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Four conceptual models for the solution of a linear

second—order differential equation and their implementation on

analog, hybrid-and digital coamputers are dgicrib-d.._A

standard hﬁbrid configuration is adopted whereby the

integrations are perForhed on the analog computer. A discrete
time equivalent of the hybrid computer model is solved on a
digital computer. The difference between any two model

solutions is characterized by a normalized root-mean—square
- [

errorwcriterion;f Three general digital programs were
implemented to determine the accuracy of solﬁtion of the

computerized models as a function of their parameters

LY

Results are presented concerning the accuracy of the analog

.

cpmputer model, the hybrid computer model and its digital

computer equivalent.
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INTRODUCTION

Until the late fifty’s or early sixty’s, the analog

computer was the most uvsed tﬁol to solve sgéentiFic simulation
problems. Then, analog and digital compute;s Qere liﬁked
together with a communication inté%Faég. This combinatian Qas
called the "Hybrid Computer"™. -~ The hybrid computer, like the
analog computer alone. operates in synchronous time. The
information is transferréd discrgtelu and at régular interval;

between both cumpdters in a high.speed loogp called "Hybrid

Loop".

%he hghrid.com;uﬁér offers certain advantages. On the
. analog computer. for instance. where the computi%g-Sime 15
independent of problem complexity, the operations are
performed in parallel and continuously. Using the analog.
computer to solve lafge sets of differential equations is
usuallu‘Faster and cheaper than using a digital computer
alone. The opérations of the digi;al.computer are serial and
discrete and the computing time is directly related to the
complexity of computations. On the other hand., the digizal
computer is better suited to control the wvarious hybrid
;imulation TUnNnsS an& to perform certain operations such as
function generatién.;table look—up., logical decision—-making

and data storage. ) ?

- ’ T e



Real time simulation ;F dgnamié sgst;:§ is advangégeous_
and éometimes necessary in some cases, especially for ‘ '
harduare—in—the—loos and'training simulation applications.
Hith.; hqbfid computer, model parameters may be programmed For.
manuval variation af any time during a simulation run and the
effect of varying a parameter may be examined as the solution
progresses. A real time simulation j?q be designed to
interact with a req} world sq;tem. Although digital muJéls
may be synchronous, their dynamic applications range can be
inferior to hybrid models because of the'shperior.speed of
hybrid com;utation. However, the gap is being reducgh bq

parallel digital proEessing.

In hgbrid,camputafion. the programmer must confend with . 7
certaiq §our;e§ of inaccuracy. In the hybrid loop, a set of ' “/
analog variables is sampied. converted into digital form. ’
processed by the digital computer., and converted back to
f§nalog signals for analog processing. Sources of error
‘Enclude precision-limitations of tqpicql analog computers and g
analog-digital ;onverﬂfrs. Another.source of error is the
time delay arising froém digital compptation and data
cbnversion time in a hybrid loop. Hybrid computation is
constrained by %his time delag in ;hat it prevents the analog

computer from using all of its high speed capabilities and the

digital computer from being fully utilized since digital

.;-)



. A} -
computation time increases with the amount of computation.
’ - 2 -

Furthermore, it seriously limits the allowable range of high

..' \__ 1

v

frequency components in real time models. Digital to aﬁalog

data fecon;tructgon is.another source of error in that the

-

input signals to the analog computer are not the required

.
-

ideal continuous signals. Instead they are signals
. :

reconstructed from-discretely sampled data. Fortunatekly,

, |
there are methods pf compensatfbn for the effects of sampling

and digital execution time upon solution accuracy and the
B /

related literature is reviewed briefly below.

Developments both in digikal hardware and software have

»

contributed to an increase in the popularity of simulation.

r

~High level simulation languages éuch as GPSS; CSMP, CSSL. ACSL
«and DARE have been developed to facilitate asynchronous
.digftal computer modeling. Hardware devices sgch as array
processors greatly speed up computationﬁ bg providing parallel

processing capabilities. Systems with built-in parallel

processors, like Applied Dynamic International’s AD-10, also
increase speed but there are programming diFFicuIties

associated with scheduling of parallel computations.

!

Ultimately, the speed of analog computation.can only be
approached digitally and its continuous nature can be obtained

from discrete data only by digital to analog conversion.

These digital imprévements are useful to hybrid computatiaon

-
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also since increased digital speed leads to Jecreased'hgbrid
loop time delay. Analog hardware developments such as
6;ogrqmmable multivariable Functioﬁ generators ;nd auto;atic
p;tching are also improving the performance of hqgrid
computers, aﬁd t;eir'use is being simplified by high—level
praogramming suftmaré such as the hybrid time—sha;ing'sqstem
MACHYS being developed at the Technical University of
vaénna.1 It is difficult to predict the architecture of
future cumpﬁtqrs precisely but tHe,treﬁd towards parallel
comput;tion is c;ea; aﬁd analog camputation is the supreme
ex;mple oé parallel pr&cessing. Hybrid computers, in:thejr
present state of evolution., are impartant and sometiﬁés

essential tools in computer/simulation of dynamical systems,

particularly for synchronous time applications.
; = - .
E Many authors have studied the effect of time delay in a .
hybrid loop.: Various methods of compensation. usuvally based
on approximations by series, have been proposed and analysed.

A review of the most relevant liter;ture on this subject

follows. -’ .

Miura an& Iwata2 pfoposed three methqd; of compensation:
;) analog compen;atioﬁf“ﬁhere the de;ivativé is multgplied by
a constant and added to the output of the analoé-integrator,
b)‘ linear interpolation, where ‘th; output of the digital

computer is modified using a first order numerical equation

ot
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and c) analog first order hold (FOH) where the step—function

oufiut of the digital computer, after a zero order hold (ZOH);

~

is transformed into ramps via analog hardware before being

integrated by the‘analog computer.™ In this thesis, the term
.

"analog compensation” is used to identify method a) aboVe.

Gilber't3 suggested the .input to the digital caomputer be
modified using its derivatives, This method is effectively
very similar to analog compensation. HMe also-applied

Z-transform theory and used it to determine the effects of

79161718

sampling and time delay on accuracy. Other authors '
have used Z-transform theory to predict dynamic errors

analytically.

4 5

Papers by Matlock ' and by Deiters and Nomura™ extended

the hod of digital predictian. They derived higher order
numericlhl equations to predict inputs to the integrators more

precisely.

’
- .

The analog compensation scheme was also suggested by

€

Karplus~ who presented an extensive analysis of several

sources of error in hybrid computation. such as errors due to

-
&

sampling.

Vichnevetskg? analyzed the analog compensation method as
well as" first and second order digital prediction. He derived

equivalent difference equations for the hybrid loop with and

L)

© .
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'without these'ﬁgthods of compensation. These equations apply
to a sqste; of linear differential equations of any order and
to the hybrid computer case where only the integrations are
done on the analog_computef.'fhe rest of the operétions being - ;
perforéed'on tﬁe digital side. Vichnevetsky also applied.
Z-transforms to establish stébilitg contours in system
parameter space. This method of determining stability

cantours has been used by other authors;‘5r|6:|9however; 1t does

épot give accuracy information. '

8

'A paper by Curry- which is closely related to this

thesis, gives experimental results with different methods of

—=

correction. He compares his results with theoretical results

9

derived by Howe~ using Z-transforms. The methods of

compensation used in his expériments were: (1) first and
p :
second order digital compensaf€nn. (2) analog FOH. and (3) a

method called "kickoff" where the knowledge of the solution
over a period corresponding to the firit three frame-times is

used to start the\solution. Curry concludes that the

complexity of both producing an analog FOH circuit and
programmin;_For kickoff are not worth the relatively
insignificant gain in accuracy. The aim o# Cﬁrrg's paper is
to make availab}e to the hybrid programmer the resuits of his

experiments with a second order linear differential equation
Lo _ A

(SOLDE) and a specific method of compensation. He is one of



v

thé.Ffrst to provide experimental results in readily

-
accessible chart form. From the charts, the programmer can

obtain an error estimate for a SOLDE problem with a certain

frequency and damping ratio knowing the hybrid sampling -

frequency.
A paper bg'Deiters. Kano and lnoueKDis one of the Feu'
other "papers providing expe}imentdl Tesults. Their

-

experiments include analog compénsation and other methods
For analog compensation. they use the best compensation

parameter value in the Tajlor Series sense

Most of the accuracy and stability studies were for
linear systems since nonlinear systems cannot generally be
solved analytically. The requirement that a sufficiently

large number of samples per cycle of solution be maintained

.
+

for stébilitq and accuraég.in hybrid implementations 1s ak:in

to a similar requirement in purely digital methods.

The ultimate goal of the research reported here is to

develop a software package for modeling continuods systems in

real time on a hybrid computer such that the user will not be

required to get involved with analog computer programming.
This will be achieved initially by utilizing the analog
computer as a set of general purpose integrators with

compensation for time delay in a standard patching

arrangement. This may be viewed as a hybrid computer



T

continuous simulation package where the analeg subsystem will

be called by an integration subroutine. Alsa, the
cumpensaﬁion parameters may be optimized automatically to
minimize solution errors for a giveﬁ set of model parameters

and time delay.

4
In order to produce this package, a compensation method

is required. The ahalog compensation method of Miura and

-

Iwata will be adopted Fo+ this package. initially., since it
requires a simplé hardware arrangement on the analog side and
does not in;reasg the digital computation time delay in the
hybrid loop. Ai{oa Vichnevetsky has shown that stabiliég is

better with this method than first order digital compensation.’

Four different but equivalent mathematical models are
defined in the sense that each one generatgs the solution of a
second—order linear differential equation with constant
coefficients or a close approximation thereof. Thegpare also
implemented on computers as computerized models and solutions
are }ompared. One of the mathematical models is the sampled-
data model implemented E:Jb hybrid computer. Another is the
discrete time equivalent to sampled—data (DTESD) model
imp:;mented on a digital Eomputer. It is a theecretical
representation of the hybrid computer model for which

Vichnevetsky produced—stabilitg caontours and DeitersJO

accuracy curves. A third mathematical model is the continuous



time model programmed on an analog compufef. -1t is

-

interesting to investigate'the'rggion nF‘actu;acq of this
model ;ince it Tepreseﬁts. in a sense, ;he hqﬁrid dompﬁter

- model with no digital ﬁnmputing dela;.f'lt“will be seen that
it does not always produce the perfect solution. The discrete
time analytical model is the fourth mathematical model. It
ﬂgenerates analytical solutions of the SOLDE asynchronously on
the digit#l computer. Ifs splutions are used as references
for accuracy analyses of the three other models.

\
As 1t . is the objective of this thesis to produce accuracy 7

results for these computerized models, a normalized root mean
square (RMS) error criterion is adopted here. It gives a
unique value for the difference between two solutions and a

feel for 1ts significance can be developed by examining

certain well-chosen cases

The input parameters to be varied and their range of
valyes for acceptable accuracies of solution are also
established. In each of the computerized models, the tuwo
parameferé of the SOLDE, damping ratio and natural Frequeﬁcg.
are varied. In addition, the sampled-data model and its

discrete time equivalent involve two more parameters, namely,

time—delay and compensation factor.



A set of digital'probrams has be;n implemented to
Fa-cil_itate fhe‘._anl:;ses of accuracy. These programs so-lve tl;‘e-
different computer@zgd mode}é athr.acceating their input data
and they compute the RMS errors betwagn solutions. The errors
are then compiled into tables and displaged on g{apﬁs for pre-
de#fnable‘sets ;F values of input.parameters. Th; programs
are general in the ;ense thét they can perform the error
analqsis~90r any additional c;@puterized model with tﬁe same
p?raméters cr they can easily be modified fp handle

computerized modelg involving dif?erent'paramete;s.

Useful data are produced and displayed by these programs’7

concerninj the accuracy of the first threé computerizeq models
relative to the fourth (i.e., the analytical solution) as well
as to ea;h qther. These data are collected and arranged -in
sucﬂ a way that it is relatively easy to estimate the erro;s
for. arbitrary values of the_parameters within specified

ranges. e - )

A more detailed overvieuw is'given in Section 2. 0. This
is followed in Section 3.0 by an explanation of the hybrid
loop time deléb and the theory of compensatipn for it.
Sections 4.0 and 5.0 respectively describe the mathematical
models and their documented imple;entation. Performance

criteria to determine the accuraég of one model Eompared to

another -are discussed in Section & 0. The performance



.

analysis computer programs are described in Section 7. 0 with
reference to their dgtailed documentation in Appendices C to

J. Section 8.0 discusses the Aaccuracy of the computerized

- ¢

models with the aid of reéults documepted in Appendix B.

Overall conclusions are formulated in Section 9. 0.

OVERVIEW ‘ '

A computerized mode? solution otcurs in model time

1

wherqasrreaJitg occurs in Teal fime. Here, real time is
.Tepresented by ::riable t and model time by t’= /3t where
FE=f(t). 1f fitr=1 then the model is solved in real time
(t=t ). If, however. f(t) is not-equal to 1 but is known
(i.e. .. model ¢time is slowed down or speeded up by a known
function felatiye to Teal time)., then the model. is . !

‘synchronous’ whereas if f{t) 1is not known. the model is N

‘asynchronous ’. Analog computer models and hybrid computer
models are genarally synchronous. Digital computer models are
usually asynchronous but they may be.sqnchronous. This work

»

and it&/pesults are aimed at synchronous hybrid computer

models.

/

A compulerized model is defined to be a computer program

which implements a mathematical model An i1nput -process—
output diagram of four cbmputerized models is shown in Figure
1. The four mathematical models in this figure can generate

* -

good approximations teg the solution of a linear second-order

- 11 -



Jihferenéial equation with step input For'sets of péramfter
values defined by this investigétion.r The dashed arrows
between the mathematical model and computer program blocks
indicate'that the mathematical models are implemented in the
computer program; to Qrogﬁce {cqmputerize:\khdels’._ Every
computerized model is identified as a system. System A is a
difcrete—time analytical solufion implemented on a digital
computer; System B is a coqtinuaus*timé model which is solved
by an analog pomputer;.Sgstem C is a sampled-data model.-
implemented on a hqﬁnlg computer aﬁd,Sistem D is an
aggnchronous digital model equivalent to the hybrid
'impfementatiun. Each system accepts a set of input data
{model paramgters) gathered in data sets DSA and DSB.

‘s

Furthermore, each computerized mode]l produces a set of

' ~ .
response data which are stored in data sets DSRA to PSRD.

)
respectively. Response data are discrete values of .system

solutions.

The purpose of developing thesé computerized models is to
cumpare'their solutions and analyse their performance. This .
is ach;;ved by a set of three digital computer programs. |
Program RESPLT (F;g. 2) solves the user specified system (S)
and plots the'SOIUtion ;s a function of time. The model input
parameters are also sgecified interactively as data sets DSAU

and DSBU. "A similar program. called REBPONS. (Fig. 3) also



3.0

solves a user specified sys em (5) but for various

combinations of input paramefer values included in data sets

*

DSA and DSB. The solutions are stored as discrete data ‘points

i;to data set DSRA or DSRB depending on whether System A 6}
System B is being solved. Subsets DSRCI to DSRCS or DSRDI to

. : ~

DSRDS are used for storage if System C or System D is being

solved. Theseldata‘sets are used as inputs to the third

¥

program., called RMSERR (Fig. 4). A root mean .square (RMS)
error is compUted between solgti;ns of two systems (Sl-_82)
which are specified interactively. Finally, program RMSERR
displays tables and graphs of the RMS errors. Graphs are also

produced to display the range of model input parameters for

which the errars in the solutions are acceptable
COMPENSATION THEORY

"In this section. the different components of the hybrid
lobp contributing to the time delay are summarized. It is
shown how this delay affects the hybrid solutions and how 1t
tan be compensated. from the point of view of Taylor Series

. - K

expansions. Finally, the‘relationship between theory, digitala

correctian and analog compensation is established.

A source of error inherent in sampled--data systems is the
sample and hold process whereby the digital computer samples
the analog putput at discrete time intervajs and holds the

analog input constant during this interval A second error,

- 13 - £



. known as digital computation erfor or transport lag; is due to
the computational delay between sampling and gpdating of the
analog computer. The cycle of calculations: or Fqbri@ loop:
is shown in Figure 5 illustrating the associated component
delays. The total delay Tta which will be refered to in the

‘V’equel as the digital time of computation., is given by
T.=T7 + [ + - (1)
c 1 2 Ta '

. where 71 is the analog to digital (A/D) conversian time, Té is
the digital calculation time and Ts is the digital to analog

(D/A) conversion time.

In 19463, Miura and Iwata2 applied the Taylor Series
extrapolation scheme to modify the anélog integrator input.
This method requires that the sample and hold delay be fixed.

12

Thg previous year, Korn ™ had shown the importance of a
constant time interval when using digital compensation. Thus
a fixed digital computation time TC and a fixed sampling and
update interval T were specified by Miura and Iwat;. They
then compared the éctual input W(t), a staircase function
(Fig. 6(a)), with the ideal function Y(t). (Fig. &(b)). The
function W(t) is first delayed by a constant,timele. This
fixed [ is the amount of time fram the instant the

integrators start operating with their initial conditions to

the instant they receive their firast input valvue. Usuallg.Nf



i

-
» .

is equal to the total digital time of computation'T..' The

aﬁalog iﬁrut is held constant until it is updated by the

result of the next new digital computation and se on. Since
the .true input W(t) is shifted from the ideal input Y(t)l. a

compensation scheme is needed which will make both funftions

equivalent.

.

Miura and lwata proved that when the update interval T is

small, the integral of the step function W(t) 1s equfvalent to

.the integral of the smooth curve shown in Figure &{(c) passing

through the middle of the steps. Since this smooth curve is

s

paraliel to Y(4) with a phase shift of T +T/2, they have shown

that ‘ . o
J//wtt) dt =-//’Y(t-(T'+T/2)) dt : (2)

Thus, it is seen that the input to the analog integrafur
should be W{t+( [ +T/2)) as shown in Figbre 6(d). This can be
expanded for small (T—+T/2) in a Taylor Series

WOE+([+T/2)) = W(t) + W) (T+T/2) + w(t)(r+rxz>2 + .. (D

' 2!

Thus., a first order digqital correction would include the first
two terms of (3) and higher order corrections would include
higher order terms. For a first order correction. an

approximation for W(t) in the interval [iT, (i+1)T1,

i=1,2,3,..., 1is the slope between the outputs of the digital



computer at samplinh times (i-1)T and iT computed as:

W(iT) - W((i-1)T)
—

W(t) =

¢~ t € C[iT, (i+1)71 {4)

/_J

. »
Replacing (4) into (3) gives a corrected input to the analog
integrater and performing the integration on the first tuwco
terms of (3) for one“*step interval T gives the inqremental

input to the digital computer as:

L

- T .
XCCi+13T) — X¢(iT) 2//; W{IT) +

' CWATI-WCCi=1)T)IC[+T/2) ) dt ()
T

or equivalently,

-

T
XCCi+1)T) = X¢iT) t/; W(iT) dt +

(T'+T/2)EN(1T)-N((1?1)T)] (&2

keeping in mind that W(iT) and W((i-1)T) are congtants in the

T interval.

It can be_sh;wn that the analog compensation method is
also based on a first order Taylor Series expansion. Figure 7
is a siméliFied diagrah of the continuous cperations pérfa;med
by the analog computer in the hybrid loop. The diagfam

illustrates the equation

Xct) =‘//;(t) dt + BW(t) . o C(7)

where time Functions'w(t),‘eu(t) and X(t) are displayed in

- 14 -
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Figu*e 8. The input to the analog computer is W(t) and since
. P

the con;tant W((i+1)T) is set before X((i+1)T) is read. the
approximation for W(t) in the interval L[iT, :(i+1)T] is an

interpolation in analog compensation rather than an

’

extrapolation as in the digital correction case. The

€

approximation is:

. Wi+1)T) - W(iT) ’
Wit) = - .t € LiT, (i+1)T) {8

Thus, a result similar to (5) is obtained with: analog

compensation factor 8 over the interval [1T, (i+1})l1, i.e. .

T
XCCi+1)T7) — X{(1iT) =//; {P(iT) +

BLWE((i+1)TI-WC(iT)] > dt ()
T

and since W({i+1)T), W(iT}) and 6 are coenstants, the input to

the digital computer at t=(i+1)T, is

X(Ci+1)T)Y = X(iT) +///‘ W(iT) dt +
0 .

OCW((i+1)T)-W(iT)] (107

The best.value for 6 in the Taylor Series sense is thus

{75+T/2> as it was for the digital. prediction case

The vpdating interval T is the time interval during which
‘ -

the analog input is held constant. But it is usually held

Al

constant during the period of conversions and digital



computations T.. As mentioned above, T is also vsuvally equal
C . ! €4

-
-

to T which means: that actording to the Taylor Series..jhe

value of © for the best analog compensation is

0= (1. + Tc/2) = 1.5Tc . : (11)

C

-

Indeed, in this study, both [ and T were set equal to T..

Furthermore it was important to fix the loop time T,

accurately becabse of its role in‘the computation of O.

v

As Deiters et. 51.. the analog codpensation method yields
a larger stability region in the space oF'parametérs but a
. ! T ——
smaller accuracy region ;han'their first order digital
correction method. They used the Gregory—-Newton extrapolation
Formula/;n—a similar way than the Taylor Series to derive the

digital correction equations. However their tests were

N

conducted for only one analog compensation case. i.e., r -

0 = 1.5TC. This might not be the best value for every set of

parameters. An objective of this thesis project was to

determine ranges of parameter values where 1.5T- is not the

o C
.

optimum value of O.

An advantage of the analog compensation method is that it
does not require additional digital programminJShn the hybrid

loop which would increase the computation time. Furthermore,

Al

it is easg;go implement on the analog computer.

,



MATHEMATICAL MODELS

This section describes the four mathematical models that

were used in computerized models as seen in Figure 1. These
models were implemented in computer programs in order that

their solutions could be compared and their performance

analysed. In this thesis, a mathematical modél is defined to
be either 1) a conceptual model or 2) a mathematical

equivalent of a conceptual model or 3) a mathematical '

-

equivalent of another mathematical model. A conceptual model
is a mathematical representation of reality. A mathematical

equivalent is defined to be a set of equations whose solution

approximates the salution of another mathematical mddel

- 1

A second-~order linear differential equation (SOLDE) was

chosen ag a continuous-time conceptual model réprésenting a
. —~ )

real system such as a mags—spring~damper system and was solved

in synchronous time on an analog computer
j
X J 4
A discrete—-time analytical model consisting of equations
- |

which generéte the solution of the SOLDE was solved
asynchronously for very small time intervals on a digital
computer. Its solution was the exact solution. of the SOLDE

used as reference to determine the solution errors of

‘

computerized mathematical equivalents.

.
»



’

A third mathematical model was a_saﬁpled-data model
(i.e.., a combination of a continuous—time and discrete—time
sub—-models) which was implemented on a hqbrid compgter in such

- -

a wag that all computations were performed in the digital

-
.

computer except for compensated integrations which were done
in the analog computer. A main objective was to produce

results comparing its solutions with those of other models

The Fourth.mathematical model was a discrete-time

+ ‘{’ .
_equivalent to the sampled—-data (DTESD) model consisting of a

set of difference equations. The DTESD modei was solved
asynchronously on a digital computer to determine the raﬁge of
paremeter values over which equivalence with the hybrid model
implementation‘;ould be-ascertained. With this comparison.

10

the assumptions of perfect equivalence made by Deiters et. al.

" could be verified. ,Results were then gbtained for

'
’

extrapolated parameter values to predict the accdracq of
hybrid implementations in parameter ranges exceeding the

capabilities of the available hybrid facility (e.g.. Tcgs ms).
4.1 Continuvous-—-Time

The continuous—time model is the conceptual model
represented by a second—order linear constant—coefficient

differential equation with step input:

.. -, ® *2 *2
x(t) + zbtun x(t) + (Un x(t) = Wp uit) ({12a)



tT20 ‘ (12b)
i > 0 . h (12c)

.where t is clock time identified as real time, parameters
. ‘
» .
T and Lun respectively are the damping ratio and natural

-
N '

*undamped frequency of tﬁe system and w(t) is the unit
step function occurrinj at time =0. This second-order

system can be solved in real time but:it can alsc be

4

solved in synchronous time by defining a time-scaled

equivalent . N
N ,
. ' 2 : 2 '
x(t’) + sznx(t. ) * ol XD = Ly vt (13)
where . ‘
t = Bt (145,

is model time and
»*
Wn = Wy /B ‘ (15a)
RA>o0 ' (15b)

is natural undamped freguency in model time, and /2 1s a

time—-scale factor



»

A variation in parameter value S results in a

variation in solution. speed of the sqst'em‘.“ Precisely.

-

when:

PR =1, solution is in real time (i.e. corresponds.
to solution of system (12)),
B> 1, solution is slower than real timg.

0 <R < 1, solution is faster than real time.

1

The ctonversion of system (12) from real-time to
model-time can be visualized in the diagram of Figure 9

where it is seen that

. dx(t) dx(t*) . )
() = =R — = Bt} (16)
dt dt*
- {’
Likewise, R
. 2 .
x{t) = B xtt*) : (17)

Replacing equatians (1&) and (17) ‘into equation (12)

leads to:

2 . * &2 . w2
A xt )4-2§Q+M3Ht )+ Wy x(t) = W Uit (18)

Dividing by 132and using (15) gives system (13).

Since factor /3 affects only the time scale of the
solution, equation (13) can be used to study the system

represented by equation (12).

- 22 -



4.2 Discrete-Time Analytical Solution

The analytical solution x(t) of system (12) is
computed at discrete time t', where i=0,1.2,..., starting

‘with t°=0. Let the response data point x(t') simply be

x' The egquations of the solution and 1ts derivative

13

depend aon damping ratio T as follows: 1 6<¥<1., the

response is oscillatery’

% 1
i 1 -Tlust 1 2 i
x = ult ) - e ~h sintWa\[1 - T ¢t + & (19)
= . '
1 -3

|

* 1
i x =Yoot *® i
x = Cdn e n g sin(Lgn' 1 -3 & o+ *)’
2
v -2
- * 2
- cos(l\Jt - % ¢t + § (20)
where

2

tan § = \J1 - % /% . (21)

1¢ 5}1. the response 1s nonoscillatory:

i i
1 i -at ~bt "
x = u(t ) + ce + de (22

1 b
i -at -ht
x = — ace - bde LD

where

- 23 -



o}

a=w;(§- -1 _(24)
» 2 . '
b_=wh<§+\E~;1: o @m
2 ' 2
c=—(‘g+\g—1)/2\|§—1 (26)
1.2 lz
d.= -(-C+ \K-l.)/a T -1 (27)

IF‘$=1. the system is critically damped and the response

¥

is nonoscillatory:

® i
i i -b%* # i . .
X = u{t ) - e {1 + Lunt ) (287
* 1
i 2 -LWJ.t

o= oy e n (29)

Sampled-Data

The sampled-data model consists of the three

L Y [V I
subsystems shown in Figure 10 : discrete-time, sample
and hold, and continuous—time. Algebraic computations

are performed in the discrete—time subsystem at every
constant time in£erval of length T.. This time interval
includes.the computation time in the discrete subsystem
and the data conversion time between continuous and
discrete subsystems. As the output X(t’) of the

continuous subsystem is sampled at times iTC. i.e.,

i H
X = X’ ) (30)

_24_
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to Become the input to the discrete subsystem, the output

of the discrete subsystem becomes the input to the

< continuous subsystem at times (iﬁl)p:. i.e.,

-1 1 i+l
Wit) =W . t- C [t” ., ¢’ ] (31)

i+1 i ’
t- + TCJ i=0,1,2,. .. '_ (32)

o
u

The input W(t*) is a staircase function remaining

constant over each sakpling period.

The continuvous—tiyme subsystem performs the
integrations on its fnput with respect to time and also

compensates for the time delay TC as discussed in Section

3. Its operations are illustrated in Figure 7
representing a standard configuration of a set of n

integrators and n compensators. Thus, variables wf\z. v

[
’ il

and X in the figure are n—-vectors-and €6 is an nxn

diaqonal matrix. The equations describing these
i i
operations are the following |
Z(t") = W(t") ‘ ' (33)
V(t’) = B8 W(t") ) (34)
X(t ) = Z(t’) + V(L) (3%5)

where Z is the integration ocutput, V is the compensation

vectar and 6 is the'matrix of compensation factors.



The operations of the discrete-time subsystenm
consists in the calculation of a discrete n-order linear

equation expressed in vector notation as

i+1 i i ’
W = AX + BF ) (36)

where-A and B are nxn coefficients matrices and F is the
forcing function vector. The special case of the second-
order linear differential equation (13) may be expressed

in the form of equation (3&) by

. . T ;
X = (x x ) (37a)
1 2
T
W= (w W ) (37h)
1 2
A=1[o 1 (37¢)
2 ¢ )
_‘Wn —23 0,
B =10 0 - (37d)
- 2
0 n .‘
- - e
T .
F = (0 u ) . (37e)
,1 = x - N (37¢)
X = w = x (37q9)
2 1
w o= x {37h)
2
* -—
or ! " q
1+1 i 1

o o 0 (38)
+ 2



3 .
In scalar notation. €his is:
i+l i
w = X . (39)
1 T2
and
i+l 2.1 e i 2 i (40)
. w2 = - R 11 —2,_wn12.+ by v,

Discrete-Time Equivalent Of Sampled-Data

-The sampled—-data model can be represented by a

‘discrete—time mode] since the operations in its discrete-

\
time subsystem are discrete and the input to its

continuous—time subsystem are constant over fixed
LY

intervals permitting the analytical computation of the
latter's outputs. The objective is to develop a

difference equation for the splution X(t) representing

the operations of the sampled-data model.

Function X(t) is being discretized at every sampling

instant t' = fo, i=0.1,2, .. Thus equation (39) leads

-

to the Followihg equation for the difference of two

/

consecutive discretized value of X(t).

i .
X - X = (2z - Z ) + (Vv - V) (41)

.

Similarly, from equation (34) and since B 1s constant,

the difference oF'fwo consecutive discretized value of

- 27 -
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-the_comhensatinn,Function'V(t) is

i - i+] i )
v -V = 8(W - W) (42)

The discrete-time difference of the integrator output
Z(t) is obtained by integrating equation (33) over the

sampling interval T

i+1 i Tc i i
Z7 -7 = W dt = W Te (43>
0o
where W' is constant over the interval (t' .t'+1).

Substitution of equations (42) and (43) into (41) yields:

i+1 ‘1 i i+t i, :
X - X =T-W + 6(W - W (44)
. C -

and substituting for W' from equation (36) gives

v -

i+1 1 : i-1 i—1 i i
X = X + T-(AX + BF ) + 86(AX + BF )
' i-1 i~1 :
~ O(AX + BF ) - (453)
or
i+1 i i~
X = (I + 8A)X + (Tc ~ 8)AX
i i-1
- ’ + 0BF + (TC - ©1BF (44)

8 matrix equation which is a discrete—time equivalent to

the sampled-data model.

4



The corresponding second-order model can be derived
from equation (46) as follouws. Let matrices A, B and F

be as in equations (37c) to (37e). Thus equation (46&)

becomes:
i+l i : i-1
X 1 (¢} “X ; o 1. |
| = *2 P+ (T ® *2 N
x 0l 1-20% | Lx : - n 2T wpf s
i . i-1
0O 0 (o] 0O O 0
“ + 8 *2 + (Tt— e) w2 (47)
0 Lun 3] ) o] L"h _ u
In scalar notation. thi; is
. i+1 i i T -t ‘
X = X + Ox + (E:— 9)x {(48)
and )
i+1 . #2 1 S 1 t
x = -0y x + (1 - QBELJH)I
*2 i1i-1 -, ®.1-1
+ (T 0) (-l x - 25thx )
#2 i #2 1-—-1
+ ewnu + Ht—e)wnu (49)

5.0 COMPUTERIZED MODELS

-

A computerized model 1s a computer program which
L

. .gmplements a mat:ymatical model on a particular computer. The
four computerized models are identified as Systems A, B, C and
D in Figure 1. This section describes the computer

implementation of the mathematical models of Section 4.

-

_29_
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System A
The discrete-time analytical solution mathematical
model is implemented on a VAX 11/780 diéital camputer.
This computerized rpod.el. System A. is implemented as
FORTRAN subroutine.SYSTHA which vses data set DSA as
—_ .
input, solve; the analytical equations. and produces data

set DSL as output. Its documentation is given in

Appendix C.

Subroutine SYSTMA starts by establishing a final

solution time TF and a data computation/storage period

TS. These variables are cdmputed as: - )
- #*
F T/ n
and
i
W ’
T =2T/N {21)
S /Ny ™n :

where NT is the required number of cycles for the whole
solution and NS is the required numbg; of data points per
. cycle to-be computed and stored. The remaining
operations of SYSTMA depend on whether the damping tatio:
is less than, equal to., or greater than unity to solve

the appropriate equations among (19} to (29) itefativelq.

', x' and t' where t' is incremented by T

S

Data points x

at each iteration, are stored in data set DSR.

-
3
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Sqétem B

The continuous—time model s implementgd on an
EAI &80 analué cdmputer. The analog- computer is aﬁ
-electrqnic computing machine whose operation is guite
different from that of a'digital computer. Numerical
values on an analog computerxﬁre establi;hed by the’
measursment of electrical voltages on w&ich mathematical
.operations are performed. An analog computer operates iﬁ
a parallel manner wheras a digital computer operates

"
sequentially. Parallel ogperation means that all
variables in a problem are simultaneously updated as time
evolves. Consequently, the time requ;red to genérate
problem solutions on an analoag computer is independent of

.

proﬁlem complexity. Also, an analog computer solves
differential equatioﬁs synchronously. furthermore,,in
+this investigation every solution of System B is done in

.

real time (2 =1).

An analog computef is made of electronic components
such as integratorsf summers, etc. ' It is pragrammed by
linking these components together with electrical
connections, Furthermore, the analgg computer operates
with values smaller than or equal to 1 at all times. For
that purposg, the model s time-dependent variables must

be scaled with ‘amplitude scaling factors’ to prevent



-

‘overloading’ the analog components. Figure 11 .
illustrates a scaled analog ciécuit for SQstém (13) where,
0y *M and iM are the scale Fa;tors correspnnding\t; ..
variables x, x and x. respecti§elgl x® and x° are the
initial conditions,of the system. On fhe circuit
diaéram. thg symbol numberedrlb Tepresents a summgr

M
whereas symbols 20 and 25 Tepresent integrators. A DCA
(Digitally Controlled Attenuvator), or a puéentiometer.
has the function of multiplying its own constant
coefficient by its input value., DCA'; are represented Hq
the circular symbols numbered 15, 20, 22, 23, 25. 27 and
28. .The expressions in square brackets ére scaled
variables whereas the curved brackets indicate DCA
coefficients. Since t;; maximum value of a DCA ~ 0
coefficient is also unity, it is sometimes neces%arg to
'intro;uce an ‘amplifier gain’ G. Such a gain is shown
3ssociated with integrators 20 and 25, allowing the.

coefficient of DCA’s 22 and 27 to be divided by the same

factor.
1

When the analog computer is in operate mode, that is

when the model is being solved, variables x and X are

integrated. Also, variables x and i, multiplied ///ﬂ\

g/_\ ¢

respectively by the coefficients of DCA’s 28 and 23. are

-

added to the forcing term from DCA 15 to produce a new

_32_



value for x. Each of these steps is executed -

continuously.

e B
The analog prograﬁ of System B is qutro}led by
digital cumputerksubroptine SYSTMB whose dncumentétion is
contained in Appendix D. There are two main parts in the
subgputine. The first one sets the anélog computer

.

components; the second stores data (Fig. 12).

The first ﬁaﬁt of SYSTMB loads program VAXHYB on the
PACER 100 digifal—computer: This prdgram is part of the
VAX/HYBRID sgsteq and provides for data transfer b;tween
the VAX‘digital computer and the.analng computer through
the PACER digital computer. SYSTMB then computes the
final solution time TP and the data storage sampl{ég

period TS by equations (50) and (51). ° It also computes

the following scale factors: )

x =2 u | —_ {52)
s M .
x = u L . (53)
M r v
in = u G (54)
The amplifier gain G is determined depending on the
natural undamped frequency CLu. as follows: -
( 1, 0 < pr<1
e = J 10 ., 1, < QL.Q 10 (55)
Q;' L 100 , 10 < leg 100

- 33 -
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Gain € is then set on the integrators by analog mode
contfﬁl using VAX/HYBRID system subroutines (@ Routines).
The first part of SYSTMB concludes by computing the DCA

values DK. where K is the DCA number. and sets them on

the analog computer. DCA values are camputed as follows:

D wg / 10 x (56)
= v X
15 n M
0, .
D = x x =0 (57) .
2=/ %,
o - .
D = x x =0 ) ' ‘ (58)
25 / M - L _
. 4 - B
D _=x /6x (59)
22 M M
D = x G x . ) . (60)
27 n/ M
D = -2%CLu.x 10 x (61)
2y = T2%0nx, /10 %
-
i o :
D = -t x—/-10 x . (62)
28 n H/ M

The 5econd‘part of subroutine SYSTMB is performed by

<

calling.subroutine HILOOPB. It puts the analog computer

in operate mode and reads variables xS and *S

-

respectively at a high rate from the analog—-to—-digital

Pl “

(A/D) converters, unscaling them each-time by

X o= ox_x ¢ : (63)



and

x = x x {64)

An accurate clock on the VAX computer determine§ the time
t” when variables are read from D/A converters, Solution
data points are étored in data.set DSR as x , x and 9
when__tJ is larger than or equal to the last time of
storage t:A'_1 plus th; data storage sampling perioad T

S

. The solution stops when

J . .
tT > T (65) .
F

The iterative logic is shown is Figure D-5

System C

The sampled—data model is implememted on the hybrid
computer as System C in Figure 1. The continuous—time
subsystem is implemented on the EAI 4B0 analog computer

while the discrete-time subsystem depends upon two
di;ital camputers: the DEC VAX 11/780 and the EAI PACER
106 (Fig. 13). qutqm C is controlled by subroutine
SYSTMC on the VAX computer. Program PACMAN (EﬁgERbmﬁlgﬁ
on the PACER provides for data transfer befwéen SYSTHMC
and the analog computer as well as reading the analog
computer claock. Data corversion between the PACER and

the analog computer is per?oﬁmed by A/D and D/A

converters in the sample and. hold subsystem, The

\ - 35 -
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documentation for SYSTMC and PACMAN can be found in

Appendices E and & respectively. -
L]

.The circuit diagram of the continuous—time subsystem:
is illustrated’ in Figure 14. The symbolic figures in
this diagram have the same meaning as in the analog
circuit of ﬁigu;e 11. For each integration, this
subsystem ;ontinuouslg integrates. the D/A converter
values, implemeﬁts analog compensafion by adding a

fraction © therof to the integrator output and delivers

the sum t& an A/D converters.

quroutine SYSTMC is implemented in such a way that
with minor changes and the standard analog petchboard, it
‘would allow up to fifteen integrators with compensation
to be used simultaneously. This would permit, for
example, the performance study of other mathematical

s

modéls such as higher order linear or nonlinear systems
or combinations.theroﬁ. Furthermore:, with relays R? and

i 4
R39 positioned as showg yn Figure 14, the integrators

cperate independently. Suppose that R34 would be
switched to its alternative position, then the
‘integrators would be connected in series. Different

compensation factors would probably be required in this

case. Such alternatives bear investigation but are not

considered here



Since the hybrid system-exchanges data between the
‘'VAX computer and the analog computer, the hybrid Facilitg

-

uvsed was such that a program similar to projgram VAXHYB
for System B was required on the‘PACER computer to alf£;\
these transfers to occur. As a replacement for the i
.general—purpose program VAXHYB. program PACMAN was
implemented for the particul;r application of the
computerized model og System C. This program has tuo ,
main functions and performs no important calcuvlations

The first one is to receive data fram the VAX into.a
buffer. set the analog cnmgonents and D/A converterg.
reéd A/D converters and send back the buffer containing
neQ v;lues to the VAX; The second is to fix the required
loop—-time TC by looping on one if-statement until the‘

§
elapsed time since the last reading of D/A converters

~
does not exceed Tt. "

Transfer program VAXHYB could have been used for
System C as it had been for System B. However, SYSTMC
was done before SYSTMB and the accurate clock of the VAX
was not available then. .Thus, PACMAN remains as a
special-purpose alternative to VAXHYB with the advantage
that lobping to fix computation time TC is done on the
dedicated PACER rather than the multi-user VAX computer,

thereby liberating the latter for other users.

L



The operations of SYSTMC are now summarized. First,
" the final solution time and data storage period are

computed using the same equations as in Systems A and B.

i.e., equations (50) and (51). Amplitude scale factors
are computed by: . -t
x = (1.2) 2 u | " (66)
H .
io= (1.2) vy, ' (67)
M
.. . 2 .
x = (1.2) u Ldn (468)
M

)
™

The scale factors are set larger than in System B since
many solutions tend to be less accurate with System C. .
The scale factors are adjusted further. as Pollows, if
the coefficients of compensation DCA’s (32 and 37 in

Figure 14) exceed unity:

1.2 6 «x : 6 «x /x 21
. MP MP M '
X = ' . (&%)
M .
X ’ e x // x <1
MpP MP M
1.2 8 x ' e x //x > 1
. MP MP M~
L X = 4 - (70)
M .. . . .
X P 8 x //x <1
MP : MP M .
where x and x Tespectively are the past values of x
"€ up mp T =P - P M
and fo' Then,/ the amplified gain € is given a valvue

such that DCA‘s 31 and 36 do not exceed unity. This 1is



-\

-

"for the &uratiun of,.the solution. The DCA wvalues D

.

1. 8.
Y e = MAX ( x VA NS /i' ) (71)
M M M M M
. » . : )
Gain & is then set depending on GM as follows:
|
1. ¢ <1
M
10 . 1 <6 <10 .
6 = « M S 7
100 | 10 ¢ & < 100
M ~
11000 , 100 < @& < 1000
| ]

. and R_ .,
34 29

define the analog circuit., are given values of zero such

Relay wvariables R which are used to

that the relays will remain open as shown in Figure 14

K‘
where K represents the DCA number, are computed as

follows:

0
D :-..1/: = 0 ‘) (73)

30 M _
0/ . ) ‘

D = x /'x = 0 (74)
35 M
D =60 x /_, ] (75)
30 M M
D =0 x X : (76)
37 n/ M
D = —x x G ' (77)
31 H/ M

. D = -x /x e ' (78)
36 M M



_jn order to set up the analog computer qu a
particular solution, program PACMAN neéds the necegsarq
data. As mentioned above. the data are transmitted from
the VAX tﬁkthe‘PACER through a prFEf- At this point‘SF
SYSTMC, the buffer is filled with the values of the
_Fo}lowiﬁg.ti;iébfﬁgz "Dyry. Dggr Dy Dy Dy Dyt &
Tt, R3g. R39 and an intzser value specinin; the number
of integrations. The buffer data are received from the
VAX as soaon as the executﬁon of program bACHAN begins on

the PACER computer.

Mrhen the solution of System C begins with tﬁe
executton&pF subroutine HILODP_calle? by SYSTMC. It is
solved in & high speed iterative loop which includes the
éransFer 6; hybrid data (VAX-Analog-VAX through PACER).
The high—speed;loop includ?s the ?ollowing operations
(Figure E-3):

(1) The A/D converter variables xS and iS are receiveJ

in the buffer from the PACER and unscaled:
X = x X . ' r (79
X = x  x (80)
(2) The discrete time solution (7, x¥, x¥ ). is stored

in data set DSR as discrete dgta (t', x', &' ) in a

similar manner as SYSTMB (Fig. E-&6)\: uwhare ) and ¢

- /40 -
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are the solution and data storage times respectively

incremgnted by

-1
R T , (81)
ang .. i
i i—-1
t = ¢ + T {82)

{(3) Model equation (13) is solved for x and variables «x
3 ¥

and x are scaled by
3

x =x / x (83)

and

x_ = x / x (84)

These variables are sent to the D/A converters via

the PACER.

The VAX/PACER interface system 1s such that data

trans#ered in.eithe; direction must be integevrs.
However, most of the hybrid data are fractions. To
overcaome this problem, the fractions are multiplied hy
the largest'PACER integer (i e. ., 32768i'and then
conyerted into integers by the FORTRAN function ININT.
For example, variables iS and iS are transformed by the
following FORTRAN statements before being sent to the

PACER: .

- #41 -
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XDS = ININT(XDS#327648. ) (85) -

e

XDDS = ININT(XDDS#327&8.) ' ' (8&)

The inQerse_transFormatidn (i.e., division by 327&68) is
then perFo?med by subroutine VXPBUF of prog;am PACMAN to
revert back to scaled fractions for D/A conversion
purposeg. The same idea applies for PACER to VAX

transfers. In the PACER, fractions x. and x. are

S S

transformed into integers by subroutine PVXBW and inverse

transformed in the VA* by:
*

XS = FLOATI(XS)/32768. (87)

XDS = FLOATI(XDS)/32768. ' (88)

where the FORTRAN function. FLOATI converts integer

variables into real variables

System C uses a FLAEG variable with six possible

—

values to control whather the program should staop or

continve:

FLAG = 1
This is the normal value indicating that the
solution must coqfipueu
<
FLAG = 2 .
Indiéates that the solution must stop because either
the final solution time is reached or the solution

is growing indefinitly large,



FLAG = 3 : #
Indicates a time constraint. It means that the
required time of computation TC is too small and the
operations in the high—speed—loop could not bhe

- acheived completely during that period.

FLAG 4

Indicates that ffr some reason. the VAX was unable
to send the buffer data to the PACER. This case and

the case of FLAG=3 should never happen unless the -
’ hybrid system 1s not functioning properly. \\\\

FLAG = 5
Indicates that for some reason. the VAX was unable

to receive the buffer data from the PACER (see
FLAG=4). -

n

FLAG &

Indicates that an_overload on the analog computer is
about to be or has already been detected. The data

geing to the D/A converters and coming from the A/D

converters are checked to prevent them from getting

too close to uni¥q. If an"overload is detected, the
amplitude scale factors are multiplied by 1.5 and

the high—speed—1lo00p is restarted.

/’\

System D

The discretg*time equivalent of sampled-dgta :
computeriied model 1is iﬁpfemented digitally by FORTRAN
subroutine SYSTMD whose doiumentation appears in Appendix
F. Subroutine SYSTMD uses the model parameters of DSA

and DSB as input and solves equations (48) and (49). It

first computes a final scolution time TF {(eq. D0) and a



t

data storage sampling period TS {eq. 51). As in System

C. the equations are solved at every instant tY and
incremented as in equation (81) and data corresponding to

instants t' (eq. B82) are stored in data set DSR. The,
J

solution stops when t¥ > T_.

E

"PERFORMANCE CRITERIA

refer
.gain
liter

solut

mean

overa
funct
given

dista

is th

Solution errors are defined as departures from a
ence solution. Several criteria such as amplitude error,
error and root mean square error have been - used in the ¢

ature to establish the accuracy of dynamic system

ions,

The criterion adopted in this report is a3 normalized root
square error of a normal distance approximation. The
11 errnrdLetween a given function x(t) and a reference
ion xR(t) (Figf 15a) 1is Qetermined as follows. At any

value of time t where both functions exist, the normal

nce is approximated by

S = Ax cos = © (B9}
Ax = x ~ x (90)
R
e difference in amplitude and
_1 . !
& = tan  x {?1)



is the slaope angle af xR. Furthermore. defining line L. to bte

parallel to‘!ﬁe tangent LR of x_ and intersecting x at the

Re

given valuve of t, the derivative may be expressed as

-

iR = Ax /A% - (92)

where

At = £ - ¢ - , (93)
_ . .

is the difference in time between the given value oF't‘and t1.

the time corresponding to the horizontal projection of x_(t)

R

-

onto L.

The distance é is normalized by normalizing the
[

differences Ax and At respectively to the maximum absolute

amplitude ﬁ%AXand the time domain T} of the functions.

Specifically. ’
!
x = HAX[ MAX (| x e}, MAX(|x (t)')]. t € [0, T 2 (94)
MAX ) R . 1
where T1 is the minimum of both total solution times. In

order to be consistent. every model was solved for&a fixed
period torresponding to NT=3 cycles of undamped natural
fréquencg ﬁw=bqj/§TTexcept when a system was severely

unstable. Thus the normalized differenfres are computed by
- L‘N = fAx / «x : (95)

MAX

and



At = At /7T Lo
N , 1 :

and the normali;ed derivative is

xRN = A:N/AtN = Ax T1 /At !HAX = xR TI/ xl'le

(26)

(F7)

The normalization of Figqure t5a to 15b is completed by:

_1 ) »
o = tan X
N RN

= Ax’ co0s o
é N N

'! /x
RN R MAX

!/l

"
il

MAX

r
n

RN LR / tl‘IAK

¢/ x

N MAX

r
i

(2 d
-
r4

1}

o
™

-
[ )

1
+
and
t = ¢t /71 - :
LAS
Finally, the root mean square error criterion is
by:

(98)

(99)
(100)
(101)
(102)
(103)

(104)

(105}

given )'



. - T1 o 1/2 1 o 1/2
g =1 -— $ dt = - & dt " (108)
N T O N o] N N

In the case when“one of the solutions grouws indefinitelq.EN

is given a large value of unity since the borderline of

practical acceptability will be in the vicinity of 0. 0075.

This error value (E:N) represents a normalized

approximation to the average normal distance hetween two

solutions. In order %o gain insight into the significance of
\:

Ehf a-set of graphs dispiaqing_errors between various SOLDE

sélutiuns is presented in Appendix A. -These curves are all

solutions of the analytical model for different values of °

-

damping ratio (= .01, .1, :5 1, 2, 5) and a natural undamped

-

frequency of 1 Hz for the reference solutions. In Figures A—l
Ll

to A-&, the damping ratio was varied until the illustrated b

errors (£, = .0075, .0!l, .1) were obtained. éimilaflq. in
N+ _

P
-

Figures A-7 ko A—12, the undamped natural frequency was varied

to achieve the same errors. It is seen that‘iN=.OO%5 £o,01
would likely be acceptable as a figure nf merit for many
practical engineer%ng applica%ions but thatE;N=.1 would
definite}g be too large. "This normal error criﬁerion was
chosen over a simple amplitude error criterion because the
latter was too intolerant of frequency deviations, especially

far thEﬂlow damping solutions.
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. . R a - 4
The error criteriaon was used to det ine regions of

accuracy in the space of system parame§ers. Damping ratip §
and ﬁatpral undamped Frequﬁcg an age the two parameters of
model equation (13) whereas computation time T- and -

compensatioﬁ.Factor 8 are hgbfi@ computer implemontatiop

parameters. tot

and T

It can be shouwn by analysis that parameters cun C

can be combined intc one, i.e., LI T. radians/sample. Other
authorse—K)havg also used this parameter in accuracy studies.
Furthermore, it was verified by experiment in the course of

this work that accuracy is a function of this combined

parameter . However, the equivalent ’sampling rate’ parameter
-1 7 . .
R = (FnTC) =2 /LJnTch: {107)

+ . :
expressed in samples per cqtle. was found to be mgre .
meaningful and is used in the presenta‘&on of results ]

throughout this report.

S-10

The same authors— presented their résults only for

©=1. 5T+ which is the dptimum value of © ingthe Taylor Series
sense, Vichnevetskq? howevet, “is one of the few author; who
presented results for other values QF.G. but cniu for
stability studies. An obiective in this project was to

. .
identify regions of improved accuracy with_values of 6 other

than 1.5TC. Also, a ‘modified compensation factor’



[}

‘

7.

6’ =807/ 1.97. . ‘ (108)
~ " ‘

was defined such that its optimum>compensation value in the

.Tagior Series sense is unity whereas ©°=0 corresponds to the

uncompensated hgbrid.simulation case.

0 PERFDRMANCE ANALYSIS PROGRAMS

-

Three programs were developed on the VAX 11/78B0 digital

computer for the per?grmance ana1q515 BF the previouslm
defined computefized models. PrograerESPLT simply plots the
time response of a system whi;h is speciFied-interactivelq by
one of the charaFters A, B, C or D The input parameters in
DSA and DSB are also entered by the user. Program RESPONS
also accepts a charactef‘(ﬁ.B.F.D) from the user and produces
time :ésponsgs oF-thé specified sg;tem.- It then solves the
system }u; every combination of input parameters included in
Table 3. The datawére then stored in disk files. The

£ ‘ )

performance analJEis o? a system compared to another system

with the same input pérametér values is executed by program

.k\\\éMSERR where the Toot mean square (RMS) error is computed

between both. This program asks the user to specify two

&

‘systems to be compared and then performs the analysis on the

-corresponding solution data produced by program RES#DNS. The
RMS errors are tabulated and displayed oﬁ graphs. Run

n

examples of the thr»ee programs are given in Appendix K.
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Proﬁrhn RESPLT

~
b
i

Program RESPLT is an interactive program in which .
the user is asked to specify one of the four systems

(A,B.C,D) and a sef of values for the input parameters §,

Fre © and-A~. The doéumentafion of program RESPLT is
n c

L]

contained in Appendix H. The program uses a plotting
packang to plot time respo;se solutions. It yses the
solution data in data set DSR generated by the }our
computerized models_(subroutine; SYSTMA, SYSTMB, SYSTMC
and'SYSTMD) to plot the curves. The abscissa and
ordiﬁate are scaled auvtomatically. Furthermore, it
diéplags a fixed number of cycles of oscillation
depending on the value of NT read from disk file DSC. DAT
which. also contains the value “for NS. i.e., the number of
data points to be stored pef cycle of solution: Thé user
is required to specify one of several,possi?lv output
devices, such as a screen terminal. an X-Y hlotter or a

LY

printer-plotter.
Program RESPONS : . N

Prograﬁ_RESPUNS is documented in Appendix I.
Briefly, the user is asked to supply a letter (A to D)
corresponding to the system to be solved.: The whole.
range of values of the input parameters in data sets DSA

I3

and DSB (Tables 1 and 3) are read from disk files DSA. DAT
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and DSB. DAT as well as file DSC. DAT containing the values

of N_ and N-. For the case wh System C or D is to be

solved, the values of 6’ are yed on the screen and

the user is requested to chbose ane, whereut:p,the model

is solved for every combination of.%, Fry @nd 1. for the

by

chasen value of ©°. The vuser may then choose another

value of O, On the other hand, Systems A and B. -are

-

solved for every combination of the only two applicable

parameters, i.e-, . and Fn. The solution data points
, R | BT
temporarily stored by the computerized models in data set

»

‘DSR are then stored in disk files. The solutions of

Systems A and B are stored in files DSRA. DAT ahd DSRB. DAT .

respect}velg. System C data are stored in files b
DSRC1. DAT to DSRCS. DAT where integers‘l to 5 correspond
-to the valueS-Q:. i=1,...,5 Likewise, for System D, the
files are DSR01 DAT to DSRDS. DAT.
Program RMSERR |

Program RMSERR 1is documgnted in Appendi{x J.r The
_user is requested interactively to enter two characters
corresponding to two of the four systems A, B, C and D.
The user ‘s response is checked and an error message is
issvued if there is an incensistency Then, as in progqram

RESPONS, if one of the systems entered is C or D. the

user has to supply a number i=1, .. ,5 corresponding to a

»



desired value é{'so that the program can.reag the

_ appropriate disk files containing the solution data ‘
points. Debending on the sus?emé upon which the
performance anaigsis is to be performed, two of the
following t;elve daté Files.are Tead into program arrays:
DSRA. DAT, DSRB_DAT; DSRC1. DAT ?o DSRCS5. DAT and DSRD1. DAT
to DSRDSnDAT. The normalized RMS e;ror Eh1$eq. 1046). is
then computed for every time response contained in the.
abgve files. The time responses are'takép in;the same
order in which theqtﬁere created Eg program RESPONS. The

values oFE:N are stored in an array which is. organized to

be tabulated and plottedsga§qné of two alternative ways.

The first alternative produces a table and a graph

of Ethalues. ‘When System C or D is involved, the table

o ;
‘gives the error as a.function of the normalized sampling

rate R and damping ratio Y. The values of R displayed in
ﬁhe table are entered by the user as their corresponding

values of F T. in file DSD.DAT (data set DSD). The

associated: graphs plot EN against ¥ for several

-

predetermined values of R. For Systems A and B, where TC

is zero, R is replaced by the natural period ﬂﬁ=1/Fh‘
The table is stored in disk file DSE‘IJV‘. TBL, where

System ‘Y’ is compared to reFerenb\ System ‘J’. Such

tables and graphs are presented in Appendix B.
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The seco?d alternative produces a different graph

but, first, the user is asked to supply an acceptable

error value E’NA' Appropriate computations are made to .

. —

: H
find the sampling rate R for which the error is smaller

than ENAFor-a given value of T. The graph axes are R
against Y. .For every sbeciFied qombiﬁation of R and ¥ a

dot is piotred 06 the graph if the error is acceptable
Again. if Systems A and B are involved. R is rvreplaced by
Tﬂ' -Such graphs appear 1in Figures 18 to 346 where the

dots have been replacéd by regions of accuracy.
PERFORMANCE OF COMPUTERIZED MODELS :

The perFormante analysis programs described in the
previous section were implemented to determine the accuracy of

the computerized model solutions. In this section the

1

performance of Systems B, C and D are discussed and the
correspondence between Systems C and D is established. The

stability of sampled—data systems has been étudied hy several

7151€19

avthors. The Tegions of stability established by these

authors are also discussed in more detail in this section.

However, the main objective is to determine regions of

—_——

accuracgfwithin the regions of stability It is alse

interesting to find the values of O’ which increase the

regiuns of accuracy and stability.

/



The computerized models were solved for a practical range.

#Q

of their input parameters. Damping ratio ¥ was varied.From

. 002 (neglig}blé damping) to 5 (hiéh damping). The
pefFormancés ;f thé s;mbled—data model, System C, and its
digital equivalent, Sgstem-D, were observed for sampling rate
R=(FnTCf4 vaiues varying from one to 10 thousand samples per
natural period. For thése two Sgséems. Tesults were also
obtained for the Fo}lo;ing.discrete values of 8‘: 0. .5, 1,
3.5. 2. However, some results aré also given for other values
of 6°. éince the analog computer system, System B, does not

involve a computation time TC’ the errors are simply observed

as a function of the natural period T, (=F;1).

The anilqsis progrgms produce graphs and tables as
L
output. On the first series of graphs which are accompanied

by a table of the exact values. the normalized root mean

square error (CN) is plotted against ¥ with a curve for

- _
different values of the sampling rate R. Such graphs and
tables are produced for each predetermined value of 8°. In

the case of System B, the curves are plotted for different
values of Tn only. These tables and graphs are displayed in
Appendix B and they serve the purpose of giving a precise

o N

value of the error for a fixed set of input parameter values.



L
-

{ With a different objective, the second series of graphs

préduced by program RMSERR, displaqs the region of the
pa;ameturs R vs ¥ wherelihgfefror 4is considered acceptable
tENg. 0075 and .01). In other words. the region indicates the
allowable sampling rate that mill.pruducena small error for a
given damping ratio and compensation factor. Each graph is
préduced for a constant valwue o¥ 6’ andfa“A. However., for
purposes of condensing and comparing resuvlts, several curves
hadve been Judiciouglg included in each graph of Figures lé to
36. The dashed line ‘window’ in these graphs defines the
range gf parameters investigated. In the graphs of Figures 20
to 35, different regions of the window can be identified. One
is a-rbgion of small error (or high accuracy) indicated by

IN

EN§.0075. Another is a region of larger error {or

intermediate acguracq) indicated by the cross—hatched areas
where ioo75g£*‘§.01‘ The region below the lower line (short
and long dashes) 1is the.DTESD model stabilit; boundary wunder
which the-sﬁlutions grow increasingly large with time. An
.interesting comment Ean be made_concerﬁing the i1intermediate
region of accur;cg. The width of the intermediate region is
an'indication of the rate at which the error varies when
varying the dampiﬁg rati& or sampling rate. When this region
. - A
is large, for a fixed 3.:i¥ can be shown that the error

increases smoothly for decreading sampling rates. .However,

"the intermediate error region is non-existent along some
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segments of the high accuracg'boundaries indiéating a more
radical variation in the errof as the sampling rate or damﬁing
ratio varieg. Thus some care has to be taken when simulating
with these parameters. This is often seen in the region of
large § uhére relatively small variations in damping can
produce disproportionately large solution errors or éven
destabilize the system coqple;elq; ;s seen by the proximity of

the high accuracy boundary to the stability boundary of the

DTESD model.

8.1 System D Relative To A

7

Vichnevetsky studied the theoretical limit of

stability for the solution of an n’th order linear
differential equation with constant coefficients using a

hybrid computer where the integrations and compensations

are done on the analog tomﬁuter. He derived stability
X
contours in the complex plane of the characteristic roots
—_—

of the simulated system and plotted these contagrs for no
compensation (6°=0) and optimum compensation in the
Taglor Series sense.ée’=1). Such stébilitu contours can
be quite different for othér values of 8’ as shown by

B
Allison and \Jchhn-.sonl5 for 6‘=.5, .75 and 1. 3.



"To facilitate the comprehension of the stability
contours in the case of a SOLDE, they were transformed to
the (!: R) plane (;iz  Appﬁﬁdix LY in Figure 16 wherk
the stable region lies above the stability boundary for

-

each value of ‘=0, .5, 1, 1.5 and 2. The boundaries for
6’=.5, .75 1 and 1.235 are: shown iﬁ ;igure i7. These
stability boundaries were verified wiEh the DTESD
computerized model (System D) solutions., It is clear
from this graph that., for a given value of damping ratio,

‘=1 is not necessarily the optimum valve for stability
qith minimum sampling rates. In the Eurveé of Figure 17,
it.is seen that 6‘=1 is optimum only for a small range of
damping ratio. i:e..f €. 1, .4). In fagt, it can be
shown by plotting the stability curves of ©’ values
between  75 and 1. 25 that the 8’=1 boundary is
practically never the lower curve even for'T EC 1, .4),
Furthermore, it was verified that ©’=0.5 is optimum for
?T>1 and ©'=1.25 is optimum for £T<0. 1. For example,

however, it ¢s seen that the system is stable for

TE( 1, 1) with 8’=1 and R>10 samples per cycle

As for the stability boundaries, the accuracy
.boundaries defining the regions wherein E:N§.0075 {good
accuracy) are presented in Figure 18, There is a curve

for each of the five 8’ values of interest. From this



¢
graph. it is clear that 8’=1 and 6’=0.5 are optimum
respectively for ¥<2 and $§22. Since 8°=1 is uptimu; for
a large r:;ge o; damping ratios., i§ is interesting to
look at accuracy curves for values of O’ in the vicinity
of unifg. Some of these are shown in Figure 19. . If
seems that the accuracy regions, unlike stability, cannot
be improved if ©’'>1%. However. the curves ttnﬁ to show

.

that the optimum value of 8’ for 21 lies in the semi-
. '

closed interval [0.5, 1).

The two different levels of accuracy of the DTESD
model and the stability boundaries are illustrated in
Figure; 20 to 24. It is seen that the region of high
accuracy sometimes lies beiow the limit of stabiliﬁ#';or
low damping. This is understandable since low }aﬁ;ing
iaplies marginal stability and, although a.Suéiém D
solution might be slightly unstable, its error relative

to the analytical solution may satisfy E%QS'OO75‘ ’

The smallest allowable sampling rate that can be
found in these figures is approximately 20 samples/cycle.
It occurs when 6‘=0.5 (Fig. 21), with ¥<5 and when &6’=1
(Fig., 22) with Y=1. For example, this means that with
‘=1, ¥=1 and Tc=10 msec, the highest allowable Frequen;g

for good accuracy is approximately 5 hertz, or 10 hert:

if TC=5 msec. Also, with 6'=1i, good accuracd can be
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obtained for T€(. 002, 2) with a \amling rate R250 |
sﬁmples/cqcle and the range can be extendeﬁ to include
T€(2, 5) with R290. However., the same extension can be

obtained with 6’=0. 5 and R>32.
System C Relative To A

Accdracq.buundaries of System C relative to System A
and the digital equivalent stability boundaries are
'présented in Figures 25 to 29.: It c;n be assumed that
the;e stability curves are not too diFFerént from the
actuval stability limits of System C since the regions of
accuracy follow a similar pattern as those of System D
This can be seen'bg superimposing the graphs of Figures
20 to 24 on fhose of Figures 23 to 29 respectively.
However. there afe a few exceptions where the regions of
atcuracy do not.correspond. One of them 1is the case of
e%:f (Figsﬁ 22 and 27) and T€C. 5 2) where the £ = 0075
boundary is somewhat lower for System C than for System
Q. However, the general discussion of System D relative
to A is equally applicable to System C. In additian,

Figure 30 demonstrates the effect of increasing the

acceptable accuracy by decreasing EPQ from . 0075 to . QOS5

_sq_



System C Relative To D

-

For the combarison oF'tQQ sampled-data computerized
model and its discreée—time equivalent, }t is more
appropriate to talk about regidns 6# equivalence
(£N§.0075)‘rather than accuvacy. The graphs of

equivalence regions are shown in Figures 31 to 35.

It is observed that for small values of compensation
factor (6'=0, .5):, both systems are equivalent somewhat
beyond the stability boundary in the low damping and high
sampling rat? region. Dtherwise.‘the equivaloﬁke curves
all follow the stability boundaries very closely on the
stable side: This ﬁéan; that as long as the solutions
are 5table,-8q5tem D is equivalent to System C. This
total'equ%;aleﬁce supports the assumption made by

- 10

Deiters, Kano and Inocue on the basis of a few

verification tests. ¥
System B Relative -To A

Since there is no time—-delay in the analog computer
solution of the continuous—time model. o©only one graph of
results ;s required. Two accuracy regions (Ehlg.oo7s and
Ehdz'OI) of System B ;re-seperated b; a single boundary

in the natural period versus damping ratio plane of

Figure 34. The lack of any shaded area éiong the
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boundéru indicates a rapid deteriération of accuracy from

one side to the other. To maintain good accuracy. the

-

natural frequency Fn of the SOLDE must be less than 15

hertz (T)=.067s) if JE[.002, .51 and less $han 30 hert:

{T,=.033s) if $€r2, 53. The range T€¢. 5 2) is

i

transitional as far as fhe upper bound of Fn is .

concerned. Furthermore, these upper limits of FrequéncJ
, for good accuracy represent a sort of ideal which could
only be approached with.System C by reducing'Tc as moch

as possible.

CONCLUSIDN _’/

. !
Four mathematical models describing diFFgrent‘methods of .

-
¢

solution of a linear second order system were deéfined. A
computerized model corresponding t6 each mathematical model
was implemented and documented. One of the computerized
models was a discrete—time analytical solution ;mplemented on

a digital computer as System A - A second, System B, was a

4

real—-time model solved Eontinuouslg on an analog cﬁhputef.

3 N -,
[

System C was an implementation of a real-time sampied—data .
mathematical model on a hybrid computer. 'The well-known

computational time delay in hybrid loops and a method

compensating for it were di§cussed. The fourth computerized
o

b

model solved the équat{ons for a discrete—time equivalent of

the sampled—data mpdel and was implemented on-a digital

m . LT T el -

v



cnmputer_as.8€stem'D.

A p;%Formance criterion, defined to measure the root mean
.ﬁquare of a normal distance approximation between the
solutions of any two computerized models. gave an overall idea

of the difference between two solutions.

A set of three geng%al programs for the per%ormanée
analggﬁs of the computerized models were,déscriged and
documented. Hithrsome minor changes, thgigprogf;ms could be -~
used to-f%vestigate oéher sq%tems such as nonlinear or higher

order linear systems.

-

Useful results we;e‘éﬁfégﬁed'Cbﬁté?niﬁg‘bhe éccuracu,pfzid‘
.'the computerized models. ,These results are not only useful
for the continuing wo;k of this research bpt can also be
useful to the hybrid programmer who would want to specify, for
example, a eafe value of sampling rate or the optimum
compensation factor for a given SOLDE application. Although
it is risky to extrapolate, they can at least serve as a
starting poiﬁt for second.order dominant systems. -Accuracg
Ynd stability boundaries for the DTESD model showgd that the
optimum value of analog compénsafion factor is a Punctioﬁ of
damping ratio and is, in general, different from the optimum
value in the Taglor series sense.; Also, it was found that
System D is equivélent to System C in the stable region of

.

-

\ ) :
parameters: The upper limits of frequency For\?ood accuracy
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of tﬂé analog compdter model (Sgsteﬁ B)fuere detefmined.

These limits represent., in a sense, the limits of System C
. ) s
H
when the hybrid time-delay tends. to zero.
. . . -

/ - :
this work can serve as basic
. _ . k i .
analjsis of other computerized

The programs déwglopgd i
tools in" the performan

models. One iﬁteresfing model mou}d be to connect the

integrators in series rather than independently as in Systems

-

’

C and D. For this, a different compensation scheme would
o S "
probAgbly be needed. It is the ultimate goal of this

continuing Tesearch to produce a hybrid compute? programming

péclt'ag!.- which would automate analog computer prngramr;ing for

the user. Such a package might include optimization of analog

cumpaﬁsation-Factors: The oﬁtion‘pf ug%ng;digital'as well as
" analog integration would be provided. iFor‘e;amﬁie. in case of
sho;tage of analog integrators, an equivalent to sampled-data
" model similar to System D cpuld be used as a supplemenf.. Its
eqﬁations would thus be solved sgnchronouslg Qn the diéital
computer. Variables would be computed.at eve;q hybrid
cumputation‘interval TC and compensatiﬁn parameter © would be

ad justed accordingly.
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. Table 1: Data Set Definitions

Data set !
! Contents
name H
¢ =
DSA ES' Fo
DSAU i 3. Fo specified interactively by user J
DSB e, T, : - R
DSBU i @’ T.» specified interactively by user , )
DSC ! N, N
E T S
DSD g F.T. values to be displayed in error tables
DSE ! £ table .
i N
DSEBA E EN table for System B relative to A
DSECA . EN table for System C relative ta A
DSECD £, table for System C relative to D
DSEDA €, table for System D relative to A
' . —
¢ i : <;::5:z;//
DSR Pox, ot .
DSR1 ! DSR used in program RMSERR to compare
! solutions of S and S
; 1- 2
DSR2 ! DSR used in program RMSERR to compare
: solutions of S and S
: 1 2
: i i .
DSRA : x . t of System A
H i i .
DSRB E x » ¢ of System B L
S ' c
DSRC‘k‘ | x , t of System C corresponding to k’th’
: i i value of ©’ in DSB .
DSRD ‘& * E
]

x . ot of System D corresponding to k‘th
value of 8’ in DSB

———————— e v e -

¥

L e i e i T T Py ¥

* Contents are defined in terms of parameter names,
The sets of values associated with these parameters
constitute the data set.
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Table 2: Symbol Definitions

SYMBOL. | FORTRAN ¢ DEFINITION
g NAME : N
A E E System coefficient matrix
B i E Forcing function coefficient matrix
Dk § DCAfk) E Va%ug,oF'DCh number k
1\ 1 . .
' L]
F o : ,é Forcing function vector
i E ¥ ' i
. F : i Value of F at time ¢
Fo ! FN E Natural undamped frequency, hertz
; ;
= i 6 i -Integrator gain
i ! NPOINT | Discretization index for solution
E E storage
| ; ; Discretization index for solution
: { computation )
L E E Line parallel to L and intersecting x
. é E,at a8 given time t
) H a . .
Ly { Lind L normalized
: : -
L.R i E Line tangent to xR at a given time ¢
i ; | -
L | ! Line L normalized
RN : .
N ! NS ° ! Total number of samples per cycle
=] E i to be store , _
N*“ i NT % Number of cles per solution
: i -
R : ! Normalized sam ng rate
} ' (s’amp1:e.':./¢:|,|t:leg"l"1 9
R 555‘-.‘"'“"2 Relay number k; state (0/1)
T B |
S i SYSTM . { User specified system
s, i SYSTM g User specified system
$ .
_ H ! .
82 g SYSTM | User specified reference system
[l ] . . s
! !
t E TIME i Clock time
' i ' ; Sampling -and update time interval
St | TIME i Model time )
T i TG s Comnutat on and conversion time in
' ,

in hybrid loop
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-

- / -
SYMBOL - FORTRAN | DEFINITION .-
- i' NAME : )
TF EFINALTIHEE Final solution time
gl i
t | RESTIME i-Discrete time for storage of solution
I i
tJ } TIME | Discrete time for computation of
; .; solution '
T, ! i Undamped natural ‘period of a SOLDE
L] .
[ 4 ] R
T {SAVINCTIM{ Sampling period for storage of
S. E : solution data :
T1 .E Tt ! Time period over Wwhich EN is computed
i ; .
t ! ! Time corresponding/ to the horizontal
1 ! ! projection of !R onto L
H H i
} ! oo
t - i | Normalized value of t
IN G |
u § STEP E Unit step function
E E Compensation variable
i t P : i
E i Value of V at time t
v, 5 - '{ First element of.V
: J]
v2 E : Second element of V
: ; ' . ‘
W : ! Ingut vector to continuous-time
; : subsystem in sampled-data model
i : ' -
W ! ! DAC i Value of W at time t
u1 i i First element of W
L}
Gz' i E Second element of W
. ! ! ' '
x ; X : Response function
X ! : Response function vector
x { XD t First derivative of x with respect-to
o [ time -
x { XDD ! Second derivative of x with respect =
. i ; to time . i .
i
x i RESPONS I Value of x at time ¢ '
i H / } - i .
X : ADC : Value of X at time t .
- -
x"_ i XM ! Amplitude scale factor for x
[} L] .
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Amplitude scales factor for x

Amplitude scale factor for x
“
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Normalized dezi)ative of xR

Sca{ed value of-x'
Scaled value of x:
Scaled value of x *

XDS, XDAS
XDDAS

;

Initial condition on 1x
Initial condition on x

First element of X

-

Second element of X

Ideal input function to continuous-
time subsystem in sampled-data model

LY

Continuvous—~time integration output
vector !

i

Value of 7 at time t
First element of Z

Second element of Z .

Slope angle of x

at a given time ¢
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SYMBOL | FORTRAN | DEFINITION H
. ! ' NAME § . X
+ ]
1 ACCEPT | Acceptable value of :
LA { ZETA | Damping ratio Voo
[ 2] i THETA ; Compensation factor E
X i THETAP | Modified compensation factor !
6; § NUHTHET&; 1’th 6’ value in data set DEB !
o ! H ‘ i
3 ! : Approximate distance in the divection !
- i i perpendicular to x . :
! . " B 1
AN ! ! Normalized value of 4 :
¥ L] ]
{ ¥ - r 1
At ' i Approximate distance:in horizontal 5
; E directign between two solutions E
AtN ] -i Normallized value of At E
i [ ] . [}
Ax : ! Differen itude between two {
§ E solutions ;
Ax i i Normalizgd val X !
o= 1 ]
‘ t : ‘ {
T! ] - ! Initial time—delay in the hybrid ldop '
T; _§ E Analog to digital conversiodn §
] ] ' ’
B [ ] )
Té‘ j i Digital computation delay i
P [1 1

! ! ' . :
Té ! E Digital to analog conversion delay E
1 [ ] 1}
: .o :
W ! OMEGAN | Naturax/::;amped frequency in !
‘E i time-scaled systems, rad/sec .

* H

w : OMEGAN i Natural undamped frequency in 4&

real systems. rad/sec

i
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Table 3: Specific Set of Model Parameters

for which Systems C and D were

solved in the performance analysis.
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APPENDIX A

Normalized RMS érror Illustration Curves
Obtained from SOLDE Analytical Solutions

NOTE : The undamped natural frequency

of the analytical solution is

1.0-Hr in all cases.
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