INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UM films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Leaming
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI







ON THE BOTT PERIODICITY

A thesls submitted
by
Sun-Man Chang
to

the Faculty of Pure and Applied Science
of the University of Ottawa

in partial fulfillment of the requirements
for the dégree of
Master of Science
in the subject of
Mathematics
1970

\chs‘t'-' d‘o,"

O)
o MILIOTHEQUES

?

N
\
.~




UMI Number: EC52080

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy
submitted. Broken or indistinct print, colored or poor quality illustrations and
photographs, print bleed-through, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

®

UMI

UMI Microform EC52080
Copyright 2007 by ProQuest LLC
All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Mi 48106-1346



ABSTRACT

In this thesis we first introduce K~theory.
Then we present the formulation of the Bott p;riodi—
city of the homotopy groups of the infinite unitary
group in the framework of K-theory. Finally we prove
the equivalence of this K-theory formulation with the
original one given by Bott.
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INTRODUCTION

Let X be a topologléal space wifh bgse point Xgs
and\nn(x, xo) = [Sn, X]4 be the set of based homotopy
classes of base point preserving maps of the»n-sphere
(Sn, *#) into (X, xo). Then, for n > 1, nn(x, xo) admits

a group structure and is called the n-th homotoﬂy group

of X. Forn > 1, n (X, xo) is abelian.

Let F denote either the real field R or the complex

field €, and let UF(k) denote the Lie group of endomor-

phisms 6f Fk leaving the standard inner product invariant.

UF(k) is isomorphic to the subgroup of UF(k'+ 1) consisting

of the elements u for which u(ek+l) = e,,, Where ey ...,.ek+;

k+1

is the standard basis of F Therefore, UF(k) is naturally

t_] UF(k) with the

imbedded in U_(k + 1) and we define U
F K31

F

weak topology. We denote UF =0 for F R and UF = U for F = C.

The original periodicity theorems of R. Bott [2] show the

existence of isomorphisms ka z ﬂk+2U, wko g “k+80’ k =0,

1, 2, ... . Later on Atiyah and Hirzebruch [1] reformulated
these results in the framework of K-theory. Our purpose is
to give the K-theory formulation of the periodicity theorem

in the complex case and prove in some detail the equivalence




II

of these two formulations. .

In Chapter I, we glve the main definitions and
constructions concerning bundles.

In Chapter II, two operations on vector spaces,
namely the direct sum and the tensor product are extended
to vector bundles. With these two operations VectX, the
set of isomorphism classes of vector bﬁndles over X, becomes

a semi-ring. We define then KX as the ring completion of
VectX. We define also ?x, a cértain ideal of KX, and give

another description of the functors K and K.

In Chapter III, we formulate the periodicity in terms

of K-theory, i.e. the k-—cup product EX ® R%s2 » R(XA 82)

is a natural isomorphism. Furthermore, using the fact that

the functor K is representable by BU’ the classifying space

of the group U, we show that this cup product implies the

existence of a weak homotopy equivalence y : BU -+ QzBU, which

induces the isomorphisms of Bott.

In Chapter IV, the Puppe sequence and half-exact functors

are introduced. As examples, we see that R and k(— p\sa)
are half-exact.
In Chapter V, we describe the weak homotopy equivalence

Yy and show that y induces a group isomorphism RX -+ k(X/N\Sz).

On the other hand, the X-cup product XX ® ¥s? -+ R(X/\SZ)
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i1s induced by a map a. Finally, we deform Y into «a.

Thus the briginal theorem of Bott implies that the k-cup
product 1s an isomorphism. Together witﬁ the result of
‘Chabter III, thils shows the equivalence of the two
formulations of the Bott periodicity.




CHAPTER I

GENERALITIES ON BUNDLES

«1.1. " A bundle is a triple (E, p, B) where E and B
are topological spaces and p : E + B is a map. The space
B 1s called the base space, E is called the total space,

and the map p 1s called the projection. For each b e B,

the space p'l(b) is called the fibre over b e B. A space

F is a (typical) fibre of a bundle (E, P, B) provided every

fibre p-l(b) is homeomorphic to F.

A bundle (E', p', B') is a sub-bundle of (E, p, B) pro-

vided E' is a subspace of E, B' is'a subspace of B, and
p' = p/E'.

1.2. Example: The product bundle over B with fibre F

is (B x F, p, B) where p 1s the first projection.
1.3. Let (E, p, B) and (E', p', B') be two bundles. A

bundle morphism (u, f) : (E, p, B) » (E', p', B') is a pair of

of maps u : E+ E', £ : B+ B' such that the following diagram

u '
E——>E

P p’'
£ .
B——B'
commutes, i.e. p'u = fp.

Let (E, p, B) and (E', p', B) be two bundles over B. A




e e rgr— T

B-morphism u : (E, p, B) + (E'y, p', B) is a map u : E » E!
sueh that the following diagram

u :
E——E" i

p p'

commutes, i.e. p = p'u.

A B-morphism u : (E, p, B) + (E', p', B) is called a

B-isomorphism if there exists a B-morphism v : (E',p',B)»(E,p,B)

such that uv = IE" vu = IE‘

A bundle (E, p, B) is trivial with fibre F if (E, p, B)
is B-isomorphic to the product bundle (B x F, p, B).
1.4, Let &€ = (E, p, B) be a bundle and f : B, > Bbe a

map. The induced bundle of ¢ under f, denoted by f*(&) has

base space Bl’ total space Elg; Bl X E consisting of all
(bl’ x) € B1 x E such that f(bl) = p(x), and projection
Py ¢ (bl’ x)»—»bl.

Let € be the field of complex numbers. A k-dimensional

complex vector bundle is a bundle (E, p, B) such that each fibre

p—l(b) has a structure of k-dimensional vector space over C.

Moreover, each b ¢ B has an open neighborhood U and an U-isomorphism

. k -1 k .-l
+ p “(U) such that the restriction b x F + p~(

h:UxF b)

is a vector space 1somorphism.




Let £ = (E, p, B) and &' = (E', p', B') be two

complex vector bundles. A morphism of vector bundles

(u, £) : €+ 15 a morbhism of the underlying bundles

such that the restriction u : p'l(b) + p"l(b) is linear

for each b € B. 1In particular, if B = B!, f = I then

B’

(u, IB) t &+ &' i1s called a B-morphism of vector bundles

and 1t is usually denoted by u: g + g, Moreerr, if
there exists a B-morphism of vector bundles v : &' » &

such that uv = IE" vu = IE then u is a B-isomorphism of

vector bundles.

1.5. For a topological group G, a (right) G-space is
a& space X together with a continuous (right) action X x G + X.
A G-space X is effective if Xg = X implies g = 1. Let
X be an effective G-space and X¥c X x X consisting of (x,.xg),
X €eX, g €eG. Define t : X* » G by the equation

xt(x, x') = x°',

T 1s well-defined for if 81> 8 € G such that Xgy Xg, = x',

1

-1 -
then, X8, go-1 = (xgz)g2 =X, 88, =1, 8, = 8- The

function T is called the translation function.

A G-space X is called principal if X is an effective
G-space with a continuous translation function t : X¥ + G.
Let X/G be the space of orbits and = : X +» X/G the

natural projection. Then a(X) = (X, T, X/G) is a bundle.




A bundle (X, p, B) 1s called a G- bundle if (X, p, B)
and a(X) are isomorphic for some G-Space structure on
X by an isomorphism (1, f) : a(X) + (X, p, B) where
f : X/G + B is a homeomorphism. A principal G-bundle

is a G-bundle-(x, p, B), where X is a principal G-space.
Let B be a topological space. An open éovering

{UA}A e p ©f B 1s numerable if there is a locally finite

partition of unity u, : B » [0, 1], 1 € S such that ui'l(o,lj
refines {UA}. [5, p. 169].

A principal G-bundle £ over B is numerable if there is

a numerable cover fUA}Ae:A of B such that §|UA is trivial for

each A e A.

Let £ be a numerable principal G-bundle over B, and
f : B' + B be a map, then £*(£) is a numerable principal
G-bundle over B'. [9, p. 48]. 1If f, ¢ B' » B is a homotopy,

% ®
then fo(s) and fl(g) are isomorphic numerable principal

G-bundles. [9, p. 51].
For each space B, let k;(B) be the set of isomorphism

classes of numerable principal G-bundles over B. Let [g]
denote the class containing £. For a homotopy class

[(f] : x » ¥, define kG([f]) : kGY > ka by [5]?——é[f*(5)].

The class [f*(s)] is independent of & in [£] and f in [f].
[9, p. 43]. Consequently, kG([f]) is well-defined. kg 1is




1s a contravariant functor from the category of spaces
and homotopy classes of maps to the category of sets.
We denote [A, B] the set of homotopy classes of maps A+B.

_Let w = (Eo’ Py> Bo) be a fixed numerable principal
é—bundle.' For'each space X, define ¢, ¢ - BOJ -+ kG(-)
by ¢,(X)([ul) = [u" ()], [ul € [X, B,J. ¢, is a natural
transformation of contravariant functors: [-, B;] *'kG(-).

(9, p. 521].
A principal G-bundle w = (Eo,‘po, Bo) is universal

provided w 1s numerable and ¢ : [-, B ] + k.(-) is & natural
w o G

equivalence. The space Bo is called a classifying space of G.

A bundle w is called n-universal or universal for dimen-

sion < n provided ¢w(x) is a bijeétion for each CW-complex X
with dim. X < n. |
Milnor has shown that to every topological group G,
there exists a universal G-bundle and consequently every
topological group G has a classifying space. [9, p. 53].
1.6. Example: The Stiefel manifold of (orthonormal)

k-frames in €7, denoted vk(c“) is the subspace of (Cn)k,
consisting of the k-tuples (vl,..., vk), viecn, i=1,..., k,

such that <Vi’ VJ> = 613. With each k-frame (yl, cees vk)

there is associated the k-dimensional subspace &Vyseees i

spanned by vl,.Q., Ve Moreover, each k-dimensional subspace




of €" is of the form <vi,-...; Vk> .

The Grassman manifold of k-dimensional subspaces of

n

€, denoted by Gk(Cn), is the set of k-dimensional subspaces

~

of ¢ with the quotient topology defined by the function:
. n
p : (vl, ceey vk)o-—» (Vs +oes Vi) of vk(c )
onto Gk(c"). -

Let GL(n, €) denote the set of n x n matrices with
determinant different from 0. GL(n, €) is an open subset

2
of ¢ and therefore a manifold and a Lie group. Define the

unitary group U(n) by U(n) = {u e GL(n, €) : <{u(x), uly))

= {x, ¥, \fx, y € c"}. U(n) is a closed subgroup of
GL(n, €) and therefore, U(n) is a Lie group. [8, p. 84].

U(n) acts transitively on vk(cn) and on Gk(cn). There-
fore, Vk(Cn) is homeomorphic to U(n)/U(n - k) and Gk(C") is

homeomorphic to U(n)/U(k) x y(n - k). Hence, U(n)/U(n - k),

U(n)/U(k) x U(n - k) both admit a structure of analytic mani-

fold. [7, p. 92 - 93]. Therefore, by identifying v, (€M
with U(n)/U(n - k) and G, (€") with U(n)/U(k) x U(n - k),
Vk(Cn) and Gk(c“) are analytic manifolds of dimension k(2n-k)
and 2k(n - k) respectively.

One shows that the bundle (V,(€"), p, G (€M) 1s a

principal U(k)-bundle, [9, p. 79], which is universal in
dimn ia(n - k). [9, p. 83].




CHAPTER II
K - THEORY

. The class of all finlte-dimensional complex vector
bundles over a space B and B-morphisms of vector bundles

forms a category, denoted by VBB' [S, p. 25]. If B is a
one point space, denoted by 0, then, VBo can be viewgd as

the category of complex vector spaces.

2.1. Let VBo(p, Q) denote ﬁhe pfoduct category con-

. .

sisting of p copies of VBo and q copies of VBO, the dual
category of VBo' Let F : VBo(p, q) »+ VBo be a functor of

(p + q) variables: VB_x ... x VB =» VB which is covariant
o o o
L——p + gt

in each of the first p-variables and contravariant in each of

the last g-variables. (11, p. 58]. F is a continuous functor

if for any complex vector spaces Vl, ceey V W W

p+q, 1’ s 0y

p+q’
any space Z, and any family of maps {u1 : 2 » L(v,, Wi)l, the

function Z - L(F(vl, cees V., W

p’
ceuy Vb+q))defined by z~—eF(ul(z), cees up+q(z{) is

W . ), F(W

p+l’ e s ey p+q w

1""’ p,

Vp+l’

continuous.

2.2. Ekamgles:
(1) ® 1is a functor: VB°(2, 0) » VB, assigning to

(Vl, V,) € VBO(2, 0), the vector space vy @ V, and to a




pair of linear maps £y ¢ Vl > Wy, £, Vo, + W,, the

2’
map fj @ f: v, ® Vy > Wy ©) W, defined by
(f‘l @ f2)(v1, v2) = (fl(vl), f’2(v2)). vy eV, vy € Vs,
For any two maps u, 2 2 - L(Vl, wl), u, : Z + L(V,, W2)
consider the function ¢ defined by the composifion

(ul, u2)
A >L(Vl, Wl) x L(V2, w2)

¢ ®

L(vl @ Vo, W, @ W,)
where (3 1is defined as @ (ul(z), u2(z)) = ul(z) O) uz(z).

1
: V. + W

The function @ is linear for ity = v 12 ¥V 1 13

1 v

¥, : V, > W :V+w,a,beCthen,
2 2 2

2> Vo + Y,
@ (alvpa¥y) + 50y, ¥30) = @ (av, + b¥), av, + b¥,)
= (ay) + b¥) @ (av, + by,)

and (alpl + bw]'-) @ (a‘#a + b‘p;)(vlg V2)

(a¥; (v)) + BY) (v)), ab,(v,) + bus(v,))
= (av;(v)), av,(vy)) + (by (v)), biy(v,))
= 2l (vy) 0 (V)40 (0 (v)), 05 (v,)) = aly, @ ¥) (v),v,)

$O0 @ W)Lvy) = (aly, @ ) + by ® ¥ (v, v,).
Being linear @ 1is continuous and hence ¢ is continuous:

@ 1is a continuous functor.




(11) @® 1is a functor : VB,(2, 0) » VB, assigning
to (Via Vé) € VBO(2, 0), the vector spacg vy C)C Vs,

which 1s the tensor product over ¢ of two vector spaées,

and to f, : vl' Wy, £y 2V, > W, the linear map

£ ® r,:v, ® Vo> W, ® W, defined by (f;, ® £ XV ,v,)

= fl(vl) ® f2(v2). For any two maps uy Z *‘L(Vl, Wl),
u, 2 2+ L(VZ’ W2), consider the function ¢ defined by the

composition:

Z “‘“"L(Vl’wl) x L(Vz,wz)

¢ €
Lv; ® v,, w; ® W,)
where ® : L(Vl, Wl) x L(V2, W,) » L(Vl ® Vo, Wy ® W)
1s defined as ® (f, g) = ® g. For 21, 2, € €, ¢,
bp e LUV, W)y b LUV, W)y @ (a6 + 2,05, ¥)

= (al¢l + 32¢2) ® Y = al(¢l ® V) + a2(¢.2 @ y). Similarly,

® (¢, by + byyy) = b,(¢ @ ¥1) + by(¢ @ ¥,). So that
® is bilinear, and so is continuous, since the vector
Spaces are finite dimensional. ¢ is continuous, and so @

is a continuous functor.
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(111) To vector spaces Vl’ V2, define Hom(Vl, V2)

as the space of all linear maps from V. to V,. Hom(V sV,) e VB .
4 1 . 2 1272 o

+ W.

Let\fl : Vle- wl, f2 HEAYS 5 be linear maps, then

2
Hom(fl, £,) € L(Hom(wl, .VZ)’ Hom(Vl, W5)) is defined as
Hom(fl, f2)(f) =f,o0fo £, for each r e.Hom(wl, V2). Con-

sequently, Hom i1s a functor: VBo x VBo - VB° which is contra-

variant iﬁ the first variableband covariant in the second
variable. Let 2 be any space and U, 2+ L(Vl, wl),
u, : Z » L(V2, w2), the composite function ¢ defined in the
following diagram is continuous if # is continuous.
(ul, u2)
z > L(V,,W,) x L(V,,W,)

.L-(Hom(wl, V,), Hom(V, ,W,))
where *(ul(z), uz(z))(f) = u2(z) o f.o ul(z)\y’fe.Hom(wl, V2).

® is bilinear: for each f ¢ Hom(wl, V2), 2y, a, € C, ¢l,
¢2 € L(Vl’ wl) Ve L(Vz: wg), *((al¢l + a2¢2)’ 'I-’)(f)

=Yofo (al¢l + a2¢2) = alw of o ¢l+a2w ofo ¢2

'{al[*(¢l, v+ a2[*(¢2, ¥)1}(f). Therefore *(al¢l+a2¢2,w)

ay[x(e;,9)] + ay[*(¢,, v)]. sSimilarly, *(¢,alw1+a2¢2)

= al[*(¢, wl)J + az[*(¢, w2)]. # 1s bilinear and therefore

continuous: Hom is a continuous functor.

..,. ot e
.
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2.3. Some Results About Continuous Functors: These

results allow the extension to vector bundles of several
operations defined for vector spaces, like the direct sum,
the tensor product and so on.

Theorem 1: For each continuous functor F : VBo(p,q) > VB,
there exists a family of functors Fg : VBg(p,q) = VBg

# *
one for each space B such that FBl(f (Sl), ceey T (§p+q))

and f*FB(El, ceey £p+q) are Bl-isomorphic bundles for each
map f : B1 + B. Moreover F = Fo. [9, p. 65]
Theorem 2: Let F,G : VBo(p. qQ) - VBo be two continuous

functors and ¢ : F + G be @ morphism of functors. Then for

each space B, there exists a morphism ¢B : FB > GB of functors

for which ¢p(€;, ..., p+q) ¢ Fpl&ys ..o, sp+q) > GB(el,...,gp+q) |

restricted to the fibre over z € B 1s simply

¢(€l,z’ ceey £p+q,z) : F(gl,z’ cees Ep+q,z) > G(El’z, ""gp+q,z)

and ¢B is unique with this property. [9, p. 66]

Theorem 3: Let F, G, H : VB,(p, q) ~ VB, be continuous func-

tors and ¢ : F » G, ¥ : G + H be morphisms of functors, then

(11) If ¢ : F+ G is an isomorphism, then o : Fy * Gy 1is

an isomorphism. [g9, p. 66]
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2.4, We have a continuous functop @ : VB (2,0) - VB, .

By Theorem 1, for each space B, it defines a functor

® VBB(2,0) > VBg, by assigning to (€, n), the bundle
£E @ n.  The tensor product in VBO is a continuous functor
® : VB°(2, 0) + VBO. It therefore defines a functor

® VBR(2, 0) » VBg, by assigning to (£, n), the bundle
£ @ n.

Hence we have two operations @ , the Whitney sum, and

® , the tensor product in VBg.

By Theorems 2 and 3, the usual properties of the direct
sum and the tensor pi:-oduct. of vector spaces prolong to the

Whitney sum and tensor product of vector bundles.

The usual properties in VBo are the following:
Vv, ® vV, =V, ©) vy
(V1 ) V2) ® V3 z Vi (V2 O] V3)
Vl ® V2 = V2 ® Vl

; @ v)) @ vy

n

1@ (V; @ vp)=(v; @ V) @ v, ® vy).
Therefore, in VBB, we have the following:

E® n=zn @ ¢ |
(E® n Oz ® n @®Z)
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E ® nzn ® ¢ ‘
(E@n)@cas ®n @ g)
E®(n@c)s(£®n)®(£-®c).

.The trivial line bundle is the product bundle

ol = (B x C, p, B). The canonical 1somorphism V® C = V

determines a natural equivalence of functors F : V =+ Vv® C

and G : V + V. By Theorem 2, the extension of this natural

equivalence determines an isomorphism £ @ 61 2 &, Consider

the bundle 0 = (B, IB, B). The vector space consisting of

one point o only has the properties: V® o

"m

V, V® o =z o.
£, € ® 020

o
w

These two properties are extended to: E @

in VBB.

Alternating Descriptions of Whitney Sum " ® "

Let £, n ¢ VBB, there are two other ways of defining

the Whitney sum, namely:

(1) Let £ = (E;5 py5» B), n = (E;, p,, B).
Define £ ®, n = (E, p, B) by
E = {(el, e,) € E, xE, : pl(el) = p2(82)}
and p : E +» B is defined as: p(e15 e2) = pl(el) = p2(e2).
. (11) Consider a vector bundle g = (El xlﬁz, P X Pos

B x B) and the diagonal map A : B + B x B defined by A(b)=(b,b).
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Define ¢ @® o N = A%¥(g).

We are going to prove that these two definitions are
equivalent to the one we have described above up to iso-

morphism, namely, .
E ®;n=¢ @2n~€@ n.

(a) To show & @, nzg ®, n.

Proof: & @2 n= A*(El X Eg, P " P,, B X B). Each

x e E(& @2 n), x = (b, e, €,) with

4(b) = (b, b) = (p, x 92)(91, e,) = (pl(el), Po(e,)). There-
fore x = (b, €5 e2) with pl(el) = p2(e2) = b. Define

u : E(E @2 n) + E(¢ @l n) by u(b, €1, €) = (el, e,).

The map v : E(§ @ 1 n) - E(& @2 n) defined by v(el, e2)‘
= (p(el, e2), s e2) is the inverse of u. Therefore, u is
an isomorphism and so § @ 1N =E @2 n.

(b) To show € @, nz& @ n. .

Proof: Let £ be a k-dimensional complex vector bundle, and
n be a m-dimensional complex vector bundle, both over B. Let

. {(Ui’ hi)}’ {(Ui’ ki)} be local charts for £ and n respectively.
Let {gi J} be the transition functions of £, and {f‘1 J} be the
’ . 3
transition functions of n, 1, J € A. Then gy 32 f‘1 j are maps
] ]

g 4y ¢ U N u, -+ L(ck, ¢¥), £y ¢ u, fl U, > L(e™, €. [9,p. 61]
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By the continuous functor ® : VB (2, 0) » VB, we get

transition functions hy , : U, f) uy - L(e®, ¢¥) @ L(c™,c™
. N ’ ‘ .

S L(E*M, ¢k gerined by hy y(0) =g ) @ 1, 5(0).

E ® n is defined to be the vector bundle with transition

functions {hi J}’ i1, 3 e A. [9, p. 65). Consider the sum space
3

(coproduct) z = || {u; x (L(¢¥, ¢¥) @ L(e™, €™)}. pefine
, 1

an equivalence relation in Z by (b, s, 1) ~ (b', s', §) 1iff

b = b' and s' = hJ i(b) o s (o is the composition in
’

L(Ck+m, Ck+m)). Let E be the quotient space and let us denote

the equivalence classes by <b, s, 1Y . Define p: E~+B by

P <b, s, 1> = b, then, the bundle with {hi J} as transition

]
functions is: £ @ n = (E, p, B). [9, p. 63]. Consider ¢
as the vector bundle constructed from its transition functions
{gi,J}’ then ¢ = (El, Py> B) 1is such that E, = { <b, Sys

s; € L(c*, ¢¥)y, Py : <b, 55, H+—b and similarly,Ey={<b,s,,q>
Sp € L(E", €M}, p, :<b, 5,, §>—>b. Define u : E@ g @ gn
by assigning

<o, 5, D—(<b, s;, 1>, <b, Sy, 1>)

where s = 5, @ S, € L(ck, c¥) ® L(€™, ™). u is well-defined

1 ]
as (b, s, 1) ~ (b, s', J), s' = hj,i(b) os. Then s'=s; @ S,

= (8y ;(® @ £; ;) o(s; @ s, = g5,1(0) 05, @ £, ;(bos,

e e e A S e A
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' ' .
81 = g5 1(b) 05y, s, =fy 4(b) o s, =¢.(b,s;,J)Nb,§l,i),

(b, s;, 1) ~ (b, 55, 1). Now de?iné viE @,n~>¢ ()_ n
by VKb, s, 3>, <b, sy, ) = <b, .sl ® s,, J> , then
uv = identity, vu = identity, u is an isomorphism and
E@3n=g @,

Remarks: ' -

(1). The Whitney sum " @ " is the coproduct in VBg.
Let us take @@ 1= @, and let €y5 &, be any two vector
bundles in VBB. Define a morphism: u; El -+ El ® 52 by
ul(x) = (x, 0) where 0 denotes the O-vector in the fibre of
€, over pl(x). i.e. ul(x) = (x, szpl(x)) with s, = O-cross
section of £,, [9, p. ll]._ul is continuous. And define a

morphism u

Let {gi 2 &y nt, 1 = 1, 2, be B-morphisms. Define g’§1() £,

by g(xls x2) = gl(xl) + Sz(xz)

This is well-defined as p (g;(x,)) = pg (x)) = pg_(x5)
1 2

= pﬁ(g2(x2)), so g;(x1), g,(x,) are in the same fibre in n

5t &y * B O) £, in a similar way by uy(x) = (0,x).
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and gul(x) = g(x,0) = gl('x).+ g2(0) = gl(x). i.e.
gu, = gl,'similarly g4, = g,. Finally, it 1s clear that
g 1§ unique with the property guy = gy, i=1, 2.

| (11) In the category VBy, the product of two vector
bundles El and 52 coincides with the coproduct of: 51 and &;2
1.e., coincides with & @ £,. Define Py 1 & @ £, > &y
i=1, 2 by

Prlxps %) = xp5 pylxy, xp) = x,.

Py 1s a B-morphism: £ @ €y » &5, Let u; > gy,
U, : n > 52 be arbitrary B-morphisms. Define u : n -+ 61@ 52 by

u(x) = (ul(x), u,(x)) as pglul(X) = pn(x), psz(uz(x) = pn(x),

so (uy(x), uy(x)) € E(§; @ £,) and u is a well-defined
B-morphism. Moreover, pyju(x) = pi(ul(x), u,(x)) = ui(x),

1 =1, 2; and u is unique with the property pju = u 1=1,2.

1,
2.5. Let VectX be the set of isomorphism classes of
complex vector bundles over X. Define @ and ® 1in VectX

by [€] @ [n]1=( @ nland [E] ® [nl=[f ® n].

In VBo’ ir Vl is isomorphic to V W

23 Wy is isomorphic to w2,

then vV, @ W v, @ W, V; ® W, =2V, ®.w2. These

m

1

n

properties are extended to VB : If g

X 5',“5”': then
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E@D®nzg" @ n, e ® n=zg @ n'. Hence, the
operations @ and ® in VectX are well-defined, and
VectX admits a natural commutati?e seml-ring structure,
where a seml-ring is required to satisfy all axioms of a
ring except the existence of an additive inverse. The 0

of VectX is the class of the O-bundle (x, IX’ X) and the

1l is the class of 91 (see p. 13).
Let S, S' be two semi-rings. A function f : S + S
is a semi-ring morphism if f(a + b) = f(a) + f(b) and

f(ab) = f(a}(b). For instance, let § € VBy, and £, be the
fibre of £ over b ¢ X. e;b admits a complex vector space
structure with dimension denoted by dim gb. Dim Eb is inde-

pendent of b € X and also indeperfdént of the choice of £ in’
the class [£]. Define the rank as a function rk : VectX - Z
by rk{g] = dim §,+ Let Vl’ V2 be two vector spaces over C.

Dim(Vy @ V,) = (dim V;)(dim V,), dim(Vy @ V,) = dimV, + dim V,,

so that rk([£]@ [n]) = rk(l£ @ n]) = din(£ @ n), = dim(g, @ Ny )

dim g + dim ny, = rkl[€] + rklnl, and rk([£]1 ® [n]) = rk[E® n]

dim( ® n)b = dim(Eb @nb) = (dim Eb)(dim nb) = (rk[£])-

(rk[n]). Hence, the function rk : VectX + Z is a semi-ring
morphism.

2.6. The ring completion of a semi-ring S is a pair

(S*, 8), where S¥ is a ring and 6 : S + S* is a semi-ring

morphism such that if f : S » R 1s any semi-ring morphism into
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a ring R, there exists a uhique ring morphism g : S* + R
such that the diagram
S

IR

S*——R

commutes, i.e. f gé.

Theorem: For any semi-ring S, the ring completion (S¥*, 8)

exists and is unique up to isomorphism. S* consisté of équi-
valence classes <a, b> of pairs (a, b) € S x S where (a,b)~v(a',b!)
i1ff there exists ¢ ¢ S such that a + b' + ¢ = a' + b + c. We

shall use the simpler notation <a, B = a - b. The function

6 : S + S* is defined by 6(a) = <¢a, 0y . [9, p. 103]

2.7. 1In Section 2.5, we proved that VectX admits a commu-
tative semi-ring structure for any topological space X. We
define KX to be the ring completion of VectX.

Let X and Y be topological spaces and f be a map from

Y to X. Define Vect(f) : VectX + VectY by [e]l— [£%(E)].
The operation (@ 1is a functor: VBX(Z, 0) » VBy, by 2.3,

Theorem 1, f*(¢ @ n) = £*(€) @ f*(n). The operation ®

is a functor: VBX(2, 0) » VBy, by 2.3 Theorem 1, again,

£*(& @ n) = £*(£)® £*(n). Hence,

Vect(£)([E] @ [nl) = Veet(£)([E ® nl) = [£%(t @ n)]
[£*¥(8) @ £*(n)] = [£*(£)] @ [£*(n)]
(Vect(r)[£]) ® (Vect(£)[n])
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Similarly,
Vect(£)([€] ® [nl]) = (Veet(£)[E]) ® (Vect(r)[nl).
Therefore, Vect(f) 1is a seml-ring morphism. Moreover,

. o Veet(Iy) = Iy iy

and if £ :'Y + X, 8 : 2 + Y are maps, then,
[Vect(f o g)I([E]) = [(f o g)*(£)]= [g* o £¥(£)]1 [9, p. 19]
Vect(g).Vect(f)[E]. -

Thus, Vect is a contravariant functor from the category of
topological spaces to the category of semi-rings.
Consider the following diagram:
: ]
VectX e—0m > KX

Vect(f) Kf

5]
VectY ———— KY

where 6 1s the canonical imbedding of the semi-ring into its
ring completion. Since 6 o Vect(f) is a semi-ring morphism
into a ring KY, it induces uniquely a ring morphism

Kf : KX +~ KY, and K is a contravariant functor from the cate-
gory of topological spaces to the category of ripgs.

Since rk : VectX = Z is a semi-ring morphism, it induces
uniquely a ring morphism ¢ : KX + Z such that the diagram
commutes. For simplicity, we also denote ¢ by rk.

VectX

AR

KX >'Z
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Define k as the reduced K functor by the relation

X = Ker(rk : K » Z) which assigns to each space X, the
-1deal XX = Ker(rk : KX + Z) and to each map £ : Y » X, the
restriction of Kf to KX. Since rk[£] = rk[r¥(¢)], (9, p. 261,

it follows that Kflkx : Xx - Ry. Hence ¥ 1is a contravariant
functor from the category of topological spaces to the cate-
gory of rings.

Define a ring morphism € : 2 + KX by

[e™] n >0
e(n) = { :
-[e7 1] n <o

where 0" = (X x cn, P, X) and p is the first projection.
Then, rk o € = Iz and the following exact sequence of abelian

groups

rk

1
0 + BX + KX - L >0

splits (where i is the inclusion), So KX 2 Rx @ z.

2.8. Another Description of K.

Two vector bundles £ and n over a space X are s-equivalent,

denoted £ v n, if there exists 1ﬁtegers qQ 20, n >0 such that

E @ 8" = n @ 8d, S-equivalence 1is an equivalence relation,
and isomorphié vector bundles are s-equivalent. Consequently,
s-equivalence can be regarded as an equivalence relation in
VectX by defining [£] ~ [n] 1f £ ~ n for any £ ¢ [£] and

n e [nl.
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Let X be a finite CW-complex, and g e VBy, then
there exists n ¢ VBy, such that £€@n = 6™, for some

integer m > 0. [9, p. 31]
Theorem: Let X be a finite CW-complex. Then the function

a : VectX » KX defined by a([&]) = [&] - rk[E] is a surjec-
tion and a([€]) = a(lnl]) 1ff [£] ~ [n]. To form (gl-rk[E],
we imbed by € : Z €5 KX. Thus, for the category of finite

CW-complex, the elements of Rx can be identified with
s-equivalence classes in VectX. [9, p. 105]

2.9. Another Description of K: Let C be a small cate-

gory with short exact sequences. Let FC be the free-abelian
group generated by the set of objects of C, and D be the sub-
group of FC generated by elements of the form : A - A' - A"

whenever 0 - A' + A + A'' > 0 is exact. Define the Grothendieck

group Gg'of € to be the quotient group GC = FC/D.

For each space X,.consider the semi-ring VectX. VectX can
be regarded as a category.with isomorphism classes of complex
vector bundles over X as objects and the corresponding classes
of X-morphisms as morphisms. Let F be the free-abelian group
generated by VectX, and D be the subgroup generated by elements

: u v
of the form: [£] - [£'] - [E''] whenever 0§ -+ E' » £ > £ > 0

is exact. [9, p. 35]. Since every exact sequence of vector

bundles splits, [9, p.37], D is generated by elements of the |
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form [§' @ g''] - [g] -'[g"] for all [&'], [&''] e VectX.
The corresponding Grothendieck group is G = F/D.
Define a multiplication in F in the following way: for

any o = Zi ni[EiJ, B = Ei mi[ni] e F, where [gi], [niJ € VectX,

m, Ny e Z and for all except a finite number of n = 0,

i+ ™

define a x B = zi,J nimj[gi ® nJ]. Since &y g) ny ny ® &
and (&, @ n;) @ e 28 @ (ny @ ) (by 2.4), this
multiplication is commutative and associative. One checks
easily that it is also distributive with respect to the addi-
tion. Hence F is a commutative ring. Moreover, for a generator
[El @ 52] - [gl] - [52] € D and a = Zi mi[ni] (X F,
- Zi mln, @ £7- Zi xrli[j1 ® £,], 1.e. a x e, @ &1
- [g,] - (€51} € D, D is an ideal and G = F/D 1s a commutative
ring.

Let £ : VectX + R be any semi-ring morphism into a ring
R. By the universal property of the free abelian group, there
exists a unique homomorphism g : F + R such that f = go1,

where_i : VectX ~ F is the canonical injection. Let
a=J; n0g1, 8=F; minJinF, a x8 = iZJ nymlg; @ nyl,
gla x B) = 21,3 nym; gleg; ® nyl = Zi,J nym g, @ ny]

= zi,J nimeEEi]-f[nJ] = Zi,d nimJ g[EiJ.EEnJ] = -g_(a)-g_(s).
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Hence g is a ring homomorphism. And finally g[& ® &)
=flf © €'1=1r([6] @ [€']) = £[€] + £[e'] = glel+gle'],
and so E([§ ®© £'1 - [£] - [£']) = 0, therefore g|D =0,
and‘there exists a unique ring homomorphism g : G+ R such
that the following diagram commutes,

VectX

where p is the projection: F + ¢ = F/D. Let 6 =p o i, 8

1s a semi-ring morphism and (G, 6) has the universal property

of the ring completion of the semi-ring VectX. By uniqueness,

GEKX.




CHAPTER III
THE PERIODICITY IN K-THEORY

" All spaces .considered in this chapter are finite

CW~complexes.

3.1. By the tensor product of vector bundles, we

define a ring structure on XX and kx is an ideal 'in KX,
which 1s the kernel of rk : KX + Z.

Let "X : X xY > X and "Y : X xY +> Y denote the two

projections. K, being contravariant, Tx and Ty induce the

homomorphisms
* *

Ty : KX » K(X x Y), Ty ¢ KY > K(X x Y).

Define a function ¢ : KX x KY - K(X x Y) by
* *
$ : (a, b)~——>nx(a).nY(b) where . denotes the multiplication
* *

in K(X x Y). The function ¢ : (a, b)p——anx(a).ny(b) is bi-
linear and so induces a unique abeiian group homomorphism

@ : KX® KY » K(X x Y) such that the diagram

¢
KX x KY—»K(X x Y)

KX ® Ky
* *
commutes. Therefore, a is defined by a(a® b) = nx(a).nY(b)

It 1s called the external K-cup product.
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If rk(a) = rk(b) = 0, then rk(ry(a) = rk(my(b)) = 0.

Hence the restriction of the external K-cup product to

Xx ® Ry maps into K(X x Y). It is the external K-cup

product & - Rx® Ry + R(x x Y).

Proposition 1: Let (X, xo), (Y, yo) be two pointed spaces,

XVvY = (X x yo) V] (xo x Y), and the reduced product X A Y

defined by X AY = X x'¥/X\/ Y. Let 1 : X xY » XA Y =
= X x Y/X\/ Y be the canonical projection and r : XVVY+X x Y
be the canonical injection. Then the induced sequence of

. w¥ r*
abelian groups 0 » K(X AY) » R(X x ¥) + K(X\ ¥) » 0

i1s exact.

Pm'aposition 2: Let o : KX ® Ry - R(x x Y) be the external

R—cup product and r* is the homomorphism induced by r:XV Y+XxY,

then r*d = 0. [ 9 p. 117]

From these two results follows the existence of a homo-

morphism 8 : RX ® Ry + R(X/\ Y) called the k—cup product

(or reduced tensor product) making the following diagram

commutative.

r¥*

. .
0+ RXAY) - X(x x Y) » R(XVY) +o0

x ® ¥ ‘ |

®




i
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We describe now the kLcup product in terms of elements.
Consider KX as the set of all s-equivalence classes in VectX.

That'is, we ldentify an element [£] - rk[€] e KX with a s-class
(€] éontaining [€] in VectX. Let £, n be vector bundles over
X and Y respectively. If rk[£] = m, rk[n] = n, then the

external cup product of [Z] and [7] is represented by:

AT @ [A1} = &U(LE] - [6™1) ® ([n] - [60])

{ry[£1 = [6™1}.{ngln] - [6"1} (as mi[6™ = [o™])

1[E] @ mylnl - myle] ® [6"] - [6™ @ nglnl + [e™) @ [o7] |

Let [£] represent [E] and [n] represent [n], then the external

eup product of [£] and [n] is: ©,[£] ® mylnl+ni(-[£1) @ [6"]

+ [6"] @ ny(-[n]) as [6™] @ [6"] ¢ 0-class. Now, denote by
E® ne VBy,y the product £ ® n = n;(ﬁ) ® n;(n). Using
this notation, the external cup product becomes [£] ® [n]

+ (-[ED) Q@ [en_] + [6™1® (-[n]) and .is represented by (E@in)

@ @ " @ (" @ n”) where £ ¢ -[€] and n~ ¢ -[n]
[10,IIT p. 19] Define £ # n=(£ ® )@ (£~ @ 0") @ (" @ n"),

a representative of &([Z] ® [n)). Ifrg~gr, na n', then
€' #n' ~ € # n. Hence the s-class [ F n] depends only on
[E] and [n]. Define [E] # [R] = [EF 7). This is well-defined

and moreover, r¥(§ # n), i.e. the restriction of £ # n to
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XV Y, belongs to the 0 s-class. Therefore, the exact

sequence

.",* r* '
0+ K(XAY) > R(X x7Y) =+ Bxvy) »o

# ' 0
kx ® Ry
implies that [E] # [n] ¢ Imn* and B is precisely the homo-
morphism induced by #. Thus, we have a description of the

R-cup product 8 in terms of elements and we shall denote
simply 8([E] ® [n1) by [E] # [W]. [3]
3.2. The periodicity theorem of Bott can be expressed

in K-theory as follows:

The external K-cup product a : KX ® KS2 + K(X x S2)

i1s a natural isomorphism for any space X. [9, p. 128]

The sequence of spaces: XV s X x 82 + XA s® induces the
following split exact sequence
0 » K(X AS®) » R(x x 5%) » R(xv s2) =+ o,
Moreover, the natural inclusions X -+ XV Y, Y+ XV Y induce

an 1somorphism R(XV Y) - BX ® Ry. [9, p. 116]. cConsider
the following diagram:

kx ® ks? = (Xx @2 ® X® @ z)
=KX @ RS2 @ %2 @ ¥x @ z
o
K(x xs°) = R(x x5?) @ z = RxAs?) @ Rxvy s?) ® z

RxAs?) @ %2 @ ¥x @ =
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The « morphism restricted to the last three groups is the

ldentity, and restricted to the first one, can be viewed as

the k-cup product; hence, the periodicity theorem can also

be formulated as follows:

The X-cup product 8 : RX@ ¥s? o Rx /\82) is a natural

isomorphism for any space X.

3.3. We consider again the Grassman manifold Gn(Cen) of

n-dimensional subspace of ¢2n (p. 6 ). The natural imbedding

of ¢ into ¢2n+l induces an inclusion map 1 Gn(Czn)*Gn(02n+1).

2n+1 2n+2

Define an inclusion j : G,(¢c ) 7 Gh4p(C ) by J(V) = V@ W

for each V ¢ Gn(02n+l), where W 1s the subspace of 02n+2

generated by {e2n+2}. The composition J o1 defines an in-

+
a2n 2)

clusion Gn(c2n) + G .. Thus, we have the inclusions:

n+l(c

2n+2

N O N PP N s P )= ..., and we

n+1(C

define Bu = LJ Gn(man) with the weak topology. We have the
n>1 : :

following representation theorem:

There is an isomorphism (i.e. natural equivalence) of

contravariant functors defined on the homotopy category of
finite CW-complexes 6 : [-, Byl » K(-). [9, p. 107]. e is

defined by ex[g] = g*(yn2n) - n where g : X -+ Gn(Czn) and
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Yﬁn is a subbundle of the product bundle (Gn(Can)xcen,p,Gn(Czn))

with the total space consisting of (V,x) ¢ Gn(Czn) x ¢2n

such that x ¢ V.

~

From this isomorphism, follows the periodicity of the
homotopy groups of U or more precisely, the existence of a

n,
weak homotopy equivalence BU + QzBU. Since K82

=2Z [9, p.109],

then the periodicity theorem of 3.2 can be formulated: there

. : N
is a natural isomorphism KX - K(X ﬁ\Sz) and by the representa-

tion theorem above, a natural isomorphism

: A g2 - 2
[X, Byl ~ [XA S%, Byl =[x, @ Byl

which is therefore induced by a'map B, + QaB Now setting

U u-
X = Si, and since "By = Ty_1Us for all i [9, p. 108], we
get
= 2n =
"i-lU = ﬂiBU * niﬂ BU = "1+2BU = “1+1U’

for all i, i.e. the above map BU -+ 928U is a weak homotopy

equivalence and the homotopy groups of U are periodic with

period 2.




CHAPTER 1V

THE‘PUPPE SEQUENCE AND HALF-EXACT FUNCTORS

- The reference for this chapter is [4]

b.1. " Let £ : (X, xo) + (Y, yo) be a base point pre-

serving map of pointed topological spaces. Define the

mapping cone Cf of f by -

Cf = (X x I} UY/{(x,0) = £(x), (x,1) = & = (xo,t), xeX, tel},

where I is the unit interval and % is defined as the base point
of Cf. The space Y is a subspace of Cf with its base point
Yo < f(xo) colnciding with the base point of Cf. Let fr:¥ +- Cr

be the natural inclusion map, then f' is base point preserving.
Hence we obtain the mapping cone Cf' of f' and the base point
preserving inclusion map f'' : Cf + Cf'. By iterating this
procedure, we obtain an infinite sequence called the Puppe

Sequence:

£ £ £re Froe ‘e
X+Y~> Cf » Cf*r = Cf't > Cr T e W

For a space X with base point x define the suspension

o’
£X = X x I/{(xo, t) = (x, 0) = (x, 1) = %, x €X, t € I} where
% 1s defined as the base point of IX. It is clear that

X = Cf/Y. For amap f : (X, xo) + (Y, yo), define £f:IX - LY

by If <x, t> = f(x), t> . If is a base point preserving
map. Let 7 : Cf -+ IX be the natural projection. We obtéin

-again an infinite sequence
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£ o I ! Im
X>Y >Cf +>3IX »3I¥Y + 3ICf + I°X + ...

which is élso called the Puppe sequence. These two above
Sequences are related by the following diagram which 1is

homotopy commutative.

f fl fli fl" f(u) tee
X > Y > Cf > Cf »Cf'! > Cf > e
id id l & =
f ! I
X—Y > Cf -5 IX >ZY > LCf —s. .
where "=" stands for a homotopy equivalence.

b2, Let C be the category of pointed finite CW-complexes
with homotopy classes of base point preserving maps as morphisms.

Let Gr be the category of groups. A contravariant functor

t : C > Gr is half-exact if for all f : X - Y, the sequence
t(Cf) + t(Y) + t(X) 1is exact.

By 2.7, k is a contravariant functor from the category

of topological spaces to the category of groups. Let

f =g : X+ Y be base point preserving. Then k(f) : Ry » Bx
is defined as

(RE)(LED = [n]) = [£*(E)T - [£*(n)] [g*(£)] - [g*(n)]

(Kg) ([E] - [n]).

This shows that kf = kg and so R may be considered as a contra-

variant functor C + Gr. Let X, Y € Cand f : X + Y be in C,

then R(Cf) -+ RY > kx is exact. Hence R 1s a half-exact functor.
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(9, p. 114]. cConsider the contravariant functor
R(- /\Sa)_: C + Gr which assigns to each X e C, a group

R(x/\ S2) (ef. 3.1 for the definition of the reduced pro-

duct) and to each f : Y + X, the group homomorphism
k(f NI 2) : i?(x /\32) + K(Y/\Se) where £ A I 5> 1s defined
S S

e, X x s2. The

as follows: Consider the map f x I s+ ¥ x 8
. S
restriction £ x I ,|Y V s? . YV s? o XV 52 and hence induces
S _ ’

amap YAS?=v x52y\Vvs?>xAs?=xx s2/x v 52 denoted

by f/\_Isa. To show that K(- /\82) is half-exact, consider

the following diagram for each £ : X + Y in C:

f £ £re Froe f(ll) f(5) f(6)
X—Y —Cf ——Cp? Scrtt——scrrtt —— cp(B) ;5 00(5) . (6)
1d. |14. | 14. = = N - =l -

f £ T If ire Zm > sz 3 >
X—3Y— Cf ——3 IX > IY 5 zCr —  £°X —— 1%y —12cr

%y = cr(5),

since ¢f As® = £%cr = c£(®), yAs2 - 3
x‘/\s2 = sz = Cf(a), and f(6) : Cf(u) > Cf(s), the sequence
R(Cf(s)) -> R(Cf(S)) -> R(Cf(u)) is exact. Hence R(Cf/\ 52)
+ R(Y A% » R(x AS?) 1s exact and (- AS2) is a halre
N AN
exact functor.
If t is a half-exact functor, theﬁ t transforms the

Puppe sequence in an exact Sequence, since in the Puppe sequence,
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any space is the mapping cbne of the preceding map.

Theorem: Let ¢ : t + t' be a natural transformation of

half-exact functors. Assume that ¢(s1) : e(sl) » tr(sl)

is an isomorphism for all 1 < n. Then ¢(X) is an isomor-
phism for every finite Cw-éomplex of dim X < n.

Proof: (taken from [4]) Evéry.finite CW-complex can be
obtained by successively attéching wedges of cells, starting
from a finite set of points. Let a(X) denote the number of
such attachments to obtain X. We prove the theorem by induc-

tion on a(X). Thus, assume the theorem to be proved for X'
=yt J+l ' k
and X = X'l £ (VAeA ), with dim X' <n, j + 1 <n (by e™,

we denote a k-cell) X = Cf. Applying t and t' to the Puppe
sequence defined by f, i.e.

by ! m

P If
t
VVA(SA ) X'+ X - vk(s

Iy UL e L

A
and using the naturality of ¢ : t > t', we obtain a commuta-

tive diagram:
8V (8,91 = £(X") = £ (v, (5,9*1))  £(2x1)
l¢1 l o o3 ey 4
£ V(SN et et (et (v, (5,3 ) e £ (ax)
Since t(AV B) = tA x tB and using the assumption, ¢, and
¢u are isomorphisms. By the ilnductive hypothesis, ¢2 is an

isomorphism. The space X' can be considered as the mapping
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cone of some map g : VA,(SA.J-I) + X'', so that

IX' = I(Cg) = CIg, thus, a(IX') < a(X'). The induction

hypothesis implies that ¢5 is also an 1sombrphism. There-

foré, ¢3 :t(X) + t'(X) is an isomorphism by the 5-lemma.




CHAPTER V

THE EQUIVALENCE BETWEEN THE TWO FORMULATIONS

" In 3.3, we proved that if the k-cup product

Xx ® ®s? » X(x As?)

is an isomorphism, then there is a map

By ~ 7By
which is a weak homotopy equivalence and consequently,A'
the homotopy groups of the infinite unitary group U are
periodic with period 2. We shall now prove the converse.
This can be done for the complex case by algebraic methods
and this was the original proof by Atiyah [g]. We shall
follow the proof given later on.by‘Bott (3], which has the
’ advantage of being applicable to the real and quaternionié
cases. The idea is the following. Bott originally proved
that there is a weak homotopy equivalence

: 2
Y @ BU + Q BU

and y induces an isomorphism
kx » X(x As?)

for every finite Cw-comblex X. On the other hand, the k-cup

prbduct
B ® %% - R(xAs?)

is induced by a map a, which is homotopic to Y* ¢ BU/\ 82 - BU'
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This proves that the isomorphism induced by y is actually

the R-cup product
Bx ® Ks? » X(x A s?).
" We give now the detalls of the proorf.
5.1. We construct first the map

Y : B "“250'

To simplify the notation we write Gnm = Gn(Cm) for the

Grassman manifold of n-planes of ¢™ (ef. p. 6 ) and we use

the same notation for a map X x Y + Z and its associate

"X » ZY. We define a map

Ay . U(n) » qg 20
in the following way. We identify the elements of Gn2n with
the n-dimensional subspaces of the complex vector space

c” ®R V2°, where V2° is a real vector space of dimension

2 with basis {el, e2}. For a € U(n), define

[x ®Relcos%+a(x) ®Reesin%],0_<_¢§n
A (a,9) = '
n ® ®
[x ®R (e; cos 3 + e, sin )], n < ¢ < 27
where [ ] means "subspace of ¢2n generated by" for all

x e ¢, Therefore, An is a map from U(n) into the space of

loops of Gin at c" ® e - Actually the map }‘n for ¢ < ¢-< 27
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1s useless and we shall omit it in the future computa-
tions. We define now another map

. 2n
?n : Gn + QU(2n)

en and 0 <

in the following way. For A ¢ G, <

<D

< 2m, £.(a,6)

is the unitary transformation:

'xeie, X e A s 0<eo <

xe1® x ¢ A, o< <m
£L(R, 0 )(x) = ¢

xeie, Xxed,, m<e<2n

\__-16 L

T< 8 <27m
where A* is the orthogonal complement of A with respect to

the usual metric of 02n and Ao is the base point of ann.

4n

The elements of G2n are ;dentified with the 2n-dimensional.

2n

subspaces of ¢ C)(:Vé, where V2 is the complex vector space

with basis {el, e2}. Finally, as the classifying space

- 2n
BU = $;L Gn (cf. p. 29) we can define

Y @ BU + Q BU

by the composite QAZn o

fn..
Y does not preserve the base points, since A2n does not.

But BU is simply connected and therefore Y is homotopic to a
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base point preserving map whych we denote also by v.

Y induces

Y*'t (s o

But “iBu =,ni_lU‘(cf. p. 30) and therefore, Y* K §

is an isomorphism for every i1 by the Bott periodicity theorem,

i.e. ¥ 1s a-weak homotopy equivalence.

) By 4.2 and 3.3; K(-) and k(-/\ 82) are half-exaét func-

tors on the category of finite CW-complexes and K(-) is

represented by [-, BU]. Hence, [-, BU] and L—/\Sa, BU]

are half-exact. vy induces a natural transformation:

(-, BU] + [-, QZBU] = [-/\82, BU] which is an isomorphism

for the sphere Si. Thus, by the theorem proved in 4.2,

vg ¢+ [X, Byl ~ (XA S, B]

U

is an isomorphism for every finite CW-complex.
5.2. Consider the elements of KX as s-equivalence
classes in VectX and imbed (X AY) into R(X x ¥) by =.

(cf. p. 26) The R-cup product of an m-dimensional vector
bundle £ over X and an n-dimensional vector bundle n over Y

is, as we have seen in 3.1,

E#n=2 @ n+& @ "+ 6™ @ n,
where we write + instead of ® to simplify. Let

319> 440
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Yn2n and 712 be the vector.bundles'described on p. 30.

~

2n 2 2n 2,, ¥ 2n 2y _ 2n 2
[y, ARE X(a, “"A G, ) R(a M G,%) = [6,*" x 6,°,B,1.

[YnZn # Y;?j is represented by a map
' . . 2n 2 _ 21
. | a: G, " x a +BU-1L>]101

Sinée ann x 612 is compact, there exists an integer k such

2n+2k

ntk - Let Ao be the

that the image of o 1s contained in G

an 2

base point of Gn s Lo be the base point of G1 » and AL, iy

be the orthogonal complements of A ¢ ann and L € 612 respec-
tively. Using the relation
Efn=¢ @ n+ @ ¢"+0™" ® n,

a can be described as:

= L L
a(A, L) = (A @ L+ & @cL°)+(A° ®, L + A ®¢ L)
where A‘;) ® c Lo represents a trivial bundle added for reasons
of symmetry. Since A c L, & ® c Lo are n-dimensional

subspaces in Cun

8n

» A ® ¢l + A ® ¢ Lo 1s 2 2n-dimensional

. _
subspace in. C Similarly, A ® clt + Ay, ® L, isa

2n-dimensional subspace in cBn.

8n

Note that they are in the

same €', so that a(A, L) is a 4n-dimensional subspace in CBn.
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Thus o is a map: G 2n x Gle.* Gunen, which induces the

n
R-cup prodﬁct
Bx ® X2+ R(x As?).
-~5.3.. We now show that the map a is homotopic to
the map associated to y, i.e. the composite'(that we still

call Y) )

2n anI 4 : Y2n Un
Gn "x [0, 27] x [0, w] > U(2n) x [0, ) = G2n
Hence
Y(A, 8, ¢) = A, (£ (A, 0), ¢)

= [x ® g e cos %+ £.(A, 8)(x) ®R e, sin -gi]

and y sends the base point (A, 0, 0) to " ® e,, base

point of GZnun. Let I2 = [0, 27] x [0, ®] and define

2

p: I 1

2
by ole, ¢ = [el cos g-i- e, el sin %J. In I,, identify (6,¢)

with (¢ + 27, ¢), (6, 0) with a point and (6, w) with another
point for all g. We obtain a quotlient space Té which is homeo-

morphic to Gl2, 1.e. S°. Define Gl2 -> 612 by L » L where T is

the space obtained by conjugating each element of L. All the

straight lines L = L constitute a circle Slc 612 which divides

2

Gy

into D' and D", where D* = p(I,|6 < 1) and D7=p(I,|0 > m).

i
ORI = St
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For the continuous function y defined above, we 'have:
Y(A, 6 + 2m, ¢) = y(A, 6, ¢) and y(A, 6, 0) = [x Qg ey)
. on

=C Bpe

v(A, 8, m) = [f (A, 8)(x) ®g eyl =" SFNCPY

Consequently y induces a map from the quotient

. 2n _ = bn
L Gn X I2 > GZn

which, by using the identification p : T, » 6,2, 1s actually

a map

2 4
v:6,"®6,°~ Gy T
Thus, for A e G 2", L € G,°, we identify L with (6, ¢). If

Le D+, we have 6 < w and

= ' ] ie ]
Y(A, L) = [x @Relcosz+xe ®Re281n2]xeA

¢

+ [x ®R e, cos 3 + xe~18

[
®R e, sin 2] e &
By the isomorphisms

c2n ® v 2n

¢c Vo =€

D¢ (€ Bg V,%) s (2 Bl ®fV,°

2n o
¢ ®g YV,

n

we have

x Q® C eie(sin 52’1)e2 x ® ¢ (e16 ®R e, sin %) - xe:"e®R e,sin %—

x ®c e,cos %"’ b'e ®C (el® @R-elcos %)»x ®Re1 cos%

Thus,




a3

16 o
[x ®(R e, cos %+ xe G<)‘R-e2 sin %]x e A

‘ os ¢ ie (]
[x @Celcosz+x ®Ce e2.sin2:|x(_:A

[x ®, (e; cos%+'ej‘e e, sin’%)]xe A=A ®CL’

~

Similarly,

[ -10 $ = 2t -
[x ®,'Rel cos % + xeé ®Re2 31n2]xeA* A@mL.
Thus, for L ¢ D+, vy(A, L) = (A @ ¢ L)+ (A ®¢ D).

Similarly, for L e D, v(A, L) = (A, @ ¢ L) + (5, @, D.

Since ,
) 2n 2 bn
Y @ Gn x G1 -> G2n
and X
) 2n 2 8n
a Gn X Gl -+ Gun ?
4n 8n

we imbed C‘2n into Glln so that vy and a are mapping into

the same space. The imbedding can be described as
W W+ Ao ® c V2

for every W ¢ G2nun. Hence y is now described as:

(A @gL+aA @D +4a ®,VyLen
v(A, L) = {

‘ T ]
(A°®¢L+AO®CL)+AO ®CV2,LED.
Now we deform y into o in two steps:

(1) Consider
1 4
Ao@CV2-A°®C(L+L)—A°@CL+A°®‘BL.

Since LN L = {0}, we deform the mapping

4
(A, L) >4, B¢ L+ A ® g I
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by rotating Ao in the first summand of g and so obtain:

‘ . 4
(a4, L) — A} ®CL_+ A @cL .
By (1), v is deformed into a continuous mapping:
. N 4 i 'L‘o +
) (»A‘®CL+A®CE)+(A°@CL+AO®CL),L5D
(A,L

4 T 4 [ 3 Y =
(A, ® ¢ L+ AL @CL)+(AO®CL+AO®CL),LSD

>

(11) In the second step, the above mapping is unchanged

for L ¢ D+, while for L ¢ D°, we deform:

T . Fy
(A, L)»——u% ®CL+A ®CL

o

into
4 Fy
(A, L)!—-)Ao ®CL+A° ®cf

by rotating L onto T, and this homotopy is relative to

G 2n

n 3

x 3D, since L = L on 3D~. Hence for (A, L) E'Gnan x D~
the above mapping is deformed into:

(A,L)o——»(Ao @mL+Ag ®¢L) + (& ®cf+A

o

(A, + &%) ®cL+(AZ ®CE+A° ®CL*)

2n n o i
c ®€L+(Ao ®CL+A0 ®CL)

(A + at) ®CL+(AJ5 ®cf+ A, @cL")

(A _®¢L+A" @cL)-i-(Aé ®¢f+Ao ®CL")

2 2

Define Y @ G1 d G1

e e D A
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by
L L eD'
(L) = { =
L L eD
For'L ¢ D+, = [el cos % + e, eif sin %J, @ <

¢

L
I = < ¢ -16 47 - I3 1(2m-8)
L = [el cos 3 + e, e sin 5] = [el cos 3 + e, e

sin %],
2" - 6 > m. Therefore, L ¢ D™ and ¢ maps Gl2 onto D™, the

lower hemisphere.

In the second step, y 1s deformed into a map

(.A,L)"_’
(A ®GL+A* ®CL)+ (Ag ®CE+A° ®CL");LED°.

Using ¢, v can be written in the form:

(A,L)—> (A ® L+ A '®c;¢_@)) + (A @ WD) + A, @ ).

Since 612 = Sz, ¢ is a map 82 -+ 82 which is not surjective.

Therefore, it is homotoplic to a constant map Lh—eLo for every

2
L E'Gl .

(A,L)s——)(A@)C L+a ®gL)+ (A% @cLo + Ao®¢ )

Hence y is finally deformed into a map

which is precisely a.

: = L 1y, + %
(A ®CL+A ®mL)+(A° ®CL+AO®CL),LED
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