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ABSTRACT

A new approach to the critical speed calculation of practical
industrial rotors is presented. The Euler beam equation is applied to
each segment of a rotating shaft to find a solution for each single-
segment with a uniform cross-section. The solution is applied to a
practical rotor-bearing system satisfying all the boundary conditions.
This eventually generates homogeneous equations which form the set of
governing equations for the critical speeds of the system. Within the
framework of Euler beam theory, the.set of governing equations is
completely analytical and explicit. That is, it is explicit, not
implied as in the Transfer Matrix Method, and it does not include any
approximations such as discretization of shaft mass, polynomial
approxiﬁations, etc.

The set of governing equations appears in the form of a sparse
and banded determinant, the value of which is to vanish. By solving for
specific values of w (the rotational speed of the shaft) which makes the
value of the determinant vanish, the critical speeds of the rotor-
bearing system are_found. The elements of the determinant form a
special shape and they can be arranged in partitions. Each partition
can be related to a specific boundary of the rotor. This permits an
automatic genmeration of the system matrix using a computer. The theory
and procedures involved in this new method are straightforward thus
allowing novice engineers to create their own computer program with

extreme ease.
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A simple rotor-bearing system is used to illustrate the theory
and procedures step-by-step. Then, a two-disc rotor~bearing system is
solved for its critical speeds using the new simplified method. The
results are compared with other analytical as well as experimental
results. Finally, as a general case of prac:ical rotors, the socalled
"prohl's rotor" is solved for its critical speeds using the present
method as well as the Transfer Matrix Method, and the results are
compared with each other. Comparisons are also made with the results by

Urban, available from an open literature. .
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Nomenclature

Many methods for critical speed calculation have been reviewed
and summarized in this thesis. Each method has its own conventional
notations signifying functional roles or physical meanings. In order
not to disturb this, the list of notations are separated for each
section in Chapter II. Therefore, their notations are not valid beyond
each section of Chapter II. From Chapter III on, one body of notation
system has been adopted throughout this thesis.

Section II1.2.3

a; Parameters

q(t) A function of time t

X Coordinate parallel to shaft axis
t Time

u Deflection of beam

Ti Generating set

An assumed mode shape

Section II.2.4

g Acceleration due to gravity

ke Equivalent spring constant

Wl Weight of first disc

wz Weight of second disc

w, ith eritical speed

wjj Critical speed of jth sub-rotor

The first critical speed of the total system



xii

Section II.2.6

Ci Constant

G = K In

H =gt

K Stiffness matrix of the system
M Mass matrix of the system

P A principal mode

{fa} Generalized coordinates

S1 Sweeping matrix for first mode
{u} A modal vector

[u] Modal matrix

{v} Arbitrary vector

[v] = (o]

w Natural frequency

Section II.2.9

A,B,C,D Constants

DD Diameter of disc

Ds Diawe:rr of shaft

EI Flexural rigidity of beam

g Acceleration due to gravity

h Thickness of disc

{Hc} Moment of momentum of disc about its center
[I] Inertia matrix of disc

I’ Net moment of disc; eq. (2-26) (= Iﬁ-ln)



xiii

I..I .,I. Moment of inertia of disc about £, n, and { axes,

respectively; Fig. 2-2

kB Spring constant of bearing
£ Length of shaft segment
M Bending moment of beam
M} Moment vector of disc
2 %
o =[]
o, Mass of disc
n Number (ordinal) of station or segment
N Total number of segments in the rotor-bearing system
q Intensity of leading
[Sll Matrix defined by eq. (2-39)
[SZ] Matrix defined by eq. {2-40)
[83] Matrix Aefined by eq. (2-41)
[34] Matrix defined by eq. (2-42)
[Ta] Transfer matrix of shaft segment
[Tn] Transfer matrix defined by eq. (2-37)
[Tp] Point transfer matrix, eq. (2-34)
v Shear force
W Specific weight of disc material
X Coordinate parallel to shaft axis
y Deflection of beam
fz} State vector, eq. (2-33)

6 Slope (= gﬁ]



£,n,C
P

¢
{2}

W

xiv

Principal coordinates of disc, Fig. 2-2
Linear mass (mass per unit length) of shaft
Angle (= tan-1 @), Fig. 2-2

Angular velocity vector of disc

Angular velocity of rotation of the shaft

Section 11.2.10

Young's modulus

Inertia matrix of disc

Diametral or transverse moment of inertia of disc

Polar moment of inertia of disc

Moment of inertia of disc about £, n, and ¥ axes, respectively
Used as a subscript, indicates either "ith" element or node
nyn

Used as a subscript, indicates node "j"

Stiffness matrix of shaft element

Total stiffness matrix of the whole system

Spring constant of bearing

Lagrangian (= TT-UT)

Length of element

Mass matrix of shaft element

Total mass matrix of the whole system

Mass of disc

Shape function

Generalired coordinates
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TD Kinetic energy of disc

Ti Kinetic energy of ith element

Ts Kinetic energy of shaft element

TT Total kinetic energy of the whole system
UB Potential energy of bearing

Ui Potential energy of ith element

US Potential energy of shaft element

UT Total potential energy of the whole system
v Lateral displacement of beam

y Local coordinate, Fig..2-5

@50y %qs%, Constants

{8} Nodal displacement vector

€ Strain

0 slope (= 32)

£,m,¢ Principal axes of disc

p Linear mass of shaft element

o ‘ Stress

$ Angle (= tan-1 0)

{a} Angular velocity vector of disc

QE,RH’Qt Components of {R} in the direction of £, n, and { axes,

respectively

w Angular velocity of rotation of shaft
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Xvi
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CHAPTER I

INTRODUCTION

I.1 Background Perspective

The first paper on Rotor Dynamics seems to be that of Rankine
(Ref. 1) published in The Engineer in 1869. Ever since Rankine's paper,
there has been a gradual increase in the number of publications in the
field of Rotor Dynamics (Ref. 2) and by 1965 the number of publications
reached 65 papers per year (Ref. 3). In April 1982, for the first time,
ASME categorized 14 papers and published them, under the group title of
Rotor Dynamics, in the Journal of Mechanical Design.

Meanwhile, the subjects of Rotor Dynamics have been expanded
to include:

i) ecritical speed analysis
ii) unbalance responses
iii) flexible rotor balancing
iv) stability of rotor-bearing systems
v) transient analysis
vi) dynamics of fluid film bearings (Ref. 4) and rolling
element bearings (Ref. 5).

The quality and quantity of publications, in terms of
specialized physical phenomena as well as mathematical analyses (both
analytical and numerical), have become so vast that it is almost
impossible for anyone to master the complete field of Rotor Dynamics.
Yet, judging by the number of papers published every year, it is still

growing at an accelerated rate.



Interestingly, there is not a single textbook written in this
field for undergraduate studies*. It is incredible that a field of
technology could have grown so much without even a single textbook
devoted to it. This is probably because interest in Rotor Dynamics was
limited to only a few engineers and scientists in specialized fields
such as the design of steam turbines, gas turbines, etc.

However, as demand for more efficient machinery grew in terms
o higher output and lower weight, size and cost, machinery with bolder
design features such as higher operating speeds, slender shafts, etec.
entered the market place. Machinery, with such design features, became
more sensitive to many external factors such as changes in balancing,
foundation, lubrication, input and output conditions, etc. which will
probably change with age. Consequently, the knowledge of Rotor Dynamics
became essential not only to the specialist but also to many others such
as installation/ commissioning engineers, maintenance engineers, plant

enginecers, and so on.

“There were two books published in the 1960's and one in 1983. They
are:
i)  "Flexural Vibrations of Rotating Shafts" by F.M. Dimentberg
(Butterworths, London, 1961),
1i) "Some Problems of Rotor Dynamics” by A. Tondl (Chapman & Hall,
London, 1965), and
1i1i) "“Analytical Methods in Rotor Dynamics", by A4.D. Dimarogonas and
S.A. Paipetis (Applied Science Publishers, London, 1983}.
The first two books are now out of print and all are beyond the

undergraduate level.



However, it is not easy for self-educated field engineers to
understand basic analytical techniques in Rotor Dynamics because, as
mentioned earlier, not a single undergraduate level textbook has been
written on this subject. Further, relevant references span several
decades and are sometimes omitted in citations making them difficult to
trace.

It is, therefore, essential to gain a new perspective and
establish a more coherent and simplified approach to Rotor Dynamics. As
a first step toward such a de-mystification, a completely new approach
to the calculation of undamped critical speeds of practical rotors is
proposed. This new approach to rotor critical speed analysis is the
essential contribution of this thesis.

1.2 Thesis Overview

The Euler beam equation is applied to a rotating shaft to find
a solution for each single-segment of the shaft with uniform
cross-section. The solution is applied to a practical rotor-bearing
system satisfying all the boundary conditions. This eventually
generates homogeneous equations which constitute the set of governing
equations for the c¢ritical speeds of the system. Within the framework
of initial modelling, the set of governing equations is completely
analytical and explicit. That is, it is explicit, not implied as in the
Transfér Matrix Method, and it does not include any approximations such
as discretization of mass of the shaft, polynomial approximations, etc.

The set of governing equations appears in the form of a sparse
and banded determinant, the value of which is to vanish at any critical
speed, By solving for the specific values of w (the rotational speed of

the shaft) which makes the value of the determinant vanish, the



critical speeds of the rutor-bearing system are found. Further, the
elements of the determinant form a special shape and they can be
arranged in partitions. Each partition can be related to a specific
boundary of the rotor. This permits an automatic generation of the
systet: matrix using a computer.

1.3 Thesis Structure

A comprehensive literature review on methods of critical speed
calculation is given in Chapter II. Using a simple rotor-bearing
system, the new approach for rotor critical speed analysis is developed
in Chapter III. Here, a shaft with one disc in the midspan is used to
illustrate the theory and procedures in a step-by-step manner.
Thereafter, a two-disc rotor-bearing system is solved in Chapter IV for
its critical speeds using the new simplified method presented in this
dissertation. The results are compared with other analytical results.
In Chapter V, a complete experimental investigation of this two-disc
rotor-bearing system is presented. Finally, as a general case of
practical rotors, Prohl's rotor is analysed in Chapter 6 using the
present method and the Transfer Matrix Method. The results from the
present method are also compared with those from Urban (Ref. 49).
Benefits and advantages of the new mechod are recapitulated in Chapter

VII, and conclusions are drawn in Chapter VIII.



CHAPTER II

LITERATURE REVIEW

1I.1 Introducticn

There seem to be many definitions of the critical speed of
rotors (Ref. 3). For this dissertation, the definition given by
Eshleman (Ref. 2) will be adopted, namely; "If the frequency of any
harmonic component of a periodic forcing phenomenon is equal to, or
approximates, the frequency of any mode of rotor vibration, a condition
of resonance may exist; if resonance exists at a specific speed, that
speed is called a critical speed". Critical speed calculation can be a
very sensitive matter, especially in situations such as machinery
commissioning, where responsibility can be shared between the owner,
machinery manufacturer, installation or foundati;n contractors, etc.

A total of ten methods for critical speed prediction have been
found in the open literature, and are reviewed in this chapter. They
are:

i} Rayleigh's Method
ii) Galerkin's Method
iii) Rayleigh-Rit=z Method
iv) Dunkerley's Method
v} Stodola Method
vi) Matrix Iteration Method
vii) Impedance Matching Technique
viii) Modal Analysis
ix) Transfer Matrix Method and

x) Finite Element Method



Although there are an abundance of methods for critical speed
calculation, only two methods are extensively used for the analysis of
practical rotors, namely the Transfer Matrix Method and the Finite
Element Method (Ref. 6). The remainder of the above mentioned methods
are inherently approximate for calculation of either the highest or the
lowest critical speeds, or are not suitable for intermediate critical
speeds, or are too cumbersome to be used for practical rotors of

moderately complicated gecmetry.



II.2 Review of Methods for Critical Speed Calculation
1I1.2.1 Rayleigh's Method

Rayleigh's method is based on the equality of the maximum
kinetic and potential energies of conservative systems. Theoretically,
this method depends on the numerical equivalence of the natural
frequency of beam vibrations and the critical speed of whirling rotors
(Ref. 3).

This method is not suitable for critical speed calculations of
practical rotors for the following reasons.

a) The system should be conservative, otherwise the analysis
loses its validity. It is well known that no practical rotor-bearing
system is truely conservative. However conservativeness can be
approximately satisfied in special cases such as extremely lightly
damped and relatively slow runnihg rotor systems.*

b) Since the potential energy of the rotor is the strain
energy stored in the rotor, the potential energy is naturally a function
of the deflection curve which should be assumed right from the start.
That is, the accuracy of the result depends on the initially assumed
deflection curve of the rotor. It is worthwhile noting that the
critical speed obtained using this method is always higher than the
correct value, excepting only the case where the initially assumed
deflection curve happens to be the correct ocne.

c) Usually, the static deflection curve is used for the
potential and kinetic energy calculations. However, there can be a
gross difference between the static deflection curve and the dynamic
response curve (Ref, 7). This could result in considerable errors in

the computed value of the critical speed.



Because of the difficulty in assuming the correct dynamic
deflection curve, the results from Rayleigh's method will not be
accurate enough except when the rotor configuration is simple enough to
allow reasonable prediction of the shape of the dynamic response curve.
Therefore, Rayleigh's method has been used mainly for geometrically
simple rotors such as rotors with a uniform cross-section over the

entire length of the rotor.



I1.2.2 Galerkin's Method

Galerkin's Method is ar. approximate method wherein a family of
trial functions are used to approximate the deflected shape of the rotor
(Ref. 8). The trial solutions include parameters which can be adjusted
for minimizing the error in the solution of the governing differential
equations.

In this method, there are four important conditions or steps
which should be satisfied. They are: firstly, the trial family
solution should satisfy all the boundary conditions, namely the
kinematic and force boundary conditions; secondly, the trial family
solution is substituted into the governing differential equation to find
the "residual" function which should vanish for the exact case; thirdly,
the method requires that the weighted average of the residual over a
desired interval should vanish and fourthly, the weighting functions are
the same as the functions which were used in constructing the original
trial functions.

willems and Holzer (Ref. 9) used Galerkin's method to
determine the critical speeds of rotating shafts subject to bending,
axial load, and torsion. Their shaft was of uniform diameter and did
not have any discs. Application of this approach to situations where
the shafts had many discs and segments with different diameters as in
practical rotors in industry, would be very difficult.

This method is inherently an approximate method and it will be
cumbersome and inaccurate. Therefore, the application of this method is

limited to rotors with simple geometric configurations.
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11.2.3 Rayleigh-Ritz Method

This is an extension of the Rayleigh's Method and provides
improved results. Sometimes, this method is simply called the Ritz
Methed.

The Rayleigh's method requires an initial estimation of the
dynamic deflection curve and the computed critical speed is always
higher than the exact value. In the Rayleigh-Ritz Method, the
deflection curve is given in the form of a linear combination of a
"generating set" or "trial family" (Ref. 8) which consists of linearly
independent functions satisfying all the kinematic boundary conditions,

that is:
n
u(x,t) = ¥Y(x) - q(t) = [121 a,7,] + a(t) (2-1)

where u(x,t) is the deflection curve, Y(x) is an assumed mode shape,

q(t) is a function of time (t), a,'s are parameters, and 7,(x) form the
i

i
generating set which must satisfy the kinematic boundary conditions.
The procedure is essentially the same as Rayleigh's method
except for the last step where a stationary value of the natural
frequency is found by differentiating the resultant natural frequency
with respect to the parameters a5, and equating them to zero. That is,

the parameters a, are "adjusted” in such a way that the natural

i
frequency would be of minimum value as far as the "trial family"
functions would permit.

This method is extensively used in the process of finite
element methods and definitely improves the results. However, it is
worth noting that the most important step is the selection of the trial

family. Good results cannot be obtained if good approximations are not

included within the trial family (Ref. 8).
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II1.2.4 Dunkerley's Method

Dunkerley's method (Ref. 10) is an approximate method for
finding the fundamental critical speed of a rotating shaft system.

It can be used for multi-rotor systems and is effective for
the first critical speed only. The error is dependent upon the
closeness of the first critical speed to the second and higher critical
speeds. This is because Dunkerley's approximation formula is based on
the assumption that the second and higher critical speeds are so high
that the reciprocals of the squares of the second and higher criticals
sum up to a negligible quantity compared with that of the fundamental
critical speed.

The critical speed approximated using Dunkerley's method is
always lower than the true value because:

i) the neglected terms in the evaluation of the critical

speed are all positive, and
ii) they are located on the same side of the equation as the

inverse term of the square of the first critical speed, that is:

1. 1. 1. 1 1_ 1 1 1 _
1 ¥ Y ¥ “y Y11 Y22 nn

where Wy, Wy, ... aTE first, second, ... critical speeds, respectively;
and Wyys Wyg» ... 8T the natural frequencies of equivalent mass-spring
systems with Ml, M2 ... acting alone at stations 1, 2, ...,
respectively. The terms Wyps Wpps «+. canm be regarded in a multi-rotor
system, as critical speeds of individual rotor sub-systems.
| Dunkerley discussed 17 cases in his paper in 1894 (Ref. 10),

among which only the last case had more than one disc in one span, (two
discs). Although two discs occupied different locations along the

shaft, Dunkerley preceded his discussion with a hypothetical



12

approximation where each disc occupied the identical location along the
shaft, one at a time. Then he offered the natural frequency of the

hypothetical case as the approximation for that of the real situation.

That is,
w. = e
11 W)
o = e
22~ , W,
. | B | 1 “n¥e
total ~ v w1+w2 T uz — 3
mz ul2 v 11 22
v Y11 Y2
which is equivalent to
1 1 1 -
-2 T2 + 2 (2-3)
¥ total 11 22

where ke is the equivalent spring constant; and Wy and Wy, &re the
natural frequencies of the system when the first disc only, and the
second disc only, respectively, was installed in the identical location

along the shaft; w is the fundamental natural frequency of the

total
system with two discs installed. Stodola reports that the theoretical
basis of the formula has been completed by Blaess (1914) and Hahn (1918)
(Ref. 11}.

Recapitulating, Dunkerley's method is inherently an approximate method

and is limited to the first critical speed only. That is, higher

critical speeds cannot be found by this method.
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II.2.5 Stodola's Method

Stodola's Method is a graphical method for finding critical

speeds by starting with an assumed deflection curve which is usually the

static deflection curve (Ref. 11, 12, 13). While it is possible to find

higher critical speeds, Stodola's method is practically limited to the

first critical speed calculation because a complete elimination of the

first mode shape is required for the next higher critical speed

calculation. This "purification” process requires knowledge of the

first mode with "sufficient accuracy" (Ref. 12).

D

2)

3)

4)

5)

The method requires the following steps:
Assume a "reasonable" mode shape of the system which is usually the
static deflecticn curve as in Rayleigh's method.
Though it is not stated by Stodola explicitly, discretization of the
rotor is necessary by dividing the rotor into a reasonable number of
stations. The total system is then replaced by discretized and
equivalent mass points located at each of the rotor stationms.
The inertia loading at each station is then found by multiplying the
concentrated mass, displacement at each station, and the square of
the assumed critical speed.
A new deflection curve, due to the inertia loadings, can now be
compared with the old cne.
The magnitude of the critical speed is now adjusted such that the
numerical values of two representative displacements from the new
and old deflection curves (for example, midspan displacements) would

be the same.
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6) Repeat the whole procedure again, if necessary, starting with the
new deflection curve.

Stodola stated that the centrifugal forces (that is, inertia
loadings) and the elastic forces must be in equilibrium at the critical
speed because "at the critical speed the shaft is in indifferent
equilibrium for any deflection and it has a similar elastic curve" (Ref.
11).

Stodola's method is an early form of the matrix iteration
method utilizing a flexibility matrix so that convergence to the lowest
critical speed is assured. The "purification" procedure for calculation
of higher critical speeds corresponds to the "sweeping matrix" procedure
which will be discussed in the next section. In the matrix iteration
methods, the second mode is found by "suppressing" the first mode by
constructing the sweeping matrix (Ref. 7, 8, 1l4).

This method was used most extensively in industry in 1920's to
1940's until Prohl published a paper on a tabular form of the Transfer
Matrix Method in 1944. Although both required the discretization of the
rotor mass into lumped mass stations, Prohl's method did not require the
assumed deflection curve while Stodola's did.

Stodola's method overcame the geometric complexities in the
industrial rotors by the lumped mass system. However, it 1s still an
approximate, graphical method using the assumed deflection curve of
rotors and an approximate lumped mass system. Therefore, it suffers
from inaccuracy. Moreover, it is practically limited to the calculation

of the first critical speed only.
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II1.2.6 Matrix Iteration Method

This method is known to be developed by Schwarz (1885) and by
Picard, and applied to technical eigenvalue problems by Vianello (1898)
and to critical speeds of rotating shafts by Stodola (1904). The method
was further applied to technical problems by Pohlhausen (1921), and by
von Mises and Geiringer (1929) (Ref. 8). Duncan and Collar (1934) are
reported to have given a number of practical applications to vibration
problems using the matrix notation for the calculations (Refs. 7, 8).

This method yields, through iterations, one natural frequency
and modal vector at a time. According to formulation, the iteration
converges to either the lowest or the highest frequency and mode. Then
this mode is suppressed by installing the "sweeping matrix", and the
process is repeated to obtain the next mode.

The proceduré:can be described as follows. Let us assume
oscillations of a multi-degree of freedom conservative system such that

M{a} + k{a} = 0 (2-4)
where M and K are the mass and stiffness matrices of the system,
respectively, and {q} is the vector of the generalized coordinates.

Premultiplying by Krl, eq. (2-4) becomes

K 'n{a} + {a} =0

6{a} + fa} = 0 (2-5)
where G = K"'M. Now assuming a sinusoidal solution as

fq} = {u}sin wt
where {u} are the amplitudes and w is the circular frequency, we have

{q} = ~w?{u}sin ut
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Substituting into eq. (2-5), we find
uzG{u} = {u}
or

55 {u} = ofu} (2-6)

Now an arbitrary vector {V}, can be expanded in terms of the modal

vectors as:

n

{V}o = z Ci{u}i (2-7)

i=l

where Ci's are constants. Now, a sequence of vectors can be generated
using the iteration scheme as follows:

{V1g

(v} = 6{vl,

= - @2
{v}, = 6{v}, = 6"{v},

Substituting the above into eq. (2-7) yields,

v}, = 6fv}, = z ¢,6fuly = z $ 37 By
1=l Y4
V1 = ofv}y = *pvly = 3 8 (ul,
= Lo ol = ) Ci[igl fol

Wy

v}, = 6°(v}, = ZGG{u}i § [1—215{11}1

|,.-.
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Assuming that the terms 1/m§ are distinct and that:

and if ‘s 1is sufficiently large, then

) 1,5
[-—2] >> —2] for i = 2,3,...,n,
“ “y

thus:

v, = v, = () (ol

E
—

- 1 4 s+l _1 .
{V}S+1 =G [—E] {u}l =3 {V}s
w w
1 1
Therefore, the iteration converges to the inverse of mf and the first
mode shape {u}l. Note that, if an alternate form of eq. (2-6) is used
then:
o*{u} = H{u]
where H = G_l. In this case the iteration converges to the highest

natural frequency and mode,

The second mode is found by suppressing the first mode Py
that is, by introducing the constraint 2} = (), To suppress the first
mode, consider the transformation:

{q} = [u] {p}

where [u] is the modal matrix (Ref. 7).

{p} = (w7} {a}

= (v] {d}
where [v] = {u]_l. Since P; = V19 + V1,4, + e 4 Vind, = 0 (which is
the constraint equation) and q; = 95, i=2,3,--+, n (because the rest

of the coordinates remain unchanged), the total system equation

becomes:
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o
[y

now, defining:

s

1

Vis Vig -
0 0 .....
1 0 .....
0 1 ...,
800 .....
Fvll Vi-
1 oenns
1
...... 0
= V11 V12
o 1...
0 viunn..
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0 1 0
1 0 ...... 0 1
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Vin 0 0 0 0
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yields {q} = Sl{q}, where S, is called the "sweeping matrix".

The matrix G in eq. (2-6) is modified by 5, to give a new

1
matrix G1 such that

G1 = GS1

Now, G1 can be used in eq. (2-6) for the iteration of the
second mode, since the first mode has been suppressed. All the rest of
the original procedure can be used for the iterations as before
(Ref. 7).

As stated in Section I1I1.2.5, the matrix iteration method is an
extension of Scodola's method. That is, the matrix iteration method is
a modern version of Stodola's method in the sense that it is based on
computerized iteration scheme as opposed to Stodola's method which is
graphical. Due to this numerical iteration scheme, the matrix iteration
method can be an excellent method for calculating the critical speeds.
However, this method still suffers from two crucial shortcomings,
namely:

i) There are no special provisions to accommodate geometric
complexities of real-life industrial rotors except for
converting them into lumped mass systems. This in turn
introduces inaccuracies in the values of critical speeds
and mode shapes.

ii) When higher critical speeds are sought, this method will
suffer from inaccuracy due to the error accumulated by the

"purification" or "sweeping" process.
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I11.2.7 Impedance Matching Technique

Impedance matching is a semi-graphical technique for
determining system critical speeds.

It should be emphasized that this technique is not for
critical speeds of a rotating shaft as a component but for critical
speeds of the whole system which includes rotating shaft(s), pedestals,
foundations, bearings, couplings, casings, etc. Dynamic characteristics
of each component should be known beforehand.

There seems to be more than one definition for mechanical
impedance and they can refer to element impedance or system impedance.
According to Plunkett (Ref. 15), (mechanical) impedance is defined as a
ratio of force to velocity. Tse et al. introduced a force- voltage
analogy and in parallel, therefore, leading to possibilities of dual
definitions of force/velocity and velocity/force (Ref. 7). Caruso (Ref.
16) and Ludwig (Ref. 17) referred to their method as the "dynamic
stiffness method" and what they actually "matched" in order to find the
system critical speeds was the dynamic stiffness of various components.

Though it can be done differently (Ref. 18), Caruso
calculated the critical speeds of rotors as a function of bearing
stiffness, using the Holzer-Myklestad-Prohl (HMP) method, and plotted
them on a log-log scale graph, similar to a critical speed map. His
abscissa was the rotational speed of the shaft and the ordinate was the
dynamic stiffness, extending from negative infinity (at the top) to
positive infinity (at the bottom) with the zero stiffness coinciding

with the origin of the coordinate system. He then experimentally



21

determined the support stiffness, and plotted it on the same graph by
superposing the coordinate of the support stiffness on that of the
dynamic stiffness of .the rotor (Ref. 16). In other words, he derived
the bearing support dynamic stiffness curve from the calculated rotor
dynamic characteristic and the measured critical speeds of the
rotor-support system. Caruso showed the merits of the dynamic stiffness
method by presenting many cases of correlations between factory tests
and field data on various production steam turbine units.

Ludwig (Ref. 17) did not use experimental data, but calculated
the support stiffness as a function of excitation frequency using a
simple analytical model of the spring-damper-mass system. He also
expanded the method to include symmetric and non-symmetric supports,
symmetric and nonsymmetric casings, and couplings.

The advantage of this method over the classical approach of
obtaining the formal solution of the governing differential equations is
that this method permits the decoupling of a linear vibration system
into subsystems and analysing each subsystem separately. Thus, the
understanding of the dynamic behavior of a rotating machinery system can
be assessed in terms of the separate dynamic characteristics of the
rotor(s), casings, bearings, supports, couplings, etc.

A practical example of the above mentioned advantage is worth
noting, namely the case of driver and driven equipment. Since driven
and driver equipment are usually of different manufacture, substantial
technical interchange of proprietary information may be required for the
complete vibration analysis of the coupled system. The impedance method
allows the matching of the two sets of equipment with a minimum of

information interchange (Ref. 17).
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The impedance matching technique is an effective method in
determining dynamic characteristics of the whole system including
rotors, casings, foundations, couplings, etc. However, it is not
suitable for calculation of critical speeds of a rotating shaft as a
component unless the geometric configuration of the rotor is extremely
simple. This technique does not have any provisions to deal with

geometric complexities of industrial turbo-rotors.
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11.2.8 Modal Analysis

The method of modal analysis is based on the orthogonality
relations, which exist amongst vibration modes of a linear system. A
transformation from physical coordinates to modal coordinates allows
decoupling of the system equations. Each equation can then be solved
independently and with considerable ease. The technique can be user. on
its own (Ref. 19) or in combination with either the Transfer Matrix
Method (Refs. 20, 21) or the Finite Element Method (Ref. 22).

When the modal analysis technique is used on its own on
practical rotors, the objectives tend to be qualitative rather than
quantitative, and the results are less accurate than those of the other
techniques mentioned above (Ref. 20). However, this technique is
claimed to be well suited for studying the rotor response under
transient conditions such as stochastic loading conditions (Refs. 20,
22), and for studying the sensitivity of the rotor to mass-unbalance
distributions (Ref. 20).

The basis of this technique is the orthogonality properties
among the modal shapes (Ref. 20). Using these orthogonality relations,
it is possible to acquire a decoupled set of system-governing equations.
By solving these decoupled and, therefore, much simplified equations,
any excitations of the rotor can be resolved into modal components; the
resultant response 1s obtained from a summation of the response for the

individual modes.
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The modal analysis technique for a flexible rotor-bearing
system was originally published by Gladwell and Bishop {(Ref. 19) in
1959. Since then, a number of scientists such as Bishop, Gladwell,
Parkinson and their co-workers at University College, London, published
papers on the balancing application (Ref. 23-44). Probably because it
is a qualitative rather than a quantitative technique (as discussed
later in this section), the technique has not been used extensively
(Ref. 45). Most of the practical applications have been limited to the
field of flexible rotor balancing. Appropriately the balancing method
is called the Modal Balancing Method, and is based on the orthogonality
of the mode shapes. That is, after the first mode is balanced, the
second mode can be balanced without affecting the previously balanced
first mode.

The modal analysis technique, in its classical sense, has been
used extensively for uniform cross-sectional shafts, and does not allow
effective provisions for shafts with many segments of different
diameters such as are found in practical rotors. The results therefore
tend to be qualitative, and are thus often used for studying
"sensitivity" distributions (Ref. 20). 1In order to improve such
shortcomings, the modal analysis technique can be used in conjunction
with either the Transfer Matrix Method or the Finite Element Method. A
brief description of such "combined" techniques is given below.
Transfer Matrix Methods or Finite Element Methods can be used for their
effectiveness in accommodating stepped diameters, gyroscopic effects,

etc. in the assembly stage of the governing equations. Coordinate
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transformation of the modal analysis technique can then be used. Lund
(Ref. 20, 21) used the Transfer Matrix Method in combination with the
moda) analysis method. His analyses included the effects of non-
conservative systems with unsymmetrical stiffness and damping matrices,
amplification factors related to each modal functionm, the transient
reponse of an industrial multistage compressor rotor to selected
unbalance distributions, and the transient response to a shock pulse.

Hashish and Sankar (Ref. 22) applied finite element and modal
analyses on rotor-bearing systems under stochastic loading conditions,
that is, stationary and Gaussian type random loading conditions. They
used eight degree-of-freedom finite elements. As in the standard
manner, the generalized coordinates are expressed in terms of the shape
function and modal coordinates (elemernt boundary points); kinetic and
potential energy expressions are found ;nd integrated over the element
length; governing equations for the element are found by applying
Lagrange's equations; and the element coordinates are rearranged such
that total system governing equations are constructed by assembling the
element equations. Up to this stage the procedure is identical to that
of Finite Element Methods. However, instead of proceeding further by
constructing a system stiffness matrix etc., a coordinate transformation
is applied to decouple the coordinates. From this step on, the

operations follow the usual procedures in the modal analysis technique.
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17.2.9 Transfer Matrix Method

The Transfer Matrix Method does not describe a single method
but rather a group of methods. They are the Holzer Method, HMP (Holzer-
Myklestad—Prohl) Method and the Modified HMP Method. The Transfer
Matrix Method is one of the most popular methods of calculating the
critical speeds of practical rotors. Virtually all the critical speed
and unbalance response calculations until the late 1970's have been
based on this method alone. There is therefore an abundance of
references on the use of tkis method.

However, there is no reference which describes the most up-to-
date version of the method in a simple and straightforward manner. The
best developed model is described in Lund's paper (Ref. 46) on unbalance
response, which cites Prohl's work (Ref. 47) for a detailed and
original explanation of the theory. Another pertinent reference is
Urban's work (Ref. 48).

The most significant feature of Lund's model is that of the
shaft with distributed mass over its length. This concept of
distributed parameter had been developed originally by Urban in 1958. A
brief description of the Transfer Matrix Method based on Urban's model
is given in the following.

The vibration of a uniform cross—sectional beam subjected to a
continuous loading, q, can be described by the fourth order linear

differential equation:

e1 &4 - g =0 (2-8)
dx
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where EI is the flexural rigidity,
y 1is the deflection of the beam,
and
q is the intensity of loading. (Detailed derivation of eq. (2-8)
is given in Section III.3.2)
This can also represent the differential equation for the deflection of
a uniformly loaded rotating shaft with a proper evaluation of q, that

is:

_ 2
q=puy

wvhere p is the mass per unit length of the shaft with uniform cross-
section, and
w is the angular velocity of the rotation of the shaft
{(Rad/sec).

Therefore, eq. (2-8) becomes

d* 2

EI-—%-pw y=0 (2-9)
dx

4 pu
Substituting @ = 57 into eq. (2-9) yields:

4
g—% - m‘ y=20 (2-10)
dx

The general solution of eq. (2-10) is
y = A cosh mx + B sinh mx + C cos mx + D sin mx (2-11)
where A,B,C, and D are constants to be determined by boundary
conditions.
Differentiating eq. (2-11) three times consecutively with

respect to x, and utilizing the relations
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l.'=1|<'.
—
Lo

yield:

® =m (A sinh mx + B cosh mx - C sin mx + D cos mx)
M= EIm2 (A cosh mx + B sinh mx - C cos mx - D sin mx)
V= E.Im3 (A sinh mx + B cosh mx + C sin mx -~ D cos mx)

where 6, M, and V are the slope, the moment, and the shear force,

respectively.

At x = 0, egs. (2-11) to (2-14) become

Y, =-A+C

90 = m{B + D)
M_ = EIn®(A - C)
v, = EIn°(B = D)

where Yo 90, Mo

(2-12)

(2-13)

(2-14)

(2-15)
(2-16)
(2-17)

(2-18)

, and Vo are the values of y, 6, M, and V at the point

x = 0 as shown in Fig. 2-1. Solving eqs. (2-15) to (2-19) for the

constants A,B,C, and D, yields:

(A W 1 0 1
B | = % .l o 1 o
< ?
C 1 0 -1
D 0 1 0
") i
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e

Fig. 2-1 A Shaft Segment
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o o] 1 o o 0
o 1 o X o 0
m
-1 o0 0 o -2 S 0
Elm

: 1

0 -1 0 0 0 5
— - Elm™ ~

(2-19)

Substituting eq. (2-19) into eqs. (2-11) to (2-14), and designating the

quantities y, 0, M, and V at the point x = £

respectively, egs.

’ylw 1 0
-1,
01 & 5 0 m
0
Ml 0
Lvla _0 0
1 0
0 1
1 0 -
0 1
or
where
1 0 0]
o1 =1
[Fa] =3 0 m O
0 0 E
0 0 0

(2-11) to (2-14) yield:

0 ¢] _cosh mf
0 0 sinh mi
EIm2 0 cosh mf
0 EIm>| | sinh m2
0 0 1 0
0 1 o 1
m
1 0 0 0
0 - 1 0 0
o )
Y1
ﬁ 01 >= [Ta]
N1
LVIJ
0 cosh m21
0 sinh mll
Im2 0 cosh mﬂl
EIm3 sinh mf
1L 1

1

as y, 61, Hl, and Vl

1 sinh mnl cos mzl sin mﬂl
1 cosh mll -sin mEl cos mEl
1 sinh mEl —cosh mll -sin m21
1 cosh mll sin mﬂl -COS mﬂl
P

0 0 Yoﬁ

0 0 90 (2-20)

1 |
—_ 0 M
EIm2 °

1
0 — \V y.
Eln °

Yo

00 (2-21)

M

o

v

o
sinh mﬂl cos mﬂl sin m£1
cosh mﬂl -sin mﬂl cos mﬂl
sinh mll -COS mll -sin mll
cosh mﬂl sin mﬂl -CO0S mﬂl
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1 0 0 o0 1 0 0 0 -‘
1
0 0 = 0 (2-22)
1 0 -1 0 o o -0
Elm

o