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ABSTRACT

Through an extension of Gorman's superposition techniques, a detailed inves-
tigation of the title problem is undertaken. In Part A, 2 critical assessement
of the available literature dealing with this problem is provided. The classical
theory of thin plate motion is then briefly discussed in Chapter 1 along with

.- the method of superposition as it relates to dyna.mic problems of rectangular

“ plates. - In Part B, the problem of the non-rectangular quadrilateral plates
.is then dxscusseﬂn Chapter 2 where it is shown how any polygonal plate
can be divided into two sets of rectangular and right a.‘pgle triangular regions.
Also in Chapter 2, the basic building blocks used throughout this investiga-
tion are studied. Consequently, solutions for the triangular and rectangular
elements mentioned above are given. It is then shown how these solutions.
are combined to arrive at a solution to the problem at hand. It is in Part C
that this technique is applied, in Chapter 3 to the solution of the simply sup-
ported symmetrical trapezoidal plate, and in*Chapter 4 to the fully clamped
plate, resulting in -2 highly accurate analytical solution for these important
engineering problems, and therefore establishing a systematic approach to the
solution of a very large family of non-rectangular quadrilateral plates. Numer-
ical results along with some modal shapes are also provided in Chapter 5, and
compared with previously available data where good agreement is shown. Ex-
cellent agreement with experimental results, in the case of the fully cla.mped
plate is reported. Finally, 2 brief but comprehensive discussion on the validity
and a:ccuracy of the technique is provided in Part D. Some discussion on the
effect of rotatory inertia and shear on the flexural motion of plates is briefly

given along with few words on internal damping effects. ,
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; INTRODUCTION

Thin plates are straight, plane surface structures whose thickness is small com-
pared to their other dimensions. They could have simply supported, fixed,
and free boundary conditions, including elastic supports and restraints, or, in
some cases point supports. Modern engineering demands that engineers have
good knowledge of the vibration behavior of structures beyond the usual beam
and rod vibration examples. Vibrating plate structures are not only encoun-
tered by civil and aeronautical engineers, but also by industrial, chemical,
mechanical, and nuclear engineers. The two-dimensional structural action
of plates results in lighter structures offering numerous application and eco-
nomic advantages, which have contributed considerably to the wide use of
thin plates in virtually all fields of engineering.: Although thin shell structures
offer the above mentioned advantages to an even greater extent, it must be
noted that the greater savings in material achieved by the three-dimensional
load-carrying capacity of shells is often offset by higher fabrication costs. Fur-
thermore, while there are numerous structural members requiring plane sur-
faces which bar the use of curved surface structures, many structures, such as
ships and large containers, among others, require enclosure that can be easily
accomplished by plates without any additional covering resulting in further
saving in both material and labor.

In many design problems, specifications merely ensuring that plates will
withstand applied static loads prove to be inadequate. It is for this reason that

1



analysis of the free vibration of plates has been and still is gaining momentum.
A study of the literature reveals that highly accurate analytical solutions can
be found for many rectangular thin plate free vibration problems (1,2,3,4].
However, because no exact solutions to the governing. differential equation
* expressed in skew coordinates are known to exist in variables separable form,
no exact solutions exist for straight-edged quadrilateral thin fat plates which

do not have rectangular shapes, such as trapezoidal plates and parallelogram
plates.

For parallelogram and trapezoidal plate problems, it'is found that most
of the analyses presented so far have been reviewed by Leissa [1,5,6,7], 2nd
proved to be approximate in nature in that they either do not satisfy exactly
the differential equation, the prescribed boundary conditions, or both. A brief
but comprehenswe critical assessment of the relevant available literature will
follow. Analysis of this type of plate has traditionally presented the analyst
with serious difficulties. Even the simplest case when all edges are simply sup-
ported requires an intricate solution, unlike the case of the rectangular plate.
In the present analysis, such ‘difﬁcu.lties are obviated, and a highly accurate
a.nalytica:l type solution is provided for this particular engineering problem.
Through exploitation of the method of superposition, and by extending the
techniques developed by Gorman [2] for the free vibration analyses of rect-
angular plates to non-rectangular plates, a solution for the above problem
is obtained by superimposing 2 number of* rectangular plate solutions that
can readily be obtained by classical methods [8,9,10]. Unlike numerical and
other approximate solutions, this analytical solution satisfies exactly the dif-
ferential equation everywhere. It also satisfies all boundary conditions to any
desired degree of accuracy. This method of investigation will be demonstrated

by presenting the full analysis of the free vibration problem of symmetrical
" trapezoidal plates.



RELEVANT LITERATURE REVIEW

Trapezoidal Plates

An exhaustive literature study by the author revealed that most available
relevant analyses up to the year 1980 have been reviewed by Leissa. It appears
that the earliest significant work on the problem of the free vibration analysis

of the simply supported trapezoidal plate was conducted by Klein{11] in 1955.

He solved the case of a simply supported symmetrical trapezoidal plate by .

using the collocation method, where the assumed shape function satisfied the
differential equation at three points along the axis of symmetry. The boundary
conditions were satisfied as follows. . The condition of zero displacement was
.sa.tisfied on zll edges, while the condition of zero moment was\sa.tisﬁed at two
points on the parallel sides, and some point along the other two edges. This
led to a third order characteristic determinant for the frequencies. Numerical
results obtained were presented in graphical form. However, the accuracy of
these results is poor, as expected,'since both the boundary conditions and the

differential equation were violated.

e

A better approach to the same problem was adopted by Reipert{12] where
he formulated a solution in terms of functions which satisfy the differential
equation and the paralle] edges boundary conditions e.xactl}. The satisfaction
of the boundary conditions along the remaining two edges led to a characteris-
tic determinant for the frequencies. The method uses a simple functional series
t‘lhxha.t may be considered as an extension of the well known Lévy's method. The
method can be applied to trapezoidal plates whose parallel edges are simply
supported, with arbitrary boundary conditions on the othef pair of edges.

Numerical results will be shown in later chapter for purposes of comparison.

The problem of the cantilevered trapezoidal plate in the special case

when only half of the symmetrical trapezoid is considered was discussed by

3
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Nagaraja[13] in 1961. He used the Rayleigh-Ritz method with deflection func- V

‘tions which are products of characteristic beam functions. Considerable al-

gebraic complications were encountered, and numerical integration had to bé
used.. ’ ' .

Taking advantage of a known r.elétion, ie. the eigenvalues of a simply
supported polygonal plate are the squares of the eigenvalues of a polygonal
membrane of the same shape'with fixed edges and their eigenfunctions are
identical, in 1671, Chopra and Durvasula investigated the nal‘:ural frequencies
and mode shapes of simply supported syfnmetrica.l[l*i], and unsymmetrical[15]

trapezoidal plates by solving the simpler problem of the corresponding mem-

branes. The method of solution is approximate and quite standard. The:: |

deflection surface is expressed in terms of a truncated double Fourier sine
series in the transformed coordinates and the Galerkin method is applied.
Numerical results were presented in the form of tables and graphs. Some of
these results will be shown later for pux"poses of comparison. Although the
method resulted in acceptable numerical accuracy, it is approximate in nature
and is restricted to simple support conditions. Also, some errors in the pre-
sentation of results were revealed by this author and will be discussed later
in forthcoming chapters.

In 1973, a finite element approach was discussed by Orris and Petyt[16] to
obtain the natural frequencies and nodal patterns for both, simply supported
and clamped plates of rectangular, trapezoidal, and triangular configurations.
The obtained numerical results were compared with those found by other
authors, in particular by Chopra and Durvasula. -

.~

~ The most recent ‘theoretical study of the free vibration of trapezoidal
plates was that of Nagaya{17]. In this paper, Nagaya deals with the flexural
vibration of a thin’elastic solid plate with straight line boundaries. The clas-
sical plate theory and the classical solution for vibration of a solid circular
plate expressed in terms of Bessel and modified Bessel functions are used in
the analysis. Boundary conditions of the plate are considered for clamped,
simply supported and free edges. The cartesian coordinate z; is taken to be

]
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normal to the i%h- boundary. By a transformation of coordinates, boundar;v
conditions can be expressed in terms of the polar coordinates r and 4. To sat.
isfy these conditions Fourier expansion of the expression of r in terms offalong
the boundary line are pérformed. *The Fourier coefficients are obtained by the
addition of those for the separately considered boundaries. The boundary
conditions for all-simply supported and all-clamped plates symmetric about
an axis are explicitly given in Fourier series. Thus the frequencjr equation
for symmetric and anti-symmetric modes of \'ribra.tion of the plate can be ob-
tained. N.umerical results. for various modes were presented for trapezoidal,
and rhombic plates with all-clamped and all-simply supported edges. Good

agreement is noted between Nagaya’s results and those obtained in the present

work. It must be noted however, that algebraic complications were often en-

countered by Nagaya, and as a result, numerical integrations were performed.

Most recently, Maruyama, Ichmoxmy‘a, and Narita have experimentally
investigated the free transverse vibration of symmetrical and unsymmetri-
cal clamped trapezoidal plates(18]. In their investigation the authors applied
the real time techmque of time averaged holographic interferometry to deter-
mine the natural frequencies and mode shapes for the transverse vibrations
of clamped trapezoidal plates. The experimental natural frequencies were
expressed in terms of a dimensionless frequency parameter and shown graph-
ically as a function of the ratio of the lengths of the two parallel sides. The
experimental resultsswere compared with the available analytical ones, and
samsfa.ctory agreement’ was reported. This experimental study proved to be

very useful in the verification of the validity of the present investigation.

To the author’s knowledge, no other published literature exists on the

subject of free vibration analysis of thin trapezoidal plates.

w
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Parallelogram Plates

The situation is similar in the case of skew plates where some solutions have
been obtained by approximate methods for a few of the many possible com-
binations of boundary conditions{1]. Most of these solutions are mainly con-
cerned with calculating the fundamental frequency. In 1975, using polynomi-
als and the Rayleigh-Ritz method, Hasegawa[19] calculated the fundamental
frequency of clamped skew plates. Hamada[20,21] used the Lagrangian mul-
tiplier method with trigonometric functions to obtain a lower bound for the
fundarnental frequency of clamped rhombic plates. The boundary collocation
method was used by Conway anfl Fa.rnharﬁ[?ZZ].' In dealing with this prob-
lem, they considered clamped and simply supported skew plates employing
solutions of the differential equation in polar coordinates. The problem of
the simply supported skew plate was considered by Tsydzik. Tsydzik solved
this problem by using the perturbation method (see Reference 1). Seth gave
an exact solution for a particular simply supported parallelogram plate[23].
Part}gqla.r emphasis exists in the literature for the case of the cantilevered par-
allelogram because of its importance as an aerodynamic lifting or stabilizing
surface. References dezling with this particular problem are numerous and
the reader is referred to Leissa’s work(1] for a comprehensive list of references,
somne of which are experimental studies. Monforton[24] used the finite element

method for the solution of the free vibration problem of clamped skew plates.

More recently, an approximate but more comprehensive study of the nat-
ural vibration characteristics of skew plates which are either clamped or simply
supported on all four edges was conducted by Durvasula|25,26]. The vibra-
tion problem of skew plates with different edge conditions involving simple
and clamped supports was considered by Nair and Durvasula[27] using the
variational method of Ritz. Natural frequencies and modes of vibration were
obtained for different combinations of side ratios and skew angles. In a dif-
ferent paper, these same two authors used the partition method to analyze a
similar problem. The partition method has been referred to by various names

such as the subdomain method and the method of inversion. In fact, it is a

6
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modified form of the collocation method. This method consists of express-
ing the solution of the govern:mg differential equation in appropriately chosen
trial functions satisfying the boundé.r} conditions. The given domain is to
be partitioned into subdomains, and over each, the differential equation is
to be integrated. The error in the differential equation is to be set to zero.
In Reference [28], the authors apply this method to vibration problems of
rectangular and skew plates with clamped boundary conditions. A compar-
ison of numerical results with earlier investigations based on other methods,
such as Galerkin and finite element methods, showed good agreement. The
Rayleigh-Ritz meth‘od with %—spline functions as.coordinate functions was
discussed by Mizusawa, Kajita, and Naruoka[29] in dealing with the prob-
lem of free vibration of skew plates. In Reference [30], the authors use a
method which they developed to find upper and lower bounds for the lowest
frequencies of’ vibration of fixed rhombic plates. The method combineg two

types of inequalities connecting estimates for the eigenvalues with known in-

. tegrals or trial functions. The method does not require the trial functions to

satisfy any boundary conditions, yet is like the Rayleigh-Ritz method compu-
tationally in that a set of linear combinations of trial functions is optimized,
leading to a matrix eigénva.lue problem. Unlike the Rayleigh-Ritz method,
both upper and lower bounds on the eigenvalues result. The authors limit
their numerical ca.Iculatic;ns to the lowest frequencies. Reference [31] presents
an approximate method for-determining the natural frequencies of vibration
of simply supported isotropic and orthotropic skew plates. The approach is
based on a reduction method which uses as its basis the natural frequencies of
a clamped skewed membrane. The paper demonstrates the approach numeri-
cally by treating the cases of a uniformly stretched skew membrane, a simply
supported isotropic skew plate, a simply supported specially orﬁhotropic skew
plate and a simply supported generally orthotropic skew plate.

Most recently, Srinivasan and Babu[32] presented 2 numerical method for
the analysis of cantilever quadrilateral plates of general shape. Thesplate is
divided into a mesh. Using quadrilateral coordinates and the integral equa-

tion of beams, the expressions.for the strain energy and the kinetic energy

7
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are developed in a discrete-point format. Governing equat%ns for the free
vibration are obtained in a matrix form by minimizing the Lagragian of the
system. The problem is then solved for frequencies and shapes.

This concludes the available relevant literature on the subject of free vi-
bration of skew plates. Unlike the case of trapezoidal plates, it is seen here
that a considerable number of studies on the free vibration of skew plates have
been carried out. However, similar to the trapezoidal plates’ case, these stud-
les use a variety of approximate methods such as the Rayleigh-Ritz method,
the Galerkin method, the partition method, the finite element method and X
other approximate and numerical methods. In both cases comparison of these
studies indicates that the solutions became less accurate with increasing skew
angles. Also, the proper selection of displacement functions is essentizl to ob-
tain accuracy and stable convergence of results. In the following chapters, the
numerous advantages of the superposition method used in the present anal-
ysis will be shown by analyzing the case of symmetrical trapezoidal plates.
A procedure will also be outlined for the analysis of skew plates as well as

trapezoidal plates which do not have any symmetry.



Chapter 1

THE UNDERLYING THEORY

The objective of this analysis is to outline and discuss the superposition tech-
niques leading to analytically exact solutions for the free vibration problems
of non-rectangular quadrilateral plates, and to develop and provide such so-
lution for the free vibration problem of symmetrical trapezoidal plates and
unsymmetrical trapezoidal plates that have one right angle. However, it seems
appropriate to start with a brief discussion on the underlying theory of the free
vibration of plates in general and the method of superposttion as introduced
by Gorman in particular. Although the author appreciates the importance of
providing the reader with the general theory and procedure that are foilowed
throughout this work, and form the basis of the final results, it is left up to the

reader to consult Gorman's work for any detailed derivations or explanation.



1.1 The Differential Equation

The correct differential equation governing the pure bending of plates sub-
jected to lateral static loading is presented with detailed derivation by Timo-
shenko{33], and is written as;

-

O*W(z,y) | 28°W({z,y) N IMW(z,y) _ q(z.v) (L1)
3zt | 9729y 3wv* D '

where g¢(z,y) is the applied static loading.

" The governing differential equation for the free vibration of rectangular
plates is obtained by replacing the lateral force ¢{z,y) of Equation {1.1) by
the inertial force and by introducing the time variable parameter t.

W (z,y,t)  20'W(z,y,t) + W (z,y,t) £32W(I,y, t)
z¢ | 9z2ay? EX D a2

=0, (1.2)

by replacing W (z,y,t) by its equivalent W (z,y)T(t)(separable variables), it
can be shown that T(t) = Asin{wt + «). And Equation (1.2} can be written

as;

'W(z,y)  20W(z,y) 8'W(z,y) w?pW(z,y)
dzt | 9z23y? < gyt D

-0, (1.3)

in its dimensionless form Equation (1.3) can be written as;

" OW(Em) | 20'W (&) | 9*W(,m)
et $29€29n? dtan*

SMW(En) =0, (14)
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or,

oW(En)  28%0'W(E,m) ¢ (¢,n)

In* In2€? Ge o e WEn =0 (9

1.2 The Levy Type Solution
- .

In 1820, Navier presented a paper to the French Academy of Sciences on the _
solution of bending of simply supported rectangular plates by double trigono-
metric series. This solution is sometimes called the forced solution. At the
“ ’turn of the century, in 1899, a solution by single Fourier series was introduced
by Lévy[34]. This powerfuI method obtains the solution of Equa.tmn (1 5) in
the form; '

k

lim W(gn) = ) Ym(n)sin(mne). (1.6)

m=1

By substituting this solution in Equation (1.5) and rearranging we get;

& Yon(n)

dn* = 2¢%(mm)*. Zz( )+¢ [ ) = XY (n) = 0. (1.7)

The solution of Equation (1.7) depends on whether A2 — (mn)? is negative or
positive. If \* > (mn)? then; ' ’

<

Ym(n) = Amcoshfmn + Bmsinhfmn + Consinymn + Dmcosymmn, (1.8)

11



and if A? < {m=)? then;

Yim(n) = AmcoshBmn + Bmsinhfmn + Cmsinhymn + Dmcoshymn, (1.9)

where,

b = o/ T,
Am = &V AT — (mx)? or Tm = ¢V (mm)? — A2, (1.10)

whichever is real. And where A,,Bpm,Crm, and D, are constants to be deter-
mined by means of prescribed boundary conditions. Unless stated otherwise,

the coordinate system used will always be that of Figure 1.1 throughout this
work. ' '

Figure 1.1- Conventional rectangular coordinates systemz.

12



1.3 Limitations of Lévy solution

Although, Lévy’s method which uses a single trigonometric series is more
general than Navier’s solution, it does not have an entirely general character
since in its original form it can only be applied to rectangular plate vibration
problems where at least two opposite*edges have simple supports. However,
it has been shown that by making use of the superposition method(2,3,4], this
Lévy-type solution is readily employed to solve not only rectangular/_pjw
vibration problérns of all possible combinations of classical boundary condi-
tions, but also to analyze numerous rectangular pla_.t_&s with non-classical type
boundary conditions. Furthermore, it is the objective of the present analysis
to extend the use of this combination of Lévy-type solution and superposi-
tion techniques to analyze free vibration probleﬁns of non-rectangular plat;es.
Next, a word about the classical boundary conditions and their mathematical

formulations.

1.4 Classical Boundary Conditions

. Whenever classical boundary conditions are mentioned, our attention is di-
rected toward the three types of boundary conditions that have been stud-
led thoroughly in the classical literature. They are the clamped, the simply
supported, and the free edge conditions. Although we are dealing with the
problem of free vibration , the formulation of these boundary conditions is
identical to that found in Timoshenko's work[33] on static plate analysis.
This formulation is presented here in both conventional and dimensionless

coordinate systems. Reference is made here to Figures 1.1 and 1.2.

13



Clamped Edges:

Conventional Coordinates; . ' -

_éz___f 0. (1.11)

Dimensionless Coordinates;

wi¢

)

Figure 1.2- Dimensionless rectangular coordinaze syster.
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Suppbrted Edges:

Conventional Coordinates;

Free Edges:

Conventional Coordinates:

-

FW(zy) | OW(a,y)
oz? ' dy?

O*W (z,y) A FW(z,y) _

az3 ‘ dzdy?

OW(z,y) . *W(z,y)
dy? ‘ oz?

SW(zy)  .8W(z,y)

ay* ‘ dydz?

Dimensionless Coordinates;

O*W(&m) | v W (&)

—

362 ) ¢2 67]2

15

=0, [:1

3
-

(1.13)

(1.14)
(1.15 - a)
(1.15 — B)
(1.15 — ¢)
(1.15 — 4}
(3.16 - a)



asa ¢2 866—_712 =0, [5:—.1 ' (1.16 - b)

FW(En) | ,0°W(e,
—8172_ +U¢2——a£2—ﬂ =0, |,,=1 (1.16 —C)

EW(En) | . .8°W(En)
—87]3_ - U —a—na—E-z— =0, {q:l (1'16 - d)

where the displacement and coordinate z are divided by plate dimension a,

while the coordinate y is divided by dimension 5. And where ¢ = b/a.

As we progress further ahead, it will become apparent that mathemat-
ical formulations for bending moments and vertical edge reactions are also

required, as presented in the next paragraph.

1.5 Edge Bending Moments and Vertical Reactions

The mathe:ﬁatica] expressions for bending moments and vertical edge reac-
tions, distributed élong the edges of rectangular plate, have been developed

in the corventional coordinates by Timoshenko{33]. These expressions are as”

follows.
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Distributed Bending Moments:

Conventional Coordinates;

3*W(z,y) | W(zy)]
M. =—D +
= { oz2 v dy?

3*W(z,y) . 8*W(z,y)]
M,=-D YL :

. \ v - [ 8y2 L d az?
~— -

Dimensionless Coordinates;

Mee _ _[*W(gn) . v 8*W(e,n)
D i 3¢2 s dn2 ’
Migb __[8*W(e,n)  .8°W(gn)
D B T

where reference is made to Figure 1.3.

|

y

ku
/.‘\. e 22

(147 - a)
(1.17 — ¥)
(118 - a)
(1.18 — )



Vertical £dge Reactions:

Conventional coordinates;

7 (z, yj 3*W(z,y)
V. =~D — " -
- dz3 i dzdy® |’ _(1'19 ¢)
[ 33w (z,y) *W(z,y) .
V., = — Lyt . _
v b ays Y dydz? |’ (119 - 5)

Figure 1.4- Vertical edge reactions on a reciangular plate.

Dimensionless Coordinates;

Vea® _|8W () v *W (&, 1)

= ——

s 1.20 ~ a|
D 36 T 57 Bedn? (120 - )

18



Vadb? | 3°W (£, 1) . 20W (&, 7)
D an3 +ve onder | -

where v° = 2 — v, and where reference is mada to Figure 1.4.
\

The vertical concentrated force that will act at each corner of a rectan-

gular plate, as explained by Timoshenko(33], is represented by the following
expressions.

Corner Vertical Reaction:

Conventional Coordinates;

\
32W[z,y)
. szDu—yyjﬁg;f. (1.21)
J/
Dimensionless Coordinates: A
20, eW(en)

It will become clear in future chapters that general expressioﬁs for the
bending moments and, vertical reactions along oblique lines in the plate are
also needed. These expressions were also discussed with detailed derivations

by Timoshenko[33], and are given here for convenience.

:;bm M,sinzd; —2M; sina;cosa;, (1.23)

in which a; is the angle between the normal n and the z axis. In its dimen-

sionless form, Equation {1.23) becomes;
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Mnb? 2 O°W *w W .
<D 0,6 ¢z + 82 e -.—93¢afan , (1.24)

where, S
. o
8, = cosza,- + vsin“e;,
S 2
2 = sin®o; + veosay,

8z = (1 — v)sin2a;.

The expression for vertical ~dge reactions is;

W 63W W 8w
V==D|v + v gl + Vi oz (1.25)
] dz3 By @:zay- 6y6‘:':-
In its dimensionless form, Equation (1.25) is written as
" V,.a? ) ;W FPW 3w 3w |
= — |V, + V- + V- =+ V. 5 1.26
D { taes T Pons T %5eian T 4 3ean (1.26)
where,
y Ly
Vi =cosa+ (1~ u)ﬂ;z—nff,
- 2o - & )
Vy = [sina + (1 — ) S2528in2e cosasin cosasindes 2o
o : s1m
* Vi =[stna—(1-v) (sinacosZa + @—:E)j/é,
Vi = [cosa+ (1 - u)(cosdcos?.a - M"—&N/G

So far, we have looked at 2ll the basic equa.txons that will be used Lhroﬂnh-
out this work. A word about ‘the superposition method as it applies to rect-

angular plate free vibration problems will follow.
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-1.8 Method of Superposition

It has been mentioned that Lévy type solutions are easily found, and well es-
tablished for the family of rectangular plates with-at least two opposite edges

™~ A second family of rectangular plates is that.of plates for
which no tfo opposie edges are simply supported. Most of these platgs were
analyzeddby Gorpfan using the method of superposition. In this method,
two or more appropriate plate problems whose Lé‘.r_g_-)type solutions can be
obtained are superimposed, and the constants appeating in their boundary
condition fgrmula.tion.are adjusted in such a way so that their combination
provides boundary conditions similar to those specified in the original prob-

lem. " The plate problems that are superimposed are often called building
blocks.

1.7 Discussion and Conclusion

We have looked so far at the rectangular plate free vibration underlying the-
ory, and have alco stated all the basic equations for the exact analytical so-
lution of any rectangular plate free vibration problem for which the following

ha .

assumptions apply. 7 . .-

-

"
- Plate thickness is small compared to its lateral dimensions.

- For higher vibration modes, plate thickness is small compared to the
distance between nodal lines.

Al

= Lateral displacemenf W is small compared to the thickness of the

plate.
- Negligible rotatory inertia effects.

- No_significant in-plane forces. ~

Fortunately, most plate vibration problems satisfy the above assumptions

well enough for most practical purposes.
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PART B

NON-RECTANGULAR QUADRILATERAL PLATES
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Chapter 2

NONRECTANGULAR QUADRILATERAL PLATES
BASIC BUILDING BLOCKS N

"~ 2.1 Geometry of Non-Rectangular.Q>rilateral Plates

Any non-rectangular quadrilateral: plate can be divided into triangular and
rectangular subareas. . Consider for instance -the sketwy plate shown in Fig-
ure 2.1. ‘It is seen that this pldte can easily be divided into three parts, a
rectangle and two right angle triangles, 2s shown in Figure 2.2. In the par-
ticular case where @ = o a parallelogram is obtained. Ho‘.vev"er, ifas#e,a
skew plate of general shape is obtained.

As a second example, consider the‘trapezoid_al plate of Figure 2.3. This
plate can also be divided into a rectangular and two right angle triangular
elements as shown in Figure 2.4. In the particular cdf8e where o = o', the
plate becomes symmetrical, and .one need only analyze half of the plate as

will be seen in Part C of this w})r'k. If o # &', 2n unsymmetrical trapezoid
results.

[ 3+
1

<



Quadrilateral plate of non-rectangular shape.

an

1Y)

Lty

.




Figure 2.4- Division of a trapeioida.l plate.
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Other quadrilateral non-rectangular plates of irregular shapes can also
"be divided into rectangular and right angle triangular elements. 3 is there-
fore reasonable to say that a solution to the free vibration problem of any
non-rectangular plate can be arrived at if one has solutions for the right an-
gle triangular and rectangular elements, since these solutions can be Jjoined
together by enforcing the continuity conditions across the inter-segment lines.
© Therefore, it is logical to start the present analysis by introducing the ba-
sic building blocks that will be used in the solution of b‘bth; the right angle
triangle and the rectangle discussed above.

<

2.2 Solution of The Triangular Element

The first step in the superpo‘sition techniques is to select the proper set of basic
buildiﬁg blocks. Several possible choices are always available. The solution
might look somewhat different for different choices of proper building blocks,
but the final numerical results will always converge to the e;ca.ct eigenvalues.
as was discussed in Reference {35]. Advantages and disadvantages of each
individual choice may not be always obvious. Howcvef_,, careful consideration
of the minimum number of building blocks required is always a criterion.
The ease of solution, the amount of derivation required and the possibility "
of direct representation of the boundary conditions must always be taken
into consideration. However, it must be mentioned here that although the
selection of proper building blocks in general will have some effect on the
degree of ease and possibly the amount of computation involved In order
to arrive at the final results, if the set of building blocks selected properly
represents the boundary conditions of the original plate, numerical results
will always converge to the exact eigenvalues rapidly and accurately. After
careful consideration of all the influencing factors, it was decided that the
problem at hand is best represented by the set of building blocks discussed in
this chapter. As will be seen, two parallel solutfons, one using building blocks
with sine functions and the other using building blocks with cosine functions,

are discussed and developed simultaneously. It is felt that the extra work and
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effort required to develop two alternative solutions will be compensated for
by strengthening the confidence in the final results. If the same results are
obtained by two independently derived solutions, one may be reasonably sure

. of the validity, correctness, and convergence of the method.

2.2-1 Basic Building Blocks(Sine Function)

Consider the set of building blocks shown in Figure 2.5. Each plate has simple
support along three of its edges.‘ The fourth edge has either a forbidden
lateral motion and a prescribed harmonic moment of radian frequency, w, or
a zero moment and a forced harmonic displacement of radian frequency, w,
as it is clearly indicated by-the relevant edge of each of the building blocks.
Considering the first building block or plate {a), the forced harmonic moment

-

_along the edge n = 1 is expressed as;

M, b? = )
<D Z E.lmszn(mﬂ'f). (2.1)

L] n=1 m=1

The Lévy type solution for this building block is;

k-
Wl(fv ’7) = E\Elmgllm('s{nhﬁlmn- 4 Cllm3£n’71mn)'5£n(m7r6)+

m=1
o0

Z Erm812m(sinhfimn + Cramsinhyymn)sin(mn§), (2.2)
m=k~+1
J

Bim = $1VA2 + (m)2, é1 = b/a,
Tm = 61V/AZ— (mm)2  or $1v (mm)? — A2,

whichever is real. Also;

where,

'
-
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Figure 2.5- -First set of basic building blocks used in the solution of the

triangular element. ¢
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Ciim = —sinhBim/sinyim,

Cizm = —sinhBim/sinhyim,

O1im = —1/(,312msinhﬁ1m - Cum'ffmsin'zlm),
b12m = —1/(B] msinhBim + Cram¥imsinhvim). |

The second building block or Plate (b) has a harmonic lateral motion

along the edge n = 1 given by;

Wa(€,7) = > Vamsin(mz¢). (2:3)

n=1 m=1

The Lévy type solution for this building block is;

-
W2(€,n) = D Vamb21m(5inhB1mn + Cotmsinyimn)sin(mmr )+

m=1l
oo .

Z Vomb22m(sinhfBimn + C22m$inhyimn)sin(mn€), (2.4)
m=k*+1 -

where,
Caim = {65 = v8}(m7)JsinkBonm[1E + v6F () ]sinrim,
Ca2m = —[B3,, — v8i(mn)|sinhBim/[vE,, — véi(mn)?|sinhyim,
021m = 1/(5£nhﬁlm + C21m3in7lm)a
922,“ = 1/(51'71}161111 + ngmsinh'nm).

For plates (c) and (d) it is seen that their solutions are easily obtained

from Equations (2.2) and (2.4) by interchanging the variables € and 7. It is
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necessary also to recognize that the aspect ratio ¢; must be replaced by its
inverse, and the quantity A% by ¢3A2.

' i
Wa (f,’? Z Esmaalm(smhﬁamf + Cs1msm'73mf)s:n(m1rn)

m=1
oo

Z E3mbz2m(stnhfBam€ + Cazmsinhyzmé)sin(man), (2.5)
m=k*+¥

where, A
‘{‘ Bz =¢3 ¢2J\+(m“’)2 d3 =afb=1/d,

= @21/ $2A2 — () or a3/ (mm)? — $2A2,
whichever is real, and

Caim = —-smhﬁsm/sm’mma .
Caam = —sinhBam/sinhyam,
B31m = —1/ (835122 B3m — CatmYimsinTam),
B32m = =1/ (B3mSinhBom + CazmVimsinhyam).

The forced harmonic moment along the edge £ = 1 is given by;

Mndz hriod ] .
D = Z Esmsin(mmn), (2.6)
£=1 m=1
_and
X
We(&n) = ) VimBaim(sinhBam€ + Carmsinvam)sin{mmn)+
m=1
Z V4m842m(s:nhﬁ3mf + Cumsmh‘mmf)s:n(ﬂﬁﬁﬁ (2.7)
m=k*+1

.
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where,

Carm = [B3m — v83(mn)?|sinkBam /43 + vé3(mm)?|sinyzm,
Cuam = -—[ﬁ‘gm - u¢§ (mw)z]sinhﬁ;;m/['ygm - uég(mﬁ)z]sinh’mm,
Os1m = 1/(53.71}1,63111 + C41m5£n73m1

942m = 1/(5£nhﬂ3m + C42m5inh'73m)-

The forced harmonic lateral motion alongthe edge £ = 1 is given by;

Wa(€,m) = Z Vimsin(mnn). (2.8)
=1, m=l

3
-

Examining Plates (¢} and (f), it is seen that they differ from Plates (a)

_ and (b) only in that the prescribed harmonic moments and displacements are

-

enforced zlong the edge ' = 0. _Thereforé, their solutions are also obtained
from ‘Equations (2.2) and (2.4) simply by replacing 7 by 1 — " and £ by &'
Note that Plates (e) and (f) have the dimensions & and &’ and their aspect
ratio is different from that of the other four plates. Considering Plate (e), the
harmonic moment along the edge 7' = 0 is expressed as;

M,b"7? \ 2 , -
7D = E Esmszn(mﬁﬁ'). _ ‘(2.9)
=0 m=] .

nl

The Lévy type solution for this building block is;

.m=1
o0

K
Ws ('f’, T)') = Z ESmBSIﬂ;[SinhﬁSm(l - Ti’) + Cmmeﬂv‘YSm(l - ﬂ')}an(mff')

=+ Z Esmgsgm[sinhﬁs,n(l—f]')'i-

m=k*41

Cs2msinhygm (1 ~ r]’)].s':'n(mr.'f'), ‘ (2.10)
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where,

Bsm = ¢s\/A'* + (mx)2,

Ysm = 85\ X7 = (mm)?  or  gsy/(ma)? - A2,
whichever is real, and
CSIm = _SinhﬂSm/Siﬁ'TSm,

Csam = —stnhfsm, [sinhygm,
951m = “1/(652m5inhﬁ5m - CSlm""gm‘sz’n’TSm)w
. Os2m = =1/(82 . sinhBs, + Cs2m¥zmSirhysm),
¢

also, ¢s = b¥/d' = cosa/é1, X =.)[sin’e, and «is the skew angle as

~ will be seen later in this chapter.

The harmonic lateral motion along the edge n’ = 0 of Plate {f). is given «

" by;

1

o0
We(¢',0) = > Vimsin(m=g'). (2.11)
m=1]1 . .
e
- N .’/
The Lévy type solution of this building block is;
k™ b " .
Ws(&',n') = Z Vemb61m[sinhBsm (1 — n') + Cormsinysm(l = n')|sin(m= <)
m=]
o0
+ Z Vembozm[sinhBsm(1l — n')+
m=k*+1 ‘ : .
Coomsinhysm{l — n')isin(m= &', (2.12)
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where,
Cotm = (B3 ~ vé3(mm)?|sinkBsm /|7, + vdE (m)?|sinvsm,
Cazm = —[B3,, — ix?bg(mvr)z]sinhﬁsm/[jgm — v$i(mn)?|sinkysm,
be1m = 1/(stnhBsm + Cor1msinysm),
862 = 1/(sinhfBsm + Coamsinhvsm).

We now have dynamic response solutions for all plate problems of Fig-
ure 2.5. An alternative set of building blocks is obtained simply by replacing
the simple support conditions along two opposite edges of each of the above
building blocks by slip shear conditions(zero slope and zero vertical edge re-

action), as shown in Figure 2.6.

-

2.2-2 Alternative Building Blocks (Cosine Function)

Consider now the set of bu1ld1ng blocks shown )r( Figure 2.6. Each plate has
slip shear conditions along two opposite edges. The third edge has simple
support conditions. The fourth edge has either a forbidden la.teral motion
and a prescribed harmonic moment of radian frequency w, Of 2 zero moment
-and a forced harmonic- displacement of radian frequency w as it is clearly
indicated by the relevant edge of each of the building blocks. Considering the
first building block or Plate ('), the forced harmonic moment along the edge
1is expressed as; -

b2 LS '
AZD = Z Eymecos(mm§). © (2.13)

n=1 m=0

The Lévy type solution for this building block is;
X"

'L\Wm(f,n > Eimb11m(sinhBimn + Crimsinkyimn)cos(mn€)+

m=0
-4
*

~ Z E1m912m(smhﬂ1mn +C‘12msmh71mn)cos(mr6) (2.14)
m=k*+1



AN

a £
bo o ‘Wl “ole cmeT
atatalatafat
SIS IITITITI
FORCED EDGE (a)
ROTATION
n
£
ap)
P
gp) u
hH £.
J W, N o0
P £
> 28
- p)
£)
n ) T,
FORCED. EDGE
. ROTATION

£

VNIV IOV,
al‘

e ' W

O
[3)
F3)

%

o

()

Ul’)

Py ey [, R

FORCED EDGE
DISPLACEMENT

[#3

n
] ~E
4
/ i
R -
% 32
, ()
MPORCED EDGE
DISPLACEMENT
) 2z WG i .
I
..1'1‘r (f)

Figure 2.6- Alternative set of basic building blocks used in the solution, of

the triangular element.




‘The second building block or Plate (5') has = harmomc Ia.teral motion
along the edge n = 1 given by;

The Lévy type solution fpr this building block is;

"-
bl

- k=
Wa(€,n) = 3 VambBaim(sinkfimn + Czlmsm"nmﬂ)cos( )+

m=0
oo

Z Vambaom(sinhfBimn + C'g'zmsinh'nmn)cos(mﬁ-f), (2.16) .

m=k*+1
\\ v -

-

For Plates (¢') and (') it is seen that their solutians are easily obtained
from Equat:ons\(Z 14) and (2.16) by mtercha.ngmg the variables £ and n. The
aspect ratio ¢; must also be replaced by its inverse and the quantity A® must
be replaced by ¢7A%. Considering Plate (¢'), the harmonic moment along the

cdge € =1 is given by;
¢ .

M & L Z EamCOS (mx ) (2.17)

£ m=0

The corresponding Lévy type solution is;

&
i )
Wa(§,n) = ZEemgslm(smhﬁamf Ca1msinyamé)cos(mzn)+
: m=0
(= =]
\) Z E3m932m(51nhﬁ3m\ C3~msznhqumf)cos(m“n) (2.18)
m=k-+1

N
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Plate (¢') has 2 harmonic lateral motion along the edge i = 1 given by;

Wa(&,m) = Z Vimecos(mnn), (‘.'2.19)

1

and its Lévy type solution is;

. kT
fsﬂ Z Vimbaim(stnhBs, € + C41m3m’73m~.)f208(mn7’.’)
C .

t3

o0
Z VimBan sznhﬁgm{f-I-C4nmsznh73m5)cos(m n). (2.20)

_m=k*

. For Plates (E’) and (f’), solutions are obtained from Equations (2.14) and
(2.16) simply by replacing'n by 1 ~n’ and £ by &'. Note that Plates (¢') and
(f') have the dimensions 4 and a’, and that thelr aspect ratio is different from

that of the other four plates. As for Plate (c;), it has a prescribed harmonic
. moment along the edge n’ = 0 given by;

Mnb’z _ % Es,.,ncos(mﬂ’fm -. | (
@’ ﬁ n'=0 m=0

and a Lévy type solution given by;

o
[
—

“

-

= E E5m951m['siﬁh65m(l —71') = Coymsinsm(l — n')icos(mn&’) L

m=0
[ ]
L Z EsmOsam|[sinhfsm(1 - n')=
= m=k*+1 4
~ Cszmsinhysm(l — 7')icos(mn €'). (2.22)
T * 33
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"~ 2.2-3 Superposition of Building Blocks B

T e

The last building block in Figure 2.6,0r Plate (1, has 2 harmonic lateral
displacement along the edge 7’ = 0 prescribed as;

lm * y )
Vemcos(inzg'). - (2.23)
\.‘ . B

m=0

7 WS(E’a 77')

{
/

=0

n:

{
I

N
The Lévy typesolution for this building block is;

. |
We(&',n') = Z Vembsim[sinhBsm (1 — YZ’) + Cotmsinysm (1 — n')|cos(mpe’)

m=0

-

[» o]
+ Z Vsmﬁegm[sin){‘ﬁ}—g,m(l -n')+ Ce2msinhvysm,(1 — n’)]cos(mﬁf'lz.%)

“mzke '

* Variables ‘appearing in all of the 2bove equations are as éeﬁned in the
previous section. » . :

h -

One thus has dynamic response solutions available for all plate problems of

Figures 2.5 and 2.6. These plate solutions agt as the basic building blocks fé_r"'" T

obtaining solutions for the triangular plate element free vibration problem.
The first four building_ blocks afe superimposed immediately on top of each
other. Plates (e) and (f) are superimposed on top of this assembly with their
base ' = 0 lying along the.diagonal of the frst assembly and with their outer
edge n’ =1 passing through its outer corner as shown in Figure 2.7. Consid-
ering now the right angle triangular plate segment enclosed by the diagonai ‘
of the first four building blocks of Figure 2.7 and their edgeé £=1landnp =1,
we note that one distributed forced edge morent and one distributed forced
edge displacement appears along each edge of this region. Adjustment of the
coefficients ::;ppea.ring in the expression of these edge moments and displace- °
ments will allow us to prescribe either simple support or clamped boundary
conditions or a combination of both as will become clear in future ::hapters.
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2.3 Solution of the Rectangular Element

The basic buiiding blocks needed in the solution of the rectangular segment
of F:gures 2.2 and 2.4 will depend on the pa.rt1cu1ar application and the given
boundary conditions. Superposition techmques pertinent to the solution of
free vibration problems of rectangular plates are very well established and
. has been extensively discussed in References [2,3,4,35]. However, solutions for
the basic building blocks used in the application part of this dissertation are
provided in the following sections.

2.3-1 Solution of The Basic Building Blocks i

-

Attention is now given to the set of building blocks shown in Figure 2.8.
These building blocks will be used individually or in combination depending
upon the particular application. The first building block or Plate (a) has
simple supports on téo opposite edges, slip shear on the third edge while the
fourth edge has no specified boundary conditions. It is along this fourth edge
that 2 trxa.ngula.r element may be joined to this bu1ld1ng block by enforcing
continuity across this boundarx In view of these bounda.ry conditions, the
Levy type squtzon is;

W,.(¢,n) Z [AvmcoshBrm(1 - E). + Do cos*vrm(l — §&)]sin(mnn)

=]

5 Y [AmEoshBrm(l - ) + Dincoshym(l ~ )]sin(m=n), - (2.

m=k*+1

[ 3%)
[ {v)
(9]
p S

where,

ﬁrm = l\/@"f)‘g + (m“T)za

N = —-\/¢2,\2 (ma)? or ¢— (m=)? — or)‘:,

{3
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‘o

whichever is real, and >

b ¢} e & S
; = —, A2 = Ik 2 ST —_
/ » ¢r ar r ¢2 a ¢r ]

and where A,, and D,, are to be obtained by enforcing the continuity con-
ditions across the edge £ = 0. Plate (b) has slip shear conditions along the
edges £ = 0 and ¢ = 1, simple support conditions along the edge n = 0,
2 forbidden lateral movement and a prescrzbed harmonic rotation along its
fourth edge n = 1 given by;

o
oW ' /
# = Z Errmeos(maé)s (2.26)
. n=1  m= - .

The Lévy type solution obtained by enfofcing these boundary conditions is;

-
era(f:’? Z Elrmgllram[51nhﬁlrmn Cllrsm31n7lrmnlcos( )

m=0 -~ ;

Z Elrmalzram[sznhﬁlrmn "éclzrammnh'hrmn]cos( ) (2'27)—j

m-k'-&-l

whese,

61rm = ér AE + ('mz;:)z,
m = /R, or - /AT TR,

whichever is real, and

Cliram = _aiinhﬁlrm/sz-n"{lrm,
Clarsm = _3£nhﬁlr;n/5inh71‘rma
Bllram = /(ﬁlrm hﬁlrm = Cllram"flrmcos"‘!lrm),

gl.ram = 1/(ﬁ17mC03hH}'{m - Cl2rsm'71rmC05h'71rm)-

3
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element.

-

40

€

-

T




.

o

The third building block or Plate (c) has the same boundary conditions as
. Plate (b), with the exception of the forbidden displacement and the prescribed
harmonic rotation that are now along the edge n = 0, and the'edge 5 = 1 has

the simple support conditions. The harmonic rotation is given the following

* expression;

!

oW ra .
. —a;f;— Z = Earmeos{m=§), (2.28)

n=

and the Lévy type solution is;

I
I‘V:.‘:".!(ga E EQrmgllrm[sznhﬁlrm(l - 77) Cllrms"'-n 'lrm(l - T])lCOS(mTEJ
- m=0
) Z E2rm612rm[51nh:61rm(l — 7])
m=k*+1

Clz,.msznh'n,.m(l — n)jcos(mr§).

Considering now the remaining three building blocks, or Plates ('d), (c)
and (f), it is seen that they differ from Plates (2), (b) and (c) respectively in
that the slip shear conditions are replaced by simple support conditions. In

view of these changes, The Lévy type solutions are found to be

P L]
v -

W,u(€,n) = Z (AmsinhBm(1 ~ €) + Dmsinyem(l = &)|sin{mmn)
m=1 .
= =]
T ) [AmSinkBem (1~ €) + Dnsinhyom(l - &)isin(mmn),  (2.20) |
m=k~<1

4]



o

Yl

o
eru(f;’? Z Elrmgllrum[sznhﬁlrmn Cllrumszn”flrmﬂ]szn m" E)
m=]
oa
Z Elrm912rum[5£nhﬁlrm77 + Cerum3£nh7lrmn]3£n(m7'£): (2-31)
m=k~+1 ’
Kk ‘ . '
Waru(€,7) = Z Ezrmbi1rum[sinkfy,m(1 ~ n) + ClirumSinYirm(1 ~ n)]sin(m=§)
. m=1
00
“+ Z Ezrm31'2rum[5£nhﬂlrm(l - ’7)+
m=k*41
Cr2rumStnhyyrm (1 —~ n)|sin(mn§). (2.32}
where, ‘
Citruin = _Sinhﬁlém./sz.n'flrma
CI:.‘rum = _Sinhﬁlrm/s".nh"flrm:

911rum = 1/(ﬁ1rm605hﬁlrm - Cllrum?lrmcosﬁflrm)a

O12rum = l/(ﬂlrmco-ShlBlrm + cl2rum7lrrgco~5h'71nm)-

The prescribed harmonic rotations are given by;

IWiru D=
al = Y Eirmgin mm§),
n p=1 m=1
aW“ru - )
an = Z "rmszn E)' .
n=0 m=1



2.3-2 Superposition of Building Blocks

We no*.:v have available dynamic response solutions for all plate problems of
Figure 2.8. Plate (a) used alone will represent a rect;.ngula.r element with
simple support conditions and Zn axis of symmetry along the edge £ = 1 where
slip shear conditions are prescribed. Should the need arise to join another
triangular element to this rectangular element along this edge, one may do
so by not prescribing any edge boundary condition, so that enforcement of
continuity conditions becomes possible. By superimposing Plates (a), {b)
and fc) on top of each other, we obtain a rectangular element with zero
displacement and a forced harmonic rotation along the outer edges, n = 0 and
n #_ 1. By properly adjpsﬁng the coefficients appearing in the expr'essions of
these rotations, clamped edge conditions can be satisfied. For simple support
conditions along the edge £ = 1, or for anti-symmetric free vibration modes
of the rectangular element discussed above, Plate (d) is used alone for simple
support conditions along the two outer edges, and is super imposed above

Plates (e) and (f) for clamped edge conditions. o

We now have solutions for both plate elements. The next step is to discuss

the technique of joining these elements together.

2.4 Joining of Triangular and Rectangular Elements

In order to join the two\@nts together, they are put back to back as shown
in Figure 2.9. The following continuity conditions are then enforced across

the inter-segment litie; .,
1.- Continuity of displacement.
2.- Continuity of slope.

3.- Continuity of moment.

4.- Zero net vertical edge reaction.

43
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This procedure is best understood by illustrative examples as will be demon- )

strated in the application part of this dissertation.

We now have all the basic derivations, techniques, and building block
solutions necessary to move to the next chapter where the problem of the free

vibration of trapezoidal plates is discussed in detail.

- - -

)

Figure 2.9- Joining of the two plate elements.
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Chapter 3

SIMPLY SUPPORTED
SYMMETRICAL TRAPEZOIDAL PLATES

3.1 Basic Building Blocks and their Superposition

The plate under consideration is shown in -Fig‘ure 3.1. Physical considerations
dictate that all possible frc;e vibration modes must be symmetric or anti-
synn;netr:?with respect to the central axis. Dealing with each of these two
possible families of modes separately will help greatly simplify the analysis.
The basic building blocks used i;x this solution are shown in Figures 3.2 and
3.3 Solutions for these but ing blocks are available from the previous chapter.
The building blocks of .Figt_u'e 3.2
in Section 2.2-3, then joined with plate (a) of Figure 3.3 to obtain a solution

to the symmetric mode free vibration problem of the trapezoidal plate under

e superimposed in the manner discussed

study. If the triangular part is joined to Plate (b) of this figure, a solution to
the anti-symmetric mode will result.

3.2 Solution by Enforcement of Boundary Conditions

.
With the appropriate building blocks prop‘erly in place, one need only con-
strain the coefficients appearing in these solutions in such a way that the net

bending moment and the et displacement vanish along each of the outer

45



edges of the triangular region of the pia.te of Figure 3.1, creating four sets
of homogeneous constraint equations D!, M’

1 My, D3, and M} as represented .

schematically in the three term expansion coefficient matrix of Figure 3.4.
Four continuity conditions are then enfdrced along the inter-segment of the
rectangular and triangular regions. The set of equations D7 then arises from
the condition of continuity of displacergent, M3 arises from the condition of
continuity of moments, S arises from the condition of continuity of slope

across the inter-segment line, and finally the set of equations RY arises from

the condition of continuity of vertical edge reaction. Then, by requiring the

determinant of this coefficient matrix to vanish, eigenvalues are obtained.

1w

Figure 3.1- Simply supported symmetrical trapezoidal plate.

(.
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simply supported symmetrical trapezoidal plate of Figure_ 3.1.
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3.3 Satisfaction of Displacemeht Requirements

When superimposed, each of the basic building blocks

-

has its own contribu-

tions expressed in the form of.a trigonometric series. In order to be able to

add relevant contributions of different building blocks togetuer, it is necessary
I .

to express these contributions in the same type of Fourier series as will be scen

in the following sections.

-~

e
ar & an E
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bl S alo p! ti
] | '~— 7
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Figure 3.3- Second set of building blocks used in the analysis of the simply
- .

supported symmetrical trapezoidal plate of Figure 3.1.
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3.3-1 Displat':ement Along the Edge n =1

Considering Plates (2), (¢}, and {d) of Figure 3.2,.it is seen'that these plates
have no contribution to the displacement. along this edge. Plate (b) on the
other hand has a harmonic displacement given by Equation (2.3) as: -

i

-

Wo(¢,1) = Z Vamsin(mm§). . (3.1)

*

Considering Fi‘gure.3.5, it is seen that along Edge (1) orn = 1.'p" = ¢

and & = Fp¢, where F» = sin®a. The contribution of Plate (e) or Ws to
o

the displacement along this edge is found from Equation (2.10) simply by

replacing n’ by &, £ by Fu€, and n by 1.

[V
‘U\
K3l I

1

iy

T

LAV
-
t

2

(A

Figure 3.5- representation of the triangular element.
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- o ,
Ws(€,1) = Z Esmasim[anhﬁ.SmG — &) + Cormsinysm (1 = £)|sin(mrFa€)

m=1.
o0

+ ) Esmb52m[sinhfsm (1~ &)+
m=k*+]

ngmsinhqsm(l — E)]Stn(mﬂ'Fgf) (3.2)

In its present form, Ws{€) can not be added to W2(£,1) from Equation (3.1).
In order to accomplish this task, W;5(€) is expanded in a Fourier sine serjes of
the form;

L
F(§) =Y Ansin(nng), _ : (3.3)
" n=1
where A’n'ié 'given as;
R
1
An = 2/ F(&}sin(nn&)de (3.4)
0
Let,
k* ) oo .
Ws(€) = ) Bsmbsimll+ CormIl] + S Esmbsamll + CsamlIT],
m=1 ‘ mEkT+1
™ %
then:

1
I= 2/ sinhfgm(1 — §)sin(mrFy€)sin(nw€)ds.
0

51 )
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Taking advantage of the following trigonometric identity,

. .o 1 1
sin(mn F2€)sin(nng) = Ecos(mrrF—_a —nw)€ - -2-co.s(m7rFlg*+ nx)¢,

I, can be expressed as the sum of A, and A, where,

1
A, =/ stnhBsm(l — €)cos(mnFy —'nw)&de,
0 ‘

1
Az ='_/ sinhfsm (1 ~ §)cos(mx Fz + nw){d€.
0

Appendix A-I provides a list of the type of integrals used throughout: this
analysis. Performing the above integrations to find,

Ay = Bsm[coshfs,, — cos{maFy — n7)/[BEm, + (mxFy — nw)?,

Az = Bsmlcos(maFs + n7) ~ coshBsm| /B3, + (mrFy + nx)?i.
. v :

L]

The expression for 1T 'is;

»

. 1 V
II= 2/ sinYsm (1 — €)sin(mr Fy€)sin(nn£)dE.
0 .

Taking advantage of the same trigonometric identity as above, [/, can be

written as the sum of A3 and A, where,

1
Az =/ stnYsm (1 = €)cos(mnFy — nw) £d¢,
0
) . )
Ay = —[ stnYsm(l — €)cos(mm Fy + nrx)EdE.
0

52
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performing the above integration, the following results are found;

£ i # (mrFy — ),

Az = ‘YSm[COS%m — cos(mn Fy — nw)}/[(maFs — n7)? — 42,

but if A%, = (m=Fy — mr)z, then Az = szn'75m/2. ,

If 43, #(maF, +nrn)?,

Ag = Ysm[cos(maFy + n7) — c0sYsm]/[(m7Fas + nm)® — %],

corif ~Z = (mwxF>+ nw)?, then A= —SINYsm /2.

¢

The expression for II7 is;

1
IIr= 2/ $inhysm (1 — €)sin(ma Fa€)sin{nw£)de..
0 . . "- . .
Expressing this integral as the sum of As and Ag, it is easily seen that the
expression of As is found from that of 4, by replacing 85, by vsm. Similarly,
the expreSSion of Ag is also found from that of Ag by replacing SBsm by vgm.

The contribution of We(€',n') to the displacement along this edge is found
from equation (2.12) by replacing n' by &, and ¢’ by F.¢.

N\

-
W'G(E: 1) = Z Vemﬁﬁlm[SinhﬁSm(l - f) + CSImSin'TSm(l - E)]sin(ﬁz:‘ng E)
: m=1 .
- .
+ Y VomfezmlsinhBsm(1 — €)+
m=k*<+1
* Cormsthysn(l — £)jsin(maFae),  (3.3)
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which after performing the Fourier expansion can be written as;

K~ oo :
We(€,1) = Z Vem8sim[] + CoymlII] + Z Vemboom (I + ConmnI11},
- m=1 m=k*+1

where, I=A;+ A4, II=As+ A, and III= As + Ag.

We now have the contributions of all relevant building blocks to the
displacement along the édge 7 = 1 expreéssed in the same type of Fourier
series. There'fore, for zero displacement, one could impose the constraint that
the sum of the coefficients before each of the Fourier trigonometric functions
must equal zero. Or for this edge,

! . ' 4
Dy =AijEim + AijexVom + Aij 2k Bam + AijrakVim+

Aiy+acEsm + AijrskVom = AijrokAm = Aij+r:Dm = 0,

where,
Aij = Aljaokr = Ajjiae = Aij+fy = Aijere = 0.
Ajiri = 1. |

Aijrak = Osim[A1 + A2 + Cim (A + Ay))

i
A‘l',J'-é-s;C = 961”"[‘41,-5- Az -+ Cﬁlrm("i:; + A4)]’

?

bl
-

orif A< (m=)?,
Aijear = Os2m[A1 + Az + Csam (A5 + Ag)],
Aij+5k = Oo2m{A1 + Az + Coam (As + Ag)).
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This procedure is repeated for the contributions of 2l relevant building
blocks to the various edge boundary conditions,as well as the continuity con-
ditions across the inter-segment line,of the plate under study. In order to
avoid repetition as much as possible, results will be listed and only discussed
when necessary. It must also be stressed here that symbols used are uniquely
defined throughout the a.nalysxs unles#qlearly stated otherwise.

. X

. ' ~
3.3-2 Displacement along the Edge £ =1

The first three building blocks or W;,W, and W, have no contribution to the

displacement along this edge. W4 has 2 forced harmeonic displacement given
by Equat:on (2.8) as -

w .
1,m7) = Z Vamsin{m=n). (3.6)
m=1 . .

[t can be shown that along the edge £ =1, n"=nand & = 1— Fyn, where
F) = sinta.

The contribution of Ws to the displacement along this edge is obtained

from Equation (2.10) by replacing n’ by n and & by 1 — Fyn. The 1'esu1t1nfr
expression is;

Csimsinysm(1 — n)]sin[ma (1 — Fyn)]

- -
+ ). EsmOszmlsinhfsm(l - n)+
m=k~+1

Cs2msinhysm(1 — n)jsin[mz (1 - Fyn)].
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Expanding }'n a Fourier sine series of the type shown by Equation (3.6), W
is expressed as follows;

i

-
Ws(on) = D Esmbsimll + Cs1mIT]+ S Egmbsamll + Coaml11],
m=1 m=k*41

- where, I=B,+Be, II=By+Bi, IIl=Bs+Bs, andwhere,

Bsm|coshfBsmcos{mn) ~ cos(m — n — mFy)x]
Bl = 2 ] hed bl
(63m + (M7 Fy + nx)?]

Bsm|cos(m — n + mFy)x — coshfBsmcos(mn)]
-82 = 2 o ]
(82 + (maFy — n7)?] .

pa

By = Ysm[cos(Ysm — m7) = cos(mFy — m + n)x)|
(e
i\
or if '72,,., = (maFy + nr)?, then, Bj = sin(vysm + m=)/2,
5
. g Ey
\ _ _ Ysm[cos( mF/m — )7 — coS(¥5m — m7)]
. B = {m=Fy — nx)2 = 42 ] ’
or if Yem = (M7 Fy +nx)?,  then, By = sin(mx — “tom) /2.

Bs and Bg are found from the expressicns of By and B respectively, simply
by replacing Bs; by Ysm-

The contribution of Wy to the displacement along the edge &£ = 1 is
obtained from Equation (2.12) by replacing n’ by 7 and € by 1 — Fin. The
resulting equation is;
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X
WS( Z VGmgﬁlm[SznhﬁSm(l - "7)'*'
m=1
Cormsinysm (1 — n)|sin[mr(1 - Fin)]
o0
+ Z Vembsz2m[sinhfBsm(1 —n)+
m=k-+1

Cezmsinysm(1 — n)]sin[mn (1 — Fin)).

In its éxpanded form, Wg becomes:

k= o]
Ws(1,7) = Z Vembe1m[I + Co1mIT] + Z Vezm|I + CeomI11),

m=1 m=k~41

where again [ = B + B, II=B;+B; and IIT = Bs + Bsg.

This concludes the contribution of the rectangular element to the d1s-

placement along this edge. The'relevant elements of the coefficient matrix are
the following;

- Avrky = Aivkjik = Aivk ook =0,
x‘.ii+k,i+3k =1,

Airkj+ak = Ostm[By + B2 + Cs1m(Bs + Bi)),
Aitkj+sk = Oe1m[B1 + - Bo - Cﬁ.lm(B?s + B4,
orif AP« (mn)?,

Aivkjrak = Os2m[B1 + B2 + Csapn(Bs + Bs)l,
Aiskjrsk = Og2m[By + B + Co2m(Bs + Bs)).
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In order to satisfy the condition of displacement. continuity alang this
common segment, the contribution of the rectangular element is considered.

For symmetric modes this contribution is found from Equation (2.25) by re-

pla.cix}g € by zero. Since the two displacements, that of the rectangular and

triangular elements, must be the same, their difference is equated to zero.

Therefore, for symmetric modes;
: -

" Aitkivek = —€0shfrm,

AitkisTh = —COSYrm,
or if A2 < (mm)?,
Aitk,i+Tk = —COShYppm.

And for anti-symmetric modes,

Aisk vk = —Sinhfrn,,

Aitkitk = —SINYm,

or if q&;‘_’)\? < (mn)?,
:QAi+k,:‘+7k = —SinhYrm.

Next, we look at the displié'ement_ along the third edge or ' = 0.

r-\_)



3.3-3 Displacement Along the Edge ' = 0

It can be shown that along this edge,’ f =fandn=1 —E The only bulldmv
block that has no contribution to the displacement here is W5 We prowdes
the forced harmonic displacement the expression of which is obtamed from
Equation (2.11) by repla.cmg £ by €. '

d o :
0) = > Vemsin(mn). . (3.7)

-

Starting now biy the evaluation of the contribution of the frst building
block to the displacement, we find that by replacing n by 1 — £ in Equa-
tion (2.2) we obtain;

"
wi(€) = Z Eimbiim[sinhfim(l - €) + Crimsinyim(l - E)]si'n(msff)

m=1

o0 .
Y Eimbizm[sinaBim(l = €) + Cramsinhyim(1 — £)]sin(mn¢),
m=k=~+1 L — ‘

“which after expansion assumes the form;

k= %!
- W (€)= Z: Eimbum{I+ CimII] + Z Evpmbiom([l + Cl:mIIL
m=1 - m=k~+1 . -
where, I=C;+C,, II=Cy+ 84, and JII=Cs+Cs) and where,
-.‘}]
\

o

C1 = Bim[coshfBim — cos(mm — nx)]/[82,, + (m7 — nx) 2,

- C2 = fym[cos(mm + nx) - COShralm]/[:_B.fm- + (m7 +am)?),
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i i, =(m7r—nn)2, then,
» —

-

Cs = Tim[cosTih = cos{ma = nm)}f[(me ~ n7)4- o3

> or if Vim = (M7 —n7)?, Cz= $1nYim /2., andif 4] # (m7 + )t
then, ' o
) Ca = mim[cos(m7 + nx) — cosvyim|/[(m7 + nx)? - Yl
. 2 2 -
orif  Vim = (mx +nr)?,  Ci= —sinyim/2.

Cs and Cg are found simply by replacing 8., by vim in the exp.ressions of
. €1 and C; respectively.

The coatribution of Wa to the displacement é.lonv this edge is found from
Equation (2.4), which after replacing n by 1 — 5 and petforming the pI‘Op(

Fourier expansion assumes the following form; .
. oc
Wa(€) = 3 Vambaimll + Cotm Tl = Y Vambazm! + Coznl 11,
m=1 m=k* 41

where, I=C1+C2, II=C3+Cy, and {I[ =Cs~ Cs.

p .

Contribution of W; is now considered by replacing n b) 1 - ¢in Equa-

tion (2.5). The result.mg expression is then expanded in a'sine Fourier ser )

: similar to that of Equation (3.7} to obtain; \f\/
& -

k* oo i
Wa( Z Eambzim|[I + Came/ Z Eambsamii + Caam [IT -
m=1 m=k-=1 - .
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where, [ =D, +D;, II=Dz+Ds, and III =KDS < Dg, and
where, . L “-h

r.-/"l. ;
~

'Dl = ﬁ3m[coshﬂ3mcose’(n7)/ - cos(mw)]ﬁﬁ%{n + (mﬁ + nw)?,

Dy = By [cos( "r) - coshbgmcos(nw)]'/[ﬁgm‘-i- (mm ~ nw)?,

i 73m # (mw+n7)?, " then,

é

 Ds = yymeos(mr) — cos(tam + 7| /[ — (i + ),

orif 42, = (mm+ nw)?,

.

3

Dz = [cos(mx) — cos(2v3m -+ mm)]/4vzm,

PR

b4 = Yam[cos(Yam — n7) — cos(mz)|/[3, . — (mmr — n';'r)z],
_ ' &
orif 43, = (mz —nx)} E ™

*

-

D4 = [eos(2v3m + ma) — cos(mm)]/4vam.

- B
D5 and D; are now found by replacing Fa,, b% ~a3m In the expressions.of D,
! e b :
and D1 respectively. ] ,_{}3) -

2o
L=

L] \ . . .
The contribution of W, to displacement along this edge is now obtained by

considering Equation {2.7). In its expanded form this contribution is written

as; . - ’ .

* 61 T

v
Ll



k* oo .
wa(€) ='Z Vam8aim[I + CamII] + Z V4m94gm[1 + C'.;:mIII_E,
m=1 rm=k= 41

-

where, I=D,+D,, II=D3+D, and 1[I = Dg+ Dsg.

This congludes our discussion on the contributions to displacement alony

this edge. The correspondng coefficients are;
A;‘.g..zk,j = 911,“[01 -+ Cz + Cllm(c.?» + C4)11
Aitokj+k = 821m[C1 + C2 + Coyn(Ca + C-:)],. :

orif A<« (i’rm)‘*

-~

and
Ait2kj+2k = 831m[Dy + D2 + Calm(D; + Dy)], :
Air2kj+3k = 051m[Dy + D2 + Ciim(P3 + Dy,

or if ¢iA? < (m=)?, -

&
Aisok a2k =

822m{D1 + D2 + Caom(Ds + Dg)]
k

Air2kjrzk = 942m[D1 + D2+ Cazm\Ds + Dg)].

We also have,

-
Aivzky+an = Ais2r ook = Ajzok sz = 0,
"
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Aipzki+sk = 1. , N

By now, the reader must be questioning the validity of this procedure -
since W, and W, were divided by the side length a, while W3 and W, were
divided by the side length 4. Also Ws and W were divided by a’ and W,, and
W, were divided by &'. Therefore, simply adding these qua.ntit:es together

wx]I not represent the actual displacement.

. 7 <
y W1+W2+W3+W4+W5+W64#'W

a b

al

- But, if a2 correction factor was introduced, the above inequality can be written

&s5] .ﬁf'

However, these correction factors.dtd not have to be considered thus far simply
because they were automatically incoggrated within the values of Eap, Vi,
Esm, Vsm, Am, and D= Thereforé, care must be exercised when dealing
with the remaining boundary conditions.

A

3.4 'Satisfaction of Bending Moment Requirements

' The general e*cpresswn “of bending moment was discussed in Chapter 1, and
given by Equamon (. "4)
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3.4-1 Bendinlg Moment Along the Edge n =1~

Along this edge,\tlﬁ general morment equation may be writter as follows:

My _ [, LW 0 W oW 55

D 1‘19_ ez 12 g 13Qa&.an , 8
where, -

-1\/_\'911 =cos oy + usinzal,

2 2
f12 = sin“a) + veos oy,

613 = (1 - u)sin?al..

For the first building block or Wl(f,n),'al = 90°, 61, = v, 0,2 = 1/, and
813 = 0, and where,

Mol @, T
gl an?
which is the same as Equa"tion (1.18). However, along this edge, W, has

forced harmonic moment given, by;
=

o

[ &)

(==

Z Eynsin(mn). (2.9)

|n=1 m=1

Mab
alD

The second, third and fourth building blocks have simple support condi-

tidns along this edge, and hence, have no contribution to the bending moment.

For Ws and Wy, it is seen that the general c:fpréssion for the bending
moment may be written as; : -

»
@
>

-



——

where, a; = 180° — a. Also, it can be shown that if the above expression is
multiplied by 1/F3, we obtain the proper dimensionless moment Mnb%/aD.

-
-

O Mab? 1 M,

¢« oD F, oD '

where the factor ' /a is incorporated into Es,, and Vg, as was discussed
in Section 3.3-3. For each term of W5 we have1

azwﬂ\ - _
ALt . ‘ ?[sinhBom(1 - £)+
a¢! =1 - N\,
éslmsfn"/sm(l - {;')]sm(m':ngf),
é, 1]
3*W, : . )
g—!-;' = 35m951m[ﬁ5’m5mhﬁ5m(1 - E)_
n n=1
C51m'7§m31.£"75n?(1 — &)|sin(m= Fot),
3*We . .
a{,an, = —E5m851m(mr)[‘BSmCOShﬁSm(l - E)+
n=1 ' »

q51m75m50375m(1 - E)]cOS(TI;ITTFﬁ ),

sorif M« (m=)*, then,

3*Ws
a¢’?

— E5m853m(m7r)2[sinhﬁ5m(1 - E)“:‘

n=1
-

C;jmsinh'ysm(l — &)]sin(mn 3 €),
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*W . . '
afl’; = Esmbs2m|B5msinhBsm (1 —.E)-i-
n=1
Cs2mVemSinhsm(1 —.£)]sin(mr Fy¢),
and -
T
aZW ..
- 5, —Esm8s2m(ma)[Bsmcoshfsm(l — €)+
a¢&’'dn
k n=]". .
ngm'75mcosh'75m( £)jcos(mm Fo€).
Performing the proper Fouriet expansion, let, \"_\
1 . :
I= 2/ coshBsm (1 — &)cos(mn Fab)sin(n=€)ds,
0
~

then, [I=E, + Ey, [ where,

-,

1 . .
E, =f coshfsm(1 — €)sin(mxFy + nw)dE,
/0

Ey = (mzF2 + n7)coshBsm — cos(mrFs + nx)|/[82,.

and

1
E- -—-—/ coshBsm(l — §)sin(mnFy — n7) EdE,
. 0

- Bz = (mrF2 — nx){cos(maFa — nx) — coshBsm)/|82, -

Now let;
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1 .
II= 2/_ €osYsm (1 — &)cos(mn F2€) sin(nw€)d¢,
0 h ]

t.}.len, Il =Fy + E4, where,

1
E; = / c0sYsm (1 — &)sin(mnFy + nx)€d¢,
0 L
E3 = (mwF2 + nr)[cosysm — cos(mr F> + nx)l/[(m=xFy +%7)? ~ ’ng],
if 4%, =(mrF2+nm)% then, E, = stnysem/2.
And
- 1
Ec= = [ costam(1 = €)sinmfs - n)ede,
0 .
Es = (maFz — y5m)[cos(maFa — nrx) ~ cosYsm|/{(maF2 — nm)? — 42,1,
—_ _ ' .
if  ~sm = (mxFy;—nx), then, Ey = —sinvysm/2,
and if  qgm = —(maFs — n7), then 'E4 = $InYsm /2. ¢ .l

Finally, let, . 2

1
Il = 2/ coshryg, (1 — E)cos(m:Fgﬁ)sin(nﬁE)dE,
0 ‘

. then, JIT = Es + Es, where E5 and Eg are obtained from #,-and E- : |
rcspectneiy by replacing fsm by Ysm. If we now let L

T

A = —9&1-1-:(7?171')2[#41 + Az + CSlm(ﬁB + As)ls -
Azp = 951m[ﬁ§m(f11' Az) - CSLm’YSm(Aa A4, ,
Aan = —951m m-r [55m E1 E:j - C_'51m‘75m(Ea +E -+ 4)]
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orif A? < (m=)?, then let,

Aap = i CsamVem(As + A6)),
Azn = —Os52m(m7)[Bsm(E1 + E3) + CsamysmlEs - E + 6)].
.ot = [ /_m/’»m - |
: [ ,
"The coefficients of Es,, in the expression for bending moment along this
edge are given by the following equation;

Airzicjrar = —[0116341, + 612 A2, + 8:3¢5A3,]/ Fa.

“
~ The coefficients of VG,,; are n6w found from the above equation simply
by replacing 8s1m, Csim, 052m, 2nd Cs2pn BY fe1ms Coims O2m, 20d Coapm
respectively. in the expressions of A;,, As,, and A3,.. The re\c)tangula.r element
has no contribution along this edge. ’ '

-

3.4-2 Bending Moment Along the Inter-Segment ¢ = 1

Along this ihter—segment line, the bending moment generated by the rectan-
gular element is equated to the bending moment generated by the triangular
element. The first two building blocks W, and W, as well as the fourth build-

ing block Wy have no contribution to bending morments along this common -

edge. Therefore,

N\

Aitak; = Aican,j+k = Aisdiyezk = 0.

" The third building block W3 has a forced harmonic moment given by-;‘l

Equation (2.6) as:

- 'ﬁl oo - . 7
Maa?| , I
nd =5 Esmsin(mmn). \(/S.IUJ
bD T e : .
£=1 m=}

S



In order to obtain the quantity M,b%/aD, Equation (3.10) is multiplied by 2

corgection factor which can be shown .to be ¢2. Therefore,

) . _ 22
Aipak 2k = 51-

For Ws and W, the bending moment along this line is obtained using °
the general equation of bending moments about oblique lines i the plane of 2
rectangular plate given by Equation (1.24) and rewritten here for convenient

reference as;

’2
Mnb {921@’2 o

2 3w a*w
6:2 + 022 a a2 +023¢’5 Etanr}’

21 = cos’ay + vsinlas,

fag = 32.112&2 -+ k€05 &3,
- faz = (1 3 n2co, ~7

N and*where, a; = 90° — . Performing the necessary dlfferent:atlon the follow-

. ings are obtained;

N PPW o
acﬂs = —E5m951m(mw)2[sznhﬁ5m(1 - n)+
“ : .
£=1 |

. Csimsinysm(1l — n)]sin[mn(1 — Fin)],
Y

W . -

6’7’25 = _ESmGSIm[ﬁng!nhﬁsm(l - n)_'

. £=1

Cslmqgmsin'mm(l - n)|sin[mm(1 — ijﬁ,

-
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W, )
T > = —Esmbsim(m)[BsmcoshBsm (1 — 1)+ Y
n c=1 . .

W CsimVTsmcostsm(1l — n)jcos[mm(1 — Fyn)|,

orif A < (A=)?, then the following expressions result,

W, . . - .
8 ;?-s = _E5m652m(mﬁ)‘2[51nhﬂ35m(1 — 7?)+ ]
S P
Cs2msinkysm (1 = n)]sin{mz(1 — Fin)],
) N
*Ws| - o
an;2 = E5m052mlﬁgmsznhﬂ5m(l - 1’])—-
£=1
Cszn%&inh'rsm(l —n)lsin[mn(1 - Fin)i, :
} ~
. . H \i\-.,
W t
3¢'3 %] = = Esmbszm(mn) [ BsmeoshBsm(l — n)+
. ANy

Cs2mYsmcoshysm(1 — n)icosimn(1 ~ Fin}).
h |

consideration of the above expressions reveals that Fourier sine expansions for

the first two sets of de;iva.tiires are readily available from previous sections.

Expanding the mixed derivative expressi?n, we let, - - =
s
{ .
| ! ' : - . ~
I= 2/ coshBsm (1 — n)cosimn (1 ~— Fyn)|sin(nxn)dn,
o b
.70
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then, I=G;+ G2, where,

1 ' ’
G, =/ coshBsm(1l'— n)sin|mr — (m=F — nw)n|dn,
0 7 »
_ (mrFy ~ ar)[cos(mr ~ mxFy + n7) — coshBsmcos(mm)]

[B3m + (mxFy —nm)?] ’

1 - | :
Ga = —/ cbshﬁSm(l — n)sin[mr — (mrRt-nw nldn,
0

a. = (mzF, + nr) [coshﬁs,,;cos(mr) — cos{mm — my Fy — mr)]
= (82, + (mn s + 7))

Now, let;
N g
II = 2[ cosYsm (1 — n)cos/m=(1 - Fin)]sin(nzn)dn, g,
0 .. .“ht“{. H

R

then, If = G3+ G4, where,

1 -
Gj3 = / cosYsm (1 — n)sin[mmr — (mnFy — nx)nldn, -
0

(mmFy — nx)[cos(mm — maFy *+ nx) — cos(mm & Ysm)]

" Ga = . ,
3 [(maFy —nx)2 -2 ] I

,J

or if 75, = (m=F, — nw), then G; = sin(m7T ~ vsm)/2, and if yem =
(mr—TnzFl), and if  vgm = (mr—-m:rFI), then, Gz = sin(mzr+v5,)/2,
also,

—

. .
G“ = __f COSY5m — r))sin[m:'r - (mﬂ + nﬁ)ﬂ]dn, )
- 0

G4 _ (mnFy + nm)lcos(mm + 4s,,) ~ cos{mm ~ maFr— n"'ﬂ\—/ TN

(ma Fy+ nx)? ~ 4, ’



or f “Ysm = (mnF,+n7n), then, G4= sin{vsm — mn}/2.

Now let II] = G5+ Gg, whers Gs 2nd Gg are obtained. from The expressions

" of G; 4nd G, respectively by replacing Bsm by \'75/,\\

Bending moment ‘coefficients of Es5p are then evaluated and written as
shown below. The correction factor discussed earlier can Fééi?n*‘? [ Fa

for this particular situation. -

.
Il
L

Aivakjrar = —(02;03 A1, + 82240, + f2365A3n]/ Fa, .
‘where,

[
Aln =‘_851m(m7‘.).2[‘81 -+ B‘z -+ C51m(.83 =+ B4)},
Azp = Gslm[ﬁgm(Bi + ‘82) - CSlm"fgm(B:’. + -8-1)1: : t
‘Aa"’- = _951m(m7)[ﬁ5m(G'}q+ G2) + CSlm'me(G;’."‘:' G-i)l;

c

orif  A? < (inm)?

T

&

Ain = =052m(m=)?| B, + Bg + Cs2m(Bs + Bg)],

——Azn = O52m[B2,.(B1 + B) + Cs2mYim(Bs + Be)l,
' {_13:-; = —052m (M7} [Bsm (C1 + G2) + CsamYsm(Gs + Ge)..

The coefficients of Vi, are found to have the same expression as those of
A

-Esm, where A;., Aa,, and Az, are obtained from the above expressions

by replacﬁig 951,-,;, 9§2m, CSlm, and Cszm b}' 061,-,;, gggm, Ccm-_, and C.;'_v_-,,
respectively. A ' . L
: . v

i i . . .
These contributions must néw be equated to the-coniributions of the

rectangular element for which the bending moment expressiag reduces to:

 Mb [.za=w _a=ffz}- /
) = —|¢? Sr—.

[



This is equivalent to M,.57/aD since a factor of 5/q has already been-built
into Am and D,,. Considering first the symmetric modes;

o

32W,. o L L f .
5¢ z = [AmBncoshfB,m — D vimeostemsin(mnn), )
- ! E=o
: . ‘%2Wra 2 . . ; -
) : 32 = —(mn)*[{AmcoshBrm + Dmcosyrm|sin(mmn),
< - 7 £=0 -
. orif ¢*A2 < (mn)?,
) .
a*w e
8{;'2” = [Amﬁrmcos}zﬁrm + Dm'Yrmcosh'Yrm]S:n( 7]):
=1=0 ' -
W,
3 = - = —(mn)*? [ mCOShf,m + Dmcoshy,msin(man).
] 7 =i=0
Te F
And therefore, . S
-9
“-_-'_‘-' -’1£+4k,i+6k = d’fﬁfmcoshﬁrm - V(mﬂ')zcosflﬁrma

Aivakisrk = ?r”frmcos'Yrm - V(/"- COS’I,-m,
e .

- Torif, @A < (mx)?, then, . :
AisikisTh = O3V C08hYy, — V(mn‘):cosh'rm-\_f\-
- g - o> . )
- -
vote that the mgns of the above coef'ﬁments have beeén -changed so that they

can be added to the relevant coeﬁicxents from the triangular elemesnt and
their sum equated to zero. In the

case of the a.ntx-symmetnc modes these .
- ' cgﬁ)fﬁcmnts becorie, )



)

Aitakiver = ¢3ﬁfms£nhﬁ,.,,3 ~v(mrysinhf;m, -

2o
LSt Yem,
&

orif @222 < (mw)?, g ‘ s

-

Airarivtk = — 9272 SinYrm — v(mx)

. ” . a .
-‘4£-§-4k,i+7k = ¢;73m81nh"(rm s V(m""—)hsznh'Trm;
AE -4

Consideration is next given to.the third edge where ' = 0.

C

3.4-3 Beading Moment Along the Edge 7' =0 -,

For the first fou§uilding blocks, the expression of bending moment at any

point along this*®ge may be written as;

.
-

~»

¢
M2 . W al s 3w
=—18 5y ——8 ] -‘%933' .
2D 3191 9¢ez 32 n O:asan
where, )
831 =cos%az + vsin®as, oot
832‘_-- sin®ay + veosias,
b2z = (1 - u)sin'.!ozgf
and where a3 = a. - -
Considering now the first building block W;, and performing the neces-
sary derivations, the followings are obtained;
8:W1 L . .
—_ = -—E;,.,..Sum(m:r]:!‘st'nhﬁlm(l - &) . <«
ag* - .
1']'=0 ) %_ 1 '\‘\_
- Climsinyim{l = & sin{m= ¢,
- . 74
\
\ .
-
\ Q-
) ’
/



3w,

= Elmallm[ﬂlzm5£nhﬁlm(l - f)— -

2 -
dn pimo
C11m‘7fmsin'71w(1 - &)|sin(m=g),
a*w
Bfa; s = E1m911m(mﬁ)[ﬁlxmcoshﬁlm(l — &)+

Cllm'flmcosqlm(l - E)]cos(m'zﬁ),

corif A% < (mw)?, thenm,

62W Ll .
ale = —Eymbiam(mm)3[sinhfim(l = &)+
n'=0
Crzmsinhmim(l = §)lsin(m=g),
32w, ’ . . .
an? = E1m612m[ﬁ1m31nhﬁlm(1 - E)"’
72
n'=0
Clgmqusinhqlm(l — &)}sin(m= &),

3w, ‘
== = E\mbiom(m7) [Bimecoshfim (1 — £)+
oLon| . —

Cr2mY1mc0shyim (1l — €)|cos(m=£).

It is seen here that only the mixed derivative expression needs to be expanded
in a Fourier sine series, for Fourier expansions are readily available for the first

two derivatives. Let;

=1
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v

1 .
I= 2/ coshfiim (1l = €)cos(mm€)sin(nn€)de,
0 - ’ . ’ .

then, [I=H; + H., where, -~

T
-

1 ’ _ .
H, ,=:i]" €oshBim (1 —,&')Sin(i’n';’r +nw)EdE,
0 -

(m7 + nw)[coshBim — cos(mm -+ nx)] .

H = -
‘ (63 + (ma + )] 7
- and
1 ,
H, = —/ coshfBim(1 — €)sin(mn — n7) £dE,
0
H. — (mx — nﬂ[cos(m:r — n7w) — coshfBm]
) (Bim + (m7 — nx)?]
Now let;

1
II= 2/ cosVim(l ~ €)cos(mn€)sin(nx€)dE,
0
then, JII' = Hz+ Hy, where,

1
Hy = f cosV1m (1l — &)sin{mr + nn)EdE,
0 .

Hy = (mrr}i— nw)[cosY1m — cos(mm + nw))
(G + ) — 2,

?

orif 4f,=(mr+n7)? then, Hs=sinyim/2, and
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1 .
Hy= —/ c05Y1m (1 — €)sin{mm — nxw)EdE,
0o .

. = {m=n - nw){eos{mm — n7) — coSYim]

[(ma = n7)? — 4]

1

Qr_‘if Mm = (mr. — n7w), then, Hy = —sinyim/2, andif =, =

ilm
“(nw —m=w), Hq=sinyim/2. The last term is;

1 H
1r = 2/ coshy1m(1 — €)cos(mné)sin(nm)dE,

or, III= Hs+ Hsg, where Hs and Hg are obtained from thc expressions

of H; and H- respectively by replacing 81m by Yimm- Therefore the bending
moment coefficients of Fy,, along this edge are;

Airsk; = — (03107 A1n + 03240, + 02201 Aznl,
where, -

Alﬂ = —-Hllm(mn) [C - C2 C}_Im(CS + 04)]
= Bllm[ﬁlm(cl C") cllm’Ylm(CS C4)]
Azn = Enm(m‘ﬁ)[ﬁrm( 1 +H+2)+C11m71m(H3+H4)‘!3

. 2 o (i)
and if A% < (mw)~, then, /\_

‘.'.

~
L

Aip = =012 (mx)?[Cy = Ca + C12m(Cs + Cs)l,
A2n = 912mw§m(c1 +Ca) + Cwm"hm(cs Ce}l,
A?m. = 912m(mﬁ)[ﬁ1m(Hl + H”) Cl:m flm( 5+ IIG)

The bending moment coefficients of Va,,, along this edge are found to have

the same expression as those of E,,, where 41, J‘i’)_n, and Az, are obtained «

~
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by replacing 811m, Ciim, 812m, and Cizm by 921m: C21m, G22m, 2nd Ca2m

respectively in the above equations.

Performing the necessary partial differentiation on Ws, it is seen here
also that appropriate Fourier expansion are reédily available from previous
sections for the second partial derivative of Wy with respect to £ as well as

with respect to 7.

- ..’,.-
8*W,

862 _=. E3m931m[ﬁ§m5£.nhﬁ3m£-

n'=0 S

Calmqg;'s{nqgmﬂsin[mﬁfl - E)],"

92 '--, .
Bﬂ = —E3mla1m(m=)*[sinhf3m &+
o, .
= . -

Carmsinyamé]sin[m=(1 — £)],

o

b -

9-Wsy
8€&dn

leta’=0

= E;émgiilm (m"-')[ﬁ3mcos-hﬁ3m &

CatmY2mc05Vsm Elcos|mn (1 — €)1

And if é‘i‘.}«: < (mf;jz, then,

- "‘-. aEWS
agz

- = Eambaoin(B3,5inhfamE+
n'=0

A ‘ CazmY3mSinhyam]sin[m= (1 - )

78



-

2
aaH:;; = —Egmﬂggm(mz)z[sinhﬁgmf+

|
. Cazmsinhyam Esin|mn (1 ~ £)],

<
3w
3 = E3m032m (mﬁ)[ﬁ3m‘:05hﬁ3mf+ N
aon! o
q =

Ca2mY3mcoshyam&|cos|mm(l — £)].

Expanding the mixed derivative in a Fourier‘sine series, let;

et

L.t et _
I = 2/ coshfambcosimm(1 — £)|sin{nw)dE,
0 . .

then, " I =P, + P,, where,

1
P v=l[ coshfzmEsin|mn — (mm — mr_)_f]dfj
0 v -

mr — nx)[coshBamecos(nm) — cos(mm)] =
(B3 + (mm — nn)? T

P =_‘(

ang ‘
. L v-F:- o
Py = —/ coshfzmbsinimn — (mn + nx)£]dE,
0
P, = (ma 4 nnYfcos(mm) — coshBamecos(nr)]|
P B2+ (i + ) ?]
Now, let; [
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" .

Vorif  vam = {mm <+ n7), then,

1
II= 2/ cosvamEcos(m (1 — €)]sin(nmE)dE,
. 0 . .

-then II= P+ P4,. where,

1
Py = f cosramEsinmaT — (m7 - nw)gld, -
. 0 :

pu = (= nlleostor = ) = costnn)]

[(mr nm)? ~ Yiml

Butif ~i, = (mz = nx),  then,
s @

Py = [cos(m=m ~ 2v3m) — cos(m=)]/4Y3m,

orif vyam = (n7 —mx),

Py = [cos(mw&—- cosfmnm + 293m)]/4Y2m.

) ~

Ancll"'ﬁ".' .
/ cosYamésin|mm — (mw -i-/n:r) €ld¢,
m7 + nxw){cosmm — cos(nT + Yapm )]
mP4 )
- . 17 [(mn‘ -+~ nT )‘ - '73m]

P, = [cos(rr‘wr) = cos(mm — 293m)]/4vam.
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- -Fj'\;

" The remaining term is now written as;

1 .
III = 2/ coshyam€cosimn(1 — £)|sin(nm)d¢,
0

where IT] can be expressed as the sum of Ps and Pg, and where P; and 7,

3
are obtained from the expressions of P, and P, respectively by replacing Iz,

by v2m. The coefficients of Ej,, in the expressioft of bending moment along

thls edge are then;

 Airsk ok =,__—[931¢¥A in + 832 Ao + thetaady Asnl,

-,

: ‘Vhereﬁ‘\ i 4

Aln,= 831M[ﬁ§m(D1 +D2) - CSlmﬁrgm(D-? + D")]?
Azn = —031m(m7)?[Dy + D2 + Cayn(Ds + Dy,
Az, = 931m(mw)[ﬁ3m(f"1 + P:) + Calm'TSm(PE -+ P.:)],-

orif @7iA% < (mm)?, then,

Aln = 032m 1855 (D1 + D2) + Cazam~3m(Ds + Ds)],
Asp = —632m(ms'r)2[D1 Dy + C3"‘m(D5 Dﬁ)i’
. A = 932m(mn)[63m(P1 P") + C32m'73m(P5 + PG]} .

. {
The bending moment coefﬁments of Vim a.Iong this edge are found to have
the same expression as those of Ein, where Alny A2n, and A, are obtained
from the above equatlons by replacing 831m, C31m,F32m, 2né Canm by O4im,

Ciim, B42m, and Cy2m respectively.

The fifth building block or Wy has a pre5crrbed harmonic bending moment

along this edge as given by Equatlon (2"9) and written*here for convenient
reference



M,b"? & :
) = Z Espmsin{m=§).

n =0 m=1

The correction factor is found to be 1/F,, and hence, the coefficients of Esp,

are;

Aisskitar = 1/Fa.
,
The remairing building blocks have no contribution towards the net bending

moment along this edge. Therefore, g 3

Airsk¥ sk = Airskj+ex = Airskj+rk = 0.

It remains to satisfy the conditions of continuity of slope and continuity
of vertical edge reactions across the inter-segment line. The condition of
continuity of slope is discussed next. )

3.5 Satisfaction of The Condition of Continuity of Slope

The slope is obtained by considering the first partial derivative of the shape
function with respect to the 2ppropriate variable. In general, the slope in the -~ -
direction of the normal n is expressed as; a

— .t — —

an 8y dn ' 3z dn’

Reference is made to Figure 3.6 where it can be seen that dz/dn = coso and

dy/dn = sina. Therefore, ~—

s

aw  ow W
-_—= —— + ——sino.
an oz cosSQx ay Sina
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" For the first four building blocks & = 0 since the common edge is normal to

the z or € axis. Hence, the slope is simply the first derivative with respect to
£. For the first building block W; we have;

-

oW,
9¢

= E1m811m(m7)[sinhBimn + Climsinyimnicos(mn),
£=1

orif A? < (mw)?, then,

ol

W,
3

= Eimbr2m(mm)cos(mn) [sinhf1mn + Cramsinhyimn).
§=1

s
N
=

Y

Figure 3.6 boundary at an angle.
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&
performing the necessary Fourier sine series transformations to find the co-

efficients of E,,, for normal slope across this common inter-segment line to
be; "

‘
Airgr; = Gum(mw)cos(msr)[D,l = CllmD:ﬂ]:

orif A% < {mm)?, _ -

A::+6k,j = Blfm(mﬂ')coa(mﬁ)[pal - Clsza:i]a

1'-
where, . .
2nmeos(nw)sinhfim
D,’I = — 2 , ” ?
[Bim + (n7)?]
D 2nmeos(nm)sinyim
2= 2
’ [¥im = (n7)?]
2nmeos(nw)sinhym
Dy = -

[¥im + (n7)?]

Similarly, the coefficients of Vo are found to be;

Aisekj+k - 821m(mm)cos(mn)[D,; + Cz1quazl,

orif A% < (mm)?,

Aivek,j+k = b22m(mm)cos(m=)[ D, + Coapm D,3).
Considering now the third building bﬁlock W, the following}. derivatives

are obtained; g

W - -
_aE_S = E3m931m[ﬁ3mcos}7-ﬁ3m+

£=1
CSlm'Tamcos'TSm]s{n(mﬁ"?):
orif &IA? < (mm)3,
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Q_
: aw.
- —é'f—s " = Eambsom[BamcoshBam+ . - ~
4 £=1 .

Caz2mYzmcoshyam|sin(mmn).

It is seen here that the above expressions have the form of a proper Fourier sine
series, and therefore, no expansion is necessary. Consequently, the coefficients

of E3m in relation to the slope are found to be;
Aitek,i+2k = 031m[B2mc0shBam + CaimYamcosVam),
orif &1\ < (mw)z,':

Airekit2k = 032m[B3mcoshBzm + CazmY3mcoshyam].

Simila:rly,_thg coefficients of V,, are found to be;

Aireritak = 041m[BamcoshBzm + Ci1m3meosYam ),
orif @1A? < (mm)?,

Aitek,i+zk = Oa2m[Bameoshfam + Cizmamcoshyam)]-

The contributions of Ws and Wg are now considered. We start, by ex-

panding the proper derivztives in appropriate Fourier sine series to find;

'Ai+'6k,31+4k = F21 A%, + Fa0Azg,

where, F2; = cosazsina, Faz =sinas/cosa, and where,

Ain = O51m () [Eoy + Esz + Cs1m(Es3 + E.4)],
X Azn = =051 [Bsm (Fo1 + Faz) + Cs1mVsm(Foz + Faa)l,

orif M? < (mm)?,



Ain = 8s2m(mw)[Eqy + Eu2 + Csom(Ess + Eqg)], ™
A2n = —852m[Bsm(F. 51 + Fa2} + Csamsm(Fos + Fag)]-

Also,

~-

"Aitek,je5k = Fa1 415 4 /-zzf‘mm

where A4,, and A.,.are obtained from the above expressions by replacing
O5tm, Csims O52m, 20d Cszm bY Og1m, Corm, fezm, and Co2m respectively.
Furthermore, the values of E,; through E,s are found from the coefficients of

the Fourier expansions to be;

[Bsmsin(mwﬂ—- mn'— nn) - (mrFy — n'ir)smhﬁs,ncos(m'r)]

[68m + (maFy — n)?] . ’

Eal =

B, [(m=Fy + nw)sinhBsmeos(mn) — Bsmsin{mnFy — mx + nw)
a2 : (8%, + (mnFy + n7)?] ’

[cos(mm — 7/2 — mrFy + nﬁ) ~ cos(Ysm + mx — 7/2)]
Ea3 =
_ - 2[(mxFy — n7) + Ysom]
_ lcos(vsm — m7 + 7/2) — cos(mnFy — nx — mx + 7/2)]
' 2[(maFy = nx) — vs.m)

1

i ysm = (maFy —nx),

. 1.
<. En= Eszn(qsm -mu +7/2) +

cos(mm — Ysm — 7/2),
Ysm
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orif Ysm = (n7m — mnFy),

E,z :ESin('YSm - mT — 7"/2) + _COS(TT/2 - 75m — m:.'),

I5m _

also,

B = [cos(Vsm + m7 — 7 /2) = cos(mm — mxFy — nx — 7/2)]
“ 2[(mnxFy + nw) + Ysm)
. lcos(maFy'— miw + nar + 7/2) = cos(Ysm ~ mx + 7/2)]
b ) T s
. [(m7Fy + n7) ~ s5m]

orif 4sm = (m=xFy + nm),,

cos{mm + Ysm — 7/2}.

1 .
= —sin(mnr — -7 /2) +
Ea-t 2 ( Tsm /) 2’75"‘

E,5 and E,s are found from the expressions of E,, and E,» respectively by
‘replacing Bs. by Ys5m- '

Similarly, it is found that,

——

P BsmsinhBsmeos(mm) — (mrFy + nw)sin(mn — ma Fy, — nx)
al = -

b

Bi,, + (m7F; + nw)?

P (mmFy — nx)stn{mar — maF) + nxw) — Bsmsinhfsmcos(mx)
2 B2, + (mnFy + nm)?

¥
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sin(mnF| + nm, — m7) — sin{ys,, — mx)
2[{maF1 + nw) — Y5m]

. Sin(Ysm + mw) = sin{mx — ma Fy — n7)

v - 2[(maFy + nw) + Y5

Fo3 =

and

4

sin(Ysm — mn) — .sin(m:rFl —n% — mn)
2[(m7Fy - n7) — Ysm)

Fa4=

sin(mr — mxFy + nw) — sin(vgm, + mn)

k]

2[(maFy — n7) + Yspml

or if 42, = (mnFy — nx)?,

1 . ( ) 1 3( ) .
sin{mm — =y — =cos{Y5m — maT).
2 S 5m 2 5

‘ Fa4=

Here also, F,s and F,¢ are obtained by replacing s, by vsm in the txpressions

of Fy1 and F,» respectively.

Adding up all six contributions results in the net vaiue of the slope taken
normal to the inter-segment line. If this slope is to be continuous across this
line, it must be equated to W,,/dn in the case of symmetrical modes and to
oW ., /0n for anti-symmetric modes. It can be shown that, |

Wy _ OW., o,
on N ¢1.
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The same is true fo 8—?'&‘-1. Evaluating the above derivatives to have; '

oW,, ) : X
T = ~(AmBrmsinhfem — DinYrmSinvem)sin{man),
§=0
W, :
—_ Y = =(AmBrmeoshfrm + DmYrmC0SYrm)sin(man),
£=0

of if  ¢2ZX% < (mw)2%, then,

oW, :
‘a—ga . = _(Amﬁrmsz-nhﬁrm,‘*‘ Dm7rm5£nh’7rm)5£n(mﬁn)s
£=0 ’
oW, .
8Eu = —(AmﬁrmCOShﬁrm -+ Dm'?rmCOSh'Yrm)szn(mW"?)-
£=0

Changing sign, premultiplying by the proper correction factor, then
adding to the net contribution of the rectangular element and equating to

zero, the coefficients of 4,, and D,, are found. For the case of symmetric
modes,

' . é.
Ai+6k,i+6k = ﬁrmsznhﬁrm?ﬁ
. . — ; &,
A:+6k,:-§—7k = - ersznﬁrma-
Awmd for anti-symmetric modes,
A . =8 R
t+6k,i+68k = FrmCO0StJrm P
A . = 13
146k, i+7k = TrmCO0STrm 1!
orif ¢2A2 < (m=)?, then for symmetric modes,
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- b év
Aitek,i+7k = Trmsinhyrm s,
and for anti-symmetric modes,

Ai+6k,i+7k =Trm COShAfrm 'g':' .

»

Next, consideration is given to the condition of continuity of vertical edge

reaction along the inter-segment line.

3.6 Satisfaction of the Edge Reaction Continuity Condition

In general, the vertical edge reaction is given by equation 1.26. However, along
the inter-segment line, for the contributions of W, through W, the normal

direction coincide with the z or £ axis, a.nd'nherefore, Equation 1.26 reduces
to;

V50.2 _ 83_W . 7 33W
D | agr T $tagant|

Performing the required derivations for W, to find;

W . S
3531 = —Eimb11m(m7)?[sinhBimn + Crimsinyimn|cos(mn),
Ti=1 =
aswl o . 2 N
EYERE = Ermb1:m (M) {81 sinhBimn — ClimY iy, sinyimy]cos(m=),
S
=1




3w,

- = —E1mbiam(ma)3[sinhBymn + Cromsinhyymncos(m=),

3
aE ri=1
83W -~ . ” . N
12 = Eymb12m(m7)[fimsinhBimn — Cram¥imSinhy1mnicos(m=).
d&dn -

The coefficients of E,, in the expression of vertical edge reaction become;
Air7r; = —(A1n + ';_fA2n),

where,

Aln = —811m(m7r)3COS(m‘iT) (D,1 - CanJQ),‘
A2n = 61]:m(m7r)cos(mﬁ) (16§mD:1 - Cllm'.f?mDs'.‘)s

"

and if A2 < (mm)?,

Ayp = —thetayam(ma)3cos(mn)(Dy1 + CramDaz),
Aazn = 012m(mr)cos(mn) (B3, Day + CramVim Dsz)-

The coeﬁié:ents of Va,, are now evaluated, and found to have the same
expression as those of £y, where A1, and Az, are also found from the above
equations by replacing #11m, C11m, 012m, and Ciz2m by O21m, C21m, f22m, and

Coam respectively. Considering now the contributions of Ws we find;

8 W,
IS

= 3 2 ; —
- E3m831m[.83mcos‘hﬁ3m - c31m’73m50373m152n(m“’7)r
1

91



~3

W4
a&dn?

.= _E3m631m(m7)2[16373505h163m + CE’é»!m'TEmCO.S'YBm]an(mWn)s
£=1 '

or if ¢3A? < (mn)?,

Fead’ % X )
5 533 = E3m022m|83,c08hB2m + Cazm 3 c0shvam sin(man),
em1 .
83w, , .
EYERS: = = E3mb32m{mn)*[BamcoshBam + CazmTamcoshyamsin(mmn).
¢=1

And the coefficients of Vam in the expression of vertical edge reaction are;

Aisskizor = —(An + -;—%—A:n),

where, . o

3
An = 931m(ﬁ3mco~9hﬁ3m - CSlm'ngcos')'Iim)a

Azn = =031m (m7)* (BamcoshBam + Carm2mcosvam),

e

orif $iA\? <[mw)?, then,

Ayn = 832m(83 coshfam + Ca2mYamc0shvam),

Azn = =32 (mm)*(BamcoshBam + Ca2mY2mC0shYam).

Consideration of the contribution of W4 shows that the coefficients of Vi,

have the same. expression as those of E3pm, where A1, and 4., are obtained
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by replacing 833m, C31m, 832m, 20nd Ci2m in the above equations by 04;.m,.
Caim, Ba2m, and Cya,n respectively. '

Attention is now given to the contributions of Wy and Wg. Starting by
performing the necessary derivations the followings are obtained,

8°Ws
agr

1 = —Egsmlsim(mm){sinhBsm (1 — n)+
=1

- Csimsinysm(l — n)lcos{m= (1 — Fin);

W, ‘ :
3 ’35 = —ESmBSIm[ﬁngOShﬁSm(l_77)_
L P L |
Cs1mYe,,c05V5m (1 — n)jsinim=(1 — Fin),
O*Ws Esmbs1m(mn)?[3 hBsm(1 — )=
o2 o = LsmUsim|\MT 5mCoSnPdgm|Ll — 1)+
g&“an’ =1
Cs1m¥smcosysm (1l — 7)lsin[m= (1 — Fin)],
W,
3| = Esmsim(mn)(85,5inhBsm(1 - n)—
! 2 m
dE'3n 1

CsimYemsSinvsm(1 — n)]cosimz (1 — Fin)!,

and if A? < (ram)?,

W
a¢rs

= —Esmﬁsgm(mﬂ)a[sinf_&ﬁsm(l - 17)+
=1

~

Csamsinhysm (1 — n)lcosimm(1 — Fyn),
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= —Esm0s2m[85,coshBsm(1 — 1)+

3
aﬂ’ £=1 .
Cs2mTemc0shasm (1 — n)]sin[m= (1 — Fin),
W .
5 = EsmIsom(mm)*[BsmeoshBsm (1 — n)+
8o’ - o
Cs2mYsmecoshysm (1 — n)|sin[m=(1 — Fin)],
83W5 4. )
Py = Esmbsam(mn) (85, 5tnh8sm (1 — 1)+
gon|

Cszm'ygmsinhﬁsm(l —7n)lcos[mm(1 — Fin)l.

Approp'riat;: Fourier series expansions are readily available for all of the 2bove

derivatives from previous sections. Substitution into Equation 1.26 leads to - -

the following expression for the coefficients of Egpm, '
Aivtkjrar = —(Vidin + Vadon + Vada, + Vidg,)sine,
where,

Atn = —051m(m7)*[Esy + Eg2 + Csim(Ess + Eaa)l,

Azn = ~851m |88 (For '?'_Faz) = Csim ¥em(Foz + Fuu)l,
Asn = 851m (M%) [Bsm (Far + Foz + Csim¥sm (Faz + Fug)],
Agn = 51 (m7) (B2, (Es1 + Ej2) — CsimYom(Ess + Eq4)],

orif A? < (m=)%, then,



Ay = =852 (m7)3[Es1 + Eg2 + Csom(Eas + E.6)l,

Azn = =052 {03 (Far + Fy2) + Cszmi’m(F,s + Fye)]s- -
Azn = 852m (m7)?[Bsm (Fa1 + Foz + Csom¥sm (Fos + Fag)],
Asn = 052, (m7) (B30 (Es1 + Eo2) + Cszm e (Ess + E)].

Here also, the coefficients of Vi, are found to have the same expression as
‘those of Es,, where, Ay, through A4, are foend by replacing fsim, Csim,

f52m, and Csapm by fs1m, Csim, Og2m, and/Ceom respectively in the above
Equations.

Turning to the contribution of the rectangular element, Equation 1.26
reduces to the following; )

-

P LA

Vea® [a%v

D:

LW 1e?
3¢ T eacant | &t

Evaluating the necessary derivatives to obtain;

W, . . ‘
ae3 = —(AmBimsinhfBem + Dmimsinem) sin(mmn),
£=0 X
W, . _ e
3¢n? = (m7)* (AmBrm$inhfem — D YrmSiny,m)sin(man).
Y
Sw
aaE:;u = "(AmﬁfmCOShﬁrm - Dm'}ffmcosvrm)sin(mxn),
£=0

a5 \



-

-~

= (m7)*(AmBrmcoshBrm + D Vrmc0sYem)sin(mnn),

and if A7 < (m%)%, then,

33w, . . )
863" = —(AmB° _sinhfB.m + Dmtrm 3.smh'y,.m)sm(m7rr_;),
£=0 '
aaw,., N 2 - . . .. .
320 = (m7)*(AmBrmsinhfrm + Dntrmsinhy, ) sin(mmxn),
aswru a , 3 .
863 _(Amﬁrmco‘s}lﬁrm e Dm'frmCOSh'Trm)SIn(mﬂn):
£=0
aawru 2 . ' . .
3ean? = (m7)*(AmBrmcoshBrm + Doryemeoshyem)sin(man).
{=0

It is clearly seen here that the above derivatives have the appropriate form
of a Fourier sine series and can readily be used to evaluate the coefficients of
Am and D, which are found to be as follows;

. L e
Aiwtrisor = (A1n + ﬁ-gr‘::n);;%;

and
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' Lt &3
Aivzkisme = (Azn + 53 440) 55,

©

where for symmetric modes,

Aip = ‘"‘Bfm\s{nhﬁrm$

Azp = (mﬂ') 2ﬁrm55nh,ﬁrma

3 .
Azn = =TSN Yrm,
- 2 . ~
Agn = —(mn’) Trm St Yem, -
and for anti-symmetric modes, .-
-

Ain = —ﬁfmCOShﬁrma
Azn = (mﬁ)zﬂrmcos}’-ﬁrm1
Azn = 72 C05Yrm,

Ay = (m‘;‘—) Z’YrmCOS“frm.

However, if A2 < (m=)?, then for symmetric modes,

— 3 y
Azn, = ~Vrm SR Yrm,

Agn = (m:-.')z'y,msinh'y,.m,

and for anti-symmetric modes,

Azn = —qngOSh’Trm:

he]
Aan = (Mm7)*YrmcoshYrm.

97



3.7 Generation of Eigenvalues and Mode Shapes

T

All the elements of the coefficient matrix of Figure 3.4 are now available as
a function of ithe eigenvalue A%Z. The problem is now an ei'genvalue problem.
A trial value of A? is now assumed, and the determinant of the coefficient
matrix is evaluated. The assumed eigenvalue is then incremented, and the
corresponding value of the determinant computed. This procedure is repeated
until an eigenvalue that causes the determinant to vanish is found. However,
not all eigenvalues found in this manner result in vibratory motion. Some of
them may represent trivial solutions, in which case the resulting shape would
have zero dxsplacement These eigenvalues will be discussed further in Part
D of this thesis. Once a genuine eigenvalue is determined, then one of the
unknowns in the shape function is set to unity, say Eimm =1form = 1,
and the set of equations is then solved for the remaining unknowns.” Once
Eym through D, are found, the shape is then easily generated. Program I'in
Appendix A-II is designed to perform these tasks. This computer program,

as well as the computed eigenvalues and mode shapes for this problem will be
discussed in details in Part D of this dissertation.

3.8 Alternative Solution (Cosine Function)

’ bl
A set of alternative building blocks using cosine function solutxons was dis-

cussed in Section 2.2-2, and is shown here in Figure 3.7 for convenient ref-
erence. An alternative solution to the free vibration problem of the simply
supported symmetrical trapezoidal plate is arrived at by using this set of
alternative building blocks. This solution is sometimes referred to as the co-
sine function solution, and was developed not to duplicate the work that has
already been done and discusse-d, but to demonstrate the validity and conver-
gence of the superposition method in solving this type of dynamic .problems
as will be discussed in more detailed manner in Part D of this manuscript.
However, since the same procedure and techniques usedin the previcus solu-
tion applies here, and in order not to be repetitive, details of this solution are
not being given here, but are shown in Appendix A-III for completeness.
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Chapter 4

FULLY CLAMPED
SYMMETRICAL TRAPEZOIDAL PLATES

General

OG-

Steps and techniques that constitute the basis of this work were outlined in

Chapter 2. As the first application to these techniques, the simply supported
trapezoidal plat.é'ﬂa; discussed in Chapter 3 where the reader was exposed,
first hand, to the implementation of these techniques by clearly explaining in
details the steps involved. As a second application, we now consider the case

of the fully clamped symmetrical trape_;qidal plate.

4.1 Basic Building Blocks and their Superposition )

Reference is made here to Figure 4.1 \;rhere as discussed in Section 3.1, due
to symmetry about the central axis, all possible free vibration modes must
be symmetric or a.ntz—symmetnc with respect to this axis. Each of these two
possible families of modes will be dealt with separately. The basic building
blocks used in this solution are shown in Figures 4.2 and 4.3. It is clear from
Fxgure 4.2 that bu11d1ng blocks used in the solution of the triangular element
of the simply supported case are also used here for the fully clamped case.

Therefore, the solution of the triangular element is readily available from
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Cﬁapter 3. _'".Iiir.owever, instead of adjusting the coefficient appearing in t-his
solution to have zero net moment,along the edges n = 1 and n' = 0, they are
adjusted for zero rgtation‘along-these edges, the requirement of zero displace-
ment remaining unchanged. On the other hand, two new building blocks.
(b) and (c) for symmetric modes, and (e) and (f) for anti-symmetric modes.
are required on:-top of those of Figure 3.3 for the rectangular element to re-
place the simple support conditions along the relevant edges by clamped edge
conditions. Soluticns for these building blocks were discussed in Chapter 2.

1)

Figure 4.1- Fully i:lg.mp_g_d symmetrical trapezoidal plate.
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4.2 Solution by Enforcement of Boundary Conditions

Having placed all appropriate building blocks properly in place, we only need
to constrain the coefficients appearing in their solutions in such a way that
the net rotation and the net displacement vanish along each of the Qut.er
edges of both, triangular and rectangular, elements of Figure 4.1, creating six
sets of homogeneous constraint equations, D}, S{, D3, S5, S;;, and S;, as
represented schematically in the three term expansion coefficient matrix of
Figure 4.4 The four continuity conditions are then enforced along the inter-
segment of the rectangular and triangular elements as discussed in Section 3.2,
creating the remaining four sets of homogeneous constraint equations D5, M %
S;, and Rj. Eigenvalues are then obtained by requiring the determinant of

this coefficient matrix to vanish. h

A simple comparison of Figures 3.4 and 4.4 reveals that the coefficient
matrix of Figure 4.4 may easily be obtained from that of Figure 3.4 simply
by replacing the two sets of homogeneous equations M| and M}, requiring
the net bending moment to vanish along the two outer edges of the triangular
clement, by the two sets of homogeneous equations 5] and S3; setting the
rotation along these edges to zero. We must also add the contributions of
the two extra building blocks discussed above to the continuity equations
along the inter-element line, and to the rotation along the outer edges of the
rectangular element. Therefore, we only need to discuss the above mentioned
changes. The other coefficients remain unchanged, and are available from the

previous chapter.

4.3 Satisfaction of Displacement Requirements

The only modification to be made here, in order to get from the coefficient
matrix of Figure 3.4 to the coefficient matrix at hand, is the addition of ‘the
contributions of the two new building blocks, Wi,,, and W, for symmetric
modes, and W,,,, and W5, for anti-symmetric modes. For symmetric modes,

these contributions are found to be;
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Ai+k,j+8k = —61lram(Blr;-:J"?:—Cllr.smB’.’ra),

Ai+k,j+9k = _gilram(clr: -+ CllrsmC’:r._s),
- 2 L

orif Al < (m=)*, then, 2

Ai-i—k,j+8k = -8121'3:11(31?3_ -+ Cl‘lrde.?.rs);

-4i+k,j-i-9k =_f?12ram(clrs + Cl2r5m63ra)a

-

where, -
- N , ‘.. -
- 2n7weos(nm)$inhf m
’ Blra = - 2 . Y b
lrm & (n’“ )“
2nwcos(nm)SinYirm .
B‘Zra = > > "
Tirm ~ nﬂ')-
2nmeos{nw)sinAv rm -
BSra = - -

7

S
’r:frm - (717!‘) :

orif “Yyym =nm, then Ba,=1, and

- 2nwstnhByem
Cirs = 57—,
. ﬁlrm i ( “)

2nTSinYirm
—— - nm
(nﬁ)- ~ Tirm

2nastnh Y em

C'.!ra

¥

Cars =

(277 + 5em

orif ~irm =nw, then,

C2ra = (‘Sin'Tlrm - 7lrm50571rm)/71rm-
For anti-symmetric modes we have;
Airij+8k = Ajskjior =0,
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4.4 Satisfaction of Bending Moment Requirements

Since the plate is fully clamped, the only restriction on bending moments in
the boundary conditions is the continuity requirement along the inter-segment
line where the triangular and rectangular elements are joined together. Con-
tributions to the bending moment about this inter-segment are found from
the previous chapter with the exception of the contributions of the two added

building blocks as discussed earfier. For symmetric modes, these contributions
are found to be;

Ai+4k.j:—8k = (Aln + —”:.-Azn)ﬁﬁza /-P)

where,

Aln = _911ram(m?7)2(Blra + Cllr:mB2ra):
A2p = gllram(ﬁfr}nBlra - Cllram'ffrmB2r3)s

orif A< (mm)? then,

-

Aln = _glznm(mw)z(Blra + Cl‘zramBSra)a o
Aan = 912ram(ﬁ§rm31r.s - CIerm'TfrmBSra)-

And

. 2
Ai-i—dk,j-&—gk = (Aln a E%AZn)¢ra

where, A4, and A., are obtained froi the above expression by replacing
Birs, B2rs and Bz, by Chpy,y Carg and Cs,, respectively. For anti-symmetric
modes, the two new building blocks have no contribution to the bendmg

moment along the inter-segment line, and therefore

Aisak,j+8k = Aisakjeor = 0.
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4.5 Satisfaction of Rotation Requirements

Here, the major deviation of the coeffcient matrix under consideration from
that of Figure 3.4 is in the replacement of the two sets of homogeneous equa-
tions M7 and M3 by the ] and S requiring the rotation to vanish zlong the

two outer edges of the trianguler element instead of the bending moment.

4.5-1 Rotation Along the Edge =1

It was shown in Section 3.5 that the general equation representing the rotation
about any line in the plane of a plate is given by;

W _ ow W
on = Az CosStx ay SIino.
. :

Consideration of the contributions of the first twoubuilding blocks W, and
W2 to the rotation about this edge leads to the following coefficients,

Aizak; = 011m (B1mcoshBim + ClimVimcosY1m),
Airzi itk = 021m(B1mcoshBim + Coim1meosYim),
orif A% < (mm)?, ‘then,

Aisaki = 812m(181;1.C03hﬁ1m + CramY1mcoshYim),
Ai+3k,£-§—.~'; = Oaom (BimeoshBm + CozmY1meoshYim).

Contributions of W3 and W, to rotation about the edge'n = I provide
the following coefficients, ?

Airakjr2ke = mabzimeos(mm)(A,1 + Carmds2),
A{+3k,j+3k = m7941mC05(m7=‘)(Aa1 + C41m-4a:),
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orif ¢2A% < (mw)?, then,

Aisak,j+2ke = mrlzpmeos(mm) (A, + CaomAss),
Aisak,je3k = mTbiamcos(mn) (A, + CiomAsa),

where, .
Ast = —2n7cos(nw)sinhBam/[Bim + (n7)?),

.
-

Js

Agz = —2nwcos(nw)sinhyam [[Yam + (n)?].

Asz = 2nweos(nm)sinyam /|13, — (n7)

Consider now the contributions of the two building blocks W5 and Ws.

Evaluation of these contributions leads to the following coefficients,

Aitskj+ak = Fr1Ain + Fiada,, .

where,
Fi1 = cosacose;,

Fi2 = stnay /sing,

r

and where,

’

-

A = 651m(m7r)[B:1 + Ba‘.’ + CS']._m(B.ﬂ -+ 334)]1 ]
AZn = _951m[ﬁ5m(cal + Ca:) + CSlm75m(Cs3 + C.M)]:

-
-
3

orif Mg (mr) then,

Aln = gSZm(m"T)[B;vl = B.52 + CSZr;\ (BaS - BJGJ]?
A2n = —052m[Bsm{Ca1 + Cs2) + Cs2m¥sm(Cas + Cag)].
Also,

Aisaky+5k = Firdin + Frodog,

110



AN

where, A1, and As, are obtained frorn the above expressions by replacing

fs1m, Csim, s2m 2nd Csam bY 861m, Ceim, Os2m and Ceamn respectively.
And where,

(m7x Fy + n7)sinhfsw ~ Bsmsin(mrEr + nx)
ﬁgm+(m7r.F2+n7r)2 ,
_ Bsmsin{mnF2 —nx) — (mnFy — nx)sinhBsm
Bi.,. + (mrFa2 — nx)?
’Ysm[Sin’Tsm - sin(m:r_F: - RTTN
Ba3 = )
(mnFs + nm)? = 42,
Ysmlsin(ma F2 — nx) —~ sinysm|
BS4 = 2 2]
‘ (mTer - n"T)ﬂ — Tsm

Bsa =

Bs'z

3

2

bl

but if A5 = (mwF2 +nw), then, then,

Ve .

Bas = (stnvsm — Y5mcosYsm) /2Y5m,

or if “sm = (mwF:~nx) then,

By = (15mcosYsm — ;‘ifﬂ-’rsm)/?’rSma *

Bys = (s1nY5m — 15mc05Vsm) /275 m,

B,s and B,s are obtained from the expressions of B,; and B,» respectively

by replacing Ssm by 7sm. And where,
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e

_ BsmsinhfBs,y + (maF2 — nw)sin(mr Fs — nx)

Cn = B + (mnF; — n7)? )
C.. = _Bsmsinhfsm + (mnF2 + nw)sin(mnFo + nx)-
- BE,, + (mnFy +nx)? )
Caz = (maFy — nw)sin(mnF, — ”-7"): Y5mSiNYsm ’
(maF2 — n7)? — 4, -
; Coo = VsmSIYsm — (M7 F, + nw)sin(mzF2 + nx)

(maFy +nw)? — 42 ’

v

orif ~%, =(msFy— n)

-
-

, then,

Ca3 = (TsmC0SYsm ~ STnY5m) /275 m).

and if  vysm = (maFz + n7),

Caa = (StRY5m — Y5mCOSVsm )/ 2V5m.

C,s and C,g are obtained from the above expressions of C;; and C,2 respec-

tively by replacing Bsm by Y5m.

4.5-2 Rotation Along the'Inter-Segment Line £ =1

&

The coefficients found in the set of equations S5 of Figure 3.4 remain un-
changed except for the addition of the coefficients relating to Ei,,, and E,,,,
of the added building blocks. In the case of symmetric modes, these building

blocks have no contribution to the slope across the inter-segment line, and

112



therefore, . o A d

-y

Aitek,j+8k = Ajtek ok = 0.

In the case of anti-symmetric modes,

Ai-‘:—Gk,j-l—Sk = gllrum(mﬁ') (Blra -+ CllrumBBrs)ér/‘:’l,

A£+6k,j+9k = allru:n(mﬁ') (Clrs + Cllrumc2rs)¢r/¢1’
orif A% < (mn)?, then,
Airek,j+ek = O12rem(mT)(Birs + Ci2rumBara)@r/ 01,

Ai+6k,j+9k = 912rum (m']r)(clra + Cl2rumc3rs)¢r/¢la'

where, m=1,2,....

4.5-3 Rotation Along the Edge n' =0

The set of homogeneous a.lg,'éBraic equations S3 1s now obtained by considering
the various relevant contributions to rotations along this edge. Sta.rtinév> with

the contributions of the first two building blocks of Figure 4.2 to get,
Aigskg = FarAya + Fadog,

where,

F3; = cosacosag,

Fs30 = sinasinag,

Ain = 011m(mT)[Go1 + Gaz + C11m(Gaz + Gia)l,

Azp = 011m[B1m(Hay + Hyo) + Cll'm"flm(HaIi + H,a)l,
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or if A%< (mm)?, then,. a
Arn = 812, (m7)[C1 + Guz + Cram(Gos + Gas)l,

Azn = 812m(Brm(Harrr Hoz) + CramYim{Has + H, ]

Also,
Aidskjix = Fa1Arn + FagAgy,

where, A;, and Az, are obtained from the above expressions by replacing

911ms Crim, 612m 2nd Cizg by B21m, C21m, O22m 2nd Coom respectively.
And where; : ‘ N

.Gal = (mj'r “+ nw)sinhﬁlm/[ﬁfm -+ (m-;r + ng‘-)z]’
Gz = (n7 — mr)sinhfim (B + (m — nm)?]
_')’;‘3 = (mm + m“’)s"n']’im/[(mfr +nx)? - »{fm],

G4 = (n&r - m}sinﬂnm/[(m?e’ - n'f"')z = '?'me

-4

bl

but if  ~ym = (m7 +nxw), then,

-

\ R .
1 O] -

Gaz = (Sin”flm - 'Ylmcos'flm)/z'?lm:

orif 7y, = (mT —nxw), then,

Gad= (M1meosVim — SInY1m)/2Y1m,

th\
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Gaa = (SI12Y1m — T1m€OSV1m)/2V1m.-
—

G,s and G4 2re found from the expressions of G,; 2nd.G,» rcspectivc[y by

replacing B1m by ¥1m. Also,

-

o

ey

Hay = Bim$inhfim /(83 # (mw — nm)?),

e o R =l SIRhBim (Bl + (mm + nm),

s
-

Haz = ~Y1msSinyim/{(mn — nx)? - '_ﬁm],

Hyi = 1imsinyim/|(mn + 1’17-')2 - ’Tfm],

e o ”
orif i, =(mwm —nm)?, then, +

Hyz = (’thOS"{lm - Sin'flm)/z“flmv

Hoq = (SInY1m ~ Y1mC0571m)} /27 1m.

bty

H,s and H,g are now BBtained from the expressions of H,; and H,:

tivelyﬂby replacing B1m bY Yim-

Turning now to the contributions of W3 and Wy, the coefficients of Eu,.,

are found to be,

"~ .
Aigsk,jiok = F3iArn + FazAzn,
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where,

A = 831m[B3m (Ro1 + Ps2) + Ca1mYam(Psz + Paa)l, <
. o i N\
Azn = 931m(mﬂ')[Q:1 + Qs+ C31m(Q53 -+ Qad.)]:

or #7123 < (m=)®, then,

-
>

T A= gsgm[ﬁam(ﬂx + Pya) + Ca'zni:;am(Pas + Pyl
- A2 = 0z2m (m'f"'),[Qal + Qa2+ C32m(st; +- @ )]

Also, the coefficients of Vy,, are,

Aigskjrak = Fa1A1n + Fa2dan, _ ~

L)

where, Ay, and A2, are obtained by replacing 831, Caim, 032, and Caom
in the above expressions, by 841, Ciim, 842m and Cionn respectively. And

where,

Py = Bamsinhfymcos(nw)/[83,, - (mm + nm)?,..
~ Qa1 = (m7 — nx)sinkfymcos(nw) /|83, + (mz — nw)3),
P, = —ﬁ;;m.sifzhﬁgmcos(ﬁ:r)/[ﬁgm + (mx — n=)?),

@s2 = —{m7w + n7)sinhfamcos(nw) /B3, + (m= + n7)?],
Paz = 13msin(vam + n7) /[v3 = (m= -%-';m)z],
)

(
Qez = (m7 — nx)sin(vam + nv)/[(mr — nw "

Y

Pes = ~3msin(vam + n7)[[Vim — (m7 — ﬁ:‘r)zj, :

Qa4 = —'(?;17.' +nw)sin(Yam — n“"’)/hgm = (mx + m)7],

but if 7

-2

am = (m=% +nx), then,
Pa3 = [27amcos(mn) + sin(2vsm — ma)| /A2 m,

Q‘,"‘.= [273mcos(mr) - sin(2vzm — mﬂ')]/‘i",’ama
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Qa3 = [sin{2v2m — m7) — 273m005(m7)1/‘173m1
and if  yam = (n7 ~ mm),

™

Qa2 = [2Vamcos(mm) ~ sin(2vzm — mx)|/4v2m

-

Pys, Pyg, Q45 and Q¢ are obtained by replacing B2, by Y2 in the expressions
of P,1, Ps2, Q,: 2nd Q,» respectively. " -

S
The only relevant contributions remaining for consideration are those of
Ws and Wg which lead to the following coefficients,

‘-'5-’-'-:—‘5-1'+5k,{+4k = 951m(ﬁ5mC05h,~65m -+ CSIm'T-SmCOS'YSm)u
. . ' o
Airski+sk = 0s1m(BsmcoshBsm + CoimYsmcosysm),

. 12 -
orif A <{mx)®, then,

Airsiicak = 052m(BsmecoshfBsm + CstmYsmcoshysm ),

Ai+sk,i+sk = O52m(BsmcoshBsm + Cozmsmcoshysm).
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4.5-4 Rotation Along the Edge =0 - -

The contributing building blocks here are those of Figure 4.3, where Blocks
" (2), (b) and (c) are used for symmetric modes, and Blocks (dj, (e) and.(f) are
used for anti-symmetric modes. In‘the case of symmetric modes, consideration
of Wr, leads to the following coefficients for A, and D,

Aitor jr6x = MTALrgy,
Ai-i-gr'c,j—lo-'?k = MTA2rza,

. o) '
or if ¢2A2 < (mm)?, then,

’

A{-é-gk,j-é-'a'k = mu Agrss,

where, \

Alrss = 6ﬁfm3£nhﬁrm/[ﬁsm -+ (nw)217
Azras = 67rm5£n7rm/['7r2m - (n"T)sz

Azrss = 6emnSTnhApm [ [V + (n7)?),

or if Arm =nm, then,

cAzrag = 5('}’rm5057rm -+ Sin"!rm)/g'Trm-

Aiso, n=0,1,2,..., and

5= 1 ifn=0,
12 ifn£o.

Turning now to the contributions of Wi,, and W,,, the following coeffi-
cients are observed,
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o B

. -Ai'-é-gk,:':{-Sk = Bllrum(ﬁlrm - Clllrum“flrm)s

A£+9.k,i+8k = 911ram(61rm + Cllram'?lrm), -
Aitok,i+ok = =1,

orif A< (mm)?, then,

Ai—é-gk,t'-é-Sk = 912ra{n(5lrm =+ cIEram'?lrm)-

In the case of anti-symmetric modes, the contributions of 1V, lead to the
following coefficients, ~ .

Aitrok,j+6k = MTA1rys,
Airok,j+7k = MT Aaru,,
orif = $2A% < (mm)?, then,

A:'-T,-Qk,j-é-?k = mTAzrus,

e
where,
Atrus = 207 8inh B, |87, + (n7)],
. ot A2ru5 = 2nﬁsin7rm/[(n7‘_)2 _ qu},
Aszpps = Zﬁsfnhqrm/[qu ~ ( ,’_.)2},
orif “rm =nm, then,
. h ~
-

Asrus = (Sin”frm - ’Yrmcos'frm)/'Yrm-
Consideration of the contributions of the last two building blocks to the
slope across this edge resuits in the following coefficients,

I
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*

A pokivor = —1,
. 2 2
crif A < (mm)?, then,

Ai-f—Qk,i+8k__?, 812rum(ﬁ1rm + Cl2rum"‘flrm)-
~ .

4.5-5 Rotation Along the Edge n =1
Starting with the symmetric modes, from the contributions of W,, to the
rotation along this edge, we obtain,

-

Af+8k.i+5k = mﬁcos(mﬂ)Alrua S

Aivgk etk = mTeos(mn) Azrs,

orif #2342 < (mm)?, | then,

Ag+3k,3'+7k = mﬁcos(mﬂr)Ag,.,,,.

/\/A

Aisgkitar =1,

A,‘.;.s]c"..;.gk = -4 am(ﬁlrm =+ Cllram'fl )
— T /v_/ﬁ/ iR rm/y
’ ) orif AZc (mrr)i, then, \

] A
N - -/ h
Ai+8k,{+9k = _912r3m(ﬁ1rm + Clzram'hrm)-

nd from the contributions of W,,, and Wa,, one obtains,

In the case of anti-symmetric modes, consideration of the relevant build-
ing blocks and their contributions leads to the following coefficients,

Aissik,jrek = mrcos(m) Al ru,,

A:‘-&—Bk,j-é—?k = m?TCOS(mTT)A'.‘ruay
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orif ¢ZAZ < {(mx)?, then,
Airgkj+7k = mrcos(mn) Azrys- . &

And

Aiygkiegk = 1,

Airgrivok = —011rum(Birm + Ciirumirm)s
- L] ] '

orif AZ < (mm)*, then, o

A£+Bk,i+9k = _612rum(ﬁ1rm + Clﬁrum’?’lrm)-

We have thus far accounted for all the boundary ¢onditions as well as the
continuity conditions across the inter-element line with the exception of the

continuity of vertical edge reaction which will be considered next.

4.6 Satisfaction of the Continuity of Vertical Edge Reaction

The only change to the relevant coefficients of Figure 3.4 in order to obtain
the correct coefficients of Figure 4.4 is the addition of the coefficients of £,
and Earmn. In the case of symmetric modes, no change is req.uired since the
two building Blocks (b) and (c) of Figure 4.3 have no contribution to the

net vertical edge reaction along the inter-segment line. Considering the anti-
symmetric modes we obtain,

Airrk ek = (An + :—;Agn)¢§/¢3,

where,

Aln = —811rum(mﬂ')3(Blr3 + CllrumBﬁra)a

A'Zn = gllru'm(mﬁ') (ﬁfrmBlr.s - Cllrum'T'llrﬁ..BZr.-)a
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orif A% < (mw)?, then,

Ap = —81:,.“,.,,(1717)3(.81” + Clzz-umBGrs)r
A:n. = 812rum(m7‘-) (ﬁ?rmBlN + C12rum7?rmB3r:)'

And
A;‘-;-Tk,j-l-gk = (Aln + %;*A2n)¢g/¢:ls’

where, A;, and A,. are obtained from the above expressions by replacing
Birs, Bars and Ba.y by Ciry, Cors and Ca,, respectively.

The coefficient matrix of Figure 4.4 is now completed, and eigenvalues
for the free vibration problem of the fully clamped symmetrical trapezoidal
plate are found by reguiring the determinant of this matrix to vanish. An
alternative solution to this problem using cosine function e\:pansrons has also
been worked out by modlfymg the coefficient matrix of the alternative solution
discussed in Chapter 3 for the simply supported case. However, in the 1r_d:erest
of not bemg repetitive, this solution will not be dxscussed here except to say

that it led to the exact same results as the above solution,
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Chapter 5
PRESENTATION OF RESULTS

-In previous chapters, the superposition techniques in solving dynamic prob-
lems were discussed. Solutions for both, the simply supported and fully
clamped symmetrical trapeididal plates were obtained. Although a proce-
dure to obtain numerical results has been discussed, no numerical values were
given. The present chapter deals with the computational aspect of the prob-
lem, providing the necessary information for the use of the specially desigﬂed
computer programs which are listed in appendix A-II. From Figure 5.1, it is .
clear that in view of the geometrical configuration of the symmetrical trape-
zoid, a given trapezoid is completely defined if the angle « is given along
with one of its bases b; or b2. Since there are an infinite number of possible
combinations of these parameters, it is physically impossible to include here

"numerical results for each and ewery one of these plates. Instead, listings of

. computer programs are provided in the apperidices making it possible for the

reader to generate eigenvalues for any particular plate dimensions one may

require. Furthermore, numerical results are provided here for a wide range of

plate aspect ratios for both simply supported and fully clamped plates.
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Figure 5.1- Symmetrical trapezoidal plate. B

5.1 Simpl:y Supported Plates

An analytically exact solution for the free vibration problem of simply sup-
ported symmetrical trapezoidal plates was developed in Chapter 3. Express
sions in the form of trigonometric series for the various elements of the co-
efficient matrix were also given reducing the problem to a simple eigenvalue
search. As mentioned earlier, a trapezoid is uniquely defined if & and one of

the two bases b; or b, are given. The value of & may be expressed as the

ratio of b to a which has been given the symbol ¢,, and the value of either:

by or b; may be defined by providing the value of ¢, which represents the
ratio of b to by, or in terms of Chapter 3 symbols, ¢, = b/a, where, a, = b,
and b2 = @ + a,. Once ¢, and ¢, are defined, the only unknown in the
expressions of the various elements is A%. The value of A? that causes the
determinant of the coefficient matrix to vanish is an. eigenvalue. The proce-

dure followed in all of the computer programs listed in the appendices is to
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give A? a predetermined numerical value that is judged to be smaller than the
eigenvalue corresponding to the first fundamental mode. The determinant of
the coefficient matrix is then evaluated and recorded. The hu_merica.l value of
A? is then incremented by a carefully chosen increment which must be small
enough so that no eigenvalue is missed, and the corresponding determinant
recorded. This prc;cedu're continues until a systematically decreasing pasitive
determinant, or an increasing negative determinant, changes sign indicating
a range of twice the value of the present increment where an eigenvalue may
be located. with the lower and upper limits of this range used as limits for
A%, and w:th smaller and smaller increments, this procedure is repeated until
an eigenvalue is located. Values of A? obtained in this manner may not neces-
sarily represent a genuine eigenvalue that represents a real physical vibratory
motion of the plate. This kind of eigenvalues, if one may call them eigenval-
ues, will be discussed later in the following chapter. At the present time, it
suffices to keep in mind that they exist, and that care must be taken not to

mistake them for genuine eigenvalues.

Once an eigenvalue is located, one of the unknowns present in the final
shape function is given a numerical value of unity, and thus reducing the n

homogeneous algebraic equations obtained when satisfying the various bound-

ary conditions, into n — 1.non-homogenious and therefore, solvable equations -

which we then solve for the remaining n — 1 unknowns, which are in fact. the
adjustable parameters of the various forcing functions used in the develop-
men.t of the solution. These parameters are then assigned their values in the
shape function to obtain the necessary shape data which are used to plot thc

various mode sha.pes as will be seen later in this section.

Focussing our attention on Program I or (TSLS) of Appendix A-IL, it is
seen that by making use of explanatory comments, this program is made both,
easy to use and simple to modify if necessary. The first pa.rt of the program

is concerned with the identification of the various parameters. POI is used

to represent Poisson’s ratio v and is assigned the,value 0.3. This value -may

be changed to refleet the correct value of a given material. QLIM is a limit
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which if reached the program will switch from the original set of equations to
a simplified set in order to avoid numerical instabilities as will be expla.ined
in detail in the next chapter. KS is the number of points for which shape
data are required. KS may be given any integer. The limitation here is the
availability of storage memory in the computer being used. K is the number
of terms used in the Fourier expansion. The value of K determines the size
of the coefficient matrix. For this particular application, K may be given any
integer between 7 and 16 dé’pending on the accuracy required in the evaluation -
of the eigenvalue as will be seen in the following chapter. At this stage, the
user must provide the numerical values of ¢; {PHII) and ¢, (PHIR) that will
uniquely define t” e dimensions of the.plate under consideration. He must also
sui.aply numerical values for ALMDS which is the starting value or lower limit
of A%, and for DLIM and DEL. Where, DLIM is the value of A2 at which
the compufa.tion must stop and DEL is the increment by which the value ,\o\f
A? is incremented at the end of each itera}idn. If DEL is given a numerical
value of zero, this will trigger the program to switch from the eigenvalue
search to the solution and generation of mode: shape data. The numerical
value assigned to A? is taken as being an exact eigenvalue here,‘a.nd not as
2 trial value. This program is capable of handling both, the symmetric and
anti-symmetric vibration modes. MODE must be assigned a numerical value
of zero if symmetric modes are under study. Any other positive numerical
value would signal the prc%ra.m to switch to anti-symmetric modes. A second
program based on the cosine alternative solution was also written. However,
this program is not listed here since both programs gave identical results. The
. program is now ready for execution, and the results obtained .are as shown
in the following tables and figures. Starting with Figure 5.2, it is seen that
the information stored are clear and self contained. Symbols are ag illustrated .
in the small diagram shown in the upper left corner of the figure. Although
there is a considerable number of eigenvalues stored in these curves, this is not
intended to be the purpose of this or any other figure. The primary objective
he.r‘e is to show the variation of the eigenvalue A% with the change of the plate

aspect ratios. It is seen how the eigenvalue A2, and consequently the circular
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frequency w increases as the ratio b/b2 increases. However, this increase in
eigenvalue with the increase of b/, is more pronounced for higher values of
a. For better accuracy, these eigenvalues are also shown in tabulated form in
table 5.1. Figure 5.3 shows the curve of A? as a function of b/b; for & = 45°.
Figure 5.4 shows the eigenvalue A? as a function of the ratio b/b, for a = 15°.
" The first three symmetric modes are shown in Figure 5.4-(a), while Figure 5.4-

(b) shows the first three anti-symmetric modes. Corresponding values are also
given in tabulated form for better accuracy in Table 5.2. Comparison of results

was also made in Table 5.3. More eigenvalues for a wide range of aspect ratios
¢1 and ¢, are provided in Table 5.4. Some examples of computer generated |
mode shapes for a plate with ¢; = ¢, = 2.0 are shown in Figure 5.5.

.bT l
I L]
R=b/bs b 1 A2zwa?/o/D
a | R
2 |
1
b2
« 1/8 3/16 1/4 S5/16 3/8 7/16 1/2
12 | @.3119 | @.3186 ] 0. 3280 | 0. 3407 | @.3568 | 3.3765 | Q. 4202
115 | 2.7205 | 9.7365 | 2.76Q1 | @.7924 | @. 8342 | ©.8867 | 0.9512
20 1.33@01 | 1.3613 ] 1.4@87 | 1.4743 | 1.5632 | 1.6771 | 1.821Q
125 | 2.1846 | 2.2392 | 2. 3245 | 2. 4475 | 2. 6167 | &.8426 | 3.1373
30 | 3.3512 ] 3.4414 | 3.S871 | 3.8Q048 | 4.1163 | 4.5437 | S. 1402

Table 5.1- First free vibration’ eigenvalues of simply supported symmetri-

cal trapezoidal plates of various combinations of plafe aspect ratio and @ as

indicated.
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Figure 5.2- First mode free vibration eigenvalues of a simply supported sym-
metrical trapezoidal plate as a function of plate aspect ratio for different values
»

-

‘of @ as indicated. .
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Figure 5.4-(2) First three symmetric mode free vibration eizenvalues of 2

simply supported symmetrical trapezoidal plate as a function of plate aspect
ratio for @ = 15°.
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Figure 5.4-(b) First three anti-symmetric mode free vibration eigenvalues of
a sifaply supported symmetrical trapezoidal plate as a function of plate aspect

ratio for a = 15°.
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. =

+ -

o q ) _ .
NG 1/8 3/16 |. 174 S/16 3/8 7/16 172
mode : ) - .

1 2.7205| 2.7365| ©.7621 | @.7924 | ¢.68342 | 0.8867 | @.39512
= 2.8159( 8.9594 | 1.1719 | 1.46@5| 1.8328 | 2. 2944 | =. 8344
3 1.9@67 | 1.4046| 1.5912 | 2.7742| 2.96Q3 | 3.2181 | 3.1078"
_ Symmetric - v Anti-symmetr: ‘
& . ,
1 Q.7563 | 2.8201 | 2.7:47 | 1.243a| 1.2108 | 1.4169 | 1.6937
= Q.8994 | 1.1523| 1.S311 | E.2s11| 2.6903 | 3. 4008 | 3. 7711
3 1.1377] 1.7239 | z.5420| 3.1878]| 2. 3522 | 3.6793 |4, sS4t

Table 5.2- First three symmetric and anti-symmetric mode free vibration
eigenvalues of a sirmply supported symmetrical trapezoidal plate with ¢ = 13°, Mg
and aspect ratio as indicated.. '
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g
»

WP

. b
1
Lom=
h/a = 0.3 - -+ ~ e s
o
l
e )
|
! a2
b/a
o N 1.@ @.8 Q.6 @a. 4 Q.2 Q.2
mode -,
1.25 1.3131 1.4154 ¥£R.5887 | 1.9435 | 2.%e@
1 - . .
(1.25) ] (1.3135) | (1.4177) } (1.6Q03) | (1.9378) | (2.502)
‘| 3.25 | 3.7880 | 4.2892 | 4.8268 | S5.043% | 6.52@
- ‘
(3.25) | (3.73@)] (4.235)| (4.S44)| (5.Q@31) | &£.5:15)
4.25 | 4.3272 | 4.7421 5.7743 | 7.@132 | B.S0QQ
3 ]
(4.25) ) (4.328) | (4.744)| (S.786)| (7.237) | (B.S3E)
I
6.25 | 6.7885 | 7.878% | 8.2ISQ 33058 12,50
&4 . ; . '
NE-ES)| (€. (7.7Q) (8.33 (LQLQQ | (1IL e
.-

Table 5.3- First four symmetric mode {ree vibration eigenvalues of a simply
supported trapezoidal plate as shown above. Parenthesis indicate ecigenvalues
as reported by Chopra and Durvasula{1971).
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A -
91 = b/za.
6 = bla. b | A2 = wal/orD
Y |
- -
i bl
a ap
N a8 1.8 1.6 2.2
St mode
, 5
1 15.854 | 7.068 3.982 2.551
.4 | 2 219.477 8.778 4. 955 z.221
, 3 £26.551 '| 12.257 7. 205 4.556
1 | 16.940 7.541 4,279 2. 756
.8 | =2 £7. 496 13.085 .| 7.827 S. 041
3 46,573 23.133 14. 0@ S. 416
e
1 17.911 8.122 .| 4.864 | - 3.@31
1.2 | & 35.633 17.963 12. 560 7. 488
3 £1. 680 28.775 16.288 | 1@.474
1 18. 337 8.7:8 s.e88 | z.344 |
1.6 2 4Z.028- | Z2.478 14. 132 3. 765
3 66.@37 | =9.3&6 17. 218 11. 064
1 19.91@ . | . 9.31S S. 424 3. 675
z.e | 2 48. 651 ZE. Q5 16.233 .| 10.85%
3 68. 075 21,495 18. 748 12. 870

Table 5.4-(a) First three symmetric mode free vibration eigenvalues of the =

simply supported trapezoidal plate shown above.
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b o . -
(9-‘ = b/a
D | =z -was Vo /D
*- = b/al-.
. i
Y
& ar ' ‘
1., .
_ 2.8 1.2 1.6 /0
b ¥ mode
1 17.27¢ 7.711 | 4.362 z. 803
Q.4 2 cz.cas 1@. 23S S.878 3. 806
3 31..302 14.55¢& 8. 292 5. 468
. 1 | Z0. 887 5.577 S. 546 3.618
2. 8 z 6. 228 17.651 10.538 6.923
z 57.215 |. 28.739 16.314 1Q. 989
1 Z4. 347 12,271 7. Q46 4. TQ1
1LE = 4837z 25,401 s.7264 | 10.777
o 72. 6§89 33.667 139,378 1}ﬁsea
' /] —
1 28. BQQ 14,272 8.913 S. 30
1.6 z 8. 172 Q. 385 15. 2393 1Z.39Q
z ai.77& 28.E6E8E 3. 382 16. Q1%
* f
1 ZE. 184 15. 594 1@. 394 7.5
.2 z E4, 379 | Z4.358Q Z1.5E8 14. 633
3 86.331 |- 44, 13 8. 253 - 12, 355

I = -~ . . ~ . j
Table 5.4-(b) First three anti-symmetric mode free vibration eigenvalues of ~
the simply suppegted trapezoidal plate shown above.
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- Figure 5.5-(a) ' First symmetric mode shape for the simply supported sym-- ..

metrical trapezoidal plate. ¢; = 2.0, ¢ = 2.0. - - -, 'nodal line; —-—

downward deflection; — , upw.a{%"deﬁection. )
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Figure 5.3-(b). Second symmetric mode shape for the simply supported sym-
. . a . - “ . N
metrical trapezoidal plate. ¢, = 2.0, ¢, = 2.0. - - -, nodal line;—-—, cown-

ward deflection; ——, upward deflection. .



Figure 5.53-(c) Third symmetric mode shape for the simply supported sym-
metrical trapezoidal plate. ¢; = 2.0, ¢, = 2.0. - - -, nodal line; —.—

¥

downward deflection; ——, upward deflection.
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Figure 5.5-(d¢)™ First anti-symmetric mode shape for the simply supported
symmetrical trapezoidal plate. ¢; = 2.0, ¢, = 2.0. - - -, nodal line; — -—

™

downward deflection; —— , upward deflection.
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“ Figure 5.5-(e} - Second anti-symmetric mode shape for the simply supported

symmetrical trapezoidal plate. ¢; = 2.0, ¢, = 2.0. - - -, nodal line; —.—,
downward deflection; — | upwa.rd deflection.
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Figure 5.5-(f}] Third anti-symmetric mode shape for the 'simply supported

symmetrical trapezoidal plate. ¢, = 2.0, ¢, = 2.0. - - -, nodal line; —-— .
downward deflection; ——, upward deflection.
141



-1

. -
»

£}

5.2 Fully Clamped Plates

The solution of the fully clamped symmetrical trapezoidal plate was discussed -
in full depth in the previous chapter. Similar to the simply supported case, no
numerical results were given. It is in this section that the use of Program II
or (TSLC) of Appendix A-Il is to be explained. This program is in principal
similar to the previous program (TSLS). In fact, Program TSLC is obtained
from Program TSLS simply by implementing the proper changes in the for-
mulation of the problem as was discussed in Chapter 4. From'the user point
of 1;riew, the two programs are.similar in every aspect. The same parame-
" ters have to be specified, and the same computational procedure is followed.
Program TSLC is also capable of switching from the eigenvalue search mode
to shape data 'genera.tion mode if DEL is assigned a zero value. Assignirfg
zero value to MODE will instruct the computer to generate data relevant to
g -symmetric: vibration modes, while any other positive value would switch the
program to generate data relevant to anti-symmetric modes. Symmetric "and
anti-symmetric data were generated and stored both graphically and in tab-
ulated form. Eigﬁrq 5.6 shows first mode eigenvalues as a function of plate
aspect ratio for « equals to 15, 20, 25 and 30 degrees. Figure 5.7 shows the
same for the first three symmetric and anti-symmetric' modes for o = 15°. In
plotting these graphs, data from Tables 5.5 and 5.6 were used. Compa.ri;on of
results wit experimenta:l eigenvalues was possible here as shown in Table 5.7.
More eigenvaldes fora wide range of plate aspect ratios are also provided in
Table 5.8 for both symm\etric and anti-symmetric modes. The presentation of
~ results is concluded by Figure 5.8 where an example of computer generated
mode shapes for a clamped symmetrical trapezoidal plate with aspect ratios

@1 = ¢, = 2.0 is shown for both, symmefric and anti-symmetric modes.

The next and final chapter will be devoted to the discussion of results
particularly where comparison is made with previously available data. The
assumptions listed at the end of Chapter 1 will also be discussed in some-
detail in order to study their effects on the final results.
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Figure 5.6 First mode free vibration eigenvalues, for fully clamped symmet- - °

rical trapezoidal plates, as a function of plate aspect ratio, for different values

of .
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Figure 5.7-{d] First three symmetric mode free vibration eigenvalues, for
fully ciamped symmetrical trapezoidal plates, as a function of plate aspect
ratio, for @ = 13°. ) '
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Figure 5.7-(b) First three anti-symmetric mode free vibration eigenvalues.
for fully clamped symmetrical trapezoidal plates, as a function of plate aspect
ratio, for & = 15°. ‘ 7
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e
8
= by |
l &
R = b/bp b . A2z wa®/z/D
c
/‘\-! !
2 l
2 | :
. 1/8 3/186 174 S/16 378 | 7/16 1/2
10 | ©.6987 | 8.7032 | 2.7124 | @.7212 | @.7360 | 8.7565 | @.7838
|19 | 1.6137 | 1.6846 | 1.6427 | 1.6702 | 1.7102 |-1.7668 | 1. 8447
S@ | 2-9779 12.9995 | 3.@362 | 3.034Q | 3.1815 | 3.3101 | 3.4947
25 | 4-8887 | 4.9272 [ 4.3544 | 5.1@52 | 5.280% | 5.5523 | 5.9616
- | 3@ [ 7.4953 | 7.56Q@1 | 7.6782 | 7.8830 | 8.2265 | 8.7921 | 9.63€5
Y4

Table 5.3- First free vibration eigenvaiues of fully clamped symmetrical

trapezoidal plates of various combinations of plate aspect ratio and o as in-
dicated.
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[
‘I' A /
i b1
[ .
. " i
R = D/bg o} = wavp /o
o = 159 ¢ I
a |
bp | E
R - - .
NG 1/8 3/16 174 5/16 /8 7/18 1/2
mode D
1 1.6137 | 1.6246 ! 1.6427 | 1.67Q2 | 1.71Q2 | 1.7668 1-8427
2 1.6744 | 1.7824| 1.9677. | 2.2556 | 2.6681 | 3.2213 | 2.352Q
3 1.8Q@61 1 2.14195| 2.7179 3.575@] 4.S337 | 4.5%75 | 4.5778
Sy:r.'jzetric + ¢ Anti-simmetric
1 1.6361] 1.8816| 1.7582 ] 1.877Q] 2.Q5Q07 | Z.:=323 | TLE136
b= 1.7397| 1.9338| 2.28S3| 2.82822| Z.5872| 4.S176° S. 2204
3 1.9935| 2.41Q03| SHEES| 4.4928| 4.8317; 3. 1453 S.E435

Table 5.6- First three symmetric and anti-symrmetric mode free vibration
eigenvalues of fully clamped symmetrical trapezoidal plates with ¢ = 15°,
and aspect ratio as indicated.
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}4—b—’.
-
"r: ] uaa: 'y
n/az0.75 —f — + - T=—— e/
n
X
I .
a
b/a -
a. 2 Q. 4 Q.6 .8
m s« '
1 1 3.248 2. 722 2. 497 2. 358
- (3.23) (2. E€3) (2. 48) (2. 32)
1 2 4. 184 2. 782 3.612 3.333
(4. 22) (3.78).. (3.61) (3.53)
3 1 5. 276 4.927 4. 3965 4. 153
(S.267) (5.033) (4.3531) (4.22)
1 3 S. 466 S.QZs 4850 4,799
(S.S61) (S. ZED) (4.883) (4. 81a)
Symmetric ¢ Antl-zvmmetAic
c 1 4. 2351 3. 837 3. 48% 3.17&
AL 2D (Z.88) (Z.SQ) {(Z.18)
o z2 S. 448 4. 8Bz 5. 357 4. Q84
(S.S13) (4. B6@) (4. 372) (4. 1)
Z 3 . 4G4 S.788 3. 68 S. Q4
(£.3583) (S.8Z21) (3. 42%) (S.237)
Tab¥e 5.7-. Comparison of experimental eigenvalues of ¢clamped symmetrical

trapezoid.ai plates with the analytical ones. Parenthesis indicate experimental
eigenvaiuves as reported by Maruyama, Ichinomiya and Narita{17](1983).
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Pt

)\ i
} *
Q-] - b/a -
o = wa-ve/D
¢,r, = b/Ef-
!
r * -
L o
(" | I "
®1.,
. 2.8 1.2 1.6 2.
°or~ mode
1 35.257 15.673 8.823 S. 648
2.4 z 37.7538 16. 882 3. 530 6.115
z 43.416 13.578 11. 122 7.17@
’ 1 36. 021 16.073 3. 267 S.81E
2.8 z 45,487 20. 832 12. 236 7.843
- 3 £S5, 333 31.287 18. 551 12, 382 |
1 37.157 16. 675 3. 482 £. 0385
L& & SS.5&3 26. 650 15. 887 1Q.E17
z 86. BEZ 43. 423 Ze.831 1S. 358
_ 1 38.323 | 17.431 | . 2.384 5. 483
PR z ES. 363 ZE.817 2@, 155 DI.zit
3 33,758 45,293 zs. 231 15, w6

Table 3.8-(2) First three symmetric mode free vibration eigenvalues of the

fully clamped trapezoidal plate shown above.
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1 = b/a : .
- > | 3% = wa?/p/D
L 4 = D& )
r -
b
I 2 i a-" bl
NI 2.8 1.2 1.6 2.2
"t mode
1 36.171 16.115 .79 5.817
@. 4 2 4. 167 18. aza 12. 22 6.561
3 47.3532 £1.573 12,387 7.937
1 39. 427 17.739@ 1, 121 6£.53
.8 2 S4.243 2S. 455 14, 864 3.783
3 . 27.86; 8. 1&7 ZZ. 86@ 15. 342
i 43352 SR, 241 11. 824 7.742
1.= 2 7@.625 35. 125 21,2839 14,515
z 1Qz. 827 48. 229 =7.5322 17.73
1 48, 352 oZ. 268 l§¥9@7 3. Q7
1.6 z 83.371 4Z.5Q% ZE. 385 18. 8%
= 115429 E7.<E4 Z1.3QQ Sl.alz

Table 5.8-(b)

the fully clamped trapezoidal plate shown above.
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Figure 5.8-(2) First symmetric mode shape for the fully clamped symmetri-
cal trapezoidal plate. ¢; = 2.0, ¢, = 2.0. - - -, nodal line: —-—, downward

-~
deflection; — , upward deflection.
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Figure 5.8-(b) Second sy mmetrzc mode shape for the fully clamped sy mmet-
rical tra.pezoxdai plate. ¢, = 2.0, 6, = 2.0. - - -, nocal

deflection; —_ | upward deflection.

line; —-—, downward
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Figure 5.8-(c) Third symmetric mode shape for the fully clamped symmet-

,'v

rical trapezoidal plate. ¢, = 2.0, é, = 2.0. - - -, nodal line; —-—, downward "~

deflection; —— , upward deflection.



Figure 5.8-(d) First anti-symmetric mode shape for the fully clamped syrﬁ-

metrical trapezoidal plate. &, = 2.0, ¢, = 2.0. - - -, nodal line:—.—,

downward deflection; —— , upward defection.
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Figure 5.8-(e) Second anti-symmetric mode shape for the fully clamped sym-
metrical trapezoidal plate. ¢, = 2.0, ¢, = 2.0. - - -, nodal line; —-—, down-
ward deflection; — , upward deflection. '
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Figure 5.8-(f} Third anti-symmetric mode shape for the fule’ clamped sym-
wetrical trapezoidal plate. ¢, = 2.0, ¢r-= 2.0. - - -, nodal line; ——,
downward deflection; —._ , upward deflection. .
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{ Chapter 8

DISCUSQI{)N

~Numerical results pertaining to the free vibration proble.m of both, the stm-

ply supported and the fu'lly clamped symmetrical trapezoidal plates, were
—ob\a.ined :;nd shown in the'previc;ﬁs' 'cha.fiter Comparison tables were also
prov:ded in each case. The purpose of the present cha.pter is to provxde a

: brief bl}y %;;h—é}s_we d1scusszon n the theory, method and techniques used
) throughout this analysis. Based on the numerical results of Chapter 5, some
observa.t.xons were made, and will be discussed "here along with the influence
of rotatory inertid and shear on the motion of the plate, and their effects on

the frequencies. & | S my

S 6.1 Discussion of Results

-

Some of the results obtained were pr\.sented graphically for demonstmtxon
purposes.’ In Figure 5.2 and 5.6, the @‘ﬁgn of the first mode eigenvalues
wg.h the change in & and the aspect 1'3.1'.103][)2 is 1llustrated for both the sim-
ply supported and the fully clamped plates respectively. In the case of the

simply sr'.)port.c'd plate, Figure 5.3 provides a comparison of resu_]ts ‘Kbtaincd,
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from the‘present analysis with those of Reipert and Zbigniew|[12], for the case
of a = 45°. A good genérai agreement is observed. It is interesting to note the

" convergence to the exact eigenvalue'of the right angle isosceles triangle as R
approaches 1/2. For more a.cc;ra.te comparison of results, attention is focussed
on_Table 5.3. In th}é table, numerical comparison is made for the symmétric _
vibration mode eigenvalues for the simply supported trapezoidal plate shown,
where h/a = 0.5 and b/a ranges from 0.0 (tria.rfgle) to 1.0 (rectangle). Eigen-
values in parenthesis are those found in Reference [14]. Although the method
utilized by the atthors of this reference is an approximate method, gobd
agreement is found. The accuracy of the preséﬁt analytically exact method
is demonstrated in the limiting case of b/a = 0.0 {triangle) where eigenval-
ues obtained by the present analysis coincide exactly with the known exacis
eigenvalues for this\‘-geometry[36]. However, for the benefit of the reader, it
# must be mentioned here that the.definition of the cigenvalue A% as ;::i}ren by
the authors of Reference [14] does not agree with their ta.bula;ggd‘ numerical
results. A simple look at Figures 7 through 10 of this reference shows that
A2 is'increqsmg 2s the ratio k/a increases. This should not be the case since
_as defined, eigenvalues should decrease as the ratio k/a increases. This fact
baecomes evident in the case of the simply supported recta.nguia.r plate where

the exact expression for A% is given by;

A% = m? + (nafh)?,

where, - }
X = (dwa®x?)\/p/D,
£
and where a and h are as shown in Table 5.3. It is this author’s opinion that
k4
the numerical results of Reference [14] are based on a definition for A? similar

to tha.t given in this table.

Satisfactory general agreement was also noted when comparison of results

was made with those of Reference [17]. The author of this reference utilizes

¥
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.a c%mbina\.tion of Bessel function solgtions for the governing differential equa-
tion and Fourier series expansions for the boundary conditions which, in most
cases, led to complicated algebraic equations and integrals that could only
be solved numerically. The advantages of the present supf‘:frposition method
are evident from the simplicity of the L.évy-zype solutions involved. The con-
vergence of the present method is illustrated by Figure 6.1 where, a typical
convergence curve of eigenvalues A2 as a function of the number of terms in

. the Fourier expansion k7for one of the most demanding cases(sharp angle), is
shown. It is clear from Figure 6.1 that for the most demanding cases, 16 term

expansion is sufficient. However, in most cases, 8 term expansions proved to

. Q - -
//‘Wﬁf three and in some cases four decimal points accuracy.

3

4.740

i
T

P

4.730

Figure 6.1- Typical convergence test curve.
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In the case of fully clamped plateés, comparison of results with experi-
mental data was made possible by Table 5.7 for both symmetric and anti-
syc&n
the hotizontal and vertical directions respectively. Eigenvalues in parenthesis
are those f)ound in Reference [18]. In their investigation, the authors of this

etric modes. m and n in this table give the numbers of anti-nodes in

reference _'a.pplied the real time technique of time averaged holographic inter-
ferometr‘y to determine the natural frequencies and the corresponding mode
shapes for the transverse vibrations of clamped trapezoidal plates.” A simple
look at Table 5.7 reveals_the excellent :;.greexﬁent of the presently generated
theoretical eigenvalues and the experimental restits of Reference [18]. This
close agreement shows not only the validity and correctness of both the classi-
cal thin plate theory and the superposition techniques used in evaluating the -
eigenvalues listed in‘Cha.pt;er 5; but also the fast convergence of the present

analysis to the exact eigenvalues.

Turning now to Figures 5.4-(a), 5.4-(b), 5.7—(a.)-a.nd 5.7-(b), it is scen
how th;a eigenvalue A% and consequently the circular frequency w increases
w1th the increase of R = b/b; for both the simply supported and the fully
clamped plate. In these figures, the eigenvalues are divided into symmetric
and anti-symmetric corresponding to vibration modes that are symmetric or
anti-symmetric with respect to the central axis of s;ymmetry of the plate. The
interesting point tg;ote Q‘ere is the sudden change in the curves of the second
and third mode eigenvalu ¢ aspect ratio R of the plate increases. This
phenomenon was also noted by the authors of Reference [14] where they refer
to it as the frequency crossing. This can be explained physically. As the
plate aspect ratio R = b/b2 increases, the height of the plate increases with
r-espect to its ’other dimensions. At some point, the plate becomes too short
in the direction of the £ axis to accommodate the increasing number of anti-
nodes in the horizontal direction, causing e vibratory motion with anti-nodes
in the vertical direc‘j,on*a.nd consequently, a sudderi change in the eigenvalues
curve is observed The second interesting point to note is that in some cases,
depending on the size of the skew angle and the mode of vibration, it was

noticed that this crossover from horizontal to vertical anti-nodes or visz versa
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would often Vha.ppen through a.series of mixed anti-nodes which cannot be
categorized as either, but in reality are some what in between as can be seen in
Figures 5.5 and 5.8. (these figures sl;ow an eﬁcample of computer generated and
plotted symmetric and anti-symmetric modal shapes for the simply supported
and the fully clamped symmetrical trapezoidal plates .with ¢; = ¢, = 2.0).
Another note of interest is the one on one resemblance in the modal shapes
of Figure 5.5 representing the simply supported plate and those of Figure 5.8
representing the fully clamped plate. However, it must be noted that the
distance from the boundary lines to the first contour line is greater in the
modal shapes of Figure 5.8 than in those of Figure 5.5, reﬂe‘cting the infinite
rigidity of the boundary of the clamped plate and therefore the zero slope
condition. Although the‘tv'v’o cases are similar, the corresponding eigenvalues
and cdnsequently the circular frequencies in the case of the clamped plate are
higher, also due to the rigidity of the boundary and its resistance to rotation

in the latter case.

The validity, éorrectness, and convergence of the superposition method -

explored in this ixzveﬁtigation have been demonst:rated through the comparison
of numerical results with previously published a.ﬁalytica.l data. Some of these
data were exact eigenvalues corresponding to limiting cases such as triangles
or rectangles. Some were pbtainéa through appréxima.te methods such as
' the Galerkin method. The development of an alternative solution based on
the alternative building blocks of Flgure 2.6 provided a powerful proof of the
legitimacy of the present analysis as both solutions converged to the same

eigenvalues at all times. Furthermore, through the excellent agreemenﬁ of the

prcsently generated analytical values with the expenmental ones of Reference .

(18], it is clear that both the classical thin plate theory and the superposition

techniques are applicable for the range of the numerical results of Chapter 5.

At this pomt the reader .must be asking, what if some of the assumptions

stated at the end of Chapter 1 were violated? This question w111 be answered
in the next section.
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8.2 Effects of Rotatory Inertia and Shear

In view of the five assumptions stated at the end of Chapter 1, the classi-
cal two-dimensional theory of flexural motions of thin elastic plates, leading
to Lagrange’s equation was used in conjunction with the superpos%on tech-
niques to arrive at the results shown in C}:a.pter 5. According to this theory,
the wave velocity of straight crested waves is inversely proportional to the wave

| length. This was confirmed by the exact solution, by Rayleigh(37], Lamb|[38]
and Timoshenko[39], of the general equations of the linear theory of elasticity,
for the case of straight crestel flexural waves, as long as the waves are long
in comparison with the thickness of the plate. However, the classical plate
theory cannot be expected to give good results for sharp _tra.nsier;is or fox“l‘l‘h_-/
frequencies of modes of vibration of high order because, as the wave length
dimiﬁishw, the velocity in the three-dimensional theory has its upper limit the
velocity of rayleigh surface waves. In the case of bars, a similar situation exists
in' regard to the classical one-dimensional theory leading to Bernoulli-Euler™

equation of motion of elastic bars. However, in the latter case, Rayleigh{40]

/T

introduced the effect of rotatory inertia, resulting in a finite upper limit for -
the velocity, its magnitude remained too largeLater, Timoshenkq[41,42]
included @Jb;;:t.of transverse shear deformation, and therefore, obtained
a one-dimensional theory of flexural motions of bars which gives satisfactory

re_s.ults for short waves ®nd high modes of vibratien.

-

In the case of plates, the effect of transverse shear deformation on the -
bending of elastic plates was discussed by Reissner[43,44]. In 1951, Mindlin[45s-
discussed the influence of rotatory inertia and shear on flexural motions q'f'T
isotropic elastic plates. At various stéges of his ‘a.nalysis, Mindlin directed -
. attention to the very close similarities betwe‘en h:’fheory and Reissnet’s the-
orv[43 44} of flexural equilibrium of plates. Furthermore, Mindlin demon-
strated how a two-dimensional theory of flexural motions of usﬁrop:c elastic -
plates is deduced from the three-dimensional equations of elasticity. His the-

ory included the effects of rotatory inertia arid shear in the same manner as/
a
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Timbshenko’s one-dimensional theory of bars, leading to the following equa-

tion of motion for rectangular homogeneous plates;

" 2 2 42 ) 207
2 20(1+v) 0 . ph*d R4 .
plty) W+ =0, :
(V Erk a2 )\PV "o )V e =0 (6 I)J_)

where V*? is the La.plé;cia.n operator, and where K is the equiﬁlent of
Timoshenko's shear coefficient. This coefficient is variously chosen as 2/3
and 8/9 by Timoshenko. A formula for this coeﬁ\i‘tient, involving Poisson’s
ratio, was suggested by the author of Reference [45], where by its use, the
ln:mtmg velocity for very short Wa.vqmwas ma.de identical with the velocity
of Rayleigh surface waves, and velocities mtermedxate between very long and
very short waves were brought into close agreement with the three dimen-
sional theory as illustrated by Figure 6.2 reproduced from the same reference.
In this figure, ¢ is the/{:;e velocity of a wave length A which is given in the
*form of the transcendental equation[37,38, 39]/

where.c, is the velocity of shear waves and is given by ¢, = / Gh/p,/Lna
¥ =(1-2v}/2(1 — v). The expression for the constant X is;

~ -

- | /A SEH-K9=(2-K)}, O0<K<l  (62)
% .

" We now have availa.f-ale to us the differéntial equatiors governing the vi-

- brating rﬁotién of the plate obtained from both, classical and advanced vibra-

tion theories. In the adva.néﬁd theory, the natural frequencies can be expressed
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as the frequencies obtained from the classical thebry mu}
factor N.

We = welN.

-

W

¥

by a correction

The problem is now reduced to finding the correction factors N which can be

expressed as;
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And therefore, to obtain these factors it is necessary to solve the differen-
tial equations obtained from both, _classical and advanced vibration theories.
However, it must be remembered that in most cases, in view of the complexity
of shape and boundary conditions of interest, solutions to these differential

equations are often out of reach. It is therfore clear that in general, no ex-

act correction factor can be found for the case where it is needed. However,

approximate correction factors can always be found. Since it is believed that”

these factors will be of more value to the experimenter than none at all, they
will be considered in the rest of this section.

A vibrating plate at highef modes exhibit a net work of node fnes di-
viding it into smaller plates. The node lines are, in effect, simple supports.
Therefore, at higher modes, any plate will act as it consists mainly of smaller
simply supported plates. One might then assume that the correction factors
corresponding to simply supported rectangular plate at higher modesrwﬂl be
applicable.to other plates In an approximate way.

A frequency equatxon for the simply supported rectangular plate is ob-
tained by subsmtutlng the following disp] \ge:}gent “function in Equation (6.1);

%

W = sin(mx§)sin(nmn)[Cysin(w.t) + Cacos(wqt)].

»

The resulting frequency equation is;

L]

Di(m/a)* + (nn/8)7] ~ [(oh*/12) + 2Dp(1 + v)/ ERK{{(im 0
# (/07 ~ o) + [20°(1 + V)4 12E Kt

In the classical theory we have;
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From the above two equations we find;

. . .
. w ph (1+v)
NZ=(22) = —=+2D
(wc) { [( 12 ’"En
h? -+
B L ap, ) .
12 "ERK )
\ 2 2\ 2
( 'LV) mT nw
-2 2Dh =) (2
PER3ER \\ e b
+v) [ (m=\" nr\ 7\
por2 L - — :
{ " 3EK (() *(b))}
This equation is the same as Equation (23): of Reference [46]. In applymn
the above correction factors to the trapezoidal pla.te case, it is suggcsted to
use ¢ ="(b; + b2)/2. It is to be expected that the approximation-'will be
better with increasing mode number. The a.ccuracya this approximation can
not be estimated since no exact solutions are wn to exist. It is therofore
advisable not to rely on this approximation without experimental verifications
except to have a broad idea of the frequency range of the vibrating sybtem.
One must also keep in mind that a vibrating trapezoidal plate, or a.ny\"rmn—

rectangular quadrilateral plate, at higher modes most often exhibit a net work
of curvilinear node lines rather than straight node lines. N

=
~——

6.2 Fine Point. in Generéting Eigenvalues

——

The Threé.'j?ypes of Values Encountered

n
It has been show1, in the previous chapter, how eigenvalues are geherated with
the help of the two programs of Appendix A-IL. It was zlso mentioned that
care must be exercxsed in selecting the 2ppropriate ones for some of therp may
not be genuine. There are three types of these values. the first-type consists

-of those funbers that give t.he illusion of converging toward an eigenvalue,
but do not result in. a vanmhmg coeﬁ"xcmnt ma.tnx These val@®s can not.be

-
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called exgenva.lues and are easily detected since they a.Iwa.ys show discontinu-
ity in the e:genvalue curve. The second type consists of what is referred to as
rejection modes eigenvalues[2]. Although theyTesult i ina vamshmg coefficient
matrix, these values do not result in a real physical’ v:bratory motion’ of the -
plate under consideration. It is found that 4n each study there exists cer-
tain combinations of bﬁilding block shapes which correspond to zero net plate
displacement. Satisfaction of the specified bour{dary conditio’ns is observed.

Net displacement of the total assembly is zero beca.use the non-zero chspla.ce-

ment of one group of building blocks is equal and opposite to the contribution \\_’

of the remaining blocks. A non-trnpal solution will exist for thecoefficients
appearing in the forcing functions even though no free vibration can occur.
Associated eigenvalues are false and must be rejected. Fortunatély, the pres-
ence of this type of false eigenvalues is virtually eliminated by the fact that
in any analysis, at least two independent solutions (triangular and rectangu-
lar element solutions) are joined together side by side. In order for a false .-
eigenvalue to exist, all the solutions of the involved elements must sat1sfy the
above described condxtzons simultaneously. Nevertheless, this type of e igen-
values.do exist in some rare cases and must be dismissed. Their detec‘r n is
easily achieved since they result in zero net displacement. Finally, the third
type of values is that of genuine eigenvalues that not only result in vanish-
ing coefficient matrix and hence a non-trivial solution for the coefficients of
the forcing functions, but also in a real vibratgry motion of the plate under
consideration.

Numerical Instabilities

Given the nature of the equations involved in this analysis, and due to the
presence of hyperbolic functions, there was, at first, some concern on the part
of the author relating to possible numenscal instabilities and their effects on ‘
the method used 'in thxs study However; as the work progressed, it became 4
clear that any poss:b:hty of numerical instabilities could" be-eliminated b},.
s1mphfymg the_e,c—lgaﬁx,ons mvohed After careful mampulawll the .

. - -
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equations, the only term judged to be 2 potential cause of any numerical
instability was found to be in the form of sink(z)/cosh(z), or cosh(z)/sinh(z),
& Which can be replaced by unity for large encugh values of z. The simplified
equations and the critical values of z, at which the programs of Appendix A-
II switch from the original equations to the simplified ones, are checked by
evaluating the numerical values of bo t the point of crossover to make
~ sure the exact same results were obtzgir;amzch case. Programs TSLS and

TCLS are each equipped with a set of simp[iﬁ“cd/e; siaqs to deal with any
possibility of numerical instability that might arise.

6.4 Internal Damping Effects

In the preceding analysis it was assumed that the vibrating plate posscssés no
damping. While this mathematically convenient assumption closely approxi-
mate the actual dynamic behavior of the plate, there is always some damping
effect in any real situation. It is due to this damping ‘that the free vibra-

tion dies out when, after initial excitation, the plate is left alone. Externai

damping forces produced by the surrounding media, such as water, air, and-

soil can be predicted, controlled, and kept to an insignificant level. However,

what we are concerned with here is the internal damping forces which are.

attributed to the hysteresis of elastic material; i.e., the wozjlic~ required to pro-
_— duce certain deformation is larger than the energy required in the reloading
process. Consequently, there is a loss of energy which can have a pronounced
effect on the vibration only when the deformatiens are in the plastic range.
Since, strictly speaking, these internal forces are stress-dependent, their exact
consideration in the analysis is cumbersome. However, their influence on the

Hree and’steady-state vibrations is small. In the case of a single degree of

- freedom system, for instance, 2 strong damping force capable of reducing the_

amplitude of free vibration to half within one period will have only aunegligiblc

effect of £0.6% on the frst circular-frequency.

't
.
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- CONCLUSION

P

The present analysis is devoted to the dynamic a.n'a:}j"sis;of non—recﬁ}ngulai‘
quadrilateral plates. The classical solution of the differential equation of mo-

tion is used in conjunction with Gorman’s superposition techniques to develop
: J i D perp

a technique leading to'an a.n_alytiéally"éxact solution to the title problem. This
technique is then applied to solve the free vibration problem of the simply supr
‘ported trapezoidal plates of Chapter 3. In Chap*er 4, the gfoblem of the fully

cla.mped pIa.te is solved. Numerical results for the above two cases are given in

Chapter 5, where comparison of eigenvalues with both analytical and experi-

mental results is made. Unlike numerical and other approximate solutions, the -
. present analytica] method3satisfes exactly the differential equation through-

ou} the pIa.te It also satisfies all boundary cond1t1ons to any\desired degree of
accuracy. It is assuried that the effect of rotatory inertia and shear

in most

- cases, of negligiblé order of magnitude. This is-true only if the assump¥jons

stated at the erndofThapter one are observed. To provide, however

taken mtq_ consideration, these effects are dj ed in Chapter
an approximate correction factor N_y[;:s;ode frequencieg, However,

the reader must keep in mind that s, correction factor is =pproxim ~4nd

, prov1d1ng

" that no estimate could be ngen as. to its level of reliability. Use of the two

programs of Appendxx AT is also ecpla..ned
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. The mathematical technique described in this analysis is not limited in
application to problems with axis of symmetry. Its application could be ex-
tended to any polygonal plate with a.rbxt.ra.ry bounda.ry conditions by _pru-)
dently choosmg a sufficient’ number, of tna.ngula.r and rectangular clcmcnts

- to properly represent the geometry of the plate urtder study, and of building

blocks to satlsfy its boundary condjtions. The only requirement is that these
boundary conditions and the differential équa.txon do not introduce any non-

linearities. In fact, the solution of the free vibration problem of the simply .
sppported unsymmetrifal trapezoidal plate, obtained by dividing the simply

supported symmetrical trapezoidal plate into two along its axis of symmetry,

is the same as that of the anti-symmetric modes of the latter plate. The anti-

Symanetric mode solution of the fully clamped plate is also the solution of this.

-

" umsymmetrical trapezoxda.l pla.te with sunple support along the common edge
ts

of the two right angles and clamped along the other three. However, the reader
must be made aware of the fact that a large number of right angle triangles
and rectaifgles may be needed in order tolrepresent. some of the more compli-
ca.ted quadnla.tera.l non-rectangular shapes.” Consequently, at some point the

ana..yst must be prepa.?d to fully analyze'the s:tua.txonom order to decide if

~ the present analysis is feasible in view of the increasing nm _,f,buxldmg
blocks required for the solution of such pla.t.e and “therefore the largc size

coefficient matrix involved.

N
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, . APPENDIX A-I
' COMMOMLY USED INTEGRALS

L

Beginning in Chapter 3 we have often found it necessary to expand analytical
functions in Fourier-type series. Fortunately, or-ﬂy 2 very limited number of
products of these functions need to be integrated. In this appendix, a list
of such integrals is provided. Although very brief, it is sufficient for all the

integration required in this analysis. Integrations are always over the interval

from 0 to 1.

1

1 -sin(A — B)  sin{A+ B) ]
/;cosAzco.sB:c) =5 =5 yewanll
1 ] o |
/; sin(Az)sin(Bzr)dz = = szrjii BB) - s”"'i‘i BB) o
1 : . 2,
j; sin{Az)cos(Bz)dz = -3 “E.A_.BB) -+ Coi&i .BB) - — _AB: ,

in the 2bove three integrals A% # B2,
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1 < _ B ’ .
/ sin(Az)cosh(Bz)dz = A{l = cosAcoshB) + BsinAsinhB
0

A? + B2 2
' BcosAcoshB + AsindAsinhB — B
A h
/; cos{ z)sm (Bz)dz ‘ = . ,
1 o
/ cos(Az)cosh(Bz)dz = BCOSAsmhf A:mAcoshB
0 A+ B

in the next three integrals A2 # €2,

' | - 3 -_ -_ —_— Y — -
/; cos{Az + B)cos(Cz + D)dz _sin(A-C +;5E'A _Dé) sin(B — D) i
sin(A+ B +C + D) — sin(B + D)

2(4+C) ’

Lo . sin(A + B~ C — D) — sin(B — D) _
.];sm(Az:-{-B)sm(C:r+D) 2A=C)

sin{A + B + C + D) — sin(B + D)
2(A+ B) ’

1
/0 sin(Az + B)cos(Cz + D)dz =C°3(B =D} ;EESEAC; C+B-D) +
cos(B+ D) — cos(A + B+ C + D)
2{A+C) )

1
/ sinh(Az + B)cos{(Cz+D)dz =
o -

Acosh(A + B)cos(C + D) — costhosD
A+ C2 '

Csmh(A + B)sin(C + D) - sth.st
AT C?
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+

1 .
/ cosh(Az + B)sin(Cz+D)dz =
0

sinh(A + B)sin(C + D) — sinhBsinD

A . A% 4 C? ,
coshBcosD — cosh(A + B)cos(C < D)
C .
Az C?
-
~l . v
/ sinh(Az + B)sin(Cz+D)dz =
0 -
N Acosh(A + B)sin(C + D) — coshBsinD
. A%+ C? '
. t. Cs:'nthosD — sinh(A + B)cos(C + D)
' A +C? -

-
~

-

, :
/ cosh(Az + B)cos(CX+D)dz =
0 ‘ .

- - A

sinh(A 4+ B)ecos(C + D) — sinhBecasD .
C A+ C? '
cosh(A + B)sin(C + D) ~ coshBsinD

c
471 C?
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APPENDIX A-II
FORTRAN PROGRAM LISTINGS .

™)

yes
(]
L )
(]

“r
[ ]

el

.

IMPLICIT REAL®E(A-Y . 0-2°

S mawll al &) ~
e R RV ) . C e - 'y - IS " - [ . - -
SIMENSION Ao, 3o .'n‘Z-,-.;’..E;:-I(‘_:),.Zﬂ.lohr_fﬁ‘i(
LIMUL6 VEMIIS) AN IS DM 1) X 1an
Zefine groblem siramezarg
~— e el e am
SC 19CC I=:..:2
Nil=0.
PCI=.5
P e
PlI8=2-2C1 -
R L Y
~wai=2200

RS 1=RS-1

WRITE(S.51)

FORMAT(' ','  AMDS JLIM
WRITZ{(2,9%) -

- READ(3.92) ALMDS \2LIN DIL.PYI1.PH

- —- = e . e me s e -
TORMAT(T <3, 25, F8.5. 28,775, 2%, 7.2

A BN N RN o ]

1]
Ay me . oaee
...:\,.’:.-* )

ALMDS < 0.001, zhe crogram wil: stop

-
n

[
ais

ALZIDS.LT.C.00:11G0 TO «00
)

T2(6,83 ALMDS ,DLIM.DEL.?

R ™ PV R o4

~%
A

.

1
-
ps
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<

3 FORMAT(' ',F9 3,2X,F8.4

FORMAT('
MODE=Q.
RATIC= 1
EDGE=-3

[ g P
A ¥ .
PI=4 *DATAN(
PHIN=1,/PHI.
AL=DATAN(PHI
~-PHI3=1.,/PHI!
PHIS=DCOS{AL
PHI1S=PHI 1P
PHI3S=PHI3wD
PHISS=PHI5%?
PHISC=PYI3S%
PHIRS=PHT

12

[
g
it

et
"9

OO Y

Mo o

L2577

s
e

;.31‘.7

IXNCANN N NN LN \x? Y K TN

J=DCOS (ALY, PHIL

]
)

H o §
O -4 ITE b bk
p23 B ST W] I L ]

ALI= PIf2.)-
AL3=PI+AL
TDll=

ToIZ

T513=

TD2 1=

=DCOS(AL1)*DCOS (AL1)=BCI*D

—DDI\'knLl)"DSI\(ALI)-L?G-T-.':
(1 DOT)“DST\("’ AL 1\
DCOS (AL2)#DCOS (A72)~20T+

ToI2=DEIN{AL2)¥DSIN(AL2Y-PCT

Ll
S .
P
— e
JRS-I

=(1-301% 2021

Shadam

DSIN(2.=

2=0CC5(AL3)™ JCuS(A;s}-DQT*

—_—

£

S3LIN,FTLL3N, I

LR

XXLENXX

LY,

SIN(ALI)*DSI N:%Ll)
DCOS{ALL»*DCCE ALY

DSIN(ALZI®DSINIALY)
DCOSTAL2YDZOS: 112

1172 C20);

TO3I=DSINTAL3)Y DSL\{ L3Y=201w
[1-POI:D3INC2.%aL3)

V‘-DCOS\nuZ)—”-ahT‘"DS N 'LZJ
VI=TOSINCALZY+(1-PCI0 3 3 iL
Vi= .J: INCAL )-'1-?02)

.b-ﬁd

R

SrOSINTAL

_.-__,v-\-:-c soa Py

\——'\4\;33(_:5..:]"" 1-201 HEV IR -\1..-,:"3 !

tAL2Y 2.:1).PHISS
ToI=3COS(AL2)7DST N(ALY®
TIZ=DSINCALZ) JDCOSAl)
PRINTI,PHI:

It E e . =
SunRsAL L L, JiL 0=,
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“

el

- P L o of - - =y * ‘ ) ‘ -
Start the computation of the Coeffitient mas-ix elemenis

DO L I=1.% '

ACT, I+K) = 1.

ACT+X,I+3%Ky = 1.

-(l- '\-.? . — f"
A(I+2%K, I+3%K; = 1. =

4775 1. .

At 1.%PEILS

At 1. F2

= nuwas--wPS) - ' .
=DSQRT(BIHS)

T"srl“—ALnDs-:nPs

GIMS=PHI1S*TESTiM g
IF (GIMS.LT.0.) G1MS=-G1M§
GiM=DSQRTIGINS)

EIMESPHIZSY PHI IS MDS+EMPS)
"-\-—‘\SPQ—( \15)
TEST3M=PYI15¥ALMDS 2408 o
G3MS= D-*"*""“STB“

(G3MS . LT, ,q 3248=-33uS
M=285 R"(g-“S)

4

i
MO=PUTIg

Ses=IaLll

L

=

ot i n

T

U

s

RT

m'
— tn ]
I L) L

..
a

LY O IEYT wr b "1

rr
I
Lo

A L e
P
Il

W0l QY e 6 0= Dt Y e

I

4

i
L]
U
(]

GRM=DSORT{GRMS
NI=EMPF2-END
X1s=X1%X1
N2=DMPRTI4IND _ BN
N28=X2%X2 B S
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[ L% 3 ]
[E Y]

R ..

NI=ENPHT1+ENP
X38=X3%X3
X4SEMPFE1-ENP
Ne§=NaHys
\:::1‘\'3_:\'3
NISSNSTHS T

R

rf G O

—.--.-\

)G 20C
Cllﬂ=-DSI\“(5‘ﬂ) CT\.;'W)
TDLliM=-1./(BIMS™DSINH{3IN)-C1 1 ”‘xS*DS’YfGl“)"

ClIM=(B1MS-POI#PHIISWENDPS ) DS INKE!L SIMr{GIMNS-POI

‘.

iDSIN(GIM))

TI2IM=1./({DSINH{ Bl.‘:,‘—C"”‘f'-""SI\':"‘"i)
I=EIM={DCCSH 3;““0{:05(..3,)!\,.... -X23
CI=31MLDCOS (36 - DCOSEY2IMY ), FB1M8~NES
TEST=GiM5-X3S

IF-{TEST.EQ.0.) G2 TO 19

ﬂ

)
)

Ci= (DCOS(X3)-BCCSI1G1My ) ¢ ;5— LIRS IGIN p-DCOS NSy, (HT -

C, C3/2.
cTC 21

c:=ns- N(T1YN) /-

TEST=G1M5-¥6S

IT (TEST.EG.0.) GO TO 22

CL=((DCOS(G1M)-DCOS(NG) )/ (Na= 1ij—r(3coscxe; BCOS (Gt
Ci=Ci/2.

TEGLME-NSS

e ,-)

no=n3; [}
GC TS JS

EI=DIIN(GIM 2.
TEST=GIME-N5S
IT (TEET.Z3.0y 6o T 39
A== 00ICTS N3 1 -DC0S (G N3 =EL el DESSINT 230
Ba=HL o2
GC TO Ll )
Ho==D5IN{G1M) /2.
IF {X3.L7T.0.) Hi=-Hs
DS1=-2_INPDCOS {ZNP )= DZIN“'=’“}'fElNS—EN?S}
.' NPEDCOS (ENPY*DSIN(G1IM),/ '31MS-ENPS)

NPUDCOS (ENP ) “S-Nr{u‘u;;QGlHS*EN?S)

182

PHIISY

Ly
-

MDY

5

1) (Ne-C

X I
HIS |

Ehad



200 IF (BIMS.GT.3LIM
C12M=-DSINH(31Y)
TD12M=-1./(B1M§*
C22M=-(51N§-DQTs
IDSINH(GIN))
TD22M=1./(3SING(
C1=B iM% /DCOSH(51
CI=B1M¥ DCOS( e,
C3=G1M*(DCOSH(3:
CO=G1M*(DEDS: 36
H1=X6* (DCOSH(21Y
H2=X3 (DCOS (X5 ) -

SX&™ (DCOSHIG1Y

7 GO TO 205
JOSINH(GIM)
OSINH(BIM)+C12M*GIMS*DSINK(GLY)

3 J
PHZLS*E&PS)*DSZNH(BIH)fC(GlHSL?DI*?HIlS*Eﬁ?S'*

BIMI+C22MDSINEIGIM))

MY-DCO8(X3); //B1MS+15S)
=DCISH{B1M) )/ (31M5+¥63)
A3=2C08(X3))/(G1MS+X5S)
-BCOSE(GIM) ;/ (G1MS=XES)
> =DCAS{X6) )/ (31MS+X6S)
DCCSH(BIM) )/ {21M8+X5S)
1<DCOS(X6) )/ (G1MNS+NSS)

Hé=XS*(DCOS!KS}-BCOSH(GIM))E(GIHS;XSS}

DS1=-2 . “ENPWDCOS
DSZ=2 . “INP*DCOS(
D83=-2 . “ENP*DCOS
- G0 TO 210
205 CiaM=-1
TDI2M=-:./(31M5+

C22M=- (B1MS-20T

- TDZ2M=1./7(1.+C22M)

C1=B1M/ (BIMS~X3S
C2=-B1M/ (B1M53+XE

C5=G1M/(G1MS+13S

{EN?)*DSINH(BIM}; (BIMS+ENPS)
INPIEDSIN(GLIM) / (GINS-ENPS)
(ENP)®DSINH{G1M), (GLMS+ENPS)

CLaM=G1M8)

PHIIS*EMPS )/ (GIMS-POI*PHI 1S*Z4PS
)
3)

)

Co=-G1M/ (GIMNS+XES)

H1=X8/ (B1M5-%6S)
H2=-X3, (E1MS=33S
H3=X6, (G 1MS+18S)
HE=-X5, 1 G 1S3
DSi=-2, wENDPUICCS
DSA=2 FENDHICCS:
DS3=-2 FENPRICIS
210 LF (TESTM.IT.G
C21M=-DSINE/23Y;
TDIiM=-1. . 3INGE
CalM=(E3MS-BOTHD
1DSINIGIY))
TDLIN=L. . (DSTNE(
Di=BIMDCOSE(ES
22=33MDCOS ENP

TEST=G3MS-Xxc§

)

)

{EN?)/(B1MS=ENPS™
EN?E*BSIN(GLH)/(SZHS—ENPS)
(INF)/(GIMS-ENDS:

A~ ——

-5 GO TO 220

JSSIN(G3M)Y
SSINH(BIM -Co 1 GaMS=DSIN(32M

- -

e e Tt e AR D e A Ao e
:-;b";ﬁPS)“DS-Nn;EJﬂ);((G;Eb-?u-"-:-;b";ﬁ::‘n

3MFCLIMTDSINGZZM)) :
SICCSIENP) -ZCCSIEMPY )/ (BIME-NS

J-DCCSH(33M)*ICCSIENDP) ) (BaMNS=N3

IF (TEST.EZQ.0.7320 TO 24

“

tOS(GSH+ENP))f(GBH+Ki))+((DCOS{EﬂP
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-
—

3=(DCOS({EMP)-DCOS{ 2. wG2NM=~
23 TEST=G3MS-X3S c

(TZST.EQ.0)Y GO T 28

TDRIM=L L (1+Ca2M)
-_-xn\a..DCr\sr \p. 3

n.-‘..'

+xes:

184

=7{DCCSIG3M-ENPI-DCTS/END) Y 1G3M-N3) 1= { 1 DCOS, GIN-IND - -]
LEMP) ), (G3Y-X5))
=Dz, '
50 TO 27 .
28 D-={DCOS{ 2. ¥GIN+END1-3CIS ML) /(L. #53M)
27 5 DCOSH (B3M)*DCOS(ENP 1 -DCCS(EMP}) [BIMS-¥33;
COS{EMP)-DCOSH{33M;%DCOS(END ) 1/ (2INS-133)
s
0.) G& TO 42
NP-G3M)-DCOS(ZMP) ) ' (G3M=132 1+ ( (DCOS{ENP)-DEOS
P3=r3/2.
| GO TG L3 ~ ‘
42 P3=UDCUS!EMP-2.%G3M) ~2CCS(IND) ), 4. 4G
IF N3.LT.0.) P3=-P3
L3 TIST=G2MS-XN6S
IF (TZST.ZQ.0.) GO TC 44
PL=({DCOS(EMP)-DCOS (ENP+GIM} )/ (G3M+X6) )+ ((DCOS(G3M-INP
1/{33}4-X6)) '
PL=P4/2. ,
60 TO 45
44 PL=(DCOS (EMP)-DCCSIENP-2,%G3M) )/ (4. #53N)
43 CONTINUE
GZ TO 230
220 IF (B3MS.3T.QLIM) 3
C3aN=-DSINE(BIM:/ ) o
ZTInEE-L. TENSHDS INE: 31N -CINNGINS DSINA(GIN )
C-IN=-(B3NS-P0I% MPSDSINHE/EING ((G3NS-POIMPEIIINE
133INHIGIN)) ~
ToLaM=l.(DSINH(EIMI~CAIMRDSINHIGTY
DI=33Me/DSOSHI B3N HDCI8 TN 1-0008 TP, 1 | 3318153
DI=23:% (DCGS/EMP)-DCOSHI23N w3008 IND ) ¢ (3315438 )
53=G3M%{ DCOSHIGIM¥DCIS (NP 1-0C38 EMP, ;. (G3MS-1E5
S8=2327(COS(EMP; -DCOSHIGIM ) "DCIS NP, . (33182438 ‘
Pl=E3%(DCOSH(BIM;*DCOS(EINP -DCLI(NP ., -33MS-¥3S) |
PL=NEW{DCOS(ENP  ~DCOSH (23N w3038 (IND 1 ¢ B3MS-N33 )
PI=NEFODCOSHGIMNITDICS (ENP . -ICISIEMP o+ [ GINS-IS)
Po=idw DCOS{EMP 1 -DIDSH (SN, ¥IICSIINE ., [ G3NS-153)
G0 TO 230 .
223 CIfM=-i.
v TD22Nm-1./(B3NSHC3I2IGINS)
CL2M=-1B3MS-POI*PHIZSYENPS ) / (G3MS-PCI#PHIZE4EMES)

. .
s
TEGTM



D2=-83M*DCOS (ENP )/ (B3MS+X3S)
DS=G3M*DCCS{ENP) / (GINS+X6S)
D6=-G3M*DCCS{IND)/ (G3MS+X5S)
P1=X5%*DCOS(ENP}/(B3IMS+X3S)
P2=-X6*DCOS(ENP) / (B3MS+X6S)
P5=X5DCOS(ENP )/ (G3NS+138)
Pe=rX6*DCCS (ENP) / (G3MS+X6S)
230 IF {TEST5M.LT.0.) 60 TO 240
C31M=-DSINEi25),TSIN(G5Y)
TD31M=-1., {BIMS"DSINH(25YM)-C5 1 +G3MSTDS T \(s;w))
C61M=(B3MS-POI*PHIS®FENPS ) *DS INK(B52M), ( (G3:48+POI*PH] SS*IMPS )
IDSIN(G3Y) ) )

- TD61M=1./(DSINH(23M3+Ce 1M DSIN(GIM))

Al=B3M*{DCOSH(23M}-DCOS(X1))/ (B345+X1S)

A2=B5M* (DCOS (X2 -DCCSH(35M) )/ (B3M5+528)

TEST=G3MS-X18 ‘

IF (TEST.2Q.0.; GO TO 11
AS=(DCCS(X1)-DCOS(G52))/ (X1+G3M))+( (DCOS(E3N, ~DCOS (X1) ), (X1-334))
A43=33/2. ¥

GC TO 12 -

11 43=DSIN(G3M)/2.
12 TEST=G3MS-X2S

IF (TEST.EQ.0.) GO TO 1% )
Ai=((DCOS(GSH)-DCOS(K2))f(XZ+GSH))+((DCDS(KZ)-DCOS(GSM})/(EZ-GSE))
AL=ALf2, ' '
GC TD 14

13 AL=-05IN(GIMy /2.

14 Bl=B3M*(DCOSHE{B3M)*DCOS(ZMP)-DCOS (EMP- X3y (3
32=B3M*(DCOS{ENP-¥1 ;-DCOSH (E3M)“DCOS(EMP) ), /3
TE ‘—GJ“S X33

TZ8T.E2Q.0.) GO TO 13

BZ-L(uC”S(GSI -EMZ)- DCOS(X3-2MP Y/ (X3-G3) ) ~{(DCOS(TY>- =XZ:-DCI8(

IGIM=EME S )/ (N3=23M)
53=3Z/20.

G0 TC 1=

13 B3=DSIN(GIM-ZM2Y /2,

10 TEST=GSHS-KLS

IF (TZST.E L) G2 TO 17

5-‘-=(:DCDSn\--;:IP) DCOS{G5M-2MP )/ ( ~=G3M) - uuwaGS"*"" -DIC8(

IEMP-NL)) /UNL-G3MY))

54=Bi/2,

GO0 TC 18

3MS+X3S)
348-¥28)

"1

-
N

£ Be=DSIN(ENP-G51) /2.
18 £1=X2 (DCUSLLSJH) -DCCS(X2) )/ (33M5+X28)
| E2=X1¥(DCOS(X13-DCOSH(B3Y) )/ (B3MS+X1S)
TEST=G545-X2S
IF (TEST.ZQ.0.) GO TO 28
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3={(DCOS(G3M}Y-DCOS{X2) )/ (¥2G5Y) }=( (3CT P3N -DCOSIN2 ), (N2-GIMY
3=L3/_.

GO TO 29 : :
DSIN(GSMY /2,

‘:‘:GS\!Q_'(1 S

i

t
)
1l

(;?

= —
iT (TZIST.EQ.0.) GO TO =2: '
o= DC2S{X1-DCo8(GM)y v/ (s LRk S {0100 B IR o ot T R i S R SR AL IS LTI
o=z o . ’
==L T,
GC TO 32

21 Z&i=-D8IN
S Lz .

2 G ‘D COSH{ESM™DCOS(EMPYY L 23ME-NiS -
G ‘D (1P, -DCOSIEMB-X34; | 2IM8=N3S)

T .
ir 33 )
. G,- S{IMP=XL )/ (G3M-4a) = (D0DS . EMDaNL -nons

- -
GG 7O 34 ’
33 GEZ=DEIN(IME-GIMY 2,
IF (X&.LT.0.) G3=-G3

34 TEST=G3IMS-X35§ ’
I¥ (TEST.EQ.0.) GO TO 33
G-={({DCJ8 :x?'$3!-DCCS(ERP-GEﬂJﬁf(CSﬂ X3 (UBCOS (EMP-G3M, <22 0R ,

TEMP-N2Y)/(G3 M+X2))
S=GL72.
GC TZ 36 .

35 G-=DS§: N(G3M-ENR /2.

32 ESi1={E3MuDSIN: :"Eﬂ?!-x;*DSINH{ESﬂl':CCS:ET?,} FESMESNLS:
3535‘::"hS.XE-33?)'ECGcn;ﬂ?;-ESH':S:\.x:'sﬂ?:J,fESﬁS’xﬁv,
TDIT=G3ME-1LS
IF (TEST.LT.0.; TEST=-TI3T
IF "TZIST.EZG.C.: 30 T e
E32=0(2CLSEME -5, 0. =X<,-DC08 . GIM=EME-:5I 2 N O
10 lOCOS GNPl 2, -EME - 000S N 2D =T --G3t
ESI=I35°1. .

GS 7T L3 '

%6 T N-.LT.Z.3 30 TS
ZS3= Z3INIGH: -f?:f:. L= 0T TNPeEIer Rl 2 -nnn g
LYEME-ZAN-TRI02 ),

GC T2 <8

4T ZEZ=:iI5IN(G3 SM=EMB-¢DI 2 Y2, —':Dsisf-?: e S N A stalel™
I(GSH—f?I[Z.)'Eﬂ?}),fé."siﬁ}J

<8 TEET=G3M3-338 v
IF ITEST.LT.O0) _:S*_-TEST
IF "TEIST.EG.C.) S0 TG .9
842 (DCCS GV ENP- (B 2.} -D0CS ENB- (DT /0. av5 10 (viamser.

TR R e PRV R B R I D T
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L((DCOS{X3+(PI
ES4=ESL/2.

GO TO 51

/2.)-EMNP)-DCOS(

53:=(P1/2.

e -

Y

J-ZMPYS

,. (.‘;3‘!.73\1) )

+% ESA=(DSINIEMP-G3M-(PI/2.})/2. ={ {DCOSIZMP=E3IM-(PI /2. )-DC0S
(EMP-G3M-(PI/2.))3/(4.%G3M))

3.1 FS1=(B3M¥DSINH F(33M1DCOS(ENP) -HI"DSIN{ENP-N3 )/ (2348-X38)
FS2=(XNAFDSIN(EMP =KL ) ~B3M=DSINE( B3 #3008 (ENPY )/ (254S-XL3)
TEST=G54S-X35 .

IT (TEST. f*.o.; TEST=-TEST )
IF (TEST.2Q.0.) GO TO 32
FS3=((DSIN(X3-EMP)- -DSIN(GSM-ENP) )/ (X3-35Y) )~ - _
LOIDSIN(GSM+EMP I -DSINCEMP-X3) )/ (XI=G51))
F$3=FS3/2. ,
GO TO 33
32 F33=(DCOS(G3M-EMP) /2. )Tfns N(EMP=GIN) /(2. %G35M)) :
53 TIST=G3MS-uLg ]
I (TEST.LT.0.) TEST=-TEST
IT (TEST.EQ.0.) GO TO 34
- F34=({BSIN(G3M-ZMP)I-DSIN(X4=EMP) ), (Ke-G3) 3=
L{(DSIN(EMP-N4)-DSINIGINFEND) ), (Na=85)))
TS4=FSL/2.
30 TC 353

5+ FS4={DSIN(EMP-G3M)/{2.%G3M}) - (DCOSIG3M-EM2),2.)

3% CONTINUE L :
GG TO 250

240 IF (E3ME.GT.QLIM) 30 TO 243

C3aM=-DsT INH(23M)./DSINHIGSY)
r:s:x=-1 S (B3MS¥DSINH(B3M)<L5 0 “’vs~:='\a( M)
CooN=- (25345~ ~POIFPHI3STEMPS ) DS INE (332 / ({G3MS -POTHDET537E g
I3SINH(G3MS)
TI3I2M=1. / (DSINE(B3M,+Ca2MFDSINHIGE))
A1=RIMT(DCOSH(: 3MI-3COS(NLY;/{23N5-118)
A1=B3MF(DCOSIX2  -DCISHIB3M) ) / (33M8~408)
AZ=G3M(DCOSH(G3M) -DCOS(X1) )/ (553~ 13
AS=G3M¥ DCOS NI -DEISE(GEM) )/ f35MS=%"5
3.=23M%{DCOSH S50 #DC0S (EMP ) 2508 ) {TINSSN3S.
SI=EIMT I DCOS(ENP-N4 ) -DCOSH (25 in e 'K §+NL5:
23=G3MT I DCOSH(G3 M 1 DC0S (EMP; D008 2 3 1S+32S
3e=G3M7 DCOS {22 -X4 ) 2DC0SH (3573003 }. 3+35;
ZISX2%(DCOSHIZIMY-DCOSIND) ) {3382
ZISXIT(DCIS (XL -DCCSHB3M) )/ (23
23=X2%(DCOSHIG3M) -DCOS(X2) )/ (55 5-
Z8EX1#(DCOS(X1) -DCOSH(33M) ) (G3S~
G1=X4 (DCOS (EMP-X4) -DCOSH(E5M)#ICIS (EMD) )/ (33MS+XLS)

G2=X3% (DCOSH(B3M)*DCAS (ENP) - -DCOSIENP-X3) )/ (35)S+X3S)
Gs=x* (DCOS (EMP-X2)-DCOSHE (G3M)*DCOS IMP) )/ (531S-X4S)
Gé=X3*(DCOSH(GSN}*DCOS(E“D\ DCOS{EIMP-E3)3/ (G3N8+¥3S)

[

[

18



Z51={35M*DSIN(XL-EMD ) ~ X4 DS INH (25MY D0 CE(EMPY; (353MS-NS)
Z52={N3*DSINH(BSY)WDCOS(EMP 3 = 35M=DSIN (X3 -EMP 15 (B3MS-N3S)
L33=(G3M DSLYKY¢-:ﬁ°J-\— *DEINH{GIM D”CalEH BrorEIMS+NLS)
Z38= H(GIMYFDCTE I TMP ) «35M0 DS VroUGMS-N3S
:-‘51=|,33>:--:s-\':~:(3>~1 PHICOS(ENP e NI P CEINSSN3S,
FSI={NewDIINIIMP-NLY-33MeD3 ;NHCESﬂ!nDCu:("Wv IEIMESNAS
TIISIGINDSINE(GIN D08 END - NANDSIN(IMD -V PGEIME+NIS)
FISS I NINIEINCEMP-Ma -G DaTN SIMYEDCCEIEND L (G3ME=NGE)
o TS L0 ' .
(ot Sa AT
7351x=:£.‘( SMS-C52MG3MS)
.Cé23=—fSEﬂS-POI*EHZSS*EX?S"(SSES-?OI*?HIES“ET?S)
TI2M=1 {1.=C82Y
AISE3N; (35M54N1S) ]
A2=-32 T353M8SNI8)
AI=E3H(E3ME+X1S)
Az=-G3M/ GIUSNIE) ) T
BI=ESMaDODS TP/ {BIME-NaS
2I=-23MWDIOS(EMP) (28T
S3=G31DCISIEMP)Y, (G3Ns+u3s, .
BE=-G3M*DCIS(EMP) / [G3MS+NLS)
El=:2"“'“5*\“5
D2=-X1,/(25M8+X18)
ES=“_.(GJ“°-\ S)
Ze=-X1/(G3x8<N18)
GI=-YiwDCISIIMPY, (23M8+3LS"
GI=MZ9DCCS IMP) /1 B5ME+N2S)
GI==XlWDC2S{ENP ),/ (G3M8+:LS
GE=x3DCO3 2MDY /i G5ME-NISY
PEREL ORI TEA - Rt SN o '
E32=NI¥DCCE 2P (B3Me+2s : N
IE3=-NauDIISVIMD Y U EEMESNLT,
Z3c=Nan0CI8 ENE ) U UGoMEENas
TIISEINTIDCIB(EMP Y, 23ME-NEEY .
$3I=-ZIMwDIISIEMP) U33ME-N_3,
?SE=353“""§‘!3H?§ PSINE-NZE:
TEe=-GIIDCCS(ENP i ZIMENNLS
CONTINCE )
This step will compute slements with ALVDS - IiD
I7 (TESTIN.LT.2.: GC 750 &:
= TDLIIMB[C1=C2=CliMe(C3-T4
= TD2IMw(CI=-Co=CoIMw(C3-C43
ALN = ~TOLIMFEMPS® (Ci=C2-C1IMe(C3=00
A2N = TOLIM®(3INS¥{CI+C2»-ClIMEG IS 204 )
AN = TDLIMEEMPUw(BIMIE(HLI=HD =01 IMueg e ' HaL -He

-

188



o
[ ]

b TR TR

LY Py pee —

A A 0-{‘

s
Q-

Us e s Ne 3e 4a o Ba
LR N VS I K TSR

R AR R B A
+

Ayats Ty
-8

e w . ee
JENLJ=R)

.'-':'\,_Ji
BN
5Tec Wie

oy

= -(TDBI*PHIlS*A1X+TD32*A2N+TD33*PHII*ASN)

= -7321xﬁ£nps*(c1+c:+c:13*(csaca))

= TDZ12*(31&5*(C1*C2)-CZlﬁ*GlnS*(C3+C4))

= TD:lﬂ*ExP*(s1ﬁ*faz¢az)+czzu*czn*r§3+HL))

= -(TDBI*PHIIS*AIX+TD32*A2X+TD33*PHII*ABN)

= TDIIM¥EMPYDCOS (EMP ) (DS1+C11M%D52

= TD:lﬂ*EHP*DCOS(EHP)*(DSE*C:IH*DSZ)

= -Tnz1n*zn?s*sx?*ocos<zx?)*(ns:+51zxﬁns:) *

= TDLIMSEMPDCOS(EMP) (31 *DS1-CLIMN“G1MS D82
= - {AIN+POIS“PHIZS¥A2N) :

= -Tnz1n*£xps*sxpwncos(sn?)*(ns1+c:1n*ns:)

= ?D:lﬁ*EHP*DCDS(Eﬁ?}*(Ble*DSl-CZIX*GIHS*DSE)

- {ALN+POIS*PHI3S42N)
GO TG &2

generate elements with ALMDS < £MPS

= TDIaM(C

HC2+CI2MH(C3-Ch))

= TDZZﬂ*(Cl*CZ*CZZH*(C3+Cé))

= -TDIZE*EXPS*(C1+C2*C123*(C5+Q6))

= fDlZM*(S1ﬁ5*(C1+C2)+C12H*G1HS*(C5+C6))

= TDIEH*EHP*(BIH*(HE+H2)+C12ﬂ*GlH*(HS+Hé))
= -(TD31*PHIIS*nlN+TD32*A2X+TDSS*?TZ‘*ABN) i
= -TDZ2ﬂ*EﬂPS*(C1+C2*C22ﬂ*(CS+C6))

= TDZZﬁ*(BlﬁS*(C1+C2)+C2°Y*G1H$*KC5+C6))

= TDZZﬁ*Eﬂ?*(EIM*(HI*HZ)EEZEH*GEY*(HS*Hé))
= -(TDBI*?HIIS*AIN+TDEE*3_N*T33€*?HI1*£3X)
= TDZZN*EH?*DCCS(EMP)*(DSI+C122ﬁDSB)

= TDI2MFEMPRDCOS(IMP)# (DS 1<Con

= -TDi2¥ MPSFINPTDC0S T2 ) (D3

= TDIZﬂ“EEP*DCGS(Eﬂ?)*(ilﬁS%ﬁSl

= -(AIN‘PGIS*?EIB"*AZN}

= sTOL2MWEMPSHIMBUNCT OS85
= TD:ZX*EE?*DCDS(ZH?}*?BlﬁS*DSZ SI2MmZiMEwIsr

= (3IN-POIS#PHI S22\,

ko

4%5erite alements with 2HIlSwaiT'mg . NP3

7 —

TP OITISTENLLT.LOL) G0 TS 83
= TDIIMF(D1<D2-C3IMEIDI-D4))
= TD-IMF(21402-CL1N5(D3-34))

TDBlﬁ*(ESHS*(DE*DZ)-C3lﬂ*5335*(33-34)}
= -TDSlﬁ*EHPS*(Dl*DZ+C3lM*(DS*S;;)

= TDSIH*EHP*{BB&*(?Z+P2)?CEIH*GSH*(PE*?LE)
= -(TDBI*PHIlSﬁAIX+T332*AZX+T333*?HII*ASN)
= TDélﬂ?(ESﬂS*fal—DZ)-CiEE*GSHS*(DSTD¢))

= -TDélﬂ*EﬂPS*(DZ—DZ+CLlﬂ*f33-343)
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=)

L)

O

T2
[¥]]
(¥2)

AN TDQIMHEMD (BIMH (PL+P2)=CL LM G3M™(P3+PL))
A(I+5*K, J+3"K) - (TD31%PHIIS®AIN+TD32%42N-TD33+PH] 1¥A3N)
AUJ+6¥K, J+2%K) = TD3I1M=(33M*DCOSH(33M)+C3 1M=GIMHDCCS: G3M))
A{J+5%K, J+37K) TOLIM* (B3 DCOSH(32M +C4 IM=G3MDCOS G3M)
AIN = TDILM#(B3MS*23M*DCOSH I3M -L3 IMFGIMSHEIM DL
G3M))
o= -TDSLMEEMPST(BAMEDCISE(33M)FTIINEGIMADI0S 3
*R,5+2%RG = - {AINTPOISHPHISZS™A2N)
= TDLIM=(33M8*B3M=DCOSHIE3M) - u-‘“"G”“S fGIMEDCIS
G3M))
=TD4 1M
A(J+7K J+3%K) = -(AIN+
GO TO

L
12
P
I

?S'ABB. DC S"(BSﬁ =0 IMEGIMEDCOS (G
12

o 'U

This step will generate elements with PHILSwALMDS < IZMPS

= TDIIMw(D1+D2-C32MwT3=Dc))
: g = TDAIME(D14D2=+CL2M7(D3+D3))
AlIN TDI2M= (B3N8 D102+ T3 2M=G3NS™(D3~D2 ) )
AIN -TD32M¥EMPS¥(D1-D2+C32M%(D5+D6 )
A3N TD3I2M=EMP (B3N (P1+P2)+C32MHG3Y=
= (TD3I%PHL]IS*AIN+TD2A2N+TD32™

nn

[
P
-
4
i
HN
Ly
'..
18]
P2
o
I

(P3~Po1)
FOHT1HAZN)
53+06)

{3
—
;,
n

TDL2MF(B3MSH(D1+D2)+CL 25538 (D
-TDL2MHEMPSH (D 1+D2+CL 207 {D3+D6Y))

= TDA2MEEMPY (B3MH{PL4P2 ) +CAMEEIM: (P5+PG) )
A{I+3%N, J43%K) -{TD31»PHI18"4A: V*’D:“"'2N-"D 3WPHIITAIN)

~ L 0

- i
L) o
A
o

IF (33%5.GT.QLIM) GO TG 233

A(J+6%K, J+2K) = TD32MT(33M5DCOSH(BIM ~C3 21 GaN DCOSHI G35 )

A(J+SUK, J239K) = TDLDNME(B3UKBCOSH(32 ) - ANHGITOCOSI G,

ALN = TDIIMF(E3MS®E3NTDIOSH ! 32M=To2Mw NS GI I 3H
G3))

A28 = ~TBI2MTIMPS: B3 DC0SH B -Can G I o

A0 3=TEK, J429KY = - (31N~POISHRHIZSHAIN -

41N = TDL2MB2NMSHEINEDOCSH B3N ~TADMEGINSHGINNDT3
a3))

AN = -TDL2NSENMPSH BIMROCISHIBAN =LAt GINNIT S5

AUJeToK JH3TK) = - (AIN-POISTPHIZSFACN

'I www i O l‘l

— g, - . e g
= ToIoM 3MaCzIMERT “}
—_ . -~ R L IV Tk B
= To=- IN=CAZNEEEMN
LR _— Ty M ade's » -y e L I Tk R T N N
S a el 3.: ":4.!—Cd2.."0u.ih"-'...;'
Y

A2N = =TD22MWEMPSH(33H+CI2MUG3N
ALJHTER, 524K = - (ALN=POISTPHIZS¥AZN)

AIN = TDL2MF(B3MEHEAM=CLOMTGINETT3M)
A2N = =TDAIMTEMPST (B IMHLLINTSIM)
A[3+TER, J=3%K) = - (AIN=POISHPHIZSTAZNY
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{BI+32+Co1M* (B3+B4))

TDE 1M (B3MS (B 1+ <B2)-ColM™G3MS:(B3<B4 iD)

=TDO IMTEMP (33M= (G2 +G2)+Co IMGSM= (CJ*"))
-(TD2I1%PHISS A INFTD22:42N+TD2 5 "PHISFASN) 2
TDSLN*EHP*(;S;+:SZ*CJIH"(:SJ-ES*))

=TDS 1M (BSY (F IFFS2 =05 1M GoMT (FS3+FS4L)) -
L = TAITAINET 20N :
"Dc’““-ﬂ?“("Sl*
= ~TD61ﬂ*(35N*C?S

# THIS STEP WILL GENERATE ELEMENTS WITH ALMDPS. > =M2S
6L IT (TESTSM.LT.O. 0 65

ALDLSTwamK) = TD31ME(A1<52+C5 24))

AL, J=3%K; = TDE1M“(41+a2-Co rA54))

A(I#X,J+4%K) = TDSIMH(214304C5 #(33+34))

A(I=R,J=3%K) = TDoIMu(E1+37+Cé! +34))

41N = -TD31M¥EMDS™ ,AL*A-*CJ1W“(53—14})

42N = TDSIMT(BINST(A1=A2)-C51MEG3MS¥ (A3+AL) )

43N "TDS IMEEMPU(35M (D142 3405 100G E3+E2))

A(IF3K020K) = - (TDII¥PHISSFAIN+TDI2 A2NSTDI3#PHIS#A3N), T2

AlN . -TDS IMEMPS [ 41+ A-*Ca’“'(13-nu))

AN = TDOIMF(BIMS™(A1+42)-CE1MME5NS(A3-45))

A3N -?Déli:s}o"(na“-r"’—r*)~co1“"c3“"(=:—24))

ACI#3%K,J=5%K) = - (TD11¥PHI5S*AIN+TD12%42N+TD13PHIS#43N) /T2

AL -TD3 IMFEMPE (B1452+C3 1M (33-34))

a2N = TDI1MW(E5MS¥(B1+B2)~C3IMTG3NSH(53+84))

A3N = =I5 IMWEMPH (B3N (G1+62)+C3 INFG3MT (33464 ) ) .
STeER,JAER) = - (TD2IMPHISS A INSTDI2FAINSTDOSFDHISHASN ) /FD
N = -TDG IMEMPE::

H

‘.
"
t
L
PT
o
I

1]

U 4a Ne Or K e Us 4.
12 b 25 3 = —~ L) [J = — W) I
.
|

]
o]
L

1
13

WO b
1

:1-
Ik
e (0

ot s
e

DI I-3YR) = F2IRAIN.T20TAON

AN = -TDIIMTIMPSFIMPW(I51-ESI4C3IMwiI83-T3L5)

A28 = S IMT(BIMSTEIM (TS I+FS2) -5 MU GIMEn I STT a4

1 FELY)

43N = TD3IMFEMPG(I5Mr(FSia

AaN T T = TD3IMEEMDU(33MST(ES:

ArI=Te = -rv:ﬁ;w\ x: ANSVITAINSV

31N = zﬂ?wrzsz+ss:'

's:: = WEIME(FSI-TS

A3N = UDO LMEMPS T 3IMT{ TS 1080 =0 1MEGIMG/ TS5 3 )

44N = TDOIMWEMPT(I3MST(E51+5571-Ca ISI-I3Ly
= -L11w51 Naey o FAINSVITAINSVLAT LN AL

.“IS STZP? W.LL GENIRATE ILEMENTS WITE ALMDPS < ZMPS

S2ME(AIFA2HCI2M (4348))
TDcZﬁ"(Alvn;chiﬂ" {A3+a9))

1
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A(I+K, J+47K)
A(I=X, J+5%K3

> N» s s e

1
A2N
43N
Al CSFIERD
AIN
AN
43N
A(T-lTR SRS
41N
A2N
ASN
ERRE R R Lo
&IN '
A2N
A(I=8¥K, J+L7)
AIN
A2N .
A(I+6%K, J+37K)
AIN
AN

A10HN, J-9K)
AVSSR, J=TERD
ALN

AZN
AlJ=-LmR S48 Y)
ALN

TD32M%(31+5 AN

2=C32M%(B5+86))
TDc2M"(31+3’-Co°W“(“5*36))
~TD32M=EMPS* [ AL-A2+C3IMT (A3
TD32M™(33M8 ¥ (a1=

.
At

= -TO5 M= EMPHF (25N (E1+E2 +C32MHG3 M (E3485)
= - (TD1I#PHISS®AIN-TD12#AN=T0 1 37PHI 554351 £
= -TDolMWEIMPS™(A1+A24C82M71A5-3¢8)) - ‘
= TDeIMT(33MS¥(A1-A2)+COIM¥EIHST (432A81))

~TDO XM EMP (B3M* {E1+22 ) =Co2MuG5MN (E5+Ec i )
= - (TDLI¥PHIZS™AINSTDIZ#A2N-TDI3%BHI5=A3N) ‘T2
T -TD32M EMPS(31+82+C52M* (35-36) )

TDE2M (25MS*(B1+B2)+C3 M= 551G

= =TD32 -ﬂn-(EJ“J(G1—G°)*C32ﬂ"GJ
= = (TDI1FPHISS A IN+TD 225 A2N<TD2S
= -;Do’“*’ﬂps (81+32+CH2M (na*Bo)
= DcZN‘(B:MS"tBl +B21+Co2MHG5 M
= -TDe2M=EMPH (B3N (G1+G2 1 =Col G5y

PHIZSH4IN+TD22%42NTD2 5%
FIMPU (IS I+IS24C3 N (2325
~TD32M% (B5Mi (FS1+FS2)+C3 2 G5
T21¥AIN+F22742N

1

e T

~TDO M= (B3M™ (FS1+FS2)+C6 20 G3M=

FII#AINFF22 40N

= ~TD32M*IMPSUEMP# (ESI+ES2+C32M¥ (E
= SIMT(BIMSTBIMT (FE1+TS ) +C5

FEMPSH(BSMF(FS 1+
IMPY(33MST(E

D3N

1]

0y - s 0N r-

]
e ot U
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271 C1 n=-1 .

F(BIMSLC Mo IME )

1 -
=-f31 3-POIFPHITISTEMNDS) / (C0 POIFPHILISHIMNPS)
!

- -
C2 ; ) ~
TO22M=1./(1+Cam) | .
. B=1. N

TIST=B1M-B1M“ETS -
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ALMEDENPI (23M¥PST-334)%3)%3
A2MEDENP ! {GAMEDS I -G3M R V¥3

NWSSESMOOWTDIMT (AIN=CE2MEA2 3 =DSIN, INPUETS)
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279 NE1=53M-R3MHETAPD '
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TD5IM==1./ (B3MS*DSINZ{B3M ) -C3 LM GINE*DSINIGINY)
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280 : GO TO 281
J/DSINE(G3Y)

1S DS INH( 23, ~CI oy SGOMEHLSINE{(GAM))
IPHISSHEMPS DS INH(E3

TD32M==1./(2
Co2M=-"B35MS-
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284 Wll=lWii+XWi
W2I=W224Xw2 ' .
W33=W33+XW3
waa=hii+ s
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WEO=WHa+Wo o
207 CONTINUE
LI N AR S e AR R AR AL SR A
_ PSI=PSI-1.,/DFLCATI(KS)
208 CONTINUE .
ETA=ETA+1./DFLOAT(XS)
228 CINTINLE

31> I=1l,KXs:

BRMS (-“IRS"AL“DRS+EYPS)/ RS

BRNM=DSQRT(ERMS)

TESTRM=PHIRS*ALMDRS-ENE .
GRMS=TZSTRM, PHIRS o

IF (GRMS.LT.0.) GRMS=-3RMS

RM=DSCRT(GRMS)

NLI=BRM-BRM*DS] -

NXI=GRY-GRM*PSI

IF (TESTRM. T.D ) GO TC 283
IF (M0Dz.zg.: G0 TC 32
'\".\'1" { 5“("'"-‘3CC‘SH(I':‘:Z 3 OCCSH(ERM) =DM MO DIIZ (N2 /3008 E SR 3
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GC TO 31
3z: Kkl=c(%“(“‘ CEINE(XNI,; DSINHOERM =DM SIEISIN(NNI; /2SINEIGRY )

DS IN(INPYWETA)
G TO 212
285 IF (MODE.ZQ.i.: GO To 222

i [BRMS.CGT. SLIM) GO TO 286 .
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MR I CAM M)A I MEDM (M AR DS IN(EHDHE TS

: 199



“n
O

287

(%5
[

)

LY
[y

L0

§-

v

[

Q.

GO TO 312

IF (3RMS.GT.QLIM) GO TD 257
XWIS((AM(M
1#)SIN(EMPTITA)

GS TO 312

B=i.

TZIST=BRM™2SI .

IFITEST.G6T.68G.) 3=0.

ALIM=DENP(~3RMPS IR s ) -
AIM=DENDY -UR\':.‘DC::-.:B):':E -

MW IS (AN(MYFS '“"D 1(“ VRAZEDS IN(TMPHET,
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LILE S B

P ;n

PSI.EQ.1.

WilsWil-"wi
CIONTINUE
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E; -‘1‘:.?.1.-1 L /DFLRATUXNE)
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00 Iic J=1.NW
T OIF VINELL: GO TD 4nt
SUMISSUMISDAZS (W I 00
IF {ILNE.21 GO TG o2 k4
UMISSUMI-DaES W 1.5,
CONTINUE
SUMSSUM-TAES W 3.
CONTINUE :
D0 317 I=2.:0
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SUMI=SUMI=DARS (WD, D .
. IF fMCDE.EG.0: 3% TC 3T

SUMI=SUMI+DARS (W 1. 13
CONTINUE
SUM=SLM-SUMY
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' IF (MCDZ.GT.0, CNi=1¢0
5¥2=370
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e . .
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I is not egual to L,
3C 136 J=1.,N
TLUP=A(DLD)
S)=ACLLD
ATL,J)=TEMP .

Now sgart pivetal

PIVOT=A(I,T)
NEXTR=I+1

itiplying comstan:
CONST=A(2,1),/2IV0T .

. ) .
Now recduce each terp

00 200 R=T.N§
ATDVR)=ALT K)-CONST 4
Izd of piveral

\i:\'_ -

200300 I=1,M

reducticn

switeh rews I and
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found values

X=N=1-5 .
Y=Y-A(IREV,X)%N(R)

ATIRIVISEY ACIREVUIREY)

IND

- SUSROUTINE XNODEZ (W)

IMPLICIT REAL®S(4-H,0-2»

DIMENSION wWr2:.41

- T

t

- t

PLUS =
JERC =
MINCS = "7 )
§TAR = "7

N=21

CHARACTER®1 SIGN(21,41; ,PLUT,tINUs

]

- -

R=2%N-1
- -
oo =

-
o Ly bt
A

Ialal
-

SIG

Oy

—~

I
1~ L e b L -
1
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h

DO I I=1,N
Ll=L

20 1 J=1,1:

IF (W(I,J}.LE.0) G2 TO :i:
SIGN(I,J)=PLLS
IFOIWCILI.32.0) GC TS 12
SIGNUI,IH=UINGS

IF GW(ILDN.NEL0) G TC -
SIGN{I.J:=IZRD

CONTINUE

222 I=iy :
II=I=X-l

3IGN{I.1,=STaR

SIGNII, II;=8TaR

CONTINUE

503 I=iX )
SIGNIN,I;=8TaR

20 T I=1.N

SIGN{1.I:=3TaR

2 - I=:
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Program II, TCLS

TVDT TeTT oo
;..?.‘.-&ul. «

DIMENSION &7

P ..." - .
LESMUIg Y, VEM

{

.
L)
-]
Iy
'y
'™
H

e problem parameters

™ D0 1300 I=1.:180
T1005 N{I=0. .
201=0.3 )
2213=2-pQ7
QLIM=3600.
RS=20
KS1=K&~1
350 WRITZ(¢,51
G1 TORMATY' 05 ALMDS M DEL
WRITE(&,92
READ(3,%2; ALMDS.DLIM,DIL,PHI: PHIR.X
31 FORMATIFS.Z,2¥,F8.4,28,57.5.28,57.5, 25,57
= IZ ALMDS will terminaze
‘TS 0 400
563 LIM DEL,PHII 2HIR.X
33 TORMAT(' T, F8.L, 0N, FT.F 2N, FT.5 .20,
S- FORMAT(, OGN YLooox X

N2DE=1.

=L
2I=4 = DATANIG)
FRIN=I.,PHIL

FUOLZN,I2L 0
SO0 MWL N




Pl

1o

L

AL=DATAN(PHIN) ‘ :
PHIZ=1./PHI1

PEIS=DCOS{AL)*DCOS(AL), PHI1 ’

DT-.T S—D I': o..rr'n -

PHI3SSPHIZ*PHEI3

3

1

1

n

|

‘g

I
o
0t e WL

'y

M 1
1
ot
7
I
Ry
It I H A
it

Px:

T1=DCOS(AL)™

F2=DSINVALY™DSIN(AL)

AL1=PI-AL

AL2=12I/2.)-AL0

AL3=PI+3L
TDL1=DCOS(4L1)*DCOS(ALY;=POT#DSIN(ALII*DSIN(ALY}
TDil= ns IN(ALL)*DSIN(ALL)+2CI*5CCS{AL1)*DCOS ALl )
TD13={1-P0I1=DSIN(2. *-11)

TD21= 3c~srnh_1 DCOS (AL 1=PCI%DSIN(AL2)*DSIN ALY
TDII=DSINSAL2YEDSI w(s:*-a?:zwdcos‘szzw DCCSIATD

TO22=1-PRIDSIN(2.ALD)

TD3I=BCOS(ALZY™ *DCOS (ALZ)=PQI¥DSIN(ALI)™DSIN(ALS;

TD32=DS;3(ALJ)*DSIN(AL3}+?OI*DCOS(AL3)*DCCS(A~3)
u3d=(7-90')“DSIV(° *4AL3)

VI=DEOS(ALZ)+{1-POI)*DSIN(AL2 ;¥DSIN(2.%1L25 /2
VI={DSIN(AL2)+(1-POT)™DC3S AL )% ISIN(D. vAL2} /2.y /PHISC
V3=(DSIN(AL23-(1-POI) F(DSIN{AL2)¥DCOS(2.%AL2 ;-DCOS AL2)%DSIN

1aL2)/2.))/PKI5
V =(2C0S(AL2)~+ (7~POI)5(DC:S(ALZ)*DCCS(:.*AL:;-DS:N(ALEJ*WQ'\'\
L2)72.))/P41358

I=3C05(AL*DCOS(ALL)
FII=28IN(ALI;/DST \(ﬁb] -
TII=DCOS{AL2)TISIN(ALY -
FIZ=DSIN({AL23/DCOS f:*...;)
TII=DCIELALYTDCOSALS

FII=LSIN{AL)WDSI \fALS,

PRINTL. D:LE,A.Au

-~

u'4:L
-

LG VAR Ty ot oa J N T -
FORMATITLT,TPEID =T .75, LN, N = I3,I0M, ALIHL =T Fins,
Initizlize <he mazrix A -
T=IOE .
OC I M=1.1I
00 3 N=1.,

(M o.C

Start the computation of ceesficient matrix ¢lemenc

wn
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A(I,I+X) =
AUIHK, I+3%K)
A(I+2%K, [+5%K)
ACT+ATK, 125K
A(I+8"K, I+8%K)
AUIHOFK T=9%K) =
CONTINUE

CC 100 I=1,K

DC 100 J=1,X

AL D”S"LW“S F2
ALNDRS=ALMDSwPHE]
IMP=JwP]
ENP=IFDT

r=l

il
.

1
1
=1,
1
1

-1

1=2

F (N.2Q.0) Di=1.

1MS=PEI 18 (ALMDS+IMPS)
1M=DSQRT(31MS)
TESTIM=ALMDS-EMPS
IMS=PKI1S*TESTIN

IF (GI1MS.LT.0.) GIMS=-G1MS
GiM=DSGRT(GINS)

B3MESPHISE [ PHI1SHALNDSENPS)
32M=DSQRTIE3NS;

ﬂ

G

AL}
1

-

'y
It
u
i
4
[V}
w
g
<
P
u
tn
|
1
i
w)
-

,
v
th
£
Y]
e
!
(¥] ]
%

(77

. v
W o~ tra -3

4 14
i)
n ooy

oyt ) e Gy ] UL

A IR I VIR T I VTR 4 I VT YT
[

TESTRM=PHIRSTAILMDRS-EMD]
GRMS=TESTRM;PHIRS

T LGRﬂS.LT.U.) GRMS=-GRMS"
GRM=DSQRT{GRMS)
ZNPXS=ENPCS

o



o - - -~
(MODE.GT.0) ENPNS=EMPS

(MCDE.GT.0) ENPNS=INPS
MS=PHIRSH(ALMDRS-IMPNSY
RM=DSQRT(ZIRUS)
1 2=ALMDRS -EMPXS
1S=PHIRSHTESTL]
(TESTIR.LT.0.) GiRME=-3'3'3
“-"cqzrfﬂz<wsu
=DSQRT(ENDXS)
~D:QQT(_J?XS)

b g bxf Mryle

g

(RG]

St
S
() 4

y|0v1’|-|t

'U 'U'AJ

T G w1 )

v
o

.0.) GO TO 295
‘BIM3/DSIN(GLY) .
NSEDSINE(BIN)-CIINEGINSTASINIGLI) )
OI%PHIIS®IMPS ™OIINH(B1IM), (/51MS-D0TH

PR

5= = (DCISiGIe -
uu _._J - .
1% CI=DEINIGIMY/2
10 TEET=ZLME-NaS
7 (TEET.EQ.0.) GC TS 22
-=0PLCO8IGIM) -0CO8 ME 1, v Hp=IY L i =(UD00S A 2T0nE A

e
30 T 23

20 CL=-DSINIGIM)/ 2.

a3 H*-Jo~(acos (BIM1-DCOSIXs,;, 31vst
: F'DCOS(XZ)-DCOSHE(B 1Y 5/ (310G
TIs r=c-xs -X6S

I¥ [TEET.ZQ.0.) GO TC =T
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e . .

b -

((DCOS(GL%)-DC“S(YS))/fYéleY))*((DCOS(al“) -DCOS(X8))/ (X&-G1M))
3 =H3/2. . | )
GC TO 38 . T T

37 H3=DSIN(GLY . - . ' . -
(38 TEST=G1MS-%3

IF (TEST.EQ.0.1 GG TO 39 . .

R6=((DCOS(X55-0C0S (G1M) )/ (X5+G1M))+( (DCIS (X5 -DCASIGIM) )/ (K5-314))
Ha=EL/2,

GG TO &1

39 H4=-DSIN(GI1N}/2. -
IF (X5.17.0.) Hi=-Hi -
“1 DS1=-2.=EXP¥DCOS(IXNP)“DSINH({BINM)/(BIMS<INPS) v

D82=2 . #ENP*DCOS(ENP ™ *DST IN(G1M)/ (G1MS-ENPS)

DS3=-2, ':YD'DCOS(_SD‘ DSINELGIMY/ (GIMS+E NPS)

GSI=(X6*DSINH(3IM) =B 1M *DSIN(X6))/(BIMS+X6S)

GSI=(BIM*DSIN(N3)- \J DSI\wal“)){(31NS+XSS)

TEST=G1M-X5. .

ir TEST.EQ.0.) G2 7O 4190 .

GS3"(3”05(G H-{PL/2.)1-DC05(Xc- (PI/2.00) /712, *{XE6-G1M3))

+((DCOS((PI /2.3 -X3)- DCOS'GI“*(DI'° J)5/0(2. FINSFGIN)Y)

GO TO 411

~10 GS2=(DSIN(G1l4- .})/’ )-('DCOSfulﬂ-(E:fZ.)'-JCOS (PI/2.)=-31M))
1/085G1))

L11 TEST=G1MS-X3S :
IF (TEST.EQ.0.) Gg TO 212
G34=( (DSOS (X5~ (aI,-.)) -DCOS(G1M-¢
1*((3COS(G1N+[?IF2.)]-DCOS((?IJ“ .
GC TO 414 _ N

-12 IF (X53.LT.C. TG TS 43

GS4=1 (2COS(GiM-(21,2. JI=DCRS({PI 2 =310 =oTGIM) 3 ~(DIINGIM-
1(PI/2.3372.0 .
GO TO %1l

<13 GSL=((DCOS(GiM-{PI, 2.} C” A=lPI E L, eI GING - {DSINT TN

LRI 20y20y
~i1- HSI=S{BIMFDSINH(Z1M}-N5%DSININT))/ (3 1ME-235,
HS2=-(3IMFDSINHIB1N~X6uDSIY(XS) ./ (3NS5 "
TEST=G1S-¥35

b

IF (TEST.2Q.2.% 353 T3 u13
HE3= ltD:L\\ul”;‘DSIN.\S)},hZ.*(ES-GlE)}l—;.DSINfEEJ SSINIGING

lfﬁ.BK\D =GiMoN
Gu .O .O
13 HS3=(DCOS Gy /2.
12 TEST=G1d-X6
IF (TEST.EQ.0.3 GJ TO 417 : :
3= (DSIN(GIM)-BSIN(NS) ) /(2 (8- 1) ) 1= ((SSIN(GLI=DSIN(¥4s 7
1{2.%(N6+G1M)) . - e
GO TO 210 ’

209



217 HSA=(DSIN(GIH)/f2.*GlﬂJ)‘CDCCS(GIN)/Z.)
Gd TO 210 .

200 IF f31MS.GT.QLIM) GO T2 203

12N=-DSI INH(EIM)/DSINHIGIMY

TO12M=-1./(B1MS* USINEIEIM)-CI2M*GINSTDSINE(GIM))
C22ﬁ=—(BIMS-?OI*?HIZS*EH?S]*DSINH(Blﬁ} {GIME-PCIwPHI1SwENDS
IDSINE(GIMN
TDIIM=1. ) (DSINH({BIM +C22M I8 INH(G FIMY)
Cl=31M" (“”OS%L“I“l-“CDSL\J,l/( SIME=LESS
C2=B1M*(DCOS{X¥3)-DCOSH(31M3y, BIMS-X65)
Co=G1M=* (DCCSH(GlN)-DCOS(VSJ)JLuLHS*';S)
C6=G1ﬁ*(DCOS(X6}-DCOSE(C’“)‘f(G1“°—‘-S}
Hl=X6*(DCOSH(Blﬂ)-DCOS(Xé))J(SIHS*EéS) 3
HI=X5*{DCOS(X3)-DCOSHI{B1IM) / (B31M5+1335)
HS=X5*(DCOSH(GIM}-:TOS(K&})ffGlﬂS+XéS)
Ho=X3% (DCOS{X3)-DCL. 5{G1M" GIMS+X3%)
081=-2.ENPDCOS{ENP ' DSI \-L:EIJ/L:EHS--.*SJ
DS2=2 . FENDPY FDCOSVINP DS IN(ZIMY/ (GIMS-ENDS)
282=-2 ENP*DCOS{ENP )™ FOSINE(GINM) /(B1MS=INPS)
G31=(N8*DSINK(31M)-31M7"DSIN(YE) ;. - (BIMS-XSS)
GS2=(31M*DSIN(X3)-N3*DS: VF\B1W))/(81WS—\DS)
GS353=(X6"DST \nfGl“‘-G‘“ ESIN{NE) 3/ (G1MS+XES)
GSo=(GLM*DSIN{X3)-X3*DSINH(GIM)}/¢{ (G1MS+X33)+
E5I=(BIMDSINH (BIM)+X57 DS IN (2 5))/(B1M8=238)
HS2=-(BLM**DSINH(B1M)+X8+DS ] N{N8))/(BIM8-XaS)
ASZ=({CIM"DSINE(GIMI+X3%0SIN(NS ) )/ (G1M5+35)
HS0=- {(GIMDSINH(GIM)+Ne™D3IN; Xo ),/ (GIME-XES)
GO TO 210

202 Cil¥=-1
TOLIM=-1./(31MS+CIMNGINE,
Cl2M=-(B1M5- DO #PHILSWENPS . IGIMS-POINEHI IS#EPS)
"'-"'1"’\1— f(' ""\’)\1)

Cl=ELMy T:LHS?XSS)
C2=-31M/{B1MS+X68)

C3=G 1ﬂ/(GlﬁS+ISS}
Co=-CG1IM/ (GL15+XES)
31=N /fB'HS*\oS)
HI=-X3/(21M8+X38) »
A3=N5/(GIMS+X6S)
He=-X3/(G1M8+X38"
DS i=-Z ENP¥DCOS(IND/ {E1MS—INDS)
8852=2 #ENPDCOS (ENP ,SI\(CIH)f(tl‘S-E\?S;
D53=-Z “ENP*DCOS(ENP:/ (ZIMS+INPS; N
C31=\o/(Bl“S+(6S)
GS2=-X3/(B14S+%38)
GS3=Xé/ (G1MS+X65Y ’
G36=-X53/{G1MS+X35)
210
k'
A »



st

tJ
F
[w

[ IS I I
ue -

[

-

-3

HS1=81M/ (B1MS+X5S)
HS2=-81M/ (31MS-X6S)
HS3=G1M/ (G1MS+%5S) . .-
HS6=-G14/ (S1MS<HES) - ' s
IF (TEST34.1T.0.) GO TO 220 ° -
31M=-DSINH{224) /DSIN(G3Y)
*o;1n=-' /(B3MS*DSINH(Z3M) -C3 1MG3NS™ nsL\fc*V)

CLlM=23ME-DP0I=2H] 3§7EMDE JEDSINE(334)/ ((G3MS+PIUT PHET IgFINPE Y

TDS N G"\.l‘;) ‘ ’
TD;13=1./(D NI 3M I FCL 1M Ds N(G3M)).
"DCOS(:.\D) -DCOS(ZMP})/ (B2MS+NES)

SH{33M

DZ=E3.“ 7 \\.'JS(E.‘I? -DCOSK(z 3MIFDCQS (ENP))/ (B3MS=+X3S)
TEST=G3¢5-NeS

IF (TEsSeen. T0 24 -

D3=({DC38(EuD)- 3c S(C;W*~\°))/(Gg“-\o))+1(DCCS(E
1ENP))/ {G3Y4-%5) )

Di=5372.

GO TO 253 _

03=(DCCS(ENP}-DCOS (2. 4G2N+EMP) )/ (4.%G3Y)

1

Dy P
S:—u_u:'$35
..

i

IF (TEST.EQ.0) 32 TO 26

D4=((DCOS(G3M~-INP)-DEOS (1P} )/ (G3Y +35))+( (DSOS (G3M+E
IEMP)}/{G3M-X3)) . o

DL=Dp%, 2.

GO TO 27

DL=(DCCS (2. #E3M+EMP) -DCOS (ZMP) )/ (4. %53M)
P1=X3%{DCISHI32M 14 DCOS(ENP) -DCOS rEvD ))/ (E3485+¥38)
?2=xek(3595rzn?;-ucccnrsﬁ“>~“”o¢ INP))/LE3MS=NES)
TEST=33M8-X38

IF (TIST.Z2.3.- Ge ol L2

PI= 1 2COSVEND G2 -DCCS(ENP) ), (GaN=E5 ) j+r ICCS (D
1A(G3M-E50) : .
Si=23 2

‘GG TD a3 -~

PI=IDCTSITNF-2 %G D008 EMP) ), 14, #GIN)

IF (X¥3,17.0.: P3=-P3

TIST=GIMS-XES °

IF (TEST.IZ.0. GOTD L4 .

PL= (0008 ENP-3CTSUENPHGIM) )/ (GIMENS ) s=1 (3008, 55
DU{Em-Ns ’ : /
2L=2L .7

o — T .

Vo L =D .
PL=(DCIS(IMP 1 -000S (TMD-2
AS=-2.FEINP*DCCS(ENP)®DSINK
ASI=2 . #INPDCOS: E \°\“D<1x(cu CJ“S--\DS)
?Sl=33ﬂ*DSL\n(:3“l'hCOS(E\P) (a;“s~ 163)
?s:=-aznw::zxx'533)-nucs.=\=n,(a IMS+L53)

-

211 o
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. f“‘--"



-

1e

220 TT

TEST=G3M-X6

IF (TEST.EQ.0.) GO TO
NP) /(2.

nSB—(DSL\(GS.‘I
G0 TC 20

ke
.

953=(DCOS(EMP};:

TEE3ME-X3S
I? lT:S..:q 0.

D

P8i=-{DsI \(¢3“-LR°J (2

G2 TO <22

Wy~ tn

’

-

P3L=-{DCOS(EMP 2.)-(D
QS:1=X3%DSINH(Z2X)*DCOS
182=-XewDSINK (B2 1% DC0
TEST=G2MS-N5S

IF {TE8T.EQ.0.; 30 TO
(82={DC0S(G3M+INP-(D:, 2.
1/02UINEEE3M))

3T TO 423 .

IT fNILLT.L0-G0 TD A2
Q33=(DSIN(EMR-r2I/2. 5,
30 TO 23

“S?—(DST\(( I/2.)-EMR)

TEST=G3M-X6
IT (TE3T.2Q.0.
L3L=(DC080EaM

FL2.(G3MFX6)

3
(0SL={DSIN((P]
3 TC 230
IT £334S.GT.0
C32M=-2SINH(E
TOIIM=-1./032
CioM=-[3IMSAD

TDRINHISIN)
TSLoM=1./(BSI
DI=E3MTIDC0SH
CI=EIMT 3OS
©3=E3M(DC0SH
Te=32r 2005
S1=33w  DCOSHES
22=ET D008 E
B3=N5(SOOSE(
23=iavr DCIS(E
i1€i=-2 wINERD
483=-2 INPED
2S1=E3MwDSINK
2S§2=-E3MSDSIN
233=G2Mn0SINY

)
3

(-EN

30
®

-
LI
-
3:! o
e ls
CIuFH
o
NHZ3
.
HECICHA
RO
Cm e
G300
Tho
IR
:"‘ll L ata
IO RS
woL, L
e, -
G3Mas:
WD LT
P -2
gcas.'z
R
o3z
-
{33M
H(E
(G2

AP B

!
(B3MS+X

e wes
- LA
faTal A
2Cosiz

)-(“”OS(

TC 228
(PL1/2.03/(2.% Gax
SMP; /1 =(DoLe(2
30 TG 223
SINEiZa
INEBIMy S0 oMegaIves
IISWENPSINDSINE (3
=L DR INE G
wIC08. END - :cus::
SCCSEE23M)%DCos: 2
“DCLSVEND-0008: S
SCCEHIZRNTICLS . 2
DCCS<END  -B00R B
COSE(E3MrLoIs I
DCCSENT . =Doos T
CI8H. G3M #0208 EN
NP OUDSINH(EIM, /03
NFIYDSINE(GEN, i3
z {ENP)/ B3NS~
: SUZINP;, (23245
JENDY . IGaME-

aare g
Tt

-

ht R}

N

NP

2
L RNT]
ZHE
T
IMS
OGN
e
D
223
wE3,

oN

-t

T

! -
- R
-
1T
[
AR XY ]
AR
el
Wl

o
IR

ey L Uit

-2

»

AR

[T e

PR

Uy b o

LN - T, - - . . iea”
NI - (D3 INAGIM=ENP ) /(2.1 8oM-

M)



PS6=-G3M* DST\ﬂ(G:W)“DCOS(L\ﬂ)’(G3H=-\JS)
Qsl—xs*ns NH(B2¥)*DCOS(ENP}/ (B34S+X3S5)
QS2=-X6% DSIYH(’B%)'DCOS(;\P};(33%5*\65)
QS3=¥3*DSINE(G3M)*DCOS (ENP) / {GINS+XIS)
~ QSS=~X3“DSINH(G3M)*DCOS (E NP)/(G3IMS+X6S)
- GO TO 236 .
2235 CazM=-1,
TD32:=-1. / (33MS+CI2M™G3MS)
CL2M=-(BE:S-POI%PHI3STEMDS), (G3MS-POI*PHI2S
TD42M=1.,{ 1-Ca2M)
D1=BIM*DCCS(ENP)/ {B3MS+XES)
D2=-33M¥DCOS (ENP)/ (23MS+X355)
D5=G3M“DCOSENP)/ (G3MS+X3S )
Do=-G3M=DCIS(ENP )/ (G3ME+X3S,)
P1=X3*DCOS (ENP)/ (B3MS+Y38)
P2=-¥5*DCOS (ENP)/ (B3NS+Xa5)

n
"M
.

U
N

~—

P3=N53%DC0S: IN? )/ (GIMS+X3S)
Pe=-%aDC 'Ja":'\”)‘ {G2MS+XNes™
AS1=-2 wENDEDCOS(E \9)/(B:NS--\°S)
AS3=-2 “ENPT DC"??!\D)/ (G3M8=INPS) :
PSi=E3M:DCOS(Z ENP)/(B3MS+XES)
PS2=-B3M*DCOS{INP)/ (33MS+X38)

T PE5=GE3MDCOS(ENP)/ (G3MS+46S)
P5o=-G2M*DCIS(ENP)/(G3M5+X33)
QS1=x35= DC”S"'\DJ/(BB“S*—\JS)
Q82=-%eRC COSCENP)/(B3MS+HESY
QS5=X3%DCOS(ENP)/(G3M3+X3S)
QSa’-‘—-\: :2C0 S( \?\;(GB‘IS-\-'"Q\,

Tnszx= N s \Jf"'ﬂ:-:s.“ ”‘“s*“STVr::: )
ps:x={"x .:-;s PEMPSYDSINAIESN) { (3315~ 2T PEIISAINPS 1
IDSINIEEMY )
TDLiN= DSINEIBSM)+CI LIS INIGEN))
AL=B3FIDEOSH(ESM1-DC0S (K1)  (2345+X15)
AZ=B3% DCOS (X2 -DCCSH(ES Y ./ (35:5+328)
TEST=GINS-N1 :
IT (TEST.I3.0.) GO TO 11
AZ=({OCI81 K1) =DCOS(G3Y) ), (N1~G3) =t (DS (33 =3CCSINL L HIa3IMY)
‘?—%1 v
T At Y-,
52 TC 12
11 AZ=DIINIGIMY/D.
11 TEST=33HS-108
IF (TEST.Z3.0.3 GO TO 12

A-={7DC08 3543 -DCCS (X2 )ff\“ =33, )*I(DCuS( =3C08IG3MY Y /X2-35)

A-=AL/2, .
GO TS 1L

213



AL=-DSIN(G3M) /2.

B’—BJ%"(DCOSH(QJH)“DCOS(:3?) ~DCOS(EMP-X3Y))/ (33M8+X38 )
Bl=g5M= (DCOS(E“? Xe)- DCUSBIBJ\}“quS':qD)) (=3'S—\4SJ
TEST=GEIMS-NS

¥ (TEST.EQ.0.) GO TO i3

=({DCOS(G3M-ZMP)-DCQS(x3-E MPY /N3-GS JOIRESE
H'—ﬁa))/f\J‘G-"\) - 1‘kh
2372,

TO 16
DSI\(GD“':VD}/:.
T=G3IMS-X.S
‘TEST.EQ.0.) GO TO 17

-ffDCOS(\&-:YQI-ﬂCOS(CJ“-F“D)|’(\u =G3iM) )=~ ifDCOS(CSH'EHDi‘TC”Q:‘
IENP-XIYY/( S35V . ’ * T
BL=B4/2. .

B
AN ]

-
v Q) UJ Gt

1l

Lo l'

3

>
C
3

s
(¥]]

-,

o
a
U

v}

TI uJ =S

4 GO TO 18
17 32=3SIN(EMP-G3M; 2.
13 E1=N2%(DCOSH (354 -1 SOS(32) /B3NS 28 :

EZ=X1%(DCOS(X1)-3CCSHBEY) 5/ (3518415

TEST=GIMS-N75

IF (TEST.EQ.0.) GO TO 25
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A(J+J N, J*'“K) TDOZM* (B5M=Cory= ‘G3M)
(TESTRM.LT.0.) "GO TO &7
IF (MODE.GT.0.) GO TO 68

This step will generate elements wi

ACJ+R, Jre™ -1

KD =

ALJeN, J=7R = -DCOS{GRM) /DCISEIGRY)

AN = ERNMS

AN = =EMPS

ALTHITR, 467K ) = (PEIRS™AIN+DPCIFAAN)

ALIN = -GRMS*DCAS(GRM) 'DCISHIGRM)

AZIN = -7“°S'DCOQ(GRJ)f COSH(GRM)
A(J+e¥K, I-T%K) = (PEIRSFAINFPOIFAIN]
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4IRS = DI*3RM=DSI \rt:Rﬂ)/(BDYQ- N2CS)
TZST = GRM-ENPC .

-0.3 GO TC 430

( .
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-EMPS , .
¢PHIRS AIN+POIFA2N)

BRM“DCOSH (3RM)*PHIR/ (PHI 1*DSINE (BRM))
GRMFDCOSH (GRM)*PHIR/ (PEI 1#DS INE(GRY} )
- BRMS*ERM*DCOSH (BRM),/ DS INH (SR
EMPS*BRM*DCOSH (BR))/DSINH(BRM
(A1N+(POISTAIN/PHIRS))*PHIRSTPHIR ,(PHI 1S3}
-GRMS*GRM*DCOSH(GRM) /DSINH(GRY)
EMPS¥GR)*DCOSE (GRY) /DS INK(SRM)
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(J+7%K, 3=75K) = (AIN+{POIS¥A2N/PHIRS))*PHIRS*PHIR /(DHI1S#D:
IRS 2. FENPTDSINGE (BRM)/ (ERMS+ENPS)
A2RS - 2.FENPFDSINH(GRY) / (GRMS+ENDS) )
H(IF8¥K, J-3uK) = EMPFDCOS{E!F)* AIRS/DSINH(3RY)
AUI®E X, J+7%K) = EMP¥DCOS(EMP)*A3RS/DSINH(GRY)
ALI+9¥K, J+6%X) = EMP*A1RS/DSINH(BRY) " ' .
AUI49%K J4T5X0 = EMPA3RS/DSINKE(GRY)
o GJ TC 231
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if MOUE > 0., program will switch & anti-symmetric modes
*

JIF (MODZ.CGT.9.) GO TO 70

A(J+K,5+3%K) = -1

A(J4K,J=7%Ky = -1

AIN = BRMS ' -
42N = -IMPS . o
A{J+LK, J#E69K; = (PHIRSTAIN+POITA2N) -
AIN. = GRMS . _
acN - = -EMPS B
A(J=WR, J=THE = (REIBSSAIN-POI#AN) ,

21 -8UK, JodUN; = BRNFPETR/PEI] . .
AfJ+o%K, J+7%HN = GRMUPHIR.PHI: .

31N = ~BRMSTBRYM

52N = IMDSUFRYM

AET=TE, JoSH ) = tAIN+(POISHAIN/ PHIRS) JWPHIRSHPEIR /(DHI1S
AN = -GRMSHGRM :

12N . = EMPSHGRYM- -

31 JETER, SETRRY = (AIN=(POIS™A2N/PHIRS) )*PHIRS®PHIR /(PHI18%5:
4IRS = DI®ERM/(BRMS+INPCS) '

13RS = DI%*GRY, (BRMS+INDCSY -

AUI+3HX J=6%K0 = EMP¥ICOS(EMPITAIRS

A(I+5%E, J+T#K, = EMPULTOS(IMP)*A3RS

A(I+9%K, J+o™N1 = EMPALIRS

ACI=ewK J=Tx0 £ Swpwasys
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AR, J+8¥K) = -TDI2RM*(BIRS+CI2RM¥EIRS), ‘.
AIN = -TDIIRMFEMPCS® (31RS+C12RN*2333)
A2N =‘*31ﬂi“ ({31RMS*BIRSACI2RMUGIR I3RS
At I+LK JHEHK) = (AIN®PHIRS-PCI#42N)
A(I+K, J+9%K) = -”DIZR“ (C1RS+Ci2RM*T3RS)
AIN = ~TDI2RMHFEMPCS™ (C1RS+C12RMCIRS
A2N : = TDI2RM*(B1RMS*C1RS=C12RM: C‘RJS}kQES)'
ACIHOUR JH9K) = (AIN#PHIRS+PEIFAON) - - v
GC TC 443 .
A(I+0%K,J+8%K) = *=TDI2RMWEMP= (B IRS<L10RM:: ‘B3RS ¥PEIR/PHI!
AN = -TDIJRMFEMPS@EMP (31RS+C12RM+23RS)

“wel

This siep will generate terms fer which ALMDRS <« EMPS

IF (MODE.GT.J) GG TO 447 -

0 TO 100
.0
.0

AZN . T TOLZRMEEMPU(ZIRMSTIIRS4CIIRNTSIRMG *B3RE)
ACIFTHRN,J-8YK) = N AINYPHIRS+POI S FAINDWPHIR, (PHILISHPHIL)
AMT+EFN JLOUK P = -TDI0RMUEMPE (D550 1 2D «C3R&:#PEIR,/PHIL
AIN ~ = -TOL2RMWEMPSHEMD: (C1RSSC 12RMT *CIRS)
AZN = TDI2RMEMPT (BIRMS*C1IRS+C12RYTSIRNS RS
AUI+7#K,J+9%K) = (A1N* QH(SSTDOTS ‘AZN)®PHIR/ (PHI1S™ PHIl)
IF (2IRMS.GT.QLIM) GO TO 2
a(J+9%K,J+8%K} = TDI2RM™ (SLxHTCZSRﬂﬂGIRﬁ)
A{J+E¥K,T+9%K) = -TD1IRM=" (BIRM+CIZRMSZIRM)

(&3

ALSH+GR J+8K)
ALJHEFK, J+97K) =
CONTINLE -
1=10%K

LJD

-
¥

DEL=0.

-
e,

IF (DZL.EQ.Q.) GC TC 103

CALLWDETIRYM (A.1.257)- : - ¥
WRITE(6.101, AL'DS.J:T

TIRMAT( L3N, 'ATNDS =',Fi0.6.5%, 3T ='.05
IF (ALMDS.LT.DLIM) 30 TG 102 )

IF (ALMDS.GT.C.201: 32 70 90

GC TL nOO

ey

LMOS=ALMDS~DEL ‘
GO~T0 2 )

CALL DETSOL (A.I,:0

N{10=x)=-1
20 10« I=1,X
EM(Iy=X(T)
2M(I)=N(I+R) ®
SMOIY=EN{I+27K)

-
T
Y
-
Py
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VAM(I)=X(I+3*K)

ESM(I)=X(I+4"K)
VeM(I)=X(I+3*K)
AM(T;=X(I+6%K)
DM(D)=X{I+7#K)
EIRM(I)=X(I+37K)
E2RM{ I1)=M 1+9K) .
CONTINUE
L=2%85+1
DO 105 I=:
DO 195 J=1
Wil.J)=0.

This pértion of the program wil

DG 308 J=1,1 -
PSIP=PSI*LSIN(AL)*DSIN(AL}+(1.-
AP=ETA-1+PST
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tr

1 generate shavce data.

STA)DCOS{AL)“IEISTAL)



G3MS= PHIJS

iF (GJﬂS.LT

~
-~

0.

G3M=DSQRT(G3MS

[ ]
e oty

o

13 = I Fa o b s

i

bos
<220
L B 7, I 161

P
-

=R

~
Ml wo
o

s
Wiz
:'-

~ 1
Lo

-—-l(jn'—lﬂr—it.'):’

GT

1]
%S
+ -

[P

.

.

-
i

D2 ta -
S O S I IS R Y

J
<

—

IPSI)

P8I)
uO T0 27

LCloM=-1,

-

-l

MWoegng-

I
R EaRURS RSN I
m _l‘l wrour

¥
o

DI-J L

P

/ .
a

[ )N

[ .3 B SR I TR

L'J w .

I-i LY 1D A0 0D ;(_)

~ e
f ]

R

TD31M=-1

o Ul

c*-“-(=ﬁws -20I%?P3

IDSIN(G3M))
T4 1M=

)
/’DSTV"(E1"1*C“°H DSI\F(G’“)‘
Yk;—tl“(ﬂ‘“'D’“ﬁ (DSI\H(BTﬂ""TA)*CI’“'DS INE{GIM™ET

.t i

(
S
)

(

1./(D81

OO G

:—\ t' 0
b) U] e e

Hi(B:

..‘
o

90;

QL

Yk“”\‘“(“) "3’““" “SI\P(B1“'2T%)

1(“)"3“"“

L

)
-

!

T35
)
)

T.2.7 G0 TC 270

St

.o.;

NZ(

33M48=-G3MS

.

SDEINGIYM)
SFTOSINH(BIMY-ClIMaG1Mgs
°H*1="'“°S)"DS INH{B1M

SIN(G L)Y

frrcL“s-vo*~9:::s “EMPS)
B1M)4C2 DS IN(G L) )
#(DSINHIBINFETA)+CIIMDSIN/GINYE

N t“SI\“(Bl“' }+CILMFDSING GIM

-
.

ET4) Y#DSIN (M
ETA) 3% DSIN(END

*PSI)
PSI

-
FAY

M) GO TO 271

'N?fﬁl“ /DS-ki\G M)
T

T\L(31u)_c1ﬂ\1 31MGe )

SIN
i1S#EMPS )¢ sz\i:ﬂlﬂ)/r

TurowT
FR- e 4

& ¥DSIN/THR:

_Cﬂ')\t._

N
Jn:_MP

DSINH(GIM™ETA))=DS

-

. .

P4

NSSCIDEGLYS)

5.-.'"5"-\1DS /(f"lﬂs =207 bLT Y

- sam A

STEMPS)

SSIN{EY
JST\t-".”

R
.‘.n

GC TC 2753
M)/DSIN(G3M)
S@DSINH(E3M) ~C31MHGIMNS DS IN N(G3M))

I3S*EMPS)*DSI YP(:JT)/(kG”“S*DOT PPEIZ

kE“DSEﬁ

3M)HCLIMFDSIN(G3M) )

229

LY



2TA)

=T

N INE

T

))=08

-

RSN

C e,
Nl

-

DSI

a7

L1
321
C-

124
-
£y
L3

2+C

)=2324
2SI

M

T9
3

-

S

H(C
|

'3

I

..
—

.

Nz
IN

[

(DSI

33 T2
s

<7
(08

S
e D
Lt

- L.
<

PR
LY

;.
N
-

2

=

{{23M),/D

GLIM)

T

(M

-
O

-
PRS-}

10y

\

1S

N

-=Va

(382

a)
R MAY

--
o
byl
.
-

1F

73

~

T
-t
3]

-t

‘e CIoN=-1

-

TEMPUETAY
-

N7

DS

awem

NEL

¥

PN
5
BRI

DN,

1=C352M
T -

3IN
~~=

T AN

-

v
mer sk w

wenmy
N

e

-— e e
(e RN

.

o
-

TaT

T
e ————
LS A%

ST TMY

R A

-
-
-
-
£ a

w3=L3




P8I

WD

Al TIBINCEME

-~

Y
\

IS IN

)=Cé2:

X1

emn
U

(

1 {DSINH

A

ata

o=VaMIM)

X

wTOE

P
EIME

L.

M= ST
- - Vrar s

32N

™

LT
v

i

TP

D

=PRI

D -
At

=

-~

-
a

ST
N,
LN I |
1
«.g. (1)
n. 0,
PO
tet L2}
[
LET N Y ]
)
£ (5]
b
[of B oF |
hoen
P
[l B o |
"y
@ L)
o9
Flow
—t 4

-1

o 2My

Itass

[

P S

2
-
2

=Wl2l+NW
=W Z3+NW

W2ls=
Wiz

,
AT

[P AR R

Ca

~Nw e

Wog+

o6=

W

ey eem
L. ST LOAT =

F—

N

-\..'..-

-

R T

RM=DSQRT

-~

-
-
-

NS

;

RSO

(s

N

1

231

-t



\

TESTRM=PHIRSTALMDRS -ZMPS
SRMS=TI3TRM/PHIRS

IF (GRMS.LT.0.) GRMS=-GRM
GRN=DSGRT(GRMS)
TESTIR=ALMDRS-IMPLS
GIRMS=PIIRS®TESTIR

X I
RS I

- I T.0.) GO TO I83
IF GO TO 2

- mgu TR
STy B DT rs

Ay

S21 MWismliaMIivyeDse YX(XI:.fDSINH(E.“:J-’D”‘Yi";Sj\l:JLF
1DSINCEY )
GCTD zio
233 [F (MODZ.GT.0) GO TH 322
IT (3RM3.GT.GLIMY GO 72 283
AWIm (AN FDCOSHINN D 1 "DOOSE (BRM Y Y= DM {13008 H  ¥n
1+DSIN (EMPWETA)
GO TO 312
286 3=1.
TEST=BRM * ) :
TESTS=TE
IF/TESTS. =0,
A11=3E%0 i3
A2M=DEND I35
IF (GRNS.LT.OLIM) AIN=DCISHiGRM¥ 1-DST% - SI0Su a3
W LS AN M A Nl (M A NS TN D eow T
30 TO 3iz
222 IF CERMILETLOLING T3 237 ‘
AWIS AN WTSINEY CDSINEISRM = Dt TS TNy v
TEDEINCIMPYETA) . -
50 Th 1i2
237 =1, ; . .
TIST=ERINDS]
TESTS=TISTHTIST -
IFCTISTRLAT.LILING 329, s
AINSIZUD(-2RMUPSInE il
ADNSDEND (-GRMFPSINE iR
17 (GRMS.LT.QLIM) A2M=DSINH:ZAMS:1-3ST:. C8I%nH. .
MW L= AN ) FAIMSDM (M)A 50 T ;[Lwa~:r;;
IF(PSI.E0.1.; WWi=C.
312 CONTINUE
IT (TEISTIR.LT.0.) 32 T0 -3
, _
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CLIRM=-CSINH(ZIRY)/DSIN(GIRY)
TOLIRM=1.] (3 1RM=DCOSH(B IR )+C1 IRMGIR5C0S ( o
IF (MGDE.GT.0) GO TO 452 S RREes G

WIRSE TDM e 1 TENM R T s e .
Wik D LA (DS INE B IR I TS -0 L 1 DSIN/ T 1 2vT ™ A

IDCOS(ENPCHPSI) R

..,..__.-..,..“ . l_.--q e X
W2R=EZ2S N LOLIRMT DS I
h

530 TD L35 )
«32 y'?:risurU\fTD11Dq+fgs'y”'“w—\*—— | :
o sl Lirl o S EIRMFETA =201 IRME DS IN (S IRMSD T 1 e
T,lSI'\(_“D__b - \ =% u--R.. DS-.\( J..R u'..‘&)}"

-

‘kZR:_-RT‘“\n.ﬁ:::\-w. INH{R1RMr z 1
el IDIIRY \DSLknfzﬁuJﬂ(l.-:.A))*C-.RN““QT\l GIRMFL11-2STa)
L3S INVEMPPET) o

G2 TO 3¢
. =32 IT (B1Rv3.3T “LT“) GC 'O uJ
‘=-“S-NZ SIRMY/DSINHIGIRY

B
:
&

TOIIRM=1. 7+ Z1RM™ICO S”(BlQi]_ TORMEGIRMED ;
= ot = AL COSH(G:
IF (MODE.3T.0) GO TO L5 RN
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IF (TESTS.GT.QLIMY 3=13.

AN=DEXP(-TZST¥3)*3

- .

WIR=EIRMY
G TO 439
Wi IRMOM=TD1h

\\..-\- e

w1l
= ) oy LI
AT

[ 1
]
Ls

-
[
R}
A

Cw\‘ NUE

CALL NODE (W)

IF UMODE.GT.0.) GO TO 435
KLR=?f?ﬂf“)*TDl:R?*fs'Y+C‘”?"*%2“'*DC“S(‘

FFTDI2RME L INSS IR

IT RATIT .. : ament o

i 10T be computed.
IFGRATIZLLTLOY 3O TO 3

r '\{—O
SUMI=0,
DO 316 I=1,
RX=KS-1
DO 216 =1 .
IF (I.8T.1) 30 TO 321
Sti= =SUMI-DABSIWII,F) 3
IF (I.NZ.2I; GO TO 622
SUMI=SUNISDAZS(W(I, )
sr"—sfw ~IAI3IN(I.3;
. CONTINGE

-a: 31T =220
J=Rg-D .
SUNI=sUM - Wil
: B2 TD LT
5 ST
co
cuv_s.” s

T SNI=S: \\i=~\
IF UNMIDT 3T cRi=igo
QX2=3%
IT (MCDEZ3T.0: Qu2=331
RAT=SUMH IR, 1SUHIHGRD)
WRITEI6,315: ZAT

FORMAT('17, 10X, "RATIO = " F12.3,///)
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400 STOP
END
SUBROUTINE DETERY (4,N.DET)
IMPLICIT REAL#3(a-H,0-2}
DINENSION 4:160.160)
SIGN=L.

LAST=N-1 -
DQ 260 I=1,LAST
23IG=0.
D0 50 K=I,N :
TEZRM=DAZS(4(X,I))
IT (TERM-31G)5C,30,30
30 BIG=TERM
'L.-l\ -
30 CONTINUE ‘
IT (3IG:80,50:30
30 IF (I-L1%0,120,90
90 SIGN=-3IGN
D0 100 J=;.N
TEMP=A(I,S)
A(IL.J)=4(L,J)
100 A(L,J)=TEMP
120 PIVOT=a(I,I)
" NEXTR=I+1
DO®200 J=NEXTR.N
CONST=4(J.I1)/PIVOT
DG 200 X=IN
2908 h{_,\;_‘r,.s, coxsr'ﬁ(:.\)
ST=SIGN
DG 300 I=1.N
230 DZT“D:T‘ATZ.I)ﬁ:O.
GO TO Bt
o0 DET=0.
ol REZTURN
IND ’

SUSRIUTINE DETSOL (s

-...\- ;
T v =, . -
LNPLICIT XEALW Sf'-"‘.D'.'..
-

DIMENSION A(18C, 1800 .:
SIGN=1.

NENS

LAST=M-

DO 200 i=1i,lasT

3iG=¢.

20 30 R=I,M

TIRM= 3%“S€i(\ N

IF (TZRM-EIG)30,50,30
30 EIG =T_R“

-



=K
50 CONTINLE
(BIG8G,60,80
80 IF (I-L)%2.1.2C,%0
90 DO 10C J=1,N.--
TEMP=a(T I
ACI,J)=AT0,0)
1I0C ArL.J)=TIMP
I2C PIVOT=A(I.D)
NEXTR=I+1 .
DC 200 J=NEITR.H_
CONST=A(T,2)/PIVOT °
. D0 200 X=I,N
280 A(J.K)= %LJ.K) CONST=3{I %)
NEN-I
DO 30C I=

IREVEM=S -

.

1
FSAUIREELO
;R V-l 200,508,250
<3G DU —JC =2,I
H=N+1-]

£ ¥=V-A(IRTV,K)TN(E

300 X{IREV;=Y/a(IREN ’:R_v;

¢ RETURN

END

SUBRCUTINT NODE(W)

'wvrzc:? REALTB(4-%,2-Z"
IMENSION n\hg,u:)

Cnénnu-_n“- IGN{2L.21)  PLUS,MINUS, 2222 .3TAR

Lol LA )
“T1'Q = -

‘./

-

== At

s N e v
MINUS = e
3TAR =
N=21
R=2%N-1 .
2% 6 I=1,X
DO 5 J=1.X
¢ SIGN(I.I.=" !
30 @ i=i.N
AI=I=N-T T .
99 1 J=1,II
IF (W(I,2)1.12.63 88 T2 i1

LI0IF (W(IL,J2Y.GEL0) G TD o2
SIGN(I,Ji=MI VLS

120 17 (W(I.J;.NELQ) G35 T2
SIGN(ILJ:=ZEIR0



-~ (93] 12

e g~

CONTINLCE
D0 2 I=1,N

II=I+N-1

SIGN(I,1;=STaR
SIGN(I,II)=STAR
CONTINLE

DO 3 I=1.X
SIGN(N,I)=8TAr
DO 7 I=1 N

RETURN
END

9
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APPENDIX A-IO

* COSINE FUNCTION
ALTERNATIVE SOLUTION °

Displacement Along the Edge n=1

Considering plate (a) of Fxgure 3.7 1t is seen that this plate has a forbxddenj
lateral motion and hence no contribution toward d1spIacements along the cdge

1 = 1. Plate (5’) on the other hand has a forced edge displacement that can

be adjusted to balance the net contribution of the remaining plates, and is

given by;
H W2 Z ngCOS m':rf)
m=0,1
The contribution of Plate (c¢') is; )
o
W3(Ea 1) = z E3m631m[s£nhﬁ3m6 + c'311"r1‘3£ﬂ"7\'!m E]cos(mﬂ')
o m=0,1 \

(==}

+ D Esmbaam[sinhfamt + Caamsinhyzmé]|cos(mn).
m:k'-*'l 3 f -
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N

performing the'necessa.ry Fourier transformation to find;
Aij+2k = ba2m[4) + Caom Aslcos(mn), -
Aij+3k = faim[A1 + CsimAz)nos(mr),

.0 e .
or if .#3A% < (m7)?/quad then,
_yAi,j-i»Zk = 032m[A; + CazmAs)cos(mm),

- Aijtak = 0aam[A1 + CiamAzleos(mm),

* where the second of these equation is the contribution of Plate {d'), and where,

L. é‘ﬁam - ) '
A= m[coshﬁ;,mcos(nﬂ) bt 1], )
5 .
A, = J3m B [1 — cos(vam + n7)],

- 7§m - ("Mr

orif ~3n.=nx% then,

-

-

. ‘ Azn_= 5(1 - €05273m) /4Y3m,

and A is obtained from the expression of A4; by replacing Bam By ~3m.-

Consid;ering_ now the contributions of Plates (¢’) anid (f'), to find;’

‘ Aijiak = O0s1m[By + Bz + Csym(Ba + B4)],

*Aiyask = gelm[-él + B, + C.'sxn-z(Ba + B4)], , : © e
or if }\.’2 < (mm)?  then,

Ai,j-HIk = Os2m(B1 + Bs + Cs2m(Bs + B;s)],

&
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<3

Ai sk = eGZm[Bl + Bs + CG2m(Bs -+ BG)],

“where, T ’ ; . o
. B = 6Bsm[coshfsm — cos(mmFy — nix)]" .
L=

283 + (maFp —nm)?] 7
By = 6Bsmlcoshfsm — cos{mn Fy + nx)]
2062, + (mrFy + nm)2] 7 7
Ba= 6Y5m[cosYsm — cos(mr Fy — nx)]
2{(mxFy — nm)2 = A2 ] ’
B, = §Ysmlcosvsm — cos(mrFa + n)]
2((maFy + nx)2 - o

*

or if 4%, = (maFz —nmr)? then, B;= 8§inysm/4, and i Vi =
(m7F2 + nx)? . then, By = ésinysn/4. Also, Bs and Bg are obtained
from the expressions of B, and B, respectively, by replacing Bsm by Y5m.

13

Displacement Along the Edge £ =1 - 5}

From the contributions of Plates (a’) and () to displacement along this edge,
it is found that; )

~—
Aivkj = 0nm|C1L + CnmC:z]COS(m'JT),

Aitkj+rk = 021m[C) + C21;nC2)cos(mn),
orif A%< (mm)? then, |

. A£+k,?' = 012m[C1 + szmC3]CQS(m7f),
A;..;.'k.j.,.,-c-= 822m[Cy + C22m C3lcos{mm),

where,
o = 6B1m[coshfymeos(nr) — 1]
] " Bim + (nw)? ’ :
Cs = §11m([l — cos{vim + n7)]
’ﬁm _~Q”r)2' , //
5 !
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orif ym=nmr then, Cy=34§ (1—cos271m)/4Y1m, and Cs is obtained
from the expression of C; by replacing S1m by Yim. |
: N R
Plate (¢) has no contributionggyhile Plate (d') has a forced displacement
given by;

b

" [= =] .
Wa(l,n) = Z Vimcos(mmn).

m=0,1

-

Considering now the two plates¥e’) and (f') to find; -
Aitkj+ak = 51m[D1 + D2 + Cs1m(Da + Dy)],
Aisk,j+sk = O61m[D1 + D2 + Ce1m (D3 + By)), :

or iA%< (mm)?  then,
LS
Aitkj+ak = 52m[D1 + D2 + Cszm(Ds + Do)l

Aitk,j+5k = be2m([D1 + D2 + Cezm(Ds + Dg)],

where,
Dy = 68 coshBsmcos(mn) g~ cosimm — (mrF, + nx)l ;
L 2(6,, + (mn Fy + n)?] ’
coshfsmcos(mir) — cos[mmw — (mnFy — nr)]
D2 - 66 2 ! 2 )
2(B2,, + (mnFy — n7)2]
: Dy = §g, 508 (¥sm = m7) — cos|(mx Fy + nr) — ma]
3 Sm 2[(m7rF1 -+ n7r)2 _ ,Tgm] ’
Dy = 6., S (¥sm =~ mx) = cos[(maF; ~ nx) — mx]

b

2((mnFy — n7)2 - ~2,]
or if ~, = (mrFy +n7)? then, D; = 6sin(ysm + mw)/4, and if
Yim = (mwFy ~ nw)?  then, Dy= éstn(ysm — mm) /4.
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In order to enforce the displacement continuity requirement along this

intersegment line, the net .displa.cement of the rectangular element along this

line is evaluated and expanded in an appropriate Fourier series. The following

expressions result;

Ai-}-k,j-!—ék = '_COShABrmAnr:

" Aitkjtex = ""-S‘.nhﬁrrnAnh ’
Ai-l-k,;-i-?k = ""cos'Trm-A-nrs
Ai+k,;'+7ic = _5£n‘7rmAﬂf:

orif ¢2A2 < (mm)?  then,
Ai+k,j+7k = “COSh"frmAnrs
Aitkjare = —SinhYmAn,,

where A,, =0 if m=n, andif@ m#n
°

then,

' (symmetric)
(anti-symmetric)

(symmetric)

(anti-symmetric)

(symmetric)

(anti-symmetric)

. Anr = ém7(1 — cos(mm + nx)|/[(m7)? — (n7)?].
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Displacement Along the Edge n’ =0
From the contributions of Plats (a’) and {b’) toward displaéements along this
edge it is found that;

A:’+2k.,j = 811m[E1 + E2 + C_um(E3 -+ E4)],

Air2k,j+k = 021m[E1 + B2 + Caym(Es + EL)),

orif A% < (mw)® then,
Aiyorj = 012,[E) + Eq + Crzm(Es + Es)],

Air2kj+k = 022m[Er + B + Caon (Es + Es)],

ES
where,

E, = 88, coshﬁ;m — cos(mm — nx) ,
2[8% + (mm — nr)?]
coshf)m — cos(mm + nx)

26} + (mm +nr)?]
€0S7Y1m — cos{mm — nﬂj

2(mx —nm)2—42] °
_ .. COSYim — cos(mm + n)
= Ot o ) =2,

E2=6Bym

E;= 5'7117;

or if 4}, = (mr—nn)?® then, E; = bsinTim/4, and if *43 =
(mm + nx)2  then, E, = 6sinyim/4:  Es and Eg are also found by
replacing 8y,, by 4;m in the expressions of Ey and E, respectively.

Turning now to the contributions of Plates (¢’) and (d’) to find;
Ait2kjs2k = 031m[G1 + G2 + Ca1m (G + Gy)],
o
i+2kj+ak = 841m[G1 + G2 + Cyy (G + Ga)l,

or if éf‘)‘z < (mm)?  then,
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Airzkj+2k = 832m[G1 + G2 + Caz2m(Gs + Gg)),

Aip2k 543k = Bazm|G1 + G2 + Q-szm(Gs + Gs)],

N
where, i
53 coshf3mcos(nt) — cos(mm)
3™ ToI6E - (mm + nz)?
hB3m T) —
Gy = 6am coshfamcos(nn) cos(ﬁ ),
[ﬁ3m (m"T - n"r) ]
] G = by cos{Yam + nw) — cos(mn)

b

2 (e + )2 23, ]
c0s{Yam + n7) — cos(mmn)
2[(mm — nr)2 — 43 ]

7

G4 = 6'73m

or if 43, =(m=m+nr)?2 then,

5 cos(mn) — cos(29am + m7)

Gs =
8'73m

and if 43, = (m7 —nx)?  then,

7 Co= 6cos(mr) ~ ¢c05{293m + mvr)
- . 8’73!11 <

Gs and Gg are obtained from the expressions of G; and Gz Tespectively- by
replacing Bam by Yam. - .

Plate (¢) has forb1dden lateral motion along this edge, and Plate (J/)
has a forced lateral m&'hon given by;

Z Vemcos(mm§€).

m=0Q,1
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Bending Moment Along the Edge n =1

Relevant equations were discussed and given in details in Section 3.4-1. Fol-
lowing steps outlined in this sectién, the contribution of the first plate is found
to be; ' |

-

M.b2| o '
D = Z Ei1meos(mxt),

Ig=1 m=0,1 !

Ed

and Plate (&') has no contribution to bending sihce- it has forbidden bending
moment zlong this. edge. Contributions of Plates (¢) and (d') lead to the
following; )

Airakj+2x = ~[vdtA;, + Azn],
where, o
Ain =031 [B3 A1 — C31m'7§mA2]cos(m7r),
A2y = —931m(m1r)2[A1 -+ CslmAz]CO.S(mTF),
orif @A%< (mm)?, then,
Aln = Oa3m[B3, A1 + Ca2m 3mAslcos(mr),
Agﬂ =‘ —_932,—,.,(1717?)2[.41 -+ C'3—_>mA3]c05(_m7r), %
and
Aitakjrak = —[vgiA;, + Az_n],
where,

Arn = 041m[Bin 41 — C41m"!§m44_2]603(m7"),

Azn = ~04m(mm)(4; + CaimAz|cos(mzx),
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‘ . .
orif #3A% < (mm)?  then, :
Aip = 842m[@§mA1 + CazmV3mAscos(mr),

Azn = ~842m(mm)?[A; + C.,gmAg]cos(m?r).

The contributions of the last two plates result in the following coefficients:

Aivakj+ak = ~[61103 A1 + 012A2n + 81305 A2n]/ F2,

where,
Atn = —851m(m7)?| By + Bz + Csy,n(Bs + Ba)],
A2n = O051m[B2n(B1 + B2) — Cs1mem(Bs + By)],

Azn = Os1m(m7)[Bsm (H1 + H2) + Cs1msm(Hs + Ha)),

orif A%< (m)? tI;EIia
A1n = —853m(m7)?[By + Bz + Cszn{Bs + Be)],
Azn = O52m[B2,.(B1 + B2) + Cs2my2.n(Bs + Ba)l,
Aan = Osom (m7)[Bsm(Hy + Hz) + Csamsm(Hs + Hg)l,

- and where, .

coshfBsm — cos(nm + ma Fa)
2[B%, + (mnFa + )2

cos(nw — mwF,) —.coshfsm
2B + (a7 — mnF2)2]

€0sYsm — cos(nw + mux Fa)
2[(nr Brar ) -2,

CHy = §(nm + mnFy)

Hz = §(nnt — mn F)

Hz = §(n7 + mnFy)

_ _ 1 €08Y5m — cos(nT — ma F)
. H‘-——a(nﬂ'i'rﬂqu) 2[(n7r—m7rF2)2—"r§m] s

but if  ysm = (n7 + mrF,) then, H;= ésin'ys‘m/-i, and tf A5, =
(nm — mmF;) then, Hy = —bsinygm /4, orif s, = (mrF, - nw}
then, Hy = §sinvys, /4. Hg and Hg are found by replacing Bsm by Y5m in the
expressions of H; and H; respectively. And the coefficients of Vg, are found

from those of Es,, simply by replacing B51m, Csim, Os2m and Csam by 051m,
Ce]_m, eezm and Cegm respectively.
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Ben&ing Moment Along the Edge £ =1

In Section 3.4-2, we have discussed in detail the reasoning and procedure
followed to derive the various coefficients relevant to this mter—segment or

common edge. The same procedure is followed here to arrive at the followmcr-
contnbutlons and coefficients.

Consideration of the contributions of the first and second building blocks

of Figure 3.7 leads to the coefficients of Eim é‘:d Vam along this edge, which
are found to be; . ' ‘ \

s

Aitakj = —[¢1A1n + VA24),

- .

where, -
Aln = =0nm(m7)?[C; + C11m Czlecos(mn),

Az = 511m[ﬁfmc1 - C"nm'yfmCﬂcos(m?r),

orif A% < {mm)? “then,

Atn = —b12m(m7)?[Cy + C;iszS]COS(mW);
Azn = 012m[87,,C1 - C12mYimCalcos{rmr),

Coeflicients of V,,, are obtained from the above expreésions by replacing 51 1m,

Ciim, 812m and Cias, by 21 pm, C21m, 022m and Cozpm respectively.

-

" Block ¢’ has the forced edge moment along this edge which is given by:

Mnaz b =, .
D =y Ezmeos(mn),

£=1 m=0,1

and Plate (d’) has a forbidden morhent and hence no contnbutmn taward
bending moments along the edge under consideration.

r -
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Tuming to the contributions@of the remaining building blocks, Plates (¢')
and (f'), it is seen that;

Airakjtak = ~[02198A1n + 020 A2, + 02305 A3n]/ F2,
where,

Azn = 851m[B5m (D1 + D2) ~ Cs1m 2 (D3 + D)),
Azn = 051m{(m7)[Bsm(P1 + P2) + Cs1m¥sm(Ps + Pa)i,

orif M? < (m=n)?  then, : b
‘\
Aln = ~8s2m(m7)?[Dy + Dy + Csam(Ds + Dg)],
Agn = O52m[B2,.(D1 + D2) + Cszm‘Yg_m(Ds + Dg)],
Aan = 652m(mﬂ)[ﬁ§;(P1 + P2) + Cs2m¥sm (Ps + Ps)|,

and where,

P, = §(mrFy — nx) coslmn — (mwFy —~ nx)] — coshBsmcos(mn)

2(82,, + (mnFy — nm)?] ’
y cos[ma — (maFy + n7)| — coshBsmcos(mm)
-P.2 - 6(m7fF1 + nﬁ) z[ﬁgm + (m‘JTF!_ + Tl7r)2] H
L _ . _ycos[mm — (maFy = nx)| — cos(mm + Ys5m)
P Ok = ) (G Py = nn)? =2, ’
pe = 8(maF; + ) cos[mn — (maxFy + nx)| - cos{mm — 75,,,)’

e 2[(maF) +nm)? ~ 2]

but if 4sm = marFy—nr then, Py =bsin(mr—~s5,m)/4, orif ~sm =
nm —mnF; then, P;=6(mr+ '75',.,,)/4, and if ysm = (maxF) + nx7)
then, P; = §sin(mnx —~sm)/4. The coefficients of Vem are now found from
those of Egm simply by replacing 851m, Cs1m, 0s2m and Csam by f61ms Coim,
O62m and Cezm respectively.
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Considering now the rectangular element We find;
A,‘+4k,j+6k = [¢3A1n + I(AZn]é?,

where for symmetric modes,
Aln .= ﬂf;hCOShﬁrmAnr: .

Azn = -(m"'r) 2505hﬁrmAnn

and for anti-symmetric modes,
Aln = ﬂfmsz.nhﬁrmfinn -

Azn = —(m7)25inhBrm Any.

~ And for the coefficients of D, we find;

Aisak,j+7k = (92 A1n + VA2,]02, -
where for symmetric modes;
Ap = _'Tfmcos'yrmAnra

Azpy = — (mw)zéos'y,mAm.,

and for anti-symmetric modes;

— 2 .
An = ~Trm St YrmAny,

Axp = —-(mﬂ') 237:n'7rm-‘4nr,

orif  ¢IA7 < (m=)?®  then for symmetric modes;
Aln. = _73mC03h7rmAnn

Azn = —(mn)%coshyrm Anr,

and for anti-symmetric modes;
An = —'73m3£nh'7rmAnra,

Azn = —(m7)%sinhy,m Apy,
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Bending Moment Along the Edge n’ =0
Folfowing steps discussed in Section 3.4-3 We find;

- Airsi; = —[03163 415 + 03240 + f23¢1 Ay,
where,

Aln = —allm(mﬂ')z[El -+ Ez‘i" Cl]_m(E3 + E4)]g
n = 0r1m[BE L (B4 E2) - Crim im(Ea + EL), o
Agn = =01 (M7} [f1m(Q1 + Q2) + C11m¥1m(Qs + Q4 ]

orif A%? < (mm)® then,

Ain = —012m(m7)?[E) + B2 + Ci2m(Es + Eg)),
Az = 012im[Bim(E+E2) + Cram¥im(Es + Es)),
Azn = —012m (M) [B1m(Q1 + Q2) + Cr2m71m (Qs + Qo).

Also,
Airskj+k = —[02191A1n + 83242, + fa3dy Azy,

wher,e A1n, A2n and Az, are obtained by replacing #11m, C1im, 812, and
Ci2m in the above expressions by f21m, C21m, f22m and Coapm réspectively.
E) through Eg are as previously defined, and

)coshﬁlm — cos(mw + nx)
207, + from + 7T
coshfB1m — cos(mw — nx)
= §(mm —
Q2 (mﬂ' ﬂ,ﬂ') 2[ﬁ?m + (mﬂ' — nw)z] | b)
€08V m — cos{mm + nx) -

¢ =é(mr +nx

Q3 = é(mx + nr)

2[(mr +nm)2 = A0
COSY1m — cos(mm — nx)
= é§(mmr — nw
Q4 fjﬁ’( ) 2[(rﬁvr'— nir)? —~%.]
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or f m = (mm—nw) then, Q4 = 6sinYim/f4, and if 4, =
(nm —mm) then, Q4= —6StnYim /4’ Qs and Qg are found by replacing

Bim bY vim in the expressions of @, and Q- respectwely For contributions
of W3 and W, We find;

Aivsk ok = [—03102 A n + G304, + 3391 A3n),

i

where, o "

Aln = 031m[Bon (G + éz) - C'axm‘Tgm(GS + Gy4)],

Azn = ~831m(m)?[G} + G2 + Carm(Ga + Ga)l,

Asn = =b31m (m7)[B3m (R + R2) + Carm¥am(Rs + R4)],

| | &

orif ¢iA* < (mm? then, .

Ain = 032083 (C1 + G2) + Caamr2,. (Gs + Ga)),

Azn = ~832m(m7)?[G1 + G2 + Cazm (G + Go)),

Azn = =32 (m7)[B3m Ry + R2) + Cazmam (Ra5R46].

Also,

Aigskjiak = —[331¢§A1n + 832420 + 03361 43,),

‘ = ' &
where A,,, Az, and As, are obtained by replacing 8a1m, Caim, 832m and
Cagm by 841,,,, Ciim, 842m and Cyopm respectively in the above expressmns
a.nd whe?.' ’

Y coshﬁgmcos(n:'r) ~ cos(mur)
B ey s
coshfymcos(nw) — cos(mx)

2B3m + (mm + n7)?]

_ _ 3 608(nT — 73,,) — cos(mm)
e T ) e — ) =22

_ cos(amw + Y3m) — cos(mmn)
T ) e+ F =2,

Rz = §(m= + nx)

b ]

v

bl
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or f  43m = (mm —nx) then,

‘Rz = §[cos(mmr — 2+3,,) - cos(mn)]/8am,
» —

-

but if  43m = (n7 — m7),
Rs = §[cos(mm) ~ cos(mm + 293m)|/8Yam.»

/

-

and if A3, =;(m7r +nxw) then,
. Rq=b[cos(mT — 2v30) — cos(mr)]/8vam. *

. Rs and Rs are obtained ‘BY‘repIacing Bzm by 4am in the -expressions of R, -
and K2 respectively.

The fifth building block,’PIate (¢'), has no contribution to the b nding

" ‘moment here, and Plate (f') has the forced harmonijc moment given by;

Al

I

M2 0 .
aTD = Z Esmcos(mné).
n'=0 m=0,1 a :
\/j |
N ~ '
f\ Y
—
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Slope of Normal Lines to-the Edge £ =1 ) -
Along ‘this eagé, W1 and W; have slip shear conditions, and therefore, no
~ contribution to slopes. aJong this edge. Contnbut:ons of W3 and Wy lead to
the following;

-t

o

Aivekir2k = 031m[BamcoshBam + CarmVamb0syam),

R

Aivekiczk = 041m[BsmcoshfBam + C41§:’73m¢=08’73m], K
corif  ¢2A% < (mx)?  then,
Aitekis2k = Baz2m[BamcoshBaim + Ca2mYamcoshyam], §

Aivek,itar = b42m|Bameoshfam + CaamVameoshyaml.

Turning-now to the contributions of W5 and W We obtain the followmg .
coeﬁ'iments ‘

Airek,j+4k = F21A1a & FozAza; ’

‘where, . - /
Alfn = _GSIm(mW)[Cﬂ + Ga'{'*' Csir.zx(caé s CM]a
Azn = —951m[ﬁ5m(Dal + Dazl"*' C51m75m(D33 +'Da4]; '@
s
orif X? < (mm)? then,

Ajn = "852m (mﬂ') [Cal + Caz + c52m(c¢5 + CJG]:
Azn = ~052m[Bsm(Day + Dy2) + Cs2emnYsm (Dss + Dyg).

And Ny : ‘ "‘%ﬁ{) .
- L ) Ny
Airoes+sk = FarArn P Fandan, | . .
o s
. o b ’ .

<,



where, A1, and Az, are obtained by replacing f#s1m, Csim, f52m and Csam

in the above expressionsA by 861m, Ce1m, fa2m and Ce2m respectively. And
where, ‘

F21 = cosaasina,

Fa2 = sinag fcosa, -

' ‘ (82, + (mwFy — nm)?] ’
Bsmsin(mrFy + ng — mn),— (mxFy + nx)sinhfsm,cos(mn)
Caz = 6 2 L
) . “2[82., + (mnFy + n7)?] .
2 smsin(marFy — m7 — nx) — (maFy — nx)sin(ysm — mn)
Ca3 =6 - 2 2 ’
2{(maFy — nx)?2 — 42 ] .
Ysmsin(mrFy — mr + nr) — (maFy + nwleinlys,, — mr)
Cg‘ - 6 = 2 - .y ~
A(mmFy +nm)2 — i, :

- -

~—

c 6B5msin(m1rF1 —nr ~mn) — (maFy - nw)sinhfsmcos(mn)
sl =

but if Ysm = (maFp—nx)-. | then,

_ 5mcos(vsm — mur) — sin(ysm — mn) ;
CBS =6 3 .
4Ysm - at

- %

or if ~ysm = (nT—mnF;) then, : -

Sin(Y5m — MT) — Ysmcos(Vsm — m7)
C,3 =6 T

. 4'IYSW':
’ .
+

and if  ysm = (m7F; +nx) then, 3}

'

)

*

Coi=§ mcos(rsm — mn) ~ sin{vys, — mi)
4= .
: ‘ 4Ysm

*

C,s and C,g are obtained from\the 'expressions of C,1 and C,2 respectively
by replacing Bsm by Ysm. Also,
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5 ﬁsm.s:'n:hﬁsmcos(rqar) + (mnFy + nx)sin(maFy +nx — m)

A [y v e -
Doo=é Bsmsinhfsmcos(mn) + (mxFy — nx)sin(mrF, — nx — mr)
T 6% + (min Fy — nm)?] S
D=6 (maFy + n7)sin(maFy + a1 — mn) — V5mSin(Ysm ~ mw)
8= 2f(mrFy +nm)2—~2 ] ’
5 (mnFy — nx)sin(mnFy — nm — mx) — VsmSin(Vsm — mm) .

Dee = ~2(mF, — nm)2 = L] !

. —
Ll A . .

but if g, = (maxFy +n7w)  then,

) b3
D3 5m€0S(Y5m + mx) + sin(vsm + mr)
/m\/\ 415’“ ]

N

orif  Ysm < 2= (mrFy—n7)?  then,

D= 6’75m608(‘75m +mn) + sin(vsm + mm) -
o . 4"751'1':

Now replacing Bs;m by ~sm in the above expressions of D,; and D,,, We

obtain D,s and D,g respectively. 2

Concentrating now on the rectangular element, for symmetric modes, We
obtain; - N

I
Ait6k o6k = ﬁrrnsz‘nh:ﬁrmAnrérjléh |
Aivekj+76 = —..'rrmsz'n"lrmAmér/éx: .
or if | $7A2 < (-msr)2 then, |
:'1;'.;.61:,3'+7k- ‘— 'YrmSinh'TrmAnrér/&h

and for anti-symmetric modes We have;
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As’+6k,j+6k = ﬁrmCOShﬂrmAnr¢r/¢h
Ait6k,j+Tk = ~VrmCOSYrmAnrdr /b1, -
orif ¢ZA2 < (mn)? l!.hen,

Ai+6k,j+7k = 7rm505h7rmh‘fr/¢l ’
P

where A, , is as defined ea.r'ﬁ’;r.

Vertical Edge Reaction Along £ =1
) ~
The ﬁrs)( two building blocks have slip shear conditions along this edge, and

therefore, have no contribution taward the vertical edge reaction here. Con-
sideration of the contributions of Plates () and (d') leads to-the following;

Alf, +Tk,i +2k) = ~[A1n + %%Agn],

where,
An = 931m[ﬁgm603hﬁ3m - C31m7§mcos73m]’

Azn = —831m{m7)?[BimecoshBam + C31m¥3m€osYam|,

F

orif $2A? < (m)? /quad then,

* Ain = 632m[03,,c05hB3m +'%mW'raal, : .

“Azn = —932mtmﬂ)2[53m60ﬁﬁ3m + Ca2mY3mcoshyzm|.
Also,
Aisrkivak = —[A1n + %%Azn],

where A,, and A,, are obtained from the above expression$ by replacing

831m; Ca1m, fa2m 2nd Cazm bY G41my Caim, 8q2m 20d Cyam respectively.
. “N . . .
Turning now to the contributidns of Wy and Ws We find;
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Airtkj+ak = —[ViAln + Vado, + VaAg, + ‘.’4A4n]85ff_5!<~'

.where V1, V2, V3 and Vj -are given by Equation {1.26), and where,

n= 8§1:'11(m7r)3[031 + Caz + Cs51m(Caz + Cad)),
Agn = ~051m| 05 (Da1 + Dy2) — Csim em( Doz + Da4)],
Azn = GSIm(mw)i[ﬁSm(Dal + Ds2) + Csimsm (Daz + Dag))s
A4'_n = —Os1m(mm)[B2,.(Cor + Cez) — Cs1m e (Caz + Caall,

orif X< (mm)2.  then,

A =/252m(m7r)3[cal + Co2 + Cs'zm(c‘cij' Cas)l,

Azn = ~O52m|B5m (Dar + Du2) + Cs2im¥em(Das + Diag)),
Asn = O52m(m7)*[Bsm(Dsi + Di2) + Csamsm(Das + Das)],
Adn = =Bs2m(mm) (B3 (Car + Cu2) + Cs2mrEm(Cas + Cus)).

And

Aittrjrst = —|ViAn + Va Aoy + V3Azn + ViAsn)sinie,

where A, through A4, are obtained from the above expressmns by replacing
851m, Csim, f52m and Csam by f810n; Co1m, Oo2m and Ce2m Tespectively.

Focusing attention on the contributions of the rectangular element We
have;

A:+uk,;+5k = [A;n _5A2ﬂ]¢ /¢
where for symmetric modes;

Aip = —ﬁfm&'ﬂhﬁrm-ﬁnn

Azn = (m7r) 2ﬁrm 31‘"-]7-16:-131 Anr,
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and for anti-symmetric modes;

Apn = ”ﬁfmCOShﬁrmA.nra
Azn = (mw)zﬁ;m‘;oshﬁrmlinr-

Also,

A+ Tk, + Tk = [A1n + 51 A2a]03/43,

where for symmetric modes;

~ .
— 3 . »
Alﬂ- - "'TrmS:n'YrmAnn N

A2n¢= - (mﬁ)z'rrmSin'Trm Anr:

of if @2A2 < (mn)? then,

An = _'TfmSinh'TrmAnra

Azn = (m"T) 2'Trm5inh'7rm-’4nn

and for anti-symmetric modes;

=
» Ain = ~Yrm€08YrmAnr,
Azn = —(ms‘r)z"r,mc YrmAnr,

orif @2A2 % (mn)? then,-

\

Ajn = _ﬁfmco'Sh'bmAnri

A2u = (mﬂ') 2'7rmcos_h‘7rm Anr.
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