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Abstract

Nanowire solar cells have great potential as candidates for high efficiency, next-generation
solar cell devices. To realize their potential, accurate and efficient modeling techniques en-
compassing both optical and electrical phenomena must be developed. In this work, a
coupled optical and electronic model of GaAs nanowire solar cells was developed, with the
goal of building a platform for automated, algorithmic device optimization.

Significant work was done on the optical portion of model, with the goal of reducing run-
times and improving the level of automation. Enhancements were made to an open-source
implementation of the Rigorous Coupled Wave Analysis method for solving Maxwell’s
equations, to make it more accurate for modeling nanowire solar cells. Its accuracy and
efficiency were thoroughly investigated, and with the enhancements presented here it was
shown to be an effective technique for rapid optical modeling of nanowire devices. Purely
optical optimizations of a sample AlInP-passivated GaAs nanowire on a GaAs substrate
were performed to demonstrate the efficacy of the technique using a Nelder-Mead simplex
optimization of device geometry.

The optical model was then coupled into a finite volume method based electrical model
implemented in TCAD Sentaurus, to compute device efficiencies and ultimately optimize
electrical device performance. As a first step, an algorithmic optimization of a p-i-n
nanowire solar cell consisting of an AlInP-passivated GaAs nanowire on a Si substrate
was performed using the generation rates computed by the enhanced RCWA implementa-
tion. The overall geometry was fixed to the result of the optical optimization, and only
internal electrical parameters were optimized. The results showed that significant perfor-
mance improvements can be obtained with the right choice of doping levels and doping
region configurations, even without optimizing the global device geometry.
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Chapter 1

Introduction

As global energy demand increases by roughly 2% per year and the threat of global climate
change looms near, it becomes imperative to explore clean, renewable methods of energy
generation. Photovoltaics (PV) are a cost effective, efficient source of renewable energy
consuming a rapidly increasing fraction of the global energy market [1]. With efficiency
improvements of market standard PV technologies stalling, it is imperative to explore
new, innovative PV technologies that have potential for high power conversion efficiency.
Nanowire solar cells (NWSC) are a new, underexplored PV technology that have the po-
tential to circumvent existing challenges in PV and boost efficiencies of existing devices.

1.1 Literature Review and Motivation

Nanowires are nanometer-scale, columnar structures with varying cross-sectional geometry
that exhibit many useful properties for the fabrication of optoelectronic devices. Nanowires
have found applications in a wide range of devices, from photodetectors and light emitting
diodes to solar cells. Functional solar cell devices based an nanowire technology have
only recently become viable due to advances in nanowire fabrication and characterization
techniques. This section provides a brief overview of the existing literature on nanowire
solar cells, and seeks to motivate the research contained in this thesis.

Nanowire solar cells have many advantages over the planar solar cells which currently
dominate the field of PV. Through simulation, Anttu showed that with the appropriate set
of parameters nanowire solar cells have the potential to exceed the Shockley-Quiesser limit
of equivalent planar solar cells [2]. This stems from the reduced emissivity of nanowires
relative to planar cells, which increases the open circuit voltage and boosts power conversion
efficiencies. The favorable emission properties of nanowire solar cells, coupled with their
reduced material requirements relative to planar solar cells, open up the opportunity for
cheaper, more efficient devices [3].

It has been well demonstrated that nanowires are remarkably effective broadband light
aborbers with low sensitivty to the incident angle of light [4, 5, 6]. Wallentin et al. showed
that ray optics models of nanowires do not sufficiently explain their high absorption, and
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accurate optical modeling of nanowires requires consideration of wave optics [7]. This
stems from the fact that optimal nanowire shapes have geometric dimensions comparable
to wavelengths found in the solar spectrum [8, 9]. Computational and analytical wave op-
tics modeling performed by several research groups demonstrated that nanowires exhibit
high absorption, despite small cross-sectional dimensions, due to resonant absorption phe-
nomenon [10, 11, 12, 13, 8, 9]. The absorption behavior predicted by modeling has been
confirmed by experiment in various semiconductor systems [14, 6, 15, 16, 13, 17].

The semiconductor materials used to fabricate nanowires have high refractive index
contrast relative to their surrounding medium, allowing them to couple incident light
into a number of wavelength-dependent waveguide modes. The excitation wavelength
and strength of these modes are dependent on the geometric parameters of the nanowire,
namely diameter, length, and in the case of nanowire arrays the array periodicity [12, 18].
Because it is possible to tune the resonant wavelength of nanowires by modifying their
geometry, device fabricators can customize absorption profiles to suit a particular purpose
[19].

In addition to their excellent optical properties, nanowires have features that are useful
for charge carrier collection. One of the most intriguing features is the ability to grow
nanowires on top of cheap, lattice mismatched substrates. Because nanowires have finite
cross-sectional dimensions, they are able to accomodate the strain induced by growth on
lattice mismatched substrates without introducing carrier-trapping defects in the crystal
lattice [20, 21]. This opens up the avenue for both cost-effective single junction solar cells
and multi-junction solar cells grown on silicon [22]. The columnar structure of nanowires
also presents the opportunity for orthogonalizing the direction of light absorption and
carrier collection via radial junction nanowire solar cells [23]. In a radial junction nanowire
solar cell the p-n and p-i-n materials are arranged in radial layers moving outwards from the
center of the nanowire, as opposed to along the axis of the nanowire [24, 25] (see Fig. 1.1).
This allows the growth of long nanowires that maximize light absorption without increasing
the distance charge carriers must travel to reach collection contacts, thereby increasing
device efficiencies [4, 26, 27].

Despite the promise of nanowire solar cells, challenges remain. The current record
efficiencies for bottom-up grown GaAs and InP nanowire solar cells are 15.3% and 13.8%
respectively 1, which are both significantly lower than their thin film counterparts (28.8%
for GaAs and 22.% for InP) [29, 7, 30]. These lower efficiencies are primarily caused by
challenges in nanowire fabrication. First, the high surface-to-volume ratio of nanowires
means there is a high concentration of surface states which trap carriers and prevent them
from being collected. This problem has been mitigated by introduced passivating shells
of higher band gap material around the nanowire core, but passivation adds an additional
fabrication step that reduces the cost efficiency of nanowire solar cells [31, 32, 33, 34, 35, 36].
Fine control of doping during device fabrication is also a current issue [37, 38, 39, 40, 41, 42].
It has been shown that proper doping levels are critical to device performance [43, 44].

The large design parameter space of nanowires requires careful optimization to maxi-

1van Dam et. al. fabricated a top-down InP nanowire solar cell by etching material away from an
epitaxially grown planar structure that reached an efficiency of 17.8% [5]
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Figure 1.1: A axial p-i-n junction planar solar cell (left) radial p-i-n junction nanowire
solar cell (right), reproduced from [28]. In the radial junction solar cell the direction of
carrier collection is perpendicular to the direction of photon propagation.

mize device performance. There is a substantial existing body of literature on both com-
putational and analytic modeling of NWSC, but in most cases either purely optical or
electrical models are constructed with the other component of the model being overly sim-
plistic or omitted entirely [45, 46, 44, 27, 16, 47]. The body of literature on fully coupled
optoelectronic modeling is much smaller, and all cited authors use either the finite dif-
ference time domain (FDTD) technique or finite element method (FEM) for their optical
models [26, 48, 49, 32]. While these techniques are highly accurate, they are computa-
tionally expensive, limiting their usefulness in a closed loop, global device optimization.
Thus there is a need to develop fast, accurate optical modeling techniques for NWSC
that can be easily coupled into a drift-diffusion based electronic model. The development
of faster optical modeling techniques would admit global, algorithmic optimization of all
key performance-related device parameters, a study that has yet to be published in the
literature and would be hugely beneficial to the research community.

1.2 Thesis Outline, Objectives, and Statement of Orig-

inality

In this thesis, I built a fully automated optoelectronic device model of nanowire solar cells.
For the optical component, I implemented an enhanced form of the optical modeling algo-
rithm Rigorous Coupled Wave Analysis (RCWA) and applied some novel postprocessing
techniques to maximize accuracy of the outputs of the model while minimizing computa-
tional cost. Previous optical models reported in the literature have used finite element and
finite difference methods for optical modeling of NWSC, but there is little to no literature
on the use of RCWA in this field. The structure of nanowire arrays is conducive to mod-
eling via the more computationally efficient RCWA technique, making it an appropriate
choice. I verify the accuracy of my enhanced RCWA implementation and postprocess-
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ing techniques on a test nanowire system, and show that it captures essential physics at
material interfaces that a vanilla implementation of RCWA does not. I then use my im-
plementation to perform an algorithmic optimization of key geometric device parameters
to maximize optical absorption.

The full 3D optical model is coupled into a 2D drift-diffusion based electronic model
using the industry standard, Finite Volume Method software TCAD Sentaurus by Synop-
sys. To do this, I constructed an automated software system to take the 3D outputs of
the optical model and interpolate them onto the 2D irregular grid used in the electronic
model. I then used the electronic model to analyze an example nanowire system, and
performed a unique, algorithmic optimization of some key electronic device parameters to
maximize device efficiency. To the best of my knowledge, no such algorithmic optimization
of a NWSC has been reported in the literature.

Chapter 2 of this thesis is used to establish the essential background physics and math-
ematics used by the optical and electrical model. Chapter 3 presents the mathematical
foundations of RCWA. Chapters 4 and 5 are dedicated to establishing the enhancements
I made to RCWA to increase its accuracy, and testing the enhanced implementation on
some example nanowire systems. Chapter 6 uses the optimized output of the optical model
to perform electronic optimizations of an example NWSC.
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Chapter 2

Basic Operating Principles of a Solar
Cell

2.1 Introduction

Photovoltaic devices convert light energy into electrical energy that may be harnessed to
do useful work. A solar cell is the basic building block of a photovoltaic device. It is
typically modeled as a small unit cell containing layers of semiconductor material with
electrical contacts on the top and bottom of the device.

Modeling of solar cells can be broken down into analysis of two logically separate key
processes. The first process is the optical process, by which incident light is absorbed by
the cell and converted into collectable charge carriers. The second process is the electrical
process, by which these generated carriers move through the cell and are collected at
the contacts to do work. The next two sections lay out the mathematical underpinnings
for these processes, and outline the physical phenomena accounted for in our model. A
method for computing the optical generation from the electric field intensity is derived
in Section 2.2, and used within our optical model to compute generation rates from the
fields produced by the employed numerical technique (RCWA). Section 2.3 describes in
mathematical detail the physical phenomena accounted for in our electrical model, to give
the reader a sense of what approximations and assumptions underlie our results.

2.2 Optical Processes

The primary goal when optically modeling solar cells is to compute the carrier generation
rate g(~r, λ). This quantity gives the number of charge carriers that are generated per unit
volume per unit wavelength of incident light per unit time at a given point ~r in the device.
The amount of generation is strongly dependent on the incident wavelength of light. To
compute the total generation of the entire spectrum, one must integrate over wavelength
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G(~r) =

∫
g(~r, λ)dλ. (2.1)

The simplest optical model of a single junction planar solar cell assumes light absorption
is governed by the one-dimensional Beer-Lambert absorption law for a material of uniform
absorption coefficient α [50]

I(λ, x) = I(λ, 0)e−α(λ)x (2.2)

which states that the initial intensity of light I(0) is exponentially attentuated with depth
x according to the absorption coefficient α of the illuminated material. This model assumes
that absorption is uniform in all directions orthogonal to x̂. If we then assume that every
above band gap photon absorbed from the incident light generates an electron-hole pair,
this Beer-Lambert absorption can be easily used to compute a carrier generation rate. If
the intensity I is expressed as a spectral irradiance in units of power per unit area per unit
wavelength, then one can compute the generation rate via

g(x, λ) =
λ

hc
I(λ, 0)α(λ)e−αx (2.3)

where we have divided the spectral irradiance I by the photon energy hc/λ to arrive at a
photon flux.

This simple model inherently assumes that the modeled solar cell is uniform and has
infinite extent in the plane. This assumption is invalid for nanowire solar cells, and be-
cause the dimensions of the geometric features in nanowires are comparable to wavelengths
present in the solar spectrum, a full solution to Maxwell’s equations is required to accu-
rately compute carrier generation rates.

2.2.1 Maxwell’s Equations in Dielectric Media

To accurately compute carrier generation rates in a nanowire solar cell, one must solve
Maxwell’s equations

∇× ~E =
∂ ~B

∂t
Ampere’s Law (2.4)

∇× ~H = ~Jf −
∂ ~D

∂t
Faraday’s Law (2.5)

∇ · ~B = 0 Gauss’ Law (2.6)

∇ · ~D = 0 Coulomb’s Law (2.7)

along with the constitutive relations

~D = ε ~E (2.8)

~B = µ ~H (2.9)
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for the electric field ~E(~r) as a function of space. For the modeling of nanowire solar cells,
we assume all materials are nonmagnetic meaning µr = 1 and µ = µ0

Because Maxwell’s equations are linear, general solutions can be built as linear combi-
nations of single-frequency solutions according to

~H(~r, t) =

∫ ∞
−∞

dω ~H(~r, ω)eiωt (2.10)

for a complex-valued phasor ~H (with an identical form for ~E(~r, t)) 1. This linearity allows
us to solve Maxwell’s equations at a fixed (but general) temporal angular frequency ω using
the form in the integrand of Eq. 2.10, and then recover the general solution at the end by
integrating over frequency according to Eq. 2.10. The eiωt time dependence of the fields
allow us to eliminate all the time derivatives using

∂ ~H

∂t
= iω ~H (2.11)

∂ ~E

∂t
= iω ~E. (2.12)

By inserting Eq. (2.9) into (2.4) and Eq. (2.8) into (2.5), we arrive at the frequency domain
Maxwell’s equations

∇× ~E = iωµ0
~H (2.13)

∇× ~H = −iωε~E (2.14)

∇ · ~H = 0 (2.15)

∇ · ~E = 0. (2.16)

where we have assumed the free current ~Jf = 0. This assumption is valid at optical fre-
quencies, which do not couple in a DC current component. The solution of these equations
yields the full electric field ~E(~r) everywhere in space at a single frequency. The ultimate
goal is to compute the carrier generation rate. This can be done by computing the power
absorbed from the fields by the propagation medium, which can then be related directly
to the carrier generation rate. To achieve this goal, we begin with Poynting’s theorem [51]

dW

dt
= − d

dt

∫
V

(
1

2
ε0|E|2 +

1

µ0

|B|2
)
dV − 1

µ0

∮
S

( ~E × ~B) · d~a. (2.17)

This theorem tells us the time rate of change of the work W done on a system by the
electromagnetic forces (i.e the rate of change of the total electromagnetic energy) equals
the time rate of change of the energy stored in the fields (integrated over the volume)

1For more detail concerning this phasor notation, see Appendix B
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minus the energy leaving the volume through its bounding surface. We can recognize the
energy density (energy per unit volume) as

u =
1

2

(
ε0|E|2 +

1

µ0

|B|2
)

(2.18)

and the Poynting vector (areal energy flux density or energy transmitted per unit area) as

~S =
1

µ0

~E × ~B. (2.19)

The Poynting vector is often written in a slightly different form by using the constitutive
relations as

~S = ~E × ~H (2.20)

which can be expressed directly in terms of phasors as

~S =
1

2
~E × ~H∗ (2.21)

where the factor of 1/2 comes from time averaging a time-oscillating field over a full

temporal period. The physical power transmitted per unit area follows the real part of ~S.

If we imagine waves traveling through a vacuum, then dW/dt = 0 meaning∫
V

du

dt
dV = −

∮
S

~S · d~a. (2.22)

Applying the divergence theorem to the right hand side of Eq. (2.22) gives the relation∮
S

~S · d~a =

∫
V

∇ · ~SdV (2.23)

which when substituted back into Eq. (2.22) yields∫
V

du

dt
dV = −

∫
V

∇ · ~SdV. (2.24)

By equating the two integrands, we can establish the following key equality

du

dt
= −∇ · ~S (2.25)

which in words means the rate of change of the energy stored in the fields per unit volume
is equal to minus the divergence of the Poynting vector. Eq. (2.25) is essential, as it tells
us we can integrate either of these two quantities over a volume of material to determine
how much electromagnetic energy is being absorbed by that material per unit time, i.e, the
power loss. To compute the time averaged power loss, we must insert the time averaged
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phasor representation of the Poynting vector (Eq. (2.21)) into the right hand side of Eq.
(2.25), which gives

pabs = −∇ · Re( ~S) (2.26)

=
1

2
Re
(
−∇ · (~E × ~H∗)

)
. (2.27)

We can use the vector identity [51]:

∇ · (~a×~b) = ~b · (∇× ~a)− ~a · (∇×~b) (2.28)

to write
∇ · (~E × ~H∗) = ~H∗ · (∇× ~E)− ~E · (∇× ~H∗). (2.29)

Using Eqs. (2.4) and (2.5) to replace the curls in Eq. (2.29) with time derivates and
reinserting the result back into Eq. (2.27) gives

pabs =
1

2
Re

(
~E · ∂

~D∗
∂t

+ ~H∗ · ∂
~B
∂t

)
. (2.30)

Next, we can eliminate ~D and ~B using the constitutive relations to get

pabs =
1

2
Re

(
ε~E · ∂

~E∗
∂t

+ µ ~H∗ · ∂
~H
∂t

)
. (2.31)

which gives

pabs =
1

2
Re
(
−iωε~E · ~E∗ + iωµ ~H∗ · ~H

)
(2.32)

The permitivity ε and permeability µ are both potentially complex quantities, which we
write as

ε = ε0(ε′ + iε′′) (2.33)

µ = µ0(µ′ + iµ′′). (2.34)

Inserting this into Eq. (2.32) yields

pabs =
1

2
Re
[
ω(ε0ε

′′ |~E|2 − µ0µ
′′| ~H|2) + iω(µ0µ

′| ~H|2 − ε0ε′|~E|2)
]

(2.35)

which, when fully simplified, gives the final result for the power absorbed per unit volume
in any material

pabs =
1

2
ω(ε0ε

′′ |~E|2 − µ0µ
′′ | ~H|2) (2.36)

Although Eq. 2.36 was derived assuming waves in a vacuum for simplicity, it still holds
for linear dispersive media with losses. See [52] Section 6.8 for a full derivation lacking
the assumption of waves in a vacuum. Most semiconductor materials are nonmagnetic,
meaning µ′′ = 0 and the second term drops out. Further intuitive confirmation of this
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formula can be found by noting that in vacuum ε′′ = µ′′ = 0 and no power is absorbed.
The final step is to relate the power loss to the carrier generation rate. First, we divide the
power loss by the energy of the incident photons to get the number of photons absorbed
per unit time, per unit frequency, per unit volume

g(~r, ω) =
1

2
ε0~ε′′(ω)|~E(~r, ω)|2 (2.37)

where ε′′(ω) is potentially frequency-dependent in dispersive media. We can use the follow-
ing relationship between the imaginary part of the permittivity and the index of refraction

ε′′ = 2nk (2.38)

where n is the real part and k the imaginary part of the index of refraction, to arrive at
an alternative form for g:

g(~r, ω) = ε0~n(ω)k(ω)|~E(~r, ω)|2 (2.39)

which has been used in the literature [48]

To model a nanowire solar cell illuminated by the solar spectrum, g(~r, ω) needs to be
computed for many incident frequencies ω where the amplitude of the incident plane wave
is scaled to the spectrum. The beauty of the existing optical model is the small number
of material parameters required. One only needs to know the real and imaginary parts
of the index of refraction (n and k) as a function of incident frequency. These material
parameters are assumed to be fully parameterized by frequency, and are independent of
all other system parameters (for example, doping levels). This means one must solve the
optical problem only once for a given geometry when attempting to optimize doping levels
in an electrical model, reducing computational expense. Dopant incorporation is known
to narrow the band gap of a material, which could presumably have an effect on optical
absorption. However, doping creates disordered, localized states within the band gap that
do not strongly absorb light and therefore have minimal effect on n and k. Here we
choose to ignore the effect of band gap narrowing in the optical model, which may slightly
underestimate the amount of optical absorption and therefore underestimate the current
collected in a full device model.

2.3 Electrical Processes

Electronic modeling of solar cells ultimately comes down to solving the coupled carrier
transport equations [50, 53]

∂n

∂t
=∇ · ~Jn +Rn (2.40)

∂p

∂t
=−∇ · ~Jp +Rp (2.41)

Jn =µnn∇φ+Dn∇n (2.42)

Jp = − µpp∇φ+Dp∇p (2.43)

(2.44)
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and Poisson equation

∇2φ =
q

ε
(−ρ+ n− p) (2.45)

for the electron concentration n, hole concentration p, and electrostatic potential φ through-
out the entire device where

1. ~Jn/p is the electron/hole current density

2. Rn/p is the net electron/hole generation

3. µn/p is the electron/hole mobility

4. Dn/p is the electron/hole diffusion constant, which by the Einstein relation is D =
µkBT/q

5. ε is the electric permittivity of the environment

6. ρ is the fixed charge density produced by ionized dopants

7. q is the fundamental charge

8. T is the temperature

9. kB is Boltzmann’s constant

For anything other than a simple 1D p-n junction, these equations must be solved
numerically. The commercial drift-diffusion solver TCAD Sentaurus version vL2016.03
by Synopsys is used to solve Eqs. 2.40- 2.45. Modeling of different devices and materials
come down to constructing different models for Jn/p and Rn/p and applying the appropriate
boundary conditions for the system being studied. Sentaurus contains an enormous library
of models for the underlying physics of carrier densities, carrier transport, recombination
rates, and boundary conditions. The physical models used in this work will be described
in the following sections.

2.3.1 Carrier Statistics

In semiconductor device modeling, it is common to use Boltzmann statistics to model the
carrier concentration as a function of particle energy

n = Nce
(EF,n−Ec)/kT (2.46)

p = Nve
(Ev−EF,p)/kT (2.47)

where Nc and Nv are the effective density of states for electrons and holes, EF,n/p is the
quasi-Fermi energy of electrons/holes, and Ec and Ev are the energy of the conduction and
valence band. This approximation is valid when the distance from the band edges to the
Fermi level is larger than the average thermal energy of particles, in other words
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Ec − EF,n
kT

� 1 (2.48)

EF,p − Ev
kT

� 1. (2.49)

However, these conditions can be violated (and thus the Boltzmann approximation
invalid) if the semiconductor is highly doped or there is a high density of defect states in
the band gap. Therefore, in order to model devices in the high doping regime Fermi-Dirac
statistics must be used. To lift any doping limitations on our model, we use Fermi-Dirac
statistics and the carrier concentrations become

n = NcF1/2((EF,n − Ec)/kT ) (2.50)

p = NvF1/2((Ev − EF,p)/kT ) (2.51)

where F1/2 represents the Fermi integral of the second kind

F1/2(x) =

∫ ∞
0

y1/2dy

1 + ey−x
(2.52)

Letting

ηn =
EF,n − Ec

kT
(2.53)

ηp =
Ev − EF,p

kT
(2.54)

we can rewrite the carrier concentrations as

n = γnNce
ηn (2.55)

p = γpNve
ηp (2.56)

where the γn/p can be seen as correction factors to the Boltzmann distribution for carriers
and are equal to

γn =
n

Nc

e−ηn (2.57)

γp =
p

Nv

e−ηp (2.58)

2.3.2 Band Gap Narrowing

The band gap of a semiconductor can be modified by both temperature effects and the
introduction of ionized impurities into the crystal lattice. In the case of lattice impuri-
ties, the electron-electron, electron-hole, electron-impurity, and hole-impurity many-body
interactions cause charge carriers to experience a screened Coulomb potential, which re-
duces the impurity ionization energy and modifies the band structure [54, 55]. For high
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doping densities, this band gap narrowing (BGN) effect becomes significant and must be
incorporated to capture essential device physics.

A variety of different BGN models exist, each applicable within only a certain range of
doping densities [56, 57, 58, 59]. To extend the range of applicability of our model, a table
of BGN values as a function of acceptor and donor impurities density is built and linearly
interpolated in the logarithm of the impurity concentration to arrive at a BGN model that
is a continuous function of impurity concentration. Default Sentaurus values are used to
populate the table for constructing the interpolation.

In the presence of BGN, one must use an effective bandgap Eg,eff in all calculations

Eg,eff (T ) = Eg(T )− EBGN (2.59)

where EBGN is the energy shift produced by the chosen band gap narrowing model and
the temperature dependence of the band gap is captured according to

Eg(T ) = Eg(0)− αT 2

T + β
(2.60)

where α and β are material dependent parameters and Eg(0) is the band gap at 0 K.
The reduced band gap affects the intrinsic carrier density, and an effective intrinsic carrier
density ni,eff must be used in all calculations such that

ni(T ) =
√
NCNV e

−EG(T )

2kT (2.61)

ni,eff (T ) = ni(T )e
EBGN
2kT (2.62)

2.3.3 Recombination Model

The net carrier recombination rate R can be broken down into two terms, one for carrier
generation and one for carrier recombination

Rn/p = Un/p −Gn/p (2.63)

where G represents generation and U represents recombination for the respective charge
carrier (negative recombination is equivalent to generation). Optical carrier generation was
discussed in Section 2.2 and is a fixed input to the electrical model. Carrier recombination
is the result of several different physical processes, which can be broken down into the two
overarching categories of radiative and nonradiative recombination [60]. Radiative recom-
bination is a fundamentally unavoidable recombination process required by the principle
of detailed balance, which states that, at equilibrium, an elementary process must be bal-
anced by its reverse process. [50]. For a semiconductor under bias, radiative recombination
can be modeled as [50, 61]

Urad = Brad(np− γnγpn2
i,eff ) (2.64)
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where n and p are the concentration of electrons and holes, ni,eff is the instrinsic car-
rier concentration, and Brad is the material dependent radiative recombination coefficient
integrated over photon energy

Brad =
1

n2
i,eff

1

π~3c2

∫ ∞
0

n2E2α(E)e
E

kBT dE. (2.65)

The radiative recombination rate in silicon is small compared to other recombination
processes due to its indirect bandgap, with Brad on the order of 10−15cm3/s [61, 62] at
room temperature. Gallium arsenide is a direct band gap material, and therefore radiative
recombination is more significant, with Brad on the order of 10−10 cm3/s [63, 64] at room
temperature.

Auger recombination is a nonradiative recombination process caused by an interaction
between two similar free charge carriers. This interaction causes one of the free carriers to
recombine, and impart the energy of recombination to the other carrier. In an electron-
electron interaction, one electron absorbs the energy and the other recombines with a hole
while in a hole-hole interaction, one hole absorbs the energy and the other recombines with
an electron [65]. The net recombination rate due to both processes is

UAug = (Cpn+ Cpp)(np− γnγpn2
i,eff ). (2.66)

Auger recombination varies strongly with doping due to the squared dependence on carrier
density. In highly doped semiconductors with large carrier densities and good crystal
quality, Auger recombination is the primary recombination process.

Shockley-Read-Hall (SRH) recombination is another important recombination process
[66] which, due to limitations on crystal quality, is the predominant recombination process
in real solar cells. SRH recombination is caused by crystal defects which create localised
trap states at energies within the band gap of semiconductor materials. These states can
trap carriers and prevent them from being collected. If two charge carriers of opposite
polarity are trapped by the same state, they recombine. The rate of recombination is
given by

USRH =
np− γnγpn2

i,eff

τn,SRH(p+ γppt) + τp,SRH(n+ γnnt)
(2.67)

where τn/p,SRH is the average amount of time an electron/hole will occupy the conduc-
tion/valence band before it is captured by the trap (i.e a trap lifetime) and

nt = ni,effe
Et−Ei
kBT (2.68)

pt = ni,effe
Ei−Et
kBT (2.69)

are the electron/hole densities when the electron/hole Fermi levels are equal to the trap
energy level Et. The trap lifetimes for electrons and holes in general depend on the electric
field, temperature, and doping levels in the device. We neglect temperature and electric
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field effects in our electrical model and only include the doping dependence, which is
described by the empirical Scharfetter relation [67, 68]

τ(NA +ND) = τmin +
τmax − τmin

1 +
(
NA+ND
Nref

)γ (2.70)

where

1. τmin is the minimum carrier lifetime

2. τmax is the maximum carrier lifetime

3. NA is the concentration of ionized acceptor dopants

4. ND is the concentration of ionized donor dopants

5. Nref is the reference dopant concentration and is a fit parameter provided by Sentau-
rus.

The final recombination process included in the model is surface SRH recombination.
On material surfaces, dangling bonds in the crystal lattice and adsorbed impurity molecules
[65, 48, 69, 47, 70] lead to large concentrations of “surface states” within the band gap
which serve as recombination centers for charge carriers. This recombination mechanism
is especially relevant for nanowire solar cells due to their high surface-to-volume ratio.
The surface recombination model is structurally equivalent to the bulk SRH recombina-
tion model, but is characterized by a single parameter called the “surface recombination
velocity”, using the formula

Usurf =
np− γnγpn2

i,eff

(p+ γppt)/sn + (n+ γnnt)/sp
(2.71)

where sn,p is the surface recombination velocity of electrons/holes, and Etrap is the energy
level of the trap.

2.3.4 Interface Transport

In the devices modeled here, a staggered isotype heterojunction exists at the interface
between the GaAs nanowire and Si substrate. A heterojunction is an interface between
two semiconductor materials of different band gaps. Isotype means the dopant types (p-
type versus n-type) are the same on both sides of the interface (in this case both p-type).
Staggered means the discontinuity in the band edges ‘jumps” in the same direction for
both the valence and conduction bands, with no overlap between the band edges on the
energy axis (see Fig. 2.1). This difference in band gaps creates a discontinuity in the band
edges (see Fig. 2.2), which affects carrier transport.

In order to accurately predict the device behavior of GaAs nanowires grown on silicon
substrates, a thermionic emission model is used to compute the carrier transport across
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Figure 2.1: Classification of heterojunctions. (a) Type-I or straddling heterojunction. (b)
Type-II or staggered heterojunction. (c) Type-III or broken-gap heterojunction. Adapted
from [71], pg. 58.

Figure 2.2: Example of band bending and discontinuities at a staggered isotype heterojunc-
tion. Note the Fermi energies are continuous, but the band edges have sharp discontinuities.
Figured generated by Sentaurus at the GaAs-Si interface of the nanowire solar cell modeled
in Ch. 6. The left hand side of the discontinuity contains p-type doped GaAs material,
and the right hand side contains p-type doped Si, making the heterojunction an isotype
heterojunction. The band gap of GaAs is 1.424 eV, whereas the band gap of Si is 1.17 eV.
The band edges at the interface are staggered, as in the middle diagram of Fig. 2.1.
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heterointerfaces [72]. Thermionic emission is the process by which charge carriers can pass
over a potential energy barrier at the interface between two differing materials by means
of their thermal kinetic energy. At a heterointerface between materials 1 and 2 with a
positive conduction edge jump such that ∆EC = EC,2 − EC,1, the current density Jn,2
leaving material 2 (using Fermi Dirac carrier statistics on both sides of the barrier) is

Jn,2 = anq(vn,2NC,2ξn,2 −
mn,2

mn,1

vn,1NC,1ξn,1) (2.72)

ξn,2 = ln[1 + e−ηn,2 ] + ηn,2 (2.73)

ξn,1 = ln[1 + e−η
′
n,1 ] + η′n,1 (2.74)

η′n,1 = ηn,1 −
∆EC
kT

(2.75)

where mn/p,i is the electron/hole effective mass in material i, an/p is a material dependent
integer coefficient, the thermal emission velocities vn/p,i are

vn/p,i =

√
kT

2πmn/p,i

(2.76)

and current continuity requires that Jn,2 = Jn,1 [73]. As can be seen from the above
equations, the phenomenon is heavily temperature dependent ([74], Section 3.3).

2.3.5 Doping Dependent Mobilities

In doped semiconductors, free carriers can scatter off charged impurity atoms, degrading
the carrier mobility. To account for this effect, the empirical Arora model for doping de-
pendent carrier mobilities built into Sentaurus is activated for both holes and electrons [75].
This model combines both temperature and doping dependence of the mobility into a single
equation, and is built from a combination of theoretical models and fits to experimental
data. The model (reparamaterized in Sentaurus for generality [53]) reads:

µdop = µmin +
µd

1 +
(
NA,0+ND,0

N0

)A∗ (2.77)

with

µmin = Amin

(
T

300K

)αm
(2.78)

µd = Ad

(
T

300K

)αd
(2.79)

N0 = AN

(
T

300K

)αN
(2.80)

A∗ = AN

(
T

300K

)αa
(2.81)

where all the A and α are fit parameters that depend on material and carrier type. Table 2.1
contains values for GaAs and Si for both holes and electrons.
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Symbol Si Electrons Si Holes GaAs Electrons GaAs Holes Unit
Amin 88 54.3 2.14× 103 21.48 cm V−1 s−1

αm -0.57 -0.57 -0.746 -1.12E+00 unitless
Ad 1252 407 6.33× 103 3.31× 102 cm V−1 s−1

αd -2.33 -2.23 -2.69 -2.37 unitless
AN 1.25× 1017 2.35× 1017 7.35× 1016 5.14× 1017 cm−3

αN 2.4 2.4 3.535 3.69 unitless
Aa 0.88 0.88 0.6273 0.8057 unitless
αa - 0.146 - 0.146 -0.144 0 unitless

Table 2.1: Parameters for the Arora doping dependent mobility model for both electrons
and holes in GaAs and Si.

18



Chapter 3

Simulation Methods

3.1 Rigorous Coupled Wave Analysis

Rigorous Coupled Wave Analysis (RCWA, also referred to as the Fourier modal method),
is a mathematical technique for modeling electromagnetic phenomenon with a surprisingly
long and rich history. After the seminal paper pioneering the technique was published by
Moharam and Gaylord in 1981 [76], a flurry of publications in the 1990’s and early 2000’s
built upon their work to make the technique what it is today. During this time, several
research groups made small, independent innovations that built directly upon the work of
their peers. The interplay between these research groups (which is often directly called
out in their publications) is an interesting and important part of RCWA’s history. The
powerful, diverse mathematical developments made by these researchers made it possible
for RCWA to model general systems in an automated way, without requiring modifications
to the implementation to suit a particular system of interest. To highlight this fascinating
historical development, a derivation of a modern RCWA implementation is interwoven with
historical anecdotes about who developed the various mathematical pieces of the theory
below.

3.2 Maxwell’s Equations and the Plane Wave Repre-

sentation of the Fields

RCWA is a semi-analytic, frequency-domain method for solving Maxwell’s equations

∇×H = −iωεE + Jf (3.1)

∇× E = iωµH (3.2)

∇ ·B = 0 (3.3)

∇ ·D = ρf . (3.4)
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By semi-analytic, here we mean that the technique does not require a full three dimen-
sional discretization of real space (as in the finite element and finite difference methods) to
approximate a solution to Maxwell’s equations in continuous media. In their 1982 paper pi-
oneering the technique, Moharam and Gaylord introduced the idea of decomposing systems
into a set of discrete layers, wherein each layer’s dielectric profile lacks any dependence on
the coordinate orthogonal to the direction of periodicity [77]. This geometric simplification
was motivated by their interest in diffraction gratings. Although in their paper they treat
a diffraction grating with 1 dimensional periodicity, the technique is applicable to systems
with 2 dimensional periodicity in the plane as well. We treat such systems here and define
the unit cell of each layer using a set of real-space lattice vectors

Lr,1 = l1,xx̂ + l1,yŷ (3.5)

Lr,2 = l2,xx̂ + l2,yŷ. (3.6)

(3.7)

These real-space lattice vectors come with an associated set of Fourier space reciprocal
lattice vectors

Lk,1 =
2π

l1,xl2,y − l2,xl1,y
(l2,yx̂− l2,xŷ) (3.8)

Lk,2 =
2π

l1,xl2,y − l2,xl1,y
(−l1,yx̂− l1,xŷ) (3.9)

which define a point G in Fourier space according to G = mLk,1 + nLk,2 for some pair
of integer m,n. Arbitrary dielectric profiles in the x − y plane of the unit cell can be
represented using their Fourier transform

ε(r) =
∑
G

εGe
iG·r (3.10)

where ε is the dielectric permittivity of the medium and r = x x̂ + y ŷ. The Fourier
coefficients εG are defined according to

εG =
1

|Lr|

∫
cell

ε(r)e−iG·rdr (3.11)

where the integral is taken over the plane of the periodic unit cell. Devices with non-uniform
ε along the z direction can be approximated as a “stack” of many layers with diminishing
thickness (see Figure 3.1), although problems with this “staircase approximation” exist [78].

For the purposes of this derivation, we assume non-magnetic materials (as is the case
for semiconductor materials used in solar cells) so that µr = 1. We choose to use “natural”
Lorentz Heaviside units where the speed of light c = 1 and the vacuum impedance Z0 =√

ε0
µ0

= 1. This provides better numerical conditioning, bringing the electric and magnetic

fields to the same order of magnitude. We assume no fixed charge or free current sources
meaning ρf = 0 and Jf = 0. Under these conditions, Maxwell’s equations in Eq. (3.1)
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Figure 3.1: A staircase approximation to a continuously curved sinusoidal grating profile,
reproduced from [78].

reduce to

∇×H = −iωε(r)E (3.12)

∇× E = iωH (3.13)

∇ ·B = 0 (3.14)

∇ ·D = 0. (3.15)

where here ε(r) can be interpreted as the relative permittivity of the material and has the
Fourier representation shown in Eq. (3.11).

With this set of physical and geometric assumptions, the z-axis and the x-y plane
become separable and we can represent all solutions to Maxwell’s equations using a 2-D
plane wave basis

H(r, z) =
∑
G

HG(z)ei(k+G)·r (3.16)

E(r, z) =
∑
G

EG(z)ei(k+G)·r (3.17)

where z is the longitudinal coordinate, k = kxx̂ + kyŷ is the in-plane component of the
wave vector of the excitation, and the EG(z) = [EG,x(z), EG,y(z), EG,z(z)]T and HG(z) =
[HG,x(z), HG,y(z), HG,z(z)]T are z-dependent vector expansion coefficients. The plane-wave
representation of the fields is at the core of RCWA, and is what makes it “semi-analytic”.
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We expand the curl equations of Eq. (3.12) into component form to get

∂yEz − ∂zEy = iωHx (3.18)

∂zEx − ∂xEz = iωHy (3.19)

∂xEy − ∂yEx = iωHz (3.20)

∂yHz − ∂zHy = −iωεEx (3.21)

∂zHx − ∂xHz = −iωεEy (3.22)

∂xHy − ∂yHx = −iωεEz. (3.23)

Picking Eq. 3.22 for illustrative purposes and inserting Eqs (3.32) and (3.10) we get∑
G

i(kx +Gx)HG,y(z)ei(k+G)·r −
∑
G

i(ky +Gy)HG,x(z)ei(k+G)·r

=

−iω
∑
G′

εG′e
iG′·r

∑
G

EG,z(z)ei(k+G)·r

(3.24)

and we are left with the problem of how to treat the product of two summations on the
right hand side of the equation, which is to say how do we handle the product

Dx(r, z) = ε(r, z)Ex(r, z) (3.25)

when both ε and Ex are expressed as a Fourier series. The dielectric permittivity is sharply
discontinuous across material boundaries. At an interface where epsilon changes, the nor-
mal component of E and the tangential component of D are both discontinuous, while the
tangential component of E and normal component of D are both continuous. Depending
on the in-plane geometry of the system, the normal and tangential components may not
lie in any Cartesian direction, implying that the Cartesian components of the fields may
be discontinuous. Proper mathematical treatment of a product of discontinuous functions
expressed as Fourier series leads us to a discussion of the “Fast Fourier Factorization”
Rules.

3.3 Fast Fourier Factorization Rules

Until now, our calculations have assumed an infinite number of G and have thus been exact.
In the case of infinite Fourier series, given some function h(x) = f(x)g(x), Laurent’s rule

hGn =
∑
Gm

fGn−GmgGm (3.26)

for the Fourier coefficients of h is always valid. Seeking a more compact notation, we can
denote by [f ] the vector of Fourier coefficients for the function f and by JfK the Toeplitz
matrix containing the Fourier coefficients of the function f whose entries are defined as
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fmn = fn−m. Using this notation, Laurent’s rule for all the Fourier coefficients of h can be
succinctly expressed as

[h] = JfK [g] (3.27)

Any numerical implementation of RCWA must necessarily truncate these vectors and ma-
trices to a finite size. For many years, researchers utilizing RCWA assumed Laurent’s rule
also held for truncated Fourier series, which is not the case! They based their RCWA imple-
mentations on this flawed assumption, and were puzzled by its poor convergence behavior
for certain system geometries. In a critical 1996 paper, Li provided mathematical insight
about how to treat truncated products of Fourier series that provided firm mathematical
footing for convergence improvements to RCWA discovered empirically by Lalanne and
Morris [79, 80]. In his paper, Li provides three simple rules for handling these products:

1. If f(x) and g(x) have no spatially concurrent jump discontinuities, then Laurent’s
rule (Eqs (3.26) and (3.27)) is valid for products of truncated Fourier series.

2. If f(x) and g(x) do have spatially concurrent jump discontinuities, but h(x) is con-
tinuous, then the inverse Laurent’s rule must be used

[h] =

s
1

f

{−1

[g] (3.28)

where
r

1
f

z
is taken to mean the Toeplitz matrix of the Fourier coefficients of the real

space function 1/f

3. If f(x) and g(x) have spatially concurrent jump discontinuities and h(x) is discon-
tinuous, there is no technique for computing the Fourier coefficients of h(x).

The key now is to formulate RCWA in such a way that products of functions have either
no concurrent jump discontinuities or only pairwise, complementary jump discontinuities
for arbitrary in-plane ε(r). In 2000 and 2001, building upon the work of Li, Popov and
Nevierre published what they dubbed the ”Fast Fourier Factorization” rules which recast
the underlying equations of RCWA to do exactly this [81, 82]. In essence, their formulation
assumes the existence of a locally defined, spatially varying vector field N or T that is
everywhere normal or tangential to all material interfaces in a given system (see Fig. 3.2).
Given such a vector field, one can decompose the Cartesian components of the E and D
fields into components normal and tangential to material interfaces and reconstruct the
underlying differential equations to solve for these components. The tangential components
of E are continuous, and the normal component of D is a continuous function composed
of a product of two functions with pairwise, complementary jump discontinuities (ε and
the normal components of E). These quantities all satisfy the rules established by Li, and
thus solve many of the convergence problems that previously plagued RCWA.

We restate here without derivation Popov and Nevierre’s Fast Fourier Factorization rule
for computing the Fourier components of Dx and Dy using the inverse Laurent’s rule and
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Figure 3.2: The spatially varying vector field tangential to material interfaces generated
by S4 for the optical modeling of a nanowire solar cell. This vector field provides a local
coordinate system for describing physical electromagnetic fields. Since it is tangential to
all material interfaces, it facilitates separating the tangential and normal components of
the physical fields at all interfaces, while providing a smoothly varying coordinate system
throughout the simulation cell. The solar cell has an array periodicity of 250 nm, with
the figure containing the corner sections of 4 neighboring nanowires to demonstrate the
periodicity of the vector field. The red dotted lines indicate the edges of the core and shell.
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the normal vector field N, simplified for the case of z-independent ε (for a full derivation,
see Chapter IX of [83])

[Dx] = {JεK−∆JN2
xK}[Ex]−∆JNxNyK[Ey] (3.29)

[Dy] = {JεK−∆JN2
y K}[Ey]−∆JNxNyK[Ex] (3.30)

where ∆ = JεK− J1/εK−1 and Nx, Ny are the x and y component, respectively, of the vector
field normal to the material boundary [84]. Because we have assumed z-independent ε,
Ez is always tangent to material boundaries, meaning it must be continuous at material
boundaries and the product ε(r)Ez(r, z) can be handled using Laurent’s rule.

Popov and Nevierre presumed the existence of the vector field N, however any practical
implementation of RCWA requires some way of generating this vector field to capitalize on
their mathematical improvements. A few papers published in the following years developed
automated algorithms for generating N for arbitrary two dimensional dielectric profiles,
making generic computer implementations of Popov and Nevierre’s formulation possible
[84, 85, 86]. An example vector field is shown in Figure 3.2. With the proper FFF rules in
hand, we can now move on to calculate the eigenmodes of a single device layer.

3.4 Computing the Layer Eigenmodes

Next, we compute layer eigenmodes following the derivation of Ref. [86] and [87]. Because
ε(r) is invariant along z, we can solve for the modes of each layer as propagating 2-D wave
states with a simple plane wave eiqz dependence (for some complex number q) along the
z-direction. To do this, the z-dependent coefficients in Eq. (3.16) are expanded according
to

HG(z) =

[
φx(G)x̂ + φy(G)ŷ − (kx +Gx)φx(G) + (ky +Gy)φy(G)

q
ẑ

]
eiqz, (3.31)

where the z-component has been chosen to satisfy the ∇ ·H = 0 condition and the φG are
a set of G-dependent expansion coefficients to be determined. The full H vector satisfies

H(r, z) =
∑
G

[
φx(G)x̂ + φy(G)ŷ − (kx +Gx)φx(G) + (ky +Gy)φy(G)

q
ẑ

]
ei(k+G)·r+iqz.

(3.32)

Transitioning to a more compact notation, we use NG to denote the number of G
retained in the computation and let

1. φx = [φx(G1), φx(G2), ...]T be the column vector of coefficients φx(G), length NG.

2. φy = [φy(G1), φy(G2), ...]T be the column vector of coefficients φy(G), length NG.
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3. k̂x be the diagonal matrix of size NG ×NG with elements (k̂x)GG = (kx +Gx), with
an analogous definition for k̂y.

4. ε̂ = JεK, size NG ×NG

5. η = 1
ε

and η̂ = J1/εK, size NG ×NG

6. hx(z) be the column vector containing the x-component of HG(z) for each G, with
similar definitions for the remaining components of HG, EG, and DG. All of size
NG.

Using this notation and the form of the fields in Eqs. (3.16) and (3.17), we can utilize the
orthogonality of plane waves (see Appendix A) to rewrite Eqs. (3.18) - (3.23) as a system
of equations for the Fourier coefficients of H, E, and D, where ∂x → ik̂x, ∂y → ik̂y, and
we substitute εEx → Dx and εEy → Dy in anticipation of the FFF rules

ik̂yez − ∂zey = iωhx (3.33)

∂zex − ik̂xez = iωhy (3.34)

ik̂xey − ik̂yex = iωhz (3.35)

ik̂yhz − ∂zhy = −iωdx (3.36)

∂zhx − ik̂xhz = −iωdy (3.37)

ik̂xhy − ik̂yhx = −iωε̂ez (3.38)

Rearranging Eqs. (3.35) and (3.38) to isolate the z-components we get

ez =
ε̂−1

ω
(k̂yhx − k̂xhy) (3.39)

hz =
1

ω
(k̂yex − k̂xey) (3.40)

Next, we insert Eq. (3.39) into Eqs (3.33) & (3.34) and Eq. (3.40) into Eqs. (3.36) &
(3.37) to get

ω2dx = k̂yk̂yex − k̂yk̂xey − iω∂zhy (3.41)

ω2dy = iω∂zhx + k̂xk̂yex − k̂xk̂xey (3.42)

ω2hx = iω∂zey + (k̂y ε̂
−1k̂yhx − k̂y ε̂−1k̂xhy) (3.43)

ω2hy = (k̂xε̂
−1k̂xhy − k̂xε̂−1k̂yhx)− iω∂zex (3.44)

which, after defining the matrices

K =

[
k̂xk̂x k̂xk̂y
k̂yk̂x k̂yk̂y

]
(3.45)

K =

[
k̂y ε̂
−1k̂y −k̂y ε̂−1k̂x

−k̂xε̂−1k̂y k̂xε̂
−1k̂x

]
(3.46)
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can be written as

ω2

[
−dy
dx

]
= K

[
−ey
ex

]
− iω

[
∂zhx
∂zhy

]
(3.47)

(ω2I −K)

[
hx
hy

]
= −iω

[
−∂zey
∂zex

]
(3.48)

The FFF rules in Eqs. (3.29) and (3.30), when cast into the matrix form using our current
notation, become

[
−dy
dx

]
= P̂

[
−ey
ex

]
(3.49)

where

P̂ =

[
ε̂−∆N̂2

x ∆ ˆNxNy

∆ ˆNxNy ε̂−∆N̂2
x

]
. (3.50)

Noting that the Fourier coefficients EG must have the same eiqz dependence as HG, we can
insert the components of HG shown in Eq. (3.31) and Eq. (3.49) into Eqs. (3.47) & (3.48)
to get

(ω2P̂ −K)

[
−ey
ex

]
= ωq

[
φx
φy

]
(3.51)

(ω2I −K)

[
φx
φy

]
= ωq

[
−ey
ex

]
(3.52)

which when eliminating the Fourier components of E and noting KK = 0 finally gives

(P̂ (ω2 −K)−K)

[
φx
φy

]
= q2

[
φx
φy

]
(3.53)

Eq. (3.53) is an eigenvalue equation in A · x = λx form where

A = (P̂ (ω2 −K)−K) (3.54)

x =

[
φx
φy

]
(3.55)

λ = q2 (3.56)

which can be solved for the eigenvalues q and the components of the eigenvectors φx, φy
using standard numerical algorithms for solving eigenvalue problems. S4 utilizes the QR
algorithm for finding the eigenvalues and eigenvectors of the matrix A [88].

3.5 Electric and Magnetic Fields

The solution of the eigenvalue equation (3.53) provides a set of eigenmodes for the layer.
These eigenmodes can be used to expand the Fourier coefficients of the field H according
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to [
hx
hy

]
=
∑
n

[
φx,n
φy,n

]
(ane

iqnz + bne
iqn(di−z)) (3.57)

where the an, bn are unknown coefficients of forward and backward propagating modes,
respectively, that must be determined from the boundary conditions at the top and bottom
of the layer and di is the thickness of the ith layer [89, 90]. The Fourier coefficients of the
E field can be obtained by combining Eqs (3.57) and (3.52) to get

[
−ey
ex

]
=
∑
n

(ω2I −K)

[
φx,n
φy,n

]
ane

iqnz + bne
iqn(di−z)

ωq
(3.58)

We can cast Eqs. (3.57) and (3.58) into a compact matrix form by defining

1. f̂(z) to be the diagonal matrix operator with eiqnz on the diagonal, of size NG x NG.

2. q̂ to be the diagonal matrix operator with qn on the diagonal, of size NG x NG.

3. Φ to be the matrix whose columns are the eigenvectors φn.

4. a and b to be the column vectors [a1, a2, a3 · · · ]T and [b1, b2, b3 . . .]
T , both of length

NG.

to get 
−ey
ex
hx
hy

 =

[
(ω2 −K)Φω−1q̂−1 −(ω2 −K)Φω−1q̂−1

Φ Φ

] [
f̂(z)a

f̂(d− z)b

]
(3.59)

= M

[
f̂(z)a

f̂(d− z)b

]
(3.60)

3.6 Scattering Matrix Method

All of the mathematical components described thus far have allowed us to solve Maxwell’s
equations in a single layer with one, fixed dielectric profile for the electromagnetic modes
of that layer. The final piece of this puzzle is to introduce a method for joining the
single layer modal solutions from multiple layers together so we may propagate an incident
plane wave excitation through a realistic multi-layer device (like a solar cell). A class
of recursive matrix algorithms exists for solving exactly this problem. Among them are
the Transfer Matrix Method, Enhanced Transmittance Matrix Method, R-Matrix method,
and the scattering matrix (S-Matrix) Method [79, 91, 92]. While conceptually it makes
sense to introduce these matrix algorithms after discussing the Fast Fourier Factorization
rules, they were actually incorporated into RCWA long before the innovations of Popov
and Nevierre as early as 1988 [92, 91, 87, 93]. Among the matrix algorithms, the S-matrix
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method has won out as the de-facto standard algorithm for RCWA implementations due to
it’s simplicity and numerical stability when modeling many-layered structures with thick
layers [78].

The Scattering Matrix (S-Matrix) relates the forward and backward propagating am-
plitudes in Eqs (3.58) and (3.57) in two arbitrary layers of the device[

al
bl′

]
= S(l, l′)

[
al′
bl

]
=

[
S11 S12

S21 S22

] [
al′
bl

]
(3.61)

where l has been used to index layers. The amplitudes in two adjacent layers of the device
are related by the interface matrix[

f̂l(dl)al
bl

]
= I(l, l + 1)

[
al+1

f̂l+1(dl+1)bl+1

]
=

[
I11 I12

I21 I22

] [
al+1

f̂l+1(dl+1)bl+1

]
(3.62)

where f̂l = f̂(dl). The interface matrix can be obtained by requiring continuity of the
components of the fields tangential to the interface (i.e the in-plane components Ex, Ey,
Hx, and Hy). Looking to Eq. (3.60) we have the equality

Ml

[
f̂l(dl)al
bl

]
= Ml+1

[
al+1

f̂l+1(dl+1)bl+1

]
(3.63)

from which we can see that
I(l, l + 1) = M−1

l Ml+1 (3.64)

With the interface matrix in hand, our goal is to construct the scattering matrix relating
the coefficients in some layer l to the next layer l + 1[

al+1

bl

]
= S(l, l + 1)

[
al
bl+1

]
. (3.65)

Once we have computed S(l, l+1), we can start from the known coefficients of an excitation
and compute the coefficients in layer l = 1 using the scattering matrix S(0, 1). This
technique can be applied successively to obtain S(0, N), the scattering matrix for the
entire structure. Expanding Eqs. (3.61) and (3.62) gives

al = S11(l′, l)al′ + S12(l′, l)bl (3.66)

bl′ = S21(l′, l)al′ + S22(l′, l)bl (3.67)

f̂lal = I11(l, l + 1)al+1 + I12(l, l + 1)f̂l+1bl+1 (3.68)

bl = I21(l, l + 1)al+1 + I22(l, l + 1)f̂l+1bl+1 (3.69)

By inserting Eqs. (3.68) and (3.69) into (3.66) and (3.67) we can eliminate al and bl to
retrieve the elements of the matrix S(l′, l+ 1), which can be identified from the coefficients
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of the al′ and bl+1 terms after performing this substitution. These terms are

S11 (l′, l + 1) =
(
I11 − f̂lS12 (l′, l) I21

)−1

f̂lS11 (l′, l)

S12 (l′, l + 1) =
(
I11 − f̂lS12 (l′, l) I21

)−1

×
(
f̂lS12 (l′, l) I22 − I12

)
f̂l+1

S21 (l′, l + 1) = S22 (l′, l) I21S11 (l′, l + 1) + S21 (l′, l)

S22 (l′, l + 1) = S22 (l′, l) I21S12 (l′, l + 1) + S22 (l′, l) I22f̂l+1

(3.70)

which, when letting l′ → l and noting S(l, l) = 1, yields the components of the desired
matrix S(l, l+1). Computing the fields requires knowledge of al and bl, which are obtained
by calculating S(0, l) and S(l, N) using the above recipe (where N labels the bottom layer
of the device). The coefficients in some layer l are

al = [1− S12(0, l)S21(l, N)]−1

× [S11(0, l)a0 + S12(0, l)S22(l, N)bN ]

bl = [1− S21(l, N)S12(0, l)]−1

× [S21(l, N)S11(0, l)a0 + S22(l, N)bN ]

(3.71)
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Chapter 4

Verification of RCWA

This chapter exists as a journal article in [94], and is reproduced with permission here.

4.1 Introduction

Nanowire solar cells (NWSC) are a new solar cell technology with the potential to improve
upon existing solar cell devices. Their potential stems from their ability to effectively
absorb incident light while using less semiconductor material than planar solar cells.

The optimal nanowire solar cell arrays consists of nanowires that are a few microns in
height and with diameters and periodicities comparable to the wavelengths present in the
solar spectrum [9, 8]. These small sizes require full wave optics simulations to accurately
model their optical properties, unlike in standard planar devices [7, 95]. Both experimental
measurements and modeling have shown high levels of absorption with low sensitivity to
the incident angle of light [6]. Additionally, the finite in-plane dimensions of nanowires can
accommodate strain due to growth on lattice-mismatched substrates without introducing
dislocation faults in the crystal lattice [20]. This capability opens up the possibility for
high-efficiency III-V tandem cells grown on silicon [22].

The larger design parameter space of NWSC relative to planar solar cells requires
careful optimization of geometric parameters to maximize device performance [96]. There
is a need for fast, accurate modeling tools to enable rapid exploration and optimization
of nanowire designs. Conventionally, finite element [16, 95, 12, 48] and finite difference
methods [9, 11, 97] have been used in optical models of NWSC. While these techniques
are highly accurate, they are computationally expensive, limiting their usefulness in a
closed-loop global device optimization. Rigorous coupled wave analysis (RCWA) is another
wave-optics modeling technique that lacks the memory and computational requirements
of competing techniques [98]. RCWA is a Fourier domain technique ideally suited to
periodic arrays. It is promising for its speed and is highly accurate when computing far-field
quantities such as total absorptance, reflectance, and transmittance. RCWA simulations
become more accurate as the number of plane waves NG increases, and the computational
cost scales as N3

G. However, naive implementations lack accuracy at reasonable NG when
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computing near-fields internal to the device due to the well-known Gibbs phenomenon [99].
Such near-fields are required to compute carrier generation rates and are thus an essential
component of a fully-coupled optoelectronic device model.

In this work, we show that RCWA can be used for accurate optical modeling of nanowire
solar cells. We examine a test device (see Fig. 4.1 and Table 4.1), indicate where standard
RCWA formulations lack sufficient accuracy, and provide two techniques for increasing
accuracy of the near fields. The first is an implementation of an already published tech-
nique for introducing proper discontinuities in the near fields and mitigating the Gibbs
phenomenon [100, 101, 99, 102]. We extend the open source RCWA library S4 to include
this technique, and show it greatly increases the accuracy of local field computations [86].
The second is a new rescaling technique that increases the accuracy of device simulations
while keeping computational cost reasonable when computing spectrally integrated quan-
tities. We show that even with our two improvements, some spectrally resolved quantities
continue to require more expensive calculations. Using our improvements, RCWA shows
promise as an effective technique for rapid optical modeling of nanowire solar cells.

Substrate
  (GaAs)

ITO

Cy
cl

ot
en

e

AlInP 
Shell Core radius

Shell thickness

Array period

SiO2

X
Y

Z

Figure 4.1: The test device used for assessment of RCWA. Left: A single unit cell in a
square nanowire array containing a cylindrical GasAs nanowire passivated by an AlInP
shell on a GaAs substrate, planarized by a cyclotene dielectric, and top-contacted with a
layer of indium tin oxide. A thin layer of SiO2, surrounding the GaAs core but lacking the
AlInP shell, exists between the cyclotene and substrate. Right: A top down view of the
unit cell, demonstrating the piecewise constant material parameters in the plane.
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Table 4.1: Numerical values for all geometric parameters in the test device.
Parameter Value
NW Core Length 1.3 µm
NW Shell Length 1.27 µm
SiO2 Thickness 30 nm
Substrate Thickness 1 µm
ITO Thickness 300 nm
Array Period 250 nm
Core Radius 60 nm
Shell Thickness 20 nm

4.2 RCWA

RCWA is a Fourier-space method for solving the frequency domain Maxwell’s equations
with frequency ω:

∇×H = −iωεE + Jf (4.1)

∇× E = iωµH (4.2)

∇ ·B = 0 (4.3)

∇ ·D = ρf (4.4)

where B = µH is the magnetic field, E is the electric field, D = εE is the displacement field,
ε is the electric permitivitty, µ is the magnetic permeability, Jf is the free current density,
and ρf is the free charge density. RCWA relies on two critical assumptions about the
geometry of the system. First, the device must be composed of discrete, axially-invariant
layers such that at a given x-y point within a layer, the material parameters along the
z-direction remain constant. Second, the device must be decomposable into fundamental
unit cells that are 2D periodic in the plane. If these conditions are satisfied, then the
longitudinal and transverse dimensions are separable and the fields in a single layer can be
written as:

H(r, z) =
∑
G

HG(z)ei(k+G)·r, (4.5)

where G is one of NG in-plane reciprocal lattice vectors, k is the in-plane component of
the excitation wave vector, and r = xx̂+yŷ. Note the G is generally chosen to be an array
of reciprocal lattice points with a circular truncation, keeping all G with |G| less than
some constant, which maintains symmetry in Fourier space [86]. The in-plane dielectric
profile ε(r) may depend on the material, allowing it to have piecewise-constant dependence
on the transverse spatial coordinates. Vertical nanowire arrays (see Fig. 4.1) satisfy these
geometric constraints.

We consider only non-magnetic materials, so µ = µ0, the vacuum permeability. At
optical frequencies, which we consider, ρf is negligible. Jf can be used to describe emission
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from within structures; we will not make such considerations and will thus consider Jf = 0
in the examples below, but such currents could be added without difficulty.

The approximation of step changes in ε, while convenient mathematically, is known to
produce singularities in local fields and their gradients at internal corners and edges [103].
These singularities are square integrable, as is required for conservation of energy, but are
generally not fully resolvable with standard FDTD, FEM, and RCWA methods, though
specialized methods have been proposed to treat some of the singularities in particular
geometries [104, 105, 106]. The cylindrical geometry considered here contains no corners
and the active region of GaAs is convex, so the field singularities inside the nanowire
material are relatively benign, but they are not accurately modeled here. Instead, we
effectively spread the associated optical generation over a region given by the Fourier
resolution, which scales as the unit cell period divided by

√
NG. Since this length scale is

smaller than material diffusion lengths, we do not anticipate effects in device modeling.

The essential part of RCWA is determining HG(z) in Eq. (4.5) for a given set of
reciprocal lattice vectors G. One can assume the coefficients in Eq. (4.5) take the form
[86]

HG(z) =

[
φG,xx̂ + φG,yŷ −

(kx +Gx)φG,x + (ky +Gy)φG,y

q
ẑ

]
eiqz, (4.6)

where the φ are expansion coefficients and the z-component has been chosen to satisfy
the ∇ ·H = 0 condition. This form of the fields illustrates one of the key advantages of
RCWA over competing techniques, namely the analytic dependence on the z coordinate.
By inserting Eq. (4.6) into Eq. (4.1), one arrives at an eigenvalue equation for determining
the set of eigenvalues q and the components of the eigenvectors φ for a single layer. Once the
eigenmodes of each layer have been determined, multilayer structures are joined together
by introducing propagation amplitudes for the eigenmodes and using the scattering matrix
method to join solutions at layer interfaces [79, 87, 107, 108, 109]. Results increase in
accuracy with NG. Our work is an extension to S4, an open-source implementation of
RCWA built on the scattering matrix method [86]. In the remainder of the manuscript,
we refer to S4 as the standard RCWA method, but it has included a significant number of
improvements from the original RCWA methods; for details, see [86].

For optoelectronic device modeling, we are most concerned with determining the local
carrier generation rate, which is determined from the local electric field strength in each
material. RCWA expresses the fields using the Fourier series in Eq. (4.5). Any finite
Fourier series representation is always continuous, even across in-plane material interfaces,
as between the core and shell of a nanowire. In an exact solution, the normal components
of E should be discontinuous across material boundaries, but a Fourier reconstruction
requires an intractable number of terms to accurately model such a discontinuity, even
though far-field quantities such as the total absorptance may be well converged. For
any finite NG, standard RCWA-produced fields have spurious oscillations, especially near
material interfaces.

To assess the convergence of RCWA with NG, we define two methods for computing
the absorptance of a layer of the device. The first method relies only on the power passing
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through the top and bottom of the layer. These powers can be computed entirely in Fourier
space [86], and do not suffer from convergence issues in the reconstruction of the near fields.
The net emitted powers of layer i are defined as:

P i
up(ω) =

∫
top

Sz(ω)dA (4.7)

P i
down(ω) =

∫
bottom

Sz(ω)dA, (4.8)

where Sz is the z-component of the Poynting vector and the integration is over the top or
bottom surface of the unit cell, with the appropriate sign for emitted power. Considering
the top (layer 1) and bottom (layer n) together, the total reflectance and transmittance
are

R(ω) =
P 1

up(ω)

Pin(ω)
(4.9)

T (ω) =
P n

down(ω)

Pin(ω)
, (4.10)

where Pin is the input power of the incident plane wave. Then total absorptance is:

Afar field(ω) = 1−R(ω)− T (ω). (4.11)

The contribution of a single layer to the device absorptance can be calculated similarly.
We consider the test structure detailed in Table 4.1 and use S4 [86] to perform RCWA
calculations with normally-incident circularly polarized light. Due to the circular symmetry
of the nanowires, total absorption is independent of the handedness of the incident light,
so we can consider just one polarization and determine the local field strengths even for
incoherent illumination [48]. We consider 60 equally spaced frequencies corresponding to
wavelengths from 300 nm to 900 nm, just beyond the GaAs absorption edge of 871 nm.
Figure 4.2 shows that the far-field absorptance spectrum of the full device converges rapidly
with basis terms, and is self-converged within 0.5% with NG = 75.

Equation (4.11) expresses the power absorbed in a layer in terms of the fluxes into and
out of the layer. The divergence theorem and Maxwell’s equations allow rewriting that
power in terms of the local fields, instead. The absorbed power can then be written,

Pabs(ω) = ε0ω

∫
n(x, y, z;ω)k(x, y, z;ω)|E(x, y, z;ω)|2dV (4.12)

Anear field =
Pabs

Pin

. (4.13)

The complex dielectric at each frequency is constructed from tabulated real n and imagi-
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Figure 4.2: Absorptance of the entire device calculated using the far field fluxes, Eqs. (4.7)
- (4.11). The markers for all values of NG lie nearly on top of one another, indicating
convergence at low numbers of basis terms. The dashed black line shows the portion of
the absorptance that occurs in the GaAs substrate (calculated with NG = 997), which is
negligible at shorter wavelengths, becoming more significant at longer wavelengths.
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Figure 4.3: Absorptance calculated from near fields using Eqs. (4.12) - (4.13) (circles). Far
field absorptance at NG = 997 (triangles). a) S4 implementation of RCWA. b) Continuous
variable formulation. Gray background shows the AM1.5 solar spectrum. The CVF shows
significant improvement, especially at short wavelengths.

nary k parts of the index of refraction in each material [110, 16].

We calculate Anear field by extracting E(r) on a cubic mesh with 1 nm spacing in the
plane for all layers. We use 3 nm spacing along the z-direction in the ITO layer and 3.5 nm
spacing in the nanowire layer. A sparser mesh of 16 nm spacing is used in the substrate
due to the weak absorption there. This choice of mesh is sufficiently dense to converge the
result better than 1% using a simple trapezoidal rule integration. Figure 4.3(a) shows the
convergence of Anear field withNG. Though the near fields are well converged for λ > 450 nm,
they are not converged at short wavelengths even for NG = 997.

Figure 4.4 shows some results of Figs. 4.2 and 4.3 as a function of NG at three wave-
lengths and spectrally integrated with the AM1.5G solar spectrum [111], to more clearly
show that the far-field method (green line) converges rapidly at all wavelengths, while
the standard local-field method (blue line) only converges to the far-field result for long
wavelength.

In the following sections, we provide two techniques for improving the accuracy of the
near fields in RCWA. The first is an implementation of an existing technique, which we
call the continuous variable formulation (CVF), which mitigates the Gibbs phenomenon
and ensures proper discontinuities at interfaces by modifying the field computations such
that only quantities that are continuous in real space are reconstructed from their Fourier
components [99]. The discontinuities across in-plane material boundaries are then handled
in real space. The second technique uses the well-converged, highly accurate far-field
computation of each layer’s absorption to rescale the near fields, ensuring correct total
generation within a device layer.
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Figure 4.4: Convergence of the spectrally integrated and wavelength resolved Afar field,
Anear field using the CVF fields, and Anear field using the unmodified fields. Blue box in-
dicates 1% error bars around the NG = 997 far field absorptance, showing that the far
field absorptance is self-converged in all cases; at short wavelengths, neither near field
absorptance line is converged. The CVF fields improve accuracy at all wavelengths.
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4.3 Continuous variable formulation

The CVF is a modification to RCWA that only Fourier reconstructs quantities that are con-
tinuous across material interfaces in real space. Near material interfaces, these quantities
are the components of the displacement field D that are normal to, and the components of
the electric field E that are tangential to, the interface. Using these real-space continuous
quantities, one can determine the full electric field everywhere by using the constitutive
relationship

D = εE (4.14)

with a discontinuous real-space ε. S4 already uses a related technique for calculating the
Fourier modes, but it does not use this method when extracting real-space quantities.

To perform this decomposition with arbitrarily shaped 2D regions within a layer, one
must construct a locally-defined vector field that is tangent to all material interfaces and
periodic in the plane, which can be generated automatically, as is done by S4 [85, 86]. This
vector field induces an associated projection operator T that can be used to project the
Cartesian components of the electromagnetic fields onto this local coordinate system such
that:

[
ET,x(r)
ET,y(r)

]
= T (r)

[
Ex(r)
Ey(r)

]
(4.15)[

DN,x(r)
DN,y(r)

]
= N(r)

[
Dx(r)
Dy(r)

]
, (4.16)

where N = 1 − T , ET is the component of E along the tangential vector field and DN is
the component of D perpendicular to the tangential vector field. The total field satisfies[

Ex(r)
Ey(r)

]
=

[
ET,x(r)
ET,y(r)

]
+

[
EN,x(r)
EN,y(r)

]
. (4.17)

By taking the Fourier transform of T (r), the projection onto the tangential vector
field can also be done in Fourier space. Mirroring the notation of [99], we denote discrete
real-space quantities with upper case letters (as in Ex to represent the vector Ex(ri) for
many points ri), vectors of Fourier coefficients with lower case letters surrounded by single
brackets (as in [ex]), and Fourier space matrix operators with double brackets (as in JT K).
Using this notation, the Fourier transform of Eq. (4.15) is given by [99]:

[
eT,x
eT,y

]
= JT K

[
ex
ey

]
, (4.18)

where JT K is the Fourier convolution matrix [86, 99]. That is, one calculates the Fourier
transform T̃ (G) of T (r), and the (G, G′) element of JT K is T̃ (G−G′).
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We extract [ex] and [ey] from a standard RCWA implementation and then construct
[dN,x] and [dN,y]. Since ε(r) and EN(r) are both discontinuous, the proper Fourier factor-
ization takes [112]

s
1

ε

{−1

[dN ] = [eN ], (4.19)

where J1/εK−1 is the 2NG × 2NG block diagonal matrix whose upper-left and lower-right
blocks are the inverse of the NG × NG Fourier convolution matrix of 1/ε(r). In [99],
Weismann et al. showed that the symmetric formulation,

[
dN,x
dN,y

]
=

1

2

(
JNK

s
1

ε

{−1

+

s
1

ε

{−1

JNK

)[
ex
ey

]
, (4.20)

converges well and conserves power for lossless structures, and we use this form.

After finding dN,x and dN,y we reconstruct the real space electric field

EN(r) =
F−1(dN)

ε0εr(r)
, (4.21)

where F−1 indicates the inverse Fourier transform. This EN(r) has correct discontinuities
at material interfaces where εr jumps. Finally, the real space electric fields in Cartesian
coordinates can be recovered using:

Ey(r) =
F−1(dN,y)

ε0εr(r)
+ F−1(eT,y) (4.22)

Ex(r) =
F−1(dN,x)

ε0εr(r)
+ F−1(eT,x). (4.23)

Figure 4.5 shows the norm-squared components of the electric fields computed using un-
modified RCWA and the CVF on a line cut along the x-direction through the center of the
nanowire. In this cut, Ex is normal to the interface and should therefore be discontinuous,
while Ey should be continuous. Note the Gibbs oscillations in the standard result for Ex,
while the CVF result has introduced discontinuities at the boundaries and significantly
reduced the amplitude of the Gibbs oscillations.

Figure 4.3(b) shows the improved agreement between the CVF absorptance and the
well-converged far field absorptance. Figure 4.6 shows the relative difference between the
far and near field absorptances calculated with and without the CVF. It is clear that
the CVF significantly improves the agreement at all wavelengths, but the disagreement
is still significant for wavelengths shorter than 450 nm. Figure 4.6 indicates the AM1.5G
spectrum, which shows that the CVF-based Anear field agrees well with the far field results
through the most important parts of the solar spectrum. In the next section, we introduce a
simple rescaling technique to increase accuracy of the near fields at all incident wavelengths.
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Figure 4.5: Line cuts of |Ex|2 (left) and |Ey|2 (right) along the x-direction through the
center of the nanowire 101 nm from the top of the nanowire with and without use of the
CVF with an incident wavelength of 453 nm and NG = 997. The CVF formulation reduces
the Gibbs oscillations in Ex and introduces proper discontinuities while maintaining the
continuity of Ey.

Figure 4.6: Relative difference between the far field and near field calculations of A with
NG = 997. Orange line uses the unmodified fields in Eq. 4.13, blue line uses the CVF fields.
Gray background shows the AM1.5G solar spectrum, which is strongest in the region of
good convergence. Black dashed line indicates the 1% mark.
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4.4 Rescaling technique

In device simulations, the total optical generation rate must be determined accurately. The
exact position where generation occurs is somewhat less important, as the carriers drift
and diffuse, and deviations on the scale of a few nanometers are rarely significant. We can
ensure that the total generation in each layer is calculated correctly, even with inexpensive
RCWA calculations that have not fully converged the local fields. To achieve this goal, we
use the well-converged far field results (as shown in Fig. 4.2) to rescale the components
of the near fields in each layer such that Afar field and Anear field agree exactly. We define a
rescaling factor F for each layer i and frequency ω:

Fi(ω) =
Aifar field(ω)

Ainear field(ω)
. (4.24)

Then, the components of E are rescaled such that:

Erescaled(ω) =
√
Fi(ω)E(ω) (4.25)

for fields in the appropriate layer, ensuring that the total generation rate in each layer
matches the accurate far-field result exactly.

This rescaling technique allows accurate determination of spectrally-integrated genera-
tion rates with small numbers of basis terms. Figures 4.7 and 4.8 show line cuts through the
test structure at three representative wavelengths and spectrally integrated under AM1.5G
illumination, calculated with 60 equally spaced frequencies. At 487 nm, the fields are quan-
titatively converged at small NG, while the Gibbs oscillations are not entirely removed ei-
ther at shorter or longer wavelengths. Calculations dependent on spectrally resolved local
fields, such as external quantum efficiency (EQE), thus require relatively large NG at some
wavelengths. When the fields are spectrally integrated, however, the essentially random
phases of the oscillations average away, and the spectrally-integrated fields are quantita-
tively converged by NG = 197. Figure 4.9 compares the rescaled spectrally-integrated
generation rates along a plane through the center of the nanowire at NG = 997 and 197,
showing the excellent agreement that rescaling permits, even at low NG. This spectrally
integrated generation rate is sufficient for optoelectronic modeling while reducing the re-
quirements for NG by a factor of 5.

The computational cost of the RCWA method scales as N3
G, so reducing NG by a factor

of 5 (from 1000 to 200) theoretically reduces the runtime by a factor of 125, and reducing
to NG = 100 can reduce the runtime by a factor of 1000. Extracting the electric fields on
a dense mesh of points, however, also has a computational cost, and for sufficiently small
NG, this electric-field extraction limits the runtime. Figure 4.10 shows an estimate of the
simulation run times for a single incident wavelength. Each desired wavelength must be
calculated separately, and they all take approximately the same amount of processor time.
Simulations were run on a single core of an Intel Xeon E5-2640 v4 CPU with a 2.40GHz
clock speed, and utilized OpenBLAS matrix libraries for all matrix manipulations. The
figure shows both the simulation time for RCWA to determine the field amplitudes, in
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Figure 4.7: Rescaled generation rate on a line cut along the x direction through the center
of the nanowire 83 nm from the top of the nanowire layer. The spectrally integrated and
λ = 487 nm case are clearly converged even at NG = 197, while the longer and shorter
wavelengths need high NG to remove all the Gibbs oscillations.
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Figure 4.8: Rescaled generation rate on a line cut along the z direction through the center
of the nanowire core. As in Fig. 4.7, the spectrally integrated results are well converged at
low NG while the shortest and longest wavelengths require higher NG for convergence.

Figure 4.9: Left: Spectrally integrated generation rate with AM1.5G spectrum along a
cut through the middle of the nanowire using the rescaled fields with NG = 197. Right:
Absolute difference between the generation rate shown at left and the well-converged,
rescaled generation rate at NG = 997. The deviations between the two generation maps
are small. White regions are areas of vacuum and SiO2, where the generation rate is
zero. Area within the solid contour indicates the location of peak generation, greater than
2.75 × 1022 cm−3s−1, while the differences there are much smaller. Dashed lines indicate
line cuts shown in Figs. 4.7 and 4.8.
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Fourier space, and for the extraction of those fields on the dense real-space mesh described
above. The CVF method does not significantly change the run times. Efforts were made
to minimize data input/output time and resource contention in all benchmarks. These
results show that running at NG = 197 has a cost 25 times less than at NG = 997, and
that cost is dominated by the field calculation and export. The field calculation and export
time can possibly be optimized further and would certainly be reduced if a coarser mesh
were requested. Decreasing that cost could allow computation times to be reduced by
an additional factor of 5. Simulations at each frequency are completely independent, so
computation time for a full spectral sweep can be easily reduced by running all frequencies
in parallel [113]. With a sufficient number of CPU cores, a full spectral sweep can be run
in the same clock time as a single simulation.

Figure 4.10: Run time of a single simulation as a function of basis terms with and without
computation of the local fields. Field computations dominate the runtime at small NG. A
least-squares fit to the blue line yields a slope of 3.06, consistent with the N3

G scaling of
the QR algorithm for solving eigenvalue problems. Dashed lines are guides to the eye.

4.5 Conclusion

In this work, we investigate the accuracy of RCWA for optical modeling of nanowire solar
cells. We find excellent accuracy with low computational cost at long incident wavelengths,
but poor accuracy at short incident wavelengths. To increase the accuracy of RCWA
we extend the open-source library S4 [86] to include an already published technique for
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improving near field computations in RCWA [99]. Our implementation mitigates the Gibbs
phenomenon and introduces physically expected discontinuities in the fields at material
interfaces, improving convergence of the near fields at all incident wavelengths. To bring
convergence within a 1% tolerance, we introduce a simple rescaling technique that uses
the well converged far field quantities to rescale the near fields on a per layer basis. These
improvements open up the possibility of using RCWA as a low cost optical modeling
technique in a full optoelectronic device model of nanowire solar cells.
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Chapter 5

Optical Optimization of Passivated
GaAs Nanowires on GaAs Substrates

This chapter exists as a conference proceeding article in [96], and is reproduced with
permission here.

5.1 Introduction

Nanowire solar cells (NWSC) have emerged as promising candidates for highly efficient,
inexpensive solar energy harvesters. With the correct choice of nanowire array geometry,
one can reduce material requirements relative to flat-panel solar cells without sacrificing
absorption or device efficiencies.

The excellent broadband absorption of NWSC has been widely demonstrated [114, 15,
17, 3] and is due to nanowires having larger absorption cross sections than their physical
cross sections. Additionally, the optical modes of the nanowire create internal resonances
that enhance overall absorption [115] [9]. The small cross sectional area of the nanowires
allows them to be grown on lattice-mismatched substrates with the resulting strain accom-
modated without dislocations. This flexibility enables growth on inexpensive substrates
and creation of tandem solar cells of lattice-mismatched materials, further reducing cost
and improving potential efficiency [20, 21].

Despite the promising optical properties of NWSC, their large surface area contributes
to high levels of surface recombination. This problem has been solved by introducing a
passivating shell of higher bandgap material around the nanowire core (as illustrated in
Figure 5.1), which has proven to be an effective method for increasing device performance
[44].

While the necessity of a passivating shell for electrical device performance has been
well demonstrated [48], little work has been done to investigate the optical consequences of
adding such a shell. Because the shell material has a higher bandgap and different optical
properties than the core material, it has the potential to change the optical characteristics
of nanowire devices.
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Figure 5.1: A single unit cell of the square lattice nanowire array. a) An unpassivated
and uncontacted bare nanowire. b) An unpassivated, contacted nanowire planarized with
dielectric material. Although there is a non-trivial geometry in the x-y plane, the material
parameters remain constant along z within each layer. c) A fully passivated nanowire.
d) A top down view of the nanowire layer with core radius R, array period P, and shell
thickness S.

In this work, we use rigorous coupled wave analysis (RCWA) to perform wave-optics
simulations of a square array of GaAs nanowires passivated by AlInP shells. We discuss the
advantages of the RCWA method and present the shell thickness, core radius, and array
periodicity that optimize the maximal photocurrent density Jph. We then give valuable
guidance for the design of optical NWSC arrays.

5.2 Methods

RCWA [76, 98] (also referred to as the Fourier modal method) is a semi-analytic, frequency-
domain method for solving Maxwell’s equations. Unlike the finite element method (FEM)
or the finite difference methods, RCWA propagates fields in the z-direction analytically, re-
ducing the number of discretized dimensions from three to two. This analytic propagation
requires the device to be composed of discrete layers, where the material parameters must
be constant along the z-direction within a layer. Vertical nanowire designs (see Figure 5.1)
are ideal systems for such analysis. Because the axial spatial direction is treated analyt-
ically, simulation times are independent of the layer thicknesses and any number of layer
thicknesses can be explored during a single simulation essentially for free. We implement
our model using the open-source RCWA library S4 [86]. At each frequency, S4 expands
the electromagnetic fields within each layer using a 2D plane-wave basis with exponential
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dependence in the axial direction. The fields are made to satisfy continuity conditions at
layer interfaces using the S-matrix algorithm.

We simulate the nanowire array absorption spectrum by dividing the AM1.5G spec-
trum into 120 equally spaced frequency bins from 350-900 nm. A circularly polarized plane
wave is injected at normal incidence onto the first layer of the device. Due to the circu-
lar symmetry of the nanowire, this polarization choice removes the need to simulate two
independent polarizations for incoherent illumination [48]. We impose periodic boundary
conditions at the x and y limits of the simulation domain to simulate an array of nanowires.
The materials are defined solely through their frequency-dependent refraction coefficient
n and extinction coefficient k [16, 110]. Referring to Fig. 5.1, we first model a “bare”
nanowire. We then model a nanowire contacted by a top layer of ITO and planarized with
a cyclotene dielectric (“contacted” nanowire). Finally, we model a contacted, planarized,
passivated nanowire (“passivated” nanowire).

We seek to maximize the photocurrent density, where we assume that each absorbed
photon produces one excited electron. Thus, we maximize spectral absorbance weighted
by photon number

Ā =

∫
λ
hc
A(λ)I(λ)dλ∫
λ
hc
I(λ)dλ

(5.1)

where A(λ) is the wavelength dependent absorption coefficient of the NWSC, I(λ) is the
AM1.5G spectrum in W·m−2·nm−1, and hc/λ is the energy of the incident photon. As-
suming perfect carrier collection, the photocurrent density is then

Jph =
q

hc

∫
λA(λ)I(λ)dλ (5.2)

which is directly relatable to Eq. (5.1) by Jph = Ā · 33.37 mA/cm2. We obtain the wavelength-
dependent absorption coefficients from

R(λ) =
Pref
Pin

(5.3)

T (λ) =
Ptran
Pin

(5.4)

A(λ) = 1−R(λ)− T (λ) (5.5)

where Pin is the incident power, and Pref and Ptran are the reflected and transmitted
powers, respectively.

There exists a subtle but important detail concerning where in the device we choose
to calculate T (λ). Referring back to Figure 5.1, there are two reasonable choices. The
first places the calculation of T (λ) at the bottom of the substrate. The second places the
calculation of T (λ) at the nanowire-substrate interface. Looking forward to an electronic
drift-diffusion based model, we want our optical simulations to maximize the number of
charge carriers generated near the p-n junction of the device. By doing this, we decrease
the distance carriers must travel to reach the junction and thus increase their likelihood
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Table 5.1: Optimization Results

System Array Core Jph
Period Radius

[nm] [nm] [mA cm−2]
Bare Nanowire 338 85 29.27

Unpassivated nanowire 326 103 28.45
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Figure 5.2: The normalized absorption spectrum, A(λ), of the optimized contacted
nanowire (see Table 5.1) and the photon-weighted AM1.5G spectrum, λ

hc
I(λ), in arbitrary

units.

of being separated and collected. In axial junction nanowires, the junction is usually
placed near the top of the nanowire core. By choosing to calculate T (λ) at the nanowire-
substrate interface when optimizing Ā, the optimizer searches for a device geometry that
shifts absorption into the nanowire. This achieves the desired affect of concentrating carrier
generation near the junction. In all optimizations and figures, T (λ) was calculated at the
nanowire-substrate interface.

As a first example of modeling NWSC via the RCWA method, we use Nelder-Mead
simplex optimization to find the optimal array period and nanowire radius. This opti-
mization allows us to find the desired geometric parameters to high precision without the
unnecessary overhead of blind parameter sweeps. During all optimizations, the ITO thick-
ness is fixed at 300 nm, the nanowire length at 3 µm, and the substrate thickness at 100
µm.

We find the array period and core radius that maximize Ā for the bare nanowire (shown
in Table 5.1), in good agreement with previous FEM-based results [16]. The results from
this optimization are used as a starting point to find the optimal parameters for the con-
tacted nanowire. Finally, we explore the effects of adding a passivating shell to the con-
tacted nanowire.
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Figure 5.3: The generation rate of the device along a fixed yz plane through the center of
the nanowire core. The schematic on the right clarifies where the axial slice through the
device was taken.

Increasing	shell	thickness

Figure 5.4: A top down view of the nanowire layer as the shell thicknesses is increased.
Green represents GaAs and orange represents the AlInP shell.

5.3 Results

When ITO and cyclotene are added to the optimized bare nanowire, Jph drops to 28.01
mA/cm2. Reoptimizing the geometry improves Jph by 1.5%, resulting in a value of 28.46
mA/cm2. Table I shows the optimal geometric parameters for the bare nanowire and
the contacted nanowire, indicating the significant geometric changes when the ITO and
dielectric are included. The absorption spectrum for a contacted nanowire using those
parameters is shown in Figure 5.2. As expected, the geometry of the nanowire is tuned to
place an absorption peak at the strongest part of the spectrum, between roughly 600-800
nm. Figure 5.3 shows the generation rate profile along a 2D slice through the contacted
nanowire. Our choice for T (λ) has concentrated the generation rate within the desired
region at the tip of the nanowire.

Next, we sweep through shell thicknesses of 10-80 nm in steps of 10 nm while keeping
the total core+shell radius fixed at 103 nm (see Figure 5.4), which is the optimal value
from Table 5.1. The affect is shown in Figure 5.5. Below 40 nm absorption losses are
minimal, and beyond that dramatic losses to Jph occur. In terms of overall performance,
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Figure 5.5: Photocurrent density vs. shell thickness for an array period of 315 nm and a
core radius of 106 nm.

the passivating shell is a necessity and the small absorption gains accrued from removing
it do not outweigh the performance costs due to surface recombination.

We now consider fixed thicknesses and reoptimize to find the optimal core diameter
and array period, with results shown in Figure 5.6. These parameters vary considerably
from the contacted nanowire optimal values, and in general one needs to increase the array
period and decrease the core radius as the shell thickness increases. Figure 5.7 shows
the improvement gained from reoptimizing for each shell thickness. Herein lies the value
of device optimization through simulation. We see that by reoptimizing the geometry
of the nanowire array all losses to Jph can be almost entirely recovered. It is possible
to accommodate the electrical benefits of a passivating shell without negatively affecting
device absorption by appropriately readjusting the array period and core radius. With the
correct choice of geometric parameters, device fabricators can dramatically improve optical
NWSC performance.

5.4 Conclusion

In this paper, we outline a method for efficient optical simulation of NWSC devices. Our
first demonstration of this method is a geometric optimization to enhance photon-weighted
optical absorption. This method will be useful for combined optical and electrical simu-
lations [48], with a significant reduction in computational cost. We find that optimal
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Figure 5.6: Reoptimized core radius (left axis) and array period (right axis) that give the
maximum possible Jph for fixed shell thicknesses. Lines are guides to the eye.

Figure 5.7: A comparison of optimized and unoptimized photocurrent densities for a fixed
shell thickness. The unoptimized data is the same as in Figure 5.5. The optimized data is
the maximal photocurrent density resulting from a reoptimization of the array period and
core radius at each shell thickness.
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absorption occurs in the absence of a passivating shell, and outline the losses to the pho-
tocurrent density as a function of the shell thickness. In the presence of a shell of fixed
thickness, we present the array period and core radius that maximize the photocurrent den-
sity and show that by reoptimizing the nanowire geometry the losses incurred by adding
a shell can be almost completely recovered. This information will be invaluable for use in
growing efficient GaAs NWSC.
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Chapter 6

Electrical Optimization of Passivated
GaAs Nanowires on Silicon
Substrates

6.1 Introduction

Nanowires are excellent light absorbers in the visible range due to their unique geome-
try. However, their favorable light absorbing properties come at the price of increased
complexity when attempting to optimize their electrical performance. In a p-i-n solar cell
structure, the doping levels in each of the p, i, and n regions and their relative heights
must be tuned to maximize efficiency. The process of optimizing these doping levels and
heights is in essence an optimization of the band diagram to maximize carrier separation
and carrier transport out of the active semiconductor region of the device. In the approxi-
mations used here, these doping levels do not affect the optical properties of the nanowires.
However, the thickness and doping of each region must be carefully designed to match the
locations of optical generation [48], in order to maximize the collection of carriers. There
also exists a trade off between the optically optimal device geometry and the electrically
optimal device geometry due to the high rates of surface recombination along the nanowire
side walls. Optically, increasing the length of the nanowire increases overall light absorp-
tion and therefore carrier generation. Electrically, increasing the length of the nanowire
increases the surface to volume ratio and therefore increases the rate at which generated
carriers are captured and recombined in trap states along the surface. Therefore, there
must exist some ideal combination of nanowire length, period, and radius that maximizes
light absorption while simultaneously minimizing surface recombination.

An additional benefit of the nanowire solar cell is the ability to grow nanowires on lattice
mismatched substrates. This opens up the opportunity for both efficient GaAs solar cells
grown on cheap silicon substrates and multi-junction solar cells grown on silicon. The finite
in-plane dimensions of nanowires allow them to relieve the strain induced by growth on
lattice mismatched substrates via lateral relaxation, avoiding efficiency-reducing threading
dislocations in the crystal lattice. The critical nanowire radii below which dislocations do
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not occur is dependent on the magnitude of the lattice mismatch. Theoretical predictions
suggest 20 nm as the upper bound on critical radii for GaAs grown on Si [116], but larger
values have been achieved experimentally, with radii up to 146 nm reported in Ref. [117].

As a first step in this chapter we perform optimizations of the doping levels and heights
of the p-i-n regions in a GaAs nanowire of fixed total length grown on a silicon substrate (see
Fig. 6.1) using a coupled opto-electronic device model. The optical model is performed in
3D using RCWA, and then interpolated onto a 2D cylindrically symmetric electrical model,
which uses the finite volume method (FVM) implemented in TCAD Sentaurus [53]. We
use the optically optimized array period and core radius from Ch. 5 as a starting point,
and show doping levels and heights that maximize the overall device efficiency. This
optimization does not require repeating the optical study, as only electrical properties
change. The resulting parameters will provide valuable insight to device growers, and shed
light on the underlying physics that must be utilized to maximize device performance.
All computations were done using the same machine, CPU, and matrix libraries as the
Chapters 4 and 5.
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Figure 6.1: The test structure used in the electrical optimization procedure. Adapted
from [96]. (Left) A unit cell of the periodic array of nanowires. (Right) Plan view, showing
the dimensions of the unit cell, core, and shell.
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6.2 Optical-to-Electrical Conversion

As discussed in Chapters 2-5, Maxwell’s equations are solved in 3D using RCWA to com-
pute the optical generation rate G(r) as a function of space on a regular grid. The nanowire
array absorption spectrum is simulated by dividing the AM1.5G spectrum into 120 equally
spaced frequency bins from 300-900 nm. The number of basis terms NG was fixed at 400
for all optical simulations, and the rescaling technique described in 4 was used to increase
the accuracy of G(r).

The computational cost of full 3D electrical models can be prohibitively expensive,
making closed loop device optimizations infeasible. To reduce computational cost of the
electrical model, the technique described in [48] was used to reduce the geometry of the
system from 3D down to 2D (see Figure 6.2) by approximating the square unit cell as
rotationally symmetric about the nanowire core. The explanation of this reduction is
reproduced verbatim from [48] below.

Due to the square array geometry, the problem does not have a rotational sym-
metry even for cylindrical nanowires. Deviations from rotational symmetry in
the NW optical absorption are not significant and are unlikely to be practically
important as carriers can quickly diffuse across the radius of the nanowire; the
effect is slightly more significant in the substrate absorption. Due to the square
symmetry of the array we only need the carrier generation rate G(fi, r) ob-
tained from the 3D simulation within two planes: the y,z plane called cut A,
that passes though the symmetry axis z and a middle of the side wall of the
simulation domain, indicated in the top view of Fig. 6.2 (a), and the diagonal
x=y,z plane (cut B), that passes though the symmetry axis of NW and a cor-
ner of simulation domain. We obtain the average generation rate needed for
further calculations in a plane through the NW symmetry axis z, by averaging
the G(fi, r) extracted in A and B cuts. The generation rate of all simulation
domains contained within the green circle marked in Fig. 6.2(a) and obtained
using this method, is a good approximation of the 3D average, as both A and
B planes contain information about those domains. For the domain between
the green and red circles the array periodicity is used to extend the plane A
data to larger r. The averaged generation rate is then interpolated from the
regular grid of the optical simulations onto the irregular FVM electrical mesh
using a simple linear interpolation procedure.

It is important to note that this procedure does not affect the absorption prop-
erties of the NW, and only impacts the treatment of the substrate absorption in
the electrical model. In the cylindrical model, all quantities are defined on the
r,z plane. The radius R must be chosen such that the area of a unit cell is cor-
rectly modelled, i.e. a2 = πR2. The comparison between these circular areas,
and the square unit cell base in the 3D optical model is shown in Fig. 6.2(b).
The approximation of the square by a circle results in the existence of the areas
in which G(fi, r) is either double counted or neglected. These regions contain
only substrate and are not expected to strongly affect results. In the worst case
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Figure 6.2: Adapted from [48](a). The 3D simulation structure containing one NW, and
a top view of a part of the NW array. At the bottom, blue and red solid lines represent
the planes on which E(fi, r) is extracted, while the circle of corresponding color shows the
equivalent area. Purple-dashed line denotes simulation domain of the electrical model. (b)
3D geometry in cylindrical coordinates and the A simulation plane. A top view of the NW
array shows the areas of the simulation domain overlap (purple-dottted lines) and areas
that are not simulated in electrical model (blue-dotted lines)
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this Cartesian to cylindrical transformation procedure produces integrated op-
tical generation input to TCAD Sentaurus that is within 1.5% agreement with
the integrated optical generation extracted from full 3D RCWA data. Gener-
ally the agreement is within 1%, which translates to 0.3 mA/cm2 uncertainty
for the maximum achievable current Jph from the structure.

Figure 6.3: Analysis of the effect of the optical mesh density on short-circuit current
density Jsc (top left plot) and the device efficiency (top right plot). 2% self-convergence by
comparing one test to a test at the next higher mesh density is reached using 1 sample per
nm along the x and y directions. The choice of z sampling is insignificant. The computation
time of the electrical simulations and optical data export are shown in the bottom left plot.

6.3 Convergence Testing

To ensure accuracy of the model with respect to the density of sampling points in the optical
mesh, a sensitivity analysis was performed to test the sensitivity of the short circuit current
density Jsc and efficiency η to variations in the sampling density. Results are shown in
Figure 6.3 for the optically optimized nanowire geometry of Chapter 5. In this sensitivity
analysis, 3 meshing parameters were tuned: the number of samples per nm along x and y
for all layers (the same for all layers), the number of samples per nm along z in the nanowire
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layer, and the number of samples per nm along z in the substrate. The meshing parameters
for the irregular FVM electrical mesh were held fixed, with mesh elements held to be no
larger than 200 nm in diameter. The goal of the sensitivity analysis was to self-converge
the results to within 2% by comparing one test to a test at the next higher mesh density
while also minimizing runtime. The plot indicates that the choice of z-sampling has almost
no effect on the results, so the least dense z-sampling scheme was used (corresponding to
the blue line). The observed convergence behavior is non-monotonic, making it difficult
to extrapolate results beyond the parameter regime explored here. This non-monoticity
can be primarily attributed to the fact that here we are observing the effect of tuning a
meshing parameter of the 3D regular grid used in the optical simulation on the output of
the 2D electrical simulation, which uses an irregular FVM mesh. Due to the complicated
series of steps involved in this geometric reduction and interpolation from a regular grid
onto an irregular grid, we expect complex, non-monotonic convergence behavior. In the
x-y plane, 1 sample per nm was used as it was the least dense sampling scheme to reach
convergence.

6.4 Electrical Model and Optimization

A summary of the parameters in the simulation is shown in Table 6.1. In the optimization,
the total nanowire height was held fixed at a height achievable by modern growth meth-
ods [117, 16]. The relative heights of the emitter region and doping region were allowed
to vary such that the sum of the emitter, intrinsic, and base regions remained fixed. Both
the emitter and base regions were constrained to have a minimum height of 5 nm.

To compute current voltage characteristics, at each parameter set tested by the op-
timizer a voltage sweep was performed. The current at each terminal of the device was
computed at each voltage, allowing computation of the power produced by the device
according to

P (V ) = JV. (6.1)

The maximum power point Pm can be computed from the max of P (V ), which then allows
computation of the efficiency η according to

η =
Pm
Pinc

(6.2)

where Pinc is the incident power of the AM1.5G spectrum integrated over the entire solar
spectrum ∫ ∞

0

IAM1.5G(λ)dλ (6.3)

which is normalized to 1000 W/m2. The optimization procedure uses a Quasi-Newton
optimization method to vary emitter thickness, base thickness, emitter doping, and base
doping to maximize η subject to the above constraints. This optimization technique is
appropriate because it does not require an analytic expression for the derivatives of the
response function η. Instead, the algorithm computes finite difference approximations to
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Parameter Type Optimized Value
ITO Height Fixed 300 nm
NW Height Fixed 2 microns
Substrate Height Fixed 1 micron
Substrate Doping Fixed 2× 1019 cm−3

NW Emitter Height* Optimized 5 nm
NW Emitter Doping* Optimized 1× 1019 cm−3

NW Intrinsic Height Fixed 1.385 microns
NW Intrinsic Doping Fixed 1× 1015 cm−3

NW Base Height* Optimized 610 nm
NW Base Doping Optimized 3.37× 1018 cm−3

NW Radius Fixed 96 nm
Shell Thickness Fixed 20 nm
Array Period Fixed 326 nm
SiO2 Height Fixed 30 nm
Surface Recombination Velocity Fixed 3000 cm s−1

Bulk Carrier Lifetime Fixed 10−6 s

Table 6.1: Fixed parameters and optimization results of the electrical simulation. Parame-
ters marked with a * reached the boundary values enforced by constraints on the optimizer.
Intrinsic doping was held fixed at a level found in real nanowire devices. Initial values for
optimized parameters are shown in Table 6.2.

Parameter Initial Value
NW Emitter Height 307.5 nm
NW Emitter Doping 1× 1018 cm−3

NW Base Height 307.5 nm
NW Base Doping 3.162× 1018 cm−3

Table 6.2: Initial values chosen before optimization for the optimized parameters in Ta-
ble 6.1
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the gradient along each optimization step using the Broyden–Fletcher–Goldfarb–Shanno
update [118, 53]. The path taken through parameter space by the optimizer is shown in
Fig. 6.4.

Figure 6.4: Doping region heights, doping levels, and device efficiency plotted against
optimizer iteration number, showing the path the optimizer took through parameter space.
Left most points on the plots indicate initial, pre-optimization values for all parameters
(see Table 6.2 and Table 6.1). The flat regions on the right side of the base height, emitter
height, and emitter doping plots indicate where the optimizer reached the boundary values
set on those parameters.

6.5 Results

Values for the short circuit current Jsc, open circuit voltage Voc, and efficiency η are show
before and after optimization in Table 6.3. The current-voltage curves of the starting
device structure and the optimized device structure are shown in Fig. 6.5. The open-circuit
voltage Voc and the short circuit current Jsc can be computed from the x and y intercepts,
respectively, of these curves. As expected, Voc changes very little with optimization, as Voc
is limited by the band gap of GaAs. The photocurrent density Jph does not change with
optimization because the optical model is independent of doping and the optimization does
not change the overall geometric structure of the device, only the relative heights of doping
regions within a nanowire of fixed total height. Optimization significantly improves Jsc
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Parameter Pre-Optimization Value Post-Optimization Value Percent Increase
Jph 26.58 mA cm−2 26.58 mA cm−2 0
Jsc 16.55 mA cm−2 25.15 mA cm−2 51.96
Voc 0.88 V 0.89 V 1.14
η 11.30% 17.17% 52.03

Table 6.3: Key performance parameters of the device before and after optimization

Mechanism Value (mA cm−2)
Back Contact Surface 0.83
Core/Shell Surface 0.197
SRH Bulk 0.014
Auger Bulk 0.053
Radiative Bulk 0.003

Table 6.4: Contributions to current loss in units of mA cm−2 from both surface and bulk
recombination processes. The dominant recombination process is due to minority carrier
recombination at the back contact, which can be easily removed with proper device design.

relative to a naive guess for the initial device structure by about 10 mA/cm2, and is smaller
than Jph (the maximal possible current achievable with the given optical absorption) by
only 1.43 mA cm−2. Contributions to this loss from the various recombination mechanisms
are shown in Table 6.4 as “recombination currents”. The currents are computed using

Jrecomb = q
U

A
(6.4)

where A is the area of the device and q is the electron charge. The dominant loss mechanism
is minority carrier recombination at the back contact, which can be easily reduced with a
thicker substrate. We should find that Jph = Jsc+Jrecomb, but Table 6.4 shows that there is
0.33 mA cm−2 of loss currently unattributed to any mechanism, accounting for 1.2% of Jph.
We are not sure of the cause of this discrepancy but believe that the overall accounting for
loss processes gives the correct qualitative analysis.

The improvement gained from optimization can be explained by looking to the band
structure (see Figure 6.6) of and recombination within the unoptimized and optimized
device. The increased height of the p-type doping region increases the thickness of the
potential barrier to electrons, limiting their probability of being lost into the substrate.
Additionally, reducing the thickness of the emitter region shifts carrier generation into the
intrinsic region, meaning carriers are separated by means of the built-in electric field and do
not rely on diffusion to reach the electron contact. Figure 6.7 shows the optical generation
profile and the electric field on a line cut along the length of the nanowire through its
center. Reducing the emitter thickness moves the region of high electric field such that it
contains the region of maximum carrier generation, maximizing carrier separation.

To determine the effect of optimization on carrier recombination, the total bulk re-
combination rate in the device was computed by integrating radiative, Auger, and SRH
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Figure 6.5: Current-voltage curve (left), from which Voc and Jsc are extracted, and power-
voltage curve (right) for the optimized (orange line) and unoptimized (blue line) device.
Maximum power point is marked with a black X, and occurs at 0.75 V in both cases.
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Figure 6.6: Band diagrams containing the conduction band and valence band edges (solid
lines) and the electron and hole quasi-Fermi energies (dotted lines) at maximum power
point (0.75 V). Electron contact is at the left edge, hole contact is at the right. Grey
dotted lines indicate the initial emitter and base region boundaries. Black dotted lines
indicate the emitter and base region boundaries after optimization.

Figure 6.7: Optical generation (left axis) and electric field (right axis) on a line cut along
the length of the nanowire through its center. In the optimized structure, the peak of
optical generation (at around 500 nm) is fully contained in the intrinsic region, where
carriers can be separated by the electric field.

65



Parameter Pre-Optimization Value (s−1) Post-Optimization Value
U total
surf 2.30× 106 s−1 1.31× 106 s−1

U emitter
surf 1.33× 106 s−1 19.93 s−1

U intrinsic
surf 9.62× 105 s−1 1.27× 106 s−1

Ubase
surf 3.49× 103 s−1 3.75× 104 s−1

Table 6.5: Total surface recombination in the device before and after optimization, broken
down by the various doping regions. Minor contributions from the shell-cyclotene interface
to the total are not shown. Optimization drastically reduces surface recombination in the
intrinsic and emitter regions, at the cost of a slight increase in the base region

recombination rates over the volume according to

Ubulk
total =

∫
dV USRH + UAuger + Urad. (6.5)

Comparing Ubulk
total between the optimized and unoptimized device structure gives some sense

of how much the optimizer is tuning doping levels to minimize bulk recombination. To-
tal bulk recombination decreased after optimization, with Ubulk

total, opt = 4.67 × 105s−1 and

Ubulk
total, unopt = 5.92× 105s−1, indicating the optimizer tuned doping levels to minimize bulk

recombination. Optimization also drastically reduced total surface recombination. Values
of the integral

U surf
total =

∫
core-shell

dAUsurf (6.6)

integrated over the entire core-shell interface and the portion of the core-shell interface
contained in each of the emitter, intrinsic, and base doping regions is shown in Table 6.5.

Optimization reduces total bulk and surface recombination by both tuning doping levels
in the base and emitter and modifying the total surface area of the core-shell interface
contained in each region.

6.6 Conclusion

Results from Trojnar et al. are corroborated, and thin emitters do indeed offer the best
device performance for axial junction p-i-n nanowire solar cells [48]. In contrast, here
we see thick intrinsic regions are not necessarily best. In their work, they studied GaAs
nanowires on p-type GaAs substrates, allowing the substrate to be used as a base. Here
the base exists in the nanowire, and the base height within the nanowire must be increased
to maximize efficiency. Efficiency losses in the device shown here relative to their work can
be attributed to lower optical absorption in the substrate and reduced transport across the
NW-Substrate interface.

The benefit of automatic, algorithmic optimization is clearly demonstrated. Auto-
mated, algorithmic optimizations enable a more thorough search of the parameter space
than the manual, low dimensional line cuts previously reported in the literature, and have
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the potential to reveal interesting, useful device physics that might otherwise be missed.
There is much still to be learned from full device optimizations, where both the device
geometry and internal electrical parameters are simultaneously optimized. Such a study
could indicate the optimal nanowire height, finding the right balance between reduced sur-
face recombination and increased optical absorption. However, this work shows that even
restricted optimization over doping levels and doping region heights for a fixed geome-
try can significantly enhance device performance for nanowire solar cells. This information
may be useful for device fabricators who have geometric growth constraints, but full control
over doping levels during growth.
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Chapter 7

Conclusion & Future Work

In this work a fully coupled, automated optoelectronic device model of nanowire solar cells
was constructed and tested on a realistic set of example nanowire systems. An optical mod-
eling algorithm underrepresented in the nanowire modeling literature, RCWA, was used
to build the optical model. Key modifications were made to the algorithm to enhance its
accuracy, and after enhancement it was found to be an appropriate, lightweight technique
for optical modeling of nanowire systems. Purely optical optimizations of nanowire solar
cells maximizing optical absorption were performed using our enhanced implementation of
RCWA, and results showed that optical optimization of passivated GaAs nanowire solar
cells can provide measurable performance benefits by maximizing the photocurrent.

An automated software system was then constructed to feed the results of the full
3D optical model into a 2D electrical model for the purposes of computing key electrical
performance metrics (efficiency, maximum power point, etc). The electrical model was
built using a commercial software package TCAD Sentaurus, tuned to utilize device physics
appropriate for nanowire solar cells. Using the optimized geometric output of the optical
model, an algorithmic optimization of several electronic device parameters was performed
to maximize the device efficiency. Significant performance enhancements were achieved
over an unoptimized initial design.

The primary success of this work was the construction of a robust, reusable tool that
can be easily modified to explore new systems. As such, there is much that can still be
done. In particular, a global, algorithmic optimization of the fully coupled optoelectronic
device model has not yet been performed. To do this, the memory management code
of the optical model must be improved to handle the computational demands of such an
optimization. Once improved, novel results not yet published in the literature can easily be
generated using the framework constructed here. We anticipate interesting results from a
coupled optoelectronic optimization, as parameter regimes that optimize optical absorption
may be less than optimal for carrier collection, and vice versa. Such an optimization would
be hugely beneficial to device fabricators, and would set useful targets for their nanowire
growth and device fabrication processes.
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Appendix A

Derivation of Fourier Space
Maxwell’s Equations

Restating Eq. (3.24) below:∑
G

i(kx +Gx)HG,y(z)ei(k+G)·r −
∑
G

i(ky +Gy)HG,x(z)ei(k+G)·r

=

−iω
∑
G′

εG′e
iG′·r

∑
G

EG,z(z)ei(k+G)·r

We multiply both sides of the equation by e−i(k+G′′) for a particular G′′ to get∑
G

i(kx +Gx)HG,y(z)ei(G−G
′′)·r −

∑
G

i(ky +Gy)HG,x(z)ei(G−G
′′)·r

=

−iω
∑
G′

∑
G

εG′EG,z(z)ei(G
′+G−G′′)·r

(A.1)

We know by the orthogonality of plane waves that when integrating over the real-space
unit cell we have ∫

cell

eiG·rdr = |Lr|δG,0 (A.2)

where δ is the Kronecker delta. Integrating both sides of Eq. (A.1) over the unit cell we
get ∑

G

i(kx +Gx)HG,y(z)δG,G′′ −
∑
G

i(ky +Gy)HG,x(z)δG,G′′

=

−iω
∑
G′

∑
G

εG′EG,z(z)δG′,G′′−G

(A.3)
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The Kronecker delta δG,G′′ collapses all the sums over G on the left hand side. On the
right hand side the δG,G′′ forces all terms except G′ = G′′ −G to zero so we end up with

i(kx +G′′x)HG′′,y(z)− i(ky +G′′y)HG′′,x(z) = −iω
∑
G

εG′′−GEG,z(z) (A.4)

and note that the right side is an expression of Laurent’s rule shown in Eq. (3.26).
This equality must hold for all G′′, allowing us to express the system of equations for all
G′′ using the matrix notation of Section 3.4 as

k̂xhy − k̂yhx = −iωε̂ez (A.5)

which is Eq. (3.38).
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Appendix B

Phasor Notation

Imagine a plane wave linearly polarized along the x direction and traveling in the z di-
rection. This means the wave vector ~k = (0, 0, k) and the total electric field vector
E = (Ex(z, t), 0, 0). We can represent such a plane wave as

Ex(z, t) = Eo cos(ωt− kz + φ) (B.1)

where Eo is the amplitude of the total electric field vector, ω is the temporal angular
frequency, and φ is a unitless phase. Because the field is linearly polarized along only a
single direction, the amplitude of the x component is equal to the amplitude of the total
field. 1

Another way to write this would be to make the fields complex, and use what we call
phasor notation. In phasor notation the x component of the field would be

Ex = EoRe[eiφei(ωt−kz)] (B.6)

The actual fields in real space always track the real part of this phasor. However, that
does not mean we can always just take the real part of the phasor be done with it in all
our calculations, as we will see later.

1If the field was not linearly polarized along a single axis, and was perhaps polarized at an angle θ from
the x axis then we would have

E = (Ex(z, t), Ey(z, t), 0) (B.2)

Ex(z, t) = Eo cos(θ) cos(ωt− kz + φ) (B.3)

Ey(z, t) = Eo sin(θ) cos(ωt− kz + φ) (B.4)

The important thing to note here is that the amplitude of the total field is Eo. With the above notation
we can see

|E(0, 0)| =
√
E2

x + E2
y =

√
E2

o cos2(θ) + E2
o sin2(θ) = Eo (B.5)

and the magnitude comes out correctly. So the point here is that it is necessary to adjust the magnitude
of the individual components such that the magnitude of the total field comes out correctly.
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A common way to write phasor notation is to bring the phase and the amplitude
together into a single, complex quantity called the phasor amplitude or the complex am-
plitude. All this means is that, if we call the complex amplitude Ẽ, then

Ẽ = Eoe
iφ (B.7)

and our EM wave becomes
Ex = Re[Ẽei(ωt−kz)] (B.8)

If at any point we want to get the real amplitude of the real field out of this complex
amplitude, we need to take the absolute value of the complex amplitude like so:

Eo = |Ẽ| =
√
Ẽ∗Ẽ (B.9)

As it stands now, φ just controls the reference phase of our wave. It basically answers
the question ”When t = 0 and z = 0, at what point in its oscillation is our wave?”. If
φ = 0, then the wave is at its peak because all the amplitude is contained in the real part
of the phasor, which we know the actual fields in real space must track. If φ = π/2, then
all the amplitude is contained in the imaginary part of the phasor and the actual field in
real space is zero.

When solving the frequency domain Maxwell’s equations, it is assumed that we are
seeking solutions with eiωt time dependence for a fixed temporal angular frequency ω. This
allows us to effectively just remove the time dependence entirely, and seek solutions of the
form

Ẽ(x, y, z) =
(
Ẽx(x, y, z), Ẽy(x, y, z), Ẽz(x, y, z)

)
(B.10)

where the components are all complex phasors described above.

B.1 Setting Amplitudes in S4

When setting the incident amplitude in S4, we are dealing with a phasor. If we imagine
that ~k = (0, 0, k) such that the wave is normally incident propagating along the z-direction
then we have

E(z, t) = Ẽoe
i(ωt−kz) (B.11)

When setting the incident wave, z = 0 and for the moment we can ignore the time-
dependence. The amplitude Ẽo is a complex quantity composed of components which are
themselves complex. In other words

Ẽo = (Ẽx, Ẽy, Ẽz) (B.12)

where each of the components is a complex phasor which is used to encapsulate the phase
of the field relative to the z=0 point (for normally incident light the z-component is zero)
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Ẽx = Exe
iφ (B.13)

So, by adding a complex component to the incident amplitudes, we are introducing
a phase. Imagine we’ve extracted some total electric field amplitude from an incident
spectrum (say the AM1.5 spectrum) of magnitude Eo. If we wanted to specify an incident
beam linearly polarized along the x-direction with zero phase we would set

Ẽx = Eo (B.14)

in other words the incident wave is purely real and has only an x component. If we wanted
to specify an incident beam linearly polarized along the x direction whose spatial oscillation
was shifted forward by π/2 radians we would set

Ẽx = Eo cos(π/2) + iEo sin(π/2) (B.15)

meaning the real part is zero and the imaginary part has a positive magnitude equal to
Eo.

When setting circular polarizations, we need to be a bit more careful to ensure the
total field has the proper amplitude. With circularly polarized light, the complex phasors
of the x and y components of the field are 90 degrees or π/2 radians out of phase with one
another. To specify right hand circularly polarized light defined from the perspective of
the source, we must have the components of the incident wave specified as

Ẽx =
Eo√

2
(B.16)

Ẽy = −i Eo√
2

(B.17)

(B.18)

Notice the factor of 1/
√

2. When including this factor, we can see that

|Eo|2 = |Ẽx|2 + |Ẽy|2 + |Ẽz|2 (B.19)

=
E2
o

2
+
E2
o

2
= E2

o (B.20)

and the amplitude of the total field comes out correctly. Specifying the initial components
in this way is equivalent to saying

Ẽx = Eoe
iφ (B.21)

Ẽy = Eoe
i(φ−π

2
) (B.22)

You can verify by hand that when the real part of one component reaches a maximum,
the real part of the other must be zero. For left hand circular polarized light defined from
the perspective of the source we would just have
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Ẽx =
Eo√

2
(B.23)

Ẽy = i
Eo√

2
(B.24)

(B.25)

which is equivalent to saying

Ẽx = Eoe
iφ (B.26)

Ẽy = Eoe
i(φ+π

2
) (B.27)
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H. Schmid, S. Wirths, M. Björk, I. Åberg, W. Peijnenburg, M. Vijver, M. Tch-
ernycheva, V. Piazza, and L. Samuelson. Towards Nanowire Tandem Junction Solar
Cells on Silicon. IEEE Journal of Photovoltaics, 8(3):733–740, May 2018.

[23] Erik C. Garnett, Mark L. Brongersma, Yi Cui, and Michael D. McGehee. Nanowire
Solar Cells. Annual Review of Materials Research, 41(1):269–295, 2011.

[24] Erik C. Garnett and Peidong Yang. Silicon Nanowire Radial p-n Junction Solar
Cells. Journal of the American Chemical Society, 130(29):9224–9225, July 2008.

[25] C. Colombo, M. Heib, M. Grätzel, and A. Fontcuberta i Morral. Gallium ar-
senide p-i-n radial structures for photovoltaic applications. Applied Physics Letters,
94(17):173108, April 2009.

[26] Vladimir Maryasin, Davide Bucci, Quentin Rafhay, Federico Panicco, Jérôme Michal-
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