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Abstract

In this thesis, we utilize an information-theoretic framework to investigate generaliza-
tion theory in machine learning, a critical area of research today. Specifically, we develop
novel information-theoretic generalization bounds for machine learning algorithms. First,
we apply information-theoretic analysis for models trained using stochastic gradient de-
scent (SGD). We do so by invoking an auxiliary weight process and by approximating SGD
using stochastic differential equations (SDE). Our analysis reveals intriguing phenomena
such as epoch-wise double descent of gradient dispersion when trained with noisy labels. We
also use our bounds to design new regularization techniques, including dynamic gradient
clipping and Gaussian model perturbation, that can improve generalization performance.
Furthermore, our framework is not limited to SGD-based algorithms; we also derive new
information-theoretic bounds for any black-box learning algorithm, which are tighter than
previous results based on the same settings. In addition, we apply our analysis to unsuper-
vised domain adaptation (UDA), obtaining generalization bounds for two notions of the
generalization error. Our algorithm-dependent bounds enable us to design new regulariza-
tion techniques that can boost the performance of domain adaptation algorithms. Finally,
we combine the stability-based generalization analysis with our information-theoretic anal-
ysis to derive novel generalization bounds, which explain the generalization in cases where
previous information-theoretic bounds have fallen short.
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Chapter 1

Introduction

Using information-theoretic generalization bounds to analyze the generalization properties
of a learning algorithm has attracted increasing attention since the seminal works of [183,
184, 232]. One major advantage of such bounds is that the information-theoretic quantities,
e.g., the mutual information (MI) between the training sample and the trained parameter
weights, are both distribution-dependent and algorithm-dependent. This makes them an
ideal tool to characterize the generalization properties of a learning algorithm, particularly
when the traditional algorithm-independent learning-theoretic tools (e.g., VC-dimension
[206] and Rademacher complexity [15]) appear inadequate. For example, [238| shows that
the high-capacity deep neural networks still generalize well, contradicting the traditional
wisdom in statistical learning theory that suggests complex models tend to overfit the
training data and perform poorly on unseen data [206]. In contrast, the information-
theoretic generalization bounds have experimentally demonstrated that they are capable of
tracking the generalization behaviour of modern neural networks [151, 210, 82, 213, 214, 92].

1.1 Background

Generalization in Modern Deep Learning The observation that high capacity deep
neural networks trained with mini-batched stochastic gradient descent, referred to SGD
in this thesis, tend to generalize well [238] contradicts the classical wisdom in statistical
learning theory (e.g., [206] ) and has stimulated intense research interest in understanding
the generalization behaviour of modern neural networks.

In this direction, generalization bounds for over-parameterized neural networks are
obtained [5, 14, 157, 155, 156, 9, 8, 130]. Additionally, a curious phenomenon known
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as “double descent” has been observed and analyzed [19, 149, 234|, where the testing
error initially decreases, then increases, before experiencing a second decrease. Built on
a connection between stability and generalization [24], a stability-based bound is first
presented in [80], followed by a surge of research effort exploiting similar approaches [133,
36, 55, 118, 16].

Another line of research connects the generalization of neural networks with the flatness
of loss minima [93| found by SGD or its variant [110, 50, 51, 154, 34, 100, 102, 244, 56].
This understanding has led to the discovery of new SGD-based training algorithms for im-
proved generalization. For example, in a concurrent development by [244] and [56], a local
“max-pooling” operation is applied to the loss landscape prior to the SGD updates. This
approach, referred to as AMP [244] or SAM [56], is shown to make SGD favor flatter min-
ima and achieve the state-of-the-art performance among various competitive regularization
schemes.

Unsupervised Domain Adaptation Deep learning has achieved great success in many
practical applications. One of the key assumptions in many deep learning scenarios, either
in theory or in application, is that the training data and the testing data come from the
same distribution. Notably, such an assumption does not always hold in practice, and the
performance of trained models on the shifted distribution may behave significantly differ-
ently than on the original distribution. In this thesis, we will investigate the unsupervised
domain adaptation (UDA) task, where the learner is confronted with a source domain and
a target domain, and the algorithm is permitted to access labeled training samples from
the source domain and unlabeled training samples from the target domain. The goal of
this task is to find a predictor that performs well on the target domain.

A main obstacle in such a task is the discrepancy between the two domains. Some recent
works [21, 20, 138, 243, 242, 190, 63, 3, 158] have proposed various measures to quantify
such discrepancy, either for the UDA setting or for the more general domain generalization
tasks, and many learning algorithms are proposed. For example, [158] uses a (reverse) KL
divergence to measure the misalignment of the two domain distributions, and motivated
by their generalization bound, they design an algorithm that penalizes the KL divergence
between the marginal distributions of two domains in the representation space. Despite
that this “KL guided domain adaptation” algorithm is demonstrated to outperform many
existing marginal alignment algorithms [60, 200, 190, 120], it is not clear whether KL-
based alignment of marginal distributions is adequate for UDA, and more fundamentally,
what role the unlabelled target-domain sample should play in cross-domain generalization.
Notably, most UDA algorithms are heuristically designed and intuitively justified. More-
over, most existing generalization bounds are algorithm-independent. Then there appears



significant room for both deeper theoretical understanding and more principled algorithm
design.

Information-Theoretic Generalization Framework Information-theoretic upper bounds
for generalization error have recently been developed since the seminal works of [183, 232].

On one hand, these bounds have attracted increasing interest due to their distribution de-
pendence and algorithm dependence making them highly suitable for reasoning the gener-
alization behavior of modern deep learning. In fact, subsequent studies have demonstrated
that information-theoretic generalization bounds can effectively track the dynamics of gen-
eralization error in deep neural networks [151, 210, 82, 213, 214, 92, 217|. On the other
hand, recent studies [199, 75, 82, 76, 92| have revealed the expressive nature of information-
theoretic generalization bounds in the distribution-free setting.

The original information-theoretic generalization bound of [232| has been extended or
improved in many different ways, such as the chaining method [11, 74, 248, 37|, the subset
or individual technique [151, 29, 77, 179, 247] and so on. Remarkably, [199] has developed
generalization bounds based on a conditional mutual information (CMI) measure obtained
for a “supersample” setting. Specifically, in addition to the original training sample, a “ghost
sample” is introduced. The supersample is then constructed by combining these two sets,
resulting in an n X 2 matrix of data instances. In each row, one instance is selected at
random for training and the other masked out for testing. The authors then show that the
CMI of the mask variables and the learned weights conditioned on the supersample can be
used to upper-bound the generalization error. Additionally, in the case of the 0 — 1 loss
and the realizable setting, where an interpolating algorithm attains zero empirical risk,
CMI bounds give an exact characterization of the generalization error |76, 217]|, thereby
providing the tightest possible generalization bound.

Although better behaving than the unconditional weight-based MI bounds (e.g., having
boundedness guaranty), the CMI bounds can be difficult to measure for high-dimensional
weights, which limits their application. To overcome such difficulty, functional CMI (f-
CMI) bounds are proposed by [82], where the weight variable in CMI is replaced by the
predictions for the supersample. In this case, each prediction pair is a two-dimensional
discrete random variable, making the CMI easier to measure and also a tighter bound.
More recently, [92] uses loss pairs to replace the predictions in f-CMI and obtain even
tighter CMI bounds, known as evaluated CMI (e-CMI) bounds. In fact, the earliest version
of e-CMI bound appeared in [199]|. The notion was also exploited in later works [75, 76, 78|.
Note that e-CMI still measures the dependence between a one-dimensional variable (mask)
and a two-dimensional variable (loss pair). In this thesis, we show that it is possible



to further tighten the CMI bounds, using MI terms involving only two one-dimensional
variables.

It is important to acknowledge that mutual information is just one option for quan-
tifying the generalization of a learning algorithm. One compelling reason why mutual
information-based metrics have garnered significant attention recently is their possession
of several desirable properties, including the chain rule, the data processing inequality,
and more. Throughout this thesis, we will explore various applications of these favorable
properties.

Information-theoretic generalization bounds for SGLD and SGD Information-
theoretic bounding techniques have proven to be powerful tools in analyzing SGD-like
algorithms. For example, [168] was the first to utilize information-theoretic generalization
bounds to analyze the generalization ability of stochastic gradient Langevin dynamics
(SGLD) [62, 220]. This bound was subsequently improved upon by [151, 77, 179, 210].
To provide more accurate bounds, these works proposed data and algorithm-dependent
quantities as the primary components of the bounds, such as gradient incoherence [151]
and gradient variance [210]. Since the global Lipschitz parameter of loss used in [168§]
was too pessimistic, these works improved upon the bound by incorporating these data-
dependent and algorithm-dependent quantities.

Furthermore, [153] was inspired by the work of [168] and presented an information-
theoretic analysis of models trained with SGD. The analysis in [153] constructs an auxiliary
weight process parallel to the SGD training process and upper-bounds the generalization
error through this auxiliary process.

1.2 Dissertation Overview

The rest of this dissertation is structured as follows, where we also provide elaborated
details to offer a comprehensive understanding of the current contributions (Chapter 3-7).

e In Chapter 2, we present the necessary notations, technical definitions, and prereq-
uisite lemmas to facilitate understanding of the subsequent chapters.

e In Chapter 3, we follow up on a recent work of [153] and presents some new information-
theoretic upper bounds for the generalization error of machine learning models, such
as neural networks, trained with SGD. We apply these bounds to analyzing the gen-
eralization behaviour of linear and two-layer ReLLU networks. Experimental study of
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these bounds provide some insights on the SGD training of neural networks. They
also point to a new and simple regularization scheme which we show performs com-
parably to the current state of the art.

This chapter is based on the work of [213]:

— Zigiao Wang and Yongyi Mao, “On the Generalization of Models Trained with
SGD: information-theoretic generalization bounds and Implications”, Interna-
tional Conference on Learning Representations (ICLR) 2022.

In Chapter 4, we focus on the Stochastic differential equation (SDE) approxima-
tion of SGD, which have been shown recently to well characterize the dynamics of
training machine learning models with SGD. This provides two opportunities for
better understanding the generalization behaviour of SGD through its SDE approx-
imation. Firstly, viewing SGD as full-batch gradient descent with Gaussian gra-
dient noise allows us to obtain trajectories-based generalization bound using the
information-theoretic generalization bound from [232|. Secondly, assuming mild con-
ditions, we estimate the steady-state weight distribution of SDE and use information-
theoretic generalization bounds from [232] and [151] to establish terminal-state-based
generalization bounds. Our proposed bounds have some advantages, notably the
trajectories-based bound outperforms results in [213|, and the terminal-state-based
bound exhibits a fast decay rate comparable to stability-based bounds.

This chapter is based on the work of [214]:

— Zigiao Wang and Yongyi Mao, “Two Facets of SDE Under an Information-
Theoretic Lens: Generalization of SGD via Training Trajectories and via Termi-
nal States”, Under Review (Short version presented at NeurIPS 2023 Workshop
on Mathematics of Modern Machine Learning (M3L)).

In Chapter 5, we present a variety of novel information-theoretic generalization
bounds for learning algorithms, from the supersample setting of [199]—the setting
of the “conditional mutual information” framework. Our development exploits pro-
jecting the loss pair (obtained from a training instance and a testing instance) down
to a single number and correlating loss values with a Rademacher sequence (and
its shifted variants). The presented bounds include square-root bounds, fast-rate
bounds, including those based on variance and sharpness, and bounds for interpo-
lating algorithms etc. We show theoretically or empirically that these bounds are
tighter than all information-theoretic generalization bounds known to date on the
same supersample setting.



This chapter is based on the work of [217]:

— Ziqiao Wang and Yongyi Mao, “Tighter Information-Theoretic Generalization
Bounds from Supersamples”, International Conference on Machine Learning
(ICML) 2023.

In Chapter 6, we use information-theoretic tools to analyze the generalization error
in unsupervised domain adaptation (UDA). We present novel upper bounds for two
notions of generalization errors. The first notion measures the gap between the
population risk in the target domain and that in the source domain, and the second
measures the gap between the population risk in the target domain and the empirical
risk in the source domain. While our bounds for the first kind of error are in line
with the traditional analysis and give similar insights, our bounds on the second kind
of error are algorithm-dependent, which also provide insights into algorithm designs.
Specifically, we present two simple techniques for improving generalization in UDA
and validate them experimentally.

This chapter is based on the work of [215]:

— Zigiao Wang and Yongyi Mao, “Information-Theoretic Analysis of Unsuper-
vised Domain Adaptation”, International Conference on Learning Representa-
tions (ICLR) 2023.

In Chapter 7, we present new information-theoretic generalization guarantees through
a novel construction of the “neighboring-hypothesis” matrix and a new family of
stability notions termed sample-conditioned hypothesis (SCH) stability. Our ap-
proach offers sharper bounds that improve upon previous information-theoretic gen-
eralization bounds in various learning scenarios. Notably, these bounds address the
limitations of existing information-theoretic generalization bounds in the context of
stochastic convex optimization (SCO) problems, as explored in the recent work by
[78].

This chapter is based on the work of [216]:
— Zigiao Wang and Yongyi Mao, “Sample-Conditioned Hypothesis Stability Sharp-

ens Information-Theoretic Generalization Bounds”, Advances in Neural Infor-
mation Processing Systems (NeurIPS) 2023.



Chapter 2

Notations and Preliminaries

2.1 Probability and Information Theory Notation

Unless otherwise noted, a random variable will be denoted by a capitalized letter, and
its realization by the corresponding lower-case letter. Let Px denote the distribution of
a random variable X and let Pxy be the conditional distribution of X conditioned on
Y, which, upon conditioning on a specific realization y, is denoted by Px|y—, or simply
Px|y. Similarly, Ex is the expectation taken over X ~ Px and Exjy—, (or Ex,)is the
expectation taken over X ~ Px|y—,. Let H(-) be the entropy and let Dxy,(P||@Q) denote
the KL divergence of P with respect to ). Let I(X;Y) be the mutual information (MI)
between X and Y, and I(X;Y|Z) the conditional mutual information between X and Y
conditioned on Z. Also, we use W(-, -) to denote the Wasserstein distance (formal definition
is given in Appendix). Throughout the thesis, logarithm takes base e, making the unit of
mutual information nat.

2.2 Generalization Error

Let Z be the instance space of interest and p be an unknown distribution on Z, specifying
random variable Z. Let YW C R? be the space of hypotheses. Suppose that a training
sample S = (Zy, Zs, ..., Zy) is drawn i.i.d. from p and that a stochastic learning algorithm
A takes S as its input and outputs a hypothesis W € W according to some conditional
distribution Pyg mapping Z" to W. Let £ : W x Z — R* be a loss function, where £(w, 2)



measures the “unfitness” or “error” of any z € Z with respect to a hypothesis w € W. The
population risk, for any w € W, is defined as

Lu(w) = Ezeu[l(w, Z)].

The goal of learning is to find a hypothesis w that minimizes the population risk. But
since p is only partially accessible via the sample S, in practice, we instead turn to the
empirical risk, defined as

Le(w) 2 %Zﬂ(w, 7).

Let L, = Ew [L,(W)] be the expected population risk and let L,, = Ey s [Ls(W)] be the
expected empirical risk. The expected generalization error of the learning algorithm A is
then defined as

Eu(A) = Ly — Ly = Ews[L,(W) — Ls(W)],

where the expectation is taken over the joint distribution of (S, W) (i.e., u" ® P s).

Furthermore, if we consider the supervised learning setting, then we will let Z2 = X x )
be the domain of the instances, where X and ) are input and label spaces respectively.
A model of interest prescribes a family F of predictors, F C Y%, where each f € F is
parameterized by a vector w in some space YW. We may write f as f,, as needed. Similarly,
there is a learning algorithm A : Z" — W, which takes the training sample S as the input
and outputs a hypothesis W € W, giving rise to a predictor fy, € F that predicts label Y
for input X.

2.3 Other Prerequisite Definitions

Definition 2.3.1 (Subgaussian). A random wvariable X is o-subgaussian if for any t,
logEexp (A (X —EX)) < t*02/2.

Definition 2.3.2 (Wasserstein Distance). Let d(-,-) be a metric and let P and Q) be prob-
ability measures on X. Denote I'(P, Q) as the set of all couplings of P and Q (i.e. the set

of all joint distributions on X X X with two marginals being P and Q) ), then the Wasserstein
Distance of order one between P and Q is defined as W(P, Q) = inf crpo) [y, v d(z, 2')dy(z, ).

Definition 2.3.3 (Total Variation). The total variation between two probability measures
P and Q is TV(P,Q) = supy |P(E) — Q(E)|, where the supremum is over all measurable
set 1.



Remark 2.3.1. Note that the total variation equals to the Wasserstein distance under the
discrete metric (or Hamming distortion) d(x,x') = 1,2, where 1 is the indicator function
[44, Theorem 6.15].

Definition 2.3.4 (Disintegrated Mutual Information [151]). Let X, Y and Z be random
variables and z be a realization of Z. The disintegrated mutual information of X and 'Y
gz"uen Z =2z 1s [Z(X, Y) é DKL(PX,Y\Z:z|’PX\Z:zPY|Z:z)-

Remark 2.3.2. Note that the conditional mutual information I(X;Y|Z) =EzI%(X;Y).

Definition 2.3.5 (Lautum Information [162]). The lautum information between X and Y
is defined as L(X;Y) £ Dgr(Px Py||Pxy).

2.4 Technical Lemmas

The key quantity in the most information-theoretic generalization bounds is the mutual
information between algorithm’s input and output. Specifically, the core technique behind
these bounds is the well-known Donsker-Varadhan representation of KL divergence [170,
Theorem 3.5|.

Lemma 2.4.1 (Donsker and Varadhan’s variational formula). Let Q, P be probability
measures on O, for any bounded measurable function f : © — R, we have Dk (Q||P) =

sup; Egq [f(0)] — log Egp [exp f(0)].

Lemma 2.4.2 (Hoeffding’s Lemma [94]). Let X € [a,b] be a bounded random variable with

2(p—a)2
mean (. Then, for allt € R, we have E [etx] < e

Lemma 2.4.3 (Popoviciu’s inequality [171]). Let M and m be upper and lower bounds on
2

the values of any random variable X, then Var(X) < M.

The following lemma is from [140, Lemma 2.8|, we provide a self-contained proof.
Lemma 2.4.4. Let h(z) = <=5 be the Bernstein function. If a random variable X

satisfies E[X] =0 and X < b, then E [6){} < eh(b)]E[XQ]'

Proof. 1t's easy to verify that h(z) is an increasing function for x > 0. Thus, h(z) < h(b)
for x < b. Then,
e =x+1+2°h(z) <o+ 1+22h0).

9



For the bounded random variable X with zero mean, we have
E[eX] <E[X]+1+E[X?A(b)] < OB,
The last inequality is by e” > x + 1. This completes the proof. O
The following result is known in the previous work [232].
Lemma 2.4.5 (|232, Lemma 1]). If g(X',Y") is R-subgaussian under Px:y+ = Px Py, then
Exy [9(X,Y)] = Exy [g(X" Y]] < V2RPI(X;Y).
In fact, [232, Lemma 1.|, is a special case of the following lemma.

Lemma 2.4.6. Let QQ and P be probability measures on ©. Let 8’ ~ Q and 6 ~ P. If g(6)
1s R-subgaussian, then,

[Eor~q [9(0)] = Eoop [9(0)]] < /2R?Dxr(Q]|P).

Proof. Let f =t-g for any t € R, by Lemma 2.4.1, we have
Dxu(QIIP) 2 sup Egq [tg(0)] — log Eop [expt - g(0)]
=supEy o [tg(6)] — log Bo.p [expt(9(0) — Eo~p [9(6)] + Eonr [9(0)))]
=supEyq [tg(0)] —Eo~p [tg(0)] — logEo~p [expt(9(6) — Eo~r [9(0)])
2 supt (Eyq [9(0')] — Eop [g(0)]) — tR? /2,

where the last inequality is by the subgaussianity of g(#).

Then consider the case of t > 0 and ¢t < 0 (¢ = 0 is trivial), by AM-GM inequality
(i.e. the arithmetic mean is greater than or equal to the geometric mean), the following is
straightforward,

[Ey~q [9(8")] — Eour [9(0)]] < v/2R?Dkr,(Q)|P).
This completes the proof. O

Let 0 = (X,Y), @ = Pxy and P = PxPy, Lemma 2.4.5 will be recovered from
Lemma 2.4.6.

The following lemma is the Kantorovich-Rubinstein duality of Wasserstein distance
[44].
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Lemma 2.4.7 (KR duality). For any two distributions P and Q, we have
weQ) = sw [ gap- [ fao
fel-Lip(p) J X X
where the supremum is taken over all 1-Lipschitz functions in the metric d, i.e. |f(x) —

f(@")] <d(z,2') for any x,2’ € X.

To connect total variation with KL divergence, we will use Pinsker’s inequality [170,
Theorem 6.5] and Bretagnolle-Huber inequality [27, Lemma 2.1] in this thesis, for more
discussion about these two inequalities, we refer readers to [32].

Lemma 2.4.8 (Pinsker’s inequality). TV(P, Q) < 1/3Dkr(P]|Q).

Lemma 2.4.9 (Bretagnolle-Huber inequality). TV(P,Q) < V1 — e Pxu(FllQ),
Below is the variational formula (or golden formula) of mutual information.
Lemma 2.4.10 ([170, Corollary 3.1.]). For two random variables X and Y, we have
I(X;Y) = i%fEX [DkL(Qyix||P)],
where the infimum is achieved at P = Qy .

Below is the KL divergence between two Gaussian distributions p = N (u,,%,) and
q=N(uq,%,), where 1, u, € R4 and 3,3, € R4,

1 det (X
Dxw(pllg) = 5 [los detgzq;
p

—d+ (Hp_ﬂq)TE;I(Np_Nq)+tr {2;1219} : (2.1)

The following results are known, and will be widely mentioned throughout this thesis.

Lemma 2.4.11 ([232, Theorem 1.]). Assume the loss (w, Z) is R-subgaussian for any
w € W. The generalization error of A is bounded by

2R2
25,
n

Eu(A)] <

(W;9),

Proof. To apply Lemma 2.4.5, welet X =5, Y =W, and g(s,w) = %zyil l(w, z;). Thus,
if {(w,Z) is R-subgaussian for all w € W, then g(S,w) is R/\/n-subgaussian due to the
i.i.d. assumption on Z;’s. This implies that g(S’, W’) is also R//n-subgaussian, where S’,
W' are independent copies of S and W, respectively. Therefore, utilizing Lemma 2.4.5 and
observing that £,(A) = E[g(S’", W’)] — E[g(S, W)] completes the proof. O
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Chapter 3

On the Generalization of Models

Trained with SGD:
Information-Theoretic Bounds and
Implications

3.1 Overview and Main Contributions

In this chapter, we focus on investigating the generalization of machine learning models
trained with SGD. Although we are primarily motivated by the curiosity to understanding
neural networks, the results of this chapter in fact apply broadly to any model trained with
SGD.

This chapter follows the same construction of the auxiliary weight process in [153| and
develops upper bounds of generalization error that extend the work of [153]. Like those in
[153], the bounds we obtain can be decomposed into two terms, one measuring the impact
of training trajectories (“the trajectory term”) and the other measuring the impact of the
flatness of the found solution (“the flatness term'”). Having an identical flatness term
as that in [153], empirical evidence hints that our bounds have an improved trajectory
term. Figure 3.1 shows an experimental comparison of the trajectory term in our bound
(Theorem 3.4.2) with that in the bound in [153] (re-stated as Lemma 3.3.1 in this chapter)
for two neural network models. The trajectory terms are compared in a deterministic

'We note this term is correlated with flatness rather than precisely measures the flatness.
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setting for two different values of ¢ (the variance parameter of the noise in the auxiliary
weight process, details given in appropriate context and in Appendix A.5.2).

The trajectory term in the bounds of [153] accumulates two terms over training steps:
local gradient sensitivity, measuring the sensitivity of the SGD gradient signal to weight
perturbations, and gradient dispersion?, measuring the extent to which the gradient signal
spreads around its mean. Usually gradient dispersion vanishes with training iterations but
local gradient sensitivity does not. Our improvement over [153] is achieved by removing
the local sensitivity term and involving the logarithm of a revised gradient dispersion.
Although our new definition of gradient dispersion is in general larger than that in [153],
as long as the number of iterations is not too small, our gradient dispersion also vanishes
with training, which allows our bounds to be tighter than [153].

We also provide an application of our bounds in analyzing the generalization behaviour
of linear and two-layer ReLU networks, where we show that the activation state in ReLLU
networks plays an important role in generalization.

It is remarkable that removing the local gradient sensitivity term makes our bound have
a simple closed form (after optimizing the noise variances), much easier to evaluate. We
empirically validate the derived bounds, and provide various insights pertaining to the gen-
eralization behavior of models trained with SGD. For example, gradient dispersion is seen
to reveal a double descent phenomenon with respect to training epochs, where the valley
in the double descent curve appears to mark the great divide between the “generalization
regime” and the “memorization regime” of training. Furthering from this observation, we
also show that it is possible to reduce the memorization effect by dynamically clipping the
gradient and reducing its dispersion.

Our bounds also inspire a natural and simple solution to alleviate generalization error.
Specifically, we propose a new training scheme, referred to as Gaussian model perturbation
(GMP), aiming at reducing the flatness term of the bounds. This scheme effectively applies
a local “average pooling” to the empirical risk surface prior to SGD, greatly resembling the
“max-pooling” approach adopted in AMP [244|. We demonstrate experimentally that GMP
achieves a competitive performance with the current art of regularization schemes.

Proofs, additional discussions and experimental results are presented in Appendix A.

2The quantity is often referred to as gradient variance in the literature, but we prefer “dispersion”
to “variance” so as to better comply with the mathematical conventions and avoid possible confusion.
Note that “dispersion” is a general term used to describe the extent to which a distribution diverges, and
“variance” is one of the common measures of “dispersion”.
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Trajectory Term.

Trajectory Term.

Figure 3.1: Comparison of the trajectory term between our bound (Theorem 3.4.2) and
the bound in [153]. (a)(b) MLP trained on MNIST. (c)(d) CNN trained on CIFAR-10.
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3.2 Other Related Literature

Gradient dispersion is mostly studied from optimization perspectives [23, 182, 104, 221, 53].
Prior to this work, only a few works relate gradient dispersion with the generalization
behaviour of the networks. In [153] and [210], gradient dispersion also appears in the
generalization bounds. and there are limited studies characterizing the generalization per-
formance and the gradient variance. Particularly, in [102], gradient dispersion is argued to
capture a notion of “flatness” of the local minima of the loss landscape, thereby correlating
with generalization. Injecting noise in the training process has been proposed in various
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regularization schemes [22, 31, 30, 198, 219]. But unlike GMP derived in this chapter,
where noise is injected to the model parameters, noise in those schemes is injected either
to the training data or to the network activation. In addition, noise can also be implic-
itly injected during training, for example, by adjusting the momentum terms [230]. The
training objective in [228] is similar to our GMP but their NVRM-SGD minimizes a region
directly while our GMP considers a trade-off between the empirical loss and the flatness
term. Gradient clipping is a common technique for preventing gradient exploding (see,
e.g., [142, 169]). This technique is also used in [240] to accelerate training. In this chapter,
gradient clipping is used to investigate and control the impact of gradient dispersion on
generalization error.

3.3 Additional Preliminaries

Throughout this chapter, we take ¢ as a continuous function (adopting the usual notion
“surrogate loss” [186] ). Additionally, we assume that ¢ is differentiable almost everywhere
with respect to both w and z. Furthermore we assume that ¢(w, Z) is R-subgaussian for
any w € W.

Remark 3.3.1 (Subgaussian Loss). Note that a bounded loss is guaranteed to be subgaus-
stan, making subgaussian a weaker assumption than bounded loss. However, some popular
loss functions such as cross-entropy loss are generally unbounded. Albeit the unbounded-
ness of cross-entropy loss, we believe that it indeed has a subgaussian distribution under
the SGD training since the loss remains bounded (and decreasing) during training. In
practice, to estimate the variance proxy of the loss when treating it as a subgaussian ran-
dom variable, one can take the mazimum seen value of the loss as its upper bound, and
use this bound to obtain an estimate of the variance proxy. Furthermore, in the case of
heavy-tailed losses, some additional techniques are required to derive information-theoretic
generalization bounds, such as those presented in [153/]].

Stochastic Gradient Descent We now restrict the learning algorithm A to be the
mini-batched SGD algorithm for empirical risk minimization. For each training epoch,
the dataset S is randomly split into m disjoint mini-batches, each having size b, namely,
n = mb. Based on each batch, one parameter update is performed. Specifically, let B,
denote the batch used for the t'" update. Define

1
g(w, B;) & 5 Z Vul(w, 2),

2€DBy
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namely, g(w, By) is the average gradient computed for the batch B, with respect to param-
eter w. The rule for the t*" parameter update is then

Wy = Wiy — )\tg(Wt—la Bt)7

where \; is the learning rate at the step ¢. The initial parameter setting Wy is assumed
to be drawn from the zero-mean spherical Gaussian N(0,021,;) with variance o3 in each
dimension. We will assume that the SGD algorithm stops after T" updates and outputs

Wr as the learned model parameter.

Given the training sample S, let £ govern the randomness in the sequence (By, Bs, ..., Br)
of batches. For the simplicity of notion, we will fix the configuration of £. That is, we will
assume a fixed “batching trajectory”, or a fixed way to shuffle the example indices {1,...,n}

and divide them into m batches in each epoch. The presented generalization bounds of this
chapter can be extended to the case where the batching trajectory is uniformly random (as
we set up above). This merely involves averaging over all batching trajectories or taking
expectation over &.

Auxiliary Weight Process We now associate with the SGD algorithm an auxiliary
weight process {W;}. Let 01,09,...,071 be a sequence of positive real numbers. Define

Wo 2 Wy, and W, 2 W,y — Mg(Wi_1, B,) + Ny, for t > 0,

where N; ~ N(0,071,) is a Gaussian noise. The relationship between this auxiliary weight
process {W;} and the weight process {W,;} in SGD is shown in the Bayesian network below.

Ny Ny e Nr_1 Nr
1 { \: {
Wo — Wl — WQ — e — WT—I — WT
[— /" e /
Wo —» Wi — Wy — -+ —= Wpr, — Wrp

Let A, = Ztr:1 N.. Noting that the weight updates in {Wt} uses the same gradient
signal as that used in {W;} (which depends on W;_; not W;_1), so W, = W, + A,. Note

that this auxiliary process follows the same construction as [153|, which we will use to
study the generalization error of SGD. To that end, let us define gradient dispersion by

Vi(w) £ E [[lg(w, B,) — E[Vu((W, Z)]|[3]. (3.1)
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where the inside expectation is taken over (W, Z) ~ p® Py |z. For a given sample s € 2",
define

Y(w,s) £ E[Li(w + Ar) — Ly(w)],

where the expectation is taken over Ar and Lg(w) is the empirical risk of s at parameter
w.

In the remainder of the chapter, let S’ denote another sample drawn from p®", inde-
pendent of all other random variables. The main generalization bound in [153] is re-stated
below.

Lemma 3.3.1 (|153, Theorem 1.|). The generalization error of SGD is upper bounded by

(4 Zi E [0(Wimr) + Tu(We)] + [E (W S) ~ 2(Wr, 8]
where W) £ E[|E[V,bwi 1, 2)] ~E[Vubln +C 2B, ¢ ~ NO Iz 01
nd Vi(w) 2 Elg(w, B) — E V.o bluw, Z)] ).

The term W(w;_1) in the bound is referred to as “local gradient sensitivity” in [153].
Note that the inside expectation of V,(w) is taken over Z ~ p instead of (W, Z) ~ 1&® Py z.
Thus, V,(w) is in general not worse than our gradient dispersion V,(w) for a fixed w (see
Figure A.1 (d) in Appendix A.5.2). However, the difference between these two terms is
very small when W is close to local minima due to the tiny gradient norm. In addition, the
definition of our gradient dispersion is implicitly used in a bound in Section 5.2 of [153],
which can be regarded as a weaker version of Eq. (3.3) in our Theorem 3.4.2.

3.4 New Generalization Bounds for SGD

Removal of the local sensitivity term W(w;_1) requires invoking a special instance of the
HWI inequality [174, Lemma 3.4.2|, which we first state.

Lemma 3.4.1. Let X and Y be two random vectors in R?, and let N ~ N(O I;) be inde-
pendent of (X,Y). Then, for any t,t' > 0, Dkr(Px, /inl|Pysyon) < spE[||X = Y35 +

dlogt + L —1).

— Qt/
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Note that [153]| also makes uses of a similar lemma in their revision. However, the
development in [153] requires constructing a ghost auxiliary weight process in which an
independent noise perturbation Aj is introduced. Due to the mismatch between A; and
A}, the local gradient sensitivity term W(W,_ 1) appears in their bound. In this chapter,
we waive this A} by using the following lemma.

Lemma 3.4.2. Let random variables X,Y and A be independent of N ~ N(0,1;). Then
for any o > 0, any R-valued function f, and any random variable Q € R? that is a
function of Y, we have

I(f(Y +A,X)+0N; X|Y) < gE {log (E Ilrer+a X) = ) 1)}

do?

Note that the outside expectation is taken over ¥ and the inside expectation is taken
over (X,A). Then, exploiting Lemma 3.4.2 by letting X = S, Y = W, and Q =
E[g(w; — Ay, Z)] £ E[VE(w, — Ay, Z)] will enable us to have the bound below.

Theorem 3.4.1. The generalization error of SGD is upper bounded by

i 1)} T |E (Wi, ) — (Wi, 8.

T
P24 5 g (Ao, B ~E Ve )1

n do;
Proof of Theorem 3.4.1. We first follow the similar decomposition of the expected general-
ization error and apply Lemma 2.4.11 as in [153]. Let &£,(.A) be the expected generalization

error of SGD, and let £,(A) be the expected generalization error of the corresponding aux-
iliary weight process. Then,

Eu(A)] = |€.(A) + Enirar |Lu(Wr) = Lu(Wr)| + Ewyaps |Ls(Wr) = Ls(Wr)] |
<\ 158 + By s bW, ) = 4(Wa, )] 32)

The remaining task is to bound the mutual information I(Wy; S).

Let X =85,Y = W,_, and Q = Ea, ,.z[9(Wi—1 — Ay_1, Z)], by applying Lemma 3.4.2,
we have

I <_)\tg(Wt—17 By) + Ny; S|Wt—1>

d )\?ES,At_l |:Hg(wt71 AVIRR Bt) - EAt_l,Z [g('wtfl — A, Z)”P‘Wtfl = @tq]

<E — log 702
o

<Ei._ |3 +1
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By Lemma A.3.1 and putting everything together, we have

2q A\2E W,_1,B,) —E Wi, 2)]||?
P ZEWH g(t savi [lgWer B) = Bz, [oWis >m]+1>

do?
This completes the proof. O

This bound is tighter than the bound in Lemma 3.3.1. In fact, from Theorem 3.4.1,
one can recover Lemma 3.3.1 with a smaller constant factor (see Appendix A.3.2 for more
details).

To completely remove W(w;_;) and to obtain a closed form of the optimal bound, we
will let Q = E [g(W, Z)], then Lemma 3.4.2 gives us a crisp way to have the following upper
bound that is independent of the distribution of A.

Lemma 3.4.3. Let Gy = —\g(Wi_1, By). Then, [(G;+Ny; S|W;_1) < ¢log (M + 1)

do?

In this lemma, the mutual information I(G;+ Ny; S |Wt_1) roughly indicates the degree
by which the SGD’s updating signal GG; (smoothed with noise) depends on the training
sample S, when B; is used for computing the gradient. When this dependency is strong
(giving rise to a high value of the mutual information), the model conceivably tends to
overfit the training sample. This lemma suggests that the strength of this dependency can
be upper-bounded by the expected gradient dispersion at the current weight configuration.
In our experiments, we will estimate the expected gradient dispersion and validate this
intuition.

We are now in a position to state our main theorem.

Theorem 3.4.2. The generalization error of SGD is upper bounded by

£,04)] < RQle (VE AU 1”+1)+|E[7<WT,S>—7<WT,S'>]|' (3.3

t

Further, assume L, (wy) < Ea [L,(wy + Ar)], £ is twice differentiable, and o} is indepen-
dent of t. Denote by Hy,. the Hessian of the loss with respect to Wy and let Tr(-) denote
trace. Then

3

Eu(A) <2 (Z BT g (v, I [T <HWT<Z>>1> . (3.4)

n
t=1
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Remark 3.4.1. With a single draw of S and under the deterministic setting (i.e., with
fixed weight initialization and batching trajectory), removing V(W,_1) makes the bound
much tighter as shown wn Figure 3.1. This remarkable improvement should come at no
surprise, since W(W;_1) monotonically increases with training epochs (noting that W(W;_1)
has the cumulative variance 3y 0?1y ) while Vi(W;_,) appears decreasing (see Figure
3.3a). Figure 3.1 also indicates that if the noise variance oy is made small, one expects the
gradient dispersion to dominate the trajectory term in Lemma 3.3.1. However, the factor
1/0? will become too large, make the bound loose. More discussions about the stochastic
setting with multiple draws of S are deferred to Appendix A.5.2.

Remark 3.4.2. The condition L,(wr) < Ea, [L,(wr + Ar)] indicates that the perturba-
tion does not decrease the population risk. This is also assumed in [56] in the derivation of
a PAC-Bayesian generalization bound. In addition, this condition leads to the omission of
the absolute value function in the generalization error. Specifically, in Eq. (3.4), we bound

Eu(A) directly instead of |E,(A)].

In the bound of Eq. (3.3), the first term captures the impact of the training trajectory
(“trajectory term”), and the second term captures the impact of the final solution, which
in fact measures the flatness for the loss landscape at the found solution (“flatness term”).
The learning rate in SGD has explicitly appeared in the trajectory term of Eq. (3.4). From
the way it appears in the bound, one may be tempted to assert that a small learning rate
will improve generalization. This would then contradict some previous observations [100,
224, 84|, in which large learning rate will benefit generalization. In addition, the bound
also suggests that the batch size has some direct impact on the trajectory term through
gradient dispersion. We investigate this by performing experiments with varying learning
rates and batch sizes (see Figure A.2 in Appendix A.5.3). As seen in the experiments,
increasing the learning rate impacts the trajectory term and the flatness term in opposite
ways, i.e. making one increase and the other decrease. A similar (but reverted) behaviour
is also observed with batch sizes. This makes the generalization bound in Eq. (3.4), have
a rather complex relationship with the settings of learning rate and batch size.

Eq. (3.4) follows from Eq. (3.3) by minimizing the bound over o. The bound in Eq. (3.4)
is thus independent of a choice of ¢;’s and can be computed easily and efficiently.

To summarize, we remark that these bounds suggest that in order for the model to
generalize well, both the trajectory term and the flatness term need to be small—the
former involves the learning rate with the gradient dispersion along the training trajectory,
whereas the latter depends on the flatness of the empirical risk surface at the found solution.
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3.5 Application in Linear Networks and Two-Layer ReLU
Networks

We now apply Theorem 3.4.2 to two neural network models in a regression setting. Let
Z = (X,Y) with X € R® and Y € R. Assume || X|| = 1. We use SGD to train a model
f(W,-) : R% — R and define the loss as ((W, Z) = 1/2(Y — f(W, X))%. The bounds below
are both in the form of the product of the flatness term and the trajectory term.

Theorem 3.5.1 (Linear Networks). Let the model be a linear network, i.e. f(W,X) =

1

WTX, then £,(A) <3 ( T ENTE (W, Z)])g .

4n

Following [8], consider

1
Jm

where m is the width of the neural network, A, ~ Unif({+1,—1}) and ReLU(-) is the
ReLU activation. We only train the first layer parameters W = [Wy, Ws, ..., W,,] € Rdoxm
and fix the second layer parameters A = [Ay, Ag, ..., A,,] € R™ during training. Then, we
have the following generalization bound

fW, X) = i AReLUWTX), (3.5)

Theorem 3.5.2 (Two-Layer ReLU Networks). The generalization error of f(W,X) in
Eq. (3.5) is bounded by
1
> 3

Compared with Theorem 3.5.1, we notice that in the two-layer ReL.U network, the ReLLU
activation state along the training trajectory plays a key role in the bound of Theorem
3.5.2. Specifically, the weights of the deactivated neurons do not contribute to the bound
of Theorem 3.5.2, making the bound not explicitly depend on the model dimension d.
This result also suggests that sparsely activated ReLLU networks are expected to generalize
better. Despite various empirical evidence pointing to this behaviour (see, e.g., [64]), to
the best of our knowledge, this theorem provides the first theoretical justification in this
regard.

T

(L R2N2T
SH(A)§3<ZE{m}Z E
r=1 t=1

where L, ;; = ]I{WtT_LTXi > 0} and 1 is the indicator function.

m

Hri
S Lty z)
r=1 m
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The comparison between these bounds and the dynamics of generalization gap is de-
ferred to Appendix A.5.4. In the remainder of this chapter, we will study more complex
network architectures beyond the linear and two-layer ReLLU networks and implications of
our bounds in those settings.

3.6 Experimental Study

Bound Verification We first verify our bound of Eq. (3.4) in Theorem 3.4.2 by training
an MLP (with one hidden layer) and an AlexNet [115] on MNIST and CIFARIO [114],
respectively. To simplify estimation, we fix the weight initialization and set o, and A,
to be constants o and A, respectively. To compute ZtT:lE [V, (W;_1)], we compute the
gradient dispersion as its empirical estimate from a batch, utilizing a PyTorch [164] library
BackPack [45]. To compute Tr (E [Hy..(Z)]), we use the PyHessian library [235] to compute
the Hessian.

We perform experiments with varying network width and varying levels of label noise.
Specifically, noise level e refers to the setting where we replace the labels of € fraction of
the training and testing instances with random labels. The estimated bound is compared
against the true generalization gap, namely, the difference between the training loss and
testing loss, and is shown in Figure 3.2.

In Figure 3.2, we see that in all cases the estimated bound follows closely the trend of
the true generalization gap. The fact that the bound curve consistently tracks the gap curve
under various label noise levels indicates that our bound very well captures the changes
of the data distribution. Note that in Figure 3.2 (a) and (b), our bound decays with the
increase of the model size, showing a trend as opposite to the bounds obtained in classical
learning theory. But such a trend clearly better explains the generalization behaviour of
modern neural networks.

Epoch-wise Double Descent of Gradient Dispersion We experimentally investigate
the impact of gradient dispersion on the training of the neural networks by fixing the
learning rate, batch size and weight initialization for the each model (MLP for MNIST,
AlexNet for CIFAR10). For each model and various label noise levels, we plot in Figure
3.3 the evolution of the (empirical) gradient dispersion @t(wt,l), training accuracy and
testing accuracy across training epochs.

An intriguing epoch-wise “double descent” phenomenon is observed, particularly when
the labels are noisy. According to the double descent curve, the training may be split
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Figure 3.2: Estimated bound and empirical generalization gap (“gap”) as functions of
network width ((a) and (b)) and label noise level ((c) and (d)). Note that Y-axis is in log

scale.

into three phases (e.g., Figure 3.3 (h)). In the first phase, the gradient dispersion rapidly
descends and maintains a very low level. In this phase, both training and test accuracies
increase while maintaining a very small generalization gap. This suggests that the network
in this phase is extracting useful patterns and generalizes well. In the second phase,
the gradient dispersion starts increasing until it reaches a peak value. In this phase, the
training and testing accuracies gradually diverge, marking the model entering an overfitting
or “memorization” regime — when the data contains the noisy labels, the network mostly
tries to memorize the labels in the training set. In the third phase, the gradient dispersion
descends again, reaching a low value. In this phase, the model continuously overfits the
training data, until the training and testing curves reach their respective maximum and
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minimum. It appears that the timing of the three phases depends on the dataset and the
label noise level. For simpler data (e.g. MNIST) and cleaner datasets, the first phase
may be shorter. This is arguably because in these datasets, extracting useful patterns is
relatively easier. Nonetheless, the valley in the double-descent curve appears to mark a
“great divide” between generalization and memorization.
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Figure 3.3: Dynamics of gradient dispersion, in relation to training/testing accuracies.

Dynamic Gradient Clipping Inspired
by our generalization bounds and above
observations, one way to reduce the gen-
eralization error is to control the trajec-
tory term of the bounds by reducing the
gradient dispersion in each training step.
Here we investigate a simple scheme that
dynamically clips the gradient norm so as
to reduce the gradient dispersion. Specifi-
cally, whenever the current gradient norm
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Figure 3.4: Dynamic Gradient Clipping.

is larger than the gradient norm K steps earlier, or ||g(Wy, By)||l2 > ||g(Wi—k, Bi—x)||2 (i-e.,
the model is expected to have entered the “memorization” regime), we reduce the norm
of the current gradient g(W;, B;) to « fraction of ||g(W;_k, Bi—k)||2, for some prescribed
value o < 1.

The effectiveness of this scheme is best demonstrated when the labels contain noise.
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As shown in Figure 3.4 (and Figure A.5 in Appendix A.5.5), dynamic gradient clipping
significantly closes the gap between the training accuracy and the testing accuracy. The
models trained with this scheme maintain a near-optimal testing accuracy (e.g., about 80%
when the label noise level of MNIST is 0.2), without suffering from the severe memoriza-
tion effect as seen in models trained without this scheme. Further understanding of the
double-descent phenomenon of the gradient dispersion may enable more delicate design of
such a dynamic clipping scheme and potentially lead to novel and powerful regularization
techniques.

3.7 A Practical Implication: Gaussian Model Perturba-
tion

The appearance of the flatness term in our generalization bounds suggests that for an
empirical risk minimizer w* to generalize well, it is necessary that the empirical risk surface
at w* is flat, or insensitive to a small perturbation of w*. This naturally motivates a training
scheme using the following regularized loss:

Hgn Ly(w) + pEa (0,021, [Ls(w + A) — Ly(w)],

where p is a hyper-parameter. Replacing the expectation above with its stochastic approx-
imation using k realizations of A gives rise to the following optimization problem.

Hgnéz <(1 —p)l(w, z) + p% Z (l(w + 6, z))) :

i=1

We refer to the SGD training scheme using this loss as Gaussian model perturbation or
GMP. Notably, GMP requires k + 1 forward passes for every parameter update. Empirical
evidence shows that a small k, for example, k = 3, already gives competitive performance.
Implementing the k + 1 forward passes on parallel processors further reduces the compu-
tation load.

We compare GMP with several major regularization schemes in the current art, includ-
ing Dropout [198], label smoothing (L.S.) [201], Flooding [98]|, MixUp [239], adversarial
training (Adv. Tr.) [67], and AMP [244]. We will also include ERM as the baseline,
where no regularization method applied. The compared schemes are evaluated on three
popular benchmark image classification datasets SVHN [152], CIFAR-10 and CIFAR-100
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[114]. Two representative deep architectures VGG16 [193] and PreActResNet18 [88] are
taken as the underlying model. We train the models for 200 epochs by SGD. The learning
rate is initialized as 0.1 and divided by 10 after 100 and 150 epochs. For all compared
models, the batch size is set to 50 and weight decay is set to 10~%. For GMP, we choose
p = 0.5 and set the standard deviation of the Gaussian noise A to 0.03. The value of k£ is
chosen as 3 and 10 respectively (referred to as GMP? and GMP'?).

The performances of
all compared schemes are

Method | ~ SVHN | CIFAR-10 | CIFAR-100 o

given in Table 3.1 (and
ERM 96.86+0.060 93.68+0.193 72.16+£0.297 the results of PreActRes-
Dropout | 97.04+0.049 93.78+0.147 72.284+0.337 Net18 are shown in Ap-
L. S. 96.93+0.070 93.71£0.158 72.51£0.179 pendix A.5.7). For the
Flooding | 96.85+0.085 93.74+0.145 72.07+0.271 compared regularization
MixUp | 96.9140.057 | 94.5240.112 | 73.1940.254 schemes except GMP, we
Adv. Tr. | 97.06+0.091 93.51£0.130 70.88+0.145 directly report their per-
AMP 97.274+0.015 94.354+0.147 74.40+0.168 formances as given in
GMP? 97.1840.057 | 94.33£0.094 | 74.4540.256 [244]. Table 3.1 demon-
GMPlo 97.0940.068 94.4540.158 75.09+0.285 strates the effectiveness

of GMP. Overall GMP
Table 3.1: Top-1 classification accuracy acc.(%) of VGG16. We  performs comparably to

run experiments 10 times and report the mean and the stan- the current art of reg-
dard deviation of the testing accuracy. Superscript denotes the ylarization schemes, al-
number of sampled Gaussian noises during training. though appearing slighly

inferior to the most re-
cent record given by AMP on SVHN and MixUp on CIFAR-10, respectively [244]. Noting
that the key ingredient of AMP, “max-pooling” in the parameter space, greatly resembles
regularization term in GMP, which may be seen as “average-pooling” in the same space.

3.8 Conclusion

This chapter presents new information-theoretic generalization bounds for models (e.g.,
linear networks and two-layer ReLU neural networks) trained with SGD. Our bounds nat-
urally point to new and effective regularization schemes. At the same time, our bounds and
experimental study reveal interesting phenomena in the SGD training of neural networks.
Although our generalization bounds rely on the construction of an auxiliary weight pro-
cess, which may appear artificial, these guarantees essentially indicate numerous sufficient
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conditions for models trained with SGD to perform well. This is further supported by our
regularization techniques. There are yet promising directions for further improving these
bounds, for example, via exploiting conditional mutual information bounds (|77]), strong
data processing inequalities ([210]), and the relationship between the trajectory term and
the flatness term. Moreover, extending similar analyses to SGD with momentum is also
feasible. However, as also noted in [153], demonstrating the superiority of SGD with mo-
mentum over vanilla SGD may be challenging, despite its practical benefits being widely
acknowledged.
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Chapter 4

Two Facets of SDE Under an
Information-Theoretic Lens:
Generalization of SGD via Training
Trajectories and via Terminal States

4.1 Overview and Main Contributions

Recent research has suggested that the SGD dynamics can be well approximated using
stochastic differential equations (SDEs), where the gradient signal in SGD is regarded as
the full-batch gradient perturbed with an additive Gaussian noise. Specifically, [137]| and
[100] model this gradient noise drawn from a Gaussian distribution with a fixed covariance
matrix, thereby viewing SGD as performing variational inference. [250, 223, 229, 230]
further model the gradient noise as dependent of the current weight parameter and the
training data. Modelling SGD in this way provide explanations as to when SGD finds
flat minima [250, 229] and sharp minima [251], and inspire some new training techniques
[223, 230]. Moreover, [122, 123] and [223] prove that when the learning rate is sufficiently
small, the SDE trajectories are theoretically close to those of SGD (cf. Lemma B.1.1).
More recently, [125] has demonstrated that the SDE approximation well characterizes the
optimization and generalization behavior of SGD without requiring small learning rates.

In this chapter, we also empirically verify the consistency between the dynamics of
SGD and its associated discrete SDE (cf. Eq. (4.5)). As illustrated in Figure 4.1, the

28



100 100
80 80
2 60 % 60
© ©
= =
38 40 3 40
<< —e— Train Acc. (SGD) < —e— Train Acc. (SGD)
—4— Test Acc. (SGD) —4— Test Acc. (SGD)
20 —— Train Acc. (SDE) 20 —— Train Acc. (SDE)
—4— Test Acc. (SDE) —4— Test Acc. (SDE)
0 15000 30000 45000 60000 75000 0 15000 30000 45000 60000 75000
Iteration Iteration
(a) VGG on (small) SVHN (b) VGG on CIFARI0
100 100
80 80
S S
> 60 > 60
o o
3 3 40
S 40 : Q .
< —e— Train Acc. (SGD) < —e— Train Acc. (SGD)
—&— Test Acc. (SGD) 20 —A— Test Acc. (SGD)
20 —%— Train Acc. (SDE) —»— Train Acc. (SDE)
—4— Test Acc. (SDE) 0 —4— Test Acc. (SDE)
0 15000 30000 45000 60000 75000 0 15000 30000 45000 60000 75000
Iteration Iteration
(c) ResNet on CIFARI10 (d) ResNet on CIFAR100

Figure 4.1: Performance of VGG-11 and ResNet-18 trained with SGD and SDE. Standard
data augmentation techniques are only used in (d).

strong agreement in their performance suggests that, despite the potential presence of non-
Gaussian components in the SGD gradient noise, analyzing its SDE through a Gaussian
approximation suffices for exploring SGD’s generalization behavior. Furthermore, under
the SDE formalism of SGD, SGD becomes an iterative noisy algorithm, on which the afore-
mentioned information-theoretic bounding techniques can directly apply. In particular, we
summarize our contributions in this chapter below.

e We obtain a generalization bound (cf. Theorem 4.3.1) in the form of a summation
over training steps of a quantity that involves both the sensitivity of the full-batch
gradient to the variation of the training set and the covariance of the gradient noise
(which makes the SGD gradient deviate from the full-batch gradient). We also give
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a tighter bound in Theorem 4.3.2, where the generalization performance of SGD de-
pends on the alignment of the population gradient covariance and the batch gradient
covariance. These bounds highlight the significance of (the trace of) the gradient
noise covariance in the generalization ability of SGD.

In addition to the time-dependent trajectories-based bounds, we also provide time-
independent (or asymptotic) bounds under some mild assumptions. Specifically,
based on previous information-theoretic bounds, we obtain generalization bounds in
terms of the KL divergence between the steady-state weight distribution of SGD
with respect to a distribution-dependent prior distribution (by Lemma 2.4.11) or
data-dependent prior distribution (by Lemma 4.2.1). The former gives us a bound
based on the alignment between the weight covariance matrix for each individual
local minimum and the weight covariance matrix for the average of local minima
(cf. Theorem 4.4.1). Under mild assumptions, we estimate the steady-state weight
distribution of SDE (cf. Lemma 4.4.1), leading to a variant of Theorem 4.4.1 (cf.
Corollary 4.4.1) and a norm-based bound (cf. Corollary 4.4.2). Additionally, we
obtain a stability-based like bound by Lemma 4.2.1 (cf. Theorem 4.4.2), with the
notable omission of the Lipschitz constant in other stability-based bounds. Since
stability-based bounds often achieve fast decay rates, e.g., O(1/n), Theorem 4.4.2
provides theoretical advantages compared with other information-theoretic bounds,
as it can attain the same rate of decay as the stability-based bound. Comparing to the
first family of bounds (i.e., trajectories-based bounds), the second family of bounds
directly upper-bound the generalization error via the terminal state, which avoids
summing over training steps; these bounds can be tighter when the steady-state
estimates are accurate. On the other hand, not relying on the steady-state estimates
and the approximating assumptions they base upon is arguably an advantage of the
first family.

We empirically analyze key components within the derived bounds for both algo-
rithms. Our empirical findings reveal that these components for SGD and SDE align
remarkably well, further validating the effectiveness of our bounds for assessing the
generalization of SGD. Moreover, we provide numerical validation of the presented
bounds and demonstrate that our trajectories-based bound is tighter than the re-
sult in [213]. Additionally, compared with norm-based bounds, we show that the
terminal-state-based bound that integrates the geometric properties of local minima
can better characterize generalization.
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Other Related Literature Recently, [194, 159, 195, 141, 73] challenge the traditional
assumption that gradient noise is a Gaussian and argue that the noise is heavy-tailed (e.g.,
Lévy noise). In contrast, [229] and [125] claim that non-Gaussian noise is not essential
to SGD performance, and SDE with Gaussian gradient noise can well characterize the
behavior of SGD. They also argue that the empirical evidence shown in [194] relies on a

hidden strong assumption that gradient noise is isotropic and each dimension has the same
distribution. Other works on SGD and SDE, see [95, 231, 163, 223, 250, 124, 252|.

4.2 Additional Preliminaries

For a matrix A € R™? we let tr { A} denote the trace of A and we use tr {log A} to indicate
22:1 log Ay . Furthermore, in the information-theoretic analysis framework, there is a
training sample S = {71, Zs,...,Z,}", drawn ii.d. from p and a stochastic learning
algorithm A takes the training sample S as its input and outputs a hypothesis W € W
according to some conditional distribution Qw|s. Similar to Chapter 3, throughout this
chapter, we take ¢ as a continuous function (adopting the usual notion “surrogate loss”).
Additionally, we assume that ¢ is differentiable almost everywhere with respect to w. In
some cases we will assume that ¢(w,Z) is R-subgaussian for any w € W. Note that
a bounded loss is guaranteed to be subgaussian, for example, if {(w,Z) € [0, M] then
R = M/2. We will denote ¢(w, Z;) by ¢; when there is no ambiguity.

SGD and SDE At each time step ¢, given the current state W, = w;_1, let B, be a
random subset that is drawn uniformly from {1,2,...,n} and |B;| = b is the batch size.
Let G & %Zle 5, Vi be the mini-batch gradient. The SGD updating rule with learning
rate n is then

Wi = wp_q — nét. (4.1)

The full batch gradient is G, £ 1 3" | V{,. It follows that
Wy = w1 — nGy + Vi, (4.2)
where V, £ G, — ét is the mini-batch gradient noise. Since Eg, [V;] = 0, ét is an unbiased

estimator of the full batch gradient G;. Moreover, the single-draw (i.e. b = 1) SGD gradient
noise covariance (GNC) and the mini-batch GNC are ¥, = + 31" | V{,VIT — G,GT and
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C, = b(’:l—j)Zt, respectively. If n > b, then C; = 1/b%,;. Notice that ¥; (or C}) is state-
dependent, i.e. it depends on w,_;. If ¢ is not specified, we use 3, (or C},) to represent its

dependence on w. In addition, the population GNC at time ¢ is
St 2Ry [VOwi—1, Z)V w1, 2)T] = Ez [VUwi—1, Z)|E7 [VO(wi—1, Z)T]. (4.3)

We assume that the initial parameter W is independent of all other random variables, and
SGD stops after T" updates, outputting Wr as the learned parameter.

We now approximate V; up to its second moment, e.g., V; ~ N(0,C;), then we have
the following continuous-time evolution, i.e. I[t6 SDE:

dw = —V Lg(w)dt + [nC,,)2db,, (4.4)

where C,, is the GNC at w and 0, is a Wiener process. Furthermore, the Euler-Maruyama
discretization, as the simplest approximation scheme to 1td6 SDE in Eq. (4.4), is

Wi = wiy — nGy + Uctl/th; (4.5)

where Ny ~ N(0,1,) is the standard Gaussian random variable.

Validation of SDE It is important to understand how accurate of SDE in Eq. (4.4) for
approximating the SGD process in Eq. (4.1). Previous research, such as [122, 123|, has
provided theoretical evidence supporting the idea that SDE can approximate SGD in a
“weak sense”. That is, the SDE processes closely mimic the original SGD processes, not on
an individual sample path basis, but rather in terms of their distributions (see Lemma B.1.1
for a formal result).

Additionally, concerning the validation of the discretization of SDE in Eq. (4.5), [223,
Theorem 2| has proved that Eq. (4.5) is an order 1 strong approximation to SDE in
Eq. (4.4). Moreover, we direct interested readers to the comprehensive investigations
carried out by [223, 125], where the authors empirically verify that SGD and Eq. (4.5)
can achieve the similar testing performance, suggesting that non-Gaussian noise is not es-
sential to SGD performance. In other words, studying Eq. (4.5) is arguably sufficient to
understand generalization properties of SGD. In Figure 4.1, we also empirically verify the
approximation of Eq. (4.5), and show that it can effectively capture the behavior of SGD.

Two Information-Theoretic Bounds Before we delve into the formal justification, we
present below two typical information-theoretic bounds in the literature.
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The original version of mutual information based bound is a sample-based MI bound
whose main component is the mutual information between the output W and the entire
input sample S. This result is given in Lemma 2.4.11.

This bound is further improved by a data-dependent prior based bound. Following the
setup in [151], let J be a random subset uniformly drawn from {1,...,n} and |J| =m > b.
Let S; = {Z;}ies. Typically, we choose m = n — 1, then the following result is known.

Lemma 4.2.1 ([151, Theorem 2.5]). Assume the loss {(w,Z) is bounded in [0, M], then
for any Pys,, Err < \%ES,J\/DKL(QWWHPW\SJ)'

Note that J is drawn before the training starts and is independent of {W;}L ;. We use
the subset S; to conduct a parallel SGD training process based to obtain a data-dependent
prior (Pws,). When m =n — 1, we call this prior process the leave-one-out (LOO) prior.

4.3 Generalization Bounds Via Full Trajectories

We now discuss the generalization of SGD under the approximation of Eq. (4.5). In
particular, we let G; = —G; + Ctl / 2Nt. We first have the following lemma.
Lemma 4.3.1. I(CA}’t; SIWi—1) = Ey,_, [infpét‘w Egvt‘l [DKL(Q@t‘Sywtfl||Pét‘Wt—l)i|i| , where

t—1
the infimum is achieved when the prior distribution P@thfl = Qat|wt—l for any t.

Lemma 4.3.1 suggests that every choice of P@HWFl gives rise to an upper bound of the

MI of interest via I(Gy; SIWi—y) < Ew,_, []EEVH [DKL(Qét|S7Wt—1Hpét|Wt71)i|:|. The closer
is Pét‘Wt—l to Q@tIWtq’ the tighter is the bound. As the simplest choice, we will first choose
an isotropic Gaussian prior, Py = N (gi,0214) (where both g; and o, are only allowed
to depend on W,_1), and optimize the KL divergence in Lemma 4.3.1 over o, for a fixed
gi- The following result is obtained.

Theorem 4.3.1. Under the conditions of Lemma 2.4.11 and assume Cy is a positive-
definite matriz. For any t € [T), let g, be any constant vector for a given w;_1, then

h(Wi-1)

R
SH(A) S 7 ZEWt—l |:leg - h2(Wt71> ) (46>

t=1
where hy(w) = EY [||Gy — G|l +tr {C;}] and ho(w) = EY [tr {log Cy}].

Furthermore, if g, = Ez [Vl(wi_1, Z)], then hy(w) = %tr {Z/}.
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Notice that g; is any reference “gradient” independent of S, then the first term in
hi(Wi_1), |Gy — G:]%, characterizes the sensitivity of the full-batch gradient to some vari-
ation of the training set S, while the second term in hy(W;_;), i.e. tr{C:}, reflects
the gradient noise magnitude induced by the mini-batch based training. For example,
if g = Ez[Vl(wi—1,Z)], then B [||Gy —§t||2} is the variance of the gradient sam-
ple mean, and such g will eventually convert h;(W;_1) to the population GNC, namely
hy(Wy—y) = ptr {/'}.

Moreover, if we simply let g, = 0, then Theorem 4.3.1 indicates that one can control
the generalization performance via controlling the gradient norm along the entire training
trajectories, e.g., if we further let b = 1, then hy (W,_;) = £ >°" | ||V{;]|2. This is consistent
with the existing practice, for example, applying gradient clipping [213, 61| and gradient
penalty (99, 13, 197, 61] as regularization techniques to improve generalization.

As a by-product, we recover previous information-theoretic bounds for the Gradient
Langevin dynamics (GLD) with noise distribution N (0,7%I4) below.

Corollary 4.3.1. IfC; = I, then £,(A) < /24 ST Ry, log (EEVHHGt — G/ + 1).

n

It is easy to verify that the bound in Corollary 4.3.1 is tighter than the bound in [153,
Proposition 3.] by log(z + 1) < z and it is also stronger than the bound in [168| due to
the fact that we use a state dependent quantity E5"" [||G; — g¢]|?] rather than some global
Lipschitz constant.

While choosing the isotropic Gaussian prior is common in the GLD or SGLD setting,
given that we already know C} is an anisotropic covariance, one can select an anisotropic
prior to better incorporate the geometric structure in the prior distribution. A natural
choice of the covariance is a scaled population GNC, namely ¢}, where ¢; is some positive
state dependent scaling factor. Let g = Ez [Vl(w;_1, Z)] be the state dependent mean.
By optimizing over ¢;, we have the bound below.

Theorem 4.3.2. Under the conditions of Lemma 2.4.11 and assume Cy and 3} are

. . . 2 T sHot
positive-definite matrices, then £,(A) < /=37, Ew, s [tr {log %H :

Remark 4.3.1. If we let the diagonal element of X} in dimension k be o (k) and let
the corresponding diagonal element of ¥, be pi(k), and assume n > b (so ¥, = bC}),
then tr {log(X/Cy ' /b)} = S log gzgg Thus, Theorem 4.3.2 implies that a favorable
alignment between the diagonal values of Xy and 3} will positively impact generalization

performance. In other words, the perfect alignment of these two matrices indicates that
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SGD is insensitive to the randomness of S. Recall the key quantity in Lemma 2.4.11,
I(W;S), which also measures the dependence of W with the randomness of S, the term
YIS conveys a similar intuition in this context.

Compared with Theorem 4.3.1 under the same choice of g;, we notice that the main
difference is that the term ¢r {log(X}'/b)}, instead of dlog(tr{X}'}/bd), appears in the
bound of Theorem 4.3.2. The following lemma demonstrates that Theorem 4.3.2 is tighter
than the bound in Theorem 4.3.1.
tr{Ef}

bd
all the diagonal elements in 3} have the same value, i.e. ay(1) = (2) = -+ = ay(d).

Lemma 4.3.2. For anyt, we have tr {log ET;} < dlog , with the equality holds when

The trajectories-based bounds in Theorem 4.3.1 and Theorem 4.3.2 emphasize the
significance of gradient-related information along entire trajectories, including metrics such
as gradient norm and gradient covariance alignment, in comprehending the generalization
dynamics of understanding the generalization of SGD. In Figure 4.2, we visually show
that these key gradient-based measures during SDE training closely mirror the dynamics
observed in SGD.

Notably, these trajectory-based information-theoretic bounds are time-dependent, in-
dicating that these bounds may grow with the training iteration number 7', unless the
gradient norm becomes negligible at some point during training. While the stability-based
bounds for GD/SGD are also time-dependent [80, 16| (in the convex learning case), the
learning rate in these bounds helps mitigate the growth of T'. However, the learning rate
does not appear in our trajectory-based information-theoretic bounds, making the depen-
dency on T even worse.

Note that [210] uses the strong data processing inequality to reduce this deficiency, but
the bound still increases with 1. To tackle this weakness, we will invoke some asymptotic
SDE results on the terminal parameters of the algorithm, which will give us a crisp charac-
terization of the expected generalization gap without decomposing the mutual information.

4.4 Generalization Bounds Via Terminal State

In this section, we directly upper-bound the generalization error by the properties of the
terminal state instead of using the full training trajectory information. Particularly, we will
first use the stationary distribution of weights at the end of training as Qw,.|s. To overcome
the explicit time-dependence present in the bounds discussed in Section 4.3, one has to
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Figure 4.2: Gradient-related quantities of SGD or its discrete SDE approximation. In (d),
since per-sample gradient is ill-defined when BatchNormalization is used, we do not track

tr {log (E;lEf)}.

introduce additional assumptions, with these assumptions being the inherent cost. For
example, an important approximation used in this section is the quadratic approximation
of the loss. Specifically, let w? be a local minimum for a given training sample S = s, when
w is close to w}, we can use a second-order Taylor expansion to approximate the value of
the loss at w,

Lafw) = Lufw}) + 3 (1 — w}) Hsy (w0 — ). (4.7)

where H,: is the Hessian matrix of s at w*. Note that in this case, when w; — w, we have
Gy = VLs(wy) = Hye (wy — w?). Our remaining analysis assumes the validity of Eq. (4.7).
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Figure 4.3: Hessian-related quantities of SGD or its discrete SDE approximation.

In view of Eq. (4.7), a classical result of [137] shows that the posterior Qs around w;}
is a Gaussian distribution N'(w}, A ), where Ay« £ E [(W — w*)(W — w*)™] is the covari-
ance of the stationary distribution (see Appendix B.1.4 for an elaboration). Furthermore,
in the context of nonconvex learning, e.g., deep learning, we usually have more than one
local minimum w? for a give S' = s. Hence, it is necessary to take the local minimum itself
as a random variable, namely W} ~ Q=+, In this case, we have Qsw: = N(w}, Ays)
and the posterior distribution Qw5 = Ejy. [N(W7, Aw:)] should be a mixture of Gaus-
sian distributions. Moreover, recall that [(Wr;S) = infp,, EsDxki(Qwy|s||Pw,) where
Py, = Qw, achieves the infimum. Here the oracle prior Qw, = Esw; [N (W;,Awg)] is
also a mixture of Gaussian distributions. From a technique side, given that the KL diver-
gence between two mixture of Gaussian distributions does not have an analytic closed form,
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we turn to analyze its upper bound, namely infp,, Egw: Dxr(Qwrsw || Pwy). When each

s only has one local minimum, /(W;.S) reaches this upper bound.

We are ready to give the terminal state-dependent bounds.

Theorem 4.4.1. Let w;, = E (W3] and let Ay =E [(WT — w#) (WT — wu) ] be its cor-
responding stationary covariance, then

£ ) < B [ {los (k) ]

This result bears resemblance to Theorem 4.3.2 since both involve the alignment be-
tween a population covariance matrix and a sample (or batch) covariance matrix.

Note that A, =E [(W§ —w) (W — w;)T} +E [Awg}. By Jensen’s inequality, we can

move the expectation over W inside the logarithmic function. Additionally, if Eyy [AI}}E [AW;]]
is close to the identity matrix—especially evident in scenarios where each s has only one

minimum, as in convex learning—we obtain the upper bound O <\/ E [d%v[ (W;, wr Awg)} / n> ,

where dy (7,9;3) £ /(z — y)TE-1(z — y) is the Mahalanobis distance. Intuitively, this
quantity measures the sensitivity of a local minimum to the combined randomness intro-
duced by both the algorithm and the training sample, relative to its local geometry.

In practice, one can estimate Aw; and A, by repeatedly conducting training processes
and storing numerous checkpoints at the end of each training run. This is still much
easier than estimating [(W;S) directly. As an alternative strategy, one may leverage the
analytical expression available for A,.. [137] provides such analysis and give a equation
to solve for A,». However, the result in [137] relies on the unrealistic small learning rate,
and the GNC in their analysis is regarded as a state-independent covariance matrix. To
overcome these limitations, we give the following result under a quadratic approximation
of the loss, which is refined from [128, Theorem 1| by using the state-dependent GNC.

Lemma 4.4.1. In the long term limit, we have Ay« Hys + Hyps Ay — nH s N Hypo = nC'r.
Moreover, consider the following conditions:

(Z) Hw*Aw* = Aw*Hw*;
(i) H'Sr = 1y;
(1i1) 72] > A1, where A\ is the top-1 eigenvalue of H,»«.
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-1
Then, given (i), we have Ay = [Hw* (%Id—Hw*ﬂ Cr; gwen (i-ii), we have Ny =

(%Id — H,)7'; given (i-ii1), we have Ay = 1.

Remark 4.4.1. Note that this result does not rely on Eq. (4.5), and it holds for any type
of gradient noise V; as long as its covariance is Cy.

Notably, all the conditions in Lemma 4.4.1 are only discussed in the context of the
terminal state of SGD training. Regarding the condition (ii), as being widely used in the
literature [100, 250, 124, 229, 230, 128], Hessian is proportional to the GNC near local
minima when the loss is the negative log likelihood, i.e. cross-entropy loss. To see this,
when w; — w*, we have X« = 23" V{,VIT — GGF = 137" VI,VIT = F,., where
F,+ is the Fisher information matriz (FIM). This approximation is true because gradient
noise dominates over gradient mean near local minima. Moreover, FIM is close to the
Hessian near local minima with the log-loss [165, Chapter 8|, namely, F,« ~ H,. Let
n > b, we have H, ~ ¥, = bC,~. Consequently, when > is sufficiently close to ¥,
condition (ii) is satisfied. It’s important to note that the debate surrounding H,« ~ F,-
arises when the loss function deviates from cross-entropy [252].

For condition (iii), the initial learning rate is typically set at a high value, and this
condition may not be satisfied until the learning rate undergoes decay in the later stages
of SGD training. This observation is evident in Figure 4.4a-4.4b, where the condition
becomes easily met at the terminal state following the learning rate decay. Moreover, the
interplay between % and \; is extensively explored in the context of the edge of stability

[224, 38, 10], which suggests that during the training of GD, A; approaches % and hovers
just above it in the “edge of stability” regime. In the context of Theorem 4.4.1, as indicated
by Lemma 4.4.1, the diagonal elements of A, tend to be close to zero before reaching the
“edge of stability” regime, the bound presented in Theorem 4.4.1 diverges to infinity. This,
as a by-product, provides an alternative explanation to the failure mode of I(W;S) — oo
in the deterministic algorithm (e.g., GD with a fixed initialization).

The following results can be obtained by combining Theorem 4.4.1 and Lemma 4.4.1.

Corollary 4.4.1. Under (i,iii) in Lemma 4.4.1, then £,(A) < \/%\/E [tr {log ([Hu-C7'] Aus) -

Corollary 4.4.2. Under (i-ii1) in Lemma 4.4.1, then £,(A) < \/dTRQ log (%Eﬂwg — w2+ 1).

By log(xz + 1) < x, the bound in Corollary 4.4.2 is dimension-independent if the weight
norm does not grow with d. Furthermore, the information-theoretic bound becomes a
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Figure 4.4: (a-b) The dynamics of /2 — A\;. Note that learning rate decays by 0.1 at the
40, 000" and the 60, 000" iteration. (c-d) The distance of current model parameters from
its initialization.

norm-based bound in Corollary 4.4.2, which is widely studied in the generalization litera-
ture [14, 155]. In fact, wj, can be replaced by any data-independent vector, for example,
the initialization, wy (see Corollary B.3.1). In this case, the corresponding bound suggests
that generalization performance can be characterized by the “distance from initialization”,
namely, given that SGD achieves satisfactory performance on the training data, a shorter
distance from the initialization tends to yield better generalization. [147] also derived a
“distance from initialization” based generalization bound by using Rademacher complex-
ity, and [96] use “distance from initialization” as a regularizer to improve the generalization
performance on noisy data.
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In the sequel, we use the data-dependent prior bound, namely, Lemma 4.2.1, to derive

new results.

Theorem 4.4.2. Let Py s,=s; = N (W], A(W}))) where W, is the local minimum found
by the LOO training. Under the same conditions in Lemma 4.2.1 and (i-iii) in Lemma 4./4.1,
assuming AW ) = AMW]) for a given s, then

M?2b
E,(A) < E\/ —E s

This bound implies a strong connection between generalization and the algorithmic
stability exhibited by SGD. Specifically, if the hypothesis output does not change much
(in the squared L distance sense) upon the removal of a single training instance, the
algorithm is likely to generalize effectively. In fact, Ea}g,wgJ [Wg — Ws ||” can be regarded

as an average version of squared argument stability [129]. Moreover, stability-based bounds
often demonstrate a fast decay rate in the convex learning cases [80, 16]. It is worth noting
that if argument stability achieves the fast rate, e.g., sup, ; ||w; — wj || < O(1/n), then
Theorem 4.4.2 can also achieve the same rate. In addition, note that the stability-based
bound usually contains a Lipshitz constant, while the bound in Theorem 4.4.2 discards
such undesired constant.

Ideally, to estimate the distance of ||w} — w;*j\|2, one can use the influence function

79, 39, 113], namely w;, — w; ~ %H@W(w;,%), where i is the instance index that is
not selected in j. However, for deep neural network training, the approximation made by
influence function is often erroneous [18]. While this presents a challenge, it motivates
further refinement, seeking to enhance the practical application of Theorem 4.4.2 in deep
learning.

4.5 Empirical Study

In this section, we present some empirical results including tracking training dynamics of
SGD and SDE, along with the estimation of several obtained generalization bounds.

SGD and SDE Training Dynamics We implement the SDE training by following
the same algorithm given in [223, Algorithm 1|. Our experiments involved training a
VGG-11 architecture without BatchNormalization on a subset of SVHN (containing 25k
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training images) and CIFAR10. Additionally, we trained a ResNet-18 on both CIFARI0
and CIFAR100. Data augmentation is only used in the experiments related to CIFAR100.
We ran each experiment for ten different random seed, maintaining a fixed initialization
of the model parameters. Further details about the experimental setup can be found in
the Appendix. The results are depicted in Figure 4.1. As mentioned earlier, SDE exhibits
a performance dynamics akin to that of SGD, reinforcing the similarities in their training
behaviors.

Evolution of Key Quantities for SGD and SDE  We show ||G,||* and tr {log (3;'%,) }
in Figure 4.2. Recognizing the computational challenges for tr {log (Et_ 1Eu) }, we opted
to draw estimates based on 100 training and 100 testing samples. Notably, both SGD
and SDE exhibit similar behaviors in these gradient-based metrics. It is noteworthy that
despite the absence of the learning rate in the trajectories-based bounds, we observed that
modifications to the learning rate at the 40, 000" and 60, 000*® steps had discernible effects
on these gradient-based quantities. Additionally, in Figure 4.3, we examine the trace of
the Hessian and its largest eigenvalue during training, leveraging the PyHessian library
[235]. Note that we still use only 100 training data to estimate the Hession for efficiency.
Notice that the Hessian-related quantities of SGD and SDE are nearly perfectly matched
in the terminal state of training. Furthermore, Figures 4.4c-4.4d illustrate the "distance
to initialization," revealing a consistent trend shared by both SGD and SDE.

Bound Comparison We vary the size of the training sample and empirically estimate
several of our bounds in Figure 4.5, with the subgaussian variance proxy R excluded
for simplicity. Thus, the estimated values in Figure 4.5 don’t accurately represent the
true order of the bounds. Despite the general unbounded nature of cross-entropy loss,
common training strategies, such as proper weight initialization, training techniques, and
appropriate learning rate selection, ensure that the cross-entropy loss remains bounded in
practice. Therefore, it is reasonable to assume subgaussian behavior of the cross-entropy
loss under SGD training. In Figure 4.5a-4.5b, we compare our Theorem 4.3.2 with [213,
Theorem 2|. Since both bounds incorporate the same R, the results in Figures4.5a to 4.5b
show that our Theorem 4.3.2 outperforms [213, Theorem2|. This aligns with expectations
(see Appendix B.1.1 for additional discussions), considering that the isotropic Gaussian
used in the auxiliary weight process of [213, Theorem 2| is suboptimal, as demonstrated in
Lemma 4.3.2. Moreover, Figures 4.5¢ to 4.5d hint that norm-based bounds Corollary 4.4.2
(and Corollary B.3.1) exhibit growth with n, which are also observed in [148]. In contrast,
Corollary 4.4.1 effectively captures the trend of generalization error, emphasizing the sig-
nificance of the geometric properties of local minima. Additionally, while trajectories-based
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Figure 4.5: Estimated trajectories-based bound and terminal-state based bound, with R
excluded. Zoomed-in figures of generalization error are given in Figure B.2 in Appendix.

bounds may appear tighter, terminal-state-based bounds seem to have a faster decay rate.

4.6 Conclusion

In this chapter, we invoke the SDE approximation of SGD so that information-theoretic
generalization bounds are directly applicable to SGD with two opportunities. First, dy-
namics characterized by SDE enable us to obtain trajectories-based bounds by the step-wise
analysis of mutual information. In addition, with some mild assumptions, we also obtain
some new bounds based on the terminal state of SGD. While the results in this chapter
exhibits certain limitations, such as the requirement of positive definiteness for C; in our
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trajectories-based bounds, it’s worth noting that recent studies [58, 119, 72, 116] indicate
that many parameters in deep neural networks might be dispensable without affecting
generalization. This implies that GD/SGD could potentially occur in a subspace of R?
termed the “intrinsic dimension” dy,;. Defining C} within this invertible subspace, utilizing
dint, could potentially overcome our current limitations. Theoretical characterization of
intrinsic dimension, however, remains an open problem, and further exploration in this
direction is poised to significantly improve our work. In addition, there are also some
other promising directions for further improving this work, for example, via using other
posterior and prior covariance instead of steady-state covariance (e.g., we also give one in
Theorem B.5.1 in Appendix), and via extending the similar analytical approach used in
this work to other optimizer (e.g., Adam, Adagrad, ...).
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Chapter 5

Tighter Information-Theoretic
(Generalization Bounds from
Supersamples

5.1 Overview and Main Contributions

In this chapter, our development is restricted to the supersample setting of [199], on which
we establish novel CMI/MI bounds which are all easy to measure and tighter than the
existing bounds in the same setting. Specifically, 1) we first show that the loss pair used
in e-CMI can be replaced by the loss difference, giving rise to a disintegrated CMI bound
(cf. Theorem 5.3.1) and an unconditional MI bound (cf. Theorem 5.3.2). Both are tighter
than the previous square-root CMI bounds, all within the context of the same supersam-
ple construction. In particular, the obtained unconditional MI term can be interpreted
as the achievable rate over a memoryless channel in communications. We then show that
in the interpolating regime (i.e., training error being zero) and under zero-one loss, the
generalization error of the learning algorithm can be precisely expressed by the averaged
communication rate (cf. Theorem 5.3.3). In other words, we obtain the “tightest bound”
of generalization error in this setting. We also establish a novel chained MI bound (cf.
Theorem 5.3.4) that is particularly advantageous for continuous and unbounded losses. 2)
Following a symmetric argument for Rademacher process, similar to [245], we explicitly
exploit the symmetric structure of expected generalization error by correlating losses with
a Rademacher sequence and obtain a novel MI bound involving single losses (cf. Theo-
rem 5.4.1). Using the communication perspective, we show that the MI quantities in the
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bound are upper-bounded by the entropy function evaluated at half of the testing error
(cf. Theorem 5.4.2). 3) By correlating losses with a shifted Rademacher sequence, we give
novel fast-rate MI bounds of the weighted generalization error (cf. Theorem 5.4.3). 4) In
order to enhance the fast-rate bound in the non-zero training error regime, we extend our
analysis by deriving two additional bounds: a variance-based MI bound (cf. Theorem 5.4.4)
and a sharpness-based MI bound (cf. Theorem 5.4.5). These novel bounds also incorporate
symmetric arguments, as shown in Lemma 5.4.4 and Lemma 5.4.6, respectively. 5) Ex-
perimental results show that our bounds nicely track the generalization dynamics of both
linear models and non-linear neural networks, and our fast-rate bounds are tighter than
the binary KL bound proposed in [92], the tightest information-theoretic bound known
to date for small, non-zero training error. 6) As a by-product, we also develop a novel
Wasserstein distance based bound (cf. Theorem 5.3.5).

Proofs, additional analysis and experimental results are included in Appendix C.

5.2 Supersample Setting

The CMI framework for bounding generalization errors is first introduced in [199]. Let
Z € Z™2be an n x 2 matrix, serving as “supersample”, where every entry is drawn i.i.d.
from p. For notational convenience, we assume that the columns of Z are indexed by {0,1}
instead of by {1,2}. We further denote the ith row of Z as Z; with entries (Z;, Z;,). Let
U= (Uy,Us,...,U,)T ~ Unif({0,1}"), independent of Z, be used to select a training set
S from Z: U; = 0 dictates that Zo in Z be included in the training set S, and Z 1 be
used for testing; U;=1 dictates the > opposite. Then, the constructed training sample S is
equivalent to Zy = {Zz Uit 1 Let U; = 1—Uj, then the testing sample is Z; = {Z, 7.}

In addition, let L,y = 2 U(A(Zy), ZZ o) and L;; defined similarly. We use L; = (L, 0, L;1) to
denote the loss pair in the 7th row and AL, = L;; — L; be the difference in the pair. To
avoid clutter, we might use the superscripts + and — to respectively replace the subscripts
0 and 1 in our notations, e.g., Z;* = Z;o, Z7 = Z;1, L = Lig and L; = L;,

5.3 Generalization Bounds via Loss Difference

5.3.1 Loss-Difference CMI Bound

Using the loss difference, we first present the following square-root CMI bound.
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Theorem 5.3.1. Assume that the loss is bounded between [0, 1], we have

E,(A)] < = ZE~ 2IZ(AL; U;) < Z 2I(AL; Ui|Z).

Noting the Markov chain U — W — fW(Z-) — L; — AL; (conditioned on 7 ) and due
to the data-processing inequality (DPI), this “loss-difference CMI” (or “ld-CMI”) bound
in Theorem 5.3.1 (the second bound) is tighter than the bound in the previous works
[199, 77, 82, 92|, namely, (ALZ,U|Z) < I(L,,U|Z) < I(fw( i); U|Z) < ](W U|Z)

1d—CMI e—CMI f—CMI cMI

It is remarkable that the 1d-CMI bound can be significantly tighter. To see this, we re-
express the loss function ¢ as a function on Y? = Y x ), where [ (y,v') is the loss value
of the predicted label y with respect to true label y’. We say that two elements (y1,y])
and (yo,y5) in V? are loss-equivalent and write (yi,y)) =¢ (y2,y5) if L(y1,y}) = L(ya, Yb).
It is straight-forward to verify that =, is an equivalence relation on }?. Let £ denote
the image of Y? under ¢. The quotient space }?/ =, or the set of equivalence classes
modulo =, has a one-to-one correspondence with £, under which we may identify Y2/ =,
with £. Furthermore, we say that two loss pairs (£4,¢,) and ({p,l) in L? = L x L are
loss-difference-equivalent and write (€4, 0) =a (Up,ly) if by — 0y = lp — l5. Then =4
is likewise an equivalence relation on £2, which induces the quotient space £2/ =a. Note
that fW( ;) is a random variable on Y4 = )? x Y? whereas AL; is a essentially a random
variable on £2/ =4, which can be identified with (2/ =,)* / =4 under the aforementioned
one-to- one correspondence. There can be a significant reduction of space size from Y* to
(V2/ =,)* ) =a when Y or L is large (assuming they are finite, to fix ideas). Thus, AL,
reveals much less information about U; than f,(Z;) does, making the term I(AL; Uj 1Z)
significantly smaller than I( fW( :); Ui |Z ) and suggesting that the 1d-CMI bound can be
much tighter than the f-CMI bound. A similar argument can be made comparing the
1d-CMTI and the e-CMI bounds.

It is noteworthy that the loss-difference CMI bound is easier to compute than the f-CMI
and e-CMI bounds, since AL; is a scalar. Interestingly, when regarding AL; as a (scaled)
one-dimensional projection of L; on a particular direction, the term I(AL;; UZ|§ ) shares
some similarity with the notion of Sliced Mutual Information (SMI) recently proposed in
|65, 66]; the difference is that SMI requires averaging over a random direction of projection.
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1—oa; — € 1—q;

Figure 5.1: Left: channel from U; to AL;. Right: channel from U; to L;. Zero-one loss
assumed.

5.3.2 Loss-Difference MI Bound

Under the setting of supersample as above, we can also obtain a generalization bound
based on the loss-difference MI without conditioning on the supersample.

Theorem 5.3.2. Assume that ((-,-) € [0, 1], then

1 n
) < 30 VAIBLT),

By the independence of U; and Z, I(ALy; U;) < I(ALy; Up)+1(U;; Z|AL;y) = I(AL; Ui | Z).
Then the bound in Theorem 5.3.2 is tighter than 1d-CMI bound in Theorem 5.3.1, although
not directly comparable to the first bound in Theorem 5.3.1.

It is interesting to relate the MI I(AL;; U;) to a communication setting where Par, v,
specifies a memoryless channel with input U; and output AL;. Then I(AL;;U;) is the
rate of reliable communication over this channel achievable with the input distribution Py,
(which is Bern(3) by the construction of U) [189]. Consider the special case where £(-, ) is
the zero-one loss, i.e., {(w, z) = 1y, (s)£y. In this case, AL; € {—1,0,1}, and the channel
is shown in Figure 5.1 (left), in which ¢; and «; are transition probabilities as shown on
the respective transition edges. In particular, recalling AL; = L; — L, we see that «; is
the probability that in Z; the instance selected from training has the same loss value as
that selected for testing, and that ¢; is the probability that the training instance in Z; has
a higher loss value than the testing instance. It follows that any interpolating algorithm,
namely, one that achieves zero training error must have ¢; = 0 for each i. The following

theorem can then be proved.

Theorem 5.3.3. Under zero-one loss and for any interpolating algorithm A, I1(AL;;U;) =
(1 — ;) In2 nats for each i, and |£,(A)| = L, = S {OLLD,

i=1 nln2
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In this case, the generalization error is exactly determined by the communication rate
over the channel in Figure 5.1 (left) averaged over all such channels, making Theorem 5.3.3
the obviously the “tightest bound” of generalization error in the “interpolating regime”. It
is of course also tighter than the interpolating bound in [92], which may be alternatively
seen from I(ALy;U;) < I(Li;Ui|Z). Note that [76] also gives a MI quantity that can
determine the generalization error in the interpolating case, although their leave-one-out
MI is between an n + 1-dimensional random variable and an one-dimensional random
variable, and its corresponding bound is established without exploiting the communication
perspective.

Furthermore, it is possible to establish further tightened loss-difference MI bounds
for more general loss functions than those required in Theorem 5.3.2. Specifically, the
loss function can be unbounded and continuous, as presented in next theorem, where
we apply the chaining technique [11, 74, 248, 37| and the obtained bound consists of
MI terms between U; and the successively quantized versions of AL;. To that end, let
EL(A)¥(AL) £ (—1)ViAl; and let T' C R be the range of Al. Then {&€,(A)(AL)}aser
is a random process', applying the stochastic chaining method [248]| gives the following
chained MI bound.

Theorem 5.3.4. For each i € [n], we assume {AL;;};>, s a stochastic chain' of
({SM(.A)I(A&)}AQEF, ALZ), thGTL

1 n 00
EM(A) S E Z Z \/QE HALz,k — ALi’k_1|2]](ALi7k; UZ),

i=1 k=kg

where AL,y is the kth level of quantization of AL;, the RHS expectation is taken over
(ALjg, AL;ij—1).

Notice that the bound is expressed as MI terms each involving U; and AL, , both
being discrete random variables. This has not arose in the previous chained weight-based
MI bounds where they either contain the continuous random variable S [11, 248, 37] or
are conditioned on the continuous random variable Z [74]. Additionally, by the mas-
ter definition of MI [41, Eq. (8.54)], we know that I(AL;;U;) = sup, I(AL;;U;), and
I(AL;; U;) = I(AL;; U;) when k — oo.

For bounded loss, the diameter diam(I") is finite, we can use hierarchical partitions as in

[11] to construct a deterministic sequence of {AL;  }32, . This is deferred to Corollary C.2.1
in Appendix.

!Some prerequisite definitions of the chaining technique (such as stochastic chain, separable process and
subgaussian process) are give in the Appendix C.1.
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5.3.3 Loss-Difference Bound Beyond CMI and MI

It is possible to develop generalization bounds based on the loss differences in the super-
sample using distances or divergences beyond the information-theoretic measures. Here
we present such a bound based on Wasserstein distance. As investigated in the previ-
ous literature [180], Wasserstein distance usually gives a tighter bounds than the mutual
information.

Theorem 5.3.5. Assume that ((-,-) € [0, 1], then

1 n
1Eu(A)| < o ;Ew [W(Par,v,, Par,)]-

Unlike the results in [180], here we do not require the loss to be Lipschitz continuous.

5.4 Generalization Bounds via Correlating with Rademacher
Sequence

We have so far obtained tighter square-root MI bounds based on the information measures
(and their variants) between the loss difference AL; and the mask variable U;. However,
the loss difference may not be used to obtain the fast-rate generalization bound where
the square root function is removed [68, 90, 92]. This is because deriving the fast-rate
bound usually relies on a weighted generalization error, for which one loses the center-
symmetric structure of the standard generalization error. Specifically, knowing AL; and
U; is sufficient to determine the generalization error at ith position by (—1)YiAL;. However,
for the weighted generalization error at ith row defined by E¢, = L,z — C1L;y, (for some
constant C > 0), having U; and a weighted loss difference A¢, L; = L; — C1 L}, does not
allow its recovering from (—1)ViA¢, L; since L — CyL; # C1L} — L; in general. Indeed,
knowing both L; — C1L} and L — C1L; requires knowing L;. Then in order to obtain
fast-rate bounds, we need to give up the loss difference and return to the original e-CMI
as in [92].

Therefore, if we still want to use a MI between two one-dimensional random variables
to bound the error, we need to find another trick. This motivates us to use a Radamecher
viewpoint to derive the CMI bounds. Before we handle the fast-rate CMI bound for the
weighted generalization error, we again consider the standard generalization error.

50



5.4.1 Single-Loss MI Bounds

Although the CMI setting, particularly its construction of the “ghost sample”, is concep-
tually related to the Rademacher complexity [15], the information-theoretic generalization
bounds in previous literature do not explicitly exploit this connection. Fortunately, both
information-theoretic bounds [151, 89, 90, 92| and the Rademacher viewpoint [108, 233]
are shown connected to the PAC-Bayes bounds, we thus derive a variant of e-CMI bound
by invoking a similar symmetric argument with [245, 233|.

We first note the following lemma.

Lemma 5.4.1. The expected generalization error E,(A) = 257" B+ [&L]], where
E; = (—1)UZ

Note that e;., = {&;}, is a sequence of Rademacher random variables, and the lemma
suggests that &,(A) = 2Ez+ Ee Epv 5o (LS & LF], where Zf, = {Z '}, and
L, = {Lf}%,. Then, recall that the Rademacher complexity is defined as R, (W) £
EsEe,., [supyew = >oi eil(w, Z;)] [15]. Notably, the expected generalization error can be
viewed, up to a scale factor 2, as an “average” version of the Rademacher complexity. While
E,.(A) considers the average correlation between the loss sequence and the Rademacher

sequence, the Rademacher complexity measures the worst such correlation. Thus, &,(.A) <
2R, (W).

Based on Lemma 5.4.1, we have the following bound.

Theorem 5.4.1. Assume E(-, -) € [0, 1], we have

2I(LT: U, Z \/21 (fw (X;H): Ui | 2).

The variable U; in the above MI/CMI terms can obviously be replaced by &;. Thus
the theorem can be interpreted as using a different notion of “average correlation”, namely
mutual information, between losses (or predictions) and Rademacher noises to bound the
original notion of average correlation (as stated in Lemma 5.4.1 and discussed earlier).

This bound may not be directly comparable to others due to the undesired constant of
2 outside of the square root function in the bound. We will soon see that I(L;"; U;) based
bound will be more useful when the square root is removed.

For the zero-one loss, the dependence between U; and L} is characterized by the com-
munication channel given in Figure 5.1 (right). In this case, U; = 0 indicates Z;" is selected
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for training, then p; is the error rate on this training instance. Similarly, when U; = 1, va
is used for testing, then 1 — ¢; is the error rate on this testing instance. In practice, we
usually have p; < 1 — p; since L is more likely to be zero when Z;" is a training instance,
and we may also have p; < 1 — ¢; since L] is more likely to be one when ZJF is a testing
instance compared with the case when Zj is used in training. When p; = 0, this channel
reduces to a Z-channel [41]. This corresponds to an interpolating algorithm, for which we
have the following theorem.

Theorem 5.4.2. For zero-one loss and any interpolating algorithm, we have % S I(LHUy) <
H (L
(5)-
When the loss is not discrete, we can again obtain a chained MI bound by quantizing
the continuous random variable L], which is given in Theorem C.3.1 in Appendix C.3.4.

5.4.2 Fast-Rate MI Bound

“w
(1+ C4)L,, where (] is a prescribed constant. This notion is important for obtaining the

fast-rate PAC-Bayes bounds [33].

We are now in a position to discuss the weighted generalization error, gMC1 (A £ L, —

To bound this weighted generalization error, similar to Lemma 5.4.1, we have the
following symmetry argument.

Lemma 5.4.2. The weighted generalization error can be rewritten as

n

551 (A) _ 2+ Cl Z ]E’L;Lfi [éle_}’
=1

(&5
Ci1+2°

where & = (—1)Vi — Clcer is a shifted Rademacher variable with mean —

The relationship between Err and Rademacher complexity also likewise extends to that
between SMC 1(A) and “shifted Rademacher complexity", which is defined as

5%” (W) é ESEélzn

?

1 n
sup — gl(w, Z;
we\I/)V n ; ( )

namely £ (A) < 2R, (W).

Then, we are ready to present the following bounds.
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Theorem 5.4.3. Let ((-,-) € [0,1]. There exist Cy,Cy > 0 such that

L, <(1+Cy)L Z Cn, (5.1)
2

41(L;; Uy) "\ L, I(L Uy
L, <L, +4 —_t 5.2
+ Z 2= (5:2)
Furthermore, if A is an interpolating algorithm, we have

ZZIL Ui). 53)

nln?2

Notice that Eq. (5.2) does not depend on C1, Cs, as it is obtained via minimizing the
bound in Eq. (5.1) over a region of (Cy,Cs) in which Eq. (5.1) hold.

Comparing Eq. (5.3) with the interpolating bound in [92, Eq. (12)], the main difference
is that their bounds? are based on I(L;, L; ; U;), instead of 21 (L;"; U;). This difference could
be characterized by the interaction information [236|, namely I(L};U;; L) = I(L]; U;) —
I(L7; U|Ly) = 2I(L;; Uy) —I(Li; U;) (where the second equality is by the chain rule of MI),
and the value I(L;; L;; U;) could be positive, negative and zero. Hence, the interpolating
bound could be further improved as below

min{2/(L;; U;), I(Li; U;)}
L,< ) 5.4
Z n 111 2 (54)
This bound is strictly non-vacuous since the RHS of Eq. (5.2) is upper-bounded by w

1. Note that the “tightest bound” of the interpolating algorithm is already obtained in The-
orem 5.3.3.

Previous works [199, 92| suggest that the fast-rate bounds for the weighted generaliza-
tion error are typically useful when the empirical risk is small or even zero, which may
restrict their applications. In the sequel, we introduce two new types of MI bound that
can further extend Eq. (5.1) in Theorem 5.4.3.

2Note that [92] uses I(L7, L7 ;U;|Z) but this CMI term can be strengthened to the unconditional MI

AR Rt ]

by using the same development in this chapter.
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5.4.3 Variance Based MI Bound

Inspired by the above Rademacher perspective, we first present a new bound that depends
on the MI term and a notion of loss variance, defined below.

Definition 5.4.1 (y-Variance). For any v € (0,1), y-variance for a learning algorithm is
defined as

n

V(7) £ Bus |~ S (€W, Z) — (1 +9)Ls(W))?

=1

By definition, ~-variance also depends on the data distribution. In the zero-one loss
case, it can be characterized by the following lemma.

Lemma 5.4.3. Under the zero-one loss assumption, we have V() = L,—(1—7?)Ew.s [LE(W)].

Loss variances, of any kind, have not appeared in the information-theoretic general-
ization bounds developed to date. Such a notion however does arise in the PAC-Bayes
literature, where such an idea traces back to [185, 204]. Different from these works, here
we utilize an expected empirical variance, and the distribution of W in this case is gener-
ated by the learning algorithm rather than the posterior distribution used for prediction
in PAC-Bayes.

The gap between £,,(A) and V() also has a “symmetry lemma” (similar to Lemma 5.4.2)
correlating to the shifted Rademacher sequence.

Lemma 5.4.4. For any C; > 0, we have

24 C
E(A) — OV (7) < —”ZEL+ . [&L1),

where & = g; — % is the shifted Rademacher variable with mean —CIC;;’;.
Theorem 5.4.4. Assume ((-,-) € {0,1}, v € (0,1). Then, there exist C1,Cy > 0 such

that

E.(A) <V Z i (5.5)

Notably, the interpolating setting is a sufficient but not necessary condition for the
zero ~y-variance, that is, L, = 0 makes V(vy) = 0, but V(y) = 0 does not indicate that
L, = 0. In addition, by Lemma 5.4.3, Eq. (5.5) can be rewritten as L, < (1+ C})L, —
C1(1 =) Ews [LE(W)] + 30, I(Lcif” so for the fixed Cy and Cj, the bound of Eq. (5.5)
is tighter than the bound of Eq. (5.1) with the gap being at least C(1 — *)Ew.s [LE(W)].
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5.4.4 Sharpness Based MI Bound

The nice generalization property of deep neural networks is often credited to the “flat min-
ima” [100] of loss landscapes. Recently, [153] and [213] have proved that the generalization
error can be upper-bounded by a MI based term plus a sharpness (or flatness) related term.
Following the similar development in the previous section, we are able to obtain a bound
that also depends on a MI term and a sharpness term, where we use a completely different
analysis with [153, 213].

We first define a notion of sharpness.

Definition 5.4.2 (A-Sharpness). For any A € (0, 1), the “A\-sharpness” at position i of the
training set is defined as

Fi(\) 2 Bwz, [6W, Z;) — (1 + NEwz,W, Z)].

This A-sharpness can be regarded as an expected version of the “flatness” used in [233]
with W ~ Py, instead of some posterior distribution of WW.

Lemma 5.4.5. Assume ((-,-) € {0, 1}, we have Fy(\) = Ew,z, [((W, Z;)|—(1-N*)Ez, |Ef, . (W, Zy))|.

Let F(A) = + 3" | F;(\). Similar to Lemma 5.4.1, Lemma 5.4.2 and Lemma 5.4.4, we
have the following symmetric argument.

Lemma 5.4.6. For any Cy > 0, we have

E(A)—CLF(N) = Cl”ZEﬁU {gﬁ Cl(l—_méihwi)},

Ci+2
where €, = ¢; — CC—_b and &; = g; — 1 are the shifted Rademacher variables, and h(U;) =
EZTIUi [ELﬂT LJF}

We are then ready to present the following bound.

Theorem 5.4.5. Assume ((-,-) € {0,1}, A € (0,1). Then, there exist C1,Cy > 0 such
that

Eu(A) <C\F Z Cn Ui : (5.6)
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Similar to the variance based bound, zero A-sharpness is a weaker condition than the
interpolating assumption. In particular, Eq. (5.6) could be tighter than Eq. (5.1) in The-
orem 5.4.3 when the empirical risk is non-zero. Specifically, Eq. (5.6) can be rewritten as

+.77.
L,<(1+4C)L,—Ci(1=N)L2+>", I(LC—WU) by Lemma 5.4.5 and Jensen’s inequality.
If C1,Cy are fixed, then the sharpness based bound is always tighter than Eq. (5.1) and

the gap is at least C1(1 — \?)L2.
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Figure 5.2: Comparison of bounds on the synthetic eCMI/dataset. (a) Binary classification
with a separable p (i.e. the interpolating setting). Notice that the variance bound nearly
coincides with &,(.A). (b) Binary classification with a non-separable p. (c) Ten-class
classification with a separable u. (d) Ten-class classification with a non-separable p. The
binary KL bound is removed in (d) since it is always > 1.

To conclude this section, we give a bound that combines the variance and the sharpness.
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Corollary 5.4.1. Assume {(-,-) € {0,1} and v, X € (0,1), then there exist Cy,Cy > 0 such
that

£.(A4) < Comin{V(3), FOV} + Y I(i—@U)

We remark that if A satisfies any of the following: (i) L,, — 0; (ii)V/ () — 0 for some
.0,
v € (0,1); (iii) F'(\) — 0 for some A € (0,1), we all have ,(A) <>, 202 0:)

nln2

5.5 Numerical Results

In this section, we empirically compare some CMI and MI bounds discussed in this chap-
ter. Our first experiment is based on a synthetic Gaussian dataset, where a simple linear
classifier (with a softmax output layer) will be trained. The second experiment follows
the same deep learning scenario setting with [82, 92|, where we will train a 4-layer CNN
on MNIST [117] and fine-tune a ResNet-50 [87] (pretrained on ImageNet [47]) on CI-
FARI10 [114]. In all of these experiments, we let the loss be the zero-one loss, namely
l(w, z) = 1y, (2)2y, and we apply the empirical risk minimization (ERM) to find the hy-
pothesis, namely w = arg min,ey Lg(w). Since such loss is not differentiable, to enable
the gradient based optimization methods such as SGD, we hereby use the cross-entropy
loss as a surrogate classification loss during training. Notice that Err is still defined with
respect to the zero-one loss in our experiments.

Under these settings, we will mainly compare the disintegrated 1d-CMI bound in the first
inequality of Theorem 5.3.1 (Disint.), the unconditional MI bound in Theorem 5.3.2 (Un-
condi.), the weighted generalization error bound in Eq. (5.2) of Theorem 5.4.3 ( Weighted),
the variance bound in Theorem 5.4.4 ( Variance) and the sharpness bound in Theorem 5.4.5
(Sharpness). Besides, we will include the binary KL bound in [92] as a baseline, which is,
to the best of our knowledge, the tightest fast-rate CMI bound in the literature when L, is
close (but not equal) to zero. In addition, we note that the difference between the variance
bound and the sharpness bound is negligible in the current scale of the figures, so for each
figure we only report one of them. The comparison between the variance bound and the
sharpness bound, and more comparison of other bounds mentioned in this chapter (such as
interpolating bounds and single-loss based square-root bounds) are given in Appendix C.5.
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Figure 5.3: Comparison of bounds on two real datasets, MNIST (“4 vs 9”) and CIFARI0.

5.5.1 Linear Classifier

We will first use a simple linear classifier to carry out the Gaussian data classification task
(see Appendix C.5.2 for more details of data generation and training). There are at least
two major benefits of using such a synthetic dataset. On the one hand, the ground-truth
distribution p is known so we can draw unlimited supersamples, allowing repeatition of
experiments so as to obtain an accurate estimate of the desired quantity (e.g., for each n,
we repeat the experiment 5000 times, each with a random (Z ,U) and report the average).
On the other hand, the separability of different classes is adjustable, allowing for a control
of the task difficulty. Specifically, we will consider both the zero training loss case (i.e. a
separable 1) and the high training loss case (i.e. a non-separable p).

In the binary classification tasks (i.e. |Y| = 2), the evaluations of Err and the bounds
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are given in Figure 5.2a and Figure 5.2b. When p is separable (Figure 5.2a), the algorithm
can always interpolate the training sample. In this case, the fast-rate bounds are tighter
than the square-root bounds, and the variance bound (or the sharpness bound) is the
tightest. Moreover, notice that here the the disintegrated CMI bound is tighter than the
unconditional MI bound. For a more challenging classification task (Figure 5.2b), L,, is no
longer zero, the square-root bounds become tighter than the binary KL bound. Indeed,
[92] shows that when the empirical risk is large, the square-root bound will be tighter than
their fast-rate bounds. In contrast, our variance bound is even slightly tighter than the
square-root bound of Theorem 5.3.2 in Figure 5.2b. Additionally, notice that unlike the
realizable case (the one with separable p), the unconditional MI bound is now tighter than
the disintegrated CMI bound.

We also conduct experiments in the ten-class classification task (i.e. || = 10), and the
results are shown in Figure 5.2¢ and Figure 5.2d. In the realizable case (Figure 5.2¢), the
results are similar to binary classification except that the binary KL bound is tighter than
all the other bounds when n = 10, which is the only case we observe where the binary KL
bound outperforms Theorem 5.4.4 and Theorem 5.4.5. In addition, it is worth mentioning
that Eq. (5.2) decays much faster than the square-root bounds in Figure 5.2¢ (and also in
Figure 5.2b). For the non-separable case in Figure 5.2d, only the unconditional MI bound
in Theorem 5.3.2 is non-vacuous for all the values of n. While the binary KL bound is
removed in this case since it is always vacuous, our sharpness bound is competitive to the
square-root bound when n > 50.

5.5.2 Neural Networks

To compare information-theoretic generalization bounds of modern deep neural networks,
we follow the same experiment settings in [82, 92|. Specifically, we train a 4-layer CNN
model on a binary MNIST dataset (“4 vs 9”) and also fine-tune a pretrained ResNet-50
on CIFAR10. Unlike the previous synthetic dataset case, here we can only repeatedly run
experiments (with different Z and U) for limited times due to the high computation com-
plexity. Thus, we report the both average numerical values and their standard deviations.
Notice that our code is primarily the same as the code provided by [92], which is originally
based on the code in https://github.com/hrayrhar/f-CMI. More experiment details can be
found in Appendix C.5.2.

Observations in the binary MNIST experiment (Figure 5.3a) are close to the realizable
binary classification case in Figure 5.2a (both near the interpolating regime). For example,
the fast-rate bounds are tighter than the square-root bound. Notably, our sharpness bound
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(or variance bound) significantly improve the the binary KL bound in both the MNIST
experiment (Figure 5.3a) and the CIFAR10 experiment (Figure 5.3b), while Eq. (5.2) is
slightly weaker than the binary KL bound. Furthermore, we also compare the bounds
when the CNN model is trained by a SGLD algorithm [172], a variant of SGD, on the
binary MNIST dataset. In this case, we add the weight-based MI bound of SGLD in [151,
Eq. 6] as a baseline. Figure 5.3c suggests that both of our sharpness bound and Eq. (5.2)
improve the binary KL bound. Notably, [82] and [92] observe that f-CMI bound and
e-CMI bound are worse than the SGLD bound in [151] at the beginning of training. As
shown in Figure 5.3d, although our sharpness bound is still looser than the SGLD bound
in [151] before the fifth epoch, our sharpness bound significantly shrinks the gap with the
SGLD bound during early training.

5.6 Limitations and Other Related Literature

Limitations More recently, the limitations of information-theoretic bounds in explain-
ing the generalization properties of stochastic convex optimization (SCO) problems have
been investigated by [78]|. In their study, the authors demonstrate that almost all exist-
ing information-theoretic bounds, except for the chained MI/CMI bounds, fail to vanish
in at least one of their counterexamples, despite the true generalization error vanishing.
Unfortunately, neither our loss-difference MI/CMI bounds nor our single-loss MI bounds
are capable of overcoming such limitations revealed in their constructed counterexample
presented in |78, Theorem 17]. Note that we will tackle these limitations in Chapter 7.

In [92], the authors provide an e-CMI generalization bound for a generic convex func-
tion of the training loss and test loss. Although our analysis, using either loss-difference
CMI/MI bounds or single-loss MI bounds, may not be directly applicable to general convex
comparison functions between the training loss and testing loss, one potential alternative is
to consider the square of the loss difference, for which similar techniques can be employed
to derive generalization bounds.

Furthermore, it is important to note that all our new information-theoretic generaliza-
tion bounds are derived under the assumption of independent and identically distributed
(i.i.d.) training instances. Exploring the possibility of relaxing this assumption represents
a promising avenue for future research.

Other Related Work As also mentioned in Chapter 3, information-theoretic general-
ization bounds have been explored for some specific algorithms. For example, the weight
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based information-theoretic bounds have been successfully applied to characterize the gen-
eralization properties of SGLD [168, 29, 151, 77, 179, 210], and more recently, these bounds
are also used to analyze either the vanilla SGD [153, 213] or the stochastic differential equa-
tions (SDEs) approximation of SGD [214]. To apply the weight based MI or CMI bounds
for SGD and its variants, unlike the bounds in this chapter and [82, 92| that treat the
learning algorithm as a black-box, these weight based bounds are usually further upper
bounded by some quantities along the trajectories of the algorithms (e.g., gradient inco-
herence [151]). This then points to a future direction: Can the losses-based or predictions-
based information-theoretic bounds be exploited the similar trajectory information of the
gradient based algorithms?

It is also noteworthy that recently [76] and [175] concurrently propose a variant of the
initial CMI framework [199], the “leave-one-out” (LOO) CMI setting, where their super-
sample is a n+ 1 vector instead of a n x 2 matrix. While our development in this chapter is
restricted to the latter, it is curious and tempting to compare—or connect—the two. We
leave this as a future work.

In addition to the supervised learning setting, information-theoretic bounds have found
applicability in various other learning scenarios, showcasing their versatility. These scenar-
ios include meta-learning [91], semi-supervised learning [86], transfer learning [225], domain
adaptation [215], and so on. It is reasonable to expect that our findings can be effectively
utilized in these diverse learning settings as well.

5.7 Conclusion

It is generally crucial to establish tighter generalization bounds that are also easy to
measure. Otherwise, it becomes challenging to determine whether the insights derived
from theoretical guarantees hold practical significance. In this chapter, we obtain some
novel and easy-to-measure information-theoretic generalization bounds. These bounds are
demonstrated to be tighter than the previous results in the same supersample setting of
[199], either theoretically or empirically. In our development, we also discuss some other
viewpoints of generalization in the current supersample construction including explaining
generalization via the rate of reliable communication over the memoryless channel, and via
correlating with the Rademacher sequence. These new insights may help to design new
learning algorithms or discover novel algorithm-dependent complexity measures.
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Chapter 6

Information-Theoretic Analysis of
Unsupervised Domain Adaptation

6.1 Overview and Main Contributions

In this chapter, we analyze the generalization ability of hypotheses and learning algorithms
for unsupervised domain adaptation (UDA) tasks using the information-theoretic frame-
work. The foundation of our technique is still the Donsker-Varadhan representation of KL
divergence (cf. Lemma 2.4.1). We present novel upper bounds for two notions of gen-
eralization errors. The first notion (“population-to-population (PP) generalization error”)
measures the gap between the population risk in the target domain and that in the source
domain for a hypothesis, and the second (“expected empirical-to-population (EP) general-
ization error”) measures the gap between the population risk in the target domain and the
empirical risk in the source domain for a learning algorithm. We show that the PP gener-
alization error for all hypotheses are uniformly bounded by a quantity governed by the KL
divergence between the two domain distributions, which, under bounded losses, recovers
the the bound in [158]. We then show that this KL term upper-bounds some other measures
including Total-Variation distance [21], Wasserstein distance [190] and domain disagree-
ment [63]. Thus, minimizing KL-divergence forces the minimization of other discrepancy
measures as well. This, together with the ease of minimizing KL [158|, explains the effec-
tiveness of the KL-guided alignment approach. For expected EP generalization error, we
develop several algorithm-dependent generalization bounds. These algorithm-dependent
bounds further inspire the design of two new and yet simple strategies that can further
boost the performance of the KL guided marginal alignment algorithms. Experiments are
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performed to verify the effectiveness of these strategies.

6.2 Related Work

Domain Adaptation Many domain adaptation generalization bounds have been devel-
oped [21, 20, 46, 138, 190, 242, 63, 3|, and various discrepancy measures are introduced to
derive these bounds including total variation |21, 20, 46, 138|, Wasserstein distance [190],
domain disagreement [63] and so on. In particular, bounds based on HAH in [20] are
restricted to a binary classification setting and assume a deterministic labeling function.
Furthermore, [20]| also assumes the loss is the L; distance between the predicted label
and true label (which is bounded). Our bounds work for the general supervised learning
problems with any labelling mechanism (e.g., stochastic labelling), and we do not require
the specific choice of the loss (even unbounded). Recently, [192] proposed generalization
bounds using Jensen-Shannon (JS) divergence, which bear a relation to our Corollary 6.4.2.
While other algorithm-dependent bounds have been proposed for different transfer learn-
ing settings (e.g., [209]), they are not directly comparable to our own bounds. For more
details about the domain adaptation theory, we refer readers to [176] for a comprehensive
survey. In addition, the most common methods for domain adaptation involve aligning
the marginal distributions of the representations between the source and target domains,
for example, using an adversarial training mechanism [60, 190, 3| or aligning the first
two moments of the representation distribution [200]. There are numerous other domain
adaptation algorithms, and we refer readers to [222, 246, 211] for recent advances.

Information-Theoretic Generalization Bounds Beyond Supervised Learning Set-
ting Recently, information-theoretic analysis has also been used in other learning settings
including meta-learning [106, 107, 177, 35|, semi-supervised learning [85, 7| and transfer
learning [225, 106, 105, 139, 28|. In particular, [225, 105] consider a different problem setup
with ours. Specifically, their expected generalization error is the gap between the target
population risk and a weighted empirical risk combining both the source and the target
empirical risks, while our “EP” error is the gap between the target population risk and
the source empirical risk. That is, we focus on the role of the unlabelled target data in
cross-domain generalization when the source empirical risk is taken as a training objective,
whereas their works assume the existence of labelled target data and study their role in
domain adaptation.
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6.3 Refined Notation Systems

Unlike previous chapters, now we have two domains: a source domain and a target domain.
Let i and y/ be two distributions on Z, unknown to the learner, where u characterizes
the source domain and y' characterizes the target domain. We may also write p as Py
or Pxy and p' as Pz or Pxsys, which defines random variables 7 = (X,Y) and 7' =
(X', Y"), respectively. Let S = {Z;}", ~ pu®" be a labeled source-domain sample and

oo = {X[}7, ~ PP be an unlabelled target-domain sample. The objective of UDA is
to design an algorithm A that takes S and S’ as the input and outputs a weight W € W,
giving rise to a predictor fy, € F that “works well” on the target domain. Note that the
algorithm A is characterized by a conditional distribution Py g, sl

Let £ :Y x Y — R} be a loss function. The population risk for each w € W in the
target domain is defined as

LM’ (w) = IEZ’ [E(fw(X,)a Yl)]

and a good UDA algorithm hopes to return a weight w that minimizes this risk. Since p’
is unknown, one often uses recourse to the empirical risk in the source domain, defined as

Ls(UJ) = % Zg(fw(XZ% Y;)

Generalization error in this setting measures how well the hypothesis returned from the
algorithm generalizes from the source-domain training sample to the target-domain un-
known distribution y’. Taking into account the stochastic nature of the algorithm A, a
natural notion of generalization error for UDA can be defined by

Err 2 By (L (W) — Ls(W)] = Ewss, [Lw(W) = Ls(W)], (6.1)

where the expectation in the first expression is taken over the joint distribution of (W, S) ~
Py s x p®", and the expectation of the second expression is taken over the joint distribution
of (VV,S,S/ /) NPW\S,SB(, X,LL®n X Pf?,m

There is another notion of generalization error, more traditional in the domain adap-
tation literature, defined as the gap between the population risk in the target domain and
that in the source domain:

Err(w) £ Ly (w) — Ly(w). (6.2)
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where L,(w) £ Ez[¢(f,(X),Y)]. It is apparent that Err(w) and Err are related by the
following triangle inequality:

Ly (w) = Ls(w)| < [Lyw(w) = Ly(w)| + [Ly(w) = Ls(w)].

where the second term on the right hand side is the standard generalization error in the
source domain, which can be bounded by classical learning-theoretic tools, e.g., Rademacher
complexity [15]. Thus, bounding Err(w) helps bounding Err.

This chapter studies both notions of generalization error for UDA. Specifically, starting
from Section 6.5, we will mainly use information-theoretic tools to bound Err directly, with-
out going through Err(w). For the ease of reference, we refer to Err(w) as the population-to-
population (PP) generalization error for w and Err as the ezpected empirical-to-population
(EP) generalization error.

6.4 Upper Bounds for PP Generalization Error

We now present some upper bounds for E/;r(w). The key techniques used in developing
these bounds are the information-theoretic tools in the style of Lemma 2.4.1. These bounds
adopt certain KL divergence to measure the discrepancy between the source and target
domains. Notably, some previously established bounds are recovered under weaker condi-
tions. Additionally, we demonstrate that under certain conditions, the KL-based bound
is an upper bound of several other discrepancy measures and hence minimizing the KL
divergence forces the minimization of these other measures.

We first list some common assumptions on the loss function, which we consider in this
chapter.

Assumption 6.1 (Boundedness). (-, -) is bounded in [0, M].
Assumption 6.2 (Subgaussianity). (f,(X),Y) is R-subgaussian under y for any w € W.

Remark 6.4.1. Note that Assumption 6.1 implies Assumption 6.2, i.e., if {(f,(X),Y) is
bounded in [0, M|, then it is also M /2-subgaussian. Thus, Assumption 6.2 is weaker than
Assumption 6.1.

Assumption 6.3 (Lipschitzness). ¢(f,,(X),Y) is f-Lipschitz continuous in Z with respect
to a metric d on Z for anyw € W, i.e., [l(fu(x1), 1) —C(fu(x2),y2)| < Bd(z1, 22) for some
metric d on Z.
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Remark 6.4.2. Note that Assumption 6.1 implies Assumption 6.3 when d(z1,22) = 1, 44,,
i.e., if U(fu(X),Y) is bounded in [0, M], then it is also M-Lipschitz under the discrete
metric.

Assumption 6.4 (Triangle and Symmetric). £(-,-) satisfies the following: £(y1,y2) =
Uy2,y1) and €(y1,y2) < L(y1,ys3) + L(ys, y2) for any y1,y2,y3 € V.

6.4.1 Generalization Bounds via the Subgaussian Condition

The following generalization bound is established by combining Lemma 2.4.1 and Assump-
tion 6.2, and its corresponding sample complexity bound is discussed in Appendix D.2.8.

Theorem 6.4.1. If Assumption 6.2 holds, then for anyw € W,

Brr(w)| < 2RPDra(]lw).

Notably this result can be turned into a generalization upper bound providing guidance
to algorithm design, and at the same time it provides a lower bound of the generalization
error, highlighting some fundamental difficulty of the learning task. To illustrate this, we
present a corollary while noting that similar development can also be applied to other
bounds presented later in this chapter.

Consider that each f, is expressed as the composition g o h, where h is a function
mapping X to a representation space 7 and g is a function mapping 7 to ). For any
given h : X — T, denote by puy, the distribution on 7 x ) obtained by pushing forward
p via h, that is, up(t,y) = [6(t — h(z))du(z,y), where § is the Dirac measure on 7.
Similarly, let u; denote the distribution on 7 x Y obtained by pushing forward ' via h.

Corollary 6.4.1. Suppose that f, = g o h and that Assumption 6.2 holds, then for any
w e W,

Ly (w) — V/2RZDyer (i[[10) < Lys(w) < L (w) + y/2RDie (s m,)-

In this result, the lower bound of L, (w) indicates a fundamental difficulty in UDA
learning in that, using the same predictor mapping f,,, there is no way for the population
risk in the target domain to be lower than that of the source domain less than a constant
which depends only on the domain difference. On the other hand, the upper bound suggests
that it is possible to squeeze the gap between the two population risks by choosing an
appropriate representation map h - evidently such a map should be attempting to align p,
with py, or to align their respective proxies.
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It is also noteworthy that under Assumption 6.1 and due to Remark 6.4.1, Theorem
6.4.1 implies

— M
Err(w)| < 5 /Dra(PrllPx) + Dra(Broe 1 Prie). (6.3)

Similarly applying this result in the representation space 7, we see that Eq. (6.3) recovers
the bound in Proposition 1 of [158|. Notice that unlike [158|, Theorem 6.4.1 ( or Eq. (6.3))
does not require the loss to be the cross-entropy loss.

Theorem 6.4.1 and [158] both use the KL divergence from source domain to target

domain, Dk, (¢/||12), and in fact, ‘ETr/r(w)‘ can also be upper bounded by Dgy,(u||x'). This

can be done by invoking the subgaussianality of ¢(f,(X’),Y”) (rather than £(f,(X),Y));
for bounded loss, the subgaussianality of ¢(f,(X’),Y’) is also satisfied. Then we obtain
the following corollary.

Corollary 6.4.2. If Assumption 6.1 holds,
8 /Dicr (pl') + D (1'[[12)-

Remark 6.4.3. In the second inequality of Corollary 6.4.2, Dxr(u||p') + Dkr (i ||p) is
known as the symmetrized KL divergence, or Jeffrey’s divergence [101], and in fact, [158]
penalizes this measure between the source and target distributions in the representation
space. Notice that bounds in [192] are based on the JS divergence. Since there is a sharp
upper bound of the JS divergence based on Jeffrey’s divergence [43], minimizing Jeffrey’s
divergence (in the representation space) will simultaneously penalize the JS divergence.

Brr(w)| < 24 \/min{Dict (1), Drr (1)} <

In UDA, since Y’ is completely unavailable to the algorithm A, it is impossible to
minimize the misalignment of conditional distributions, i.e. Dk (Py/r||Pyr) where T
and T" are representations of source domain and target domain, respectively. A common
method is to assign pseudo labels to target data based on a learned source classifier [126].
However, it may also cause additional issues [191]|. For concreteness, suppose the trained
model @) can well approximate the real mapping between X and Y on source domain (i.e.
Qyr = Pyjr), which is usually the training objective. Let Y’ be the pseudo label of T”
generated by the trained model, i.e., QY/|T' = Qyr- Let Qpy, = PT’QY'|TH then the
following holds,

PT/,Y’ QT’,Y’

Dkw(Pry||Pry) = EPT/X/ log 0 P
Ty 4 TY

= Dkw(Pr|[Pr) 4+ Dk (Py 1| |Qyryp). - (6.4)
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For a specific ¢/, if P(Y' = /|T" = ') # 0 and Q(Y’" = /|T’ = #') = 0, then the second
term in RHS of Eq. (6.4), Dkr(Py/r||Qy:7v) — o0o. In this case, even when the marginal
distributions are perfectly aligned, the overall value of the upper bound is large. Thus,
incorrect pseudo labels may even have negative impact on the target domain performance.

In fact, the misalignment of the conditional distributions appears to be the main dif-
ficulty of UDA |21, 3]. The next corollary suggests that this difficulty may be alleviated
when the loss function satisfies the triangle property, namely, Assumption 6.4. It can be
verified that this assumption is satisfied by the 0-1 loss !; this assumption has also been
considered in previous works [138, 190].

Theorem 6.4.2. If Assumption 6.4 holds and let U fuwr (X)), fu(X)) be R-subgaussian for

any w,w' € W. Then for any w, Err(w) < \/2R?Dkp(Px/||Px) + \*, where \* =
mingew Ly (w) + L, (w).

Here \* measures the possibility of whether the domain adaptation algorithm will suc-
ceed under the oracle knowledge of u and y'. In particular, if the hypothesis space is
large enough, the minimizer w* for the “joint population risk” L, (w) + L,(w) may give
rise to Ly (w*) = L,(w*) = 0, then we're likely to generalize well on the target domain.
Then the KL divergence Dk, (Px:||Px) between the two X'-marginals alone bounds the PP
generalization error uniformly for all w € W.

This theorem motivates the strategy of penalizing Dk (Pr/||Pr) in the representation
space for UDA. The next theorem suggests that such an approach also penalizes other
notions of domain discrepancy, for example, the key quantity in the PAC-Bayes type of
domain adaptation generalization bounds [63], that is defined as

dis(Px, Px') = [Eww [Ex [((fw (X'), fur (X)) — Eww [Ex [£(fw (X), fW'(X))]H(- |
6.5

Theorem 6.4.3. If ((f,/(X), fu(X)) is R-subgaussian for any f,, f., € F, then dis(Px, Px:) <
v/ 2R?Dir(Px||Px).

Note that unlike [63], here we do not require the loss function to be the 0-1 loss.

6.4.2 Generalization Bounds via the Lipschitz Condition

We now present such generalization bound for UDA under the Lipschitz continuity as-
sumption of the loss function, where W(-,-) denotes the Wasserstein distance.

!Some losses that only satisfy a general version of Assumption 6.4 are discussed in Appendix D.2.10
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Theorem 6.4.4. If Assumption 6.3 holds, then

]::J\r/r(w)‘ < BW (!, ).

Theorem 6.4.4 can be related to the KL-based bounds in the previous section when the
Wasserstein distance is defined with respect to the discrete metric d. In this case and under
bounded loss function, which is also Liptschitz continuous, Theorem 6.4.4 follows. On the
other hand, Wasserstein distance is also equivalent to the total variation in this case, while
the latter is connected to the KL divergence via Pinsker’s inequality [170, Theorem 6.5]
and the Bretagnolle-Huber inequality [27, Lemma 2.1]. Thus, we arrive at the following
result.

Corollary 6.4.3. If Assumption 6.1 holds holds and let d be the discrete metric, then

— 1
Err(w)’ <MTV(, ) < M\/min {§DKL<//||M), 1— @—DKL(M’IIM)}_

Note that results here are inspired by the work of [180]. Corollary 6.4.3 provides a
tighter bound than the one in Eq. (6.3), as can be directly verified.

Parallel to Theorem 6.4.2, if the loss function satisfies the triangle property, we may
establish the bound below, which recovers a similar result in [190, Theorem 1.| but without
restricting the task to be binary classification or requiring the loss to be the L; distance.

Theorem 6.4.5. If Assumption 6.4 holds and ¢(f.,(X), fu (X)) is B-Lipschitz in X for any
w,w € W, then for any w € W, Err(w) < SW(Pxs, Px)+\*, where \* = minyeyw L,y (w)+
L,(w).

These results justify the strategy of minimizing domain discrepancy in the represen-
tation space. Since the KL-based bounds upper-bound those based on other measures of
domain differences, penalizing the KL divergence will also penalize those other measures.
This is practically advantageous since it is usually easier and more stable to minimize the
KL divergence [158].

6.5 Upper Bounds for EP Generalization Error and Ap-
plications

There are two limitations in the bounds on the PP generalization error developed so far
and in the traditional analysis of UDA. First, such bounds are independent of w and
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hence algorithm-independent. Second, although these bounds may inspire strategies to
exploit the unlabelled target sample, e.g., aligning the source and target distributions in
the representation space, they only provide very limited knowledge on the role that the
unlabelled target sample plays. Inspired by the works of [151] and [179], we derive upper
bounds for the EP generalization error that take better advantage of the dependence of
the algorithm’s output on the unlabelled target data. Applications of these bounds in
designing the learning algorithms are also presented.

6.5.1 EP Generalization Bounds

Theorem 6.5.1. Assume ((fw (X'),Y’) is R-subgaussian under Py, z1\x1 =, for any x; €
X, then '

Il V% 2 71X} .7 2 /
[Brr| < — ;;EX; \/QR 155 (W3 Z) + /2R*Dr (| |11).
Remark 6.5.1. [t is worth noting that the unlabelled target data contributes to the first
term of the bound. Increasing the amount of source and target data will result in a reduc-
tion of the first term in the bound. Specifically, moving the expectation inside the square
root function by Jensen’s inequality and since Z; 1L X7, the equations I(W; Z;| X}) =
I(W; Z| X5) + 1(Zi; X5) = I(W; Z;) + I(X}; Z;|W) hold by the chain rule. The term
I(W; Z;) will vanish as n — oo and the term I(X7; Z;|W) will also vanish as n,m — oo.

The theorem can be turned into a version that is more practically relevant, in which
the KL term is replaced with their representation-space counter-part (following a similar
argument used for deriving Corollary 6.4.1). In addition, note that although larger sample
sizes allow better estimation of that KL term, utilizing pseudo-labels for estimation may
have a negative impact (as discussed in Section 6.4), which can be amplified by the larger
sample size.

Corollary 6.5.1. Let Assumption 6.1 hold. Then

B , . M
|Err| < E ’-\/min I5(W; Z3), L5(W; Z;) p+—=+/min {Dxy (/) Diew (1] 1)}
\/_nm;; gy min } 75V min (P =

Theorem 6.5.2. Assume ( is szschztz for both w € W and z € Z, i.e., |{

(
U(fu(@), )| < Bdi(2,2') for all z,2" € Z and |[((fu(2),y) — L(fu (2), )| B'dy
all w,w" € W, then

fu(x),y) —
(w,w’)

w') for

B =
nm > Exr s W(Pwiz x; Pvixy) + BW (. o).

=1 i=1

|Err| <
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This bound is tighter than the bound in Theorem 6.5.1, as can be indicated by the
following corollary.

Corollary 6.5.2. Let Assumption 6.1 hold. Then

‘E/)\I'/I' < %ZZEX/ [TV PW\ZZ,X’ Pw|X/)i| +MTV(M,/L/>
7=1 =1
M
S ZZEX Z; \/_DKL (Pw)z, X! ’PW|X’ \/_DKL ().
j=1 =1

Notice that to recover Theorem 6.5.1 from Corollary 6.5.2 (under Assumption 6.1),
we can use Jensen’s inequality to move the expectation over Z; to inside the square root
function.

6.5.2 Gradient Penalty as an Universal Regularizer

The algorithm-dependent bound in Theorem 6.5.1 tells us that one can reduce the EP error
by limiting the disintegrated mutual information I XJ/'(W; Z;). In the stochastic gradient
based optimization algorithms, this term can be controlled by penalizing the gradient norm.
To see this, we now consider a “noisy” iterative algorithm for updating W, e.g., SGLD.
At each time step ¢, let the labelled mini-batch from the source domain be Zp,, let the
unlabelled mini-batch from the target domain be Xp , and let g(W;_1, Zp,, Xp,) be the
gradient at time ¢. Thus, the updating rule of W is Wy, = W,y —n,g(W,_1, Zp,, X5,) + Ny
where 7; is the learning rate and N; ~ N(0, 021,) is an isotropic Gaussian noise. Inspired
by [168], we have the following bound.

Theorem 6.5.3. Let the total iteration number be T and let Gy = g(Wy_1, Zp,, Xp,), then

R L 772 )
|Err| < 72 th Sl Wi1,S [HGt —Ez,, G| } + /2R?Dc ().
=1 t

Remark 6.5.2. Considering a noisy iterative algorithm here is merely for simplifying
analysis. In fact, it is also possible to analyze the original iterative gradient optimization
method without noise injected. For example, one can follow the same development in
[153, 213] to analyze vanilla SGD. In that case, there will be some residual terms in the
bound.
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Theorem 6.5.3 hints that to reduce the generalization error, one can simply restrict
the gradient norm at each step (so that ||G; — Ez, [GY]||* is reduced). This strategy will
also restrict the distance between the final output Wy and the initialization Wy, effectively
shrinking the hypothesis space accessible by the algorithm. We also note that the impor-
tance of gradient penalty has been theoretically justified in the supervised learning setting
[151, 77, 197, 179, 153, 213, 214].

Indeed, adding gradient penalty can be applied to any existing UDA algorithm and it
is simple but effective in practice. Later on we will show that even when the algorithm
A does not access to any target data, in which case I(W; Z;|X}) reduces to I(W; Z;) and
g(Wi_1, Zp,, Xp,) becomes g(W,;_1, Zp,), minimizing the empirical loss of source domain
sample while penalizing gradient norm will still improve the performance. Notice that gra-
dient penalty has been used in standard supervised learning as a regularization technique
[61, 99]. It is also used in Wasserstein distance based adversarial adaptation [69, 190],
and their motivation is to stabilize the training to avoid gradient vanishing problem. Here
we suggest, with strong theoretical justification, that gradient penalty is a universal tech-
nique for improving the generalization performance in UDA for any gradient-based learning
method.

Notably the bound in Theorem 6.5.3 only depends on the size n of labelled source
sample and does not explicitly depend on m, the size of unlabelled target sample. With a
more careful design, if we consider the mutual information as the expected KL divergence
of a posterior and a prior, based on I3 (W Z;) in Theorem 6.5.1, it is possible to create a
target-data-dependent prior and derive a tighter bound based on some quantity similar to
“gradient incoherence” in [151].

6.5.3 Controlling Label Information for KL. Guided Marginal Align-
ment

Consider instances in the representation space, Z = (T7,Y) and Z’ = (T",Y). Theo-
rem 6.5.1 also encourages us to align the distributions of two domains in the representation
space, as argued earlier. Then the KL guided marginal alignment algorithm proposed in
[158] can be invoked here. One may notice that Theorem 6.5.1 uses Dk, (u||p') while [158]
uses Dkr(1/||p). As already discussed in Section 6.4, this inconsistency can be ignored
when the loss is bounded (see Corollary 6.5.1).

Most domain adaptation algorithms aim to align the marginal distributions of two
domains in the representation space. However, without accessing to Y’, it remains un-
known if an UDA algorithm will work well since we cannot guarantee that discrepancy
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between conditional distribution Py 7 and Py ;v won’t become too large when we align
the marginals. In [158], the authors show that Dky,(Py || Pyjr) can be upper-bounded by
Dir(Pyrx:||Pyix), if I(X;Y) = I(T;Y). The authors then argue that penalizing the KL
divergence of the marginals is safe.

We now argue that in practice the condition [(X;Y) = I(T;Y) can be difficult to
satisfy if the cross-entropy loss is used to define the source-domain empirical risk.

By data processing inequality on Y — X — T, we know that I(X;Y) > I[(T}Y) =
H(Y)— H(Y|T). Thus, to let I(T;Y) reach its maximum, one must minimize H(Y'|T").
On the other hand, let Qy 7w be the predictive distribution of labels in the source domain
generated by the classifier. The expected cross-entropy loss for each Z; in the representation
space is then

Ew,z, [((fw(T2),Y:)] = Ez, [Ew)z, [—log Qv,w]],

which also decomposes as |2, 83]

Ew,z [((fw(T;),Y)] = H(Yi|T)) + Er,w [Dxv(Pyyr,w|Qvimw)] — IW;Yi|Th).  (6.6)
Then minimizing the expected cross-entropy loss may not adequately reduce H(Y;|7;) but
rather cause I(W;Y;|T;) to significantly increase, particularly when the model capacity is
large. This may have two negative effects. First, the condition I(X;Y) = I(T;Y) is signif-
icantly violated, and Dxr,(Py || Pyir) is no longer upper bounded by Dy, (Py x| Py|x)-
Hence, aligning the two marginals alone may not be adequate. Second, large I(W;Y;|T;)

indicates W just simply memorizes the label Y;, resulting a form of overfitting and hurting
the generalization performance.

The key take-away from the above analysis is that when aligning the marginals in UDA|
controlling the source label information in the weights can be important to achieve good
cross-domain generalization. A similar message can also be deduced from Theorem 6.5.1,
when it is viewed in the representation space and noting I (W;Z;) = I%(W;T,) +
15 (W3 Y|T,).

To control label information, [83| proposed an approach called LIMIT. However, this
method is rather complicated and arguably hard to train in domain adaptation (see Ap-
pendix D.3.8). We now derive a simple alternative strategy for this purpose.

Notice that ITJ{(W; Y;|T;) < infgEqp, [DKL(PWMT%T;:%|\QW|Ti7T]{:t9)] , which is a simple
extension of variational representation of mutual information [170, Corollary 3.1.]. Here
@ could be any distribution. By assuming P = N(W, JQId\Yi,Ti,T; = t}) and taking
Q = N(W,6°L|T;, T) = 1), we have

I (W3 Yi|T) < inf B, | D (Poviyiirry | Qupr, g )| o< 11 = W2
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Table 6.1: RotatedMNIST and Digits. Results of baselines are reported from [158].

RotatedMNIST (0° as source domain) Digits

Method 15° 30° 45° 60° 75° Ave M —- U U—-M S - M Ave
ERM 97.5+0.2 84.1£0.8 53.9£0.7 34.240.4 22.3+0.5 58.4 73.1+4.2 54.8+6.2 65.9+1.4 64.6
DANN 97.3+£0.4 90.6£1.1 68.7+£4.2 30.8+0.6 19.0+0.6 61.3 90.7£0.4 91.2+0.8 71.1£0.5 84.3
MMD 97.5+0.1 95.3£0.4 73.6+2.1 44.241.8 32.1+2.1 68.6 91.8£0.3 94.4+0.5 82.84+0.3 89.7
CORAL 97.1£0.3 82.3£0.3 56.0+2.4 30.84+0.2 27.1+£1.7 58.7 88.0£1.9 83.3+0.1 69.31+0.6 80.2
WD 96.7+0.3 93.1£1.2 64.1£3.3 41.4+7.6 27.6+2.0 64.6 88.2+0.6 60.2+1.8 68.4+2.5 72.3
KL 97.8+0.1 97.1£0.2 93.41+0.8 75.5+£2.4 68.1+1.8 86.4 98.2+0.2 97.3+0.5 92.5+0.9 96.0
ERM-GP 97.51+0.1 86.2+0.5 62.0+1.9 34.842.1 26.1+1.2 61.2 91.3+1.6 72.7+4.2 68.41+0.2 77.5
KL-GP 98.2+0.2 96.9£0.1 95.0£0.6 88.0+8.1 78.1+2.5 91.2 98.8+0.1 97.84+0.1 93.8+1.1 96.8
KL-CL 98.440.2 97.34+0.2 95.6+0.1 83.0+8.2 73.6+£4.0 89.6 98.910.1 97.7£0.1 93.0+0.3 96.5

Thus, we may create an auxiliary classifier fz that is not allowed to access to the real
source label Y. In each iteration, we use the pseudo labels of target data (and source
data) assigned by f, to train fz and adding || — WHZ as a regularizer in the training of
W. The algorithm is given in the Appendix. Remarkably the regularizer here resembles
“Projection Norm” designed in [237] for out-of-distribution generalization.

6.6 Experimental Results

We perform experiments to verify the proposed techniques inspired by our theory.

Datasets We select two popular small datasets, RotatedMNIST and Digits, to compare
the different methods. RotatedMNIST is built based on the MNIST dataset [117] and
consists of six domains, each containing 11,666 images. These six domains are rotated
MNIST images with rotation angle 0°,15°, 30°,45°,60° and 75°, respectively. We will
take the original MNIST dataset (0°) as the source domain and take other five domains
as target domains. Hence, there are five domain adaptation tasks on Rotated MNIST.
Digits consists of three sub-datasets, namely MNIST, USPS [97] and SVHN [152], and
the corresponding domain adaptation tasks are MNIST—USPS (M—U), USPS—MNIST
(U—»M), SVHN—MNIST (S—M).

Compared Methods Baseline methods are some popular marginal alignment UDA
methods including DANN [60], MMD [120], CORAL [200], WD [190] and KL [158|.
We also choose ERM as another baseline, in which only the source-domain sample is
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accessible during training. To verify the strategies inspired by our theory, we first add
the gradient penalty to the ERM algorithm (ERM-GP), and we then combine gradient
penalty (GP) and controlling label information (CL) with the recent proposed KL guided
marginal alignment method, which are denoted by KL-GP and KL-CL, respectively.

Implementation Details Most of our implementation is based on the DomainBed suite
[70]. Other settings exactly follow [158] and the results of baseline methods are taken from
[158]. Specifically, each algorithm is run three times and we show the average performance
with the error bar. Every dataset has a validation set, and the model selection scheme
is based on the best performance achieved on the validation set of target domain during
training (oracle). The hype-parameter searching process is also built upon the implemen-
tation in the DomainBed suite. Other details and additional experiments can be found in
Appendix D.

Results From Table 6.1, we first notice that gradient penalty allows ERM to perform
more comparably to other marginal alignment methods. For example, on RotatedMNIST,
ERM-GP outperforms CORAL and performs nearly the same with DANN. On Digits,
ERM-GP outperforms WD. When GP and CL combined with KL guided algorithm,
we can see that the performance can be further boosted. This justifies the discussion in
Section 6.5.2 and Section 6.5.3.

6.7 Conclusion

Despite that the numerous learning techniques have been developed for domain adaptation,
significant room exists for more in-depth theoretical understanding and more principled
design of learning algorithms. This chapter presents the information-theoretic analysis for
unsupervised domain adaptation, where we query two notions of the generalization errors
in this context and present novel learning bounds. Some of these bounds recover the pre-
vious KL-based bounds under different conditions and confirm the insights in the learning
algorithms that align the source and target distributions in the representation space. Our
other bounds are algorithm-dependent, better exploiting the unlabelled target data, which
have inspired novel and yet simple schemes for the design of learning algorithms. We
demonstrate the effectiveness of these schemes on standard benchmark datasets.
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Chapter 7

Sample-Conditioned Hypothesis
Stability Sharpens
Information-Theoretic Generalization
Bounds

7.1 Overview and Main Contributions

Information-theoretic generalization bounds have been the subject of extensive discussions
for their two main deficiencies. The first deficiency concerns the unbounded nature of the
original input-output mutual information (IOMI) bounds [232, 17, 132, 131]. To address
this issue, several techniques have been developed, including the chaining method [11],
the individual technique [29] or random subset technique [151], and the Gaussian noise
perturbation technique [153]. Notably, the CMI bound [199], as introduced in Chapter 5,
stands out as it has a finite upper bound for any learning scenario due to its supersample
construction. These techniques are now often applied jointly for analyzing generalization
[77, 179, 247, 82,92, 217|. The second deficiency concerns the sub-optimal convergence rate
of information-theoretic bounds. Specifically, when the information-theoretic quantities,
whether IOMI or CMI, are bounded by constants, the bounds exhibit a decaying rate in
the order of O(1/y/n), where n is the sample size. In contrast, generalization errors in
practice may decay at a faster rate, e.g., O(1/n). To address this limitation, several works,
inspired by some PAC-Bayesian literature, have proposed fast-rate information-theoretic
bounds [90, 92, 217|, demonstrating a good characterization in some instances of non-
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convex settings such as deep learning. More recently, [226, 227, 249] have presented IOMI
bounds for the Gaussian mean estimation problem, that achieve optimal convergence rates,
contrasting previous bounds [29, 247].

The issue of slow convergence in information-theoretic bounds has recently been ampli-
fied by the observation that these bounds may not even vanish. [78| highlight this limitation
in the context of stochastic convex optimization (SCO) problems [187]. Specifically, |78]
shows that all existing information-theoretic bounds, including the CMI bound [199], the
Gaussian noise perturbed IOMI bound [153], the individual IOMI bound [29], the evalu-
ated CMI (e-CMI) bound [199] and the functional CMI ( f-CMI) bound [82], fail to vanish
in at least one of the counterexamples they constructed. These failures stem from the
dimension-dependent nature of current information-theoretic quantities [131], appearing
an intrinsic barrier for overcoming these limitations. However, if we dissect the process
by which these bounds are derived, opportunities do exist. Specifically, recall that all
these information-theoretic bounds are built upon the Donsker-Varadhan (DV) variational
representation of the KL divergence [170, Theorem 3.5| (see Lemma 2.4.1). Using this
representation, a generalization upper bound is derived in terms of information-theoretic
quantity and a cumulant-generating function (CGF), as illustrated below.

IOMI MI F
Generalization Error < inf OMI or CMI + CG )
Para.>0 Para.

Particularly note that the CGF depends on certain choice of the auxiliary function in the
DV formula. Then, except for the IOMI or CMI itself, the tightness of the generalization
bound hinges on two key factors: the selection of the DV auxiliary function and the ap-
proach used to bound the CGF, the latter of which often requires additional assumptions
specific to the chosen DV auxiliary function. The most common choices for the DV aux-
iliary function involve making assumptions such as subgaussian loss or bounded loss. For
instance, in the case of IOMI bounds, the DV auxiliary function is typically chosen as the
single loss or average loss, and the subgaussian assumption (or boundedness assumption) is
utilized. In CMI bounds, the DV auxiliary function is defined as the difference in loss be-
tween a training sample and a “ghost” sample, and the boundedness property is employed.
We now note that exploiting bounded loss is the fundamental reason behind the failures
in SCO problems. Although [78] does not explicitly rely on boundedness, they do make
use of the product of the Lipschitz constant and the diameter of the hypothesis domain,
which essentially serves as an upper bound for the loss. The product does not vanish with
n, thereby neutralizing the potential to include another decaying factor in the bound. Ar-
guably, at least for these SCO problems, the selection of the DV auxiliary function may
not be optimal, for example, the resulting CGF= O(1/n), giving vacuous generalization
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guarantees. This analysis inspires us to explore alternative DV auxiliary function and to
adopt different assumptions for bounding the CGF. For instance, we may devise appropri-
ate stability assumptions and create opportunities to upper bound the CGF using a term
in O(B%/n), where 3 is the stability parameter that decays as n. This is promising in light
of the capability of the stability-based framework in explaining the generalization of SCO
problems [24, 188, 80, 16].

In this chapter, we combine information-theoretic analysis with stability notions to de-
velop IOMI bounds and CMI bounds that improve upon previous information-theoretic
bounds for stable learning algorithms, achieving faster convergence rates. The main con-
tributions of this chapter are summarized below.

e We introduce our new notions of algorithmic stability, referred to as sample-conditioned
hypothesis (SCH) stability. We also present a novel construction of a sample-dependent
hypothesis matrix, where each column is a neighborhood pair of hypotheses obtained
from two training samples that differ in only one element, inspired by the supersample
setting of CMI [199].

e We present new IOMI bounds, which explicitly include the SCH stability parameters
and are shown superior to previous bounds for stable learning algorithms.

e We show that the sample-dependent hypothesis matrix, similar to the supersample ma-
trix, enjoys a symmetry property. Exploiting this symmetry, we establish novel CMI
bounds. Specifically, we present hypotheses-conditioned CMI bounds that are analo-
gous to the previous supersample-conditioned CMI bounds. Additionally, we derive
sample-conditioned CMI bounds exploiting other assumptions. Notably, these bounds
introduce novel CMI quantities and include SCH stability parameters. In particular,
the new CMI quantities remain boundedness as the original CMI. Consequently, these
CMI bounds vanish no slower than their stability parameters. In addition, we also
obtain a second-moment generalization bound that matches the tightest known bound
in the literature [54] under the same condition.

e We apply our new bounds to a convex-Lipschitz-bounded (CLB) example in which
previous information-theoretic bounds fail to explain generalization |78], and show that
the new IOMI and CMI bounds vanish, benefiting from SCH stability. Additionally, we
discuss another CLB example where the uniform stability parameter is non-vanishing
or has a slow convergence rate, but our information-theoretic generalization bounds
remain tight up to a constant.
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e We extend our analysis to derive information-theoretic generalization bounds based
on Bernstein condition, which leverages a connection between stability and Bernstein
condition. We also show that stability can be incorporated into generalization bounds
to obtain stronger results using alternative information-theoretic quantities such as the
loss-difference-based CMI, e-CMI and f-CMI. Furthermore, we illustrate the expres-
siveness of our new CMI notions under the distribution-free setting.

7.2 Other Related Literature

The connection between information-theoretic bounds, including some PAC-Bayes bounds,
and algorithmic stability has been explored in previous literature [173, 133, 178, 121, 199,
82, 12, 175|. These works primarily focus on either regarding the information-theoretic
quantities as notions of distributional stability [173, 232, 121, 199, 12| and/or converting
information-theoretic quantities to some other algorithmic stability notions [199, 82, 175].
The later often relies on the addition of Gaussian noise to the hypotheses (or assuming that
the prior and posterior distributions are Gaussian in PAC-Bayes). In [133], the authors
also combine the DV formula with stability assumptions, where they derive some PAC-
Bayes bounds. However, comparing these bounds with others is challenging in general
due to the presence of their hyperparameter stability. We note that even the advanced
fast-rate PAC-Bayes bound in [68] still fails to vanish in the certain example of SCO |78,
Theorem 9.

7.3 Additional Preliminaries

Uniform Stability Let R € R be a source of randomness (a random variable indepen-
dent of S over an appropriate space R), from which a learning algorithm A : Z" xR — W
takes the training sample S and R as input, and outputs a hypothesis W = A(S, R) € W.

We now give two notions of uniform stability [24, 52|, where s ~ s' denotes two training
sets s and s that differ only at the ith element. We say a learning algorithm A is 3;-weakly
uniformly stable if

sup Egr ‘K(A(s, R),z) — L(A(s, R),Z)‘ < pi,

and fy-strongly uniformly stable if
sSup sup ’g(A<S7 T)v Z) - K(A<817 T)v Z)| < 62-

s~sly T
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Remark 7.3.1. Notably the weak uniform stability above is the standard in the literature. It
is evident that if A is B-strongly uniformly stable, it must also be f-weakly uniformly stable.
It is also worth noting that for deterministic algorithms (e.g., GD or fized permutation
SGD), the two notions are identical. We note that in this chapter, when speaking of uniform
stability, we refer to the strong notion.

Let S = {Z}"_ | ~ u™ be an independent copy of S, and let SV = S\ {Z;} so
St=SvVu{Z}.

The following well-known result (e.g., [24, Lemma 7], [186, Thm. 13.2]) is frequently
used in this chapter.

Lemma 7.3.1. For any algorithm A, we have L, = Egs g [= >0 ((A(S', R), Z;)], and

1 — .
E(A) =Egg EZ[]EA(Si,R)‘sz;e(A(Sl,R),Zi)—EA(S,R)‘SaA(s,R),Zi)] . (7))

=1

Supersample and Sample-Conditioned Hypothesis Stability Following [199] and
Chapter 5, let Z € Z"2 be a supersample matrix with n rows and 2 columns, each entry
drawn independently from p. We index the columns of Z by 0,1 and denote the ith row
of Z by Z, with entries (Z 05 Z 1). We often use the Superscrlpts + and — to respectively
replace the subscripts 0 and 1, i.e., writing ZJr for Z, o0 and Z for Zl 1. Correspondingly,
Z[n] and Z denote the first and second columns, respectively. Additionally, we will use

Z [JTFL i tO denote Z [+ ] in which the ith element Z; 7+ is replaced with the corresponding element

Z; in the second column.

Let W+ = A(Zﬁ, R), and W, = A(Z}, ., R) for
each i € [n]. That is, W+ and each W,™ are obtained ZH Z W+ W
by two “neighboring” training samples, namely those Z; 22* A W+ W{
differ only on one instance (the ith instance). We : e :
ix W nx2 ; SO S
then Ac/onstry\gi Ip\@‘grlx W _e W=, WheArethhe ﬂil 7| - W | T
row W; = (W7, W) = (W, 0, W;1) and W," =W 1 I

for all i € [n], as shown in Table 7.1. Unlike the su- Tahle 7.1: Supersample (Left) and

persample matrix, elements in W are identically dis- the induced hypotheses (Right).
tributed but not independent. In this case, Eq. (7.1)

can be rewritten as

&) = LY By g [T, 2 - 0T 2], (7.2)
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The summand in Eq (7.2) exhibits an interesting “symmetry”: for any i,

E

2w [(OV Z5) = W 25| = By g [€OW, Z0) = W, Z)]. (7.3)

That is, the +/— superscripts in the summand of Eq (7.2) can be flipped for any i. We
may then use n binary ({0, 1}-valued) variables (Uy,Us,...,U,) := U to govern whether
we choose to flip the signs for each of the n terms, where U; = 0 indicates “no flipping”.
Let U; £ 1 — U;, we have

EA) =2 3" B g, (€0, Zow) = 6, i)
=1
1 < - I
= ;Ezmm [(—1)“ <€(Wi Ziv,) — LW, Zi,Ui)>] (7.4)

g | ES0 (10772 - 077 2) | s

1=

where in Eq. (7.4) we have chosen U to be an i.i.d. Bern(3) sequence, and in Eq. (7.5) we

~

have renamed ZU as Z and denoted E £ (21, 22, ..., Zy,). Note that F, induced by U

from Z , contains n _instances, each serving to evaluate the loss difference between a pair of
hypotheses (W,”, W7). The polarities of these evaluations are governed by U.

We now define some new notions of stability.

Definition 7.3.1 (Sample-Conditioned Hypothesis (SCH) Stability). Let S ~ u™, W and
W generated via W = A(S,R) and W' = A(S*,R). Let Z,,,: denote the support of the
conditional distribution Py, i, and W, denote the support of the conditional distribution
Py s. We introduce four types of SCH stability, referred to types A, B, C, D. Specifically,
a learning algorithm A is

a) y1-SCH-A stable if Vi € [n], sup  sup [l(w, z) — By [(W,2)]| <71, (7.6)

WEUgeznWs 2€Z

b) v2-SCH-B stable if Vi € [n], Egsrz [(E(W, Z") — By [((W*, Z")] )2} <, (7.7)
¢) v3-SCH-C stable if Vi € [n], Ewp: [ sup  [((W, z;) — ((W°, zi)|] < 73, (7.8)
Zi€ 2y i
d) 74-SCH-D stable if Vi € [n], Egz r [(é(I/V, Z;) — (W, Zi))ﬂ <z, (7.9)
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where Z' in Eq. (7.7) is an independent instance drawn from .

Remark 7.3.2. By definition, we can see vo < vy, and it is expected that v4 < 3. Note
that all of them are smaller than By. In addition, it is expected that vo, v3 and 74 are
smaller than By, although the relationship between v, and [y is uncertain. Moreover, it
is also expected that 74 is larger than o due to the independence of Z' in Eq. (7.7). We
emphasize that supreme sup,, in Eq. (7.6) is taken over the sample-dependent hypothesis
space Uge zn W, not the whole hypothesis space W. Notably, the notion of “hypothesis set
stability” in [57] 1s closely related to our SCH stability. In fact, v1-SCH-A stable implies
~v1-hypothesis set stable. Further elaboration on the definition of SCH stability can be found
in Appendiz F.2.

7.4 IOMI Bounds for Stable Algorithms

We are now in a position to give the IOMI bounds for stable learning algorithms.

Theorem 7.4.1. If the learning algorithm A is v,-SCH-A stable, then
\/571 = TG, o+ \/5’71 = T S 1T—
A < D I0T 20 < S V107 Z770),

We note that I(Wﬂ ZH) = [(ﬁ//[; Z7) = I(W; Z;), the only difference between the
first bound in Theorem 7.4.1 and the previous individual IOMI bound in [29] is that the
subgaussian variance proxy is replaced by the stability parameter v, in our bound. In
fact, while we use W to better understand the appearance of v; in the IOMI bounds, the
first bound in Theorem 7.4.1 itself does not necessarily rely on the supersample and the
construction of W.

In addition, if A is a deterministic algorithm, the term [/ (Wﬂ 7+ |Wf) in the second
bound is tighter than the mutual information stability or erasure information studied in
(173, 82), that is, I(W*; ZF W) < I (W+; ZﬂZ[;N) (see Remark E.3.1 in the Appendix

for an explanation).

Proof Sketch of Theorem 7.4.1. Motivated by Lemma 7.3.1 and Eq. (7.2), the main inno-
vation in this proof is to let the auxiliary function in DV be the “relative loss” instead of

[E(Wf 2*)} — {(w*, ") and let the

7 9~ ) ~q

the single loss, namely we let g(w;",z") = Ef- |+

auxiliary function f =t¢-¢g for £ > 0 in Lemma 2.4.1. This enables us to utilize Eq. (7.6)
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to bound the CGF. The remaining steps are routine. The complete proof can be found in
Appendix E.3.1. O]

The following corollary, immediately following from ~; < (35, suggests a clear improve-
ment over the IOMI bound for the uniformly stable deterministic algorithm with vanishing

Do
Corollary 7.4.1. If A is By-uniform stable, then |E,(A)| < @ S A IWH Z]).

A key message conveyed in this chapter, as shown in the proof of Theorem 7.4.1, is the
importance of carefully selecting the DV auxiliary function and appropriate assumptions
for various learning scenarios. Corollary 7.4.1 also suggests a potential enhancement for
uniform stability in the certain deterministic setting, provided that I(W; Z;) also vanishes
appropriately with n.

Similar to [151, 179, 82, 92|, we also give an R-conditioned IOMI bound below.
Theorem 7.4.2. If A is f-uniform stable, we have |E,(A)| < @ Yoo Eg TR(W+; 7).

This disintegrated IOMI bound is not directly comparable to the bounds in Theo-
rem 7.4.1, but it is equivalent to Corollary 7.4.1 for deterministic algorithms. With ad-
ditional assumptions, we may remove the square-root in Theorem 7.4.1, accelerating the
decay of IOMI as shown in Theorem 7.4.3.

Theorem 7.4.3. Under the same conditions in Theorem 7.4.1, if A is further y,-SCH-B
stable, then

n 2
Eu(A <—§ I(W*; ZH) +0.712-2.
| u( )| = - ( ) -

Notice that 3 /71 < 47/v1 = m. If 73/ decays faster than £ "7 | I(W+: Z), then
Theorem 7.4.3 is qualitatively strictly stronger than Theorem 7.4.1.

7.5 CMI Bounds for Stable Algorithms

Hypotheses-Conditioned CMI Bounds In this section, we give a handful of CMI
bounds based on a new information-theoretic quantity.
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Theorem 7.5.1. Suppose that there exists A; : W? — R such that for every w; =
(lbj,’lf];), SUPziez_+ __ |€<w:razz) —E(ﬁ)z ) & )l < A ( z) Th’en;

2 & ~ == — 1 s~
A)| S%Zmin {Em [AI(W,-) ]Wi(ZZ-;UZ-)} \/ . [Al(m)z]l(zi;UiW)}.
i=1
Furthermore, if A is v3-SCH-C stable, then such a Ay exists and

2
)< Y20y > frup 1220

Compared to the standard supersample-conditioned CMI bound [199] in terms of I(W; U|Z),
which assesses how well one can infer the “training-set membership” from the output hy-
pothesis, our new CMI quantity, namely [ (ZZ, U; |W) measures our ability to decide if an
instance Z contributes to the training of VVJr or to the training of VVZ when we know it
contributes to only one of them. When I/Vi+ and WZ- are similar, this decision (i.e., deter-
mining U;) is difficult, giving rise to small [ (Z, Ullﬁ/i) Additionally, for uniformly stable
algorithms, sup,, A;(w;) < B, and it is also expected that Ew. [Al(Wi)Q] < 2. Moreover,
if we simply replace y3 by an upper bound of ¢, the second bound of Theorem 7.5.1 becomes
a uniform convergence bound if I¥(Z;; U;) vanishes with n.

Proof Sketch of Theorem 7.5.1. Again we find motivation in Lemma 7.3.1. Additionally,
the symmetry exhibited in Eq. (7.5), analogous to the symmetry between Z; 7+ and Z; used
in deriving the standard CMI bounds, allows a similar development. Spemﬁcally, letting
g(W;, 2, w;) = (—1)" (0(w;, %) — L(@], %)) and f=t-g for t >0 in Lemma 2.4.1 enables
the bounding of the CGF via invoking the assumptions of the theorem. The complete
proof is given in Appendix E.4.1. 0

Notably, our new CMI quantity in the bound preserves the boundedness of the original
CMI in [199], that is, I(Z;; U;|W) < H(U;) = log 2. Furthermore, parallel to supersample-
conditioned CMI being smaller than IOMI [77|, a similar result for hypotheses-conditioned
CMI is given below.

Theorem 7.5.2. For any A and i, we have I(Zy; U|W;) < I(W: Z;).

Similar to Theorem 7.4.3, we present a CMI bound without square-root, which could
be much stronger in certain regimes.
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Theorem 7.5.3. Let Ay be defined in the same way as in Theorem 7.5.1, and we let
. N2
M) = B, [(t0r 2 - e 20)] [ suta, e

1£.(A)] < % Z Eg [Al(wj-) (]Wi(Z; U,) + 0.72/\(%)} . (7.10)

If A is further Bo-uniform stable and v4-SCH-D stable, then

2

n ~ — 2
1E.(A)] < %ZI(Z,-; U|W;) + 0.722—4. (7.11)
i=1

Note that it is valid to set v3 = EWi [Al(/V[Z)} , which can be viewed as a generalization

bound in its own right. Additionally, it can be verified that A(w;) < 1 for any w;. As
IYi(Z;U;) < log2 =~ 0.69, Eq. (7.10) can be further upper bounded by 1.417s;. This
ensures that Eq. (7.10) will decay no slower than O(~3).

We also present a second moment bound.

Theorem 7.5.4. Assume that A is [Bs-uniform stable and symmetric with respect to S,
i.e. it does not depend on the order of the elements in S. Let ((-,-) € [0,1], then

L5I(E; UW) + 0.82 1
- +1)+

Ew:s [(Lu(W) = Ls(W))*] <453 ( -

Since I(E; U|W) < O(n), the bound can be further upper bounded by O(83 + 1/n),
which matches the previous tight bound for the second moment generalization error in
[54, Theorem 1.2]. Notice that [54, Theorem 1.2] only holds for the deterministic setting,
while our bound also holds for randomized algorithms, and we also give a stronger result
in Appendix E.4.4 based on our SCH stability notions.

Supersample-Conditioned CMI Bounds It is also possible to give . Z-conditioned
CMI bounds that explicitly contain the stability parameters. Let W; = Wy, and W; =

W, 7,» we have the following results.

Theorem 7.5.5. Suppose there exists Ag : Z — R such that sup,, ,iepwe [0(w, 2;) — £(w', ;)| <
Aq(z;) for every z;, where Wf is the support of the conditional distribution Py ... Then,

1€, (A)] S? imin {Egj {AQ(Z*)\/IET(WZ-,Wi; Ul)} , \/Egj [AQ(Z*)?] I(W;, Wi UAZZ*)} )
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The proof is deferred to Appendix E.4.5. The interpretation of the CMI quantity
I(Wi, Wi Us| Z:7) appears identical to our earlier CMI quantity I(Z;; Us|W;). A closer look
in fact reveals that the two quantities are mathematically equal. To see this, first note
(Z; U\Wy) = H(U;) — H(Uy| Zy, Wy) and I(W;, Wi U] Z7) = H(U;) — H(U| ZF, Wi, W5).
Let random variable 4; = (Z;, fV[7i+, W) and let A, = (Z},W;, W), these two random vari-

ables are identically distribution (since P+ =P Pz = P;- and U; ~ Bernoulli—(%)

W,
and also we have Py, i, = Payju, 50 Pa, v, = PAZ,U;, which givesl us H(U;|A1) = H(U;|As).
This indicates that I(Z;; U|W;) = I(Wi, Wi Ui Z).

In Theorem 7.5.5, a data-dependent hypothesis space )/VZ2 is defined. A similar con-
cept has been utilized in the hypothesis set cross-validation (CV) stability studied in [57].
Furthermore, [57] derives some bounds based on either their transductive Rademacher
complexity or their hypothesis set CV stability. They show that these two notions domi-
nate in different learning scenarios. Given the close relationship between the supersample
construction and the Rademacher complexity [199, 217|, and the inspiration behind our
W construction, our framework is likely to have a fundamental connection to [57]. Addi-
tionally, obtaining the similar results of Z-conditioned CMI as in Theorem 7.5.3-7.5.4 is
warranted, which may require some stability notions analogous to the average CV-stability
in [57].

7.6 Convex—Lipschitz—Bounded (CLB) Problems

We now discuss two examples of the convex-Lipschitz-bounded (CLB) problem, a subclass
of SCO problems.

The first example is previously given in [78, Thm. 17|, in which nearly all previous
information-theoretic generalization bounds are non-vanishing. We will demonstrate that
our CMI bounds are non-vacuous in this example.

Example 7.1. Let d € N and Z = {e(i) : i € [d]} where e(i) is a one-hot vector with 1
at the i-th coordinate. Let p = Unif(Z). Given a sample S = {Z;}_, drawn i.i.d. from
i, we choose the 1-Lipschitz convez loss function {(w, z) = —(w, z) and use GD to select a
hypothesis w from W = {w € R% : ||w|| < 1}. Let the number of GD iterations be T = n>
and let the learning rate be n = #ﬁ

Let o = %2?21 z; be the sample mean. In this deterministic setting, it’s easy to see
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that
fma i<,
ntic/||nti]|  otherwise.

Let i be the sample mean of s' and let w! be its corresponding hypothesis at time ¢.
Notice that Euclidean projection does not increase the distance between projected points,
namely non-expansive [80, Lemma 4.6]. Hence, whether w; = ntfi or its truncated version
ntii/||nti|] limited within the unit ball, we have ||w; — wi|| < [|nti — ntit]| < O(nt/n).
Recall that the loss function is 1-Lipschitz, we have |€,(A)| < f2 < O(nt/n). In this
example, nT'/n = 1/y/n so B € O(1/4/n). One can also directly obtain this rate from
180, 16].

Now following the same setting in [78], if we let d = 2n?, we can find that I(Wr; Z;) €
Q(1) (see |78, Thm. 17| or Appendix E.6). Thus, IOMI itself could not explain the gen-
eralization of GD in this problem. Furthermore, all our CMI quantities including those
in Section 7.7 also have the order of (1), that is, they fail to vanish as n — oo (see
Appendix E.6 for more elaboration).

Therefore, the stability parameter S5 should not be replaced by some constant (e.g.,
the upper bound of the loss function) in the IOMI or CMI bound. In fact, for our CMI
bounds, due to their boundedness property, we have the following corollary.

Corollary 7.6.1. If A is By-uniform stable, we have % Yoy \/I(Z-; U,|/VI7,) < O(By).

Corollary 7.6.1 provides a solution to the the non-vanishing limitation of the previous
information-theoretic generalization bounds in Example 7.1 (and also the counterexample
in [78, Thm. 4|), as it can explain generalization as long as the stability-based bound is
sufficient. Thus, the shortfalls of information-theoretic generalization bounds in analyzing
deterministic algorithms for CLB problems are tempered by the stability-based framework.

We now show another CLB Example from [78, Thm. 3| where A is not uniformly stable,
and we will see information-theoretic generalization bounds in this paper are tight up to a
constant. This example is also studied in [161, Sec. 5|.

Example 7.2. Let W € R? be a ball with radius Ry, and let the input space be Z =
{20/ Ro, —20/Ro} where zy € W such that ||z|| = Ro. Let p = Unif(Z). Consider a
convexr and L-Lipschiz loss function {(w,z) = —L({w, z). In addition, A is any empirical
risk minimization (ERM) algorithm.

In this example, f = 2LR, is a constant. [78] has shown that |E,(A)| > 3—% and

I(W;S) < 1 (see [78, Thm. 3| or Appendix E.6 for an explanation). This gives us
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2Lho SV ( < 2LRgy/ =222 WS) < Q\L/EO. Thus, the distribution-dependent prop-
erty of IOMI can 1mprove the stablhty—based bound in this case. In addition, we know
that I(Z;; U;|W;) < I(W; Z;) from Theorem 7.5.2, our new CMI bounds are also tight (up
to a constant) in this example.

Notably, we can construct an additional example building upon Example 7.2, where A
is uniformly stable but the uniform stability itself results in a slow convergence rate for
generalization error. Specifically, let Ry = l and let d = /n, then S, € O(1/4/n) while
IEL(A)] > \} Note that the information- theoretlc bounds in this paper can still provide

a tight rate, namely O(1/n).

These examples demonstrate that our bounds can improve both the stability-based
bound and information-theoretic generalization bounds in some learning scenarios.

Additional applications are discussed in Appendix E.7.

7.7 Extensions

Connection with Bernstein Condition The Bernstein condition is commonly used
to derive fast-rate generalization bound for both PAC-Bayes bounds [241, 33, 143, 68] and
stability-based bounds [112], then it is natural to explore the relationship between our
fast-rate bounds and the Bernstein condition, formally defined below.

Definition 7.7.1 (Bernstein Condition). Assume that w* = argmingew L,(w) is a risk
minimizer. We say that the Bernstein assumption is satisfied with some B > 0 and k €
[1,4+00) if for any w € W,

|-

Ez [(¢(w, Z) — ((w", 2))"] < B (Lu(w) — L(w"))

This condition can be easily satisfied in many common situations [6, 112]. In the
following proposition, we can see that the Bernstein condition implies the v,-SCH-B stable
algorithm.

Proposition 7.7.1. If the Bernstein condition is satisfied with some B and k, then A is
1
Y2-SCH-B stable, where v3 = 4ABEy, (L, (W) — L, (w*))*|.

Therefore, invoking the Bernstein condition, we can obtain the fast-rate bound as pre-
sented in Theorem 7.4.3, where we need to assume the loss is bounded, as shown below as
a by-product.
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Corollary 7.7.1. If the Bernstein condition is satisfied with k = 1 and ¢ € [0,C], then

2.88B .
€ |<_ZIWZ O (L — Lu(w?)) .

Recently, [226, 227] use the unexpected excess risk as the DV auxiliary function and
invoke the (7, ¢)-central condition to establish some optimal-rate bounds for specific learn-
ing problems, e.g., Gaussian mean estimation. This again underscores the significance of
selecting appropriate DV auxiliary functions and corresponding assumptions tailored to
different learning problems. It is worth mentioning that the Bernstein condition also im-
plies their (7, c)-central condition. Therefore, unifying these conditions can be considered
as a potential avenue for future research.

Loss Difference, Evaluated, and Functional CMI for Stable Algorithms Similar
to [217], we derive some tighter bounds based on the loss difference.

Theorem 7.7.1. Let AL; = (W, Z*) — (W5, Z*) If A is By-uniform stable, then

1

. fﬁzzmm{m B/ 17 (AL:U) | < fﬁ?zw AL;UIZD).

We note that while it is feasible to replace f; in the (disintegrated) CMI bounds above
with certain sample-conditioned hypothesis stability, it is not possible to apply the same
substitution for the unconditional MI bound in Theorem 7.7.1.

Furthermore, notice that AL; —(L;, L;)— (F;, F;) — (W;, W;) forms a Markov chain given
Z;r, wherein (L;, L;) are the loss pair evaluated at ZJ’ using (W;, W5), and (F;, F;) are label
predictions of Z +using (W;, W;). By the data-processing inequality, one can obtain e-CMI
bound [199, 92], f-CMI bound [82] and recover I(W;, W; U |Z+) based bound from Theo-
rem 7.7.1: I(ALZ,U|Z+) < I(L;, L; U; |Z+) < I(FI,FZ,U|Z+) < I(W;, Wi U; |Z+) Addi-
tionally, notice that we can also apply the similar technique for the hypotheses-conditioned
CMI, which should give the same results.

Expressiveness of New CMI Notions Under Distribution-Free Setting Previous
works [199, 75, 76, 82, 92| have demonstrated that the CMI framework is expressive enough
to establish connections with VC theory in the distribution-free learning setting. Here,
we further illustrate the expressiveness of the sample-conditioned CMI discussed in this
chapter.
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Theorem 7.7.2. Let Z = X x {0,1}, and let F = {f, : X — {0,1}jw € W} be a
functional hypothesis class with finite VC dimension d. Let n > d + 1, for any algorithm

A we have 2SR B UNZE) < 0 (10 (8)).

Like the previous works, this bound matches the classic result of the uniform conver-
gence bound [206]. Notice that the result could be extended to multi-class classification
with finite Natarajan dimension [150] by proceeding similarly to [92, Thm. §|.

We invoke Theorem 7.7.2 to demonstrate that our new information-theoretic quantities
have the same expressive power as standard CMI quantities. The expressiveness result for
the (functional) hypotheses-conditioned CMI is expected to align with Theorem 7.7.2. This
alignment is due to the equivalence between hypotheses-conditioned CMI and supersample-
conditioned CMI, as discussed in Theorem 7.5.5.

7.8 Related Works and Additional Discussions

Stability-Based Framework vs. Information-Theoretic Framework Using stabil-
ity methods to analyze generalization errors can be traced back to several seminal works,
such as [181, 48, 49, 136, 109]. It is worth noting that stability arguments have proven
particularly effective in analyzing the learnability of SCO problems [188], where traditional
uniform convergence bounds may not be sufficient to explain the generalization behavior.
The application of stability approaches has gained popularity for providing high-probability
guarantees since the work of [24]. Recent advancements have further sharpened the conver-
gence rates of high-probability generalization upper bounds for uniformly stable algorithms
in a series of works [54, 55, 26, 112]. While information-theoretic generalization bounds are
commonly used to analyze the in-expectation generalization, it is expected that combining
them with the stability framework will yield sharper high-probability bounds.

Additionally, we note that in the realizable setting, where A is an interpolating algo-
rithm, information-theoretic generalization bounds exhibit greater power than stability-
based bounds. For instance, in the case of the 0 — 1 loss, information-theoretic general-
ization bounds can achieve the known optimal minimax rates [75] and even provide exact
characterizations of the generalization error |76, 217|. However, it should be noted that due
to the inherent fitting-stability tradeoff property [186, Sec. 13.4], interpolating algorithms
tend to be unstable, rendering stability arguments inapplicable. Given the prevalence
of zero empirical risk in modern deep learning [238], it is natural to question whether
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information-theoretic generalization bounds require the stability-based approach for an-
alyzing non-convex (and potentially non-smooth and non-Lipschitz continuous) learning
scenarios.

Comparison with Standard CMI While our IOMI quantity aligns with the previous
work [29], the new CMI quantity I(Z; U;|W;) (or equivalently I(W;, W; U;|Z;}")) may not

be directly comparable to the standard individual CMI, I(W;U;|Z;), in [179, 247|. Specifi-
cally, we have I(Z;; U|lW;) = H(U;)—H(Ui| Z;, W;) and I(W; Uy| Z;) = H(U;)—H(Ui|W, Z;).

The relationship between H (UZ-|Z-, W;) and H (U;|W, Z) is not trivial. Exploring and quan-
titatively comparing these CMI measures would be an intriguing research direction.

Leave-One-Out CMI  Our construction of W bears resemblance to the leave-one-out
(LOO) setting, where there are also n 4 1 hypotheses. It is worth noting that LOO-CMI
has been recently proposed in concurrent works [76, 175]. In LOO-CMI, the supersample
7 = Zn+1) consists of n 4 1 instances, and U is an index uniformly drawn from [n + 1] to
select one hold-out instance. Consequently, Z;; represents the testing data, while Zj,  1)\v

serves as the training sample. In this context, LOO-CMI can be defined as I(W;U|Z).
Notice that this quantity still fails to explain the generalization in Example 7.1. The LOO
setting is often associated with the stability-based framework [24], and it is expected that
the n + 1-supersample induced W could yield new CMI bounds that also contain the SCH
stability notions. Nevertheless, in this paper, we do not adopt the LOO setting because
in that case, H(U) = log(n+ 1), the LOO-CMI bound is no longer upper bounded by
a constant independent of n (note that the LOO-CMI bound for general setting in |76,
Thm. 2.5] does not contain the 1/4/n factor).

Stochastic Gradient Descent (SGD) Since the influential work of [80], stability ap-
proaches have been widely employed to provide generalization guarantees for (sub)gradient-
based optimization algorithms, such as SGD, under certain conditions like the convex-
smooth-Lipschitz loss. More recently, [16] extended the results of [80] to the non-smooth
loss function in the SCO setting.

In contrast, information-theoretic (weight /hypothesis-based) generalization bounds are
typically used to analyze the noisy version of SGD, known as SGLD [168, 151, 77, 179,
210]. Directly analyzing SGD poses challenges because the returned hypothesis W contains
a significant amount of information about S or Z;, resulting in potentially large (even
infinite) mutual information. The prevalent approach to applying information-theoretic
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generalization bounds to SGD is by introducing noise [153, 213], but this has been shown
to yield non-vanishing bounds in |78, Thm. 4].

The combination of information-theoretic generalization bounds with stability for an-
alyzing the generalization of SGD presents a promising future direction. However, some
potential difficulties may arise. For instance, if we continue to use the Gaussian noise
perturbation method for the weight-based information-theoretic generalization bounds, we
would need to characterize the stability property for the perturbed SGD, which might
require techniques employed in [146]. Additionally, when combining stability notions with
loss difference based CMI (or e-CMI/ f-CMI) bounds, as they cannot be unrolled using
the chain rule and data processing inequality as in the case of weight-based IOMI/CMI
bounds, it may not be possible to bound such CMI terms using trajectory-based quanti-
ties. This raises doubts about the potential for obtaining more informative generalization
bounds compared to the stability-based bounds themselves.

Generalization Bounds beyond Mutual Information In the information-theoretic
literature, it is common to replace mutual information with alternative distributional mea-
sures, such as Wasserstein distance based bounds and total variation based bounds [180].
A promising future direction is to incorporate the stability property of algorithms into
these bounds, as demonstrated in this chapter. It is worth noting that obtaining KL
divergence-based bounds should be straightforward since they rely on the same founda-
tional Lemma 2.4.1 as discussed in Chapter 7.

Other Limitations Our bounds, much like most information-theoretic generalization
bounds, are derived under the assumption of independent and identically distributed (i.i.d.)
training data, which is a common assumption in the field. Moreover, unless specific condi-
tions are met, estimating stability notions can be challenging in general. For instance, in
the case of non-convex learning tasks like deep learning, obtaining accurate estimations of
stability notions can pose difficulties. Consequently, computing the bound based on these
notions becomes a complex empirical task in practice.

7.9 Conclusion

In this chapter, we propose a novel construction of the hypothesis matrix and a new
family of stability notions called sample-conditioned hypothesis stability. Leveraging these
concepts, we derive sharper information-theoretic generalization bounds for stable learning
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algorithms. Several promising avenues for future research include comparing our new CMI
quantities with the standard CMI in a quantitative manner, analyzing the generalization of
gradient-based optimization algorithms like SGD using our bounds, and establishing new
high-probability generalization guarantees.

93



Chapter 8

Conclusion and Future Work

In this dissertation, we use an information-theoretic approach to analyze the generalization
in machine learning systems.

First, our investigation yields a series of information-theoretic generalization bounds
tailored for models trained with Stochastic Gradient Descent (SGD), with the aid of an
auxiliary weight process. These bounds offer insights into the behavior of modern neural
networks and inspire innovative regularization techniques.

Furthermore, we develop more information-theoretic bounds for models trained with
SGD, incorporating the Stochastic Differential Equation (SDE) approximation of SGD.
They are derived either from the trajectories of SGD under SDE modeling or based on the
terminal state of SGD under the same modeling approach.

Beyond the realm of SGD, we also introduce new information-theoretic bounds for all
black-box algorithms. These bounds provide alternative perspectives for understanding
generalization, notably from a communication standpoint. Additionally, they either pos-
sess theoretical tightness or demonstrate empirical superiority over previous information-
theoretic bounds within the same setting.

Shifting our focus to the domain adaptation scenario, we establish new generalization
bounds for two distinct notions of generalization. Among these new bounds, the algorithm-
dependent ones serve as valuable foundations for enhancing domain adaptation algorithms.

In the final segment of this dissertation, we propose a potential solution to address the
limitations of existing information-theoretic bounds showcased in the literature. Specif-
ically, we combine the stability-based analysis framework with the information-theoretic
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analysis framework to derive novel generalization bounds capable of surmounting the afore-
mentioned limitations.

The developments presented in this dissertation open up several promising avenues for
future research:

Deep Learning Optimization and Information-Theoretic Generalization Bounds
Chapters 3 and 4 emphasize the pivotal role of the training trajectory in determining model
generalization. These findings, along with insights from [130], suggest that algorithm-
specific optimization properties and termination criteria could be more influential than the
choice of loss function or optimization solution. Exploring the relationship between op-
timization and generalization in deep learning, particularly considering factors like learn-
ing rate, batch size, and momentum, holds the potential for deriving more informative
algorithm-dependent generalization bounds. Furthermore, it is also possible to apply the
information-theoretic analysis framework developed in these sections to understand the
generalization capabilities of more advanced deep neural networks, such as transformers
[207], and to elucidate the fundamental factors influencing their training dynamics or the
ultimate solutions leading to their superior performance.

Heavy-Tailed SGD Noise While Chapter 4 models SGD using the It6 SDE framework,
recent research suggests that SGD gradient noise may exhibit heavy-tailed behavior, such
as following an a-stable distribution rather than a Gaussian one [194, 159, 195, 141, 73|.
Investigating information-theoretic generalization bounds based on Lévy SDE under such
conditions is a promising direction.

Generalization Theory and Online Learning In a recent study [135], a connection
is drawn between the online learning setting and the statistical learning setting, leading to
the derivation of generalization bounds from an online learning perspective. Notably, their
framework has the capability to recover some existing generalization bounds, including
PAC-Bayesian and information-theoretic bounds. We believe that applying such a frame-
work to developing novel information-theoretic generalization bounds, particularly under
the setting in Chapter 5, holds significant promise.

f-divergence Guided Domain Adaptation Framework Chapter 6 provides theo-
retical support for minimizing the KL divergence between source and target domains in
the representation space to enhance generalization on unseen target data. Building upon
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this foundation, it is natural to extend the theoretical framework to a broader family of
divergences known as f-divergences, with KL divergence being just one example. This
extension could draw upon recent advances in variational representation for f-divergences,
as explored in [218], serving as a promising starting point.

These research directions not only promise to deepen our understanding of the topics
explored in this dissertation but also have the potential to advance the field of machine
learning and information theory.
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Appendix A

Appendix of Chapter 3

A.1 HWI Inequality: Proof of Lemma 3.4.1

The proof given here is a simple extension of the proof of [174, Lemma 3.4.2], which is a
special instance of the (weak) HWI inequality.

Proof.
DKL(PX+\/EN| |PY+\/t7N> SDKL<PX,Y,X+\/£N| |PX,Y,Y+\/1‘7N> (A-l)
=Exy [DKL(P Y viN Xy Py v xy)
=Exy [DxrWV (X, tI) [N (Y, 1'14))] (A.2)
1 nood, ot
ZQ_t,EX,Y X =Y|P] + §(log 7 + 7 1), (A.3)

where Eq. (A.1) is by the chain rule of the KL divergence, Eq. (A.2) holds since N is
independent of (X,Y’) and Eq. (A.3) is by the equality

1 by _
D (s, 1IN i ) = 5 |log (22 =+ T (55755 + G = )55 g = )

Eq. (A.3) holds for any joint distribution of (X,Y"). If we let ¢’ = ¢, by the definition of
Wasserstein distance, we have

1
Dk (P 1 vinl [Py vin) < gtW%(PX, Py).

This recovers the vector version of [174, Lemma 3.4.2|. O
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A.2 A Key Lemma: Lemma 3.4.2

Proof. We give two proofs of this lemma, the first proof is inspired by the techniques used
in [210] and [71], and the second proof is similar to [168].

1. Let Z =Y + A. By the properties of mutual information,
I(f(Z,X) + oN: X|Y =y) = [(f(Z.X) = Q+ oN; X[V = y).

Let g(Z,X) = f(Z,X) — Q. Let Py, = N(0,0"1,) for any ¢’ > 0 and N’ is indepen-
dent of other random variables for a fixed y. Then, for Y =y,
I(g(Z,X) 4+ oN; X|Y =) (A4)
=Ex [Dxr (Py(za)ton|x=2y=yl| Pyzx) 10N y=y) ]
=Ex [Dxr (Py(zay+onx=ey=yl[Pviy=y) = Dxv (Poz.x)ony=yl[Priy=y) ] (A5)
< Ui,n>f0 Ex [Dkr (Py(zw)+oNx=2y =yl PorNy—y) ]

1 ) d 0/2 2
2 _
:c_ilog o lloty+ 8 o Y
2 do?

where Eq. (A.5) is by the golden formula (cf. Lemma 2.4.10), Eq. ( A.6) is by the
non-negativity of relative entropy, Eq. ( A.7) is due to Lemma 3.4.1 and the last
equality holds when the optimal

o Exalllgly+ A X)PY =y

p + 02
is achieved.
Thus,
I(f(Z,X)+ N; X|Y)=Ey [I(f(Z,X)+ N; X|Y =y)]
Exa [[lg(y + A, XY =y
|:210g( 702 +1
X 2ly =
g, [0 (ExallFZ.X) - QPIY =4 | )]
2 do?

which completes the proof.
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2. Alternatively, let h(-) denote the differential entropy, then

I(f(Z,X)+oN; XY =y)=1(9g(Z, X))+ oN; X|Y =)

hMg(Z,X)+oN|Y =y) —h(g(Z,X)+ oN|X,Y =y)

hg(Z,X)+oN|Y =y) —h(g(Z,X)+oN|A, X, Y =)
(A.8)

<

= h(g(Z,X)+oN|Y =y) — h(oN)
d
=h(g(Z,X)+oN|Y =y) — 5 log 2mec?,
where Eq. (A.8) is due to the fact that conditioning reduces entropy.

Notice that

Eaxn [[lgy+ A, X)+oN|[P|Y =y] =Eax [llgly + A, X)|P|Y =y] + do?.

Since the Gaussian distribution maximizes the entropy over all distributions with the
same variance [41], we have

Eax [|lg(y + A, X)|PIY = y] + do”
y .

h(g(Z,X)+oN|Y =y) < %llog 27e

Therefore,

d E A X)|PlY = do?
I(f(ZaX)‘i‘UN;X]Y:y)S§log27re axllgty + ’d>H| yl +do

d E A, X 2lY =
e ax gy + A, X)|]?| y]+1 '
2 do?

2

—3 log 2meo

The remaining part is straightforward and is the same with the previous proof.

A.3 Mutual Information Bounds for SGD: Theorem 3.4.2

In this section, we provide a proof for Theorem 3.4.2, while elaborating on why the local
gradient sensitivity term in Lemma 3.3.1 can be removed. The key ingredient that makes
this possible is a construction given in the proof of Lemma 3.4.3.
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A.3.1 Lemma A.3.1
We first give the following useful lemma.

Lemma A.3.1. The mutual information ](WT; S) < Zthl I (—)\tg(Wt_l, B;) + Ny; S|Wt_1>.

Proof. The mutual information between the final output of SGD and the training sample
can be upper bounded by the mutual information between the full trajectories and the
training sample, which is shown below.

I(Wr; 8)

=I <WT—1 — Arg(Wr_1, Br) + Nr; S)

S[ <WT71, —)\Tg(WTfl, BT) + NT; S) (A9)

:](WT—I; S) -+ I (—)\TQ(WT_l, BT) + NT; S|/—V\V/T_1> (AlO)

SI(WT—Z; S)+1 <_)\T—19(WT—27 Br_1)+ Np_g; S|WT—2> +1 <_)\T9(WT—17 Br) + Nr; S|WT—1>
(A.11)

S](/WV07 S) + Z I (_/\tg(Wt—17 Bt) + Nta S|/—th_1) y (A12)

t=1
= Z I (—Atg(Wt_l, Bt) + Nt; S|/—Wt_1> R <A13)

t=1

where Eq. (A.9) is by I(f(X,Y);Z2) < I(X,Y;Z) (ie. Z—(X,Y)— f(X,Y) forms a
Markov chain and then use the data processing inequality), Eq. (A.10) is by the chain rule
of mutual information, Eq. (A.11) is by applying the similar procedure (namely, Eq. (A.9-
A.10)) to I(WT_l; S), Eq. ( A.12) is by doing these steps recursively and Eq. (A.13) is due
to the fact that W, is independent of S (i.e. I(Wy;S) = 0). This completes the proof. [

A.3.2 Corollary A.3.1: Recovering Lemma 3.3.1

We can recover the result of Lemma 3.3.1 in [153] from Theorem 3.4.1, which is re-stated
in the following corollary.
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Corollary A.3.1. The generalization error of SGD is upper bounded by

£, < J =5

T

t=1

)\2

Ut

S B, [3U(Wio) + 2V(Wen)| + [E[(Wr, 8) = v(Wr, S]]

Proof. Let e =Ey4 [Q(Wt_l, Z)} From the first term in Theorem 3.4.1, we have

dal Z EWt 1 Og

MEsa,_, |:H9(Wt—1aBt) —Eza,. (W1, 2)]|| ]

+1
do?

IN

— 2
NEg A g U oW, B) =Bz, [9Wis — 8, 2)] | }

R2d
log 1
Z do? -
(A.14)
R2 T )\2 —~ 2
2k WHAHS{Hg(VVt1,Bt>—JEZ,At_1 9(Wiy = Ay, 2)] } (A.15)
t=1

Hg(Wtflv B)—é+é—Ezn, , [Q(Wtfl — Ay, Z)]

|

2 Hg(Wt,l, B) =l +2|[¢ = Eza,, [9(Wer — Ay, 2)]

]

(A.16)

where Eq. (A.14) is by Jensen’s inequality (i.e. the concavity of logarithm), Eq. ( A.15) is
by log(z 4 1) < z, and Eq. (A.16) is by ||z + y|[2 < 2||z]|2 + 2||y|>

Again by by Jensen’s inequality (i.e. the convexity of squared norm), we can further
upper bound Eq. (A.16) by

2 T o
B
n o2

t=1 !

Wi_1,8 {2||Q<Wt 1.By) = é|[> + 2Ea,_, [

& —Ey [g(Wt_l A, Z)} Hﬂ .
(A.17)
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R? = A2 »
TN By s 2Mlg(Wer, B) — él[* + 2B,
\ n i—1 Ut

n o
\ t=1 't

where A.18 is by ||z + y||* < 2|z]* + 2[|y||*.

Let e = Ey [g(W;—1, Z)], then

R (= A2 .
WZ?EWtfl)S [2 ||g(Wt—1)Bt) —e+e— 6|| +2\I/(Wt_1)]
t=1 't

R G N2 ) e
—ZQEWH,S [4[1g(Wi1, By) — el +4le — &|[" + 2W(W,_1)]

n
\ t=1 1

R? G~ N2 ,
o > 2Bwis [41lg(Wi1, By) — €| + 69(W,;_)]

\ t=1 1

2R? < A2 ~
“EN ARy, [3\1/(Wt,1) +2Vt(Wt,1)},

This completes the proof.

A.3.3 Proof of Lemma 3.4.3

Proof. We first notice that

I(Gy + Ny S|Wt—1) = I(—=\g(Wi_1, Bt) + ouN; S|Wt—1)7

where N ~ N(0,1,).

¢~ B [oTics - 8, 2]

(A.18)

Then let X =S, Y = W,_; and Q = Ey, , 2 [VAW,_1, Z)], by applying Lemma 3.4.2,

we have
I(=\g(Wi_q, By) + ovN; S|Wt—1>
d MEsa,, [Il9Wie1, Bi) = Bw,_, 2 [Vl (W1, Z)]|?]
<:Ey log 3
2 Wit do;
<

dlog ()\?]Ewtl V(W) . 1)’

2 do?
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where the second inequality is by Jensen’s inequality.

This completes the proof. n

A.3.4 Proof of Theorem 3.4.2

Proof. Applying Lemma A.3.1 and Lemma 3.4.3 and putting everything together, we have

2
do;

£, < R2d21 (AzEWtW(WH”+1)+|E[7<WT,S>—7<WT,S’>1|.

Next, to handle the mismatch between the outputs of perturbed SGD and SGD, we
apply Taylor expansion around Ar = 0,

Ew, s.ar [Ls(Wr 4+ Ap) — Lg(Wr)] ZEWT zing UWp + Arp, Z;) —E(Wr, Z;)]

=1

1
< Bz | (VulVe,2), 80} + 0T, (2)Ar

=Ewy zar [%A%HWT(Z)AT] (A.19)
= 5 {Eur 2 [Hiry (7)) Es, [ArAF])
= 5 (Ewyz [Hiv, (7)) ding (3 o) (4.20)

= %Tr(EWT,Z Hw,. (2)]),

where Eq. (A.19) is by the zero mean of the perturbation, Eq. (A.20) is by the independence
of the coordinates of Ar, (-,-) denotes the inner product of two matrices, diag(A) is the
diagonal matrix with element A and Tr(-) is the trace of a matrix.

Under the condition Ey,. ¢/ [y(Wr, S")] > 0, we now bound &,(A) instead of its absolute

128



value, |£,(A)|. With the inequality log(z + 1) < x, the following is straightforward,

R2 L2
sEw,_, [VOW1)] + Ewy.s,5 [Y(Wr, S) — v(Wr, S')]

n o
\tlt

RGN
EWt 1 [V(Wt—l)] + EWT,S [V(WT> S)]

| S M W) + 2 T T B 4 [ (2))

Eu(A) <

Since every choice of o gives a valid generalization bound. The optimal bound can
be found by simply utilizing the fact A/o + 0?>B > 3(A/2)?/3BY/3 for any positive A and
B, where the equality is achieved by the optimal ¢. Finally, rearranging the terms will
complete the proof. O

A.3.5 Corollary A.3.2

Corollary A.3.2. If the loss function is differentiable and [-smooth with respect to w,
then,

R2d NEw, . [V(W, T
1€,(A)] < Zl ( W“[;( 1) +1>+5dza§.
t=1

do;

Proof. Recall the smoothness implies f(v) < f(w) + (Vf(w),v — w) + 5||v — w]|? for all
v and w. By the triangle inequality, we have

E[L,(Wp) = L,(Wr+ Ap)] | < |[E[(Vul(Wr, Z), Ar)] | + gE AP = pd 22151 O

Thus, we can see that |E[L,(Wr)—L,(Wr+ Ap)]| + |E[Ls(Wpr + Ar) — Lg(Wr)]| <
pd Zthl ;.
This completes the proof. n
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Remark A.3.1. In Corollary A.3.2, we note that the dependence of d in the bound results
from the spherical Gaussian noise used in the construction of the weight process Wrp. It
is possible to replace the spherical Gaussian with a Gaussian noise having a non-diagonal
covariance that reflects the geometry of the loss landscape. With this replacement, the
dimension d in the flatness term will be replaced by the trace of ZL K¢, where Ky 1S
the covariance matriz of the noise added at step t. Please refer to [153] for a similar
development.

A.4 Application in Neural Networks: Proof of Theo-
rems 3.5.1 and 3.5.2

A.4.1 Lemma A.4.1

Lemma A.4.1. Under the same conditions of Theorem 3.4.2, the generalization error of
SGD is upper bounded by

3

VRS (2 BT g gWeer, BOIBJE (T <HWT<Z>>J)

t=1

Proof. The proof of this lemma follows the same steps in the proof of Theorem 3.4.2 except
that we require a different use of Lemma 3.4.2 here.

Specially, we let 2 = 0 in Lemma 3.4.2. The remaining steps are the same in the proof
of Theorem 3.4.2 and should be straightforward. O

Remark A.4.1. The bound in Lemma A.4.1 is weaker than Eq. (3.4) in Theorem 3.4.2
as the centralized expected vector norm should be smaller than the original expected vector
norm.

A.4.2 Proof of Theorem 3.5.1

Proof. By Cauchy—Schwarz inequality, we have

2

E [llgWi1, B)|l3] =E % > Vul(Wir, Z)|| | SE[|IVul(Wir, Z)|13]. (A21)

Z;€By

2
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Notice that V,0(W, Z) = (WTX —Y)X. Let Y = f(W, X). Then,

IVul(Wia, Z)|15 = [J(WE, X = V)X < [[WE X = YVI[[5 = (Y = Y)* = 20(W, 4, Z).

(A.22)
For the Hessian matrix, it’s easy to see that Tr(Hy,.(Z)) = 1.
Plugging everything into Lemma A.4.1, we have
1
R2NIT ’
& <3 E (W1, Z
M(A) = (tzl An Wi— 1Z[ ( t—1, )])
This completes the proof. O

A.4.3 Proof of Theorem 3.5.2

Proof. Since V., {(W, Z;) =
have

\/LEAT(]”(W, X;) — V) XiL.;, where I.; = I{WXX, > 0}, we

IVul(Wie1, 2)|]3 (A.23)
|

= ; ||\/—mAr(f(Wt—17 Xi) = Y) Xl |3
|

SZHﬁ H(fWimr, Xi) = Vo)L |3

=—ZHM fWey, Xi) = Ya)ll3

=— Z 2, i l(Wi_1, Z;). (A.24)

r=1

In addition, we notice that Tr(Hw,(Z)) = &> " L.,;r. Plugging everything into
Lemma A.4.1, we have

L R2A2T
Eu(A) <3 Z T Ew, 2 Z]Irztg (Wi, Z

t=1 r=1

3

) | Ewr.z, [ ZHMTD

This completes the proof. O
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A.5 Experiment Detalils

A.5.1 Architectures and Hyperparameters

In Section 3.6, MLP has one hidden layer with 512 hidden units, and AlexNet has five
convolution layers (conv. 3 x 3 (64 filters) — max-pool 3 x 3 — conv. 5 x 5 (192 filters)
— max-pool 3 x 3 — conv. 3 x 3 (384 filters) — conv. 3 x 3 (256 filters) — conv. 3 x 3
(256 filters) — max-pool 3 x 3) followed by two fully connected layers both with 4096 units
and a 10-way linear layer as the output layer. All of the convolution layers and the fully
connected layers use standard rectified linear activation functions (ReLU).

The fixed learning rates used for MLP and AlexNet are 0.01 and 0.001, respectively.
The batch size is set to 60. For the corrupted label experiment, we train the models until
the models achieve 100% training accuracy. For other cases, we train the neural networks
until the training loss converges (e.g., < 0.0001). Other settings are either described in
Section 3.6 or apparent in the figures. Standard techniques such as weight decay and batch
normalization are not used.

To choose the variance proxy R, we first collected all the per-instance losses ¢(W;_1, Z;)
that were observed during training, then we let R = (max; ; ¢(W;_1, Z;)—min; ; ((Wy_1, Z;)) /2
in our experiments.

In Section 3.7, we compare GMP with other advanced regularization methods. The
results of other methods are reported directly from [244], and we now give their hyperpa-
rameter settings here for completeness. For Dropout, 10% of neurons are randomly selected
to be deactivated in each layer. For label smoothing, the coefficient is 0.2. For flooding, the
level is set to 0.02. For MixUp, we lineally combine random pairs of training data where the
coefficient is drawn from Beta(1,1). For adversarial training, the perturbation size is 1 for
each pixel and we take one step to generate adversarial examples. For AMP, the number
of inner iteration is 1, and the Ly norm ball radius values are 0.5 for PreActResNet18 and
0.1 for VGG16, respectively.

The implementation in this chapter is on PyTorch, and all the experiments are carried
out on NVIDIA Tesla V100 GPUs (32 GB).
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Figure A.1: Comparison Between Theorem 3.4.2 and Lemma 3.3.1 in stochastic setting.

A.5.2 More Experiments on the Comparison Between Theorem
3.4.2 and Lemma 3.3.1

In Figure 3.1, we compare \/% ST E [\II(Wt_l) + vt(Wt_l)] and \/% S EVA(W, )]

for two different values of o. Notice that we indeed use a weaker version of the trajectory
term in Theorem 3.4.2, and the same constants like R, A\; and o; in the two bounds are
ignored here. We choose the full dataset of MNIST and CIFARI10 to train the models
with the fixed initialization. We also fix the sampling of batches, making the training
completely deterministic. To estimate the local gradient sensitivity term, we randomly
sample 20 Gaussian noises from N(0, Zt;:ll 0,1;) to perturb the model parameters and
compute the average perturbed gradient. With this single draw and deterministic setting,
the estimated V; and V; are the same, so the bound of Eq. (3.3) in Theorem 3.4.2 should
be smaller than the bound in Lemma 3.3.1, as shown in Figure 3.1.
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We also provide the experiments under the stochastic setting. Specially, We randomly
choose 1/10 of the MNIST data and train the MLP model with a fixed learning rate
and batch size. To estimate Ey, | 7 [V{(W;_1,Z)], we conduct 20 runs with different
random seeds and save W after every iteration. In Figure A.1 (d), we can see that at the
beginning of training, our gradient dispersion V; is much larger than ivft in [153], but in the
later training phase, the magnitude of gap between these two terms is very small. This is
because the gradient norm will become tiny when W is near local minima. In Figure A.1 (a-

c), we mp\/ Sy BB [W(Wer) + V(W) and J%zf_llog (AEL 4 1)

under three different settings of 0. When o is small (e.g., 0 = 1e79), the local gradient
sensitivity term will become small, but the factor 1/0? will be very large, making the gap
between log(z + 1) and x be extremely large, as shown in Figure A.1 (c). In this case, the
improvement upon [153] is significant. When o is large (e.g., 0 = le™2), at the beginning
of training, the trajectory term in Lemma 3.3.1 will be smaller than the trajectory term in
Theorem 3.4.2 since our V, is relatively large. However, since W(W;_;) has the cumulative
variance, and V; and ivft become closer soon or later, the bound in Lemma 3.3.1 will be
greater than the bound in Theorem 3.4.2 in the later training phase.

A.5.3 Learning Rate and Batch Size.

The learning rate and batch size have some impact on Eq. (3.4) in Theorem 3.4.2. We now
investigate this by performing experiments with varying learning rates and batch sizes. In
our experiments, the model is continuously updated until the average training loss drops
below 0.0001. We separate trajectory and flatness terms of the bound and plot them in
Figure A.2.

A key observation in Figure A.2 is that the learning rate impacts the trajectory term
and the flatness term in opposite ways, as seen, for example, in (a) and (b), where the two
set of curves swap their orders in the two figures. On the other hand, the batch size also
impacts the two terms in opposite ways, as seen in (a) and (b) where curves decrease in (a)
but increase in (b). This makes the generalization bound, i.e., the sum of the two terms,
have a rather complex relationship with the settings of learning rate and batch size. This
relationship is further complicated by the fact that a small learning rate requires a longer
training time, or a larger number 7" of training iterations, which increases the number that
are summed over in the trajectory term. Nonetheless, we do observe that a smaller batch
size gives a lower value of the flatness term ((b) and (d)), confirming the previous wisdom
that small batch sizes enable the neural network to find a flat minima [110].
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Figure A.2: The impact of learning rate and batch size on the trajectory term and the
flatness term in Eq. (3.4).

A.5.4 Implementation of Theorem 3.5.1 and Theorem 3.5.2

We let dy = 200 and use a two-layer ReLLU network with hidden units 10000 to generate
Y. Moreover, we apply a tanh function to the output of this network so that |Y'| < 1. The
input data X ~ N(0,I) and we normalize X before training so that ||X|| = 1. For the
training phase, we choose m = 100, let data size be 20, 000, batch size be 100 and learning
rate be 0.5. Figure A.3 and Figure A.4 compare the empirical generalization gap with the
bound in Theorem 3.5.1 and that in Theorem 3.5.2, respectively.
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Figure A.3: Generalization gap of a linear network v.s. Theorem 3.5.1. Note y-axe is
log-scale.
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Figure A.4: Generalization gap of a two-layer ReLU network v.s. Theorem 3.5.2.

A.5.5 Algorithm of Dynamic Gradient Clipping and Additional
Results

The dynamic gradient clipping algorithm is described in Algorithm 1. For both MLP and
AlexNet, we let = 0.1. The start step for clipping, T, is also an important hyperparam-
eter. However, it can be removed by detecting the evolution of the average gradient norm
for each epoch. Specifically, whenever the average gradient norm of epoch j is larger than
the average gradient norm of epoch 5 — 1, the clipping operation begins.

From Figure 3.4 and Figure A.5 we can see that dynamic gradient clipping effectively
alleviates overfitting by conspicuously slowing down the transition of training to the mem-
orization regime, without changing the convergence speed of testing accuracy. Unfortu-
nately, the current design of the dynamic gradient clipping algorithm does not provide a
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Algorithm 1 Dynamic Gradient Clipping

Require: Training set S, Batch size b, Loss function ¢, Initial model parameter wy, Learn-
ing rate A, Initial minimum gradient norm G, Number of iterations 7', Clipping param-

eter o, Clipping step T,
1: for t < 1 to T do

2. Sample B = {z;}’_, from training set S
3:  Compute gradient:
aB < Z?:l Vwl(wi_1,2;)/b
4: if t > T, then
5: if ||gs|]2 > G then
6: g < -G -gs/|l98ll2
7 else
8: G < |lgsl2
9: end if
10: end if
11:  Update parameter: w; <— w;_1 — A - gg
12: end for
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Figure A.5: Dynamic Gradient Clipping (AlexNet).

significant improvement for models trained on a clean dataset (without label noise). De-
signing better regularization algorithms may require understanding the epoch-wise double
descent curve of gradient dispersion where the model is trained on a clean dataset.
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A.5.6 Discussion on Gradient Dispersion of Models Trained on
Clean Datasets

In the case of no noise injected, Figure 3.3a shows that the model with good generaliza-
tion property has a exponentially-decaying gradient dispersion. This is consistent with our
discussion of Lemma 3.4.3 in Section 3.4, that is, small I(G; + N;; S|W;_1) indicates good
generalization. Notably, gradient dispersion of AlexNet trained on the real CIFAR10 data
still has a epoch-wise double descent curve. The difference between Figure 3.3e with Figure
3.3f-3.3h is that the testing accuracy does not decrease in the second phase/memorization
regime for AlexNet trained on the true CIFAR10 data. Loosely speaking, we conjugate
that memorizing random labels will hurt the performance on unseen clean data but mem-
orizing clean (or true) labels will not. This may explain why dynamic gradient clipping or
preventing the training entering the memorization regime cannot improve the performance
on a clean dataset.

A.5.7 Algorithm of Gaussian Model Perturbation and Additional
Results

Algorithm 2 Gaussian Model Perturbation Training

Require: Training set .S, Batch size b, Loss function ¢, Initial model parameter w, Learn-
ing rate A\, Number of noise k, Standard deviation of Gaussian distribution o, Lagrange
multiplier p
while w; not converged do

2:  Update iteration: ¢ <—t+1
Sample B = {z;}’_, from training set S
4:  Sample A; ~ N(0,0?) for j € [K]
Compute gradient:
g5 ¢ Sy (Vul(we, ) +p S, (Vaollwn + Ay, %) = Vbl 2)) /1) /b
6:  Update parameter: w1 < w; — A - gp
end while

The GMP algorithm is given in Algorithm 2. Table 3.1 and Table A.1 show that
our method is competitive to the state-of-the-art regularization techniques. Specifically,
our method achieves the best performance on SVHN for both models and on CIFAR-100

where VGG16 is employed. Particularly, testing accuracy is improved by nealy 2% on the
CIFAR-100 dataset with VGG16. For other tasks, GMP is always able to achieve the top-3
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Method | ~ SVHN | CIFAR-10 | CIFAR-100
ERM 97.05+£0.063 | 94.984+0.212 | 75.69+0.303
Dropout | 97.2040.065 | 95.14+0.148 | 75.5240.351
L.S. 97.22+0.087 | 95.1540.115 | 77.93+0.256
Flooding | 97.16+0.047 | 95.0340.082 | 75.50+0.234
MixUp | 97.26+0.044 | 95.9140.117 | 78.2240.210
Adv. Tr. | 97.23+0.080 | 95.01£0.085 | 74.77+0.229
AMP 97.7040.025 | 96.03+0.091 | 78.49+0.308
GMP? | 97.4340.037 | 95.64+0.053 | 78.054+0.208
GMP' | 97.3440.058 | 95.71+0.073 | 78.0740.170

Table A.1: Top-1 classification accuracy acc.(%) of PreActResNet18. We run experiments
10 times and report the mean and the standard deviation of the testing accuracy. Super-
script denotes the number of sampled Gaussian noises during training.

Method |  SVHN | CIFAR-10 | CIFAR-100
GMP3,, | 97.10£0.054 | 94.21+0.139 | 74.80+0.113

Table A.2: Top-1 classification accuracy acc.(%) of VGGI16.

performance. In addition, we find that increasing the number of sampled noises does not
guarantee the improvement of testing accuracy and may even degrade the performance on
some datasets (e.g., SVHN). This hints that we can use small number of noises to reduce
the running time without losing performance. Moreover, we observe that GMP with
k = 3 usually takes around 1.76x that of ERM training time, which is affordable.

For PreActResNet18, the performance of GMP appears slighly inferior to the most
recent record given by AMP [244]. Noting that the key ingredient of AMP, “max-pooling”
in the parameter space, greatly resembles regularization term in GMP, which may be seen
as “average-pooling” in the same space.

One potential extension of GMP is to let the variance of the noise distribution be a
function of the iteration step ¢. In other words, using the time-dependent o; instead of a
constant o.

We also consider the following regularized scheme, which is a absolute value version.

min Ly(w) + pEanioorny [|Ls(w + A) = Ly(w)|].

139



This scheme can still perform well as shown in Table A.2. In fact, it outperforms GMP? on
CIFAR-100. This hints that it is possible to improve the performance by choosing other
norm of Ly(w + A) — Lg(w).

140



Appendix B

Appendix of Chapter 4

B.1 Additional Background

B.1.1 Information-Theoretic Bounds for SGD

Recently, [153, 213] apply information-theoretic analysis to the generalization of models
trained with SGD by invoking an auxiliary weight process (AWP). We now denote this
auxiliary weight process by Aawp. Let Asgp be the original algorithm of SGD, [153, 213]
obtain generalization bounds by the following construction,

&y (Asap) =&, (Asap) + & (Aawr) — €, (Aawp)

<O ( M) +l5M (Asap) — &, (-AAWP)} (B.1)

n

_ residual term

~
Lemma 2.4.11

where Wawp is the output hypothesis by Aawp.

Notably, it remains uncertain whether the residual term is sufficiently small for the
information-theoretic bounds of A wp to yield meaningful insights into SGD. Although
there exists an optimal A 4y p that tightens the bound in Eq. (B.1), finding such an optimal
Aawp beyond the isotropic Gaussian noise covariance case is challenging. It’s worth noting
that [213] provides an optimal bound for the isotropic Gaussian noise case. Nevertheless,
our empirical results, as illustrated in Figure 4.5, demonstrate that the bounds presented
in this paper outperform the isotropic Gaussian noise case.
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Table B.1: Comparison of the results in this work

Bounds

Remarks

Trajectories-based Bounds. Pros: less assumptions, can track training dynamics; Cro: Time-Dependent

Theorem 4.3.1
Corollary 4.3.1

Theorem 4.3.2

o <\/éE [log 4 - %D

O<\/%ZtT=1Elog (Eleezal? +1)>

o (=t {m 5] )

Isotropic covariance for Gaussian prior
Bound for langevin dynamic; tighter than [153, Prop. 3.]

Population GNC for prior; tighter than Thm. 4.3.1

Terminal-State-based Bounds. Pro: time-indepedent; Cro: more assumptions, cannot track training dynamics

Theorem 4.4.1
Corollary 4.4.1

Corollary 4.4.2

Theorem 4.4.2

S b
o <\/ni]1E {tr {log ([ch;l} sz) }])
o (/4108 (eI~ +1))

O (By/2L2E (W - Wg, IIP)

n

General result; hard to measure in practice
Under conditions: Hyx« Ay = Ay Hye and Hy=Xp = 14

w is flexible; % > A1; other conditions same as Cor. 4.4.1

Bounded loss; A(W;) = A(WY); other conditions same as Cor. 4.4.2

In this paper, we do not attempt to find an optimal A4y p, but instead, we invoke the
SDE approximation (i.e. Eq. (4.5)), denoted as Agpg. Formally,

Eu(Asep) =&, (Asap) + Eu (Aspe) — €. (Aspr)

<O
n

(.

](WSDE§ S)

+ 1€, (Asap) — &4 (Aspi)l, (B.2)

J/

-
_ residual term

~
Lemma 2.4.11

where Wypg is the output hypothesis by Aspg.

Empirical evidence from [223, 125| and our Figure 4.1 suggests that the residual term
in Eq. (B.2) is small. This observation motivates our investigation into the generalization
of SGD using the information-theoretic bounds of SDE directly.

B.1.2 Summary of Results

The main generalization bounds obtained in this paper are summarized in Table B.1.

B.1.3 Theoretical Validation of SDE

To theoretically assess the validation of SDE in approximating SGD, two essential technical
definitions are necessary.
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Definition B.1.1 (Test Functions). Class F of continuous functions R — R has polyno-
mial growth if V f € F, if there exists constants K,k > 0 s.t. |f(z)| < K(1 + |z|*) for all
x eR.

Definition B.1.2 (Order—a weak approximation). Let n € (0,1), T'> 0 and N = |T'/n].
Let F be the set of test Functions. We say that the SDE in Eq. (4.4) is an order o weak
approzimation of the SGD in Eq. (4.1) if for every f € F, there exists C > 0, independent
ofn, s.t. forallk=0,1,..., N,

|E [f (wrn)] = E[f(Wi)]] < Cn®.

Below is a classical result.

Lemma B.1.1 ([122, Theorem 1|). Let n € (0,1), T > 0 and N = [T/n]|. Let F be the
set of functions of polynomial growth, i.e. f € F, if there exists constants K,k > 0 s.t.
|f(z)] < K(1+ |z|¥). Assume VU is Lipschitz continuous, has at most linear asymptotic
growth and has sufficiently high derivatives belonging to F, then SDE in Fq. (4.4) is an
order 1 weak approximation of the SGD in Eq. (4.1). Or equivalently, for every f € F, there
exists C' > 0, independent of n, s.t. for all k =0,1,..., N, |E[f(wk,)] —E[f(Wy)]| < Cn.

This theorem suggests that SGD and SDE closely track each other when they result
in similar distributions of outcomes, such as the returned hypothesis W. In addition,
the closeness of distributions is formulated through expectations of suitable classes of test
functions, as defined in Definition B.1.1. As mentioned in [125], of particular interest for
machine learning are test functions like generalization error £,, which may not adhere to
formal conditions such as differentiability assumed in classical theory but are still valuable
for experimental use. Other typical choices of test functions includes weight norm, gradient
norm, and the trace of noise covariance.

B.1.4 Gaussian Distribution around Local Minimum

A multi-dimensional Ornstein-Uhlenbeck process is defined as
d:l’ft = —H.Ttdt + Bdet, (BB)

where z; € R?, H, B are d x d matrices and 6, is an d-dimensional Wiener process.
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Denote the density function of x; as P(x,t), then the corresponding Fokker-Planck
equation describes the evolution of P(z,1):

OP(2,1) = O d A ol t
R DI LT ST IS 9 et

Jj=1 =1 j=1

where D = BBT/2.
Moreover, if H is positive define, then a stationary solution of P is given by [59]:

1 1
P(r) = ————exp | —=2™X 'z, (B.4)
(2m) |5 ( ’ )

where ¥ = E [l’IT} is the covariance matrix of z.

When w is close to any local minimum w*, we can use a second-order Taylor expansion
to approximate the value of the loss at w,

Ly(w) =~ Lg(w*) + %(w —w*)T Hye (w — w*). (B.5)

In this case, when w; — w*, we have Gy = VLi(w;) = Hy+ (wy — w*). Recall Eq. (4.2),
then

Wy =W¢—1 — TIGt + Vi = w1 — NH - (wt—l - w*) + V.

Let W/ £ W, — w* and recall Eq (B.3), we thus have the Ornstein-Uhlenbeck process for
xy = W/ as

AW, = —nH,W/dt + n\/C,db,. (B.6)
By Eq. (B.4), we have
P(W') & exp (—%W’TA;,}W') :
Consequently, the stationary distribution of W for a given w* is N (w*, Ay« ).
For discrete case, we have
= (Ia — nHy+) wi_y + 1V,
= (Lg = nHy)* wj_y + 1 (s = nHye) Vioy + Vi)

t
—H'wy+n > HYV
=0
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where H = I;—nH,-. Notably, when ¢ is sufficiently large, then the first term is negligible,
especially with a small learning rate, we have w), = w; —w* =7 Zfzo H'V,_;. When C, does
not change in the long time limit, then W) is the weighted sum of independent Gaussian
random variables, which follows a Gaussian distribution, namely w; ~ N (w*, A+). We
refer readers to [128, Theorem 1-2.] for a relaxed analysis in the discrete case.

B.2 Omitted Proofs and Additional Results in Section
4.3

B.2.1 Useful Lemmas

We first unroll the terminal parameters’ mutual information I(Wr; S) to the full trajecto-
ries’ mutual information via the lemma below.

Lemma B.2.1. [(Wy;S) < S I(—Gy + C} PNy, S|Wiy).

This lemma can be proved by recurrently applying the data processing inequality (DPI)
and chain rule of the mutual information [170].

Proof. Recall the SDE approximation of SGD, i.e., Eq (4.5), we then have,

I(Wr;S) = I(Wr_y —nGr +nCyl*Ny: S)
< I(Wr_y, —nGr +nCyl* Nr; ) (B.7)
= ](WT_l;S) + ](—UGT+T]CII~/2NT;S|WT_1) (BS)
T

> " I(—nGy +nCy* Ny S|Wi_y)
t=1
T

= Z [(—Gt + 0151/2Nt, S|Wt_1).
t=1
where Eq. (B.7) is by the data processing inequality (e.g., Z — (X,Y) — (X +Y) form a
markov chain then (X +Y,7) < I(X,Y; 7)), Eq. (B.8) is by the chain rule of the mutual
information, and learning rate 7 is dropped since mutual information is scale-invariant. [
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The following lemma is inspired by the classic Log sum inequality in [41, Theorem 2.7.1].

Lemma B.2.2. For non-negative numbers {a;}1_, and {b;}!,,

Zblog (Zb)log i= lbl

with equality if and only if 3+ = const.

Proof. Since log is a concave function, according to Jensen’s inequality, we have

i a;log(z;) < log(i %),
i—1 i—1

where >0 o = 1.

Let a; = an' 7 and x; = b—z and plugging them into the inequality above, we have
- bi b; Zﬂ_ Q;
log( ) < log = log <—1n_1 > ,
iZ:; Zi:l bl b Z Zi:l bz

which implies

gbilog( <Zb> log(zz 1‘;)

This completes the proof. O

B.2.2 Proof of Lemma 4.3.1
Proof. For any t € [T], similar to the proof of Lemma 2.4.10 in [170]:
I(-Gy + C,;/th; SIWi—1 = wy—q)
= Eg' _DKL(Q@t|wt,1,S|’Q@t\wt,l)}
= B5™ | D(Qa, 116w 1) = Pxu(@6,jw, , 1FG )

< Eg’tﬂ _DKL(Qét|wt,1,S||P@t\wt,1)}7 (B-9>
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where Eq. (B.9) is due to the fact that KL divergence is non-negative, and the equality
holds when Ps = Qat"wt—l for Wi_1 = wy_q.

Gilwi—1

Thus, we conclude that

I(@t; SIWi_1 =weq) = . inf EJ! [DKL(Q@t\wt,l,ﬂ|P@t\wt,1)}'

Gtlwg—q

Taking expectation over W;_; for both side above, we have

](@t; S|Wt_1) = EWFl

GlWe_q

inf Egvt*l [DKL(Q@Wt_1,5||PétWt_l>}]-

This completes the proof. O

B.2.3 Proof of Theorem 4.3.1

Proof. We first prove Eq. (4.6). Recall Lemma 4.3.1 and assume C} is a positive-definite
matrix, for any ¢ € [T'], we have

[(_Gt -+ Ctl/ZNt; S|Wt,1 = U}tfl)

. Wt —
S lnf Est ! |:DKL<Q_G’t+Ct1/2Ntht_17s"P—§t+Uth|wt71)i|

gt,0¢
. We_ 1 det(O'tQId) 1 ~NTT—1 - 1 _1
- 1| 2 g SR g0 (@ — ) NG, — {1
(B.10)
1 1
=5 inf Eg! {P (|Gt = @ul|* + tr {Ci}) + dlog o} — d — tr {log C’t}} : (B.11)
gt,0t t

where Eq. (B.10) is by Eq. (2.1), Eq. (B.11) is due to the fact that log det(C;) = tr{log C;}
when C} is positive definite.

Recall that hy(w) = E¥[||G: — g:|)* + tr {C:}] and he(w) = EY [tr {log C;}], then we
have

1 . 1 Wt—1 ~ Wt—1
5!}1nf ?Es [1|Ge = G| + tr {C,}] + dlog o} — d — Eg' " [tr {log C}}]
t,0t t
1. 1
< 3 Ult11>f0 J_tth(wt—l) + dlog o} — d — ha(w;_1)
1 hy(we— 1
= §dlog% - §h2(wt—1),
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h1(wt71)'

where we fix an arbitrary g, and use the optimal ¢* = i

Plugging everything into Lemma B.2.1 and Lemma 2.4.11 will obtain Eq. (4.6).
We then prove the second part. Let §; = Ez [V{l(wi—1, Z)], then

I (Wiea) =Eg " [[1G: = gl + tr {C}]
—EY [tr {(Gt = G)((Gr = 3™} +tr {BY [ ]

1 —b W
— 12 t—1
—ntr{Et}—f— ( 1)757‘ {E [Et]} (B.12)
1
=—tr {¥'} + 2 = tr {2 (B.13)
n
:Etr {25} )
where Eq (B.12) is by Eg [(Gt — 1) ((Gy —gt)T] = %Eé‘ for a given W;_; = w;_; and
Cy = b(n 0 by, and Eq. (B.13) is by Eg[%] = "T’lEf This completes the proof. O

Remark B.2.1. Unlike information-theoretic generalization bounds of SGLD in the lit-
erature, learning rate does not explicitly appear in the bound of Theorem 4.3.1. This is
because the noise random wvariable has a tunable scaling factor in SGLD while the noise
random variable has a fixed scaling factor n. The latter scaling factor is then dropped since
mutual information is scale-invariant (see the proof of Lemma B.2.1 for more details).

B.2.4 Proof of Corollary 4.3.1

Proof. Let C; =1y, by Theorem 4.3.1,

5 gy, [ B IIG = gl + 1 {C)]

Eu(A) < \7 ~, |log y — Ew,_y.s [tr {log Ct}]
t=1 i
R2 T i EWt71 G, — 2+d 7]
Sy [ B UG+ d
\ n d
o T I Wt TG — a2 7
- R_ZdEWt—l log [H a1 } +17.
\ n d
t=1 L i
This completes the proof. O
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B.2.5 Proof of Theorem 4.3.2

Proof. Recall Lemma 4.3.1, we have
[(_Gt + Ctl/QNt, S’Wtfl = wtfl)

< Héf Eigrl [DKL(Q@ﬂwt,l,S’|P@t|wt71)]

—arEg |3 og S 0 Lie- a0 o0 G- )+ 2o (et |

—inf r {(59) 1 BE (G- 3G~ 30"}

ct Ct

1 )
+—tr {(S8) B (G} + tr {log B — BY log G} + dlog — d

Cy

1. 1 —1 n—>ot -1 w
_ L " " I I B pWi-1
= 12f étntr {(Zt) b } + on tr {(Et) b } +tr{logX} —Eg'" [log Cy]} + dlogé, — d
(B.14)
1 —b)d
— inf 4 + (n~ 2 + tr{log X} — Eg"" [log C4]} + dlog e, — d
2% i c:bn
1 d
=3 inf W + dlog ¢, + tr {log X4 — Eg' " [log Cy]} — d
d 1 1
=—log = + =tr{logZ} —Eg" " [log C4]},
2 b 2
where the last equality hold when ¢ = 1/b and Eq. (B.14) is by
Wt — ~ ~ ].
E¢™ [(Gi— ) (G — 0)"] = ﬁzga and
n—>ob n—b n—1 n—b
ES[C] = SN = Y= b3
s~ 1G] bin—1) % [ bn—1) n bn
This completes the proof. O

B.2.6 Proof of Lemma 4.3.2

Proof. Let the diagonal element of X} /b in dimension k be ay, then

d d d
Zlogak§(21)~log Z Zl = dlog(tr {X}'}/bd),
k=1 k=1

k=1 k=1
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where we invoke Lemma B.2.2.

This completes the proof. n

Comparison with the work of [208] [208] studies the algorithm of SGD with anisotropic
noise, while our SDE analysis focuses on GD with anisotropic noise. This means that the
discrete gradient noise arising from mini-batch sampling still exists in their analyzed al-
gorithm, whereas the gradient noise is fully modeled as Gaussian in our Section B.1.1.
Moreover, [208] uses matrix analysis tools to optimize the prior distribution. A signifi-
cant distinction lies in their optimization analysis, which relies on the assumption that the
trace of gradient noise covariance remains unchanged during training (see Constriant 1
in their paper). Additionally, their final optimal posterior covariance is derived based on
the assumption that the posterior distribution of W is invariant to the data index, see
Assumption 1 in their paper. In contrast, our Section B.1.1 avoids making these assump-
tions and demonstrates the superiority of population gradient noise covariance (GNC) in
Lemma 4.3.2, by invoking a variant of the log-sum inequality. In summary, our proof is
simpler and more straightforward, while [208] makes a stronger claim about the optimality
of population GNC based on their additional assumptions.

B.3 Omitted Proofs and Additional Results in Section
4.4

In fact, this section provides a PAC-Bayes type analysis. The connection between information-
theoretic bounds and PAC-Bays bounds have already been discussed in many previous
works [17, 89, 6]. Roughly speaking, the most significant component of a PAC-Bayes
bound is the KL divergence between the posterior distribution of a randomized algorithm
output and a prior distribution, i.e. Dxp(Qwys||Py) for some prior Py. In essence,
information-theoretic bounds can be view as having the same spirit. For concreteness,
in Lemma 2.4.11, I(Wp; S) = Eg[Dkr(Qwy|s||Pw;)], in which case the marginal Py, is
used as a prior of the algorithm output. Furthermore, by using Lemma 2.4.10, we have
I(Wrp; S) < infp, Eg[Dkr.(Qwys||Pn)]. Hence, Lemma 2.4.11 can be regarded as a PAC-
Bayes bound with the optimal prior. In addition, the PAC-Bayes framework is usually
used to provide a high-probability bound, while information-theoretic analysis is applied
to bounding the expected generalization error. In this sense, information-theoretic frame-
work is closer to another concept called MAC-Bayes [68].
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B.3.1 Proof of Lemma 4.4.1

Proof. Recall Gy = VLs(w;) = Hy+ (wy — w*). and Eq. (4.2), then
wy =wg1 — NGy +nV;
=w;_1 — NHy (w1 — w*) + V.
Let W/ 2 W, — w*. Thus, as T — o0,
By, [W;Wﬂ
T
1V |:(W7/“—1 — nH - Wp_ ) + 77%) (Wil“—l — nHyWp_ ) + 77‘/;:) }
=Ew;_, [Wil“—lwlg—l — N Hy Wi W' = Wi W' Hye + 0 Hye Wf—1W/¥—1Hw*]
+ 0By, [VeVr' ],
where the last equation is by E"~" [V7] = 0.
Recall that Ey, [VyV™] = Cp and notice that Eyy; [W}W}T] — Ew, [W}_1W§_1T] _
Ay« when T'— oo (i.e. ergodicity), we have
A’LU*H’LU* + Hw*Aw* —_— nHw*Aw*Hw* = nCT,
Furthermore, if H,« and A~ commute, namely A,«H, = H,«A,+, we have
which will give use Ay« = 1 [Hy- (214 — nHw*)]fl Cr.
This completes the proof. n

B.3.2 Theorem B.3.1: A General Bound

The following bound can be easily proved by using Eq. (2.1).

Theorem B.3.1. Under the same conditions in Lemma 2.4.11 and Lemma 4.4.1, then for
any Py, =N (tb, K), where @ and A are independent of S, we have

g4 < | et (B)

— inf Eg = |1
2n x| det (A

et A1y 1)+ g (W, R) |,

where dy (7,y; %) = V/(z — y)TS1(z — y) is the Mahalanobis distance.
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B.3.3 Proof of Theorem 4.4.1

—~

Proof. Let Py, =N w*,Aw;), then

det (Awu) _ " AT " N
ES,W; det (AWS) +ir {Aw%Awg - Id} + (WS - U}u) szlb (WS - wﬂ)]
de (Awu) 1 T
:E&WS de (AWS) + tr {szAwg — Id} +tr {A (Ws —w ) (Ws u) }
det (Awu) B B
:ES,WS det (AWS) +tr {AwﬁlES,Wg [Awg] — Id + Awﬁl]Ewg |:(WS —w ) (WS

Denote S, £ Esu; [(W3 - wp) (W5 — wp) | = Ewz [WeWz™] - wja,™,
Notice that
Esws [Awz] =Eswzw, [(WT - Wg) (Wr — Wg)T]
—By, [WeWrT] = By [Wgwgﬂ
=Ew WrWr™] = wju™ - (Bug [WsW35"] - wiw;™)
=Auy — S
Therefore,
tr{ At B [Awg] — Lo+ AG1Ew [ (W5 —wp) (W5 —w))"] ]
—tr { At Bsawy [Awz] = Mgt Ay + AL Ew [(W5 = wy) (W5 —w;) ]}
—tr { At (Eswg [Awg] — Aus + ) }
=0.

Plugging this into Eq. (B.15), we have

Esw; |log % +tr {A;éAwg — Id} + (W§ — w;)TA:U% (Wg - w;)]
B [l 8| = B [ o (i) ]
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Finally, applying Theorem B.3.1 will conclude the proof. O]

B.3.4 Proof of Corollary 4.4.1

-1
Proof. The proof is straightforward by plugging A« = [Hw* <%Id>] C7 in Theorem 4.4.1.
O

B.3.5 Proof of Corollary 4.4.2

Proof. By Lemma B.2.2, it’'s easy to obtain the following bound according to Theo-
rem 4.4.1.

£.(A) < J B, (IE [ (W3, 0 B [Aw])] 1) +E [tr {1og (AR4E [Awg] ) }].

2n d

Then, plugging Aw; = 5514 will conclude the proof. ]

B.3.6 Corollary B.3.1: Distance to Initialization

Corollary B.3.1. Under (i-ii) in Lemma 4.4.1, then €,(A) < \/dTR2 log (E—ZEHW; — Woll2 + 1).

Proof. Notice that I(Wr;S) < EsDki(Qwys||Pwy) holds for any o > 0, then for a given
w, we have

I(Wp; S) = zyvif Es [Dkw(Qwy(s||Pwy)]

< infEg [DKL(PW§+ JENwvis] \PWN)} (B.16)

PzD+UN):|

= infEgp: [D P.. .
o W3 K Wit/ 2 NS W
2d

: 1 1 * ~\T * ~ 4 n
= lgf 5E57W§ |:;(WS — w> (WS - 'LU) + log W + t'f’{@]:d} —d

. .1 . nd 2b
= §1I;f§ES,W§ [HWS —w||2+%:| +d10g0’2+d10g? —d
1 2b . o
— 5dlog %E57W§[|Ws—w||}+1 : (B.17)
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where Eq. (B.16) is by the chain rule of KL divergence, and the optimal

= \/Es,wg [HWS* w||?/d + Qb]

Let w = Wy will conclude the proof. m

Additionally, Corollary B.3.1 can be used to recover a trajectory-based bound.
Corollary B.3.2. Let Wp =W, w =0 and W.L.O.G, assume Wy = 0, then

n

dR2 AT <
Eu(A) < log ( 5 1 S E[IGH P + tr{C:}] + 1>,
t=1

Remark B.3.1. In Theorem 4.5.1, let g = 0 and by applying Jensen’s inequality, we could
also let the summation and factor T move inside the square root. Then the most different
part in Corollary B.3.2 is that As(t) is now removed from the bound.

Proof. When W, = 0, we notice that

T
WT = Z —UGt +77th7

t=1
where N¢, = Ctl/QNt.
Thus,
[Wr|* = || Z —nGy +nNe,||* < 2T Z |G| + || N |2
t=1

Let w = 0, recall the bound in Corollary B.3.1 and plugging the inequality above, we

have
R? 2b
EulA) < \/ dlog (25Esuw, [1Wr — a1+ 1)
dR? d
= —10g <4an/dESW0T 1 Nco., Z ||C¥t||2 + ||NCt||2 + 1)
=1
dR? ([ 4bTn ,
= s T X B G+ (] +
t=1
This concludes the proof. O
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B.3.7 Proof of Theorem 4.4.2
Proof. Let Py, |s,—s, = ./\/'(WS*J, 514), then
Dir(Qwyls=s||Pwris,=s;) = DKL(QW;-F\/QIbN\S:J|PW;J.+\/§N|SJ:SJ-)
< DKL(QW;‘—F\/gN,W;\S:s"PW;“],—&-\/gN,W;ﬂSJ:sJ-) (B.18)
= EW:W:j {DKL(QW;JF\/ZNW;,S:SHP ;j+\/gN|W;j,sJ=sj>
b
= B, |20 = W3R, (B.19

where Eq. (B.18) is by the chain rule of KL divergence. Plugging the Eq. (B.19) into
Lemma 4.2.1 will obtain the final result. O]

B.4 Experiment Details and Additional Results

The implementation in this paper is on PyTorch [164], and all the experiments are carried
out on NVIDIA Tesla V100 GPUs (32 GB). Most experiment settings follow [223], and the
code is also based their implementation, which is available at: https://github.com /uuujf/MultiNoise.

B.4.1 Hyperparameters

For CIFAR 10, the initial learning rates used for VGG-11 and ResNet-18 are 0.01 and 0.1,
respectively. For SVHN; the initial learning rate is 0.05. For CIFAR100, the initial learning
rate is 0.1. The learning rate is then decayed by 0.1 at iteration 40,000 and 60, 000. If not
stated otherwise, the batch size of SGD is 100.

B.4.2 Additional Empirical Results

B.5 Additional Result: Inverse Population FIM as both
Posterior and Prior Covariance

Inspired by some previous works of [1, 81, 212|, we can also select the inverse population
Fisher information matrix Fl. = Ez [V{(w*, Z)V{(w*, Z)T] as the posterior covariance.
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Iteration Iteration
(c) ResNet on CIFARI10 (d) ResNet on CIFAR100

Figure B.1: (a-b) The dynamics of /2 — A\;. Note that learning rate decays by 0.1 at the
40,000 and the 60, 000" iteration. (c-d) The distance of current model parameters from
its initialization.

Then, the following theorem is obtained.

Theorem B.5.1. Under the same conditions in Theorem 4.4.2, and assume the distribu-
tion PW§J|SJ s invariant of J, then

M _
Eu(A) < %ES \/Effvg [tT{legFIftvg}]

Proof of Theorem B.5.1. We now use (F{,f,g)_1 as both the posterior and prior covariance
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Figure B.2: Zoomed-in of generalization error.
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Figure B.3: Estimated trajectories-based bound and terminal-state based bound, with R
excluded. Models trained on CIFAR 10.

(again, we assume F{fVS A Flf{,s for any j), then
i

gu (-A) <Es

M?2
\/TE?WE,W;J [(W§ - WS*J) Ftl/f/s (W - W§J>T]]

M o . -
s [\ [Bigns, [or { Pl s (900075, 209003, 2]

M _
e |yfon o et |
which completes the proof. O]

Remark B.5.1. Notice that F{/{,S R~ H{}[‘/é ~ YH(WE) near minima [165, Chapter 8], then
tr{H{VEE“(Wg)} is very close to the Takeuchi Information Criterion [202]. In addition,
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our bound in Theorem B.5.1 is similar to [196, Theorem 3.] with the same convergence
rate, although strictly speaking, their result is not a generalization bound. Moreover, as
also pointed out in [196], here Hv?/lg 15 evaluated on the training sample, unlike other works

that evaluates the inverse Hessian on the testing sample (e.g., [203]).
The invariance assumption is also used in [208]. In practice, n is usually very large,

when m = n — 1, this assumption indicates that replacing one instance in s; will not make
Py« 15, be too different.
)
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Appendix C

Appendix of Chapter 5

C.1 Some Additional Definitions on Chaining Methods

Definition C.1.1-C.1.4 are used in the context of chaining methode, e.g., Theorem 5.3.4,
Corollary C.2.1 and Theorem C.3.1.

The following is a technique assumption.

Definition C.1.1 (Separable Process). The random process {X; et is called separable
if there is a countable set Ty C T s.t. X € limgyysemy X5 for Vt € T a.s., where x €
limg ¢ sery, ©s means that there is a sequence (sy,) in Ty s.t. s, — t and x5, — .

Definition C.1.2 (Subgaussian Process). The random process { X }ier on the metric space
(T,d) is called subgaussian if E[X;| =0 for allt € T and E [eA(Xt_XS)} < NS for gl]
t,seT, A>0.

Definition C.1.3 (Stochastic Chain [248]). Let (X7,T') be a random process and random
variable pair, where T is a random variable in the index set T. A sequence of random
variables {1y}, (with each distributed in T ) is called a stochastic chain of the pair
(XT> T)7 Zf ]) hmk—)OO]E [XTk] =K [XT]7 2) E |:XT]¢0:| =0 and 3) {Xt}tET - T — Tk - Tk—l
is a Markov chain for every k > ko.

Definition C.1.4 (Increasing Sequence of e-Partition). A partition P = {Ay, Ag, ..., A}
of the set T is called an e-partition of the metric space (T,d) if for all i =1,2,...,m, A;
can be contained within a ball of radius €. A sequence of partitions {Py}32,, of a set T is

called an increasing sequence if for any k > m and each A € Py, there exists B € Py s.t.
ACB.
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C.2 Omitted Proofs and Additional Results in Section 5.3

C.2.1 Proof of Theorem 5.3.1

The following proof shows that the proof of e-CMI bound in [92| can be adapted to the
loss-difference MI bound, where we just replace the distribution P+ ;- by Par,.

Proof. Let U! be the independent copy of U; s.t. U! ~ Bern(1/2) and U’ 1L AL;|Z. Recall
Lemma 2.4.1,

I(AL;; U;|Z = Z) =Dk, (PALZ,U”Z:g"PALi|Z:2PU£)

>sup Ear, vz [tg(ALi, Ui, 2)] — InEar, vz [etg(ALi’Ug’g)]-
teR

Recall that w = A(Z,), we now let g(Al;, u;, 2) = (—1)“Al; = (=1)" (0(A(Z.), Z;) — L(A(Z)

Then,

I(ALZ, UZ|§ = 2) Z sup EALi,Ui\i [t(—l)UlALZ} - hlEALi,Ui’\Z |:€t(_1)UiAL{|
t

=Ssup EALi,Ui\Z [t(—l)U’ALJ — IHEALAZ |:EU’ [et(il)UiALi ALZ = All]:|,
t

(C.1)

where the last equality is by the conditional independence.
Since Ey [t(—=1)Y/A] = 0 and (—1)"F is bounded between [—1,1], by Lemma 2.4.2,
we have

t2A12 2

vl i
EU.’ [et(fl) zAl¢:| S e 2 S e%,

where the second inequality is by the boundedness condition of the loss function, i.e.
Al; € [-1,1].
Plugging the inequality above into Eq. (C.1), we have

I(AL; Ui|Z =Z) > supEar, v,z [t(—l)UiALz} Ty
t
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Then consider the case of t > 0 and ¢ < 0 (t = 0 is trivial), by AM-GM inequality
(i.e. the arithmetic mean is greater than or equal to the geometric mean), the following is
straightforward,

Ear,vz [(-DVAL]| < \/QI(ALZ-; UilZ =32).
Notice that
Eu(A)| = [Esw [L(W) = LsOW))| = [z [L22,07) = Lz, (W) (C2)

<E, \EUW\Z [L2,7) = Lz, W) (€3)

ZE ‘ U, W\ Z [ ~1)" (K(W Z7) — oW, Zj))”

:_ZE ‘ Ui, AL;|Z ( )UZALJ )

wherein the two inequalities are by applying the Jensen’s inequality to the absolute func-
tion.

Hence, putting everything together we have
1 & = 1 & po
EuA < DB UAALU) € 1SV 2U(BL:UIZ)

where the second inequality is by applying the Jensen’s inequality to the square root
function.

This completes the proof. n

C.2.2 Proof of Theorem 5.3.2

By revisiting the proof of Theorem 5.3.1, particularly Eq. (C.2-C.3), we notice that if we
do not move the expectation over Z outside of the absolute function, we will have a chance
to get ride of the expectation over Z if we take the expectation over AL;.
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Proof. By the definition of the expected generalization error, we have

Ea(A)] = Es (L (W) = Ls(V)]| = [Ezpy |[L212, (W) = Lz, (W)]|

%ZEUW (DY (4w, Z0) - eow, Z:>)]|

I Ui
<~ ; [Eaz,o, [(~)YAL]]. (C.5)

We know that (—1)Yi AL, is bounded between [—1,1], so it is a 1-subgaussian random
variable. Then, recall Lemma 2.4.5 and let g(X,Y) = (—1)Y"AL;, we have

’EALi,Ui [(-1)"AL;] = Eap, v [(—1)U5AL1'H < V2I(AL; Uy).

Since Ear, v/ [(—1)U5AL1-} = 0, plugging the inequality above into Eq. (C.5), we have

[Eu(A)] < — 2_; [Ear,v, [(~1)%AL]| < - > V2I(AL;UY).

i=1

This concludes the proof. n

C.2.3 Proof of Theorem 5.3.5

Proof. Recall Eq. (C.5), we could also obtain

Y

1 ¢ | 1 ¢ | s
€u(A) Sﬁ; [Ear,o [(-1)"AL]| = E; Ear,v, [(~D)"AL] = Eap v, [(-1)" AL

where AL} is an independent copy of AL; (i.e. AL, ~ Par, and AL} 1l U;) and the second
equality holds since Eaz; v, [(—1)UiALﬂ =0.

Then, by Jensen’s inequality, we move the expectation over U; and the average outside
the absolute function,

1 ¢ , AT
1, (A)] SE;EUZ. [Earo (D)7 AL] = Eay [(-D)"AL] | |U; = u].
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Notice that for any fixed wu;, we have

1

EALi|Ui:ui [(_1)UiALi] :/ (_1)UiA€idPALi|Ui=uz'(Agi)a
~1
1

Bar [(-1)“AL] = [ (<1)“AtdPar(AL).

-1

Also, noting that f(x) = x is a 1-Lipschitz function, i.e. [(—1)“AL; — (—1)“ AL} <
|AL; — AL}| holds trivially.

Recall the KR duality of Wasserstein distance (i.e. Lemma 2.4.7), we have

1€, (A)] S%ZE& [\EALM [(~1)VAL] —Ear [(—1)%AL|

i=1

1 n

U, = uz]

This concludes the proof. O

C.2.4 Proof of Theorem 5.3.3

Proof. The channel capacity can be obtained from Lemma C.4.1 by letting ¢;, = 0 and
changing the unit of bit to the unit of nat (i.e. replacing logarithm base of 2 to the base
of e by Inz = In2log, x).

Furthermore, the value of 1 — a; reflects the chance that the interpolating learning
algorithm A will make an error (i.e. (W, Z!) = 1) for a testing instance, or equivalently,
E;- v [Li ] + Errpor [L]]

5 (6

Thus, combining the equality above with C' = I(U;; AL;) = (1 — o) - In 2, we have

n

1 & 1 1 <&
1Eu(A)| = Ew [L,(W)] = " ZEW,Z; [ﬂfw(xg#yi/} = Z(l — ) = Zl(Ui; AL;).
=1

< , nln?2
=1 =1

This completes the proof. O
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C.2.5 Proof of Theorem 5.3.4
Proof. Let B}y, = E,(A)'(AL;) = (—1)¥*AL;, then for any integers k; and ko such that
k1 > ko, we have

k1

k=ko+1

By the definition of the stochastic chain (i.e. Definition C.1.3), we know that Ep;: Ey, | =
ALika ALZJC()

0 and limg, oo EZLZ_M = E};,. Therefore, let ky — oo and taking expectation over
(Ui, AL;) ~ Py, ar, for both sides of the equation above, we have

o
EU@',ALi [EALJ - E , EUiaALi,kvALi,k—l [EALM - EALiyk,l]' (06)
k=ko+1

Let U] be an independent copy of U; and recall Lemma 2.4.1, we have

EALi,kyALi,k—l [DKL (PUi|AL¢,k7ALi,k—1||PU{)]
i i t(Ear, —Far,
ZEALi,mALi,kfl |Fup ﬂEUﬂALi,k,ALi,k—l |:EAL“c - EALZ' k71i| —In EU{ |:€ ( ok 1’k_1)
t>0 ’ ’

|:€t(—1)UZ{ (ALi,k_ALi,k—l)] ’

7 7
> Stug tEUi,ALi,hALi,kq [EALM - EAL,-,;Q_l] - ]EALi,kyALi,kfl In EU{
>

where the second inequality is by applying Jensen’s inequality to the supremum.

Notice that the LHS above is equivalent to I(AL;, AL;;_1;U;). Since (—1)Uz{ is
bounded between [—1, 1], by Lemma 2.4.2, we have

2 2
(AL g —ALj k1)

I(ALijg, ALix-1;U;) > suptBy, ar, AL, [EALi . — EAr k_l] —Ear, AL, Ine 2
t>0 ’ ’

Thus, let d(AL;y, AL; 1) = |AL;jy — AL; 1|, we have

Ev, AL; 1, ALk [EiALi’k - EiALi,k—l:| < \/QEALi’k,ALi,k_l [d2(ALjp, AL 1) I (ALj g, AL; 13 U;).
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Plugging the inequality above into Eq. (C.6) and taking average over i, we have,

1 & ,
Eu(A) =— > Eu,aL [Bhr,]
=1

1 n o
S>>V 2anan [PALig AL )] H(ALip, ALip1 ).

i=1 k=ko+1

From the third point of Definition C.1.3, we know that U; — AL, — AL;, — AL; ;1 is a
Markov chain, SO I(ALl,k, ALi,k—l; Ul) = ](ALz’k, Ui)—i-I(ALi,k_l; UZ’ALl’k) = ](ALz’k, Ul)
This gives us the final form of the bound,

1 n (o]
EfA) S =37 D\ 2Basan [P(ALy ALy )AL U).

i=1 k=ko+1

This concludes the proof. O

C.2.6 Additional Result: Chained MI Bound for Bounded Loss

Corollary C.2.1. Let 2% > diam(T) and let {Py};2,, be an increasing sequence of
partitions of T, where for each k > ko, Py is a 2 F-partition of (U';d). Let AL;y be the
center of the covering ball of the partition cell that AL; belongs to the partition Py, then

Eu(A) < %z": f: Q_k\/ 2I(AL;1; Us).

i=1 k=ko

Proof. By the triangle inequality, we have d(AL; p, AL; k1) < d(AL; g, AL;)+d(AL;y AL; 7).

Since Py, is a 27" partition, d(AL; x, AL;) < 27% then d(AL; ., AL)+d(AL;, AL; 1) <
27k 4 2-(k=1) — 3 »x 27% Plugging this into Theorem 5.3.4, we have

1 n D
Eu(A) Sﬁ Z Z \/QEALi,k,ALi,k_l [d>(AL;j g, AL j—1)J I (AL; i U;)

i=1 k=ko+1
1 n o0
<=3 ) 3x 22 (AL U).
" ke
This completes the proof. O
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C.3 Omitted Proofs and Additional Results in Section 5.4

C.3.1 Proof of Lemma 5.4.1

Proof. By the definition of &£,(.A), we can decompose it into two terms,

1 & 1< o
EulA) =~ > Euti-u [Lip, — Liv)] = Y B (DY — L)
i=1 i=1
1< o ,
“n ; []EL;,Ui [(=DPL7] +Eps g, [—(—1)U’Lﬂ]

O A |

where the last equality is by —(—1)% L7 = (=1)UiL}. We now show that the following
holds

ELZ._,Ui [(_I)UiLﬂ = ELj,Ui [(‘UmLzﬂ'

Recall that Z and U are i.i.d drawn from 1*" and the Bernoulli distribution, respectively,
and Z 1l U. Usually, a learning algorithm may depend on the order of training instances
(i.e. for i # j, even if two training instances satisfy z; = z;, Py ., may not be the same
with Pyy,), but it should be invariant to the row index of the supersample Z , then the
distribution PL;’UZ, and the distribution PL;F’UZ, have some symmetric property, namely,
PL;lUFl = PLj'|Ul:O and PL;IUz:O = PLj’|Ui:1' Or equivalently, the distribution of the
training loss (or testing loss) of the ith training instance (or testing instance) is invariant
to U;. Hence, we have P,- = P+, we say L; and L] are identically but not independently
distributed. Then, ' '

1

1
EL;\UFO [Li_} = /0 gi_dPLﬂUi:O(gi_) = /0 f?dPLmUi:l(f?) = ELﬂUi:l [L:r]a

1 1
EL;\Uizl [_Li_} = /0 _gi_dPLﬂUi:l(éi_) - /o _K;_dPLﬂUi:O(@—) = ELNUZ-:O [_Lﬂ'
These give us

EL;,Ui [(—1)UiLﬂ _ EL;\UFO [Li_} +2ELZ._U1-1 [_Li_} :ELﬂUizl [Lﬂ "‘ZELiﬂU,-o [_Lﬂ

=B 7, [(—1)6%*} -

T g
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Therefore,

%Zn:[ Ep-p (DL + B, [( LU” ZEL v (D)% L]
ZEZEL;@ [(—WL;*].

Notice that both (—1)¥ and (—1)7+ are Rademacher variables. This conclude the proof. [

C.3.2 Proof of Theorem 5.4.1

Proof. Notice that 2(—1)Y L} is bounded between [—2, 2], it is a subgaussian random vari-
able with the variance proxy o = 2. Let the measurable function g(L;", U;) in Lemma 2.4.5
be 2(—1)Yi L}, then g(L},U;) is 2-subgaussian under Py, P, +, we have

2B, 0, [(-0PLH] = 2By 0 [0V L ]| < 2020085 0).

Lt [Lﬂ_EJﬁ [Lﬂ

Since E+ y [(-)YL]] = =—5— =0, then

’ZELj,Ui [(_1)UiLz‘+H < 2\/ 21(LS5Uy).

Recall Lemma 5.4.1,
2 §n Bz, |(-D7 L]
n= Z

Notice that U; and U; are one-to-one mapping, so using any of them will give the same
mutual information. Thus, by applying Jensen’s inequality to the absolute function, we
have

A< 3B, (DL <23
=1 i=

In addition, to obtain the second inequality in the theorem, we first invoke the inde-
pendence between Z and Uy, I(L};U;) + 1(Z;U;|LF) = I(L], Z;U;) = I(L};U;]|Z) and
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then use the DPI, I(L}; Ui|Z) < I(fw(X);Ui|Z), we have

2 2 ¢« =
A< YUy < 03 V2Aw(X7):U12),

This completes the proof. n

C.3.3 Proof of Theorem 5.4.2

Proof. Notice that

EW,Z{ [ﬂfW(X{)?éY'} :EU@',Li [Li,Ui]

:EL;HUZ-:I [Lﬂ
=P(L} =1|U; =1)
=1—-q.

—_\\" 1l-g
Hence, L, =) L,

i=1 7

For each i, we have I(L7;U;) = H(L7) — H(L7|U;)) = H(*5%) — 1H(1 — ¢)
H(45%). Since the entropy function H(-) is a concave function, we have £ > | I(L}; Uy)
P H(SE) S H ().

LI IA A

C.3.4 Additional Result: Chained MI Bound Based on Single-Loss

When the loss is not discrete or even not bounded, let £(¢}) £ £;/] be a random pro-

cess and let £ be the domain of Lj. Similar to Theorem 5.3.4, we can also have the
corresponding chained bound of Theorem 5.4.1.

Theorem C.3.1. For eachi € [n], we assume { L}, }32,, is a stochastic chain of (§' (¢ )} e+ L),
then Z

2 n o0
Eu(A) < =37 T2 (LT L )L U,

i=1 k=ko

where the RHS expectation is taken over (L, , L, ).

This theorem can be obtained by following the same development with the proof in
Section C.2.5.
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C.3.5 Proof of Lemma 5.4.2

Proof. A key step is the second equality of the following

1 n
5;?1 (-A) :E ZEL;,Lj,Ui [Li,ﬁi - (1 + Cl>Lz’,UJ
i=1

1 . Ol 01 Cl
:ﬁ ;EL;,Lj,Ui {(l + 7) (Li,ﬁi —Liv,) — 7Li,ﬁi - 7Li,U¢1
i

_2+Cl z U, 17— Cl _ U 7+ _
2 Z |:EL7;»UZ' {(_1) Ly - Cl—l—QLi] "HELj,Ui {_(_1) L; _mLi .

i=1

Recall that P - = P+, we have E - %Li—} = Epy [C?_bLﬂ. Also, noting that
E;-jv,—0 (L] = Ep+ -1 [LF] and E;-v,-1 [-L7] = Er+ -0 [—L;], we have
2+ C - U, Ch 2+ Cy - =
Cl J— _ _ Uz + _ + . . +
EN(A) = — ;Eﬁ’m {( 1)L —CHLQLZ} == ;ELM [&Lf], (C7)

where &, = ¢; — C?jr2 and g; ~ Unif{—1,+1} is the Rademacher variable. In this case, &;

is called the shifted Rademacher variable and its mean is — C?-lu' O

C.3.6 Proof of Theorem 5.4.3
Proof. Since &; is obtained by a bijection function of U;, they two can be replaced by each
other in the mutual information. Recall Lemma 2.4.1 and let the measurable function g

be t(C} + 2)&; L}, we have

I(L7; U3 = I(L73) =Dia, (Pps 2 |I1Pys Py

>supBy s . [H(C) +2)5LF] — K, [et(m?ﬁ%ﬂ. (C.8)
t>0 e v

We hope to have

B0 [0 ] <1 ©9
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Since & is independent of L;", and P(¢; = ﬁ) = P(& = %) = 2, then

_ + +
E,: [e 2(CH)LT 4 Q2L
K3

2

=7+
E + [et(clJrz)EiLz‘ ] =

i 074

Notice that e~2C1+DL 4 2L g the summation of two convex function, which is still
a convex function, so the maximum value of this function is achieved at the endpoints of
the bounded domain. Recall that L} € [0, 1], we now consider two cases, i) when L] =0,
we have e 2/(C1HDLT 4 ¢2LT — 9. jiywhen L = 1, we need to require e 2(C1+1) 4 2t < 9
s.t. Eq (C.9) can hold. Note that this inequality implies that ¢ < %2

Replacing t by Cy, let the values of Cy, Cy be taken from the domain of {C}, Cs|Cy, Cy >

0, e 2C2(C1H1) 1 2C2 < 21 50 Eq. (C.9) will hold. Under this condition, by re-arranging the
terms in Eq. (C.8), we have

I(L;U)

(C1+ 2K+ [ELF] <
; C,

€

Plugging the inequality above into Eq. (C.7), we have

n n

£ () = Ly~ (4 O = 2O S [y )] < 30 T,
1=1 -

n

Thus, the following inequality can be obtained,

L,< min (1+CY)L, +

C1,02>0,e202 4¢—202(C1+1) <2

(C.10)

We can also optimize the parameters Cf, 02 by relaxing the condition of e72C2(C1+1)
€22 < 2. By invoking €* > x4+ 1 and e™* < 5 forz> -1 and e® < ;— for z < 1, it’s
sufficient to have

1 1 1
<2 d0<C <. C.11
1+202(C'1+1)+1—202_ ’ o D) ( )
Solving Eq (C.11) gives us 0 < Cy < 4(0?—1“) Since (cCl+1) < 1 < 3, then Eq (C.11)
holds when C5 € (0, (e +1)} Notice that (CCFH) is also smaller than 72
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Therefore, we obtain

L,< min (14+Cy)L, +

C1,02>0,e202 f¢=2C2(C1+1) <2
n

< min (1+Cy) Ln—i—z
=1

C’1>0,0<02§ﬁ

I Lj,
Con

" AI(LF: U, "L, JI(LU;
_Ln+z(; )+4Z (L5 Ui)

- - n
=1 =1

where the last equality is achieved when Cy = 24/>"7" 1 L ) and Cy = 4(0 +1)

For the second part of the theorem, if A is an interpolating algorithm, then L, = 0, in

which case we can let ('} be arbitrarily large.

Recall that we hope
67202(01+1) + 6202 S 2

This can be satisfied by letting Cy = ln—Q and C7 — o0.

Thus, the interpolating single-loss MI bound is
— 2I(L;U;)

nln2

This completes the proof.

C.3.7 Proof of Lemma 5.4.3

Proof. By the definition of y-variance, and notice that Lg(W) = £ 37" |

V(v) ZEW,S = Z (1+7)Ls(W))?

LW, Z;), we have

=Ews - Z (62(W7 Zi) = 21+ y)e(W, Z;) Ls(W) + (1 + ’Y)QL%(W))

1 n
=E — (W, Z;
ws | g (W, Z;)

=L, — (_1 — ")/2)EW,S [L%G/Vﬂ?
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where the last equality is due to the fact that the loss is the zero-one loss (i.e. ¢2(-,-)

o

C.3.8 Proof of Lemma 5.4.4
Proof. By Lemma 5.4.3 and v € (0, 1), we notice that,
E(A) = C1V(y) =L, — L, — C1 L, + C1(1 = v*)Ew,s [LZ(W)]
<L, — (14 Cy)Ly + Ci(1 = ¥*)Ew,s [Ls(W)] (C.12)
L, — (1+ )L, (C.13)

where the inequality is because that Lg(W) € [0,1] (i.e. LE(W) < Lg(W)).

Noting that in Eq (C.13), £,(A)—C1V () is upper bounded by a weighted generalization
error. Thus, we can then directly apply Lemma 5.4.2 by choosing C}7? as the trade-off
coefficient (i.e. replacing C; in Lemma 5.4.2 by C}~?), which gives us

24 C
E(A) — C1V () < T”ZI% &L,

B 2
where &, = ¢; — 0%27 - O

C.3.9 Proof of Theorem 5.4.4

Proof. The RHS of Eq. (C.13) in the proof of Lemma 5.4.4 has already been bounded in
Theorem 5.4.3 by regarding C;+? as the weighted parameter C; in Theorem 5.4.3. Then,
there exist C',Cy > 0 s.t.

I(LF; U)

2

ESA) -V (y) <L, — (1+CHL, <Z

=1
Furthermore, from the proof of Theorem 5.4.3, we note that the following is valid

L I(LFU;
EL(A) < min CiV(7) + Z(nTQ)

C4,02>0,2C2 1e—2C2(C172+1) <2

Notice that the original optimization space of the variance based bound should be larger
than {C}, Co|Cy, Cy > 0,202 + ¢~202(C17°+1) < 91 because in Eq. (C.12), we upper bound
the most interested quantity &£,(A) — C1V(y) by L, — (1 + C1v?*)L,, which restricts the
original optimization space. This completes the proof. O]

172



C.3.10 Proof of Lemma 5.4.5

Proof. By the definition of A-sharpness, we have
Fy(\) ==Egz, [Ewyz [((W, Z)*] = 2(1 + NEfy2,6(W, Zi) + (1 + N\)Efy 2, LW, Z;)]
=Ew.z (W, Z;)] — (1 = N)Eg, [Efy (W, Z;)],
where the last equality is by the zero-one loss. This completes the proof. O

C.3.11 Proof of Lemma 5.4.6

Proof. By Lemma 5.4.5, we have

. 2
ZF =L,—(1+C)L, MZEZ [ESy 2, t(W, Z;)]

n
1 n
= > [EUi,Li [Li,Ui —(1+ Cl)Li,Ui] +(1- Az)cl]EZi,U [E2ZU oo, Li:Ui:H .
Let AMZiv) = E 5., Lo MZip,) = Eiiﬁil%iLm, MZ) = B2, ., LT and
2
A(Z )=E L7120 L;. A key observation is the following:

EU¢,L¢ [Li,Ui — (1 + Ol)Li,UJ (1 — )\2)ClE2i,Ui |:A(217Uz):|

(1 VB, [Lug, — Lew] — (1~ WBsp, [AZup) — AZurs)]

= % [Evz. [Lig,] — (1= X))z, [A(Z@)” - % [Ev,n, [Liv] = (1= 0B 4, [MZips)|]
T [ e e T L)

S+ A0 8]

T e e L)

_%Lj 01(12— A2>E—Z;+Ui [A(T)H

R O Ll et CER LA e |



where ¢; is the Rademacher variable.
Thus,

£.(4) -~ 13 ROy

Cy+2 n 4 Cl(l _ )\2) ) N
I ;ELJM [(& T a 2)L¢,1 - ﬁ(gz - 1)EZ+IU2~ [ELj\Zj,UiLi ] ,

(C.14)

This completes the proof. -

C.3.12 Proof of Theorem 5.4.5

Proof. Notice that we cannot directly apply Lemma 2.4.1 starting from here since there is

a quadratic term, namely, Ez+ E? U,Lj] in the RHS.

+ 15+
Lr\|zZ]T,

Inspired by [233], we now assume that there exists a random variable R; s.t.

(O DBy | (1= o) = S e = DB, (B 7]
<G+ DBy, (e g ogtt - ST e - DBy, [REsy 0,17
~Cr Dy [ gt - A= - ey, [R]
=(C1+2)E 4y, :((q —~ Clci 5) — Cléi ; ;2) (i — 1)RZ») Lﬂ. (C.15)

Such R; could satisfy R; > sup;+ E LH =5 Ui L], for any fixed u;, and the random-
ness of R; is controlled by U;, i.e. R; is a function of U;. A simple choice is to let R; =1 (so
R; always exists), and another choice could be letting R; = Er+vm0; [Lj’] that satisfies

the condition, where Q; is some distribution of L}, and L] is independent of L} and Z;
given U;.

Recall that the shifted Rademacher varaible &, = ¢; — %, and let another shifted

Rademacher variable é; = ¢; — 1. Then we are ready to invoke Lemma 2.4.1,

I(LFU3) > suptEye , [((Cy+2)é — Co(1 = A)ER,) L] —InE ., | ((CrrDE-Cr-ar)LE)
t>0 i ioT

(C.16)
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Similar to the proof of Theorem 5.4.3, we hope the following hold
E,+Ey [et((01+2)5;—01(1-A2)g;Rg)Lj] <1 (C.17)

By the independence, we have

Y

o e e s o

2

R VAY-7R e + +
p2H(C10-2)7 -1 1) L] —|—62tLi]

where 7/ € [0, 1] is the value (or the realization) of R} when U; = 0 (or £} = —(—1)¥ = —1),
e.g, 7 = Ep+p_g (L]
Then, since L;" could be either 0 or 1. We now consider the two cases.

2t(01(17>\2)7’§7C171>L7L sert

(i) When L = 0, then © 5 —+t¢ * = 1. Therefore, when L; = 0, the
value of R, has no effect on the moment generating function.

2t(01(142);§70171)

(ii) When L = 1, we have the formula ¢ e

Notably, only when

gl =—1 (or U/ =0) and L] = 1, the value of R!, viz, 7., has some impact on the moment
generating function. Since 7, € [0, 1], it’s sufficient to upper bound R; by the random
variable 1_252 = _5 i Thus,

E,+Ey, [et((clw)é;fcl(17,\2)5;3;)4'#] < E,:Ey [et((Cl+2)§;+%(17>\2)522)L;L]. (C.18)

By the moment generating function of the Bernoulli random variable L], we have
Ey/E, [et<<01+2>52+%<1—A2>é22>L? ] —Ey, [1 —Ep+ [LF] + B [Lﬂef(<01+2>52+%<1—k2>é22>}
—2t(C1A2+1)

2t
1= By (L] 4By 1)

2

Since 0 < E, + [Lﬂ < 1, we only need to require that
€—2t(01>\2+1> 12t

<1
5 =

Replacing t by Cy and putting everything together (Eq. (C.14-C.17)), we have

E.(A) < % SRy ¢ Y L),

- nCs
=1

This completes the proof. n
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C.3.13 Proof of Corollary 5.4.1

Proof. According to the proofs in Section C.3.9 and Section C.3.12, we know that the
sufficient conditions to let Eq. (5.5) and Eq. (5.6) hold are @2 4 ¢2%2(@17°+1) < 9 and
€202 4 ¢72C2(C1X*+1) < 9 regpectively. Given that both v, A € (0,1), there must exist Cy, Cy
to let both Eq. (5.5) and Eq. (5.6) hold. Then taking minimum of these two inequalities
will give us the desired result. [

Additionally, in any of the following case: (i) L,, — 0; (ii)V'(y) — 0 for some « € (0, 1);
(iii) F(A) — 0 for some A € (0,1), we can let C; — oo and let Cy = 22, then &,(A) <
Zn 21(Lf5Uy)

i=1 nln2

. This justifies the remark after Corollary 5.4.1.

C.4 Some Background on Channel Capacity of Binary
Channel

In this section, we follow the custom of the notations in [41]|, where the logarithm usually
has a base of 2 (i.e. log,). In addition, for a binary random variable, the entropy function
H(+) can be a binary entropy function, for example, the random variable X has the value
Oand 1, and P(X =1) =p, P(X =0) =1 —p, then H(X) = H(p) = —plog,p — (1 —
p) log, (1 — p). The channel capacity of a channel between input X and output Y is defined
as C' £ maxp, I(X;Y).

C.4.1 Channel Capacity of Binary Symmetric Channel (BSC)

In a general case, the channel capacity of Figure 5.1(left) can be computed as in the
following lemma.

Lemma C.4.1. When X ~ Py,, the channel capacity of the channel in Figure 5.1(left) is
achieved and C = (1 — ) (1 — H (3325, =)

l-a 71—«

We note that this lemma is an exercise problem in [41, Problem 7.13|.

Proof. Let P(X = 0) = 7 and P(X = 0) = 1 —, then I(X;Y) = H(Y) — H(Y|X) =
HY)—H(1—¢e—a,a,e¢). It’s easy to see that H(Y) = H(mr(l —a—¢€)+€(1l —7),a, me +
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(I-m)(l—€e—a)). Welet A=n(l—a—¢€)+e(l—7)and B=me+ (1 —7)(1 — € —a)).
Notice that A+ B =1 — «, then

HY)=H(r(l—a—¢ +el—n),a,me+ (1 —m)(1l —e—a))

A B
=— [(A+B) log,(1 — «) +alog2a+Alog21— + Blog, 1—}
-« —a

1 |
a Ong—oc+ -« Og21—o¢

1

~ti(a) ~ (1-a) | et ey

=H(a)+ (1 —a)H( : )< H(a)+1-a.

To achieve the channel capacity (or to let the equality above hold), we need to let A = B,

which indicates that m = %

Thus,
C=Ha)+1l—a—H(l—¢ec—a,a,¢)
l—e—a €

=H l—a—(H 1—a)H

@+ 1=a- (H@+0-am (ST

l—a—€ €

=(1-— 1—-H

( a)< ( l—a "1-« )’

which completes the proof. n

C.5 Experimental Details and Additional Results

C.5.1 Channel Capacity of Binary Asymmetric Channel (BAC)

The channel capacity of the BAC channel in Figure 5.1(right) is given below.

Lemma C.5.1. The channel capacity of the BAC in Figure 5.1(right) is C' = log, (1 + ) —
H(p)—H(q
1:3{,]‘[(17)-1- 1727(}[‘[((]), where f = 2 EEn and the capacity is achived when P(U; = 1) =

1—q(1+8) Furth . _ . 7-ch . C =1 1 2*5((1) d I
Toogaipm- Further, if p =0 (i.e. Z-channel), C = log, (1+ < ), and for small q,
the capacity can be approximated by C =~ 1 — %H (q).
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Figure C.1: Comparison of I(L;;U;) and I(L;; U;).

Remark C.5.1. Notice that in this case, let X ~ Bern(1/2) (i.e. X = U;) will not achieve
the channel capacity. Thus, in the interpolating setting, except for Theorem 5.4.2, we have

—H(l—q;)
another upper bound for I(L};U;), namely =57 I(L;U;) < 5. In (1 ) R
If we further let q; be the same for each i (which indeed should be true), then I(L];U;) <

—H(Ly)
In{14+2 Zw )

Proof. Let P(X =1) =m, then I(X;Y)=H(r(1—p—q)+q) — 7 (H(p) — H(q)) — H(q).

Let % = (1 —p—q)log, (W — 1) — H(p) + H(q) = 0, we have the optimal
= U - where 8 = 255" | Plugging 7 = 7* into the formula of I(X;Y), we
= T+ - - TRUBBINE T = A
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have I(X;Y) =log, (1 + ) — 1=g H(p)+ —2—H(q). O

1-p—q

—e— Err A —e— Err
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0.2
0.01
0.00 0.0
20 40 60 80 20 40 60 80
n n
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0.6
5 0.04 s
i} w 0.4
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0.00 0.0
50 100 150 200 250 300 50 100 150 200
n n
(c) |Y| =2, SIB vs PIB (d) |Y| = 10, SIB vs PIB

Figure C.2: (a)(b)Comparison of the interpolating bounds on the synthetic dataset. Here
Channel Capacity, SIB and PIB refer to the channel capacity result in Theorem 5.3.3,
the single-loss based interpolating bound of Eq. (5.3) in Theorem 5.4.3 and a improved
loss pair based interpolating bound of [92, Eq. (12)] (replacing I(L;; U;|Z) by I(L;; U;)),
respectively. (c)(d) Further compare the value of 21 (L;; U;) and I(L;; U;), where training
loss is non-zero.

C.5.2 Experiment Setup

In our linear classifier experiment, we generate synthetic Gaussian data using the widely-
used Python package scikit-learn [166]. We draw each dimension (or feature) of X indepen-
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dently from some Gaussian distribution, and let all the features be informative to its class
labels Y. Specifically, we choose the dimension of data X to be 5 and we create different
class of points normally distributed (with the standard deviation being 1) about vertices
of an 5-dimensional hypercube, where its sides of length can be manually controlled. In
addition, we utilize full-batch gradient descent with a fixed learning rate of 0.01 to train
the linear classifier. We perform training for a total of 500 epochs, and we employ early
stopping when the training error reaches a sufficiently low threshold (e.g., < 0.5%). To
ensure robustness and statistical significance, we draw 50 different supersamples for each
experiment. Within each supersample, we further generate 100 different mask random
variables, resulting in a total of 5,000 runs for each experimental setting. This comprehen-
sive setup enables us to compare both the unconditional MI bounds and the disintegrated
MI bounds. Additionally, if the unconditional MI bound is the sole evaluated objective,
one has the option to completely restart the training process 5,000 times.

0.20
—#— Entropy —+— Entropy
se-Ml 0.6 se-Ml
0.15 —— Ln —— Ln
- 0.4
20.10
L
0.05 02
0.00 00 e ° = - s s
10 20 30 40 50 10 20 30 40 50
n n
(a) [V =2 (b) [Y| =10

Figure C.3: Verification of Theorem 5.4.2.

In the neural networks experiments, we follow the same setup with [82, 92|. Specifically,
we draw k; samples of Z and ks samples of U for each given z. For the CNN on the binary
MNIST dataset, we set ky = 5 and ko = 30. The 4-layer CNN model is trained using the
Adam optimizer with a learning rate of 0.001 and a momentum coefficient of 5; = 0.9. The
training process spans 200 epochs, with a batch size of 128. For ResNet-50 on CIFARI10,
we set by = 2 and ko = 40. The ResNet model is trained using stochastic gradient descent
(SGD) with a learning rate of 0.01 and a momentum coefficient of 0.9 for a total of 40
epochs. The batch size for this experiment is set to 64. In the SGLD experiment, we once
again train a 4-layer CNN on the binary MNIST dataset. The batch size is set to 100, and
the training lasts for 40 epochs. The initial learning rate is 0.01 and decays by a factor
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of 0.9 after every 100 iterations. Let ¢t be the iteration index, the inverse temperature
of SGLD is given by min{4000, max{100, 10¢!/1°°}}. We set the training sample size to
n = 4000, and k; = 5 and ks = 30. We save checkpoints every 4 epochs. All these
experiments are conducted using NVIDIA Tesla V100 GPUs with 32 GB of memory. For
more comprehensive details, including model architectures, we recommend referring to
82, 92].
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—— f-CMI

—— se-CMI

—x— f-CMI
502 —+— se-CMI 5
= =
L LJJ
0.1

0.0
50 100 150 200 250 300
n n
(a) Y| = 2 (Realizable) (b) |Y| =2 (Non-Separable)
1.
1.25 ::—_ E:condi. %0 I E:condi.
—e— Disint. 1.25 —e— Disint.
1.00 —+— e-CMI —+— e-CMI
—— f-CMI 1.00 —— f-CMI
5 0.75 —— seCMl 5 —— se-CMI
T =075
0.50
0.50
0.25 ¥ 0.25
0.00 - T 0.00
0 50 100 150 200
n n
(c) Y] = 10 (Realizable) (d) || = 10 (Non-Separable)

Figure C.4: Comparison of the square-root bounds on the synthetic dataset. Here f-CMI,
e-CMI and se-CMI refer to the disintegrated f-CMI bound [82], the unconditional e-
CMI bound in Corollary and the single-loss based square-root bound in Theorem 5.4.1,
respectively.

Estimating the v-variance and A-sharpness in the CMI setting is a straightforward
process. For example, to estimate sharpness, for each fixed Z, we store the training losses L
when U; = 0 (corresponding to ) and the training losses L; when U; = 1 (corresponding

181



to Z7) with different weight configurations . By doing so, we collect the necessary data
to compute the second term of the equation in Lemma 5.4.5.

C.5.3 Additional Numerical Results: Lower Bound of the Popu-
lation Risk Entropy

In Theorem 5.4.2, we give a lower bound for the entropy of the population risk in the
interpolating setting, This can be verified experimentally as shown in Figure C.3.

C.5.4 Additional Numerical Results: Equivalence of Information
Stored in Two Columns

In Lemma 5.4.1, we indeed hint that P+ = P, - and the mutual information I(L;"; U;)=I(L;; U;).
Such symmetric argument can also be empirically verified. Figure C.1 further demonstrates
that the same amount of evaluated mutual information is stored in the two columns.

C.5.5 Additional Numerical Results: Interpolating Bounds

We consider the interpolating setting, where Theorem 5.3.3, Eq. (5.3) in Theorem 5.4.3
and the bound of [92, Eq. 12| are all valid. In Figure C.2a, all three bounds are nearly
equal to the expected generalization error, while in Figure C.2b, we find that Eq. (5.3) in
Theorem 5.4.3 is slightly looser than the other two bounds when n < 20. As mentioned in
the main text, the gap between Eq. (5.3) and the bound of [92, Eq. 12] is determined by
the difference of 2I(L}; U;) and I(L; U;) (i.e. interaction information). From Figure C.2¢
and Figure C.2d, we further compare these two quantities, and find that I(L;; U;) will be
slightly smaller than 2I(L;;U;) when the number of labels increases and the number of
training sample decreases. Notice that [92] indeed uses I(L;;U;|Z) instead of I(L;:U;),
which is a looser quantity.

C.5.6 Additional Numerical Results: Comparison of Square-Root
Bounds

We conduct a comparison of square-root bounds on the synthetic dataset, where we also
include the disintegrated version of the f-CMI bound Rroposed by [82], an improved uncon-
ditional e-CMI bound (obtained by replacing I(L;; U;|Z) with I(L;; U;)), and the single-loss
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square-root bound presented in Theorem 5.4.1. The results are illustrated in Figure C.4.
Consistent with the observations in the main text, we find that the disintegrated bounds
are tighter than the unconditional MI bounds when the training loss approaches zero, but
looser than the unconditional MI bounds when the training loss is large. This suggests that
while, according to the DPI, the unconditional e-CMI bound or 1d-MI bound should be
tighter than the f-CMI bound, in some cases, the disintegrated version of the f-CMI bound
may be tighter than the unconditional e-CMI bound or ld-MI bound. For non-separable
i, the f-CMI bound becomes looser as the number of classes increases, which provides
justification for the remarks made after Theorem 5.3.1. In fact, it can be even worse than
the single-loss square-root bound in Theorem 5.4.1, which includes an undesired constant

of 2.
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Figure C.5: Comparison of three fast-rate bounds on the synthetic dataset. Here Fast-Rate
refers to the fast-rate bound of Eq. (5.1) in Theorem 5.4.3.
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C.5.7 Additional Numerical Results: Comparison of Fast-Rate
Bounds

We conduct a comparison of fast-rate bounds, including Eq. (5.1) in Theorem 5.4.3, the
variance bound in Theorem 5.4.4, and the sharpness bound in Theorem 5.4.5, on the
synthetic dataset with fixed values of C; and C3. As mentioned in the main text, if
L, — 0, both V() and F()X) become zero, resulting in the three bounds being equivalent.
However, when L,, # 0, the variance bound and sharpness bound are always sharper than
Eq. (5.1), as discussed earlier. In Figure C.5, we compare these bounds with fixed values
of C1 = 3 and (5 = 0.3. Figures C.5a and C.5¢ demonstrate that when L, is small, the
gap between the variance bound and Eq. (5.1) is small, indicating that the loss variance
in this case is also small. However, the sharpness bound clearly outperforms the other two
bounds. Furthermore, in Figures C.5b and C.5d, when L, is large, both the sharpness
bound and the variance bound significantly improve upon Eq. (5.1). Notably, only the
sharpness bound remains non-vacuous in Figure C.5d.
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Figure C.6: Comparison of Optimal Fast-Rate Bounds.
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Appendix D

Appendix of Chapter 6

D.1 Some Additional Discussions and Clarifications

Similar to [180], in Chapter 6, we mainly focus on 1-Wasserstein distance but all the upper
bounds based on 1-Wasserstein distance also holds for higher order Wasserstein distance
by Hélder’s inequality [44, Remark 6.6].

Motivated by the classic f-divergence, [3] proposed a discrepancy measure called D;Z—
discrepancy (or Dzﬂ—discrepancy). As KL divergence belongs to the family of f-divergences
and both [3] and our work use the variational representation of divergence, there appears
to be a connection between our work (in Section 6.4) and theirs. However, it’s important to
note that the variational characterization of f-divergence used in [3] is based on the results
of [160], while the Donsker-Varadhan representation of KL divergence (see Lemma 2.4.1)
used in our work cannot be directly obtained from their variational characterization [103, 4].
In fact, simply choosing z log x as the conjugate function would result in a weaker bound
than Lemma 2.4.1. Therefore, while there is some similarity between our results and those
of [3], our results in Section 6.4 cannot be directly derived from theirs.

D.2 Omitted Proofs and Additional Results in Section 6.4

D.2.1 Proof of Theorem 6.4.1

Proof. Let Q = 1/, P = pand g = ¢, then Theorem 6.4.1 comes directly from Lemma 2.4.6.
O
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Figure D.1: The relationship between random variables in UDA, where F' = L, (W) —
Ls(W).

D.2.2 Proof of Corollary 6.4.2

Proof. As discussed in Remark 6.4.1, when the loss is bounded in [0, M], it is guaranteed
to be %—subgaussian for any w € W. Then, similar to the proof of Theorem 6.4.1, let
Q=pu, P=y and g=/¢and R = %, then the following bound holds by Lemma 2.4.6,

i (w)| < J A D o)

Then, by min{A4, B} < 3(A + B), the remaining part is straightforward,

B | < /i (D ). Do 1)} < /Do i) + Dra ).

This completes the proof. O

D.2.3 Proof of Theorem 6.4.2
Proof. Let w* = argmingew Ez [0(fu(X'),Y")] +Ez [¢(fu(X),Y)]. By Lemma 2.4.1,

Dir(Py|[Px) > sup B [t(fu(X"), fur (X))] = log By [e! V30 GO,
teER,weW

Recall that ¢( f/(X), fu(X)) is R-subgaussian, by using Lemma 2.4.6 (let Q) = Px/, P = Px
and g(-) = (fuw(-), fw(-))), we have

[Exr [00fu(X"), fur (X)) = Ex [€(fu(X), fur ()| < V2R?Dicr,(Px|[Px).  (D.1)
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For any f,, € F, by the symmetric and triangle property of the loss, we have

Ez [(fu(X"),Y")]
<Ex [0(fu(X"), fur (X)) + Ez [((fur (X),Y)]
<Ex [((fu(X), fur (X))] + v/2R?Dkr(Px[| Px) + Bz [((fur (X'),Y")] (D.2)

= /E(fw(l“), Juwr (2))dPx () 4 \/2R2Dier,(Pxr| | Px) + Egr [( fur (X), Y")]

— [ [ €0ule) fur )Py ix—e )P (0) + ERD(P[P) + B [ fur (X))

< / / ((fl),9) + €, fur (2))dPy - (5)APx (2) + /2R Dy (P || P) + Exge [0 fue (X'), Y7)
’ (D.3)
B [0(£u(X), V)] + Ez [((Y: fur (X))] + v/2RDyr (P [1Px) + Ezo [((fur (X'), Y'),

where Eq. (D.2) is by Eq. (D.1) and Eq. (D.3) is again by the triangle property of the
loss function.

Thus, Err(w) < V/2R?Dx1,(Px/||Px) + A*, which completes the proof. O

D.2.4 Proof of Theorem 6.4.3

Proof. By Lemma 2.4.1,

Din(Px||Px) > sup  Ex/ [t(fu(X'), fur(X")] — log Ex [efe () 1w (]

teR,w,w’ eW?

> sup By [Exs [t0(fw (X'), fur(X'))] — log Ex [eté(fw(xxfw/(X))H
teR

> sup By [Exe [t0(fw (X7), fur (X')]] — log By [Ex [tV 0w (X))
teR

where the last inequality is by applying Jensen’s inequality to the logarithm function, which
is concave.

By the subgaussian assumption,

Eww [Ex [((fw (X)), fwr (XN = Eww [Bx [0(fw (X), fur (X)) < /2R?Dkr(Px/||Px).

This concludes the proof. O
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D.2.5 Proof of Theorem 6.4.4

Proof. From the definition, we have

E?r(w)‘ =Bz [0(fu(X"),Y")] = Ez [((fu(X), Y)]]

<BW(u, 1)

where the last inequality is by the KR duality of Wasserstein distance (see Lemma 2.4.7).
[

D.2.6 Proof of Corollary 6.4.3

Proof. When d is the discrete metric, Wasserstein distance is equal to the total variation,
then by Theorem 6.4.4,

Bxr(w)| < BTV, 1),

The remaining part is by using Lemma 2.4.8 and Lemma 2.4.9:

BTV (i, p) < 5\/min {%DKL(M'HM), 1— e—DKL(u’Iu)}_

Then, if ¢ is bounded by M, we can replace § by M above, which completes the
proof. ]

D.2.7 Proof of Theorem 6.4.5

PT‘OOf. Let w* = arg minweW IE:Z’ [g(fw(X,)ﬂ Y/)] + IEZ [g(fw(X)a Y)]
If 0(fu(X), fur(X)) is B-Lipschitz in X for any w,w’ € W, then similar to Theo-
rem 6.4.4, it’s easy to show that
Ex [0(fu(X), f1(X)] = Ex [0(fu(X), [7(X))] < BW(Py, Px) (D.4)
For any f,, € F, by the symmetric and triangle property of the loss, we have
Ez [0(fu(X'),Y")]
SEx: [0(fu(X'), fur (X)) + Bz [0(fur (XT), Y)]
<Ex [0(fu(X), fu- (X))] + BW(Px, Px) + Bz [((fu- (X'),Y")] (D.5)
<Ez [0(fu(X),Y)] + Ez [((Y, fur (X))] + BW(Py, Px) + Ez [((fur (X7), Y],
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where Eq. (D.5) is by Eq. (D.4) and the last inequality is again by the triangle property
of the loss function. This completes the proof. m

D.2.8 Additional Results: Sample Complexity Bounds

One of the main ingredients to derive our sample complexity bound is the following lemma,
where a concentration bound for a class of unbounded functions is given.

Lemma D.2.1 (][40, Corollary 9]). Let k >2 and G = {g: Z = R s.t. E, [e9D)] < 400}.
Assume E, [¢(Z)"] < 400 for all g € G. Let fi be the empirical distributions consist of
n data points sampled i.i.d. from . If G has the finite pseudo-dimension d, then for
Vo € (0,1), the following inequality holds for all g € G with probability at least 1 — 0,

E, [9(2)] < Balg(2)] + 24(6) /B, [o(2)" \/ (10827 103,

2 k—1
K

where A(k) = (3)" (&) ~ .

Below is another useful lemma for the bounded case, which comes from [145, Theo-
rem 11.8] with a slight modification (by invoking a different VC-dimension based general-
ization bound from [206]).

Lemma D.2.2. Let F = {f : Z - R"}. Assume E, [f(Z)] < M for all f € F for some
constant M > 0. Let i be the empirical distributions consist of n data points sampled
i.i.d. from p. If F has the finite pseudo-dimension d, then for Yo € (0,1), the following
inequality holds for all f € F with probability at least 1 — 0,

E, [f(Z2)] <Eu[f(Z)] +2M\/% (dlog%% —l—log%).

We are now in a position to state our sample complexity bound.

Theorem D.2.1. Let fi and [i’ be the empirical distributions consist of n source data and m
target data sampled i.i.d. from pu and i, respectively. LetG ={g: Z - R s.t. E, [69(2)} <
oo} with finite pseudo-dimension dy, and let the pseudo-dimension of {exp o g|lg € G} be
dy. Let k > 2 and assume that E, [g(2)"] < +oo for all g € G. Assume there ezists a
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constant a < mingeg{E; [e??],E, [e9P]}. Then forVé € (0,1) the following bound holds
with probability at least 1 — 6,

/ NI 4 1 2€m 4
Dk (1] 1) =D (1] 1) < Cl(ﬁ)\/ (dl log d_1 + log 5)+C2(04)\/ (d2 log e + log 5)

2—kK k=1

where Cy(k) = (%)T (ﬁ)T sup,eg v/ Eu[9(Z2)"] and Co(a) = %supgeg E, [69(2)}.
Proof. Recall Lemma 2.4.1, we have

Dict (1] 1) = sup By [9(2")] — log By [e" )],
ge

and
Dy (i]|f2) = sup By [9(Z')] — log E; [e97)].

g€eg

Then, with the probability at least 1 — ¢,

Dyr(1/[|1) — Dxer. ('] |2)

=supE, [¢(Z")] — logE, [eg(Z)] — (sup Ex [g(Z")] — logE, [69(2)]>

geg 9€g
SSESE#/ [9(Z")] = 1ogE,, [¢9D] — (Ex [9(Z")] — logE; [e9P)])
g
=supE, [9(Z")] —Eu [g(Z")] + log E, [69(2)] —logE, [69(2)]
g€eg
<sup |[E, [g(Z")] — Eg [9(Z')]] + sup \1og E; [e9P] —logE, [e??]|
geg g€eg
<sup[E, [9(2)] — Ex [9(Z)))] + sup ~ B, [e/?)] — B, [#7)]| (D6)
geg geg &
2en 1 2em 4
< log — +1 log — +1 D.
_Cl(lf)\/n (d1 og a + og(s) +02(Oé)\/m (dz og 7 + og(S) (D.7)

where Eq. (D.6) is derived below.
W.L.O.G. assume that E; [¢9(9)] <E, [e9?)] (and Eq. (D.6) still holds when E; [e9%)] >
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E, [e#)]), then

E, [e/7)]
E- [eQ(Z)]

n

llogEﬁ [69(2)} —logE, [eg(z)” = |log

AN
=
—|—

=& [0 (B, [e"?] — E; [eg(z)])‘

1
< |E. [e9D] —R. [e9D]]
<L g, () 5, [0
Eq. (D.7) is by Lemma D.2.1 and Lemma D.2.2. This concludes the proof. O]

With Theorem D.2.1 and Theorem 6.4.1, we immediately have the following corollary.

Corollary D.2.1. Let the conditions in Theorem D.2.1 and Theorem 6.4.1 hold, then for
any w € W,

_ 1 2 4 1 2 4
‘Err(w)‘gﬁR Dyt (2'||2) + Cr (1)1 = (dilog 22 +log = ) + Ca(a)y [~ (dolog 2% +10g = ),
n d1 ) m dg )

where C1(k) and Cy(«r) are the same as in Theorem D.2.1.

D.2.9 Additional Discussions on the Convergence of Empirical KL
Divergence

Characterizing the convergence of the empirical KL divergence to the real KL is a chal-
lenging task that often requires several additional assumptions, as demonstrated in Theo-
rem D.2.1. However, it is worth noting that the convergence rate of the empirical distri-
bution to the real distribution in the KL sense is already established in the discrete space.
This fact is supported by a classic result in [41, Theorem 11.2.1|, which we state in the
following theorem:

Theorem D.2.2. Let i and i’ be defined as in Theorem D.2.1. Assume the space of Z is
finite (i.e. |Z| < o0), then for Vé € (0,1), with probability at least 1 — ¢,

2] 2]

. 1.1 . 1.1
D (fif|p) < —log(n+ 1) + —log Dr(f']|p) < —log (m + 1) + —log —.
n n m m 0
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191



Thus, it suffices to ensure that the empirical KL converge to the real KL with the
similar rate, although we do not know if there might exist a faster convergence rate.

D.2.10 Generalize to Approximate Triangle Inequality

In Section 6.4, some results require that the loss obeys the triangle inequality (i.e. As-
sumption 6.4), such as Theorem 6.4.2 and Theorem 6.4.5. While the 0 — 1 loss satisfies
Assumption 6.4, some other loss may not. Thus, to generalize Theorem 6.4.2 and The-
orem 6.4.5, we invoke an approximate triangle inequality, which is originally defined in
[42].

Assumption D.1 («a-Triangle). ¢(-,-) is symmetric and satisfies the following ca-triangle
inequality: C(y1,y2) < a(l(yr,ys3) + Lys, y2)) for any yi,ya,y3s € YV, where a« > 1 is a
constant that may depend on the hypothesis space VW and the loss (.

Remark D.2.1. We note that the squared loss satisfies 2-triangle inequality.

Thus, Theorem 6.4.2 can be easily generalized below.

Theorem D.2.3. If Assumption D.1 holds and let {(f.,(X), fu(X)) be R-subgaussian for
any w,w" € W. Then for any w,

Err(w) < (® = 1)L, + av/2R?Dx1,(Px [ Px) + *X",

where X\* = min,ew L,y (w) + L, (w).

Theorem 6.4.5 can be generalized in the similar way. While Theorem D.2.3 strictly
speaking is not a generalization bound, as it includes L, in the bound, it shares the same
underlying concept as Theorem 6.4.2. Namely, to minimize the population risk in the
target domain, it is essential for the source domain and target domain to be similar, and
for both L, and A\* to be kept small.

D.3 Omitted Proofs and Additional Discussions in Sec-
tion 6.5

D.3.1 Additional Discussion on Theorem 6.5.1

To derive the bound in Theorem 6.5.1, we need to make use of the second equality in Eq.
(6.1). In fact, by the definition of Err (the first equality in Eq. (6.1)), the unlabelled sample
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" does not explicitly appear, so one can easily apply the similar information-theoretic

ané]dysis starting from the first equality in Eq. (6.1), and obtain an upper bound that
consists of I(W; Z;) and Dxp,(u||p’). Precisely, the following bound holds,

Theorem D.3.1. Assume ((f,(X'),Y") is R-subgaussian for any w € W. Then

1 n
[Br| <~ Y EV2RI(W; Z:) + /2R?D (]| 1)
=1

The proof of Theorem D.3.1 is nearly the same to the proof of [225, Corollary 2| and
[139, Corollary 1].

[t’s important to note that although
I(W; Z) < I(W; Zi| X)) = Bxy |1X5(W; Z,)|,

the bound in Theorem 6.5.1 is incomparable to the bound based on I(W; Z;). This is mainly
due to the fact that we use the disintegrated version of mutual information, XJ'(W; Zi),
and the expectation over X J’ is outside of the square root, which is a convex function.

Using I3 (W; Z;) instead of I(W; Z;) allows us to figure out more details about the role of
unlabelled target data in the algorithm. Additionally, one can also prove a bound based
on I(W; Z;| X7) (e.g., simply applying Jensen’s inequality to Theorem 6.5.1), which is close
to an individual and UDA version of |28, Theorem 3].

Furthermore, the first term in Theorem 6.5.1 characterize the expected generalization
gap on the source domain (i.e. Eyw,g[L,(W)— Lg(W)]), then the bound suggests us that
it’s possible to invoke the unlabelled target data to further improve the performance on
source domain, and the simplest case is the semi-supervised learning (when pu = p).

Compared with [225, 105]. Notably, bounds in [225, 105| fail to characterize the
dependence between W and S’%,. More precisely, the algorithm-dependent term in their
bounds is I(W; Z;) or I(W;S), while our algorithm-dependent term is I (W; Z;) that
directly depends on the unlabelled target data. Moreover, while the disintegrated mutual
information I%i(W;Z;) and the unconditional mutual information I(W;Z;) cannot be
directly compared, recent work by [217| provides empirical evidence comparing similar
terms in the supervised learning setting. Specifically, they demonstrate that when the
empirical risk is small, such as in a realizable case, the disintegrated mutual information
is smaller than the unconditional mutual information. Conversely, when the empirical risk
is large, the unconditional mutual information is the smaller of the two.
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More Discussion on the Vanishing of /(X}; Z;|IW) in Remark 6.5.1. Note that S
depends on S’%, given W, so intuitively the dependence between each individual instance
Z; and X} is weaker when n and m become larger. More precisely, W.L.O.G let i = j =1,
and recall that W = A(S%,,S), when n,m — oo, taking S and S%, as the input of the
algorithm is nearly equivalent to computing W based on the source distribution g and
the target distribution Py, thus, W will only depend on the two distributions, without
depending on the realizations Z; and X| drawn respectively from the two distributions,
that is, I(Zy; X{|W) = I(Zy; X{|A(u, Px/)) = 1(Z1; X]) = 0. In addition, one may argue
that what if W = constant that does not really depend on the input data. In this case,
I(Zy; X1\W) = 1(Zy; X{) = 0 will hold trivially. In the other extreme, if n =1 and m = 1,
then W = A(X7, Z1), and the quantity 1(Z;; X{|A(X], Z1)) should be large. When n and
m increase, it becomes I(Zy; X{|A(X].,,, Z1.m)). Now we want to guess Z; from X7, this
should be easier when having the knowledge of A(X7{; Z1) compared with when having the
knowledge of A(X71.,,; Z1.n)-

D.3.2 Proof of Theorem 6.5.1

Proof. By Lemma 2.4.1,

Dxkr, <PVV,ZZ'|X]’.::C;. ! !PW,Z/\XJ'.:m;>

=Dk, (PVV,ZZ-|X§:90;-|’PW|X§:x;.PZ’) (D.8)
> Sgp EPWZHX;:JE/, {tg(fW (Xl)7 K)] - 10g EPW|X;.:z;. Py [exp (tafW(X/): Y/))]

J

Z Slzp EPW,Zi\X;:rc;. [M(fv[/()(z)7 Y;)] — EPW|X;.=x; [tLu/(Wﬂ - R2t2/2,

where Eq. (D.8) is by the independence between algorithm output W and unseen target
domain data Z’, and the last inequality is by the subgaussian assumption.

Thus,

By, s [ (X0, YD) —Epy [Lu/(W)]‘ < \/2R2DKL <PW721,|X§:IQ_||PW|X§:1,3_PZ,).
(D.9)
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Exploiting the fact that

n

[Err| =)= > Bz [((fw(X0), Yi)] = Ewz [6(fw (X)), Y)]

S B, [0 (X0, Y] ~ Bz, (€ (X), V')

l

—Z]szp('[ (fW( ) )] IEWZ’\X/ [ (fW(X'),Y/)]

=1
1 m

<— Ex/

S >_Ex;

where the last two inequalities are by the Jensen’s inequality for the absolute function.

Notice that

Bz, [0fw (X0), Yl = B [Lue (W)

Dicr. (P, P Py) =E log WA=z,
KL\ Pz, =) 1P =a Pz ) =By |08

Py \x1—2 Pz
J J

Pwz,x1=2! Pz,

=E 0
PW’Z”X}:“:;' & PW|X’.:x’. Py
[ Pw\z,, X/=a/ Py
=E log ——— E lo :
PW,Z“X}:Q:;. S PW|X]’-:1’ + Pz, [ g PZ’:|

=I(W; Z;| X} = 25) + D (l|1t).
Recall Eq. (D.9), we then have

|Err| S% Z ZEX§

=1 i=1

1 m n
< Ey/ 1 [2R2D (P 1P /p,)
<3 By 270k (R 1P P

=1 i=1

:% >3 Ex \/2R2(IX§‘(W; Z;) 4 Dy (1))

=1 i=1

Ewczpx; [ (X0), Yi)] = B (L (W)]|

1 & & -
S% ZZEX](\/ZR?]XJ'(W; Zi) + \/QRQDKL(MHM’)-
7j=1 =1
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This completes the proof. O

D.3.3 Proof of Corollary 6.5.1

Proof. We now modify the proof in Theorem 6.5.1.
Recall that

1 m n
|Err| g% Z ZEXJ"

=1 i=1

B,z x; [6(fw(Xi), Yi)] = B x: [Lw (W]

We first decompose the right hand side,
B,z e, [0 (X), Yo)] = By ey (L (W)
- ]EW,ZJX}=I; [g(fW(Xi)v Yz)] - EW|X§=m; [LM(W)] + EW|X§::L"; [LM<W)] - EWIXJ’:x} [LM'(W)]‘

Ew,zx1=o [((fw (Xi), Yi)] — Ew)x/—a [LM(W)]‘ + ‘EW\X;.:gC; [Lu(W) — L,u(W)]’

IN

IN

Ew,zixi=or [((fw (X3), Yi)] — Ew)x/=a, [LM(W)]‘ + %\/min{DKL(NHﬂl)a Dy (/|[p) },

where the last inequality is by Corollary 6.4.2.
Then for the first term in RHS, notice that

D, (PW,Z\X;:x;\|PW,Zi\X;:x;>
=Dir <PWIX§=x; PZ||PW,Zi|X§.:x;)
> Sl:p EPW|X§:JC3_PZ [tl(fw(X),Y)] — logEPW’Z”X;:w; lexp t0( fw (X;),Y:)]
> sgp EPW|X;:ZQ_ py U fw(X),Y)] — EPW,Zi\X;.:z;. L0 fw (X)), Y5)]

te(fw(X:),Y:)—Ep fw (X))

£
W,Z;| X =z, [ (
i

o 1Og EPW,ZZ-|X’.=9¢" {6
[tLu(W)] —Ep

W,Z;| X =a,
J J

>supEp,, o, [t0(fw (X5), Yi)] — M*1%/8,
t P

where the last inequality is due to the fact that ¢ is bounded by M and ¢(fiw (X;),Y;) is
M /2-subgaussian.
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Thus,

M2
Euw,z,x;=2, [((fw (X:), Y3)] = Bwxi=a; [Lu(W)] S\/—DKL (PWIX;-:%PZ\\Pw,ziIX;-:%)

<.
<.

\/—L (W, Zi| X} = o).

Plugging this inequality with the decomposition into the inequality at the beginning of the
proof, we have

| Err| <— ZZEX \/%LX, W, Zi) + —\/mlﬂ{DKL(MHM) D, (#/]]12)}-

]121

Similar development also holds for Dy, (PW, 7| XJ/_:I;_]|PW| Xi=a!, PZ) as in the proof of The-
orem 6.5.1, thus

|Err| <

\/—anZEX/\/mm{]X 0V 2). 15073 2+ min (Dt ) Drc ()

=1 =1

This completes the proof. O

D.3.4 Proof of Theorem 6.5.2

Proof. Similar to the proof of Corollary 6.5.1, recall Theorem 6.4.4,

|Err|
<%ZZEX' By, zyx: [(fw (Xi), Yi)] = Bywixs [Lu(W)] + B ixs [Lu(W)] = Ewxr [Ly (W)
7=1 =1
<SS B B (U (0, V0]~ Buy 1, W) + 5 (0 1)
7j=1 =1
<%ZZEX’ ‘EW\Z xo [0fw (X0), )] — Ewpxer [E0fw (X0), Yo)]| + BW (e, 1)
7j=1 =1
; m n
Snﬁm Z Z Ext, 2, W(Pw x:,z., Pwixr) + BW(u, 1),
j=1 i=1
where the last inequality is by Lemma 2.4.7. This concludes the proof. N
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D.3.5 Proof of Corollary 6.5.2

Proof. Similar to the proof of Corollary 6.4.3, replacing Wasserstein distance by the total
variation and replacing 8 and 8’ by M, will give us the first inequality,

Err < — ZZEX [TV (Pw)z,,x: PWIX’)] + MTV (p, ).

7j=1 =1

The second inequality is by Lemma 2.4.8,

Err| < — Ex: 7./ =DxL(P || Pwx —D
‘ IT _nmzz X! \/ kL(Pw )z, x| [ Pvix;) \/ k().

=1 i=1

Again, one can also apply Lemma 2.4.9 here. This concludes the proof. O]

D.3.6 Proof of Theorem 6.5.3

Proof. Recall Theorem 6.5.1 and by Jensen’s inequality we have

m

1
|Err| <n—ZZEX/\/2R21X W Z:) + /2R Dy, (]| 1)

Jj=1 =1

2R?

S S HW: 21X)) + /2D ),

]111

m = S% \ Xj. Notice that
1(W; ZS%) =I(W; Z8k) + T(X]
=I(W; Zi|X5) + (X0 jn,ms Zil X5, W)
>1(W: Zi| X3).
Thus, I(W; Z;| X}) < I(W; Zi|S%.). Then

1 m n ) 1 m n ) 1 )
%ZZI(W; Zi‘Xj> < %ZZ[(W’ Zi|Sx) = ;ZI(W; Zi|Sx)-

7j=1 =1 j=1 i=1 i=1
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Then, since S 1L S%, and Z; 1L Z;,;; for any ¢ € [n], by the chain rule of mutual
information, we have

[(WSS|S, /) = Z[(W;ZJS’ HZl:ifl) :Z[(W; Zz’|53</721:i71) + [(Zi;leifl)
i=1

i=1

= Z I(W, Zy.i1; Zi| Skr)

=1

= " I(W; Zi|Sk)) + 1(Zi; Zy.i-1| Sk, W)

i=1
> ZI(W; Zi|Sx).-
i=1

Thus, the generalization error bound becomes

Err| < \/—1 W S|S%.) + /2R2Dgcr (1 [1).

Recall the updating rule of W and notice that Wj is independent of S and S’%., the
following process is by using the chain rule of mutual information and data processing
inequality recurrently,

I(Wr; S|S%) =I(Wr_1 = nrg(Wr_1, Zp,, Xp,) + Nr; S|S/)
<I(Wp_1, =nrgWr-1, Zy, Xp,.) + Nr; S|S%/)
:[(WTfl; S‘SI /) -+ [(T]Tg(WT,l, ZBTvX/BT) + NT; S’Sl Iy WTfl)

T
ZI 77t9 Wt 17ZBzJXBt)+Nt7S|SX’ Wt 1)
t=1

For each t € [T, denote g(W,_1, Zp,, X},) as Gy, then

[(ntg(Wtflyth;X%t) + Nt,S‘Sl ’7Wt71> :ES;(HWt—hS [DKL(PG +Nt\SS’ Wil 1” Gt—i-Nt\S Wt—l):|

SES/ Wi_1,S [DKL(PGt-y%\S,S;(,,Wle Es[Gz]-l—%t\S;(,,Wtﬂ)]

77t 2
E E
=907 S Wi s [1Ge = Es [GA|IF],
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where the inequality is by Lemma 2.4.10 and the last equality is by the KL divergence
between two Gaussian distributions.

Finally, putting everything together,

R2 L 2
|Err| < - > %Es;(,,wtfl,s |G = Es [GU|I"] + /2R*Dcw, (pl 1),
t=1 1

which concludes the proof. O

D.3.7 Derivation of Eq. (6.6)
Recall the expected cross-entropy loss, we have

EWZi [g(fW(Tl)a le)] = EZzyW [_ lOg QY;'|T'L,W]

[ Py row
= ]EZi,W IOg i E
| Qvimw Primw

= H(Y|T;, W) + Ex, w [Dkw(Pyi1,w!|Qviimw)]

Yilts” I, } + Erw [Dxe(Py w1 Qyiimw)]

=Kz w |log
LT Prinw Py P,
= EZi,W 10g

} +Enw [DKL(PYi\Ti,WHQYiITi,W)]
L P Py

= H(Y|T;) — I(W;Y;|T;) + Eq,w [Dkr(Pyymw | Qyviimw)] -

Py, i1, Pwr,

D.3.8 Additional Discussion on LIMIT

In Section 6.5, we discussed the LIMIT approach proposed by [83] as a means of controlling
label information memorization during training. Roughly speaking, to update the classifier
parameters, LIMIT constructs an auxiliary network that predicts gradients instead of using
the true gradients, which avoids direct use of the true labels for training. To obtain accurate
gradients, the auxiliary network needs to be trained using the true labels. We found that
the training of LIMIT is unstable and difficult to tune the hyperparameters when used
under UDA settings. Therefore, we opted to use the pseudo label strategy proposed in
Section 6.5 instead of the pseudo gradient strategy.
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D.4 Experiment Details

We implemented our approach using PyTorch [164] and conducted all experiments on
NVIDIA Tesla V100 GPUs with 32 GB of memory. Our code builds largely on the imple-
mentation from [70]' and [158]°.

D.4.1 Objective Functions of Gradient Penalty and Controlling
Label Information

For every iteration, the objective function after adding the gradient penalty becomes

min L(W, Zg,, Xp,) + MillgOW. Zp,, X1

where L(W, Zp,, X B,) is some loss function for the source and target domain data in the
current mini-batch and A; is the trade-off coefficient. For example, if we combine ERM
with gradient penalty then L(W, Zp,, X3, ) = I?Itl > e, L(fw(Xk), Ye) and £ could be the
cross-entropy loss. Moreover, if we combine KL guided marginal alignment algorithm [158]
with gradient penalty then the objective function is

min Z (fw(Tx), Ya) + BiDku(Pr || Pr) + BDkr (Pr||Pr) + Mllg(W, Zg,, X3,

where 6 is the parameters of the representation network and the gradient is

g(W, Zp,, Xp,) = N Z Vol (fw(Tk), Yi) + B1VeDkw(Pr|| Pr) + 82 VeDxw(Pr|| Pr).

’ keDBy

In [158], the representation distribution is modelled as an Gaussian distribution, i.e.,
T ~ N (g, 0314/ X) and T" ~ N (g, 0214 X’). Additionally, let the batch size be b = | By|,
the empirical KL divergence is estimated by the mini-batch data, as given in [158],

B1 Dk (Pr||Pr) + B2Dkw(Pr|| Pr)
1 1
xﬂlg Z log Pr; —log Pr,| + ﬁgg Z [log Pr, —log Pry]

kEB: keB:
1 1 1 1 1 1
z515 Z loggZPT,;\X,; —logg ZPTk|Xk +5252 logEZPTHXk—logg ZPT,;\X,; )
kEBt keB: k€Bt

keB; keBy keBy

! Available at: https://github.com /facebookresearch /DomainBed.
2 Available at: https://github.com/atuannguyen /kl.
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where Pr,x, = N(uo, 0514/ Xx) and Prix; = N (g, 0214/ X}). To be more precise, g
and oy are the outputs of the representation network. Since the forward pass requires the
sampling of T} and T}, we need to use the reparameterization trick [111] for the backward
pass.

Algorithm 3 Controlling Label Information

Require: Source domain labelled dataset S, Target domain unlabelled dataset S’%.,, Batch
size b, Classification loss function /., Marginal alignment loss function /., Initial clas-
sifier parameter wy = wy, Initial representation network parameter 8y, Learning rate
n, Lagrange multiplier A,
while w;, 6; not converged do

2:  Update iteration: ¢t <—t+ 1
Sample Zp = {z;}? 1 from source domain training set S
4:  Sample X} = {z!}}_, from target domain training set S’%.
Compute distance from the auxiliary classifier dis <+ ||w; — w;||?
6:  Compute marginal alignment loss L, < %Zle 0. (04, z;, xh)
Compute classification loss L, < % 2?21 lo(wy, Oy, 2, h)
8 Compute gradient:
g5 < V(L. + L, + Aodis)
Update parameter: w;y 1 <~ wy —n-95, G141 < 0, —1n- g5

10:  Obtain the pseudo labels Vi < fuw, (90, (X5))

Compute auxiliary classification loss L, < %Zle lo(wy, O, yl)

12:  Compute auxiliary classifier gradient:

g8 < VL,
Update auxiliary classifier parameter: w1 < w; — - g5
14: end while

When we train the model with controlling label information, the objective function
becomes R .
min L(W, Zg,, Xp,) + Ma||W — W|P?,
W
where W is the auxiliary classifier and As is the trade-off hyperparameter.

Similarly, when we combine KL guided marginal alignment algorithm with controlling
label information, then the objective function in every iteration is

I‘I}Vlgl |Bt| Z (fw(Tx), Yi) + B1Dkr(Pr || Pr) + BoDxi(Pr||Pr) + Xao||[W — WHQ
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In addition, the training objective for the auxiliary classifier is

mlﬂ iBt| U (T, fw(T) 1B Z (i (Th), fw (Tx))- (D.10)

kEBy keBy

In practice, removing the second term would not affect the performance. Note that we need
to disenable the automatic differentiation of 7', 7" and W when executing the backward
pass for the auxiliary classifier. The detailed algorithm of controlling label information is
given in the next section.

D.4.2 Algorithm of Controlling Label Information and Additional
Results of ERM-CL

If we only provide the pseudo labels for the target domain data to the auxiliary classifier,
i.e. removing the second term in Eq (D.10), the Algorithm 3 is the algorithm for combining
any marginal alignment algorithm with controlling label information.

Even without incorporating with the marginal alignment algorithm, e.g., ERM, in which
case L, is removed, Algorithm 3 still boosts the performance in practice.

Table D.1 shows that ERM-CL can overall outperform the basic ERM and is close
to the performance of ERM-GP.

D.4.3 Architectures and Hyperparameters

The network architecture in this work is the same as in |70] and [158|, where a simple CNN
is used.

Other settings are also the same as |70] and [158], for example, each algorithm is trained
for 100 epochs. To select the hyperparameters (A; and \y) for ERM-GP, ERM-KL, KL-
GP and KL-CL, we perform random search. Specifically, \; is searched between [0.1,0.9]
and )\, is searched between [107¢,0.8]. Other hyperparameters searching range could be
found in the source code of [158].

D.4.4 Ablation Study on the Effect of Gradient Penalty Hyper-

parameter

Our study includes an ablation analysis to investigate the impact of the hyperparameter
A1 in the context of KL-GP. Specifically, we conduct experiments on both RotatedM-
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Table D.1: RotatedMNIST and Digits Experiments of ERM-CL. Results of ERM are

reported from [158].

RotatedMNIST (0° as source domain) Digits
Method 15° 30° 45° 60° 75° Ave M — U U—-M S - M Ave
ERM 97.5+0.2 84.14+0.8 53.9£0.7 34.240.4 22.3£0.5 58.4 73.1£4.2 54.8+6.2 65.9+1.4 64.6
ERM-GP 97.54+0.1 86.24+0.5 62.0+1.9 34.84+2.1 26.1+1.2 61.2 91.3+1.6 72.74+4.2 68.4+0.2 77.5
ERM-CL 97.3+0.1 84.140.1 56.942.5 34.2+1.9 25.5+1.6 59.6 88.94+0.4 71.2£3.6 73.5+1.4 77.9

Table D.2: Ablation study on Effect of Gradient Penalty Hyperparameter.

A0 0.1 0.3

0.5

0° — 60° | 75.5£2.4 88.0£8.1 82.845.8 80.1£3.7
S—M | 925£0.9 93.6+1.2 93.8+£1.1 93.1£1.7

NIST and Digits datasets, where the source and target domains are set to 0°/60° and
SVHN/MNIST, respectively. Table D.2 summarizes the results. It is worth noting that
setting A\; to zero effectively reduces KL-GP to KL, and our results confirm the efficacy

of including the gradient penalty term in KL-GP.

D.4.5 Visualization Results

(a) Visualization of KL (b) Visualization of KL-GP

(¢) Visualization of KL-CL

Figure D.2: Visualization results of representations obtained by using t-SNE. The source
domain (blue points) is SVHN and the target domain (red points) is MNIST.

To visualize the representations of models trained using KL, KL-GP, and KL-CL, we
employ t-SNE [205]. Figure D.2 displays the visualization results when SVHN is used as
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Table D.3: VisDA17 experiments. Results of baselines are reported directly from [158].

Method ‘ Synthetic — Real

ERM 39.1£0.5
DANN 57.7£1.3
MMD 62.8+1.1
CORAL 39.5+4.5
WD 38.9+4.8
KL 70.6£0.5
KL-GP 71.940.7
KL-CL 71.3+0.4

the source domain and MNIST as the target domain. Our findings indicate that the incor-
poration of additional regularizers yields a slight improvement in representation alignment.
However, it is essential to note that these regularization terms are primarily designed to
enhance the performance of the classifier network, rather than the representation network.

D.4.6 Results on VisDA17

We also conduct experiments on the VisDA17 dataset [167], which is a real-world classi-
fication task with 280K images from 12 classes. Particularly, the source domain contains
synthetic images and the target domain contains real images. Table D.3 presents our exper-
imental results. Notably, our regularization techniques, namely KL-GP and KL-CL are
still capable of improving the performance of the KL guided marginal alignment algorithm
to some extent.

D.4.7 Dynamics of Jeffrey’s divergence

The representation space version of Corollary 6.4.2 suggests that a small Jeffrey’s diver-
gence can lead to a low testing error. Figure D.3a demonstrates that the dynamic of
Jeffrey’s divergence, as computed in the representation space, can effectively characterize
the evolution of the testing error throughout the training phase. Additionally, Figure D.3b
reveals that the number of target data used has an impact on testing performance. Specif-
ically, when less than half of the available unlabelled target data is used, performance
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Figure D.3: KL on S—M. The left figure is the comparison of the Jeffrey’s divergence in
the representation space and the testing error. The right figure is the evolution of testing
accuracy with respect to the different fraction of unlabelled target data used for training.

increases with the number of data. However, when more than half of the unlabelled target
data is used, there is only marginal improvement on performance.
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Appendix E

Appendix of Chapter 7

E.1 Useful Facts

In Chapter 7, there are some equivalent forms of the generalization error we will study,
e.g., Eq. (7.2) and Eq. (7.5) in the main text, which are stated in the following lemma.

Lemma E.1.1. Let W; = fVIZUI and W; = W, 5, For any learning algorithm A, the
following equations hold

Eu(A) :% iEéjm (W7, Z) = eV 2] (E.1)
:% iEW [EZ,U,(MZ [(‘UUi (E(W/ﬂ Z) — f(ﬁ//f, Z))H, (E.2)
=% ZEZ [EWiW“Ui\Z} [(—1>Uz‘ (E(Wi, Z+) — (W, Z;))H. (E.3)

Proof. This lemma is a consequence of Lemma 7.3.1, with further utilizing some symmetric
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properties. Recall Eq. (7.1) in Lemma 7.3.1,

1 « T 5
EL(A) *Ez[;],z[;] [ﬁZ[EW 74,7 J(W 7)) — EWHZ[Z]E(WJF,Z;r)}
_~~1n r— o\ (T + o+
oy L5 20— o 2

LSy [0 2 17 2]
i—1

Note that Eq. (7.2) in the main text is from the second equation above, which is used to
derive individual IOMI bounds in Section 7.4.

Similar to the standard setting for CMI bounds, where the role of each Z; and Z; can

be exchanged, a key observation here is that for each ¢, /I/IZ* and /W:._ can also be exchanged
arbitrarily. That is to say,

= %i%—m [E(Wﬁv Z7) = Wy, Z; )] (E.4)

also holds true. Notice that we do not change the definitions of any the random variable,
e.g, WH=A(Z},R) and W = A(Z}}, ;. R).

What differs from the standard CMI is that the roles of the whole sequences Z[ ] and
Z[; | are not exchangeable with each other. Here, when we exchange each Z; 7+ and Z , We
need to keep the other positions in .S unchanged.

By introducing U; ~ Unif({0,1}), we have

[n]~2?

Y B [0 20~ 7 20
:_ZEZ W;,U; [ Nz,U ) Z )_g(mU7Z U)}
To obtain Eq. (E.2), notice that Z = Ei,Ui: we have
_% Xn: E; .0, [E(Wm, Z) — Wiy, 2-)]
i=1

- i Es 0 [0 (0077, 2) - 0, 2) | (E:5)
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This, as we have already seen in Eq. (7.5) in the main text, is used to derive hypotheses-
conditioned CMI bounds in Section 7.5. It’s easy to see that when U; = 0, Eq. (E.5)
becomes Eq. (E.1), and when U; = 1, we obtain Eq. (E.4) via Eq. (E.5).

To obtain Eq. (E.3), we let W; = fV[ZUH W, = fﬂzﬂi, and fix 7, = Z#. Similarly,

Eu(A) :% iE2+ |:EW¢,W~;,U~L‘Z;L [(—1)“ (g(Wij) - €<Wlazz+))i|i|

This is used to derive supersample-conditioned CMI bounds in Section 7.5. It’s easy to see
that both U; = 0 and U; = 1 will give us Eq. (E.1). O

E.2 Further Elaborations on SCH Stability

We note that the reason we introduce four types of SCH stability in Definition 7.3.1 is
that solely using (35 in our bounds might be too loose, as it considers the supremum over
all sources of randomness. By incorporating SCH stabilities, we aim to demonstrate that
theoretically, we can achieve significantly tighter stability parameters.

The basic set up is as follows. Assume a random sample S gives rise to W. For each
Z; € S, we construct S® by replacing Z; with another independently drawn instance; call
training result W?, the neighbor of W.

In a), v;-SCH-A stability measures the difference between the loss of w and the expected
loss of its neighbor W' at a worst z and the worst possible w. While in (b), 7,-SCH-B
stability measures the square of this difference, not in the worst case, but in an average
case, where the average is over an independently Z’ for the loss evaluation, the training
sample, and the algorithm randomness. Since “average is smaller than worst”, 75 < ;.

In ¢), we consider the difference between the loss of W and the loss of its neighbor when
evaluated at the worst possible Z; that when included in S gives rise to W. The expected
value of this difference is v3-SCH-C stability.

In d), 74-SCH-D stability measures the expected squared difference between the loss
of W and the loss of its neighbor when evaluated at Z; (a member of S). For a similar
“average smaller worst” reason, one expects that v, < vs.

We expect that 79, v3, and 7, are all smaller than ;. This is because in [3;, we consider
the worst evaluated instance, whereas in the other cases, we take the expectation over

—~

all instances. Additionally, in Theorem 7.5.1, we expect that Eg Ay(W;)? < B, this is
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because [3-stability holds for all the possible s and s’, namely it holds for all the (w,w?")

pair (that shares the same randomness) while in EW,AI(WZ-)Q, we take the expectation of
these pairs.

We expect 75 < 74 due to the following reason: first by Jensen’s inequality, we have
Es,pz [((W, Z') — Eyrapu (W, Z’)]2 < Ewwi 2 [((W,Z") — L(W?, Z")]?, then since Z' is an
independent of both W and W', Z’ can be regarded as a testing point for both W and
W', we could expect that the expectation of ¢(W,Z') — ¢(W* Z') is small. While in
Es 2z r[((W, Z;) — Wi, Z)), Z; is a training point for obtaining W, so ¢(W, Z;) could
be small in general, and Z; is a testing point for W*. Therefore, it is reasonable to expect
Ewwi 2 [((W, Z") = (W*, Z')° < Eg gz g[0(W, Zi) — LW, Z;))*, namely 75 < 7.

As a concrete example, let ¢ be zero-one loss and assume A is an interpolating al-
gorithm and and randomly makes predictions for unseen data. By Jensen’s inequality,
2 < B (W, 2') — €W, 2 = B [0V, 21)] — 2B [(6W, )W, 27))] +
Eywi g [((W?, Z"])?, where we use (2 = ¢ for zero-one loss. Since Z' is an unseen data for
both W and W*, we have 73 < Eyi z [((W?, ZN)7 + t— 2 =Eyi g (W, Z")?. While in
this case 72 = By 4 [((W?, Z:)]” s0 75 < 4.

E.3 Omitted Proofs and Additional Discussions in Sec-
tion 7.4

E.3.1 Proof of Theorem 7.4.1

Proof. Let g(wt,z}) = Ef- o+ [ﬁ(ﬁ//.’ 2*)} — ((wt, Z}) be the average loss difference

between ™" and its neighboring hypothesis, and let f =¢-g for ¢ > 0 in Lemma 2.4.1. Let
Z* be an independent copy of Z;, then

et.‘](W >Zi ):|

o I(W+ZF) + log Ec., +,[
By 7 |9V, Z)| <inf e (E.6)

t>0 t

Since Zj "is independent of both Wi_ and W, and ﬁ/:-_ and W are identically distributed,
we have

E

(2 K3

ez |9V 2] =B 5o [0V, 2] = B 5 [0, 2] = 0



By the definition of v,-SCH-A stability,

B [A07,2)] = (@*,2)] <,

)

sup
wt,z

so g(W+, Z#') is a zero-mean random variable bounded in [—71,7]. By Lemma 2.4.2, we
have

[(’MV/+; Z*) +logEg, 54 [etg(W{Z”j')]

E'VV+,Zj [g(WﬂZ?)} <inf

t>0 t
<inf - 2
t>0 t

/202107 Z7),

I(WHZ})
27

where the last equality is obtained by optimizing the bound over ¢, i.e. let t =

Recall Eq. (E.1) in Lemma E.1.1 and applying Jensen’s inequality to the absolute
function, the first bound is then obtained by

AN < 32 By [o07. 20| < T3 V2V 20,

Furthermore, by the chain rule of mutual information,

LW ZHW) + IOV ZF) = IOV ZH W) + TV ZF). (E.7)

Notice that I(W,; Z) = 0 in the RHS, we have
HWH Z5) < W ZE W),
which will give us the second bound. This concludes the proof. O
Remark E.3.1 (Comparison with Mutual Information Stability [173, 82|). To compare
with the mutual information stability I (W*; Zﬂg[j;]v) , recall Eq.(E.7): I(W+; ZﬂfW/_) =

(W, ZHWH+I(WH; Z1), and similarly we also have (W ZF|ZF ) = I(ZF, . ZH W)+

[n]\i [n]\e?

I(W+: ZF).
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Thus, we only need to compare [(W . ZX W) and [(Z \z,Z+|W ). Notice that

or a deterministic A, we have I W Z+ W) < I(Z+, ., ,ZJr WH+). Since Z7 1L
[n]\¢ Z i

(W ,Z[n]), we further have I(Z[*n'}\Z,Zi ;Z;F|W+) = I(Zz]\Z,ZﬂW*), which gives us the

desired result:

](fW}:ZﬂW_) <1 <W+,Zvj|2£]\z> :

E.3.2 Proof of Theorem 7.4.2

Proof. The proof is nearly the same to the proof of Theorem 7.4.1, except that now the
randomness of the algorithm is given for each DV auxiliary function, so the randomness of
W; is completely controlled by Z.

Let g(w™, zF,r) = B o+ [E(ﬁ//l_,éf)] — 4w, zF) and let f =t-g for t > 0 in
Lemma 2.4.1. Let Z;r be an independent copy of Z;’ , then

I(WH ZH| R =7) + log E-. P [etg(m,gj,m)]
L ' )
Eive e 907 257 <ot ;

Notice that
Egpe vy (90 ZE 1) | = B o, [0, 2] = B o, [€OWF, 28] = 0

still holds since Z;r and Z_ are i.i.d. drawn.

Thus, g(W*, Z;“/, r) is a zero-mean random variable bounded in [— 33, #5]. By Lemma 2.4.2,
the remaining part is routine:

Eqve sy, |0077, 25, r)| <\/2831(7+: 2[R = 1),

Thus,

A <~ Z‘Ewﬁ oW+, 25 R ”< ZER\/QIR(WJr 7+,

This completes the proof. O
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E.3.3 Proof of Theorem 7.4.3

Proof. Let h(z) = “=%=! be the Bernstein function. Similar to the proof of Theo-
rem 7.4.1, we let g(w't,z}) = B~ o+ [é(fl/l\?_ 2+)} — ((w', Z}). We have already known

[ Natt

that Egz, 54 [g(W*, ZJ“/)] =0 and ’g(W*, Z;“')’ < 7. By Lemma 2.4.4,

log By 5+ [etg(W+’Zi+/)} Sh(’Ylt)ﬁEWﬂgf [(EWi|W+ [g(ﬁ//ﬂgj/)} _g(WJraZf/))Q}

<h(nt)t*y;,
where the second inequality is by the definition of v,-SCH-B stability.
Plugging the above into Eq. (E.6),

—_— ~ !
S tg(W+,2F
W,z [e i)

R I(WH ZH) + logE

i |07 2] <o} t
I T7+. Zﬂ-

<inf —(W 27

2
=50 P + h(vlt)t%.

Usually we have 73 < 7% < vy, we let t = 1/, then

h 1 2 2

h(y1t)tvys = h)y, ~ 07272,

g gs!

Thus,
SN~ o 07292
EA) < LTI 2 + =2,
i=1 n
This concludes the proof. n

E.4 Omitted Proofs in Section 7.5

E.4.1 Proof of Theorem 7.5.1

Proof. We now prove the first bound. Let g(w;, Z;, u;) = (—1)"“ (é(uii_, z) — L(wy, 2,)) By
Lemma 2.4.1, we have

(E.8)

R I(Z; Uz’/V\V/z = W;) + logEy Uiy [etg(wi’z’Ui,)}
]EE'L.7UL.‘1I]’L. [Q(YI)Z, Z’ia Uz):| <inf -

>0 t
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Since U} 1L Z;, we have Egy [g(;, %, UL)] = Egy [(—=1)Y (C(w7, %) — £(w;f, %))] = 0 for
any w; and Z;. Ergo,
B2 e, [EU; {g(?ﬂi,Z,U{)H = 0.

By the definition of A;(w;),

= |e@; . Z) — et Z)| < swp 0, 5) — Uit z)| < A,

7 )
Ziezu“,i

’9@5757 Z‘; Uz/)

Thus, g(i@;, Z;, U!) is a zero-mean random variable bounded in [—A; (;), A, (i@;)] for a
fixed w;. By Lemma 2.4.2, we have

E |:€tg(u7,Zi,Ui’):| <e 2~,

Z,U! |14

Plugging the above into Eq. (E.8),

(E.9)

EZ,U,-W [g<u~ji7 Z', UZ)] <inf

=Aq( \/21 (Z: Ui|Wi = ).

Recall Eq. (E.3) in Lemma E.1.1 and by Jensen’s inequality for the absolute function,
the first bound is obtained:

A<= Z Ex { 2IWi(Z;: U,)] (E.10)

To prove the second bound, we return to Eq. (E.9), and take expectation over W, first.
By Jensen’s inequality,
-~ ) — tQEwi [A(Wﬂﬂ
(E.11)

Ez v.w. |9 [ (WmZzaUz)] <inf

Therefore, we have the second bound as below

€,(A )|<—Z\/2E~ (Zz,U|W) (E.12)
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For the second part of Theorem 7.5.1, notice that it’s valid to let 73 = Eg; [A(WZ)},
then recall Eq. (E.10),

Al <= ZE~[ 2IW(ZZ,UZ)] ﬁ“”zn: \/ sup 1% (Z; Uy).

n ~i€(w5)zezn

This completes the proof. ]

E.4.2 Proof of Theorem 7.5.2
Proof. The proof is similar to |77, Theorem 2.1|. By the chain rule,
(Z; Ui, W) = 1(Z3; U |Wy) + 1(Zi; W5). (E.13)
Since H(Z,|U;,Wi) = H(Z{|W;, U, Ws) = H(Z;|W;), we have I(Z;U;, Ws) = H(Z:) —
(Z|U1,Wz) H(Z) H(Z\W;) = I(Z;W;). Thus, I(Zl,Ul,VVl) = I(Zl,VVl) Re-

call Eq. (E.13) and by the non-negativity of mutual information, we have [ (ZZ7 UZ|WZ) <
I(W;; Z;). Note that I(W;; Z;) = I(W;t; ZF) = I(W; Z;). This completes the proof. [

E.4.3 Proof of Theorem 7.5.3

Proof. We first return to Eq. (E.8) in the previous proof, and we have already known that
g(w;, Z;, U]) is a zero-mean random variable bounded in [—A;(w;), Ay (w;)] for a fixed w;.

By Lemma 2.4.4, we have

g Bz, 41, [ 70| <h (Aa(@0)t) P, 5, | 905, 22 U1

Plugging the above into Eq. (E.8),

1(Z:; U]

||
8

EZ,UH@ [g(ﬁ’i?Z’,Ui)] < inf

t>0
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Let A(w;) =Ez ;. [(6(@;, Z;) — 0w, Z,)ﬂ /Al(wi)27 then
€,(A)] < %i]}im [M% (IWZ'(Z; Uy) + 0.72A(Wi)>]

For the second part, if A is further fs-uniform stable, recall Eq. (E.14) and by the
non-decreasing property of h, we have

~

EZGUZ'MJ,- [g(ﬁ]l? Zia Uz)] < inf

>0 t

I(Z; Ui|W; = ’UNJz')Jrh(gzt) tE 0, {(f(wﬂ Z:) — 5(@T’Zi)>2}'

Let t = [3%2 and taking expectation over fVIZ, we have

Ez.0.w, [g(WZ-,Z,Ui)] <BoI(Zi; U|Wi) + 0.72

o
~ —~ 72
=0o1(Z;; Ui|W;) + 0.722%,
Ba
where the equality is by the definition of v,-SCH-D.
Thus,
1< 5~ 2
£ A < D0 BT (2 UIWD) + 0725
i=1 2
This concludes the proof. O

E.4.4 Proof of Theorem 7.5.4

We present a stronger version of Theorem 7.5.4.
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Theorem E.4.1. Under the same conditions in Theorem 7.5.1, and we further assume
that A is v2-SCH-B stable and symmetric with respect to S, z e. it does not depend on the
order of the elements in the training sample. Let Ay(W) = 237" Ay( W;)2, we have

Bus [(Ls(0V) - L,07))] < 28 [8,) (17 (5:0) + 52 ) | + Lo a2

Then Theorem 7.5.4 is a corollary of Theorem E.4.1.

Proof of Theorem 7.5.4. For Ps-uniform stable algorithm, by Al( ) < B2 and 3 < B3,
we have

Ew,s [(Ls(W) = L,(W))?] s%ﬁg (I(E; U + 1053) b

(1.51(E;U|W)+0.82 ) 1
+1

—4 55

n
This completes the proof. O]

Before we prove Theorem E.4.1, we need to first obtain the following lemma.

Lemma E.4.1. Under the same conditions in Theorem 7.5.1, let A, ( ) =150 A ( )2,
we have

(% iEwiW [e(W', Z)] — LS(W)>2 S%EW [Al(W) ([W(E; U) + 1053)1.

Proof of Lemma E.4.1. Here we borrow some proof techniques used in [199, Eq. (2), Thm. 2.
Let g(w, %, u;) = (—=1)" (L(w; , 2;) — €(w], 2;)) and let G ~ N(0, 1) be an independent
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standard Gaussian random variable. Let f =t - (% >t 9)? in Lemma 2.4.1, then

2
I~ 5
Eguie (ﬁzg(?ﬂ;Zi,Ui))
i=1

- 1 n ~ 5 )2
I(E;UIW =) 4 log Ep y/a [et(52i=1g(w’zi’Ui)) ]

<inf
t>0 t
](E’ U|/—Wv - ﬁ)) —+ log EE,U’|1I) |:]E'G [QGT\/E Z?:l g(?ﬂ,Z),U{)iH
—inf (E.15)
t>0 t
I(E;UW = @) +10g B, gy | [Ty Boy | e 0@ 00| |
=inf
t>0 t
- GH TRy Ay ()2
I(E;U\W =w) +logEg |e nZ
< inf : (E.16)
>
(B U[W = @) + log <1/\/1 _ M)
= inf , (E.17)
I(E;U[W = @) — $log (1 — _%Z?:lfl(uvi)?)
= inf n

)
n2 t
te (0’22?21 A1<wi>?>

where Eq. (E.15) is by the moment generating function of Gaussian distribution: E¢ [e’\G} =

eg for all A € R, Eq. (E.16) is by Lemma 2.4.2 and Eq. (E.17) is by the moment generating
function of chi-squared distribution: Eg [e’\c’a} < for A < %

1
V1-2X\

Let t = be substituted to the last equation above, we have

YT AT
2
I 5 log 3
Epue (ﬁzg(@U,Zi,Ui)> <—ZA ( (B, UIW =) + g ) (E.18)
i=1

Let Aj(w) = £ 37" | Ay(w;)?, and taking expectation over W for both sides,

E, i < ZgWZ,,U)>2 g%EW {Al(W) (IW(E;U)+IO§3>}. (E.19)
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Applying Jensen’s inequality to the square function, we have

2 2
1 & . 18—
Ew,s <ﬁ ZZIEWW (W, )] - LS(W)> <Epuw (E ;g<w, Z;, U») :
Combining Eq. (E.19) with the inequality above will concludes the proof. O

Proof of Theorem FE./J.1. We are now in a position to prove Theorem E.4.1.

Ew,s [(Ls(W) = L,(W))?]

2
1 1 : 1 ¢ :
=Ews || - > W, z) - - > " Ewiw [((W7, Z)] + - S By [60V7, Z)] = B [6W, Z/)]>
i=1 i=1 =1

[ 2
1 & 1 & :
<2Ew.s (ﬁ > W, z;) - - > By [((W7, ZZ-)]>
=1 =1

(. s

v~

B1

+2Ew,s (% zn:Ewilw [((W", Z3)] = Ez [E(W, Zl”)

NS >
vV
B>

Notice that By can be bounded by using Lemma E.4.1. We now focus on Bs:

=Ey.s % Z Ewipw [(OW*, Z;) — Bz [((W', Z1)]] - % Z Ez [((W, Z') — By [6(W7, Z’)H)
<2Ew,s % Zwa\W (LW, Z;) — B [((W, Z’>H>
+ 2 Ew (%iEz/ [K(W, Z’) —]Ewi|W [£(W1,Z/>H)
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For Bs, we apply Jensen’s inequality to move the expectation over W* outside of the
square function,

2
1 — . .
Bs <Ew1 w2, wn.s (ﬁ ZK(WI, Zi) = Egz [e(w, Z/)})
=1

=Eg s ( Z/g Z;) —Ey [z(A(Si,R),Z’ﬂ) .

Notice that S’, S and R are all independent with each other (so W Z; and Z! are
also independent with each other). If we further let A be symmetric, namely W does not
dependent on %, then the inequality above is equivalent to

2
1 n
Bs <Ew.s (5 S oUW, Z)) — Bz (W, Z’)])
=1

—Ey |Eg (% f: UW, Z]) — Ez [((W, Z’)]>

Hence, the inner expectation in the RHS above is just the variance of the sample mean
of n i.i.d bounded random variables. Recall that ¢(-,-) € [0, 1], thereby

<

By <Ey {Varzf (e(w, Z’))}

1
n 4n’

where the second inequality is by Lemma 2.4.3.

Then, for By, we also apply Jensen’s inequality to the square function, and by the
definition of v,-SCH-B stability, we have

2
1 ,
By <Ey.z <E S "W, Z') — By [6W, Z’)})
=1
1 ¢ ;
<— ZZIEWZ, (W, Z) = By [0, 2')])°] <42
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Putting everthing together, we have

Ew,s [(Ls(W) = L (W))?] <2By 4 2B,
<2B, +4B; + 4B,

1

o~ o 1 1
< By [A(W) (IW(E; U)+ °§3>] + =4,

where the last inequality is by Lemma E.4.1. This completes the proof. O

E.4.5 Proof of Theorem 7.5.5

Proof. Let g(z",w;, w;,w;) = (=1)" (€(w;, Z7) — €(w;, ). Again, by Lemma 2.4.1, we
have

I(W, Wi Uil ZF = 57) + log By, i, vz [etg(gj’wi’wi’w)]
EW,,W“UAEZ* [9(5:_’ Wi, Wi, Uz)] < %gg 7

(E.20)

Similar to the previous proofs, it’s easy to see that g(Z;", W;, W;,U/) is a zero-mean
random variable bounded in [—Ay(Z), Ay(Z])]. Thus,

(W, Wy Uy|ZF = 5+)  BA2lE?

T TT | 7t —st
To prove the first bound, we let t = \/ I(W”ZZ((J;}Z;Z =% then

EWi,Wi,Uilgj [g<5i+7VVi7Wia Uz)] < A2<§i+>\/2[<wivwi§ UZ|Zz+ = Zj)

Recall Eq. (E.3) in Lemma E.1.1, hence,

[Ea(A)| < %ZE {ww 2125 (Wi, W U»]- (E.22)
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To prove the second bound, we take expectation over Z; for Eq. (E.21),

~ 2B 51 [A2(Z])?]
2

Ey, w02+ |9(Z5 W, W, Ui)] < inf

t>0 t

I(Wi, WU Z7)
~+
2B+ [R2(Z7 )]

Let t = then

By, w.v.z+ [Q(ZEL,WquUz’)} < \/ZEZ.+ [A2(5j)2][(Wi,Wi;Ui|Zj).

Ergo,

) < 230\ o (A Z 10 W02 (£.23)

This completes the proof. n

E.5 Omitted Proof in Section 7.7

E.5.1 Proof of Proposition 7.7.1

Proof. By Jensen’s inequality and triangle inequality, for any i € [n], we have

Es gz [(E(VVa 7' - ]EWi|W [ewe, Z,)DQ]
<Ewwiz |(((W,Z2') — (W', Z")) ]

:]EW,Wi ,Z’

| B |

(e
(W, Z') — (w*, Z') + L(w", Z') — (W', Z ))2}
<y [(e(w Z') = tw', 2] + 2B 1 (AW, 2') = b, 2))’]

<4BEy, [(LM(W) - Lu(w*))ﬂ,

where the last inequality is by the definition of the Bernstein condition. This completes
the proof. O
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E.5.2 Proof of Theorem 7.7.1

Proof. Let g(Al;,u;) = (—1)“Al;. Notice that |g(AL;,U!)| < By and g(AL;, U}) is agian
zero-mean, then
I(AL; U;) + logEar, v/ [eto(ALLUD]

t

EALi,Ui [g(ALM Ul)] S

<Ba\/21(AL; Us).

Thus,
£,A) < 23" AIAL: D).
1=1

To prove the disintegrated CMI bound, we let g be defined in the same way, and the
remaining development is the same with the proof in Theorem 7.5.5.

For the second inequality, notice that I(AL;;U;) < I(ALj; UZ|ZJr ) by using the chain
rule of mutual information and the independence between Z* and U;. In addition, moving
the expectation over ZJ“ inside the square-root function by Jensen’s inequality, we have

Ey\/T% (ALs Uy) < \/I(AL: U Z). -

E.6 CLB Exampls

In Example 7.1, |78, Thm. 17| demonstrates the non-vanishing behavior of individual
IOMI and e-CMI. This is primarily attributed to the dimension-dependent nature of IOMI
and CMI. Specifically, there are certain dimensional settings where IOMI can grow faster
than O(n), as shown in [78, Thm.4]|, and CMI approaches a certain fraction of its upper
bound, as illustrated in Example 7.1, resulting in non-vanishing behavior. Specifically, in
Example 7.1, [78] employs the birthday paradox [144, Sec. 5.1] problem to demonstrate
that for a large value of d, the probability that no pair of instances in Z sharing the
same non-zero coordinate (referred to as event Fjy) is smaller than a constant probability
(that could be independent of n). Particularly, it is shown that if d > %, then

P(Ep) > ¢ > (1 — 1)t

y . As an example, |78| chooses d = 2n?, resulting in ¢ > 0.1.

Failure of I(W; Z;) Consider the case where d = 2n%. For the individual CMI [179, 247],
I(W;U;|Z;), we have the following:

I(W:U;|Z;) =log 2 — H(U;|W, Z;) > 0.1 - log 2.
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This inequality holds because when event Ejy does not occur, one can determine the value
of U; completely, as the returned hypothesis is a weighted sum of the sample. In other
words, examining the non-zero coordinates of W is sufficient to determine U;. For an
in-depth derivation of this inequality, readers are referred to the updated version of [78|,
where their corrected proof involves Fano’s inequality. Furthermore, using the relation

[(W: Z;) > 1(W;U;| Z;) |247], we conclude that I(W; Z;) € Q(1).

Failure of I (Z, U; ]W) Notably, our hypotheses-conditioned CMI also does not vanish
for the same reason. More precisely, when VVZ and Z are given, there exists a constant
probability (independent of n) that allows us to fully determine the returned hypothesis
based on Z, thereby determining the value of Us.

Failure of I(AL;;U;) Furthermore, even the loss difference based CMI (e.g., as shown
in Theorem 7.7.1), which provides the tightest CMI measure, still does not vanish. This is
attributed to the fact that if the hypothesis W is independent of certain Z, there exists a
constant probability where the loss becomes zero (recall that the loss is the negative inner
product of W and Z). Consequently, one can determine the value of U; by observing the
sign of the random variable AL;. This also indicates the limitations of e-CMI and f-CMI
in capturing the generalization behavior for Example 7.1.

In Example 7.2, following the approach in [78], the training sample S = {Z;}", ~
@™ can be represented as S = é—% (e1,€2,...,6n), where {g;}, is a sequence of inde-
pendent Rademacher random variables, i.e., ¢; ~ Unif({—1, 1}) The empirical risk is
given by Lg(W) = nR0<W Yo, &). In this case, the ERM solution is Wggy = 2 if
sign(>"1 &) = 1, and Wgry = —z if sign(d -, ;) = —1. It is clear that

sup |{(w,z) —(w',2)| < sup Ll|jw —w'|| < 2LRy.

w,w,z wwl,z

Hence, we observe that [y is now a constant, whereas IOMI has an upper bound:
S IW: Zy) < I(W;S) < I(Wisign(dor &) < H(sign(}; &) < 1, where the
second inequality follows from the Markov chain S —sign(>"" | ;) — W. This provides us

with a generalization bound of %. Meanwhile, the actual generalization error satisfies

Eu(A) > \L/—];—fl (see |78, AppendixB| for a derivation). Thus, the IOMI bound is tight
up to a constant, and the stability bound f, itself is vacuous. It is worth noting that
I(Z; U \W;) < I(W;Z;) < 1 by Theorem?7.5.2, indicating that the CMI bound is also
tight.
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We would like to note that the failures of chained mutual information bounds [11] are
not demonstrated in the counterexamples presented in [78]. Notably, when the hypothesis
is quantized, it becomes more challenging to guess U; or Z;. Therefore, exploring the
potential of chained information-theoretic bounds, which do not necessarily rely on stability
notions, could be another avenue to explain the generalization behavior observed in these
counterexamples.

E.7 Additional Applications

E.7.1 Compression Schemes

We now consider the algorithm that has a compression scheme [127]|. Formally, a sample
compression scheme of size k € N is a pair of maps (A;,.Ay). Specifically, for all samples s
with n > k, A, : Z® — Z* compresses the sample into a length-k subsequence A;(s) C s.
Then A, : Z¥ — W could be some arbitrary mapping. Hence, A(-) = As(A;(+)). Let K be
the index set for S selected by A;, and let K be the selected index set for St. In this case, our
supersample-conditioned CMI has an upper bound: I(W;, W U;|Z") < I(K, K; U Z;") <
H(K,K|Z) < 2log (1) < 2klogn. Then, if A is further fo-uniform stable, then we have
the generalization bound &,(A) < O(fav/klogn). If B < O(1//n), this bound improves
the bound in [199]. It is unclear if we can obtain any improved bound for stable compression
schemes [25], in which case [75] provides an optimal bound that removing the logn factor
for the realizable setting. A main difficulty is that an interpolating algorithm is usually
unstable due to the fitting-stability tradeoff [186, Sec. 13.4].

E.7.2 Distillation Algorithm

The high-probability generalization property of distillation algorithm is studied in [57]. In
the first training stage of distillation, we obtain a w} from a highly complex hypothesis
space W; based on a training sample s. Same to [57], we assume that the first learning
stage is a-sensitive, namely ||w} —w?%|| < o = O(1/n). In the second stage, the algorithm
A will select a hypothesis that is A-close to w! from a less complex hypothesis space
Wy ={w € W |Jlw — wi||lo < A}. Let the loss function ¢ be L-Lipschitz with respect
to the first argument. Consequently, v3 < L||w; — w¥|| < Lo. Then, by Theorem 7.5.1,
we have &,(A) < Lat " | \/2H(U;) = v/2log2La. Notice that the loss here may not
necessarily be bounded or subgaussian, rendering previous bounds inapplicable.

225



E.7.3 Regularized Empirical Risk Minimization

Regularized Empirical Risk Minimization (ERM) learning rules involve minimizing the
empirical risk and a regularization function jointly: argmin,ey Lg(w) + freg(w), where
freg = W — R. Here we specifically consider Tikhonov regularization [186], namely
freg(w) = A||w][?, where A > 0 is a tradeoff coefficient. The regularized ERM algorithm A
aims to find
: 2
w = arg min Ls(w) + Aljw|[".

This regularization term ensures strong convexity of the training objective. Based on
Theorem 7.5.3, we can derive the following results.

Corollary E.7.1. Assume that the loss function € is convex and L-Lipschitz. Then, for
the reqularized ERM algorithm with Tikhonov regularization, we have

E,(A)| < 2L liz(é-U\WHom
K = \n n P ’ ’

Proof of Corollary E.7.1. By invoking [186, Corollary 13.6], we know that v, < 5y = %\L
Plugging the value of £, will give us the desired result. O]

Corollary E.7.2. Assume that the loss function is p-smooth and nonnegative. Let A\ > f
Then, for the reqularized ERM algorithm with Tikhonov reqularization, we have

A8pL, (1<~ ~  —~
1Eu(A)| < ;n (521(23(]@'%”0-72)-
=1

Proof of Corollary E.7.2. By invoking [186, Corollary 13.7], we know that 74 < 5 = 48"’L”.
Plugging the value of £, will give us the desired result. O]

Although these bounds do not enhance the convergence rate of O(1/n) in these set-
tings, they consistently offer tighter results compared to uniform stability-based bounds
if 230 I(Z;U;|W;) < 0.28. In addition, the expected empirical risk L, appears in the
bound of Corollary E.7.2. While A has a lower bound, L, could not be arbitrarily small
for the regularized ERM.

Notice that previous information-theoretic bounds could not obtain the convergence
rate of O(1/n) as in our results unless ICMI or CMI itself decays with O(1/n).
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