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Abstract

The convex hull of a sample is used to approximate the support of the underlying
distribution. This approximation has many practical implications in real life. For
example, approximating the boundary of a finite set is used by many authors in en-
vironmental studies and medical research. To approximate the functionals of convex
hulls, asymptotic theory plays a crucial role. Unfortunately, the asymptotic results
are mostly very complicated. To address this complication, we suggest a consistent
bootstrapping scheme for certain cases. Our resampling technique is used for both
semi-parametric and non-parametric cases. Let X1, Xo,..., X, be a sequence of i.i.d.
random points uniformly distributed on an unknown convex set. Our bootstrapping
scheme relies on resampling uniformly from the convex hull of X, X5, ..., X,,. In this
thesis, we study the asymptotic consistency of certain functionals of convex hulls. In
particular, we apply our bootstrapping technique to the Hausdorff distance between
the actual convex set and its estimator. We also provide a conjecture for the ap-
plication of our bootstrapping scheme to Gaussian polytopes. Moreover, some other

relevant consistency results for the regular bootstrap are developed.
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Chapter 1

Introduction

1.1 Motivation

In plug-in principle, the regular bootstrap method always resamples from the sample.
This is because the empirical distribution approximates the underlying distribution.
When dealing with high-dimensional sample points, the convex hull of the sample,
i.e. the random polytopes, is used as a good estimator for the support of the un-
derlying distributions. Because of the complexity of the asymptotic distribution for
different functionals of convex hulls, we develop a new bootstrapping scheme based
on stochastic properties of random polytopes and study its asymptotic consistency.
Since our main results are based on the existing theory of random polytopes, it is
worth developing this asymptotic theory. These investigations enable us to know

when and how the suggested resampling technique can be used.

1.2 Origin and application of random polytopes

In this thesis, let £(R?) be the collection of all non-empty compact subsets of d-
dimensional Euclidean space R? (d € Z*). Also let K(R?) be the collection of all



non-empty convex compact subsets of R%. Throughout this thesis, let (Q, F, P) be

our probability space.

Definition 1.2.1. For any S € £(RY), we say C is the convex hull of S (denoted by
C = Conv (5)), if

c= (1 A

AcK(RY),ADS

Remark 1.2.2. The set C can also be written as

C:U{Zai$12$1657 a; >0,1=1,2,...,n, a1+a2+...+an:1}_
n=1

i=1
Also notice that C'is the smallest convex set containing S.
From the definition of convex hulls, it is easy to see the following property.

Proposition 1.2.3. If S is a finite set, then its convez hull, Conv (S), is the smallest
convez polytope containing S. Obviously, all the vertices of Conv (S) belong to S.

Definition 1.2.4. We say C' is the random convex hull of S if S is a random element
taking values in E(RY) and for almost all w € Q, C(w) is the conver hull of S(w).

When S is a finite point set, we call C' a random polytope.

The research on random polytopes originates from Sylvester’s Four-Point Problem
which studies the probability that the convex hull of four points is quadrilateral if
four points are randomly (e.g. uniformly) selected from a planar region K. (See
Figure 1.1.)

Sylvester’s Four-Point Problem can be easily extended to n points as follows. Let
X;, 1 < i < n be a sequence of random points in R? with identical underlying
distribution F' (i.i.d). Define K, = Conv{Xy, Xy, ..., X, }. What is the probability
that the convex hull of n points is exactly a polygon with n edges? Furthermore, we

can study some asymptotic properties of K, or more specifically, the functionals of



Figure 1.1: Two situations of Four-point problem when K is a square.

K,. To our knowledge, this has been rarely studied before two classical papers [35]
and [34] by Rényi and Sulanke. They assume the underlying distribution F' is the
uniform distribution on a convex set K C R? (see Figure 1.2). They derive many
interesting results about the expected number of vertices, the area (or volume) and
the perimeter (or superficial area) of K.

The random polytope, K,,, has been studied for several reasons. For example, Mac-
Donald et al. [29] apply K, to the estimation for the territorial range of a wildlife
species by tagging an individual of this species with a radio transmitter and recording
the position as X; after releasing. Ripley and Rasson [37] apply K, to the estima-
tion for the support of the homogeneous planar Poisson process. Moreover in order
statistics, the method of convex hull peeling constructs a nested sequence of random
polytopes based on the sample points. See Tukey [39] and Barnett [5] for an account
of this application.



Figure 1.2: K is a convex polygon. F'is the uniform distribution on K. The
sample size n = 100. K, is the convex hull of the sample points.



1.3 Different aspects of random polytopes

The research on random polytopes is developed in many directions such as the types
of polytopes, the functionals and their asymptotic behaviors. Before giving a short
list of these results, let us stipulate some notations and introduce some new concepts.
Throughout this thesis, we use the following notations. For any set A, its volume
is denoted by |A|. The sample points, Xi, Xs,..., X,,, are random elements taking
values in R? and drawn from the underlying distribution F. If F is the uniform
distribution on some convex set K, we call K the underlying set to draw sample
from. For an independent and identically distributed (i.i.d.) sample X7, Xs,..., X},
we denote the convex hull of the sample (i.e. the random polytope) by K,, i.e.
K, = Conv{Xj, Xs,...,X,}. Forfunctionals of K,,, we denote the number of vertices
by N,, the volume by |K,|, the perimeter by L,, the probability content by F(K,)
and the s-dimensional faces by fs(K,) (fo(K,) is equivalent to N,,). Moreover if K
is the underlying set, we denote the set difference K \ K,, by D,, and the Hausdorff
distance between K and K, by H(K, K,,).

Definition 1.3.1. Let d. be the Euclidean metric on R%. For any two sets X, Y C RY,
HX,)Y)=inf{0 >0: X CY;, Y C X5} (1.3.1)

where

Xs ={zx : dc(z,y) <0 for somey € X}.

The following observation about Hausdorff distance is useful in this thesis. Let Y C

R? be a polygon with vertices ¢;,¢a,...,c,. Suppose X is a convex subset of Y.
Then
H(X,Y)= sup dc(cg, X) (1.3.2)
1<k<r

where d.(xg, X) = inf{d.(cx, ) : ® € X}.



As for the types of random polytopes, we always name the random polytopes by their
underlying distributions. For example, the most common underlying distributions are
uniform distribution and Gaussian distribution (with identity covariance matrix). In
these cases, we call K, a uniform polytope and a Gaussian polytope respectively.
Besides, there are other types of random polytopes with extensive interest which
are called Poisson polytopes and regularly varying polytopes. (See below for the

definitions.)

Definition 1.3.2. Let F be the uniform distribution on K C RY (d > 2) and {X;}22,
be a sequence of i.i.d. random variables with the common distribution F. Suppose
X(n) = sz\il ex,;, where N is a Poisson random variable with mean n (E(N) =n)
and independent from X;, and €4(-) is the point measure at x (see Appendiz A.2).
We draw a sample, X1, Xs, ... Xn, uniformly from K. Then the Poisson polytope I1,,
15 defined by

II,, = Conv{Xy,..., Xn}.

Remark 1.3.3. We can prove that X(n) = ZZ]L e£x, is a Poisson point process with
intensity nF'(-) (see the definitions in Appendix A.3 and A.5). That is why we call

I1,, a Poisson polytope. (See Resnick [36].)

Definition 1.3.4. Suppose H = R?\ {0}. Let X, X5..., X, be a sequence of i.i.d.
sample points drawn from the underlying distribution F'. We say F is reqularly varying
(or satisfies the reqularly varying condition) if there exist positive constants a,, such

that lim,,_, a,, = 00 and
nF(a,) =nPla;'X; € - | s,

where %7 denotes vague convergence (see Appendix A.6) and 1 is a non-degenerate

Radon measure (see Appendiz A.1) on H.



Example 1.3.5. A bivariate Cauchy distribution satisfies the regularly varying con-
dition. The probability density function for a centered bivariate Cauchy distribution

with independent components can be written as follows:

1

f.y) = w2172 (1 4 (2/71)?) (1 + (y/72)?)

for (z,y) € R% Figure 1.3 plots the convex hull of 1000 sample points drawn from
the bivariate Cauchy distribution with independent components which y; = v = 1.
The probability density function of a common bivariate Cauchy distribution can be

given by:
1

f@ b ) = S S+ (@ = @S (= @)

for & € R?. Figure 1.4 plots the convex hull of 1000 sample points drawn from the

bivariate Cauchy distribution which g = 0 and X is the identity matrix.
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Figure 1.3: The convex hull of 1000 sample points drawn from a bivariate
Cauchy distribution with independent components.

As for the asymptotic behaviors of random polytopes, researchers are mainly interest-
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Figure 1.4: The convex hull of 1000 sample points drawn from a bivariate
cauchy distribution.

ed in three important characterizations: expected moments, limit theorems and their
relationships. For the moments, problems include giving a bound on expectations
or variances as a function of the sample size. For the limit theorem, the interest is
mainly concentrated on the limiting distributions of the functionals after appropriate
normalizations and centering. For the relationships, some authors study the recur-
sion formulas for expected moments or the mathematical relationships among the

moments for different functionals.

1.4 A short list of relevant results

Here we give a short list of some relevant results which directly or indirectly serve as
the theoretical basis of our main topics. The results directly cited in our derivation
are denoted in the form of theorems. As we state in the previous section, we classify
these results according to the types of polytope, the functionals and the asymptotic

behaviors. Again, here and later, the sample points X, Xs, ..., X,, are always drawn



from the underlying distribution F', and K,, = Conv{Xj,..., X, }.

1.4.1 Limit theorems of the number of vertices on uniform
polytopes

Theorem 1.4.1. (Groeneboom [20]) Let F' be the uniform distribution on a convex
set K C R%. If K is a convex polygon with r (> 3) vertices, and N,, is the number of

vertices of K,, then
2 10
{Nn—grlogn}/ ﬁrlogng./\/(o,l), (1.4.1)
where N'(0,1) denotes the standard normal distribution. If K is a unit disk, then

(N, — 2mein'’®) /\/2meant3 2 N(0, 1), (1.4.2)

where ¢; and ¢y are two constants.

1.4.2 Limit theorems of the set difference and the perimeter

on uniform polytopes

As an extension for the technique in Groeneboom [20], Cabo and Groeneboom [13]

prove the central limit theorem for the set difference D,, := K \ K,,.

Theorem 1.4.2. (Cabo and Groeneboom [13]) Let F' be the uniform distribution on

a convez set K C R?. If K is a conver polygon with r (> 3) vertices, then as n— oo,

| Dul/IK] = B

Qn

where oy, = %\/%rlogn and 3, = %Tlogn.

P N(0,1), (1.4.3)




Here v, and (3, are the correct version. (The original result in Cabo and Groeneboom

[13] is v = \/}—2(9)7"7171 logn and § = %Tn_llog n, which is proved to be incorrect by

Buchta [12] (see Section 1.4.10)). To derive the correct version, Groeneboom [21]

introduces a theorem in Nagaev and Khamdamov [31] (not published):

10 2 2 2
<2—77‘10g n) (Nn — grlog n, n|Dy,|/|K|— grlog n) B N(0,8),  (1.4.4)

where the covariance matrix X is given by
Y= : (1.4.5)

It is easy to check (1.4.4) and (1.4.3) give the same marginal for D,,

1.4.3 Expected moments of the set difference on uniform
polytopes

Let I be the uniform distribution on a convex set K C R? with smooth boundary
OK. The definition of "smooth” here is 0K € CF(R?') (i.e. with k continuous
derivatives) for some k£ > 2 and the Gaussian curvature x (see Appendix A.7) are
bounded away from 0 and co. Also let D,, = K \ K,,. Bérany [3] proves that for any
d>2,

—2/(d+1)
E|D,| = ¢(d) (%) /(/@(z))l/(dﬂ)dz +0 (n’3/(d+1) log”n) , (1.4.6)

where ¢(d) is a constant only depending on d. This result is improved by Schiitt [38]

as follows.

10



Theorem 1.4.3. (Schiitt [38]) For any convex set K C R,
o\ -~/ i
- _ +1
nhm E|D,| = ¢(d) (’ ’) /(H(z)) dz, (1.4.7)

where k is the generalized Gaussian curvature (see Schiitt [38]) and c(d) is a constant

only depending on d.

1.4.4 Limit theorems of the volume, the perimeter and the

number of s-dimensional faces on uniform polytopes

Let F be the uniform distribution on a unit disk K. Hsing [23] proves the central

limit theorem for the |K,| (the volume of K,,) as follows.
n?O(| K| — BIK,|) = N(0,07), (1.4.8)

where ¢ is an unknown constant. (See the forthcoming sections.)
Briker and Hsing [9] develop the technique in Hsing [23] for general convex sets with
certain kind of smooth boundary and derives the central limit theorem for the joint

distribution of the volume |K,| and the perimeter L.

Theorem 1.4.4. (Briker and Hsing [9]) Let F be the uniform distribution on a
convex set K C R?, where the boundary of K, i.e. 0K, has a curvature (see Appendix
A.7) bounded away from 0 and 0o, and K € C*(R). Let L and L,, be the perimeters

of K and K, respectively. Then as n— oo, we have

n?O(| K| — BIK,|, Ly — ELy) = N(0,%), (1.4.9)

11



where 3 is a constant matriz. The convergences of expectations are given by

lim n*°E (L - L,) = ¢ (1.4.10)
n—oo
and
lim n?°E (|D,|)) = ¢, (1.4.11)
n—oo

where ¢; and ¢y are two constants.

When K C R¢ (d > 2), Reitzner [33] proves the following central limit theorem of
[ Kl -

Theorem 1.4.5. (Reitzner [33]) let d (> 2) and s (< d — 1) be two nonnegative
integers. Let K C R be a convex set with OK € C*(R%1) and positive Gaussian
curvature (see Appendiz A.7) bounded away from 0 and oco. Let ® be the cumulative
distribution function of the standard normal distribution. Then there exist constants
C, and C’;Z, bounded between two constants, depending only on K, and another two

constants ¢ and ¢ such that

K,|—-E|K,
p ( K| || < t> —(t)| < ce(n) (1.4.12)
/C, n-1-2/(d+1)
and
S Kn - E S Kn ’
P (f (K+) (fs(Kn)) < t) —®(t)| < ces(n), (1.4.13)
Cl 1 —2/(d+1)
where
e(n) = n—l/(2(d+1))(10g n)2+2/(d+1)
and

es(n) = n-1/(2(d+1))(10g n)2+3s+2/(d+1).

12



Let D, = K \ K,. Then the inequality in (1.4.12) can be also written as
nata (IDn] — E|Dy]) 2 N(0,07), as n — oo,

where o is a constant.

1.4.5 The Hausdorff distance on uniform polytopes

Let F be the uniform distribution on a convex set K C R? with non-empty interior.
Suppose X1, Xo,..., X, is a sequence of i.i.d. random points drawn from F. Let
K = Conv {Xjy,...,X,}. The Hausdorff distance between the underlying set K and
the random polytopes K, i.e. H(K, K,), is studied by many authors. Diimbgen and
Walther [17] initially derive the rates of the almost sure convergence for H(K, K,,) as
follows:

H(K, K,) = O((logn/n)"?) almost surely. (1.4.14)

By adding smoothness condition, a stronger version is also derived by Diimbgen and
Walther [17]. Let d, be the Euclidean metric on R¢ which equipped with standard
inner product (-,-). Let B(0,1) = {y € R? : d.(x,y) < 1}. For each = € 0K,
there is a unique 6(x) € 9B(0, 1) such that (y,0(x)) < (x,0(x)) for all y € K. Let
|0(x) — 0(y)| < l|x — y| for some constant [ € R and any x, y € 0K. Then

H(K,K,) = O((logn/n)¥@*Y) almost surely. (1.4.15)

Bréker et al. [10] develop the technique in Hsing [23] and derive the weak convergence

of H(K, K,) if K C R? is a convex polygon or has certain smooth boundary.

Theorem 1.4.6. (Brdiker et al. [10]) Let F be the uniform distribution on a convex

13



set K C R%. Let K be a convex polygon with angles 01,0y, ...,0,. Then

lim P{v/nH(K, K,) <z} =G (z), (1.4.16)

n—oo

where
Gi(z) = [ (1 = pi(x))
i=1
with
0; x2 T
hi(z,0)do — tan 0, 0, < —
/0 i(z,0) +eXp{ o] } 0<6 <3
p,(l’) = w/2 T
/ hl(x,ﬁ)de, — <6, <m
0;—m/2 2
and
z? 7 N
hi(x,0) = exp {_Z\K\ (tan@i + tan(6; — 9))} JK] tan” 6.

Theorem 1.4.7. (Brdiker et al. [10]) Let F be the uniform distribution on a bounded
convex set K C R2. Suppose the boundary of K has length L and we parameterize
it (positively oriented) as t — c(t), where t = the arc length between c¢(0) and c(t).
Suppose the curvature K(t) = |é(t)| is well-defined and bounded away from 0 and oo

and has a bounded derivative. Define the function

At = |K|VK®), 0<t<L,

and let Ao 1= maxyco,z) A(t). Suppose that there exit some bounded sequence of non-

negative constants v, and positive constant p, such that

1 Un L )\
(Oﬁ?‘) —/ exp {—’yn (T(;) — 1> logn} dt — p € (0,00), asn — oo, (1.4.17)
0

where

1 (2 ) loglogn
Tm=z+ 35—t ——.
logn

14



Denote

3ﬂA
Cp = —— n
3 07
and

an =n"3logn) V3, b, =n"?3(c,logn)¥?.
Then

H(K,K,)—b,

lim P ( (S, Kn) < a:) = Gy(z), zeR, (1.4.18)

n—00 Qp,
where

Go(z) = exp {—dle’d”}

with

di = c)’p, dy = (2¢0)7".

1.4.6 Limit theorems of the diameter on uniform polytopes

Let F' be the uniform distribution on a d-dimensional unit ball (d > 2). Suppose
X1, Xo,..., X, is a sequence of i.i.d. random points drawn from F. Also Let K, =
Conv{Xj,...,X,}. Denote the diameter of K, the longest distance between two
points in the interior of K,, by diam (K,). Mayer and Molchanov [30] prove for

t>0,
lim P (nd%(z — diam (K,,)) < t> = G(t;d), (1.4.19)
where .
2ddF(— + 1) d+3
G(t;d)=1-— — 2 tz
(t;d) eXp{ Ja(d + 1)(d+ 3)0(E)
with

F(:zc):/ s te 5ds.
0
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1.4.7 Expected moments of the number of s-dimensional faces

on Gaussian polytopes
Let F be the Gaussian distribution on R? (d > 1) with identity covariance matrix.
Suppose X1, Xo, ..., X, is asequence of i.i.d. random points drawn from F'. Let K,, =

Conv{Xy,..., X, }. Recall that f;(K,) means the number of s-dimensional faces of

random polytopes. Raynaud [32] computes E (fs(K,)) for Gaussian polytopes.

Theorem 1.4.8. (Raynaud [32]) Let F be the Gaussian distribution on R¢ (d > 1)

with identity covariance matriz. For s =0,1,...,d — 1, we have
B = 2 ) fuas(rloga) @21+ o(1) (14.20)
s n \/a s+ 1 s,d— )

where Psq-1 s the internal angle of the regular (d — 1)-simplex at one of its s-

dimensional faces. When s =0, (1.4.20) is equivalent to
EN, = 6 ((logn)“¥172). (1.4.21)

Hug and Reitzner [25] give an upper bound of variance of f; for d-dimensional Gaus-

sian polytopes.

Theorem 1.4.9. Let d (> 2) and s (< d — 1) be positive integers. Let F be the
Gaussian distribution on R? with identity covariance matriz. Then there exists a

positive constant cq, only depending on d, such that
Var (f,(K,)) < cq(logn)@=1/2, (1.4.22)
When s =0, (1.4.22) is equivalent to

Var (N,,) = O((logn)@~1/2), (1.4.23)
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1.4.8 Limit theorems of the number of s-dimensional faces,

the volume and the perimeter on Gaussian polytopes

Let F be the Gaussian distribution on R? with identity covariance matrix. For the
Gaussian polytope K,,, Hueter [24] proves the central limit theorems for the number

of vertices N, the perimeter L,, and the volume |K,| as follow:

N, — 2y/2mlogn

D
= N(0,1 1.4.24
(2¢/27 logn(1 + wcy)) /2 (0,1) ( )
where ¢( is a constant,
(L, — 2m+/2logn)// 4732 logn By N(0,1) (1.4.25)
and
(|K,| — 27 logn)//273/2(log n)? 2 N(0,1). (1.4.26)

For the Gaussian polytope K,, on R? (d > 2), Barany and Vu [4] derive the central
limit theorem for the volume |K,| and the number of s-dimensional faces fs(K,) as
follow. Denote the cumulative distribution function of the standard normal distribu-

tion by ®. Then

|P (’K"‘v;rzgfjsb < t) - (P(t)‘ < e(n) (1.4.27)

and

T < (n) (1.4.28)

for any value of ¢, where £(n) can be taken as (logn)~(@-1/4+o(1),
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1.4.9 Limit theorems of the volume and the number of s-

dimensional faces on Poisson polytopes

Let F be the uniform distribution on a non-empty convex set X C R Suppose
the sample points X;, Xs,...,X,, is a sequence of i.i.d. random points drawn from
F and K,, = Conv{Xy,..., X, }. Reitzner [33] proves the central limit theorem for
Poisson polytopes (see Definition 1.3.2), i.e. II, = Conv{Xj,..., Xy} where N is a
Poisson random variable with mean n. Denote the boundary of K by 0K. Suppose
OK € C*(R4!) and has a positive Gaussian curvature (see Appendix A.7) bounded
away from 0 and oco. Let d (> 2) and s (< d — 1) be positive integers. Then there

exist constants ¢; and ¢y such that

‘P<MM—E$M)§Q_@@

< e (n 1.4.29
Var ([IL,)) < aan) (1.4.29)

and

S CQEQ(TL) (1430)

P(ﬁmn—Emam>§ﬁ_®@
Var (I1,,)

for any value of ¢, where

and

_ n—1/2+1/(d+1)( 24+3s+2/(d+1)

£2(n) logn) .

With the same assumption as above, Reitzner also builds the relationships between
IT,, and K, as follow. There are constants c3 and ¢4 depending on K such that for
any t,

[P(IK,| < 1) = P(IIL| < 1)] < es(logn/n)? @+
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and

|P(fo(Kn) < 1) = P(f(I) < 1) < ca(logn/n)*/ @Y,

1.4.10 Weak convergence of regularly varying polytopes

Suppose E(R?), the collection of all non-empty compact subsets of R?, is metrized
by the Hausdorff distance. Suppose F is a distribution on R? which satisfies the
regularly varying condition nF(a,-) Y i (see Definition 1.3.4). Let X3, Xo,..., X,
be a sequence of i.i.d. random points drawn from F. Let n := i g4, be a Poisson

i=1

point process (see Appendix A.5) with intensity p. Davis et al. [15] prove

n
D
Z Eantx, 71
=1

and

Conv {a, ' X1,...,a;'X,.} Ly Conv {gr : k> 1}

»'n

in £(R?).

1.4.11 Almost sure limit sets of random sample

Davis et al. [16] study the almost sure convergence of random sample in the first
quadrant. For all z, y € RY @ = (2;,...,74) and y = (y1,...,yq4), denote © < y
if x; < y; for every i. Let Xi, Xs,..., X, be a sequence of i.i.d. random points in
[0, 00)4. Suppose h : [0,00)% — [0, 00) such that h(x) = —log P(X; > x), and for all

x € [0,00)¢\ {0}, i)
M)

= v(x) (1.4.31)

where v satisfies that for some o > 0 and any x,y € [0,00)%\ {0},

v(te) = t*v(x) for any t > 0, (1.4.32)
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and

v(x) <ov(y), ife <yand x #y. (1.4.33)

Let b, satisfy h(b,1) ~ logn and define

Sy={x>0: v(x) <1}

Then Davis et al. [16] prove that as n — oo,

S, =25 Sy, (1.4.34)
and
Conv (S,,) =2 Conv (S,), (1.4.35)
in £(RY).

When d = 2, suppose v is continuous and satisfies (1.4.31), (1.4.32) and that for all
x € [0,00)?\ {0} there exists 8 > 0 such that

li{n inf(v(xy, tes) A v(tey, xy)) /1P = oco. (1.4.36)
— 00
Let h satisfy

. h(tx)

lim su —v(x)| =0, 1.4.37

=550 g1 | A(#1) (®) (1.4.37)
where || - || is the Euclidean norm. Then for all & € [0,00)?\ {0},

. —log P(X > tx .
tlgglo 8 h((tl) ) = ig?(v(xl, sTa) N v(szy,xa)). (1.4.38)

Both results above can also be extended to the whole plane. (See the extension

technique in Davis et al. [16].) Using (1.4.38) and the extension technique, Davis et
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al. [16] derive that if X7, Xs,..., X, is a sequence of i.i.d. bivariate normal random

points with the density
flar,5) = cexp{—(z} — 2pm122 +23)/(2(1 = p*))}, (21,22) €R®  (1.4.39)
and |p| < 1, then
{a;' X}y 25 (21, 29) 23 — 2px120 + 13 < 2(1 — p)}, (1.4.40)

where a,, = /logn.

1.4.12 Relationships among expected moments of different

functionals

The relationships among the moments of different functionals play an important role
in the limit theory of random polytopes. For instance, Efron [18] relates probability

content F'(K,) with the number of vertices N,, and derives:

E(F(K,)=1- i]\ﬁl (1.4.41)

where F can be any distribution on R? or R3. This identity appears in many articles,
like Reitzner [33] and Bérany [3], and bridges the first moment problems between the
number of vertices and the area (or the volume).

Based on purely geometric methods, Buchta [12] extends the identity (1.4.41) to

higher dimensions and higher moments as follows.

Theorem 1.4.10. (Buchta [12]) For any probability distribution F' on R? such that
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Vz € RY, F(x) =0, we have

E (F*(K,)) =E [H (1 - iﬁf’;) (1.4.42)

=1

If F is the uniform distribution on a convex set K C R Theorem 1.4.10 makes it
possible to get the variance of the probability content from the variance of the number
of vertices. With the help of Theorem 1.4.1 and 1.4.10, Buchta not only points out
the mistake in Cabo and Groeneboom [13] but also provides the correct result (see

Theorem 1.4.2). Buchta also improves Theorem 1.4.8 as follows:

D, /|K| — 2mein™2/3
\/27'[' (%(Cl + 02)) n*5/3

L2 N(0,1), (1.4.43)

where ¢; and ¢y are the same constants as in (1.4.2).

Let F be the uniform distribution on a convex polygon K C R% Buchta [11] intro-
duces recursion formulas for the m-th moment of N,, (the number of vertices of K,,).
For any m, n € N, the m-th moment of N, is the unique solution of the second order

difference equation

—”(”; DE (N — (2 —n+ DB (N) + = 2)2(" g v,

= E((Nu_y +1)™) — B (N™,) (1.4.44)
with initial values E (N]") =1 and E (N}*) = (2™ +2)/3. And

E(N™) =1+ iwk,n(E (N}, + 1)™) — E(N™)) (1.4.45)
k=1
with weights
. 1
Wen = 2k(k+1) > G



Furthermore Buchta proves:

E(N) = (g log n)m + O ((logn)™™"), asn — oc. (1.4.46)

n

1.5 Organization of this thesis

This thesis is organized as follows. In Chapter 2, we first review some basic back-
ground on different types of convergence in probability theory. The properties intro-
duced in this chapter will be very useful throughout this thesis. The proofs of some
lemmas are provided to have a more concise proofs for our future results.

In Chapter 3, our first main result is summarized in Theorem 3.2.1. This result is
a simple application of the regular bootstrap method on uniform convex polytopes.
Since Theorem 3.2.1 is mainly based on the works of Bréker et al. [10] and Zarepour
[40], several parts of proof which are only the mimics of the proofs in this two papers
will be omitted.

In Chapter 4, we discuss our new bootstrapping scheme starting with defining the
concept of the scope of the sample. Two more examples are also given to fully explain
our bootstrapping scheme.

Chapter 5 contains our main results in this thesis - the asymptotic consistency of
our new bootstrapping scheme applied on uniform polytopes with respect for the
Hausdorff distance. We mainly study two types of convergence. For convex polygon
cases, the proof of Theorem 5.1.1 and Theorem 5.1.2 fully discribes our technique. For
smooth boundary cases, we prove Theorem 5.2.1 and Theorem 5.2.2 following a similar
technique. Moreover, we give two examples to demonstrate that our bootstrapping
scheme can also work on other functionals.

In Chapter 6, we present a conjecture about the generalization of our theory to
Gaussian polytopes. In Chapter 7, we include simulation studies for our main results

in Chapter 5 to verify our proofs using descriptive tools. In Chapter 8, we briefly
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discuss some future works to be considered later.

1.6 Notations by default

The following notations will be used by default.

(n) = O(g(n)): there exists a constant C' such that f(n) < Cg(n);
(n) = Q(g(n)): there exists a constant C' such that f(n) > Cg(n);
f(n) =©(g(n)): f(n) = 0(g(n)) and f(n) = Qg(n));

m = o(n): m/n — 0, as n,m — oo;

f
f

m~mn: m/n— 1, as n,m — oo;

C*(S): the set of all functions with k continuous derivatives with domain S;
0A: the boundary of the set A;

x Ay = min(z,y);

A, T A A= A,, where A, C A, if n < m;

A, LA A=), Ay, where 4, D A, if n < m.
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Chapter 2

Preliminary

2.1 Basic convergence of random variables

2.1.1 Almost sure convergence

Let {X,}>°, be a sequence of real-valued random variables. We say {X,,}22, con-

verges almost surely (a.s.) to X if

P(lim X, = X) = 1,

n—oo

i.e. for almost all w € €2,

Xnp(w) = Xo(w), asn — 0.

2.1.2 Convergence in probability

Let {X,}>, be a sequence of real-valued random variables. We say {X,}2%, con-

verges to Xy in probability (written X, i Xp) if for any given € > 0,

lim P(|X, — Xo| > ¢) = 0.

n—o0
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Almost sure convergence implies convergence in probability but the converse is not

true.

2.1.3 Convergence in distribution

Suppose S is a complete, separable metric space and C(S) is the collection of all
bounded, continuous real-valued functions on S. Let {X,,}>°, be a sequence of ran-
dom elements taking values in S. Denote P, = Po X! for all integer n > 0. We say
{X,}22, converges to X, in distribution, or weakly (written X, 2, Xopor P, o, P)
if for any f € C(9),

lim E (f(Xn)) = E(f(Xo)).

n—0o0

Convergence in probability implies convergence in distribution and also the converse

is not true. But if X is a constant ¢ € S, i.e. Xy = ¢ almost surely, then
X, Lot X, 2, c,

as n — o0.

2.2 Continuous mapping theorem

(Billingsley [7]) Let (S1,61,d;) and (S2, &9, dy) be two metric spaces. Let {X,,}7°,

be a sequence of random elements of (57, &1, d;) such that
D
X, = Xy, asn — oo.

For any f :S; — Sy, denote by D), the collection of all points x € S; such that f is

not continuous at xz. Then if

P(X, € D)) =0,
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we have

f(X,) = f(Xo), asn — oo,

in SQ.

2.3 Skorokhod’s representation theorem

Let P,, n > 0 be a sequence of distributions on a metric space S. Suppose P, L, P
where P, has the separable support. Then there exist random elements {X,,}%°,
defined on a common probability space (2, F, P) such that the law of X, is P, for

all n > 0 and X,, == X,.

2.4 Weak convergence for the random probability
measure

In this section, we refer to the concept of weak convergence in probability. This
convergence plays a very important role in our main results.
Let {X,,}>2; and {Y,,}>2, be two sequences of real-valued random variables. It is

easy to see that
g9(Y,) = P(X, <z|Y,) is a random variable.
Let G be a distribution function. Denote the law of X,,| Y, by £(X,| Y,). If
P(X, <z|Y,) L G(z), asn — oo,

then
L(X,|Y,) — G in probability.
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2.5 Some lemmas

Lemma 2.5.1. For any events A, B and C, we have
P(Al BNC)P(C| B) = P(AnC| B).

Proof:

P(AnBNC) PANC|B)P(B) P(ANC| B)

P(A| BNC) = P(BNC)  P(C|B)P(B) P(C|B)

Lemma 2.5.2. If P C K C R? such that P is a convex polygon and K is a convex
set, we have

L(P) < L(K)

where L(P) and L(K) are the perimeters of P and K respectively.

Proof: Suppose P has r vertices. let eq, es,..., e, be the edges of P. It is enough
to show that there exist disjoint segments si, So, ..., s, on the boundary of K such
that

eiSSi, i:1,2,...,r.

Consider the segments, s1, So, ..., s,, in the Figure 2.1. Since the length of ¢;, for any
1 <1 <, is the distance between the two parallel lines, the length of s; is not shorter

than the length of e;. Hence

L(P) = ZT:eZ- < Xr:si < L(K).
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Figure 2.1: The edges ey, es, ..., e, and the segments sy, o, ..., ;.

Lemma 2.5.3. (Billingsley [8]) Suppose d is the metric on S. If (X,,Y,) are random
elements of S x S such that X, o, Xo and d(X,,Y,) o, 0, then Y, o, Xo.

Proof:  Define As := {z : d(z, A) <} where d(z, A) := inf{d(z,y) : y € A}, then
P(Y, € A) < P(X, € A5) + P(d(X,.Y,) > 0) (25.1)

and

P(X, € A) < P(Y, € Ay) + P(d(X,,Y,) > 6) (2.5.2)

Using our assumptions, we have

limsup P(Y,, € A) <limsup P(X, € A;) < P(X, € As) (2.5.3)
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and

P(Xy € A) <liminf P(X, € A) <liminf P(Y,, € As) (2.5.4)

If Ais closed, then As ] A asd 0. |

Lemma 2.5.4. If |4, — B,| 0, A, > C,, Co 2 Z, B, < D,, and D, 2 Z. Then

we have A, LNy

Proof: For any given € > 0, as n — o0,

P(Ay—Z>¢)=P(A,— By+ By — Dy + D, — 7 > ¢)

< P(A, — B, >¢/3)+ P(B, — D, >¢/3) + P(D,, — Z > £/3) — 0.

(
P(Z—-A,>¢e)=P(Z—-C,+C,—A,)
<P(Z-C,>¢/2)+ P(C,,— A, >¢/2) = 0.

Lemma 2.5.5. Let x;, 1 < i < n, be a sequence of points in R:. Suppose d, is the
Euclidean metric. Define the distance between a point € € R? and a set A C R? by
de(x, A) := inf{d.(x,y) : y € A}. Then the function d.(x,Conv{xy,...,Tn}) is

continuous with respect to the topology induced by Euclidean metric on R,

Proof: We only give the proof when d = 2, which can be easily generalized to
higher dimensions. Suppose T = (@1, ..., ®,) € R*", where ¢; € R?, 1 <7 < n. Each
x gives a value of K, i.e. K, ()= Conv{x,...,z,}. We take y = (y1,...,Yn) €
R?*" where y; € R?, 1 < i < n, such that d.(z,y) < ¢, where € > 0 is small enough.
Therefore for any 1 < i < n, we have d.o(x;,y;) < ¢, where d, 5 is the Euclidean

metric on R?. Then as in Figure 2.2, we make a circle which centers at each vertex
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h

K(7)

Figure 2.2: The convex polygons L and S.

of K, (). By drawing the tangent lines, we get two other convex polygons L and S.
It is easy to show that there exist a constant ¢, which is determined by x (by all the

interior angles of K,,(z)), such that H(L,S) < ce. i

Now we are ready to start our proof that d.(x,Conv{xi,...,®,}) is continuous.
When @ € A, the proof is trivial. When @ ¢ A, we can take € small enough such that
x ¢ L. It is enough to show

|de(@, K () — de(, Kn(T))] < ce.

Since S C K, (y), K,(x) C L, we have

de(x, L) < de(, Ky()), de(x, Kn(y)) < de(z, 5),

which is followed by

|de(@, K () — de(, Ko ()] < de(, 5) — de(, L).
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Therefore it is enough to show

de(x,S) — de(x, L) < ce,

which is given by the facts that

do(x, L)+ H(S,L) > do(z, S)

and

H(S,L) < ce.
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Chapter 3

Main result; the bootstrap

3.1 Introduction

Let {X;}; be a sequence of i.i.d. random points drawn from the distribution F'. Let
On(X1, ..., X, F) be the functional of interest. To draw a precise inference for ¢,,, we
desire to know the exact form of the underlying distribution F'. Yet, in practice, this
is usually impossible. To address this problem, we may use other known approximate
distribution to replace F. Efron [19] recommends to replace F' with the empirical

distribution F;,, where

Fi(—o00, 2] = %i[(xi <) (3.1.1)

and [ is the indicator function. This method is called the plug-in principle. The
plug-in principle applied on any statistics can be used to estimate its distribution.
This method is called the bootstrap by Efron [19]. The consistency of this method is

coming from the Glivenko-Cantelli theorem:

sup | F,,(—o00, x] — F(—o0,z]| — 0, almost surely, (3.1.2)
zeR
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which tells us F;, approximates F' almost surely. However, the replacement still needs

to be inspected for consistency for the target functionals. Specifically, suppose

P (¢n<X1,...,Xn;F) —b

" =< :v) — G(z), as n — oo, (3.1.3)

for any continuity point z € R. Conditionally on Xy, X, ..., X,, draw points X ,,
Xy ooy X, from F,. For convenience, it is usually assumed m = n. However,
in the forthcoming sections, we do not necessarily assume m = n. We would like to

have

WXL, XE S F) —b
P(¢( b X )

an

X1, Xy, ... ,Xn> 22 G(x). (3.1.4)

We call this "the bootstrap consistency”. As the sample mean is the most common

and useful functional, most of articles focus on the bootstrap consistency of the mean.

Example 3.1.1. Let ¢,, be the difference between the sample mean X, = %(Xl +
.-+ + X,) and expectation E (X;) = [ xdF, ie.

on(X1, ..., X, F) = X, — E(Xy).
Conditionally on Xy, Xo,..., X, let

5 1
i = it 4 X0, BY(G) = (X X X,) = [ wdF,

m

and

Gl X1y Xy s ) = X;?m -E*(X;,) = X;,m - X,

n,m)

Suppose 0% = Var (X;) < co. Then Bickel and Freedman [6] successfully prove the
convergence (3.1.4) when G is N'(0,0?), b, = 0 and a,, = n~"/2.

A noticeable question about Example 3.1.1 is whether we can discard the condition
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Var (X;) < oo or more specifically what happens if the distribution is heavy-tailed.
In the convergence (3.1.4), there are two important questions to be answered. The
first question is whether m must be equal to n, and the other question is whether

Y

the convergence is in "a.s.” sense. Indeed the discussion of the above greatly enriches

the results of the bootstrap consistency of the mean. See for example, Athreya [2],

Arcones and Giné [1], Knight [27], and Hall [22].

3.2 The regular bootstrap method on uniform poly-
topes on R?

Suppose X1, Xo,..., X, is a sequence of i.i.d. random points uniformly drawn from
a polygon K with vertices ¢y, ca,...,c, and angles 01,0,,...,6,. Let d. be the Eu-
clidean metric. Define the distance between a point & € R? and a set A C R? by
de(x, A) := inf{d.(x,y) : y € A}. Let K,, = Conv{Xy,...,X,}. Given the vertex

ck, Briker et al. [10] prove

lim P (v/nd. (ck, K,) < x) =1 — py() (3.2.1)

n—oo

where
Qk 1.2
/ hi(z,0)d0 + exp {—m tané’k} , 0<6,<m/2
0
pk(I) = /2
/ hi(z,0)d0, 0 > /2
ek—ﬂ'/2
with

2 2

T
2| K]

hi(z,0) = exp {— a tan? 6.

K] (tan 6 + tan(0y — 9))}

See Figure 3.1 for d, (¢cg, K,,). Now conditionally on X, Xy, ..., X,,, the bootstrap-

ping points X, X5, ..., X are drawn from the empirical distribution F,(—o0, 2] =
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Figure 3.1: A situation of d.(cg, K,), where the sample points are drawn
uniformly from K, and K, is the convex hull of the sample.
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L3 I(X; < z). Define K7, := Conv{X; , X, ..., X 1} We would like to know
i=1

whether the bootstrapping approximation is valid for d.(ck, K, ,,). To show consis-

tency, we will combine the techniques in Zarepour [40] and Bréker et al. [10]. Using

the notations above, our theorem is stated as follows.

Theorem 3.2.1. Use the same assumption above. Suppose m = o(n), i.e. m/n — 0,

asn — o0o. Then for any k, 0 < k <r, we have
Vmde(cg, K ) Ly 7 in probability (3.2.2)

as n,m — oo, where Z has the distribution function 1 — py(z) defined in (3.2.1).

Proof: Our proof is divided into three steps.

Step 1: the construction of the original point process

Here and later, the additions and subtractions between a set and a point are Minkows-
ki sum and difference (see Appendix A.8). Denote A\ as Lebesgue measure. For any

measurable subset A C R?, we have

nP(vn(X: — c) € A) = nP <X1 € (% + ck)>

1

— W)\(A) as n — oo. (3.2.3)

This is due to the fact that v/n(K — ¢x) T R% Therefore according to Proposition
A.6.1, we have

nP(vn(X, —cp) € ) —— |K|)\( ). (3.2.4)

Define the point process &, = Z Oyn(xi—cg)- Here &, can be regarded as a random
element in M,(Cone ¢g) (see Appendlx A.2) endowed with the vague topology (see
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Appendix A.6). The Laplace functional (see Appendix A.4) of &, will be:

e, (1) = ([ exol-f(vile — )} pontde)) (e =A(11 )
— el "
= (1 _ et L (dy)) (y = vn(z - cx))

n

— exp {— /RQ(1 - ef(y))//(dy)} ,

where as n — o0,

’ n

4 (4) = T ((% + ck) n K) _ %)\ (AN VA(K — ) — ’—[1(’)\(/1)

for any measurable set A € R? (the Borel o-field of R?). Hence &, D, &, where € is a

Poisson point process with intensity measure ‘71‘)\ (see Appendix A.3 and A.5).

Step 2: the construction of the bootstrapping point process
Conditionally on Xy, Xo,..., X, let § , = > 5\/5()(; _cx)» Which is also a random
i=1 *

element in M, (Cone ¢). The Laplace functional of &, is

Pe- (f) = (/R2 ef(m(mck))Fn(dm))m

— / e—f(\/ﬁ(m—ckwi Z 5Xi (diE))
R? i=1

n

_ (1 ef(mmck)))

n <
=1

1< "
- fy) = E 5 d
/RQ ¢ n — Vm(Xi_Ck:)( y)>

fRZ(l - e—f(y))% Zjl 5W(Xi—ck)(dy>

=|1- (3.2.5)
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If

m n
Mm e = Z_; O /m(Xi—cx)s (3.2.6)

then the equation (3.2.5) becomes

(3.2.7)

m

e (f) = (1 _ fR2(1 — e_f(y)>77n,m,k(dy)>m.

Since mP(v/m(X; —¢g) € - ) Y, ﬁ)\() and (e* —1)/x — 1 as * — 0, we have

B [exp {t7,m1(A)}]
= (e™"P(Vm(X1 — k) € A) + 1= P(Vm(X, — cx) € 4))"
_ (mp(\/m(Xl —cx) € A) (& (em/m — 1))t . 1>n

n

t
— exp {W)\(A)} , asn,m — oo. (3.2.8)

Therefore with the help of relevant propositions of DC-semiring (Kallenberg [26]),

used in Zarepour [40], we have

1
Tnym.k - W)\, as n,m — oo. (3.2.9)

Combining (3.2.9) with (3.2.7) implies that as n,m — oo,

& w — € in probability. (3.2.10)

Step 3: the continuous mapping theorem

For any measure n € M,(Cone ¢), suppose f; maps n to the smallest distance
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between the origin and the convex hull of the points of 7. It is easy to find

Ji(&np) = Vmde(cr, K7, ).

Now apply the Skorokhod’s representation theorem, Lemma 2.5.5 and the continuous

mapping theorem (see Section 2.3 and 2.2) on (3.2.10) to get
Vmd.(cg, K5 ) 2 f1(€)  in probability, (3.2.11)
as n,m — oo. From Bréker [10], we have

P(fr(§) < x) =1 —pr(x),

therefore the proof is complete. |

The following remark will be used in next chapter.

Remark 3.2.2. (cf. Zarepour [40]) Let X, Xs, ..., X, be a sequence of i.i.d. random
variables uniformly distributed on the interval [a, b] with unknown parameters a and

b. Also suppose m = o(n). Like (3.2.3), for any A C R, we can show

1
nP(nX, € A) — 5

—a

A(A) (3.2.12)

where A is the Lebesgue measure on R and therefore

nP(nX, €)% = A()- (3.2.13)
Moreover, similar to (3.2.9), we can prove
- 1
Nnm = %;&MQ i bT)\, as n,m — oo. (3.2.14)
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Chapter 4

New bootstrapping scheme on

uniform samples

4.1 Scope of the sample

Let X;, 1 < i < n be a sequence of i.i.d. random variables uniformly distributed
on the interval [a,b] where both a and b are unknown parameters. The statistic

(11?1<n Xi, max X;) is the maximum likelihood estimator for (a,b). Indeed,

[ min X;, max X;]
1<i<n 1<i<n

is the smallest interval containing all the sample points. It is easy to show that

min X; <% a, max X; =55 b (4.1.1)
1<i<n 1<i<n

which means the boundary of the random interval [1r£11<n X, max X;| converges to
<< i<n

the boundary of the support of the underlying distribution almost surely. Note

that both min X, and max X, are monotone random variables in n. To under-
1<i<n 1<i<n

stand our suggested bootstrapping scheme, notice that when the sample size n is
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very large, we can deem the interval [ min X;, max X;] as the true support of the
1<i<n ' 1<i<n

underlying distribution and replace the unknown underlying distribution with the
uniform distribution on [ min X;, max X;] in our simulations. As it can be seen this
1<i<n " 1<i<n

bootstrapping scheme is different from the regular bootstrapping scheme. Now given

X1, Xy oo, X, let X, X0

m1r Xp oy Xpy o belid. random points uniformly drawn from

[ min X;, max X;].It is easy to see as n — oo,
1<i<n " 1<i<n

P(n (lrgiiSnnXi—a) > x, n<b—1nS1%>;Xi> >y) = (F (b_%) _F<a+%))n
_ (1_ﬂ)"
n(b —a)

— exp {—yb+x}, (4.1.2)
—a

and as n,m — 0o, we have
P{m| min X, — min X, | >z, m | max X; — max X, | >y| Xq,..., X,
1<i<m™ ™ 1<i<n 1<i<n 1<i<m ™
m

N y+z

m (max X; — min X,-)

1<i<n 1<i<n

E%exp{—zé—i_x}. (4.1.3)

—a

From (4.1.2) and (4.1.3), we can conclude that our bootstrap approximation is valid
for almost all samples. This bootstrapping technique relies on the knowledge of
uniformity of the distribution on [a, b].

To give a comparison of our bootstrapping scheme with the regular bootstrapping
scheme, conditionally on Xy, Xo,..., X, let X%, X%, ..., X7, be a sequence of

i.i.d. random variables drawn from the empirical distribution F,. Suppose m = o(n),
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then using (3.2.14), as n,m — oo, we have

P(m(min X, — min Xi) > x, m(maXX — max X**) >y’ Xl,...,Xn)

1<i<m 1<i<n 1<i<n 1<i<m

n

:Fm(mlnX+£ max X; —i)

1<i<n m 1<i<n m
m
mkE, min X;, min X; + = max X; — max X;
1 1<i<n 1<1 n 1<i<n m’ 1<i<n
m

Mn,m ((m min X,,mlmm X; —|—.:E> (m max X; — y, m max X))
1 —

1<i<n 1<i<n 1<i<n

m

i>e><;p{—z+$}. (4.1.4)

—a

From (4.1.4), we find that the asymptotic consistency of the regular bootstrap holds
only in the sense of weak convergence in probability (not the weak convergence almost
surely like in (4.1.3)). Moreover, to attain the consistency, we still need the additional
assumption of m = o(n) for the regular bootstrap. Therefore, our bootstrapping
scheme is better than the regular bootstrap for this example. It should be emphasized
that the uniformity knowledge was imposed on our case.

We call SS(Xq,...,X,) = [félllnn X, max X] the scope of the sample X1, X», ..., X,,.
SS(Xy,...,X,) plays an important roIe in our bootstrapping scheme where it suggest-
s the replacement of the support of the underlying distribution with SS(Xj, ..., X,).

The above simple example was provided only for clarification of our bootstrapping

scheme. Now we generalize the scope of the sample to spaces with higher dimensions.

Definition 4.1.1. Suppose X1, Xs, ..., X, is a sequence of i.i.d. random points uni-
formly drawn from the distribution F with non-empty convex support K C R, We
say SS(X1,...,X,) is the scope of the sample if SS(Xy,...,X,) is the maximum
likelihood estimator of K.
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Like (4.1.1), it seems reasonable to add the following assumption,
H(K,SS(X1,...,X,) 230 (4.1.5)

where H (-, -) is the Hausdorff distance (see Definition 1.3.1). So far, a formal definition
for our bootstrapping scheme relies on resampling uniformly from SS(X;,...,X,)

when (4.1.5) holds. Bearing this definition in mind, consider the following examples.

4.2 Two examples for our bootstrapping scheme
on disks and rectangles

Example 4.2.1. Let d, be the Euclidean metric on R?. Define the Euclidean norm
|z|| = de(0, ), Yz € R% Denote B(0,r) := {x € R*: ||z| <r}. Let X1, Xo,..., X,
be the i.i.d. random points uniformly drawn from the disk C' := B(0,R). Let
C, = B(0,R,) where

R, = max || X},

1<i<n
i.e. (), is the smallest disk with center at origin and containing all the sample points.
(See Figure 4.1.) It is easy to check that C), is also the maximum likelihood estimator
for C, ie. SS(Xy,...,X,) = C,. Since the sample points are drawn independently

and uniformly from the C', we have

P(|R, — R| > ¢) = P(R, < R —¢)
_[(m(R—e)*\"
(%)

— 0 asn — oo,
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Figure 4.1: Draw sample points uniformly from the unit disk. C,, is the
smallest disk with center at origin and containing all the sample points.

which implies R,, = R. Indeed,

n 4n?
n+1 (2n+1)2

Var R,, = ( > R*=0(n"?). (4.2.1)

Therefore,

ZP IR, — R| >¢) < ZVarR < 00, (4.2.2)

which implies R,, converges to R completely (i.e. R, < R, which is stronger than

almost sure convergence). Hence
H(C,8S8(X,,...,X,))=H(C,C,) =R— R, X 0. (4.2.3)

Therefore this case satisfies the conditions of our bootstrapping scheme. Now we can

evaluate the asymptotic validity of other functionals using our bootstrapping scheme

45



on this sample. Given X, Xy, ..., X, define

* _ *
Rn,m - 1%%}; ||Xn,z||

where X*

n,i’

1 <4 < m, are drawn uniformly from C,,. Notice that as n — oo, we

have

P(n(R—R,)>z)=P(R, < R—1z/n)
_ (W(R — x/n)Q)n
mR?
(-
— exp{—2z/R}, (4.2.4)

and as n,m — 0o, we have

P(m(R, — R;,,,) >z| C,) = P(R;,,, < R, —x/m| C,,)

()

T 2m
s 1 —
( mR,, )

=% exp {—22/R} . (4.2.5)

From (4.2.4) and (4.2.5), it can be seen the bootstrap approximation is valid in this
example. Notice that the standard condition of m = o(n) (m out of n bootstrapping)

is not required.

Example 4.2.2. Let (X;,Y;), 1 < i < n be a sequence of i.i.d. random points

uniformly distributed on a rectangle S = [0,a] x [0,b], where a, b > 0 are two
unknown parameters. Let S, := [ min X, max X;] X [ min Y;, max Y;], i.e. smallest
1<i<n 1<i<n 1<i<n 1<i<n

rectangle which circumscribes all the sample points, and all the edges are parallel to
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the coordinate axises. It is easy to show 5, is the maximum likelihood estimator for

S. Moreover, we can verify H(S,S,) == 0. Indeed, it is easy to show

. a.s. a.s. . a.s. a.s.
min X; — 0, max X; — a, min Y; — 0, max Y; — b,
1<i<n 1<i<n 1<i<n 1<i<n

and we have

H(S,S,) = max{ Ry, Ron, Rapn, Rapn} =20 (4.2.6)
where
2 2
Ry, = (min XZ) —|—(min Y;) ,
1<i<n 1<i<n
2 2
Rs,, = (min Xi> + (b— max Y;) ,
1<i<n 1<i<n
2 2
Rs,, = (a—maXXl-) +<b—maXYi) ,
1<i<n 1<i<n
and

(See Figure 4.2.)
We use ”0” to represent boundary, thus 95 is the four edges of S and 95, is the four
edges of S,. For any A, B C R? let h(A, B) be the shortest horizontal or vertical

distance between A and B, i.e.

h(A, B) = min{xg, 4o }

where

ro = inf{|zy — 29| : (z1,y) € A, (22,y) € B, y € R}

and

yo = inf{|ys —y2| : (x, 1) € A, (x,y2) € B, v € R}.
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R2 |:{3
Sn S
R, R,

Figure 4.2: Draw sample points uniformly from S. S, is the smallest rectan-
gle which circumscribes all the sample points, and all the edges are parallel
to the coordinate axises.
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A A A
F 3 A A
A
A
Ao X Sh o
A Al
A
A

N A

Figure 4.3: The rectangle S,, with A,,; and A, .

Therefore as n — oo, we have

P(nh(0S,0S,) > z) = P(h(0S,0S,) > z/n)
= P"(h(0S, X;) > x/n)
=a ' (a — 2x/n)"(b— 22 /n)"

— g2l ) (4.2.7)

Given Sy, let (X, Y*.), 1 <i <m, be a sequence of i.i.d. random points uniformly

n,e T n,g
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drawn from .S,,. Denote

A,1:=max X; — min X;, A,.:= maxY; — min Yj.
’ 1<i<n 1<i<n ’ 1<i<n 1<i<n

(See Figure 4.3.) It is easy to show
An,l a_.s._> a, An’Q 2;) b.
Therefore, as n, m — oo, we have

P(mh(0S,,08S;,,,) > x| Sn,) = P(h(0S,,0S},,,) > x/m| S,)
= P"(h(0Sn, X, ;) > x/m| Sy)

22\ 22\
= AFAY (An,l - —I) (An,g - ﬁ)

m m

LN 6—2x(a*1+b*1)' (4.2.8)

From (4.2.7) and (4.2.8), we can conclude that our bootstrap approximation is valid

for the functional A in this example. Again, the condition m = o(n) is not necessary.

Remark 4.2.3. Notice that the convergence (4.2.5) and the convergence (4.2.8) are
both in almost sure sense. Indeed, when the underlying distribution F' and the target
functional are more complicated, it is hard to derive such strong results directly
by calculating the conditional probability like in the convergence (4.2.5) and the
convergence (4.2.8). Therefore, we choose to control the resample size and construct
the convergence in probability. Now we seek a more general resampling scheme for
more complex functionals and we let resample size be flexible as long as asymptotic

consistency holds in probability.
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4.3 New bootstrapping scheme on general convex
support

In Example 4.2.1 and Example 4.2.2, the support of the underlying distribution is
either a disk or a rectangle. Now we move toward a more general set. Suppose
X1, X,, ..., X, areii.d. random points uniformly drawn from an unknown non-empty
convex set K. We would like to examine whether we can apply our new bootstrap
scheme to any unknown convex support. We also follow the same procedures as in
Example 4.2.1 and Example 4.2.2. We use the following steps:
1) Find the scope of the sample, SS(Xy,...,X,), by calculating the maximum like-
lihood estimator of the convex support K.
2) Prove

H(K,SS(X1,...,X,)) 0.

Suppose A(+) is Lebesgue measure. Let K, = Conv{Xy,...,X,}. We get the join
probability distribution

le 7777 Xn(xl,,zn):)\(K)_”](xZGK,lgzﬁn)

= ANK)™"I (Conv{zy,...,z,} C K)

Therefore, K, is the maximum likelihood estimator for K and SS(X1, ..., X,) = K,.
Remember that in Chapter 1, we discussed that Diimbgen and Walther [17] show
H(K,K,) = O((logn/n)"*)) for any convex set K C R Indeed, the condition
can be more general. Suppose the underlying distribution F' has the convex support
K c R?% Denote the boundary of K by K. Suppose X;,Xs,..., X, are ii.d.
random points drawn from F. If there exist constants ¢, k, h > 0 such that for any
§ €0, hl,
inf F(B(z,0)) > co*,

z€0K
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then
H(K, K,) = O((logn/n)"/*),

where B(z, §) denotes the d-dimensional ball centering at z with the radius of 4. (See
Diimbgen and Walther [17] for details.) It seems that our bootstrapping scheme can
also be applied on any non-empty convex support.

The maximum likelihood estimator for the convex support is exactly the uniform
polytopes. As we introduced in Chapter 1, the uniform polytopes have been heavily
studied in the last few decades. Many of the existing work can help us to construct
the weak convergence results like in (4.2.4) and (4.2.7). Moreover, the uniform poly-
topes inherit many geometric advantages from polytopes. For example, using the
same assumptions in Theorem 3.2.1, the Hausdorff distance H(K, K,,) can be easily
calculated:

H(K,K,)= sup d(cg, K,)

1<k<r
where ¢cg, 1 < k < r are all the vertices of the convex polygon K. To the best of our
knowledge, we are the first to propose this new bootstrapping scheme and apply it
on the functionals of random polytopes. More complex cases with more details are

derived in the next chapter.
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Chapter 5

The bootstrap consistency of the
Hausdorff distance on uniform

polytopes

Suppose F' is the uniform distribution on an unknown convex set K C R¢ (d > 2).

Let F4 be the restriction of F on a set A C R i.e.

_ F(BNA)

Fu(B) = FA) VB C R (5.0.1)

Let X1, Xs,..., X, be a sequence of i.i.d. random points drawn from F. Let K, =

Conv {Xj,..., X, }. In Chapter 4, we proved that the scope of the sample
SS(Xq,...,X,) =K,
i.e. K, is the maximum likelihood estimator for K. Also we discussed that

H(K, K,) %50
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where H (K, K,,) is the Hausdorff distance between K and K, (see Section 1.3.1).
This demonstrates that our bootstrapping scheme can be applied in this case.

Suppose
O(Xy,..., X0, F) — By D,

Qp

Z. (5.0.2)

where «,, and (3, are real numbers and Z is a random variable. Since F' is the uniform

* *
Xigeoy Xi

distribution on K, FF, is the uniform distribution on K,. Let X "2y

n,1»

be a sequence of i.i.d. random points drawn from Ffk,_ . We would like to have the

following two types of convergence,

gb(X:;la?X;,maF)_ﬁm D

Um

(7)

> Z, as n,m — 0o, in probability.

QS(X;,lv"'?XZ,m;FKn) _ﬁm D

Qm

(11)

» Z, as n,m — 00, in probability.

From Theorem 1.4.6 and Theorem 1.4.7, the convergence in (5.0.2) holds if we let
o( Xy, ..., X F) = HK,K,).

Hence in Section 5.1 and Section 5.2, we will prove type I convergence where

N Xpqso X,

n,m?

F)= H(K,Conv {X:,p . ,Xf;m}),
and type [1 convergence where

A X1y X Fr,) = H(KG,, Conv { X 4,0, X ).

n,m)

In Section 5.3, we also derive results for the symmetric difference and the perimeter

difference (see the forthcoming definitions). The methods, used to derive the conver-
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gence in (5.0.2), are derived by using Theorem 1.4.5 and Theorem 1.4.4 respectively.
We only give brief proofs for these two examples since the technique is similar to this
section.

Throughout this chapter, the following notations are used. Let F' be the underlying
distribution. For any point set A, denote the convex hull of A by Conv (A). Let
Sn = {X;}; be a sequence of i.i.d. random points drawn from F. Given S, let
F, be the uniform distribution on K, = Conv (S,). Let Sy = {X; };, be a
sequence of i.i.d. random points drawn from Fg,. Let S, := {X;}", be another
sequence of i.i.d. random points drawn from F' and independent from .S,,. For any set

A, we denote A" = A x --- x A. For simplicity, we also use the following notations:
—_——

n times

K, = Conv (S,),

m

K, ., = Conv (S} ).
The following convergences are equivalent:

(1) m(1 — F(K,)) 50, as n,m — oo;

(2) mlog (F(K,)) 20, as n,m — . (5.0.3)
(Note that P(m(1 — F(K,)) > m(1l —exp{—¢/m})) — 0 iff
P(Imlog (F(K,))| > ¢€) — 0 where £ > 0 and m(1 — exp (—e/m)) — €, as m — 00.)

5.1 Uniform distribution on convex polygons

Suppose F' is the uniform distribution on K C R? where K is a convex polygon with

r vertices ¢y, Ca, ..., c, and angles 6,05, ...,60,.. From Theorem 1.4.6, we have

VRH (K, K,) 2 Z;, asn — oo, (5.1.1)
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where Z; has the distribution function

Gi(z) = H(l — pi(z)) (5.1.2)

with
0; 22
/ hi(x,6)do +exp{ K] tan@l} , 0<6;, <=
pilz) = 07T/2 0
/ hl(x,Q)dH, — <0, <
0;—m/2 2
and
z? 7 N
hi(z,0) = exp {—m(tan& + tan(6; — 9))} JK] tan® 6.

The following theorem shows that
VmH(K, K, ) —2 5 Z, in probability,

if n,m — oo satisfy certain relationship. This means for any continuity point of Gy,

say ¢ € R, as n,m — 0o, we have
P(VmH(K, K},) < x| S,) = Gi(x).
Theorem 5.1.1. Let mlogn/n — 0, as n — oo. Then as n,m — oo, we have
vmH (K, K ) D . 7, in probability,

where Zy has the distribution function Gi(x) as in Theorem 1.4.6.

Proof: Define the event:

Eom2{S, CK,}.
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First, we show that as n,m — oo,
P(Epml| Su) S 1. (5.1.3)

This is equivalent to

108 (P(Epm| Su)) — 0. (5.1.4)

Notice that P(E, | S.) = (|K,|/|K]|)™. Then we have
log (P(Epm| Sn)) = mlog (|Ku|/|K]). (5.1.5)

Let |D,| := |K \ K,,| = |K| — | K,|. Using the equivalence in (5.0.3), we only need to
show

m|D,|/|K| 0. (5.1.6)

Notice that Theorem 1.4.2 shows (|D,|/|K| — £,)/an converges weakly where «,, =
%,/%rlogn and 3, = %rlogn, and also notice that as n,m — oo, ma,, — 0 and

mp, — 0 according to our assumption about m. As n,m — oo, we have

mmmm:mggmmm—m+m>

— i, (DAL= 5

n

)

R (5.1.7)

Now we develop our proof for Theorem 5.1.1. Define the function f,, : R® — R, such

that
fo(z1,. . 2) = /nH(K,Conv{zy,...,z,}). (5.1.8)
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From Theorem 1.4.6, we get
fu(Xy, o0, X0) Dy 7y, asn — o0, (5.1.9)
i.e. for any continuity point of Gy, say = € R,
P(fa(Xy,...,X,) <) — Gi(x), asn — oo. (5.1.10)

Let A, := (f,'(—o0,z]) N K™ where f, ! : R — R" denotes the inverse mapping of

fn. Since, given S, the random vector (X} ., X}y ) is independent from E, ,,,

n71, ..
we have
P((XT*L,17 T 7X7>:,m) S Am‘ Sn)

= P((X;,lv cen aX;m) € Am’ Sny En,m)

= P((X;,lv cee 7X:m) € An N K:zn| Sns En,m)

= P((X,,...,X,) € ApNEK™ Sp, Enm). (5.1.11)
The last equation holds because the joint distribution of (X, ..., X ) is the same as
(Xp1y-- -5 X5 ) when its distribution is restricted on K. According to lemma 2.5.1,
we have

PU(X,,...,X,) € An K™ Sy, Enp)P(Ernm| Sn)
= P({(Xy,.... X)) € Ay N K}y N Byl Sh)
= P((X,,..., X, )€ A NK™ S,). (5.1.12)

From (5.1.3), we have P(E,, .| Sy) %y 1, as n — co. Therefore (5.1.12) implies

!

|P((X17’X;n) EAmmKrT| SnaEn,m>_P((X177X7/n) E14mm‘[('rin| Sn)|
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i 0, asmn,m — oo. (5.1.13)

Since (A, N K") C A, and A, \ (A, N KY) C D, we have

’

[P((Xy,- -, X)) € A VKT S,) = P((X0, 0, X)) € Al S0)
< P((X),...,X,,) € D] 5,)
= (|1 Dul/IE])™

2250, as n,m — 0. (5.1.14)

(Note that for almost allw € €, |D,,(w)|/|K| < |Ds(w)|/|K| < 1implies (| Dy (w)|/| K])™
— 0, as n,m — o00.) Thus combining (5.1.11), (5.1.13) and (5.1.14) implies that

[P((X,

n,1s -

XD ) € Al Su) = P((XY, ..., X,,) € Al S,)]

P
— 0, asn,m — oo.
This is equivalent to:

[Pfn(Xase s X ) S @l S) = P(funl( Xy, Xy) S 2] S0)]

i 0, asmn,m — oo. (5.1.15)

Since fn(X;,...,X,,) is independent from S,,, using (5.1.10), we have

P(fu(Xy,.. o, X)) < 2] Su) = P(ful Xy, ... X,,) < )

— G1(x), asn,m — oo. (5.1.16)
Finally, (5.1.15) and (5.1.16) imply

P(fo( X5y X0 ) <] Su) D Gule), asn,m — oc. (5.1.17)
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Theorem 5.1.2. Under the same conditions of the Theorem 5.1.1, we have
VmH(K,, K ,.)) 2 71, asn,m — oo,

in probability.
Proof: In the proof of Theorem 5.1.1, given S, = {X;}",, we reset A,, =

(g (=00, z]) N K™ where

Gm(T1, .. T) = VmH (K, Conv{zy,...,2m}).

Let x be a continuity point of GG;. Then follow the steps of the proof of Theorem
5.1.1 to get

|P((X,

n,ly

LX) € Al Sn) = P((XY, ..., X,,) € Al S,)]

P
— 0, asn,m — oo.
This is equivalent to:

|P(QM(X:;,17"'7X:;,m) < "L‘| Sn) - P(gm(Xia tee 7X1,n) < l’| Sn)|

50, asn,m— . (5.1.18)
Therefore, we have

’P (VmH(K,, K*,) < x| 8,) — P <\/EH(Kn, K.) <4l Sn) 2o, (5.1.19)
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as n,m — 0o. From Theorem 5.1.1, we have
P (VmH(K,, KL,) < o] S,) > P (VmH(K, K,) < 7| S,) (5.1.20)
and
P (vVmH(K, K:,,) <] S,) 5 Gi(x), (5.1.21)

as n,m — oo. Notice that H(K, K}, ) > H(K,, K}, ,,). Suppose G, is the distri-
bution function of fm(Xi, e ,X;n), where f,, is the same as in the proof of Theorem
5.1.1. Then lim,, oo G1.m(x) = G1(x). Since the Hausdorff distance satisfies triangle
inequality:

H(K, K, )>HKK,)—HK,IK,), (5.1.22)

we have

P (VH (K, 1) < 01 5,) < P (VAU )~ S I,) <o 5,)

P(
—p <\/EH(K K.) < vmH(K, K,) + 1| Sn>
= G (| (VRH (K K, ))m)

L Gi(x), asn,m — oo, (5.1.23)

where the last convergence is given by Theorem 1.4.6 and a simple application of
the Skorokhod’s representation theorem. Then use lemma 2.5.4, (5.1.19), (5.1.20),
(5.1.21) and (5.1.23) to get

P (vVmH (K, K},,) < x| S,) L Gi(x), as n,m — oo.
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5.2 Uniform distribution on convex sets with s-
mooth boundary

The similar technique can also be applied to the smooth case. Let K C R? be a convex
set with 0K C C%*(R) (see Chapter 1). Suppose the curvature of 9K is bounded away
from 0 and oo and has a bounded derivative. Suppose our underlying distribution
F' is the uniform distribution on K. Also suppose F satisfies the equation (1.4.17).
From Theorem 1.4.7, we get

H(K, K,)—b,
(S, Ko) Ly Z,y, asn — oo. (5.2.1)

Qn
The following theorem proves

H(K, K} ,.) = by

A

b, Zy, as n,m — 0o, in probability, (5.2.2)

where P(Zy < z) = Gy(z) = exp(—die”®%) with the same d; and dy in Theorem

1.4.7. This means for any continuity point of G,, say x € R, as n, m — oo, we have

m
<z
am

)z )

Sn) Ly Gyla). (5.2.3)

Theorem 5.2.1. Let m/n?? — 0, asn — oo. Then we have

H(K,K} ) —bn »p

am

> Zo,  asS M, M — 00,

in probability, where Zy has the distribution Go(x) = exp{—die~ %%}, and a,,, b, and
G are all defined in Theorem 1.4.7.

Proof: Our proof is a mimic of the proof for Theorem 5.1.1. Define the events

62



Enm = {S,, C K,}. First we need to show as n,m — oo
P(Epml| Su) S 1. (5.2.4)

Suppose D,, = K\ K,,. Since P(E,, | Sn) = (| K,|/|K])™, taking log from both sides
and using the equivalence in (5.0.3), then (5.2.4) becomes

m|D,| — 0. (5.2.5)
Notice that

m| D[ = m(|K] = [Kn])
= (mn=?7) (n*°E(|Dal)) — (mn~>°) (n®° (|| — E(IK.]))

where mn=2/% — 0 and mn =5/ — 0 accroding to our assumption about m. Finally
using the results in Theorem 1.4.4, we complete the proof for P(E,, .| Sy) L)

Moreover, define the function f, : R — R such that

fn(x17---,$n) — H<K7 COHV{II)"'axn}) _bn

Qn

We only need to follow the steps of the proof of Theorem 5.1.1 and use the result of

Theorem 1.4.7. Therefore for any x which is the continuity point of G5, we get

P(fm(X,

n,ls -

X)) S 2] Sh) L Ga(x), asn,m — oo. (5.2.6)
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Theorem 5.2.2. Under the same conditions of the Theorem 5.2.1, we have

H (Ko, K:) —bm b

Am

Zy, asn,m — 00,

wn probability.

Proof:  Here we use the same technique as in Theorem 5.1.1. Given S,, = { X},

we reset A, = (g,,}(—00,x]) N K™ where

_ H(K,,Conv{zy,...,Tm}) — bn

gm(mla-"amm) - a,

Let x be a continuity point of GG3. Then follow the steps of the proof of Theorem
5.1.1 to get

[P((X5

n,lr

L XE ) € Al Sn) — P((XY, ..., X,,) € Al S,)]

P
— 0, asn,m — oo.

This is equivalent to:

’

[P(gm( X1y X ) S 2] Sp) = Pgm (X1, -, X,) < 2] )

n,1y

50, asn,m— . (5.2.7)

Therefore, we have

’ (H(Kn, K: )—b
P )

Am

as n,m — o0o. From Theorem 5.2.1, we have

H(K,K:,)—bn
S, | >P : <z

U, -

(H(Kn, K. )—bn
P : <z

Am

Sn) (5.2.9)
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and

H(K,K,)—bn P
P ’ <z| Sy | — Gax), (5.2.10)
Am
as n,m — o0o. Suppose Gs,, is the distribution function of fm(Xi, e ,X;n), where

fm is the same as in the proof of Theorem 5.2.1. Then lim,, .o Gom(z) = Ga(x).

Since the Hausdorff distance satisfies triangle inequality:

we have

_p (H(K, K.)—bn - H(K,K,) e Sn)
A A
= Gam (H([Cf’ Kn) x> (5.2.12)

Since a,/a, — 0 and b, /a,, — 0, we get

H(K,K,) a, H(K K, —b, b,
(K Kn) _ an HY ) + 2 20, asn,m — oo (5.2.13)

A Am Qn Am

Therefore, according to (5.2.13) and a simple application of the Skorokhod’s repre-

sentation theorem, we have

H(K, K,
Gam (M + x) Lt Go(x), asmn,m — oo. (5.2.14)

am

Finally use lemma 2.5.4, (5.2.8), (5.2.9), (5.2.10), (5.2.12) and (5.2.14) to get

(H(Kn,Kgm) —b
P 9

- < g Sn) L Gao(x), asm — 0. (5.2.15)
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Remark 5.2.3. We can also get another bonus convergence result:

H(K,, K, — bn

Am

D
— Zy, asm — o0.

(This result is only a byproduct of our proof and has nothing to do with our boot-

strapping scheme.) By lemma 2.5.3 and Theorem 1.4.7, it is sufficient to prove

H(K,K,) b
———= — 0, as m — o0,
am

which is similar to (5.2.13).

5.3 Two more examples

Besides the Hausdorff distance, the same technique can also be applied to other
functionals. Two noticeable examples are the symmetric difference and the perimeter
difference.

The first example is the symmetric difference on RY. Suppose d (> 2) is a fixed
integer and K is a convex set in R? such that 0K € C*(R%!) with positive Gaussian
curvature (see Appendix A.7) bounded away from 0 and co. With these assumptions,

we can use the results in Theorem 1.4.5 and Theorem 1.4.3.

Example 5.3.1. Let ¢1(A, B) be the area of symmetric difference between A and
B,ie. ¢1(A,B)=|(A\ B)U(B\ A)|. Since K,, C K, we have ¢1(K, K,) = |D,]|.
Theorem 1.4.5 proves that

n=t a1 (|Dy| — E(|D,])) 2 N(0,0%), asn — oo, (5.3.1)
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and Theorem 1.4.3 gives
lim n1 E|D,| = c, (5.3.2)

n—oo
where ¢ and ¢ are constants. Rewrite (5.3.1) using ¢, to get

¢1(K7 Kn) - bn 2}

N(0,1), asn — oo, (5.3.3)
Qp,

where a, = on 2" @1 and b, = E|D,| = @(n_ﬁ). Our goal is to find a proper
assumption about m such that the type I convergence holds for ¢4, i.e. as n,m — oo,
we have

K7 K’:, m) bm
o1 m) 2y N(0,1), in probability. (5.3.4)

Am
As before, define the events E,,,, = {S,, C K,} for the positive integers m and n.

To impose a proper assumption about m, we must ensure
P(Enm| Sa) = P (|K,|/|K]) S 1, asn,m — . (5.3.5)

Taking log from the both sides and using the equivalence in (5.0.3), we have

m|D,| 20, asn,m — oco. (5.3.6)
Since
m|D,| = mo1(K, K,) (5.3.7)

K K,)—

—m [anél( ) n) bn + bn:|

an

K, K,)—"b,

= ma, Vl( ’a ) ] + mby, (5.3.8)
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the assumption required for m is
ma, — 0, mb, — 0,

as n, m — 0o0. Therefore the resample size m should satisfy m = o(nd%l). To get

¢1 (K, K7 ) — b

am

2, N(0,1), asn,m — oo, in probability, (5.3.9)

the details are omitted and the proofs are only the mimics of the proofs for Theorem
5.1.1 and Theorem 5.2.1.
Moreover, to prove type I1 convergence for ¢q, i.e.

b1 (Kna K;,m) —bn D
%

am

N(0,1), as n,m — oo, in probability, (5.3.10)
notice that
¢1(K, K:L,m) > ¢1(Kn7 K:L,m)

and

¢1(Kna Kvln) > ¢1(K7 K;n) - ¢1(Ka Kn)a

which are easy to verify. We still need to show
ap/am — 0, by/a, — 0,

as m, m — 0o, which are obvious.

Now we can consider the perimeter difference (defined below) on R?. To use the result
in Theorem 1.4.4, suppose K satisfies 9K € C*(R) with positive curvature bounded

away from 0 and oo.

Example 5.3.2. Define ¢5(A, B) = |perimeter of A — perimeter of B|. Theorem

68



1.4.4 proves

n%/S(L, — E L,) 2 N(0, (6)?), asn — oo, (5.3.11)
and
lim n*3E (L - L,) = ¢, (5.3.12)
n—oo

where ¢’ and ¢ are two constants. Rewriting (5.3.11) in terms of ¢,, we have

K,K,) —b,
02K, /n) b"g/\/'(o,l), as n — 0o, (5.3.13)

ay,

where a, = 0'n~ %% and b, = E(L — L,) = O(n"?/3). To prove the type I conver-

gence, i.e.

K, K;,)—b, . .
02 b ) 2, N(0,1), as n,m — oo in probability, (5.3.14)

p,

we need to show
P(Eum| Sa) = P (|K,u|/|K]) S 1, asn,m — oo, (5.3.15)
Similar to Example 5.3.1, m should satisfy the conditions:
m|D,| 250, asn,m— oco. (5.3.16)

as n,m — oo. Thus, our assumption for m should follow m = o(n?3)). (Note that
d=2.)
To prove the type Il convergence, i.e.

Kn7 K:;m - b;z . 0.
02 o ) 2, N(0,1), as n,m — oo in probability, (5.3.17)

p,
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notice that

¢2<K’ K:;,m) > ¢2(Knv K;,m)

and

G (K, K,y) > (K, K,,) — ¢a( K, K),

which are easy to verify using Lemma 2.5.2. We also need to show
a,/a, —0, b la, —0,

as m, m — 00, which are obvious.
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Chapter 6

New bootstrapping scheme on

Gaussian polytopes

6.1 The general case

Suppose S,, := {X;}, is a sequence of i.i.d. random points drawn from the distribu-
tion F. Let K,, = Conv{X),...,X,}. Suppose S,, := {X;}™, is another sequence of
i.i.d. random points drawn from F' and independent from S,,. If F'is not the uniform
distribution, say a Gaussian distribution with unknown parameters, the scope of the
sample SS(X7,...,X,) (see Definition 4.1.1) is not meaningful as the support of F’
is R?. Therefore we can not apply the suggested bootstrapping scheme to this case.
However, a careful review of our proof in Chapter 5 would suggest if the convergence
(5.0.2) and (5.1.3) hold, i.e. the functional ¢ satisfies: there exist real numbers a,,,

B, and a random variable Z such that as n — oo,

O(Xy,..., X0, F) — By D,

Qp

Z, (6.1.1)

and

P(Enml S2) = 1, (6.1.2)

71



where E, ,, = {S,, C K,}, we can still construct the type I convergence, i.e.

¢<X;717"'7X;,m;F> _ﬁm D

Om

> /Z, as n,m — 0o, in probability,

*
Xn’2’ ..

by drawing the sample X*

T -, Xy o from F, (the restriction of F' on K, see

the definition in Chapter 5). Moreover if
an/om — 0, Bn/ay — 0, asn,m — oo,
and ¢ satisfies:
OK, K ) > (K, K L) and 9K, K,) > 6K, K) — 6K, K),
where K is the support of F,
(K, Ky) = o(Xy, ..., X F) and ¢(Ky, K5 ) = (X550, X5 Fie, ),

then the type Il convergence can also be concluded, i.e.

¢(X;:,17 s 7X;Z,m; FKn) - 5771

Um

» Z, as n,m — oo, in probability.

Our bootstrapping scheme for general situation relies on drawing X*. 1 < i < m,

from F,. Suppose the convergence (6.1.1) holds. The two types of convergence we

are concerned with are:

¢<X;717"'7X;,m;F> _Bm D

am

(1)

» Z, as n,m — 00, in probability.
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and

¢(X;:,17"'7X;7m;FKn) _Bm D

Qm

(11)

» Z, as n,m — 00, in probability.

From the discussion above, the critical points of our technique require to show the
convergence (6.1.1) and the convergence (6.1.2). The construction of the convergence
(6.1.1) for certain functional is beyond the scope of this thesis. However, the conver-
gence (6.1.2) is worth discussing since it has nothing to do with the functional. For
simplicity, let S, = {X;}?,. Suppose S, = {X;}™, is a sequence of i.i.d. random
points drawn from F'. According to the convergence (6.1.2), we need to find a proper

assumption about m such that
P(S, C K,|S,) 51, asn,m— . (6.1.3)

Since

P(S. C K,|S,) = F™(K,),

take log from the both sides and use the equivalent relation in (5.0.3), and then get
m(1 — F(K,)) 50, asn,m— . (6.1.4)

The convergence (6.1.4) is not trivial. From the convergence (6.1.4), we can ensure
the proper assumption about m. We have seen the cases for uniform distribution
where 1 — F(K,,) = |D,|, i.e. K\ K,. Since the weak convergence of |D,| can be
transformed to the weak convergence of F(K,), we can proved (6.1.4) easily by using
the existing results about |D,,|. However, the convergence (6.1.4) is very difficult to
prove in general. In the next section, we will discuss the assumption about m when

K, is a Gaussian polytope.
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6.2 Assumption about m with respect to Gaussian
polytopes

For Gaussian polytopes in R? (d > 2), To our knowledge, no weak convergence for
F(K,) is available. However, we find a paragraph at the end of Bardny and Vu [4]
which explains how to apply their technique on the probability content to construct
the central limit theorem. In author’s recent contact with Barany, he acknowledged
that ”the result has never been published. It was clear that the proof method of
the paper can be used for further results (including the central limit theorem for the
probability content), but the paper was long enough anyway and we decided not to
include it there.”

Here we give a reasonable conjecture.

Op

D, N(0,1), asn— oo, (6.2.1)

where a,, = \/Var (F(K,)), B, = E(F(K,)). According to Theorem 1.4.10, we have

E((F(K,))¥) =E (H (1 - fj’j’;)) . (6.2.2)
E(N,) =0 ((log n)(d_l)/Z) : (6.2.3)

and from Theorem 1.4.9, we get

Var (N,,) = O ((log n)=b/2) (6.2.4)
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(6.2.3) and (6.2.4) imply
E(N2) =0 ((logn)*!). (6.2.5)

Combining (6.2.2), (6.2.3) and (6.2.5) implies

E@ug»:1+@<@£%¥if> (6.2.6)
and .y

EKnKmﬂ=1+@(Q§%r——). (6.2.7)
Then we get .

'wmﬂmm:o(ﬁﬁ%;la. (6.2.8)

Finally, we get

= /Var (F(K,)) = O (M)

vn

and
(logn)@=1/2

1—&:1—E@UQD:@(

According to our conjecture (6.2.1), if as n,m — oo,
ma, — 0, m(l—75,) =0,

we get

m(l — F(K,))=m (—anw +1-— ,Bn) L0, asn,m — occ. (6.2.9)

A

Therefore we can take

m = o (v/n(logn)~“@=1/4) .
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Chapter 7

Bootstrapping; simulation results

7.1 Algorithm for general cases

For general cases, our assumptions and notations are the same as in Chapter 6. For
the functional ¢ and the underlying distribution F', suppose we have the following

convergence result:

Qn

Z,

where Z has the distribution function . This simulation procedure is designed to
describe our results in Chapter 5. The simulation algorithm is as follows.
1. Draw n points X1, X, ..., X,, from the underlying distribution F'. Find the convex
polytope

K, =Conv{Xy,..., X,}.

2. Draw m points X*

n,1’

Xyo.o, Xy, from the distribution Fg, (the restriction of F’

on K,, see the definition in Chapter 5) and find convex polytope as

K, =Conv{X;,, ... X, }.
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3. Calculate the normalized target functional 7, ,, or T,g,)n, where

T, = ¢(X;;1,...,X;:,m;F) _5’”7 7O —

) n,m
Om

¢(X;:,1’ s ?X;,m; FKn) — Bm

e%7)

4. Repeat the Step 1-3, N times and get a group of data ti,%s,...,tx for 7, or
Ty

5. Depict the empirical distribution Fp, for t1,ts,...,txN.

6. Compare Fr, with G (the limiting distribution of 7).

7.2 Bootstrapping for the Hausdorff distance on

uniform polygons

7.2.1 The bootstrap simulations to verify Theorem 5.1.1

In Theorem 5.1.1, the limiting distribution function G in Step 6 of the algorithm is
G1 (see G7 in Theorem 5.1.1). Here F is the uniform distribution on K, therefore
Fk, (in Step 2) is the uniform distribution on K. Let us consider the normalized

target functional

Tn,m = \/EH(K7 KZ,m)

In this section, the empirical distribution Fr, (in Step 5) is denoted by Fr, ;. To
construct an example of a uniform polygon, we draw 50 points uniformly from a unit
disk and we take our underlying uniform polygon K as the convex hull of these 50
points (see Figure 7.1). Note that the size 50 is not the sample size and this step is
only for constructing a uniform distribution on a given polygon.

To verify our assumption: mlogn/n — 0 as n — oo, we take the sample size n = 400
and the resample size m = 20. Figure 7.2 provides the comparison of Fr, ; with G

for N = 1000 (the number of times to repeat in Step 4).

7



1.0
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-1.0 05 0.0 0.5 1.0

Figure 7.1: The underlying convex polygon K.

Since there is a gap between Fr, ; and G in Figure 7.2, the simulation result does
not seem to be precise. However, it is also possible for the gap to be narrowed with

increasing n and m. To show this point, notice that in the proof of Theorem 5.1.1,

we have
1P(fu( X X)) < 2| Su) = P(fn(Xy,. .., X)) < ) (7.2.1)
P
— 0, as m — oo,
where
and
P(fm(Xy,..., X)) < 2) = Gypm(z) (7.2.3)



1.0

— G1
— FTN1

04

02

0.0
|

Figure 7.2: The comparison of Frp,; with G; for n = 400, m = 20 and
N = 1000.
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Figure 7.3: The comparisons of Fr, 1 with Gy 9 for n = 400, m = 20 and
N = 1000.

with
lim Gy n,(z) = Gy(2), (7.2.4)

m— 00

where z is any continuity point of G. Since the empirical distribution Fr, ; is exactly
a simulation for P(v/mH (K, K}, ) < x|S,), (7.2.4) shows that G, is a reasonable
approximation (therefore a good replacement) for GG; in our simulation. Thus we make
comparisons of G99 and Fp, ; in Figure 7.3. To verify the stability of accuracy, we
repeat the simulations 6 times.

In Figure 7.3, the gap between distributions disappears by replacing G; with G o in
our simulations. Moreover, we depict a comparison of Gy with G o0 (see Figure 7.4).
As it can be seen there is a noticeable gap between GGy and G 99 which is caused by
inadequate sizes of n and m. (This gap is rooted in Theorem 1.4.6 and has nothing to

do with our bootstrapping scheme.) To this point, it is reasonable to conclude that
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Figure 7.4: The comparison of G; with G 99 for m = 20 and N = 1000.

the gap between Fr, ; and G in Figure 7.2 also disappears with the increases of n
and m.
To verify whether our assumption about m (i.e. mlogn/n — 0, as n,m — 00) is

acceptable, we set the resample size m = m;, i = 1,2, 3, where

my =+v/n, me=n*?mg=n. (7.2.5)
It is obvious that m; and ms satisfy our assumption but ms does not. We compare
Fr, 1 for three different values of m in (7.2.5) with G 9 (see Figure 7.5). As we can
see in Figure 7.5, when m = my, ma, Fp, 1 is close to Gy 2. However when m = ms,

Fr, 1 is not a good approximation to G 99. This result also meets our expectations.
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Figure 7.5: The comparison of Fr, 1 with G 99 for n = 400, m = my, ma, ms
and N = 1000.
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Figure 7.6: The comparisons of F}le)l with G199 for n = 400, m = 20 and
N = 1000.

7.2.2 The bootstrap simulations to verify Theorem 5.1.2

The same situation happens for Theorem 5.1.2. Set Té% = VmH(K,, K, ) (see
Step 3 of our algorithm). In this section, the empirical distribution Fr, (in Step 5)
is denoted by F}]lv)l Replacing G with G 99, we repeat the simulations 6 times (see
Figure 7.6). As it can be seen Gy 99 and F}le)l are close, which also implies F}le)l and
(G, are also close to each other if n and m are large enough.

Also to verify whether our assumption about m (i.e. mlogn/n — 0, as n,m — o) is
acceptable, we set the resample size m = m;, i = 1,2, 3, where m; = /n, my = n?/?
and mg = n. From Figure 7.7, we notice that the choices m = my, ms works while
m = mg fails to work. In conclusion, the assumption mlogn/n — 0, as n — oo, is

required and our simulation result also confirms this necessary condition.
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7.3 Bootstrapping the Hausdorff distance on uni-
form polytopes with smooth boundary

For the smooth cases in Theorem 5.2.1 and Theorem 5.2.2, we consider the uniform
distribution F' on a unit disk. The limiting distribution G (in Step 6) is Ga (see
Theorem 1.4.7), where

Go(r) = exp{—de 2"}

with d; = (7/2)?/? and dy = (2/7)%3. The normalized target functionals are

o HE ) b

n,m
A

H(Kn, K}, ,,) — bm

am

as in Theorem 5.2.1 and Theorem 5.2.2 respectively. In our case, a,, and b,, should

be

am = m~3(logm)™V3, by, = m™ 3 (¢ logm)??,

with

em =277 <1 + 2loglogm loglogm) )
m

As it was discussed, we need to have

m/n2/3

— 0, as n — oo,

Notice that in the proof of Theorem 5.2.1, we have

[P(fu( X1y s X ) S 2] S0) = P(ful X5, X)) S @) (7.3.1)

P
— 0, as m — o0,
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where

H(K,K},)—bn
P(f( X515, Xom) <2 Sp) =P a’ <zl S, (7.3.2)
and
P(fm(X,,..., X)) < x) = Gopm(z) (7.3.3)
with
lim Ga(z) = Ga(), (7.3.4)

where z is any continuity point of Gi5. For a similar reason as it was discussed in the

previous simulations, we can replace G with Gy, in our simulations.

7.3.1 The bootstrap simulations to verify Theorem 5.2.1

In Theorem 5.2.1, the normalized target functional

H(K, K} ,.) = by

am

Tnm:

)

Take N = 1000 in Step 4 of our algorithm. In this section, the empirical distribution
Fr, (in Step 5) is denoted by Fr, 2. We still take n = 400 and m = 20. We replace
Gy with Gaog0 and repeat our simulations 6 times (see Figure 7.8). As it can be
seen that Fr, o and Gg 9 are very close which meets our expectations. To verify our
assumption about m, we examine m; = n'/3, my = \/n and m3 = n. From Figure
7.9, it can be seen that Fr, o and Gag99 are close when m = m;, my, and very far
when m = mgs. Since only mj3 does not satisfy our assumption, this simulation result

also supports our theory.
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N = 1000.
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Figure 7.10: The comparisons of G529 with F}JIV)2 for n = 400, m = 20 and
N = 1000.

7.3.2 The bootstrap simulations to verify Theorem 5.2.2
In Theorem 5.2.2, let the normalized target functional be

H(Kn, K}, ,,) — b

am

TW —

n,m

Take N = 1000 in Step 4. In this section, the empirical distribution Fr, (in Step
5) is denoted by ng)Q We also replace Gy with G399 and repeat our simulation 6
times (see Figure 7.10). F}le)2 and G99 are very close. Again, the simulation results
support our theory. To verify our assumption about m, we still examine m; = n'/3,
ms = y/n and mz = n. From Figure 7.11, it can be seen that F:%V)Q and G99 are

relatively close when m = my, my and very far when m = mg. This result confirms

the fact that m = ms does not satisfy our assumption.
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Chapter 8

Future work

8.1 Assumption about the resample size

As it was discussed in Chapter 6, our assumption about the resample size m is from

the following convergence result,
m(l — F(K,)) L0, asn,m — oo, (8.1.1)

This assumption has nothing to do with the type of functionals. For example, in
Chapter 6, we directly give m(n) = o (\/ﬁ(log n)_(d_l)/4) from our conjecture for
Gaussian polytopes regardless of the functional. (See Conjecture (6.2.1).) However
we are not always certain whether the convergence (8.1.1) is a necessary and sufficient
condition for the success of our bootstrapping scheme (see Section 6.1). This means
that the condition (8.1.1) may be too strong. Indeed, considering relevant work in
the regular bootstrap, the assumption m = o(n) is sufficient mostly. This will be

addressed in our future research.
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8.2 (Generalization for the underlying distribution

Canal [14] introduces three different types of distribution with exponential tails, al-

gebraic tails and truncated tails as follow.

Definition 8.2.1. A function S(z) is slowly varying as x — oo if for all positive A,

lim SO)

Z—00 S(m) =1L

Definition 8.2.2. Suppose S is slowly varying. For x € R? (d € Z*), A distribution
F has a truncated tail with order k > 0 if F(1 — x) = O(x*). F has an exponential
tail if x = S(1/F(x)). F has an algebraic tail with order k > 0 if F(x) = 2 *S(x).

All the distributions appeared in this thesis (like uniform distribution, Gaussian dis-
tribution and regularly varying distribution) belong to these types of distribution.

We would like to generalize our bootstrapping scheme to these distributions.

8.3 Type Il problem

For type II problem (see Section 6.1), i.e.

QS(X:;,I’ e 7X7>;,m; FK’IL) - /Bm

Um

» Z, as n,m — oo, in probability,

we have discussed the uniform polytopes when the functionals are the Hausdorff dis-
tance (Theorem 5.1.2 and Theorem 5.2.2), the symmetric difference (Example 5.3.1)
and the perimeter difference (Example 5.3.2). A common point of these functionals,

say ¢, is that all of them satisfy the following inequalities

¢<Ka K;z,m) Z ¢(Kn’ K:’z,m)
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and

(Ko, K,,) > 6(K,K,,) — (K, K,,),

which are indispensable properties for our techniques. However sometimes, these
two conditions are not necessary for our bootstrapping scheme. For example, the

functional h defined in Example 4.2.2 does not satisfy the condition:

(see Figure 8.1), where h(K, K,,) > 0 and h(K, K,) = h(K,, K,,) = 0. We can still
prove the type II convergence for h in Example 4.2.2. Therefore, we would like to
improve our techniques to deal with more functionals about the type II convergence

in our future research.
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Figure 8.1: Rectangles K, K,, and K;n.
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Appendix A

More concepts

Let (92, F, P) be our probability space. Let R? (d € Z") be the d-dimensional Eu-
clidean space with the Borel o-field RY.

A.1 Radon measure

The measure m is called a Radon measure if m is a measure on the Borel o-field of

a separate space, which is inner regular and locally finite.

A.2 Point measure and point process

Suppose the space S is locally compact with countable basis. Denote the Borel o-field

of S by &. Define the measure ¢, on S by

1 z€A
596(14):
0 z¢ A
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for any A € &. let {z;}°, be a countable collection of points in S. A measure m is

call a point measure on S if
(o]
m = E Ex;
i=1

and m(K) is finite if K € & is compact.

Let M,(S) be the collection of all non-negative point measures on S. Let M, (S) be
the smallest o-field making maps m — m(A) measurable for any m € M,(S), A € 6.
A point process on S is a measurable map from (2, F) to (M,(S), M, (S)). In other

words, A point process on S is a random element taking values in M, (.S).

A.3 Intensity measure

The measure p is called the intensity measure of the point process ¢ if

w(A) =EE(A), for any A € 6.

A.4 Laplace functional

Designate by M,(S) the collection of all point processes on S. Suppose § € M,(S)
and f:(5,6) = (R,R) is measurable. Define £(f) by

) = | rde
S
For £ € M,(S) the Laplace functional is given by:

Ve(f) = Eexp{=¢(f)}-

Proposition A.4.1. The Laplace functional V¢ uniquely determines the law of the

point process &.
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Proposition A.4.2. (cf. Resnick [36]) Let C;7(S) be the collection of all continuous
non-negative functions on S with compact support. Suppose &,, & € My(S). The
following are equivalent:

(1) & D¢ asn — 0.

(ii) We, (f) — Ye(f), asn — oo, for all f € C;F(S).

A.5 Poisson point process

¢ € M,(S) is called a Poisson point process with intensity s if for any A € & and
k>0,
exp{u(Aliﬁ(u(A))’“ if 1(A) < 00

J

and for any n > 1, {{(4;)}", are independent random variables when Ay, As, ..., A, €

G are mutually disjoint.

Proposition A.5.1. For any f € C;(S), the Laplace functional of a Poisson point

process £ is given by:

() = exp{ - [ (1= exp(=f(e)utan) | (A5.1)
Conversely if the Laplace functional of & has the form of (A.5.1), then £ is a Poisson

process with intensity (.

A.6 Vague convergence

Resnick [36] defines the vague convergence as follows. For p,, p € M,(S), we say p,

converges vaguely to p (written as i, 1N w) if

pin(f) = p(f), asn — oo,
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for any f € CF(9).

Proposition A.6.1. Suppose p,, € My(S). The following are equivalent:
. 1%
() o = p1;
(13) pn(A) = pu(A) for all relatively compact A € & for which p(0A) = 0.

A.7 Curvature and Gaussian curvature

Let the planar curve c(t) = (z(t),y(t)) where x, y € C*(R) and ¢ is the arc length
between ¢(0) and ¢(t). Then the curvature x(t) = |é(t)].

Let S be a surface in Euclidean space with second fundamental form II (see Kobayashi
and Nomizu [28]). Given a point z on S, suppose {vy, v} is an orthonormal basis of

tangent vectors at z. Suppose k1 and ko are the eigenvalues of the following matrix

]I(’U17 Ul) ]I(Ul, UQ)
][(Ug, Ul) [I(Ug, UQ)

Then the Gaussian curvature at the point z is given by kK = K1Ks.

A.8 Minkowski sum and difference

Suppose A, B C R?. Then the Minkowski sum and difference of A and B is defined
as:

A+B={a+b:ac A be B}

and

A—B={c:c+ B C A}

Note that A — B is not generally equal to A+ (—B). If B = {b}, then A — B =
A+ (-B).
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Appendix B

Programs

library(LaplacesDemon)

# Functions

#the function for calculating the convex hull of a sample
ConvexHull <- function(XX){
#order by x axis for delete

XX=XX[,order (XX[1,]1)]

#delete repeated points
Y=XX[,1]
NN=dim (XX) [2]
for(i in 1:(NN-1)){
if (XX[1,i+1]'=XX[1,1i] |XX[2,i+1]!=XX[2,1]) {Y=c(Y,XX[,i+11)}
}
Y=matrix(Y,nrow=2)

Nd=dim(Y) [2]
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#find pO, the lower left point
pO=Y[,1]
j=1
Nr=Nd-1 #number of the rest points
for(i in 1:Nr){
if(Y[2,i+11<p0[2]) {
pO=Y[,i+1]
j=i+l
}
if(Y[2,i+1]==p0[2]) {
if (Y[1,i+11<p0[1]1){
pO=Y[,i+1]

j=i+1

3

Yr=Y[,-j] #the rest points in Y except pO

#add one more row as angle vector, sorted by angle
a=matrix(0,1,Nr)

Yr=rbind(Yr,a)

#the ordered angles of the rest points Yr

for(i in 1:Nr){
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Yr([3,il=acos ((Yr[1,il-p0[1])/sqrt((Yr[2,i]l-p0[2])~2+
(Yr[1,i]1-p0[11)°2))
}
Oang=order (Yr([3,])
Yro=matrix(0,3,Nr)
for(i in 1:Nr){
Yro[,i]=Yr[,Oang[Nd-i]]

#delete the repeated angles
#only leave the one with the longest distance to pO
Nrr=Nr
Yrro=Yro
i=2
while(i<=Nrr){
if(Yrro[3,i]==Yrro[3,i-1]){
if (((Yrro[1,i]-p0[1]) "2+ (Yrro[2,i]-p0[2])"2)<=
((Yrro[1,i-1]-p0[1]) "2+ (Yrro[2,i-1]1-p0[2])~2)){
Yrro=Yrrol[,-i]
telse{
Yrro=Yrro[,-(i-1)]
}
Nrr=Nrr-1
Yelse{

i=i+l
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#output
if (Nrr<3)
{print("cannot find the convex hull!")
Yelse{
S=cbind(c(p0,0),Yrro[,1]) #output group
P=Yrro #possible vertex
i=2
L=2
while (i<=Nrr){
S=cbind(S,P[,i])
L=L+1
if (((8[1,L-1]1-S[1,L-2])*(S[2,L]-S[2,L-1])-
(s[2,L-11-s[2,L-2])*(S[1,L]-S[1,L-1]))<0)

i=i+l
Yelse{
P=P[,-(i-1)]
S=S[,-L]
S=S[,-(L-1)]
L=L-2
Nrr=Nrr-1

i=i-1

}

return(S)
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#the function for calculating the area of a polygon
#the data of vertex should be clockwise
Area <- function(XX){
n=dim(XX) [2]
S=0
for(i in 3:n){
a=sqrt ((XX[1,i-1]-XX[1,1])"2+(XX[2,i-1]1-XX[2,1])"2)
b=sqrt ((XX[1,1]-XX[1,1]) "2+ (XX[2,1]-XX[2,1])"2)
c=sqrt ((XX[1,i]-XX[1,i-1]1)"2+(XX[2,i]-XX[2,i-1])"2)
r=(at+b+c)/2
A=sqrt (r*(r-a)*(r-b)*(r-c))
S=S+A
}

return(S)

#the function for calculating the Hausdorff distance H(K,Kn)
#when K is a convex polygon
HD <- function(0,I){

n=dim(0) [2]

m=dim(I) [2]

sd=matrix(0,1,n)

for(i in 1:n){

aa=matrix(0,1,m)
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for(j in 1:m){
aaljl<-sqrt((0[1,i]1-I[1,j]1)"2+(0[2,i]1-1[2,3j]1)"2)
}
os<-order (aa) [1]
sd[i]<-aa[os]
if (sd[i]!=0){
if (os>=2) {osm<-o0s-1
Yelse{osm<-m}
if (os<=m-1){osp<-os+1
}else{osp<-1}
al<-c(I[1,osm]-I[1,0s],I[2,0sm]-I[2,0s])
a2<-c(0[1,i]-I[1,0s],0[2,i]1-I[2,0s])
a3<-c(I[1,o0sp]-I[1,0s],I[2,0sp]-I[2,0s])
if (a1%*%a2>0) {sd[i]<-sqrt (a2%*%a2-((al%*%a2) /sqrt(alk*kal)) "2)}
if (a3%*%a2>0) {sd[i]<-sqrt (a2%*%a2- ((al3%*%a2) /sqrt (a3%*%a3)) "2) }

3

return(sd[order(sd) [n]])

#the function of approximate Hausdorff distance H(K,Kn)
#when K is a unit disk
HDC <- function(XX){
X=matrix(0,2,1000)
for(i in 1:1000){
X[1,i]=cos(-i*pi/500)
X[2,i]=sin(-i*pi/500)
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HD (X, XX)

#the approximate distribution function for Hausdorff distance
#when K is a convex polygon
ADHP <- function(x,XX){
k=Area (XX)
r=dim(XX) [2]
thelta=XX[1,]
YY=cbind (XX,XX[,1])
for(i in 2:1){
b1=YY[1:2, (i-1)]
b2=YY[1:2,1]
b3=YY[1:2, (i+1)]
theltal[il=acos ((b3-b2)%*Y% (b1-b2) /sqrt ((b3-b2)%*Y% (b3-b2)) /
sqrt ((b1-b2)%*% (b1-b2)))
}
b1=XX[1:2,r]
b2=XX[1:2,1]
b3=XX[1:2,2]
thelta[1]=acos ((b3-b2)%*%(b1-b2) /sqrt ((b3-b2) %% (b3-b2) )/
sqrt ((b1-b2)%*%(b1-b2)))
p=matrix(0,1,r)
for(i in 1:r){

hf <- function(th){
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y=exp(-x"2/(2%k) *(tan(th)+tan(theltal[i]-th)))*x"2/ (2xk) *
(tan(th))"2
return(y)
}
if (thelta[i]>0&&thelta[i]l<pi/2){
plil=integrate(hf,lower=0,upper=theltali]) [[1]]+
exp(-x~2/(2xk)*tan(theltali]))
Yelse{

plil=integrate(hf,lower=theltali]-pi/2,upper=pi/2) [[1]]

}

y=1

for(j in 1:1){
y=y*(1-p[j1)

}

return(y)

#the function for drawing n points uniformly from the unit disk
sample <- function(T){
X=matrix(0,2,1)
a=NULL
while(dim(X) [2]<=T){
xl=runif(1,-1,1)
x2=runif(1,-1,1)
if (x172+x272<=1){
a=c(x1,x2)
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X=cbind(X,a)

+
X=X[,-1]

return(X)

#the function for drawing n points uniformly from a polygon
#the polygon is a subset of the unit disk
samplepolygon <- function(XX,T){
r=dim(XX) [2]
X=matrix(0,2,1)
while(dim(X) [2]<=T){
j=0
a0=sample (1)
al=xX[,r]
a2=Xx[,1]
if((a2[1]-a0[1])*(a1[2]-a0[2])>(al[1]-a0[1])*(a2[2]-a0[2])){
for(i in 1:(r-1)){
al=XX[,1il]
a2=XX[, (i+1)]
if((a2[1]-a0[1])*(a1[2]-a0[2])<=(al[1]-a0[1])*(a2[2]-a0[2])){
break

Yelse{j=j+1}

}
if (j==r-1){X=cbind(X,a0)?}
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+
X=X[,-1]

return(X)

# Figures
#Figure 1.2 K and Kn, n=100
par (mfrow=c(1,1))
K=ConvexHull (sample(50))
KK=cbind (K,K[,1])

n=100

plot (KK[1,],KK[2,],x1lim=c(-1,1),ylim=c(-1,1) ,xlab="",ylab="")
lines(KK[1,],KK[2,])

lines(KK[1,dim(KK) [2]],KK[1,1])

par (new=T)

ss=samplepolygon(K,n)

Kn=ConvexHull (ss)

Kn=cbind (Kn,Kn[,1])
plot(ssl[1,],ss[2,],xlim=c(-1,1),ylim=c(-1,1) ,xlab="",ylab="")
lines(Kn[1,],Kn([2,])

lines(Kn[1,dim(Kn) [2]],Kn[1,1])

#Figure 1.3 the convex hull of 1000 points
#from bivariate cauchy with independent components
s=1000

b=matrix(0,2,s)
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b[1,]=rcauchy(s)

b[2,]=rcauchy(s)
plot(b[1,],b[2,],x1lab="X",ylab="Y")
par (new=T)

a=ConvexHull (b)

aa=cbind(a,al,1])
plot(aall,],aal2,],xlab="X",ylab="Y")
lines(aall,],aal2,])
lines(aall,dim(aa) [2]],aa[1,1])

#Figure 1.4 the convex hull of 1000 points
#from a common bivariate cauchy
#need the package "LaplacesDemon"

b <- rmvc (1000, rep(0,2), diag(2))
b=t (b)
plot(b[1,],b[2,],x1lab="X",ylab="Y")
par (new=T)

a=ConvexHull (b)

aa=cbind(a,al,1])
plot(aall,],aal2,],xlab="X",ylab="Y")
lines(aal1,],aal2,])
lines(aall,dim(aa) [2]],aa[1,1])

#Figure 8.1 underlying convex polygon K
par (pin=c(5,5))
par (mfrow=c(1,1))
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K=ConvexHull (sample(50))

KK=cbind (K,K[,1])

#Figure 8.1 K

plot (KK[1,],KK[2,],x1lim=c(-1,1),ylim=c(-1,1) ,x1lab="",ylab="")
lines(KK[1,],KK[2,])

lines(KK[1,dim(KK) [2]1],KK[1,1])

#sample size n, resample size m,
n=400

m=floor (sqrt(n))

N=1000

#G1

#cdf

cdf=matrix(0,2,500)

for(i in 1:500){
cdf[2,i]=ADHP(0.001+i*0.01,K)
cdf[1,i]=0.001+i*0.01

#G1m

prec=10000
Glm=matrix(0,1,prec)
for(i in 1:prec){

Km=ConvexHull (samplepolygon(K,m))
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Glm([i]=sqrt (m)*HD(K,Km)

#FTN1

frequ=matrix(0,1,N)

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m))

frequlil=sqrt (m)*HD(K,Knm)

#Figure 8.2 G1 FTN1

par (mar=c(5,5,5,5))

par (mfrow=c(1,1))

plot(cdf[1,],cdf[2,],x1im=c(0,5.0),ylim=c(0,1) ,type="1",col="red",
xlab="",ylab="",main="")

par (new=T)

plot (ecdf (frequ),col="black",xlim=c(0,5.0),ylim=c(0,1),cex=0.1,
xlab="",ylab="",main="")

legend(3.4,0.8,cex=1.5,1ty=1,col=c("red","black"),

legend=c("G1","FTN1") ,bty="n")

#Figure 8.3 Glm FTN1
par (mar=c(2,2,2,2))

par (mfrow=c(2,3))
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for(j in 1:6){
frequ=matrix(0,1,N)
for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m))
frequl[il=sqrt (m)*HD(K,Knm)
}
plot(ecdf (Gim) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,col="blue",
xlab="",ylab="",main="")
par (new=T)
plot(ecdf (frequ) ,x1im=c(0,5.0),ylim=c(0,1),cex=0.1,col="black",
xlab="",ylab="",main="")
legend(2.5,0.8,cex=1.3,1ty=1,col=c("blue","black"),
legend=c("Gim","FTN1") ,bty="n")

#Figure 8.4 G1 Gim

par (mfrow=c(1,1))

plot(cdf[1,],cdf[2,],x1im=c(0,5.0),ylim=c(0,1) ,type="1",col="red",
xlab="",ylab="",main="")

par (new=T)

plot(ecdf (Gim) ,x1lim=c(0,5.0),ylim=c(0,1),col="blue",cex=0.1,
xlab="",ylab="",main="")

legend(3.4,0.8,cex=1.3,1ty=1,col=c("red","blue"),

legend=c("G1","Gim") ,bty="n")
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#Figure 8.5 Glm FTIN1 m=ml,m2,m3

mil=floor(sqrt(n))

m2=floor(n~(2/3))

m3=n

frequl=matrix(0,1,N)

frequ2=matrix(0,1,N)

frequ3=matrix(0,1,N)

par (mfrow=c(1,1))

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m1))
frequl[i]l=sqrt (m1)*HD(K,Knm)

}

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m2))
frequ2[i]=sqrt (m2)*HD(K,Knm)

}

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m3))
frequ3[i]=sqrt (m3)*HD (K,Knm)

}

plot(ecdf (Glm) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,col="red",

xlab="",ylab="",main="")
par (new=T)
plot (ecdf (frequl) ,x1im=c(0,5.0),ylim=c(0,1),cex=0.1,

xlab="",ylab="" ,main="",col="black")
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par (new=T)
plot(ecdf (frequ2) ,x1im=c(0,5.0) ,ylim=c(0,1),cex=0.1,
xlab="",ylab="",main="",col="blue")
par (new=T)
plot(ecdf (frequd) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,
xlab="",ylab="" ,main="",col="green")
legend(3.2,0.8,cex=1.3,1ty=1,col=c("red","black","blue","green"),
legend=c("Gim(m=20)","FTN1(m=m1)","FTN1 (m=m2)","FTN1(m=m3)"),

bty="n”)

#Figure 8.6 Glm F(1)TN1
par (mar=c(2,2,2,2))
par (mfrow=c(2,3))
for(j in 1:6){
frequ=matrix(0,1,N)
for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m))
frequl[i]l=sqrt (m)*HD (Kn,Knm)
}
plot(ecdf (Gim) ,x1im=c(0,5.0),ylim=c(0,1),cex=0.1,col="blue",
xlab="",ylab="",main="")
par (new=T)
plot(ecdf (frequ) ,x1im=c(0,5.0),ylim=c(0,1),cex=0.1,col="black",
xlab="",ylab="",main="")
legend(2.5,0.8,cex=1.3,1ty=1,col=c("blue","black"),
legend=c("Gim","F(1)TN1") ,bty="n")
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#Figure 8.7 Gim F(1)TN1 m=ml,m2,m3

ml=floor(sqrt(n))

m2=floor(n~(2/3))

m3=n

frequl=matrix(0,1,N)

frequ2=matrix(0,1,N)

frequ3=matrix(0,1,N)

par (mfrow=c(1,1))

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m1))
frequl[i]=sqrt (m1)*HD (Kn,Knm)

}

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon (Kn,m2))
frequ2[i]l=sqrt (m2)*HD (Kn,Knm)

}

for(i in 1:N){
Kn=ConvexHull (samplepolygon(K,n))
Knm=ConvexHull (samplepolygon(Kn,m3))
frequ3[i]l=sqrt (m3)*HD (Kn,Knm)

}

plot(ecdf (Glm) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,col="red",

xlab="" , ylab=” " ,main=” n)
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par (new=T)

plot(ecdf (frequl) ,x1im=c(0,5.0),ylim=c(0,1),cex=0.1,
xlab="",ylab="",main="",col="black")

par (new=T)

plot(ecdf (frequ2) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,
xlab="",ylab="",main="",col="blue")

par (new=T)

plot(ecdf (frequd) ,x1im=c(0,5.0),ylim=c(0,1) ,cex=0.1,
xlab="",ylab="" ,main="",6col="green")

legend(3.2,0.8,cex=1.3,1ty=1,col=c("red","black","blue","green"),

legend=c("Gim(m=20)","F(1)TN1 (m=m1)","F (1) TN1 (m=m2) ",
"F(1)TN1(m=m3)") ,bty="n"

#normalization coefficients, an and bn
a <- function(n){
an=((log(n))~(-1/3))*(n"~(-2/3))

return(an)

b <- function(n){
gamma=1/3
gamman=gamma+ (1-gamma) *1log(log(n))/log(n)
bn=0.5%((pi/2)~(2/3))*((gamman/gamma) ~ (2/3))*((log(n)) ~(2/3))*
()~ (-2/3))

return(bn)
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#G2m

prec=10000

G2m=matrix(0,1,prec)

for(i in 1:prec){
Km=ConvexHull (sample (m))
G2m[i]=(HDC (Km)-b(m))/a(m)

#Figure 8.8 G2m FTN2
par (mfrow=c(2,3))
for(i in 1:6){
frequ=matrix(0,1,N)
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m))
frequ[i]=(HDC(Knm)-b(m))/a(m)
}
plot(ecdf (G2m) ,x1im=c(-2,8),ylim=c(0,1),cex=0.1,col="blue",
xlab="",ylab="",main="")
par (new=T)
plot(ecdf (frequ) ,xlim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="" ,main="",col="black")
legend(4.0,0.8,cex=1.3,1ty=1,col=c("blue","black"),
legend=c("G2m","FTN2") ,bty="n")
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#Figure 8.9 G2m FTN2 m=ml,m2,m3
mi=floor(n~(1/3))
m2=floor (sqrt(n))
m3=n
par (mfrow=c(1,1))
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,ml))
frequl [i]=(HDC(Knm)-b(m1))/a(ml)
}
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m2))
frequ2[i]=(HDC(Knm)-b(m2))/a(m2)
}
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m3))
frequ3[i]=(HDC(Knm)-b(m3)) /a(m3)
}
plot(ecdf (G2m) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,col="red",
xlab="",ylab="",main="")
par (new=T)
plot(ecdf (frequl) ,xlim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="" ,main="",col="black")

par (new=T)
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plot(ecdf (frequ2) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="",main="",col="blue")
par (new=T)
plot (ecdf (frequd) ,xlim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="" main="",6col="green")
legend(4.2,0.8,cex=1.3,1ty=1,col=c("red","black","blue","green"),
legend=c ("G2m(m=20)","FIN2 (m=m1) ", "FTN2 (m=m2) ", "FIN2 (m=m3) "),

bty=“n"

#Figure 8.10 G2m F(1)TN2
par (mfrow=c(2,3))
for(i in 1:6){
frequ=matrix(0,1,N)
for(i in 1:NM){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m))
frequl[i]=(HD(Kn,Knm)-b(m))/a(m)
}
plot(ecdf (G2m) ,x1im=c(-2,8),ylim=c(0,1),cex=0.1,col="blue",
xlab="",6ylab="",main="")
par (new=T)
plot(ecdf (frequ) ,x1lim=c(-2,8),ylim=c(0,1) ,cex=0.1,
xlab="",ylab="",main="",col="black")
legend(3.5,0.8,cex=1.3,1ty=1,col=c("blue","black"),
legend=c("G2m" ,"F(1)TN2") ,bty="n"
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#Figure 8.11 G2m F(1)TN2 m=ml,m2,m3
ml=floor(n~(1/3))
m2=floor (sqrt(n))
m3=n
par (mfrow=c(1,1))
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m1))
frequl[i]=(HD(Kn,Knm)-b(m1))/a(ml)
}
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon(Kn,m2))
frequ2[i]=(HD(Kn,Knm)-b(m2))/a(m2)
}
for(i in 1:N){
Kn=ConvexHull (sample(n))
Knm=ConvexHull (samplepolygon (Kn,m3))
frequ3[i]=(HD(Kn,Knm)-b(m3))/a(m3)
}
plot(ecdf (G2m) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,col="red",
xlab="",ylab="",main="")
par (new=T)
plot(ecdf (frequl) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="" main="",col="black")
par (new=T)

plot (ecdf (frequ2) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,
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xlab="",6ylab="" ,main="",col="blue")
par (new=T)
plot(ecdf (frequ3) ,x1lim=c(-2,8),ylim=c(0,1),cex=0.1,
xlab="",ylab="" ,main="",col="green")
legend(3.5,0.8,cex=1.3,1ty=1,col=c("red","black","blue","green"),
legend=c ("G2m(m=20)","F(1)TN2(m=m1)","F(1)TN2(m=m2)",
"F(1)TN2(m=m3)") ,bty="n")
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