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ABSTRACT

Filtering and identification problems of partially observable stochastic dynam-
ical systems has been considered. A complete derivation of the Zakai equation for
partially observed diffusions has been presented. Utilizing the properties of the like-

lihood ratio and using Ito differential rule, the Kushner result was obtained from

that of Zakai and vice versa. Using a Radon-Nikodym approach and the properties

of the semigroup of the state processes, the result of Zakai has been extended to
wider classes of stochastic differential systems.

Modelling of the errors that arise in Dead Reckoning and Loran-C navigation
sensors has been also investigated. It has been shown that these errors can be
modelled as a linear stochastic differential equation driven by Wiener and Poisson
processes. Based on these models, we have utilized the filter equations obtained for
the nonlinear case, to derive a set of finite dimensional differential equations for the
estimator and covariance matrix from which velocity and position of the Shlp can
be estimated. The results are illustrated by a numerical example.

Techniques of optimal control Theory as well as nonlinear filter Theory have
been utilized in ident;ffying the drift parameters of nonlinear (partially observable)
stochastic differential systems with and without Markov jump coefficients. Using the
variational methods and the maximum likelihood approach, the necessary conditions
for optimal identification have been derived.- The results are illustrated by two
(scalar) examples.
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'CHAPTER 1

INTRODUCTION

Physical s;rstems are designed and built to perform certain defined f'unctions.
For éxample, submarine, aircraft, and spa;:"éc::l"'a.ftf'i'nus_t_rn‘avi_gate in their respective
environment to accompiish their objectives; whereas an electric power system net-
work must meet the load demand. In order to determine that whether a system is _

|
performing properly, and ultimately one can control the system performance, tle

W
engineer must know the state of the system. In a navigation system, for example,
the state consists of the position and velocity of the craft in question ; in an electric

power system, the state may be taken as the number of generators in operation or

the voltages and phase angles at network nodes.

In most;. cz;ses, physical systems are subjected to random disturbances, so that
the state of the system may itself be random. In order to crletermine the state of the
system, tl;e engineer should build a measuring device a.i{d take measu;ements (or
observations) on his system. These measurements are generally contaminated with
) ise caused by t}bg electronic and mechanical.components of the measuring device.
'I:he problem of def(;'i'mining the state of the system from these noisy measurements
is called estimation problem. There are three types of estimations, which can be
stated as follows. When the time'at which an estimate is desired falls within the
span of available measurement data, the problem is termed smoothing. If the time of
interest occurs after the last measurement, the problem is referred to as prediction.
And if the time of interest coincides with the last available measurement point,
the problem is called filtering, which is the main subject of this thesis. In fact the

filtering problem is of central importance in many practical engineering problems,

since the estimated states are required in monitoring, and for the control of the
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systems. Furthermore, a large clas_s of (system) identification problems can also be

regarded as filtering problems [45].

1.1 A Brief Review of Previous Studies

1.1.1 Filtering Problem

.

\(*)ver the last two ldecades, much attention has been focused on the study of
filtering problem of linear as well as nonlinear dynamical systems (19, 20, 26, 27, 29,
30, 33, 42, 45, 46, 47, 49, 49, 55, 61, 62, 67, 76]. In 1960, Kalman and Bucy [4~9] used
least square method to derive a system of liﬁem stochastic and ordinary differential
equations describing the evolution of the estimated state and the corresponding
covariance matrix, respectively. In fact th;‘se filter equations were extensively used

in practice for many engineering problems (see for example [45, 59, 60, 64]). In

1960, Stratonovich [69] was also pioneering the developement of the probabilistic

approach to nonlinear filtering problem. The work of Stratonovich was not, however,
immediately known in the West. From 1963-1966, nonliné;.f filtering and stochastic
control problems were studied by Wonham [74], Kushner [53,54], Ho and Lee [41]
and Jazwiniski [42,43]. In 1967, Kushner [55,56] obtained his equation, which is a
nonlinear stochastic partial differential equation describing the flow of normalized
conditional density of‘ diffusion Markov processes, with the help of which the whole
filtering problem is theoretically resolved. A more theoretically convenient filter
equation was obtained by Zakai [76] in 1969. This equation is a linear stochastic
partial differential equation describing the flow of unnormalized conditional density

of a diffusioft Markov process. .

After this pioneering work of Kushner and Zakai, the nonlinear filtering problem

for diffusion processes was treated by many authors. In references [18, 51, 57, 58],
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~t;h_e jroblem of existence of solutions of Zakai and Kushner equE“l:ions was consid-
ered. In [47] Kallianpur and Karandikar used the Radon Nikodym derivative result
obtained by Balakrishnan [18] and finitely additive white noise approach to derive a
linear partial differential equation for the unnormalized conditional density in which
the observation process (in finitely additive set up) occits as a parameter. They
also proved the existence and uniqueﬂess of solutions of this filter equation. In [70]

eﬂ?euchi and Akashi used Girsanov trar;sformation to derive the Kushner equa-

tion) for a class of systems driven by tontinuous martingales whereas the observed

process (discrete) is excited by white Gaussian noise.

The extension of Kushner and Zakai results for the case where the state as well
as the observed processes are discontinuous, was also treated in (25, 26, 31, 63,
67, 71, 72, 75]. In [31] Di Masi and Runggaldier considered the filtering problem
-for diffusion pro-cesses with observations driven by Wiener and doubly stochastic
Poisson processes. Using a Girsanov type transforx;lation, they obtained Zakai type
equation for the unnormalized conditional density, the solution of which can be only
obtained if the Poisson noise is observable. In [63] Liptser and Shir;'ayev obtained
Kushnper type equatioﬁ for systems driven by right continuous martingales whereas
the observation is doubly stochastic Poisson process. Pardoux [67] obtained Zakai
type equation for the case where the state process is a diffusion Markov process
‘é‘.nt_i_ the observation is doubly stochastic Poisson process. In [25,26] Boel, Varaiya
and Wong, used martingale Theoretic approach and Girsanov type transformation
to oT)ta.in Zakai type equation when the state as well as the observed processes
are both driven by two independent right continuous martingales. This result is
very general and hence very abstract in nature. Vaca and Snyder [71,72} also used

ma.rtinéa.le‘ approach to derive Kushner type equation when the state process is

driven by a continuous martingale whereas the output (observed) process is driven

t
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by Wiener as well as generalized-;f’oisson processes. Again this filter equation is
very abstract in nature and in order to cc;ﬁﬁut,e the required estimate one has to
observe the continuous as well as discontinuous noise of the outpﬁi process which
is practically difficult. In [73] Yavin considered. the filtering problem L for the case
where the state process is of diffusion type and the observed prociess iE‘s driven
only by genera.lizet.i Poisson ‘process. Under the assumption that the estimator is

governed by Kushner type equation with unknown gain matrix, he used optimal

control Theory to compute this gain matrix through which the required estimate

can be determined.

In [40], Grigelionis considered the filtering problem for a more general class of
stochastic systems. This result cover those obtainefl in (25, 26, 28, 31, 63, 67, 71,
72, 75]. However, for the case where the observed process is of discrete type (which
is the usual practice), computing the required estimate, using Grigelionis result,
is difficult if not impossible. This problem aoes not arise in the filter equation

developed by the author in [28]; as it will be indicated in chapter 4 of this thesis.

The filter equations of Kushner and Zakai have also been applied to stochastic
control problems of partially observable diffusion process by many authors such as
Benes [21], Fleming [34]-[36], Kushner [53,57] where the existence of optimal control

was proved given‘the observed path.

1.1.2 Modelling and Filtering of Navigation Errors

Over the last few years the problem of‘modelling and filtering of errors that arise
in Marine Integrated Navigation systems v.vas considered by many authors (see for
example [1, 59, 60, 64]) and their work was mainly concentrated on modelling these
navigation sencor errors as a linear diffusion Markov processes. Then assuming

that the observed process (discrete) is excited by a white Gaussian noise, they used
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Kalman filter to 'obtain. an estimate of ship (or aircraft) position and velocity. In
most circumstances, these models, and hence the corresponding filter, give quite
satisfactory results. However, there are some well known errors, particularly those

of Loran-C and Omega radio- aids, that do not conform to these standard model

and therefore warrant further investigation.

1.1.3 Identification Probiem

An important and essential aspect of modelling any physical system is the iden-
tification of parameters in the model equation. For distributed parameter systems
this problem has received considerable attention in the past as indicated in [16]
and [50|. Techniques of optimal control Theory have also been utilized in identi-
fication of parameters in distributed systems. Optimality conditions for controls
in the coefficients of a class of hyperbolic systems have been developed by Ahmed
[7]. Semigroup Theory and maximum likelihood ratio approach were used in [17] to
identify unkown parameters (or operators) for deterministic distributed systems as
well as stochaséic systems. A general formulation for identification of operators in
systems governed by parabolic, hyperbolic and structurally damped hyperbolic evo-
lution equations has been discussed recently in [12]. Liptser and Shiryayev [63] have
also considered the identification problem of drift parameters of systems governed

by Ito equation of the form
dry = ah(:t:t)dt + dW,,

where W is a standard Wiener process .a.nd a is unknown. Using maximum like-
lihood approach, they\ obtained an explicit expression for the estimated parameter
given {z,; s < t}. Further, using the law of iterated logarithm of Brownian motion,
they showed that as t — oo, the estimated parameter converges (in the almost sure

sense) to the true underlying parameter.



el
In [39]) Gland has considered the identification problem for drift parameters for
a class of systems governed by nonlinear Ito equation of the form

dy: = h{a, z)dt + dVy,

where z;;t € [0,T], is a diffusion Markov process, V is a standard Wiener process
and a is unknown. Using maximum likelihood approach and forward and backward
Zakai equations, he developed a numerical scheme for computing the unknown pa-

rameter given the observed process {y,; s < t}.

1._2 Qutline of The Thesis

The thesis is organized as follows : Chapter 1 contains the motivation for filter-

ing and identification problems and a brief review of the previous studies in these

areas.

In chapter 2 we state the ﬁlterihg problem and present a brief derivation for
Zakal equation. Further, using the result of Zakai, we obtain Kushner equation and
show their equivalence. Finally, we discuss the question of existence and uniqueness
of solutions of Zakai equation using the standagd result‘on éxistence of solutions of

partial differential equations.

In chapter 3 we follow similar procedure as that of chapter 2 to extend the result
of Zakai to the case where the drift and diffusion parameters of the state process
are perturbed by a temporally homogeneous Markov chain. We also discuss the

question of existence and uniqueness of solutions of this filter equation.

In chapter 4 we make use of Radon-Nikodym derivative of measures induced by
discontinuous Markov processes, to derive Zakai type equation for the case where the

state as well as the observed processes are driven by Wiener and generalized Poisson
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- processes. We also obtain the corresponding filter equation when the observed

process (discrete) is only excited by white Gaussian noise.

In chapter 5 we consider the problem of modelling the errors that arise in Dead
Reckoning and Loran-C navigation sensors., Then using the results of chapter 4, we

obtain the corresponding filter equations.

In chapter 6 we consider identification proBlem for stochastic systems governed
by nonlinear Ito differential equations with and without jump parameters. Then
using the results of chapters 2 and 3, we prove the existence of solutions of these
identification problems and obtain the corresponding optimality conditions, along

the line of [12] and [13).

&

Concluding remarks and suggestions for further research are presented in'chap-

ter 7.
Original contributions in this thesis include : A

(i) A complete derivation of the filter equations for a class of systems governed
by nonlinear Ito differential equations with drift and diffusion parameters
perturbed by a jump process; sections 3.2, 3.3 and 3.4. This is independent

of the general formulation in [40],

(ii) A complete derivation of the filter equation for a class of systems driven by

Wiener and generalized Poisson processes ; sections 4.2, 4.3 and 4.4.

(ili) Modelling and filtering of jump processes arising in navigation system :

sections 5.2 and 5.3.

(iv) Parameter identification of partially observed nonlinear diffusion processes

with and without Markov jump coefficients ; sections 6.3 and 6.4 .
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NONLINEAR FILTERING OF DIFFUSION PROCESSES

2.1 Infroduction

In this chapter we consider the filtering problem for a class of systems governed
by Ito differential equations of the form .
dzy = a(xz)dt + b(z;)dW,,

£(0) = 2o, (2.1)

1where z,a are, vectors in R”; b is (n X n) matrix and W is n—dimensional standard
Wiener process independent of the initial state zy. The output (observed) process
yt,t 2 0, is assumed to be related to the state process z;,t > Q, through the following

stochastic differential equation

dyg = h(It)dt + Uo(yg)dv;{,

(2.2)

where y, h are vectors in R™ , 0p is an (m x m) matrix and V is an m~dimensional

standard Wiener process independent of W and the initial state zq.

As indicated earlier in chapter 1, the filtering problem for the abpve system
 was considered in the literature by Stratonovich [69], Kushner [53-58|, Bucy [27],
Liptser and Shiryayev [63], Zaké.i [76], Kunita [51,52], Davis [29,30], Kallianpur [46],
and others and their work was concentrated mainly on finding an equation for the
conditional density ( normalized or unnorx:ﬁaiized) of t%’e process xy, t > 0, given the

observed path {y,;s < t}, with the help of which the filtering problem is resolved.

Since the overall thesis is mainly based on the extension and application of the

Zakai equation, we present in this chapter a brief derivation for this equation and

show how it is related to Kushner equation.
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In section 2.2, we state the filtering problem and introduce the:assumptions and __
notations that have been used in the séqhel. In section 2.3, we present some known
results due to Gilrsa.nov‘ and Ito, on the basis of which we derive a stochastic integral
equation for the unnormalized conditional density. Using this integral equation
and utilizing the properfies of the semigroup ;orresponding to the state (process)
z, we derive the Zakai equation. In section 2.4, we utilize the results of section
2.3 to-derive the Kushner equation and show its equivalence to that obtained by
Zakai. Finally, in section 2.5 we use the standard result on existence of solutions
of partial differenﬁal equa.tiéns given in [6,22], to discuss the question of existence

and uniqueness of solutions o_f‘ the Zakai equation.



2.2 Formula.t_‘.ion of Filterinﬁ Problem, Assumptions and Notations

Let the state and observed processes be governed by the stochastic differential
equations (2.1) and (2.2}, respectively. Let f be any .bounded measurable function
on R™ with values in R¥. Let 7Y denote the o~algebra generated by the process y
up to time {. We wish to estimate f(z;) given the history of y up to time t, that'
is Y. Assuming that all the random processes and veci;ors described above are
defined on a complete probability space (ﬂg,__Bo, Py), we state the filtering problem

as follows.

Given any‘boun;i;ad measurable Rk~v_a.lued function f on R", find ?g, which is

7 —measurable, such that

B{f(z) - 7" | 7}, .23
is minimum. Defining

fo=EB{f(z) | 7}, (2.4)

equation (2.3) can be rewritten as
B{If(z) = F* | 2} = B{If (=) = TP +2(Fe = F) - (U (=) - To)
+ 7= 7 1 7Y, (2.5)

where ‘> denotes the scalar product in R* and |-| is the usual Euclidean norm. Using

follows from equation (2.5) that

E{|f(ze) ~ " | 7'} = B{If (=) = Tef* | 2} + e - 7" (2.6)

Clearly, it follows from (2.6) that the quantity, given by (2.3), attains its minimum

for

fi =T = E{f()|77}. | (2.7)



This shows that the conditional expectation gives the best (optimal) estimate in

the mean square sense. Since

fo= BU@IRY = [ 1) Pr{m € dal5)
| E/ f(2)P(t, dz| 7?)
Rn
= [ 1@stt,zl7)es, (28)
Rn

where P(t,dz|%") is a measure-valued 7¥—measurable random process, the whole
filtering problem is resolved if the measure P(t,dz|#Y)(or the density p(t,z|%’))
can be computed. In fact Kushner [55] obtained a nonlinear stochastic partial
differential equation for the conditional density p(t, z| 7¥). This equation is given by
 dp(t,2|7F) = A*p(t, | F)dt + (h— he) - T3 dye — Redtlp(t, 2| 7),

- (29)

p(O,x] = PO(:E),

for all t € [0,T), where ‘-’ denotes the scalar product, h; = E{h(z;)|7’} and A* is

the formal adjoint of the operator A given by
1
Af=(a-f;)+ Etr(bb'fn),

— !
ro — 0‘000,

and pg is the initial density of zo. Further, tr(A) denotes the trace of the matrix A.

Theoretically, 2 more convenient equation was obtained by Zakai [76] which is
linear stochastic differeg'ltiaf equation describing the flow of unnorma,lizedl condi-
tional density, denoted p(t, ), of z; given ¥ , ¢t > 0. This equation is given by

de(t, z) =' A*qo(t;_z)dt + p(t,z)h(z) - T5'dy,, t >0, |

©(0,z) = po(z). (210)



Since the conditional density p(t,::|:?ty) is related to the unnormalized conditional

density ¢(t,z) ,x € B*, through the relation (see section 2.3)

p(t, z| ) = ﬁ%‘a, (2.11)

-~ it is clear that solving (2.10) and using the relation (2.11), one obtains the condi-
tional density p(¢,-|7’) , ¢ > 0, and hence the estimate f; can be computed using
equation (2.8). In the next section we shall usé Girsanov transformation {38] of
measures induced by systems (2.1) and (2.2) to derive Zakai equation (2.10). For

this, we need the following assumptions and notations.

Assumptions:

(A1) Thefunctions a(z) and b(z) are continuous on R and there exists a constant

~ > 0 such that

o= (bﬁ') > A1,

where I denotes the identity matrix.

(A2) There exists a constant & > 0 such that
Tla(z) — a(y)[* + l6(z) = b(v)|I* < klz -y,

for any =,y € R".

' . 8 a a3 A
fA3} The functions 20,055, 55;% » 305 2nd 297,04 B T L2,

bounded and satisfy Holder condition on R".

(A4) The function k is continuous on R™ and there exists a constant k& > 0 such

that

|h(z) — h(y)|* < k|lz — yi*,  z,y€ R",

and
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t
—> Ef Ih(z,)]2ds < o0, Py — a.s. {almost surely},
. YO0 .

along any solution z;;t > 0, o‘f'equatidn (2.1).
(A5) The matrix function 0o is continuous, bounded and satisfies uniform Lips-

chitz condition on R™ (see assumption (A2)). Further, there exist constants

6 > 0 such that o4(y) > 61, y € R™, and

NJE]? < ((000(¥)€,€) < wol€l?, €€ R™

Notations:

Let {n:t > 0} be any random process and let o{n,,s < ¢} denote the c—field
generated by the process n up to time ¢. Define F=o0{ys,s <t}, FF = o{z,,s <t}
7V = o{W,,s <t}, o(z) =o{x} and 7 = v FY v o(ze) C Bo. Let %,t >0,
be an increasing family of sub-o~fields contained in # such that for each ¢ & [0, T},
the processes z; and y; are F— measurablaet ?1 denote the. space of continuous
functions on [0, T'] with values in R™*™, and let A denote the Borel c—algebra on .
We call (01, A) the canonical sample space. We denote by B(R") the Borel c—feld
generated by shbse_ts of B*. Let Ly(I; R™); I = [0, T}, denote the equivalence classes

of measurable functions f on I with values in R® such that

/ FlO)Pdt < co,
I

where |- | denotes the usual Euclidean norm. Clearly, the space L, (I; R™) furnished

with the norm topology ‘
191 = (0P,
is a Banach space. For any Banach space E, we denote by C(I; E) the space of

strongly continuous X—valued functions on I, furnished with the uniform topology

[ flle = aup 1 ()&
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Note that the space C(I; E)-furnished with the norm topology || - ||¢, is a Banach
space. For any pair of Banach spaces £ and F, we use £(E, F) to denote the space
of bounded linear operators from E to F. For any vectors a,b € R®, we use (a-b) to

. denote the scalar product in R®. Further notations will be introduced in the sequel

as required.

-

- 2.3 An Evolution Equation For Unnormalized Density

In this section we use Girsanov transformation {or Radon-Nikodym derivative)
of measures induced on the canonical s‘ample space (£1, A) by systems (2.1) and (2.2)
to derive a stochastic integral equation for the unnormalized conditional density
leading to-ZaI;ai equation. Before presenting our derivation, which is basically same
as that given in [76], we first present the.follmying known results due to Girsanov

and Ito. The proofs of these results are knowmn and can be found, for example, in

[37].

Lemma 2.1 (Girsanov Transformation [37] Theorem 11, P.250)

Let ) and u2 (which are defined on the space (Q2, £) denote the the measures
induced, respectively, by the systems

dry = a(z;)dt 4 b(z;)dW4,
(2.12)

fl

dyr = h(zt)dt + oo{y:)dVi,

4

and L
dz; = a(z;)dt + b(z)dWr,

2.13
dyr = oo(y}dW;. (2.13)



, dus

For each t € [0, T|, define

dpy - L,

(2.14)

H ' t
=exp{-; [ o6 (s + | (@5t whis) - o5 we)av),

where h and oy satisfy assumptions (A4) and (AS5). Then if E;Ly = 1, the process

{(We, &); #,t > 0}, where E; denotes the expectation with respect to the measure

#2 and

’—\_/ ¢
Eﬂ '/0 Uo—l(ya)dyh te [01 T]:

is a standard Wiener process on the probapility space (€2, 4, u3).

Remark 2.1

Note that under the measure g, é\i{eids %*and F7¥,t > 0, are independent.

This fact is very important and it will be used in the derivation of Zakai equatlon

Lemma 2.2 (Ito differential, [37] corollary 1, P.70)

Let the R"—valued process {#(t),t > 0} be the solution of the following stochas-

tic differential equation
dn(t} = a(n(t))dt + b(n(t))dW,,

with initial state n(0) = 7o, where W is n—dimensional standard Wiener process
independent of the initial state 5y and the functions ¢ and b satisfy our basic as-
sumptions. Let f be any twice continuously differentiable function on R®. Then the

Ito differential of f is given by

df (n(t)) = (Af) (n(e))dt + (&' fz)(n(2)) - W, (2.15)
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%

where f; denotes the partial derivative of f with respect to z and A denotes the

(backward) Kolmogorov operator corresponding to the process {n(t),¢ > 0}, given

by

n

Af = Z a,:(I)fz.- + % E o'ij(m)fz.'z;s (2'16)

=1 1,5=1

and o = bb'. [ ]

Let f be any bounded measurable function on B™. Then using the fact that the

measures u1 and pa (see Lemma 2:1) are absolutely continuous and that

f’TdM =['TLTdﬂ2.
Q- 0

where Ly is given by (2.14) and v is any G—measurable random variable, G C 4,

it follows from (2.7) and Baye’s formula that the conditional expectation }:g can be

written ag
Eo{L:f(z:)| 7Y}
Eo{L:|3}

D B{Ex{Li| 7V o(z)}f (z)|F)
Ex{Ea{Le| 7 v o(z)}| 7'}

fo= By {f(z) |7} =
(2.17)

where E; and E; denote the conditional expectations with respect to the measures

p1 and pug, respectively.

. Define

ey

~

L(t,It) = Eg{Lgl}Ey Vv O'(It)}, . (218)
and |
Q(t,dz) = Pr{z; € dz}. (2.19)

Taking f as the indicator function on I',I' € B(R"), and using the fact that the
o—fields #* and ¥ are independent, under y,, ii}follows from the above definitions,

Fubini’s Theorem and equation (2.17) that the measure

Pr{z: € I|#*} = P(¢,T|7}),



is given by
fr (t,z Q(t dz)

Jan L Q(t dm)
forall t € [0, T] We now present the followmg result whlch shows that the process

P(t?rlj:.‘y) =

(2.20)

: E(t ), >0, is governed by two stochastic integral equa.t1ons

Theorem 2.1

The process z(t, ).t > 0, satisfies, uz—a.s., the following stochastic integral

equations

t z) = l—f-/ f (8,n)h{n) Pr,s(x;dn) - I‘al(y,)dy,, (2.21)

and :

tI) / L sﬂ Pta(l'v d?]) ,
// (8 m)h(n) Py (=i dn) - T3 (ve) dys, (2.22)

for all (¢,z) € [0,T] x R". Here

o

Py o(z; dn) = Pr{z, € dn|z: = z}, s<t, (2.23)

denotes the backward transition probability of the F—Markov process z;,¢t > 0,

and [y = gp0.

Proof

Define

_ 1t o _
at) = "5'/; log ! (va) h(z,) | ds 'F/(; (05" (vs)(za) - 05 (va)dys). (2.24)
Then it is clear from equation (2.14) that

Ly=-exp(aft}).



Applying Lemma 2.2, the Ito differential of L;,t > 0, is given by

dLe = exp (alt))|~ 105" (w)h(ms) Pt + o3 (u)h(ar) - o5 (ve) ]

+ %exp a(t)) |051(yt)h(it)|2dfa

which implies that

dl; = Lgh(ﬂ:t) . I‘El(yt)dyh

—

y La=1,

and hence

t ‘
Li=1+ / L,h{z,) - I‘al(y,)dy,. (2.25)
0

Thus
Ey{Li|F¥ Vo(z)} = L(t, =)

t
=14+ E2{/0 Lsh(zs) - D5 (ye)dyal 7¥ v oz}

t
=1 +/; Ep{L,h{z.)|FY v o(z)} - T ys)dys.  (2.26)

Using the independence of the o—fields 7 and 7 under p2 and the fact that
{z:; F,t > 0} is a Markov process, it follows that FEvF ando{ys—ys5 <0<t}

are independent given %’V o(z;). Hence ’

Etm) =1+ [ Ba{Lb)|3 Y ole) - T3 )i

=14 [ Ba(Ba{Lal7 v olm) V olz) (=17 V ol)} T3 () e,

. (2.27)

A
By the Markov property of the process {z;; %,¢ > 0} and the independence of the &
fields 7 and 7Y under yo, it follows that ¥ v #* and o(z;) are independent given

#? Vv o(z,). Hence

Ex{La|7¥ v o(s) V o(2)} = Eo{Ls|FY V o(za)} = L{s, 7).  (2.28)



Utilizing equation (2.28) in equation (2.27), we obtain
. E '
Hte) =1+ [ BB, cdh(e)lB Volz)) T wldws.  (229)
0 .

Using the independence of the o—fields * and 3;"’ under us, it follows from Fubini’s
Theorem and the definition of P: ;s < t, (see equation (2.23)) that equation (2.29)

can be written as

. .
Lt,z) =1 +/0 /,. ff(s,n)h(n)Pg,,(x; dn) - T3 (ys)dys,

which is equation (2.21). Using equation (2.25), we obtain

. { .
Li=L, +/ Lgh(z) - T3 (ys)dye,
’ 4
- and hence
L(t,z¢) = Eo{Ls|7Y v olz)} . v

t - .
+/ Ez{Lgh(i‘gN};yVO’(.T.:)}'FO_l(yg)dyg.

Following similar arguments as given above, one can easily verify that equation

(2.22) follows from the/above equation. This completes the proof. n

Based on the above Theorem we now derive a stochastic integral equation for
the unnormalized density, from which Zakai equation can be obtained. For this, we
need the semigroup generated by the Markov process {z;; #,t > 0}. Let ¥ be a.n;r
bounded measurable function on R" and let {T,¢,s < t} denote the (backward)

semigroup given by

(T20%) (n) = E{¥(z¢)|zs = 1}, s < t.
Let

Pyt(n:T) = Pr{z € T|z, = 1}, n € R",T € B(R"),

»



“w be the kernel corresponding to the semigroup T, so that

(Tet)r) = [ W) Prstman), (2.30

satisfying

S im(Ty,e¥)(n) = ¥(n),

for any bounded measurable function ¥. From Lemima 2.2, it is clear that the

infinitesimal generator corresponding to the (backward) semigroup Tetys < 1, s

given by
(A¥)(2) = Y ai(@)¥ailz) + 3 3 037(2) Base, (2). (2.31)
i=1 1,7=1 .
Define ’
(Tfj:ﬁ)(i,“/) = f Py (dn;v)B(s,n), (2.32)

where 3 denotes the density corresponding to the measure induced by the process
zt,t 2 0, on B(R"). Suppose that the measure I' — P, ;(n;T),n € R“, is absolutely

continuous with respect to Lebesque measure on R™ admitting a density so that

l Pet(n;T) =/Fp,,:(n;7)d7- (2.33)

It is known (see for example [33] P.276) that the density p,¢(n;7), 7,7 € R", stisfies

the following Kolmogorov (or Fokker-Plank) forward equation

3 .

5;Pet(m7) = A%pas(n;7), (2.34)
for all s < ¢, and n,v € R", where A* denotes the formal adjoint of the operator
A, given by equation (2.31). Under the assumptions (A1) and (A3), it follows

from equations (2.32), (2.33), and (2.34) that the semigroup T

s t:8 < B, satisfies the

following properties



(Pi) For all s <t e (0,T],

. .
(o) (8 7) = (T35 £)(8,7) +/g ATy S) (7, v)dr, (2-35)

and
/r .

(Pii) There exists a constant § > 0 such that .

[ @a@ e <s [ o,
Rn B

forallge H and 0 <'s £t <T, where H denotes the family of functions

{9} = {9(z),z € R"}, satisfying the following integrability condition
/ lg(z)1*dz < oo.
Rr\

With this preparation we no#" present the following corollary which shows that

the unnormalized density satisfies two stochastic integral equations.

Corollary 2.1

Suppose for each € R", the measure ' — P,4(n;T),s < t, is absolutely
continuous with respect to Lebesgue measure admitting the density v — Pst(17577)
and the semigroup T}y,s < t, satisfles the properties {(Pi) and (Pii). Then the
measure I' — P(¢,T'|7*),t > 0, (see equation (2.20)) is also absolutely continuous

with respect to Lebesgue measure admitting a density p(t,7|#") and that

p(t,z|F) = E‘E‘;’%ﬂﬁ;’ (2.36)

where (t, z), (t,z) € [0,T] x R", satisfies {(u3—a.s) the following stochastic integral

equations

it
oltx) = a(t,) + [ (Trlem)(ta) 15 wa)d, (2.37)

and

{
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w(t,z) = (T (t, z) + ./, (Tg4(eh))(t,2) - T5 (ve)dys, (2.38)

for all (t,z) € [0, T]x R", where q denotes the density corresponding to the measure

Q (see equation (2.19)) and T7, is given by equation (2.32).

Proof

Let Qo denote the initial distribution of zo. Then one can easily verify that the

measure Q(t,T') (see equation (2.19)} is given by

Q(t,T) = fr Pos(# T)Qoldz).

Since by assumption, the measure Po,(2;T) is absolutely continuous with respect
to Lebesgue measure, it is clear that the measure Q(t,-) admits a density q(t,-) so

that
Q(t,T) = / q(t, z)dz, I' € B(R").
T .
Therefore, it follows from equation (2.20) the the measure I' — P(t,T'|7Y) is also

absolutely continuous with respect to Lebesgue measure and hence it admits a

density which we denote b;v p(t, z|7Y). Defining

o(t,z) = L{t, z)q(t, z),

and using equation (2.20), one obtains equation (2.36). Multiplying equations (2.21)
and (2.22) by ¢(¢,z), we have -

~

L(t,z)q(t,z) = p(t,2)

t ~~ -
=a(t,2)+ [ [ T(s,mh(n)Puaeidnales o) 5™ (se)d,
and

o(t,z) = «/Rn E(S,T])Pg_,(:!:; dn)q(t, z)

t
+-/a /R" E(ﬂy’?)"h(fl)Pg,e(I; dn)q(t, z) .I‘Ei(yg)dyg'



Using the duality

Pg,,(.‘ﬂ; dﬂ)?(t,z)' = Ps,!(dﬂ; I)Q(‘gs 77), s<t,

~

and the definition ©(t,z) = L(t, z)q(¢, z), it follows from the above expressions that

ot2) =altn) + [ [ Tls,ndatomhio) Pustenia) 15wl

= q(t, z) +/0 /nw(s,n)h(n)PJ,z(dn;Z) - T5 " (ys) dys,

and similarly

p(t,z) = /Rn ©(8,1) Py t(dn; z)
, t
| "'/ /"P(ﬂ,n)h(n)l’a,t(dr};z)-I‘El(yg)dyg.

Using the definition of the semigroup T};,s < t, (see equation (2.32)), it is easy
to verify that equations (2.37) and (2.38} follow from the above expressions. This

completes the proof . m

Based on the above corollary, we now derive Zakai equation. For this we need

the following property of the semigroup T:’t.

-
- —

N—

(Piii) Let f be any bounded, continuous function on R whose first and second

’

derivatives are bounded, continuous and satisfy Holder condition on R".

N .
Then (T;,f)(t,z) and its first and second derivatives, with respect to z,
are continuous on (0,7) X R® and bounded on [0,T] X G, where G is any

bounded subset of R™.

Theorem 2.2 (Zakai Equation)

Suppose that assumptions (A1)-(A5) hold and the semigroup Ty, s < t, satisfies

the properties (Pi)-(Piii). Let © be the solution of {2.38), and a.s. the functions



.. — 24 —
¢ and goﬁ together with their first and second derivatives, w.ith respect to z, are
continuous, bounded and satisfy Holder condition on R", uniformly in t € [0, T].
Then ¢ satisfies also the following linear stochastic partial differential equation
dip(t,z) = (A*p)(t, z)dt + p(t, z)h(z) - T3 (v:)dye, H2 — a.s,

o(0,8) = polz), | X (2.41)

for all (t,z) € [0,T] x R", where the operator A* is the formal adjoint of A given
by equation (2.31).

Proof

From equations (2.35) and (2.38), we have

t ,
(Toee)(t,2) = ols,2) + | A*(Tp0) (0, 2)d0, (2.42)

and
’ 8
00,2) = (Te0)(0,2) + [ (Tplom)(0,2) T5 (o )dr.  (2.43)

From equation (2.42) it follows that

t
(T2 (0h) (8 2) = (ph) (@ 2) + [ ANTL oh)(r2)dr,  (2.44)

and hence taking the Ito integral with respect to the 7 —martingale fc: I‘Eldy,, we
obtain

t t
/ (T (wh)) (t,2) - T5 (ya)dya = / (wh)(e,z) - T (ya)dya

8
#

¢ t
*f, / A*(T2, (k) (7, @)dr - T ()

(2.45)
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Substituting equation (2.38) into equation (2.45), we obtain

‘ |
plt2) = (Tie)(t,) + [ (oh) (o) - 15" (va)d

(2.46)
//A* (k) (r, &)dr - I‘O (Va)dya-
Substituting (T},0)(t, z) from (2.42) into (2.46), we have
t ‘
olt,7) = ol0,2) + [ ATT)0,40 + [ (0R)(e,2) T ()
~ at It ’ ] .
+/ / A (T3 ok ))(r, a)dr - 5 (ya)dya- (2.47)

From equations (2.43) and (2.47), it follows that

olt,2) = pls,2) + [ (A%)(0, )00

.t 8 ) |
- [ 4t [ @zstem) 6,5) - 15 wr)dyrat

t
+/ (k) (e, z) 'rc_)d(ya)dya
+ /‘t _/tA*(fZ:,r(SOh))(T, z)dr - T3 (ya) dyea. (2.48)

Comparing equations (2.41) and (2.48), it is clear that in order to prove the Theo-

rem, it is enough to show
t oot )
| [ A @ em i o we)de
8 o ]

¢ 8
_ / A* f (T4 (0h)) (6, 2) - g (yr)dyrdf.  (2.49)

Since by assumption @h is continuous and bounded and the semigroup Ty, satisfies
the properties (Pi)-(Piii), it follows from the properties of stochastic integral (based
on continuous martingales) and the mean value Theorem that equation (2.49) can

be written as ‘[76]

[ /,: A (T2, (k) (r,2)dr - T (ya) dya



' t o :
— = [ Amem e, T3 s dvas

t ra ) - -
= / / A*(I:,a(ﬂph))(a! z) - I'Sl (yr)dyrda. (2.50)
.| 8 .
Hence it remains oﬁfy to justify the formal interchange of the order of integra.tioﬁ
in (2.50).
For a fixed z € R®, define
U(a,7) = AX(TL,(0h)(r2), 72 a
Then we must show that
t ot ‘ t ra
/ f Y{a,r)dr - T3 (ya)dys = / / V(r, o) -I‘a‘l(y,)dy,da. (2.50.a)
g a 8 8
Define

¢
' f(a)E/a Uas(e, 7)dr,

and
Fe) = [ aetre) 15w
where
W= { g Bl
Let
8 = B[ f(2) T (we)dv — [ Fledda)?, (2.51)
and J ' , ;
Bult) = B@) - Tpr(e), | (2.52)

for all ¢t € [0, T}, where
' t ot
W0 ={[ [ ¥endr T3 (wa)ive
8 a

— ft /T (e, 1) - T3 (ya) dyadr}, (2.52.1)

and
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5 t ot
Pas(t) = {/; /a Upr(e, 7)dr - Tgt (ya)dya

t pr .
—/ / Upr(a,7) - Tg ! (ya)dyadr}. (2.52.2)
. ] a4
To prove the equality (2.50.a), we proceed as follows. First we show that the function
f, as given by (2.51), is identically zero. Then with the help of the property (Piii)

of the semigroup T, we show that ﬁM — 0 in probability as M — oo. Define

1) = ([ 1() T (va)dse), 259
R t
B(t) = ~25{( fe) 15 ()} (| Fla)ae}, (2.54)
and )
t
' I(t) = B / F(a)da)?. ' (2.55)
Clearly, from equations (2.51}, (2.53}, (2.54) and {2.55), we have .
BE) = L) + B + (). (2.56)

Using the definition I'y = oq0}, the fact that fot cro_ldy, is standard Wiener process.
under ug, and the properties of stochastic integral, it follows from equations (2.53)-

(2.55) that the quantities Iy, Iz and I are given, respectively, by

I (t) = E{/, /a War(e,7) - /‘rI‘JI(yE)\IIM(E,T)dEdea}, .(2.57)
t a
5 =—2E([ @) [ 1(6) 6 (e)avede)
t ra .
= —2E{/¢ /8 Tpe(r, @) - Tt (yr) f(7)drdal} (2.58)

- 25 ‘ [ Uae(rra) - T3 (ur) Eaer ¢)dgdrdo),

an

d
) = 5[ 7@ [ Feaean)
= E{ .[, t /, : Yar(r, &) - T3t (yr)dyr /f /., f‘IlM(r, £) - T71 (yr) dy,déder}
t ra p§ . .
— B{ [ f f Upe(r, a) - T (yr) War(r, €)dédrda}: (2.59)



Defining . -
0, .ifu>wv, .
xu{v) = { 3 ffu=wv, . (2.60)
1, fu<uw, ‘
it follows from (2.57), (2.58) and (2.59) that

- B{ f / ] xr(@)xr (€)¥ar(a 7) - T3 (ve) Uag(€, T)dedrda),  (2.61)

(2.62)

and

t t t
2 [ @)X () ¥ae(07) - 5 () a6, 7).
' (2.63)

‘ Using (2.56), (2.61), (2.62) and (2.63), it is clear that @ = 0. Let fas be given by
(2.52). Then for any 6 > 0, we have

Pr{|fa| > 6} < Pr{ sup |¥(a,r)|> M}.

sasr<t

Since by assumption, the function {¥(a,7);s < a < 7 <t} is bounded, it follows
from the above inequality that EM — 0 in probability as M — oo, and the proof of
the Theorem follows. [ |

Remark 2.2 A cl

Note that the strong assumptions in the above Theorem, which have been im-
posed by Zakai in his original work, were mainly needed for the justification of the

interchange of the operator A* with the stochastic integral in the right hand side
of equation (2.49).

In the next section shall use the result of Theorem 2.2 to obtain Kushner equa-
tion (2.9). Further, using Ito’s Lemma (Lemma 2.2) we show that Zakai equation

can also be obtained from Kushner’s equation..
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2.4 Kushner Equation and [is Relation to Zakai Equation

Let the (state) process x,? > 0, and the output (observed) process y;,t > 0,

be governed by equations (2.1) and (2.2), respectively. As indicated earlier jn this

chapter, the.filtering problem of the systems (2.1) and (2.2), is completely resolved )

provided that one is able 10 compute the normalized (or unnormalized) conditional
density of the process z; given th# afﬁé}d F7¥,t > 0. In fact the conditional density
can be computed by two methods, which are basically the same. The first method is
ta solve Zakai equation (2.41), which .is linear stochast;ié partial differential equation
describing the flow of the unnormalized density, from which the (normalizea) density

can be obtained via equation (2.36). The second method is to solve directly Kushner

equation (2.9}, which is a nonlinear stochastic partial differential equation. -

Although these two equations are well known and have been used extensively
in both theoretical and.practical applications. We are interested in this section
not only in deriving Kushner equation from that of Zakai, but also to show their

equivalence using Ito’s Lemma and the properties of the likelihood ratio .
e
- v
Let f be any bounded measurable function on R™ Then, as indicated earlier in

section 2.3, the optimal estimate (in the mean square sense) of the function f given
F¥,t >0, is given by

Eo{Lef ()| %'}

_ ?ﬂ EEl{f(It”?ty} = E2{Lt|?ty} s

(2.64)

where Ly is given by (2.14) and E; and E; denote the conditional expectations with
respect to the measures and pg, respectively. Using equation (2.36), it is easy to

!
verify that the estimate f; is also given by

? — <‘P(t1')!f(') >
& Tt )15

t € (0, T, ‘ (2.65)

AN



_ to denote f(z),z € R".

where - . .

and

<p(t,),1>= f go‘(t,a:)da:.

Comparing equations (2.64) and (2.65), it is clear that

Ey{Lef ()| 7} =< o(t, ), 1) >, (2.66)

and the likelihood ratio is given by

Ex{Le| 7} =< o(t,"),1 >= B(1). (2.67)

For notational convenience, from now on, we shall use (t) to dencte ©(t,z) and f

Let f be any function in C3(R"), where CZ(R") denotes the class of twice con-
tinuously differentiable functions on R™ with compact support. Fhen rﬁﬁltiplyiné

equation (2.41) by f € CZ(R") and integrating over R", we obtain
0

d<p(t),f>=<p(t),Af > dt+ < p(t),hf > T5 (y:)du,

2.68
<90(0)5f>=<p0’f>: ( )

e

" forallt € [0,T). Taking f = 1 {this can be justified by taking a sequence of functions.

{fn} eCyP (R-“) so that {fn,} — 1), it follows from (2.68) that

d<p(t),1>=<p(t),h > Ty dy, _.

(2.69)
- <p(0),1 > =< pg,1 >=1.

Using the fact that

-

<p(thh> _ <p(t),h>
<elis = B (2:70)

by



— 31—

it follows from (2.69) that

v (2.71)

We now present the following result whi¢h shows that the (normalized ) condi-

.tional density (see (2.36)) is governed by the Kushneﬂ_equatidn (2.9).

Lemma 2.3 (Kuskner From Zakéi)

Let the conditional density p(t,-|%¥) = p(t) be related to the'uq;rmalized

density ¢(t) through the following relation
- \‘-‘/7

ot) = ()3~ 1), t>0, (2.72)

where ©(t) and @(t),t > 0, are the solutions of equations (2.41) and (2.71), respec-

tively. Then the density p(t),t > 0, satisfies the Kushner equation (2.9).

Proof
Define

o()() =< ot), f >E/ olt, 2)f (z)dz. (2.73)

Then multiplying equation (2.41) by f € C2(R"), one obtains

do(f)(t) = p(Af)(t)dt + o(Af)(t) - T (ue)due,

©(f)(0) =< po,f > . (2.74)

Clearly, equation (2.74) is the weak form of Zakai equation (2.41). Applying Ito’s

differential rule (see for example [37], Theorem 2 P.72) and using the fact that



et _ . .
fo % 'dy, is a standard Wiener process under the measure uj, it follows that the

Ito differential of w(f) ()32 is given by
dp(NOE) = 371 ()dp(f)(t) - B2 (t)e( ) (t)dB()
| + 37 () (T5 (we)he - Bt |
A L - OET Wk e O (275)
Since _
B We()(1) = Fo =< plt), £ >, (2.75.1)
using equations (2.71) and (2.74}, it follows from (2.75) that
dfe = (AF)dt + (R1); - Befe) - T3 (ye)dye — Pedt]. (276)
Using equation {2.75.1), it follows from (2.76) that
d < p(t), f>=< A*p(t)dt- _
+ (= F)p(e) - T3 (w)ldye = Fedt), £ >
| | (2.77)

Since the above equality holds for any f & CI(R™), it follows from (2.77) that the
conditional density p(t,-|#¥),t > 0, satisfies Kushner equation (2.9). This completes
the proof. u

Corollary 2.2 (Zakai From Kushner)

Suppose that the normalized conditional .d.ensity p(t,|7¥) = p(t),t > 0, is
governed by Kushner equations (2.9). Let the unnormalized density p(i),t >0, be
_ given by_ | |

o) = pOB(),  t>0,
whe;\gj\(,fé(t),t > 0, is-the solution of (2.71). Then (t),t > 0, satisfies the Zakai

equation (2.41).
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Proof

The proof is similar to\that of Lemma 2.3. Let f € C’g(R“), then multiplying
(2.9). by f and integrating over R™ one obtains (2.76) which is the weak form of
(2.9). Again applying Ito’s differential rule and using the fact that fot aa'ldy, is a
standard Wiener process under thé measure pz, it follows that the Ito differential

of G(t]?; is given by

@) F) = B(t)dfe + FedB(t) + BOT (we)ke - [(B]) — Refeldr. (2.78)
Substituting equations (2.71) and (2.76) into (2.78), we obta.iq
d(B(6)F) = BE)(AT)dt + BRI — BeFi] - T3 (ve) de

- BO(RS); = hiFe) - T3 (i) et

+ B(8)Refe - T3 (we)dye + BT (v he - (B, — Refeldt,

and hence

h dB(1)Fe) = BEAT)dt + B(0) (R, - T (ve)dye (2.79)

{

Using the definition (2.75.1), it follows from (2.79) that
- A
dp(f)(t) = p(AS)(t)dt +o(Rf)(2) - T5" (ve)dur,

which is precisely Zakai equation in the weak form (see equation (2.74)). Since the

above equation holds for any f € CZ(R"), the proof follows. N

L& the next section we will use the standard results on existence of solutions of
partial differential equations , as given in {6] (Theorem 5.1.1 P.278); to show that
Zakai equation (2.41) has a unique (weak) solution. This result will be used later

in chapter 6 for the identification problems.

T



2.5 Remarks On Existence and Uniqueness of Solutions of Zakai Equation
In order to complete our brief overview of the filtering problem fonsidered in
“this chapter, we discuss in this section the question of existence and uniqueness
of solutions of .Zakai equ.a.tion (2.41). In fact this question was considered in the
literature by Baras [20], Davis 29], Pardoux [66, 67|, and others. We shall follow
the work of Pardoux to show that ?é.ka.i equation has a unjque (weak) pathwise
sqluﬁion. Since the proof of this result is known, we shall only show how one can treat
Zakai eq@a:tion as an ordinary linear (parabolic) partial differential equation whose
coefficients are parametrized by the observed process y. Then using the standard
result on existence of solutions of partial differential equations [6,22], we show that

Zakai equation has a unique solution. For this we need the following definitions.

Let L;(R") denote the equivalence classes of measurable functions on R® such

that TE,, |f(z)|?dz < co. Consider the Sobolev space

5 o
H'={fe Ly(R™) : a;f. € Ly(R™);1 <1 < n},
with H™! = (H')' being the dual space. Let L£(H!,H™!) denote the class of
bounded linear operators from H! to H~!. Hence under assumption (A3),.one

can write the operator A (or A*} (see (2.31)) in the following %divergence) form

< Av,u>=<v,A*u>

1 = du dv = du
__t | Ou dv G—udz - (2.80
2/Rn§_:1°”ax,-a$;d”/nga‘axi” = (280)

for any u,v € H!, where

o(z) = (b')(z),
and < -,+ > denotes the pairing of H! and H~!. Clearly, both A and A* €
L(H*,H™') and under the assumiptions (A1) and (A3), it is known (see [36] or

[66, 67]) that the operator A* ‘satisfies the following properties
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(i) For each u,v € H!, there exists a constant ¢ > 0 so that

| < A%u,u > | £ cflu| g1]|v]| g2-

(ii) There exist constants v > 0 and n > 0 such that

— < A*u,u> +n|u|i, > )3

N
Define

wft) = ¥(t) exp (k- Zt), t€[0,T], (2.81)
where ‘-’ denotes the scalar product in R™ | ©(t) = p(t,z),h = h(z),z € R", and
Z,t € (0,7, is'given by

RN Zy = /0: I3l (vs)dys,  t€(0,T], (2.82)
Multiplying equation (2.41) by exp (—A - Z:) and using equation (2.82), we have
exp (—h - Zy)dp(t) = exp (—h : Z)ATp(t)dt +exp(—h- Zi)h-dZ;. (2.83)
Since by Ito’s Lemma .
d(exp (—h - Zt)p(t)) = exp (—h - Z;)dp(t) — exp (~h - Zt)p(t)h - d2;
+ le.xp (=h- Z)p(t)h - T (ye)hdt,

2
it follows from (2.83) that

2 (exp (~h- Z)o(t)) = exp (~h- Z){A* ~ LT3 (w)h- W}plt).  (2.83.0)
Using (2.81) and deﬁning
F*u=exp(—h-Z)A*(uexp (k- Z1)) - %(Pal(yg)h h)u, (2.84)

it follows from equation (2.83.a) that the function ¥(t),t € [0,T], satisfies the

following linear (parabolic type) partial differential equation

2 %) = F(OR(),
8 (2.85)
¥(0) = po,



where py is the initial density of z.

For any u,v € H!, the operator F*, as given by equation (2.84), gives rise to

the following bilinear form

8h Ju 1 du v
< Fruu>== 1 Bu dv
u,v Z f., 3x( azjvdz 2 Z ./Rn 1 dz; Bccj.dx
1,7=1 ig=1 : .
n v "
+ Z[ aa—udm + Z/ d;uvdz, (2.86)
=1 i=1 n
where
— 1 i 30‘,1 i n dh
as(f,I) —‘11‘(3:)—5 : BJ:j (m)—izt.zgij(z)axj (I), (2 87)
1=1 =1
and
- a Ah A
1 .
a = (= 3 - hald .
it z) = (3 zs (2) a,(z))azj () - Z
7=1
1~ Ok Bk Lo
hut Skl on 1 bR, .
T2 = ""(aa:,- Z‘)(axj Zt) = 5(To (ue}h - h) (2.88)

Under the assumptions (A1), (A3), (A5) and that

(A6) The function A is bounded and twice continuously differentiable on R™, that
is h € C2(R"),

(AT) Pr{supOStsT |Zt| < OO} — 1, —
the operator F*, as given by equation (2.86), satisfies also the properties (i)
and (ii) given above. With this preparation, we now present the following

existence result for the initial value problem (2.85).

Lemma 2.4 ([6] Theorem 5.1.1 P.278)

Suppose the operator F*, as given by (2.86), satisfies the properties (i) and (ii);
then for every initial densityspo € Ly(R"), the initial value problem (2.85) has =
unique (weak) solution ¥ € L,((0,T); H}) n C([0,T); L.(R"). ®
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In the ne;xt chapter we shall use similar arguments as those given in section
2.3, to extend the result of Zakai (see Theorem 2.2) to the case where the pa-
rameters {a,b} of the diffusion process z;,t > 0, (see equation {2.1)) are per-
turbed by a temporally homogeneous continuous time finite state Markov chain.

2.6 Summary and Conclusion

In th{s chapter, an overviéw of the filtering problem of diffusion processes,
which was considered by Kushner [55] and Zakai [76], has been presented. Us-
ing a Girsanov transformation (Radon-Nikodym derivative) of measurés, induced
on the canonical space ({1, A) by the systems (2.1) and (2.2)(a.nd the properties
of the semigroup, we have presented a complete derivation f?r the Zakai equation.
Further, using Ito’s Lemma and the properties of the likelihood ratio, we have ob-
tained the Kushner equation from the Zakai equation and show their equivalence.
Finally, under the given assumptions, we have shown that Zakai equation can be
treated as a linear pa,ra.bolic partial differential equation, parametrized by the out-
put process. The existence of solutions of this equation can be proved by standard

partial differential equations arguments.
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CHAPTER 3

NONLINEAR FILTERING OF SYSTEMS GOVERNED BY
ITO EQUATIONS WITH JUMP PARAMETERS

3.1 Introduction

In t.his chapter we consider the filtering problem for stochastic systems governed
by a class of nonlinear stochastic differential equations with drift and diffusion pa-
rameters perturbed by a temporally homogeneous Markov chain. The observation
process (continuous) is assumed to be governed by an Ito differential equation with
parameters dependent only on the state of the system. We use Girsanov transfor-
mation (see Lemma 2.1 ) and similar arguments as those of Zakai [76| (see chapter

2), to derive filter equations for the cases where the drift and diffusion parameters

are perturbed by :
(il A temporally homogeneous Markov chain, or
(ii) Deterministic processes, or
(iii) Periodically observable Markov Chain.

In section 3.2 we formulate the filtering problem and introduce the necessary
notations and assumptions that will be used in the derivation of the filter equations. -
In section 3.3 we use similar arguments as those of secfion 2.3 to derive coupled
system of stochastic integral equations for the unnormalized density. In section 3.4
we use the results.of section 3.3 to obtain a coupled system of stochastic partial
differential equations of Zakai-type for the unnormalized density. In section 3.5
we discuss the question of existence of solutions of the filter equation. F inally, in

section 3.6 we present some examples indicating the possible applications of our

results.



3.2 Formulation of Filtering Problem, Assumptions and Notations
7 ;

We consider the filtering problem for the process {z:;t > 0} governed by the

following stochastic evolution equation
dzy = a(ay, &)dt + bz, &)dW, (3.1)

with initial states zg, £, where the drift and dispersion parameters {a, b} are per-
turbed by a temporally homogeneous continuous time finite state Markov chain
{&;t > 0}. The observed process {y:;¢ > 0} is assumed to be governed by the

following Ito equation

dy: = h(ze)dt + dVi,

y(0) =0, (3.2)

where z and a-are vectors in R™;y and h are vectors in R¥;} is (n x n) matrix
and § takes values from a finite set 1 = {el,egl, ..... ,en}. It is assumed that all the
random processes and vectors described above are defined on a complete probability
space (fq, Bo, Po). Further, we assume that {W:, Vit > 0} are independent (n+k)—
dimensional standard Wiener processes defined on {fo, Bo, Py} and independent of
the initial states {zg, £o}. The transition probability matrix of the process {&;t > 0}
is defined by S(t) = {S;j(t),*t > 0;4,7 = 1,2,...N} with infinitesimal transition

rates {A;;;4,7 = 1,2,....N} given by

3.3
im0 Z8=1 for § £ ;. (3:3)

t ?

A___{l'lmie_.o~—"-(-)"s"';t ' fori=4
5 =

S



£

The parameters {A;;} satisfy the following properties
(Pl) Z:’;&j )\,-J' + Ay =0, and
(P2) Xj; >0 for 1 #j.

A similar class of systems governed by stochastic differential equations of the
form (3.1) was also considered in the-literature {2, 24, 73] for the control problem
(for the case where the process-z¢;t > 0 is completely obser.vable) where the exis-
tence of optimal control was proved and the necessary condmons of optimality were
obtained. Stochastlc linear evolution equations on infinite dimensional spaces with
random operator valued coefficients perturbed by Markov chain, was considered'by
Ahmed (5] for the control problem. In [5], the author presente& the existence The-
orem of optimal controls and the corresponding necessary conditions of optimality

for the case where the objective functional is quadratic. _

In this chapter we are interested in the filtering problem which consists of es-
" timating = or any function of z; given the observation {ys; 8 < t}. Note that the"
process {z:;t > 0} is not a Markov process, however, {(z¢, &);t > 0} is a Markov
process. For the derivation of the filter equation,we need the following notations

and assumptions.

Notations :

Let {n:;t > 0} be any random process and let o{n,; s < t} denote the o—
field generated by the process 5 up to time t. Define €8 2z &8 < t}, o(&) =
o{&;8 < t}, o(zh) = {248 < t}, o(yt) = o{ys;s < tt,0(zt) = o{zt} and ¥ =
o(&8, W, VF) v o(xo) C Bo. Let {F;t > 0} be an increasing family of sub-o—fields
contained in ¥ such that for each t € Ry =0, 0), &,2; and y; are Fi—measurable.

Let {1 denote the space of continuous functions on Ry with values in R("+%) and
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let A denote the Borel o—algebra on 1. We denote by D(Ry; L), the space of right
continuous functions on Ry, withl values in X, having left limits. Let ;Lg(I ; R™)
denote the equivalence classes of measurable functions f on I = [0, T) with values
in R™ such that f! |f(2)}* < o0. For any Banach space E we use C(I; E) to denote
the space of strongly continuous E valued functions on I furnished with the uniform
topology || f|lc = sup{|| f(t)|[g;t € I}. For any pair of Banach spaces £ and F, we
use L(E,F) to denote the space of bounded linear operators from E to F. For
notational converience, we use (t) and h to denote ©(t,z) and h(z), respectively,

z € R™. Further notations will be introduced in the sequel as required.

Assumptions

(A1) For every e € T, the mappings z — a(z,e) and = — b(z,e) are continuous

on R"™. Further, there exists a constant; 4 > 0 (independent of e) such that
o = (bb') > I,

where I denotes the identity matrix.

(A2) For every e € L, there exists a constant ¥ > 0 ( independent of €) such that

Tla(z,¢) - aly, &) + [b(z,¢) - b(y, II” < klz - yI2,
for any z,y € R™.

(A3) The functions a;(z,€),0y;(z,¢) , %a;(m,e),ai—iaﬁ(m,e) and 31—‘?;_,;—1,0;;-(@ e);
5, = 1,2,---,n, are bounded and satisfy Holder condition on R", for all

e€ L.

(A4) The function A is continuous on R™ and there exists a constant k > 0 such

that

|h(z) - h(v)I* < klz — yI*.



Further,

‘ :
Ef |R(zs)|*ds < oo, Py — a.s (almost surely),
0

along any solution z¢;t > 0, of (3.1).

(A5} The o—field ¢(gf);¢t > 0, is right continuous independent of the o—fields

generated by the Wiener processes Wy, V; and the ini{:ial state zg.
/ .

{
Note that the assumptions (A1),(A2), and (A4) are required to guarantee the

existence of solutions and to prove the absolute continuity of measures induced by

the systems (3.1)-(3.2).

L]

Given any bounded measufable function f on R™, our main goal is to compute
the optimal estimate (in the mean square sense) of the process f (z¢) given o(y}).

As indicated earlier in chapter 2, the solution of this filtering problem is given by

fo=E{f(z)]o(4h)}- (3.4)

In this chapter we will compute the above conditional expectation for the following

cases :

© Casé (i
The process {&;t .> 0} is a Markov chain with transition matrix S(t) and
infinitesimal (transition) rates A;; satisfying the properties (P1) and (P2).

Case (ii i

.
-

L

The-'process € D(Ry, L) is deterministic.
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Case {iii

The pr.ocess {&:;t > 0} is a Markov chain periodically observable. For example,”
during the ihtervals (tiytiv1];1 = 0,2,4, ..., the process ¢; is observable while during -
_tlxc-intewéls (thts‘-u.];f = 1,3,5, ..., no measurement of £ is available and hence the
estimate ?g of f(z:) must be based on its priori statistical informa_.t;ion and the

£

observed process {ys;8 <1}

-~

We use the approach involving absolute continuity of measures '(s‘ée Lemma 2.1
) to derive a system of coupled séochastic‘diﬁ'erentia.l equations gf Zakai-type for the;
L unnormaliz‘ed_ conditional aeﬁsity of the process {z:;t > 0} frbﬁ which‘the_ estimate
(3.4) can be computed. \&.present a complet.e derivation of the ﬁlfér equation for
case (i). The filter equations corresponding to the cases (ii) and (iii) can be easily

- obtained from that of case (i) as it will be indicated at the end of section 3.4.



3.3 Stochastic Integral Equation For Th%orma]ized Densitxl

In this section we use Girsanov transformation of measures induced on the
canonical sample space ({1, 4) by the systems (3.1) and (3.2) (see Lemma 2.13), to
derive a system of coupled integral equations for the unnormalized density leading

-

1
to the filter equation. In our derivations we will use similar arguments as those of

chapter 2.

Let #1 and ue denote the measures induced on the canomcal sample space

(€1, A), respectively, by the system (3.1)-(3.2) and the system

E N

dz; = Q(Ig, §t)dt + b(ze, &)Wy,
dyt_ =dV;. )
For each ¢ € Ry = (0, T, define .
R L = exi) {&%/c;t |h(zs)|*ds + /Ot h(z,) -dg{,}, ‘ (3.5)

.

- where h satisfies assumption (A4). Using the results of Lemma 2.1, it is clear that
if ELT = 1, the process {Wt,yg,t > 0} is 2 Wiener process on the probabxllty space

(ﬂ A, pg) with respect to the current of o —algebra #; t > 0, where

dpy = Lrdy,,

and
/’70'#1 =/ vLrdps, : (3.5.a)
) 0

for any G—rmeasurable random variable 4, G C 4.

For any,bounded measurable function f on R®, the conditional expectation (3.4)

can be written as

Er{f(ze)lo(v0)} = Er{Ex{f{zt)lo (&, v6)}o(u6)}, (3.6)



(i

 foreacht e Ry, 1< k< N.

where E) denotes the expectation with respect to the measure x;. Using the fact
that the measures y; and y2 are absolutely continuous with respect to each other,

it follows from (3.5.a) and Baj.re’s formula that

ovy . Ea{Ba{Lelo(ze, &, vb)} f(ze) o (&, v6)}
Er{f(=zlo(so)} = Ez{Ez{LtIU(E_t,E:,yé)}lﬁ(&ayé)} ’

where E» denotes the expectation with respect to the measure 2. Define

(3.7)

If?f,(t,m) = Ez{L:[U(-?Jt, Ehyé)}’
and
Qe (t,dz) = Pr{z: € dz|o(£)},

where the process i& is o(y5)—measurable given z; and &. Note that the measure

- Q¢, is well defined since

QuET) = Prinelle=a}= [ Prizellg =nlin(n), (9
r :
where v¢ is the measure induced by the process {£;;¢ > 0} on the Borel subsets of
D(RCHE):A}: = {f €D: Et = Ck}s and I € B(Rﬂ.)

Taking f as the indicator function on T, and using the independence of the

o—fields o‘r(:rf,) and o(yf) under o, it follows from (3.7}, Fubini’s Theorem and

the above definitions that the conditional measure Pr{z; € T|& = e;0(yh)} =
Pi(t,T|o(yh)) is given by

i _ Jp Li(t, 2) Qult, dz)
Pe(t,Tio(ve)) = [ zk(t,x)Qk(t’dm)

(3.9)

With this preparations we now introduce the follov‘vhfng result wﬁich shows that
the procéss ik; 1 < k < N, which is o(yf) measurable, can be obtained by solving a
system of coupled stochastic integral equations driven by the y process. This result
is similar to that of Theorem 2.1 except that the process L is now dependent on ~

the state of the process &,t > 0. .

¢



Theorem 3.1

The process {Ek; 1 < k < N} satisfies the following system of stochastic integral

Eﬂ?)=1+

B>
N
Z/ Le(s,n) Pe,a(v, exidn, e)

equations

/ Le(s, )k 1) Pra (v, exi dn,ef) - dys, (3.10)

and

L1R

of /Lz R0 Pes (v exidner) - dys,  (3.11)

for (t,v) € Ry x B™1 < k < N, where Py (v, ex;dn, eq) denotes the backward

transition probability Pr{z, €dn, & = etz = 7,6 = ¢éx},s < t, of the ?}—Markdv

process {zy, §;¢ > 0}.

Prc;af

Define

»

@ t : t
B(t) =-—%/0 [h(z,)|2d3+/o h(zs) - dys.

Then it is clear from equation (3.5) that
. _ | L; = exp((t)). |
Applying Ito’s Lemma (Lemma 2.2 ), the Ito éifferential of the process L;,t > 0
is given by |
dL; = exp(ﬂ(t))[_%m(mt)lzdf +h(z) - dy,]

b 2 exp(B(0) bz,

which implies that
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AL = Lih(zi) - dye,
Ly=1,

and hence

t
Lt=1+/ Loh(z,) - dy,. (3.12)
0

Thus

-~

. ~' t
Eqo{Ltlo{zs, &,08)} = Le (t,zg) =1+ Ez{/(; Lsh(z,) - dyslo(zs, &, 15)}
o o (3.13)
— i+ [0 By{Loh(z)lo(ze, 0 18)} - dys.

Using the independence of the o—fields o(z}, £) and o(y3) under y, and the fact
that (z¢, &) is an f—Markov process, it follows that o(z8, &5, v3) and o{ys —ys;9 <

8 <t} are independent given o{z;, &, y8). Therefore,

.
Le(t,ze) =1 +/ Eg{Lsh(zs)|o(ze, &,48)} - dys
T 0

t
= 1-{—‘/; Ez{E2{LaIU(‘$h‘fiszh;faaya)}x

x h(I,) IU(Ig, &, ya)} . dy,. _ (3.14)

By the Markoy property of the process (z¢, &; ) and the independence o\fd(zf), ¢8)
and o(yf) under y,, it follows that o(z§, €§,y3) and o(zy, &) are independent given

0'(:1:“ eh yS). Hence - s

EQ{L,,IO'(I{, fh Ty, fs; yd‘)} = EQ{LJIO'(:;H, fh yS)} = E’{, (33 -7-:5)- (315)

Substituting equation (3.15) into (3.14) we obtain

Le(tz) =1+ /OtEg{zf.(s,:c,)h(z,)[a(mt, &,98)} dy,.. (3.15.a)



Using the fact that the o—fields o(zf, ¢}) and o(y}) are independent under the
measure pg, it follows from Fubini’s Theorem and the definition of P, < t, that

(3.15.a) can be{ written as

| t N
Le(t,7) =1 +/ M /R“ Le(s,n)h(n) Prs(, & dn, er) - dys,
0 =1

which is equation (3.10). Using equation (3.12) we obtain

t
h=Lrﬂ[Lm&ﬂ@w,

and hence

~ t
Le, = Ex{LsJo(z, & o)} +_/ Eo{Lgh(ze)|o(zt, &, %0)} - dys.

)
Folléwing similar arguments as above it is easy to verify that equation (3.11) follows

from the above equation. This completes the proof. | |

On the basis of the above Theorem, we now derive a system of coupled stochastic

integral- equations for the unnormalized density (see equation (3.9)) from which

a Zakai-type equation can be obtained. In the sequel we need the semigroups

-

generated by the process {z¢, &; %}. Let ¥ be any bounded measurable funétion on

R™ X ¥ and let {Ty;s <t} denote the (backward) semigroup given by (2,4,73)

(Ta,t‘p)(n’el) = E{\Il(mtyft)lms =17, Ea = e!}-

Let

1

Pyt(n,eniTiex) = Pri{zi €T, & = exlzs = 1,8 = ¢},

n € R*,T' € B(R"),e,,¢x € £, be the kernel corresponding to the semigroup T, so
that

\ N .
mmmm=ZL}WM%mema. (3.16)
k=1

and

5. }E(Ta,tq’) (71: 85) = \I’(q,eg),
. ! .
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for any bounded measurable function ¥ and £ =1,2,...., N.

A

It is known that (see for example [2,4,73]) the infinitesimal generator corre-

sponding to the semigroup {T},;;s < t}, is given by

‘ N

(LY)(z,e0) = (AV)g(2) + D Mg, ¥ (3); (3.17)
k=1

for all (z,e,) € R® x £, where ¥;(z) = ¥(z,¢;) and

(A¥)(z) = (AW)(z,¢()

n 1 n
=D_eilzie) ailzsed) + 5 3 (06)i(ws e0) Waia, (5, 22).
=1 1,5=1

(3.17.a)

Suppose for each n € R",eq,¢p € ¥ and 0 < s < ¢, the measure ' —
P, ¢(n,e4; T, e) is absolutely continuous with respect to Lebesgue measure 'on R"

admitting a density so that

Pyi(nyex; T, ex) =Lp¢,t(n,ez;7,ek)dw,

-~

for each T' € B(R"). For each t > O let v; denote the measure induced by the
process {z, &} on B(R"™ x I) and suppose for each e, € T, the measure £ —
vi(E,e), E € B(R"), is absolutely continuous with respect to Lebesgue measure

admitting a density S;(n, e,) so that

?t(E,ez) =/};ﬁt(ns¢£)d’7‘- !

For notational convenience, from now on, we shall use the 8,(t,n) to denote 8 (7, e;).

Define
| N
(TyeBa(t,y) = me Ps,t(n, €27, €x)Be(s,n)dn, (3.18)

=1



‘where T,: is the semigroup corresponding to the (forward) Kolmogorov operator
* of the proceés {(ze, &)t > 0}, and L* is the formal adjoint of the operator L

(see equation (3.17)). Then urider our assumptions, the kernel p,g(n,eg;’y,ek) of

the sem1group Ty, as deﬁned above, satisfies the following Kolmogstfov (or Fokker-

Plank) forward equation

2]
r 3Pt e 35 ex) = Lipg(n, e 2, e1), , (3.18.0)

for s <t and all z,7 € R®¢, e, € L. Further, under the assumptions (Al) and
(A3) it follows from (3.18.a) that the semigroup T} s < t, satisfies the following

properties

(80 (T2B)e(t, ) = (T38)a(6,7) + ]g AMTF, B)(r ) dr

N ot
+2 '/g Amk{T5,78)m (7, ) dr, (3.19)

[y

- forall 0 < s < ¢t. Let H denote the family of functions {£} = {8(v, ek') = Bi(v),v €

R" e € L} satisfying the integrability condition

Z/ d'7<oo

Then there exist a constant M > 0 such that

' N N
0 3 [ (@hu@Pa <My [ e
k=17 8" k=17
forall feHand 0<8<t < oo.

With this preparation, we now show in the following corollary that the uhuor-

malized density satisfies a system of coupled stochastic integral equations.



Corollary 3.1

" Suppose for each n € R, e;,e; € I, the measure T' — Pye{n,eiT,er), s <t
is absolutely continuous with reSpect to Lebesgue measure admitting the density
Y = Dst(n,€;7, €x) and the semigroup T}, satisfy the properties (Si) and (Sii).
Then the measure T' — Py(t,T|o(yf)),t > 0, (see equation (3.9)) is also absolutely

continuous with respect to Lebesgue measure admitting a density py(t,~|o(y})) and

that
‘pk(tiq)
et o(vg)) = —— 2, 3.20
k(t:7lo(vo)) T ost)d (3.20)
for k=1,2,....., N, where {}; 1 < k < N} satisfies the following system of coupled
stochastic integral equations
¢
©i(t,7) =qk(t,7)+/0 (T3¢ (0h))k(t, ) - dys, (3.21) -
and .
t
or(t, 1) = (Toe)et) + [ T(ohDeen) -, (32)
a .

almost surely (a.s.) for 1 < k < N, and (¢,7) € Ry x R", where q; is the density

.‘corresponding to the measure Q (see equation (3.8)) and T, is given by (3.18).

Proof

Let Qo denote the initial distribution of z; and ©(t) denote the proba.blil.ity

distribution of the .process {&:;¢ > 0} on Z. Then one can easily verify_ that the

@

measure Q1 (¢,T') (see equation (3.8)) is given by

n .
AT =3 g:((‘g | PostescaT,ex)Qo(d):

=1
Since by assumption the measure T' — Po(z,e4 T, ex) is absolutely continuous with

respect to Lebesgue measure, it is clear that the measure Qx(t,-) admits a density
ge(2,°) so that
D)= [at)dn  1sk<H,



for T' € B(R™). Therefore, it follows from equation \13.9) that the measure ' —

Fy(t,Tlo(yg)) is also absolutely continuous with respect to Lebesgue measure and

hence it admits a density which we denote by Pt 7)o (¥8)), 1 < k < N. Defininig

er(t,7) = Li(t, v) gk (t,7),

and using equation (3.9), one obtains equation (3.20). Multiplying equations (3.10)

and (3.11) by gi(¢,7) and using the above definition, we have

¢t N
orltn) = asle )+ [ 30 [ Tiosnhim)x
t=1

X Pya(7v, €53 dn,e0)qx(t,v) - dye, ' -
and 7

N .
or(t:2) =3 [ Tolo,m) Poa(rseasdn, et )
t=1""

t N .
+/ Z/R Le(6,m)h(n) Peg(v, i dn, ed)ge(t, ) - dus.
8 4= n .

Using equation (3.18) and the duality

Prs(v,exidn,eq)qe(t,v) = Put(dn, e, ex)ae(s,n),

for s < ¢, it follows from similar arguments as those of Corollary 2.1 that equations

(3.21) and (3.21.a) follow from the above expressions. This completes the proof of

© the corollary. |



3.4 Zakai-Type Equation For Unnormalized Dehsitx

In this section, we use equation (3.21) and the properties of thé semigroup Iy,
to derive a system of coupled stochastic &iﬁ'erentia.l.equations.‘for the unnormalized
density {¢¢;1 < k < N} from which the conditional expectation Ey{f(z:)|o(y5)}
can be computed using the following relation

. N
Ey{f (=)o (vb)} = ; ek(*)%

Nl
=3 euty [ @t slo(t)es, (3.23)

where pi(t) = pi(t,) and

L < or(t), f >E/ ox(t,z) f(z)dz.

n

Further, for 0 < 7 < ¢, the probabilty distribution ©(t);¢t > 0, is given by

N
Ok(t) = Y _ Sult — 7)04(r), '~ (3.23.0)

=1

where {S;4,k = 1,‘2, ...y N} are the elements of the transition matrix S(t).

Definition 3.1

The semigroup T7,; s < t, given by (3.18), is said to be of class M if it satisfies

the properties (Si)-(Sii) and

(Siii) Let f be any bounded, continuous function on R" whose first and sec-
ond derivatives are bounded, continuous and satisfy Holder condition on R™. Then
(Ty:f){t,z) and its first and second derivatives, with respect to z, are continuous

on (0,T) x R™ and bounded on [0,T] x G, where @ is any bounded subset of R"

and s < t.



Theorem 3.2 (Zakai Type Equé.tion)

Suppose that assumptions (A1)-(A4) hold and the semigroup Ty, is of class
M. Let ;1 < k-< N, satisfy equation (3.21), and a.s. the functions ) and
©rh;1 < k < N, together with their first and second partial derivatives with respeclt
to z € E" are continuous, bounded and satisfy Holder condition on R", uniformly in
t €[0,T]. Then ;1 < k < N, satisfies the following system of coupled stoc;ha.stic ‘

differential equations

. N _
diok(t,z) = {(4"0)e(t,2) + D Ampeom(t, z)}dt +&(ﬁ,x}h(m) - dyy

m=1

(3.24)
©i(0, ) = po(z), 1<k<N,

a.s, (¢,z) € (Ro x R™).

Proof

The proof essentially follows from similar arguments as those of Theorem 2.2

and hence omftted. |

Based on the above result, we use Lemma 2.3 to obtain the corresponding

“differential equation for the normalized density.

Let the operator L be given by (3.17) and let L* be the formal adjoint of L.

Then the filter equation (3.24) can be written as

do(t).= (L*0)x(t)dt + pi(t)h - dys,
3.25

©&(0) = po, (8.25)

_foi' allt € [0,T] and 1 < k < N, where pg(t) = pi(t,”) and h = h(-). Let f be any.

twice continuously differentiable function on R"™ having compact support, that is



f € C}(R™). Then multiplying (3.25) by f € CZ(R") and integrating over R*, we

have
d < pi(t), f > =< oi(t), (Lf)x > dit+ < op(t), hf > -dye,
' 3.26
< pg(0), f > =< po, [ >, ( . ).
for all f & C3(R"), where
< p(t), f >E/ wi(t, z) f(z)dz, 1<k<N.
Rn
Setting f = 1, it follows from (3.26) and the fact ¥, A;j + A = 0, that
d<pp(t),1 > =< pi(t), h > -dy,
(3.27
< pg(0),1 > =1, ( )
for all 1 < k < N, which implies that
E -
Or(t) =< pi(t), 1 >=1 +/ < pi(t), h > -dy. (3.28)
. 0 -

Since

BUEN MG =al =Ry = S Z

N

L .
for all 1 £ £ < N, it follows by similar arguments as those of section 2.4 that the

likelihood ratio Ea{L:|o(yf); & = er}, is given by

 Ex{Lufo(90); & = e} = Balt)

¢ |
—14 [ < or(t) b > due. (3.29)
0

Since the (normalized) conditional density pi(t, |lo(¥h)) = pi(t),t > 0, is related to

the unnormalized conditional density o, (t),¢ > 0, through the relation

pe(t) = B; (t)ok(t), 1<k<N, t>0,
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it follows from the differential equations (3.26) and (3.27) and Lemma 21 3 that the
density Pe(t),1 <k < Nt >0,is governed by the fo]lowmg system of coupled
nonlmea.r stochastic partial differential equations '
-.dpe(e) = (L*p)(t)dt + (h — Re(t))pr(t) - [de — hi(t)at],
p(0) =py, forall 1<k<N, | -(3730)

where ’f;k( t) = E1{h(z:)|o(yf); & = ex}, and L* is the formal adjoint of the operator
L glven by (3.17). ' o l - -

In the remalnmg part of this section, we shall use thé result of Theorem 3.2
to obtaln the filter equations corresponding to the cases (1f) and (i47} as stated in

section 3.2. . -t

Case.(ii) (Deterministic Case)

Suppose that the prdcess {&;t > 0} is deterministic and & = ;¢ > 0 with
probability one (W.P.1), where 75 is a given element of D(Ro; Z). In this case, the

transition matrix {S;j(t];i, J=12,---,N} is given by

5;j(t) = Pr{sse = e5€s =.~§i} = 8eiinube; metes

where 6 is the dirac measure. Using equation (3.3) and the fact that 5 is right

continuous, it follows that

=0, for {3,

and hence by the property (P1), A;; =0 for all 4,5 = 1,2,--+, N. Therefore, in this

case, equation (3.24) reduces to -

don(t,2) = (A"O)a(t,2)dt + (ko) (t,2) -y, -~ . (3.31)



[

giving the usual Zakai equation (2.41). Hence from equatizr(ﬁ.%), it follows that

the conditional expectation Ey{f(z¢)|o(ut)} is given by

_ < ‘Pq(t)af

| B Glolat)y = SR,

Case (iii) .(Periodica]ly Observable)

Suppose that the process {£;t > 0} is a Markov chain which is lobservable
during the time intervals (t;,¢;41);¥ =0,2,4,6,---, while no observation is possible
during the intervals (t;,¢;41);¢ = 1,3,5,7,---. In this case, using similar arguments
as in case (ii), it follows from (3.24), for t € (t;,t;1];7 = 0,2,4,---, and £ = g,
that

AW, (t, 2) = (A*9),(t, 1)dt + (h),(t, z) - dys, (3.32)
withe

Uit ‘ — 22:1 em(tt - O)QOm(th I)! for i = 2, 4:61:“ s
Wtz = =
po(z), fori=0,

where po is the initial density of x5 and p,,(%;, ) is the solution of the following
system of coupled stochastic partial differential equa,?:ions

o N
dpm(t,z) = {(A*Q)m(t,z) + > Ampe(t, z) }at + (ho)m(t, z) - dye,
t=1 ' (3.33).
QOE,'_(t;‘,x) = ‘p(zi’z):

for t € (t,tiy1];¢ = 1,3,5,7,--- and 1 < m < N. Clearly, from equations (3.23),
(3:32) and (3.33), the conditional expectation E;{f(z:)lo(y)} is given by
E(f (=0)lo(sh)) { S for £€ (1 inlsi = 0,24,
4 t)i9\Yo} ) = N <pa(t),f> .
2 k=1 ek(t)%}ﬂj{;, fort € (t;,ti41);4 =1,38,5,---

where ¥ and ¢ are the solutions of (3.32) and (3.33), respectively.
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3.5 Remarks On The Existence Of Solutions Of Filter Equati_gﬁ '

+

In this section, we use similar arguments as those of chapter 2 and the standard
result on existence of solutions of partial differential equations (see Lemma 2.4), to

. show that the filter equation (3.24) has a unique (weak) solution.

Define o
- A0 - . '
*
.
R e
0 Ay .
and ‘

An Az - Am
Atz Az e Apng

v=| (339

MN AN o0 ANN |
where the elements {A;;;4,7. = 1,2,---, N} satisfy the properties (P1) and (P2)

given in section 3.2, and Aj is given by v

Ny 1 ¢ 92
= (ai(z,e))f) + = ———(oii(z, e0) f), (3.36)
¢ E—: a:!:,' 2 Z 6:::,-33:_,- J
for all 1 < £ < N. Defining
I'™f = B*f + A*f, : (3.37)
and

2(t) = (p1(t),02(t),- - on(t)),

it folldw&-from equation (3.24) that the density ®(t);0 _<_'t < T < oo satisfies the

following stochastic differential equation

4 (t) = T*B(t)dt + 3(2) (4 - dus),

"

3(0) = o, (3.38)

J
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for all t € [0,T], where A = h(z) and ®o = (py,*+,po)’. Using similar arguments
as those of chapter 2 and Lemma 2.4 , we show that equation (3.38) has a unique

(v_-r\ea.k) solution. For this we need the following definitions. ‘

. ‘ ®
Let L,(R"} denote the'equivalence classes of measurable functions f on R® such

that [, |f{z)|?dz < co. Consider the Sobolev space '

1

E{fe'){:%-e}(;lgign},

where ¥ = (L3(R"))" denotes N—copies of Lz(R"). Let H~! = (H1) be the dual
! : .
space of H' and let £L(H', H~!) denote the class of bounded linear operators from *

H' to H™1. Hence for any u,v € H!, it follows from equation (3.37) that -

N N N : N N
Z Z: < T ey vy >= Z <A U, v > + Z ZA:M <UL Uy >,y (3.39) <7

m=1¢=1 " m=1 m=1{=1"
" where < -, > denoteQ t}nﬂ:amng of H! and H!; s Trogs AN, denote the components
of the operators I'*, A* respectively, and z, denotes the £—th component of the

- vector . Integrating equation (3.39) by parts and using equation (3.36), one obptains

o 18 & Bum 9y
o . _ m b
, E <I‘:‘£u¢,vm>—_‘—§ E /HE O’:?g'é—gdﬂi

m =1
+ Z [ Z“’m vmdm T

I—I

+ Z * / Uvmdz. (3.40)

m,l=1
where

& = i(z, em) = ai(z, em) — - ‘;"" (= em), (3.41)

J =1 >
and

o = 0ij(2,em) = (8)ij(2, em).
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Under the assumptions (A1), (A3) and h € C}(R"), it is clear that T* € L(HY H™Y)
and the following properties hold - |

(Pi) For any u,v € H! there exists a constant ¢ > 0 such that

¥

< T*u,v > | < el ol
(Pii) There exist constants 8 > 0 and 1 > 0 such that

- <TMu,u> +n|u|i:I > ‘6“““%:”

With this preparation, we now follow similar arguments as those given in section

2.5 to shew that equation (3.38) has a unique {(weak) solution.

Define h

() = exp (h- y)V (1), | - (3.42)

and

<

T(0)f =exp(-h-wI*(Fexp (h-w)) = 2Ihf7, - (3.43)

where ®(t) satisfies the stochastic partial differential équation (3.38) and *’ denotes | -

the scalar product. Multiplying equation (3.38) by exp (—h - yt) we have
exp (—h - ye)d®(t) = exp (—h - y)*B(t)dt + exp (~k - y)&(¢) (h - dye). = (3.44)
Since by Ito diﬁefential rule [38]
dlexp (~h-w)2(8)) = exp (~h -3} {db(t) - 8(1)(h - dur) — Llnfa)ary,
it follows from equations (3.42),(3.43) a.nd (3.44) that the process

V() = (40,030, Vn(0) 520,

I/@



R

satisfies the following ordinary partial differential equation

¢
d -
EV(t) =T*(t)V (1), t€[0,T),
: {(3.45)
V{0) = &,
For any u,v € H', equation (3.43) can be written as
N
m Gh 3u
Z <T* melt, Um > = z Z f -’6:.:: 6xmvmd:z:
m,i=1 m=14,j=1"&" J ,
1 & s Qtirn BV |
m m
T2 Z E/ o5 Bz, ax_, d
m=11{,j5=
N Bvm ‘
+ E E al = Az “tmdz ) ~
m=] =1 Re *
‘N n
= z Zf a3 umumds, (3.46)
m=l1 i= "
where
. Iv=00 1 & dk
e B DD ek UEDIL et (3-47)
. j= 7=
and
RN ah 1o~ ., 0k 8h
& = (52 a; o)+ 3 (5 wg v
= : j=1 ‘ g
N
— IR+ AL (3.48)
=1

Again under the assumptions (A1), (A3), h € C}(R") and

Pr{ sup |y < oo} =1,

the operator I'* satisfies the properties {Pi) and (Pii). Hence by Lemma 2.4,
the initial value problem of equation (3.45) has a unique (weak) solution V'(t) €

Ly((0,T); HY) n C([0,T]; (La(R™))™).
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3.6 Examples

- Example 3.1

Suppose a firm has m—machines which are used for production of homogeneous
goods. The rate of production depends on the number of machines in operatic;n.
Define & = {0,1}™ and let the process &;t > 0, be 2 Markov chain with values
in X, where ‘0’ denotes the failed state and ‘1’ the operating state. The flow of
the inventory and total sales are assumed to be governed by the foll-owing set of
stocha.stic differential equatioﬁs _

dI; = (a(&) — h(L;, @))dt + o{t)dW (1),

dS(t) = h(l;, a)dt + dV (t), (3.49)

where ‘a’ denotes the production rate depending on the state o£ the ﬁrocess ¢ (more
machines means more production and conversely), ‘A’ represel}ts the instantaneous
sales rate which is dependent on the current inventéry of goods and their unit price
o which is assumed ‘to be fixed. The martingale terms odW and dV represent
_ the spoilage of inventory and sales return, respectively. The firm is intéfesting in
estima.ting the cost of holding inventories C(I;) given o(SE), where o(Sf} denotes
tile o—algebra generated by the process S up to time t. Using equation (3.23) it

follows that the estimated cost of holding inventories 6’; is given by

L & <o) >
6= E(CUIo(sh)) = Y on) B IS,

where {p;1 < k < N} is the solution of (3.24), N = 2™, and ©,1 < k < N;t >0,

is given by (3.23.a).
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Example 3.2
Let {ay,b:} and {a3, b2} be two pair of functions satisfying our b:\:sic assump-
tions (A1),(A2), and (A3) of section 3.2. Let r be a non-negative random variable
with density v satisfying v(r € dt) = Aexp (—At)dt, A > 0, Let {T4,t > 0} be
an increasing family of o—algebras generated by the indi;a.tor function of the set
{t < r}. Clearly, ['; = o(1:as}) and it is right continuous and 7 is totally inaccesible

stopping time.

Consider the system

dX; =Lyeryar(Xe)dt + Lery by (Xe) AW,
+ l{tzr}ﬂ-z(Xt)dt + l{tzr}bz(Xg)dW:,

where

_J1 ift<r,
W<y =10 irt>r

Let the observed process {y,;8 €t} be governed by the following stochastic differ-
ential equation

b

dy: = h(Xy)dt +dVi, ye€ RF.

Again our progem 18 to determine the conditional expectation E{f(X:)|o(y5)}.

Using the pr'oberties (P1) and (P2) of the infintesimal transition rates {Mijid 7=
1,2,++, N} and setting N = 2, it is clear that A;; = —Ay3 = —A and Ag; = Agz = 0.
Hence it follows from equation (3.24) that the unnormalized densities {px; k = 1, 2}

are governed by thé following stochastic partial differential equations

dpi(t, z) = {(A*e)1(t, ) — Api (¢, 2) }dt + h(z)e1(t, z) - dys,

fpl(O,z) = po(z), - (3.50)
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and

dps(t, ) = {(A*p)2(t, ) + A1 (t, ) }dt + h(z)pa(t, ) - dys,

©2(0,2) = 0. : - (3.51)

Hence using (3.23) it follows that

. : < @ty ), £() >
BUCDI W) = 3 on) = 5T

where {k;k = 1,2} are the solutions of (3.50) and (3.51), respectively, and ©; k =
1,2 is given by (3.23.a).

_The above example can be interpereted to present a situation where a machine
wears out to a state of lower productivity (or complete retirement) with no possible
return. In fact this example is a finite dimensional version of that given in [5] for

control problem.
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3.7 Summary and Conclusion

. In this chlapter we have considered the filtering problem of stochastic processes
governed by a class of nonlinear stochastic differential equations with drift and dif-
fusion parameters perturbed by a temporaily homogeneous Markov chain. We have
assumed that the observation ﬁocess (continuous) is governed by Ito differential
equation with drift parameter dependent only on the state of the system. Using
Girsanov transformation, we have derived a coupled system of stochastic integral
equations fo;- the unnormalized density from which the filter equations were ob- -
tained. Indeed, as indicated in-section 3.4 (case (ii)), the filter equation (3.24)
covers that ,.of Zakai, Further, we have also noticed tﬁat when no measurement
of the Markov chain £ is possible, the estimate ?t of f(x:) is based on the a priori
 statistical information of € and the observedgrocess {ys; ¢ < t}. On the other hand,
when £ is bbservab]e, the estimate ?g can be computed by solving Zakai equation
(3.32) . Moreover, we have also shown that the filter equation (3.24) has a unique
(weak} solution. Finally, two examples were presented to illustrate some of the

results of this chapter.

.



CHAPTER 4

NONLINEAR FII'..TERING OF DISCONTINUOUS PROCESSES
WITH DISCONTINUOUS OBSERVATIONS

4.1 Introduction

In chapter 3 we have considered the filtering problem for a class of systemg, gov-
erned by nonlinear (continuous) Ito differential equations with jump parameters ;nd
continuous observations. In this chapter, we are interested in the filtering problem
of a wider class of stochastic i)rocesses where the state as well as the observation
processes are governed by a nonlinear stochastic differential equations driven by
Wiener processes and generalized Poisson random counting measures. Utilizing the
results obtained in [68] for the Radon-Nikodym derivatives and generalized Ito’s
Lemma (see [37]), we use simi]ar.arguments as those of chapter 2 (see sections 2.3)

to derive the corresponding filter equations.

In section 4.2 we formulate the filtering problem é.nd introduce the necessary
notations and assumptions which are used in the sequei. In section 4.3 we present
some known results due to Skorokhod ana Ito on the basis of which we derive a
stochastic integral equation for the unnormalized conditional density. Using the
results of section 4.3 and the properties of the semigroup of the state process we
derive in section 4.4 a. stochastic differential equation for the unnormalized condi-
tional density. In section 4.5, we use the results of section 4.4 to obtain the filter _
equation for the case where the state process is governed by nonlinear Ito differential
equation driven by Wiener and generalized Poisson processes whereas the observed
process (discrete) is exited by zero mean white Gaussian noise. Finally, in section

4.6 we present few examples to illustrate some of the results of this chapter.

w
]
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4.2 Formulation Of Filtering Problem, Assumptions and Notations

We consider the filtering problem for a class of systems governed by stochastic

differential equation of the form

drt = a(z¢)dt + b(z)dW; +/ g(zt,v)7(dv x dt)
B

z(0) = zg, _ (4.1)

where z,4 and g are vectors in R"; b is ah (n x n) matrix and R} = R"\ {0}. The
measure (t,T),¢ € [0,T],T = B(Rg) (where B(Rj) denotes the ¢ field generated
by Bﬁrel subsets of %) is a random counting measure giving‘f;he number of jumps,
of sizes lying in I, of the process {zy;8 < t} over the inteval [0,t]. We assume that
7 is independent of the initial state zy and the Wiener process W and it obeys

AN

generalized Poisson distribution with mean given by
E{3(r, 1)} = () ¢(1), (4.2)

where (I' x I) is any Borel subset of Rf x [0,7] and £(I) denotes the Lebesgue
~ measure of the set I C {0,T]. In other words, for each nonnegative integer m, and
‘ !

I' € B{Rf) the probability law of the measure ¥, is given by

PRI T) = my — SR =HDTOMEDTT)"

(4.3)

The process W is an n—dimensional standard Wiener process independent of 5
and the initial state zy. Further, we assume that the output (observed) process

{vs; s <t} is governed by the following stochastic differential equation
dy: = h(zi)dt + dV +f g1 (z¢, e, v)y(dv x di)
R>
y(O) =0, ' (4'4)

- where h and g; are vectors in R*; V is k—dimensional standard Wiener process

independent of W and ¥, and R, = R™ \ {0}. Again the measure « is a random

<



. ]
counting measure on the Borel subset of R x [0,T) independent of the processes
W,9,V and the initial state zo. We assume also that the measure -+ obeys generalized—-——

Poisson distribution \;.fith mean
E{x(4,1)} = I(A)(D), (4.5)

where (4 x I) is any Borel subset of RJ* x [0, T, and £(I) denotes the Lebesgue

measure of the interval I € [0,T).
" Define

a(A, I).= (A, I) — TI(A)e(1). (4.6)

Then it is easy to verify (see [37) and [68]) that the measure g is a'square integrable
martingale (with respect to the o—field generated by the measure 7 denoted #7) _

) satisfying the following properties

E{‘I(As I)} =0,

B(q(I, 4))* = ¢(I)T1(4),

for any Borel (A x I) C RY* x [0,T).

™~

Assuming that all the random processes and vectors described above are de-
fined on a complete probability space (1, Bo, P;), our problem is to compute the

conditional expectation
' Je = E{f(=:)|F},

where f is any bounded measurable function on R® and’ 7¥ denotes the afﬁéld

generated by the \p\\rocws y up to tiine ¢.
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Remark 4.1 . ) a
~As indicated earlier in chapter 1, the system {4.1) and (4.2) is indeed a special
class of that considered in [40] for the filtering problem. In fact the result obtained

in [40] is based on the fact that the random measure g (see equation (4.6)) is

observable, Ho{vever, for the case where the observed process y is given by

y(te) = h(z(te)) + V(t) + /‘Rg‘ gl(z('tk),y(tk),vh(dv X (L1, te]),

where 0 =ty < ¢y ++-t, = T, observing gq is almost impossible. Hence our main goal
in this chapter is to develop a filter equation, for system (4.1) and (4.4), whic:h is
only driven by the observed process y and the compensator IT corresponding to the
measure 7 {see equation (4.6)). In fa.ct our filter equation is also valid even when

the observed process y is of discrete type as given above.

Fom derivation of the filter equation, we need the following-notations and

assumptions. ' ~

Notations:

Let_P; ((0,T}; }i';+k) denote the space of right continuous R***—valued functions
having left li;nits and éuppose this is furnished. with the Skorokhod topolo'gy (68].
Let B(D) denote the o—field geﬁerated by the Borel subsets of D;. We denote
this measurable space by (D1, B(D;)). Let {n:;¢t > 0} be any ra.n&om process and
let ‘cr{n‘,‘;s < t} denote the o—field generated by the process n up to time t. Let
B(R") denote the Bort;l o—field generated by subsets of R® and #* = o{z,;s <
th% = o{uis <t}, #] = o{7((6,5),4), A€ B(RF); I = [0,T;0 <9 < s < £}
and G = F¥ V FTV 5V 51V o{zo}. The o—fields 77, 71, 7Y, %7 and o{zo} are
assumed to be independent. For any vectors a,b € R™ we denote by (a-b) the scalar

product in R"™. Further notations will be introduced in the sequel as required.



Assumptions:

(A1)

(A2)

(43)

(Ad)

The functions a and b are continuous and satisfy uniform Lipschitz and

growth c'onditions on R". That is, there exists a constant & > 0 such that
Tla(z) — a(y) ] + |[b(z) — b(y)||* < K|z — yl?,

and

Tla(z)* + {lb(=)|* < k(1 + |=]%),
for'all z,y € R™. .

. . . : 2 ’
The functions ¢;(z),0y;(z) , E%a,-(z) , 3‘9?'_0;5(1*) and Bz_?&z_,-aif where 0;; =
(b0)i5(2) 5 4,5 = 1,2,---,n are bounded and satisfy Holder condition on
R® -
The function g satisfies uniform Lipschitz and growth conditions on R and

/ |9(z, U)|2ﬁ(dv) < oo.
B

The function % is continucus and satisfies uniform Lipschitz and growth

conditions on R™ and
t
E/ |h(z5)|*d8 < oo,
0 -
along any solution z;t > 0, of equation (4.1).

The function ¢, satisfies uniform Lipschitz and growth conditions on R***

Q
and

/ lg1(z, u)|2H(du) < 00,
Ry

for all z € R™**, Note that under the above assumptions it is known that
(see [68] Theorem 1 P.47) equations (4.1) and (4.4) have unique strong

golutions with finite second moments.



In the next section we present (wjthout proof) some known results due to Sko-
rokhod [68] on, the basis of which we- derive a stochastic integral equation for the

unnormalized density leading to the filter equation.
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*4.3 Stochastic Integral Equation For Unnormalized Density

In this section we use the Radon-Nikodym derivative of measures induced on

the space (D1;8(D1)) by the systems (4.1) and (4.4) and generalized Ito’s Lemma, to

derive a stochastic integral equation for the unnormalized density. First we present

the following known results.

Lemma 4.1 (Skorokhod [68] section 4 P.117)
) °

Suppose that assumptions (A1)-(A5) hold and there exist functions g : Rf x
R —+ R* and o: E® x R* x R — (0, 00) satisfying the following properties :

(i) There exists a constant K > 0 such that

A f |ga{z; 1) = gaty, v)|*Tl{dx) < K|z — g%,
rp - >
for all z,y € R* and

/ igg(y,u)n(du) < o0, yE RE.

’
'

(if) For alt-s’¢ R™ and y € R%, | -
/ 18(z, v, 4) [2T1{du) < oo,
Ry
ith B beifig any of the functions g,Ing,2 = % and In.

\f;/a (iii) . For any A € B(R[*) and for all (z,y) € R,

[ m@= [ (e va(eyw)il).
{uiga(y,u)€A)} {w:gi(z,y,u)EA}

>

]

Then the measures y; and g, defined on (D1, 8(P1)) 'and induced, respft?ctively,
. @
by the systems N
dz; = a(z;)dt + b(z:)dW; + / g(ze, v)F(dv, dt),
. * - R‘; .

dyi.= h(ze)dt + AV +f g1 (zeye, u)y(du, dt),-
. da.nd - ' '

-

~

.



dzy = ot(:r.g)dt + b(z;)dW; + f g(zt,v)F(dv, dt),

il

\\
dys = d@ [R;" ga(ye, u)y(du, dt}, (4.7)

are absolutely continuous with respect to one another. Further, the Radon-Nikodym

derivati\{e of py with respect to uq is given by

dﬂ-l H t '
— = A :exp{/ Y(z,s,ys)ds — / a(zs,Y,).: dV,
0 0

dpig
t - .
+[ ] In2(zs, ¥s, v)g(du, ds)}, (4.8)
n JRp - .
where ‘' denoteslthg scalar product in R¥,
. ) i .
¥(z,y) = -/Rg"ll —2(z,y,u) + Ing(z,y, u)|(du) - §[a|2, (4.9)
a(z,y) = /R;jgz(y,U) = g1z, y, u)|T(du) — h(z), (4.10)

for all z € R™,y € R*, and

q(d'u,dt)sq(qu,dt)—n(du)dt. . (4.11)

Lemma 4.2 (Generalized Ito’s Formula [37] Theorem 11 P.104)

<Let the R™—valued process {£(t);¢ > 0} be the solution of the following stochas-

tic differential equation

dé(t) = 'a(f(t).]d\!t + b(&(t))dWy + _/".. g(é(t), v)g(du, dt), {4.11.a)

»

with £(0) = &, where W is an n—dimensional standard Wiener process independent

- .0 . ‘ vt
of the measure ¢ given by (4.11) and the function ¢ satisfies the following property

[_ lg(z, ©)*T(du)y < 00, ., z€& R, Py—a.s:

>

e
Let f be twice.continuously differentiable function on R" satisfying

~ [ F60) + 9(6(€).w)) - S(EENPTId) < 0. Poaus
R

~
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Then the.I'to differential of the function f is given by

4 (e) {Z (e L e + za,,-(e@afff )
+ / RYGOREECR? Zj O (et
}dt+z t) (&) aw]
/ 600+ o8, ) = 7€, E (1)
i ) \
where o;; = (bb'),;. ' ‘ ~

Remark 4.2

Another convenient way for writing the Ito differential of the function f is

3 .
A(E() = (AT (€Nt +o50- Wt [ (70 + o(6(0),) = FLe(eDbole, )
~ where A denotes the (backﬁa.rd) Kolmogorov operator of the process {£(t);¢ > 0}
given by [68] -

n

n 2
(ANE) =D el gl +3 3 oila) aj’ ol UL
1,j=1 at

1=

— f(z) - Z z,u)—}n du) oy (4.12.0)

= -

Utilizing the results of Lemmas 4.1 and 4.2, we follow similar procedure as thal®
of chapter 2 to derive an integral equation for the unnormalized density. Let f be -

a bounded measuyrable function on R", then defining
A(t, i) = Ex{Me| 7 V o(z)},

Q(t,dz) = Pr{z: € dz}, t>0, (4.13)
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and using similar arguments as those of section 2.3, we have

(:c)Q(t d:cj )

El{f(xt)|3ry} - Lo X A(z z) (t dz) \

e

(4.13.q)

Taking the indicator function Ir for f,T' € B(R"), it follows from (4.13.a) that

P(t,T|7) = Pr{z eI‘|3"”}— o A Q(t dz)

4.14
IR" Q(t da:) (4.14)

With the help of the above Lemmas and the transition probability of the state
process z;,¢t > 0, we show in the following Theorem that the process K(t, ),t >0,

is governed by two stochastic integral equations.

L

Theog'Em 4.1 (Stochastic Integral Equations For I)

' .~ Suppose that the hypotheses of Lemma 4.1 hold and there exists a bounded
. .

measurable function ¢ : R x R® — R* such that

/0 c(Ys,a) - M, = /0 { fm[@'(z,,y,,u)-1]q(du,ds)-a(z,,y,).dv,}, (115)

#2—a.8, where M; is a squaré integrable §;— martingale, with respect to the measure

2, given by : )
t
M=V + / / g2(ys,u)g(du, ds). (4.16)
o JRy _ _
~ i
Then the process A(¢, z:};t > 0, satisfies uy—a.s, the following stochastic integral
equations

~ ) t ~
Alt,z) =1- /0 ds - I{du) [Rﬂ A(s,2)g2(ys,u) - c(g,,z)ﬁ,,(:c; dz)

4

.

; .
+/ dyd.'/ A(s,z)c(y,,z)Pt,,(z;dz), (4.17)
0 Re .

¥
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and .
| K(t,z) =/ K(s,z)Pt‘,(:c; dz)
Rn
t .
-—/ de H(du)[ A8, 2)ga{ys, u) - ¢(ye, 2) Prg(z; dz)
s Rr * .. _FR" . .
t . .
+/ dyg-/ A(8, z)c(ye, 2) Pr g (x; d2), . (4.17.q9)
where’ :
Pry(z;T)= Priz, € T|ze =z}, ~s<t,T €B(R"). (4.18)
' Proof: " . )
Defining - : - /—\ ' k

B(t) = fo t ¥(zye)ds - /0 t —— + /0 t /R ) InB(z2, varw)a(du, ds),
. it folIowls frorﬁ equa.tic_)n (4.8) that. | - ‘
A; = exp {B(t)}. '_ -’ | (4.19)
) Utilizing the result of Lemma 4.2, the Ito diﬁe:egtial of the process A; is given by
dexp {B(1)}'= dAs ={(zr, ) exp (B(2)) + Slox(zs, o) P exp (8(1)

oy /R;lexp (B(2) + 1n3(z1, e, ) — exp (B()

— InB(ze, ye,u) exp;ﬁ{'t))]ﬂ(du)}dt —exp (B(t)) a(ze, 1) - dVi

+ [ lexp (3(0) + 1Ban e,n) = exp (B(0)la(d, ). (4.20)
s |

Using equations (4.8), (4.9) and (4.19), it follows from (4.20) that

dAt = Ag{/Rg‘ ('E(xt,yg,u) —‘)l)q‘(du,dt) - a(:cg_,yt) - deVﬁ\

Ao =1, : S | (4.21)



" from which one obtains

-7 -

Ae=1+ fo‘ /R; Ae{E(za, Yy u) — 1}(du, ds)

- f A,a(m,,y,) - dV,, U2 — Q.. (4.22)
0 : :
. L L 4
Since undet the measure p; the process {y:; ¢ > 0} satisfies
. 3 . '

dy: = dM; +/ g3 (ye, w)IT{du)dt, ‘ (4.23)
B :

where M, is given by (4.16), it follows from (4.15) and {4.22) that

. ; .
A =1 _/ / Aag2(yn "-) : c(y,,:z:,)r[{du)ds
. 0 o
. | .

(4.24)

b ]

. +/ Aac(yuﬁa);dya-
. 0

Taking the conditional exi)ectation, with respect to uz, for both sides of (4.24) we

" have .

| . . ' t _
Ez{AgI.?;y A O'(Ig)} = A(t,:l:g) =1- / f Eg{A,X Y,
. '#), o Jre
- X g2(¥s, 1) - c(ys, Za) |7 V o(z¢) I (du)ds
t . .
| +] Ex{Aue(ysrzs) |7V o(20)} - dys.
0 - . B
(4.25)

Since under the measure x4z the o—fields #* and 7' are independent it follows that '

‘the o~ fields F Vv 7 and o{ys — ysis < 0 <t} are independent given F¥ v {fz,).

Therefore,
E2{A-ag2(yn tt) . C(yn Ia)ljrt/yv U(It)} = E2{Aag2(ya’1.‘) - c(ya: ma)|}?‘ v U(zt)} |
= BB {Adna(ua,0) el )| V 0z Vo (@)} T Vole)}

= Ex{ga(un, ) - ey 20) Ba {7V o(z) V 0 (@)} V oz}, (4.26)



and similla.rly ) _ _
Ex{Aac(yn, )17 V 0(20)} = Brlelynr ) Ba{Au|57 Violz,) v oz} |52 v o(20)).
| - (4.26.0)
Since the process {(z,,y,);s < t}, is G;—Markov process and F* and 7Y% are inde-

pendent under yq, it follows that the o—fields FEv 7Y and o{z;) are conditionally

independent given o(z,). Hence
- Ea{Au|FY v o(z,) Vo(z)} = Ea{A,|FY Vo(z,)} = A(s,z,). (4.27)

By the independencé of the o—fields #* and }'ty, under p2, it follows from Fubini’s
| r-Iheorem and equatior (4.27) that the right hand sides of equations (4.26) and
(4.26.2) can be-\'vrit.ten, respectively, as

'/R“ 02(ve, 1) - e(yey2)K(s, 2) Po(ide), (4.28)
and L ' )
~ / c(y,,z)_K(s,z)'Pt,,(:z:;dz),‘ . (4.28.a)
where the transition probability 'Pg,,(z;dz) is given by equation (4.18). Fro‘rn equa-
tions (4.25)-(4.28.a), equation (4.17)follows. It remains only to prove equation
(4.17.2).

Using equation (4 23) one obtains

A: = A, —// Agg2(yd, u) - e{yp, zg)I1(du)dd

+/‘ Aac(yg,:ﬂg) dyg. | | ' (4.29)
Thus, - . |
Ba{Ad7 V o(z)} = Ez{A.m V olar)} - ] ] Eafaa(uo,) - ove,20)X
- x K(0,26)| 7Y V o(z:) }I(dw)d9

t
+f E2{e(ys, zs) x
x A(8,20)|F¥ V o(ze)} - dys. ~ (4.30)



Again by similar arguments as those given above, it is easy to verify that equation

(4.17.a) follows from (4.30). This completes the proof. |

On the basis of the above Theorem we now follo*v similar procedure as in section
2.3 to derive stochastic integral equations for the unnormalized density. For this we
" need the semigroup generated by t}le process {z¢; Gi,t > 0}. Let f be any bounded
continuous function on R® and let {T,;;s < t} denote the (backward) semigroup

-

given by

(Totf)(n) = E{f(z)|lzs =1}, s<t.
Let -
Pat(niT) = Pr{z: € T|z, = 7}, s <t,

.for n € R",T € B(R"), be the kernal corresponding to the semigroup Tyt so that

@) = [ 1) Puclni ), RN

and
S.lim(Tuef)(n) = f(n),

for all f € Cy(R"™), where C3{R") denotes the space of bounded continuous functions
N Y .
on R"™. It is clear from Lemma 4.2 that the infinitesimal generator corresponding

to the semigroup {T,:;s <t} is glvén by

I

AN@=Ya@L o s f{f(a:+gx, )

i=1 f,5=1

Zg, (z,u —}H(du] (4.31.a)

=1

where {6V');;(z) = 0¢j(x) and g; denotes the {—th component of g.

Suppose for each 7 € R* and 0 < s < t, the measure I' — P, (n;T) is absolutely

continuous with respect to Lebesgue measure on R" admitting a density so that

-

P,y(n;T) = /; Pat{n;v)dy, T € B(R").



[

For each ¢ > 0, let v; denote the measure induced by the process {zs;t > 0} on
B(R") and suppose that E — 14(E),E € B{R"), is absolutely continuous with

respect to Lebesgue measure admitting a density Bi(n),n € R™, so that

w(E) = fﬁ Be(n)dn.
Define

T8 = [ puclmabtman, (4.32)

where T, s < t, denotes the semigroup corresponding to the {forward) Kolmogorov
operator A of the process {zt;t > 0}, and A* is the formal .a'djoint of the operator

2 .
A (see equation (4.31.a}). Again the kernel Pst(n; z) of the semigroup T7,,s < ¢,

Sat

satisfies the Kolmogorov (or Fokker-Plank) forward equation

5 _
2iPe (m:12) = A"p,s(n; z),

and under our assumptions (A1)-(A3), the semigroup T}, possesses the following

properties

(Si) Forall0<s <8 <t,

(T2.6)(2) = (T78) () + [a A*(T3,5)(=)dr, (4.33)

S

(Sii) Let H denote the family of functions {8} = {8(z),z € R"}, satisfying the

i

integfa.bﬂity condition

. . K
[ 1@s et < o.

Then there exists a constant § > 0 such that

R4

[ @n@ress [ 1@

R

foralleHand'OgéaSt<oo.

.-la
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With this background we now present the following corollary .

Corollary 4.1
Suppose for each n '€ R™, the measure T — P¢(m;T),s < t,T € B(R"), is
absolutely continuous with respect to Lebesgue measure admitting the dens:ty e
2
Pat(77:7) and let the semigroup T, satisfy the properties (Sl) and (Sii). Then the
measure I' = P(t,T|#Y),t > 0, (see equation (4.14)) is also absolutely continuous

with respect to Lebesgué measure admitting a density p(t,v|%Y) and that

p(t, 1| F) = % (3

where  satisfies, u;—a.s, the following stochastic integral equations
( :’7 = q t '7) / / t 'y) g2 ('ya,u)l'[(du)ds - 3

+'/; Ty i(pe)(t,v) - dys, o | (4.36)

w(t,7) = (Tree) () — [ / (t,"f) - g2 (g, u) T (du)do

+] Ty (pc) (£, ) - dys. ' (4.36.0)

Here ¢ denotes the density corresponding to the measure Q (see equation (4.13)) |

¥

and ¢(y, z:) = ¢(t, zy).

mg.f ' . -

_The proof essentially follows from similar arguments as those of Corollary 2.1 -

and hence omitted. n

In the next section, we use the results of the above corollary to derive a Zakai
type equation for the unnormalized density ¢ from which the conditional expecta-

tion Ey{f(z¢)|%'} can be computed.
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[ . '
4.4 An Evolution Equation For The Unnormalized Density

.In. this section we use the results of the previous section and the propérties (Si)
and (Sii) of the semigroup-‘.’[’;t to derive a stochastic differential equation for the
unnormalized density @(t, T);z € R",t > 0, from which the conditional expectation

g -
E1{f(2¢)| 7'} can be computed using the following relation

< (P(t, ')1 f(') > .
E Y =< p(t, |7, F) >= , 4.37
EIEIEY =< ple 172),1() >= <L IO, (1.37
where
' ' »~
<(t,), f(}) > = . f(z)eft, z)dz.
Definition 4.1
The semigroup T;'4; s < ¢, given by equation (4.32)ais said to be of class M if it
satisfies the properties (Si) (Sii) and
é“? (Siii) Let f be any bounded continuous function on R" whose first and second
partial derivatives (with respect to z) are bounded, continuous, and satisfy
Holder condition on B®. Then (T;¢f)(t,x) and its first and second deriva-
tives (with respect to z) are continuous on (0,T) x R™ and bounded on
[0,T] x G, where G ﬁ’ any bounded subset of- R“
Theorem 4.2
' ~

Suppose that assumptions (A1)-(A4) hold and the function g, satisfies the hy-
potheses of Lemma 4.1 and the semigroup Tys8 <t is of class M. Let p(t,z),z €
R",t > 0, satisfy equation (4.36.2) and puz—a.s, the function ¢ with its first and

second derivatives ,with respect to z,l are continuous, bounded and satisfy Holder
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condition bn R™, uniformly in ¢ € [0, T}]. Then the unnormalized density o satisfies

the following linear stochastic partial differential equation

dolt,7) = A*p(t, )it + plt,2)elt, ) - {dye - /Rn o2(ue, ) T(du)de},  (4.38)

for all (t,z) € [0,T] x R™, where c(t,z) = e(w,x),z € R, is'given by equation -
(4.15). | |

Proof:

From equations (4.33) and (4.36.2) we have

(T )(t z) = (s, z) f AM(T ) (0, 2)d8, - - (4.39)
and |
8
olt,2) = (Te)t2) + [ (T(pe))(0,3) - (o,
{ /Rg' g2 yr, I{du)dr}. (4.40) |

From equation (4.33), we have

4 . : )
(T2e(0e)) (t:7) = (pe) (a,7) + / AY(TE (p0) (ra)dr. | (4.41)

" Since - , _
t S
MO =u- [ [ o ona
L =V + / / 92(vesu)g(du, d8}, (4.42)

integrating both sides of (4.41) with respect to the right continuous Gi—martingale
M(t), we have .

t : _ t
f‘ (Toglpe)) t,3) - dM(a) = / (pe)(, ) - dM]c)

,z)dr - dM(a). (4.43)



Uéing equation (4.36.a) in (4.43), we obtain

olt:2) = (T 6,) + [ (0)(ou) - dMi(e)
| ~ | (1.41)

+ [ [ A teninar - ana(a)

Substituting the expression for (Tyip)(t, z) from equation (4.39) into (4.44), we

have - ) -

¢ ‘ .
( (s, x) +/ AT 0)(6 :z:)d6+/ (pc)(q,z)-dM(a)

//A* ) (7, z)dr - dM( ).

From equations (4.42) and (4.47), it follows that

" (4.45)

-

olt,2) = pls, ) + / (A"0)(0,2)d0 - / & [ @atea e, - assia)an
//A*( N7, z)dr - dM () |
+ / () 7)1 (a). - (4.46)

4

Again following similar argurhents as those of Theorem 2.2, and using the following

Jfa.cts

(F1) For any Gi— —measurable R valued functlons f1 and f,,
,Pw
)

E{ f (o) - am(s) / fz(8 )ds} = E ] Z0 [ nte £16)-aM(),  (447)
whgre M(t) is given _by (4.42) and |

(F2) For any G;—measurable functions N ahd‘ fa,
. 2

E ] fils) - dM(s) f f2(s) - dM(a) / AN f()e(s)ds,  (4.48)
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where
e(t) =1 +f |92 (ve, u)|*TT(du), . (4.49)

one can verify that

I AT o) 2 - b e / a / G(T:,e(soc;)n(b.}?)?' aM ()

(4.50)

Thus equation (4.46) reduces to

t H - i
olt,2) = p(e,2)+ [ (A%0)(6,2)40+ [ (oe)(@,2) - aM(e), (451

v &

where the G;—martingale M (t),t > 0, is given by (4.42). Clearly, (4.51j is

the integral form of (4.38) and the proof of the Theorem follows . N

Remark 4.3

For the case where the increments of the Wiener process V (see equation (4.4))

has the property

’ t
B{(Vi = V(vi- V) = [ R(O)as

&

+

where R is positive definite (k x k) matrix, the filter equation (4.38), in this case,

is given by

dp(t,z) = A*tp(t,:r:)dt + o(t,z)e(t, z) - R (t){dy: — fan g2 (ye, w)TI(du)dt}.

(4.51.a)
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Remark 4.4 - ) o

For the case where the processes x;,y;,t > 0, are governed by

dzxy = a(x;)dt -+ b(z) dW; +/ g(zs, u)¥(du, dt), (4.52)

dy: = h(ze)dt + dVi, | - (4.53)

it is clear from Lemma 4.1 that ¢y = g3 =0, 0 =37 = 1, and a(z,y) = —h(z), and
hence it follows from (4.15) that ¢(y, z} = h(z). In this case equation (4.38) reduces

to

dip(t,z) = A%p(t, z)dt + h(z) - dy,

#(0,2) = o L s

where A™ is the formal adjoint of the operator A given by equation (4.12.a). Using
Lemma 2.3, it follows from equation (4.54) that the normalized density p(t,z|#)
(see equation (4.14)) is governed by the following (Kushner type) nonlinear stochas-

tic partial differential equation

dp(t,z|F') = A*p(t, z|F¥)dt + (h(z) — Be)p(t, | FY) - [dye ~ hedt],

p(o’ :B) =Pro (I)s

and hence for any f"e C’g(R"), the estimate _?,-, is given by the solution of the
following stochastic differential equation
df = (Af)edt + [(BF) = Refi] - [dye — Redt],
R (4.55)
F(0) = Ef(z0).
In the next section, we will use the above equation to obtain the filter equation
for the case where the process z is governed by {4.52) whereas the observed process

(discrete) is exited by white Gaussian noise.



4.5 Nonlinear Eiltering Formula For Discrete Observations -

In this chapter we have considered, so far, the filtering problem for a class of
systems governed by nonlinear Ito differential equations driven by Wiener and gen-
eralized Poisson processes with discontinuous (as well as continuous) observations,
Although the filtering problem, for the case where the process y is continuous, ig |

of theoretical interest, discrete observations are more convenient in many practical

applications (see chapter 5).

In this section we consider the ﬁlteriﬁg problem for the case where the state
process z:,t > 0, is governed by the Ito equation (4.52), whereas the observed

process y (discrete) is given by

y(tk) = h(z(tk)) + n(ts), (4.56)

where h is a vector in R™ satisfying our basic assumptions of section 4.2. The
process n{tx);k = 1,2,3,---, N, is assumed to be a zero mean white Gaussian noise

sequence with values in R™, so that

E{n(te)n'(t;)} = &4, R(t),

where R is (m x'm) positive definite matrix and § is the dirac function. As indicated
earlier in chapter 1, the above filtering problem was also considered in [70] for the
case where the signal process z;,¢ > 0, is driven only by a continuous martingale,
However; in th‘is section, we are interested in obtaining j:he corresponding filter-
equation when the signal process is governed by the Ito equation (4.52). We shall
use the result given in Remark 4.3 to obtain two dif_ferentia.l equations' for the

estimate ?t between and at observations.

_Let f € CZ(R") and let 7Y denote the o—field generated by the process y up to

w

time ¢;. Since the process y is only available at the discrete points ty;1 < k < N, it

is clear from equation (4.55) that the estimate T is given by
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% _ [F(tltem1), for t€ (tpoy,ti), |
= {?(t]tk), Cfor t=ty, (4.57)

where ?(t|tk) = E{f(:zg)mf} and ?(0) = Ef(zq). Utili-zing equation (4.55), it
follows that between observations, i.e, t € (tx_y,¢), the process f (f|ty_) is governed

by the following differential equation

d -~ . —— -

pr (t]te=1) = (A ) Clte=1)s t € (tg—1,tk), (4.58)
with initial condition ?(tk—lltk—l), where the operator A is given by (4.12.a). On
the other hand, at the observation time t = f, the estimate ?(tkltk) can be obtained

by solving the following differential equation
d ~ —~ - - _ ~
o (tklt) = [(RF) (2klt) — R{txle) Ftrle)] - BT (t)[w(te) — htelt)], (4.59)

' fow.ll t € (tx—1,tx], with the initial condition ?(tk|tk_1) given by the solution of
(4.58\). Note that equations (4.58) and (4.59) will be used in the next chapter to

obtain the filter equations for navigation system.

_ Remark 4.4

The filter equations (4.58) and (4.59) are similar in nature to those obtained in

[70] except that the generator A appearing in (4.58 ) is different.

%
In the next section, we present three examples to show that the resulits of Zakai

[76], Pardoux [67], Dimasi and Ruggaldier [31], can be obtained from the result of

Theorem 4.2.
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4.6 Examples

Example 4.1 (Zakai case)

Let the processes {z:,y;¢t > 0}, be governed by the following nonlinear Ito

differential equations . '
S doy = a(:r:t)dt + b(Ig)dW:,

4.60
dyt = h(ﬂ:g)dt + th, ( )

where a,b,W,h and V are as in section 4.2. Our problem is to obtain the corre-

sponding filter equation from the result of Theorem 4.2.

Let py and py denote the measures induced, respectively, by the systems of

equations (4.60) and '
dIt = a(s:t)dt + b_(I:)th,

b
dy: = dV;. (461)

Comparing the systems (S1) and (S2), given.in Lemma 4.2, with the systems (4.60)
and (4.61}), it is clear that ¢ = 0,91 = g3 = 0, and oz, y’)li: —h(z). Therefore, it
follows from assumption (iii) of Lemma 4.1 that g = § = 1 and hence from (4.15)
we have ¢(y,z) = —cx;(x, y) = h(z). It is also clear frozﬁ/equa.tion (4.12.a), for g = 0,

that the infinitesimal generator A of the process :r:‘is given by

Af Za, “+3 be"’aza ' (4.62)

1,141__

In this case, the filter equation (4.38) reduces to
de(t,z) = A%p(t, m)dt—}—cp(t z)h ( z) - dy,

giving the usual Zakai equation, where A is the formal adjoint of the operator A,

given by (4.62). .



. '.Example 4.2 (Pardoux’s Case)

Suppose that the processes {z,y:;t > 0}, are governed by the following stochas-

EY

tic differential equations .
' dzy = a(:z:g)dt + b(ﬂ:t)th,

d!{t = ;\(mg)N(dt)h, . @ (4.63)

where a,b, W are as in example 4.1, A > O is scalar and N((s,t]), s < ¢, is a standard
. c.'{,._ . .

Poisson process (independent of W), with mean {t — s}, giving the number of jumps

(of size one) during the time interval (s,t]. Agdin our problem is to obtain the filter

~ equation corresponding to the above system.

Let uy and uq denote the measures induced, respectively, by the systems of

equations (4.63) and
d.‘rt = a(:rg)dt + b(:cg)th,' -
=

T dy = N(db). . (4.64)

Then comparing the systems (S1) and (S2) of Lemma 4.1 with (4.63) and (4.64), it
G
follows that ¢ = 0,h = 0, a(z,y) = A(c) — 1,

a1z, y,u) = A(z)I{l}(u), ' (4.65)
and i
g2(y, u) = Iy (), | (4.66)
where g
myw={y T sl
Further,

/ _1(m v, u)y(du, dt) = /R? A=) Iy (w)r(du, dt)
= AMe)v({1}, dt) = A(z) N (), (4.67)

and
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&'({1}..&) = y({1},dt) — E(v({1},at))

= N(dt) — E(N(dt))

= N(dt)-dt. (4.68)
Using assumption (jii) of Lemma 4:1 and equations (4.65) and (4.66), it follows that

/ T(du) = / :
InWedt ) e ea)

or equivalently

[ EmEn = [ ez @ agime),

o(z,y, v)I(du), A€ B(RM,

for any A € B(R"). Clearly, the above equality h;lds only if g(z,y,u)A(z) = 1,
which implies that
i

o(z,y,u) = mnw Az). (4.69)

Using equations (4.65), (4.16) and (4.69), and removing the Wiener process V, it

follows from equations {4.15) and (4.16) that

| ctwmzdareis) = [[0ia) - nivas) - o)

where

Hence it is easy to verify that

c(y,a:) = Az) - 1,

for any z € B", and y € R. In this case, the filter equation (4.38) reduces to

d‘f’(tsz) = A*‘P(tsz)dt + @(tlx){’\(z) - 1}[dyf - dt]!

giving the result obtained in {67], where A* is the formal adjoint of the operator A
given by (4.62).
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‘Example 4.3 (Di Masi and Runggaldier Cag) L -

LA

7 Let the processes {xg,ygit > 0}, be governed by the following stochastic differ-

ential equations
dzi = a(:ct)dt + b(mg)(ﬂ’Vf,

o dye = h(zs)dt + dVi + N(de), (4.70)

“Xlere a,b,W are as’in Example 4.1; h is scalar, V is one-dimensional standard
Wiener process and N (see Example 4.2) is a doubly stochastic Poisson process,
independent of the processes W and V, with intensity A(z;). Again we are interested

in obtaininig the corresponding filter equation using the result of Theorem 4.2.

Let p; and u3 denote the measures induced, respectively, by the systems (4.70)

and

dz; = a(z¢)dt + b(z;)dWy, ' .

- T
dy: = dVi + N(dt), (#1)

where under the measure ug, the process N(dt) is a standard Poisson process with
intensity dt, independent of the process z:. Comparing systems (S1) and (S2) of
Lemma 4.1 with the systems (4.70) and (4.71) and using same arguments as those

of Examples 4.1 and 4.2, it is easy to verify that
01(2,9,1) = ga(y,u) = 1,
d(z,y,u) = A(z),
a(z,y) = —h(z),
and
c(ye, ze) [dy: — dt] = (A(z) — 1)[N(dt) — dt] + h(z:)dVi,
where, under the measure uj, the process (y: —t);t > 0, is a square integrable

G:—martingale given by
¢ —
w—t=Vi+ [ [N(ds)— ds], K2 — a.s.
0
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Using the above facts, it follows from equation (4.38) that

| do(t,z) = A*o(t, z)dt + o(t, 2)h(z)[dy; — N (de)]
ot 2N (%) — DN (dE) — at), (4.72)

giving the result obtained in [31], where A* is given by (4.62).

In the next chapter we consider the problem of modelling the errors that arise\"\‘
in navigation sensors. Then utilizing the result of section 4.5, we develop the cor-
responding linear filter equations from which the ship (or aircraft) position and

velocity can be estimated.
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4.7 Summary, Conclusion and Some Open Questions

In this‘_chapter, we have considered the filtering problem for a class of sys-
tems governéd by nonlinear Ito equations driven by Wiener and generalized Poisson -
processes. The observed process was also modelled as a nonlinear Ito differential
equatioﬁ driven by Wiener and Poisson processes. Utiliz:ing the Radon-Nikodym
derivative of measures induced by sysfems driven by right continuous ma,rtingales,
we ha.ve_ obtained a stochastic integral equation for unnormalized density on the
basis of ‘;vhich the filter equation was derived. Further, it is clear from equation
(4.38) that in order to compute the estimate ?t,t > 0, one needq only to know the
history of the obser:fed process up to time ¢ as well as the mean of the Poisson noise
7 appearing in {4.4). In contrast, the ‘solutions of filter equations obtained by Di
Masi [31]_, for example, (see equation (4.72)) requires observing the Poisson noise
of the output process, which is practically difficult. Finally, three ekamples were
presented showing that the results given in [31]; [67] and [76], can be obtained from

our main result given in Theorem 4.2.

In Lemma 4.1 we have assumed the existence of the functions g; and o satisfying
condition (iii) (see Lemma 4.1). We have been able to determine these functions
explicitly for the given examples which represent many commonly used models in
nonlinear filtering (see [31], [67] and [76]). However, the question of existence of
sﬁch functions, given g; and the measure H, has not been settled in this thesis and

it remains as open problem.

In Theorem 4.1, we have also assumed the existence of a bounded §;— meév
surable function ¢ satisfying the relation (4:15). This function has been explicitly
determined for examples 4.1 and 4.2. In example 4.3 an implicit expression was
given. It appears that when the observed process is only driven by a Poisson pro-

cess, an explicit expression for ¢ is possible. On the other hand, when the observed



process is driven by both Wiener and Poisson procésses, the explicit expression is
rather difficult. However, we observe that given g and o (and hence 3), the function

¢ has the following probabilisﬁic expression

me [‘E(Ihyhu) - I]Q(duwAt) - C!(J'Jt, yt) : Avrf
C(yg,xg) = llm g
At—0 ng‘ gz (y;, u)q(du, At) + AV,

1

pz—a.s, where AV; = Viya; — V4. The question of existence of this limit, remains

also an open problem.
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CHAPTER 5 :

MODELLING AND FILTERING OF ERRORS

ARISING IN NAVIGATION SYSTEMS

5.1 Introduction ™

Over the last few years considerable attention has been given towards developing
a marine integrated navigatién system that combines the navigation information,
from a wide variety of sensors, to provide an accurate and reliable estimdte of s'hip
(QJ' aircraft) position and velocity. As indicated earlier in chapter 1, this problem
was investigated by several authors [1, 32, 59, 60, 64] aqd‘ighga; work was mainly
'bas"é-'a:- on the assumption that the errors arise in navigation sens;f's, such as Dead
Reckoning, Loran-C, Omega, Satellite, etc., can be modelled as linear stochastic
differential equation (Ito differential equation) driven by Wiener process. Then
based on these models and assuming that the observed process (discrete) is exited
by white Gaussian noise, they developed a recursive discrete Kalman filter which
consists of a set of difference equations for the estimator and covariance matrix. By
solving these equations they obtained an estimate of these errors from which ship
(or aircraft) position and velocity can be determined. In most circumstances, these
error models and th_eT:orresponding Kalman filter give quite satisfactory results.
However, there are some well known errors, particularly those arise in Loran-C and

Omega radio aids, that do not conform to these standard models and therefore

warrant further investigation.

In this chapter we are interested in the problem of modelling and filtering the
__\ » . i
errors that arise in Dead Reckoning and Loran-C navigation sensors. The Dead

Reckoning error is modelled as a linear stochastic differential equation (Ito differ-

ential equation) driven by Wiener pfocess, as already proposed in [60, 64]. On -

-
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the other hand, the Loran-C error is modelled as the sum of two independent ran-
dom processes. The first process (continuous) is introduced to represent the signai
propagation error (random) which is the difference between the actual transmitter- ;
receiver signal travel time (through the atmosphere over land and sea boundary
layers) and the ideal signal travel time predicted by assuming the vacuum speed of
light. Since the propagation error is random and continuously varying, this process
is modelled as an Ito (linear) differential equation driven by Wiener process [60,64).
In atder to include the rapid behaviour of the Loran-C error, due to cycle selection
error ( or cycle hop), the second random process is modelled as a pure jump process
driven by two independent Poisson random measures (8,9]. Using these models and
assuming that the observed process (discrete) is exited by white Gaussian noise ,
we use the results of section 4.5 to develop a liniai unbiased recursive filter from
which ship (or aircraft) position and velocity can be easily determined. In fact our
proposed filter equations are similar in nature to those of the conventional Kalman
filter except that we have added extra terms in the estimator and covariance matrix
equations to include the effect of the jump process presented in"the state equation |

to explain the rapid behaviour of the Loran-C error. : ‘

In section 5.2 we present the Dead Reckoning error model, which was already
proposed in (60, 64], along with our proposed model for Loran-C error as well as
the observation modél. In section 5.3, we utilize these models and the results of
chapter 4, to develop a linear unbiased recursive filter. In section 5.4 we present
a numerical algorithm for computing the required estimates. Finally, in section
5.5 we present 4 numerical example to illustrate the behaviour of the proposed
filter compared to that of the conventional Kalman filter.’ In fact it is known that
when the state (signal) process is driven by both Wiener and Poisson Procesaes,_r

the result of Kalman does not hold and hence one expects that the corresponding
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estimates will not be.aatisfactory. However, our comparison is mainly to illustrate
the effectiveness of the proposed filter and to show how poor our estimates can be

if one uses the wrong filter.

e



5.2 Dead Reckonifm. Loran-C and Observation Models

5.2.1 Dead Reckoning Error Model

Since the Dead Reckoning sensors measure velocity relative to the water, a

dominant source of error is the ocean current. Under the assumptions that the gy-

““\{ggompass heading error can be neglected anfl the northern and eastern components

of the velocity error are uncorrelated, the Dead Reckening velocity errors together
with the latitude and longitude errors (X, E) are governed by the following linear

stochastic differential equations [60, 64]

1
dVN(t) = -—%—VN(t)dt + dW, (t),
¢

dVi(t) = ;%.vg(t)dt + dWy (1),

d~ : (5.1)

Z3(0) = Va (o),

%E(t) = Vg(t),

where T.(> 0}, denotes the ocean current correlation time and Vn and Vg are the
northern and eastern components of the velocity error (ocean current and speed-log
errors), respectively. Further, the process W = (W1,Ws) is a Wiener process with

independent components.

5.2.2 Loran-C Error Model

Before presenting our proposed model for Loran-C receiver error, let us briefly

describe,the basic functions of this receiver and discuss the source of these errors.

Loran-C is a hyperbolic radio positioning system developed by the U.S. navy for
coastal navigation. The system basically works on the time difference between

receiving pulses from two transmitters, a2 master and slave (secondary) transmitter.
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ha
This time difference defines a range difference, which defines a hyperbolic line of
position on the earth surface. Measurement of another time difference between

receiveing another pulse from the master and a second slave transmitter, defines

_another hyperbolic line of position. The receiver location is then given by the point

of intersection of these two lines. Further, these pulses are modulated at 100KHz
and thel-receiver is designed to lgék onto the third cycle on the rising edge of the
pulse from each station (master or sla.ve) in order to compute the corresponding
time (range) differences. The third.cycle of the g?ound-wave pulse is used to avoid
the skywave contamination where thé signal reflected off the ionosphere (skywave)
interferes with the ground wave. In fact the ground-wave is usually far enough

ahead of the skywave to keep its first few cycles 'uncont}:i'fninated.

The mejor errors that can affect the determination of these time differences are

(i) Land (sea) error (random)

\
This error is due to the difference between free space electromagnetic prop-

agation and propagation through the atmosphere over a land (or sea) boundary

condition which is assumed to be random.

(ii) Error due to receiver noise (random)

In practice, this error is usually modelled a®# a Gaussian random variable.

(iii) Cycle selection error (or cycle hop)

This error occurs when the receiver fails to select the third cycle of the pulse.
For example, if th.e receiver selects the fourth cycle of the .‘ulse this will cause an
error of 10 micro-seconds in the time difference measurement and consequently the
line of position will be in error by 3 Km or even more. The likelihood of the cycle

selection error may increase due totie following reasons : v

a- local radio interference (frequently encountered jin port) ,
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.

b- shielding of the antenna, for example due to dockside buildings ,

¢- precipitation static, which occurs at the onset of snow flurries, rain showers

or wet fog ,

d- icing or a coating of dirt on the antenna or antenna coupling ,

and

e-‘skywa.ve interference by nighf, and particulary at dawn and dusk.

Although the cycle selection error does not occur frequently, neglecting its effect

may lead to a very poor estimate of position.

Based on the aboye description, we assume that each Loran-C time difference
error can be modelled as the sum of two independent random processes, which we
denote by e'(t) and €”(t),t > 0. The process ¢'(t),t > 0, is modelled as a diffusion

process governed by the following linear Ito differential equation [60]
1
de'{t) = —fe’(t)dt + dWs(t), (5.2)

where T is a given bositive parameter and W3 is one dimensional Wiener process.
The process e’(t},t > 0, is modelled as a pure jun'lp process driven by two inde-
pendent Poisson processes. We will adapt the procedure given in [8,9], which has
been used to model the tie line on-off behaviour in the reliability dynamics of in-
terconnected power systems, to develop zi_ stochastic differential equation for the

stochastic process e”(t),t > 0, which is introdiiced to explain the rapid changes of

Loran-C time difference error due to cycle hop.

Since we will only consider the case where the Loran-C time difference error

can have one cycle slip, it is clear from{tl;x;tfte diagram presented in fig. 5.1
that €’(t),t > 0, is a random process with-values in the set {0,7} where v > 0

is a constant indicating the size of jump. Let {r,72,-:-} denote the sequence of
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random times at which the process e resides in the state * 0’ (i.e, no cycle selection
error has occured) and let {0},02,---} denote the corresponding times at which e”
resides in the state . Clearly, with probébility one, Tm < Tm+1; Om < Om+1 and

™m < Om < Tmy4] for all integers m > 1. Let

Trn(Y) = 1 — Om, (5.3.a)

and

Tm(o) =0m — Tm, - (5.3.6)

denote the residence times, of the process e” in the states ‘4’ and ‘0, respectively.
We assume that the random variables Ty,(7v) and T, (0),m > 1, are exponentially

distributed with parameters 8 and,é, respectively, independent of m. That is

T )
Pr{Tn(y) <T} = / B exp (—pft)dt, (5.4.7)
0
and
T
Pr{Tpn(0) < T} = / § exp (—68)dt. (5.4.44)
0
Normally, the parameter 3 is very large compared to § which implies that most

of the time the process ¢" is residing in the zero state. In other words, the cycle

selection error does not occur very often.

Under the assumption that the random variables T,,(v) and T;,(0),m > 1, are
exponentially distributed with parameters independent of m, the process €"{t),¢ >
0, is 2 homogeneous jump Markov process. Further, for A (> 0) sufficiently small,

we have
Pr{e”(t) = qle"(t —~ A) =0} = 6A + o{A),
Pr{e"(t) =0le"(t = A) = 0} = (1 — 6A) + o(A),
Pr{e"(t) = 0le"(t — A) = 7} = A + o(A), (5.5)
(

Pr{e'(t) = vle"(t — A) = v} = (1 - BA) + o(A).
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From the above relations, we arrive at the familiar state transition diagram:

- &

B

Fig. 5.1 State Diagram For The process ¢’

Thus the process e”(t),t > 0, is governed by a homogeneous jump Markov pro-
cess with the state spacé {0,~}. Introducing the random Poisson counting measures

No(dt) and Ni(dt) on the Borel c—field 8(I) on I = [0, c0) with

ENg(A) = 84,
and

ENi(A) =84,
we can write a stochastic differential equation for the process ¢"(t),t > 0, as
de"(t) = 1{e"(t7) = 0) Ny (dt) — 1(e"(t™) = ~) No(dt), (5.6)

where 1{z = £) denotes the indicator function given by

1, if z=¢,
0, otherwise.

1(z=£)-z{

It is easy to verify that equation'(5.6) is mathematically equivalent to the model

discussed above.

Using equations (5.2) and (5.6), the Loran-C time difference error, denoted e,

is given by

e(t) =¢(t) +€"(t), t>o. \ (5.7)



Combining equations (5.1), (5.2) and (5.6) and assuming that Loran-C receiver uses

a master and two slave transmitters, the overall system model can be written as
dz(t) = Fz(t)dt + BdW (t) + CN(dt),

z(0) = xo, (5.8)

where
— T F oMy
z = (Vwn,Vg, A, L€}, €], €5, €3),
and W = (W, W,,-.-Wy)' is 4-dimensional Wiener process with independent com-

ponents such that
CE{(WO -WE)WE W) =t -9Q,  t2 (5.9)

Further, the process N = (N, N?)" is 2-dimensional Poisson process, with indepen-

dent components, given by
N'(dt) = 1(ef (t7) = 0)Ni(dt) - 1(ef(t7) = v)N§(dt),  +(5.10)

for 1+ = 1,2, where Né and Nf are two independent Poisson processes with param-

-~

eters 3 and &%, respectively. The time invariant matrices F, B and C are given

by

(—7150000000\ —
0 —,}:000000
1 0 00 O O 0 O
0 1 00 0 0 0 O
F"oooo-%ooo’ (5-11)
0 0 00 O O 0 O
0o 0 00 0 0 -4 o0
\o ©-00 0 0 0 o0/
1000\
01 00
0 0 0O
0 0 0 O
B=1,01 0l £5.12)
00 0O
00 0 1
o 0 0 o
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and

[e]
.

(5.13)

o2 OO0 00O

oopooo
r

\ 0 ’7}
Using eyuation (5.10), the (conditional) transition rate of the process IV, denoted
A= (AN A%Y) is given by
t+A t+a
P [ N =B Mmoo
= 1(ef (t) = ) E{N}((t,t + A})|o(e](t))}
=~ 1(el () = NE{NG((2,t + Ao (el (1))}

1(ef(t) = 0)6°'A — 1(e!(t) = v) A, (5.13.a)

n

for i = 1,2, and A > 0 sufficiently small, where N((t,t + A]) denotes the number
of jumps of size vy over the interval (¢, + At|, and o(e/(t)) denotes the o—feld
generated by {e?(t)},¢ > 0.

5.2.3 Observation Model

Under the assumption that each.Loran-C receiver uses a master and two slave
transmitters, the observed process y(t),t > 0, is related to the state z(t),t > 0
through the following linear relation (60,64]

"~ y(t) = Hz(t) + V (1), (5.14)

where z(t),t > 0, is the solution of equation (5.8), y € R?, H is (2x8) matrix and
V' is two dimensional Wiener process (with independent components) independent

of the processes W and N and that

E{(V({t)-V(a))(V(t) - V(s))} = (t - 5)R, t> s. (5.15)

Y. -



Further, the matrix H is given by

H‘— 0 0 (cosWpr—cosW¥Wg) (sin¥p —sin¥s) 1 1 0 0OY) (5.16)
T \0 0 (cosWpr—-cos¥s,) (sin¥p—sin¥s,) 0 O 1 1)° '

where W)s denotes the bearing of the ship to the Loran-C master transmitter,
and W¥g, denotes the bearing to the sla.ve- transmitter ¢ ; 5 = 1,2. Note that the
ﬁrst term in the right hand side of (5.14) represents the difference between each
Loran-C meisteresla\{@.,time (range) delay, as measur;ed by Loran-C re;:eiver, and
the corfesponding time (range) delay as calculated from Dead Reckoning position
measurements and the known location and coding delay of each Loran-C transmit-

ter. The second term represents the receiver noise with zero mean and constant

covariance R.

Remark 5.1

Since it is clear from equations (5.8) and (5.14) that whenever a jump occurs
in z it will be reflected in Q',‘-therefore, observing y determines, automatically, the
points of discontinuity of z. Hence the process z(t), ¢ 2‘ 0, is a conditionally Gaussian -
process given the history {y,; s < t}, provided that the ini_tial state zg is a Gaussian

random variable.

In the next section, we will use equations (5.8) and (5.14) and the results of
section 4.5 to develop a recursive unbiased linear filter from which the state process

z(t),t > 0, can be estimated given the observed path {y(s),s < t}.
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5.3 Linear Unbiased Filter For Navigation System

Consider the navigation .model (5.8) and suppose that‘the observed process
y(t),t > 0, is given by (5.14). Let 0 denote the space of right continuous R™(n = 10)
valued functions having left limits. Let ¥ denote the o—field g;nerated by Borel
subsets of 1 and let (2, 7, u) be a complete probability space on which all the ran-
dom processes, described above, are defined. Let 7Y denote the o—field generated
by the process {y(s),s < t} and o(z(t)) the o —field generated by {z(t)},t > 0. In
this section our main goal is to determine the conditional expectation E{=z(t)| 7'}
using the results of chapter 4. First let us determine the infinitesimal generator

corresponding'tb the state process z;,t > 0, with the help of the following Lemma.

Lemma 5.1

Consider the system (5.8) and let A = (A!, A%)! denote the conditional transition
rate of the process N, given by
E{N¥((t,t + At])]el(t) = n} = A(t)At
"' . . . (5.17)
= 1{e; (t) = 0)8* At — 1(e; (t) = ~)F' At.
for 1 = 1,2. Let f be any twice continuously differentiable function on R" (n=10).

Then

Jim o {7 (a(t + A0) = £(z(t))} = A, (5.18)
where
Af=(f. {Fz+Cr0)}) + -;—tr(BQB’ faz) + %tr(C’AC' faz).
(5.19)
Here E;, denotes the conditional expectation given z(t) = z and e(t) = n; " de-

notes the scalar product and tr(B) denotes the trace of the matrix B. Further, A

is a diagonal matrix with elements A* = )*, where \* is given by (5.17),1 =1,2.
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Proof ' o N

4
Using Taylor’s series expansion, the function f(z(t+ At)),t > 0, can be written

_-

as foll.ows
| Flz(t+ A) = £(2(t) + (f= - Az(t))

(5.20)

t+ 5 (fazAz(t) - Az(t)) + o(|Az[),

|-

where f; and f;. denote the first and second derivatives of f with respect to = and

Az(t) = z(t + At) — z(2)

= Fz(t)At + B(W(t + At)— W(t)) + CN((t,t + At]). (5:21)
Thus
Ern(fz-Az(t)) = (fz - F)At + B'f5 - By (W (t + At) — W(t))
+ C'fa - Bz g{N((t,t + A))}
= (fz - {Fz + CA(t)}At, (5.22.a)
and

%E:,,,{ fesAaft) - Az{t)} = S Ean B fua BV (¢ + A1) =W (1)) - (W (¢ + At) - W(1)
| + 2 BanC ez CN((t,t + At]) - N (2, + Af)

1 1
= Str(BQB faz) At + Str(CAC! f2) At,

(5.22.)

where A is a diagonal matrix with elements given by (5.17). Utilizing equations
(5.20), (5.22.a) and (5.22.b) in (5.18) and the facts that o{|Az[?) = o(At) and

g%ﬂ — 0, as At — 0, the result of the Lemma follows . |

On the basis of the above Lemma, we now make use of the result of section 4.5 to

obtain the filter equations corresponding to the navigation system (5.8) and (5.14).
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First note that from equation (5.17) and the properties of condltxonal expectation,

it is clear that

~

E{N((t,t + At])|F'} = E{E{N‘((t t+ A)F V(e ()HF} -

H-At- .
_ ] E{R(0)[7)do"
t |

"y | (5.23)
=[ Pr{e ( )-0|3rty}5'd9

t+At ., N
_ f: Pr{e; (8) = 1|77} 546,

for ¢ = 1,2 and At > 0 sufficiently small. S.ince, as indicated in Remark 5.1, the
conditional c_l_gnsity of the process z given y is Gaussian, the infinite dimensional
filter equations (4.58) and (4.59) can be reduced to finite dimensional differential
equations. Based on this fact, we now proceed to derive the filter equations for the

navigation system given by equations (5.8) and (5.14).
_ Define

Bltltemr) = B()IFE) ¢> e, (5.24)

where 3’31_1 denotes the o—field generated by the process y up to time fx_;. Then

setting f = z in equation (4.57), the estimate Z(t),t > 0, is given by

E(t)z{f(tltk-z) for t € (tk—1,tk), (5.25)

1<k
T(t|te) for t=1t;,1<k<N.

Setting f = z in (4.58) and (5.19) and using (5.23), it follows that between observa- .
tions the process Z(tx|tx—,) can be determined by solving the following differential

equation

%E(qtk_l) = F2(t[tp-y) + Cadt), (5-26)
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for + = 1,2. On the other hand, setting f = z and k(z) = Hz in (4.59), one can
easily verify that at the observation time #;, the estimate a:(tkltk) is determined by
solvmg the followmg differential equation

S0 = (52) (et ~ Z(ec2 ()]
(5.26.a)

x H' B~ y(tr) — HZ(:]t)],
for all ¢ € (tg_y,x], with the initial condition Z(¢x|tx—;). Clearly, equations (5.26)
and (5.26.a) describe the behaviour of the estimate Z(t),¢ > 0, between and at
observations, respectively. In the remaining part of this section we shall follow
similar arguments as those given in [45], to obtain the corresponding covariance

matrix equations.

Let ©(t,7),0 <1 <t < o0, denote the transition matrix corresponding to the
system (5.8). Then the solution of thijjiRifferential equation (5.8) can be expressed

as

' et t
a:(t)=go(t,tk_1)z(tk_1)+/ go(t,s)BdW(s)-}-/ ©(t,s)CN(ds}.  (5.27)

i1 Tipy

Note that since the functions wB and ©C are deterministic and bounded, the
stochastic integrals appearing in the right hand of of (5.27) are well defined. Since
¢ is also the transition matrix corresponding to the system (5.26), the solution

Z(t|tk—1), t € (te—1,t1), is given by
t

B(tlte_) = 0(ts tho1)B(trosltio) + ./: olt, 8)Ca(s)ds. (5.28)
Define
P(tte-1) = B{(2(t) — 2(t|ts-1))(=(t) — Z(tlte—1))'}, (5.29)

forallt e (tk;l,tk). Then substituting (5.27) and (5.28) into (5.29) and using the

facts that
t

¢
E w(t, s) BdW (s) / ©(t, ) BdW (s) =/ w(t,8) BQB'Y'(t, s)ds,

fr—1 te—1 th-1

¢



and

we obtain

t
/t . ©(t, s)CA(s)C'o(t,5)ds,

=11 -

4

(i, s)CN(ds) - /

1 olt, ) ON{ds)

tx—1

p{t, s)CN{ds)|o(e"(s™

)3}

. . T
P(tlts-1) =o(t, ti—1) P (tk—1tr-1)"(t, tx—1) +/ ©(t,s)BQB"Y'(t,s)ds

fe—y

t
-{—/ p(t, s)CT(s)C'' (2, 5)ds,

for all t € (tx—y,tx), where
Pltp—1|ty—1)
and I' is a diagonal matrix with elements T'¥* ;

T (¢) =

Defining

and

ti—

t

B{(

tg—y

CHO)

cHO)

1

N¥(ds))?} = E{B{( f: | N(ds) et ta-1)) 1)

t

=E Ai(s)ds.

tp—1

= Pr{e(t) = 0},

= Pr{e!(t) =},

t =1,2, given by

for all 7 = 1,2, it follows from (5.17), (5.23) and (5.31) that

I‘ﬂ

¢
/ 6 8)ds + g
tp—1

t

te—1

Qi (s)ds,

(5.30)

= E{(z(tk-1) — Z(tr-1ltr—1)) (z(tx=1) — Z(ta—1lte-1))'},

(5.31)

(5.32.c)

(5.32.5)

(5.33)
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for © = 1,2. From the transition diagram presented in fig. 5.1, it is easy to verify
that for sufficiently small At > 0, the total probabilities Of) and 6'1';:' = 1,2,' satisfy

the following difference equations

Ot + At) = (1" 6* At)OL(t) + F10% (1) At,

and

O (t + At) = 60} (t) At — (1 - F*AL)0% (1),

'y

for all ¢ ?l,Z\Cle/a.rly, as At — 0, the above equations can be written in the
following Wifferentia! form ) :

d . . ..
795(0) = £5°0(t) + B0i (1),
d . . “ _ . (5.34)
261 S50h(2) - Fei(),
[ ) -

]
for allt > 0, and ¢ = 1,2. Fr e‘aﬁations (6.30) and (5.33), it follows that the

matrices P(t|t;_,) and I‘“(t),t >'tg_1, satisfy the following differential equations

d , .
S P ltem) = FP(t]tk—1) + P(tfte—1) F' + BQB' + CT(t)C’, (5.35)

with initial condition P(tg_;|ts_,), and | |

%r*"‘ = §'04(t) + f'Oi(1), . o (5.36)
for all t > t;_; and 5 = 1,2, where @5(13)‘ and ©}(t) are the solutions of (5.34).
Clearly, equations (5.26), (5.34}, (5.35) and (5.36) represent the behaviour of the

filter between observations. We now use similar arguments as those given above to

obtain a differential equation for the covariance matrix P(txty), at the observation

times t;,1 < k < N.
Define - : _
P(te|t) = E{(=(tr) — Z(2xt)) (z(tr) — Z(t&t))"}

— . ~ (5.37)
= E{(zz)(tlt) — Z(tlt) (telt)}, € (taor,te). .

)



— 113 -

Applying Jto differential rule to the above equation, we obtain

3

APy (telt) = E{d(ziz;) (telt) — Eiltlt) a5 (2xlt)

~ AE(ta8)) 55 (t10)} ~ Poj(talt) Hei Py (t4l)de5.38)
where Py ;1,7 = 1,2,--- 7 denote the elements of the matrix# and
H=HRH. (5.39)

Setting f = z;z; in equation (4.59), we obtain .

+

-~

2 (Em) el = [(aimy) (410 - (57 612 (sl

x H'R™'y(ts) - BE(Ll)),  (5.40)

for all t € (tx—1,tk]. Substituting (5.26) and (5.40) into (5.38), it is easy to verify

that
SRy (0lt) = BIR () 'R [y(6) — HE (1))
— Pyi(tx]t) Hi; Pij (te)t) | (5.41)
where |
R X (telt) = E{(z:(tr) — Zitel))(z5(tk) — Zj(elt)) x )
x (a(ts) — 2(talt) | 7} | (541.0)

Since as indicated in Remark 5.1 the process z(t),t > 0, is conditionally Gaus-
sian, given 3"?, it follows that the third order moment a.ppea.ririg in {5.41.a) van-
ishes. Using this fact, it follows from (5.39) and (5.41) that the covariance matrix

P(tg|t),t € (tk—1,tk), is governed by the following differential equation

%P(mt) = P ) H' R HP(tlt), € (toors s, (5.42)
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with initial condition P(tx{tx_;) given by the solution of the differential equation
(5.35). Using the definition (5.37), it follows from equation (5.26.a) that the esti-

mate Z(tx|t;) is given by the solution of the following differential equation

[N

&Il&

B(telt) = Ptalt) BB [y(t) — HE(t4l2)), (5.43)

for all t € (tg—1,2k], with initial condition Z(tk|tg—;). It is easy to verify that the

solutions of the differential equations (5.42) and (5.43) are given by (see [45] P.222)

C P(tglty) = P(te|te-1) — G('tk)HP(tkhk_l), (5.44)
and
Z(tklte) = E(trlte—r) + Glt)[u(ts) ~ HE(2x|te—1)], | (5.45)
where '
_ 'c';(t,;) = P(tg|te—1)H'[HP(f|tx-1)H' + R, | (5.46)

and Z(tkltg—1) and P(tg|ty—1) are the solutions of the differential equations (5.26)

and (5.35), respectively\ We summarize the dbove results in the following Theorem.

" Theorem 5.1 !

Let the (state) process z(t),¢ > 0, be governed by (5.8) and the observed process
y(te);k = 1,2,---, N, be given by (5.14). Then the correspdnding linear unbiased

(minimum variance) filter consists of the following set of equations :

(i) Between Observations

.%E(t]tk_l) = F2(t|ty_) + Ca(t); _ ' (5.47)

d
- P(tlter) = FP(tlteos) + P(tlts—1) F + BQB' + CT(R)C!,  (5.48)

where
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&/(t) = Pr{el(t) = O[FY_}6 ~ Pr{c!(t) = 117_}F',  (5.49)

L) = s'04() + sl (1), (5.50)
and

d . o o '

Eiet’(t) = =§'0g(t) + 5'01(2), ~ (5.51.a)

20i(1) = 5'04(1) - 05 (1), (5.51.0)

(ii)_At observation :

B(telt) = B(taltes) + GO)ly(tn) - HEbiter),  (5.52)
Pltelty) = P(telte-1) — G{te) H P(tk|ts—1), (5.53)
where‘
G(tx) = P(trlte— )H'[HP(tg|ty—1)H' + R, (5.54)
Remark 52

Note that the usual Palman filter, for the case where z{t),t > 0, is only driven

by the Wiener process W, can be obtained from the above filter equations by setting
C=0.

In the next section we present a numerical algorithm on the basis of which fhe_es-
timate Z(tg|¢¢) and the corresponding covariance matrix P(t|tx) can be computed.

Further, we present a numerical example to illustrate the expected behaviour of our

proposed filter in comparison to the usual Palman filter.
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5.4 Computational Algorithm and Examples

In this section we develop a numerical algorithm for generating.the random
processes z{t) and y(t),t > 0, given by (5.8) and (5.14), respectively. Then on
the basis of Theorem 5.1, we compute the estimate Z(¢x|tx) and the corresponding
covariance matrix P(tx|t;). In this algorithm, wé have used the assumption that
the random times during which the process e'(t) , t > 0, (see equation (5.6))
resides in the states ‘O’ or ‘4’ are exponentially distributed, since the trasition
rates § .a.nd g8 ai-e time invariant. Further, we assume also that the elements of the
covariance matrices Q) and R are very small compared to the jump size 4. With this
assumption, the conditional probabilities appeading in equation (5.49), which are
difficult to obtain, can be con-lputed by observing the sudden changes in the process

¥
Y.

The major steps in this algorithm may be summarized as follows :

Step 1
w

Given m,Q, R, and § generate the random processes W, N, and V, using the

IMSL subroutines GGNML and GGEXT.

Step 2

Given k,T,, T,~ and 2{¢¢_,), solve the stochastic differential equation (5.8) using

Runge-Putta method to obtain z(tg).

Step 3

-~

Given ¥ps, ¥s, and ¥g,, compute y(tx) using equation (5.14).
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If |y"(t;¢_2) - yi(tk_l)] > r;1 = 1,2, where r > 0 is a preassigned threshold, set

a'(t) = —B° otherwise set at(t) =6, try <t <ty i=1,2.
Step 5

Given Z(tg—y|tk~1) solve (5.47) to obtain E(tkltk_lj.

Step 6

Given P(ty_y|tx—1), compute P(tx|tx_;) using (5.48), (5.50), (5.51.a)
. and (5.51.b). ‘

Step 7

Compute the gain matrix G(t;) using equation (5.54).

Step 8

Compute Z(tx|t;) and the corresponding covariance matrix P(tx|ts), using equa- -

tions (5.52) and (5.53), respectively.

Step 9

If Kk <m,set k=k+ 1 and go to Step 2, otherwise stop .

Based on the above algorithm, we now present a numerical example to illustrate

the effectiveness of the proposed filter given in Theorem 5.1.
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Numerical E.xample

Let the parameters corresponding to the navigation system (5.8) and (5.9) be

given by
B! =p* =01

§' = 6% =0.05
Qu = Q22 =009m
@33 = Qu = 25.0 m

Ru = Rgz = 140. m

¥rr = 60°
™ Yg, = 180°
T W, = 270°

v=3000 m

and the matrix B is given by (5.12).

Using the a.boye parameters and the proposed aIgoriﬁhm, we have ger%erated
different sample paths for the.it)rocesses z(ty) and yztk), k=1,2,---,m, and com-
pufed the corresponding estimate E(tk|t;;) using the proposed filter (see Theorem
5.1) and the conventional Palman flter (see Remark 5.2). The numerical results
given in figs. 5.2-5.34, present three sample paths for the actual state z(ty) and
the observed process y(t),k = 1,2,---,m, as well as the corresponding estimate

Z(tgfty) and r.m.s. for both proposed and Palman filters. From these results, one

observes that the actual state and the estimated state obtained by the proposed

N
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filter have similar behaviour and their values are fairly close (see figs. 5.3-5.7, 5.14-
'5.18 and 5.25-5.29). It is also clear from figs. 5.7, 5.18 and 5.29 that whenever the
Loran-C time (range) difference error .jumps from one state to another, the ﬁltér
tends to follow these jumps with reasonable accuracy. In contrast, the Palman filter
does not properly respond to these jumps and hence the behaviour pf the estimated
and actual states are quite diffen:-:'nt. For further illustration of the behaviour of
the proposed filter in comparison to Palman filter, we have also computed the r.m.s
values corresponding to the process Z(ty) = z(ty) — Z(tk|ty) and thé results are
shown in figs. 5.8-5.12, 5.19-5.23 and 5.30-5.34 for the three sami)le paths. From
these‘ﬁgures it is clear that the_ r.m.s. values obtained by Palman filter are almost
2-7 times those obtained by the i)roposed filter. Indeed from these resuits it is clear
that the response of the proposed filter to the rapid chﬁﬁges of Loran-C error is
much better compared to that of the Palman filter, #nd hence one expects bétter

estimates of position and velocity.

Finally, it should be note(i that our model (5.8) and the corresponding filter
proposed in this chapter, allows oﬁly for a single jump in the Loran-C time (range)
difference error. However, this model, and hence .the corresponding f"llter, can be
extended to include the effect of multiple jumps (in both directions) by the app ~
ate modelling of the process N (see equation (5.10)). This work is presently Q

investigation.



5.5 Summary and Conclusion

In this chapter, the problem of modelling and filtering the errors that arise in
dead Reckoning and Loran-C na,vigation— sensors has been considered. The Dead
Reckoning error was modé]led a.s. a diffusic_n'l‘ process (linear Ito equation driven by
Wiener process) as in [60,64]. In order to include the effect of propagation as well
as cycle selectibn errors that a:rise“ in Loran-C radio signal, we have modelled each
master-slave time (range ) difference as sum of two independent random processes.
The first process was modelled as a diffusion Markov process [60]. The second as a
pure jump Markov process driven by two independent Poisson processc;.s. Using the
fact that the signal process z(t),t > 0, is conditionally Gaussian, given .?;y,. (since.
‘the process y carries all the information about the jump term appearing in equation
(5.8)), the third order moment of z vanishes and in this case the filtering problem
reduces to solving a set of finite number of differential equations from which the
required estimate can be determined. In fact, as indicated in section 5.3, the filter
equations (5.45)-(5.52) are similar in nature to those of the conventional Palman
filter except that we have included extra terms to c;Jmpensate the effect of the jump

term appearing.in equation in equation (5.8). Further, using these filter equations

, we have developed a numerical algorithm for computing the estimate Z(tr|ty) and

the corresponding covariance matrix P(tg|te). Based on this algorithm, we have
presented a numerical example to illustrate the behaviour of the proposed filter.
From this example, we have observed that under the rapid changes of Loran-C time
(range) difference error, the proposed filter has the tendency to follow closely these
rapid changes and hence one expects better estimates for ship. (aircraft) position
and velocity. Finally, it should be noted that the navigation model, and the corre-

sponding filter, that have been proposed in this chapter represent the case where
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Loran-C error has only a single jump with constant magnitude (see fig. 5.1). How-
ever, this model and the corresponding filter can be extended to include multiple

jumps’ (in both directions) for Loran-C cycle selection error by the proper choice of _

the process NV (see equation (5.10)). This work is currently under investigation.
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CHAPTER 6
APPLICATION OF NONLINEAR FILTERING TO

PARAMETER IDENTIFICATION PROBLEM

6.1 Intz\gductign

_—

An important and essential aspect of modelling any physical system is the iden-
tification of parameters in the model equation. These model equations are usually
inferred on the basis of fundamental physical Iaws‘ and some idealizing assumptions
but ccsntains certain parameters which are completeljlr unknown because of lack of
precise understariding of the system, or partly known because of poor measurement
data. The analyst must determine these parameters on the basis of the available

field data.

In this chapter we consider thé identification problem for the drift coefficients
of systems governed by Ito equations with and without Markov jump Parameters.
Following similar arguments as those given in [36] and utilizing the results of chap-
ters 2 and 3, we formulate these identification problems as control problems where
the unnormalized densities act as the states, the unkown parameters (vectors or ma- -
trices) as controls and the likelihood ratio as the objective functional.- The question
of existence of elements, in the parameter set, that maximize the likelihood ratio
is discussed. The method used in the proof of existence is mainly based on simila.r
a.rgumeﬁts as those given in (3,6,7,12| for the control and identification problems of |
distributed parameter systems. Furthex", the necessary conditions for optimal iden-
tification, using variationa;.l method, are -a.lso presented. This requires the Gateaux
differentiability of the unnormalized densities on the parameter set, which is also

proved using similar arguments as those in 3,6,7,12].
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In section 6.2, we formulate the identification problenﬁ and ﬁresent the neces-
sary assumptions and notations which have been used in the sequel. In section 6.3,
we formulate the identification problems as coﬁtrol problems and show that these |
. probléms have solutions. In section 6.4, we present the necessary conditions for
optimal identification. Based on these necessary conditions, we develop in section
6.5 an iterative procedure for computing the maximum likelihood estimate of the
unknown parameters along with two numerical examples to illustrate some of the

results of this chapter.
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6.2 Formulation of Identificatiqn Problems, Assumptions and Notations

. In this chapter, we consider the following identification problems

Problem (I1) ~ -
Let the (state) process z; and the output process y;, ¢ € [O,T],. be governed by

the following Ito equ'a.tions

dz, = a(t, =, a)dt + b(t, z;)dWy, '
z(0) = =zo, (6.1)

and

y(0) = 0, ' (6.2)

where z,a are vectors in R™;b is (n x n) matrix ; y,h are vectors in R™,0p is
= {m x m) matrix and « is unkown parameter taking values from a compact convex
set ¥ iri R™. The processes W; and Wg,t > 0, are independent n and m dimensional
standard Wiener processes, independent of the initial state zp. Assuming that all
the above random processes and vectors are deﬁm_ad on a complete probability space

192, Bo, Po), our problem is to determine the unknown parameter vector o, given

the history of the observed {output) process y up to time ¢, that is 7.

T

Problem (12)
Let the processes z;,y;,t € [0,T'), be governed by the following Ito equations
dzy = f(t,z¢)dt + b(t, z;) dW,

(0)'= zo, . (6.3)

and
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L dye = g(=1, B)dt + oo(ye)dWe,

() =0, ) S (6.4)

where z, f € R™%y,g € R™,00 € R(mxm) and W and W are as in the problem (I1).
The unknown parameter vector § is assumed to take values in a compact convex
set L in R™, "I‘.he problem is to determine the unknown parameter ﬁ given ¥

L

-

Problern (13

Ty

Let the processes x¢,y;,t € (0, T], be governed by the following Ito equations

dze = J(t, 72, &)dt + b(t, zi)dW,

z(0) = zo, _ (6.5)
and
dy, = h(ze)dt + dWe,

y(0) = 0, ~- (6.6)

v

where z,f € R%:b,W,y,h and W are as, in problems (I1) and (12) "The process
£¢,t 2 0, is a temporally homogeneous Markov chain (see chapter 3) taking values
in a finite set E = {e1,€3,---,en}, with transition probability matrix S(t),t > 0,
satisfying the following (matrix) differential equation

,
750 =450, telo,T),

| (6.7)

i

where I denotes the identity matrix and A is unknown. The matrix A is assumed
to be constant with values in some compact convex set P. Further, the elements

{-A,-J-;i, 1=12,... ,N} of the matrix A are given by equation (3.3) and satisfy the

N
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properties (P1) and (P2) of section 3.2. Again ‘our problem is to determine the

unknown matrix A given 7.

Usmg the ma.xlmum likelihood ratio approach {17,39,63] and the ﬁlter equa.tlons
obtamed in: chapters 2 and* 3, we formulate in the next section the above identifica-*
tion problems as control problems, whére t}f; unnorrqa.hz'ed densities (solutions of
(2.41) or (3.24)) act as the states, the unknown parameters (constant) as controls,
and the likelihood ratio (see section 2.3) as the objective functional. Then follow- '

ing similar arguments as those given in [3,6,7,12], we show that these identification

problems have solutions. For this we need the following assumptions and notations.

¢

-A‘ssumgtions

(A1) The furlétion a is continuous in its arguments and foralla € .t € [0, T,
a(t,-, a) sa.tis.ﬁes.the assumptions of chapter 2. Further, the mapping o —
af,, a) is continuous and once differentiable.

(A2) The (m\?’iﬁ) function b is continuous in its arguments and for all t € [0,T],

b(t,-) satisfies the assumptions of chapter 2.

(A3) The functibn"‘h € C’f(R"), where CZ(R") denotes the space of bounded,
twice continuously differentiable functions on R®:

(A4) The (mz;.trix) .functio'n 0o satisfies aséumption (A5) of cha,i)ter. 2.

(A5) The function f is continuous in its arguments and for all ¢ € 0,7, f(t,")

satlsﬁes the assumptions of chapter 2 (vnth a being replaced by f).

(A6) For each § € I, the function g € CZ(R"); the mapping B — g(-,0) is
contmuous and once dlfferentlable, and § — 5= g(z B),z € R" is continuous.
(A7) Forallec Eand t € [0,T], the function f(t,z, e) is continuous in ¢ and z.
Further, for all e € E and ¢t € [0, 7], }'(t,-,e] satisfies- the assumptions of
- chapter 3 (with a being replaced by f).

Y
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Notations - L

Let mq,t > 0, be any random process and let #" denote the o—field generated
by the process n up to time ¢. Let La(I; R™) denote the equivalence classes of
measurable functions f on I with values in R” such that [, |f(t)|%dt < oo, where

J

| - | denotes the usual Euclidean norm.

For any Banach space E we shall use L, (I; E) to denote the space of strongly

measurable F valued functions on J with the norm <

1 lleo = ess.sup{]|f(t)l|z.t € T}. \\

Let C(I; E) dengie the space of sltrongly continuous E valued functions on I fur-
‘»ihed with uniform topology ||f||c = sup{||f(t)||g,t € I}. For any pair 6f Banach
spaces E and F, we use [NE, F) to denote the space of bounded linear operators
from E to F. For notational convenience, we use p(t) t:) denote p(t,z) and h to
denote h(z),z € R". For any vectors a,b E R™ we use (a - b) to denote the scalar

product in R". Further notations will be introduced in the sequel as required. *
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6.3 Existence Theory For Identification Problems

* In this section, we use the results of chapters 2 and¢3 and the the maximum
likelihood approach to formulate the identification problems (I1), (I2) and (I3)

as control problems. Then utilizing optimal control Theory, we show that these

problems have solutions.

6.3.1 Identification Problem (I1)

Let the state process z; and the output process y;,t € [0,T), be governed by the.
Ito equations (6.1)¥ and (6.2), respectively, with o being the unknown 'parameter.
Using the results of section 2.3, it is clear that for every a € z, thé unnormalized
density p%(t) = p°(t, ), satisfies the following Zakai equation
dp®(t) = A*(t, a)™(t)dt + p*(t)h - T3 (y2)dye,
»?(0) = po, (68)

-

for all'd € I,t € {0,T|, where h = h(.),py is the initial density of the random

variable 7o, and the operator A* is given by

. n a 1 n 62
Att,a)f == 32, @itz f) + 5 > m(a{,-(t,x) ),  (6.9)
=1 '
with

o{t,z) = (bb')(t,z).

Further, as indicated in section 2.4, the likelihood ratio Ez{L;|#}, is given by (see
equatior (2.67))
B2 {L8|F} =< 0°(t),1 >

; (6.10)
~1 +/ < @%(sh,h > T3 (vs)dys,
0
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where F2 denotes the conditional expectation with respect to the measure uq in-
- duced by the systems (6.1) and (6.2) with 2 =0, and ©°(t),a € T,t € [0,T), is"the
solution of (6.8).

Let L2(E) denote the equivalence classes of measurable functions on E such-

that [ |f(x)|?dz < co. Consider the Sobolev space

-

HIE{fELg(R"):gi: (R™);1 <1< n},

with H=} = (H') being the dual space. As indicated in section 2.4, under our
assumptions (A1) and (A2) of section 6.2, the operator A* (see equation (6.9))

gives rise to the following (divergence) form

< A*u,u > =< u, Av >

du 8
__—/ 'Za”aua:" /Ea,——vdz

for all « € T and u,v € H', where < -, > denotes the pairing of H! and H™! and

(6.11)

da;
a,(t:z:a)_a‘(tza)—— JJ,
2 &~ dz;
j=1 - (6.12)

o(t,z) = (b¥)(¢,z).

Clearly, both A and A* € L(H',H™!), where L’(I‘II,H"l) denotes the class of

bounded linear operators from HOt H-Y,

Defining

p%(t) = exp (h- Z)V4(1), te [O?i‘],a €D, (6.13)

where .’ denotes the scalar product.and

t .
7 = / I‘g‘(y,)dy,, telo,T], » ' (6.14)
0 .
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then for each a € £, the process V(t),t € [0, T}, is governed by the following linear

parabolic partial differential equation (see section 2.5)

%va(:) = F*(t,q)Ve(t), telo,T],
- - (6.15) -
V2(0) = po. o
Here the operator F* is given by
< F*(t,a)v,u > =< v, F(t,c)u >
ah du du Bu
—_Zt Z./ 7 3$|3$ I_—Z/.n ‘8:1:;63:
. =1 I i,j=1 i
+Z/ a; d:c-}-Z/ d;uvdz, (6.16)
=1
where .
) do;
(tn:a)_a,(tza)—ajz;ai --z, Za,,m , (6.17)
and

1 doyy dh
&i(t, z, @) —E Jt:r: (txa))at—: Zy

+§§C’iz‘(t: x)(“i'%)(;—; Z;) - (Fg‘h-h). (6.18)

Under the assumptions (A1), I(AZ), (A3) and (A4) of section 6.2 and the.fact that
Pr{sup%olﬂ |Z¢| < 00} = 1, one can verify that the operator F* € £(H*, H™!) and

‘the fQIYowing properties hold

(P1) Forall « € L and u,v € H', the mapping t =< F*(t,a)u,v > is measurable

and there exist$ a constant ¢ > 0 such that

| < F*(t,0)u,v > | < cl|ulig|lvllg, s forall te[o,T)."

_(P2) There exist constants v > 0 and > 0 such that

— < F'u,u > -l-f','|u]i,,x > ’7”“”%“
¢



- 1681 —
forallt€[0,T],e€ L, and u € H'.

(P3) For any sequence of parameters {a™} that converges to 0 in z,
F*(t,a“) — F*(t,ao), '

.- in the strong operator topology of L(H!, H™1).

. ' ) o
(P4) The mapping a — F*(t,a) is once Gateaux differéntiable in the strong

operator topology of L(H!, H™! in the sense that

*t 0 - td 0
lin%“F. (t, & +ea)£u F*(t,e")u
E—

- F’*(t,ao; a)u||H-1 =0,

forall t € [0,T);e®, € 5; 0<e<landu € H!, where F*(t,ao;a){—\
denotes the Gateaux differential of the operator F* at the point o in the

direction a.

Utilizing the properties (P1) and (P2), it follows from ‘Lemma. 2.4 that for
every ¢ € 1, the initial value problem (6.15) has a unique (weak) solution V@ ¢
Ly((0,T); HY) 1 C((0,T); La(R™).

Using the definitions (6.13) and (6.14) and assuming that the function h €

CE(R™) N H'(R™), the identification problem (I1) can be reformulated as follows

_\}‘-', _Problem (1)

Given #”,t € {0, T, find an &° € T such that J(a®) > J(e) for all @ € ¥, where

r
E{LSIF} = J(a) s/ iZi < Vo(t),hexp(h-2) Sgi_g,  (6.19)

0
and Zy, ¢ € [0,T), is given by (6.14) and V°(t),t € [0, T}, is the solution of the initial
value problem (6.15). Note that equation (6.19) is obtained from equation (6.10)

by using equations (6.13) and (6.14).
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Remark_ 6.1

Throughout this chapter we shall call o® the maximum likelihood estimate of

the unknown parameter c.

We now present the following result which claims that the identification problem
(1)’ has a solution. In the proof we shall follow the same arguments as those given

by Ahmed [12].

Theorem 6.1

Consider the identification problem (I1)' and suppose that the- operator F*
satisfies the properties (P1), (P2) and (P3). Let the function A € C}(R™) N H(R")
and s'uppose that the process Z;,t € [0, T, as given by equation (6.14), satisfy the
following property ' _

Pr{ sup |Z;] < o0} = 1. (6.19.1)
te(0,T]

Then the mapping & — J(a), where J is given by equation (6.19), is continuous on

L and the problem (I1)’ has a solution.

Proof

 Let {a"} € T and suppose that {a“} — Y. Clearly, (by the compactness of the
set &) a® € ¥ and hence , under the hypotheses of the Theorem, it follows from

Lemma 2.4 that the system

%V(t) =Pt OV (), telo,T),

6.20
V(0) = po, (6:20)
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" hasa unique solution V% € L,((0, T) Hl)ﬂC([O T); Lz (R™)). Sxmllarly, correspond-

ing to each a™ € L, the system

: ) S r
dtV( ) = F*t, ™)V (), *telo,T],
(6.21)
V(0) = po,
has a unique solution V" € L,((0, T); Hl-) N C([0, T); Lo (R™)).
Define |
) =Vr(E) - Vo), te [0, 7], (6.22)

where V" and VO are the solutions of (6.20] and (6.21). Then it is clear that
z"(t),2 € [0,T], is the solution of the following initial value problem

-c%z"'(t) = F*(t,a")2"(t) + (F*(t,a™) — F*(t,a®))VO(t),

(6.23)

for all ¢ € [0, T}, where VO(t),t > 0, is the solution of (6.20). Scalar multiplying
bothsides of the above equation by z" and integrating with respect to ¢ € [0, 7,
we have |

1 ’ H ’ t
21, - f < F*(0,0™)27(8),2°(60) > d8 \[ < (F*(9, ")
0 . .

—\F*(a, a®))V(6),2"(6) > db.

(6.24)
Using the property (P2), it follows from (6.24) that

t [4
(@), —2n / 127(6)[2,d8 + 2 [0 12°(6) [ 6

| < zft < (F*(8,a") — F*(8,a%))V°(8),2"(6) > do.

*
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Using Schwartz inequality, it follows from the above equation that

. t t
()2, — 21 f 12"(6) 2, 6 + 2+ [ 127(6) |21 do

t : ¢
<2( [P0, a") = P20, )V O -1d0) ([ 1270 Bce) V.
0 0
_ (6.25)
Using the elementary inequality ab < %az -+ §b2;a,b € R and ¢ > 0, and taking

e = 1, it follows from (6.25) that .
t . t :
(1), ~ 20 f ()26 + /0 12(6) %6

i .
< [ 0.0%) - 70, VO @)y a0,
(6.26)

for all t € [0,T], and a*,a® € £. From equation (6.26), it is clear that
t t ,
1
PO+ [ O < 2 [ 1F0,0% - 0,V -, a0

¢ a
2 [(Oh, +7 [ (s,

and hence by Gronwall's Lemima, one obtains .
O+ [ 12O < & [ 1 ,e) |
~ F*(0,0%))VO(0) |- ,d0) exp (2nT).  (6.27)

This implies that the sequence {z"} is contained in a bounded subset of

Ly((0,T); H) n Lm([O,T];Lg(R")); Using the properties (P1) and (P3), it is clear

t_hat |
lim sup |2"(¢ 2 =0,
n—oo IE[O,Tll ( ) L

gnd herice V™(t) — VO(t) in Lz(R™) as n — oo, uniformly in ¢ € [0, T).

Define
T
J(a") = / dZ; < V“(t),hexp (h - Zg) >H1—H-1,
0 .
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]

and
T
J(Czo) = f dZ; < Vo(t),he.xp (h : Zg) PHI—H-1,
o . o

where V™(t) and VO(t),t € [0, T), are the solutions of (6.20) and (6.21), respectively.
Then '

lim(J (")~ J{(a?%)) = ]i:n/j dZy <V™(t)~VO(t), hexp (h- Zt) >_g-1 . (6.28)

Since under our assumptions, given ¥, the function hexp (h-Zy),t € [0,TY, is
in H='(R") and V™ — VO in Ly((0,T); H'), it follows by the properties of the
stochastic integral [68] that the right hand side of (6.28) converges in the mean in

the limit and hence there exists a subsequence {n}; € {n} for which
J(a™) — .I( ?), F7  almost surely.

Since the parameter set T is compact and & — J(a) is continuous on T, J{a)

attains its maximum (or nﬁnimum) on X. This completes the proof, W

6.3.2 Identification Problem (_I2|

In this section, we use similar arguments as those given above to show that the
identification problem (I2) has a solution. Consider the systems (6.3) and (6.4),
with 8 being the unknown parameter vector and the parameter set T is compact
and convex. Then it follows from section 2.3 that for each 8 € £, the unnormalized
density ©f (t],t' € [b,T], satisfies the following Zakai equation

dpP (t) = A*(D)eP (1)dt + P (£)g(B) - T3 (ve) dyr,
(6.29)
©”(0) = p,
for all t € [0, T], where py denotes the initial density , and the operator A* is given
by

2 | 0z;0z;

s =

\ = —Z f} t,z)p) + = Z —azf(aq(t’z)&O)- (6.30)

&)



Further, the likelihood ratio, is given by
E{LY|7} =< P (1),1 >

¢
=1+ [ <ef(s),08) > T (w)dse,
" wWhere éﬁ( t),f € L,te|o, T}, is the solution of (6.29). Define

1) sexp(a(B)- 2)V7(1), telo,T], Bex,

and

< D*(t,B)v,u > =< v,D{t,f)u >

1 n .
_—Zt Z/ 1J aI‘a_:z:_J'd—'E’.;/RHJ

111

~ Ou .
-+ Zl n f"'a?iud.'t + ;/;2“ f,-uvdz

where

i=1 O%F

1 do )
t.:cﬁ Ethx filt, z))ai(z,ﬁ)-zt

22 i) e B) (5 - 2)(2,)

( 6- (yg)g(x,ﬁ)-g(x,ﬂ)),

NIH

- ‘ . — . a S a
J Fesn=se z)—iza‘;’(: 2)- 22 Za,, t,)

(6.3i)

(6.32)

du JOv

e Y g

(6.33)

( ﬁ) (6.34)

(6.35)

Zi,t € (0,T}, is given by (6.14) and u,v € HI.. Then for each g € T, VA(1),t >0,

is governed by the following linear (parabolic) partial differential equation

::Vﬁ(t) ‘ D"'(‘fsﬁ‘)V’g(if):a teo,T],

V#(0) = po.

¢
Again under the assumptions (A4}, (A5), (A6) and the fact that

Pr{ sup |2 < 00} =1, k
te[0,T] -

3

(6.36)

(6.37)
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it is clear that the operator D*, as given by (6.33_), satisfies ilie properties (P1)-(P4).
Hence by Lemma 2.4, it follows that for each g ¥, the initial value problem (6.36)

has a unique (weak) solution V# € Ly((0,T); H') n C([0,T]; Ly(R™)).

Usiné the definition (€.32) and assuming that for all 3 € Z, the function g(8) ¢

C}(R™) n.H'(R™), the identification problem (12) can be reformulated as follows.

Problem (I2Y

Given 7,t € [0,T), find a 6° € & such that J(8°) > J(8) for all § € 5, where

T |
J(B8) = /0 dZ- < VE(t),(B) exp (9(8) *Zt) >Hi-g-, (6.38)

a.n‘d_\{‘:he .ﬂy—measurable process Zi,t € [0,T], (see (6.14)) satisfies (6.37) and
Vﬂ(t),‘t & [0,T], is the solution of (6.36). We now presert the following existence
“result for the identification problem (I2)'.

Lo
i R

Thegrem 6.2

Consider the idéntiﬁcation problem (I2)' and suppose that the operator D*
satisly the properties (F1), (F2), and (F3) and for;l J¢) E.E,g(ﬁ) € CYHR") n
H'(R"). Let Z,t € [0,T], be given by {6.14) and subpose (6.37) hold. Then the

-—mapping § — J(8), where J is given by (6.38), is cont*inum-ls on the parameter set

¥ and the problem (I2)’ has a solution. -

Proof

Let V*(t) and VO(t),t € [0,T], be the solutions of the initial value problem
" (6.36), correspondiqg to the parameters 8™ and 8°, respectively. Then following
similar arguments as those ‘of Theorem 6.1, it is easy to verify that V"(t}) — V:O(t)

in Lz(R"), uniformly in ¢ € [0, T}, whenever 8% — §%in E.
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S s /O.T'de- <V™E), € (t) >mioss ;

ofo I = [ e < V0,00 o

: ' where - c |
R CW=der@ iz . (639)
_Then L

lim(J (") ~ J(8%) ='titn [ 42 <V(E) = VO(0),™(8) >anojems ©

+lim [ dZ¢ < VO(t), (1) — () >p1ofp-s
0 '
~ (6.40)

e™(t), given F¥, is in Ly((0,T); H™Y)
dV® — V% in L,((0,T); HY), it follows

for_: ~B..“ n,e® — &0 in Ly((0,T); H)
! %

s from standar. properties of stochastic 4 egral that the right hand side of equation

[
1

(6. 40) converges insthe limit in the mean and hence by similar arguments as those

of Theorem 6.1, the contmulty of J follows. The proof of the Theorem now follows

by the compﬁjness of the parameter set . M

. '] ”
7 6.3.3 Igientiﬁcation Probiem (I3) ‘ ] - B v
Ny /ﬁ .
Conslder the systems \?) and (6:6) and suppose that assum tlons (A2), (A3), ~

-and (A'I) hold. Let the process §t,t € [Om temperally homogeneous Markov
>\ e cham taking values from a finite set E<= {cl,éx- ,e N} Let the transition proba-
bahty mat.n.x S (t) te(a,T], corresponding to th proc&'s‘s ¢, satisfy the: differential

-cquat|on (6 7\ w:t.h the infinitesimal transition matrix A being unknown. We as-

L]

sume that A is 2 constant matrix taking values from a compact convex set P, with

! ! p .
= - , . v ‘ a

LEN

o,
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elements {};1,7 = 1, 2, e ,N} satisfying the properties given in section 3.2. Us-

. - Ing similar arguments as those given above, we wish to show that the identification

problem of the unknown matrix A -has a solution. ' B

First we note that the solution of the differential equation (6.7) , denoted

S(t,A),t €[0,T], can be expressed as *
' S(t, A) = exp(t4), t_E.[O,T]. ' | (6.41)
Then defining
® Oi(t,A) =Pr{é=e¢i; 1<i< N}, (6.42)

it is clear that for each A € P, the total probability

0= (613_621 M eN)’
: t
of the Markov chain ¢ is related to the transition probability matrix .S'(t3 A) through

the following relation

.

O(t,A) = S(t,4)00 = exp (tA)©0, . (6.43)
for al},_tué-IO,T], where @ = Pr{£(0) = &}.
dléa.ﬂy, the mappir;g A—O(t,A)is continuous , boandeg and differentiable on
he set P for all ¢ & [0,T). Using equation (3.29), it follows that the conditional
r . .

- \
pectation By {I;|7¥; & = ¢;},1 < i < N, (which denotes the likelihood ratio given

& = ¢;), is given by

3

. ’ 4 t ‘ -
E L7 & = e} =< p4(t),1 >= 1 +/0 < pi(8),h - -dy,, (6744)

| . fu
for all 1 <1 < N, where ©;(t),t € [0,T), satisfies the following linear system o

G -
- coupled stochastic partial differential equations (see section 3.4)}\
- b N .
dpg(t) = {(Ajwi) () + E Aeipi(t) }at + pi(t)h - dy,
b k=1 " (6.45)

3 ‘Pi(b) ‘= Po, ¢
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“forall1<i< Nandte [0, ], where po is the initial density and the operé.tor A*
is given by

:B( o)t z) = - Z %(}-{(t, z,ex)0)
1=1 '

P (6.46)

— —————— . t .
* 2 £~ Oz;0z; (o35 (2, z) o),
i

foralll1 < k< N.

1

Defining

-

I*® = (4* + A)9,

(6.47) -
where ¢ = (cpl,----goN)' and
' A} 0 0
| o Ag 0
A = ' , (6.48)

0 0 .- A¥% /
with A as given above, one can rewrite equation (6.45) in the following vector form

. d¥(t) =I"(t,A)®(t)dt + (t)(h - dy),
/— L‘v“'/ ) [
- @(0) = Py (6'49) .
Hence it follows from equation (6.44) that
' ¢
< e(t),1>=r +[ < ®(s),h - dy, >, (6.50)
: o :

) | o
where r = (1,14 --1). Scalar multiplying equation (6.50) by! ©, where © is given
by equation (6.43), we obtain . -

~

O(t,A)- < ®(t),1>=€(t,A) - (r+ /.; < ‘I’(s),h - dy, =),
. ) . o . :

-

ciénote the weighted likelihood ratio.
»

. .
which we
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. Now we proceed as section 3.5 to show that equation (6.49) has a solution. For

B

this we need the following definitions.

Let (Lz(R"))" denote N —copies of thespace Lz(R™) and consider the Sobolev

space

f;l ={fe (Lg(R“)){V.; gi. € (L2(R™)N; 1<i<n}, (6.51.1)

with H~! being the dual space. Define

S(t) =exp (h-u)V (), | tel0T), (6.52)

~ 1
<IT*(t,A)u,v > =< T*(t, A)uexp (h-y),vexp(—h-y) > ~3 < |h|*u, v >,

and

(6.53)

for any u,v € H', where < -,- > denotes the pairing of H' and H~! , and o(t),t €
[0, T, satisfies equation (6.49). Then following similar arguments as those of sec&ion
3.5, one can easily verify that V(t),t € [0,T], is governed by the following partial
differential equation |

o~

; v =Teave, el
' (6.54)

\ )

-

With the help of equations (6.46), {6.47), and (6.48), the operator I'*, as&ivgn by

V(0) = &

L3

(6.53}, can also be written explicitly as

i ) 1 X 3h du
Tin I oo YEm i
E < TILtieyvm > = 2y E E /R- Oij az; 9, Updz
m,{=1 m=1{,5=1

| Ay oy e Yum,

m=14,j=1
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+ Z Z/ umdx ‘ "
1i=1 i
+ZZ] ar umvmdz - - (6.55)
m=1 §=1 : -
where . \
' " 1<=0d;; 1 S dh
T = i(t, 7 em) =it Tem) = 2 30 oo - 2y Y oo (6.56)
and =
. .1 S B
& = &,(t,z,em) = 225 il f,(t z, en})(——— - Yt)
= 7H
1 — 8h ah .
+§§ u(ax‘ -yt)(_—"yt) “S'
+Z')\;,¢—1|h|2. | (6.57)
7 P 2

- HJ‘

Clearly, under assumptions (A2), (A3), and (A7) of section 6.2, and the fact that

Pr{ sup |y,] < oo} =1, ‘ (6.58)
t€fo,T]: '

the operator I'* € L(H', H™') and satisfies the E'ollowing properties

(Pi) For slldA € P,andu,v € H! the mappingt —< f*(t,A)u, v > i3 measurable

] and there exists a constant ¢ > 0 such that

J <T@, A)u,v > | <cllullmllvllgs, forall telo,T).

(Pii) There exist constants v > 0 and 5 > 0 such that
— <T@, A)u,u > +nlulf, > qllufd,, o
forall t€ [0,T|,A€ P, and u € HL.
(Piii) For any sequence of matrices {A"} that converges to A® in P,
¥

T*(t, A™) — T*(t, 49,

¥ 4
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in the strong operator topology of L{H!, H™1).

(Piv) The mapping A — I‘*(t A) is once Ga.t.ea.ux d1fferent1al in the strong oper-
ator topology of L(H!, H™}), and the. Garea.x dlﬁerentlal is given by

*t 0 T 0
. lim 1‘(A+sA)u I‘(tA)_Au’
-e—07 &

(6.59)

&

forall t € [0, T;;A°, A€ P;0<e<landuec H'

Agai‘r'l with the help of the properties (Pi) and -(Pii) given above, it follows
from Lemma 2. 4 that for each A € P, the initial value problem (6.54) has a unique
(weak) solution V(t A) € Lg((O Ty, HY N C([O T] (Lg(R")] ).

L .

" Using equations (6. 51), (6.52) and (6.54) and assuming that h € Cz(R")

H'(R") one can state the :dentlﬁcatlon pro m (I8) as follows. K

Problem |I3I'

Given ‘};y,t € (0,7}, find a A € P, such 'that J(A®) > J(A) for all A € P, where

. T 4 1
J(A) = @(T, A) . /‘ < V(t, A),exp (h. . yt)l -~ dyg .>H1_H-l, (6.60)
0 - .

and O(T, A) is given by (6.43) and V (t),¢ € [0; T}, is the solution of (6.54).

We notw pr;zsent the following result which shows that the identification problem
(I3)! has a solution.
Theorem 6.3 -
Consider the identification prisblem (13)' and suppose that the operator T* sat-
isfy the properties (Pi)-(Piii) giveﬁ a.bovl'e. Let the process y;,t E:[OzTI, satisfy
the property (6.58) and the functi.on‘ h € C}R") ﬂ H!(R™). Then the mapping
Ao J(A), where J is given by (6.60), is continuous on P and the lem (I3)’ has

a solution. . R
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Proof
Let V(t,A™) = V"(t):a.nd V(t,AOj =Vot),t e [0, T], be the solutions of the ini-
| i’.iai value problem (6.54) corresponding to A™ and A® , respectively. Then following
-. .l'sirnila.r arguments as those of Theorem 6.1, it-is easy to verify that V“(t) - VO(t)

in (Lz(R™))¥, uniformly in ¢ € [0, T), whenever A" — A in#P.

‘Define : .
. -~ &

. T
J(4%)s (T, A) f <V™E),exp (b ye)h - dys > g1 gor,
' 0 .

and _ .
v

: _ T _
J(A®) = ©(TAY) / < VOt),exp (h-y)h- dys >gi_g- .
.1z 0

Then
'n

lim(J (A%) — J(A%)

T
= lxrr‘n @(T, A“) . f < Vn(t) - Vo(t),exp (h. : y;)h ~dyr >l g
0 .

) T
o+ li'I‘n(C-)(T, A™} = 0(T,A%) / <VOt),exp (h-y)h-dys >pi_pg-1 .-
- . , 0 _

Since by ‘assumption, giveri #¥, the function hexp (k- y;),t € [0,T), is in
H™Y(R").;©(T,A") is bounded for all n ; ©(T,A") = O(T, A% and V" — V°

in.La((0, T); H'), it follows, by standard properties of stochastic integrals, that"the

right hand side of the above equation converges in the mean in the limit . Hence by

similar arguments as those of Theorem 6.1, the continuity of J follows. The proof

of the Theorem now follows by the compactrie;as ‘of the set P. | ff]

In the next section we shall use the variational method and the Gateaux differ-
_entiability of the process V (t),t € [0, T), (see equations (6.15), (6.36) and'(6.54)]' to
derive the necessary condii’;‘\iom of optimality for the identification problems (I1)’,

(12)' and (13)’. /N B .
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6.4 Necessa.ﬁr Conditions For Optimal Identification

. In this section wé present the necessary coqdit'ions of optimality for the identifi-
cation problems (I1)!, (I2)! and (13)’ as stated in the preceeding section. Our deriva-
‘tion .of these necessa.ry' conditions is mainly based on the variational method and
the Gateaux diff;arentiability of the process V (t),t > 0, (see equations (6.15), (6.36)

and (6.54)) which are the standard tools in optimal cont'rql problems (3,5,6,7,12].

6.4.1 Identification Problem (I1)'

Consider. the identification problem (I1)/ and suppose that the unknown param-
eter vector o takes values it a compact convex set X. In this section we shall make
. use of the Gateaux differential of V'*, with respect to a, (see (6:15)), to derive the "

corresponding necessary conditions of optimality from which the optimal parameter

o® can be determined. Indeed we show that the Gateaux differential of V at o in |

.

* the direction ¢, defined as

V(t,a%a) = lim

, of = +ea,
e—0 £ .

exists and that it is the solution of a related differential equation. In this regard,

we have the following result. e

Lemma 6.1 o ° .
Let V¥, & € L, denote the solution of the equation (6.15). Then at each point
. o® € T, the mapping o — V' has a Gateaux differential in the direction a — a®,

denoted V (¢, a% & — o°), and it is the solution of the following differential equation

- L3 = P (L) + Fha%a- oV, telo,T),

(6.61)

o
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where F* (t,ao;a_'— o) denotes the Gateaux differential of the operator F* (see
equation (6.16)) at o in the direction a — 0, and VO(t),t € [0, 7], is the solution

of equation (6.15) corresponding to af.

Proof
Let @, € X. Since T is convex, af = o + s(o: -9 ex, forallee [0, 1]. For
each v,€ H! and ¢ € [0, T, define
F*(t,af)u — F*(t,c®)u

F*t, 0% a— a®)u = lim . . (6.62)
and
V= -vIE) S S - Vo). . (6ed)

Then using equations (6.15) and (6.63), we obtain

%ﬁa(t) - F*(t,ac)f}e(t) = E(F*(t, d‘) _ F*(t,ao)ﬁfo(t), (6.64)

for all ¢ € [0, T], where V¢ (0) = 0. We shall show that the Gateaux differential,
given by the (weak) limit in Ly((0,T); H?), of V¢, or a subsequence thereof, exists

and it is the solution of equation (6.61).
<

Clearly, the right hand side of equation (6.64) is in Lz((O,T);H'_]‘) for alle €

(0,1] and also as £ — 0, the limit is well defined and equals

F*(t,0%a—o®)VO(t) € Ly((0,T); H™Y)  (see property (P4)) .

Then using the properties (P1), (P2) and (P3) of the operator F* and following

similar arguments as those of Theorem 6.1, we arrive at the following estimate

t
PO, + [ 17°(0) fas
0 i

' 1 T £} - F*(s, .
Sexp(2n'l")%‘/0 ”(F*(S,C! ) - F*( ’ 0))V0I(3)”%I—‘d3’
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for all ¢ € (0, T|. Hence it follows from the above inequality and the property (P4)
that the set {V* ¢ ¢ [0,1]} is contained in a bounded subset of L:((0,T); HY) n
Em([O,T];Lz(R")). Thus from every sequence V" = 17;‘", with €, € [0, 1], one can
extract a subsequence relabeled as V" and there exists a Voe Ly((0,T); HY) such
that V™ — 0 (weakly) in L((0,T); H'). Hence the Gateaux differential of V" exists
and it is given by : ' N ‘

V(e a—a®) = Vo).
It remains oniy to show that 170 is the solution of the differential equation {6.61).

Indeed since for all t € [0,T), F*(t,a*) — F*(f,ao) in the strong operator
topology of L(H!, H~!), and ‘

?“.,—r Vo {weakly) in L,((0,7); H'),
it follows that

F*(t, 07" = F*(,a®)7°  (wéakly) in Ly((0,T); H-1).

Since by the property (F4)

L

E(F*(t, c.i"‘) - F(t,éo))vo(t) — F*(t,a% a— ao)Vo'(t),

in Ly((0,T); H*),it follows from (6.64) that &V"(t) € L,((0,T); H™!) for all n and

j'%ff’“ — W in Ly((0,T); H~') for suitable ¥ and ¥ is the distributional derivative

of V9, Hence V° satisfies

\.;
d

3700 = F(6,007°0) + P*(t, % a — )V°(1),

in the sense of distribution in H~!. . .
Since V0 € Ly((0, T); HY),. 47° € Ly((0,T); H-Y), and ¥° & ([0, T}; L2(R"))
it is clear that ¥°(0) i well defined and equals ¥*(0) =0, for all e, € [0,1]. Hence

I
e
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770 satisfies the differential equation (6.61) (in the sense of distribution) and one

-—

may identify 70 as Z. This completes the proof. [ |

With the help of the above Lemma, we now derive the necessary conditions of

optimality for thg identification problem (I1)'.-

Loy
Theorem 6.4

Consider the identification problem (I1)' and suppose that the hypotheses of .
Theorem 6.1 hold. Then the maximum likelihood estimate a® of the unkown pa-

rameter vector a is determined by the simultaneous solution of the system equation

%&(:} = P50V, te[oT], b
- L
V(0) = po, (6.65)
the adjoint equation .
- ——%llf(t) = F(t,aO)(iIf(t) —exp(h-Z)), telo, 'f],
U(T) = exp (h - Zp), — L (eso)
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o and the inequality
. . T ’ - .
Jé(ao — a) = / < F*(t, ao; o — CI:O)VO(t), ‘I’O(f) — exp (h . Zg) >g-1-g dt <0,
0 ) .

(6.67)
\

for all @ € T, where F denStes th'e; formal adjoint of the operator F* and F* is the
Gateaux differentials Further, V°.and ¥° are the solutions of equations (6.65) and

(6.66), respectively.

Proof S ) | ”

Since by Lemma 6.1, the mapping « -—r.Vf* is Gateaux differentiable on T, it
follows that J, as defined by equation (6.19), has also a Gateaux differential. Then

in order that J attains its maximum at o® € &, it is necessary that ~

lim = {J (o) Ko)} <0, (6.68)

J(ee — ao) lim -

where

o =a’ +e(a—a).

Defining V() = V*(¢t) and ve(y) = VO(t), it follows from equations (6.19) and
(6.68) that

I 1 T N
0> Ji(e—a® = Jlim — i dZy <Ve(t) = VO(t),hexp (- Z)) >p_gor .

Using the facts that given 7Y, the function hexp (k- Z),t € [0,T), is in H™}(R"),
o N
Ve -V e Ly((0,7); H') N Loo([0, T); Ly(R™))

and

%(Vz(t) - Vq(t)) —’ Vt,ela— a®), (see Lemma 6'1)’
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+ it follows by the properties of stochastic integral that
T . _
0> Ji(a—-a) = f dZ; < V(t, % a— o), hexp (b Z) >pi_g-1, (6.69)
o ‘

?}' —a.8., for all @ € L. The inequality (6.69) can be further simplified by introducing
the so called adjoint variable ¥, which is the solution of the following differential

equation : -
d

_'E\Iv(t) = F(t,a")(¥(t) —exp (h- 2Zy)), . te[o0,T)

4~

(6.70)
¥(T) = exp (h- Z7),

where F is the formal adjoint of the operator F* given by (6.16). Reversing the time

t — T —'t, and noting that the operator F satisfies the properties (P1) and (P2),
. L4
it follows from Lemma 2.4 that ihe equation (6.70) has a unique (weak) solution

W e L((0,T); HY) N C((0, T); Lo(B™).

Since {
y

0=de< V(e®;a—a°),¥(t) — exp (k- Z;) >
0

AT , T o
= / < V(% - a),d¥(t) > —[ dZy < V(a%a~a),hexp (k- Z;) >
0 0 ’ :

r . | .
+/ < dV (e a—a®),¥(t} — exp (k- Z) >,
0

i . | ( (6.71)
it follows from (6.69) that
. r
Ji(e - 0)= [ <dV(e®a—a®),¥(t) —exp(h- 2) >
: ’ . o .
’ (6.72)
T (0 0
N +[0 <V{a';e a),d‘.Il(t)>. u’
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Ut1hzmg the result of Lemma 6.1 and using equatlon (6.70), it is-clear that the
mequahty (6.67) can be obtained from equation (6 72}. This completes the proof.
. _ ‘

In the next two subsectxons we shall \Ese sumla.r argurnents as those of Lemma.
6.1 and Theorem 6.1 to obtain the necessa.ry conditions of optlmahty for the iden-

tification problems (I2)’ and (I3)'. Some of the proofs of these results are similar to

those given above and hence omitted.
' 6.4.2 Identificatio ble

Lemma 6.2

Let V7 denote the solution of the initial value problefn {6.36) corresponding to
B € E. Then at each point 89 € T, the function B — V# has a Gateaux differential
in the direction 8—3°, denoted V(t,ﬁo;.ﬁ—-ﬁo), and it is the solution of the following |

differential equation

FE0) = DA% + D656 - V00, teoT) )
. : . (6.73)

where D* denotes the Gateaux differential of the operator D* (see (6. 33)) and

Vot),t e |0,)§"]1 is the solution of (6.36) corresponding to °.

.
Proof

" The proof essentially. follows from similar.arguments as those of Lemma 6.1 .
: . o -
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Theorem 6.5

Consider the identification problem (12)’ and suppose that the hypotheses of
-.)] Theorer 6.2 hold. Then the maximum likelihood estimate B° of the unknown pa-

rameter vector B is determined by the simultaneous solution of the sysﬁem_ eguation

d

. SV =DV,

V() =po, - . (6.74)
the adjoint equation '
-2 () = Dt A () — elt,B%),

¥(T) = ¢(T,6°), (6.75)

and the inequality .

‘ T - : -
I8 -6 = /0 {< D*(t,ﬁ";g— BOVO(2), ¥O(t) — e(t, 8°) >p-r_pp d
+dZe- < VO(1),5(8% 8 - 6%e(t, 8%) >pi_p-r
'S + dZ;- < Vo(t)!g(ﬁo)é(t-ﬁo;ﬁ = ﬁb) >H‘—H“} S 0; (6'76)

where

¥
e(t, 8%) = exp (9(6°) - Z), L (6.76.1)

and D is the formal adjoint of the operator D*. Further, D*,g,& are the Gateaux ,
differentials of D*, g, e, respectively and VO(t) and ¥O(t),t € [0, T|, are the solutions

of equations (6.74) and (6.75) .

Proof

‘Since by Lemma 6.2, the function § — VP is Gateaux differentiable on I, it
follows that J, as defined by (6.38), has also a Gateaux differential. Then in_order

that J attains its maximum at g9, it is necessary that

; Jy=lm 2 (I (60 + €8 - %) - T} <0, e
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for all § € . Defining | -
g = B°+¢(B - 8%,

vee svoie, .

L Vo) =V,
e(t,f%) = exp (9(8%) - Zv),

and using (6.38), it follows from (6.77) that

02 Jg(6 - £°)-= lim lf dzi- < VE(t) - VO(t), 9(8)elt, ) >poopr

T

#lim = [ dZe < VO(0), (908 ~ 9(8De(t,B) >rrore-
< 1T | 0 0 o 0 ‘ |
+£l_l_f'%g o dZy- <V (tjag(ﬁ )(ﬁ(t,ﬂ ) - C(t,ﬂ )) SHi-H-Y -

(6.78)

Since by assumption, for all § € L,t € [0,T], the function 8 — g(B)e(t,F) is in
H~1(R"), given %Y, the mapping 8 — ¢(8) is continuous and once differentiable on

Z, and
S(VE@) - Vo) — P (6,6%8 ~ 6%, (weakly) in Ly((0,T); HY),

it follows by standard properties of stochastic integral and similar arguments as

those of Theorem 6.1 that °
. _
0> Jy(B—B% = fo dZ;- <V (t,8%8 - 8°),9(B%e(t, 8°) >pi_g-r
N T ’
+ [ 420 < VO(2),5(6% B — B)elt, B°) > Hi_prms

T o _
+ ] dZ;- < Vo(t),g(ﬂo)é(t,ﬁg;ﬂ — ﬁo) > HV—H-1, (6.79)
0 . —

F! almost surely, where
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9(8%6 - ) = lim 2(9(8%) — 9(6°)),

and “

2(t, 6% — %) = lim ~(e(t, 67) — e(t,6°)).

The ineduality (6.79) can be further simplified by introducing the adjoint variable
¥, which is the solution of the following differential equation

~29(0) = D(6,6) (20 - e(t,6°),

(6.80) .
— YT) = ofT.0°),

where D is the formal adjoint of the operator D* (éee (633)) and e(t,f),t €
[0,T],8 € L, as defined above. Again, by Lemma 2.4, the above equation has

L

a unique (weak) solution ¥ € L2({0,T); H') n C({0, T]; L2(R"™)).

. |
Using similar arguments as those of Theorem 6.4, equation (6.79) can be written

as ’ . —
. _ )
0> J5(8 -8 = /0 < dV(t,8% 8 ~ B°), ¥(t) - e(t, 8°) >
T _
# [ <Vl = 5),490) s
T (6.81)
¥ /j dZs: < VO(R),G(8% B — B)e(t, 6%) >ps_pr-
- | .
+L dZ;- <V t),g(ﬁo)ﬁ(t,ﬁo;ﬁ - ﬁo) >Hi-H- -

Utilizing the result of Lemma 6.2 and

ing equation (6.80), it is easy to verify-that

equation (6.76) follows from (6.81). This completes the proof. n

o
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6.4.3 Identification Problem (I3)’

Lemma 6.3 \

—_— P

Let V(¢,A),t € [0,T],A € P, be the solution of the equation (6.54). Then at
each poinﬁ A% € P, the function A — V (¢, A),t € [0, T, has a Gateaux differential in
the direction A — A%, denoted V(lé, A% A — AY), and it is the-solution of.the'following

-

differential equation ,

() = AR + (A = AYV0),
(6.82)

forallt € [0, T), where VO(t) = V (t, A°), denotes the solution of (6.54) correspdnding —

to A9,

Proof

The proof essentially follows from similar arguﬁlents as those of Lemmas 6.1

-

and 6.2 and the fact that (see equation (6.59))

lim %{f*(t,Ao +e(A— A%} —T*(,A%}u = (A — A%,
£§— .

for all u € H!, where H! is defined by (6.51.1) . - W

Theorem 6.6

Consider the identification problem (I3)' and suppose that the hypotheses of
Theorem 6.3 hold.' Let the process §; and the corresponding transition probability
maf.;ix S(t),t € [0,T), satisfy the properties given in sections 6.2 and 6.3. Then

the maximum likelihood estimate A° of the unknown matrix A is’determined by the
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simult:.éjieous solution. of the system equation

V=PV el
V (0} = %o, o | (6.83)
“the adjoint equation

_&‘itqg(t) = F(t, A% (2(2) - q(t)), ‘E'{OvT']’ |
‘I/(T) — Q(T), ‘ 3 -_ : ‘ . (6.84)
a‘.r,1d the inequality ‘ h | |

T -
Ji(A — ) = fo < (A= RV, ¥0) - 4{t) >5-1osr

T .
‘ "f‘/ < VOt), (T, A% A — A%) exp (h - )k - dye > g1 0,
0 ' : o

* (6.85)

where
a(t) = O(T, A% exp (k- ), | (6.86)
B(T, A% A — A%) = Texp (TA) (A — A9) O, (6.87)

-

and ©y = Pr{£(0) = £o}. Further, VO(t) and ¥°(t),t € [0, T}, are the solutions of

equations (6.83) and (6.84), respectively.

Proof

Since by Lemma 6.3, the mapping A — V(t,A) is Gateaux differentiable, it
follows that J, as given by equati:)n (6.60), has also a Gateaux differential on P.

Then in order that J attains its maximum.at A%, it is necessary that

J4(A— A% = lim %{J(A‘) ~J(A%)} < 6, - (6.83j

for all A € P, where A® = Af + e(A - A%). Defining
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VER) = V{E,A%) (),
and - " . |
Vo) =V(t,4%, te[o,T),

and using equation (6.60), it follows from eguation (6.88) that

0 > Jg(A = A%) :
tim L [T < Ve = Vo), 0T, A exp (- sh ¥
=tm o [ <V V0.0 A e (b wh Yuzmn (oag)

T ' e
+limt [ < VO(t), (O(T, A*) — O(T,A%)) exp (h - ye)h - dys > 1o .
e—=0€ Jqo - ?L/ )
Since h € C}(R") N Hl(Rj),O(T, A%) — O(T, A% on P,.a.nd .
%(v‘(:) —VO(t)) = V(5,4%A — A),  (weakly) in -L((0,T); HY),
following similar arguments as those given in Theorems 6.4 and 6.5, it follows that

the first term in the right hand side of the equation (6.89) is given by
T . :

lim 2 [ < V() - VO(6), O(T, A) exp (- o)k - dye >
£— 0

. o ) (6.90)
= f < V(t,AO;A - AO),G(T, A.o) exp (h . yg)h - dys >H1—H;13
o o .

7¥ almost surely. As indicated earlier, the probability measure ©(t, A}, correspond-
"ing to the Markov chain §,t € (0, T, is given by
O(t,A) = exp (tA) Oy, te0,T). (6.91)

Then the Gateuax differential of © is given by
O(T,A%A - A% = lim é{exp (TA®) — exp (TA°)} 6y
=t

= exp (TA%) lim > {exp (Te(A - A%) — I}@0 ~
' (6.92)
= Texp (TA%)(A — A®) lim exp (Te(4 - A%\,

_/

| = Texp (TA®)(A = A%)©,.
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Hence following si;nilar“ai'rguments as before, it-is easy to verif} that the seco;d
sterm in the right hand side of equation (6.89), is given by
1 /T - o - |
lim- [ < Vo), (O(T,A%) — O(T,A%)) exp (h - ye)h - dyt >pi_ g
—P€Jo : ' S , C
T ) ' (6.93)
= / < Vo(t),@(T, AO;A - AO) éxp (h :_yg')h cdys D,
0 - '

<

7} almost surely, where © is given by equation. Using equations (6.90) and (6.93),

it follows from equatioh (6.89) that

T ' ‘
0> Jh(A—4A% = / < V(t,A%A —A%),0(T, A% exp (h -y )k - dys >pi_pg-r
0 ' .

+ [ < VBT, A% A =A%) exp (h- )b dye g
LI A |

T (6.94)

The €quation (6.94) can be further simplified by introducing the following adjoint"

equ_a.tion -
—%\I’(t) = f(t,AO)(‘p(t‘) b Q(t)), t e [O,Tl’ . - (6.95)
¥(T) = q(T), | o
where . ) L |
| q(t) = O(T, AO) exp (h - yt). . (6.96) - -

Since the operator I satisfies the properties (i) and (ii) of dection 6.3:3-, it follows by

Lemma 24 that the system (6.95) has a unique (weak) solution ¥ € Ly((0,T); H')N

' C{[0,T); (L2(R™) }). Following similar arguments as those of Theorems 6.4 and 6.5,

" P
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03 Ji(A — A?) = f < dP (1, A% A — A%), W(t) = q(t) >H-1_m
0

T » e
+ / < ?(t,AO,A — Ao),d‘I‘(t) >H1_f)—l
N o - - .
T B e i o
+ / < Vo(t),~9(T, AO.; A— A.U) exp(h-ye)h-dyt >gg-1 .
0 - S

(6.97)

"Utilizing the result of Lemnma 6.3 and using equatioh (6.95), it is easy to verify that

equation (6.85) follows from (6.97). This completes the proof. [

Based on the abou_é necessary conditio_hé, we develop. in the next section a nu-
merical algorithm for computing the maximum likelihood estimates of the—uﬁkqowns‘
a,f3, and A corresponding to the problems (11)', (I12)" and (I3)' . Then we present

two examples to illustrate some of the results of this cilapter.
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.6,5_ Computational Algorithm and Examples

/

‘Based on the necessary conditions presented i-n. the preceeding section, an itera-
tive procedure can be developed for determining the maximum likelihood estimates
of ;the unknowns. For simplicity of presentation, we. discuss 'the conténts of this al-
gorithm with reference to Theorem 5.4 ; but the same algorithm holds for Theorems
6.5 and 6.6 if references are made to fhe apprq_priate equations. In this algorithm,
we h‘;:we used the IMSL subro_utiné GGNML for generatiné the Wiener processes
W and W and with the help of Runge-Kutta method we ha.*.:e ;abtained the state
process z; and the output process y;, for all t € [0,T]. Then using finite difference

scheme [65] and Gradient method [23,73], we have used the necessary conditions

obtained in the previous section to compute the required estimates of the unknowns.

- Algorithm .

1. Set 1 = 1, and guess a* € T for a.

2. Solve the differential equations (6.1) and (6.2), Q’thdo = of, using Runge-

Kutta method and obtain-the observed path {y;0< s <T < 00}.

3. Solve the system equation (6.65) with a® = o'

4. Compute the objective function J (.a") using (6.19).
5. Solve the a.djoiht equation (6.66) with o® = o.

6. Compute the gradient, denoted J.;, with the Tlelp of inequality (6.67) (see

example 6.1). - ‘

7. Update the ‘parameter by setting

i+1 _ % ]
o =a —edy,

s

»'(Lhei'e € > 0 is chosen sufficiently small so that

J(a*t!) > J(a'), and o'l e L.
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8. Set ¢ = i1 and repeat from stop-2-umtil e following conver ~

gence criterion

is satisfied T ' T

T D
|L_.(——~ f'—)”'«c.!-—(“\)_]\_—' P R B ) SR ¥
‘-\\\H —r-_-._:—:_ﬂr”/_‘_,_’
where p > 0 is chosen sufficiently small. —.-—7~_ " "~. -~
Remark 6.2 o o | -

—_ .
As in any gradient method, the iterated parameter would-tend to seek a local ————

minimum. This could be avoided, however, by repeating the agw:jdure—for“’/

different initial guesses.
*

Example 6.1 _

Let the state process z; and the output process y;, t € [0,T), be governed by -

R - . . rd
the following (scalar) stochastic differential equations

dzy = (- alt, z))dt +b(¢, z)dWs, - (6.98)
and
dyt = h{z:)dt + dVe, © o (6.99)

-
where =z, b,y,h'a.re scalars ; @ € R™ and the unknown parameter vector a takes
values from a compact convex subset of R™. Theé processes W and V- are independent
one dimensional standard Wiener processes. As'su;";ﬂg that the functions e,b and
h satisfy our basic assumptiom; of section 6.2, our problem is to determine the

g

unknown parameter vector e, given the o—field 7.

Comparing equations (6.2) and (6.99) and using (6.14), it is clear that Z; = y;.
Integrating (6.16) by parts and using (6.17) and (6.18), one can easily verify that

the operator F* is given by
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X 1
F*y = 50Usz + ug{ohsys + 05 — - 2}

+ u{%a;z — (- a)hsy: + %O'zhzyt —a-a

+ ot + b 7, 00
where a; denotes the partial defivative of @ with respect to z and o(t,z) = b3(t, z).
Using equation (6.1(50), it is clez‘xr\th‘ t the Gateaux differential F* of the operator

F* is given by

(6.101)

where Co s -
B*(tyu = —uza — u{ahzyt + az}. o (6.102)

~.

. i T e
Substituting (6.101) in the inequality (6.67), we obtain-

0> Ji(a— ab)

. T
= (a‘— aQ_]..,-_%—L"‘<~—B*(t)j{_°(t), ‘I’O(t) — exp (h.yg) S>y-1_p dt,
0

(6.103)

from which one can identify the gradient Jio a8
T
T = [ < BY@VY0,9°0) - exp (by) >5-1-m b,
0

| .(6.104)

%

where B* is given by (6.102), V° and ¥° are the solutions of the differential equations
(6.65) and (6.66), respectively. Note that the gradient J'., as given by (6.104), is
used in step 7 of the above algorithm to update the iterated parameter (see steps 6

and 7 in the algorithm).
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For the numerical simulations, we have assumed that the functions a,b and h

-

are given by ) b
' alt,z) = (z* , 2,

b(t,z) = 0.5z,

h(z) = 2z%,

and a = (@, a3)'. Further, the true values of ‘the parameters o and ag were taken
as 1.0 and 1.0, respectively, and the final time T' = 1.0. Starting with initial guesses
a; = 2.0 and a3 = 0.5, we have used the above algorithm for computing the

estimatéd parameters, and the results are summarized in Table I given below.

o —_

Table I
Iteration No. ay i oy o J(ea, @)
0 2.0 .05 | 0.244632
10 1.818024 | . 0.562047 3.095176
20 - 1626672 0.628594 © 6.007868
0. - Lasests 0.695021 ' 1_2.144606 N
40 1.232492 0.760402 19.546665
56 1.040175 0.823527 30.403365
78 0.981176 . 0.998050 115.095427
79 1 0.983153 0.008741 115.122290

true 1.0 1.0 e



Example 6.2

Let the processes {(&f,yt);t € [0,T]} be governed by the following (scalar)

stochastic differential equations

dzy = f(t,z¢)dt + b(t,x:)th, (6.105)

and

+ dy: = (8 - v(zp))dt + dW, (6.106)

where z, f,b,y are saclars ; v+ € B™ and the unknown parameter vector § takes
values from some compact convex subset of R™. Assuming that the processes W

and V are as in example 6.1, our problem is to determine the unknown parameter

vector 3 given the o—field 77.

— Comparing equations (6.4) and {6.106), it is clear that

I’ 9(8,%0) = 8 - 7(=1),
and

o L=y

Al

Integrating equation (6.33) by parts and using equations (6.34) and (6.35), one can

easily verify that the operator D* is given by

1
D*(t,B)u = 50tz +uz{ovzy-B+o0z— [} ’
1 L |
+ 1’-{50'2:: — [y - B+ Eazﬁzyt B - fz (6_107)
1 . 1 - 1, .
+ Ea("fzyt . ﬁ)z + =0zl B — ’2'('7 ’ ﬂ)z}:

2

where oft,z) = b2(t,z). -

e
i
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e

Using equation (6.107), it follows that the Gateaux differential D* of the oper- _

-

ator D*, is given by

D*(t,6%8 - £)u = (8 - £°) - G (1.0, (6.108)

where

. ‘ 1
G*{t,8%)u = usomaye + u{=fraye + SOVt

Lt

1 . 1
+ Ed(ﬂ’zy: : 130)“!:!4: +'§0‘T=:yt
1 )
428 (6.109) *

Sel.lipg ¢{B) = v -8 and Z; = y; ind6.76.1), we obtain

dhﬂ)ﬁ;ﬂ('rﬁy:). (6.110).

Hence the Gateaux differentials § and & of the functions ¢ and e are given by

DA% 0 - 6%) = lim ({80 + €8 = £°) ) ~ 6% 1)
> =(ﬁ"'ﬂ°)"71 . . (6.111)

and

2(t, 8% 6 ~ ﬁ*’)u_E jl_t}g} -i*[exp (8% + (B — B°) - vy} — exp (87 we)}
exp (6° i) lim =fexp (8~ 6°) -7} - 1]
= exp (8° - vwe)yve - (B - 6°). | (6.112)
Thus dsing (6:110), (6.111)‘and (6.112), thk inequality {6.76) reduces 16

-1y

- Jo(B - 8% = (B ~ B°) - Jpe, (6.113)
where the gradient JB‘, is given by
T
The = /0 (< G (LAIVO), V(1) - exp (8 ) > d
+ < VO(t),yexp (B° - vy} > dyi

+ < Vo), (B ) exp (8% yw)vwe > dwe}.  (6.114) -
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where V® and ¥° are the solutions of the differential equations (6.74) and (6.75),

respectively.

g(}'r'

= xn'

b(t,z) = 0.5z,

- For the numerical simulations, we have taken the functions f,b and 4 as

(¢, x)

and g = (1, 62)". Furthe‘r, the true values of the parameters §, and §; were taken as

1.0 and 0.5, respectively. Again stdrting with initial guesses 8y = 1.5 and §; = 1.0,

we have used the above algorithm to compute the estimated parameters and the

results are summarized in Table II given belowy

—

{teggtion No.

0
10
20
25
30
35
37
38
39

true

gt

B

1.5
1.329837
1.183540

1.118244

1.057736

1.001739

- 1.001570

0.991206

1.001402

1.0

Table II

B2 -

1.0
0.847493
0.711856
0.649336
0.589891
6.533229
0.51-1287
0.500347
0.489505

0.5

(81, Bs)

'\_/'.

1.941166
23.790562
51.170798
67.598066
86.355767
107.968160.
117.557222
122.582724

122.594950
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6.6 Summary and Conclusion, : A

In this chapter, we have considered the identiﬁcation prol;lem of th'e.dfift coef- 7
ficients of partially observed diffusions with and wii;hout Markov jump parameters.
Using the filter equations obtainéd. in chapters ._2'and 3 and following similm-' proce-
dure as in .[36], we have formulated the identi-ﬁcati;nn problems as control problems
in .whi | the unknown parameters (vector or :iﬁatrix) act as the controls, the un-
norrr{:'tlized densities as the states, and the likelihgod ratiog as the objective func-
tionals.” Utilizing the techniques of optinia.l control Theory, we have shown these
identification problems have solutions. Further, using the variational method, we
have derived the ﬁecessary conditions for optimal identiﬁcatipn. ‘This requi;es the
Gateaux diﬂ'erent.iabili\ty of the unnormalized densities on the pair‘ameter.sét, which

was also proved using similar arguments as those given in (3,6,7,12]. Finally, us-

o

ing gradient method, we have presented an iterative procedure for ‘compu'ti g the '
estimated parameters along with two numer/’{al examples to illustrate somel\ the

results of this chapter.
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CAHPTER 7

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

7.1 Conclusions

v

In this thesis filtering and idéhtiﬁcation problems of nonlinear stbchast.ig dy-
namical systems, have been considered. A complete derivation of the filter equa.tion_
(Zakai equation) for tfle case where ;,he state as well as the observed processes are of
diffuéion type, was present‘:ed. Using Ito'differential rule and utilizing the properties
of the likelihood ratio, we have shown that Kt}shner equation can be obtained from
that of Zakai and vice versa. Further, using the standard result on the existence of
solutions of partial differential equations, the question of existence and uniqueness
of solutions of Zakai equation, was discussed. ‘;

Using Girsanov. transformation and utilizing s-e-migroup Theory, the result of
Zakai was éxtended to the case where the state process is go;ferned by nonlinear Ito

2, L .
differential equation whose coefficients are perturbed by :
(i) unobservable temporally homogeneous Markov chain, or,

(ii) deterministic Markov chain, or,

/
!

(iii) periodicaklir observable Markov chain.

We have p;esél:ited a complete derivation for the filter eql,ia.tion corresponding

to case (i) from which those of cases (ii) and (iii) were obtained. Further, using the
* standard result on existence, of solutions of partial differential equations, we have
discussed the question of existence and uniqueness of solutions of the filter equation

corresponding to case (i).
The result of Skorokhod for Radon-Nikodym derivatives of measures.induced
by right continuous processes was utilized to extend the result of Zakai to the

~
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case where both the statz as well as the observed processes are driven by Wiener
processes and Poisson random measures. In fact this techniqu'e is much simpler than
martingale theoretic ;pproach adapted in the literature. Further, we have noticed
that by using the filter equation (4.38), the required estin-mte can be obtained if
the observed process and the mean of the Poisson process 7 (see equation (4.4))
are known. In contrast, the solutions of the filter equations obtained in [31] (see
example 43) or in [72], require observing the noise of the output process, which is

pfa.ctically difficult.

Modelling the errors that arise in Dead oning and Loran-C navigation’

sensors, has been also investigated. It has been shown t_ﬁat due to the discontinuous
behaviour of the time (range) difference error of Loran*C radio signal, this error can
be modelled as the sum of two independent stochastic processes. The first process
was modelled as a linear Ito differential equation driven by Wiener process and
the second as a pure jump process driven by two independeﬁf Poisson processes.
Utilizing the filter equation obtained for the jump processes and using the fact
that the state process is conditionally Gaussian, given the output process, we have
obtained the corresponding filter equations for the navigation system. Fuﬂ:her, a
numerical example was presented to illustrate the effectiveness of the proposed filter.
From this example, we have observed that the proposed filter .j,énds to follow closely
the rapid changes of the Loran-C error. Indeed our simulation results indicate that

the actual a.f;d estimated states have similar behaviour and hence one expects better

estimates for position and velocity of the craft in question.

Techniques of optimal control Theory and nonlinear filter Theory, have been
utilized in identifying the drift parametets for partially observed diffusions with
and without jump coefficients. Using variational method and the Gateaux differen-

tiability of the unnormalized density, it has been shown that the optimal parameter

—



“

(vector or matrix) maximizing the likelihood ratio, is determined by the simultane-

ous solution of the system equation (linear partial differential equati

for unnor-
malized density), the corresponding adjoint equation and an associated m
condition. Finally, an algorithm, which utilizes these optimality conditions, has

been presented in order to compute the unknown parameters.

7.2 Suggestions For Further Research

L]

As a contiﬁation of this thesis, ,f_urth(er research could be conducted along

several directions. .

The numerical aspects of Kushner and Zakdi equations along with a detailed .

* numerical comparison between these two equations, is an interesting problem to

investigate. .

Another interesting area is the extension of the filter equation obtained in section

. 3.4 to the case where the drift and diffusion'parameters are allowed to be unbounded.

I&t is interesting also to study the question of extstence amd uniqueness of solutions

of the corresponding filter equation.

The extension of the filter equation obtained in section 4.4, for discontinuous
processes, under weaker assumptions along with the proof of the existence of the

functions g2, 2, and ¢ (see sections 4.2 and 4.3) would be of interest.

r

The extension ojf the results obtained for the identification problems of nonlin-
ear partially _oBserva.ble stochastic systems, ﬁ;lder weaker a.séumptions, is also of
importance. Further, it is also of im;Srta.nce to study the consistencir of the esti-
mated parameter, as the length of the observation period goes to infinity. Finally,
a computer software for parameter identification of nonlinea.r"partially observable

stochastic systems, would be also very useful.
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