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Abstract

The goal of this thesis is to develop the theory of the so-called equivariant forms.
Precisely, we study and classify all meromorphic functions of the extended upper-half
plane $H* that commute with the action of a finite index subgroup of SLy(Z) on $*.
It is shown that they are intimately connected to modular forms, differential forms
and quasimodular forms, and hence inherit their structures. A close connection with
different geometric objets such as differential forms and sections of line bundles is also
established. Finally, to show more the richness of such objects, some applications to

the critical points of modular forms are given.
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Introduction

The main objects under study in thesis are the so-called equivariant forms. These are
meromorphic functions on £, the upper-half of the complex plane C, which commute
with the action of a discrete subgroup I' of SLy(R), the group of 2 by 2 matrices with
real entries and determinant 1. More precisely, an element a = (Z 2) €I acts on H

(and on C) by

az+b
= -, z2€89.
‘ cz+d 7€H

A meromorphic function h on $) is an equivariant form for I if it satisfies
hMa-2) =a-h(z), z€H, acl,

in addition to some conditions at the cusps of I'.

These functions appeared first in the work by Brady [Bra] and Heins [Hei] as
quotients of pseudo-periods of the Weierstrass elliptic ¢ functions. In fact, these
authors were concerned with these functions in the framework of the theory of elliptic
functions. Not a long ago, these type of functions appeared in the work by Abdellah
Sebbar and Ahmed Sebbar in [AAS1] in the framework of the theory of modular
forms and where the terminology of equivariant forms was first initiated. In the
paper loc.cit., the authors studied the converse of a problem that appears in an earlier
paper [McSel] by John McKay and Abdellah Sebbar in which a close connection was
established between the geometry of certain genus zero discrete subgroups of SLy(R)

and the analytic properties of automorphic forms obtained by applying the Schwarz
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derivative to the generator of the function field of the Riemann surface corresponding
to the group I', known as a Hauptmodul. More precisely, the Schwarz derwative of a

meromorphic function f on a domain in C is given by

AN f// 2
va=2(7) - (5)
If f is an automorphic function for a genus zero discrete group I', then {f,z} is a
weight 4 meromorphic modular form on I'. More interestingly, the group of automor-
phy for {f, z} has more symmetry than I', and in the case of a Hauptmodul f, it is
the normalizer of I' inside SLy(R). The converse problem asks if f is a meromorphic
function of £ such that its Schwarz derivative F'(z) = {f, z} is a weight 4 automorphic
form on a discrete group I', what is the size of G, the invariance group of f? Using

the properties of the Schwarz derivative and the modularity of F', this is equivalent

to say that, for o € T,
flo-2z) = f(2),
for some matrix @, in GLy(C). Therefore, we have a group homomorphism

®: ' — GLy(C)
a — .

The invariance group Gy of f is then the kernel of ®, and the problem is reduced
to the study of its size. Interestingly, this kernel may be trivial and this occurs in
particular when ® is the identity, that is, the natural injection of I' into GLy(C).

Equivalently, one asks whether there are meromorphic functions on ) such that
fla-z)=a- f(z), foral ze Handa eI,

and a solution to this problem is then an equivariant form.

In the work [AASI], the authors establish a wide class of solutions known as
the rational equivarant forms (see Subsection 3.2.1) for the modular group SLy(Z)
that are parameterized by modular forms yielding various interesting applications to

modular differential equations and the analysis of the critical points of modular forms
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for SLy(Z). One of the ingredients in this investigation relies on a rationality criteria
of the residues at poles of certain meromorphic functions attached to the equivariant
forms. More precisely, if this criteria holds for an equivariant form h, then there exists
a weight k& modular form f for SL,(Z) such that

f(z)

fz)

In this thesis, we undertake the task to pursue this study for all the finite index

h(z) = z + k

subgroups of SLy(Z). In particular, we provide a complete classification of all the
equivariant forms that include the rational forms in [AAS1] as well as the irrational
ones. Our investigation involves the theory of modular forms as well as the theory
of quasimodular forms initiated by Zagier and Kaneko in [KaZa]. Furthermore, our
classification endows the set £(T") of equivariant forms on I' with the structure of
an infinite dimensional vector space when we remove the trivial equivariant form
hi(z) = z. Moreover, the zero element is represented by the fundamental equivariant
form

6

A
h = 12— = —_—
olz) = z + N =2 + B2

where A is the modular discriminant and Fs is the weight 2 Eisenstein series. A
finite dimenstonal subspace of this latter is the class of equivariant forms that do not
have fixed points on $) and some condition at cusps, which we call equivariant forms
without fized pownts (see Definition 3.2.4) and to which hgy belong.

In the elliptic point of view, for a lattice L = Zw; + Zw, with 7 = wy/wy € H,
the Weierstrass (-function is defined by (' = —p where p is the Weierstrass elliptic
p-function. If n; and 7, are the pseudo-periods of (, then the fundamental equivariant
form is given by

ho = wina.

Surprisingly, there is a geometric interpretation to the equivariant forms for a

modular subgroup I'. Indeed, we show that the space £(I') is isomorphic to the
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space of meromorphic differential 1-forms over the Riemann surface X1 obtained by
compactifying the quotient I' \ £). In other words, the elements of £(I") are identified
with the sections of the cotangent bundle (canonical line bundle) to the genus g
Riemann surface Xp. The zero section is then given by the fundamental equivariant
form hg. In fact, as the modular discriminant A does not vanish on ), one notices
that ho(z) does not have a fixed point on £. It turns out the absence of fixed
points provides a special class of equivariant forms. For instance, the equivariant
forms without fixed points with an additional condition at cusps correspond to the
holomorphic sections of the above-mentioned canonical line bundle. In particular, if
the group I' has genus 0, then the only such equivariant form without fixed points
correspond to the zero section and thus should be equal to the fundamental example
hg.

In the modular forms setting, the above differential forms define in a canonical
way weight 2 meromorphic modular forms for I'.  The correspondence between an

equivariant form A for I' in £(T") and a weight 2 modular form f for I' is given by

1
E2+f’

h(z) = z +

where E, = (im/6)E,. Again, the equivariant forms without fixed points correspond
to the holomorphic weight 2 cusp forms for I'. In the genus zero case, it is known that
there are no nonzero cusp forms of weight 2, which makes hy as the unique equivariant
form without fixed points. Moreover the trivial equivariant form h(z) = z is obtained
if one considers f = oo which allows us to look at h(z) = z as the point at infinity of
the space £(T').

Meanwhile, there are other ways to associate modular forms to equivariant forms
which deserve a deep understanding. Indeed, we show that the cross-ratio of any four
distinct equivariant forms h,, 1 <i <4, for T’

(hy = h3)(hy — hy)
(ha — h3)(h1 — h4)

f=
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is a modular function. At the same time, the Schwarz derivative of an equivariant
form is actually a modular form of weight four. This is not surprising as the Schwarz
derivative is simply the infinitesimal counterpart of the cross-ratio.

Besides the importance of equivariant forms as intriguing objects by themselves
and which have an elliptic, a modular and a geometric interpretation, there are various
fields in which they can find applications. The more immediate area of application is
the study of critical points of classical modular forms by means of the corresponding
equivariant forms. We show for instance that the equivariance of the fundamental
example hy implies immediately that there are infinitely many nonequivalent zeros
to the Eisenstein series F5. In other words, the discriminant A has infinitely many
nonequivalent critical points.

Some of the developments that we do not consider in this thesis include the
theory of equivariant K-theory, the higher dimensional counterpart attached to the
Hilbert modular forms and the real-analytic counterpart attached to the Maass wave
forms among others.

We now proceed to the description of the various chapters in this thesis.

In the first chapter, we recall some aspects of the theory of modular forms for
discrete subgroups of SLo(R). We discuss their connection with differential forms on
the compact Riemann surface "\ $*. We also introduce the notion of quasimodular
forms on T following Kaneko and Zagier [KaZal]. A generalization, that will be used in
Chapter 5, of properties of quasimodular forms is discussed at the end of this chapter.

The second chapter deals with equivariant forms on the modular group SLy(Z).
We provide in this part some properties of the Schwarz derivative which is at the origin
of these functions. Then we move on to discuss the main subject of this chapter. We
give the precise definition of an equivariant form for SLy(Z) as in [AAS1] with an
emphasis on the so-called rational equivariant forms. We then provide two types of
generalizations. First, we consider the case of modular form with a multiplier system,

and then move on to exhibit a larger class that include the rational equivariant forms
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as well as the irrational ones. In the last section, we exhibit an important role that
the fixed points play in characterizing the equivariant forms.

In Chapter 3, we generalize the results of the previous chapter to any subgroup of
the modular group. The main tool is the notion of the slash operator on equivariant
forms. We then study the conditions under which an equivariant form h is rational.
This is based on the rationality of the residues of the poles in $ and at cusps of
the function 2(z) = (h(z) — z)~1. In the last section, we show that the fundamental
equivariant form hg is unique in the sense that it is the only one without fixed points
provided a geometric condition on I' is met.

The aim of Chapter 4 is to give the complete classification of equivariant forms.
Furthermore, we show that they can be endowed with an algebraic structure using two
approaches involving the quasimodular forms on one side and the the modular forms
on the other. In particular, we prove that for an equivariant form A on a modular

subgroup I', we have
1

Ey+f’
where Ey = (m1/6)F, with E, being the Eisenstein series of weight 2, and f is a

h(z) =z +

weight 2 modular form for I'.
This new form of equivariant forms has various consequences. We obtain, for

instance, one-to-one correspondences between non-trivial equivariant forms and

e the set of weight 2 depth 1 quasimodular forms on I' that transforms like Es:

ie. the set {E, + f| f € MP(D)}.
e the space of weight 2 meromorphic modular forms on I.

e the space of degree one differentials Dif (Xr) on Xr = I'\ $*. Hence a justifica-

tion of the name ” equavariant forms”.

Other correspondences are between the set of equivariant forms without fixed points

for I and the space of weight 2 holomorphic modular forms on I'. These correspon-
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dences show in particular that the set £(I")\ {z} inherits a structure of a vector space.
Moreover, we can view the trivial equivariant form h(z) = z as the point at infinity.

In the rest of this chapter we establish a link to some classical tools from projec-
tive differential geometry, namely the cross-ratio and the Schwarz derivative which
is a projective connection. The cross-ratio is invariant under Mobius transforma-
tions as well as the Schwarz derivative, which is the infinitesimal counterpart of the
cross-ratio. In fact, the cross-ratio of four distinct equivariant forms is a modular
form while the Scwarz derivative of an equivariant form is a weight 4 modular form.
To illustrate this we give the Dedekind j-function and the Klein elliptic A-function
as cross-ratios of certain equivariant forms. The rest of this chapter is dedicated to
viewing the equivariant forms as sections of a line bundle, using a direct connection
as well as a quasimodular and a modular points of view.

These connections with various algebraic-geometric objects show the richness of
equivariant forms, which leads to many applications. In the last chapter, we give
an application of equivariant forms to the critical points of modular forms. More
precisely, the fundamental equivariant form hg = z + 12A /A’ = z + 1/ E, is used
to prove that the Eisenstein series E, has infinitely many zeros in the half-strip
G = {reHN, —% < Re(r) < %} Consequently, the modular discriminant A has
infinitely many critical points in the half-strip &. We also present a detailed account

of the distribution of these critical points.



Chapter 1

Modular forms and quasimodular

forms

In this chapter we give an exposition of the theory of discrete groups and the theory
of modular forms that will be useful in the remaining chapters. This will consist of a
summary of the main properties of modular forms for discrete subgroups of SLy(R)
and their connection with other classical objects such as differential forms. We will
also introduce the theory of quasimodular forms, a generalization of modular forms
by [KaZa]. We end this chapter by giving a generalization of the definition of a

quasimodular form.

1.1 Discrete subgroups of SLy(R)

In this section we briefly describe some of the properties of Fuchsian subgroups of
the first kind of SLy(R), the group of uni-modular matrices with real entries, where
by Fuchsian subgroup of the first kind we mean a discrete subgroup such that the
corresponding Riemann surface I' \ $*, $ = {z € C| &(z) > 0}, obtained by joining

the set of inequivalent cusps to the quotient I' \ § is compact. These groups acts on
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the upper-half plane $ by linear rational fractions. They are classified by their trace
as follows.

If « is not the identity element, then it has a single fixed point on RU{oo} if and
only if |Tr(a)| = 2, in which case « is called parabolic and the fixed point is a cusp.
Also, a has a fixed point in § if and only if |Tr(a)| < 2, in which case « is called
an elliptic element and the fixed point is in §). The case |Tr(a)| > 2 is equivalent to
having two fixed points on the real line, and A is called hyperbolic.

A key property of a Fuchsian subgroup of the first kind I' is that the set of in-
equivalent cusps (respectively, elliptic points) is finite [Shi]. An example of a Fuchsian
subgroup not of the first kind is SLy(R). Moreover, there is a class of subgroups that
shares with T" the same set of cusps, namely the class of subgroups that are commen-
surable with I'. A group G is called commensurable with I if G N T has finite index
in both G and I". Note that, in this case, G is also a Fuchsian subgroup of the first
kind [Shi].

The following representation will be used to establish the modularity of certain
modular forms in Chapter 3. Let I' be a subgroup of SLy(Z) of genus g, meaning
that the corresponding compact Riemann surface I' \ $* is of genus g. Let v, be
the number of inequivalent cusps and r be the number of inequivalent elliptic points.
Let myq,...,m, be the orders of the stabilizer of all conjugacy classes of elliptic points.
Then we say that T' has signature (g; my,..., m;; V). The algebraic structure of
the group can be determined by its signature. In fact, the group has a presentation:
generators :

A], BQ,..., Ag, Bg, El,..., Er, Pl,---; PV

o0

relations : .
Voo T
EM = =E~=]]R]]E]]ABA B
=1 2=1 1=1

The generators P, are parabolic, the F, are elliptic, and the A, and B, are hyperbolic.

The modular group SLy(Z), the group of uni-modular matrices with integer en-
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tries, is an example of a Fuchsian subgroup of the first kind and for which (and its
finite index subgroups) the set of cusps is QU {oc} that are equivalent to co. It is a
reference in the theory of modular forms and other topics because of the many arith-
metic and geometric properties it has. The modular group is generated by the elliptic

0 -1 11
and parabolic matrices S = ( 10 ) and T = ( 0 1) or, equivalently, by the elliptic

0 -1
elements S and P := ST = . Note that as the genus of SLy(Z)\ $HU {co}
1 1

is zero there are no hyperbolic generators. The following result gives us some infor-

mation on the automorphisms of SLy(Z) that will be used in Chapter 3.

Theorem 1.1.1 ([Ran]) Let ¢ be an automorphism of SLy(Z). Then ¢ 1s deter-
maned uniquely by its action on the generators S and P, and we must have, for some

L € SLy(Z), ¢(S) =L 'S'L, ¢(P)= L~ *P“L, where t = £1, u = £1.

One can deduce from this theorem that the trace is conserved by the automor-

phisms of SLy(Z), and as a corollary, we have

Corollary 1.1.2 ([Ran]) Any two elements of SLy(Z) \ {£12} having the same

trace are conjugate to each other by an element of SLy(Z).

A second important example of a Fuchsian subgroup of the first kind is the so-
called congruence subgroups of SLy(Z). Recall that a subgroup I' of SLy(Z) is called
a congruence subgroup if it contains some principal congruence subgroup I'(N), for
some positive integer N, which defined as follows.

Let N be a positive integer, then

I“(N)z{v:(i Z)|a5d£1 mod (N), b=c=0 mod(N)}.

Since I'(N) is of finite index in SLy(Z), it therefore follows that any congruence
subgroup of SLy(Z) is of finite index in SLy(Z). It is worth to mention that I'(/V) is
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normal in SLy(Z). In fact, we have the following exact sequence
0 — I'(N) — SLy(Z) —> SLy(Z/NZ) — 0

where SLo(Z/NZ) is the group of matrices of determinant 1 with entries in Z/NZ.
Note that I'(1) = SLy(Z). We would like also to notice that if T is a congruence

subgroup then so is any of its conjugates.

Example 1.1.1 Some of the most important congruence subgroups are

T (N) = {a €SLy(Z)| a = + < (1) I ) mod (N)},

MO(N) = {( o« ! ) €SLy(Z)| b=0 mod (N)}
which are obviously congruence subgroups of level N, meaning the least integer NV
for which I'(N) C I';(N). An other important example of congruence subgroups, is

the subgroup

FO(N):{:I:<Z Z)ESLQ(ZMCEO mod (N)},

NO
01/
Note that the set of cusps of these subgroups is represented by QU {oo} (which is

which is conjugate to the subgroup I'’(NV) by the matrix

that of SLy(Z)), as they are commensurable with SLy(Z). In fact, this set represents

the set of cusps for any group commensurable with SLy(Z).

We end this subsection by discussing some characteristics of the cusp width for
a congruence subgroup.

Given I' a congruence subgroup and s € P(Q) a cusp, let 'y (respectively Gj)
denotes the isotropy group of s inside I' (respectively inside SLy(Z)). Then Iy is a
subgroup of G, of finite index, say m. The index m is called the cusp width of I at

1

s. It is also referred to as the smallest positive integer m such that T™ € yI'yy™",

where v € SLy(Z) with v - s = 0.
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For a congruence subgroup I' of the modular group of level N, Larcher [Lar|
proved that if d is the least cusp width in T, it is possible to conjugate by an element of
the modular group so that the cusp width at oo of the resulting congruence subgroup
is d and that the cusp width at 0 becomes N. Note that since 7V € T', we have

d < N. More generally, we have

Proposition 1.1.3 ([Sel]) Modular conjugation only permutes the cusp widths for

a congruence subgroup.

1.2 Modular forms

The content of the section can be found in most books on modular forms. We refer

for instance to [Mil], [Ran] and [Shi].

1.2.1 The definition of a modular form

We first define the slash operator on meromorphic functions on the upper half plane
$ via the action of GLy(C), the group of two-by-two invertible matrices with complex
entries.

Let o = (Z 2) € GL,(C), and z € §. Let k be an even positive integer, and
denote by j,(z) = cz + d; a definition that will be used throughout this work. Then

a acts on a meromorphic function f as follows
f@)kla] = det(a)/?ja(2)"fla - 2) (12.1)

We will see that j : SLo(R) x ) — C* defines what is called an automorphic factor

(see Section §1.2.2) and therefore satisfies

Jas(2) = ja(B - 2)js(2)

for all o, 5 € PSLy(R).
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We notice that, since —a -z = a - z, when k is odd j_o(2)F = —j4(2)*, so that
2)|k[—a) = = f(2)[a].

Definition 1.2.1 Let k be a positwve winteger. A function f on § 1s called a mero-
morphic modular form or simply a modular form of weight k for a discrete subgroup

I of SLy(R) of
1. f 18 meromorphic on %,
2. foralla = (Z 2) € SLy(Z) and z € §, we have f(2)|x[a] = f(z),
3. f 1s meromorphic at the cusps.

The last condition means the following. First, this condition is ignored if I' has
no cusps. Otherwise, let s be a cusp of I'. Let v € SLy(R) such that v-s = co. Then,
the function f(2)|x[y~!] is invariant under yI'sy~! =< T% >, [, being the cusp width
at s and 'y the isotropy group of s inside I'. Hence, it has a Fourier expansion in the
local parameter at infinity g, := €*™*/" if k is even and ¢, = e™/% if k is odd. Then

the meromorphy condition translates into saying that in the Fourier series

Z a5y

the integer n; is finite. If ngy > 0 for all cusps s and if f is holomorphic on § then f
is called a holomorphic modular form. A holomorphic modular form is called a cusp
form if it vanishes at all cusps; in other words ns; > 0 for all cusps s.

For k = 0 the modular form is called a modular function. We would also like to
notice that a holomorphic modular form of weight 0 is constant.

Let us denote respectively by IM7(T"), 90t (T"), &x(T") the spaces of meromorphic

modular forms, holomorphic modular forms and cusp forms on T
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1.2.2 Modular forms with multiplier systems

The aim of this section is to give a more general example of modular forms. This will
be needed is subsequent chapters. More precisely, we will generalize the definition of
a modular form to what is called a modular form with a multiplier system. We follow
the treatment of [Ran].

First, we introduce the notion of an automorphic factor.
An automorphic factor p of weight & € R for I', a Fuchsian subgroup of SLy(R), is a
map p: ['x $H — C* with the properties

e For all o = (a
c

b

d) €T, and 2z € H, |pa(2)| = |cz + d|*.

o Forall a, vy €T, and z € 9, pay(2) = palv - 2)py(2).

e Forall z € 9, p_1,(2) = p1,(2), 12 being the identity matrix.

If —1, ¢ T, the last condition can be used to extend the automorphic factor u
to a function on T x §, where T = I'{£1,}/{%1,} is the homogeneous subgroup
corresponding to I'. The function on I' x § given by (a, z) — j(2)ffork € R,a €T
and z € £, is an example of an automorphic factor of weight & for I'. Since j and u
are holomorphic and do not vanish on §, it follows from Liouville’s theorem and the
fact that j is an automorphic factor that uy(z) = v(a)jo(2)* for alla € T and z € §,
where v(«a) depends only on « and |v(a)| = 1. The factor v(«) is called a multiplier,
and the function v defined on I is called a multiplier system of weight k for I". Note

that, from the value of p at (15, z) and the definition of v, we have v(1;) = 1.

Definition 1.2.2 Let p be an automorphic factor of weight k € R for I' and v the
associated multiplher system. A function f : $ — C s called an unrestricted
modular form for T of wewght k, unth automorphic factor p (or, equwalently, unth

multiplier system v) of 1t satisfies

1. f 18 meromorphic on §).
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n. f(2)|kle] = v(a)a(2)Ff(a-2) = f(2), foralla €T and z € . We choose
to use the same notation for the slash operator f(z)|x[a] gwen wn (1.2.1). The

context will be clarified 1f the two cases occur.

Fix f asin the definition. Let s be a cusp, and let v € SLy(R) such that vy-s = oc.
Then, as T' € 4Ty, I, being the cusp width at s, and as a multiplier system does

not need to be constant on I', we have T% = va~y™! for some o € I’y and so

F@eley™] = FE[THy ] = flz + L)kl = v(T*) f(2)lely] -

Set f,-1(2) := v(T%) f(2)lx[y™"]- Then, we have f,—1(T" - z) = f,-1(z), and hence

it has a Fourier expansion in the local parameter g, = €27/t

, possibly with infinitely
many negative powers of g.

We notice that this is independent of the choice of v, and that two equivalent
cusps modulo I" have the same Fourier expansion in g,.

d
Differentiating both sides of f(a - 2z) = v(a)ja(2)*f(z) and using oz =
(7a(2))72, we get

flla- 2) = v(@)1a(2)"*2 f'(2) + chv(@)gal(2)* f(2) - (1.2.2)

Definition 1.2.3 An unrestricted modular form for T' of weight k € R and multipler
system v 1s called a modular form and a multipher system v if the function f~7—1 18
meromorphic at infinity. In other words, 1f the Fourier series of f7—1 has only a finite
number of negatwe wndices).

A modular form with a multiplier system v 1s called a holomorphic modular form
with multiplier system v of f 1s holomorphic on $ and frl 18 holomorphic at infinaty.
If, wn addition, f7—1 vanishes at infinity it s called cusp form with multiplier system v.
We denote the spaces of weight k meromorphic modular forms, holomorphic modular
forms and cusp forms with multiplher system v respectwely by M (T, v), My (T, v)
and G (T, v). Clearly G¢(T',v) C M (T, v) C (T, v).
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As in this definition, we will skip the reference to the group, the weight and the
multiplier system when the context is clear.

We would like to notice that if £ € Z then the multiplier system is a character on
I'. We shall give an example of multiplier systems of general type as the existence of
these objects is not always obvious. The following shows how to construct multiplier
systems on SLo(Z).

Consider an automorphic factor p of weight £ € R with associated multiplier

system v. Set v(T) = w. It is shown in [Ran] that

v(S)=w™ and w=x(T)e™*/® | where S = (2 _é>

and x is a character on SLy(Z) with the following values
[ ] X(—lg) =1.
o x(T) = &g, where & is a sixth root of unity.

It is sufficient to define this multiplier system only for S and T as these two matrices
generate the modular group SLy(Z). We notice that for v such that v(a) =1 for all
a € SLy(Z), the associated automorphic factor coincides with that given in Section

§1.2.

Remark 1.2.1 There is a more general notion of modular forms with multiplier sys-
tems v not necessarily of unitary modulus called generalized modular forms [KnMal].
As the definition of a generalized modular form is similar to what is presented in this
subsection, we thought that it is convenient to just refer to [KnMa] for a detailed

exposition.

Finally, we define the order of the function f.y at infinity to be the smallest
integer ng such that the corresponding Fourier coefficient is not zero. More precisely,
if ng < 0, then we say that f7 has a pole of order —n, at infinity, and if ny; > 0 then

f,, is said to have a zero of order ng at infinity. In the case ny = 0, the function fA,
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does not vanish at infinity nor has a pole. We will use this definition for any function

with a Fourier expansion in a local parameter.

1.2.3 Examples of modular forms

The following typical examples of modular forms will be used extensively in the
coming chapters.

The Eisenstein series are defined for every even integer £ > 2 and 2z € §) by

l—, 1
G’“(z)‘imz; (mz + n)*

where the symbol ' means that we are summing over the pairs (m, n) # (0, 0).
Note that this series is not absolutely convergent for k = 2.

We are interested in the following representation of Eisenstein series

Ey(z) =1- 123—’; Zok_l(n)q" (1.2.3)
n=1
© L k—-1.n
1 _ 2k n q . p2mz
= 1 By ; 1 _ qn 3 q =e€ .

Here By is the k-th Bernoulli number and oy(n) = > 4, d*. This is connected to the
first definition by [Ser, Chapter 4]

Gk(z) = ZC(k)Ek(Z) .

The most familiar Eisenstein series are:

o0

Ey(z) =1-24 > ay(n)q", (1.2.4)

n=1
oo

Ey(z) =1+240 > o3(n)q", (1.2.5)

n=1
oo

Eo(z) =1-504 > o5(n)q" (1.2.6)

n=1
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The series F4 and Fg are respectively holomorphic modular forms of weight 4
and 6. However, although the Eisenstein series F, is holomorphic on $) and at the
cusps, it is not a modular form as it does not satisfy the modularity condition. The
Eisenstein series F, is an example of a quasimodular form (see Section §1.4) and
plays an important role in the construction of equivariant forms as will be seen in
Chapter 4. We will also give in Chapter 5 some properties of this series that appear
in [ElSel].

Another example is the Dedekind eta function. It is a weight % modular form

on SLy(Z) with a non-trivial multiplier system and is given by the infinite product
77(2) _ ql/24 H(l - qn)’ g= 2™z
n=1

Its multiplier system takes the values €™/'? and v/—¢ at the generators T and S of
SLy(Z), respectively. This leads us to the modular discriminant, which is the unique

(normalized at infinity) weight 12 cusp form for SLy(Z). It is defined by
Alz) =n(2)* =q]] (1 - qM*.
n=1

Another important example, that we will encounter in Chapter 4, is the modular
invariant j-function. This modular function is defined by

oy Ea(2)° = Es(2)°
i(2) = —T78A

It is a Hauptmodul for SLy(Z), in the sense that it generates the function field of the
Riemann surface SLy(Z) \ H*.

We now provide an example of modular forms on congruence subgroups with
non-trivial multiplier systems.

The Jacobi theta functions have been intensively studied because of their many
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important applications. They are defined by

o0

192(2) — Z q(n+1/2)2’
9s(z) = D q%,
9a(z) = D (-1)"g™,

In [Ran], it is shown that The functions 92, Y3 and ¥4 are holomorphic modular

1
forms of weight 3 for the conjugate congruence subgroups I'o(2), (ST)™T'4(2)(ST)
and I'°(2) = (ST)T'o(2)(ST)?, respectively. Their associated multiplier systems are

u, v and w respectively and are defined by

u(—lg) = ’U(—lg) = '11)(—12) = —i,
u(T?) = w(ST)TXST)™) = w((STP*T*ST)?) = 1,
v(§) = w((ST)S(ST)™) = w((ST)2S(ST)™2) = e ™.

Moreover, these modular forms do not vanish on §J and satisfy the Jacobi identity
I+ 05 =05 .

Rankin also provides numerous interesting equations connecting theta functions to

other modular forms sometimes on larger groups. For instance we have
A = (27"9y0950,)°

and

By(2) = = (95 + 05+ 05) .

N | =
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Another important fact on theta functions is that they have an eta-products

_ n(4z)?
halz) = 2

o n(22)°
%2 = Ry

o on(2)?
Valz) = n(2z)

where 7 = A'/?* is the Dedekind eta function.

1.3 Differential forms and the Riemann-Roch the-
orem

In the theory of Riemann surfaces, differential forms play a central role. Together
with the Riemann-Roch theorem they constitute a fundamental tool for computing
dimensions of certain vector spaces. For instance, one can use them to compute how
many functions there are with a prescribed number of poles and zeros up to a scalar
multiple. In this section, we shall state the Riemann-Roch theorem and recall some
facts about differential forms and their connection with modular forms that will be
used to compute the dimension of the space of modular forms on a Fuchsian subgroup
T of the first kind of SLy(R). We refer to [Mil], [Shi] and the references therein for

more details on this subjects.

1.3.1 The Riemann-Roch theorem

To state the Riemann-Roch theorem we need first to recall some facts on the notion
of a divisor on a compact Riemann surface.
Let R be a compact Riemann surface and denote by K the field of meromorphic

functions on :R. We identify C with the subfield of K consisting of all constant
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functions. Then K is an algebraic function field, meaning that K is a finite algebraic
extension of C(f) for f € £\ C.

Denote by D the set of all formal finite sums Z ab, qeZ, P,eR Then D

l
is a free Z—module. We call any of its elements a divisor of R or of K. To a divisor

D = Z cp P we associate the following data:
PeR

deg D = > cp, the degree of D;

vp(D) = cp, theorder of D at P.
A divisor D is called an effective divisor, a condition denoted by D > 0, if
vp(D) > 0 for all P € R. If F is another divisor then D > E if the divisor D—-FE > 0.
Next, we consider the valuation ring Sp := {f € K| f(P) # oo}, which has K
as its quotient field. For a local parameter ¢t at P and a nonzero function f € Sp, we

have
o0

1) =3 at(z),

v=vp

where z is the local variable at P. Then, the order at P is ordp(f) = vp, and f has
a zero of order vp at P, a pole of order —vp at P, or neither a pole nor a zero at P
according to whether vp > 0, vp < 0 or vp = 0.
The divisor of f € K* is defined by
div(f) = ) ordp(f)P .
PcR
This sum is finite as R is compact. Thus, the map f — div(f) is a homomorphism

of £* to D, so that

div(fg) = div(f) + div(g), div(f™1) = —div(f) .

The image of this homomorphism is called the group of principal divisors. Let

(f) denote the divisor of f € K*. For a divisor D, we put

L(D):={fekK| f=0ordiv(f)+ D >0} .
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Then L(D) is a vector space over C of finite dimension. Denote its dimension by
(D).

Two divisors are said to be linearly equivalent if their difference is principal.
The map D +— deg(D) is a homomorphism D +~ Z whose kernel contains
the principal divisors. Note that for any two linearly equivalent divisors D, D,
deg(D;) = deg(D,) and I(D;) = I(D;), and we can talk about equivalence classes
of linearly equivalent divisors which we call dwisor classes. The quotient group is
known as the Picard group of the Riemann surface R, denoted Pic(fR).

We can construct a one dimensional vector space Dif(R) over K together with

an additive map d: K +— DIif(R) satisfying

d(fg) = gdf + fdg, df =0 & feC*.

Elements of Dif(R) are called (meromorphic) differential forms (of degree 1) on R. If
f € K\ C, we have Dif(!R) = K- df. This means that for any w € Dif(fR) there exists
h € K such that w = h-df, and then h = w/df. In particular, dg/df is a well-defined
element of IC for every g € K. We define the divisor of w as follows. For P € fR,
choose t € K such that vp(t) = 1, and put vp(w) := vp(w/dt). This is independent
of the choice of ¢. The divisor of w is then
div(w) := Z vp(w)P .
PeR

Then, we have div(fw) = div(f) + div(w). Thus the divisor div(w) for all w €
Dif(R)* forms a divisor class, called the canonical class of R or of K. We say that
w € Dif(R) is holomorphic or of the first kind if w = 0 or div(w) > 0.

Theorem 1.3.1 (Riemann-Roch) Let R be a compact Riemann surface of genus

g. Let w € Dif(R)*. Then for any dwnsor D, (D) 1s finite and

I(D) = deg(D) + 1 — g+ l(div(w) — D).
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Proposition 1.3.2 For any w € Dif(R)*,
deg(div(w)) =29 — 2.
Consequently,
Corollary 1.3.3 e For the zero dinsor we have L(0) = C, so that [{0) = 1.
e For w € Dif(R)*, I(div(w)) = g.

e For a dwisor D,

of deg(D) < 0 then (D) =0,

of deg(D) > 29 — 2 then (D) =deg(D)—g+1.

1.3.2 Differential forms from modular forms

We restrict our attention in this subsection to the case of the Riemann surfaces I'\ $*,
where I' is a Fuchsian group of SLy(R) of the first kind. We will establish here the
connection between differential forms on R and modular forms on I'.

A meromorphic function on R = I' \ $H* gives rise to a modular function on T,
and vice et versa. This is induced by the projection map 7 : $* — R. We thus
identify XC with the field of modular functions on I'. For k an even integer, the space of
weight k& meromorphic modular forms 97*(T") is a one-dimensional vector space over
K. Moreover, given a non-constant modular function f on I', so that f’ is a weight 2
(meromorphic) modular form on I' and hence f™ # 0 is a weight 2m modular form
for any m € Z. On the other hand, as the weight is additive, we have for f and
g, modular forms of the same weight, the function f/g is a weight 0 (meromorphic)
modular form.

For f € MP(T), we can view f(z)dz as a differential form on R. Indeed, let
¢ € K\ C. Since ¢’ = dy/dz € MP(T), so that f/y' € MF(T') = K. Then we put
f(z)dz = (f/v')dy. This is independent of the choice of 1. Conversely, if w € Dif(R),
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then f :=w/dy € K, i.e. fo' € MPT) and w = (f¢')dz. Thus the map f — fdz
is an isomorphism of M5 (I") onto Dif (R).
One can now construct an associative graded algebra
T:= (P Dif*(R)

with the following conditions:
a) Dif’(R) = K, Dif'(R) = Dif(R);
b) For each n, Dif"(fR) is a one dimensional vector space over K,

c) For wy € Dif*(R), wy € Dif"(R), the product wyws, is defined and belongs to
Dif """ (R) and wyw, # 0 if wy # 0 and wq # 0.

Similarly to the case of k = 2, the space Dif*(fR) is isomorphic to DMP(T) via

f = f(dz)*. Furthermore, we have

deg(div(w)) = k(2g — 2), for all w € Dif*(9R)* .

1.3.3 Dimension formula

The above subsections will now be used to compute the dimension of the spaces of
holomorphic modular forms of a certain weight on a Fuchsian group I' of the first
kind. We will give the formula only for even positive weight, as these are the one of
interest to us. For more details on dimensions formulae see [Shi].

The divisor of a weight k, k even, modular form f is defined as follows. Let
P € R. If P corresponds to a point 2y of §, take a holomorphic isomorphism A of
onto the unit disc such that A(zp) = 0. If the order of the isotropy group of z, is e,

then f has an expansion at zp in the local parameter t = A(2)¢, say
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We set vp(f) = v, (f). If P corresponds to a cusp s, then f(z)|x[y™!] has an expansion
in the local parameter gs := exp(2miz/l;) as in Section §1.2, where v € SLy(R) such
that v - s = oo and [; is the cusp width at s. Then we define vp(f) = n,.

The divisor of f is then defined by

div(f) =Y vp(f)P

PeRr

The spaces M (I") and Sg(I") correspond then respectively to
{f € DT div(f) > 0}

and

{f € M(T)| div(f ZQJ :

where Qq,---, @, are the points of R correspondmg to the set of inequivalent cusps

of .

Proposition 1.3.4 ([Shi]) Let Ei,---, E; be the pownts of R corresponding to the
elliptic fized pownts of ', of order respectwvely ey,---, e, and let Q1,---, @, be as
above. Let f € M (T)*, k even, let w = f(2)(dz)*/?. Then,

div(f) = div(w) + (k/2) (Z(l —e )P, + ZQ; ,)

1=1
!
deg(div(f)) = (k/2) <(2g -2)+ Z(l —e7 + r) .
=1
Taking into account that for w € Dif(R)*, deg(div(w)) = 2g — 2, we have

Corollary 1.3.5 The space Go(T") 15 1somorphac to the space of differential forms of
the first kind on ‘R, through the map f — fdz. In particular,

dim&,(T') = g .
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This corollary implies in particular that G,(I") is trivial if g(I") = 0.

Let fo € MP(T)*, and D = div(fp). Since every element f € 9P (I')* can be
written in the form f = foh with h € M), div(f) > 0if and only of div(h) > —D.
Therefore,

dim M (") = dim{h € K| div(h) > —D}

and

dim &, (I") = dim {h € K| div(h) > =D + ZQJ} .
1=1

By applying the Riemann-Roch Theorem to the divisors —D and —D + Z;zl Q,, one

gets

Theorem 1.3.6 ([Shi/) The notation being the same as above, we have,

4

!
k(e, — 1)
k— -1 —_
(k—1)(g )—+—rk/2+;[ e, } k>2,
dimﬁﬁk(F)=< g+r—1 k=2 r>0,
g k=2 r=0,
1 k=0,
L 0 k<0.
and
( l
k k(e, — 1)
k—1)(g—1 - —1 —_
==y (5-1) + 2 [H5) k>2,
dimG(T') = < g k=2,
1 k=0,r=0,
0 k=0, m>0,
0 k<O.

\

where [k(e, — 1)/2e,] denotes the integer part of the rational k(e, — 1)/2e,.

1.4 Quasimodular forms

Quasimodular forms are a generalization of modular forms introduced by M. Kaneko

and D. Zagier [KaZal]. Unlike modular forms, quasimodular forms are nearly modular
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under the action of I". It has been proved that they do have many applications
in various fields. For instance, they have been used to derive identities involving
convolution of the divisor power sigma functions [Ro|, and in the theory of Painlevé
equations where they were used to describe solutions to the so-called Chazy equation
[Zag]. We notice that the Eisenstein series E; plays an important role in quasimodular
forms for SLy(Z) and its subgroups.

Quasimodular forms arise from the almost holomorphic modular forms in the
following sense. An almost holomorphic modular forms on I' is a function in $ which
transforms like a modular form but, instead of being holomorphic, is a polynomial in
1/y (with y = S (z)) with holomorphic coefficients. The motivating example being
the non-holomorphic Eisenstein series Ej := FEy(z) — 773 which is modular of weight
2. More precisely, an almost holomorphic modular form of weight & and depth p on

I' is a function of the form

NS

F(z) =) [fr(2)(—4my)™,

r=0

where each f, is a holomorphic function of moderate growth, and transforms like a
weight k£ modular form. We denote by M ,Egp ) =M lggp )(F) the space of such forms and
by M, = D ]\//.Tk, J\/Zk = Up ]/\4\,53' ) the graded ring of all almost holomorphic modular
forms and the ring of all almost holomorphic modular forms of weight £ and depth < p,
where T is omitted from the notations. For the basic example E} € J\/ZE” (SL2(Z)),
we have fy = F,, the Eisenstein series, and f; = 12.

The space M,ﬁsp ) = M,ﬁsp )(F) of quasimodular forms of weight k£ and depth < p
on I' is then defined as the space of constant terms fy(2) of F(z) as F' runs over
]Ti,(csp ). Note that the almost holomorphic modular form F' is uniquely determined by
its constant term f;. Hence the ring of quasimodular forms (respectively of weight
k and depth < p) on I', denoted by M, = P, M, (respectively M, = U, M,gsp)) is
canonically isomorphic to the ring ]\/4\* (respectively to ]\/Zk) Another direct definition

of quasimodular forms is as follows. A quasimodular form of weight k¥ and depth
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< p on I' is a holomorphic function f in $ such that, for fixed z € $ and variable

- (a 2) € I, the function f(2)|x[a] := 7a(2)~*f(7 - 2) is a polynomial of degree
c

pin ﬁ with the same coefficients as above. We have the following proposition,

A =

in which T" is a non-cocompact discrete subgroup of SLy(R) and ¢ € ]\%(F) is a
quasimodular form of weight 2 on I" which is not modular, e.g., ¢ = E; if ' is a

subgroup of SLy(Z). In fact, we have the following

Proposition 1.4.1 For a = ( CCL Z ) € SLy(Z), we have
2 6c
Ey(a-z) = ja(2)*Ea(z) + E]a(z) : (1.4.1)

This proposition can be proved in different ways, for instance one can use the fact

that F, is the logarithmic derivative of the modular discriminant

1! 3 2
. . L : d
which is a cusp form of weight 12; the derivation being — —.
2mdz

The following result summarizes most of the properties of quasimodular forms

Theorem 1.4.2 ([KaZa]) (1) The space of quasimodular forms on T 1s closed un-

der differentiation. More precisely, we have
D (Mésp)) c MIE%H)

1 d
for all k, p > 0. Here D denotes the differential operator — —.
2midz
(1) Every quasimodular form on I' 1s a polynomial i ¢ with modular coefficrents.

More precisely, we have
M) = P Mo (D) - 47
=0

for all k, p > 0, where M, (") denote the space of weight 3 modular forms on
r.
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(u2) Every quasimodular form on I' can be written uniquely as a linear combination
of derwatwes of modular forms and of ¢. More precisely, for all k, p > 0 we

have

Méép)(r) _ { k21 Tf:o DT (My—o,(T)) e f p<k/2,
D,Lo  D'(My—2r(T)) @ C- D**71¢ of p> k/2.

In the case I' = SLy(Z), with ¢ = FE,, the proposition implies the property that
the graded ring C[F,, E4, Eg] is closed under differentiation; provides another proof
to the Ramanujan differential system in Chapter 5, Section §5.1.1; and produces
another basic example of a quasimodular form, namely, the derivative of a modular
form.

We end this chapter by generalizing the definition of a quasimodular form. The

above theorem implies that any holomorphic quasimodular form for I' is holomorphic

function that transforms this way

14

F@)kle] =D fr(2)8(2)" (Czi d>r , for all a = (Z 2)

r=0

under the action of I', where f, is a holomorphic modular function on I' of weight
k —2r and ¢ is a weight 2 depth 1 holomorphic quasimodular form on I'. If we ignore
the growth condition, then we can define a meromorphic quasimodular form on a

discrete subgroup of SLy(R) as follows

Definition 1.4.3 A meromorphic function f of § s called a meromorphic quasi-

modular form on T’ of weight k and depth p 1f

F(2)lela] = g reer (255)  orata= (1),

where [, 18 a meromorphic modular function on I' of weiwght k — 2r and ¢ s a weight

2 depth 1 holomorphic quasimodular form on I'.

Thus defined, a similar statement to that in Theorem 1.4.2 holds with 90,(T")

replaced by SJTT(F ). The quasimodular ¢ in that proposition, however, may be chosen
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to be holomorphic. We will use this generalization in Chapter 5 to list all equivariant

forms.



Chapter 2

Equivariant forms for the modular

group

The notion of equivariant forms originates from the study of certain Schwarz dif-
ferential equation involving modular forms by [AAS1]. The goal was to study the
modularity of meromorphic solutions f such that the Schwarz derivative of f, de-
noted {f,z}, is a weight 4 modular form for a discrete subgroup G of SLy(R). This
notion also appears in the context of elliptic functions in [Bra, Hei]. Indeed, for a
lattice L = Zw; + Zws with z = wo/w; € £, the Weierstrass (-function is defined
by ' = —p where p is the Weierstrass elliptic p-function. If 7, and 7, are the

pseudo-periods of (, then the fundamental equivariant form is given by
ho = wimo

depends only on z and satisfy ho(a-2) = a-ho(z), o € SLy(Z). We will not pursue our
investigation in this direction, we will however study equivariant forms in connection
with modular forms.

In this chapter, we begin by giving some preliminaries about the origin of these

special functions. We then provide the formal definition of an equivariant form for

31
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the modular group SLy(Z). We also prove some results about these equivariant forms

and give further generalizations.

2.1 The Schwarz derivative

The Schwarz derivative is a differential operator that appears in many contexts of
mathematics. In particular, it is a useful toll in the theory of analytic functions and
in the theory of automorphic forms, see [Ford]. It also plays an important role in
[AAS2], where it leads to the notion of equivariant forms and is used to solve certain
differential equations involving modular forms.

For a meromorphic function on a domain (open and connected) of C, the Schwarz

derivative, denoted {f, z}, is defined by

B f// / 1 f// 2
wr = (5)-3(5)
2f/f/// _ 3f//2
2f/2 ’

It satisfies the following rules.

Proposition 2.1.1 ([McSe1]) We have

e Chain rule: If w 1s a function of z then
{f.z} = (dw/d2)*{f,w}+{w,z}. (2.1.2)

e If f 1s a hinear fractional transform of z, then {f,z} =0.

e Inversion formula: If w'(z) # 0 for some pownt zy, then i a neighborhood of

20,

{z,w} = —(dz/dw)*{w,z} . (2.1.3)
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This proposition can be verified using the definition of the Schwarz derivative, and
suggests the question of finding meromorphic functions w(z) for which {w, z} = Q(z),
for some given meromorphic function ¢ on some domain. This problem is equivalent

to solving the differential equation

V'(2) + 5Q() = 0, (21.4)

for which one can expect to obtain two linearly independent solutions y;(z) and y2(z).
_ y(2)
n(2)

is a locally umvalent function such that {w, z} = Q(z), then y; =

The quotient of these w(z) is a solution to {w, z} = Q(z). Conversely, if w

w 1

ﬁv yz—ﬁ

are two linearly independent solutions to (2.1.4). This yields, as a corollary,

Proposition 2.1.2 We have
o {f,z} =0 1f and only +f f 15 a linear fractional transform of z.
o {wy,z} = {ws, 2z} of and only 1f each function s a linear fraction of the other.

Moreover, we have

b
Corollary 2.1.3 Let a = (Z d) € GLy(C). Then

det o
{’U),Z} = m{w,a'Z} (215)

Lastly, given a meromorphic function f, then, from the definition of the Schwarz

derivative, one deduces the following

Proposition 2.1.4 ([McSel]) The Schwarz derwatwe {f,z} of f has a double pole

at the critical points of f and s holomorphic elsewhere wncluding at simple poles of

f.
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2.2 The origin of equivariant forms in the context
of Schwarz differential equations

In studying solutions to certain Schwarz equations [AAS2], the authors show how
the notion of equivariant forms did appear as exceptional solutions. More precisely,
they were answering the following question: Given a meromorphic function f on $
such that {f,z} =: F(z) is a weight 4 modular form for a certain group Gr, what
can be said about the invariance group Gy of f? In other words, is f modular for
any discrete group 7 In fact, this problem is the converse to another question which
was first raised and solved in [McSel], namely given a modular function f for a
subgroup Gy of SLy(R) then F(z) = {f,z} is a weight 4 modular form for a group
Gr containing G¢. In particular, if G is a genus 0 discrete subgroup of SLy(R) and f
is a Hauptmodul, that is to say that f generates the function field over this Riemann
surface corresponding to G; and having a simple pole at infinity, then Gz is nothing

but the normalizer of G in SLy(R). In conclusion,

Proposition 2.2.1 ([McSel]) We have

1. If 15 a modular function for Gy then F(z) 1s a weight 4 modular form for Gy.

w. If Gy 1s of genus 0 and f 15 a Hauptmodul for G¢, then F(z) s weight 4

holomorphic modular form for the normalizer of Gy winside SLy(R).

To make this statement concrete, we give the example (see [McSel]) of the prin-
cipal congruence subgroup I'(2) of SLy(Z). The group I'(2) is of genus 0, has no
elliptic elements, and in this case, the lambda-elliptic function A due to Klein is a

Hauptmodul for I'(2). It is given by

,194
Mz) = é = 16¢ — 128¢% 4+ 704¢> — 3072¢* + 11488¢° + ... , ¢ = €™
Then, this proposition implies that {A, z} is a weight 4 holomorphic modular form

for SLy(Z), the normalizer of I'(2) inside SLy(R). However, the space of weight
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4 modular forms for SLy(Z) 1s one dimensional and 1s generated by the Eisenstemn
series B4 (12 5) Therefore, {), z} 1s a constant multiple of £, Finally, a comparison

of the first Founer coeflicients shows that
{\ 2} =n’E,

More generally, 1t 1s shown i [AAS2] that for all values of n for which I'(n) 1s of
genus 0, notably 2 < n < 5 1f f, 1s a Hauptmodul for I'(n), then

47
{fn, 2} = g

In particular, this says that f,, for the above values of n 1s a solution to the Schwarz
equation

{f,2} = %r;& (221)
For the value n = 1, I'(1) = SLy(Z), and 1n this case the modular 3 function,
1s a Hauptmodul for SLy(Z) and 1s no longer a solution to (22 1) Therefore, 1t 1s

natural to ask for a solution of (22 1) in the case n =1

Theorem 2.2.2 ([AAS2]) The function on §) defined by

E
ha(z) = 2+ 4— (222)
E4

15 a solution to the Schwarz equation (22 1)

The proof of this theorem 1s based on the following differential system of Ra-

manujan [Ram)] satisfied by the Eisenstein series F,, E; and Fg

1 dE 1
omd: ~ 1200 EO) 223)
1 dE 1
57?1—(1!—; = 3(EzEy = Ey), (224)
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1 dE 1
omi e = 2B ED. 229

The function in Theorem 2.2.2 turned out to be very special and obeys a certain

transformation equation under the action of the modular group, namely,

Theorem 2.2.3 ([AAS2]) The function hy in Theorem 2.2.2 satisfies

fla-z)=a- f(2)
for all « € SLy(Z) and z € §.

This theorem can be proved using the facts that SLy(Z) in generated by the
matrices S and T, given at the beginning, and that Ej is weight 4 modular form for
SLy(Z).

The function h4 in Theorem 2.2.2 is the first example of an equivariant form.

We now return to the details of the first question that we asked about the size
of Gy if we only know that of G, the invariance group of F(z) = {f,z}. In fact,
this question may posed in an equivalent way. By definition F' satisfies the modular

equation
{fla-2),a -2} =F(a-2) = (cz+ d)*F(2) = (cz + d)*{f(2), 2} ,

for all o = (a b

d) € Gp, z € H. However, as seen in Section §2.1,
¢

{fla-2),a 2} = (cz+d)*{f(a-2),2}.

Therefore, by Proposition 2.1.2, f(a - z) is a linear fraction of f(z)

fla-z) =®q- f(2),

for some (invertible) matrix ®, in GL2(C). Thus, we have a group homomorphism

d : Gr — GLy(C)
a +— &, .
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The invariance group Gy of f is then the kernel of ®. The notion of equivariant forms
arises from the question of when is ker ® trivial. For instance, it is the case if ® is

the natural injection of G into GLy(C); that is to say, when
fla-z)=a- f(z), forall z€ $H and a € GF .

This is the type of functions we are studying in this work.

2.3 Equivariant forms for the modular group SLy(Z)

The aim of this section is to provide the first family of equivariant forms involving

holomorphic modular forms.

2.3.1 Equivariant forms for SLy(Z)

As seen in the previous section, the function k4 in Theorem 2.2.2 commutes with
the action of SLy(Z). In this subsection we give the precise definition of a general
type functions that are called equivariant forms. The terminology will be justified in

Chapter 5.

Definition 2.3.1 A meromorphic function h on ) 1s called an equivariant form for

SLy(Z) of ut satisfies
1. hla-z) =a - h(z), for all a« € SLy(Z), and
2. the function h(z) — z 18 meromorphic at infinity.

A clarification to the second condition in this definition is as follows. Using
condition 1. with a = T, we see that h(z+1) = h(z)+ 1 so that the function h(z) — z
is 1-periodic, and hence has a Fourier expansion in the local parameter ¢ = ¢2™*. The
meromorphy at infinity is then equivalent to saying that in this Fourier expansion the

number of negative powers of g is finite.
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We notice that the function hs(z) = z is a trivial example for such definition.

The function h4 in Theorem 2.2.3 is the first example of such functions. In fact,
we only need to check the second condition as the first one follows from Theorem 2.2.3.
However, it is straightforward from the expression of F, that it is meromorphic on £;
the meromorphy at infinity follows from the g—expansion of Fj, which is of the form
cqg(1 + O(q)), ¢ = 480m2. We now provide a more general example inspired from the

above one.

Theorem 2.3.2 ([AAS1]) Let f be a meromorphic modular form of wewght k (k
even) for SLy(Z). Then the function

f(z)

hf(Z) =z+ k)m

15 an equiwvariant form for SLy(Z).

We shall give the proof of this theorem as it provides a generalization of the first
example of an equivariant form.
Proof:  To verify that h; satisfies the first condition of the definition it suffices to
verify that for S and T, as SLy(Z) is generated by these two matrices. Now, from the
invariance of f under translation, it is immediate that hs(z + 1) = hs(2) + 1. Also,

from the transformation formula of f under S, namely
-1 i
1(Z) =,

7 (‘—1) = RFTA() 4 ()

z

one gets

Hence,

1\ -1 7(2)
hy (_> = ey 2

—zf'(2)
kzf(z) + 22 f'(2)
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hs(z)
hi(a z) = a hs(z) for all @ € SLy(Z) The second condition follows from the fact

On the other hand, one has easily shows that 1s equal to the above, whence

that f has a g-expansion of the form ¢"°(a,, + O(q)), for some finite index ng |

Before we provide other examples involving Fisenstein series, we give some key

properties these functions

Proposition 2.3.3 ([AAS1]) The modular forms cf, ¢ a non-zero constant, and

", n€Z*, gwe nise to the same equivariant form hy as f

This proposition follows from the fact that the logarithmic derivative of f 1s the
same for scalar multiples ¢f As for f™, 1ts weight 1s kn and 1ts logarithmic derivative
1s nf'/f, so that knf/nf" = kf/f Note that the restriction to integer powers of f
1s made merely to avoid dealing with branch points

Since these objects are not familiar, we give another example that mnvolves the

Eisenstein series Fyg

Example 2.3.1 Let Eg be the weight 6 Eisenstein series given by (1 2 6) Then the
function
Fg

ho(2) = 2 + 6, (231)

1s an equivariant form for SLy(Z) This also follows from Theorem 2 3 2, however,
we would hike to make use of the Ramanujan 1dentity (2 2 5) and the transformation
formula (1 4 1) for Ey to prove this fact We will prove this for the generators S and
T of SLy(Z)

The function can be also written as

he(z) =z +6 Es =z+ !
A mi(EyEs — E2) ' (m/6)Ey — E2/FEs
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From this expression, it is easy to see that hg(z + 1) = hg(2) + 1. The verification of

"o (i) = 7

is as follows. The left hand side is equal to

-1y — (B, — E}/Es)
e ( z ) z2(Ey — E2/Eg) +6/(m) ’

which can be verified to be equal to the right hand side

-1 — (B, — Fj/Es)
he(z)  2(Ey — E2/Eg) +6/(m)

Thus hg is an equivariant form for SLy(Z). The meromorphicity at infinity follows

from the invariance under T and the Fourier expansion of Fg and its derivative.

2.3.2 A first generalization

All the results of the above section can now be generalized to the case of modular

forms with multiplier systems.

Theorem 2.3.4 Let f € M (SL2(Z),v), where k € R and v 1s a multipher system
associated to an automorphic factor on SLy(Z) of weight k. Then the function

kf(z)

h(z) =2+ 72

18 an equwariant form for SLy(7Z).

b
Proof: Lety= (a d) € SLy(Z). Then, we have
c

az+b k(cz + d)*v(a)f
cz+d + ck(cz + d)etlv(a) f + (cz + d)+2v(a) f’

hla-z) =

(az+b)(ckf + (cz+d)f)+ kf
(cz+d)(ckf + (cz+d)f)

akf + (az+b)f’
ckf + (cz+d)f"’
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where we have used the modular identity ad — bc = 1 to simplify the numerator. In
the meantime, we have

ah(z) +b

a-hz) = ch(z) +d

(az 4+ b)f'(2) + akf(z)
(cz+d)f'(2) + ckf

The meromorphy of A{z) — z at infinity follows similarly as

and by noticing that the factor v(T) in f = f(T - z) is independent of z, so that
Fiz+1) =v(T)f'(2). i

Remark 2.3.1 So far, all the preceding examples involve only holomorphic modular
forms. Actually, the purpose of this restriction was to give the first few examples and
properties of these very special functions. We will shows in the next section that we

can construct a more general class of equivariant forms.

2.3.3 A second generalization

A fundamental question would be to ask whether, all equivariant forms arise this way
in the sense that they all arise from reciprocal of logarithmic derivatives of modular

forms. It turns out that this type of equivariant forms accounts only for a small class.

Example 2.3.2 Let h be the function defined by

4F,

hiz) =24 24
() =2+ 5 F,

Then h is an equivariant form for SLy(Z). To verify that we only check the first

condition of the definition as the second follows similarly as in the above examples.
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Here again we use the fact that SLy(Z) is generated by S and T. The invariance of

the Eisenstein series Fy and Fg and of Fj under T implies that
h(z+1)=h(z)+1.

For h(—1/z), we have

NG 42'E,
z © z (425E; 4 25E) + 28E;

— (£} + Es)
2(E}+ Fe) +4E,

On the other hand,

-1 ~1
h(z) — z+4E;/ (E} + Es)
—(E} + L)

2(Fy+ Fg) +4E4

This proves our assertion.

Remark 2.3.2 The equivariant form in the above example can not be represented
as in Theorem 2.3.2. In fact, it is the first example of a larger class of equivariant
form as it will be seen later. The verification of this fact could be done by using the
fact that Ej + Fs is a quasimodular form or using Ramanujan’s differential system.
Indeed, using the Ramanujan identity for E} and the expansions of F;, Fg and Ej
about the zero p, the cubic root of unity, of F4 one finds that the residue at this point
of (E} + Fg)/E4 has residue 1 + 2mi/3, which is not a rational.

More generally, we have

Theorem 2.3.5 Let f and g be (meromorphic) modular forms for SLy(Z) of respec-
twe weights k and k + 2, where k € R. Then, the function

kf(z)

M2 =2 Fy )

15 an equwvariant form for SLy(Z).
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Proof:  The meromorphy of h(z) — z at oo follows from the fact that f and g are
meromorphic on £ and at infinity and from their Fourier expansion at oco. The first

b
condition can be verified as follows. Let v = (Z d> € SLy(Z). Then, we have

az+b k(cz+d)*f

Mocz) = Ta T ez v O 1 (ez 7 DFR(F 4 g)

(az + b)(ckf + (cz+d)(f +g)) + kf

(cz+d)(ckf + (cz+d)(f"+g))
akf + (az+b)(f' +9)

ckf+ (cz+d)(f' +9g)

In the meantime, we have

_ ah(z) +b
o hz) = ch(z)+d
_ (az+b)(f +g) +akf
ez + D) (f +g)+ckf
This concludes the proof. i

Remark 2.3.3 Theorem 2.3.5 can be generalized only to modular forms with con-
stant multiplier systems for the equivariance property would force both f and g to
have the same multiplier system. However, using the definition of a multiplier system
mentioned in Chapter 1, it can be shown that a multiplier system v for both weights

k and k + 2 (k € R) is constant.

2.4 Equivariant forms without fixed points

In this subsection we consider a subset of the set of equivariant forms having very
interesting properties. Let h be an equivariant form, and let o € SLy(Z) be an elliptic

element with fixed point zy € §. Then, we have

h(a - z0) = h(z) = a - h(z) .
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Therefore h(z) is also a fixed point of a, and thus
h(zo) = 2o or Zp
as an elliptic element fixes exactly two complex conjugate complex numbers.

Definition 2.4.1 An equwvariant form h 1s said to be equivariant form without fixed

points if
e there 1s no z € §) such that h(z) = z;

e nfinity 1s not a fized pownt of h wn the sense that

lim (h(z) — 2z) #0 .

Zr00

From the above discussion, we have

Proposition 2.4.2 ([AAS1]) Let h be an equwvariant form without fized pownts for
SLy(Z). Then, for any elliptic element o € SLy(Z) unth fized pownt zq € §), we have

h(Zo) = —0 .

Example 2.4.1 Let A be the modular discriminant. Then, we know that

1A

— - _E
21 A 20

where F is the Eisenstein series in (1.2.4). Hence, the function

A 6
ho.—Z+12~A—I—Z+7”E2

is an equivariant form for SLy(Z) a consequence of the Theorem 2.3.2. As the Eisen-
stein series is holomorphic on £ and at infinity, it follows that the function hy(z) — 2

never vanishes on $*. Hence, hy is an equivariant form without fixed points for
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SLy(Z). Furthermore, as 2 and p := (=1 + 2v/3)/2 are representatives of the elliptic
points of SLy(Z), and by Proposition 2.4.2 we have the special values of hy

ho(2) = —1, ho(p) =7 .

The equivariant forms hy4 in (2.2.2) and hg in (2.3.1) have fixed points as hy(p) = p
and hg(2) = @ We notice that using the Ramanujan differential (2.2.4) and (2.2.5)
we have that Ej(p) = —2mFEs(p)/3 and Ej(x) = —miE4(1)%. As E; and Eg vanish
respectively only at p and 2, the fact that Ej(p) # 0 and Ef(2) # 0 follows; i.e. hy

and hg have a fixed point.

This example and its generalization play an important role for the algebraic
structure of the set equivarniant forms as will be seen in Chapter 4. We will also show
therein that the two classes of equivariant forms, the one that arises from logarthmic
derivatives of modular forms and that of equivariant forms without fixed points, form
subspaces of the space of equivariant forms.

We end this section by giving an example of an equivariant form with fixed points

at cusps only.

Example 2.4.2 Consider the following function

12A(z)

M) = T B ER)

where F4, Eg are respectively the Eisenstein series of weight 4 and 6 and A is the
modular discriminant. Then, by Theorem 2.3.5, h is an equivariant form for SLy(Z).
Also, h has no fixed points on § as the denominator in h(z) — z is holomorphic on £

and A does not vanish on ), yet, at infinity

lim (h(z) —2z) =0

Z— o0

as A’ + E2Es = 1 + O(g) and hence h(z) — z = 12A(1 + O(q)) vanishes at infinity

since A does. This proves our assertion.



Chapter 3

Rational equivariant forms

In this chapter we investigate the connection between equivariant forms and modular

forms. More precisely, we study conditions under which an equivariant form h arises
f(z)
f'(2)

be called rational equivariant form; a term that will be justified below.

from a modular form f via the formula h(z) = 2z + k . Such equivariant form will

3.1 Equivariant forms for modular subgroups

The aim of this section is to generalize the definition of an equivariant form for SL»(Z)
to any subgroup of finite index of SLy(Z). In fact such definition is easily generalized
to any discrete subgroup SLy(R). However, for the sake of clarity and in order to be

able to provide concrete examples, we restrict ourselves to subgroups of SLy(Z).

3.1.1 The slash operator on equivariant forms

In this section we define the notions of unrestricted equivarant functions and equaiv-
arant forms for a subgroup of SL,(Z), and also introduce the notion of the slash

operator on unrestricted equivariant functions.

Definition 3.1.1 A function h : $ — C s called an unrestricted equivariant

46
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function for a finite index subgroup T of SLs(Z) of 1t commutes unth the action of I'

on §. In other words, if it satisfies
hla-z)=a- h(2)
foralla €l and z € H.

In this definition, by ”unrestricted” we mean that we do not have to worry about
the type of singularities that A may have, especially at cusps.
We now define the slash operator for unrestricted equivariant functions. There

is an action of SLs(R) on the space of meromorphic functions on § given as follows.

For f meromorphic on ) and v = (p q) € SLy(Z)
TS

Fll2(2) = 3(2) 72 £ (2) = ra(2) 7

Indeed, for elements of SLy(Z), 5 = <p q)’ v = (f g), we have on one hand

rs
Fll2lBA(2) = jay(2) 2 (B - 2) = (ep + dr) s, (2) 71
On the other hand,

Fll2[B1l12[7](2)

I (2) 2 fll20B](y - 2) — iy (2) 7
= 4,(2)72 (Ja(y - 2)2f By - 2) — cgp(y - 2) ™) — 1y(2)
= s (2) 2 (B 2) — cay(2) Pha(v - 2) T —raa(2) 7T

-1

To conclude, an easy computation shows that

Cj'y(z)_2j/3('7 : z)—l + rjv(z)_l = (cp+ dr)jﬂ'y(z)_l ‘

The slash operator for the equivariant functions is defined through the above
action on the function lAL(z) = (h(z) — z)7!, where h is an equivariant function.

Using this definition we have

Proposition 3.1.2 Let h be a function on . Then h(z) 1s an equwariant function
for T' of and only of ﬁ||2['y](z) = ﬁ(z) for all v € T. Moreover, 1f —15 € T', then
h)l2[=7](2) = hll21](2).



3.1. Equivariant forms for modular subgroups 48

Proof: The first part follows from the definition of the slash operator. Indeed, for
v = (pq) € I we have

h(v-2)=7-h(z) & hly-2) = 35(2)5,(M(2))R(z) &

5 (h(z)

R =T

h(z) = 3,(2)"2h(2) + 72,(2).

The second part is a conse-

h
However, 7,(h(2)) = c(h(z) — z) + j4(2) so that ]VT—
~ oy
Thus, h is equivariant if and only if h||2[v](z) = h(z

quence of j_,(w) = —j4(w) for w € C. 1

The second part of this proposition simply says that we may assume that [’

contains —15. We will see in Chapter 4 that this proposition has other consequences.

3.1.2 Equivariant forms: The general definition

We now give the precise definition of an equivariant form for a subgroup I" of SLy(Z)

containing —1s; a condition that we assume for the rest of this work.

Definition 3.1.3 An unrestricted equivariant function h : 5 — C for T’ 1s called
an equwanant form for T' if it 1s meromorphic on $ and at the cusps of I' (in the

sense defined below).

First, we disregard the condition of the meromorphy at cusps if I has no cusps.

Otherwise, let s be a cusp of I'. Then in this definition, the meromorphy condition
b

¢ ) € SLy(Z) such that v-s = 0.

cd
Then the isotropy group of s, I's = {a € ['| @ - s = s}, is conjugate by v to the cyclic

at the cusp s means the following. Choose v = (

group generated by T, for some positive integer I, € Z which is known as the cusp
width of I at the cusp s. This, therefore, implies that the function TLHQ['V_I](z) is

invariant under Iy~ = <Tl8>, which is equivalent to saying that 1t is [,-periodic.
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Hence, it has a Fourier expansion in the local parameter q; = exp(2miz/l;) of the

form

Rlla[v7(2) = ) amg™

m>ms

We say that h is meromorphic at s if the integer m; is finite.

Remark 3.1.1 e The above condition is independent of the choice of ~.

e If the above condition is satisfied at a cusp s, then it is satisfied at any equivalent

cusp to s under I'.

In the following we show how to obtain an equivariant form for a conjugate group.

Proposition 3.1.4 Let I'y, I'y be two subgroups of SLy(Z). Suppose that I't and I'y
are conjugate subgroups of SL2(Z), that s there 1s an element a € SLy(Z) such that

1

'y =al2a™". Then if hy 15 an equwvariant form for 'y, the function

ho(2) = a™t o hy 0 a(z)
18 an equivariant form for T's.

Proof: The equivariance of hy follows from the fact that every 7, € I'y has the
form v, = a~'y;a for some v; € I';. Thus, h, is an equivariant function for I',. To
conclude it suffices to show that ho is meromorphic at cusps. For this we will show

that
;1\2(2) = E1||2[a](z) )

with h,(2) = (h(z) — 2)7, 1 =1,2.
ab
cd

~ 1 _ Jam1(h1(a - 2))
ha(2) = a~lhy(a-2) =z dhi(a-2)+czh(a-z) —az—b

We have for o =

_ —chi(a-z)+ca-z—ca-z+a
Ja(2)(la(a - 2) — o 2)
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U Gk ST

(2 dal2)

since —ca - 2 + a = jo(2)
The meromorphy of h, at a cusp s of I'; follows from that of h; at the cusp - s

since hy is an equivariant form so that hy(z) = hy| |2[@](2) is meromorphic at infinity. §

The identity EQ(z) = ﬁl||2[a](z) is interesting as it shows that the behavior of
hi at cusps is exactly that of hy at infinity, and constitutes a property of the slash

operator on equivariant forms.

3.2 Equivariant forms and modular forms

In this section we study equivariant forms in connection with modular forms leading
to what we call rational equivariant forms. We also focus on the particular case when

the equivariant forms do not have fixed points.

3.2.1 Rational equivariant forms

The first examples of equivariant forms for SLy(Z) we have encountered were those
arising from reciprocal of logarithmic derivatives of modular forms on the modular
group. They have the following particularity. For a weight & € Z* modular form,
let hy(2) = 2+ kf(2)/f'(2) be the associated equivariant form. Then, one easily sees
that any zero of ﬁ;l = hs(z) — 2, which is also a zero of f, is a simple zero and that
the residue of h 7 at this zero is a rational number which is given by n/k, where n is
the multiplicity and k is the weight. We will show that if this property holds for an
equivariant form A for a subgroup I' in addition to a rationality consideration at the
cusps, then h = hy for a certain modular form f for I'. This also includes the case of

modular forms with a multiplier system. Indeed, if f has a multiplier system then f™
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would have a trivial multiplier system for some m € R, which is due to the finiteness
of the number of generators of the subgroup I'. On the other hand, Proposition 2.3.3

implies that f and f™ produce the same equivariant form.

Definition 3.2.1 An equivariant form h is called a rational equivariant form of it

arises as h = hy, for some modular form of the general type.

Theorem 3.2.2 Let f € MP (T, v). Then the function hy gien by

kf(z)
he(z) =z +
f'(z)
18 an equwariant form on T'.
Proof: To prove that hy is an equivariant form, we only need to look at the

behavior at cusps.

b

Let s be a cusp of I'. Choose v = (a d) € SLy(Z) such that v-s = oo and,
c

s0, the isotropy group of s is conjugate by v to the group generated by T, for some

l; € Z. Then we have

Rellolv ] = Gy (2)Phe(v - 2) 4 ey (2) 7

- kf(y=!-2) s
_ jv_l(z)_2f1(7_1 : Z) + ijv‘l(z)_lf(’)'_l : Z)
kf(v1-2)

_ @O ) + ki () (! 2)
kf(vt-z)

_ FERDY

ERTE TR I A

_ )

kfoi(2)

where
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and f(z)|x[y~!] denotes the action of the slash operator on the weight k¥ modular form
f (see Section §1.2.2). Hence, as the function f:y—l(Z) is invariant under T%, so that
it has a Fourier expansion N
Fr(z) =) aiq}
n=nsg

in the local parameter g, := 2™/l

, ls being the cusp width at s, with n, finite as
f is meromorphic at cusps, the function h #ll2[77Y(z) has a Fourier expansion in the
parameter g; with only a finite number of negative indices. Thus h; is meromorphic
on §) and at the cusps, that is to say that hy is an equivariant form for I'. Note that

two conjugate subgroups of SLy(Z) share the same set of cusps. |

The function has the particularity that /ﬁf has simple poles on §) and at cusps.
Also, one conclude that the behavior at cusps of hj is given by that of f.
In the following proposition we show how conjugation conserves rational equiv-

ariant forms.

Proposition 3.2.3 Let T';, T'y be conjugate subgroups of SLy(Z), say Ty = al'sa™
for a € SLy(Z). Let f € MP(T, v), and denote by h¢(z) the equivariant form
2+ kf(2)/f'(z). Then the function

kfa
athy(a-2)=z+ 7

s an equwvariant form for 'y, where

falz) = v (T%) 7 £(2)lelo]
s as wn Section §1.2.2.

Proof: The fact that a™'hsa is an equivariant form for I’y follows from Propo-

sition 3.1.4. The expression of g; := a™*hya is a consequence of gs(z) = /ﬁng[oz](z)
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with ,g\f(z) _ (gf(z) _ Z)-l, ﬁf(z) = (hf(Z) - Z)—l and ﬁf”?[a](z) = (k}(’(zz):;l |

Recall the theta functions from Section §1.2.3, which are modular forms with
non-trivial multiplier systems. Then using their eta-products and the fact that the

Eisenstein series E; is the logarithmic derivative of the n function, we have

L 192(2) _ 1 )
Bl2) = 2t 5ges = At R — B

L 193(2) . 24
2) 1= 2t on ey T P bR 20 — (e — iBA7) (32.1)
file) = e il 1

20,z) A Ba(z) - Eal22))

J
These functions are rational equivariant forms for the conjugate subgroups of I'y(2)
(see Section §1.2.3).

Another important example is the case of modular forms with character. Let
N > 2 be an integer and let x be character modulo N. Let f be a weight k € Z, k >
2, (holomorphic) modular form on the principal congruence subgroup I'(N) with
character x. These type of functions play an important role in the study of spaces of
modular forms [Ko]. For instance, the structure of the space of holomorphic modular
forms of integer weight k£ > 2 and constant multiplier system on I'(/V) decomposes
as a direct sum of the spaces of holomorphic modular forms of the same weight and

Dirichlet character modulo N on I'(N), i.e.,
M (T(N), 1) = & M(L(N), x)-

Recall that a Dirichlet character modulo N is a group homomorphism x : (Z/NZ)™ —
C*. Note that there is a finite number of such characters.
The following result is a generalization of Theorem 2.3.5 that goes beyond the

rational equivariant forms.
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Theorem 3.2.4 Let f and g be modular forms for T of respectwe weight k and k+2,

where k 15 a positwe integer k € R. Then, the function

k()
Ma) =2t Ty o)

18 an equwvariant form for I

The proof of this result follows a similar pattern to that of Theorem 2.3.5 for the
equivariance and that of Theorem 3.2.2 for the analysis at cusps, though the situation

is simpler in this case as the multiplier system is constant.

3.2.2 Equivariant forms without fixed points

The first example of an equivariant form without fixed points we dealt with was the

(rational) equivariant form involving the modular discriminant (which is a cusp form),

namely
12A(2)
h = .
O(Z) z+ A/(z)
Recall that the modular discriminant is given by
A(z) = 174(2) = g [ J(1 = ¢, g =€,
n=1

where 7 is the Dedekind eta function. As mentioned earlier the logarithmic derivative
of the modular discriminant is the Eisenstein series F,

1 A(z)
2m A(2)

= EQ(Z).

The equivariant form hg has the property that ﬁo(z) = (ho(z) ~ z)7! does not vanish
on $ and is holomorphic at infinity. We look at hy as an equivariant form for any
subgroup I' of SLy(Z). In fact, if h is an equivariant form SLy(Z) then it is also for
any of its subgroups, and the behavior of A at all cusps is exactly that at infinity as

infinity represents all cusps of SLy(Z).



3.2, Equivariant forms and modular forms 55

Definition 3.2.5 Let h be an equavariant form on I'. Then h 1s smd to be an equiv-

arant form without fired pownts 1f the following two conditions are met
1. h has no fixed pownts in $H;

2. h has no fized points at cusps. In other words, for every cusp s, 1f & € SLy(7Z)

1 such that a - oo = s, then lim h||s[a](z) s finate.
zZr o0

As a first example of this type of function, the equivariant form without fixed points
hg is still an equivariant form without fixed points on any subgroup of the modular
group. We will give a large class of equivariant form without fixed points in the next
chapter. We will also show that for genus zero subgroups, hg is the only equivariant
form without fixed points.

Now, recall the examples of the rational equivariant forms in (3.2.1). Then from
their expressions, it is easily seen that they do not have fixed points on £ and at
cusps, that is, they are equivariant form without fixed points. To see that, we will
treat the case of ¥, as the other two cases are dealt similarly. The fact that f; has
no fixed points on § follows from the fact that 4E5(4z) — Ey(z) is holomorphic on $.
For the cusps, we know that ['¢(2) has exactly two inequivalent cusps represented by

0 and oco. At infinity, with f;(z) = (fa(z) — 2)7!, we have

lim ho(z) = lim 8mi(4E,(4z) — Ey(22)) = 24mi .
0 -1
1 0
transformation formula for Fy (see (1.4.1) in Chapter 1), we have

For the cusp at 0, we know that S -0 = oo, where S = ) Hence, using the

Bl[S)(2) = 2728mi(4Ex(—4/2) — Ey(—2/2)) — 27"

2 22 3z _
- 2_2871"[, (ZE2(Z/4) — ZEQ(Z/Q) —_ ;{) —_Z 1

_ Smi <3E2(z/4) - iEg(z/2) _ i.) =

4 Tz
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Thus,
lim folla[S)(=) =0,
as

Ey(2) =1+ O(q)

and so tends to 1 at infinity. Therefore f; is an equivariant form without fixed points.
The verification of the other two cases, whose equivariance subgroups are conju-
gate to that of fy, could be deduced from the following. This proposition simply says

that conjugation preserves the class of equivariant forms without fixed points.

Proposition 3.2.6 The notation being the same as in Proposition 3.1.4, 1f hy 15 an

equwariant form without fized points for I'y then so 1s hy for T's.

Proof:  We only need to verify the fixed points as it follows from Proposition 3.1.4.
On $, if z is a fixed point of Ay then « - z is a fixed point of h;. At cusps, the identity
ha(z) = hil|2]e](2) shows that if s is a cusp fixed by hy then a-s is a cusp fixed by hy.

3.3 Rational equivariant forms: The converse

The aim of this section is to investigate the conditions under which an equivariant
form is a rational equivariant form. More precisely, we study the optimal analytic

conditions that allow an equivariant form to arise from a modular form.

3.3.1 The converse

The purpose of this subsection is to give the necessary and sufficient conditions for a
equivariant form to be a rational equivariant form. For the sake of a simple exposition,
we restrict ourselves to the class of congruence subgroups of SLy(Z). We will use the

group representation of a Fuchsian group of the first kind mentioned in Section §1.1.



3.3. Rational equivariant forms: The converse 57

Let h(z) = hy(2) = z + kf(2)/f'(2) be a rational equivariant form, where f is a
weight £ modular form, then the poles of?\z(z) = f'(2)/kf(z) are located at the zeros
of f. Moreover, any such pole zq is simple and the residues of h at z is given by the
rational number n/k where n is the multiplicity of f at zy. As for the cusps one can

show that hy satisfies lim ﬁ||2[fy](z) = a, € 2mQ for all v € SLy(Z), indeed, using

(S kD)

the Fourier expansion of (f(z)|[y], one sees that /ﬁ||2[fy](z) = PYBING
k

is given by

27ng1/k where ng is the order of f(2)|k[y] at oo.

Lemma 3.3.1 Let ' be a congruence subgroup of SLy(Z) and let h be an equivariant
form for T'. Then wn the closure of a fundamental domain of T the function ﬁ(z) =

(h(z) — 2)7! has only a finate number of poles.

Proof: ~ We will show that the function %||2[y~](z) does not vanish in a neighbor-
hood of infinity for all cusps s that are vertices of the chosen fundamental domain,
where v € SLy(Z) such that v-s = co. Since h is an equivariant form, we know that
ﬁ(z) is meromorphic on ) and has a Fourier expansion at infinity. Hence, there is
A > 0 such that for every z € $) with §(z) > A we have /ﬁ(z) # 0, that is to say
that h(z) # z. If a vertex of the fundamental domain of I" is at a cusp s and that
this cusp is a pole of A(z), then again the function &||,[y~!](z) does not vanish in
a neighborhood of infinity in $. Therefore, all the poles of ﬁ(z) at vertices of this
fundamental domain can be isolated. Note that at these latter the number of the
poles is finite. In the rest of the fundamental domain, the meromorphic function E(z)

has a finite number of poles and the lemma follows. 1

The notation being as in the above lemma, we have

Lemma 3.3.2 Suppose that the poles wn $ of ?L(Z) are stmple and have rational

residues, then these ressdues have bounded demomanators.
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Proof: We will show that any equivalent points have the same residue, and then
use the fact that in the closure of a fundamental domain of I' the meromorphic
function Tl(z) has only a finite number of poles by the previous lemma, to deduce
that if the residues are rational numbers then their denominators are bounded. Let
zp be a pole of ﬁ(z) Then, as z is a simple pole of ﬁ(z), and in particular h(z) = 2o,

we have
-~ Z— 2

Res;,(h(z)) = lim

) 1
- zl'l—glo h(z) — 2z
ARV
o 1
T amn h(z) — hiz) :
Z— 2
_ 1
© O R(z)-1"

To conclude the proof it suffices to prove that h'(z9) = h'(a- z9), for every a € T

Since h(a - z) = a - h(z) and by differentiating both sides of this equality, and using

4 2 = (a(2))7, we get

dz
d 1
—hla - = hla -
i (a-2) ) (a-2)
_ M)
Ja(h(2))?
Substituting z with zy yields the lemma. |

We will also need the following lemma.

b
Lemma 3.3.3 Let a = (Z d) € I' be a parabolic element. Then the fized pownt of o

15 s = (a —d)/2c. Furthermore, jo(s) = £1.
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Proof: A simple computation shows that « fixes s = (a — d)/2c, the unique fixed
point of the parabolic element . The second part follows from the definition of j,(z)

and that the trace of a parabolic element is +2 for the parabolic elements of SLy(Z). |l

Theorem 3.3.4 Let I' be a congruence subgroup. Suppose that h 1s an equivariant

form for T’ satisfying the following conditions:
1. the poles mn $) of the function ﬁ(z) are stmple unth rational residues.

2. for every cusp s,
lim Al )(2) = a.
exists and satisfies as € 2mQ, where v € SLa(Z) 15 such that v - s = co.
Then there 1s a wewght k, k € N, modular form f on ' such that

L k)
BRANTON

Proof: Assume that the conditions 7. and 2. hold. Let k is a positive integer

h(z)

chosen to be a multiple of the denominator of the residue of TL(Z) at any (simple) pole,
which is possible according to Lemma 3.3.2 and such that kas € 2mZ for any cusp s
which is possible since we have finitely many nonequivalent cusps. Let zo € ), not

being a pole of /f;(z) Define a function f by

f(z) = exp < / kﬁ(u)du> .

This function is well defined as the integral is independent of the path of integration.

Indeed, let ¥;, X5 be two paths joining 2z and z that do not containing any pole of

o~

h(z). Then
/ kh(u)du = ZWkZZRes(ﬂ(z), z) € 2miZ,
21U
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where the sum is over the poles of ﬁ(z) interior to %1 U X, which we orient positively.

Thus,
/ kﬁ(u)du:/ kﬁ(u)du+27rmz’
$3j]

32

for some m € Z, and so f is well-defined. We extend f to a meromorphic function
on the set .S of poles of ﬁ(z) in the following way. Let r (an integer) be the residue
of kﬁ(z) at a pole z;. If r > 0 we define f(z;) = 0 to make f holomorphic at z; and
the order of f at z; is r. If r < 0 then z; is a pole of f of order —r. Thus f is a
well-defined meromorphic function of § satisfying

kf(z)

h(z) =z + 7o)

We may assume that k is even.
b
We now proceed to verify the modularity of f. Let o = (a d) € I'' Then, we
¢
have f(a - z) = go(2) f(2), where

ga(2) = exp ( / " kﬁ(u)du) .

Taking the logarithmic derivative of g, yields

gé"(z)—ia-z h(a-z) — kh(z) = ke
golz) a7 HEM 2 T RRE =
since diza -z = (ju(2)) 7%, and

%(a . z)?z(a - 2) = ja(2)7? <ja(z)271(z) + cja(z))

as h is an equivariant form. Hence, go(z) = Dy(cz + d)¥, for some D, € C*. In fact,
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this defines a group character D : I' — C*. Indeed, let a, § € I'. We have

9as(2) = Dap(Jas(2))*

= exp ( / " kﬁ(u)du)
= exp < / az(ﬁ ? kﬁ(u)du) exp < / . kﬁ(u)du)

= go(B-2)gs(2) ,

which implies that Dyglas(2)* = Daja(B - 2)*Dgis(2)F. In the meantime, jo5(2) =

Ja(B - 2)38(2) since 7 is an automorphic factor. Therefore,
Dus = DaDs.

This proves, in particular, that f is a weight k£ modular form on I' with multiplier
system D.

Next, we use the conditions of the theorem to investigate the nature of the
character D. We will do so for a being one of the elliptic, parabolic and hyperbolic
generators of I' which are in finite number.

e o is elliptic: First note that Dy, = 1 and since a has a finite order, say m,,
we have D' = 1, that is, D, is an my—th root of unity.

e o is parabolic: Let s be the cusp fixed by a. Choose v = (f z) € SLy(Z)

so that - s = co. Making the substitution u = y~! - w in the expression of g,(z), we
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get

wle) = e ( [t )k

- oo [ (st Bl w) ki

Yo z

= a2y ke ( / Al (wbo

4

= jyla-2)7%j,(2)F exp (/ v (as + Zan exp(2mnw/l5)> kdw) ,

z n>1

since j,-1(y - u) = j,(u) for all u € C and by assumption

ﬁ”2[7_1](2) =ag + Zanq?, gs = 627mz/ls .

n>1
As for the bound TP - z integration, since a belongs to the isotropy group I's of s
it follows that ya = TPsy for some p, divisible by the cusp width I, at the cusp s.
Hence,
9a(2) = gyla-2)7F9,(2)" exp (kagps) = jo(a - 2)7%5,(2)",

as kas; € 2miZ and that the function z — exp(2miz/l,) is periodic with period ;.
Notice that the difference of the bounds of integration 77+ - z and v - z equals to p;
which is divisible by l;. Thus Dy = (ja(2)j,(a - 2))7%j,(2)F.

Taking the limit as z tends to s so that az tends to s and by Lemma 3.3.3 j,(2)*
tends to 1, we get that D, = 1.

e « is hyperbolic: The case of a hyperbolic matrix reduces to the parabolic
case. More precisely, since I is a congruence subgroup, say of level N, we will use the
fact that a power of this element can be written as a product of parabolic matrices.
Indeed, if o € T is hyperbolic, then there exists n, € Z such that a™ € I'(N) as

L : ne _ (1+aN bN
I'(N) has finite index in I'. Put a; := o™ = (CN 14 dN)’ so that

o [1+ad°N?+2aN + beN? *
97 & 1+ d2N? + 2dN + beN?



3.3. Rational equivariant forms: The converse 63

1N 10
M hile, if we let Ty = =
eanwhile, if we let Ty (0 1), SN (N 1) € I'(N), we have

. plat+2berd)+2atd)/N g _ (1 + N%(a® + d? + 2bc) + 2N (a + d) *>
=Ty = .

1
Note that, since det(a;) = 1, we have a + d = N(bc — ad), that is N|(a + d) and
so B € T'(N). Now, since the elements a? and 8 have the same trace, there exists,
by Corollary 1.1.2, v € SLy(Z) such that o? = y8y~'. Hence, a®" is the product
of parabolic elements belonging to I'(N) C I'. Therefore, as D is a group character,
Dgzne = (D,)*= = 1 using the parabolic case.

In conclusion, we have established that f is weight k modular form with character
D such that D, is an mg,—th (respectively n,-th) root of unity if « is an elliptic
(respectively hyperbolic) generator and D, = 1 for parabolic generators. Let m be
the least common multiple of the exponents m, and n,. Then f™ is a modular
form of weight km (with trivial multiplier system). However, by Proposition 2.3.3 (in
Chapter 2), f and f™ give rise to the same equivariant form. Therefore, without loss
of generality, we may assume D, = 1 for all a € ' to make f a modular form for T".

To conclude we only need to check the meromorphy at the cusps. Let s be cusp
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and choose as before v € SLy(Z) such that v - s = co. Then we have

FEDTY = 3(2)7F (7 2)

= g,1(2) Fexp (/7_ i kﬁ(u)du)

= s e ([ gl e wjkan)

20

= s e ([ (Aab ) =y () ks )

20

= 2,1(7 20) Fexp (/z (as + Zan exp(?mwn/ls)) kdw>

n>1
= ]y(Zo)k exp(kasz)'

exp (/casa - 29 + Z an(exp(2minz/ls) — exp(2min-y - zo/ls))>

n>1
= exp(kasz) - holomorphic term at infinity ,

since z and a- zp belong to § so that the series Z an(exp(2minz/l;) —exp(2miy-20/1s))
n>1
converges normally. Therefore, f(2)|x[y™'] = ¢ - holomorphic term at wnfinty,

since ka;, = 2mikng € 2miZ. Thus f is a meromorphic modular form of weight k£ on

I 1

Remark 3.3.1 e A proof of the particular case I' = SLy(Z) appears in [AAS1],
where the situation is much simpler as the set of inequivalent cusps is repre-
sented by infinity. Also, the set of generators the genus zero group SL,(Z)
consists of the parabolic element T and the elliptic element S only, whereas for

a subgroup we may have all three sorts of transformations.

e The conditions of this theorem are optimal since there are equivariant forms
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which do not satisfy either condition 1. or condition 2. For instance, the

AF ~
equivariant form h(z) = z+ ﬁ from Example 2.3.2 has a residue Res,h =
4 6
1 —3/2m at p which is not rational and thus does not satisfy condition 1. Also

the equivariant form

h(z) = z + 12 = 2+ 129+ 0(g) as ¢ —

A"+ Eyy

does not satisfy the second condition of the theorem as  has a pole at oco.

3.3.2 The effect of the Schwarz derivative

The following result was implicit when we motivated the notion of equivariant forms in
Chapter 2. It yields another close connection between equivariant forms and modular

forms.

Proposition 3.3.5 Let h be an equivariant form for a modular subgroup I'. Then

the Schwarz derwatwe {h, z} of h 1s a modular form of weght 4 for T'

Proof:  This follows by direct computation using the equivariance of h and Propo-

sition 2.1.4. |

This effect of the Schwarz derivative becomes more visible if the equivariant form is
rational. This is very closely related to what is known as the Cohen-Rankin bracket.
Let f and g be two modular forms of weights k and , respectively. Then, for an

integer n > 0, the n—th Cohen-Rankin bracket is defined by
k+n—1\/l+n-1
n = D" fD? , Ty >
[/, 9] ;::n( . )( . ) fD°g, 1, s20

7

d )
where [’ = —. For instance
dzJ

[f,g]():fgv [fag]lzkfg,_lf/g
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and
kE(k+1)
2

W+

[fag]2: 9

fg' = (k+1D{I+1)f'g + fg

We have,

Proposition 3.3.6 ([/Zag/) For [ € 9MP(T) and g € IM™(T) and for every n > 0,
the function [f, gln belongs to MY, ., (T).

This proposition implies in particular that for f = g, we have

[, /]2 ==+ 1)((k+ 1) f* — kf f")

is a weight 2k + 4 modular form on T'.

Let now f be a weight £ modular form on a modular subgroup I' and let Ay
be the corresponding rational equivariant form. From Proposition 2.1.4 the poles of
{hg, z} are located at the critical points of hy. However, a simple computation shows

that

hI(Z)_ (k+1)f,2—kffﬂ _ _[faf]Z
f - fr2 - (k+1)f/2 )

Hence, we have

Proposition 3.3.7 Let f be a modular form of weight k onT'. Then f’zh’f 18 a wewght
2k + 4 modular form on T'. Moreover, the poles of {hy,z} are located at the zeros of
the second Cohen-Rankin bracket [f, f]a of f.

To illustrate this proposition we consider the case of the Eisenstein series Ey. The
second Cohen-Rankin bracket of Fy is a weight 2 x 4 + 4 = 12 holomorphic modular
form for SLy(Z). Therefore, it is a linear combination of the weight 12 Eisenstein

series F1, and the modular discriminant A. Hence,

e (2) = 5E)(2) TE;JZE;(Z)E:;(Z) |
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where hy is the rational equivariant form associated with E,;. An investigation of the

first few Fourier coefficients shows that
[Ey, E4]y = T687°A |

so that

, 3840724
hy(z) = 7

Therefore, hy has no critical points in §) and thus the Schwarz derivative of hy4 is
holomorphic on §. We will treat in the next section (Proposition 3.4.1) the example
of the fundamental equivariant form Ay which correspond to f = A which, however,

do have critical points in $.

3.4 The genus zero condition

The purpose of this section is to show that if the subgroup I' is of genus zero, then

the equivariant forms without fixed points are equal to hg, where

B 6 12A(2)
ho(Z) =z -+ ——7T1E2(Z) =2z + A/(Z)

3.4.1 Some properties of hg

In the following we summarize some properties of hg which is the fundamental example

of equivariant forms form without fixed points.

Proposition 3.4.1 [AAS1] We have
1. If zo 15 a fized elliptic pownt of SLy(Z) n $, then ho(zy) = Zo.
1. The poles of hg are located at the zeros of Es and are all simple.

. The critical pownts of hg are located at the zeros of the Ewsenstein series Ejy.
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Proof: (Sketch)
For i., this follows from Proposition 2.4.2, as hg is an equivariant form without fixed
points on SLy(Z). The proof of iii. of this proposition relies on Ramanujan’s differ-
ential relation

1 dE, 1

2 (B .
o dz 12( 2~ Ea)

Indeed, a direct computation shows that

6E5(2) _ Ea(2)

ho(2) =1+ TE) T ()

Hence hy, vanishes exactly at the zeros of Ey. For ii., it is clear form the expression
of hg that its poles are the zeros of Fs. Again using Ramanujan’s equations, if a zero
of F, is not simple then it is a zero of E, and thus it lies on the SLy(Z)-orbit of the
zero p = e*™/3 of E,. However, by i., hy does not have a pole at the elliptic fixed

points. Therefore, the poles of hy are simple. |

Remark 3.4.1 The number of poles of hg or, equivalently, the number of zeros of

E5 is infinite. See Chapter 5 for more details on properties of the zeros of Fj.

As a consequence of this proposition, one obtains the following particular values
of the Eisenstein series F, at the elliptic points ¢ and the cubic root of unity p. We

have
23

™

; Esy(p)

Another consequence is the following equation connecting the Schwarz derivative

of hg, A and Ej.
Proposition 3.4.2 [AAS1] We have

A
{ho, 2} = —283%72 — .
E}
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This proposition can be established either by a direct computation using Ra-
manujan’s differential system or as follows. Recall from Proposition 2.1.2 in Chapter 2
that {h, z} has a double pole at the critical points of i and that if h is an equivariant
form for SLy(Z) then {h,z} is a weight 4 meromorphic modular form on SLy(Z).
Hence, the function E5{h,z} is weight 12 holomorphic modular form on SL;(Z) and,
therefore, is a linear combination of E§ and A which constitute a basis for the space
of weight 12 modular forms on SL;(Z) which is of dimension 2. An investigation of

the first few Fourier coefficients yields the result.

3.4.2 The converse

In this subsection, we show that the fundamental example hq is unique for the genus
zero congruence groups in the sense that it has no fixed points in addition to a
condition at the cusps. Let us first introduce the Serre operator acting on a weight &

modular form f by

and carrying it to a modular form of weight k£ + 2 and also carrying cusp forms to
cusp forms. Recall that the space Go(I") of weight 2 cusp forms on I' has dimension
g, the genus of " (see Corollary 1.3.5). In particular, this space is trivial when the

group I is of genus 0.

Theorem 3.4.3 Let h be an equwariant form without fized points on a congruence
subgroup T of SLo(Z) of genus 0. Suppose that, for every cusp s, if v € SLa(Z) 1s

such that v - s = oo, we have
lim Ry )(2) = a
15 finte and satisfies (as/6) € mZY. Then

h(z) = ho(2) = 2+ ———
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Proof: It is clear from the conditions of the theorem that

s =eo (i)

for zy fixed in ) defines a non-vanishing holomorphic function of $. We will prove
that f is a non-vanishing weight 12 cusp form on I', then use the operator 412 to
conclude that the quotient E;l%f is a weight 2 cusp form on I, hence, is trivial as I is
of genus 0.

We only need to prove the modularity for the elliptic and parabolic generators as
the genus zero condition implies that I' can be generated by these types of elements
only.

Let a = (Z 2) € I'. We have f(a-z) = ga(2) f(2), where

sz)zzaq)<jcw212ﬁugdu). _

Taking the logarithmic derivative of g, yields

galz) _ 12c
ga(2) cz+d’

since diza -z = (ja(2))72, and h is equivariant. Hence, go(2) = Dy(cz + d)'2, for
some D, € C* defining a character of I' which we now analyze for the elliptic and
parabolic generators as follows:

e o is elliptic: Since o has a finite order, say m,, DI = 1, that is D, is an

mgy—th root of unity.
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p

e o is parabolic: Let s be the cusp fixed by a. Choose v = ( q) € SLy(Z) so
rs

1

that v - s = co. Making the substitution « = v~' - w in the expression of g,(z) yields

galz) = exp ( /7 zaz ]7‘1(w)"271('y—1-w)12dw)

Yya z

= a9 e / Al (w)12d )

z

TPsy 2
= gla-2)7125(2) 2 exp (/ (as + Zan exp(2mnw/ls)> 12dw) :
vy

Z n>1
since 7,-1(7v - u) = g4(u) for all u € C and by assumption
Ry (z) = as + Zanqg, gs = 2™#/% with (a,/6) € mZ*.
n>1
As for the bound 77:v - z integration, since « belongs to the isotropy group I'y of s

it follows that ya = TP+ for some p, divisible by the cusp width [, at the cusp s.

Hence,

129, (2)? exp (12a.ps) = 37(a - 2)729,(2)"

as a; € 2mZ and that the function z — exp(2miz/l;) is periodic with period Is.
Notice that the difference of the bounds of integration 7P+ - z and ~ - z equals to ps
which is divisible by l;. Thus Dy = (Ja(2)4(a - 2))7*23,(2)'%. Taking the limit as z
tends to s so that az tends to s and by Lemma 3.3.3 7,(2)'? tends to 1, we get that
D, =1

Thus f is a non-vanishing weight 12 modular form on I' with a character D that

is trivial on parabolic elements.
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For the holomorphy at the cusps, let s be a cusp and let, as above, v = (p q) €
s

SL,(Z) such that v+ s = oo Then, we have

f@haly™ = 9y (2)72f (7 2)

= Jy-1(2)Pexp ([ Jv—l(w)‘QTl(v‘l-w)Hdw)

20

= s e ([ (Bl w) = o)) 124

Z0

= 9y1(7 - 20) Pexp </z (as + Zan exp(27mwn/15)) 12dw>

0 n>1
= 7(20)" exp(12a;52)-

exp (12asa “ 2o+ 122 an(exp(2minz/ls) — exp(2mny - zo/ls))>

n>1

= exp(12a,z) - holomorphic term at infinity ,

?m2 s holomorphic

Thus, f(2)|12[y7!] = g™ holomorphic term at infimity, g = e
and vanishes at infinity as 12a; = 2mwm, m > 1; that is to say that f is a weight 12
cusp form for I'" with character D.

Let us assume for now that this character is also trivial on elliptic elements. Since
m>1, £ is a weight 0 holomorphic modular form on T, since A does not vanish on
$) and has a simple zero at infinity. Hence f/A is constant, i.e., f = cA, for some
non-zero constant ¢, which proves the assertion of the theorem. Also, comparing
the g—expansions of f and A we get that m = 1. So far, this does not imply the
uniqueness of hg, as the space of weight 12 cusp forms on I is not necessarily one-
dimensional and therefore one can take different quotients of f by different cusp
forms.

We now proceed to prove the uniqueness of hy for the genus 0 group I'. If f is

another cusp form non-vanishing on ) and satisfying the same conditions, 015 f is a
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weight 14 cusp form on I'. We divide this cusp form by f to get

d1af 1 f

= = L _E

f 2mi f 2
I A -
2w f 2mi A

as F, is the logarithmic derivative of the modular discriminant A. The function

d12f/f is actually holomorphic on ) and at cusps. Indeed, we have

YR Y S
f 2mi\h(z) =2z  ho(z) -z

is a sum of holomorphic function on $ and at the cusps since they both have no fixed

0
points on $*, that is, —1?—]—[ is weight 2 modular form on I". Moreover, if we denote by

f
I(z) := é;—f and if s and v are as before
1 ~ ~
-1 _ 1.y _ -1
(DL = g (v 2) = holy™ - 2))

— (Blbb 1) = Bl ()

with To(2) as usual denotes (ho(z) — 2)~1. However, hl|s[y~](z) = 2mi + O(g,) and
EOHQ[’y‘l](z) = 12F,(z) = 27mi + O(q). Hence I(2) is a weight 2 cusp form on T" which
is of genus 0. According to the discussion preceding the theorem, we have [(z) = 0.

Therefore

miEy

If D, # 1 for the elliptic generators, then D' = 1, m, being the order of o
and we let t(z) = f(z)™ which now has a trivial character, n being the least common
multiple of the orders of the elliptic generators. Both f and f™ give rise to the same
equivariant form (Proposition 2.3.3 in Chapter 2). The proof then follows exactly the
same steps with A replaced by A™ and 612 by d12y. |
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We end this section by commenting on the conditions of the above theorem.

The condition on the genus of the group is mandatory for the uniqueness of the
equivariant form without fixed points hg. As for the behavior of the equivariant form
without fixed points at cusps, this is a minimal condition for an equivariant form
without fixed points to arise from a cusp form; i.e., it is a rational equivariant form
for this corresponding cusp form. We will prove in the next chapter this result using

a different argument.



Chapter 4

The complete classification of
equivariant forms and their

geometry

In this chapter we characterize and classify all the equivariant forms for a subgroup
of the modular group using the theory of modular forms and quasimodular forms. As
a consequence, the set of nontrivial equivariant forms will be endowed with a vector
space structure and the trivial equivariant form h(z) = z will be looked at as "the
point at infinity”. We will also interpret the equivariant forms in a geometric setting
involving meromorphic differential 1-forms and sections of a line bundle over a com-
pact Riemann surface or equivalently over an algebraic curve. It should be mentioned
that the group under consideration can be any discrete subgroup of SLo(R), but to

simplify the exposition, we restrict ourselves to finite index subgroups of SLy(Z).

75
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4.1 Equivariant forms and quasimodular forms

In this section we establish a close connection between equivariant forms and quasi-
modular forms. This connection will enable us to recover many of the results of the

previous chapters as well as to establish new results.

4.1.1 From quasimodular forms to equivariant forms

Our main concern will be the construction of equivariant forms from a certain class
of quasimodular forms on T

Let first ¢ be a weight 2 and depth 1 holomorphic quasimodular forms on a finite
index subgroup I" of SLy(Z) satisfying

c
cz+d

(2)|2]a] i= (cz + d) (o~ 2) = ¢(2) + (4.1.1)

ab

for all o = ( d> € I'; in other words, ¢||2[a](2) = ¢(2). Then we have

c

Theorem 4.1.1 The function

1
h¢(z) =z+ WZ)

15 an equwvariant form unthout fived pownts for I

Proof: Let o = (: 2) € I". Then we have

az+b 1

h¢(a z) = cz +d + ja(z)2¢(2) + cja(2)

(az 4+ b)ja(2)p(2) + acz + bec+ 1
Ja(2)?¢(2) + cja(2)

(az + b)é(2) +a
Jal2)e(2) + ¢
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where we have used the modular identity ad — bc = 1. Meanwhile, a direct computa-

tion shows that
ah(z) +b

a-he(z) = W

(az +b)p(z) + a
Ja(2)¢(2) + ¢
which proves the equivariance property of h.

?

Now, as ¢ is holomorphic on §, the function 71\¢(z) does not vanish on £, that
is to say that hg has no fixed points in §3. At cusps, from the above analysis we see
that none of the cusps is a fixed point of hy(z), since hg||2[y~](z) is holomorphic at

infinity. 1

We would like to notice that the equivariance property follows also from Propo-
sition 3.1.2.
This theorem can be easily generalized to the following. We will omit the proof

as it is proved along the same steps.

Theorem 4.1.2 Let ¢ be asn (4.1.1), and let f be a meromorphic wewght 2 modular

form on I'. Then, the function

1
h(z) =z + 5(2)—+f

18 an equwvariant form for I'. Moreover, iof f 1s holomorphic then h 1s an equivariant

form wunthout fized pownts on I

These theorems provide a class of equivariant forms constructed from certain
quasimodular forms. We will show in the following subsection that, indeed, there is a

bijection between a subset of equivariant forms and this class of quasimodular forms.
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4.1.2 From equivariant forms to quasimodular forms

The aim of this subsection is to give the general form of an equivariant form using
the theory of quasimodular forms.
Let h be a non-trivial equivariant form on I'; i.e. h(z) # z. Then the function
1 ab
h(z) = ——— €I and
() h(z) — =z d) an

transforms as follows under the action of I'. Let o« = (
c
z € 9. We have

1
hla-z)—a-z

TL(O{ cz) =

1
a-h(z)—a-z

1
ah(z)+b az+b

ch{z)+d cz+d

(ch(z) + d)(cz + d)

h(z) —z
= clcz+d)+ %

= ez +d) + (cz + d)?h(z).
Using this, we have

Theorem 4.1.3 Let h be an equivarant form on I'. Then there exists a weight 2

meromorphic modular form fn 4 on I’ such that

1
¢+ fho
where ¢ 18 a fived werght 2 and depth 1 holomorphic quastmodular on T that transforms

as n (4.1.1).

h(z) =z + (4.1.2)

Proof: Denote as before by /ﬁ(z) the function Then, since h(z) is

1
h(z) — 2z

meromorphic on $, g(z) is also a meromorphic on . At a cusp s, we let v =
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(t u> € SLy(Z) such that v - z = co. Then we have

Ml = (@ RO )+ o=
= hlkb()

which is meromorphic at infinity.
Next, from Theorem 1 4.2 and its generalization Section §1.4, there exists f; =
fone € MET) and fr e € MT(T) such that h=fod+ fne. Hence

1

e =24 5T

b
It remains to prove that fo =1 Indeed, let a = (a d) € I” We have
c

bas) = (@2 DIa()Uod+ fug) + (az + Dofy + 1
7a(2)2(fo® + fre) + clal2) fo
and
O('h(Z) (az+b)(f0¢+fh,¢)+a.
1a(2)(fod + frg) + ¢
Since h is equivariant, equating the above relations yields fo = 1 as desired. |

This theorem has the following immediate consequences.

Corollary 4.1.4 There 1s a byection between the set of non-triwial (meaning not

equal to z) equivariant forms and the set of wewght 2 depth 1 quasimodular forms on

" that transforms hke ¢; 1.e. the set {¢ + f| f € MPT)}.

Furthermore, if fix a weight 2 and depth 1 quasimodular form for I', say ¢ =
E, = (17/6)E,, we have

Corollary 4.1.5 The map h — fr, define a byection from the set of non-trival

equivariant forms and the space of weight 2 meromorphic modular forms on I’
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Suppose now that h(z) is an equivariant form without fixed points, that is, ﬁ(z)
never vanishes. Then ﬁ(z) is a holomorphic quasimodular form of weight 2 and
depth 1. The holomorphy at cusps is also straightforward as the function h|z[y](z)
is holomorphic for all v € T

Corollary 4.1.6 The set of equrvariant forms unthout fixred points for I' and the space

of weight 2 holomorphic modular forms on I' are win one-to-one correspondence.

In the next section, we will retrieve the above two corollaries using the theory of
modular forms.

Recall now that the dimension of the space of holomorphic weight 2 modular
forms on I' is equal to g+ — 1 and that of the space of cusp forms is g, where g is the
genus of [ and 7 is the number of inequivalent cusps under I'. In particular, if g = 0,
then these dimensions reduce respectively to r — 1 and 0. For instance, for SLy(Z)
the space of weight 2 holomorphic modular forms on SLy(Z) is zero dimensional since
all cusps are equivalent to infinity modulo SLy(Z). Therefore, this corollary provides

another proof of Theorem 3.4.3 for I = SLy(Z).

4.2 Equivariant forms, modular forms and differ-

ential forms

In this section, we establish many of the results of the previous section by establishing
a direct correspondence between the set of non-trivial equivariant forms and the space
of modular forms of weight 2. We will explain why this is more effective as compared

to the point of view of quasimodular forms from the previous section.



4.2. Equivariant forms, modular forms and differential forms 81

4.2.1 Equivariant forms as modular forms

In the following proposition we give the relation between equivariant forms and mod-

ular forms.

Proposition 4.2.1 Let hy, hy be two nontrunal equiwariant forms on I'; 1.e. not

equal to h(z) = z. Then the function
fiz2 1= n(2) = ha(2)

15 a weight 2 meromorphic modular form on I.

Proof: First, as each of the equivariant forms is meromorphic on $) and at cusps,
it follows that f; o is also meromorphic on $ and at cusps. Therefore, it remains to
prove that f; o satisfies the modularity condition.

ab .
Let a = ( d> € I'. Using the transformation formula for an equivariant form,
c

we have
1 1
frala-z) = a-h(2)—a-z a hy(z)— 2
(cz +d)? (cz + d)?
= ASwiodi Bt/ B d) + ==
(c(cz+d)+ ) =2 c(ez + )+h2(z)—z
= (cz+d)* (Ra(2) = Ta(2)).
Thus fi 2 is a meromorphic modular form on I' of weight 2. |

Now, if we fix hy in Proposition 4.2.1, then as h; runs over the space of nontrivial
equivariant forms, f;, runs over the space of weight 2 modular forms and vice et

versa. Hence the following correspondence.

Theorem 4.2.2 Let ¢ be as wn (4.1.1). Then any non-trunal equwariant form h on
I" has the form
1

hz) = -
(z) = z + T fan
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for some wewght 2 modular form f onI'. Consequently, the set of non-trivial equivari-
ant forms 1s 1 a one-to-one correspondence with the space of weight 2 meromorphac

modular forms on T.

Proof: Fix hy = hg with h; = h as in Proposition 4.2.1 so that f12 = fs». The

map h > fyp gives the correspondence. |

As a direct consequence, we have

Corollary 4.2.3 The set of equivariant forms without fized points 1s in byection with

the space of wewght 2 holomorphic modular forms.

Once again, the map h +— fy, gives the correspondences between the set of
non-trivial equivariant forms and the space of weight 2 meromorphic modular forms
on I' and the set of equivariant forms without fixed points and the space of weight 2

holomorphic modular forms on I'.

Remark 4.2.1 In all results presented in either this section or in Section §5.1.3 the
choice of the quasimodular form ¢ is not canonical in the following sense. If f is a
weight 2 holomorphic modular form on I', then the function ¢; = ¢ + f is again a
weight 2 depth 1 quasimodular form on I' that behaves similar to ¢. This simply says
that interchanging ¢ and ¢; only permutes the elements in our correspondences, and

hence does not affect these results.

We shall introduce some notations that we adopt for the rest of this work. For a
modular subgroup I', we will use £(I") for the set of all equivariant forms for I', We
also denote by £¥(T") for the set of equivariant forms without fixed points and &(I)
for the set of equivariant forms without fixed points such that the function fy 4 of

Theorem 4.1.3 is a cusp form. Furthermore, if we formally set f = oo in the relation
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then we get h(z) = 2. We thus look at the trivial equivariant form h(z) = z as the
point at infinity of the space £(I'). We denote the set of equivariant forms, including
the trivial form hA(z) = z by £*(I'). It would be interesting to consider £*(I") as a

projectivization of the space £(T).

4.2.2 The connection with differential forms

Differential forms play a central role in differential geometry and particularly in the
theory of Riemann surfaces and algebraic curves. In this subsection we establish the
connection between equivariant forms and differential forms on the Riemann surface
$H*. To an equivariant form h on a finite index subgroup I' of SLy(Z) we associate
the meromorphic degree 1 differential w = (/i\z(z))_ldz, where ﬁ(z) denotes as usual
h(z) — z. Then, since h is an equivariant form, we get a degree one differential

satisfying

c ab
* = d = F
o w w+ja(z)z,a (cd)e ,

where a*w = (h(a - z))~d(a - z) This is equivalent to say that
Qdw—w = ——dz (4.2.1)
Ja(2)
for all @ € T as diza -z = jo(2)72. Conversely, suppose we are given a degree 1
meromorphic differential w on $* such that the above condition holds for all « € T'.

Write w as w = f(z)dz, for some meromorphic function f : $* — C. Then, we

have
a*w —w = Jo(2) 2 fla- 2)dz = f(2)|2]a)dz — f(2)dz = %dz :
Ja\Z
Hence, f(2)|2la] = f(2) + %, that is to say that f is a weight 2 depth 1 meromor-
JalZ

phic quasimodular form. We then let h(z) = z+1/f(z), which is an equivariant form
by Theorem 4.1.1. Hence, the correspondence between equivariant forms and degree

1 meromorphic differentials on $* satisfying (4.2.1).
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Let now wy, wy be two such differentials. Then the degree 1 meromorphic dif-
ferential w = wy — ws is invariant under the action of I'. Therefore, there is a weight
2 (meromorphic) modular form f;» on I' such that w = fi12(2)dz. Hence, fixing
wy = (ho(2))"'dz, ho(z) = z + 1/E,, we get a one-to-one correspondence between
the space of degree 1 meromorphic differentials on £* invariant under the action
of T, which we identified with the space of degree 1 meromorphic differentials on
'\ H* = Xr, and the set of degree 1 meromorphic differentials on $* satisfying
(4.2.1).

Theorem 4.2.4 There 1s a one-to-one correspondence between the space Dif(Xr)

and the space £*(T') of non-trwnal equivarant forms .

One could also use the correspondence in Corollary 4.1.6 to connect differential
forms and equivariant forms. Recall, from Section §1.3.2, that the space Dif*/?(X1) of
degree k/2, k € 2N, meromorphic differential forms on the compact Riemann surface
Xr =T\ H* is isomorphic to the space M7 (") of meromorphic modular forms via
fom fld2)2,

Also, from Corollary 1.3.5 and Corollary 4.2.3, we have

Corollary 4.2.5 The space of degree 1 holomorphic differential s i a one-to-one

correspondence unth EY(T).

Let us fix h = hg, the fundamental equivariant form. If I' has genus zero, then
EY(T) is reduced to the trivial equivariant form hg, which in accordance with the
uniqueness of hq as the only equivariant form for I' without fixed point. In this case,

the correspondence of the above corollary is canonical.

4.2.3 Operations on the set of equivariant forms

In this subsection, we make explicit the vector space operations on £(I') that are

inherited from the correspondences in the above section. We shall start with the
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addition. Let ¢ be a fixed weight 2 depth 1 holomorphic quasimodular forms on I
satisfying (4.1.1). For instance we may take ¢ = E, = (im/6) Ey. If hy and hy are two
elements of £(T'), it is not difficult to see that the sum hy & hy of hy and hs is given
by the relation

hi@®hy = hi+hy—¢ . (4.2.2)

Recall that we have set ﬁ(z) = (h(z) — 2)"!. The zero element is then given by
1
he(2) = 2+ 3 As for the opposite h~ of h, it satisfies

h= = 26 — h.
To complete the description of the vector space structure on £(T"), we give the
scalar multiplication. Let ¢ € C, and let h be an element of £(I'). Then, the scalar

multiple ¢ ® h of h satisfies

COh = cﬁ—f—(l—c)qﬁ.
Remark 4.2.2 This structure is not canonical as one may choose a different quasi-
modular form than ¢. The new structure is still the one transferred from that on

M(T).

Therefore, the sets £¥(I") and EY(T") are subspaces of £*(T"). Note that, by The-
orem 4.1.1, these subspaces clearly contain the zero element h,. Using Corollary 4.2.3

and the dimension formula Theorem 1.3.6, we deduce

Corollary 4.2.6 The subspaces E¥(T') and EF(T") are finute dimensional subspaces of
E*(T) wnth dimension respectwely g+1—1 and g. Here g s the genus of I and r the

number of inequivalent cusps modulo I'.

Remark 4.2.3 If f is a nonzero weight 2 modular form for T', then 1/f becomes a
modular form of weight —2. If one considers the space of equivariant form &(I') =

E(T) \ {hy} for a fixed weight 2 and depth 1 quasimodular form ¢, then this space
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is in bijection with the space of modular forms of weight -2, which is again infinite
dimensional. Now the zero element becomes the trivial equivariant form h(z) = z
which allows us to define an almost canonical vector space structure. The operations
depend linearly on the ¢. The equivariant form hy becomes then the point at infinity.
It can be shown that the subset of rational equivariant forms from Section §3.2.1

without h, if it is rational is a linear subspace of £(I') of infinite dimension.

4.3 The cross-ratio of equivariant forms and mod-
ular functions

The cross-ratio plays an important role in projective differential geometry [Ov]. It is

defined for four points 21, 22, 23, 24 of the projective line P(C) by
(21 — 23)(22 — 24)
(22— 23)(21 — 2za)

A well-known property of the cross-ratio is that it is invariant under Mobius trans-

formations. Hence, it can be looked at as a geometric invariant of the projective
line. Moreover, the Schwarz derivative is the infinitesimal part of the cross-ratio. In
connection with equivariant forms, the Schwarz derivative maps equivariant forms to
weight 4 modular forms. We will consider in this section the effect of this invariant

on the projective space £(I'); a phenomenon that worths to be investigated.

Proposition 4.3.1 Let hy, ho, hs, hy be four equivariant forms on I, a finite index

subgroup of SLy(Z). Define a function f as the cross-ratio of these four elements
(h1 — ha)(ha — ha)

= (hy, ho; hs, hg) = : 4.3.1
f ( 1,162,743, 4) (h2_h3)(h1_h4) ( 3 )

Then, 1f hy # hz and hy # hy, the function f s a modular function on T'.
Proof: First, as the h;’s, 1 <[ < 4, are equivariant forms for I' and as the cross

ratio is invariant under any Mé&bius transformations, the function f is invariant un-

der I' . The meromorphy property on ) and at cusps follows from that of these four
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equivariant forms. 1

Remark 4.3.1 We would like to notice that [Bra] has obtained the same parametriza-
tion, which was motivated by the work of Heins [Hei] on the theory of elliptic functions.
To illustrate this let L = Zw; + Zwsy be a lattice with 7 = wy/wy € § and f a pseudo-
periodic function with pseudo-period H(w|L). Then H(r|L)/H(1|L) commutes with
the action of the modular group. For example, for the Weierstrass {-function which
is defined by (' = —gp, where p is the Weierstrass elliptic p-function. If n; and
7, are the pseudo-periods of (, then the fundamental equivariant form is given by
ho = winz. However, our motivation is essentially geometric and is inspired by the
intimate connection between the cross-ratio and the Schwarz derivative in projective
geometry [Ov], where the Schwarz derivative appears as a measure of the effect of
diffeomorphisms of the projective line affects this cross-ratio [Ov]. It actually appears

a quadratic differential, meaning, if f is such a diffeomorphism then

(F(z1), f(22); f(z3), f(24)) = (21, 225 28, 24) — 26°{f, 2}(z21) + O(€°) |

where ¢ depends on the distance between the points z;, 1 < ¢ < 4. In our case the
Schwarz derivative plays the role of mapping equivariant forms to weight 4 modular

forms. A investigation that we intend to pursue in future work.

Now, the symmetric group S; acts on the cross-ratio h by permuting hy, ho, hs, hy,

and, hence, produces the following symmetric relations

1
(h1,h2§h4ah3) = ? ) (h1,h3;ha, hg) =1~ f,
(hahoi hasha) = —— | (B, By g, ) = ——
17374)2_1_f, 174;3;2—f_17

-1
(h1,h4;h2,h3) = f—f— -
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The modular function f is invariant under all other permutations, which one can
easily check that they form the Klein four-group ({ identity, (1,2)(3,4), (1,3)(2,4),
(1,4)(2,3) }). In fact, one can consider only the action of the symmetric group S; as
shown above by fixing one equivariant form and permuting the others. We would like
to notice that the transformations

1 z—1

zZ , and z — )
z

1
, 2= 1=z, 2= — 2
z—1 z -z

together with z — z form a group that is isomorphic to Ss.
To illustrate this phenomenon we will show how to obtain certain classical mod-

ular functions, which are in fact Hauptmoduln, of certain genus zero groups.
4

-2
3
modul for the the genus 0 principal congruence subgroup I'(2) which is of index 6 in

It is shown in [Ran] that the Klein modular function A = which is a Haupt-
SLs(Z), transforms under representatives of conjugacy classes of the quotient by the
modular group SL»(Z)/T'(2) and produces the same relation. This was shown using

only transformations of the theta function ¥, and J;. These relations are

Az/(z+1) = % M=1/2) = 1-A,
AM=1/(z+1)) = %, Mz+1) = Xi—l,
M=(z+1)/2) = A—;—l

We provide a proof of these relations which is a consequence of the above action

on cross-ratio of equivariant forms. Recall the equivariant forms

_ 192(25)
fo(2) = Z+219,2(z) ,

_ J3(2)
fg(Z) = z+ 2'19%(2) s
fe) = 242l

29)(z) '
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which are equivariant forms without fixed points on level 2 congruence subgroup, and,

in particular, for I'(2).

Proposition 4.3.2 The cross-ratio (z, fa; f2, f3) equals to the Klewn modular func-

tion .

Proof: First, we would like to notice that all the functions in the cross-ratio
(z, fa; fa, f3) are equivariant for congruence subgroup containing the principal con-
gruence subgroup I'(2), so in particular for I'(2). Also we know from the above that
this cross-ratio is a modular function on I'(2), which is of genus 0. Hence, it is a
rational function of A, which is a Hauptmodul of the genus zero principal congruence
subgroup I'(2). To conclude it suffices to show that this cross-ratio has a simple zero
at oo (in the local parameter ¢ = €™#) since the function A does. However, this follows
from the Fourier expansions of the theta functions. Precisely, since the theta series

have Fourier expansions of the form

p(z) = 26/43 "D () =142 ¢,
n=1

n=1

o0
'194(2) =1+ 2Ztn2, t=¢e™* 5
n=1
we see easily that

_ Oa(00 — 7))
03(904 — 950}

(z, f& fau f3) = 16t(1 + O(¢)) .

An investigation of the Fourier coefficient of ¢ gives the result. |

Remark 4.3.2 A consequence of the action of Sz on the cross-ratio A is that it
satisfies the above transformations. This action translates to A by noting that the

quotient group SL»(Z)/T'(2) is isomorphic to Ss.
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This proposition could be proved using the following identities involving these theta

series and A [Ran], however the computation is tedious.

!
)\X = mid}
)\/

_ N s
YCREDY s
A .

T = iy .

A similar result holds for the modular invariant j, which is a Hauptmodul for the
modular group SLo(Z). Let hy denote the rational equivariant form corresponding
to the weight k, an even positive integer, Eisenstein series Fj on the modular group

defined earlier in Chapter 1.
Proposition 4.3.3 We have

1728(2, he; ha, ho) =7,
where hg = z + 6/miEy.

Proof: Here again, one uses the Fourier expansion of the Eisenstein series Fy, Fy
and Eg to show that the cross-ratio has a simple pole at infinity (in the local pa-

2mz)  Indeed, since the Eisenstein series have expansion Fy(z) =

rameter ¢ = €

1+ck Y o2 ok-1(n)g™ in the local parameter ¢ = €*™ with c; = —24, ¢4 = 240, ¢ =

—504, it follows that 3EjFs — 2E4E; = 3456mig(l + O(q)) and miE,Es — Eg =

7i(1 + O(q)), so that

2Ey(miEyEe — Eg)
3E,Fs — 2E,F} 1728¢

(2, he; Ry, ho) = (1 + O(q)).

Hence it is a linear fraction of the j—function as it is the Hauptmodul for the modular

group. An investigation of the coefficient of 1/q gives now the result. |
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4.4 Equivariant forms and sections of line bundles

The goal of this section is to present a correspondence between equivariant forms and
sections of a certain line bundles. In order to achieve this goal and make this section
self-contained we recall the definitions and some properties of these objects. We refer,

for instance to [Gun] and [Mil] for more details on the content of this section.

4.4.1 Equivariant forms as sections of line bundles

In this part we present the connection between equivariant forms and sections of
certain line bundle on a quotient of £ x C.

Let us first recall the definition of the objects we will be dealing with in the rest
of this chapter.

Definition 4.4.1 Let X be a (compact) Riemann surface. A vector bundle L on X

of rank n > 1 15 a map of complex manafolds
m: L— X

such that for some open covering UU’ of X, mYU,) 2 U, xC". Ifn =1, this 1s

called a line bundle. '

We now define the notion of a section of a line bundle.

Definition 4.4.2 Let L, p: L — X, be a line bundle on a Riemann surface X,
and let U be an open subset of X. A holomorphic section of L over U 1s a holomorphic
map s : U — L such that pos = idy. The group of all sections of L over U 1s
denoted by S(U, L).

Note that of L = U x C, the trinal bundle, then S(U, L) can be identified with the

set of holomorphic functions on U.
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Simalarly, one can define a meromorphic section of L over U being a holomorphic
section s over U\ V such that V s a discrete subset of U and s has a pole at every

pownt of V.

Unless specified, by a section we mean a meromorphic section.
We now represent equivariant forms as sections of line bundles.
Define an action, which is the action of the slash operator, of ' on §) x C as
¢ b) € I'. Denote by Q the

cd
quotient by I' of § x C. Then the first projection ) x C — § induces a surjective

follows v (2, t) := (v~ 2, jy(2)* + ¢j(2)), where a = (

map

p: @Q—Yr, Yr=T\9H

such that locally p~!([z]) = {[z]} x C, where [z] denotes the class of z € $ modulo
I'. Thus Q has a structure of a line bundle over Y. Denote by L(Yr, Q) the space
of sections of the line bundle @ over Y. Let # : $ —— Yr denote the canonical
map. Then for an open neighborhood U of z € $ a section of Q over the open 7(U)
neighborhood of [z] (7 is an open map) is a map s : w(U) — p ' (n(U)) C Q
meromorphic on 7(U) such that s o p = idy). In particular, this says that we can
view s([z]) = s(m(z)) = {(2, f(2))}, where {(z,t)} denotes the class of (z,t) in Q and
f: U — C is a meromorphic function. Now, as the orbit of (z,t) € $ x C and

aZ) eI, we get

a * (z,t) are the same for all o = (
c

s(m(2)) = {(z, f(2))} = s(r(a-2)) = {(a -z f(a-2))}

={a™ (a2 fla- 2)} = {(z,Jo1 (2)* fla - 2) = cja-1(2))} -

Hence, f(2) = f(a-z) = ja-1(2)%f(a - 2) — cja-1(2). However, j,(z) satisfies the
1-cocycle relation and in particular we have j,(2).j,-1(2) = 1. This means that f is
weight 2 depth 1 quasimodular form that behaves the same way as E», so that by

Corollary 4.1.4 we have h¢(z) = z + 1/ f is an equivariant form. In conclusion,
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Theorem 4.4.3 The space L(Yr, Q) of sections of the line bundle @ over Yr 1s in
a one-to-one correspondence with the set of meromorphic unrestricted equivariant

functions.

The line bundle @ over Yr could be extended in the same way to a line bundle

Q* over Xr =TI'\ H*, and hence the correspondence.

4.4.2 Equivariant forms as sections of line bundles: A mod-

ular forms point of view

To represent equivariant forms as sections of a line bundle, we show how modular
forms arise as sections of a line bundle on I' \ $*, and use Theorem 4.2.2.

In the following we give a close connection between automorphic factors and
isomorphisms of line bundles on I' \ $ [Mil].

Recall that an automorphic factor on I' is a holomorphic function
pu: I'x § — C~
satisfying the so-called 1-cocycle relation

tap(2) = pa(B - 2)1s(2)

forall «, €T and z € 9.

Let 4 be an automorphic factor for I. Then the projection map p: T\HxC —
'\ $ defines a line bundle on T"\ §, where an action of I on $ x C is given by
yx(z, 1) := (v 2, py(2)t), wherey €T, 2 € Hand t € C.

Conversely, if v : L — T['\ $His aline bundle and 7 :  — T\ 9 is the
canonical map, then 7*(L) := {(h, 1) € $ x L| ¢(I) = n(h)} is a line bundle on §,
and I" act on 7* trough its action on §). Moreover, if i : $ x C — #*(L) is a given
isomorphism, then the action of I" on 7*(L) can be transferred to an action on £ x C

defined by 7 * (2, t) := (v- 2z, py(z)t), which is a multiplication by a non-zero scalar
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t~(z). Since under this action the orbits of (z, t) and 7 * (2, t) coincide, we deduce

that p,(z) is an automorphic factor. In conclusion, this shows

Proposition 4.4.4 ([Mil]) There 1s a one-to-one correspondence between the set of
pawrs (L, 1) and the set of automorphic factors, where L 1s a line bundle on T'\ §

and 1 1s an 1somorphism $ x C = 7*(L).

The following result is also fundamental.

Proposition 4.4.5 (/Gun]) A lne bundle L on a Riemann surface X 1s trunal,
meaning that it 1s wsomorphic to X x C, of and only 1f 1t has a no-where vamishing

section

This proposition also implies that every line bundle on §) is trivial, and hence
isomorphic to $ x C. Consequently, we have a classification of the line bundles on
'\ 9.

We return to the case of line bundles on '\ $) and show how modular forms arise
as sections of the line bundle I' \ $ x C.

Let L be a line bundle on I"\ ). Then the group of sections S(I'\ $, L) on '\
is

{F € 5(%,n*(L))| F commutes with the action of ' on 7*(L)} .

Therefore, if F' is a section of ) x C over ), then F' commutes with the action

of I' on $ x C defined above. This section can be given by

F: 9§ — H9xC
z — (2, f(2)),

where f: § — C is meromorphic. The commutativity of ' with the action of T"

implies that
fv-2) = uy(2)f (2).
In particular, if p,(2) = (cz + d)?, then f is a weight 2 meromorphic modular form

onl.
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The line bundle I' \ $ x C can be extended to a line bundle on the quotient of

the extended half-plane $3* (obtained by adding the set of inequivalent cusps).

Theorem 4.4.6 ([Mil]) There 1s a one-to-one correspondence between sections of
the line bundle T'\ $* x C over I'\ H* (for the automorphic factor p(z) = (cz + d)?)

and weight 2 modular forms for I.

Now, we have seen in Theorem 4.2.2 that every equivariant form has the form
h(z) = z + 1/(Ea(z) + fa(z)) for some weight 2 modular form. Therefore, the map
Fn(z) = (2, fa(2)) = h, where F}, is a section of the line bundle §) x C over £, yields

Corollary 4.4.7 The space of non-trivial equivariant forms £*(I') 1s 1n a one-to-one

correspondence with meromorphic sections of the line bundle I'\ H* x C over T\ H*.

4.4.3 Equivariant forms as sections of a line bundle: A quasi-

modular forms point of view

We use in this subsection the results of [Lee] to obtain a representation of equivariant
forms as sections a line bundle of a similar type.
Let f be a quasimodular form on I'. Then, by definition, it satisfies the trans-

formation

FEIM = (2 + ) (- 2) = Zfz e

where each f, is a meromorphic function of §. The quasimodular polynomial is

defined by
FP(z, X) =) f(2)X".
Denote by QF(T") the space of quasimodular polynomials of weight k and degree at

most p. From this definition, it follows that there is a one-to-one correspondence

between quasimodular forms and quasimodular polynomials.
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We now describe an action of I' on $ x C,[X], where C,[X] denotes the space of
polynomials of degree at most p and complex coefficients. Let F denote the field of
meromorphic functions on £, and let F,[X] be the complex vector space of polyno-
mials in X and degree at most p, p > 0. Define an action of SLy(R) on this vector
space by

Flz, XMl = ja(2) 7 F (7 2,35 (2)3(X = R(7,2))) (4.4.1)
where v = (: ;’) € SLy(R), F(z,X) € Fx[X], { € N, ®(,2) = ¢/j,(z). Then this
particularly implies that quasimodular polynomials of degree at most p and weight

l are invariant under this action of I'. Fix a nonnegative integer p. Then given a

polynomial in C,[X] of the form
P

F(X) = ZCJXJ

=0

and [ < p, we define a left action of SLQ(R) on § x C,[X] by
PP
v e (2, F(X ( 2, Y Pt ) , (4.4.2)
r=0 j=r

where ®17 SLy(R) x § — C is given by

040(12) = (1) s RO, 2
We now show how this action is used to define a vector bundle structure on I"\ §.
Let v/ denote the quotient of $ x Ci[X] under this action. Then the projection
map p: 9 x Ci[X] — $ induces a surjective map o : vf — T\ § such that
locally we have 0~1(z) = Ci[X] for each z € I'\ §. This implies that v has a complex
vector bundle structure over I\ $ whose fiber is the (k + 1)—dimensional complex
vector space Ci[X].

In conclusion, this shows

Theorem 4.4.8 ([Lee]) The space of quasimodular forms of weight k and depth < p
1s canonically 1somorphic to the space of holomorphic sections of the vector bundle v}

over I'\ 9.
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Remarks 4.4.1 e If p = 0, in which case the space of quasimodular forms is
exactly that of weight 2 modular forms on ', then this theorem reduces to the

correspondence obtained earlier in the above subsection.

e Lee proved this theorem only for the case of holomorphic quasimodular forms.
His proof could, however, be easily generalized to include meromorphic quasi-
modular forms since the holomorphy was used only in the definition of a quasi-
modular form. Also, his proof is true is we extend the vector bundle v{ to a

vector bundle on the extended quotient I' \ $*.

A consequence, we have

Corollary 4.4.9 The space E(I'), which 1s 1 a one-to-one correspondence with the
set of quasimodular polynomaals of weight 2 and degree exactly 1 and leading coefficient

1, can be represented as sections of the line bundle T\ H* x C over I \ H*.

In this corollary, we used the fact that the set of quasimodular polynomials
of weight 2 and degree exactly 1 is isomorphic to £*(I"). Recall, that any element
h € E(T') satisfies

for o = <a 2) €I' and E(z) = h(z) — 2z, hence is a weight 2 depth 1 quasimodular
c

form producing a quasimodular polynomial of weight 2 and degree 1.

Remark 4.4.1 The action defined in the first subsection is different from that of [Lee]
in which case the action leave invariant the quasimodular polynomials. Moreover, it

gives a direct representation of equivariant forms.



Chapter 5

Applications

The previous chapter shows that equivariant forms are connected with different
algebraic-geometric objects that arise often in different contexts of mathematics. In
Chapter 3 we proved that some of the relevant information of equivariant forms could
be read from their residues. These developments prove that these special type func-
tions are indeed very simple to deal with and could be used in different settings.

We give in this chapter some of their first few applications.

5.1 Zeros of the Eisenstein series FE»

The goal of this section is obtain information on the zeros of the Eisenstein series E;
using the theory of equivariant forms. Precisely, we will make use of the fundamental

equivariant form to obtain such information.

98
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5.1.1 Motivation

Recall that the Eisenstein series are defined for every even integer k > 2 and 7 € 9

by

E(r) =1-2 > ora(n)q" (5.1.1)
n=1
©  k-1,n
2k n q 2mT
=1 By Z 1—g" ! g=c¢ ’
n=1

where By is the k-th Bernoulli number and oy(n) =34, d*.

As was shown earlier these series play an important role in the theory of modular
forms and quasi-modular forms and have been the topic of extensive investigation for
a long time from various points of view. For instance, from the analytic point of view,
the study of the zeros of Ey(z), k > 4, has been carried out by several authors. In
1963, K. Wohlfahrt proved in [Woh] that the zeros of Ey , 4 < k < 26, are simple
and lie in the arc of the unit circle {z =€ : 7/2 < 6 < 37/2} in the fundamental
domain § = {7 € 9, |7] > 1 and |Re(7)| < 1/2} of the modular group SL2(Z). He
also conjectured that this holds for all £ > 4. In 1970, F.K.C. Rankin and H.P.F.
Swinnerton-Dyer [Rf-Sd] proved Wohlfahrt’s conjecture. In 1982, R.A. Rankin [Ran1]
generalized their result to a certain class of Poincaré series. However, nothing has
been proven for the Eisenstein series F, which is important in many fields. For
example, it is shown in [Zag] that the Eisenstein series F, is a key master in the
theory of Painlevé equations as it is used to describe all solutions of the so-called

Chazy equation
f,//_ffll+gfl2zo-

In fact, even whether it has a finite or an infinite number of zeros has not been known.
In the next subsection, we use properties of equivariant forms to prove that there
are infinitely many non-equivalent zeros of Fs in §. In fact, since Fs is not exactly

a modular form but rather a quasimodular form, we will see that two zeros 7 and
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71 of Ey are SLy(Z)-equivalent, that is 74 = v - 19 for v € SLy(Z), if and only if
71 = To + n for an integer n. Thus, we restrict our investigation to the half-strip
S = {r € H, -1 < Re(r) < i} in which we prove that there are infinitely many
zeros for F,. Moreover, these zeros present an interesting distribution in &. More
precisely, the fundamental domain § and infinitely many of its conjugates within &
contain no zero of E,, while there are infinitely many conjugates of § which contain

zeros of F,.

5.1.2 Zeros of the Eisenstein series F»

In this subsection we prove, using the fundamental equivariant form hg, that the series
E5 has infinitely many zeros; a fact that has not been known before. Recall that, by
Proposition 3.4.1, the poles of hy are located at the zeros of Ey and conversely.

We will first establish some results needed for the proof of the main result. Also,

to make this subsection self-contained, we recall the main properties of F, to be used.

Set as earlier S = ( ? _(1) ) and S, = ( 71 ? ) for positive integers n.

We have seen that the Eisenstein series F, transforms under the action of the

modular group as follows (see [Ran]). For a = ( Ccl Z ) € SLy(Z), we have
9 6c
Exa-1) = (er+4d) EQ(T)‘FE(CT-Fd), (5.1.2)
at +b
where o - 7 = .
ct +d

It also appears in Ramanujan’s differential relations

1 dE 1

Vo d: — E(E; — E,), (5.1.3)
1 dE 1

%7} = 5(FEi— Ep), (5.1.4)
1 dE, 1

%TJ; = 5(ExFp - E?) . (5.1.5)
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d
Thus the graded ring C[E,, Ey, Eg] is closed under the differential operator o We
T

have seen in the first chapter that the space of all modular forms on SLy(Z) is exactly
the graded ring C[E,, Fg).
We shall at this stage give some special values of F5 at 7 and at the cubic root

—1+Z\/§.

of unity p = 5

(i) = (5.1.6)

o N | w
2|5

Exp) = (5.1.7)

This follows from the transformation formula for F5 together with the appropriate

transformations that fix ¢« and p.

Proposition 5.1.1 The Fisenstein series Es has a unique zero 79 on the imaginary

ams and a zero 7y on the ams Re(z) = 3.

Proof: It is clear that for 7 = iy, the series Fy(7) is real and increasing on (0, 00).

Meanwhile, lim Ey(iy) = —oc and lim E,(iy) = 1. It follows that F, has a unique
y—0 Y—00

zero, say 7o on the purely imaginary axis.

Similarly, Ey(7) is real for 7 = 1/2 + iy, y > 0. Furthermore,

1
lim F, <— + iy) = —o0. Indeed, for o = S;' = ( L0 ) we have
y—0 2 -2 1
1 1 | 24y
El-+iy)=——=|E|—-—=+—]——]). 5.1.8
2<2+2y) 4y2<2< 2+4y> 7r> >18)
1 .
This gives the desired limit since Fj (—5 + 4i> tends to 1 as y tends to 0. Com-
Y

2
bining this with the fact that Es(p) = Fa(p+1) = V3

yields the existence of a zero
7, of real part 1/2 and whose imaginary part is less than VE] /2. Here again we used

the transformation formula in (5.1.2) with o = ( ) The uniqueness of 7y follows

01
from the strict monotony of F; on the imaginary axis. i
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As for the location of these two zeros, and taking into account the special value

of Fy at ¢ and p given respectively by (5.1.6) and (5.1.7), we have

Proposition 5.1.2 The zeros 19 and 171 are contained respectively wn the fundamental

domains S§, S25.

It is worth mentioning that these two zeros appear in [FaSe| where they are studied
as equilibrium points of Green’s functions. In fact, o = 0.5235217000...2 and 7, =
0.5 4+ 0.1309384864.. .2.

Unlike the case of modular forms, the set of zeros of F5 is not invariant under

every conjugation by elements of SLy(Z). In fact we have

Proposition 5.1.3 Two zeros of Ey are equwalent 1of and only if one s a translate

of the other by an wnteger

Proof: Suppose that z;, z9 are any two zeros of Ey in the half plane § that are
a b
d

are both poles of hg = z + 6/m1F4(2), the fundamental equivariant form. Since hyq is

equivalent modulo SLy(Z). Say, 21 = a - 22, a = . Then 2z, and 21 = a - 25
equivariant, and in order to have « - h(z) infinite at 2z, we must have ¢ = 0 and thus

ad = 1. Therefore a = d = 41 and o acts as a translation. |

As a consequence we have

Corollary 5.1.4 No two distinct zeros of Ey in the half-strip & are equivalent modulo
the modular group SLy(Z).

Lemma 5.1.5 The fundamental equwariant form carres SLs(Z)-conjugates of any
zero 29 of Ey onto QU {oo}. Also, suppose that ho(z1) = —d/c, for some z; € $ and
d/c € Q wn a reduced form. Then there 1s (a, b) € Z? such that a = (a 2) € SLy(Z)
and Ey(a- 2z) = 0. ‘
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c
equivariant form hy maps « - zy to the rational a/c. Moreover, let z; be as in the

b
statement of this lemma, and choose a, b € Z such that a = (a d) € SLy(Z). Then,
c

since hg is an equivariant form for SL,(Z), we see that a-ho(z1) = ho(a-21) = oo; that

Proof: If zpis a zeroof Ey and a = <a 2) € SLy(Z), ¢ # 0, then the fundamental

is to say that a-z; is a pole of hg. The lemma now follows from the above discussion. 11

We will now use this property of hg to prove the main results of this subsection.

Theorem 5.1.6 The Eisenstein series Ey has infinitely many zeros in the half-strip

G ={ren, —% < Re(1) < %}

Proof:  Let 7y be the unique zero of E5 on the imaginary axis. Let o = ( Z Z > €
SLy(Z) with tv # 0.

Then, by Lemma 5.1.5, we know that the fundamental equivariant form hg carries
a - T onto ro = t/v, and thus it maps any open neighborhood Dy of « - 79, which we
choose in the interior of the fundamental domain a.S§ and on which it is holomorphic,
onto an open neighborhood Uy of ry. Let r; = by/a; be a reduced fraction in Q N
Uo \ {ro}. Then there exists z; € Dy \ {a - 79} such that ho(z1) = b1/a;. Therefore,
by Lemma 5.1.5, we can choose ¢;, d; € Z such that bjd; — ayey = 1. Then v =
( _d:h _bfl ) € SLy(Z) and Ey(m1) = 0, where we have set 7 = 7, - z;. Moreover,
71 is not equivalent to 75 modulo SLy(Z), otherwise we would have according to
Proposition 5.1.3 that 75 := T™y; - z; for some n € Z. Since z; € aS§F, write
21 = a - 2z} for some z; € SF. We have 79 = T"y,c - z; with 75 and 2| being in the
fundamental domain S§. Therefore, T"y;a = 1, and hence 75 = 27, and o - 75 = 23;
a contradiction since we have chosen z; € Dy \ {a7p}. Thus 7 is a zero of E, that is
not equivalent to 7g.

It remains to show that two distinct rational numbers lead to two distinct zeros

of E;. Let ro = by/ay be a rational number in Uy \ {rg, r1}. In the same way we
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construct a zero of Ey, 72 = Y2 - 22, that is not equivalent to 7o modulo SLy(Z), with
2o € aSF. Then 75 is not equivalent to 7 modulo SLy(Z). Indeed if 7y, = T™ - 74 for
some m € Z, then ya-2; = T™yea - 2y with 2] and zj being in the same fundamental
domain S§. It follows that yia = T™y,a, and consequently 7, = ry. This contradicts
our choice of r5. Hence, 73 is another zero of Ey that is not equivalent to neither 7
nor 7;. Finally, since the open set Uy contains infinitely many rational numbers, we

deduce that F, has infinitely many zeros in the half strip &. |

Again using the equivariance of hg for SLy(Z), we have the immediate conse-

quence

Corollary 5.1.7 The function hg has infinitely many zeros in $) that are not equiv-

alent modulo SLy(Z).
Proof: Let z; be any zero of F5 in the half-strip &. Then, composing by the

0 -1
element S = (1 0) € SLy(Z), we get ho(S - z1) = 0, so that S - z; is a zero of hy.

Further, as all the zeros of Ey in & are not equivalent modulo SLy(Z), then so are

their images by S. i

Another important corollary of this theorem is the following.

Corollary 5.1.8 The discriminant A has infinitely many critical points.

Recall that F, is the logarithmic derivative of the discriminant A, and that the

modular discriminant does not vanish on §.

5.1.3 Distribution of the zeros of FE;

In this section, we will show that there are infinitely many fundamental regions within

the half strip & that contain zeros of EF» using again the equivariant form hg.
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Theorem 5.1.9 There s a positive integer co such that for all integers ¢ > cq, there

15 a fundamental domawn unth a vertex at 1/c containing a zero of Es.

Proof: Let 75 denote again the unique zero of F; on the imaginary axis, and let
o= (5 ZJ) € SLy(Z), so that tv # 0. As in the proof of Theorem 5.1.6 the function
ho maps any neighborhood of a- 75 onto a neighborhood of ¢/v. In particular, hg maps
a neighborhood Dy of Sy7g, chosen to be in the interior of 515F, onto a neighborhood

10
Up of 1 (recall that S; = (1 )

c>cy, 1+ 1/c € Uy. For each ¢ > ¢, let z. € Dy be such that ho(z) =1+ 1/c.
-1 1

Therefore, if v, = , then, as in the proof of Theorem 5.1.6, 7,7} - 2, is
-1l1—-c¢c ¢

). There exists a positive integer ¢q such that for all

10

a zero F, belonging to 7. '515F. If we set S, = v, 'S15 = ( 1) for ¢ > ¢, then
c

we have constructed a zero of Ey in the fundamental domain S.§ which has a vertex

at the cusp 1/c. |

Remark 5.1.1 e Thanks to Proposition 5.1.3, the above theorem can be ex-

tended to include the cusps 0 and 1/2.

e An immediate consequence of this theorem is again the infiniteness of the num-
ber of zeros of the Eisenstein series F,. Furthermore, it follows from Corol-
lary 5.1.4 that all these zeros are inequivalent modulo SLy(Z) as all these fun-

damental domains are contained in the half-strip &.

5.2 More on the zeros of £

In this section we give more properties of the zeros of the Eisenstein series E,. More
precisely we study the multiplicity and focus on the fundamental domains that contain

no zeros of Fs.
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5.2.1 Multiplicity of the zeros of F,

For the multiplicity of the zeros of F,, using the Ramanujan differential relation

(5.1.3) for Ej,, we have

Theorem 5.2.1 The zeros of the Ewsenstein series Ey are all sumple.

Proof:  Let 2y be a zero of Ey. By (5.1.3), we have

(Bx(z0)? = Ba(z0)) = T3 Falzo).

1 dBiz) _ 1
om  dr 12

Therefore, to prove that this zero is simple, it suffices to show that F4(z) # 0.

—1+z\/§
2

It is known that F4 has all its zeros at p = and its conjugates modulo
SLa(Z) (see for instance [Ran]). Thus, it is enough to show that Es(a - p) # 0 for all

a € SLy(Z). Using (5.1.2) and (5.1.7), we have for a = (a 2) € Sl (Z):
c

2v3 6 2v3
Ey(a-p) = (cp+ d)zi + 2(cp+d) = ——\C(c2 —cd+d*)

T T 0
which does not vanish unless ¢ = d = 0 which is not the case since ad — bc = 1. This
shows that E5 does not vanish on the orbit of p and consequently F4 and Ey have no

comimon Zzeros. [ |

5.2.2 More on the distribution of the zeros of F;

In this subsection we investigate fundamental domains that contain no zeros of Fs.
We start by studying the existence of a zero of E5 in the fundamental domain §

of the modular group SLy(Z).

Proposition 5.2.2 The Ewsenstein seres Es has no zeros wn the fundamental do-

mawn § of SLy(Z).



5.2. More on the zeros of £, 107

Proof: Let 79 = iyo be the unique zero of Fy on the imaginary axis. Using the

transformation formula (1.4.1) for F5, we have
6
0 < EQ(—]./T()) = ;yo < 1.

This follows from the fact that Im(7p) < 1 (since 75 € SF) and thus
Im(—1/79) > Im(79), and the fact that Es is strictly increasing on the imaginary axis

with the value 0 at 79 and the value 1 at ¢00. Therefore,

W < 7 (5.2.1)

If 7 =2+ iy € § is a zero of Fy, then Im(7) > \/5/2 > 1/6 > yo and therefore

o)
Z o (n)e?mnr
n=1

The latter sum is simply 1/24(1 — Ey(79)) = 1/24. Therefore

1
— |1 - E. =
1= By(r)

.o} o0
< Zal(n)e_%"y < Zal(n)e_2”"y°.
n=1 n=1

1 1
Sl1=Exr)] < o2

Hence F5(7) cannot be 0 if 7 € §. |

In the above proof, we have used the inequality v/3 /2 > 7 /6 which is obvious numer-
ically, but is a consequence of a simpler inequality such as 7 < 4. In what follows we

will rely on another inequality which is also numerically obvious:

1

e ™3 < 500" (5.2.2)
It simply says that 0.00433 < 0.005.

We will now investigate more fundamental domains that do not contain any zeros

of E,. For a fixed integer ¢ > 2 we set again S, = ( i (1) ) and Sy 4(c) = ( i z ) €
0 -1

1 b
Sp.a(c)F has a vertex at the cusp 1/c as does S.§. Also §,F has a vertex at the cusp

0 as does SF.

SLy(Z), b, d € Z and &, = ) € SLy(Z), b € Z. The fundamental domain
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S, (P+D)

n (c)
5(c)

Czl(c) 1/c ?1@)
Figure 51 Fundamental domain at the cusp 1/c

Let us examine more closely the fundamental domain S.§ Its vertices are
1 3 1 3
bos s SRR s we -
It 1s clear that Im(S. p) >Im S, (p+1) and ReS. p>1/c>ReS, (p+1) Thus
we have the following situation for the fundamental region S.§ (see Figure 1)

The edge joining 1/c and S, p 1s an arc of the circle C;(c) centered at ¢;(c) =
(¢ —1)/c(c — 2) and having radius r1(c) = 1/c(c — 2), while the edge joining 1/c and
S. (p+1) 15 an arc of the circle Cy(c) centered at c3(c) = (¢ + 1)/c(c+ 2) with radius
ro(c) = 1/c(c+2) In particular, any other fundamental domain having the cusp 1/c
as a vertex 1s either within the circle C;(c) or within the circle Cy(c)

The case ¢ = 2 needs to be clarified as the radius r1(2) 1s infimte and n this case
the arc joming 1/2 and Ss p 1s the vertical segment [1/2, 1/2+ 2\/5/6} (see Figure
2) Moreover, as we are restricting the study to the half-strip G, we only consider
those fundamental domains with vertex at the cusp 1/2 that lie under the arc of the

circle C2(2) It has center at ¢3(2) = 3/10 and radius 75(2) = 1/10
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F
. /—\p+l
| s, P
i S;(p+1)
-1/2 (I) 1/2

Figure 5.2: Fundamental domain at the cusp 1/2



5.2. More on the zeros of £, 110

Lemma 5.2.3 If we set

then we have

M
242 (M2+—> <1 (523)
Proof:  Set ¢ = exp(—7v3) We have

D<M =D a(md =2 17?7;"§ 1iq2nqn: (e

n>1 n>1 n>1

Hence, using (5 2 2), we have

40000
M <
= 7880599
Therefore,
M M 61444600320000
24* | M? + — a2 (M2 +—) < 1
(M - w) = ( T3 ) = 62103840598801

In the following, we will prove that the only fundamental domains having a vertex
at the cusp 1/c¢ who might contan a zero of F, are the 8.F, and the only fundamental

domain having a vertex at the cusp 0 that might contain a zero 1s S§

Theorem 5.2.4 If b # 0, then FEy has no zeros in Sy 4(¢)F or in &

Proof: Suppose first that ¢ > 3, and suppose there 1s a zero zy of E5 1n the
fundamental domain Sy 4(c)§ where Sy 4(c) = ( i Z ) € SLo(Z) 1If b # 0, then,
according to the discussion preceding the above lemma, the fundamental domain
Spa(c)F 18 erther within the circle Ci(c) or Ca(c) We will show that mn fact 2z 1s

outside the circles C;(c¢) and Ca(c), which 1s a contradiction

We have

—6
EaSpalc)™! z0) = %g(—czo +1),
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so that
fo: 27miSy 4(c) "t 20 — 1 i _ 1
n=1 7i(ne 24 * 47r7,( ¢z + 1)

c? 1 m
= —— - -+ = 24
4m (ZO (c * 602)> ’ (524)

Since S, d(c)'1 29 € §, we have

3
I (Syale) " 20) = L (525)

Hence

= 2rnaST ] 20 G —nmv3 _

Zal(n)e bd < Zal(n)e =M (526)

n=1 n=1
Therefore

1 e 47

1 4
that 1s 2o belongs to the disk Dy(c) of center ¢p(c) = =+ % and radius ro(c) = ME;E
¢ 6¢

We will now show that the disk Dy(c) Lies outside the circles Cy (¢) and Cy(c) by showing
respectively that |co(c) — ¢1(c)| > m1(c) + ro(c) and that |cp(c) — co(c)| > r2(c) + ro(c)

Because the cusp 1/c and ¢y(c) are on the same vertical axis, we have

™

e(e) — ol = el + ()

6¢?

Thus 1n order to prove that |co(c) — c1(c)| > ro(c) + m1(c) we only need to prove that

ro(c)? + 2ro(c)ri(c) < (é)2

In other words,
Mc T

c—2 " 288
In the meantime, for ¢ > 4, we have ¢/(c —2) = 14 2/(c¢—2) <2 Thus 1t 1s enough

2oTM? +

to prove that 27 M? + 2M < 7 /288, which 1s a consequence of Lemma 5 2 3
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Similarly, we prove hat |c; — cg| > r2 +79. Indeed, as above, it is enough to show

that
Me T

c+2<%§’

which is a consequence of Lemma 5.2.3 since ¢/(c+2) < 1. Notice that |co—co| > ra+70

2 M? +

is also valid for the cases ¢ = 2 and ¢ = 3. This proves the theorem for ¢ > 4 and
also for ¢ = 2 since the circle Ci{c) is the vertical line Re z = 1/2 and thus we only
need to estimate the distance |c; — col.

The case ¢ = 3 involves different estimates since we cannot apply Lemma 5.2.3
for the above choice of M. As we noticed above z; is outside the circle C5(3), and
we only need to show that it is outside C;(3). On the other hand, the fundamental
domain S_;_5(3)F is adjacent (on the right) to Ss5F, see figure 3, and the disc Dy(3)
is outside the circle C3 which joins the vertices 1/3 and S_; _2(3) - p. Indeed, this

circle is centered at 8/21 and has radius 1/21. Moreover

V324 + 4972

~ 0. 1
378 0.07518,

|co(3) — 8/21] =

and

1 47M 1 4 1

It follows that the only possible values of (b, d) for which Sp 4§ might contain a zero are

(b,d) = (—1,—2) leading to S_; _2(3)F and (b,d) = (0,1) leading to S(3)F. We now

ro(3) +

show that zg ¢ S_1,_2(3)F by exhibiting a smaller disc D(3) containing zy and lying
outside the circle C1(3) as the disc Dy(3) does not necessarily meet this condition.

The transformation S_; _» maps Dy(3) onto a disc Df(3) centered at

62

0(3) = S_1,2(3) 7" - co(3) —t3

and with radius r3(3) that can easily be shown to satisfy r((3) < 0.26. Therefore, we

obtain a more precise lower bound to Im S_; _2(3) - 29 as compared to (5.2.5):

6
Im S_l’_2(3) - z9 > — — 0.26.
s
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We now replace M in Lemma 5.2.3 by

! 1 )y
M = % (1 - E5(i(6/m — 0.26))) ,

and obtain

2rM"™ + 3M’ < 7/288.

Hence, as in the general case, we conclude that

1 am 4am
S T < M'=
%0 (3 * 54)‘ = Mg

and therefore, the disc D(3) = D(1/3 + in/54, 4w M’/9) is outside the circle C;(3).
It follows that there is no zero of E; in S_; _5(3)F and thus in any S 4(3)F for b # 0.

Finally, for the case of the cusp at 0, if 2y is a zero of Es in 8§, then 2 is
contained inside the circle centered at %' and having radius 4M 7 which is clearly

contained in SF. Therefore b = 0 since, otherwise, d,§ and SF would be disjoint. 1
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™

-

72!
~
o
L

p+1

e

—1/2

Figure 5.3: Fundamental domains at the cusp 1/3

1/3 172
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5.3 Epilogue

We have seen that the equivariant forms present a rich mathematical structure and
are closely related to various topics such as elliptic functions, modular forms, quasi-
modular forms, differential forms and sections of line bundles and therefore have a
real potential for applications and development. It is important to note that in var-
ious other fields of mathematics, there are similar equivariant objects which play an
important role and which can be connected to the equivariant forms presented in this

work. Here are few examples:

e In equivariant K-theory, there is a similar notion, namely, the notion of equiv-
ariant differential forms. They originate form the action of a compact Lie group
G on a smooth manifold M and appear as global sections of the algebra over
the sheaf of rings of invariant functions C& for the action of G on the underlying

manifold to G by conjugation, (see [BlGe] for more details).

e In projective differential geometry, there is the notion of concomitants that are
maps between projective spaces commuting with the action of a group. We
have seen that the equivariant forms mix very well with two fundamental tools
from projective differential geometry, namely the cross-ratio and the Schwarz

derivative. See [Per], p 45.

e In both functional analysis and representation theory [KnaSt|, there is the no-
tion of intertwining operators which are the object of extensive research in both
fields. The fact that the upper half-plane § is a homogeneous space, as it is
the quotient of the real Lie group SL,(R) with a compact subgroup of rota-
tions, brings the equivariant forms as intertwining operators much closer to

representation theory.

e In theoretical physics, in studying the so-called Nahm equations which resemble

Ramanujan differential relations and Yang-Baxter equations, one introduces
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[Sut] the notion of Jarvis functions which are equivariant under the action of
a subgroup of GL;(Q) and for which our equivariant forms present concrete

examples in some special contexts.

It is our hope that the theory of equivariant forms can play an important role in many
of these topics, providing concrete examples and solutions to different problems in
mathematics, in the same way the theory of modular forms has influenced several

fields of mathematics.
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