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Abstract

Monoidal categories have recently been seen to be appropriate structures for estab-
lishing abstract axioms for quantum physics. The tensor product in a monoidal
category corresponds to the creation of a composite system obtained by joining two
independent quantum systems. This correspondence is formalized in the work of
Abramsky-Coecke and Selinger. From this point of view, the tensor product in a
monoidal category is abstracting the tensor product of Hilbert spaces. The notion of
a dagger compact closed category axiomatizes further structure in the Hilbert space
category. In particular, the dagger is an abstraction of the familiar Hilbert adjoint.
Peter Selinger associates to each dagger compact closed category C its category of
completely positive maps, denoted CPM(C). He proves that the resulting category
is again a dagger compact closed category. We seek a similar result for tensored
f-categories equipped with nuclear ideals.

We establish an appropriate notion of completely positive maps in a nuclear ideal.
We then define a CPM construction for tensored f-categories equipped with nuclear
ideals. Analogous to Selinger’s comstruction, given a nuclear ideal N for a ten-
sored f-category C, our construction yields its category of completely positive maps,
CPMu(C). We prove that CPM,/(C) is again a tensored {-category. In the process,
we also verify that our completely positive maps properly extend Selinger’s notion
of CPMs. In particular, they preserve nuclear-positive matrices, which are general-
izations of von Neumann’s positive density operators. As well, we characterize the
completely positive maps for the nuclear ideal of Hilbert-Schmidt operators for Hilb
and the nuclear ideal of finite relations for LFR. Our construction abstracts the

passage from finite-dimensional Hilbert spaces to the category of all Hilbert spaces.
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Chapter 1

Introduction

1.1 Historical Overview

Monoidal categories play diverse roles in mathematics and evidence of their impor-
tance abounds. For example, categories of games have recently been of fundamental
importance in a number of branches of logic and theoretical computer science. For
instance, they provide complete models of various fragments of Girard’s linear logic
[15, 25], as well as providing fully abstract models of numerous programming lan-
guages. The fundamental connective in such categories is a tensor, which allows one
to play two games in parallel. See [4]. The monoidal category of sets and relations has
applications to concurrency theory as well [1]. The category of linear representations
of a compact group possesses a tensor structure that is central to the Tannaka-Krein
duality theorems [14, 21]. A similar result holds in the more general case of Hopf
algebras [19, 17]. The Tannaka-Krein theorems, from today’s point of view, give a
method of recovering an algebraic structure from its category of representations. In
such theorems, one has a forgetful functor to the category of vector spaces which
preserves the monoidal structure. One then recovers the group or Hopf algebra as
the set of structure-preserving endomorphisms of this forgetful functor.

Compact closed categories [20] form an interesting class of symmetric monoidal
categories. These categories are in particular closed, i.e., A® (—) has a right adjoint,

which allows for internal Homs. In a compact closed category, each object A has an
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assigned dual object A* together with a unit map 4 : I — A* ® A and a counit
map €4 : A® A* — I. These maps interact in a way that is captured by the compact
closed equations. Examples of compact closed categories include the category of finite-
dimensional vector spaces, the category of finitely-generated projective modules over
a commutative ring, the category Rel of sets and relations, and the category of finite-
dimensional representations of a group. An important property of a compact closed
category is that each morphism has a transpose. More precisely this means that for
each morphism f : A — B there is a morphism "f%: I — A* ® B, which can be
viewed as an element of A* ® B.

A special class of compact closed categories is obtained by adding the notion of
an adjoint of a morphism. This yields Abramsky and Coecke’s strongly compact
closed categories [3] or Selinger’s dagger compact closed categories [26]. In such a
category, we can define unitarity and positivity abstractly. A compact closed category
C is dagger compact closed if it is equipped with an involutive contravariant functor
(=)' : C — C that is the identity on objects. Moreover, this dagger functor must
preserve the compact closed structure of C in the sense that (—)' is a strict symmetric
monoidal functor, and the structural isomorphisms are all unitary. As well, for all
objects A, the dagger of the counit map at A coincides with the unit map at A
followed by a twist.

Doplicher and Roberts, in [12], also develop a theory of monoidal categories with
an adjoint structure of this sort. They use it to define a duality theory for compact
groups. They were especially interested in these structures for physical reasons, as
explained in [12]. This has led to much further work, as in [22].

This adjoint structure appears in many different guises. The standard example is
the Hilbert adjoint in the category Hilby, of finite-dimensional Hilbert spaces. The
category of sets and relations has a rather simple adjoint structure; given a binary
relation R C A x B, its adjoint Rf C B x A is obtained by swapping componentwise
the elements in R. The category nCob of closed oriented (n-1)-manifolds and n-
cobordisms possesses an inherent adjoint structure. Here, a morphism ¥; — %,
is an equivalence class of compact oriented n-manifolds M each equipped with an

orientation-preserving diffeomorphism gy : £; II £3 — OM, where the dual object
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X3 is Xy with orientation reversed. Two such n-cobordisms M and M’ represent the
same morphism if there is an orientation-preserving diffeomorphism ¥ : A — M’
with gpe = Ugps. If M represents a morphism, M with reverse orientation represents
the adjoint morphism. This category is essential to topological quantum field theories
(TQFTs).

Although there are many examples of compact closed categories equipped with
an adjoint structure, this structure need not be restricted to these categories. This
observation led Selinger to the idea of a dagger category to describe a general category
equipped with an adjoint structure [26]. With Selinger’s terminology, Abramsky and
Coecke’s strongly compact closed categories become dagger compact closed categories.
Of interest to us is the dagger category Hilb of arbitrary Hilbert spaces. Here the
dagger structure is again the usual Hilbert adjoint. In addition we investigate the
category LFR of sets and locally finite relations. By a locally finite relation R : A —
B, we mean a subset R C A x B such that the set {b € B | (a,b) € R} is finite
for all a € A, and the set {a € A | (a,b) € R} is finite for all b € B. The category
LFR inherits a dagger structure from Rel. As we study the dagger structures for
these categories, we would also like to consider any transposes that may be present,
and how these structures interact with the dagger structure. For this purpose, the
language of nuclear ideals is very useful.

The goal of nuclear ideal theory [2] is to extend the theory of compact closed cate-
gories to include the category of arbitrary Hilbert spaces. To achieve this, we consider
categories that, like Hilb, possess an adjoint structure as well as a great deal of the
compact closed structure, but in which there may be morphisms lacking transposes.
These categories were introduced by Abramsky, Blute, and Panangaden as tensored
x-categories [2]. However, we reserve the star notation for compact closed structures,
so we refer to these categories as tensored f-categories. In such a category C, we con-
sider a class of transposable morphisms called nuclear morphisms. In particular, this
class of maps is required to be closed under composition with arbitrary morphisms
in C, and closed under the operations in C. Abramsky et. al. coined the term nuclear
ideal to describe such a situation. For example, the class of finite relations form a

nuclear ideal for the category of locally finite relations. A more interesting example
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is the class of Hilbert-Schmidt operators in the category Hilb. A Hilbert-Schmidt

operator T : H — K is a bounded linear map satisfying

> > K{Tbw, bi) P < oo,

bn€By by€Bg

where By and By are orthonormal bases for H and K, respectively.

Compact closed categories allow for canonical traces, which in the case of vector
spaces correspond to the usual notion. In the category of arbitrary Hilbert spaces,
one has a partial notion of trace. Traces can be taken on a certain class of Hilbert-
Schmidt operators called trace class maps. See [28]. The notion of a nuclear ideal
allows one to abstract this structure. Categories equipped with a nuclear ideal have
a collection of trace class maps. ‘

In [26], Selinger describes a CPM construction for dagger compact closed cate-
gories. Completely positive maps, or CPMs, arise in quantum theory in the density
operator characterization of quantum mechanics. As an alternative to the traditional
state space axiomatization of quantum mechanics, there is an equivalent description
due to von Neumann in which a system is completely described by its density op-
erators or density matrices. Details of this perspective can be found in Nielsen and
Chuang’s Quantum Computation and Quantum Information [24]. One advantage of
this approach is its ability to describe the behaviour of individual subsystems within a
composite quantum system. Roughly speaking, a CPM is a map from the set of den-
sity operators of the input space @1 to the set of density operators of the output space
Q)2 which maps positive operators on @; to positive operators on Q. Additionally,
a CPM must retain this positivity property when tensored with arbitrary identity
maps. Positive operators are important, as they can be used to encode probabilities
in the quantum setting.

Selinger’s CPM construction associates to each dagger compact closed category
C its category of completely positive maps, denoted CPM(C). He proves that the
resulting category is again a dagger compact closed category. We seek a similar result

for tensored t-categories equipped with nuclear ideals.
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1.2 Thesis Summary

Our ultimate goal is to extend Selinger’s CPM construction to the setting of nuclear
ideals. We first provide relevant background material regarding Hilbert spaces and
category theory in Chapters 2 and 3 respectively. We begin with an in depth look at
infinite-dimensional Hilbert spaces and bounded linear maps. We discuss the Hilbert
adjoint and, following [18], we give a detailed description of the tensor product for
Hilb. This leads to the notion of a Hilbert-Schmidt operator. We then describe trace
class maps in Hilb and their relation to Hilbert-Schmidt operators. Following that,
we discuss general monoidal categories and compact closed categories. In the final
section of Chapter 3 we describe Selinger’s dagger categories.

In Chapter 4 we provide a detailed review of Selinger’s work with completely
positive maps. We begin with the concepts of positive maps and positive matrices in
an arbitrary dagger compact closed category. Next we define Selinger’s notion of a
completely positive map (CPM) and establish several properties of these maps. We
consider also the relationship between CPMs and positive matrices. Next we describe
Selinger’s CPM construction for a dagger compact closed category C, and outline the
dagger compact closed structure for CPM(C). We close the chapter with examples
of the CPM construction applied to the categories Hilbs; and Rel.

Following that, we set up the nuclear ideal framework in Chapter 5. We describe
tensored t-categories and discuss two key examples: Hilb and LFR. After that we
define the notion of a nuclear ideal for a tensored f-category. We look at the nuclear
ideal of Hilbert-Schmidt operators for Hilb, and the nuclear ideal of finite relations
for LFR. At this point we have the tools necessary to construct our generalized
CPMs.

In Chapter 6, we first establish an appropriate notion of a completely positive
map in a nuclear ideal. We then prove numerous intermediate results that facilitate
our CPM construction. Next we define a CPM construction for tensored {-categories
equipped with nuclear ideals. Analogous to Selinger’s construction, given a nuclear
ideal N for a tensored t-category C, our construction yields its category of com-

pletely positive maps, CPMu(C). We prove that the resulting category is again a
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tensored f-category. In the process, we also verify that our completely positive maps
behave correctly. That is to say, they properly extend Selinger’s notion of CPMs.
For example, they preserve nuclear-positive matrices, which are generalizations of
von Neumann’s positive density operators. As well, we characterize the completely
positive maps for the nuclear ideal of Hilbert-Schmidt operators for Hilb and the

nuclear ideal of finite relations for LFR.



Chapter 2
Infinite-dimensional Hilbert Spaces

The structure of Hilb, the category of arbitrary Hilbert spaces and bounded linear
maps, is central to this paper. Unlike its finite-dimensional counterpart Hilb¢,, this
category fails to be compact closed. However, Hilb does possess the majority of the
structure that makes Hilbs, an ideal framework for the axiomatization of quantum
mechanics. For this reason, we begin with a careful investigation of this category. We
assume the reader knows what a Hilbert space is. See [18].

For the duration of this section, we fix Hilbert spaces H; with respective ortho-
normal bases B;,1=1,...,n.

First recall what we mean by a bounded linear map of Hilbert spaces.

Definition 2.0.1. A linear operator T : H; — H, is bounded if there exists a non-
negative real number ¢ such that ||Tz| < c¢||z||, for all z € H;. When T is bounded,
the smallest real number with this property is called the bound of T and is denoted
7.

Theorem 1.5.5 of [18] provides some conditions equivalent to the operator T' being

bounded. We state this result in the following proposition.

Proposition 2.0.2. For a linear operator T : Hy — H,, the following conditions are

equivalent:
(a) T is bounded.
(b) sup{[|Tz||/l|lzl| | z € Hy,z # 0} < o0.

7
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(c) sup{ | Tl | = € Hy, |2l = 1} < oo.

(d) T is continuous.

Remark 2.0.3. In the case of finite-dimensional Hilbert spaces, all linear operators
are bounded. To see this, let H; be finite-dimensional with B; = {e; |i=1...m},
and let x € H, with ||z|| = 1. Write

T = Zaiei.
i=1
Then
1= |lzl|® = (S e, T 0e5) = B 5T 005 (es, €5) = S 00T = B o).
Hence |o;] < 1, for i = 1...m. Now,
1Tz]| = IT(ZZ10sed)|| = [ELaeiT (el < Ziileal [T (el < ZZiIT ()

Therefore
sup{||Tz|| | z € Hy, ||lz]| =1} < L, | T(e:)] < oo,

so T is bounded.

In the category Hilb it is well-known that, in general, Hom-sets cannot be realized
as Hilbert spaces. Expressed categorically, Hilb is not (monoidal) closed. It is the
case, however, that these Hom-sets can be viewed as vector spaces. We describe this

linear structure below as it will come into play shortly.

Remark 2.0.4. For all objects Hy, H, € Hilb, the set Hompgin(Hi, Hp) is a vector
space over C. For S,T € Hom(H;, Hy) and o € C, we define

(aS +T)(z) = aS(z) + T(z).
Then oS + T € Homy(Hi, H) since
(@S + T)(@)|| = ||aS(z) + T(2)|| < |el|S@)| + 1T ()]l < lefliSI+ T,

for all z € H, with ||z|| = 1.
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2.1 The Hilbert Adjoint

In this section we describe an adjoint structure possessed by both Hilbgy and Hilb.
This structure will simplify our construction of the tensor product for Hilb in the
next section, and will be central to the notion of a trace class operator in Section 2.3.
As well, we aim to abstract this adjoint structure in Section 3.3 on dagger categories.
We will need the following well-known theorem which can be found in [11], for
example.
Theorem 2.1.1. (Riesz Representation Theorem) Let ¢ : H — C be a bounded
linear functional on a Hilbert space H. There exists a unique xo € H such that

o(x) = (z,z0) for all z € H. Moreover, we have ||zo| = ||¢ll-
A brief description of the Hilbert adjoint can be found in [11]; we provide the

details in the proposition below.

Proposition 2.1.2. LetT : H — K be a bounded linear map of Hilbert spaces. Then

there exists a bounded linear map T' : K — H satisfying
(Tz,y) = (x,TTy) forallz € H andy € K.
Proof. Let T : H — K be a bounded linear map. For each fixed yg € K the map
¢ : H — C defined by
o(z) = (Tz, y0)
is a bounded linear functional on H. By Theorem 2.1.1 there is a unique zo € H such
that
o(x) = (Tz,yo) = (x,zp) forallz e H.

Now let Tt : I{ — H be the map sending each y, € K to that unique zo € H. Then
we have
(Tz,y) = (z,T'y) forallz € Hand y € K.

To see that T is linear, let y,3’ € K and a € C. Since
(z, 0Ty + Tly') = &z, Tly) + (z, T'y')
=a(Tz,y) + (Tz,y)
= (Tz,ay +y)
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by uniqueness we must have that T7(ay + y') = o'y + T'y'. Finally, we show that
Tt is bounded. By Schwarz’s inequality we have

(&, Tty)| = (Tz, )| < [Tzl < [Tyl

So for z = Tty we have
IT"y|1? = (TTy, T'y) < |ITIIT yllllyll-

Hence
1Tyl < 1Tyl

Vy € K, ie., Tt is bounded with |T|| < ||T|l. O
Definition 2.1.3. The map 77 in Proposition 2.1.2 is called the adjoint of T.

This is typically denoted T* but we will reserve this notation for compact closed

structures. This definition yields some immediate consequences:

id! = id,
(ST)t = Ttst,
TH =T

Categorically speaking, (—) is a contravariant functor on Hilb. From the fact
that t is involutive it follows (by replacing T' with 77 in the proof of Proposition
2.1.2) that ||T7| = ||T|.

Remark 2.1.4. Let T : Hi — Hj be a bounded linear map. If a bounded linear
map S : Hy — Hj satisfies
<Tb1, bz) = <b1, sz),

Vb, € By, Vby € By, then § = T't. This means that it suffices to consider bases when

computing adjoints.

There are situations when the adjoint of an operator T is related to 7" in an

interesting way. The following definitions capture such situations.
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Definition 2.1.5. If T'=T: H — H, i.e., {Tz,y) = (z,Ty) for all z,y € H, then
T is called self-adjoint.

Definition 2.1.6. A map T : H — H is called unitary if T'T = id = TTH, ie.,
TH=T"1,

Remark 2.1.7. In Hilby; and Hilb, the unitary maps are precisely the isomor-
phisms. If T : H; — Hj is unitary, then

(Tz,Tx') = (z,T'Tz') = (x,z') Vz,z' € Hy,
hence T is an isomorphism. Conversely, if T : H; — H, is an isomorphism, then
(Tz,y) = Tz, TT'y) = (z,T'y) Vz € Hy, Vy€ Hy,
so we must have Tt = T-!. Thus T is unitary.

Definition 2.1.8. A map T : H — H is called positive if it is self-adjoint and
(Tz,z) > 0forall z € H.

This next theorem which is part of Theorem 4.6.7 in [11] leads to an equivalent

characterization of positive maps.

Theorem 2.1.9. Let T : H — H be positive. Then T has a unique positive square

root, i.e., there exists a unique positive map S such that T = 82 = S18.
Conversely, if T factors as S'S for some map S then T is clearly self-adjoint with
(Tz,z) = (S'Sz,z) = (Sz,Sx) > 0,

Vz € H. Hence T is positive. Therefore, a map T : H — H is positive if and only if

T factors as StS for some map S.

2.2 The Tensor Product and Hilbert-Schmidt Op-
erators

We are interested in a tensor structure for Hilb. Following [18], we give a definition of

the tensor product H of two Hilbert spaces H; and H> which emphasizes the universal
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property of H. We then identify H with the completion of Hy, the algebraic tensor
product of H, and H,, relative to a specified inner product on Hy. Finally, we show
how H can be viewed as the Hilbert space of Hilbert-Schmidt operators from the

conjugate space H; into H,.

Definition 2.2.1. A mapping ¢ : H; X ... X H, — C is a bounded multilinear
Junctional on Hy; x ... x H, if ¢ is linear in each component and there exists a

non-negative real number ¢ such that

lo(@ys -y zn)| S eflzall - fl2all;

for all z; € Hy,...z, € H,. When ¢ is bounded, the smallest real number with this
property is called the bound of ¢ and is denoted ||¢||.

Definition 2.2.2. A bounded multilinear functional ¢ : H; X ... x H, — C is a
Hilbert-Schmidt functional on Hy, x ... x H, if the sum

Yo D lelbr, s ba)l? (1)

b1€B; bn€Bn

is finite.

Although it appears that the above sum depends on our choice of bases By, . .., B,
Proposition 2.6.1 of [18] asserts that the value of the sum is in fact independent of
the choice of orthonormal bases for Hy, ..., H,. We denote the set of Hilbert-Schmidt
functionals on H; x --- x H, by HSF(H; x --- x Hp,).

The set of Hilbert-Schmidt functionals on H; x --- x H,, is a Hilbert space. This
is established in Proposition 2.6.2 [18]. The details are as follows.

Proposition 2.2.3. The set HSF(H; x --- x H,) is a Hilbert space when the linear

structure and inner product are defined by:

(o + BY)(@1, -, Tn) = QP(T1,. 1) + Bb(a1, - Tn), 2)
()= D e D oo b)i(br, - B). (3)

bleBl bneBn
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The sum in (3) is absolutely convergent and independent of the choice of bases By, . . ., B,.

For each vy € Hy,...,v, € H,, the equation
Corron (&1, <oy Zn) = (T1,01) -+ (T, Vn) (z, € Hy,...,z, € Hy,)
defines an element @,, . ,. € HSF(H; x --- x Hy), and

<(19111 ..... vny Fwa,..., wn> - <’lU1,'U1>"'<'lUn,'Un>.

The set
{‘Pbl ..... bnlbleBly""bneBﬂ.}

is an orthonormal basis for HSF(H, x --- x H,,). Moreover, there is a unitary map
U:HSF(Hyx- -xH,) — lp(ByX---x By) such that Uy is the restriction ¢|p, x...x B,
foro € HSF(Hy x -+« x Hp,).

The norm for HSF(H; x - -+ x Hy) is induced by the inner product, and is denoted .
|l - ll2- This is not to be confused with the bound of an operator, for which we have
established the notation || - ||.

The next definition will simplify what follows.

Definition 2.2.4. For a Hilbert space K = (K, +, -, (—, —)), the conjugate Hilbert
space K = (K,+,%,(—,~)"7) is the Hilbert space with the same underlying set as

K, addition as in K, but with scalar multiplication and inner product given by:

ar=ar and (z,y) ={(z,y)= (y,2).

This definition eliminates the need to discuss conjugate-linear maps. By consider-
ing conjugate Hilbert spaces when necessary, all maps can be described as multilinear.
Note that if B-is an orthonormal basis for the Hilbert space K, then B is also an
orthonormal basis for K. We note also that for any Hilbert space K, K = K", the
bounded dual space.

We can extend this construction to a conjugate functor m on Hilb. For a
bounded linear operator T': H — K we define T to be the map T viewed as a map
from H to K.

Next we require the following definitions.
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Definition 2.2.5. A map L : H; X --- X H, —» K is a bounded multilinear
operator if it is linear in each component and there exists a nonnegative real number
¢ such that

I1L(z1, ... zn)ll < cllzal - flall

for all z, € Hy,...,z, € H,. When L is a bounded multilinear operator, the least
such c¢ is denoted ||L]|.

Definition 2.2.6. A bounded multilinear map L : Hy X --- x H, — K is a weak
Hilbert-Schmidt operator if
(i) for each u € K the map L, defined by

Ly(z1,...,20) = (L(z1,...,Tn), u)

is a Hilbert-Schmidt functional on Hy X - - X Hy;

(i) there exists a nonnegative real number d such that
[ Lull2 < dllull

for each u € K.
When these conditions are satisfied, the least such d is denoted ||L}|2.

Theorem 2.6.4 [18] provides the final step in the tensor product construction for
Hilb.

Theorem 2.2.7. Let Hy,...,H, be Hilbert spaces with respective orthonormal bases
By,...,B,.

(i) There exists a Hilbert space H and a weak Hilbert-Schmidt operator p : Hy X
-+« X H, — H with the following property: given any weak Hilbert-Schmidt operator
L from Hy x --- x H, into a Hilbert space K, there exists a unique bounded linear
operator T : H — K such that L = T'p:

L

Hy X x Hy——— K



CHAPTER 2. INFINITE-DIMENSIONAL HILBERT SPACES 15

Moreover, ||T|| = ||L||2-
(it) If H' and p' have the properties attributed in (i) to H and p, there is a unitary
map U : H — H' such that p’ = Up:

/

p

Hyx - X Hy——2—— B

(1) If vi,w; € H; (i =1,...,n), then
<p(’l.)1, cee avn)’p(wla c. awn» = (U17w1> e <Unawn>,

the set {p(b1,...,b,) | by € By,...,b, € By} is an orthonormal basis for H, and
lpllz = 1.

In order to understand the tensor product for Hilb, we require some details from
the proof. In particular the Hilbert space H and the operator p: Hy x ---x H, — H
in (i) are constructed as follows. First, H Y HSF (H, x - -- x H,) with Hilbert space
structure given by Proposition 2.2.3. Then for v, € Hy,...,v, € H,,

p(v1,. .., Up) (i—gf;p,,l v, € HSF(Hy X + -+ x H,),

.....

where

Gotyoon (T15 - -1 Tn) = (1, 01) 7 =+ (Tny Un) ™ = (V1,21) * + * (Un, Tn)-

Part (ii) of Theorem 2.2.7 asserts that the Hilbert space H, together with the
weak Hilbert-Schmidt operator p, is uniquely determined up to isomorphism by the

universal property in part (i). Thus we can take this to be our definition.

Definition 2.2.8. The Hilbert space H constructed above is the tensor product
of Hy,...,H, and is denoted by H,®---® H,,. The map p is the canonical product
mapping from Hy x -+ x H,to H; ® --- @ Hp,.

The vector p(zi1,...,2,) € H; ® -+ ® H, is denoted by z; ® - -+ ® z,. Finite

linear combinations of these simple tensors form an everywhere-dense subspace Hy of
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H, ® --- ® H,. Furthermore, the set {b; ® ---® b, | by € By,...,by € B, } is an
orthonormal basis for H; ® - - ® H,.

As one would expect, the vector z; ® - -+ ® z,, behaves like a formal product of
z1,-.--,Zn. In particular, the following properties are a consequence of the multilin-
earity of p and part (iii) of Theorem 2.2.7:

T1 Q@ OTm1 ® (aTy, + f27) @ T 1 ® -+ ® Ty
=a($1®'-'®$m—1®$;n®$m+1®"'®xn) (4)
+8(Z1® @ Tmo1 BT, @ Trng1 -+ ® Ty

(T1® @ Ln, Y1 ® - QYn) = (T1,41) * ** (T Yn); (5)
lz1 @ @ Znl| = [[z1]| - - - || znl- (6)
Note that
T Q@ Qzn) =(0Z1) VL2 @+ ® T,
so Hy consists of all finite sums of simple tensors.
The tensor product for Hilb is associative (see Proposition 2.6.5 [18]), so it suffices

to consider the case n = 2 in what follows.

Proposition 2.6.6 [18] investigates linear dependence in Hp.

Proposition 2.2.9. Let Hy be the everywhere-dense subspace of H, ® H,y generated
by the simple tensors.

(i) If 21, ...,2, € Hy and y1,...,yn € Ha, then T}_;7; ® y; = 0 if and only if
there is an n X n complez matriz [cy] such that

chkx]‘ =0 (k= 1,‘..,’1’14),
j=1

chkyk=yj (k=1,,')’l)
k=1

(ii) If L is a bilinear mapping from H, ® H, into a complez vector space V, there
exists a unique linear mapping T : Hy — V such that T = L|g,.
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Part (i) ensures that any linear dependence relations that occur in Hy result from
the bilinearity of the canonical product mapping p. Thus Hy can be identified with the
quotient of the linear space of all formal finite sums of simple tensors by the subspace
of those finite sums that must vanish for p to be bilinear. This is the traditional
algebraic tensor product of H; and H,, and part (ii) of the proposition gives its
characteristic universal property. This means that we can identify H = H; ® H,
with the completion of the algebraic tensor product Hp, relative to the unique inner
product on Hj satisfying

(1 ® y1, T2 ® Ya) = (T1,Z2) (Y1, Y2) (1,22 € Hy), (41,2 € Hy).

In this paper, we will take this as our tensor product for Hilb unless otherwise
stated. Even so, we show how the Hilbert space H, ® H, can be identified with a
special class of operators from H; to H,. This alternate presentation will serve to

motivate the concept of a nuclear ideal in Chapter 5.

Definition 2.2.10. A bounded linear operator T : H; — H, is a Hilbert-Schmidt
operator if the following sum is finite

DD UThLb)E =D D [Ty, b) 2 (7)
b1 €By ba€ By bo€B2 bi€By

Again, Proposition 2.6.1 guarantees that the value of the above sum is indepen-

dent of the orthonormal bases chosen. Moreover, the sum (7) can be written in the

YoATnlE D T )

b €B; b2€B2

alternate forms:

using Parseval’s equation. We denote the set of Hilbert-Schmidt operators from H;
to H2 by HSO(Hl,Hg)

Remark 2.2.11. Hilbert-Schmidt operators from a two-sided ideal in Hilb. Let
S : Hy — Hj be a Hilbert-Schmidt operator, and let R : Hy — Hs and T : Hy — Hy
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be arbitrary. Then TSR is a Hilbert-Schmidt operator:

S ITSRE)IP<ITI? D 1SRG

bieB b1€B:

=ITI7 Y D (SR(b1),b3)* (P.E)

b1€B) b3eB3

=T > D [{br, RIST (b))

b1€B; b3€B3

=ITI? Y > (RS (bs),b1)

b3€B3 b1€B)
= I Y I1R'S" (bs)|I? (P.E)
b3€B3
<|ITIPIRTP D 18T ()1
bs€B3
=ITIPIRT D D KST(bs), ba) (P.E.)

b3€B3 b2€B>

= ITIPIRTZ D D [(bs S(b2)

bo€ B2 b3€B3

=ITIPIRIZ 3 > [(S(b2), bs)[F < o0,

bo€By b3eB;

where P.E. indicates that we have applied Parseval’s equation.

Next we consider the relationship between Hilbert-Schmidt functionals and Hilbert-
Schmidt operators. For this we will need the following lemma, which is a restatement
of Theorem 2.4.1 in [18].

Lemma 2.2.12. If H; and H, are Hilbert spaces and T € Homgw(H1, H2), the
equation
fr(z,y) = (Tz,y) (v € H,y€ H)
defines a bounded bilinear functional fr on Hy x Hy, and ||frl| = IIT||. Each bounded
bilinear functional on H, x Hy arises in this way from a unique element of
Homyup(Hy, Ha).
The above correspondence restricts to give a bijective correspondence between

HSO(Hy, Hy) and HSF(H;x Hs). In other words, T € Homuun(H1, Hs) is a Hilbert-
Schmidt operator if and only if fr is a Hilbert-Schmidt functional on H; x H,. This
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is clear from the definition of fr. Furthermore, the set HSO(H;, Hs) of Hilbert-
Schmidt operators from H; into H, forms a linear subspace of the vector space
Homgiw (Hy, Hy). Thus, via the (linear) mapping T +— fr, HSO(H,, Hy) inher-
its the Hilbert space structure of HSF(H; x Hs) outlined in Proposition 2.2.3. The
inner product for HSO(Hj, H,) is then given as follows:

(S.T) =3 > (Sby,bo) (b2, Th1),

b €B1 bo€B2

where S,T € HSO(H;, H;). Once again, this inner product is basis-independent.
Accordingly, we use the notation || - ||2 to denote the norm for HSO(H;, H;) as well.

We now view H; ® H, as the Hilbert space HSO(H;, H;) of Hilbert-Schmidt
operators from H; into H,. The following is Proposition 2.6.9 in [18)].

Theorem 2.2.13. If H, and H, are Hilbert spaces, then for each x € H, and each
y € Hy the equation

Toyu= (u,2)"y = (T,u)y uw€H

defines a Hilbert-Schmidt operator Ty, : H, — H,. Moreover, the linear map U :
Hy, ® Hy — HSO(Hy, Hy) satisfying Uz ® y) = Tz is an isomorphism of Hy ® Hy
onto HSO(Hy, Hy).

It follows that the set { Ty, 4, | by € Bi1,b2 € By} is an orthonormal basis for
HSO(Hy, Hs).

Remark 2.2.14. Note that we also have a linear bijection from H; ® H, onto
the vector space Hom(C, H; ® H,) sending z ® y € H; ® H, to the map defined by
[1 — r®y]. In total we have a linear bijection ¢’ : HSO(H,, Hy) — Hom(C, H;® Hs)
with 6'(Ty, p,) = [1 — b1 ® bg]. Or, equivalently, we have a linear bijection 8 :
HSO(Hy, Hy) — Hom(C, H; ® Hy).

2.3 Trace Class Maps

There is a special class of Hilbert-Schmidt operators called trace class operators.
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Definition 2.3.1. A bounded linear operator T : H; — H; is trace class if the

following sum converges

> (Tby,by). 8)

heb
Note that the sum is independent of the choice of orthonormal basis. When T is trace
class we denote the sum (8) by ¢r(T) and call it the trace of T.

Note that all maps of the form T': H; — H; in the category Hilby, are trace

class.

Theorem 2.3.2. The set of trace class maps on a Hilbert space H, is a two-sided
ideal in Hompw(Hy, Hy).

Trace class operators can be characterized as follows.

Theorem 2.3.3. An operator T : H — H is trace class if and only if there ezists a
Hilbert space K and Hilbert-Schmidt operators S : H — K and R : K — H such that
T = RS.

Hence trace class maps are Hilbert-Schmidt maps by Remark 2.2.11. However,
not all Hilbert-Schmidt maps T': H — H are trace class as the following example

illustrates.

Example 2.3.4.
Let H be a Hilbert space with orthonormal basis {e, |n € N} and T : H — H be

the map sending e, to %en for each n. Then
S ITenl? = Y l2eall? = 3 = <
en - nen - n2 007
neN neN neN

while

Z(Ten,en) = Z(%en,en) = Z% - 0OQ.

neN neN neN
Therefore T is a Hilbert-Schmidt operator that is not trace class.
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If T : H— H is trace class with T = RS as prescribed in Theorem 2.3.3, then
the map 6 : HSO(H, K) — Hom(C, H ® K) provides an alternate way to calculate
the trace of . We have the following map

8s) _ 6B _
C—>HeK —>> C=C.

Via the bijective correspondence Hom(C,C) = C this defines an element a € C.
Moreover, we have a = tr(T"). In Chapter 6, we generalize the notion of trace class

maps to the setting of nuclear ideals.

See [28] for details of the results of this section.



Chap'ter 3
Categorical Preliminaries

Here we give all the category theory necessary to understand the thesis. We assume

the reader is familiar with the basics of category theory. See [23].

3.1 Symmetric Monoidal Categories

Definition 3.1.1. A monoidal category C = (C,®,1,a, )\, p) is a category C
equipped with a bifunctor ® : C x C — C, a distinguished object I € C called the

tensor unit, and three natural isomorphisms «, A, and p. More precisely, the maps
aspc: (A®B)®C 5 A8 (BeC)
M I®A A
pat AT =5 A

are natural VA, B, C € C,
Ar=pr:I®I—1I, 9)

and the following two diagrams commute V A, B, C, D € C:

22
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(A® B)® (C® D)
(AgB)eC)®D A®(B®(C®D)) ()

oaBpc® D\ %@ QaB,c,D

(A®(B®C)®D —zoerr> AR (B®C)® D)

o
(A9 ® B—=L%, A® (I® B)

PA ®R( ,%8/\3 (11)

A®B
Equation (10) is called the Mac Lane pentagon.

Definition 3.1.2. A monoidal category C = (C,®,I,, A, p) is symmetric if it is

equipped with natural isomorphisms

oap:A®B —— B®A

for A, B € C, such that the following three diagrams commute:

AeB—"% . pBeA

A®R‘ %A (12)
A®B
g

AR Al L I®4

R 9 (13)

A
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a
(BoA)®C —2% Bg (AR C)

oAz @V' Yig Tac

(A®RB)®C B® (C®A) (14)

C!A,&\A AC,A

We usually omit the subscripts on the isomorphisms «, A, p, and ¢ when they
are clear from the context. This is especially handy for presenting tidy commutative

diagrams.

Example 3.1.3.

The category Rel of sets and relations consists of the following data. The objects
are sets and a morphism R : A — B is a subset of A x B. For a set A we have
idg = {(a,a) | a € A}, and for relations R: A — B and S : B — C the composite
SR ={(a,c) | 3b € Bwith (a,b) € R and (b,c) € S} € AxC. Rel has the following
symmetric monoidal structure. A ® B = A x B, the cartesian product of sets. Given
maps R: A— Cand §: B — D we have

R®& S ={((a,b),(c,d)) | (a,c) € R and (b,d) € S} C (A x B) x (C x D).

The tensor unit I = {*} is any one element set. For sets A, B, and C we have natural

isomorphisms
aapc = {(((a,b),c),(a, (b)) ]|ac AbeBceC}
M= {((+a)0) [a€ A}
pa={((a,*),a) |ac A}
oap = {((a,b),(ba)) |ac A be B}.

Example 3.1.4.
LFR is the subcategory of Rel consisting of sets and locally finite relations. Let
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R: A — Bin Rel and for each a € A denote ;R ={b € B | (a,b) € R}. Similarly,
for each b € B, denote R, = {a € A| (a,b) € R}. Then R is locally finite if Va € A
and Vb € B the sets R and R, are finite. It is clear that the identity morphisms
are locally finite, and a short calculation shows that the composition of two locally
finite relations is again locally finite. Moreover, LFR inherits a symmetric monoidal
structure from Rel. One must check that the tensor product preserves local finiteness
and the isomorphisms «, A, p, and ¢ are locally finite. Let R: A— CandS: B — D
be locally finite. Then

R® S ={((a,b),(c,d)) | (a,c) € R and (b,d) € S}

is locally finite since
l(a,b)R® Sl = 'aRl . leI <0

and
|R® Seay| = |Re| - |S4] < 00.

For the isomorphisms we have

[(@hroe| =1 = |ag b
A =1=|Ad

|(a,*)p' =1=|pd

l@no] =1=|oga].

Example 3.1.5.

The category Vecy, of finite-dimensional vector spaces (over a fixed field k) is symmet-
ric monoidal. Let U and V be vector spaces with respective bases {e; |1 =1,...,n}
and {f; |j=1,...,m}. Then U®V is the (nm)-dimensional vector space with basis
{e;,®fjlt=1,...,nand j=1,...,m} and I = k. Moreover, if S : U — U’ and
T :V — V' then SQT is the linear map satisfying SQT(e;® f;) = Se;®T f;. Let W
be a vector space with basis { gr | k = 1,...,p}. Then in this case, the isomorphisms

(specified on bases) are

opvw  (UBV)OW —UR (VW) (e®f;)®g— e®(f; ® gk
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i kV —V 1®Qe; — e
pv:Veak —V &R ¢
O'U,V:U®V—>V®U €i®fj"—'>fj®ei-

Example 3.1.6.
The category Hilby,; of finite-dimensional Hilbert spaces and (bounded) linear op-

erators is symmetric monoidal. Let H and K be Hilbert spaces with respective

orthonormal bases {e; |4 =1,...,n} and {f; | 7 =1,...,m}. Then, as in Vecyq,
I =C and H ® K is the Hilbert space with orthonormal basis {¢; ® f; |1 =1,...,n
and j =1,...,m} and with inner product given by

(e: ® fj, ex ® fi) = (e, ex)(F5 J1)-

On morphisms, the tensor product is defined as in Vecyy. This is the finite-dimensional
version of the tensor product constructed in Section 2.2. Recall that in the finite-
dimensional setting, all linear operators are bounded. This was shown in Remark

2.0.3. Hence the isomorphisms from Vecyy are valid in Hilbgg as well.

Example 3.1.7.

The category Hilb of arbitrary Hilbert spaces and bounded linear operators is also
symmetric monoidal. We established its monoidal structure in Section 2.2. Recall
that if H and K are Hilbert spaces with respective orthonormal bases {e; | ¢ € I}
and {f; | j € J}, then H ® K has an orthonormal basis {e; ® f; |1 € I, j € J}.
Here, the tensor unit is again I = C. We have already dealt with associativity, and
the monoidal equation (11) follows from equation (4) of Section 2.2. It remains to

consider symmetry. The isomorphism
(TH,K:H@K-—)K@H €i®fijj®ei
is clearly bounded and satisfies the symmetric monoidal equations (12) - (14).

There are examples of monoidal categories that are not symmetric. For example,
if C is a fixed (small) category, then we can form a monoidal category Func(C).

The objects are endofunctors on C and the morphisms are natural transformations.
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The tensor product here is given by composition, which is not symmetric. A second
example of a non-symmetric monoidal category is the category of representations of
a Hopf algebra.

The following theorem, which is due to Mac Lane, will be assumed throughout
this paper. This will reduce the work necessary to establish the commutativity of

diagrams.

Theorem 3.1.8. (Coherence) In a monoidal category, all diagrams built from «,

A, and p, ®, and identities commute.

An analogous theorem holds in the symmetric case, however the symmetry map
o makes the theorem slightly more difficult to state. Note for example, the following
two maps are not equal:
Oan: AQA— ARA

and
Z.dA’AZA®A—)A®A.

To handle this, one can associate to each morphism in the free symmetric monoidal
category a permutation of the atoms appearing in the domain (and hence also the
codomain). Then two morphisms are equal if and only if they have the same under-

lying permutation.

Definition 3.1.9. LetC = (C,®,I,a,\,p) and C' = (C',®,I',a’, N, p’) be monoidal
categories. A monoidal functor F = (F,m,mp) : C — C’ consists of the following:
e A functor F :C — (';
e VA, BeéeC amorphism myp: F(A) ® F(B) - F(A® B) in ' which is
natural in A and B,
e for the tensor units 7 and I’ a morphism m; : I’ — F(I).

In addition the following three diagrams must commute:
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(F(A) ® F(B)) ® F(C) & F(A)® (F(B)® F(C))
map ® F(C) F(A)®msc
F(A® BS ® F(C) F(A)® F(B®C) (15)
MAgB,C MA,B&C
F((A® B)® C) 20 F(A® (B® ()
F(A) & I' LA F(A)
F(A)® mzl {F(p) (16)
F(A) @ F(I) oy F(A®I)
I'® F(A) A F(A)
m; ® F(A) J ]F(A) (17)
F(I) ® F(A) i FU®4)

Definition 3.1.10. A monoidal functor F is strong if m; and all m4 g are isomor-

phisms, and strict if m; and all m4 p are identities.

Remark 3.1.11. For a (covariant) strict monoidal functor F' = (F,m,m;) : C — C/,
we have the following data:

o VA BeC, F(A® B) = F(A)® F(B);

o F(I)=1T,

e Vf:A—-Candg:B—- D, F(f®g)=F(f)®F(9): A®B—-CRD;

e F(a)=0a/, F(\)=XN,and F(p)=p".

In the case that F' is contravariant, the last two points read:
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o Vf:A—-Candg:B— D, F(fg)=F(f)®F(9):C®D — A® B;

e F(a)= (o)} F(\) = (X)~, and F(p) = (o).
Definition 3.1.12. Let C = (C,®,I,a,\,p,0) and C' = (C',®,I',/, X, p/,0’) be
symmetric monoidal categories. A symmetric monoidal functor F = (F,m,my) :

C — C' is a monoidal functor satisfying one additional equation:

/

F(A)® F(B)—2— > F(B)® F(A)
mMA,B mp,A (18)
F(A® B) o) F(B® A)

Definition 3.1.13. A symmetric monoidal category C is closed if VA € C the
functor A® (—) has a right adjoint A —o (—). More precisely, there is a bijection ¢ :
Hom¢(A® B, C) = Home(B, A — C), which is natural in B and C. Or, equivalently
[23], we can specify the unit and counit maps, which are natural transformations of

the form:

n:ld— A— (A® (—)) (unit)

€:AQR(A— (=) — Id (counit).
Example 3.1.14.
Recall that Rel is symmetric monoidal with tensor product on objects given by the
cartesian product of sets. Rel is closed with A — (=) = A ® (—). The bijection
¢: Homga(A® B,C) &2 Homgq(B, A — C) is given by

RC(Ax B)xCw {(b(a,c)) | ((a,b),c) e R} C Bx (AxC).
For naturality, we must check the following two diagrams for relations S : C — C’
and T: B — B"
Hom(A® B,C) —2—— Hom(B, A — C)

Hom(A® B, S) Hom(B,A — S)

Hom(A® B,(") —¢—+Hom(B, A— (")



CHAPTER 3. CATEGORICAL PRELIMINARIES 30

and
Hom(A® B',C)———sHom(B', A — C)

Hom(A®T,C) Hom(T, A — C)

Hom(A® B,C) — Hom(B,A — C)

We will check the first one. Let R € Hom(A ® B,C). Then

(b (a,c)) € (Hom(B,A — S)op)(R) = (ida ® S) o p(R)
<= 3J(a,c) € A x C with (b, (a,c)) € ¢(R) and ((a,c)(a,)) € (idsg ® S)
<= dc € C with (b, (a,¢)) € p(R) and (¢,) € S
<= Jc e C with ((a,b),c) € Rand (c,c) €S
<> ((a,b),d) € Ro S
< (b,(a,)) € p(RoS) = (po Hom(A® B, S))(R).

The second equation is similar. In this case, the unit and counit maps are given by

the following;:

n:Id— AQ (A®(-))
ns = { (b (a,(a,b))) |a€ A, be B}
€e:A®A®(-)) — Id
es = {((a,(a,b)),b) |lac A, be B}.

Example 3.1.15.
Both Vec;y and Hilby, are closed. Rather than work out the details here, we will

see in Section 3.2 that these categories satisfy a stronger condition.

There are some important categories equipped with monoidal structures under
which they fail to be monoidal closed. We will revisit the following examples often.

In particular, we will see that both possess a nuclear ideal structure.

Example 3.1.16.
LFR does not inherit the closed structure from Rel. Suppose the adjunction A ®
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(=) 4 A — (=) holds in LFR for all sets A, where A — (=) = A®(—). Consider the
unit map 7 : Id — AQ(A®(-)). Its component at I would be n; = { (x, (a, (a,*))) |
a € A}. But then |.n;| = |A], which is not necessarily finite.

Example 3.1.17.
It is well-known that the category Hilb fails to be monoidal closed. In particular,

the closed structure for Hilb;, cannot be extended to this category.

3.2 Compact Closed Categories

In this section we consider a special class of symmetric monoidal categories, namely

those equipped with a compact closed structure.

Definition 3.2.1. A compact closed category is a symmetric monoidal category
for which each object A has a dual object A* as well as a unit mapna: 7 — A*® A

and a counit map €4 : A ® A* — I satisfying the following two equations:

Pa A®na

A A1 AR (A*® A)
a;l,lA',A
(AR A*)® A
A eAa®A (19)
I®A
Aa

A
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Mg na® A"

> ® A* (A*® A) ® A*

QAx A,A

A* @ (AR A¥)

A*® ey (20)
A1

pA

A*

It is worth noting that the use of the terms unit and counit is appropriate as the
maps 77 and € do in fact establish an adjunction F 4 F* via (19) and (20) in the
monoidal category Func(C) of endofunctors on a fixed category C. In this case tensor
is composition, I = ide, and F = F*.

Proposition 3.2.2. In a compact closed category C, the operation (—)* extends to a
contravariant functor on C.

This result appears in [20]. We show how to define (—)* on morphisms and omit
the proof of functoriality. For a morphism f : A — B we define f* : B* — A* as
follows:

A B
B l1ep-—M2Z (404 B

(A" ® f)® B*
(A*® B)®@ B*

& Ax B,B*

A*® (B® B*)
A*®e€p
A*®1

pa+

¥

A*

Proposition 3.2.3. In a compact closed category C, the functor (—)* is strong and
yields natural isomorphisms A = A**.
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Again, we will not need the details of the proof so we just provide the required
isomorphisms:
(A® B)* &2 A*® B* (natural in A and B);
r=r,
A= A™ (natural in A).

First we have:

-1 -1 ' )
(4@ By X 19 (e Ry 1428 EK0

> A*® A® B*® B® (A® B)*

id® o ® id 1d R €agB

A*B*®1

AAQB*®AQ B® (A® B)*

£ A*® B*

with inverse
1

— d
A*® B* p A QB I 12 ® NazB

»>A*@B*®(A®B)*®@ A® B

“EI o B eA®BE (A B) —4EI®W , 4o 49 B @BE (A B)

oR®oR®id €48 €ep®id
—_— —_—

AR A*®B® B ®(AQ B)* 1918 (A® B)*

_AoA (A® B)*.
Next, we have the following maps which are inverse:
I /Ny ¢ &1 LN I
€r

-1
rF——— I —1.

Finally, we have

-1 * A dok
A2 T4 A ® AR QATRA — BT sng Ag A
A ®6A5 A*® T p; A*
and
—1 Kk
A** p > A1 A ®77A A* R A*® A U®A A A A




CHAPTER 3. CATEGORICAL PRELIMINARIES 34

Remark 3.2.4. Since our compact closed categories are symmetric, we get a natural
isomorphism
(A® B)* & B*® A*. (21)

This isomorphism appears extensively in [26].

Example 3.2.5.
Rel is compact closed with X™* = X and

nx ={(x(z,2))|r€ X} CIx(XxX)
ex={((z,z),¥) |z e X} C (X xX)xI
It follows from the definition of relational composition that
idx = Ax o (ex ® idx) o &' o (idx ® 1x) © px’

and
idx» = px» o (idx- ® €x) 0 a0 (Nx ®idx+) © Ax+
as required. By Proposition 3.2.2, (—)* extends to a functor. For a morphism R :

A — B, the map R*: B — A is the converse relation, i.e., R* = { (b,a) | (a,b) € R}.

Example 3.2.6.
Vec;, is compact closed. Let V be a vector space with basis {e; | i = 1,...,n}.
Then V* is the usual dual space with basis {e;* | ¢ = 1,...,n } and the unit and

counit maps are given by (the linear extensions of):

nvik-—*v*@V leei*®6i
i=1

ev: VeV -k e Qe — e;*(ei) = 045
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We check equations (19) and (20) on basis elements.

-1
p €i®1fv®nv

& ® (16" ®e) =30 16 ® (e ®ey)
T

Again, we can use Proposition 3.2.2 to determine the action of (—)* on a map T :
Vo W. If feW*, then T*(f) =31, f(Te;)e* € V*.

Example 3.2.7.
This structure makes Hilbsy compact closed as well. The dual space of a finite-
dimensional Hilbert space H, i.e., the set of (bounded) linear functionals on H, is

itself a Hilbert space. The inner product is given by:

<f,g)=}:f(e¢)-m
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where {e; |t =1,...,n} is an orthonormal basis for H. Moreover, the analogues of

the maps 7 and € in Vecy,y are valid here as well.

As the above examples suggest, a compact closed category is indeed symmetric

monoidal closed.

Theorem 3.2.8. If C is compact closed, then C is monoidal closed.

Proof. Let A € C. Define A — B 4o B. We prove the adjunction by specifying

the unit ug: B — A* ® (A ® B) and counit cg : A ® (A* ® B) — B. These maps

are given by:
X5 n4®B . %A% 4B 4,
up:B — I®B — (A ®A)®B —— A*®(A® B)

-1
s A®(A*® B) 222, (Ag A @B 225 9B 22, B
We first show that u is natural. Let f: B — C, then we need:

B us »A*® (A® B)
f A"®(A®f)
C i A" (A®C)

But replacing up and u¢g gives

B At ToB—128 49 a)eB—2 4 3 (A2B)
« nat.
A nat. *
f (A*2A)Q f A*R(AQ® f)
5 v Y
C IRC ———> (A*QA)®C—F5—A"® (A® C)

Nt Na C
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Naturality of ¢ is similar. It remains to show that the following two adjunction

triangles commute:

A*® B ~A25 4 @ (A® (A*® B)) AeB 22U 4 g (A 9 (A8 B))
m‘ IA* ®cs A®B ch@B
A*® B A® B

For the first triangle, we replace id4~ using (20). The diagram is then filled in as

shown below.

-1 ®(A*®B
4w B2 1g (4@ B) 4B ), (4 © A) @ (4° @ B)
coh.
A l1®B @ « nat. e
(I®A)® B A*® (A® (A* ® B))
("7A &® A*) ® B A* ® a—l
Mac Lane pentagon j
(A*®A)®A*)® B A*® ((A® A*) ® B)
a® B & A*® (ea ® B)
(A"®(ARAY))®B o nat. A*® (I ® B)
(A*®es)® B 24 A*® A
coh.
A*QI)® B > A*® B
(A*ee »® B &®
Similarly, we use (19) to replace id4 to establish the second triangle. O

This means in particular that LFR does not inherit the compact closed structure
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from Rel since we have already seen that LFR is not closed with this structure.

Likewise, the category Hilb fails to be compact closed.

3.3 Dagger Categories

Abramsky and Coecke introduced dagger compact closed categories to capture the
structure of compact closed categories that, like Hilbgq, possess an adjoint structure
[3]. They used the term strongly compact closed to describe such categories. However,
Selinger observed that a dagger structure can be added to almost any type of category.
In [26] he introduces the notion of a general dagger category and then proceeds to

dagger categories with additional structure. We follow Selinger’s approach below.

Definition 3.3.1. A dagger category is a category C equipped with an involutive
contravariant functor { : C — C which is the identity on objects. More precisely, for
each object A € C we have

idl, =idg: A — A (22)

and for morphisms f: A — B and g : B — C in C we have

(gof)i=flog:C—A and (23)
ft=f:4- B. (24)

The map f1 is called the adjoint of f.

The notions of self-adjoint and unitary maps on Hilbert spaces generalize to the

setting of dagger categories.

Definition 3.3.2. In a dagger category, a morphism f : A — A is called self-
adjoint if ft = f. A morphism f : A — B is called unitary if ff = f~1.

Example 3.3.3.
We have seen in Section 2.1 that the Hilbert adjoint makes Hilb;s and Hilb dagger

categories.
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Example 3.3.4.
Rel is a dagger category. For a map R : A — B, we define Rf : B — A to be the
converse relation. In this case, (—)* and (—)! coincide.

Example 3.3.5.
The functor  on Rel restricts to LFR, and thus LFR is a dagger category as well.

The dagger categories that we will deal with will also be monoidal. We will require

that the dagger and monoidal structures interact correctly, in the following sense.

Definition 3.3.6. A dagger symmetric monoidal category is a symmetric
monoidal category C equipped with a strict monoidal dagger functor. As outlined
in Remark 3.1.11, this means that { : C°® — C preserves the monoidal structure as

follows. For morphisms f: A — B, and g : C — D we require;

(feg) =fog:B®D—- ARC; (25)
ahpe=0350:A®(B®C)— (A®B)® C; (26)
M=l A1 4 (27)
ph=p3' i A—ABI, (28)
UL,B=02}B:B®A—>A®B (29)

i.e., the maps a, A, p and ¢ are all unitary.

Example 3.3.7.

Both Hilbs,; and Hilb are dagger symmetric monoidal categories. Let H, K, M,
and N be Hilbert spaces with respective bases { h; }, {k; }, {mu}, and {n;}. Let
S:H—-KandT: M — N. We have

<S Y T(hz & mj), ks ® ’I’lt> = <S(hz)a ks> : (T('m]), nt)
= (hi, Stks) - (mj, T'ny)
= (h; ®m;, ST ® T'(k; ® ny)).

Hence (S®T)' = St® T*. It follows from Remark 2.1.7 that the isomorphisms «, A,

p and o are unitary.
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Example 3.3.8.
Rel is also dagger symmetric monoidal. Let R: A — C and S : B — D be maps in
Rel. Then

(R® S)' = {((a,d),(c,d)) | (a,c) € R and (b,d) € S}
= {((c,d), (a,b)) | (a,c) € R and (b,d) € S}
= {((¢,d), (a,b)) | (c,a) € R and (d,b) € St}
= R'® St

Again, the isomorphisms «, A, p and ¢ are clearly unitary.

Example 3.3.9.

The argument above shows that LFR is dagger symmetric monoidal as well.

In [26], the dagger symmetric monoidal categories are compact closed. Selinger
calls such categories dagger compact closed rather than strongly compact closed as
they were first introduced by Abramsky and Coecke. We will follow Selinger’s termi-

nology.

Definition 3.3.10. A dagger compact closed category C is a dagger symmetric
monoidal category that is also compact closed, and such that the following diagram

commutes VA € C:

€l
I - A RQ A*
30
Na T 4,A* ( )
A*® A

Remark 3.3.11. In a dagger compact closed category, the isomorphisms from Propo-

sition 3.2.3 are all unitary.

Example 3.3.12.
We have seen that Hilby, is a compact closed category that is dagger symmetric

monoidal. We will check equation (30). Let H be a Hilbert space with orthonormal
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basis {e; | i = 1,...,n}. It suffices to show that efg; (1) = Sr e ® e*. Let
>.cike; ®ex* € H® H*. Then

(eneH-(Ecike; ® er*), 1) = egen-(Xc;re; ® er") = Xcj;.

But,

n n
(Z‘cjkej ® €k*, iglei ® 61'*> = Ecjkiz-‘l(ej’ 6.1) . <8k*, 6,'*) = ZCJ']-.

So we must have that ei‘H® (1) =37 e;®e;*, as required. Hence Hilby, is dagger

compact closed.

Example 3.3.13.
Rel is also dagger compact closed. Recall that for a set X we defined

nx ={(*,(z,z))|z€ X} and ex={((z,2),*%)|ze X}
So clearly o o €l = €}, = 1%, i.e., equation (30) is satisfied.
The following proposition is due to Selinger.

Proposition 3.3.14. Let C be a dagger compact closed category and let f : A — B
inC. Then f*I = fi*: A* - B*.

Proof. Recall from Proposition 3.2.2 that

F* Y ppe o (idas ®ep) 0 e ppe 0 ((ida ® [) ®idpe) 0 (N4 D idpe) 0 A5k
Then

™ = ppe o (idp- ® €4) 0 ape g 4 © ((idpe ® f1) ® idax) 0 (N5 @ idar) 0 A
and

£ =05 o (4 ®idpe) o ((ida» ® f) @ idp+)' 0 alyu g pu 0 (ida+ ® €)' o Pl
= Ap- o (0}, ® idp+) o ((ida ® f1) ® idp.) o at p e o (ida ® b)) o p7l.
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To see that f*I = fT* consider the following commutative diagram.

B* t A*
a2 g a8 s ® A (B* ® B) ® A* Befe (B*® A) ® A*
(13)
o ® A* « nat.
Pt @
B®A*
(B® B*) @ A*
fT®A*
A®I B*®@(A® A%)
o nat. o nat. and ® functor
(14)
ag *
A*@etB B Qo B*®€A
® (A* ® B) (30)
®( *® M)
A*® (B® B*) QAQA)—— BRI
B*®77A
o
o nat. o nat.
Ck—l g ag L
(13)
(A*® B) ® B* (A*® A) ®B*———————>I®B*————>B*

(A*® fN) @ B* nl, ® B*

a

Definition 3.3.15. Let C be a dagger compact closed category. Then (—). def

(=)*t = (=)™ defines a covariant functor on C. Moreover, as (—)! and (—)* are
strong, so is (—)..
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There are some important equations that hold in a dagger compact closed category.
Later, we will extend these to the muclear ideal setting. These equations appear
(modulo equation (30)) in Kelly and Laplaza’s paper on coherence for compact closed

categories [20].

] 1498 | i@ A*@ AR B

=7 loas (31)
I®IWA RAQRB*RB
ARB®B*®A* —A%B__, |
A®a| | [x=p (32)

ARA*"®B*"® B ——=——>IQI
€A €B

®

I®1
.
I i A @A
,\ /: (34)
I* > (A* @ A)*




Chapter 4
Complete Positivity

In this chapter, we provide a detailed review of Selinger’s article on completely positive

maps in the setting of dagger compact closed categories [26].

4.1 Positive Maps and Positive Matrices

We begin with Selinger’s notion of a positive morphism in a general dagger category.

Definition 4.1.1. A morphism f : A — A in a dagger category C is positive if
there is an object B and a morphism g: A — B in C such that f =gf o g.

A positive morphism f : A — A may have several decompositions of the form
f = g' o g. Uniqueness is not required.

We now characterize the positive maps in the familiar categories Hilbsq, Hilb,
Rel, and LFR.

Example 4.1.2.
Let T : H — H be a positive morphism in Hilbys or Hilb. Then we may write

T =St0S, for some S: H— K. Thus
TH=(StoS) =85to st =508 =T,
i.e., T is self-adjoint. Moreover,
(Tz,z) = (ST o Sz,z) = (Sz, Sz) > 0.

44
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So T is a positive operator as defined in Section 2.1. Conversely, if T is a self-adjoint
positive operator, then T factors uniquely as STo S with S a positive operator. Hence

the positive maps in Hilbs; and Hilb are precisely the positive operators.

Example 4.1.3.
Let R: A — A be a positive morphism in Rel. Write R = STo S with $: A — B.
Then

R=5S'08
= {(a,a’) | 3b € B with (a,b) € S and (b,a’) € ST}
= {(a,a’) | 3b € B with (a,b) € S and (d’,b) € S }.
So R is symmetric and partially reflerive in the sense that if (a,a’) € R then (a,a) €

R. Conversely, suppose R : A — A is a symmetric partially reflexive relation. Then

we can view R as a set and define a relation S : A — R by:
§={(a,(a,d)) | (a,a") e R}U{(d,(a,d)) | (a,0') € R}.

It is clear that R C ST o S. Suppose (a,a’) € StoS. Then I(z,y) € R with
(a,(z,y)) € S and ((z,y),a’) € S'. There are four possibilities:

In the first case, we have (a,(z,y)) = (a,(a,y)) € S so that (a,y) € R. But R is
partially reflexive, so (a,a) = (a,a’) € R. In the second case we have (q,(z,y)) =
(a,(a,a’)) € S thus (a,a’) € R. Similarly, in the third case we get (a/,a) € R. As R
is reflexive, (a,a’) € R. The last case is similar to the first but uses the symmetry of
R. Hence R = ST0 S, so R is positive. Therefore the positive maps in Rel are the
symmetric partially reflexive relations.
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Example 4.1.4.
If R: A — Ais locally finite, then so is the relation S defined above. Hence the
positive maps in LFR are the locally finite relations which are symmetric and partially

reflexive.

Recall from Section 2.3 that all maps of the form T : H — H in Hilb;y are
trace class. Selinger generalizes this notion to any dagger compact closed category as

follows.

Definition 4.1.5. Let f : A — A in a compact closed category C. Its trace
trf: I — I is defined by

"
J—T L pega T g a8

AR A"

trf

I

Lemma 4.1.6. In a dagger compact closed category, we have the following properties.
(a) If f : A — A is positive, then ht o f o h: C — C is positive, for any h: C — A.
(b) For each object A, id is positive.

(c)Iff:A— A and h:C — C are positive, then fQh: AQC — AQC is positive.
(d) If f : A — A is positive, then fT = f.

*,‘_,ﬁ__f.,_ww,»,7777774(£)_U4LZ_A:_A45_positiﬂe,ﬁth@nﬁfLisﬂggsW77f,¥m‘w_..«,«..«.,<. e

(f) If f : A — A is positive, then trf : I — I is positive.
If fyh: A — A are positive, then tr(ho f) : I — I is positive.
g

Proof.
(a): If f = g' o g then
Kofoh=hto(gtog)on
=(hlogh)o(goh)
=(goh)to(goh) (by (23)).
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(b): For each object A, we have

(c): If f=

idg = ida oida
= idl, oidy
gtogand h = kf o k, then
foh=(g"og)® (k' ok)
=@k o(g®k)
=(9®k)o(g®k)

(d): If f =g o g then

fT=(g"og)
_gtoglt
=glog

(e): If f = g7 o g then

fr=A(g"og)
=g*ogT*
=g og*
=htoh

(f): If f = gt o g then

47

(by (22)).

(by (25)).

(by (23))
(by (24)).

(by Prop. 3.2.2)

(by Prop. 3.3.14)

(where h = g*T).

—trf=tr(g'oyg)

=cao((g'0g)®ida) o004

= (€40 (9" ®idax)) o

(

o ((g' ®idae) o (g ®@ida-)) 0T 0n4
( o (g' ®ida+)) o ((g ®ida+) 0 7 074)
(¢f (g ®ida-) o ly)
= (eao (9" ®ida-)) o (ea o (g ®ida)")!
= (eao (9" ®ida-)) o (ea o (¢ ®id}}.))'
= (ca0 (' ®idar)) o (cao (¢ ®idar))!

(by (30))
(by (23))
(by (25))
(by (22)).
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(g): If f,h: A — A are positive with f = g' o g then

tr(ho f) =tr(ho(g"og))
=tr((hog')og)
=tr(gohog) (tr(j o k) = tr(k o j)),

which is positive by (a) and (f). O

Remark 4.1.7. In Rel the map o444 = {((a,d'),(a',a)) | a,a’ € A} satisfies
o = of. However, 0 4 does not satisfy the partial reflexivity condition and thus is

not positive. Hence the converse of (d) fails.

Recall that in the category Hilbsy we have H — (—) = H* ® (—). So we have

the bijective correspondence
Hom(H,K)= Hom(C® H,K) 2 Hom(C,H*® K) * H* ® K.

Via this correspondence we can view a morphism f : H — K as an element of
H*® K called its matriz. If a map f : H — H is positive, the corresponding element
in H* ® H is called a positive matriz. The following definition generalizes these

concepts to arbitrary dagger compact closed categories.

Definition 4.1.8. In a dagger compact closed category, the name or matriz of a
morphism f: A — Bisthemap "f": ] — A* ® B defined by:

I ., A*® A
l'f‘l idA*®f (35)
A*® B

A positive matriz is a morphism "f7: ] — A* ® A that is the name of a positive
map f: A— A

In particular, 14 is a positive matrix for any A € C since 94 ="id4"".
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In a compact closed category the maps 7 and ¢ are dinatural transformations

[5, 13, 16]. This means that the following diagrams commute for any map f : A — B:
AR A

y‘ \Awf?f

A*®B (36)

I
M/}WQ;B

B*®B

A®A

f*y \I

B*® A

E;?\& //g/

B*®B

(37)

These equations can be found in [20]. The first equation gives us an equivalent

characterization of positive matrices in a dagger compact closed category.

Remark 4.1.9. A positive matrix

* * t
I———LA*®A———4-§£——>A*®B——A—®—’1———+A*®A

is the same thing as a map

ME_, prop_ @K |

I ———>B*®B A*® A
as the following diagram shows:
—M L prga— O 4B

B ® func. A*® ht

B*® B A*®A
® h* ® hi
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4.2 Completely Positive Maps

50

There is a special class of morphisms in Hilby, called completely positive operators.

Definition 4.2.1. A morphism T': H* ® H — K* ® K in Hilby, is a completely

positive map (CPM) if T maps positive matrices to positive matrices. Additionally,

this positivity property must be retained when T is tensored with arbitrary identity

maps.

Selinger extends this idea to general dagger compact closed categories as follows.

Definition 4.2.2. Let f: A*® A — B* ® B in a dagger compact closed category.

The map f is completely positive if the following map is positive:

-1 B A" ®¢!
BeA L BoAel 4

BRA*®A® A*
lB®f®A*
BR B*® B® A*
ch®B®A*
I® B® A*

A

B®A*.

Completely positive maps can be characterized in several equivalent ways.

Proposition 4.2.3. Let f: A*® A — B* ® B. The following are equivalent:

(a) f: A*® A — B*Q B is completely positive.
(b) There exists a positive map g : B ® A* —» B ® A* such that

oA d o arga B RA o Boa A
lB*®g®A
BRB®A ®A
lB*@B@nL
BoBeI
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(c) There exists an object C and a morphism h : A — C ® B such that

hy @} B*®n.®B
AeA—%" pecroCeB e B*®I®B
B ® )\
3 ®
B*® B

(d) There exists an object C and a morphism k : C ® A — B such that

g A A A
AL  pgioa-2818 L, hecreCeA
k. ®k
f
B*®B

Proof.

[a = b] Suppose f : A*® A — B* ® B is completely positive. Then we take
g:B®A* — B ® A* to be the composite in (38), which is positive by assumption.
We will omit tensor symbols in the following diagram to reduce the size of the objects

involved. We have:
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1 d B o1 A
AA2 s pap——TBY L peBara P ~B*BA*IA

A1 idp' A ® func.
coh. nB id idel, A
—1.
A*TA A id A TA ® func.
® func. B*BA*AA*A
A*el A idel, A
V %’
AN A Lid . .
A*AA* A >TA*AA* A id fid
. A nat. ® func.
fid | Ifid
npid B BB BAA
-1 4
B*BA*AX1 1B gs 4
(20) B* EB‘id
Y
id B*IBA*A B*IBA*A
(19) ® func.
idnly,  |id B*BB*BI B*)\A
B* €B id
‘ idny
pid iy, B*BA*A
J ® func. A nat. idn}t1
B*BA*A B* IBIW |
idnly coh. B*BI
pid
® func. e » 1
AAT B*BI P
4 p p nat.
— B*B

A*A
f
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Hence (b) holds.

[b = ¢] Suppose (b) holds and let 7 : B ® A* — D be such that the positive map
g factors as jT o 5. By assumption f is the composite

ARA
A DA, B Be A A

B®j®A
B*®D® A
B*®ite A
B*®BRA*® A
B*® Bon,
B*®B®I

0

B*®B

-1
AQAL—IRA®A

We define h: A — D*® B to be the map

-1 A B
AL a1 —281 e eB—2E pesB

and we claim that (c) holds, i.e, the following diagram commutes.

hy ® F B*®nl,.®B
AroA—2® e Do D ®B i B*®I®B

B*® A

B*® B
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We show this in two steps. First,

AR A f > B*® B
1
%
p nat. B*®B®I
B*®@pt
p~! I
h,®h Fe . coh.
id
AAQART D*eBelI
B*eDRD*® B ® func. id
id ®@np id®np

(%)

d
B*®n).®B AeAeB o812, proBeBaB
B*®€B®B (19)
B*®I®B e B*®B

It remains to establish the equation (). For this we replace f and h. This gives the

following commutative diagram.
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-1

i)

AA —— A A ———

55

A*AB*B—-————> IA*AB*B

. ® func.
idnB ngid

p*p
(16) TA*AT
I*A* AT = (=) B*BA*AB*'B
(34) ns id
ngid
B*BAA*I B jid
*t .
773 2dnB B*]]*B
B*DAB*B
B*jj. B 4
B*BA*AB*B B*DD*B Rem. 4.1.9 B*jtid
B*EDB
B*G *B A
B*IB Bo4 B*BA*AB*B
@ idop "
B*BB*A*AB (34) lidnl id
ides B id egv 1d \
o nat. B*BIB*B
B*)\" !B
zdaB
B*BB*IB pid
m
B ep B BB*B
A nat.
B*IIB B*cpid
B*)\B
B*DD*B B*IB

B*nh. B
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Hence (c) holds.
[c = d] Suppose (c) holds, i.e., there is an object C and a morphism h: A - C® B

such that

h, @} B*®n.® B
AeA—8" pocreCeB 22 proIeB
B*® A\
f
B*® B

We use the object C* and define k& : C* ® A — B to be the map

.
* ®B
oA -8 mooeB ille +I®B - B.
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We must show that the following diagram commutes.
-1 A*ne- A
ara —2L A TA el A*CC* A
p nat. hoIh ® func.
h.h ‘
B*C*ICB
e h.CC*h
B*C*CB
i)
B*IC*CB
B*p~'B ~ (34) B*C*CC*CB
coh.
B*n%id
B*o B ® func.
B*ngnk B
B*C*CIB B*rc*CB
B*n. B
o nat. ot
idny B
® func.  |B*®nkid B I"IB
B*IIB = B II"B A
o) 16
B*pl'B coh. (16)
B*IB B*B

B* )\
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Hence (d) holds.
[d = a] Suppose (d) holds, i.e., there is an object C and a morphism k: C®A — B

such that

p il A A*Qnc® A

AQA—A*RI®A AQRC*®CQA
k.®k
f
B*"®B

We must show that f is completely positive. We define p to be the map

ke A* C®ey

BA* ——— C® AR A*

0ol —2— ¢
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and we claim that the composite (38) is p'op. This is shown by the following diagram.

p‘l ’id 61;4
B A* BA*I B A*AA*
. id
idnBgA* e (%)
(19) BA*AB*BA* BA*C*C BfA*
" '.d
id B4t Rem. 4.1.9
idp* pt
IBA* idp B B* B A*
A\ ® func. - B A*AB*B A*
ap
Y /
B A* Ip BA*AB*C _ legid
€pgar td
A nat. e id ® func.
A IpT Y
p IC I B A*
A\ A nat. A
Y Y
C : > B A*
p

It remains to establish the equation (x). To do this we replace p and f. We have the

following commutative diagram.
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pli
id €,

60

BA*I BA*AA*——-—-——>BA*IAA*

-1
\@ func. /

idne p nat. BA*II ® func. idneid
id’)’)c[
ot z'dejr4
B A*C BA*C*CIT BA*C*C A A*

id p*id

* —1

® func. ® func.
id

dp*p ot id

BA*I*C’*C’I——> BA*I*C*CAA*
id eA

® func. ~ (16)

e (34) BA*IC*CAA*
id e}y id

id ey id €],

BA*AA*C*CAA

BIB*BA* coh.
Boid

idk.k A

em

Boid (32)

A nat.

) idk, kid
//B>/

o nat. B B*I B A*

B B*A*AB A* ® func.

I11BA*

Bk.k A

BB*BA*

td A

€p id

~

> B A*

BA*AB*BA* -
€Bgar td
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Therefore f is completely positive. O

We should mention that Selinger defines a graphical language for dagger compact
closed categories in [26]. In this language, proofs such as the one above are greatly

simplified.

Example 4.2.4.
CPMs in Hilby, are precisely those operators discussed at the start of the section.

Example 4.2.5.

Let R: Ax A — B x B be a completely positive map in Rel. Then by Proposition
4.2.3 (d), there is a set C' and a relation K : C X A — B such that R = (K, X K)o
(id X ng % id) o (p~! X id). Unravelling this, we find that

((C, al),bl) € K and

((a1,az), (b1,b2)) € R <= 3dc € C with
((c,a2),b2) € K.

It follows from this that R satisfies the following properties:

(1) ((a1,a2), (b1,b2)) € R = ((az2, a1), (b2,b1)) € R, i.e., R = 0 Ro;

(2) ((a1, a2), (b1,b2)) € R == ((a3,a1), (b1,b01)) € R.
Conversely, let R: A x A — B x B and suppose that R satisfies conditions (1) and
(2). We claim that R is completely positive. Viewing R as a set, we take D = R and
define a map J : D x A — B as follows:

J = {((((a1,a2), (b1,b2)), a1),b1) | ((a1,0a2), (b1,b2)) € R}
U { ((((a1,a2), (b1, b2)), a2), b2) | ((a1,a2), (b1,b2)) € R}

We show that R = (J, x J) o (id X np x id) o (p™! X id), i.e., that
d’a 7b eJ and
((aly a2),(b1,b2)) € R «— 3de D with (( 1) 1)
((dl 0‘2)51)2) € J

If ((a1,as2), (b1,b2)) € R, then ((ai,az2),(b1,b2)) = d € D satisfies ((d,a1),b1) € J
and ((d,az),bs) € J. On the other hand, suppose 3d € D with ((d,a1),b:) € J and
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((d, a2),b2) € J. We have d = ((as, a4), (b3, bs)) € R with

((((as, aq), (b3, b)), a1),b1) € J and
((((a3, aq), (b3, bs)), az), ba) € J.

There are four possibilities:

{ .
az = ai, bs = by, a3 = ag,b3 = by or

a3 = ay,bs = by,a4 = ag,by = by or

aq = a1,by = by,a3 = a,b3 = by or

(@4 = a1,b4 = b1, a4 = az,bs = by.
In the first case we have:

((as, as), (b3, bs)) € R =2 ((as, as), (bs,bs)) = ((a1, az), (b1, ba)) € R.
In the second case:

((as, as), (b3, b4)) = ((a1, a2), (b1, 2)) € R.

In the third case we have:

(a3, as), (b3, ba)) = ((az, ), (b2, b1)) € R = ((a,a2), (b, b2)) € R.
In the last case we have:

((as, as), (b3, b)) € R =2 ((ag, as), (ba, b)) € R
L4 (a4, a4), (ba, b)) = (a1, a2), (b1, b3)) € R.

Thus completely positive maps in Rel are precisely those maps satisfying conditions

(1) and (2).

Note that there are operators which are positive in the sense that they map positive
matrices to positive matrices, yet which fail to be completely positive. Consider the

following example in Rel.
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Example 4.2.6.

Let A = {aj,a} and B = {b;,bs}. Then there are exactly four positive maps
on A: P, =0, P, = {(a1,a1) }, P3 = {(ag,a9)}, and P, = A x A. We define
R:AxA— Bx Bby

R = {((a1,01), (b1, b2)),
((a1,a1), (b2, b1)),

(@1, a1), (b1, b1)),

b)

)

((a’laa’l)v (bg, 2 )7
((al, a2)a (b2, b2 ) }

Since R # o Ro, R is not completely positive. However, R maps the positive subsets
P, of A x A to positive subsets of B x B:

Rlp, =0;
R|p, = B x B;
Rlp, =;
R|p, =B x B.

Proposition 4.2.7. If f : A*® A — B*® B is completely positive, then f = f..

Proof. We use Proposition 4.2.3 (d) to write f as the composite

Ty A A
Hga—t8h  pgrga L 8ME

ASCRC®A

k.®k

B*®B.
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Then the following diagram shows that f = f,.

A ®A PF® AQIeA
A*@ At coh.
id
A*®@nc® A
AQIRQA
A*® p* AAQRC*RC R A

(=)
b A
AQI'®A ——0—> ARC*RCYA——F—— B*®B
A*®ng @A L

a

The converse is not true. For example, in Rel we have a:{ 4 = 044 for all A

However, the composite (38) reduces to o4 4 which we know is not positive. So 04 4

is not completely positive.

Proposition 4.2.8. In a dagger compact closed category, a positive matriz g : I —
A* ® A is the same thing as a completely positive map f : " ® I — A* ® A, modulo
the isomorphism I* @ I = I.

Proof. Let g : I — A* ® A be a positive matrix. Then g = (A* ® h) o 14, for some
positive map h : A — A. We show that the map

IrFrel) >I1-5HAQA
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is completely positive using Proposition 4.2.3 (b). We have amap h® I* : AQ I* —
A®I*, which is positive by Lemma 4.1.6 (b) and (c). Moreover the following diagram

commutes.
-1 id * .
rel2hrerer—1%% | 4roasreri®h®U o iorer
® func.
A nat. (33) ® func.
= . id ®n}
d ; t
1010l 8% proagiar \EOM
-1
A A nat.
IeA id® A :
I®I coh. A*RARIT
A*®y
I
I®1 14 ® AQART
i
A p
0 p nat. A*Q A p nat.
' A*®@h
na (=) ®
I g > A*Q A

Conversely, let f : [*® I — A* ® A be completely positive. Then by Proposition
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4.2.3 (b) there exists a positive map £ : A® I* — A ® I* such that

1 rel
rel 2 rerer M2 00 fodelrel

A" Rk 1
AQRARI"®IT
A*Q@A®n)
ARA®I

p

A®A

We claim that the map
IS ren-Lbasa

is a positive matrix. So we need a positive map j : A — A such that (A* ® j) ona

gives the above map. We define j as follows:

AL AT 22N Asrel —8L, Agral
la®n!
- ARI
; ®
lp
A

The map j is positive by Lemma 4.1.6. Moreover, the following diagram commutes.
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/\—1= ~1 o /\—1
| ————— Q] ————I*® 1 I®I'®I

4 @ id

AQARI'®I

ARk

N ARARI'®I

id®n}
(=) ARARI

Wd®p

A . 4
® A YTy ® A

a

In a dagger compact closed category, CPMs enjoy the following categorical prop-
erties.

Lemma 4.2.9.

(a) The identity map on A* ® A is completely positive.

D) Iff:A*"QA—-B* @B andg: B*®B — C*®C are completely positive, then
soisgo f:A*@A—-C*®C.

(c) Iff : AAQA—-B*®B andg:C*®C — D*® D are completely positive, then
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S0 18
C*@A"®ARC =5 A" ARC*®C 12 B*9 B D*®D 5 D*®B*®@ B® D.
(d) If f : A — B 1is any morphism, then f, ® f : A*® A — B*® B is completely

positive.

Proof.

(a) For f = ida«ga, the composite (38) reduces to the positive map eL o€yt

-1 AQA*®¢
A® A" £ s AQARI —— A A A Q@ AR A*
p nat. ea®I @ func. EARAR A
\
€4 I®I I® AR A*
I®¢,
A nat. A

A*®A

€

(b) Let f: A*® A— B*® B and g : B* ® B — C* ® C be completely positive, and

denote the positive composites from (38) as j and k:

Bealhporer BEACU potsana
lB®f®A*
BRB*® B® A*
3 leB®B®A*
I®B® A*

A

B ® A*
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ol C®B*®c
CRB+—CoB ®I >C®B*'® B® B

rO®g®B*
CeC*®C®B*
p 'ec®C®B*
I®CQB*
A
C ® B*

We show that (38) applied to gf gives the map

1 g A" c A
Coa L8N, coroa 2R, ceBeBeA

i®k

C ® B*® B A*
C®nl e A*
CoI® A

p A

C® A*

which is positive by Lemma 4.1.6, parts (a) and (c). . The diagram we need is too
large to present here so we break it up into smaller pieces.
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p‘l idéL
A CA*I C A* A A*
—IA*
P ptid
CIAA—————> CIA | —————CIA*AA
Cf A
CT]BA*
C B~ p nat.
idp~! id [ A* C B* B A*
CB*BA*I
p~tid
ideL
CgA*
CB*BA*AA* CIB*BA*
p nat.
id f A" Cnsid idg A*
® func.
CB*BB*BA*——5>CB*BC*CA* —— CIC*"CA* ~———7F CC*CA*
idg A Cnpid ptid
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*

Cngid -1,
C B*BB* B A* OB B CA L croroar LN oo

Coid
CC*CB*BA* €ctd
idEBid
Cgid |
' I1CA*
CB*IBA* C B*BB*BA*
o nat. A
(20)
id A . *
CIB*BA* idns A C A*
id ® func.
C B*B A* p A*
’idnBA*
CcrIA*
plid J
cC*CIA*
Cnly A*
* * €C'I:d
CB*IBA Cgid
(19) C B*B A*
CB*BIA* ICT A A nat.
idelyid
id?ﬁ; A* ® func. ® func. idn}; A* |Aid
idnl, A*
C B*B B*B A* . cCc*CB*BA* - I1CB*BA*
Cgid ecid

Placing the first diagram on top of the second gives the desired equation.

(c)Let f: A*®A— B*® B and g: C*®C — D*® D be completely positive, and
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denote the positive composites from (38) as follows:

—1 B®A*®6T
BeA* L Boa @ ——— 4>

BRA*®@ AR A*
B® f® A
B B*®B® A"

€ ® B® A*
IR B® A*

A

B A*

~1 DRC*®c¢
DeC*Lspecrel—L " C. . pec*®C&C*

Pegec
DeD*®D®C*
‘€D®D®C*
I®DQC*

A

DeC*

We show that (38) applied to
C*QAQRARC =5 A*RARC*RC I B*BRD*®D - D*®B*®B®D

gives the map

BeDaC oA —28% . BeareDeC
lj@k

BoA*®D®C

lB@J_l

BRDRC*"® A"
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which is positive by Lemma 4.1.6, parts (a) and (c). This shown as follows.

BDC* A* BDC*A* I A ——A2C , BDC* A* AC C* A*
Bo ido
BDC*A*II BDC*A*AA*CC*
coh.
BA*DC* idol o nat. idoid BDA*A C*CC* A*
ido

BDA'IC"] —— =BDA"AA*C*CC*
ptpt idel, C* el

Bol

idfgid

o nat. o nat.

BA*IDC*I id f A* g C* BDB*B D*DC* A*

ido
ideAlid e, idoid
BDB*BA*D*DC*
o nat.
BA*AA*DC*CC* Boid coh. BDD*B*B DC* A*
: ., BDD*B*BA*DC*
BfidgC* Baoid y €psp id
BB*DD*BA*DC* ® func.
%d €peD td
BB*BA*DD*DC* . (32) IB DC* A*
€EBEPD?
o nat. ; IBA*DC*
GB’idED’id /)\% )\
ITBA*DC*
W coh.
IBA*IDC* PO BA*DC* Bo »BDC*A

(d) Let f : A — B. We show that f, ® f is completely positive using Proposition
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4.2.3 (d). We take C =1 and k: I ® A — B to be the composite f o A4. Then we
have

Sy A* A
AoA—Fr % ARI®A ®m Aerele A
coh. (33)
A@AleA y
(16)
AQIRI® A A ® A

A*Q A

fref

B*® B
as required. O
Completely positive maps preserve positivity in the following sense.

Lemma 4.2.10. If f : A*® A — B* ® B is completely positive and g: I - A*® A
is a positive matriz, then fog: 1 — B*® B is a positive matrix.

Proof. Let f: A*® A — B*® B be completely positive and let g: [ — A* @ A be a
positive matrix. We use Proposition 4.2.3 (d) to write
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1o A

Ao AP A" Qnc®A

ARIR®RA

and we write g as the composite

n A*®h

A*® ht

75

ARC"'®CRA

k.®k

B*®B

I —M 5 Ar9A 298 4+9D 28 A4+ 4.

Next we define a map m : B — C ® D as follows:

1

We claim that fg is the positive matrix
7B B*"®m

] ——— B*®B ————— B*QC®D

We use Remark 4.1.9 to get the following:

C®D.

B*@mt
_— s

B*® B.

I -~ B*® B
W
D'C*C®D
B*®m
A*® A Rem. 4.1.9
9| (=) lA*®h Rem. 419 D*® D B®C®D
A"eD m* Q@ mt
A* @ ht B*@ml
(*)
A*® A B*® B
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It remains to establish the equation (%), which is straightforward once we replace f

and m:
I ceD > D*®C*®C®D
)\_1 (31) 0'®D
770®7)D C*@C®D ®D
no I®I
A nat. ® f o nat.
770®1d h* Qid @ ht
D*®D I®77D
I®D*®D
h* ® ht RC®A
c® D
A*® A
\ k.®k
DI®D
h*®id @ h!
pi®A
Y ® func.
L
AQIRA A*®770®A A®C®C®AWB ® B
O

Lemma 4.2.11. Let f : A*® A — B* ® B in a dagger compact closed category C.
Then f is completely positive if and only if ide- ® f ® ido preserves positive matrices

for all objects C € C, i.e, for all positive matrices M : I — C*@ A*® A® C, the map
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" d
M, roarpagc 9@/ ®e  opiepec

1s a positive matriz.

Proof.

If f is completely positive then by Lemma 4.2.9 (c), so is ide+ ® f ® ide. By
Lemma 4.2.10, ide+ ® f ® ide preserves positive matrices.

Conversely, suppose that (ide+ ® f ® id¢) o M is a positive matrix for all objects
C and for all positive matrices M : I — C* ® A* ® A® C. This holds in particular
for C = A* and the positive matrix M = "eL o€eq". Thus (ida ® f®idas)o M ="g7,
for some positive map g : B® A* — B ® A*, so we have the following commutative

diagram:
11485 4o A @ A® A iaga ® s AQA*®I
idagar @ eL
NBgA* ARA"®ARQRA*
1da ® f ®1ida-
ARB*® B A dnen ® 0 rA®B*éB®A*
From this it follows that
BRA*®A

B"®BRA*®A
B*®g®A
B*®BRA*® A
B*®B®n)
B*®B®I

P

B*®B

-1
AQAD S T A @A

commutes. Hence [ is completely positive by Proposition 4.2.3 (b). a
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4.3 Selinger’s CPM Construction

We now state Selinger’s CPM construction for dagger compact categories.

Definition 4.3.1. (CPM Construction) Let C be a dagger compact closed cat-
egory. We define a new category CPM(C) whose objects are the same as the ob-
jects of C. A morphism f : A — B in CPM((C) is a completely positive map
f:A*® A— B*® B in C. Composition of morphisms is as in C.

By Lemma 4.2.9 (a) and (b), CPM(C) is indeed a category. Moreover, Lemma
4.2.9 (d) yields a functor F' : C — CPM(C) defined by:

F(A)=A and F(f)=/f.®f.
The following theorem is due to Selinger [26].

Theorem 4.3.2. Let C be a dagger compact closed category. Then CPM(C) is again
dagger compact closed and the functor F : C — CPM(C) preserves the dagger compact

closed structure.

Proof. CPM(C) inherits its tensor product on objects from C. On morphisms it is
given by Lemma 4.2.9 (c). Each object A in CPM(C) has a dual A* from C. The
natural isomorphisms «, A, p, and ¢ as well as the maps n and ¢ are given by the
images of the respective maps in C under F. If f: A*® A — B* ® B is a morphism
in CPM(C), ftin CPM(C) is given by f7: B*® B — A*® A in C. There are several

equations to verify. See [26] for a sample calculation. a

Example 4.3.3.

The category CPM(Hilby,) has finite-dimensional Hilbert spaces as objects, and
completely positive operators as morphisms. CPM(Hilby,) is the full subcategory
of simple objects in the category W of [27].

Example 4.3.4.

The category CPM(Rel) has sets as objects. A morphism from A to B is a re-
lation R : A X A — B x B satisfying R = oRo and ((a1,a2),(b1,02)) € R =
((ay,a1), (b1, b)) € R.



Chapter 5
Nuclearity

Our goal is to extend Selinger’s CPM construction to include the category Hilb. We
have seen that Hilb is a dagger symmetric monoidal category but fails to be compact
closed. Thus Selinger’s CPM construction is not applicable. However, this category
does share a great deal of structure with its finite-dimensional counterpart, making
it an ideal setting for the axiomatization of quantum mechanics. For this reason, we
seek something more general than Selinger’s dagger compact closed categories.
When passing from the category of finite-dimensional Hilbert spaces to the cat-
egory of all Hilbert spaces, we require an appropriate categorical framework. To
capture the structure of Hilb, we use the notions of tensored f-categories and nuclear

ideals.

5.1 Tensored j-Categories

Definition 5.1.1. Let C be a dagger category. Then C is tensored if it is symmetric
monoidal, the isomorphisms «, A, p and o are all unitary, (f ® ¢)t = ff ® ¢, and
there is a covariant conjugate functor (—) : C — C which commutes with the dagger
functor and has natural isomorphisms:

o AA (generally taken to be equality);

e T4:A®B — B® 4

1

79
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which are unitary and satisfy the symmetric monoidal functor equations:

(A®B)®C (C®B)® A
Q@A G
(BRA)®C s C®(B®A)
Aal A y
Z@LJ E
AT Tl >T®A
- A _
I®A 4 A
L®ZJ [p_,;
I®A T A®lT
0-_— —
A28 A . BeiA
TA,BJ JTB,A
B A >AR B

OB,A

80

(40)

(41)
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dagger compact closed category tensored t-category
(- (=)
x T T
(=) (=)' =(-)
('“)* Z__)

Table 1: Dagger compact closed structures expressed as tensored dagger structures.

Additionally, given f : I — I we require:
f’r

&\
~ e~

,
—~
1SN
w
=

=

Our definition of a tensored dagger category is a modified version of a tensored
x-category, as defined by Abramsky et. al. in [2]. To reflect this, we will refer to such
a category as a tensored j-category from here on. In the original formulation, the
conjugate functor is strong and satisfies the usual symmetric monoidal equations.
In particular 7 is an isomorphism A ® B 5 4A0B. However, in order to efficiently
generalize Selinger’s construction we use 7 to denote the natural isomorphism AQ B =y
B ® A instead. The first four equations in our definition are the monoidal equations
modulo this twist.

We now provide examples of these categories. First of all, any dagger compact
closed category C is a tensored f-category. In this case we have the covariant functor
(@) &of (=)« : C — C. Table 1 illustrates the correspondence in notation for dagger
compact closed categories and tensored t-categories.

What about LFR, and Hilb? We have seen that these categories share a dagger
symmetric monoidal structure with Rel and Hilby; respectively, but not the full

dagger compact closed structure. Nonetheless, it turns out that both are tensored
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T-categories.

Example 5.1.2.

In LFR we define m & id. Then the necessary isomorphisms are all identities,
and clearly id satisfies the symmetric monoidal functor equations. Lastly, we verify
equation (43). Since ¢ = id, it suffices to show that R = R! for any R : {x} — {*}.
But there are only two such maps: R = @ and R = {(x,*)}, both of which satisfy
R = R'. Hence (43) holds and LFR is a tensored t-category.

Example 5.1.3.

In the case of Hilb, the situation is quite different. Here, the conjugate functor
(=) acts by conjugation. Recall that for a Hilbert space H = (H,+,-, (-, =)), its
conjugate H = (H,+,7, (—,—)") is the Hilbert space with the same underlying set,
addition as in H, but with scalar multiplication and inner product given by:

ar=ar and (z,y) ={(z,y) = (y,x).

For a morphism T : H — K, applying the conjugate functor yields the morphism
T : H — K which is defined to be T viewed as a map H — K. Together with its
dagger symmetric monoidal structure, this makes Hilb a tensored f-category. The
first isomorphism is the identity, the second is the symmetry map ¢, and C = C via
conjugation. The monoidal functor equations follow from the fact that conjugation
preserves the action of the morphisms. For the last equation, we let T}, : C — C denote
multiplication by y. Then TJ =73:C— C and T; =Ty C — C (multiplication in
C by 7). We have

Lo TN (z) = u(Fzr) =F2 = yT = T°T = Ty((z)) = Ty o 1(x).

Therefore (43) holds and Hilb is a tensored {-category.

5.2 Nuclear Ideals

Recall that in a dagger compact closed category C, we have natural bijections

Hom(A® B,C) = Hom(B, A*® C),
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V A, B,C € C. These yields natural bijections
Hom(A,B) 2 Hom(A® I, B) & Hom(I, A* ® B) = Hom(I,A® B).
In the tensored {-category Hilb, Theorem 2.2.13 gave us the restricted condition
HSO(H,K)= Hom(I,H ® K).

This is the idea behind the notion of a nuclear ideal which is due to Abramsky, Blute
and Panangaden [2]. In a sense, a nuclear ideal structure can measure the extent to

which a tensored f-category is compact closed.

Definition 5.2.1. Let C be a tensored f-category. A nuclear ideal for C consists
of the following structure:

e For all objects A,B € C, a subset N (A, B) C Hom(A, B). We denote the
union of these subsets as N(C) or N. We refer to the elements of N as nuclear
maps. The class N must be closed under composition with arbitrary morphisms in
C, and closed under ®, (—)', and (—).

e A bijection 8 : N(A,B) — Hom(I,A® B). If f : A — B is a nuclear mor-
phism, note that we can use the bijection # and the {-functor to construct morphisms
of the form:

1.6f): I—-A®B
2. (' :A®B—1
3.0(fHY: T-B®A
4. (Y :BRA— 1.
We refer to these morphisms as the transposes of f. The bijection § must also
satisfy the following properties:
1. Preservation of tensored f-structure
(a) If f: A — B and g : C — D are nuclear, then 6(f ® g) = 6(f) ® 6(g). More

precisely, the following diagram commutes:
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0(f®g -

I ( ) +»A®C®B®D

A7l [TC,A ®@B®D  (44)
I® ABRC®D———=>CQRAQB®D

e

Furthermore, the transposes of a nuclear morphism of the form f: I — A are given

OZeB,C ®D

by the composites below.

I 6(/) I®A
f l L QA (45)
A o I®A
t
T®A o) I
Tl AJ [ il (46)
I®A W > A
t
I o) AR
4 5 (47)
I —f- > A
tt
el 0(f7) 7
PZj L—I (48)
A 7
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(b) If f : A — B is nuclear, then 8(f) = 6(f") = 6(f). Again, more precisely, we

have:

A®RB
o(f) JaB
.
] 6(f") ey )
x /g,‘z
m > AQ B

2. Naturality For any f : A — C and ¢ : B — D in C, the following diagram

commutes:

N(A,B)— Hom(1,7 ® B)

N(fT, g)l JHom(I f®9) (50)
N(C, D)

Hom(I,C ® D)
For k € N (A, B), we have
(f®g)ob(k)=0(gokofh).
Note that the function N(ff,g) is well defined since A is closed under composition

with arbitrary maps.

3. Compactness Let f : A — B and ¢ : B — C be nuclear. Then the following

commutes:
~1 AR _
A Pa A®I ¥)  ieBec
l(TA,_B'®C

BRARC
(Yo C (51)

o7 locsh

I®C

e
C
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Remark 5.2.2. In the compactness condition, if A is nuclear and f = g = idg4, (51)
reduces to the compact closed equation (19). The second compact closed equation

(20) follows from this definition as well:

A AT IQ4A A9ARA
;j:\\\ (133//3>///1 f(id7) ® A * O;fiﬁi///z
Al A®c
o nat.
A ® 8(id) Toh® A
ARA®A
id o A®0(ids)t  (52)
ARA®A |
o nat AR
(51) 6(idz)! ® A
p.
Y A R
A A

id
Definition 5.2.3. Let A be a nuclear ideal for C. An object A of C is N -nuclear

or nuclear if N(A, —) = Hom(A, —). This is equivalent to id4 being nuclear by the
ideal property.

Remark 5.2.4. In a nuclear ideal N'(C), the tensor unit / is nuclear since we have
NI - Hom(I,T® 1) = Hom(I, I).

A nuclear ideal for a tensored f-category generalizes the notion of a dagger compact
closed category. In particular, each dagger compact closed category C is endowed
with the nuclear ideal N of all maps, i.e., for all objects A and B in C, N(4,B) =
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Hom(A, B). This is equivalent to all objects being nuclear. The adjunction A®(—)
A* ® (—) yields a natural bijection 8 : N(A, B) — Hom(I, A* ® B) as we discussed
above.

We now consider the converse. The following appears as Theorem 5.9 in [2].

Proposition 5.2.5. Let N(C) be a nuclear ideal in which all objects are nuclear.

Then C is a compact closed category.

For each object A € C, the unit and counit maps are given by
na = 0(ida) and €a=0(ida) 0 0.

Therefore the dagger compact closed equation (30) holds by construction. This means
that C is in fact a dagger compact closed category. In summary, a dagger compact
closed category C is the same thing as a tensored f-category C equipped with a nuclear
ideal N'(C) in which all objects are nuclear.

The categories LFR and Hilb have (proper) nuclear ideals.

Example 5.2.6.
Finite relations form a nuclear ideal A/ for LFR. Let S : B — C be finite, and let
R:A— B,T:C — D be arbitrary maps in LFR. Then

SR = {(a,c)| 3b € B with (a,b) € R, (b,c) € S’}
= J {(e,0)|a€ Ry}

(b,c)eS

= U Rb X {C},
(b,c)eS
which is a finite union of finite sets, and hence finite. Similarly, the composite T'S is

the finite relation

TS = |J {b}xT..

(b,c)eS
Thus N is closed under composition with morphisms in LFR. Additionally, if S and
S’ are finite relations then
IS® §'| = 15|15,
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and
1S = 18| = [3].

So N is closed under ®, (=)', and (—). We define 6 : N(A, B) — Hom(I, A x B)
by 6(S) = I x S. This is clearly a well-defined bijection. Several simple calculations
show that 6 preserves the tensored }-structure. For naturality, let S : A — B be
finite, and let R: A — C and T : B — D be arbitrary. Then

(x,(c,d)) € (RxT)o8(S)
<= J(a, b) with (x, (a,b)) € 8(S) and ((a,b), (c,d)) e RxT
< 3(a,b) € S with (a,c) € Rand (b,d) € T
<= 3(a,b) € S with (¢,a) € R and (b,d) € T
<= (¢,d)€ToSoR!
<= (%,(c,d)) €6(T o S o R).

Hence equation (50) holds. A similar calculation verifies the compactness condition.

Example 5.2.7.

Let NV denote the class of Hilbert-Schmidt operators in Hilb, then A is a nuclear
ideal for Hilb. Fix Hilbert spaces H, K, M, N with respective orthonormal bases By,
By, By and By. We saw in Remark 2.2.11 that AV is a two-sided ideal in Hilb. Let
S:H— Kand S : M — N be nuclear. We have

S Y sesHbr@bIP= D Y 11(Sth) ® (S'bm)lI?

bn€Br brn€Byy bn€By bm€Bpy

= > D ((Sby) ® (S'bm), (Sbr) ® (S'bm))

bh€BH bm€Bp

= > D7 ((Sb), (SbR){((S'bm), (S'bm))

bh€By bn€BMm

=3 > IstlPISbal?

= (> IStl1P) D S bmll®) < oo,

brEBy bmEBM
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ST St P= Y DT e Sh)E= Y D 1{Sba, b)* < oo,

b, €EBg bheBy by €Bg bp€By b,€By b, €By
and
_S_ E |(Sbn, bi) ™ E E |(Sbn, bi) |2 E E [(Sbh, be)|* < oo.
bp€By br€BK bp€By by €Bg bn€By by €By

Hence N is closed under ®, (—)!, and (—). Recall the bijection § : HSO(H, K) —
Hom(I,H ® K) from Remark 2.2.14. We saw that § was an isomorphism of vector
spaces. By this linearity, it suffices to check the nuclear ideal equations on bases. For
the space HSO(H, K) we had the orthonormal basis { T}, 5, | bn € Bu,bx € Bk },

where

de:
Tx,y(u) =f <U, x>ya

for u € H. Specifically, we had (T3, 5,) = [1 — br ® by]. Let Ty, 5, : H — K and
T, bn : M — N be nuclear. Note that

(Topbr ® Tom 5, ) (u @ v) = (u, bp) b ® (v, bin)bs,
= ({1, b1} (v, bm) )b ® by,
= ((u®v,b, ®bpn))br @ by
= T, @bm br@bn (U ® V),

ie., (Tbh,bk & Tbm,bn) = Tbh®bm,bk®bn‘ Therefore, H(Tbh,bk ® Tbm,bn) = [1 = bh ® bm ®
br ® by]. On the other hand,

o(oc®id)o (0(Typ,) ®O(Th,0.))0p =l 1Q1
— by, ® by ® by, @ by,
> by ® by, @ b @ by,
— by, ® by, ® b @ by).

Thus equation (44) holds. It is clear that the transposes of a nuclear map of the form
T : C — H satisfy the required equations. Next we compute T;fh,bk. For v € H and
v € K we have

(u’ Tbk»bhv> = (’U., (Uabk>bh> = <bk7v>(u’bh> = (<u3 bh>bkvv) = (Tbhybkuv"’)’
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so TJh,bk = T »,- Equation (49) follows from this fact. For naturality, we let R :
H — M and §: K — N be arbitrary maps in Hilb. Then

STy, 5 R (1) = S((Rtu, by)b) = (R1u, b,)Sby = (u, Rby)Sbk = Ty, s, Us
and
8(STy, 5, R") = [1 — Rb, ® Sbi] = (R® S) 0 (T, 3, )-

This is the required naturality equation. The compactness equation follows similarly

from the linearity of § and the adjoint structure of Hilb.

In LFR an object is nuclear if and only if it is finite. Similarly, an object in Hilb
is nuclear if and only if it is finite-dimensional.

Lemma 5.2.8. In a nuclear ideal N, the isomorphism . satisfies T = 171,

Proof.

~
o1
—

(49) Tel (@) /7
T 6)(%’(1/v \@ I I
I®I (9)
p

Since the isomorphism ¢ is unitary, we have the following corollary.

Corollary 5.2.9. In a nuclear ideal, T = ¢! = 1.



Chapter 6

CPMs in a Nuclear Ideal

In this chapter, we generalize Selinger’s CPM construction to the setting of nuclear

ideals. This represents the main contribution of our thesis.

6.1 Positive Maps, Positive Matrices, and Trace

Class Maps in a Nuclear Ideal

Positivity in a tensored {-category C can be defined independently of any nuclear

ideal structure on C. We adopt Selinger’s notion of positive maps.

Definition 6.1.1. A morphism f: A — A in a tensored {-category C is positive if
there exists an object B and a morphism g : A — B in C such that f = g'g.

If we restrict the definition and require the object B to be nuclear, we can no longer
guarantee that identity maps are positive. This justifies our definition of positivity.

However, we will be interested in the special case when the object B is indeed nuclear.

Definition 6.1.2. Let N'(C) be a nuclear ideal. A morphism f: A — Ain Cis
N -nuclear-positive or nuclear-positive if there exists a nuclear object B and a
morphism ¢ : A — B in C such that f = g'g. In particular this implies that f is itself
a nuclear morphism.

91
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We have already determined the positive maps in Hilb and LFR in Examples
4.1.2 and 4.1.4. We now calculate the nuclear-positive maps in Hilb and LFR,

relative to the usual nuclear ideals.

Example 6.1.3.

Let £ : A — A be a nuclear-positive map in LFR, relative to the nuclear ideal
of finite relations. Then R is nuclear and positive, i.e., R is finite, symmetric and
partially reflexive. We claim that these are sufficient conditions for nuclear-positivity
in LFR. Let R: A — A be a finite, symmetric partially reflexive relation. We take
B = R viewed as a (finite) set and define S: A — B by

S = { (a” (a’a'l)) I (aa al) € R} U { (a',’ (a‘aa',)) | (a7 al) € R}

Then S is finite and hence locally finite and R = S!S by the same argument we
used in Example 4.1.3. Therefore the nuclear-positive maps in LFR are exactly the

nuclear, positive maps.

One might ask if the nuclear-positive maps coincide with the nuclear, positive

maps in general. The following example shows that this is not the case.

Example 6.1.4.

Let T': H — H be a nuclear-positive map in Hilb. Then there is a finite-dimensional
Hilbert space K and a morphism S : H — K such that T = S'S. It follows that
T has finite-rank in the sense that the range of T is finite. Note that being a finite-
rank operator is stronger than being a Hilbert-Schmidt operator. Altogether then
T is a positive, finite-rank (Hilbert-Schmidt) operator. Conversely, let T': H — H
be a morphism in Hilb satisfying these conditions. We show that T is nuclear-
positive. First, since T is positive, T has a positive square root S : H — H by
Theorem 2.1.9. If we let R(L) denote the range of a map L, then it is clear that
R(T) € R(S). In fact we claim that R(S) = R(T). As constructed, the map S is the
limit of a sequence {S,} of maps with R(S,) C R(T) for each n. Moreover, as R(T')
is a finite-dimensional subspace of H, R(T) is closed. Thus R(S) C R(T). Now let
P: H = R(S)®R(S)+ — R(S) denote the usual orthogonal projection. Clearly P! is
the inclusion map, and T = STS = STPIPS = (PS)1PS. Hence T is nuclear-positive.

Therefore the nuclear-positive maps in Hilb are the positive finite-rank operators.
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This means that a nuclear, positive map T : H — H in Hilb need not be nuclear-
positive. This is because not all Hilbert-Schmidt operators are finite-dimensional.
In fact each Hilbert-Schmidt operator ' : H — H is the limit of a sequence of
finite-dimensional operators on H (See Exercise 2.8.37 [18]).

Recall from Section 2.3 that a map T : H — H in Hilb is trace class if and only
if it can be written as the composite of two Hilbert-Schmidt operators. We extend

the notion of trace class maps to arbitrary nuclear ideals.

Definition 6.1.5. Let N(C) be a nuclear ideal and let f : A — A in C. If there
exists an object B and nuclear morphisms ¢ : A — B and h : B — A such that
f = hg, then f is called trace class and its trace trf : I — I is defined by

0g) Tam ___ H
IO A® B 47 BeA ),

One must verify that the trace is independent of the decomposition. In both Hilb
and LFR this is not an issue.

It follows easily from this definition that trace class maps f : A — A are closed
under composition with arbitrary maps in Hom¢(A, A). Also, if A is nuclear then
f = idaf = fida is trace class for all f € Hom¢(A4, A). In this case we get that
trf = 0(id4)! o (idg ® f) o 6(id4), which coincides with Selinger’s trace for dagger
compact closed categories.

We now adapt Lemma 4.1.6 to this situation.

Lemma 6.1.6. Let N(C) be a nuclear ideal. We have the following properties.

(a) If f : A — A is positive (nuclear-positive), then hl o fo h : C — C is positive
(nuclear-positive), for any h : C — A.

(b) For each object A, ida is positive. Moreover, if A is nuclear then ida is nuclear-

positive.
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(c)Iff:A— Aand h:C — C are positive (nuclear-positive), then f®h : AQC —
A ® C is positive (nuclear-positive).

(d) If f : A — A is positive, then ft = f.

(e) If f : A — A is positive (nuclear-positive), then f is positive (nuclear-positive).
(f) If f : A — A is nuclear-positive, then trf : I — I is positive.

(9) If f,h : A — A are nuclear-positive, then tr(ho f): I — I is positive.

Proof.  Most of the proof is identical to that of Lemma 4.1.6. There are modifica-
tions in parts (e), (f), and (g).
(e): If f = gt o g then

f=glog=glog=7' 07

(f): If f: A — A is nuclear-positive, then there is a nuclear object B and a map
g : A — B such that f = g'g. In particular both g and g' are nuclear so f is trace

class. We have

irf = tr(g' o )
=t o@(?’f)_lr oTo06(g)
ro(rob8(gM o™ or08(g) (by (49))
t"lorob(g)tor o1 06(g)
8(g)" = 8(g)-

f

(g): Let f,h: A — A be nuclear-positive. Write f = p'p, where p: A — B and B is
nuclear. Then

tr(hf) = tr(h(p'p)) = tr((hp")p).
We claim that ir(jk) = tr(kj) for all pairs of nuclearmaps j : X — Y andk:Y — X.
Assuming this, we get tr(hf) = tr(php'), which is positive be parts (a) and (f). We

now establish the claimed trace equation as follows.
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O

Definition 6.1.7. Let A/(C) be a nuclear ideal and let f : A — B be nuclear. The

name or matrixz of f is the map "~ W 6(f): I — A® B. In the case that Ais a

nuclear object, we recover the usual matrix:

6(id _
rf—\ idz®f
A®B

A positive matriz is a morphism ©f7 : I — A®A that is the naxne of a positive map
f: A — A. Similarly, a nuclear-positive matriz is a morphism "f7: [ —» A® A

that is the name of a nuclear-positive map f: A — A.
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6.2 Completely Positive Maps in a Nuclear Ideal

We now define the notion of a completely positive map in a tensored 3[—cafcegory
equipped with a nuclear ideal.

Definition 6.2.1. Let A(C) be a nuclear ideal. A morphism f: A® A — B® B is

completely positive if there exists a nuclear object C and a morphismk: C® A —

B such that the following diagram commutes:
Pl A A®0(ido) ® A

AQA— > AQIQA AQC®C®A
7 TRk (53)
B®B

Again there is an equivalent characterization of complete positivity.
Proposition 6.2.2. The following are equivalent:
(a) f: A® A — B® B is completely positive.
(b) There ezists a nuclear object C and a morphism h: A — C & B such that

_ 7 - BRo(id:) @ B _
Ag 418", Bevecen (ide) @B & o 1B
7 T o\
B®B

Proof. Let f : A® A — B® B be completely positive. Then there is a nuclear object
C and a morphism & : C ® A — B with

_ 194 _ ARide)Q A
AoA—""22  ZelsA (ide)
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Since C' is nuclear, id¢ is nuclear and so is ide = idgz. Hence C is nuclear. We define

h:A— C® B to be the map

oide)® A el _
(ide) S Teceod—8E, 5eB.

-1
A——IQA

We use ¢ to denote 0(id¢) in the following commutative diagram and in subsequent
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diagrams.

ptA

Abs A

AT = > BB
ACC®A Tk

Hence (b) holds.
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For the converse, we assume that there exists a nuclear object C and a morphism
h:A— C® B such that

h®h

_ - — B®6(ide) ® B
ARA—— BC®C®B — >

BRI®B

We define k: C ® A — B to be the map

_ e _ 8(idc)t ® B
Coda 28" . 5eceB (ido) [®B 2B
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Now consider the following commutative diagram.

_ p~t A _ Aoz A _
A4—— AIA ACTA
p nat. RIh ® func.
hh
BCC
h 49)  _—
0 (49) BoLid
Bo B ® func
BoLoL B
BCCIB BICCB
B6LB
o nat. oot
id65 B
»
® func. |B6Lid BIIB
BoB
BIIB ide B BITB T
/ & (40)
Bp'B coh.
BIB BB

B

This shows that f is completely positive.

100
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In the following examples we calculate the completely positive maps in LFR and
Hilb, with respect to the nuclear ideals exhibited in Examples 5.2.6 and 5.2.7.

Example 6.2.3.
Let R: Ax A — B x B be a completely positive map in LFR. Then there is a finite
set C' and a locally finite relation K : C x A — B such that

((c,a1),b1) € K and

((a1,a2),(b1,b2)) € R < 3Jce C with {
((c,a2),b2) € K.

Hence

R=J{((a1,82), (b1,12)) | ((c,;a1),Bn), (¢, a2),b2) € K }.

ceC
For each ¢ € C, we define

Xc={(a,b) | ((c,a),b) GK},

which we view as a relation from A to B. Then each X, is locally finite (since K is

locally finite), and

R=JX.®X.=|JX. x Xc.
ceC ceC
Conversely, suppose the locally finite relation R: A x A — B x B is of the form

R=LnJSiXS1;,

i=1
with S; : A — B locally finite for each 7. We show that R is completely positive. First
let C={S;xS;|i=1,...,n} viewed as a (finite) set. Then define K : C x A — B
to be the relation,

K = JC((S: x 5i,),0) | (a,) € S:).
i=1
It follows from the local finiteness of the S; that K is locally finite. Moreover,

((al,ag), (bl,bg)) € R <= 37 with ((al,ag), (bl,bg)) €S; xS;
<= J{ with (al,bl), (ag,bg) € S;
S ((S,‘ X S,-,al),bl), ((Si X Si,a,g),bz) € K.

Hence R is completely positive.
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Example 6.2.4.

Let T : H x H — K x K be a completely positive map in Hilb. Then there is a
finite-dimensional Hilbert space M and a bounded linear map S : M ® H — K such
that

— plQH H®03idy)@H_.
HRH——HQCQH HIM®M®H
T S®S
K®K

Let {e; |t €I} and { fi,..., fn} be orthonormal bases for H and M respectively.
Then {e; ®e; | i,j € I} is an orthonormal basis for H ® H. Also, idy = Zp_, T}, 5.,
where the maps T}, j, are the ones defined in Theorem 2.2.13. It follows by Remark
2.2.14 that 6(idy) (1) = Z7_, fx ® fx. So we have

T(ei®e;) =Y S(e:® fr) ® S(fi ®e).
k=1
Now if we let S; denote the restriction of S to the Hilbert space span(fi) ® H for
k = 1,...,n, then each S; can be viewed as a map Si from H into K via the
isomorphism A. Moreover, for all basis elements e; ® ¢; in H ® H we have

n

S G e e ®e) =3 Fule) ® Siley)

k=1 k=1
= Z,S‘_k(ei ® fr) ® Sk(fx ® €5)
k=1

= T(ei (024 6]').

Thus 7' is the finite sum .
T = ZSTIC ® Sk
k=1
with each S : H — K a morphism in Hilb. For the converse, let T : H x H —
K x K. Suppose that there are bounded linear maps Ry, ..., R, : H — K such that
T = 22:1'1%; ® Ry. To show that T is completely positive we take M to be the
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finite-dimensional Hilbert space C™ with standard orthonormal basis { fi,..., fa }.
We define S : M ® H — K to be the map determined by

fr @ e; — Ri(e;).

Since each Ry is bounded, so is S. For all basis elements e; ® ¢; in H ® H we have

(S®S)o(H(idy) ® H)o (p7" @ H)(e; ® €5)

=(S®S) o (H®I(idy) ® H)(e: 1 ®¢;)
= (S® S5)(e; ® (Tpey fx @ fr) ® €5)

= L7.15(e: ® fr) ® S(frx ® ¢5)

= Tho1 Re(e:) ® Rile;)

=T(e; @e¢y).

Hence T is completely positive.

As in the case of dagger compact closed categories, we have the following propo-

sition.

Proposition 6.2.5. If f : A® A — B ® B is completely positive, then f = f.
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Proof.

> AQI® A

A® 6(idc) ® A

G|

® 0(ide) ® A kek

We will require the next lemma in the proof of our main theorem.
Lemma 6.2.6. If f : A® A — B ® B is completely positive, then so is o fo.

Proof. Let f be completely positive with

_ 1A _ AQRO0(ide) A .
AgA—L—2C . ZgI0A (de) 84 2 oToceAa
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Since C is nuclear, so is C. We claim that o fo is the completely positive map

— pied _A®0(idg) @A - -
A A2 4e107 2202 o ceTen
ofo ko ® ko
B®B
The following diagram establishes this claim:
- —_ 1A —
A7 g AA £ A1 A

Ab(idz) A

AC

CAAC = BB

This completes the proof. (]

Remark 6.2.7. In a nuclear ideal N, the maps 6(id;) and 6(id;)! are inverse.
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Applying (45) and (46) to the map f = id; gives this result:

0(id _ _ 8(idy)t
I (i) Tol Tel (idr) I
At AI ! % /
o]

Il
Proposition 6.2.8. Let A be a nuclear object in a nuclear ideal N and let f : TQT —

A® A be completely positive. Then

s a positive matriz.
Proof. Let A be nuclear and let f : T ® I — A ® A be completely positive. Then

there is a nuclear object C and a map k: C ® I — A such that

- el _ TR0Gde)®I _ _
Tol —2-2  ferel (idc) IeCQC®I
7 [k ®k
A®A
We claim that
I STl L A4
is the positive matrix
0(ids) _ id=® Kk _ id= _
——LJ+A®A——i-+A®C®I——i——+A®A

To see this, consider the following diagram:
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6(idy) el
1 IQI®I

A1 A nat.
)\1
I ® 6(idy)

I®1 19Tl T®0(ido) ® I

® func. o nat.
0(idc) ® 0(idy) 6(idc) ® id

C®C®I®I——*I®C'®C®I

(44)

A®A

ok AC®I Y A® A

Corollary 6.2.9. A completely positive map f: I QI — I ® I satisfies fT = f.
Proof. If f : T® 1 — T® I is completely positive, then fof(id;) : I - 1R [ is a

positive matrix by Proposition 6.2.8. This means that
fo6(idr) = (I® h)ob(ids)
for some positive map h : I — I. But by Remark 6.2.7, 6(id;) is invertible so we have
f=I®h
Recall that the positive map h satisfies hf = h by Lemma 4.1.6 (d). Then we have
ff=0cn'=T®h=T®h=/Ff
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Unlike in the setting of dagger compact closed categories, the converse of Propo-
sition 6.2.8 does not hold in general. With an additional assumption we get a partial

converse.

Proposition 6.2.10. Let A be a nuclear object and let g: I — A® A be a nuclear-

positive matriz in a nuclear ideal N'. Then

is completely positive.

Proof. Let g: I — A® A be a nuclear-positive matrix with A a nuclear object. Then

there is a nuclear object B and a morphism j : A — B such that

I blids) A® A
lZ@j

g A®B
|Ze;t

AQ A

We claim that
19l 15 4ARA4

is the completely positive map

I®I el IQI®I T®6(idp) 01, I®B®B®I
[per
A®A
|7t

B®B
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The following commutative diagram establishes this claim:

- e - I®0(dg)®I  _ _
T®l £ rTolel (ids) ToB®B®I
T®p p nat.
coh W ®p
P _ T ® 6(idp) - _
I®I > B®B PP
/ l®id ® func
T ® func.
eI }
IeBeB (41) |p®B B®B
p nat.
L_l /M"ZdB ®
I®l A nat. wd
7t ®jt
v
AR A
O

Remark 6.2.11. In Proposition 6.2.8 we actually constructed a nuclear-positive
matrix. Hence, if A is a nuclear object in a nuclear ideal A, a completely positive
map f: T® I — A® A is the same thing as a nuclear-positive matrix g : I — A® A,
modulo the isomorphism 7 ® I = 1.

Lemma 4.2.9 generalizes to our notion of completely positive maps. We have

added part (e) as we will need this condition as well.
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Lemma 6.2.12.

(a) The identity map on A® A is completely positive.

(b)Iff:AA—B®B andg: B® B— C ®C are completely positive, then so is
gof:A®RA—-C®C.

(c)Iff:ARA— B®B and g: C®C — D ® D are completely positive, then so is
CRARARC - AA4A00C % BeBeDeD —DB®B®D.

(d) If f : A — B is any morphism, then f® f : A A — B® B is completely positive.
(e) If f: A® A — B ® B is completely positive, then so is f.

Proof.
(a) We take C to be the nuclear object I and the map k = A : I ® A — A. Then

td7g 4 Can be written as follows:

_ -l A _
Ag A £® A9I®A
id
AQIQ A A®0(id) ® A
coh. (45)
Y
idl| AN !®A ARIQI®A
AR 1®1id
ARIQI®A (40) AR A
PR |
AR A i AR A

Hence idzg 4 is completely positive.
(b) Let f: A A— B® B and g: B® B — C Q C be completely positive. So we
have nuclear objects D and E and maps k: D® A — B and j: E® B — C such
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that the following commute:

-1 5 .
_ QA _ A®0(Gdp)® A _—
AgA—L—2 , dsIoA (dp) &4 2 oDeDwA
7 Jk@k
B®B
— -l B _ BRO(idg)®B — _
BeB—L%2 . BereB (idx) BRE®E®B
g J®j
ceC

Since both D and E are nuclear, so is £ ® D. We define m to be the composite
jo(EF®k): EQ D®A — C, and we claim that ¢gf is the composite:

— 1A A®0(id QA . _ _
Ao A—L—L s FAsIcA (ideen) @4 = S eFeEeD®A
m®m
gf
cxC

Replacing f, ¢ and m in the above shows this:
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AA » ADEEDA
2111
(=) AX1TA
ptA AI1A ————— AEE
AIA kidk
idbp A
Abp A A nat
| Za14 AIDDA
ADDA coh EB
_ Acid
kk p~lid
BB penat. ADIDA 7J
-1B a
P Rk
i
B — ccC
BIB B0, B —

Hence gf is completely positive.
(c)Let f: A A—B®Band g: C®C — D® D be completely positive. So we
have nuclear objects £ and F and maps k: E® A > Band j: F®C — D such
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that the following commute:

6(ide) ®

Z@A——*A@I@A

®-<——-——®

o

— /®0'ldF
C®C—"'——>C®[®C

\

D®D

Since both E and F' are nuclear, sois FQ E. We definen: FREQA®RC — B®D

to be the composite

FeEoAeC 18k8C, popec?®S pesrec 224 pep.

We claim that the following commutes:

- pl®id zd®9(zdp®E)®zd —

CAAC‘—‘—’ CAIAC CAEFFEAC
o®C nRn

AATC —5ga— BBDD —p DEBD

We establish this by replacing f, g, and n to get:
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ocC

prApTIC

Abgidfr C 7idj

(d) Let f: A— B. Wetake C =T and k : I ® A — B to be the composite f o 4.



CHAPTER 6. CPMS IN A NUCLEAR IDEAL 115

Then we have

—_ -1 — AR R A _
oA —L »ARI® A ! A0ToI®A
(45)
_ Avid
AN 1®A
(40)
AQRIRIRA AR A
AR A
fef
B®B

as required.

(e) Let f: A — B be a completely positive map of the form

_ 1A _ ARO(Gdc)®A _
AgA—t—2C s degleA (ide) A0TRC® A
l’lé@k

B®B




CHAPTER 6. CPMS IN A NUCLEAR IDEAL

Then f! is the map

— EFek _— AR(ide)T @ A _
Y LN S P L LIC L PP
f'f (p_l)f®A
A® A
which we can rewrite as
- kt @ kt — AR0(ide) @ A _
BB— ARCQRCR®A AQRI® A
A A
A®A

Hence f' is completely positive by Proposition 6.2.2.

116

O

Lemma 6.2.13. If f: A® A — B® B is completely positive with A and B nuclear
objects and g : I — A ® A is a nuclear-positive matriz, then fg : I — B® B is a

nuclear-positive matriz.

Proof. Let A and B be nuclear objects. Suppose f : A® A — B ® B is completely

positive and g : I — A ® A is a nuclear-positive matrix. Then by Proposition 6.2.10,

Il S 1-L4AcA
is completely positive. Hence
Ter%1-4404-L.BeB
is also completely positive by Lemma 6.2.12 (b). Then by Proposition 6.2.8,

1 % 4e4a-L.BeB

is a positive matrix. In fact, fg is a nuclear-positive matrix by Remark 6.2.11.
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Lemma 6.2.14. Let N be a nuclear ideal and let f : A® A — B® B with A and B
nuclear. Then f is completely positive if and only if idz ® f ® idc preserves nuclear-
positive matrices for all nuclear objects C € C, i.e, for all nuclear-positive matrices
M:I-C®AR®RAQC, the map

M

_ id>® f ® id
I TeA®AQC c®/®uo

» CQBRB®C

18 a nuclear-positive matriz.

The proof is similar to that of Lemma 4.2.11.

6.3 A CPM Construction for Nuclear Ideals

At this point we have all the tools necessary to extend Selinger’s CPM construction

to the setting of nuclear ideals.

Definition 6.3.1. (CPM Construction for Nuclear Ideals) Let A be a nuclear
ideal for a tensored f-category C. We define a new category CPM y(C) whose objects
are the same as the objects of C. A morphism f : A — B in CPMx(C) is a completely
positive map f: A® A — B® B in C. Composition of morphisms is as in C.

Lemma 6.2.12 (a) guarantees that CPMy/(C) has all identity maps, and part
(b) ensures that composition in CPM(C) is well-defined. Moreover, CPMy(C)
inherits the identity and associativity laws from C. Hence CPM/(C) is a well-defined
category. Furthermore, Lemma 6.2.12 (d) yields a functor F' : C — CPM(C) defined
by:

F(A)=A and F(f)=F®f.

Functoriality is easy to check; namely,
F(idy) = ids ® ids = idz @ ids = idgg 4

for all A € CPM(C), and for morphisms f : A — B and g : B — C in CPMy(C)

we have

Flgf)=gf®g9f=3f®gf = G®g) o (f&f)=F(g) o F(f).
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Theorem 6.3.2. Let N be a nuclear ideal for a tensored 1-category C. Then CPMy(C)
is also a tensored t-category and the functor F : C — CPMy(C) preserves the ten-

sored dagger structure.

Proof.
Part I: CPM/(C) is a tensored f-category.

The category CPM/(C) inherits a tensor product on objects from C; on mor-
phisms it is given by Lemma 6.2.12 (c). We check that this defines a functor ® :
CPMy(C) x CPMu(C) — CPMx(C). First, for objects A and B in CPM/(C)
we need idy ® idg = idsgp in CPMy(C). This means that in C we need

_ o ®ids_ _ idr®ids ®idp ®ids _ _
BRARARB —F A9 ABoB —A— 2B 8 2040 BeB

0'®’idB

idg ®idz ®ids R idg
BRAQA®B

which holds by naturality of ¢ in C. Secondly, we need to show that gf ® kh =
(9g®k)o(f®h) forallmaps f: A—B,g: B—-C,h:D— E,andk: E — Fin
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CPMy/(C). Thus in C we need the following

DRAQA®D 8D A0A0D®D

D —
oc® ( ) !
AAQDQ®D g9f ® kh
fQh

(=)

BRBREQE CRCRFQF
cFE

3
E®B® ocQF
cRFE ® func. on C (=)

B®B®E®EWO®C®F®FWF®C®C®F

Hence ® is indeed a functor.

119

The tensor unit J from C is also the tensor unit for CPM/(C). The isomorphisms

a, A, p, and o are given by the images under F' of the respective maps in C. For each

of these, naturality follows directly from naturality in C and the tensored dagger

equations (39) - (42). For example, for naturality of ¢ in CPM/(C) we need

AeB — 7% > B®A

f®4 F®f

BI®AIT}AI®BI
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for all f: A— A’ and g: B — B’. This means that in C we need the following
TR0 — ® A

BoA®A®B —+AeBRBOA—>BeBgAxA
(42)
o®0
oc®B coh. - g f
_ V_ 4
ARARB®RB o nat. in C BB QA QA
f®g g coh. c® A
oc®0
(42)

BRAQARIB =—>A QB QB QA

A7 ’ = !
ARARB QB 7o

Ty

Additionally, the five symmetric monoidal category equations for CPM(C) fol-
low from these equations in C combined with the equations (39) - (42). Therefore
CPMy/(C) is symmetric monoidal.

The category CPM(C) inherits the dagger functor from C. Lemma 6.2.12 (e)
ensures that (—)" : CPMu/(C) — CPMy(C) is well-defined on maps. As well, we
require the isomorphisms «, A, p, and ¢ to be unitary. This follows easily from the fact
that each is unitary in C in conjunction with the functoriality of —('——) on C. Consider

A for example. In C we have
(M @Ao(AeA) = (MoR)@(Aod) = (WoX)@(ATod) = (Ao N)@(Ao)) = Wd®id = id,

and similarly
X®A) o (A @A =d.

Therefore we have the required equations Af o A = id and X o A\t = id in CPM/(C).
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The requirement that (f ® g)! = f1 ® g’ for all maps f and g in CPMx(C) is a
consequence of the same equation in C.

Finally, we need a covariant conjugate functor (—) on CPMy(C). For A €
CPM(C) we define A as in C. For a morphism f : A — B in CPM(C), we need a
morphism f : A — B in CPM,(C), i.e., a completely positive map f : AQA — BB
in C. By Lemma 6.2.6 we may take f = o fo, where f : A® A — B ® B is the com-
pletely positive map in C. Note that by Proposition 6.2.5, f = o fo = o fo.

For functoriality we need ids = id, for all A € CPM(C), and gf = gf, for all
maps f: A— Band g: B— C in CPMu(C). This is an easy computation:

m = O'(idz@) idA)O' =1idy ® idg = idg ;
gf =ogfo =ogoofo =Gf.
Next we show that the conjugate functor commutes with the dagger functor:
ff = (ofo)t = ol flot = oflo = FF.

The necessary natural isomorphisms

3l
| R

S

A
BB A

_)T

@
—~

L J
are given by the images under F' of the respective isomorphisms in C.

It remains to verify the tensored {-category equations (39) - (43). The first four
equations hold easily since they hold in C. We verify the nontrivial equation (43).
Let f: I — Iin CPMuy(C). We must show that the following diagram commutes:

ft

@
] ————
J

~ e~

|
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Thus we need the following diagram in C:

fT

IQI

IRt

IQT > I®1 —f>7®1 —> I®1

Since f: T® I — I ® I is completely positive, we have ft = f by Corollary 6.2.9. So

it suffices to prove that o o (I ® ¢) = id. This is shown below

Q¢

I®I > I®1
11 ® func.
I®I
id (=) id=o0 0o nat. o
I®l
i@l Lemma 5.2.8 t®!
Téf 3 Iol

Hence CPMy/(C) is a tensored f-category.

Part II: F preserves the tensored dagger structure.

The functor F' : C — CPMy/(C) is the identity on objects. This means that F is

strict in the following sense:
e F(A® B)=F(A)® F(B);
o F(I)=1I;
o F(AY) = F(A);
o F(A)=F(A).
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Moreover, the structural isomorphisms in CPM/(C) are given by the images under F'
of the respective maps in C by construction. That istosay, 7 = F(r)andc = F(). D

We can apply our CPM construction to the tensored f-categories LFR and Hilb

equipped with the usual nuclear ideals.

Example 6.3.3.
The category CPMy(LFR) has sets as objects and completely positive locally finite
relations as morphisms. We saw in Example 6.2.3 that these morphisms can be viewed

as finite unions of certain locally finite relations.

Example 6.3.4.
In the category CPM  (Hilb), the objects are Hilbert spaces and the morphisms are

completely positive maps, as characterized in Example 6.2.4.

These are two new examples of tensored f-categories which should prove to be

interesting to study in the future.
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Conclusions

The theory of completely positive maps in a nuclear ideal would benefit if accom-
panied by a graphical language. In [26], Selinger expresses his theory graphically.
He proves that his language is sound and complete with respect to dagger compact
closed categories. In doing so, he deals with coherence issues once and for all, and
consequently his proofs are greatly simplified. I intend to develop a similar language
appropriate for my theory. Selinger’s graphical language should provide a suitable
starting point.

It would be interesting to extend the Abramsky-Coecke formalism for abstract
quantum mechanics [3] to the infinite-dimensional setting using nuclear ideals. In the
original formulation, completely positive maps played an important role. It is my
expectation that my theory of CPMs will play a similar role. Such work could lead to
further models of Selinger’s language for quantum programming [27]. Furthermore,
the setting of nuclear ideals would give infinite-dimensional Hilbert spaces a more
substantial part in these theories of quantum programming.

Although the identity map on an infinite-dimensional Hilbert space is not nuclear,
there is an evident sense in which it is approximated by nuclear maps. Indeed it is
approximated by finite-dimensional projections. This idea can be formalized using
shape theory [10]. This was carried out for general nuclear ideals in [6]. I would like
to develop a shape-theoretic procedure of this nature for the CPM setting.

Nuclear ideals have also had applications to other areas of mathematics such as in

124
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the field of vertex algebras [9]. It would be interesting to see if the theory of CPMs
that I have developed has any applications there [7].
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