the M i r r l e e s ' model with s tochas t ic r a t e of technological 

p r o g r e s s to the genera l s tochast ic saving-consumpt ion model was 

suggested in chapter III. However , in that c h a p t e r , t h r e e other s o u r c e s 

of unce r t a in ty w e r e identified, namely income r i s k , unce r t a in uti l i ty 

function and uncer ta in t ime hor izon (s tochast ic stopping t i m e ) . 

For the unce r t a in uti l i ty function, no r e su l t s a r e so far ava i l ab le . 

If the uti l i ty function is r ega rded as uncer ta in because i ts a rgumen t s 

a r e s tochas t i c , then the impact of uncer ta in ty resu l t ing from this sou rce 

may be in fe r red from the ana lys i s of other sou rces of unce r t a in ty . 

But if the uti l i ty function is r ega rded as uncer ta in in the sense that the 

function is i tself unknown, then the ana lys i s can become r a the r i n t r a -

, , I 5 
c t ab l e . 

The impact of uncer ta in ty resul t ing from income r i sk was cove­

red by Sandmo [1161 as well as Dreze and Modigl iani . The resu l t is 

definite: inc reased uncer ta in ty always i n c r e a s e s opt imal saving provided 

one a s s u m e s dec reas ing t e m p o r a l r i sk a v e r s i o n . 

15 
In fact , this has not been a t tempted by anyone. 
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The impact of uncer ta in ly resul t ing from uncer ta in t ime h o r i ­

zon rece ived detai led attention from Yaar i [1501 and Hakansson [56] . 

The r e s u l t s in this case depend on 

(1) whether the uti l i ty function is Marsha l l i an or F i s h e r i a n and 

(2) whether i n su rance is avai lable or unavai lab le . 

Without i n s u r a n c e , the impact of uncer ta in t ime hor izon is to 

i n c r e a s e opt imal saving if the uti l i ty function is F i s h e r i a n (compare 

equation (3.42) with (3.45)) , which a g r e e s with what happens in the 

c a s e of capi tal r i sk if a > 1. With a Marsha l l i an util i ty function, 

the re la t ionship between optimal saving under cer ta in ty v i s - a - v i s 

unce r t a in ty depends on the sign of 

p (t) u ' [ c*(t)] - 6 (t) <p' [y*(t)] .* 

If the sign is pos i t ive , opt imal saving under uncer ta in ty v/ill be g r e a t e r 

than under cer ta in ty ; if it is nega t ive , it v/ill be s m a l l e r . In o r d e r 

w o r d s , -what counts is the re la t ive s ize of the discounted marg ina l 

ut i l i ty of consumption v i s - a - v i s the discounted marg ina l util i ty o''" 

beques t . 

With insu rance ava i lab le , uncer ta in ty br ings no change to opt imal 

saving, whether the uti l i ty function is F i s h e r i a n or Mar sha l l i an . 

B e s i d e s , with a Marsha l l i an uti l i ty function, avai labi l i ty of insu rance 

means that the decis ion m a k e r can s epa ra t e his consumption decis ion 

f rom his bequest dec i s ion . 

16 
See equation (3.49) in chapter III. 
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5. Two-per iod V e r s u s Mult iper iod Models and the Impact of Uncer ta in ly 
l 

The next i s sue to consider is whether r e su l t s obtained in a two-

per iod f r amework can be proved valid for mul t iper iod p r o b l e m s . F o r 

the mul t iper iod prob lem no genera l t h e o r e m has been stated except for 

the c l a s s of constant r i sk ave r s ion utility funct ions. Fo r the l a t t e r 

c l a s s , the " separa t ion" t heo rem as well as "myopia" has been proved . 

The sepa ra t ion t h e o r e m says that optimal consumpt ion-saving and p o r t ­

folio dec i s ions can be made independently of each o ther . "Myopia" 

r e f e r s to the si tuation under which the choice of optimal portfolio mix 

depends only on one-per iod ut i l i t ies and r e t u r n s . When myopia is 

opt imal the i n v e s t o r ' s sequence of decis ions is obtained as a s e r i e s of 

s ing le -pe r iod decis ions (s tar t ing with the f i r s t per iod) , with each per iod 

t r e a t e d as if it we re the only one. If in addition to constant re la t ive 

r i sk ave r s ion , one a s s u m e s identical yield d is t r ibu t ions in all p e r i o d s , 

then a fixed portfolio ( i . e . , a portfolio independent of wealth) is op t imal . 

With se r i a l ly dependent y ie lds , myopia is optimal only if the uti l i ty 
17 

of final (distant) wealth is l oga r i t hmic . T h e o r e m s der ived f rom 

two-per iod models may not be as r e s t r i c t i v e as one might con jec tu re . 

An impor tan t proposi t ion due to F a m a [3 6] is the following: 

P ropos i t ion V . 4: 

If the c o n s u m e r ' s ut i l i ty function for l i fe t ime consumption is 
s t r i c t ly concave a.nd m a r k e t s for consumption goods and po r t ­
folio a s s e t s a r e per fec t , then the c o n s u m e r ' s observab le b e ­
haviour in the m a r k e t in any period is indis t inguishable f rom 
that of a r i sk a v e r s e (concave utility) expected uti l i ty maximi / . e r 
who has a one-per iod hor izon . 

17 

See Hakansson and L iu [59] d i scussed in chapter III above. 
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In other w o r d s , one does not need the r e s t r i c t i v e a s sumpt ions 

about ut i l i ty function a n d / o r yield d is t r ibut ion to prove "myopia" 

op t ima l . This i s cer ta in ly an impor tan t propos i t ion , but it needs to 

be taken with a grain of sa l t , for if it is t r ue under "general condi t ions" , 

t h e r e will be no m o r e point in building complicated mul t ipe r iod m o d e l s . 

F a m a ' s " t r i ck" in ut i l izing his proposi t ion is t o ' i n t e r p r e t the c o n s u m e r ' s 

l i fe t ime planning prob lem as equivalent to the consumpt ion-sav ing p r o ­

blem of a risk averse consumer with s ta te -dependent u t i l i t i es and a one-

pe r iod hor izon . 

M i r m a n [89] gives another in t e rp re ta t ion which r educes a m u l t i -

per iod planning prob lem to a two-per iod p rob lem. In th is i n t e rp re t a t i on , 

mul t ipe r iod (including infinite horizon) may be b roken into two per iods 

only in which the second (and las t ) per iod involves the (maximal d i s ­

counted sum of all) future uti l i ty obtainable f rom the weal th left after 

the f i r s t pe r iod . In this case the second per iod uti l i ty function has 

the s ame fo rm as a welfare function defined as the m a x i m u m expected 

sum of discounted uti l i ty over the hor izon (possibly infini te) . 

Two-per iod t h e o r i s t s emphas ize that the qual i ta t ive di f ferences 

between opt imal i ty under uncer ta in ty and opt imal i ty under certainty-

depend l a rge ly on the en t i re shape of the uti l i ty function, and not only 

r i s k ave r s ion funct ions. In pa r t i cu l a r the th i rd de r iva t ive mus t be 

•A A 1 8 

cons ide red . 

18 

Recal l that u n r e s t r i c t e d r i sk ave r s ion functions cons ide r only 
the f i r s t and second d e r i v a t i v e s . 
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This was a lso emphas ized by Hahn even though he used the 
' 19 

v a r i a n c e m e a s u r e of unce r t a in ly . Of the mul t iper iod t h e o r i s t s , 

Hakansson emphas ized that it may be loo s imple to ra t iona l ize the 

impac t of uncer ta in ty on opt imali ty on the bas i s of r i sk ave r s ion 

function a lone . 

Even within the f r amework of two-per iod m o d e l s , different kinds 

of r e s t r i c t i o n s have to be imposed on the shape of the uti l i ty function 
20 

if definite r e s u l t s a r e to be obtained. The following t h e o r e m is due 

to M i r m a n [89 J . 

T h e o r e m 5.4 

Le t s* be the opt imal saving policy under cer ta inty and s* the 

opt imal saving policy under unce r t a in ty . Then, a sufficient condition 
for s* > s* is that 

c u 

g( E(Y)) > E(g (Y)) 
21 

for al l r andom v a r i a b l e s Y, or equivalcntly that g be concave . The 

function g employed h e r e is s i m i l a r to that ut i l ized by Hahn [55] , and 

the r e s u l t s a r e of cour se the s a m e . 

19 
It can be readi ly shown that differentiat ing the r i sk ave r s ion function 
r e s u l t s in a t e r m which contains the th i rd der iva t ive of the uti l i ty 
function. But Hahn did not do t h i s . He emphas ized the impor tance of 
the th i rd der iva t ive on the ground that changes in uncer ta in ty (var iance) 
mus t involve the th i rd derivative . 

20 
See t h e o r e m s 5. 1 to 5.3 above, for i n s t ance . 

2 1 
This t h e o r e m is an appl icat ion of J e n s e n ' s inequal i ty , See F e l l e r 
[40, pp. 1 5 1 - 5 2 ] . 
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Let g(c) = c ul, (c) 

Then g(c) is s t r i c t ly concave or convex according as 

2u" (c) H cu"' (c) > 0 . 

With u" (c) negative by assumpt ion , a negative u'" is sufficient 
-2u' ' (c) 

for g(c) to be concave and convexity r e q u i r e s u"' (c) > , 

which m e a n s that u '" (c) mus t be pos i t ive . According to M i r m a n [89] 
Ct 

t h e r e is no a p r i o r i economic reason to expect e i ther r equ i r emen t to be 

sa t i s f ied . But he does not seem to be aware thai the A r r o w - P r a t t 

hypothes is of dec reas ing absolute r i sk ave r s ion impl ies u'" mus t be 
Ct 

non-nega t ive . By con t ra s t , i nc reas ing absolute r i sk ave r s ion is 

sufficient for u'" (c) to be non-pos i t ive . Inc reas ing absolute r i sk 

ave r s ion i s , t he r e fo r e , sufficient for optimal saving under u n c e r t a i n ­

ty to be at l ea s t as grea t as optimal saving under ce r t a in ty . 

6. M e a s u r e m e n t of Uncertainty and the Impact on Optimali ty 

F ina l ly , this sect ion takes up the question of how a change in the 

m e a s u r e m e n t of uncer ta in ty affects the impact on opt imal i ty . F r o m 

the d i scuss ion of section 2 above, it can be seen that if one is i n t e ­

r e s t e d in the overa l l impac t , the question of how uncer ta in ty is 

m e a s u r e d may not be of d i rec t concern , s ince the quest ion h e r e is 

that of compar ing a si tuation in which the re is uncer ta in ty with one in 

which the re is none, and not in how much uncer ta in ty e x i s t s . F o r the 

purpose of the overall impac t , t h e r e f o r e , the ana lys i s can continue 

as soon as one can r e p r e s e n t uncer ta in ty in one fo rm or the o the r . 

F o r ins t ance , the exis tence of a non-degenera te probabi l i ty d i s t r ibu t ion 

function over the var iab le of i n t e r e s t could be taken to indicate the 
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p r e s e n c e of uncer ta in ty . On the other hand, in analysing the m a r g i n a l 

impact ' , t h e r e is a d i r ec t i n t e r e s t in how uncer ta in ly is m e a s u r e d since 

the p rob l em h e r e involves what happens when uncer ta in ty changes . 

Va r ious " m e a s u r e s " of uncer ta in ty w e r e d i scussed in detai l in 

chap te r IV, and the p rob lems involved in employing these " s t a t i c" 

m e a s u r e s in explicit ly dynamic si tuations were noted . In p a r t i c u l a r 

the shor tcomings of the well-known va r i ance m e a s u r e w e r e noted, and 

the approach based on par t ia l order ing of cumulat ive probabi l i ty 

d i s t r ibu t ions was found to admit a number of intuitive i n t e rp re t a t i ons 

al l of which lead to the same (consistent) r e s u l t s . This approach was 

a l s o found to be consis tent with the entropy ana lys i s of information 

t h e o r i s t s ; whe reas the va r i ance m e a s u r e was found to be generally-

incons is ten t with the other m e a s u r e s and to lead to r e s u l t s which a r e 

not genera l ly t r u e . 

However , as was d i scussed in chapter IV, sect ion 2, v i r tua l ly 

al l the l i t e r a t u r e covered in chapter III employed the v a r i a n c e m e a s u r e . 

Rothschi ld and Stiglitz in an a r t i c l e just published [110] i l l u s t r a t e 

how the i r s tochas t ic dominance m e a s u r e of uncer ta in ty can be employed 

in analysing the m a r g i n a l impact of uncer ta in ty on opt imal saving and 

portfolio dec i s ions . Unfortunately, th is a r t i c l e came out too la te to 

r ece ive adequate coverage in the p re sen t work . Fo r tuna te ly , t he i r 

r e s u l t s a r e consis tent with those of M i r r l e e s , Phe lps , Levhar i - .Sr in ivasan , 

Hahn e t c . , in section 1. However , the advantage of the Rothsch i ld-

Stiglitz s tochas t ic dominance ana lys is is non t r iv i a l . W h e r e a s , the 

r e s u l t s of sect ion 1 were der ived for highly specia l ized ut i l i ty 

function and d is t r ibut ion function, these r e s t r i c t i o n s a r e not r equ i r ed 

in the Rothschi ld-St igl i tz a n a l y s i s . 
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While the Rothschi ld-St igl i tz ana lys is is no doubt, a s tep forward , 

it ce r t a in ly cannot consti tute the l a s t word on the i s s u e . The ana lyses 

done by Hahn, Mi rman , Dreze-Modig l ian i and even Rothschi ld-St ig l i tz 

al l u se two period p rob lems as e x a m p l e s . Whether these r e s u l t s a r e 

supposed to c a r r y over to mul t iper iod p rob l ems is not c l e a r . 

7. The Road Ahead 

In spite of these ques t ions , the ensuing survey of economic 

l i t e r a t u r e m u s t t e rmina t e at this point. Beginning with the next 

chap t e r , effort will be concentra ted on how the p rob lem of th is and the 

p reced ing chap te r s namely , the problem of i n t e r t empora l optimal 

con sumpt ion-saving allocation under uncer ta in ty , may be analysed by 

m e a n s of the new tools to be in t roduced. These new tools belong to 

the theory of s tochas t ic optimal cont ro l . It will be argued that t hese 

tools a r e the na tu ra l ones to use for the p rob lem on hand s ince the i r 

d e t e r m i n i s t i c counte rpar t have played a vital ro le in the ana lys i s of 

the d e t e r m i n i s t i c counte rpar t of the ensuing economic p r o b l e m . 

The new theory is introduced by chapter VI which a l so contains 

definit ions of s eve ra l technical t e r m s that appeared in the e a r l i e r 

chap le r s as well as those that will be employed in subsequent c h a p t e r s . 

Chapter VII i s a r a the r detai led taxonomy of s tochas t ic s y s t e m s . 

In a s e n s e , th is chapter supplements chapter III s ince it e l abo ra t e s 

on the p rob lem of the va r ious fo rms uncer ta in ty may take in a dynaraic 

p rob l em and shows the sou rces (c lasses ) identified in chap te r III 

to be special c a se s of a m o r e genera l s t r u c t u r e . Chapter VII i s , 

t h e r e f o r e , d e s c r i p t i v e , but chapter VIII p r e s e n t s the actual analyt ica l 

tools that may be employed in solving the p r o b l e m s , and chap te r 

IX i l l u s t r a t e s how this can be done. 



CHAPTER VI 

INTRODUCTION OF THE TOOLS 

In p r inc ip le , tools have s e i v a n t ' s s t a t u s . The best choice 
of tools depends on the p rob lem a r e a se lec ted and on the 
extent to which at l eas t pa r t i a l a n s w e r s have been found. . . 
If we look with a h i s t o r i an ' s i n t e r e s t at the development of 
a s c i ence , however , we find that tools have a life of the i r 
own. . . The solution of impor tan t p rob lems may be delayed 
because the requis i te tools a r e not pe rce ived . Or ava i l ab i ­
l i ty of ce r t a in tools may lead to an a w a r e n e s s of p r o b l e m s , 
impor tan t or not, that can be solved with the i r help . . . 

Koopmans [68 , p . 110] . 

Dor fman ' s recent a r t i c l e [3 1 ] shows how opt imal control theory 

has helped in the solution of p rob lems that could not even be formula ted 

before the tool was applied. The examples cited by Dorfman a r e the s t a ­

t i ona ry s ta te of the c l a s s i ca l economis t s and the equ i l ib r ium of Bohm -

B a w e r k ' s theory of the per iod of product ion. Dorfman argued that both 

of t he se examples "descr ibe the state of affairs in which fur ther capi tal 

accumula t ion is not wor thwhi le" , and that even though such ana lys i s is 

"poorly suited to an unders tanding of capital accumula t ion and economic 

growth , no other technique seemed avai lable for m o s t of the h i s to ry of 

capi ta l t h e o r y " . If the foregoing is t rue on the d e t e r m i n i s t i c l eve l , it is 

probably m o r e t rue in s tochast ic s i tua t ions . 

Reference has a l r eady been made in Chapter I to the works of 

Arrow, B u r m e i s t e r and Dobell , and Shell as economic appl ica t ions of 

d e t e r m i n i s t i c optimal control t heo ry . Although t h e r e a r e s t i l l a number 

of unreso lved i s sue s in the theory as well as in the economic appl icat ions 

of d e t e r m i n i s t i c optimal cont ro l , the s u c c e s s so far achieved by the above 

_ 

See Dobell [28, pp. 4 6 - 4 7 ] and Dobell and Ho [29 p . 7 ] for some of 
t h e s e i s s u e s . Notable among the i s sues is the so -ca l l ed " s ingu la r " 
p r o b l e m , which is of keen i n t e r e s t to the economis t . 
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named w r i t e r s , among o t h e r s , s e e m s to indicalc that it would be fruitful to 

inves t iga te how the theory of s tochast ic optimal control might help in 

the solution of dynamic economic p rob lems under uncer ta in ty such as 

those surveyed in chap te r III. 

Stochast ic control theory is a ve ry broad subject . The p r o ­

b l e m s with which it is concerned a r i s e when the re is a need to control 
2 

dynamica l s y s t e m s involving vuicertainty in one form or the o ther . 

F o r analyt ical p u r p o s e s , one a s s u m e s that the dyna.mical sy s t em can be 

d e s c r i b e d by sy s t ems of s tochast ic differential or difference equa t ions . 
3 

The theory then a d d r e s s e s itself to the following th ree p rob lem a r e a s : 
(a) ana lys i s the p rob lem of de te rmin ing the s t a t i s t i ca l p r o -

4 
pe r t i e s of the sys tem v a r i a b l e s . 

(b) p a r a m e t r i c optimizat ion - given a sys t em and a control with 

a given s t r u c t u r e , but with unknown p a r a m e t e r , 

how a r e the p a r a m e t e r s to be adjusted in o rde r to 

optimize the sy s t em with r e spec t to a given c r i t e r i o n ? 

(c) s tochas t ic optimal control - given a sys t em and a c r i t e r i o n , 

find a control law which opt imizes the c r i t e r i o n . 

The p r e sen t work is l imi ted only to the th i rd of the above t h r e e 

p r o b l e m s a r e a s , namely: the p rob lem of s tochas t ic opt imal cont ro l . 

2 
Some of the ways uncer ta in ty may enter into the problem were d i scussed 
in chapter III which dealt with sou rces of unce r t a in ty . More will be in ­
t roduced in chapter VII . 

3 
See A s t r o m [ 9 , p . 6 ] . 

4 
This is the p rob lem of smoothing, f i l ter ing and pred ic t ion . 
See definition VI. 11 below. 

5 
This is the p rob lem of p a r a m e t e r adaptive con t ro l . 
See definition VI. 12. 
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Opt imal control theory has t radi t ional ly employed two well-known too ls : 

the m a x i m u m pr incip le and dynamic p r o g r a m m i n g . On the d e t e r m i n i s t i c 

l eve l both of these tools have been widely applied to a va r i e ty of economic 

p r o b l e m s . On the s tochast ic leve l , only dynamic p r o g r a m m i n g has been 

appl ied . T h e r e is leg i t imate i n t e r e s t in what addit ional i n s igh t s , if anY / 

can be obtained f rom the application of the s tochas t ic max imum pr inc ip le 

to p r o b l e m s of the type only s tochast ic dynamic p r o g r a m m i n g has h i ther to 

been appl ied. 

So f a r , the appeal of dynamic p rog ramming (both d e t e r m i n i s t i c and 

s tochas t ic ) to economis ts as well as to other sc ien t i s t s has been due m o r e 
. 7 

to i t s feas ib i l i ty as a p rac t i ca l a lgor i thm, then to i ts qual i ta t ive p r o p e r t i e s . 

On the o ther hand, the appeal of the m a x i m u m pr inc ip le d e r i v e s , be s ide s 
Q 

i t s m o r e gene ra l ma themat i ca l validity, f rom i ts qual i ta t ive p r o p e r t i e s 

which a r e invaluable to the economis t . The m a x i m u m pr inc ip le concepts 

such as the Hamil tonian and the t r a n s v e r s a l i t y condit ions which have been 
9 

given meaningful economic in te rp re ta t ions have e i ther no s t ra igh t forward 

coun t e rpa r t in dynamic p rog ramming or if such coun te rpa r t s ex is t , they 

have not been adequately s tudied. The main focus of the p resen t work , 

t h e r e f o r e , will be the s tochast ic m a x i m u m pr inc ip le as a d i r ec t coun te rpa r t 

of the Pon t ryag in ' s de t e rmin i s t i c m a x i m u m pr inc ip l e . The re la t ionsh ip 

be tween the m a x i m u m pr incip le and dynamic p r o g r a m m i n g will be d i s cus sed 

in chap.VIII , and will be used to advantage in the economic i n l e rp re l a t i ons 

of chap te r IX . However , before descr ib ing the m a x i m u m pr inc ip l e , a few 

8 

9 

The works of P h e l p s , L e v h a r i - S r i n i v a s a n . Samue l son -Mer lon , Hahn and 
o the r s surveyed in chapter III above, all employ s tochas t ic dynamic p r o ­
g r a m m i n g . 

The only a t tempt (known to the p re sen t w r i t e r ) at a qual i ta t ive economic 
in t e rp re t a t i on of dynamic p r o g r a m m i n g is impl ic i t in F a m a [36, p . 166] . 
In the context of mu l t i -pe r iod consumption inves tment dec is ion under 
unce r t a in ty , the opt imal value function of dynamic p r o g r a m m i n g J ° is 
"the re levant ut i l i ty function for t i m e l e s s gambles taking place at per iod 1". 

See Pont ryagin [104, p . 7 3 ] , Fel 'dbaum [38, p . 85 ] and Wishar t [14 3, p . 3 14]. 

E . g . , t hc works of A r r o w , Dorfman, Shell and o the r s cited above . 
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preliminaries are in order. The next section catalogues required defini 

tions, propositions and theorems from the theory of probability and 

stochastic processes. The section may be skipped by the initiated without 

loss of continuity. The importance of chapter VII should be obvious after 

reading chapters VIII and IX, namely the revelation that only a small 

class of stochastic systems has so far received any attention from economists, 

Required definitions, propositions and theorems from the 
10 theory of probability and stochastic processes 

Definition VI. 1 Fields and Sigma (Borel) Fields 

A class F of co sets is called a field if it has the following pro­

perties: 

(i) n £ F 

where Q is an abstract space of points co ; 

(ii) if n is any natural number, and if 

A, . . . , A 6 F, then 
1 n 

n n 
UA. £ F, fl A. £ F. 
1 J i J 

A field F is called a o"-field a if it satisfies the following 

additional property: 
00 CO 

(iv) if A , A . . . , £ F, then u A. £ F, and fl A. £ F . 
1 J 1 J 

Given a class a of co sets, there is a unique a-field of co sets, 
m 

o (a ) with the properties 
m •"• 

(v) a c cr(a ) m rn 

(vi) if a. is a a-field of co sets and if a c a . , then o(a )ca, . 
i m 1 rn 1 

a (a ) is the smallest o -field of co sets which contains all the sets of a . 
m m 

10 
Complete treatment of topics mentioned here is available in standard 
texts' e.g. Loeve [03] and Doob [30] . 
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I t i s a l s o c a l l e d the a - f i e ld g e n e r a t e d by a . A B o r e l f ie ld i s a a - f i c ld 
_ m 

de f ined on the e x t e n d e d r e a l l i n e R . 

D e f i n i t i o n V I . 2 R a n d o m V a r i a b l e s 

A r a n d o m v a r i a b l e X i s a m a p p i n g f i o m Q to t h e e x t e n d e d r e a l 

l i n e R (the r e a l l i n e i n c l u d i n g +_ co ) s u c h t h a t 

X " 1 A £ a 

f o r a l l A £ B o r e l F i e l d ( a - f i e ld on R) w h e r e X i s the i n v e r s e m a 

pp ing of X ; i . e . X A = [co|X(co) £ A , co cil } 

S u c h a n X i s c a l l e d a - m e a s u r a b l e . 

D e f i n i t i o n V I . 3 E x p e c t a t i o n 

Def ine an i n d i c a t o r funct ion I . a s 
A 

I (co) = f 1 ' W € A 

AK ' <• 0 , co</ A 

T h e e x p e c t a t i o n of I i s def ined to be 

E I A = P A 
A 

w h e r e P i s a p r o b a b i l i t y m e a s u r e . 

A f in i t e l i n e a r c o m b i n a t i o n of i n d i c a t o r func t ions i s c a l l e d a s i m p l e 

f u n c t i o n . If 
m n 

X = T a . I = E b . I 
l r r l 1 A . 4_1 j B . 

1 J - 1 J J 
w h e r e A and B . a r e m e a s u r a b l e , i . e . A . , B . £ a , t hen t h e e x p e c t a -

i J i J 
l i o n of X i s de f ined to be 

m n 
EX = E a. P A . = E b . P B . 

! i i 1 J J 

If X i s a n o n - n e g a t i v e r a n d o m v a r i a b l e , and if [X } and fY ) a r e two 
° L n- n 

s e q u e n c e s of m e a s u r a b l e s i m p l e func t ions such t h a t 

X ->X and Y -?- X 
n n 
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then 

lim EX = lim EY 
n n 

and this common value is defined to be EX. The expectation of a 

random variable X on ( D., a, P) is defined to be 

EX = EX+ EX" 

where 

X+ = max (X,0) , X = max(O.-X) 

EX is also written as 

EX = JXdP 

Definition VI. 4 Absolute Continuity 

Suppose two probabilities P and Q are available for the same 

( fl,a). P is said to be absolutely continuous with respect to Q, 

(written P << Q) if Q(A) = 0 implies P(A) = 0. 

Proposition VI. 1 Radon-Nikodym Theorem 

P < < Q if and only if there exists a measurable function f 

(written as dP/dQ) such that 
12 

(i) f > 0, Q almost everywhere; 

(ii) PA = J fdQ for arbitrary Ac a, J fdQ < co ; 

(iii) Q is unique almost everywhere. 

The function f is a measurable function if for every open set G 
in the real number system, f"1 (G) is a measurable set. 
See Munroe [93, chapter IV ] . 

12 
That is, except on a set of probability zero. 
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Definition VI. 5 Conditional Expectation 

'Let ( Q, a, P) be a given probabi l i ty t r i p l e , E a sub - s igma 

field of a and X a random var i ab le such that 

; | x | d p < „ 

It can be shown by the Radon-Nikodym theo rem that t h e r e ex is t s a 

function h such that 

(i) h i s E m e a s u r a b l e , 

(ii) J"A
hdP = J \ XdP for all A £ E 

(iii) h is unique, P a lmos t e ve rywhe re . 

This function h is wr i t ten as E ( X | E ) and is called the conditional ex­

pecta t ion of X with r e spec t to E . 

Definition Vl .6 Stochastic P r o c e s s 

A s tochast ic p r o c e s s [X (co), t £ T l may be defined intuit ively 

as a family of random va r i ab le s indexed by some set T , and which a r e 

al l defined on the same probabil i ty t r ip le (fi,a , P ) . If X is d i s c r e t e 

for each t £ T, then the p rob lem is said to have a d i s c r e t e s ta te s p a c e . 

S imi la r ly , if X is continuous valued, then the p rob lem is said to 

have a continuous s tate space . The index set T i tself may be d i s c r e ­

te or cont inuous . If it is d i s c r e t e (continuous) then the s tochast ic 

p r o c e s s i s said to be a d i s c r e t e (continuous) p a r a m e t e r s tochas t ic 

p r o c e s s . 

A formal definition is given as follows. Let a probabi l i ty t r i p l e 

(fi, a , P ) and a p a r a m e t e r set T be given a p r i o r i . A s tochas t ic p r o ­

c e s s is then defined to be a finite rea l valued function X(t,co) which 

for every fixed t£ T is a a - m c a s u r a b l e function of co£ Q, 

Note: (1) The set T does not have to r e p r e s e n t t ime ; 

(2) The s tochas t ic p r o c e s s is not defined for -co and +oo 
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Definition VI. 7 Sample Function 

The s tochas t ic p r o c e s s [X(t), t £ T ) is in rea l i ty a function of 

two a rgumen t s [X(t ,co), t £ T ,co£ Q] . F o r fixed value o f t , X(t, •) 

i s a function of the sample space Q, or equivalenl ly, X(l, ' ) i s a 

r andom v a r i a b l e . On the other hand, for fixed co£0, X(- , co) is a 

function of t that r e p r e s e n t s a poss ib le observa t ion on the s tochas ­

t ic p r o c e s s (X(t) , t £ T] , The function X(- ,OJ) is cal led a rea l iza t ion 

or sample function of the p r o c e s s . 

Definition VI. 8 Markov P r o c e s s 

A d i s c r e t e p a r a m e t e r s tochast ic p r o c e s s x(k), k = 0 , 1 , . . . , N 

is said to be Markovian if 

P [ x ( k + l ) | x (k), x(k - l ) , . . . , x ( 0 ) ] = P [ x ( k + l ) | x ( k ) ] (6.5) 

for al l k; that i s , the probabi l i ty densi ty function of x (k + 1) depends 

only on knowledge of x(k) and not on x(k i ) , i = 1 , 2 , . . . Fo r the conti­

nuous c a s e , a p r o c e s s is Markovian if it i s complete ly specified by 

giving the joint densi ty function 

P [ x ( t ) , x(T)] for all t , T <S (t , t ) . (6.6) 

Since 

P [ x ( t ) , X ( T ) ] = P [ x ( t ) | X ( T ) ] P [ X ( T ) ] (6.7) 

a Markov p r o c e s s is a lso complete ly specified by giving the densi ty 

functions 

P [ x ( t ) | X ( T ) ] and P [ X ( T ) ] Vt, T G ( t ^ ^ ) (6.8) 

P ropos i t ion VI. 2 The Markov P r o p e r l y 

"The na tu ra l and pe rhaps the only s tochas t ic extension of the 
13 

de t e rmin i s t i c concept of s ta te is the Markov p r o c e s s . " Fo r the 

13 
Kushner [ 7 4 , p . 334] . 
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Markov p r o c e s s , knowledge of the p re sen t s ta te e l imina tes all need 

for knowledge of the p a s t . 

P ropos i t i on VI. 3 The Genera l i ty of the Markov P r o p e r t y 

Given any d i s c r e t e (continuous) s tochast ic p r o c e s s that depends 

on the finite pas t (involving a finite number of t ime de r iva t ives ) , one 

can always conver t it to an equivalent Markov p r o c e s s by p rope r ly 
14 

redefining the s ta te space . 

P ropos i t i on VI. 4 

A l i nea r combination of Gauss ian random vec to r s is a l so a 

Gauss ian random v e c t o r . 

Definition VI.9 

A G a u s s - M a r k o v p r o c e s s is a Markov p r o c e s s with the added 

r e s t r i c t i o n that 

P [x(k)] and P [x(k + 1) ] x(k)] 

o r 

P [x(k)] and P[x( t ) | X(T )] 

a r e Gauss ian probabi l i ty densi ty functions for all k , or for all t , 

in ( tQ. t j ) . 

P ropos i t ion VI. 5 The Gauss -Markov P r o p e r t y 

A d i s c r e t e (continuous) Gauss -Markov p r o c e s s can always be 

r e p r e s e n t e d by the s ta te vector of a mul t i s tage (continuous) l inea r 

dynanic sys t em forced by a Gauss ian pure ly s tochas t ic p r o c e s s in 
15 

which the ini t ia l s ta te is Gauss i an . 

14 
See Bryson and Ho [19. pp . 317 and 328] , Hakansson and 
Liu [59, p . 386] , Aoki [ 2 , chap IV] . 

15 
See Bryson and Ho [19. pp . 320, 328-9] . 
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P ropos i t i on VI. 6 

The t r ans i t ion probabi l i t ies of Markov p r o c e s s e s a r e governed 

by l inear equations even if the or iginal s tochast ic differential equa­

t ions a r e highly n o n - l i n e a r . 

Definition VI. 10 "Open" v e r s u s c losed- looped sys t ems 

In the p r e s e n c e of s tochast ic e l emen t s , control is much m o r e 

meaningful if it is of the " c lo sed - loop" or feedback type than if it 

is of the "open loop" . In open-loop cont ro l , the control u i s s tated 

only a s a function of t ime t . This r e q u i r e s the sys tem being p r o g r a m ­

ed in advance to give the des i r ed output (state va r i ab l e s x) , which 

may v a r y with t . Under the c losed- loop approach , the cont ro l (input) 

i s s ta ted as a function of both the state va r i ab le x and t ime t . 

Accord ing to A s t r o m [7, p . 174], this impl ies that the s ta te va r i ab l e s 

m u s t be quant i f iable . One may liken the open loop approach to a 

once -and - fo r - a l l dec is ion , w h e r e a s closed loop cal ls for sequent ia l 

dec is ion making . One has to compare input with output (or some function 

of the output) and use the difference to act ivate the control e l e m e n t s . 

One of the shor t - comings of de te rmin i s t i c opLimal control theory is that it 

does not make the appropr ia te distinction between open loop and closed 
17 

loop c o n t r o l s . In fact , for de te rmin i s t i c s y s t e m s , open loop and 

closed loop cont ro ls yield the same r e s u l t s , whe reas for s tochas t ic 

and adaptive s y s t e m s this is not so . The dist inct ion between open 

loop v e r s u s closed loop sys t ems on the one hand, and pure ly s tochast ic 

and p a r a m e t e r adaptive sys t ems on the other hand, is to be careful ly 

16 
A s t r o m [7, p . 1751 

17 
See A s t r o m [ 9 , pp . 2-3] . 

1 8 See Dreyfus [33, p . 209], Whittle [142, p . 325] 
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19 b o r n e in mind . 

Definition VI. 11 

The p r o c e s s of es t imat ing the most likely values of the s la te 

v a r i a b l e s i s cal led "smooth ing" , " f i l t e r ing" o r "p red i c t i on" , 

depending on whether one is es t imat ing the "past" , the " p r e s e n t " 

or the " fu tu re" values of the s ta le v a r i a b l e s . 

Definition VI. 12 Dual (adaptive) Control 

When the c h a r a c t e r i s t i c s of the sys t em noise (disturbance) or 

some other p a r a m e t e r s of the sy s t em a r e unknown, one mus t use the 

cont ro l function to both control the sys tem and to e s t ima te the p a r a ­

m e t e r s . This has been called "dual con t ro l " by F e l ' d b a u m [38 , p . 3 1 ] 

and "adapt ive con t ro l " by Aoki [ 2 , p . 10] . 

Definition VI. 13 " P u r e l y " s tochast ic control s y s t e m 

A s tochas t ic control sys t em is said to be "pure ly s t o c h a s t i c " if 

all the v a r i a b l e s involved have known probabi l i ty d i s t r i bu t ions , or at 

l ea s t have known f i r s t , second, and poss ib ly , h igher m o m e n t s . 

Let 

xt+ i = g t ( V V V'"-0' 1 - - - - ' T ( 6 - 9 ) 

w h e r e 

co is a r andom d is tu rbance ; 

u is the action (control var iable) of the decis ion m a k e r ; 

x is the s ta te va r i ab l e ; 

g is a given t r ans fo rma t ion function; and 

t is the t ime index. 

See definitions VI. 12 and VI. 13 below. 
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The stochastic case occurs when the joint probability density function 

(p.d.f) of co co . . . , co is known to be P(w co . . . ,co ) where 

co co . . . ,co are not necessarily independent. In the adaptive case, 

the joint p.d.f. of co co . . . ,co given 0 is known to be q(to
n> • • • >W

T|8)< 

where Q is an unknown (possibly vector) parameter, and the "prior" 

joint p.d.f. of 0 is known to be L(0). 

Proposition VI. 7 

Adaptive stochastic systems are reducible to purely stochastic 

ones. 

Proof: 

The proof of the proposition is reproduced here because it is quite 

short. Define the function v by 

VV ufxt+i) = J t ( x f u f g t ( x f u f wt)} f r o m ( 6 9 ) 

- v t(x t, u t , cot) (6.10) 

In the adaptive case, the expectation EJ of (6.10) is given by 

T 
E J = J . . . J [E vt(x ut,cot)] q((Ool...)<oT|e)L(e)dw(),...dcJTd0 

0 (6.11) 

and the (marginal) joint p.d.f. of co . . . ,co is known, since 

P(u 0 , . . . , co T )= Jq(coo , . . . ,coT | 0) L(0)d0 (6.12) 

Since the v are independent of 0 , equation (6.11) can be re-written as 
T 

E J = [ \ , , r [E v (x ,u OJ )] P(co . .,co )dco dco (6 .13 ) 
J J

 n t t t t 0 T O T 

which is simply the expression for the total output J for the stochastic 

. . . , 20 
case. Hence, the proposition is proved. 

20 
See Miyasawa [91, pp. 275-76] 
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Definition VI. 14 Stat ionari ty 

Intui t ively, a s ta t ionary p r o c e s s is one whose d is t r ibu t ion r e ­

m a i n s the same as t ime p r o g r e s s e s . In o r d e r to give a m o r e formal 

definition of s ta t ionar i ty define a l inear index set T as an index set 

with the p rope r ty that the sum I + h of any two m e m b e r s t and h of T 

a l so belongs to T . Examples of a l inear index set a r e : (1) T = [ 1 , 2 

(2) T = ( 0 , + 1, + 2, . . . .} and (3) T = (t : I ^ 0 ] . Then a s tochas t ic 

p r o c e s s whose index set T is l i n e a r , is said to be 

(a) s t r i c t ly s ta t ionary of o rde r k, where k is a given posi t ive 

i n t ege r , if for any k points t , , . . . , t, in T , and any h in T , 
I k 

the k -d imens iona l r andom vec to r s 

[ X ( t x ) , . . . , X(tk)] and [X(t1 + h ) , . . . , X(t k + h)] 

a r e ident ical ly dis t r ibuted; 

(b) s t r i c t ly s ta t ionary if for any in teger k it is s t r i c t ly s ta t ionary 
of o r d e r k . 

21 
(c) covar iance s ta t ionary if it p o s s e s s e s finite second momen t s 

and i t s covar iance ke rne l K(s , t ) is a function only of the abso­

lute difference | s - l | , in the sense that t h e r e ex i s t s a function 

R(v) such that for al l s and t in T 

K(s , t ) = R(s - I); 

or m o r e p r e c i s e l y , R(v) has the p rope r ty that for every t and v 

in T 

cov [X(t), X(t + v)] = R(v). 

R(v) is cal led the covar iance function of the s ta t ionary p r o c e s s 

f X(t), t £ T] . Fo r mos t p r ac t i ca l app l ica t ions , covar i ance 
21 

Covar iance s ta t ionary is also known as "weakly s t a t i ona ry" , 
"s ta t ionary in the wide s e n s e " , or " second o r d e r s t a t i ona ry" 
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s ta t ionar i ty suffices, and the m o r e mathemat ica l ly involved concept 

of s t r i c t s ta t ionar i ty is not r equ i red . 

The notion of s ta t ionar i ty de r ives i ts impor tance f rom the 

fact that the ergodic t heo rem was f i r s t proved for s ta t ionary p r o -
22 

c e s s e s . 

Definition VI . 15 Ergodic i ty 

Ergodic i ty deals with the p rob lem of de te rmin ing the s t a ­

t i s t i c s of a p r o c e s s X( co, t) f rom a single obse rva t ion . X(co,t) is 

e rgodic in the m o s t genera l fo rm if (with probabil i ty 1) a l l i ts s t a ­

t i s t i c s can be de te rmined from a single sample function X(co , • ) of 

the p r o c e s s . 

Definition VI . 16 Markov Chain and I r reduc ib i l i ty 

A Markov chain is said to be i r r educ ib l e if all p a i r s of 

s t a t e s of the chain communica te , so that the chain cons i s t s of 

exact ly one communicat ing c l a s s . Two s t a t e s , j and k, a r e said to 

communica te if j is access ib l e f rom k, and k is a cces s ib l e f rom j . 

A s ta te k is said to be access ib l e f rom a state j if for some in­

t e g e r N ;> i , P . , (N) > 0 . 

Jk 

Definition VI . 17 Separabi l i ty 

A p r o c e s s [X (co), t £ T] is said to be sepa rab le if t h e r e 

ex i s t s a countable set S c T and a fixed null set A such that for any 

c losed set K c(-co. <x>) and any open in te rva l I the two se t s 

[co : X (co) £ k , t £ I D T ] and {co : X (co) £ k , t £l QS] differ by 

at mos t a subset of A . 

22 

See P a r z e n [96, p . 72] . 
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Propos i t ion VI. 8 

F o r every s tochast ic p roces s [X , t £ T ] the re exis ts a 

p r o c e s s [X , t £ T ] defined on the s ame probabil i ty space such 

tha i 
A. 

(i) (X , t £ T ] is separab le 
A 

(ii) P(X = X ) = 1 for each t £ T. 

Definition VI. 18 Wiener -Brownian Motion P r o c e s s 

A s tochas t ic p r o c e s s (X(l), t ^ 0} is said to be a W i e n e r -

Brownian motion p r o c e s s if 

(i) (X(t), t ^ 0 ] has s ta t ionary independent i n c r e m e n t s ; 

(ii) F o r every t > 0, x(t) is normal ly d i s t r ibu ted ; 

(iii) F o r all t > 0, [E X(t) ] = 0 

(iv) X(0) = 0 

Because of p r o p e r t i e s (i) and (iv), to stale the probabi l i ty law of the 

s tochas t ic p r o c e s s X(t), it suffices to state the probabi l i ty law of the 

i n c r e m e n t X(t) - X(s) for any s < t . Since X(t) X(s) is n o r m a l , i t s 

probabi l i ty law is de te rmined by i ts mean and v a r i a n c e . It can be 

shown that 

(v) E[X(t) X(s) ] = 0, and 

the varia.nce of X(t) - X(s) is p ropor t iona l to (t s ) , 

i . e . } 

(vi) v a r . [X(t) X ( s ) ] = <? | t - s \ 

The probabi l i ty law of a Wiener p r o c e s s i s , t h e r e f o r e , de t e rmined by 
2 

p r o p e r t i e s (i) to (iv) up to a p a r a m e t e r a - an e m p i r i c a l constant 
which mus t be de t e rmined f rom o b s e r v a t i o n s . 



CHAPTER VII 

CLASSIFICATION O F STOCHASTIC SYSTEMS 

One poss ib le c lassif icat ion of s tochast ic s y s t e m s , name ly , 

"purely s t ochas t i c " and "pa r ame te r adapt ive" , is a l ready obvious 

f r o m the definit ions VI. 12 and VI. 13 of the preceding c h a p t e r . Another 

app roach is to formula te a ve ry general model of s tochas t ic s y s t e m s , 

and then exemplify va r ious types of control s y s t e m s by va ry ing the 

a s sumpt ions on the p a r a m e t e r s and /o r va r i ab l e s of the s y s t e m . Using 

th i s approach Aoki [2] , has identified seve ra l different c l a s s e s of 

con t ro l s y s t e m s . While the sequel is r a the r c lose to the Aoki c l a s s i ­

f icat ion and p resen ta t ion , a different c r i t e r i o n of c lass i f ica t ion will be 

e m p h a s i z e d , namely ; whether or not the sys t em is amenable to the 

"ce r ta in ty equivalence p r inc ip le" of Simon [121 J and Theil [132] . This 

i s , indeed, a useful c lass i f icat ion since it is wellknown that for s y s t e m s 

obeying the cer ta in ty equivalence p r inc ip le , the functional fo rm of the 

opt imal cont ro l is unaffected by the p r e s e n c e of s tochas t ic e l ement s in 

the m o d e l . 

The ce r ta in ty equivalence pr inciple has a l so been dubbed the 

" sepa ra t ion t h e o r e m " because when the pr inc ip le ho lds , the p rob lem 
2 

of opt imal control divides into two sepa ra t e p a r t s : the es t ima t ion of 
the s ta te v e c t o r s f rom the observat ion data ; and the de te rmina t ion 

1 
E . g . , see Bryson and Ho [19, p . 4 1 4 ] . S t r ic t ly speaking, the 
ce r t a in ty equivalence pr inc ip le is not the same thing-as the s e p a r a ­
t ion t h e o r e m . The re la t ionsh ip between separab i l i ty and ce r t a in ty 
equivalence is the subject of a recen t a r t i c l e by Pa tche l l and Jacobs 
[ 9 8 ] . As has been shown t h e r e , separab i l i ty is a n e c e s s a r y condition 
for ce r ta in ty equivalence , whereas a condition known as "neut ra l i ty" 
may be sufficient, but has not yet been proved . 

2 cf. the separa-tion t h e o r e m of portfolio theory cited in s e v e r a l con tex ts . 
e . g . , see pp 4 and 81 above . 
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3 
of the feedback law f rom the cor responding d e t e r m i n i s t i c s y s t e m . 

The study of sys t ems which satisfy the cer ta in ly equivalence pr inc ip le 

i s the subject of a new book by A s t r o m [9 ] . 

1. The Cer ta in ty Equivalence P r inc ip l e 

The cer ta in ty equivalence pr inciple is the name given to the 

p r o c e d u r e of obtaining control policies for s tochas t ic s y s t e m s by con­

s ide r ing the optimal control pol icies for the re la ted d e t e r m i n i s t i c 

s y s t e m s where the random va r i ab l e s a r e rep laced by the i r expected 

v a l u e s . When the optimal control pol icies for the d e t e r m i n i s t i c 

s y s t e m thus obtained a r e a lso optimal for the or iginal s tochas t ic 

s y s t e m s , one says that the cer ta in ty equivalence pr inc ip le ho lds ; 
4 

o the rwi se , the si tuation is that of "cer ta inty difference p r i n c i p l e " . 

The conditions under which the cer ta in ty equivalence pr inc ip le 
5 

holds a r e given below without proof. The conditions given h e r e a r e 

for continuous s y s t e m s . Analogous conditions hold for d i s c r e t e t ime 

and a r e , t h e r e f o r e , omit ted. 

Condit ions for Validity of the Cer ta in ty Equivalence P r i n c i p l e : 

1. The c r i t e r i on functional mus t be q u a d r a t i c . 

2 . The t r ans i t ion equation, 

x = F(t)x + H(l) u + w(t) (7.1) 

and the observat ion equation 

y(T) - G(T) X(T) + T](T) (7.2) 

m u s t be l i n e a r . 

3 Aoki [2, p . 51] 

4 
Dreyfus [33 , p . 224] . 

5 
F o r proof, see Bryson and Ho [19, P P 4 1 4 - 1 6 , 428 -32 ] 
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3 . The sys t em noise co(t) and the observat ion noise Tj (I) must be 

white gauss ian vector p r o c e s s e s ; that i s , they must obey 

E 
« (t) 

Tl (t) 

1 
[ " ' ( T ) , T 1 ' ( T ) ] = 

Q (t) N (t) 

N'(t) R (t)J 
6(1- T) (7.3) 

w h e r e the p r i m e denotes t ranspos i t ion and 6 ( I - T ) is the Dirac delta 

function. 
j 

and 
E [ co(t)] = E [ H ( t ) ] = E(x(tQ)] = 0 (7-4) 

4 . x(t ) mus t be a gauss ian random vec tor independent of co(l) and 

71(1)- that is 

E [x(tQ)x 7 ( t 0 ) ] = P 0 , E[x(t0)-h '( t)] = E[x(t0)co'(t)] = 0 (7.5) 

These a r e r a the r strong condi t ions . Note that conditions 3 and 

4 toge ther imply that the v a r i a n c e - c o v a r i a n c e of T|(t) mus t be indepen­

dent of u( t ) . This is impor tan t , for without i t , it is easy to cons t ruc t 

examples obeying conditions 1 to 4, and for which the ce r t a in ty equiva-

lence pr inc ip le does not hold . Condition 1 const i tu tes a s e r ious 

se tback for the use of the cer ta in ty equivalence pr inc ip le in the econo­

mic context when the c r i t e r ion is a utili ty functional. In chapter IV 

the handicaps of the quadra t ic uti l i ty function w",re noted . In p a r t i ­

c u l a r , it -was noted that with a quadra t ic ut i l i ty uncer ta in ty is of no 

s ignif icance. B e s i d e s , the fact that the quadra t ic uti l i ty function 

alone does not guaran tee the validity of ce r ta in ty equivalence pr inc ip le 

i s demons t r a t ed by the fact that in the examples given beTow, a qua­

d ra t i c c r i t e r ion is taken in each c a s e , but not eve ry ca se sa t i s f ies 

the pr inc ip le of cer ta in ty equivalence . 

F o r example , see Dreyfus [ 33 , pp . 222-4] 
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2 . A Genera l Model of Stochastic Optimal Control 

(a) D i sc re t e t ime form 

Consider a control sys tem descr ibed by 

t + i t t t t i 

and obse rved by 

» t = H t ( x t . n t . B t ) . y t « Y t (7.7) 
7 

The c r i t e r i o n functional is taken as 
T 

J = E ,.V.(x.>u , ) , T"V i 0 , u £ U ( 7 . 8 ) 

t t t - 1 I t t 

N o t a t i o n 

1. x denotes s ta te v a r i a b l e s , and u control v a r i a b l e s ; 

2 . co and T| a r e random noises in the sys t em dynamics (equation (7 

and observa t ion device (equation(7 .7)), r espec t ive ly ; 

3 . a and 6 a r e unknown p a r a m e t e r vec to r s 

a £ {P} and R c /p) 
-where ^Pj and fP) a r e p a r a m e t e r s u b - s p a c e s , a and 3 may be 

t i m e - v a r y i n g or t ime - inva r i an t . 

4 . The subsc r ip t t denotes t ime period 

(b) Continuous t ime form 

Consider a s tochast ic control sys t em desc r ibed by 

x (t) = F [ x(t) , u( t ) , 0.(1), Q(t), I] (7-9) 

7 
Aoki [ 2 , P . 391 r e q u i r e s that the function W > 0. but it is not 
c l ea r why this is n e c e s s a r y 
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and obse rved by 
I 
y(t) = H(x(l) . Hfl), e ( D , l ) ; y(t) e Y(t) (7.10) 

The c r i t e r i o n is taken as 
T 

J = J F(x(t) , u( l ) , l ) + 0 (x (T)); u(t) £ U(t), W = F + 0 (7.11) 
o 

The above formulat ion will now be specia l ized to a number of 

c a s e s . Fo r i n s t ance , the c r i t e r i on function (7.8) or (7.11) can be 

reduced to t e r m i n a l value p rob lems by putting W = 0, t= 1 , . . . ,T- 1 

and taking W to be a function of x only (equation 7.8) or by 

sett ing F equal to ze ro in (7 .11) . For the purpose of i l l u s t r a t ion , 

a number of one-d imens iona l examples a r e given below. F o r 

s impl ic i ty , only d i s c r e t e t i m e - f o r m , t e r m i n a l value p rob lems a r e 

o 

cons ide red , and the cons t ra in t on the control u is ignored . Need­

l e s s to say that any combination of the c l a s s e s in the sequel is i tself 

a conceivable c l a s s . 

3 . Sys tems Obeying the Cer ta in ty Equivalence P r inc ip l e 

(1) A de t e rmin i s t i c control sys t em 

This sys t em is included in th is sect ion to facil i tate compar i son 

•with non-de te rmin i s t i c sys t ems to be cons idered l a t e r . Consider a 

specia l case of equation (7.6) wr i t t en as 

xA . = ax - bu 0 -s t s T - 1 (7.12) 

t +1 t t 

and observed by 

y = x , 0 <; t < T 1 (7.13) 

The examples a r e all drawn from Aoki [2] . 
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Take a c r i t e r i o n function of the fo rm 
I 
J = x ^ = ( a x T _ 1 - b u ^ ) 2 (7.14) 

x , a, b , and u a r e taken to be sca l a r quant i t ies , and the p a r a m e t e r s 

a and b a r e a s sumed known. It is easy to show that the opt imal control 

u which m a x i m i z e s the c r i t e r ion J subject to the cons t ra in t of equation 

(7 . 12) i s 

u = ax / b (7.15) 

(2) A Stochast ic Control System with Random Time Constant . 

The sy s t em is the same as that of example (1), except that the 

constant "a" is now replaced by a sequence [a 1 of independent and 

ident ical ly d is t r ibuted random va r i ab le s with known mean 0 and known 
2 , 2 

v a r i a n c e a • Also , the c r i t e r ion function is s t i l l the same x , except 
that x „ is now a random v a r i a b l e . The optimal control mus t now max i -

T ^ 

m i z e the expected value of J, E J . 

Cons ider the p rob lem of choosing u at the ( T - i ) t h control s t age . 

Since 

E J = E x T = E [ E ( x T | x 0 , x 1 , . . . x T l , u ( ) , u 1 , . . . , u T _ 1 ) ] (7.16) 

w h e r e the outer expectation is taken with r e spec t to the random va 
9 2 

r i ab l e s x r t , x , . . . , x m , E x m is max imized by maximiz ing the inner 
0 1 T - 1 T 

conditional expectation with respec t to u for every poss ib le col lect ion 

of x 0 , . . . , x T _ 1 , u 0 , . . . , u T _ r 

9 
F o r non-randomized c losed- loop control po l ic ies , u , . . . ,u a r e 
some definite functions of x„ , . . . , x for any given control policy. 
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(Substituting for x^ from (7. 14), 

E(x2 |x0 , x 1 , . . . , x T _ 1 , u o , . . . , u T 1 )=E(a T _ 1 x T _ 1 -bu T _ 1 ) 2 

= (?X
T-1 " b u T - i ) 2 + " T - I ( 7 , 1 7 ) 

Hence 

UT-1 = Q X T - i / b ( ? ° i 8 ) 

Comparison of equations (7. 18) and (7. 15) reveals that they are identical, 

except that "a" in (7. 15) is replaced by 0 in (7. 18). Hence the cer­

tainty equivalence principle holds. 

(3) Stochastic Control System with Noisy Observation 

This represents another modification to the system of example (1). 

The only change is in the observation equation (7. 13), which now becomes 

Yt = x
t + \ ° =s i £ T - 1 (7. 19) 

where TV is the noise in the observation mechanism (observation error 

random variable of the system at time t). The first and second moments 

of T) are assumed given. However, it is no longer possible to say (as 

was said for example (1)) that the control variable (7. 15) is optimal 

since what is known at time T-l is the collection y , . . . ,y rather 

than of x ; i .e . x is not available for the purpose of synthe­

sizing control variable u , . One must now consider closed-loop 

control policies where u is some deterministic function of the current 

and past observations on the system's stale variables, and of past 

employed controls. That is, the control is now taken to be 

ut = 0 t ( y O ' y i " - - ' y t ' no V i 1 ( 7 - 2 0 ) 

and the function 0 . . , 0 must be chosen to maximize EJ. 
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and 

Denote the conditional mean and va r i ance of x by 

E(x t | y 0 . . . . . y t ) * p t (7 .21) 

v a r (x t | y Q , . . . y t ) = a t o s t s T - 1 (7 .22) 

It is easy to verify that 

2 2 
E ( x T | y Q , y - r - i ' V * ' ' * U T - 1 ) = E ^ ( a X T - l " b u T - l ) ' 

V " ' y T - l ' U 0 ' - - - U T - l ] = ( a X T - r b U T - l ) 2 + a 2 a T - l ( ? - 2 3 ) 

By choosing u to max imize (7. 23) for given y . . , y , u , . . . , tL,_ 

_, 2 . . . , 
E x „ is max imized , since 

T 

E x 2 = E [ E ( x 2 | y T - \ u T _ 1 ) 3 1 0 (7 .24) 

F o r the ce r ta in ty equivalence pr inc ip le to hold in this c a s e , it is n e c e ­

s s a r y to add an ext ra assumpt ion , namely that <j i s independent of 

u ; i . e . the noise m u s t not be control dependent . With the impo­

si t ion of th is ex t r a a s sumpt ion , it i s s t r a igh t fo rward to show that 

• T -1 
u T l = a u T _ 4 / b = a E ( x T 1 | y ) / b u Q , u T _ 2 (7 .25) 

is optimal in the sense that this control policy m a x i m i z e s E J , and 

T - l T - l 2 2 
m a x E ( j | y , u ) = a a T _ 1 (7 .26) 

The problem of choosing u optimally is t he r e fo re reduced to that of 
T - l 

e s t ima t ing x given y by the conditional mean u 

(4) Stochast ic Control Sys tem with Additive T r a n s i t i o n Noise 

Again , the s y s t e m is the s ame as example (1), except that 

1 0 T - l T - l 
The notat ion y is used for y , . . . , y and u for u , . . . , u , 
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random disturbances are now added to the transition equation: 

x . = ax + bu + co (7.27) 
t+1 t t t 

xQ given 

Yt
 = x

t 0 s t < T-l (7. 13) 

where co are independent with 

E(co ) = 0 (7.28) 

E(co2) = a2 0 * t < T-l (7.29) 

Proceeding as in example (2) 

E(x2 | x T _ 1 , u T _ 1 ) = ( ax T - 1 - buT_ 1) 2 + ff2 _{ (7.30) 

since 

E(x lxm . , um .) = (axm _, bum ,) 
T T - i T-l T-l T-l 

and 

v a r ( x T | x T _ r uT_1) = a T 1 

because the conditional probability density P(x |x , u ,) is given 

by that of com J w i t h com J = xm ax„ J - bum . . 
> T-l T-l T T-l T-l 

From (7.30) optimal policy is given by 

UT-1 = a X T - l ^ b (7.31) 

since CL . is a constant independent of um . . Note that the effect 
T-l l T-l 

on EJ is similar to the effect of noisy observation in example (3). 
T - 1 

In both cases,the maximum of E(J j y ) is decreased by an amount 

proportional to the variance of the disturbances. Since the mean of co 

is zero, the system of example (1) is the deterministic system obtained 

from example (4) by replacing co by its mean, i . e . by applying the 

certainty equivalence principle to the system. Equation (7.3 1) is 

identical with (7. 15). 
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4 . Cer ta in ty Difference Pr inc ip le Syt-lcms or Sys tems 
Violating the Cer ta in ty Equivalence P r i n c i p l e . 

All of the above c l a s s e s c l ea r ly fall within the c l a s s label led in 

chap te r VI as "purely s tochas t i c " . One may conjecture that s y s t e m s 

obeying the ce r ta in ly equivalence pr inciple m u s t be "purely s t ochas t i c " , 

s ince none of the above p rob l ems has unknown d is t r ibu t ion p a r a m e t e r s . 

However , not all purely s tochas t ic sy s t ems a r e cer ta in ly equivalent , 

a s evidenced by the s t r ingent conditions given in sect ion 1 above. 

E a c h of the c l a s s e s can also be d i scussed in the p a r a m e t e r adaptive 

context . It t u rns out that none of them will be ce r t a in ty equivalent . 

(5) Stochast ic Control System with Unknown Time Constant 

Consider the sys t em desc r ibed by 

(7.32) 

(7.33) 

(7 .34) 

This is the same sys t em with that of example (1) except that the 

s ta te va r i ab l e s x a r e no longer exactly obse rved . Assume that the 

no i se in the observat ion (equation 7.33) p reven ts the de te rmina t ion of 

"a" exact ly by m e a s u r i n g the s ta te va r i ab l e s at two or m o r e d is t inc t 

t i m e i n s t a n t s . A s s u m e , the re fo re that "a" i s now a random va r i ab l e 

2 

but with known mean a and va r i ance a • The TL a r e a s s u m e d inde ­

pendent , and independent of "a" . This p rob lem is a s imple example 

of plant p a r a m e t e r adaptive control s y s t e m s . The cer ta in ty equiva­

lence pr inc ip le docs not apply. It r equ i r e s a much m o r e involved 

computat ion to show that opt imal control at t ime T - l i s given by 
U T - i = ^ T - i / b ( 7 ' 3 5 ) 

x t + i 

yt = 

J = 

= ax 
t 

Xt + 

2 
XT 

+ bu 

\ 
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i ^ xr t . T 1 T - l 11 
w h e r e a x ^ , ^ = E (ax t | y , u ) 

6. Stochast ic Control Sys tem with Unknown Gain 

This is another example in which the cer ta in ty equivalence p r i n ­

ciple does not apply. Consider a sys tem r e p r e s e n t e d by 

x = ax + b u + co (7 .3 6) 

x given 

y = x 0 <; t <; T - l (7.37) 

where a is a known cons tant , but b is nov/ a s sumed to be a random 

v a r i a b l e , independent of co with finite mean and v a r i a n c e . A s s u m e 

co a r e independently and identical ly d is t r ibuted random va r i ab l e s with 

E(w ) = 0 (7.38) 
2 

v a r (u ) = E 0 0 <; t «s T - l (7.39) 

12 
It can be shown that 

u T _ t = - -j 2 ( a x T l , (7 .40) 
b T - l + C T T - i 

w h e r e 

b T - 1 = E(b | x T _ 1 ) (7.41) 

7 . Random Time-Cons tan t Sys tem with Unknown Mean 

The sy s t em is that of example (2) with the exception that the 

11 
See Aoki p ; P . 15] . 

1 2 See Aoki [2, pp . I l l ff] 
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the mean 0 of [ a } is now assumed unknown. The sys t em is desc r ibed 
I 

by ' 
x . = a x - b u (7.42) 

t+ i t t t t 
y = x (7.43) 
y t t 

w h e r e a 's a r e independently and identical ly distr ibuted gauss ian r a n -
t 2 

dom v a r i a b l e s with unknown mean 0 and known va r i ance a . Denoting 
the d i s t r ibu t ion of a random var iab le by L( • ), it is a s sumed that 

L (a t ) = N( 0 , a 2 ) (7.44) 

w h e r e N(a ,b) i s a s tandard notation for a no rma l d is t r ibut ion with mean 

a and v a r i a n c e b . The unknown mean is a s sumed to have the a p r i o r i 

d i s t r ibu t ion 

L o ( 0 ) = N(0Q , a2 ) (7.45) 

2 
with 0 and a . given. 

This i s another example of p a r a m e t e r adaptive s y s t e m . Again, 
13 

the computat ion requi red to de r ive the opt imal control i s quite involved. 

(8) QontX-Ql-S-y steni__wjth JJnknown Initial Conditi on. 

This could have been t r ea t ed under example (3) above, s ince the 

p r e s e n c e of an observat ion equation in that example a l r e a d y admit ted 

that the vec to r x including x could not be observed d i r e c t l y . 

However , in that example it was a s sumed that x , Tl , . . . , Tlm . w e r e 
o 'o ' T - 1 

al l independent no rma l ly d i s t r ibu ted random va r i ab l e s with known mean 
2 

|Jt and va r i ance a . If it is now as sumed that not only is x unknown, 
o 

but a lso i ts mean [J. i s unknown, one mus t proceed as in example (7) 

by a s suming a p r i o r probabi l i ty d is t r ibut ion over x . The effect of the 

13 
Ibid. , pp 17-18 . 
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2 , 2 ^ 2 , A2 
u n k n o w n m e a n 0 of x i s t o r e p l a c e a by a + a w h e r e a 

I 4 
i s t h e v a r i a n c e of the unknown m e a n . 

(9) S y s t e m s w i t h S t o c h a s t i c S topp ing Timg_s 

F o r p r o b l e m s b e l o n g i n g to t h i s c l a s s of s y s t e m s , t h e t e r m i n a l of 

c o n t r o l d e p e n d s on r a n d o m e v e n t s . F o r s u c h p r o b l e m s , the c r i t e r i o n 

f u n c t i o n a l m a y b e m o d i f i e d by i n c l u d i n g t h e r a n d o m s t o p p i n g T a m o n g i t s 

a r g u m e n t s , s o t h a t i n s t e a d of 
T 

J = E W (x u ) 
t = l 

one h a s 
T 

J = E W (x u T ) 
t = l 

w h e r e 

T i s a r a n d o m v a r i a b l e . 

M e t h o d s f o r so lv ing the e x a m p l e s g i v e n a b o v e do no t a p p l y in t h i s c a s e . 

S o m e s u g g e s t i o n s fo r t a c k l i n g t h i s p r o b l e m a r e a v a i l a b l e in Aoki [ 2 , 

pp 3 0 3 - 3 0 8 ] . 

5 . C o n c l u d i n g C o m m e n t s : e c o n o m i c i n t e r p r e t a t i o n s 
of the C l a s s i f i e d S t o c h a s t i c S y s t e m s . 

T h e s i m p l i c i t y of t h e i l l u s t r a t i v e s t o c h a s t i c s y s t e m s e m p l o y e d in 

t h i s c h a p t e r m a y b e c l o u d t h e i r u s e f u l n e s s in t h e e c o n o m i c c o n t e x t . 

H o w e v e r , w i t h l i t t l e m o d i f i c a t i o n in e a c h c a s e , i t i s p o s s i b l e to fit 

s o m e i n t e r e s t i n g e c o n o m i c m o d e l s w i th in t h e f r a m e w o r k of t h e s y s t e m s 

d e s c r i b e d . T h e v a r i o u s c l a s s e s of s t o c h a s t i c s y s t e m s d e s c r i b e d m a y of 

c o u r s e , be r e g a r d e d a s a c l a s s i f i c a t i o n of t h e v a r i o u s s o u r c e s f r o m w h i c h 

14 
See A o k i [ 2 , pp 5 8 - 5 9 , 9 3 - 9 4 ] . 
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uncer ta in ty may be introduced into ••'-. dynamic opt imizat ion p r o b l e m . 

F r o m this point of view, t h r e e of the four sources of uncer ta in ty 

d i s cus sed in chapter III fit square ly within the foregoing c lass i f ica t ion . 

These a r e the ra te of r e t u r n s to capital and the ra te of technological 

p r o g r e s s , both of which can be eas i ly in t e rp re t ed as special c a s e s 
15 

of s tochas t ic s y s t e m s with " random t ime cons tant" (example (2)) 

and the unce r t a in t ime hor izon which i s , o f - c o u r s e , a c l ea r example of 

s y s t e m s with s tochas t ic stopping t i m e s . 

Sys tems with unce r t a in ut i l i ty (c r i te r ion) functions a r e p r o b l e m ­

at ic not only in economics , but in other d isc ip l ines as wel l . Recal l 

f rom chap te r s III and V the two different senses in which a uti l i ty 

function may be regarded as unce r t a in . Aoki a lso takes the e a s i e r route 

of a s suming the ut i l i ty function as non-s tochas t i c except to the extent 

that it is a function of r andom v a r i a b l e s . 

Sys t ems with unknown init ial conditions were not encountered 

in chap te r III, but the i r re levance in economics is beyong doubt . 

F o r ins t ance , they s eem the m o s t na tu ra l to employ for s e v e r a l i n t e ­

r e s t ing p rob l ems in the economics of conserva t ion . F o r a dec is ion 

m a k e r , say, in the field of oil or gas explora t ion , it is only a f i r s t 

approximat ion to a s s u m e that the init ial stock of r e s o u r c e s x is 
o 

known, as was a s s u m e d , for in s t ance , by Burt and Cummings [2 1 ] . 

Sys tems with unknown ini t ial condition a lso s e e m mos t r e a l i s t i c 

in the p rob lem of genera l economic planning in the under -deve loped 

Equation (3.5) of chapter III is a specia l case of the above c l a s s e s 
of s tochas t ic s y s t e m s in which the random l i m e constant and 
unknown gain appear s imul taneous ly , even though a and b 
happens to be the s a m e p a r a m e t e r in this c a s e . 
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i 

c o u n t r i e s , since in gene ra l , the init ial s tock of r e s o u r c e s is unknown. 

Another of the above c l a s s e s of s tochas t ic sys t ems which will 

be quite useful in the p rob lems of m i n e r a l explorat ion and economic 

planning in the underdeveloped count r ies is the c l a s s with unknown 

gain (example (6)). The uncer ta in ty of the effect of control action m a y 

be taken account of by permi t t ing the coefficient b of the control 

v a r i a b l e u to be a random var iab le with known or unknown s t a t i s t i c s . 

The economic re levance of sys t ems with random t ime constant , 

and unknown init ial conditions is fur ther justified by recent works 

by Kendr ick [67] and Turnovsky [139] . Kendr i ck ' s is a m a c r o 

planning model s imultaneously involving the t h r e e c l a s s e s as i l l u s ­

t r a t e d respec t ive ly by uncer ta in capi ta l -output ra t io b , unknown 

ini t ia l capi tal stock k , and unknown consumpt ion- tax p a r a m e t e r (3 . 

Tu rnovsky ' s ir a mul t ip l ie r - a c c e l e r a t o r model involving random 

t ime constant (the marg ina l propens i ty to save s) or unknown gain 

(the adjustment coefficient a ) , but not both s imul taneous ly . 

The p rob lem rep re sen t ed by sys t ems with noisy observa t ion is 

analogous to what has long been known in economet r i c s by the name 

of " e r r o r s in v a r i a b l e s " the p rob lem posed by the fact that "most economic 

s t a t i s t i c s contain e r r o r s of m e a s u r e m e n t , so that they a r e only 
16 

approximat ions to the under lying t rue v a l u e s " . In equation (7. 19) 

the va r i ab l e s x and y may be in t e rp re t ed as the "true'.' and the 

observed va lue s , r e spec t ive ly , e . g . of g ro s s national p roduc t , 

l eve l s of unemployment , money supply, capital stock or capi tal 

16 
Johnston [66 , P . 148] . 
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. 17 
output r a t i o . 

Sys t ems with addit ive t r ans i t ion noise a l so have analogy in econo­

m e t r i c s . The co t e r m (often called the s tochas t ic t e r m ) has been used 

to take c a r e of " e r r o r in equat ion"; i . e . an u m b r e l l a t e r m for all 

v a r i a b l e s which cannot o therwise be r e p r e s e n t e d . In the or iginal 

R a m s e y [108] a r t i c l e , the additive t r ans i t ion noise would stand for 

"the poss ib i l i ty of future w a r s and ear thquakes des t roy ing our accu -
18 

mula t ion . 

Before concluding this chap te r , it may be worthwhile to ment ion 

that ne i the r the s tochas t ic s y s t e m s desc r ibed above nor the i n t e r p r e t a ­

t ions a t tempted was intended to be rea l ly exhaus t ive . It is be l ieved , 

however , that the e x e r c i s e Li this chapter has se rved the purpose of 

throwing some light on the question of how many fac to r s a r e being 

a s s u m e d away by each of the models of chapter III . Some of the 

"open a r e a s of r e s e a r c h " in the genera l p rob lem of chapter III should 

t h e r e f o r e , be obvious f rom this chap te r . T h e r e should, however , 

be no i l lus ions regard ing the p r i ce at which the s e v e r a l f ac to r s left 

out by each of the models of chapter III can be s imul taneous ly taken 

account of. As will be evident after the study of chap te r VIII, it is not 

yet clea,r how much complicat ion will be introduced into the s tochas t ic 

m a x i m u m principle to be p resen ted t h e r e , for i n s t ance , if unknown 

ini t ia l conditions and /o r s tochas t ic t ime hor izon a r e pe rmi t t ed in the 

s y s t e m . 

17 
An example in which the observa t ions of the l a s t two v a r i a b l e s a r e 
cor rup ted by unco r r e l a t ed noise is t r ea t ed in sect ion 3 of 
Kendr ick [67 ] . 

1 8 R a m s e y [108, P 54-9] . 
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I 

F ina l ly , it may be observed that s eve ra l of the examples of 

economic in te rp re ta t ions of s tochast ic sy s t ems given in th is chapter 

have no d i r ec t re levance to the p rob lem of chapter III. This so r t of 

extended footnote was under taken in o r d e r to justify the s ta tement 

made e a r l i e r in chapter I that in pr inciple the tools of s tochas t ic 

opt imal control theory a r e capable of handling any economic prob lem 

of dynamic opt imisat ion under uncer ta in ty . 



CHAPTER VIII 

THE MAXIMUM PRINCIPLE 

The objective of the las t chapter was taxonomy. In con­

t r a s t , the p r e s e n t chapter concen t ra tes on a descr ip t ion of tools by 

means of which the p rob l ems of chapter VII may be solved. In 

keeping with the a rgument of chapter VI, the max imum pr inc ip le 

(both d e t e r m i n i s t i c and s tochast ic) i s p resen ted as an a l t e rna t ive to 

dynamic p r o g r a m m i n g . 

F o r the purpose of applying the max imum pr inc ip l e , opti­

ma l control p rob l ems may be classif ied in a number of w a y s . 

Pont ryagin e t . a l . [104] dist inguished among: 

1) autonomous and non-autonomous s y s t e m s ; 

2) fixed t ime and free t ime p r o b l e m s ; and 

3) fixed end and free end p r o b l e m s . 

Autonomous s y s t e m s a r e those in which the t ime va r i ab l e 

t does not enter explicit ly into the r ight -hand side of the t r ans i t i on 

equat ion, e . g . , 

dx i 
-^— = f (x ,u ) , i = 1 , . . . n; (8.1) 

Nonautonomous sy s t ems a r e those in which t en t e r s the r ight -hand 

side of (8 .1); i . e . , 

dx i 
— = f (x ,u , t ) ; i = 1 , . . . n (8.2) 

Fixed t ime p rob l ems a r e those in which the t ime in te rva l 

for control [tn, t 1 is fixed, w h e r e a s for free t ime p r o b l e m s t„ L 0 1 J ^ 0 

a n d / o r t a r e left f r e e . 

F o r fixed end p r o b l e m s , the s la te at which the t r a j e c t o r y 

x(t) begins x and the s ta te at which it ends x a r e given. F o r free 

end p r o b l e m s , x and x a r e not given, but a r e m e r e l y r e s t r i c t e d 
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to lake the i r va lues from given smooth manifolds Sn and S. r c s -
| 0 1 

pecliVely. If S and S degenera te into po in t s , the p rob lem with 

free end points becomes the p rob lem with fixed end po in t s . 

By a l te r ing assumpt ions on the above th ree c l a s s i f i ca t ions , 

one can come up with s eve ra l different optimal control p rob lems for 

each of which a m a x i m u m pr inc ip le t h e o r e m can be s tated and proved . 

Seven out of the f i rs t nine t h e o r e m s of Pontryagin w e r e formulated 

on this ba s i s . 

In choosing the c l a s s of p rob lems to study below a major 

cons idera t ion was not only the probable usefulness in the economic 

context , but also the availabil i ty of the s tochast ic coun te rpa r t with 

which to compare the de te rmin i s t i c v e r s i o n . T h u s , t h e o r e m s VIII. 1 

and VIII. 2 below have been chosen because they cor respond to 

Kushner [72 and 73] and Sworder [126-130] . 

The remaining p a r t of this chapter -will be organised as 

fol lows. Section 1 d e s c r i b e s in detai l the na tu re of the control p r o ­

b l e m . Section 2 develops the de te rmin i s t i c max imum pr inc ip le 

stating two t h e o r e m s , one for fixed t ime and the other for free t ime 

but both with va r i ab l e r ight -hand end po in t s . The s tochast ic m a x i m u m 

pr inc ip le is introduced in sect ion 3 . Kushner s ve r s ion of the s to­

chas t ic m a x i m u m pr inc ip le is covered in sect ion 4 , while sect ion 5 

is devoted to the Sworder v e r s i o n - the s tochast ic m a x i m u m pr inc ip le 

when the noise s t r uc tu r e is mul t ip l ica t ive r a the r than additive as in 

the ca se cons idered by Kushner Section 6 compares the Pon t ryag in 

See a lso Bryson and Ho [ 19, chap . 21 , Athans and Falb [ 10, s e c . 5 . ] 
and Lee and Markus [79, chap te r s 4 and 5] for s i m i l a r c l a s s i f i ca t i ons . 
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m a x i m u m pr inc ip le with the Kushner and Sworder s tochas t ic v e r s i o n s , 
I 

and sect ion 7 briefly p r e s e n t s a dynamic p rog ra mming approach to 

the Sworder p rob l em of section 5 . In the concluding sect ion 8 some 

of the unanswered quest ions in the e a r l i e r sect ions a r e ment ioned . 

1 . The Control P r o b l e m 

Cons ider the fundamental sys t em of t r ans i t ion equation 

d X = f^x, u ) , i = 1, . . . n , x £ X, u £ U (8.1) 
dt 

•where 

i l Z n \ A i 1 2 r \ 

(x ,x , . . .x ) and u = (u , u , . . .u ) 

A s s u m e f a r e continuous in the va r i ab l e s x , u , and continuously 

different iable with r e spec t to x . 

With a given control law u = u(t) , equation (8.1) becomes 

^ - = f (x, u(l)) i = l , . . . n , x £ X, u £ U (8.3) 

F r o m (8.3) (for any init ial conditions x(l ) = x ) the t r ans i t i on of 

the s y s t e m x = x(t) is uniquely de te rmined , in a ce r t a in in te rva l 

[ t , t ] . x(t) i s cal led the solution of (8.1) cor responding to the 

cont ro l u(t) for the init ial condition x(t ) = x . The solution x(t) may 

not be defined for the en t i re in te rva l [ t n - l , ] > on which u (t) i s given, 

but if it i s and, in addition, p a s s e s through the point x at t i m e t , 

then the admis s ib l e control u(t) , t < t <, t , is said to have t r a n s f e r r e d 

the phase point from the posit ion x to the posi t ion x . 

Now, in addition to (8.1) cons ider one m o r e function 
o 

f (x ,u ) . Assume this function is continuous together with i t s pa r t i a l 

de r iva t ives of / d x , i = 1, . . . , n , on the X « U s p a c e . The control 

p r o b l e m is s tated as follows: 
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In the phase space X, two points x and x a r e given. 
I 0 1 
• Among all admiss ib l e controls u = u(l) which t r a n s f e r 

the phase point from the posit ion x to the posi t ion x 
(if such cont ro ls ex is t ) , find one for which the functional 

t 
J = J. *°(x(l), u(t)) dt (8.4) 

0 2 

t akes the l eas t poss ib le va lue . 

The control u* (t) which solves the p rob lem is cal led an opt imal 

cont ro l cor responding to a t r ans i t ion from x to x . The c o r r e s p o n ­

ding t r a j e c t o r y x* (t) is called the optimal t r a j e c t o r y . 

In o r d e r to solve the p rob lem some re formula t ion is useful 

To the phase vec tor x , adjoin one m o r e e lement x , and let the l a t t e r 
v a r y according to 

, 0 
^ - = f°(x, u) , (8.5) 

o 

w h e r e f i s the function appearing in the definition of J in equation 

(8 .4 ) . In o ther w o r d s , ins tead of the sys t em of differential equations 

(8.1) cons ide r 
c\ v i 
— - = f (x ,u) , i = 0. l , . . . , n (8.6) 
dt 

0 
whose r ight hand does not depend on x . Introduce the vec to r 

. 0 1 2 n. 0 
« = (X , X , X , . . . , X ) = (X , X ) 

in the (n+1) dimensional vec tor space x . R e - w r i t e the s y s t e m (8.6) 

in vec tor form as 

djf 

dt = *fx, u) (8.7) 

2 
Pont ryagin e t . a l . [104, p . 13] . In the p r e sen t work i n t e r e s t is in 
max imiza t ion r a t h e r than min imiza t ion . The difference between 
the two p r o b l e m s , i s , however , a m a t t e r of s i g n . 
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w h e r e & = (f ,f) docs not depend on the e lement x of the vec tor a. 

The solution of (8.7) with ini t ia l condition ^ ( O = « n , co r respond ing 

to the control u( l ) , has the form 

0 * 
X = J f ° (X(n) , U ( T ) ] dT , X = X( t ) . 

0 
In p a r t i c u l a r , when t = t 

t 
x° = J" l f°[x(t), u(t)] dt = J , x = x 

This m e a n s that the solution x(t) of (8.7) with ini t ial condition x(t ) 

= x p a s s e s through the point -x = (J, x ) at I = t Another way 

to see what i s going on h e r e is the following. Let TT be the line in 

X pass ing through the point -a = (0, x ) and p a r a l l e l to the x a x i s . 

»(t) may be r ega rded as pass ing through a point on TT with coordina te 

x = J , at t ime t = t . The control p rob lem m a y , t h e r e f o r e , be refor­

mula te din the following way: 

In the (n+1) - dimensional phase space X the point x = (0,x) 
and the line TT a r e given. The l ine TT is a s s u m e d p a r a l l e l 
to the x axis and to pass through the point (0, x ) . Among 
al l admiss ib le controls u = u( t ) , having the p rope r ly 
that the cor responding solution «(t) of (8.7) with ini t ia l 
condition x(t ) = x i n t e r s e c t s TT , find one -whose point of 
i n t e r sec t ion with TT has the sma l l e s t coordina te xO. 3 

2 . The De te rmin i s t i c Maximum Pr inc ip l e 

In o rde r to formula te the max imum p r i n c i p l e , it is useful 

to cons ider in addition to the sys tem (8 .6) , 

dx i 
— = f (x ,u) , i = 0, 1 , . . . , n , (8.6) 

3 
ibid, p . 15 
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another system of equations in auxiliary (adjoint) variables P , 

P P • 
1 n 

dP. n a 
- _ - ! = . s M_(2biiL p , i = 0 , l , . . . , n . (8.8) 
dt I a 

a=o 3 x 

If an admissible control has been chosen, and the corresponding tra­

jectory K(t) of (8.6) has been found with initial condition «(t ) = * , 

the system (8.8) takes the form 
dP. n _ ,a 

E 
Sf (x(t), u(t)) 

—: P , i = 0 , l , . . . , n , (8.9) dt ^ i a 

a=o 3 x 

Equation (8.9) is linear and homogeneous, and therefore, for any 

initial condition it admits the unique solution 

Xr — \ir _ , tr , . . . , ir ) , 

u l n 
Combining equations (8.6) and (8.8), one obtains the Hamiltonian H 
as n 

H(P,x,u) = P f(x,u) = E P f (x,u) (8.10) 
a 

a=o 

•where i = (f , f) and the prime means transpose. 

Equations (8.6) and (8.8) can be written with the aid of H as 

, i = 0, 1, . . . , n (8.11) 

, i = 0, 1, . . . , n (8.12) 

4 
Taking an arbitrary (measurable) control u(t), t ^ t < t. , and the 

o 1 
initial condition x(t ) = x , one can find the corresponding (i.e. satis-

0 1 Tl 
fying equation (8.11)) trajectory x(t) - (x (t),x ( t ) , . . . , x (t)). 

dx1 

dt 

dP. 
I 

dt 

3H 
3 P. 

I 

_ 3H 
~ dx. 

4 
See footnote 1 1 on P- 92 above. 
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After that one can find the solutions of sys t em (8. 12) 

| P(t) = (P (t), P (I), . . . , P (t)) 1 0 1 n 

cor responding to the functions u(t) and x( t ) . Fo r fixed P and x , the 

function H becomes a function of the p a r a m e t e r u £ U. Denote the 

l e a s t upper bound of the values of H by M(P ,x ) : 

M(P ,x ) = sup H ( P , x , u ) (8 .13) 
u £ U 

If H a t ta ins i t s upper bound on U, then M(P ,x ) is the m a x i m u m of 

the va lues of H for fixed P and x . Hence the t h e o r e m is cal led the 

m a x i m u m p r i n c i p l e . 

T h e o r e m VIII 1: Maximum Pr inc ip le for Autonomous fixed t i m e , 
c 

free end p rob lem 

Let u( t ) , t < t s t , , be an admiss ib l e control which t r a n s f e r s 
o 1 6 

the phase point f rom some ini t ia l posi t ion x £ S to the posi t ion 

x £S , and let x(t) be the cor responding t r a j ec to ry s tar t ing at the 

point x = (o, x ). In o rde r that u*(t) and x*(t) yield the solution of 
o o 

the autonomous fixed t i m e , free end p rob lem (see equations (8.4) and 

(8.6)) it is n e c e s s a r y that t h e r e exist a nontr ivia l continuous vec tor 

function P*(t) such that 

(1 ) for eve ry t , t ^ t < t , the function H (P(t), x(t) , u) of the 
o 1 

va r i ab le u £U a t ta ins i t s max imum at the point u = u*(t): 

H (P(t), x(t) , u*(t)) = M (P(t), x(t)) (8.14) 

5 
See Lee and Markus [ 7 9 , pp . 315-16] . 

6 
S and S a r e smooth manifolds ( in the n -d imens iona l Eucl idean 1 

[104, pp 45-48] . 

space X) of a r b i t r a r y d imens ions r , r < n . See Pon t ryag in 
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(2°) M (P(l) , x(t)) is constant and p"' (l) < 0 
o 

o •'- 7 
(3 ) P'"(l .) is orthogonal to T , the tangent plane to S 

at the point x . 

Q 

T h e o r e m VIII 2; Autonomous free l i m e , f ree end p rob lem 

Let u(t) , t < t < t , be an admis s ib l e control which t r a n s f e r s 

the phase point from some initial posit ion x £ S to the posi t ion 

x c S , and let ?s(t) be the cor responding t r a j e c t o r y s ta r t ing at the 

point J:- = (o, x ). In o r d e r thai u*(t) and x*(t) yield the solution of 

the opt imal p rob l em with free end po in t s , it i s n e c e s s a r y that t h e r e 

exis t a nonlr iv ia l continuous vector function P( t ) , such that 

(1°) for eve ry t , t <: t s t , the function H (P(l), x( t ) , u) of the 

va r i ab l e u £ U a t ta ins i ts max imum at the point u = u (t): 

H (P(t) , x(t) , u*(l)) = M (P(t) , x(t)) ; (8.15) 

(2 ) at the t e r m i n a l t ime I the r e l a t ions 

P ( t ) ^ 0 , M ( P ( t ) , x ( t ) = 0 (8.16) 
o 1 1 1 

(3 ) and the t r a n s v e r s a l i t y condition at I a r e sa t i s f ied . F u r t h e r ­

m o r e , if P * (t), x* (t) and u*(t) satisfy equat ions (8.11) and 

(8 .12) , and condition (1 ), the t ime functions P (t) and M(P(t ) , 
o 

x(l)) a r e constant , and (8. 16) may be ver i f ied , not jus t at t , 
but at any t ime t , t fit^t: i . e . , 

° * 1 

M(P(t) , x(t)) = 0 and P ' (t) s o eve rywhere on t £ t < t . (8.16a) 
o o 1 

7 

8 

Orthogonali ty of P(t ) and T at x means thai the t r a n s v e r s a l i t y 
condition is satisfied at that point . 

See Pont ryag in [ 104, p . 50, T h e o r e m 3 ] . 
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R e m a r k 8. 1 

It should be emphas ized that the max imum pr inc ip le and the 

t r a n s v e r s a l i t y condit ions of t h e o r e m s VIII. 1 and VIII. 2 const i tu te 

only " n e c e s s a r y " conditions for op t imum. In g e n e r a l , the opt imal 

p r o b l e m cannot be cons idered solved until the " sufficient" condit ions 

have been inves t igated . However , by analogy with o rd ina ry c a l c u l u s , 

one may ensu re that the " n e c e s s a r y " conditions a r e a lso "suff ic ient" 
9 

by assuming that the Hamil tonian is a concave function. 

The na tu re of the two t h e o r e m s is qual i ta t ive , r a t h e r than 

quant i ta t ive . Whereas the t h e o r e m s identified the differential equa­

t ions that mus t be sat isf ied by x*(t) and P(t) and the re la t ion that m u s t 

be sat isf ied by the opt imal Hamil tonian as compared to other 

Hami l ton ians , the t h e o r e m s a r e mute on how the value of the opt imal 

cont ro l may be computed. It should be added tha t , by analogy to 

o rd ina ry ca lcu lus , if the m a x i m u m is at tained at an i n t e r i o r point of 

the cont ro l region U, the m a x i m u m condition (equations (8.14) and 

(8. 15) is sat isfied only if 

H ( P ' V f t > - U ' | - f t. = o (8.17) 
ou ' U = U''-(t) 

and the value of the opt imal control may be computed f rom equation 

(8. 17). If the m a x i m u m is at tained at the boundary of the control 

r eg ion , the Kuhn-Tucker theory mus t be appl ied. 

3 . The Stochastic Maximum Pr inc ip l e 

P r e l i m i n a r y 

Consider a sys t em desc r ibed by the gene ra l s tochas t ic 

9 
This has been proved by Mangasa r i an [85] . See a l so Ar row [6, 
p . 921 and Shell [120 ; pp . 252-53] . 
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differential equations 

dx ^ f (x ,u , t ) dt + g(x, u , z , t) dz (8.18) 

•where 

{ z( t ) , t g Tt i s a Wiener p r o c e s s with i nc remen ta l covar iance Idt. 

Equation (8. 18) may be rewr i t t en as 

t * 
x(t) = x(t ) + I* f ( x , u , t ) d t + r g ( x , u , z , t ) d z (8.19) 

° t t 
o o 

•where the i n t eg ra l s on the r ight hand side a r e in te rpe ted , not as an 
o rd ina ry Stielt jes i n t eg ra l , but as an Ito i n t eg ra l , a Stratonovich 

10 ^ 
in t eg ra l or the in tegra l I , o ^ X £ 1. It can be shown that if f 

A. 

and g satisfy c e r t a i n condi t ions , then equation (8.19) has a unique 
i <-• 1 0 a solut ion. 

The symbols x and u in equations (8.18) and (8.19) a r e to be 

i n t e rp re t ed as v e c t o r s of s ta te and control v a r i a b l e s , r e spec t i ve ly . 

A m o r e genera l i n t e rp re t a t ion of x and u is a lso p o s s i b l e . F o r 

i n s t ance , ins tead of in te rp re t ing them as v e c t o r s of s ta te and control 

v a r i a b l e s at t ime t , they may be in t e rp re t ed as in t eg ra l s of these 

va r i ab l e s up to t ime t . In th is l a t t e r i n t e rp re t a t i on , the sy s t em is 

said to p o s s e s s " m e m o r y " which may be finite or infinite depending 

See A s t r o m [ 9 , P . 71] . The Ito in tegra l is obtained by sett ing 
X equal to z e r o and the Stratonovich in t eg ra l by sett ing \ equal to 
0 . 5 . The advantage of the Stratonovich in tegra t ion is that it p e r ­
m i t s one to fall back on the o rd ina ry formula for in tegra t ion by 
p a r t s , w h e r e a s the Ito in tegra t ion does not . On the other hand , 
the Ito in t eg ra l concept has the advantage that the mean value 
function of the p r o c e s s can , in th is c a s e , be i n t u i t i v e l y j u s t i f i e d 
The r eason the i n t eg ra l s in (8.19) cannot be i n t e rp r e t e d as o rd i ­
n a r y Stielt jes i n t eg ra l s is that a lmos t all sample functions of a 
Wiener p r o c e s s have unbounded v a r i a t i o n . 

10a 
See A s t r o m [ 9 , p . 71] . 
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on the limits of integiation. Conversely, systems in which x and u 

are interpreted simply as vectors are called systems without me­

mory. Although systems with memory may be much more realistic 

to employ in certain situations, they are also much more difficult to 

handle and the sequel will, therefore, be bmited to systems without 

me mo ry. 

The system described by equation (8.18) is general enough 

to cover cases in which the noise component appears either acldilively 

or multiplicativcly or both. The cases considered by Kushner [ 72 , 73] 

and Sworder [127-130] can be easily obtained from equation (8.18). 

Kushner 's equation 

dx = f (x,u) dt + dz (co,l) (8.20) 

is the special case obtained from equation (8.18) by setting f(x,u,t) 

equal to f(x, u) and g(x, u, z, t) dz equal to unity. Note that the 

noise component dz(co,t) in equation (8.20) appears additively. 

Similary, Sworder s equation 

dx 
-JT = A ( " • t) x ( t ) + B ( w » l> v ( l) ( 8 - 2 1 ) 
dt 

x(o) = x 
o 

is the special case that results from equation (8.18) when f is re­

placed by A(co, t) x(t), g by B (co.t) V (I) and dz by dt. 

In (8.21), the coefficients A and B are stochastic matrices posses­

sing appropriate dimensions. Hence in this case, the noise appears 

in the system mulliplicatively . In view of the preponderance of 

multiplicative noise in several economic systems including those of 

11 
In this case, the adjoint equation is identical to Pontryagin's [104] 
That is, it is a system of ordinary (not stochastic) differential 
equations. See Fleming [43, p. 195] . 



THE MAXIMUM PRINCIPLE 130 

chap te r III, the Sworder ve r s ion of the s tochas t ic m a x i m u m p r inc i ­

ple is of spec ia l i n t e r e s t . The p rob lem with the Sworder ve r s ion of 

the s tochas t ic m a x i m u m p r inc ip l e , however , is that the differential 

equation for the adjoint va r i ab l e is significantly different from that of 

the de t e rmin i s t i c (Pontryagin) p rob lem or the s tochas t ic one obtained 

by Kushne r . B e c a u s e , A(co,t) and B(co,t) enter into the equation for 

the adjoint v a r i a b l e , the l a t t e r i tself becomes a s tochas t ic p r o c e s s . 

As will be seen l a t e r after a ssuming a pa r t i cu l a r form for the adjoint 

v a r i a b l e , the differential equation becomes a s tochast ic pa r t i a l diffe­

r en t i a l equat ion. This may be difficult to so lve . 

4 . K u s h n e r ' s Stochast ic Maximum Pr inc ip l e 

P r e l i m i n a r y : 

Consider the sys t em governed by the s tochas t ic differential 

equation 

dx(co,t) = f(x(co,t), u(co,t))dt + dz(co,t) (8.22) 

w h e r e 

x(co,t), f(x(co,t), u(co,t) and z(co,t) a r e n -d imens iona l v e c t o r s -

x(co,t) is a s tochast ic p r o c e s s ; and u(co,t) cal led the con t ro l , a s to­

chas t ic p r o c e s s with Lebesgue m e a s u r a b l e sample funct ions, such 

that for a l l finite t , J 1 j | u(co,t) || dt < oo . F o r each u ( . , .) define 
1 t 0 

a c r i t e r i o n functional 

J(u) = E c ' x(co,t ) = c ' I* x(w,t)dco (8.23) 
1 d U 1 

w h e r e 

the p r i m e denotes t r a n s p o s e ; 

c i s any chosen vec tor ; and f2 is the sample space with points co ; 

Equation (8.22) i s to be i n t e rp re t ed always a s an i n t e g r a l . (See 

equation 8.18)) . When one a s s e r t s that (8.22) h a s a unique solution 

for a given co, u(co, . ) and ini t ia l condition x(co,0) what is mean t is 
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that t he re ex i s t s a unique function x(co, . ) such that 

x(co,t) = x(co,0) + J f(x(co,T ), u(w,T )) dT -I z(co,l)-z(co,0) 
L0 ( 8 . 2 4 ) 

for all t , I =£ t s t 

The opt imal control p rob lem is to select an admiss ib le u(co,t), 

t s t ^ I such that the corresponding t r a j ec to ry (see equation 

(8.22)) s ta r t ing at x(co, 0) at t ime t max imize (8.23) 

Notation 

CB - the Borel Field over [t ,1 ] ; 

E(t) = the min imal a-f ie ld over which z( . ,T ), T£ t is 

m e a s u r a b l e ; 

E = E (I ) x © = the min imal a-f ield over which z (. , .) 

is m e a s u r a b l e ; 

p, (dcol = probabi l i ty m e a s u r e on E (I ) 

dt = Lebesgue m e a s u r e = the m e a s u r e over the Borel field 

[ t 0 , i , i . 

m(dco * dt) = the m e a s u i e on E . 

E (I) i s the min ima l a-f ield over which the informat ion 
m 12 

available at t i s m e a s u r a b l e . 

Note: The a rgument co will often be deleted to simplify notation; 

e . g . , x(co, .) and x(co, t) may be wr i t t en as x( . ) and x( t ) . 

The s tochas t ic max imum pr inc ip le will now be p re sen ted in 

the form of l e m m a s and two t h e o r e m s cor responding to t h e o r e m s 
VIII. 1 and VIII. 2 given above for the de t e rmin i s t i c c a s e . Nei ther 

12 
In genera l E (t) c E (t). 

m 
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proofs nor the detai led assumpt ions n e c e s s a r y for the formulat ion 
13 

of the l e m m a s and t h e o r e m s will be given. 

(a) Stochast ic Maximum Pr inc ip l e for autonomous Fixed T ime 
P r o b l e m with Var iable Right-hand Endpoint 

L e m m a VIII. 1 

Let u ( . ) be an admiss ib le con t ro l . Then t h e r e ex is t s a null 

set N, not depending on u ( . ) , such tha t , for each co in £1 N (where 

£2 i s the sample space of points co), the equation 

x(t) = f1 f(x(T), u(T))dT + z(t) - z(0) (8.25) 
•"t 

has a unique Lebesgue in tegrable solution. 

Also E | | x(t) | | < co, and 
t , 

J. E | | x ( t ) ) | | d t < co (8.26) 
0 

N o t e : Equation (8.25) is equation (8.24) with co dropped . 

L e m m a VIII. 2 

A s s u m e the conditions of l e m m a VIII. 1 . Le t x ( . ) be the 

solution of (8.25) cor responding to u( . ) and let 6u(.) be an admis s ib l e 

con t ro l . Then, for al l co in Q N , t h e r e i s a unique Lebesgue in t eg ra ­

ble solution x( . ) + 6 u ( . ) ; a lso 6x(.) sa t i s f ies 
t 

6x(.) = J' 1 f [ ( x ( T ) + 6x(T), u(T)+6u(T))-f(x(7),u(T))ldt 
\ ) (8.27) 

and the function defined by (8.28) is Lebesgue in tegrab le in [ t n > t , l • 

6x(t) = f(x(t) + 6x(t), u(t) + 6u(t)) - f(x(t), u(t)) (8.28) 

13 

For these, see Kushner [72 and 73] 
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F u r t h e r m o r e , 

l l « x ( t ) | | s K n e ^ ' i r ' H 6u(t) | | dT
 U (8.29) 

'o 
L e m m a VIII. 3 

A s s u m e an admis s ib l e opt imal control u ( . ) e x i s t s . Let x ( . ) 

c o r r e s p o n d to u ( . ) via (8.25) for each co in Q - N . Let P ( . ) be defined 

a s the solution of the differential equation 

dP(t) = - f (x(t), u(t)) P(t)dt 
x 

Pf t j ) = c (8.30) 

(where f denotes the t r a n s p o s e of a square m a t r i x f with i ts i j t h 
x x 

e lement f ) x. . 

Then, for each co in Q N , the solution of (8.30) exis ts and is 

unique and uniformly bounded in co and t , and each component of P ( . ) 

i s Lebesgue i n t e g r a b l e . Define for any admiss ib l e u ( . ) , 

H(x(t) , u(t) , P(t)) = P ' (t) f(x(t), u(t)) (8.31) 

Then H is well defined and Lebesgue in tegrable for each co in £2 - N . 

Also t 
J ^ E |H(x(t), u(t), P ( t ) ) | d t< 

0 
T h e o r e m VIII. 3 

A s s u m e the conditions of l e m m a s VIII. 3 . Then t h e r e ex i s t s 
/v 

a null co set N such that for any a r b i t r a r y admiss ib l e control u ( . ) 

and each co in U - N , one h a s 

E fH[x(t), u*( t ) . P ( t ) ] | E (t)] ;> E f H [ x ( t ) , u ( t ) , P ( t ) ] | E (t)] 
m ' rn 

(8.32) 

1 4 F r o m (8 .27) , | | 5 x ( t ) | | ^ / Kn (6x(T) | |+ l|6u(T))dT . Hence 
(8.29) fol lows. 
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except pe rhaps on a t set of Lebesgue m e a s u r e z e r o . 

! 
Recal l that E (I) denotes the min imal a-field over which the 

m 
informat ion avai lable at t is m e a s u r a b l e . Rslat ion (8.32) i s the 

15 
condit ional expectat ion defined by the Radon-Nikodym T h e o r e m 

as a E (t) m e a s u r a b l e function with the p rope r ty 
m 

J A E(H[x( t ) ,u ( t ) ,P ( t ) ] | Em(t)] n (dco) = J H[x( t ) ,u ( t ) , 

P(t)]^(dco) 

for any set A in E (t). 
m 

The m a x i m u m value of (8.32) de t e rmines a u (t) that is a function of 

the informat ion avai lable at t only and may intuitively be rep laced by 

the maximiza t ion of 

E f.H[x(t), u*(t) , P(t)] | information avai lable at t 1 (8.33) 

(b) Stochast ic Maximum Pr inc ip l e for autonomous Var iable 
T ime P r o b l e m with Var iable Right-hand Endpoint 

L e m m a VIII.4 

Let $ (^n'̂ -i ) k e a n n x n m a t r i x such tha t , for a lmos t all co, it 

i s defined and m e a s u r a b l e with r e spec t to E and | | $ (t , t ) | | s K , for 

some K , 

•where 
E " ^ ) = E (Ij) * © 

Define 

VX(t) = u(t) + 6 u V ) (8.34) 

w h e r e 

6u (.) is an admis s ib l e per tu rba t ion and u ( . ) is an admis s ib l e con t ro l . 

15 
Sec propos i t ion VI. 1 in chapter VJ 
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Let x(.) be the solution of equation (8.22) corresponding to 

u(.) . Then the vectors (8.35) and (8.36) arc defined with probability 

1 and arc finite. 

h(t,v) = E § ( t 0 , t l ) (f[x(t), vV)l - f[x(t), u(t)]] (8.35) 

t 
6 (V1) = T l h ( t , vX)dt ( 8 . 3 6 ) 

a J t 
1 °2 

Also, for any v (.), V (.) and a, 1 ^ G ̂ . 0 there exists an admissible 

perturbation 6u (.) and V (.) = u(.)+ 6u (.) such that 
a a a 

t 1 2 

9 (V) = r 1 h( t ,v )dt . ae (V ) + (1 - a)pv (8.37) 
Ji a 

0 

with probability 1 . 
In other words, the range of G (.) over all admissible v(.) is 

convex. 

Theorem VIII.4 

Let u (.) be the optimal control. Define, for some d, a 

function P(. ) of co and t such that 

dP(t) = f' [x(t), u(t)] P(t) dt (8.38) 
x 

P(tj) = d 

Then there exists a null co set N and a d, such that for any admissible 

perturbed control V (• ) = u*(. ) ^ 6u(.) and co £ £? - N , 

E { P ' (t)f[x*(t), u*(l)] | Em(0}s E{P'(t)f[x (t),v(t)] |Enjt)} 

(8.39) 

except perhaps on a t set of Lebesgue measure zero. 

The transversality conditions are derived as 

dY= c + Xg (B) (8.40) 

where R = Ex(co,t), P* = Ex-''(co,t ) is the maximum value of equation 

(8.23) subject to Ex(co,t) being given in a closed convex set G and y 
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Tig. VI. A fic.cmstric I l l u s b a l i en of tha Ti-^nsversExlity Condition 

Source: KuRliner f73, p . 9.1] t 
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and X a r e s c a l a r s . 

The geomet r i c in te rpre ta t ion of the t r a n s v e r s a l i t y condition is 

given in figure VI, in which II is the convex range (over all a d m i s s i ­

ble V (. )) of the t r a n s l a t e d function E x v (t ) H 0 (. ) . 

5 . Mult ipl icat ive Noise and the 
Stochastic Maximum Pr inc ip le . 

Consider a sy s t em desc r ibed by the f i rs t o rde r l inea r s tochas ­

tic differential equation 

dx 
— = x(t) = A(co,t) x(t) + B ( c o , t ) v ( t ) , 

x (o) = x (8.41) 

o 

which is reproduced h e r e for ease of r e f e r e n c e . 

Let x(t) be an n -d imens iona l s ta te vec to r , v (t), the con t ro l , is for 

convenience taken to be a s c a l a r . Let A(co,t) and B(co,t) be s tochas t ic 

m a t r i c e s v/hose values de t e rmine the t rans i t ion of the sy s t em dyna­

m i c s . Assume that each e lement of A(w , t ) and B ( w , t ) is a s epa rab le 

Markov p r o c e s s with a finite number of s t a t e s . 

Suppose the con t ro l l e r i s capable of making use of two diffe­

r en t kinds of information: one from the ins tantaneous s tate of the 

s y s t e m x(t) and the other f rom the coefficients A(co,t) and B(co,t). 

The observa t ions on the coefficients A(co,t) and B(co,t) a r e a s s u m e d 

r e p r e s e n t a b l e in the control law by a vec tor i|i (t) whe re \Jj.(t) is the 

p o s t e r i o r probabi l i ty at t ime t that [A.(co,t): B(co,t)] = [A . ,B ,1 . 

The feedback signal a cces s ib l e to the con t ro l l e r may t h e r e ­

fore be wr i t t en as 

G(t) = [ t , x( t ) , ^ ,( t ) lT (8.42) 

where T denotes m a t r i x t r a n s p o s e . A control v (1) is to be se lec ted 
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on the bas i s of the observed value of G(t), i . e . 

V(t) = u (G (t)) (8 .43) 

w h e r e 

u , the cont ro l ru le , is a function f rom the observa t ion space to the 

r e a l l i n e . Note that although G(t) and V (t) a r e r andom, u is non random. 

Sworder simplified his p rob lem by a s suming that i|r(l) sa t i s f ies a 

di f ferent ia l equation of the fo rm 

•(t) = f ( t ( l ) , s(t) , t) (8.44) 

implying that the sy s t em is p a s s i v e . That i s , the evolution of the 

p o s t e r i o r probabi l i ty <|i(t) is independent of the s ta te x( t ) . In equation 
16 

(8 .44) , s(t) s tands for incoming data f rom the "plant s e n s o r s " . 

A s s u m e a l so that the joint p r o c e s s given by i|i (t) and [A( u,t), B(co, t)l is 

Markov ian . 

Suppose the decis ion m a k e r wants to m a x i m i z e the functional 

J(u) = E { / T f ° ( v ( t ) ) d t ] (8.45) 
o 

subject to the cons t ra in t given by equation (8 .41) . A s s u m e an optimal 

con t ro l v* (t) ex is t s and that it is a p iecewise twice different iable 

function of i ts a r g u m e n t s . sj{t) is o therwise uncons t r a ined . Suppose 

that co r respond ing to v* t h e r e ex i s t s a solution to equation (8.41) 

x*(t) = A(co,t) x*(t) + B(co,t) u*(G*(t)) (8.46) 

x*(0) = x 
o 

16 
A "plant sensor ' 1 is any equipment or device a t tached to a plant to 
provide informat ion about the operat ion of the plant . In the econo­
mic appl icat ion to be tackled in chapter IX, a plant s enso r i s to be 
i n t e rp re t ed as any m e c h a n i s m by which the c o n s u m e r can acqu i re 
exper ience regard ing past behaviour of the ra te of r e t u r n . It is 
not too much to a s s u m e that he knows the past s t a tes of his capi ta l 
s tock . 
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where 
I T 
G*(l) = [t, x*(t) , + ( t ) ] 

and 
V*(t) = u* [G*(t)] 

The adjoint va r i ab l e P(t) , i tself now a s tochas t ic p r o c e s s , is defined 

by 
T 

P(t) = [-A(co, t)
T (B(co.i) 55*(G*i t i ]_ j p ( 1 ) 

ox ' 

+ (-Ml . s ^ ^ t ) 1 ) T (8>48) 
ox Bx 

P(T) = 0 

The impor tan t difference between equation (8.48) and its d e t e r m i n i s t i c 

coun te rpa r t (equation (8.9)) or the Kushner s tochast ic coun te rpar t 

(equation (8.30)) is the appearance of ex t ra t e r m s (prec ise ly 

(G(t)) -which resu l t f rom the explici t feedback na ture of the 
a x * * 

prob lem (see equations (8.43) and (8 .44)) . De te rmin i s t i c s y s t e m s 

r e q u i r e no feedback law. In the Kushner s tochas t ic c a s e , the feedback 

does not affect the optimal control because the control is not an a r g u ­

men t of the c r i t e r ion functional. 

T h e o r e m VIII. 5 

Denote the s tochas t ic Hamil tonian by 

H(x, P , u, G. t) 1 ? 

= P ( t ) T [A(t) x(t) + B(t)u(G(t))J 

+ f°(x, u(G*(t))) (8 .49) 

Then , if u* is an opt imal control 

E [ H ( x * , P * , u*, G*, t | G*(t)} 

> E [H(x*, P , u , G*f t | G* (I)] (8.50) 

17 
The a rgument omega has been dropped from the coefficients 

A(co,t) and B(co,t) tn simplify notat ion. 



THE MAXIMUM PRINCIPLE 140 

18 
a l m o s t su re ly for all t £ [ 0 , T ] 

Using this t h e o r e m and the assumpt ion that u is a twice differ­

e n t i a t e p iecewise continuous function of i t s a r g u m e n t s , the opt imal 

cont ro l u* may be evaluated by set t ing the der iva t ive of the left hand 

s ide of re la t ion (8. 50) with r e spec t to u equal to z e r o . That is 

E ( P ( t ) T B(t) | G*(t)} - M - • - | r - = o, a . s . (8.51) 
1 ' ox dx 

In e a r l i e r sect ions of this chap te r , the development of the m a ­

x i m u m pr inc ip le (de te rmin is t i c as well as s tochas t ic) did not p roceed 

beyond this point. See R e m a r k 8 . 1 . Without a s suming specia l f o rms 

for P and f , it is not poss ible to obtain genera l analyt ic so lu t ions . 

Hence , to i l l u s t r a t e the s teps involved a s s u m e 
f° = x ( t ) T R x(t) + v ( t ) 2 (8.52) 

and 
P(t) = 2 K(t) x#(t) (8.53) 

The d e t e r m i n i s t i c coun te rpar t of th is p rob lem has been solved by 

Athans and Falb [ 10, chap. 9] who advance the ca se for the specia l 

f o r m taken by f and P . The a rgumen t for (8. 53) is that the canoni 

ca l equations re la t ing x(t) and P(t) is l i n e a r . (8.52) is just if ied on 

p r a c t i c a l g rounds . The contr ibut ion of Sworder to th is development 

l i e s in t r ea t i ng K(t) as a s tochas t ic m a t r i x . 

Util izing (8.52) and (8.53) in (8 .5 1) gives the op t imal control 

ru le as 

u* (G*(t)) - E [ B ( t ) T K(t) | G*(t)] x(t) (8 .54) 

18 

See Sworder [127, P . 182] . 
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Up to this point the development of the s tochast ic c o u n t e r p a i t 

of the m a x i m u m principle has been quite s t r a igh t fo rward . However , 

equation (8. 54) in t roduces the f i r s t complicat ion that mus t be dealt 

with as a resu l t of the s tochast ic na tu re of the p rob lem. In o rde r to 

obtain an explici t express ion for u^ , one mus t evaluate the conditional 

expectat ion in equation (8. 54). Using equations (8. 53), (8 .48) , (8.46) 

and (8. 54) one can wri te a differential equation for K(t) as 

K(t) = -A(t) K(t) K(t) A(t) + R-2K(t) B(t) B(t)TK(t) 

+ K(t) B(t) B( t ) T K ( t ~ (8.55) 

w h e r e 

B(r) T K(t) = E [ B( t ) T K(t) | G(t) ] 

Because of the conditional expectat ions on the r ight hand side 

of (8. 55) K cannot be obtained by d i rec t in tegra t ion as could be done 

in a d e t e r m i n i s t i c p rob lem. The conditional expectat ions depend not 

only on the p re sen t value of K but a lso on what one expects its future 

value to be . Wri t ten out in full, the conditional expectat ion of K (t) 

given f (t) and the event [A(t), B(t)] = [A., B.J , i s a pa r t i a l differential 

equat ion in K(t) . _ 
B K . U (t), t) 

E {K(l) | i,(t), [ i ( t ) ] J = X— 

BK U ( t ) , t ) 
+ — I E f i ( t ) | * ( i ) , [ i ( t ) ] ) ( 8 . 5 6 ) 

3 * (t) 
m 

+ E K . ( t ( t ) , t ) q . . ( t ) 
j = l J 1J 

w h e r e 
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19 
, rq . . ( i ) A + O (A), i /- j 

P r o b ( [ j ( t - l A)J | [ i ( t )J) = V + q . A + o ( A ) ( i = j 

K. ;. U ( t ) , t) = E [K(t) I G* (t), [ i( t)] ] 

[i(t)] = the event [A(t), B(t)J = [A. , B.] 

Substituting the right hand side of (8.56) for K (t) in (8.55) and dropping 

the arguments of K. , one obtains 

aKi SK. m _ 

^ + a ~ ^ ) E { * ( t ) 1 * ^ - Ci<t>] + . _ ^ K j q i j ( 1 ) 

_ _ _ m 
A. K. - K.A. + R 2 K. B. E B. K. \|r.(t) 

i i i i i i j = 1 J J J 

m _ m _ 
+ ( E K . B . t ( t ) ) ( E B . K . f . ( t ) ) ( 8 . 5 7 ) 

i = l J J J ; _ < J J J 

K. ( t ( T ) , T) = o V f ( T ) , i 
I 

where 

A?" K. = E { A ( t ) T K ( t ) JG*(t), [ i ( t ) ] } , 

and 

m _ T 

E B . K . (^r.(t)) = B(t) K( t ) 
j= l J J J 

In general, the partial differential equation in (8.57) is difficult 

to solve. However, if "certain conditions" are met the partial diffe­

rential equation may be reduced to an ordinary differential equation 

by employing the method of characteristics. Suppose, in the second term 

1 9 
See Cox and Miller [25, sec. 4.5 ] . 

20 
See Garabedian [49, chap. 2] or any text on first order partial diffe­
rential equations. 
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on t h e lef t hand s ide of ( 8 . 5 7 ) 

21 
E { ¥ (t) | * ( l ) , [ i ( l ) ] } = Ef ( f (* ( t ) , S ( t ) , t ) | ^ ( t ) , r j ( t ) n 

- 7 (* ( t ) , t , i ) (8.58) 

T h e n if 

h (T; i) = 7 ( h ( T ) , T , i ) , t s T < T 

h ( t ; i ) = * (t) ; i = 1 , . . . , m ( 8 . 5 9 ) 

and 

/*• T m f-pt 
^ ^. *•» 1 

K . ( T ) = - A . K ( T ) K. (T) A. + R - 2 K . ( T ) B . E B . K .(T)h (T , i) 
i i i i i i j = 1 j j 

+ ( ? K.(r) B.h.(T.i)) (E BTK.(T )h . (T, i ) ) 
j=l J J J j=l J J 

m 
- E g (T) q.. ( T ) (8.60) 

3=1 J 1J 

K(T) = 0 

•where 

K (t) = K. (4 (t), t) 
l I 

T h e o p t i m a l c o n t r o l r u l e i s 
m rp 

u* (G*(t)) = E B . K. (t) * .(t) x*(t) ( 8 . 6 1 ) 
j = l J J J 

E q u a t i o n s ( 8 . 5 9 ) , ( 8 . 6 0 ) and (8 .61 ) g ive t h e s o l u t i o n to the 

p r o b l e m p o s e d by e q u a t i o n s (8 .45 ) and ( 8 . 4 6 ) . T h e so lu t i on e q u a t i o n s 

a r e r a t h e r c o m p l i c a t e d but no t a s m u c h a s t h e y l o o k . F i r s t n o t e t h a t 

( 8 . 5 9 ) and (8 .60) m a y be s o l v e d i n d e p e n d e n t l y of e a c h o t h e r and t h e 

v a l u e s of § . and K. o b t a i n e d , s u b s t i t u t e d in ( 8 . 6 1 ) . T h i s i n d e p e n d e n c e 

r e m o v e s p r o b l e m s a s s o c i a t e d wi th t w o - p o i n t b o u n d a r y p r o b l e m s . 

21 
F r o m e q u a t i o n (8 .44 ) . 
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The p r o c e d u r e for obtaining the solution is to f irs t in tegra te equation 

(8.59) forward in t i m e , and then use i ts r e su l t s in (8.60) to in tegra te 

backward in t i m e . The control r u l e , equation (8 . 6 1), involves only 

a lgebra ic manipula t ions of the solutions to equations (8.59) and (8 .60) . 

Note , however , that s ince equation (8.60) is R icca t i , c l o s e d - f o r m 

solut ions a r e in genera l not ava i l ab le , and one mus t r e s o r t to a digi tal 

c o m p u t e r . An a lgor i thm for computing the d e t e r m i n i s t i c coun te rpa r t 

of th is equation is avai lable in Athans and Falb [ 1 0 , P . 767] . 

The solution equations suggest some in te res t ing qual i ta t ive 

p r o p e r t i e s impl ic i t in the s y s t e m . These a r e s u m m a r i z e d in Note 

VIII. 1. 

22 
Note VIII. 1 

(a) Equation (8.59) indica tes how fast the con t ro l l e r ' adap t s ' to 

changes in i ts d y n a m i c s . As the solution approaches the vec tor 

*.(t) = f * = j 
1 VP, i t 3 

equation (8.60) rapidly approaches the cor responding equation for 

obse rvab le [A(t) , B(t)] . 

(b) If in addition to (a), the t r ans i t ion probabi l i t i es of the p r o c e s s 

a r e s m a l l , then equation (8.60) converges to the de t e rmin i s t i c Ricca t i 

equation. 

(c) The cer ta in ty equivalence pr inc ip le of chapter VII does not apply, 

s ince the differential equation for h (t) does not even give the expected 

value of \|i (t). 

2 2 
See Sworder [127 , P . 185] . 



THE MAXIMUM PRINCIPLE 145 

i 6. The Pont ryagin Kushner Sworder 
I Maximum Pr inc ip le s Compared 

For the purpose of compar i son , it is ins t ruc t ive to gather 

toge ther the main s t r ands of the max imum pr incip le as developed by 

Pon t ryag in , Kushner and Sworde r . Table I s e r v e s this p u r p o s e . The 

per t inent equations a r c 

(1) equations (8 .7) , (8.22) and (8.42) for the t r ans i t ion equation; 

(2) equations (8 .9) , (8.30) and (8.48) for the adjoint function; and 

(3) equations (8 .10) , (8.31) and (8.49) for the Hamil tonian . 

F r o m Table I it i s c l ea r that the re is p rac t i ca l ly no difference 

between Pon t ryag in and Kushner . In p a r t i c u l a r , the equations for the 

adjoint va r i ab le and the Hamil tonian in both c a s e s a r e ident ica l . On 

the other hand, some complicat ion is evident in the Sworder v e r s i o n . 

In p a r t i c u l a r , the equation for the a.djoint va r iab le in the Sworder 

v e r s i o n is wr i t t en as a ne-w s tochast ic p r o c e s s in t e r m s of the gradient 
23 

of the state var iab le vector x . Whereas the Pont ryagin as -well as 

Kushner P(t) function is obtained from a set of o rd ina ry differential 

equa t ions , the Sworder equation for P(t) genera l ly leads to a set of 

s tochas t ic pa r t i a l differential equat ions . Some reason for this pheno­

menon was advanced in the pa ragraph immedia te ly folio-wing equation 

(8.55) above . In g e n e r a l , pa r t i a l differential equations a r e m o r e 

difficult to solve than o rd ina ry differential equat ions . The at tack 

suggested by Sworder above is to reduce the pa r t i a l s tochast ic to an 

o rd ina ry s tochas t ic differential equation by using the method of 

23 
See the pa rag raph immedia te ly following equation (8.48) ,P.13 9 above . 
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TABLE I 

THE PONTRYAGIN - KUSHNER - SWORDER MAXIMUM PRINCIPLE 

} (1) Pontryagin: dx 
dt 

f (x.u) (8.7) 

Transition 

Equation 
(2) Kushner: 

(3) Sworder: 

dx(t,co) : 

dx 
dt 

-. f(x(t,co), u(t,co))dt + dz(t,co) 

= A(t,co)x(t) + B(t,co) v (t) 
G(t) = [t, x(t), * (t)] 
V(t) = ufG (t) 1 

(8.22) 

(8.41) 
(8.42) 
(8.43) 

Adj oint 

Equation 

T h e 

Hamiltonian 

(1) 

(2) 

(3) 

(1) 

(2) 

(3) 

Pontryagin: 

Kushner: 

Sworder: 

Pontryagin: 

Kushner: 

Sworder: 

77 W = - T * (x(t)> u ( t ) ) p ( t ) d t Bx 

dP(t) = - l i [ x(t), u(t)l P(t) dt 
ox 

dt ^ x ' 
, , a u * au*(G*(t)) 

v — # ' * 
3x 3 x 

P(T) = 0 
H(P,x,u) = (P, f(x,u)) = P f(x,u) 

H(P.x.u) = P f(x,u) 

T 
• ) 

H(t,x,u,G) = P(t) [A(t,co)x+B(t,co)u[G(t)]+f° 

(8.9) 

(8.30) 

(8.48) 

(8.10) 

(8.31) 

(u(G(t)) a . s . 

(8.49) 
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c h a r a c t e r i s t i c s . However , this device docs not r emove the Riccat i 

na tu r e of the resul t ing o rd ina ry differential equa t ions . T h e r e a r c no 

genera l ly known methods for solving Riccat i equations analyt ical ly 

although they can be solved quite fast by modern digital c o m p u t e r s . 

7 . Dynamic P r o g r a m m i n g Approach 
to the Sworder P r o b l e m 

In chapter IX, the Sworder ve r s ion of the s tochas t ic m a x i m u m 

pr inc ip le will be applied to the economic p rob l em surveyed in chapter 

III. As was seen in chapter III and mentioned in the in t roduc tory pa r t 

of chap te r VI, dynamic p r o g r a m m i n g has been ut i l ized to advantage 

for these and a wide va r ie ty of s imi l a r p r o b l e m s . Dynamic p r o g r a m ­

ming i s a valuable tool in i ts own right and how the method t i e s in 

•with the m a x i m u m pr inc ip le has been c l ea r ly demons t r a t ed by 

Rozonoer [ i l l ] as far back as 1959. The advantage of this s y m m e t r y 

between the two tools h a s , however , not been adequately exploited 

by economis t s who have been applying these tools for nea r ly a decade 

now. A combinat ion of ideas ga thered from chap te r s II and III -with the 

re la t ionsh ip bet-ween dynamic p rog ramming and the m a x i m u m pr inc ip le 

to be highlighted l a t e r in th is sect ion could give a lead on the poss ib le 

economic i n t e rp re t a t i ons of these t o o l s . 

The usual a rgument of the proponents of the m a x i m u m pr inc ip le 

is that dynamic p r o g r a m m i n g does not have any r igorous logical b a s i s 

in s e v e r a l of the c a s e s where it may be successful ly ut i l ized as a 

valuable h e u r i s t i c too l . Pont ryagin [104, P . 73] , F e l ' d b a u m [38, P . 8 5 ] 

and Wishar t [143, P . 314] may be cited in this r e g a r d . P r e c i s e l y , the 

a rgumen t is that the opt imal value function to be in t roduced below is 

a r b i t r a r i l y a s s u m e d to p o s s e s s s continuous pa r t i a l de r iva t ives with 

r e s p e c t to x and t . While th is weakness may be impor t an t to 
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m a t h e m a t i c i a n s , economis t s may p re fe r to gloss over i t . T h e r e f o r e , 

in o r d e r to exploit the advantage of the es tabl i shed s y m m e t r y between 

dynamic p rog ramming and t h e m a x i m u m pr inc ip le , the r ema inde r of 

th is sect ion will brief ly p r e sen t the bas i c s of the dynamic p r o g r a m ­

ming approach to the Sworder p rob lem of section 5. 

To solve the p rob lem of equations (8.45) and (8 .41) , dynamic 

p r o g r a m m i n g cal ls for the introduction of an optimal value function 

J (x(t), t ) , o < t ^ T, defined as 

o T 

J (x (t)) = E [ max P f ° ( v ( t ) ) d t ] (8.62) 
u( T) e U \ 
x(t) € X 

where E is the expectat ion o p e r a t o r . The bas i s of dynamic p r o g r a m ­

ming r e s t s on the assumpt ion (in addition to the assumpt ions needed to 

fo rmula te the m a x i m u m pr inciple) that the function J (x(t) ) has 

continuous pa r t i a l de r iva t ives with r e spec t to x and t . 

Having made the foregoing r e m a r k , the fundamental pa r t i a l diffe­

ren t ia l equation of dynamic p rog ramming is usual ly der ived in the 

following m a n n e r . F i r s t , it is shown that the function J (x (t)) may 

be wr i t t en as 

t+At T 
J°(x(t)) = E [ max J f°(v (t))dt + J" f°(v(t)) dt} (8.63) 

u G U t+A 
x ( t ) € X 

o r , for sufficiently smal l At, 

J (x(t)) = E { max f ( v ( t ) )A t + J [x(t + At), t + A t ] } (8.64) 
u £ U 
x € X 

A Taylor s e r i e s expansion of x(t + At) gives 

1 .. 2 
x(t + At) = x(t) + x(t) At + - x (t + 9 At) (At) 
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where 0 < 0 •: 1. Substituting for x f rom equation (8.41) 
I 

x ( t + ! A t ) = x(t) + [A(t) x(t) + B(t) v (t)] At + 0{ (At) (8.65) 

where 0 (At) denotes a smal l quantity of smal l o r d e r h igher than At. 

Substi tuting (8.65) in the second t e r m of the r ight hand side of 

(8 . 64) gives 

J°(x(t + At), t + At) 

= J ° { x ( t ) + [A(t) x(t) + B(t) V(t ) ] At + 0 1 (At), t + At} (8.66) 

Applying a Taylor expansion on the function I of (8 . 66) in the ne igh­

bourhood of the point (x, t) yields 

J ° [ x ( t + A t ) , t + At] 

= J°[x( t ) , t ] + { V J [x(t), t ] [A(t) x(t) + B(t) v (t)J } At (8.67) 

3T° 
+ - | - [x(t), t ] At + 0 2 (At) 

w h e r e 0 (t) is a quantity of higher smal l o rde r compared to At, and 

V J i s the gradient of J with r e spec t to x . 

Substituting (8.67) into (8 .64) , dividing by At and let t ing 

At—-<>o, the formula takes the fo rm 

o 
| ^ - [ x ( t ) . t ] = max ( f ° ( V ( t ) ) + V J ° [ x ( t ) , t ] . 

[ A ( t ) x ( t ) + B(t) v ( t ) ] } (8.68) 

which is known as the Bel lman equation. (8.68) is a s ingular pa r t i a l 

different ial equation since as a r e su l t of the max imisa t ion x(t) 

van i shes f rom the right hand side for all t £ [0, T ] . In the genera l 

c a s e th is equation cannot be solved analyt ical ly and n u m e r i c a l methods 

m u s t be u sed . However , for the purpose of compar i son with the 

s tochas t ic m a x i m u m pr inc ip le , a s s u m e again that f t akes the fo rm given 

by equation (8 .52) . Substituting (8.52) in (8.68) yields 
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T 2 i i ° a J° 
0 = max E [ [x(l) R x(t) + V (t) ] + ~—— (Ax + Bv) + f— } (8. 69) 

o x O I 

f rom which the opt imal control is 

1 ^ T° 
u(G(t)) = - - E(B | G(t)) - ^ — (8.70) 

c ' ox 

If J (x, t) is of the fo rm 

J° (x , t) = K(t) x2( t ) (8.7 1) 

then t h e r e is no difference between equations (8.70) and (8.54) once 

the in t e rp re t a t ion of ,3 J _ i n observa t ion VIII. i below is r eca l l ed . 
3x 

Observa t ion VIII. 1 Rela t ionship between the Maximum Pr inc ip l e 
and Dynamic P r o g r a m m i n g . 

Some in te res t ing r e su l t s can be obtained on c lose r examinat ion 

of equation (8. 68) and compar i son of same with the expected value of 

equation (8 .49) , the s tochast ic Hamil tonian . The right hand s ides of 

t h e s e two equations a r e identical once P(t) is defined equal to V J , 

It m e a n s that the m a x i m u m of the Hamil tonian of the m a x i m u m p r i n c i ­

ple is the s ame thing as the pa r t i a l der iva t ive (with r e spec t to t ime) 

of t he opt imal value function provided the pa r t i a l de r iva t ive of the 

l a t t e r function (with r e spec t to x) is defined equal to the adjoint va r i ab le 

P ( t ) . Th is l a s t s ta tement is not a r b i t r a r y ; r a t h e r , it is a condition 

that m u s t hold on the optimal t r a j e c t o r y , and was demons t r a t ed by 
24 

Rozonoer [111 , pa r t 3 J as far back as 1959. 

8. Concluding Comments 

No doubt, several loose ends a r c evid?.ut in the d i scuss ion of the 

p reced ing s e c t i o n s . A br ief comment in th is r ega rd will be useful 

before t e rmina t ing this chap te r . F i r s t , it i s wor th repea t ing that the 

24 
See a l so Bryson and Ho [19, pp 49 and 134] . 
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development of the s tochas t ic coun te rpar t of the m a x i m u m pr incip le i s 

jus t beginning. 

Section 3 made it c l ea r that in the a t tempt at developing the 

s tochas t ic m a x i m u m pr incip le at tention has so far been concent ra ted 

on a r e s t r i c t i v e c l a s s of s tochas t ic differential equa t ions . The c l a s s 

of p rob l ems to which t h e o r e m s VIII. 3 and VIII. 5 may be applied a r e 
25 

different and the proofs of the t h e o r e m s a r e a lso different . It is 

not to be cons t rued f rom sect ions 4 and 5 that the respec t ive m a x i m u m 

pr inc ip le t h e o r e m s can be upheld for al l sy s t ems of additive and m u l t i ­

pl icat ive d i s t u r b a n c e s . Other impor tan t assumpt ions employed in the 

development should be noted. In Kushner [72 ,73 ] , the only cons t ra in t 

on the admiss ib l e control is that i ts in tegra l over the control t ime 

exists. In Sworder , the control is v i r tua l ly uncons t r a ined . While 

Kushner 's t r ans i t ion equation is nonl inear , that of Sworder is l i n e a r , 

and t h e r e is no a s s u r a n c e that his t h e o r e m c a r r i e s over to nonl inear 

s y s t e m s with mul t ip l ica t ive n o i s e . 

A l so , both Kushner and Sworder t r e a t s y s t e m s in which ini t ial 

condit ions a r e known, the t ime hor izon is non-s tochas t i c and the s t a t e s 

a r e perfect ly obse rved . Sworder has no comment on what happens if the 

hor izon is s tochas t i c . Kushner notes that p rob lems with s tochas t ic 

hor izon involve the addition of s eve ra l new concepts to an a l r eady 

compl icated p rob lem. What those new concepts a r e , a r e not known. 

These c i r c u m s t a n c e s dic ta te the type of i l lus t ra t ive p rob lem at tempted 

in the next chap te r . 

25 

Sworder [130, p . 36] . 



CHAPTER IX 

ECONOMIC APPLICATION OF THE STOCHASTIC 

MAXIMUM PRINCIPLE 

In the economic l i t e r a t u r e , the commones t example of the 

appl icat ion of the m a x i m u m pr inc ip le at the d e t e r m i n i s t i c level is the 

de r iva t ion of opt imal p r o p e r t i e s for one s ec to r models of economic 

growth. In th is connection, r e fe rence was made in p reced ing chap te r s 

to the works of Ar row [ 6 ] , Dobell [28], Dorfman [3 1] and Shell [120] 

among o t h e r s . This chapter is an a t tempt at providing a s tochas t ic 

p r a r l l e l to these w o r k s . Al te rna t ive ly , the p r e s e n t chapter may be 

r ega rded as a r e in t e rp re l a t ion of the genera l model in chapter III 

above . The vehicle of ana lys is will be the tools developed in chapter 

VIII, sect ion 5. 

As in chapter III, the Samuelson-Mer ton Model will be used as 

the pivot of d i s cus s ion . Section 1 r ep roduces th is model and d e s c r i b e s 

it in the language of chapter VIII, sect ion 5. Section 2 a t t empts some 

economic in te rp re ta t ions of the ma jo r r e l a t i ons . A number of i n t e ­

r e s t i ng r e s u l t s a r e der ived which may be r ega rded as s tochas t ic 

coun te rpa r t s of the K e y n e s - R a m s e y ru l e . Some of the r e s u l t s a r e 

p a r t i c u l a r l y easy to de r ive when one exploits known re la t ionsh ips 

between dynamic p rog ramming and the m a x i m u m pr inc ip le which w e r e 

noted in observa t ion VIII. 1. An example of this is the in te rp re ta t ion 

of the adjoint function P(t) as a m a r g i n a l ind i rec t ut i l i ty function. 

Section 3 is a d d r e s s e d to a number of computat ional p rob lems involved 

in the der iva t ion of the opt imal control ( i . e . , the opt imal consumption 

path) us ing the Sworder s tochas t ic m a x i m u m pr inc ip l e . These p r o ­

b l e m s a r e removed once the model can be t r e a t e d as a "s ta te r egu ­

l a t o r " . The majo r findings of the chapter a r e s u m m a r i z e d in sect ion 4 . 
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MAXIMUM PRINCIPLE 

1. Model Formula t ion and Descr ip t ion 

A s tochas t ic ve r s ion of the Samuelson-Mer ton model in continuous 

t i m e may be wr i t ten as 

y (t) = r(co,t)y(t) - c(t) (3.11) 

y (o) = y > 0 (3.12) 
o 

where 

y (t) is capital stock at t ime t 

c (t) i s r a t e of consumption at t ime t 

r(co,t)is a s tochas t ic ra te of r e tu rn at t ime t , and 

The consumer is a s sumed according to this model to genera te all his 

income f rom the yield of his capi tal inves tment . He has no wage 

i n c o m e . He has ini t ial capital y which he invests at an exogenous ra t e 

of r e t u r n r( w, t ) . The yield on his capital at t ime t i s , t h e r e f o r e , 

r ( . , t) y(t) , a random va r i ab l e out of which he consumes c( t ) . 

The p r o c e s s desc r ibed by equation (3. 11) is Markovian s ince the 

equation is a f i r s t o rde r l inea r s tochas t ic differential equation; i . e . , 
1 

a s ta te mode l . The equation is a pa r t i cu l a r case of equation (8.41) 

in which A(co,t) = r(co,t) , B(co,t) = - 1 , x(t) = y(t) and y (t) = c(t) . 

In the Samue l son -Mer ton model ins tead of the p r o c e s s r( co,t) one has 

and o rd inary random var i ab le r(t) independently d is t r ibuted with 

r e s p e c t to t i m e ; i . e . no s e r i a l co r re l a t ion is p e r m i t t e d . F o r the 

1. 
See A s t r o m [ 9, P . 44] . 
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applicat ion of the Sworder m a x i m u m pr inc ip le , r(co,t) is a s sumed to be 
2 

a sepa rab le Markov p r o c e s s with a finite number of s t a t e s . In 

other w o r d s , for each t , one only need to a s s u m e that the random ra t e 

of r e t u r n r ( . , t) a s s u m e s a finite number of values m , each with a 

p o s t e r i o r probabi l i ty i|r.(t). It is not n e c e s s a r y to a s s u m e away s e r i a l 

c o r r e l a t i o n . This is an advantage over the Samue l son-Mer ton a n a l y s i s . 

In p r a c t i c e , separab i l i ty has the advantage of enabling one to 

reduce the index set of the p r o c e s s (which may not be countable) to a 

countable se t . The assumpt ion is not r e s t r i c t i v e s ince , by proposi t ion 

V I . 8 , for every s tochast ic p r o c e s s X , t he re exis ts a sepa rab le p r o -

c e s s X defined on the s ame probabi l i ty space such that P(X =X )= 1. 

The Markovian assumpt ion can be justified by invoking propost ion VI. 3 

the genera l i ty of the Markov p r o c e s s . The f ini teness of the number 

of s ta tes m is not r ega rded as r e s t r i c t i v e for the p r e sen t p rob lem s ince 

in pr inc ip le m may be chosen as l a r g e as one p l e a s e s , shor t of infi 

n i ty . 

Turn ing to the in t e rp re t a t ion of the feedback control law, equation 

(8.43) is r ewr i t t en in the p r e s e n t context as 

c(t) = I [G(t)] (9.1) 

w h e r e , by equation (8 .42) , 

G(t) = [t, y(t) , t ( t ) ] ' (9 .2) 

\[i.(t) is the pos t e r i o r probabi l i ty at t ime 

t that r ( . , t ) = r. (. , t ) ; 

the p r i m e denotes t r a n s p o s e ; 

2 
See definition VI . 17 in chapter VI. 
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a n d , by e q u a t i o n ( 8 . 4 3 ) , 

t j ( t ) = f [ * ( ! ) , s ( i ) , t ] ( 9 . 3 ) 

w h e r e 

\ji(t) i s the e n t i r e v e c t o r [ t|/ ( t ) , \|i_(t), . . . , ty ( t ) ] , 
X Ci XTi 

and 

s(t) is a s c a l a r function r ep resen t ing data f rom the 
3 

"plant s e n s o r s " ; i . e . the exper ience based on pas t behaviour 
4 

of r ( w . t ) , thus giving the model a sor t of Bayesian c h a r a c t e r . 

The explicit appearance of t on the right hand side of equation (9.3) 

could be given an in te rp re ta t ion analogous to technological p r o g r e s s 

in a production function. In this s e n s e , t may symbolize the growth 

in the efficiency of the information gathering device (the plant s e n s o r ) . 

The feedback control law equation (9.1) makes consumption at 

t ime t a function of capital on band at t ime t , the p o s t e r i o r probabi l i ty 

d is t r ibu t ion over r ( . , t ) , and the t ime the decis ion is being m a d e . 

O b s e r v e that although G(t) and thus c(t) a r e r andom, the function £ is 

not r andom. 

To complete the desc r ip t ion of the control p rob lem, it m u s t be 

a s s u m e d that the consumer has a well behaved util i ty function, u defined 

over his consumption at t ime t , and that his objective is to m a x i m i z e the 

c r i t e r i o n functional 

See footnote 16 in chapter VIII, 

However , the subjective e lement inherent in the p r i o r probabi l i ty 
d i s t r ibu t ion of Bayes ian ana lys i s s e e m s lacking in this m o d e l . 
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T 
jj (c (t) ) = E J e _ p t u [ c(t)] dt (9.4) 

o 

subject to the constraints imposed by equations (3. 11) and (3. 12). 

Following the procedure of chapter VIII, section 5, the adjoint 

function, itself now a stochastic process, is defined by 

p(t> = -e - p t i ^ * i a * * E ! i ^ _ [ r ( i t ) _ a ^jG! i tn ] P ( t ) 

SV ' S y ' S y ' (9.5) 

P(T) = 0 

where 

the stars denote functions evaluated at their optimal levels, and 

G*(t) = [t, y"\t), ^,(t)]' 

Note that it is not necessary to assume a priori that P(t) is a stochastic 

process. It is by definition a stochastic process since r(co.t) is a 

stochastic process. 

2. Economic Interpretation of the 
stochastic maximum principle 

The function J (c (t)) defined by equation (9 = 4) was interpreted 

in chapter II (see equation (2.3)) as the relevant utility function in 

the context of temporal uncertainty. The corresponding function under 

timeless uncertainty would be defined as 

T t-
J° (y(t)) = E max J1 e"P u { ,t [ G(t)] } dt (9.6) 

-C o 
Equation (9.6) can be recognized as the definition of the optimal ex-

5 
pected value function in stochastic dynamic programming. One may 

See equation (8. 62) in chapter VIII. 
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t h e r e f o r e , infer that the s tochas t ic dynamic p rogra inming approach to 

dynamic opt imisat ion under uncer ta in ty always involves a f i r s t s tep 

in which the inherent " t empora l " uncer ta in ty is reduced to " t i m e l e s s " 

unce r t a in ty . The in te rp re ta t ion may be rega rded as a pa r t i a l answer 

to the skep t i c i sm exp re s sed in Crabbe and Odaro [25, p . 5 ] as to whe­

t h e r or not the dis t inct ion between " t empora l " and " t i m e l e s s " un­

ce r t a in ty can be usefully extended beyond the two-per iod a n a l y s i s , 
7 

when the F a m a [3 6] proposi t ion does not hold. The r ight hand side 

of equation (9. 6) r e q u i r e s that y(t) be known at the t ime c(t) i s chosen. 

The explici t dependence of the left hand side on y(t) sugges ts that the 

expected opt imal value function of s tochas t ic dynamic p r o g r a m m i n g 

m a y be in te rp re ted as a dynamic analogue of the usual ly " m e t a s t a t i c " 
g 

ind i r ec t uti l i ty function in conventional economic t heo ry . 

The P(t) which solves the differential equation (9.5) sa t i s f ies the 

in te rp re ta t ion given in observa t ion VIII. 1 (p.150). In o ther words 

P(t) is equal to the gradient with r e spec t to y(t) of the expected optimal 

value function. T h e r e f o r e , it follows that if the opt imal value function 

is cal led an indi rec t uti l i ty function, the adjoint function P(t) mus t be 

In view of proposi t ion II . 1 namely that t empora l unce r t a in ty is 
neve r p r e f e r r e d to t i m e l e s s uncer ta in ty desc r ibed by the same 
m a s s or densi ty function, this two s tep approach of s tochas t ic dy ­
namic p r o g r a m m i n g seems to make a lot of s e n s e . 

7 
E . g . , when T is infinite. 

8 
F a m a [36 p . 166] has given th is i n t e rp re t a t ion . 
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i n t e r p r e t e d as a "marg ina l ind i rec t ut i l i ty function". 

It is t rue that in the de t e rmin i s t i c f r amework , a genera l 

"shadow p r i c e " type of in te rp re ta t ion for P(t) has been recognized by 
9 

a n u m b e r of w r i t e r s , but the specific in te rpre ta t ion suggested h e r e 

has neve r before been recognized in the l i t e r a t u r e deal ing with the 

subject m a t t e r of th is t h e s i s . This specific in t e rp re ta t ion i s , t h e r e ­

f o r e , to be under l ined . In the s tochas t ic f r amework , the m a r g i n a l 

ind i rec t uti l i ty function (the "shadow p r i c e " function) depends on the 

s ta te of the wor ld . In o ther w o r d s , for each y(t), t h e r e a r e now as 

m a n y shadow p r i c e s as t h e r e a r e s ta tes of the world; the gradient of 

the optimal value function is s t ochas t i c . 

It would be in te res t ing to be able to compare the mot ion of P(t) 

in the d e t e r m i n i s t i c with that in the s tochas t ic context . The difficul 

t i e s on the way of such compar i son will be d i scussed in sect ion 3 

below. F o r now, the task of in t e rp re ta t ion tu rns on the s tochas t ic 

Hamil tonian . 

Following usual p r o c e d u r e , the s tochas t ic Hamil tonian is 

obtained f rom equations (3 . 11) and (9.4) as 

H(y, P , I , G) = e " p t u [ I [ G ( t ) ] ) + P(t) [r(co, t )y( t ) -c( t ) ] 

= e " p t u [ c ( t ) J + P(b) y(t) (9 .7) 

w h e r e 

the re la t ionsh ip (9. 1) ha.s been used , and G(t) is as defined by 

equation (9 .2) . 

See , e . g . Ar row [6, p . 88] and Dorfman [3 1] for i n t e rp re t a t ion in 
opt imal control context and Zangwill [153, pp. 62 -68] in the 
context of m a t h e m a t i c a l p r o g r a m m i n g . 
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The s tochas t ic Hamil tonian is made up of two p a r t s ; 

(1) the discounted uti l i ty of consumption at t ime t; and 

(2) inves tment valued in uni ts of "margina l ind i rec t ut i l i ty " P ( t ) . 

Hence , the Hamil tonian is the sum of ins tantaneous flows of ut i l i ty 

f rom all s o u r c e s , including a par t enjoyed immedia te ly , e u and a 

pa r t expected to be enjoyed in future P(t) y(t). This doub le -compo­

nent in t e rp re ta t ion of the Hamil tonian was recognized by Ar row 

[6, P . 88] in the d e t e r m i n i s t i c context, but in the p re sen t s tochas t ic 

context , the in t e rp re ta t ion is good only for one s tate of the world co. 

A different flow of util i ty r e su l t s for each state of the wor ld . 

Next, by invoking t h e o r e m VIII. 1, sub-sec t ions (1 ) and (2 ), 

and assuming that the left hand side of re la t ion (8.5 0) (p.139above) 

does not violate the conditions of these two s u b - s e c t i o n s , it r e q u i r e s 

no computat ions whatever to show that the famous K e y n e s - R a m s e y 

ru le m u s t hold. The t h e o r e m says tha.t on subst i tut ing the opt imal 

cont ro l path <t"'<(G(t)) into the expected Hamil tonian , the l a t t e r equals 

M, a constant , which m a y be in t e rp re t ed as R a m s e y ' s Bl i ss point B . 

T h e r e f o r e , on subst i tut ing £* on the r ight hand side of (9.7) and taking 

expecta t ion, the R a m s e y rule 

B e " p t Eu = EP( t ) y(t) (9.8) 

m u s t hold. 

Observat ion VIII. 1 y ie lds another in te res t ing economic in t e rp re t a t ion 

in the context of the p r e s e n t p r o b l e m . Recall ing the re la t ionship 

5_?J__= m a x E H _ M 
3 t 
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one can ra t iona l ize the following: 

(1) if the consumer has a "flexible" planning hor izon , 
and if h is inves tment y(t) depends only on h is capi ta l and 
consumpt ion, and not on timc^then his ind i rec t ut i l i ty 
will be a constant function of t i m e , s ince M equals ze ro 
w h e r e a s 

(2) if the consumer has a fixed planning hor izon a n d / o r 
if his inves tment depends on t ime as wel l as on his 
capi tal and consumption, then his ind i rec t ut i l i ty 
will not be a constant function, but will change through 
t ime at a constant ra te M. 

It m a y be in te res t ing to make a few comments h e r e concerning 

the impact of uncer ta in ty . Of c o u r s e , the f i r s t point to note is that 

unce r t a in ty in t roduces lack uniqueness into the s y s t e m . Since the 

Hamil tonian is now defined only for one s ta te of the world at a t i m e , 

i t m e a n s that t h e r e a r e as many different flows of ut i l i ty as t h e r e 

a r e s t a tes of the wor ld . Without p r io r knowledge of the resu l t ing 

Hamil tonian for each co, it is not poss ible to compare the flow of 

u t i l i ty under uncer ta in ty with the flow under ce r t a in ty . This compa­

r i s o n if it w e r e poss ib le , would indicate the "overa l l " impact of un ­

c e r t a i n t y . F o r the "marg ina l " impac t , one needs an acceptab le 

m e a s u r e of uncer ta in ty to be explicit ly included in the s tochas t ic 

Hamil tonian and with r e spec t to which the l a t t e r mus t be pa r t i a l ly 

d i f ferent ia ted . It is not c l ea r how one may go about t h i s . 

Back to equation (9 .7 ) , if the optimal consumption path c*(t) 

P rov ided the left hand side of re la t ion (8.50) (see p.139 above) obe 
re la t ion (8. 16a), p . 126 above . 

P rov ided the left hand side of re la t ion (8.50) obeys condition 2 of 
t h e o r e m VIII. 1. See p.125 above. 
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is subst i tuted for c ( t ) , then the re la t ion 

E { e " p t u [ -MG*(t))] -I P(t) y(t) |G(l)} 

^ E [ e " p t u [ l(G(t))] + P ( t ) y ( t ) | G ( t ) } (9.14) 

m u s t hold. 

The left hand side Hamil tonian in (9. 14) sa t is f ies the re la t ion 

a E ( H l G ( t ) ) = Q 

3c 
which s imply says that at the opt imum, the expected total flow of ut i l i ty 

m u s t be i r r e s p o n s i v e to consumption changes . The complete express ion 

for equation (9. 15) is 

c - p t 3E f u p.(G(t)) j ) _ E [ p ( t ) | G ( t ) J = 0 ( 9 > 1 6 ) 

where c(t) = <t(G(t)) has been subst i tuted f rom(9.1) . Equat ion (9. 16) 

shov/s that the opt imal consumption is such that the discounted m a r g i n a l 

expected ut i l i ty of consumption equals expected m a r g i n a l ind i rec t ut i l i ty 

of cap i t a l . 

In gene ra l , it is not poss ib le to say whether or not the -L (t) 

which solves (9. 16) will i n c r e a s e or decrease as uncer ta in ty i n c r e a s e s 

s ince th is depends on the explicit form of the r ight-hand side of the 

equat ion. However , following s imi la r a rgument by Rothschild and 

Stigli tz [110, p . 69] , it s e e m s reasonable to say that i n c r e a s e d u n c e r ­

ta inty will i n c r e a s e optimal -L(t) if E(P(t) |G(t)) is concave and d e c r e a s e 

it if E(P( t ) | G(t)) is convex. 

3 . Computat ional P r o b l e m s 

Synopsis 

Analyt ic solution for t (t) is genera l ly not poss ib le without 
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a s s u m i n g specific fo rms of uti l i ty and adjomt funct ions. In fact the 
i 

appeal of the m a x i m u m pr inc ip le , even in the de t e rmin i s t i c f r amework , 

has never been c la imed to l ie in i ts computat ional efficiency. As will 

be seen in this section cons iderab le difficulties a r i s e in the a t tempt to 

obtain explicit solution even when the pa r t i cu l a r ut i l i ty function of 

chap te r III is a s s u m e d . C losed - fo rm solution follows immed ia t e ly on 

a s s u m i n g equation (9. 17) below for the util i ty function. But that closed 

fo rm solution is wr i t ten in t e r m s of a function which is i tself unknown. 

Once an acceptable function is given for E(P |G( t ) ) the path of the opt imal 

cont ro l can be eas i ly de sc r i bed . But the difficulty in obtaining P(t) 

l i e s in the fact that it is in terdependent with y(t), i tself an unknown 

function. The efficiency of the techniques desc r ibed in chap te r VIII 

thus s e e m s grea t ly reduced once a c r i t e r ion other than a quadra t ic is 

employed. In o rde r to e l ic i t some of the main p rob lems involved, 

the Samue l son-Mer ton Model will be used . 

Samue l son -Mer ton Model Without Portfol io the P h e l p s - R a m s e y P r o b l e m 

The mode l formulated in sect ion 1 and in t e rp re t ed in sect ion 2 

does not involved any portfolio p rob lem since it involves only one a s s e t . 

In the language of chapter III this special case of the Samue l son -Mer ton 

model is cal led the P h e l p s - R a m s e y p r o b l e m . 

If the specia l ized uti l i ty function 

u(c) = - cY = ^ U G ( t ) ] Y (9 .17) 

w h e r e 

y , 0 < y < 1 i s the e las t ic i ty of the util i ty function, 

employed in chap te r Til is subst i tuted for u(£ ) in equation (9. 16), 

then it is easy to show that the optimal consumption path t (t) is 

given by 
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,4*(t) = [ c p t E [ P ( t ) | G(t)M 7 - 1 " ( 9 .18) 

which would be ident ical to Merton [88, equation (18)] if the depen­

dence of P(t) on G(t) w e r e ignored, since by observa t ion VIII. 1 

E [ P ( t ) ] = E [ | ^ - ] . 

The qualification i s , however , an unpalatable pill to swallow. There 

is no a p r i o r i r ea son to expect that P(t) will be independent of t , y 

and \jj . If, however , th is w e r e t r u e , it would mean that the "marg ina l 

ind i rec t u t i l i ty" P(t) is a constant , and th is is a contradic t ion of the 

spec ia l ized util i ty function (9. 17). If P(t) is not a constant , then 

t h e r e is the impor tan t p rob lem of de te rmin ing its behaviour , e . g . , as 

compared with the cor responding P(t) in the de t e rmin i s t i c f r a m e w o r k . 

Before embark ing on this t a sk a few words can be said about the b e ­

haviour of the optimal consumption path as given by equation (9. 18). 

According to equation (9. 18), t h r ee different v a r i a b l e s a r e vi tal 

in the de te rmina t ion of the c o n s u m e r ' s opt imal consumption path: 

(1) the expected value of his m a r g i n a l indi rec t ut i l i ty conditional on 

his ins tantaneous capital s tock, his pos t e r i o r probabi l i ty over the r a t e 

of r e tu rn on his capi ta l stock and the t ime the consumption dec is ion is 

m a d e ; (2) h is ra te of t i m e p re fe rence p : and (3) his re la t ive r i sk 

ave r s ion y-i. Holding every other thing constant : 

(1) i n c r e a s e (decrease ) in h is re la t ive r i sk ave r s ion r e s u l t s in 

a lower (higher) opt imal consumption path; 

(2) i n c r e a s e (decrease) in his r a t e of t ime p r e f e r ence r e s u l t s in 

a h igher (lower) opt imal consumption path; 
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i (3) i n c r e a s e (decrease ) in the conditional expected value of the 

m a r g i n a l indi rec t uti l i ty function r e su l t s in a higher (lower) 

optimal consumption path; 

(4) the ra te at which optimal consumption i n c r e a s e s through t ime 

depends on the re la t ionsh ip between his ra te of t ime p r e f e -
1 

rence n and the inver se of his re la t ive r i sk ave r s ion . 
Y - i ; 

if p is g r e a t e r than • ;~ , the consumption that will be 
Y - 1 

opt imal to the consumer will i n c r e a s e s teadi ly through t i m e 

at a ra te equal to . i 
Y 1 

if p is l e s s than , the consumption that will be optimal 

to the consumer will d e c r e a s e steadily through t ime at a ra t e 
P 

equal to 

if p is equal to , his opt imal consumption will increa-
2 y 2 

se at the ra te p = i/(-y- i) 

All t hese s e e m in te res t ing and s t ra igh t fo rward , and they do conf i rm 

r e s u l t s obtained by other w r i t e r s using other me thods . What is not so 

easy to d e t e r m i n e is the behaviour of P(t) which accord ing to the cano­

nica l equations 1 

P(t) = { - r ( u . t ) + arep tE(P«( i) |G< t ) )]- ' -1 

e^ptE(P*(t)|G(t))]^. ^ W ) ^ ) ^ ( 9 1 9 ) 

y(t) = r(co,t) y(t) - [ e p t E(P( t ) | G(t)) ]Y" 1 ( 9 # 2 0 ) 

depends , among other th ings , on the unspecified function E(P(t) |G(t)). 

In a de t e rmin i s t i c model th is p rob lem would not a r i s e , s ince 

12 
See e . g . Mer ton [88, p . 2 5 0 ] . 
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there would be no need for the problematic terms involving E(P(t)JG(t)) 
13 

in equation (9. 19). 

Following the development of chapter VIII, the first step in de­

termining the behaviour of P(t) is to assume that the solution P(t) 

of (9. 19) takes the form 

P(t) = K(t) y(t) (9.21) 

so that 

Pvt) = K(t) y(t) +K(t) y(t) f (9.22) 

where K(t) is a matrix each element of which is a stochastic process 

conditionally independent of y(t) and then derive a solution for K(t) 

from a Riccati equation of the type given by equation (8. 55) in chapter 

VIII. However, such a procedure does not seem very useful here 

since (9.20) is not linear. If the procedure were to be adopted, it 

would be immediately revealed that K(t) is not independent of y(t) since 

y(t) would appear explicitly on the right hand side of the differential 

equation for K(t) „ To see this, substitute equation (9.21) into (9.20); 

substitute the result in (9.22) to obtain an expression for P(t), and 

substitute (9.21) into (9. 19) to obtain a second expression for H,t). 

Equalize the two expressions for P and solve for K(t). The result is 

K(t) = - 2r(<o,t)K(t) + ^ [eptE(K(t)|G(t))y(t) j Y^T" 

+ £1£) [ e p t E ( K ( t ) |G(t)) y(t)JT^Y . [ep tE(K(t) |G(t))j 

1 t Zy 

- ( _ 1 ) y ( t ) [epE(K(t)|G(t))y(t)J 1-Y . [E(K(t) | G(t)) ] 

K(T) = d = constant (9.23 
1 

Recall that the term — ^ *—~^J—-~'-^ enters into (9. 19 
3y" 

because of the feedback nature of the problem. In a deterministic 
model this feedback would be unnecessary since the optimal control 
would be the same with or without feedback. See Definition VI. 10 
in chapter VI. 
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i n w h i c h K(t) i s e x p l i c i t l y d e p e n d e n t on y ( t ) . A l s o , t h e S w o r d e r c o n d i t i o n 

K ( T ) = 0 c a n n o t be i m p o s e d in t h i s c a s e b e c a u s e w i th t h i s c o n d i t i o n 

K(t) d o e s not e x i s t w h e n e v e r Y < 1 • 

E q u a t i o n ( 9 . 2 3 ) i s a n o n - l i n e a r s t o c h a s t i c p a r t i a l d i f f e r e n t i a l 

e q u a t i o n . By a p p l y i n g t h e m e t h o d of c h a r a c t e r i s t i c s s u g g e s t e d in 

c h a p t e r VI I I , e q u a t i o n ( 9 . 2 3 ) r e d u c e s to the o r d i n a r y s t o c h a s t i c d i f f e ­

r e n t i a l e q u a t i o n 

K , ( T ) 

K . ( T ) = - 2K. ( T ) r . ( co , t ) + —— — [e^ E K.( T)h.( T, i )y(t) j Y ~ 
1 x * Yvt/ ;-{ 3 3 

K.( T) m ^ Y m 
+ — - [ e p

 E K ( T ) h ( T , i ) y ( t ) j 1" v . [ e
p t

 s R ; ( T)h.( T, i) j 
Y j = l J J j = l J (9 .24) 

J r pt m * 2 Y 

(-^W)16 * K
j < * > V T ' l , y ( t , J 1 Y - = K;(T)h(T f i , 

A 
j = l J •> j= . 

K . ( T ) = d 

w h e r e 

K . ( T ) = E [ K ( t ) | G ( t ) , [ i ( t ) J ) 

[ i ( t ) J i s t h e even t r ( . , t) = r . , i = 1, . . . , m ; and 
l 

h , i s t h e s o l u t i o n of e q u a t i o n (8 . 5 9) in c h a p t e r V I I I . 

U n l i k e in c h a p t e r VI I I , one now h a s to s i m u l t a n e o u s l y s o l v e a s y s t e m of 

n o n - l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n so t h a t t h e t e c h n i q u e d e s c r i b e d 

by A t h a n s and F a l b [10, p 767 ] b r e a k s down . On s u b s t i t u t i n g P ( t ) = 

K( t ) y(t) in ( 9 . 2 0 ) one h a s 

y(t) = r(co,t)y(t) [ e p t E ( K ( t ) \ G(t))y(t) ] Y~ 1 

m ^ 
= r(co,t)y(t) [ e P ' E K (T) h.( T, i)y(L) J ( 9 . 2 0 a ) 

j = l J J 

T h e p r o b l e m i s c l e a r One c a n n o t soWe fo r y(t) unt i l one k n o w s 

K . , j = 1, . . . , m ; n e i t h e r can one so lve f o r K . in e q u a t i o n ( 9 . 2 4 ) 

u n t i l one k n o w s y ( t ) . 
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Severa l a t t empts were made at obtaining a solution for (9.20) 

and (9. 24) by a s suming a l t e rna t ive functional f o rms for E(P(t) | G(t)). 

The p rob lem was always the s a m e . As long as P(t) i s i n t e rp re t ed as a 

m a r g i n a l indi rec t uti l i ty function any plausible functional fo rm for it 

m u s t involve y(t), so that one always comes back to the si tuat ion of 

having to find y(t) in t e r m s of y(t)! F o r ins t ance , the function 

E(P( l ) |G( t ) , = e - ^ < l > U 

was t r i e d , so that equation (9.20) became 
1 

y(t) = r ( . , t ) y ( t ) - [ e p "X ) y ( t ) J Y _ J (9.20b) 

A steady s ta te solution for y(t) was sought for th is exp re s s ion , 

yielding 1_ 

y ( t ) = { [ . P - M t . y ( t ) v - l / r ( - i t ) (9 .20c) 

or 

log y(t) = (^77-) ( p t - \y(t)) - log r ( . , t ) (9.20d) 

which can be m o r e eas i ly solved for t than for y(t) . At tempt was made 

to e s t i m a t e the function Y(t) f rom the equation 

t = [ ( Y - 1 ) log y(t) -flog r ( . , t ) + \ y(t) ] / p (9 .20c) 

14 
This pa r t i cu l a r fo rm was chosen on the ground of i ts plausibi l i ty 
a s a marg ina l ind i rec t ut i l i ty function since it obeys 

u ' (y(t) = E (P(t) |G(t)) ~- e~
Xy{i) > 0, \ > 0 

and 

u „ ( y ( l ) ) = aEiatuatii = _Xe-xy(t, < o 
Sy 
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by using pa r t i cu l a r va lues for p , \, y , r ( . , t) and vary ing y(t) . By 
i 

using this p r o c e d u r e , it is poss ible to obtain a pa r t i cu la r (but by no 

m e a n s general) function y(t) which is valid only for the pa r t i cu l a r set 

of p a r a m e t e r va lues u sed . F o r each different set of p a r a m e t e r v a l u e s , 

a different function y(t) r e s u l t s , and the possible combinat ion of the 
15 

p a r a m e t e r s is infinite. 

A pa r t i cu l a r function y(t) obtained in the above fashion could 

be fed into equation (9.24) and a numer i ca l solution a t tempted for K(t) . 

Of c o u r s e , a different K(t) would resu l t for different y ( t ) ' s . In the 

end, so many a r b i t r a r y assumpt ions shall have been made about the 

p a r a m e t e r s as to make the r e su l t s wor th le s s in gene ra l , although fully 

specified p rob lems could be solved numer i ca l l y . 

No doubt, the foregoing computat ional p rob lems a r e fo rmidab le , 

and tend to deprec ia t e the grea t potential of the new tool . This hand i ­

cap s e e m s however due to the pa r t i cu la r p rob lem being solved h e r e . 

The p rob lem s e e m s to a r i s e f rom the fact that the or iginal p r inc ip le 
15a 

was developed from the so-ca l led "state r egu la to r " model in which 

the decis ion m a k e r seeks to min imize a c r i t e r i on functional of the f o r m 

J = | y ( t ) ' F y ( t ) + | J T ( y ( t ) ' M y(t) + c ' N c) dt (9.25) 

subject to 

y = r(t) y(t) c(t) 

whe re 
y and c a r e now deviat ions f rom equi l ibr ium levels or deviat ions 

f rom leve ls specified by the decis ion m a k e r . 

This is a g e n e r a l weakness of the s ta te -of - the-wor ld approach 
to decis ion making under unce r t a in ty . See Kendrick [ 6 7 , p p 1-2] . 

15a. 
See Athans and Falb [10, sect. 9.3] 
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M and N a r e posit ive definite m a t r i x e s ; and F , a posi t ive semi 

definite m a t r i x r ep resen t ing the condition imposed on t e r m i n a l capital 

s tock . 

The optimal control for this p rob lem is known to exis t and is 

given by 

c ' V ) = N " 1 K(t) y ( t ) 1 6 = N _ 1 P ( t ) (9.26) 

subst i tut ing f rom (9.21)„ T h e r e f o r e , any p rob lem that can be reduced 

to the s ta te r egu la to r formulat ion would s eem to be eas i ly solvable by 

means of this tool . 

The m o s t p romis ing route of escape f rom the compl ica t ions 

indicated in the preceding pages , t he re fo re , is the following. If one 

is p r e p a r e d to decompose the p rob lem into the two steps suggested by 

Kendr ick [ 6 7 , p . 3 J , then its solution by means of the Sworder s t o ­

chas t ic m a x i m u m pr incip le is s t ra igh t forward . Such a solution is 

however only an approximat ion , but it is be t t e r than no solut ion, or 

the solut ion, if any , tha t the complicated p rocedure of the p receed ing 

pages may yield. 

Cons ider again the s tochas t ic Hamil tonian (equation (9.7)) with 

u L c( t)"1 = Y ° Y ; i , e ' ' 

H = e " p t ^ cY ,+ P(t) { r ( . , t ) y(t) - c(t) ) (9.27) 

The f i r s t s tep is to a s s u m e that the s tochas t ic p r o c e s s r(co",t) t akes is 

expected value r (co,t). The Hamil tonian (9.27) is then d e t e r m i n i s t i c , 

16 
The cor responding equation in Athans and Fa lb [10, eqn. (9. 60) J 
would be c* (t) = - N _ i ( t ) B(t) ' K(t) y(t), but in the above example 
B( t ) ' = - 1 . 
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and so the feedback may be ignored . The optimal consumption path is 

given by , 

c* ( t ) = [ e " p t P ( t ) ] Y-l (9.28) 

and the canonical equations a r e 

3H 
P ( t ) = - 3y P(t) r ( . , t ) 

a n d 

y(t) r ( . , t ) y(t) - c *( t ) 
1 

= r ( . , t ) y(t) - [ e " p P ( t ) ] Y ~ l 

The solution P(t) f rom (9.29) i s 

P(t) = M e ' J r ( " s ) d s
 t M = constant > 0 

which is a d e c r e a s i n g function as is a l r eady wel l -known. 

Substi tut ing in (9.30) 

y(t) = r ( . , t ) y ( t ) ( M exp{-<t-[S: (. ,s) ds} 
I o 

The solution of the homogeneous par t is 
Jr( . , t )d t 

v 1 

Y^r 

y (t) = M e^ M > 0 

The complete solution is 

rtt) = e J > 7 < - - t » d t ( / Q ( t ) e - J ' 7 ( - ' t ) d t dt + M) 

w h e r e 1 

Q(t) = - M e x p { - e t - ^ r ( . , s ) ds)j 

In equation (9 .33) , the exp res s ion J 

Y- l 

Q(t) 

(9 .29) 

(9.30) 

(9.31) 

(9.32) 

(9.33) 

dt is the dampening 
J f (..t)dt 

fac tor and the path of y(t) depends on the re la t ive magni tude of 

dt and the constant M. Equat ions (9-28) , (9.31) and 
J J f (.,t)dt 

(9 .33) may be rega rded as the "nominal" solutions to the or ig inal 

p r o b l e m . 
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The second step in the solution p r o c e s s is to d e t e r m i n e what 

happens to equations (9 .28) , (9.31) and (9. 33) whenever r ( . , t ) does 

not a s s u m e i ts expected va lue . This second s tep lends i tself d i rec t ly 

to the appl icat ion of the Sworder m a x i m u m pr inc ip le , for a s Kendr i ck 

[ 6 7 , p 11] has obse rved , the c r i t e r ion functional for the second s tep 

of the solution always t u r n s out to be quadra t ic i r r e s p e c t i v e of the 
17 

or ig ina l c r i t e r i o n . The second s tep , t h e r e f o r e , is to min imize 

J = E { J | c d ( t ) 2 d t } (9.34) 

subject to 

yd(t) = r d ( t ) y d (t) - c d ( t ) (9.35) 

y , ( t ) , c , ( t ) and r ,(t) a r e now to be i n t e r p r e t e d as deviat ions f rom the 

nominal pa ths , e . g . , y (t) = y - y i . e . nominal y minus actual y. 
d a i 

The solution is 

* d [ G ( t ) ] = - E K . ( T ) y . ( t ) y ( t ) ° (9.36) 
j = l J 

w h e r e K. is a s defined on P . 166 above. The cor responding opt imal 

t r a j e c t o r y and adjoint functions a r e given by 
. J , -J. m j( 

Yd ( t ) = r d ( t ) Vd ( t ) + -Z K j ( T ) Y j ( t ) y d ( t ) { 9 ' 3 7 ) 

17 
The p r e s e n t p rocedure is not the same thing with the ce r ta in ty 
equivalent p r inc ip l e . The r e s t r i c t i v e a s sumpt ions of the l a t t e r a r e 
not r equ i red by the technique suggested h e r e . 

18 T 
Th i s is the special case of equation (8.61) in which B. t akes 
value -1 and y . ( t ) = p j r ( . 3 t ) = r ( t ) and B( . , t )= l j 
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* m 
K\(t) = - 2 r. K . ( T ) + 2 K . (T) E K .(T ) h. (i ,i) •* 

1 X X X j = l J J 

m A 2 m , 1 9 \ ( 9 . 3 8 ) 
( E K . ( T ) h ( T , i)) - £ K . ( T ) q . . ( T , i ) 
j = l J 3 = 1 J 1J 

K(T) = 0 

Equation (9.38) is now of the same form as equation (8.60) 

in chapter VIII and so, it may be solved by means of the algorithm 

described in Athans and Falb [10, P. 767 ] . 

Equations (9.36), (9.37) and (9.38) measure the differences 

between the deterministic and stochastic solutions of the optimal 

control, optimal trajectory and the corresponding adjoint function, 

respectively. For instance, whether theoptimal consumption path will 

be higher or lower under stochastic (uncertainty) than under determi-
20 

nistic (certainty) depends on the sign of equation (9.36). This sta­

tement boils down to saying that, other things being equal, optimal 

consumption path under uncertainty will be lower than under certainty 

if the deviation of capital path (given by equation (9.37)) from its 

nominal path (given by equation (9.33)) is negative. The converse is 

true if the deviation is positive. 

Similar reasoning applies in comparing the other two sets of 

19. 
See equation (8. 60) in chapter VIII. 

20 
Of course, all the variables and parameters of equation (9. 28) 
have to be held constant for this statement to be true. 
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funct ions . If the solution K(t) of (9.38) is pos i t ive , the r e su l t will be an 

upward shift of the en t i re path of the m a r g i n a l ind i rec t ut i l i ty function 

except at the t e r m i n a l point; i . e . ^ w h e r e K(T) = 0. In other w o r d s , 

the path of the s tochas t ic m a r g i n a l ind i rec t ut i l i ty function l i es above 

the cor respond ing d e t e r m i n i s t i c path except at the t e r m i n a l point 

w h e r e the two paths a r e equal . 

The behaviour of equation (9.37) depends on the signs and 

r e l a t ive magni tudes of K(t) y (t) and r (t) . 
' d ' d - " 

4 . Summary and Conclusions 

The ma jo r findings of th is chapter may now be s u m m a r i z e d . The 

objective of the chapter was to apply the tools chapter VIII to the 

genera l economic p rob lem of chapter III . At the qual i tat ive l eve l , 

s t r a igh t fo rward s tochas t ic coun te rpa r t s of wel l-known r e s u l t s in the 

d e t e r m i n i s t i c l i t e r a t u r e w e r e der ived without any difficulty. This 

was the c a s e , for i n s t ance , with the c l a s s i c K e y n e s - R a m s e y ru le which 

could a lmos t t r iv ia l ly be in fe r red by applying t h e o r e m s VIII. 1 and 

VIII . 5. chap te r VIII. Es tab l i shed re la t ionsh ips between dynamic 

p r o g r a m m i n g and the m a x i m u m pr incip le (observat ion VIII. 1) w e r e 

used to advantage . The r e su l t of this r e la t ionsh ip , applied to the 

p rob lem studied h e r e , was to yield the in te res t ing in t e rp re t a t ion of the 

adjoint function P(t) a s a m a r g i n a l ind i rec t ut i l i ty function and of the maximum 

of "the Hamiltonian as the change in the ind i rec t u t i l i t y with respect to t ime, 

holding all other v a r i a b l e s cons tan t . These re la t ionsh ips also made it 

poss ib le to ra t iona l ize the behav iour , through t i m e , of the ind i rec t 

ut i l i ty function. 
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Compared with the s tochast ic max imum pr inc ip le , it was d i s c o -
I 

v e r e d that s tochas t ic dynamic p rog ra mming always involves a two 

s tep p rocedu re in which the f i r s t s tep cal ls for reducing a given 

si tuat ion of t e m p o r a l uncer ta in ty to one of t i m e l e s s uncer ta in ty while 

the second s tep cal ls for optimizing the resul t ing ind i i cc t ut i l i ty 

function. While th is p rocedure is sensible in view of the proposi t ion 

that a t e m p o r a l uncer ta in p rospec t is never p r e f e r r e d to a t i m e l e s s 

unce r t a in p rospec t desc r ibed by the same probabil i ty m a s s or densi ty 

function, the s tochas t ic m a x i m u m principle has the advantage of s i ­

mul taneous ly yielding the t h r e e impor tan t functions: the optimal 

consumption path -t(t), the cor responding capital path y(t) and the 

path of ut i l i ty function P(t) a s soc ia ted with i t . 

However , in the a t tempt to obtain explicit solutions for these 

t h r e e funct ions, a number of computa/tional difficulties w e r e en­

countered and these th rea tened to b reak down the new tool which 

ini t ia l ly seemed theore t ica l ly ve ry powerful . These difficulties 

w e r e de l ibera te ly studied in detail in o r d e r to se rve as a guide to 

future r e s e a r c h e r s in the a r e a . The root of the difficulty was t r a c e d 

to the fact that the or iginal tool was developed fo r the so-ca l l ed "state 

r e g u l a t o r " mode l . It became obvious, t he r e fo r e , that if the or ig ina l 

p rob lem could be conver ted to a s ta te regula tor formula t ion , the 

computat ional difficulties would immedia te ly d i sappear A technique 

was suggested for effecting this convers ion . The overa l l impact of 

unce r t a in ty on the t h r e e functions was verba l ized f rom equations 

(9 .36) , (9.37) and (9.38) . 



CHAPTER X 

SUMMARY AND CONCLUSIONS 

The prob lem of i n t e r t empora l optimal consumpt ion-saving a l lo­

cation under uncer ta in ty has been invest igated within the f ramework of 

s tochas t ic optimal control t heo ry . To begin with, an extensive survey 

of the re levant economic l i t e r a t u r e was under taken . This survey un­

veiled a number of impor tan t i s sues which must always be r e m e m b e r e d 

in any study of this type , but which have so far not been in t eg ra t ed . 

These i s s u e s al-ways a r i s e once one recognizes the fact that in a dynamic 

opt imisa t ion p rob lem of the type studied in this t he s i s : (1) different types 

of uncer ta in ty may be identified; (2) these unce r t a in t i e s may emanate 

f rom a number of different sou rces ; and (3) va r ious " m e a s u r e s " of 

uncer ta in ty may be employed. 

The impl ica t ions of these dis t inct ions for the impact of uncer ta in ty 

on optimal solutions w e r e examined in de ta i l . In p a r t i c u l a r , it was 

noted that all of the existing " m e a s u r e s " of uncer ta in ty -were developed 

in a s tat ic f r amework . While the development of a t ru ly r igorous 

" m e a s u r e " of uncer ta in ty was not a t tempted in th is t h e s i s , sufficient 

warning -was given in th is r ega rd concerning the in t e rp re t a t ion of the 

impac t of uncer ta in ty on opt imal i ty . 

Taking insp i ra t ion from the work of Koopmans [ 6 8 , p . 110 ] , 

a rgument was advanced concerning the bes t tool to employ in the 

ana lys i s of the p rob lem posed . F i r s t , s tochas t ic control theory was 

seen as na tu ra l ly suggesting itself. Next, among the tools of s tochast ic 

cont ro l t heo ry , the s tochast ic max imum pr inc ip le was seen as mos t 

su i ted , not only because of (1) its m o r e genera l ma thema t i ca l validity 

( e . g . , as compared with the method of dynamic p rog ramming) ; 

and (2) i ts wealth of qual i ta t ive p r o p e r t i e s (which a r e always a t t r ac t ive 
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to the economist) ; but a lso (3) because of the succes s a l ready achieved 

at the de t e rmin i s t i c level in employing and in te rp re ta t ing the Pont ryag in 

m a x i m u m pr inc ip le as a proposi t ion in economics . 

F r o m a survey of the l i t e r a t u r e of s tochast ic control t h e o r y , it 

was d i scovered that two a t tempts have been made at d i rec t ly developing 

a s tochas t ic coun te rpa r t of the Pont ryagin m a x i m u m p r i n c i p l e . One 

a t tempt m a d e by Kushner was developed for fair ly genera l t r ans i t ion 

equations except that it handles only the case of addit ive n o i s e . The 

second which is due to Sworder p e r m i t s mul t ip l ica t ive n o i s e , but the 

t r ans i t i on equations a r e l e s s genera l than those of Kushner . Compared 

with the genera l i ty of s tochast ic differential equations or the mult ipl ic i ty 

of ways in which uncer ta in ty may be admitted in p r a c t i c a l p r o b l e m s , 

the exist ing two v e r s i o n s of the s tochast ic m a x i m u m pr inc ip le const i tute 

only a s ta r t ing point for the development of a fu ture , full-fledged 

theory of the s tochas t ic max imum pr inc ip le . However , of the two v e r s i o n s , 

Sworde r ' s was recognized to be of special i n t e r e s t because of the p r e ­

va lence of mul t ip l ica t ive noise not only in the sub j ec t -ma t t e r of th is 

t h e s i s , but a lso in s eve ra l other economic p r o b l e m s . 

A comprehens ive exposit ion of the two s tochas t ic m a x i m u m 

pr inc ip le s and how they re la te to the well-known Pontryagin m a x i m u m 

pr inc ip le and the method of dynamic p rog ra mming was given. Juxtaposed 

with each other (Table I, p . 146), the t h r e e v e r s i o n s of- the m a x i m u m 

pr inc ip le did not revea l any significant differences in p r inc ip l e . In fact , 

the Kushner v e r s i o n was found to be a lmost ident ical with that of 

Pon t ryag in . However , some ex t ra computat ional complexi ty was evident 

in S w o r d e r ' s equation for the adjoint function P( t ) . W h e r e a s the 
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Pont ryagin as well as the Kushner P(t) function is obtained from 

a set of o rd ina ry differential equat ions , the Sworder equation for 

P(t) genera l ly leads to a set of s tochast ic pa r t i a l differential equations 

of the Riccat i type . 

Impor tant impl ica t ions for the future role of s tochas t ic opt imal 

cont ro l theory in economics w e r e noted after a detai led study of 

c lass i f ica t ions of s tochast ic control s y s t e m s . When the va r ious c l a s s e s 

of s tochas t ic sy s t ems w e r e in te rp re ted as a c lass i f ica t ion of the va r ious 

s o u r c e s f rom -which uncer ta in ty may be introduced into a dynamic p r o ­

b l e m , s eve ra l " a r e a s of open r e s e a r c h " became evident: in the 

l i t e r a t u r e of s tochast ic opt imal control theory , eight different c l a s s e s 

of s tochas t ic s y s t e m s w e r e exemplif ied. Of these eight, only two 

c l a s s e s - r andom t ime constant and s tochast ic stopping t ime -were 

seen to have so far rece ived attention in the economic l i t e r a t u r e dealing 

with the sub j ec t -ma t t e r of this t h e s i s . T h e r e is no doubt that i nc r ea sed 

r e a l i s m can be at tained by admitting uncer ta in ty f rom seve ra l sou rces 

at the same t i m e . However , t h e r e should be no i l lus ions regard ing 

the p r i c e at -which this can be done. It is not yet c l e a r how much 

complicat ion -will be introduced into the s tochast ic max imum p r inc ip l e , 

for i n s t ance , if unknown init ial conditions a n d / o r s tochas t ic t ime 

hor izon a r e s imul taneously pe rmi t t ed in the mode l . It might , t h e r e f o r e , 

be w i s e for economis t s to wait until ma themat i c i ans and control t h e o r i s t s 

a r e able to so r t out t hese i s s u e s . These w e r e the cons ide ra t ions that 

influenced the type of i l lus t ra t ive p rob lem at tempted in th is t h e s i s . 

P e r h a p s the mos t significant contr ibution of th is t h e s i s i s i ts 
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pioneer ing effort in employing and in terpre t ing the Sworder 

s tochas t ic m a x i m u m pr incip le (so far as it ha s been developed) in 

the ana lys i s of the Phelps - Ramsey p r o b l e m . A number of in te ­

res t ing r e s u l t s w e r e der ived some of which may be rega rded as 

s tochas t ic coun te rpa r t s of the c l a s s i c Keynes -Ramsey r u l e . F o r 

i n s t a n c e , the l a t t e r was in fer red without any difficulty by applying 

t h e o r e m s VIII. I and VIII. 5 . Es tabl ished re la t ionsh ips between 

dynamic p r o g r a m m i n g and the max imum pr inc ip le (observat ion VIII. I) 

w e r e used to advantage . Applied to the p rob lem studied in this t hes i s , 

the r e su l t of these es tabl i shed re la t ionships was to yield the in te res t ing 

in t e rp re t a t ion of the adjoint function P(t) as a marginal i nd i r ec t u t i l i t y 

function and of the maximum of the Hamiltonian as the change in the i nd i r ec t 

u t i l i ty with r e s p e c t to t i m e , holding all other va r i ab le s cons tant . 

These re la t ionsh ips a lso made it poss ib le to ra t iona l ize the behav iour , 

through t i m e , of the ind i rec t ut i l i ty function. 

Compared with the s tochast ic max imum p r inc ip l e , it -was d i sco­

v e r e d that s tochas t ic dynamic p rog ramming always involves a two 

s tep p r o c e d u r e in which: (1) the f i rs t s tep ca l l s for reducing a given 

p r o b l e m involving t e m p o r a l uncer ta in ty to one involving t i m e l e s s 

uncer ta in ty ; while (2) the second step cal ls for optimizing the resul t ing 

ind i rec t ut i l i ty function. This p rocedure was recognized as sens ib le 

in view of the propos i t ion that a t empora l uncer ta in p rospec t is neve r 

p r e f e r r e d to a t i m e l e s s uncer ta in p rospec t desc r ibed by the s ame 

m a s s or densi ty function. On the other hand, the s tochas t ic m a x i m u m 

pr inc ip le h a s the advantage of s imul taneously yielding the t h r e e 

impor tan t functions: the opt imal control (the opt imal consumption path) , 

the cor responding opt imal t r a j ec to ry (the opt imal capital path) and 
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the adjomt function ( the uti l i ty function) assoc ia ted with i t . 

However , in the at tempt to obtain explicit solutions for these 

t h r e e functions, a number of computational difficulties w e r e encoun­

t e r e d . T h e s e difficulties init ial ly threa tened to supp re s s the might 

of the new tool , and they w e r e de l ibera te ly studied in detai l in 

o r d e r to s e r v e as a guide to future r e s e a r c h e r s in the a r e a . The 

root of the difficulties was t r aced to the fact that the or ig inal tool 

was developed on the bas i s of the socalled " s t a t e r e g u l a t o r " mode l . 

It b e c a m e obvious , t h e r e f o r e , that if the or iginal p rob lem could be 

conver ted to a s ta te regula tor formulat ion, the computat ional 

difficulties would immedia te ly d i sappea r . A technique was suggested 

for effecting this convers ion . The advantage of the p r o c e d u r e is that 

it does not r e q u i r e the r e s t r i c t i v e assumpt ions needed for the 

applicat ion of the cer ta in ty equivalence p r inc ip l e . 
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