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ABSTRACT

The complete off-shell T-matrix can be constructed from a
real symmetric function olk,x"'). 0ff-shell variations are generated by
directly distorting fhe'c-funéiicn, or by parametrizing the two-body
wave function in the interaction interioxr. The g-function can then be
obtained from a knowledge of this interior wave function. The resulting
T-matrices for the 3‘80 channel are utilized to éalculate. the binding

4
16O and oCa. The sensitivity of the results-

enexglies of nuclear-matter,
+o off-shell behaviour is studied. The variations are found to be appre-
ciable, especially for nuclear matter. The intexior wave function mefhod
produces a larxger range of variation than t#e direct distortions. The
wave function seems to be strongly correlated to the binding energies
throush the 'difference Integral'. By limiting the wave.function to

physically acceptable forms, +the o-functions can be restricted. The

range of allowed wave functions and corresponding c-functions is depen-

,dent on the assumptions made for the bowndary conditions.
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CHAPTER I ‘ ' INTRODUCTION

1.1 Purpose of Study ' .

. The two—nucleon transition matrix T{w) is r.lefirxec'i:L in texrms of

the two-nucleon potential V as either

Tl) =V 4V - ¥ TW (1.1)
or

T = V+ Vi - K-W . (1.2)
where K is the kinetic energy. Tor an uncoupled partial wave and in

thg centre-of-mass system a T matrix element <k] T(w)|k‘> is a function
of three variables i.e. k, kK’ which are relative wave numbers (or
momenta), aﬁd We ich is a.frequéncy {or energy) - When all three
variables are equal i.e. <k [T(ﬁz)[k>, the T matrix element is said to
be 'on the energy shell' ox 'on shell’. when two of the variables are
equal, i.e. <k’ |T(k'2)(k> , <k'|T(k2)\k>, the T matrix element is
‘half on and £a1f off the energy shell’ or 'half-shell®. When all
+these variablee are not eéual, +he T matrix element <k'1T(w)tk> is
completely ‘off-shell’.

The T matrix has an established importance in nuclear physics.
It is, unlike V, closely related to experiment . Its onjshell matrix
elements are given by the scattering phase-shifts ao(k)

2 - 2k 15, )
a7l +io) [k = -9 sin § (ke (1-3)
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in a representation whexe the basis states are normalized to be

. .

<r|k> = (Z/h)ﬁ krjk(kr) (1.4)

so that volume elements are simply dr and dk. Units are chosen so that

2 2 . . as . .
mn/m= 1. T(x + io) indicates that the underlving stationary wave

function has an outgoing wave boundary condition. ,

The half-shell elements of T define rhe transition probability
per unit -time Wfi for a change in a system from an initial state i to

all accessible final states £, i.e.

_ 2
Wo, = (2m/m p(Eg [T " (1.5)

2. h: - 2
Tg; = <k lTKQRE> . Eg = kg
where p(Ef) ig the density of final states. This expression forms the

second of Fermi's 'Golden Rules" and is of wide-ranging importance in
nucleaxr physics. The amplitude for nucleon-nucleon bremsstrahlung is'
a function of the T matrix. Tn the simplified case of a thin-target
b;emsstrahluné process, the diffe%gntial bremsstrahlung cross section is
given by

3
L
a - =
g = - Wf. (1.6)

where L3 is the volume of a large box and Vi is the initial nucleon
veloci?y.

calculations of direct reactions such as inelastic sc;ttering
of nucleons by nuclei require the off-shell T matrix elements. Again,

the differential cross section 1s given by the squared transition matrix

elements.



The Reaction matrix or G matrix of Brueckner Theory may bhe

obtained from the T matrix. It satisfies the Bethe-Goldstone eguation
_ -1
Glwl =V + V@{w - X) G(w) (1.7

where Q is the Pauli bperator forbidding the scattéfing of two particles
into the occupied states below the Fermi sea. Equatioqs (1.7) and (1.1)
are very similar except for Q, indicating that the reaction ‘matrix 1is
very closely re;ated to the T matrixl. wher the off-shell matrix
element of T(w) in eguation (1°1) has the w equivalent to the sum of the
rrye self-consistent energies of the particles considereq, not just the
kinetic energies, thén it would correspond to the G matrix element. The
adifferences between the G matrix and the T matrix are the effect of the
pauli exclusion principle due to the presence of the other nﬁcleon's and
spectral corrections. The T matrix is therefore identical to the
‘reference G matrix' from which the G matrix is caleculated. The
reaction matrix is vital in that it allows for.the calenlation of binding
energies of nuclear matter a§ well as finite nuclei.

Properties of the three-nucleon system are determined by the

: o

T matrix which is used in the solution of the three-body problem via the
Fadeev equationss. In this formulati%n, the expectation value of an
1

operator T(w - K)-l Flw - Xy

T is calculated. Here, T is a transition
matrix involving two of the three particles and F is another transition
matrix when one of those two particles watches as a spectator. Both

transition matrices are therefore usually off the energy shell.

'



As one can see, the T matrix is a convenient, and at times
necessary stafting point for certain important calculations in nuclear
. physics. This natural course has not been agEempted until the last
few vears. The common practice has been o do the calculations in
terms of the potential V. The p;ramgters of an assumed potential
function are adjusted so that phase-shifts extracted from nﬁfleon-
nucleon elastic scattering experiments aré fitted by a complicated process.
By retracing this process backwa;ds, £he T matrix is then qaiculated
from the potential model built. This roundabout method ls wasteful
of time and effort but popular. The reascon is that V has a great ’
virtue: it is very simple to decide what properties V must have in
order +o be acceptable. It must be hermitean. The direct approach
has been avoided since it is not obvious at all to decide what type of
T matmgces are acceptable.

I+ has already been shown (equatipn (1.3)) that the on-shell
T matrix elements are given by experimental phase—shifts directly. The
pole of the T matrix is also given by the deuteron. The half-shell T
matrix element is a measureable gquantity, in principle4'5. In the three-
body problem, the T matrix is 2 direct and transparent.link between
exp;rimental two—nuc;eon data and the three-nucleon observables. The
T matrix is therefore closely related to experiment whereas the potential
i§ not.
Potentials which have identical fits to two-body data (or on-

shell‘data) can disagree completely in many body calculations. This is

because in the many-body situation, conservation of energy and momentum

must be obeyed overall, but not necessarily in every two-body interaction.
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The T matrix elements are much more closely related to many-body
applications than the potential. )
énce the off-shell transition matxix is determined experi-
mentally, the complete T is known with no arbitrariness. This‘islonly
possible through‘a process having an interaction with known off;shell
behaviour,. in addition to the strong interaction. Proton-proton brem-
sstrahlung experiments ( p+ P * P + P + ¥) provide such a posgibility,
since the protoné interact also with the electromagnetic field so that

a photon is produced. Experimental information about the off-shell T-

matrix elements can then be extracted since the off-shell amplitude of

the electromagnetic interaction is known unambiguously. At the present

stage, proton-proton bremsstrahlung experiments are not capable of

delivering reliable information about off-shell transition matrix elements

N
Tﬁe off-shell part of T must then be parametrized. when one uses the

raéfential, a particular off-shell behaviour has to be assumed first.

This assumption is unclear because its nature is not made explicit. On

rhe other hand, the T matrix can have its off-shell arbitrariness
neatly isolated and the assumptions are clear right £rom the beginning.

By using the 7T matrix instead of the potential, one can control and

measure the off-shell behaviour more directly.

.

Phase-shift equivalent potentials can be generated by unitary

transformations. They are eguivalent in the sense that they all have

the theoretically required one-pion-exchange tail and all fit the expexi-

mental data equally well. Off-shell behaviour has been studied using
l7l

these phase-shift equivalent potentials6 8. Most of these potentials

have been found to violate the charge-symmetry constraint with respect

/

|



. 10
to the effective range parameters and should therefore be rejectedg’ e

In this study, as shown later, generating the T.matrix directly involves
using nuclear effective range parameters which, bylconstruc;ion, are
those of the.Reid patential. The T‘matrix is then in sufficient agree-
ment with charge symmetry and approximatescharge inéependence.

The above arquments serve to stress the advantages of working
with the T matrix over potehtials which are only equivalent in their on-’
shell behaviour, but which have wncontrolled off-shell behaviour. The
T matrix presents a logical and useful tool to study off-shell effects
which in turn enable us to examine the phvsical constraints that'must be

applied to the parametrization of the unknown parts of the nuclear force.

1.2 Background

The aim of performing‘direct calculations ?f nuclear stracture
in terms of two-nucleon phase-shifts has long attracted theorists. It
became one of the motivating ideaé behind Brueckner theorgj} and later,
behind the work of Bég and Peierlslz. practical methods for achieving
this aim were developed by KalliolB, Elliott et al14 and KoltunlS. In
1968, Ellioctt et all6 used an auxiliary potential togethexr with the two—
body data to generate harmonic-oscillator matrix elements of a potential
which need never be defined. The assumption that the on-shell T-matrix
elements determine the entire T was generally accepted. additional

freedom associated with the half-shell and off-shell T were exploited by
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Cromer and 50b6117 in thei? study of proton-proton bremsstrahlung, and
xahgna‘ and Tomusiakl8 in their study of finite nuclei. In another
appégach, dispersion relations involving the scattering amplitude were
emploved by Razavy and Hodqson19 to vield matrix elements similar to
those used by Elliot et al. A similar approach was emploved by Re}nerzo
+o0 generate off-shell T-matrices. -

In vet another approach, Baranger et al.1 and Haftel21 gon~

8l

structed the fully off-shell T matrix from a symmetric function c(k',k)
which contained the phase shif; information in its diagonal elements. J
g was a real but.arbitrary function to be parametrized. Constraints
which should be imposed on the ¢ function were examined by Van Dijk .
and Razgvyzz. The approach of Baranger et al. was generalized to
include bound states. A further discussion was found in the work of
Kowalski et a1-23. T+ has been shch that thé~range and non-locality of
the interaction place restrictive conditions on the off-diagonal elements
of o. Sauer24 extended tﬁe approach of Baranger et al. to include
tensor forces. In a subsequent study, .Sauerzs suggested a wide variety

of parametrization of g, and examined possible constraints to be imposed
on its form. Shell model calculations for 018 and calculations of
binding energies of nuclear matter and 0}6 e;hibited a sensitivity to
reasonable variations of the off-diagonal © fﬁnction.

Picker, Redish.and Stephenson26 advocated an alternative to
Sauer's scheme of parametrizing the form of o(k’,k) directly. The well-

known aspects of the two-body interaction, i.e. the on-shell T matrix

and the long-range tail of the potential are still retained.



Variations in the half-shell T matrix were investigated through a para-=
metrization of the scattering wave function in the interaction region.
Running parallel to the investigations of practical methods to

. . . R =58 -
construct the T matrix directly are extens:.ve.studles6 ,» 27-43

into
the parametrization of the unknown parts of the nuclear force by fitting -

a potential model to the experimental two-nucleon data. Qff-shell

changes in the interaction can be generated by means of unitary trans-
formations which produce phase-shift equivalent potentials. These
potentials are equivalent to each other in that they all have the theo-
retically required local one-pion exchange tail and must all account,
together with the Coulomb force, for the experimental phase shifts in
exactly the same way. The form of the unitary 9perator is parametrized
to control the range of transformation and to generate off-shell
variations. Phase-shift eguivalent potentials of different types and
varving non-locality (haré core, scoft core, non-loéal and non-local

-

separable) have been generated to study the off-shell behaviocur of the
28,29,30

S-state N-N interaction Short-range unitary transformations

have alsc been used for the three nucleon bound state34'3§'38’39.

There are many possible forms for the unitary transformation

(V) - the only condition being that U + 1 faster than l/r as © + <.

o

The main consideration for choosing a form of the transformation is that
mmerical calculations can be carried out easily.  These transformations
usually produce exotic structures in the contoux patte?n of the o function
used in the approach of Baranger et al.zs, implying arbitﬁarily cgmplicated

and hard to control off-shell behaviour. This disadvantage is avoided



-

. -

using the ¢ function to control off-shell changes. Constraints such

as charge symmetry can be violated by phase-shift equivalent potentialsg'lo

whereas they are imposed on the ¢ function by construction since the

effective range parameters are made to be those of the Reid potential.

There is extensive evidence in either approach, i.e. T-matrix
or phase-shift egquivalent potentials to demonstrate the sensitivity of
nuclear structure properties to off-shell changes. -This sensitivity

. 617r8,25 . . 25,33
is apparent for nuclear matter , the ground state of nuclei -

i 25,36

and the shell model spectra The deuteron photodisintegration

. ey . 4
cross sectlon was found to be sensitive to +he off-shell T matrix 4.

In studies of the three nucleon system, the off-shell effects are much.

smaller34'38'45.

purely off-shell changes bring zbout a variation of
around 8 MeV in the txiton binding énergy38. studies discussed so far

A\Q?ve dealt with the effegts of various S-wave off-shell extrapolations
oﬁ nuclear structure results. The £ = 0 case is certainly most impor—‘
tant and the effects most substantial but thére are certain features,

such as the spin-orbit spliiting in finite nuclei, where P-waves are

4

important. Recently, off-shell behaviour in P-waves has also been
examinedqz-

Nuclear structure results that are dependent on the choice of
parametrization of the off-shell behaviour are important but not useful
yet to determine the unknown nuclear forcg parameters. The basic many-
body theory underlying the results - with the exception of the three-body
systeﬁ - is not completely reliable yet. The nuclear force, whose

potential representation can hecome non-local at small distances, contains



many degrees of freedom to be determined from the.resulfs- Since the
nucleon-nucleon interaction remains largely unknown, its parametrization
demands constraints which are simple to implement and have solid

physical meaning. More recent investigations have been devoted to this

subject. Charge symmetxy of the nuclear force has been employed as
an off-shell constrainé&lo; 7+ was deduced that nuclear effective

range parameters from proton-proton scattefing data in the lsO state
without Cﬁulcmb interaction depend strongly on the unknown potential at
small distaﬁces. Assuming that charge symmetry holds exactly, one may
¢ use the kncgledge of tﬁe n-n and‘p-p scat?ering lengths (ann gnd aPp A ’
respectively) to restrict the off-shell behaviour in the 1So amplitude.
Unitarily transformed potentials whi;h are unable to yielé the correct
experimental value of the neutron-neutron scattering length while pre-
serving the fit to prqton—protoﬁ data ﬁave to be rejected. Transformed
potentials which produce the correct neutron-neutron scattering length ‘
but are unable td account for the experimental proton-proteon data have
+o be rejected as welli Charge symmetry as a constraint on off-shell
effects in the three-nucleon syéfem has alsé been invéétigated43. Off-
shell variations are restricted to the e#tent that the® binding energy
’of the triton (ET) and tpe neutron-deuteron douglet scattering length (?a)
should lie on the Phillips line. Without any constraint on the off- :
shell behaviour of the 1so T-matrix, there is a variation of about
' {2-3) MeV in ET and 1.5 £m in 2a. Imposing this constraint of the

Phillips line does not significantly alter the amount of variation in

2 43 - . : .
ET O 2. - = R i
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By tracing the interests in and developments of studies in
A

. J‘" 3 .
off-shell effects, hopefully, the motivation of this study is brought

into view:

1.3 Program of Dissertation

+ In the present study, Sauer's approach is followed in con-

structing the gully off-shell T matrix from the function ¢(k',k) and
in parametrizing the form of ¢. An alternative scheme to restrict ¢
is also studied, adapting from the work of Picker, Redish and,StephensonzG,
hereafter referred to as PRS. Cmly the lSo channel is investigated here.
This one parameter model allows one to limit the form of ¢ inherently.
Both approaches are compared in the calculations of binding energies of

16

. .. 4 -
finite nuclei 1.e. o, 0Ca and nuclear matter, as well as in nuclear

structure results. Off-shell behaviour is examined in all cases and

some insights into possible constraints are scrutinized.

Chapter 2 presents a general formalism in which the T-matrix is
expressed in temms of the half-shell T,6. ¢ is in turn determined by
+he g-function. The Reaction G-matrix, being the input in nuclear struc-
ure calculations, is derived from- the T-matrix. The theory of the
a;function is developed more fully in Chapter 3. The parametrization
of ¢ and the uniform transformations that can be applied directly to it

-~

are discussed. Chapter 4 describes the theoretical formulation of the
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interior wave function method irr which the g—-function is obtained

from a knowledge of the two-body wave function in the interaction
interiox. Uniform transformations are obtained by parametfizing
the interior wave function. A step-by-step description of the cal-
culational procedures involved is presented in Chapter V. from the
construction of the o-functions right up o the calculation of the
binding energies of nuclear matter, 160 and 40Ca. * Chapter VI '
gives a detailed analvsis o{ the results obtained.. . Conclusions an
the .effects of the off-shell variations and on the plausible con-
straints are discussed. Finally, Chaptexr VII deals with the
general conclusions t@at can be extracted from the entire study.

Other ideas leading to a better control of the off-shell behaviour

and to further restrictions on the form of ¢ are mentioned.

\
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CHAPTER II . GENERAL FORMALISM
-—
. )]

In this‘study, a formalism based on a model, which is more oOr
less the viewpoint of nuclear structure physics, is followed. In this
model, the nuclecns are considered as ﬂon—relativistic point particles
interacting by 2 force which can be described by a non—relgtivistic
potential. The formalism is theréfore restricted to a non-relativistic,
quantum mechagical description of'the system. Since high energy phase
shifts are unimportant for low enexrqgy calculétions, meson thresholds are
not considered. Therefore, the existence of mesons can be ignored )
except ipsofar as they are responsible for generating .the NN force.

In the formalism used in the caleulations of this study the

+wo-nucleon partial wave being considered is assumed to have no bound state

-

The bound state case requires a completely different treatment.

2.1 Transition Matrix TE>
‘ . /
The. definition of T has already been given in section 1.1.
T should obey two types of restrictions, i.e. restrictions based on meson
theorfj‘;ﬁch as suitable range, one-pion exchange mehavicur at large
distaﬁces; and restrictions of the guantum mechanical nature with the-
assumption that a potential V exists. Restrictions of the lattexr type

must be considered in this formalism while the former type. being less

stringent, can be added on later. Therefore, relativistic effects,
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nucleon form factors, and meson currents can all be invoked later on as

corrections in specific circumstances where they show up.

The T matrix is given in the centre of mass svstem and in the
momentum-space representation. To define the T matrix, the two-body'
scattering problem must be examined.

Starting from the two-body Schrodinger equation of the centre-

of-mass system, we have:

2
- > = 2.
(5 - k) |¢, >=0 (2.1)
or
2 2 2
v > = - I >
¢ + x|, - x o,
= ho> ‘ -
viv, . (2.2)
2 . . . -2 2 . . .
where k° = E is the relative energy in £fm and@d K = -V is the kinetic

; . 2
energv operator. Again, units are chosen such that B /m = 1. The
potential is assumed to have a finite range. ¢k> and ‘¢£»are

scattering states. e

3

4 .. . s
The usual definition 6 of the transition matrilx 1S then

<k'|T|k>

Lt

<k'|v|¢;>

L[}

Ve + <k vE -k 10) v lyp> (2.3)

whezre l¢;> is the wavefunction with an outgoing scattered wave. The

off-shell continuation of equation (2.3) is

X' |Ti) k> = <k |V[k> + <k'|Vie - K)'lv|¢;> (2.4)



or

T(w) =V + Viw - R T .
and Tlw) =V + V(e - K= v v
which are equations (1.1) and (1.2} in section 1.1 of Chapter I.  Here.,
the Moller wave operator is introduced to be: |
+

> = ok’ + io) |x> (2.5)

Corresponding to equations (1.1} and (1.2) Q has the following
relations:

Q) =1+ (=K vew

14 (o - X))

1l

14+ (-X-v N (2.6)

By taking the potential as composed of two parts Vl and vz, equations

(2.6) lead to the useful two-potential formula

T{w)

I

(Vl + Vz)Q(m)]/-v .

I

.i.
Tl(m) + Ql(w*)Vzﬂ(w) (2.7

where Tl(m) is the transition operator and Qi(m*) is the Hermitian
conjugate of the wave operator for the interaction Vl alone.
By carrying out the partial wave decomposition in the coordinate

space representation, the Lippmann—-Schwinger equation

s = e« a2 - x + i0) Vv (2.8)

47 .
becomes for any partial wave
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{i

L (k) <kt |y (67 & i0) [ )
k! dk"

[+-]
b
vy = (2/m (kr)-+[
3
K . & Yo k2 - k‘2 + io

(2.9)

xj (x) is the Ricatti Bessel function of the first kind.

wheregz(x) =
t large distances the wave

+
wk(r) satisfies the boundary condition that a

funetion consists of a plane wave plus an outgoing spherical wave, i.e.
+ > s ikr
| r - r
pk(-) > exp (ik.r) + fB (& ¢?g_ _
r
where fE(G, 4) is the elastic scattering amplitude. The potential in

the Eth partial wave 1s

< > = J< '
x| vzlr > = f<x|v|z'> 2, (cos B )& (2.10)
The Tl—matrix element satisfies the integral equation
' 2
~:plvg [k:»-(kl'l‘ (w) ]q>k dk
<plr, @ e = <plv,le> + i L
L _ L 2 .
w -k + i0
)
{2.11)
The phase shift‘ﬁz(k) is determined by the asvmptotic behaviour of
¢+
X (r):
+ L iéz(k)
P (x) + (D)7e sin {kr - &w + 8, ()} (2.12)
k T 2
At

which depends on the singularities of the integrand in eg. (2.9)-

large distances, the pole at k' = k + i0 dominates, giving:
+ 2. 44 TN 2. i(kx =2m/2)
9 (=) > (D 4, 2) - D <k|T k" + 10y |k>e /k
i(kr - w/2
i(kr / Y x,

= & sintkr - 27/2) - G¥ <x|r, (67 + 10fk>e
(2.13)
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+ + . . . : .
wherei*g(x) = xhg(x) is the Riccati Hankel function for outgoing waves.

From equations (2.12) and (2.13), we can now see that

i6 (k)
2
<le1(k +io)|k> = - (%53 e * sing, (k) (2.14)

E ]
which is the ecuivalent to equation (1.3) exactly.

Thus, the on-shell T matrix-elements are given by the experi-
mental phase shifts. The complete off-shell T matrix elements are-given
py rhe half-shell T matrix elements, -which are equivalent to a complete

- knowledge of the wave function at energy kz, +hrough equation-(2.9).
This will be shown latex.
The off-shell T matrix elements are not cempletely arbitrary.
Thev are, for any Hermitian interaction, time-reversal invariant and satisfy
off-shell two-body elastic unitarity4
Im<k' {7k + i0) [k''>= - %£<k'lT(k2 + 10y k> <k lTr + o) [k,

k2 >0 (2.15)

Bound states and the unitary cut jndicated by eguation (2.15) provide

. - . . 2 .
the only singularities in the ccmplex energy variakhle (= k) that lie on the

physical sheet. The off-shell T elements must also obey these constraints,
i.e. the completeness and orthonormality of the scattering states. qE:E
sl F +
> dk | = .
Iy < ¥ 1 | (2.16)
+ +
and <wf [ o,>= 8k -xDp (2.17

where § denotes a delta function here.
This implies that the scattering, both on- and off-shell, is

generated by a Hermitian Hamiltonian with scattering states satisfying

-
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the Bethe-Goldstone equation49.

, . .
(v° + w}\¢;> = QV\¢:> + (w - kz)lk>.', (2.18)

The complete off-shell T matrix elements are given by +he half-shell T
matrix elements which are dénoted by ¢{k, k"). , These are defined by

Baranger et al.l to be:

- . -i8_(x)
I 2. S B &' |7k + i0) x> e (2.19)
St T
_—
A real wave function is also defined
- . -i8(X) .
<t L= <k
kl¥e> = e it fo >
= sk - k') cos §(k) + “‘Eji“i ¢ (k,k")
X< - k'

(2.20)
where P indicates the principal value +o be taken at the singularity.
By this choice, the conditions of completeness and orthogonélity ((2.16)

and (2.17)) are further restricted to be:

+
wim = 1
ww o= 1 (2.21)

where W is a real operator with matrix elements given by
afule = <k fup> (2.22)

. o . .
1f the exact stationary states wq are used as intermediate states and

the operator

© < Q -
faq lwq> wq\ 1
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is placed between the V operators in the righthand side of eguation

{(1.2), we get an expréssion for T.

1

<k |T{(w) |k> <k |vik> +raﬂm—§f 6(g,k") &(q,k)
Q

or ) (2.23)

]

wt o o = xtlred + o ko

+

2 - -
{“ da {lo - = & - & +o) L s (q k) ¢ (q.k)
Q -

(2.24)

Equation (2.24) is de.rived from equation (2.23) by subtracting the same
equation with w reélaced by k2 + io. The complete off-shell T is now
given by known quantities, since 6(a,k") and ¢(g,k) can be calculated
from the g-function as the foliowing section will demonstrate.

The Low egquation can now be written as

<k'|T(w) |k> = o(k,k") cos §, (k)

+ Jm dg f(e - AF - pF - @Y elakh) elek)
Q

(2.25)
where w can havé.any complex value. —

To calculate potential matrix elements, w is allcwed to go to
© in equation (2.25).

<k* |[V]k>

1

&*|T(= x>

s(k,k") cos &_(K) - p-Jm aqt® - 657 alax dlak
Q

v (2.286) °
Analytically, <k'[T(m)[k> has a cut aleng the positive real axis

’ o
in the m—planeso. This discontinuity is -iwwnh¢(wk, kxVé{w , k) -
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2.2 Half-Shell T Matrix

In the. preceding section, the off-shell T matrix is ghown to
be determined by the—half-shell'T matrix &, which is closely related to
the scattering wave functions. 6 then gives T more visible physical
meaning by relating it to +he scattering wave functions.

In the presenﬁ formalism, lw;> is the exaét stationary state.,

. L ' . . - .
l¢k> is agscattering state with an outgoing scattered wave and [¢k> is

a scattering state with ingoing scattered wave. The normalization of
o , .
Iwk> ig the same as that of lk>, namely,

<¢§ l ¢;,> = <k|k'> = 8k = k") (2.27)

The scattering matrix element can be determined from elastic scattering

by
218 (k)

. TR ) .
S = Ul Y = e ° 5k - k') (2.28)

This vanishes unless k = k' and gives the on—shell T matrix elements
only in that case. It is now obvious why elastic scattering does not
provide any infarmation about the off-shell T-matrix.

1 . . .
In this study where only the S, partial wave 5 examined, the

lso scattering wave functions are required to be orthogonal and complete;
. . + - .

+hus placing constraints on ¢ lwk> has the following asymptotic form

in the coordinate representation o

i85 (k)

<r]w; > o (2/1:)11 sin {kx + 5, (K Je (2.29)

. -
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- As seen from this expression, the scattering wave function has
the form of the free particle wave function bevond the potential range,
‘with a displacement given by the éhase shift.ﬁo(k). ,<r|w;; by time
reversal is the complex conjugate of <rl¢;> ;nd is therefore
wlis = o e
R by > (2.30)
?he wave functions are related by
o —i&o(k) Ca 'iéo(k) _ :
<rl¢k >= e <r[¢k> = e <r[¢k> (2.31)
_real for all x.

Multiplying egquation {2.8) by <k‘lv‘ to the left, we get
<k‘lvlw;> = <k'|v]k> + <k']v(k2 -k + io)_l v\¢;> (2.32)

Comparing this ecuation with equatien (1.1}, it is immediately seen that:

-

<k'lVl¢;> = <k'lT(k2,+io)|k> ' (2.33)
and similarly,

<k'lv]1b;> = <k']'r(k2 - io) [k>, (2.34)

<‘?;lv]k'> = <le(}~:2 + io)ik'> ’ (2.35)

The half-shell T matrix element is defined now as

¢.(k,k') = <k'lvl¢;> = <w; [v]x’> (2.36)
By equations ((2.310 - . {2.38)):
' ' 5 ~i8 (k)
ok, k') = <k'|T(k” + io)|k> e



L¥]

- 22 -

—iﬁo(k) C
= e <k|T(k” + io) [x'>
2 i (k)
= <k'|T(x° -.i0) |k> e
iGo(k) s
= e <k|T(x® - 10} [x'> {2.37)

So far, the off-shell ¢ has been defined. According to eguation (1.3)
-

and (2.37) the on-shell ¢ is given by v’
ok, k) = (/7 sin §(X) (2.38)
To show how ¢ is related to the scattering states in ﬁapentum space, the

following is presented. Eq%ation (2.33) is substituted into equation (2.8)

which is multiplied by <k'l to give

<k'1\u']:> = <k'|k> + (K - 12k o) T <k']'r<k2 + i) |k>  (2.39)
-i8_(k) , 2 4 :
This is then multiplied by e and (X~ - k" + io) is ekpressed

as a sum of a principal value and a delta function. This vields:
<k']w+k> = &(k - k") cos §_(k) + Pk - A sk,xy (2.40)

Because of this relationship, being given'¢ is;the game ag_ being
.given all the wave functions. ¢ is not arbitrary because the wave
functions are not arbitrary. They must form an orthonormal and complete set
since there are no bound states. Howeverﬁ‘it can be shownss,'with ¢ not
being a symmetric function, that its symmetxric part is arbitrary and

determines its antisymmetric part.

The orthogonal operator in (2.22) is written as a sum of a
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symmetric part and an antisymmetric part, i.e.
W=W_+ W : ) (2.41)

If we consider an n-dimensional vector space, W has n2 matrix eléments.
Since thexe are in(n + 1) orthonormality conditions, *n(n - 1) para-
meters are left. This is exactly the mumber of matrix elements in WA'

Bloch and Messiah have shown75 that any real antisymmetric
matrix céﬁ.be brought by an oéthogohal transformation into a canonical
form of f?g. 2-1. The relationship between ws and WA are given by

ecuation (2.21) which can be rewritten as

W -w =1
s
WW_ - W@, =0 (2.42)

If WA is given arbitrar#hrthenthe represen&ation can be changed to bring
it into the canonical form (£ig.2-1). Equation (2.42) is satisfied by
the svmmetric matrix Ws of fig.(2-2). The signs of the two sguare Xoots
inside the 2 x 2 submatxix must be the same for equﬁsibn (2.42) to be
satisfied. The relative signs in different submatrices are arbitrary-

g
Of course, there is the minor restriction imil < 1.

The above has served to prove that WA can be given arbitrarily
and WS is then determined. If this holds true for n-dimensions, one can

extrapolate for the continuous matrix <k*|w|}>.

The symmetric part of ¢ is o where

clk,k') = & {ak,k") + ok’ k) k (2.43)

The on-ghell elements of g are equal to those of ¢; hence,
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”~

Fig. 2-1

- O
o m

- o

Canonical form of an.-antisymmetric matrix

1.

-

g O] O \_
> .
lo oy
i
‘ 4
-o'+

Fig. 2-2 Canomical form of .a symmetTic matrix
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.

clek) = ofkX) = -(2k/T)sin § 09 | (2.44)

If 6 is now written as the sum of a2 svmmetric part ¢ and an antisymmetric

part o i.e.
éd(k,k") = g(k,k") + al(k/k") i (2.45)

then together with equation (2.42) , equations {(2.20) and (2.22) become -

<k-[ws\k> S(k - k') ‘cos § (k) + a(k,k')/(kz - x'% (2.4

<k']WAlk> 5 7 olkkh (2-47)

WA therefore contains only d, which wh?n given, determines <. Then the
conditions (2.42), (2.46) and (2.47) completely determine ¢ (k,k’}.  Since
on-shell data give only o(k.k), the arbitrariness in thé continuation of

T off-shell is isolated as an arbitrariness. in the.off-diagonal elements
of g i.e. the symmetric part of T. lThe\ésglated form of arbitrariness

now eliminates the tedious task of fitxing to experimental data. A
I

. f
correct £it to the experimental.q?ase shift is ensured by starting with

g instead of V to determine T. gff-shell variations can be generated

K

A
by changes or distortions of the éff~diagonal elements of U.

{
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2.3 Reaction Matrix G

The reaction matrix is essential in nuclear matter caleunlations
as well as in the calculations ofvproperties of finite nuélei. TO .
discuss the reaction matrix in nuclear matter or finite nuclei cal-
culations, one must do SO in the light of Bruecknex theory.

In the Brueckner theory of nuclear mat#érSl, the ground state
is discussed as a Fermi gas with Ferni momentum k?' The nucleons £ill
a sphere in momentum space up to kg which is related to the density p of
the system by p = 2k;/3w2. Since the nuclecns move in a potential
due to all the other nucleons, +heir energy is of the Hartree-Fock type
rather than purely kinetic in character. mhe interactlon between 2
pair of nucleons is represented by the G-matrix. Since both nucleons
must scatter into unoccupied guantum states, the exclusion principle

plays a central role. By introducing these considerations, the G-matrix

is required to satisfy the Bethe-Goldstone Equation
o

Gw) = V + VQo —ao)'l G(w) o (1.7)

where w is the 'starting enexrgy’ . Ho the unperturbed hamiltonian, V
the potential and Q the Pauli operator, which ensures the exclusion of
scattering into occupied states. This equation is derived from the
Schrédinger egquation for a two-body system which is solved using the
method of Green's functionssz. The perturbation solution to egquation

(1.7} 1is easily-cbtained by successive approximation and is
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= < 0 Q
Glw) V+V o - Ho) v o+ vV o = Ho) v ® - Ho) Vodeaeas

(2.48}
This series describes a succession of scattering by the potential

v, the particles being propagated from interaction to interaction by the

l}.

Green's function or propagation function Q {{w - Ho}—
* In the Brueckner-Goldstone Theory, use is made of the Goldstone
. 53 . . N . .
expansion” , which 1s a linked-cluster pertuxrbation serles for the ground-

state energy of a many-body system such as nuclear matter or a finite

nucleus. The expression is:’

<o |ur|v>
E = E + T{iﬁl—_ (2.49)

where E, the ground-state energy is the eigenvalue of the perturbation
H'. Eo is the eigenvalue of the unperturbed Hamiltonian Ho. ¢ is the
ground-state eigenfunction of HO and ¥ is that of the overall Eamiltonian

E. (H=8H_+H")
[o]

The treatment of expression (2.49) is accemplished with the
aid of rFevmnman type particle/hole diagrams. The perturbation cal-
culation involves the summation of these diagrams. The sum is given for

each pair of particles by +he solution of an equation of the type

2 vl where e = 6= H_ (2.50)

[o> = [o> -
with
Glw) [¢> = vi|v> (2.51)

where ‘¢> is the unperturbed two-particle wave function and[¢> the

perturbed wave function.
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The main term in the expansion of the binding enexgy of nuclear
matter is the two particle cluster. Its Feynman-Goldstone diagram is
shown in Fig. 2-3 and its value is

% ¢ <AB|G(w)|aB>

A‘B.
where the G matrix includes exchange. - A and B axre two particles below
the Fermi surface and the summatiqn is over the entire Fermi sea. The
factor of & takes into account the double couniing.

The Brueckner theory of finite nuclei is in a much more '£luid
state® than that of nuclear matter. In nuclear matter calculations, one
can rely on translational invariance to simplify matters. The single-
particle wave functions afe known a priori to be plane waves; the single-
particle potential is only a function of momentum. In addition, momen=

tun conservation eliminates many diagrams and greatly simplifies the cal-

culations. In the case of finite nuclei, all this is not found. The

form of the potential is unknown. In the calculation of the G matrix
3 . ,
elements of nuclear matter, W is calculated by 2 process of self-consistency.

tn finite nuclei, this problem is compounded by a self-consistency
requirement of the single-particle potential. More of this will be
discussed in a later chapter. In this study, the Brueckner self-con-

16o and 40Ca.' The Bethe-Goldstone

sistent calculation is performed on
diagrams are shown in fig. 2=4.
The reaction matrix is obtained from the T matrix which differs

. . 54
from the G matrix by the Paull correction (see Chapter 1) .

Glw) =T, )+ (W, o) {o/lw -8 (1) - HO(Z)]

- l/[“’c.m. - Krel} G (w) (2.52)

- . -
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Fig. 2-3 Feynman-Goldstone diagram of binding

energy of nuclear matter

0 0o U0
@ | .(b)‘ | |

(©)

Fig. 2-4 Bethe-Goldstone diagrams of 164

and '4°Cé
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The sipgle-particle Hamiltonian Ho is given by K + U where K denotes the

single-particle kinetic energy (Krel the k;netic energy of relative

motion) and U the one-body potential. U is usvally put to zero for

particle states because the three-body clusters are assumed to be very

small. This choice i.e. QUQ = 0 is also used in this calculation.
The transition matrix T (mc ) is obtained as a one-body

operator related to the relative motion of two nuclecons. Yo m represents
' . - . ) . 3 . T

any centre of mass dependence there s and is chosen to minimize the

correction kemel in (2.52) stepping from T(mc . ) to Glw). In contrast

ro T, G(w) is a genuine +wo-body operator which is usually truncated

to that of relative motion foxr computaticnal convenience. It then

retains a parametrical c.m. dependence only, just as T.

At this point, it is interesting to note that there is an

4
analeg to eg. {(2.9) for +he K-matrix elements, i.e. 7
o . g, (k'2) <k'1x2(k2) | x> 2
b () = ) {3£(kr) + P [m > 3 k'Tax
o} k -k
(2.53)
The KL matrix element is given by
<plv, [l><k|x, () |a>
2 2 2 .
<plx, (@) le> = <pl|v]e> + P 5 K ax
% (o} w -k
(2.54)
The K-matrix which is real, is given by
K@) = V-V — K(w) , w = real . (2.55)
HO -

gy o+ 10> = - (-:—k-) tan &, (k) (2.56)
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Kg has no cut from 0 to = along the real axis in the‘P-plane. It has
poles in w at the position of rescnances and not on the unphysical.sheet
as‘is the case with Tﬁ(k)ss.

In the methqd of Baranger et al. the partial wave channel with-
out a bound sﬁate is tﬁe only case considered. The formalism does not
hold for the case of a channel with a bound state because the bound state
is a member of a complete set of scattering wave functions which do not
form a ccmplete set by themselves. .The binding energy of the bound state

plays a role equivalent to the phase shift in the asymptotic wave

function of a scattering state.




Chapter III FORMALISM OF THE FUNCTION o (k, k'} :

As we have seen in the previous chapter and in equation (2.44),
the real symmetric function ok, k') contains the phase-shift inférmatioé
as its diagonal part. Elastic experiments determine the diagonal ele-
ments up to about 400 MeV, i.e.- 2.2 enl. The Reid potential which is
used in this study gives a f£it up to 350 MeV. The off-diagonal parts of
o remain completely arbitrary. The problem then lies in imposing physi-
cal constraints to restrict its form. It ig also recognised that there
should be an intimate connection between the diagonal elements and off-

diagonal parts of ¢ if the underlying interaction is purely local. What

are then the phyvsically acceptable forms of ok, k"}? This problem was

first examined by Sauer24'25 who started from field theorefic considera-
tions.

3.1 Field Theoretic Constraints on ¢ and subsequent Parametriza-

tion.

From field theory, two definite constraints must be imposed;
(i) the nucleon-nucleon interaction is of short range, (ii) the tail of
the interaction outside R = 3 fm is described by the local one~-pion-
. .26
exchange (OPE) potential ~.
with the theoretical information on the interaction known and

the experimental phase-shifts provided, the two-body wave functions out-
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. 5 :
side R can be calculated. Sauer 4 derived an analvtic expression for

the scattering wave functions of relative motion in the lSO channel to

L 4

be
2 0% .
<rH"k> = ("r—r) {sin [kx =+ 5(k)]
2y
1 + cw J de (2 + kAT ]
.- u

+ cos [ + 5(x)] 2k ()

Jzudu @2 + ek ot ey (3.1)

o
where r > R and 1 is the inverse Cémpton wave length of the plon. cin)
is a-constant given by the strength of the OPE potential. The form {3.1)
is valid to terms of the oxder e-2ur_ Any complete and orthogonal set
of wave functions chosen to give a fit to the phase‘shifts must there-
fore have the réqpired tail (3.1). Eowever, Sauer24’25 has shown that
the OPE tail is insignificant for the leo ¢ function. The tail becomes
completely masked by the full interior of the interaction which dominates
#he behavior of the ¢ function. There is no need to match the details
of the wave function in the OFE region for the S waves. ror higher paxr-—
+ial waves, this has to be reassessed.

Field theoretic constraints can be more directly imposed on the
hal€-shell T matrix element ¢ (k, k‘i. In turn, conditions on the paxa-
metrization of ¢ can be worked out. Condition (3.1) disallows (k. k")
in the complex k' plane to possess any pole at k* with |Im k'| < u. The
purpose. of this is to avoid having admixtures to the asymptotic wave de-

caying slower than e-ur_ Prom field theory, it is known that ¢ must be




-.34 -

chosen to give an interaction range of the order u_l for the ls inter-
- o

action. o{k, k"), according to Sauer, should not even contain complex

singularities k* within the vieinity of less than u from the real k'

axis. These singularities can cause rapid variations in the real functieon
values of &(k, k'). A sufficient but not necessary condition for ok, k")
over a.short range is that it should vary smoothly over a distance H

-

everywhere.
+

There are two relations beﬁween ¢ and the wave functions. These

are the Lippman-Schwinger equation:

. <r1wk> = <rlk> cos § (k) +F

J ot <xlx'> &2 - )T oG, k') (3.2)
o]

" and the eguation containing the nomentum—space ‘component of the free—~

scattering defect with respect to its asymptotic wave function57,

—3‘;— sin 500 + 02 - X'

o (k, k")

L]

3

r
X J dr <k’lz> {<r|¢k> - %) sin [kr + 5(1:)]}

° (3.3)

One can now incorporate the required properties of the symmetric part of
;n acceptable ¢ or d. BY choosing smooth parametrization for the remai-
ning arbitrariness in o, fhe antisymmetric part of ¢ (i.e. clk, k') )
can also be made to comply with the above conditions. We have also seen
that émooth off-shell extrapolations of ¢ can also keep the intéraction
range short. j’

éincé in eg. (3.3) the contribution from the defect integral




igcreases with the interaction strength and decreases with the narrowing «

of the interaction range, Sauer estimated rhe free scattering defect at

low energies to be N

<z P x)> - { %)i sin [kr + 6001] = = ( %_)* sin 8(k) e 7

(3.4)

with S-l being of the order of the rangé u-l. After calculating the
defect integra} and ¢ (k, k') from eg. (3.3), the low-energy ¢ function
is given by o(k, k') = 1/2 (d(k, k") *+ 6(k', k) ) and becomes:

2 12

k. . 62 + k'3
o] (k, ¥X') = = { =) sin & (k")
ER ' i 82 + k%)
, 2 2 :
- (5 )sin 500 iﬁiéiii—% (3.5)
: - @2+ x'9)

Sauef has shown that very different potentials with the same scattering

- E

length a and effective range x, produce < functions which are almost . ‘-

identical in the low energy region i.e. for k and k' less than u (or
A

- { .
2.08fm l).Furthermore, if the potentials are local, the ¢ functions have

, s .
of these potentials axe very similar to the zero-range limit of eq. (3.5)

(]
| :
very similar for#é over a larger range. The low energy dontours of ¢'s ;
. B} . . i
]
!

- -

ie. O ‘
1| o

. ,_‘—‘k.,,_k_‘_-.,.
‘ d&k,k)—-(ﬂ}su1ﬂk) (w) sin -6 (k) {3.6)
in the limit k, k' << u.

In Fig.3-15 standard lso potentials which reproduce the same o

r

low-energy form-of—o.are shown. The o finction (3.5) is similar to the

effective rénge off-shell expansion of the T matrix given by Fudas8 and -

Srivastava and Sprungzsl' T+ is in the low energy domain where the effec— .
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U Reid soft core

44

K (fm™)- -

Figf 3=-1 (a) © (k,k*') of the 150 Reid Soft Core potential

-

80.
Equal-value contours are drawn in steps of 0.2 fm'l. Heavy line denote

zero-value contour. - and + denote the minimum and the maximum.
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5 | (g.Reid ‘hard co-re |

i I
o 3

k (fm™) .

|
|

) 1

. le pos ;2180 .
Fig. 3-1 (B} oudk,k") of the “S, Reid Hard Core potential . ]

-

.- 0 ;_
See fig. 3-1-(a) capt_ion“.. *;
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i
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-O_Hamada.—Johns’ton |

3 |
K (fm_1) =

. or
- Fig. 3-1 (c). ‘o(k,k') of the 150 Hamada Johnston potential.

See -fig; 3-1 (a)‘caption..
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NUTAN
B L—/'."B .1
K (fm- ) =

Fig.. 3-1 (d) o(k,k') of thellso BOundary-c:'mdition

. 82 ) . - ':f .
-~ : _ model. See fig. 3-1 (a)“caption.

- r _\_
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SRS AR | Gsupér—soft-cére

- kUMY s -

Fig. 3-_-1 (e). o(k,k") of the 150 Super-soft-core

83 ‘
potential. See fig. 3-1 (a) ‘caption.
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tlve—range expansion holds for the phase shift. 1In the lS partial wave,
the effect;ve—range expansion works well up to about 100 MeV below which
the resonance is dominating. .The resonance in lSo occurs at almost zexo
energy as seen'in Fig. 3-2. It seenf +o determine the ¢ function in the
low-energy region, which is then nniquely given by the effective—renge

parameters. The resonance also imposes the constraint on any distortions

of the ¢ function that they should not alter the contour of the low-ener-

gy region. &Any G parametrization in the lSo partzal wave should there-
fore contain QER for low energies and ¢, for k, k' << u. Otherwise,
the resonance may be treated in an arbitrary fashion, and the range of
she interaction can turn out to be far too large.

In view of the fact that the low-enexrgy ¢ functions of short-
ranged interactions corresponding to the same effective-range phase-shift
are approxlmatelv unlque, Sauver has chosen the, o function of the Yamagu-

chi potential as a low-energy parametrization. It is convenient because

it is the o function of eq. (3.5) i.e.

UER' given completely by the
effective-range parameters:
‘ot 600 = 1/a + 127X -p oK (3.7)
ER . (] ]
oL - e all- @- asme /] (3-8)
. . |
3 3 :
pr; = (1/687) [(2/28) - z 8] _ . (3.9)
where B-l is approximately 1/3 - decreases rapidly for large

energies allow;ng the ¢ function to be easily corrected on-shell and off-

shell when the actual phase-shift 6§ dev;ates from 6 R g... alsé contains .

ER

e resonating part of the c function. One type of © parametrization

S

.



- 42 -

ol

()09 337us osoud Os

TS

P T T e A T Rl e A et ot

z-¢ '3nd

06~

(1)

(o).




- 43 -

»

that is suitable is

+

olk, K') = oy lk, k') = (2KK'/) 20, k)Y {sin 6[R (k. k1]

- sin 8o [ (x, k") 1} (3.10)

where any smooth contour R{k, k') for continuing the difference of the
phase-shifts i.e. sin §{k) - sin SER(k) off shell gives the desired 2-3
fm. interaction range and yields-small matrix elements for the non-reso-

nating, off—diagdﬁal par% of o.

3.2 Unitary Tp&hsformations on o.

Y, ase-shift equivalent potentials are potentials with éxactly

equivalent phase shifts and therefore identical on-shell behavior.

These can be generated from an original potential V which satisfies

By = (Ho + V) = EY . (3.11)

by‘a unitary operator of finite range U i.e.

LN .
oy = Y 9 : (3.12)
N, . & :
Then with H = UEU', we havg
' L.y A
Hp) = Ey (3.13)

"
So we can see that ¥ has the same phase shift-as ¥ at all enexgies and
. . .
the energy spectrum of H is identical to that of H. The transformed po-

tential) is given by

~ “ + +
v = H - B = U[Ho,.U]+Uw , (3.14)
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and its form is determined by the qh&ice of U which has always been for
the purpose of calculational ease only. Some unitary transformations
which have been used in the study of off-shell effects of phase-equiva-
lent potentia156'7'8 produce quite violent distortions in the contours

of 0. When these unitary transformations are performed on the ¢ function
of the Reid potential, the low-energy © function remains unchanged but
the transformations ﬁroduce dramatic stxuctureé into the higher energy

o contoﬁr, These unsmooth structures can be the.consequence of a strong-
state-dependence of the scattering wave function causing ¢ (k, k') to
vary rapidly with respect to k. The ¢ function of Reid's potential dees
' not exhibit any complicated structure, S© it seems more reasonable to
assume that the phase equivalent potentials should have ¢ functions with
simple coniours.

Since the condition that the long-range part of the interaction
be local, and that any non-locality be confined ﬁo the short-range inter-
action is a reascnable one, any wild variations of o which affect the
region k, k' < 2.0 fmfl should then be excxpéed. Sauner has found that

most unitarily transformed potentials are wnable to vield the correct

experimental value of the neutron-neutron scattering length and have to
be rejected.l0 ' =

A simple, convenient élternative of inducing a unitary trans-
formation without éitfalls associated with the rransformed potentials is
to distort a given ¢ ‘function directly. Any distorting function which
disappears on the diagonal elements of o can be added to it. Since the -

phase shifts remain unchanged, the distorted o function belongs to a

potential différing from the original potential by a finite-range uwnitary
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transformation. The ¢ contour of low-energy momenta, k, k' < 1.5 T
is required to reméin undistorted, confining to the constraint discussed
in the preceding section.

Saver has demonstrated the use of two mitary transformations
on the g function (3.10). The first one, adds large off-shell elements
to g. The distorting function has the form:

oy Oc K = (@/m Ty Gk k) (K2 - k22

x [+ a2 «x'H3? (3.15)
The second distorting function decreases the off-shell elements of O.

oy, O, K0 = ol kD {1+ x2 - x'H?

[ -1 -
x T, Gk k 1] 1} (3.16)

In both cases, the parameter function rDl(Z) is given by

x, ') (1 - exp 062 - KA /2T (31D

To1(2) Tp1(2)

The parameters <Y and 4 are chosen such that the low-energy ¢ patternm up

to k = 1.5 mfl is preserved approximately and the transformed ¢ functions
r 3 i - = k'

do not contain complicated structures. At k = k', Opq¢ Cno and FD1(2)

all vanish.
3.3 Properties and behaviour of o.
When various contours of distortions of circles are used for

the off-diagonal parametrizations (3.10) of ¢ which meet all essential

field-theoretical constraints, and distorting functions are added, certain
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trends and behavior patterns of ¢ surface.s4

Nucle§r ;tructure results exhibit negligible variations even
when contouxs aré radically changed. They appear to be sehsitiﬁe to the
off-diagonal ¢ elements in the two momentum strips closest to the axes,
about 1.0 fmﬂl wide. Large off-diagonal elements of ¢ of either sign
vield a-more repulsive interaction while small elements yield a morxe
attractive interaction. Correspondingly, large elements produce a de-
crease in the binding energies of finite nuclei and nuclear matter. If
has been demonstrated that the theoretical binding enexgy of many-nucleon
systems can be manipulated in 2 transparent way4s. By decreasing or in-
creasing the ¢o-elements in the momentum strips, the binding energy can
become larger or smaller within bounds.

On-shell parametrizati;n of ¢ can be studied by keeping a cer-
tain_smooth off-shell parametrization fixed. However, any resulting
_change in nuclear structure results will bé due to e combined effect of
-on-shell as well‘as subsequen£ off-shell variations in o. The dependence

of nuclear structure results on the details of a chosen set of phase

shifts can still be traced. Sauver studied nuclear structure sensitivity _ . ¢
to (1) high—ehergy phase shift, (ii) charge dependence of the lSo phase
shift, and (iii) the existing experimental mecertainties in phase-shifts.

| Ordinary nuclear structure calculations are insgnsitive to high
enexrgy 1so phase-sghifts. Only thé reaction matrix of highly excited
states can become affected. The charge dependence of the 15; scattering
length is well establishedsg. The ﬁroton—prcton and proton-neutron

scatteringlhnghtsdiffer.by'6 fm. indicating that the proton-neutren in-

teraction is slightly more attractive. To test this charge dependence of
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the lso phase, the difference between the Reid proton-proton phase-shifé
corrected for Cog}omb effects and the exﬁerimenta; proton-neutron phase
shift is taken to be an upper bound on the charge splitting of the lso
phase. Nuclear structure fesults display a weak dependéncefon the possi-
bié charge splitting. Eowever, nuclear properties other than those -
tésted {e.g. binding energy) can be more ;ensitive +o the charge depen—
dence of the interaction and cannot be conclusive. Experimental uncer-
tainties in the phase shift have only little effect on the nuclear struc-. ///
ture calculations.

all changes associated with on-shell parametrization of ¢ are
minimal compared with those obtainéd from off-shell variations. The
insignificant effects are consistent with the observation that the smal-
ler the off-shell @ e;ements are the more attractive the resulting reac-
tion matrix becomes. Small (large) off-shell g elements for high ﬁomenta
are associated with small {large) neéative high-energy phases and more

(less) attractive phases between 250 and 400 MeV. The more attractive

(repulsive) phase shifts vield slightly less (more) binding in nuclear
matter. With the most of low-energy © fixed and the off-shell part of L\\
¢ smooth., variations in nuclear structure results are in consedquence not

dramatic.smooth off-shell changes. can bring about variations of up to 20%.
3.4 Evaluation of the O function Method.
Sauer's method of using the © function as anotherltool for

creating off-shell changes in the two-nucleon interaction is advantageous

over the short-range unitary transformations of a given potential. The
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‘

form of the transformation is usually chosen for the purpose of facilitating
numerical calculations and tge resulting . © function displays exotic -
structures in the contour pattern. Such arbitrarily complicateé off-

shell behaviour is aveided when.using the o function directly. ¢-is then

a convenient starting point for'balculatipns;bf off-shell variations.
Physical constraints which ;an be directly imposed on ¢ are sometimes,
viol;ted in witarv transformations. Ome example is charge symmetry of

the nuclear force. as Qe have seen, the theoretical binding «nergy of

many nqcleoﬁ s&gtems can be manipulated in a transéakent manner. Off-

shell chanées can be well controlled using the g function.

_ There are certain drawbacks in the method of Sauer. Fixst of
all, ¢ is a guantity for which one does not yave m;ch physiqal meaning
vet. Off-shell changes initiated in o do not affect T in 2 linear way.
As we have seen iﬁ a single partial wave channel with po bound states,
the chase shifts at 211 energies (i.e. ok, mﬂil K) determine the
potential (providing it being local and ene,éy—independent) and, henée,
ofk, k") wuniquely. The O functions for varfious potentia%s (Fig. 3-1) are
very similar since these potentials vield véry similar phase shifts up
to quite hj nergies. Similarly, if o(kik) is fixed ?or all k, any
resulting variation in o(k, k') in Saue 's-mé;hod is due to differing
degz ‘ £ non-locality in the wnderlying interaction. Field-theoretic

- models sugge§£ that the NN interactiopn is approximately lﬁcal at large
distancés. These suggestions.are su;stantiated by the NNrperipheral
phase shifts. It is therefore egsential to be able to control explicitly

the degree and range of non-locality implied by a specific choice of

6k, k'). The Sauer scheme does not allow +his control as yet. The

- -




parametfization of ¢ as described in this chapter still contains too

many free parametexs and allows far too much freedom. Further constraints
are éssén;igl. .

variations in ¢ are related variations in the two-body

scaﬁfering wave function. The on—energy-shell:part of T is dete;mined
by the scattering wave finction beyond tﬁg potential‘raqge. The off-
sheil part‘of T controls the interior wave function. Additional
constraints resulting from the behavior of the interior wave fungtion
should be imposed on ¢. The NN potential is well gétermi§e§ at lérge
_distances, and this information sﬁould be incorporated in the construc—

»

+ion of v©.

0

. . -
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Chapter IV FORMALISM OF THE INTERIOR WAVE FUNCTION ‘ . e

T

- .

a; we have seen, the on—enexrgy-shell part of T is givenlby the' T
exterior scattering wave fqpction i.e. wave_function outside of the po-
tential range. The off-§hell part 0of T qpﬁ%rols the interior wave func-
tion i.e. wave function in Ehe interaction rééion. The two-bedy interac-—
+ion at large distances is described by a specific, well deterﬁined
local potﬁntial. ".1t ig also known that the two-nucleon wave funct;on is
sunnressed at short d;stances. -All th;s lnformatlon should be incorpo-
; ated lnto the construction of the T matrix. Following this reasoning,

P "I

'Picker1 Redish and Stevenson (1971), (£zom now on referred to as PRS in

- S A
' this study} have established an’alternative p;;ceaure to generate- the
‘half-sﬁéll T matrix. It is a simple and direct approach in which a half-
shell element is expressed in terms of the on-shell element plﬁs a term
dependlng on the-ﬂsurier—Bessel transform of the difference between the
actual wave functlon and its asymptotic form.'  FRS make ﬁse of the lack.

- -

of information zbout the short—range, interior part of the 1nteractlon.

The wave function can be varied@ arbitrarily but must obey certain
constralnts such as bowndary condztlon at the origin, smoothness and a
known asymﬁtotic form. The wave function generated by the well—determl—
‘neé external part of the interaction provides a matching point.

o

4.1 The Difference Function Ao(k,r) and the Hal¥-Shell T

PRS. define a real 'Difference Finction' 8, . (k, T} for the IS
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state, which is proportional to the difference between the outgoing scat-

. . . +) . . :
tering wave function mé ) and the phase-shifted free wave funetion vo,

Ak, m) = xee R0 M & 0 - v ke ] . (& _
wneze o) 3 . : :
ere Vo iz normalized to
.wé"') (k' r) r:m _]l{_; eiao(k) Sinl (k: . so(k)] . (4-2)
and ’ .
~ 18, (k) 1 '
v (k, ¥) = e*°0 ™ [cos 8 () Gkx) * sin 8 _{k)n (x) ]
{4.3)

jo(kr) = sin (kz)/kz is-the‘:éﬁsth spherical Bessel function and noTk&k-cos(kr)/kr
is the zero-order*sgherical’Hankel function. The half-shell T-matrix can be
’expresséd in terms of Ao using the following reasoning.

 The g-wave half-shell T in which the initial momentum is on

shell and the final moméntum off shell is given byso'
t (pr ks K3 = J ar r° jo(pr)J ar'r' %z, r')‘l"c(:) k&, £y -

° ‘ ° L § (4.4)
_ L |
where U(r, r') is the S-wave projection of the potential. The cg—shell

1imit comes to

w o

' = T2 : -
t (k) = t Ok, ki K ) e
- J ar £ jo(kr)der'r'ZU(r, =0l o, =)
) 0 ' )

1 id. (k) _. -
-%e o sin §°(k}' . (4.5)

which is completely dEteimined by the phase shift. The S-wave non-rela-

v s . 2 .
tivistic Schrodinger equation at centre-of-mass energy k 1S
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_ . 'JU(r, et e, o a:' . (4.6)

- o] . | " {.\ .' |

The potentlal in eg. (4.4) can now be eliminated bv replacing the inte- |
:_;ral J a' 2 oz, = )tb( Y k. r'}-wz.t'l'x [12 gr( =tk ]w( )(k, r) _
.sixi"céo[:i% ( ) £ X ]v (k, r) = 0, we may write finally ) o~
‘tocp.' x: k%) = J & r jocp, r)[':;—z'g; (25 + ¥ ][w‘ Yk, 0 - v ke D]

(o] .
(4.7)

-

In SO do:.ng, 1{;( ) (k,.r}) whlch osc:.llates undamped for large xr, is now

replaced by a fumction wh:.ch d:.sappears for large r. In terms of A% (k,x)’

-

and U, (o7 ) whexre u {p, ) = orj (p, ¥} = sin pr, we have ‘ ' )

2.00(]’.) 7 2
t (@, k¢ kz) = = Jdru(n, r)[——+k2]A(k, r)y
[+] ) nk
. =N g dr

(4.8) .
. A
. Integrating by parts +twice gives this as

-

iSotk) 1~
t @, ks %) = £ (k) * x2 -p2) £

Pk J mo(Pt r_)Ao(kr r).

o]

(4.9)

The half-shell T is now expressed explicitly in terms of the on-shell T

and the spherical Bessel transform of -the scattering difference function.

4.2 Constraints on & _(k, r) and its Parametrization

The class of funct:.ons wh:.ch m:.ght be used as model difference

functions can be limited by three types of constraints mposed by (1)

- 1Y

the properties of Ao (x, ©), (2) known behavicur of the potential in the



e
§
wn
(V)
|

L J oo N
exterior region, and (3) the assumptions and paraméfrization of Aotk, r)
in the interior region. The exterior region is defined by ¥ > R and

‘the interior region by 0 < ¥ < R where R = % = 1.43fm A_ is the pios*

. . -
" . -

Compton wavelength.

(SR

There are two propert;es of B (k, r) .which can be read direc-

- e . s TR N . T qff
£ly from its definition eg. (4.1). Since wo (k, r) is practically iden-

tzcal to v k, o outs:de the lnteractlon reglon, one can see that

Ao (e, r) is vanishingly small for r greater than the range of 1nterac—

ti&n. _The s#cond property, due to the behavior kr ¢( ) (k, ¥) = 0, is
r=+0
Ao(k, r)—* - sin 6 (k) cos kr — — sin 6 (k} {(4.10}

r+0 r=+0

. . e
- e - -

K

. Peat '
Two bowndary conditions result from Ege above properties.. The first is
. that in the 1imit_tha; the range becomes Very small,-Ao(k, r) and

. 0 N
té(p, k; k ) are completely detexmlned by the phase-shift as expected.

The second is that 8 (k, r) can be expected to vary smoothlv with-r.

Thelon-shell’T and half-shell T for any local or nonlocal short-range

force become correlated bv these constralnts.
>

i?n the exterlor region i.e. T 2> x 7 2 mique and local poten—

tial provides a specific description of the interacdtion. The effect of -=i

this local exterior potential should be lncorborated in A {(k, ¥} - as
constxalnts. Startlng from an 1ntegral equation for w( )(k, r) equlva— .(/j
lent to egs. (4 2)' and (4.5), PRS obtazned an expre551on of A Uk, r)y in
terms of the nonlocal potentlal Uiz, r'). | Since 1t is believed that the.

nonlocality'in tHe,potential (in aﬁglven partial wave) is conflned to e

-

distances shorter fhan'ﬁﬂ; U(r, r') can be written as:

<

¥ : N
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p(r, r'}) = N(x, r') + §({r-r"}L(x)/zx’ {4.11)
where N(zr, r') represents the nonlocality and L(xr) the iocal part of the

potential. When x > R, . -

o

lniz) | ->> J art 2% |n(z, x| (4.12)
! \

The effect of a local potential on Ao(}g",' r) in the exterior region can
N * -

now he isolated and Ao(k, r) can be expressed in terms of L{x) for * > R.

- -]

: = .
8,0k, = £ o, m + %C-Jar 5 ki EE LD L (I % 2 R

J |
T (4413

with ' =

W
Lt
1

: . _
%J ax's (k; z,x L") [oos §u, (k)

‘\ A
. - ’ o - r -

. +sin § () y;(kr')], r >R ' . (4.14)
where
- gotk; r,x') = ,vo(kr) uo(kr‘)'é uo(kr)yo(kr')
= -sin k ‘(r - r') ,7 ‘ {4.15)
T~ Y (kx} = kr no(l-:r), : - E | (4.16)
and k) = ke 3 08) ' - (4.17)

N .

-

Eg. (4.14) can be solved by iteration and the ‘jteration series has been

shown by PRS to converge rapidly, when the.Re‘id soft core‘ 150 potentialt

was used as the exterio; potential. Differentiating eq. (4.14) one

.

cbtains *;wo additional- conditions i.e. Aé(k,ff and A;(k,r) for r > R, as

well_ as two additional matching points at r =R, i.e. A(‘) (k, R} and

ac k. R)+

One important constraint that c¢an be imposéd on the relativily

- a-rbitra'ry :i:;iteréor region is the. hypothesis that Aotk,r) varies

. . - -

2 :\ ’

i,
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smoothly enough over the region [O,ﬂ] to be.represented by a polynomial
in r of reasonably low degree for r < R. A 6th degree polynomial form
is chosén for Ao(k.r) in that region so that o . .

- sk, ) = Ps(k,r) + nr3(r - R)3, 0<r <R (4.18) .

.

=Pk, ) . Sk << —&;l " 6
where KN is the nucleon‘Compton wave 1ength.: The above form of Ao(k,;)
permits the use of one free parameter n to ‘specify Ao(k,§) and %o inclu-
de variations which cannot be represgntedpby Py the poiynomial of lowest
degree (smoothest one).- From the exterior potential, Ao(k,R); Aé(k,R)
and 87(k,%) are known. 8,(k,0) is"given by eg. (4.10) while 4} (k,0) and’
A;(k,O)-ére regarded_a% free p;;ameters- Ao(k,rJ, its slope and curva-

ture are then specified at the two end points of [0,r], imposing impor-—

tant constraints on Ao(k,r). The six conditions satisfied by P(k,r) are:

: P(k,R) = AotkrR)

P (k,R) = 82 (k,R)

» .
2" (k,R) = AJ(k,R)
. (4.19)
and P(k,Q "= A (k0 = - sin §, (k)
) : "
P (k,0) = 4] (k,0)
BU(k,0) = 42(k,0)- s

-
-

* These then become . the pa:ametrizatiop of Ao(k,r) over the inte-
rior region. .
By assuming that the wave function is very small at short dis-

‘gances,_the last two conditions become
r

LY

P {k,0) =;A;(k,0) <k cos Go(k)

x? sin §, (k) o (4.20)

P"(x,0) = 83(k,0)

\
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thus giving a one-para%fter model of Ao(k,r). I£ the. interaction is [

purely local, the first derivative of Ao(k;O) in‘'eq. (4.20) is more com-

- -

pletely given by -

8 (k,0) = k/lfock)l - % cos §_(K), | (4.21)
| =Wl (k,0) - k?:oj 5, (k)
_ 2 o{q)

where fo(k) = exp ( p- f” dg E—:jzf;—gg Yy . {4.22)

o}

is the S-wave Jost function, and

-i§ (k)

w, () = e " kr ¢é+)(k,r) S (4.23)

>
K

Aé(k,O) can be a measure of the effect of high energy phase-shifts on
Aotk,O)._ The complete expression for the second derivative of Aék,O)
£or 2 non-local iﬁteraétion is given by

= .
b7 (k,0) = k2 sin 6 (k) + Limr | &r'z’ B,z (Tt (4.24)

r=>0 °
For a2 purely local potential, the above is reduced to egq. (4.203 i.e.

A% (k,0).= K% sin §, (), (4.20)

when ‘it is assumed further rhat the local potential is finite at the
origiﬁ, or that the wave function goes to zero at the origin more rapi-
dly than the poténtial diverges there. In these cases, w;(k,O) = 0,
giving eqg.(4.20). Eqg. (4.24) iédicates that A; is a measure of the effect
of short range nonlocality in a potential. For ed. {4.21) to hold, it'is
also required that the potentialobe less singular than :-2 neai r= 0.

-

4.3 Evaluation and Application of .the Interior wave function Approach

As one can see, the interior wave function approach offers
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nany advéntages with some drawbacks, as compared to Saver's approach. It
is the purpose of this study to incorporége the best points of both approa-=
ches, and to apply them to the generation of the fully off-shell T matrix.

PRS have given a simple and éirect agproach in which a one-
parameter model can be used to calculate the half-shell T. The parametri-
-ation of the difference—~function has fewer free parameters as.compared
to that of the 0 funcfion. The half-shell T, which is measureable, is
calculated.directly giving the PRS approach more physicgl meaning. The
information carried By the fixed local exterior poten;ial is incorpora-
ted in the models of AO(k,r). The lack of information about the part of

_the interaction in fhe interior region is.exploited to parametrize the
arbitrariness irn Ao(k,r). Sauer's approach is specialized to study the
purely local potential whereas in the interior wave function approach,
non-local interaction can be included in the more generalized formalism.

A drawback of thg PRS method is that the model wave functions
wé+)(k,r) éo not form a complete ortbonormal set. HKence one cannot go
completely off-shell by using the Low eguation.

’ ) In this study, we Dpropose an incorporation of the O function
method and the difference function method. In this approach, the half-
shell T-matrix from BRS can be used to construct the ¢ function of
Baranger et al, and then their approach usédAto generate an off-shell T-
matrix. The connection is given by

bpk) = (2 pk £ (2, X K2y ¢ oK) (4.25)

= AN

and s = (2 [6px) + ¢ 0,0 ] B (4.26)

Thigs approach allows us to incorporate all the advantages of the O
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function and the PRS procedure, with the drawbacks eliminatéd. The sim-
plicity and ease of control of the ¢ function are made use of. The half-
shell T; a measurable and physically meaningful gquantity is the starting
point and the hurdle in goiné off-shell is circumvented by means of the c.
fuction. Low energy constraints which are a part of the long-range po-
tential and which are well justified by field theoretic models of the
poteﬁtial. are now automatically incorporated into the éonstruction of .
g. Cne éan therefore further limit thg freedom of O. By'varfing the n
values of the one parameter model described in the precediné section,

we have an alternate wav to generate distortions on C. The ¢ functions
for a few m values are shown in Fig. 5-3: These g's belong to phase-shift
equivalent potentials with identical effective range pérameters.

In the current study, we have impogéd +he additional cons;raint
on ¢ that the interidr wavé function be well behaved, possess no exﬁra.
nodes, and have an amplitude less than fhat of the éxternal free?wgve -
function.. )

The condition of no extra nodes is an imposed one, and may not

be entirely realistic. For a purely local interaction, extra nodes imply

the existence of bound states at negative energy in the ?so state. This "

is not cbserved. Tor a non-local interaction,’ghe existence of bound states
o]

in the continuum is possible. However, the accidental degeneracy which gives
rise to bound states in the continuum is not physical since any slight

- . N . 6 . . ’
perturbation would change them into narrow resonances l. additional

-

nodes have been introduced into wave functions generated by unitary trans-

3 .. .
formations.g. However, no additicnal round states can be created since

completeness is preserved in these transformations. These extra nodes
o ‘
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then should not be associated with bound states. Negdatchin et al62
have demonstrated that an extra node in the ex.terior wave function may

he due to a composite structure of nucleons. TFor our present calcula;
tions, no'add_iticnal‘nodes are assumed to be created.

According to McVoy, Heller and Bo‘].st-e:':lzw’.,63 the only known
mechanism which can cause the amplitude of the wave function inside interaction re-=
gicn tobe greatex tha.!;‘!‘.hE.t;fﬂ'E external _daase;s‘.'xifted free wave fimctin is some
s £ of mBsonance t:-a;x_::‘m;gof £e wave finction Since thereis no evidence to suggest
considering these resonance effects here, we exclude such wave functions.
With these conditions, the arbitrariness in ¢ is further reduced.

By studving the ha}f—shell T matrices as functions of the
wave function in the interaction region, FRS foumd that when n > 1, the
model wave function developed extra nodes in the interaction xegion.
Wwhen n < -1, the maximum amplitude of the wave function inside this
region became greater than that of the phase-shifted free wave function.
They were then able to impose the constraint lnl'—é 1. ZTater work in

' ' . X 26
1973 indicated that +his constraint on N was k-dependent .
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CHAPTER V CALCULATIONAL PROCEDURES /

Calculations in this study can be .divided into four secticns:
1) construétion$of the ¢ function; "
2) computa%ion of the fully—off-shell,T—matrix;
3) nuclear matter calculations:
and 4) £inite nuclei calculations.

Tn each of these areas, procedures are l1isted and described

-

in details.
5.1 ’ The o-matrix

In this section, the construction of the ¢ function ok, k')
following Sauver's approach, and from the real difference function Ao(k,r)
will be described. Before doing so, the phase shift used should be

discussed.

() Phase Shift

In equation (2.44) i.e.

olk, k) = --{2k/m) sin 50 (k) (2.44)
- the phase shift Go(k) is assumed.to refer to the nuclear part only of
the qucleon-nucléon interaction. In this.context, the experimental phase
shift preferred is the proton-neutron éhase. Unfortunately, this is not’ .

determined accurately yet. The more reliably known proton-proton phase-

can be used but a model~dependent correction for Coulomb interaction
s B
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‘must be included. The lSo phase shift used td generate o{k,k'} is that

obtained from Reid's soft-core interaction at low .energies. This is taken

’
as the experimental proton-proton phase-shift corrected for Coulomb effects.

This low-energy phase-shift is properly matched to a high-energy £form

given by S ‘ . -
§ (k) +c k-%k)]exp o x-%x)F
5 (x) = ——= = — (5. 1)
. 1+m (k- k)

for k » k_. M
c

-

At k = k_, the values and the slope o£.6° (k) are matched to
the value and slope of Reid's phase shift 60 (k) - The parametex C is
fixed by the value of 6; (kc), leaying o, m and n as free parameters.
Thm;distincthigﬁ enexrgy foémg for GO(k) have beep used for this study,

and are shown in fig. 5-1. EQ. (2.19) i.e."

sk, k) = <k |7 &%+ 10|k > exp [-1 8 ()] (2.19)

4

requires the phase shifﬁ 50 (k) to remain in the range between +n/2 and:
~1/2. The high-energy phase shift obtained from Reid's soft-core poten-

ltigl becomes more repulsive than -1/2 sO that the mathematical procedure -

+o calculate ok, k') from olk, kk) which will be described in Section
. gy . . . ‘) .

5.2 f£ails. { The phase-shift with high energy form (5-1) gives almost

identical results to the § (k) with high-energy Reid’s phase54 and can

be safely substituted. ' J

.
-

(b} ‘Generation of the g-function (following Sauer's Method)

The g-function computed is the so-called ‘'Reid Approximate’

{RA) fg@k givenr by Sauer54. This is an analytic g-function approxima-
L N . . . . .

ting features of the p;Bper/cR, Rei@ ¢, which is obtained numerically.

The phase shifts of oy gets more repulsive than -n/2 at high energies.
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g is given by .
m 59 Y

opq (ke K'Y = 0y ks K1) * {-R3Ck,k‘)R2(k,k‘)'sin'Go[Rz(k,k‘)] -

N

\ ._ . ' ) ' '
gy (k. kY Rk, k7 (5.2)
; Here
[l — ey . ' -1 . - .
o, (k") = opplk, k) = (2Kk /MRy (k) T{sin 8 LR (e )]
: ] !
- sin 6 [R Gexn1h | (5.3)
R (k) = {1/2 07 + w0 e 26 - it + L SR CNS)
m ) = [0 - z)? 4 6 - e e (5.5)
) Ry(k,k") = (2k*/m) [ix' + r e+ k') + ri]‘l (\ste)
U S L
] R, Uk’ = A1 = 200% exp (Lk/r, - k'/z, 300 Y,
"_: N . S } . - .. k”’:‘_
é GER is given by eguaticns (3.7}, (3.8) and (3.9), i.e. C .-4:”;
3 . ’ :
4 - _ ’ 2 _ 3.4 ~
E k cot oER(k) = {(1/a2) + 1/2 z, k PT, k_:_ . ] (3.7 ) .
: -1 | & | '
5 gl = (3/8) a [1- (1 - (16/9) z /a)"] (3.8) -
and ox3 = (1768 [(2/a8) - z.$] ' (3.9)
£ Ozr is given‘by equation (3.5) i.e.
: . o \ . 2., .2 2 b 2,-1 :
0y (koK ) = (‘-k /%) sin, 8 g (K) (8° '+ X (BT + k') |
: ) ‘ e/ sin 6y ) 687+ xh B At s -

-

At very low momenta for which oER(k) = oo(k), URA(k,k ) = GER(k,k Y.

The parametex values used were T, = 0.9 fm_l, I, = 0.1 fmrl, '
= /10 -2 -1 C -1 _ -1 _ ’
Ty = 10 x 10 fm 7, T, = 1.5 fm , g < 5.0 £fm -, a = -17.163 fm and
r = 2.B0 fm.
o .

Two unitary transformations discussed in Chaptér III, section
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3.2 have been used to generate three distortions which' are added to Tpn®

These are described by equations (3.15), (3.16) and (3.17). i.e.
| “ . 2 ,2.2r.6 2 2, 37-1
Ops Kk = (2xk* /M) Ty, O k") (7 = k' %0a® + ® + %7

. | . . . (3.15)

‘ “ o o 2 .22 o=l
O, (koK) = O pa (0K 31+ &% - k') T, Gk Y] - 1)

(3.16}

- _ L2 s 2y (ol
Tp1s (o) /K" = Yprs(ay it~ &P [-x® + k5 /@aN1 3.1D)

Eq. (3.15) describes two distortions op,, and 0y - +he former having

the parametex Yﬁl'= 6 fmfl and the latter having Y, = -6 en L. The

third distortion e has Yp2 = (2/3)4 fm4- ITn all cases, & is assigned
the value 2.0 fm-l. Contour plots of these functions are shown in Fig§.
5-2 and 573. °D1+ increases the off-shell elements of Oon’ while O51-

decreases them. ch reduces even further the off-shell elements.

a

In_this study, the Gp, function with two different forms for

+he High-energy phase shift has been'generated. To each of these i.e.

. . .
-GBR and ORA three distortions UD1+, UDl— and Ono have been adagd.

~

T T T e R | LVt e e e I S A

- () Generation of c-function from_éo(k,r)

ST

we have alsc generated ok, k') from the real di.fference func-

T

1 : tioé Ao (k, r} defined-by equations (4.1) and (4.3), i.e.
B Ue,) = ke ey ey - v 0] (4.1)
' i (k) o ey s ein &
whgre Vo(kr) = e [cos oo(k)jo(k_) + sin oo(k)no(kr)] (4.3}

in chapter IV, Aotk,r) is shown to be given by eq. {4.18) in the interac-
tion range r <R = 1.43 fm, 'i.e.

-

AO(k,r) = °s(k,r) + N r3 {(r - R)3, 0<r<R {4.18)




Fig. 5-2 (2) Equal-valﬁe contours of Opat The céntours are
“drawn in steps of 0.2 £l with the heavy line denoting the zero-

value cohtoar. - and + denote the minimem and the maximum. .

-
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_Fig. 5-3. Equal-value contours of oRA*. The contours
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. f .are drawn in steps of 0.2 fm'l, with the heavy, line denoting the
o - A .
zero-value contour. - and * denote the minimum and the maximum.
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- Pk, ). ' ' N
Since ?P(k,x) and henceh PS (k, r) satisfies the six cc;nditiqns
(4.19) , th\e :ieﬁemination of PS can be regarded as a six-point interpo-
lation problem in the 1imit that three of the points coincide at r = 0
and another three at ¥ = R. Therefore one can write the fifth-degree
’

polvnomial as

2
PS(k'r) = Po(k) + pl(k) (r - R) + pz(k) (xr,- R -

+ p3(k) r {(r - R)2 + p4(k) r2 (r - R)2

+ by (K) 2 (r-R° (5.8)
These six. conditions i.e.
P (k,R) = Ao (k,R)
P (kR = 8 (R
- P"(k,R) = A; {x.,R) .
and | A (4.19)
2 (kro) - = Ao (kro)
P'(k,0) = Aé {k,0)
P"(k,0) = Ag' {(k.,0),
then give E
pO (k) ": Ad (kr R) ,
P1(k) = Aé (k, R}, <
P (k) _ Ao(k'O) - Ao(krR) +‘ RAO (kfR)
2 TR
S - B 0,00 = 82(c,B) + 2Rp, (k) “
3 R2
. & - .




Ag (k,R) - ZPz(k) - 2Rp3(k)‘

ZR?

. _ 94(1:)
‘ H 2 -‘;
[47(k,0) = 2p, (k) + 4Rp (k) - 2R'p it ]

2R3

Pg (k)

Ao(k,Ri and hence the first three of the six conditioﬁs can be obtained
from the Reid soft—core'(RSC) wave function. We have used the RSC to
represent the exterior potential for r > Kw. PRS have shown that once
[ ]

Bo(k) has been fixed, Ao(k,r) and totp,k;kz) are not sensitive to the

exterior potential. The RSC potential in units of £m ¢ is

: e-ur e-4ur e—?ﬁr
= + G + .
viz) Gl e iy G7 e P (5.10)
: . -1
where p = 0.7 fm =, and
G, =-10.463/41.47 2, B

G

4 = -1650-6/41.47 2,

-2
, = 6484.2/41.47 fm "

G

e b

. We have emploved the aporoximation used by PRS and replaced g

do(k,r) in the region r < R by

-

——

. ' N
(o) = - si
Ay (kT = [cos kr £ GgIglk,x) - sin kx I Gy gk /K,

B=1,4.7 B=%f4'7. . (5.11)
where -
Ig(k,m) = {cos 5, (k) [, (Bux) - ReE, ((Bu - 2ik)x) ]
+ sin § (k) ImE,((8u - 2ix)r) }/2m (5.12)
and - ' .
;B(k,r) = {sin Go(k)[El(Bur)+ ReEl((Bu - 2ix)) ] :

+

cos 8, (k) ImE ((Bu - 2i%) ) }/2u . (5.13)



El(z) is the exponential integral
) g

-

£, (2) = J at e Z%e (5.14)
1

This approximation then allows us fo calculate the first and second deri-

" vatives at r = R, of.AO(k;r), i.e.

. . v
Ay Ce,x) = - T Gs[sin kr Ig(k,r) + cos kr IB(k,r)],
: B=1,4,7 .
i {5.15)
and ar Ge,m = V) sin [er + 8,007 - x*a_ (k1) - (5.16)

The remaining pi(k} Fpefficients in equation (5;9) which are
net given by the three conditions at = = R can be extracted from the
other three at r = 0. The assumption that the wave funetion is very
small at short distances is used here, SO that wb(k,O) = wg (k,0) =
“g = (k,0) = 0. é;(k,r) is g}ven by eguation (4.23) i.e.

184 (k) +)

wo(k,r) =e kr ¥g {k,n). (4.23)

The last two conditions become

Aé {(k,0) = -k cos Go(k):
- 2 .
AY (k,0) =k sin 8, (k) 4 (4.20)
.with b,(k,0) = -sin Gq(k).

n is the only free parameter, enabling us to use the one-parameter model.

From the values of Ao(k,R), A;(k,R} and AgEk,R) given by eguations (5.11).

§(5.12), (5.13), (5.15) and (5.16), as well as fxom values of &_(k,0),

A;(k,O) and-A; (k,0) given by eguation (4.20) , the coefficients pi(k)
are computed from equation (5.9). This gives us the £ifth-degree poly-
nomial Ps(k,r), +o which is added nr3(r - R)3 to get the sixth-degree

polynomial P(k,x) , and hence Aotk,r) , from equation (4.18). W, (k,x)




correspohding to diffetent n values are obtained Ey adding sin [gr +
§o(k)] to P{k,r) since :
wy k,x) = A (k,T) + sin [k + 8, ()] "(5.17)
The difference function Ao(k,r) for 5 different n values (n = -2, -1, O,
i, 2) are shown in fig. 5-4.
The next step is the calculation of the half-shell T matrix

elements to(P' k;kz) using eguation (4.9), i.e.

eiﬁo(k)

ox . Jdru:o(pr)go(k,r) .
o

b oKD = £ k) + G - D)
[w) =)

(4.9}
where uo(pr) = sin pr. s
The only complication lies in the- evaluation of the integral

in eqg. (4.9). It 1is written as
r@ M . )
S = | & sin pr 8,0 R (5.18)

0

-

which can be divided into two parts j int and S ext , so that

-]

(R ext
Jwr = J &r sin pr P(k,x) + J ar sin pr &, (k)
o TR
= J, om0+ I elee (5.19)

Aixt (k,xr) is the difference £umetion obtained from the exterior poten-

tial. We have .

Jinptem = Ly C k) Inte) . : (5.20)

where

N . | .
-n- - - . TR
In(p) = -p 1.20 3t () [(er)™ 3 cos (px +'1/2 M 114

(5.21)
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. =175 -

*and
= - 3 2 ' .
Co(k) = potk) Rpl(k) + R Py (k)

— - : ) 2
Cl(k) = pl(k) _Zsz(k) + R p3tk) -

Cz(k) = pz(k} 2Rp3'(k) + R p4(k) - R (k)
(5.22)

28p, (k) + 3&295 k) - nR°

c?’(k) = p3(k)

1

_ 2
C4(k) = p4(k) %Rps(k) + 3nR.
Cs(k) = ps(k) - 3nR,

Cs(k)

.
\sev_t (p,k) is given by

2 : . '
- d e = [s=124 i 6y @] + sin PR GRR)

- p cos PR Aogk,R) . (5.23)

where

-~

I, (p,k;R) (2u)_l(cos So(k) R, {El([Bu - i(p - KR

B

El([Bu - i(p + XA}

+4

sin §_ (k) Im{El([Bu - i{p - K) IR

- v Vi

+E, ([8u - ilp+ x)Jr) H (5.24)
From the above results (i.e. equations (5.20)-(5.24)), we can calculate
the integral j (p,k) ané hence t (p,k;k2) using eguation (4.9). The
half-shell T matrix elements for the five n values (n = -2, =1, O, 1, 2)
have been calculated. The- correspondlng g-functions have been generated
“

from t (prk; k } using egquations (4.25) and (4.26), i.e. -

sp.k) = (2/m) pk £ (ks x2) e "800 T (4.29)
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- \_/ . -
and olp,k) = 172 [ slpk) + sk, ] (4.26)

The resulting o functions are shown in fig. 5-5.
5.2 - The off-shell T-matrix.

The numerical procedure of Baranger et all is used to genera-

te the fully-off-shell T-matrix from the g-matrix. A 48-point Gaussian

~

quadrature is used to construct o(k,k') which becomes a 48 X 48 matrix.

The method for the construction of the hglf—shell T of Baranger et al.,
d(k,k') frem q(k,k') is first discussed. o (k,k') is related to the

half-shell T of PRS t (p,k;kz) théough equation (4.25). Then the pro-
cedure of computing the f;lly—off-shell.T utilizing & (k,k') as input is

ocutlined in this section. ¢(k,k‘) and +the resulting T are both

48 x 48 matrices.

{a) Gaussian Integration Formula

T+ is clear by now that we have to work on a mesh with 48
mesh points. To evaluate integrals such as equation {2.25), they must
be approximated as sums. Gauss' Formula is used here; i.e.

i N - .

Jf (x) &x'= L, W, £ & - -~ (5.25)

with N integration poiﬁts X . and corresponding weights W;. The inte-
grals we encounter here are integrals of regular functions over a momen-—
£um k which varies from 0 to «. Before the approximation can be made,

a transformation from k -to the variab}e x ranging froy -1 to +1 must

first be performed, using the formula

’

e

'w-.
Ly

A
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Equal-value contouxs of o{k,k*) of the

ls o potential cal';:ulated from the
differer;ce funection Ao(k,r) . Contours

are drawn in steps of 0.2- fm-l, wﬁ.th the
heavy line denoting the zexo value contou:f.
- a.nd + denote the minimum and the
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k = ¢ tan /4 (1 + x}. (5.26)

The approximation (5.23) now becomes, more specifically,
]

J Flk)dk = ¢ % J r [c tan % (1 +x) M1 + tan> % (1 + x) Jax
o] -1
i N T 2T
= LI LN N .
c 7 iZ1 F [c tan 2 (1 + xi)][l + tan 3 {1 + xi)Ihi

{5.27)

c is a constant which can be used to alter the xange of k-values, and

of which the integral should be independent within a reascnable range.

In this study, c is taken to be 1 fm_l. The abscissas and weight fac-

tors xg and W, for N = 48 are\ﬁaken from ref. &4 aqd shown in Table 5/1.
By interpolating through phase shift points at regular momen= -

tum intervals, the phase shift points at the 48k-values corresponding to

the 48 x; points can be obtained. One can then proceed to calculate

og(k,kx") and &(k,k") at the 48 k pqints and 48 k' po;nt&) Simiiarly,

<k'lT(m)lk> is determined only at 48 mesh points which are close enough

to allow reliéble interpglation.

~

(o) Construction of half-shell T of Baranger et al. i.e. ¢ (k.,k")

In Chapter IIL, section 2.2., ¢(k,k') is shown to have a
symmetric.part gl(k.,k') and an antisymmetric part a(k,k'). These c¢an be
separated so that the antisymmetric operator WA Gontains only ¢ while
the symmetric operator ws contéins a, as seen in equatioens {(2.42), (2.486)
and (2.47), i.e-

ckfw k> = 80k - K" cos S0 * e,k /K - KDY, (2.46)




48
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Table 5/1

Abscissas and Weight Factors for Gaussian Integration

Abscissas = :xi

Weight Factors

w

»

*x.

i ws
0.23861919 0.46791394
0.66120939 0.36076157
0.93246951 0.17132449

A
0.03238017 0.06473769
0.09700470 0.06446616
0.16122236 0.06392424
“9.22476379 0.06311419
0.28736249 0.06203942
0.354875589 0.06070444
0.40868648 0.05911484
0.46690291 0.0572772%
0.52516098 0.05519950
0.57722473 0.05289019
0.62886740 0.05035504
0.67787238 " 0.04761666
0.72403413 0.04467456
0.76715903 0.04154508
0.80706620 0.03824135
0.84358826 0.03477722
0.87657202 0.03116723
0.90587914 0.02742651
0.93138669 0.02357076
0.95298770 0.01961616
0.97059159 0.01557932
0.98412458 0.01147724
0.99353017 0.00732755
0.99877101 0.00315335

-
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e fw k> =2 ® - 0?7 o rx,xn- . (2.47)

W, and w, are related by the conditions (2.42);

2
W - W 2 = 1
s "a
- W -
WW, - W W, =0 (2.42)

Since c(k,ﬁé) is known, <k'|w3[k> can be determined. af(k,k') can then

be calcuiated from <k']wslk>. Ws is given as the square root of (1 + Wi).
The first step then is the calculation of the operator W§. A proper
treatment of.the P singularity is essential. The singularity of WA is

separated out as

<k W, [k> = p? - k' okt Lk + xikk") (5.28)
™~
r is a smooth function given by * ~
oy = Dotk - otk 1/ed - k) (5.29)

Mukhopadhyay65 has derived <k'1wA2lk> to be,

<k\wA21k> = -8(k - k") sin’ 5, (k) - glk,k") {5.30)
with gl{k,k") = J ag {oxyk) [xlg.x) - r(k',k)](q2 - k'2)=l '
o]
s st [etarY) - riox @ x4t
AN
+ r{g,k") 'r(q,k)}. {(5.31)

: . } 2 . .
g is a completely emooth and symmetric function. WA is also svmmetric.

Similarly WS can be separated as

' |w k> = 8k = k') cos 8, (k) + plx/&k") (5.32)

e, - |
p is another smooth funcétion given by
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o)
olk,k") = alk,k" /&S = kD) (5.33)

The first condition of eguation (2.42) involves smooth functions only,

as we can see now.

Once g{k,k') is given, g(k,k") is known. The next step is
+o determine a(k,kx') or p(k,k'}. From equation (2.42}, we know that ws
must commute with-wA and that Ws is given by 1+ Wi. The well-known
iterative procedure for the square root of a number\Fan then be used.
The set of linear eguations

w_ W_, = 1+ wi o (5.34)

is solved for ws' with ws assumed given. The starting peint of the
n n

next iteration 1is
1
W = 5-(W + W } (5.35)

for the first iteration, we take

W = 1+ (5.36)
SO 2 A

so that all successive ws will commute with wn.
n

Equation (5.32) can be written as
) . ]

atjw_ k> = 8k - kN c k) + p (/KT (5.37)
- Sn n o n

‘where cn(k) will converge to COS Go(k). By using egquations (5.30) and

(5.37), egquation (5.34) becomes

. _ 2 .
Cn(k}~cn,(k) =1 - sin oo{k) = cos oO(k)

' ] t ' .38
glk,k') + Pn(k,k ) Cn,(k )+ Cn(k)pn.(k,k ) ‘ (5.38)

+ J ag p,(k,q) p, @k =0
0
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Cn' is first determined from the first expression of (5.38) then the
second equation is solved fox Pov - Gauss approximation is used to trans-
form the integral, and hence the equation into a finite set of linear -

equations. Putting into matrix form and using 48 mesh points, it beccmes

Cn(kl) + pn(kl'k‘l.r'xl P (k 'k )\ «-D (kl 48) 45 pn,(kl,k)
Cn(kz) + pn(k2']ﬁ) Xl - pn(kz,kz)xz..Qn(kz,k4s)k48 : Pn'(kz'k )

R
R
.«
e 8

- 48" 48°748 48 n

: k X n X .k kT
C, lkyg) +o, Uk gk By P, URygrkp) Ny ( P Xag| 1Par g )

—
i

b

g(ltl,k'.) + Pn(kl’k cn' (k') |

gl k") + B Oy k)C (K1)
- o
. (5.39)
k 1 T
Lt;(k4s,k ) + 32, ( 48’k 1€, {k l
2 . .
for a fixed k' ané for the nth iteration- X, = n/4(l + kﬁ)wn is the weight
factor. The next iteraticn begins with.
-1
= = +
Cn + 1 2 (cn c:n') ‘
" (5.40)
1
Pn-i-l_ E(Pn-‘-pn')
For n = 0, the starting values used are '
L2 . h : N
c (k) =1 —%—sm oo(k)
° ) (5.41)
. .1 . e — .
po(k,k') =-39 {k,k") )

Once p, is ecalculated, o is determined by rhe relation (5.33}. a has
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been fomputed not as a continuous function, but at-48 mesh points. The
last step is to calculate ¢ from ¢ =0 * &-

In this study, the above numerical proceudre is used to gene-

rate ok &') for each of the o function caleculated. In each case, 3

3 .
iterations \\§re found to be sufficient foxr a desired accuracy. The

procedure has‘géen checked by comparing results frem it with those cempus

-~
ted exactly by oth ‘\?eans. In Table 5/2, a few sample values of the’

v

function &(k,k") of équation (2.37) for theé 1so Tabakin potenti3166 are
N )

listed. The values obtdined from the g-function using the above proce-

dure are compared with those caleulated from the exact form (See Appendix

A). As can be seen the numerical procedure gives quite good agreement.

(<) calculation of off-shgll T-matrix ' : -
Y
=
& (k,k')can now be used as input in equation (2.25) to cons-

truct the off-shell T-matrix. TFoxr a negative value of w, the principal

wvalue integral 1is regularized to be

o

P jf dg ¢{g,k") ¢(a,k} (k2 - 02)—1
o]

e

= J ag [ 6(q,k") d(gm - ¢0ckY skl - g h (5.42)

o]

Equatien (2.25) becomes’

Fd .
<k'|T(w) {k> o (K,k") cos § (k)

1

+

deq { d(g,k") ¢{g,k) {w - qz)_

0
60,k 6(qk) = Uk s ekl gh ™

(5.43)

[l

N
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Using the Gauss approximation for integrals, we got

<k'|t(w) lk> = a(k,k") cos & (K)
N
2, -1
sef Ioelgok) $lag @ - q)

i=1l
- [ otggrn ¢(gy k0 - ¢k 6 (k,k)] X

2 2.-1 2,2
(k2 - D77 @ +g /W . : (5.44)

where g, = C tan I {1+ x.) an@ N = 48.
i 4 1 .
.
The matrix elements <k|V|k'> are obtained from <k |Tew) k>
bv setting w = =, giving us equation (2.26). In this study, the complete
off-shell T matrix has been calculated for 4 w values gﬁg finite nuclei and 6 w
values for nuclear mattexr. Table 5/2 also gives a combarison of the exact<ﬂqvlk‘>
matrix with that cbtained from: the g-function for Tabakin's potential. ~

. Y
Again the agreement is.close.

‘s

5.3 Nuclear Matter -

In order to calculate the binding energy of nuclear matter,

the reaction or G-matrix must first be constructed from the T-matrix.’

(@) G-matzix

The reaction matrix is obtained from the T-matrix by matrix
inversion in momentum space. The T-matrix calculated is already in the
convenient momentum-space representation. In this study, the reference

. 67 .
spectrum method of Bethe, Brandow and petschek is used. We have
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become familiar with the definition of T(w), equation (1.1) and the Bethe-

Goldstone eguation (1.7) i.e.

Te) =V e+ Vie-X T Tw (1.1)
and Gl =V +V0m-k T e . .
with the true energy spectrum K = E(kl) + E(kz)f In the reference
spectrum approximation .
_ _ 2 2 2 L2
k =k, = kl + :~<2 = kc-m- /4 +k (5.45)

where k and kc o are the relative and centre-cof-mass momenta,

respectively.  Hence. ' - : (
X = % +Xk i T
Rem. = %1 2 *
T & -t - | 5.a6
k.= (k) S/ (5.46)

The reference G is given by replacing the Pauli operator Q by 1 in the

equation for G, i.e. eq. (1.7}

2 2. -1
G (w) =V + Ve -k /4 - k) G_(w)
r c.m. r .
2 -
=V + V(mc - %) . G, () {(5.47)
2 - .
where we have set W =w-K /4. k commutes with V so that
c.m- c.m. C.m.
it can be replaced by its eigenvalue. w is therefore just a scalar.

c.ml-

. . , &7
AS one can see, T(mc o y can be identified with Gv(w). I+ is shown in BEP

that G is related to Gr by the integral equation .

G = G_(w) + G (W) [0-1] (w-%""cw (5.48)

‘substituting T(wc o ) for Gr(w). we obtain eguation (2.52) which is used

in the matrix inversion process

= 1a - - Tt
Gw) -irU»c'm_) + T(wc_m Y @ -1 (wc.m. k) TGwy  (2.32)

[
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In nuclear matter, @, the Pauli operator is defined to be

' 1if |k %
Qe 5, k) = I, [> % and [y l> kg (5.49)
) 0 otherwise

for a pair of nucleons” with momenta Kl and 52. k. is the Fermi momentum.

After transformation, Q depends on ]k

L |, lxl, x. and the angle between

Ec o and k. The BG equation can become too complicated to handle. So

the angle-averaged Pauli Operator68 is emploved. This involves averaging

Q over the angle (ﬁc.m.' 5) giving

1 1if k2 + k2 /4 - kX > k2
C.Tm. c.m. T
i _ o2 2 2
angle averaged Q = 0 if kW + k c.m /4 < k_ {5.50)

2+ k2 /4 1) /i, otherwise
Alternately, if
kz * ki.m-/4 - kkc.m. ’ ki'
then k - kc_m'/Z > kF;

or when k > kg + kc o /2, ©=1.

-

2 e -
_/4 < kF , then when k ﬁ_kF - Fc.m-/z' Q =0.

similarly if k° + kzc

-~

2 .
Tn between, ¢ is the curve (k2 + k c.m /a - kzlkkc o ). This angle-

average Q is shown in Fig. 5-6.

Sinte T(mc y is a matrix which is known, using the angle-

averaged Q. eguation {(2.52) can be solved as a set of inhomogeneous

69
linear egquations by matrix inversion suggested by Kohier and McCarthy -
Using equation (2.52), the matrix elements of G are given by

k! |G k> = <k*|Tlo, o) x>

<k'|T(mc m ) [k"><k"|Q - 11k ><x” G (w) k>
+ .m.

A |

[ e
m -— kl|2

c-R- (5.51)



— 0

- 9] -

e o —— — . S — — — —— — —— —

k=0 - K"

Fig. 5-6 Angle averaged Pauli operator Q..
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Using the transformation k;.: = ¢ tan % (1 + xi) and the Gaussian approxi-
mation (5.27), matrix inversion allows us to write {5.51) as

<k! |G [k> = kT, ) K

o N " ’ k._uz
cT T 1 . "
+ 5 I Tl s 3 2y <k} |G (w) k> (5.52)
where l
<! [Tl )|k - 1]
F ") = (3) k...z m c.m. i i (5.5
m i T i w2
w - kI
c.m. i
form=1, 2....- N.
Rearranging, we get
N o k;z ’ -
s [k, k.n- = F_ (k{1 +—F yw, ] <k"|G(w) k>
. m'’ 1 4 m 1 2 i Y
i=1 R c
= <x'|T{(w ) k> (5.54)
m c.m. .
for each k, there are N lineax equations in <k;IG(w) lk> where 1" = 1,
...., N. Getting into matrix form (5.54) becomes
— TR ]
............ . T, .k
31 Pz Ay 48| Pk 1’
: T
32'1 : Gz,k 2,k
. T k
Bggl - -t 48 48 Ew'k 48’ 5.55)
| —J o — = .
for a fixed k-value. Here Am i is given by
' K2
A . =6 _e T kML= w, ] (5.56)
m,1 k', kU 4 m 1 2 i
m’ % .ooe
LN

= <k" : (5.57)
&, 4 <k} 6w x>

r
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and T <k$]T(mc.m_)\k>- (5.58)

’
W is of course, the weight factor.

In this study, the above calculations have been carried out
using N = 48 points, SO equation (5.55) is solved for 48 times. Since
saturat}on properties aré ﬁot studied, a fixed value is taken for k?’

the Fermi momentum, i.e. kF = 1.36 fm-l.

(b) Binding Energv of Nuclear Matter

. ' . . 1 .
The total potential energy ber particle in the 'So state 1is

obtained from the G-matrix via the egquation

k

PE {1_ _ 3 3 k 1,k ,3

—Also—sJ ax [1-3 ?+2(k)]
-O - -

1 1
X <k s_k lGlw) [x 7S _k_ > (5.59)
Q Cc.m. ) v} c.mM.

with the ﬁollowing averages70 used,

1 2 . 3 2 - k_. 1(_ 2 k_ -1
Tk =% k@ % )(1;% ( k?) {3 +kw )1 } (5.60)

m 2 ki m _;‘ K
v o= () vy ) - Wy g (5.61)

The hole spectrum.is not self comsistent, but uses the parameters obtai-

- . . 70
ned from a self-consistent calculation with the Reid (1968) potential .
{e.. ™ - 0.64, U_ = 79.05 MeV tk=136f—l-?—2-isaain
... " T 7T o -Uo MeV at Rg - m - m- g

, 2 .
taken to be 4l.47 MeV - fm~. //—\\\

Six point.Gaussian integx +ion is used in equation (5.59) .

The 6 abscissas and weight factors are Qijen in Table 5/1. Appendix B
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presents details for the Gaussian approximation for the integral between

k =0 and k = Kg. First, 6 k-values are determined from the six-points

X, using the transformation -

_ ,
k:l =ctan g [0.596 11 + xi)] (5.62)

derived in Appendix B. . The corresponding 6 kc n values and 6 w-values

are then computed from egquations (5.60) and (5.61), respectively. For

. 2
each w, W isw-=-k
c.m c

/4. The matrix elements <le(wc - }|k'> are

calculated for each Coml From these, the reaction matrix elements
<le(m)lk'> are determined by the procedure described in the preceding
section. TFrom the 48 diagonal elements <k|G(m)lk > for each w, the ele-
ments<kilG(w)\ki> for the & ki values given by equation (5.62) are com-
puted using an interpolation routine. It should be noted that ¢(k,k')
has only been claculated once, as a 48 X 48 matrix. TFrom it, 6 T-matrices
can be generated. With the reaction matrix elements noOwW available, the
iﬁtegral in equation (5.59) can be approximated‘into a summation-Beries.

In calculating the binding energy of nuclear matter, only
the contribution for the JSofstate is computed. The total contribution
from the other states is taken from the Reid potential as calculated by
afrel and Tabakin O to be +5.71 MeV.

The binding energy is then {s.71+ [ %?—llso 1} Mev. For
each of the 13 ¢-functions shown in Table /1, the binding enexgy of
nuclear matter\has been ;alculated. The matrix elements <ki|G(m)lki>
are shown in Téble &/5 while the binding energies are given in Table &/2.

In this study, the N = 48 mesh point system has been used

throughout. A small test was first conducted to compare the efficiency
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of a 48 point system and that of a 24 point system. In this test, the
binding energy of Nuclear matter has been computed and the discrepancy
between the twe systems waé found to be 4.5% as shown in Table 5/3.
Even though a great deal of computing time is reduced by using the 24
Gaussian points, the discrepancy is still too wide: hence the a§option

of the 48 point mesh.
5.4 Finite Nuclei

The matrix elements of the reaction matrix of finite nucledi
are obtainhed in the harmonic oscillator representation. The Pauli opera-
tor is also represented in terms of oscillator states. The approach of

0

4 . s .
Sauer2 is followed. The binding energles for 160 and 4 Ca have been

. . .7
calculated self-consistently following MecCarthy and Davies l-

(a} Reaction Matrix

In chapter II, section 2.3, the principle of the self-consis-
tency of the single-particle wave functions {the Hartree-Fock self-con-
sistency) for finite nuclei is mentioned. Tﬁis poses great difficulty
in practical calculation., However, self-consistent calculations carried
out by Davies et al72 indicate that the calculated wave funct;ons are
similar to the oscillator wave functions. One can therefore, in the N
first approximation, forget about HF self-consistency and txy to solve
+he Bethe-Goldstone equation in the harmonic oscillator basis. The
method of Sauer24 which assumes QUQ = O is employed to calculate the

*

relative-centre-of-mass {RCM) reaction matrix from the T-matrix in momen=
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Table 5/3

Nuclear Matter : G-Matrix Elements and Binding Energy

9RA for N = 24 and N = 48

o o1
ke = 1.36 Fm

<k|G(w) |k> (Mev)

K (5o N = 24 N = 48
0.0316 - 4.15 -12.46 ;7
0.1599 -41.36 -46.71
0.3723 -38.75 ~40.06
0.6549 -28.25 -28.70
0.9845 -15.72 -16.10
1.2721 - 7.82 - 7.76
_BE/A (Mev) 10.82 11.51
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tun space, 1l.e.
1 1
G = T - -+ - —
(w) (w > eII) T (w 5 CNL)

—

o Do e g+ xgel” - - Feg - 5T

{5.63)

. e = 3
wheré NL (2n + L + > ) nQ (5.64)

is the centre-of-mass energy as a function of the oscillateor quantum ni.

n o= = (5.65)

where b is the oscillator pafameter- (NL) are gquantum numbers of the
) . ) . . 16 40
centre-of-mass motion. Table 5/4 gives their va}ges for 0 and Ca.
T-matrix elemenﬁs of the lSo state and all other (non lSo)
partial wave states are calculited separately. The matrix elements of

1 . i PN
the non SO states remain the“same for different off-shell prescription in the

1 X
SO state at the same w value ané (KNL) set. The fully off-shell T-matrix feor
the 1SO state is computed from the g-function in momentum space as described

beleow. For the non—lsO states, the matrix elements <k£SJ!T(w, NL)lk'E'SJ> are

obtained from the momentum-space matrix elements of V by matrix inversion, i.e.

1

T(w, NL) = V + Vv T T{w, NL) . (5.66)
' m-feN'L—Krel ‘

The matrix elements of V are given by %
TS 3TS S £ . \
t = .67
<k]v2£.|k > Uygr (kKD Appo (5.67) !
with
JTS o= 2. . JTS .y (k'r
Ulz,(k,k ) Jm r dr ji(kr)vi tr) 3, ) (5.68)

° J
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Table 5/4 )

Parameters Used in the Calculation of the G-Matrix of

165 and *Oca
| 16, 40,
nQ (Mev) 14.02 12.50
b (Fm) 1.72 1.82
2N+L 0,1,2,3 0,1,2,3,4,5
#
\
A
.
P
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for i = central, tensor, OT spin-orbit. _{n,2) are quantum numbers of

the relative motion. S is the total spin and J, the total angular momen-

tum.
Js 7
™ =
For central terms, A,,, 622,
. . Js J T+ 1) = L+ 1) - S5(s.+ 1) .
For spin-or =
r spin-orbit terms, Agg, > Sogr
For tensof terms, Aii,z 0 ifs=0
=2ifs=1, L =4'=2J
. _=2(3 -1 . e e ot =
= =T 1 ifs=1,2=2"=J-1
A e i VREY = ot = :
53 F 1) ifs=1, 2=2"'=J+1 |
{5
_ 83 + 1) if S = lil =J-1, 2" =3+1
23 + 1 g =J+1, &' =3 - ll
The Reid soft-core potential and P is emploved in non 180 states, and
—

. _ 7 '
the integrals involved in the comz;/atlon of the Ulzf {k,k') can be eva-

. . . 74
luated analvtically, and are expr ssed in terms of the followlng ones =

o

13 mxkey = | ffar i, ) e & (5.70)
ger e % T 2t The :
]
i ~mr
(2) o 2y Bl e
- Ioge (@K.K ) = J rdr 3, (kx) (C+ ) } =5 Jg. kT
° (5.71)
(3) ' = 2 = 2 z.n- _3_ € J ]
Igg, (m,k,k") ynr ar ji(kr) (m~ + - + rz) - 3g (k')

° (5.72)

The T-matrix in the harmonic oscillatoex masis can be calculated from the

momentun space ;\hy7?

.69)
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t
<, sI|T(w, NL)|n'L', s3> = ()" TR 3 N
re

=~

2 2
X J k“ax Jmk &' R (kb ) <k28J |T{w, NL) |[k'L'ST>

Q e}
R0 (&' D). {5.73)
Here, . 5 5
_ T(n + L +3/2) 172 pre= /%
R, 0= 1 BOEEVR T
' nt b 2 b T{L + 3/2)
) - 2 2 -
X iFl {-n, &L + i/2' /27 (5.74)
is the radial harmonic-oscillatox wave function. brel is defined to be
by = b 72 (5.75)

and is. the oscillator parameter of relative motion. The momentum-space

wave functions dre normalized such that
crfras = 2/m? 5, en) (5.76)

Again, Gaussian approximation is used in (5.73) to evaluate the integral.
Cne is now in a position to generate the matrix elements of
G(w) in the RCM representation from eguation (5.63). A set of linear

. 7
equations for <NLnESJ[G(m)|NL n''sJ> can e written as 3:

<n?, §3!T(w, L) |n, %.,83>

) - L ;
2 nn, 2% nlil 171

X [‘:NL; nli’.llQ o - Q[ p eNL + Krel:]}Q
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X <NL n,&., sJ3|G(w) [NL n'2', S3>
= <nf, SJ3|T(w, ML) |n'2’, ST>. (5.77)

The finite-niucleus analogue of the angle-average Pauli operator in nuclear
matter is used. It is assumed to be diagonal in all relative and centre-

of-mass oscillator guantum numbers. Hence,

1

Q(NL, ni) L +D (22 + 1)

{22+ 1) |<n zzx[NLn1x>]2

15172
(5.78}

' : 7
where <n_%.n_ L _A|NInii> is the Moshinsky transformation bracket O, as

171272
; . .
one can see the G matrix elements &dff-diagonal in N, L are neglected: .- y
: 1
- . - o~ - . \
The summations over nl and n2 in (5.77) are cut off at nmax which 1g/ Y
* . 73 ;
taken to be 5 in this study. To solve equation (5.77) we have '
!
\
. - gt - — '
<nl|w - Lyeg * hrel][n 2> = (0 - V2 )R o L
- .79
Bni,nli'(b) (5 )
and
: - E + e
arntle - Q [ & e Krel] o |NLn
= - vg 1 + jo
Ay negr ® o(NLn2)Q(Nn' 2" ) [he _NTA .o (D) Bapnear )]
. (5.80)
hl
n+n' 3 2
- = (- 5 R kb
where g argr® = ) Brey | &K Ry 5 1) Rarar & Pret
. o - L
n n' RN
- (_)n+n'b3 I I a(ni)g!n ')

zel Cnslnren 120 §=0 i 3

. .
1 - 2 5.81
< } o k2 e 2k2§ (5.81)

0
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2

a2
A . (5.82)

and —_—
m nf,n'L’

Bonp ™=

N
Ani,n‘l' is the same as Anl Ny except that the power of Xk (= 2m) is

replaced by 2(m + i1}. The expansion coefficients ainl) are given by the

hvpergeometric function

n
" 2, _ 1 gind) 2%

[Py (e b+ 372 a%? = Lok (5.83)
c is defined as
ni

. 1Ew” 2T (n+ &+ 3/2)°41/2 5.58)

nt T(L + 3/2) n! .
Also

am = 24 &+ &'+ 21+ 23 ) {5.85)

The matrices (5.79) and (5.80) _are inverted to give

1

1 .
“<NL n, 2. | | ML n, L,
- 1 + ¥
11w = Q0% ey Krel)Q 272
and
<NL nlzll — L - | ML n,2,>
© Y ey T Trel

4

The final step is to transform the G{w) matrix elements-in
the RCM repgesentation to those in the two-body representation i.e.
<abJT]G(m)]chT> where a = (nalaja) etc., using the usual procedure.

These then serve as input in the calculation of binding energy-

(b) 3inding Energy and wWound Integral

. .71 .
The self-consistent calculation of McCégthy and Davies 1 is

followed to compute the binding energy. The rotal energy is given by

g =Ll +%

z T(1 -
Lo, +35 55 <sclcw) [Be> PP, + 5(1 )0y (5.86)
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Eiere,
w = Eg*Eg ' _ (5.87)
EB = TB + UB (5.98)
u, = z <sb]§(m)isc> Pa (5.89)
P, = [1- g <BC[E§—:JE)—|BC; pc]'l (5.90)

T and U are the single particle kinetic energy and potential energy res-

pectively. The occupied single-particle states denoted by [B> or.|C>

-

are assumed to be pure oséillator states. Egquations {(5.86) and (5.90)

are evaluated by interpolating on G(w) through a third-degree polynomial

2 3

. +
G (w) GO + wGl ) Gz + w G3 (5.91)

]

Four w values (w = =10, -30, -60 and -90 MeV) are emploved in this

study. The above +hen becomes a system of four equations enabling us to
determine the coefficients GO’ Gl' G2 and G3. Differentiating (5-91)

gives

"8G (w)
Suw

-+ 206, + 307G, ‘ (5.92)

whick can be easily cbtained at each of the four w points.
In addition to the binding energy, the wound integral x
defined by
8G (w)
8w

A
1.
= - — Z > 5.93
< = Bc <BC| |BC | (5.93)

has also beén calculated for %60 (a = 16) and Ocay (A = 40). It is the

' average probability of finding a single-particle state \B> empty. The

* wound integral is an important quantity since its average value 1is essentially
the expansion parameter af the many-bedy cluster expansion of the Goldstone

seri§553 for the ground state energy.
{

1

-
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CHAPTER VI RESULTS AND ANALYSIS

In Table 6/1, an attempt is made to present a summary of the
lengthy calculations conducted for this study. It may also sexrve as

a quick guide to the diagrams and tables which present the results. In
this chapter, these results are discussed and analyze§ with two particular.
intentions in mind: to see how the reSult§ are affected by off-shell
changes, and to draw out the constraints that should be imposed on the

S T-matrix and interior wave function. The o function and_Difference
Function are starting points for generating these éff—shell changes.

As a measure of the effects of these variations, the binding energies

are examined closely.

6.1 The O-functions

Comparisons between Fig. 5-2 and Sauer's results show that
the form OﬁA +hat we used and the associated distortions are very similar
to his. From Fig. 5-5, it is easily observed that for the wave-function
generated O forms, +he n = -2 function has smaller off-diageonal elements
in comparison to the 7N = 0 result. Larger off-diagonal elements are
observed in the 0 = +2 case. Checking through Table 6/2 which shows

s c s . 16 40

the variation of the binding energies of nuclear matter, C and Ca

with different distortions, an attractive-repulsive effect observed by
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Sauer is present here as well. The results are c'onsistent with the
assumption that they depend on off-diagonél changes outside the low-energy
région of G..They are particularly sensitive to changes in the two strips
closest to the axes, approximately 1.0 fm-l‘wide. Large (small) off-

diagonal elements there have a repulsive (attractive) effect with a

corresponding decrease (increase) in the binding energy of 160, 40Ca and

nuclear matter. + - and + Cwi r off-
GRA ch ORA UDZ with smaller off

diagonal elements than these of GQA' have increased binding energies

in nuclear matter and the two finite nuclei. The attraction is, of

course, stronger for Ioa + Ip2° The direction of changes is reversed

for %aa + 01+ with increased off—diagonal elements. Consistent with

these gualitative trends, the n = -2 function yields more attractive

wave function and binding energies than the n = 0 result. As expected,

* . .
a rebulsion is observed for n = +2. Crx has a more complicated form

-

for ¢, and it becomes more difficult to trace these trends.

These change patterns are justified further by examining the
behaviour of the difference functioniao(k,r) shéw% in Fig. 6-1. A
more negative Ao, observed in the D1+ distortions and for increasing n .
values correspends to a repulsion. The ¢ functions in this case éhow
i;rger off-diagonal elements. The reverse is also cbserved. Smaller

n values and the distortion D1- and D2 vield less negative functions Ao.

and are more attractive. These observations are reflected in the nuclear.

) *
matter and finite nucleil binding energies except for GQA + ch—. It

should be noted that the slope of Ao ar r = 0 for this particular dis-

tortion is positive. For all the other examples, this slope is negative.
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It is of course premature to state that © functiqng with positive sloéé
of Ao(k,o) sho;ld be rejected. ° However, the importance of this slope
is now surfacing and more will be said about it later.

The single-particle potential ener;ies and occupation pro-
babilities for the neutron states of 40Ca for each of the ¢ functions
are shown 1in Tab£e6/3. The attractive and repulsive effects are
apparent here as well. The single particle potential enérgies decrease
(increase) with larger (smaller) off-diagonal ¢ elements, with increasing
(decreasing) n values and with more {less) negative Ao. Again the
exception is the GRA* + ch_ distortion. The occupation probabilities

behave in the same directions, though to a lesser degree.

Examini T 3 reveal +.0 an +
xamining Table 6/2 cals that dRA ol- d 9o 9p2
vield a closer agreement in the rgsults even though their ¢ functions
appear to be quite different (see Fig. S5-2). However, in the relevant

homentum region, their ¢ functions are quite similar. The opposite

can be said of ORA and URA + GDl+ whose ¢ functions may not look teoo

¢

different from one anothex, but-the binding energies ané single-particle
pot?ntialienergies show ; wider difference than expected. By décreasing
and increasing the ¢ _eléments in the momertum sStrips, one gains and loses
binding energy within bounds at will. A larcger off-diagonal variation
there will ;esult i a more appreciable variation.

The variation of the binding energies with the different dis-
tortions is most marked in nuclear matter. This is plausible because
the distortions of ¢ or unitary transformations have been made not to
affect the low momenta. In the average, nucleons have smaller momenta’

in l60 and 4OCa than in nuclear matter. The denser the many-nucleon

N
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system, the larger its binding erergy becomes and vice versa. For

C s . 1 4
example, binding energies forx 60, OCa and nuclear matter for %A

are -3.72, —-6.22 and -10.89 MeV, respectively. As the density of the

svstem increases, so does the range of variation of the binding energies

with respect to the distortions (2.19 MeV for 160, 3.23 MeV for 40Ca

and 7.46 MeV for nuclear matter}. The above ranges are all between
' %

the PRS results of n = -2 and n = +2. Variations are much smaller Mn

the Saver tvpe distortions, with a maximum of 3.05 MeV for nuclear

matter.
< As we can see, the variation of the binding energies with off-
shell changes is appreciable, especially in nuclear matter. This is

particularly}so when we compare with the change resulting from different
calculational methods using the same potential. For example, Sprung76
calculated the binding energy for nuclear matter to be -11.76 ¥eV, and
Kao77, —14.3 MeV. In both cases, the same Reid soft core potential was
used. The difference of 2.5 MeV is lower than the amount of variation
generated purely by off-shell effects. We can conclude that off-shell
effects are appreciable in many-body calculations and the knowledge of
the correct off:shell behaviour is at least as important as the study of
higher order diagrams.

Changes in binding energy are accompanied by changes in the
respective wound integral k. The values of ¢ ccmputed for 16O and 40Ca
display the familiar linear relationship with binding energies with a

larger (smallex) x corresponding to a smaller, (larger) binding energy.

{see Fig. 6-2). The wound integrals of D1+, n =1 and n = 2 are off the
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line slightly, showing that for larger values of x (x > 0.12}, the slope
becomes scmewhat larger.
Further results are now discussed with their relationship to

the ¢ function and to the binding energies investigated.

6.2 | The half-sheil T matrix ¢(k/k') and the T matrix.
i

In Fig. 6-3 the half-shell T, & (k,k") of nuclear matter has
been plotted as a functic¥®f k as well as k'. As we -can see ¢ {k, k")
acquires a smaller range when the off-diagonal elements are reduced.
This pas the effect of making the diagonal T-matrix for low momenta more
negative, except for very small k (k < 0.1 fmﬂl), then T matrix elements
become very small. This is illustrated in Table 6/4 - At k > 1.78 fm-l,
the diagonal T elements become bogitive, iess so for smaller ¢ elements.
The resulting bim:-ling energies of nuclear mattér are increased. ‘

From Fig. 6-3 we see that pik,k") decrease; slowly with k or
k' for large momenta.  In Fig. 6-3(a), sharper peaﬁs are shown for
increased 6 functions. Below 1.5 fm-l, the half-shell T does not respond
to off-shell changes.

. 71 Fo
McCarthy and Davies have shown, that for nuclear matter

1-
AK
Loalow e = - —5— (6.1)
BT p
where A = hz/m. since ¥ 1is proportional to 3G/%w , the derivatives of

the T matrix can be correlated o the binding energies. Kpr the wo
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integral of the “reference" wave function is given by6

- R _ g—wa'r(m)\w (6.2)

N

Equation (2.25) expresses the T-matrix in terms of the half-shell T,

i.e.:
, ~ 2,-1
<k lT(w)lk> = &(k,k") cos éo(k) + j dg [tw -9
(o]
2 2. -
e ) YRR R 8 (2.25)

If ¢RA(k,q) is the half-shell T-matrix element of URA and ¢D(k,q) that
of the distorted o-functions, differentiating (2.25) for the case of

k= k' vields

@

3 . 2. 2 2, -2
o <k[TRA(m)lk> = Jo g dg ¢RA(k,q) (w - a)
and
3 . 2 . .2 2.2 .
— <k|‘I‘D(u.\) x> = E ¢ dg ¢y (k@ (@ - q) (6.3)

Oper——

If Aknéo is the lso contribution to the change in the reference wound
integral, we have, from eq. (6.2) =,

1
aser’e) te O = = r 2 aof & k@ - oF, @ T =)
; . ;

T

{6.4)

1 The G matrix elements here are antisymmetrized i.e. <k\G(w)|k>
+<ule(m)]u'v' - v'y'>, where paﬁtlcles in the single-particle states

u and v have relative mcgentum k and particles in the states u' and v
have relative mementum k'.
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The integrand in Eq. (6.3). D(q) for k = 0.95 fm_l has been
plotted as a function of g, for Sauer type diétortions in Fig. 6-4.
The largest contribution to D(q) comes from g = 5.5 to 5.0 fm-l.
D(g) drops to almost Zero at apout q-= 6‘fm_l for all distortions. This
* implies that far off-shell T matrix elements in the region k = 2.5 to
5.0 fm-l are important in accounting for changes in the reference
wound integral. These changes are ref}ected in changes in ¢ and henge
in the binding energies. The wound integral Ky is proportional to.
3T(w)/ duw, and 3T(w)/duw is, in turn, bilinearl'21 in &(k,k"). We now
have the theoretical justification of the obhserved correlation between
the nuclear matter binding energieé and the T matrix. A similar
explanation can be applied to 165 ang 40, we have shown that the
nuclear matter binding energy is sensitive to a large region of the off-

1 .
- our observations

chell T-matrix, from k = 2.5 fm © to k = 5.0 fm
are slightly different from those of Haftel and Tabakin6 who showed that
the far-off—shéll elements for k Z 6 fm_l play a significant role in
nuclear matter. This is because the Reid potentiél used in thelr
ecalculations is not the same as our modified RA potential. Their half- ‘
shell T-matrix elements do not show anv evidence of decreasing in mag-
nitude up to k = 10 £
Using GRA as reference in Fig. 6-3, we observe that ¢ function;'
larger than GRA vield larger ¢ (k,k’) and vice versa. In Fig. 6-4,
inereased (decreased) ¢ diagonal matrix q}ements vield a positive

(negative) deviation of D{g) values resulting in decreased (increased)

binding energies of nuclear matteXx.
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6.3 The Reaction Matrix

From Table 6/5 where .the diagonal G-matrix elements in momentum

space <le(m}|k> of nuclear matter are presented for 6k and w(k) values,

we observe that the sensitivity of the G-matrix elements to variation in

. 1 . s .
w in the S channel is not very great. The wvariation in the lso

channel is already the most marked. Similarly, the diagonal two-body

4 .
6O and 0Ca exhibit the same small variation of w

. 1
G-matrix elements of
as shown in Tables /6 and 6/7. However, the matrix elements decrease in

magnitude with increasing negative w.

In the case of nuclear matter, the G-matrix elements are

relatively insensitive to the centre—of-mass momentim kc as the depen-
dence of the diagonal elements on kc %is insignificant. The G-matrix

is most sensitive to the relative momentum k and it is instructive to
_consider how the diagonal matrix elements vary with k in Fig. 6-5. The
lso diagopal G matrix element bécomes repulsive with increasing k.,
reaches a maximum at about 2.8 fm—l and then goes to zero at large values
of k. Compariso.n between Table 6/5 and Fig. 6-5 for very tow k values
{(k < 0.05 fm-l) reveals that the calculated diagonal G elements are

" larger than theyv shouid be. . However, the G matrix elements at such low
momenta conﬁribute very little to the binding energyﬁgecause of small
phésé space factors. This discrepancy may be due to an error in matrix
invgrsidn since a small error in matr;x inversion is magnified at such
low val;es of k65. Essentially k2 <le(m)1k> is calculated by mafrix

inversion. This discrepancy is reflected as a 0.13% difference in the

binding energy.
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Table 6/6
185 . <n} G)|n> in Units of Mev of 180 Channel
N=L=0

Case w - Mev n=0 n=1

o, -10 -6.52 -4.80
RA

-30 , -6.44 -4.70

-60 - ~6.39 -4.63

-90 -6.36 -4.58

., -10 -6.43 -4.19

-30 : -6.30 -3.96

60 . -6.16 -3.70

-90 -6.06 -3.46

*9n1- -10 -6.49 -4.96

-30 -6.39 -4.88

-60 - -6.353 -4,83

-90 - -6.28 -4.81

o, -10 -6.55 -4.87

- -30 -6.49 -4.81

-60 -6.47 -4.79

-90 -6.46 -4.78

o* . -10 .6.47 -4.70

RA -30 -6.35 -4.59

-60 -6.25 -4.48

-90 -6.17 -4.40

. -10 -6.29 -3.93

DI+ -30 -6.07 -3.64

-60 . -5.80 -3.27

-90 -5.56 -2.94

vag -10 \gﬁ)‘. ' -4.97

- _"\—“-30 - -4.89

-60 -6.36 -4.85

-90 -6.32 -4 .82

R -10 | -6.55 -4.87

°p2 -30 -6.49 -4.81

-60 -6.47 -4.79

-90 ) -6.45 -4.78
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Table 6/6 (Continued)

Case w Mev n=20 ns=1
PRS : n=-2.0 -10 -6.74 -5.14
-30 -6.68 -5.02

-60 -6.66 -4.93

-90 . -6.65 -4.86

-1.0 -10 -6.64 -4,99

-30 ~ -6.58 -4.91

-60 -6.56 -4.87

-90 -6.56 -4.85

0.0 -10 -6.42 -4.63

-30 -6.30 -4.52

-60 : -6.18 -4.44

-90 -6.11 -4.37

4 1.0 -10 -6.08 -4,04
-30 -5.82 -3.83

-60 ' -5.52 -3.59

-90 . -5.28 -3.39

2.0 . ~10 -5.60 -3.18

-30 -5.11 -2.79

-60 -4.51 -2.28

-90 -4.01 -1.83

-,
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Table &/7

40c, . <n|G(w)|n> in Units of Mev for s, Channel

N=L=20
Case w Mev n=20 n=1 n=2
L -10 -5.81 -4.65 -2.82
-30 -5.76 -4.57 -2.75
-60 -5.71 -4.50 -2.70
-90 -5.69 -4.46 -2.66
*000. -10 -5.75 -4.18 -2.27
-30 -5.65 -3.98 -2.13
-60 ~-5.54 -3.74 -1.97
-S0 -5.45 -3.54 -1.82
*0p;- -10 -5.78 -4.75 -3.00
-30 -5.71 -4.67 -2.95
-60 -5.65 -4.63 -2.92
=90 -5.61 -4.60 -2.90
*0p2 -10 -5.84 -4.71 -2.89
-30 -5.81 -4.,66 -2.85
-60 -5.79 -4.64 -2.83
-90 -5.78 -4.63 -2.82

*«

Ra -10 -5.77 -4.57 -2.67
-30 -5.68 -4 .47 -2.57
-60 -5.60 -4.38 -2.47
-90 -5.53 -4.31 -2.39
*ap,, -10 -5.63 -3.98 -1.92
-30 -5.46 -3.72 -1.71
-60 -5.23 -3.39 -1.43
-90 -5.03 -3.10 -1.18
+p, -10 -5.80 -4.75 -3.00
- -30 -5.75 . -4.68 -2.95
-60 -5.68 -4.64 -2.92
-90 ~5.65 -4.61 -2.90
+0p7 -10 -5.84 -4.71 -2.89
-30 -5.81 -4.66 -2.85
-60 -5.79 -4.64 -2.83

-390 ~5.78 -4.63 -2.82
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Table 6/¢ (Continued)

Case . W Mev n=20 ns=1 n= 2
PRS : n=-2.0 -10 -5.98 -4.91 -3.24 :
-30 -5.95 -4.83 -3.15 -
-60 -5.94 -4.75 -3.05
-90  -5.93 -4.69 -3.96
1.0 -10 -5.50 -4.77 -3.13
-30 -5.86. -4.71 -3.08
-60 -5.85 -4.67 -3.04
-90 -5.85 -4.65 -3.03
0.0 -10 -5.73 -4.46 -2.75
-30 -5.63 -4.36 -2.69
-60 - -5.54 -4.28 -2.63
-90 -5.46 -4.22 -2.59
N 1.0 -10 -5.45 -3.96 -2.09 N
~30 -5.25 -3.77 -1.94 S et
-60 -4.97 -3.54 -1.78
-90 -4.76 -3.35 -1.63
2.0 ~-10 -5.06 -3.25 -1.09
-30 | -4.65 -2.88 - -0.80
-60 -4.12 -2.42 -0.42
-90 -3.68 -2.00 -0.06
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The G-matrices of the finite nuclei are basically direct
transforms of the nuclear matter G-matrix to the harmonic oscillator
basis. Tables 6/6 and 6/7 show that +he sensitivity of the two-body G-
matrix increases with n. This is because states with higher n have
more kinetic energy on the average and see more of the core. The
matrix elements <n]G[n> decrease in magnitude with increasing n.

Next, we will examine the behavioux of the G-matrix with off-
shell effects. For nuclear matter, smaller ¢ functions (Dl=-, T2, more
negative n values) vield iarge; diagonal matrix elements and hené;, moxe
binding. Larger ¢ functions (Dl+ and increasing +n values) correspond
+o smaller G-matrix elements resulting in a loss of binding. The same
trends are observed in the <nlGln> matrices of 16O and 4OCa. In all
‘cases, %ea * 05 andé GRA* + 05 have identical G-matrix eclements. The
distortion D2 has such a large distorting effect thaé the difference bet-
ween O and ORA* due to d%fferent high-energy phase-shift behaviour is
overshadowed. Consistent with our previous observation regarding
Ao(k,r), Dl-* vields smaller reaction matrix elements than URA* for
k < 0.65 fm_l. This accounts for decreased binding energies in nuclear
matter, 16o and 4OCa, contrary to expectations.

Since phase—-shifts with two different high-energy forﬁs have
been used in this study, i.e. RAa and RA*, we can investigate the sen-
sitivity of the G-matrix to high-energy phase-shifts. In Fig. 5-1, RA*
has its minimum in phase shifts pushed further down, corresponding to
increased repulsion. The G-matrix elements of GRA* hecome less attrac-—

rive and more repulsive as they should, resulting in a loss of binding

as seen from Table 6/2. This observatioﬁ applies to the nuclear matter
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as well as the two finite nuclei. For nuclear matter the change in

1

G-matrix elements is hardly discernible at small k, up to about 1.0 £m

I+ starts becoming more appreciable at higher values of k. For 16O and

40Ca, this change in numbers is small, though increasing with larger n.
Th;s is consistent with the fact that at lower k, which are of relevance
to nuclear matter as well as finite nuclei calculations, the unkncwn
high-energy phase-shift plays an insignificant part. .

This is reflected in the binding energies listed in Table 6/8

-

. . 77 6 4
which includes results calculated by XKao ,~Sprungi , Mukhowmadkyvay 5,

' .70 .
Haftel and Takakin . The discrepancy between the Xao and Sprung
numbers using the same potential is much greater than that obtained'by

changing the high energy phase-shift behaviour.

+
6.4 The Wave Function w; )(k,r]

. +) . . . }
The wave function ¢; }(k,r) associated with each g-function
has been examined. actually, the real function wo(k,r) was calculated.

+
It ig related to ¢é }(k,r) through the definiticn

-id (k) -

w (k,z) = e ° xry_ (k) (4.23)
(=] o

l

~

which in the PRS formalism is given by
w {k,ry = & (k,z) + sin (kr + &) (6.5)
© o o

For the Sauer type c-functions, Wo(k,r) is calculated from the half-shell
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Table 6/8

*

Pal
Dependence of Binding Energies on High Energy Behaviour of

Phase Shifts

High Energy

Binding Energy of '

Binding Energy of
16

Binding Energy of
40

 Behaviour Nuclear Matter 0 Ca
in Mev in Mev in Mev
RA -10.89 -3.72 -6.22
-
RA -11.31 -3.86 -6.45
Kao’
(Reid Soft -14.30 _ _
Core)}
Sprung
(Reid Soft -11.76 _ _
Core)
Mukhopadhyay -11.64 _ —
Haftel
and
Tabakin - 9.86

(Reid Yukawa

Core)
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T matrix elements o(k,k'}, i.e.:
_ . ‘ s . 2 2,-1
wo(k,r = cosGo(k) sin kr + P | dk' sin (k'z){k - ' &k, k")
b .

(6.6)
Since the PRS wave functions are not orthogonal, the results of

Egs. (6.5 and (6.6} cannot be treated on the same footing. To f£ind
out if the orthogonalizatio; procedure will change results appreciably,
the PRS wave functions have been calculated using both exptessions.. Fox
small r values, the wave functions cannot be distingnished. For r near
the matching point (R = 1.43 fm) the difference is about 2%. The
graphs of Ao(k,r) versus r‘are indistinguishable except for slight
differences at the right hané boundary at about 1.4 £m.

when n < -2.2, the value of wo(k,r) in Eg. (6.5} is observed
to have an amplitude larger than the free wave function sin (kr + éo).
An extra node occurs in_the function wo(k,r) when n 2 0.7. Impd%ing
+he additional constraint discussed in Chapter IV, i.e. that the wave ‘
function be well-balanced, posses no extra nodes and have%ﬂr%m@litude
less thaﬁ +hat of the external free wave function, the wave functions
in the region +0.7 < n = -2.2 and therefore the corresponding C-

functions are rejected. wo(k,r) is plotted as a function of r in

Fig. 6-6.
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6.5 The Difference Integral

In order to explore the relationship between the wound integral,
k¥ or binding energy and either the g-function, or the @ifference function
P
Ao(k,r), we have defided a 'difference integral' I, for the & = 0 states.

R 2
I(k,R) = 4u [ Ao(k,r) ar {6.7)
¢

cable 6/2 list values of I(k,R) for R = 1.43 fm and k = 1.052 £ = for
various o-functions. Fig. 6-7 shows I(k,R) as a function of binding
energies for 16O, 4OCa ané nuclear matter. An interesting and unexpected
relationship can be cbserved. Those-difference integrals obtained from
the PRS polynomial form of ﬁo(k,r} all lie on a smooth curve while those
for the distortions Dl+ lie on or very near this curve. By transposing
Figs. 6-1 (a) - (¢) and examining the shapes of Ao(k,r), we found that

the PRS results, by definition, have sne same slope at the origin, i.e.

Aé(k,o). The distorticns D1+ have this same slope whiie the other dis-

tortions have different slopes. RA and Ra* have the same slopes and D1-

D2 and D2* have almost identical sleopes. The exception 1is D1-* which ‘
vields a positive Aé(k,o). In the PRS one-parameter model, it is
assumed that

At(k,0) = -k cos & (k) (4.20) .
(=] (= . .

which is valid for a local potential, with a vexy small wave function‘gégﬁf’
short distances. Apparently, among the Sauer type distortions, only Di+

fits this assumption.
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We have restricted n to be in the range 0.7 > 0 2 =2.2;
this would imply, by extrapolation from Fig. 6-7, that I should be
'réstribtgd t? 4.2 > > 17, However, O, _ and le_*;have I <1.7 bué .
are accegptable. It appears therefore that the acceptable values of I

also depend on the slope Aé(k,o). To establish this dependence, we

examined the complete expression of Aé(k.o) given by Eg. (4.21), ile.:

I

Al (k,0) x/|£_(k) | |- k cos\s_(x)

I

Fo(k’o) - k cos Go(kl (4.21)

£ = exp (—% J dg —= = ' (4.22)
Q

were examined and the values of Aé(k,o) caleulated from them for

k < 2.0 fm_l. Then the Jost function fo(k) was extracted using Eg.. (4.21)
and displayved in Fig. 6-8. A least sguare fit was made 'to this curve
using Chebyshev polvnomial expansion. (see appendix C). This fit was
then used in Eg. (4.21) to calcglate thg difference function Ao(k,r) and
then the difference integral i, g-functions for the fi%e n vaiues, and
co*respondlng to this new A (k,r), were generated. The procedures for
the constructlon of the T matrlx, and for the computation of the binding
erergies of nuclear matter‘described in section 5.3 were repeated. The
_resulting binding energies are shown by the dashed curve 4n Fig. 6-7(c}-
This cuxv? passes very close to the points assoclated with bRA and ORA*,
consistent with the observations made f£rom Fig. 6-1 (b)Y, (e). .

-
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portions of these calculations for I and the bhinding enexgies
have been carried ocut at othexr k-values less than 2.0 fm—l, with

similar results being obtained. Two different slopes were used:

k

Ao(k,o] = fq(k) - k cos So(k), (6.8)
and .
a0 = K - X cos &_(K) (6.9)
[fHC(}:) |

" Appendix D gives the forms of fM(k) and fHC(k}. The resultirng curves
of I vs. 3.3. fér nuclear matter calculated from these different Jost
function; were all markedly different from the original PRS calculation
indicating the sensitivity of these results tc the form of Aé(k,o).
Table 6/9 gives the nuclear matter binding energies:calculated from fy(k)
and fEC(k)" . |
. . To investigate how the effective range parameters are changed
by different distortions and diffexent boundary conditions of Ao, the
scattering length-ad for each of the slopes Aé(k,o) diécussed and for
each n value was calculated. (See Appendix E for the procedure) -
Table’ 6/10 1ifts these scattering iengths for different n values.
a, is seeﬁ.to éhange by a minimal amount, thus

assuming .that the g-function in the low energy region remains unchanged.

We have observed‘earlier that wave.functions associated with
n > 0.7 should be rejected. Plots of I vs. BE/A imply that the
c + 0D1+ results should also be excludeé, consistent with the.obger-

RA

vation that an extra node occurs in the wave function of thig particular
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Table 6/9

-~ Nuclear Matter Binding Energy for Different Slopes

of the Difference Function, Ag'(k,0)

Ag' (k,0) n -BE/A (Mev)
Chebyshev fit to -2.0 12,76
foﬁk] of ORA 0.0 . 11.11
1.0 8.91
2.0 5.54
Chebyshev fit to -2.0 12.01
10.19
fo(k) of IRA*®D1- 0.0
2.0 ) 2.32
' L ]
N\
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Table 6/10

Scattering Length a, for Different Slopcé Ao'(k,O)

g (%,0) n a (Fm)

- k coség(k) -2.0 -16.800
-1.0 -;e.ss#

0.0 -16.845

1.0 -16.843

2.0 -16.845

k. - k.coség(k) -2.0 -16.992
EROL 1.0 ' 16.987
0.0 -16.987

1.0 -16.990

2.0 -16.986

k - k cosdg(k) -2.0 -16.885

| £y -1.0 -16.887
0.0 -16.887

1.0 -16.889

2.0 -16.888
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the range of allowed wave functions and corres-

ponding o-functions shifts according to the different assumptions made

for A'(k,0).
o
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CHAPTER VII DISCUSSION AND CONCLUSIONS

=

There are strong arquments favoring the construction of the

P-matrix directly from nuclear data, rather than the construction of a

pheneomenclogical potential model. However, the main problem is toq5
~ impose constraints on the full T-matrix, limiting its form. By

studying the off-shell behaviour of the T-matrix, cne can establis£

some sort of constréints. Off-shell variations have been generated

in the T-matrix ané the subsequent nuclear structure results investigated.

Tn this study, the T-matrix in the lsd channel has been our focal point.
Te create off-shell changes in the two-nucleon interaction

through the lso T-matrix, there is the approach of Baranger et al.

The symmetric part of the T-matrix is defined by the g-function. Too

much freedom is allowed in the forms of o and it ig difficult to impose

sufficient constraints on it directly from physical cbservations. The

: ‘ . +
alternative approach of starting from a model wave function ¢i )(k,r) or

(.

. -
difference functicn Ao(k,r) utilizes the information that the long-—

range tail of the potential is well known and given by the on—energy-sheil
part of T. The intericr form of the wave function is controlled by the
off-shell part of the T and needs to be specified. Certain conditions
can be imposed on the interior wave function. 1+ must match smoothly

to the exterior w;ve function, it must have an amplitude less than that
of the free wave function and it must not possess any extra nodes.

The last two conditions are additional and reasonable assumptions. The
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fo;m of the interior wave function is therefore limited. Its uncer-
tainty is expressed in the parameterized model of Ao(k,r), i.e. in N

and the boundary céhditions at r = 0 (values of w;(k,o) and wé'(k,oh
w;(k,o) is a function of the High—energy phase shift andm;'(k,on

a function of the short-range non-locality of the interactien.

In this study, the-best points of both approaches were incor-
porated to construct the fullyoff-shell T-matrix and to eliminate as much
freedom as possible. In cur approach/ the half-shell T from PRS can be
used to construct the g-function which <hen serves as a foundation om
which the full T-matrix is constructed. Nuclear matter and f£inite
nuclei (160, 4OCa) calculations were performed using ¢-functions of
Sauer-type distortions and g-functions derived from the interior wave
function model.

Dependence of the structure results on off-shell behayiour‘
of -the two-body interaction.is very marked ané highly important. The
amount of variation exceeds that which exists among calculations baséd
on the same potential but using different calculaticnal technigques.

-
mhe effect of the high-energy phase shifts is small compared to the off-
shell effects. Sensitivity of the results %o off-shell changes increases
with density, therefore the largest variations were fourfd in{ nuclear
matter. The range of variation of the interior wav function ¢ is
larger than the Sauer type ¢ functions. Repulsive—attracpive effects
are consistently evident in every stage of the results,_i.e.:

targe(small) off-diagonal g-matrix elements + more(less)

negative Ao(k,r) - large(small) dlk, k") -~ small{large) diagonal G-matrix
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. v

clements + small(large) binding energies -+ large(small) weound kK =+ o

repulsion(attractive).

.

We have cbserved that the binding energy is sensitive to a

large region of far-off-shell T-matrix elements, €.g. k¥ = 2.5 to 5.0 fm_l

for nuclear matter. b

1

Finally, there is an interesting link between the wave function
and the bfﬁdiné enérg?es of nuclei and nuclear matter, manifested in the
difference integral I. For fixed boundary conditions, there is a smooth
relationship between I and the binding énergies. only part of this

curve contains wave functions which are physically acceptable, allowing

“

the corresponding ¢ funcﬁfbh@ +o be rejected.

. i3 N
This approach places cdnsides;ble restrictions on the permitted
~ - .

- h . .- .
- form of g, and Caang‘igplled to any o-function-in general. To investigate

——
-

L. ) - . B . L _ .
how the limits in the ranﬁEZEEHEIIuweﬂ-dEfunctlons change with the assump-

S

tions on the boundary coﬂéipions, tge following mechanics can be employed.
The wave functions ass ,l;ted with a o-functicn of a particular local
potential and t@ér;éiﬁgs of A;{k,r) are computed. Frem these, the Jost
function__fcigi)is extracted aécording to Eq. (4.21) which is the form of
ﬁé(k,o) assumed for a purely local potential. A fit is made to fo(k).
Then Ao(k,o) and hence I can be calculated from the analytic expression
of Aé(k,o). the o-functions of the different n values are generated,
enabling the T-matrix to be ;onstructed. Binding energies of nuclear
matter are computed from each g-functipn and the I vs. BE/A curve should

pass through the point associated with the potential. Setting up this

>~
particplar boundary condition of Aé(k,o), the nuclear mdftter binding

- h o
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énergy and difference integraié of any unitary téansformed g-function
can be calculated. The points associated with different distortions
are checked against the allowed section of the curve. The g-functions
arg ;hen rejected or accepted on the basis of the establi;hed con-
straints for those particular_boundary conditiong.

To further limit the form of g,'it will be necessary to study
processes involving higher interaction energies than are inyolved in
binding energy calculatiens. The‘proton—proton bremsstrahlung ;an be
verv useful in providing information far off the energy-shell.

In another perspective, field-theoretic information can be
built into models of olk,k") .- Field theoretic models and NN periphefél
chase shifts have suggested that fhe NN interaé?ion_is approximately
1ocal at large distances. It would be highly de;irable to be able to
‘control explicitly the range and degree of nen-locality iﬂ the under-
lving interaction associated with a particular c-function. Any variation
in o(k,k') due to different degrees of non-locality in the interaction

/—/,

can then be detected and separated. rnformation about the range and

strength of the local parts of the NN interaction suggest roughly,
vukawa potentials with appropriate spin ané isospin dependence des—-
" cribing the exchange of single pi- and omega-mesons. The range and

strengths are determined by empirical mesons and coupling constants.

vykawa potentials of the foxm

e iad .
v(r) v r n{u)du ot (7.1}

2y .

.

are suggested by the two-pion exchange processes. In Eq. (7.1), the
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appropriate spin and isospin factors have been omitted. In the crucial

region ZmT < u < 4m“, ni{u) can be determined from analvtic con—

.

timuations of the 7N and the <t elastic scattering data. Thesc¢ features.-

of the NN interaction due to £ield-theoretic considerations should be
exploited to reduce the freedom in olk,k"). The'apal§tical properties
of Eg. (7.1) can be ‘studied- to parameterize o(k,k') in such a way that

its known analvtic properties in complex kk'-space can be explicitly

displaved. The c-function can then be constrained to reproduce the

known one— and two-picn exchange discontinuities. The freedom in the
S

"

off-shell T-matrix becomes greatly reduced. The above discussion

‘ LT . . 1
represents an entirely different appr ch té that of Baranger et al .

) In the approaﬁh of Baranger ev gl.l, which was adopted in the

present study, only the partial-wave m-matrix without a bound state was g
; 21 . .
considered. Haftel“  nas extended this work to include a bound state.

In this case, “ne must include information on the binding energy and ‘

bound—étate wave function as well as thé 5catteiing.phase shifts. These
forms of the off-shell T-matrix are too complex and téo arbitrary for
direct use in ﬁﬁ;ieax phvsics calculations. In particular, the off-
.shell arpitrariness contained in the off-diagonal parts of ¢ is mixed in
with the diagonal part which contains the on-shell information. The T-
matrix should have a form which allows the off-shell part to be varied
at will with the on-shell part kept explicitly fixed. Amado79 has
suggested writing the off-shell two-body T-matrix in terms of a T-matrix
‘that is:correct on-shell, i.e. giving the exact phase shifts and bhound

states on-shell, plus a texrm that vanishes on-shell and affects only

the off-shell behaviour. In order to include a bound state, a model



- 149 -

v

potential V is introduced. It has the same bound-state’ energy and

wave function as the full amplltude, as well as the same scattering

phase. One can then write for the general off-shell T-matrix.

<xtlTE) x> = <ktiTmcw)lk> +oCx', kW) (722)

.

where T is the off-shell TJWat“lﬂ for V and c 1s the correction term.

¢ vanishes on shell. The existence of any number of bound states ¥'s of

no concern as long as they are £ully contained in T . TIf ¢m(k,k') is

+he half-shell function of V and satlsfles the condition

& (x,k) = 90X - ' " (7.3)
m .

¢ can be written as T ‘

cik', k;uw) (k2 - k'z) A(k,k*) cos S(k)

SERCER T R R S LCE DLMCEY

: g - w2y (2 - kDb bl@k ], (7.4)

and ¢{k.,x') as

s,k = o (k') F 2 - k'3 Alk,k) (7.5)

. ﬁ(k,k')'is'paramé;rized so that off-shell effects can be controlled.

The model T-matrix is chosen 5o that it can pe easy to use in any nuclear
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[

physics. application under study.

' Sy ' T - 150 -

-
T

The preciée wgg’to parametrize &

and to handle C remains to be pursued.

£
As we can see, more and

M d . 0
more accurate means of generating

that the present study can be use

raising ‘scme interesting question
‘ [

further interest.

mlore avgpﬂes are being sought to

‘explore constraints‘pn the off-shell T-matrix and to provide easter,
t

off-shell variations. It is felt

£ul as a preliminary investigation,

s which will hopefully stimulate
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APPENDIX A . so TABAKIN POTENTIAL
LY ,
n . The analvtic expression for the half-shell T-matrix element’
L &(k,k") for the poteﬁtiai'
t i } 1 1
Vik,k') = = a[-g(k)g(k') + h(k)h(k )] (A.1)

is given by

- (2 /m) sin So(k) { q(k"AK) - h{k')B(X)} (3.2)

{ gx)AK) - _h(k)B(k)}

¢ (k,k")

~

The phase shift & (k) 15 determined by _ é

3 i
tan ao(k)/k = g(k)ak) W} : (A.3)

where ; .
gk) = v(a® + k2™ ﬂ (A.4)
. - . ) - 2‘ _ B
a = (B2 + k-2 &+ 1 \\\
P
2 2 2 ¥
c) = [a° -kD] g (/22
o ' 2 4.2 .2
\ H(kK) = [(5b6-3d6+"{1;4d -d bk
X A ; A
+ (b2 + d2)4/k4 - k2(5b2 + a2) + 3d
) s 130t 4 2a%7] hi(k) /16b3_ N (A.T)-
wag = —Slkinte) (x2@? + b2 + 22b)

ap[a® + (a + B)°]

.

{A.8)

\

E 2 .2 2.2
+ az(d2 +'b2)2/k2-+_(d2 + b2)2 + a(2b = a)(ad”-+ b)) + da b7}



Ao, = (g’ [1+apd] - noomad) ML - s’
[1+ mxH] + et Tl (A.9)
) 2 L2 2
By = {(hio [1-6xH] + gl M&D? { [1-69]
[1+ 5D ] + M2 1 ' (3.10)
2 ' .
J>/) = vTa/i (A.11)
2
" = vsb/i (A.12)

The parameters used are:

v = 115.9 MeV,
Y

Vg = 235.6 MeV,
al = 0.694 f£m,

- 152 -

= 0.834 fm,

= 0.801 fm,

= 41.472

~

v

Ay
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k
F
APPENDIX B SIX-POINT GAUSSIAN INTEGRATION OF J F(k)dk \"
. o
Equaficn (5.26) gives
x = c tan m/4 (1 + X) o " (5.26)
from which one gets X = -1 when k = 0. Tnversely, for k = k?'
we get:
x = z-1 where z = 4/7 tan—l(kF/c) (B.1)
We can therefore w;ite .
k .
F . ® - >
J f(k)dk = ¢u/4 J F [c tan 7/4(1 + vi][t + tan” w/4
o/ -1
(1 + v)] dy . . (5.2)

o

Gauss' formula for integration between an arbitrary interval 1is given

as
yo] i n ’ s
[ Fiyv)dy = .2 2 ow. By} ¢ . (8.3)
2 . i b ‘
a i=1l
where
g, = B3 x + 5O d (3.4)
b1 i 2 ; .

*y and W, for n = 6 are given in Table 571. Applying causs® approximation

to (5.2) we obtaln
kE‘ a"’ 2 ’
J Flk)dk = cn/4 751 Flc tan 7/4(1 +.yi)][1 4+ tan”.7/4(1 + yi)]wi
o i=1

{8.5)
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where’
v, = 14« F &N B.6)
¥i 3 X 2 _ (B-
a a-2
= 3 % v 5
Hence, ,
k., = c tan 7/4 (1 + v.)
i i
= ¢ tan 7/4 { % [1+ xi]} (8.7
Finally,
kF a 6 2,2
J F{kiydk = et/4 = L k) (1 + k., /C )W, ~ (8.8)
2 . i i i
o i=1
when
- -1 .
kF = 1.36fm I-%_.is given by (B.7) to be
k, = c tan /4 [0.596(1 # xi)] ' .- (B.9)



APPENDIX C

A least s

the Chebyvshev polynomial expansion.

are defined by
Tn(x)
Tor example,

T (x)
o

Tl(x)
Tz(x)

and s0Q forth.

T (x).

n+l

Any properly behaved function

£(x)

where the coefficients cn

~
i

]

I

The recursion relationship is

223
= ke + L

i)
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—

{

CHEBYSHEV SERIES

kY

cos (n cos_lx)

cos 0 = 1

-1
ccos (cos X)) = X

f

cos (2 cos_l x) = 2x

2xT (x) - T (x)
n n-1

c T (x)
o] n n
n=1

are given by

Jl £ (x) Tn(x)dx
-1 Y1l - xz_

quare fit was made to the Jost function fo(k) using

The Chebyshev polynomials T(x)

(C.1}

(c.2)
{C.3)

{C.4)

. (c.5)

£(x) can be expressed as, Chebyshev series,

{C.6}

{c.m
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APPENDIX D THE JOST FUNCTIONS £, (k) and £ (k)

The Jost functien fM(k) is used to calculate Aé(k,o) in

1 ] — k -
) . Ao(k,o) = W k cos 50(]() (D.1}
where
- 2 -
£,00 = e“/ roB) LD T (D.2)~
. )
z = v b %P (D.3)
T ) \2 _ 2nkb | 5.4
sirh (2rkb) :
T(8) = T{(l - 2ikb) (D.S)
— -
AR = VP (D.6)
and
I
ra) =T[ & (1-2ikd) -V ° b] (.7

The following data was used:

Vo = 43.05 MeV, b = 0.4722 fm, ¢ = 1.0112 £m.

Another fit to fogﬁ) of dQA t+hat was emploved to calculate Aé(k,p) was:

M

ch(k) = [ K2 coszn b + k2 sinzn bl” {D.8)

where .
Fi
f = @+ (D.9)
o ;

ol with

v = 17.84 Mev, b = 2.306 fm, c = 0.1372 fm.

=]
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The parameters for the Morse potential are:

*

Vo = 43.05 MeVv, b = 0.4722 fm, ¢ = 1l.0112 fm.

The Jost function for the hard-core potential turns out to be’

£ 00 = SR * e b o5 b - xik sin D] (D.11)
where -
' 2. % : '
K = (v + kM . (D.12)
o i .
Therefore
. ) e
1ch(k)l = [Kz c052 b + k2 sinzﬁ b ]’ : (D.13)
. [ ]
: *

The parameters for the hard-core potential are:

v, o= 17.84 Mev, B = 2.306 £m, - ¢ = 0.1372 fm.
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APPENDIX E

In the PRS, the integral In = £

o

-DETERMINATION OF THE SCATTERING LENGTH ao IN THE PRS APPROACH

R
.Aotk,r)dr can be expanded

5

as:
R
1 7 -1 2
= r - - — — R Al r
In L b kmax 10 "N Y0 otk
+ . < R3 A"(k,r) + Bk+ (y+ *ak + '
120 o ! S A
= a + Bk + Yaok (2.1}
In the initial case, i.e. Aé(k,o) = =k cos éo(k) + =k
and A" (k,0) = k% sin § (x) ~—k’a_+0 , (E.2)
o o o
we have
1 7 1 2
-+ —— MR-+ g -=—R)k + ¥ + mR)a k+... (E.3)
T re  T20 ( 0 ) ( o _
where
1 2 1 7
= - == — (E.4&)
o LR(a k) 10 Rk 140 nR i _
-1 2 1 4
= = — 1 (E.5)
B= WR-IZCR + TR VIR
2 1 2
- 2 . i E.6)
v = r[ i+ gOR 55 ® V(R) ] (
ror the Reid potential,
-B8uR
v(r) =L'G ° (E.7)
B LR
B
-Bur
A - fpg, —&—ro (E.8)
wg B (Bu)2



{see Eg.

These can be easily computed ané thereby g

Regrouping so
1
n
and
b
1

one obtains

Bl

Y'

(5.101)
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-BuR
-1y Gg -£
v B (8w}
1,
: GSEl(SuR)

that

b + b.k
o

1

For R = 1.43 fm, we have found that

8'

. 1
For the Morse potential, fM(k)]

where

1

£,00 '

-0.615939, ¥’

-t/2
e

= 0.883587.
$an be expanded as:

2

T b
|T (% -J?;b)l{ 1+ —

5t Yib

-----

A ... ]

iving v and 8.

(E.9)

(E.1Q)

(E.11)
(E.12)

(.13)

(E.14)

{E.15)
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= 160 -

~
Therefore

' _ X —
Ao(k,o) = W k cos Go(k)

3 -
o Sy [k.+ Ak + ... ] -k
-+ (GM - k. . (E.186)
In Eg. (E.12), we now have
" = r 2 -
8 [ 8+ 35RG, 1) ] (E-17) .
For the hard-core potential L is expanded to be e 3 -
- e ’ - -
fHC(k)I P
AN b sin(/7 b cos(¥V b)
1 _ 1 [ 1 - [e) e} o k2
- -«
fHc(k) N cos (fv—b) 2V cosz(rfv_b)
o o o o
4 . ' _ 2
+ o = G [1 Ao ) (E.18)
Therefore - -
k
' 2 —_— -k k
Ao(k,o) lfﬁc(k) l cos 50( )
- .. [ x- AR nn.. ] -x
k0 HC
- (E.19
oo Cue 1ok )

and

1 2 '
v = s - E.20
B g + 0 R (GHC 1] { }



<L» - 161 -

where %

GHC = 26.56

For linear regression, we can equate

EkiIni - ZkiEIni/4
bl = > 5 (E.21)
£ Tk.C - (Zk)) /4
i i
and compute ay using Eg. (E.12} from the integréls In.
L
.‘%i
»
b
b -
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