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Abstract

In this thesis, we contribute to the understanding of electronic and optical properties

of 2-dimensional materials, with a strong focus on graphene-based nanostructures [1].

The thesis is structured into eight chapters, starting with an introduction and ending

with a conclusion.

In chapter 2, we present the methods used throughout this thesis. We start by

introducing the tight-binding model to understand the single-particle properties of

graphene, bilayer graphene, and graphene quantum dots. We then introduce config-

uration interaction, the Hubbard model, the Bethe-Salpeter equation, and Hartree-

Fock as tools for tackling the interacting problem and correlated electron systems.

We also discuss numerical methods, including techniques for addressing the numeri-

cal complications that arise when working with the many-body problem such as the

calculation of Coulomb matrix elements.

In chapter 3, we present a new approach to the energy spectra of pz electrons in

small hexagonal graphene quantum dots. This approach is analytical, and allows us

to predict the dependence of the energy gap on size and edge type.

In chapter 4, we describe a proposal of a quantum simulator of an extended bi-

partite highly tunable Hubbard model with broken sublattice symmetry inspired by

graphene. We predict the electronic and magnetic properties of a small simulator. The

proposed simulator, allows us to study the ground state of the Hubbard Hamiltonian

for a broad range of regimes accessible due to the high tunability of the simulator.

In chapter 5, we study the electronic properties of quasi 2-dimensional quantum

dots made of topological insulators using HgTe. We show that in a square HgTe
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quantum dot one set of material parameters defines the topologically nontrivial case,

in which topologically protected edge states are found, and another set of parameters

defines a topologically trivial regime corresponding to a trivial insulator without edge

states.

In chapter 6, we examine excitons in AB-stacked gated bilayer graphene (BLG)

quantum dots (QDs). We confine both electrons and holes using gates and demon-

strate that excitons can exist in the BLG QD. We predict absorption to occur in the

terahertz regime and find that low-energy excitons are dark.

In chapter 7, we determine the many-body states of massive Dirac Fermions

confined in a bilayer graphene lateral gated quantum dot. Tuning the strength of

Coulomb interactions versus the single-particle level spacing we predict the existence

of spontaneously spin and valley symmetry-broken states of interacting massive Dirac

Fermions.
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1D One-dimensional

2DES two-dimensional electronic systems

2D Two-dimensional

3D Three-dimensional

CB Conduction band
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GQD Graphene quantum dot
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GS Ground state
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Chapter 1

Introduction

1.1 Graphene and bilayer graphene

Graphene is a two-dimensional (2D) material that is composed of a single layer of

carbon atoms arranged in a hexagonal lattice. The hexagonal lattice can be described

by two offset triangular sublattices: A, and B. A theoretical model of graphene was

proposed in 1947 by P.R. Wallace at Chalk River NRC Laboratories. Wallace de-

veloped the first tight-binding description of graphene where he found graphene to

be a semi-metal [2]. Furthermore, the low-energy electronic states of graphene are

described by a massless Dirac equation [3–5]. The low-energy physics of graphene is

fascinating due to the existence of two non-equivalent valleys, relativistic nature of

quasiparticles, zero energy band gap, and sublattice pseudospin [2–4,4–9].

Graphene was isolated and identified in 2004 by Andre Geim and Konstantin

Novoselov [6], who were then working at the University of Manchester. The two

scientists used a simple and elegant method to isolate a single layer of graphene from

a chunk of graphite, which is a naturally-occurring form of carbon. The method they

used involved placing a piece of scotch tape on a piece of graphite and then peeling

it off. This process, which they repeated several times, allowed them to collect thin

layers of graphene on the tape. They then transferred the graphene layers onto a

silicon wafer, which allowed them to study their properties using optical and electronic

methods.

1



CHAPTER 1. INTRODUCTION 2

Bilayer graphene (BLG) is a material that is composed of two layers of graphene

stacked on top of each other. Bilayer graphene can be stacked in a variety of ways,

depending on the orientation of the two layers relative to each other. The most

common stacking configurations are called ”AA” and ”AB” stacking. In AA stacking,

the two layers of graphene are aligned such that the carbon atoms in one layer are

directly above the carbon atoms in the other layer. In AB stacking (also known as

Bernal stacking), the two layers of graphene are not aligned in the same way. Instead,

the carbon atoms in one layer are offset relative to the carbon atoms in the other layer

such that the A atoms on one layer are stacked with the B atoms on the other layer.

You can also stack and twist the layers relative to each. This is known as twisted

bilayer graphene (TBLG).

There is currently significant interest in bilayer graphene (BLG) which has shown

fascinating electrical and optical properties. While the low-energy electronic states

of monolayer graphene are described by a massless Dirac Fermion model [3, 10–14],

bilayer graphene can be described by massive chiral quasiparticles with parabolic

dispersion at low energies [15–17]. It has been shown both theoretically and experi-

mentally that BLG exhibits a continuously gate-tunable energy gap [17–26], allowing

to study new physical effects originating from the gap-opening. Gate-tunable infrared

phonon anomalies [27], gate-induced insulating state [28] or gate dependence of in-

terband transitions [19] has been analyzed in the BLG systems. Moreover, BLG is

characterized by a pseudospin winding number of 2 and a valley-dependent Berry

phase with a magnitude of 2π [15–17, 29, 30], which provides a possibility to explore

two-dimensional (2D) physics beyond conventional semiconductors. The possibility

of opening the energy gap using an applied electric field caused high interest in the

optical properties of BLG.

1.2 Quantum dots with a focus on graphene

A quantum dot is a small semiconductor structure that confines electrons in all three

dimensions. The behavior of electrons and other particles within the quantum dot
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is governed by the laws of quantum mechanics, rather than classical mechanics. As

a result, quantum dots can exhibit unique electronic and optical properties, such as

discrete energy levels and strong light-matter interactions [1].

Gate defined quantum dots in 2D materials have been studied intensively due to

their potential of building quantum circuits using spin, valley or spin-valley states.

The ability to confine carriers and manipulate their properties by tuning the size and

shape of the system as well as the number of layers or the carrier density makes them

a strong candidate for generating qubits [31–39]. This is because spin and valley

states are robust to decoherence, and the tunability gives us control over the qubit.

There is also a plethora of other applications such as lasers, transistors, and single

and entangled photon sources as building blocks in quantum technologies [40–46].

There is currently significant interest in the electronic and optical properties of

graphene quantum dots (GQDs) [1, 47–62]. Since graphene is a semi-metal [2–5, 7,

63], lateral size quantization opens up a gap inversely proportional to the size of

the structure potentially allowing for the creation of a material with a continuously

tunable bandgap with size that ranges from THz to UV.

Gated BLG QDs have been studied in recent years both experimentally and the-

oretically. It has been demonstrated that either electrons or holes can be confined in

BLG QDs [31, 34]. Studies were carried out to understand the nature of the ground

state as a function of the number of carriers, as well as understanding excited states

in BLG QDs [31,34–39,64].

1.3 Artificial graphene

Artificial graphene (AG) is a material that is designed to mimic the properties of

graphene. AG structures have been realized already using photonic lattices, nano-

patterning, modulation doping, and scanning probe methods for atomic manipulation

on metal surfaces [65–78]. Photonic lattices can be used to create AG by arranging

nanoparticles in a periodic pattern, which can then be used to control the flow of light

in a way that is similar to how graphene controls the flow of electrons. Similarly, nano-
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patterning involves using lithography techniques to create patterns on the surface of

a material. Overall, these techniques can be used to create materials with properties

similar to graphene, which can be useful in a variety of applications.

There are several advantages of AG. These advantages include tunablity of the

distance between the sites and depth of confining potential, programmable lattice

symmetry and termination (i.e. edge type), tunable electron-electron interactions and

interdot tunneling [69,75,76]. Further advantages of AG include the ability to control

values of onsite Coulomb matrix element Hubbard U and tunnelling matrix element

t and thus control the ratio U/t in a bipartite Hubbard model, which is not possible

with graphene [79,80]. Such control would allow us to demonstrate different electronic

phases, including transition from a semi-metallic phase to an antiferromagnetic insu-

lator [81,82]. Additionally, triangular graphene quantum dots are susceptible to edge

reconstruction as studied by Voznyy et. al. [83]. Edge reconstruction is responsible

for smearing out the distinction between sublattices, and reduces the quantum dot

symmetry. These combined features can destroy the magnetic properties of the sys-

tem. The difficulty of edge reconstruction is overcome in an artificial system, where

the edge is determined by the external gate. Another important advantage of AG is

that, unlike in graphene, in AG a single electron can be placed in the system in order

to probe the single-particle spectrum, directly demonstrating the existence of a zero

energy shell and relating it to many-electron properties.

1.4 Thesis contributions.

I would like to emphasize that this thesis is heavily based on the papers I am listing

below. Figures and content in this thesis are also contained in these papers which were

constructed and generated during my PhD. I have, of course expanded and described

the details and methods learned and used in order to generate the original results

contained in these papers. The papers are listed as:

1. Saleem, Y., Baldo, L. N., Delgado, A., Szulakowska L., Hawrylak, P.,
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Journal of Physics: Condensed Matter, 31(30), 305503 (2019)

”Oscillations of the Bandgap with Size in Armchair and Zigzag Graphene Quan-

tum Dots” [84]

2. Saleem, Y., Dusko, A., Cygorek, M., Korkusinski, M., Hawrylak, P.

Physical Review B, 105(20), 205105 (2022)

”Quantum Simulator of Extended Bipartite Hubbard Model with Broken Sub-

lattice Symmetry: Magnetism, Correlations, and Phase Transitions” [85]

3. Puzantian, B., Saleem, Y., Korkusinski, M., Hawrylak, P. Nanoma-

terials 2022, 12, 4283.

”Edge States and Strain-Driven Topological Phase Transitions in Quantum Dots

in Topological Insulators” [86]

4. Korkusinski, M., Saleem, Y., Dusko, A., Miravet, D., Hawrylak, P.,

in preparation for Nature Physics (2023)

”Spontaneous Spin and Valley Symmetry Broken States of Interacting Electrons

in a Bilayer Graphene Quantum Dot”

5. Saleem, Y., Sadecka, K., Korkusinski, M., Miravet, D., Dusko, A.,

Hawrylak, P., Nano Letters (2023)

”Theory of Excitons in Gated Bilayer Graphene Quantum Dots” [87]

Throughout this thesis a lot of work was done in collaboration with coauthors

in the above mentioned papers. I will try to make it clear at the beginning of each

chapter which calculations are mine, and which calculations I did not perform.

1.5 Thesis outline.

This thesis is organized as follows: we begin with an introductory section (chapter

1) introducing motivation and current state of research in the field. Then chapter 2

focuses on various methodologies used in order to compute the electronic properties

and optical properties of various 2D nanostructures.
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Chapter 3 focuses on understanding the origin of the band gap for different size

and edged hexagonal graphene quantum dots. We compare results with DFT and

give insight into the opening of a gap in graphene due to finite size quantization.

In chapter 4 we introduce a triangular artificial graphene quantum dot (TAGQD),

and develop a model to describe the single particle and many body properties of the

system. We study the TAGQD for two different separations between sites, and show

(at a mean field level) that there are two distinct phases that exist as a function

of the ratio of onsite Coulomb matrix element called Hubbard U and the tunnelling

matrix element t between nearest neighbour (NN) sites. We then include correlations

to understand how they modify the properties of this ATGQD.

In Chapter 5 we discuss edge states in HgTe quantum dots. We focus on square

and circular 2D geometries. We include strain in the calculations in order to control

the topological phase of the HgTe QD. We find that for certain values of applied strain

we can transition from a topologically trivial, to a topologically non-trivial system

and as such we can transition from a system with edge states in the gap to a system

without edge states.

In chapter 6 we study excitons in gated bilayer graphene quantum dots. This

is done by constructing all one pair excitations from a fully occupied valence band

and compute the excitonic spectrum. We then compute dipole matrix elements and

absorption in order to see how our system responds to circulary polarized light.

Chapter 7 discusses the many body properties of gated BLG quantum dots con-

taining N electrons. We begin with a tight-binding model for bulk BLG in the

presence of an applied perpendicular electric field that is fitted to DFT calculations.

Following this, we impose a confining potential in the center of our BLG sample in

order to confine carriers and obtain SP confined states. We then include e-e interac-

tions and discuss a rich phase diagram as a function of filling factor and strength of

interactions.



Chapter 2

Methodology

In this chapter, we discuss the theoretical and numerical methods we have used

throughout the thesis. Our focus is on three main topics: tight-binding (TB) model,

many-body theory, and mean-field approximations.

The TB approach is a widely used method for studying the electronic properties

of 2D materials, such as graphene. It can allow us to accurately model the behavior

of electrons in a 2D system and calculate important properties such as the band

structure.

The TB model ignores the effects of electron-electron interactions which play an

important role in the electronic and optical properties of 2D systems and as such

they must be included, and many-body calculations must be performed. This is done

through configuration interaction (CI), or if we make an approximation of retaining

only single electron-hole pair configurations, then we can solve the Bethe-Salpeter

equation (BSE) instead.

Since the many-body Hamiltonian is difficult to solve, and sometimes exact diago-

nalization approaches cannot be implemented, we can use mean-field approximations

such as Hartree-Fock to understand the role of interactions in determining the elec-

tronic and optical properties of 2D materials. In the later sections of this chapter, we

will discuss the implementation of these theoretical methods using numerical tech-

niques and their application to 2D materials.

7
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2.1 Tight-binding model

The tight-binding model is a widely used approach for studying the electronic prop-

erties of materials, particularly those with a periodic or quasi-periodic structure. It

is particularly well suited for studying the properties of graphene and other two-

dimensional materials, as it can capture the essential physics of these systems while

remaining computationally tractable.

One of the key advantages of the tight-binding model is its ability to accurately

reproduce the band structure and density of states of a material, making it an im-

portant tool for understanding the electronic properties of graphene and other two-

dimensional materials.

Let us consider the Hamiltonian for an electron moving in the potential of sta-

tionary atoms. The Hamiltonian can be written as

H = Hat + ∆U, (2.1)

where Hat is the Hamiltonian for a single atom and ∆U encodes the potential of the

crystal minus the potential of the atom. We then consider the solution of a single

isolated atom as

Hatϕα = ϵαϕα, (2.2)

where ϵα is the energy of the orbital alpha in the isolated atom, and ϕα is the corre-

sponding wavefunction. For the full crystal, we then expand our wavefunction as a

linear combination of atomic orbitals centered at each atom i as

ψn =
∑
i,α

An
iαϕα

(
r⃗ − R⃗i

)
. (2.3)

In general this expansion in the basis of atomic orbitals is an expansion in a non-

orthogonal basis. But, the idea is that the single atom solution has localized orbitals

that decay rapidly away from the center of the atom and as such the overlap between

atoms is small and so this basis is approximately orthogonal. To better understand
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Figure 2.1: a) The overlap between pz orbitals in carbon as a function of the separation
between sites. The red line occurs at exactly the bond length

the overlap between two localized orbitals, let us use the example of pz orbitals in

graphene. The explicit form is given by [1]

ϕi(r⃗) =

(
ξ5

32π

) 1
2

(z − zi) e
− ξ

2
|r⃗−r⃗i|, (2.4)

where ξ is the Slater parameter which we take to be ξ = 3.25 [88] in units of bohrs

and z is the coordinate out of plane of the graphene sheet, while zi is the z coordinate

of the carbon atom. The overlap between two of these orbitals is given by

Sij =

∫
dr⃗ϕ∗

i (r⃗)ϕj(r⃗) (2.5)

Fig. 2.1 shows the overlap between two pz orbitals as a function of the separation

between sites i and j. The separation is in units of the bond length of graphene

a = 1.43Å. We see a rapid decay in the overlap as the separation between sites grows.

The red line shows the bond length in graphene. It is worth noting there are methods

to orthogonalize the atomic orbitals for example using Wannier functions.
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In the next few subsections, we will demonstrate the use of the TB model for

graphene, bilayer graphene, and graphene quantum dots to give us a foundational

understanding for the rest of the thesis.

2.1.1 Tight-binding model for bulk graphene

In this section, we describe the electronic properties of bulk graphene, following the

famous paper by Wallace in 1946 [2].

Graphene is a single layer of carbon atoms arranged in a hexagonal lattice. For

convenience, we orient the graphene sheet in the x-y plane, with the z-direction per-

pendicular to the sheet. The unit cell of the hexagonal lattice contains two carbon

atoms, one belonging to the A sublattice and the other belonging to the B sublattice,

as shown in Fig.2.2(a). The unit vectors a⃗1 and a⃗2 are given as

a⃗1 =
(

0,
√

3a
)
, (2.6a)

a⃗2 =

(
3a

2
,
−
√

3a

2

)
, (2.6b)

where a = 1.43Å is the nearest neighbour (NN) distance for graphene. The position

of atoms A and B is given by

R⃗A = n1a⃗1 + n2a⃗2, (2.7a)

R⃗B = n1a⃗1 + n2a⃗2 + b⃗, (2.7b)

where n1 and n2 are integers and b⃗ =
(

1
2
a,

√
3a
2

)
is shown in Fig. 2.2(a). We also

have reciprocal lattice vectors as

b⃗1 =
2π

a

(
1

3
,

√
3

3

)
, (2.8a)

b⃗2 =
2π

a

(
2

3
, 0

)
. (2.8b)

Our Hamiltonian for a single electron moving in the potential of A and B carbon
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Figure 2.2: a) Geometric structure of graphene showing the A (red) and B (blue)

atoms. The primitive lattice vectors a⃗1, a⃗2 are shown as well as the vectors δ⃗1, δ⃗2, δ⃗3
which connect atom A to its 3 NNs. b) Brillouin zone of graphene structure. The

two inequivalent K points are labelled and the vectors b⃗1, b⃗2 are the reciprocal lattice
vectors.

atoms is given by

Ĥ =
p̂2

2m
+
∑
R⃗A

V̂A

(
r⃗ − R⃗A

)
+
∑
R⃗B

V̂B

(
r⃗ − R⃗B

)
. (2.9)

We apply the TB approximation to solve this Hamiltonian. As shown in Fig.2.2(a),

each carbon atom in graphene has three nearest neighbors, and the 2s, 2px, 2py orbitals

of these atoms hybridize to form sp2 hybridized levels. This gives rise to strong σ

bonds between the carbon atoms and determines the unique mechanical properties of

graphene. The remaining pz orbital, which is oriented out of the plane of the graphene

sheet, forms π bonds and dominates the electronic and optical properties of graphene.

To account for the periodic nature of each graphene sublattice A and B, we expand

the electron wavefunction as a linear combination of pz orbitals localized on each

sublattice A and B. This allows us to describe the behavior of electrons in the graphene

lattice using the lattice vectors defined in Eq. 2.25. The wavefunctions explicitly are
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given as

ψA
k⃗

(r⃗) =
1√
N

∑
R⃗A

eik⃗·R⃗Aϕpz

(
r⃗ − R⃗A

)
, (2.10a)

ψB
k⃗

(r⃗) =
1√
N

∑
R⃗B

eik⃗·R⃗Bϕpz

(
r⃗ − R⃗B

)
, (2.10b)

where N is the number of unit cells. Now our total wavefunction is

ψk⃗(r⃗) = Ak⃗ψ
A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗), (2.11)

where Ak⃗, Bk⃗ are expansion coefficients. We then proceed to solve the Schrödinger

equation. Our Schrödinger equation is

Ĥψk⃗(r⃗) = Ekψk⃗(r⃗). (2.12)

Using Eq. 2.9 and Eq. 2.11 we have

Ĥ
[
Ak⃗ψ

A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗)
]

= Ek

[
Ak⃗ψ

A
k⃗

(r⃗) +Bk⃗ψ
B
k⃗

(r⃗)
]
. (2.13)

Multiplying by
(
ψA
k⃗

(r⃗)
)∗

and integrating over all of space we have

Ak⃗

〈
ψA
k⃗

∣∣ Ĥ |ψA
k⃗
⟩ +Bk⃗

〈
ψA
k⃗

∣∣ Ĥ |ψB
k⃗
⟩ = Ek

[
⟨ψA

k⃗
|ψA

k⃗
⟩ + ⟨ψA

k⃗
|ψB

k⃗
⟩
]
. (2.14)

Assuming no overlap between ψA
k⃗

and ψB
k⃗

we have

Ak⃗

〈
ψA
k⃗

∣∣ Ĥ |ψA
k⃗
⟩ +Bk⃗

〈
ψA
k⃗

∣∣ Ĥ |ψB
k⃗
⟩ = Ek. (2.15)

Now projecting
(
ψB
k⃗

(r⃗)
)∗

and following the same procedure we have

Ak⃗

〈
ψB
k⃗

∣∣ Ĥ |ψA
k⃗
⟩ +Bk⃗

〈
ψB
k⃗

∣∣ Ĥ |ψB
k⃗
⟩ = Ek. (2.16)

Eq. 2.15 and Eq. 2.16 give a system of equations which, in matrix form, can be written
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as ⟨ψA
k⃗
| Ĥ |ψA

k⃗
⟩ ⟨ψA

k⃗
| Ĥ |ψB

k⃗
⟩

⟨ψB
k⃗
| Ĥ |ψA

k⃗
⟩ ⟨ψB

k⃗
| Ĥ |ψB

k⃗
⟩ .


Ak⃗

Bk⃗

 = Ek⃗

Ak⃗

Bk⃗

 (2.17)

We now proceed to compute a diagonal matrix element:

⟨ψA
k⃗
| Ĥ |ψA

k⃗
⟩ = ⟨ψA

k⃗
| p̂

2

2m
+
∑
R⃗A

V̂A

(
r⃗ − R⃗A

)
+
∑
R⃗B

V̂B

(
r⃗ − R⃗B

)
|ψA

k⃗
⟩

= ⟨ψA
k⃗
| p̂

2

2m
+
∑
R⃗A

V̂A

(
r⃗ − R⃗A

)
|ψA

k⃗
⟩ + ⟨ψA

k⃗
|
∑
R⃗B

V̂B

(
r⃗ − R⃗B

)
|ψA

k⃗
⟩ .

(2.18)

The second term ⟨ψA
k⃗
|
∑

R⃗B
V̂B

(
r⃗ − R⃗B

)
|ψA

k⃗
⟩ can be expanded and corresponds to a

combination of three-center integrals, and integrals which correspond to an electron

on sublattice A feeling the potential of all B sublattice potentials. A three-center

integral is the overlap integral between three atomic orbitals, typically involving two

hydrogen atoms and a central atom in a molecule. Both of these are assumed small

and are neglected. The first term ⟨ψA
k⃗
| p̂2

2m
+
∑

R⃗A
V̂A

(
r⃗ − R⃗A

)
|ψA

k⃗
⟩ = ϵA, we set equal

to a constant. This leaves us with

⟨ψA
k⃗
| Ĥ |ψA

k⃗
⟩ = ⟨ψB

k⃗
| Ĥ |ψB

k⃗
⟩ = ϵA = ϵ. (2.19)

Now computing the off-diagonal element ⟨ψA
k⃗
| Ĥ |ψB

k⃗
⟩ we have

⟨ψA
k⃗
| Ĥ |ψB

k⃗
⟩ = ⟨ψA

k⃗
| p̂

2

2m
+
∑
R⃗A

V̂A

(
r⃗ − R⃗A

)
|ψB

k⃗
⟩ + ⟨ψA

k⃗
|
∑
R⃗B

V̂B

(
r⃗ − R⃗B

)
|ψB

k⃗
⟩

= ϵ ⟨ψA
k⃗
|ψB

k⃗
⟩ + ⟨ψA

k⃗
|
∑
R⃗B

V̂B

(
r⃗ − R⃗B

)
|ψB

k⃗
⟩

=
1

N

∑
<R⃗B ,R⃗A>

eik⃗·(R⃗B−R⃗A) ⟨ϕpz

(
r⃗ − R⃗A

)
| V̂B

(
r⃗ − R⃗B

)
|ϕpz

(
r⃗ − R⃗B

)
⟩

= t
(
eik⃗·δ⃗1 + eik⃗·δ⃗2 + eik⃗·δ⃗3

)
,

(2.20)

where we have again ignored three-center integrals, and t = ⟨ψA
k⃗
|
∑

R⃗B
V̂B

(
r⃗ − R⃗B

)
|ψB

k⃗
⟩
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is the hopping integral. δ⃗1, δ⃗2, δ⃗3 are vectors connecting a carbon atom to its 3 NNs

as shown in Fig. 2.2(a). They are given explicitly by

δ⃗1 = b⃗, (2.21a)

δ⃗2 = b⃗− a⃗1, (2.21b)

δ⃗3 = b⃗− a⃗2. (2.21c)

We can now define f(k⃗) = eik⃗·δ⃗1 + eik⃗·δ⃗2 + eik⃗·δ⃗3 and set ϵ = 0 since, this corresponds

only to an overall shift in energy. So, Eq. 2.17 becomes

 0 tf(k⃗)

tf ∗(k⃗) 0


Ak⃗

Bk⃗

 = Ek⃗

Ak⃗

Bk⃗

 . (2.22)

Diagonalizing this Hamiltonian we get energies

E±
k⃗

= ±t|f(k⃗)|, (2.23)

and eigenvectors for the energies E±
k⃗

are given by

Ak⃗

Bk⃗

 =

 1

±e−iθ
k⃗ .

 , (2.24)

where eiθk⃗ = f(k⃗)

|f(k⃗)|
. Fig.2.3 shows the band structure of graphene. Notice that at

special points, the gap between the valence band and conduction band closes. This

indicates that graphene is a semimetal. The closing of the gap occurs at the K⃗ and

K⃗ ′ (shown in Fig. 2.2(b)) points in the Brillouin zone. We now proceed to analyze

the dispersion around where E± = 0, in other words where f(k⃗) = 0. With some

simple algebra one finds that

K⃗ =
(

0,− 4π
3
√
3a

)
, (2.25a)

K⃗ ′ =
(

0, 4π
3
√
3a

)
, (2.25b)
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Figure 2.3: Graphene band structure in the NN approximation with energy measured
in units of the hopping element t. At special points the gap between the valence band
and conduction band closes.

Now let us Taylor expand our Hamiltonian defined in Eq. 2.22 around K⃗ by expanding

f(k⃗) as

f(K⃗ + q⃗) ≈ f(K⃗) + f ′(K⃗) · q⃗ = f ′(K⃗) · q⃗

= iq⃗ · δ⃗1eiK⃗·δ⃗1 + iq⃗ · δ⃗2eiK⃗·δ⃗2 + iq⃗ · δ⃗3eiK⃗·δ⃗3

= iq⃗ · b⃗eiK⃗ ·⃗b + iq⃗ · (⃗b− a⃗1)e
iK⃗·(⃗b−a⃗1) + iq⃗ · (⃗b− a⃗2)e

iK⃗·(⃗b−a⃗2)

= iq⃗ · b⃗

(
−1

2
+

√
3

2
i

)
+ iq⃗ · (⃗b− a⃗1)

(
−1

2
−

√
3

2
i

)
+ iq⃗ · (⃗b− a⃗2)

= −1

2
iq⃗ · (2⃗b− a⃗1) −

√
3

2
q⃗ · a⃗1 + iq⃗ · (⃗b− a⃗2)

= −1

2
iqxa−

3

2
qya− iqxa

= −3

2
a (qy + iqx) ,

(2.26)

where we have used the fact that f(K⃗) = 0 and retained only linear terms of q⃗ in

the expansion. Now if we interchange qx and qy by relabelling the axis, we have

f(K⃗ + q⃗) ≈ −3a

2
(qx + iqy) , (2.27)

which is in agreement with Refs. 1, 10, 89, 90. So we can write the Hamiltonian in
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Figure 2.4: Graphene dispersion around K⃗ point in the NN approximation.

Eq. 2.22 around the K⃗ point that lies along the y-direction as

H(q) =
3ta

2

 0 (−qx − iqy)

(−qx + iqy) 0

 . (2.28)

We note that this Hamiltonian mimics that of a massless Dirac Fermion Hamiltonian,

it can be written as H(q) = −vf σ⃗∗ · q⃗, where vf = 3ta
2

. Where σ⃗ are the Pauli spin

matrices. Note in the other valley, this Hamiltonian doesn’t contain the conjugation

on the Pauli spin matrices. Diagonalizing this Hamiltonian we get

E±
q⃗ = ±vf |q⃗|. (2.29)

Figure. 2.4 shows the energy around the K⃗ point. We observe linear dispersion which

is characteristic of massless Dirac Fermions.



CHAPTER 2. METHODOLOGY 17

2.1.2 Tight-binding model for bulk bilayer graphene

In this section we expand what we learned in the previous section on graphene by

studying BLG. The idea here is we have solved the problem for an individual layer

of bulk graphene, and we can now consider two layers, and turn on coupling between

the layers to understand the band structure of BLG. There are a number of ways to

stack the layers, such as AA stacked layers, where the layers are perfectly aligned, or

Bernal stacked (AB-stacked) as seen in Fig. 2.5. The AB stacking is more energetically

favorable compared to AA stacking, and is the focus of this section. One can also

twist one layer with respect to another leading to moire patterns [91–96] which is a

topic of further research beyond what is shown in this thesis. We will show that for

bulk Bernal stacked BLG the dispersion is parabolic and gapless, but the application

of a perpendicular electric field opens the gap in BLG.

Figure 2.5: BLG AB-stacked geometry where the upper layer (layer 1) is denoted
with solid balls, while the lower layer (layer 2) are the open circles. Blue corresponds
to sublattice A, while red corresponds to sublattice B.

We start with our Hamiltonian for bulk BLG given by

Ĥ =
p̂2

2m
+
∑
R⃗A1

V̂A1

(
r⃗ − R⃗A1

)
+
∑
R⃗B1

V̂B1

(
r⃗ − R⃗B1

)
+
∑
R⃗A2

V̂A2

(
r⃗ − R⃗A2

)
+
∑
R⃗B2

V̂B2

(
r⃗ − R⃗B2

)
,

(2.30)

where A1, B1, A2, B2 correspond to sublattices A and B for layers 1 and 2 respec-

tively, and are shown in Fig. 2.5. We can then expand our wavefunction similar to
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Eq. 2.11 but including the fact that we have sublattices from both layers and we have

ψk⃗(r⃗) = A1k⃗ψ
A1
k⃗

(r⃗) +B1k⃗ψ
B1
k⃗

(r⃗) + A2k⃗ψ
A2
k⃗

(r⃗) +B2k⃗ψ
B2
k⃗

(r⃗). (2.31)

Now following the same procedure as outlined for a single layer we can write our

Hamiltonian in the basis of sublattices A1, B1, A2, B2 as [17]

H(k⃗) =



0 γ0f
(
k⃗
)

γ4f
(
k⃗
)

−γ3f ∗
(
k⃗
)

γ0f
∗
(
k⃗
)

0 γ1 γ4f
(
k⃗
)

γ4f
∗
(
k⃗
)

γ1 0 γ0f
(
k⃗
)

−γ3f ∗
(
k⃗
)

γ4f
∗
(
k⃗
)

γ0f
∗
(
k⃗
)

0


, (2.32)

where γ0 = t is the intralayer NN hopping, γ1 = ⟨ψB1
k⃗
| Ĥ |ψA2

k⃗
⟩ is the interlayer

hopping between sublattice B1 and sublattice A2 stacked directly on top of each

other as seen in Fig. 2.5. γ3 is the hopping from sublattice A1 to B2 and is known as

the trigonal warping term, and γ4 is the hopping from sublattice A1 to A2 or B1 to

B2. For simplicity, we ignore γ3, γ4, further discussion of γ3 will arise in chapter 7.

The Hamiltonian ignoring these terms is then

H(k⃗) =



0 γ0f
(
k⃗
)

0 0

γ0f
∗
(
k⃗
)

0 γ1 0

0 γ1 0 γ0f
(
k⃗
)

0 0 γ0f
∗
(
k⃗
)

0


, (2.33)

Diagonalizing Eq. 2.33 we get

E
(
k⃗
)

= ± 1√
2

√√√√
2γ20

∣∣∣f (k⃗)∣∣∣2 + γ21 ±

√(
2γ20

∣∣∣f (k⃗)∣∣∣2 + γ21

)2

− 4γ40

∣∣∣f (k⃗)∣∣∣4.
(2.34)

Figure. 2.6 shows the band structure of bilayer graphene. We observe a zero band

gap at the K⃗ points similar to graphene but with a different dispersion. This zero

band gap makes bulk BLG a semimetal. We now proceed to study the low-energy
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Figure 2.6: Band structure for bulk BLG. At the K-points the gap closes making
bilayer graphene a semimetal.

dispersion around the K⃗ points as we did in the previous section for a single layer.

Expanding our function f
(
k⃗
)

around the K⃗ point using Eq. 2.27 transforms our

Hamiltonian to

H(q⃗) =



0 vf (−qx − iqy) 0 0

vf (−qx + iqy) 0 γ1 0

0 γ1 0 vf (−qx − iqy)

0 0 vf (−qx + iqy) 0


, (2.35)

where we used our previous definition of the Fermi velocity vf = 3γ0a
2

. We can simplify

this Hamiltonian to make it easier to diagonalize. Let’s start by reorganizing the basis
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as B1, A2, B2, A1 and we get

H(q⃗) =



0 γ1 0 vf (−qx + iqy)

γ1 0 vf (−qx − iqy) 0

0 vf (−qx + iqy) 0 0

vf (−qx − iqy) 0 0 0


. (2.36)

Now define the following

V =

 0 γ1

γ1 0

 , (2.37)

h =

 0 vf (−qx + iqy)

vf (−qx − iqy) 0

 , (2.38)

θ =

B1k⃗

A2k⃗

 , (2.39)

χ =

B2k⃗

A1k⃗

 , (2.40)

we can then write our Schrödinger equation as

V h

h 0


θ
χ

 = E

θ
χ

 , (2.41)

where 0 is a 2x2 block of zeros. Expanding this yields two equations

Vθ + hχ = Eθ, (2.42a)

hθ = Eχ. (2.42b)

Replacing χ in the first equation by using the second and multiplying by E we get

EVθ + hhθ = E2θ. (2.43)
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Since we only focus on the low-energy states we ignore the term of order E2 and we

can obtain a Schrödinger like equation of the form

Eθ = Heffθ. (2.44)

where Heff = −V−1hh. Inverting V and multiplying matrices we obtain

Heff = −v2f

 0 |q⃗|2
γ1

|q⃗|2
γ1

0

 . (2.45)

Diagonalizing this matrix we obtain our energies

E (q⃗) = ±
v2f
γ1

|q⃗|2 , (2.46)

and the eigenvectors

Figure 2.7: BLG gapless parabolic dispersion around K-point in dimensionless units.
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ψ+ (q⃗) =

θ+
χ+

 =
1√
Nq



e−iϕ(q⃗)

−e−iϕ(q⃗)

γ1e−2iϕ(q⃗)

vf |q⃗|

− γ1
vf |q⃗|


, (2.47a)

ψ− (q⃗) =

θ−
χ−

 =
1√
Nq



e−iϕ(q⃗)

e−iϕ(q⃗)

−γ1e−2iϕ(q⃗)

vf |q⃗|

− γ1
vf |q⃗|


, (2.47b)

where qx + iqy = |q⃗|eiϕ(q⃗) and Nq =
√

2 + 2 γ1
vf |q⃗|

. The dispersion is parabolic and

gapless around the K⃗ point as show in Fig. 2.7. If we focus on the two lowest energy

bands the wavefunction is localized on the two uncoupled sublattices A1 and B2. The

wavefunction around the K point can be written as

|+⟩ =
1√
2

 1

e−2iϕ

 (2.48)

Let’s compute Berry’s phase for bulk BLG in the CB. Berry’s phase is given by

γ = i

∮
k⃗

A⃗ · dk⃗. (2.49)

The vector potential in the CB is given by

A⃗ = ⟨+|∇k⃗|+⟩ . (2.50)

Since our eigenvector only depends on the angle ϕ then there is only 1 component

to the vector potential in the ϕ direction so we have

Aϕ =
1

2
⟨+|1

k

∂

∂ϕ
|+⟩ = −2i ⟨+|+⟩ = −i (2.51)
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Figure 2.8: BLG dispersion around K⃗-point with an applied electric field for VE ≈ 0.38
eV, γ0 ≈ −2.5 eV and γ1 ≈ 0.34 eV. The color map shows the occupations of sublattice
B2 (a) and sublattice A1 (b) around the K⃗-point. CB1 corresponds to the bottom of
the CB, while VB1 corresponds to the top of the VB.

So then Berry’s phase is just

γ = i

∮
k⃗

A⃗ · dk⃗ =

∫ 2π

0

dk = 2π (2.52)

We also observe a phase difference of e2iϕ(q⃗) between the two uncoupled sublattices

consistent with Ref. [17] and a Berry phase of 2π at the K⃗ point.

We now proceed to apply an electric field to BLG by biasing the two layers with

respect to each other. We model this by placing layer 1 at a potential V/2 and

the layer 2 at −V/2 so that the potential difference between the layers is V . Our

Hamiltonian is given by [1]

H(k⃗) =



V
2

γ0f
(
k⃗
)

0 0

γ0f
∗
(
k⃗
)

V
2

γ1 0

0 γ1 −V
2

γ0f
(
k⃗
)

0 0 γ0f
∗
(
k⃗
)

−V
2


. (2.53)

Fig. 2.8 shows the result of numerically diagonalizing this Hamiltonian at discretized

k⃗ points around the K⃗ point. The result is the opening of a gap proportional to

the applied field. The remarkable property is that this band gap is tunable with
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electric field and large interest in the optical properties of BLG emerged for its po-

tential application in optoelectronics. We also see the electrons at the bottom of the

conduction band (CB) tend to localize on Sublattice A1, while the electrons at the

top of the valence band (VB) tend to localize on sublattice B2 as seen in Fig. 2.8.

These are the two uncoupled sublattices that have a relative phase difference of e2iϕ.

The pseudospin winding number nw is then defined as the number of rotations that

a pseudospin vector undergoes when the electronic wave vector rotates fully one time

around the Dirac point. In BLG this phase difference gives a winding number of 2

and a Berry phase of 2π [15–17] and will have physical consequences in the optical

properties discussed in chapter 6.

2.1.3 Tight-binding model for graphene quantum dots

Thus far we have discussed bulk graphene and BLG. We have found that for single

layer graphene the energy gap between the VB and CB is zero, and at low energies

(around the K⃗ or K⃗ ′ points) the dispersion is linear. BLG is as well gapless but

exhibits parabolic dispersion around the K⃗ (or K⃗ ′) point. We found that in BLG

an applied electric field opens a gap, the size of which can be tuned by changing the

strength of the applied field.

In this section, we will study finite graphene flakes as well as introduce second

quantization. In graphene, there are two edge types: armchair edges and zigzag edges.

We will focus on mainly three types of geometries: triangular graphene quantum dots

with zigzag edges, and hexagonal graphene quantum dots with armchair or zigzag

edges as seen in Fig. 2.9.

We begin by defining our Hamiltonian for a single electron in our finite graphene

flake as

Ĥ =
p̂2

2m
+
∑
j

V̂j

(
r⃗ − R⃗j

)
, (2.54)

where j runs over atomic positions. We then expand our wavefunction in the basis of
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pz atomic orbitals as

ψ (r⃗) =
∑
jσ

cjσϕpz

(
r⃗ − R⃗j

)
. (2.55)

We would now like to write our Hamiltonian in second quantization in order to pre-

Figure 2.9: (a) N = 22 Triangular graphene quantum dot with zigzag edges. (b)
N = 24 hexagonal graphene quantum dot with zigzag edges also known as coronene.
(c) N = 42 Hexagonal graphene quantum dot with armchair edges.

pare for many-electron systems in later chapters. Let us introduce the field operators

as

ψ (r⃗) =
∑
jσ

cjσϕpz

(
r⃗ − R⃗j

)
. (2.56a)

ψ† (r⃗) =
∑
jσ

c†jσϕ
∗
pz

(
r⃗ − R⃗j

)
, (2.56b)

where ψ (r⃗), ψ† (r⃗) are now field operators which create electrons at a position r⃗.

c†jσ(cj) create (annihilate) an electron with spin σ on the pz orbital on site j. They
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act on vacuum and a filled state to create new occupation states

cjσ |0⟩ = 0, (2.57a)

c†jσ |0⟩ = |jσ⟩ , (2.57b)

where |jσ⟩ tells us site j is occupied with an electron on the pz orbital which has

spin σ. Our creation and annihilation operators c†jσ, cjσ satisfy the anti-commutator

relations given by

{ciσ, cjσ} = {c†iσ, c
†
jσ} = 0, (2.58a)

{c†iσ, cjσ} = δij. (2.58b)

We now use the field operators introduced in Eq. 2.56 to derive the Hamiltonian in

second quantization:

H =

∫
dr⃗ψ† (r⃗) Ĥψ (r⃗) =

∑
j,j′σ,σ′

c†jσcj′σ′

∫
dr⃗ϕ∗

pz

(
r⃗ − R⃗j

)
Ĥϕpz

(
r⃗ − R⃗j′

)
=
∑

j,j′σ,σ′

⟨jσ|Ĥ|j′σ′⟩ c†jσcj′σ′ .

(2.59)

Now let us analyze the matrix element that need to be computed, we have

⟨jσ|Ĥ|j′σ′⟩ = ⟨jσ|

[
p̂2

2m
+
∑
j′′

V̂j′′
(
r⃗ − R⃗j′′

)]
|j′σ⟩

= ⟨jσ|
[
p̂2

2m
+ V̂j′

(
r⃗ − R⃗j′

)]
|j′σ′⟩ + ⟨jσ|

[∑
j′′ ̸=j′

V̂j′′
(
r⃗ − R⃗j′′

)]
|j′σ′⟩

= ϵj′δjj′δσσ′︸ ︷︷ ︸
=0

+ ⟨jσ|
[
V̂j

(
r⃗ − R⃗j

)]
|j′σ′⟩

= tjj′δσ,σ′ ,

(2.60)

where we have set the energy of all carbon atoms ϵj = 0. Furthermore, we have ignored

three-center integrals and set our hopping parameter tjj′δσ,σ′ = ⟨jσ|
[
V̂j

(
r⃗ − R⃗j

)]
|j′σ′⟩.



CHAPTER 2. METHODOLOGY 27

Figure 2.10: Corresponding single-particle spectrum in the NN approximation for the
structures shown in Fig. 2.9. Energy is in units of the NN hopping parameter t. The
dashed line denotes the Fermi level.

Finally, our Hamiltonian for our finite graphene flakes can be written as

Ĥ =
∑
i,j,σ

tijc
†
iσcjσ. (2.61)

Now let us take a NN approximation in which we take only the hopping between

atoms i, and j being nearest neighbours and assuming further hopping terms are

negligible. We can then write our Hamiltonian as

Ĥ = t
∑
⟨i,j⟩,σ

c†iσcjσ, (2.62)

where t is the hopping between NN atoms. Fig. 2.10 shows the energy spectrum

obtained by solving Eq. 2.62 for the GQDs in Fig. 2.9. We start by looking at the

spectrum for the triangular dot Fig. 2.10(a). We observe two degenerate states at the

Fermi level consistent with Ref. 97.

Meanwhile, in the structures which preserve sublattice symmetry where the num-

ber of A atoms is the same as the number of B atoms, the finite nature of the structure

in Fig. 2.9(b) and (c) actually shows an opening of the energy gap, unlike in the bulk

which has no gap. How the gap changes as a function of size is different depending

on the edge and will be analyzed in greater detail in later chapters.

We note that how the gap changes as a function of size for a single layer and a
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Figure 2.11: Energy gap for single and bilayer layer hexagonal graphene quantum dot
with armchair edges as a function of the number of atoms per layer in logarithmic
scale.

bilayer is also different. Fig. 2.11 shows how the energy gap changes as a function of

size for a single layer and bilayer armchair hexagonal GQD. We would like to note

this is in agreement with Ref. [98]. This difference can be understood in terms of

the expectation that the largest wavelength to fit inside our quantum dot should be

proportional to the radius of the quantum dot R. In other words λmax ∝ R. Since our

structures are two dimensional, the number of atoms N ∝ R2, so that λmax ∝
√
N .

Since λmax = 2π
kmin

, we have kmin ∝ 1√
N

. Now in the case of a single layer we saw that

in the bulk case around the K⃗ point, the dispersion was linear (Fig. 2.4) while, in

the bilayer case, the dispersion was parabolic (Fig.2.7). In other words, for a single

layer kmin ∝ Egap and for a bilayer k2min ∝ Egap, so that for a single layer we have

Egap ∝ 1√
N

while for a bilayer we have Egap ∝ 1
N

. It is worth noting that this is a

limiting case and is more accurate for large structures where the dispersion starts to

mimic that of bulk.
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2.2 Many-body problem

Up until now we considered single-particle properties of 2D systems in which we

ignored interactions among electrons. In other words, each electron was treated in-

dependently and identically. In order to get an accurate description of the electronic,

optical and magnetic properties of a 2D system, electron-electron interactions must

be included [33, 39, 75, 76, 95, 98–102]. The complications with dealing with many-

body physics arises due to the rapidly exploding size of the Hilbert space. To give

context; if we took a 1D chain with 50 sites and took one orbital per site and con-

sidered 50 electrons on these sites (half-filled), the Hilbert space dimension is on the

order of 1029, something clearly unmanageable. An approximation was already in-

voked here as well in which we took only one orbital per site. This demonstrates the

rapidly growing Hilbert space that can exist in even small systems, and approximate

approaches must be taken in order to compute the many-body ground and excited

states of the system.

In this chapter, we will introduce the many-body problem, discuss the numeri-

cal complexity of computing Coulomb matrix elements and introduce the Hubbard

model, configuration interaction, and the Bethe-Salpeter equation in order to help

solve correlated electron problems. In section 2.3, we introduce mean-field meth-

ods to approximately solve the many-body problem and realize an optimized basis

when including correlations in order to reduce the size of our Hilbert space which is

described in detail in section 2.4.

2.2.1 Many-body Hamiltonian

Let us consider Ne interacting electrons subject to the potential of nuclei. Our Hamil-

tonian is given by

H =
Ne∑
i=1

[
− ℏ2

2m∗∇
2
i + V (r⃗i)

]
+

1

2

Ne∑
i ̸=j

e2

κ|r⃗i − r⃗j|
. (2.63)
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The first term in the Hamiltonian corresponds to the kinetic energy of electrons with

effective mass m∗. The second term describes the potential these electrons are subject

to. The final term describes Coulomb interaction among electrons. In section 2.1.3

we rewrote the Hamiltonian for GQDs in second quantization, we will write this

Hamiltonian in second quantization but in the basis of itinerant states instead of

the basis of localized orbitals (site representation). Let φp be the eigenstate of the

single-particle Hamiltonian, in other words

[
− ℏ2

2m∗∇
2 + V (r⃗)

]
φp(r⃗) = ϵpφp(r⃗). (2.64)

Then our field operators are

ψ (r⃗) =
∑
pσ

cpσφp(r⃗), (2.65a)

ψ† (r⃗) =
∑
pσ

c†pσφ
∗
p(r⃗), (2.65b)

Then let’s write the pairwise interaction e2

κ|r⃗1−r⃗2| in second quantization:

∫ ∫
dr⃗1dr⃗2ψ

† (r⃗1)ψ
† (r⃗2)

e2

κ|r⃗1 − r⃗2|
ψ (r⃗2)ψ (r⃗1)

=
∑

p,q,r,s,σ,σ′

c†pσc
†
qσ′crσ′csσ

∫
dr⃗φ∗

p(r⃗1)φ
∗
q(r⃗2)

e2

κ|r⃗1 − r⃗2|
φr(r⃗2)φs(r⃗1)

=
∑

p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ c†pσc
†
qσ′crσ′csσ.

(2.66)

Note, we have used the fact that Coulomb interaction conserves the projection of the

total spin operator Sz. We can write Eq. 2.63 in the basis of itinerant orbitals in

second quantized form as

H =
∑
p,σ

ϵpσc
†
pσcpσ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ c†pσc
†
qσ′crσ′csσ, (2.67)

where we have dropped the spin indices in the Coulomb matrix elements by assuming

the matrix elements do not depend on spin, and will continue to do so throughout
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this thesis unless specified otherwise.

2.2.2 Coulomb matrix elements

The Hamiltonian in Eq. 2.67 requires the solution of the single-particle part of the

Hamiltonian. Throughout this thesis, the TB model is the primary method used to

obtain the single-particle solution. We also require the calculation of Coulomb matrix

elements ⟨pq|V |rs⟩. They are given explicitly by

⟨pq|V |rs⟩ = Ry

∫ ∫
dr⃗1dr⃗2ψ

∗
p(r⃗1)ψ

∗
q (r⃗2)

2

|r⃗1 − r⃗2|
ψr(r⃗2)ψs(r⃗1), (2.68)

where distances are in effective Bohr radius ab, and Ry = ℏ2
2m∗a2b

= 1
8π

e2

κϵ0ab
is the effec-

tive Rydberg constant. It is worth noting the computational complexity of Coulomb

matrix elements. In general there are N4 elements that need to be computed where

N is the number of single-particle states taken, and each one of these calculations

is an order N6 procedure, requiring a 6-dimensional integral to be solved. In later

chapters, we will discuss how we tackle this problem for specific systems.

It is convenient in general to compute Coulomb matrix elements in the site repre-

sentation and rotate these matrix elements to the itinerant basis. Recall, the operators

in Eq. 2.57 that create and annihilate electrons on sites. If we now assume a more

general case where we have more than one orbital, we can consider Coulomb matrix

elements ⟨iα, jβ|V |kδ, lγ⟩, where i, j, k, l correspond to sites, and α, β, δ, γ corre-

spond to orbitals. We can obtain the matrix elements in the itinerant basis by the

following rotation

⟨pq|V |rs⟩ =
∑
i,j,k,l

∑
α,β,δ,γ

(Cp
αi)

∗ (Cq
βj

)∗
Cr

δkC
s
γl ⟨iα, jβ|V |kδ, lγ⟩ , (2.69)

where Cp
αi is the probability amplitude in the localized basis for site i, and orbital

α for itinerant state p. These need to be computed by rotating the eigenvectors ob-

tained when solving the single-particle problem in the itinerant basis or by directly

solving the single-particle problem in the localized basis. The convenience of comput-
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ing matrix elements in the site representation is to take advantage of the short-range

nature of quantum mechanical Coulomb matrix elements and make a long-range ap-

proximation allowing us to only need to compute a small number of the 6-dimensional

integrals in Eq. 2.68. For specific systems, the details of the calculations are slightly

different and in later chapters we’ll discuss in further details how these calculations

are done.

2.2.3 Hubbard model

As stated before, the Hamiltonian in Eq. 2.67 requires the calculation of N4 6-

dimensional integrals. The Hubbard model reduces this to retaining only a single

Coulomb matrix element. To better understand the Hubbard model [103], let us ro-

tate that Hamiltonian Eq. 2.67 to the site representation and assume only one orbital

per site as described in section 2.1.3. Our Hamiltonian is given by

H =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,j,σ

tijσc
†
iσcjσ +

1

2

∑
i,j,k,l,σ,σ′

⟨ij|V |kl⟩ c†iσc
†
jσ′ckσ′clσ. (2.70)

Now let us retain only the largest Coulomb matrix element defined as U = ⟨ii|V |ii⟩

which corresponds to the energy of placing two electrons on the same orbital on the

same site. Then our Hamiltonian becomes

H =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,j,σ

tijσc
†
iσcjσ +

1

2
U
∑
i,σ,σ′

c†iσc
†
iσ′ciσ′ciσ. (2.71)

Summing over spin indices and using the Pauli exclusion principle we get

H =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,j,σ

tijσc
†
iσcjσ +

1

2
U
∑
i

(
c†i↑c

†
i↓ci↓ci↑ + c†i↓c

†
i↑ci↑ci↓

)
. (2.72)

Using Eq. 2.58 we can write

H =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,j,σ

tijσc
†
iσcjσ + U

∑
i

c†i↑c
†
i↓ci↓ci↑, (2.73)
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which is the familiar Hubbard model. This Hubbard model has been used to under-

stand metallic phases, and Mott insulating phases in 2D honeycomb lattices [81] and

has been used to predict the spin of the ground state for bipartite lattices [104]. Both

of which we will rely on in later chapters to guide the understanding of results.

2.2.4 Configuration interaction

The Hubbard model ignores scattering between electrons on different sites, and is

a minimialistic model. In order to capture the full effects of Coulomb interaction a

more exact approach is needed. In configuration interaction (CI) we begin with the

full many-body Hamiltonian described in Eq. 2.67 and write our wavefunction as a

linear combination of Slater determinants. In other words our wavefunction is given

by

ΨCI =
∑
µ

dµΦµ, (2.74)

where Φµ is a Slater determinant (or configuration) defined as

Φµ =
∏

q↓∈Occ

c†q↑
∏

q↑∈Occ

c†q↓ |0⟩ , (2.75)

where we are taking a product over the states that are occupied for a specific con-

figuration µ. In general, the number of configurations contained in Eq. 2.74 allows

us to control the accuracy of results but rapidly grows with the number of single

particle states, and number of electrons. Taking the most relevant configurations

to understand the low-energy spectrum is required in order to be able to compute

reasonably.

We will now demonstrate the use of CI on the problem of 2 degenerate levels and

2 electrons. Let M = 2 × 2 be the number of single-particle states (and extra factor

of two for spin) and N be the number of electrons, then the number of configurations

is given by

Nconf =

M
N

 . (2.76)
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Figure 2.12: All possible configurations for two electrons on two degenerate levels.
The configurations are ordered, and the levels are labelled ”a” and ”b”.

The number of configurations in our problem is six. Fig. 2.12 shows all possible

configurations. There is one state with total sz = 1, four states with sz = 0, and one

state with sz = −1. The configurations are labelled from 1 to 6, and can be written

explicitly as

|1⟩ = c†b↑c
†
a↑ |0⟩ , (2.77a)

|2⟩ = c†b↓c
†
a↓ |0⟩ , (2.77b)

|3⟩ = c†a↑c
†
b↓ |0⟩ , (2.77c)

|4⟩ = c†b↑c
†
a↓ |0⟩ , (2.77d)

|5⟩ = c†a↑c
†
a↓ |0⟩ , (2.77e)

|6⟩ = c†b↑c
†
b↓ |0⟩ , (2.77f)

where |0⟩ is the vacuum state. In the basis of configurations, we construct our

Hamiltonian matrix. This is done by computing matrix elements of the Hamiltonian

defined in Eq. 2.67. We will show an example calculation of one matrix element, let
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us choose the element ⟨1|Ĥ|1⟩, so we have

⟨1|Ĥ|1⟩ = ⟨0| ca↑cb↑

[∑
p,σ

ϵpσc
†
pσcpσ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ c†pσc
†
qσ′crσ′csσ

]
c†b↑c

†
a↑ |0⟩

=
∑
p,σ

ϵpσ ⟨0| ca↑cb↑c†pσcpσc
†
b↑c

†
a↑ |0⟩ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ ⟨0| ca↑cb↑c†pσc
†
qσ′crσ′csσc

†
b↑c

†
a↑ |0⟩

= ϵa↑ + ϵb↑ +
1

2
[⟨ab|V |ba⟩ + ⟨ba|V |ab⟩ − ⟨ab|V |ab⟩ − ⟨ba|V |ba⟩] .

(2.78)

Using the fact that ⟨ij|V |kl⟩ = ⟨ji|V |lk⟩, and setting ϵa↑ = ϵb↑ = 0 we get

⟨1|Ĥ|1⟩ = ⟨ab|V |ba⟩ − ⟨ab|V |ab⟩ . (2.79)

Computing the rest of the matrix elements, the CI Hamiltonian is then given by

HCI =



Vabba − Vabab 0 0 0 0 0

0 Vabba − Vabab 0 0 0 0

0 0 Vabba Vbaba Vaaab Vbbba

0 0 Vbaba Vabba Vaaab Vbbba

0 0 Vaaab Vaaab Vaaaa Vaabb

0 0 Vbbba Vbbba Vaabb Vbbbb


. (2.80)

where I have assumed the matrix elements are all real for simplicity. Furthermore,

I have used symmetries of the Coulomb matrix elements to reduce the number of

”parameters” of the Hamiltonian, for example Vaaab = Vbaaa. We see that the Hamil-

tonian is block diagonal. The first block corresponds to the sz = 1 subspace and the

size is 1×1, the second block is the sz = −1 subspace and the size is 1×1, and finally

the last block is a 4× 4 block corresponding to the the sz = 0 subspace. We see that

we can separate our Hilbert space into subspaces organized by sz since there is no

terms in the Hamiltonian that couple configurations with different sz. The challenges

and utility of CI will be seen in later chapters when applied to other problems.
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2.2.5 Bethe-Salpeter equation

Consider a system in which the ground state is given as a single Slater determinant

with a fully occupied VB, and an energy gap separating the VB from the CB. If one

shines light of the right energy, an electron will be excited from the VB to the con-

duction forming a one-pair excitation. These one-pair excitations can couple forming

excitons. We will describe how to compute these excitons in this section.

One can start with CI and restrict configurations to only one-pair excitations in

order to understand the optical properties. In this section, we will derive the Bethe-

Salpeter Equation (BSE) by restricting the wavefunction to a linear combination of

one-pair excitations. We first begin with our many-body Hamiltonian given by

ĤMB =
∑
m

Emc
†
mcm +

1

2

∑
m1,m2,m3,m4

⟨m1m2|V |m3m4⟩c†m1
c†m2

cm3cm4 −
∑

m1,m2

V P
m1m2

c†m1
cm2

= Ĥ(1) + Ĥ(2) − Ĥ(3).

(2.81)

Here Em are single-particle energies, V P
m1m2

corresponds to the positive background,

and we hide spin indices in the state index to simplify calculations. The positive

background is given explicitly as

V P
m1m2

=
Nocc∑
m

⟨m1m|V |mm2⟩, (2.82)

where Nocc corresponds to the number of occupied states. We have assumed that the

positive charges occupy the orbitals that are the same as those of the electrons, with

the exception that we assume the positive charges do not scatter. Let us first define

our groundstate as

|GS⟩ =
Nocc∏
m

c†m |0⟩ . (2.83)

Now let us write our wavefunction for an excitonic state µ as

|ψµ⟩ =
∑
i,f

F µ
i ̸=fc

†
fci |GS⟩ =

∑
ν

F µ
ν |Xν⟩ , (2.84)
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where ci has removed an electron from state i in the GS leaving behind a ”hole”,

and c†f places this electron in a state f . The sum over ν corresponds to a sum

over all possible electron-hole pairs. If we act our Hamiltonian given by Eq. 2.81

on this wavefunction we generate a matrix equation known as the Bethe-Salpeter

equation. There will be three terms we are concerned with: one which corresponds

to the single-particle term in the Hamiltonian, one with Coulomb interactions, and

one for the positive background. Let us focus on each term separately and compute

the matrix elements. For the single-particle term we have

⟨Xν2| Ĥ(1) |Xν1⟩ =
∑
m

Em ⟨GS| c†i2cf2c
†
mcmc

†
f1
ci1 |GS⟩ , (2.85)

It can be very tedious to compute the expectation value ⟨GS| c†i2cf2c
†
mcmc

†
f1
ci1 |GS⟩

above. There are many different pairings of operators, however only a limited number

of these are physically relevant. Using Wick’s theorem [105] we can compute expec-

tations values of this form. Let us do an example on the single-particle term: we can

apply Wick’s theorem, noting that i ̸= f we get

⟨GS| c†i2cf2c
†
mcmc

†
f1
ci1 |GS⟩ = ⟨GS| c†i2cm |GS⟩ ⟨GS| cf2c†mc

†
f1
ci1 |GS⟩

+ ⟨GS| c†i2ci1 |GS⟩ ⟨GS| cf2c
†
mcmc

†
f1
|GS⟩

= δm,i2 ⟨GS| cf2c†mc
†
f1
ci1 |GS⟩ + δi1,i2 ⟨GS| cf2c†mcmc

†
f1
|GS⟩ .

(2.86)

We now analogously expand the terms ⟨GS| cf2c†mc
†
f1
ci1 |GS⟩, and ⟨GS| cf2c†mcmc

†
f1
|GS⟩

⟨GS| cf2c†mc
†
f1
ci1 |GS⟩ = −⟨GS| cf2c

†
f1
|GS⟩ ⟨GS| c†mci1 |GS⟩ = −δf2,f1δi1,m, (2.87)
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similarly we have

⟨GS| cf2c†mcmc
†
f1
|GS⟩ = ⟨GS| cf2c†m |GS⟩ ⟨GS| c†mcf1 |GS⟩ + ⟨GS| cf2c

†
f1
|GS⟩ ⟨GS| c†mcm |GS⟩

= δf2,mδm,f1 + δf2,f1δm≤Nocc ,

(2.88)

where δm≤Nocc is there to ensure that m corresponds to an occupied state. Putting

everything together we get

⟨GS| c†i2cf2c
†
mcmc

†
f1
ci1 |GS⟩ = −δm,i2δf2,f1δi1,m + δi1,i2δf2,mδm,f1 + δi1,i2δf2,f1δm≤Nocc ,

(2.89)

thus Eq. 2.85 becomes

⟨Xν2| Ĥ(1) |Xν1⟩ =
∑
m

Em (−δm,i2δf2,f1δi1,m + δi1,i2δf2,mδm,f1 + δi1,i2δf2,f1δm≤Nocc)

= −Ei1δi1,i2δf2,f1 + Ef1δi1,i2δf2,f1 +
Nocc∑
m

Emδi1,i2δf2,f1

= δi1,i2δf2,f1

[
Ef1 − Ei1 +

Nocc∑
m

Em

]
.

(2.90)

Now for the Coulomb part, we have

⟨Xν2| Ĥ(2) |Xν1⟩

=
1

2

∑
m1,m2,m3,m4

⟨m1m2|V |m3m4⟩ ⟨GS| c†i2cf2c
†
m1
c†m2

cm3cm4c
†
f1
ci1 |GS⟩ ,

(2.91)
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and after some very laborious algebra using Wick’s theorem one can obtain

⟨Xν2| Ĥ(2) |Xν1⟩ = ⟨i1f2|V |i2f1⟩ − ⟨i1f2|V |f1i2⟩

− δf1,f2

Nocc∑
m

[⟨i1m|V |mi2⟩ − ⟨mi1|V |mi2⟩]

+ δi1,i2

Nocc∑
m

[⟨f2m|V |mf1⟩ − ⟨mf2|V |mf1⟩]

+ δi1,i2δf1,f2

Nocc∑
m<m1

[⟨m1m|V |mm1⟩ − ⟨m1m|V |m1m⟩] .

(2.92)

The first line in the expression corresponds to vertex correction or electron hole direct

and exchange interaction in the case where f2 = f1 and i2 = i1. Otherwise it is a

scattering term coupling different electron hole pairs. The second line is a scattering

of a hole from a state i2 to a state i1 due to the presence of electrons in the VB.

The third term is the same but the scattering of an electron. Finally, the last term

corresponds to the energy of electrons interacting in the VB and is responsible only

to an overall shift in energies.

The contribution from the positive background is derived as

⟨Xν2| Ĥ(3) |Xν1⟩ = − δf1,f2

Nocc∑
m

⟨i1m|V |mi2⟩

+ δi1,i2

Nocc∑
m

⟨f2m|V |mf1⟩

+ δi1,i2δf1,f2

Nocc∑
m,m1

⟨m1m|V |mm1⟩.

(2.93)

The first term corresponds to the interaction of the hole with the positive background,

the second term corresponds to the interaction of the electron with the positive back-

ground, and finally the last term corresponds to the interaction of the positive back-

ground with itself. It is very convenient to subtract the energy of the ground state

from the matrix elements of the BSE equation. So we proceed now to compute the
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GS energy. One can show that

⟨GS| Ĥ |GS⟩ =
Nocc∑
m

Em +
Nocc∑

m<m1

[⟨m1m|V |mm1⟩ − ⟨m1m|V |m1m⟩] . (2.94)

Now combining expressions, the matrix elements of the BSE with energies measured

by subtracting the ground state energy is given by

⟨Xν2| Ĥ |Xν1⟩ − δν2,ν1 ⟨GS| Ĥ |GS⟩ = δi1,i2δf2,f1 [Ef1 − Ei1 ]

+ ⟨i1f2|V |i2f1⟩ − ⟨i1f2|V |f1i2⟩

+ δf1,f2

Nocc∑
m

⟨mi1|V |mi2⟩

− δi1,i2

Nocc∑
m

⟨mf2|V |mf1⟩.

(2.95)

In general, these are the matrix elements of our BSE. This expression can be further

simplified for a particular basis. For example, if we assume that our single-particle

basis corresponds to a bulk 2D material in which wavevectors k are a good quantum

number, then scattering elements of the form ⟨mi|V |mj⟩ for i ̸= j vanish in order to

conserve momentum. A similar consequence occurs in a DFT basis or a HF basis.

Thus, if we assume we are in such a basis, we can reduce the above expression to

⟨Xν2| Ĥ |Xν1⟩ − δν2,ν1 ⟨GS| Ĥ |GS⟩ = δi1,i2δf2,f1
[(
Ef1 + Σ(f1)

)
−
(
Ei1 + Σ(i1)

)]
+ ⟨i1f2|V |i2f1⟩ − ⟨i1f2|V |f1i2⟩.

(2.96)

Our Bethe-Salpeter equation is then:

∑
q′,p′,σ′

[(Eq′ + Σq′) − (Ep′ + Σp′)]δp,p′δq,q′δσ,σ′F µ
p′,q′,σ′

+
∑

q′,p′,σ′

[⟨p, q′|VC |p′, q⟩ − ⟨p, q′|VC |q, p′⟩ δσσ′ ]F µ
p′,q′,σ′ = EµF

µ
p,q,σ.

(2.97)
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Figure 2.13: Schematic representation of different contributions to the BSE. In (a) is
the self-energy contribution from the electron and hole. (b) shows the contribution
of vertex correction where X represent electron-hole exchange interaction, while D
represent e-h direct interaction. In (c) we show the two different ways electron-hole
configurations can couple. The left side corresponds to a scattering due to a coulomb
matrix element of the form ⟨p, q′|VC |p′, q⟩ while the right side of (c) corresponds to a
scattering due to ⟨p, q′|VC |q, p′⟩

We see that the electron-hole pair energy is renormalized by self-energy given by

Σp = −
∑
q

δσ,σ′ ⟨q, p|VC |q, p⟩ , (2.98)

where the sum over q runs over valence band states. Fig. 2.13(a) shows diagrammat-

ically the contribution of self-energy to the energy of the electron-hole complex. The

last two terms in Eq. 2.97 are our vertex corrections corresponding to electron-hole

exchange, and direct interaction when p = p′ and q = q′. Vertex correction will

also renormalize the electron-hole energy. Fig. 2.13(b) shows a diagram of the vertex

correction contribution. When p ̸= p′ and q ̸= q′ then the last two terms in Eq.

2.97 correspond to scattering elements that couple different electron-hole configura-

tions. Fig. 2.13(c) shows how these elements can scatter us from one electron-hole

configuration to another.
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2.3 Mean-field approximations

So far we have discussed non-interacting electron systems (single-particle), as well as

full interacting many-body systems. In the previous section we outlined the compu-

tational complexity of the many-body problem as well as some approaches to solve

these many-body problems mainly in a restricted basis. We now turn to an alternate

method, mainly mean-field methods in order to try to understand the many-body

ground state of the system.

2.3.1 Mean-field Hartree Fock

In this section we outline the Hartree-Fock (HF) method. We start with the many-

body Hamiltonian defined in Eq. 2.67. We will move to a slightly different notation

for convenience. Our Hamiltonian is given by

H =
∑
p,σ

ϵpσc
†
pσcpσ +

1

2

∑
p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ c†pσc
†
qσ′crσ′csσ, (2.99)

where the indices p, q, r, s correspond to itinerant states. In the HF approximation,

we assume that our wavefunction can be written as a single Slater determinant given

by

|HF ⟩ =
∏
σ

λσ
F∏
λ

∑
p

aλ,p,σc
†
p,σ |0⟩ , (2.100)

where λ are HF orbitals and λσF is the highest occupied state for spin σ. Since we

may not have the same number of spin up and spin down electrons, we have a spin

index included. Now let us define our HF operators as

b†λ,σ =
∑
p

aλ,p,σc
†
p,σ. (2.101)
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The operators b†λ,σ, b†λ,σ satisfy the Fermionic anticommutator relations defined in

Eq. 2.58. Inverting the above expression, one obtains

c†p,σ =
∑
λ

a∗λ,p,σb
†
λ,σ. (2.102)

So, our HF ground state is

|HF ⟩ =
∏
σ

λσ
F∏
λ

b†λ,σ |0⟩ . (2.103)

At this stage there are two ways to proceed. The formal way is by means of a Lagrange

multiplier method in which we compute the energy of the HF state, and minimize

the total energy with the constraint that we conserve the number of particles. This

method is lengthy. For the sake of compactness we will proceed with a simplified

method by starting with an ansatz which yields the same result [106]. This ansatz is

what introduces the mean-field aspect of the approximation by replacing a two body

operator by a one body operator. The ansatz is

c†pσc
†
qσ′crσ′csσ ≈ ⟨c†qσ′crσ′⟩c†pσcsσ + ⟨c†pσcsσ⟩c

†
qσ′crσ′

− ⟨c†qσ′csσ⟩c†pσcrσ′δσσ′ − ⟨c†pσcrσ′⟩c†qσ′csσδσσ′ .

(2.104)

Plugging this into Eq. 2.99 we get

HHF =
∑
p,σ

ϵpσc
†
pσcpσ

+
1

2

∑
p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ ⟨c†qσ′crσ′⟩c†pσcsσ

+
1

2

∑
p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ ⟨c†pσcsσ⟩c
†
qσ′crσ′

− 1

2

∑
p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ ⟨c†qσ′csσ⟩c†pσcrσ′δσσ′

− 1

2

∑
p,q,r,s,σ,σ′

⟨pσ, qσ′|V |rσ′, sσ⟩ ⟨c†pσcrσ′⟩c†qσ′csσδσσ′ .

(2.105)
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Relabelling indices and using symmetries of Coulomb matrix elements one obtains

our HF equation:

HHF =
∑
p,σ

ϵpσc
†
pσcpσ +

∑
p,q,r,s,σ,σ′

[⟨pσ, qσ′|V |rσ′, sσ⟩ − ⟨pσ, qσ′|V |sσ, rσ′⟩ δσσ′ ] ⟨c†qσ′crσ′⟩c†pσcsσ,

(2.106)

where we note that this expression is in the itinerant basis. It is sometimes convenient

to work in the localized basis. In this basis, the HF equation in the localized basis is:

HHF =
∑
i,σ

ϵiσc
†
iσciσ −

∑
i,j,σ

tilσc
†
iσclσ

+
∑

i,j,k,l,σ,σ′

[⟨iσ, jσ′|V |kσ′, lσ⟩ − ⟨iσ, jσ′|V |lσ, kσ′⟩ δσσ′ ] ⟨c†jσ′ckσ′⟩c†iσclσ,
(2.107)

where the indices i, j, k,l now represent sites. This can be put in a simplified notation

by defining

τilσ = −tilσ +
∑
j,k,σ′

[⟨iσ, jσ′|V |kσ′, lσ⟩ − ⟨iσ, jσ′|V |lσ, kσ′⟩ δσσ′ ] ρjkσ′ , (2.108)

so that the HF equation becomes

HHF =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,l,σ

τilσc
†
iσclσ. (2.109)

ρjkσ′ = ⟨c†jσ′ckσ′⟩ are called density matrix elements. Since our Hamiltonian must be

diagonal in terms of operators bλ,σ we have

∑
i,σ

ϵiσc
†
iσciσ +

∑
i,l,σ

τilσc
†
iσclσ =

∑
λ,σ

ϵHF
λ,σ b

†
λ,σbλ,σ. (2.110)

Averaging this expression over our HF GS we obtain

∑
i,σ

ϵiσρi,i,σ +
∑
i,l,σ

τilσρi,l,σ =
∑
λ,σ

ϵHF
λ,σ nλσ. (2.111)
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We now proceed to compute these elements, we have

ρjkσ′ = ⟨c†jσ′ckσ′⟩ = ⟨HF | c†jσ′ckσ′ |HF ⟩

= ⟨0|
∏
σ

λσ
F∏
λ

bλ,σc
†
jσ′ckσ′

∏
σ

λσ
F∏
λ

b†λ,σ |0⟩

= ⟨0|
∏
σ

λσ
F∏
λ

bλ,σ

(∑
λ′

a∗λ′,j,σ′b
†
λ′,σ′

)(∑
λ′′

aλ′′,k,σ′bλ′′,σ′

)∏
σ

λσ
F∏
λ

b†λ,σ |0⟩

=
∑
λ′,λ′′

a∗λ′,j,σ′aλ′′,k,σ′

λσ
F∏

λ,σ

⟨0| bλ,σb†λ′,σ′bλ′′,σ′b†λ,σ |0⟩

=
∑
λ′,λ′′

a∗λ′,j,σ′aλ′′,k,σ′

λσ
F∏

λ,σ

δλ′′,λ′δλ′≤λσ
F

=
∑
λ

a∗λ,j,σ′aλ,k,σ′nλσ,

(2.112)

where nλσ checks for occupation of state λ with spin σ. With the explicit form of

the density matrix elements derived it becomes apparent that Eq. 2.109 must be

solved self-consistently until we find an energy minimum. Thus, the last thing we

need to compute is the HF energy, and track it at each iteration of our self-consistent

calculation in order to ensure we found the minimum. We now proceed to compute
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the HF energy. We have

EHF = ⟨HF |H |HF ⟩ =
∑
i,σ

ϵiσ ⟨HF | c†iσciσ |HF ⟩

+
1

2

∑
i,j,k,l,σ,σ′

⟨iσ, jσ′|V |kσ′, lσ⟩ ⟨HF | c†iσc
†
jσ′ckσ′clσ |HF ⟩

=
∑
i,σ

ϵiσ ⟨HF | c†iσciσ |HF ⟩

+
1

2

∑
i,j,k,l,σ,σ′

⟨iσ, jσ′|V |kσ′, lσ⟩ ⟨HF | c†iσclσ |HF ⟩ ⟨HF | c
†
jσ′ckσ′ |HF ⟩

− 1

2

∑
i,j,k,l,σ,σ′

⟨iσ, jσ′|V |kσ′, lσ⟩ ⟨HF | c†iσckσ′ |HF ⟩ ⟨HF | c†jσ′clσ |HF ⟩

=
∑
i,σ

ϵiσρi,i,σ

+
1

2

∑
i,j,k,l,σ,σ′

[⟨iσ, jσ′|V |kσ′, lσ⟩ − ⟨iσ, jσ′|V |lσ′, kσ⟩] ρj,k,σ′ρi,l,σ

=
∑
i,σ

ϵiσρi,i,σ

+
∑

i,j,k,l,σ,σ′

[⟨iσ, jσ′|V |kσ′, lσ⟩ − ⟨iσ, jσ′|V |lσ′, kσ⟩] ρj,k,σ′ρi,l,σ

− 1

2

∑
i,j,k,l,σ,σ′

[⟨iσ, jσ′|V |kσ′, lσ⟩ − ⟨iσ, jσ′|V |lσ′, kσ⟩] ρj,k,σ′ρi,l,σ,

(2.113)

where in the last equality we have added and subtracted the interaction term. Sim-

plifying notation using Eq. 2.108 we get

EHF =
∑
i,σ

ϵiσρi,i,σ +
∑
i,l,σ,

τilσρi,l,σ −
1

2

∑
i,l,σ,

τilσρi,l,σ. (2.114)

Using Eq. 2.111 this can be rewritten as

EHF =
∑
λ,σ

ϵHF
λσ nλσ −

1

2

∑
i,l,σ

τilσρi,l,σ. (2.115)

This is the HF energy. Notice that the HF energy is not only a sum over HF quasi-

particle energies ϵHF
λσ , but also contains an extra term which arises due to the fact

that interactions are contained in the HF quasiparticle levels. This energy must be
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minimized in order for us to converge our HF GS self consistently.

2.3.2 Mean-field Hubbard model

The Mean-field HF Hamiltonian defined in Eq. 2.107 can be further reduced by

making a Hubbard approximation described in 2.2.3. Retaining only onsite Hubbard

U we obtain

HHF =
∑
i,σ

ϵiσc
†
iσciσ−

∑
i,j,σ

tilσc
†
iσclσ+

∑
i,σ,σ′

[⟨iσ, iσ′|V |iσ′, iσ⟩ − ⟨iσ, iσ′|V |iσ, iσ′⟩ δσσ′ ] ρiiσ′c†iσclσ.

(2.116)

Summing over spin indices in the interaction term we obtain

HHF =
∑
i,σ

ϵiσc
†
iσciσ −

∑
i,j,σ

tilσc
†
iσclσ + U

∑
i,σ,σ′

[
ρii↓c

†
i↑cl↑ + ρii↑c

†
i↓cl↓

]
. (2.117)

Although the model is simplified, it can capture some essential physics. For ex-

ample on a honeycomb lattice, this Hamiltonian can predict the phase of the GS as

a function of U/t. When U/t is small we are in a metallic phase, when it is large we

are in an AF phase [81] as we will show in chapter 4.

2.4 Tight-Binding - Hartree Fock - Configuration

Interaction Method

In this section, we will combine the methodology of TB-HF-CI in order to solve

correlated electron problems. Using HF allows us to start with an optimized basis

to perform exact many-body calculations. We begin by solving the TB Hamiltonian

as an initial guess into the self-consistent HF equation Eq. 2.109. Then by self

consistently solving the HF equation we obtain a set of HF quasiparticle states. We

then rotate our many-body Hamiltonian to the basis of HF states. Finally, we use CI

to solve the many-body Hamiltonian thus accounting for correlations ignored at the
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HF level. We have already covered the TB-HF part of this methodology. To complete

it, we will rotate the many-body Hamiltonian in Eq. 2.67 to the basis of HF states.

Rewriting our Hamiltonian defined in Eq. 2.67, we have

H =
∑
i,σ

ϵiσc
†
iσciσ +

1

2

∑
i,j,k,l,σ,σ′

⟨ijV |kl⟩ c†iσc
†
jσ′ckσ′clσ, (2.118)

where spin indices are hidden in the Coulomb matrix elements and the indices i, j, k, l

now correspond to itinerant states. Starting with transforming only the single-particle

part of the Hamiltonian and using Eq. 2.110 we get

∑
i,σ

ϵiσc
†
iσciσ =

∑
p,σ

ϵHF
p,σ b

†
p,σbp,σ −

∑
i,l,σ

τilσc
†
iσclσ. (2.119)

Recalling Eq. 2.102 we have

∑
i,σ

ϵiσc
†
iσciσ =

∑
p,σ

ϵHF
p,σ b

†
p,σbp,σ −

∑
p,q

∑
i,l,σ

a∗p,i,σaq,l,στilσb
†
p,σbq,σ

=
∑
p,σ

ϵHF
p,σ b

†
p,σbp,σ −

∑
p,q,σ

tpqσb
†
p,σbq,σ,

(2.120)

where

tpqσ =
∑
i,l

a∗p,i,σaq,l,στilσ. (2.121)

Its worth noting that τilσ does not contain the hopping term in its definition because

we are in an itinerant basis. Now, let us transform the interaction part, let’s call it

V for simplicity. We have

V =
1

2

∑
p,q,r,s

∑
i,j,k,l,σ,σ′

a∗p,i,σa
∗
q,j,σ′ar,k,σ′as,l,σ ⟨ij|V |kl⟩ b†pσb

†
qσ′brσ′bsσ

=
1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ b†pσb
†
qσ′brσ′bsσ,

(2.122)

where

⟨pq|V |rs⟩ =
∑
i,j,k,l

a∗p,i,σa
∗
q,j,σ′ar,k,σ′as,l,σ ⟨ij|V |kl⟩ . (2.123)
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Combining everything our many-body Hamiltonian in the basis of HF states is given

by

H =
∑
p,σ

ϵHF
p,σ b

†
p,σbp,σ −

∑
p,q,σ

tpqσb
†
p,σbq,σ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ b†pσb
†
qσ′brσ′bsσ. (2.124)

It is worth noting the emergence of the term tpqσ which arises to ensure we are not

over-counting interactions that were contained in the mean-field interactions.

2.5 Numerical methods

In this thesis, codes were developed using various programming languages, including

C, C++, Python, and Matlab. C and C++ were primarily used, and Python or

Matlab were used when it was more convenient for a particular task.

One of the challenges faced during tackling problems in this thesis were the nu-

merical complexity of the many-body problem, which can grow factorially with the

number of states and number of electrons. For example, the large Hilbert spaces often

require the diagonalization of very large matrices, which can be computationally de-

manding. Additionally, the data organization in these calculations must be carefully

managed to avoid overwhelming the memory of the computer.

To address these challenges, we used the SlepC library [107], which is a library

that is being used inside of QNANO. QNANO is a package developed by researchers

at the University of Ottawa. Through QNANO, I am able to use SlepC. This library

allowed me to perform diagonalization of large matrices in a computationally efficient

manner by using a compressed sparse row (CSR) format. SlepC uses projection

methods which involve projecting the matrix onto a lower-dimensional subspace and

iteratively computing approximations of its eigenvectors and eigenvalues.

Another important aspect of the work done in this thesis was the calculation of

Coulomb matrix elements. In general, computing a single Coulomb matrix element

requires solving a 6-dimensional integral, as seen in Eq. 2.68. There are N4 of these

matrix elements, which can be computationally demanding. To simplify the calcula-
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tion, we exploited the fact that the wavefunctions were localized on sites and made

a long-range approximation which replaces the electron density by delta functions

effectively treating the charges as point charges. This approximation reduced the

number of 6-dimensional Coulomb matrix elements that needed to be calculated, but

we still needed a way to efficiently solve the remaining short-range Coulomb matrix

elements.

In addition to the calculation of Coulomb matrix elements, we also needed to

rotate these matrix elements from a site representation to a single-particle basis.

This process is of O(N4) for each matrix element and required optimization to ensure

that it was performed efficiently.

Overall, the development of these codes and the use of specialized libraries were es-

sential for addressing the numerical complexity of many-body systems and performing

the calculations required for the thesis.

2.5.1 VEGAS algorthim

The VEGAS algorithm is a Monte Carlo [108] method for numerical integration that

can be used to compute integrals of the form:

I =

∫
Ω

f(x)dx (2.125)

where f(x) is the function to be integrated and Ω is the domain of integration. The

VEGAS algorithm is an adaptive algorithm, which means that it adjusts its behavior

based on the results of previous iterations in order to improve the accuracy of the

final result.

The VEGAS algorithm works by dividing the domain of integration Ω into a grid

of bins, and then estimating the integral by randomly sampling points from each bin

and evaluating the function at those points. The algorithm then uses the results of

these samples to refine the grid and improve the accuracy of the final result.

The VEGAS algorithm can be generalized to higher dimensions, such as the
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6-dimensional case. In this case, the domain of integration is divided into a 6-

dimensional grid of bins, and the algorithm proceeds as before by sampling points

from each bin and using the results to refine the grid.

One of the key advantages of the VEGAS algorithm is that it can handle highly

oscillatory functions, which can be difficult for other numerical integration methods

to accurately approximate. Additionally, the VEGAS algorithm is relatively easy to

implement and can be parallelized, making it a useful tool for solving a wide range

of integration problems.

For calculations in this thesis we use the VEGAS algorthim implemented in the

gsl library [109].

2.5.2 Calculation of Coulomb matrix elements

In most of this thesis, we compute Coulomb matrix elements starting in the localized

basis and rotate them to the itinerant basis. We compute Coulomb matrix elements

in the localized basis using a VEGAS algorthim described above. This was used to

compute matrix elements in the site representation for graphene, bilayer graphene

and artificial graphene. For graphene, taking pz Slater orbitals centered on atom i of

the form

ϕi(r⃗) =

(
ξ5

32π

) 1
2

(z − zi) e
− ξ

2
|r⃗−r⃗i| (2.126)

where ξ is the Slater parameter which we take to be ξ = 3.25 [88], we then proceed to

compute the Coulomb matrix elements defined in Eq. 2.68 using distances measured

in units of Bohrs radii ab = 0.52917721092 Å with Ry = 13.6056930 eV. Table. 2.1

shows the Coulomb matrix elements for a single sheet of graphene. There is a com-

parison with the numbers contained in recent review [1], but we note that there is a

difference in the choice of the Slater parameter ξ. The labelling of sites 1, 2, 3 means

if numbers differ by 1 they are NN to each other, if they differ by 2 they are next

nearest neighbours (NNNs) to each other. The table contains all scattering terms up

to NNN.

It is worth noting that if we consider scattering terms that involve scatterings
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Matrix Element VEGAS (eV) ξ = 3.25 Graphene QD book (eV) ξ = 3.14

⟨11|V |11⟩ 17.307 16.522
⟨12|V |21⟩ 8.942 8.640
⟨13|V |31⟩ 5.582 5.333
⟨11|V |12⟩ 3.027 3.157
⟨12|V |31⟩ 1.664 1.735
⟨12|V |12⟩ 0.774 0.873
⟨11|V |22⟩ 0.774 0.873
⟨22|V |13⟩ 0.535 0.606
⟨12|V |23⟩ 0.356 –
⟨11|V |13⟩ 0.306 –

Table 2.1: Coulomb matrix elements for graphene using pz Slater orbitals. The first
column corresponds to the element we are referring to, the second column corresponds
to the elements calculated using the VEGAS algorithm, we take the Slater parameter
ξ = 3.25. The last column are calculated values in the graphene QDs book [1] for ξ =
3.14.

between atoms that are further than the NNN distance in graphene the Coulomb

matrix elements ⟨ij|V |kl⟩ become negligible unless j = k and i = l, corresponding

to direct terms. Thus, we restrict ourselves to only the direct terms now. The direct

terms have the form

⟨ij|V |ji⟩ = Ry

∫ ∫
dr⃗1dr⃗2|ψi(r⃗1)|2|ψj(r⃗2)|2

2

|r⃗1 − r⃗2|
, (2.127)

where |ψi(r⃗1)|2 is the electron density on site i. It is still cumbersome to compute

all these direct terms especially for large systems. We can perform a long-range

approximation if the distance between site i and site j is sufficiently large, such that

we approximate the electrons as point charges by replacing the density with a delta

function. In other words we have

⟨ij|V |ji⟩ =

∫ ∫
dr⃗1dr⃗2δ

(
r⃗1 − R⃗i

)
δ
(
r⃗2 − R⃗j

) 2Ry

|r⃗1 − r⃗2|
, (2.128)

executing the delta functions we get

⟨ij|V |ji⟩ =
2Ry

|R⃗i − R⃗j|
. (2.129)
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Figure 2.14: Comparing the long range approximation of Coulomb matrix elements
with quantum mechanical Coulomb matrix elements. The x-axis denotes distances
between atoms, it is separated into two regions, one where the long range approxima-
tion is valid, and the other where we take the quantum mechanical matrix element.

Fig. 2.14 shows the validity of this long range approximation. It is sufficient to com-

pute the direct elements for distances less than about 3.5Å and otherwise take a

long-range approximation which reduces the 6-dimensional integral to a single func-

tion and thus reducing the numerical complexity tremendously.

Now that we have computed Coulomb matrix elements in the site representation,

it is convenient to work in the itinerant basis instead of the localized basis in order to

prevent the Hilbert space in many-body calculations from getting unmanageable. The

advantage of the itinerant basis, is that we can ignore states that are far away from the

Fermi level when attempting to find the low energy many-body states of the system.

This is because configurations that are far away energetically tend to couple weakly.

We will continue to work on the example of graphene as we have implemented this

methodology for graphene, although it is extendable to other materials. The method

outlined here is also consistent with what has been used in Refs. 110–112. The new

Coulomb matrix elements we seek to obtain are defined in Eq. 2.69 but we limit

ourselves to the single pz orbital and we have
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⟨pq|V |rs⟩ =
∑
i,j,k,l

(Cp
i )∗
(
Cq

j

)∗
Cr

kC
s
l ⟨ij|V |kl⟩ . (2.130)

Just to give the context of the numerical complexity of this rotation, later in the

thesis we will work on a bilayer graphene quantum dot in which the number of sites

is 1.6 million. This summation over i, j, k, l would correspond to a sum over 1024

terms! Of course, only the non-zero Coulomb matrix elements need to be summed

over. Thus the true numerical complexity is contained in the long range part of this

expression. Let’s focus on only the long range contribution to this summation, we

have

⟨pq|VLR|rs⟩ =
∑
i,j

(Cp
i )∗
(
Cq

j

)∗
Cr

i C
s
i

2Ry

|R⃗i − R⃗j|

=
∑
i,j

(Cp
i )∗
(
Cq

j

)∗
Cr

i C
s
i V
(
R⃗i − R⃗j

)
.

(2.131)

Even this reduction is now a process of O(N2) which for the system we will work on

later of 1.6 million atoms still corresponds to a sum over 1014 terms. Furthermore, this

is only for a single Coulomb matrix element. In general, for a basis of 32 itinerant

states there would be 1048576 of these terms to compute. So we need to further

simplify the problem. Now let us define the following matrix [110–112]

F ps =
∑
i

F ps
i =

∑
i

Cp∗
i C

s
i , (2.132)

then we can write our LR contribution in the form

⟨pq|VLR|rs⟩ =
∑
i,j

F ps
i F

qr
j V

(
R⃗i − R⃗j

)
. (2.133)

But Coulomb interaction depends only on the magnitude of the distance between

atom i and atom j and if we exploit this fact, the numerical complexity is now less

than O(N2). To minimize repeated multiplicative operations in this summation, we
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can define a new data structure

Gqr
i =

∑
j

F qr
j V

(
R⃗i − R⃗j

)
, (2.134)

then we must compute

⟨pq|VLR|rs⟩ =
∑
i

F ps
i G

qr
i . (2.135)

The most numerically expensive part to compute is Gqr
i but for computing a single

G vector for a fixed q, r we can compute matrix elements for any p, s with numerical

complexity O(N) which is very fast even for large numbers of atoms! This method

will be implemented for problems described in chapter 6 and 7. It is worth noting that

the short range part is numerically inexpensive since once we have the short-range

Coulomb matrix elements computed there is only a small number of these elements

that are non-zero that need to be summed over.



Chapter 3

Oscillations of the Bandgap in

Hexagonal Graphene Quantum

Dots

We would like to state this chapter is based on Ref. [113] with more derivations and

detail shown. I have done all calculations in this paper except the DFT calculations.

In this chapter we determine the evolution of the bandgap energy with size in

graphene quantum dots (GQDs). We find oscillatory behaviour of the bandgap and

explain its origin in terms of armchair and zigzag edges. The electronic energy spectra

of GQDs are computed using both the TB model and ab initio density functional

methods. The results with zigzag edges of the TB model are analyzed by dividing

zigzag graphene quantum dots (GQDs) into concentric rings. For each ring, the

energy spectra, the wavefunctions and the bandgap are obtained analytically. The

effect of inter-ring tunneling on the energy gap is determined. The growth of zigzag-

terminated GQD into armchair GQD is shown to be associated with the addition

of a one-dimensional Lieb lattice of carbon atoms with a shell of energy levels in

the middle of the energy gap of the inner zigzag-terminated GQD. This introduces a

different structure of the energy levels at the bottom of the conduction and top of the

valence band in zigzag and armchair GQD which manifests itself in the oscillation of

56
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the energy gap with increasing size. The evolution of the bandgap with the number

of carbon atoms is compared with the notion of confined Dirac Fermions and tested

against ab initio calculations of Kohn–Sham and time-dependent density functional

theory (TD-DFT) energy gaps.

3.1 Tight-binding model of a zigzag graphene quan-

tum dot

Figure 3.1: Decomposition of graphene quantum dot C24 into concentric rings. Grey
spheres represent carbon atoms and connecting lines indicate electron tunneling be-
tween atoms. (a) C24 (coronene), (b) C24, with tunneling between ring1 and ring 2
turned off. (c) C54 with three rings as indicated by red circles.

We now define our model and introduce our procedure of dividing GQD into

concentric rings on the example of a small GQD. Fig. 3.1(a) shows schematically the

position of carbon atoms in the smallest graphene quantum dot, C24, with zigzag

edges (coronene), composed of 24 Carbon (C24) and 12 hydrogen atoms (hydrogen

atoms not shown in figure). We assume the structure as shown in figure. 3.1, verify it

by DFT and retain one pz electron per carbon atom. We neglect hydrogen atoms and

with each ball in Fig. 3.1 we represent a single pz orbital, while the ‘stick’ represents

the matrix element t for tunneling between nearest neighbor pz orbitals. The one-

electron Hamiltonian is given by

Ĥ = t
∑
⟨i,j⟩,σ

c†iσcjσ, (3.1)
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and describes tunneling of a pz electron from a carbon atom j to its nearest neighbors

i with amplitude t. We note t is negative. In the first step we divide our GQD

into two rings, the inner ring of six C atoms (benzene) and the outer ring of 18 C

atoms. We first set the tunneling matrix elements τ between the two rings to zero, as

illustrated in Fig. 3.1(b). Fig. 3.1(c) shows a similar division of a larger GQD with

54 C atoms (C54) and a zigzag edge into three rings. The Hamiltonian of C24 can

now be written as

Ĥ = Ĥring1 + Ĥring2 + V̂12. (3.2)

Neglecting the coupling V̂12 between the rings, the wavefunctions and energy levels of

inner ring (ring 1) and outer ring (ring 2) can be written explicitly,

ψring
k =

1√
N

N∑
n=1

eikanϕn (r⃗) , (3.3)

where ϕn (r⃗) is a pz orbital centered on atom n, k = 2π
Na
p, with p = 0,±1,±2, ..., and

a is the bond length. We have N = 18 for ring 2, and N = 6 for ring 1. The energies

are given by

Ering = 2t cos (ka) . (3.4)

The highest filled energy level is

Eν
ring = 2t cos

(
2π

N

N
2
− 1

2

)
. (3.5)

Because we have electron-hole symmetry, the energy gap is just

∆ring =

∣∣∣∣∣4t cos

(
2π

N

N
2
− 1

2

)∣∣∣∣∣ . (3.6)

When N becomes sufficiently large, this can be approximated as

∆ring ≈
4tπ

N
. (3.7)

We see that the energy gap decreases inversely proportional to the circumference of
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the ring N × a or radius of the ring R. The scaling of the gap of a 1D ring with

N atoms is similar to the scaling of the gap defined by the confined Dirac Fermion

model [98]. Let us now turn on electronic coupling V̂12 of outer and inner rings. The

matrix elements of V̂12 coupling ring 1 and ring 2 are given by

⟨ψring2
k |V̂12|ψring1

q ⟩ =
1√

18 · 6

Nring2∑
n′=1

Nring1∑
n=1

e−ikan′
eiqan ⟨ϕn′|V̂12|ϕn′⟩ . (3.8)

Since we are in a NN approximation, the coupling of V̂12 couples each atom in the

inner ring 1 only to every third atom of the outer ring 2 (see Fig. 3.1(b)). Thus if we

enumerate atoms correctly, this corresponds to n = 3n′ with amplitude τ , so we have

⟨ψring2
k |V̂12|ψring1

q ⟩ =
τ√

18 · 6

Nring2∑
n′=1

Nring1∑
n=1

e−ikan′
eiqanδn,3n′ , (3.9)

executing the delta we get

⟨ψring2
k |V̂12|ψring1

q ⟩ =
τ√

18 · 6

Nring1∑
n=1

ei(q−3k)an. (3.10)

We see that the matrix elements couple each single state ‘q’ of the inner ring with

three ‘k’ states of the outer ring according to the selection rule 3k = q, q + Q, q −Q

where the Q = 2π
a

corresponds to the reciprocal lattice vector. Let kν = 2π
Na

(
N
2
−1

2

)
be

the wavevector corresponding to the highest occupied state of the outer ring. From

Eq. 3.10 we see that only three states q, kν + Q
3

, kν− Q
3

couple with kν , where q = 3kν .

In order to obtain the energy of the top valence state we need to diagonalize only a

4 × 4 matrix. Instead of diagonalizing the full tunnelling N ×N Hamiltonian of two

rings with N = 24 we brought the Hamiltonian matrix to a diagonal form of blocks

of 4×4 size each, which we need to diagonalize separately. The same process extends

to larger rings. We can write explicitly the 4 × 4 Hamiltonian for the q, kν , kν + Q
3
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and kν − Q
3

coupled levels as a function of the inter-ring coupling τ as

H =



−t τ√
3

τ√
3

τ√
3

τ√
3

0.347t 0 0

τ√
3

0 1.532t 0

τ√
3

0 0 1.879t


. (3.11)

The upper corner of the matrix describes coupling of the top of the valence band

Figure 3.2: (a) Evolution of the q, kν , kν + Q
3

and kν − Q
3

states with the inter-ring
tunneling strength τ in units of t. The red line shows evolution of the top valence
state. (b) Evolution of the four groups of energy states, with the top of the valence,
and bottom of conduction band plotted in red.

state kν of the outer ring with energy 0.3472t with the bottom of the conduction band

state of the inner ring q with energy −t. The two remaining states of the outer ring,

kν + Q
3

and kν − Q
3

, provide additional indirect contribution to state kν by indirect

coupling via the state q of the inner ring. We also note that the effective inter-ring

tunneling is reduced, from τ to τ√
3
. Fig. 3.2(a) shows the evolution of the four energy

levels q, kν , kν + Q
3

and kν − Q
3

as a function of the coupling strength τ illustrating

the renormalization of the energy of the top of the valence band. Due to electron-

hole symmetry this analysis also determines the renormalization of the bottom of the

conduction band and hence, the energy gap of C24. The evolution of all four groups

of energy levels (two groups are degenerate) with inter-ring tunneling τ , including
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top of the valence band and bottom of the conduction band, is shown in Fig. 3.2(b).

The inter-ring coupling renormalizes the energy gap and changes its dependence on

the number of carbon atoms but the degeneracy of the conduction band minimum

and valence band maximum remains.

3.2 Tight-binding model of an armchair graphene

quantum dot

Figure 3.3: Schematic illustration of increasing the size of the GQD from C24 with
zigzag edge to C42 with armchair edge by adding six Lieb clusters of three carbon
atoms each.

Let us now focus on increasing the number of carbon atoms. Fig. 3.3 shows how

a graphene quantum dot can be grown from C24 to C42 by addition of a third,

incomplete ring of 18 carbon atoms. When completed, the final GQD corresponds

to the smallest hexagonal GQD with an armchair edge. By looking at the added

outer ring, central panel in Fig. 3.3, we see that the outer, third, ring is built of six

disconnected groups with three carbon atoms each. Each group of three carbon atoms

is next connected to the outer ring of the smaller, zigzag GQD, as seen in the right

panel of Fig. 3.3. In this example, the outer ring forms a 1D Lieb lattice [78], a lattice

with unit cell containing three atoms. The special property of the Lieb lattice is the

existence of a shell of energy levels at zero-energy. We can show this by diagonalizing
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Figure 3.4: Defining the geometry of the cluster, and showing the non-zero hopping
matrix elements between ring 2 and ring 3.

Eq. 3.1. The Hamiltonian for a single cluster is explicitly given by

H =


0 t 0

t 0 t

0 t 0

 . (3.12)

This gives energies E− = −
√

2|t| , E0 = 0, E+ =
√

2|t| which is shown in Fig. 3.5

(c) as green lines. We indeed find a zero energy level for each of the six clusters and

hence a six-fold degenerate shell at the zero-energy. This shell is in the middle of the

gap of the inner C24 GQD, shown in Fig. 3.5 (c). Each of the zero energy levels

corresponds to a state 1√
2

(ϕ1 − ϕ3), i.e., a state built of orbitals on atoms one and

three, but not middle atom two. The six states at zero-energy of the outer ring are

analogous to the six states of the inner ring, benzene, in our previous analysis of C24

GQD. We follow the same methodology here by constructing itinerant states of the

six clusters. We start by analyzing the interaction of the zero-energy shell with the

outer ring of C24. We form the itinerant states of the outer third ring using zero

energy states as

ψring3
k (r⃗) =

1√
6

5∑
j=0

eik5aj
1√
2

(ϕ3j−1 (r⃗) − ϕ3j+1 (r⃗)) , (3.13)

where the labelling of atoms is shown in Fig. 3.4. We now derive the coupling matrix



CHAPTER 3. OSCILLATIONS OF THE BANDGAP IN HEXAGONAL... 63

element between the outer clusters (ring 3) and the inner ring 2

⟨ψring2
k |V̂23|ψring3

q ⟩ =
1√

2 · 18 · 6

17∑
n=0

5∑
j=0

e−ikanei5qaj ⟨ϕn|V̂12| (ϕ3j−1 − ϕ3j+1)⟩

=
1√

2 · 18 · 6

17∑
n=0

5∑
j=0

ei(5qj−kn)a
(
⟨ϕn|V̂12|ϕ3j−1⟩ − ⟨ϕn|V̂12|ϕ3j+1⟩

)
=

τ√
2 · 18 · 6

17∑
n=0

5∑
j=0

ei(5qj−kn)a (δn,3j−1 − δn,3j+1)

=
τ√

18 · 6

5∑
j=0

(
ei(5qj−k(3j−1))a − ei(5qj−k(3j+1))a

)
=

τ√
2 · 18 · 6

5∑
j=0

ei(5q−3k)ja
(
eika − e−ika

)
=

2iτ sin ka√
2 · 18 · 6

5∑
j=0

ei(5q−3k)ja

(3.14)

Using the definitions of q and k we can write this as

⟨ψring2
k |V̂23|ψring3

q ⟩ =
2 · 6iτ sin ka√

2 · 18 · 6
δ5q±Q,3k =

2iτ sin ka√
6

δ5q±Q,3k. (3.15)

We see that the selection rules are modified compared with C24, with 3k = 5q,

5q − Q, 5q + Q. and the matrix element, Eq. 3.15, is modified due to the nature of

the zero-energy Lieb orbital 1√
2

(ϕ1 − ϕ3), a combination of orbitals one and three of

each group of outer carbon atoms. Fig. 3.5(c) shows the energy levels of the inner

QD, C24, and three shells of energy levels of the outer Lieb ring of 18 carbon atoms.

We see that there are indeed six states at zero-energy which are in the middle

of the energy gap of the inner GQD, Fig. 3.5(c). We now proceed with the same

methodology as for C24. We construct exact eigenstates of the outer ring 3 out of the

states of the Lieb lattice. The eigenstates of the inner ring 1 and inner ring 2 were

discussed already. With the inner-outer ring tunneling matrix elements due to V̂23

computed in Eq. 3.15, we can diagonalize the Hamiltonian resulting in the energy

spectrum shown in Fig. 3.5(d). This energy spectrum includes also coupling with the
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Figure 3.5: Structure and energy spectrum of C24 GQD with zigzag edges ((a) and
(c)) and Lieb ring of 18 Carbon atoms evolving into C42 GQD with armchair edges
((b) and (e)) when τ is turned on (evolution shown in subplot (d)). The degeneracy
of states in the vicinity of the Fermi level is shown explicitly. The matrix element τ
couples pz orbitals of the Lieb ring with C24 GQD. Kohn–Sham spectra of C24 and
C42 GQDs are shown respectively in (f) and (g).

inner benzene ring. We see that the degeneracy of the zero-energy Lieb shell is lifted,

an energy gap opens up across the Fermi level and the bottom of the conduction band

and the top of the valence band originates from the zero-energy Lieb shell. Since there

are six states in this shell the bottom of CB consists of three states and the top of the

valence band consists of three states. There is a small splitting of the three states,

but the splitting is small compared to the energy gap to the higher (lower) energy

levels. The two states at the top of the VB of the zigzag GQD and three states of the

armchair GQD are reproduced by ab intio DFT calculations done by Dr. Delgado

Gran. The Kohn–Sham spectrum for zigzag and armchair GQDs is shown in Fig.

3.5(f) and (g).

Hence, we see that the nature and character of the energy gap for zigzag and

armchair GQDs is different, with two degenerate states for zigzag and three almost

degenerate states for armchair top (bottom) of the valence (conduction) band. This
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Figure 3.6: Energy gap for zigzag (ZZ) and armchair (AC) GQDs calculated with
tight-binding (TB) (black squares) and density functional theory (DFT) (red dots)
as a function of the number of Carbon atoms in the dot. DFT results were obtained
using GGA-PBE approximation to the exchange-correlation energy. The hopping
amplitude t = −2.439 eV fits the TB gap of benzene to DFT result. The oscillation
starts from smallest ZZ and AC QDs, which are labeled with red boxes.

manifests itself in the oscillation of the energy gap of GQD with an increasing num-

ber of atoms, an effect already discussed by Guclu et al [114]. Fig. 3.6 shows the

energy gap of GQDs with an increasing number of carbon atoms obtained by direct

diagonalization of the TB Hamiltonian. An oscillation of the energy gap is visible for

all zigzag and armchair structures, starting from the smallest GQDs (C24 and C42).

The oscillation of the gap and its dependence Eg ∼ 1√
Ntot

for small size GQDs on the

total number of atoms Ntot can now be understood in terms of the nature of the top

of the valence and bottom of the conduction band states discussed above.

3.3 Conclusion

In conclusion, we analyzed the energy spectra of graphene quantum dots in terms of

the nearest neighbor tight-binding model and the decomposition of graphene quantum

dots into concentric rings. This decomposition allowed us to explain the dependence of

the bandgap of zigzag quantum dots in terms of a bandgap of a quasi one-dimensional
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outer ring. For the armchair-terminated quantum dots we found the bandgap origi-

nating from a six-fold degenerate zero-energy shell of a 1D Lieb lattice. Hence we find

the top of the valence band and the bottom of the conduction band doubly degenerate

for zigzag-terminated GQDs and three-fold degenerate for the armchair-terminated

GQDs. The different origin of the bandgap in the two types of GQDs results in the

oscillation of the bandgap with increasing size. The tight-binding results, needed

to describe large, million atom graphene quantum dots, are validated by ab initio

calculations including excitonic effects in the TD-DFT approach.



Chapter 4

Quantum Simulator of Extended

Bipartite Hubbard Model with

Broken Sublattice Symmetry:

Magnetism, Correlations, and

Phase Transitions

We would like to state this chapter is based on Ref. [85] with more derivations and

detail shown. I have conducted all calculations in this chapter.

There is currently interest in understanding electronic properties of strongly cor-

related quantum materials often modelled by an extended Hubbard model [115–117].

It is expected that progress in solutions to this intractable problem may be achieved

with quantum simulators.

A quantum simulator is a device that can simulate the behavior of a quantum

system using a classical computer or a physical system that behaves according to the

laws of quantum mechanics. The simulation of quantum systems is important because

quantum mechanics is often too complex to be solved using classical computers, and

quantum simulators provide a means of exploring the behavior of quantum systems

67



CHAPTER 4. QUANTUM SIMULATOR OF EXTENDED BIPARTITE... 68

and testing quantum algorithms. A quantum simulator should possess certain prop-

erties, such as being able to simulate the dynamics of a quantum system accurately

and efficiently, and being able to represent a wide range of quantum systems. The

simulator should also be able to perform measurements on the simulated system to

obtain information about its state [118–120].

Here we describe a proposal of a quantum simulator of the extended bipartite Hub-

bard model with broken sublattice symmetry inspired by graphene. Much progress in

quantum simulators has been achieved with cold atoms and trapped ions [65,121–130].

Progress in solid state and photonic based simulators [66–69,69,70,73–76,82,120,131–

136] is enabled by progress in new materials, including quasi-two-dimensional elec-

tronic systems (2DES) in semiconductor heterojunctions [9, 137] and graphene.

In this chapter, we develop a quantum simulator and model this quantum simula-

tor of the extended bipartite Hubbard model with broken sublattice symmetry. The

simulator consists of a structured lateral gate confining two-dimensional electrons in

a quantum well into artificial minima arranged in a hexagonal lattice. The sublattice

symmetry breaking is generated by forming an artificial triangular graphene quantum

dot (ATGQD) with zigzag edges. The resulting extended Hubbard model gives us

the ability to tune the ratio of tunneling strength to electron-electron interactions

and control over sublattice symmetry as well as size and shape. The validity of the

simulator is confirmed for small systems using mean-field and exact diagonalization

many-body approaches which show that the ground state changes from a metallic

to an antiferromagnetic (AF) phase by varying the distance between sites or depth

of the confining potential. The one-electron spectrum of these triangular dots con-

tains a macroscopically degenerate shell at the Fermi level. The shell persists at the

mean-field level for weak interactions (metallic phase) but disappears for strong inter-

actions in the AF phase. We determine the effects of electron-electron interactions on

the ground state, the total spin, and the excitation spectrum as a function of filling

of the ATGQD. We find that the half-filled charge-neutral shell leads to a partially

spin-polarized state in both metallic and AF regimes in accordance with Lieb’s theo-
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rem [104]. In both regimes a relatively large gap separates the spin-polarized ground

state to the first excited many-body state at half filling of the degenerate shell. By

adding or removing an electron, this gap drops dramatically, and alternate total spin

states emerge with energies nearly degenerate to a spin-polarized ground state.

4.1 Model of triangular artificial graphene quan-

tum dot

We start with electrons confined to a quantum well described by a potential V (z)

where z is the growth direction. A metallic gate is deposited on the surface at a

distance D from the quantum well. The potential on the gate generates a potential

V (r⃗ − R⃗) in the plane of a quantum well laterally confining an electron at r⃗ in the

vicinity of position R⃗. An artificial graphene (AG) structure is defined by structuring

the metallic gate, resulting in an array of N confining potentials, artificial atoms,

positioned on a hexagonal lattice of potential minima at R⃗i separated by a distance

a. We next introduce a back gate from which electrons are drawn into the artificial

graphene structure leaving behind a positive, compensating charge described by a gate

potential Vg. Hence, the artificial graphene Hamiltonian describing Ne electrons in

an array of N potential traps in the quantum well, in the presence of a compensating

gate potential and including electron-electron interactions is given by

H =
Ne∑
i=1

[
− ℏ2

2m∗∇
2
i +

N∑
j=1

v(r⃗i − R⃗j) + v(zi) + Vg (r⃗i, zi)

]
+

Ne∑
i<j

e2

κ|r⃗i − r⃗j|
, (4.1)

Here, we sum over Ne electrons with effective mass m∗ in the field produced by an

array of N sites, interacting with a gate, confined to a quantum well by potential v(zi)

and interacting with each other via a Coulomb potential screened by a background

dielectric function κ. The potential v(r⃗i − R⃗j) is described by a Gaussian potential

v(r⃗i − R⃗j) = −V0e−
|r⃗i−R⃗j |

2

d2 , (4.2)
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Figure 4.1: Potential profile of ATGQD with zigzag edges, withN = 97 sites separated
by a = 15 nm. There is broken sublattice symmetry in this system in which the
number of A sites does not equal the number of B sites.

with depth V0, confinement length d, localized in the plane of the quantum well at R⃗j.

The one-electron potential V (r) =
∑

j v(r⃗ − R⃗j) of the artificial graphene structure

studied here is shown in Fig. 4.1. Different structures with different size and shape

can be constructed analogously. Here, there are N = 97 sites, with each modelled

as a Gaussian confining potential, with a depth V0 = 300 meV, confinement length

d = 10 nm and separation of a = 15 nm. We see that the confining potential forms a

triangular quantum well, with minima arranged on a hexagonal lattice, with visible

benzene like rings and terminated by zigzag edges. Such a structure is an example of

a bipartite lattice with broken sublattice symmetry, and as such Lieb’s theorem [104]

will apply and play a critical role in determining the nature of the ground state.

4.2 One-electron spectrum in the tight-binding model

We now introduce one-electron into the artificial graphene structure shown in Fig. 4.1.

Following the model described in Section II, the single-particle Hamiltonian is given

by

H0 = − ℏ2

2m∗∇
2 +

∑
j

v(r⃗ − R⃗j) + v(z), (4.3)
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where the sum over j extends over N sites, and v(r⃗ − R⃗j) is given in Eq. 4.2. Here

v(z) is a potential of an infinite quantum well with width 0.1a. Throughout this

chapter, we assume strong confinement in the z-direction, so that the eigenstates

factorize into an in-plane part and a part in the z-direction, which we assume to be

the lowest state of an infinite quantum well ξ (z) =
√

2
L

sin πz
L

. The lateral confining

potential is smooth and parabolic at low energies. We note that we can decompose

the Gaussian in terms of a parabolic confining potential plus a correction by Taylor

expanding about the minimum as

v(r⃗ − R⃗j) = −V0e−
|r⃗−R⃗j |

2

d2 = −V0 +
|r⃗ − R⃗j|2

d2
+ δVj

= −V0 +
ω2

4
|r⃗ − R⃗j|2 + δVj

= vhoj + δVj,

(4.4)

where ω = 2
d

√
V0. The correction term is given as

δVj = V0

(
1 − |r⃗ − R⃗j|2

d2

)
− V0e

−
|r⃗−R⃗j |

2

d2 . (4.5)

Our Hamiltonian H0 in Eq.(4.3), ignoring the z-direction, becomes

H0 = − ∂2

∂x2
− ∂2

∂y2
+
∑
j

(
vhoj + δVj

)
, (4.6)

where energies are measured in Rydbergs given by Ry = ℏ2
2m∗a2B

, and aB is the Bohr

radius. We see that at low energies, the in-plane part of the Hamiltonian mimics that

of a 2D harmonic oscillator. Hence we expand the in-plane part of the wavefunction φ

for a state ν in terms of two-dimensional harmonic oscillator eigenfunctions α centered

on atom j:

φν =
∑
j,α

Aν
jαϕjα. (4.7)
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Our Schrodinger equation is then

[
− ∂2

∂x2
− ∂2

∂y2
+
∑
j

(
vhoj + δVj

)]∑
l,α

Aν
lαϕlα = ϵν

∑
l,α

Aν
lαϕlα. (4.8)

Projecting a state mβ on the LHS we get matrix elements of the Hamiltonian given

by

Hmβ,lα = ϵβSmβ,lα + ⟨ϕmβ|δVm|ϕlα⟩ +
∑
j ̸=m

⟨ϕmβ|vhoj + δVj|ϕlα⟩ , (4.9)

and our Schrodinger equation is

∑
l,α

Hmβ,lαA
ν
lα = ϵν

∑
l,α

Aν
mαSmβ,lα. (4.10)

Here Smβ,lα = ⟨ϕmβ|ϕlα⟩ are overlap matrix elements for orbitals β, α localized on

sites m, l. This is a matrix equation which can be written as

HAν = ϵνSAν . (4.11)

Since the harmonic oscillator states on different sites defined in Eq. 4.7 are not orthog-

onal, we would like to orthogonalize the basis. We can achieve this by the following:

HAν = ϵνSAν = ϵνS
1
2S

1
2Aν , (4.12)

inserting the identity
(
S

1
2

)−1

S
1
2 we get

H
(
S

1
2

)−1

S
1
2Aν = ϵνS

1
2S

1
2Aν . (4.13)

This gives our generalized eigenvalue problem

H̃Bν = ϵνBν , (4.14)
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Figure 4.2: a) TB spectrum for AG Triangular quantum dot with zigzag edges near
the Fermi level. b) Sum of charge density for the shell containing 7 states near the
Fermi level

where Bν = S1/2Aν and S is the overlap matrix. The corresponding renormalized

Hamiltonian is

H̃ = S− 1
2HS− 1

2 . (4.15)

The wavefunction is now expanded in terms of orthogonal states ψmβ localized on

different sites

ϕν =
∑
m,β

Bν
mβψmβ. (4.16)

The orthogonal orbitals localized on site ”m” are given explicitly by

ψmβ =
∑
lα

(S− 1
2 )lα,mβϕlβ. (4.17)

Fig. 4.2 shows the energy levels of a single electron obtained by diagonalizing Eq. 4.15

for N = 97 sites in the basis of 3 harmonic oscillator shells, S, P , and D per site,

with separation of potential minima corresponding to a = 12.5 nm, and all other

parameters given in section 4.1. We observe a well-defined shell of almost degenerate

states at the Fermi level contained in the 1S-band. We note that the Fermi level

corresponds to a half-filled electron system. The nearly degenerate states near the

Fermi level localize at the edge of the sample in agreement with that of graphene
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[58, 138]. Furthermore, a large gap separates the 1S band of levels from the P , and

D derived levels and the single-particle spectrum resembles a spectrum obtained by

diagonalizing a TB model with nearest neighbour tunneling matrix elements [58].

Thus, we limit ourselves to only S orbitals from here on, in order to simplify many-

body calculations. We take the hopping parameter t between nearest-neighbour 1S

orbitals to be equal to half the bandwidth of the 1S band. We find t = 26.98 meV for

a site separation of a = 12.5 nm and t = 3.18 meV for a site separation of a = 15 nm.

In Fig. 4.2 we see a shell of nearly degenerate zero-energy states at the Fermi level

split by the introduction of next-nearest-neighbour hopping generated by the itinerant

orbitals. Note that in artificial graphene, it is possible to have a single electron moving

in the system of potential minima, and optical experiments, for example, could probe

the existence of this zero-energy shell.

4.3 Many-body Hamiltonian

With the orthogonalized orbitals ψmβ limited to the 1S band, we can write the many-

body Hamiltonian, Eq. 4.1, in the second quantized form as

H =
∑
i,σ

ϵiσc
†
iσciσ +

∑
i,j,σ

tijc
†
iσcjσ +

1

2

∑
i,j,k,l,σ,σ′

⟨ij|V |kl⟩ c†iσc
†
jσ′ckσ′clσ +

∑
i,σ

vgiic
†
iσciσ,

(4.18)

where ϵiσ are the onsite energies and tijσ are the hopping matrix elements computed

above. vgii corresponds to the back gate and ⟨ij|V |kl⟩ are Coulomb matrix elements

given by

⟨ij|V |kl⟩ = Ry

∫
dz1dz2

∫
dr⃗1dr⃗2ψ

∗
i (r⃗1)ξ

∗
i (z1)ψ

∗
j (r⃗2)ξ

∗
j (z2)

× 2

|r⃗1 − r⃗2 + (z1 − z2)ẑ|
ψk(r⃗2)ξk(z2)ψl(r⃗1)ξl(z1),

(4.19)

where the functions ψi are the 1S localized and orthogonal orbitals which are defined

in Eq. 4.17. The functions ξ =
√

2
L

sin(πz
L

) describe the lowest-energy sub-band of an

infinite quantum well confining the electrons in the z-direction, while Hubbard U is
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Matrix Element Value (Ry)

⟨11|V |11⟩ 6.596
⟨12|V |21⟩ 2.166
⟨13|V |31⟩ 1.177
⟨11|V |12⟩ 0.509
⟨12|V |31⟩ 0.231
⟨12|V |12⟩ 0.091
⟨11|V |22⟩ 0.091
⟨22|V |13⟩ 0.0095
⟨12|V |23⟩ 0.037
⟨11|V |13⟩ 0.0093

Matrix Element Value (Ry)

⟨11|V |11⟩ 6.636
⟨12|V |21⟩ 1.455
⟨13|V |31⟩ 0.809
⟨11|V |12⟩ 0.065
⟨12|V |31⟩ 0.015
⟨12|V |12⟩ 0.033
⟨11|V |22⟩ 0.033
⟨22|V |13⟩ 0.003
⟨12|V |23⟩ 0.0035
⟨11|V |13⟩ 0.0012

Table 4.1: Coulomb matrix elements for artificial graphene using 1S harmonic oscil-
lator orbitals. In the left table it is computed for a separation a = 10 nm and in the
right it is computed for a = 15 nm

defined as U = ⟨ii|V |ii⟩. We use the VEGAS algorithim to compute Coulomb matrix

elements for different seperation between dots a. Table. 4.1 shows the Coulomb matrix

elements computed for artificial graphene for two different separation between sites,

a = 10 nm and a = 15nm. It is interesting to note that for a = 15 nm the sites are

well separated and on average the Coulomb matrix elements appear smaller with the

exception of the onsite term. One would think this corresponds to the more weakly

interacting regime, but in fact it does not. This is because the hopping parameter t

which is characteristic of the single-particle properties of the system drops much more

dramatically and the ratio between the Coulomb matrix elements and the hopping

paramter grows much more dramatically.

The back gate term is given by

vgii =
∑
j

−2Np

N√
(xi − xj)2 + (yi − yj)2 + d2gate

, (4.20)

where Np is the number of positive charges on the gate. The model assumes that Np

is equal to the number of electron charges in the system N in order to enforce charge

neutrality, and is uniformly smeared on the gate.

Since the Hamiltonian in Eq. 4.18 cannot be solved exactly, we start by solving

the mean-field HF problem first.
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4.4 Mean-field Hartree-Fock calculation

The magnetic properties of artificial graphene, and the nature of the ground state for

different electron numbers, can be determined by solving the mean-field HF Hamil-

tonian derived in 2.3.1 and given by:

HATGQD
MF = −

∑
i,l,σ

tilσc
†
iσclσ +

∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρjkσ′c†iσclσ, (4.21)

where we are ignoring the positive background for the time being, it will be included

later. To help with convergence of the HF procedure, we can exploit the solution of

bulk AG, then measure our density matrix elements with respect to deviations from

the bulk solution. This is done in the following way:

HATGQD
MF =HATGQD

MF −H0
MF +H0

MF

=

[
−

N∑
i,l,σ

tilσc
†
iσclσ +

N∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρjkσ′c†iσclσ

]

−

[
−

∞∑
i,l,σ

tilσc
†
iσclσ +

∞∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]

+

[
−

∞∑
i,l,σ

tilσc
†
iσclσ +

∞∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]

=

[
−

N∑
i,l,σ

tilσc
†
iσclσ +

N∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρjkσ′c†iσclσ

]

−
∞∑
i,l,σ

[
−tilσc†iσclσ +

∞∑
j,k,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]

+
∞∑
i,l,σ

[
−tilσc†iσclσ +

∞∑
j,k,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]
.

(4.22)
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We can split the summation up in the middle term (the sum that runs over i, and l)

from 1...N and then from N + 1...∞ and the outcome after some algebra is

HATGQD
MF =

[
N∑

i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρjkσ′c†iσclσ

]

−
N∑
i,l,σ

[
∞∑

j,k,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]

+
N∑
i,l,σ

[
−tilσc†iσclσ +

∞∑
j,k,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ

]
.

(4.23)

If we ignore three and four-center scattering Coulomb matrix elements near the edge

of the triangular graphene quantum dot we get our HF Hamiltonian:

HATGQD
MF =

N∑
i,l,σ

τ 0ilσc
†
iσclσ +

N∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ×
(
ρjkσ′ − ρ0jkσ′

)
c†iσclσ

+
N∑
i,σ

vgiic
†
iσciσ,

(4.24)

where ρjkσ′ is are density matrix elements for the ATGQD, and ρ0jkσ′ is the density

matrix for the bulk system. τ 0ilσ is defined in Eq. 2.108 but for the bulk system. We

have included the positive background back in the expression. The density matrix

elements for bulk graphene are derived in Ref. 1. In the metallic phase we have

ρ0jkσ′ = 1
2

when j = k and ρ0jkσ′ = 0.262 when j, k are NNs. Graphene is a semi-metal

and as such, we expect that AG in the metallic phase will behave like graphene.

But Ref. 81 predicted that for smaller values of the ratio between Hubbard U and

the NN tunnelling matrix element t, a 2D honeycomb lattice system is in a metallic

phase, while when the ratio is large the system is in the AF phase. In other words, a

phase transition occurs as a function of the ratio U
t
. We control this ratio by tuning

the separation between sites. As such we will proceed to derive the NN density

matrix elements assuming that we are in the AF phase. We start with the mean field
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Figure 4.3: a) HF Spectrum for ground state of N=97 sites at half-filling with lattice
constant a = 12.5 nm. We observe a shell of distinct degenerate states near the Fermi
level, with spin up and down electrons, and a splitting of spin degeneracy of all levels
due to an imbalance of up and down spins found in the HF solution. All states below
the Fermi level EF = 0 (middle line) are occupied, all states above are unoccupied.
b) HF spectrum for lattice separation a = 15 nm. Note the disappearance of a
degenerate shell at the Fermi level and emergence of a large gap proportional to
Hubbard U separating the valence and conduction band states, AF spin ordering and
a partially spin-polarized ground state.

Hamiltonian for bulk graphene (or artificial graphene) given by

H0
MF =

∑
i,l,σ

tilσc
†
iσclσ +

∑
i,j,k,l,σ,σ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′c
†
iσclσ. (4.25)

Now, if we take only onsite density matrix elements, and we keep only terms where

i = l (i.e. ignore small scattering elements), we can write the Hamiltonian as

H0
MF =

∑
i,l,σ

tilc
†
iσclσ +

∑
i,σ

∆iσc
†
iσciσ, (4.26)

where

∆iσ =
∑
jσ′

[⟨ij|V |ji⟩ − ⟨ij|V |ij⟩ δσσ′ ] ρ0jjσ′ . (4.27)
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Postulating that we are in the AF regime, so that

ρ0jj↑ =


1 j ∈ Sublattice A

0 j ∈ Sublattice B

, (4.28a)

ρ0jj↓ =


0 j ∈ Sublattice A

1 j ∈ Sublattice B,

(4.28b)

we arrive at the expressions

∆A↑ =
∑
j>1

⟨1j|V |j1⟩ , (4.29a)

∆A↓ = U +
∑
j>1

⟨1j|V |j1⟩ , (4.29b)

∆B↑ = U +
∑
j>1

⟨1j|V |j1⟩ , (4.29c)

∆B↓ =
∑
j>1

⟨1j|V |j1⟩ , (4.29d)

where ⟨1j|V |j1⟩ corresponds to a direct interaction with a fixed site we call i = 1,

and another site j which is independent of which sublattice we fix our state i = 1 to

since all sites are identical. Now we can subtract the constant U
2

+
∑
i>1

⟨1i|V |i1⟩ from

all terms since this leads to only a shift in energies. We get

∆A↑ = −U
2
, (4.30a)

∆A↓ =
U

2
, (4.30b)

∆B↑ =
U

2
, (4.30c)

∆B↓ = −U
2
. (4.30d)
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Taking nearest-neighbours hopping only, the Hamiltonian in the basis of sublattices

A ↑, B ↑, A ↓, B ↓ is given by

H
(
k⃗
)

=



−U
2

−tf(k⃗) 0 0

−tf ∗(k⃗) U
2

0 0

0 0 U
2

−tf(k⃗)

0 0 −tf ∗(k⃗) −U
2


. (4.31)

This Hamiltonian is block diagonal, with each block mimicking gapped graphene.

The Bloch functions are given as

ϕA
k (r⃗) =

1√
NU

∑
R⃗A

eik⃗·R⃗Aϕz

(
r⃗ − R⃗A

)
, (4.32a)

ϕB
k (r⃗) =

1√
NU

∑
R⃗B

eik⃗·R⃗Bϕz

(
r⃗ − R⃗B

)
, (4.32b)

The valence band solution is given by

E−
k = −

√(
U

2

)2

+ t2|f(k⃗)|2, (4.33)

ψk−
(↓) = − sin

φk

2
eiθkϕA

k (r⃗) + cos
φk

2
ϕB
k (r⃗), (4.34a)

ψ
(↑)
k−(r⃗) = cos

φk

2
ϕA
k (r⃗) − sin

φk

2
ϕB
k (r⃗), (4.34b)

where U
2

= |E−
k | cosφk defines φk, and f(k⃗) is the usual form factor of graphene.

The density matrix elements are defined as

ρ0ijσ =
∑
k⃗

b∗
R⃗i ,⃗k,σ

bR⃗j ,⃗k,σ
, (4.35)
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where bR⃗j ,⃗k,σ
are the coefficients of the wavefunction defined in Eq. 4.34. Computing

the density matrix we have

ρ0BB↓ = ρ0AA↑ =
∑
k⃗

cos2
φk

2
≈ 1, (4.36a)

ρ0BB↑ = ρ0AA↓ =
∑
k⃗

(
1 − cos2

φk

2

)
≈ t

U
, (4.36b)

ρ0BB↑ = ρ0AA↓ =
∑
k⃗

sin
φk

2
cos

φk

2
e−iθkeik⃗·b ≈ 0, (4.36c)

where the approximate solution exploits the fact that we are in the AF phase and so

t
U
<< 1. This is in agreement with the numerical calculation of the density matrix

elements in a finite flake in the center of the structure where the atoms environment

is like bulk.

Now recalling Eq. 4.25, τ 0ilσ is a tunneling matrix element which describes the

properties of bulk artificial graphene in terms of the tunneling matrix element til and

bulk density matrix ρ0jkσ. It is given by

τ 0ilσ = −tilσ +
∑
jkσ′

[⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′ ] ρ0jkσ′ . (4.37)

Here the superscript 0 on τ 0ilσ is to denote that it is computed with the bulk density

matrix elements. In addition to the onsite interaction terms, all direct terms are taken

into account, as well as all exchange terms up to NNNs. The bulk density matrix

elements are given in Eq. 4.36. They have been obtained by Potasz et al. [106] for

the metallic regime. We use the solution of the TB model as an input of our initial

state to the HF equation. We note the Hamiltonian in Eq. 4.24 is symmetric with

respect to spin, and thus can be diagonalized in separate subspaces for spin up and

spin down, but with the spin up Hamiltonian having a dependence on the density of

spin down electrons and vice versa. We focus on Sz ≥ 0 and proceed to diagonalize

Eq.(4.24), with results shown in Fig. 4.3 and Fig. 4.4.

Fig. 4.3(a) shows the energy spectrum for spin up and down electrons in the
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Figure 4.4: a) Spin density obtained for the spin-polarized HF ground state for a =
12.5 nm. We observe the simulator to be in the metallic phase, with the extra spins
occupying the edge. b) Spin density for the spin-polarized ground state for a = 15
nm . We notice one spin is localized on one sublattice, while the other, is localized on
the other sublattice. Due to a sublattice imbalance this as well leads to spin-polarized
electrons localized on the edge.

metallic regime, a = 12.5 nm. We see a spin splitting of levels due to a spin imbalance

obtained in HF and consistent with Lieb’s theorem. We observe a nearly degenerate

shell at the Fermi level, with the blue spin up electrons fully occupying a degenerate

shell, leaving the red spin down levels completely empty above the Fermi level. These

extra spins are found to align on the edge of the triangle as seen in Fig. 4.4(a), with

a uniform zero spin density away from the edges indicating a semi-metallic regime.

We now proceed to the strongly interacting regime by increasing the distance

between lattice sites to a = 15 nm. We find the ground state to be again partially spin-

polarized due to broken sublattice symmetry in agreement with Lieb’s theorem [104].

We however lose the distinct degenerate shell at the Fermi level. Instead we find a

large gap, proportional to Hubbard U , separating the valence and conduction band,

suggesting an insulating phase (Fig. 4.3(b)). We observe an antiferromagnetic spin

ordering in the bulk as shown in Fig. 4.4(b) as expected in the large U/t regime [81]

and ferromagnetic ordering at the edges of the ATGQD.
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4.5 Electronic correlations via configuration inter-

action

In this section we include the effects of correlations via the configuration interaction

method. It is separated into two subsections, one for the metallic phase, and one for

the AF phase.

4.5.1 Electronic correlations in the metallic phase

We now turn to including electronic correlations. Let us begin with the semi-metallic

phase. In the example of ATGQD with N = 97 sites, the breaking of sublattice sym-

metry results in Nd = 7 fold degenerate shell as shown in Figure 4.3. The electronic

correlations are most important for electrons occupying the degenerate shell and we

will treat them using the configuration-interaction (CI) method. The remaining back-

ground electrons are treated in HF. Hence we proceed to solve the HF problem for

97−7 = 90 electrons on 97 sites with N↑ = N↓ = 45. This leaves the degenerate shell

at the Fermi level empty. We then rotate the many-body Hamiltonian, Eq. 4.18, to

the HF basis [106,139] for N = 90 with the final result given by

H =
∑
p,σ

ϵHF
pσ b

†
pσbpσ −

∑
p,q,σ

tpqσb
†
pσbqσ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ b†pσb
†
qσ′brσ′bsσ +

∑
p,q,σ

vaddpq b
†
pσbqσ,

(4.38)

where

vaddpq =
∑
i,j

a∗ipσaiqσ
−2Nadd

N√
(xi − xj)2 + (yi − yj)2 + d2gate

, (4.39)

tpqσ =
∑
i,l

τilσa
∗
ilσalqσ, (4.40)

and

bqσ =
∑
l

alqσclσ, (4.41)
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Figure 4.5: The low-energy spectra in the metallic phase for a) 97-1 electrons b)
97 electrons c) 97+1 electrons. For 97 electrons the ground state is partially spin-
polarized, and we see a large gap that separates this state from other spin states, but
the introduction or removal of an electron collapses this gap and many spins states
exist at very close energies to the spin-polarized ground state for the N = 97− 1 and
N = 97 + 1 electron cases.

with τilσ defined in Eq. 4.37 but computed with respect to ATGQD density matrix

elements. alqσ are the eigenvectors obtained by diagonalizing Eq. 4.24. We note

that a term tpqσ appears. It lowers the contribution of the quasiparticle-quasiparticle

interaction term ⟨pq|V |rs⟩. ⟨pq|V |rs⟩ are Coulomb matrix elements in the basis of

HF states, and are computed by rotating the real-space matrix elements in Eq. 4.19, to

the basis of HF states. They describe the remaining interaction of HF quasiparticles

beyond the mean-field. The last term in Eq. 4.38 involving vaddpq describes additional

HF quasiparticles added to the degenerate shell. Since we solve the HF problem for

Ne = 90 electrons, when adding HF quasiparticles at the CI level, we must compensate

this charge with additional positive charges on the gate to maintain charge neutrality.

Since a large gap separates the nearly degenerate shell from other states, it suffices

to take only the shell near the Fermi level for CI calculations and neglect scattering

from the valence band to the shell or from the shell to the conduction band. Fig. 4.5

shows the low-energy spectra obtained by diagonalizing Eq. 4.38 for half-filled system
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with N = 97 , with extra electron (N = 98) and with extra hole (N = 96). Focusing

on the half-filled (N=97 electrons) case in Fig. 4.5(b), we see the ground state of the

half-filled shell to be maximally spin-polarized, in agreement with Lieb’s theorem.

The energy of this configuration is well separated from other states with lower total

spin S, in other words the energy gap between our ground state, and first excited state

with a different total spin S is large. This implies that the energy cost to flip a spin is

large. The removal or addition of a single electron, Fig. 4.5(a) and Fig. 4.5(c), results

in a ground state which is still maximally spin-polarized, but other low spin states

lower their energy due to correlations, with many total S states emerging very close in

energy. It costs practically zero energy to flip a spin in this case. In contrast to regular

graphene [106] where the ground state corresponded to S = 0, the ground state here

has S = 3, but we observe a dramatic drop of the energy gap between different total

S states, a phenomenon seen in graphene as well [58, 106, 138]. Correlations in the

lower spin states cause a decrease of the energies, they become almost degenerate in

energy with the maximum spin state. It is worth noting that the spin of the ground

state for N = 96 electrons is in agreement with Ref. [106], and the shrinking of the

gap between different total spins states is consistent as well.

4.5.2 Electronic correlations in the antiferromagnetic phase

Due to the very different quasiparticle spectra for the AF phase and the semi-metallic

phase as seen in Fig. 4.3, we require two different approaches to the many-body prob-

lem. Here we solve the many-body problem in the AF phase in real space by improving

on the HF ground state in real space. In the AF phase there is no degenerate shell

at the Fermi level. Hence, we begin with the HF solution in the AF phase. We

obtain the HF solution for a fixed number of spin up and spin down electrons by

diagonalizing Eq. 4.24, yielding a single Slater determinant

|HFGS⟩ =

λ↑
F∏

q=1

b†q↑

λ↓
F∏

q=1

b†q↓ |0⟩ , (4.42)



CHAPTER 4. QUANTUM SIMULATOR OF EXTENDED BIPARTITE... 86

Figure 4.6: Energy Gap for different number of electrons as a function of increasing
Hilbert space size. In green, we are at half-filling, and the gap between the ground
state and the next spin state is very large, while for the case where we have added or
removed an electron from the system, the energy gap collapses to almost zero.

is defined by filling up HF quasi particle levels up to the Fermi level for each spin.

We then rotate this HF state to the site basis. In the site representation, we have

a linear combination of Slater determinants, and we select the largest contributing

state. For example, at half-filling for Sz = 7
2
, the ground state is given by

|GS⟩ =
∏
i∈A

c†i↑
∏
i∈B

c†i↓ |0⟩ , (4.43)

where we place spin up electrons on the A sublattice, and spin down electrons on

the B sublattice, representing a perfect antiferromagnetic phase. This is the largest

dominant real space configuration composing that HF ground state seen in Fig. 4.4(b).

We then divide the Hilbert space into segments for different Sz subspaces. This is done

by starting with the ground state for different Sz, as shown above and constructing

configurations with the same total Sz. The Hilbert space is divided into 5 sets of

configurations defined by

|O1,0⟩ =
∑
i,j,σ

<0DO>

c†jσciσ |GS⟩ (4.44a)
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Figure 4.7: Energy gap vs filling factor, for AF (black) and metallic regime (red). In
both cases a similar behaviour is observed in which at half-filling the gap is large, and
collapses away from half-filling.

|O1,1⟩ =
∑
i,j,σ

<1DO>

c†jσciσ |GS⟩ (4.44b)

|O2,0⟩ =
∑

i,j,k,l,σ,σ′

<0DO>

c†lσc
†
kσ′cjσ′ciσ |GS⟩ (4.44c)

|O2,1⟩ =
∑

i,j,k,l,σ,σ′

<1DO>

c†lσc
†
kσ′cjσ′ciσ |GS⟩ (4.44d)

|O2,2⟩ =
∑

i,j,k,l,σ,σ′,
<2DO>

c†lσc
†
kσ′cjσ′ciσ |GS⟩ , (4.44e)

where the brackets under the sum denote a restriction of the configurations in which

we include either 0, 1 or 2 double occupancies (DO) measured from the number of

DO of the ground state. The subscripts of |Oµ,ν⟩ are defined with the first number

denoting the number of electrons moved, and the second number being the number

of extra double occupancies. We also restrict configurations by allowing only nearest-

neighbour scatterings describing correlations. We then proceed to diagonalize the

Hamiltonian in Eq. 4.18, as it is written in the site basis, and not in the HF basis.

We take the same Coulomb matrix elements as described at the HF stage. After

diagonalization, we observe a maximally spin-polarized ground state in the case of

N = 96, 97 and 98 electrons. In the case of adding or removing an electron, the
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energies are very close to each other. In Fig. 4.6 we observe that in the half-filled

case we have a large gap separating this state from any other spin state. Meanwhile,

when we add or remove an electron the energy gap between the spin-polarized ground

state, and the spin state closest in energy collapses to nearly zero. We now compare

the metallic phase and AF phases. We first note that in the metallic phase, we see an

emergence of a shell at zero energy of states which are practically degenerate. Here

we are guided by the intuition that exchange interaction will lower the energy of a

spin-polarized half-filled system thus expecting Lieb’s theorem to be valid. In the AF

regime, without the presence of a degenerate shell, we still see a spin-polarized ground

state. We then explore the regimes where we move away from half-filling, where Lieb’s

theorem doesn’t need to hold. In both regimes, we see a collapse of the energy gap.

This is consistent with previous work [58, 106]. Fig. 4.7 shows schematically the

collapse of the energy gap away from half-filling. The gap peaks at half-filling and

collapses when we add/remove an electron. We note that in the metallic regime, we

study this as a function of filling factor, and see that the gap is maximum at half

filling, where the spin-polarized ground state is most stable.



Chapter 5

Edge States in HgTe Quantum

Dots

We would like to state that this chapter is based on Ref. [86] and only minor changes

were made to fix any typos or rewrite a few things more clearly. I have conducted all

calculations in this chapter except for the calculations involving strain.

There is currently significant interest in both topological insulators (TIs) [140–151]

and in semiconductor quantum dots [1,40–46,152–154]. A TI is a semiconductor with

an insulated bulk and an energy gap in which the gapless helical states, localized at

the edge of the material, were predicted to exist [140–142, 144–147]. The interest

in TIs was stimulated further by the experimental demonstration of edge states and

the spin quantum Hall effect in HgTe/CdTe quantum wells with an inverted band

structure [142] and in many other materials [144–151].

Simultaneously, the interest in semiconductor quantum dots is driven by poten-

tial applications in lasers, transistors, and single and entangled photon sources as

building blocks in quantum technologies [40–46]. Moreover, interest in HgTe-based

nanocrystals and nanoplatelets [155, 156] is motivated by their potential application

as far-infrared (FIR) detectors [157,158]. In normal semiconductors, edge states, be-

ing detrimental to the performance of the devices, are commonly passivated. This

improves the performance of the device. By contrast, edge states in topologically

89
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nontrivial insulators are robust and give rise to novel physics. For example, one

can envisage edge states as realizations of one-dimensional (1D) strongly interacting

systems and, as will be discussed in this chapter, sites in one-dimensional Hubbard

models [99, 100, 159]. Edge states also arise naturally in the study of quantum dots

in two-dimensional (2D) materials such as graphene [1].

The theory of interface between topological and normal HgTe insulators was devel-

oped by, e.g., Volkov and Pankratov [140], Zhang et al. [141], and Fu and Kane [160].

Zhang et al. [141] used k⃗ · p⃗ theory to derive the four-band effective 2D Bernevig-

Hughes-Zhang (BHZ) Hamiltonian. The BHZ Hamiltonian is one of the simplest

Hamiltonians that describes the quantum spin Hall effect and edge states at the in-

terface between inverted band HgTe quantum wells and normal insulators. The BHZ

model has also been used to describe different quantum dot structures. Such exam-

ples include work done by Chang et al. [161–163] and Zhu et al. [164], who both

numerically analyzed helical edge states in cylindrical quantum dots. Later on, Zhu

et al. [165] numerically studied the effects of tensile strain on rectangular quantum

dots along the horizontal axis, concluding that irrespective of the deformations, edge

states are robust and the energy gap increases. In previous work, using an eight-band

3D k⃗ · p⃗ model, it was shown that edge states appeared as a function of the thickness

of the quantum dot and/or applied strain [166].

Tight-binding models [167] have also been used to understand the electronic and

optical properties of HgTe TI quantum dots, by e.g. Peeters et al. [168] and Delerue et

al. [169]. Some of these tight-binding models [168,169] have been used to investigate

the edge states in HgTe TIs [168] and optical absorption in HgTe quantum rings

[167]. Such approaches are, however, numerical in nature and do not allow for simple

understanding of the physics of TI quantum dots.

In this chapter we present a theory of the electronic properties of quasi two-

dimensional quantum dots made of topological insulators. The topological insula-

tor is described by either an eight band k⃗ · p⃗ Hamiltonian or by a four-band k⃗ · p⃗

BHZ Hamiltonian. The trivial versus topological properties of the BHZ Hamiltonian
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are characterized by the different topologies that arise when mapping the in-plane

wavevectors through the BHZ Hamiltonian onto a Bloch sphere. In the topologically

nontrivial case, edge states are formed in the disc and square geometries of the quan-

tum dot. We account for the effects of compressive strain in topological insulator

quantum dots by means of the Bir-Pikus Hamiltonian. Tuning strain allows topo-

logical phase transitions between topological and trivial phases, which results in the

vanishing of edge states from the energy gap. This may enable the design of a quan-

tum strain sensor based on strain-driven transitions in HgTe topological insulator

square quantum dots.

5.1 Models

An example of a quasi-2D TI is a quantum well made of HgTe, embedded in a higher

bandgap normal insulator material such as CdTe [141,166]. This structure is described

by the effective quasi-2D BHZ k⃗ · p⃗ Hamiltonian, in which the wide bandgap insulator

is replaced by a vacuum with an infinite energy gap. This avoids the uncertainties in

k⃗ · p⃗ treatment of material interfaces [170, 171] but it implies that the wavefunction

of an electron is zero at the physical edge of the nanostructure. Therefore, we need

to determine the position of edge states away from the interface. In this chapter we

study finite nanostructures of quasi-2D HgTe quantum dots as illustrated in Fig. 5.1

and described by the BHZ Hamiltonian. The results for the disc will be compared

with the eight band k⃗ · p⃗ approach [166] and then, with the BHZ approach validated,

the BHZ model will be applied to the square quantum dot.

In the k⃗ · p⃗ BHZ theory, the wavefunction of the spin-up electron in a quasi-2D

layer of HgTe is written as a linear combination of electron |e ↑⟩ and heavy hole

|hh ↑⟩ states: |φk ↑⟩ = Ake
ik⃗·r⃗ |e ↑⟩ + Bke

ik⃗·r⃗ |hh ↑⟩ with a similar expansion for the

spin-down electron.

The effective four-band Hamiltonian is given by the spin block diagonal BHZ
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(a) (b)

(c)

Figure 5.1: Schematic pictures of quasi-2D HgTe TI quantum dot systems. (a) Square
quantum dot unstrained. (b) Square quantum dot after undergoing compressive strain
in the horizontal and vertical directions resulting in the quantum dot reducing in size
in both directions. (c) Disc quantum dot.

Hamiltonian:

HBHZ =

H↑ 0

0 H↓

 . (5.1)

The spin-up Hamiltonian H↑, acting on spinors (Ak, Bk), is given by

H↑ =

 ∆(kx,ky)

2
vf (kx − iky)

vf (kx + iky) −∆(kx,ky)

2

 , (5.2)

where vf is the Fermi velocity, ∆(kx, ky) = 2(M+B(k2x+k2y)) is the decoupled conduc-

tion and valence band quasi-particle energy, M is the energy gap, B is proportional

to the inverse of the effective mass, and we take ℏ = 1.

The effective parameters M and B can be derived from a three-dimensional eight-

band k⃗ ·p⃗ theory for a given thickness of HgTe layer [166]. The spin-down Hamiltonian

in Eq. (5.1) is given by H↓(k) = H⋆
↑ (−k).
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The Hamiltonian matrix in Eq. (5.2) can be written in the following compact Weyl

Hamiltonian form (for spin-up):

H↑ = d⃗
(
k⃗
)
· σ⃗, (5.3)

where pseudospin σ⃗ are the Pauli matrices in the space of electron and heavy hole

states, and the vector d⃗(k⃗) is given by

d⃗
(
k⃗
)

=

(
vfkx, vfky,

∆(kx, ky)

2

)
. (5.4)

We will show later that the vector d⃗
(
k⃗
)

maps the in-plane wavevectors kx, ky

onto a Bloch sphere and characterizes the topology of the bulk energy bands.

5.1.1 Influence of strain

In this chapter, we study the influence of compressive strain in HgTe TI quantum dots

as shown in Fig. 5.1b. We account for the effects of strain by introducing a four-band

Bir-Pikus Hamiltonian derived from the eight-band Bir-Pikus Hamiltonian [166,172]:

HBP
↑↓ (k) =

 t̂ 0

0 û+ v̂

 , (5.5)

where the operators t̂ = ac(εxx + εyy), û = av(εxx + εyy) and v̂ = 1
2
b(εxx + εyy) are

written in terms of the strain tensor matrix elements εij, and deformation potentials

ac, av, and b. In this chapter, we utilize the deformation potential parameters found

in van de Walle’s work [173], namely ac = −4.60eV , av = −0.13eV , and b = −1.15eV .

Following Novik et al.’s [172] approach, we add the spin-up Bir-Pikus Hamilto-

nian, Eq. (5.5), to the spin-up BHZ Hamiltonian, Eq. (5.2), resulting in the strain

Hamiltonian:

HStrain
↑ (k) =

∆(kx,ky)

2
− γ(ε)

2
vf (kx − iky)

vf (kx + iky) −∆(kx,ky)

2
+ γ(ε)

2

 , (5.6)
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where γ(ε) = û+ v̂− t̂ describes the relative shift of the conduction and valence bands

of the HgTe TI [141]. γ(ε) renormalizes the gap such that the Fermi level remains at

E = 0 and can be found by taking a combination of energies at the bottom of the

conduction band Ec(k = 0) and top of the valence band Ev(k = 0) at the Γ-point:

(Ec(k = 0)+Ev(k = 0))/2 = (t̂+û+ v̂)/2 and adding it to the Bir-Pikus Hamiltonian.

Here γ(ε) acts as a tuning parameter, driving the TI square quantum dot from the

non-trivial, topological phase to the trivial, normal phase. The strain tensors adjust

the width and height of the square by εxx = ∆x/x and εyy = ∆y/y.

In this work, we consider the case when a square quantum dot is compressively

strained in the horizontal and vertical directions as shown in Fig. 5.1b and compare

our results to straining 3D HgTe TI disc quantum dots [166]. We then discuss the

application of strained quantum dots as quantum strain sensors.

5.1.2 Energy levels and wavefunctions of HgTe nanostruc-

tures

In finite HgTe nanostructures, the motion of an electron is laterally confined by an

external potential V (x, y). The wavefunction |φs ↑⟩ of the spin-up electron can be

expressed as a linear combination of electron |e ↑> and heavy hole |hh ↑⟩ basis states

and envelope functions f(x, y) and g(x, y):

|φs ↑⟩ = Asf(x, y) |e ↑⟩ +Bsg(x, y) |hh ↑⟩ . (5.7)

The envelope functions for the quantum dot level s satisfy the effective Schrödinger

equation:

∆(p̂x,p̂y)

2
+ V (x, y) vf (p̂x − ip̂y)

vf (p̂x + ip̂y) −∆(p̂x,p̂y)

2
− V (x, y)


Asf(x, y)

Bsg(x, y)

 = Es

Asf(x, y)

Bsg(x, y)

 , (5.8)

where p̂x = −i∂/∂x and p̂y = −i∂/∂y are momentum operators acting on the envelope

functions f and g.
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5.1.3 Energy levels and wavefunction of HgTe quantum disc

Following the work in Ref. [166], we start our discussion of quantum dots with a

circular quantum disc with radius R as shown in Fig. 5.1c, where the potential is

infinite outside of the disc and zero inside. The wavefunction is a spinor characterized

by pairs of angular momentum quantum numbers m in the conduction band and m+1

in the valence band for a state p. We expand the wavefunction in the basis of Bessel

functions as:

|Ψp
m(r)⟩ =

∑
n

Ap,m
n ϕn,m(r) |e⟩ +

∑
s

Bp,m+1
s ϕs,m+1(r) |hh⟩ , (5.9)

where ϕn,m(r) =
√
2

R
1

|Jm+1(αn
m)|Jm(αn

m
r
R

) 1√
2π
eimφ, Jm(αn

m
r
R

) is the Bessel function of

order m, and αn
m is the n-th zero of the Bessel function of order m.

The probability of an electron positioned at r = r0 is given by:

⟨Ψp
m(r)| δ(r − r0) |Ψp

m(r)⟩ =
∑
n,q

(Ap,m
n )⋆Ap,m

q ϕn,m(r0)ϕq,m(r0)

+
∑
s,w

(
Bp,m+1

s

)⋆
Bp,m+1

w ϕs,m+1(r0)ϕw,m+1(r0). (5.10)

The Hamiltonian, neglecting strain, in polar coordinates is given by

H↑ =

∆(k̂r)
2

vf k̂−

vf k̂+ −∆(k̂r)
2

 , (5.11)

where ∆(k̂r)
2

= M + B(− ∂2

∂r2
− 1

r
∂
∂r

− 1
r2

∂2

∂φ2 ) is an intraband operator, and k̂∓ =

−ieiφ( ∂
∂r
∓i1

r
∂
∂φ

) are operators connecting conduction and valence band states. Acting

with the Hamiltonian in Eq. (5.11) on the wavefunction given in Eq. (5.9), we arrive

at the set of equations for amplitudes A and B :

εn,mA
m,p
n + ivf

∑
s

⟨m,n| k− |m+ 1, s⟩Bm+1,p
s = Em,pAm,p

n (5.12)
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−ivf
∑
s

⟨m+ 1, n| k+ |m, s⟩Am,p
s − εn,m+1B

m+1,p
n = Em,pBm+1,p

n , (5.13)

where εn,m = (M +B(αn
m)2) and

⟨m,n| k− |m+ 1, s⟩ =
2

R

Jm+1(α
n
m)

|Jm+1(αn
m)|

Jm+2(α
s
m+1)

|Jm+2(αs
m+1)|

αn
mα

s
m+1

(αn
m)2 − (αs

m+1)
2
, (5.14)

⟨m+ 1, n| k+ |m, s⟩ =
2

R

Jm+1(α
n
m+1)

|Jm+1(αn
m+1)|

Jm+2(α
s
m)

|Jm+2(αs
m)|

αn
m+1α

s
m

(αn
m+1)

2 − (αs
m)2

. (5.15)

The eigenvectors Am,p
n and Bm,p

s , and eigenvalues Em,p are found by diagonalizing

the Hamiltonian in Eqs. (5.12) and (5.13). The spin-down eigenvalues can be obtained

analogously.

5.1.4 Energy levels and wavefunction of HgTe quantum square

Let us now consider an HgTe square TI quantum dot, finite in the x - and y-directions

with side length a as shown in Fig. 5.1a. We seek the wavefunction for an electron in

a square quantum well given in terms of trigonometric functions fn,m(x, y), where n

and m are integer quantum numbers. Our wavefunction has the form:

|Ψp(x, y)⟩ =
∑
n,m

Ap
n,mfn,m(x, y) |e⟩ +

∑
k,l

Bp
k,lfk,l(x, y) |hh⟩ , (5.16)

where fn,m(x, y) = 2
a
sin(nπx

a
)sin(mπy

a
). The function fn,m(x, y) vanishes at the edges

of the square.

Here the probability density of an electron positioned at r⃗ = r⃗0 can be found by:

⟨Ψp(x, y)| δ(r⃗ − r⃗0) |Ψp(x, y)⟩ =∑
n,m,q,r

(
Ap

n,m

)⋆
Ap

q,rfn,m(x0, y0)fq,r(x0, y0) +
∑
k,l,v,w

(
Bp

k,l

)⋆
Bp

v,wfk,l(x0, y0)fv,w(x0, y0).

(5.17)
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Acting with the Hamiltonian, Eq. (5.6), on the wavefunction, Eq. (5.16), gives us

a system of equations for coefficients Ap
q,r and Bp

q,r:

[
M +B

(
q2π2

a2
+
r2π2

a2

)
− γ(ε)

2

]
Ap

q,r + vf
∑
kl

⟨qr|V |kl⟩Bp
kl = EpAp

q,r, (5.18)

vf
∑
nm

⟨qr|V |nm⟩Ap
nm −

[
M +B

(
q2π2

a2
+
r2π2

a2

)
− γ(ε)

2

]
Bp

q,r = EpBp
q,r, (5.19)

with strain given by parameter γ(ε) and coupling matrix elements given by ⟨qr|V |kl⟩ =

−iδr,l ⟨q| ∂x |k⟩−δq,k ⟨r| ∂y |l⟩, and ⟨q| ∂x |k⟩ = ⟨q| ∂y |k⟩ = 2
a

qk
(k2−q2)

[(−1)q+k−1] if q ̸= k

otherwise ⟨q| ∂x |k⟩ = ⟨q| ∂y |k⟩ = 0 when q + k is even and when q = k. The spin-up

eigenvectors and eigenvalues can be found by diagonalizing Eqs. (5.18) and (5.19)

while the spin-down eigenvectors and eigenvalues can be found similarly.

5.2 Results and discussion

We start our discussion with a study of the transition of the BHZ Hamiltonian from

the topological phase to the normal phase as a function of its parameters. This is done

by mapping the (kx, ky) plane onto the normal vector n̂(kx, ky) = d⃗(kx, ky)/|d⃗(kx, ky)|

defined on a Bloch sphere following the analysis for topological insulators and su-

perconductors as discussed by e.g. Alicea [174]. We follow with an analysis of the

electronic properties of disc HgTe TI quantum dots and square HgTe TI quantum

dots with and without applied strain obtained from numerically diagonalizing their

respective Hamiltonians discussed in section 5.1. We then relate the emergence of

edge states to strain by tuning the parameter γ(ϵ) until a topological phase transition

occurs in square quantum dots.

5.2.1 Phase transitions in the bulk BHZ model

Here we discuss the existence of two phases in the BHZ Hamiltonian: the trivial (nor-

mal) and the non-trivial (topological). The trivial insulator leads to normal energy

bands with |hh⟩ states contributing to the valence band and |e⟩ states contributing
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(a) (b)

Figure 5.2: Mapping n⃗ of the (kx, ky) plane represented by −10 < kx < 10 and
−10 < ky < 10 region ( with wavectors in nm−1 ) onto a Bloch sphere for the (a)
topological, inverted band regime where M < 0 and B > 0, and (b) topologically
trivial regime with normally ordered bands for M > 0 and B > 0. The topology
of the two Bloch spheres is different, (b) contains a hole and (a) does not. The
parameters of the topological regime are M = −150meV, B = 107meV nm2, and
vf = 600meVnm, while in the topologically trivial regime the parameters are M =
+150meV, B = 107meVnm2, and vf = 600meVnm [166].

to the conduction band, while the non-trivial phase leads to a TI with inverted bands

and edge states existing inside the bulk energy gap.

The bulk BHZ Hamiltonian, Eq. (5.3), H↑ = d⃗(kx, ky) · σ⃗, is entirely specified by

the vector d⃗(kx, ky). We relate the Hamiltonian to the topology by defining a vector

n̂(kx, ky). The vector n̂ maps the (kx, ky) plane onto the Bloch sphere. The topology

of the mapping depends on parameters M, B, and vf .

Fig. 5.2a shows the values of n̂(kx, ky) mapped onto a Bloch sphere for M < 0

(inverted bands) and B > 0. We see that the mapping converts the (kx, ky) plane

onto the entire Bloch sphere. In Fig. 5.2b, we show the result of the mapping for

M > 0 (normal bands) and B > 0, i.e., the sign of the energy gap is reversed. For

this set of parameters, only the top part of the sphere is populated and there is a

hole on the Bloch sphere. Clearly, the topology of the Bloch sphere is different for

the trivial (M > 0) and topological (M < 0) insulators. Therefore, we can create a

trivial or topological insulator by changing the sign of M and inverting the bands.

5.2.2 Edge states in the disc quantum dot

We now turn to the disc quantum dot. By comparison of results obtained using a

quasi-2D BHZ model with 3D eight band k⃗·p⃗ model we aim to validate the BHZ model
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(a) (b)

Figure 5.3: (a) Spectrum of energy levels for a disc TI quantum dot as a function of
total angular momentum Lz = m+Sz where m is the orbital angular momentum and
sz is the spin for radius R = 167nm. Red levels correspond to spin down and black
levels to spin up. Energy levels in the bulk gap are visible. (b) Electronic probability
for states 1-5 shown in (a). The edge character of gap states and their position
with respect to the edge are visible. The Hamiltonian in Eqs. (5.12) and (5.13) is
numerically diagonalized with parameters M = −150meV, B = 107meVnm2, and
vf = 600meVnm, corresponding to the topological regime.

and a develop better understanding of results obtained in the eight band model. In

the disc the angular momentum L̂z = m+ ŝz is conserved. Here, ŝz = ±1/2 is the spin

of the electron (up or down). For ŝz = 1/2, the energy spectrum as a function of L̂z is

obtained via a numerical diagonalization of Eqs. (5.12) and (5.13). For the opposite

electron spin we formulate the appropriate equations arising from the Hamiltonian

H↓. The eigenstates obtained for ŝz = 1/2 (ŝz = −1/2) are shown in Fig. 5.3a with

black (red) bars.

Fig. 5.3a shows the energy levels of a disc with radius R = 167nm for parameters

corresponding to the topological, inverted band regime with M = −150meV. We see

a discrete spectrum of valence and conduction band states. Additionally, inside the

energy gap, from -150meV to 150meV, we find a ladder of equally spaced edge states

with linear dispersion as a function of angular momentum and energy bands. We see

that the disc behaves like a finite edge of an HgTe TI nanoribbon [149], with peri-

odic boundary conditions yielding a discrete energy spectrum with size quantization

related to the circumference of the disc.

Fig. 5.3b shows the electronic probability as a function of the radial coordinate
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for different edge states labeled in Fig. 5.3a. This electronic probability density is

calculated using Eq. (5.10), by summing the eigenvectors for the angular momenta

states in Fig. 5.3a. It is found that the electronic probability density peaks away from

the physical edge and decays quickly into the center of the disc.

These results show that the electronic properties of the 2D four-band BHZ HgTe

TI disc quantum dot are in agreement with previous works on 3D eight-band HgTe

TI disc quantum dots in Ref. [166] and agree with BHZ results by Chang et al. [161].

Thus, we anticipate that the electronic properties and topological phase transitions

found when compressively straining the 3D eight-band HgTe TI quantum dots will

also be present when compressively straining the 2D four-band BHZ HgTe TI quantum

dots.

5.2.3 Edge states and strain-driven transitions in the square

quantum dot

Having validated the BHZ model we now turn to discussion of the energy spectrum

of a square quantum dot as a function of strain obtained by diagonalizing Eqs. (5.18)

and (5.19). The main difference between the quantum disc and a quantum square is

the presence of sharp corners. We show below that these corners have zero electronic

probability density, with edge states localized along the edges of the square. Fig. 5.4a-

5.4d shows the evolution of the energy spectrum of the square quantum dot with

lateral size a = 40nm and inverted bands as a function of applied strain while Fig. 5.4e-

5.4h shows probability density of the corresponding lowest energy conduction band

state. We see a discrete spectrum of quantized energy levels in the conduction and

valence bands. In the topological inverted band regime (zero strain) in the energy

window corresponding to a bulk gap, we see a ladder of equally spaced energy levels,

Fig. 5.4a, with corresponding probability density localized at the edges of the square

and expelled from the corners Fig. 5.4e. In Fig. 5.4a-5.4d, only the bulk bands are

plotted as a function of momentum.

In Fig. 5.4e, the electronic probability density is plotted for the first energy state
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Figure 5.4: Energy spectra for four different cases of applied strain. (a) No strain
applied, a topological insulator with a ladder of equally spaced energy levels in the
gap of the bulk material is visible. (b) Some strain applied, the gap begins to close.
(c) Dirac cone without edge states. (d) Normal insulator without states inside of
the bulk gap. We see that by compressively straining the system, a topological phase
transition occurs. The first energy level is labelled (1) and spin degenerate eigenvalues
are shown next to each other and plotted together with the energy bands to show edge
states inside the energy gap. The black dotted line at zero energy denotes the Fermi
level. (e)-(h) color scale showing the probability of the first state above the Fermi
level in (a)-(d). The parameters used in the diagonalization of the square quantum
dot are the topological regime parameters: M = −150meV, B = 107meVnm2, and
vf = 600meVnm.

above the Fermi level in Fig. 5.4a. The electronic probability density is obtained

using Eq. (5.17). Fig. 5.4e also shows the formation of edge states localized along

the edges of the square but approaching zero in the corners of the square. These edge

states can be viewed as quantum rings [161], where electrons are localized along the

sides of the squares and can tunnel from site to site. Thus, these edge states may be

used as sites in the 1D Hubbard model.

Fig. 5.4 shows that by progressively applying compressive stress in the horizontal

and vertical directions of the square quantum dot one causes the inverted bands to

close. Then, as depicted in Figs. 5.4c and 5.4g, at the topological phase transition

εxx = −0.0385 and εyy = −0.0385, the bands form a Dirac cone. Upon applying

compressive strain beyond this threshold, the bands become normally ordered, a gap
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free of edge states opens and states are localized inside the quantum dot. Therefore,

under negative strain, the system is driven from the inverted band regime to the

normal band regime and edge states disappear. Presence or absence of edge states

can be detected in transport through the quantum dot. This is the principle of

operation of the quantum strain sensor [166] based on TI HgTe quantum dots.

5.3 Conclusions

We presented here a contribution to the theory of the electronic properties of quasi

two-dimensional nanostructures made of topological insulators (TIs). The TI quan-

tum dots were described by the four-band BHZ Hamiltonian as well as a 3D eight

band k⃗ · p⃗ model [166]. The trivial versus topological properties of the BHZ Hamil-

tonian were inferred from the mapping of the 2D wavevector plane through the BHZ

Hamiltonian onto a Bloch sphere. In the topologically non-trivial case, edge states

were found in the disc and square geometries. By tuning the compressive strain on

the square quantum dot in the topologically non-trivial phase, the edge states began

to disappear from the energy gap and after a significant amount of strain was ap-

plied, a topological phase transition occurred, causing the transition of TI to normal

insulator and vanishing of edge states in a quantum dot. This allowed us to relate

the emergence of edge states explicitly to transition from the normal to the inverted

band regime tuned by applied strain to the square quantum dot and to the change in

the topology of mapping the BHZ Hamiltonian onto Bloch spheres.

We show that for a square quantum dot edge states have vanishing probability

density at the corners so electrons are localised along each edges. These localised

states would play the role of sites in the Hubbard model once they are populated with

electrons which would interact strongly if they are on the same site. The existence

of localized 1D edge states may enable the design of quasi-one-dimensional quantum

rings with localized electronic states along the sides of the square, acting as tunable

one-dimensional Hubbard models once populated with interacting electrons. The

presence or absence of edge states and hence modification of their electronic properties
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are found to be controlled by strain. Strain-driven topological phase transitions can

be detected in transport and serve as a basis for quantum strain sensors based on

HgTe quantum dots in topological insulators.



Chapter 6

Theory of Excitons in Gated

Bilayer Graphene Quantum Dots

We would like to state that this chapter is based on Ref. [87] except with more details

shown. I have performed all mentioned calculations in this chapter except for DFT

fitting procedures.

There is currently great interest in semiconductor quantum dots (QDs) as building

blocks of quantum technology. This includes lateral gated QDs confining either spins

of electrons or holes for quantum computation [43,175,176], self-assembled QDs and

nanoplatelets confining electrons and holes for emitters, detectors, lasers, displays,

and single and entangled photon pair sources [177–181]. The gated lateral QDs allow

for high tunability of their electronic properties, but are limited to confining either

electrons or holes, while self-assembled dots confine both electrons and holes, but are

difficult to tune. Simultaneously, with the development of QDs in semiconductors, a

new class of two-dimensional semiconductors was developed based on bilayer graphene

(BLG). Optical properties of BLG were studied in the context of stage 2 intercalated

graphite [182, 183]. However, the isolation of a single BLG layer enables application

of a vertical electric field, which opens the energy gap [18, 26, 29, 184, 185]. Hence,

BLG turns out to be a voltage-tunable semiconductor with the energy gap in the THz

to FIR range [186].

104
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In 2009, motivated by the tunable bandgap in BLG, Park and Louie [187] predicted

the excitonic spectrum of BLG, relating the optical selection rules to the Berry’s phase

and strong electron-hole interactions. Soon Ju et al. [185] experimentally observed

excitons in BLG using photocurrent spectroscopy. They found two bright absorption

peaks with the 2p exciton being the dominant bright peak, as predicted in Refs. [187,

188]. This remarkable behaviour was attributed to the pseudospin winding number

of 2 found in BLG [29, 30, 187, 189]. In 2007, Pereira et al. [38] proposed a lateral

confining potential realized by position-dependent doping, confining both an electron

and a hole. Furthermore, they showed that the pseudospin winding number of 2 has a

dramatic effect on the angular momentum dependence of the QD spectrum, different

than that of conventional semiconductors. Not only was this proposed system able to

confine both electrons and holes, but was also tunable through the use of gates. Soon

several groups constructed gated lateral QDs in BLG and demonstrated confinement

of either electrons or holes [31, 34]. Further experimental studies of gated BLG were

carried out in Refs. [37,64,190], where either confined electron or hole levels have been

realized. The work on electron-electron interactions on the example of two-electron

complexes was reported in Refs. [39, 64, 110], where an unusual two-particle ground

state, a spin-triplet but valley-singlet, was demonstrated.

In this chapter we establish that lateral gated QDs in BLG confine simultaneously

electrons and holes through the confining potential proposed in Ref. [38]. We develop

a theory of such an interacting two-particle complex forming an exciton in gated

BLG QDs. We start with a multi-million-atom computational box of BLG, in which

we introduce vertical and lateral gates. We determine the effective lateral confining

potential using ab-inito methods. We next compute confined QD levels in the valence

and conduction band. We then calculate microscopic Coulomb interaction matrix

elements [101], the quasi-particle spectrum and the exciton spectrum by solving the

Bethe-Salpeter equation (BSE). Using excitonic states and computed dipole matrix

elements, we predict the exciton fine structure and a nontrivial absorption spectrum.
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Figure 6.1: a) Bilayer graphene computational box. The rhomboidal geometry is
not to scale. Sublattices A, B (layer 1), C, D (layer 2) are shown. (b) the lattice
vectors and the Bernal stacking . (c) the bulk band structure of BLG in the vicinity

of K⃗-point. applied voltage V ≈ 0.38 eV, γ0 ≈ −2.5 eV and γ1 ≈ 0.34 eV . States
within energy window Ecut = 600 meV are retained in our calculations. (d) confing
potential V(x) on layer 1 (black) and 2(green). The potential confines electrons on
one layer, and holes on the other for a QD radius RQD = 20 nm.

6.1 Bulk bilayer graphene

We consider two Bernal-stacked layers (discussed in section. 2.1.2) of graphene as

shown in Fig. 6.1(a) and (b). The sublattices are labelled A, B, C, D. We choose

the real-space computational box to be rhomboidal, as shown in Fig. 6.1 (a) (drawn

not to scale). Sublattices A and B belong to the layer 1 while sublattices C and

D compose the layer 2. The nearest-neighbor in-plane bond length is a = 0.143

nm and the distance between layers is h = 0.335 nm. The sublattice B on layer 1

and the sublattice C on layer 2 are coupled as shown in Fig. 6.1(b), and the unit

vectors are defined as a⃗1 = a
(
0,
√

3
)

and a⃗2 = a
(

3
2
,
√
3
2

)
. The computational box

containing our BLG structure is generated by taking M1 = M2 unit cells along the a⃗1



CHAPTER 6. THEORY OF EXCITONS IN GATED BILAYER GRAPHENE...107

and a⃗2 directions. The total number of Carbon atoms in the computational box with

M1 = 633 is 1602756. To remove the finite-size effects, we impose periodic boundary

conditions connecting the opposite edges of the rhombus. We apply an external

electric field (the displacement field) perpendicular to the surface. The applied voltage

is +V/2 on layer 1 and −V/2 on layer 2 so that the potential difference between layers

is V . We define our Bloch wavefunction for this system as

|ϕk⃗,l⟩ =
1√
M

∑
R⃗

eik⃗·(R⃗+d⃗l)|ψR⃗,l⟩, (6.1)

where M = M1M2 is the number of unit cells, and |ψR⃗,l⟩ is a pz Slater orbital localized

on unit cell R⃗ and sublattice l. d⃗l is the position of sublattice l within a unit cell

taken to be

d⃗A = (0, 0, 0) , (6.2a)

d⃗B = b⃗, (6.2b)

d⃗C = b⃗− hẑ, (6.2c)

d⃗D = a⃗2 − b⃗− hẑ, (6.2d)

where b⃗ =
(

1
2
a,

√
3
2
a
)

. The computational rhombus defined in Fig. 6.1 is constructed

by periodically repeating the unit cell containing four atoms, one for each of the four

sublattices, spanned by two basis vectors a⃗1 and a⃗2 defined in Fig. 6.1(b). One can

obtain the allowed k⃗ points by imposing ulk(r⃗) = ulk(r⃗+Ma⃗1) and ulk(r⃗) = ulk(r⃗+Ma⃗2)

where ϕk⃗,l(r⃗) = eik⃗·r⃗ulk(r⃗) defines our Bloch function. This gives two conditions:

e−iMk⃗·a⃗1 = 1, (6.3a)

e−iMk⃗·a⃗2 = 1. (6.3b)



CHAPTER 6. THEORY OF EXCITONS IN GATED BILAYER GRAPHENE...108

Using the definitions of a⃗1, and a⃗2 we get

a1xkxM + a1ykyM = 2πn1 (6.4a)

a2xkxM + a2ykyM = 2πn2. (6.4b)

Solving for kx in Eq. 6.4(a) and plugging into Eq. 6.4(b) we get

a2x

(
2πn1

M
− a1yky

)
a1x

+ a2yky =
2πn2

M

− a2xa1yky
a1x

+ a2yky =
2πn2

M
− a2x
a1x

2πn1

M
a2ya1x − a2xa1y

a1x
ky =

2πn2

M
− a2x
a1x

2πn1

M

ky =
2π

a2ya1x − a2xa1y

(
−a2x

n1

M
+ a1x

n2

M

)
.

(6.5)

Now solving for ky in Eq. 6.4(b) and plugging into Eq. 6.4(a) we get

a1xkx + a1y

(
2πn2

M
− a2xkx

)
a2y

=
2πn1

M

a1xkx −
a1ya2xkx
a2y

=
2πn1

M
− a1y
a2y

2πn2

M

a2ya1x − a2xa1y
a2y

kx =
2πn1

M
− a1y
a2y

2πn2

M

kx =
2π

a2ya1x − a2xa1y

(
a2y

n1

M
− a1y

n2

M

)
.

(6.6)

This allows us to write

k⃗ =
2π

a2ya1x − a2xa1y

[(n1

M
a2y −

n2

M
a1y

)
k̂x +

(
−n1

M
a2x +

n2

M
a1x

)
k̂y

]
, (6.7)

where n1 = −(M − 1)/2...(M − 1)/2 and similarly for n2.

Our wavefunction for the bulk system is given as

|Φp

k⃗
⟩ =

∑
l

Ap

k⃗,l
|ϕk⃗,l⟩ , (6.8)

where p labels band, l labels atom in the unit cell and Ap

k⃗,l
are coefficients obtained

by solving the Schrodinger equation. The Hamiltonian in the basis of sublattices A,
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B, C, D is given by

Hbulk(k⃗) =



V
2 γ0f

(
k⃗
)

0 0

γ0f
∗
(
k⃗
)

V
2 γ1 0

0 γ1 −V
2 γ0f

(
k⃗
)

0 0 γ0f
∗
(
k⃗
)

−V
2


. (6.9)

Here, γ0 and γ1 are the intralayer and interlayer nearest neighbour (NN) hopping

terms, respectively, and +V/2 and −V/2 are potentials on the top and bottom layer

due to the applied vertical electric field. We neglect the trigonal warping term as we

are focusing on strong confinement. The effects of the trigonal warping reduces the

symmetry of the bulk system from C∞ to C3 introducing additional bright states in

the bulk BLG absorption spectrum [188]. Unlike in k⃗ · p⃗ calculations, we perform

atomistic calculations which already include the C3 symmetry.

If we define the following eigenvectors

Ap
k(k⃗) =



Ãp

k⃗,A

Ãp

k⃗,B
e−iϕ

k⃗

Ãp

k⃗,C
e−iϕ

k⃗

Ãp

k⃗,D
e−2iϕ

k⃗


, (6.10)

then the bulk Hamiltonian defined in Eq. 6.9 in the basis of Ãp

k⃗,l
becomes completely

real. It is given by

Hbulk(k⃗) =



V
2 γ0

∣∣∣f (k⃗)∣∣∣ 0 0

γ0

∣∣∣f (k⃗)∣∣∣ V
2 γ1 0

0 γ1 −V
2 γ0

∣∣∣f (k⃗)∣∣∣
0 0 γ0

∣∣∣f (k⃗)∣∣∣ −V
2


. (6.11)

We can now diagonalize Eq. 6.11 at each point k⃗ defined in Eq. 6.7 to obtain the

energies and wavefunctions for the bulk. Figure 6.1(c) shows the band structure

calculated for the intralayer tunneling matrix element γ0 = −2.5 eV , the interlayer

tunneling matrix element γ1 = 0.34 eV, and the displacement voltage comparable

to the interlayer tunneling, V = 0.38 eV. The values of γ0 and γ1 were obtained by

fitting the tight-binding parameters to ab-initio DFT calculations of the bulk BLG
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Figure 6.2: Spectrum of quantum dot energy levels as a function of level index for the
−K⃗ valley of the gated bilayer graphene QD. Inset shows the wavefunctions of level
(8) and level (9) , upper plots showing the probability density on layer 1, the lower
plot on layer 2.

bandstructure. In the absence of the electric field bulk BLG is gapless [15–17,183,191],

but the applied electric field opens an energy gap [17–26] visible in Fig. 6.1(c). At

the K⃗ point of the Brillouin zone, the states corresponding to the edges of the low-

energy conduction and valence bands are localized on the uncoupled sublattices A

and D, respectively, with a phase difference of 2ϕk, which generates a Berry phase

of 2π [15–17, 29, 30]. We also see that the opening of the gap is associated with a

characteristic conduction and valence band dispersion resembling a Mexican hat, with

the density of states diverging at the bottom of the conduction and top of the valence

band, in analogy to one-dimensional systems.



CHAPTER 6. THEORY OF EXCITONS IN GATED BILAYER GRAPHENE...111

6.2 Gated bilayer graphene quantum dot

Our goal is to confine electrons and holes laterally in the center of the computational

rhombus. This is done by applying a lateral potential in its center, which is attractive

for electrons on layer 1 and repulsive for electrons (attractive for holes) on layer 2.

This can be accomplished by removing a circular, disc-like element from the top

and bottom gate. The resulting confining potential due to removed gates can be

approximated by simple Gaussian potentials for the top (z = 0) and bottom (z = −h)

layers of the form

VQD (ρ) =


−(V/2)e

− ρ2

R2
QD z = 0,

+(V/2)e
− ρ2

R2
QD z = −h,

(6.12)

where ρ is the 2D radial coordinate. This type of potential was also proposed in

Refs. [38, 39]. We see that the voltage drop of −V/2 on the top layer in the center

of the dot exactly cancels the applied bulk voltage +V/2. A similar cancellation is

observed on the bottom layer. Hence, the vertical electric field is zero in the center of

the QD and approaches the applied electric field far away from the center. Since the

applied vertical electric field at each radius ρ redistributes charges, we seek to extract

an effective potential V (ρ) that takes into account the screening of the applied field

in the gated system. This is done by performing ab-initio calculations for biased bulk

BLG with a voltage drop VQD(ρ) at radius ρ resulting in a new screened voltage drop

V eff
QD (ρ). We then fit this effective potential using a sum of Gaussians. Two Gaussians

are sufficient, and the fitting yields our new effective potential given by

V eff
QD (ρ) =


−(c1e

− α1ρ
2

R2
QD + c2e

− α2ρ
2

R2
QD ) z = 0,

+(c1e
− α1ρ

2

R2
QD + c2e

− α2ρ
2

R2
QD ) z = −h,

(6.13)

with parameters c1 = −0.01763 eV, c2 = 0.20726 eV, α1 = 6.128, and α2 = 1.0064

for a fixed QD radius RQD = 20 nm.

Figure 6.1(d) shows a slice of the full single-particle potential along the x direction.

This potential includes the vertical electric field and the double-Gaussian quantum
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dot potential given above. Our new Hamiltonian for the gated BLG QD can now be

written as

Ĥ = Ĥbulk + V̂ eff
QD . (6.14)

To find the single-particle states and energies we expand our wavefunction |φs⟩ in the

basis of the eigenstates of the computational rhombus |Φp

k⃗
⟩. We confine ourselves to

the low energy spectrum taking a cutoff Ecut = 600 meV as shown in Fig. 6.1 (c).

This corresponds to a total basis size (including both valleys) of 18752 and samples

the higher energy bands as well as the low energy bands. Writing our wavefunction

explicitly, we have

|φs⟩ =
∑
k⃗

∑
p

Bs
p,⃗k

|Φp

k⃗
⟩ , (6.15)

where s labels our QD state. Acting the Hamiltonian in Eq. 6.14 on Eq. 6.15 we

have [
Hbulk + V̂ eff

QD

]∑
k⃗

∑
p

Bs
p,⃗k

|Φp

k⃗
⟩ = Es

∑
k⃗

∑
p

Bs
p,⃗k

|Φp

k⃗
⟩ , (6.16)

projecting ⟨Φp′

k⃗′
| we have

∑
p

Bs
p,⃗k

⟨Φp′

k⃗′
|Hbulk|Φp

k⃗
⟩ +

∑
p

Bs
p,⃗k

⟨Φp′

k⃗′
|V̂ eff

QD |Φp

k⃗
⟩
∑
k⃗

= Es

∑
k⃗

∑
p

Bs
p,⃗k

⟨Φp′

k⃗′
|Φp

k⃗
⟩ .

(6.17)

Since Φp′

k⃗′
are eigenstates of the bulk Hamiltonian we get

ϵp,⃗kB
s
p,⃗k

+
∑
k⃗′,p′

Bs
p′ ,⃗k′

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ = EsB

s
p,⃗k
, (6.18)

where ϵp,⃗k are the energies obtained by diagonalizing Eq. 6.11. We will now derive

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩. We have

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ =

∑
l,l′

A∗p
k⃗,l
Ap′

k⃗′,l′
⟨ϕk⃗,l|V̂

eff
QD |ϕk⃗′,l′⟩ , (6.19)
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using Eq. 6.1 we get

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ =

1

M

∑
l,l′

∑
R⃗,R⃗′

A∗p
k⃗,l
Ap′

k⃗′,l′
e−ik⃗·(R⃗+d⃗l)eik⃗

′·(R⃗′+d⃗l′) ⟨ψR⃗,l|V̂
eff
QD |ψR⃗′,l′⟩ . (6.20)

Assuming V̂ eff
QD is slowly varying such that the potential within a unit cell is constant,

then V̂ eff
QD (ρi) ≈ V̂ eff

QD

(
R⃗+R⃗′

2

)
, so we have

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ =

1

M

∑
l,l′

∑
R⃗,R⃗′

A∗p
k⃗,l
Ap′

k⃗′,l′
e−ik⃗·(R⃗+d⃗l)eik⃗

′·(R⃗′+d⃗l′)V̂ eff
QD

(
R⃗ + R⃗′

2

)
δR⃗,R⃗′δl,l′ .

(6.21)

Executing the deltas, we get

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ =

1

M

∑
l

ei(k⃗
′−k⃗)·d⃗lA∗p

k⃗,l
Ap′

k⃗′,l

∑
R⃗

ei(k⃗
′−k⃗)·R⃗V̂ eff

QD

(
R⃗
)
, (6.22)

then define Vk⃗,⃗k′,l = 1
M

∑
R⃗ e

i(k⃗′−k⃗)·R⃗V̂ eff
QD

(
R⃗
)

and we get

⟨Φp

k⃗
|V̂ eff

QD |Φp′

k⃗′
⟩ =

∑
l

A∗p
k⃗,l
Ap′

k⃗′,l
ei(k⃗

′−k⃗)·dlV eff

k⃗,⃗k′,l
, (6.23)

with V eff

k⃗,⃗k′,l
being the Fourier transform of the confining potential. Since our quantum

dot potential differs only by a sign on different layers, we will solve this only for a

single layer. It is worth noting that the Fourier transform of a Gaussian in 1D is

F (e
− R2

R2
QD ) =

1√
2π

∫ ∞

−∞
dRe−iqRe

− R2

R2
QD

=
1√
2π

∫ ∞

−∞
dRe

−
(

R
RQD

+
iqRQD

2

)2

−
q2R2

QD
4

=
1√
2π
e−

q2R2
QD
4

∫ ∞

−∞
dRe

−
(

R
RQD

+
iqRQD

2

)2

=
1√
2π
RQDe

−
q2R2

QD
4

∫ ∞

−∞
due−u2

=

√
R2

QD

2
e−

R2
QDq2

4 ,

(6.24)

and so the inverse transform in 1D can yield
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e
− R2

R2
QD =

1√
2π

√
R2

QD

2

∫ ∞

−∞
dqeiqRe−

R2
QDq2

4 . (6.25)

We can easily extrapolate to 2D and get

e
− R2

R2
QD =

R2
QD

4π

∫ ∞

−∞
dq⃗eiq⃗·R⃗e−

R2
QDq2

4 . (6.26)

For our discrete grid of our rhombus we have

e
− R2

R2
QD = A

R2
QD

4π

∑
q⃗

eiq⃗·R⃗e−
R2
QDq2

4 , (6.27)

where A corresponds to the smallest area in our reciprocal space (k-space in our case

and thus the area of a unit cell). Now with this at hand, let us compute V eff

k⃗,⃗k′,l
for

layer 1:

V eff

k⃗,⃗k′,1
=
∑
R⃗

ei(k⃗
′−k⃗)·R⃗V eff

QD

(
R⃗
)
. (6.28)

Plugging in Eq. 6.13 we get

V eff

k⃗,⃗k′,1
=

1

M

∑
R⃗

ei(k⃗
′−k⃗)·R⃗

[
−c1e

− α1ρ
2
i

R2
QD − c2e

− α2ρ
2
i

R2
QD

]

= A
R2

QD

4π

∑
q⃗

1

M

∑
R⃗

ei(k⃗
′−k⃗+q⃗)·R⃗

[
− c1
α1

e
−

R2
QDq2

4α1 − c2
α2

e
−

R2
QDq2

4α2

]

= A
R2

QD

4π

∑
q⃗

[
− c1
α1

e
−

R2
QDq2

4α1 − c2
α2

e
−

R2
QDq2

4α2

]
1

M

∑
R⃗

ei(k⃗
′−k⃗+q⃗)·R⃗

= A
R2

QD

4π

∑
q⃗

[
− c1
α1

e
−

R2
QDq2

4α1 − c2
α2

e
−

R2
QDq2

4α2

]
δk⃗′−k⃗,q⃗

= A
R2

QD

4π

[
− c1
α1

e
−

R2
QD |k⃗′−k⃗|

4α1 − c2
α2

e
−

R2
QD |k⃗′−k⃗|

4α2

]
,

(6.29)

where A is the area of our unit cell, it is given by A = 8π2

3
√
3Ma2

. Finally, gathering

everything, we can write

V eff

k⃗,⃗k′,l
= ±Q2R2

QD

[
c1
α1

e
−

R2
QD|k⃗′−k⃗|2

4α1 +
c2
α2

e
−

R2
QD|k⃗′−k⃗|2

4α2

]
, (6.30)
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with Q2 = 2π/3
√

3Ma2. We take the + sign for the sublattice l = C,D and the − sign

for l = A,B. We see that the matrix elements of the confining potential are products

of two contributions: (i) from the confining electrostatic potential and (ii) from the

bulk wavefunctions which contains information about the Berry’s curvature. We now

solve equation (6.18) to obtain our QD spectrum and wavefunctions. If we were to

retain only the electrostatic confining potential we would have obtained the spectrum

of a two-dimensional harmonic oscillator as in the usual semiconductor quantum dots.

However, the contribution from wavefunctions and Berry’s phases alters significantly

the energy spectrum as shown in Fig. 6.2.

Figure 6.2 shows the QD energy spectrum for the QD radius RQD = 20 nm for

valley K⃗ near the Fermi level set at zero. We see that the confinement of electrons and

holes results in the reduction of the single-particle energy gap, 380 meV in the bulk,

to ∼ 40 meV. We find the QD energy spectrum to be very different from that found

in gated lateral QD in GaAs or self-assembled QDs, which are understood in terms

of electronic shells of a two-dimensional harmonic oscillator [192, 193]. The insets in

Fig. 6.2 show the electronic wavefunctions on layer 1 (top) and layer 2 (bottom) for

states at the top of the valence band and at the bottom of the conduction band. We

see that the lowest of the conduction-band states is s-like, followed by two levels of a p

shell which is split in energy. However, the next group of levels cannot be understood

in terms of the three levels of a d shell. Hence, the single-particle spectrum here

is different from self-assembled and gated QDs as pointed out by Peeters and co-

workers [38].

Now we can also write our QD wavefunctions by rewriting equation (6.15) as a

linear combination of atomic pz orbitals

|φs⟩ =
∑
R⃗,l

Cs
R⃗,l

|ψR⃗,l⟩ , (6.31)

with coefficients Cs
R⃗,l

= 1√
M

∑
k⃗,pB

s
p,⃗k
Ap

k⃗,l
eik⃗·(R⃗+d⃗l).
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6.3 Bethe-Salpeter equation

We start our many-body analysis by approximating the many-electron ground state

as a single Slater determinant |GS⟩ =
∏

p,σ c
†
pσ |0⟩ of all occupied valley and spin QD

valence band states shown in Fig. 6.2. Here, c†pσ creates an electron with spin σ

in a p state of the valence band. Next, we write the exciton states |ψµ⟩ as a linear

combination of one electron-hole pair excitations conserving Sz as

|ψµ⟩ =
∑
p,q,σ

Aµ
p,q,σc

†
qσcpσ |GS⟩ . (6.32)

Here, Aµ
p,q,σ is the amplitude corresponding to the electron-hole pair excitation in-

volving states p and q. Here, cpσ removes an electron with spin σ from the occupied

state p in the valence band leaving behind a hole, and c†qσ places this electron in the

empty conduction band state q. The index p runs over all VB states in the QD and

the index q goes through all unoccupied states of the QD.

The many-electron Hamiltonian in the basis of QD single-particle states can be

written as

ĤMB =
∑
p,σ

Epc
†
p,σcp,σ

+
1

2

∑
pqrs

∑
σσ′

⟨pq|VC |rs⟩c†pσc
†
q,σ′cr,σ′cs,σ

−
∑
p,s,σ

V P
psc

†
pσcs,σ.

(6.33)

The indices in sums run over all QD states (those in the valence and conduction

bands). Further, the potential VC = e2

κ|r⃗1−r⃗2| accounts for electron-electron Coulomb

interactions screened by the dielectric constant κ. In what follows we will use the value

of κ = 6 (Ref. [1]). In the third term of equation (6.33) we account for a positive

charge background with the same charge distribution as that of the electrons in the

filled valence band. The positive background ensures the overall charge neutrality

and cancels out the direct interaction among electrons in the valence band.
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The Coulomb matrix elements ⟨pq|VC |rs⟩ are expressed atomistically as

⟨p, q|VC |r, s⟩ =
∑
i,j,k,l

(Cp
i )∗
(
Cq

j

)∗
Cr

kC
s
l ⟨i, j|VC |k, l⟩, (6.34)

where ⟨i, j|VC |k, l⟩ are Coulomb matrix elements computed numerically with Slater-

like pz orbitals localized on atoms i, j, k, l [1]. The sum above runs over atomic

sites and is difficult to compute for a system of millions of atoms (1.6 million in this

example). For computational details, see Ref. [110] and section 2.5.2 on discussion of

the calculation of Coulomb matrix elements.

We now move on to obtaining the exciton states |ψµ⟩. The amplitudes Aµ
p,q,σ

corresponding to the electron-hole pair excitations composing these states satisfy the

Bethe-Salpeter equation (BSE):

∑
q′,p′,σ′

[(Eq′,σ′ + Σq′,σ′) − (Ep′,σ′ + Σp′,σ′)]δp,p′δq,q′δσ,σ′Aµ
p′,q′,σ′

+
∑

q′,p′,σ′

[⟨p, q′|VC |p′, q⟩ − ⟨p, q′|VC |q, p′⟩ δσσ′ ]Aµ
p′,q′,σ′ = EµA

µ
p,q,σ.

(6.35)

Here, the electron-hole pair energy is renormalized by the self-energy, which in the

screened Hartree-Fock approximation is given by Σp,σ = −
∑

q,σ′ δσ,σ′ ⟨q, p|VC |q, p⟩,

where the sum over q runs over the valence band states. In this example of a QD, we

find self-energies at the top of the valence band and at the bottom of the conduction

band to converge with 120 filled valence band QD states. The scattering of electron-

hole pairs (the vertex correction) is controlled by an attractive (negative) direct term

and a repulsive (positive) exchange term. We note that the BSE for a QD contains

all possible electron-hole pairs, accounting for the mixing of the relative and center

of mass motion.

To compute the excitonic states we solve the BSE given above. We start our

analysis by computing the spectrum of non-interacting electron-hole pairs, i.e., VC ≡

0, shown in Fig. 6.3(a). We find degenerate shells of electron-hole levels, forming

either eight-fold or sixteen-fold degenerate manifolds. The eight-fold degeneracy can
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Figure 6.3: (a) Energies of noninteracting electron-hole pairs. (b) Energy spectrum of
the pairs renormalized by self-energies. (c) Energy spectrum of the pairs accounting
for the self-energies and vertex corrections (the electron-hole attraction) but without
correlations. (d) Excitonic energy diagram accounting for all aspects of the electron-
electron interaction.

be understood by constructing all electron-hole pairs that have the energy of the

single-particle energy gap and conserve total Sz. This corresponds to removing an

electron from state number 8 and placing it on state number 9 in Fig. 6.3(a). Both

states 8 and 9 have spin and valley degeneracy. There will be two electron-hole pairs

in each valley (total of four, including spin) and four more between valleys. Thus

we have eight possible electron-hole pairs with the energy of the single-particle gap.

To understand the sixteen-fold manifold, let us consider the second lowest-energy

electron-hole pairs. These pairs are constructed by exciting electrons from state 8 to

state 10 and from state 7 to state 9 in Fig. 6.2(a). The two possibilities arising from



CHAPTER 6. THEORY OF EXCITONS IN GATED BILAYER GRAPHENE...119

the electron-hole symmetry double the resulting degeneracy to sixteen.

Next, we turn on the self-energy contribution to the electron-hole pair energies.

The resulting spectrum is shown in Fig. 6.3(b). The self-energies result in a large

blueshift of the electron-hole pair energies. Furthermore, the self-energies split the

sixteen-fold degenerate manifolds into two subclasses because the values of the self-

energy in the excitations involving states 8 and 10 are different than those involving

states 7 and 9.

We next calculate the energies of electron-hole pairs including self-energies and

vertex corrections, i.e. the electron-hole attraction. These spectra are shown in Fig.

6.3(c). Direct electron-hole attraction is large and lowers the energy of the electron-

hole complex, while the electron-hole exchange interaction is repulsive and raises the

energy of the complex slightly. While the direct electron-hole interaction does not

discriminate valleys, the exchange interaction is different within a valley and between

valleys. This separates the energy of intervalley and intravalley electron-hole pairs.

Indeed, the intervalley electron-hole pair has a lower energy due to its smaller repulsive

exchange interaction. We also observe reordering of higher-energy electron-hole pairs

due to large exchange values compared to the single-particle level spacing.

Finally, we include the Coulomb scattering connecting electron-hole pairs and

solve the full BSE. The resulting excitonic spectrum is shown in Fig. 6.3(d). The

excitonic states can be categorized as inter/intra-valley singlets/triplets. The in-

tervalley excitons are at lower energies than their intravalley counterparts because

the repulsive exchange interaction for intravalley excitons is stronger. Furthermore,

each class of intravalley and intervalley excitons is further split into spin singlet and

triplets. Triplets are at lower energies than their singlet counterparts as the exchange

now favours the triplets in energy. Focusing on the ground state, we see that it is

approximately four-fold degenerate and corresponds to intervalley excitons formed

from electron-hole pairs across the gap. The singlet-triplet splitting for these states is

negligible and is the reason why it appears four-fold rather than two-fold degenerate.
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6.4 Optical absorption

The exciton states are created by absorbing photons with energy ω. Starting with the

Fermi’s golden rule, and the ground state |GS⟩ as the fully occupied valence band,

the absorption spectrum is given by [139]:

A (ω) =
∑
µ

∣∣∣∣∣∑
s,s′,σ

E±
0 · D⃗s,s′

(
Aµ

s,s′,σ

)∗∣∣∣∣∣
2

δ (Eµ − ω) . (6.36)

Here E±
0 is the polarization vector for our circularly polarized electric field and D⃗s,s′

are dipole matrix elements given by

D⃗s,s′ = ⟨s| r⃗ |s′⟩ =
∑
i,j

(Cs
i )∗Cs′

j ⟨i| r⃗ |j⟩ . (6.37)

The dipole matrix elements connecting real-space orbitals are given by

⟨i| r⃗ |j⟩ = Dij

(
R̂j − R̂i

)
+ R⃗jδij, (6.38)

where Dij =
∣∣∣∫ dr⃗ϕ∗

pz

(
r⃗ − R⃗i

)
r⃗ϕpz

(
r⃗ − R⃗j

)∣∣∣ and ϕpz

(
r⃗ − R⃗j

)
is the Slater pz or-

bital with Slater parameter ξ = 3.25. If the atoms i and j are nearest neighbors, we

find Dij = 0.313763 ab, while if they are next nearest neighbors, Dij = 0.0711159 ab,

where ab is the Bohr radius.

Figure 6.4 shows the effect of the wavefunctions on dipole matrix elements control-

ling the coupling of the QD with light. The arrows in Fig. 6.4(a) show which states

in the valence band are connected with which states in the conduction band by finite

dipole matrix elements. We see that, unlike in self-assembled quantum dots, the state

at the top of the valence band (number 8) is not connected with the lowest-energy

state (number 9) in the conduction band, but with the third excited state (number

11). By symmetry, the state at bottom of the conduction band (number 9) is con-

nected with the valence band state number 6. The second-highest in energy valence

band state (number 7) is now connected with the highly excited conduction band
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Figure 6.4: (a) Optically active transitions indicated by arrows connecting single-

particle state energy levels in the −K⃗ valley of the gated bilayer graphene QD. (b)
sublattice occupation by the wavefunction. Sublattice A,B correspond to layer 1,
while sublattice C,D corresponds to layer 2. The dark black lines pointing to states
show the transitions with finite dipole matrix element. (c) red peaks - square of dipole
matrix elements for one valley as a function of energy. The dashed lines mark the
energy of all electron-hole pairs constructed within one valley.

state number 15. Figure 6.4(b) shows how the probability density corresponding to

different states is distributed over sublattices. In particular, we see that the large

dipole elements correspond to the two QD states residing largely on the same sublat-

tice. For example, state number 11 and state number 8 both occupy the sublattice

B. As we shall show, this complicated light-matter coupling is further significantly

modified by electron-electron interactions.

Figure 6.5 shows the absorption spectrum as a function of the photon energy for

our model QD. The vertical black lines correspond to energies Eµ of excitonic states,

while the red line corresponds to excitonic states contributing to absorption. In
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Figure 6.5: Absorption Spectrum as a function of photon energy ω for the gated
bilayer graphene quantum dots. (a) no interactions , (b) including self energies, (c)
including self-energies and electron-hole attraction. (d) corresponds to the full BSE.

Fig. 6.5(a) we show the absorption spectrum ignoring interactions. We find the low-

energy electron-hole pairs to be dark. This is a consequence of the previously discussed

zero dipole matrix elements for the two lowest-energy electron-hole complexes. The

third dashed line corresponds to the first bright peak at around 67 meV. This is the

energy of electron-hole pair with a large dipole matrix element, i.e., the sixteen-fold

degenerate third manifold shown in Fig. 6.3(a). A second smaller peak is seen in Fig.

6.5(a) at around 108 meV. This maximum corresponds to the second bright dipole

matrix element shown in Fig. 6.4(c).

We now turn on the effects of self-energies shown in Fig. 6.5(b). As already

discussed, self-energies split the sixteen-fold manifold into two sub-manifolds, and

thus the single large peak has split into two. The peaks have also shifted to higher
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energies due to the blueshift introduced by the self-energies.

The inclusion of the electron-hole attraction causes a redshift shown in Fig. 6.5(c),

bringing the absorption maxima closer in energy to the non-interacting peaks. The

vertex correction has also broken the degeneracy of intravalley and intervalley electron-

hole pairs. Reordering of levels occurs due to the electron-hole exchange and new dark

states emerge at an energy lower than that of the bright state.

Finally, when the scattering terms are accounted for in the full BSE, the degenerate

states split into triplets and singlets, with triplets being dark, as shown in Fig. 6.5(d).

The lowest exciton energy decreased to 50 meV due to correlations, but the bright

exciton peak has moved to higher energy due to the singlet-triplet splitting. Many new

dark states emerge at low energies since the dark triplets have shifted down in energy.

More level reordering occured due to the singlet triplet splitting as well as correlations.

The bright peak is now blueshifted to 110 meV, i.e., ∼ 30 Thz. There is a second

smaller peak at 130 meV which corresponds to the second optically active transition.

This transition is smeared out in the interacting system since correlations spread the

relevant optically active electron-hole pairs amongst many exciton states. The many

dark low-energy excitonic states are either intervalley excitons, spin triplets, or have

vanishing dipole matrix elements. The presence of many low-energy dark states makes

these BLG QDs potential candidates for storage of photons.

6.5 Conclusion

In summary, we developed a theory of excitons confined in laterally gated bilayer

graphene quantum dots. These nanostructures combine the ability to confine elec-

trons and holes of semiconductor self-assembled quantum dots with the tunability

of laterally gated semiconductor quantum dots, with the latter confining only either

electrons or holes. Here we describe such a strongly interacting electron-hole complex

forming an electrically tunable exciton. We find these excitons to be very different

from excitons found in semiconductor quantum dots and nanocrystals. Indeed, the

exciton energy as well as the absorption and emission spectrum is tunable by voltage
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from the THz to FIR range. The conservation of spin, valley, and orbital angular mo-

mentum results in a band of dark low-energy states making this system a promising

candidate for storage, detection and emission of photons in the Terahertz range.



Chapter 7

N Electron Ground State of Gated

Bilayer Graphene Quantum Dot

This chapter is based on a draft of a paper we are preparing to submit. This has

been modified and edited to fit the context of the thesis as it builds off of the previous

chapter. This work was done in close collaboration with the other authors, and I have

reproduced the results for N = 2 electrons and have all the numerical tools in place

to reproduce all the results.

In this chapter, we expand our knowledge on gated bilayer graphene quantum dots

using the methodology described in chapter 6. In the previous chapter, we studied

both the VB and CB, but focused on only excitons. In this chapter we focus on only

the CB and study the N electron ground state as a function of interaction strength.

We perform calculations for N = 2 − 6 electrons as a function of the interaction

strength κ = 1 (strongest interactions) to κ = 15 (weakest interactions). In the

following, we will illustrate the results in detail for N = 2 and N = 4. We note

that the problem of interacting massive Dirac Fermions remains challenging and until

now, was studied for only two interacting particles. Here we present results up to

N=6 massive Dirac Fermions.

We predict the existence of spontaneous spin and valley symmetry broken states of

interacting massive Dirac Fermions in a bilayer graphene gated quantum dot based on

125
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exact diagonalization of the many-body Hamiltonian. Atomistic tight-binding model

is used to compute the energies and wavefunctions of the single-particle states confined

in the dot created by vertical electric field and lateral metallic gates. Electron-electron

interaction Coulomb matrix elements are obtained for a set of several lowest-energy

electronic orbitals and screened by the dielectric constant of the surrounding medium.

The effect of the Coulomb interaction is measured by the ratio of Coulomb matrix

element ⟨11|V |11⟩, to the single-particle level spacing. As we increase the strength

of interactions relative to the single-particle level spacing, we find the electrons in

a series of spin and valley symmetry-broken phases with increasing valley and spin

polarization. The phase transitions result from the competition of the single-particle,

exchange, and correlation energy scales. A phase diagram for N = 2-6 massive Dirac

Fermions filling up the two lowest energy shells is mapped out as a function of the

strength of Coulomb interactions.

7.1 N-electron many-body complexes

We begin by considering the SP QD states computed in the previous chapter, now

shown in Figures 7.1. These states are now labelled in increasing order starting

from the bottom of the CB. In (a) and (b) we show the positive eigenenergies of the

gated BLG QD in two cases: without and with the trigonal warping (γ3 described

in section 2.1.2), respectively. We find that in either case the states form valley

doublets, producing quadruply degenerate manifolds (shells) including spin. However,

we do not identify any quasi-degenerate orbital shells. This is in contrast with recent

experimental studies [194, 195], where shells of excited states with degeneracy of 12

(2 spin ×2 valley ×3 trigonal warping effect) were detected in addition spectra. We

attribute the absence of this high-order degeneracy to the small size of our quantum

dot. In consequence, as the electron energy spectra with and without trigonal warping

are qualitatively the same, henceforth we assume γ3 = 0. We distribute N electrons

on the single-particle quantum dot SP states shown in Fig. 7.1(a). The Hamiltonian
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of this interacting system is

ĤMB =
∑
p,σ

Epc
+
p,σcp,σ +

1

2κ

∑
pqrs

∑
σσ′

⟨p, q|VC |r, s⟩c+pσc+q,σ′cr,σ′cs,σ. (7.1)

The index p = {α, ξ} enumerates the single-particle states with level α in valley ξ,

Figure 7.1: The electronic single-particle energies in the gated quantum dot without
(a) and with (b) trigonal warping.

while σ = ±1
2

is the electron spin. The dielectric constant κ is introduced to tune

the strength of the Coulomb interactions relative to the single-particle quantization

defined by the energy spacing ∆ = E3 − E1 in valley K. The small parameter con-

trolling the importance of interactions is given by ⟨1, 1|V |1, 1⟩/(κ∆). This parameter

is controlled by dielectric constant, with κ → ∞ characterizing the system of non-

interacting electrons. Lastly, VC denotes the electron-electron interaction potential,

which in this work is taken to be of the Coulomb form VC(r⃗1, r⃗2) = e2/4πϵ0|r⃗1 − r⃗2|,

with e being the electron charge, and ϵ0 being the vacuum dielectric permittivity.

To complete the Hamiltonian (7.1), we now turn to calculating the Coulomb ma-

trix elements ⟨p, q|VC |r, s⟩. We utilize the real-space form (6.31) of the single-particle

states and compute the elements defined in 6.34. In our system, NA ∼ 1.6 · 106
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atoms, and calculation of the above quadruple sum presents an unmanageable com-

putational complexity of O(N4
A) = O(1024). We simplify the integral by including the

direct-type Coulomb elements only, i.e., we set l = i and k = j, which decreases the

computational complexity to O(1012). The Coulomb elements are generally taken as

⟨i, j|VC |j, i⟩ = e2/4πϵ0|R⃗i − R⃗j|. However, we consider the following special cases: if

Figure 7.2: Probability densities of the confined single-particle states from the three
lowest valley doublets. Panels (a), (c), and (e) show the probability densities of states
1, 3, and 5, respectively on the upper layer, while panels (b), (d), and (f) show the
densities on the lower layer.

atoms i and j are identical, or are first, second, or third neighbors within the same

layer, we set the values to 17.307 eV, 8.942 eV, 5.582 eV, and 4.856 eV, respectively.

If atoms i and j belong to different layers, we set the element values to 4.562 eV and

4.103 eV for the relative nearest and second neighbors, respectively. These values are
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obtained by direct numerical integration of the Coulomb potential with appropriately

positioned pz orbitals approximated by the Slater functional form [1] as described in

section 2.5.2. We note that it is possible to obtain nonzero values of the orbitally-

resolved Coulomb elements if the atoms i, j, k, l form more nontrivial configurations

where indices are within NNs of each other (giving three-center or even four-center

integrals). These elements are shown in table. 2.1. However, we found that the in-

clusion of such terms greatly increases the computational burden while contributing

to the overall values of the Coulomb elements to a negligible degree.

In Table 7.1 we list selected Coulomb matrix elements computed for the single-

particle orbitals corresponding to the spectrum presented in Fig. 7.1(a).

The upper part of the table shows the direct elements, while the lower part shows

the exchange elements. One of the orbitals is always chosen to be 1, i.e., the lowest-

energy state in the valley K. We find, in general, that the direct Coulomb elements

are of order of 0.2 eV, i.e., their magnitude is larger than the splitting of single-

particle levels for our dot. We find also that the values of intra-valley (involving an

odd index) and inter-valley direct elements (involving an even index) are the same

within the same valley manifolds. This is understandable as the direct Coulomb

terms depend on the charge density, which is identical for each component of the

valley doublet. On the other hand, the exchange elements discriminate between the

valleys very strongly: the intra-valley exchange elements are typically two orders of

magnitude larger than the inter-valley elements. Lastly, we comment on the apparent

irregularity in the values of the direct elements involving the valley doublet of states

5 and 6. We find that these elements are larger than those involving the lower-energy

valley doublet (states 3 and 4). That difference is not manifested in the exchange,

however. Typically, one sees a systematic decrease of the magnitude of all Coulomb

elements with the increase in the difference between indices. The breaking of that

trend can be understood based on our discussion of the probability densities presented

in Fig. 7.2. The probability of the first excited shell (state 3 and 4), shown in panels

(c) and (d), is indeed different (more spread spatially) than that of the state 1, shown
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Element Value (meV)
⟨1, 1|VC |1, 1⟩ 217.94
⟨1, 2|VC |2, 1⟩ 217.94
⟨1, 3|VC |3, 1⟩ 168.22
⟨1, 4|VC |4, 1⟩ 168.22
⟨1, 5|VC |5, 1⟩ 180.15
⟨1, 6|VC |6, 1⟩ 180.15
⟨1, 2|VC |1, 2⟩ 1.02
⟨1, 3|VC |1, 3⟩ 55.70
⟨1, 4|VC |1, 4⟩ 0.49
⟨1, 5|VC |1, 5⟩ 26.58
⟨1, 6|VC |1, 6⟩ 0.42

Table 7.1: Selected Coulomb matrix elements connecting single-particle states in the
quantum dot. Indices follow Fig. 7.1(a).

in panels (a) and (b). However, the probability density of the second excited shell

(state 5), shown in panels (e) and (f), is again more compact, resulting in a stronger

Coulomb repulsion with the ground state. The effect is only seen in the direct term,

and not in the exchange, because the latter has a much more short-distance character

than the former, and the compact component of the state 5 is observed on the lower

layer of the system, while the ground state is more confined to the upper layer.

Having fully parametrized the Hamiltonian (7.1), we now describe the procedure

of computing the eigenenergies and eigenstates of N interacting electrons confined

in our dot. We utilize the configuration-interaction approach, in which we generate

all possible configurations of N electrons by distributing them on NSP single-particle

orbitals. We compute the matrix of the Hamiltonian ĤMB in the basis of configura-

tions, and we diagonalize this matrix numerically. We take NSP = 16 single-particle

states (i.e., 8 valley doublets, not including spin) and N from 2 to 6. We note that

ĤMB commutes with Ŝz, which allows us to divide the Hilbert spaces for each N into

subspaces labeled by the spin polarization. Whenever possible, we diagonalize the

resulting Hamiltonian using full-matrix diagonalization methods to gain access to all

many-body electronic states. However, for larger electron numbers the Hilbert space

sizes are of order of 105, and we use iterative diagonalization methods to obtain the

ground and a few low-energy excited electronic states in each spin subspace.
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7.2 N = 2 interacting electrons in the dot - half-

filled lowest energy shell

Here we focus on N = 2 interacting electrons corresponding to a half-filled lowest

energy shell. In the two-electron case we construct two Hilbert subspaces: Sz =

−1 (holding the polarized spin triplets) and Sz = 0 (holding the spin singlets and

unpolarized spin triplets). We perform full matrix diagonalization in each subspace as

a function of the interaction parameter κ. The energies of the two-electron eigenstates

are plotted in Fig. 7.3 as black (singlets) and red (triplets) bars. For each κ, we

measure the energy from that of the ground state. We find that for all values of κ

except κ = 1 the spin triplet is the ground state. As the effective value of κ for realistic

graphene systems is expected to be larger than 1, this result is consistent with the

calculations of Ref. [39,64] and the measurements of Refs. [64,196,197] in the limit of

zero magnetic field. Furthermore, these prior studies indicate that the ground state

is valley-unpolarized, and name it the ”valley singlet, spin triplet” state |Sv⟩|Ts⟩.

We confirm this by calculating the orbital-, valley-, and spin-resolved charge density

⟨GS|c+α,ξ,σcα,ξ,σ|GS⟩, where |GS⟩ is the correlated ground state obtained numerically

as the eigenstate of our Hamiltonian ĤMB. We find the valley-unpolarized ground

state for the interaction parameter κ > 3 (i.e., sufficiently weak interactions). In

Fig. 7.4(c) we plot this charge density on the ladder of the single-particle states for

κ = 4. We find that this picture does not change appreciably as we increase κ.

On the other hand, for stronger interactions, κ = 2 and 3, we find that the ground

state is a valley polarized triplet. We plot the ground state charge density for κ = 2

in Fig. 7.4(b), from which we see that both electrons are found in the valley K. The

ground state with Sz = −1 is in fact doubly degenerate, and the charge density for

its counterpart reveals both electrons in the valley K ′ = −K. A similar doubly-

degenerate manifold corresponds to the unpolarized triplet with Sz = 0, and the

polarized triplet with Sz = 1, giving altogether a six-fold degenerate state at zero

magnetic field. This is in contrast with only a three-fold degeneracy of the valley-
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Figure 7.3: Energies of the low-energy eigenstates of the two-electron dot as a func-
tion of the interaction parameter κ. Black (red) bars correspond to the spin singlet
(triplet). For each value of κ, the energies are measured from the ground state triplet
level. VP corresponds to the valley-polarized triplet, and v corresponds to valley
polarization.

singlet spin triplet, appearing as the ground state for weaker interactions. Finally,

for the strongest interactions, κ = 1, we deal with a valley-polarized singlet, whose

charge density is shown in Fig. 7.4(a). Here, both electrons are found in the valley

K. We also find another singlet state, degenerate in energy with this one, with both

electrons in the valley K ′.

In the phase transition from the valley-unpolarized to the valley- polarized triplet,

the breaking of the valley symmetry in the ground state is a clear consequence of the

competition of the intra-valley exchange interaction and the single-particle energy

quantization. For very weak interactions, the electronic occupation of levels is mostly

determined by the single-particle energies. The valley-unpolarized triplet configura-

tion has a lower single-particle energy than the valley-polarized one because it involves

only the states from the lowest valley doublet. Owing to the Pauli exclusion princi-
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ple, constructing a valley-polarized triplet requires positioning the two electrons in

two different valley doublets, which costs the single-particle energy. As the interac-

tions become stronger (κ decreases), the intra-valley exchange interaction increases in

magnitude. This interaction term decreases the total energy of the two electrons, and

therefore favours the valley-polarized triplet. The energy of the valley-unpolarized

triplet is not renormalized in this fashion, since the inter-valley exchange is much

smaller in magnitude. Eventually, the gain in the exchange energy outweighs the ex-

cess in the single-particle energy, and the valley-polarized triplet becomes the ground

state. This trend can be seen in the energy diagram, Fig. 7.3 by identifying the

valley-polarized triplet as the excited triplet state (labeled VP). This state descends

in energy as the interactions are made stronger (κ decreases, from right to left) and

changes places with the valley-unpolarized state for 3 < κ < 4. As κ is further tuned

from 3 to 2, the gap between the ground and first excited triplet begins to increase.

The second phase transition, from the valley-polarized triplet at κ = 2 to the

valley-polarized singlet at κ = 1, appears to be driven by electronic correlations. We

find that it is energetically favourable to spread the electron density among several

single-particle orbitals to minimize their repulsion, even at a cost of the loss of the

exchange energy. The charge density shown in Fig. 7.4(a) can only result from a

correlated two-electron state, i.e., one that cannot be represented by one Slater de-

terminant, but is a superposition of many configurations. We note that the charge

density on the orbitals 5 and 6 is negligible, which is due to the large Coulomb matrix

elements involving these orbitals, as discussed in the previous Section.

7.3 N = 4 interacting electrons - filled lowest en-

ergy shell

Next, we focus on the case of N = 4 electrons which corresponds to a filled lowest

energy shell. From the structure of single-particle states shown in Fig. 6.2(a) we

expect that, with sufficiently weak interactions, the N = 4 electrons will completely
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Figure 7.4: Charge density of the two-electron ground state on the single-particle
orbitals for κ = 1 (a), κ = 2 (b), and κ = 3 (c). We resolve the orbitals from valley
K ′ = −K (left double ladder) and K (right double ladder), as well as spin down (left)
and up (right) within each valley.

fill the lowest energy four-fold degenerate shell. However, as the interactions become

stronger, we find a number of spin and valley transitions, occurring as a result of

the competition of the single-particle energy quantization, intra-valley exchange, and

correlations.

Together with Dr. Korkusinski, we perform the exact diagonalization study of

the four-electron system in the subspaces Sz = 0, Sz = 1, and Sz = 2. The sizes of

the Hilbert spaces generated with these spin polarization constraints on the 16 single-

particle orbitals are 14400, 8960, and 1820, respectively. By tracking the degeneracies

resulting from the commutativity of the total spin operator Ŝ with the Hamiltonian

ĤMB, we deal therefore with 1820 states with total spin S = 2, 7140 states with

S = 1, and 5440 states with S = 0 within the Sz = 0 subspace. Figure 7.5 shows
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Figure 7.5: Energies of the five lowest-energy correlated states of four electrons as a
function of the interaction parameter κ. Black, red, and blue bars show the energies
for total spin S = 0, 1, and 2 respectively. Black vertical lines show the phase
transition points in the four-electron phase diagram, labeled by the total spin S and
total valley number v of the ground state.

the energies of the five lowest-energy states from each Sz subspace as a function of

the dielectric constant κ. For each κ we set the ground state energy as the reference

level. The states with S = 0, 1, and 2 are shown with black, red, and blue lines,

respectively. As expected, for weak interactions (large κ) we find the spin singlet

ground state. However, as we decrease κ (interactions become stronger), we find a

series of spin transitions. For κ = 4 the ground state remains a singlet, but becomes

valley-polarized. Further, for κ = 3 and 2 the ground state is fully spin and valley

polarized, and for κ = 1 the state remains valley polarized, but its total spin decreases

to S = 1.

The valley polarization is identified by examining the valley-, spin-, and orbital-

resolved ground-state charge densities. Figure 7.6 shows the charge densities for κ = 1
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(a), 2 (b), 4 (c), and 5 (d). For the largest κ (the weakest interactions) we are in

the regime of the spin- and valley-unpolarized ground state similar to that of the

noninteracting electrons. Introducing the valley number v = NK −N−K , where Nξ is

the number of electrons in the valley ξ, we can describe this distribution of electrons

by the valley number v = 0, since as many electrons are in the valley K ′ = −K as

there are in the valley +K. After the first phase transition, i.e., for κ = 4, we find

that the four electrons form an unpolarized state, but they gather in one valley i.e.,

v = 4, as shown in Fig. 7.6 (c). We find another singlet state at the same energy,

whose valley quantum number v = −4. This is why in Fig. 7.5 we labeled the κ = 4

case by S = 0, v = 4. Further, for κ = 3 as well as κ = 2 the four electrons become

fully polarized as well as being confined only in one valley K, i.e., v = 4. This valley

symmetry broken state for κ = 2 is shown in Fig. 7.6(b). This state is one of the

two degenerate configurations, the other one being v = −4, with all electrons in the

valley −K. Consequently, in Fig. 7.5 we identified the κ = 3 and κ = 2 cases by

S = 2, v = 4. Finally, for κ = 1 (Fig. 7.6(a)) we find a partially spin-polarized, but

fully valley-polarized system, in this case, S = 1, v = 4. The configuration presented

here is degenerate with its companion with v = −4, and the quantum number v = 4

is used in the label for κ = 1 in Fig. 7.5.

Let us now discuss the progression of spin and valley phases in terms of the com-

petition of different energy scales. Starting with large values of κ (weak interactions),

the only relevant energy scale is the single-particle one. The system will therefore

form the valley- and spin-unpolarized ground state as it can fill completely the low-

est valley manifold. As κ decreases (interactions become stronger), the intra-valley

exchange increases and begins to favour spin-polarized states. First, as is evident

in Fig. 7.6(c) for κ = 4, it will cause the electrons to gather in one valley. Here,

without changing the spin polarization, the contribution of the exchange energy is

markedly increased, as the pairs of like-spin electrons begin to interact, which was

not the case in the valley-unpolarized configuration. This energy gain is greater than

the increase of the single-particle energy needed to satisfy the Pauli exclusion. For
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even stronger interactions, κ = 3 and 2, the full spin polarization brings a gain in the

exchange energy which is sufficiently large to outweigh the population of even higher

single-particle orbitals, as shown in Fig. 7.6(b). However, the final spin transition,

to S = 1 for κ = 1, does not appear to follow this trend. It can be understood if

we account for the fact that with the decrease of κ the direct repulsive interactions

increase as well. As a result, the electrons redistribute to be as far apart as possible.

Figure 7.6: Charge density of the four-electron ground state on the single-particle
orbitals for κ = 1 (a), κ = 2 (b), κ = 4 (c), and κ = 5 (d). We resolve the orbitals
from valley K ′ = −K (left double ladder) and K (right double ladder), as well as
spin down (left) and up (right) within each valley.

This is realized by creating a complex, correlated state, in which most of the

orbitals are fractionally occupied, as shown in Fig. 7.6(a). It appears that the S = 1

configurations can realize this redistribution of the charge density more efficiently

than the higher-spin configurations with this choice of the single-particle basis owing
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to the Pauli exclusion principle. We should note though that these calculations are

carried out for fixed basis of 16 single-particle states. Correlations in different total

spin subspaces may differently respond to finite basis and results presented here may

depend on the basis size [198].

7.4 Spin and valley phases for two to six interact-

ing electrons

In addition to the cases with N = 2 and 4, we performed exact diagonalization

studies in all relevant Sz subspaces for N = 3, 5, and 6. We focus here on N = 6

which corresponds to a filled lowest energy shell with 4 electrons and a half-filled

second energy shell with N = 2 electrons. In this most challenging case of N = 6,

the Hilbert space sizes were 313600 configurations for Sz = 0, 218400 for Sz = 1,

69888 for Sz = 2, and 8008 configurations for Sz = 3. For each electron number

we extract the total spin S of the ground state, as well as the valley number v.

As in the case of N = 4, for the valley-polarized states we always find the ground

states in the form of doublets with ±v, which we label simply by the magnitude

|v|. Figure 7.7 shows the spin (a) and valley (b) phase diagram of N electrons as a

function of the interaction parameter κ. In both degrees of freedom we find a rich

stability map of different spin and valley polarizations. For the weakest interactions

(largest κ) the ground-state configuration follows that of noninteracting electrons,

and typically results in a phase with the relatively low spin and without any valley

polarization. However, as interactions grow stronger (as one moves to the left of

both diagrams) we observe generally an increase in total spin and a breaking of the

valley symmetry, revealed by the increase of the valley quantum number v. The

spin-flip transitions do not necessarily coincide with the valley-flip transitions, as

discussed above for the case N = 4. The principle underlying these transitions is the

competition of the exchange and single-particle quantization in the total energy of

the system. States with low single-particle energy are usually not polarized, while
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subsequent spin flips increase the single-particle energy because of the Pauli principle.

On the other hand, the increasing spin and valley polarization allows to maximize the

intra-valley exchange energy, which lowers the total energy of the system. The gain

Figure 7.7: Phase diagram for N = 2 to 6 electrons showing the stability regions for
ground states with spin S (a) and valley number v (b) as a function of the interaction
parameter κ.

in exchange exceeds the single-particle energy loss for sufficiently strong interactions,

particularly if the electrons form a symmetry broken, valley-polarized state. However,

for very strong interactions (κ = 1) the electronic ground state may actually be of

low spin polarization (such as for N = 2, 3, and 4) or may exhibit a lower valley

polarization than maximal (such as for N = 6). This is the result of the increase
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of direct electron-electron repulsion, which begins to dominate the total interaction

energy of the electrons. To decrease this repulsion, the system organizes itself in a

correlated state, as discussed for N = 4, in which the electrons increase their average

distance by lowering their total spin and/or total valley polarization.

By comparing the spin and valley phase of the two-electron system computed

here to the recent experimental results [64, 196] we find that the current experimen-

tal conditions correspond to the relatively weakly interacting regime. In order to

explore the phase diagrams presented here one therefore needs to increase the effect

of interactions. The means of tuning the small parameter varying the interaction

strength with respect to the single-particle quantization proposed here is via the ef-

fective dielectric constant κ. An alternative is to vary quantum dot size and depth of

confining potential. This can be done, e.g., by increasing the radius of the quantum

dot, which effectively decreases the single-particle energy scale ∆ relative to the in-

teraction strength. A theoretical analysis of the phase diagram of 2 and 6 electrons in

the monolayer MoS2 quantum dot was recently reported using precisely this way of

relative tuning of the energy scales [33]. A theoretical and computational estimation

of the realistic dielectric constant for a given sample geometry requires one to consider

the dynamical screening of the Coulomb interactions both by the valence-band elec-

trons in the bilayer graphene and by the metallic gates defining the lateral quantum

dot. Results of this self-consistent approach will be reported at a later date.

7.5 Conclusion

In conclusion, using the atomistic approach and exact diagonalization tools we have

predicted theoretically the spin and valley phase diagram of N = 2 to N = 6 electrons

confined in the bilayer graphene quantum dot as a function of the strength of Coulomb

interactions. We found a rich phase diagram both for the spin and valley degree of

freedom. In the regime of weak Coulomb interactions, the electrons are arranged

in the lowest-single-particle energy configurations with low total spin and a valley-

unpolarized state. As the interactions are made stronger, the single-particle energy
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quantization competes with the direct and exchange Coulomb terms, leading to an

increasing spin and valley polarization. The degree of spin and valley polarization,

which can be interpreted as a spontaneous valley symmetry breaking, is mitigated by

correlation effects in the regime of strongest interactions.



Chapter 8

Conclusions

In this thesis, we have conducted a study of the electronic and optical properties

of 2D materials, with a particular focus on graphene-based nanostructures. The

understanding of these materials is important because of their potential in shaping

future technology.

In Chapter 2, we introduced the methods and tools used throughout this thesis

in order to compute the electronic and optical properties of materials. We began

by introducing the tight-binding model, and applied it to graphene nanostructures.

We then introduced the many-body Hamiltonian and discussed various ways to solve

the Hamiltonian by either exact diagonalization approaches or mean-field approaches.

The bulk of the calculations in this thesis were a result of numerical simulations, and

as such numerical methods were also discussed in this section.

In Chapter 3, we studied the electronic properties of hexagonal graphene quantum

dots with different edge types using a tight-binding approach. Our focus was on

understanding the origin of the bandgap in zigzag and armchair edged quantum dots.

By decomposing the quantum dots into concentric rings that either contain or do

not contain a Lieb cluster, we found that the gap can be attributed to states of the

concentric ring or to zero-energy states of the Lieb cluster. This leads to an oscillation

of the energy gap as a function of size for different quantum dot edges.

In Chapter 4, we described how to construct a quantum simulator of an extended

bipartite Hubbard model with broken sublattice symmetry using a structured lateral

142



CHAPTER 8. CONCLUSIONS 143

gate confining two dimensional electrons in a quantum well into artificial minima ar-

ranged in a hexagonal lattice. The sublattice symmetry breaking was generated by

forming an artificial triangular graphene quantum dot with zigzag edges. We demon-

strated that in artificial graphene quantum dots, by tuning U/t, we can reach two

distinct regimes, a semi-metallic and antiferromagnetic. We showed for small systems

that in both the metallic and AF regimes, the system at half-filling is partially spin

polarized in agreement with Lieb’s theorem. The addition or removal of an electron in

both regimes collapses the energy gap and spin polarization. Such a simulator would

allow simulation of larger systems, verification of results presented here and potential

discovery of new phases resulting from strong electron-electron interactions in hexag-

onal lattice systems inherent in graphene and transition metal dichalcogenites. The

expectation of new phases arises from the analogy of the degenerate zero energy shell

with the lowest Landau level and the resulting many phases of the fractional quantum

Hall effect.

In Chapter 5, we examined the edge states in HgTe quantum dots with a focus

on square and circular geometries. We used a four-band k⃗ · p⃗ Bernevig-Hughes-Zhang

Hamiltonian to describe the system and studied both the topologically trivial and

non-trivial regimes. In the non-trivial regime, we found that the edge states are

equally spaced within the bulk gap and localized at the edges of the circular and

square quantum dots. We also investigated the effects of strain, which we modeled

using a Bir-Pikus Hamiltonian. By tuning the strain, we were able to transition

between the trivial and non-trivial topological regimes. Our findings provide new

insights into the behavior of edge states in HgTe quantum dots and have potential

implications for strain driven sensors.

In Chapters 6 and 7, we investigated the electronic and optical properties of gated

bilayer graphene quantum dots. In Chapter 6, we used a tight-binding approach to

obtain the single-particle spectrum, and then solved the BSE to predict excitons in

AB-stacked biased bilayer graphene quantum dots. We found that the two lowest

energy transition dipole matrix elements between quantum dot states were negligibly
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small, while the third lowest energy transition had a large non-zero value. This was

due to spin, valley, conservation of angular momentum, and the radial overlap of the

single-particle wavefunctions. We computed excitons in this quantum dot by including

electron-electron interactions and solving the BSE, and observed a band of dark low-

energy excitonic states. In Chapter 7, we explored the N -electron ground state of

bilayer graphene quantum dots as a function of interaction strength and identified a

complex phase diagram for N = 2 − 6 electrons. We found that the ground state

as a function of strength of interaction for different number of electrons underwent

many different phase transitions which was a consequence of the competition between

the single-particle energy level spacing, with interaction strength. For very strong

interactions, correlations began to play a role in the complex nature of the phase

diagram.
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Jaros law Paw lowski, and Pawe l Hawrylak. Spin-valley qubits in gated quantum



CHAPTER 9. BIBLIOGRAPHY 149

dots in a single layer of transition metal dichalcogenides. Physical Review B,

104(19):195412, 2021.

[33] Ludmi la Szulakowska, Moritz Cygorek, Maciej Bieniek, and Pawe l Hawrylak.

Valley-and spin-polarized broken-symmetry states of interacting electrons in

gated MoS2 quantum dots. Physical Review B, 102(24):245410, 2020.

[34] Luca Banszerus, Alexander Rothstein, Thomas Fabian, S Moller, Eike Icking,

Stefan Trellenkamp, Florian Lentz, Daniel Neumaier, Kenji Watanabe, Takashi

Taniguchi, et al. Electron–hole crossover in gate-controlled bilayer graphene

quantum dots. Nano Letters, 20(10):7709–7715, 2020.

[35] Luca Banszerus, Benedikt Frohn, Alexander Epping, Daniel Neumaier, Kenji

Watanabe, Takashi Taniguchi, and Christoph Stampfer. Gate-defined electron–

hole double dots in bilayer graphene. Nano Letters, 18(8):4785–4790, 2018.

[36] Marius Eich, Riccardo Pisoni, Alessia Pally, Hiske Overweg, Annika Kurz-

mann, Yongjin Lee, Peter Rickhaus, Kenji Watanabe, Takashi Taniguchi, Klaus

Ensslin, et al. Coupled quantum dots in bilayer graphene. Nano Letters,

18(8):5042–5048, 2018.

[37] Annika Kurzmann, Hiske Overweg, Marius Eich, Alessia Pally, Peter Rickhaus,

Riccardo Pisoni, Yongjin Lee, Kenji Watanabe, Takashi Taniguchi, Thomas

Ihn, et al. Charge detection in gate-defined bilayer graphene quantum dots.

Nano Letters, 19(8):5216–5221, 2019.

[38] J Milton Pereira, P Vasilopoulos, and FM Peeters. Tunable quantum dots in

bilayer graphene. Nano Letters, 7(4):946–949, 2007.

[39] M Zarenia, B Partoens, T Chakraborty, and FM Peeters. Electron-electron in-

teractions in bilayer graphene quantum dots. Physical Review B, 88(24):245432,

2013.



CHAPTER 9. BIBLIOGRAPHY 150

[40] Y. Arakawa and H. Sakaki. Multidimensional quantum well laser and tempera-

ture dependence of its threshold current. Applied Physics Letters, 40(11):939–

941, 1982.

[41] S Fafard, K Hinzer, S Raymond, M Dion, J McCaffrey, Y Feng, and

S Charbonneau. Red-emitting semiconductor quantum dot lasers. Science,

274(5291):1350–1353, 1996.

[42] M Bayer, Pawel Hawrylak, K Hinzer, S Fafard, Marek Korkusinski,

ZR Wasilewski, O Stern, and A Forchel. Coupling and entangling of quantum

states in quantum dot molecules. Science, 291(5503):451–453, 2001.

[43] M Ciorga, AS Sachrajda, Pawel Hawrylak, C Gould, Piotr Zawadzki, S Jullian,

Y Feng, and Zbigniew Wasilewski. Addition spectrum of a lateral dot from

Coulomb and spin-blockade spectroscopy. Physical Review B, 61(24):R16315,

2000.

[44] Oliver Benson, Charles Santori, Matthew Pelton, and Yoshihisa Yamamoto.

Regulated and entangled photons from a single quantum dot. Physical Review

Letters, 84:2513–2516, Mar 2000.

[45] I. Schwartz, D. Cogan, E. R. Schmidgall, Y. Don, L. Gantz, O. Kenneth, N. H.

Lindner, and D. Gershoni. Deterministic generation of a cluster state of entan-

gled photons. Science, 354(6311):434–437, 2016.

[46] Patrick Laferrière, Edith Yeung, Marek Korkusinski, Philip J Poole, Robin L

Williams, Dan Dalacu, Jacob Manalo, Moritz Cygorek, Abdulmenaf Altintas,

and Pawel Hawrylak. Systematic study of the emission spectra of nanowire

quantum dots. Applied Physics Letters, 118(16):161107, 2021.

[47] C Stampfer, E Schurtenberger, F Molitor, J Guttinger, T Ihn, and K En-

sslin. Tunable graphene single electron transistor. Nano Letters, 8(8):2378–

2383, 2008.



CHAPTER 9. BIBLIOGRAPHY 151

[48] ZZ Zhang, Kai Chang, and FM Peeters. Tuning of energy levels and optical

properties of graphene quantum dots. Physical Review B, 77(23):235411, 2008.

[49] D Subramaniam, F Libisch, Y Li, C Pauly, V Geringer, R Reiter, T Mashoff,

M Liebmann, J Burgdörfer, C Busse, et al. Wave-function mapping of graphene

quantum dots with soft confinement. Physical Review Letters, 108(4):046801,

2012.

[50] Florian Libisch, Christoph Stampfer, and Joachim Burgdörfer. Graphene quan-

tum dots: Beyond a dirac billiard. Physical Review B, 79(11):115423, 2009.

[51] Fereshte Ghahari, Daniel Walkup, Christopher Gutiérrez, Joaquin F Rodriguez-

Nieva, Yue Zhao, Jonathan Wyrick, Fabian D Natterer, William G Cullen, Kenji

Watanabe, Takashi Taniguchi, et al. An on/off Berry phase switch in circular

graphene resonators. Science, 356(6340):845–849, 2017.

[52] Christopher D Simpson, J Diedrich Brand, Alexander J Berresheim, Laurence
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[58] AD Güçlü, P Potasz, O Voznyy, M Korkusinski, and P Hawrylak. Magnetism

and correlations in fractionally filled degenerate shells of graphene quantum

dots. Physical Review Letters, 103(24):246805, 2009.

[59] Pawel Hawrylak, François Peeters, and Klaus Ensslin. Carbononics-integrating

electronics, photonics and spintronics with graphene quantum dots. Phys. Sta-

tus Solidi RRL, 10:11–12, 2016.

[60] Shiyong Wang, Neerav Kharche, Eduardo Costa Girão, Xinliang Feng, Klaus

Mullen, Vincent Meunier, Roman Fasel, and Pascal Ruffieux. Quantum dots in

graphene nanoribbons. Nano Letters, 17(7):4277–4283, 2017.

[61] Sumit Ghosh and Udo Schwingenschlögl. Hexagonal graphene quantum dots.
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