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Abstract

Various quantum imaging techniques have been shown to be effective at imaging through
some aspects of traditionally difficult free-space channels, including ghost imaging through
turbulent channels, or quantum illumination through channels with noisy backgrounds.
For quantum illumination through channels with noisy background, a full rigorous theo-
retical framework has never been given. This thesis begins by providing such a theoretical
framework for a version of quantum illumination which relies on spatial correlations. While
these techniques have only ever been shown to work independently, real-world free-space
channels are often both turbulent and noisy simultaneously. This thesis then goes on to
describe and experimentally demonstrate a quantum correlated imaging method which
uses an SPDC source and a time-tagging camera which be made robust against both tur-
bulent media and a noisy background in free-space channels by implementing filtering
based on the temporal and spatial correlations of paired photons. Furthermore, the fil-
tering reduces accidental coincidence counts between uncorrelated photons, allowing the
pair source to operate at high brightness which, in turn, leads to video-rate integration
times. These quantum correlated recordings allow for improved object tracking, while the
longer integration time images improve image fidelity over turbulent and noisy channels.
This demonstration could allow for new improvements in communication, measurement,
and sensing through turbulent and noisy free-space channels.
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Chapter 1

Introduction

1.1 Free-Space Optical Sensing and Communication

To inspire the work performed in this thesis, the problems which the work solves must first
be identified. Free-space optical sensing and communication are the primary fields which
contain problems that can be solved by quantum imaging techniques, and as such a brief
overview of some applications of the fields are given here. In describing the applications,
their shortcomings and difficulties they face will become clear. Once these shortcomings
are described appropriately, the relation to this thesis” work can be elucidated.

1.1.1 Free-Space Optical Sensing
Object Recognition and Tracking

Two of the most widespread uses of free-space optics are for object recognition and object
tracking. In object recognition, the spatial and spectral properties of a general scene are
measured by a sensor through some optical system. These properties, either individually or
in conjunction with one another, are cross-referenced with known properties of an object
of interest, and the degree of similarity between the known and observed properties is
given. This leads to some metric which indicates how likely it is that a specific known
object is in the scene, or how similar a subset of the scene is to a known object. Object
recognition is used widely, in applications ranging from the very common uses in security
measures for systems like personal cellphones and PCs, to more specialized uses like disease
identification in medical image analysis [59].
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In object tracking multiple frames are considered, over which the location of an object
within those frames is measured and kept track of. Similar to in object recognition, known
properties of a specific object of interest are compared with measured properties in each
frame, and possibly across multiple frames. This generates a metric which gives the location
of the object, or some other position/movement related metric of the object, either within
the frame or relative to some fixed reference point, along with some certainty. In basic
object tracking, like for example in rudimentary aircraft tracking or car speed estimating,
both via RADAR, the constraint of the known properties matching with the expected
properties is weak, and is often simply implied by the context of the measurement. For
more advanced object tracking, like for the tracking of a specific individual in a crowd,
the matching of the observed and known properties must be very strict, and full object
recognition must be performed at minimum on every frame for successful tracking [39].

LiDAR

An increasingly common free-space optical sensing tool, dubbed LiDAR, allows for the
determination of distances of a target object or surface from the measurement tool. LiDAR
works by shining a laser beam at a target of interest, and measuring the time it takes for
the laser beam to reflect off the target and return to its source. Taking this time of travel
into account allows for the distance between the target and camera to be estimated. Such
a tool is used frequently to make high-resolution surface maps of the Earth, as well as to
assist in the navigation of self-driving vehicles, but also is used in less common applications
like mapping buried sites for assisting in anthropological investigations [25].

1.1.2 Free-Space Optical Communication
Classical Free-Space Optical Communication

Historically, free-space optical communication has existed in some form well before most
other forms of long-distance communication. These forms include the pre-industrial use
of smoke signals by Indigenous Americans or the use of beacons by the Ming dynasty [52,

|, industrial-era contemporary uses of lighthouses and semaphores [21], and the post-
industrial-era uses of heliographs by the North American forestry protection [16]. Mod-
ernly, attempts have been made to develop free-space optical communication networks
with varying degrees of success, though most attempts have been generally unsuccessful.
Extraterrestrially, there have been significant pushes towards practical free-space optical
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communication networks, with the European Space Agency having demonstrated non-
commercial applications of such a network []. Generally, applications for classical free-
space optical communication are limited, primarily due to the shortcomings of range and
turbulence effects outweighing any other potential benefits over more common fiber and/or
wire based communication.

Quantum Key Distribution

One of the more promising applications of free-space optical communication is regarding
quantum key distribution. Quantum key distribution allows for the sharing of a secret key
between two parties, such that it would be known with certainty whether a third party
intercepted the secret key, thus rendering the key no longer secret. This secret key can be
used in order to cryptographically encode and decode a confidential message, or to verify
the identity of the sending party. While not all quantum key distribution schemes rely upon
free-space optical communication, it is one of the successful methods by which quantum
key distribution has been demonstrated so far [18, 13, 15]. Generally, free-space optical
quantum key distribution works by the sender encoding information into the quantum
states of single photons, and the receiver making measurements on the single photons
which arrive at them [10]. Such schemes have been shown to work in not only atmospheric
conditions on intracity scales [6], but also underwater at shorter scales [13].

1.1.3 Shortcomings

In all the described schemes above, there exist shortcomings which effect each scheme to
differing degrees. These shortcomings can be categorized into two separate categories based
on the origin of the shortcomings: distortions due to turbulent media, and noise due to
external sources.

Turbulent Media

The distortions in the spatial information of a free-space optical signal which arise from
the propagation of the signal through turbulent media lead to a wide range of difficulties
in most practical free-space optical processes. These distortions typically cannot be simply
corrected for, and as a consequence many free-space optical processes are currently im-
practical for use in some, or most, contexts. A common result of this, for example, is how
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most modern terrestrial astronomical observatories are located at high elevations, where
signals from space do not have to propagate through as much of the atmosphere.

Turbulent media is any media, be it a solid, liquid, gas, or combination of any of these
three, which causes light to be reflected, diffracted, or scattered in any way, such that all
the light which enters the media also exits the media without creating any new light. This
is in contrast to turbulence, which includes turbulent media, but can also absorb light,
emit light, or combine these two processes to absorb incoming light and then emit new
light. While the effects of turbulence (as opposed to turbulent media) also have deleterious
affects on most practical free-space optical processes, turbulence is a broader problem which
the work performed here is unable to address fully. After propagating through turbulent
media, the spatial profile of the signal is distorted in some potentially chaotic way, which
cannot be easily measured or predicted without prior knowledge of the entire system [(1].
As such, any free-space optical process which relies upon the initial spatial profile of the
signal will not be able to function as expected without compensating for the distortion
effects.

For object recognition, the distortion from propagating through turbulent media can
lead to the observed properties of the target differing from the prior known properties,
even though the object is in fact the same as the one known beforehand. This is because
the environment through which the properties are observed is different from what it was
when the known properties of the object were initially measured. This can lead to not
only a drop in the confidence of the identification of the object, but also can lead to a
misidentification of the object if the spatial profile is distorted in such a way that the
properties now seem more similar to the properties of some other known object. In the
worst case, the target may not even be recognizable in the system, and thus nothing would
be recognized even though an object is present. Typically, distortions are not a significant
problem in common object recognition scenarios since the distance of the object from the
camera is often very short, however for more complex and distant scenes it poses a distinct
open problem with no solid solution [38].

While inheriting the same problems as with object recognition, object tracking has
further issues as well: even if the object is able to be identified through the turbulent
media, for example in the cases where object recognition comes from context, the actual
position-related information of the object may be inaccurate due to the position information
being distorted in some stochastic way by the propagation [27]. While object tracking is
often used at long distances through turbulent media, either the location of the object is
contextual and so the only issue is that of the imprecision of the measurement, as is in the
case of car speed estimating, or wavelengths of light are used which are less effected by
atmospheric turbulence, as in the case of RADAR [30].
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LiDAR is significantly affected by the distortions from propagating through turbulent
media, both as an effect of a portion of the out-going laser light not making it back to the
measurement device, but also from the optical path length being increased by the refraction
of the signal. In fact, LiDAR is so uniquely sensitive to atmospheric turbulence at short
(10 — 100m) and medium ranges (15 — 30km), that it has been proposed to be used in
aviation to measure atmospheric turbulence [18,72]. Typical LiDAR measurements can
be chosen to be done reliably on clear days with good conditions, since they are often not
time-critical.

Classical free-space optical communication is significantly impacted by the distortions
from propagating through turbulent media. While many older implementations are not
significantly impacted due to the small amount of data which they transmit, the more
data-dense methods like semaphores and heliographs have been mostly replaced by more
modern non-free space solutions, partly because of the difficulty and drawbacks related
to propagating through turbulent media. Adaptive optics are often utilized in order to
mitigate the distortion effects, but are so far only successful in preserving telecom bitrates
on the scale of hundreds of meters. The significant impact from distortions is the lead-
ing cause of limitations, and consequent failure, of modern terrestrial free-space optical
communication attempts, though proposals for schemes using light in the infrared and
near-radio ranges seem more promising [54].

While quantum key distribution via free-space optical channels suffers from many of
the same issues as in classical free-space optical communication, it does have some benefits
which increase its practical range. Notably, quantum key distribution does not require
nearly as high of bitrates as modern telecom demands, since it is only being used to
communicate a secret key. As such, the range of use for quantum key distribution is longer,
though still limited to be around 10 km [64]. One benefit quantum key distribution uniquely
can have is an increase in the information density per photon over classical communication
by encoding information in bases like orbital angular momentum [14], or more complex
encoding schemes utilizing topological properties [12]. By having more information density
per photon, the bitrate of quantum key distribution can be increased without increasing the
photon-detection rate at the receiver, though the effects of the distortion from turbulent
media on these new encoding degrees of freedom must be considered.

Noise

Noise from external sources is another significant problem for many of these schemes,
though it is more straightforward. Noise from external sources can come in many different
forms, whether it be from the sun, from light pollution, from other artificial light sources,
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from stars, from the moon, or any number of other points of origin. One unifying factor
with all the sources is that the light contains some other information which is not the
information the signal light contains.

In both object recognition and object tracking, external noise can lower the relative
intensity of the light coming from the object of interest, leading to less detail in the observed
properties of the object. This in turn creates more uncertainty in the measurement metrics
as they relate to the object. Furthermore, if there is any structure to the external noise,
it is possible for an object recognition or tracking scheme to misidentify the noise as an
object of interest, and as a result misidentify a scene [75]. In object tracking, however,
since external noise (often referred collectively to as the “background”) is typically static
while objects (also referred to collectively as the “foreground”) are typically moving, there
exists foreground detection schemes, and subsequent background subtraction schemes, to
help mitigate the effect of external noise [19].

For LiDAR, external noise has been a consideration since its inception, however LIDAR
has the benefit of only expecting to detect light at the same wavelength as its laser source.
As such, a narrow band-pass filter can significantly reduce the effects of external noise,
though this is not practical in all cases [73]. Even with a narrow band-pass filter, it is
common practice to take LIDAR measurements at night and with a narrow field of view,
in order to further minimize the effects of external noise [29]. Methods of background noise
reduction for traditional LiDAR have been proposed [17], and as will be discusses in the
following section, modifications taking advantage of quantum properties have also been
proposed to increase resilience to noise [16].

Free-space optical communication, both classically and in quantum key distribution,
is limited drastically by external noise sources, specifically in the form of the sun. For
quantum key distribution especially, since the signal is attenuated to the single photon
level, the effects from external noise sources are very strong. The strength of external
noise is such that protocols are often only able to be executed at night, during a new
moon, and preferably with a receiver facing away from any significant sources of light
pollution [64].

1.1.4 Conclusion

In the modern world there are many diverse free-space optical sensing and communication
protocols and designs. While some of them are used extensively in normal everyday life
and to support infrastructure, research, and technological development, there are still
significant limitations which have continued to stifle the further development of some of
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these technologies for decades. The two main shortcomings are a lack of robustness against
the effects of distortions arising from propagating through turbulent media, as well as a
lack of resilience against external sources of noise.

As alluded to in the discussion of how LiDAR is affected by external noise, imaging so-
lutions reliant upon quantum properties have been proposed which can increase resilience
against external sources of noise, dubbed quantum illumination. Further, other imaging
solutions reliant upon quantum properties have been proposed which can improve robust-
ness of imaging techniques against the distortions which arise from a signal propagating
through turbulent media, dubbed ghost imaging. The purpose of this thesis will be to
investigate these techniques in detail, in order to understand how they would need to be
modified to be used in conjunction with each other, and in turn develop a new quantum
imaging technique which improves upon previous techniques.

1.2 Quantum Imaging

Typical quantum imaging schemes rely upon pairs of entangled photons, and take advan-
tage of the inherent correlations between the photons in order to produce images with
better properties than what are possible from equivalent classical imaging schemes. As
such, quantum imaging schemes have three primary components: a source of entangled
photons, the method of optical interaction with the target or scene of interest, and a
detection mechanism. In the quantum imaging schemes discussed here, the source of en-
tangled photons is spontaneous parametric down conversion (SPDC). As for the method
of optical interaction with the target, for simplicity it will be assumed to be equivalent to
binary transmission or reflection. That is, either the light completely transmits/reflects
off the object and reaches the detection mechanism, or it is absorbed /reflected away such
that it does not reach the detection mechanism. The two schemes — ghost imaging and
quantum illumination — differ in their detection mechanisms, however in both the time of
arrival information of the photons must be measured at minimum.

1.2.1 Spontaneous Parametric Down Conversion
Overview

Spontaneous parametric down conversion is a process by which one pump photon is con-
verted into a pair of photons within a medium. The photon pair is made up of two entangled
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photons — the “signal” and “idler” — which have correlations in position and energy [32].
These correlations are key to allowing many quantum imaging schemes to function, and as
such must be understood to a basic level in order to connect it with quantum imaging.

Basic Theory

The aforementioned energy correlation between the signal and idler is a consequence of
the energy conservation in the SPDC generation process (Figure 1.1.C). The correlation is
such that the energy of the signal and idler photons must sum up to equal the energy of
the pump photon which they were produced by, and thus knowing the energy of the pump
photon and one of the generated pair photons absolutely determines the energy of the
other generated photon. A degenerate SPDC source is a source where the energies of the
signal and idler photons are identical. The degeneracy of an SPDC source is not necessary
for quantum imaging, and in fact there exists quantum imaging schemes which rely upon
non-degenerate SPDC sources [6,11,77]. That is, SPDC sources where the energies of
the signal and idler photons are not identical can be utilized in quantum imaging. It is
beneficial experimentally to work with a degenerate SDPC source, however, as when both
photons in the pair are at the same wavelength, they will interact with optics in the same
way as one-another. This includes interactions with lenses, mirrors, and filters, and further
assures the photons are both measurable by detectors and cameras at the same efficiency.
In the case of this work, a degenerate SPDC source is utilized, rendering the photons
indistinguishable in the energy degree of freedom.

The position correlations are a consequence of a combination of the momentum conser-
vation and local of generation of photons within the generation medium (Figure 1.1.(A,B)).
The first part of the position correlations is that the signal and idler photons are generated
simultaneously at the same location within the crystal. The second part is that the mo-
menta of the two photons is such that the vector sum of the two will result in the original
momentum of the pump photon which was destroyed to create them. These correlations
have two useful consequences in the context of this work. The first benefit is that when
the two photons travel the same optical path length, they will do so in the same amount
of time. This means that if the photons are manipulated in such a way that they travel
different paths to a sensor while still covering the same optical path length, then photons
which were generated in pairs will arrive at the same time. While not all simultaneously
arriving photons at the camera will be from pairs, this will show a statistical significance
in the time of arrival (ToA) statistics of the all arriving photon pairs at a difference in ToA
(dToA) = 0seconds. The second benefit, is that if the momentum of one photon from the
pair is known, and the momentum of the pump beam is assumed to be orthogonal to the
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Figure 1.1: SDPC Correlations. (A) Production of signal and idler photon pairs from
one pump photon within a medium via SPDC. The depicted correlations here assume
perfect phase matching of the pump with the medium. (B) The vector sum of the momenta
of the signal and idler photons must add up to be (approximately) equal to the momentum
of the pump photon which they were created from. (C) Likewise, the sum of the energies
of the signal and idler photons must add up to be equal to the energy of the pump photon.
For degenerate SPDC, the energies of the signal and idler photons are equal to each other.
Adapted from content created by J S Lundeen via Wikipedia.
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camera plane, then the momentum of the other photon from the pair can be inferred.

A more careful and detailed discussion of the basic theory overviewed here, including
mathematical descriptions and derivations of the correlations and photon statics of SPDC
biphotons, can be found in Appendix A.1.

1.2.2 Quantum Illumination
Overview

Quantum illumination (QI) utilizes a quantum entangled light source, like SPDC, to bet-
ter illuminate a target through a noisy channel [16]. This is accomplished by illuminat-
ing a target with the signal photons from the entangled source, and then spatially and
temporarily measuring all light which illuminated the target, including light from other
sources (Figure 1.2.A). In the most basic version of QI, a time-correlation measurement of
this measured light is performed with the light from the idler photons from the quantum
source. Light which illuminated the target from the quantum source can be distinguished
from background light by rejecting identified pairs which are not correlated in time, thus
creating an imaging technique which is robust against noise [07].

While the above imaging scheme has been shown to work to some capacity, the presence
of external sources stronger than the signal results in many accidental pairings, and as such
more complex QI schemes have been developed. These schemes rely upon more than just
the temporal correlation of light from SPDC sources. Specifically, the spatial correlations
have also been utilized [35,47]. If the momenta of the pump photons which create the
signal and idler pairs is such that it is orthogonal to the measurement plane, then the
signal and idler photons will be spatially measured in positions reflected over the center of
the transverse beam profile. As such, any measured pairs which are not observed to have
the photons rotated 180° around the center of the beam profile are also filtered out of the
results. This modification allowed for a stark decrease in the number of accidental pairs in
QI, and thus an increase in image contrast.

Applications

Quantum illumination has found multiple applications over the last few years [31]. Two
applications of interest are in the improvement of classical RADAR detection of objects in
noisy environments, and quantum LiDAR. The improvement of classical RADAR detection
of objects in noisy environments is a direct consequence of the mechanism of QI as described
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Figure 1.2: Quantum Illumination. A visual depiction of how quantum illumination
functions. The entangled photons from the source (light blue) are split into two different
paths. The idler photon goes directly to a time detector, while the signal photon is sent
toward an object. This signal photon interacts with the object in some non-absorptive
way (here a reflection), and is then measured both temporally and spatially (A). Other
sources of light, here depicted by the sun, are also measured by the same sensor as the
signal photons (A). The correlations between photons measured at position A, and the
idler photons are calculated, and only pairs with strong correlations are kept. As such,
most of the photons from external sources are filtered out. Figure adapted from [9].
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above [9]. One implementation difficulty is that quantum sources tend to be too low-flux
to effectively measure objects remotely in real time. As such, improvements which utilize
Guassian or multi-photon entangled states have been proposed which could help to improve
the flux of the quantum source [68].

Quantum LiDAR is a modification to traditional LiDAR techniques which utilizes a
quantum source. This allows for shortening the time needed to measure difficult-to-image
scenes [H0], and also to minimize the background noise or interference in measurements
taken in difficult-to-image-within environments [67]. Quantum LiDAR has also been shown
to increase the resolution and range of classical LIDAR [11]. All of these improvements are
direct consequences of the mechanism of QI as described above.

Shortcomings

While QI’s robustness against noise can be significant, it also comes with many short-
comings. As previously mentioned, applications for QI are limited by the low flux of
the quantum sources. While solutions to this issue have been proposed, they rely upon
technologies which are either unrealized at the current time, or are too immature for ap-
plication. The other major shortcoming of QI, is its lack of robustness against turbulence.
Since the signal photon interacts with a scene or target, imaging of the scene using the sig-
nal photon suffers to the same degree as direct imaging does from the effects of turbulence.
Further, the reliance of QI on the correlations between the photons can actually cause
QI to be more sensitive to turbulence than classical imaging. This is because turbulence
affects the spatial (and to a lesser extent the temporal) correlations of the signal photon
with the idler photon.

1.2.3 Ghost Imaging
Overview

Similar to QI, by taking advantage of the correlations of photon pairs generated by SPDC,
ghost imaging (GI) is an imaging technique which allows for an object to be imaged with
a single pixel detector [58]. In a GI setup, a target is illuminated by the signal photons
which are then detected with a bucket detector that has only temporal resolution, and thus
no spatial resolution. Concurrently, the idler photons, which have not interacted with the
target, are captured by a detector with both temporal and spatial resolution. By virtue of
the inherent temporal and spatial correlation between the photon pairs, an image of the
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target can be formed through the idler photons even though they never interacted with the
target. It is worth noting that while SPDC is a common source of correlated photons for
use in GI, and actually was the original source and inspiration of the technique [0,7,33,50],
GI can alternatively utilize classical sources [11,28,55].

In GI, the momenta of the signal and idler photons are generally correlated as de-
scribeded in the SDPC overview, and the momenta of the pump photons which created
the pairs is assumed to be orthogonal to the plane of the target and sensors. As such, the
position of arrival of the idler photons at the camera plane will be reflected over the center
of the transverse beam profile as compared to the position of arrival of the signal photons
at the bucket detector plane. Identifying pairs of photons generated simultaneously by the
correlated source via calculating the dToA between all possible pairs of photons detected
from each sensor (Figure 1.3.A) allows for the pairs which exists with a dToA ~ 0 to be
kept in the data set. These pairs are assumed to originate from the correlated source. Since
only signal photons which were not blocked by the target reach the bucket detector, these
are the only photons which are considered in the pairing, and thus dToA calculation. As
a result, when the pairs with large dToA are removed from the idler image (Figure 1.3.B,
gray) only pairs in the shape of the spatial profile of the signal beam are left in the image
(Figure 1.3.B, red), though reflected over the center of the beam.

Applications

While GI has existed for decades, only a handful of applications of the process have come to
fruition. While a few one-off applications do not fit the mold [31,51], applications generally
fall into one of two categories: two-color ghost imaging, and low-light imaging. In two-color
ghost imaging, the signal and idler photons are at very different energies, typically with the
idler in the infrared or near-infrared [0]. Since many camera sensors are most sensitive in
the near-infrared region of the electromagnetic spectrum, it would be beneficial to perform
all camera measurements at this energy. Unfortunately, not all targets which are to be
imaged are opaque at this energy. Thus, by interacting with the object with the signal
photon at some other energy, the camera measurement is performed with high sensitivity,
while the object is interacted with in the electromagnetic spectrum region of interest.

For low-light imaging, classical imaging is generally limited by noise which originates
from background light sources or even simply dark counts of a sensor. With GI, the
majority of noise events from background light sources and dark counts of the sensor can
be filtered out since the preserved photons in the ghost image must be correlated with a
photon from the signal arm [56]. The signal arm photons are measured by bucket detectors
which can have much lower dark counts than even the best cameras at the same, or better
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Figure 1.3: Ghost Imaging. A visual depiction of ghost imaging. Signal and idler
photons generated by a correlated source are split into two identical length paths. The
idler beam (upper path) is spatially and temporally resolved after the paths split. The
signal beam is partially blocked by a target (here a cat) after the paths are split, and then
is only temporally resolved. The time of arrival difference (dToA) between the signal and
idler beam photons is calculated from the measurements (A). The pairs with dToA near
0 are kept (in red), while the rest of the pairs are not considered. Since signal photons
are blocked by the target, they never reach the bucket detector (C). Note that the bucket
detector does not measure the spatial information which is depicted in C, however this
information is shown here to help explain the concept. While the idler image (B) is simply
a spatial profile of the idler beam (which did not interact with the target, and thus is just
a spatial profile of the source beam), all photons in pairs with dToA near 0 (red) are in
the shape of the target (though mirrored). The red region of B is referred to as the ghost
image.
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sensitivity, and thus the dark counts in the idler image are nearly all filtered out. Further,
the background light sources will statistically be unlikely to have a dToA of ~ 0 between
the two sources, and so will also be preferentially filtered out.

Shortcomings

While GI does work to some extent, a large reason for its lack of seriously pursued ap-
plications is because of its many shortcomings. First, and most historically significant, is
that GI is a slow process compared to similar imaging processes. Original GI techniques
utilized scanning single photon detectors which needed to physically move over the entire
imaging space in order to resolve the idler photons in both space and time [21]. This was
very slow as it relied upon the physical movement of a detector, with individual images
taking hours to resolve. Later GI implementations utilized gated CCD cameras, where the
signal photon was used as a trigger to begin a very short exposure time on a traditional
CCD camera [7]. This cut the exposure times down, however by using a traditional CCD,
the rate of idler photon detection was low, and dark counts were high. This resulted in
exposure times on the scale of around an hour.

The use of intensified-CCD cameras incrementally shortened this time further, though
the next significant improvement came with the development of single photon avalanche de-
tector (SPAD) arrays [33]. SPAD arrays allow GI exposure times to go below 1 minute, with
recent experiments even pushing the limit down to ~ 1 second [80]. While SPAD arrays
were initially limited by resolution, they now have high enough resolutions for meaningful
application. The main limiting factors for GI with SPAD arrays is that of background
noise from accidentals. Longer exposure time allows for tighter temporal filtering, and
thus a reduction in accidentals. As such, accidental photon pairing currently limits GI
from approaching real-time imaging and recording, significantly narrowing its application
scope.

1.2.4 Quantum Correlated Imaging
Overview

GI and QI are unique imaging techniques, but in the quickly developing field of quantum
imaging, they are also quite dated. Recent developments in sensor technology have allowed
for efficiently measuring different degrees of freedom of photons alongside their time of
arrival and position. As such, a new class of quantum imaging techniques, dubbed quantum
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Figure 1.4: General Quantum Correlated Imaging System. Depicted here is a
schematic for a general quantum correlated imaging system. The orange region indicates
a source of photon pairs (here a crystal pumped with a strong laser to produce SPDC),
while the green region indicates the target, and the purple region indicates the measurement
apparatus. The target can be placed in either the idler beam path (top) or the signal beam
path (right). At the end of the idler path both position and ToA information of the photon
is measured, whereas at the end of the signal path ToA and some other degree of freedom
are both measured. Here two different measurement devices are shown, however in practice
different regions of the same device could be used instead.

——

correlated imaging, have emerged. In quantum correlated imaging, photon pairs which are
correlated in multiple degrees of freedom are considered. This concept expands on the idea
of a heralded measurement, where instead of the heralding idler photon only providing time
of arrival and position information, it also provides other information related to another
degree of freedom in which it is correlated with the signal photon.

A schematic of a general quantum correlated imaging system is given in Figure 1.4.
Photon pairs are generated from the source with temporal correlations, spatial correlations,
and potentially other correlations. These photons are split at a beam splitter into a top
path containing the idler photons, and a right path containing the signal photons. The
target of interest can be within either the signal or idler path, depending on the design
of the system. The idler photons are then resolved in both time and space, while the
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signal photons are resolved in both time and some other degree of freedom in which it is
correlated with the idler.

Quantum correlated imaging systems are very general, and in fact both QI and GI are
technically instances of the general class of quantum correlated imaging. This is evident
if you consider that in QI the target is in the idler arm, while in the signal arm the other
degree of freedom measured is nothing. Likewise for GI, the target is in the signal arm
with nothing as the other degree of freedom, and the space and time information in the
idler arm is used to resolve it.

Applications

While the concept of quantum correlated imaging is fairly new, applications are already
emerging. The application of quantum correlated imaging is typically dependent on the
extra degree of freedom being measured. When spectral information is considered, hy-
perspectral imaging is possible where the broadband spectral information of a target or

scene is determined for every spatially resolved portion of the final image [77]. When the
momentum is considered, both position and momentum information about light which
interacts with a scene can be known [79]. This allows for utilizing raytracing to produce
3D or volumetric images of a scene [76,79], and also via phase retrieval allows for phase
microscopy [37,78].

Shortcomings

Depending on the placement of the target, the other degree of freedom to be measured,
and the measurement apparatus, the shortcomings of quantum correlated imaging can be
numerous. Most notably however, is that quantum correlated imaging is a slow process.
Typical state-of-the-art exposure times are on the order of 3-8 minutes [76, 78]. This can
be due to a multitude of factors often relating to the mechanism of measurement for the
other degree of freedom, however an overarching issue is that of external noise. In order
to get reliable measurements, the signal-to-noise ratio of the measurement must be low,
however when looking at a very wide degree of freedom like spectrum the possibility for
external sources is very high.
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1.3 Using Quantum Imaging to Improve Free-Space
Optical Sensing and Communication

As outlined in the introductions of GI and QI, these quantum imaging techniques have
already begun to be used in ways to improve free-space optical sensing. Further, there
exists aspects of these techniques which are currently unrealized in any practical way to
improve free-space optical sensing and communication. Even further still, these techniques
can be used in conjunction with each other to improve free-space optical sensing and com-
munication in novel ways. This combination of QI and GI has never before been theorized
nor demonstrated. The description and experimental demonstration of the benefit of com-
bining these techniques is the main focus of this thesis. First, the individual benefits of
these techniques will be introduced in more detail in this section, followed by a discussion
of how these benefits can be combined to open the door to a new realm of improvements
for free-space optical sensing and communication.

1.3.1 Ghost Imaging — Imaging Through Turbulent Media

GI has been shown to be inherently resistant to scattering caused by turbulent media [24,

|. While there is some evidence to a wider scope of robustness against scattering caused
by turbulent media at any point in the GI setup [19], the robustness of interest here is
specifically against scattering of the spatial profile of the signal beam due to turbulent
media located after the target of interest. In short, the robustness against this scattering
is a result of the spatial information of the ghost image arising from the interplay between
the initial spatial correlation of the idler photon with the signal photon, and the temporal
filter of the possibly detected pairs.

In the aforementioned discussion of the mechanism of function of GI, there are two
possible conclusions for the signal photon: either the signal photon is not blocked by the
target, and is thus measured at the bucket detector, or it is blocked by the target, and
thus not measured at the bucket detector. When turbulent media is present after the
target, these conclusions are no different. In the scenario where the photon is blocked by
the target, the photon will not be detected by the bucket detector, whether the turbulent
media is present or not, and thus the conclusion is unchanged. In the scenario where the
photon is not blocked by the target, it is then scattered in some way by the turbulent
media. If this scattering is such that the photon still reaches the bucket detector, then
again this conclusion is also unchanged. If the photon is scattered in some way by the
turbulent media that it does not reach the bucket detector, then there is a slight decrease
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in the visibility of the final ghost image. In either case, the presence of the turbulent media
after the target does not affect the spatial profile of the ghost image in any way.

While patents for this scheme exist (and are comparable in length to this thesis), no
publically available technologies have come to fruition which utilize this effect. This is
likely due to the exposure time shortcomings of GI discussed previously.

1.3.2 Quantum Illumination — Quantum LiDAR and Heralded
Communication

QU’s application in free-space optical sensing has already been introduced in the previous
section when discussing quantum LiDAR. To generalize this application, the primary ben-
efit of QI is that it allows for decreasing the noise of any general measurement in which
the final measured signal of interest is one which is also intentionally generated. This
generalization brings to light that QI is a subset of a class of measurements which can
be categorized as heralded quantum measurements. This class of measurements is very
wide-reaching, and has applications across quantum science. Of interest here is that of
heralded communication in QKD.

On-demand sources of true single photons are still an area of active fundamental re-
search [5], and as such QKD protocols which require single photons have utilized heralded
sources [09]. Further, for scenarios where classical noise is detectable at the measurement
side of the quantum channel, heralding of the quantum signal can be beneficial to distin-
guish between desired and undesired measurements. The improvements made to QI, like
utilizing the spatial correlations of the photons in the pair to better filter out unwanted
noise, can potentially be extended to this QKD scenario.

1.3.3 Quantum Correlated Imaging — Hyperspectral and Ex-
treme Depth of Field Imaging

While applications of quantum correlated imaging are currently being proposed, these
applications are for imaging systems which already exist to some capacity classically. Indi-
vidually, the designed systems may have differing benefits over their classical counterparts
which arise from the quantumness of their source. One benefit common to all of these sys-
tems is that of single-shot acquisition of images without any moving parts. Typically, in
order to spatially resolve multiple properties of a scene, a detector must somehow perform
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a raster of measurements. This is often accomplished by either physically moving a detec-
tor to many different locations, or refocusing light from different locations on to a static
detector. It is possible to consider an array of detectors for many of these measurements,
however each individual detector needs some amount of space to perform the measure,
which typically will scale with the accuracy of the measurement. Further, specialized mea-
surement apparatuses are both expensive and fragile, and thus it is often prohibitive to
have many of them. With quantum correlated imaging, only two specialized measurement
apparatuses are needed: the time-tagging camera, and the measurement mechanism for
the other degree of freedom. In practice, this is often only one device as the time-tagging
camera can measure both things in different regions. This also allows the measurement
apparatus for the other degree of freedom to be much larger than it would be if it were to
be in an array of detectors of similar size to a time-tagging camera.

In hyperspectral imaging, it is common for either an image to be taken multiple times
using tunable filters [30], or for a typical spectrometer to take a raster image over many
different positions [34]. In both cases, the image acquisition time is long, and requires either
the physical moving of a spectrometer, or the physical reconfiguration of a filter. With
quantum correlated hyperspectral imaging, no reconfiguration nor physical movement is
required, and in practice the measurement of the scene could be made as straightforward
as any typical single mode spectral measurement.

In the phase imaging schemes, it is common for a sensor which measures both momen-
tum and position of light to be used, like a Shack-Hartmann wavefront sensor [12]. With
a Shack-Hartmann sensor, an array of lenslets is overlaid on a camera. When light arrives
at a lenslet, the location of the center of the lenslet is considered the light’s position, while
the area below the lenslet where the light focuses to is considered the light’s propagation
direction. As a result, the position precision is inversely proportional to the size of the lens,
while the direction precision is directly proportional to numerical aperture of the lens, and
thus the size of the lens. This means that the two degrees of freedom are limited by each
other. In quantum correlated phase imaging, the two degrees of freedom can be measured
by detectors which are independent of one another, and thus are not limited by each other.
Further, the measurement of the position information can be direct, thus only limited by
the detector resolution, while the propagation direction information can be measured by
propagating into the far field using a single lens, which is not in principal limited in size
by the position measurement, and thus can have a large numerical aperture.



1.3. Quantum Imaging to Improve Sensing and Communication 21

1.3.4 Combining Ghost Imaging and Quantum Illumination
Time-Spatially-Filtered Quantum Correlated Imaging

GI and QI are implemented in very similar ways (Figure 1.5.(A,B)), yet have different
strengths in improving free-space optical sensing and communication. To gain both the
robustness against scattering from turbulent media from GI, and the robustness against
external noise from QI, a hybrid setup is proposed (Figure 1.5.C). This hybrid setup goes
along with a new technique which is dubbed time-spatially-filtered quantum correlated
imaging (TSFQCI).

TSFQCI allows for near-video-rate imaging of a target through a channel which contains
both dynamic distortion effects from an active turbulent media and a large background
noise from an external source. This is achieved through utilizing a single photon sensi-
tive time-tagging camera [33,57] to measure the temporal and spatial correlations between
photons in entangled photon pairs. Traditional temporal filtering from GI is performed,
while a newly modified spatial filtering, similar to one used in some QI schemes, is also de-
veloped and employed. This marriage of QI and GI leads to a higher signal-to-background
ratio, even after propagating through turbulent media. Combined, these improvements
allow for high-contrast quantum correlated imaging through turbulent and noisy channels
with acquisition times on the sub-second timescale, opening the door to real-time quantum
imaging and recording through free-space.
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Figure 1.5: Comparison of Quantum Imaging Setups. Three different quantum
imaging setups are depicted here. There are two traditionally known setups: (A) ghost
imaging through turbulent media, and (B) quantum illumination in a noisy channel. One
novel setup is depicted (C), which is a hybrid of setups (A) and (B), and depicts quantum
imaging though turbulent media in a noisy channel. The property being measured by
each device is shown: a clock for time only, and a clock and grid for time and position
measurements.




Chapter 2

Theory

2.1 Ghost Imaging Though Turbulence

2.1.1 Assuming Perfect Correlations

There are well known previous works which have explored the theory of ghost imaging
through turbulent media [19,20], thus only a brief conceptual overview of the theory will
be given here. Ghost imaging relies upon the second-order correlation between pairs of

photons which is given by
GO(&, 7.) = (L(T) (7)) (2.1)

where I (z,) and I;(z;) are the measured intensities of a signal and idler produced via
SPDC in the far field, respectively, at some positions in the imaging plane z; and z;, which
correspond to some momenta of the signal and idler photons kTs and k’TZ at the point of
photon pair generation. It is assumed for convenience that the center of each beam is at
the respective origin of each of the coordinate systems, and that the area covered by the
two beams are equal in size and shape. That is, for the idler beam referred to as the region
A;, the position z; is measured relative to the center of the idler beam, and similarly for the
signal beam A, the position x is measured from the center of the signal beam. Further,
the distance from the center of A; to the edge of A; and the distance from the center of Aj
to the edge of Ay is

max|[||7;]|] = max[||z5||]] V{x; € A;; x5 € As}. (2.2)
This can be assured for any two similarly shaped regions by normalizing.

23
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The goal of ghost imaging is to image some target. A target can generally be described
by some transmission function 7'(Z) which has a total transmission of

Thorat / T - do < 1 (2.3)
R

where R C R? over which T'(Z) is defined (i.e. ¥ € R). Note that if T'(Z) instead exists in
a Hilbert space as T, then the total transmission is just Tyt = |det(T")| < 1. This target
is placed in the signal beam path, and as such the transmission function is defined in Aj
as T'(2;). It is assumed that the target is placed in the far field of the SPDC source, and
also that the imaging is being performed in the far field of the SPDC source. The effect of
T'(z%) is a spatial masking of the intensity of the signal image I4(y).

A direct anti-linear correlation between the momentum of the signal and idler photons
is considered as given by Equation (A.12). When imaged in the far field, the correlation
determines that

(Li(@) Ls(5)) = (L:(2)) s ([|7; + 7)) (2:4)
where the function 0x(||Z; + 2%||) here is a linear combination of Dirac delta functions
Vr, € A,. This function is only non-zero when z; = —z, Vx; € A;; x5 € Ay, and the

integral over the entire space this function is defined over has a value of 1. This is a
mathematical description of the process shown in Figure 1.3.

Ghost imaging is then performed by measuring the full spatial information for I;(x;),
and bucket detecting all the information in Is(xs). This measurement is proportional to

M (&) = / (&) PGP, &) - da,
C

:Auwmamwam»d@

- / T()]
() L) (2.5)

where C' = A, U A; is the domain which contains all the spatial modes which can be mea-
sured, as determined by the aperture of the camera and the interplay of the magnification
of the system with the size of the pixels in the camera sensor, and is defined by the map-
ping (7}, Ts) — =; + xs. Thus, the spatial masking from 7'(z;) on the intensity of I will
be present in Mqi(;), though flipped over the center of A;. This resolution of the spatial
information of the target within the A; space is the basic premise of ghost imaging.

201(2)) 0(|| 7 + 7)) - dezs
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Now consider some distorting process on the signal photon which does not generate
new light. This can be represented by

S: A, — AT st AT DA, (2.6)

where A* is some new domain which may be larger than A, (i.e. light can be lost). This
representation follows from Equation (A.30). This has the effect that

/ Sdz, =V <1 (2.7)
c

where V' will be referred to as the “contrast” after the distortion. For the sake of this study
it is assumed that the lost light is uniformly random for the strength of distortion and the
scale of the experimental setup, though this is not always generally true [20]. Physically,
this means that all input modes are still mapped to output modes within the domain A*
and no new modes are created in the process, however the output modes which are mapped
onto are not unique, and some uniform randomly selected input modes may be mapped to
modes which are not measurable by the system.

This coordinate system remapping does not modify Equation (2.4) since the mapping
S is applied to the state after the correlations are considered as

GO(z,7,) = SGA(T;, ) = S (L,(7) (7)) (2.8)
Thus, taking a ghost image through this distortion is then equivalent to

Merewb(T5) = / 1T (2,) PGP (2, x,)" - das
c

_ / (T ()28 (L(2:) Ii(s)) - dis
C

—

_ /CS (]T(xs)|2 (Is(x;) () - dws>
=V Mg () 29

which is simply the same as in the no distorting case, only with possibly lower contrast
due to the lost light from the distortion process.

2.1.2 Effects from Imperfect Correlations

Introducing the effects from imperfect correlations as described in Equation (A.16) to the
above theory is relatively straightforward. The effects are introduced in Equation (2.4) as

(Li(7) 1s(w5)) = (L)) 9(Ti + %) (2.10)
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where g(7;+7%) is a Gaussian function with width proportional to dk from Equation (A.16)
propagated into the far field as mdk, where m is just the magnification of the optical system
which the propagation into the far field occurs within. The normalization of g(z; + 77) is
such that the integral of it over C'is 1.

This results in the ghost image without distorting becoming
Max(7;) = [(T * g)(—a2)|* (1i(3)) (2.11)
where (1" % gx)(—17%) is the two-dimensional convolution of T'(—z%) with g(z; + 23). Con-
ceptually, this equates to a blurring of the target’s spatial profile, where the kernel of
the blurring process is the imperfection of the momentum anti-correlations realized at the

measurement plane g(z; + z3). This new value for M (z;) can be used directly to calculate
Mgreun(7;) following Equation (2.9).

2.2 Quantum Illumination Through Noisy Free-Space
Channels

2.2.1 Without Considering Spatial Correlations

Due to a lack of sufficient reference for the derivation of quantum illumination in this form
from a quantum perspective, all the work in this section was derived firsthand from basic
principles of quantum optics.

Similar to the ghost imaging derivation, quantum illumination is also dependent on the
same G? (&, 2,) described in Equation (2.1). The assumptions about the spaces A; and
A, are the same as described in Section 2.1.1. For the sake of simplicity, the intensities of
the signal and idler will initially be considered perfectly anti-correlated. For convenience
of this derivation, Equation (2.4) can be rewritten as

(Li(@i) Ls(5)) = (Ls(75)) os (|| 75 + i) (2.12)
with dx(||Z% + #7]|) as the same summed-Dirac delta function as described before.

The primary difference of QI from GI is that QI in its most basic version is performed by
bucket detecting all the information for I,(x;), and measuring the full spatial information
for I;(x;). This measurement is then proportional to

Me(# / T(@)PC (&, ) - di (2.13)
(&) (L ()
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which at first glance may appear to be just regular imaging. In fact, when done in this
perfect way, this is true. It is important to point out however that the goal of QI is not to
take images in such a perfect scenario, but rather to image through noise.

In order to see the benefits of QI, a scenario considering sources of external noise must
also be considered in the calculation. These external sources are considered in only the
signal path, resulting in

(Ls(22)) = (Ls(25) + Text (7)) (2.14)

where I (75) is the external source intensity in the A, space. For the context of this
derivation there is assumed to be no spatial profile of the external source intensity, and
that the external photons can arrive at any location of the sensor with equal probability.
As a point of comparison, a direct image of the target, which will be assumed not to
interact with the external noise sources, would appear as

Mairect (%) = |T(5) 1 (Ls(%%)) + (Lexe (%)) - (2.15)
In this case, the visibility metric V' is

- N((s(z5 Ns TV,

(2.16)

where Ng ~ Nj ‘X(Z)EpL|2 and N o |Eoy|* are the number of events at the measure-
ment device originating from the signal photons from the SPDC source, and the external
noise source respectively, divided by the temporal resolution of the detector ¢, and the
area of the detector |C|. Note that Ng = Tiota /N1 since the number of signal and idler
photons are the same at generation, and the only assumed loss of photons in the system is
due to reflection off of or absorption into the target. The timing resolution of the detector
is chosen as the coincidencing time windowing in this case, though larger coincidencing
time windows can also be chosen.

To begin, the second-order cross-correlation with this new noisy signal results in
= (L(@)1s(25)) + (i) Lexe (75)) - (2.17)

The first term’s correlations are still described by Equation (2.12), however the second
term has a different correlation relationship. In the case of an idler photon and an external
source photon, there is no spatial correlation since the measured positions on the sensor of
the external source photons will follow a uniformly random distribution. This means that
the intensities can be uncorrelated as

(Li(73) Text (7)) = (1)) (Lext (75)) - (2.18)

*

GOz, )
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Thus, performing QI on such a source results in
Mol = [ [T PO @) i
= [ (AL + () 2 - i
= /c T (%) |? (L(7%)) On (|7 + Zll) + (L(72)) (Texe (7)) - dazs
= |T(@)[*

(Ls(75)) + (Lexs(75)) - (2.19)

As should be expected, the resultant imaging process results in the same spatial profiles
as in the direct image, and as such the visibility metric is similar, however the number
of events in (I4(7})) and (Iey(73)) are no longer as straightforward to state as they were
before, and instead depend on the intensity correlations

Vg = SBR(Mu(2)) = Ajfv(iy(gz]f?;;) (2.20)

To discuss the visibility for QI requires considering the number of identified pairs
which can be attributed to each of these factors. To start with the number of pairs in
(I;(77)Is(xy)), it is considered that all the events in the A; space are due to idler photons
only, and that there are N of them. Some portion of the corresponding signal photons will
be blocked by the target, and this portion is dependent on the transmission of the target
Tiotal, as defined in Equation (2.3). Thus, it is considered that the number of idler photons
which have possible signal pairs is

Npairs = T'totalN]- (221)

For noiseless QI this would be the end point, however because of the A, space having a
mixture of signal and external noise photons, there is still more to consider before arriving
at the number of (I;(z;)I(z3)) pairs.

The addition of the noise photons in the A, space leads to some proportion of the
idler photons arriving with (n + 2)-fold coincidenced with a signal photon and n > 1 noise
photons. In this case, there are n + 1 possible pairs with this idler photon, and thus the
probability of one of those pairs being the true signal-idler pair is 1/(n+1). The proportion
of the idler photons which have (n+ 2) potential coincidences is given by the probability of
one or more noise photons showing up in the same coincidence time window as an idler and
signal photon. Since the noise photons are from a coherent source |a), the probability of



2.2. Quantum Illumination Through Noisy Free-Space Channels 29

finding one or more photons at the same time as an idler is given by Poissonian statistics.
This results in the number of signal-idler pairs after considering the reduction from the
(n 4 2)-fold coincidences as being

> n
N/pairs = Npairs - Npairs Z nt 173(77/)
n=1
Ny >~ n NI,
= Npairs - Npairse ‘ Z n+1 n
n=1 ’
—Next
€ + Next —1
= Npairs - Npairs N .
= Npairs - prairs (222)

where Ny pairs is the number of accidental pairs from the potential (n+2)-fold coincidences.
This calculation results in the number of correctly identified pairs in the (I;(z;)Is(25)) term,
which when expanded is

Ny

N(({Li(zi)15(z3))) = N (1 — e M) T (2.23)

To go on to calculate the number of pairs in (I;(2;) I (2%)), the proportion of idler
photons which can potentially be paired with external source photons is

Nremaining = NI - N(<[z(f;)[s(~f:s)>) - prairs = (1 - Tlcotal)Next (224)

where Ny pairs 1s Temoved since these accidentals are already accepted as having occurred.
Some proportion of these idler photons will be paired with noise photons based on photon
time-of-arrival statistics. This is done following a similar calculation as in Equation (2.22).
These photons, along with the accidentals Nypairs counted during the calculation of the
previous metric, are together the total number of accidental pairs

N(<IZ(£)Iext<f;)>) = NXpairs + (Z P(”)) Nremaining

e_NeXt + Nex - 1 —
= N - 7ﬁtotalj\/vl + (]- — € NeXt)(]- - Tlcotal)Ni
ext

N,
= NI (14 e M Tigpar — € V) Ny + (7N — 1) Tigpar).  (2.25)
ext
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Visibility of Standard Quantum Illumination
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Figure 2.1: Visibility of Standard Quantum Illumination. A plot showing the visibil-
ity for quantum illumination for targets with different transmission amounts. The visibility
of quantum illumination is directly proportional to the SBR, and thus inversely propor-
tional to the intensity of noise. Smaller values of SBR correspond to more noise, and is
the region of interest for this imaging method.
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Improvement of Standard Quantum lllumination over Direct Imaging
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Figure 2.2: Improvement of Standard Quantum Illumination over Direct Imag-
ing. A plot showing the improvement in the visibility for standard quantum illumination
versus direct imaging, for targets with different transmission amounts. When the noise in-
tensity is an order of magnitude or more than the signal intensity, the visibility of standard
quantum illumination converges to that of direct imaging.
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The visibility from Equation (2.20) can now be calculated as

_ (1 — e M) Thota ' (2.26)
((1 + e_Nexrﬂotal - 6_J\[%t)]\fext + (e_Next - 1),—Ttotal>

To better understand the behavior of this function generally, the variable change Ni/Ney; —
SBR is performed, and for the sake of plotting, N; = 1. Though this function is difficult
to interpret analytically, the general takeaway is that it is inversely proportional to the
amount of external noise (Figure 2.1). Graphing the improvement of the visibility for QI
over direct imaging in Figure 2.2 for multiple transmission values alongside Vi ect sShows the
strengths, and the weaknesses of QI. As for the strengths, regardless of the transmission
of the target, the quantum illuminated target is consistently more visible than the direct
image at all intensities of noise. Regarding weakness however, once the intensity of the
noise is an order of magnitude or more than the intensity of the signal, the QI visibility
converges toward that of the direct image.

2.2.2 Considering Spatial Correlations

Given the analysis at the end of the previous section, it is unsurprising that improvements
to the basic QI technique have been sought out. While the improvement was originally
made as an experimental practicality [35,417], the use of the spatial correlations as a sec-
ondary pairing metric seems like a very logical compliment to the already utilized temporal
correlations as a primary metric. In short, the idea is that since the signal and idler pairs
already have the strong spatial correlation outlined in Equation (2.12), this can be utilized
in the selection of pairs.

Changes to Quantum Imaging when Considering Space

The spatial correlations can be included through a combination of considering their impact
on the G®) (1}, 1,), and also by considering them when calculating N ({I;(z;)I,())) and
N((I;(77)Iext(75))). Before beginning on these, the size of the spatial correlations must
briefly be considered. Like in GI, the correlations will again have a variance proportional
to mdk from Equation (A.16). This means that Equation (2.12) becomes

(Li(73) 1s(7%)) = (L3(2%)) g(5 + %) (2.27)
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where g(z; + @) is the same Gaussian function from Equation (2.10). Equation (2.18) is
unchanged as the idler photons and external filed are still uncorrelated. This results in the
QI image being described by

MQI -space 375 /‘T | G (.f;,l’_;) dgz
- /C T P (L (L)) + (L) e () - i
= [ TGR 0() 965+ ) 4 () o) -

2 (L(20)) + (Lexe(25)) (2.28)

where the derivation is shown again to point out how here the Guassian spread of the
correlations does not affect the target in any way directly, and instead is integrated out.
The final visibility, similar in derivation as before is then

_ NULELED)
B (AEA T EAN)

(2.29)

Calculating Visibility

Moving on to considering the number of pairs in each of the factors of Vigrspace, the exact
method of spatial filtering must be defined. A detailed discussion of this calculation is
given in A.4, where two different spatial filters were investigated. Considering the spatial
filter (2), the number of properly identified signal-idler pairs is then

Npair-space = (1 - PQ\/X)Npair (230)

where P, is the probability of a missed signal-idler pair occurring. This is because the
number of pairs which are probabilistically missed by the spatial filter must be removed
from the set of initial possible pairs.

Next, the possible (n 4 2)-fold coincidences must be considered. In this case, there is
a difference as compared to the time-only approach: while the Poissonian statistics of the
noise photons’ arrival time still holds true, there is a further step in determining whether
any of the arriving photons will be considered as a possible pair. The spatial correlation(s)
between the idler photon and the extra noise photon(s) must now be satisfied. As such,
for each photon which is correlated with the idler photon time-wise, the pair momenta
difference is checked against the g(z; + 23) function, and if the argument of the function is
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within the threshold distance dx, then it is accepted as a possible pair candidate, otherwise
it is rejected. Since the noise photons will arrive at the detector with a generally uniform
spatial distribution, and independent of the location of arrival of previous noise photons,
the accidental acceptance probability is given by P,,. Thus, Equation (2.22) becomes

> n
N/pairs—space - Npairs—space - Npairs—space Z P2>< n+ 173(”)
n=1
N _
= Npairs-spaee - E(PQX(l - PQ/X))(e Newt _ Next - 1)ﬂotal
=N, pairs-space ~ N X pairs-space (231)

Note that because photons in a biphoton pair are strongly correlated, and that as mentioned
in Section A.1.2 this determines the lower bound for the spatial resolution of a quantum
imaging setup, it can be generalized that dz < |As| = 0 < Pox < 1. This indicates that

the amount of accidentals in this case is much less than the amount from the regular QI
described in Equation (2.22).

The value for the first proportion is then

Ny
Next

NI L(E))) = (1= Povs) e (= Poxe ™ = Nog(Pox — 1) = Po) oo (2.32)

This leaves a remaining number of idler photons available to pair equivalent to
Nrem.-space = NI - N((L(f;)[s(aj—;») - prairs-space = (1 - (1 - P2\/><)T'total)NI- (233)

Once more following the same logic, the number of noise photons paired with the remaining
idler photons is scaled down based on the proportion of the noise photons which not only
show up at the same time, but also within a distance from the idler photon which aligns
with the expected spatial correlations. In this case, this is again equivalent to Py for each
noise photon, and thus

N(<Iz‘(f;)lext (Zf;») - NXpairs—space + (Z PQXP(n)> Nrem.—space

n=1

- prairs—space + (1 - G_NQXt)PQXNrem.—spaC@ (234)

Returning now to Equation (2.29), the visibility can be calculated from Equations (2.32)
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Visibility of Modified Quantum lllumination (Tiotal = 1, 6X/|As| = 0.05)
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Figure 2.3: Visibility of Modified Quantum Illumination for Different Thresh-
olds. The visibility of modified QI is shown for multiple ratios of Zinesn @ 0. The visibility
for unmodified QI is also shown as a baseline comparison. The T for each calculation
is set to 1 in order to look at the best case scenario, and the ratio of correlation variance
to sensor size is chosen to be dx : |As| = 0.05. As the size of Zinresn increases, the visibility
approaches that of unmodified QI. For low background noise, modified QI is worse than
unmodified QI due to missing some real pairs because of the finite sized filter, though at
high background noise modified QI outperforms unmodified QI.
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Visibility of Modified Quantum Illumination (Xtpresh = 0.56x, 6x/|As| = 0.05)
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Figure 2.4: Visibility of Modified Quantum Illumination for Different Trans-
missions. The visibility of modified QI is shown for multiple total transmissions. The
visibility for unmodified QI is also shown as a baseline comparison. The threshold is set
t0 Tinresh = 0.50x in order to look at the best case scenario, and the ratio of correlation
variance to sensor size is chosen to be dx : |As] = 0.05. At higher noise the modified
QI is consistently more visible than the unmodified QI, and converges towards a constant

visibility, however at low noise the better imaging algorithm is transmission dependent.
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and (2.34), which thus gives the visibility as
L NG
Ql-space — = =
N ((L;(77) Iex (75)))
. <P2/>< - 1)ﬂotal (eNeXt(Next(P2>< - 1) - P2><> + P2><>
Py ((eNext — 1) (Pay x — 1)Tiotal + Next (€Next — Py Tiotar + Tiotal — 1))
(2.35)

This calculation is complex, however it can be simplified by acknowledging that both dx
and | A4| are defined by the system, and thus are generally not directly controllable. As a
result, P« and P, become constants when xeqn is fixed. Since dz is the variance in the
spatial correlations of the paired photons, and thus defines the lower limit in the resolution
of the imaging system, it is conservative to estimate that the ratio of dz : |A4| ~ 0.05. For
simplicity, this will be the used value for all plotting. It is convenient to consider Zipresn as
a multiple of dx, and the visibility for multiple choices of Zipesn are shown in Figure 2.3
with a constant total target transmission of Ti,.1 = 1. By choosing a tighter filter, it is
clear from Figure 2.4 that the modified QI is better at high noise.

It would seem that choosing a tighter spatial filter would always be better, however the
visibility metric does not consider that exposures occur over a finite amount of time. A
finite exposure time can result in the number of signal photons in the final image being
too low to actually render the image. As such, in order to consider this, the fidelity metric
would instead be more applicable. The fidelity metric is an experimental metric, and is
the one discussed in the results in Chapter 5, however it can be estimated by saying that
if N((L;(7;)1s(2%)))t < Tiotal|As|, then the fidelity is

MVQI—SP&CG? N(<IZ('f:L)]S($_;)>)t S iT’total|14$|

Fidelity qpspace = { Trotal As| (2.36)

VQI—space ) else
where t is the exposure time. Explicitly calculating this metric requires knowledge of
experimental details, and so will be left as a potential guide for optimizing the choice of
spatial filter threshold, rather than as a comprehensive theoretical tool.

One detail which is unconsidered in the previous sets of calculations is that SPDC does
not always produce only a single signal-idler pair. Instead, as shown in Equation (A.18),
multiple pairs can be generated simultaneously from the same pump photon. Since the
photons from these multiple pairs do not all generally have the momentum anti-correlations
between them, they are unable to contribute to proper imaging. In a practical setup
however, these extra pairs will be spectrally filtered out, so they need not be considered
in the counts of N; or Ng, though a similar consideration can be made without spectral
filtering by only pumping SPDC in the low-gain regime.
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2.3 Time-Space Filtered Quantum Correlated Imag-
ing Trough Noisy and Turbulent Free-Space Chan-
nels

The full detailed theory for TSFQCI is still being developed, and such is not yet finalized.
A general outline of the theory will be given here, however it is worth noting that the
final theory will generally follow from the full theories provided in the previous sections
of GI through turbulence (Chapter 2.1.2) and spatially modified QI through noise (Chap-
ter 2.2.2). Specifically, the imaging mechanism from GI as explained in Equation (2.11)
holds true, while the visibility details from spatially modified QI as explained in Equa-
tion (2.29) are approximately correct in the case with no turbulent media present. The
primary difference is in the implementation of the spatial filter, which cannot be the same as
that of the filter in spatially modified QI. The details of this are explained in the following
general outline.

2.3.1 General Outline

To start, the correlations described in Equation (A.9) for time and Equation (A.16) for
space are initially assumed. The considerations related to the photon statistics described
in the previous section need to be considered in order to construct a full prediction of
the visibility for this method. Unfortunately, clarifying the details of these statistics and
their effects is still an open problem. Instead, the imaging method is described here less
rigorously than the previous imaging methods, however as mentioned this imaging method
is a marriage of both GI and modified QI, with some differences outlined below.

Starting with the time filtering, this filter relies upon Equation (A.8), and is applied
by removing photon pairs which satisfy

0t = |ts — ti| > twindow (2.37)

where tyindow 18 @ chosen coincidence window width. The choice of tyinqow 1S made such that
twindow > dToA as given in Equation (A.9), but also must be chosen to be small enough to
minimize accidental coincidence counts similarly to the justification given for the fidelity
in Equation (2.36). This value is generally constrained by the temporal resolution of the
camera. The time filter used here is the same as is used in typical GI described before,
and as such provides a robustness against distortions from propagating through turbulent
media due to the justification given in Chapter 2.1.2.
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Figure 2.5: Comparison of Standard and Dynamic Spatial Filters. A visual depic-
tion of the different function of the standard (white) and dynamic (green) spatial filters.
This data set is simulated, and contains only properly paired SDPC events. In the case
with no turbulent media present (A), the filters can function identically, and capture al-
most all real events. When turbulent media is present (B), the standard filter only captures
a subset of events, while the dynamic filter still captures almost all real events.
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The spatial correlation filter of the method relies upon Equation (A.16), and in the
basic case where no turbulent media is present, is applied by removing photon pairs which
satisfy
ko + Ky

o0k = ‘ > kwindow (238)

where kyindow 1S @ chosen momentum window width (Figure 2.5.A, white outline). Note
that 0k takes discrete values since l{:—; and k_; have discrete values as measured by the camera
sensor. This basic spatial correlation filter is the same as is used in modified QI as described
before, and as such provides a resilience against background noise from external sources
due to the justification given in Chapter 2.2.2. Unfortunately, such a filter will not work
as expected if the signal beam propagates through turbulent media (Figure 2.5.B, white
outline).

While the propagation of the signal beam through the turbulent media does not destroy
the momentum anti-correlations, it does introduce some unknown, non-isotropic set of
linear transformations on the signal momentum, as previously described by the mapping S
in Equation (2.6). This mapping originally assumed that light could be lost, and thus that
the new signal vector space AZ D A,. For the sake of this argument, consider instead that no
light is lost, and thus the vector spaces are isomorphic such that A% = A;. Equation (2.38)
is still technically a valid filter, however since S is unknown, and thus S=! is unknown,

l{;—; = Sflk_‘;/ cannot be determined, and thus the simple spatial filter cannot be used as the
filter in this scenario.

Inspired by the quantum origin of the momentum correlations, a filter based on the
second order correlation between the signal and idler modes is used to identify regions
of high correlation. In order to perform this calculation, the normalized second order
correlation ¢g® metric can be calculated for all possible pairs of signal and idler pixels as

<I(ki,r7 ki,y)1<ks,xu ks,y))

(2) _
g (kiﬂt? ki, ) ks,za ks, ) = .
! U Ik, ki) (R Ksy)

(2.39)

Conceptually, the ¢® metric is the ratio of the number of coincident events on a particular
pair of pixels to the number of coincident events that would be expected if the photons
were completely uncorrelated. For the idler and background fields, which are uncorrelated,
it is expected that ¢® = 1. Regions in which the ¢ > 1 can be generally attributed to
correlated events from the pair source. Accordingly, the ¢® function can be deployed as
a spatial filter by selecting only regions where ¢(® > 1. The result is a spatial filter whose
shape evolves depending on the scattering, and requires no knowledge of the mapping S
(Figure 2.5.(A,B), green outline).
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Since the ¢ function is 4-dimensional, it is difficult to represent it in an intuitive way
in 2-dimensions. Instead, a basis change is performed which computes the momentum sum
between the two photons in the signal-idler pair, in both the x and y directions. This allows
for the momentum correlations to be plotted as a 2D histogram of momentum pair sums,
as shown in Fig. 2.5. Determining the effectiveness of this filter is difficult theoretically,
thus the reason for the experimental investigation. The visibility can be understood in the
limits however since this method converges to either modified QI or GI. With no turbulent
media present the visibility converges to that of modified QI (Equation (2.29)) since the
dynamic spatial filter is identical to that of the simple spatial filter. When turbulent media
with distortions so strong that all spatial information is lost, the method converges to ghost
imaging, and thus the visibility is as described in Equation (2.9) applies. Between these two
extremes, the visibility is a mixture of the two, and is investigated in later experimentation.
The limits of this filter are discussed in more detail in Chapter A.6.



Chapter 3

Experimental Techniques and Unique
Devices

3.1 Optical System Design

3.1.1 General Quantum Imaging System

A conceptual overview of the experimental setup is shown in Figure 3.1. Pairs of or-
thogonally polarized entangled photons at 810nm are generated through type-II SPDC
by illuminating a periodically poled potassium titanyl phosphate (ppKTP) crystal with a
continuous wave laser at 405nm. The pump laser is removed by a long pass filter and the
paired photons are collimated using a 100 mm focal length lens. The horizontally polarized
signal photons and vertically polarized idler photons are separated by a polarizing beam
splitter (PBS), with the upper output port corresponding to the idler beam path, and the
right output port corresponding to the signal beam path. Both beam paths are depicted
here as ending on two different single-photon sensitive time-tagging cameras. Alternatively,
they can end on different parts of the same sensor. The idler arm is directly imaged, while
the signal arm has an added target, background noise source, and turbulent media. The
target must precede the noise and turbulent media, though the order of the latter two is
inconsequential.

42
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Figure 3.1: Conceptual TSFQCI System. A conceptual TSFQCI system. The signal
and idler photons are split using a polarizing beam splitter into two paths. The signal beam
is partially blocked by a transmissive target and a strong background noise signal is added
to the beam via an 808 nm diode laser. The signal beam is then incident on a deformable
mirror used to emulate the effects of turbulent media. The two beams are then directed
either onto two separate time-tagging cameras or onto two separate regions of a single
camera where time and spatial correlation measurements and filterings are performed.
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3.1.2 Tunable Noisy Background Source

The used source of noisy background is a diode laser centered at 808 nm, and there are
multiple details in the overviews of the system omitted relating to this component. First,
since the diode is centered at 808 nm, and since it then goes through the 810 nm bandpass
filter (BP-810), this filter acts to lower the intensity of the laser in order to not damage
the intensifier of the TPX3CAM. Even with this lowering of the intensity, the beam would
still damage the intensifier, and so neutral density (ND) filters were used to further lower
the intensity. Lastly, an ND wheel was used to variably control the power of the noisy
background. Alternatively, a half-waveplate (HWP) and PBS combo could have been
employed to control the power of the noise source.

In a real-world use of TSFQCI within the context of free-space communication, the
sources of external noise would be innumerable and varying. The use of a coherent source
to emulate such a noisy background is reasonable. This is shown in Chapter A.2.2, where it
is shown that the photon statistics of many independent thermal sources follows Poissonian
statistics, similar to a coherent laser source. Further, within the context of quantum
imaging, the most difficult to discern source of background noise events is that of a coherent
laser source. This is due to the photon number statistics of a laser source more closely
resembling those of a quantum source than any other single classical source.

3.1.3 Maximizing Correlation Strength — The 4f-Imaging Sys-
tem

The imaging part of the setup was accomplished via a typical 4f-imaging scheme. If
the SPDC source is viewed simply as a backlight to the object, then the imaging lens
(Figure (3.2), lens with green outline in the signal arm) is two focal lengths away from the
object plane, with the TPX3CAM two focal lengths away from the lens on the opposite side.
Since the object plane is set such that it is one focal length after the collimating mirror,
which has the ppKTP crystal one focal length before it, this leads to the overall image
collected at the TPX3CAM being the far-field of the ppKTP crystal. This is important,
as the momentum anti-correlations are used as part of the filtering scheme in TSFQCI,
and these anti-correlations are maximized in the far-field of the crystal. Calibrating the
system to image the far-field in the signal arm is easy since the object and imaging lenses
can both be reliably placed in the correct location, and then the distance of the camera
from the imaging lens can be varied to produce the sharpest imaging.

As opposed to the simplicity of the signal arm, calibrating the idler arm to assure that it
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Figure 3.2: Full TSFQCI Experimental Setup. A detailed depiction of the full ex-
perimental system which allowed for TSFQCI and recording through a tunably-turbulent
channel with a controllable noisy background signal. A collimated 405 nm laser was used
to pump a type-1I periodically poled potassium titanyl phosphate (ppKTP-II) crystal in
order to facilitate an SPDC process. This SPDC process acts as a source of paired pho-
tons at 810 nm, which are collimated, and then split from each other into the signal (top,
orange) and idler (right, pink) photons. The signal beam goes through the object plane,
where a transmissive object is placed (either statically for imaging, or on a translation
stage for recording). The signal beam is then incident on a DMH40 deformable mirror
to emulate the effect of propagating through turbulent media, after which the beam is
imaged on the TPX3CAM time-tagging camera using a lens. At the camera, an external
noisy background is overlaid on the signal beam via an 808 nm diode laser. After splitting
from the signal beam before the object plane, the idler beam travels to two mirrors on a
translation stage to allow for varying the optical length of the arm, before being imaged on
the TPX3CAM using a lens. The signal and idler beams are imaged on the same camera,
but on different parts of the sensor.
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is also imaging the far field of the crystal is more difficult. This is a result of the location of
the crystal, the location of the camera, and thus the location of the focusing lens all being
fixed. The only degree of freedom for calibrating the idler arm is the length of the optical
path between the crystal and imaging lens. This length was carefully and painstakingly
calibrated by moving optics by hand during the actual system design, however it instead
could be accomplished more controllably and reliably by using a translation stage with
either two mirrors at 45° from each other as depicted in Fig. 3.2.

3.1.4 Full System Design

A detailed depiction of the system is given in Fig. 3.2, however there are some more careful
details which are worth noting. All waveplates used in the design are exclusively used for
power control and/or control of which output port of a PBS a specific beam will come
out of, and are not used as an integral part of the TSFQCI process. Namely, the half-
waveplate (HWP) and PBS combo after the 405 nm source is for controlling the power of
the pump, and consequentially the flux of the SPDC within the optical system. Similarly,
the quarter-waveplate (QWP) between the PBS and the DMH40 mirror is present to allow
the signal beam to be incident on the deformable mirror at a 90° angle via flipping the
linear polarization of the beam when it transmits through the QWP twice. The HWP
in the idler beam assures that the idler beam will transmit through the combining PBS
before the camera after having reflected off the splitting PBS from the signal beam.

As mentioned above, the signal beam was assured to be incident on the deformable
mirror at a 90° angle. This has the effect of maximizing the area of the cross-section of the
beam which overlaps with the mirror’s aperture. This was an important design choice in
the system, as the size of this aperture on the mirror limited the size of the SPDC beam
after being collimated. Alternatively, a larger beam could be telescoped down to a smaller
size to fit within the aperture, however this would add in additional optical components to
magnify and demagnify the beam, increasing the overall system size, and also adding more
optical losses. In a real use-case scenario where the turbulent media effect is not emulated
and controlled, but is instead a result of propagation through an actual turbulent media,
this limitation would not be present. The only real use-case limitation on the beam size is
related to the sensor size of the camera.



3.2. Unique Devices 47

Jjﬁ N+
P+ _ )

-
S » S
] I

—_—
|Amplifier|
L~

Threshold
level

Counter

TPX3Cam

U/
.‘/_\\‘u
A\

—_—
N\
A\

Intensifier

Figure 3.3: TPX3CAM Diagram. A diagram of the function of the TPX3CAM detector.
The intensifier takes single photon events and converts them into tens of thousands of
photons. These photons charge the sensor at pixel locations. The charge is amplified and
compared to a threshold. The leading edge of the amplified charge over the threshold is
taken as the ToA, while the length of time the amplified charge is over threshold is taken
as the time over threshold (ToT). Adapted from [70].

3.2 Unique Devices

3.2.1 Time-Tagging Single Photon Sensing Camera — TPX3CAM

Details on the measurement of single photon position and ToA information at the time-
tagging camera has been well-described in previous literature [57, 70]. In order to be
sensitive to single photons, a photoelectric intensifier is placed in front of the camera. This
intensifier converts a single photon into a cluster of hundreds of thousands of photons,
illuminating a small cluster of pixels on the camera sensor with ToA information. By
performing a centroiding algorithm on this cluster, both the arrival position and ToA of
the single photon can be inferred.

A visual depiction of the pixel triggering mechanism can be seen in Figure 3.3. In order
for a pixel to be triggered, the photon clusters are absorbed by the sensor, resulting in a
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Table 3.1: DMH40 Aberrations Range. The different aberrations which the DMH40
mirror is able to emulate. The standard corresponding Zernike polynomial term for each
aberration is provided, along with the OSA+1 indexed term, and finally the physical range
available to the mirror for that aberration. A depiction of the Zernike polynomial profiles
can be found in Figure A.1 in Appendix A.2

Aberration Term (OSA+1) Term (standard) Aberration Range (4um)
Astigmatism Zy Zy? 18.4
Defocus Zs Z9 17.6
Astigmatism Zg Z3 18.4
Trefoil Zy 7z 6.5
Coma Zg Zy! 6.8
Coma Zy Z3 6.8
Trefoil ZlO Z?? 6.5
Tetrafoil Z11 Z4_4 5.7
Secondary Astigmatism AP 7Z? 3.0
Spherical Aberration AT A 2.7
Secondary Astigmatism Z4 7Z2 3.0
Tetrafoil Z1s Z} 5.7

charge in the region of a specific pixel or pixels. This charge is amplified and compared to
some threshold value, resulting in a counter signal. The time which the counter signal is
above the threshold is also monitored. The leading edge of the counter signal is the ToA,
while the width of the counter signal is the time over threshold (ToT). The ToT is utilized
to improve the accuracy of the ToA. In total, there are 256 x 256 pixels.

The spatial resolution of the camera is 55 ym. The experimental system outlined in
Figure 3.2 results in the resolution of the imaging system being equivalent to 8.533 x
10~* pm™1! in reciprocal space, or ~ 1 um in target space, at the target plane. The temporal
resolution of the camera is technically 1.5625 ns, however in practice the uncertainty in the
detectors leads to a temporal resolution of 7.3ns. The quantum efficiency of the sensor is
7.4 £+ 2%, with ~ 3 dark counts per pixel per second.

3.2.2 Deformable Mirror — DMH40

In order to emulate the effects of propagating through turbulent media in a controlled and
predictable fashion, a deformable mirror was used. The specific mirror, a Thorlabs DMH40,
was chosen due to its common use as a wavefront aberration corrector in adaptive optics
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systems. The mirror consists of 40 separately deformable sections which are electronically
controllable as piezoelectric actuators. Such a physical layout of actuators allows for the
mirror to emulate aberrations which can be modeled by linear combinations of Zernike
polynomials with coefficients outlined in Table 3.1. The mirror is documented utilizing
the Optical Society of America (OSA) standard of Zernike coefficient indexing, with a +1
offset [66]. The tilt aberrations are uncontrollable with the actuators, though are corrected
in optical alignment anyhow, while the “piston” or global phase aberration is controlled
in this setup by the spacing of optical elements, and has no effect assuming a properly
designed and constructed 4 f-imaging system. The mirror has an effective max refresh rate
of 3000 Hz. Since the mirror is used effectively in correcting common wavefront aberrations,
it is also able to effectively emulate common wavefront aberrations.

3.3 Reference Image Preparation

In order to establish the reference image for the cross-correlation measurement, a 30-second
integration time image of the beams with no scattering was taken. The raw image from
this measurement was used as the base of the reference image for all cross-correlation
comparisons (Figure 3.4, left), however some modifications were performed in order to
better match the data as it was measured.

At the camera plane, the signal and idler beams had a slight rotation and magnification
difference between them. The raw image has the same orientation as the direct image
since the spatial information of both comes from the signal beam, and as such the raw
image does not need to be transformed when used as the reference for cross-correlation
measurements of the direct image. Since the spatial information of the TSFQCI image
comes from the idler beam, the relative rotation and magnification needs to be corrected
for in the reference image by applying a transformation to the image (Figure 3.4.T;). The
transformation was applied using the SciPy ndimage package [71], which consisted of a
1:1.085 demagnification, followed by a —3.5° rotation around the center of the image.

Because of the single-photon sensitivity of the camera and the relatively low flux of
the SPDC light, even the 30-second integration time reference image has some shot-noise
present, as well as an unwanted background. To remove both of these from the reference
image at the same time, the image was converted into a binary black and white image
by using a threshold cutoff (Figure 3.4.T5). The threshold value for this cutoff was deter-
mined by finding the value which maximizes the cross-correlation maximum value between
the reference and the TSFQCI image from the 30-second integration time image. This
value was found to be a 40% threshold. Whenever a cross-correlation measurement was
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Figure 3.4: Reference Image Preparation. The two-step image post-processing per-
formed on the reference image in preparation for a ghost image cross-correlation. The
transformation T; performs the 1 : 1.085 demagnification and —3.5° rotation, while the T
transformation performs the 40% threshold binary cutoff. For the direct image, only T is
performed.

performed on binned data, the reference was also binned after performing all the above
described image post-processes.

After these adjustments, the maximized similarity of the TSFQCIT image to the reference
image in this measurement is 97.1%, establishing this as a fair reference for the correlated

images, with the remaining ~ 3% difference likely being from remaining shot noise in the
TSFQCI image.



Chapter 4

Algorithms

4.1 Filtering

Once the data has been processed via parsing, clustering, and coincidencing, it is ready
to be filtered in order to produce images. An overview of the filtering process is shown
in Figure 4.1. The first column of this figure (A) shows the signal and idler data after
coincidencing, where it is clear that there is not yet any advantage to the quantum imaging
scheme. At this point, the data is similar to performing ghost imaging with a very large
time window, except with the spatial information from both ends of the imaging schemes
being resolved. In (B) temporal filtering is performed on the data set, resulting in the data
set shown in the center column (C). This data set is similar to performing ghost imaging
with a reasonably tight time filter, and as such the undistorted view of the target begins
to appear in the idler (C2). Unfortunately, due to the added external noise, the data has
a poor signal-to-background (SBR) ratio. For higher noise intensities the ghost image is
often not discernible from the background. As such, a spatial filter is applied to this data
in (D), and the data set as shown in the right column (E) is the result. This is similar
to having taken a ghost image and then applying techniques from spatially-dependent
quantum illumination to it, resulting in a high SBR, unperturbed view in the idler (E2).
This is the TSFQCI image. Interestingly, a low-noise view of the perturbed target is visible
in the signal.

ol
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Figure 4.1: TSFQCI Filtering Overview. A visual depiction of the temporal-spatial
correlation filtering process for imaging a target through turbulent media and background
noise with a source SBR of 1 : 15.8. The time filter (B) removes photon pairs that are
detected with a time difference larger than the two red lines (£15ns here). The resultant
signal and idler beam images after time filtering, equivalent to traditional ghost imaging,
are shown in (C). The spatial filter (D) selects photon pairs where g > 1. This is
represented by the white outline, where pairs outside the outline are removed by the filter.
After the temporal-spatial correlation filters, the correlated image in the idler (E2) is clear
with minimal to no background noise, while the direct image in the signal (E1) is still
strongly distorted. Each image displayed here is normalized to have a max intensity of 1.
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4.1.1 Time Filtering

The time filter theoretically follows directly from the known correlations of photon pairs
as produced by SPDC and described in Equations (A.8) and (A.9). As such, it is expected
that both photons from a true SPDC pair will arrive at the time-tagging camera at nearly
the same time (up to a constant offset). Thus, by simply removing coincidenced pairs
with a dToA larger than some tight threshold, the time filter is applied (Equation (2.37)).
With the accuracy of the time-tagging camera in this setup, along with the accuracy of the
setups alignment and arm balance, it was found that filtering out pairs with a greater than
15ns ToA difference was sufficient for time filtering. With such a time filter, it is possible
to observe ghost images.

4.1.2 Space Filtering

The inspiration and theory behind the spatial filter is provided in Chapter 2.3. Figure 4.2
graphically represents the way that the spatial ¢ is calculated. The numerator of the ¢
metric is measured directly from the data after performing the time filter around 6t = 0
as shown in Figure 4.2.(A,D). Here, the bright peak around the origin in Figure 4.2.A is
indicative of the high degree of correlation in the light. In Figure 4.2.D, this correlation
is distorted by the scattering. The denominator can be approximated to a high degree of
accuracy by measuring coincidences between uncorrelated photons. This is achieved by
selecting pairs of photons outside the correlation window, (i.e. [6t] > twindow). As ex-
pected, these pairs exhibit no correlation as show in Figure 4.2.(B,E). At this point, if the
measurements were perfect, the spatial ¢® could be calculated directly. Unfortunately,
the presence of turbulent media, as well as the finite acquisition time of the data sets, can
introduce disadvantageous effects to the spatial ¢!®. To counteract these disadvantageous
effects, modifications are made to the calculation of the spatial ¢. None of these mod-
ifications change the underlying physical explanation as to how the filter works, however
they are important to note for practical implementation.

The first modification was to deal with issues arising from the finite integration times
of the images. Namely, when calculating the normalization component of the spatial g(?
metric from the uncorrelated photon pairs (Figure 4.2.(B,E)), the resultant data set will
have many momenta combinations which contain 0 photon pairs. Most of these combina-
tions will occur far from the center of the data set, which is generally the area of interest
for this filter. It is still possible however for some combinations which contain 0 photon
pairs to occur close to the center. Such combinations will lead to a division by 0 in the
calculation of the spatial ¢, and thus will result in undefined values at those locations
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Figure 4.2: Construction of the Spatial Filter. A visual depiction of how the g
function (C,F) is calculated based on the time filtered data (A,D) and the uncorrelated data
(B,E). This is shown for data which contains no scattering (A,B,C) and static scattering
(D,E,F) in the signal arm, and in both cases has to target in the signal arm. The filter
thresholds are shown for the simple filter (white outline) and the ¢g‘® threshold filter (green
outline) in the right-most column.
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Figure 4.3: Comparison of ¢* Normalization Fitting. A comparison of the calcu-
lation of the spatial g metric without the uncorrelated data set being fit (A) and with
the uncorrelated data set being fit (B), both before using the uncorrelated data set as the
normalization value. The bright red values represent where the metric had to divide by
zero (i.e. the value is undefined). Here, no target or turbulent media are place in the signal
arm, and no added background noise is present. Without the fitting, not only are there
issues with undefined values around the edges of the data set, but also the spatial ¢ met-
ric is locally unstable due to increased shot-noise effects. This problem is less pronounced
for higher background noise intensities.
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(Figure 4.3.A, edges). Similarly, due to shot noise effects, there will be some added vari-
ance in the observed number of photons for each momenta combination in the uncorrelated
data set. This variance is larger for higher background intensity levels and shorter integra-
tion times. This results in a lower signal-to-noise ratio, leading to local instability of the
calculated spatial ¢g(® (Figure 4.3.A center).

To mitigate these issues, the uncorrelated data sets are fit to a super Gaussian of the
form
fit(x,y) = Aexp{ [—(a(w —20)? + 2b(z — 0)(y — yo) + c(y — yo)Q)P] } (4.1)
where (9, yo) is fixed to the center of the data set where (kg + kis, ksy+kiy) = (0,0), before
using it to perform the normalization in calculating the spatial ¢ metric. The amplitude
A is taken as the average of values withing 10 bins of the center of the uncorrelated data
set, and the rest of the parameters are fit using a least squares fit. Typically, the power
of the super Gaussian P is close to 1, however this parameter is still considered, as at
lower background intensities or shorter integration times this parameter can be larger.
Performing this fit allows for eliminating the effect of the variance in the spatial ¢(® metric
as caused by finite integration time (Figure 4.3.B, center). Along with the fit as described
in Equation (4.1), the uncorrelated data set is further clipped to not be lower than 1 in
any calculated location. This removes the divide by zero errors which can occur near the
edges of the data set (Figure 4.3.B, edges). Alternatively, areas of the spatial ¢(*) metric
which are undefined could be specially removed by a separate filter, however the clipping
allows for the mathematical description as given in Chapter 2.3 to still hold true regardless
of the length of time of the data set.

Similar to the uncorrelated data set, the time filtered data set (Figure 4.2.(A,D)) also
suffers from variance due to shot noise as a result of the finite data acquisition time.
This variance causes the filter to include accidentals due to the statistical chance of the
spatial g metric being larger than 1 (Figure 4.4.A). The accidentals could be mitigated
by raising the filter threshold value to be higher than 1, as the typical threshold for light to
be considered quantum is set at 2. Unfortunately, this only holds true for scenarios where
distortions from turbulent media are not present. When distortions from turbulent media
are present, depending on the strength of the distortions, the new lower bound for quantum
light becomes < 2. The explanation for this is speculated in detail in Chapter A.6, but in
brief, the idea is that strong scattering will redistribute the counts in normally correlated
spatial bins throughout the entire space of correlated bins. If the normally correlated
bins have a ¢ ~ 2, and would thus be considered quantum with counts proportional to
¢? ~ 1 coming from the SPDC light, then when the SPDC hits are redistributed over
say 100 different spatial bins, the new ¢® in bins which do contain SPDC light may be as
low as ¢® a 1.01. As such, the filter threshold value must be set at 1, and some method
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Figure 4.4: Comparison of ¢®) Filter Smoothing. A comparison of the spatial ¢(® filter
without smoothing of the included filter values (A) and with smoothing of the included
filter values (B). The values preserved by the filter are within the green outline. Here, no
target is placed in the signal arm, however both turbulent media and added background
noise are present. Without the smoothing, the variance in the time filtered data set due to
finite exposure time causes many accidentals to be included within the filter. Due to the
possible presence of turbulent media and the unknown target mask profile, the data set
cannot be fitted to a known function. Instead, a smoothing is applied to the mask which
makes up the filter. This problem is more pronounced for stronger turbulent media and
higher background noise intensities.
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to mitigate the shot noise variance is necessary to minimize the number of accidentals
included in the filter.

Unlike in the case of the uncorrelated data, the time filtered data set may not have
a well-defined spatial profile as a result of the distortions from the turbulent media, and
the unknown spatial profile of the target. This data set cannot be characterized by an
arbitrary class of functions, and thus cannot be fitted in the same way the uncorrelated
data set can be. Instead, to mitigate the shot noise variance, a smoothing is applied to the
mask which makes up the spatial ¢(? filter (Figure 4.4.B). This smoothing is performed
by performing an average blurring of the filter mask. The filter mask is treated as an
array of Os and 1s, where a value of 0 means the photon pairs which have that momenta
combination will be filtered out, while a value of 1 means the photon pairs which have that
momenta combination will be kept in the final data set. This average blurring is applied
on each value of the filter mask, and considers the set of 7 x 7 neighboring values centered
on the current value of interest, and checks if the average of that set is greater than 0.8.
Mathematically, this is equivalent to performing

(k,1)=(3,3)

gij="h 19 Z fithivi Viik€F gix €G
(k,1)=(-3,-3) (42)

x>08, 1
s.t. h(x) = { olse 0

where F' and G describe the filter mask arrays before and after the smoothing, respec-
tively. Applying this smoothing results in some amount of shot noise variance mitigation,
and consequently accidentals minimization for data sets independent of the turbulent me-
dia strength and target spatial profile. The number of accidentals remaining after the
minimization is proportional to the intensity of the background noise, and thus for high
enough background noise intensity the accidentals will eventually outnumber the true pairs.
The combination of both fitting the normalization of the spatial ¢, and smoothing the
masking from the spatial ¢(® results in the overall spatial ¢'? filtering shown in Figure 4.2
and used in Figure 4.1.D.

4.2 Simulating Quantum Imaging

Alongside the experimental demonstration of the imaging scheme, it was beneficial to
create an accurate simulation of the imaging scheme. This allowed for testing of many
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of the computational techniques and to discern experimental mistakes from computation
mistakes. Further, by developing a reliable method to simulate data, exposures which
would in practice damage the equipment like high background noise intensities and long
exposures could be simulated and investigated to test the limits of TSFQCI separate from
the current technological limits of the setup.

4.2.1 Photon Events

To simulate the photon events, only the X-Y location and ToA of each photon must be
generated. Any phase, orbital angular momentum, linear momentum, etc. information is
not considered in order to be in-line with the information measurable by the TPX3CAM
at the imaging plane. Two different types of events can be generated: background noise
events, and paired SPDC events. These events require different methods of generation,
and so will be described separately.

Background Noise Events

As discussed in Chapter A.2.2; the background noise events can in practice come from
many sources following different time statistics, angles of incidence, spacial profiles, etc.,
and may not even physically originate from photons (i.e. sensor dark counts). Thus, to
simulate these events with full accuracy would be infeasible. Chapter A.2.2 shows that
since the sources can be considered to be independent, if multiple simultaneous sources
are considered, then the photon number statistics follow a Poissonian distribution. This is
reflected in the experimental use of a laser to emulate the external sources.

In order to generate random ToAs which follow a Poissonian distribution, a single data
set must be considered to be made up of a set of discrete time windows. Conveniently,
the TPX3CAM already has a time resolution of 1.5625ns as stated in Chapter 3.2.1, and
also as shown in the example calculation of the ToA from TPX3CAM data as shown in
Table A.1.(c). Thus, by knowing the expected number of noise photons which are to be
in the final data set, the expected photons per time window can be calculated. Using
this value as (n) in Equation (A.36) gives the probability of n photons arriving in each
time window. Conveniently, both NumPy and CuPy allow for the generation of random
integers from a given discrete Poissonian distribution, and as such this generator was used
to generate the number of photons in each time window over a given data set exposure
time. This distribution is then used to calculate the ToA of each event.
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To generate the positions of each event, the uniform spatial distribution assumption
from Chapter 3.2.1 was utilized. This assumption could be easily fulfilled by generating
two random numbers (pq, p2), each in the range [0,1), and then performing the following

calculation
r=+/D1
0 =27 (ps).

The variables r and 6 are no longer randomly distributed, however by performing the final
transformation

(4.3)

x =rcosf

: (4.4)
y =rsind

the variables x and y are uniformly distributed over the unit disc. These values can be

scaled to fit the size of the expected beam.

SPDC Events

The generation of paired SPDC events is not as simple as the generation of background
noise events. To begin, the photon number statistics must be considered. As shown in
Chapter A.1, the photon number statistics of an idler or signal photon in isolation follow
that of thermal light. The photon number statistics of thermal light follow the Bose-
Einstein distribution described in Equation (A.33). As such, the number statistics of
both photons as a pair also follow this distribution, but with the transformation (n) —
(n,n). This means that, similar to with the noise events, the ToA of the pairs can be
generated from this distribution. Similar to with the Poissonian distribution, NumPy and
CuPy allow for the generation of random integers from this distribution, albeit with a
slight modification. Both provide the function random.Generator.geometric(), which
generates random integers from the following distribution

Py =p(l—p)! (4.5)

where p is the probability of success of an individual trial and k is the integer potentially
being generated. The Bose-Einstein distribution can be sampled from using this function
by performing the following variable reassignment

(n) +1 (4.6)
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Figure 4.5: Correlations of Different Strength. A depiction of differing strengths for
spatial correlations which can be used in generating random positions for pairs in SPDC.
The brighter colors indicate a higher likelihood of generating a pair where the z-coordinate
of the pair is for the idler, while the y-coordinate of the pair is for the signal.

where (n) is the expected number of pairs generated per unit time and n is the number of
pairs being potentially generated. Once the ToA of the pair is generated, the variance in
the ToA between the two photons is offset by a Gaussian distribution, in order to represent
the uncertainty in the detector as referenced in Chapter A.1. This results in an accurate
simulation of the SDPC photon pair ToAs.

The spatial distributions are again a complex matter. Due to the spatial correlations
of the SPDC photons with one another, careful consideration must be taken when ap-
proaching the position generation. If the position correlations were perfect as described
in Equation (A.12), then the generations of all positions could be done by generating the
position of the idler z;, and then taking the position of the signal to be z;, = —z;. Unfor-
tunately, as shown in Equation (A.16), the correlations are not perfect. In fact, with an
improper alignment of the system, it is possible for the correlations to be much worse than
those outlined in Equation (A.16). Fortunately, this relationship can be easily described
by a multivariate normal distribution (Figure 4.5). The spread of an n-variable multi-
variate distribution is described by an n-tensor called the covariance matrix, rather than
the typical scalar variance for monovariate distributions. Here, a two variable multivariate
normal distribution is used, and the correlations can be properly adjusted in strength using
a covariance matrix of the form

Ko = | 7 (@.7)
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where 0 < A < 1 is the correlation strength. Two separate distributions are used, one for
the z-coordinates of the idler-signal pair, and one for the y-coordinates of the idler-signal
pair. After pairs are generated, the pairs are re-scaled to fit within a given beam size. The
result is that, individually, the idler and signal positions are distributed with a 2D normal
distribution. Considered together, however, the idler-signal pair positions are related by a
correlation similar to the one described in Equation (A.16).

Beam modifications were also simulated, though with varying success. As a result,
this implementation is discussed in Appendix A.6.1. In short, beam masking was properly
implemented, while beam distorting was approximated, though improvements could be
made.



Chapter 5

Results

5.1 Validating Algorithms

5.1.1 Simulating Quantum Imaging

An example of a purely simulated TSFQCI system is shown in Figure 5.1 compared to a
similar real TSFQCI system output. This system was designed to emulate the included real
system, which was initially shown in Figure 4.1. The initial SBR of each of the systems are
1:1.30 and 1 : 1.28 for the simulated and real systems, respectively. This establishes that
the initial formulation of the systems in terms of photon counts is comparable. It is clear
that the ToA distributions are very similar, though the simulated system appears to have
a slightly lower signal-to-noise ratio (5.1b.B vs. 5.1a.B). As a result, the time filtered image
in 5.1b.(C2) has a higher SBR of 1 : 0.36 as compared to the corresponding real image
in 5.1a.(C2) with an SBR of 1 : 0.53. The spatial correlations of the simulated system
(5.1b.(D)) are more tight and simple than in the real system (5.1a.(D)). This is an effect
of the more simplistic distorting algorithm of the simulated system as compared to real
distortions from turbulent media. This can also be seen in the noise-reduced direct image,
where in the simulated data set (5.1b.(E1)) the distortions are very weak as compared to
the real data set (5.1a.(E1)). Due to the combination of the better SNR of the temporal
correlations, and the weaker scattering, the fidelity of the simulated system’s TSFQCI
image is 72.6% (5.1b.(E2)), which is higher than the fidelity of the real system’s TSFQCI
image of 61.2% (5.1a.(E2)).

It is clear that the simulated system is comparable to a real system, and qualitatively
the resultant TSFQCI images are similar. There are some differences however between
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Figure 5.1: Simulated vs Real Quantum Imaging. Shown here are the results from
a real (a) and a purely simulated TSFQCI system (b). The real system is outlined in
Figure 4.1. In the simulated system, 60,000 photon pair events are generated as SPDC
pairs (120,000 individual photon events), and 7,200,000 photon events are generated as
background events. Of the SPDC pairs, 60% of the signal events are removed by the
object mask. After coincidencing ((b).Al), the effective SBR of the initial data set is
1 : 1.30 before any filtering is performed. The real system has a pre-filtering SBR of
1:1.28 ((a).Al). The signal beam is distorted using a random 5 x 5 kernel convolved over
the entire beam ((b).C). The final fidelity of the simulated TSFQCI image is 72.6%, while
for the real image it is 61.2%.
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the two, mostly regarding the temporal and spatial correlations. These differences are
biased towards more efficient filtering of the simulated system as compared to the real
system. Notably however, the time statistics are still quite similar between the two systems.
Further, the background noise events’ spatial distributions appear very similar, both for
the raw events in column A, and also the filtered accidentals in column C. Similarly, the
effect of masking the beam to include an image appears very similar between both the time
filtered events in column C, and the spatio-temporal filtered events in column E. Likewise,
the manifestation of a comparable TSFQCI image for the simulated data indicates that the
momentum anti-correlation between the signal and idler photons is a good approximation.
In conclusion, while the distortion simulation does not seem trustworthy, the simulations
of the noise and SDPC events seem to be sufficiently similar to real events to indicate
somewhat about the effectiveness of the TSFQCI imaging process, albeit with the caveat
that the process will probably work marginally better on the simulated data.

5.2 Experimental Imaging Results

Overview

Using the experimental system outlined in Chapter 3.1, TSFQCI images were acquired. Im-
ages were acquired at two different timescales: the short exposure timescale with 0.5 second
integration time, and the medium exposure timescale with 5second integration time.
Within each of these timescale exposures, three different turbulent media regimes are con-
sidered: no turbulent media, static turbulent media, and dynamic turbulent media. For
each regime, images are through an increasing ratio of background noise intensity to signal
intensity, ranging from effective SBRs as low as 1: 0.8, up to 1 : 82.8 (that is, 82.8x more
noise intensity than signal intensity). The fidelity metric, as described in Chapter A.3.3, is
utilized to indicate the similarity of a resultant image to the objective target. The medium
exposure data set will be discussed first as the conclusions which can be drawn from it are
clearer than those from the shorter data set.

5.2.1 Medium Length Exposures

These data sets show a clear improvement in the fidelity of TSFQCI over direct imaging,
for all regimes and noise levels. TSFQCI effectively mitigates both background noise and
the distortion effects from turbulent media. The primary benefit of the three regimes
is in determining whether TSFQCI is further superior to ghost imaging and quantum
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Figure 5.2: TSFQCI Through No Turbulent Media (5 Seconds). The fidelity trend
for TSFQCI vs direct imaging as noise levels increase for a 5-second integration time and no
scattering from a lack of turbulent media in the signal arm (A). TSFQCI has consistently
higher fidelity as compared to the corresponding direct image. Samples of the images for
selected SBR levels are shown in (B). The black dashed line indicates the fidelity of a beam
with no target masking in the signal arm.

illumination individually, and to give an example of a realistic scenario with dynamic
turbulent media.

No Turbulent Media

First, in order to establish a baseline, TSFQCI was performed for increasing background
intensity with no turbulent media present in the signal arm (Fig. 5.2). This baseline allows
for determining whether the fidelity improvement comes purely from the noise robustness
granted by the spatial filtering, or if it comes from a combination of the distortion and noise
robustnesses from the total TSFQCI imaging and filtering processes. Notably, when no
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noise is added into the system intentionally (the SBR of 1: 0.8 data point), the fidelity of
the TSFQCI (80.3%) improves over the fidelity of the corresponding direct image (67.1%)
by a relative improvement of 19.7%.

Static Turbulent Media

Figure 5.3 displays the results of TSFQCI through a static turbulent media, and thus static
scattering. Here there is a relative improvement with no intentionally added noise of 29.8%
(for fidelity scores of 72.8% and 56.1% for the TSFQCI and direct images, respectively).
Comparing this to the no turbulent media data set relative improvement of 19.7%, it is
clear that the improvement in the fidelity is not exclusively from the noise robustness, but
also from the distortion robustness.

Dynamic Turbulent Media

Similar trends in the improvement of the robustness against the noise and distortion can
be seen in the data set with dynamic scattering. This dynamic scattering originates from
a dynamic turbulent media source updating randomly at 3000 Hz (Fig. 5.4). Comparing
the relative improvement for this data set with no intentionally added noise shows a 30.1%
improvement (for fidelity scores of 67.7% and 51.7% for the TSFQCI and direct images,
respectively), which again is greater than the relative improvement in the baseline, and
is comparable to the relative improvement in the static scattering data set. At higher
background intensity levels, the improvement in fidelity from the filter begins to fall off
quickly. This is due to the lowering of the filter efficacy due to strong scattering, combined
with the increase in uncorrelated light ¢ variance due to larger shot-noise effects at higher
intensity. Even still, as can be seen in the sample image for an SBR of 1 : 82.8, the target is
at least partially distinguishable form the background in TSFQCI, while the same cannot
be said of the direct image.

Comparison to Theory

Much of these results are inline with the visibility predictions shown in Figure 2.4. Specif-
ically, the constant visibility of the TSFQCI image at higher noise seems to hold true, at
least for the static and no turbulent media cases. Further, the convergence towards being
equivalent to direct imaging at lower noise levels is also observed in all three cases.
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Figure 5.3: TSFQCI Through Static Turbulent Media (5 Seconds). (A) The fideli-

ties of the direct imaging vs TSFQCI taken with 5second integration time through static

turbulent media. Examples of the direct imaging vs TSFQCI are shown in (B) for three

different SBR levels. The fidelity of the image is consistently higher for TSFQCI than it is

for the direct image, across all noise levels. The black dashed line indicates the fidelity of

a beam with no mask. Each image displayed here is normalized to have a max intensity
of 1.
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Figure 5.4: TSFQCI Through Dynamic Turbulent Media (5 Seconds). The fidelity
trend for TSFQCI vs direct imaging as noise levels increase for a 5-second integration time
and dynamic scattering from turbulent media changing at a rate of 3000 Hz (A). TSFQCI
has consistently higher fidelity as compared to the corresponding direct image. Samples of
the images for selected SBR levels are shown in (B). The black dashed line indicates the
fidelity of a beam with no target masking in the signal arm.
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5.2.2 Short Exposures

These data sets show an increase in fidelity for all regimes and background intensities,
however the quantitative improvement is not large. This is a result of low photon counts
in the TSFQCI image after filtering, thus lowering the fidelity such that confidence in the
increase is not as clear. Since the number of observed events in the shorter data sets are
approximately 1/10 of those in the medium data set, the resolution of the camera was
dropped to be 1/3 of the native resolution, increasing the number of events per pixel by
~ 9 times. This was accomplished by performing a 3 x 3 spatial binning of the data after
coincidencing and performing the time filter.

No Turbulent Media

A quick drop off in the fidelity is well illustrated for the shorter data set with no scattering
(Fig. 5.5). Notably, while the relative fidelity improvement starts off at a 23.1%, which is
comparable to the 19.7% improvement shown above for the longer data set, the improve-
ment ends with a relative improvement of 89.3% over the direct image fidelity, while the
longer data set showed a relative improvement of 242.1%. It can also be seen that the
direct image fidelity here is comparable to the direct image fidelity for the longer data set,
which supports that the decision to spatially bin the data is valid. Otherwise, without
spatially binning the data, the direct image fidelity is much lower.

Static Turbulent Media

Similar to the data set with no scattering, the shorter data set with static scattering shows
an improvement over the direct image fidelity with a faster drop-off when compared to the
corresponding longer data set (Fig 5.6). The initial relative fidelity improvement is 27.5%,
again comparable to the longer data set, but the final relative improvement is 111.3%, while
for the longer data set it was 174.2%. It is worth noting that because the configuration
of the deformable mirror was set randomly, the static scattering for the short data set
seems to be subjectively stronger than it was in the longer data set. This may be why the
drop-off in this case was comparatively slower than it was in the short no scattering case,
as the fidelity improvement resulting from the distortion robustness will be greater in this
case compared to the longer data set.
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Figure 5.5: TSFQCI Through No Turbulent Media (0.5 Seconds). The fidelity
trend for TSFQCI vs direct imaging as noise levels increase for a 0.5-second integration
time and no scattering from a lack of turbulent media in the signal arm (A). A 3 x 3 spatial
binning was applied to both data sets to account for the low number of photons in the
images. TSFQCI has consistently higher fidelity as compared to the corresponding direct
image. Samples of the images for selected SBR levels are shown in (B). The black dashed
line indicates the fidelity of a beam with no target masking in the signal arm.
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Figure 5.6: TSFQCI Through Static Turbulent Media (0.5 Seconds). The fidelity
trend for TSFQCI vs direct imaging as noise levels increase for a 0.5-second integration
time and static scattering from turbulent media in the signal arm (A). A 3 x 3 spatial
binning was applied to both data sets to account for the low number of photons in the
images. TSFQCI has consistently higher fidelity as compared to the corresponding direct
image. Samples of the images for selected SBR levels are shown in (B). The black dashed
line indicates the fidelity of a beam with no target masking in the signal arm.
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Imaging through Dynamic Scattering (T =0.55)
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Figure 5.7 TSFQCI Through Dynamic Turbulent Media (0.5 Seconds). The
fidelity trend for TSFQCI vs direct imaging as noise levels increase for a 0.5-second inte-
gration time and dynamic scattering from turbulent media changing at a rate of 3000 Hz
(A). A 3 x 3 spatial binning was applied to both data sets to account for the low number
of photons in the images. TSFQCI has consistently higher fidelity as compared to the
corresponding direct image. Samples of the images for selected SBR levels are shown in
(B). The black dashed line indicates the fidelity of a beam with no target masking in the
signal arm.
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Dynamic Turbulent Media

Finally, the shorter data set with dynamic scattering shows similar results, though for
higher background noise intensity the TSFQCI process seems to cease being effective
(Fig. 5.7). The original relative fidelity improvement is 41.3% and in-line with the longer
data set, but at the end the relative fidelity improvement starkly drops to 35.9%. It is
clear from the inset that any spatial information about the target has been lost at this
noise level. This is because the SNR of the signal to the noise from the added background
signal is so low that there is almost no way for the filter to distinguish these two types of
information in the ¢(®.

Comparison to Theory

It is worth noting that the worse improvement at high noise of the shorter data set is inline
with the theoretical visibility shown in Figure 2.3. This is because in this case the ratio of
the filter variance to sensor size is higher due to the spatial binning of the data.

5.2.3 Comparing TSFQCI to GI with Background Subtraction

It is important to note that the drop in fidelity at higher background intensities is not
due to an increase in the signal-to-noise ratio (SNR). To support this, a measurement
set was processed in two ways: via the TSFQCI method described here, and via a flat
background subtraction which maximized fidelity. It was shown that no matter how much
flat background was subtracted, the TSFQCI image has higher fidelity, supporting this
noise robustness argument.

Overview of GI with Background Subtraction

Since the main observed effect of the TSFQCI process is an increase in the SBR of the
original image, and further an increase in the SBR of a corresponding ghost image, an often
raised question has been whether this method is equivalent or comparable to performing
a simple background subtraction on a ghost image. The results in Figure 5.8 clearly show
that the TSFQCI process is both different from and superior to GI with a background
subtraction. For the TSFQCI in this case the fidelity was observed to be 57.7%, while for
the GI where the background was subtracted in order to be at the same level as in the
TSFQCI image, the fidelity was observed to be 31.2%. Thus, there is a relative increase
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Gl with Background Subtraction TSFQCI

31.2% Fidelity 57.7% Fidelity
Figure 5.8: TSFQCI vs. GI with Background Subtraction. A comparison between
performing a simple background subtraction on a ghost image (A) and the TSFQCI pro-
cess (B) on the same original image. Here background was added to the original image
experimentally to make an observed SBR of 1 : 24.2. The background subtraction is simply
a flat subtraction from the already time-filtered image to make the background region of
the subtracted image to have the same mean level as in the TSFQC image.
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in fidelity of the TSFQCI over the background subtracted image of 84.9% and this effect
can be seen qualitatively in the resultant images shown in Figure 5.8.

This indicates that the TSFQCI process works to selectively prioritize lowering the
background intensity more than the intensity of the signal. This is inline with filtering by
the momenta anti-correlations, as the filtering specifically targets removing photon events
which originate from accidental coincidences rather than photon events which originate
from the SPDC source, or generally any random photon event, as is the case in GI with flat
background subtraction. A reasonable equivalence to be made would be a scenario where
the signal region was already known, and then background subtraction was performed
on GI only outside the signal region. Here, rather than the signal region being known
beforehand, it is instead inferred from the correlations between the SPDC photon pairs,
thus performing the image reconstruction of ghost imaging at the same time as performing
the decrease in background intensity of quantum illumination.

5.3 Recording Results

5.3.1 Video through Dynamic Scattering

To simulate a changing signal being transmitted through turbulent media, the object was
recorded translating across the beam at a constant velocity. Dynamic scattering was per-
formed by reassigning the random weights of the fourth to fifteenth Zernike polynomial
terms with a refresh rate of 100 Hz. This rate is similar to the rate of change of turbulence
in water [13], and was chosen to make the distortion appear more dynamic in real time. It
is important to note that a higher refresh rate would produce comparable results for the
TSFQCI frames since the filtering is dependent on the distribution of the correlations, and
for any rates including 100 Hz and above the distribution is a similar Gaussian. The inte-
gration time of frames in the recording was such that the effective frames per second came
out to be 5 FPS. To achieve these integration times, 3 x 3 spatial binning was performed,
resulting in an effective pixel size of 165 umx165pm (25.599 x 10~* ygm~! in reciprocal
space at the target plane).
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5.3.2 Object Tracking
Cross Correlation Position Information

In order to compare the raw and TSFQCI recordings against one another, the location
of the cross-correlation peak is used to determine where the object is located within the
transverse beam profile for both recording cases as outlined in Equation (A.48) The tracking
of the object position is shown in Figure 5.9.

Comparing TSFQCI Recording vs Conventional Object Tracking

For the object tracking, the variance in the position of the object in each recording is
calculated as the sum of the squares of the deviations from the actual position of the object,
as given by the readout of an automatic translation stage. The variance of the position
of the observed image dropped from 263.821 um for the raw recording to 146.043 ym for
the TSFQCI recording (Figure 5.9). This corresponds to a drop in variance from 10.55%
of the object’s actual width for the raw recording to only 5.84% of the object’s width for
the TSFQCI recording. While this already is a nearly twofold improvement in tacking
accuracy, the variance in the TSFQCI recording is possibly being limited by the effective
resolution of the camera. This is because a spatial resolution of 165 ym on at the camera,
along with the magnification of the setup, means that the minimum possible variance in
the measurement for this object speed would be 90.318 um. Thus, with a better camera
resolution, the actual improvement in accuracy of object tracking may be even better than
what is seen in the results here.
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Figure 5.9: TSFQCI Recording and Object Tracking. The measured positions of the
image in both forms of the recording, as compared to the actual position of the object.
See the accompanying video for an example of these real-time recordings. The frame rate
for both recordings is 5 FPS. Note that the width of the object is roughly 2.5mm and thus
the variances are equivalent to 10.55% and 5.84% of the overall width of the object for the
raw and TSFQCI recordings, respectively.



Chapter 6

Discussion

6.1 Improvements to Multiple Quantum Imaging Tech-
niques

Taking advantage of the inherent robustness of GI against turbulent media along with the
speed and noise robustness of QI, TSFQCI opens the door to recording optically encoded
information through turbulent media with robustness against a noisy background on a sub-
second timescale. This brings quantum correlated imaging one step closer to real world
applications. These properties combined could establish the baseline for new developments
in quantum communication and sensing.

6.1.1 Speed of General Quantum Imaging

The TSFQCI technique demonstrates a clear advantage over direct imaging at the same
light level across all tested scenarios. This is true for the 5 second exposures, which are at
the speed of contemporary quantum imaging techniques. This further holds true for the 0.5
second exposures, which is faster image acquisition than contemporary quantum imaging
techniques. Even further still, the 0.2 second exposures which make up the recording is
the first demonstration of a quantum imaging-based recording with such a high frame rate.
All of this is a consequence of the superior noise robustness of TSFQCI as compared to
other quantum imaging techniques.

79
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Improving the Speed of Quantum Correlated Imaging Techniques

As mentioned in Chapter 1.2.4, quantum correlated imaging techniques generally suffer
from slow acquisition time, as a consequence of external noise sources. By modifying
quantum correlated imaging techniques to measure both time and space information of
each arm, alongside the other degree of freedom, the noise robustness can be significantly
improved. This is already shown here, as TSFQCI is equivalent to modifying ghost imag-
ing in this way, where it is evident that the noise robustness improved significantly, by
comparing the time filtered results to the TSFQCI results (compare Figure 4.1.C2 to E2).

6.1.2 Accuracy of General Quantum Imaging

The TSFQCI technique also demonstrates a clear advantage over direct imaging when it
comes to the robustness against distortions from turbulent media. Even when no noise
is added, the TSFQCI images depict an accurate image of the target as opposed to the
direct images which show distortions. This is unsurprising as this is the case for traditional
ghost imaging as well, however unlike in traditional ghost imaging, when external noise is
added to the system the TSFQCI image still is robust against distortions. While benefits
from ghost imaging were previously too sensitive to be utilized in any practical sense, the
improvements from TSFQCI allow for it to be practically applied.

Improving the Accuracy of Quantum Correlated Imaging Techniques

Quantum correlated imaging techniques have so far been limited to use in controlled lab-
oratory settings. As the technologies prove more and more useful, there is a chance that
they will be desired to be applied in outside of lab scenarios. Such scenarios bring with
them the issues of imaging through atmosphere, which can notoriously distort the light
used in the measurement, and thus the final measurement results. Further, even within the
laboratory setting, it is not uncommon for samples which are to be measured to need to be
contained within something in order to be measured. In microscopy, for example, samples
often cannot be suspended in free-space, and instead are often held between microscope
slides. These slides can introduce aberrations which are not trivial to correct for [20].
Similar aberrations can be imagined to be introduced in quantum correlated imaging as
the technology matures to the point of practical use.

In both cases outlined above, the distortions will lead to a decrease in accuracy of the
quantum correlated imaging as a result of the presence of distortions from turbulent media.
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The techniques described here for performing TSFQCI provide a mechanism which already
takes advantage of the quantum sources utilized in quantum correlated imaging in order
to solve this problem with minimal modification.

Improving the Accuracy of Real World Quantum LiDAR

Quantum LiDAR is a good early example of a quantum correlated imaging technique which
is already finding uses outside the controlled lab environment. As such, similar to classical
LiDAR, quantum LiDAR can easily suffer in accuracy from the effects of atmospheric
distortions of the signal. While the implementation would require some clever engineering,
quantum LiDAR could be made robustness against at least some portion of these distortions
utilizing techniques from TSFQCI.

6.2 Novel Techniques from TSFQCI

6.2.1 A Novel Object Tracking Technique in Noisy and Turbu-
lent Channels

For the first time ever, quantum imaging techniques were utilized to create a recording for
the sake of measuring the real time information of an object, specifically here the location of
the object. The object tracking accuracy showed an improvement when using this TSFQCI
method, including the qualitative assessment of the actual output recordings (see attached
video). The accuracy in tracking the position of the object was much higher in the TSFQCI
recording than in the raw recording, and is possibly limited from further improvement by
the resolution of the camera. Such a technique may have applications in tracking objects
within a noisy or highly turbulent environment. Generally, this shows strong evidence
supporting the effective use of quantum sources to measure dynamic processes.

6.2.2 Semi-Classical Encryption with Quantum Sources

Throughout the discussion of applications, it has been assumed that the distortions of the
wavefront of the light signal have been unintentionally caused. This does not generally
need to be the case, as the distortions can potentially be caused intentionally in order
to hide information. Consider the case of somehow spatially encoding information onto
the signal photons from SPDC using a transmissive mask (Figure 6.1). This information
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Figure 6.1: Semi-Classical Encryption. A schematic example of semi-classical encryp-
tion is shown here. The secret information to encode in this case is the image of a silhouette
of a cat, which the sender Alice encodes onto the signal photons from an SPDC pair. The
secret image is then intentionally distorted by Alice, and mixed with a background signal.
Alice also measures the time of arrival and spatial information of all idler photons from
the source. Alice sends the encrypted image to the receiver Bob over a free-space channel,
and sends the time of arrival and spatial information of the idler source to Bob over a
clear channel. Bob receives both sets of information, and uses them to decode the secret
message. A third party, Eve, attempts to intercept the message. Eve can tap into the clear
channel to gain the idler information, but to intercept the message requires splitting off an
irreplaceable percentage of the signal. To preserve Bob’s use of the message, the percent
must be low, and thus Eve is unable to resolve the secret properly.
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could then be intentionally significantly distorted to the point of no longer having any
directly recognizable spatial structure, and further could be mixed with some external
source, thus encoding the information. The signal and external photons can then be
transmitted through free-space channels, in which case at the measurement side they would
be measured along with more noise photons. On the sender’s side, the time of arrival and
position information of the idler photons can be measured, and this information would
not directly contain any information about the secret encrypted on the signal. This idler
information can be sent over clear channels. The sender would also need to communicate
full information about the optical setup on their side, in order for the receiver to know
how far from the source the idler information is measured, and also how far the source is
from the point of sending. This information could be communicated ahead of time, and
even further could simply be standardized. The system information, along with the idler
information, is considered with the measured mixed signal-noise photons information from
the free-space channel, and allows for the receiver to perform TSFQCI, and thus retrieve
the encrypted secret.

Reasonably, the question of how this is resilient to message interception is a fair one.
Consider a third party attempting to intercept the message. The third party would need
both the signal and idler information in order to retrieve the secret message. The idler
information is simple to retrieve since it is communicated via a typical clear channel,
however the signal information is not so simple. First, the third party can only intercept
a proportion of the signal information. This is because the amount of time it takes for the
signal to arrive at the receiver is a key part of how the secret message will be decrypted.
Further, since the signal propagates at the speed of light, there is no way for a third party
to intercept and then reproduce the signal without creating a time delay, which would
render the signal useless to the receiver. Second, even under the assumption that the
engineering feat of intercepting only a part of the signal is successful, it is important to
acknowledge that the signal is at a very low photon count, especially compared to the
added background noise. As such, much of the signal must be split off in order for the
third party to retrieve the secret. If much of the signal is split off however, the receiver
would not be able to recover the secret. As such, even if a third party is able to overcome
the high technical barrier of intercepting part of the signal, the secret message would be
rendered indistinguishable.
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6.3 Limitations of the Technique

For as beneficial as the TSFQCI technique is, it also has its limitations. Some of them are
clear from the prior discussion and interpretation of the results. Others are more subtle
and require careful explanation of more technical aspects of the TSFQCI process.

6.3.1 Extreme Scattering

The previous section lays out the upper and lower limits of the TSFQCI algorithm. Most
notably for discussion here is that of the upper limit. As mentioned, it is a consequence of
the total mixing of spatial information from signal photons with noise photons, resulting
in no extra noise benefits. This leads to TSFQCI being equivalent to traditional ghost
imaging.

6.3.2 Short Integration Times — Shot Noise

With very short integration times, the signal-to-noise ratios of both the temporal and
spatial correlations are very low. This is as a result of shot noise, where the variation in
the statistics of differing sources of light are indistinguishable from the variance due to
low photon counts. While this has minimal effect on the temporal filtering, due to the
smoothing procedure of the ¢(® filter, the effect on the spatial filter is significant. This
renders the ability for the algorithm to distinguish between real and accidental coincidences
minimal when distortions from turbulent media are present. This relates to the discussion
of the visibility vs. fidelity around Equation (2.36) as well, making the choice of system
and filter parameters in this case difficult. A full theory of TSFQCI would provide a guide
to minimize this problem.

6.3.3 High Noise

At very high background noise levels, specifically when the average number of photons per
pixel per time window approaches and exceeds |a|* > 1, there begins to be a new problem.
In this case, the likelihood for not only a noise photon to show up simultaneously in time
with an idler photon, but also in the expected anti-correlated location as an idler photon
becomes exceedingly high. This results in at least a 50% probability that an accidental
signal-noise pair will be chosen over a real idler-signal pair. Not only does this have the
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effect of missing over half of all possible real pairs, but also replaces those values with
accidental pairs. This results in a fourfold decrease in the signal-to-background ratio of
the resultant image, and such a drop in SBR scales quadratically with the increase in
external noise intensity.

6.4 Future Work

Since this work is at the forefront of a new and quickly expanding field, there are many
avenues down which future work can be pursued. A handful of ideas are mentioned con-
ceptually and briefly here.

6.4.1 Broadband Quantum Imaging

In Chapter A.1.1, it is mentioned that spectral filtering of the photons from SDPC helps
in assuring symmetric optical interaction of both photons from the pair when interacting
with the system and detectors. This allows for the high degree of temporal and spatial
correlations mentioned in Equations (A.16) and (A.9) to hold true. It is noted however
that one of the significant limitations of most quantum imaging techniques is the low
flux of the quantum sources. By considering a wider spectral range, quantum imaging
could be performed over a broadband range of frequencies. This could potentially modify
the temporal and spatial correlations, likely for the worse, however the improvement in
photon flux may be enough to counteract these losses. Further, the temporal correlations
are already orders of magnitude stronger than is detectable by convenient measurement
devices, and as such there is a lot of room for those correlations to weaken. The spatial
correlations are not as forgiving, however less spatial resolution may be practical for some
applications. For example, quantum correlated phase imaging only utilizes an effective
3 x 3 pixel resolution in the direction of propagation for measurement [76,79].

6.4.2 Scattering Characterization

Figure 6.2 depicts the basic concept of a characterization strategy based around TSFQCI.
In short, after performing TSFQCI through turbulent media (and GI through turbulent
media, though with lesser clarity), both the signal and idler images have the same SBR,
yet the signal image is distorted by the turbulent media, while the idler image is not. Since
the pairing of the photons between the two images is known, this paring can be used to
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Figure 6.2: Mapping from Undistorted to Distorted. Depicted here are the idler
(left) and signal (right) images after TSFQCI is performed through turbulent media. The
signal image is directly imaged through the turbulent media, and thus is distorted by the
media. The idler image never directly interacted with the turbulent media, and thus is
undistorted. The proposition is to determine what mapping S’ exists between the left and
right images, as this should explain the effect of the turbulent media.
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describe the mapping S’ from the undistorted image to the distorted image. This mapping
is the same as the mapping which takes the image before propagating through turbulent
media to the image after propagating through turbulent media. Thus, the mapping S’ is
equivalent to the mapping S from Equation (2.6), which described the effect of turbulent
media. In short, this characterizes the turbulent media in a single-shot measurement.

Unfortunately, there is another consideration which needs to be made. While this de-
scribes the effect of the turbulent media in the far field, it does not describe the effect in
the near field, or any other optical plane. This is because distortions from turbulent media
not only affect the position information of light as it propagates through it, but also the
momentum information. This can be summarized as a phase profile being applied to the
input light. As a result, in order to characterize this mapping, both position and momen-
tum information must be measured. This is technologically no problem, as there exists
measurement devices which can measure both these degrees of freedom simultaneously, like
the aforementioned Shack-Hartmann wavefront sensor, or even quantum correlated phase
imaging. One consideration is that as an effect of uncertainty, it is not possible to measure
both the position and momentum information of a single photon with absolute accuracy.
This means that the scattering can only be characterized so well, though in practice this
physical limit is well outside the precision of the detectors.

A further consideration which needs to be made is that the phase profile approximation
of scattering only holds true for non-volumetric scattering. When volumetric scattering is
introduced, a set of possible phase profiles can be applied to the input light as it propa-
gated through the turbulent media. Each phase profile is applied with potentially different
probability. This overall effect from turbulent media can be described as a general quan-
tum process. Quantum processes have been showed to be able to be characterized by a
technique called quantum process tomography, and in the context of using an entangled
photon system, can more specifically be characterized using ancilla-assisted quantum pro-
cess tomography [3,4]. The theory to support the functioning of this proposed work could
take up a whole chapter on its own, however it is still in the early stages of being devel-
oped. As a result, this is a very fruitful avenue to continue work in the realm of quantum
imaging, which would push TSFQCI towards a very practical real world application.
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APPENDICES

A.1 SPDC as It Relates to Quantum Imaging

The process by which one pump photon is converted into a signal and idler photon is cer-
tainly an interesting subject in and of itself, however in the context of quantum imaging the
total details are not so important. Briefly, SDPC is made possible via a pump electromag-
netic field undergoing a nonlinear optical process in a medium with a x?) nonlinearity (e.g.
a crystal with a non-centrosymmetric crystal structure like potassium titanyl phosphate
(KTP) crystals, or barium borate (BBO) crystals), resulting in the spontaneous production
of a biphoton state made up of a signal and idler photon entangled with one another. Of
principal interest to quantum imaging are the correlations between these signal and idler
photons as they relate to the pump field.

The energy and position correlations were conceptually introduced previously, but will
be investigated in more detail here. Specifically, it is common to discuss these correlations
under the assumption of a perfect pump and perfect nonlinear medium. In reality, the
pump is typically a real coherent beam with a Gaussian profile and the nonlinear medium
is a nonlinear crystal with finite size. These details are important when it comes to properly
creating the system design and filters necessary for TSFQCI to function. Most of the ideal
theory here comes from the following sources: [15,22, 62, 74], which are all rich references
for overviews on the classical and quantum descriptions of SPDC.

It is worth noting that the version of SPDC in mind here is that of type-II, though
most of the theory, aside from some of the phase matching details, applies to SPDC of
type-0 and type-I as well.
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A.1.1 Energy Correlation

As mentioned previously, the energy correlation of SPDC leads to a degeneracy in the signal
and idler energies, and is important for assuring symmetric optical interaction and filtering
efficiency of the two photons. One unmentioned importance, however, is that the energy
and momentum of a photon are not independent properties. In fact, since the speed of light
in a media is a wavelength dependent property, the momenta anti-correlation necessary for
quantum imaging to function will need to consider the wavelength of the photons as well.
This introduces two new degrees of freedom which need to be considered, and increases the
state space of the problem significantly by adding two new dimensions to it. Such a state
space would be too complex to sufficiently filter, and as such nearly perfect degeneracy of
the SPDC photons’ energies must be assured.

Ideal

The energy correlation of the photons was depicted visually in Figure 1.1.C, and this
depiction will be described with mathematical rigor here. Variables subscripted with ¢ and
s will indicate whether the variable refers to either the idler or signal fields, respectively.
Likewise, variables subscripted with p will indicate that the variable refers to the pump
field. Using this convention, the energy of the signal and idler fields are related to the
energy of the pump field as

hw, = hw,s + hw; (A.1)

where w is the angular frequency of the respective field. Since SPDC is an isolated process
where a single pump photon is annihilated resulting in the signal and idler photons being
created, this relation is absolute because of energy conservation. In the case of degenerate
SPDC this is often simplified to N

p
7.
While Equation (A.1) is exact, Equation (A.2) is not necessarily. Instead, there is some
uncertainty in the degeneracy which results in

(A.2)

Ws = W; =

wsz%iéw and wi:%$5w (A.3)

where dw is the uncertainty.
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With a Coherent Guassian Pump

The previous discussion assumes that there is an exact frequency of the pump photon,
however when considering a real source for the pump this is generally not true. Instead,
real single frequency sources have a linewidth. In this case, the linewidth can be indicated
by an uncertainty in the pump frequency, resulting in the frequencies of the signal and
idler fields becoming
wy £ dw wy £ dw

Wg = % +dw and W; = % F ow. (A4)
The result of these two considerations is that the total variance between the frequencies of
the signal and idler fields becomes

dwp

0 (Jws — wy]) :5w+7. (A.5)

After Filtering

In order to assure the energy degeneracy of the photons, spectral filtering is necessary. A
spectral filter will set an alternative limit to the variance between the frequencies of the
signal and idler fields described in Equation (A.5), resulting in

5 (|ws — w;]) = min law + ‘5—‘2"1” 5ﬁ1ter} (A.6)

where dgye; is the width of the filter. In order to prevent the issues from the non-degeneracy
of the signal and pump energies, ¢ (|ws — w;|) must be small enough that the difference be-
tween the final displacement of the signal and idler photons at the measurement plane is
less than the spatial and temporal resolution of the measurement device. If this is guar-
anteed, then the perfect energy degeneracy described in Equation (A.2) can be considered
to be sufficiently true.

A.1.2 Spatial Correlation

Unlike the energy correlation, the spatial correlations between the signal and idler photons
is crucial to the function of quantum imaging. Without spatial correlations between the
photons, there would be no way to perform quantum imaging of the system. A weakening
of the correlations still allows quantum imaging, but the resolution of the resultant image
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will worsen proportionally. As such, understanding the actual correlation strength at the
image plane is important in determining the possible final resolution of the system, which
further affects the design of the TSFQCI filters.

Ideal

The spatial correlations of the photons are depicted visually in Figure 1.1.A and 1.1.B.
The two correlations, in the location of generation of the pair, and in the momentum of
the photons in the pair, have different effects on the final system. First considering the
location of generation correlation, if the generation of the pair to is considered to occur at
time ¢ = 0, then

75(0) = 3(0) = Z(0) (A7)

where w5 (t) denotes the (x,y,2) position at time ¢ of the signal and idler photons,
respectively, and Z(0) is a convenient label to more directly discuss this actual position in
space. As a result, the optical path length traveled by both of the photons in the same
amount of time is identical and given as

t t
Aoy = / I3 ()]| dr = / ()]l dr. (A8)

If there is an optical path length difference between the two photons upon arrival at the
measurement devices, then the expected dToA of the two photons can be directly calculated
as

’As _ Ai’
c

dToA = (A.9)

where ¢ is the speed of light in vacuum.

The other spatial correlation, which is the key component that allows for quantum
imaging with SPDC, is that of momentum correlation. More specifically, it is a momentum
anti-correlation which occurs at generation of the photon pair. This anti-correlation is a
consequence of the phase matching conditions required for SPDC to occur. Assuming
perfect phase matching, the momentum anti-correlation can be represented as

hky + hk; = hik, (A.10)

where the k is the normalized direction of the momentum, also referred to as the wavevector.
Typically, the h factors are left out, and further the wavevector of the pump photon is often
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assumed to be orthogonal to the measurement plane. Thus, only the transverse components
of the signal and idler wavevectors are considered such that the correlation becomes

ks,a} + ki,az =0 and k&y + ki,y =0. (Al].)
Assuming that kr = (k,, k,), this can be simplified to

where 0 = (0,0) € R2.

With a Coherent Gaussian Pump

The previous discussion makes the assumption that the pump photon is a plane wave which
is always propagating orthogonal to the measurement plane, and also along the non-linear
susceptibility axis of the medium. In reality, the pump photon will be coming from a
coherent Gaussian beam, and thus there will be some variation in the direction of the
pump photons’ propagations. This variation is partially in the transverse component of
the pump photons’ wavevectors, and so this modifies Equation (A.12) to become

k2 + krill = 8,z + kril]) (A.13)

where 5p(||k;s + kpy]|) is related to the transverse component of the pump variation. This
transverse component has been show to be equivalent to

- - 1 1
Op([|krs + ki) = 2 e (A.14)

where £2 is the coherence length of the pump and w is the beam waist of the pump [23].

With a Finite Sized Crystal

The use of a finite sized crystal as the nonlinear medium also affects both of the spatial
correlations mentioned here. While the difference in location of generation of the individual
photons in the pair is not changed by a finite-size crystal, the location where the pair is
produce within the crystal is no longer fixed to one spot as previously assumed. While
Equation (A.7) still holds true, position #(0) is varied such that it could occur anywhere
within the nonlinear crystal. This results in some added variance in the expected dToA:
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0(dToA) o< L/ec, where L is the length of the nonlinear crystal. Typically, the crystal length
is on the scale of 1072 m, and as such §(dToA) oc 107'%s, which is orders of magnitude less
than the precision of typical ToA measurements for quantum imaging. As such, this effect
is negligible in the context of the location of generation correlation.

For the momentum anti-correlation however, this effect is non-negligible. The momen-
tum anti-correlation of the transverse components of the signal and idler photons described
in Equation (A.14) is not effected at the plane of creation of the photon pair, however since
the plane of the photon creation varies, while the position of the measurement plane does
not, this will have an effect at the point of measurement. This can be understood by con-
sidering the angular spread of the photons when they are generated. Typically, for type-I1
SPDC in a periodically poled KTP (ppKTP) crystal, the angle of the photons from the
optical axis is dependent on the temperature of the crystal [10]. This dependency is non-
trivial, and related to phase matching in a periodically poled crystal, and so for the sake of
this discussion will simply be represented as 0pa(7"). Photon pairs which are produced at
opposite ends of the crystal will both have the same angular spread, but since the photons
in the pair produced at the leading edge of the crystal will be diverging from the optical
axis at a rate of csinfpa(7), this will result in the maximum of the uncertainty in the
measured photon pair momenta difference being

8.(||krs + kri||) = LesinOoa (7). (A.15)

Thus, at the measurement plane, the variance in the anti-correlation of the momenta
between signal and idler photons can be taken as

0k = 8,(|[krs + krall) + Sc(|lrs + Ers))

1 1 ‘ (A.16)
= £—2 m + LC Sin 90A<T)

which it is worth noting is a positive scalar quantity.

With the proper choice of pump, crystal, and temperature, 0k can typically be con-
strained to be on the scale of 1073 m or less at the imaging plane. This scale determines
the lower bound for the spatial resolution of a quantum imaging setup.

A.1.3 Other Theoretical Considerations

A few more details are important regarding SPDC as it will be utilized in this quantum
imaging setup. As alluded to in the previous section, type-II SPDC is the type of SPDC
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which is considered for this setup. In type-11 SPDC, assuming a pump photon with a linear
polarization [H) , the biphoton state produced will be

_H) e V), +V), @ [H),
V2

where |-) ;s Tepresents the polarization state of the idler and signal photons, respectively.
Note that |A), ® |B), may be used interchangeably with |A, B) for any properties A and
B that are entangled in the biphoton pair state.

®) (A.17)

Another alluded to detail is that the crystal used will be a periodically poled crystal.
This has an effect on the phase matching outlined in Equation (A.10). Namely, it results in
the addition of a term relating to the poling period of the crystal on the left-hand side of the
phase matching equation. This term is temperature dependent, and is typically denoted
as A(T) (not to be confused with the optical path length Ay ;3 from Equations (A.9)
and (A.9)). This temperature dependency of A(7T') is what gives rise to the temperature
dependence of 0pa(T'), but otherwise does not affect the final correlations.

The last detail to mention is that, especially when the intensity of the pump is high,
SDPC is not limited to producing only single pairs of photons at one time. Generally, the
quantum state output from SPDC can be described by a two mode squeezed vacuum state,
which in the photon-number basis is represented as

1 : n
|S(r,¢)) = Z (—e " tanhr)" |n;, ng) (A.18)

coshr

n=»

where r is the strength of the squeezing and ¢ the phase of the squeezing. For SPDC
r o X(z)EpL and ¢ is just the phase of the pump field [22]. Thus, the probability of
generating any SPDC light from each pump photon is

D 1S(r,0))n,n| =

Ztanh% r=tanh’r ~7? st r <1 (A.19)

cosh? r
n=1

and thus is o (X(Q)EpL)2. Similarly, the probability of generating multiple pairs is

3180, ) nl = —

cosh? r

o0
Ztanh2" r=tanh’r ~ 7! st r<1 (A.20)
n=2

and thus is (X(z)EpL)4. The chance of generating the states |2,2), |3,3), ... is not very
likely with a weak pump, however the ratio of multiple pair states to single pair states is
1S (r, ¢) 1, 1] tanh® r 4
— = ~rtostor<l A.21
S, [S(r o] cost?r 2y
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and again o (X(z)EpL)Q. It is worth noting that in the case where there is higher-order
pair generation, that these states will not follow the spatial correlations outlined here. The
probability of generating a single pair as compared to no pairs or multiple pairs is

~reostor<l1 (A.22)

and thus is o (X(Z)EPL)2.

It is also useful to consider that, upon the detection of for instance the idler photon,
the state of the signal photon then becomes

Trif|S(r, @)NS(r, @) = > tanhr®" [n)(n] (A.23)

cosh? r

which is a mixed thermal state. The same is true when considering the state of the idler
photon predicated on the detection of the signal photon. In isolation however, looking at
only the idler (or signal) output port results in a mixture of Fock states as

i) = |s) = ! Z (e tanh'r’)n |n) (A.24)

coshr

which again is similarly unlikely to be found with the states |2), |3), ....

A.2 Distortions from Turbulent Media and Noise as
They Relate to Quantum Imaging

A.2.1 Distortions from Turbulent Media

Many different distortions can arise from light propagating through turbulent media. For
the sake of this study, the physical mechanism of action of these effects is not relevant
beyond identifying which effects only modify photons, rather than creating or destroying
photons. That is, only effects which do not require the absorption or emission of photons
are considered as distortions from turbulent media. This is because the absorption and
then re-emission of a photon can allow for the momentum, energy, and even locality of the
re-emitted photon to be modified compared to the absorbed photon. For example, Raman
scattering is inelastic, and thus the energy of the re-emitted photon may be different from
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that of the absorbed photon, and also the direction of propagation can be similarly mod-
ified by the photon interaction modifying the momentum of a material particle. Another
example is that of absorption of a photon at a diode junction. The absorption converts the
photon into an electrical differential, which then propagates to another diode junction in
some other location, where the electrical differential then results in the emission of another
photon. This process would lead to a non-locality of the photon from the perspective of
the optical field. It is also worth noting that “distortions” and “scattering” from turbulent
media are terms which can be used interchangeably.

With the details on the type of distortion out of the way, the effects of these distor-
tions can also be described. In general, the effects of distortion can be described by light
propagating after being exposed to a (possibly statistical) mixture of phase profiles. These
phase profiles are only constrained by being described on a disk, being continuous and dif-
ferentiable, and being within the range of [0,27). An often used basis to describe profiles
of this type are the Zernike polynomials (Figure A.1). The Zernike polynomials describe
an orthogonal basis over the unit disk, and can be used to describe any phase profile on a
disk via up- or down-scaling.

The definition of the Zernike polynomial is

e [ Rr(p)cos(mg) m >0
where R"(p) is the radial Zernike polynomial. This polynomial can be calculated in mul-
tiple ways, though the one chosen here is to calculate it as

m( \ — (_1)\(nl=Im))/2 m| p(Im].0) 9.2

R p) = (=1) P P Zjmpy 2 (1 = 207) (A.20)
where P> (z) is the Jacobi polynomial of degree n, the form of which will not be discussed
for brevity. This form was chosen for convenient computation of the functions, however
there are also closed-form representations of R]"'(p) which rely upon the sums of factorials.
Generally, the form of these radial Zernike polynomials is that of the positive range of a
sinusoidal function rotated around the origin of a polar system, examples of which can
be seen in Z{, Z9, and Z) in Figure A.1. As an alternative, there exists other indexing
methods for Zernike polynomial coefficients, like the OSA + 1 method, which indexes the
coefficients as Z;(p, ¢) = Z"(p, ¢) such that

j= W 41 (A.27)
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Z] =Zg

25 =Zg

Z3_1 Zg =Z; ZlO =Z§

211 =Z4_4 212 =Z4_2 Z].3=Z‘(‘J Zl4=ZZ 215 =Zg

Figure A.1: The First 15 Zernike Polynomials. Depicted here are the first 15 Zernike
polynomials. They can emulate the effects of multiple different aberrations on the phase
profile of a light beam wavefront. These aberrations are outlined in Table 3.1.
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A resultant phase profile is a linear combination of Zernike polynomials

Jeutoff

D(p, ) = Z ¢ Zi(p, ) (A.28)

where {c;} are the coefficients of each Zernike polynomial, and jeytos is the cutoff coefficient
of the highest utilized Zernike polynomial. In theory jeuos — 00, however in practice this
value will be finite. For a single phase profile, it can be applied to an existent electric field
as

Eou(p, ¢, 2) = PP Ein(p, ¢, 2) (A.29)

which can then propagate through space.

To be more general, multiple phase profiles can apply probabilistically to the electric
field, and at different locations, and for different durations of time. Such a complex ap-
plication of phase profiles can be mathematically represented, however for the sake of this
study such an explicit representation is not necessary. Instead, this study only pertains to
the modifications of the transverse spatial profile of the electric field after being distorted,
as compared to the transverse spatial profile of the electric field without being distorted.
Assuming that the electric field without distortions at the measurement plane would be
E(p, ¥, zm), then this application of phase profiles can be described by the mapping

S:E(p,p,zm) = E(p*, ¢, 2m) (A.30)

where the mapping only changes the variables p and ¢ into p* and ¢*, and does not affect
the actual underlying data. Note that this mapping is not necessarily injective — that is,
one value of p or ¢ can map to multiple values of p* or ¢*. This is due to the probabilistic
application of the phase profiles.

A.2.2 Noise

The concept of background noise can take many forms, as it can originate from a multitude
of different sources. These sources include both real sources like incandescent lights, LED
lights, the Sun, and laser sources, as well as electronic sources like electronic noise and
sensor dark counts. Each of these sources follows different photon number statistics, though
generally they will either be Poissonian or super-Poissonian in nature. A practical quantum
imaging scheme would be exposed to a summation of multiple of these sources. As more
sources are introduced, and for a high enough overall intensity, the photon number statistics
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Photon Number Statistics for Different Sources ({n) =5)
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Figure A.2: Photon Number Statistics for Different Sources. Here example photon
number statistics are shown for two sources with the same average photon number (n) = 5.
The Poissonian statistics are for a coherent state, and the Bose-Einstein statistics are for
a thermal state.
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will simply approach that of Poissonian statistics. This arises simply from the summing of
different statistical sources, the justification for which is given in the following paragraph.

Consider there to be N sources, where each source is a single-mode thermal distribution
of approximately the same average intensity I; ~ 7i;, where ; = (n;) is the average
expected photon number per unit time for the j* source. The expected photon number
per unit time of all these sources combined is

N
n=>Y nj=Nn;~1I (A.31)
j

It is known that each source will then have a variance in expected number of overall photons
arriving of
2 e P
A nj = nj —|— nj ~ nj, (A32)

as the photon statistics of a thermal source follow a Bose-Einstein distribution of the form

b= (n)l—l—l <<n<>n—|>— 1>n (A.33)

an example of which can be seen in Figure A.2 for (n) = 5. The sources are assumed to
each be independent. In this case, the variance of all the sources combined is then

N
A’n =Y A’n;=N(n;+05) =n+ —. (A.34)
i

These sources are assumed to be classical, and of relatively high intensity, and thus since
n is large = 72 > n. This approximates the variance of the sum of all the sources as

An~n~T (A.35)
which is described by a Poissonian distribution. The photon number statistics for a Pois-
sonian distribution are given by

Py=——>" (A.36)

an example of which can be seen in Figure A.2 for (n) = 5.

The spatial distribution of the arrival of photons from these sources will follow no
pattern, and thus there will be no spatial correlations. For a combination of sources,
the profile will likely be flat, while for a laser source the profile will follow that of the
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Noise Source Transverse Spatial Profiles
Super-Guassian (P =15)

Uniform

Gaussian (P=1)

Figure A.3: Noise Source Transverse Spatial Profiles. Three different noise source
transverse spatial profiles for Gaussian (P = 1), super-Gaussian (P = 5), and uniform
sources. All three have the same scale, and are normalized such that the integral over the
whole displayed area is 1. As P — oo, the super-Gaussian quickly approaches a uniform
source.

laser, which is typically super-Gaussian. Examples of these spatial profiles are shown in
Figure A.3. A super-Gaussian profile can be described by

2P

G(r,P)=e¢" (A.37)
where r is the distance from the beam center, and P is the power of the super-Gaussian.
G(r, P) will quickly approach a uniform profile as P — oo.

A.3 Signal Metrics

To quantify the efficacy of any imaging setup, it is necessary to define observable metrics.
There are many different metrics which are worth investigating, but for the sake of this
investigation the signal-to-background ratio, the signal-to-noise ratio, and the fidelity are
the main metrics of interset.



A.8. Signal Metrics 111

A.3.1 Signal-to-Background Ratio

The signal-to-background ratio (SBR) can be calculated theoretically for an image as

SBR = 15t (A.38)

Hnoise
where i is the average number of events per pixel in the area indicated by the subscripted
region. Note that for this section, the use of the word “signal” refers to any photons from
SDPC, rather than the signal photon from the pair. To distinguish this, the subscript
“sig” is used in equations. While this is the optimal theoretical calculation, determining
these values requires knowledge of the signal counts, added noise counts, dark and ambient
counts, and signal area, which are all non-trivial values to calculate from the data.

The first value to be determined is the contribution to the event counts from both
the dark counts and ambient photon events, collectively referred to here as “background”
events. These background events are only part of the overall noise along with the added
noise, however to calculate the amount of added noise alone, as well as to calculate the
number of events attributed to only the signal, these quantities must all be determined
separately. Defining the background can be done by taking a region of the image where no
signal is present and calculating the average value of each pixel in that region. The area of
the region is given as Ay, and the total number of events in that region is Npe. In order
to minimize the effect of the radial variance in the background intensity, the background
region can be chosen to occupy a region of the image equidistant from the center of the
image region as compared to the to-be-selected signal region. The average background rate

value can then be calculated as
_ N bg

Hovg = Abg
which will need to be re-calculated for each image.

(A.39)

Calculating ji4, poses a challenge since the signal has an undetermined and potentially
probabilistic spatial profile. Thus defining the signal region is difficult. The signal counts
Nsie can be found by taking a calibration measurement which has no added noise, and
defining a region with area Ag, which encompasses the signal. The number of events in
that region are counted as Ny, and the number of background photons in the signal region
can then be estimated by using the previously calculated uy,, and signal area. This results
in

Nsig = NA - ,UJbgAsig' (A40)
The value of ji5, can then be calculated as
Nsi

sig
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however, it is important to note that Ay, should be very tight around the signal to best
estimate the true value of pgg.

Finally, calculating pi,oise requires a similar, yet slightly modified approach as calculating
lsig- The number of total noise events Npgise Within Ag, can be found from all events
within the region Ag,. This quantity is represented to as N, and differs from N, in
that NN, is calculated based on the number of both signal and noise counts in Ag, for
each measurement, whereas Ny, is based only on the signal counts in that region, and is
assumed to be the same for all data sets as it was calculated one time from a calibration
data set. Based on this, the number of noise counts can be calculated as

Nnoise - NA - Nsig <A42)

where it is important to note that this assumes that Ny, is thus implicitly included in
Nhoise- Further, it should be pointed out that this value a is good approximation, though
it is not exact, even if the flux and profile of the signal is the same as it was during
the calibration measurement. This is because there will always be a variance in number
count of photons at any specific pixel due to the statistical nature of light. This variance
is minimized by taking longer integration times, however since the measurements of the
pixels are considered as an ensemble, the variance from each pixel is multiplicative over the
whole set of pixels. Thus, this approximation can be made more accurate by a combination
of longer integration times, as well as larger values of Ag,. The value of fineise can then be
calculated as

Mnoise = Nnoise/Asig <A43>

again with the caveat that Ag, is tight. This value can be used to determine the SBR
using Equation (A.38).

A.3.2 Signal-to-Noise Ratio

The signal-to-noise ratio (SNR) can be calculated theoretically as:

SNR = s (A.44)

Onoise

where fi4, is calculated from above. The value of opise can be determined by

Nnoise, — Mnoise
Onoise = Z 2 . <A45)
Vpe{sig} 518
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where {sig} is the set of all pixels in the region defined by A, and Nygisep is the number
of noise counts in pixel p. This presents a practical problem though, as to accurately
estimate how many counts in a particular pixel are from noise events requires a very long
integration time. This is because, similar to the estimation in Equation (A.42), the error
of the estimation is dependent on the error of each pixel in consideration. For the SBR,
the measurements on each pixel are considered an ensemble, and thus the total error of
the measurement is multiplicative over the pixels. For this estimation of SNR however,
the pixels are not considered an ensemble, and instead are summed. This causes the error
from each pixel’s measurement to be additive rather than multiplicative. Thus, a very long
integration time is needed to minimize the error in this measurement. Since most of the
exposures in this work are generally short, this metric will have very high error, and is
impractical.

To standardize the variables from the last two sections for a measurement with any
integration time duration, take every mention of counts (N), average (i), and standard
deviation (o) as per second.

A.3.3 Fidelity

Since op0ise cannot be accurately calculated, an estimate for SNR which scales similarly to
the SBR is desired. Further, since the structure of the target will be able to be changed
by the distortions introduced from turbulent media, this estimator should further indicate
how similar a final image is to an objective target. Such an estimator is the fidelity
metric. This fidelity metric is based on performing a zero-normalized-cross-correlation
measurement, between the final TSFQCI image and a reference image. Because this fidelity
metric normalizes by the standard deviation of the whole image measurement at once, the
error of the metric scales well by both the size of the image and the integration time of the
measurement.

A zero-normalized cross-correlation measurement consists of scanning a reference image
over all possible locations of the target image, and calculating a value. This value, referred
to as the cross-correlation value CXC(z,y) is calculated as

1 1 o T _
(nz,ny,) + (nxmy,) ;yarat rle =2y = ¢) = ) {{lay) = u) (A.46)

V{(z",y) : 2’ € Z < nx, +nxy,y' € Z < ny, +ny, }

CXC(«',y) =

where nz and ny are the number of pixels in the x and y axes of an image, o the standard
deviation of the pixel values in an image, and u the average of the pixel values in an image,
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Zero-normalized Cross-correlation
CXC(x',y")

Reference Target
r(x,y) t(Xx,y)

Figure A.4: Zero-Normalized Cross-Correlation. An example of a zero-normalized
cross-correlation measurement between a reference and target image. In all three images,
white is a value of 1, while black is a value of 0. The width of the CXC image is the sum
of the widths of the reference and target images, while the height is the sum of the heights
of the reference and target images. The maximum of CXC occurs at the center, indicating
that the location of the target within the target bounds is the same as the location of the
reference within the reference bounds. The value of CXC at this location is 0.7, indicating
a 70% similarity of the target image to the reference image.
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each calculated for both the reference and target images, respectively. An example of this
measurement is shown in Figure A.4.

The fidelity is the value, as a percentage, of the maximum of CXC(a2’,y’) such that

Fidelity(t(z,y)) = max [CXC(a', y)] (A.A47)
is the fidelity for some image t(z,y). Further, the location of the maximum, (2] .., ¥\ .x),

is the location within the CXC image space where the reference image overlaps the target
image maximally. As such, the location of the center of the target within the target image
space can be calculated as

(xtv yt) = (x;nax — Ny, yrlnax - nyt) (A48)

A.4 Calculating Spatial Filter Accidentals and Accep-
tance Probabilities

For this section, g(z;" + #3) will be assumed to be some symmetric 2D Gaussian with
variance in all directions of dz. In order to utilize a spatial filter, one of two approaches
can be taken: (1) the photons are accepted/rejected based on the probability density
function of the correlations at the point in that function space where the pair exists, or
(2) a threshold value on the correlation probability density function is set and any pairs
which exists at a point outside that radius in the function are rejected, and any inside
are accepted. In implementation (1), the likelihood of accepting any specific photon pair
(zi,7,"), regardless of the origin of the photons, is given by
g(@ + )

Pi(F,5)) = (A.49)

gmax

where gnax is the maxeo[g(z; + 23)] V(7;, 25) € C. Implementation (2) has the likelihood of
accepting any specific photon pair (7', 7') as

where TI(t/Znresn) is the rectangular function which is valued 1 where ¢ < Zypesn and 0
otherwise.

With either filter, there is a chance that even a true signal-idler pair will not be co-
incidenced, and similarly that a false noise-idler pair will be accidentally coincidenced.
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Considering each of these scenarios is important in selecting which filter to use. For filter
(1), the chance of rejecting a true signal-idler pair can be considered by finding the proba-
bility of a photon pair being rejected multiplied by the likelihood of that photon pair being
generated. Since g(#;' + ') is symmetric, this problem can be simplified by performing
the variable remapping ||} + #’|| — ', which remaps the space C' — ||C||. Thus, the
probability of a true signal-idler pair being rejected by the filter is

Py = /” = PG lg e

2| As| 7! 2

gmax

1
=1-——=~0.293 A5l
7 (A51)

since gmax = (20z/7)~! as per the definition of a normalized Gaussian.

Similarly, the chance of accepting a noise-idler pair with (1) is the probability of ac-
cepting a noise-idler pair times the likelihood of that pair generating. Since the noise
photon and idler photon are uncorrelated, and the noise photons’ locations of arrival are
evenly distributed throughout Ay, the chance of any specific pair generating is equal over
A; ® A,. This unfortunately is no longer a symmetric problem, and so to perform the
integration requires understanding the remapping of variables in more detail. During the
remapping, the uniform distribution over the 4D space A; ® A5 becomes a normal distribu-
tion in the 1D space ||C|| via two steps: first an addition of two uniform normal variables
in (7, 7s) — T; + T, followed by the squaring, adding, and square rooting of the uniform
variables from the previous space in &; + @ — ||T; + 75|

To calculate the final distribution of (7}, zext) in ||C|, the distributions of the compo-
nents of each vector are first considered. For x., both the x and y components follow a
uniform random distribution with width y/|A|, and thus equal variances

(A.52)

The distribution of xe is then uniform random with width |Ag|. The distribution of
can in practice be not so simple, but for the sake of this argument it can be approximated
to be similarly uniform random with width |A;|, resulting in the equal variances of each

component being
VI A;
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When performing 2 = 2} + Zey the distributions in x4, and ., will both become normal,
with equal widths of

|Adl |As| |As|
0x, = 0x; + 0Texs = \/12 + \/12 = \/6 (A.54)
since |A;| = |As| by definition in Equation (2.2). Since 7} is a multivariate Gaussian

distribution, it is known that the distribution of |27 | is given by a x distribution. More
specifically, since x} is two-dimensional, the distribution is that of a Rayleigh distribu-

tion [60] with variance of d2%, which is of the form
€ 2 4
_ —z%/(202%)
1296x 648 2/|A |2
= — TS A.55

Using the Rayleigh distribution above to represent the distribution of pairs in the ||C/|
space, the chance of an accidental is

P, = Py (2" x(2)dx'
/C| (@) x (@)
L[ i,
Icil

gmax

21451 1206 —6asa? a2
= €Te \As|2 262
o A

1296522 <1 _ 67259272|A3\2/5$2>
| Ag)2 + 1296622

which is again, a difficult function to interpret analytically. The graph of this function
in Figure A.5 shows that the scaling of this probability with the ratio of dz/|A,| is ap-
proximately quadratic at tighter filters, before quickly leveling off to likely pair each idler
photon which is missing a signal photon with a noise photon. In conclusion, for filter
(1), the chance of an accidental grows quickly and quadraticallly with the width of the
correlation, while the chance of a missed real pair is 29.3%.

(A.56)

For filter (2), the probability of a missed signal-idler pair occurring is the portion of
g(z") which is not within the distance xypesn. In other words, after performing the same
variable remapping as above, |2/| < Zipresn. This portion is equivalent to

Zthresh xthresh
Py = 1— Py 2|dz' = 2N|dz' =1 — erf A57
= [(1= P lgtlar = [l (Ge=t) s
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10 Probability of Accidentals from Spatial Filter (1)
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Figure A.5: Probability of Accidentals from Spatial Filter (1). Shown here is the
probability of a noise-idler pair being accepted when using spatial filter (1). Of note, is
that the probability of accidental acceptance increases quickly with the square of the ratio
of the coincidences’ width to the size of the |A,| region (dz/|A4])°.
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10 Probability of Missed Real Pairs from Spatial Filter (2)
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Figure A.6: Probability of Missed Real Pairs from Spatial Filter (2). Shown here
is the probability of a signal-idler pair being rejected when using spatial filter (2). This
probability quickly approaches 0% as the ratio of Zipesn/d2 increases. The value of P
is also shown for comparison.



A.4. Calculating Spatial Filter Accidentals and Acceptance Probabilities 120

where erf(z) is the error function. The graph of this function in Figure A.6 shows that the
probability of missing a true pair quickly approaches 0% as the ratio of Ziyresn/d increases.
For instance, a choice of Zpresh = 202, which is twice the variance of g(a;?’ ), has a 4.5%
probability of true pair rejection.

As for accidental noise-idler acceptances, the distribution y(x) must again be consid-
ered. Using the same definition as given in Equation (A.55) for x(x), the probability of a
noise-idler accidental acceptance is

Py :/PQ(x’)X(x')dx'
Cxthresh
= / x(z")dz!
0

2
— 64824} rosh

N e v A (A.58)

To more easily compare this function, it is graphed for multiple x¢n.esn values, which are
multiples of dx in Figure A.7 alongside Pj«. It can be seen that, while the probability
of accidentals acceptance is generally higher than it is for filter (1), it is still comparable,
especially for strong correlations. In conclusion, for filter (2), the chance of an accidental
acceptance grows similarly to how it does for filter (1), while the chance of a missed real
pair can be made very low, especially compared to filter (1) where this metric cannot be
controlled. As such, filter (2) will be considered for the rest of this thesis.
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Probability of Accidentals from Spatial Filter (2)
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Figure A.7: Probability of Accidentals from Spatial Filter (2). Shown here is the
probability of a noise-idler pair being accepted when using spatial filter (2). The probability
for multiple threshold values xiyesn are shown, where the thresholds are multiples of dx.
The probability of accidentals from spatial filter (1) Py is also shown for comparison.
Generally, the filters have a higher, though comparable, accidental acceptance probability
as compared to filter (1).
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A.5 Processing Events from the TPX3CAM

The TPX3CAM device is able to stream information at up to 10Gbit/s, with an average
of 5 — 20 million events being communicated per second. As a result, the parsing, pro-
cessing, and analyzing of the data from the camera requires very careful consideration and
optimization in order to be performed in a feasible amount of time. Further, especially for
exposures longer than a few seconds, the size of the data sets are typically on the scale
of > 100GB, and can require over 1000GB of computer memory to process in total. As
such, big-data processing techniques must be employed in order to arrive at results without
extensive use of computer clusters.

A.5.1 Parsing Events

The TPX3CAM device outputs events as a binary data stream, where each event corre-
sponds to a 64-bit long word. These words can represent multiple different event types,
but for the sake of this work only the “Pix” event type is of importance. The parsing of
a pix event is shown in Table A.1. There are two methods by which the events can be
retrieved from the TPX3CAM device. The first is by a direct data stream from the camera
during acquisition time. The second is by retrieval from a raw data stream dump file after
acquisition time. The former method requires communication with a Java server in order
to request and receive packets, while the latter simply requires locating the file on disk.
As a result, it is more convenient to read from the file than from the direct data stream.

In order to preserve the nearly-sorted order of the data as it is in the file, the parsing
of the file is done serially. To efficiently iterate over the byte steam in the file, and also to
perform the bitwise operations efficiently, the code to parse the files is written using the
Rust programming language [2]. This program simply iterates over each 64-bit word in
the file, and then performs the parsing outlined in Table A.1.(a).

A.5.2 Clustering Intensified Photon Events into Single Photon
Events

As mentioned in the previous chapter, when a single photon event arrives at the intensifier,
it creates O(10°) photons, which then trigger some number of pixels on the detector. As
a result, the arrival of a single photon results in many events on the camera which can be
spread in time by up to 100ns, and spread in space by up to 500 yum. In order to gain
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Data | Type(0xB)  DCol SPix  PixRaw  ToA SPIDR
Bits ‘ 60 — 63 93 —59 47—-52 44-46 30—43 —=15
(a) Pix Word Parsing Table

o

0b [[011][@110101][011001] [001] [(0000110011011] [(0001011000] 0101/ [0000000000000001)
Pix 53 25 1 411 1
(b) An Example of a Parsed Pix Word

X =255 — (4(25) + 1) = 154 pixels
Y =255—(2(5 { J) = 149 pixels

ToA = 409600(1) + 1.5625(4(111) + (15 — 7)) = 419890.625 ns
ToT = 25(5%) = 2200 ns

(c) Calculation of Example Parameters

Table A.1: TPX3CAM Pix Event Parsing. The key for the parsing of a single event
from the TPX3CAM is shown here in (a). The binary string is broken up into 8 bit fields,
with the first bit field indicating the type of the event, and the other 7 bit fields being used
to convey the position and time information. The parsing of those fields from an example

binary stream event output is shown in (b). These values are then used to calculate the
X-Y positions, the ToA, and the ToT in (c).
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information about the initial single photon event, this set of events must be clustered into
one location and time of arrival (ToA). The algorithmic implementation of this clustering
algorithm follows the outline given in [70], though it will also be explained here.

The output from the data stream parsing is stored in either a NumPy or CuPy array.
The dynamic use of these two Python packages allows for utilization of CUDA processing
on systems which support it, while still allowing normal CPU parallelization on non-CUDA
supporting systems. Going forward, any algorithms described as being vectorized can be
assumed to dynamically work with both NumPy and CuPy, unless otherwise noted. The
arrays are then sorted by time utilizing a timsort algorithm, as this algorithm is shown to
be efficient for nearly-sorted data [3]. To identify the centroid, the ToT of all events are
considered and compared to their neighboring events within some set time and position
distance. The event with the longest ToT within that time and space distance is considered
the centroid of each cluster, and all other events in the cluster are removed. This reduces
the data set by approximately 10x.

A.5.3 Coincidencing Single Photon Events

After the data is clustered and reduced to represent single photon events, the events can
then be coincidenced based on ToA. In order to do so the photon events must be first
labeled as being events which occur in either the signal or idler region. The regions are
identified after previewing the data, and any events which occur outside these two regions
are removed from the data set. The sets of signal and idler events are simultaneously
sorted in time, and then the time differences (dToA) between the signal and idler events
are considered. Each idler event is compared to all signal events within a given time
window, and the signal-idler event with the lowest dToA is considered as a potential pair.
This is repeated until the all possible pairs with dToA less than a given cutoff value are
identified. Any unpaired photons are removed from the data set. This results in a list of
possible coincidence events based on ToA only. Further, the dToA of the pairs can be as
large as the cutoff value. Once these pairs are found, they are used as the baseline for all
further data analysis. Typically, by this point, enough events have been removed from the
data set that traditional processing techniques can be utilized without needing to worry
about significant computational memory costs.
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Figure A.8: Comparison of Standard and Dynamic Spatial Filters at Different
Distortion Strengths. The simple filter (white outline) and spatial ¢® filter (green
outline) for three scenarios: no scattering (A), moderate scattering (B), and total scattering
(C). In the total scattering scenario, all momenta combinations are considered in the spatial
g filter, and thus the green outline is not visible. No background signal is present in this
simulated data set. Since the maximum number of pairs in each bin is dependent on the
strength of scattering, the plots are all normalized to their respective maxima.

A.6 Behavior of TSFQCI Through Different Scatter-
ing Strengths

Since the maximum possible value of the spatial ¢ metric is dependent on the strength of
the distortion from the turbulent media for a finite exposure time, it is valuable to discuss
the behavior of the filter for different scattering strengths, and compare it to the behavior
of the simple spatial filter. This will allow for determining the upper and lower bounds on
the effectiveness of the filter. For the sake of having the scattering strength as the only
variable it is assumed that 0(ks + k;) is fixed before the scattering is applied, and also that
there is no added background signal. The results here are from simulated data.

No Scattering

In the case of no scattering, the spatial ¢ filter will only allow pairs which fall very close
to the momenta bins within the range 0(ks + k;) (Figure A.8.A, green outline). Thus,
the modified filter will perform nearly identically to the simple filter when no scattering
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is present (Figure A.8.A, white outline). With background signal present, the spatial g
filter may allow slightly more accidentals through as compared to the simple filter.

Extreme Scattering

In the extreme case of a total scattering which maps the input spatial modes in such a way
that all entries in all momenta bins are uniform-randomly redistributed among all other
momenta bins, then the spatial ¢ filter will capture all momenta bins (Figure A.8.C, green
outline (off-plot)). With no added background signal, this perfectly captures all light from
the SPDC source. This is opposed to the simple filter (Figure A.8.C, white outline) which
will only capture a proportion of the SPDC light equal to the ratio between the area of
the simple filter and the whole momenta-combination space area. With background noise
present, the spatial ¢ filter would include more accidentals than the simple filter. Due to
the uniform-random redistribution, however, the momentum bins within the simple filter
will consist of a combination of actual and accidental correlated pairs, with proportions
identical to those in the image without the filter. As such, the simple filter will drastically
lower the overall photon count of the resultant image, without raising the contrast, whereas
the modified filter will not affect the contrast, but also will not lower the photon count.
Thus, the modified filter will out-perform the simple filter.

Moderate Scattering

In the case of a moderate scattering, the spatial ¢ filter will capture most or all of the
bins containing the actual correlated pairs (Figure A.8.B, green outline). The simple filter
may capture some subset of the actual correlated pairs, but will miss many of the pairs
which were scattered out of the momenta bins within (ks + k;), which will on average
scale with the strength scattering (Figure A.8.B, white outline). Thus, the stronger the
scattering, the better the spatial ¢ filter performs compared to the simple filter. When
background signal is present, the spatial ¢® filter will likely capture some accidentals,
however the simple filter may as well.

Conclusion

This investigation helps identify the lower and upper limits on the performance of the
spatial ¢® filter. The spatial ¢ filter’s upper performance limit is to perform as well as
the simple filter would perform if the distortions from turbulent media were undone on the
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same data set. This is equivalent to performing the filter described by Equation (A.16)

after performing the inverse mapping kz = Sflkﬁs/. This would only occur if either no
scattering is present to begin with and thus S = S™! = I, or if no background signal is
present and thus all events are preserved, though it is the upper bound on the performance
limit nonetheless. The lower bound for the performance limit occurs when there is total
scattering and background signal, in which case the lower bound for the performance is to
perform as well as traditional ghost imaging. This limit is unsurprising, as all transverse
spatial information will be lost in the signal beam. In this work, and in most possible
applications, this filter would be employed in the moderate scattering regime, likely not
far from the no-scattering limit, and thus will typically perform closer to the upper bound
limit than to the lower bound limit.

A.6.1 Simulating Beam Modification

Aside from the generation of photon events, the other aspect of the experimental system
which can be simulated are the beam modifications. This includes masking the beam with
a transmissive target, as well as distorting the beam to emulate the distortion effects from
turbulent media. While the former is relatively simple to implement, the latter has posed

significant challenges, and at the time of writing this thesis is still a work in progress.
Regardless, both will be described here.

Beam Masking

In order to emulate the target being present within a beam path, beam masking is utilized.
This concept takes an array representing the beam mask which has some 2D size, and has
values of either 0 or 1. Each event inside the data set then has its position crosschecked
with the values in the beam mask. If the value of the mask at the location of the event
is 0, then the event is removed from the data set. If the value is 1, then the event is left
unchanged. In order to prevent copious mask sizes, this can be performed on a subset of
the data set, rather than the entire data set at once. As an extension to this, it is possible
to instead allow the mask to have any value in the range [0, 1], in which case the mask
value would represent a probability that events at that position will be removed from the
data set or not. This extension has not yet been shown to be useful, and as such does not
come up again in this work.
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Beam Distorting

The effect of turbulent media on the beam is complex. Generally, turbulent media applies
a phase mask, or sequence of phase masks, to the propagating light within one of the
beam paths. As such, this would be a reasonable starting point for simulating such a
distortion. Unfortunately, as mentioned above, this simulator only considers position and
time characteristics of the photon events. In other words, only intensity information is
known, and any propagation and phase information about the photons is never created.
Thus, while a phase profile could be applied to the data set, it would not have any use as
there is no way to propagate events of this form in space or time.

As an alternative, the definition of the distortions as described in Chapter A.2 can be
used as a means of simulating this behavior. To reiterate, a lossless distortion is considered
as the remapping of one event in an input position space X;, to any number of events in
an output position space X,.;. These position spaces are related as Xj, = Xy, or in other
words, are considered to be isomorphic to one another (i.e. the same size and shape). As
such, there exists some mapping S : X;, — Xgut. By defining this mapping for all possible
input-output space pairings, the distortions could be conveniently simulated.

Two approaches have been attempted to define this mapping S: the first is by convolv-
ing a randomly generated sparse kernel with all events in the input space, and the second
is by defining a probabilistic offset to each location in the input space. The first approach
is computationally straightforward and can create a somewhat accurate effect to what is
observed in the real distortions from turbulent media. Unfortunately, the effect seems to be
too weak, and often is notably less complex than real effects. The second approach creates
an offset mask by randomly weighting the coefficients of the first 15 Zernike polynomials
(Figure A.1). These masks then probabilistically weight an offset function which pushes
events up to the corresponding offset mask value at maximum, and does not move the
events at minimum. This approach should allow for creating distortions at a similar level
of complexity as is seen in real distortions, however it is not yet properly implemented.
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