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Abstract

This dissertation consists of five chapters. In Chapter 1, we collect some funda-

mental concepts and definitions employed in the forthcoming chapters.

In Chapter 2, we consider the limiting behavior of a vector autoregressive model
of order one (VAR(1)) with independent and identically distributed (i.i.d.) innova-
tions vector with dependent components in the domain of attraction of a multivariate
stable law with possibly different indices of stability. It is shown that in some cases
the ordinary least squares (OLS) estimates are inconsistent. This inconsistency ba-
sically originates from the fact that each coordinate of the partial sum processes of
dependent i.i.d. vectors of innovations in the domain of attraction of stable laws
needs a different normalizer to converge to a limiting process. It is also revealed that
certain M-estimates, with some regularity conditions, as an appropriate alternative,
not only resolve inconsistency of the OLS estimates but also give higher consistency

rates in all cases.

In Chapter 3, we study the limiting behavior of the M-estimators of parameters
for a spatial unilateral autoregressive model with i.i.d. innovations in the domain of
attraction of a stable law with index a € (0, 2]. Both stationary and unit root models
and some extensions are considered. It is shown that self-normalized M-estimators

are asymptotically normal.

In Chapter 4, we investigate the limit theory of the M-estimators of parameters

for a near unit root spatial autoregressive model considered in Chapter 3.

Finally, some suggestions for future research are presented in Chapter 5.
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Chapter 1

Definitions and Preliminaries

Stable processes appear in a wide range of applications which are indeed heavy
tailed phenomena. Some of examples include applications in economics, finance,
telecommunications, hydrology, biology and physics [50, 51]. In this dissertation,
we consider several autoregressive and other related models with innovations (error
terms) having common distribution with infinite variance. Our approaches also cover
cases with finite variance such as models with normal innovations. We study the limit

theory for the M-estimators of parameters of the corresponding models.

In this chapter, we introduce some preliminary concepts which would be used
in the forthcoming chapters. We assume familiarity with basic concepts such as
metric spaces, for instance C[0,1] and DJ0, 1], and convergence concepts as weak
convergence in these metric spaces [10, 34]. Most of the definitions and related

theorems are collected from [28, 50, 51].

In what follows and throughout this dissertation, —4 and —, stand for conver-



gence in distribution and probability, respectively.

1.1 Regular Variation

The theory of regularly varying functions is an analytical tool for dealing with heavy

tails and domains of attraction. To start with, we introduce such functions.

Definition 1.1. A measurable function U : R, +—— R, is a regularly varying

function at oo with index p € R, written U € RV, if for z > 0,

lim
oo U(L)

If p =0, U is called slowly varying (at co) and is denoted by L(z). It is al-
ways possible to represent a p-varying function as z?L(z). A very useful property
which makes most of the computations simple is that lim, ., z¢L(z) = oo and
lim,_,oo z7¢L(z) = 0, for any € > 0. Some distributions have regularly varying tails;

for example, the extreme-value distribution
D, (z) = exp[—z7%], z >0,

with the property 1 — ®,(z) ~ 7%, £ — oo (as shorthand for lim, 1=%a(®) 1)

z-—a

and a stable law with index a, 0 < o < 2, (see Section 1.4 for definition) with the

property

1-G(z) ~cx™, z—>o00, ¢>0.

The sequential form of regular variation which is very useful is defined as follows:



Proposition 1.1 ([28]). A monotone function U : Ry — R, is regularly varying

if there are two sequences {\,} and {b,} of positive numbers satisfying
b, — 00, An ~ /\n—i-l; n— 0o,
and for all z > 0,

lim AU (bnz) =: x(z) exists and is positive and finite.

n—oo

In this case x(z)/x(1) = z” and U € RV, for some p € R.

Typically, U is distribution tail, A, = n, and b, is a distribution quantile. Another
deep result is the so-called Karamata’s theorem which says that a regularly varying

function integrates the way you expect a power function to integrate.

Theorem 1.1 (Karamata’s theorem [50]). Suppose p > —1 and U € RV,. Then

fy U(z) dt € RV,4; and
_ zU(x)
1 :L-—
smoo [TU (L) dt

Ifp<—1(orifp=—1and [~ U(s)ds < co), then U € RV, implies that [ U(t) dt

=p+ 1

is finite, [ U(t)dt € RV,,, and

, zU(x)
Hm gl — = —p — 1.
soco [U®)dt P

A very applicable variant of Karamata’s theorem is given as follows.

Theorem 1.2 (Variant of Karamata’s theorem [50]). Suppose F is a distribu-
tion on R, and

1—F(z) ~z7%L(z), =z — oo.



(i) For v > a,
i Jy wF(du) __«a
M rA-Fl@) 7-a

(ii) and for v > 0,

 [FuF(du) a
lim £ = .
a0 z7V(1 - F(z)) v+«

As a corollary to the Karamata’s theorem we have the following well-known

representation of a regularly varying function.

Corollary 1.1 (the Karamata representation [28, 50]). The function L is

slowly varying iff L can be represented as

x
L(z) = c(z)exp (/ t~le(t) dt), z >0,
1
where c: Ry — R, e: Ry — Ry, and

mlLrgo c(z) = c € (0,00), tli’rglo e(t) = 0.

Finally we shall define a multivariate regularly varying function to be used in the
next section. A subset C' C R? is called a cone if whenever x € C, then for any
t >0, tx € C. Now suppose h > 0 is a measurable function defined on C, and
1=(1,..,1) € C. A function h is called multivariate regularly varying at oo with

limit function 7 if for all x € C|

B i =T

where 7(x) > 0 for x € C.



1.2 Point Processes

Suppose (2, A, P) is a probability space. Let M, (E) (and M,(E)) be the space of
Radon (and point) measures on a nice space [, that is a locally compact topological
space with countable base. A measure u is called Radon if u(K) < oo for any
compact subset K in E. The space M (E) is a complete separable metric space
equipped with the vague topology (metrizable as a complete, separable metric space
[50]), and M,(E) is a closed subset of M, (E). For u,p, € M, (E), let pn, —y p

denote the vague convergence of u, to y; i.e. for all f € CL(E), we have
D= [ 1@hnldr) = ui)= [ s
as n — oo, where
CE(E)={f:E+— Ry : fis continuous with compact support}.

In M, (E), the measures {u,(-) : n=1,2,...} converge weakly (u, —4 p) if and only
if for any family {f;} with f; € C{(F), we have
(/J'n(fi)ai Z 1) —d (/'L(fi)vi Z 1)

in R*®, i.e. weak convergence occurs with respect to vague topology. In practice, one
assume a sequence {f;} and proves R*® convergence. This reduces to proving finite

dimensional convergence.

Regular variation of distribution tails can be reformulated in terms of vague

convergence:

Theorem 1.3 ([50]). Let X be a nonnegative random variable with distribution

function F'(z), and set F' = 1 — F. The following are equivalent:

5



(i) Fe€ RV_,,a > 0.

(ii) There exists a sequence {b,} with b, — oo such that

lim nF(byz) =272, =z >0.

n—oo

(iii) There exists a sequence {b,} with b, — oo such that

X
pn(+) == nP(b— € ) =0
in M, (0, oo}, where v, (z,00] = 272,
Definition 1.2. A point process N is a map N : (2, 4) — (M,(E), M,(E)) with
state space E, where M,(EE) is the Borel o-algebra of subsets of M,(IE) generated by

open sets in vague topology. The Borel subsets of E is denoted by &.

Definition 1.3. A point process N is a Poisson point process with mean measure

i, or a Poisson random measure (PRM(u)), if

(i) for A€ €,
%“lﬁ if p(A4) < oo,
P[N(A) =k] =
0 if u(A) = oo.
(ii) N(Ay), ..., N(Ag) are independent random variables, where A, ..., Ai are disjoint

subsets of E € &.

For example, it can be shown that N =Y >° e, , where ¢ as Dirac measure and
I'p = >, F; with iid E;’s having exp(1) distribution, is a Poisson point process on

[0, 00) with the Lebesgue mean measure.

The following main theorem deals with multivariate regularly varying tail proba-

bilities and other equivalent statements. Let Z > 0 be a d-dimensional random vector

6



that takes values in the nonnegative quadrant [0, 00) = [0, 00)?® having distribution

F with regularly varying tail (see the third statement in the following theorem).

Theorem 1.4 ([50], Theorems 6.1 and 6.2). Set E = [0, 00)\ {0}. The following
statements are equivalent.

1. Let [0,x] = [0,21] X - -+ x [0, z4]. There exists a Radon measure v on E such that

VA c
T ) = g g = (0
for all points x € E which are continuity points of the function v([0, -]°).
2. There is a function b(t) — oo and a Radon measure v on E, the limit measure,
such that in M, (E),
tP[B—% €

3. There exists a sequence b, — 0o and a Radon measure v on E such that in M, (E),

] oy v(4), t— 00

nP [BZ; € ] —, v(+), n— o00.

4. Let Zy,Z,, ... be iid copies of Z. There exists b, — 0o such that

n

Z €Z:/bn —d N

i=1
in M,(E), such that N is PRM(v).

5. For any sequence k = k(n) — oo such that n/k — oo, we have

1 n
£ apy) DV
i=1
in M, (E).

Equivalent formulations in terms of polar coordinates in Theorem 1.4. are not

given [50]. Multivariate regular variation also has an exact probabilistic equivalence

7



in terms of convergence of empirical measures to a limiting PRM, which is used to

prove weak convergence of partial sum processes or maximal processes in the space

D|0, o).

Theorem 1.5 ([49, 50]). Let {Z,Z,,Z,,...} be iid random elements of [0, cc).

Then multivariate regular variation of the distribution of Z in E = [0, 00) \ {0},

nP [ €] =l

is also equivalent to

Y € /by —a PRM(A X 1)

1

in M, ([0, 00) x E), where X denotes the Lebesgue measure.

It can be shown that the measure v in Theorem 1.4 spreads mass onto each axe
according to the one-dimensional measure v, given in Theorem 1.3 but assigns no
mass off the axes. To see this and a general representation for the limiting measure
v based on the polar coordinate transformation, consult [50]. As a general example

of multivariate regularly varying densities, the density of the form
F(x)=c(l+ x| ¢v,68>0, x€E,

where ||| denotes a norm on R? can be illustrated. Two-dimensional Cauchy density

and the bivariate ¢-density are of this special form.

Recall Theorem 1.4 with E = [—~00,00) \ {0}. If d = 1, then the part (3) of the

theorem implies for z > 0 that

Z
nP[b—1 >x] — v(z,00] n — oo, (1.1)



which is sequential regular variation, so v(z, co] = pz™®, p > 0. Similarly, for z > 0,
nP [—1 < —:c] — v[—00,—z) n — o0, (1.2)

and we get v[—o0, —z) = qz~%, ¢ > 0.

The parameter « for the right tail must be the same as the left tail because the same
b, successfully scales both tails and b, relates to a by b, = b(n), where b(-) € RV} /o
Therefore,

v(dz) = (paz™® ' (z > 0) + qa|z|* ' (z < 0)) dz. (1.3)

Sometimes (1.1) and (1.2) are written as
P|[|Z]| > z] € RV_,,

together with

lim ——— " =p lim —————=1—-p=1q, 0<p<I1.
e P[Zi] > 2] ) eow P >a] ¢

The measure v in (1.3) is a Lévy measure (see Definition 1.4).
1.3 Lévy Processes

In this section we set E = R%\ {0} and denote the Euclidean metric by [|x||, x € E.

Definition 1.4 (Lévy measure). A measure v satisfying the following is called
Lévy measure on E.
(i) For every 2 > 0, v{u € E: ||u]| > 2} < o0.

(i) Soapyer I%l12v(dx) < oo



Lévy pure jump process
Let jr € E, k > 1, be the points of a Poisson point process with Lévy mean measure

v. Fix t and let I C E be a set bounded away from 0. Define

Z ik = // N(ds,du),
[Ot]xI

th<t
Jjeel

where NV is a PRM(A x v), i.e. N =}, €,j,), and A denotes the Lebesgue measure.

Suppose we have a sequence €, | 0 such that 1 =¢gg > &7 > .... Set
Ij-l—l = {X cE: Ejr1 < ”XH < 5]'}’ J= Oa L 27 X
and define the process

Xj41(t) = Spp, () = E(S,, (1))

= //ogsst u N(ds, du) —t/ uv(du).

uel;jp uelity

Also, define the finite sum

= S 5 (el > 1) = // u N(ds, du).
[0, x {x:{|x||>1}

tp <t

The following convergent series is called Lévy Pure Jump Process with Lévy

measure .

X(t) = Xo(t) + 3 Xyua(0)

The equivalent representation which is called Ité representation is given by

X(t) = // ., uN(ds,du)
-+—11m // o<t N(ds,du) — // o<t uds v(du)

ulie(e,1] llufje(e,1]

10



Basic properties
It can be verified that the Lévy process has stationary independent increments. The

process is also stochastic continuous; that is, if ¢, — ¢, then X(t,) —, X(t).

Recall the Lévy measure in (1.3) assuming 0 < o < 2,0<p<1,and ¢g=1—p.
A Lévy process with this Lévy measure is called stable Lévy motion. A special case
with p = ¢ = 1/2 and a symmetric Lévy measure v, is called symmetric a-stable
motion. We study stable random variables in more detail in the next section. A very
fundamental result about weak convergence of partial sum processes to Lévy pure
jump processes is given here for d-dimensional iid random vectors. See [50] for its
proof.
Theorem 1.6, Let {X,; = (Xf:])-,...,X,(L‘f]).),j > 1} for each n > 1 be iid random
vectors such that

nP[Xn,l S ] —y V(+), n-— 00

in M, (E), where v is a Lévy measure. Moreover, suppose that for each j =1,...,d,

limlim sup nE <(X(ji)2-[(|X’r(L{i| < 5)) = 0.

n7
€l noso

Define the partial sum process based on the nth row of the array by

[nt]

Xa(t) =Y (Xng — BEXnp I (Xl €1))), ¢20.

k=1
Then X,, —4 X in D([0,00),R?), where the limiting process X(:) is a Lévy pure

jump process with Lévy measure v.

11



1.4 Stable Processes

The high variability of the stable distributions make them an effective way to model
diverse phenomena with high variability. We start with the definition of a stable

distribution.

Definition 1.5. A random variable X is said to have a stable distribution if for any
n > 2 and X, X, ..., X,, independent copies of X, there is a positive number a,, and

a real number b, such that
Xy +Xo+ 4 Xn 2 anX + by, (1.4)
where £ denotes equality in distribution.

Such a random variable is called strictly stable if (1.4) holds with b, = 0 and
is called symmetric if its distribution is symmetric, i.e. X L _ X , and is usually
denoted by SaS. It can also be shown [28] that a, = n'/® for some 0 < o < 2. The
following equivalent definition states that the stable random variables are the only

random variables having domain of attraction.

Definition 1.6 (Equivalent definition). A random variable X is said to have
a stable distribution if there is a sequence of iid random variables X, Xs,... and

sequences of positive numbers {a,} and real numbers {b,} such that

a;" Y (X —by) = X. (1.5)
i=1

Notice that the above definition is the statement of central limit theory when

X is Gaussian and X;’s are iid with finite variance. Moreover, following [28], it is

12



known that a, = n'/*L(n) for a slowly varying function L(-). When a,, = n'/®, the
X,;’s are said to belong to the normal domain of attraction of X. Also a, and b, in

(1.5) can be defined by

a, = inf{z : P(|X| > z) <1/n}, b,=EXI(|X|<a,)).

A stable random variable X has the following characteristic function:

B exp {—0®|0|*(1 — iBtan 22 sign ) +ipf} if o # 1,
e =t

exp {—o|f|(1 +i621n|0|signf) +ipd} ifa=1,
where 0 < a < 2,0 >0, -1 < <1, and u is a real number. The parameter «
is called the index of stability. The other unique parameters o, 3 and u are scale,
skewness and shift parameters, respectively. The shift parameter equals the mean
when 1 < o < 2. Denoting the corresponding stable distribution by S, (o, 5, 1), it
can be revealed that the probability density of X exists and is continuous. The fact
that the density of a a-stable random variable cannot be found in closed form, with
a few exceptions, makes the need for the use of characteristic function clear. The
Gaussian distribution Sy(0,0, ) = N(u,20?), the Cauchy distribution S(c,0, )

and the Lévy distribution Sy/2(c,1, 1) are the exceptions.

It is easy to verify that X ~ S, (o, 8, u) is symmetric iff 3 = p = 0. It can also be
seen that X ~ S,(0, 8, u) with o # 1 is strictly stable iff 4 = 0, and X ~ Sy (0, 8, u)
is strictly stable iff 3 = 0. Since u reflects only location, it can be taken equal to
0. It is also worth noting that in some applications the a-stable random variable
can be chosen to be totally skewed to the right, i.e. 8 = 1, because of the following
property:

Let X ~ Su(0,3,0) with 0 < a < 2. Then there exist two i.i.d. random variables

13



Y1,Y2 ~ S,(0,1,0) such that

1 1/c 1— 1/a
X4 (%ﬂ> Y, — (Tﬂ) Y5 + const.

A very important property of stable random variables which makes many of the
suitable techniques applicable for the Gaussian case invalid is the fact that if X ~

Sy(o, 8, 1), then E|X|* =ocoforany 6§ > o, 0 < o < 2.

It sometimes, for instance in the dissertation, suffices to work with SaS ran-
dom variables. A random variable X is SaS iff X ~ S,(0,0,0), with characteristic
function Ee®X = exp {—0*|0|*}. Here is a necessary and sufficient condition for a
sequence of random variables to be in the domain of attraction of a SaS random

variable.

Corollary 1.2 ([49, 50]). Consider the special case where {X,,n > 1} are iid
random variables on R and set X,,; = X;/a,, where a,, is defined as in (1.5). Define

v to be the Lévy measure in (1.3) with 0 < o < 2. Then
[n]
;' Y X — [n)E (07" X1 1(a," X1 < 1)) —a Xal),
i=1
in D0, c0), where the limit is a-stable Lévy motion with Lévy measure v, iff
nP[a,lel € ] —y (),

in M, ([—o0, 0] \ {0}).

For other extensive expositions on stable random variables, processes, multivari-
ate extensions and related stochastic integrals which have appeared in the following

chapters, consult [51].
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In what follows, in Chapter 2 we consider a unit root vector autoregressive model
with innovations in the domain of attraction of a d-variate (ay, ..., a4)-stable dis-
tribution with possibly different indexes of stability, and in Chapters 3 and 4 we
investigate several stationary and unit root spatial autoregressive models with in-
novations in the domain of attraction of a SaS distribution. We focus on limiting
behavior of the M-estimates of the parameters. We shall emphasize that our ap-
proaches cover models with both infinite and finite variance innovations. Although
the least absolute deviation (LAD) estimates may be considered as a special case of
M-estimates, to prove the related theorems it is necessary to apply different tech-
niques. However, the proofs are not given in this thesis because we can modify, for
example, the proof of Theorem 3 of [36] to get the desired result. For the same rea-
son we do not consider any intercept term or any scale parameter in the underlying

models.
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Chapter 2

Multivariate Autoregression of
Order One with Infinite Variance

Innovations

2.1 Introduction

Consider the vector autoregressive model of order one (VAR(1))
Ut:¢Ut—l+€t7 t=1,2,...,n, (21)

where {U,} and {e.} are sequences of multivariate random vectors in R? and Uy =
0. In this chapter, we assume that U, = ®U;_; + €, where actually ® = I;

(homogeneous unit root model, in the sense of Caner [14]).

For d = 1, in the case that the errors (innovations) have infinite variance, several

16



studies have been developed. Chan and Tran [18] and Chan [16] considered the
unit root tests for the AR(1) models with independent and identically distributed
(i.i.d.) innovations. They obtained the asymptotic distribution of the OLS estimates
whereas Knight [36] suggested the M-estimates under the same model. Phillips [47]
studied the OLS estimates under weakly dependent innovations with finite variance,
and Knight [37] took into account the M-estimates in the case that the innovations
come from moving average sequences of order infinity with infinite variance terms.
For a general autoregressive (AR) process with infinite variance innovations when a
stationary solution exists, the M-estimates have been considered by Davis, Knight,
and Liu [24]. They pointed out that the M-estimators, similar to their counterpart
the least absolute deviation (LAD) estimators, give less weight to the outliers when
the distribution of innovations belongs to the class of heavy-tailed distributions.
These estimators essentially provide a faster rate of convergence in comparison with
the other usual estimators. They also investigated consistency properties of the M-
estimators corresponding to a general class of loss functions. For AR processes with
one unit root and non-normal innovations having finite variance, Cox and Llatas [20)
and Lucas [40] developed M-estimation under i.i.d. and weakly dependent errors,

respectively.

Caner [14] extends the limit theory for the OLS estimation of a VAR(1) for a
random walk ﬁodel with i.i.d. errors with independent components in the domain
of attraction of a stable law with the same index of stability «, 0 < a < 2 and
concludes that the OLS estimators are consistent, and asymptotic distributions are
derived. The asymptotic theory for a bivariate time series regression (cointegrated

model) with the innovation vector of different heavy-tailed behavior using the OLS
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estimators has been considered by Mittnik, Paulauskas, and Rachev [44].

In this chapter, we develop the limiting theory for a multivariate random walk
model with innovations in the domain of attraction of a multivariate stable law
having different indices of stability. In our model, we suppose that the innovation
vector has dependent components which is somehow more practical in comparison
with Caner [14]. We also look into asymptotic properties of the OLS and the M-
estimates. It is observed that in some cases the OLS estimates are inconsistent,
whereas the M-estimates are always consistent with a higher rate of convergence in
comparison with consistent OLS estimates. This confirms the superiority of the M-
estimators, as has been noted by Davis et al. [24] for AR processes with the usual
stationarity constraints, which differs from our case. It seems likely that the findings
of this chapter can be extended to weakly dependent errors such as MA(o0), but we

do not address this question here.

2.2 Preliminaries

Consider Model (2.1). The OLS estimator for ® in this model is given by

n n -1
@ = (Z U, U;_l) (Z UHUL_1> : (2.2)
t=1 t=1
Throughout the chapter we denote the transpose of the matrix A by A",

Define the stochastic processes

[n]

@)y

=1

Sin() = (Snl)()a Sr(zz)()a Ty S’V(ld)()) ’ S'r(LJ)()

Il
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[n]
V()= (VIO V0., VD0, VO = (o) -2 ( (J)) . (2.3)

i=1
for j = 1,...,d, where [z] stands for integer part of z. Let D = DI0,1] be the
Skorohod space of cadlag functions defined on [0, 1] and equipped with the Skorohod
metric. Furthermore, let Dy = D([0, 1], R?%) indicate the corresponding Skorohod
space of R%-valued cadlag functions and D¢ = D[0,1] x --- x D0, 1] the product of
d topological spaces with the product topology. Throughout the chapter, integrals
involving dsy ) , dS; or dWj, 7 =1,...,d, are interpreted as It stochastic integrals.

Moreover, we make the following assumption.

Al: {€} is a sequence of i.i.d. random vectors such that

!

Sp() =4 S'(:) = (510),- -, 5a()), (2.4)

in D¢, where S, (-) is defined as in (2.3). Following Resnick and Greenwood

[48], we call S'(-) a stable process.

When A1 holds, we say that the distribution of €; belongs to the domain of attraction
of a multivariate stable law with index a = (ay,...,aq), (DS(ay,...,®q)), where

€ (0,2], for j =1,...,d. Assumption Al also implies that

’

Vi() =a V') = (Gi0), - Val) (2.5)

in D4, where V| (-) is defined as in (2.3), and V'(-) is a stable process in D?%. As
Paulauskas and Rachev [45] demonstrate, we can generalize the convergence in (2.4)
and (2.5) to weak convergence in Dy. Note that for 1 < o; < 2,5 =1,...,d, (2.4)
does not hold unless the coordinates of {e;} are in the domain of attraction of a

symmetric stable law.
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If0 < a; <2,j =1,...,d, then S(), the multivariate stable process, is an
infinitely divisible process with the Lévy measure v on R%\ {0} defined by vor = 7,
where

|1/a1
)

TX = ((sign:zl)l:m ...,(Signg;d) dell/ad) ’

with 7 given by
p{x:|z| >r 0(z) € H} = r 'S(H),

and S is a finite measure on [0, 27]. The limiting stable processes in (2.4) and (2.5)

can be represented by the following series:

S() = Y (Ui <)

and

V()= BIU: <),

’ 2 2\’
with ji = (7, ..,5®) and j2 = ((yé”) e (3) ) , where j; € R?\ {0}, i >
1, are the points of the corresponding Poisson point process with mean measure v(-),

and are independent of the ii.d. sequence {U;} of uniformly distributed random

variables on [0, 1]. For more details see Resnick [49, 50].

It is well known that oy’ = nl/e Li(n), j = 1,...,d, where L;(-)’s are slowly
varying functions at infinity (see Feller [28]). When a; = 2, j = 1,...,d, S;(-) is
Brownian motion and Vj(t) = t. For example, if d = 2 and oy = 2 and a, < 2, then
S1(+) (Brownian motion) and S3(-) (stable process) are independent (see Resnick and
Greenwood [48]). If 0 < oy = -+ = ag = o < 2, then S(£) = 1.2, C;TTV*I(U; < t),
where C;’s are i.i.d. random vectors on the boundary of the unit sphere. Here {I';}

are the arrival times of Poisson processes with Lebesgue mean measure independent
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of {C;}. Also {U;} is an i.i.d. sequence of random variables with uniform distribution

in [0,1] and {U;, T, C;} are independent. See LePage [39] for more details.

The classical M-estimator ®,; of ® in (2.1) is the minimizer of oo p(Up —
® U,_;) for some convex and almost everywhere differentiable function p(-), which
guarantees the uniqueness of the solutions. The M-estimates are usually utilized as
robust estimates and have a faster rate of convergence than the OLS estimates in

the presence of infinite variance innovations. To explain this, for the univariate case

(d =1) of Model (2.1), from Knight [36] we know that

VEP(e) Jy S(s) dW (s)
E(e1) [ S%(s) ds

where 1 is the derivative of p and W(-) is the standard Brownian motion, whereas

an\/ﬁ(qBM - 1) —d

?

for the OLS estimator ¢ of ¢ we have (Chan and Tran [18])

A S2(1) —v(1
(3= 1) g SV,
2 [, S%(s)ds
Therefore, the fact that \/n/a, — 0, shows clearly that the M-estimators have a
better rate of convergence. It is interesting to notice that in some cases the M-

estimators also have a better rate of convergence than the OLS estimators in the

stationary model with ¢ < 1. In fact, we have

~

an(Pm — ¢) —a X,
and
n*L(n)(¢ — ¢) —a Xo,

where L is a slowly varying function at infinity for some r.v.’s X; and X,. When the
innovations have stable or Pareto-like distributions, we have n'/*L(n)/a, — 0 (for

more details, see Davis et al. [24], and Brockwell and Davis [11]).
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Usually, p(z) grows at a slower rate than z? as |z| gets large. An example for

p(-) is the Huber’s loss function (Huber [31]) given by

ta? if |z] <gc,

pu(z) = (2.6)
clz| — 3¢ if |z| >,

for a known constant c.

We also impose the following assumptions on the function p(-), which are intro-

duced for technical simplicity in the proof of Theorem 2.2 in the next section.

A2: p(-) is a convex and twice differentiable function from R¢ to R,

A3: E <p2(e§1), ey egd))) < oo and E (pi(egl), . ,egd))) = 0, where

i

pi(x1, ..., xq) = Op(x1,...,24)/0x;, i =1,...,d,
A4: ‘E (pij(egl), e ,egd)))’ < 00, where
,Oij(l'l;- . .,l‘d) = 82,[)(11,‘1,...,11,‘,1)/811,‘7;811,‘3‘ Z,] = 1,. .. ,d,

and p;;(-) satisfies the condition

d
|pig (@1, 2a) = pig(yns- - wa)| < ch|$k — Ykl,
k=1
for some nonnegative constants ¢, and all zx and yi, k= 1,...,d.

Example. Assumptions A2-A4 hold if we use p(z1,...,24) = a191(x1) + -+ +
a494(zq), wherea; > 0, ¢ =1,...,d, are known constants and the g;’s fulfill conditions

A3-A6 of Knight [36]. Convexity of p(-) follows from the positive definiteness of the

diagonal Hessian matrix

H = diag (a182g1(x1)/8xf, e ,ad82gd(a:d)/8x(2i) )
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Moreover, p(-) inherits the other assumptions from conditions A3-A6 of Knight.
The only restrictive Assumption, A4, can be weakened if we let the function p;;(-)
be discontinuous at a countable number of points (Knight [36], page 266). For

illustration, we consider the bivariate Huber’s function

P (2,y) = pr(z) + pu(y) (2.7)

and
p™ (z,y) = pr(z) + pry), (2.8)

where pg(+) is Huber’s loss function defined in (2.6) and pr(z) = 2in(3 + z%). The
function (d/dz)pr(z) = 4z/(3 + x?) is the score function of a t-distribution with 3
degrees of freedom. The loss function p*(-) satisfies conditions A2-A4 if we ignore the
discontinuity of Huber’s loss function at +c¢. The sufficiently smooth loss function
p**(+) does not satisfy A4 and is just locally convex around its global minimum.
However, this suffices to search out the unique solutions (the M-estimates), and this
illustrates that Assumption A2 might be too strong (see Davis et al. [24], Remark
1 and 2). Actually, the performance of p**(-) is as good as that of p*(:), as shown
in Section 2.4. Notice that we require just one such function p(-) satisfying the

conditions A2-A4. Figure 2.1 illustrates the behavior of both loss functions.

The following proposition, which is in fact Proposition 2 of Paulauskas and
Rachev [45], is used in the next section. The proof is based on the results on the

convergence of stochastic integrals for semimartingales (see also Kurtz and Protter

[38], Theorem 2.7).

Proposition 2.1. Suppose that (2.4) holds. Then for 0 <t < 1, as n — o0,
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[Ch)

(b)

Figure 2.1: (a) Bivariate Huber’s loss function; (b) Bivariate loss function given in (2.8).
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(S;(t), S9(s)dSY)(s), 4,5 = 1,...,d) —y
0

in Dy, where s = d(d + 1).

Proof. See page 782 of Paulauskas and Rachev [45] and the related discussions
therein and Proposition 2 of Mittnik et al. [44].

Finally, we present the following Lemma from Knight [36], page 276, which will

be used to prove Theorem 2.2 in Section 2.3 (see also Davis et al. [24], Lemma 2.2).

Lemma 2.1. Suppose that {7},(-)} is a sequence of convex stochastic processes from

R? to R and that for any k-tuple of vectors (uy, ..., uz),

(Th(uy)y o, Tn(ug)) =g (T(uy),y ..., T(ug)),

where the stochastic process T'(-) has a unique minimum at @. If @, minimizes T,,(-),

then 4,, —4 @.

2.3 OLS and M-estimates for multivariate random

walks

In the first theorem in this section, for the Model (2.1) we find the weak limit
behavior of A, x (@ — I) for some sequence of matrices {A,}, where x stands for
the coordinate-wise product. The following Theorem deals with inconsistency of the
OLS estimators and is proven in the bivariate case; d = 2 (see also Remark 2.2 in

this section).
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Theorem 2.1. Consider the Model (2.1) with ® = I, and suppose that Al holds.

(2) (1)
IfA,= ( Yo na"n/a" ), then

nag) /ar

A, x (@ —1I) 53 LK™,

where ® is the OLS estimator given in (2.2),L = fol SdS', K = fol S(s)S'(s) ds, and

S(-) is the stable random vector defined in (2.4).

Remark 2.1. Theorem 2.1 establishes that if a}’ = a%z), then the OLS estimates are
consistent and the rate of convergence is n. This coincides with the results presented
in Caner [14]. On the other hand, if al) # o), then one of the OLS estimates might
be inconsistent. More precisely, let = (f’y g ) be the OLS estimator of ® = I, in
Model (2.1). If oy < a(1 4 ap)™!, B is not consistent. A similar conclusion can be
made for 4. For example if oy = 2, for consistency of estimates we need to have

a; > 2/3. Note that if ay, as > 1, the OLS estimates remain consistent.

Proof. Let ® = (:g) be the OLS estimator of ® = I, in Model (2.1). From

(2.2), assuming that U; = (X;,Y;) and ¢ = (651),652))’, we derive the following

representations:
G—1= 2oia Vi 2t Xt*legl) ~ o X1 Y1 Dy Yt—lfgl) (2.9)
PIHPD. CRDPUIS LBEN DA Xt—1Yt—1)2

5o L X T Yire) = S0, X 1Y 30, Xl 210

S LXE S V2, — (0, X 1Y) )
¥y = D= Yis D Xt‘legz) — Yo X Y1y ps Yt—1‘5§2) (2.11)

N n n n 2 9 .
Zt=2 Xt2—1 Zt=2 Ytz_l - (Zt=2 X 1Y)

n n 9 n n y

6—1= Et:2 th_l Et:z Yt_leg - Zt:? Xt-1Yi1 Zt:Z Xt—leg ), (2.12)

E?:z X7, Z?:z Ytz—l - (Z?:z Xt—1Yt—1)2
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Next, we obtain the normalization coefficients for the sums in (2.9)-(2.12). In

fact, we have

(@)Y Xeaed? = 172 [(SO(1) - V()] - / SO dsP(s), (213

n 1
(@®) 7 (@) 7Y Ve = / S (s)dSM(s), (2.14)
t=2 0
n 1
n! (aff))_Q ZYf_l = / (522))2 (s)ds, (2.15)
=2 0
n 1
™ (@) (@) Y XeYen = / S (5)S2(s) ds, (2.16)
t=2 0

n 1
n~! (al)) 2 Z Xt = / (S,(Ll))2 (s)ds, (2.17)
t=2 0

n 1
(@)™ (@@) Y X = / SNV (s)dSP)(s), (2.18)
=2 0
and
n 1
(@)Y Vird? = [ 52() a5 ). (2.19)
=2 0

Therefore, using (2.9)-(2.19), we observe that the normalization factors for & —1,

B, %, and  — 1 are n, na'? / ag), na / a%z), and n, respectively.

Thus, we can write all the elements of A,, X (:1; —1I,) as a function of the bivariate
stable process S,,. The rest of the proof is based on Proposition 2.1. As in Mittnik
et al. [44], we define a map f : Dg — R* f = (f1, fo, f3, f2) with coordinates
fix) = gi(x) (g5(x)) ", i =1,...,4. Here, x = (zy,...,z5) € D, and the functions

gi: Dg— R,i=1,...,5, are defined as follows:

o) =) ([ 280)ds) =) ([ sl as),
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and
2

g5(x) = ( /0 " 22(s) ds) ( /0 L 2(s) ds) _ ( /0 ' a(8)a() ds) .

If 4+ denotes the distribution of the limiting vector S(-) and Dy the set of discon-
tinuity points of £, it is easy to see that u(Dy) = 0. So, we can apply the continuous

mapping theorem for f using Proposition 2.1 (with d = 2) to complete the proof.

Remark 2.2. Theorem 2.1 also extends the result of Caner [14] in two directions.
First, Theorem 2.1 can be applied to a d-variate AR model of order one when the
innovations are i.i.d. vectors in the domain of attraction of a stable law with possibly
different indices between 0 and 2. In fact, the normalizing matrix in Theorem 2.1 is

modified as follows:

/ 1 at? /o . al?/ a%l)\
(1) /.(2) (d) /. (2)
an’/an 1 ee. Qn/an
A —n / /
\ag) /al® ol /a8 . 1

Hence, if 0 < ad) e ol H# .. £ dd < 2, then at most d(d — 1)/2 of the OLS
estimates might be inconsistent (near inconsistency occurs frequently). Moreover,
throughout the chapter, the innovation vector €; has dependent components, which

arises in more practical situations and differs from Assumption 1 of Caner [14].
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The next theorem is the natural extension of the M-estimates for a multivariate

random walk model. Consider the Model (2.1) with
U= (x0,x2,.,x0)

and
€ = (eﬁl),eﬁz),...,e?)) .

Denote the M-estimator of ® in (2.1) as the minimizer of Y, , p(U; — @ U,_4) by

(600 a2 0
5, ) VR) v v
\&ii i ... ar )
Furthermore, put
u, = (u® u®, ... u®)

where

ul) = v (el (@ ~ 1), aPa{?, .. aPaf)
uﬁf) =+/n (a&l)&g\?), aﬁlz)(&%) -1),... ,a;d)&ﬁd)) ey
u? = /n (ag)&g\?), a@6\® gD (a4 - 1)) :
Then we obtain the following result.
Theorem 2.2. Under Assumptions Al-A4,

u, —¢ 4,

29



where u = A~!'b with

(Au Aw ... Aw)
A Ay Ay ... Ay |
\Adl Ap ... Ay )
Ay = E(pi(€r)) [ S(s)S(s)ds, i,5 = 1,...,d, and b = (b},...,b,) with b} =

VE (p? (61))f S'(s )dW( ) = 1,...,d. Here, the stable random vector S(-) is

defined as in (2.4), and W;(-) is the standard Brownian motion.

Proof. Here we mimic the proof of Theorem 2 of Knight [36]. First, observe that

the vector —u,, minimizes

n

Rp(u1,. .., %) = Z P(Ggl) + u;,nUt—la 6§2) + ulz,nUt—l
=2
) ei(id) + u:i,nUt—l) - Z P (67(51)7 61(:2), ) Egd)) )
t=2

where

’

Wjn = ((a“’)_1 n V2, (d@)7 n"l/zujd) . i=1,2,...,d

Using the Taylor series expansion of each summand of R, around (u;;); j=1,.4 = 0,

we obtain

d d
Rn(u117 v )udd) = n—1/2 Z Z Ujj (a’g))_l pl(et)Xt(f—)l

n d d
3 () pulen (X))
=2 j=1 i=1
n d d j-1 ) 9
+n7 Z Uik Uk (a;k))— pij(c) (thl)



n d d d
YN Y e ()T (@) p(e) XX,
t=2 k=1 j=1 i=k+1
d d-1

+o Z Z 2.2 Z wrsi (o) () puy (e XX,
t=2 k=1 j=2 [=1 i=1l
I<j i#k
where

!

C; = €t+A( () +u1nUt 1y, € @ +1112’nUt_.1,..., (d )+udnUt 1) ,
for some X € [0, 1]. For the first term of R,, we have

Sn(") ., S(-) (2.20)

Wa() W()
where S, (-) and S(-) are defined as in (2.3) and (2.4), and

Zpl 61 (’N,E pd €1 ) Zpd ez

converges in distribution to the d-variate Brownian motion W (-) = (Wy(-),..., Wa(-)) .

1/2 -1/2

W () = | (nElpien))

Notice that S(-), the d-variate stable process, is independent from W(-) with covari-

ance matrix <E(pi(€1)Pj(€1)))i’j

—1,..d
Because
|pij (€0) = pigler)] < AZZQ s () 072X
—1 o=
for i,7 = 1,2,...,d, it is easy to s;e tshat in the limit we can replace p;;(cs) by

pij(€), for all ¢,7 = 1,2,...,d. We only develop a proof for the second term of R,

but similar arguments for the other terms will complete the proof. We have

d

Y (@) (X2) louten) — pued) VD

=2 7=1 i=1 j=1i=1 r=1

d n
> et { > () @)
s=1 t=2

N\ 2
(x2:) xi%
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uniformly over u;; in compact sets.

Furthermore, in the limit each p;;(€;) can be substituted by E (p;;(€;)). To see this

for the second term of R,, by applying a weak law of large numbers for martingales

we derive
: Y N2 (v \? N2 (v \?
ZUUTL Z (an ) (Xt—l) I (an ) (Xt_l) S M
i=1 t=2

o LN 2
P( max Imax (aﬁf)) ? (Xt(J_)1> > M) — 0,

1<j<d 2<t<n

by letting n — co and M — o0, respectively. Therefore,

-1

d d n
L N\ 2
n uizj (aszj)) (Xt(i)l) [oii(es) — E (pii(€r))] —5 0.
= —_ 2

1 t=

=11

Merging the preceding arguments along with applying the continuous mapping
theorem ([10]) and using Proposition 2.1, we can show that the finite-dimensional

distribution of R, () converges weakly to those of R(-) where
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-1

s,

ikt E (pij (€1)) /0 Si(s) ds

+
M=
M=
N

=
I
-

<
||
I\

+
NE

-1
M- I

=
Il
—
.
Il
-
-
[l
=
+

uintyi B (pj;(€1)) /O Si(s)Sk(s) ds

1

o,
|

M=~

1

4
[M]=
B

%
1

uu;i E(pyj(€1)) /0 Si(8)Sk(s) ds.

x
Il
—_
.
||
(V]
o~
el
X

Thus, employing Lemma 2.1, we get u,, —4 u, where u is the minimizer of R(-).
By finding the unique minimizer of R(-) we can derive the limiting distribution of

u,.

Remark 2.3. Because S and W given in (2.20) are independent, using the Cramer-

Wold device (see Billingsley [10]), we achieve the following result:

Define
vio= (@3 - 1).68,..,a00) |
vy = (dﬁ”,(@fﬁ - 1),...,@5@“’))/,
Vg i= (@5@”,@5@2), (@ 1))',

and T; := fol f(s)dW;(s), i=1,...,d, where

£(s) = S1(s) Sa(s) Sa(s)
VI SH(s)ds \/ [y S(s)ds [ 83(s) ds
and W;(-), i=1,...,d, are standard Brownian motions. Notice that conditional on

{S(s); 0 < s <1}, T;, i =1,...,d, are d-variate random variables with normally

33



distributed marginals, and the T;’s are not independent. Therefore, we get

(7’11Bn r2Bn ... rldBn\ (Vl\ /7’1T1\
r91Bn T22Bn ... T94B, Va ., roTo | (2.21)
\leBn rg2Bn ... TddBn/ \Vd/ \Tde)

where ri; = E (pij(€1)), ri = \/E(p2(e1)), i, =1,...,d, and
B | T XX

\ymn))

is the random normalizing matrix.

J

Ifriy=0foralli#j, 4,5 =1,...,d, then we derive

(B, o ... o) [w) (=T

T11
0 Bn AN 0 Vo %T
—d
\ 0 0 e Bn \Vd) %Td/

The loss functions given in (2.7) and (2.8) are of this special type. The advantage
of using the self-normalized matrix B,, is the fact that marginals of the limiting vector
in (2.21) have normal distributions. See the normal quantile plots in Figure 2.3 of

the forthcoming section.

2.4 Simulation

A simulation study is undertaken to investigate the results given in Theorems 2.1

and 2.2. Taking d = 2, we present simulation results for six parameter settings
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for a = (o, 02): a1 = (1,1), a2 = (1,2), a3 = (0.8,1.1), oy = (0.6,2), a5 =
(0.2,0.9), ag = (0.2,1.9). All the corresponding distributions of innovations come
from symmetric bivariate stable laws. To generate the random numbers €, in (2.1)
with the aforementioned indices of stability, we consider the set of points {S; =
(cosb;,8in ;) : 6; = in/4,i = 0,1,---,7} on the boundary of the unit circle and
take a sample with uniform probability, say, S = (S}, S;)’. We repeat this procedure
M = 10000 times to get the random samples S; = (Sy;, S%)’, @ = 1,...,10000. The

random number €; is obtained from

M M '
€1 = (651)’ 6_%2))' = (Z Slil—‘;—l/ala ZS%Fi—l/az) ’

where I'; = E) + -+ - + E; for i.i.d. exp(1l) random variables E;. In the exact formula
we need M — oo. To generate m random numbers €,t = 1,...,n, we perform
this procedure again n times independently. The observations U, = (X;,Y;) are
simulated from U; = U;_; + €; using Uy = 0, and the OLS estimates, presented
in Table 2.1, are calculated using (2.2). Figure 2.2 depicts the sample path of two
bivariate random walks U, simulated by this method. The characteristic function

for €, when M — o0 is

w(01,02) = exp [//(1 . eialm—l/alu—l—ian—l/azv) dH(u,v) dz ’
c

where H(-,-) is the distribution function of S; defined on the boundary of the unit
circle C = {z € R? : ||z|| = 1}. For more details see Banjevic, Ishwaran, and

Zarepour [1], and Samorodnitsky and Taqqu [51].

For the bivariate convex function p, we employ the loss functions p*(z,y) and
p**(z,y) given in (2.7) and (2.8). For both the OLS and the M-estimates provided

in Tables 2.1 and 2.2 we choose n = 50, 100 and a replication size of 1000 is chosen.
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Figure 2.2: Sample path of bivariate random walks with innovations belonging to DS(2,2)
(left) and DS(1.7,1.9).
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Table 2.1: The OLS estimates of parameters when /3 is consistent (a1, g, a3) and when
it is not. The replication size is 1000.  Note: (*) and (**) indicate near inconsistency

(low rate of convergence) and inconsistency cases, respectively.

n = 50 n = 100
B o o
a; 09154 0.2162 -0.0708 0.9569 0.9301 -0.0419 0.0565 1.0041

~

5

D>
[

o}
=

oz 0.9338 -0.0031 -0.0025 0.9251 0.9685 0.0071 -0.0010 0.9621
a3z 0.9515 -0.0887 -0.0007 0.9711 0.9857 -0.0117 0.0009 0.9806

oy 09452 11.5710*  0.0001 0.9218 0.9628 1100.633* 0.0000 0.9591
as 09642 6.8e+14™  0.0000 0.9166 0.9508 1.3e+17** 0.0000 0.9634
o 09217 -1.1e+18" 0.0000 0.9213 0.9337 -2.6e+24* -0.0000 0.9626

The numbers tabulated in both tables are the averages of the replications.

The simulation results give rise to the following observations. In the cases for
which a1 > as(1 + ap)~! presented in Table 2.1, as expected, the OLS estimates
are consistent and tend to the actual values as n gets large whereas when a; <
az(l+asz)™1, ,@ is inconsistent, and the other estimates remain consistent. The results
obtained from Table 2.2 are quite satisfactory. As n gets large, the M-estimates are
in proximity of the actual values in both choices for p*(-) and p**(-), confirming the
consistency of the M-estimates with better rates of convergence in almost all entries

in comparison with the OLS estimates given in Table 2.1.

To explore the marginal normality of the limits with the random normalization

factors given in (2.21), we consider a simulated bivariate random walk Model (2.1)
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Table 2.2: The M-estimates using Huber’s function p* (up) and p** (down).

replication size is 1000.

n = 50 n = 100
& B 5 0 & B 5 6
oy 0.9827 -0.0012 0.0006 0.9841  0.9947 0.0004 0.0003 0.9839
oy 09875 0.0033 0.0003 0.9356  0.9954 -0.0015 -0.0002 0.9696
oz 0.9922 0.0045 -0.0002 0.9793  0.9981 -0.0003 -0.0001 0.9935
oy 0.9986 0.0008 -0.0001 0.9668  0.9997 0.0003 -0.0000 0.9892
c;  0.9892 -0.0021 -0.0094 0.9907  0.9975 0.0006 0.0009 0.9945
oy 0.9919 0.0010 0.0017 0.9375  0.9981 0.0002 0.0001 0.9706
a3 0.9975 -0.0011 0.0004 0.9843  0.9995 0.0009 -0.0003 0.9959
oy 09940 0.0006 0.0004 0.9698  0.9982 0.0005 -0.0003 0.9907
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with innovations belonging to DS(1.7,2) using a sample size of n = 100, replication
size of 1000, and p*(-) as the loss function in the M-estimation. Figure 2.3 portrays
the normal quantile-quantile plots for the marginals of the limiting vector in (2.21),

illustrating the normality of marginals.
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Figure 2.3: Normal Q-Q plots for the marginals of the limiting vector in (2.21) using
Model (2.1) with innovations in DS(1.7,2). The sample and replication size are 100 and

1000, respectively.
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Chapter 3

M-estimation for a Spatial
Unilateral Autoregressive Model

with Infinite Variance Innovations

3.1 Introduction

Consider the doubly geometric spatial autoregressive (AR) model, introduced by
Martin [41],

Zij = aZi_1j+ BZ;ij-1 — afZ;_y j-1 + €4, (3.1)
where {e;; = €5(a,0) : 4,5 = 1,...,n} is a sequence of i.i.d. random variables
with Z;; = 0 when ¢ A j < 0. In this chapter, we study the weak limit behavior of

the M-estimators for the parameters in Model (3.1) when {¢;} is in the domain of

attraction of a symmetric stable law with index of stability ap, 0 < ap < 2 (denoted
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by DS(ap)). Both stationary and unit root models are considered, and it is shown
that asymptotically, distribution of M-estimators are functionals of stable sheet [49).

For innovations in DS(ay), self-normalized M-estimates are asymptotically normal.

Spatial models (for example, Model 3.1) appear in many applications such as
geography, agriculture, geology, biology and economics. See for example the work of
Whittle [58], Kempton and Howes [35], Martin [42], Cullis and Gleeson [21], and Basu
and Reinsel [4, 5] in the study of agricultural field trials, Jain [32], Geman and Geman
[29], Chellappa [19], and Dass and Nair [22] in image processing, Tjgstheim [52, 53]
in system theory and Bronars and Jansen [12] in economics. Asymptotic properties
of the spatial unilateral AR models, which are of our interest in this chapter, have
been investigated by several authors. Martin [41] introduces the symmetrically re-
flective spatial AR model given in (3.1) and considers the maximum likelihood (ML)
estimators when model is stationary. Tjgstheim [52, 53, 54] establishes the limiting
behavior and consistency of the corresponding Yule-Walker estimators. Basu and
Reinsel [2, 3] show that in the stationary setting ML estimators have less bias than
the Yule-Walker estimators proposed by Tjgstheim. They [4, 5] also define and study
the spatial unilateral autoregressive moving average (ARMA) model of first order.
Several estimators such as ML, restricted ML (REML), generalized least squares
(GLS) and ordinary least squares (OLS) for stationary model are considered and
their performances are compared. Bhattacharyya et al. [6] investigate the asymp-
totic properties of the sequence of Gauss-Newton estimators for the Model (3.1) with
unit roots and with finite variance innovations showing the bivariate normality of the

weak limits. They also show that two estimators are asymptotically independent.
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The M-estimator (&, 3) of (a, 3) in (3.1) is the minimizer of the objective function

n n

9(a, B) = p(Zij —aZi ;= BZ;j1+afBZi1 1) (3.2)

i=2 j=2
for some function p(-). Usually p(z) grows at a slower rate than z? as |z| gets
large. Many of the developments in the M-estimation method can be found in the
books by Huber [31] and Van de Geer [55]. For a univariate AR model with infi-
nite variance innovations, several studies have been carried out. For a general AR
process with infinite variance innovations when a stationary solution exists, the M-
estimates have been considered by Davis, Knight, and Liu [24]. They point out that
the M-estimators, similar to their counterpart, the least absolute deviation (LAD)
estimators, give less weight to the outliers when the distribution of innovations be-
longs to the class of heavy tailed distributions. These estimators essentially provide a
faster rate of convergence in comparison with the other usual estimators. Davis [23]
also develops the limit theory for M-estimates as well as Gauss-Newton estimates
for ARMA processes with infinite variance showing the dominance of M-estimates,

asymptotically.

The main results of the chapter are stated in the forthcoming section and followed
by a numerical example and a simulation study in Section 3.3. Finally, the proofs of

the main theorems appear in the Appendix.
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3.2 Preliminaries and main results

Let {€; : 4,7 =1,...,n} be a sequence of i.i.d. random variables in DS(ap). Such

random variables have distributions with regularly varying tails, i.e.
P(lenn| > z) = 7% L(z),

where L(-) is a slowly varying function at infinity, and

lim P(611 > JI) _
ime0 Pllen] > 2)
where 0 < pg < 1. This implies that there exist constants a, and b, such that the

stochastic process
nt] [ns]

Su(t,8) = a;! Z Z €5 — [n°tS]bn,

i=1 j=1

converges in distribution to a process for 0 < ¢,s < 1, where [z] stands for integer
part of z. More precisely, let D, be the space of cadlag functions defined on the unit
square [0, 1] x [0, 1] and equipped with the metric introduced by Bickel and Wichura

([9], see also Appendix of the next chapter). Then
Sn(t,s) —d Say(t,s), asn — oo, (3.3)

in Dy, where the limiting process is a stable sheet (Resnick [49]) defined on a regular
rectangular grid in two dimensions. In fact, when (3.3) holds with either ap > 1 and
E(enn) =0, or ap < 1, or {e;;} have a symmetric distribution about 0 we say that
{ei;} is in DS(ag). Throughout the chapter, all integrals involving dS,,, dS,, or dW

are interpreted as It6 stochastic integrals.

It can be shown (Feller [28]) that under (3.3), a, = n?* L(n), where 0 < oy < 2

and L(-) is a slowly varying function at infinity. We assume b, = 0. When ag =
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2, S4(+,+) is a Brownian sheet. When 0 < oy < 2, a symmetric agp-stable random
variable Sy, has the series representation Sa, = > o0, 6 1 % where ;s are i.i.d.
random variables with P(d; = 1) = P(6; = —1) = py = 1/2. Here {I';} are the
arrival times of a Poisson process with Lebesgue mean measure independent of {4;}

(Samorodnitsky and Tagqu [51]).

Denote ¢(z) = 0p(z)/0z, ' (z) = 3*p(z)/dz* and impose the following assump-

tions on the function p(-) in (3.2):
Al: 0% .= E (¥*(en1)) < o0 and E (¥(e11)) = 0 if ap > 1; and E (|¢(en)]) < oo if
ap < 1.

A2: ¢(-) satisfies the Lipschitz continuity condition

[9(z) = ()| < kalz —yl™,
for some nonnegative constant k; and A\; > max(ag — 1,0).

A3: v:=E (¢'(e11)) < 00, and

¥/ (2) ~ ¥ ()] < kalz —yI,

for some nonnegative constant k; and A > 0.

The loss function p(-) might have a countable number of discontinuity points (e.g.

Huber’s loss function) or might be locally convex with a global minimum.

Now, consider a general spatial unilateral model

oo

Zij = Z Z Crl €i—k,j—1s (3-4)

k=0 =0
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where {¢;;} is in DS(ap) and {cy} is a sequence of constants satisfying
i i ler|® < oo for some § < min(ayg, 1). (3.5)
k=0 1=0
It can be shown (see Davis et al [24]) that under this condition, the series in (3.4)
converges almost surely and
(1Z11] > 2) = —
zlLrgo P ||€111lll > 1) kzzzo ; leul*.
Therefore, the spatial unilateral ARMA(p,q) model
p q
Zij = Z Z,Bklzi—k,j—l + €ij,  Boo =0, (3.6)
k=0 1=0
with {e;} in DS(ap) has a stationary solution if it can be rewritten in the form of
(3.4) where {cg} satisfies (3.5). As an example, note that Model (3.1) is a special
case of (3.6) with p=¢q =1, 810 = o, o1 = 0 and (11 = —af, and that

Zij = aZ; —LJ +5Z@J 1—affZ;_ 15-1 1 €5
o (k14 7)! .
= ZZZ FATIES, kﬁl(_aﬁ) €i—k—rj—l—r
k=0 =0 r
=22 o Bepm
k=0 1=0

=

|
M“’

o * @i ey, when Z;; =0 for i A j <0,

E
il

1 1=1

il

is a unilateral model. Therefore by (3.5) to ensure the existence of the stationary

representation we shall have for 0 < g < 2,

ZZ | kﬁl < oo for some § < min(ayg, 1).

k=0 I=0

For ap = 2, see Proposition 1 of Basu and Reinsel [4].
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The following theorem deals with the M-estimators of the parameters of the
general stationary model given in (3.6). Following [24], recall that the M-estimate,
B = (BOl)BOZ; s aBOq; s 7/51)07/51717 s 1qu> ) of /8 = (ﬁOl) cee 7/81)(1) minimizes the
objective function

n n

Z Z p(Zij — BroZi-1,j — Bor Zij—1 — Bu1Zi-1j-1— *** — BpaZi—pj—q);

i=p+1 j=q+1
with respect to {g;;}. This is equivalent to minimizing the sequence of stochastic
processes

n n
W, (u) = Z Z [p(fij — uyoay ' Zi1; — U8y Zijo1—
i=p+1 j=q+1

Uy, Zi15-1 = 0 = UpgQn Zipj—g) — P(Gij)] . (3.7)

The minimizer of the process W,,(-), that is a,(8 — B), has a weak limit which is the

minimizer of the process W () given in the following theorem.

Theorem 3.1. Consider the stationary spatial unilateral Model (3.6) with {e;}
in DS(a), 0 < ag < 2 and suppose that Al and A2 hold. Then on C (RPtItP?)
Wy (-) —4 W(-), where
oo oo oo
W(u) = Z Z Z [P(Ekij — (u10Ci-15 + U01Ci j—1+
i=1 j=1 k=1
UCi-1,j-1 + -+ upqci—p,j—q)M;”“) - P(Gkij)]- (3.8)
Here eg;; 4 €11, and & and I'y are defined as before, and C (RPt97P?) is the metric

space of continuous functions on RP*97? equipped with the uniform metric.

Note that we cannot find a closed form for the minimizer of W(-) in (3.8). A

similar theorem can be stated for the special case when p(z) = |z|, corresponding
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to LAD estimators, provided on some assumptions on €;; similar to those made in

Theorem 3.4 of [23].

In the next theorem, we investigate asymptotic behavior of M-estimators of the
parameters in the spatial unilateral model given in (3.1) when the model has a unit
root. We consider two cases; (i) @« = 1 and |3| < 1, and (ii) @ = = 1. The limits
are functionals of ag-stable sheet (Itd stochastic integrals) in (3.3). As in [36], to

make sure that an a.s. unique limit exists we assume the convexity of the function

p(-).

Theorem 3.2. Consider Model (3.1) with {e;;} in DS(ap), 0 < ap < 2 and suppose
that the loss function p(-) is strictly convex. Denote (&, B) to be the M-estimator of
(ar, B) in that model. Then under assumptions A1-A3,

(i)ifa=1and |8]| <1,

R 0 [ fo Sag(t1,t2) AW (1,t2)
an\/ﬁ (a — 1) Ly 'yofolofol ;go(t1,t2)dt1dt2
an(B — B) arg min Z(u)
where
20 =303 [pley — ud1807) - o).
i=1 j=1

(ii) and if @ = f =1,

J3 [ Sag(t1,82) dW (t1,b2)

a1 g T3 JT 82 (t1,t2) diadt
= — 0 JO Yo 1,02 1412 39
an\/ﬁ B . —d 7 v fol f& Saﬁlytz)dW(thtz) ) ( )

fo f3 82, (t1,t2) dt1dtz

where Sy, (, -) is the ag-stable sheet and W (:,-) is a standard Brownian sheet.

Remark 3.1. When o = 1 and || < 1, distribution of £ is not necessarily symmetric

while for the second case we observe a symmetric distribution. Similar to the results
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given by Knight [36] and Remark 3 of Zarepour and Roknossadati [60] (see Remark
2.3) it is possible to give self-normalizing coefficients for M-estimators in Theorem
3.2. More precisely, using Resnick-Greenwood’s result (Theorem 1 and Theorem 3
of [48]) when €17 is in DS(ap), 0 < ap < 2, we get:

(i) fa=1and |8 <1,

<Zn: Zn:Xz‘z—l,g) 5 (@=1)—a N (0, i-;) ,

i=2 j=1

[

(ii) and if @ = f =1,

\/Z;z 23;1 Xiz—l,j 0 a—1

—aN(O,T),  (3.10)
0 VOO D IRy AW

where I'' = dlag (GZ GZ), Xij == Zij — ,BZ,,;,j__l, and Y;j = Zij - CYZi_l,j.

722
Since (&, () is a consistent estimator of (o, §), Xi-1; and Y; ;1 can be replaced by

Xi—l,j and }/}i,j—l where Xij = Z” - BZi,j—lp and };;] = Z'ij - OA[Zi_Lj.
Again a similar result can be derived for the special case when p(z) = |z| using

techniques similar to those employed in Knight [36].

3.3 A numerical example and simulation

To investigate the performance of the M-estimation approach proposed in the pre-
ceding section, a numerical example regarding Theorem 3.1 and some simulations
regarding the unit root model are presented. We first consider the yield of barley
(in kilograms) data set from a 7 x 28 regular grid given in Kempton and Howes [35].

This data set has also been analyzed by Basu and Reinsel [4]. We consider two loss
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functions; Huber and least absolute deviation (LAD). Since the data has a normal
distribution, the ag = 2 is taken. Results tabulated in Table 3.1 and Table 3.2 show
that the doubly geometric spatial AR model given in (3.1) with a constant added
to the model is more accurate than a general model with —a8 replaced by ~. Such
a model is a special case of the unilateral first-order ARMA model of the quadrant
type introduced by Basu and Reinsel [4]. Notice that the limit theory for this general
model is the same as that for Model (3.6) of Section 3.2 with different {cy;}. From
Table 3.1 it can also be seen that the performance of the fit by LAD and Huber’s

loss functions is as good as that of the ML fit reported by Basu and Reinsel [4].

A simulation study is undertaken to investigate the result of Theorem 3.2 of
Section 3.2. We present the results for five parameter settings for index of stability
ap = 2,1.8,1.5,1,0.5. The unit root Model (3.1) with @« = 3 = 1 and symmetric
ap-stable errors on an n X n regular grid with different values of n are generated.
The replication size of 1000 is chosen and both mean and standard deviation of M-
estimates of «—1 are calculated. The simulation results are summarized in Table 3.3
with Huber’s loss function and in Table 3.4 with the loss function p(z) = 2log(z2+3).
Although the latter is just convex around its global minimum, the results tabulated
in Table 3.4 are quite satisfactory. As n gets large, the M-estimates are close to the
actual values for both choices for the loss function with better rates of convergence

as ap gets smaller.
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Table 3.1: M-estimates of the parameters for Model (3.1) based on the yield of barley

data (in kg) obtained from Kempton and Howes (1981).

A

const. & Jé] % &2
Huber 2.732 0.246 0.828 -0.204 0.0322
LAD 2.780 0.247 0.836 -0.207 0.0322
ML 2.627 0.241 0.812 -0.196 0.032

Table 3.2: M-estimates of the parameters for Model (3.1) with —af3 replaced by « based

on the yield of barley data (in kg) obtained from Kempton and Howes (1981).

~

const. & 8

A2

A(# —ap)

o

Huber 2.731 0.241 0.794 -0.106 0.0332
LAD 2791 0.230 0.833 -0.107 0.0329
ML 2.663 0.240 0.796 -0.108 0.032
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To explore the bivariate normality of the limits with the random normalization
factors given in (3.10), we consider a simulated unit root Model (3.1) with normal
innovations using a replication size of 1000, and p(z) = |z| as the loss function
in the M-estimation. To get the normality we need to take n = 60. Figure 3.1
portrays the normal quantile-quantile plots for the marginals of the limiting vectors
in (3.9)-up and (3.10)-down illustrating a significant deviation from normality and
the normality of marginals after using fixed and random normalizing coefficients.
The bivariate normality of the data after using a random normalizer can be seen in
Figure 3.2. Notice that the contour plot confirms that the marginal normal variables

of the limiting vector in (3.10) are independent.

Some simulations, which are not reported here, demonstrate that for ay < 2 to
have the normality we need to take n significantly large. For instance, for a model
with Cauchy innovations (ap = 1) a sample size of n = 500 suffices to get bivariate

normality.
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Table 3.3: Mean and mean standard deviations (in parentheses) for M-estimates of the
parameter (o —1) for the unit root Model (3.1) with @ = § = 1 using Huber’s loss function

with different ag-stable noises. The replication size is 1000.

index of stability ag

n 2 1.8 1.5 1 0.5
5  -0.0202 -0.0165 -0.0138 -0.0113  -0.0130
(0.0224)  (0.0200) (0.0200) (0.0641)  (0.1136)
10 -0.0034  -0.0028 -0.0016 -0.0004  -0.0033
(0.0038)  (0.0036) (0.0026) (0.0009)  (0.0566)
15 -0.0011  -0.0009 -0.0005 -0.0001  -0.0044
(0.0015) (0.0011) (0.0009) (0.0002)  (0.0608)
20 -0.0006 -0.0004 -0.0002 -0.0000  -0.0001
(0.0007)  (0.0006) (0.0004) (0.0003)  (0.0019)
25 -0.0003  -0.0002 -0.0001 -0.0000  -0.0000
(0.0004) (0.0003) (0.0002) (0.0002)  (0.0010)
30 -0.0002 -0.0001 -0.0000 -0.0000  -0.0000
(0.0003) (0.0002) (0.0001) (0.0001) (0.0158)
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Table 3.4: Mean and mean standard deviations (in parentheses) for M-estimates of the
parameter (o — 1) for the unit root Model (3.1) with & = 3 = 1 using the loss function

p(x) = 2log(z? + 3) with different ap-stable noises. The replication size is 1000.

index of stability ag

n 2 1.8 1.5 1 0.5
5 -0.0128 -0.0106 -0.0087 -0.0029  0.0042
(0.0173)  (0.0141) (0.0140) (0.0069) (0.0105)
10 -0.0017 -0.0013 -0.0007 -0.0002  0.0002
(0.0018) (0.0016) (0.0014) (0.0008)  (0.0004)
15 -0.0006 -0.0004 -0.0002 -0.0000  0.0000
(0.0006)  (0.0005) (0.0004) (0.0004)  (0.0001)
20 -0.0002  -0.0002 -0.0000 -0.0000  0.0000
(0.0003)  (0.0003) (0.0001) (0.0004)  (0.0000)
25 -0.0001 -0.0000 -0.0000 -0.0000  0.0000
(0.0001)  (0.0001) (0.0000) (0.0002)  (0.0000)
30 -0.0000 -0.0000 -0.0000 -0.0000  0.0000
(0.0000)  (0.0000) (0.0000) (0.0001)  (0.0000)
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Figure 3.1: Normal Q-Q plots for the marginals of the limiting vector with fixed (up) and

random normalization (down) based on LAD estimates for the parameters in Model (3.1)
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with normal noise and n = 60. The replication size is 1000.
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Figure 3.2: Density (up) and contour plot (down) for the self-normalized LAD estimates

given in Figure 3.1.
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3.4 Appendix

To get ready to prove the first theorem of Section 3.2 we need to provide two proposi-
tions which are similar to the Proposition 1 and Proposition 2 of Davis et al. [24] and
therefore are given without proof. In what follows, the sequences of i.i.d. random
variables {€;;}, with €1); 4 €11, {0;} and {I';} are as specified in Section 3.2, and all
the sequences are mutually independent. We denote by M,(R x (R\{0})) the set of
point processes defined on R x (R\{0}) where R = [—o00, cc] equipped with vague
topology (Kallenberg [34]).

Proposition 3.1. Suppose that the sequence of random variables {Z;;} is given by

(3.4) with {e;;} in DS(ap). Then

[ n xX x x
- —_— —
Z Z E(eijan’ziy) 4 Z Z Z E(fz‘u,Ckz&Fi Yeoy)

f==1 j=1 i=1 =1 k=1

in M,(R x (R\{0})) with respect to vague topology.

As a consequence we get the following corollary:

Corollary 3.1. Consider Model (3.4) and a nonnegative continuous function f on

R x (R\{0}) with compact support, then

Z Z fleig, a0 Zi5) —a Z Z Z fl€nt, CkldiFi_l/ao)7

i=1 j=1 =1 I=1 k=1

where ¢;,; = 0 for k£, < 0.

For f(z,y)I(|z] < M)I(ly| > ¢), where f is a continuous function, weak conver-
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gence follows if for all € > 0,

%%A}I@mllmsupP(| EZf €i5,Q nlzlg I(l‘fij| < M)

i=1 j=1

(2] > 6an)]| > e) =0, (3.11)

and
SONTST flew b (el < MYI(|ewsT7Y) > 8) —

i=1 =1 k=1
Z Z Z f e, Ckz5ifi_1/a°) (3.12)

=1 I=1 k=1

as 4 — 0and M — oo.

Proposition 3.2. Suppose that {Z;;} is given by (3.4) with {¢;;} in DS(ap). Let
{Vi;} be iid. sequence of random variables with finite mean such that for every ¢

and j, Vi; and Z;; are independent. Then for all 6 > 0 and n > 0,

n

(a) lim Supp[z > WVillag Zi | 1(1 235 < San) > n] < e E|Vhy 6000

n—oo

i=1 j=1
for all v > ay,
() timsup PSS Willag 2 11241 > Sa,) > 1] < 280 P(Vis| > 0)
n—oe i=1 j=1

for all v > 0 and constants ¢; and c¢;. If in addition Vj; has zero mean and finite
variance and 1 < ag < 2, then
(c)

Var[ZZVU (0" Z:)1(|1 25| < 5an)] — 0

i=1 j=1

as n — oo and then ¢ — 0.
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Proof of Theorem 3.1. In here, we mimic the proof of Theorem 1 of Davis et al.
[24]. First, we show that finite dimensional distribution of W, (-) converges weakly.

Let
_ -1 -1 -1 -1
Yoing (W) = w100, Zi-1j + vo10, Zij—1 + w1, Zio1 -1+ + UpgQy~ Zi—p j—qg-

By Corollary 3.1 it follows that

ZZ[P €ij — Yninj(u)) — pleiy) L (leis| < M, | Zij| > and) —a

ot upqcz-_p,j_qmrz”a(’) - p(em-»] I(ewis| < M, |(uro6i-1,

—~1/ag
+ 1€ -1 + Un1Cim1,5-1 +  + UpgCip i) 0| > 6).

It suffices to show that (3.11) and (3.12) hold with the function f(z,y) = p(x —y) —

p(z). Using the Taylor series expansion around ¢;; for each term of W,(-), we get

Z Z 67‘3 m nJ ) 61] Z Z Ym nJ

i=1 j=1 i=1 j=1
n n

- Z > Yaini(w)¥(eis) + YD Yaini (@) — w(ER],

i=1 j=1
where |§Z — Eij| S |Ym'7nj('U4)|.

From Proposition 3.2-(b), with V;; = ¥(e;;)I(|e;;| > M), we get

lim_limsup P|| Z Zym g (W (Yo ()] > O)(e) (Jeig| > M)| > n] = 0.

M=00 n—oo i=1 j=1
Furthermore, employing Proposition 3.2-(a) if ap < 1 and (c) if ap > 1 with V;; =
¥(e;j) we deduce

hmhmsupP[ ZZY’"W Y(€) I (|Yaingi(w)| < 6)| > n] = 0.

n—oo i=1 j=1
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Also using the Assumption A2 we have

‘ zn:zn:Yni,nj(u) (1/)(613) — %))I(|Yni’nj(u)| < 5)‘

=1 j=1

< ki ZZ | Yoing ()] 1| Yo (w)] < 8) —

i=1 j=1

by Proposition 3.2-(a) as n — oo and then 6 — 0, and similarly by Proposition
3.2-(b)

30D Yaims (@) (leis) = $ED ) I Vains ()] > ) (Jei| > M)

i=1 j=1

< 30 Wi P I (Vang )] > )T (Jes] > M) =, 0,

i=1 j=1
as n — 0o and M — oco. Combining the above arguments proves (3.11), and (3.12)
is proven in a similar way.

Finally, to see the tightness of W,,(-) we shall show

limlimsup P[ sup |Wn(u) — Wy(v)| >n] =0.

820 n—oo lu—v||<s

Observe that by Lipschitz continuity of ¥ we get

W}(eij) - d)( 17;)1 < kllYni,nj(u - v)iAla

which implies

W) = Wa@)] < | 3D Voo — 000 (ei)| + bt 3 5 Vot — 0) 1.

i=1 j=1 i=1 j=1

Now using Proposition 3.2 and the fact that

0" Y N Zi g wthles) = Op(1),

i=1 j=1
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and
n n

a7 3TN Zi, L [ = 0,(1)

i=1 j=1

we complete the proof.

Proof of Theorem 3.2. We prove the part (i) of the theorem. Since p(-) is
convex, by Lemma 2.1 it is enough to show the weak convergence for the finite
dimensional distribution (denoted by — f;4;). Let (&, [9) be the M-estimator of {«, 3)
in Model (3.1), and define X;; := Z;; — 8Z; -1, and Y;; := Z;; — aZ;—1;. Then
Xij = aX;_1; + €5, and Y;; = BY; ;-1 + €; which yields the non-stationary part
Xy = Z;.c:l €kj, assuming « = 1, and the stationary part Y;; = {=1 B ey, Also

recall from before that €;; = €;;(, 3) and observe that

-1_-1/2 -1 -1_—1/2 -1
€ij (a +a, ' n / u, 0+ a, uz) =¢;i(a,B) —a,n / wXio1; — a, w1

-2, -1/2
+a,n / U]_uzZi_l,j_l.

Thus, we shall minimize the function

n(uy, ug) ZZ[ (GU a+a;ln” u1,5+a;1uz)) —p(ﬁij(a,ﬂ))]

12]—2

-1/2 -1
= E E [ pl€&; — a, n UlXi—-l,j‘_an U2Yi,j—1

1=2 j=2

+ a;2n“1/2u1U2Z¢—1,j—1) - P(fij)]-

Notice that K, (u;, us) has a unique minimum at

A~

(ur,u2) = (VA an(@ — 1), an(3 — B).
First we show that
Kn(ul, Uz) = K,(ll)(ul) -+ K,,(lz) (’U,z) -+ Op(].), (313)
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where

K(1 ZZpU a, 1p=1/2 ur X, 173)
1=2 j=2
and
K® (us) = ZZP@' (an ugY; 1),
i=2 j=2

with p;;(u) = p(e;; — u) — p(ei;). We have

n n
~1,_-1/2 -1 —2,_-1/2
E E [pij(an n /ulXi-l,j+an UpYij—1 — G, M /U1U2Zi—1,j—1)
i=2 j=2
-1, —1/2 _
— pij(ag'n™Y U1Xi—1,j)} =

"1/2U1U2Zi—1,j—1

n n aﬁlqui,j_l—aﬁzn ) 1/2
- E E / ’l/)(éij —-a, n ulXi_l,j — 8) dS,
0

i=2 j=2
and

n n

-1 —2.-1/2 _
E E pij{ay ugYsj1 — ay’n / UugZi15-1) =
=2 j=2

-1 —2__
non antu2Y;jo1—an n"V 2uuaZi g 1

- Z Z/ P(ei; — ) ds.

Using Lipschitz continuity of ¢, we get

"> an 'u2Yi j-1—an *n " 2uruaZi L 12
> D / [$ei — az '™ ur X1y — 5) — (e — 8)| ds
i=2 j=20
n n N
-1 -2, -1/2 —1, —1/2 1
<k lan UgYij—1 — Gy, M / U1U2Z¢-1,j—1| ' —a, n / ulXi—l,jl
i=2 j=2
n
< ky sup |uta;M E X’\11] 0p(1) —, 0,
2<i<n =

noting that
wa Y X[ = 0,0).

J=2

sup
2<i<n
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Therefore,

K (u1,up) = Kv(zl)(ul) + Z Z Pij (a,_LleYi,j—l — a;2n—1/2U1U2Zi—1,j—l) + op(1).

=2 j=2
Continuing in this manner we obtain

Kn(ul, Ug) = K,(Ll)(ul) + K,SQ)(UQ) -+ pij( — a;Qn—1/2u1u2Z¢_1,j_1) + Op(l),

i=2 j=2

and finally since

6.’ 2y N " py(— wuaZica 1) = 0p(1)

i=2 j=2

we get (3.13). Now, by an argument similar to that in Theorem 2 of Knight [36] it

can be shown that K,(Ll)(u ) = iai K (u;), where

K( Ul _—O'Ul/ / Sao tl,tz dW(tl,tg -+ Ul/ / t1,t2 dt dtz (314)

To see this, using the Taylor series expansion of K (u1) around u; = 0 observe that

L n n 1 o n n .
K7(L1)(u1) = —wa,'n 12 Z Z Xim1,59(€5) + 5“?%2” ' Z Z Xf—l,j¢ (Eij)a

=2 j=2 1=2 j=2
where [¢'(e;) — %' (e};)| < k2 |ura;'n™2X;_1 ;|. Therefore, we can replace 9'(e};)

by ¥’ (e;;) since

ufa;*n! ZZ i ui b ¢'(Eij)lﬁk2ufn_1/2><

=2 j=2
n n
-1 -3 3
(n > a?d le’—l,j|>—’ 0
i=2 j=2

uniformly over u; in compact sets.

Moreover, in the limit each 9 (e;;) can be substituted by F (1/)/ (%)) That is, we

shall show that

ula;*n” ZZ —1,j [ ( (€i5) E(d’l(fij))] —p 0

1=2 j=2
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uniformly over u; in compact sets. Denote the set of all ordered pairs of positive

integers by I, and define F' = {(t,t3) € I : t1,t; < n} for a fixed and positive integer

n. Denote
t1 to
U= (c1Xicry+eYigor) (e Xiog +eaYigo < M) (e) — B (ei7))),
i=1 j=1

for each t = (t1,t2) € F, and given constants ¢; and c;. Let §; be the smallest
o-fleld making each ¢;; measurable, for 1 <4 < ¢; and 1 < j < t5. Then similar to
Lemma 2.4 of [8], it is easy to see that {U;,&:,t € F'} is a strong martingale (see
Lemma 4.2 of the next chapter). Therefore, applying a weak law of large numbers

for martingales (Brown [13] and McLeish [43]) we get

nT Yy aty X2 (e X < M) [?ﬂ/(fij) - E(iﬁ/(ﬁij))] —p 0.
1=2 7=2

g

n
<P [max 0—22Xi2—1,j > M} — 0,

1<i<n "

The other term, the approximation error, is an 0,(1) term:

P (In7tag® Y5 XE (0 XE > M) [ (e5) — B (e))]

i=2 j=2

i=2
as n — oo first and then M — oo. Thus K§ (u;) — i KO (uy), with KO (uy) as

given in (3.14).

Also, an application of Theorem 3.1 of Section 3.2 implies K (ug) — fiai K (uy),

where

K®(up) = Zzpij (Uzﬁj_l(siri—l/ao)-

i=1 j=1
Minimizing K" (u;) and K@ (uy) with respect to u; and ug, respectively, we obtain

the desired result.
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Chapter 4

M-estimation for Near Unit Roots
in Spatial Autoregression with

Infinite Variance

4.1 Introduction and main result

Unit root and near unit root models have been investigated by several researchers.
Beginning with the well known work of Dickey and Fuller [27] on unit root time series
models, the work of Phillips [46] and Chan and Tran [17] focus on the near unit root
model z4(n) = apzi_1(n) + ¢, 1 < t < n, where «, is an unknown sequence of
constants approaching to 1 as the sample size n gets large. They derive asymptotic
behavior of the least squares (LS) estimates of the sequence a, in a model with finite

variance. Knight [36] investigates the asymptotic behavior of the M-estimates when
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errors are in the domain of attraction of stable laws.

As it is mentioned in Chapter 3, spatial models appear in many applications
such as geography, agriculture, geology, biology and economics. Basu and Reinsel
[4, 5] define and study the spatial unilateral autoregressive moving average (ARMA)
model of first order which encompasses the spatial AR model of first order as a special
case. Examples given by Cullis and Gleeson [21], and Basu and Reinsel [5] show the
applicability of the above spatial AR model having unit roots (¢ = § = 1) and one
near unit root (3 = .947), respectively. Bhattacharyya, Richardson and Franklin {8]

consider the spatial autoregressive model
Zii(n) = 0nZi_1(n) + BnZij—1(n) — 0nfnZi_yj-1(n) + €, (4.1)

1 £14,7 < n, when o, and B, are near unit roots. They investigate Gauss-Newton
estimators of (a,, 8,) under some assumptions on the existence of second and fourth
moments, and on the rate of convergence of initial estimators. Later, Bhattacharyya,
Li, Pensky and Richardson [7] introduce a statistic (the normalized periodogram
ordinate) to test for unit roots in Model (4.1) under the same assumptions made as

before.

The M-estimator (6, 8,) of (an,Bn) in (4.1) is the minimizer of the objective
function
n n
g(an, /Bn) = Z Zp(Zij - anZi—l,j - ,BnZi,j—l + anﬁnZi—l,j—l) (4-2)
=2 j=2
for some function p(-). In (4.2) and thereafter, expressions such as Z;;(n) are denoted
simply by Z;;,1 < ¢,7 < n. In this chapter, we study the weak limit behavior of

the M-estimators for the parameters in Model (4.1) when {¢;} is in the domain of
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attraction of a symmetric stable law with index of stability a, 0 < a < 2, denoted

by DS(a).

Similar to Chapter 3, define the stochastic process

nt] [ns]

Sn(t,s) = a;lzzeij, 0<t,s<1,
i=1 j=1
where [z] stands for integer part of z and a, is a normalizing constant. Let Dy be the
space of cadlag functions defined on the unit square K := [0, 1] x [0, 1] and equipped
with the metric introduced by Bickel and Wichura [9]. This metric on D, induces
Skorohod’s topology when ¢ = 1, and D, is separable and complete (see Appendix

for more details). The main assumption on {¢;;} is the following:

B1:

Sn(t,s) —a Sa(t,s), asn — oo, (4.3)

in D,, where the limiting process is a stable sheet (a € (0,2]) defined on a

regular rectangular grid in two dimensions.

Further assume that
B2: a, = " and (3, = ™, where ¢ and d are nonzero unknown constants.

B3: Z;;(n) = 0 when either i <0 or j <0.

Recall that the M-estimator (&, 3,) of (@, 3,) in Model (4.1) is the minimizer

of the objective function given in (4.2), where

B4: p(-) is a convex and twice differentiable function,

67



and Assumptions Al through A3 of Chapter 3 (with ap replaced by «) hold. The

principal result of this chapter is now given.

Theorem 4.1. Consider Model (4.1) and suppose that Assumptions A1-A3 of Chap-
ter 3 and B1-B4 are satisfied. Then

bp — @ Jo Jg Ja(t,8) AW (t,5)
o = g forfol le(t,s) dtds
o Bo— B TATEL ) R eesawes | (4.4)
o S S J2(t,5) deds

where

t
Ji(t, 8) i= Sult,s) + c/ Solz,8)et D dy, 0<t,s<1,
0

Jao(t, s) = Salt,s) + d/ Salt,y)eVdy, 0<t,s<1,
0

and S, (-, -) is the a-stable sheet appeared in (4.3) and W (-, -) is a standard Brownian

sheet.

Remark 4.1. Similar to the results given in Remark 3.1 it is possible to give self-
normalizing coefficients for M-estimators in Theorem 4.1. That is, when €;; is in

DS{a), 0 < a £ 2, we get:

\/Z;;Z Z?:l X'i2—1,j 0 &n — Qp
0 VI L YE0 )\ BB

where I' = dlag (02 Uz), X'L] = Z’L] — /BnZ'i,j—-la and Y;_] = Z'LJ - anZi—l,j~ Since

ek

—4 N(O,T'), (4.5)

&y, Bn) is a consistent estimator of (a,, 8.), Xi-1,; and Y;,;_; can be replaced by
J J

Xi—l,j and Yi,j—-l where X'LJ = Z‘ij — ﬁan-_l, and Y@J = Z,;j — &nZi—l,j-

Remark 4.2. A similar result can be derived for the special case when p(z) = |z,

corresponding to the least absolute deviation (LAD) estimator.
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4.2 Proof of the main theorem

Let K :=[0,1]? and S,(t, ), (¢t,5) € K denote a stable sheet on K. Define X;; :=
Zij—BnZij-1 and Yy, := Z;;—a, Z;_, 5, and observe using (4.1) that Xi; = ap X1 ;+
€5 and Yy; = B,Y; ;-1 + ;. Now, it follows from B2 and B3 that

i J
X = Z a;_kekj and Yj; = Zﬁ%_leil. (4.6)
k=1 =1

The following Lemma is used to verify Theorem 4.1. Define the random elements

Jn and J by

nt] [ns]

=aj? afril=iglsl=ie,. (4.7)

"
i=1 j=1

and
t
J(t,8) == Sa(t,s) + C/ Sa(z, g)e(t—x)c dx
0

s t s
+ d/ So(t, y)e Ve dy + cd/ / Salz, y)et%ee drdy,  (4.8)
0 0o Jo

which is a stable process with index of stability o (Remark 4.3).

Lemma 4.1. Assume that B1 and B2 are satisfied. Then J, —4 J in Dy, where J,
and J are defined as in (4.7) and (4.8).

Proof. For a = 2, see [7]. Take @ < 2 and let 79 = 1 and 7 | 0 as k — oco. Set for

any nn > 0,
[nt] [ns]
S (¢, s) nlzz%l Heiil > n),
i=1 j=1

[nt] [ns]
JM (¢, s) nlz olntl=iglnsl=ie, I (a7t €] > m)
1

i=1 j=
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and define h(z,y) = e®~®)%(-¥4 where (¢, s), (z,y) € K. Using the relation

' ' i/n j/n
a7 telt=i/meels=i/mde 1 (an e > n) = / / h(z,y) dST (z,y),
(i-1)/n J(G-1)/n

Model (4.1) and B2 observe that

[nt] [ns]
T (t,5) =agt 33 (ell-Deinlins=idijn _ ol=ifme(s-i/ma) e, 1 (axtey| > )
i=1 j=1

ntl/n  plnsl/n
4 / / h(z,y) dS (z, ),
0

0

and therefore
t s
190,9) = [ [ o) d5P(@,2) + 0,(0)
0o Jo
Now, noting that both functions S and h are of bounded variation and making use

of the integration by parts formula given in Appendix we get
t s
/ / h(z,y) dS,(L”)(m,y) =To+T1+ 13,
0o Jo
where

To = ST (¢, $)h(t, s)— S (t,0)h(t, 0)— S (0, 5)h(0, s)+ S (0,0)h(0,0) = SI(¢, s),

t t s
T, = "/ S (z, s) dh(z, s) +/ S0 (z,0) dh(z,0) _/ i (¢, y) dh(t, )
0 0 0
. / S{(0,y) dh(0,y)
0

t s
= [ S Ih(w,s)dz+d [ SOty dy
0 0

and

t s t s
T = / / S (z,y) dh(z,y) = cd/ / S (z, y)h(z, y) dzdy.
o Jo o Jo
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Thus,
J(t,s) = SW(t, s) +c/ SW(z, s)h(z, s) dz

+d/ SW(t,y)h tydy+cd// h(z,y) dzdy + 0,(1).
0
Now using a similar approach to that described in Section 1.3 (see also [49], page

111) it can be shown that S{(-,-) —4 S(-,+) in Dy, where

SO = Y eI (I > ),

t:<(-r")
with t; € R2 and {6;} and {I;} are as specified in Section 3.2.
Therefore, from continuous mapping theorem it follows for each fixed (t,s) € K and
n > 0 that
T8, 8) —a I, 9),

in Dy, where
¢
JM(t,s) =S¢, s) + c/ SW(z, 5)elt=2) dx
0

+d/ SM (¢, y)els~ y)ddy—i—cd/ / S (g, )elt=eelsV)d dady.
0

Also, using S, "")( ,+) =4 Sal+, ) in Dy as k — oo, we have
JOR)(t sy —q J(t, s).
Thus, it suffices (Billingsley [10], Theorem 4.2) to show for ¢ > 0 that

lim lim supP[ sup  |JM)(t,8) — (¢, s)| > 4c] =0
—X0  n—eo (t,8)<(1,1)

or equivalently

[nt] [ns]
lim limsupP[ sup ZZa_la”t]—zﬁ[m g I( 1|e,J| < M ‘ > 4c]
(

k=00 n—oo te)<(1,1) '3 =

—=0. (4.9)
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By Wichura’s [57] maximal inequality, the probability in (4.9) is for large &k

O(Var 32 alar B el (az ley] < me) )-

i=1 j=1
Now an application of Karamata’s theorem (apply Theorem 1.2 with y = 2) implies
vr (Z Yo antarT B eyl (ay ey) < 77k>> <n?B{a;?e1 (a7 en| < m) }
i=1 j=1
< 01(2 — a)‘anP(IEHI > annk)n}%

—a2-a) 'pF* asn — oo,

and the last expression converges to 0 as £ — oo. This finishes the proof.

As a consequence of Lemma 4.1, as d — 0 we get

[ns] t
a;’ ZXW]»J' —q J1(t, 8) = Sa(t,3)+c/ Sa(z,s)et™@edr, 0<t,s<1, (4.10)
0

=1
and as ¢ — 0,

[ni]

8
7" Yipng —a Jat, 8) = Salt, s)+d / Sa(t,y)e*™Vidy, 0<t,5<1, (4.11)
0

i=1

where the processes X and Y are defined as in (4.6).

As in Chapter 3, denote the set of all ordered pairs of positive integers by I, and
define F = {(t1,t2) € I : t; < m, t; < n} for a fixed and positive integer n. Set

t1 12

U = Z Z (ClXi—l,j+02Yi,j—1)1(01Xi—1,j+02Yi,j—1 < M) [¢'(eij) *E(¢I(€ij))],

i=1 j=1
for each t = (t1,t9) € F, and given constants ¢; and ¢;. Let §; be the smallest o-field

making each €;; measurable, for 1 < i < ¢; and 1 < j < ¢,. It is easy to see that

72



{Ui(n),F:(n),t € F} is a strong martingale array (see Lemma 4.2 in Appendix).

Now, we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Since p(-) is a convex function, it is enough to show the
weak convergence for the finite dimensional distribution (denoted by — fi4;). Recall

the processes X and Y from (4.6) and observe that

€ (an + an'n 2y, B, + aﬁln_l/2u2) = €;j(n, Bn) — ay ' Pur Xy

~1, ~1/2 -2, -1
—a, n /UZYi,j—l +a, ‘N uwue iy -1,

where

Eij(ana 5n) = Zij - anZi—l,j - ﬁnZi,j—1 + anﬁnZi~1,j—1-

Thus, we shall minimize the function
K (ug,up) = Z Z [P (Eij (o + a7 ?uy, B, + a;ln'1/2u2)> - P(Eij(an,ﬁn))]

—1_—1/2 -1, -1/2
= [P(fij — a7 nMPu Xy — o' PupY

+ a;zn"lulei_l,j_l) - p(eij)].
Notice that Kn(u;,u2) has a unique minimum at
(Ul,uz) = \/ﬁan(dn - an,Bn - 5n)-
First similar to what we did to prove (3.13) we get
Ko(uy, ug) = KM (uy) + K2 (ug) + 0,(1),

where
n n

KD () = Y pig(a n ™ PunXioa5)

i=2 j=2
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and
n n

K,(Lz) (ug) = Pij (G;In—l/2u2}/;,j—1)a

i=2 j=2

with p;j(u) = p(e;; — u) — p(€;). Now, by a quite similar argument as in the proof
of Theorem 3.2 of Chapter 3, using the fact that {U;(n),&(n),t € F} is a strong

martingale array, it can be shown that K,(Ll)(ul) —rigi K () (w,), where

1 1 1 1
K(l) (ul) = —0Up / / J1 (tl, tg) dW(tl, tg) + %uf/ / Jf(tl, tg) dtldtg
0 JO 0 JO

and K2 (u2) — figi K@ (uy), where

1 1 1 1
K®(uy) = —ouQ/ / Jg(tl,tg)dW(tl,tg)-f-%ug/ / J2(t1,t9) dt1dts,
0 0 0 0

and J; and J; are defined as in (4.10) and (4.11), respectively.

Finally, minimizing K (u;) and K@ (uy) with respect to u; and us, respectively,

we complete the proof.

4.3 Simulation

A simulation study is given to determine the speed of convergence of a,/n(&, — ay)
and an\/ﬁ(,@n — B,) to the limits as given in Theorem 4.1. Since &, and ,@n have the
same marginal asymptotic properties, only averages and mean standard deviations
of &, — a,, based on a replication size of 1000, are reported in the tables. The near
unit root Model (4.1) with symmetric a-stable errors on an n X n regular grid with
different values of n are generated. Here, we present the results for five parameter
settings for @ = 2,1.8,1.5,1,0.5 and the four combinations ¢ = —1,d = 1 and

¢ = d = —1 with Huber’s loss function (Table 4.1 and Table 4.3), and c = -1, d =1
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and ¢ = d = —1 with p(z) = 2log(z? + 3) as a loss function in M-estimation (Table
4.2 and Table 4.4). Observe that though the loss function p(z) = 2log(z? + 3) is
just convex around its global minimum, the results tabulated in Table 4.2 and Table
4.4 are quite satisfactory. As n gets large, the M-estimates are in proximity of the
actual values for both choices for loss functions with better rates of convergence as

« gets smaller.

A simulated near unit root model with normal innovations using a replication
size of 1000, and p(z) = |z| as the loss function in the M-estimation confirms the
bivariate normality of the limit given in (4.5) after using the random normalizer.
Simulations also show that to get bivariate normality we need to take n = 60. This
is in accordance with the simulation results for normal innovations given in [§] as a
special case compared to our results. Moreover, for a < 2 we are still able to have
bivariate normality. For instance, for a model with Cauchy innovations (a = 1) a
sample size of n = 500 suffices to get bivariate normality. Since results are similar
to those given in Section 3.3, details and related plots for different combinations of

¢ and d as well as different loss functions are not reported.
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Table 4.1:

(&n, — o) for the near unit root Model (4.1) with ¢ = —1,d = 1 using Huber’s loss

Mean and mean standard deviations (in parentheses) for M-estimates of

function with different a-stable noises. The replication size is 1000.

index of stability a

n 2 1.8 1.5 1 0.5
5 -0.0142 -0.0122 -0.0011 -0.0138  -0.0611
(0.0302) (0.0316) (0.0519) (0.1144)  (0.2406)
10 -0.0006 -0.0021 -0.0005 -0.0006  -0.0048
(0.0068)  (0.0066) (0.0068) (0.0332)  (0.0548)
15 -0.0004 -0.0006 -0.0005 -0.0007  -0.0029
(0.0032) (0.0031) (0.0030) (0.0301)  (0.0520)
20 -0.0003 -0.0004 -0.0004 -0.0001  -0.0004
(0.0017)  (0.0018) (0.0017) (0.0007)  (0.0141)
25 -0.0003 -0.0003 -0.0004 -0.0008  -0.0000
(0.0012) (0.0011) (0.0013) (0.0300)  (0.0001)
30 -0.0002 -0.0003 -0.0002 -0.0000  -0.0000
(0.0009)  (0.0008) (0.0007) (0.0003) (0.0221)
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Table 4.2: Mean and mean standard deviations (in parentheses) for M-estimates of
(&n — o) for the near unit root Model (4.1) with ¢ = —1, d = 1 using the loss function

p(z) = 2log(z? + 3) with different a-stable noises. The replication size is 1000.

index of stability «

n 2 1.8 1.5 1 0.5
5 -0.0064 -0.0066 -0.0040 -0.0036  0.0033
(0.0264) (0.0282) (0.0282) (0.0264)  (0.0084)
10 0.0012  0.0016 0.0012 0.0002  0.0002
(0.0066)  (0.0073) (0.0062) (0.0041)  (0.0003)
15 0.0011  0.0010 0.0008 0.0001  0.0000
(0.0033)  (0.0032) (0.0030) (0.0014) (0.0001)
20 0.0008  0.0007 0.0006 0.0001  0.0000
(0.0020)  (0.0020) (0.0018) (0.0006)  (0.0000)
25 0.0006  0.0005 0.0004 0.0000  0.0000
(0.0014) (0.0013) (0.0011) (0.0003)  (0.0000)
30 0.0004  0.0004 0.0003 0.0000  0.0000
(0.0010)  (0.0009) (0.0008) (0.0002)  (0.0000)
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Table 4.3: Mean and mean standard deviations (in parentheses) for M-estimates of
(& — o) for the near unit root Model (4.1) with ¢ = d = —1 using Huber’s loss function

with different a-stable noises. The replication size is 1000.

index of stability «

n 2 1.8 1.5 1 0.5
5 -0.0497 -0.0474 -0.0412 -0.0377  -0.0215
(0.0519)  (0.0489) (0.0487) (0.1104) (0.1894)
10 -0.0095 -0.0085 -0.0063 -0.0031  -0.0057
(0.0109)  (0.0109) (0.0096) (0.0173)  (0.0911)
15 -0.0036 -0.0032 -0.0020 -0.0008  -0.0019
(0.0047)  (0.0043) (0.0035) (0.0019)  (0.0346)
20 -0.0018 -0.0016 -0.0011 -0.0003  -0.0036
(0.0025) (0.0022) (0.0019) (0.0010)  (0.0548)
25 -0.0011 -0.0010 -0.0006 -0.0002  -0.00003
(0.0015)  (0.0014) (0.0012) (0.0006) (0.0374)
30 -0.0007 -0.0006 -0.0004 -0.00005 -0.00009
(0.0010)  (0.0009) (0.0007) (0.0003)  (0.0021)
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Table 4.4: Mean and mean standard deviations (in parentheses) for M-estimates of
(Gn — ap) for the near unit root Model (4.1) with ¢ = d = —1 using the loss function

p(x) = 2log(z? + 3) with different a-stable noises. The replication size is 1000.

index of stability «

n 2 1.8 1.5 1 0.5
5 -0.0374 -0.0353 -0.0266 -0.0202  0.00791
(0.0448)  (0.0436) (0.0447) (0.0489)  (0.0145)
10 -0.0070  -0.0059 -0.0045 -0.0017  0.00039
(0.0092)  (0.0087) (0.0077) (0.0053)  (0.0007)
15 -0.0027  -0.0022 -0.0016 -0.0006  0.00006
(0.0039)  (0.0035) (0.0030) (0.0017) (0.0001)
20 -0.0013 -0.0011 -0.0008 -0.0001  0.00002
(0.0020)  (0.0019) (0.0015) (0.0008)  (0.0000)
25 -0.0009 -0.0007 -0.0004 -0.0001  0.00001
(0.0013)  (0.0012) (0.0009) (0.0004)  (0.0000)
30 -0.0005 -0.0004 -0.0003 -0.0007  0.00000
(0.0008)  (0.0008) (0.0006) (0.0003)  (0.0000)
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4.4 Appendix

In this section we first bring the integration by parts formula for bivariate functions

of bounded variation from Hobson ([30], p. 666):

Let f(z1,z2) and g(x1,z2) both be functions of bounded variation. Let the func-
tions be such that each of them has an RS-integral with respect to the other, taken
over the cell (a;,aq;by,bs). Then:

(b1,b2) b2

_/b1 [f(xl,xQ)dg(:EhiEz)]

(a1,a2) a a2

(b1,b2)
/( 9(x1, T2) df (21, 22) = [f($1,$2)9($1,$2)]

a1,az)

b2 b (b1,b2)
—/ [f(iﬂl,iﬂz)dg(ml;wz)] +/( f(z1, z2) dg(x1, 72),

as @ a1,a2)
where

[f(f'?b Tg) dg(z1, $2)]b1 = f(b1,22) dg(b1,72) — f(a1,72) dg(as, z2),

al
and

[ g en)] " = 1o, ba)o(br,b) — £ (b, a2)a(br, ) — Flar, ba)g(ar, b)

a1,a2)

+ f(a1,a2)g(a1, az).

Let s = (s1,82) and t = (t1,t2) be members of I, the set of all ordered pairs
of positive integers. Define s < t to mean s; < t; and s; < t5, and s < t denote
81 < t1 and sp < to. Furthermore, given the underlying probability space (2, F, P)
and sub-o-field F;, let Z; be an integrable, §;-measurable random variable, where
t € F C I. Assume that §; C § C § when s < t. Then, following Walsh [56],
{Z;, 8, t € F} is called a strong martingale if for each s and ¢ in F,

(i) E(Z,|3§s)=Zs whens<t
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and
(ii) E(Z(s,t] | %) =0 when s < ¢,
where Z(s,t] = Zit, — Zsjty — Ztysy + Lsys, and F denotes the smallest o-field

containing each §;; with either ¢ < s; or j < s9.

Now recall the set F' = {(¢1,t2) € I : t; < n, ts < n}, the random variable U,

and 3§; the related o-field defined in Section 4.2.
Lemma 4.2. {U;,3:,t € F} is a strong martingale.

Proof. We follow [8] Define fij = (ClXi—l,j + CQY;',J'_l)I(ClXi_Lj + 02)/1:’]'_]_ _<_
M) [v(ei;) — E(i(ei;))] and let s = (s1,89) < t = (t1,t3) be in F.
(i) From U, = 3" Z;2=1 &;; observe that

81 s2 t2
IREES YD YD 3B YR Sl o S

i=1 j=sp+1 i=s1+1 j=1 i=81+1 j=s2+1
Now since X;_1; = 2_1 it ke and Vo1 = Z ﬁfl 1=l are independent of
€ij, W€ get

51

Z Z &ij + Z ifw ﬁ: i &ij|Ts) =0

i=1 j=s3+41 i=s14+1 j=1 i=s1+1 j=s9+1
and E(U|F,) = Us follows.
(if) For s < ¢ notice that U(t,s] = 3L, |, i epr1 §ij- Therefore, by definition of
Ss

E(U(t, s]|5%) Z ZE£U

i=81+1 j=s3+1
Remark 4.3. We show that the stochastic process J(t,s) in (4.8) is an a-stable

process:
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Considering the fact that {¢;;} is in DS(a), from the invariance principle it suffices
to show that lim, . E(e™®/") = exp(—0|t|*) for some positive constant 6. For

a = 2, it can be seen [7] that the J-process is a mean zero Gaussian process with

cov(J(u,v), J(s,t)) = [€oelmile] [eti9%-e 7). the same covariance structure
as the product of two independent one-parameter Ornstein-Uhlenbeck process. To
avoid the complexity in computation, assume that a, = n¥® when 0 < a < 2. We
have

E(e~t) = E(exp [ —g i i ta;laz—iﬁz—jeij])

i=1 j=1

n
H xp —_ |ta_1a" ’ﬁ"‘3| )

Il
i E:

n n

b ( - e‘nltla); Where en = a;a Z Z ag(n——z)ﬁg(n_‘y)

i=1 j=1

Notice that as n — oo,

n n _ o _ pda
0, = w(; a0 ; B ) = [nal = :ca/n)] [n<11 - :da/n)]

(e~ 1)(et ~ 1)
cdo? '

——)0::

Therefore, the characteristic function for J-process is in the form of exp(—6|t|*),

(e -1)(e*-1)

s Observe that when ¢,d — 0, we get § — 1 which is in

where 8 =

accordance with the results given in [6] for models with finite variance.

More on D, the space of cadlag functions ([9])
Let K = [0, 1] be the unit cube. A function z : K — R is said to be a step function
if x is a linear combination of functions of the form

t— IElezx---xEq (t),
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where each E, is either left-closed, right-open subinterval of [0, 1], or the singleton
{1}. Let D, be the uniform closure, in the space of all bounded functions from K to
R, of the vector subspace of simple functions. The functions in D, are characterized
by their continuity properties, as follows. If ¢ € K and if, for 1 < p < ¢, R, is one of

the relations < and >, let Q) := QRl,...,Rq (t) denote the quadrant
{(s1)..-,8¢) € K : spRptp, 1 <p < g}

Then z € D, iff for each t € K, (i) g = lim,_; e 2(s) exists for each of the 2,
quadrants @, and (ii) z(¢) = zg>..>. In this sense, the functions of D, are cadlag;

”continuous from above, with limits from below.”

Bickel and Wichura [9] introduce a metric topology on D, which for ¢ = 1 co-
incides with Skorohod’s Ji-topology (Billingsley [10]). Let A be the group of all
transformations A : K — K of the form A(t1,...,t5) = (Mi(t1),..., Aq(ty)), where
each A\, : [0,1] — [0, 1] is continuous, strictly increasing, and fixes zero and one.

Define the Skorohod distance between z and y in D, to be
d(z,y) = inf{min (||z — y|L []N]) : A € A},

where ||z — yA|| = sup{|z(t) — y(A(t))]| : t € K} and ||A|] = sup{|A(t) —¢| : t € K}.
With respect to this metric topology, D, is separable and complete and the Borel
o-algebra D, coincides with the o-algebra generated by the coordinate mappings

(Billingsley [10]).
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Chapter 5

Future Works

1. As mentioned earlier in Chapter 2, the findings of that chapter can be extended
to weakly dependent errors such as MA(co). The univariate case is investigated by
Knight [37]. To do so for multivariate autoregression with weakly dependent errors,
we need to have a multivariate version of central limit theorem for dependent (p-
mixing) sequences which has been studied, for example, by Jakubowski and Kobus

[33].

2. What studied in Chapter 2 is a homogeneous unit root model, in the sense of
Caner [14]. That is, in Model (2.1) we assumed ® = I;. What happens if all the
eigenvalues of ® equal 1 or some diagonal entries of ® are greater than one. Are the

OLS estimates still inconsistent in some cases?

3. Caner [15] proposes some tests for detecting cointegrated time series models
assuming innovation vectors to be in the domain of attraction of a multivariate

a-stable distribution. One may study limiting behavior of the M-estimates of the
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parameters considering a more general assumption, that is, models with innovations
in the domain of attraction of a multivariate stable distribution with possibly different

indices of stability.

4. For the models investigated in Chapter 3 and 4, a test statistics for finding
unit roots is suggested in [7] assuming models having innovations with finite forth
moments. One may consider models with infinite variance innovations and apply
M-estimation approach to propose a possibly similar statistics and investigate its

asymptotic properties.

5. The performance of the models presented in Chapter 3 and 4 can be compared with
the existing spatio-temporal methods in the literature such as those considered by
[563, 22] in which the underlying models are Gaussian. Spatial smoothing techniques

such as kriging and cokriging can be used to interpolate the missing data.

6. As noted earlier, estimation of the index of stability is a challenging problem. For
instance, the Hill estimator of « is an efficient estimator only if the tail of the under-
lying distribution is Pareto-type. As a remedy to this problem, beside the normal
limits given in the preceding Chapters, bootstrapping can be considered. Similar to
the work of Zarepour and Knight [59] we can show that when o = [ = 1, bootstrap
of the OLS estimate of the parameters of Model (3.1) with €;; in DS(«) is asymp-
totically invalid. However, re-sampling sample size to o(n) makes the bootstrap of

the OLS and the M-estimates asymptotically valid.

7. Asymptotic properties of the sample covariance and correlation functions of a
stationary sequence of infinite moving averages have been considered by Davis and
Resnick [25, 26]. Similar results can be derived and extended to the spatial processes

investigated in the preceding chapters.
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