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Abstract

This thesis proposes and develops a novel optic configuration, Kerr
phase-interrogator, which investigates the phase-shift between two sinusoidally
modulated optical signals (SMOS) utilizing Kerr effect. The Kerr phase-interrogator
gives birth to an entirely new technique for measuring the phase-shift between two
light-waves. Taking advantage of all-optical signal processing, ultrafast responses,
and being free from the coherent properties of a laser source, the Kerr
phase-interrogator based technique for measuring the phase-shift is a promising novel
approach for monitoring and sensing applications.

The thesis begins with theoretically demonstrating the operation of Kerr
phase-interrogator. As the core of optical process occurs in Kerr phase-interrogator,
nonlinear interactions between two SMOSs in the Kerr medium are theoretically
analyzed utilizing the models of nonlinear phase-modulation and four-wave mixing
(FWM). The phase-modulation-based model is intuitive and allows for conceptual
understanding of the operation of the Kerr phase-interrogator. However, this model
does not account for the impact of chromatic-dispersion (CD) of the Kerr medium on
the operation of the Kerr phase-interrogator. Compared with the former model, the
FWM-based model is essential for acquiring insight into Kerr phase-interrogator, and
can explain the CD impact of the Kerr medium. The analytical solution of the power
of the first order sideband as a result of the nonlinear interaction is obtained in both
theoretical models. The obtained solution shows sinusoidal dependence of the power
on the phase-shift of the SMOSs. Utilizing this sinusoidal dependence, the phase-shift
of two SMOSs can be acquired by measuring the power of the first-order sideband.

Birefringence and CD are critical factors that affect the nonlinear interactions
and thus impact the operation of Kerr phase-interrogator. In this work, vector analysis
is performed on the nonlinear interaction between two SMOSs in a Kerr medium with
randomly varying birefringence, and the effect of polarization-states of SMOSs on the
operation of Kerr phase-interrogator is investigated. Impact of CD of Kerr medium on
the operation of Kerr phase-interrogator is theoretically investigated using theory of
FWM and is experimentally verified.

Four typical applications, which comprehensively reflect the advantages of Kerr
phase-interrogator, are proposed and experimentally demonstrated in this thesis.
First, we present a novel approach for measurements of CD in long optical fibers
using a Kerr phase-interrogator. The Kerr phase-interrogator measures the phase
variation of a SMOS induced by CD in a fiber under test as the laser carrier
wavelength is varied. This approach takes advantage of all-optical signal-processing
based on Kerr effect to acquire the phase variation, and consequently removes the
requirement of complex electrical signal-processors in existing techniques of CD
measurement. CD measurement for several fibers is experimentally demonstrated.

Second, a novel temperature sensor that utilizes temperature dependence of
reflection group-delay in a linearly chirped fiber Bragg grating is presented. The
reflection group-delay of chirped grating changes with temperature leading to a



variation in the phase of a SMOS reflected from the grating. A Kerr phase-interrogator
converts the phase-variation into power variation allowing for temperature sensing
with a resolution of 0.0089 °C and a sensitivity of 1.122 rad/°C.

Third, a Kerr phase-interrogator is applied for implementation of real-time CD
monitoring. CD induces a phase-shift between two SMOSs carried by two different
wavelengths. A Kerr phase-interrogator converts the phase-shift into power variation
and CD monitoring is achieved by measurement of the power variation in real time
with a resolution of 0.196 ps/nm. This application takes advantages of ultrafast
response of Kerr phase-interrogator and achieves the real-time monitoring.

Lastly, a novel approach for incoherent optical frequency-domain reflectometry
based on a Kerr phase-interrogator is presented. The novel approach eliminates the
limitation of finite coherent length of the light source, and achieves measurement of
long-range distance beyond the coherent length of the light source. Long-range
detection of reflection points as far as 151 km at a spatial-resolution of 11.2 cm is
experimentally demonstrated.
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1 Introduction

1.1 The Kerr phase-interrogator

A Kerr phase-interrogator is a novel approach for measuring the phase-shift
between two sinusoidally modulated optical signals (SMOS). We begin with two
sinusoidally modulated optical powers of two continuous light-wave signals, whose
power can be given as P, = Pocos(¢j) where j=1,2 refers to two optical signals,

¢, =27 f t—¢,,is the phase of the SMOS, f; is oscillation frequency, and ¢,, is

.
initial phase shift of the SMOS. By exploiting the nonlinear Kerr effect induced from
a km-long single mode fiber [1], which results in the generation of sidebands in the
optical spectra, the proposed Kerr phase-interrogator translates the phase-shift
Ap=¢, —¢ between these two SMOSs into sinusoidal power-variation of these
sidebands, which can then be easily detected using basic opto-electronic devices.

By manipulating the oscillation frequencies of the two SMOSs, the newly

developed Kerr phase-interrogator can be realized two different scenarios. The first

scenario consists of identical oscillation frequencies f,,=f , , from which
Ad=¢,,—¢, Iis obtained, and a Kerr phase-interrogator measures the difference in
the initial phases of two SMOSs. In the other case, we use two different oscillation
frequencies f,, = f,,, resulting in Ag=27(f,,—f,,)t—(4,—d,) which varies

with time, so that the phase information is embedded on a signal with the beat

frequency Af, = f , - f,,, which can then be measured by a Kerr phase-interrogator.



1.2 Thesis contribution

This thesis proposes and demonstrates an entirely new approach for measuring
the phase-shift between two SMOSs. Utilizing the nonlinear Kerr effect, the Kerr
phase-interrogator has unique merits such as ultrafast response time, utilization of
all-optical signal processing, and independence of coherence properties of the laser
sources, which makes Kerr phase-interrogator promising and practical in a wide range
of applications. The novel phase-interrogator open a completely new and powerful
way for phase-shift measurements.

In the beginning of this thesis, the operation of Kerr phase-interrogator is
theoretically analyzed. Specifically, we derive the nonlinear interaction between two
SMOSs in the Kerr medium analytically using two different approaches which rely on
the third-order susceptibility present in silica-based single-mode fibers [1]. The first
approach utilizes pre-existing equations of the intensity-dependent nonlinear
phase-modulation induced over each SMOS, which provides an intuitive
understanding of the operation of the Kerr phase-interrogator. The second approach is
more thorough and is derived from the rate equations of FWM in silica fibers [1]. This
approach provides more insight into the Kerr phase-interrogator with regards to
nonlinear interaction between the electrical fields of the SMOSs in the fiber.

From these analyses, we realized that CD and birefringence also begin to play an
important role in the nonlinear-interaction process, which affect the operation of Kerr
phase-interrogator. In this thesis, impact of CD and birefringence of Kerr medium on

the generation of first-order sideband is analyzed. The analyses accurately predict the
2



impact of CD and birefringence as confirmed by the close agreement between
theoretical and experimental results. The theoretical study supplements the theory of
Kerr phase-interrogator, and provides the tools required to optimize the performance
of the Kerr phase-interrogator in terms of achieving the best signal-to-noise ratio,
sensitivity and accuracy.

The advantages of Kerr phase-interrogator make it an optimized approach in
monitoring and sensing applications when compared with existing approaches, and
open ways for novel sensing applications. In this thesis, four typical applications of
Kerr phase-interrogator are proposed and demonstrated theoretically and
experimentally.

The first application of Kerr phase-interrogator demonstrated in this thesis is CD
characterization of optical fibers. Current method of CD characterization measures the
shift in the phase of a SMOS induced by propagation in a fiber under-test as the laser
wavelength is varied allowing for the determination of the relative group-delay as a
function of wavelength. CD is then obtained using the wavelength dependence of the
relative group-delay. Current implementations of this method utilize electronic
signal-processing for phase-shift acquisition [2, 3]. Utilization of high
oscillation-frequency of the SMOS guarantees high-resolution of relative group-delay
measurement and that of CD measurements. However, high oscillation-frequency
leads to the requirement of a broadband electronic signal-processor, which
dramatically increases the cost of CD measurements. Unlike conventional modulation

phase-shift implementations, the proposed approach acquires the phase-shift of a



SMOS by all-optical signal-processing based on Kerr effect rather than electronic
signal-processing. The utilization of all-optical signal processing eliminates the
requirement of broadband electronic signal-processor, and ensures both
high-resolution and low cost of CD measurements.

The Kerr phase-interrogator is also applied to high-resolution temperature
sensing based on linearly-chirped fiber Bragg grating (LC-FBG). Existing FBG-based
temperature sensors measure temperature variation by measuring shift in the central
wavelength of the reflection spectrum. This type of FBG sensors requires a spectrum
analyzer for acquisition of the reflection spectrum making temperature-sensing slow
and impractical for real-time monitoring applications. Furthermore, the temperature
resolution is limited by the wavelength resolution of spectrum analysis approaches.
The proposed temperature sensor utilizes temperature dependence of reflection
group-delay in a LC-FBG. The reflection group-delay of chirped grating changes with
temperature leading to a variation in the phase of a SMOS reflected from the grating.
A Kerr phase-interrogator converts the phase-variation into power variation allowing
for high precision temperature sensing. Experimental measurements demonstrate
temperature sensing in a LC-FBG at a sensitivity of 1.122 rad/°C and a resolution of
0.0089 °C. Since the temperature-variation is acquired by mere power measurement,
the proposed temperature sensor is capable of real-time temperature monitoring.

Real-time CD monitor based on Kerr phase-interrogator is also presented. Owing
to the ultrafast response-time of Kerr-effect and utilization of all-optical signal

processing, this novel approach can respond to dispersion-variation as fast as



femtosecond, which is only limited by the response-time of Kerr effect. In addition,
the proposed CD monitor accomplishes real-time CD monitoring by a mere power
measurement, and hence is free from complex signal acquisition that is required in
current CD monitor [4-7]. Due to the temperature and strain dependence of CD in
optical fibers and chirped FBG, CD monitor can be used for sensing applications.
Therefore, the high sensitivity and fast response of the proposed CD monitoring
approach opens the way for novel sensing applications.

Lastly, a Kerr phase-interrogator is configured for incoherent optical frequency
domain reflectometry, which eliminates the limitation of finite coherent length of the
light source. For the proposed approach, the maximum measurable range is only
limited by the loss over long-distance transmission, and measurement of long-range
distance beyond the coherent length of the light source is achieved by the proposed

approach.

1.3 Thesis outline

This thesis contains nine chapters and is organized as follows:

Chapter 2 theoretically demonstrates the operation of Kerr phase-interrogator
using the model of phase-modulation. Analysis on the nonlinear interaction between
two orthogonally polarized SMOSs is presented, and the analytical solution of
first-order sidebands arising from the nonlinear interaction is obtained. Impact of
peak-power difference of the two SMOSs on the generation of first-order sidebands is

investigated in this chapter.



Chapter 3 performs vector analysis of nonlinear interaction between two SMOSs
with orthogonal polarization-states or identical polarization-state in a Ker medium
with randomly varying birefringence, and the generation of first-order sidebands in
the cases of these two polarization-schemes is investigated theoretically and
experimentally.

Chapter 4 studies the impact of CD of Kerr medium on the nonlinear interaction
between two SMOSs using theory of FWM, and the impact of the CD on the
generation of first-order sidebands is theoretically and experimentally demonstrated.

Four applications of Kerr phase-interrogator are theoretically and experimentally
demonstrated in the following four chapters. In chapter 5, CD characterization of
optical fibers based on Kerr phase-interrogator is demonstrated. Chapter 6 presents a
high-resolution temperature sensor based on LC-FBG and Kerr phase-interrogator. A
real-time CD monitor based on a Kerr phase-interrogator is presented in chapter 7.
Chapter 8 demonstrates an incoherent optical frequency domain reflectometry based
on a Kerr phase-interrogator for long-range distance measurement with high spatial
resolution.

Chapter 9 concludes all the work in this thesis and proposes possible directions

for future research.



2 Operation principle of a Kerr
phase-interrogator

In this chapter, the operation principle of Kerr phase-interrogator that acquires
phase-shift of two sinusoidally modulated optical signals (SMQS) is theoretically
demonstrated. Generation of the first-order sideband that arises from sinusoidal
phase-modulations induced by two orthogonally polarized SMOSs through Kerr
effect is analyzed. The analytical solution of power generated by first-order sideband
P, is obtained showing sinusoidal variation with the phase-shift of the orthogonally
polarized SMOSs. The phase-shift is then demodulated from the sinusoidal variation
of B,. This phase-modulation-model based analysis is intuitive to understand the
operation of the Kerr phase-interrogator.

Generation of sidebands using an electro-optic modulator is also demonstrated in
this chapter. The double sidebands generation provides sinusoidally modulated optical

signals required in a Kerr phase-interrogator.

2.1 Operation principle of a Kerr
phase-interrogator

Figure 2.1 presents a schematic of a Kerr phase-interrogator. Two SMOSs
oscillate at f;, and the optical spectrum of each SMOS consists of two distinct peaks

centered at vj=1, and separated by Av=f;, where v; and v, are the optical frequencies



and could be either identical or different. The parallel and perpendicular components
of the SMOSs are respectively combined by a polarization beam combiner (PBC) to
obtain two orthogonally polarized SMOSs. The usage of orthogonally polarized
SMOSs avoids the interference between the electric fields of the SOMSs. Two
polarization controllers, PC1 and PC2, maximize and equalize the powers of the

parallel and perpendicular components at the output of PBC.

fs 1/f;
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P o V 000 Kerr medium
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f 1A, PBCN}— EDFA 2 1 T I 1
a . PC2 ‘ V2
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Figure 2.1: Schematic of a Kerr phase-interrogator, and illustrations of the optical
spectra of the SMQOSs at different positions of the setup. PC: polarization controller;
PBC: polarization beam combiner; EDFA: erbium-doped fiber amplifier; PSD: power
spectral density; P: power.

The parallel and perpendicular components at the output of PBC are given by

Ao = \/%cos[n f (t —tno)} (2.1)

A,= \/%cos [7f (t-t,)] (2.2)

where P, is the peak power of the combined SMOS, t, and t,are the

group-delay of the parallel and perpendicular components respectively with the
difference t, =t,—t ,. The combined signal at the output of PBC is amplified using
an Erbium-doped fiber amplifier and then is launched into a Kerr medium comprised
of dispersion-shifted fiber with a length Lkerr.

The amplified signal propagating in the Kerr medium undergoes self-phase



modulation (SPM) and cross-phase modulation (XPM). The amplitude of the parallel

and perpendicular field components at the output of the Kerr medium are given by

A :\/%cos[ﬂfS (t—t”)]exp(i¢NL) (2.3)

A = \/%cos[ﬂfs (t—t,)]exp(idy. ) (2.4)
where ¢y = o + beom = (87 Licer /9)(‘,6,"2 +|AL|2) is the  sinusoidal
phase-modulation as a result of the superposition of SPM and XPM induced by the
parallel and perpendicular field components, y is the waveguide nonlinearity of the
Kerr medium , t =t +t*" and t, =t +t{°" are the group-delay of the parallel
and perpendicular components at the output of Kerr medium respectively, with tHKerr
and t{*" being delay-times required to travel the Kerr medium.

The factor of 8/9 in ¢, results from mode-coupling and polarization-state
average of the perpendicular and parallel fields induced by random birefringence in
the Kerr medium, as will be demonstrated in detail in chapter 3. For the
non-dispersive Kerr medium, one has t " =t{“" andthus t —t =t —t  =t,. The
analysis regarding the impact of dispersion of a dispersive Kerr medium will be
presented in chapter 4.

Figure 2.2 (a) presents the normalized sinusoidal phase-modulation
G 1 (87 Lier P> /9) with f;=20 GHz at the output of the Kerr medium for different
values of tq. The visibility r=[max (g, )—min(g, )]/[ max(gy )+min(g, )] of
¢, Vvaries between 0 and 1 based on the value of the phase-shift of orthogonally

polarized SMOSs A¢=‘7zfs (t-t)-rf, (t—t”)‘zyzfstd. The peak visibility r=1

9



corresponding to ¢, =(8yLyy,Ps /9)c0s’[ 7 f, (t—t,)] is obtained when A¢=0, ,
2, 3m,... leading to the strongest time-dependent sinusoidal phase-modulation of A

and A , and the minimum visibility r=0 corresponding to ¢, =4yL.,P-/9 is

Kerr

obtained when A¢ = 7/2, 37/2, 5z/2,... leading to a time-independent phase-modulation

of A and A, .
1.2
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Figure 2.2: Calculated values of (a) normalized ¢y. as a function of time t and (b)
normalized PSDs of the SMOS at the output of Kerr medium for different values of tg.

The sinusoidal phase-modulation ¢, of A and A leads to the formation of

distinct sidebands B, ; withi=1, 2, 3, ..., as illustrated in Fig. 2.2(b). R , refersto

the original sidebands that form the two SMOSs. The power of first-order sideband

P, can be derived analytically by applying the Jacobi-Anger expansion to Egs.
(2.3)—(2.4) to obtain (see Appendix A)

[J )-2sin(Ag/2)3,(6)3,(6)] (2.5)

:-[J 0)+2sin(Ag/2)3,(0)3,(0)] (2.6)

Kerr

where @=mcos(Ag), m=4yL,, P, /9 and J,,,(0) is Bessel function of the

first kind.
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Figure 2.3: The calculated values of J;%(6), J,%(6) and J,2(6)/ J1%(6) with cos(A¢d)=1 as
a function of m.

In the case of vi=v,, B, and P , are overlapped in the optical spectrum, and

the total power of the first-order sideband R, =P, +B, isgiven by
a;:%%[Jf(9)+J§(9)] 2.7)
Figure 2.3 shows calculated values of JZ(¢), J7(0)+J;(6) and their relative
difference J;(0)/J7(6) with cos(Ag)=1 as a function of m. For m<0.4, relative
difference J;(0)/J7(6) is smaller than 0.01 indicating that J7 (&) dominates in

P, for every value of A¢. Therefore, Eq. (2.7) reduces to

P,
R="237(0) (2.8)

For small arguments 0< X <« a+1, one obtains, when « is not a negative integer:
Ja(X)z(OBX)a IT(a+1) [8]. For m<04, 0<f<m<+2 is valid, and
J,(6)=(050)/T(2) is attained. Using J,(6)=(0.50)/T(2) with I'(2)=1,

@=mcos(A¢) and m=4yL,, P,/9 inEqg. (2.8) leads to

Kerr

2

Mcosz (A9) (2.9)

2p3
— P
! 81

In the case of vivy, [2sin(Ag/2)J,(6)J,(0)/37(6)<0.05 is valid for

m<0.2 as indicated in Fig. 2.3. Asaresult, J7(6) dominates in Eq. (2.5) an Eq. (2.6),
11



and consequently P, and P , areapproximately given by

P.JI(0) P
) =— 18 0)_r 1P62Ke" cos’ (Ag) (2.10)

Equations (2.9)—(2.10) indicate that the power of first-order sideband varies
sinusoidally with the phase-shift A¢ for m<0.2.

Considering the attenuation of Kerr medium, the amplitude of the perpendicular
and the parallel field components at position z of a Kerr medium are given by

~OLossZ
Pe

A = TCOSI:ﬂ'fS (t-t,) |exp(ig (2)) (2.11)

[P = .
A = Pe2 cos[ 7 f, (t—t,) Jexp(igy (2)) (2.12)

where ¢ (2)=4rFR, [(l—e“’“’ssz)/ozLoss]{cos2 | 7t (t-t,) |+cos’[ 7T, (t—tL)]}IQ ,

and «,_. Iis attenuation parameter. Accordingly, Eq. (2.10) turns to be

1_e_aLossLKerr 2 e_aLossLKerr }/ZPS
=P,= P cos® (A 2.13
s ( s ] 162 (49) @1

In the case that the peak powers of the perpendicular and parallel components are
different, the superposed sinusoidal phase-modulation induced by Kerr effect

becomes

8yL

b = %{P“ cos? [n fo(t-t, )J +P, cos®[ zf, (t—t, )]} (2.14)

where B and P, are peak powers of the parallel and perpendicular components of
combined SMOS. Replacing Eqg. (2.14) in Eqg. (2.3) and Eq. (2.4) leads to the values

of B, and P, thatare given by (see Appendix B)

Py L | PP+ PP +2RP, cOs(2A9) |
81

P,= (2.15)
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P e [P”Z +P?+2PP, cos(2A¢)]
Pi= 81 (2.16)

for m =8yL,,,9/9<0.2 with g=0.5\/R|2+Pf+2FT‘PL cos(2A¢) . For the special
case of P =R =R, /2, Eq. (2.15) and Eq. (2.16) turn to Eq. (2.10) as expected.

The minimum value of R, in the case of P =R is min{R ,}=0 at
A =rnl2, 3xl2, 5x/2,... as indicated in Eg. (2.10), whereas
min{P,} = Py*L’e (R —P.)° /8L in the case of P, = R, which is implied by Eq.

(2.15) and Eqg. (2.16). Essentially, the first-order sideband arises from the existence of
sinusoidal phase-modulation ¢, that is superposition of phase-modulations ¢,
and @, . The magnitudes of ¢, and ¢, are respectively proportional to the
peak powers of the SMOSs, and determine the magnitude ¢, ... of the sinusoidal
phase-modulation ¢,, . Figure 2.4 shows illustrations of ¢, , @y and
P = Psom TP IN the cases of P =R and P =B at Ag=n/2. As Fig. 2.4
shows, the magnitudes of ¢, and ¢, are identical in the case of P, =R, and
thus ¢, and ¢, compensate each other completely at A¢ =zn/2 leading to
Py mg =0 The vanishing of the sinusoidal phase-modulation ¢, leads to the
vanishing of the first-order sideband and thus min{R,,}=0. In the case of P, =R,
however, the magnitudes of ¢, and ¢,., are different, and consequently residual
sinusoidal phase-modulation ¢, exists at A¢ =z/2. The existence of residual
sinusoidal phase-modulation ¢,, leads to the existence of first-order sideband and

thus min{R,,}=0.
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Figure 2.4: lllustrations of ¢gspm, ¢xpm and gn =¢spm+Pxpm as a function of time in the
cases of P,.=P, and P#P, at A¢=nl/2.

2.2 Sideband generation using an electro-optic
modulator

2.2.1 Double sidebands generation

Double sidebands (DSB) generation provides a beat signal that is the
sinusoidally modulated optical signal required in a Kerr phase-interrogator. Figure 2.5
presents a schematic diagram of a Mach-Zehnder-interferometer based electro-optic
modulator (MZI-EOM) for generation of DSB. The electric field E;, oscillating at
optical frequency v, is splitinto E, and E, which respectively propagate in two
arms of the MZI with equal magnitude 0.5A. A piece of Lithium-niobate (LiNbO3)
crystal is placed in one arm, along which the optical phase can be modulated by an
applied voltage due to Pockels effect. After recombination, interference power P,

of E, and E, at the output of the MZI varies with the phase-shift Agbetween E,

and E, inthewaythat P, =(E +E,)(E +E,) =|A cos? (0.5A¢).

out —
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Figure 2.5: Schematic diagram of a MZI-EOM to generate DSB.

When the modulation voltage V, =V,

10C0s(27zf t) and DC bias voltage V,,
are applied to the LiNbOg3, refractive index of the LiNbO3 is modulated due to Pockels
effect. Modulated refractive index leads to Agp=2¢, ,cos(27ft)+2p, with

@0 =057V,

ac,0

N, @, =052V, /V, , f  being modulation frequency, V_ being
half-wave voltage that causes z phase-change. Due to the applied voltages, the
interference power at the output of MZI is  given by
P =| A’ cos? [ o COs (271 1)+ |.

Employing first series of Bessel function, the interference power is written as

2

[JO (Paco )+ Zi(—l)k 33 (40 ) cOS (47 fmt)} cos(¢,.)

k=1

250 0 s eos( (86 -2) 1, sin(e)

k=1

P =|A’ (2.17)

where  “k” is a positive integer. The sinusoidal phase-modulation
Ap=2¢, ,cos(2rzf t)+2¢, gives rise to the formation of distinct sidebands
separated by f_ in the output optical spectrum of the MZI, as shown in Fig. 2.6(b).

The power of generated n™-order sideband located (2n—1)><f away from central

m
frequency v, in the optical spectrum is determined by the n™"-order Bessel function

J, (goac’o)as indicated in Eq. (2.17), where n=2k or 2k-1 represents even- or odd-order

Bessel functions. As the value of V, is selected as V,=2mV_ ,
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®s =0.572V,. /V_=mz with m being an integer is obtained leading to \cos(godc) =1
and sin(¢, )=0.As aresult, Eq. (2.17) reduces to
o 2
2 k
P =|A {JO(%O)QZ(—Q Iy ((pacyo)cos(4k7zfmt)} . (2.18)
k=1

Equation (2.18) reveals that the odd-order sidebands are suppressed and only the
even-order sidebands survive, as shown in Fig. 2.6(c). For V, <04V /7,
Paeo =057V, /V, <0.2 is obtained, and J,(¢,,) is dominating on the right-hand
side of Eqg. (2.18). As a result, only the central frequency component at v,
contributes to the output power of MZI, and the output power is given by

P =A% 3 (20| (2.19)

which indicates constant output power.
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Q
(%)
o
Vo Vv
Jo(@ac0) (b)
31(@ac0) | J1(@Paco)
J2(¢ac,0) J2(¢ac,0)
J ( ac,| ) J ( ac, )
&’\]4‘¢aco) 37 ’ 2fm fm 3¢i o ‘]4(|¢ac‘0)
Vo Vv
Jo(@ac0)
(©
D J2(¢ac,0) J2(¢ac,0)
&’Ji%co) 4, 3f,, Ao
Vo Vv
I(Paco)  In(Paco) (d)
9)’ J3(Pac0) J3(@Pac0)
3(@Paco Af 2f 3\ Pac,0,
o F m m
Vo Vv

Figure 2.6: Illustration of the optical spectra at the (a) input and (b) output of a MZI,
and illustration of output optical spectra when (c) Vg:=2mV,. and (d) Vg:=(2m+1)V,.
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As the value of V, is selected as V, =(2m+1)V , ¢, =(m+05)z is

obtained leading to cos(g,,)=0 and [sin(g,)

=1.As aresult, Eq. (2.17) becomes

=

ou

2
=|A’ [zz(—l)k 3yt (@ac0 ) COS((4k —Z)ﬁfmt)} : (2.20)
k=1
In this case, only the odd-order generated sidebands exist in the output optical
spectrum, as shown in Fig. 2.6(d). For V, <04V /7, ¢, ,=052V, ,/V <02 is
obtained, and J,(g,.,)cos(2zf,t) is dominating on the right-hand side of Eq.

(2.20). As a result, only two first-order generated sidebands contribute to the output

power P, and Eq. (2.20) reduces to

P =4 A[ 37 (@u0 )00 (27T, 1) (2.21)

which indicates sinusoidal variation in the output power of MZI.
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Figure 2.7: Schematic of the experimental setup that is used to generate double
sidebands optical signal through a MZI-EOM. P: power; PSD: power spectrum
density; PC: polarization controller; MZI-EOM: Mach-Zehnder-interferometer based
electro-optic modulator.

Figure 2.7 presents a schematic of the experimental setup that is used to generate
the DSB. A continuous light-wave with constant power 5 mw is launched into a
MZI-EOM (EO-space) with half-wave voltage V_ =15 V. By adjusting the
polarization state of the input light-wave through a polarization controller, the optical

powers of light-waves in two arms of the MZI-EOM are identical. A sinusoidal
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electrical signal with magnitude of V

ac,0

and oscillation frequency f =10GHz is
applied to the MZI-EOM by a sinusoidal electrical signal generator (HP 83752A) to
obtain the sinusoidal modulation in the phase-shift between two light-waves in two
arms of the MZI-EOM. This sinusoidal phase-modulation leads to distinct sidebands
with frequency interval of 2f_ in the output optical spectrum of the MZI-EOM. The
bias voltage V,, =3V_=4.5V is applied to the MZI-EOM to suppress the even order
generated sideband in the output optical spectrum of the MZI-EOM. The magnitude
of applied sinusoidal electrical signal is chosen V, ,=0.1V that is less than
0.4V_/ 7 =0.2 to ensure that only two first-order generated sidebands dominate in
the output optical spectrum of the MZI-EOM. The existence of two dominating
sidebands separated by 2f_ in the optical spectrum leads to the sinusoidal output

power oscillating at frequency 2 f_, as Eq. (2.21) indicates.

2.2.2 Singe sideband generation

In telecommunication systems, an optical carrier is modulated by a radio
frequency (RF) to generate an optical field with the carrier and DSB. When the signal
is sent over a fiber, chromatic dispersion of the fiber causes spectral components
located at two sidebands to experience different phase shift. If the phase difference
between the two optical sidebands at the photo-detector is z, destructive mixing will
cancel all power at the RF frequency. Therefore, generation of the optical
single-sideband (SSB) is required to eliminate the dispersion effect.

The SSB generation can be achieved using a dual-electrode MZI-EOM, and

carrier-suppression can be attained by utilizing a Sagnac interferometer loop with a
18



dual-electrode MZI-EOM in the loop. Figure 2.8(a) presents the MZI-EOM employed
to generate SSB which is a commercial dual-electrode and dual-output traveling wave
modulator. Compared with the regular MZI-EOM employed to generate double
sidebands output, a dual-electrode MZI-EOM consists of a MZI with two piece of
LiNbOj crystal respectively in two arms of the MZI. Two sinusoidal electrical signals

Vac,1 = V

ac,0

cos(e,t) and V., =V

ac,0

sin(2zf,t) are applied to modulate both

LiNbO; with 0.5z phase-shift, where o, =2zf,, and f  is modulation

m

frequency. Applying two sinusoidal electrical signals with 0.5z phase-shift allows
to implement a SSB modulator [11-13]. A DC bias voltage V,. is applied to one

LiNbO3 while the other DC terminal is grounded. If the MZI is biased by V, =0.5V_,

the output optical field of the MZI can be written in terms of Bessel functions as [11]

V
V23, (” 20 ]cos(a)ot - %)

\Y

T

S A"

s

E(t):g +ﬁ\]2(ﬂ\\;a°'°]{sin((a)o+2a)m)t—%J+sin((a)o—Zwm)t—%ﬂ (2.22)

T

123, [”://“'0 jsin (e, +30,)t)

T

+high order terms

assuming an input optical field E, (t)=Acos(ayt) with @, being the optical
carrier frequency, and V_ being a half-wave voltage of the modulator at a given
modulation frequency a,,.

The first term on the right-hand side of Eq. (2.22) is the optical carrier, and the

second term is the lower generated first-order sideband, with the upper sideband being
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effectively suppressed. The third term is the lower and upper second-order sidebands.
The fourth term is the upper third-order sideband, with lower sideband being

effectively suppressed. By carefully selecting the magnitude of modulation

voltage V, ., <V, , modulation efficiency 7V, ,/V, <z is attained leading to

ac,0 T
negligible magnitudes of second-order and higher-order generated sidebands
compared with that of the carrier and the first-order generated band. In this case, Eq.

(2.22) reduces to

E, (1) =§{J§JO[”\\?‘°O jcos(a)ot—%j—ZJl(ﬂY/“‘Ojsin((a)o —a)m)t)} (2.23)

T T

Equation (2.2.3) indicates that the generation of SSB with the carrier is achieved
by modulating the MZI using two sinusoidal electrical signals with 0.5z phase-shift
and magnitudesV,., <V_, and by biasing the MZI with the voltage V,, =0.5V_ . To
suppress the carrier and obtain a pure single first-order sideband, a Sagnac
interferometer loop is employed.

Figure 2.8 (b) presents a schematic of the Sagnac interferometer loop with a
dual-electrode MZI-EOM to generate a SSB with suppressed carrier. A linearly
polarized optical carrier is launched into one axis of the polarization-maintaining-fiber
(PMF) based Sagnac interferometer loop through a nominally 50%
polarization-maintaining coupler (PMC). In the loop, optical carrier along with single
first-order sideband propagates both clockwise and anticlockwise.

Equation (2.23) is valid for optical waves propagating in both directions in the

Sagnac interferometer loop. The difference between the two cases appears in the

modulation efficiency 7V, ,/V, thatis related to the half-wave voltage V_ due to
20



the nonreciprocity of the MZI-EOM. The modulation half-wave voltage relationship

for the clockwise and anticlockwise traveling optical waves can be expressed as [11]

a,T

v _ Ont
sin(@,7)

m,anti — Y r,clock

(2.24)

where 7 is the signal transit time in a traveling-wave MZM.
When the carrier and the sidebands recombine at the 50% coupler, the output

optical field amplitude of the carrier is given by [11]

Eearr (1) = g{\lo [\;Z-Vac,o J_ J, (\7;\/”0 H cos(myt) (2.25)

7 ,clock 7,anti

where the minus sign on the right-hand side of Eq. (2.25) results from 7z phase-shift
between clockwise and anticlockwise propagating optical carrier induced by the PMC.
If the MZI-EOM is not perfectly centered in the loop, there is an additional phase
difference introduced between the forward and reverse propagating optical generated
sidebands. The output optical field amplitude of the single first-order sideband is

given by [11]

Esideband (t)

2 2
V V V
:% |:J1[\7/[ aC,Oj_Jl(i/z. aC,OJCOS(a)mT):| +|:Jl(i/2. aC,OJSin(a)mT):| (2.26)
7, forw 7T,resv 7T,resv

xCos(( @, — @, )t)

where T is the difference in the optical signal propagation time from the 50%
coupler to the MZM in the clockwise and anticlockwise directions. The comparison

between Eq. (2.25) and Eq. (2.26) indicates that the carrier can be eliminated and the

single first-order sideband can survive by carefully selecting the value of V, , or the

power of applied sinusoidal electrical signals that is associated with V, . It is
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reported that 33 dB optical carrier suppression and 60 dB unwanted signal sideband
rejection at 6 GHz modulation frequency is achieved by applying 8dBm modulation

sinusoidal electrical signal to a dual-electrode MZI-EOM [11].
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Figure 2.8: Schematic of (a) a dual-electrode MZI-EOM and (b) a Sagnac
interferometer loop to implement SSB generation with carrier-suppression.
MZI-EOM: Mach-Zehnder-interferometer based electro-optic modulator; SSB: single
sideband; PSD: power spectrum density; PMF: polarization-maintaining fiber; PMC:
polarization-maintaining controller.
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3 Vector analysis of  nonlinear
Interaction between two sinusoidally
modulated optical signals in Kerr
phase-interrogator

Birefringence of Kerr medium plays important role in the nonlinear-interaction
process, and affects the operation of Kerr phase-interrogator. For the Kerr medium
comprised of an optical fiber, the birefringence is randomly varying along the Kerr
medium leading to random variation in the states-of-polarization (SOP) of two
sinusoidally-modulated optical signals (SMOS) that propagate in the Kerr medium.
The resulting SOP-variation affects the nonlinear sinusoidal phase-modulation, and
consequently affects the generation of first-order sidebands. To account for the impact
of birefringence-induced SOP-variation on the generation of first-order sidebands,
vector analysis on the nonlinear interaction between two SOMSs is required.

Vector theories of XPM and four-wave mixing have been studied in [14-16],
where the nonlinear interaction between continuous light-waves or solitons with
arbitrary SOPs is analyzed. However, these studies do not go deep into the nonlinear
interaction between orthogonally polarized SMOSs as is the case in the Kerr
phase-interrogator. Nonetheless, these studies provide theoretical foundation for the
vector analysis of the nonlinear interaction occurring in the Kerr phase-interrogator.

Light-waves that operate at identical wavelengths with identical SOPs guarantee

nonlinear interaction with maximum efficiency, and utilization of these light-waves
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could improve the measurement signal-to-noise ratio of optical devices that take
advantage of nonlinear interaction such as the Kerr phase-interrogator. However,
interference among these light-waves occurs along with the nonlinear interaction, and
the phase-noise of the light sources is introduced through the interference, which
perturbs the nonlinear interaction. The impact of interference on the nonlinear
interaction has not been studied.

In this chapter, the phase-modulations generated in the nonlinear interaction
between two orthogonally-polarized or co-polarized SMOSs in a Kerr medium with
randomly-varying low birefringence is analyzed using two vector-formed nonlinear
Schrodinger equations, and the resulting generation of first-order sidebands is
analyzed. Experiments are performed using an optical fiber with random
birefringence as Kerr medium in the Kerr phase-interrogator, and the results confirm
the predictions of the theoretical analysis. This study supplements the analysis of the
nonlinear interaction between two SMOSs by considering the birefringence-induced
randomly-varying SOPs of the SOMSs, and is essential for understanding the

dependence of the operation of a Kerr phase-interrogator on the SOPs of the SOMSs.

3.1Vector analysis of nonlinear interaction
between two orthogonally polarized SMOSs

Electric fields of two SMOSs with power-oscillation frequency fs are given by
Ej :‘Aj>ei(2nvjt—ﬂjzj—¢jo) (3.1)
where j=1,2 refer to two SMOSs, f; is propagation constant, ¢,, is initial phase,
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and v, is optical frequency. |A;) is two-dimensional column vector representing

the two components of the amplitude of E; in the x-y plane such that

<AJ‘AJ.>:‘AJ.‘2=0.5Ppcosz[7zfs(t—tjﬂ is power of E.

;  with <Aj‘ being
Hermitian conjugate of ‘Aj > and Pp being total peak power of two SMOSs. In a Kerr
medium, two SMOSs undergo nonlinear interaction and the evolutions of |A) and

|A2> are governed by the following vector-formed nonlinear Schrodinger equations

[14-17]

iA_>=i_7 3(Al A)+2(A ] A ) A) (32
43 | s, ()| A [ 4 AN (A 25 (A oA [ ]

where y is the waveguide nonlinearity, 33(AJ.)=<Aj |03‘Aj>/‘Aj‘2 is normalized

0 i
Stokes parameter, and o, = L O} is Pauli spin matrice [18].

In the case that |A) and |A,) are orthogonally polarized, (A, ;| A;)=0 and

s;(A))=-s,(A;)=s, are attained, and Eq. (3.2) becomes
SIa)=Z](saf +2a [)-selaf +2sala [ ]la). @3
Random birefringence of the Kerr medium makes the Stokes parameters of |A;) and
|A, ;) randomly walk on the Poincare sphere. Therefore, s,(A,)o,|A;) in Eq. (3.3)
requires the average and turns to be |A;)/3 [1, 18]. Integrating |A;) over z and
using A (z)] =0.5P, cos?[ zf, (t-t; )] gives a solution

| A (Ler ) =| A (0)) exp(ihy, ), where

b, = g L7 Po {cos,2 [zt (t=t;) ] +cos?[ 71, (t-t, | )]} (3.4)

with Lkerr being the length of the Kerr medium.

The  phase-modulations ¢, ; in Eq. (34) is comprised of
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o ; =41 9Ly, P COS? [nfs (t-t, )J induced by self-phase modulation (SPM) and
beon ; =41 9Ly, 7Py COS? [71 f, (t—tsf,ﬂ induced by cross-phase modulation (XPM).
The combination of ¢, ; and g, ; leads to the formation of distinct sidebands
Pc with k=1,2,... at v,x(k+0.5)f, in the optical spectrum of ‘Aj> . For

4yL,.. P> 19<0.4, the power of first-order side band P; is approximately given by

Kerr
R =R,cos’(zfty) (3.5)

where t, =t, —t is the group delay of the SMOSs.

3.2Vector analysis of nonlinear interaction
between two co-polarized SMOSs

3.2.1 Different carrier-wavelengths
In the case that |A) and |A,) are co-polarized and are carried by lasers with

different wavelengths, M_J)(%_jHAJ.>:‘A3_J.‘2‘AJ.> and s;(A)=s;(A_;)=s, are

attained, and Eq. (3.2) becomes

Dia) =T a|af ol [ -solaf -2sala [Ja) @8

Averaging the last two terms on the right-hand side in term of SOP results in
sS(Aj)a3‘Aj>—>‘Aj>/3 . Integrating ‘Aj> over z in Eg. (3.6) and using
‘Aj(z)‘zzo.SPp C052|:7Z'f5 (t—tj)J gives a solution |A, (L., ))=|A; (0))exp(idy, ),
where

buj = g Lerr 7 Po {cos2 [72' f, (t —t, )] +2c0s’ |:7Z' f, (t —t, | )J} : (3.7)

4/9L,,, 7P, cos® |:7Zfs (t-t, )] and 8/9L,,, 7P, cos? [m‘s (t—ts_j)] in g, .
respectively correspond to SPM and XPM. The power of first-order sideband that

arises from ¢, ; is given by
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P
P :%[5+4COS(2ﬂ'fstd )] (3.8)

3.2.2 ldentical carrier-wavelengths

In the analysis so far, the evolutions of |A) and |A,) in the Kerr medium are
distinguishable due to the difference either in carrier-wavelengths or in SOPs of |Al>
and |A2> In the case of two co-polarized SMOSs carried by identical wavelengths,
however, discrimination of evolutions of |A) and |A,) becomes difficult.
Therefore, the total electric field E, =E+E, is involved in the analysis.

Undergoing SPM in the Kerr medium, the amplitude of E _ at the output of Kerr

tot

medium is  given by  |A, (L ))=|Ax(0))exp(idy ) . where
A or =81 97 Lerr | A The  factor of  8/9 results ~ from
random-birefringence-induced mode-coupling between two polarization components
of |A0t> oriented along the principal axes of Kerr medium [1]. Using

1Al =|A +|A[" +2|A||A|cos(Ag,) and ‘Aj(z)‘z=O.5Ppcosz[7zfs(t—tjﬂ in

Pu o lEAdS tO

t.+t .
Bt o = g Po Ly 7 [ 1+ COS (7 .ty )OS (Adhy ) [+ m,, COS{Z;{ f, [t L 23—1 ﬂ (3.9)
where Apy=dy—Po+ A2 Az=12,—-7, p=p=p and

m,. =4/9P, Ly, 7| cos(z ft,)+cos(Ag)] . The term of 2|Al|A)|cos(Ag,) in

|2 arises from the interference between E, and E, . The sinusoidally

A
time-varying term m, cos[Z;z f, (t—0.5(tj +t3_j))} in @y Oives birth to the
distinct sidebands in the optical spectrum, and the power of first-order sideband is

given by
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P =R, [cos(zft,)+cos(Ad)] - (3.10)

3.3 Analysis of sinusoidal power-variation of
first-order sideband with the phase-shift of
SMOQOSs

In the Kerr medium, the generated first-order sideband in the optical spectrum

arises from the existence of sinusoidal phase-modulation in ¢, ;, and the value of P,
is determined by the magnitude of this sinusoidal phase-modulation. Because ¢, ; is
the superposition of sinusoidal phase-modulations ¢, ; and d,,;, the magnitude
of the sinusoidal phase-modulation in ¢, ; is determined by the phase-shift between
the  sinusoidal ~ phase-modulations ¢y, ; and  @,,; , Which s
‘27: f(t—t;)-27f (t-t, | )‘ =2z ft,. As a result, the value of P is governed by the
phase-shift 2z ft,.

Figure 3.1 shows ¢ ;, #py; and dy,,; in the case of two orthogonally
polarized SMOSs. In this case, the magnitude of ¢, ; is identical to that of ¢, ;
as Eq. (3.4) indicates. When sinusoidal phase-modulations ¢, and d,,,, are
in-phase, that is 2z ft, =2nz with n being integer, the sinusoidal phase-modulation
in ¢, ; is enhanced and the magnitude of this sinusoidal modulation reaches
maximum leading to the maximum value of P;. In comparison, when
2z fty =2n7z + 7z, sinusoidal phase-modulations ¢, ; and ., ; are out-of-phase,
and the sinusoidal modulation in ¢, ; is compensated completely. The vanishing of

the sinusoidal modulation in ¢, ; results in the vanishing of first-order sideband,
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and thus the value of P; reduces to zero as Eq. (3.5) indicates.
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Figure 3.1: Illustrations of nonlinear phase-modulations in the cases of orthogonally
polarized and co-polarized SMOSs.

Compared with P; in the case of orthogonally polarized SMOSs, P; never
reduces to zero in the case of co-polarized SMOSs carried by different wavelengths,

as Eq. (3.8) indicates. Figure 3.1 also shows @, i, éy,; and ¢, ; in the case of

co-polarized SMOSs carried by different wavelengths. Because the magnitude of
Peom; 1S twice that of ¢, ; as indicated in Eq. (3.7), the sinusoidal modulation in
$y.; still exists even when the sinusoidal phase-modulations ¢, ; and g, are

out-of-phase, and the residual sinusoidal modulation in ¢, ; resultsin Py #0.

In the case of co-polarized SMOSs carried by identical carrier-wavelengths, the
phase noise of light sources of the co-polarized SOMSs is involved in ¢,,—¢, due

to the interference between E, and E,, which leads to the fluctuation in the total

power |A,| . Because @, . results from SPM and the value of ¢, s

proportional to |A,|’ i

, the fluctuation in |A,|" leads to the fluctuation in gy,

Since the first-order sideband arises from ¢, , the phase noised induced fluctuation

in @ Perturbs the generation of first-order sideband as indicated in Eq. (3.10).
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3.4 Experimental verification

Figure 3.2(a) shows a schematic of a Kerr phase-interrogator employed to
demonstrate sinusoidal variation of P; in the case of orthogonally polarized SMOSs
carried by different carrier-wavelengths. Two continuous-wave lasers (Agilent
81980A) respectively operating at wavelengths of 4; =1551.70 nm and A, =1552.36
nm are amplitude-modulated using a sinusoidal electrical signal generator (HP
83752A) with modulation frequency f, =10 GHz to obtain two SMOSs with a power
oscillation frequency of f,=2f_ . Two SMOSs are combined by a polarization beam
combiner (PBC) to obtain two orthogonally polarized SMOSs. A variable delay line is
placed in the delay path to vary group-delay difference tyg, and two polarization
controllers, PC1 and PC2, ensure the peak powers of the orthogonal components of
the combined signal are maximum and equal. After amplification, the combined
signal with total peak power P,=20mW is launched into a Kerr medium comprised
of a dispersion-shifted fiber (DSF) with length of 2 km and waveguide nonlinearity of
y =2.28 W/km. Because zero-dispersion wavelength of the DSF locates at 1552 nm,
the dispersion-impact of Kerr medium on the sinusoidal variation of P; is neglected.
The first-order sideband generated in the Kerr medium is extracted by a band-pass
filter (TeraXion TFC) with a 3 dB bandwidth of 3 GHz, and a power-meter
(Agilent/HP 81536A) is used to measure Py as ty is varied. Figure 3.3 presents the
normalized value of measured P; as a function of ty showing sinusoidal variation of P,
with period of 50 ps. In addition, the minimum power value P™ is zero. Using

fs=20 GHz and t4=25 ps in Eq. (3.5) gives ~ft, =057 leading to P™ =0 in
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agreement with the experimental result.
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Figure 3.2: Schematic of a Kerr phase-interrogator with two orthogonally polarized
SMOSs carried by (a) different wavelengths and (b) identical wavelengths. EOM:
electro-optic modulator; RF: radio frequency; PC: polarization controller; PBS:
polarization beam splitter; VDL: variable delay line; PBC: polarization beam
combiner; EDFA: erbium-doped fiber amplifier; OBPF: optical band-pass filter;
PWM: power meter.
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The Kerr phase interrogator shown in Fig. 3.2(a) is modified as presented in Fig.
3.2(b) to demonstrate sinusoidal variation of P in the case of orthogonally polarized
SMOSs carried by identical wavelengths. A SMOS oscillating at a frequency f; =20
GHz and carried by wavelength 4 =1552 nm is split into orthogonally polarized
components by a polarization beam splitter (PBS). The orthogonally polarized
components are recombined by a PBC, and their powers after recombination are
ensured maximum and identical by PC1 and PC2. As t4 is varied from 0 to 120 ps, P;
is recorded and the normalized values of measured P; as a function of ty are presented
in Fig. 3.3 showing sinusoidal variation with P™ =0 in agreement with theoretical

values calculated using Eq. (3.5).
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Figure 3.3: Measured values of P; as a function of ty in the cases of orthogonally

polarized SMOSs carried by different or identical wavelengths, and co-polarized
SMOSs carried by different wavelengths.

The PBC in Fig. 3.2(a) is replaced with a 50/50 fiber coupler followed by a
polarizer to attain co-polarized SMOSs with equal peak-powers and different
carrier-wavelengths. As ty is varied, the value of P, is recorded by a power-meter, and

the normalized values of measured P; as a function of ty are also presented in Fig. 3.3.

The minimum value of the normalized P; shown in Fig. 3.3 is 0.1082 indicating the
extinction ratio of P™ /P™ =1/0.1082=9.24, where P"™ is the maximum value
of measured P;. Using Eq. (3.8) gives R™ =9P /4 for 2xft, =2nz and
P™=B,/4 for 2zft,=2(n+Dx leading to the

theoretical value of

P™ /P™ =9 in close agreement with the experimental value.

The PBS in Fig. 3.2(b) is replaced with a 50/50 fiber coupler, and the PBC is
replaced with a 50/50 fiber coupler followed by a polarizer to attain co-polarized
SMOSs with equal peak-powers and identical carrier-wavelengths. As tq is varied, P,
is recorded and is presented in Fig. 3.4. As indicated by Eq. (3.10), dramatically

fluctuation on the sinusoidal variation of P; with ty is shown in Fig.3.4, which is
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induced by the phase noise of the laser through the interference between co-polarized
E, and E,.
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Figure 3.4: Measured values of P; as a function of ty in the case of co-polarized
SMOSs carried by identical wavelengths.

The sinusoidal variation P,(t,) accounts for the core functionality of the Kerr
phase-interrogator for sensing applications. Utilization of two co-polarized SMOSs
carried by different wavelengths reduces the extinction ratio of the sinusoidal
variation Pl(td) leading to reduced sensitivity in the Kerr phase-interrogator based
phase-shift measurements. Furthermore, when two co-polarized SMOSs carried by
identical wavelengths are used in the Kerr phase-interrogator, P, (t,) is dramatically
perturbed by the phase noise of light source leading to reduction in the accuracy of the
phase-shift measurement. Therefore, the optimal phase-shift measurement based on
Kerr phase-interrogator requires utilization of two orthogonally polarized SOMSs

carried by either identical or different wavelengths.

3.5 Conclusion

Vector analysis of nonlinear interaction between two orthogonally-polarized or
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co-polarized SMOSs with identical or different carrier-wavelengths in the Kerr
medium with randomly varying birefringence is performed. The analysis reveals that
for orthogonally polarized SMOSs, the nonlinear phase induced by XPM is identical
to the nonlinear phase induced by SPM. However, for co-polarized signals, the
nonlinear phase induced by XPM is doubled that induced by SPM. Based on the
vector analysis, sinusoidal variation of P; with ty is analyzed. Predictions of the
theoretical analysis are experimentally verified, and experimental results show that
P™ =0 and P™/P™ =0 in the cases of orthogonally polarized SMOSs carried
by different or identical wavelengths, whereas P"™ /P™ =9 in the case of
co-polarized SMOSs carried by different wavelengths. In addition, sinusoidal
variation of Py is dramatically perturbed by the phase noise of the laser sources when
two co-polarized SMOSs are carried by identical wavelengths. This study provides
insight into the dependence of operation of the Kerr phase-interrogator on the SOPs of

SMOSs.
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4 Chromatic-dispersion impact on the
generation of first-order sidebands
using theory of four-wave mixing

The sinusoidal dependence is found in power of first-order sideband P; versus
phase-shift between two orthogonally-polarized sinusoidally-modulated optical
signals (SMOS). Hence, a Kerr phase-interrogator can measure parameters that
change the phase-shift between two orthogonally-polarized SMOSs by measurement
of P4, and is a promising novel approach for monitoring and sensing applications as
will be presented in chapter 5-8. Because chromatic dispersion (CD) affects the
efficiency of the nonlinear process, CD of the Kerr medium that is used in a Kerr
phase-interrogator has impact on the generation of first-order sidebands leading to
deviation from the expected phase-shift measurement.

The phase-modulation-based model demonstrated in chapter 2 is intuitive and
allows for conceptual understanding of the operation of the Kerr phase-interrogator in
terms of superposition of the sinusoidal phase-modulations of two orthogonally
polarized SMOSs. Unfortunately, the phase-modulation-based model does not account
for the impact of CD of the Kerr medium on the operation of the Kerr
phase-interrogator. An analytical model that includes the effect of CD of the Kerr
medium will provide insight into the impact of CD on the operation of the Kerr
phase-interrogator as a sensing and signal-processing device, and will simplify the

design of the Kerr phase interrogator to achieve optimal performance. Such analytical
35



model can be obtained by utilization of the theory of four-wave mixing (FWM) to
study the nonlinear interaction between two orthogonally-polarized SMOSs.

There have been relevant studies that investigate the impact of CD on the
nonlinear interaction between co-polarized SMOSs for wavelength-division
multiplexing systems [19, 20]. Unfortunately, these studies apply only to co-polarized
SMOSs, and there has not been any study on the interaction between two orthogonally
polarized SMOSs in a despersive Kerr medium as is the case in a Kerr
phase-interrogator. Furthermore, these studies only account for the CD-induced
group-velocity difference between SMOSs that are centered at different carrier
wavelengths. In practice, the optical spectrum of each SMOS consists of two
frequency-components, and CD in the Kerr medium induces phase-mismatch among
these frequency-components reducing the efficiency of the nonlinear interaction [21,
22].

In this chapter, the impact of CD on the generation of first-order sidebands that
arise from nonlinear interaction between two orthogonally-polarized SMOSs with
identical or different carrier-wavelengths is investigated analytically and
experimentally. Analytical solution of P; accounting for CD of a Kerr medium is
obtained using theory of FWM. Experimental verification of the analytical solution is
achieved by comparison between the measured and the calculated values of P; at the
output of the Kerr phase-interrogator that utilizes a dispersive fiber as Kerr medium.
This study is essential for acquiring insight into the operation of a Kerr
phase-interrogator when the Kerr medium is dispersive, as well as for optimal
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performance in sensing and signal-processing devices based on a Kerr

phase-interrogator.

4.1 Analysis of chromatic dispersion impact

The electric field E,_,, for each of the orthogonally-polarized SMOSs consists
of two distinct spectral components Eji located at o;t@, such that
E,,,=E;+E;, asillustrated in Fig. 4.1, where «, =27f , f =0.5f isthe field
modulation frequency, and f; is the power oscillation frequency. The
orthogonally-polarized SMOSs with identical peak powers are launched into a
dispersive optical fiber with a length Lkerr. Propagation of the fields E, and E, in
the optical fiber induces third-order nonlinear polarization P'¥ which leads to the

2t at angular frequencies

generation of new n™-order spectral components EE
a)ji(2n+l)a)m with n being an integer and n>0 . The zeroth-order spectral
components with n=0 are located at @, +ew, and correspond to the spectral

components of the SMOS such that Eji = Ej(l)i.

After generation of the new spectral components, the electric field of the signal is

given by E, =Y EP"*. Assuming the amplitude of generated sideband E*""* is
much smaller than that of Eji, the signal field becomes E; =E;+E; and the

third-order nonlinear polarization P{ is given by [23]
® 8 3‘90)(1(31 + + =7\ (201t
A ) (E/E]" +E; ET))E| (4.1)

NL,j o i(2n+l)wm 9 4

where ;51(13}1 is one component of third-order susceptibility. The factor 8/9 in Eq. (4.1)
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results from polarization mode-coupling and polarization-state average of the

orthogonally polarized electric fields E, and E, due to random birefringence in the

optical fiber [24-26]. For n=1, Eq. (4.1) reduces to

(3)
NL, j

838}( - N
o230, 041111(E1EJ +E; B )E] (4.2)

where the FWM terms E E+ E and E; E* E: generate first-order sidebands

3-j ]

(3)= i
E;”" atangular frequencies o; 3w, .

Propagation of the electric field component Egg)i at cogs)i =, +3w, in afiber

is governed by the wave equation [1]

O%E 53 2 82E23)i o2 PN(i)J
2t ¢ o T

i3wm

(4.3)
where n is the refractive-index of Kerr medium, c is speed of light in vacuum and 4,
is permeability of free space. Using Eﬁs)i(z,t):FAES)i(z)exp[i(a)f)it— ﬁ}s)iz)}
with 1/F? being the effective mode area, ﬂ being the propagation constant of
Eﬁs)i, and A§3) ( ) being the electric field amplitude at a) " [1], the left side of

Eq. (4.3) becomes

2 iw(-3)if (_3)1Z
e 2 (2o —(ﬁ§3)+)2JA§3)+(Z)}(' s
where Al(a)i(z) is assumed to have a slow varying envelop such that 82 1622 is
neglected. Using Eji(z,t)zFAji(z)exp[i(a)jit—ﬂfz—ﬁ)] with B and ¢/
being the propagation constant and the initial phase of the electric field E;,

respectively, and neglecting the loss in the Kerr medium such that

A (2) -

A ;(2) =R, . Eq. (4.2) becomes
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(3)
@) _ 8 360 i F3pLs
NL.j ;30 9 4 0

)
y {eu[(ﬁfzwr)—(ﬂ,-zwj)} Ll s )] } RICES =

where P, is power of Eji. Replacing Eg. (4.4) and Eg. (4.5) in Eg. (4.3), using

2 2
(ﬂ}‘”i) =(na)§3)i/ c) , and neglecting imaginary part of ). , leads to

aA(s)i 2 (g gt el gt (59, gt,_ gt
B (Z):—igﬂ/Pol'S{ze[(ﬂ' EU M}e(ﬂ‘ gad (4.6)

j=1
where yzBRe( ;gl(f}l)a)?)iFZ/ (8nc) is the waveguide nonlinearity parameter and

Re( ;(l(fil) is real part of 2. .
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Figure 4.1: [lllustrations of optical spectra and phase-mismatches among
frequency-components of two SMOSs in a dispersive Kerr medium.

4.1.1 ldentical carrier-wavelengths

In the case that E, and E, have the same carriers such thate =, = a,,
mode-propagation constants of Eji and El(s)i are respectively given by
t_ o 2 (3)+ _ (3)+ + 2 ith
B =5 ta,B +054:5,  and p By £3w, 4, +05(83m,) B,  wit

,anl,z = dnﬂi /do"

[1]. For the Kerr medium comprised of regular single-mode
w=ay

fiber (SMF), the birefrinigence of the SMF is on the order of 10" resulting in identical
p, for orthogonally polarized E, and E,. Using the initial phase-difference

between the two SMOSs ¢, =05 (4 —¢, )—(& —¢ )|, ¢ =24"—4", and the
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approximation of 3 ~ 8, = A" = A% | Eq. (4.6) becomes

0 A _ 8 s Fi2g, | oi(4hB2-40)

A (z)——lgy/Po (1+€7%)e . 4.7)
By integrating Al(3)i over z in the Kerr medium, Ai(‘?)i at z=Lerr IS given by

X 2yP>s (em“’m +l)(e‘2"’5 —1)e’i¢f0
(3)* —_
Ai ( I‘Kerr ) - gﬂza)ni (48)

where ¢, =2 f,Ly.,, = @, DAL is the intra-SMOS phase-mismatch, as

Kerr Kerr

illustrated in Fig. 4.1, with D, being the CD parameter of the Kerr medium,

A4, =A"—A" being wavelength separation and A* being wavelength of E;. The

power of E®* is calculated using P®* =‘A1(3)i(LKerr)2 leading to
X 2p3) 2 sin 2
P = 256y 8? Licer [ ¢E¢S)j cos® (4, ). (4.9)

+

Similarly, the power of Ef)‘ at the output of Kerr medium P2(3)i is also given by
modified Eq. (4.9). Equation (4.9) indicates that Pl(3)i varies sinusoidally with the
initial phase-difference ¢, and is proportional to sincz(gbs) which dramatically
reduces the efficiency of the FWM process as the intra-SMOS phase-mismatch ¢,
increases. 0.5(¢; —¢;) in ¢, refers to the phase of the | SMOS @, t; induced by
group-delay of the SMOS t,, and ¢, =0.5[(¢2+ ~¢ ) (' —¢1‘)] =, t, represents
the phase-shift of two SMOSs induced by group-delay difference t, =t, —t, of the

two SMOSs.

4.1.2 Different carrier-wavelengths

When E; and E, have different carriers such that @, # @,, mode-propagation

constants of E; and E"®" are respectively given by B =P, p;,+0508,,

and ﬂl(s)i :[,iz)i +3m, 3, +0.5(3a, )2 B, with g, =d"p /do" . Under the

i

=0
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approximations of ., = fi, = B2 = B and B, ~ By, EQ. (4.6) becomes

0 (3)x o 8 _is Fi(24+24y) i(“”ﬁﬂl,ﬂ—ﬁo)

~ A (2)=-ig 7R |1+e IE (4.10)
where ¢ =, ABz is the inter-SMOS phase-mismatch, Af =p,, -, =D.A4
corresponds to the group-velocity difference between ES and E, ,

¢, = 0.5[(@* ~¢ ) (& - )] =, t, is the initial phase-difference between the two

SMOSs, and ¢, =247 —¢" is a constant phase-shift. Using 2w} f,,L.. =4., the
power of first-order sideband Pl(3)i at the output of Kerr medium is given by
2p3) 2
S 547 Folven g‘)lLKe" [az +(b? )2 +2ab” cos (24, — ¢ )} (4.11)

wherea=sin(¢, )/ ¢,b* =sin(¢ ¥4,)/ (4 T4,). Similarly, the power of E{** at the
output of Kerr medium P2(3)i is given by modified Eq. (4.11) where
¢, =20 Py, Lierr» #, and ¢ are replaced with —g  and —g, respectively. The
inter-SMOS phase-mismatch parameter ¢ in Eq. (4.11) appears only when @, # @,
and arises from the difference between the group-velocities of E; and E;. Under
the limit @ — @,, the group-velocities of E and E, become identical, ¢,

becomes zero, and Eq. (4.11) reduces to Eq. (4.9) as expected. Furthermore, as the

value  of D—->0 , Eq (49 and Egq. (4.11) reduce to

c

|31(3)i — 2567/2 |303 L2

Kerr

cos’(¢,)/81 in agreement with Eq. (2.10) that describes the

analytical solution of Py in the case of non-dispersive Kerr medium.

4.2 Experimental verification

Figure 4.2(a) presents a schematic of a Kerr phase-interrogator used for
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experimental demonstration of the CD impact of Kerr medium in the case of identical
carrier-wavelengths. A continuous-wave laser (Agilent 81980A) with wavelength
A=1550 nm is amplitude-modulated using a sinusoidal electrical signal generator
(HP 83752A) with a modulation frequency f. to obtain a SMOS with a power
oscillation frequency of f,=2f . A polarization beam splitter divides the power of
the SMOS into parallel and perpendicular components that respectively propagate in
reference and delay paths. A motorized variable delay line is placed in the delay path
to vary the group-delay difference ty between the parallel and perpendicular
components. A polarization beam combiner recombines the parallel and perpendicular
components, and the peak powers of these components are ensured to be maximum
and equal using two polarization controllers, PC1 and PC2. The recombined signal is
amplified using an Erbium-doped fiber amplifier (Amonics AEDFA-33-B-FA) to
attain total peak power P,=20mW, and is launched into a Kerr medium comprised
of a 2 km long single-mode fiber (SMF-28e) with waveguide nonlinearity of
y=125 W™ /km and chromatic dispersion of D, =16.7 ps/(nm>km) at a
wavelength of 1550 nm. For most fiber such as SMF-28e, random variations in
birefringence and the orientation of the birefringence axes force the Stokes vector to
fill the entire surface of the Poincare sphere over a length scales ~1 km [1]. As this
distance is shorter than the length of the SMF used as Kerr medium, the Stokes
parameters of E, and E, can be considered filling the whole Poincare sphere, and
thus the factor of 8/9 in Eq. (4.1) is valid. Propagation of the parallel and
perpendicular components in the Kerr medium leads to the generation of sidebands
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due to the nonlinear interaction between the orthogonally polarized components. In
the case of identical carrier-wavelengths, generated first-order sidebands E> and
E>- are overlapped in the optical spectrum. The generated first-order sidebands are
extracted by a tunable band-pass filter (TeraXion TFC) with a 3 dB bandwidth of

3 GHz.

|
|
OBPF I— PWM |,
|

Kerr
medium |
: PCl (b) :
| /11—@ [
|
: PBC [osi]—[ ]|
Kerr
| I PC2
I A — medium

Figure 4.2: Schematic of a Kerr phase-interrogator used for demonstration of the CD
impact of Kerr medium in the cases of (a) identical and (b) different
carrier-wavelengths. EOM: electro-optic modulator; RF: radio frequency; PC:
polarization controller; PBS: polarization beam splitter; VDL: variable delay line;
PBC: polarization beam combiner; EDFA: erbium-doped fiber amplifier; OBPF:
optical band-pass filter; PWM: power meter.

The total power of the sidebands P, =R® + P/ =2P®" is measured using a
power-meter (Agilent/HP 81536A) as tq is varied from -50 ps to 30 ps. Figure 4.3(a)
presents the measured P,(t,) at different values of f, between 10 GHz and 30 GHz.
Also presented in Fig. 4.3(a) are the theoretical values of Pl(td) calculated using Eq.
(4.9) withg, =27ft,, |4|=|27f,D.A%L,|, D, =16.7 ps/(nm>km), A=1550

showing close agreement between theory and

S

nm, Lkerr=2 km, and A4, =(—/12 /c) f

experiment. The initial phase-difference ¢, between the two SMOSs is linearly
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proportional to ty indicating that the measured P; varies sinusoidally with ¢ as
predicted by Eq. (4.9). Also, for f,=30 GHz, |¢,|=0.967 leading to sinc®(¢,)~0
and P, =0 in agreement with experimentally measured value. To investigate the
variation of P; with |¢,|, the value of ty is fixed at 0 ps, and the value of fy, is varied
between 10 GHz to 40 GHz to obtain Pl(|¢s|). Figure 4.3(b) presents the measured
values of P1(|¢5|) along with the theoretical values calculated using Eqg. (4.9)
withg, =0. The measured value of P; varies as a squared-sinc function of |4,| in

close agreement with the theoretical calculations.

¢/ |
0.33 0.66 0.99 1.32
fp7l0 GHz |« Experimental ® Experimental
ol —oretlcal 2% — Theoretical
3 3 ®
< S
0_‘_‘ 1 D-H 1
0= % 20 30 40
t, (ps) f (GHD)

Figure 4.3: Experimental and theoretical results of (a) Py(tq) at different f,, and (b) P
at ty=0 ps as a function of |¢s| in the case of identical carrier-wavelengths.

To demonstrate the CD impact of Kerr medium in the case of different
carrier-wavelengths, the Kerr phase-interrogator is modified as illustrated in Fig.
4.2(b) such that the SMOSs in the reference and the delay paths are carried by lasers
at wavelengths 4, =1551 nm and A, =4, +A4,, respectively. Unlike the case of
identical carrier-wavelength, generated first-order sidebands E*~ and E{~ do not

(3

overlap in optical spectrum. The tunable band-pass filter is used to extract E; > only

and the power-meter measures the power of this extracted sideband such
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that B, = Pl(s)‘. Figure 4.4(a) presents the measured values of P; as ty is varied from
O ps to 80 ps for different A4, between 0.55 nm and 1.15 nm. Figure 4.4(a) also
presents theoretical values of P; calculated using Eq. (4.11) with D.=16.7
ps/(nm>km), f, =10 GHz, A4, =1551 nm and Lker=2 km showing close agreement
between theory and experiment. Measurements in Fig. 4.4(a) show that increasing
A/, causes a phase-shift to the sinusoidal variation Pl(td) as predicted by Eq. (4.11)

where increasing A/, increases ¢ =2xf D,AAL,.,, Which adds a phase-shift ¢

Kerr
to the sinusoidal variation P (¢,) with ¢, =27ft,. Also, the extinction ratio
P™ /P™ declines as A4 increases indicating that a reduction in the extinction
ratio of P,(t,) occurs when the carrier wavelengths of SMOSs are different. To
further investigate the extinction ratio of B/(t,), the value of B™/B™ is
measured as A4, is varied from 0.66 nm to 3.66 nm in steps of 0.2 nm. Figure 4.4(b)
presents the measured values of P™ /P™ as a function of A4 showing that the
ratio P™ /P™ decreases dramatically as A/, increases to 1.46 nm and then

remains low as A4, further increases. Also presented in Fig. 4.4(b) are theoretical

values of P™/P™  calculated using P™ =64y°P’L;

Kerr

(a+b)’ /81

forcos(2¢4, —¢)=1 and R™ =64*P’L:

Kerr

(a—b)’ /81 for cos(2¢,—¢)=-1 in

Eq. (4.11) in close agreement with the experimental results.
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Figure 4.4: Experimental and theoretical results of (a) P1(ty) for different A4, and (b)
P,"/P,;™" as a function of 4.

4.3 Implication to Kerr phase-interrogator based
sensing devices

The sinusoidal variation of P, with ¢ in Egs. (4.9) and (4.11) accounts for
the core functionality of the Kerr phase-interrogator for sensing applications. Any
parameter that changes the ¢, can be acquired utilizing sinusoidal dependence of P,
on ¢,. The maximum value of B(¢,) reduces dramatically as ¢, increases which
decreases the measurement signal-to-noise ratio (SNR). Furthermore, ¢ reduces the
extinction ratio B™ /B™ of the sinusoidal variation P,(¢,) leading to reduced
sensitivity in the Kerr phase-interrogator based sensor. Finally, ¢ induces additional
phase between the SMOSs such that the final phase difference is 24 —¢ which
leads to deviation of the measurements from expected values.

Reduction in the FWM efficiency and the extinction ratio B™ /P™ that arise
from the intra-SMOS ¢, and inter--SMOS ¢ phase-mismatches, respectively, can

be eliminated by utilization of Kerr medium with low CD. The single-mode fiber is
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replaced with dispersion-shifted fiber (DSF) as Kerr medium with a zero dispersion
wavelength at 1552 nm. The values of P; as a function of ty are recorded for different
A/, between 0.6 nm and 1.2 nm, and the measurements are presented in Fig. 4.5. The
measured sinusoidal dependence of Pl(td) presented in Fig. 4.5 are identical for
different A4 . Using D=0 gives a=1 and b* =1, and Eq. (4.11) becomes

|31(3)i — 2567/2 |303 L2

Kerr

cosz(a)mtd)/81 indicating dispersion-independent sinusoidal

variation R®* (t;) in agreement with experimental results.

1.5 A=0.6nm O Al=1.0nm
A=0.8nm ¢ AJ=1.2nm
—— Theoretical
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0 50 100 150
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Figure 4.5: Experimental results of Pi(ty) for different A4 for a Kerr medium
comprised of a 2 km long DSF with a zero-dispersion wavelength of 1552 nm.

4.4 Conclusion

The theory of FWM is employed to investigate the CD impact on the nonlinear
interaction between two orthogonally-polarized SMOSs with identical or different
carrier-wavelengths. Theoretical analysis reveals that CD induces intra-SMOS
phase-mismatch ¢, when the carrier-wavelengths of two orthogonally polarized

SMOSs are identical and additional inter-SMOS phase-mismatch ¢ when the

carrier-wavelengths are different. Predictions of the theoretical analysis are
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experimentally verified using a Kerr phase-interrogator with a dispersive Kerr
medium. Experimental results show that increasing ¢, reduces the magnitude of the
sinusoidal dependence of P, on ¢, , and that increasing ¢, leads to decrease in the
magnitude, reduction in the extinction-ratio, and shift in the phase of P,(¢,) in
agreement with the theoretical analysis. The impact of ¢, and ¢ can be eliminated
by utilization of a Kerr medium with zero CD. This analytical study provides insight
into CD impact on the operation of the Kerr phase-interrogator and the tools required
for the optimization of the performance of Kerr phase-interrogator based sensing

devices.
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5 Chromatic-dispersion
characterization of optical fibers
using a Kerr phase-interrogator

This chapter presents a novel approach for measurements of chromatic
dispersion (CD) in long optical fibers using a Kerr phase-interrogator. This approach
utilizes a Kerr phase-interrogator to measure the phase variation of a
sinusoidally-modulated optical signal (SMOS) induced by traveling in a fiber under
test as the laser carrier wavelength and the modulation frequency of the SMOS are
varied. CD measurements for several fibers including a standard single-mode silica
fiber and a dispersion-shifted fiber are experimentally demonstrated.

Dispersion of group birefringence in a long polarization-maintaining fiber (PMF)
is also characterized in this chapter. Two SMOSs are respectively launched into fast
and slow axes of a PMF under test. Wavelength dependent group-delay difference
between the two SMOSs induced by group birefringence of PMF is measured using a
Kerr phase-interrogator, and dispersion of group birefringence is obtained utilizing the
wavelength dependence of group-delay difference. Measurements of wavelength
dependent group birefringence and group birefringence dispersion for a 459.4-m

Panda PMF are experimentally demonstrated.
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5.1 Background

Chromatic-dispersion is a critical parameter in optical fibers because it limits the
data-rate of long-haul telecommunication systems and the efficiency of nonlinear
four-wave mixing through pulse-broadening, walk-off, and phase mismatch. There are
several approaches for the measurements of CD in kilometers-long optical fibers such
as the pulse-delay method [27], the modulation phase-shift method [28], and the
Sagnac interferometer based method [29, 30]. CD in fibers with lengths on the order
of one meter is measured using methods based on Mach—Zehnder and Michelson
interferometers [31, 32].

The modulation phase-shift method has been widely used because it enables the
measurement of CD at picosecond-level precision. This method measures the shift in
the phase of a SMOS induced by propagation in a fiber under-test (FUT) as the laser
wavelength is varied allowing for the determination of the relative groups-delay
Aty (A)=t, (1)1, (/1““) as a function of wavelength 1. CD is then obtained using
D(A) = (L/ L)d{At,}/d A, where L is the length of the fiber under-test, and A™ isa
reference wavelength. Current implementations of this method are bandwidth-limited
because they utilize electronic signal-processing for phase-shift acquisition. A novel
implementation that utilizes all-optical signal processing for phase-shift acquisition
can be achieved using a Kerr phase-interrogator. The Kerr phase-interrogator converts
phase variation of a SMOS into power variation by ultrafast all-optical signal
processing based on the Kerr nonlinear effect.

PMF can be used for ultrafast all optical switching, wavelength-tunable
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ultra-short pulse generation, and quantum key distribution, where PMF is hundreds of
meters in length [33-35]. For these applications, wavelength dependence of group
birefringence is important because it governs the walk-off length that has influence on
temporal profile of amplitude and spectra of optical pulses through nonlinear optical
effects. Interferometric techniques are widely used to characterize wavelength
dependent group birefringence by measurement of phase birefringence of a PMF
[36-38]. However, the maximum length of investigated PMF is less than 10 m, which
is limited by the short coherent length of a broadband light used in interferometric
techniques. To extend the maximum measurable fiber length, a compensation for the
optical path difference of fast and slow axes is required for each laser wavelength.
Kerr phase-interrogator has been demonstrated for measurement of group-delay
difference of two SMOSs. Because the group-delay difference of two SMOSs that
respectively propagate in the fast and slow axes of a PMF is proportional to the group
birefringence, a Kerr phase-interrogator can characterize group birefringence and

group birefringence dispersion of a PMF.

5.2 Chromatic-dispersion  measurement  of
optical fibers

In this section, a novel approach for CD measurements in long optical fibers
based on a Kerr phase-interrogator is presented. The Kerr phase-interrogator setup is
configured for CD measurement by measuring relative and absolute group-delays of a

SMOS as a function of laser carrier-wavelength. Theoretical analysis shows that the
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variation of the sideband power generated by nonlinear Kerr effect determines the
relative group-delay when the laser wavelength is varied, and determines the absolute
group-delay when the frequency of the SMOS is varied. CD measurements in
standard single-mode silica fibers (SMF-28) and other commercially available fibers

are experimentally demonstrated.

5.2.1 Experimental setup
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Figure 5.1: Schematic of (a) the dispersion measurement setup based on a Kerr
phase-interrogator, and illustrations of the spectral evolution with the variation of (b)
the laser wavelength 4, and (c) SMOS frequency f;; dotted line indicates the variation
of the power of the side-band as 4, and fs are varied. TL: tunable laser; RF:
radio-frequency; EOM: electro-optic modulator; PC: polarization controller; FUT:
fiber under test; M: mirror; PBS: polarization beam splitter; PBC: polarization beam
combiner; EDFA: Erbium-doped fiber amplifier; OSA: optical spectrum analyzer; PD:
photodiode; OSC: oscilloscope; PSD: power spectral density.
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Figure 5.1(a) shows the Kerr phase-interrogator configured for CD measurement.
A tunable laser (Agilent 81980A) with a wavelength 4, is amplitude-modulated
using a sinusoidal electrical signal generator (HP 83752A) to obtain a SMOS
oscillating at a frequency f,. The optical spectrum of the SMOS is composed of
two distinct peaks separated by AA=|(-A’/c)f,| with ¢ being speed of light in
vacuum, as illustrated in Fig. 5.1(b). A polarization beam splitter splits the power of
the SMOS into a fiber-under-test (FUT) path and a reference path, and a circulator
connects a FUT that is terminated with a mirror to the FUT path. A polarization beam
combiner recombines the signals from the FUT and the reference paths, and the
combined signal is amplified using an Erbium-doped fiber amplifier (Amonics
AEDFA-33-B-FA). Two polarization controllers, PC1 and PC2, ensure the peak
powers of the orthogonal components of the combined signal are maximum and equal.
The amplified signal is launched into a nonlinear Kerr medium comprised of a
dispersion-shifted fiber (DSF) with a zero dispersion wavelength at 4 =1552 nm, a
length Lkerr=2.27 km and waveguide nonlinearity y =2.28 Wkm.

Nonlinear Kerr-effect in the Kerr medium leads to the formation of distinct
sidebands P with i=1,2,..., as illustrated in Fig. 5.1(b), and the power of the first
side-band is given by

P(4)=R"™ cos’| zft, (4)+4] (5.1)

for 4yL,. P./9<0.4 ,where P, istotal peak power of the orthogonal components

Kerr

of the combined signal, P™ is the maximum value that P, attains, t,(4) is the

time-delay required to travel through the FUT, and ¢, is a constant phase-shift. As
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the laser wavelength is varied, the value of t, varies due to CD in the FUT leading
to a variation in the power of the first-order sideband, as illustrated by the dotted red
line in Fig. 5.1(b). The spectrum of the signal at the output of the Kerr medium is

measured using an optical spectrum analyzer (Agilent 86142B).

The relative phase A¢(4)=¢(4)—¢, Is obtained from PB(4) using the

relation

(5.2)

1 (H{2R ()R Y
A¢(A1)Earctan[ 2R (4)/ PP -1 ~ e

where H is the Hilbert transform, and ¢ =7zft

s ref

+¢, with t  being the

ref

absolute group-delay at a reference wavelength 4™ . The Hilbert transform of signal u

can be thought of as the convolution of u(t) with the function h(t) = 1/(nt), and thus
H{cos(t)j=sin(t) . Using 2P, (4)/P™ -1=cos(2zft,(4)+24) gives
H{2R(4)/P™ -1} =sin(27f8, (4)+2¢4) . The relative  group-delay
Aty (4)=t,(4) -t isobtained using

A, (4)=2p(4)] 71, (5.3)

and the CD is calculated using
D (4) =51 g7 (e (4) (54)

where L is the length of the FUT.

Measurement of the relative group-delay presented above does not specify
whether At, increases or decreases with 4,, and hence, does not determine whether
CD is normal with D, <0 or anomalous with D_ > 0. The absolute group-delay t,
must be measured at two consecutive wavelengths to specify the actual sign of
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D.(4) . The Kerr phase-interrogator setup in Fig. 5.1(a) is modified for the
measurement of t, by replacing the optical spectrum analyzer with a 3 GHz
band-pass filter (TeraXion TFC) followed by a photo-detector (New-Focus 1811) that
is connected to an oscilloscope (Agilent DS081204B). In the modified setup, the laser
wavelength 4, is fixed and the SMOS frequency f, is varied which, according to
Eqg. (5.1), leads to the variation of the sideband power P, as illustrated by the dotted

red line in Fig. 5.1(c). The relative phase Ag(f)=¢(f,)—¢, is obtained from

nit

R(f,) using

) PmaX_l
A¢(f)zarctan£ i A (f )Pmax }J%t (5.5)

where @ =g¢(f™)=xf"t, +¢, with f™ being the initial frequency of the

SMOS. The absolute group-delay is calculated from the slope of Ag(f,) using

(5.6)

5.2.2 Experimental results

We proof-test this approach by characterization of a standard single-mode
SMF-28 with L=2.04 km. In the experiment, the total peak power P, of two SMOSs
is 20mW. The laser wavelength 4, is varied in steps of 0.1 nm and the measured
spectrum at the optical spectrum analyzer is recorded for each 4,. Figure 5.2(a)
presents several measured spectra clearly showing the variation of the sideband power
as A, isincreased. Figure 5.2(b) presents the measured values of P, as a function of
4, for the wavelength range between A, =1545 nm and A4 =1555 nm. Figure

5.2(c) presents the measured relative phase-difference Ag

meas

(4,) obtained from
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R(4) using Eg.(5.2), and the polynomial fit Ag¢(4) obtained by fitting
Ag....(4) to a third degree polynomial. The value of At,(4) is calculated from
A¢....(4) using Eq. (5.3) and D_(4,) is obtained by using Eq. (5.4). Figure 5.2(d)
presents the resulting D,(4) showing close agreement with the results obtained

using the standard modulation phase-shift method [28].
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Figure 5.2: Experimental results for CD characterization of a single-mode fiber
SMF-28 with L=2.04 km showing (a) spectra at the output of the Kerr medium for
several laser wavelengths 4, (b) side-band power P; as a function of 4, (c)
phase-difference A¢ as a function of 4;, and (d) D, as a function of 4, along with values
obtained using the standard modulation phase-shift method.

The laser wavelength is fixed at 4, =1545 nmand f, is varied slowly at a rate
of r=10 MHz/s from an initial value f™ =20.000 GHz to a final value
f™=20.001 GHz and the side-band power P,(t) is measured using an
oscilloscope. The average of 16 traces of B(t) is acquired using the oscilloscope and

the time variable t is replaced by the frequency f,=rt leading to P, as a function
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of f,. Figure 5.3(a) presents a section of the measurement results of B,(f,) showing
a sinusoidal variation of P, as f, increases in agreement with Eq. (5.1). The
phase-difference Ag(f,) is obtained by applying Eq. (5.5) to PF,(f,) and the results
are presented in Fig. 5.3(b). Application of Eq. (5.6) to Ag(f,) gives an absolute
group-delay of t, =20204.21458 ns at A4 =1545 nm. Similarly, a value of
t, =20204.24123 ns is measured at A4 =1555 nm indicating that t, increases as

A, increases and that CD is anomalous.
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Figure 5.3: (a) Measured side-band power P, and (b) the measured phase-difference
as a function of f-f;™" with f,"" =20 GHz.

The CD measurement process is repeated for a low-dispersion fiber (LDF) with
L=5.96 km and a bend-insensitive fiber (BIF) with L=4.37 km, and the results are

presented in Fig. 5.4.
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Figure 5.4: Measured Dc(4;) for several fibers. SMF-28: standard single-mode fiber
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with L=2.04 km; BIF: bend-insensitive fiber with L=5.96 km; LDF: low-dispersion
fiber with L=4.37 km.

We also measure CD of a DSF with L=2.27 km for which the phase-difference
A¢ does not vary monotonically with 4,. Figure 5.5(a) presents the measured P, as
4, 1s varied in steps of 0.5 nm within the wavelength range between A4 =1535 nm
and A4 =1565 nm. Figure 5.5(b) presents the measured relative phase-difference
Adres(4) and a polynomial fit Agg, (4). Figure 5.5(c) presents the resulting
D.(4) showing a value of 0 ps/(nm>km) at 4 =1552 nm in close agreement with
the value obtained using the standard modulation phase-shift method. The measured
absolute group-delay t, is 22298.17251 ns at A =1535 nm, 22298.13254 ns at
A, =1550 nm, and 22298.17712 ns at A4 =1565 nm indicating that CD is normal

for 4 <1552 nmand anomalous for 4 >1552 nm.
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Figure 5.5: Experimental results for CD measurement of a DSF with L=2.27 km
showing (a) the measured Py (4;), (b) measured phase-difference Agmeas(41), and (c)
measured CD Dc(4) along with the standard modulation phase-shift method

measurement results.

5.2.3 Discussion

The precision of this method is obtained from the minimum detectable
phase-difference Ag™ =z f At]"™ = [39]. Using f, =20 GHzand o =107 leads

to a minimum detectable relative group-delay of At]™ =159 fs. It is possible to
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achieve f, =100 GHz by using commercially available 50 GHz electro-optic
modulators leading to At!™ =32 fs. Furthermore, the limits of CD measurement
approach are estimated from the group-delay variation rate p=DxL =At, / A41[30,
40]. The minimum measurable CD is p™ =At]"/AL™ =a/zfAL™  with
AA™ being the maximum laser scanning range. In our experimental setup,
AAZ™ =30 nm is limited by the gain region of the Erbium-doped fiber amplifier,
f. =20 GHz, and a=10"7 leading to o™ =5.3fs/nm. The maximum measurable
CD is p™ =At"™/AA™ where AA_ is the minimum laser step. Requiring N
sampling points within a cycle of B, (4) leadsto A¢™ =z/N which corresponds
to AtT™ =1/Nf, and p™ =1/ Nf AA™ . Using the minimum wavelength step of

our tunable laser A4, =0.001 nm, f,=20 GHz, and N=15 leads to p™ =3.33

ns/nm.

5.3 Chromatic-dispersion characterization of
birefringence in polarization-maintaining
fiber

In this section, wavelength dependent group birefringence and group
birefringence dispersion in 459.4 m Panda PMF are measured using a Kerr

phase-interrogator.

5.3.1 Experimental setup

Figure 5.6 presents the schematic of a Kerr phase-interrogator for dispersion

characterization of group birefringence. A continuous-wave light-wave from tunable
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laser (Agilent 81980A, TL) with wavelength A, is amplitude modulated by
electro-optic modulator (EO-Space) with modulation frequency f, to obtain a SMOS
oscillating at frequency fs=2f,, . The SMOS is split by a polarization beam splitter into
parallel and perpendicular components propagating in two paths with equal length,
respectively, and are recombined by a polarization beam combiner. A polarization
controller is used to adjust polarization state of the SMOS to ensure equal powers of
two orthogonal polarization components after recombination. The parallel and
perpendicular components of the combined SMOS respectively are launched into fast
and slow axes of a PMF under test through a polarization-maintaining circulator
(PMC). The transmission of FUT is reflected by a polarization-maintaining reflector
that comprises a PMC with 1-port and 3-port connected and 2-port as input end.
Amplified by an Erbium-doped fiber amplifier (Amonics AEDFA-33-B-FA), the
combined signal is launched into 2.27 km DSF that acts as Kerr medium with a zero
dispersion wavelength at 4 =1552 nm. Due to the nonlinear interaction in the Kerr
medium, the formation of distinct sidebands is generated, and the power of the

first-order sideband P; is expressed as

P(4)=R"™ cos’| 7 ft, (4)+4] (5.7)

where P;™

is the maximum value of Pi(4), ¢o IS a constant phase and ty is
group-delay difference corresponding to the round-trip-time difference between fast

axis and slow axis of the FUT.
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Figure 5.6: Schematic of the birefringence-characterization setup based on a Kerr
phase-interrogator. TL: tunable laser; EOM: electro-optic modulator; RF: radio
frequency; PC: polarization controller; PBS: polarization beam splitter; PBC:
polarization beam combiner; PMC: polarization-maintaining circulator; FUT: fiber
under test; R: reflector; EDFA: erbium-doped fiber amplifier; OSA: optical spectrum
analyzer; OBPF: optical band-pass filter; PD: photodiode; OSC: oscilloscope.

Kerr medium

Utilizing Eq. (5.2), the relative phase A@(4)=@(L)-¢rer 1S Obtained from Pi(4)),
where ¢(A)=nfstq(l)+do, and dres=nfetrertdo With trer being the absolute group-delay
difference at a reference wavelength .. Accordingly, the relative group-delay
difference Aty(4)=ty(4)-tes is obtained using Eq. (5.3), and the group birefringence
dispersion Dg is quantified using Eq. (5.4).

The Kerr phase-interrogator setup in Fig. 5.6 is modified for measurement of tye
by replacing the optical spectrum analyzer with a 3 GHz band-pass filter (TeraXion
TFC) followed by a photo-detector (New-Focus 1811) that is connected to an
oscilloscope (Agilent DS0O81204B). In the modified setup, the laser wavelength is set
at a reference wavelength s and the SMOS frequency f; is linearly scanned which,
according to Eq. (5.7), leads to the sinusoidal variation of the sideband power Py(f;).
The relative phase A¢(f)=¢(fs)-(f:™) is demodulated from Py(fs) using Eq. (5.5),
where @(f")=rf "o+ with f,™" being the initial frequency of the SMOS. The
value of tr is calculated from the slope of A¢(f;) using Eq. (5.6).

Besides trf, another absolute group-delay difference t., of the principal axes in

the FUT must be measured at a wavelength A, to specify the actual sign of Aty(4).
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The absolute group-delay difference is given by ty(4)=trs+Aty(4;) leading to

c

B(4) =5 {t (4)} (58)

where B represents group birefringence.

5.3.2 Experimental results

A Panda PMF in 459.4 m long is under test for birefringence characterization. In
the experiment, the total peak power P, of two SMOSs is 20mW. The laser
wavelength 4, is scanned from 1;=1540 nm to A4,=1565 nm in steps of 0.1 nm and the
measured spectra at the optical spectra analyzer are recorded for each A,. Figure 5.7(a)
presents the measured values of P; as a function of 4; when the SMOS frequency is
fs=20GHz. Figure 5.7(b) presents the measured relative phase A@(4;) obtained from

P]_(j]) With iref:i]_.

4
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Figure 5.7: Experimental results of (a) sideband power P; and (b) relative phase A¢ as
a function of A for the Panda PMF when the oscillation frequency of SMOS is
fs=20GHz.

The laser wavelength is fixed at Ar=1; and fs is linearly scanned at a rate of r=80
GHz/s from an initial value f,"'=16 GHz to a final value f,"=24 GHz, and the
sideband power P4(t) is acquired using an oscilloscope. The average of 16 traces of

P1(t) is acquired using the oscilloscope and the time variable t is replaced by the fs=rt
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leading to P; as a function of f,. Figure 5.8(a) presents the measurement results for
P1(fs) showing a sinusoidal variation of P as fs increases in agreement with theoretical
values calculated using Eq. (5.7). Presented in Fig. 5.8(b) are A¢meas(fs) demodulated
from P.(f) and the linear fit Adsii(fs) obtained by fitting Ag(fs) to a first degree
polynomial. Application of Eq. (5.6) to A¢meas(fs) results in an absolute group-delay
difference of t=1448 ps at A= A1. Similarly, a value of t,=1493 ps is measured at

Aret2= A2 Indicating the increment of t4 as A, increases.
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Figure 5.8: Experimental results of (a) sideband power P; and (b) relative phase A¢ as
a function of f; for the Panda PMF when the laser wavelength is 4= ;.

The wvalues of absolute group-delay difference are calculated using
ty(4) =ty +At;(4) with ter =1448 ps and At (4)=Ag¢(4)/zf,, and are
presented in Fig. 5.9(a). Wavelength dependence of group birefringence B(4) is

calculated from ty(4;) using Eq. (5.8) with L=459.4 m, and is presented in Fig. 5.9(b)
showing a value of 4.785x10™ at 4 =1550 nm. Figure 5.9(c) presents group

birefringence dispersion Dg calculated from Aty(4) using Eq. (5.4) showing Dg=1.85

ps/(nm>km) at 4; =1550 nm.
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Figure 5.9: Experimental results of (a) absolute group-delay difference tq, (b) group

birefringence B and (c) group birefringence dispersion Dg as a function of 4, for the
Panda PMF.
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6 Group-delay-based temperature

sensing In linearly-chirped fiber
Bragg gratings wusing a Kerr
phase-interrogator

This chapter presents a novel temperature sensor that utilizes temperature
dependence of reflection group-delay in a linearly chirped fiber Bragg grating
(LC-FBG). The reflection group-delay of chirped grating changes with temperature
leading to a variation in the phase of a sinusoidally-modulated optical signal (SMOS)
reflected from the grating. A Kerr phase-interrogator converts the phase-variation into

power variation allowing for high precision temperature sensing.

6.1 Background

Fiber Bragg grating (FBG) based temperature sensors have been widely used in
medicine and industry [41-47]. These sensors utilize temperature dependence of fiber
dimensions and refractive-index to measure temperature variation [48]. Existing FBG
temperature sensors measure temperature variation by detecting shift in the central
wavelength of the reflection spectrum allowing for a temperature sensitivity of
0.01nm/°C at a wavelength of 1550 nm [49]. Spectral-variation based FBG sensors
require a spectrum analyzer for acquisition of the reflection spectrum making
temperature sensing slow and impractical for real-time monitoring applications.

Furthermore, the temperature resolution is limited by the wavelength resolution of
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spectrum analysis approaches.

Measurement of temperature change in FBGs can also be achieved by detection
of variation in the phase of a laser reflected from a FBG. Homodyne and heterodyne
interferometers can be used for conversion of the laser phase variation into power
variation allowing for a high temperature sensitivity of 1 rad/°C. However, homodyne
and heterodyne interferometers require electronic feedback circuits to reduce
environmental noise and require high-quality low phase-noise lasers limiting their use
in practical applications.

A Kerr phase-interrogator that measures phase variation of a SMOS using
nonlinear Kerr effect has been demonstrated. The phase of a SMOS is linearly
proportional to the group-delay accumulated along the propagation path; therefore, a
Kerr phase-interrogator can sense physical variations that induce group-delay changes
in the propagation path of a SMOS. Indeed, the Kerr phase-interrogator can measure
temperature-induced variations in the reflection group-delay of a LC-FBG allowing
for temperature sensing.

In this chapter, a temperature sensor that utilizes temperature dependence of
reflection group-delay in a LC-FBG is proposed and experimentally demonstrated.
Theoretical analysis and numerical simulations show that the reflection group-delay in
a LC-FBG varies linearly with temperature. A Kerr phase-interrogator setup is
configured for sensing temperature-induced group-delay variation in a LC-FBG.
Experimental measurements demonstrate temperature sensing in a LC-FBG at a
sensitivity of 1.122 rad/°C and a resolution of 0.0089 °C.
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6.2 Temperature dependence of group-delay
spectrum of a LC-FBG

6.2.1 Analytical model
The local Bragg period A at position z of a LC-FBG is expressed as

A, =Ay+Cy;nZ (6.1)

chirp

where A, is the Bragg period at the input of the grating and ¢ is the grating's

chirp

chirp rate given by c,,, =dA,/dz with A, Dbeing the resonance wavelength. At

chirp

temperature T, an incident optical signal with a spectrum centered at A4 is

res

reflected from the LC-FBG at a resonance position z such that the Bragg period A, ;
satisfies resonance condition [50]

Ags = 2N A, (6.2)
where n, is the effective refractive-index of the fiber. As the temperature changes
from T to T+AT , the effective refractive-index of the fiber changes to
(1+aAT)neﬁ, the resonance position shifts by Az toz+Az, and the local Bragg
period A, 7.xr =(1+ BAT ) Agy +Cyi, (2+Az) satisfies the resonance condition

Ares = 2(L+ AT )Ny Ay oar (6.3)
where the constants « :(dneff /dT)/ny and B=(dA/dT)/A are the normalized
thermo-optic and thermal expansion coefficients of the fiber, respectively [51].

Replacing Eq. (6.2) in Eq. (6.3) leads to

(,B"‘ a)Az,T +affA AT _ﬂcchirpz
Conirp (1+ @AT)

Az=—- AT (6.4)

which reduces to
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pz= Bra)hs o (6.5)

Cchirp

by ignoring the terms apA,;AT and fc,, .z, and utilizing the approximation

1+oAT =1 and A,; =A, . The relative reflection group-delay is given by

7 "

Ar,=2Az/v, and is expressed linearly in terms of AT by utilizing Eqg. (6.5),

_2(,B+05)AZ AT (6.6)
V. C

g ~chirp

ATg =

where v, is group velocity. Figure 6.1 illustrates the variation of the resonance

position along a LC-FBG with c,. <0 as the temperature increases from T to

chirp

T + AT . The reflection position shifts away from the input of the LC-FBG leading to

an increase in the reflection group-delay as indicated by Eqg. (6.6).

R
AZ Az+ Az
— H
7y 1 T
T tATy < I T+AT

Figure 6.1: lllustration of the reflection group-delay change in a LC-FBG with Cehirp<O
as the temperature increases from T to T+AT.

6.2.2 Numerical model

The reflection coefficient r as a function of wavelength for a LC-FBG with a
raised-cosine apodization is numerically calculated using a piecewise-uniform
approach [52]. Raised-cosine  apodization  with  index-change  profile
SNy (2) =8Ny, cos’(zz/L) and —L/2<z<L/2 [52] is used for the suppression

of the ripples in the reflection group-delay spectrum of the LC-FBG, where L and
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ong, are length and modulation depth of the LC-FBG, respectively. The reflection

spectrum is then calculated using R(/l)z‘r(ﬂ)‘z, and the reflection group-delay

spectrum is calculated from the phase of the reflection coefficient

¢,(2)=phase{r(1)} using [52]

T (A):d‘bf(l):— i 44 (2) (6.7)
’ do 2zc dA '

where @ is the optical angular frequency, A is the wavelength, and c is the speed
of light in vacuum. The numerical calculations are repeated for different temperature
variations AT UsSing Ny, =(1+aAT )N and Ay, =(1+BAT)A,;  Wwith

a=7x10"/°Cand S =5x10"/°C for silica fibers [48].
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Figure 6.2: Numerical calculations of (a) reflection spectrum and (b) reflection
group-delay spectrum of a LC-FBG as the temperature increases; (c) numerically
calculated relative reflection group-delay as a function of temperature variation for
two chirped FBGs.

Figure 6.2(a) and (b) present the calculated reflection and group-delay spectra of
a LC-FBG with the parameters in Table 6.1 for AT =0, 5, and 10 °C. Both the
reflection and the group-delay spectra maintain their shapes but shift toward longer
wavelengths as the temperature increases. The shift of the group-delay spectrum leads

to a variation in the group-delay at a given wavelength. Figure 6.2(c) presents the

numerically calculated relative reflection group-delay Az, at an arbitrary
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wavelength 2=1549.1 nm as AT varies from 0 °C to 5°C in steps 1 °C. The

calculated Az, increases linearly with AT in agreement with Eq. (6.6). Figure

6.2(c) also presents the calculated Az, as a function of AT for c —-0.05

chirp =

nm/cm. The slope dAz, /dAT doubles as c

chirp is changed from -0.10 nm/cm to

-0.05 nm/cm, which confirms that Az, is inversely proportional to |c as

chirp

indicated by Eq. (6.6).

Table 6.1: Parameters of chirped FBG in the simulation.
Parameters Value

Length of the grating (L: cm) 6

Effective refractive index (n,)  1.452
Modulation depth (dn.,) 1.5%x10™

Central wavelength (A : nm) 1549

DC coupling coefficient (o) 0
Chirp rate (c,y,, :nhm/cm) -0.1
Fringe visibility (v) 1
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6.3 Temperature sensing wusing a Kerr
phase-interrogator

6.3.1 Experimental setup

1
' Temperature sensor !
[ LC-FBG :

RF signal

(TL ]—{ Eom |

OSA
[ Pwm |— oBPF ]—
Kerr medium

Figure 6.3: Kerr phase-interrogator setup for temperature sensing in LC-FBGs. TL.:
tunable laser; EOM: electro-optic modulator; PC: polarization controller; PBS:
polarization beam splitter; C: circulator; LC-FBG: linearly chirped fiber Bragg grating;
PBC: polarization beam combiner; EDFA: erbium-doped fiber amplifier; OSA:
optical spectrum analyzer; OBPF: optical band-pass filter; PWM: power meter.

Figure 6.3 presents a schematic of the Kerr phase-interrogator configured for
temperature sensing in a LC-FBG. A continuous-wave tunable laser (Agilent 81980A)
with wavelength A4 is amplitude modulated by an electro-optic modulator
(EO-Space) at a modulation frequency f, =10 GHz to obtain SMOSs that oscillates
at f, =2f_. The output of the modulator is split by a polarization beam splitter into
parallel and perpendicular components propagating in a sensor path and a reference
path, respectively. A LC-FBG is connected to the sensor path using an optical
circulator and is used as a temperature sensor. The SMOSs from the sensor path and a

reference path are recombined using a polarization beam-combiner. A polarization
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controller (PC2) ensures equal powers for the two orthogonally polarized components
after recombination. Amplified by an Erbium-doped fiber amplifier (Amonics
AEDFA-33-B-FA), the combined signal is launched into a Kerr medium comprised of
a dispersion-shifted fiber with a zero dispersion wavelength at 4=1552 nm, a
length Lkerr=2.27 km and waveguide nonlinearity y =2.28 Wkm.
The power of the first-order sideband generated in the Kerr medium is given by
P, =R™ cos’ (27 f Az, +) (6.8)

for 4yL.,,P./9<0.4, where P,=20mW is total peak power of the orthogonal

Kerr
components of the combined signal, B™ is the maximum value that P, attains,

and ¢, is a constant. The phase variation of the SMOS that is reflected from the

LC-FBG is linearly proportional to the variation of the relative reflection group-delay

and is given by A¢=2xf Az . Using Eq. (6.6), the variation in the phase of the

SMOS becomes
Ar f A
apo FIn(Bra)h, o 6.9)
Vchhirp
leading to
4 f A
p = P gost| - Z I (P 0 (6.10)
Vgcchirp

which indicates that P, varies sinusoidally with temperature. Figure 6.4 presents
numerical simulation of the normalized power P, /B™ at the output of the Kerr
phase-interrogator as a function of temperature change. Also presented in Fig. 6.4 is
the normalized power calculated using Eq. (6.10) showing close agreement between
the analytical and the numerical models.
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Figure 6.4: Numerical and analytical calculations of the normalized powers of the
first-order sideband at the output of the Kerr phase-interrogator as a function of
temperature variation.

6.3.2 Experimental results

The reflection and the reflection group-delay spectra of the LC-FBG that is used
for temperature sensing are experimentally characterized. Figure 6.5(a) presents the
reflection spectrum measured by launching amplified spontaneous emission noise
from an EDFA into the LC-FBG and acquiring the optical spectrum of the reflected
signal using an optical spectrum analyzer (Yokogawa AQ6370C). To characterize the
reflection group-delay spectrum of the chirped grating, the laser wavelength is
scanned over the flat part of the reflection spectrum from 1548.442 nm to
1548.656 nm in steps of 0.002 nm. The reflection group-delay of the LC-FBG
changes as the laser wavelength is scanned leading to a variation of P, as indicated
by Eq. (6.10). Optical spectra at the output of the Kerr medium are measured using an
optical spectrum analyzer and the value of P, is recorded for each laser wavelength
leading to B () as presented in Fig. 6.5(b). The wavelength values at the local

maxima and minima of B, for which the relative phase A¢=2zf Az, is an integer
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multiple of z/2 are recorded to obtain A¢(/1). The spectrum of the relative
reflection  group-delay is then calculated from the Aqﬁ()t) using

Aty (A)=Ag¢(A)I2xf, and the result is presented in Fig. 6.5(c).
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Figure 6.5: Experimental measurements of (a) the reflection spectrum of the LC-FBG,
(b) the wavelength dependent P4, and (c) the relative reflection group-delay spectrum
of the LC-FBG.

The parameters of the LC-FBG are obtained by fitting the numerically calculated

R(4) and Az, (1) obtained using the piecewise-uniform approach [52] with the

experimentally measured spectra. Table 6.2 presents the parameters of the LC-FBG
obtained from the fitting process. Figure 6.5(a) and (c) present the numerically

calculated R(4) and Az, (A1) showing close fit with the experimentally measured

values.
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Table 6.2: Parameters of the LC-FBG used in the experiment.
Parameters Value

Length of the grating (L: cm) 13

Effective refractive index (n)  1.452

Modulation depth (SN, ) 1.5x10™

Central wavelength (A:nm)  1548.65

DC coupling coefficient (o) 0
Chirp rate (c,y,, :hm/cm) -0.021
Fringe visibility (v) 1

The wavelength of the laser source is fixed at 1548.57 nm and the OSA is
replaced by an optical band-pass filter with a 3-dB bandwidth of 3 GHz (TeraXion
TFC) followed by a power meter (Agilent/HP 81536A) to separate and measure the
power of the first-order sideband. The LC-FBG is immersed in a water bath to ensure
smooth variation and uniform distribution of temperature along the grating. The
temperature of the water bath is increased to 34 °C, and then, is left to decrease to 30
°C over duration of 17 minutes. As water temperature decreases, P, as a function of
time t is measured using the power meter and the corresponding water temperature is
measured using a commercial electrical temperature sensor (Omega KMTXL-020G-6
with CNi3244-C24) that has a temperature resolution of 0.1 °C. Figure 6.6(a) presents
the measured P, and T as a function of time t leading to Pl(T) in Fig. 6.6(b).
Figure 6.6(b) also presents the numerically calculated Pl(T) obtained using the

numerical model with the experimentally measured LC-FBG parameters in Table 6.2,
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a=7x10"/°C, and B =5x10"/°C showing close agreement with the experimental

results.
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Figure 6.6: (a) Experimentally measured P, as a function of time as the temperature in
the water bath is decreasing, and (b) experimentally measured and numerically
calculated values of Py as a function of temperature.

6.4 Discussion

Temperature sensitivity is given by the rate of change of the phase with respect

to temperature variation, p,=A¢@/AT . Figure 6.6(b) shows that a temperature
change of 2.8 °C induces z phase-shift leading to p,=1.122 rad/°C. The
temperature sensitivity is theoretically estimated by rearranging Eq. (6.9) to obtain
py=—4rt (a+pB)A; IV, Cy,,. Using 1=1550 nm and n, =1.452 in Eq. (6.2)

results in A, =534 nm, and using f =10 GHz, a=7x10"°/°C, p=5x10"/C,

=-0.021x107", the calculated temperature sensitivity is

8
v, =2x10°m/s, andcy;,, =

p,=1.198 rad/°C in close agreement with the measured value. The temperature
resolution oT of the proposed temperature sensor is limited by the minimum
detectable phase-change o¢ of the Kerr phase-interrogator. The value of ¢ is

limited by the fluctuations of P, which arise from intensity-noise of the laser,
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shot-noise of the photo-detector, and amplified spontaneous-emission noise of the
EDFA. Using 6¢=0.01 rad at the quadrature points and p, =1.122 rad/°C leads to
a temperature resolution of oT =4¢/p,=0.0089 °C [39]. Both temperature
sensitivity and resolution can be optimized by increasing f, and reducing|c,;, |-
Furthermore, the value of 6¢ can be reduced to enhance the temperature resolution
by utilization of a laser with low intensity-noise, a highly nonlinear Kerr-medium to
eliminate the need for the EDFA, and a low noise photo-detector. Such
high-sensitivity temperature measurement is critical for high-precision temperature
control and week-temperature-variation monitoring, and will benefit aerospace
industry, biomedicine and numbers of other research and industry fields.

The dynamic-range T,, refers to the temperature range within which the
proposed approach based on a Kerr phase-interrogator can measure, and is limited by
the shift of the reflection spectrum with temperature, which is observed in Fig. 6.2(a),
and the finite width of the flat section in the reflection spectrum of the LC-FBG.
Differentiation of Eq. (6.2) with respect to T leads to an estimate of the rate of
spectrum shift  pg =dA/dT =2n4A; (a+£)=0.0116 nm/°C. The width of
the optical spectrum of the SMOS is given by A4 =2f 1°/c=0.16 nm and the
width of the flat section of the reflection spectrum is AA,, =0.3 nm leading to a
maximum allowed reflection spectrum shift of AALH = A4, —AA =0.14 nmand a
dynamic-range of T, =Adgs / pyi« =12.06 °C. The dynamic-range can be increased
by using a LC-FBG with a broad flat reflection spectrum to increase Ay . In this

case, the dynamic-range is broader and is limited by the temperature at which the
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LC-FBG is erased [53, 54].

Limitation of temperature sensing to the linear range T, over which P, varies
from 0.2B™ to 0.8R™ restricts the dynamic range to T, <T,. Figure 6.6(b)
shows that P =0.2P™ at T=31.5°C and P =0.8P™ at T=32.2 °C leading to
T,,=0.7 °C. The value of T, is analytically estimated from Eg. (6.10) to

=-0.021x10"

be Tix =V, | Cyirp [ 116 (B+a)A, . Using v, =2x10° m/s, Cy

chirp

f =10GHz, a=7x10"°/°C, and S =5x10"7/°C leads to T, =0.67°C in close

agreement with the measured value.
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7/ Chromatic-dispersion monitor using a
Kerr phase-interrogator

This chapter presents a novel approach for real-time chromatic-dispersion (CD)
monitoring using a Kerr phase-interrogator. CD induces a phase-shift between two
sinusoidally-modulated optical signals (SMOS) carried by two different wavelengths.
A Kerr phase-interrogator converts the phase-shift into power variation and CD

monitoring is achieved by measurement of the power variation in real time.

7.1 Background

Real-time CD monitoring is practical for automated CD compensation in high
bit-rate and long-distance optical transmission systems [55]. Due to temperature and
strain dependence of CD in optical fibers and chirped fiber Bragg gratings [56-59],
CD monitors can be used for sensing applications. CD monitoring has been achieved
using asynchronous amplitude sampling techniques and histogram evaluation
approaches [60-62] where CD is acquired from statistical properties of the monitored
optical signal. Time-consuming signal processing makes these statistical approaches
impractical for real-time monitoring. Signal-modulation based approaches have also
been used for monitoring CD by measurement of the peak-to-peak values of the
amplitude modulated (AM) pilot tones [63-65], or the phase difference between the

upper and lower sidebands of the AM pilot tones [66]. Signal-modulation approaches
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require broad-band detector to obtain the AM pilot tones and special electronic
circuits such as phase-locked loops for signal processing, leading to complex signal
acquisition and bandwidth limitations.

A Kerr phase-interrogator is capable of measuring phase-shift between two
SMOSs. Because the phase-shift of SMOSs carried by different wavelengths is
linearly proportional to the CD in the propagation path of the two SMQOSs, the Kerr
phase-interrogator can monitor CD variations allowing for novel sensing applications.
In comparison with existing approaches, CD monitoring is achieved by a mere power
measurement at the output of the Kerr phase-interrogator without additional
signal-processing allowing for measurement of fast CD variations and consequently
real-time CD monitoring.

In this chapter, we propose and experimentally demonstrate a novel approach for
real-time CD monitoring by a phase-shift method using a Kerr phase-interrogator. A
Kerr phase-interrogator setup is configured for real-time CD monitoring by utilization
of two orthogonally polarized SMOSs that are carried by two different laser
wavelengths. Real-time CD monitoring by measurement of the power of the

first-order sideband is experimentally demonstrated.

7.2 Experimental setup and results

7.2.1 Experimental setup
Figure 7.1 (a) shows the Kerr phase-interrogator configured for CD monitoring.
Two continuous-wave lasers (Agilent 81980A) operating at wavelengths 4., are
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amplitude-modulated by an electro-optic modulator (EO-Space) and a sinusoidal
electrical signal generator (HP 83752A) at a radio frequency f,. The outputs of the
modulator are two SMOSs oscillating at a frequency f;=2f,. The optical spectrum for
each SMOS consists of two distinct peaks separated by AA =(A7/c)f, ~ (A7 /c)f,
with ¢ being speed of light in vacuum, as illustrated in Fig. 1(b). The modulated
signals then propagate through a tunable CD emulator (TDC-109181917) that induces
an accumulated CD equivalentto D, xL=t, /A4 where D¢ is the CD parameter, L
is the propagation distance, t, =t,—t is group-delay difference of two SMOSs
induced by CD emulator with t; being the group-delay accumulated by the SMOS
carried by the laser carrier at 4;, and A4 =4,—4 is the laser carrier separation.
The SMOSs are separated using a fiber Bragg grating and a circulator, and then
recombined using a polarization beam combiner to obtain two orthogonally polarized
SMOSs. Two polarization controllers, PC1 and PC2, ensure the powers of the parallel
and perpendicular components of the combined signal are maximum and equal. The
combined signal is amplified by an Erbium-doped fiber amplifier (Amonics
AEDFA-33-B-FA) and then launched into a Kerr medium comprised of a
dispersion-shifted fiber with a zero dispersion wavelength at 4 =1552 nm, a length

Lkerr=2.27 km and waveguide nonlinearity y =2.28 Wkm.
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Figure 7.1: (a) Schematic of the CD monitoring setup based on a Kerr
phase-interrogator, and (b) illustrations of the optical spectra at different points of the
setup. EOM: electro-optic modulator; RF: radio frequency; CDE:
chromatic-dispersion emulator; SWG: sinusoidal waveform generator; S: speaker; C:
circulator; FBG: fiber Bragg grating; PC: polarization controller; VDL: variable delay
line; PBC: polarization beam combiner; EDFA: erbium-doped fiber amplifier; OBPF:
optical band-pass filter; OSA: optical spectrum analyzer; PWM: power meter; PD:
photodiode; OSC: oscilloscope; PSD: power spectral density.

The amplitude of the SMOS carried by 4, at the input of the Kerr medium is

given by

A, :\/%cos[;zfs (t—tj)} (7.1)

where Pp=20mW is the total peak power of the combined signal. Neglecting CD
effects in the Kerr medium, the evolutions of the SMOSs in a low-birefringent fiber
with random birefringence are governed Eqg. (3.3) leading
t0 A, (Lo ) = A, (0)exp(igs, ) at output of Kerr medium, where

_ 4Pl

o =2 oot [, (1) Jeos? [, (t-1,) ] (72)

The phase modulation ¢,, leads to the formation of distinct sidebands Py with

k=1,2,..., as illustrated in Fig. 7.1(b). The value of B, is derived analytically as

described in chapter 2 to obtain
R =R™ cos’ (7 f,D,ALL+4¢,) (7.3)
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for 4yL,.,P./9<0.2, where B™ is the maximum value of P;.

Kerr

7.2.2 Experimental results

The operating wavelengths of the lasers are set to A =1550.05 nm and
A, =1550.91 nm, and the modulation frequency is set to f,=9 GHz. The accumulated
CD is varied from -617 ps/nm to -641 ps/nm in steps of 6 ps/nm and the spectrum of
the signal at the output of the Kerr medium is measured by an optical spectrum
analyzer (Yokogawa AQ6370C). Figure 7.2(a) presents the evolution of the measured
spectra at the output of Kerr medium as the accumulated CD is varied and Fig. 7.2(b)
presents a magnified image of the generated first-order sideband. The first-order
sideband is extracted by a band-pass filter (TeraXion TFC) with a 3 dB bandwidth of
3 GHz and a power-meter (Agilent/HP 81536A) is used for measurement of P; as the
accumulated CD is varied. Figure 7.2(c) presents the measured values of normalized
power P,/B™ asthe accumulated CD is varied between -644 ps/nm and -584 ps/nm
in steps of 3 ps/nm. Also presented in Fig. 7.2(c) is the normalized power calculated

using Eq. (7.3) showing close agreement with experimental values.
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Figure 7.2: (a) Measured spectra at the output of the Kerr medium, and (b) a
magnified image of the first-order sideband; (c) experimentally measured and
theoretically calculated values of normalized power P./P,"™ as a function of the
accumulated CD.

The power-meter is replaced by a photodiode that is connected to an electrical
oscilloscope (Agilent DS081204B) to record the real-time value of P; as the
accumulated CD is varied. The accumulated CD is varied by a step of 3 ps/nm every
minute in the range between -633 ps/nm and -624 ps/nm where P, has quasi-linear
dependence on the accumulated CD. Figure 7.3(a) presents the measured trace of P,
as a function of time showing correspondence between P; and the accumulated CD,
and power fluctuation in the measured trace arises from the CD-fluctuation from the

emulator.
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Figure 7.3: (a) Measured trace of P; as a function of time as |D.>L| decreases in steps

of 3 ps/nm every minute, and (b) measured trace of P; as a function of time showing
the vibration induced variation in [D¢>|.

A speaker is placed on top of the CD emulator and is driven with a sinusoidal
waveform generator at a frequency of 1.2 kHz. The acoustic wave from the speaker
induces mechanical vibrations in the chirped fiber Bragg grating of the CD emulator
leading to periodic variation of the accumulated CD. Real-time variation of the
accumulated CD is monitored by measurement of the sideband power P4(t). Figure
7.3(b) presents the measured trace of P;(t) with a trace of the voltage that is used to

drive the speaker showing correlation between these two signals.

7.3 Discussion

7.3.1 Resolution

The resolution of the proposed CD monitor is determined by the minimum

resolvable phase-shift o =7xf.D,AAL . Differentiation of Eq. (7.3) leads to
| 5psin(29) |5 SR/ B™ | , where ¢=7fD.AAL , op and OP represent
fluctuations of phase-shift and power, respectively. Around the quadrature points at

¢p=nld4+mz/2 where m is an integer, the phase fluctuation is given by

85



|5¢|= OB,/ B™ |. The minimum resolvable phase-shift o =max{|5¢|} can be
verified experimentally from the power fluctuations|SP, / B™|. Figure 7.4(a) presents
a measured trace of normalized P; as a function of time where the accumulated CD is
fixed at -628 ps/nm over a duration of 33 s and then is changed abruptly by 100 ps/nm.
Figure 7.4(b) presents a magnified image of the measured trace showing that
| 6B /B™ |<0.01 leading to «=0.01 rad round quadrature points. Using f;=18

GHz, A4 =09 nm, and a=0.01 rad leads to a CD monitor resolution of 0.196

ps/nm.
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Figure 7.4: (a) Measured trace of P1/P,™ as a function of time with an inset showing

the full power swing that results from changing |D.>L| by 100 ps/nm, and (b) a
magnified image showing the fluctuation of the normalized power when |D.>| is
unchanged.

Fluctuations of P, are induced by the noise in the peak power P, of the
combined SMOS at the input of the Kerr medium. The peak power noise arises from
the intensity-noise of the laser and the amplified spontaneous-emission noise of the
EDFA. Peak power noise also arises from external mechanical and thermal

disturbances that cause birefringence variation in the monitored device which induce

polarization variation on SMOSs before PBC. The noise of P, induces variations to
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P,7 L Which lead to fluctuations &P, in the power of the first-order sideband.

Shot-noise and dark-current noise of the photo-detector further increase the magnitude
of OP,. The resulting 6P, leads to phase fluctuations| g |< SR,/ B™ |, which limit
the minimum resolvable phase-shift «, and consequently, limit the finesse of the
achievable resolution. The magnitude of 6P, can be reduced by utilization of a laser
with low intensity-noise, a highly nonlinear Kerr-medium to eliminate the need for
the EDFA, and a low noise photo-detector. Furthermore, external disturbances that
cause polarization variation are relatively slow and their contribution to 6P, can be
eliminated by using a feedback control-system that corrects the polarization of the

SMOSs before the PBC.

7.3.2 Dynamic-range

The dynamic-range {D,x L}, refers to the range of CD variation within which
the proposed approach based on a Kerr phase-interrogator can monitor, and is not
limited by the equipment that comprises the CD monitor. In practice, a value of P;
corresponds to multiple values of the accumulated CD due to the sinusoidal variation
of P. with D,xL . To avoid post-measurement signal processing and obtain a
one-to-one correspondence between P, and D, xL, the dynamic-range {D,x L}
is restricted within the quasi-linear range over which P; varies from 0.2R™" to
0.8 P™ around the quadrature points. Figure 7.2(c) shows that P, =0.2P™" at
D,xL=-621.0 ps/nm and P, =0.8P™ at D,xL=-633.5 ps/nm leading to
{D, x L}, =12.5 ps/nm. The value of {D, xL},, is estimated from Eq. (7.3) to be

{D, xL}ps =1/4fA4 . Using f=18 GHz and A4 =09 nm leads to
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{D, x L}y, =15.4 ps/nm in close agreement with the measured value.
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8 Incoherent optical frequency domain
reflectometry based on a Kerr
phase-interrogator

This chapter presents a novel approach for incoherent optical frequency-domain
reflectometry (I-OFDR) based on a frequency-swept sinusoidally-modulated optical
signal (SMOS) and a Kerr phase-interrogator. The novel approach eliminates

dependence on the laser coherence-length allowing for long-range operation.

8.1 Background

Optical frequency-domain reflectometry (OFDR) is one of the most popular
approaches for high-resolution fault allocation [67], optical fiber component
characterization [67-70], and distributed temperature and strain sensing [71].
Coherent optical frequency domain reflectometry (C-OFDR) utilizes a tunable laser
and an interferometer to superpose a swept-laser signal with a time-delayed version of
the same signal leading to a beat [67]. Spectral analysis of the beat signal allows for
the location of reflection points along a laser path at high spatial-resolution and high
dynamic-range [67, 68, 72]. The utilization of an interferometer makes C-OFDR
highly dependent on the laser coherence properties limiting the range of reflection
detection [67]. Several approaches have been used for range extension in C-OFDR.
Utilization of a highly-coherent swept-laser implemented using a narrow linewidth

fiber laser and a piezoelectric tuner has allowed for the location of Fresnel reflection
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from the end of a 95 km long fiber at an unspecified spatial-resolution [73].
Phase-noise-compensation has allowed for the location of reflection points as far as
80 km at a spatial-resolution of 20 cm [74]. Band-width division has been combined
with phase-noise-compensation to locate reflections as far as 40 km at an improved
spatial-resolution of 5 cm [75]. Most recent, phase-noise measurement for a
swept-laser reflected from points beyond the laser coherence length has allowed the
location of Fresnel reflections as far as 170 km at a spatial resolution of 200 m [76].

I-OFDR has been investigated as an alternative for C-OFDR because it
intrinsically allows for long-range reflection measurements [77-79]. In I-OFDR, the
beat between a frequency-swept SMOS and a time-delayed version of the same signal
determines the location of reflection points along the signal path. Existing
implementations of I-OFDR utilize opto-electronic components and electronic signal
processors for beat acquisition. Unfortunately, the bandwidth cap of electronic and
opto-electronic devices limits the maximum sweep frequency-span and the minimum
achievable spatial-resolution. The bandwidth cap can be eliminated by development
of an all-optical approach for beat acquisition. A Kerr phase-interrogator can be
utilized for all-optical beat acquisition which will potentially allow for long-range
I-OFDR at micron-level spatial-resolution.

In this chapter, a novel approach for I-OFDR based on Kerr phase-interrogator is
presented. The I-OFDR setup based on a Kerr phase-interrogator and frequency-swept
SMOS is presented first. Theoretical analysis shows that the output of the Kerr
phase-interrogator corresponds to the beat of the powers of orthogonally-polarized
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frequency-swept SMOSs. Utilization of the novel I-OFDR approach for the location

of reflection points on a fiber is experimentally demonstrated.

8.2 Experimental setup and results

8.2.1 Experimental setup

Figure 8.1 (a) shows the Kerr phase-interrogator configured for I-OFDR. A
continuous-wave (CW) laser (Agilent 81980A), illustrated in Fig. 8.1(b), is
amplitude-modulated using an electro-optic modulator (EO-Space) and a sinusoidal
electrical signal generator (HP 83752A) with a time-varying frequency
fm(t)=0.5(fo+p1). The output of the modulator is a SMOS with a frequency fs(t)=fo+p¢,
and the optical spectrum of this SMOS is composed of two distinct peaks with
time-varying separation Av=f;(t) where v is the optical frequency, as illustrated in Fig.
8.1(c). The power of the SMOS is split using a polarization beam splitter into a sensor
path and a reference path corresponding to the parallel and perpendicular components,
respectively. A circulator connects a fiber under test (FUT) that is terminated with a
reflector to the sensor path. The signals from the reference and the sensor paths are
recombined using polarization beam combiner (PBC). Figure 8.1(d) illustrates the

spectrum and the time-trace of the combined signal at the output of the PBC.
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Figure 8.1: Schematic of (a) the I-OFDR setup based on a Kerr phase-interrogator,
and illustrations of the spectrum and the power trace of (b) the CW laser signal, (c)
the sinusoidal laser signal, (d) the combined reference and reflected SMOSs, (e) the
phase-modulated SMOS, and (f) the filtered side-band. RF: radio-frequency; CW:
continuous wave; EOM: electro-optic modulator; C: circulator; FUT: fiber under test;
PBS: polarization beam splitter; PBC: polarization beam combiner; EDFA:
Erbium-doped fiber amplifier; OBPF: optical band-pass filter; PD: photo-diode; OSC:
oscilloscope; PSD: power spectral density.

The parallel and perpendicular components at the output of the PBC are given by

A =P /2cos(zf t+¢, ), A=yP/2c0s(xf,t+4), where ¢ =-zf,t
b =—7mlut, fu=f+p(t-t) ,and f, =f +p(t-t) with t and t being
the delay-times required for the SMOSs to travel the reference and the sensor paths,
respectively. The combined signal at the output of the PBC is amplified using an
Erbium-doped fiber amplifier (Amonics AEDFA-33-B-FA) and then launched into a 4
km long fiber with low chromatic dispersion D=3 ps/(nm>km), which serves as a
Kerr medium. The amplitudes of the perpendicular and the parallel field components

at the output of the Kerr medium become
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A =\/%Tcos(ﬂfreft+¢l)exp[j8yP(t)LKer, 19] (8.1)

A =\/% COS( 7 oot + ) €XP[ 18YP(t) L /9] (8.2)
where y, Lkerr are the waveguide nonlinearity and the length of the Kerr medium,
respectively, and P(t) =|AL|2 +‘A|‘2 is the combined power given by

P(t)=%[cosz(ﬁfreft+¢l)+cosz(nfsentﬂql)] (8.3)
The Kerr-effect induced sinusoidal phase modulation of A and A leads to the
formation of distinct sidebands P; with i=1, 2, 3,..., as illustrated in Fig. 8.1(e). The
P.(t) is obtained analytically by applying the Jacobi—Anger expansion to Egs.

(8.1)—(8.2) leading to (see Appendix for the detailed expression)

P
P(t)= E"{Jf [meos(zfyt+g,)]+I;[meos(zfyt+g,)]} (8.4)
where m=4yL..P/9 b= —¢ =—mft +x(f, — T, ,

re

fy=fo —fen=pt, and t, =t —t, . Utilization of the multiplication theorem for

Bessel functions as described in chapter 2 leads to

P (t)=PR™ cos® (7w ft+¢,) (8.5)
for m<0.2, where B™ is the maximum value that P; attains. Equation (8.5) shows
that the output of the Kerr phase-interrogator corresponds to the beat of the powers of

two orthogonally polarized SMOSs that oscillate at two different frequencies

f. # fg,. This beat depends only on the powers of the SMOSs allowing for I-OFDR

ref

implementation. For the special case f, =f Eg. (8.5) reduces to

sen !

P (t)=PR™ cos’(¢,)=PR™ cosz(ﬁfreftd) which is identical to the relation derived

in chapter 2. A band-pass filter ( TeraXion TFC 3 GHz bandwidth) with a center
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frequency at (Vo +1.5( " + fs”“")/2), where vg=c/4o with ¢ being the speed of light
in vacuum, is placed at the output of the Kerr medium and is followed by a
photo-detector (New-Focus 1811) that is connected to an oscilloscope (Agilent

DS081204B) to obtain a time-trace of P4(t).

8.2.2 Experimental results

A CW laser with a wavelength 1p=1550.202 nm is amplitude-modulated using a
Mach-Zehnder modulator and a sinusoidal electrical signal generator to obtain a
SMOS with a frequency varying linearly from f™ =185 GHz to f™ =19.5
GHz over a duration of 50 ms leading to p=20 GHz/s. The FUT has a length of 2.2
km and is terminated with an ultra-polished connector (UPC) to induce Fresnel back
reflection. Figure 8.2(a) presents the measured value of P4(t) at the oscilloscope, and
Fig. 8.2(b) presents a magnified section of P4(t) showing a sinusoidal variation with
time in agreement with Eq. (8.5). The spectrum of P4(t) is calculated using f{Pl(t)},
where # is the Fourier transform operator, and then the frequency f is replaced by
the distance d=fc/2png, where ny=1.46 is the group refractive index of the FUT, to
obtain the relative reflectivity as a function of distance, as shown in Fig. 8.2(c). The
signal Py(t) is zero-padded to increase the frequency resolution of the Fourier
transform allowing for the determination of the spatial-resolution Adsss=9.3 cm, as

shown in Fig. 8.2(d).
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Figure 8.2: (a) Measured P4(t), (b) magnified section of P;(t), (c) relative reflectivity
as a function of distance in the fiber under test, and (d) magnified section of the
reflection at dpea=2272.49278 m.

Similar to existing implementations of I-OFDR, the novel approach allows for
the detection of multiple reflection points. Figure 8.3(a) presents the measured
reflectivity as a function of distance for a combination of two fibers connected using
non-matching fiber connectors, a UPC connector and an angle-polished connector
(APC), to induce strong back-reflection at the interface between the two fibers.
Reflection peaks are observed a d=2.2725 km and d=6.6480 km corresponding to the
locations of end-facets of the first and the second fibers. Furthermore, the novel
approach can detect reflection points on hundreds of kilometers of fiber. Figure 8.3(c)
presents the measured reflection at the end of 151 km long fiber obtained with p=4
GHz/s. An erbium doped fiber amplifier is used for amplification of the signal
reflected from the end of the 151 km long fiber to compensate for the attenuation

induced by traveling along the fiber.
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Figure 8.3: (a) Relative reflectivity for two concatenated fibers, (b) magnified image
of the peak at dpeak=6.6480 km, (c) relative reflectivity for a 151 km long fiber, and (d)
reflection peaks at the end of the 151 km fiber (solid curve) and at the end of a 37.4
cm fiber cord connected to the 151 km fiber (dashed curve).

8.3 Discussion

8.3.1 Spatial-resolution

The shortest distance between two reflection points to be located is determined
by the spatial resolution of proposed approach based on a Kerr phase-interrogator.
The frequency corresponding to a reflection point located at distance d is given by
f=2pdng/c leading to a spatial resolution Ad=Afc/2pngy. The spectrum of the measured
time-trace Py(t) is a squared sinc function for which the 3 dB frequency resolution is
calculated from the measured time-trace interval tspa, using Afzg=0.88/tan leading to
Ad34s=0.88¢/2pngtspan. Using p=20 GHz/s, nyg=1.46, and t;an=50 ms leads to

Ad3¢=9.04 cm in close agreement with the measured values at Adsgg=9.3 cm at
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d=2.2725 km and Adssg=9.4cm at d=6.6480 km, as shown in Fig. 8.2(d) and Fig.
8.3(b), respectively. To further investigate the spatial-resolution, Fig. 8.3(d) presents
the reflection peak at the end of the 151 km fiber and the peak that results after
connecting a 37.4 cm fiber cord at the 151 km fiber end. The 3 dB spatial-resolution
for the peak at d=151.2952 km is Adsgg=11.2 cm showing that the spatial-resolution is
maintained over long distances. Furthermore, the reflection peaks in Fig. 8.3(d) are
clearly distinguishable and are separated by 38.5 cm in close agreement with the

length of the fiber cord.

8.3.2 Dynamic-range

The measured signal is given by B™*(t)=| B (t)+v(t)|xrect(t) where
R (t) is the ideal signal, v(t) is the noise, and rect(t) is a square pulse with a
duration tspan. The signal-to-noise ratio (SNR) of B™*(t) can be increased by using
a highly-nonlinear chalcogenide fiber as a Kerr medium to induce nonlinear Kerr
effects at lower signal powers eliminating the need for optical amplifiers that generate
noise through amplified spontaneous emission. The SNR can also be increased by
using low-noise photo-diodes to reduce dark-current noise and shot-noise such that
R (t)>v(t). Finally, the SNR penalty induced by the finite measurement duration
tpan 1S Obtained from the normalized spectrum of rect(t) given by
SIN (7 Tty )/ (7 Ttpay )2. Increasing the sweep frequency-span N times increases typan
by a factor N, and consequently, reduces the SNR penalty of rect(t) by a factor N,

Similar to C-OFDR, the power of the reflected signal must be weak in the

presence of multiple reflectors to prevent the generation of artificial peaks that arise
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from mixing of the frequencies corresponding to actual reflection peaks.
Unfortunately, the dynamic-range, which refers to the farthest achievable reflection
location, is reduced when the signal from the sensor path is weaker than the signal
from the reference path. Enhancement of the dynamic-range is essential for the
detection of Rayleigh back-scattering in the FUT allowing for distributed sensing of
strain and temperature [71, 80]. Future work will focus on enhancement of the

dynamic-range for the implementation of distributed temperature and strain sensors.
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9 Summary and future work

9.1 Summary

In this thesis, a Kerr phase-interrogator has been proposed and demonstrated
theoretically and experimentally. The Kerr phase-interrogator converts phase-shift
A¢ of two sinusoidally-modulated optical signals (SMOS) into power of first-order
sideband P; generated by nonlinear interaction between the two SMOSs in a Kerr
medium, and acquires A¢ from sinusoidal dependence of Py on Ag.

Two theoretical models have been employed to explain the dependence of P; on
A¢. The first model considers the generation of first-order sideband as a result of
sinusoidal phase-modulations induced by SMOSs through Kerr effect. The
phase-modulation-based model is intuitive and allows for conceptual understanding of
the operation of the Kerr phase-interrogator in terms of superposition of the sinusoidal
phase-modulations of two SMOSs. The second mode employs theory of four-wave
mixing (FWM) and accounts for the generation of first-order sideband as a result of
FWM process among the frequency components of the SMOSs. The FWM-based
model is essential for acquiring insight into the operation of a Kerr phase-interrogator,
and can account for the impact of chromatic dispersion (CD) of Kerr medium on the
generation of first-order sidebands.

Birefringence and CD of Kerr medium used in a Kerr phase-interrogator play

important roles in the nonlinear interaction of the SMOSs, and affect the generation of
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first-order sidebands. In this thesis, vector analysis is performed on the nonlinear
interaction between two orthogonally-polarized or co-polarized SMOSs in a Kerr
medium with randomly-varying low birefringence. The analysis reveals that the
nonlinear phase induced by self-phase modulation (SPM) in randomly birefringent
Kerr medium is identical to the nonlinear phase induced by cross-phase modulation
(XPM) between orthogonally-polarized SMOSs, whereas it is half to that induced by
XPM between co-polarized SMOSs. Based on the vector analysis, sinusoidal variation
of Pl(A¢) is analyzed. The analysis indicates that the extinction-ratio of sinusoidal
variation B (A¢) is infinite due to the B™=0 in the case of
orthogonally-polarized SMOSs, whereas the extinction-ratio is 9 in the case of
co-polarized SMOSs. In addition, sinusoidal variation of P; is dramatically perturbed
by the phase noise of the laser sources when two co-polarized SMQOSs are carried by
identical wavelengths due to the interference between electric fields of the SMOSs.
This study supplements the theory of Kerr phase-interrogator, and provides insight
into the dependence of operation of the Kerr phase-interrogator on the
polarization-states of SMOSs.

The impact of CD of Kerr medium on the generation of first-order sideband is
also studied using the theory of FWM. The theoretical analysis and experimental
results reveal that the CD of Kerr medium has impact on the magnitude, extinction
ratio and phase-shift of the sinusoidal dependence of P; on A¢ by inducing
intra-SMOS phase-mismatch and additional inter-SMOS phase-mismatch. This study
suggests that a Kerr phase-interrogator should adopt Kerr medium with low or even
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zero dispersion at the operation-wavelength rang to avoid CD-induced distortion of
sinusoidal dependence of P; on A¢, which benefits high accuracy measurements
based on Kerr phase-interrogator.

The proposed Kerr phase-interrogator has the merits of instantaneous response,
utilization of all-optical signal processing, and being free from the coherence
properties of light source. The function that converts phase variation into power
variation and the merits of the Kerr phase-interrogator make it practical in various
applications. In this thesis, four applications of Kerr phase-interrogator are
theoretically and experimentally demonstrated. Firstly, a novel approach of CD
measurement based on a Kerr phase-interrogator is presented. CD in four
commercially available single mode fibers and one polarization-maintaining fiber is
characterized. Secondly, a high-resolution temperature sensor utilizing the
temperature dependence of the reflection group-delay in LC-FBGs is implemented. A
Kerr phase-interrogator is utilized for conversion of temperature-induced variations of
the reflection group-delay into power variations. Temperature sensing at a sensitivity
of 1.122 rad/ °C and a resolution of 0.0089 °C is achieved. Next, a real-time CD
monitor based on a Kerr phase-interrogator is achieved. CD induced group-delay
difference of two SMOSs carried by two different wavelengths is converted to power
variation by a Kerr phase-interrogator. The proposed CD monitor takes advantage of
ultrafast response of the Kerr phase-interrogator and attains real-time CD monitoring.
Monitoring of CD at a resolution of 0.196 ps /nm is achieved. High-resolution
real-time CD monitoring opens ways for novel sensing applications. Finally, Kerr
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phase-interrogator is used for incoherent optical frequency domain reflectometry
(I-OFDR). The I-OFDR using a Kerr phase-interrogator eliminates the limitation of
finite coherent length of the light source, and achieves measurement of long-range
distance beyond the coherent length of the light source. Reflections measurement as

far as 151 km at a spatial-resolution of 11.2 cm is implemented.

9.2 Future work

The resolution of Kerr phase-interrogator in term of phase-shift measurement is
limited by the fluctuations 6B, in Pi. The noise in the peak power P, of the
SMOSs at the input of Kerr medium dominantly contributes to 6P, by inducing

variations to P yL The peak power noise mainly arises from the amplified

Kerr -
spontaneous-emission noise of the Erbium-doped fiber amplifier (EDFA). The
magnitude of 6P, can be reduced by utilization of a highly nonlinear Kerr-medium
such as a photonic crystal fiber to eliminate the need for the EDFA. Peak power noise
also arises from external mechanical and thermal disturbances that cause
birefringence variation in the optical paths which induce polarization variation on
SMOSs before polarization beam combiner (PBC). These external disturbances are
relatively slow and their contributions to oF, can be eliminated by using a feedback
control-system that corrects the polarization of the SMOSs before the PBC.

Kerr phase-interrogator is employed in sensing and real-time monitoring
applications utilizing the dependence of the measured physical parameter on the

phase-shift of two SMOSs, and acquires the phase-shift by measuring P;. Due to the
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sinusoidal dependence of P; on the phase-shift, a value of P, corresponds to multiple
values of the phase-shift. Therefore, a Kerr phase-interrogator is expected operating
around the quadrature point of the sinusoidal variation of P; to attain one-to-one
correspondence. In addition, operation round the quadrature point guarantees
high-sensitivity measurement. The operation of Kerr phase-interrogator can be locked
at quadrature point by adjusting the group-delay between two SMOSs using a variable
delay line and a feedback-control electric circuit.

Currently, the Kerr phase-interrogator is not practical in the applications due to its
complicated and large setup. Integrating the Kerr phase-interrogator into a more
compact environment is a promising orientation. Owing to the development of
integrated optical active and passive devices, the techniques of integrated optical
circuits, and the realization of photolithographic microfabrication, it is possible to set
up a Kerr phase-interrogator within miniaturized optical integrated circuits in
sub-meter scale. The implementation of the Kerr phase-interrogator in compact
environments will extend its applications to smart sensing, bio-sensing and large-scale
quasi-distributed sensing.

Kerr phase-interrogator could also be used in the following applications:

Firstly, considering the fact that the reflection group-delay and reflection
dispersion of a chirped FBG are temperature and stain dependent, Kerr
phase-interrogator would be a promising method to implement simultaneous
measurements of temperature and strain by measurements of variations in the
reflection group-delay and reflection dispersion of a quadratically-chirped FBG
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induced by temperature and strain. The key to implement simultaneous measurements
of temperature and strain is the design of a chirped FBG, of which the group-delay
spectrum is smooth and quadratically chirped. By adopting proper apodization on the
chirped grating, this key can be solved and the simultaneous measurements are
accomplishable.

Secondly, the implement of real-time CD monitoring using a Kerr
phase-interrogator opens ways for novel sensing applications. Therefore, Kerr
phase-interrogator based real-time sensing that utilizes dependence of the monitored
physical parameter on the CD would be a promising future research.

In this thesis, all proposed sensing applications of Kerr phase-interrogator are point
sensing. Distributed sensing is another promising orientation for Kerr
phase-interrogator. Kerr phase-interrogator based I-OFDR has attained long-range
detection of reflection points by acquiring the beat signal formed by the SMOS
reflected by fault in the sensing path and the SMOS in the reference path. By
effectively amplifying Rayleigh scattering, Kerr phase-interrogator can acquire the
beat signals formed by Rayleigh scattering of the SMOS in the sensing path and the
SMOS in the reference path allowing for distributed sensing. Therefore,
high-spatial-resolution distributed sensing such as temperature or strain over long
range would be achieved by utilization of Kerr phase-interrogator based I-OFDR. In
addition, phase-sensitive optical time-domain reflectometer based on a Kerr

phase-interrogator would be realized for distributed vibration measurement.
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Appendix

Appendix A

Sinusoidal phase-modulation ¢,, is given by

by = %{O.SPP cos? [0.56{)5 (t-t, )] +0.5P, cos’[ 0.5, (t-t, )]}
(A1)
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where o, =27f, and A¢=0.5at,. Using (A.1), the perpendicular field component

at the output of Kerr medium is written as

AL _Ip /2COS|:0 50) t t ):I aim |mcos(A¢)cos[wt 050, (tl+tu)] (A2)
with m=4yL,.,. P, /9. We will use the Jacobi-Anger expansion [8, 9]
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to obtain
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Using Eq. (A4) in Egq. (A2) and replacing cos| 0.5, (t—t,)] with

05( |05w —ti)+e—i0.5ws(t—ti)) gives
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which is rewritten as
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Z i"e |05na)5th (mCOS(A¢)) |n+05)(u(—ti)
A = _p% n=—c ) (A.6)
+Z i"e |05na)sth (mCOS(A¢)) (n—0.5)e, (t-t, )

N=—o0

We will change n to n+1 in the second summation and combine the two summations

to obtain

im o ) J A
AJ_ — \/me? :z_ ine—|0.5nwstd [+n (r-nCOS( ¢))

i(n+0.5)a,(t-t, )
. _ (A7)
|ed0'5wstd J el (m CO0S (A¢))

Splitting the summation for negative and positive n, Eq. (A.7) is rewritten as

iine—iO.Sncostd J” (mCOS(A¢)) ei(n+0.5)ms(t—tl)
Pp eim n=0 +ie_i0.5a)5td ‘]n+l (m Cos (A¢))
A = > : (A.8)

i _Zl inefio,snwstd J” (m COS(A¢)) ei(n+0.5)ws(t—ti)
s +ie %% ] (mcos(Ag))

-1
Replace n with -n and replace n by n+1 in the summation of Z leads to

n=-c0

i:ine—iO.Sna)Std [J” (mCOS(A¢))+ }eu(mos) s (t=t,) n

A F | & ie™*% ] (mcos(Ag)) A9
\ = ,|— — . .
2 2 il (n+1) |05 n+1)ogty [J(”+l) (m COS(A¢)) + :lei(nos)ws(th)

jg oSt g (m Cos (A¢))

n=0

We will replace J_,(z)=(-1)"J,(z)=i*J,(z) inEq. (A.9) to obtain

iine—iO.Snwstd l:‘]n (m COS(A¢)) + ]el(mo.s)(os(tti) +

P gm |n=0 e g (m COS(A¢))
A = /_p & (A.10)
J_ : i | (n+1) |0 5(n+1)agty |2(”+1)J n+l (m COS(A¢)) " ei(_n_o's)%(t_ti)
Ie—iO.S(ustd i2nJ ) (m CoS (A¢))

n=0

which is reorganized as
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]

ine—iO.Snwstd l:“]” (m COS(A¢)) + i(n+0.5)w(t-t, ) +

(
_ e
P aim ie”%%4 3 (mcos(Ag }
A =\/;e? 1(meos(ag)) . (A.11)
S inaios(m Doy Jn+1(mCOS(A¢)) oi(-n-08)au (i)
; e %] (mcos(Ag))

The amplitude of the ‘A components is given by

Nvrosh

2

‘\/7 mcos A¢))+ie*‘°'5”’sthn+l(m cos(A¢))]

(A.12)
32 (meos(ag))+ 32, (meos(Ag))
) +25in(A¢)Jn(mcos(A¢)) n+1(mCOS(A¢))
Similarly, the power of n-order sideband of |A (a))‘(zmo's)w is given by
= Do e (moos(ag)) s ru(meos(ag) L an
8 | —2sin(A¢)J, (mcos(Ag))d,.,(meos(Ag))

Accordingly, the powers of first-order sidebands of A, and A are respectively

given by
NAR: (mcos(Ag))+J; (mcos(Ag))
“g LZsm(Aqﬁ) (mcos(A )) (mCOS(A‘/ﬁ)J .
Rl ?(mcos(Ag))+ 37 (mcos(Ag))
=g [ ~2sin(Ag)J (mcos(A )) (mCOS(A¢))] A1)

with A¢g=0.5mt, and m=4yL, . P /9.

Kerr

Appendix B

In the case that the peak powers of the perpendicular and the parallel components
are different, the sinusoidal phase-modulation becomes
g, = b ;Kerr (P cos?[ 050, (t-,)]+ P, cos?[05, (t-1,) ] (B.1)

Using the following linear combinations of trigonometric functions
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ssin(x)+ksin(x+a)=gsin(x+b) (B.2)

with b:arctan[ksin(a)/(s+kcos(a))} and g:\/32+k2+25kcos(a) [10], we
rewrite the Eq. (B.1) as

87'-%{0.5(3, +P.)+gcos] o, (t-t,)+b ]}
8 05(7+ P )+ goos[ 1-1,) b,

Pu =
(B.3)

where b, =arctan |:PJ_,H sin(2A¢)/ (R, +P,, cosZ(A¢))] with A¢=05mt, and

g =0.5\;’I3H2+Pf+2FT‘Pl cos(2A¢) . Accordingly, the perpendicular and the parallel

field components at the output of Kerr medium can be written as

A, =[P, cos[0.5m, (t—t,)]etem L) (B.4)
A = [P cos[ 050, (t-t,) Jeive™ Lot (B.5)

where m =8yL,..g/9 and ¢, =4yL,, (FT‘ + Pl)/9 . We will repeat the operations
from Eq. (A.2) to Eq. (A.13) to obtain the power of first order sideband of A and

A, that are respectively given by

P, =%[Jf (m)+ 37 (m')+2sin(b, )3, (m) 3, (m) ] (B.6)
P, = %[Jf (m)+32(m)-2sin(b;) 3, (m') 3, (m)]. (B.7)
For m' <0.2, Eq. (B.6) and Eq. (B.7) reduce to
P, =%Jf(m') (B.8)
P, :%Jf(m') (B.9)

Using J,(m’)=(0.5m)/T(2) and m =8yL,,,g/9 in Eq. (B.8) and Eq. (B.9),

P, and B, are finally given by
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Py L | PP+ PP +2RP, cOs(2A¢) |
P.= a1 (B.10)

Py*Lyere [ R” + P +2PP, cos(2A4) ]
Ri= m (B.11)

Appendix C

At the input of Kerr medium, the amplitudes of perpendicular and parallel

components respectively are given by

P

A =\/; cos (0.5, (t-t,)) (C.1)
P

A= \/; cos(0.5m, (t-t,)) (C.2)

where t =t +t; and o, =, +®,. The perpendicular and parallel field components

at output of Kerr medium are given by

A = \/% cos (0.5, (t—t, ))exp| j8yP(t)Lyy, /9] (C.3)

A= \/% cos (0.5, (t—t,))exp[ J8yP (t) Lyey /9] (C.4)
where

P(t)=|A[ +[A[

(C.5)

:%[2+cos(a)1 (t_tl))+cos(a)2 (t_tn))] |

Using t =t +t, and @, =@ +a, inEq. (C.5) gives

P, {1+ cos[ 0.5, (t—t,)-0.5(@; + @, )t | } (C.6)

P()=7 xcos| a (t—t,)+0.50, (t—t,)-0.5(a; + )t |

which can also be written as
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P, {1+cos[0.5a)d (t—t,)-05(c, — 2, )1, | } ©7)

P(t) T xcos[a)z (t—tH)_O-5wd (t—tH)+O.5(a)2 -, )th

Applying Eq. (C.6) into Eq. (C.3) gives

A = \/%cos(O.Sa)l (t—t,))exp(jm)

jmcos| 0.50, (t—t,)—~0.5(e, + @, )t | (C.8)
X ex xcos[a)l(t—tl)+0.5a)d (t—t,)-0.5( e, + )td]

We will use the Jacobi-Anger expansion

Kerr *

where m=4/9yP L

ejZCOSH ZJ J eJnH (Cg)
to obtain
jmcos[ 0.5, (t—t,)—0.5(a, + o, )t, |
exp
xcos[ @, (t—t,)+0.50, (t—t,)—0.5(am, + o, )t, | (C.10)

= i jnejn[(’)l(t—tL)+0-5wd(t—ﬂ)_o'5(wl+wd)td]\]n (9)

nN=—o0w

where 0 =mcos| 0.50, (t—t, )—0.5(e, +, )t, |. Therefore Eq. (C.8) becomes

A

L = \ECOS(O.50)1 (t-t,))e"
2 . (C.11)

y Z Jn in[ e (t-t, }+0.5a (-, )~0.5(c; + e td]J ( )

Using COS(0.5a)1 (t_tl )) =0.5[ej°-5“’1(t*‘i) +efj0.5m1(tfu)J in Eq. (C.11) gives
_ [
SN2 2
i jneij.Sn(a)lJra)d ) ej[(n+0-5)aa(t*h)+0-5nwd (t—tl)]\]n (9) . (C12)

N=—ow0

X

N i j e_j0.5n(0)1+a)d )td ej[(n—0.5)(1ﬁ(t—ti)+0.5na)d (t—h)]‘]n (9)

N=—o0

Change n to n+1 in the second summation and we obtain
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P, elm
A= ]-r_
SN2 2
i jne—jO.Sn(lera)d )tdej[(n+0.5)a)l(t—tl)+0.5nmd (t—tl)]\]n (9) . (C13)

N=—ow

X
N i j™e i[0504 (t-t,)-0.5(n1) o1+ )y ] H[(n+08)ep (-1, )+0.5m04 (-1, )] 5 L ( 0)

Combining the two summations leads to
P em
A= |2
SN2 2
" jne—jO.Sn((ulerd )tdej[(”+0-5)ﬂ’1(t*h)+0-5n% (t—tL)] . (C14)

anz_oo xI:J (9)+ jej[o.swd (t=t, )-0.5(my +ay )td]J 1(9)}
Split the summation for negative and positive n and we obtain

_ [
SN2 2
i ne_jo_Sn((ul+wd Ytg o i[(n+0.5)ex (t-t, }+0.5nwq (t-t, )]

; XI:‘]n (0) n jej[0-5wd (t=t,)-0.5(ex +eg )td]‘Jn+1 (9):| . (C.15)

5 J ne— j0.5n( @y +ay )ty e j‘:(n+0.5)a)l(t—ti )+0.5nay (t-t,. ):'

2

~ X[Jn (9) I jei[0-5wd(t—h)—0-5(aa+wd )td]\]nﬂ (0):|

In the second summation, replacing n with -n and then changing n by n+1 results in

P elm
A= |2 _
V2 2
j ne—j0.5n(axl+a)d )t e i[(n+0.5)a (t-t, )+05nawg (t-t, )]
; X[‘]n (9)+ jei[0-5wu (t-t,)-0.5(ax +ay )td]‘]n+l (0)j| . (C16)

: —(n+1)e j0.5(n+1)( ey +g )ty e i[(-n-0.5)e (t-t, )-0.5(n+1)eoy (t-t, )]

+ .
nz:(; X[J_(n+1) (0)+ jeJ[o.s%(t—g)—o.s(mﬁwd )td:l\]in (9)}

Replace J_,(z)=(-1)"J_,(z) inEg. (C.16) and we obtain
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iy
V2 2
j ne—jO.Sn(wl+a)d ) e i[(n+0.5)a (t-t, }+0.5nwq (t-t, )]

; X[‘]n (9) + jej[O.Smd (t-t,)-0.5(ey+ag )td]JM (9)} ) (C.17)

: —(n+1)e j0.5(n+1)( ey +g )ty e i[(-n-0.5)a (t-t, )-0.5(n+1)y (t-t, ) ]

= |

2

() 9, (0) el 1)y, ()]

Using (-1)"=(j)” inEq. (C.17) results in

iyl
SN2 2
j ne—j0.5n(all+wd ) e i[(n+0.5)a (t-t, }+0.5nwq (t-t, )]

; X[‘]n (6)+ jej[o.swd (t-t,)-0.5(0, oy )td]‘]n+l (9)} . (C.18)
Y J nejO.S(n+l)(a)l+a)d )ty e i[(-n=0.5)e (t-t, )-0.5(n+1)ey (t-1, )]

+§ XI: ijl (0)+ ej[0-5a)d(t—ﬁ)—0-5(a’1+’”d )td]Jn (9):|

After reorganization, Eq. (C.18) becomes

P gim
A= [P
N2 2
. J ne—j0.5n(wl+a)d ) ej[(n+0.5)a)1(t—tL)+0.5na)d (t-t,)]
; % |:Jn (0) n jej[O.Swd (t—t, )—0.5(coy +ay )td:l\]m_l (0)j| . (Clg)
X

" J a j0.5(n+1)( o +ay )ty e i[(-n-0.5)e (t-t, )-0.5nay (-, )]

+ : .
T X[eJ[—0-5(aa+%)tu]Jn(9)+ je1[70-5wd(t*h)]‘]n+l(9)}

The amplitude of the ‘Al (a))‘z components is given by (for positive n)

(n+0.5)ay

2

=) :
EpH:Jn (0) n jeJO.S[wd(t—tL)—(lerwd)td]Jnﬂ (9):|

P, 31(0)+37.4(0) (C.20)
= g{zsin(o.&od (t—t,)-05(w +a,)ty)J, (Q)Jn+l(9)]

or (for negative n)
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2

P _ .
gp |:ej[70.5(a)1+wd)td:|‘]n (9)+ jel[*O.Swd (HJ]JM(@)}

P.| 3:(0)+3:.(0) . (21
8 —23in(—0.5a)d (t_tL)+O'5(a)l+a)d)td)‘]n(9)\]”+l(9)

Similarly, the amplitude of the|A ()| component is given by (for positive n)

2
(n+0.5)ey

2

Pp /SH:ej[O.Swd (t-t,)-0.5(co +ay )td]Jn (0) n jJnJrl (9):|

[J§<e>+as+1(e) ] (C.22)

+2sin (0.5, (t—t, )= 0.5(w; + 0, )t,)J,(6)J,.,(6)

~P /8

p

or (for negative n)

2

Pp /8H:ej[—0‘5(od(t—ti)]\]n (0)+ jej[—O.S(a)ﬁwd )td]‘]nJrl (e):|

[J§(9)+J§+1(9) ] - &3

+2sin(-0.5e, (t—t, )+0.5(e, + 0, )t,)J,(0)J,..(6)

=P /8

p

The spectral components P, for positive n is calculated from

2 2
R, = ‘Al (@) (n+05)a, +‘AI (@) (n+05)a,
P (C.24)
2 2
:Ip[Jn (0)+32,(0)]
and for negative n is calculated from
2 2
R = ‘Al (w)‘ (-n-0.5)w, +‘A| (a))‘ (-n-0.5)a,
: (C.25)

P
:Ip[‘]:(e)+‘erz+1(‘9)]
The Bessel functions have the following asymptotic forms. For small

arguments 0<x<+«a+1 , one obtains, when « is not a negative integer

J, (x)= ! (5) . Therefore, the power both positive and negative n=1 is
I'(a+1)\ 2

given by

R=P /8{%(%)}2 +P, /8{%(%)2}2- (C.26)
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Equation (C.26) can be reduced to

p-P %ﬁ@} (C.27)

2 2
for m<0.2because the value of {%(gj} is much smaller than that of

{%(gﬂz Using T(2)=1 and 6=4¢,/2cos(0.50, (t—t,)-0.5(w; +, )t,)

gives
Ve PSL%( 2
A= oo [0.50, (t—t,)—0.5(c, + @y )t | (C.28)

Using o, =w,~w, o_,,=2xf, and f,=f+p(t-t ), Eq. (C.28) becomes

2 PPS L2

7/ err
P, :T;cosz(ndeqﬁA) (C.29)

with ¢, =—zft, +7(f,—f,)t,.
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