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Abstract 

The goal of this thesis is to develop the theory of the so-called equivariant forms. 

Precisely, we study and classify all meromorphic functions of the extended upper-half 

plane f)* that commute with the action of a finite index subgroup of SL2(Z) on Sj*. 

It is shown that they are intimately connected to modular forms, differential forms 

and quasimodular forms, and hence inherit their structures. A close connection with 

different geometric objets such as differential forms and sections of line bundles is also 

established. Finally, to show more the richness of such objects, some applications to 

the critical points of modular forms are given. 
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Introduction 

The main objects under study in thesis are the so-called equivariant forms. These are 

meromorphic functions on fj, the upper-half of the complex plane C, which commute 

with the action of a discrete subgroup F of SL2(R), the group of 2 by 2 matrices with 

real entries and determinant 1. More precisely, an element a = \ | G T acts on f) 
\cdj 

(and on C) by 
az + b 

a • z = , z G X). 
cz + d 

A meromorphic function h on S) is an equivariant form for T if it satisfies 

h(a • z) = a • h(z), z £ $j, a G T , 

in addition to some conditions at the cusps of I \ 

These functions appeared first in the work by Brady [Bra] and Heins [Hei] as 

quotients of pseudo-periods of the Weierstrass elliptic £ functions. In fact, these 

authors were concerned with these functions in the framework of the theory of elliptic 

functions. Not a long ago, these type of functions appeared in the work by Abdellah 

Sebbar and Ahmed Sebbar in [AAS1] in the framework of the theory of modular 

forms and where the terminology of equivariant forms was first initiated. In the 

paper loc.cit., the authors studied the converse of a problem that appears in an earlier 

paper [McSel] by John McKay and Abdellah Sebbar in which a close connection was 

established between the geometry of certain genus zero discrete subgroups of SL2(R) 

and the analytic properties of automorphic forms obtained by applying the Schwarz 

1 



Introduction 2 

derivative to the generator of the function field of the Riemann surface corresponding 

to the group T, known as a Hauptmodul. More precisely, the Schwarz derivative of a 

meromorphic function / on a domain in C is given by 

If / is an automorphic function for a genus zero discrete group T, then {f,z} is a 

weight 4 meromorphic modular form on F. More interestingly, the group of automor-

phy for {f,z} has more symmetry than F, and in the case of a Hauptmodul / , it is 

the normalizer of F inside SL2(1R). The converse problem asks if / is a meromorphic 

function of Sj such that its Schwarz derivative F{z) = {/, z} is a weight 4 automorphic 

form on a discrete group T, what is the size of Gf, the invariance group of / ? Using 

the properties of the Schwarz derivative and the modularity of F, this is equivalent 

to say that, for a G F, 

f(a -z)=$a- f(z) , 

for some matrix <J>a in GL2(C). Therefore, we have a group homomorphism 

$ : T —> GL2(C) 
a \—> $ a . 

The invariance group Gf of / is then the kernel of $ , and the problem is reduced 

to the study of its size. Interestingly, this kernel may be trivial and this occurs in 

particular when <E> is the identity, that is, the natural injection of F into GL2(C). 

Equivalently, one asks whether there are meromorphic functions on S) such that 

f(a • z) = a • f(z), for all z G $j and a G F , 

and a solution to this problem is then an equivariant form. 

In the work [AAS1], the authors establish a wide class of solutions known as 

the rational equivariant forms (see Subsection 3.2.1) for the modular group SL2(Z) 

that are parameterized by modular forms yielding various interesting applications to 

modular differential equations and the analysis of the critical points of modular forms 
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for SL2(Z). One of the ingredients in this investigation relies on a rationality criteria 

of the residues at poles of certain meromorphic functions attached to the equivariant 

forms. More precisely, if this criteria holds for an equivariant form h, then there exists 

a weight k modular form / for SL2(Z) such that 

In this thesis, we undertake the task to pursue this study for all the finite index 

subgroups of SL2(Z). In particular, we provide a complete classification of all the 

equivariant forms that include the rational forms in [AAS1] as well as the irrational 

ones. Our investigation involves the theory of modular forms as well as the theory 

of quasimodular forms initiated by Zagier and Kaneko in [KaZa]. Furthermore, our 

classification endows the set £ ( r ) of equivariant forms on F with the structure of 

an infinite dimensional vector space when we remove the trivial equivariant form 

ht(z) = z. Moreover, the zero element is represented by the fundamental equivariant 

form 
A R 

h0{z) = z + 12— = z + 
A' mE2{z) 

where A is the modular discriminant and E2 is the weight 2 Eisenstein series. A 

finite dimensional subspace of this latter is the class of equivariant forms that do not 

have fixed points on fj and some condition at cusps, which we call equivariant forms 

without fixed points (see Definition 3.2.4) and to which ho belong. 

In the elliptic point of view, for a lattice L = Zu>i + Zw2 with r = Ui/ui2 G f), 

the Weierstrass £-function is defined by £' = — p where p is the Weierstrass elliptic 

p-function. If rji and 772 are the pseudo-periods of £, then the fundamental equivariant 

form is given by 

h0 = uJin2. 

Surprisingly, there is a geometric interpretation to the equivariant forms for a 

modular subgroup F. Indeed, we show that the space £(F) is isomorphic to the 
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space of meromorphic differential 1-forms over the Riemann surface XY obtained by 

compactifying the quotient r \ .f). In other words, the elements of £(F) are identified 

with the sections of the cotangent bundle (canonical line bundle) to the genus g 

Riemann surface X?. The zero section is then given by the fundamental equivariant 

form ho- In fact, as the modular discriminant A does not vanish on i^, one notices 

that h0(z) does not have a fixed point on Jo. It turns out the absence of fixed 

points provides a special class of equivariant forms. For instance, the equivariant 

forms without fixed points with an additional condition at cusps correspond to the 

holomorphic sections of the above-mentioned canonical line bundle. In particular, if 

the group F has genus 0, then the only such equivariant form without fixed points 

correspond to the zero section and thus should be equal to the fundamental example 

/lo­

in the modular forms setting, the above differential forms define in a canonical 

way weight 2 meromorphic modular forms for F. The correspondence between an 

equivariant form h for F in £(F) and a weight 2 modular form / for F is given by 

h(z) = z + — , 
E2 + f 

where E2 = (iir/6)E2. Again, the equivariant forms without fixed points correspond 

to the holomorphic weight 2 cusp forms for F. In the genus zero case, it is known that 

there are no nonzero cusp forms of weight 2, which makes ho as the unique equivariant 

form without fixed points. Moreover the trivial equivariant form h(z) = z is obtained 

if one considers / = oo which allows us to look at h(z) = z as the point at infinity of 

the space £(F). 

Meanwhile, there are other ways to associate modular forms to equivariant forms 

which deserve a deep understanding. Indeed, we show that the cross-ratio of any four 

distinct equivariant forms hu 1 < i < 4, for T 

, _ (h - h3)(h2 - hA) 

(h2 - /i3)(^i - h4) 
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is a modular function. At the same time, the Schwarz derivative of an equivariant 

form is actually a modular form of weight four. This is not surprising as the Schwarz 

derivative is simply the infinitesimal counterpart of the cross-ratio. 

Besides the importance of equivariant forms as intriguing objects by themselves 

and which have an elliptic, a modular and a geometric interpretation, there are various 

fields in which they can find applications. The more immediate area of application is 

the study of critical points of classical modular forms by means of the corresponding 

equivariant forms. We show for instance that the equivariance of the fundamental 

example ho implies immediately that there are infinitely many nonequivalent zeros 

to the Eisenstein series E2. In other words, the discriminant A has infinitely many 

nonequivalent critical points. 

Some of the developments that we do not consider in this thesis include the 

theory of equivariant K-theory, the higher dimensional counterpart attached to the 

Hilbert modular forms and the real-analytic counterpart attached to the Maass wave 

forms among others. 

We now proceed to the description of the various chapters in this thesis. 

In the first chapter, we recall some aspects of the theory of modular forms for 

discrete subgroups of SL2(R). We discuss their connection with differential forms on 

the compact Riemann surface r \ Sj*. We also introduce the notion of quasimodular 

forms on F following Kaneko and Zagier [KaZa]. A generalization, that will be used in 

Chapter 5, of properties of quasimodular forms is discussed at the end of this chapter. 

The second chapter deals with equivariant forms on the modular group SL2(Z). 

We provide in this part some properties of the Schwarz derivative which is at the origin 

of these functions. Then we move on to discuss the main subject of this chapter. We 

give the precise definition of an equivariant form for SL2(Z) as in [AAS1] with an 

emphasis on the so-called rational equivariant forms. We then provide two types of 

generalizations. First, we consider the case of modular form with a multiplier system, 

and then move on to exhibit a larger class that include the rational equivariant forms 
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as well as the irrational ones. In the last section, we exhibit an important role that 

the fixed points play in characterizing the equivariant forms. 

In Chapter 3, we generalize the results of the previous chapter to any subgroup of 

the modular group. The main tool is the notion of the slash operator on equivariant 

forms. We then study the conditions under which an equivariant form h is rational. 

This is based on the rationality of the residues of the poles in Sj and at cusps of 

the function h(z) = (h(z) — z)~l. In the last section, we show that the fundamental 

equivariant form h0 is unique in the sense that it is the only one without fixed points 

provided a geometric condition on F is met. 

The aim of Chapter 4 is to give the complete classification of equivariant forms. 

Furthermore, we show that they can be endowed with an algebraic structure using two 

approaches involving the quasimodular forms on one side and the the modular forms 

on the other. In particular, we prove that for an equivariant form h on a modular 

subgroup T, we have 

h(z) = z + — , 
E2 + f 

where E2 = (7Ti/6)E2 with E2 being the Eisenstein series of weight 2, and / is a 

weight 2 modular form for F. 

This new form of equivariant forms has various consequences. We obtain, for 

instance, one-to-one correspondences between non-trivial equivariant forms and 

• the set of weight 2 depth 1 quasimodular forms on F that transforms like E2; 

i.e. the set {E2 + f\ f G TC^(T)}. 

• the space of weight 2 meromorphic modular forms on F. 

• the space of degree one differentials Dif (Xr) on Xr = T\$j*. Hence a justifica­

tion of the name " equivariant forms". 

Other correspondences are between the set of equivariant forms without fixed points 

for T and the space of weight 2 holomorphic modular forms on F. These correspon-
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dences show in particular that the set £ ( r ) \ {z} inherits a structure of a vector space. 

Moreover, we can view the trivial equivariant form h(z) = z as the point at infinity. 

In the rest of this chapter we establish a link to some classical tools from projec­

tive differential geometry, namely the cross-ratio and the Schwarz derivative which 

is a projective connection. The cross-ratio is invariant under Mobius transforma­

tions as well as the Schwarz derivative, which is the infinitesimal counterpart of the 

cross-ratio. In fact, the cross-ratio of four distinct equivariant forms is a modular 

form while the Scwarz derivative of an equivariant form is a weight 4 modular form. 

To illustrate this we give the Dedekind j -function and the Klein elliptic A -function 

as cross-ratios of certain equivariant forms. The rest of this chapter is dedicated to 

viewing the equivariant forms as sections of a line bundle, using a direct connection 

as well as a quasimodular and a modular points of view. 

These connections with various algebraic-geometric objects show the richness of 

equivariant forms, which leads to many applications. In the last chapter, we give 

an application of equivariant forms to the critical points of modular forms. More 

precisely, the fundamental equivariant form h0 = z + 12A / A' = z + 1/ E2 is used 

to prove that the Eisenstein series E2 has infinitely many zeros in the half-strip 

& = {T E f), — < Re(r) < - } . Consequently, the modular discriminant A has 

infinitely many critical points in the half-strip &. We also present a detailed account 

of the distribution of these critical points. 



Chapter 1 

Modular forms and quasimodular 

forms 

In this chapter we give an exposition of the theory of discrete groups and the theory 

of modular forms that will be useful in the remaining chapters. This will consist of a 

summary of the main properties of modular forms for discrete subgroups of SL2(K) 

and their connection with other classical objects such as differential forms. We will 

also introduce the theory of quasimodular forms, a generalization of modular forms 

by [KaZa]. We end this chapter by giving a generalization of the definition of a 

quasimodular form. 

1.1 Discrete subgroups of SL^M) 

In this section we briefly describe some of the properties of Fuchsian subgroups of 

the first kind of SL2(M), the group of uni-modular matrices with real entries, where 

by Fuchsian subgroup of the first kind we mean a discrete subgroup such that the 

corresponding Riemann surface F\$)*, Sj = {z G C| $s{z) > 0}, obtained by joining 

the set of inequivalent cusps to the quotient r \ .fj is compact. These groups acts on 

8 



1.1. Discrete subgroups of SL2(R) 9 

the upper-half plane f) by linear rational fractions. They are classified by their trace 

as follows. 

If a is not the identity element, then it has a single fixed point on MU {00} if and 

only if |Tr(a) | = 2, in which case a is called parabolic and the fixed point is a cusp. 

Also, a has a fixed point in $j if and only if |Tr(a) | < 2, in which case a is called 

an elliptic element and the fixed point is in $). The case |Tr (a) | > 2 is equivalent to 

having two fixed points on the real line, and A is called hyperbolic. 

A key property of a Fuchsian subgroup of the first kind F is that the set of in-

equivalent cusps (respectively, elliptic points) is finite [Shi]. An example of a Fuchsian 

subgroup not of the first kind is SL2(R). Moreover, there is a class of subgroups that 

shares with F the same set of cusps, namely the class of subgroups that are commen­

surable with r . A group G is called commensurable with r if G D F has finite index 

in both G and F. Note that, in this case, G is also a Fuchsian subgroup of the first 

kind [Shi]. 

The following representation will be used to establish the modularity of certain 

modular forms in Chapter 3. Let T be a subgroup of SL2(Z) of genus g, meaning 

that the corresponding compact Riemann surface F \ ft* is of genus g. Let u^ be 

the number of inequivalent cusps and r be the number of inequivalent elliptic points. 

Let mi, . . . , mr be the orders of the stabilizer of all conjugacy classes of elliptic points. 

Then we say that F has signature (g; mi, . . . , mr; u^). The algebraic structure of 

the group can be determined by its signature. In fact, the group has a presentation: 

generators : 

A\, B2,..., Ag, Bg\ Ei,..., Er; Pi,..., PUoo 

relations : 
Voa r g 

E^ = ... = E™r = \[P,\[E1\\A1B1A;1B;\ 
1 = 1 4 = 1 1 = 1 

The generators Pt are parabolic, the E% are elliptic, and the A% and Bx are hyperbolic. 

The modular group SL2(Z), the group of uni-modular matrices with integer en-
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tries, is an example of a Fuchsian subgroup of the first kind and for which (and its 

finite index subgroups) the set of cusps is Q U {00} that are equivalent to 00. It is a 

reference in the theory of modular forms and other topics because of the many arith­

metic and geometric properties it has. The modular group is generated by the elliptic 

and parabolic matrices S = I ) and T = I ) or, equivalently, by the elliptic 
1 0 J \ 0 1, 

. 0 - 1 \ 
elements S and P := ST = | . Note that as the genus of SL2(Z) \ Sj U {00} 

-1 l J 
is zero there are no hyperbolic generators. The following result gives us some infor­

mation on the automorphisms of SL2(Z) that will be used in Chapter 3. 

Theorem 1.1.1 ([Ran]) Let 4> be an automorphism of £X2(Z). Then <f> is deter­

mined uniquely by its action on the generators S and P, and we must have, for some 

L G SL2(Z), </>(S) = L^S'L, 0(F) = L~1PUL, where t = ±l, u = ±1. 

One can deduce from this theorem that the trace is conserved by the automor­

phisms of SL2(Z), and as a corollary, we have 

Corollary 1.1.2 ([Ran]) Any two elements of 5X2(Z) \ {±12} having the same 

trace are conjugate to each other by an element of SL2(Z). 

A second important example of a Fuchsian subgroup of the first kind is the so-

called congruence subgroups of SL2(Z). Recall that a subgroup F of SL2(Z) is called 

a congruence subgroup if it contains some principal congruence subgroup F(N), for 

some positive integer N, which defined as follows. 

Let N be a positive integer, then 

r(AT) = j 7 = ( a bj\a = d=l mod (N), b = c = 0 mod (N) 

Since T(N) is of finite index in SL2(Z), it therefore follows that any congruence 

subgroup of SL2(Z) is of finite index in SL2(Z). It is worth to mention that T(N) is 
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normal in SL2(Z). In fact, we have the following exact sequence 

0 —> F{N) —> SL2(Z) —• SL2(Z/AZ) —> 0 

where SL2(Z/A/'Z) is the group of matrices of determinant 1 with entries in Z/A"Z. 

Note that T(l) = SL2(Z). We would like also to notice that if F is a congruence 

subgroup then so is any of its conjugates. 

Example 1.1.1 Some of the most important congruence subgroups are 

Fi(N) = lae SL2(Z)| a = ±(1
Q * ^ mod (TV) 

r°(N) = Ua
c
 bA G SL2(Z)| b = 0 mod (TV) 

which are obviously congruence subgroups of level TV, meaning the least integer N 

for which T(N) C Fi(N). An other important example of congruence subgroups, is 

the subgroup 

F0(N) = U(a
c M e S L 2 ( Z ) | c = 0 mod (TV) | , 

which is conjugate to the subgroup T°(N) by the matrix I I. 

Note that the set of cusps of these subgroups is represented by QU {oo} (which is 

that of SL2(Z)), as they are commensurable with SL2(Z). In fact, this set represents 

the set of cusps for any group commensurable with SL2(Z). 

We end this subsection by discussing some characteristics of the cusp width for 

a congruence subgroup. 

Given F a congruence subgroup and s G Pa(Q) a cusp, let Fs (respectively Gs) 

denotes the isotropy group of s inside F (respectively inside SL2(Z)). Then Fs is a 

subgroup of Gs of finite index, say m. The index m is called the cusp width of F at 

s. It is also referred to as the smallest positive integer m such that Tm G 7 r s 7 _ 1 , 

where 7 G SL2(Z) with 7 • s = 00. 
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For a congruence subgroup F of the modular group of level N, Larcher [Lar] 

proved that if d is the least cusp width in F, it is possible to conjugate by an element of 

the modular group so that the cusp width at oo of the resulting congruence subgroup 

is d and that the cusp width at 0 becomes N. Note that since TN G F, we have 

d < N. More generally, we have 

P ropos i t i on 1.1.3 ([Sel]) Modular conjugation only permutes the cusp widths for 

a congruence subgroup. 

1.2 Modular forms 

The content of the section can be found in most books on modular forms. We refer 

for instance to [Mil], [Ran] and [Shi]. 

1.2.1 The definition of a modular form 

We first define the slash operator on meromorphic functions on the upper half plane 

$j via the action of GL2(C), the group of two-by-two invertible matrices with complex 

entries. 

Let a = I G GL2(C), and z G f). Let k be an even positive integer, and 
\cdj 

denote by ja(z) = cz + d; a definition that will be used throughout this work. Then 

a acts on a meromorphic function / as follows 

f(z)\k[a] = det(a)k/2
Ja(z)-kf(a • z) (1.2.1) 

We will see that j : SL2(R) x $j —> C* defines what is called an automorphic factor 

(see Section §1.2.2) and therefore satisfies 

jap(z) = JaW • z)jp{z) 

for all a, /3 G PSL2(R). 
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We notice that, since —a • z = a • z, when k is odd j_a(z)k = —]a(z)k, so that 

f(z)\k[-a] = -f(z)\k[a}. 

Definition 1.2.1 Let k be a positive integer. A function f on fj is called a mero­

morphic modular form or simply a modular form of weight k for a discrete subgroup 

F ofSL2(R) if 

1. f is meromorphic on Jo, 

2. for all a = I 1 G SL2(Z) and z G S), we have f(z)\k[ci\ = f(z), 
\c dj 

3. f is meromorphic at the cusps. 

The last condition means the following. First, this condition is ignored if F has 

no cusps. Otherwise, let s be a cusp of F. Let 7 G SL2(M) such that 7 • s = 00. Then, 

the function /(.z)|fc[7_1] is invariant under jFgj-1 = < Tls >, ls being the cusp width 

at s and Fs the isotropy group of s inside F. Hence, it has a Fourier expansion in the 

local parameter at infinity qs := e2mz^ls if k is even and qs = emzlls if k is odd. Then 

the meromorphy condition translates into saying that in the Fourier series 

0 0 

f(z)\kh-1] = J2<£ 
n=ns 

the integer ns is finite. If ns > 0 for all cusps s and if / is holomorphic on S) then / 

is called a holomorphic modular form. A holomorphic modular form is called a cusp 

form if it vanishes at all cusps; in other words ns > 0 for all cusps s. 

For k = 0 the modular form is called a modular function. We would also like to 

notice that a holomorphic modular form of weight 0 is constant. 

Let us denote respectively by 9Jt^(r), QJtfc(r), ©^(r) the spaces of meromorphic 

modular forms, holomorphic modular forms and cusp forms on F. 
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1.2.2 Modular forms with multiplier systems 

The aim of this section is to give a more general example of modular forms. This will 

be needed is subsequent chapters. More precisely, we will generalize the definition of 

a modular form to what is called a modular form with a multiplier system. We follow 

the treatment of [Ran]. 

First, we introduce the notion of an automorphic factor. 

An automorphic factor fi of weight k G R for F, a Fuchsian subgroup of SL2(R), is a 

map /x : T x i^ —> C x with the properties 

• For all a = ( ° J G F, and z G ft, \fia(z)\ = \cz + d\k. 

• For all a, 7 G F, and z G $j, fia-y{z) = fia(j • z)fij(z). 

• For all z G J}, fi-i2(z) = fii2(z), 12 being the identity matrix. 

If —12 ^ T, the last condition can be used to extend the automorphic factor n 

to a function on F x J}, where F = r { ± l 2 } / { ± l 2 } is the homogeneous subgroup 

corresponding to F. The function on F x Jo given by (a, z) 1—>• ja(z)k for k G M, a G F 

and z G -f), is an example of an automorphic factor of weight k for F. Since j and /J, 

are holomorphic and do not vanish on S), it follows from Liouville's theorem and the 

fact that j is an automorphic factor that /J.a(z) = u{a)ja{z)k for all a G F and z G S), 

where v{ot) depends only on a and |z^(a)| = 1. The factor v{a) is called a multiplier, 

and the function v defined on F is called a multiplier system of weight k for T. Note 

that, from the value of /i at (12 , z) and the definition of v, we have z^(l2) = 1. 

Definition 1.2.2 Let fi be an automorphic factor of weight k G R /or T and v the 

associated multiplier system. A function f : .fj —> C is called an unrestricted 

modular form for F of weight k, with automorphic factor /J, (or, equivalently, with 

multiplier system u) if it satisfies 

1. f is meromorphic on fy. 
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n. f(z)\k[a\ := u(a)'1 ja(z)~hf (a • z) = f{z), for all a G F and z G f>. We choose 

to use the same notation for the slash operator f(z)\k[a] given in (1.2.1). The 

context will be clarified if the two cases occur. 

Fix / as in the definition. Let s be a cusp, and let 7 G SL2(R) such that j-s = 00. 

Then, as Tls G 7 r s 7 _ 1 , ls being the cusp width at s, and as a multiplier system does 

not need to be constant on F, we have Tls = 7»7~ 1 for some a G T s and so 

ttzMcn-1] = /WUtrS-1] = f(z + UUb"1] = Kr'o/toUb-1] • 

Set / 7 - i (z ) := v{Th)-lf{z)\k{~(-1}. Then, we have / 7 - i (T / s • z) = / 7 - i ( z ) , and hence 

it has a Fourier expansion in the local parameter qs = e2mz/ls, possibly with infinitely 

many negative powers of qs. 

We notice that this is independent of the choice of 7, and that two equivalent 

cusps modulo F have the same Fourier expansion in qs. 

Differentiating both sides of / ( a • z) = v(a)ja(z)kf(z) and using —a • z = 

(ja(z))~2, we get 

f'(a • z) = u(a)Ja(z)k+2f(z) + cku{a)Ja{z)k+lf{z) . (1.2.2) 

Definition 1.2.3 An unrestricted modular form forF of weight fceM and multiplier 

system v is called a modular form and a multiplier system v if the function / 7 - i is 

meromorphic at infinity. In other words, if the Fourier series o / / 7 - i has only a finite 

number of negative indices). 

A modular form with a multiplier system v is called a holomorphic modular form 

with multiplier system v if f is holomorphic on Sj and / 7 - i is holomorphic at infinity. 

If, in addition, / 7 - i vanishes at infinity it is called cusp form with multiplier system v. 

We denote the spaces of weight k meromorphic modular forms, holomorphic modular 

forms and cusp forms with multiplier system v respectively by 9JT™(r,^), 93lk{T,u) 

and 6 f c(r , v). Clearly &k{F, v) C D)tk{F, v) C ^{F, v). 
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As in this definition, we will skip the reference to the group, the weight and the 

multiplier system when the context is clear. 

We would like to notice that if k G Z then the multiplier system is a character on 

r . We shall give an example of multiplier systems of general type as the existence of 

these objects is not always obvious. The following shows how to construct multiplier 

systems on SL2(Z). 

Consider an automorphic factor /i of weight k G M with associated multiplier 

system v. Set v{T) = w. It is shown in [Ran] that 

i/(5) = w~3 and w = x(T)emk/e , where S = 

and x is a character on SL2(Z) with the following values 

• x(-i2) = i. 

• x(T) = £.6, where £6 is a sixth root of unity. 

It is sufficient to define this multiplier system only for S and T as these two matrices 

generate the modular group SL2(Z). We notice that for v such that u(a) = 1 for all 

a G SL2(Z), the associated automorphic factor coincides with that given in Section 

§1.2. 

R e m a r k 1.2.1 There is a more general notion of modular forms with multiplier sys­

tems is not necessarily of unitary modulus called generalized modular forms [KnMa]. 

As the definition of a generalized modular form is similar to what is presented in this 

subsection, we thought that it is convenient to just refer to [KnMa] for a detailed 

exposition. 

Finally, we define the order of the function f1 at infinity to be the smallest 

integer ns such that the corresponding Fourier coefficient is not zero. More precisely, 

if ns < 0, then we say that / 7 has a pole of order — ns at infinity, and if ns > 0 then 

/ 7 is said to have a zero of order ns at infinity. In the case ns = 0, the function f1 
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does not vanish at infinity nor has a pole. We will use this definition for any function 

with a Fourier expansion in a local parameter. 

1.2.3 Examples of modular forms 

The following typical examples of modular forms will be used extensively in the 

coming chapters. 

The Eisenstein series are defined for every even integer k > 2 and z G J} by 

) < J \m 7 4 mz + n)k 

m, n ' 

where the symbol ]T} means that we are summing over the pairs (m, n) 7̂  (0, 0). 

Note that this series is not absolutely convergent for k = 2. 

We are interested in the following representation of Eisenstein series 

00 

Ek(z) = l - f J> f c_i(n),f (1.2.3) 
n = l 

0 0 ,fc — 1 „n 

= l-f ŷ — ,̂ q = e 2 m z . 
7 1 = 1 

Here Bk is the /c-th Bernoulli number and ak(n) = ^2(j\nd
k. This is connected to the 

first definition by [Ser, Chapter 4] 

Gk(z) = 2<;(k)Ek(z) . 

The most familiar Eisenstein series are: 

00 

E2(z) = 1 - 2 4 2 > i ( n ) c f , (1.2.4) 
n = l 

00 

E4(z) = 1 + 240 ^az{n)qn, (1.2.5) 
n = l 
oo 

E6(z) = 1 - 5 0 4 £<7 5 (n )g n . (1.2.6) 
ra=l 
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The series E4 and Ee are respectively holomorphic modular forms of weight 4 

and 6. However, although the Eisenstein series E2 is holomorphic on ft and at the 

cusps, it is not a modular form as it does not satisfy the modularity condition. The 

Eisenstein series E2 is an example of a quasimodular form (see Section §1.4) and 

plays an important role in the construction of equivariant forms as will be seen in 

Chapter 4. We will also give in Chapter 5 some properties of this series that appear 

in [ElSel]. 

Another example is the Dedekind eta function. It is a weight - modular form 

on SL2(Z) with a non-trivial multiplier system and is given by the infinite product 

oo 

r,(z) = q
1/24Y[(l-qn), q = e2mz . 

Its multiplier system takes the values e7™/12 and \f—i at the generators T and S of 

SL2(Z), respectively. This leads us to the modular discriminant, which is the unique 

(normalized at infinity) weight 12 cusp form for SL2(Z). It is defined by 

oo 

A(z) = n(zr = ql[(l-q
n)24. 

n = l 

Another important example, that we will encounter in Chapter 4, is the modular 

invariant j-function. This modular function is defined by 

= EA{zf - Es(z)2 

Jy ' 1728A 

It is a Hauptmodul for SL2(Z), in the sense that it generates the function field of the 

Riemann surface SL2(Z) \ ?)*. 

We now provide an example of modular forms on congruence subgroups with 

non-trivial multiplier systems. 

The Jacobi theta functions have been intensively studied because of their many 
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important applications. They are defined by 

Mz) = E 9(n+1/2)2 

oo 
2 Uz) = E ?n 

Mz) = £ ( - i ) V \ 
n=—oo 

In [Ran], it is shown that The functions d2, $3 and $4 are holomorphic modular 

forms of weight - for the conjugate congruence subgroups r 0(2) , (ST)~1F0{2)(ST) 

and r°(2) = (ST)~2F0(2)(ST)2, respectively. Their associated multiplier systems are 

u, v and w respectively and are defined by 

u(-\2) = v(-l2) = w{-\2) = -i, 
v{T2) = u{(ST)T2{ST)-1) = w((ST)2T2(ST)-2) = 1, 
v(S) = u((ST)S(ST)-1) = w{{ST)2S(ST)-2) = e"7"/4 . 

Moreover, these modular forms do not vanish on Sj and satisfy the Jacobi identity 

Rankin also provides numerous interesting equations connecting theta functions to 

other modular forms sometimes on larger groups. For instance we have 

A = ( 2 - ^ 2 ^ 4 ) 8 , 

and 
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Another important fact on theta functions is that they have an eta-products 

7y(4z)2 

Mz) = 2 

Uz) = 

Mz) = 

V(2z) 

n{2zf 
rj(z)2rj(4z)2 

V(zf 
V(2z) ' 

where 77 = A1/24 is the Dedekind eta function. 

1.3 Differential forms and the Riemann-Roch the­

orem 

In the theory of Riemann surfaces, differential forms play a central role. Together 

with the Riemann-Roch theorem they constitute a fundamental tool for computing 

dimensions of certain vector spaces. For instance, one can use them to compute how 

many functions there are with a prescribed number of poles and zeros up to a scalar 

multiple. In this section, we shall state the Riemann-Roch theorem and recall some 

facts about differential forms and their connection with modular forms that will be 

used to compute the dimension of the space of modular forms on a Fuchsian subgroup 

T of the first kind of SL2(R). We refer to [Mil], [Shi] and the references therein for 

more details on this subjects. 

1.3.1 The Riemann-Roch theorem 

To state the Riemann-Roch theorem we need first to recall some facts on the notion 

of a divisor on a compact Riemann surface. 

Let D\ be a compact Riemann surface and denote by /C the field of meromorphic 

functions on £R. We identify C with the subfield of K consisting of all constant 
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functions. Then K, is an algebraic function field, meaning that /C is a finite algebraic 

extension of C( / ) for / G KL \ C 

Denote by V the set of all formal finite sums >̂ Q p , Q G Z, p G D\. Then T> 
i 

is a free Z—module. We call any of its elements a divisor of fH or of /C. To a divisor 

D = 2 , CPP w e associate the following data: 
pem 

deg D = Y2cPi the degree of D; 

Vp(D) = cp, the order of D at P. 

A divisor D is called an effective divisor, a condition denoted by D > 0, if 

vP{D) > 0 for all P 6 * R . If E is another divisor then D > E if the divisor £> - £ > 0. 

Next, we consider the valuation ring Sp := {/ G )C\ f{P) ^ oo}, which has K, 

as its quotient field. For a local parameter t at P and a nonzero function / G Sp, we 

have 
oo 

/(*) = 5^ M0*r, 

where z is the local variable at P. Then, the order at P is ordp(/) = vp, and / has 

a zero of order vp at P, a pole of order — vp at P , or neither a pole nor a zero at P 

according to whether vp > 0, vp < 0 or vp = 0. 

The divisor of / G /Cx is defined by 

div(/) = 5>rd P ( / )P . 
PGJR 

This sum is finite as £H is compact. Thus, the map / »->• div(/) is a homomorphism 

of /Cx to P , so that 

div(/p) = div(/) + div(9), div( /" 1) = - d i v ( / ) . 

The image of this homomorphism is called the group of principal divisors. Let 

(/) denote the divisor of / G /Cx. For a divisor D, we put 

L(D) := {/ G /C| / = 0 or div(/) + D > 0} . 
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Then L(D) is a vector space over C of finite dimension. Denote its dimension by 

1(D). 

Two divisors are said to be linearly equivalent if their difference is principal. 

The map D (->• deg(D) is a homomorphism T> i-» Z whose kernel contains 

the principal divisors. Note that for any two linearly equivalent divisors Di, D2, 

deg(£>i) = deg(D2) and l(Di) = 1{D2), and we can talk about equivalence classes 

of linearly equivalent divisors which we call divisor classes. The quotient group is 

known as the Picard group of the Riemann surface D\, denoted Pic(lR). 

We can construct a one dimensional vector space Dif (!SH) over K. together with 

an additive map d : K. >—>• Dif (fH) satisfying 

d(fg)=gdf + fdg, df = 0 ^ / e Cx . 

Elements of Dif (9\) are called (meromorphic) differential forms (of degree 1) on JH. If 

/ G /C \ C, we have Dif (1H) = K, • df. This means that for any w G Dif (£H) there exists 

h G K, such that w = h-df, and then h = w/df. In particular, dg/df is a well-defined 

element of /C for every g G K. We define the divisor of w as follows. For P G 9^, 

choose t G K such that vp(t) = 1, and put vp(w) := vp(w/dt). This is independent 

of the choice of t. The divisor of w is then 

div(iu) := 2_, vp{w)P . 
Pe«n 

Then, we have div(fw) = div(/) + div(io). Thus the divisor div(iy) for all w G 

Dif (Dt)x forms a divisor class, called the canonical class of £ft or of /C. We say that 

w G Dif (£R) is holomorphic or of the /irsf fanrf if w = 0 or div(iu) > 0. 

Theorem 1.3.1 (Riemann-Roch) Let 9\ be a compact Riemann surface of genus 

g. Let w G Dif(<H)x. Then for any divisor D, 1(D) is finite and 

1(D) = deg(D) + l-g + l(div(w) - D). 
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Proposition 1.3.2 For any w G Dif(9^)x, 

deg(div(w)) = 2g - 2 . 

Consequently, 

Corollary 1.3.3 • For the zero divisor we have L(0) = C, so that 1(0) = 1. 

• Forw G Dif(<H)X, l(div(w)) = g. 

• For a divisor D, 

if deg(D) < 0 then 1(D) = 0, 

if deg(D) >2g-2 then 1(D) = deg(D) -g+1 . 

1.3.2 Differential forms from modular forms 

We restrict our attention in this subsection to the case of the Riemann surfaces F\S)*, 

where T is a Fuchsian group of SL2(M) of the first kind. We will establish here the 

connection between differential forms on 91 and modular forms on F. 

A meromorphic function on D\ = F \ $)* gives rise to a modular function on F, 

and vice et versa. This is induced by the projection map TT : fy* —> D\. We thus 

identify /C with the field of modular functions on F. For k an even integer, the space of 

weight k meromorphic modular forms 9Jt™(r) is a one-dimensional vector space over 

/C. Moreover, given a non-constant modular function / on F, so that / ' is a weight 2 

(meromorphic) modular form on F and hence f'm ^ 0 is a weight 2m modular form 

for any m G Z. On the other hand, as the weight is additive, we have for / and 

g, modular forms of the same weight, the function f jg is a weight 0 (meromorphic) 

modular form. 

For / G QJT^r), we can view f(z)dz as a differential form on 91. Indeed, let 

ip G K. \ C. Since ip' = dip/dz G Tt^{T), so that f/i/j' G 9Jt^(r) = /C. Then we put 

f(z)dz = (f/ijj')dip. This is independent of the choice of ip. Conversely, if w G Dif (9^), 
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then / := w/dip G /C, i.e. fxp' G Tt^(T) and w = (frp')dz. Thus the map / ^ fdz 

is an isomorphism of 9Jt2
T!'(r) onto Dif(9cl). 

One can now construct an associative graded algebra 

oo 

T:= 0 DiP(9*) 
n=—oo 

with the following conditions: 

a) Dif°(5R) = K, Dif1 (9\) = Dif(JH); 

b) For each n, Difn(!SH) is a one dimensional vector space over /C; 

c) For u>i G Difm(9t), u>2 € Diin(D\), the product 1B1W2 is defined and belongs to 

Difm+n(9*) and Wlw2 ^ 0 if Wl / 0 and w2 ^ 0. 

Similarly to the case of k = 2, the space Dif (9t) is isomorphic to 9Jt£J.(r) via 

/ 1—> f(dz)k. Furthermore, we have 

deg (d ivH) = k(2g - 2), for all w G Diffe(£H)x . 

1.3.3 Dimension formula 

The above subsections will now be used to compute the dimension of the spaces of 

holomorphic modular forms of a certain weight on a Fuchsian group F of the first 

kind. We will give the formula only for even positive weight, as these are the one of 

interest to us. For more details on dimensions formulae see [Shi]. 

The divisor of a weight k, k even, modular form / is defined as follows. Let 

f G5H. If P corresponds to a point ZQ of Sj, take a holomorphic isomorphism A of Jo 

onto the unit disc such that A(z0) = 0. If the order of the isotropy group of z0 is e, 

then / has an expansion at ZQ in the local parameter t = X(z)e, say 

00 

n>vZQ{f) 
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We set vp(f) = vZo(f). If P corresponds to a cusp s, then Z(z)|/c[7_1] has an expansion 

in the local parameter qs := exp(2mz/ls) as in Section §1.2, where 7 G SL2(R) such 

that 7 • s = 00 and ls is the cusp width at s. Then we define vp(f) — ns. 

The divisor of / is then defined by 

div(/) = $ > H / ) P . 

Pern 

The spaces 9Jtfc(r) and &k(F) correspond then respectively to 

{ / G O ^ ( r ) | d i v ( / ) > o } 

and 
r 

{/G9Jtnr)|div(/)>^QJ, 

where Qi,- • • , Qr are the points of 91 corresponding to the set of inequivalent cusps 

of r. 

Proposition 1.3.4 ([Shi]) Let P i , - - - , E\ be the points of 91 corresponding to the 

elliptic fixed points of F, of order respectively ei, • • • , e/, and let Qi, • • • , Qr be as 

above. Let f G Wlk(F)x, k even, let w = f(z)(dz)k'2. Then, 

div(/) = div(u/) + (k/2) ( £ ( 1 - e;1)* + J2 Q, > ) 
\ i = i j = i / 

deg(div(/)) = (fc/2) ( (2c; - 2) + £ ( 1 - e^1) + r J . 

Taking into account that for w G Dif(9^)x, deg(div(u>)) = 2g — 2, we have 

Corollary 1.3.5 The space 6 2 ( r ) is isomorphic to the space of differential forms of 

the first kind on 9^, through the map f (->• fdz. In particular, 

d im6 2 ( r ) = g . 
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This corollary implies in particular that @2(r) is trivial if g(F) = 0. 

Let / 0 G 93t^(r)x , and D = div(/0). Since every element / G 9?t£ l(r)x can be 

written in the form / = f0h with h G 9Jt^(r), div(/) > 0 if and only of div(h) > -D. 

Therefore, 

dim Ttk(F) = dim{h G K\ div(/i) > -D} 

and 

dim &k(F) = dim I h G /C| div(/i) > -£> + ^ Q j I . 

By applying the Riemann-Roch Theorem to the divisors — D and — P + X^=i Q?J o n e 

gets 

Theorem 1.3.6 ([Shi]) The notation being the same as above, we have, 

i 

dim9Jtfc(r) = < 

(k-l)(g-l) + rk/2 + Y, 
i = \ 

k(ex - I) 

2e, 

g + r — 1 

9 
1 
0 

A; > 2 

A; = 2, r > 0 , 
fc = 2, r = 0 , 

fc = 0 , 
fc<0 . 

anc? 

(k-l)(g-l) + r(^-l)+J2 
^ ' t= i 

dimejk(r) = < 

k(ez - 1) 

2e, 

5 
1 
0 
0 

k>2 , 

k = 2 , 
fc = 0, r = 0 , 

k = 0, m > 0 , 
fc < 0 . 

where [k(et — \)j2e[\ denotes the integer part of the rational k(e% — l)/2e, . 

1.4 Quasimodular forms 

Quasimodular forms are a generalization of modular forms introduced by M. Kaneko 

and D. Zagier [KaZa]. Unlike modular forms, quasimodular forms are nearly modular 
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under the action of F. It has been proved that they do have many applications 

in various fields. For instance, they have been used to derive identities involving 

convolution of the divisor power sigma functions [Ro], and in the theory of Painleve 

equations where they were used to describe solutions to the so-called Chazy equation 

[Zag]. We notice that the Eisenstein series E2 plays an important role in quasimodular 

forms for SL2(Z) and its subgroups. 

Quasimodular forms arise from the almost holomorphic modular forms in the 

following sense. An almost holomorphic modular forms on F is a function in S) which 

transforms like a modular form but, instead of being holomorphic, is a polynomial in 

\[y (with y = Q (z)) with holomorphic coefficients. The motivating example being 
3 

the non-holomorphic Eisenstein series E2 := E2(z) which is modular of weight 
Try 

2. More precisely, an almost holomorphic modular form of weight k and depth p on 

r is a function of the form 

F(z) = J>(z)(-47ryr, 
r=0 

where each fr is a holomorphic function of moderate growth, and transforms like a 

weight k modular form. We denote by M^r = M^-V'(F) the space of such forms and 

by M* = 0 f c Mk, Mk = M M\rv' the graded ring of all almost holomorphic modular 

forms and the ring of all almost holomorphic modular forms of weight k and depth < p, 

where F is omitted from the notations. For the basic example P 2 G M^-P(SL2(Z)), 

we have fo = E2, the Eisenstein series, and / i = 12. 

The space M\r = M\. (F) of quasimodular forms of weight k and depth < p 

on T is then defined as the space of constant terms fa(z) of F(z) as F runs over 

M^rp'. Note that the almost holomorphic modular form F is uniquely determined by 

its constant term fo- Hence the ring of quasimodular forms (respectively of weight 

k and depth < p) on F, denoted by M* = ® f c Mk (respectively Mk = \JpM
{
k-

p)) is 

canonically isomorphic to the ring M* (respectively to Mk). Another direct definition 

of quasimodular forms is as follows. A quasimodular form of weight k and depth 
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< p on r is a holomorphic function / in f) such that, for fixed z G io and variable 

7 = I I G T, the function /(z)|/c[a] := Ja(z)~kf(,y • z) is a polynomial of degree 
V C C V 

< p in —f-̂ r with the same coefficients as above. We have the following proposition, 
Joe \Z) 

in which T is a non-cocompact discrete subgroup of SL2(R) and 0 G M 2 ( r ) is a 

quasimodular form of weight 2 on F which is not modular, e.g., <p = E2 if F is a 

subgroup of SL2(Z). In fact, we have the following 

Proposit ion 1.4.1 For a = I , I G SL2(Z), we have 

6c 
E2(a-z) = Ja(z)2E2(z) + -Ja(z) . (1.4.1) 

TTl 

This proposition can be proved in different ways, for instance one can use the fact 

that E2 is the logarithmic derivative of the modular discriminant 

which is a cusp form of weight 12; the derivation being —. 
2m dz 

The following result summarizes most of the properties of quasimodular forms 

Theorem 1.4.2 ([KaZa]) (i) The space of quasimodular forms on F is closed un­

der differentiation. More precisely, we have 

(Mp>) D M p M CM, (<P+I) 
fc+2 

for all k, p > 0. Here D denotes the differential operator 
2m dz 

(n) Every quasimodular form on F is a polynomial in 4> with modular coefficients. 

More precisely, we have 

Ml-p)(r) = ^mk.2r(F).^ 
r=0 

for all k, p > 0, where 9Jlj(F) denote the space of weight j modular forms on 

F. 



1.4. Quasimodular forms 29 

(in) Every quasimodular form on F can be written uniquely as a linear combination 

of derivatives of modular forms and of <fi. More precisely, for all k, p > 0 we 

have 

M(<P)(r\ - J ©"=0^(^-2r(r)) ifp < k/2, 
k [ } I e ^ o " 1 P r(9Jl fc_2r(r)) © C • Dk>2-^ ifp> k/2. 

In the case F = SL2(Z), with <j> = E2, the proposition implies the property that 

the graded ring C[P2, E\, E6] is closed under differentiation; provides another proof 

to the Ramanujan differential system in Chapter 5, Section §5.1.1; and produces 

another basic example of a quasimodular form, namely, the derivative of a modular 

form. 

We end this chapter by generalizing the definition of a quasimodular form. The 

above theorem implies that any holomorphic quasimodular form for F is holomorphic 

function that transforms this way 

/WUW = t/'W^)r(^)'.«""«=Ci) 
under the action of F, where fr is a holomorphic modular function on F of weight 

k — 2r and 0 is a weight 2 depth 1 holomorphic quasimodular form on F. If we ignore 

the growth condition, then we can define a meromorphic quasimodular form on a 

discrete subgroup of SL2(R) as follows 

Definition 1.4.3 A meromorphic function f of Sj is called a meromorphic quasi-

modular form on F of weight k and depth p if 

f{z)\k[a\ = J2 Uz)ct>(z)r ( ^ y . f°r M a = (c d) ' 

where fr is a meromorphic modular function on F of weight k — 2r and 4> is a weight 

2 depth 1 holomorphic quasimodular form on F. 

Thus defined, a similar statement to that in Theorem 1.4.2 holds with 9JIj(r) 

replaced by 9JI^(r). The quasimodular <fi in that proposition, however, may be chosen 
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to be holomorphic. We will use this generalization in Chapter 5 to list all equivariant 

forms. 



Chapter 2 

Equivariant forms for the modular 

group 

The notion of equivariant forms originates from the study of certain Schwarz dif­

ferential equation involving modular forms by [AASl]. The goal was to study the 

modularity of meromorphic solutions / such that the Schwarz derivative of / , de­

noted {/, z}, is a weight 4 modular form for a discrete subgroup G of SL2(R). This 

notion also appears in the context of elliptic functions in [Bra, Hei]. Indeed, for a 

lattice L = ZCJI + Zw2 with z = UJ2/UI G ?), the Weierstrass £-function is defined 

by £' = — p where p is the Weierstrass elliptic p-function. If 771 and r\2 are the 

pseudo-periods of £, then the fundamental equivariant form is given by 

ho = u>in2 

depends only on z and satisfy h0(a-z) = a-ho(z), a G SL2(Z). We will not pursue our 

investigation in this direction, we will however study equivariant forms in connection 

with modular forms. 

In this chapter, we begin by giving some preliminaries about the origin of these 

special functions. We then provide the formal definition of an equivariant form for 

31 
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the modular group SL2(Z). We also prove some results about these equivariant forms 

and give further generalizations. 

2.1 The Schwarz derivative 

The Schwarz derivative is a differential operator that appears in many contexts of 

mathematics. In particular, it is a useful toll in the theory of analytic functions and 

in the theory of automorphic forms, see [Ford]. It also plays an important role in 

[AAS2], where it leads to the notion of equivariant forms and is used to solve certain 

differential equations involving modular forms. 

For a meromorphic function on a domain (open and connected) of C, the Schwarz 

derivative, denoted {f,z}, is defined by 

2 

<'•*> - ( f ) ' - K £ ) (2ll) 
' fin Q f"2 2/7'" - 3/ 

2/'2 

It satisfies the following rules. 

Proposition 2.1.1 ([McSel]) We have 

• Chain rule: If w is a function of z then 

{f,z} = (dw/dz)2{f,w} + {w,z} . (2.1.2) 

• If f is a linear fractional transform of z, then {/, z} = 0. 

• Inversion formula: Ifw'(zo) ^ 0 for some point ZQ, then in a neighborhood of 

Zo, 

{z,w} = -(dz/dw)2{w,z} . (2.1.3) 
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This proposition can be verified using the definition of the Schwarz derivative, and 

suggests the question of finding meromorphic functions w(z) for which {w, z} = Q(z), 

for some given meromorphic function Q on some domain. This problem is equivalent 

to solving the differential equation 

y"(z) + ±Q(z)y(z) = 0 , (2.1.4) 

for which one can expect to obtain two linearly independent solutions yi(z) and y2(z). 

The quotient of these w(z) = —— is a solution to {w, z} = Q(z). Conversely, if w 
Vi\z) 

w 1 
is a locally univalent function such that {w,z} = Q(z), then yi = —, y2 = 

are two linearly independent solutions to (2.1.4). This yields, as a corollary, 

Proposition 2.1.2 We have 

• {/, z} = 0 if and only if f is a linear fractional transform of z. 

• {wi, zj = {w2, z) if and only if each function is a linear fraction of the other. 

Moreover, we have 

Corollary 2.1.3 Let a = ° J G GL2(C). Then 

{w,z} = ^ K « ^ } (2-1.5) 

Lastly, given a meromorphic function / , then, from the definition of the Schwarz 

derivative, one deduces the following 

Proposition 2.1.4 ([McSel]) The Schwarz derivative {/, z} of f has a double pole 

at the critical points of f and is holomorphic elsewhere including at simple poles of 

/• 
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2.2 The origin of equivariant forms in the context 

of Schwarz differential equations 

In studying solutions to certain Schwarz equations [AAS2], the authors show how 

the notion of equivariant forms did appear as exceptional solutions. More precisely, 

they were answering the following question: Given a meromorphic function / on fj 

such that {f,z} =: F(z) is a weight 4 modular form for a certain group GF, what 

can be said about the invariance group Gf of / ? In other words, is / modular for 

any discrete group ? In fact, this problem is the converse to another question which 

was first raised and solved in [McSel], namely given a modular function / for a 

subgroup Gf of SL2(R) then F(z) = {/, z] is a weight 4 modular form for a group 

Gp containing Gf. In particular, if Gf is a genus 0 discrete subgroup of SL2(R) and / 

is a Hauptmodul, that is to say that / generates the function field over this Riemann 

surface corresponding to Gf and having a simple pole at infinity, then GF is nothing 

but the normalizer of Gf in SL2(R). In conclusion, 

P ropos i t i on 2.2.1 ([McSel]) We have 

i. If f is a modular function for Gf then F(z) is a weight 4 modular form for Gf. 

n. If Gf is of genus 0 and f is a Hauptmodul for Gf, then F(z) is weight 4 

holomorphic modular form for the normalizer ofGf inside SL2(R). 

To make this statement concrete, we give the example (see [McSel]) of the prin­

cipal congruence subgroup T(2) of SL2(Z). The group T(2) is of genus 0, has no 

elliptic elements, and in this case, the lambda-elliptic function A due to Klein is a 

Hauptmodul for T(2). It is given by 

•d4 

\(z) = - f = I6q - 128g2 + 704g3 - 3072g4 + 11488g5 + ... , q = emz. 
"3 

Then, this proposition implies that {A, z} is a weight 4 holomorphic modular form 

for SL2(Z), the normalizer of T(2) inside SL2(R). However, the space of weight 
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4 modular forms for SL2(Z) is one dimensional and is generated by the Eisenstein 

series E4 (1 2 5) Therefore, {A, z} is a constant multiple of E4 Finally, a comparison 

of the first Fourier coefficients shows that 

{A, z} = 7T2E4 

More generally, it is shown m [AAS2] that for all values of n for which F(n) is of 

genus 0, notably 2 < n < 5, if /„ is a Hauptmodul for F(n), then 

4TT2 

In particular, this says that /„ for the above values of n is a solution to the Schwarz 

equation 

{/,z} = ^ P 4 (2 2 1) 

For the value n = 1, T(l) = SL2(Z), and m this case the modular j function, 

J A 

is a Hauptmodul for SL2(Z) and is no longer a solution to (2 2 1) Therefore, it is 

natural to ask for a solution of (2 2 1) in the case n = 1 

T h e o r e m 2.2.2 ([AAS2]) The function on S) defined by 

h4(z) = z + 4~ (2 2 2) 
E4 

is a solution to the Schwarz equation (2 2 1) 

The proof of this theorem is based on the following differential system of Ra­

manujan [Ramj] satisfied by the Eisenstein series P 2 , E4 and Ee 

1 dE2 1 / r^2 
(E2-E4), (2 2 3) 

2m dz 12 
1 dEi = l(E2E4-E6), (2 2 4) 

2m dz 3 
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1 dE6 !,„„ ^ 
= -(E2Ee-E

2
4). (2.2.5) 

2m dz 2 

The function in Theorem 2.2.2 turned out to be very special and obeys a certain 

transformation equation under the action of the modular group, namely, 

Theorem 2.2.3 ([AAS2]) The function h4 in Theorem 2.2.2 satisfies 

f(a- z) = a- f(z) 

for all a G 5X2(Z) and z G Sj. 

This theorem can be proved using the facts that SL2(Z) in generated by the 

matrices S and T, given at the beginning, and that E4 is weight 4 modular form for 

SL2(Z). 

The function h4 in Theorem 2.2.2 is the first example of an equivariant form. 

We now return to the details of the first question that we asked about the size 

of Gf if we only know that of Gp, the invariance group of F(z) = {/, z). In fact, 

this question may posed in an equivalent way. By definition P satisfies the modular 

equation 

{f(a -z),a-z} = F(a-z) = (cz + d)AF(z) = (cz + d)4{f(z),z} , 

for all a = I ) G GF, Z G $). However, as seen in Section §2.1, 
\cdj 

{f(a-z),a-z} = (cz + d)4{f(a-z),z}. 

Therefore, by Proposition 2.1.2, f(a • z) is a linear fraction of f(z) 

f(a-z) = $ a - f(z) , 

for some (invertible) matrix <E>a in GL2(C). Thus, we have a group homomorphism 

$ : GF —> GL2(C) 
a i—> $ „ . 
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The invariance group Gf of / is then the kernel of $. The notion of equivariant forms 

arises from the question of when is ke r$ trivial. For instance, it is the case if $ is 

the natural injection of GF into GL2(C); that is to say, when 

f(a • z) = a • f(z), for all z G Sj and a G GF • 

This is the type of functions we are studying in this work. 

2.3 Equivar ian t forms for t h e modu la r g roup SL»2(Z) 

The aim of this section is to provide the first family of equivariant forms involving 

holomorphic modular forms. 

2.3.1 Equivariant forms for SL2(Z) 

As seen in the previous section, the function h4 in Theorem 2.2.2 commutes with 

the action of SL2(Z). In this subsection we give the precise definition of a general 

type functions that are called equivariant forms. The terminology will be justified in 

Chapter 5. 

Definition 2.3.1 A meromorphic function h on f) is called an equivariant form for 

SL2(1J) if it satisfies 

1. h(a • z) = a • h(z), for all a G SL2(Z), and 

2. the function h(z) — z is meromorphic at infinity. 

A clarification to the second condition in this definition is as follows. Using 

condition 1. with a = T, we see that h(z +1) = h(z) + 1 so that the function h(z) — z 

is 1-periodic, and hence has a Fourier expansion in the local parameter q = e2mz. The 

meromorphy at infinity is then equivalent to saying that in this Fourier expansion the 

number of negative powers of q is finite. 
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We notice that the function ht(z) = z is a trivial example for such definition. 

The function h4 in Theorem 2.2.3 is the first example of such functions. In fact, 

we only need to check the second condition as the first one follows from Theorem 2.2.3. 

However, it is straightforward from the expression of E4 that it is meromorphic on fj; 

the meromorphy at infinity follows from the q—expansion of E'4, which is of the form 

cq(l + 0(g)), c = 480-7TZ. We now provide a more general example inspired from the 

above one. 

Theorem 2.3.2 ( [AASl]) Let f be a meromorphic modular form of weight k (k 

even) for 5X2(Z). Then the function 

hf(z) = z + kj& 

is an equivariant form for SX2(Z). 

We shall give the proof of this theorem as it provides a generalization of the first 

example of an equivariant form. 

Proof: To verify that hf satisfies the first condition of the definition it suffices to 

verify that for S and T, as SL2(Z) is generated by these two matrices. Now, from the 

invariance of / under translation, it is immediate that hf(z + 1) = hf(z) + 1. Also, 

from the transformation formula of / under S, namely 

/ (±W/M, 
one gets 

Hence, 

/ ' (-^) = kzk+1f(z) + zk+2f'(z) . 

hf\ — \ = — + k-f x z J z ' "Jkzf(z) + z2f'(z) 

-zf'(z) 
kzf(z) + z2f'(z) 
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On the other hand, one has easily shows that -——— is equal to the above, whence 
hf(z) 

hf(a z) = a hf(z) for all a G SL2(Z) The second condition follows from the fact 

that / has a g-expansion of the form qn°(ano + O(q)), for some finite index no I 

Before we provide other examples involving Eisenstein series, we give some key 

properties these functions 

Proposit ion 2.3.3 ( [AASl]) The modular forms cf, c a non-zero constant, and 

fn, n G Z x , give rise to the same equivariant form hf as f 

This proposition follows from the fact that the logarithmic derivative of / is the 

same for scalar multiples cf As for fn, its weight is kn and its logarithmic derivative 

is nf'/f, so that knf/nf = kf/f Note that the restriction to integer powers of / 

is made merely to avoid dealing with branch points 

Since these objects are not familiar, we give another example that involves the 

Eisenstein series E6 

Example 2.3.1 Let E& be the weight 6 Eisenstein series given by (1 2 6) Then the 

function 

he{z) = z + 6^ (2 3 1) 

is an equivariant form for SL2(Z) This also follows from Theorem 2 3 2, however, 

we would like to make use of the Ramanujan identity (2 2 5) and the transformation 

formula (1 4 1) for E2 to prove this fact We will prove this for the generators S and 

T of SL2(Z) 

The function can be also written as 

h6(z) = z + 6 , _ _6—=2T = z + 
m(E2E6 - El) (m/6)E2 - E2/E6 
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From this expression, it is easy to see that h6(z + 1) = h&(z) + 1. The verification of 

- 1 \ - 1 

z J h6(z) 

is as follows. The left hand side is equal to 

' - 1 \ -(E2-E
2/E6) 

hel — ) = 
z J z(E2 - E2/E6) + 6/(m) ' 

which can be verified to be equal to the right hand side 

- 1 = -(E2-E
2/E6) 

h6(z) z(E2 - E2/E6) + 6/(m) " 

Thus he is an equivariant form for SL2(Z). The meromorphicity at infinity follows 

from the invariance under T and the Fourier expansion of P 6 and its derivative. 

2.3.2 A first generalization 

All the results of the above section can now be generalized to the case of modular 

forms with multiplier systems. 

Theorem 2.3.4 Let f G 9JVk
n(SL2(1*), v), where k G R and v is a multiplier system 

associated to an automorphic factor on SL2(7,) of weight k. Then the function 

kf(z) 
h { z ) : = z + m 

is an equivariant form for SL2(Z). 

Proof: Let 7 = 1 , I G SL2(Z). Then, we have 
\cdj 

, . az + b k(cz + d)kv(a)f 
h(a • z) = + cz + d ck(cz + d)k+1v(a)f + (cz + d)k+2u(a)f 

(az + b)(ckf + (cz + d)f) + kf 

(cz + d)(ckf + (cz + d)f) 

akf + (az + b)f 

ckf + (cz + d)f ' 
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where we have used the modular identity ad — be = 1 to simplify the numerator. In 

the meantime, we have 

ah(z) + b 
a • h(z) = 

ch(z) + d 

(az + b)f'(z) + akf(z) 

(cz 4- d)f'(z) + ckf • 

The meromorphy of h(z) — z at infinity follows similarly as 

h(z)-z=k-M = k-M 

and by noticing that the factor v(T) in / = f(T • z) is independent of z, so that 

f'(z + l) = v(T)f'(z). I 

R e m a r k 2.3.1 So far, all the preceding examples involve only holomorphic modular 

forms. Actually, the purpose of this restriction was to give the first few examples and 

properties of these very special functions. We will shows in the next section that we 

can construct a more general class of equivariant forms. 

2.3.3 A second generalization 

A fundamental question would be to ask whether, all equivariant forms arise this way 

in the sense that they all arise from reciprocal of logarithmic derivatives of modular 

forms. It turns out that this type of equivariant forms accounts only for a small class. 

E x a m p l e 2.3.2 Let h be the function defined by 

4P 4 h(z) = z + 
E4 + p6 

Then h is an equivariant form for SL2(Z). To verify that we only check the first 

condition of the definition as the second follows similarly as in the above examples. 
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Here again we use the fact that SL2(Z) is generated by S and T. The invariance of 

the Eisenstein series E4 and P 6 and of E'4 under T implies that 

h(z+l) = h(z) + l 

For h(—\/z), we have 

h[zl\ = zl+ **** 

On the other hand, 

z J z (AzbE4 + zeE'4 + zeE6 

~(E'4 + E6) 

z(E'4 + E6) + 4P4 • 

- 1 - 1 

h(z) z + 4E4/ (E'4 + P6) 

~(E'4 + E6) 

z(E'4 + P6) + 4P4 

This proves our assertion. 

Remark 2.3.2 The equivariant form in the above example can not be represented 

as in Theorem 2.3.2. In fact, it is the first example of a larger class of equivariant 

form as it will be seen later. The verification of this fact could be done by using the 

fact that E4 + E$ is a quasimodular form or using Ramanujan's differential system. 

Indeed, using the Ramanujan identity for E4 and the expansions of E4, P 6 and E4 

about the zero p, the cubic root of unity, of E4 one finds that the residue at this point 

of (P4 -I- Ee)/E4 has residue 1 + 2m/3, which is not a rational. 

More generally, we have 

Theorem 2.3.5 Let f and g be (meromorphic) modular forms for 5X2(Z) of respec­

tive weights k and k + 2, where k G R. Then, the function 

h(z) = z + —-— — 
f'(z)+g(z) 

is an equivariant form for SL2("Z). 
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Proof: The meromorphy of h(z) — z at oo follows from the fact that / and g are 

meromorphic on Sj and at infinity and from their Fourier expansion at oo. The first 

condition can be verified as follows. Let 7 = 1 I G SL2(Z). Then, we have 
\cdj 

az + b k(cz + d)kf 
h(a- z) = - + cz + d ck(cz + d) f e + 1 / + (cz + d)k+2(f + g) 

(az + b)(ckf + (cz + d)(f + g)) + kf 

(cz + d)(ckf + (cz + d)(f + g)) 
akf + (az + b)(f + g) 

In the meantime, we have 

a • h(z) 

ckf + (cz + d)(f> + g) ' 

ah(z) +b 

ch(z) + d 

(az + b)(f' + g) + akf 

(cz + d)(f + g) + ckf ' 

This concludes the proof. 

Remark 2.3.3 Theorem 2.3.5 can be generalized only to modular forms with con­

stant multiplier systems for the equivariance property would force both / and g to 

have the same multiplier system. However, using the definition of a multiplier system 

mentioned in Chapter 1, it can be shown that a multiplier system v for both weights 

k and k + 2 (k G R) is constant. 

2.4 Equivariant forms without fixed points 

In this subsection we consider a subset of the set of equivariant forms having very 

interesting properties. Let h be an equivariant form, and let a G SL2(Z) be an elliptic 

element with fixed point z0 G $). Then, we have 

h(a • ZQ) = h(zQ) = a • h(z0) • 
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Therefore h(zo) is also a fixed point of a, and thus 

h(z0) = z0 or z0 

as an elliptic element fixes exactly two complex conjugate complex numbers. 

Definition 2.4.1 An equivariant form h is said to be equivariant form without fixed 

points if 

• there is no z G io such that h(z) = z; 

• infinity is not a fixed point of h in the sense that 

lim (h(z) - z) ^ 0 . 
ZH->00 

From the above discussion, we have 

Proposition 2.4.2 ( [AASl]) Let h be an equivariant form without fixed points for 

SL2(X). Then, for any elliptic element a G SX2(Z) with fixed point z0 G $j, we have 

h(z0) = ~z0 • 

Example 2.4.1 Let A be the modular discriminant. Then, we know that 

2Vi A = E2 ' 

where E2 is the Eisenstein series in (1.2.4). Hence, the function 

h0:=z +12— = z + —— 
A' mE2 

is an equivariant form for SL2(Z) a consequence of the Theorem 2.3.2. As the Eisen­

stein series is holomorphic on f) and at infinity, it follows that the function h0(z) — z 

never vanishes on io*. Hence, h0 is an equivariant form without fixed points for 
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SL2(Z). Furthermore, as i and p := ( — 1 + iy2>)/2 are representatives of the elliptic 

points of SL2(Z), and by Proposition 2.4.2 we have the special values of h0 

ho(i) =-i, h0{p) = P-

The equivariant forms h4 in (2.2.2) and he in (2.3.1) have fixed points as h4(p) = p 

and he(i) — i. We notice that using the Ramanujan differential (2.2.4) and (2.2.5) 

we have that E'4(p) = —2mE6(p)/3 and E'6(i) = —mE4(i)
2. As P 4 and Ee vanish 

respectively only at p and i, the fact that E'4(p) ^ 0 and E'6(i) ^ 0 follows; i.e. h4 

and he have a fixed point. 

This example and its generalization play an important role for the algebraic 

structure of the set equivariant forms as will be seen in Chapter 4. We will also show 

therein that the two classes of equivariant forms, the one that arises from logarithmic 

derivatives of modular forms and that of equivariant forms without fixed points, form 

subspaces of the space of equivariant forms. 

We end this section by giving an example of an equivariant form with fixed points 

at cusps only. 

Example 2.4.2 Consider the following function 

12A(z) 
h(Z)'-Z+ A'(z) + E2(z)Ee(z) ' 

where E4, Ee are respectively the Eisenstein series of weight 4 and 6 and A is the 

modular discriminant. Then, by Theorem 2.3.5, h is an equivariant form for SL2(Z). 

Also, h has no fixed points on Sj as the denominator in h(z) — z is holomorphic on f) 

and A does not vanish on Sj, yet, at infinity 

lim (h(z) - z) = 0 
21—>00 

as A' + E\Ee = 1 + O(q) and hence h(z) — z = 12A(1 + O(q)) vanishes at infinity 

since A does. This proves our assertion. 



Chapter 3 

Rational equivariant forms 

In this chapter we investigate the connection between equivariant forms and modular 

forms. More precisely, we study conditions under which an equivariant form h arises 
f(z) from a modular form / via the formula h(z) = z + k . Such equivariant form will 
/ ' (*) 

be called rational equivariant form; a term that will be justified below. 

3.1 Equivariant forms for modular subgroups 

The aim of this section is to generalize the definition of an equivariant form for SL2(Z) 

to any subgroup of finite index of SL2 (Z). In fact such definition is easily generalized 

to any discrete subgroup SL2(R). However, for the sake of clarity and in order to be 

able to provide concrete examples, we restrict ourselves to subgroups of SL2(Z). 

3.1.1 The slash operator on equivariant forms 

In this section we define the notions of unrestricted equivariant functions and equiv­

ariant forms for a subgroup of SL2(Z), and also introduce the notion of the slash 

operator on unrestricted equivariant functions. 

Definition 3.1.1 A function h : Sj —> C is called an unrestricted equivariant 

46 
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function for a finite index subgroup F of SL2(Z) if it commutes with the action of F 

on ft. In other words, if it satisfies 

h(a • z) = a • h(z) 

for all a G T and z G f). 

In this definition, by "unrestricted" we mean that we do not have to worry about 

the type of singularities that h may have, especially at cusps. 

We now define the slash operator for unrestricted equivariant functions. There 

is an action of SL2(R) on the space of meromorphic functions on fy given as follows. 

For / meromorphic on Sj and 7 = I I G SL2(Z) 
\r s) 

fUl](z)=J1(z)-2f(z)-rh(z)-1 . 

Indeed, for elements of SL2(Z), ft = I J, 7 = I ), we have on one hand 

fUH{z)=J01(z)-2f(M-z) - (cp + dr)jPl(zYl . 

On the other hand, 

/ I l 2 » [ 7 ] ( * ) = h(z)-2fU/3](l-z)-rh(z)-' 

= h(z)~2 {3pin • z)~2f(h • z) - C J / 3 ( 7 • z)"1) - rh(z)-1 

= 3fr{z)~2f(h • z) - cj7(z)-2j / 3(7 • z)-1 - rh(z)~l . 

To conclude, an easy computation shows that 

cj7(z)~2J/3(7 • z)-1 + rj^z)'1 = (cp + dr)jfr(z)-1 . 

The slash operator for the equivariant functions is defined through the above 

action on the function h(z) = (h(z) — z)~l, where h is an equivariant function. 

Using this definition we have 

Proposition 3.1.2 Let h be a function on Sj. Then h(z) is an equivariant function 

for F if and only if h\\2[y](z) = h(z) for all 7 G F. Moreover, if —12 G F, then 

hU-y](z) = hWr]{z). 
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Proof: The first part follows from the definition of the slash operator. Indeed, for 

7 = I ) G T we have 
\r sj 

/i(7 • z) = 7 • h(z) o h(-y • z) = h(z)h(h(z))h(z) «• 

h(z)-2h(7 • z) = '-j^Hz) • 

j (h(z))~ _ ~ 
However, jy(h(z)) = c(h(z) — z) + jy(z) so that ———— h(z) = j1(z)~2h(z) + rjy(z). 

^ J7V2) 

Thus, h is equivariant if and only if fo||2[7](z) = h(z). The second part is a conse­

quence of j_7(u>) = —j1(w) for w e C . I 

The second part of this proposition simply says that we may assume that F 

contains —1 2 . We will see in Chapter 4 that this proposition has other consequences. 

3.1.2 Equivariant forms: The general definition 

We now give the precise definition of an equivariant form for a subgroup F of SL2(Z) 

containing —1 2 ; a condition that we assume for the rest of this work. 

Definition 3.1.3 An unrestricted equivariant function h : S) —> C for F is called 

an equivariant form for F if it is meromorphic on io and at the cusps of F (in the 

sense defined below). 

First, we disregard the condition of the meromorphy at cusps if F has no cusps. 

Otherwise, let s be a cusp of F. Then in this definition, the meromorphy condition 

at the cusp s means the following. Choose 7 = 1 , ] G SL2(Z) such that 7 • s = 00. 
\cdj 

Then the isotropy group of s, Fs = {a G T| a • s = s}, is conjugate by 7 to the cyclic 

group generated by Tls, for some positive integer l s G Z which is known as the cusp 

width of T at the cusp s. This, therefore, implies that the function ^||2[7-1](20 ^s 

invariant under 7 r s 7 _ 1 = (Tls), which is equivalent to saying that it is ^-periodic. 
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Hence, it has a Fourier expansion in the local parameter qs = exp(2mz/ls) of the 

form 

h\\2h-1}(z)= J2 ^€-
m>ms 

We say that h is meromorphic at s if the integer ms is finite. 

R e m a r k 3.1.1 • The above condition is independent of the choice of 7. 

• If the above condition is satisfied at a cusp s, then it is satisfied at any equivalent 

cusp to s under F. 

In the following we show how to obtain an equivariant form for a conjugate group. 

P ropos i t i on 3.1.4 Let Ti, T2 be two subgroups of SL2{12). Suppose that Ti and F2 

are conjugate subgroups of SL2("Z), that is there is an element a G SX2(Z) such that 

Ti = aF2a~l. Then if hi is an equivariant form for Ti, the function 

h2(z) = a - 1 o hi o a(z) 

is an equivariant form for F2. 

Proof: The equivariance of h2 follows from the fact that every 72 G T2 has the 

form 72 = a _ 1 7 i a for some 71 G Ti. Thus, h2 is an equivariant function for T2. To 

conclude it suffices to show that h2 is meromorphic at cusps. For this we will show 

that 

h2(z) = hi\\2[a](z) , 

with hz(z) = (K(z) — z)~l, i = \,2. 

We have for a = 

£ ,s =
 l

 = 3a-i(hi(a • z)) 

a~1hi(a • z) — z dhi(a • z) + czhi(a • z) — az — b 

—chi(a • z) + COL • z — ca • z + a 

]a(z)(hx(a • z) - a- z) 

a b 

c d 



3.2. Equivariant forms and modular forms 50 

—c hi{a • z) r n r i/ \ 

= W) + lMr'hMa]{zh 

since — COL • z + a = ja(z)~l. 

The meromorphy of h2 at a cusp s of T2 follows from that of hi at the cusp a • s 

since hi is an equivariant form so that h2(z) = hi\\2[a](z) is meromorphic at infinity. I 

The identity h2(z) = hi\\2[a](z) is interesting as it shows that the behavior of 

hi at cusps is exactly that of h2 at infinity, and constitutes a property of the slash 

operator on equivariant forms. 

3.2 Equivariant forms and modular forms 

In this section we study equivariant forms in connection with modular forms leading 

to what we call rational equivariant forms. We also focus on the particular case when 

the equivariant forms do not have fixed points. 

3.2.1 Rational equivariant forms 

The first examples of equivariant forms for SL2(Z) we have encountered were those 

arising from reciprocal of logarithmic derivatives of modular forms on the modular 

group. They have the following particularity. For a weight k G Z + modular form, 

let hf(z) = z + kf(z)/f'(z) be the associated equivariant form. Then, one easily sees 

that any zero of hj1 = hf(z) — z, which is also a zero of / , is a simple zero and that 

the residue of hf at this zero is a rational number which is given by n/k, where n is 

the multiplicity and k is the weight. We will show that if this property holds for an 

equivariant form h for a subgroup F in addition to a rationality consideration at the 

cusps, then h = hf for a certain modular form / for F. This also includes the case of 

modular forms with a multiplier system. Indeed, if / has a multiplier system then fm 
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would have a trivial multiplier system for some m G R, which is due to the finiteness 

of the number of generators of the subgroup F. On the other hand, Proposition 2.3.3 

implies that / and fm produce the same equivariant form. 

Definition 3.2.1 An equivariant form h is called a rational equivariant form if it 

arises as h = hf, for some modular form of the general type. 

Theorem 3.2.2 Let f G VJt^(T, v). Then the function hf given by 

h,{z) = z+W) 
is an equivariant form on F. 

Proof: To prove that hf is an equivariant form, we only need to look at the 

behavior at cusps. 

Let s be a cusp of F. Choose 7 = 1 ) G SL2(Z) such that 7 • s = 00 and, 
\cdj 

so, the isotropy group of s is conjugate by 7 to the group generated by Tls, for some 

/ S G Z . Then we have 

hfUl'1} = J 7 - i ( z ) - 2 ^ / ( 7 - 1 - z ) + c j 7 - i (z ) - 1 

j^(z)-2f(rl-z) , . ! 
= Wr1-*) +Ch~l{z) 

j 7 - 1 ( z ) - 2 / - ( 7 - 1 • z) + cfc j 7 - 1 (z) - 1 / ( 7 - 1 • z) 

kfd'1 • z) 

3,Az)-k-2f'(l-1 • z) + cA:j7-1(z)- f c-1 /(7-1 • z) 
kf(l~l • z) 

(by (1.2.2)) 

where 

kf(z)\kb-'] 

(A-K*))'; 
kf1-i(z) 

/7-1(z) = ^(^)-1/(z)| f c[7-1] 
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and /(z)|fc[7~1] denotes the action of the slash operator on the weight k modular form 

/ (see Section §1.2.2). Hence, as the function / 7 - i (z ) is invariant under Tls, so that 

it has a Fourier expansion 

/ 7 - 1 ( z ) = ^ a ^ s " 
n=ns 

in the local parameter qs := e
2mz/1^ ls being the cusp width at s, with ns finite as 

/ is meromorphic at cusps, the function ^/||2[7_1](z) has a Fourier expansion in the 

parameter qs with only a finite number of negative indices. Thus hf is meromorphic 

on f) and at the cusps, that is to say that hf is an equivariant form for F. Note that 

two conjugate subgroups of SL2(Z) share the same set of cusps. I 

The function has the particularity that hf has simple poles on Sj and at cusps. 

Also, one conclude that the behavior at cusps of hf is given by that of / . 

In the following proposition we show how conjugation conserves rational equiv­

ariant forms. 

Proposition 3.2.3 Let r l 5 T2 be con3ugate subgroups of SL2(X), say Ti = a r 2 a _ 1 

for a G SX2(Z). Let f G 9JI™(r, u), and denote by hf(z) the equivariant form 

z + kf(z)/f'(z). Then the function 

kfa(z) 
a ~lhf(a • z) = z + 

is an equivariant form for F2, where 

fa(z) = v(Tl°y1f(z)\kloL] 

is as in Section $1.2.2. 

Proof: The fact that a~lhfOL is an equivariant form for T2 follows from Propo­

sition 3.1.4. The expression of gf := a"lhfa is a consequence of g/(z) = /i/||2[a](z) 
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with gf(z) = (gf(z) - z)~\ hf(z) = (hf(z) - z ) ' 1 and hf\\2[a)(z) = {M^-. 

Recall the theta functions from Section §1.2.3, which are modular forms with 

non-trivial multiplier systems. Then using their eta-products and the fact that the 

Eisenstein series E2 is the logarithmic derivative of the r\ function, we have 

h{z) •= z + -^j\ = z + 
2d'2(z) 8m(4:E2(4:z) - £2(2z)) ' 

f M , Mz) M 24 
Mz) := Z+7^F7^ = z + 2#'3(z) 2m(5E2(2z) - E2(z) - 4E2(4z)) 

r , , MZ) 1 
Mz) ••= z+—^- = z + 

(3.2.1) 

2d'4(z) Am(E2(z) - E2(2z)) ' 

These functions are rational equivariant forms for the conjugate subgroups of r0(2) 

(see Section §1.2.3). 

Another important example is the case of modular forms with character. Let 

N > 2 be an integer and let x be character modulo N. Let / be a weight k G Z, k > 

2, (holomorphic) modular form on the principal congruence subgroup F(N) with 

character x- These type of functions play an important role in the study of spaces of 

modular forms [Ko]. For instance, the structure of the space of holomorphic modular 

forms of integer weight k > 2 and constant multiplier system on F(N) decomposes 

as a direct sum of the spaces of holomorphic modular forms of the same weight and 

Dirichlet character modulo Af on F(N), i.e., 

mk(F(N), l) = (BxTlk(F(N), X). 

Recall that a Dirichlet character modulo Â  is a group homomorphism x '• (Z /AZ) x —• 

C x . Note that there is a finite number of such characters. 

The following result is a generalization of Theorem 2.3.5 that goes beyond the 

rational equivariant forms. 
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T h e o r e m 3.2.4 Let f and g be modular forms for F of respective weight k andk + 2, 

where k is a positive integer fcgK. Then, the function 

h(z) = z + —— - T 

f'(z) + g(z) 

is an equivariant form for F. 

The proof of this result follows a similar pattern to that of Theorem 2.3.5 for the 

equivariance and that of Theorem 3.2.2 for the analysis at cusps, though the situation 

is simpler in this case as the multiplier system is constant. 

3.2.2 Equivariant forms without fixed points 

The first example of an equivariant form without fixed points we dealt with was the 

(rational) equivariant form involving the modular discriminant (which is a cusp form), 

namely 
u , s l2A(z) 
ho(z) = z + A'(z) 

Recall that the modular discriminant is given by 

A(z) = n24(z) = qY[(l-qn)24, q = e2 JllTlZ 
J- - </ ) , q = c 

71=1 

where n is the Dedekind eta function. As mentioned earlier the logarithmic derivative 

of the modular discriminant is the Eisenstein series E2 

1 A'(z) „ , x 

The equivariant form h0 has the property that ho(z) = (ho(z) — z)~l does not vanish 

on fj and is holomorphic at infinity. We look at h0 as an equivariant form for any 

subgroup T of SL2(Z). In fact, if h is an equivariant form SL2(Z) then it is also for 

any of its subgroups, and the behavior of h at all cusps is exactly that at infinity as 

infinity represents all cusps of SL2(Z). 
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Definit ion 3.2.5 Let h be an equivariant form on F. Then h is said to be an equiv­

ariant form without fixed points if the following two conditions are met 

1. h has no fixed points in f>; 

2. h has no fixed points at cusps. In other words, for every cusp s, if a G SX2(Z) 

is such that a - oo = s, then lim /i||2[a](z) is finite. 
Zl—>oo 

As a first example of this type of function, the equivariant form without fixed points 

h0 is still an equivariant form without fixed points on any subgroup of the modular 

group. We will give a large class of equivariant form without fixed points in the next 

chapter. We will also show that for genus zero subgroups, h0 is the only equivariant 

form without fixed points. 

Now, recall the examples of the rational equivariant forms in (3.2.1). Then from 

their expressions, it is easily seen that they do not have fixed points on Sj and at 

cusps, that is, they are equivariant form without fixed points. To see that, we will 

treat the case of d2 as the other two cases are dealt similarly. The fact that f2 has 

no fixed points on io follows from the fact that 4E2(4z) — E2(z) is holomorphic on $). 

For the cusps, we know that r0(2) has exactly two inequivalent cusps represented by 

0 and oo. At infinity, with f2(z) = (f2(z) — z ) _ 1 , we have 

lim h2(z) = lim 8vri(4£2(4z) - E2(2z)) = 24m . 
z\->oo zi—>oo 

For the cusp at 0, we know that S • 0 = oo, where S = I j . Hence, using the 

transformation formula for E2 (see (1.4.1) in Chapter 1), we have 

/2||2[S](z) = z~28m(4E2(-4/z) - E2(-2/z)) - z"1 

= z~28m (jE2(z/4) - ~E2(z/2) - ^ ) - z"1 

= 8m{^E2(z/4)-\E2(zl2)-^-z-^ 
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Thus, 

l im/2 | |2[5](z) = 0, 
zi—>oo 

as 

E2(z) = l + 0(q) 

and so tends to 1 at infinity. Therefore f2 is an equivariant form without fixed points. 

The verification of the other two cases, whose equivariance subgroups are conju­

gate to that of f2, could be deduced from the following. This proposition simply says 

that conjugation preserves the class of equivariant forms without fixed points. 

Proposition 3.2.6 The notation being the same as in Proposition 3.1.4, if hi is an 

equivariant form without fixed points for Ti then so is h2 for F2. 

Proof: We only need to verify the fixed points as it follows from Proposition 3.1.4. 

On f), if z is a fixed point of h2 then a • z is a fixed point of h\. At cusps, the identity 

h2(z) = ^i||2[a](z) shows that if s is a cusp fixed by h2 then a-s is a cusp fixed by hx. I 

3.3 Rational equivariant forms: The converse 

The aim of this section is to investigate the conditions under which an equivariant 

form is a rational equivariant form. More precisely, we study the optimal analytic 

conditions that allow an equivariant form to arise from a modular form. 

3.3.1 The converse 

The purpose of this subsection is to give the necessary and sufficient conditions for a 

equivariant form to be a rational equivariant form. For the sake of a simple exposition, 

we restrict ourselves to the class of congruence subgroups of SL2(Z). We will use the 

group representation of a Fuchsian group of the first kind mentioned in Section §1.1. 
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Let h(z) = hf(z) = z + kf(z)/f'(z) be a rational equivariant form, where / is a 

weight k modular form, then the poles of h(z) = f'(z)/kf(z) are located at the zeros 

of f. Moreover, any such pole Zo is simple and the residues of h at ZQ is given by the 

rational number n/k where n is the multiplicity of / at ZQ. AS for the cusps one can 

show that hf satisfies lim fo||2[7](z) = a7 G 2mQ for all 7 G SL2(Z), indeed, using 
ZI-S-OO 

the Fourier expansion of (/(z)|fc[7], one sees that /i||2[7](z) = is given by 
kj(z)\kn\ 

2mioi/k where no is the order of /(z)|fc[7] at 00. 

Lemma 3.3.1 Let F be a congruence subgroup of SL2(JJ) and let h be an equivariant 

form for F. Then in the closure of a fundamental domain of F the function h(z) — 

(h(z) — z ) _ 1 has only a finite number of poles. 

Proof: We will show that the function /i||2[7_1](z) does not vanish in a neighbor­

hood of infinity for all cusps s that are vertices of the chosen fundamental domain, 

where 7 G SL2(Z) such that 7 • s = 00. Since h is an equivariant form, we know that 

h(z) is meromorphic on Sj and has a Fourier expansion at infinity. Hence, there is 

A > 0 such that for every z G fj with 9(z) > A we have h(z) ^ 0, that is to say 

that h(z) ^ z. If a vertex of the fundamental domain of T is at a cusp s and that 

this cusp is a pole of h(z), then again the function ft||2[7_1](z) does not vanish in 

a neighborhood of infinity in $j. Therefore, all the poles of h(z) at vertices of this 

fundamental domain can be isolated. Note that at these latter the number of the 

poles is finite. In the rest of the fundamental domain, the meromorphic function h(z) 

has a finite number of poles and the lemma follows. I 

The notation being as in the above lemma, we have 

Lemma 3.3.2 Suppose that the poles in $j of h(z) are simple and have rational 

residues, then these residues have bounded denominators. 



3.3. Rational equivariant forms: The converse 58 

Proof: We will show that any equivalent points have the same residue, and then 

use the fact that in the closure of a fundamental domain of F the meromorphic 

function h(z) has only a finite number of poles by the previous lemma, to deduce 

that if the residues are rational numbers then their denominators are bounded. Let 

zo be a pole of h(z). Then, as ZQ is a simple pole of h(z), and in particular h(z0) = z0, 

we have 
KesZo(h(z)) = lim 

z^zo h(z) — z 

l im -rj— 
ZH^ZO n(z) — z 

= lim 

Z~ ZQ 

1 

ZH->Z0 h(z) — h(z0) 

z - z0 

1 

h'(zo) - 1 ' 

To conclude the proof it suffices to prove that h'(zo) = h'(a • z0), for every a G F. 

Since h(a • z) = a • h(z) and by differentiating both sides of this equality, and using 

—OL-Z = (3a(z))~2, we get 

TzK°"z) = 3^zJ2h'{a'Z) 

h'(z) 

3a(h(z)Y 

Substituting z with z0 yields the lemma. 

We will also need the following lemma. 

Lemma 3.3.3 Let a = [ , 1 G T be a parabolic element. Then the fixed point of a 
\c d 

is s = (a — d)/2c. Furthermore, 3a(s) = ± 1 . 
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Proof: A simple computation shows that a fixes s = (a — d)/2c, the unique fixed 

point of the parabolic element a. The second part follows from the definition of ja(z) 

and that the trace of a parabolic element is ±2 for the parabolic elements of SL2(Z). I 

Theorem 3.3.4 Let F be a congruence subgroup. Suppose that h is an equivariant 

form for F satisfying the following conditions: 

1. the poles in Sj of the function h(z) are simple with rational residues. 

2. for every cusp s, 

lim ftlbb'-1]^) = as 

exists and satisfies as G 2mQ, where 7 G SL2(X) is such that 7 • s = 00. 

Then there is a weight k, k G N, modular form f onF such that 

h(z) = z+W)-
Proof: Assume that the conditions 1. and 2. hold. Let A; is a positive integer 

chosen to be a multiple of the denominator of the residue of h(z) at any (simple) pole, 

which is possible according to Lemma 3.3.2 and such that kas G 27r«Z for any cusp s 

which is possible since we have finitely many nonequivalent cusps. Let z0 £ Si, not 

being a pole of h(z). Define a function / by 

f(z) = exp I / kh(u)du \ . 

This function is well defined as the integral is independent of the path of integration. 

Indeed, let Si , E2 be two paths joining ZQ and z that do not containing any pole of 

h(z). Then 

kh(u)du = 2irki } j Res(h(z), z) G 27riZ, L S1UE2 
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where the sum is over the poles of h(z) interior to Si U S 2 which we orient positively. 

Thus, 

L kh(u)du = / kh(u)du + 2mni 
1 JT,2 ' S I 

for some m G Z, and so / is well-defined. We extend / to a meromorphic function 

on the set S of poles of h(z) in the following way. Let r (an integer) be the residue 

of kh(z) at a pole zi. If r > 0 we define f(z\) = 0 to make / holomorphic at zi and 

the order of / at z\ is r. If r < 0 then z\ is a pole of / of order —r. Thus / is a 

well-defined meromorphic function of Sj satisfying 

kf(z) hiz)=z+M-
We may assume that k is even. 

fa b\ 
We now proceed to verify the modularity of / . Let a = G F. Then, we 

\cdj 

have f(a • z) = ga(z)f(z), where 

Sa(z) = exp I / kh(u)du J . 

Taking the logarithmic derivative of ga yields 

9'a(z) d - - kc 
= —{a • z)kh(a • z) — kh(z) = 9a(z) dz ja(zY 

since —a • z = (ja(z))~2, and 

— (a • z)h(a • z) = ja(z)~2 (ja(z)2h(z) + cja(z)^j 

as h is an equivariant form. Hence, ga(z) = Da(cz + d)k, for some Da G C x . In fact, 
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this defines a group character D : F —> C x . Indeed, let a, j3 G F. We have 

9ap(z) = Da0(jaP(z))k 

rap z 

= exp l / K,ti[u)du 
/

ap z 

kh(u)di 

exp I / kh(u)du j exp I / kh(u)du J 

= ga(P • z)gp(z) , 

which implies that Da/s3aff(z)k = Daja(l3 • z)kD$3p(z)k. In the meantime, jap(z) = 

ja(j3 • z)jp(z) since j is an automorphic factor. Therefore, 

F>a0 = DaD/3. 

This proves, in particular, that / is a weight k modular form on F with multiplier 

system D. 

Next, we use the conditions of the theorem to investigate the nature of the 

character D. We will do so for a being one of the elliptic, parabolic and hyperbolic 

generators of F which are in finite number. 

• a is elliptic: First note that Di2 = 1 and since a has a finite order, say ma, 

we have D™a = 1, that is, Da is an ma—th root of unity. 

• a is parabolic: Let s be the cusp fixed by a. Choose 7 = [ ) G SL2(Z) 
\r sj 

so that 7 • s = 00. Making the substitution u = 7 l • w in the expression of ga(z), we 
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get 

( fyct z ^ 

/ j1-i(w)~2h('j~1 • w)kdw 

= exp I \^-r31-i(w)~1+ h\\2[y~1}(w)J kdw 

(
pa z ^ \ 

/ h\\2[y~1](w)kdwj 

= j7(a • z)~kjy(z)k exp / I as + ^ ^ ara exp(2mnw/ls) ] fcdu> 
V ^ 2 V n>l / / 

since j 7 - i ( 7 • "u) = J7(u) for all u G C and by assumption 

hUT'Kz) = as + £ > „ < £ , qs = e2™/*. . 
n>\ 

As for the bound TPs/y • z integration, since a belongs to the isotropy group Fs of 5 

it follows that ja = TP s7 for some ps divisible by the cusp width ls at the cusp s. 

Hence, 

9a(z) = 3j{a • z)~k31(z)k exp (kasps) = jy(a • z)~kj1(z)k , 

as kas G 2-7riZ and that the function z K-> exp(2-7nz/Zs) is periodic with period ls. 

Notice that the difference of the bounds of integration TP s7 • z and 7 • z equals to ps 

which is divisible by ls. Thus Da = (jQ(z)j7(a • z))~kj1(z)k. 

Taking the limit as z tends to 5 so that az tends to s and by Lemma 3.3.3 ja(z)k 

tends to 1, we get that Da = 1. 

• a is hyperbolic: The case of a hyperbolic matrix reduces to the parabolic 

case. More precisely, since F is a congruence subgroup, say of level N, we will use the 

fact that a power of this element can be written as a product of parabolic matrices. 

Indeed, if a G F is hyperbolic, then there exists na G Z such that aUa G F(N) as 

F(N) has finite index in F. Put ot\ := aHa = I , so that 
cA 1 + dN 

)cN2 * \ 
1 ~ \,* 1 + d2A2 + 2dA + 6cA2J 

, ,'1 + a2 N 2 + 2aA + bcA2 * \ 
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'1 N\ / 1 0 
Meanwhile, if we let T/v = ( 1, <Sjv = ) G F(N), we have 

P 
_ rr{a*+2bc+<P)+2(a+d)/N c (l + N2(a2 + d2 + 2bc) + 2A(a + d) * \ 

-TN SN - {* l) 
Note that, since det(oji) = 1, we have a + d = N(bc — ad), that is N\(a + d) and 

so P G T(A). Now, since the elements a\ and /3 have the same trace, there exists, 

by Corollary 1.1.2, 7 G SL2(Z) such that OL\ = 7/?7_1. Hence, a2na is the product 

of parabolic elements belonging to F(N) C F. Therefore, as D is a group character, 

Da2na = (DQ)2na = 1 using the parabolic case. 

In conclusion, we have established that / is weight k modular form with character 

D such that Da is an ma—th (respectively n a-th) root of unity if a is an elliptic 

(respectively hyperbolic) generator and Da = 1 for parabolic generators. Let m be 

the least common multiple of the exponents ma and na. Then fm is a modular 

form of weight km (with trivial multiplier system). However, by Proposition 2.3.3 (in 

Chapter 2), / and fm give rise to the same equivariant form. Therefore, without loss 

of generality, we may assume Da = 1 for all a G F to make / a modular form for F. 

To conclude we only need to check the meromorphy at the cusps. Let s be cusp 
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and choose as before 7 G SL2(Z) such that 7 • s = 00. Then we have 

fizM-y-1] = 3^{z)-kf(Tl-z) 

= jy-i(z) fcexp( / kh(u)du\ 

= 31~i(z)~k exp I / 31-i(w)~2h(-f~l • w)kdw 1 

= j 7 - 1 ( z ) - f c e x p ( | " (h\\2[1-
1](w)-rJl-1(z)-1)kdv?j 

= J 7 - i (7 • Zo)~fcexp I / as + } ^anexp(2mwn/ls) j fcdiy j 
\A 2o V n>l J J 

= 3jizo)kexp(kasz)-

exp I fcasa • z0 + Na n (exp(27unz/£ s ) — exp(27riri7 • ZQ/IS)) 

\ n>\ J 

= exp(kasz) • holomorphic term at infinity , 

since z and a-z0 belong tofj so that the series N^an(exp(27rznz//s) — exp(27n7-z0//s)) 
71>1 

converges normally. Therefore, /(z)|fc[7_1] = g"s • holomorphic term at infinity, 

since fcas = 2-nikns G 27rzZ. Thus / is a meromorphic modular form of weight k on 

r. I 

Remark 3.3.1 • A proof of the particular case F = SL2(Z) appears in [AASl], 

where the situation is much simpler as the set of inequivalent cusps is repre­

sented by infinity. Also, the set of generators the genus zero group SL2(Z) 

consists of the parabolic element T and the elliptic element S only, whereas for 

a subgroup we may have all three sorts of transformations. 

• The conditions of this theorem are optimal since there are equivariant forms 
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which do not satisfy either condition 1. or condition 2. For instance, the 
AF ^ 

equivariant form h(z) = z+ — — from Example 2.3.2 has a residue Kesph = 
E4 + Ee 

1 — 3/2-7TZ at p which is not rational and thus does not satisfy condition 1. Also 

the equivariant form 

h(z) = z + 12 — — = z + 12q + o(q) as q —> oo 
A + Ei4 

does not satisfy the second condition of the theorem as h has a pole at oo. 

3.3.2 The effect of the Schwarz derivative 

The following result was implicit when we motivated the notion of equivariant forms in 

Chapter 2. It yields another close connection between equivariant forms and modular 

forms. 

Proposit ion 3.3.5 Let h be an equivariant form for a modular subgroup F. Then 

the Schwarz derivative {h, z} of h is a modular form of weight 4 for F. 

Proof: This follows by direct computation using the equivariance of h and Propo­

sition 2.1.4. I 

This effect of the Schwarz derivative becomes more visible if the equivariant form is 

rational. This is very closely related to what is known as the Cohen-Rankin bracket. 

Let / and g be two modular forms of weights k and I, respectively. Then, for an 

integer n > 0, the n—th Cohen-Rankin bracket is defined by 

i/,d.-E(*+r1)('+rVD'»-r-^0 

r+s=n ^ ' ^ ' 

d? 
where D3 = -—. For instance 

dzi 

[/, 0]o = fg , [/, g]i = kfg - If'g 



3.3. Rational equivariant forms: The converse 66 

and 

We have, 

[/, gh = k-^P±fg" - (k + i)(J + i)/V + l^1f"g • 

Proposition 3.3.6 ([Zag]) For f G W£(T) and g G Tt^{T) and for every n > 0, 

the function [f,g]n belongs to 9JI^ |_;+2n(r). 

This proposition implies in particular that for / = g, we have 

[fj]2 = -(k + l)((k + l)f'2-kff") 

is a weight 2k + 4 modular form on F. 

Let now / be a weight k modular form on a modular subgroup F and let hf 

be the corresponding rational equivariant form. From Proposition 2.1.4 the poles of 

{hf, z} are located at the critical points of hf. However, a simple computation shows 

that 

. , , x (k + 1)/ / 2 - kff" _ ~ [ / , / ] 2 
f{Z)~ f'2 ~ ( f c + l ) / ' 2 ' 

Hence, we have 

Proposition 3.3.7 Let f be a modular form of weight k on F. Then f'2h'f is a weight 

2k + 4 modular form on F. Moreover, the poles of {hf, z} are located at the zeros of 

the second Cohen-Rankin bracket [/, f]2 of f. 

To illustrate this proposition we consider the case of the Eisenstein series E4. The 

second Cohen-Rankin bracket of E4 is a weight 2 x 4 + 4 = 12 holomorphic modular 

form for SL2(Z). Therefore, it is a linear combination of the weight 12 Eisenstein 

series Ei2 and the modular discriminant A. Hence, 

5 ^ ( z ) 2 - 4E4(z)E'j(z) 

E'4(zf M2) - T?>(-,\2 
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where h4 is the rational equivariant form associated with E4. An investigation of the 

first few Fourier coefficients shows that 

[£4 ,£4]2 = 7687r2A , 

so that 
, , , , 3840vr2A 
K(z) = E,2 • 

Therefore, h4 has no critical points in f) and thus the Schwarz derivative of h4 is 

holomorphic on $). We will treat in the next section (Proposition 3.4.1) the example 

of the fundamental equivariant form ho which correspond to / = A which, however, 

do have critical points in S). 

3.4 The genus zero condition 

The purpose of this section is to show that if the subgroup F is of genus zero, then 

the equivariant forms without fixed points are equal to ho, where 

L / , 6 12A(z) 
h0(z) = z -\ ,_, . . = z -\—. ,. . . UK ' mE2(z) A'(z) 

3.4.1 Some properties of ho 

In the following we summarize some properties of ho which is the fundamental example 

of equivariant forms form without fixed points. 

Proposition 3.4.1 [AASl] We have 

i. If zo is a fixed elliptic point of SL2(1,) in Sj, then h0(z0) = zo-

n. The poles of h0 are located at the zeros of E2 and are all simple, 

in. The critical points of ho are located at the zeros of the Eisenstein series E4. 
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Proof: (Sketch) 

For i., this follows from Proposition 2.4.2, as ho is an equivariant form without fixed 

points on SL2(Z). The proof of Hi. of this proposition relies on Ramanujan's differ­

ential relation 
1 dE2 1 , -

= T^(E2-E4). 
2m dz 12 

Indeed, a direct computation shows that 

6E2(z) _E4(z) 
o l j ~ + mE2(z) ~ E2(z) ' 

Hence h'0 vanishes exactly at the zeros of E4. For ii., it is clear form the expression 

of ho that its poles are the zeros of E2. Again using Ramanujan's equations, if a zero 

of E2 is not simple then it is a zero of E4 and thus it lies on the SL2(Z)-orbit of the 

zero p := e27™/3 of E4. However, by i., h0 does not have a pole at the elliptic fixed 

points. Therefore, the poles of ho are simple. I 

Remark 3.4.1 The number of poles of ho or, equivalently, the number of zeros of 

E2 is infinite. See Chapter 5 for more details on properties of the zeros of E2. 

As a consequence of this proposition, one obtains the following particular values 

of the Eisenstein series E2 at the elliptic points i and the cubic root of unity p. We 

have 

E2(i) = - , E2(p) = ^ . 
7T 7T 

Another consequence is the following equation connecting the Schwarz derivative 

of ho, A and E4. 

Proposition 3.4.2 [AASl] We have 

{/i0,z} = - 2 6 3 V A 



3.4. The genus zero condition 69 

This proposition can be established either by a direct computation using Ra­

manujan's differential system or as follows. Recall from Proposition 2.1.2 in Chapter 2 

that {h, z} has a double pole at the critical points of h and that if h is an equivariant 

form for SL2(Z) then {h,z} is a weight 4 meromorphic modular form on SL2(Z). 

Hence, the function E%{h,z} is weight 12 holomorphic modular form on SL2(Z) and, 

therefore, is a linear combination of E4 and A which constitute a basis for the space 

of weight 12 modular forms on SL2(Z) which is of dimension 2. An investigation of 

the first few Fourier coefficients yields the result. 

3.4.2 The converse 

In this subsection, we show that the fundamental example h0 is unique for the genus 

zero congruence groups in the sense that it has no fixed points in addition to a 

condition at the cusps. Let us first introduce the Serre operator acting on a weight k 

modular form / by 

A 1 2 d 1,T? 

°k '•= 7; ; kb2, 
2m' dz 

and carrying it to a modular form of weight k + 2 and also carrying cusp forms to 

cusp forms. Recall that the space &2(F) of weight 2 cusp forms on F has dimension 

g, the genus of F (see Corollary 1.3.5). In particular, this space is trivial when the 

group T is of genus 0. 

Theorem 3.4.3 Let h be an equivariant form without fixed points on a congruence 

subgroup F of SL2(Z) of genus 0. Suppose that, for every cusp s, if 7 G SL2(Z) is 

such that 7 • s — 00, we have 

lim h\\2[-f'l](z) = as 
zi—>oo 

is finite and satisfies (as/6) G mZ+. Then 

h(z) = h0(z) — z + 
mE2(z)' 
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Proof: It is clear from the conditions of the theorem that 

\2dw 
f(z) = exp( 

'zo Hw) -™, 

for z0 fixed in f) defines a non-vanishing holomorphic function of Sj. We will prove 

that / is a non-vanishing weight 12 cusp form on F, then use the operator <5i2 to 

conclude that the quotient —— is a weight 2 cusp form on F, hence, is trivial as F is 

of genus 0. 

We only need to prove the modularity for the elliptic and parabolic generators as 

the genus zero condition implies that F can be generated by these types of elements 

only. 

Let a = I ] G F. We have f(a • z) = ga(z)f(z), where 
\c d 

9a(z) = exp I / 12h(u)du ) 

Taking the logarithmic derivative of ga yields 

9a(z) 12C 
ga(z) cz + d' 

since —a • z = (ja(z))~2, and h is equivariant. Hence, ga(z) = Da(cz + d)12, for 
dz 

some Da G C x defining a character of F which we now analyze for the elliptic and 

parabolic generators as follows: 

• a is elliptic: Since a has a finite order, say ma, D™a = 1, that is Da is an 

ma—th root of unity. 
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• a is parabolic: Let s be the cusp fixed by a. Choose 7 = 1 ] G SL2(Z) so 
\r sj 

that 7 • s = 00. Making the substitution u = 7 1 • w in the expression of gQ(z) yields 

(
pa z _ \ 

/ j 7 - i ( w ) _ 2 / i ( 7 _ 1 • w)12dw j 
/ pa z ^ \ 

= j 7 - 1 ( 7 « • z)12j7-1(7 • z)"12exp Ij hUj-^Udw) 

= 31(a • z)~1231(z)12 exp I / ( as + } ^anexp(2mnw/ls) ) 12dw ) , 
V^z \ n>\ J J 

since j 7 - i ( 7 • u) = j7(tx) for all u G C and by assumption 

h\\2{7-
l](z) = as + Y,anQns, Qs = e2mz'l° with (as/6) G ^ Z + . 

As for the bound TPs7 • z integration, since a belongs to the isotropy group Fs of s 

it follows that 7a = TP s7 for some ps divisible by the cusp width £s at the cusp s. 

Hence, 

9a(z) = 3j(a-z)-n31(z)12exp(12asps) =37(a-z)~1231(z)12 , 

as as G 2-7TZZ and that the function z 1—> exp(2mz/ls) is periodic with period ls. 

Notice that the difference of the bounds of integration TPs/y • z and 7 • z equals to ps 

which is divisible by ls. Thus Da = (jQ(z)j7(a • z))~12j7(z)12 . Taking the limit as z 

tends to s so that az tends to s and by Lemma 3.3.3 J«(z)12 tends to 1, we get that 

Da = \. 

Thus / is a non-vanishing weight 12 modular form on F with a character D that 

is trivial on parabolic elements. 
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For the holomorphy at the cusps, let s be a cusp and let, as above, 7 = 1 ) G 
\r sj 

SL2(Z) such that 7 • s = 00 Then, we have 

f(z)\n[j-1) = 3^(zy12f(j-1-z) 

= j 7 - i (z )" 1 2 exp f / j1-i(w)~2h(j~1 • w)12dw j 

= j 7 - 1 ( z ) - 1 2 e x p ( | " (hU^^-rj^izy^Udw^ 

= j 7 - i ( 7 • z0)~12exp I / I as + } ^anexp(2mwn/ls) J 12<iu; J 
V~fz° V n>l J J 

= J7(zo)12exp(12asz)-

exp I 12asa • ZQ + 12 \^ an(exp(2mnz]ls) — exp(2mwy • z0/ls)) J 
V n>\ J 

= exp(12asz) • holomorphic term at infinity , 

Thus, /(z) | i2[7_ 1] = qm • holomorphic term at infinity, q = e2mz, is holomorphic 

and vanishes at infinity as 12as = 2mm, m > 1; that is to say that / is a weight 12 

cusp form for F with character D. 

Let us assume for now that this character is also trivial on elliptic elements. Since 
/ 

m > 1, — is a weight 0 holomorphic modular form on F, since A does not vanish on 

io and has a simple zero at infinity. Hence / / A is constant, i.e., / = cA, for some 

non-zero constant c, which proves the assertion of the theorem. Also, comparing 

the q—expansions of / and A we get that m = 1. So far, this does not imply the 

uniqueness of ho, as the space of weight 12 cusp forms on F is not necessarily one-

dimensional and therefore one can take different quotients of / by different cusp 

forms. 

We now proceed to prove the uniqueness of ho for the genus 0 group F. If / is 

another cusp form non-vanishing on fj and satisfying the same conditions, d)i2/ is a 
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weight 14 cusp form on F. We divide this cusp form by / to get 

f 2m f 

2m f 2m A ' 

as E2 is the logarithmic derivative of the modular discriminant A. The function 

b~i2f / f is actually holomorphic on S) and at cusps. Indeed, we have 

< W 1 2 / 1 1 
/ 2iri \h(z) — z h0(z) — z 

is a sum of holomorphic function on fy and at the cusps since they both have no fixed 

points on $)*, that is, —— is weight 2 modular form on F. Moreover, if we denote by 

l(z) := ——- and if s and 7 are as before 

= ^ ( £ | W 7 - 1 ] W - M 2 [ 7 - I ] ( 2 ) ) . 
Am V / 

with h0(z) as usual denotes (h0(z) — z ) _ 1 . However, /i||2[7_1](z) = 2ni + 0(qs) and 

^o||2[7_1](z) = 12E2(z) — 2m + O(q). Hence l(z) is a weight 2 cusp form on F which 

is of genus 0. According to the discussion preceding the theorem, we have l(z) = 0. 

Therefore 

h(z) = h0(z) = z + 
mE2 

If Da 7̂  1 for the elliptic generators, then D™a = 1, ma being the order of a 

and we let t(z) = f(z)n which now has a trivial character, n being the least common 

multiple of the orders of the elliptic generators. Both / and fn give rise to the same 

equivariant form (Proposition 2.3.3 in Chapter 2). The proof then follows exactly the 

same steps with A replaced by A™ and 512 by <5i2n. I 
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We end this section by commenting on the conditions of the above theorem. 

The condition on the genus of the group is mandatory for the uniqueness of the 

equivariant form without fixed points ho- As for the behavior of the equivariant form 

without fixed points at cusps, this is a minimal condition for an equivariant form 

without fixed points to arise from a cusp form; i.e., it is a rational equivariant form 

for this corresponding cusp form. We will prove in the next chapter this result using 

a different argument. 



Chapter 4 

The complete classification of 

equivariant forms and their 

geometry 

In this chapter we characterize and classify all the equivariant forms for a subgroup 

of the modular group using the theory of modular forms and quasimodular forms. As 

a consequence, the set of nontrivial equivariant forms will be endowed with a vector 

space structure and the trivial equivariant form h(z) = z will be looked at as "the 

point at infinity". We will also interpret the equivariant forms in a geometric setting 

involving meromorphic differential 1-forms and sections of a line bundle over a com­

pact Riemann surface or equivalently over an algebraic curve. It should be mentioned 

that the group under consideration can be any discrete subgroup of SL2(M), but to 

simplify the exposition, we restrict ourselves to finite index subgroups of SL2(Z). 

75 
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4.1 Equivariant forms and quasimodular forms 

In this section we establish a close connection between equivariant forms and quasi-

modular forms. This connection will enable us to recover many of the results of the 

previous chapters as well as to establish new results. 

4.1.1 From quasimodular forms to equivariant forms 

Our main concern will be the construction of equivariant forms from a certain class 

of quasimodular forms on F. 

Let first (j) be a weight 2 and depth 1 holomorphic quasimodular forms on a finite 

index subgroup F of SL2(Z) satisfying 

0(z)|2[a] := (cz + d)~20(« • z) = <f>(z) + —?— (4.1.1) 
cz + a 

for all a = I ) G F; in other words, 0||2[o;](z) = 4>(z). Then we have 
\cdj 

Theorem 4.1.1 The function 

h^(z) = z + —--
4>(z) 

is an equivariant form without fixed points for F. 

Proof: Let a = I , ) G F. Then we have 
\cdj 

, , . az + b 1 
h^a • z) = — + cz + d ja(z)2(f>(z) + cja(z) 

az + b)ja(z)(f)(z) + acz + be + 1 

ja(z)2(j)(z) + cja(z) 

(az + b)cj)(z) + a 

jQ(z)4>(z) + c 
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where we have used the modular identity ad — be = 1. Meanwhile, a direct computa­

tion shows that 
ah(z) + b 

OL-h$(z) = 
ch(z) + d 

(az + b)4>(z) + a 

ja(z)(f)(z) + c 

which proves the equivariance property of h. 

Now, as <fi is holomorphic on f), the function h^(z) does not vanish on ft, that 

is to say that h$ has no fixed points in fj. At cusps, from the above analysis we see 

that none of the cusps is a fixed point of h$(z), since /i0||2[7_1](z) is holomorphic at 

infinity. 1 

We would like to notice that the equivariance property follows also from Propo­

sition 3.1.2. 

This theorem can be easily generalized to the following. We will omit the proof 

as it is proved along the same steps. 

Theorem 4.1.2 Let 4> be as in (4.1.1), and let f be a meromorphic weight 2 modular 

form on F. Then, the function 

h(z) := z + ——, 7 

Hz) + f 

is an equivariant form for F. Moreover, if f is holomorphic then h is an equivariant 

form without fixed points on F. 

These theorems provide a class of equivariant forms constructed from certain 

quasimodular forms. We will show in the following subsection that, indeed, there is a 

bijection between a subset of equivariant forms and this class of quasimodular forms. 
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4.1.2 From equivariant forms to quasimodular forms 

The aim of this subsection is to give the general form of an equivariant form using 

the theory of quasimodular forms. 

Let h be a non-trivial equivariant form on F; i.e. h(z) ^ z. Then the function 

h(z) = -rr~\ transforms as follows under the action of F. Let a = [ ,) G F and 
h(z) — z \c dj 

z G i?. We have 
h(a • z) = 

h(a • z) — a • z 

1 

a • h(z) — a • z 

1 

ah(z) + b az + b 

ch(z) + d cz + d 

_ (ch(z) + d)(cz + d) 

h(z) — z 

, „ (cz + d)2 

= c(cz + d) + ^ — - — -
h(z) — z 

= c(cz + d) + (cz + d)2h(z) 

Using this, we have 

Theorem 4.1.3 Let h be an equivariant form on F. Then there exists a weight 2 

meromorphic modular form / / ^ on F such that 

h& = z + -XTT- ' (4L2) 
9 + Jh,4> 

where <p is a fixed weight 2 and depth 1 holomorphic quasimodular on F that transforms 
as in (4.1.1). 

Proof: Denote as before by h(z) the function —— . Then, since h(z) is 
h(z) — z 

meromorphic on f), g(z) is also a meromorphic on f). At a cusp s, we let 7 = 
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t u\ 
) G SL2(Z) such that 7 • z = 00. Then we have 

v wj 

Kz)\\2[T
l\ = j 7 - 1 (z ) - 2 M 7 - 1 -z )+ ~V 

3~/-i(z) 

= hUr^z) , 
which is meromorphic at infinity. 

Next, from Theorem 1 4.2 and its generalization Section §1.4, there exists /o = 

/O,M e ^K(T) and / M G M2
n(F) such that h = f04> + / M - Hence 

1 
/i(z) = z + 

M + A 

It remains to prove that /o = 1 Indeed, let a = ( I G F We have 

V c d / 
, / N = (az + b)ja(z)(f0(f) + fht<j>) + (az + b)cfp + 1 

l ° ' Z J J Q W 2 ( / o^ + / ^ ) + cjQ(z)/0 

and 

, / v _ (az + b)(f0(/) + fh,<t>) + a 

3a(z)(fo<P + fh,4>) + c 

Since /i is equivariant, equating the above relations yields /o = 1 as desired. I 

This theorem has the following immediate consequences. 

Corollary 4.1.4 There is a bijection between the set of non-trivial (meaning not 

equal to z) equivariant forms and the set of weight 2 depth 1 quasimodular forms on 

F that transforms like <j>; i.e. the set {(/> + f\ / G QJ t^ r )} . 

Furthermore, if fix a weight 2 and depth 1 quasimodular form for F, say 4> = 

E2 = (ITT/6)E2, we have 

Corollary 4.1.5 The map h •->• / ^ define a bijection from the set of non-trivial 

equivariant forms and the space of weight 2 meromorphic modular forms on F 
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Suppose now that h(z) is an equivariant form without fixed points, that is, h(z) 

never vanishes. Then h(z) is a holomorphic quasimodular form of weight 2 and 

depth 1. The holomorphy at cusps is also straightforward as the function ^||2[7](z) 

is holomorphic for all 7 G F. 

Corollary 4.1.6 The set of equivariant forms without fixed points for F and the space 

of weight 2 holomorphic modular forms on F are in one-to-one correspondence. 

In the next section, we will retrieve the above two corollaries using the theory of 

modular forms. 

Recall now that the dimension of the space of holomorphic weight 2 modular 

forms on F is equal to g + r — 1 and that of the space of cusp forms is g, where g is the 

genus of T and r is the number of inequivalent cusps under F. In particular, if g = 0, 

then these dimensions reduce respectively to r — 1 and 0. For instance, for SL2(Z) 

the space of weight 2 holomorphic modular forms on SL2(Z) is zero dimensional since 

all cusps are equivalent to infinity modulo SL2(Z). Therefore, this corollary provides 

another proof of Theorem 3.4.3 for F = SL2(Z). 

4.2 Equivariant forms, modular forms and differ­

ential forms 

In this section, we establish many of the results of the previous section by establishing 

a direct correspondence between the set of non-trivial equivariant forms and the space 

of modular forms of weight 2. We will explain why this is more effective as compared 

to the point of view of quasimodular forms from the previous section. 
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4.2.1 Equivariant forms as modular forms 

In the following proposition we give the relation between equivariant forms and mod­

ular forms. 

Proposition 4.2.1 Let hi, h2 be two nontrivial equivariant forms on F; i.e. not 

equal to h(z) = z. Then the function 

/i,2 := h(z) - h2(z) 

is a weight 2 meromorphic modular form on F. 

Proof: First, as each of the equivariant forms is meromorphic on f) and at cusps, 

it follows that / i j 2 is also meromorphic on Sj and at cusps. Therefore, it remains to 

prove that / i i 2 satisfies the modularity condition. 

Let a = I ) G F. Using the transformation formula for an equivariant form, 

a • hi(z) — a • z a • h2(z) — -z 
(cz + d)2\ ( (cz + d)2 

we have 

f 1,2(01 • z) = 

= I c(cz + d)+ K"~ : ~' ) - ( c(cz + d) + 
V hi(z)-z) \ h2(z)-z 

= (cz + d)2 (hi(z) -h2(z))-

Thus fi2 is a meromorphic modular form on F of weight 2. I 

Now, if we fix h2 in Proposition 4.2.1, then as hi runs over the space of nontrivial 

equivariant forms, / 1 2 runs over the space of weight 2 modular forms and vice et 

versa. Hence the following correspondence. 

Theorem 4.2.2 Let 4> be as in (4.1.1). Then any non-trivial equivariant form h on 

F has the form 

h(z) = z + 
+ f(j>,h 
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for some weight 2 modular form f onF. Consequently, the set of non-trivial equivari­

ant forms is in a one-to-one correspondence with the space of weight 2 meromorphic 

modular forms on F. 

Proof: Fix h2 = h^ with hi = h as in Proposition 4.2.1 so that / i i 2 = f^- The 

map h H-> f<ph gives the correspondence. I 

As a direct consequence, we have 

Corollary 4.2.3 The set of equivariant forms without fixed points is in bijection with 

the space of weight 2 holomorphic modular forms. 

Once again, the map h H-» / ^ gives the correspondences between the set of 

non-trivial equivariant forms and the space of weight 2 meromorphic modular forms 

on T and the set of equivariant forms without fixed points and the space of weight 2 

holomorphic modular forms on F. 

Remark 4.2.1 In all results presented in either this section or in Section §5.1.3 the 

choice of the quasimodular form 4> is not canonical in the following sense. If / is a 

weight 2 holomorphic modular form on F, then the function 4>i = 4> + f is again a 

weight 2 depth 1 quasimodular form on F that behaves similar to <f>. This simply says 

that interchanging </) and <f>\ only permutes the elements in our correspondences, and 

hence does not affect these results. 

We shall introduce some notations that we adopt for the rest of this work. For a 

modular subgroup F, we will use £(F) for the set of all equivariant forms for F, We 

also denote by £W(F) for the set of equivariant forms without fixed points and £™(r) 

for the set of equivariant forms without fixed points such that the function fh,<f, of 

Theorem 4.1.3 is a cusp form. Furthermore, if we formally set / = oo in the relation 

<P + f 
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then we get h(z) = z. We thus look at the trivial equivariant form h(z) = z as the 

point at infinity of the space £(F). We denote the set of equivariant forms, including 

the trivial form h(z) = z by £*(F). It would be interesting to consider £*(F) as a 

projectivization of the space £(F). 

4.2.2 The connection with differential forms 

Differential forms play a central role in differential geometry and particularly in the 

theory of Riemann surfaces and algebraic curves. In this subsection we establish the 

connection between equivariant forms and differential forms on the Riemann surface 

JO*. To an equivariant form l i o n a finite index subgroup F of SL2(Z) we associate 

the meromorphic degree 1 differential w = (h(z))_1dz, where h(z) denotes as usual 

h(z) — z. Then, since h is an equivariant form, we get a degree one differential 

satisfying 

* c 7 (a b\ T̂  

a w = w H j—zdz , a = G 1 , 
ja(z) \c dj 

where a*w = (h(a • z))~ld(a • z) This is equivalent to say that 

c 
a*w - w = —7—rdz (4-2.1) 

3a(z) 

for all a G F as —a • z = ja(z)~2. Conversely, suppose we are given a degree 1 

meromorphic differential iw oni^* such that the above condition holds for all a G F. 

Write w as w = f(z)dz, for some meromorphic function / : $)* —> C. Then, we 

have 

a*w -w = ja(z)~2f(a • z)dz = f(z)\2[a]dz - f(z)dz = —r^dz • 
3a\Z) 

c 
Hence, /(z) |2[a] = f(z) + , that is to say that / is a weight 2 depth 1 meromor-

3a\Z) 

phic quasimodular form. We then let h(z) = z + l / / ( z ) , which is an equivariant form 

by Theorem 4.1.1. Hence, the correspondence between equivariant forms and degree 

1 meromorphic differentials on io* satisfying (4.2.1). 
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Let now w\, w2 be two such differentials. Then the degree 1 meromorphic dif­

ferential w = w\ — w2 is invariant under the action of F. Therefore, there is a weight 

2 (meromorphic) modular form / i ] 2 on F such that w = /i j2(z)iiz. Hence, fixing 

u)2 = (ho(z))~ldz, h0(z) = z + l/E2, we get a one-to-one correspondence between 

the space of degree 1 meromorphic differentials on $)* invariant under the action 

of T, which we identified with the space of degree 1 meromorphic differentials on 

r \ fj* = Xr, and the set of degree 1 meromorphic differentials on fy* satisfying 

(4.2.1). 

Theorem 4.2.4 There is a one-to-one correspondence between the space Dif(Ar) 

and the space £*(F) of non-trivial equivariant forms . 

One could also use the correspondence in Corollary 4.1.6 to connect differential 

forms and equivariant forms. Recall, from Section §1.3.2, that the space Dif '2(XY) of 

degree k/2, k G 2N, meromorphic differential forms on the compact Riemann surface 

Xy = F \ Sj* is isomorphic to the space 9Jt™(r) of meromorphic modular forms via 

/ -> f(dz)k'2. 

Also, from Corollary 1.3.5 and Corollary 4.2.3, we have 

Corollary 4.2.5 The space of degree 1 holomorphic differential is in a one-to-one 

correspondence with £$(F). 

Let us fix h = ho, the fundamental equivariant form. If F has genus zero, then 

£o(F) is reduced to the trivial equivariant form ho, which in accordance with the 

uniqueness of h0 as the only equivariant form for F without fixed point. In this case, 

the correspondence of the above corollary is canonical. 

4.2.3 Operations on the set of equivariant forms 

In this subsection, we make explicit the vector space operations on £(F) that are 

inherited from the correspondences in the above section. We shall start with the 
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addition. Let <fi be a fixed weight 2 depth 1 holomorphic quasimodular forms on F 

satisfying (4.1.1). For instance we may take <fi = E2 = (i7r/6)E2. If hi and h2 are two 

elements of £(F), it is not difficult to see that the sum hi © h2 of hi and h2 is given 

by the relation 

MB~h2 = hi + h2-(t>. (4.2.2) 

Recall that we have set h(z) = (h(z) — z ) _ 1 . The zero element is then given by 

hd>(z) = z H—. As for the opposite h~ of h, it satisfies 

hr = 2<£ - h. 

To complete the description of the vector space structure on £(F), we give the 

scalar multiplication. Let c G C, and let h be an element of £(F). Then, the scalar 

multiple c 0 h of h satisfies 

cQh = ch + (l- c)</>. 

Remark 4.2.2 This structure is not canonical as one may choose a different quasi-

modular form than 4>. The new structure is still the one transferred from that on 

9^(r). 

Therefore, the sets £W(F) and £g(T) are subspaces of £ x ( r ) . Note that, by The­

orem 4.1.1, these subspaces clearly contain the zero element h$. Using Corollary 4.2.3 

and the dimension formula Theorem 1.3.6, we deduce 

Corollary 4.2.6 The subspaces £W(F) and£™(F) are finite dimensional subspaces of 

£*(F) with dimension respectively g + r — 1 and g. Here g is the genus of F and r the 

number of inequivalent cusps modulo F. 

Remark 4.2.3 If / is a nonzero weight 2 modular form for F, then 1 / / becomes a 

modular form of weight —2. If one considers the space of equivariant form £(F) = 

£(F) \ {h<p} for a fixed weight 2 and depth 1 quasimodular form <fi, then this space 
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is in bijection with the space of modular forms of weight -2, which is again infinite 

dimensional. Now the zero element becomes the trivial equivariant form h(z) = z 

which allows us to define an almost canonical vector space structure. The operations 

depend linearly on the cj). The equivariant form h^ becomes then the point at infinity. 

It can be shown that the subset of rational equivariant forms from Section §3.2.1 

without h,p if it is rational is a linear subspace of £(F) of infinite dimension. 

4.3 The cross-ratio of equivariant forms and mod­

ular functions 

The cross-ratio plays an important role in projective differential geometry [Ov]. It is 

defined for four points z\, z2, z$, z4 of the projective line Pa(C) by 

(zi - z3)(z2 - z4) 

(Z2 - Z3)(Zi - Zi) 

A well-known property of the cross-ratio is that it is invariant under Mobius trans­

formations. Hence, it can be looked at as a geometric invariant of the projective 

line. Moreover, the Schwarz derivative is the infinitesimal part of the cross-ratio. In 

connection with equivariant forms, the Schwarz derivative maps equivariant forms to 

weight 4 modular forms. We will consider in this section the effect of this invariant 

on the projective space £(F); a phenomenon that worths to be investigated. 

Proposition 4.3.1 Let hi, h2, h3, h4 be four equivariant forms onF, a finite index 

subgroup of SL2(Z,). Define a function f as the cross-ratio of these four elements 

f (h h-h h\ (^1 ~ h3)(h2 - h4) 

J = (hu h2, h3, h4) = — —— — . 4.3.1) 
(h2 - h3)(hi - h4) 

Then, if h2 7̂  h3 and hi ^ h4, the function f is a modular function on F. 

Proof: First, as the /i/'s, 1 < I < 4, are equivariant forms for F and as the cross 

ratio is invariant under any Mobius transformations, the function / is invariant un­

der T . The meromorphy property on S) and at cusps follows from that of these four 
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equivariant forms. 

Remark 4.3.1 We would like to notice that [Bra] has obtained the same parametriza-

tion, which was motivated by the work of Heins [Hei] on the theory of elliptic functions. 

To illustrate this let L = Zwi +Zo;2 be a lattice with r = u>2/u>i G Sj and / a pseudo-

periodic function with pseudo-period H(co\L). Then H(T\L)/H(1\L) commutes with 

the action of the modular group. For example, for the Weierstrass ^-function which 

is defined by £' = —p, where p is the Weierstrass elliptic p-function. If 771 and 

r\2 are the pseudo-periods of £, then the fundamental equivariant form is given by 

ho = ^\f]2- However, our motivation is essentially geometric and is inspired by the 

intimate connection between the cross-ratio and the Schwarz derivative in projective 

geometry [Ov], where the Schwarz derivative appears as a measure of the effect of 

diffeomorphisms of the projective line affects this cross-ratio [Ov]. It actually appears 

a quadratic differential, meaning, if / is such a diffeomorphism then 

(f(zi), f(z2); f(z3), f(z4)) = (zi,z2; z3, z4) - 2e2{/, z}(zi) + 0(e3) , 

where e depends on the distance between the points z i ; 1 < i < 4. In our case the 

Schwarz derivative plays the role of mapping equivariant forms to weight 4 modular 

forms. A investigation that we intend to pursue in future work. 

Now, the symmetric group S4 acts on the cross-ratio h by permuting hi, h2, h3, h4, 

and, hence, produces the following symmetric relations 

(hi,h2; h4, h3) = - , (hi, h3; h2, h4) = 1 - / , 

1 / 
(hi,h3;h4,h2) = - , (hi,h4;h3,h2) = 

(hi,h4;h2,h3) = / - I 

/ ' 
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The modular function / is invariant under all other permutations, which one can 

easily check that they form the Klein four-group ({ identity, (1,2)(3,4), (1,3)(2,4), 

(1,4)(2,3) }). In fact, one can consider only the action of the symmetric group 53 as 

shown above by fixing one equivariant form and permuting the others. We would like 

to notice that the transformations 

z l l z ~ l 

z \-> , z H->• 1 — z, z 4 - , z 1—>• , and z 1—>• , 
z — 1 z 1 — z z 

together with z H-> Z form a group that is isomorphic to S3. 

To illustrate this phenomenon we will show how to obtain certain classical mod­

ular functions, which are in fact Hauptmoduln, of certain genus zero groups. 
•d4 

It is shown in [Ran] that the Klein modular function A = —|, which is a Haupt-

modul for the the genus 0 principal congruence subgroup T(2) which is of index 6 in 

SL2(Z), transforms under representatives of conjugacy classes of the quotient by the 

modular group SL2(Z)/T(2) and produces the same relation. This was shown using 

only transformations of the theta function d2 and i33. These relations are 

A ( z / ( z + l ) ) = j , \(~l/z) = 1 - A , 

A(-l/(z + l)) = - ± - , A(z + 1) = A 

A(-(z + l ) /z ) = 

1 - A ' v ' A - l ' 

A - l 

A 
We provide a proof of these relations which is a consequence of the above action 

on cross-ratio of equivariant forms. Recall the equivariant forms 

2d'2(z) ' 

ffV! r + MZ) 

M * ) = z+™ 2d'3(z) ' 

t t \ J_ d ^ z 

Mz) = z + ^l 2d'4(z) ' 
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which are equivariant forms without fixed points on level 2 congruence subgroup, and, 

in particular, for T(2). 

Proposit ion 4.3.2 The cross-ratio (z, f4; f2, f3) equals to the Klein modular func­

tion A. 

Proof: First, we would like to notice that all the functions in the cross-ratio 

(z, fi, /2, fz) are equivariant for congruence subgroup containing the principal con­

gruence subgroup r(2) , so in particular for T(2). Also we know from the above that 

this cross-ratio is a modular function on T(2), which is of genus 0. Hence, it is a 

rational function of A, which is a Hauptmodul of the genus zero principal congruence 

subgroup T(2). To conclude it suffices to show that this cross-ratio has a simple zero 

at oo (in the local parameter t = emz) since the function A does. However, this follows 

from the Fourier expansions of the theta functions. Precisely, since the theta series 

have Fourier expansions of the form 

oo oo 

d2(z) = 2t1/4J2tn{n~1]> Mz) = 1 + 2 J ] r 2 , 
n = l n = l 

oo 

d4(z) = l + 2^2tn\ t = emz , 
7 1 = 1 

we see easily that 

^ /4' /2' / 3 ) = 03 W 4 - *M " ( ( ^ ' 

An investigation of the Fourier coefficient of t gives the result. I 

Remark 4.3.2 A consequence of the action of S3 on the cross-ratio A is that it 

satisfies the above transformations. This action translates to A by noting that the 

quotient group SL2(Z)/r(2) is isomorphic to S3. 
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This proposition could be proved using the following identities involving these theta 

series and A [Ran], however the computation is tedious. 

A' 

A 

A' 
A ( l - A ) 

A' 
1 \ 

= nil!}4 

= ni'd4 

= iri'd4, . 

A similar result holds for the modular invariant j , which is a Hauptmodul for the 

modular group SL2(Z). Let hk denote the rational equivariant form corresponding 

to the weight k, an even positive integer, Eisenstein series Ek on the modular group 

defined earlier in Chapter 1. 

Proposition 4.3.3 We have 

1728(z, he; h4, h0) = j , 

where h0 = z + 6/TtiE2. 

Proof: Here again, one uses the Fourier expansion of the Eisenstein series E2, E4 

and Ee to show that the cross-ratio has a simple pole at infinity (in the local pa­

rameter q = e2mz). Indeed, since the Eisenstein series have expansion Ek(z) = 

1 + cfc Z~2^Li °~k-i(n)qn in the local parameter q = e27Tlz with c2 = —24, c4 = 240, ce = 

-504, it follows that 3E'4E6 - 2E4E'e = 3456mq(l + O(q)) and mE2E6 - E'6 = 

iri(l + O(q)), so that 

( h h h\ ^E4(mE2Ee - E'6) 1 
( Z ' ^ ^ ' ^ 3E'4Ee-2E4E> = 1728^ ( 1 + °{q))-

Hence it is a linear fraction of the j—function as it is the Hauptmodul for the modular 

group. An investigation of the coefficient of \/q gives now the result. I 
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4.4 Equivariant forms and sections of line bundles 

The goal of this section is to present a correspondence between equivariant forms and 

sections of a certain line bundles. In order to achieve this goal and make this section 

self-contained we recall the definitions and some properties of these objects. We refer, 

for instance to [Gun] and [Mil] for more details on the content of this section. 

4.4.1 Equivariant forms as sections of line bundles 

In this part we present the connection between equivariant forms and sections of 

certain line bundle on a quotient of S) x C. 

Let us first recall the definition of the objects we will be dealing with in the rest 

of this chapter. 

Definition 4.4.1 Let X be a (compact) Riemann surface. A vector bundle L on X 

of rank n > 1 is a map of complex manifolds 

n: L —> X 

such that for some open covering \jUl of X, 7r_1([/j) = Ul x Cn. If n = 1, this is 

called a line bundle. 

We now define the notion of a section of a line bundle. 

Definition 4.4.2 Let L, p : L —> X, be a line bundle on a Riemann surface X, 

and let U be an open subset of X. A holomorphic section of L over U is a holomorphic 

map s : U —> L such that p o s = id\j. The group of all sections of L over U is 

denoted by S(U, L). 

Note that if L = U x C, the trivial bundle, then S(U, L) can be identified with the 

set of holomorphic functions on U. 
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Similarly, one can define a meromorphic section of L over U being a holomorphic 

section s over U \ V such that V is a discrete subset of U and s has a pole at every 

point ofV. 

Unless specified, by a section we mean a meromorphic section. 

We now represent equivariant forms as sections of line bundles. 

Define an action, which is the action of the slash operator, of F on Sj x C as 

follows 7 * (z, t) := (7 • z, jy(z)2t + cjj(z)), where a = I J G F. Denote by Q the 

quotient by F of Sj x C Then the first projection J j x C —> $) induces a surjective 

map 

p: Q^Yr,Yr = F\fj 

such that locally p - 1( |z]) — {[z]} x C, where [z] denotes the class of z G ^ modulo 

T. Thus Q has a structure of a line bundle over F r . Denote by L(Yp, Q) the space 

of sections of the line bundle Q over Yr. Let -n : Sj —> Yp denote the canonical 

map. Then for an open neighborhood U of z G f) a section of Q over the open 7T(U) 

neighborhood of [z] (TT is an open map) is a map s : TT(U) —> p~l(n(U)) C Q 

meromorphic on n(U) such that sop = id^^uy In particular, this says that we can 

view s([z\) = S(TT(Z)) = {(z , / (z ) )} , where {(z,t)} denotes the class of (z,t) in Q and 

/ : U —> C is a meromorphic function. Now, as the orbit of (z,t) G f) x C and 

a * (z, t) are the same for all a = I 6 F, we get 
\cdj 

s(n(z)) = {(z, / (*))} = s(7r(a • z)) = {(a • z, f(a • z))} 

= {a'1 * (a- z,f(a- z))} = {(z,ja-i(z)2f(a-z) - cja-i(z))} . 

Hence, f(z) = f(a • z) = 3a-
1(z)2f(d • z) — cja~i(z). However, ja(z) satisfies the 

1-cocycle relation and in particular we have j a (z) . j Q - i (z) = 1. This means that / is 

weight 2 depth 1 quasimodular form that behaves the same way as E2, so that by 

Corollary 4.1.4 we have hf(z) = z + 1 / / is an equivariant form. In conclusion, 
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T h e o r e m 4.4.3 The space L(Yr, Q) of sections of the line bundle Q over Yr is in 

a one-to-one correspondence with the set of meromorphic unrestricted equivariant 

functions. 

The line bundle Q over Yr could be extended in the same way to a line bundle 

<2* over XY = F\f)*, and hence the correspondence. 

4.4.2 Equivariant forms as sections of line bundles: A mod­

ular forms point of view 

To represent equivariant forms as sections of a line bundle, we show how modular 

forms arise as sections of a line bundle on r \ $)*, and use Theorem 4.2.2. 

In the following we give a close connection between automorphic factors and 

isomorphisms of line bundles on F \ 9) [Mil]. 

Recall that an automorphic factor on F is a holomorphic function 

p : Fxfi —>CX 

satisfying the so-called 1-cocycle relation 

Vap-(z) = Pa(P • Z)pg(z) 

for all a, P E F and z G ft. 

Let p be an automorphic factor for F. Then the projection map p : F\Sj x C —> 

F \ S") defines a line bundle on F \ ft, where an action of F on io x C is given by 

7 * (z, t) := (7 • z, p,y(z)t), where 7 G F, z G ft and t G C. 

Conversely, if ip : L —> F \ fj is a line bundle and 7r : S") —>• F \ F) is the 

canonical map, then 7r*(L) := {(h, 1) G S) x L\ ip(l) = it(h)} is a line bundle on $), 

and T act on IT* trough its action on Sj. Moreover, if i : J ] x C —> TT*(L) is a given 

isomorphism, then the action of F on 7r*(L) can be transferred to an action on ft x C 

defined by 7 * (z, t) := (7 • z, p1(z)t), which is a multiplication by a non-zero scalar 
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p-y(z). Since under this action the orbits of (z, t) and 7 * (z, t) coincide, we deduce 

that p1(z) is an automorphic factor. In conclusion, this shows 

Proposition 4.4.4 ([Mil]) There is a one-to-one correspondence between the set of 

pairs (L, 1) and the set of automorphic factors, where L is a line bundle on F \ fy 

and 1 is an isomorphism Sj x C = n*(L). 

The following result is also fundamental. 

Proposition 4.4.5 ([Gun]) A line bundle L on a Riemann surface X is trivial, 

meaning that it is isomorphic to X x C, if and only if it has a no-where vanishing 

section 

This proposition also implies that every line bundle on Sj is trivial, and hence 

isomorphic to Sj x C Consequently, we have a classification of the line bundles on 

T\S). 

We return to the case of line bundles on F \ Sj and show how modular forms arise 

as sections of the line bundle r \ $j x C 

Let L be a line bundle on F \ ft. Then the group of sections S(F \ Sj, L) on F \ Sj 

is 

{F G S'($), 7r*(L))\ F commutes with the action of F on ir*(L)} . 

Therefore, if F is a section of f) x C over f), then F commutes with the action 

of T on io x C defined above. This section can be given by 

F : f) —• SjxC 
z '—• (z, f(z)), 

where / : j5) —> C is meromorphic. The commutativity of F with the action of F 

implies that 

f(l-z) = H1(z)f(z). 

In particular, if p-y(z) = (cz + d)2, then / is a weight 2 meromorphic modular form 

on r. 
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The line bundle F \ S) x C can be extended to a line bundle on the quotient of 

the extended half-plane fj* (obtained by adding the set of inequivalent cusps). 

Theorem 4.4.6 ([Mil]) There is a one-to-one correspondence between sections of 

the line bundle F \ 9)* x C over T \ ^* (for the automorphic factor p1(z) = (cz + d)2) 

and weight 2 modular forms for F. 

Now, we have seen in Theorem 4.2.2 that every equivariant form has the form 

h(z) = z + \/(E2(z) + fh(z)) for some weight 2 modular form. Therefore, the map 

Fh(z) = (z, fh(z)) !—> h, where Fh is a section of the line bundle Sj x C over Sj, yields 

Corollary 4.4.7 The space of non-trivial equivariant forms £*(F) is in a one-to-one 

correspondence with meromorphic sections of the line bundle F \ $)* x C over F\$j*. 

4.4.3 Equivariant forms as sections of a line bundle: A quasi-

modular forms point of view 

We use in this subsection the results of [Lee] to obtain a representation of equivariant 

forms as sections a line bundle of a similar type. 

Let / be a quasimodular form on F. Then, by definition, it satisfies the trans­

formation 

f(Z) |fc[7] = (CZ + d)~fc/(7 -Z) = J2 /,(*) {cz I d)y , 

where each / , is a meromorphic function of ft. The quasimodular polynomial is 

defined by 

FP
k(z, X):=J2fi(z)X\ 

Denote by H^(r) the space of quasimodular polynomials of weight k and degree at 

most p. From this definition, it follows that there is a one-to-one correspondence 

between quasimodular forms and quasimodular polynomials. 
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We now describe an action of F on $) x CP[X], where CP[X] denotes the space of 

polynomials of degree at most p and complex coefficients. Let F denote the field of 

meromorphic functions on fj, and let FP[X] be the complex vector space of polyno­

mials in X and degree at most p, p > 0. Define an action of SL2(M) on this vector 

space by 

F(z ,X) | | , := jy(z)-lF (7 • z , j 7 (z) 2 (X - 3?(7,z))) , (4.4.1) 

where 7 = ( ° J G SL2(R), F(z,X) G ¥k[X], I G N, 3t(j,z) = c/j^z). Then this 

particularly implies that quasimodular polynomials of degree at most p and weight 

/ are invariant under this action of F. Fix a nonnegative integer p. Then given a 

polynomial in Cp [X] of the form 

F(X) = J2<h*3 

j=o 

and I < p, we define a left action of SL2(M) on f) x CP[X] by 

1.
l
p(z,F(X))=(1-z,J2J2c^r3^^)Xr) > ( 4 - 4 2 ) 

\ r=0 j=r / 

where $J.J SL2(M) x Sj —> C is given by 

$ ^ ( 7 , z ) = Q j 7 ( z y - 2 ^ ( 7 , z ) ^ - r . 

We now show how this action is used to define a vector bundle structure on r \ f ) . 

Let vk denote the quotient of ft x Cfc[X] under this action. Then the projection 

map p : ft x Ck[X] —> Sj induces a surjective map o : uk —> F \ .fj such that 

locally we have o~l(z) = Cfc[AT] for each z G F\fy. This implies that v\ has a complex 

vector bundle structure over F \ 9) whose fiber is the (k + 1)—dimensional complex 

vector space Cfc[A]. 

In conclusion, this shows 

Theorem 4.4.8 ([Lee]) The space of quasimodular forms of weight k and depth < p 

is canonically isomorphic to the space of holomorphic sections of the vector bundle v\ 

over F\9). 
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Remarks 4.4.1 • If p = 0, in which case the space of quasimodular forms is 

exactly that of weight 2 modular forms on F, then this theorem reduces to the 

correspondence obtained earlier in the above subsection. 

• Lee proved this theorem only for the case of holomorphic quasimodular forms. 

His proof could, however, be easily generalized to include meromorphic quasi-

modular forms since the holomorphy was used only in the definition of a quasi-

modular form. Also, his proof is true is we extend the vector bundle uf to a 

vector bundle on the extended quotient r \ fj*. 

A consequence, we have 

Corollary 4.4.9 The space £(F), which is in a one-to-one correspondence with the 

set of quasimodular polynomials of weight 2 and degree exactly 1 and leading coefficient 

1, can be represented as sections of the line bundle F \ fj* x C over F\f)*. 

In this corollary, we used the fact that the set of quasimodular polynomials 

of weight 2 and degree exactly 1 is isomorphic to £*(F). Recall, that any element 

h G £(F) satisfies 

((h(z))-')\2[a] = (h(z))-'+-^-
3a\Z) 

for a = I ] G T and h(z) = h(z) — z, hence is a weight 2 depth 1 quasimodular 
\cdj 

form producing a quasimodular polynomial of weight 2 and degree 1. 

Remark 4.4.1 The action defined in the first subsection is different from that of [Lee] 

in which case the action leave invariant the quasimodular polynomials. Moreover, it 

gives a direct representation of equivariant forms. 



Chapter 5 

Applications 

The previous chapter shows that equivariant forms are connected with different 

algebraic-geometric objects that arise often in different contexts of mathematics. In 

Chapter 3 we proved that some of the relevant information of equivariant forms could 

be read from their residues. These developments prove that these special type func­

tions are indeed very simple to deal with and could be used in different settings. 

We give in this chapter some of their first few applications. 

5.1 Zeros of the Eisenstein series E2 

The goal of this section is obtain information on the zeros of the Eisenstein series E2 

using the theory of equivariant forms. Precisely, we will make use of the fundamental 

equivariant form to obtain such information. 
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5.1.1 Motivation 

Recall that the Eisenstein series are defined for every even integer k > 2 and r G Sj 

by 

Ek(r) = l - f Yjok.i(n)qn (5.1.1) 
n=l 

- 1 _ 2fc V ^ VL ^ a - p2mT 

n = l y 

where £?£ is the fc-th Bernoulli number and ok(n) = X^in6^-

As was shown earlier these series play an important role in the theory of modular 

forms and quasi-modular forms and have been the topic of extensive investigation for 

a long time from various points of view. For instance, from the analytic point of view, 

the study of the zeros of Ek(z), k > 4, has been carried out by several authors. In 

1963, K. Wohlfahrt proved in [Woh] that the zeros of Ek , 4 < k < 26, are simple 

and lie in the arc of the unit circle {z = e%e : n/2 < 9 < 37r/2} in the fundamental 

domain 5 = {T £ $), \T\ > 1 and |Re(r)| < 1/2} of the modular group SL2(Z). He 

also conjectured that this holds for all k > 4. In 1970, F.K.C. Rankin and H.P.F. 

Swinnerton-Dyer [Rf-Sd] proved Wohlfahrt's conjecture. In 1982, R.A. Rankin [Rani] 

generalized their result to a certain class of Poincare series. However, nothing has 

been proven for the Eisenstein series E2 which is important in many fields. For 

example, it is shown in [Zag] that the Eisenstein series E2 is a key master in the 

theory of Painleve equations as it is used to describe all solutions of the so-called 

Chazy equation 

/'" - //" + If'2 = 0 • 

In fact, even whether it has a finite or an infinite number of zeros has not been known. 

In the next subsection, we use properties of equivariant forms to prove that there 

are infinitely many non-equivalent zeros of E2 in fj. In fact, since E2 is not exactly 

a modular form but rather a quasimodular form, we will see that two zeros r0 and 
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Ti of E2 are SL2(Z)-equivalent, that is ri = 7 • To for 7 G SL2(Z), if and only if 

r i = T0 + n for an integer n. Thus, we restrict our investigation to the half-strip 

& = {T £ $), — I < Re(r) < | } in which we prove that there are infinitely many 

zeros for E2. Moreover, these zeros present an interesting distribution in (3. More 

precisely, the fundamental domain $ and infinitely many of its conjugates within (5 

contain no zero of E2, while there are infinitely many conjugates of J which contain 

zeros of E2. 

5.1.2 Zeros of the Eisenstein series E2 

In this subsection we prove, using the fundamental equivariant form h0, that the series 

E2 has infinitely many zeros; a fact that has not been known before. Recall that, by 

Proposition 3.4.1, the poles of h0 are located at the zeros of E2 and conversely. 

We will first establish some results needed for the proof of the main result. Also, 

to make this subsection self-contained, we recall the main properties of E2 to be used. 

S e t a s e M l i e r ^ ( ; - ; ) , d S ^ ( - ) f o r p 0 s W v e t a t e 6 e r s , 

We have seen that the Eisenstein series E2 transforms under the action of the 

modular group as follows (see [Ran]). For a = I , I G SL2(Z), we have 

6c 
E2(a-r) = (cT + d)2E2(T) + —(cr + d), (5.1.2) 

m 

ar + b 
where a • r = -. 

CT + d 
It also appears in Ramanujan's differential relations 

1 dE2 1 tra 

2m dr 12 
1 dE4 _ 1 

2m' dr 3 
1 dEe _ 1 

2TTi~dr ~ 2 

-(E2-E4), (5.1.3) 

(E2E4 - Ee) , (5.1.4) 

(E2E6 - El) . (5.1.5) 
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Thus the graded ring C[E2, E4, E6] is closed under the differential operator —. We 
dr 

have seen in the first chapter that the space of all modular forms on SL2(Z) is exactly 

the graded ring C[E4, E$\. 

We shall at this stage give some special values of E2 at i and at the cubic root 
, .. - l + zv^ 

of unity p = : 

E2(i) = - (5.1.6) 
7T 

E2(P) = ^ . (5.1.7) 
7T 

This follows from the transformation formula for E2 together with the appropriate 

transformations that fix i and p. 

Proposit ion 5.1.1 The Eisenstein series E2 has a unique zero TQ on the imaginary 

axis and a zero T\ on the axis Re(z) = | . 

Proof: It is clear that for r = iy, the series E2(T) is real and increasing on (0, oo). 

Meanwhile, lim E2(iy) = — oo and lim E2(iy) = 1. It follows that E2 has a unique 
y—>0 y—>oo 

zero, say To on the purely imaginary axis. 

Similarly, E2(T) is real for r = 1/2 + iy, y > 0. Furthermore, 

lim E2[ —\- iy) = —oo. Indeed, for a = 5'2~
1 = I I we have 

yn-o \2 ) \ —2 1 J 

*(H--£W-K)-£)- <"*> 
This gives the desired limit since E2[ 1 ) tends to 1 as y tends to 0. Com-

6 V 2 4yJ y 

9 F\ 
bining this with the fact that E2(p) = E2(p + 1) = yields the existence of a zero 

7T 

Ti of real part 1/2 and whose imaginary part is less than \ /3/2 . Here again we used 

the transformation formula in (5.1.2) with a — I I. The uniqueness of To follows 

from the strict monotony of E2 on the imaginary axis. I 
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As for the location of these two zeros, and taking into account the special value 

of E2 at i and p given respectively by (5.1.6) and (5.1.7), we have 

Proposition 5.1.2 The zeros T0 andri are contained respectively in the fundamental 

domains S$, S2$. 

It is worth mentioning that these two zeros appear in [FaSe] where they are studied 

as equilibrium points of Green's functions. In fact, T0 = 0.5235217000...J and T\ = 

0.5 + 0.1309384864.. .i. 

Unlike the case of modular forms, the set of zeros of E2 is not invariant under 

every conjugation by elements of SL2(Z). In fact we have 

Proposition 5.1.3 Two zeros of E2 are equivalent if and only if one is a translate 

of the other by an integer 

Proof: Suppose that z1: z2 are any two zeros of E2 in the half plane S) that are 

equivalent modulo SL2(Z). Say, zi = a • z2, a = I , J. Then z2 and zi = a • z2 

are both poles of h0 = z + 6/mE2(z), the fundamental equivariant form. Since h0 is 

equivariant, and in order to have a • h(z) infinite at z2, we must have c = 0 and thus 

ad = 1. Therefore a = d = ± 1 and a acts as a translation. I 

As a consequence we have 

Corollary 5.1.4 No two distinct zeros of E2 in the half-strip (5 are equivalent modulo 

the modular group SX2(Z). 

Lemma 5.1.5 The fundamental equivariant form carries SL2(Z)-con3ugates of any 

zero Zo of E2 onto QU {oo}. Also, suppose that h0(zi) = —d/c, for some Zi G Jo and 

die G Q in a reduced form. Then there is (a, b) G Z2 such that a = [ I G SL2(Z) 
\cdj 

and E2(a • Zi) = 0. 



5.1. Zeros of the Eisenstein series E2 103 

Proof: If ZQ is a zero of E2 and a = ( ) G SL2(Z), c ^ 0, then the fundamental 
Vc°7 

equivariant form ho maps a • z0 to the rational a/c. Moreover, let zx be as in the 

statement of this lemma, and choose a, b G Z such that a = I I G SL2(Z). Then, Kc dj 

since ho is an equivariant form for SL2(Z), we see that a-h0(zi) = h0(a-Zi) = oo; that 

is to say that a-Zi is a pole of ho- The lemma now follows from the above discussion. I 

We will now use this property of ho to prove the main results of this subsection. 

Theorem 5.1.6 The Eisenstein series E2 has infinitely many zeros in the half-strip 

e = {TG.f., -\<Re(r)<1-}. 

Proof: Let T0 be the unique zero of E2 on the imaginary axis. Let a = I j G 

SL2(Z) with tv ^ 0. 

Then, by Lemma 5.1.5, we know that the fundamental equivariant form h0 carries 

a • T0 onto r0 = t/v, and thus it maps any open neighborhood Do of a • To, which we 

choose in the interior of the fundamental domain aS$ and on which it is holomorphic, 

onto an open neighborhood Uo of ro- Let 7~i = bi/ai be a reduced fraction in Q fl 

UQ \ {ro}- Then there exists Zi E D0\ {a • T0} such that h0(zi) = bi/ai. Therefore, 

by Lemma 5.1.5, we can choose Ci, d\ G Z such that bidi — aiCi = 1. Then 71 : = 
d\ -ci 

, 1 G SL2(Z) and E2(TI) = 0, where we have set T\ = 71 • Z\. Moreover, 
-ax bi J 

Ti is not equivalent to To modulo SL2(Z), otherwise we would have according to 

Proposition 5.1.3 that T0 := Tnji • Zi for some n G Z. Since z\ G aS$, write 

Zi = a • z[ for some z[ G S$. We have To = T™7ia • zj with T0 and ẑ  being in the 

fundamental domain S$. Therefore, Tn^/ia = 1, and hence T0 = z[, and a • T0 = Zi; 

a contradiction since we have chosen Zi G _D0 \ {aTo}. Thus T\ is a zero of i?2 that is 

not equivalent to T0. 

It remains to show that two distinct rational numbers lead to two distinct zeros 

of E2. Let r2 = b2/a2 be a rational number in [/0 \ {r0, r\}. In the same way we 
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construct a zero of E2, T2 = 72 • z2, that is not equivalent to T0 modulo SL2(Z), with 

z2 G aS$. Then T2 is not equivalent to T\ modulo SL2(Z). Indeed if Tj = Tm • T2 for 

some m G Z, then 72a • ẑ  = Tm72ai • z2 with z[ and z2 being in the same fundamental 

domain S$. It follows that 71a = T m 7 2 a , and consequently ra = r2. This contradicts 

our choice of r2. Hence, T2 is another zero of E2 that is not equivalent to neither To 

nor Ti. Finally, since the open set Uo contains infinitely many rational numbers, we 

deduce that E2 has infinitely many zeros in the half strip &. I 

Again using the equivariance of ho for SL2(Z), we have the immediate conse­

quence 

Corollary 5.1.7 The function h0 has infinitely many zeros in Jo that are not equiv­

alent modulo SL2(X). 

Proof: Let zi be any zero of E2 in the half-strip (5. Then, composing by the 

element S = I j G SL2(Z), we get h0(S • zi) = 0, so that S • zi is a zero of h0. 

Further, as all the zeros of E2 in 6 are not equivalent modulo SL2(Z), then so are 

their images by S. I 

Another important corollary of this theorem is the following. 

Corollary 5.1.8 The discriminant A has infinitely many critical points. 

Recall that E2 is the logarithmic derivative of the discriminant A, and that the 

modular discriminant does not vanish on f). 

5.1.3 Distribution of the zeros of E^ 

In this section, we will show that there are infinitely many fundamental regions within 

the half strip & that contain zeros of E2 using again the equivariant form ho-
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Theorem 5.1.9 There is a positive integer Co such that for all integers c > CQ, there 

is a fundamental domain with a vertex at 1/c containing a zero of E2. 

Proof: Let To denote again the unique zero of E2 on the imaginary axis, and let 

a = \ 1 G SL2(Z), so that tv ^ 0. As in the proof of Theorem 5.1.6 the function 
\v wj 

ho maps any neighborhood of a • T0 onto a neighborhood of t/v. In particular, ho maps 

a neighborhood D0 of 5iTo, chosen to be in the interior of SiS$, onto a neighborhood 

UQ of 1 (recall that Si = I 1). There exists a positive integer Co such that for all 

c > c0, 1 + 1/c G UQ. For each c > Co, let zc G D0 be such that ho(zc) = 1 + 1/c. 

( -i A 
Therefore, if 7C = , then, as in the proof of Theorem 5.1.6, -yc • zc is 

v- i - c c) 
a zero E2 belonging to jc~

1SiS$. If we set 5C = 7 c
_ 1 5 i 5 = I , for c > c0, then 

V c i y 

we have constructed a zero of E2 in the fundamental domain Sc$ which has a vertex 

at the cusp 1/c. I 

Remark 5.1.1 • Thanks to Proposition 5.1.3, the above theorem can be ex­

tended to include the cusps 0 and 1/2. 

• An immediate consequence of this theorem is again the infiniteness of the num­

ber of zeros of the Eisenstein series E2. Furthermore, it follows from Corol­

lary 5.1.4 that all these zeros are inequivalent modulo SL2(Z) as all these fun­

damental domains are contained in the half-strip &. 

5.2 More on the zeros of E2 

In this section we give more properties of the zeros of the Eisenstein series E2. More 

precisely we study the multiplicity and focus on the fundamental domains that contain 

no zeros of E2. 
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5.2.1 Multiplicity of the zeros of E2 

For the multiplicity of the zeros of E2, using the Ramanujan differential relation 

(5.1.3) for E2, we have 

Theorem 5.2.1 The zeros of the Eisenstein series E2 are all simple. 

Proof: Let Zo be a zero of E2. By (5.1.3), we have 

1 dE2(z0) = 1 ( E 2 ( 2 o ) 2 _ Ei{zQ)) = - 1 ( ^ 

2m dT 12v v ' v ; / 12 

Therefore, to prove that this zero is simple, it suffices to show that E4(zo) ^ 0. 
1 I f*\ 

It is known that E4 has all its zeros at p — and its conjugates modulo 

SL2(Z) (see for instance [Ran]). Thus, it is enough to show that E2(a • p) ^ 0 for all 

a G SL2(Z). Using (5.1.2) and (5.1.7), we have for a = ( ° J G SL2(Z): 

E2(a • p) = (cp + d)2— + ^(Cp + d) = ~ ( c 2 - cd + d2) , 
n m ir 

which does not vanish unless c = d = 0 which is not the case since ad — be = 1. This 

shows that E2 does not vanish on the orbit of p and consequently E4 and E2 have no 

common zeros. I 

5.2.2 More on the distribution of the zeros of E2 

In this subsection we investigate fundamental domains that contain no zeros of E2. 

We start by studying the existence of a zero of E2 in the fundamental domain 5 

of the modular group SL2(Z). 

Proposit ion 5.2.2 The Eisenstein series E2 has no zeros in the fundamental do­

main J of SX2(Z). 
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Proof: Let To = iyo be the unique zero of E2 on the imaginary axis. Using the 

transformation formula (1.4.1) for E2, we have 

0 < E2(-1/T0) = -y0 < 1. 

This follows from the fact that Im(ro) < 1 (since T0 G S$) and thus 

Im(—1/T0) > Im(To), and the fact that E2 is strictly increasing on the imaginary axis 

with the value 0 at T0 and the value 1 at ioo. Therefore, 

Vo < | . (5.2.1) 
6 

If T = x + iy G 5 is a zero of E2, then Im(r) > \ /3 /2 > 7r/6 > yo and therefore 

1 
2 4 U-aMI 5^ai(n) 2-KinT 

n = l 

oo oo 
27rnj/o 

n = l n = l 

The latter sum is simply 1/24(1 — E2(TQ)) = 1/24. Therefore 

Hence E2(T) cannot be 0 if T G 5- ' 

In the above proof, we have used the inequality \ /3/2 > ir/6 which is obvious numer­

ically, but is a consequence of a simpler inequality such as IT < 4. In what follows we 

will rely on another inequality which is also numerically obvious: 

« - " " < ^ (5.2.2) 

It simply says that 0.00433 < 0.005. 

We will now investigate more fundamental domains that do not contain any zeros 

of E2. For a fixed integer c > 2 we set again Sc = I 1 J and Sb,d(c) = I , I G 

SL2(Z), b, d G Z and 5& = I , ) G SL2(Z), 6 G Z. The fundamental domain 

Sb,d(c)$ has a vertex at the cusp 1/c as does 5C5- Also ^ J has a vertex at the cusp 

0 as does S$. 
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sc (P+D 

Figure 5 1 Fundamental domain at the cusp 1/c 

Let us examine more closely the fundamental domain Sc$ Its vertices are 

,V3 

So P = \
 2+%'2 , Sc (p+1) 

C+±+l& 

c2 - c + 1 ' " c v r ' *' c2 + c + 1 

It is clear that Im(5c p) > ImSc (p+ 1) and R e 5 c p > 1/c > ReS'c (p+ 1) Thus 

we have the following situation for the fundamental region Sc$ (see Figure 1) 

The edge joining 1/c and Sc p is an arc of the circle C\(c) centered at Ci(c) = 

(c — l)/c(c — 2) and having radius r\(c) = l/c(c — 2), while the edge joining 1/c and 

Sc (p+ 1) is an arc of the circle C2(c) centered at c2(c) = (c+ l ) /c(c + 2) with radius 

r2(c) = l/c(c + 2) In particular, any other fundamental domain having the cusp 1/c 

as a vertex is either within the circle Ci(c) or withm the circle C2(c) 

The case c = 2 needs to be clarified as the radius ri(2) is infinite and in this case 

the arc joining 1/2 and S2 p is the vertical segment 1/2, 1/2 + zv3/6 (see Figure 

2) Moreover, as we are restricting the study to the half-strip (5, we only consider 

those fundamental domains with vertex at the cusp 1/2 that he under the arc of the 

circle C2(2) It has center at c2(2) = 3/10 and radius r2(2) = 1/10 
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S J C P + I ) 

p + i 

-1/2 1/2 

Figure 5.2: Fundamental domain at the cusp 1/2 
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Lemma 5.2.3 / / we set 

then we have 

"-s' -Mf 
a i B„2 . M\ 242 ( Ml + — I < 1 (5 2 3) 

Proof: Set q = exp(—7rv3) We have 

0<M = £>(«)," - £ 1 ^ ^ E V = ^ 
n > l n > l 

Hence, using (5 2 2), we have 

( l n ^ 1 - 1 ^ ' " ( 1 - ? ) 3 

40000 
M < 7880599 

Therefore, 

. , 2 / , , 2 M\ n „ 2 / \ , 2 M\ 61444600320000 
242 { M2 + — < 242 \M2 + — ] < < 1 

7T / V 3 / ~ 62103840598801 

In the following, we will prove that the only fundamental domains having a vertex 

at the cusp 1/c who might contain a zero of E2 are the /3C#, and the only fundamental 

domain having a vertex at the cusp 0 that might contain a zero is S1^ 

Theorem 5.2.4 If b ^ 0, then E2 has no zeros in Sbd(c)$ or in Sb$ 

Proof: Suppose first that c > 3, and suppose there is a zero Zo of E2 in the 

fundamental domain 5bd(c)i? where Sbd(c) = I , ) £ SL2(Z) If b ^ 0, then, 

according to the discussion preceding the above lemma, the fundamental domain 

Sbd(c)$ is either within the circle C\(c) or C2(c) We will show that in fact z0 is 

outside the circles C\(c) and C2(c), which is a contradiction 

We have 
- 6 c 

E2(Sbd(c)~l z0) = (-cz0 + 1), 
m 
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so that 

J2oi(n) -,2irmSb d(c) x z 0 

n = l 

1 C / , N 
^7 + T~ " c z o + 1) 24 4m 

4m zo 
1 717 

c ocz 

Since Sbd(c) z0 G 5, we have 

Im (Sbd(c) 1 z0) > 
Vs 

(5 2 4) 

(5 2 5) 

Hence 

J2oi(n) 2irniS. . ZQ 

n = l 

< ^oi(n)e r\/3 _ M 
71 = 1 

Therefore 

1 717 
< M — , 

c2 

(5 2 6) 

(5 2 7) 

1 m 4TT 
that is z0 belongs to the disk V0(c) of center co(c) = - H and radius r0(c) = M — 

c 6c2 c2 

We will now show that the disk Po(c) lies outside the circles Ci (c) and C2(c) by showing 

respectively that |co(c) — Cj(c)| > ri(c) + r0(c) and that |c0(c) — c2(c)| > r2(c) + r0(c) 

Because the cusp 1/c and Co(c) are on the same vertical axis, we have 

2 

V6c2/ 
\Cl(c)-co(c)\2 = n(c)2+(^\ 

Thus in order to prove that |CQ(C) — Ci(c)| > r0(c) + ri(c) we only need to prove that 

r0(c)2 + 2r 0 (c)r 1 (C )< ( ^ ) 

In other words, 
Mc 7T 

2TTMZ + < — -
c - 2 288 

In the meantime, for c > 4, we have c/(c — 2) = 1 + 2/(c — 2) < 2 Thus it is enough 

to prove that 2-7rM2 + 2M < 7r/288, which is a consequence of Lemma 5 2 3 
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Similarly, we prove hat |c2 — co| > r2 + r0. Indeed, as above, it is enough to show 

that 
„ „ , , Mc -K 
2TTM2 + < — , 

c + 2 288' 

which is a consequence of Lemma 5.2.3 since c/(c+ 2) < 1. Notice that |c2—Co| > r2+r0 

is also valid for the cases c = 2 and c = 3. This proves the theorem for c > 4 and 

also for c = 2 since the circle C\(c) is the vertical line Rez = 1/2 and thus we only 

need to estimate the distance |c2 — co|. 

The case c = 3 involves different estimates since we cannot apply Lemma 5.2.3 

for the above choice of M. As we noticed above z0 is outside the circle C2(3), and 

we only need to show that it is outside Ci(3). On the other hand, the fundamental 

domain 5_i i_2(3)5 is adjacent (on the right) to 5 35, see figure 3, and the disc V0(3) 

is outside the circle C3 which joins the vertices 1/3 and 5_i,_2(3) • p. Indeed, this 

circle is centered at 8/21 and has radius 1/21. Moreover 

| c 0 ( 3 ) - 8/21| = V 3 2 4
3 + 4 9 7 r 2 ^ 0.07518, 

and 
1 4TTM 1 4TT 1 

ro 3 + — = + — < + — ~ 0.0546. 01 ' 21 9 21 9-200 21 

It follows that the only possible values of (b, d) for which Sb,dS might contain a zero are 

(b, d) = ( - 1 , - 2 ) leading to 5_i,-2(3)£ and (b, d) = (0,1) leading to 5(3)5- We now 

show that z0 ^ 5_i i_2(3)5 by exhibiting a smaller disc T>(3) containing z0 and lying 

outside the circle Ci(3) as the disc T>o(3) does not necessarily meet this condition. 

The transformation 5_ii_2 maps T>o(3) onto a disc TJ'0(3) centered at 

6? 2 
c'0(3) = 5_1,_2(3)"1 • 0,(3) = - + -

7T 6 

and with radius r0(3) that can easily be shown to satisfy r0(3) < 0.26. Therefore, we 

obtain a more precise lower bound to Im5_i i_2(3) • zo as compared to (5.2.5): 

Im5_!_ 2(3) -z0 > - - 0 . 2 6 . 
7T 
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We now replace M in Lemma 5.2.3 by 

M' = ^ ( l - £ 2 ( i ( 6 / 7 r - 0 . 2 6 ) ) ) , 

and obtain 

2TTM'2 + 3M' < TT/288. 

Hence, as in the general case, we conclude that 

and therefore, the disc D(3) = P ( l / 3 + iir/54, 4nM'/9) is outside the circle Ci(3). 

It follows that there is no zero of E2 in 5_i j_2(3)5 and thus in any 5 ^ ( 3 ) 5 for 6 ^ 0 . 

Finally, for the case of the cusp at 0, if z0 is a zero of E2 in 5b3, then z0 is 

contained inside the circle centered at ^ and having radius 4M7r which is clearly 

contained in 55- Therefore 6 = 0 since, otherwise, 5^ and 5 5 would be disjoint. I 

zo 
1 iir 

3 + 54 
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P + I 

Figure 5.3: Fundamental domains at the cusp 1/3 
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5.3 Epilogue 

We have seen that the equivariant forms present a rich mathematical structure and 

are closely related to various topics such as elliptic functions, modular forms, quasi-

modular forms, differential forms and sections of line bundles and therefore have a 

real potential for applications and development. It is important to note that in var­

ious other fields of mathematics, there are similar equivariant objects which play an 

important role and which can be connected to the equivariant forms presented in this 

work. Here are few examples: 

• In equivariant /^-theory, there is a similar notion, namely, the notion of equiv­

ariant differential forms. They originate form the action of a compact Lie group 

G on a smooth manifold M and appear as global sections of the algebra over 

the sheaf of rings of invariant functions C£? for the action of G on the underlying 

manifold to G by conjugation, (see [BIGe] for more details). 

• In projective differential geometry, there is the notion of concomitants that are 

maps between projective spaces commuting with the action of a group. We 

have seen that the equivariant forms mix very well with two fundamental tools 

from projective differential geometry, namely the cross-ratio and the Schwarz 

derivative. See [Per], p 45. 

• In both functional analysis and representation theory [KnaSt], there is the no­

tion of intertwining operators which are the object of extensive research in both 

fields. The fact that the upper half-plane $) is a homogeneous space, as it is 

the quotient of the real Lie group SL2(M) with a compact subgroup of rota­

tions, brings the equivariant forms as intertwining operators much closer to 

representation theory. 

• In theoretical physics, in studying the so-called Nahm equations which resemble 

Ramanujan differential relations and Yang-Baxter equations, one introduces 
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[Sut] the notion of Jarvis functions which are equivariant under the action of 

a subgroup of GL^"(Q) and for which our equivariant forms present concrete 

examples in some special contexts. 

It is our hope that the theory of equivariant forms can play an important role in many 

of these topics, providing concrete examples and solutions to different problems in 

mathematics, in the same way the theory of modular forms has influenced several 

fields of mathematics. 
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