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Summary

Nonlinear optical microscopy is a collection of very powerful imaging techniques. Linear
optical microscopes probe the refractive index and absorption, which both stem from the
first-order linear electric susceptibility. Especially in biological tissue, the variation in the
refractive index is often small and the tissue is, in many cases, transparant. Nonlinear
optical microscopes on the other hand probe the nonlinear higher-order susceptibilities,
which can be chemically sensitive, leading to the capability to achieve label-free imaging.

Nonlinear optical microscopes have been in development for more than thirty years
and they are based on numerous nonlinear optical processes. The ones I will concentrate
on in this thesis are second harmonic generation (SHG), coherent anti-Stokes Raman
scattering (CARS), and stimulated Raman Scattering (SRS). The first technique is com-
monly used to image collagen as those molecules have a particularly large second-order
nonlinear susceptibility due to their chiral structure. CARS and SRS on the other hand
are often used because they resonantly target vibrational resonances in molecules, giving
rise to the aforementioned label-free imaging.

Deep understanding of the nonlinear imaging process is crucial to the interpretation
of the images these techniques produce. Computational tools are exceptionally suited
for this task as they allow studying the electromagnetic field anywhere in the sample as
well as the far-field, and one can change any of the material properties to study their
effect. One such tool is finite-difference time-domain (FDTD) that our group developed
for nonlinear optical microscopy simulations. It is a direct discretization of Maxwell’s
equation. While computationally costly, it does allow any arbitrary shaped sample to
be simulated. The sample can have frequency dependent refractive indexes, and also
nonlinear media with third-order nonlinearities such as Kerr media and Raman-active
media, but also second-order nonlinearities for SHG. The code is designed in such a way
that it can run on thousands of CPUs on a wide variety of compute cluster which allows
our group to obtain nanoscale resolution.

Another computational tool I use is the free-space Green’s function solution to the
Helmholtz equation, which can be used to calculate the Hertz vector in the frequency
domain, both in the near- and far-field, based on the induced nonlinear polarization.

The electric field is then calculated from this Hertz vector. This technique is much faster
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then FDTD and also allows for arbitrary shapes of the nonlinear electric susceptibility in
the sample. However, it assumes a homogeneous refractive index throughout the entire
spatial domain and requires complete knowledge of the input beam or beams that induce
the nonlinear polarization.

In this thesis, I use these tools to study the image formation process of various
nonlinear optical processes mentioned earlier. For example, I study the effect of an inho-
mogeneous refractive index on the images produced by these microscopes. In literature
the index of refraction is almost always assumed to be homogeneous, because, as men-
tioned before, the inhomogeneity of the refractive index is often small. However, I show
that these small differences in the index of refraction can have a significant effect on the
measured far-field intensity signal. For example, in SRS and CARS images, the mea-
sured signal can increase by an order of magnitude depending on the index mismatch
and structure of the sample. Additionally, significant shifts in perceived position occur.
Even nonresonant nonlinear signals can be evoked purely through a mismatch in linear
refractive index.

Computational modelling can also help reveal additional detail. As SHG is a coherent
process, subwavelength information can be inferred through the phase information. Our
experimental collaborators built an interferometric SHG (I-SHG) microscope for exactly
that purpose. We used this to image collagen fibrils, which are all aligned in a parallel
fashion. However, because collagen fibrils have a chiral molecular structure, they can
point either “up” or “down”. Using my Green’s function simulations of the SHG imaging
process of collagen fibrils, T was able to predict the standard deviation in the measured
phase and link it to the orientation of collagen fibrils in the focal spot of the probing
laser beam, even though the diameters are far below the minimum resolvable capabilities
of the microscope. We found that the “upwards” fibrils make up 46 % to 53 % of the
sample.

Even with a normal SHG microscope that does not measures phase, additional sub-
resolution information is obtainable. With our collaborators we measured the ratio of the
forward SHG intensity signal to that in the backward direction and with my simulations,
we are able to link this to the fibril diameters in collagen tissue. Thus we inferred that
the fibril diameter increases as a function of tissue depth.

Furthermore, a computational technique called ptychography is able to retrieve phase
information without an interferometric reference beam. Additionally, it increases reso-

lution to the theoretical limit, independent of the laser focal spot size, and corrects for
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distortions in the input beam as well. I have developed this technique for use with non-
linear optical microscopy and was able to show it is a viable alternative to I-SHG by
imaging simulated rat tail tendon at the diffraction limit while retrieving the orientation
of the fibrils through the phase of the SHG signal. I also implemented the algorithm for
CARS, where the phase information can be used to greatly increase the signal-to-noise
ratio by reducing the nonresonant background radiation that results from competing
nonlinear optical processes. I showed an example of this by imaging a simulated fibrob-
last cell where the CARS process was tuned to the lipid droplets inside of the cell. I am
currently in talk with experimentalists to apply this theoretical technique to experiments
as that would further demonstrate the impact of my work.

Finally, keeping in theme with the collagen fibrils, I show that the ratio of the for-
ward SHG signal to the backward signal, the F/B ratio, is affected by a mismatch in
the refractive index for fibrils larger than 100 nm. This measure is an indicator of fibril
diameter and thus important for making qualitative predictions. Single fibrils are gen-
erally too small to be significantly affected by near-field effects, but the bigger fibrils
can be. Fibrils in rat tail tendon have a distribution of fibrils diameters and the large
fibrils occur infrequent. However, I found that the large fibrils are largely responsible for
the forward as well as backward signal, thus refractive index mismatches still affect the
F /B ratio significantly despite their infrequency. The F /B ratio for a collection of fibrils
placed in a n = 1.47 medium was found to be 31.8 &= 0.7 % higher than for those in a
n = 1.33 medium. Our experimental colleagues have done preliminary measurements on
mouse tail tendon where they found an increase of 40 + 20 %, in line with the value of
28.1 + 0.6 % that I found for simulations with mouse tail tendon.

In conclusion, the theoretical tools I have used in my thesis have provided me with
the ability to study nonlinear optical image formation processes with a level of detail
that would be near-impossible to do experimentally. I have used this ability to show how
refractive index mismatches, such as those found in biological tissue, can significantly
distort the far-field intensity signals. I have shown this for SRS and CARS where the
far-field intensity signal appeared an order-of-magnitude larger compared to the same
sample without a refractive index mismatch with the background medium. Additionally,
shifts in the perceived position of the object under investigation were observed and I
showed the presence of a nonresonant background signal in AM-SRS. Likewise I showed
that in the SHG imaging of collagen fibrils significant changes in the F /B ratio can occur.

All of these effects have important implications as these types of images as biomedical
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researches rely on the correct interpretation of nonlinear optical microscopy images for
both research and diagnostics.

Apart from showing the effect of a refractive index mismatch, I have also shown
that computation modelling can be used to infer subwavelength features in SHG imaging
experiments of collagen fibril such as fibril orientation and fibril diameter. These methods
have the potential to aid medical researchers as changes in the structure of collagen are
often an early indicator of diseases such as osteoarthritis.

Finally, I showed that the ptychography algorithm I developed for nonlinear optical
microscopy is able to retrieve phase information of the nonlinear electric susceptibility in
SHG and CARS imaging while also enhancing the resolution and correcting for distortions
in the input beams. I can also use much larger laser spot sizes than in conventional
experiments without compromising the obtained resolution, thus fewer measurements are
required. The technique is not limited to SHG and CARS either; it will work for other
nonlinear optical processes as well. Experimental verification of nonlinear ptychography
will be done soon. This technique has to potential to significantly improve current
imaging techniques since access to the phase information allows one to observe additional

information about the sample as we showed with the I-SHG microscope.
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Introduction

Light interacting with matter has been an area of investigation since the time of the
ancient Greeks when Euclid mathematically investigated light in his work Optics around
600 BC. It already contained the observation that light changes direction when it passes
from one medium to the next, which is the basis of how lenses work. However, it was
not until the invention of microscopes in the 1600s when optics gave scientists the ability
to study otherwise invisible biological processes. A few of the earliest discoveries were
the depiction of cells by Robert Hooke in his book Micrographia |3]. The microscopes by
Antony van Leewenhoeck allowed for a major leap in magnification and were capable of
seeing microorganisms, or animalcules as he called them, in 1677 [4]. Since then, the need
to image biological samples in greater detail has led to countless microscopic techniques
to observe the smallest features possible, sometimes down to the atomic level.

Today, microscopes are in use in many fields of science, and biology remains one
of its major users. Numerous techniques have been developed to improve the optical
microscopes. Improvements in lens making allows for higher magnifications without
aberrations, thus increasing the maximum obtainable resolution. The classical micro-
scope is known as a bright-field microscope where white light is passed through a sample

and the light is collected by an eye piece or camera behind it. This type of microscope



measures attenuation as different parts of the sample absorb different frequencies of light
and also measures different indexes of refraction as light is bent. However this does not
work well when the sample is transparent, as is often the case with biological samples.
One solution is to sacrifice the sample and chemically treat it such that different tissues
show different colours in a process called staining. However, this is obviously not always
desired.

One technique for overcoming the need for staining is dark-field microscopy, which
was pioneered by Joseph Jackson Lister in 1830, where the central portion of the beam
is blocked such that light only reaches the sample at large angles [5]. The illumination
from the beam itself therefore does not reach the objective, only the scattered light does.
This greatly enhances contrast, and is a technique that is still in use today after close
to two hundred years. In my opinion, dark-field microscopy would certainly have earned
Lister a Nobel Prize if those had existed back then.

Another example of linear optical microscopes are phase-contrast microscopes for
which Fritz Zernike was awarded the 1953 Nobel prize [6]. While dark-field microscopy
improved contrast significantly, transparent samples were still hard to image. To over-
come that, phase-contrast microscopes translate phase differences into amplitude differ-
ences by making use of destructive interference effects between light passing through
the sample followed by a wave-plate, and light passing around it. If the phase of the
light going through the sample and then the wave plate is delayed by in total half of
a wavelength, it will interfere destructively with the light that is not delayed. Small
deviations in the phase delay caused by the sample show up against a dark background.
This significantly increases the contrast.

What this very brief history of microscopes shows is not only the quest for higher
resolution, but also higher contrast. That is, the ability to tell materials apart. While
dark-field and phase-contrast microscopes certainly have helped to image almost trans-
parent biological tissues, sometimes materials are just too similar. Thus materials need
staining to give them colours, which allows tissues to be analyzed through histology [7].
Ideally, one would like to be able to image just a specific molecular species of interest.

A major breakthrough in this area was fluorescence microscopy. By either using the
natural fluorescent properties of the target molecule or by attaching fluorescent labels
to the molecule of interest, one can track their movement through biological material.
Resolutions lower than the diffraction limit can be reached by using stimulated emission

depletion (STED) microscopy for which the Nobel Prize in Chemistry was awarded to



Eric Betzig, William Moerner and Stefan Hell in 2014. In STED, a specially crafted
beam profile depletes the fluorescence surrounding the target, but not the target itself.
Immediately after, the actual imaging beam is used and resolutions of 35nm can be
achieved [8]. This invention allows studying of living organisms in-vivo at ultrahigh
resolution. Thus biological processes can be studied in real-time.

The requirement for labelling can in some cases disturb the very biological process one
is trying to observe [9,10]. On top of that, it is of course impossible to track molecules
as they are being produced by the biological process because a fluorescent label needs
to be attached unless the molecules autofluoresce. Also, the depleting beam in STED
deposits a large amount of energy in the sample which may damage it. Thus improved
label-free technologies were required, which is where nonlinear optical microscopes come

.

1.1 Nonlinear optical microscopy

With the introduction of nonlinear optical microscopes, it became possible to observe
contrast where before there was none without the use of labels or staining. The ori-
gin of nonlinear optical effects can be understood from Maxwell’s equations. When he
introduced those now-famous equations, interaction between light and matter became
much better understood. Several of the equations had been around before of course, but
Maxwell’s addition of the displacement current density to Ampere’s Law took account of
the way dielectric materials become polarized due to electromagnetic radiation and how
that in turn affects the radiation of the material. For most illumination, the relation
between the induced polarization and the incoming electromagnetic field is linear. How-
ever, as the light source becomes stronger, nonlinear effects start to occur, which makes
it possible for the material to emit at a different frequency than the incoming light. This
is why most nonlinear optical processes were demonstrated experimentally shortly after
the invention of the laser in the sixties since the high coherent field-strengths required
became available.

In a nonlinear optical microscope, the input laser beam is typically tightly focused
to create a small focal volume inside of the sample. In this manner one obtains the high
electric fields necessary for the nonlinear optical process to generate detectable levels
of radiation. For this reason, the preferred setup for nonlinear optical microscopes is a
scanning microscope where either the input beam or the sample is moved while a photo-

multiplier tube records the nonlinear signal intensity for each position of the laser focal



spot in the sample. After a scan has been completed, an image is created [11].

Having a tightly focused laser beam also brings another major benefit, which is the
ability to do 3D imaging. The spot size of a tightly focused laser beam is not only small
in the lateral direction, but also in the longitudinal direction. The nonlinear optical
process thus only occurs in a small volume of space and the resulting far-field signal can
be assigned to a 3D pixel (or voxel). Typically the laser focal spot has the shape of an
ellipsoid that is stretched in the direction of the beam propagation, but by making use
of a confocal beam setup, the longitudinal resolution can be increased further, making
3D imaging practical. This is done by the clever placement of an aperture just before
the detector to block out any light not coming from the centre of the focal point [12].

One of the earliest examples of nonlinear optical processes is the demonstration of
second harmonic generation (SHG) in 1961, showing frequency doubling experimen-
tally |[13,14]. Two decades later, this effect was used to create one of the first nonlinear
microscopes for imaging biological tissues [15]. Being able to measure higher-order non-
linear susceptibilities can provide additional insight in the samples being imaged. Freund
et al. showed SHG can create contrast in samples where the index of refraction is prac-
tically homogeneous and transparent [15|. Linear microscopes are not able to show any
contrast in such a case unless the tissues are stained by chemicals.

Since then, nonlinear optical microscopes have been developed using other nonlinear
optical effects such as third harmonic generation (THG) [16], coherent anti-Stokes Raman
scattering (CARS) [17], stimulated Raman scattering (SRS) [18|, two-photon fluorescence
[19] and others.

Depending on the circumstances and material, these techniques each have their advan-
tages and disadvantages. A particularly spectacular example of nonlinear microscopes
providing contrast occurs when using coherent anti-Stokes Raman scattering (CARS)
and stimulated Raman scattering (SRS). These nonlinear optical processes are chemi-
cally sensitive which means that they can image specific molecular species without the
need to attach labels or staining while ignoring any other molecules because instead of
labels, these processes use the vibrational modes of the molecules of interest in the sam-
ple. This amazing property enables researchers to study biological processes by following
the target molecules as they move through the tissue. Through experimental work, these
microscopes have improved significantly to allow moderately high resolutions as well as
video-rate imaging speeds and improved contrast over linear microscopes. CARS and

SRS videos thus allows for the observing of biological processes as they happen. Simi-



larly, SHG microscopes have been an essential tool for imaging collagen in tissue since
their inception. It can however also be used for imaging microtubules and muscle myosin
which also have large second-order nonlinear susceptibilities [20]. Additionally, specific
dyes can be used in combination with SHG to avoid photodamage as SHG is a parametric
process and thus does not deposit energy into the sample [21].

These powerful tools have become important components of today’s diagnostic and
research tools in the biological science as they can create images that provide a wealth of
information about the studied samples. Understanding the nonlinear optical image for-
mation process in great detail is therefore of importance for correctly interpreting images.
For example, since most nonlinear optical microscopes are scanning laser microscopes,
does getting a high intensity from a certain laser focal point really mean that there is
a higher density of target molecules there? Or does the measured position of an object
truly coincide with the actual position? Questions such as these can be answered by
using a theoretical approach as I show in this thesis. Going further, one might also ask:
can this theoretical approach improve existing nonlinear optical microscopes? To that,
I find the answer is: yes. Resolution can be improved, and even phase information from
the nonlinear electric susceptibility can be retrieved using just intensity measurements.

To understand nonlinear microscopy, we have to understand the underlying mecha-
nisms. Generally when a material is subjected to an electromagnetic field, a polarization
will be induced. For example, the electronic response to an electromagnetic wave per-
turbs the electron clouds of the electrons around the atoms. The electrons will oscillate
with the incoming electric field. In doing so, they will create their own electromagnetic
field which in turn modifies the incoming electromagnetic wave. This mechanism is re-
sponsible for materials having a refractive index as the field of the displaced electrons
affects the incoming electromagnetic wave. For most light in our everyday experience
the electric field has a low amplitude, in which case the displacement of the electrons is
linearly dependent on the strength of the incoming field, E. That is, the polarization

varies as
P = eox(l)E, (1)

where y(!) is the linear electric susceptibility, which as the name implies signifies how
susceptible the material is to electric fields, and ¢ is the permittivity in vacuum. How-

ever, if the electric fields become particularly large, the electrons’ response is no longer



linear. When this happens, the polarization can be written as a Taylor expansion as [14]
ﬁ == EQX(l)E + GDX(z)EE + EOX(J)EEE + ... s (2)

where the x(™ is the n-th order electric susceptibility tensor of rank n + 1.

Armstrong et al. derived this expression for the second-order and third-order term in
1962 based on their theoretical studies of the underlying quantum mechanics [22]. Having
the above macroscopic equation greatly simplifies working with Maxwell’s equations for
modelling the nonlinear optical response.

The higher-order terms can have components that oscillate at frequencies that are
the same as the input beam, e.g. the Kerr effect, but those frequencies can also different
from the incoming electric field, which leads to radiation at a frequency other than the
incoming beam. This includes higher frequencies, something that is impossible with
linear microscopes. The incoming and outgoing frequencies follow strict rules that can
be understood as nonlinear optical processes involving multiple photons. For example,
second harmonic generation results in a signal that is oscillating at twice the incoming
frequency, i.e. two photons combine to a single photon with double the input frequency.

Many nonlinear optical microscopy techniques exists, each with their strengths and
weaknesses depending on the material and experimental environment. Examples in-
clude sum frequency generation, which is useful for surface spectroscopy in the infrared
regime [23]; third harmonic generation, which can be used to image otherwise transpar-
ent objects [16]; and multi-photon absorption, which is useful for deep-tissue penetration
with infrared beams while still measuring visible light [24]. In this thesis I will concen-
trate only on second harmonic generation (SHG), coherent anti-Stokes Raman scattering
(CARS), and stimulated Raman scattering (SRS). Still, many of my findings likely hold
for other modalities as well. Field enhancements due to scatterer size and shape will
occur in other techniques for example, as will the nonlinear ptychography algorithm that

I will present later.

1.2 Second Harmonic Generation

As mentioned before, one of the first nonlinear microscopes for imaging biological samples
used SHG for imaging [15]. Tt is relatively straightforward nowadays to construct a SHG
microscope [11] and they are uniquely suited for imaging specific types of tissues; not just
collagen, but other noncentrosymmetric samples as well. Microscopes for SHG imaging

can be used to diagnose diseases such as breast cancer [25] and skin cancer using in-vivo



biopsy on humans [26]. Histology diagnoses that rely on fibrosis scoring can be done
more reliably with SHG and does not require staining [27]. For imaging cornea which
for obvious reasons is normally transparent, it is also exceptionally suited as cornea has
a chiral molecular structure [28-30].

Theoretical work on nonlinear optics started with SHG. The importance of taking
into account the coherent nature of SHG was shown early on by Bersohn et al. in 1966
to explain experimental data where the measured signal of carbon tetrachloride was
much lower than expected [31]. They did this by using quantum mechanics to calculate
the scattering probabilities as a function of angle using the full second-order nonlinear
susceptibility tensor for both the coherent and incoherent case. Another effect of the
coherent nature they found was that the orientation of molecules plays a large role.

Freund et al. showed that the radiation pattern of a spatial distribution of molecules
is affected by the coherent nature of SHG [15]. They did a theoretical study on collagen
fibrils which were modelled as cylinders and found that in the forward direction the
intensity scales as cylinder diameter to the fourth power as one would expect, but in
the backward direction the internal interference between the scatterers in the cylinder
could lead to complete destructive interference in the backward direction depending on
the diameter of the cylinder.

Later work by Mertz et al. also showed that the spatial distribution of the scatter-
ers drastically affects both the emitted signal intensity as well as the radiation pattern
of the SHG radiation in the far-field |[32]. By introducing sample inhomogeneities with
specific spatial frequencies and illuminating with a tightly focused laser beam they cal-
culate the far-field effects using a fully vectorial model of a distribution of scatterers.
Schanne-Klein’s group showed the importance of the effect that optical components such
as excitation and collection numerical apertures and detection direction can have on
polarization SHG imaging [33] and also the effect of anisotropic thick tissue [34]. Specif-
ically for polarization-resolved SHG microscopy, Brasselet’s group investigated ways of
determining the precision of measurements by modelling the image formation process on
cylindrical structures |35, 36].

Most of the applied examples of SHG in the first paragraph involves imaging collagen.
Objects containing collagen fibrils are often imaged using SHG because they naturally
have a large second-order nonlinear susceptibility. There are two main reasons for this.
The first reason is that collagen molecules, due to their chirality, have no inversion

symmetry [37]. Second, SHG is a coherent technique, which means that constructive and



destructive interference can occur depending on the phase matching conditions. From the
theoretical work I discussed it is known that these conditions depend on the shape of the
beam as well as on how the scatterers are distributed in the sample and these dictate the
shape of the radiation pattern in the far-field. Collagen molecules tend to self-assemble
in fibrils in a parallel fashion over tens of microns [37,38]. Since they are all aligned in
the same direction, this leads to constructive interference in the forward direction which
further boosts the nonlinear response of collagen fibrils. If the illuminating beam is a
focused laser beam and the fibrils are larger than the Rayleigh length, then the effect
of the Gouy phase shift will result in destructive interference. However, the fibrils have
diameters of at most 400 nm which for most focused beams is much smaller then the
Rayleigh length, thus this effect can be ignored for fibrils.

Collagen fibrils can be found in a wide array of biological tissues such as bones, ten-
dons, arteries, cornea and many others. They form the basis for more complex hierarchies
such as collagen fibres which in turn can comprise tendons and bone [37,38]. The fibrils
are responsible for most of the mechanical properties, such as elasticity and compress-
ibility [39]. Examples include making skin tear resistant [40] or initiating and orienting
bone growth |41,42]. There is also evidence that the structural environment they create
can affect the fate of stem cells [43]. Their many different functions and large presence
in tissue alone makes collagen fibrils an important subject of research. Indeed, collagen
fibril diameter in cornea is closely related to ageing in general [44].

As these fibrils are present in so many biological tissues and are clearly important
for the functioning of said tissue, having tools available for studying them is important.
These tools are available and have been developed over the past decades. Most of these
improvements have been in the experimental field, but here too, the power of the theo-
retical approach allows me to go further. I will use the coherent properties of SHG to
obtain information about collagen tissues on the nanoscale, which is below the maximum
optical resolution of the SHG microscope. Using numerical modelling I can get not only
information about the size, but also orientation of these fibrils. Numerical modelling also
allows me to study the effect of refractive index mismatch between the fibrils and the
medium surrounding them, which is something that is often ignored in experiments and
theory and which I find has a large effect in certain types of tissues.

SHG is a nonresonant nonlinear optical process. The diagram of the process is shown
in figure 1. Two photons from the pump beam excite the molecule to a virtual level from

which it immediately decays, emitting a photon with double the frequency. Note that
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Figure 1: The second harmonic generation process. The solid lines are resonant vibra-
tional modes and dotted lines are virtual levels. Two photons combine into one photon

with double the frequency.

this is different from two-photon absorption (TPA) where the top level is not virtual;
TPA is a resonant process. This shows that the label-free imaging does not come from
tuning to a resonance, but from the molecular structure and constructive interference.

In formula form the induced nonlinear polarization is described as

ﬁSHg(Zw) = eox? (2w =w+ w)E(w)E(w), (3)
where x(? is the second-order nonlinear electric susceptibility, a tensor of rank three. The
notation for the argument of x(? is a symbolic notation that signifies that the strength of
x® not only depends on the output frequency, but also on each of the input frequencies.
Here, 2w = w + w indicates that two photons at frequency w result in the emission of
one photon at 2w. The second-order nonlinear susceptibility is what is typically imaged
in SHG images as it describes how the materials react to an incoming electric field. It
is linearly related to the scatterer density, therefore the far-field electric intensity signal
that is generated by the nonlinear process should scale quadratically. However, I show
in this thesis that this is not always true due to the interference effects that take place,
which is our first hint that images from nonlinear optical microscopes are not always
what they seem.

In the beginning of this section, I claimed that collagen generates a high SHG signal
because it does not have inversion symmetry. This is because an important property
of even-order susceptibilities is that they are zero for centrosymmetric materials, that
is materials that have inversion symmetry. This symmetry means that inverting the
coordinates through the transformation ¥ — —r’leaves the molecular structure unchanged
[14]. Inversion symmetry can be expressed in formula form as x®(—7) = Y (). Since
P and E are vectors, inverting the coordinates makes them point in the “opposite”
direction. Thus we have —P = eyx? (—E)? = ¢ox? E2. Direct comparison with equation
(3) implies that P = —P, therefore P = 0 and thus also x®. Only breaking of this



symmetry allows x® to be nonzero, and this does not need to occur at the crystal level,
but also happens at interfaces as was already discovered theoretically in 1962 [45].

A large number of materials have this centrosymmetric property, which means they
cannot be imaged using SHG. However, that also means that those centrosymmetric
materials will not show up in SHG images, which allows for label-free imaging of non-

centrosymmetric materials.

1.3 Vibrational spectroscopic imaging

Another important nonlinear optical imaging technique is vibrational spectroscopic imag-
ing. The vibrational spectrum of a molecule is unique and can be used to identify it,
much like how optical spectroscopy can identify the elements in a given sample. This
vibrational spectrum is known as the Raman spectrum [46], for which Raman received
the 1930 Nobel Prize in Physics [47]. Fundamentally, it is a way to map the chemical
bonds of the molecules. The resonant vibrational frequency for a given chemical bond
depends not only on the type of vibration, such as rotational or longitudinal, but also
on the elements on either side of the bond. As these vibrations involve the movement of
atomic nuclei, they are much slower than the electronic modes associated with optical
frequencies. Rather these vibrational modes mostly occur in the infrared regime. For
biological tissues the range of frequencies is known as the fingerprint region, which ranges
roughly from 500 cm™! to 3500 cm™! [48]. The Raman spectrum is typically recorded by
recording the emission of Stokes or anti-Stokes photons, which are photons that have
a slightly lower or higher energy than the incoming photon. This small energy shift is
due the beating of the optical frequency with the motion of the atom nucleus i.e. the
vibrational modes. Unfortunately, Raman spectroscopy is an inefficient process, where
typically only 10~® of the incident intensity is converted into a Raman signal. It is there-
fore a slow process and requires either a large incoming electric field strength, which can
damage the sample, or a long exposure time, which excludes imaging fast processes. The
advent of the laser in the sixties enabled the high electric field strength, at which point
Raman spectroscopy drastically rose in popularity for samples able to withstand those
field strengths. Only at these very high field strength do acquisition times reach the
microseconds domain [47].

To increase the efficiency of Raman spectroscopy, a new technique called Coherent
Anti-Stokes Raman Scattering (CARS) was introduced, which is a third-order nonlinear

process that is sensitive to the vibrational states of molecules. It was first shown exper-
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imentally also in the sixties [49], but due to the difficult experimental set-up where the
two laser beams needed to be crossed, it did not gain steam until the eighties when a
simplified set-up was introduced using colinear laser beams [50]. Since then CARS has
been used extensively and it allows for video-rate scanning [51]. Then in 2007, the first
microscopes based on stimulated Raman scattering (SRS) were developed [52] and is thus
still a relatively new technique, even though the SRS effect was already known in the
sixties [53]. Like CARS, SRS allows for label-free imaging by tuning the two lasers such
that their difference corresponds to a peak in the vibrational spectrum of the molecule
of interest. This can be done with video-rate imaging to track biological processes in
real-time [54, 55].

CARS is a technique that is used for both medical research as as well as for diagnos-
tics. For example, CARS has been used in testing Hepatitis C medication [56]. Other
noteworthy examples are the imaging of nerve cells in vivo [57], or the studying of myelin
degradation by following the calcium [58|, or as a diagnostic tool for brain tumors and
lesions [59], or arterial cells [60], or to examine emulsions for applications in the food
industry [61]. SRS on the other hand has been useful for biomedical applications such
as tracking drugs as they move through tissue [62,63], detecting tumours [64], and the
tracking of newly synthesized proteins as they are being produced [65].

Theoretical work on CARS by Cheng et al. shows that the spatial distribution of the
scatterers due to the coherent nonlinear optical process determines the far-field radiation
pattern |66]. The spatial distributions they considered are objects such as cylinders and
disks of various sizes in the order of wavelengths. Using a vectorial Green’s function
approach they calculate the far-field CARS signal from the objects illuminated by a
Gaussian beam. Similar to SHG, this shows once again how important the coherent
nature of the nonlinear optical process is.

A thorough overview of both SRS and CARS can be found in the chapter by Potma
and Mukamel in [17] where both techniques are treated both classically as well as
quantum-mechanically. They show how Raman scattering originates from the vibra-
tions of the chemical bonds in molecules and how one can drive the Raman mode to
increase its efficiency through stimulated emission. Additionally, they show how this
is encapsulated by the frequency-dependent third-order nonlinear susceptibility, which
is what one measures when using SRS or CARS microscopes. In Nonlinear Optics by
Boyd [14], the SRS process is derived both from an atomic level considerations as well as

classically motivated in the way of interpreting electron-nucleus interaction as a simple
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string which provides an intuitive picture. More in-depth descriptions of the quantum
mechanics underpinning both SRS and CARS can be found in the work of Penzkofer et
al. [67]. For SRS, the quantum mechanical description of a three-level atom model can
be employed to describe how the Stokes gain signal increases as a function of both time
and space [68|.

To be able to correctly interpret images made by SRS and CARS microscopes, the
image formation process must be clearly understood. Earlier it was shown by our group
that the Gouy phase shift can affect the measured position of polystyrene beads with sizes
comparable to the wavelength of the input beams when using CARS microscopes [69].
The Gouy phase shift imparts a phase on the Raman-active object depending on its
position relative to the laser focal point. Because there is a phase difference between
the resonant CARS signal and the nonresonant background medium, destructive and
constructive interference can occur that depends on the position of the object. The in-
terference becomes more significant the smaller the beads are. This changes the far-field
signal in such a way that the perceived position no longer coincides with the actual po-
sition of the object, which has been experimentally confirmed. It has also been shown
recently by us that an inhomogeneous nonresonant background medium can affect the
CARS and SRS far-field intensity signal [70]. This nonresonant background radiation
occurs in CARS because of competing nonlinear optical processes that emit at the same
anti-Stokes frequency as the resonant CARS process. SRS does not suffer from compet-
ing nonlinear optical processes because it measures at one of the input beams directly.
However, even though one of the main advantages of SRS is that there is supposedly no
background as there is with CARS, Popov et al. showed that this is not necessarily the
case for amplitude-modulated SRS.

All of the experimental and theoretical work above ignore any effects of an inhomo-
geneous refractive index. This seems like a valid assumption because the samples are all
biological tissues and thus the inhomogeneity of the refractive index is typically small,
hence the need for nonlinear optical microscopes to obtain contrast in the first place. Be-
cause of this, there have been few attempts to investigate the effects of refractive index
mismatches [71-73]. However, as the size of the objects in samples becomes comparable
to the wavelength of the input beams, these small effects can start to play a big role.
They can cause artifacts in the recorded images which are used by medical researchers
but also as diagnostic tools. Detailed investigation of the image formation process under

these circumstances is thus of significant importance, which is what I investigate in this
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Figure 2: All of the anti-Stokes processes that contribute to the signal. The solid lines
are resonant vibrational modes and dotted lines are virtual levels. Only the first process

depends on the resonance. The other two form the nonresonant background.

thesis.

Both SRS and CARS require two input beams called the pump beam and the Stokes
beam. The left diagram in figure 2 shows the CARS process where two pump photons
and one Stokes photon result in the production of an anti-Stokes photon [17,74]. For
SRS the diagram is shown in figure 3. Here a pump photon is absorbed, and a Stokes
photon is emitted through simulated emission. Thus the pump beam loses intensity while
the Stokes beam gains. Unlike a CARS microscope where the signal at the anti-Stokes
frequency is measured, a SRS microscope works by measuring either the loss of the pump
or the gain of the Stokes beam [17]. In both diagrams the solid line shows a vibrational
energy level for a molecule. By adjusting the difference in the frequency of the pump and
Stokes beam to match the energy level of the vibrational mode, it is possible to become
resonant with of a molecule of interest. This feature makes it possible to use CARS and
SRS microscopy to image only those molecules and ignore the rest.

One effect that distorts the recorded image in CARS microscopy the existence of
competing processes which also generate signal at the anti-Stokes frequency. These
nonresonant processes are depicted in the right two diagrams in figure 2 and lead to a
nonresonant background signal. Due to the fact that the nonresonant process is far off-
resonance, its susceptibility is weak compared to the CARS on-resonance susceptibility.
However, it will take place throughout the entire sample, whereas CARS is limited to

only specific molecular species. For very small Raman-active objects, this allows the
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Figure 3: The stimulated Raman scattering process. The solid lines are resonant vibra-
tional modes and dotted lines are virtual levels. The dashed arrow stands for stimulated

emission.

nonresonant background to be of the same order or even drown out the CARS signal,
resulting in a low signal-to-noise ratio. This is not a factor in SRS. In fact, one of the main
advantages is the absence of a nonresonant background because there are no competing
nonlinear optical processes. However, the loss or gain in the pump and Stokes beam is
generally so small that one needs to employ amplitude or frequency modulation of the
Stokes or pump beam respectively, making the experimental set-up more complicated
than that of CARS.

It should be noted that the CARS spectrum is not the same as the Raman spectrum
because the nonresonant background tends to distort it and Raman lines interfere. Typi-
cally the way to get around this is by using a retrieval algorithm, such as a Kramer—Kronig
transformation which is able to retrieve the imaginary part when the CARS spectrum
is known at every frequency [75]. Of course, the CARS spectrum is only known at a
limited range of frequencies, so the true Raman spectrum is never fully retrieved and
can in fact become distorted [76,77]. SRS on the other hand records the true Raman
spectrum [78,79].

For further insight in the image formation process for CARS, we need to look at the

induced polarization at the anti-Stokes frequency, which can be written as
Pxi(was) = 3e0x® (was = 2w, — ws) E(wp)?E(ws)*. (4)

The factor three comes from the possible permutations of the frequencies (w, + w, — ws,
wy—ws+wy, and —ws+w,+w,). The nonlinear susceptibility can be split in a resonant and
nonresonant part as y® = XS) + XI(\?I){. Various schemes have been developed to overcome
the contribution from the nonresonant background. Methods such as interferometric
CARS are able to retrieve the real and imaginary part through heterodyne detection and
can then use the fact that XS) is fully imaginary, while Xl(\:% is real [80]. Epi-CARS is

another variation of CARS that looks at the back-scattered signal, which reduces the
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nonresonant background because of the simple fact that the nonresonant background is
always directed in the forward direction and the resonant signal much less so [81, 82].
Another popular method is FM-CARS, which takes advantage of the fact that X(P::’), being
on-resonance, is very sensitive to changes in the wavelength of the input beams, whereas
ngl)a is insensitive due to being very far from resonance. Applying frequency modulation
to one of the input beams, creates an amplitude oscillation in the CARS signal, which
allows the retrieval of purely the CARS signal by using a lock-in amplifier [83]. Then
there is P-CARS which utilizes the polarization to suppress the nonresonant background
by modulating the polarization of the input beams [84]. As the nonresonant background
is independent of the input polarization, it is subtracted. Finally, broadband CARS
measures a large part of the spectrum, which can then used to do a Kramers—Kronig
transformation to retrieve the phase of the signal [75]. With the phase known, the
nonresonant background can again be suppressed in the same way as with heterodyne
detection.

Another CARS technique that has only recently been developed is hyperspectral
CARS with which it is possible to obtain the spectrum per pixel by scanning over the
frequency as well as the position |77]. This allows for a detailed image to be obtained for
a sample that also contains the CARS spectrum. This provides insight in seeing which
chemical is concentrated where.

For SRS, the induced nonlinear polarization is also a third-order nonlinear process
that has almost the same form as for CARS. The difference is that the output frequency
is either w, or wy depending on if one is looking for pump loss or Stokes gain. In formula

form, the induced nonlinear polarization is

Pac(wp) = €oXiy (wp = wp + ws — wy) E(wy) | E(w,)? (5)
Pas(ws) = €oXfy (ws = wyp — wp +ws) | E(wy) E(w). (6)

Thus for both CARS and SRS, the induced polarization depends on the input beams to
the third power. This property of third-order processes makes them especially sensitive
to field enhancements to which I will come back later.

One thing that becomes clear from these equations for CARS and SRS is that the
SRS signal varies linearly with density while for CARS it scales quadratically for large
densities, but linearly for low densities making it hard to quantitatively measure scatter
densities with CARS. To see why, note that the induced polarization for CARS depends

on y® = XS) + Xl(\?f){- Since the far-field electric fields scale linearly with the constant
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nonlinear susceptibility in the induced nonlinear polarization, the intensity will scale as

Toars o [X§ + Xt/ (7)
= P+ 2Re [\ xR] + AR (8)

Thus the intensity will scale quadratically with XS) if XS) > Xl(\?f){, linearly with x§’> if

XS) < Xl(\?l)%? and somewhere in between if XS) R Xl(\:%. SRS on the other hand always
scales linearly with X%:’) because one is measuring a gain or loss of the input beam such

that in the far-field the intensity will scale as

Isns o | B, = xi By | B[ (9)
~ B (1-2Re (YIEF] ). (10)

where the approximation can be made because the pump loss is always much smaller
than the input beam. Applying amplitude or frequency modulation results in the con-
stant 1 dropping out, leaving just the linear dependence on the third-order nonlinear
susceptibility.

I will use both the SRS and CARS technique to study the effect of refractive index
mismatch on the far-field intensity signal. I am able to show that even though SRS is

supposed to be background-free, a refractive index mismatch can still distort the signal.

1.4 My theoretical investigations

There have been great strides in the experimental part of nonlinear optical imaging. Over
the past decades imaging modalities for many nonlinear optical processes have been de-
veloped, such as SRS, CARS, and SHG as I mentioned in detail above, but also processes
such as difference frequency generation, sum frequency generation, third harmonic gen-
eration, two-photon absorption, three-photon absorption, and others. These techniques
have been improved to provide better resolution, contrast, and imaging speed. However
on the theoretical side, while there have also been strides, there is much to be done.

In this thesis, I aim to understand the image formation process using a theoretical
approach and develop techniques to overcome limitations using that knowledge. While
experimental work ultimately shows whether a certain concept is possible or not, theo-
retical work allows me to study the nonlinear optical image formation process at a much
deeper level than experimental studies. As such, I am able to study the near-fields in

and around the sample without affecting the measurement. 1T am able to vary parameters
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such as the refractive index, nonlinear susceptibility, sample size, spatial configuration,
and laser beam properties independently. Those changes would be hard to accomplish
experimentally. For example, changing the refractive index experimentally would require
changing the material, which in turn will affect other properties. It therefore becomes
hard to assign changes in the far-field signal intensity to any one thing. Additionally,
theoretical work gives access to the near-field as well as far-field. The image formation
process can be studied at arbitrarily small length scales, which is far below the diffraction
limit of any physical microscope. The theoretical scale is only limited by the amount of
computational power available.

I will use a combination of computational tools to study the nonlinear optical image
formation process in detail. The three main tools I use are finite-difference time-domain
(FDTD) simulation, free-space Green’s function calculations, and Mie theory for cylin-
ders. These tools are described in detail in chapter 2.

FDTD is a direct discretization of Maxwell’s equation [85]. The basis of this technique
is the Yee cell where each of the six components of the electromagnetic field is discretized
such that the derivatives in Maxwell’s equations are approximated by second-order cen-
tral difference derivatives |[86]. This allows one to accurately simulate the interaction
between light and matter. Additionally, one needs to have absorbing boundary condi-
tions to be able to simulate infinite space, which were not developed until the eighties
when Mur’s absorbing boundary conditions were introduced [87]. Since then FDTD has
become a very powerful tool for simulating electromagnetic processes that can largely
be contributed to Taflove who facilitated FDTD to become the technique of choice for
simulating electromagnetic radiation of arbitrary shapes. Indeed his book still forms the
basis for many of the FDTD codes available today, either commercial or free [85,88].

As computers get more powerful, larger FDTD simulations can be undertaken. Inter-
actions between electromagnetic radiation and biological tissues such as the human eye
were already simulated in 1975 and indeed the entire human body has been subjected
to simulated electromagnetic radiation at radio frequencies ranging from 100 MHz to
350 MHz. Coincidentally, simulating the interaction of electromagnetic radiation in the
human eye was one of the main reasons that Taflove started investigating FDTD [85].
Already in the nineties entire fighter aircraft could be modelled to study their interaction
with radar with 3 cm resolution and 30,000 grid cells in total.

For my field of nonlinear optics, an additional component is needed, which is the

nonlinear interaction [89]. This component along with the Yee cell and the absorbing
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boundary conditions are detailed in section 2.1 and they form an amazing tool to simulate
nonlinear optical processes. 1 have used it extensively throughout my Ph.D., where es-
pecially access to the powerful computers on SHARCNET, SOSCIP’s BlueGene/Q, and
our own group’s cluster computer allowed me to run many high-resolution FD'TD simu-
lations. Such heavy computational resources are required because the FDTD algorithm
is computationally very expensive.

In chapter 4, I use FDTD simulations to study the image formation process in SRS
and CARS, because while nonlinear optical microscopes have advanced the understanding
of biological processes significantly, for nonlinear imaging techniques to produce reliable
images it is crucial to understand any effect that might cause distortions. In nonlinear
optical microscopy, the effect of an inhomogeneous index of refraction is almost always
ignored because, as mentioned before, the difference in refractive index is usually small
in biological samples. However, referring back to equation (4), the nonlinear polarization
for CARS depends on the input beams to the third power. The same holds true for
SRS. I show that even small mismatches in the refractive index can create enhancements
that can be an order of magnitude larger than expected in SRS and CARS images, as
well as shifts in the perceived position of objects [90]. This has implications for the
interpretation of SRS and CARS images for biomedical research and diagnostics as there
is currently no known method to reduce these effects.

Apart from investigating distortions of the image formation process, theoretical work
but can also lead to enhanced interpretation of experimental data, which in some cases
can reveal information about the structure of a sample far below the physical maximum
resolution of the microscope by carefully modelling a priori knowledge about the sample.
In particular, I use the free-space Green’s function formalism, which calculates the far-
field signals of nonlinear optical processes occurring in arbitrarily shaped samples. The
caveat is that it only works when the refractive index is homogeneous through the entire
domain. The method is described in section 2.2. I use this tool to model imaging of
collagen fibrils using a SHG microscope. Most biological tissues contain these fibrils
and thus are an important area of research. In fact, the earliest biological studies using
nonlinear optical microscopy studied exactly these fibrils because collagen generates such
a strong SHG signal [15].

In collaboration with the experimental group of Francois Légaré we have been able
to study the diameters of the fibrils in tissue through computational modelling even

though the fibrils were much smaller than the optical resolution of the microscope [1].
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My contribution was the theoretical model using a free-space Green’s function approach
to predict the relation between the fibril diameter and the ratio of the forward SHG
intensity signal to the backward, the F/B ratio. Likewise, theoretical modelling can
provide information about the internal orientation of the fibrils by using the coherent
nature of SHG [2|. Légaré’s group developed an interferometric SHG microscope with
which they measured the phase of the SHG signal and they showed conclusively that dark
areas in the SHG images were due to destructive interference and not due to the lack
of collagen. My simulations confirmed that the measured phase can be directly linked
to the overall orientation of the fibrils. My contributions as well as summaries of both
papers are detailed in chapter 3. Additionally, I detail a possible future collaboration
to investigate the forward and backward signals of cornea tissue and explain the speckle
pattern that, depending on the tissue, is observed in the backward direction but not in
the forward.

The interferometric SHG microscope we used was able to retrieve the phase informa-
tion of the second-order nonlinear susceptibility of the collagen fibrils, which proved to be
crucial in providing extra information about the sample. However, interferometry makes
the optical set-up more complex as a reference beam is required at the nonlinear optical
frequency and multiple measurements need to be taken at the same spot to retrieve the
phase from the interference pattern. An alternative is to use ptychography, which is an
iterative computational technique that I develop for nonlinear optical imaging and is de-
scribed in chapter 5. It is able to reconstruct the complex-valued nonlinear susceptibility
as well as correct for distortions in the input beams through multiple measurements at
random locations on the sample while collecting the far-field signal with a CCD camera.
It is based on linear ptychography that uses a similar algorithm for reconstructing the
complex-valued transmission function of a sample |91,92|. The nonlinear ptychography
algorithm not only retrieves the phase information of the nonlinear susceptibility, it also
increases the resolution of the image regardless of the spot size and corrects for distor-
tions in the input beams. As examples, I show that it is possible to image simulated
rat tail tendon with a resolution near the diffraction limit using SHG as well as remove
the nonresonant background from CARS images. However, nonlinear ptychography can
also be used for other nonlinear optical techniques where the phase of the nonlinear
susceptibility is of interest. Experimental verification is forthcoming as I am currently
planning the experiment with an experimental collaborator. The potential of nonlinear

ptychography is substantial as it can retrieve phase information, increase resolution, and
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correct for distortions in the input beams, while at the same time the technique uses a
relatively uncomplicated experimental setup.

Phase plays an important role in the image formation process and it is clear that
it can provide additional insights at subresolution scales. I have also talked about the
importance of the refractive index in SRS and CARS microscopy and these two ideas
can be combined to investigate the effect of a refractive index on imaging collagen fibrils
with a SHG microscope, which is discussed in chapter 6. I concentrate on the F/B ratio
where particularly for the signal in the backwards direction the phase matching is very
important. Measuring the F /B ratio is useful in the biomedical sciences because changes
in the F/B ratio can indicate structural changes of the sample. Also, as mentioned before,
the F/B ratio is related to the diameter of the fibrils. In experiments, the F/B ratio is
determined by averaging over many measurements of the SHG signal in the forward and
backward direction to get an accurate ratio. However, few have investigated the effect
of a small refractive index mismatch.

To investigate this, I employ yet another computational tool, which is known as
cylindrical Mie theory. It is a derivation of the full electric field from Maxwell’s equation
that is exact with the caveat that the input beam is restricted to an incident plane wave
input beam and the spatial geometry is an infinitely long cylinder of arbitrary radius. It
takes into account a refractive index mismatch on the input beam. The restriction stems
from the fact that Mie theory is an analytical derivation where Maxwell’s equations are
solved for a particular geometry. This method is discussed in detail in section 2.3, but in
short, it allows me to retrieve the electric field of the input beam everywhere inside and
outside the cylinder. These fields can then be used with the free-space Green’s function
to propagate the induced SHG signal to the far-field.

I find that for a single n = 1.4 fibril embedded in a medium with a refractive index of
either n = 1.33 or n = 1.47, the field enhancements inside of the cylinders are only in the
order of 4-5%. However, the F/B ratio is significantly different from that of the same
fibril in an index-matched n = 1.4 medium, but only for fibrils with a radius larger than
100 nm. The reason for the large sensitivity of the F/B ratio on small field enhancements
is because SHG is a coherent process, that is, the phase-matching conditions lead to
interference. In the forward direction, the far-field electric fields of scatterers inside the
cylinder add up constructively in the far-field. However, in the backward direction there
is no phase-matching, thus the far-field electric fields interfere with each other. So even

though the field enhancements inside of the cylinder are small, they have a large effect on
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the phase-matching condition and thus alter the SHG far-field intensity signal. Thus the
F /B ratio is affected significantly. As the Mie/Green’s function approach only takes into
account the refractive index mismatch at the input beam frequency, I also use FDTD
simulations to additionally examine the scattering of SHG radiation and find that this
increases the distorting effect.

Fibrils in tissues such as rat tail tendon follow a distribution of diameters and hun-
dreds of those fibrils will be inside of the laser focal spot. Fibrils with a radius larger
than 100nm do not occur often, however those larger fibrils generate the largest sig-
nal and thus their signal dominates. For rat tail tendon, I calculate the F/B ratio from
100,000 samples and compare the case of fibrils embedded in a n = 1.47 medium to those
embedded in a n = 1.33 medium and find an increase in the F/B ratio of 31.8 £ 0.7 %.
Stéphane Bancelin from Francois Légaré’s group was able to produce preliminary exper-
imental measurements on mouse tail tendon in water (n = 1.33) and glycerol (n = 1.47)
and found an increase of 40 +20%. My simulations for mouse tail tendon show an
increase of 28.1 4+ 0.6 % which suggests the theory I developed is valid.

These results have consequences for experimental work that relies on the F/B ratio
to make quantitative statements about the sample. I show that the quality of the mea-
surement depends on the radii distribution of fibrils in the sample and as well as on the
range of the refractive index. To my knowledge, this has not been investigated before.

In conclusion, by using computational tools effectively, a deeper insight can be gained
about many nonlinear optical processes. I show that this leads to better understanding
of SRS and CARS microscopy by highlighting the possible distortions that can occur
due to refractive index mismatches between the objects and the surrounding medium
as well as under which conditions those distortions occur. Similarly, refractive index
mismatches can change the F/B ratio obtained from the SHG measurements of collagen
fibrils. Here too, knowing the conditions under which these changes can occur aid inter-
pretation of experimental data. Theoretical work can also improve the nonlinear image
formation process: subresolution features can be extracted through careful modelling
of the SHG imaging of collagen fibrils, and by developing ptychography for nonlinear
optical microscopy, images can be significantly enhanced in resolution as well as aug-
mented by obtaining phase information of the nonlinear susceptibilities. In short, I show
that theoretical models and computational modelling can augment experimental work
by investigating the image formation process to explain when and why distortions occur.

Models can also enhance current imaging techniques to observe subresolution features or
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retrieve phase information and enhance resolution.
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Computational Methods

The tools that have been used for the research described in this thesis are largely compu-
tational in nature. Thanks to the fast computational resources that are accessible to me,
I can peer into the deepest regions of samples as they are illuminated by electromagnetic
radiation. I can study the interaction of matter and light at a level of detail that is not
possible to do experimentally. Oftentimes I can simply turn on and off individual optical
processes to study their contribution to the signal one would measure in experiments.

The power of computers has been increasing exponentially since the inception of
computers based on integrated circuits. This is captured by what is known as Moore’s
Law, even though it is not as much as law as it is a prediction. It was first noted by
Moore in 1965 and predicted that the number of transistors on a chip would double every
vear [93]|. This exponential growth of transistor count has kept true until just a few years
ago. Until a decade ago, this meant increases of the clock speed of the CPUs, but now
the speedups are obtained by increasing the number of CPU cores on a chip, allowing
for multithreaded programs. Computers are now able to do millions of calculations in
a manner of seconds, which allows me to run the complicated simulations necessary for
this thesis.

Thanks to the efforts of Compute Canada, which graciously hosts a national consor-
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tium of powerful and accessible cluster computers such as those belonging to SHARC-
NET, Calcul Quebec, and SOSCIP, T have access to the thousands of CPUs I require.
Some of the largest simulations I run are through SOSCIP on BlueGene/Q which is cur-
rently the fastest supercomputer in Canada. On top of that, our research group has its
own cluster computer which has 70 nodes, each containing 8 hyperthreaded cores, to run
my simulations.

For this thesis I have made use of three different types of simulations. The most
resource-intensive is the finite-difference time-domain method (FDTD), which is able
to simulate Maxwell’s equation exactly except for discretization effects due to the need
to divide space in a grid. Tt is discussed in section 2.1. The next type is a free-space
Green’s function approach which is discussed in section 2.2. It is numerically much
cheaper than FDTD, but is assumes a homogeneous refractive index throughout space.
Finally, in section 2.3 I talk about cylindrical Mie theory which is able to quickly calculate
near-fields in and around cylindrical objects with a refractive index different from the
background medium. These Mie calculations can be combined with the Green’s function
approach to at least incorporate an inhomogeneous refractive index for the input beams,
but not for the nonlinear radiation.

One method that is not strictly a simulation, but worthwhile to mention is the method
I used to numerically generate samples for the SHG imaging simulations in chapters 3
and 6. The samples represent collagen fibrils, which I model as randomly placed non-

overlapping cylinders, and is discussed in section 2.4.
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2.1 Finite-Difference Time-Domain

FDTD is a well-established tool for modelling the propagation and scattering of electro-
magnetic waves. The term was coined in the 1980s [94], but the first paper detailing
the basics discretization of time and space stems from 1966 [86]. It is a direct solver of
Maxwell’s equations and has no approximations other than those resulting from using
a discrete grid. For scattering problems, one needs a simulation domain that does not
produce reflection at the boundaries, in essence, simulating light propagation to infinity.
As simulating infinite space is impossible, one needs to be able to at least approximate
it. For this absorbing boundary conditions are required starting with Mur’s boundary
conditions in 1981 [87] to the more commonly used perfectly matched layers (PML) that
are used nowadays [95]. Then one needs the introduction of light sources into the sim-
ulation. By implementing the materials and their interactions with the electromagnetic
fields, most electrodynamical processes can be simulated. In the case here, that would
be the nonlinear optical interactions and the implementation of the nonlinear suscepti-
bilities, ¥® and x®, and of course the linear susceptibility x(.

The number of papers using FDTD well exceeds a thousand per year and is still
increasing. Several commercial software packages exist that use FDTD to simulate a
wide range of materials in arbitrary spatial configurations. For example, the packages
created by Lumerical, Optiwave, and OmniSim.

Our group has an in-house version of FDTD which was largely written by Konstantin
Popov. We have our own version so that we can control every aspect of the simulations.
This means we can implement any light source, such as tightly focused laser beams, and
nonlinear media or even plasma. The coordinate system used in the code is such that
the beams typically propagate in the x-direction and are polarized in the y-direction.
Input beams can be plane waves, Gaussian beams or tightly focused beams. A near-to-
far-field transform at the boundaries allows for collection of light in the far-field without
needing to extend the simulation domain. It is capable of running on distributed compute
platforms using many CPUs simultaneously which it is able to do thanks to the message
passing interface (MPI). This allows all CPUs to only calculate their subdomain and
communicate the boundaries of the subdomain easily to the other CPUs, even when
those CPUs are in different computers. Since I made extensive use of our FDTD code

during the course of my Ph.D.; I feel I should shed some light on its inner workings.
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Figure 4: A single Yee cell. These make up the simulation domain. The individual field

components are indicated by the dots. The cell itself has dimensions of dz X dy X dz.

2.1.1 Yee cell

The Yee cell is depicted in figure 4. It is a way of distributing the individual field
components in such a way that only second-order central derivatives can be used when
calculating the curl. As a reminder, Maxwell’s equation in matter in differential form

are given as [96].

VD =p; (11)
V-B=0 (12)

. OB

~ . dD

ji o 14
V x Jr+ > (14)

where E and B are the electric and magnetic fields respectively. The electric displacement
is given as D = ¢yE + P while the auxiliary field is given as H= MLOB) — M with M being

the magnetization. The distribution of free charges is given by p; and the free charge

current by J. Free charges are the electrons that are not bound to the atom making up
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the material.

I will ignore the magnetization M as the materials I work with are not magnetic and
there are no currents or free charges flowing so J =0 and py = 0, which simplifies the
equations. For the FDTD algorithm, we only need equations (13) and (14). Looking at

just B, we have:

0B, O0E, OFE,
ot 9z oy’ (15)

The derivatives need to be discretized and the beauty of the Yee scheme is that this can
be done by second-order central difference derivatives. To see this, consider the Taylor
series of functions f(z + 0/2) and f(z — §/2) around x:

fer =g sl i@ (3) s (3) e
fo-P =101y @ (3) ~sr@(3) o

Subtracting these two equations and reordering the terms leads to

/ f(l'—Fg)—f(l'—%) 5 "

_ f(“g);f@_%) + o). (19)

So by using a central difference discrete derivative, only term of the second order remain,
provided we only look at the field values at a distance §/2 away. Thus the derivative in
time can be discretized as

OBI(i, k) Bit2(i,4,k) — BiT V26, 4, k)
ot - ot ’

(20)

where the index n signifies the time ¢, = n dt. Likewise space has been discretized such
that x; = idz, y; = j oy, and 2z, = k dz. The spatial derivatives of equation (15) are then

written as

0z 0z (2)
OEXi,j k) _ Elij+3.k) = E2i,j — .k) (22)
dy oy .

If we refer back to figure 4, we see that the components on the right side of these equations
exactly fall where £, and E, are placed in the Yee cell. This holds true for every field

component.
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Inserting equations (20), (21), and (22) into (15), and reordering the terms leads to:

B2 5. k) = BMY2(i, 5, k) + g—z Eri,j.k+3)— Ep(i,j.k — t%) —

ot r .. .4 nre -1

5y [EX(i, 5+ 3. k) — EX(i,5 — 5. 0)] - (23)

So the new value of B at time tnt1/2 depends on the previous B as well as E at a half time

step ago. The E and B field follow different time steps, so a single time step consists of

updating the B field components, which are then used to update the E field components.
Therefore all of the derivatives are second-order central differences.

In a similar fashion, we can obtain D by using equation (14) and using H = B/ o,

which is allowed because magnetization is not being considered. This leads to

Dyti(i+ 5,5+ 5. k+3)=Di(i+35.0+5k+3) +

ot

1160y [BQ+1/2(Z' +1i+3k+1)— BUY2( 4 Ll )]
ot n , , . . |

L1007z [By+1/2(2 + %,j +1,k+ %) — By+1/2(Z i %,],k N %)} |

(24)

which, along with similar expressions for D, and D,, gets us the displacement field D.
So what is left is to get E from D. This can be done by inverting D =ekE + 15, which
is easy to do for linear optics, where P = X(l)E and even then only when the tensor
X!
For nonlinear optics, things are decidedly more complicated as we shall see in the next

) is diagonal. Most of the FDTD codes and applications are meant for linear optics.

subsection.

2.1.2 Implementing nonlinear optics

Our code supports two nonlinear susceptibilities, namely y® and x©®). The second-order

susceptibility is used for SHG and currently supports the tensor components X@(,%J)y and

X&?,)y The ) tensor is only supported as a scalar which applies to all field components
equally. In simulations I only illuminated with y-polarized beams and only measure the
y-polarized signal thus effectively I only investigate Xz(,,?{,)y. However, the x® is split in a

resonant and nonresonant part for use with CARS and SRS.

Second-order susceptibility

We can rewrite the electric displacement to explicitly separate the linear part from the
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nonlinear polarization:
D = ek + P = eye, E + Par, (25)

where €, = 1 + x). The non-linear polarization, ﬁNL, for SHG is given as

Pyro =0 (26)
ﬁNL,y = €0X7£2/)yEyEy (27)
ﬁNL,z = EOXg«?yEyEy' (28)

The components other than Xf)y and X,(Z%)y are set to zero because our group has not yet

had a need for the other components and this keeps the equations analytically invertible.
To get the electric field, E , from the electric displacement, 5, I need to invert equation

(25). Writing out all of the components with the non-linear polarization filled in gives

D, = eye, E, (29)
D, = €&, E, + eox!}), E B, (30)
D, = €&, B, + eox) E B, (31)

The first is straightforward and is simply E, = D,/(€s€.). The second one is how-
ever more complicated because it is a second-degree polynomial in E,. We can use the

quadratic formula to get the answer:

—€o€, + \/6363 - 4X3(,2y)yDy

2
2€0Xz(/y)y

This of course only has a solution if the argument of the square root is larger than

E, =

(32)

2

zero. The “—” solution is not physical because taking the limit of Xz(ﬁ,)y — 0 causes the
expression to become infinite. The “+” solution goes to D, /(eoe,) in that limit and is
therefore the real physical solution. Thus only the “4” solution is used in the code.

Finally, this expression for E, can be used to calculate the final component

2
Dz - EOng)Z/ES

€o€r

E, = (33)

This fully calculates E, which can now be used in the next iteration of the FDTD
algorithm to calculate the the magnetic field, B.
When the argument of the square root above is negative, we can make an approxi-

mation by rewriting (30) as

Dyt = e Byt + eoxtn) Ep Ept (34)
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That is, we do not take the square of £, but rather the product of future £, and current
E,. This approximation only holds when Ej' ~ E;““l, which should be fine if the time

resolution is high enough. Rewriting this, leads to

n+1
En+1 — Dy

. 35
Y coe, + coxPED (35)

The method in this subsection cannot be used with a full Y tensor, but fortunately, this
is sufficient for this thesis because I only consider cylindrical objects that are all aligned
in the y-direction and only have a nonzero Xz(,?y and are only illuminated by y-polarized
light. Future work could allow the fibrils to be rotated along the propagation axis, but

they would still be only illuminated by y-polarized light.

Third-order susceptibility

For CARS and SRS we require a resonant and nonresonant susceptibility, which I label
as XS) and XE\% respectively. The resonant one corresponds to a Raman-active medium,
which means it depends on frequency and is resonant at specific resonance frequency. The
nonresonant one on the other hand corresponds to a Kerr medium and is approximated
by not depending on frequency. The total third-order nonlinear susceptibility is the sum

of the resonant and nonresonant one:

X =X+ x . (36)

For speedier simulations, the case where XE@}% = 0 is handled as a separate case.
Raman without Kerr

The implementation of x® in the FDTD code necessarily needs to be written in the time

domain. In the most general form, the third-order nonlinear polarization can be written

as
P (t) = / / / XO @ttt " VEYEGEW") dt’ dt” dt"”. (37)

Using the Born—Openheimer approximation for the third-order nonlinear polarization,
which assumes that the nuclei of the molecules remain static for the electronic solution

because the nuclei are so much heavier than electrons, this can be approximated as [89]:

t

P® = e\ E(t) / g(t —t"E*(t) dt', (38)

—00
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where

g(t) = ad(t) + Bgr(t) (39)
o) = E ey (<L) sin (L)t (40)

and u(t) is the unit step function and the g function is a causal response function. The
function g is divided in two parts and regulated by the constants o and 3. The first part
is the Kerr effect which here is the immediate electronic response and is represented by
the delta-function. The second part is the Raman effect which is the retarded response
of the atoms which is approximated as a damped oscillation with 7, as the characteristic
period for the atom vibrations and 7, as the damping time constant. This approximation
is valid for optical frequencies for almost all material. To have just Raman without Kerr,

we set @« = 0. Then we can write Xg) as

X)) = x5 gr(t). (41)

Because the polarization contains a convolution integral, we need to somehow keep track
of the past. This can be done through an auxiliary variable S, which gets updated every
time step as [97]

S™ = apS™ + bpS" ! + cp(E")? (42)
with
2 — w t?
- TR7" 4
R 1 —|— YR 5t ( 3)
1-— YR ot
bp = ———— 44
R 1+ YR ot ( )
(3), 2 542
Xo Wg 0t
== 45
CR 1 -+ YR ot ’ ( )

The variables wr and g correspond to the resonant frequency and lifetime respectively
and are used as the input parameters for the simulation. Though originally, they come
from the time constants as

T+ 73

— 46
W 272 (46)

1
= . 47
TR p (47)
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The auxiliary variable S can be used to calculate the polarization at time step t,.1 as
P L = eEmTISL (48)

This polarization term now depends linearly on E"!) so when used with equation (25),
the E™*! can be calculated trivially from the D field as

Bl = Lﬂ (49)
€o€r + €05’

If there is also a Kerr medium, thing get more complicated because equation (48) is no

longer linear.

Raman with Kerr

If there is also a Kerr medium present, then equation (48) needs to be expanded to

Pﬁ]ﬁ% _ EOEn+1Sn+1 + ong) (En+1)37 (50)

where XS;?) is the third-order nonlinear susceptibility of the Kerr medium. Because of the
third-order polynomial, it is now significantly harder to get an expression for E"™! as a
function of D", However, it can still be done with the help of the program Mathematica.

The expression
Dn—H _ 6067«En+1 + 60E17L+15n—|-1 + ong) (En+1)3 (51)

has three solutions, but two of them turn out to be complex-valued. Since the fields in

the FDTD simulation are real-valued, only one solution remains, namely

2\3/36367“)(?) — /2423

En-i—l —
62/3¢ox 2 VA

(52)

with

A= \/363(Xg§>)3 (27X§§>(Dn+1 — St 46363) — 92 (2D — €S, (53)

For speedier calculation by a factor of eight, this complicated expression is approximated
by a 9-th order Taylor expansion for small values of D and S. For large values, the full

expression is used.
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2.1.3 Boundary conditions

To simulate free space with a finite-sized simulation domain one needs to make sure
that its boundaries do not transmit any radiation back into the simulation domain. In
other words, they need to be completely absorbing. One cannot simply set the fields
to zero at the boundaries because that would effectively make the boundary a perfectly
conducting metal, i.e. a perfect mirror which is exactly the opposite of what one wants
to accomplish.

The first successful absorbing boundary conditions for FDTD that were numerically
stable have been created by Mur in 1981 [87]. They were the final missing piece of the
puzzle to create an efficient tool for simulating electromagnetic fields in infinite space [85].
It is based on the assumption that the fields at each point on the boundary continue
towards infinity as outgoing plane waves perpendicular to the boundary.

Although these boundary conditions are not the most effective ones because waves
propagating at an angle to the boundary are not fully accounted for, they are in most
cases good enough and are relatively easy to implement. They are also quite memory
efficient as only two layers of one cell thick needs to be stored for every face of the
simulation domain having absorbing boundary conditions. The first layer contains the
values for the fields at the boundary of the simulation domain, while the other layer
contains the fields of the outermost cells of the simulation domain from the previous
FDTD iteration.

The fields at the boundary must follow the wave equation that can be obtained from

equations (13) and (14). By taking the curl of equation (13) one obtains
VxVxE:—&théz—u(ﬁthﬁ. (54)

The left-hand side is a vector identity which equals ~V2E + V(V - E), the second term
of which is zero by equation (11) only if the refractive index is homogeneous at the
boundaries. Thus for this boundary condition to work, one needs to choose a refractive
index for the medium outside of the simulation domain that matches the background
medium inside of the simulation domain.

The right-hand side of the equation can be obtained by substituting in equation (14),
which leads to

—V2E = —pyd?D. (55)

The next assumption is that no nonlinear effects happen on the boundary such that

D= euoﬁ. It is also assumed that € does not depend on time so that it can be pulled in
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front of the double time derivative. Finally, we are left with a wave equation

2 n22 o
\V4 —C—28t E=0. (56)

This equation holds for each field component individually and a similar one can be derived

for the magnetic fields. Alternatively, this can be written as
1 s
<v2 — Faf) E =0, (57)

where |0] = ¢/n is the velocity of the wave in the medium. A general solution to this is

of the form f(7+ ¢t) This equation can be factored as

U U _,

So either (V — ;%at) E =0 or (V + U%at) E = 0 which corresponds with the solutions
f(7+ vt) and f(7 — vt) respectively.

To apply this in practical terms, consider the boundary condition at z = 0 for the z-
component of the electric field. We want the outgoing waves to be moving in the negative
x direction in this case, so we then choose our function f to be of the form f(x + v,t),

which corresponds to the following differential equation

(69,,, - %at) E.=0 (59)
2 _ 2 92
(aw _ Ve U;’y C at> E.=0 (60)

(ax _ %\/ 1= (0, /0)" — @Z/U)Zat) B =0 (61)

The square root can be expanded as a Taylor series and gives the order of Mur’s absorbing
boundary condition. In our group’s code we use only first-order Mur, that is, the square

root is approximated as

V1= (0/0)2 = (v2f0)? = 1. (62)

This implies that we neglect large angles of incidence. The differential equation to solve

then simplifies to

<a,,: - %at> B =0 (63)

This approximation discards the directionality of the outgoing plane wave, so that these

boundary conditions perform best when the electric fields inside of the simulation domain
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approach the boundary head-on. Thus in the corners of the simulation domain, where
the fields come in at an angle, the results will be at its poorest. The boundary conditions
can be improved by going to second-order Mur, but the benefits are small [87].
This equation needs to be discretized to be compatible with the Yee cell scheme. This
can be done by writing the derivatives as central discrete derivatives:
EX(L,j+5,k) - E0,j+3.k) 1EM(j+35.k) — B +35.k)
ox v ot

0. (64)

However, there is a problem here if we want to use central difference discrete derivatives.
Central difference for the first term means that the derivative is defined at grid point 1/2
in the x-directions, so that means that the question marks in the second term should be
1/2, but that location in the Yee cell that does not exist. Likewise, the central difference
derivative for the time would put it at time step n+ 1/2 at which the electric field is not
defined. To get around this, a second approximation is required; we take the averages of

the neighbouring points that do exist. Thus, the equation then becomes

1 [Eﬁ“(l,ﬁ%,k)—E?+1<0,j+%,k) N E?(LH%,k)—E?(O,ﬁ%,k)] B

2 ox ox
2 (v 5t v ot '

(65)

By rearranging the terms to extract E"*(0, j+%, k), the value for the boundary condition
for the FDTD algorithm can be obtained as all of the other components are known from

the simulation domain or stored from the previous iteration.
EXN0, 5+ 5.k) = EX(L,j + 5, k) +

vot — oz . . e
TR (B2 (1,5 + 5,k) — E2(0,5 + 3,k)] - (66)

The only extra memory requirements come from storing E?(1,j + %, k), which will have
been overwritten by the FDTD iteration preceding the application of these boundary
conditions.

Other boundary conditions exist that are better then Mur’s absorbing boundary con-
dition. The most common condition in use today are the PML absorbing boundary
conditions. It is a layer of several grid cells thick and contains a nonphysical anisotropic
medium where the conductivity depends on the direction that the fields are propagating
in. This gives an extra degree of freedom that allows one to solve for zero reflection

between the interface of the simulation domain and the PML while still being absorbing.
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PML boundary conditions are orders of magnitude better then Mur’s boundary condi-
tions [98], however the latter already only reflects 0.1 % of the incoming light in the worst
case scenarios which is enough for our purposes and Mur is easier to implement. For the
tightly focused beams I generally use, the reflections will not contribute substantially.
Tests have shown the effect of Mur boundary conditions of the electric field magnitude
near the focus of the beam to be in the order of just 0.001 %.

2.1.4 My contributions

As mentioned before, the bulk of the FDTD code was written by Konstantin Popov.
During the course of my Ph.D. I did need to make some modifications to expand its

capabilities. Here T will go through the most significant ones.

Near-field probes in the frequency domain
To visualize the electric fields in a manner that allows me to see the near-field enhance-
ments clearly, it is beneficial to look at the field at a certain frequency instead of observing
the pulse as it propagates through the medium. This technique is used in figures 16 and
19 in chapter 4. By examining the field at just the pump frequency I was able to see
exactly where the input beam is enhanced and how it changes as a function of object
shape, size, and position.

Each probe measures the real-valued field £ at a given position (i dz, j dy, kdz) and
monitors the electric field during the entire simulation at each time step n. This in-
formation is used to perform a running discrete Fourier transform (DFT) for a specific

frequency w. The DFT is calculated as follows:

N

S B R (67)

n=0

1
VN +1

By placing these DF'T near-field probes throughout the simulation domain the input and

E(w;i, j, k) =

output field can be visualized separately.

Checkpointing

The simulations for the SRS and CARS simulations of chapter 4 ran on SHARCNET,
which is a large high performance computing consortium in Canada. Typically these sim-
ulations required 256 CPUs, which are spread out over different compute nodes. With

systems of this complexity failure sometimes occurs. Additionally, jobs are only allowed
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to run for a specific maximum time before they are terminated automatically. There-
fore, as a sort of insurance and a vital step in obtaining results quickly, T implemented
checkpointing which is a way to store the state of the program to disk such that it can
be continued later on.

Without checkpointing an aborted simulation does not generate results and needs to
be restarted. As a typical job runs for three days, these delays quickly add up. Check-
pointing allows a running simulation to save its memory content to disk periodically. If a
job then fails, it can resume from the last checkpoint it saved and thereby substantially
cut down on lost time as well as limit waste of resources.

I implemented checkpointing for our FDTD code by storing to disk the electric and
magnetic fields in every MPI process as well as the numerous auxiliary fields and variables

that are used by the code.

OpenGL renderer

The FDTD parameters are set through a text file containing the positions and properties
of the various media as well those of the input beams. Likewise, the size of the simulation
domain and the location of the probes is stored in that text file. However, a text file does
not allow a quick overview of the simulation domain and the object within. To reduce
the chance of errors in the input files, I implemented a 3D representation of the input file
using OpenGL, which is a framework the allows for the real-time rendering of 3D scenes.
Since the scene can be rotated and moved at will, it becomes very easy to interpret the
input files. Any errors in the placement of objects, probes, or beams becomes quickly

apparent, while in the text-based input file it could easily be overlooked.
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2.2 Green’s function approach for SHG imaging of collagen fib-
rils

The free-space Green’s function solution to the Helmholtz equation is a powerful tool for
calculating the electric field in the far-field as a result of some radiating source. It can
also be used to calculate the near-fields, but I do not require those. It is much faster than
the FDTD method as it is in the frequency domain rather than in the time domain, thus
it does not require stepping through time. For my simulations only a single frequency is
required; that of the nonlinear process. Furthermore, the far-field signal is in most cases
only required at a single point. Calculating the electric field at that point only requires
a single integration over the volume of the sample. Of course, this huge speed-up does
not come for free. One major downside of using the free-space Green’s function is that
it assumes the index of refraction to be homogeneous throughout space. It also requires
full knowledge of the electric fields inside of the sample.

I use the free-space Green’s function for the simulations in chapter 3. I also use it in
chapter 6 where I combine the Green’s function approach with the cylindrical Mie theory
calculations detailed in section 2.3. Finally, the approach also makes an appearance in
my theoretical work on ptychography in chapter 5.

The Green’s function approach works as follows. First Maxwell’s equations are re-
duced to a Helmholtz equation using what is called the Hertz vector, which is defined
through the electric field, E as [99]

E=kZ+V(V-2), (68)

where k is the wave number and Z is the Hertz vector. Furthermore, Maxwell’s equations
(13) and (14) can be combined to get a free-space wave equation in the frequency domain
by assuming the the electric permittivity is homogeneous in space:

2,2

n-w
c2

VXV xEWw) = E(w) + ppow? Py (w) + ippoJ (w), (69)

where any time-derivative operators have been replaced as 0/0t — iw and the displace-
ment field has been written as D = ¢E + ﬁNL. In addition, the refractive index has
been introduced as n = /e which is in general complex-valued but I take it to be real
because I do not consider absorption. The expression for the Hertz vector from (68) can
be plugged into this equation to get a differential equation for Z (w).

n?w?

2

(VX VX Z)+0=——(FZ+V(V-2Z))+ puow’ P+ ippod,  (70)

Cc
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which, by using k = nw/c, can be simplified to

V27 +k*Z = ——Pyp, —1i
€p€ €oEW

J. (71)

If we assume that there are no currents and that p = 1, then we get

— — ]_ —
25> 27 (= ) _ =
VZ(F,w)+ k*Z(F,w) = _Eon(w)QPNL<r7w)a (72)

which is known as the Helmholtz equation. This equation holds for every vector compo-

nent individually and can be seen as three separate scalar Helmholtz equations.

2.2.1 Green’s function for Helmholtz equation

The solution to the scalar equation

V2Go(7,7) + K*Go(7,7") = —6(F — i) (73)
is well known and is the scalar free-space Green’s function
(74)

where the + indicates outgoing waves and the — indicates incoming waves. I use the
outgoing waves, since I am studying radiating sources. With the help of this Green’s

function, the Hertz vector can be calculated as

G w) = — / Go(7 ) Pa (7, ) dV". (75)
1%

eon(w)?

This integral is easily numerically solved and can be converted back into the electric field
through equation (68), though in the far-field the electric field can also be approximated
as E = k2Z. The integral runs over the entire spatial domain, but because the induced
nonlinear polarization only occurs within the object of study, this is equivalent to just
performing the integral over the volume of the object. A graphical representation is
shown in figure 5. The downside of this method that the integral has to be performed for
each location 7, so one cannot get the electric fields everywhere in space as that would
be computationally prohibitive. Fortunately, for the purpose I require it for, only a few
points in the far-field are required, making this method orders of magnitude faster than
FDTD simulations.
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Figure 5: Integration domain of the Green’s function. The integral is over the coordi-
nate ¥ and runs over the entire object with volume V' to calculate the electric field at

coordinate 7 outside the object.

2.2.2 Green’s function for SHG

This method was originally implemented by Konstantin Popov to study the imaging
by SHG of collagen fibrils as will be discussed in chapter 3. For SHG, the nonlinear

polarization is

Py (7, 2w) = € Z XS,)C(F, 2w = w + w) E; (7, w) ER (T, w), (76)
j.k

where the summations over j and k both run over x, y, and z, while E is the electric
field at the excitation frequency; we are assuming an undepleted pump approximation.
Konstantin Popov’s program originally only had support for a single component of the
x? tensor, namely Xg(fy)y This was enough for me to use the program to simulate the
SHG radiation of cylinders aligned along the y-direction, illuminated by a y-polarized
Gaussian beam propagating in the x-direction. I used this to run the simulations required

for the research in chapter 3.
I have since extended the program to support the full 27-component tensor while
allowing the cylinders to be rotated in arbitrary directions. Since the program is geared

towards collagen fibrils, I can make use of the fact that there are really only three
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independent nonzero components. For collagen cylinders, the d-matrix is given as [100]

0 0 0 0 0 dg
d=|dy dyp dyy 0 0 0 |. (77)
0 0 0 dg 0 0

Some elements appear twice because cylindrical symmetry dictates that x and z are
interchangeable. In the case of Kleinman symmetry there are only two independent
components as then dy; = di6. The d-matrix is related to the X(2) tensor through [14]

1
die = ixfflla (78)

where ¢ is related to jk as

jk: 11 22 33 23,32 31,13 12,21

(79)
;1 2 3 4 5 6

The indexes for 7, j, and k can take the values 1, 2, and 3, which corresponds with the
coordinates x, y, and z respectively.

The fibrils can be rotated in arbitrary directions, which means that not only the
spatial dimensions of the cylinders need to be rotated, but also that the Y tensor must
rotate accordingly. Rotating a tensor is slightly more involved than rotating a vector,
but the same principles apply. For example, to rotate a vector @ by an angle 0 in the

xy-plane, one would multiply the vector by a rotation matrix R as follows:

cosf sinf 0 Qg
d=| —sinf cosh 0 a, | = Rad. (80)
0 0 1 a,

In tensor notation, this can be written as a} = Rjiai, where the summation over ¢ is
implied. To rotate the y(® tensor, a similar transformation can be done, but this time
over all the indexes:

2) ! ip g 2
Xén)m = Rm R?LJRZkXEjI)W (81)

where there is an implicit summation over ¢, j, and k.
Combining the rotated fibrils in space with the rotation of the y(® tensor allows me
to simulate SHG imaging of fibrils in any orientation. Figure 6 shows the far-field SHG

intensity signal resulting of a fibril that has Xl(fy)y = (.14 while the other components are
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Figure 6: The SHG intensity signal in the forward direction versus, from left to right,
a rotation of the fibril in the yz, xz, and xy plane. The fibril has X?(ﬁ,)y = (0.14 while the

other components are zero.
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Figure 7: The SHG intensity signal in the forward direction versus, from left to right,

a rotation of the fibril in the yz, xz, and xy plane. The fibril has Xéz)y = 0.14 and

X%)y = (0.065 while the other components are either zero or follow Kleinman symmetry.

zero. The cylinder is illuminated by a Gaussian beam with a wavelength of 1000 nm and
a waist of 1.1 um. Both the fibril and the surrounding medium have a refractive index of
n = 1.4. From the middle plot, it can be seen that a rotation of the fibril in the xz-plane
has no effect because the cylinder is aligned along the y-axis. Figure 7 shows the same
rotations under the same illumination, but now with Xl(i,)y = 0.14 and ng)y = 0.065. The
other components are either zero or follow Kleinman symmetry. The third plot for the
rotation in the xy plane shows a higher far-field SHG intensity signal because the fibril is
being rotated towards the laser propagation axis. Thus despite the fact that the effective
x? decreases due to the rotation, more of the material is illuminated and thus more
signal is generated.

The code supporting rotation of fibrils can be used on collections of multiple fibrils

42



to model tissue samples where the fibrils are not all aligned in the same direction. This

is planned as a future project. Currently no results are available.
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2.3 Cylindrical Mie theory

Mie theory allows for the calculation of the near-field inside and outside a geometrical
object with a refractive index that is different from the background medium. Like the
Green’s function approach, the Mie solution is an analytical solution to the Maxwell’s
equations. Unlike the Green’s function approach however, it does take into account a
refractive index mismatch. It was first developed by Gustav Mie in 1908 [101]. The solu-
tion he described is for a plane wave illuminating a spherical object [102], but solutions
also exist for non-spherical objects, such as cylinders [103,104], which is what is used in
the simulations for chapter 6.

To get an analytical solution for the electromagnetic field, the wave equation from
Maxwell’s equation needs to be solved using cylindrical coordinates. Mie theory assumes
that the refractive index inside the cylinder, ny,, is homogeneous, as well as the refractive
index outside of the cylinder, n,,. However, generally n;, # nous-

[ will not endeavour to give a full derivation of the Mie solution for cylinders. Partly
because the solution is already derived by H.C. van de Hulst [103], but also because the
actual implementation was done by the combined work of two undergraduate students,
Julien Roy and Charalambos Kioulos, the latter of which was under my supervision.
What follows is merely the overview of the derivation to highlight the key points.

The wave equation that follows from Maxwell’s equations for a system without free
charges is

n’w?

V x V x E(w,7) — E(w,7) =0, (82)

where w is the frequency of the incoming light and n can be either ny, or nq,. Using the
identity V x V x A = V(V- fY) — V24 and the fact that V- D = eV - E = 0, this wave
equation can be rewritten as

n’w?

E(w,7) =0. (83)

2
This is the familiar Helmholtz equation that we already saw in section 2.2. However, this
time it needs to be solved for cylindrical boundary conditions instead of free space. To fa-
cilitate the solving of this equation, the vectorial Helmholtz equation can be transformed
into scalar one by introducing the derived vector fields M and N such that [103]

M =V x (7)) (84)
N = %v % M, (85)
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where 1 is the new scalar field that satisfies

n’w?
V3w, )+ S w,) =0 (50)
Then the electric field is given as
E =M +iN. (87)

The scalar Helmholtz equation needs to be solved using cylindrical coordinates, (p, 6, z),

because of the cylindrical boundary conditions, thus the equation becomes

Pu L0 100 Pu
op>  pdp p? 002 022 c?

W =0. (88)

The cylinders are considered to be aligned along the z-axis. The equation can be solved
using separation of variables. That means the solution is a product of sin(v6) or cos(v0)
with a v-th order Bessel function of the first or second kind for the dependence on p.

The full solution can be written as [103]

b, =2, (p "232 - h) e, (89)
where h is an arbitrary constant while v is an integer and Z stands for the Bessel
function. It should be noted that these functions form a complete basis, that is, any
arbitrary function can be expressed as a superposition of the above solutions.

Now that the Helmholtz equation is solved, the boundary conditions need to be
applied. There are two types: the boundary conditions at infinity and those at the
surface of the cylinder. Since the cylinder is illuminated from the outside by a plane
wave, which scatters off the cylinder, the electric field outside of the cylinder can be
written as Einc + Escatter. Inside the cylinder the field is denoted by Ecyl. The incoming
field, Einc is known and can be expressed in terms of the basis function from equation
(89). Furthermore, the scattered wave should behave as an outgoing cylindrical wave,
which means it will be a Hankel function of the second kind, i.e. J, — iY,,. This is
analogue to the spherical case, where the scattered field at infinity should be an outgoing
spherical wave.

Finally, the boundary conditions at the cylinder surface are used to determine the
linear coefficients of the superposition of (89) that compose the interior electric field and

those of the scattered wave. These boundary conditions arise from Maxwell’s equations
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as well and are

it X (Egus — Ein) =0 (90)

i x (Houw — Hin) =0 (91)

- (02 Eowt — 12 i) = 0 (92)
it (Houe — Hi) =0 (93)

This leads to a linear system of equations for each order v which can be solved to generate
the coefficients for the electric field inside the cylinder and outside. This is a lengthy

calculation, in the end it leads to

N
= n: .
En(p.0,2) =Y d,—=(=1)"e" ], (kp 94
(0:0.2) = 3 () (90
N
Eow(p, 0, 2) = Z(_i>uele (JV(koutp) - bVHzEQ)(koutp)) ) (95)
v=0

where the coefficients d, and b, are given by

(H2)(0) = HEL (@) Ju(a) = HP (@) (r-1(0) = Juia (@)
dy = 2) n2 2 (96)
e (HZ (@) = HEL(@)) J(8) = =B (@) (J1(8) = Juna (8))
e (8) = e (8)0) = e Ty (B) (s (@) = Sy () o)

Nin (o1 (8) = Joir (B)) HP (@) — noue Ty (B) (HL2 () — HZ, ()

And furthermore, o = kqya and § = kjya with a being the radius of the cylinder.

Using this method in combination with the free-space Green’s function approach from
section 2.2 allows one to calculate the far-field signal. This can be employed to study
the effect of refractive index mismatches between collagen fibrils and their surrounding
medium as I will do in chapter 6. It is orders of magnitude faster than comparable
FDTD simulations. It however does not account for the effect of refractive index on
generated nonlinear radiation, though in future work this can be accounted for by using
a cylindrical Green’s function approach instead [105]. If multiple cylinders are present
in very close proximity to each other, then the Mie-Green’s function approach does not
account for the effects of neighbouring cylinders and FDTD is required to account for

those.
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2.4 Generating a distribution of collagen fibrils

For the research in collagen fibrils, I needed to numerically generate the tissue sample to
be imaged as well. For chapters 3, 5, and 6, simulated rat tail tendon, human cartilage
and cornea is required. These tissues consist of fibrils that are mostly aligned in the
same direction on the scale of the laser focal spot and can thus be modelled as cylinders
that are all parallel to the y-axis. The difference between the tissues is given by three
properties, the number of fibrils with a positive and negative y(?, and the distribution
of fibril diameters.

The distribution of fibril diameters can be a fixed diameter which is how I model
cornea, where fibrils have effectively a single size, and cartilage, where the fibril diameter
is only considered to vary with tissue depth. The distribution can also be a custom
distribution meant to resemble rat tail tendon [106,107]. The total number of fibrils in
the simulation domain is determined by the packing fraction, p, which is the ratio of the
area in the xz-plane that the fibrils occupy to the total area of the simulation domain in
the xz-plane. Finally, the positive-to-total ratio, f is determined by the number of fibrils
with a positive second-order nonlinear susceptibility to the total number of fibrils as
Ny

(98)

where N, is the number of fibrils with a positive susceptibility and N_ with a negative
one. The fibrils can be either positive or negative because the collagen proteins are
achiral and they assemble into fibrils in such a way that this property is preserved along
hundreds of microns along the length of the fibril [108]. Thus depending on the chirality,
the sign of the x? is determined.

Our group already had code to generate these collections of fibrils by randomly trying
to place a fibril in the simulation domain and simply reject it if it overlapped with any of
the previously placed fibrils. While this method works well to create collections of fibrils
with a packing fraction up to p = 0.5, it fails to create more densely packed collections
because the already placed fibrils leave no room for additional fibrils.

To overcome this, I have written a molecular dynamics simulation to distribute the
fibrils. Tt works as follows. First fibrils are randomly generated using a size distribution
until the required packing fraction is reached. Then these fibrils are randomly placed in
the simulation domain, where many of them will initially overlap. Finally, the molecular
dynamics simulation runs on these fibrils, which pushes them apart until none of the

fibrils overlap anymore. This method is able to reach p = 0.7 using the rat tail tendon
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diameter distribution. Both the fibril diameter distribution and the molecular dynamics

simulation are detailed below.

2.4.1 Diameter distribution

In nature, collagen fibril diameters follow specific size distributions depending on the
type of tissue and age. For example, human cornea has fibrils that within a very tight
margin have a diameter of 32nm, whereas rat tail tendon for 13-14 week old rats follow
a distribution of the form [107]

=g (-3). (99)

where d is the diameter and dy is the mean diameter. This formula was chosen to
have a convenient analytical form that fits the actual diameter distribution; there is no
significant meaning behind it.

Rat tail tendon tissue of rats younger than 13 weeks follow a bimodal Gaussian
distribution of the form [106]

F(d) = ciexp (—W) + ¢y exp (—M) : (100)

1 03
where c;/, are the height of the peaks, 0/, are the widths, and dg;/» are the mean
diameters for each peak. Tail tendon of mature mice follows a similar distribution to that
of young rats, except that instead of bimodal, the diameters follow trimodal Gaussian
distribution.

To generate these distributions numerically, various techniques can be employed.
Konstantin Popov has programmed the rat tail tendon distribution for 13-14 week old
rats by inverting the normalized cumulative distribution. This allows one to use an
uniform random number generator to generate a number between 0 and 1, which is then
used as an argument for the inverted distribution. The output is a diameter that follows
the original distribution.

[ implemented the bimodal distribution by employing the Boost libraries, which con-
tain a random number generator for normally distributed samples. I implemented the

bimodal distribution by first using an uniform random number generator to select either

Gaussian ¢ = 1 with probability —%— or Gaussian ¢ = 2 with probability —2—. Then

c1+co c1+c2
I select a diameter using the normal distribution with mean dy; and width o;. The

trimodal Gaussian distribution is implemented similarly.
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2.4.2 Molecular dynamics simulation

A molecular dynamics simulation involves N particles experiencing a force. In its simplest
form, i.e. the “forward Euler” algorithm, the acceleration, velocity, and position for each

particle is updated every time step according to the equations [109]

N
@t = Aty P, ) (101)
j=0
j#i
Tt = artt At (102)
gt =g+ AL (103)

where the force F' usually depends on the position of both the i-th particle and that
of the other particles through an attractive or repulsive force. It should be mentioned
that “forward Euler” algorithm is generally the worst for simulating physical processes
because it tends to suffer from energy drift which means that the total energy of the
system is not conserved. However, it suits my purposes perfectly as [ am only interested
in getting the fibrils to not overlap anymore; the motion itself is not of interest.

The molecular dynamics simulations starts with overlapping fibrils. T then define a

force on a cylinder at positions 77 from one at 7, with radii 7y and ro as

F=

i =2 2
- { 71— |J]1 ZL‘2| S ™ + T (104)

0 |Z) — @] > 11+ 19
That is, if the cylinders overlap, they will experience a repulsive force, otherwise no force
is applied. More complicated expressions for the force are possible but lead to slower
convergence. The boundaries of the simulation domain are elastic such that cylinders
hitting the boundaries are reflected.

To achieve convergence, the speed of the cylinders is reduced by 50 % every time step,
which leads to exponential decay. Therefore, cylinders that are no longer touching will
quickly settle in their final position because they experience no forces. Convergence is
usually reached within seconds depending on the input parameters.

In figure 8, three frames are shown from an example molecular dynamics simulation.
A box was chosen of 1 um x 1pm. The diameters of the cylinders were randomly chosen
to reflect fibrils found in 13-14 week old rat tail tendon. The number of cylinders is
such that the packing fraction is p = 0.70. The initial placement of the cylinders is
shown in the left plot where most of the cylinders overlap. Then the molecular dynamics

simulation is started. The middle plot shows the result after 100 iterations. Only two
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Figure 8: Three frames from the molecular dynamics simulation. The left plot is the
initial random placements of the cylinders with overlapping circles. The middle plot

shows iteration 100 and the right plot shows the last converged sample at iteration 708.

cylinders still overlap in the bottom because they are large and started in the corner.
The right plot shows the converged simulation after 708 iterations. The cylinder that
was overlapping at iteration 100 has been pushed towards the centre while pushing the

other cylinders away to make room.
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Obtaining subwavelength information

using Second Harmonic Generation

SHG is a nonlinear optical imaging technique that is particularly well-suited for imaging
collagen fibrils. The maximum theoretical obtainable resolution of any optical imaging
technique is limited by the Abbe diffraction limit which is A\/2, where ) is the wavelength
of the SHG signal. For collagen imaging the wavelength of the input beam is 810 nm.
Because of the frequency doubling, the maximum observable detail is thus 203nm .
Fibrils diameters are almost always smaller than that and therefore cannot be imaged
directly with SHG.

However, since SHG is a coherent technique, interference effects can occur between
individual fibrils. Through careful modelling it is possible to extract additional infor-
mation about the subwavelength structure of the sample. For example, two papers on
which I am co-author demonstrate this. The first shows that the ratio of the SHG in-
tensity signal in the forward and backward direction, the F/B ratio, has information
about the fibril diameter [1]; this is described in section 3.1. The other, described in
section 3.2, demonstrates how obtaining the the phase information using interferometric

SHG provides insight into the orientation of fibrils within the sample [2]. In both cases
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I provided the numerical modelling to relate experimental results to the subwavelength
properties. In as yet unpublished work, T also studied imaging of collagen in cornea, that
is intended to be part of a collaborative experimental-theoretical future work; I describe

this in subsection 3.3.

3.1 Analysis of fibril diameters in bone and cartilage

For the first paper, Houle et al. [1] investigate collagen type I as it is found in human
bone as well as type II as it can be found in articular cartilage. The type designation
refers to the tissue’s macrostructure. In type I, the fibrils are aligned in tight bundles at
the microscale but on the 10 pm scale these bundles are oriented in different directions.
For type II collagen, the fibrils are more randomly oriented at the microscale but still
present an overall constant orientation on the macroscale. Types I and I are one of
the most common and form fibrillar structures, where type I can be found most often in
bone, skin, and tendon, whereas type II is usually found in cartilage [37]. The structural
changes of the collagen in these tissues are related to ageing, wound healing and disease.
Therefore it is important to be able to examine these fibrillar structures at the nanoscale.

One way of doing this is, is by imaging the sample in both the forward and backward
direction with a SHG microscope. Since SHG is a coherent technique, phase matching
conditions are crucial in forming the radiation pattern. If the phases of the incoming
beam and the generated outgoing beam match perfectly, there will be purely constructive
interference from the microscopic fibrils, resulting in strong radiation. Without phase
matching, the SHG radiation will interfere with its neighbouring scatterers and destruc-
tive interference will occur depending on how the neighbouring scatterers are distributed.
Destructive interference also occurs in bulk material when using a focused beam due to
the Gouy phase shift. However, the fibrils considered here are small, thus this does not
occur. I assume for simplicity that the refractive index at w is the same as at 2w, which
is a valid approximation as the difference in the refractive index of collagen only differs
by An = 0.03 at the wavelengths used. Thus only for length scales of more than 4 um
would an effect be noticeable; fibrils are much smaller than that. I have phase matching
if the relation of IZSHG + Einput = 0 holds, where gSHG is the wave vector of the SHG radi-
ation and Einput that of the input beam. Thus by looking at the ratio of the forward and
backward direction, information about the inner structure of the tissue can be gleaned.

A 10 pm slice of human knee cartilage and bone was imaged using a laser-scanning

SHG microscope in both the forward and backward direction. In the forward direction
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Figure 9: Experimental image of forward-to-backward ratio of articular cartilage (a) and
bone (b) [1]. The colour bar indicates the F/B ratio. Images are 100 pm x 100 pm. (©
2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.

the signal is collected by a photomultiplier tube through an objective that has an NA of
0.8 and in the backward it is collected through the microscope objective and then passed
through a dichroic mirror onto another photomultiplier tube. The polarization is rotated
such that the maximum signal is obtained which occurs when the polarization of the
incoming beam is aligned with the direction of the fibrils. Since we were interested in the
forward-to-backward (F/B) ratio of the sample, this means we needed to compensate for
difference in the detection efficiency between the forward and backward direction. This
was done by calibrating the microscope using two-photon excited fluorescence (TPEF)
of a solution of Coumarin 440. Since TPEF emits equally in every direction the signal
strength in both the forward and backward direction is the same.

The solution was then substituted by the actual sample of cartilage or bone, of which a
SHG image was obtained in both the forward and backward direction by raster scanning.
This was then assembled in a single 2D image displaying F/B ratio as a function of
position as seen in figure 9. The F/B ratio was found to range from 1 to 70, where
a ratio of 1 indicates that the sample at that position radiates equally strong in the
forward as in the backward direction. A ratio of 70 means that the fibrils there show a
strong preference to emit in the forward direction. In itself, this does not provide detailed
information about the internal structure. However, by performing numerical simulations
we are able to connect these values to fibril diameter size.

My contribution was to model the forward and backward intensity using the Green’s
function approach outlined in section 2.2 on a collection of fibrils of fixed diameter
d. A single such collection is shown in figure 10. As the samples I consider are thin,

backscattering is ignored. The fibrils are represented by infinitely long cylinders along the
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Figure 10: Example of a typical fibril distribution for human cartilage with fixed diameter
of 150 nm and filling fraction of p = 0.7. Cylinders are aligned in the y-direction. Filled

disks indicate a fibril with positive x(® while empty circles indicate negative y(?.

y-axis while the input beam was modelled as a y-polarized Gaussian beam propagating
in the x-direction. Furthermore, the simulated sample has a filling ratio p, which is
the ratio of the area in the xz-plane occupied by the cylinders over the total area. For
different p and d a thousand samples were generated with the cylinders placed at random
locations using the methodology outlined in section 2.4. Typically, each sample contains
thousands of fibrils depending on the fibril diameter. FEach fibril in a sample has either
a positive of negative second-order nonlinear electric susceptibility, x(?). The probability
is for a positive or negative y(? is assumed to be equal. Work in the next section shows
the probability to be between 45 % to 55 %. In this thesis, in figure 33, I also show that
this does not impact the results presented here.

Each sample is then illuminated by a Gaussian beam with wavelength 810 nm and a
waist size of 1.25um. For each sample, the electric field of the SHG signal in the far-
field was calculated using the Green’s function approach on each fibril in the sample and
summing their far-field electric fields. From the electric field of the SHG signal in the
far-field, the far-field SHG intensity is obtained. An ensemble average of the intensities
in the forward direction is taken over all the samples, and same for the intensities in the
backward direction. The ratio of those averages is the F/B ratio.

The results of the simulations are shown for a fixed diameter d = 150 nm as a function
of filling ratio p in figure 11a. It can be seen that the F/B ratio does not depend on the
filling ratio p, even though the forward and backward SHG signal do depend on p (not
shown). Figure 11b shows the F/B ratio for a fixed filling ratio p = 0.6 as a function
of fibril diameter and shows that the F/B ratio does depend on the diameter d of the
cylinders. Since the F/B ratio depends only on the diameter and not on the filling ratio,
this allows us to link the F/B ratio directly to the cylinder diameter. Thus given a F/B

ratio, we can use figure 11b to infer the fibril diameter.
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Figure 11: F/B ratio as a function of filling fraction p for a constant diameter of d =
150 nm (a) and for a constant filling fraction of p = 0.60 (b) [1]. Incident laser beam has
waist of 1.25 pm and wavelength of 810 nm. The inferred fibril diameter as a function of

depth is shown in (c).

Returning back to figure 9, We can now claim that areas in bone where the F/B
ratio is 70 corresponds to a fibril diameter of 160nm. On the other hand, in cartilage,
the F/B ratio is only as high as 8, which corresponds to a maximum diameter of 11 nm.
Recall that these SHG images were created using an image beam with a wavelength of
810nm. Therefore the wavelength of the SHG radiation is 405 nm which leads to an
Abbe diffraction limit of 203nm. The fibril diameters we obtained from modelling the
image formation process is well below this diffraction limit, ¢.e. we obtained subresolution
information using SHG imaging.

Using the 3D capabilities of nonlinear optical imaging by moving the laser focus into
the sample, we can measure the F/B ratio as a function of depth. The absorption of
the tissue, which would affect the measured forward and backward signal is taken into
account through the calibration with TPEF. By linking the measured F /B ratio directly
to the fibril diameter, we can produce the plot shown in figure 11c which shows the
fibril diameter as a function of depth. As we go deeper into the cartilage from the
surface towards the cartilage-bone interface, the fibril diameter increases from 85 nm to
125nm. These observations match what is known in literature where scanning electron
microscopes were used [110,111].

We were successfully able to link the measured /B ratio to the fibril diameters
using SHG microscopy alone through numerical modelling. In doing so, we are able

to glean information about the tissue at length scales smaller than the diffraction limit
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for frequency of the SHG radiation. These finding can be used to track changes in the

fibrillar structure of tissue due to ageing or disease.

3.2 Fibril alignment in cartilage

More information can be obtained than just the fibril diameters. It is also possible to
study the alignment of the fibrils in tissue using the coherence properties of SHG, which
is the second paper I co-authored [2]|. In it, we study juvenile equine cartilage, which
contains type I collagen, using a new technique called interferometric SHG (I-SHG).

It is known that in these tissues the fibrils tend to align in parallel and anti-parallel
fashion, which means that the fibrils either have a positive or negative x(? [14,108,112].
This means a positive fibril will emit SHG radiation that is out of phase with that of
a negative fibril by 7, which will affect the I-SHG image. It also means that the SHG
signal from two close-by fibrils with opposite polarity will cancel out. Therefore the SHG
signal does not only depend on the density of scatters, but also its structure. In normal
SHG imaging it is therefore not possible to directly relate regions of low far-field SHG in
the image to the absence of collagen; there may in fact be significant amounts of collagen
present. This depends on the number of fibrils with positive Y, N, and negative, N_.
We define the ratio f as before as
N,

S 105
N, + N_ (105)

f

If the ratio f is 0.5, then equal numbers of positive and negative fibrils are present and
this can be expected to reduce the SHG signal significantly, though not completely, as
the f ratio is defined over a large region of tissue, and there are statistical variations
within the sample from laser shot to laser shot. If we were to know what the value of
f is, we can take this into account when interpreting the SHG image. We show that
the f ratio can be obtained from the phase information of the second-order nonlinear
susceptibility.

[-SHG allows for the retrieval of the phase information from a sample by interfering
the scanning laser microscope with a reference beam. The reference beam is generated
by sending the input beam through a quartz plate, so both the input beam and the
reference beam traverse the sample. The input beam generates SHG radiation inside
the sample, which subsequently interferes with the reference beam. By introducing a
phase delay, ¢, the signal received by the PMT either constructively or destructively

interferes according to the simple relation cos(@exp — ¢ref). The intensities are measured
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Figure 12: Experimental image of equine cartilage is shown for intensity (a) and phase
(b). The coloured boxes in (a) are regions of interest for which the phase distribution is
shown in (¢), (d), (e), and (f) [2]. Copyright (©) 2015 Biophysical Society. Published by

Elsevier Inc. All rights reserved.
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multiple times at the same pixel with different values of ¢.f. Fitting the cosine function
to the measured intensities as a function of this phase delay, allows for the full retrieval
of @exp, Which is the phase introduced by the sample and can range from —m to m. The
full experimental setup is detailed in [2].

Figure 12a shows a typical SHG intensity image, whereas figure 12b shows the phase.
The yellow areas indicate areas where there is not enough intensity to reliably determine
the phase, but the red and green sections clearly have a determined phase. The phase
distribution in the regions of interest are shown in figure 12¢, d, e, and f. The high
intensity areas in the green and red square have a sharp peak, which means the phase
is well-defined there. In those areas f deviates from 0.5 significantly, leading to mostly
constructive interference and thus high intensity. The blue and yellow boxes on the other
hand have little intensity, but a look at the phase distribution in figure 12e shows two
distinct peaks. This means that the low SHG intensity measured there is not the result
from a low density of scatters, but rather destructive interference.

In fact, the widths of the peaks contain information about the underlying f ratio.
To extract this information we require the use of the simulations I ran. The simulations
are similar to those in the previous section, that is, the fibrils were modelled as cylinders
aligned in the y-direction with either a positive of negative x(®. The cylinders were
randomly placed in a non-overlapping manner such that the filling ratio is p = 0.7 which
corresponds approximately to those found in nature. They were then illuminated by a
Gaussian beam with a waist size of 1.1 um and wavelength of 810 nm as was used in the
experiment. Both the cylinders and the surrounding medium have a refractive index of
n = 1.4, where the refractive index of the surrounding medium is assumed to be the
same as that of the fibrils. The ratio f was varied from 0.25 to 0.75 and for each f
a thousand numerically generated samples were simulated and the far-field phase was
collected in each case. Then the standard deviation of the phase of the SHG field was
determined for each f as well as the intensity. The result is plotted as the black points in
figure 13. Figure 13a shows the ratio f as a function of standard deviation o. When the
number of positive or negative fibrils is dominant, it can be expected that the measured
phase if always close to 0 or 7 for each sample. That is, the standard deviation is going
to be small. On the other hand, when the number of positive and negative is nearly
equal (f = 0.5), then the phase in the far-field is going to be different for each simulated
sample. The standard deviation in that case if going to be very large. This is indeed what

we see in figure 13a. Likewise, when most of the fibrils are either positive of negative,
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Figure 13: (a) shows the ratio of positive cylinder, f, as a function of the standard
deviation of the phase, 0. (b) shows the SHG intensity signal as a function of f |2].
The black dots are the results of simulations for 1000 samples illuminated by a Gaussian
beam with waist 1.1 pm and wavelength of 810 nm. The coloured squares correspond to
the coloured regions of interest from figure 12a. Copyright (©) 2015 Biophysical Society.
Published by Elsevier Inc. All rights reserved.
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the far-field signal is going to be the result of many fibrils coherently adding up and
will therefor be large. With similar numbers of positive and negative fibrils, the far-field
signal will suffer from destructive interference and be low. This is shown in figure 13b.

By comparing these simulations to the experimental measurements, we can obtain the
f ratio in the regions of interest. The coloured boxes from figure 12a are shown in figure
13 and correspond to the measured standard deviation in figure 13a and intensity in 13b.
The green region of interest has a small standard deviation and large intensity. Based
on the standard deviation, the f ratio in that region should correspond to f = 0.30. Of
course, it also matched f = 0.70, but we can determine from the phase measurement by
the I-SHG microscope that most of the fibrils in that region have a negative x| thus
f = 0.30. Likewise, the red region of interest has mostly positive fibrils and thus f > 0.5.
Based on the measured standard deviation, the region of interest will have f = 0.72. The
blue and yellow regions are more ambiguous as there are two peaks in the phase graph
from figure 12c and e. Matching the standard deviation from each peak to figure 13a
results in blue having f between 0.39 and 0.65 and yellow being between f = 0.44 and
f=0.59.

When we plot the SHG intensity as a function of these found f ratios, we get the plot
shown in figure 13b. The measured SHG intensity lines up well with the SHG intensity
predicted by the simulations, which further proves that the resulting SHG signal is the
result of interference rather than density as each simulation was performed as the same
density.

In conclusion, I-SHG is a great tool for investigating the alignment of fibrils in collagen
tissue. We can obtain information about the sample on the nanoscale, well below the
optical resolution of the SHG microscope. Using my simulations, we have been able to
show that SHG signal intensity does not arise solely from scatterer density, but is highly
dependent upon the underlying nanoscale structure because SHG is a coherent process.

In chapter 5, I introduce an alternative technique for retrieving the phase information
without interferometry. It is based on a computational iterative reconstructive algorithm

that uses far-field intensity patterns captured by a CCD camera.

3.3 Imaging cornea

Another interesting collagen-containing tissue is cornea, which is the transparent layer
that sits on top of the eye pupil and iris. Damage to the cornea could lead to loss of

sight and it is therefore important to be able to study changes in the structure of cornea.
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Figure 14: Example of a typical fibril distribution for cornea with fixed diameter of
32nm and average distance of 64 nm from centre to centre. Cylinders are aligned in the
y-direction. Filled disks indicate a fibril with positive y(? while empty circles indicate

negative y(?.

Genetic disorders such as keratoconus leads to thinning and deformation of the cornea
tissue [113]. Wound healing and maturing also intimately affects fibril organization [114,
115]. Typically these fibrils have diameters of only tens of nanometers and are therefore
hard to be directly image with any optical technique or require the use of electron or
atomic force microscopes. However, structural information can still be obtained by once
again using SHG microscopes. For example, cornea tissues diseased with keratoconus
can be distinguished from healthy cornea using SHG microscopy [116].

The fibrils in cornea have a diameter of 32 pum are not tightly packed but maintain a
distance of 64 nm from centre to centre, which allows them to be transparent [37,117].
A sample simulated distribution is shown in figure 14. The fibrils are aligned in sheets
called lamellae which are about 3pm thick. These lamellae are rotated with respect to
each other. While imaging these structures, it has been found that images obtained in
the forward direction show structure while the image in the backward direction are just

a speckle pattern [29,118|. By running simulations for a single lamella, I am able to show
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that this is caused due to the randomization of the phase in the backward direction. As
the fibrils themselves are small, they act as dipole emitters, so a single fibril will have the
same forward and backward signal. However, when a distribution of fibrils is present,
each fibril will have a random position. That means that there will be phase difference
between the fibrils, but only in the backward direction.

To visualize this, assume two fibrils in positions (z1,y1) and (z2,y2) with zo > x;
are illuminated by a plane wave travelling in the x-direction with wave number k;. At
the first fibril, the propagation phase of the incident light is k;x; assuming it was zero
at the origin. Since the induced nonlinear polarization is P o E?, this means that
the phase imprinted on the generated SHG radiation with wave number ksyg = 2k; is
ksugri. Similarly, the phase of the incoming plane wave and subsequently the induced
SHG radiation at the second fibril is k;z9 and ksggao respectively.

In the forward direction, the SHG radiation from the first fibril will travel to the
second, picking up an additional propagation phase of kspyg(z2 — 1), which makes the
final phase ksng(re — 1) + kspcz1 = kspcza, which is exactly the phase of the SHG
radiation imprinted on the SHG radiation from the second fibril. Because the phase is
the same, full constructive interference occurs in the forward direction in the limit where
we can ignore walk-off due to dispersion. As before, I still consider the refractive index
to be the same for the input beam and the SHG radiation.

In the backward direction, the SHG radiation from the second fibrils instead travels
to the first fibril. The propagation phase it picks up is, as before, kspg(z2—x1). Thus the
total phase of the SHG radiation from the second fibril at the first fibril ksgg(z2 — 21) +
ksucra = ksua(2x9 — 1), which does not match the phase of kspygx; that is generated by
the first fibril. This phase difference between the SHG radiation of the first and second
fibril leads to destructive interference depending on the relative positions of the fibrils.

These statements hold true for large collections of fibrils as well; SHG radiation in
the forward direction always adds coherently while in the backward direction it does
not. In the lamellae, the fibrils are all aligned. However, they may be parallel or anti-
parallel to each other, that is, the second-order nonlinear susceptibility is either positive
or negative. T again calculate the forward and backward far-field SHG intensity signal
using the same Green’s function formalism as before but now with an input beam with
a waist of 0.525pm and wavelength of 810nm. Due to nonlinear susceptibility being
randomly positive of negative with equal probability, destructive interference can also

occur in the forward direction, the phase is however still well-defined as seen in figure 15.
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Figure 15: Distribution of phase in the forward and backward direction for a positive-
to-total ratio of f = 0.50,0.51,0.52.

For the forward direction two distinguished peaks are visible for f = 0.5 in the top left

plot of figure 15, while for the backward direction in the top right plot of figure 15, the

phase is uniformly distributed. As the ratio of positive fibrils to total number of fibrils, f,

is increased just slightly (middle and bottom rows of figure 15) a single peak is becomes

dominant. Due to the random nature of the distribution of positive and negative fibrils,

the f number will fluctuate naturally, so a well-defined phase in the forward direction

is expected, which explains why in the forward direction one can observe structure, but

not in the backward direction where the interference destroys any image formation.
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Effects of refractive index mismatch on
SRS and CARS microscopy

This chapter is a verbatim copy of my article “Effects of refractive index mismatch on
SRS and CARS microscopy” that was published in Optics Express' [90]. Tt should be
noted that even though the article concerns only SRS and CARS, it may apply to other

nonlinear optical techniques as well.

4.1 Introduction

Nonlinear optical imaging microscopes allow for label-free non-destructive imaging of
biological processes in cells and tissues [78,119]. Two such techniques are stimulated
Raman scattering (SRS) microscopy and coherent anti-Stokes Raman scattering (CARS)
microscopy, which allow for video-rate [51,54,55| and hyperspectral imaging [77|, where
in the latter per-pixel spectral information is obtained. Using broadband CARS one

can obtain high resolution 3D images of the entire fingerprint region [48], where most

1J.N. van der Kolk, A.C. Lesina and L. Ramunno, Effects of refractive index mismatch on SRS and
CARS microscopy, Optics Express, 24(22):25752 (2016)
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organic molecules have their identifying Raman peaks and ranges from 500-2000 c¢m 1.

Meanwhile, SRS with its linear dependence on density and enhanced contrast has been
used to obtain multispectral images at 30 frames per second allowing one to identify
virtually any organic molecule, even when their vibrational spectra are very similar [55],
including in the fingerprint region [120]. This is useful for biomedical applications such
as tracking drugs as they move through tissue [62,63], detecting tumours [64], and the
tracking of newly synthesized proteins as they are being produced [65].

For these imaging techniques to produce reliable images, it is crucial to understand
the nonlinear image formation mechanisms, especially with regards to contrast and dis-
tortions. Due to the coherent nature of CARS, interference of the CARS signal with the
signal from the nonresonant background (NRB) can occur — even when techniques such
as FM-CARS are used — resulting in reduced contrast, spatial shifts [69] and spatial-
spectral coupling, where distortions in the Raman spectrum as retrieved from the CARS
spectrum were observed [76]. Unlike CARS, SRS does not have a comparable nonreso-
nant process, but when the background is inhomogeneous in the nonresonant third-order
non-linear susceptibility, a background signal can be generated on the same order of
magnitude as the SRS signal [70].

In this paper, we find that the difference between the refractive index of an object
and the background medium, even when An/n < 0.12, can cause significant distortions
of SRS and CARS images due to near-field enhancement of the input laser beams and
microlensing. Though the modest differences in the indices of refraction in biological
material between the objects and the background medium are exploited in phase-contrast
microscopy [6], these differences are ignored in most models for CARS and have not been
explored in SRS. For CARS, it is known that such a refractive index mismatch in the
surrounding medium can cause the epi-CARS signal to be masked by reflections of the
forward CARS signal [121]. Microlensing through spheres on top of a glass plate has
been investigated as well and shows photonic nanojets forming as well as diffraction
rings in the far field [122|. The linear index can also cause shadows in the nonresonant
background |71| though filtering techniques such as FM-CARS have not been investigated
in that regard. In theoretical work in CARS, enhancements to the induced nonlinear
polarization near the interface of a single dielectric sphere and a surrounding medium
have been explored [72| as well as the near-field enhancements for two such spheres
|73]. These last two works, however, did not not have the nonlinear effects directly

incorporated in their FDTD simulations but instead manually obtained the induced
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polarization from the calculated input field and used the free space Green’s function to
propagate the CARS signal into the far-field. Additionally, they only considered objects
at the laser focus which does not represent a true measure of the strength of the far field
CARS signal, due to interference effects with the background anti-Stokes signal [69].

We use FDTD simulations to show that significant changes of the measured SRS and
CARS signal can occur in the far-field images depending upon the refractive indices,
the shape of the Raman scatterer, and the position of the input laser focus. The en-
hanced near fields of the input beams around and within a single Raman-active sphere
do not have a large effect on the magnitude of the CARS and SRS signal. They do,
however, affect the perceived object position. Furthermore, when only off-resonant ma-
terial is present, false SRS and CARS far-field signals occur due to inhomogeneities in
the refractive index alone.

We then turn our attention to a pair of spheres and observe CARS and SRS signals
can be an order of magnitude larger than what would be expected and object positions
are shifted up to 1.0 pm. One sphere acts as a microlens, and creates a field enhancement
inside the second sphere, leading to an enhanced CARS or SRS polarization. Microlensing
from dielectric spheres on top of a sample has been used to create photonic nanojets to
obtain superresolution CARS images [123], whereas the microlensing here is due to the
internal objects present in the sample. This internal microlensing we found leads to an
enhancement and shifted position in the image, suggesting a larger scatterer density than
actually exists in the object. These effects depend on the numerical aperture (NA) of
the collection lens and can be reduced, but not eliminated, by increasing the NA. This
microlensing effect continues to create large signal enhancements when the spheres are
moved several sphere radii apart, and causes the sphere closer to the laser source to be
masked by the first one, up to a separation distance of 1.0 pm for two » = 0.5 pm spheres.

Understanding these mechanisms is key to correctly interpreting CARS and SRS images.

4.2 Methods

We employ FDTD to study the impact on SRS and CARS images of refractive index
mismatch between wavelength-sized spherical objects and a background medium. The
input laser beams are Gaussian beams focused by a parabolic mirror. Intensities are
measured in the far-field by taking the electric field at the domain boundary, extracting
a particular frequency component using a direct Fourier transform and then using the

fields at that frequency to calculate the far-field using a free-space Green’s function
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approach. This near-to-far-field transformation is an exact solution for a homogeneous
background medium outside of the simulation domain and is equivalent to extending the
simulation domain. Furthermore, the obtained far-fields are integrated over the surface
of a collection lens so any diffraction effects are automatically accounted for. Inside the
simulation domain, near fields are measured at the pump and Stokes frequencies through
a discrete Fourier transform in time. The polarization for SRS at the Stokes (wg) and

pump (w,) frequencies can be written as [14]

Psgs(ws) = Geoxs (ws = wp — wp + ws)| E(w,) P E(ws) (106)
Psrs(wp) = Beox ) (wp = wy, — ws + ws) E(w,)| E(ws)]?, (107)

where Xg) is the frequency-dependent resonant third-order nonlinear susceptibility and
€p is the vacuum permittivity. The electric fields in the medium as a result of illumination
by the input pump and Stokes beams are represented by E(w,) and E(wg) respectively.

The polarization for CARS can be written as
Pears (2w, —ws) = 3¢y Xg’) (Was = wp + wp —wg) + X%—z EQ(wp)E*(ws), (108)

where w4 is the anti-Stokes frequency and Xﬁ; is the nonresonant third-order non-linear

susceptibility, which we take to be that of a frequency independent Kerr medium. Our

implementation of Xg) and XE\% automatically calculates both polarizations. We solve

the non-magnetic 3D Maxwell equations in CGS units, using
D= [1 +dr (X<1>(f+ Xﬁ;(mﬁﬂ E + 47 Py, (109)

where Y and XS\%{ are the first- and third-order instantaneous susceptibilities, respec-

tively, and the polarization of the resonant medium is [97]
Pp(7,t) = —E - (xa(F,t) x E*(1)), (110)
where x denotes a convolution and

2
= (3) —1 Whr
t) = F . 111
XR(ra ) XR (F) (W]Q% — 2 21@07}2) ( )

Here, Xg)(F) is the time-independent amplitude of the Raman susceptibility, wg the res-

onant frequency of molecular vibrations, and vz the damping factor; F~! denotes the
inverse Fourier transformation. The xg allows us to simulate the nonlinear polariza-
tions for both SRS and CARS. This, along with the particular values of the nonlinear

coefficients used, is described in section 3 of Popov et al. [69].
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When the difference w, — wg matches a resonance in the Raman spectrum of the
molecule of interest, the induced polarization is very strong and becomes the dominant
source for the measured signal. This is what allows for label-free imaging. For CARS
the signal measured at wg does not come only from the induced polarization that scales
with Xﬁf), but also from nonresonant processes (XE\%), which we model as a frequency-
independent Kerr medium and are responsible for the NRB. Tt is generally much weaker
than the CARS signal, but its effect increases as the size of the Raman-active object
decreases, and becomes comparable to the wavelength of the input beams. Often fre-
quency modulation of one of the input beams is used to reduce the effects of the NRB,
thus we include FM-CARS in our studies. The SRS process leads to loss in the pump
beam and gain in the Stokes beam which is measured at the pump or Stokes frequency.
The change in signal is very small compared to the input beams, so an AM or FM lock-in
technique is used to extract the SRS signal. Therefore, for SRS, we study both AM-SRS
and FM-SRS.

Our simulation domain contains either one or two spheres in a background medium.
The objects can have a linear refractive index either different from, or the same as, the
background medium. Additionally, the background medium always has a homogeneous
XE\% to simulate the NRB while the spheres can be made Raman-active by setting Xﬁ;”)
non-zero. Because we can turn on and off all of these individual properties, we can
determine the consequence of each effect separately. We use A\g = 800 nm and A\, =
1042 nm beams in a medium with n = 1.33. The objects themselves can have n = 1.5 or
n = 1.33. The entire simulation domain has a size of 12 x 12 x 12 um with a resolution
of 25nm [70].

The input beams are Gaussian laser beam sources, tightly focused through a parabolic
mirror of radius 500 pm with an NA of 0.95 and a ratio of beam waist to mirror radius
of 0.4. The focal point is at the centre of the simulation domain. The far-field signal
is collected by integrating over a transverse area in the far field corresponding to an
NA of 0.6, except for simulations where we vary the NA from 0.1 to 0.6. For ease of
calculation, we simulate the scanning of the laser over the sample by moving the object
inside the simulation domain and keep the laser focus constant. As we only move along
the laser propagation axis, we consider only normal incidence. The pump and Stokes
beams propagate in the x direction and are polarized in the y direction. The objects are
placed on the z-axis and their positions are taken to vary with z, including through the

focal point of the lasers.

68



4.3 Numerical results for a single Raman-active sphere

4.3.1 Single Raman-active sphere on resonance

In order to study the effects of object /background refractive index mismatch on SRS and
CARS images, we first look at the magnitude of the electric field at the pump frequency,
wp, around and within a single spherical object as it moves through the focal point of
the tightly focused pump laser source. The left plots of Fig. 16 show the undistorted
pump field in the x-y plane for a single sphere with the same index of refraction as the
homogeneous background medium with n = 1.33. The plots on the right show the field
strengths when the sphere has a larger refractive index of n = 1.5. The difference in the
refractive index between the sphere and the medium is modest, but distortions to the
fields are clearly visible: The focal point is shifted and additionally the field strength is
increased up to 53%. A ring can be seen in the top right and is similar to those found
by Ferrand et al. [122|. The near-field plots for the Stokes beam are similar (not shown).
Though we only show the pump beam here, in our FDTD simulations both the pump
and Stokes beams are included. Since the polarization in Eqgs. (106)—(108) scale as the
cube of the pump/Stokes field, the maximum measured signal, i.e. the intensity, can
potentially increase by a factor of 13. However, for that scenario the input fields would
have to be enhanced uniformly everywhere inside the sphere, which is clearly not the
case. From the top left and top right pump field plots in Fig. 16, we note that there is
very little field enhancement inside of the sphere therefore only small effects on SRS and
CARS images are expected. However, there is a strong focused spot in the background
medium caused by the object which acts as a microlens.

In Fig. 17, we plot the simulated far-field intensity of the CARS/FM-CARS and
AM-/FM-SRS signals generated from a r = 1.24pm sphere with and without linear
index mismatch to the background, as the object is moved through the laser focus along
the laser propagation axis (x-axis). In all cases, we find that signal strength remains
almost unchanged. However, the measured position of the sphere is shifted towards the
collecting lens by 0.4 pm for CARS and FM-CARS and by 1.0 pm for AM-SRS and FM-
SRS. From earlier work [69], we determined that the refractive index mismatch affects
the perceived position of the object in CARS and FM-CARS for a » = 0.4 pm sphere,
but there the dominant effect was due to interference with the NRB and the Gouy phase
shift at the position of the object, leading to an order of magnitude larger shift than

that caused by refractive index mismatch. Here the sphere is much larger so the effect
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Figure 16: The field magnitude of the pump beam in a n = 1.33 medium focused at
x = 6.0 pm is shown in the presence of a homogeneous refractive index (left) and for the
case where it is distorted by the presence of a r = 1.0 pm sphere with n = 1.5 (right).
The position of the sphere is indicated by the (red) circles, where a dotted line means

the sphere is refractive index-matched, and a solid line means it is index mismatched.
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Figure 17: CARS (top left), FM-CARS (top right), AM-SRS (bottom left) and FM-
SRS (bottom right) far-field signals as a function of bead positions, z, along the laser
propagation axis of a single r = 1.24 pm sphere with (blue filled squares) and without
(red open circles) a linear index mismatch with the background medium (n = 1.33). In

all cases, the laser focal spot is at x = 6.0 pm.
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Figure 18: Far-field signals for anti-Stokes (top left), FM anti-Stokes (top right), AM
pump (bottom left) and FM pump (bottom right) as a function of bead position z. This
is for a single = 0.25 pm sphere (n = 1.5) index mismatched with a background medium
(n = 1.33) and a collecting lens NA of 0.6. The solid blue squares are for a resonant
sphere and the orange open circles are for a nonresonant one. The top plots are expressed
in units of the far-field NRB signal from bulk. The index-matched off-resonant signal,
i.e. the NRB, is indicated by the black dashed line. The bottom plots have been scaled
such that the peak value of the solid line for each sphere is one. In all cases, the laser

focal spot is at z = 6.0 pm.

of the NRB is much smaller in comparison as can be deduced from the signal strength of
CARS and FM-CARS being nearly the same. As the NRB plays only a very small role
for CARS and FM-CARS, and does not exist for AM-SRS and FM-SRS, the deviation

in the measured position arises exclusively from the refractive index mismatch.

4.3.2 Single Raman-active sphere off resonance

Next we investigate the effect of near-field enhancements of the pump and Stokes field

on the off-resonant SRS and CARS for a single sphere of radius » = 0.25um. The
nonresonant susceptibility, X(@%, is taken to be the same for the sphere and the back-

)

3) . .
ground and X; is either nonzero for the on-resonant case or zero for the off-resonant

case. We measure the far-field signal at the SRS and CARS frequencies for those two
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cases, the results of which are shown in Fig. 18. In the CARS measurements (Fig. 18 top
left), a large signal above the NRB baseline for a homogeneous nonlinear susceptibility
is detected despite the lack of resonant material. Turning off the linear index mismatch
leads to a flat uniform NRB (thick black dashed line) as expected. The strength of the
off-resonant signal (orange open circles) is about half of that of the on-resonant case
(filled blue squares). The fact that this occurs with a homogeneous X%% shows that the
patterns in the nonresonant background commonly seen in CARS measurements are not
only the result of an inhomogeneous nonlinear susceptibility, but can also be caused by
an inhomogeneous index of refraction. FM-CARS reduces these off-resonant signals, but
a small signal remains (Fig. 18 top right). As expected the CARS and FM-CARS signal
of the on-resonant sphere are not centred at the focal point of the laser source [69]. There
is however also a shift in the off-resonant signals, which cannot be caused by interference
as there is no resonant signal to interfere with. It is instead caused by the refractive
index mismatch that causes an enhancement in front of the sphere due to microlensing.
Therefore, the strongest nonresonant signal does not occur when the sphere is exactly in
the focal point of the laser, but when the sphere is in front of the focal point.

In Fig. 18 (bottom left), we also observe a clear signal in off-resonant AM-SRS where
we would expect no signal at all. Like for CARS, it is induced by inhomogeneous y()
due to microlensing. In previous work [70], we showed that an inhomogeneous nonlinear
susceptibility generated a background signal in off-resonant AM-SRS. This was due to the
fact that the different beam intensities between the Stokes beam being on and off caused
a difference in the induced refractive index through the Kerr effect via n = ng + nol in
combination with the inhomogeneous ny. This in turn led to an NA-dependent difference
in the collected signal in such a way that increasing the NA of the collecting lens decreases
the nonresonant signal. Here we have a homogeneous x® everywhere and we find that
the nonzero off-resonant signal is caused by the refractive index mismatch between the
sphere and the background medium. Additionally, the off-resonant signal now depends
on the position of the sphere because the near-field enhancements depend on object

position.

4.4 Numerical results for double spheres

The situation is very different in the case of multiple spheres as is evident from the
near-field plots at the pump frequency for two touching » = 1.0 pm spheres shown in

Fig. 19. The plots show two spheres in a background medium illuminated by a tightly
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Figure 19: The field magnitude of the pump beam in a n = 1.33 medium focused at
x = 6.0 um is shown in the presence of a homogeneous refractive index, configuration I,
(left) and for the case of two r = 1.0 um spheres, configuration II (right). The position
of the sphere is indicated by the (red) circles, where a dotted line means the sphere
is refractive index-matched, and a solid line means it is index mismatched. The field

magnitudes for a single index-mismatched sphere, configuration III, are similar to those

plotted on the right side of Fig. 16.
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focused laser beam. In the left plots, the spheres have the same refractive index as
the background while in the plots on the right, the spheres are index-mismatched. In
the latter, the sphere closest to the laser source acts as a microlens, resulting in an
enhancement of the pump field strength up to 51%. Even though the enhancement is
slightly less than for the single sphere, the location of the maximum enhancement is now
inside the second sphere. As a result, the nonlinear induced polarization in the sphere
closest to the collecting lens increases significantly and becomes the dominant source for
the measured SRS and CARS signal. As the spheres decrease in size, the enhancement
effects also decrease. However, they remain significant. We find that there is always an
enhancement inside the second sphere due to the microlensing effect for spheres with
radii as small as » = 0.2 pm, where an enhancement of up to 26% in pump field strength
can be observed.

To gain deeper insight into the effects of object shape on SRS and CARS far-field
measurements, we compare the far-field signal for three configurations that have the
same volume of Raman-active medium and thus the same total number of scatterers.
The first configuration I is two touching spheres that have the same refractive index as
the background medium (n = 1.33). The second configuration II has the same shape as
the first, but the refractive index of the spheres (n = 1.5) does not match the background
medium. Finally, we consider configuration 111, which is a single larger index-mismatched
sphere with a volume equal to the combined volume of the two spheres in I or II. The near-
fields look similar to those depicted on the right side of Fig. 16. Since each configuration
has the same total volume, one would expect roughly the same signal strength from each.
When interpreting SRS and CARS images, it is commonly assumed that the measured
signal scales linearly (for SRS) or quadratically (for CARS) with density. However, our
simulations show that this need not be the case.

First we consider the effect of the refractive index mismatch by comparing configura-
tions I and II, which have identical shapes. In Fig. 20, we plot the far-field intensity for
two r = 1.0 pm spheres as they are moved along the propagation axis for configurations
I and II. The differences between the far-field intensities are substantial. First, the mag-
nitude of the signal for configuration II (filled blue squares) has nearly doubled for every
vibrational technique compared to the index-matched case I (open red circles). Because
the induced nonlinear polarization is a third-order process, the field enhancements inside
of the second sphere cause the induced nonlinear polarization to be greatly enhanced

which creates a significantly larger signal. Second, the perceived position of the object
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Figure 20: CARS (top left), FM-CARS (top right), AM-SRS (bottom left) and FM-SRS
(bottom right) far-field signals as a function of position along the laser propagation axis
of two touching » = 1.0pum spheres with (blue filled squares) and without (red open
circles) a linear index mismatch. The green filled triangles are the signal for a single
index-mismatched sphere of r = 1.25 pm. The single sphere has the same volume as the

two r = 1.0 pm spheres combined.
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in the image created by the index-mismatched spheres I1 is shifted towards the collecting
lens by almost a micrometer. This is because the induced polarization in the second
sphere is much larger than that of the first causing the total signal of the configuration
to shift in the direction of the second sphere.

To determine the effect of the distribution of scatterers, i.e. object shape, we next con-
sider the far-field intensity of configuration II versus III, which have the same refractive
index-mismatch with the background medium. In Fig. 20, we see that for each technique
the signal enhancement effect is even more pronounced with an intensity enhancement of
up to a factor of four for the double spheres (filled blue squares) versus the same volume
single sphere (filled green triangles). This is partly because the single index-mismatched
sphere does not contain an enhanced field within it, whereas the two spheres in con-
figuration II do. Additionally, because the focal spot is wider along the propagation
direction than it is in the perpendicular direction, the scatterers shaped as two touching
spheres experience a higher field strength on average than a single large sphere. This
indicates that far-field signal strength does not directly correlate with scatterer density
as is commonly assumed, but is highly dependent on object shape.

We perform the simulations for configurations I, 11, and III for a range of radii from
0.4 pm to 2.0 pm, and extract the largest far-field signal for each configuration and radius.
We do this for each vibrational technique as well as for collecting lens NA’s of 0.1, 0.3, and
0.6. The ratios of these peak values provide an enhancement factor which quantifies the
effects of shape and refractive index mismatch. In Fig. 21, we plot the ratio of the signal
strength for configuration II to I, which shows the enhancement due to refractive index-
mismatch between the objects and the background medium. When using a collecting lens
of NA = 0.1 (left plot), a factor of up to six in far-field signal strength is measured for all
of the techniques. For larger collection NA’s (middle and right plot) the enhancement is
reduced, but still can be over a factor of two depending on the size of the spheres. There
is a small difference between CARS and SRS signal enhancement which is due to the fact
that the polarization for SRS in Eq. (107) scales with F(w,)|E(wg)|* while for CARS it
scales with E?(w,)E*(ws). The difference in wave length of the pump and Stokes field
causes the near-field enhancements to be different.

In Fig. 22 we show the ratio of the peak far-field intensity strength of configuration I11
to II, where all objects have an index of refraction that is different from the background

medium. A factor of up to seven in signal strength is measured between the double and
single sphere for AM-SRS and FM-SRS. For CARS and FM-CARS, the enhancement
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Figure 21: Far-field enhancement factor calculated as the ratio between the far-field
signal intensity from two index-mismatched touching spheres of configuration II to that
of two index-matched ones of configuration I. Blue filled circles are CARS, red filled
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AM-SRS/FM-SRS. From left to right a collection lens NA of 0.1, 0.3, and 0.6 is used.
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Figure 22: Far-field enhancement factor calculated as the ratio between the far-field signal
intensity from two touching spheres of configuration II to that of a single sphere with
equivalent volume of configuration III. Blue filled circles are CARS, red filled squares are
FM-CARS, green empty circles are AM-SRS, and orange empty squares are FM-SRS.
That is, the top two lines are CARS/FM-CARS and the bottom two are AM-SRS/FM-
SRS. From left to right a collection lens NA of 0.1, 0.3, and 0.6 is used.
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Figure 23: Comparison of the far-field CARS intensity signals for r = 1.5 pm index-
matched double spheres (red open circles) of configuration I, index-mismatched double
spheres (blue filled squares) of configuration II, and single index-mismatched sphere of
double volume (green filled triangles) of configuration III. Plotted is the divergence of
the signal on the collecting lens. The divergence is taken as the width of a Gaussian

function in units of angle fitted to the far-field intensity distribution.

is up to a factor of nine. The SRS enhancements are similar for both AM-SRS and
FM-SRS, but the CARS enhancements differ between CARS and FM-CARS for small
radii. That difference is due to the NRB. When the spheres are small, the CARS signal
is dominated by the NRB for configurations II and III. For larger spheres, the CARS
signal becomes more dominant than the NRB, which is why the CARS and FM-CARS
enhancements plots in Figs. 21 and 22 converge to the FM-CARS enhancements where
the NRB is largely filtered out. The difference between the SRS and CARS signal is
larger compared to that in Fig. 21. The shape determines the areas where the far-field
signal is generated by the induced nonlinear polarization. As the focal spot size of the
incoming pump and Stokes laser sources is different, due to the different wavelengths,
the SRS and CARS far-field signals will be even more affected through the different
dependence on the Stokes and pump field illustrated earlier in Eqs. (107) and (108).
The large far-field signal enhancements due to the structure of the refractive index
(Fig. 22), or due to the complex shape (Fig. 21) make it appear as if there is more
of the molecule of interest present than is actually there. For a collecting lens NA of
0.6, the enhancements are clamped to a factor of two to four. However, this is still
an appreciable amount, especially when considering the modest mismatch in refractive

index between the spheres and the background medium. The reason that the far-field
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intensity enhancement depends on the NA is that the radial intensity pattern of the SRS
and CARS far-field signals is wider in cases I and TII than it is for case II. This can be
seen in Fig. 23 where we plot the width of the far-field CARS intensity radiation pattern
of configurations I, II and III as a function of object position along the laser propagation
axis. The radiation pattern for two index-mismatched spheres II is narrower due to the
microlensing of the second sphere. While the effect of this lensing on the image can be
reduced by capturing as much of the radiation pattern as possible, signal enhancement
effects cannot be reduced further by increasing the NA of the collecting lens. This is
because the effects due to near-field enhancements cannot be eliminated. The total
irradiated power is itself increased and the enhancements are not just a diffraction effect.

The far-field SRS and CARS signal enhancements also occur when the spheres are no
longer touching. They fall off very slowly as a function of distance between the spheres. In
Fig. 24, we show the enhancement of SRS and CARS as a function of distance, as well as
the FM-SRS signal for various separations as a function of object position along the laser
propagation axis for two r = 0.5 pm spheres (top) and two r = 1.0 pm spheres (bottom).
For an edge-to-edge distance between 2.0 pm of the two spheres, the far-field enhancement
effect in the left plots is still very noticeable. A factor of two in signal enhancement for
SRS and a factor of more than three for CARS is observed for both the » = 0.5 pm and
r = 1.0 pm spheres. The microlensing of the first sphere makes the pump beam field
more narrow and enhanced over a long range as can be seen, for example, in the first two
plots of the pump beam enhancement for a single sphere in Fig. 16. Thus the spheres
need not be touching for a significant modification of SRS/CARS imagery. For the same
reason, we see in the lower right plot of Fig. 24 that the far-field FM-SRS signal of the
second r = 1.0 pm sphere completely masks that of the first to such an extent that the
first sphere is invisible in the far-field signal for all separation distances considered. Even
for the » = 0.5 pm spheres (top right), the second sphere only becomes distinguishable
from the first when they are more than two sphere radii apart, even though the spot size
of induced third-order polarization is significantly smaller than that. More complicated
structures with multiple differently shaped objects with different refractive indices in the

sample will have more complicated effects on the SRS and CARS signal.

4.5 Conclusion

We have shown that the near-field enhancements due to the refractive index mismatch

can play a large role in SRS and CARS images. Objects act as internal microlenses.
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Figure 24: Left: Enhancement (the ratio of the maximum far-field signal intensity for
two separated spheres and a single sphere with the same total volume) versus edge-to-
edge separation distance of the two spheres. Top left is for two » = 0.5 pm spheres and
one r = 0.63 pm sphere. Bottom left is for two » = 1.0 pm spheres and one r = 1.25 ym
sphere. The signal was collected with a collection lens with an NA of 0.6. Blue filled
circles are CARS, red filled squares are FM-CARS, green empty circles are AM-SRS,
and orange empty squares are FM-SRS. That is, the top two lines are CARS/FM-CARS
and the bottom two are AM-SRS/FM-SRS. Right: FM-SRS far-field intensity for two
r = 0.5 pm spheres (top) and two r = 1.0 um spheres (bottom) as a function of position
along the laser propagation axis. Different curves represent different sphere separation

distances as indicated in the legends. Intensity was normalized to that of a single sphere.
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Due to the third-order nature of the nonlinear SRS and CARS processes, these field
enhancements are cubed in the polarization term, which causes large distortions in the
far-field.

Even for the modest differences in the refractive index, such as those occurring in
biological material, far field signal enhancements of an order of magnitude can occur and
objects can appear shifted on the order of micrometers, even using FM techniques. These
results break the assumption that far-field intensity scales linearly with the number of
scatterers for SRS or quadratically for CARS.

Further, linear index mismatch on its own can cause significant non-uniform off-
resonant CARS and AM-SRS signals. The latter is especially noteworthy as AM-SRS
should be background free. These off-resonant signals were greatly reduced in FM-CARS
and FM-SRS, indicating the importance of using frequency-based filtering methods, such
as hyperspectral analysis or FM techniques.

The objects studied in this paper are simple examples of inhomogeneous samples. In
nature, an inhomogeneous sample will have a much more complicated structure, both
in shape and refractive index profile, which can result in a complex pattern of near-field
enhancements. This in turn would introduce complicated distortions into the SRS and
CARS signal. No technique can remove all of these effects. Therefore the only way to
account for them when studying SRS and CARS imagery, is to be aware of the range of
the value for the refractive index throughout the sample and the length scale at which it
changes. We have shown here that n = 1.5 objects embedded in a n = 1.33 background
can lead to an order of magnitude higher far field signal; a larger mismatch would be

expected to give even more significant enhancement.
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Ptychography for nonlinear optical
microscopy: retrieving phase without

interferometry

This chapter is a verbatim copy of the article that has been submitted to Biomedical
Optics Express® with the addition of section labels for ease of navigating this thesis.
Additionally, the ptychographic algorithm for nonlinear optical microscopy is explained
in more detail in appendix 5.A at the end of this chapter. I gave an invited talk at the
2017 OSA Biophotonics conference about this work as well as an oral presentation at the
2017 CLEO and Photonics North conferences.

5.1 Introduction

Ptychography is an iterative computational technique for imaging that can reconstruct

both the complex-valued transmission function of an illuminated object as well as the

2J.N. van der Kolk and L. Ramunno, Ptychography for nonlinear optical microscopy: retrieving phase

without interferometry, Biomedical Optics Express, submitted
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near-field magnitude and phase of the illuminating beam [91,124, 125|. The scattered
light from the object is captured on a CCD directly with or without a collecting lens.
By using multiple, overlapping far-field intensity patterns generated from random points
within the sample, the algorithm reconstructs the transmission function from the over-
lapping measurements and can achieve a resolution much smaller than the spot size of
the input beam. Detailed information about the input beam is not necessary, as it is
also reconstructed, which allows for low quality and imperfect light sources.

Ptychography was originally developed for imaging crystalline objects with electron
microscopy in 1969 [126,127]. Due to insufficient detector quality it was not until 1994
that the technique could be applied experimentally [128]. The breakthrough algorithm,
ptychographical iterative engine (PIE), was introduced in 2004 where multiple far-field
diffraction images from different beam positions — instead of a single wide-field image
— were used to reconstruct both the phase and magnitude of the transmission function.
Proof of concept was shown for visible light [124,129]. Extended PIE (ePIE) further
allowed for the reconstruction of the complex-valued near-fields of the input beam, thus
enabling ePIE to correct for beam distortions [125]. For X-ray and electron microscopes,
PIE/ePIE allows one to do away with expensive optics as no collecting lens is needed. The
technique was also used with visible light as phase-imaging provides enhanced contrast
[124, 130].

Ptychography found broad application in X-ray imaging, e.g. cell imaging [131-133],
and has been used to achieve 16 nm resolution in 3D [134], and 5nm in 2D [135]. The
ePIE algorithm has allowed atomic resolution in electron microscopy, shown as proof of
concept for carbon films with 2-5nm gold particles [136] and boron nitride cones [137].

In brief, linear ePIE works as follows. First, a number of far-field diffractive images are
recorded by a CCD camera while an input beam (probe) illuminates a sample (object), at
different positions. An initial guess is made for the object’s complex-valued transmission
function, as well as for the electromagnetic field of the probe in the plane of the sample.
The product of these is the exit-field and represents the electromagnetic field just after
the sample. Using a Fourier transform, the exit-field is transformed to the far-field,
the phase of which is multiplied with the measured far-field intensity to obtain a fully
complex electric field. This is transformed back to the near-field and compared to the
original exit-field. The guessed object and probe are updated to new guesses and the
procedure repeats for each measurement multiple times until convergence is reached.

In this paper, we develop ptychography for application to nonlinear optical microscopy
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based on ePIE. Nonlinear optical microscopy offers several advantages, including allowing
for label-free imaging and providing contrast in biological samples where the refractive
index is nearly homogeneous. We present a general framework for nonlinear ptychography
and focus on two numerical examples: retrieving the phase of y(? of collagen fibrils in
tendon with second harmonic generation (SHG); and retrieving the phase of the coherent
anti-Stokes Raman scattering (CARS) signal of fibroblast cells that we use to separate

resonant and nonresonant contributions.

5.2 Methods

We find enhanced resolution similar to linear ptychography. Though focused beams gen-
erally used in nonlinear optical microscopy have small spot sizes, and therefore produce
high resolution images, we find that nonlinear ptychography can increase the resolution
further, up to the diffraction limit of the nonlinear frequency. More importantly, it gives
access to the phase of the nonlinear susceptibility without the need for interferometry.
Finally, we demonstrate that disturbances in the input beam(s) can be reconstructed.

The PIE/ePIE algorithms were developed for reconstructing transmission functions,
which in the absence of scatterers have a value of one. Here the object we wish to
reconstruct is the nonlinear optical susceptibility, which is zero in the absence of nonlinear
scatterers. We take the exit-field to be the induced nonlinear polarization in the sample,
P, which for arbitrary nonlinear processes is P oc YW E, E, - - - E,,, where x(™ is the n-th
order nonlinear susceptibility tensor, and F; is the electric field vector of the i-th input
beam. Considering the exit-field to be the product of object and probe, we see from
the expression for P that we can choose the probe to be the product of the electric field
components of the input beams. When multiple input beams are involved we lose the
ability to reconstruct individual input beams, however the product of those fields does
get reconstructed and therefore the ability to correct for distortions in any of the input
beams is preserved. Finally, the far-field image is obtained through a Fourier transform
of P, where those far-field images can be at a different frequency than that of the input
beam(s).

In our hypothetical experimental set-up, we consider an input beam or beams inci-
dent from the left, propagating in the z-direction and polarized in the y-direction, that
illuminates a 2D sample oriented in the xy-plane. This results in a nonlinear signal being
generated which is focused by a collecting lens in the far-field onto a CCD camera. We

consider a high-NA collecting lens as is typical in nonlinear optical microscopy. Here
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we use an NA of 1.0 as an example. The far-field image is determined at zs,, = 1 mm
such that zp, > X, wy, where X\ and wy are the wavelength and waist size of the input
beam(s), respectively. The pixel count of the CCD determines that of the reconstructed
image, which we take as 1024 x 1024.

The sample is probed at M different random locations such that the waists of neigh-
bouring probe beams overlap by 30 % and then the resulting nonlinear optical microscopy
far-field images are calculated. With these M images, the nonlinear iterative ptychog-
raphy algorithm is executed. The first step is to make a guess for both the object, 7.e.
the n-th-order nonlinear susceptibility ¥ (z,y), and the probe, i.e. the product of the
electric fields of each of the input beams at the sample surface, F;(x,y). The coordinates
x and y range over the entire area to be imaged. We use random complex-valued noise as
the guess for the object, but for the initial input beams we use Gaussian functions. We
iterate over the M images N times to get ever closer to the original object and probe.
We show that not only do we have improved resolution over traditional nonlinear optical

imaging, we have the phase information as well.

5.3 Results for second harmonic generation

As our first example, we apply the nonlinear ptychographic reconstruction algorithm
to the SHG imaging of a 2D sample. Since the induced nonlinear polarization scales as
P o P E2, we use x? as our object and E? as our probe. SHG is often used for studying
collagen fibrils, which can be found in a wide array of tissues such as bones, tendons,
arteries, and cornea, and are responsible for most of their mechanical properties [38].
Moreover, diseases such as osteoarthritis have changes in collagen tissue as one of the
earliest pre-symptomatic indicators [138].

Fibrils in tendon generally align in a parallel fashion where individual fibrils have
either positive or negative chirality resulting in a sign of y® that is either positive or
negative [112]. Using interferometric SHG (I-SHG) one can probe the orientation and
structure of collagen fibrils via the phase of Y [2,107]. We show that we can use
ptychography in place of interferometry to probe fibrillar orientation and structure.

For our numerically generated sample, the fibrils are randomly placed in a non-
overlapping manner and are all parallel in the y-direction. Their diameters are randomly
generated using the distribution for tail tendons from 13-14 week old rats where the
mean fibrillar diameter is 130 nm, but individual fibrils can be as large as 400 nm [106].

The yyy component of the x(? tensor is either positive or negative and we consider here
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Figure 25: The phase of x(? for the real object (left) and phase of E? for the real probe

(right). The phase is indicated by the colour, where white indicates zero amplitude.

that this occurs randomly in a 1:1 ratio. The other components are disregarded as we
only consider a y-polarized input beam and the y?) component along the fibril length is
the largest. The sample is restricted to a 2D object of 16 pm by 16 pm. Our sample is
consistent with that imaged with the I-SHG technique by Rivard et. al [107], where they
studied the structural organization of fibrils in rat tail tendon and found that an overall
orientation of the noncentrosymmetric structures persists over tens of microns.

To simulate a systematic fault in the optics system we added distortions to the Gaus-
sian input beam(s) by adding smaller Gaussian bumps at random locations with random
widths, phases, and amplitudes up to 25 % of the maximum. The central wavelength is
810nm and thus the SHG radiation is at 405 nm.

In Fig. 25, the phase of the actual object, that is, the phase of the nanoscopic xy®
of our generated 2D rat tail tendon sample, is shown on the left; white indicates zero
amplitude, where the phase would be undefined. The right shows the phase of the actual
probe including defects. These defects can have a different phase than that of the main
beam which is why there is a small amount of destructive interference near the centre.
We have used a beam waist of 2.20 pm.

We create far-field intensity patterns, or “measurements”, of the sample from M =
60 different probe beam positions, by calculating the induced nonlinear polarization
in the sample, propagating the SHG signal to the far-field using a Fourier transform,
and collecting the far-field images. We use N = 200 iterations for the ptychography

algorithm where probe reconstruction was turned on after 100 iterations, which leads to
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Figure 26: The reconstruction of Fig. 25.

a reconstructed object and probe whose phases are shown in Fig. 26. More measurements
can be used to improve the quality of the reconstruction up to the diffraction limit of
the SHG frequency. The reconstruction is able to resolve most fibrils completely, and
includes the phase information which corresponds very closely to that of the real object
in Fig. 25. At x = 3.0 pm, no material appears to be present as neighbouring fibrils have
opposite sign and therefore the SHG signals interfere destructively in the far-field. The
defects in the probe have also been reconstructed. The blurry edges in Fig. 26 are areas
where the input beam has not scanned and thus remain the random initial guess for y®
because there is not enough information for reconstruction.

Fig. 27 shows a cut of the phase of Y along the y-axis, with the corresponding
amplitude in Fig. 28, for both the original object (blue) as well as for several reconstructed
objects where the input beams used for the imaging have differing beam waist radii,
namely: 0.55pm (red), 1.10 pm (green), and 2.20 pm (orange). We used M = 960 for
wo = 0.55pum and M = 240 for wy = 1.10 pm to keep the total scanned area the same,
which makes the algorithm computationally more expensive than for larger beam waists.
Fig. 27 shows that fibrils as small as 200 nm can be individually resolved via their phase,
corresponding to the diffraction limit at the SHG wavelength of 405nm. If multiple
smaller fibrils are close together and have the same y(?) phase, the overall phase is still
reconstructed. This occurs for example between z = —3.0pm to —2.0 pm. If multiple
small neighbouring fibrils have opposite x phase, their far-field signals cancel as is seen
between x = 2.5pm to 3.0 pm.

The amplitudes are plotted in Fig. 28. Fibrils of a diameter of 200 nm are again able
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Figure 27: Phase of x(?) at y = 0 for the object in Fig. 25 (blue) and those reconstructed
with input beams with waist sizes of 0.55 um (red), 1.10 pm (green), and 2.20 pm (orange).
The plots have been vertically translated; dotted lines indicate 0 phase lines. Phase for

very small Y® has been set to zero.

to be resolved, though without the sharp edges of the phase reconstructions in Fig. 27.
We compare the reconstructions to a hypothetical SHG imaging experiment where the
sample is moved on a translation stage. For each scanned point, we calculate the far-
field intensity value by integrating the far-field intensity over a collecting lens, simulating
what would be measured by a photomultiplier tube. We use a beam waist of 0.55um
and a NA = 1.0 collecting lens. The result is shown in purple in Fig. 28, where we see
that the nonlinear ptychographic reconstructions (orange, green, red) are able to resolve
individual fibrils better than the simulated experiment (purple). For example, around
x = 0.0pm, we see two fibrils close to each other. In the simulated experiment, this
becomes a single peak whereas in the reconstructions, two peaks are distinguished.

In typical I-SHG measurements, a lateral resolution of 0.6 pm can be obtained [2],
where 16000 scanned points per millimeter are required to retrieve the phase of xy®. Thus
the 12pnm X 12 pm area that we image here would require 4000 measurements for phase
retrieval with I-SHG. Our nonlinear ptychography scheme in contrast requires almost

two orders of magnitude fewer measurements.
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Figure 28: Magnitude of x(? for the object in Fig. 25 (blue) and those reconstructed with
input beams with waist sizes of 0.55 pm (red), 1.10pum (green), and 2.20 pm (orange). A
simulated experiment measuring only far-field intensity with a 0.551m beam and a 1.0

NA collecting lens is plotted on top in purple.

5.4 Results for coherent anti-Stokes Raman scattering

For our second example, we apply nonlinear ptychography to CARS, which provides label-
free molecule-specific non-destructive imaging of biological samples and tissues [78,119].
It allows for video-rate |51, 54, 55| and hyperspectral imaging [77]|, where in the latter
per-pixel spectral information is obtained. CARS probes the third-order nonlinear sus-
ceptibility, x*, using two input beams (called the pump and Stokes beams). When
the frequency difference between these two beams is resonant with an unique vibra-
tional mode for a particular molecular species, the signal at the anti-Stokes frequency
will become very strong, allowing for chemical specificity. However, nonresonant pro-
cesses from the background material can significantly degrade the CARS signal-to-noise
ratio. Numerous techniques already exist to reduce the nonresonant background, such
as heterodyne detection [80] and FM-CARS [83]. However, we find that nonlinear pty-
chography can also reduce the nonresonant background, providing in addition enhanced
resolution and compensation for beam distortions.

The induced nonlinear polarization for CARS scales as P X(S)EI%E;, where E), is
the electric field from the pump beam electric field at the sample and E the Stokes.
To apply nonlinear ptychograpy to CARS, we take x® as the object, and E2E? as
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Figure 29: Simulated fibroblast imaged using CARS. The left plot shows the original
simulated cell with resonant material in green and nonresonant material in red. In the
right plot the imaginary component of the reconstruction is shown. Little nonresonant

material is visible.

the probe. The nonlinear optical susceptibility contains resonant, XS), and nonresonant

parts, Xl(\?f){, where XS) is imaginary and Xl(\?l)% is real, i.e., a phase difference of 7/2
between them. Retrieving the phase therefore allows us to distinguish the nonresonant
background signal from the resonant CARS signal, thus improving the signal-to-noise
ratio, similar to heterodyne detection [80].

An example is shown in Fig. 29 for a generated object similar to an experimental
image by Nan et. al of a fibroblast cell [139]. Our generated sample is shown on the left
plot in Fig. 29 where lipid spheres with diameters up to 1.3 pm (green) are contained
in a nonresonant background (red). We calculate M = 100 images in the far-field with
an NA=1.0 lens. We use distorted Gaussian pump and Stokes beams at 712nm and
892 nm, respectively, generating an anti-Stokes signal at 592nm. For both beams the
waist radius is 10 pm. We iterate the algorithm N = 300 times and plot on the right
of Fig. 29 the imaginary part of the reconstructed x®. Even though the nonresonant
background has not completely been removed, it is reduced significantly and the plot

shows good agreement with the resonant part of the original object.

5.5 Conclusion

In conclusion, we developed ptychography for nonlinear optical microscopy that we ap-

plied to SHG imaging of simulated rat tail tendon and to CARS imaging of a simulated
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fibroblast cell, in both cases using distorted input beams. We were able to reconstruct
X
of magnitude less laser exposures than required by interferometric SHG. Further, we

) of the rat tail tendon, including its phase, without interferometry, and with orders

obtained higher resolution than standard SHG imaging. We also reconstructed y of
the fibroblast cell, including its phase, using ptychography with CARS. This reduced the
nonresonant background without requiring nonlinear interferometric vibrational spec-
troscopy [83,140]. Our nonlinear ptychography scheme can potentially be applied to
other nonlinear optical imaging processes, allowing one to obtain phase without interfer-

ometry, enhanced resolution, and to account for random defects in the input beams.

5.A The ePIE algorithm for nonlinear optical microscopy

In the preceding sections, I have shown how the ePIE algorithm has been extended
such that is can be used with nonlinear optical microscopy. Here I will expand on
the algorithm I used in more detail so that it can be understood without needing a
background in ptychography. A well-written overview for linear ptychography going into
great detail was done by Rodenburg [91]. It however lacks the reconstruction of the input
beam, which was published later by Maiden et al. [125]. Neither cover nonlinear optical
microscopy.

The ability to reconstruct the phase from only the far-field intensity comes in essence
from the extra information in overlapping measurements. To illustrate the point how
it is possible to obtain phase information from intensity measurements alone, imagine
a 1D object that consists of just two points of unknown complex-valued susceptibility.
Now suppose the imaging beam is a top-hat function. Positioning the beam such that it
images just one of the points will reveal the magnitude of the susceptibility of that point.
Positioning the beam such that both points are illuminated, will result in an interference
pattern in the far-field that is essentially Young’s double-slit experiment in the limit
of infinitely small slits. When one of the slits has a phase delay of ¢, the interference

pattern is given as

1(6) o cos? (% sinf + gb/Q) : (112)

where d is the distance between the two points, k£ is the wave number, and @ is the far-
field angle. From this pattern both the distance between the two points and the relative
phase-difference of their complex-valued susceptibilities can be deduced. This is the basis

for ptychography. Interference of the coherent light scattered (or emitted) by the sample
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itself allows for the phase of the sample to be retrieved through multiple measurements.

Of course, for more complex samples than just two points the far-field pattern gets a
great deal more complicated. However, the general idea is the same; a coherent source
is needed and there needs to be overlap between the measurements and this is the basis
on which ptychography rests.

In the case of nonlinear optical microscopy, the object to be reconstructed by ePIE
is a spatial varying two-dimensional v-th-order nonlinear susceptibility, x*)(7), where
7 represents the two spatial coordinates in the sample plane. The electric field of the
i-th input beam, Ei(F— Tm), is a Gaussian beam where 7, indicates the position of its
centre on the sample. The index m corresponding to one of the M measurements which
together form the input of the ePIE algorithm. The induced nonlinear polarization for
a nonlinear optical process has the form

Pap(F\im) =€ Y X i (PVE (F = ) By (F = 7o) o By (F = Fo)és, (113)

ij1j2..-Juv
where é; is an unit vector and x)(7) is a rank v + 1 tensor. To simplify matters, I
will only consider an input beam that is polarized in the y-direction and propagating in
the z-direction. Furthermore, I choose the only non-zero component of x*) to be the
y...y-component. In that case, only the y-component of P is nonzero and we can drop

the indexes to get only the scalar expression

Pri (7, 7) = eoX " (7) HE — ) (114)
= eoX(P)E(F — o), (115)

where I have introduced the shorthand £ to represent the combined electric field of all
the input beams. The part of this expression that relates to the sample is called the
object and is just x*). The fields are called the probe, which in this case is £. This can
be generalized to include other components of the tensor, but for simplicity I consider
only one here.

Since the probe is the product of all the input beams, it is only possible to reconstruct
the electric field of the input beam if there is only one input beam. For example, for
SHG I have £ = E? and only a square root is needed. But for CARS, where £ = E)E}
there are two input beams and the electric field of each input beam separately cannot
be recovered. This however is not a problem because even though the individual input
beams are not reconstructed, £ is. Therefore any systematic errors in any of the input

beams are still accounted for.
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Figure 30: Flow chart for the ptychography algorithm.

The first step of the ptychography algorithm is to make guesses for the object x*) and
and probe £. The guess for the object is initialized with complex-valued random noise.
For the input beam I already have some information, namely that they are roughly Gaus-
sian beams. So instead I initialize that with a pure real-valued Gaussian function with a
waist approximately the same as the observed spot size in the hypothetical experiment.
This helps the algorithm to converge much faster.

To get an overview of the algorithm, a flow chart of the process is shown in figure
30. After the initial guesses, the induced nonlinear polarization of equation (114) is
used to calculate the far-field image using the Green’s function approach as we saw
for SHG in chapter 3. In the far-field this approach is equivalent to taking a Fourier
transform, as I derive explicitly in appendix 5.B. As a Fourier transform, the operation
is now mostly invertible which is a property needed for the ptychographic algorithm. Tt is
not fully invertible because in the far-field, the evanescent waves will have disappeared.
Thus calculating the inverse Fourier transform only the lower spatial frequencies are

available, which is the reason that the resolution of the reconstruction cannot go beyond
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the diffraction limit.

At this stage I have the guessed electric field in the far-field, Eg,., which is complex-
valued, i.e. it has information on both the magnitude and phase. It does however not
have any information about the sample because it is only based on the guessed nonlinear
susceptibility and the guessed input fields. The CCD provides the actual measurement of
the far-field intensity pattern, I, but this of course only has information about the mag-
nitude and knows nothing of the phase. To get information from the measurements into
the guesses, I combine the fields by taking the phase from the guess and the magnitude

from the measurement to obtain a hybrid field as
Eéar - ﬁarg(-Efar)- (116)

Using an inverse Fourier transform of this quantity results in a hybrid polarization, Py
that contains information about the measurements.

The difference between P’ and P contains information about how far off the guesses
are from the real sample and input beams. By using this difference to update the
nonlinear susceptibility and the electric field product of the input beams, we can obtain
guesses that are closer to the real object and input beams. The expressions for updating

the object, ), and the probe, &, are

O) (7 =) (7 Em (M =Tm) o (o _p 117
Xm-‘rl,n(r) Xm,n(r) + amax Hgm,n(F_ Fm)P] [ m,n(r) m,n(fﬂ ( )
X (7)*

max |0 (7|2

— —

gm—i—l,n(r - Tm) - gm,n(r - Tm) + B

] [P (7) = Pup(P)] . (118)

where the function max|[|A|?] takes the maximum of |A|* in the entire spatial domain.
To see why this works, recall that P is the product of the object and probe, thus to get
a correction for the object from the difference between P’ and P one would ideally like
to divide out the probe. That cannot be done directly because divisions by zero could
occur. Instead one multiplies by the conjugate of the probe and divides by the absolute
value squared. By taking instead the spatial maximum of the absolute value squared,
the problem of dividing by zero is circumvented. The same applies to the expression for
updating £ and dividing by the object x®).

The coefficients « and  determine the rate of convergence of the object and probe
respectively. Choosing these too large will make the algorithm divergent as the correction
to the guess is too large and overshoots. When they are too small, the convergence will
take too long. I choose @ = 1 and set 8 = 0 for the first 100 iterations and § = 1
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afterwards. This allows the object to be reconstructed from the random noise before the
reconstruction of the probe commences. We can do this because we know the probe is
Gaussian-like and doing so aids convergence.

After performing this procedure for all M recorded images, the new guessed object
ngl})n and guessed probe &y, will be closer to the real object and probe. This concludes
the first iteration, n = 1, of the algorithm. The input guess for the next iteration is the

output of the last iteration such that

Xt = X%, (119)
E1ni1 = Entn- (120)

The reconstruction gets better with more iterations where we can use the same previously
recorded M images. [ iterate over the M images N times to get ever closer to the original

object and probe.

5.B Green’s function to Fourier transform

The far-field SHG-signal can be calculated using the Green’s function approach as
Efar(wNLam = /P(WNLafl)G(f;F')dsfl7 (121)

where wyp, is the output frequency and P is the induced nonlinear polarization for
the nonlinear optical process of interest, which can be written as P(wn, = wnL,7) =
X (wnr, ) [T, E(w;, 7). For example, for SHG the induced nonlinear polarization is
P(2w, ) = x? (2w, 7) E*(w, 7). Finally, G(7,7) is the Green’s function for the free-space
Helmholtz equation as was also discussed in section 2.2. The form of this Green’s function
is
exp(iknL|T— 7))
4| —7)

G(r, ") = (122)

where ko is the wave number for the SHG radiation. In the far-field, » > »/, the quantity

|7 — 7’| can be simplified:

7= 7| = [(@ =2/ + (y =) + (2 — )] (123)
_, [1 N —2xx — 2yy;2— 227" + (T’,)Q} 12 (124)
~r [1 + %—21;1;’ - %’y/ - 222/] (125)
o xx' + yry’ + ZZ" (126)
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I can plug that into the numerator of (122) and use only |[7"— 7| &~ r in the denominator.
This is equivalent to the Fraunhofer diffraction condition. Then put that in turn into

(121) to get an expression for the far-field pattern as

(ik
Efar(wNL,f’) = eXp 1 NLT /// WNL; E(wzv 4) X

- dxr

(127)

. xx' + + zz
exp (—l kNL yy ) dg’lﬂ
T

Since our sample is 2D, the integral over 2’ is over an infinitesimal distance dz over which

Z' is constant, or more specifically, zero. I then have

dz exp(iknpr) // -
Bpue(oont, 7) = [ @ (o, ) [ B(wn ) %
far (WNL, T°) - X (wNLﬂ")g (wi, ™)
/
exp (—ik:NL— dx' dy'. (128)
r
I introduce variables K, = knp,z/r and K, = knpy/r, so the equation becomes
0z exp(iknyr z
Etar(wni, 7) = %// XY (wxr,, ) HE(%"F'
mr paley
exp [—1 (K2 + Kyy')] dz’ dy', (129)

which is just a Fourier transform of the quantity x*(wxr, ™) [, E(w;, ), where the
far-field coordinates x and y correspond to the wave numbers as x = rK,/ky;, and
Yy = T’Ky/kNL.
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Role of refractive index in SHG

imaging of fibril bundles

In Chapter 3, I have investigated the imaging of collagen fibrils with SHG and have shown
that by comparing the experimental data to simulations, subresolution features can be
obtained such as fibril diameter by examining the F/B ratio and fibrillar orientation by
examining the standard deviation of the phase of the forward far-field SHG signal. In
chapter 4, T have also demonstrated that for SRS and CARS imaging, near-field effects can
play a large role. In this chapter, I investigate the effect of a refractive index mismatch
on imaging collagen fibrils with SHG. The fibrils are much smaller than the spheres
studied in chapter 4, so the enhancement will not be as large and the forward directed
SHG signal not largely affected. However, I will show that the backward directed signals
can be significantly affected due to an altered phase matching condition due to near-
field effects, and that these effects remain significant, and are measurable, in collagenous
tissues such as tendon.

The simulations are presented in this chapter have not all been done by myself directly,
though T directed all the simulations and provided all the parameters. Antonino Cala

Lesina performed the FDTD simulations with his own code [141] while Charalambos
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Kioulos implemented the cylindrical Mie solution with the free-space Green’s function
approach, both under my direction. My simulations are also based on the Mie solution,
but have corrections to the phase that I implemented, which are required to alter the
refractive index of the background medium for the outgoing propagating wave calculated
from the free-space Green function. The ensemble average calculations as well as the
text is solely my work.

We are currently preparing a manuscript based on this chapter that will be submitted
soon®. Based on the results presented here, our collaborators have become interested in
the topic, and we aim to publish another joint theory/experimental paper over the next

several months. Some of their preliminary results appear here.

6.1 Introduction

From section 1.2, recall that collagen fibrils are found in a wide array of biological tissues
such as bones, tendons, arteries, cornea and many others, and that they form the basis
for more complex hierarchies such as collagen fibres which in turn can comprise tendons
and bone [38].

Additionally, some pathologies are traced down to failures in the structure created
by fibrils. Diseases such as Osteoarthritis, which leads to joint pain, show changes in the
structure of the collagen tissue and cartilage degradation as one of the earliest symptoms
[138]. No effective treatment exists yet to either stop the progression or to reverse the
disease, nor is the cause well known at this time. Thus early detection will be enormously
beneficial in the understanding of such diseases. Other diseases such as diabetes increase
crosslinking between collagen fibrils and molecules leading to accelerated ageing [142].

Studying these fibrils in detail requires high-resolution microscopes as the diameters
of the fibrils range from only 10nm to 500 nm. Techniques that allow for this include
transmission electron microscopy, atomic force microscopy and fluorescence microscopy.
However, all of these methods require sample preparation, and the first two would be hard
to implement in-vivo. Fluorescence microscopy is more suited for in-vivo, but requires
the use of labels or has to rely on the weak two-photon excited fluorescence [143]. Second
Harmonic Generation (SHG) is a non-linear optical process that is particularly strong in
collagen fibrils due to the chiral structure of the collagen molecules, which enables label-

free imaging of collagen tissue [15]. The fibrils are smaller than the diffraction limit at

3J.N. van der Kolk, C. Kioulos, A.C. Lesina, and L. Ramunno, Near-field effects on SHG Imaging,

in preparation

99



the commonly used infrared frequencies, but it has been shown that the radiation pattern
of the SHG signal correlates with both the size and distribution of subwavelength-sized
scatterers because of the coherent nature of SHG [32]. In particular, the ratio of the
far-field SHG intensity in the forward direction to that in the backward, i.e. the F/B
ratio, is a metric that is often used. For example, morphology changes as a function of
depth are observed [144], and morphology changes as indicated by the F/B ratio can
also be used as a diagnostic tool to predict preterm birth [145] and observe progression
of breast cancer [146]. Through numerical modelling, properties such as fibril diameter
and fibril bundling are obtained quantitatively from the F/B ratio [147-149| and images
of the F/B ratio map out the distribution of fibril size in cartilage and bone [1].

However, most models do not take into account inhomogeneity of the linear index
of refraction. The few that do only consider scattering [150] or the refractive index
mismatch of the cover slip [151]. My calculations show that small differences of the
refractive index of An/n = 0.1 between the collagen fibrils and the background medium,
as commonly found in biological tissue and prepared samples, can lead to a change in
the measured F/B ratio of a distribution of fibrils of ~30% in rat tail tendon between
those embedded in a n = 1.47 background medium versus those in n = 1.33. Due to
a mismatch in refractive index between fibrils and the background medium, near-field
enhancements of the pump occur inside the fibrils in the order of a few percent. While 1
find that this does not significantly affect the far-field signal in the forward direction, the
far-field signal in the backward direction is particularly sensitive as these enhancements
alter phase matching conditions.

To test the validity of my theoretical findings, I have sought collaboration with
Stéphane Bancelin and Francois Légaré whose preliminary experimental measurements
for mouse tail tendon show that a change of the refractive index of the background
medium can alter the F/B ratio by as much as 40 £ 20 % which is consistent with my
theoretical results for mouse tail tendon is ~30 % (similar to rat tail tendon).

To understand the effect of a refractive index mismatch between fibrils and the back-
ground medium, I first examine the case of a single fibril using analytical calculations as
well as simulations. Subsequently, I extend this to simulated samples of rat tail tendon
which will contain a distribution of fibrils in the laser focal spot, and finally compare

theoretical results to experimental results in mouse tail tendon.

100



6.2 Single fibrils

I model collagen fibrils as infinitely long dielectric cylinders aligned along the y-axis with
a nonzero second-order nonlinear susceptibility, x?). I only consider the X?(E)y component
to be nonzero because it is the largest component due to the molecular structure in
the collagen molecules. Furthermore, the fibril is illuminated by a y-polarized plane
wave propagating in the x-direction. The fibril has a refractive index of n = 1.4 while
the background medium is either index-matched or has n = 1.33 (water) or n = 1.47
(paraffin/glycerol).

For the index-matched case, there exists an analytical expression for the far-field SHG

electric field in the forward and backward direction, which I write as, respectively [15]:

Er < x? E2K*mr? (130)
By, o< X E2kmr Jy (2kr) exp(—2i kx), (131)

where Ej is the field strength for the incoming plane wave, r is the radius of the cylinder,
k is the wave number for the SHG radiation, and x is the position of the fibril along
the x-axis. The full derivation is found in appendix 6.A. The constants containing the
distance to the far-field have been left out as they are the same for the forward and
backward direction when the distance to the fibril is the same. The expression for the
total radiated SHG far-field in the forward direction does not depend on the position
of the fibril as it is always phase-matched to the incident light. This is true down to
the level of the individual scatterers inside the cylinder, which is why the forward field
simply scales with the area of the cylinder cross section, 7r2. In the backward direction,
the phase matching is only over very short distances, which means that the fields of the
individual scatterers in the cylinder interfere destructively in larger fibrils. The radii for
which complete destructive interference occur correspond to the zeros of the expression
for the backward far-field signal, equation (131), which are the zeros of the Bessel function
of the first kind. From these expressions, I calculate the F/B ratio as:

I B2 B 202

I, |Ey2  JE(2kr)

(132)

When complete destructive interference occurs in the backward direction, the F/B ratio
becomes infinite due to the backward signal being zero. Of course in experiments the
backward signal is never completely zero, for example, due to the shot noise of the

detector. However, the F/B ratio will still be very large.
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Figure 31: The F/B ratio versus cylinder radius in a n = 1.33 (green dashed) and
n = 1.47 (red dotted) background medium. The black solid line is the analytical model
where the cylinder has the same refractive index as the background medium. For the
Mie/Green’s function approach (crosses) and the FDTD approach (circles), the cylinder

always has a refractive index of n = 1.4.

[ now consider the case when the fibril cylinder is index-mismatched to its surround-
ing dielectric environment. I keep the refractive index of the cylinder fixed at n = 1.40
while varying the index of refraction of the background medium, corresponding to study-
ing the fibrils in-vivo (n = 1.33) or fixated (n = 1.47). T calculate the near-fields using
the cylindrical Mie solution for cylinders as described in section 2.3, obtain the induced
nonlinear polarization with in the cylinder (P o« E?), then from this calculate the far-
field SHG signal using a free-space (at n = 1.40) Green’s function approach as described
in section 2.2. The free-space Green’s function is at n = 1.40 because the nonlinear
optical process happens inside the fibril where the input beam experiences a n = 1.40
medium. This approach takes into account only the effect of near-field enhancements on
the far-field SHG signals and does not account for scattering effects of the SHG radia-
tion due to refractive index mismatch between the fibril and the background medium.
However, FDTD as described in section 2.1 does account for these effects. By utilizing
both Mie/Green’s function as well as FDTD, I am able to study the effect of near-field
enhancements of the input beam separately from scattering effects on the SHG radiation.

In figure 31, I show the F/B ratio as a function of radius for a cylinder illuminated
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Figure 32: The near-fields of an incident plane wave interacting with a cylinder (n = 1.4,
r = 100nm) as calculated by Mie theory. The cylinder is indicated by the blue circle.
From left to right, the cylinder was placed in a background medium with n = 1.33 and
n = 1.47. The plane wave propagates from left to right.

by a plane wave with a wavelength of A = 810 nm for the three different methods (i.e.,
equation (132) assuming index matching, cylindrical Mie/Greens approach, and FDTD)
with a background medium of n = 1.33 (green) and n = 1.47 (red). For very small
radii, the F /B ratio tends to one because in that domain the cylinders act as ideal dipole
sources with the same far-field signals in the forward as in the backward direction.

Figure 31 indicates that refractive index mismatch affects the measured F/B ratio,
though the effects are only noticeable for the larger cylinders. For example, a cylinder in
the n = 1.33 medium with a radius of 120nm has a F/B ratio that is 8.7 % smaller com-
pared to the analytical formula when taking into account only near field enhancements
within the cylinder. That goes up to 22.5 % when taking into account the diffraction ef-
fects on the SHG signal using FDTD. Fibrils in biological tissues generally have a radius
smaller than 100 nm, however in rat and mouse tail tendon larger ones do occur in small
numbers [106, 152]; we will see that near-field effects from even a few larger fibrils will
significantly affect F/B ratios in such tissues.

The reason the F/B ratio calculated with an index-mismatched background differs
from the simple analytical formula for the index matched case, is due to the enhanced
electric fields of the pump beam. This is visible in figure 32, where I plot the enhanced

pump fields in and around a cylinder with a radius of » = 100 nm for two different back-
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ground dielectric media. Regions of enhanced and decreased fields within the cylinder
are clearly visible, even though the electric field of the input beam is only modified by
5% at most. In the forward direction, the SHG signal is always phase-matched thus the
far-field SHG fields emitted by each of the scatterers in the cylinder adds coherently.
The sum of field strengths inside of a cylinder in a n = 1.33 medium only increases by
1.3 % whereas the average field inside of a cylinder in a n = 1.47 medium decreases by
just 0.9%. As the far-field SHG intensity in the forward direction depends on this sum,
the contributions of the increase and decrease has little effect and the effect of the index
mismatch is therefore small. In the backward direction however, SHG signals generated
from different locations can destructively interfere because the backward emitted SHG
fields are not phase matched. Thus, having an area within a fibril that contributes either
more or less than other areas will change the destructive interference condition, and alter
the backward signal, and this is what responsible for the distortion of the peaks in figure
31. Near the point where complete destructive interference takes place, i.e. when the
denominator in the F/B ratio is close to zero, the effect is substantial. In fact, it will
shift the location of this zero, so that a hot (or cold) spot within the fibril will make
the fibril appear as if it had a larger (or smaller) effective radius, as compared to its
geometric radius. It is therefore not the overall change in field strength that causes the

F /B ratio to be affected; it is purely an altered destructive interference effect.

6.3 Effects on F/B ratio in fibrillar tissue

Fibrils in tissue are always part of a bigger collection of fibrils. When using a tightly
focused input beam, hundreds of fibrils are illuminated by the pump field and thus
generate SHG radiation. Here I will use rat tail tendon of 13-14 week old rats as this is a
common model used for SHG imaging; it also contains the largest fibril diameters [153].
Mature mouse tail tendon was investigated experimentally by our collaborators, and will
also be considered theoretically. The difference between the two tissues lies in the radii
distribution. The one for rat tail is a single peak around 65nm with a long tail up to
radii of 200 nm, whereas for mouse tail tendon the distribution consists of three separate
peaks with a Gaussian shape and radii up to 100nm. I will focus on rat tail tendon
for the theoretical part as that is what we used for our initial investigation, while the

experimental work was done for mouse tail tendon at a later date.
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6.3.1 Theoretical investigation for rat tail tendon

To get valid statistics for SHG far field signals from tendon, I generate numerically
100,000 random tendon samples by placing fibrils in a non-overlapping manner at random
locations in a simulation domain. The diameter of each fibril is randomly selected from
the size distribution of the tissue of interest; the details of the rat tail distribution I used
can be found in reference [106]. T will apply the same Mie/Green’s function approach
as described in section 6.2, which gives faster results than FDTD, though is expected to
underestimate the effect because the effect of the refractive index mismatch on the SHG
radiation is not accounted for.

In experiments one would use a tightly focused beam, but for a reasonable computa-
tional time, I instead consider plane wave excitation, but with a simulation domain that
is restricted to a square box with a size equivalent to the laser spot size. Here I model a
focused laser beam with a waist of 0.55 pm with a simulation domain of 1.1 pm x 4.5 pm.
However, I assume infinitely long cylinders so that T can continue to use 2D simulations.
This allows me to reduce the computational cost associated with running simulations for
100,000 samples. I have verified this approximation by comparing the F/B ratios from
the 2D FDTD simulations to those from a small number of 3D simulations.

The distribution over fibril radii, P,, is determined by the type of tissue. The sample
is defined by P,, the packing ratio p (the area occupied by the cylinders in the xz-plane
divided by the total area of the simulation domain), and the positive-to-total fraction
f (defined as the number of fibrils with a positive y(®' divided by the total number of
fibrils). For the 13-14 week old rat tail tendon, P, is given by [107]

Po(r) = 4—72" exp (—%) , (133)

where ry is the mean radius which for 13-14 weeks old rat tail tendon is ry = 65 nm.
This particular formula was obtained by fitting the distribution measured by electron
microscopy [106]. Observations of rat tail tendon in nature show that it is tightly packed,
thus usually p ~ 0.70 [106].

The tendon is numerically generated by placing fibrils randomly in a simulation do-
main and using the known size distribution for the fibril diameter. This process has
been described in detail in section 2.4, but in brief: I randomly pick a radius according
to P,, and place the fibrils inside the simulation domain at random positions until the
desired value of p is reached. Initially, the fibrils will overlap, thus I use a molecular

dynamics simulation with reflecting boundaries to push the fibrils until they no longer
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overlap. Inside of the simulated samples, all of the cylinders are aligned along the y-
axis, which corresponds with fibrils found in tendon. They either point “up” or “down”,
which corresponds to a positive or negative second-order nonlinear susceptibility, x®,
respectively.

To obtain the F/B ratio for a collection of fibrils in experiments, one collects the
average forward intensity (Iy) as well as the average backward intensity (/;). The F/B
ratio is then defined as (Iy)/(Iy).

First 1 extend the analytical expression for the forward and backward field for the
index-matched cylinder for multiple fibrils. The SHG electric field in the forward and
backward direction of a single sample with multiple fibrils in the index-matched case
is derived by summing the fields of the individual fibrils in the sample using equations
(130) and (131). From this the ensemble average of many samples is derived using
the relevant distribution P.(r). It is assumed that the coordinates of the fibrils are
uniformly distributed and are uncorrelated to those of the other fibrils. The sign of x(?
is distributed such that there a chance of f for the x(? of a fibril to be positive and 1 — f
for it to be negative. Under these conditions, the expectation value of the forward and

backward SHG intensity signal is
2 a4 (15 9 2
(|E¢|7) o< kg ?N+4—1N(N—1)(2f—1) (134)

(| Ey|?) o< NK? /OOO r2J2(2kr) P,(r) dr (135)

where N is the number of fibrils in the simulation domain which is related to the packing
fraction p as p = N7 (r?)/A, where A is the area of the simulation domain. The derivation
can be found in appendix 6.B.

From this expression, it is clear that the SHG signal in the backward direction does
not depend on the f ratio. The reason for this is that the phase of the SHG electric field
in the far-field in the backward direction of a single fibril depends on the x-coordinate in
the simulation domain. As the fibril position is random, the contributions of each fibril
will have a random phase as well, thus the extra imparted phase due to the sign of y®
will not have any effect when calculating the ensemble average. In the forward direction,
the far-fields of each fibril add up coherently and the far-field SHG intensity is predicted
to have a quadratic dependence on f. The (2f — 1) term is the expectation value of x(?
for a single fibril and the square represents the average interference between a fibril (of
which there are N) and all of its neighbours (of which there are N — 1).

Another observation is that the F /B ratio is independent of the number of fibrils N
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Figure 33: The F/B ratio as a function of p for simulated rat tail tendon samples in an
index-matched background medium after 100,000 simulations. From top to bottom for
f=0.30,0.35,0.40,0.45,0.50. The error bars are too small to show.

and thus of the packing fraction p only if the ratio f = 0.5. In earlier work it was claimed
that the F/B ratio is independent of p [1,147]. In figure 33, I plot the F/B ratio as a
function of p for various values of f. I find that the independence of the F/B ratio on
p is approximately true in the range of 0.47 < f < 0.53, which is within the range of f
found in nature for mice [107], but not for instance for cartilage [2].

I now investigate the effect of a refractive index mismatch on SHG far-field F /B ratios
in rat tail tendon by using the Mie/Green’s function approach. As I require 100,000
samples per simulation I will only use this method since it is orders of magnitude faster
than FDTD while still demonstrating the effect of a mismatch in the refractive index,
though underestimated. However, for collections of fibrils the Mie/Green’s function
approach requires a correction to the far-field phase. Too see why, recall that I used the
free-space Green’s function at n = 1.40 to get the correct phase matching conditions
inside of the cylinder. This leads to an incorrect phase in the far-field as the SHG
radiation travels through a medium with n # 1.40, which is not a problem for the single
fibril because I measure intensity, but it is for multiple fibrils because of the addition
of the far-field electric fields of each individual fibril. To correct for that, I calculate
the Mie/Green’s function approach with each fibril placed at * = Opm. In the forward

direction, no correction is needed because all the signals are phase matched anyway. To

107



k’l.CEo ]{71.%0 ]{?1330 k’lﬂfo

kozo : : koxo

0 Zg 0 To
Forward Backward
Figure 34: Diagram explaining the correction needed for Mie/Green’s function simu-

lations of samples with a distribution of fibrils. Left is the situation for the forward

direction and right for the backward.

correct for the actual position of the fibril, xy, in the backward direction I apply an extra
factor of exp(—2ikaxg). Figure 34 shows that when translating a fibril from position 0
to xg, the input beam travels for an additional distance x( to reach the new position,
picking up an extra phase of kyxy. Since two photons are used in the SHG process, this
is doubled to 2k;xg. In the forward direction, the SHG radiation now has to travel a
distance of x( less, which means an extra phase difference of kyxy. Since ko = 2k, this
means there will be an extra phase of 0 in total when moving the fibril to the new position
xo for the SHG signal in the forward direction. However, as shown in the right diagram
in figure 34, the ks vector is now in the opposite direction, thus instead of koxoy — 2kix¢
that we had in the forward direction, we now have —koxy — 2k1xo, which translates into
an extra phase of —2ksx.

Figure 35 shows the F/B ratio as a function of f for the index matched case, from
equations (134) and (135) (solid black line) and is compared to Mie/Green’s function
simulations of an index-matched collection of fibrils (blue) using 100,000 samples with
p = 0.70, which shows that the simulation results are consistent with the index-matched
ensemble averaged formula. T also plot in figure 35 two index-mismatched cases, calcu-
lated via the Mie/Green’s approach, with background media of n = 1.33 (green) and
n = 1.47 (red). A significant drop in the F/B ratio is observed for n = 1.33 while a
significant increase is observed for n = 1.47. The difference between the n = 1.47 case
and the n = 1.33 case is 31.8 £ 0.7% for rat tail tendon over the range of f = 0.4 to
f=0.5.

6.3.2 Experimental results for mouse tail tendon

I now turn to discussing the experimental results. I discussed my theoretical findings

from the previous section with our experimental collaborators, Stéphane Bancelin and
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Figure 35: The F/B ratio versus the ratio of positive to total fibrils, f, for 13-14 week
old rat tail tendon (top) and mature mouse tail tendon (bottom). All samples are tightly
packed with p = 0.70. The cylinders always have n = 1.40. The plots are for the ensemble
average (solid black) and Mie/Green’s function simulations for n = 1.33 (green), n = 1.40
(blue), and n = 1.47 (red).
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Frangois Légaré. As the effect of refractive index mismatch on the F/B ratio was a
previously unknown effect, they were intrigued and were able to perform the experiment.
Mouse tail tendon was used instead of rat tail tendon, but the radii distribution is also
known for that tissue, I was able to extend my theoretical work to mouse tail tendon
as well. For mature mouse tail tendon a triple normal distribution was fitted to the
measured fibril radii [152]:

2
0;

P.(r) = Z;:c exp (—(T_—”?> , (136)

where ¢; = 15%, ¢o = 63%, ¢35 = 12%, r, = 183nm, r; = 63.9nm, r, = 93.65nm,
o1 = 5.7Tnm, oo = 14.6 nm, and o3 = 5.7nm. Like rat tail tendon, the mouse tail tissue
is tightly packed, thus p = 0.70.

In the bottom plot in figure 35, the results of the simulations are shown for different
refractive indexes of the background medium. I find that the increase of the F/B ratio
from n = 1.47 background medium versus n = 1.33 is 28.1 + 0.6 % for mouse tail tendon
within the range of f = 0.4 to f = 0.5; the individual percentages are shown in the
right plot in figure 36. Stéphane Bancelin performed experimental measurements on
mature mouse tail tendon using a focused input beam with a wavelength of 810 nm. The
fibrils in the mouse tail tendon were immersed in either water (n = 1.33) or glycerol
(n = 1.47) such that a refractive index mismatch exists between the fibrils and the
background medium. The results after five measurements are shown in the left plot of
figure 36. There is a significant increase in the measured F /B ratio of the fibrils in water,
as compared to the fibrils in glycerol: 40 + 20 %, which is consistent with the theoretical
model for f in the range of 0.4 to 0.5. The error bar of the experimental measurements
is large because this was a preliminary experiment and measurements were only taken

at five positions.

6.4 Conclusion

To calculate far-field SHG signals from fibrils that are have a refractive index that is
mismatched with their surrounding environment, I use both a Mie/Green’s function ap-
proach as well as a computational electrodynamics method, FDTD. For the Mie/Green’s
function approach, I use cylindrical Mie theory to calculate the electric field of the pump
input beam within a fibril. From these fields, the induced nonlinear polarization is cal-
culated for SHG, which is then used to calculate the far-field SHG intensity signal in
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Figure 36: The left plot shows the experimental F/B measurements for mature mouse
tail tendon in water and glycerol (courtesy of Stéphane Bancelin). Averages are from
five measurements. The right plots shows the theoretically predicted increase of the F/B
ratio as a function of f of 100,000 samples embedded in a n = 1.47 background medium

with respect to n = 1.33.

the far-field using a free-space Green’s function. FDTD automatically incorporates all
effects of refractive index mismatch on the SHG radiation with the trade-off that it is
orders of magnitude slower than the Mie/Green’s function approach.

My findings show that for single fibrils a small mismatch with the background re-
fractive index can have an impact on the F/B ratio, though only for fibrils with a radius
larger than 100 nm which do occur with some frequency in certain collageneous tissues.
Comparison between a Mie/Green’s function approach and FDTD simulations shows two
comparable effects of linear index mismatch at play: (1) field enhancements inside of the
fibrils that lead to uneven SHG generation within the fibril and altered destructive in-
terference of the backward radiated field, and (2) linear scattering of the SHG radiation
from cylinders on its way to the far field.

In biological tissues, multiple fibrils exist in the focal area thus collections of fibrils
need to be considered. In the case where there is perfect index matching between the
fibrils and their environment, I derive an analytical formula for the ensemble average
over rat tail tendon, and show that the F /B ratio depends on the packing ratio p and the
positive-to-total ratio f. Using the Mie/Green’s function approach on 100,000 simulated
samples of rat tail tendon, I find that the effect of the index mismatch is significant due

to the presence of large fibrils. Even though large fibrils do not occur that frequently,
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they still contribute the most to the SHG signal and therefore significantly alter the
measured F/B ratio of the samples. I found an increase of the F/B ratio of 31.8 £ 0.7%
for rat tail tendon when comparing collection of fibrils embedded in n = 1.47 to those
embedded in n = 1.33. These results are likely an underestimate as my methodology
only accounts for the near-field enhancements inside of the cylinders and disregards the
effect of the refractive index mismatch on the SHG radiation as it propagates through the
sample as well as the possible near-field enhancements caused by neighbouring fibrils.
The calculated results were experimentally confirmed for mouse tail tendon where an
increase of 40 +20% was observed versus a theoretical prediction of 28.1 £ 0.6 % for
mouse tail tendon.

The near-field effects due to the refractive index mismatch as I have demonstrated
here cannot be removed by any known experimental technique, aside from finding a
perfectly index matched background; they are intrinsic to the SHG generation itself.
Thus in general, experiments concerning the F /B ratio in tissues where the representative
fibril diameter distribution allows for fibrils larger than 100 nm, need to correct for these
effects, for example, by using the theory in this chapter, as even small refractive index
mismatches can have a large effect on the F /B ratio. This may skew quantitative diameter
measurements where the F /B ratio is correlated to fibril diameter through the analytical
formula. However, qualitative measurements such as for example in [1] where fibril
diameter was studied in human cartilage are still valid. There it was observed that fibrils
close to the surface are smaller than those deeper down. Even though refractive index

mismatch was not considered, the reported trends still hold.

6.A Derivation of analytical expression

An analytical expression for the far-field SHG signal in the forward and backward direc-
tion generated by a plane-wave illuminated cylinder with non-zero second-order nonlinear

2), can be derived analytically. This was shown by Freund et

electric susceptibility, !
al. [15]. As their paper does not clearly show the derivation, I will use this appendix to
show my own derivation. It should be noted that Konstantin Popov, who is a former
post-doc in my group, derived the same expression through a different method.

To calculate the expression for the SHG radiation I consider a y-polarized plane wave

propagating in the x-direction as the input beam, which can be written in the form

E\(7,w1) = Eg exp(ikiz)g, (137)
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where k; = nwi/c is the wave number of the input beam, w; is the frequency of the input
beam, n is the refractive index of the entire medium, and Ej is the field strength of the

input beam. The induced nonlinear polarization for SHG is

P(7,ws) = €0X @ (F,wz = wi + w1) Ey (7, w1) EL (7, w1), (138)
where ws is the frequency of the SHG radiation and ¢ is the electric permittivity in
vacuum. To calculate the electric field for the generated nonlinear where signal outside
of the cylinder, I use Maxwell’s equations to obtain the wave equation in the frequency
domain

2,2
nws

V x V x E(F,ws) = —2 E(F,ws) + ptowi P(7, ws), (139)

2
where ¢ is the speed of light in vacuum and g is the magnetic permittivity in vacuum.
By introducing the Hertz vector, Z, which is defined by E = k2Z + V(V - Z) [99,102],
where k is the wave number of the field to be calculated, this wave equation can be

rewritten as a Helmholtz equation

o o 1 -
V2Z(Fws) + k3 Z(F,ws) = —— P(F,w,), (140)
€gn

where ks = nws/c is the wave number of the SHG radiation. Note that I assume the
refractive index is the same at w; and ws, i.e. a dispersionless medium. This is an ac-
ceptable approximation as I am assuming a confocal geometry, thus the forward fields
from the input beam at w; and the SHG radiation w, are phase-matched. Furthermore,
the second-order nonlinear susceptibility, x(? is a rank-3 tensor, which means that the
individual equations for the vector components in the equation above are coupled. How-
ever, as my input beam is only polarized in the y-direction, I only need to consider the
tensor component ngy)y, Xﬁ/)y, X%)y Of these components, the Xl(,?y component is by far
the largest [100], thus I will ignore the other components, leaving me with just one. In
that case I only need to consider Z, and Xz(,?y, thus I drop the subscripts.

In free-space, the Helmholtz equation has a well-known Green’s function solution,

which is [99, 154]

_exp(ikg|r —7])

G(r, 7 = 141
(T,T‘,Wg) 47T|7?—7:7| ( )
The Hertz field of the SHG radiation outside of the cylinder is then
Z(F, (,UQ) = / P(T_’I,WQ)G(_’,FZWQ) d’f_", (142)
1%
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where the integral is over the entire volume V of the cylinder. In the far-field where

|z| > |2'|, T approximate |7 — 7| as

N L ) L e (143
~ a2 — 2w — 2y — 222 (144)

I want to know the on-axis signal, so that means that y = z = 0. Thus, the approximation

. / zx!

becomes

1
~  —— 146
o)1~ o (140
= |z — 2| (147)
So the far-field SHG electric field is then

EOX(2) . .

Ztar (T wo) = exp(2iki2’) exp(ikqe|z — 2'|) dF, (148)
Ar|z| Jy

where I have approximated |x — 2’| ~ |z| in the denominator because I am in the far-
field. This cannot be done for the term in the exponential because the phase is sensitive
to small changes due to its mod 27 nature. Using this expression, the SHG signal in
the forward and backward direction is calculated. In the forward direction z > 2/, so

equation (148) becomes

(2)
Zfar(Fy w2> - cox

=l exp(2ik12") exp(ike(z — 2')) dr. (149)

Because I assumed a dispersionless medium, [ use ky = 2k, to get

N cox? exp(2ikyx
e (7 wp) = <X 4;;(’ - )/Vdf'. (150)

The integral now just gives the volume of the cylinder, which is 7r%¢, where r is the

radius of the cylinder and ¢ the length, giving

cox P2l exp(2ik, x)
Az

Zgar (T, W) = (151)

This needs to be converted back from the Hertz field to the electric field. In the far-field
the term V(V - Z) in the definition of the Hertz vector only contains terms that fall off
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with distance faster than those in Z , so this means the E-field is obtained by multiplying
Z by a factor of k2. Thus the electric field of the SHG signal in the forward direction is

k2eox P12l exp(2ik,x)

B (7, 152
7, 12) = e (152
In the backward direction, z < ', so equation (148) becomes
eox?
Zpar (T w2) = exp(2ik ') exp(iks (2 — x)) dF. (153)
Ar|z| Jy
Now I again use ky = 2k, to get
(2) —ik
i (7 ) = X exp(—iky7) / exp(2iks’) di. (154)
47 || v
In cylindrical coordinates I have 2’ = p’ cos @’ and the integral becomes
GOX(Q —ikox 5/2 2T T
Zor (T o) = / / / p exp(2ikqp’ cos ') dy’ b’ dp'. (155)
4W’$ | ¢/2J0
The integral over 3/ is easily done and results in a factor ¢:
(2)€ ikox 2w
Zgar (Tyw2) = M/ / o exp(2ikqp’ cos ') db' dp'. (156)
Ar|z| o Jo
The integral over 6’ is done using Mathematica and leaves
(2)6 —ikox r
. € e ,
Ztar (T wo) = OXT/ p'Jo(2ikap") dp/, (157)
0

where J; is the zeroth order Bessel function of the first kind. Finally, the integral over

P is also done by Mathematica to get
coXPrJy (2ky R) be™Yik2x

Ztar (T, wa) = 158
i (T WQ) 4k2|[1)| ( )
Converting back to the electric field as before leads to
kaeox @1 Jy (2kor) e k2"
Efar (7—1»7 w2) — QEOX r 1( QT) € (159)

Az
Together with the expression for the forward direction, I calculate the F/B ratio an-
alytically by dividing the absolute values squared of equations (152) and (159), which
is

[f lﬂ%?"2

2 160

I, J?3(2kyr)’ (160)

which is the expression I used in the previous section.
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6.B Ensemble average

The ensemble average of the far-field SHG intensity signal is the average of the signal
generated by many random many samples containing multiple fibrils. For a given sam-
ple, the total electric field (far-field) in the forward direction is found by applying the
analytical expression from equation (152) and summing the far-field electric fields for
each fibril in the sample. Likewise for the backward direction using (159). Each sample
contains fibrils that have radii that are randomly generated from a given radii distribu-
tion such that the total area of all of the fibrils in the simulation domain conforms to a
given packing ratio p. Furthermore, the positions of the fibrils are randomly generated
using an uniform distribution. Finally, the value of the second-order nonlinear electric
susceptibility, x(® is taken as +1 with a probability of f and —1 otherwise. The proper-
ties of each fibril in the randomly generated sample are assumed to be uncorrelated with
the others.

The ensemble average is then the expectation value for such randomly generated
samples. Since the SHG far-field signals depend on the radius, the second-order nonlinear
susceptibility and (in the case of the backward direction), on the position, I require
the probability functions for all of those quantities. I use the distribution for rat tail
tendon [106], which is

P(r) = %eXp (—i—g) : (161)
where rq is the mean fibril radius, which is ro = 65nm. This formula does not have a
physical underpinning but was chosen because it fits the data [107]. Having an analytical
form makes it possible to do an analytical calculation. The x® is either positive or
negative depending on the ratio f and the sign corresponds to the fibril orientation;
fibrils that are “up” have a positive sign and those that are “down” have a negative one.

So the probability function is therefore

P =1 (162)

X
P =1-F. (163)

The last remaining probability function is that for the positions of the fibrils which are
randomly placed in the xz-plane where the x-axis coincides with the direction of the
laser propagation. The position of the fibril affects the phase of the input beam it “sees”
because fibrils moved further from the source will experience a retarded phase. In the

forward direction the SHG radiation will be phase-matched regardless of fibril position,
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so position only affects the far-field SHG electric field in the backward direction. Since
the input beam is a plane wave, only the distance along the laser propagation axis, ¢.e.
the x-axis, matters. Thus the z-coordinate of the fibrils has no effect on the phase, only
the x-coordinate does.

The position dependence can be generalized even further since the effect of the po-
sition is only on the phase, which means that instead of a random x-coordinate, I use
a random phase instead. The range of this phase depends on the length of the sample
along the laser-propagation axis, which in this case is several wavelengths long. Thus

the phase ranges over the entire range of [0,27) with uniform probability.
Py=—. (164)

That is, the probability for each value of the phase ¢ is equally probable. Note that this
assumes that all x-coordinates of the cylinder are equally probable as well, and thus that
it may overlap with other cylinders. However, the z-coordinate can have any arbitrary
value and can be chosen such that they do not overlap.

The ensemble averages for the forward and backward far-field SHG signal are now
calculated by calculating the expectation value of a collection of N cylinders in a sim-
ulation domain. This expectation value is the same a the ensemble average over many

samples.

6.B.1 Forward

The far-field SHG signal in the forward direction for a cylinder is given by equation (130),

which is
Er = XY Bk mr?, (165)

where x? is either +1 or —1. The fields add coherently, so for N cylinders, the field

would be
N
By = Y XV B2kPmr?, (166)
i=1
where XZ(-Q) is the sign and r; the radius of the i-th cylinder. To calculate the expectation

value for the far-field intensity of N cylinders, I assume that all of the radial probability
(2)

distributions as well as the x,;~ are not correlated to each other. The expectation value
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is then

(2) 2
|Ef0rN| Z Z/ / (ZX(2 E2k27T7“ ) HP (2)P Tk) dTl...dTN.
(167)

First I rewrite the squared term as

N 2 N N
(Z XE”E&]@%T?) = Egk*n? Z Z ng)xf)r?r? (168)

=1 =1 j=1
N , N N
= Egk'n? Z (XEQ)T‘Z»2> + Z Z XEQ)XEQ)TETJQ- (169)
i=1 i=1 j=1
J#i
N N N
= Byl [ D0+ 33 PPt | (170)
i—1 i=1 j=1
J#

2
In the last step <X§2)> disappeared since the only two possible values are (+1)% and
(—1)?, which both are just 1. The two terms of equation (170) will be calculated sepa-
rately. The first term is

(2) (2)

(| EBror. ] E4k422 Z/ / Z HP@)P r)dry . dry. (171)
1=1

The sums over PX(2> disappear since the probabilities always add up to 1. Similarly, the
k

integrals over r disappear when k # ¢. So all that remains is

(B |20 = Bkt QZ/ () dr, (172)
= Egk*n®N / r* P.(r) dr, (173)
0

where the last step makes use of the fact that all of the remain integrals are exactly the

same.
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The second term of equation (170) is only slightly more complicated.

NORENC)
(|Bioen|)® = Ejk*r QZ Z/ / ZZ)@ XJ )2y

=1 j=1
J#i
N
1T P e Py(r)dry ...dry (174)
B (2> (2)
4742 (2) 2
SIC O o) N zxz zx
J#l

N
1T P o Py(ri)dry ... dry. (175)
k=1

Now the terms where k # i and k # j reduce to 1, similar as before. So I am left with

(2 X§2)
(| B 2)®) = Edkr 222/ / sz ij 2P P, (1) x
J?él
PX(_2)PT(7"]') d’f’id’l“j. (176)

The ¢ and j are completely independent due to the condition that ¢ # j, so I rearrange

to

N
(|Bror ) = Egk'm 222/ Xz o P(z)P(n)dn

(2)
ZZ/ X] I P(2)P(TJ)dT] (177)

Jséz

= EMAnPN(N — 1) Z/ 272 P o) Py (1) dr (178)

2

= Egk*n®N(N — 1)(2f — 1) (/Ooo 2P, (r) dr) : (179)

The N(N — 1) term comes from the summation over i, which has N terms, and over

j, which has N — 1 terms. I then obtain the full expression for an arbitrary radial
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distribution, P,(r), and obtain

(| Bior v |?) = Egk'n® (N /Oo rP(r)dr + N(N —1)(2f — 1)?
0

(/OOO r2P.(r) dr)2> : (180)

For rat tail tendon I evaluate the two integrals:

o 3
/ r?P,.(r)dr = —7“3 (181)

0 2

= 4 15 4

r*P.(r)dr = —ry. (182)

0 2

Thus the expectation value of forward SHG signal intensity is
2 44 2 4 (19 9 2

(|Etor.n|°) = Egk"m*r ?N+ ZN(N —-12f-1)). (183)

Since the expectation value is the same as the ensemble average over many fibrils, I now

have the ensemble average in the forward direction.

6.B.2 Backward
In the backward direction, the field for a single cylinder is given by equation (131):
J— EgkX(Q)WTJl(Qk:r)e—Qikm. (184)

There is now a dependence on the position of the fibril, zy, which I need to take into
account. As explained at the beginning of this appendix, the random position of the fibril
adds a random phase when the simulation domain is longer than several wavelengths.
Thus I substitute e 2*¥%0 with 7' and use the P,(¢) probability distribution. Therefore
the expectation value for the intensity in the backwards direction is calculated as

TR S S A A e >

2

52)E§k7rri<]1(2km)e_i¢i X
H P ) Py (ri) Ps(¢n) dry ... dry dy ... doy (185)
k=1
2 @ 2
S 5 oY 0 T
HPX;?)PT Tk)P¢(¢k) d’l"l...d’I“ngbl... ng. (186)
=1
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I again work out the term inside the integrals, though now using the absolute value

squared as I have complex numbers now:

le ridy (2kr;)e” ZZ XDy (2kr)e 7 O Py 0y (2K el (187)
1=1 =1 j=1
_Zr J2(2kr;) —1—22)(1( riJ1(2kr;)e 0 x
i=1 j=1
J#
XD Jy (2K )el s, (188)

The first term has no dependence on the phase, thus the integrals and summations are
similar to those in the forward direction. The only difference is that I have r?J;(2kr)

instead of r* in equation (173). Thus the first contribution to equation (186) is
(| Byacen |V = Edk*n®N / r2J(2kr) P, (r) dr. (189)
0

This integral has no analytical solution, but is well-behaved and thus is calculated nu-
merically quite easily.
The second term has two phase terms, thus the integrals over ¢; need to be considered.
I can however still split the double summation as I did before and just need to solve the
integral
2)

N X;

<’Eback,N’2>( = Egk*m QZZ/ XZ szl(Qsz) —ep (2>P (ri) Ps(¢s) dri do; X

(2)
N X

ZZ/ X] Tng (2kr;)e' % P (2)P (1) Pp(¢;) drj de;. (190)
J#Z

However, the integrals over the phases evaluate to:

27 27
/ e de = / e do = 0. (191)
0 0

Therefore the second term disappears completely and the backward intensity signal is

independent of f, which leaves me with
(| Brack n|?) = Egk*m* N / r2J3 (2kr) P.(r) dr. (192)
0

This expression is independent on f due to the random phases that are introduced, which

can be understood by looking at the phase of a single fibril. A fibril is assigned either
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a Y@ of +1 or —1, which results in an extra phase either 0 or 7 in the far-field electric
SHG field. However, each fibril also obtains a random phase due to its position in the
backward far-field electric SHG field. Adding 0 or 7 to a random quantity still results
in a random quantity, thus the far-field phase due to the sign of y(? is irrelevant, and

hence the expression does not depend on f which dictates the signs of y®.
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Conclusion

In this work, T have shown that the theoretical study of electromagnetic phenomena
provides insight in the image formation process of nonlinear optical microscopes. It is
clear, both through literature and my own investigations, that imaging using nonlinear
optical microscopy provides additional information about samples beyond what linear
optical microscopy can accomplish. Because microscopes provide deep insights in medical
research and are used for diagnostic tools, I have concentrated on biological materials in
this thesis. There is also a long history of using nonlinear microscopy with such material.
In fact, the first SHG microscope was used on rat tail tendon. Of course, nonlinear optical
microscopy is used in other fields such as for instance geology and material science and
some of the findings in this thesis apply to those fields as well.

Even though nonlinear optical microscopes have been in development for almost forty
years, I show in this work that there is still much to study about the image formation
process. Using computational tools such as FDTD, cylindrical Mie theory, and the free-
space Green’s function, I was able to study near-field interactions at the nanoscale inside
of the sample which cannot easily be done experimentally. These computational tools
really form the underlying basis of my thesis. With FDTD simulations I am able to

simulate Maxwell’s equations without any approximations other than those resulting
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from the discretization of space and time. I am therefore capable of simulating most
experiments with the added benefit of full control over the experimental parameters and
sample composition. FDTD is however slow and requires a large amount of computational
resources. More specialized simulations such as Mie theory and the Green’s function
approach allow orders-of-magnitude faster simulations, thus enabling me to simulate
100,000s of experimental measurements in order to get the best statistics. I have shown
that even sample composition benefits from computational physics when I generated rat
and mouse tail tendon as it would occur in nature using molecular dynamics simulations.

To be able to use immediately applicable examples of my theoretical investigations, I
have limited myself to three different nonlinear optical imaging modalities. The first such
modality is SHG microscopy because it is a technique that is often used for the label-
free imaging of collagen which in turn is a material that exists in nearly all biological
matter. It plays a role in many biological processes and there still remains a lot to be
understood. As such, improvements or deeper understanding of the image formation
process are crucial for past and future experimental studies using SHG microscopy. The
second and third modalities are SRS and CARS imaging. These are techniques that
probe the vibrational spectrum of biological molecules and are thus often referred to as
vibrational spectroscopic imaging. The ability to do video-rate label-free non-destructive
imaging makes them an ideal candidate for studying biological processes in real-time
without the need to alter the samples beforehand to apply fluorescent labels. Despite
the fact that I limited myself to these three modalities, the results presented in this thesis
are general and may apply to other nonlinear optical imaging techniques as well.

For SRS and CARS imaging I was able to use FDTD simulations to prove that
small inhomogeneities in the refractive index can have large effects depending on size
and shape of the sample. Objects act as internal microlenses and due to the third-order
nature of the nonlinear SRS and CARS processes, these field enhancements are cubed
in the polarization term, which causes large distortions in the far-field. Even though the
inhomogeneities in the refractive index were only in the order of An/n ~ 0.1 — consistent
with those occurring in biological material — far-field signal enhancements of an order
of magnitude can occur and objects can appear shifted on the order of micrometers.
Furthermore, these results break the assumption that far-field intensity scales linearly
with the number of scatterers for SRS or quadratically for CARS (or linearly, depending
on the concentration). Even techniques such as frequency modulation cannot reduce the

aforementioned effects; it is inherent to the image formation process.
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Further, I was able to show that linear index mismatch on its own can cause significant
non-uniform off-resonant CARS and AM-SRS signals. The latter is especially noteworthy
as AM-SRS should be background-free. These off-resonant signals were greatly reduced
in FM-CARS and FM-SRS, indicating the importance of using frequency-based filtering
methods, such as hyperspectral analysis or FM techniques. However, no currently known
filtering techniques can reduce the signal enhancements and perceived position shifts due
to microlensing. Though in future work, I will endeavour to develop techniques that
would be able to detect such distortions.

I find that inhomogeneities in the refractive index also have an effect in SHG imaging
of collagen fibrils, despite the fact that SHG is only a second-order process and collagen
fibrils are usually too small to have an appreciable near-field enhancement effect. By
using a combination of Mie theory with free-space Green’s functions as well as through
FDTD simulations, I show that significant changes in the backward far-field SHG signals
occur due to the altering of the phase-matching conditions inside of the fibril. This in
turn affects the ratio of the forward far-field intensity to the backward one, i.e. the F/B
ratio, which is a characteristic that is often used when investigating collagen samples
such as rat and mouse tail tendon. These effects predominantly become noticeable when
fibrils are larger than » = 100nm. These sizes occur infrequently in biological tissue.
However, in typical experiments the laser focal spot contains hundreds of fibrils and thus
large fibrils will be present. I generated simulated rat and mouse tail tendon samples and
found that even though large fibrils were not present often, the F /B ratio for a collection
of fibrils was still significantly affected by a refractive index mismatch between the fibrils
and the background medium. This makes it difficult to do quantitative measurements.

These effects of the refractive index on SRS and CARS images as well as on /B
ratio measurements on collagen fibrils using SHG show that care must be taken when
interpreting images from nonlinear optical microscopes. Their often coherent nature leads
to destructive interference, as I showed for SHG imaging, or to near-field enhancements
for which the effects are amplified because of the third-order nonlinear processes in SRS
and CARS images. These results are likely not limited to the three modalities I chose to
study in this work. Additionally, the objects studied with SRS and CARS were simplified
to spherical particles. In real samples, the geometry will be more complicated, thus the
investigations in SRS and CARS imaging in this thesis will only provide a qualitative
example of the range of distortions one might encounter, whereas the investigations of

fibrils and SHG imaging is more quantitative. In general one must be aware of the range
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of the inhomogeneity of the refractive index in the sample as even small mismatches can
has significant impact on the nonlinear far-field signals.

Computational tools do not only allow deeper insight in the image formation pro-
cess to find possible sources of image distortion, but can also be used to enhance image
formation. With our experimental collaborators, I have shown how computational mod-
elling of SHG imaging of fibrillar tissue can discern subresolution features of collagen in
samples of human cartilage and bone by demonstrating a clear link between the F/B
ratio of the SHG signal and collagen fibril size. The fibrils of the human cartilage were
small enough so that a refractive index mismatch would not cause any significant effects.
By imaging equine cartilage with the interferometric SHG microscopy, which is able to
discern phase information, we are also able to show the preferred fibril orientation by
modelling using the standard deviation of the phase information. Finally, our model was
also able to show why a speckle pattern appears in the backward direction when imaging
human cornea with SHG microscopy, but not in the forward direction. The phase of the
forward signal is clearly defined, leading to an overall coherent addition of signal, despite
the fact that internally the collagen fibrils have either a positive or negative (¥, whereas
in the backward direction the phase is random, thus destructive interference also occurs
randomly and hence the speckle pattern in the SHG image in the backward direction.

Clearly phase information is important in nonlinear optical imaging, which highlights
the importance of ptychography for nonlinear optical microscopy which I developed based
on linear ptychography. The proposed experimental set-up is much simpler than that
for interferometric nonlinear optical imaging as no reference beam is required, nor are
multiple measurements at the same position needed to determine the phase of ¥ from
the interference pattern; all that is needed is a CCD camera instead of a photo-multiplier
tube for a raster scanning microscope. The ePIE algorithm I used is an iterative com-
putational reconstructive algorithm that is able to reconstruct both the magnitude and
phase of the nonlinear susceptibility of a sample and it does so with a resolution that
approaches the diffraction limit. Furthermore, the algorithm corrects for static distor-
tions in the input beams as the probe, which is the product of the input beams, is also
reconstructed. Thus the algorithm takes these distortions in the probe into account when
reconstructing the object.

I demonstrate this functionality by imaging simulated rat tail tendon using SHG
and find that I can indeed approach the diffraction limit despite using a distorted input
beam. Not only the magnitude of the y® is reconstructed, but also its phase. The
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phase information allows me to determine the orientation of the simulated collagen as
fibrils pointing “up” have a positive y® while those pointing “down” have a negative
one. The reconstructed magnitude allows direct comparison with a normal SHG raster-
scanning microscope with an input beam that has a radius that is a fourth of that used
with ptychography. I find that my ptychographic algorithm is able to obtain higher
resolution while simultaneously required an order-of-magnitude less measurements. In
comparison with an interferometric SHG microscope, which additionally require roughly
ten measurements per pixel to determine the phase information, the efficiency of my
ptychography algorithm is two orders-of-magnitude.

In CARS imaging, the signal-to-noise ratio is always lowered due to the nonresonant
background radiation, which is caused by nonresonant nonlinear processes that emit at
the same frequency as the resonant CARS signal. Since a nonresonant signal is always
associated with a real-valued x® and a resonant signal with an imaginary one, this non-
resonant contribution can be reduced by using interferometric CARS. I show that I can
also use the ptychographic algorithm to reduce the nonresonant background by using the
reconstructed phase of x® to split the resonant and nonresonant components. Simul-
taneously I keep the two other advantages which are increased resolution and distorted
input beam corrections.

As far as I am aware ptychography has not been implemented for nonlinear optical
imaging before. It could have large benefits, as it provides access to the phase information
of the nonlinear susceptibility, increased resolution, input beam correction, and requires
less measurements than normal raster-scanning microscopes. The technique I have shown
is also not limited to the two examples of SHG and CARS imaging I showed; it can
easily be applied to other nonlinear optical processes by splitting the induced nonlinear
polarization in the appropriate nonlinear electric susceptibility and product of input
beams.

The next step would be to seek experimental verification of the theoretical work on
nonlinear ptychography. We are in talks with two experimental groups that are interested
in doing so. The change to the experimental set-up should be relatively straightforward
as all that needs to be changed is substituting the photomultiplier tube with a CCD
camera.

In future work, I would also like to extend the ptychography algorithm to 3D. Already
such work exists for linear ptychography that is based on virtually dividing the sample

in slices and calculating the propagation from one slice to the next until the last slice is
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reached at which point the propagation to the far-field is calculated. Since that operation
is reversible, guesses for each slide are updated iteratively to form a 3D reconstruction
of the sample. However, this method is not directly applicable here due to the difference
in how the far-field signal is generated from the sample. In linear ptychography, a
transmission function is what is reconstructed, whereas in nonlinear ptychography, the
input beam causes the sample to radiate. Thus each slice radiates toward the far-field,
independent of the other slices. That is, the operation is not reversible. Other techniques
from linear ptychography may be applicable such as tomography where the sample is
rotated. However, rotating a sample while keeping track of its exact location is hard
to implement experimentally. My feeling is that 3D might be possible by changing the
depth of focus of the input beam, but this is still work-in-progress.

Finally, ptychography is diffraction limited because it relies on the far-field diffraction
patterns. Thus higher frequency components are lost. Depending on the NA of the col-
lecting lens or the size of the CCD, as substantial portion of the frequency domain may
be captured, but full recovery is not possible. However, by using structured illumination
where the input beam is encoded with an oscillating pattern in space, the missing fre-
quency components can be captured and thus a larger diffraction pattern is created that
contains the higher frequency components. This will allow me to break the diffraction
limit to obtain an even higher resolution than ptychography is already capable of. This
would also be applicable to linear ptychography.

Another future work will involve the newly developed Green’s function approach for
imaging rotated fibrils. All of the work T have presented so far has been with fibrils
that are all oriented in the same direction. However this is only an approximation as
in nature the fibrils will have at least some deviation from the general alignment of
the collagen tissue. It will therefore be interesting to see how well this approximation
holds up and if it can possibly be utilized to discover further subresolution features.
As I have shown, I have already implemented the code for these types of simulations.
The vectorial Green’s function approach also opens up the study of polarization second
harmonic generation (P-SHG), which is a technique that is often used when studying
collagen tissue because it is sensitive to the dominant fibril orientation. Parameters such
as disorder can be simulated to reveal their effects on far-field P-SHG signals. Diseases
such as osteoarthritis for example display disorder as one of the earliest signs [155].

Of course, the effects of refractive index mismatches continues to be of interest as I
have already shown that this affects SRS, CARS, and SHG imaging. Nonlinear optical
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microscopes based on third harmonic generation or other nonlinear processes are probably
also be affected by this. Thus it will be interesting to investigate these as well. Likewise,
non-biological matter can have much larger refractive index mismatches. For example,
geological samples consisting of rock and gas has been studied with CARS [156] and
there may be enhancement effects there.

In conclusion, nonlinear optical microscopy is a field in which there is ample room
for numerical simulation techniques to study the image formation process. The abil-
ity to control all of the parameters of the experimental set-up independently allows for
fine-grained control of the nonlinear optical processes and simulations provide access to
the near-fields inside of the sample at theoretically unlimited spatial and time resolu-
tion, which is only limited by the available computational resources. Those available to
me are substantial as I have access to our group’s own supercomputer and through the
Compute Canada Consortium I also have access to those spread around Canada, such as
BlueGene/Q provided by SOSCIP and the clusters at SHARCNET. Thus the computa-
tional power I was able to leverage during my Ph.D. is at a level that was unimaginable
just a decade ago. However, as computational power continues to increase rapidly, a
decade from now even larger simulations can be done. For this reason, I think that the
field of computational nanophotonics will continue to grow in importance though it will
obviously not replace experimental work. Rather it will augment it as I showed when I
demonstrated the ability to obtain subresolution features by combining simulations and
SHG imaging or by using algorithms such as ptychography to obtain phase information

and increase resolution.
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