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ABSTRACT

The linear programming cutting plane method has proven to be
quite successful for solving certain "hard" combinatorial
optimization problems, c.f£. [1],[6],[12], [24], [26]. A great deal
of this success is due to the use of problem specific cutting

planes which define facets of the underlying integer polyhedra.

-»

In this paper, we introduce a new class of valid inecqualities
for the polytope associated with the minimum cost 2-edge—connected
subgraph problem, and give necessary and sufficient conditions foxr
these inequalities to be facet inducing for this polytope. We
believe it will be possible to use these inequalities efficiently
in a cutting plane procedure for designing minimum cost survivable

comunication networks.
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Chapter 1

Introduction and Notation

1.1 Intreoduction

Communication networks have become more and more pervasive in
today’s world, thanks to advances in computer technology and in
transmission technology. They range from Local Area Networks to

cross-continent networks, and in many cases their role is wital.

There are two main issues in network design--eccaomy and
survivability. Economy refers to the construction cost.
Survivability refers to the restoration of services in the event
of catastrophic failures, such as the loss of a link or failure of
a facility switch. The aim of network design is to minimize the
construction cost while satisfying given survivability
requirements. S$tar, tree and ring are typical topologies which
have been used previously. The advent of optical fibre together
with its nearly unlimited bandwidth has introduced some new
characteristics to network design. A new topology for optical
fiber networks is proposed which provides at least two diverse
paths between any two offices. This leads naturally to the problem

of designing certain two-connected networks.



In this papez, we study the networks that survive the loss
of any single link and, for simplicity, we assume the construction
cost to be the sum of each link cost (typically its length). This
problem is known as the 2-edge-connected spanning subgraph problem
(TECSP for short), and is of interest not only practically but
theoretically as well. Mathematically, TECSP can be formulated as

follows:

Given a graph G=(V,E) and vector ceRE of edge costs, find a
2-edge-connected spanning subgraph having the wminimum total edge

cost.

As often is the case, we restrict ourselves to problems whese
G is the complete graph Kn, since any edge not existing in G can
be included with a sufficiently large cost without affecting the
optimal solution. For convenience, we will denote such 2 problem

on n nodes by TECSP(n).

TECSP is closely related to the widely=-studied (Symmetric)
Travelling Salesman Problem (TSP for short) whose aim is to find a
minimum cost Hamiltonian cycle in a given weighted complete graph.
Like TSP, TECSP is also NP-complete as the problem of determining
if a graph contains a Hamiltonian cycle can be reduced to TECSP
{see [9]). There is no known efficient algorithm to solve these
problems, and hence heuristic methods or branch-and-bound methods
are often used to obtain supposedly good solutions. In this

paper, we study TECSP(n) £rom an approach based on polyhedral



theory and the linear programming cutting plazne method, which
always gives a lower bound on the cost of an optimal sclution and
sometimes even an optimal solution. This approach is complementarzy
to heuristic and b:anch-and—bound methods as the lower bound shows
how good the "supposedly good solution” is., First introduced by
G.Dantzig, D.Fulkerson and S$.Johnson (7], this approach has proven
to be quite successful in solving a number of large TSP problems.
In [10), a 120-city TSP problem is solved to optimality. In i6l,
10 TSP problems ranging from 48 cities to 318 cities are solved to
optimality. In [31], a 532-city problem is solved to optimality.
A computation study on 74 TSP problems of size from 15 to 318
cities is conducted in [27], whose results also lend convincing
support to the computati;n value of this method. In [29], 42 TSP

problems of sizes from 48 to 2392 nodes are all solved to

optimality in "reasonable" times.

In order to apply it, we nust first associate with TECSP(n)
a polytope Q", which is the convex hull of all 0-1 incidence
vectors for the edge sets of 2-edge-connected subgraphs of K.
Then we try to £ind dits linear description, i.e., linear
constraints. It should be pointed ouft that we cannot expect to
find a complete deacription of Q" for each n since the TECSP is
NP-complete (see [21]). Next the linear programming cutting plane
method is applied to optimize cver this partial description of Qn.
Typically a commercial linear programming code is used to optimize
the objective function ex over a small subset of the necessary

constraints found for Q. If the optimal soluticn x obtained



corresponds to a soluticn for TECSP(n), then it is also an optimal
solution for TECSP(n). Othexwise it provides a lower bound on the
value of an optimal solution of TECSP(n). We can stop here if we
are satisfied with the lower bound obtained, or we can attempt to
identify a constraint in the partial linear description found fox
Qn which is violated by x and add this constraint to our current
set of constraints and repeat the process again to get a better
lower bound. Sometimes there is no such constraint in the partial
description found, in which case we have to accept this lower
bound as is. {(For a more complete description of the linear

programming cutting method, please see [26]).

among the linear constraints for the polytope, some of them
are necessary or "facet-inducing™ while others are dominated,
i.e., the former are more restrictive. A  great deal of the
success of the linear programming catting plane method is due to
the use of such necessary inecqualities as cutting planes, however
finding such necessary lipear inequalities is in general

difficult, as is identifying a constraint which is violated by x.

In [16], this approach proves to be successful in solving
generalized 2-connected spanning subgraph problems of small sizes,
from 28 to 39 nodes, where the underlying graph is not complete.
In this paper, we only concern ourselves with the seaxch for such
facet—inducing inequalities, hoping our work will facilitate the
use of the linear programming cutting plane approach for large

problems, In Chapter 2, we describe the relationship between



TECSP and TSP, and introduce a new class of inequalities for
TECSP. In Chapter 3, we show their wvalidity for TECSP, and in

Chapter 4 we show most of this new class of inequalities are
indeed facet-inducing. In chapter 5, we address the equivalence
problem for this new claas ¢f inequalities. We conclude in Chapter

6 by pointing out further problems.

We now introduce scme basic concepts and terminology in graph

theory and polyhed!:al theory.

1.2 Genaral Notation

For any finite set X we let |X| denote the cardinality of X.
Given another set Y, we let X\Y denote the members of X which are
not members of Y. Given sets A and B, we denote the set

{(a,b) [2€h and beB} by AxB.

We let R denote the set of real numbers and let IRE denote the
set of all real vectors indexed by E for any finite set E. If the
members in E are ordered, i.e., Ewi{el,e2,...,en}, we sometimes

oo
use K instead of K and furthermore we let Ii denote the unit
vector in R whose ith entry is one and is 0 elsewherxe. For any
. - -
JSE and erﬁ'E, we let x(J) denote [Z(xi::.eJ)]. We let 0 and 2
represent the <Tectors whose entries are all 0's and all 2's

respectively.



For a finite set E, the incidence vector of FSE is the vector

. 1 i v s
xeRE defined by xe-{ 0 ii :i E . We denote the incidence vector

of F by x?.

=
A set XSR is linearly independent if whenever xéx (axx[xex) -3

-
for some aeﬁx, we have a=0., Otherwise, X is linearly dependent.

The linear rank of a set SSIRE is the cardinality of a largest
linearly independent subset of § and is denoted by T, {S). The
linear rank of a matrix A is the cardinality of a maximal

independent subset of the columns of A,

1.3 Graph Theory

Slome standard references can be found in [3]. For our
purpose, a graph G is an ordered pair (V,E), where V is a finite
'set of members called nodes and E is a finite set of elements
called edges such that each edge e€E corresponds to two distinct
nodes in V, called ends of e. An edge e€E with ends w and v is
sometimes denoted by (w,v), and we say edge e joins node w and
node v. Two nodes u,v are said to be adjacent if (u,v)€E, and if
e=(u,v), e is said to be incident with u and v. Here we will only
consider graphs having no multiple edges, i.e., there is at most

one edge jeining any two nodes.



Given any graph G, we let V(G) and E(G) dencte the node set
and edge set of G respectively. For any SSV(G), we use ¥(S) to
denote the set of edges in E(G) with both ends in S, and we use
3(S) to denote the set of edges in E(G) with exactly one end in §
and one end in V(G)\S. For VI1,V2&V(G), we denote by ([V1:V2] the
set of edges in E(G) with one end in V1 and the other end in V2.
The degree of a node VeV(G) is defined as the number of edges in G

incident with node v, and is denoted by degG{v: -

A graph H is called a subgraph of G if V(H)SV(G) and
E(H)SE(G) and every edge has the same ends in H as in G. If
V(H)=V(G), then H is called a spanning subgraph of G. Given
E'SE(G) and V'SV(G), we denote by G-E’=V’ the subgraph of G whose
node set is V(G)\V’ and whose edge set is the set of edges in
E(G)\E’ with both ends in V(G)\V’. In the case E'={e} and V' ={v},

we write G—e-v.

A graph G is called complete if every pair of nodes is joined
by exactly one edge. The complete graph on n nodes is dencted by
Kn. A clique of G is a subset W of the nodes such that any two

nodes in W are adjacent in G.

A path P in a2 graph G is 2 finite non-null seguence

voelvle 2vz...eh:v-k whose terms are alternately nodes and edges

such that the nodes are distinet and, for 1=isk, the ends of ei

are vi_land. v, We say path P joins v, and v . The length of a

path is |E(P)|, and a Hamiltonian path of G is a path of length

1v(e) 1-1.



A graph is connected if every twe nodes in G are joined by a
path. A component of graph G is any maximal connected subgraph of
G. A graph G is called 2-edye-connected if G-e is connected for
any edge e€E(G). A graph G is called 2-node-connected if G-v is

connected for any node vev(G).

A cycle T in a graph G is a connected subgraph of G such that
every node in V(C) has degree 2 in C. The length of C is lE(CY],
and a Hamiltonian cycle of G is a cycle in G of length |V(G)|.
Sometimes the 0-1 inciéence vector of a Hamiltonian cycle is also

referred to as a tour. & cycle is cbviously 2-edge-connected.

A forest is a graph containing no cycles and a tree is a

connected forest. A tree T has the property that [V(T)|=|E(T)[+1.

The node-edge incidence matrix of a graph G is a matrix
AEIRV(G”HG) such that the entry of A indexed by node v and edge e

has salue 1 if v is an end of e, otherwise it has value 0.

1.4 Polyhedral Theory

Our discussion of polyhedral theory is brief and covers only
what is essential for later sections. More detailed treatments of

the subject can be found in [2],(25],[32].

For any xsm? the convex hull of X, denoted by conv(X), is the

set of all ySEF such that y can be expressed as a convex



combination of a finite subset of the members of X, i.e.,

conv(X)-{yeRgly-E(AxxleX) for some finite set XSX and some AcR"

such that Z(Axlxe)n-l, szo for each xeX) }

A halfspace is a set HSRE of the form ({x:axSaoc} and a
hyperplane is a set LSIRE of the form {x:ax=ao} for some aeIRE and
aceR. An inequality axsac is valid for some SSIRE’ if § is contained

in the halfspace defined by ax=ao, i.e., ayZSac for any ye€S.

A polyhedron PSR is the intersection of finitely many
halfspaces. Equivalently, P is the solution set of a finite system
of linear equations and inequalities, and can be expressed in the
form P-{erREle-d, Ax=sb}. A polytope is a polyhedron which is
bounded. A subset F of polyhedron P is a face of P if F is either
the empty set or else the polyhedron obtained by taking the linear
system which defines P and replacing some of the inecqualities with
the corresponding equations. F is called a proper face of P if
F#*P. A face FQP is a facet of P if F is a proper non-empty

maximal face of P.

If ax=ac is a valid inegquality for P then we say the face
F={x€P |ax=as} is induced by axsae. Furthermore, axsac is said to
be facet-inducing if the face F induced by axSao is a facet of P.
Any two valid inequalities ax=ao and bx<bo for P are called
equivalent with respect to P if they induce the same face, i.e.,

[x€P | axmaoc}={x€P |bx=bo}.



b
A finite set XSGR is affinely independent if whenever
T {x x|xeX) w) and I (a |xeX)=0 for some ae[Rx, we also have a=0.
x€X x x€EX  x

The affine rank of a set SSIRE is the cardinality of a largest
affinely independent subset of § and is dencted by ra(S). The
dimension of a polyhedron PSIR'E is defined as ra(P)-1 and denoted
by dim(P). We say P is of full dimension if dim(P)=|E| or
equivalently if there does not exist some linear equation ax=ac
satisfied by all xeP. Given the linear system defining P, the set
of constraints which are satisfied with equality by all xe€P is
called the equality set or equation system and is related to the

dimension of P in the following way:

Thecrem 1.1 Let PSRE be a non-empty polyhedron and let Ax=b
represent the equality set for P. Then if the linear rank of A is

p, we have dim(P)=|E|-p.

Using the notion of ecuation system, we also have the

following result on the equivalence of two inequalities:

Theorem 1.2 Given a polyhedron P with minimum equation

system Dx=d, two facet-inducing inequalities axSao and bx=bec are

. . . b =ga +AD .
equivalent for P if and only if {bo-Bao+M where 8>0 is a scalar

and A a vector.

10



A proper face of a non-empty polyhedron P is called a vertex
if it has dimensioa 0 (i.e, if it consists of a single element).
Often in combinatorial optimization, the description of a
polyhedron P is given in terms of its vertices, precluding the use
of linear programming techniques on the associated problem. Thus
a major problem is to find a finite linear system which defines P,
hopefully containing as few constraints as possible. To do this
requires finding inequalities which induce facets of P. The
following gives the relationship between facets and a minimal

defining linear system for a polyhedron P.

Theorem 1.3 Let P Sllie be a pelyhedron and suppose
P-{xeRBIDx-d,Axﬁb}.Then this is a minimal linear system sufficient
to define P if and only if |

i> the rows of D are linearly independent and Da=d forms the

equality set, and

ii> each constraint of Ax=<b induces a distinet facet of P.

Finding a complete minimal linear system which defines a
polyhedron P is often a difficult problem, but even a partial
description can be useful for combinatorial optimization problems.
Thus the problem of identifying facet-inducing inequalities for P
is an important one. The following theorem provides two basic

methods for proving an inequality is facet-inducing.

11



Thecrem 1.4 Let F be a non-empty prope:r face of
P-{xe[RE[Dx-d,Axﬁb}, and let Dx=d be an equality set of P and let
the rows of D be indexed by a finite set V. Then the following
statements are equivalent:

1> F is a facet of P;

2> dim{F)=dim(P)-1:

3> For any a,l:uE!RE and ao,be€R satisfying F={x€P|ax=ac}

= {x€P |bx=bo} there exist AeR’ and positive BeR such that

bwBa+AD and bo=Bac+Ad.

12



Chaptaxr 2

A new class of inequalities for TECSP

The polytope associated with TECSP(n) is Q" :=
conv{xFeRFI(v,F) is a 2-edge-connected spanning subgraph of Kn},
and the polytope associated with TSP(n} is Qi:-

conv{xFeRFl (V,F) is a Hamiltonian cycle of Kn}.

There has been extensive reseaxch on Q: and its facets. Since
any node in Kn must be incident with exactly two edges of a
Hamiltonian cycle, any xEQ: must satisfy
x(S(v))=2 for all vev.
These inequalities are called the degree constraints, and can also
be written as Ax=2 where A is the node-edge incidence matrix for

Kn. Based on Theorem 1.1, we have dim(Q;)S( j-r. for nx=3 since

n
2
rl(A)-n. By actually constructing exactly (:)-n+1 affinely
independent tours, Grétschel and Padberg proved the following

result in [17]:

Theorem 2.1 The dimension of Q: is (:)-n for n3.

This theorem implies that a facet—inducing inequality for QZ
has several equivalent forms, i.e., two seemingly distinct
inequalities may actually induce the same £facet for Q: . It is
worth noting that sometimes it is difficult to tell if two
inequalities are equivalent. As a consequence of Theorem 1.1 and

Theorem 2.1, we have the following:

13



Corollary 2.1 Let A be the node-edge incidence matrix for

-y
Kn. Then Ax=2 forms a minimal equation system for Q. when nZ3.

There are several well-known classes of facet-inducing
inequalities for Q: . Clearly for any xqu . we have
-xeso for all e€E.
These are called the trivial inegqualities and are shown facet-
indueing in [17). Since no tour can contain a subtour, i.e., the
0-1 incidence vector of a cycle of length w<n, every er: must

satisty
x{y($))s|S|=1 for all SV where 2s|S|sn-2.

These inequalities are proven facet-inducing in (18] and termed
the subtour elimination constraints. Note that the subtour
elimination constraints include the facet-inducing inequalities
xeSI for eeE by taking |[S[=2. If we take any subtour elimination
constraint x(7(S))s|S]=-1 and subtract half =he sum of all degree
constraints for veS we obtain -1/2 [x(atst}}s —1. Thus the subtoux
elimination constraints can equivalently be described as
x{3(S)}=2 for all S&V where 2sx|S|=n-2,

which is known as the cut form of these constraints. It is easy to
see that the subtour elimination constraints for $§ and VAS are

equivalent.

A class of facet-inducing inequalities for Q: called
clique-tree inequalities was intrzoduced and proven facet-inducing

by Grdtschel and Pulleyblank in [20]. A clique tree is a

14



connected graph C whose maximal cliques partition into two sets,
the set of handles and the set of teeth, which satisfy the
following properties:
<1> No two teeth intersect;
<2> No two handles intersect;
<3> Each tooth contains at least two and at most (n-2) nodes,
and at least one node belonging to no handle.
<4> The number of teeth intersecting each handle is odd and at
least three.
<S> If a tooth T and a handle H have a non—empty intersection,
then HAT is an articulation set of the clique tree ,i.e,

C\HNT is not connected.

For any clique tree C we use HE(C) and respectively T(C) to
denote the set of handles respectively teeth of C. The
corresponding clique tree inequality is

Tlx (7)) :EeH(C)) + L(x(y(D) :TET(C))

s T(lH|:HeH(C)) + T(IT|-tT:T€T(C)) - (|T(C)[+1)/2.
where for TeT(C), tT denotes the number of HEH(C) which intersect
T. The coefficients on the left hand side of the inequality are
either 0, 1 or 2. Note that the subtour elimination constraints
are a special case of the clique tree inequalities in which there

is only one tooth and no handle.

A comb is a clicue tree with one handle. First introduced by
Chvatal (5], comb inequalities were generalized by Grétschel and

Padberg in ([17]. The comb inequalities are the clique tree

15



inequalities having exactly one handle, and can be described as

followsa:

Let Kn={V,E) be the complete graph on n nodes, and let H,

T1,T2,..., Tk € V satisfy
|HNT: j=1 lsi=k

jTe\R|Z1 1sisk
T:NTj=g 1sixjsk

k=3 odd
then X X 1
x(rE) + L ox(yTh) = ("] + T (UTe-1) - =
iml i=1

Note that the coefficients on the left hand side are still

0.,1,2. Figure 2.1 shows a comb with the left hand side

coefficients for each edge. Here edges with coefficient 0 are not

shown for clarity.

o 0O

edge of
coefficient 1

Q---o
edge of
coefficient 2

Figure 2.1 Edge ccefficients of a comb inequality

16



In cthe case |T:|=2 €for all 1=isk, the comb inequality

simplifies to
3

x(yH)) + ¥ x{y(Ty) s [H| +
iel

k=1
5 -

and is called a 2-matching constraint which was first introduced

in [8).

As for the equivalence problem with respect to Q:, we have

the following:

Theorem 2.2 ([19]) Two combs C and C’ induce equivalent
inequalities fox Q: if and only if H(C’)=V\H(C) and T(C’)=T(C).
Moreover, no comb inecuality is equivalent to any trivial or

subtour elimination ingquality.

There has been some research done on the polytope Qn. For
. -xes0 for any e€E(Kn)
any x€Q , obviocusly we have XeS1 for any e€E(Ka) . In
2(8($H)=2 £or any R*SCV(Kn)
a more general form, Q" is studied in [13]. Q" is also studied ir
(221 with the following results obtained.
n

Theorem 2.3 (Corollary 2.2, {22]) The dimension of Q is

(:) for n4.

By Theorem 2.3, the ecuivalence problem for Qn is mach
simpler than for Q:. Two facet-inducing inequalities for Qn aze

equivalent only up to scaling.

17



Thecorem 2.4 {Theorem 2.4, {221) For e€BE, xezl is facet-

inducing for Q" if n=2S.

Theorem 2.5 (Thecrem 2.5, [22]} For e€B, o=l is facet-

inducing for Q" if n24.

Theorem 2.6 (Theorem 2.7, [22]) x{(8iS)=2 fox SSV is facet-

inducing for Q" if 3s|s|s|v]-3.

Theorem 2.7 (Theorem 2.8, [22]) Two distinct cut constraints
x(&(S))22 and x(8(57))=2, defining facets for Q“, are equivalent

if and only if S7=V\S.

another class of inequalities called the lifted 2-cover
inequalities are introduced in [14]) for a more general polytope
(of which Qn is a special case), and these are shown to be facet-
inducing under certain conditions. These inequalities can be
described as follows: Let HSV be a node set, let TS3(H) be an
edge set such that |T|23 and odd, and let HI,H2,...,Hp, P=3 be 2
partition of H into nonempty disjoint node set3 such that no more
than two edges in T intersect any H:. Then the lifted 2-cover

inequality is given by
P
x(E(E) - ):x(mm:) + x(8H) - x(T) zp = (ITI-1)/2

iml
It is noted in [14] that the odd wheel inequalities introduced in
[22] for the 2-edge connected spanning subgraph polytope of

general graphs is a special case of lifted 2-cover inequality.

18



The polytope Q" is closely related to the polytope Q:. It is
easy to see from a graph theoretic point of wview that a

2-edge-connected graph is a Hamiltonian cycle if and cnly if each
-,
node in the graph is of degree 2. So Q:-{xeonle-z} where A is the

node~edge incidence matrix for Xn ,i.e., Q: is a face of Qn.
Therefore “for every facet-inducing inequality for Q:, there
exists an ecuivalent form (with respect to Q:) which is also
facet-inducing for Q" "(see [4)]). Moreover this equivalent form
is obtained by taking a positive scalar multiple of the inequality
and adding a certain multiple of each degree constraint. More

concretely, using Theorem 1.2 and Corollarxy 2.1, we have

Theorem 2.8 Two facet-inducing inequalities axsac and bx=bo
b =fa +AA
bc-Bao+K-2.

\') . . .
scalar and A¢R and A is the node—edge incidence matrix for Kn.

are equivalent for Q: if and only if { where B>0 is a

Based on the above, Boyd and Pulleyblank in [4] converted the
2-matching constraint to its equivalent form axz|V|[+(k+l)/2 where

VeV is the set of nodes not contained in H or any T:i for 1lsi=k,and

0 for eey(H) or eey(T:) for i=1,2,..,k
aew
1 elsewhere

and proved it is facet-inducing for Q".

We now convert the comb inequalities into an equivalent
form with respect to Q:, and prove that they are valid for Q" in
this form and that in most cases they are indeed facet-inducing

for Q.
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We define

two nodes,

classes.

Class

Class

Class

Class

Class

Class

1:

those

thoae

those

those

those

those

and

a 2-matching tooth to

divide the nodes of a

in

in

in

in

in

the handle but not
the handle as well

a 2-matching tooth

be a tooth consisting of only

comb into & different

in any tooth:
as in a 2-matching tooth:

but not in the handle;

a non-2-matching tooth but not in the handle;

a non-2-matching tooth as well as in the handle:

not in the handle or in any tooth.

We denote the node set .for each class by C: for i=1,2,3,4,5,6.

Figure 2.2 shows a comb with the different classes of nodes

indicated.

Figure 2.2 A comb with the different classes of nodes labelled
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Let C be a comb with |C:|=s, |Cé[=r and p non-2-matching
teeth and g 2-matching teeth where p+gek. Suppose T1,T2,.--.Tp
are non-2-matching teeth and Tp+i, Tp+2,...,Tk are 2-matching

tecth. To get the equivalent Zorm of the comb inequality

x k k+1
x(yE) + T x{yn) s [HI+ L UTL-) - ——
i=1 iml

we do the following:
1. negate the inequality;
2. multiply the two sides by 2:
3. add two times the degree constraint for the nodes in C5

and one time the degree constraint for each other node.

Let TiwTinH and TimTi\H, then the inequality becomes

k

px= 2(|Cil+lczl+|cal+|ca]+2]|Cs+ICe]) =2 (1H|+Y (ITL[-1) = k‘gl )
iml
= 2(|cil+lc2]+|c3l+Ics]+2]|C5li+|CE]) -
2(1cai+Ic2]+Ics I+ teel+lcs [-prical- B )

= 3p+2r+g+l, where

0: e€y(CluC2) v 7(T1) v 7(Ti) v 7(T3) for 1lsisp,pt+lsjisk;
1: ee[gL=C1uczuT1] for lsisp;

3: ee['£1 :C6uT4] for 1l=i=p,lsj=k and i#j;

2 elsewhere.
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We call this inequality the complemented comb inequality, and
claim it is valid for Qn. From now on, we reserve b as defined
above and bo for 3p+2r+g+l so we can represent this complemented
comd inequality described above by bxzbe. In case the comb
inequality is a 2-matching inequality, we call the resulting
inequality the complemented 2-matching inequality. The Figure 2.3
shows the comb, depicted in Figure 2.1, with the complemented comb

inequality edge coefficients. Here edges with coefficient 2 are

not shown for clarity.

o-~~"o
edge of
coefficient O

o O

edge of
coefficient 1

edge of
coefficient 3

Figqure 2.3 Edge coefficients of 2 complemented comb inequality
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Chaptar 3
Validity
In this chapter we give a proof of the walidity of the

complemented comb inequality.

Theorem 3.1 The complemented comb inequality bxabe is wvalid

for Qn.

First we introduce a lemma to facilitate our proof of the

validity of the complemented comb inequality.

Lemma 3.1 For any ern, we have
<1> x(d(m)=2 for all veCs;

<2> x(3({TL)-x(7(TL)) =l for p+l=isk;

<3> %x(S(Ti))zl for 1sizp;
<4> %x(acgmzl for 1sisp;
<5> % x(S(T1)) 21 for l=i=p;

<6> xex0 for e€e[Cs:C1LUC2UCS];

k
<7> xez0 for ee[C3:Crucaucsi\ U ¥ (Tu);
imp+l

p
<B> xe=0 for ee[Ci:Crucaucs]y U r(T).
- iml

Furthermore, not all of the above inequalities can hold with

equality simultaneously.
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Proof:
xe20 for any e€E(Kn)
For any era, we have {xesl for any €€E(Kn)
x(8(S))=2 for any @*5CV(Kn)

Therefore <1>,<3>,<4>,<5>,<6>,<7>,<8> are obvious. We obtain <2>
by adding the two valid constraints =-xex-1 and x(&(Tn)=2 for

p+l=sisk and {el=7(Ti).

Consider any 2-edge-connected spanning subgraph of Kn with
edge set F such that x satisfies ali of the above inequalities
with equality. Let E'-U[[cwéx:cw&j] :1=i=jsk], and let E =EnE’.
We claim that ]8(v)nE‘|-2 for any veCé and that [6(&1)n5-|-1 for

1=si=k.

For any veCé, we have
F F 13
x (Siv)) = x (SvINE’) + x [Ce:CruCauCs].
Since xftatv))-z by <1> and x§-0 for all ee[Ce:C1uC2uCs] by <6>,

it follows that xF(B(v)nB')-Z. Thus lStV)nB-l-Z as required.

For Ti, p+lsisk, we have
F h 3 e F F, .-
x (3(T4)) = x (SITLHME’') + x (F(TL) + x ([TL:CluCUCS]\7(TH)).
By <7>, xo=0 for all ee[Ti:C1UC2UCS]\7(TL), and thus X (S(TLNE’)
-x?ca(:rm-xF(g-mn-l by <2>. If follows that 16('mn.=."|-1 as

recquired.

For T:, 1l=i=p, we have
3 hd F * F_* F *
x (3(T1)) = x (S(TLHAE’) + x [Ti:Ti] + x ([Ti:CIUC2UCS]I\TITL) ) .
By <8>, xi-o for all ee[Ti1:ClUC2UCSI\Y(TL) . Also, by <3>,<4>, and
<5> we have X (3(T4))=x' (S(T1))=x (3(T1))=2, which implies that
xF[Ti:gL]rl. Thus xF(amms')-cham:)-1-2-1-1 by <3>. It

follows that IS:Tian'I-l as required.



Since ZIE'[ - z(|5(V)ﬁE'|:veC5) + Z(IatTi)nE'I:lsisk), it now
follows that 2|r‘-'l-2ICG[+k. But k is odd and thus ls'l-lcs]+k/2

is not an integer, which leads to a contradictien. l

Proof of Theorem 3.1:

Let szgo be the valid inequality for Q" obtained by adding
all the inequalities in <1>,<2>,...,<8>. Since not all of these
inequalities c¢an hold with equality simultanecusly by Lemma 3.1,
we have fx>fc for all xeq". Furthermore, since Q, fo and all the
vertices of Q" are integer, it follows that

QxZQuH. for all xeQ".
Cleazly Qo+1-21CGI+3p+q+1-bo. We now complete the proof by

showing pef.

Choose vi, wi€Ci for l=i=é such that wiv: and the two nodes
of each pair (v2,v3), {w2,w3), (ve,v5), (w4, ws) age :.n the same
tooth. {Please see Figure 3.1 in which Ti and T2 are the
non=-2=-matching teeth.) Then the coefficients for edges (vi,wl)

for 1s3i,4%6 can be tabulated as follows:

wi w2 w3 w4 w5 we

vw+w 0 0 2 2 1 2
2 0 0 2 2 1 2
va 2 2 2 2 3 2
v« 2 2 2 2 3 2
v 1 1 3 3 2 3
v 2 2 2 2 3 2
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Figure 3.1

It can be verified that hn-Qe for edges e=(vi,w3) fox 1=i,3j=s6. It
can also be verified that bm-O-Qe for edges e€(ve,v3)ur(TLWYITY,
l=i=p and that bem1=Be for edge e=(v4,vs). Therefore b=B since

these edges cover all the possibilities. |

The following theorem is obvious using Lemma 3.1 and Theorem
3.1. We will use it later to prove parcticular Hamiltonian cycles

satisfy bx=ba.

Theorem 3.2 For any x€Q”, bx=be if and only if all
inequalities in <1>,<2>,...,<8> hold with equality except for

exactly one, which is viclated by 1.
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Chapter 4

Facat-inducing

In this chapter, we show the following theorem.

Theoxem 4.1 The complemented comb inequality bxzbo is
facet-inducing for Q" if and only if r=0 or (g+s)zl where s, g,

are the number of nodes in Cl, C2, Cé in comb C respectively.

We don’t want to prove Theorem 4.1 £rom scratch, typically
using Theorem 1.4. Instead, we want to expleit the fact that
dim(Q:)-(:)-n and that Q: is a face of 0" to simplify our proof,

using methods described in [4].

Given a valid inequality ax=ac for a polyhedron F, we define
Fa={x€F|ax=ac}. Given a non-empty face F of a full dimensional
polytope PSEF, we define a set DSEF to be an independent direction
set for Fa if

<1> For every deD;.there exists ;deF: such that xd:-;d+d€P:

<2> For every deD, ad={0;

<3> For scme minimal equation system A x=b’ for F,

{AFd:dED} are linearly independent.

27



Theorem 4.2 (Corollary 2.2 in (4]) Let ax=ac be an
inequality which is vaiid for a full dimensional polyhedron PSR
and facet-inducing for a non-empty face F of P. Let AFx-bF be
a minimal equation system for F. If there exists an independent
direction set for Fa of size rl(AF), then axsSac is also

facet-inducing for P.

Since Q; is a non-empty face of Qn, bxzbo is valid for Q,
and Ax=2 is a minimal equation aystem foxr Q: by Corollary 2.1, we

obtain the following corxollary from Theorem 4.2.

Corollary 4.2 The complemented comb inequality bxZbe is
facet-inducing for Q" if there is D-{dl.dZ..nudn}SEF such that
for each lsi=n:

<P1> there exists iieQ: n {x|bx=be} such that xi:-;i+d1€Qn:

<P2> be+di=(Q;

<P3> AdLAdznn.,A&n are linearly independent where A is the

node-edge incidence matrix for the complete graph Kn.

We now set out to find such an independent direction set D.
First we describe two specific Hamiltonian cycles and introduce a

lemma that will be used later.

Suppcse comb C has k teeth. We pair T2t and T2i~1 for

1sis(k-1)/2 and construct a Hamiltonian tour Hl as shown in Figure

4.1.
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Figure 4.1 Hamiltonian cycle Hi satisfying bx=be

For each pair T2t and T2isl, Hl first traverses each node in Tai
then each node in '}u, then goes to 'izwl. traversing each node in
';:291 then each node in T2i+d before going to the next paizr. In the
case i=(k-1)/2, Hl traverses each node in Cé before going to '-rk.
After traversiny each nodd in Tk, Hl goes to Cl traversing each
node of C° before traversing each node in Ti. In Ti, Hi1 firzst

rraverses each node in T1 rhen each node in T1 before returning

to the node in '52 that Hl starts with.

Suppose C has k teeth with at least one 2-matching tooth.
Without loss of generality we assume that Ti is a 2-matching
tooth. Similar to the construction of Hl, we pair T2i and T2i+l

for 1sis(k-1)/2 and construct a Hamiltomnian tour H2 as shown in

Figure 4.2.

29



Figure 4.2 Hamiltonian cycle H2 satisfying bx=be

H2 is the same as Hl, except for in teeth T1, C1 and Tk. After
visiting each node in C6, H2 traverses the node w in il then each
nede in ék and then each node in Tk. H2 then traverses each node
in Ci and then the ncde v in T1 before returning to the node in T2

that K2 starts with.

Llemma 4.1 <1> Given a comb ¢, Hamiltonian cycle Hl
satisfies bx=bo; <2> Given a comb C with at least one 2-matching
tooth, Hamiltonian ¢ycle H2 satisfies bx=bo.

Proof:

<1> Hl satisfies bx=bo hecause the incidence vector x" of m
satisfies all the inequalities in <1>,<2>,...,<8> in Lemma 3.1
with equality except for xe20 where e=(v,u) and u is the first
node in T2 that Hl starts with and v is the last node in él that

Hl visits. We have xe=1. Thus by Theorem 3.2, it follows that

bx =bo.
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<2> H2 satisfies bx=bo because the incidence vector :rr.H of H2
satisfies all the .nequalities in <1>,<2>,...,<8> in Lemma 3.1
with equality except for x(a(i‘l))—x(wT:))zl. We have x (F(T2))=0
and xH (6('5.‘11)-2, i.e., xH (<’>‘('i‘1))—xH {7(T1))=2. Thus by Theorem 3.2

we have bx =bo. |

Given the comb C, let G be the weighted complete graph with
V{G)=V(Kn) and weight distribution b. let Go be the spanning
subgraph with E(Go)={e€E(G)| weight of e is 0} . Go consiste of
several components. To be specific, all nodes in C1,C2,C3 are in
the same component with nodes in Ci, C2 forming a clique; of each
non-2-matching tooth Ti, nodes in i‘x form a component and so do
those in Ti; each node in Cs forms 2 component by itself.
Altogether Go has 2p+r+l components if [Ci|+[C2]Z1 and 2p+r

components if [Cl]=[C2|w=0.

For the graph G with the weight distribution b as defined
above, we say v induces a tight triangle if there exist u,wevV(G)
and a Hamiltonian tour H satisfying bx=be such that

<1>» weight {({v.u))+weight {(v,w))=weight {(w,u));

<2> edges (v,w) and (v,u) are not in E(H) but edge (u,w) is.

Theorem 4.3 In the graph G, node v induces a tight triangle

if and only if veCluC2LUCIUCS.
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Proocf:

We construct a Hamiltonian cycle H) as shown below in Figure
4.3. H3 is a special case of Hl and thus satisfies bx=be by Lemma
4.1. Let w, v4 be the first and last nodes in T2 that H3 visits

and v5,u be the firat and last nodes in T1 that H3 wvisits.

Figure 4.3 Hamiltonian cycle H3 satisfying bxwbo

If Ci»@ (i=1,2), then let vi be any node in Ci for i=1,2.
Without loss of generality, we assume V2€Tk (see Figure 4.3).
Then node vi induces a tight triangle (vi,u,w) with respect to
weight distribution b and Hamiltonian cycle H3 for i=1,2 because

if T2 is a 2-matching tooth, then

weight {(vi, w1} =0
weight {(vi, u))=2

weight ((u, w1 ) =2, and
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if T2 is a non-2-matching tooth, then
weight ((vi,wy)=]l
‘weight ((vi,u))=2

weight {(u,w)}=3.

If C4#@, then without loss of generality we assume that v4€l2
is any node in C4, i.e., T2 is a non-2-matching tooth (see Figure
4.3). It is easy to verify chat v4 induces a tight triangle
{vé,w,u) with respect to Hamiltonian cycle H3, because

weight ((vd, w))=1
weight ({v4,u)) =2

weight {((u,w))=3.

If C5*, then without loss of generality we assume that vSeTL
is any node in Cs, i.e., T is a non=-2-matching tooth (see Figure
4.3). It is ezasy to verify that v5 induces a tight triangle
{vs,w,u) with respect to and Hamiltonian cycle H3, because

if T2 is a 2-matching tooth, then

weight ((vS,w))=1

weight ((vS, ) ) =1

weight ((u,w) ) =2, and
if T2 is a non=-2-matching tooth, then

weight ((v5,w))=2

weight ((v5,u)) =1

weight ((u,w))=3.
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Oa the other hand, any edge incident with a node in Cé has
weight 2 or 3, but all edges in G have weight 0,1,2,3. So no nede

in Cé induces a tight triangle. We now deal with nodes in C3.

Ler v be a node in C3. Without loss of generality, let Ti1 be
a 2-matching tooth and ve&l and wegl. The edges incident with v
have weight 2 or 3 except for edge (v,w) which has weight 0. So
if v induces a tight triangle then the weights of the three edges
have to be {0,2,2) or (0,3,3). In either case, edge (w,v) has to
be present. But no edge incident with w has weight 3, so case
(0,3,3) is impossible. Suppose case (0,2,2) is possible, i.e.,
there is a node u and Hamiltonian cycle H such that edges (v,w),
(v,2)€E(E) but edge (w,u)€E(H) and weight ((v,u))=weight ((w,u))=2.
So ueCauCius. Letting xH be the edge incidence vector for H,
then we have xi=l wheze e=(w,u) and x ($(T1))-x" (7(T1))z2 because
%" (y(T1))=0 as (v,w) is not in H. By Theorem 3.2, we have that H
does not satisfy bxmbs as at least two inequalities ( <2> and one
of <6>,<7>,<8> ) are §trict. So no node in C2 induces a tight

triangle. |

To facilitate our proof ¢f Theorem 4.1, we now intxoduce some

lemmas.

Lemma 4.2 Let H be a Hamiltonian tour in Kn satisfying bxwbe.
Then H+e is a 2-edge-connected spanning subgraph satisfying bx=be
for any e€E(Ge) not in H, and 30 is H+(v,w)+{v,u)-{w,u) for each

node v that induces a tight triangle (v,w,u) with respect to H.
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The above lemma follows directly from the fact that e€E(Ge)

has weight 0 in G and the definition of a tight triangle.

temma 4.3 Let A be the node-edge incidence matzix for the
complete graph Kn, and let e={vi,vi) be an edge of Kn. Then
Ax"=I:+IJ where x° is the 0-1 edge incidence vector for {e} and Il

and Ij are the unit vectors.

The above lemma is obviocus as Ax® is the column of A indexed

hy e.

Lemma 4.4 Let A be the node-edge incidence matrix for the
complete graph Km and let el,e2,...,em-l be edges that induce 2
spanning tree in Km. Then Adl,Ad2,...,Adn-1 and I: are linearly
independent for any 1sism where di,d2,...,dm-1 are the edge

incidence vectors for edge sets [el},{e2},...,{em-1}.

Preoof:
Suppose there exist Al,A2,...,An such that
AlAdl + A2Ad2 + ... + Am-lAdm-1 + AmIi = 0.

As 2 tree, F has at least two leaves, one of which is vj such that
j®i. Without loss of generality, we assume el is incident with
this leaf v4. Based on Lemma 4.3, Adl has 1 in its jth entry
while Adz2,Ad3,..,Adm-1 and Ii have 0 in the jth entry. So A1=0.
Moreover graph F-{el}-{v} is also a tree, and has a leaf which is
not vi. By the same argument, we can prove A2=...=Am-l=0. Thus
Am=0, i.e., Adi, Ad2,...,Adm-1 and Ii are linearly independent for

any lsism. |
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Proof ¢f Theorem 4.1:

Based on Theorem 4.3, any component of Ge containing no node
in C6 has at least cne node that induces a tight triangle. Let M
be an arbitrary component of Go containing m nodes but no node in
Cé. We choose the edges {el,e2,...,eml} that induce a spanning
tree of M and choose a node vi€M that induces a tight triangle
{vi,w,uj. For convenience, we denote (vi,w)+{vi,u)—(w,u) by em,
and call dredml+dm2=dm3 the incidence vector for em where
dml, dm2, dm3 are the incidence vectors for (vi,w), (vi,u) and
(w,u) respectively. Let Dm={dildj is the incidence vector for ej

for 1sj=m}. We claim DM is an independent direction set.

<p1> Recall that bxzbe is equivalent to a comb constraint for
Q: and thus, by Theorem 2.2, does not induce the facet xe=l of Q:
for each e€E. Hence _for each e3i (1sj=m-1), there exists a
Hamiltonian tour E such that be-ba, and H does not contain ej.
Furthermore, by the defirnition of a tight triangle, there exists 2
Hamiltonian cycle H such that node vi induces a tight triangle
(vi,u,w). So there exists a Hamiltonian tour H such that H+ej
(1sj=m) is a 2-edge—connected spanning subgraph, i.e., (xH+d1}EQn:

<p2> for 1sism-1, we have b+dim0 because the weight of e} is
0 according to the weight distribution b, and we have bedw=0
because vi induces a tight triangle.

<P3> Adi is the column of A indexed by ej for 1=%j=m-1 and
Adm is 2+Ii based on Lemma 4.3. So Adi,Ad2,...,Rdr are linearly

independent based on Lemma 4.4.
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If r=0, we claim D= uDM for all components M of Go is an
independent direction set containing n vectors. Fizst each
component contributes as many vectors as the nodes in the
component, 3o D contains n members. Second, for any two edge
incidence vectors di and dj from different components, Adi and Adj
do not have any non-zero entries in common positions. Since the
edge incidence vectors from a common component satisfy <P3>, it
thus follows that the wvectors in D also satiasfy <Pi>. Therefore

hxzbo is facet-inducing for Q" by Corollary 4.2.

Suppose r=l and qzl. Given the comb C with k teeth, suppose
T1 is a 2-matching tooth where '..rl-{w} and '.El-{vj}. Let vi be a
node in C¢ and u be a node in Tk. We construct a Hamiltonian tour
H4 as shown below in Figure 4.4 such that vi is the last node in
Cé and u is the first node in Tx that H4 visits. By Lemma 4.1,

He satisfies bxw=bo as it is a special case of H2.

Figure 4.4 Hamiltonian cycle H4
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Clearly B+(w,vi)+(vi,u)={(w,u) is a 2~edge-connected subgraph. Let
d: be the incidence vector for (w,vi)+(vi,u)l-{w,u). Then
Adi=Ii+I4. The node v: forms a component itself in Ge. To
conform to our previous notation, let Du={di} for each component
containing an node vi in Cé. We claim D~ D for all components M
of Go i3 an independent direction set containing n vectors. First
each component contributes as many vectors as the nodes in that
component, so D contains n members. Second, for each component M
containing only a node vi in C¢, di satisfies <P1> as

He+{w,vi) +({vi,u)=-(w,u) is a 2-edge-connected subgraph and di also
satisfies <P2> because be-di= weight {(w,v3)+weight (vi,u)-weight (w, 1)
=0. All wectors in D satisfy <P3> hecause for each node vi in
Cé, Adi has 1 in its ith entry while for any ¢cher vector deD, Ad
has 0 in its ith entry. Thus based on the result of the previous
case, D is an independent direction set consisting of n vectors,
i.e., bxebe is facet-inducing for Q" when r=l and g=l by Corollary

4.2.

Suppose rZl and g=0 but si. Given the comb C with k=p
non-2-matching teeth, suppose vieCl. let vi be any node in Cé and
let u be a node in 'i‘l and w be the node in T2 in the Hamiltconian
cycle HS as shown below in Figure 4.5 such that w is the first
node in T2 and u, vi are the last nodes in T1 and Cé that HS

visits. HS5 is a special case of Hi and thus satisfies bxwbo by

Lemma 4.1.
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Figure 4.5 Hamiltonian cycle HS

Clearly H+{w,vi)+{vi,u)=(w,u) is a 2-edge-connected subgraph. Let
di be the incidence vector for (w,vi)+(vi,u)={w,u) and Dw={di} for
each component M containing a node vi in Cs. Similar to the case
above, we can prove DM for all components M of Go is an
independent direction set containing n vectors. , i.e., bxzbo is

facet-inducing £fozx Q" by Corollary 4.2.

Suppose rzl and (q+s)=0. We show bxZbo is not facet-inducing
for Q" by showing x" ((vi))=2 for all vieCs and 2-edge—connected
subgraphs H. Since bxZbe and xH(atvL))-Z are not linearly
independent by Theorem 1.4 and Theorem 2.2, the affine rank of

{%eQ":bx-bo}S(:)-z by Theorem 1.1, i.e., bxZbe can not be facet-

inducing.
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Suppose xH(S(vu)ZB for some vi in Cs. TI£ xH(Gw-'.naq, cthen
beEbn+l by Thecrem 3.2. So suppose x (Sivi))=3, Then by
Theorem 3.2, all other inequalities in <1>,<2>,...,<8> must be
satisfied with edquality. Therefore xH(G(v))-Z for all wveCé and
v#vi, i.e., all nodes in Cé except v. have degree 2 in H.
Furthermore each tooth Ti{ £for 1sisk has x“(amn-z, i.e., the
number of odd degree nodes in H in e;ach tooth is even. Overall we
have an odd number of odd degree nodes in H, which leads to a
contradiction. So bxEbe is not facet—inducing for Q" when rzl and

tgrs)=0. |}
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Chapter 5

Equivalaence

We have been trying to conver:t facet-inducing inequalities
for Q; into an equivalent form such that they are also facet-
inducing or at least valid for Q°. As some of the inequalities
are equivalent for Q:, one interesting and also nagging problem is

the equivalence issue with respect to Q".

Theorem 5.1 Let F be a face of polyhedron P. Suppose axsao
A_A . A_A
and axsac are both valid for F and P, If axsSac and axsac are not
equivalent with respect to F then they are not equivalent with

respect to P.

Proof:

We prove the coéve::e. Suppose they are equivalent with
respect to P and F={x€P|Ax=d}. Then {x€P |axmac}={xeP [Ax=Ro}. So
{xeFIax-ao}-{xePIax-ao}n{xIAx-d}-{xePlﬁx-ao}n{xIAx-d}-{xeFIQx-Qo}.

So they are equivalent with respect to F. |

Corollary 5.1 Two inecqualities, both wvalid for Q; and Qn,
are not equivalent with respect to Q" if they axe not equivalent

with respect to Q:.
The complemented comb inegqualities are not equivalent, with

respect to Q", to other known facet~inducing inequalities for Q"

as stated in the following theorem.
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Theorem 5.2 The complemented comb inequality bxzbe is not
equivalent to <l> xesl for e€E or
<2> xez( for eeE oI
<3> x{&(8))22 for 3s[S|s|Vv]-3.
Furthermore, a complemented comb inecquality is equivalent to a
lifted 2=-cover inequality if and only if it corresponds to a
complemented 2-matching inequality.
Proof:
Parts <l»,<2>,<3> follow directly from Theorem 2.2 and

Coreollarxy S.1.

In the case |Hi|=1 for i=1,2,...,p and the edges in T are
disjoint, a lifted 2-cover inegquality is identical to the
complemented 2-matching constraint with handle V(Kn)\H and teeth
corresponding to the end nodes for each edge in T. Furthermore,
since the lifted 2-node cover inequalities have left-hand side
coefficients 0,1, they cannot be equivalent to any other
complemented comb constraint since a complemented comb constraint
has left-hand side coefficients 0,1,2 and 3 whenever the

corresponding comb has at least one non-2-matching tooth. l

Note that Theorem 5.2 shows that the complemented comb
inequalities that are not 2-matching constraints define a new

class of facet-inducing inequalities for Q.

As to the equivalence problem regarding complemented comb

inequalities, we have the following:
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Theorem 5.3 The facet-inducing complemented comb
inequalities bxzbe and zego for Q" associated with combs C and C’
respectively are equivalent if and only if B(CH)=V\H(C) and
T(C’)=T(C) and s=qmx=0 where 3, g, r arze the number of nodes in

C1,C2,C6 in comb C respectively.

Proof:
"emm" Since Q° is of full dimension, we only have to prove

that they are simply positive multiples of each other.

If s=gmr=0, then ba-Qo-3p+1. We now prove b-Q. Let u, v be
any two nodes. We run all the possibilities for u and v.

1> If u.ve'i'i for some éi in C then u,veTl in C’. We have
be-Qe-O where e={u,v)

2> If u, veTl for scome Ty in C then u,veii in C’. We have
be-SQ-O where e={u,v).

3> I1f ue‘ii and ve‘.Ej foxr some é'. and '53 in C wherxe i=®j, then
u€T: and ve'i: in C'. We have bo-Qe-B.

4> If ue'i‘i and ve‘i‘j for some ':'.‘i and '.T..'j in C where i®j, then
ue’gi and ve'gj in ', We have b.-Q.-z.

5> If ue’gi and ve'gj for some Ei and ve'gj where i#j, then

ueT: and ve€Ty in C’. We have be-Qo-Z.

Therefore we have b-Q and bo-Qa, i.e., these two inecgualities are

equivalent.
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" If the complemented comb inequalities bxzbe and szgo
are equivalent for Q", then they are alsoc equivalent for Q: Y
Corollary S5.1. Therefore comb C and comb C' satisfy H(.')=V\H(C)

and T(C’)=T(C) by Theorem 2.2.

We now prove that these two inequalities are not equivalent
if szl or g=1 or xzl. First if p=0, then q=3. Let u,v be any two
distinct nodes in C2 of C, then be=0 where e={u,v}. Nodes u,v are
in C3 of €', thus De2. But bom3p+2r+qtl>0. So bxzbe and Bxzfo

are not ecquivalent for Q.

We now deal with the cases in which pzl. Suppose T1 is a
non-2-matching tooth and ue€ll and veil in C. Then ueél and veTl
in C’. Thus be-Qe-l where e=(u,v).

Suppose g=l. lLet T2 be a 2-matching tooth and weT2. Then
be=l and Bem2 where e=(w,u) .

Suppose rxl. Let w be a node in Cé of C. Then weCl in C'.
Thus be=3 and Bem2 for e=(w,u) .

Suppose sZl. Let w be a node in ClL of C. Then weCs in C’.

Thus be=l and Qe-z for em{w,u).

Therefore b and B are not multiples of each other , i.e., those
two inequalities are not equivalent if sl or g=l or rzl. Thus if

the two inequalities are equivalent then s=g=r=0. l
Note that Theorem 5.3 shows that two complemented comb

inequalities are not neczessarily equivalent for Q" even when the

corresponding original comb inequalities are equivalent for Q_.
[y
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Chapter 6

Conclusion

As previously mentioned, the linear programming cutting plane
method has proven to be quite successful in solving large TSP
problems. Typically, people start with the equation set Ax-f and
inecuality set 0=x%l as the initial set of constraints, then apply
linear programming techniques and identify and add in constraints
as needed. In many cases subtour elimination and comd constraints
alone were sufficient for solving large problems to optimality.
Considering the close relationship between Q" and Q: and
the effectiveness of subtour elimination and comb constraints for

Q;. we thus expect good results in seolving TECSP using this

method.

In order to use the linear programming cutting plane method
for TECSF(n), we need fé be able to either find a constraint known
for Q" which is violated by an intermediate solution or prove such
constraint does not exist in the set of constraints known for Q.
Termed the separation problem, this problem is hard in general and

can be formally stated as follows:
Problem 1. Given a point x€f and a family I’ of inegqualities

in RF, identify one or more inequalities in T that is violated by

x or prove that no such inequality exists in T.
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As for Q:, Problem 1 can be solved in O(nq) for the subtour
elimination inequalities using the Gomory-Hu algorithm [11] for
the determination of a minimum weighted cut in an undirected
graph:; based on the same algorithm, Problem 1 can also be solved
in O(nq) for the 2-matching inequalities (see [28]). Generally
for 2-matching inequalities, heuristics are used instead of this
algorithm due to time and memory considerations (see [29]). At
present, no polynomial algorithm is known for Problem 1 for
general comd and clique tree inequalities. 1In (30], heuristics
for comb inequalities and special clique trees (called basic) are
proposed. We hope that some of these algorithms and heuristics
can be easily adapted for the complemented comb inequalities for

n

Q.

As to the aspect of facets of Qn, we have the following

problems.

Problem 2. When rzl and g=s3=0, the complemented comb
inequality bx=zbe is not facet-inducing £for Q. What 4is the
conversion procedures for comb inequalities in this case such that
the resulting inecquality is facet-inducing for Q" 2 Are there

other conversion procedures for comb inegqualities in general ?

Problem 2. What is the conversion procedure for cligque tree
inequalities such that the resulting form is facet—-inducing for

n

Q ?
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A problem closely related to TECSP is the minimum cost
2-node-connected spanning subgraph problem whose aim is to find a
minimum cost 2-node-connected spanning subgraph in a given
complete weighted graph. Let Q:-{xEI(V,E) is 2-node-connected
spanning subgraph of Kn}. It is easy to see from a graph theoretic
point of view that any 2-node-connected graph is also a 2-edge-
connected, and thus Q:SQn. Therefore any valid inequality fox Qn
is also valid for Q: In particular, the complemented comb
inequalities are valid for Q:. Furthermore as a special class of
complemented comb inequalities, the complemented 2-matching
inequalities are also facet-inducing for Q: (see [4]). Eowever,
not all complemented comb inequalities are facet—-indueing for Q:
As an exanmple, Figure 6.1 shows a comb whose associated
complemented comb inequality bxz6 is not facet=inducing for O:'
The vector b is shown -:‘.n Figure 6.1 by the edge coefficients for
reader’'s convenience. Note that edges e for which be=2 are not
shown.
oo~~~ 0

edge of
coefficient O

edge of
coefficient 1

H

edge of
coefficient 3

Figure 6.1
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This naturally leads to the following problem:

Problem 6. What are the necessary and sufficienu conditions

for a complemented comb inequality t¢o be facet-inducing for Q: ?
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