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ABSTRACT

Almost all of the analytical solution techniques presented for composite plates and shells deal
with either simply supported conditions or boundary conditions with at least a pair of opposite
edges simply supported. In the present study, an alternative general approach, combining
superposition and state space technigues is developed for the free vibration analysis of laminated

orthotropic composite plates and shells having arbitrary boundary conditions.

This study concentrates on the antisymmetric angle-ply laminated plates and cross-ply laminated
plates and shells. Three commonly adopted theories, i.e., ciassical theory, first-order shear
deformation theory and third-order shear deformation theory, have been employed and compared
with one another to investigate the influence of transverse shear deformation, structural aspect
ratio, length-to-thickness ratio, degree of anisotropy and the number of layers on natural

frequency.

Convergence tests have been carried out to guarantee the accuracy of the closed-form solutions.
Wherever possible, numerical results generated by the present approach are compared with those

reported in the published references.

Accurate non-dimensional fundamental frequencies are presented for laminated plates and shells
with two adjacent edges, three edges and four edges clamped and other edges simply supported.
Such analyses have not been reported in the literature previously. Also, vibration analysis of a
cantilever angle-ply antisymmetric plate with a point support is conducted to demonstrate the
applicability of the present technique.

It has been shown that the method works extremely well and excellent agreements are found
between the present results and these generated by previous researchers. It has also been shown
that more complicated boundary-value problems can be solved by this technique without any
difficulty.
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Chapter 1

Introduction

1.1 Literature Survey

Laminated composite plates and shells are made up of two or more laminae (or layers) of
uniform thickness bonded together to act as a unified structural element. Each lamina consists
of fibre (eg. glass, boron, graphite) embedded in a matrix (or binder) material (eg. polymer,
ceramics, metals). A lamina may be individually considered as being composed of an isotropic
or orthotropic material so that its principal material directions are oriented to produce a

structural element capable of resisting load in several directions.

Because of their high specific strength (failure stress/unit weight) and specific stiffness
(stiffness/unit weight), composite plates and shells have been finding ever-increasing usage in
many engineering applications, especially in aerospace industries (eg. aircraft and space station

components). They are also used in the automobile industry and in the electronic industry as



substrate materials of printed circuit boards. Thus analysis of characteristics of these types of

materials is very important and of great interest to designers and researchers.

During the past decades, a wide variety of theories for static and dynamic analysis of composite
plates and shells have been developed. Studying these theories shows that they can be classified
into three general categories according to whether the effects of transverse shear deformation
are considered or not. They are known as classical, first-order shear deformation and third-order

shear deformation theories respectively.

Classical theory (CT)

This theory has been used more extensively due to its simplicity. It is based on the Love-
Kirchhoff assumptions, known as the Love’s first approximation theory [1], as follows: (i) the
normals to the undeformed middle surface remain normal to the deformed middle surface and
suffer no extension, (ii) the component of stress normal to the middle surface is small compared
with other normal components of stress and can be neglected, (iii) displacements and strains are
small compared to plate and shell thickness, (iv) the thickness of the plate and shell is small as
compared with the least length of plate or the least radius of curvature of shell middle surface.
It can be seen that the first assumption leads to neglecting transverse shear deformation. The
second assumption requires the transverse normal stress to be equal to zero. The third and fourth
assumptions imply that the theory is only suitable for thin plates and shells with small

displacements.



The classical theory is essential in that it lays down the fundamentals for the higher order
theories. Many researchers have made significant contributions in its development. Reissner and
Stavsky [2-3] were probably the first to establish classical laminated anisotropic plate theory
including bending-stretching coupling. It is known that the coupling between stretching and
bending is the major difference between the macroscopic structural behaviour of laminated plate
and homogenous plate. In reference [3], a special case of an antisymmetrical angle-ply plate

(B,;=B,;=B,,=B¢=0) was considered aad the coupling is caused by B, and B,, terms.

The first application of Reissner-Stavsky theory to cylindrical bending of a long rectangular plate
subjected to uniform normal pressure was considered by Stavsky{4] and by Dong et al.[5]. Later,
Stavsky [6] extended the coupled bending-stretching theory to the vibration problem, but he did
not give numerical results. The first published results of vibration analysis of laminated
anisotropic plates were presented by Ashton and Waddoups [7] by using Rayleigh-Ritz method.
Hikami [8] carried out a similar analysis and an experiment study for laminated orthotropic plates
with combinations of simply supported and free edges. The vibration problem of clamped
laminated plates was investigated by Bért et al.[9] and Ashton et al.[10], where experimental
method and Rayleigh-Ritz method were both employed in each. Whiiney and Leissa [11-12]
obtained closed-form solutions for the natural frequencies of special layered orthotropic plates

with simply supported boundary conditions.

The analysis including the bending-stretching effects for laminated shells was first presented by

Ambartsumyan [13-14] as early as in 1953, However his theory dealt with what is now known



as laminated orthotropic shells. It was Dong, Pister and Taylor [15] who presented an
anisotropic laminated shell theory, which is based on the Kirchhoff-Love hypothesis and
considered bending-stretching coupling. The theory is an extension of Reissner-Stavsky theory
for laminated anisotropic plates to Donnell’s shallow shell theory [16]. Dong [17] also obtained
a general solution for natural frequencies of arbitrarily laminated cylindrical shells with various
boundary conditions. A similar analysis was conducted by Bert et al., Stavsky et al, and
Greenberg et al. [18-20] by using more accurate Love first-approximation shell theory and good
agreement was achieved between them. Jones [21] investigated the problems of vibration and
buckling of cross-ply laminated circular cylindrical shells by Donnell’s shallow shell theory.
Cheng and Ho [22] used Fliigge’s shell theory [23] to analyze buckling of laminated cylindrical
shells. For axisymmetric vibration, Tasi [24] studied the effect of heterogeneity on cylindrical
shells. For the dynamic analysis of cross-ply laminated circular cylindrical panels, Soldatos and
Tzivanidis [25] and Soedel [26] obtained the natural frequencies for the panels by using Donnell-
type theory. Bert and Kumar [27] presented a set of differential equations which, by use of
tracers, could be reduced to the corresponding equations of Love’s first approximation, Sanders’
[28] and Donnell’s theories, and analyzed the free vibration of moderately thick panels
constructed of bimodulus material. Also, in reference [29] Soldatos obtained a closed-form
solution for a cross-ply laminated circular cylindrical panel having simply supported edges,

based on four different theories, namely, Donnell’s, Love’s, Sanders’ and Fliigge’s theories.



First-order shear deformation theory (FSDT)

As mentioned above, since the classical theory assumes infinite rigidity in transverse shear and
thus neglects transverse shear deformation, it is not suitable for laminated plates and shells in
which material exhibits a finite rigidity in transverse shear. In addition, classical theory can be
used only for thin plates and shells. Therefore attempts were made to refine the classical theory
by incorporating transverse shear effects. For this purpose, the first assumption of the classical
theory must be relaxed and replaced by the hypothesis that the normals to middie surface before

deformation remain straight but not necessarily normal to the middle surface after deformation.

This type of theory including transverse shear deformation was presented by Stavsky [30] for
laminated isotropic plates and Yang, Norris and Stavsky [31] for laminated anisotropic plates.
Their work, known as YNS theory, may be thought as an extension of the Reissner-Mindlin
shear deformation theory of elastic plates [32-34] to laminated plates. In YNS theory, the
transverse shear stress is assumed to be constant over the entire cross section and governing
equations are constructed by integration of the stress equations of motion over the plate
thickness. As a result, a correction factor K is introduced to adjust the transverse shear stiffness.
The first extensive application of YNS theory to various boundary-value problems was due to
Whitney and Pagano {35], who considered cylindrical bending of antisymmetric angle-ply and
cross-ply plate strips under sinusoidal load distribution and free vibration of antisymmetric angle-
ply plate strips and discussed the value of K for composites. In contrast to this formulation is

Whitney’s theory [36], the essence of which is the result of a parabolic transverse shear stress



variation over the plate thickness. Fortier and Rossettos [37] analyzed free vibration of thick
rectangular plates of unsymmetric cross-ply construction while Sinha and Rath [38] considered
both vibration and buckling for the same type of plates. Noor [39] treated buckling of thick
rectangular plates of both symmetric and antisymmetﬁc construction. Bert and Chen [40]
provided a closed-form solution for the free vibration of finite-dimension angle-ply plates with
simply supported edges, while Reddy [41] analyzed the same problem by finite element method.
The finite element method was also used for investigations of laminated plates in references [42-

45].

Khdeir [46-48] used the YNS theory to develop the Lévy solutions for bending, vibration and
buckling of laminated antisymmetric angle-ply plate with two opposite edges simply supported
and the rest subjected to a combination of clamped, simply supported and free boundary
conditions. In references [49-50], Reddy, Khdeir and Librescu obtained similar solutions for
laminated symmetric cross-ply plates. Li and Mirza [51-52] established analytical solutions for
vibration and buckling of antisymmetric laminated angle-ply plates with two adjacent edges
clamped and the others simply supported. Later, Li and Mirza [53] also studied the buckling
problem of clamped sandwich plates using the reciprocal theorem method that was developed

previously for the vibration and bending analysis of isotropic plates [54-60].

The effects of transverse shear deformation on the laminated orthotropic shells were considered
by Dong and Tso [61]. In their theory, two correction factors K7, K, were introduced and

determined from an analysis of plane waves in a plate with the same layered construction. At



the same time, the effect of transverse shear deformation and transverse isotropy, as well as
thermal expansion throughn the thickness of cylindrical shells were studied in reference [62-64].
Whitney and Sun [65-66] presented a refined shell theory specialized to anisotropic cylindrical
shells, in which the displacements of the shell surface are expanded as linear functions of the
thickness coordinate and the transverse displacement is expanded as a quadratic function of the
thickness coordinate. The theory accounts for constant transverse shear stress over thickness and
thus requires a correction to the transverse shear stiffness. Reddy [67] presented a generalization
of Sanders’ shell theory to laminated doubly-curved anisotropic shells, in which the transverse
strains and rotations about the normal to the shell midplane were taken into account and exact

solutions for bending and vibration of the cross-ply simply supported shell panels were

developed.

Applications of those theories for various shell problems can be found in references [68-77].
Vibration and buckling problems of composite cylindrical shells were analyzed in references [68-
73], while references [74-76] obtained closed-form solutions and reference [77] established exact

solutions for bending and vibration of two-layer cross-ply cylindrical shells.

Third-order shear deformation theory (TSDT)

This theory is motivated by the fact that the first-order shear deformation theory does not satisfy
the boundary conditions of zero thickness shear stresses on the inner and outer surfaces due to

the assumption of a uniform distribution of transverse shear strains e, and e across the thickness,



although FSDT does model the lower, structurally important natural frequencies (including the
fundamental frequency) very adequately. Besides, in Reissner-Mindlin type theories, the
displacement field accounts for linear or higher-order variations of strains through the thickness.
However, as indicated by the exact solutions [78-79], Mindiin type theories are unable to model
adequately the behaviour of highly orthotropic composite structures. On the other hand, thic.lg
lamiﬁ_ated plates and shells are basically three-dimensional problems and they are intractable a§
the number of layers becomes moderately large. To improve the accuracy of first-order theory
and be able to treat the three-dimensional problems; as two-dimensional ones, one has to develop

a higher-order shear deformation theory.

Many higher-order theories [80-87] have been established for composite plates and shells since
1974. Lo et al.[82] presented a higher-order plate theory, which can provide an accurate
- prediction of the non-linear bending stress distribution according to Bert [88], but the
displacement used in the theory does not satisfy the stress-free boundary conditions on the top
and bottom surfaces of the plate. Cho et al.[89] and Reddy [90} introduced independently the
“individual-layer" or "layerwise" based theories as distinguished from the conventional "packet"
based theory. Levinson and Murthy [83-84] developed a third-order theory for the statics and
dynamics of elastic plates and orthotropic laminated plates, however their theory is variationally
inconsistent because both of them utilized directly the equilibrium equations and boundary
conditions of the first-order shear deformation theory instead of establishing the equations of
motion by means of the principle of virtual displacements. Later, Reddy [86] introduced a

correction in these theories and obtained a set of modified governing equations and associated



boundary conditions for laminated anisotropic plates by using the principle of virtual

displacements. In reference [87], Reddy and Liu extended Reddy’s previous work to laminated

orthotropic shells.

In Reddy’s third-order shear deformation theory for plates and shells, the same number of
dependent variables as in the first-order shear deformation theory is used and the displacements
of the midplane are expanded as cubic functions of the thickness coordinate, while the first-order
shear deformation theory assumes that the displacements of the midplane vary as linear functions
of the thickness coordinate. Furthermore, the same constant transverse deflection through the
thickness is assumed as in the first-order shear deformation theory. As a result, a parabolic
variation of transverse shear strains is realized and zero transverse shear stresses on the inner

and outer surfaces are satisfied. Therefore, unlike the first-order shear deformation theory, no

shear correction factors need to be introduced.

The static analysis of laminated composite plates using Reddy’s third-order theory was first
carried out in reference [86], where Navier-type solution was presented for symmetrically
laminated cross-ply rectangular plates. Phan and Reddy [91] also used the finite element method
to study a similar problem. Khdeir [92-93] obtained Lévy-type solutions for vibration and
buckling of both symmetric and unsymmetric cross-ply plates with two opposite edges simply

supported, while in references [94-95] forced vibration of cross-ply plates was analyzed.

Exact solutions of deflections and natural frequencies of simply supported cross-ply shells were



obtained in reference [87] using Reddy’s third-order shear deformation theory. Khdeir and
Reddy [96] investigated the dynamic and static behaviour of laminated cross-ply shells. In
references [97-98], Khdeir, Reddy and Frederick made use of the third-order, as well as first-
order and classical theories to study the bending, vibration and buckling of cross-ply circular
cylindrical shells. Soldatos [99] used Galerkin’s method to analyze free vibrations of

antisymmetric angle-ply laminated circular cylindrical panels, plates and cylinders.

Three types of the theories, i.e. classical, first-order shear deformation and third-order shear
deformation theories are commonly used for analyzing laminated composite plates and shells.
The classical theory has the simplest form but neglects transverse shear deformation. The first-
order theory accounts for transverse shear deformation but does no satisfy the stress-free
boundary conditions. The third-order theory is more comprehensive because it includes both
transverse shear deformation and zero transverse shear stresses on the surfaces of structures. For
further investigation, the readers are recommended to refer to the papers and books published

by Bert [100-103], Reddy [104-105], Mirza [106] and Kapania [107].

1.2 Motivation and Objectives

By far, most of the solution techniques for composite plates and shells are numerical methods,
such as finite element method [41-42,92], finite strip method [108], Galerkin’s method [99] and

Rayleigh-Ritz method [10]. It is obvious that the solutions generated by numerical methods are

10



approximate in nature because the governing equations and the prescribed boundary conditions
cannot be satisfied simultaneously. Thus the accuracy of numerical solutions is always
questionable in the minds of design engineers. On the other hand, analytical solutions, which

satisfy both governing equations and boundary conditions, are desirable to predict precisely the

mechanical behaviours of composite structures.

In reviewing the published literature, we have noticed that closed-form solutions are not only
very scarce but are available mostly for simply supported compeosite plates and shells, or those
with at least a pair of simply supported edges on opposite sides. It is known that Navier-type
solutions for simply supported boundary conditions are commonly employed for checking
appropriate theories or other numerical methods, such as FEM, and there also exist a great
number of plate and shell structures that have no two opposite edges simply supported. We,
therefore, wish to explore an alternative technique to accurately analyze composite plates and

shells having arbitrary boundary conditions.

The superposition technique is known as a powerful tool to deal with the boundary-value
problem. It was used by Timoshenko {109] to treat bending problems of elastic plates. This
method has been extensively applied by Gorman [110] for the ffee vibration analysis of thin
elastic plates. In this method the governing differential equation is satisfied exactly throughout
the domain of the plate and boundary conditions are satisfied to any desired degree of accuracy.
Besides, unlike the Rayleigh-Ritz method, no shape functions are needed to be chosen for the

analysis. So far, this technique has been utilized principally for the isotropic and orthotropic
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plates [110-112]. Extension of the superposition technique to the free vibration analysis of
laminated orthotropic composite plates and shells is one of the goals of the work presented

hereinafter.

The objectives of this doctoral research are as follows:

1. develop a new analytical approach combining the superposition and state-space techniques
(CSST) for laminated orthotropic plates and shells having no two opposite edges simply

supported.

2. establish closed-form solutions for free vibrations of antisymmetric angle-ply laminated
plates and cross-ply laminated plates and shells in the framework of the classical, first-
order shear deformation and third-order shear deformation theories and compare results

among the three theories.

3. carry out convergence tests to demonstrate the accuracy of computed results obtained by
the present approach and compare typical frequencies with those reported in the published

references.

4, present accurate fundamental frequencies for laminated plates and shells with two
adjacent edges, three edges and four edges clamped and the others simply supported,

which have not been reported in the literature.
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Chapter 2

Underlying Theories

In this chapter, the equations of motion of laminated plates and shells, based on the classical,
ﬁrst—drder shear deformation and third-order shear deformation theories, are to be established
for the free vibration analysis. Also, the boundary conditions associated with the equations of

motion will be presented.

2.1 Classical Theory

Figure 1 A laminated doubly curved element

13



Consider a doubly curved element made of N orthotropic laminae with uniform thickness shown
in Figure 1. The orthogonal curvilinear coordinates &, &, and £, are chosen so that £, and &,
coincide with the lines of curvature of mid-surface, £,=0, and £, is a straight line perpendicular

to the mid-surface.

According to the first two assumptions of the classical theory described in Chapter 1, we neglect
the transverse shear deformation, that is, the shear strains e,, €, and e, are assumed to be zero,

and thus obtain the displacement field of the element,

Ly &

UI‘(1+E)H"-—:W’E]

LN @.1.1)
2

U,-(1+
Ug'w(E 17 Egs t)

where t denotes time, u, v and w are the displacement components of the middle surface, R, and
R, represent the radii of principal curvatures, and A, and A, are referred to as the Lamé

parameters along £, and £, axes on the middle surface.

The strain-displacement relations for an orthogonal curvilinear coordinate system can be written

as [113]:
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where L, are the general Lamé parameters,

3 2
L-A (1+ 3 Lz-A2(1+E3); L-1;

l

=17y | G=1,2) (2.1.3)

X
El"'RTl; Eg""‘y_; E;-Z

R,

here T denotes the position vector of a point on the middle surface, and x, y, and z are the

Cartesian surface coordinates.

Substituting equation (2.1.1) into (2.1.2), using Donnell’s approximation, i.e., neglecting the

effects of u/R, and v/R; to the strains and recognizing that z/R, < <1 and z/R, < <1, one obtains,
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e,~€ +zky; e~€,+zk; egm€qtzkg (2.1.4)

It has long been known that of all the shell theories incorporating bending action, the Donnell
theory is suitable for short and shallow shells. However, this study emphasizes developing a
general method to solve equations brought forward by various theories rather than the theories

themselves. For simplicity, Dennell’s approximation is adopted.

In equation (2.1.4), the middle surface strains and curvatures are given by

g owth +: gy 4 e mU AV
17 x » 5%y s SRy o
R, R,
(2.1.5)
kl--w.n, kz-—w_w; ks--ZW’xy

The stress-strain relations for the «th orthotropic lamina can be expressed by the general Hooke’s

law as:

(k) & AEB 4@
o1’ | |@i Quz Qs | le

® B A
g, 1= G¥ QY <e, (2.1.6)
@) lom @]l

Here, Q%, are the transformed reduced stiffnesses. If the «th lamina has a principal direction of

orthotropy oriented at an angle @ with respect to the x-axis of the lamina, we can write,
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Qﬁ) =S5 cos*0 +2(S 12+ 2860 sin28 cos’8 + Sy sin*9
g)_ (s 11 +Szz - 4S65) sin?0 cos?0 + § 12 (sin“e + COS4B)

B.5,,5in*8 +2(S,, + 25 sin’B cos0 + S,, cos*0

2"~
Ba(S), - 8, ~ 280 siNOCOS’0 + (5, - 5, + 25, )sin* B cosd 2.1.7)
B8, - S5 - 256 SN0 cos0 + (S, - 5, + 25 sinBcos’
B (8, + 8,5~ 25,, ~ 280 sin’B cos® + S, (sin’8 + cos*0)
where S; are the reduced stiffinesses,
E v,E E
Su--—l; Slz-_..._li; SZZ--__z -
1-vva 1-v5¥ 1=y
Vi ¥ (2.1.8)
Sa"Cni FE,
1 B

in which E. is the Young’modulus in i-direction, v; the Poisson’s ratio for transverse strain in

j-direction when stressed in the i-direction and G the shear moduli in i-j planes.

The stress resultants are defined as:

[ M.)-g ?o@(l dz  (i-1,2,6)
A 1 i ’ » & (2.1.9)

Tl

Substituting equation (2.1.6) into (2.1.9) gives,

Ni-AyeﬁBUkj
2.1.
Mi-Byc-:!.+D,.J,Icj 2.1.10)
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Here A,, B; and D; are the extensional, coupling and bending stiffnesses of the laminate,

N
(5
4, B, D) -El,,f Q¥PW,2,20dz 2.1.11)
k-1

In order to obtained the equations of motion, the Hamilton’s principle is used, which has an

expression,

g

[sL di-0 2.1.12)
fa

where L is the Lagrangian function defined as

L-U-K

b h
%% [ ogr>eidxdydz_%§ [ ] 00,0,z @.1.13)
S g

in which U and K are the strain energy and kinetic energy respectively, superposed dots denote
differentiation with respect to time, and p is the density of the xth lamina. After substituting
equations (2.1.1), {2.1.2) and (2.1.3) into equation (2.1.13) and taking the first variation of the

Lagrangian function, one obtains

N, ,+Ng ~Li-Lw

X

Ns.x + Nz_y - Ilv - Izw_y

N,
Ml,u+2M6,xy+M2,w_ F
1

LWL (@, +V ) - LW +W )

(2.1.14)

&
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for the equations of motion, where I, are the inertia coefficients,

I-3 fpz"-‘ dz  (i-1,2,3) 2.1.15)

and the associated boundary conditions:

at x =constant,

N,~N; \4 u=u*
Ng=N, v yuy*
. . 2.1.16)
M,-M, Voo wew)
M, +2M, My V w=w*
at y=constant,
N,~N, \ vy*
Ng~N¢ \ u=u*
i . @.1.17)
MZ-MZ V w y-w’y
M, +2M; ~My, V w=w*

here the quantities with superscript stars are known.

It is noted that for the laminated composite plates and shells based on the classical theory, the
coupling is due to the nature of the nonhomogeneity. Thus, in writing boundary conditions along
an edge of a laminate, both in-plane and transverse effects must be considered simultaneously,

i.e., four boundary conditions must be prescribed for each edge.
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2.2 First-order Shear Deformation Theory

Consider the same element as shown in Figure 1. As stated before, since the first-order shear
deformation theory assumes that the normals to the undeformed middle surface remain straight

but not necessarily normal to the deformed surface, the displacement field can be described as:

Uy ~u(x, 3,0 +2x(x,5,1)
U, =v(x,y,8 +20(x,%1) | (2.2.1)
U:.; - W(x,y, t)

where u, v and w are the displacements of the middle surface, and x and ¢ denote the rotations

of transverse normals to the middle surface in the x-z and y-z planes, respectively.

The strain-displacement relations are stili determined by equation (2.1.2). Substituting equations

(2.2.1) into (2.1.2) leads to

e, =€ +zk; e,-€,+zk,;

2.2.2
es=€c +2Kk; €,=€, €5=Eq ( )
Here the middle surface strains ¢ and curvatures x; are defined as
w - w + - .
el'u,=+}im’ €=Vt o CGTUyTV GTOTW,s
1
(2.2.3)

Es-x+w’x; kl-x,x; k2-¢.y; kﬁ-x'y-'-"p'x
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and the stress-strain relations can be written as

o) foa e o o,
| | oo o ol
{o} - Q¥ 0 ofie}
o® ® ol |e
os] | om Qlg| 1%

in which Q; are the same as those in equation (2.1.7) except for Q¥,, and Q¥

-8,,005%0 + §,;5in 20 + S, 5in’6
B ~8,5c05%0 - 85020 + §,, sin’0

Here, S,=G; and S;,=G,.
The stress resultants have the following expressions:

by
N
W, M- [oPUDd (=12, 6)
k=1

L

N
Q-Z f ogidz (i1, 2)
k1

Substituting equation (2.2.4) into (2.2.6) gives,

N~Aje+Bk; M-Bje+Dk G j-1,2,6)

Ql 'ASjej; Q, -A4jej (-4, 5)
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The stiffnesses of the laminate are

N M
(4 By D=2 [ePuz d G J-1,2,6)
)

1

N (2.2.8)

hk
A2 K; [ QP dz G, j-4, 5)

-]
L

where K?; represent the transverse shear correction coefficients to adjust the transverse shear

stiffness.

Following the procedure used for the classical theory, we substitute equations (2.2.1), (2.2.2)
and (2.2.3) into the Hamilton’s principle expressed by equation (2.1.13) (note: the index should
take on the values, i=1, 2, 4, 5, 6 in this case.), integrate the expression by parts, and set the

coefficients of du, év, éw, 8x and ¢ to zero separately. Thus we obtain,
Ail,.:l:‘]"Nﬁ,y-llﬁ-‘»lzi

N6,x+N2,y-Il‘.;+12(b

R, R, (2.2.9)
M, +M, - Q - Li+I}

Ms_x+M2,y—Q2-Izi"+Ig('|3

for the equations of motion, where I are given by equation (2.1.15), and the boundary

conditions:
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at x =constant,

N,~N; \Y u-u

NN \ v=y*

M-M; OV x-x (2.2.10)
M=M; vV g=¢’

Q,-Q, \ w=w"

at y==constant,

N,-N, N 2%

N=Ng \4 u-u*

Mz-Mz" V -9 2.2.11)
M-M; v x=x"

Q,-Q; \% w=w"*

where the quantities with superscript stars are known.

2.3 Third-order Shear Deformation Theory

In order to include the effect of transverse shear deformation and satisfy the boundary conditions

on the top and bottom surfaces, the following displacement field is considered [87}:
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o, .
U =(1+-2)uszly - ——22x +w
= Rl) -X n (x ,,;)~

(2.3.1)

4
Uy -(L+2)vezlo-—22(@+w,)
2 R2 L 3h2 D4

U, =w(x,y,1)
As described earlier for the displacement model of the first-order shear deformation theory, u,
v and w again represent the displacement components of the middle surface, x and ¢ are the
rotations of the middle surface about the {; and ¢, axes respectively, R, and R, denote the radii
of principal curvature, and h is the thickness of the laminate. It can be proved easily that the
displacement field in equation (2.3.1) makes it possible to have the transverse shear strains, e,

and e, equal to zero at the top and bottom surfaces. The unknown functions x and ¢ are used

to represent the action of the thickness shear strains on the middle surface.

The strains are obtained by using the strain-displacement relations (2.1.2) and the Donnell’s

approximation which neglects the effects of u/R, and v/R, as follows:

1 1
e -, +z(k*22k); e, -€,+2(k+2*k);

1 , 1 @.3.2)
es-€s+2lkg+z2k); e =€, +22ky; es=eg+22ks

here
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w w
€ =l t—) €V t— €=U V. €m@+W.;
1

Es=X+W.s Ki=x.s ks Kmx,ve
k=6t W o) k= —cy@ 4w Y kg —c(@+w,); (2.3.3)
ks = ((+w,); kg=—cy(@ X 42w )

in which c¢,=4/h? and ¢,=c,/3.

The stress-strain relations for the xth lamina are the same as in the first-order shear deformation
theory. The equations of motion and the boundary cenditions can be derived from the Hamilton's

principle of equation (2.1.13), but the index has to take on the values, i=1, 2, 4, 5, 6. As a

result, we obtain,

Nl,x+N6,y -l u+L% —Isv'é_x
Ns,x + N2,y =L V+L- 1311"’),
Ql,x * Q2.y - CI(KI,J: * K2.y) +("2(P1.n +P. 2,yy+2P6,xy)

Ny N, = .. =. .
A2l v B L T+ LW - LR W) (2.3.4)

Ml,x + Mﬁ,y - Ql + cl‘Kl - cz(Pl.x + Pﬁ,y) - I—Zﬁ + Iuii - Is‘;"’.x

M, +M, -Q,+¢,K)—c,(P ,+ Py ) 'f2ﬁ+ I:t"ﬁ - fs""’,y

for the equations of motion, and the boundary conditions:
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at x=constant,

N,-Ny v u-u*
N¢-Ng \ y=v'
M,-M; v x=x"
P,=P; \' W =W 2.3.5)
M ~c,P=-M; \ -0
Q<K +6)(Py +Pg )= Q1 \ w=w*
at y=constant,
Ny-N; Vv v=v*
Ng=Ng \ u-u"
My-M; \ ¢=-9
PyP; Voo 2.3.6)
M,-c,Pg-M v x=x
Q-6 Ky+,(Py +Pg )=Q; v w=w"

where all the quantities with superscript star are assigned certain prescribed values and the stress

resultants are given by

(N, M, P)- zf O,z dz (=1,2,6)
ey

(2.3.7)
@ K)- z f oA d 1,2

1y
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The inertia coefficients are determined by

TaL+2p; Tepe D22
Rl 2 2 "2 Rl 4 Rl §

-_ C -— e
13-c214+?2I5; I-L-2cl+cil; I =cyle-cily;
1 (2.3.8)

N N
I=-Z fpzl'l dZ (i-ls 2: 37 4) 5: 7)

The inertia coefficients I; have the same expression as I, except that R, is replaced by R,.

The stress resultants can also be expressed in terms of the strain components by substituting

equation (2.2.4) into (2.3.7), which results in,

1
Ni-Aﬁ€j+Bijkj+Eykj
M,-Bye,+ D+ Fi; G, j=1, 2, 6)
1
P;-Eye;+ Fyk;+ Hyk; 2.3.9

1
Q=44.;€;+ D,_,.k;
(i-1,2; j-4, 5)

1
K;-Dg_;€;+Fg k;

where the laminate stiffnesses are
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(4B, D, E F,

ip Cipdp

i Hy-
N M
¥ f Q,f,.")(l,z, 22,2%,74,25 dz
E-1p
k-1

(i,j=1,2,4,5,6) (2.3.10)
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Chapter 3

Antisymmetric Angle-ply Laminated Plates

In this chapter, we develop an approach combining the superposition and state-space techniques
(CSST) for the free vibration analysis of laminated plates without two opposite edges simply
supported. Three types of theories, that is, classical, first-order and third-order theories, will be

explored for the vibration problem of antisymmetric angle-ply laminated plates.

One of the most important characteristics of antisymmetric angle-ply laminated plates is that such
structures exhibit coupling between bending and extension. As is well known, the elimination
of the coupling not only makes the analysis easier than the laminated plates with coupling but
also has no tendency to twist arising from thermally induced contractions that occur during
cooling following the curing process. However, on the other hand coupling can play an essential
role in many engineering applications in order to achieve design requirement. For instance, jet
turbine fan blades are designed to pretwist by increasing the coupling. As a further example, if

the shear stiffness of a laminate made of laminae with unidirectional fibres must be increased,
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one way to achieve this requirement is to position layers at some angle to the laminate axes. To

stay within weight and cost requirement, an antisymmetric laminate may be the choice.

3.1 Governing Equations

The equations of motion for laminated plates and shells have been established in Chapter 2 using
the three theories. These equations were expressed in terms of stress resultants. It is understood
that there are usually three general approaches to deal with closed-form solutions for the
boundary-value problems. They are known as displacement, stress and mixed displacement-stress
methods. The displacement method is most commonly used in the analysis and will also be
employed here. For this purpose, the equations of motion have to be expressed in terms of

displacements.

Antisymmetric angle-ply laminated plates refer to plates having an even number of orthotropic
laminae (or layers) with principal directions of orthotropy oriented at the angle of +6 and -8
with respect to the plate coordinate axes. Each lamina is assumed to be made from the same

material. For such plates, the following plate stiffnesses and inertial coefficients are zero:

Ai~Di=Fig=Hi=0 (=1, 2)
Bu-Eﬁ-O @, j~1,2) 3.1.1)

Ays=BegmDysmEgg=Fys=Hysm1,=1,=1,-0
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Substituting equations (3.1.1) into (2.1.10), (2.2.7) and (2.3.9) respectively, then into the
equations of motion expressed by equations (2.1.14), (2.2.9} and (2.3.4) and noting that 1/R,

and 1/R, tend to be zero, we obtain the following eguations for the classical theory,

Lll le L13 u

L, LyRvi=0 (3.1.2)
sym. L,

Where L are the partial differential operators,

L, =Ayd, +Ad -1d,
L,- (A12+A66)dxy
L~ "3Blﬁdny"326dm
L, -ASGdn+A22dyy—I 1y G139
Ly~ '3326dxyy‘316dm
L,=-Id-I, (dm+dyyﬂ)+Dlldm
+2(D,+2D¢) dnyy"'Dndm

in which d,,=d/dxadx, etc.,

For the first-order shear deformation theory, the equations are,

-Lll L12 LIS Ll4 LIS. ’u‘
Ly Ly Ly, Lys||y
Ly Ly, Lyg|iw =0 (3.1.4)
Ly Ly||x
 sym. Ly |\®
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The operators L; used in the above equations are defined as,

L =A),d +Agd -1 d,
L,-(4,, ““Ass)dxy

L,-0; L,-2Bd,,
Lis'Blﬁdn"'Bzﬁd;y

L,~- (Andw +Agd, V-1 d,
Ly;=0; Ly=L,; Ly=2Byd,

Ly,-1, drr“A«dyy"Ass d,

(3.1.5)
Ly=~Asd; Ly=-A, dy
Ly=Dyd+Dgs dyy"Ass‘Isdu
Lds-(D12+D66)dry

Lyg=Dyyd +Dged, A 1 d,

For the third-order theory, the governing equations have the same form as in equation (3.1.4),

however the differential elements are different,
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Ln'Audn*Aasd,y‘Fldu; Ly,=(A,+Ag)d,,
Lyg=-CyBE qd, +Eged ) Lyy=2(Bis-GE
Lis=(Bys—C,E Qd +(Bys-c,E,0d, 5 L22_A66du+‘422dyy_fl d,
Ly=-c,3Eyed, +E\(d, ), Lyy=(Bis—C,E\dd  +(Bys-c,E90d
L)s=2(Bys-c,E,9d.; L33-Ildn-c§I7(dm+dyyxx)+c22[Hndxm
+2(H),+2He)d, +Hy,d, 1-[(Ass=2¢,Dyg+ciFedd, +
(Ay-26,D, +ciF,)d, ]
L34-I_5dm-(A55—2c1D55+cle 550y~ C(F11 - H ) o,
~Cy[(Fp-C,H ) +2(Fgg-c,H )M, G.1.6)
Lyg~Iid y~(A-2¢,D y+iF )d - c)(Fp-c,Ho)d,
—C[(Fyy—C,H ) +2(Fes—C,He M,
Ly~(Dy,-2F, ¢+ H, ) +(Dgs=2F g+ 2 H)d,,
~(455-2¢,Dggrc;Fe)-T,d,
Lys=[D13-2F 50, + Dgg~F ey, (F 1y~ H )~
CZ(FGG-CZHGG)]dxy

Lyg=(Dy,-2F e, v ey Hy)d, +(Des=2F gx2+cH )d,
~(A,-2¢,D +ciF)-1,d,

Until now we have completed the derivation of the governing equations for the antisymmetric
angle-ply-laminated plates based on the three theories. The challenge that exists now is to solve

the operator equations subjected to a set of prescribed boundary conditions, especially when the

plates have no two opposite edges simply supported.
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3.2 Superposition Technique

In order to demonstrate how to use the superposition technique for the laminated plates, we
consider an antisymmetric angle-ply rectangular plate of dimensions a X b and with two adjacent

edges clamped and others simply supported.

Using the classical theory, the boundary conditions of the plate can be described as follows:

at the boundary x=0,

u=v-w-w -0 (3.2.1)
at the boundary y=0,

u-v-w-w'y-O (3.2.2)
at the boundary x=a,

u=w=M,=Ns=0 (3.2.3)
at the boundary y=b,

v=w=M,=N;-0 (3.2.4)
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To develop the exact solution for the plate, it is assumed that the general solution is constructed

by the superposition of four components. We, therefore, write,

u(x,y,t) s U k(xay at)
vosy) (= 2 viay (3.2.5)
(xsy !t) J "(x,y,t)

In equation (3.2.5), each of the components has simply supported boundary conditions except
that a distributed moment or an in-plane force is acting along one boundary. For instance, the

first component is subjected to following boundary conditions:

at the boundaries y=0 and y=b,

viewlaM)=N;=0 (3.2.6)

at the boundary x=a,
ul=wl=M=N; -0 (3.2.7)

at the boundary x=0,
ulew!'=N;=0; M|-M; (3.2.8)
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Here, the quantity M", represents the amplitude of a distributed oscillating bending moment and

may be expanded in a Fourier series as follows:

M;- Z E, sinkK,y (3.2.9)

where K,=nx/b.

For the second component, its boundary conditions are identical to those of the first except that

equation (3.2.8) should be replaced by

2 *
ut-wi-M;-0; Ng-N, (3.2.10)

in which N, is the amplitude of a distributed oscillating in-plane force and can be expanded in

a series form, given by

Ny - _2}21’" sink,y (3.2.11)

Following a similar procedure, the boundary conditions for the last two components can be

written easily.

We now proceed to obtain the solution for the first component. To do this, the displacements

of the middle surface may be expressed as products of unknown functions and known
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trigonometric and exponential functions, given as

u l(x,y,t) U,l, (x)cosKy

vieyd 1= Vi()sinK,y re™ (3.2.12)
ne
wi(x,y,) W ®)sinK,y

here w is the circular frequency and i=v/-1.

3.3 State-space Technique

The state-space technique is based on the principle of reducing the governing equations to a set
of first-order differential equations while keeping the field equations in their exact form. With

this method, it is convenient to obtain the solutions for higher-order differential equations.

Substituting equation (3.2.12) into governing equation (3.1.2), we obtain

1 1 1
U, o=C,U,+CV,

nx

+CWC W,
V: = C UL 4+C Vi C WL +Cy W (3.3.1)

Wr},m'cg U:'*CwV:.x*CuW;*CmW:.n

where C, are listed in the Appendix I.

The ordinary differential equations described in equations (3.3.1) can be reduced to a set of first-

order differential equations by defining the variables,
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z1'U:3 Zz"U;,x; Zs'Vi; Z4'V::,x;
1 1 1 1 (3.3.2)
Z=W, s Zg=W, o3 Z=W, s Zg=Wp oo
Equations (3.3.1) thus become
{Z(x)) .= [CHZ()} (3.3.3)
where {Z(x)}={Z, Z, ... Z3}" and [C] is defined by
0 1 0 0 0 0 O O]
¢, 0 0 C, C, 0 C, O
c 0 01 0 0 0 O
-0 &% %0 G 0 G (3.3.4)
00 0 0 01 0 O
00 0 0 0 01 O
0 0 0 0 0 0 0 1
_Cg 0 0 CpyC,; 0 Cp,, O}
A general solution to equation (3.3.3) can be written as
(Z(x)) =[e!V]{P) (3.3.5)

where {P}={p, p; ..- Ps} , a column matrix of constants which will be determined by equations

(3.2.7) and (3.2.8), and [e!°)"] is expressed as:
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[e17]-1R] . (3.3.6)

Here the symbols A; represent the distinct eigenvalues of the matrix [C], and [R]=[ry], the

matrix of the corresponding eigenvectors.

Satisfying the boundary conditions described by equations (3.2.7) and (3.2.8) gives

[G1(P} - (E} (3.3.7

here, {E} = {00 ... E,}" and [G] is a 8 x 8 matrix whose elements are all known. Thus from

equation (3.3.7), we obtain

{P}=[GI"'(E} (3.3.8)

We turn next to the solution for the second component, It is noted that the difference between
the first and the second components is that there is an in-plane force rather than a bending
moment acting along the edge x=a. Therefore the solution for the second component has the

same form as that for the first except that {E} in equation (3.3.8) is replaced by
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(E}-{00 .. F,00}7 (3.3.9)

Similarly, the solutions for the last components can be obtained by following the same
procedures as those for the first. For example, the displacements of plate mid-surface may take

the form,

Wy Ul)sink_x
viwy - 2 Vi®)cosK, x et (3.3.10)

wiayt)]  |wig)sink, x

where K_=mmr/a, j=3,4 and the amplitudes of the distributed oscillating moment and in-plane

force along the edge y=0 are expanded as

M;- £ G, sinkK x (3.3.11)
m=1,2
and
N;- I H, sinK x (3.3.12)
m=1,2
respectively.



3.4 Enforcement of Boundary Conditions

According to the superposition method the superimposed solution, that is, the one resulting from
the summation of the solutions of the four components, must satisfy the prescribed boundary
conditions of the original problem, which is described in equations (3.2.1)-(3.3.4). It is easy to
verify that all of the boundary conditions have been satisfied automatically except for the
following ones,

at the edge y=0,

u=w,=0 (3.4.1)

at the edge x=0,

v-w,-0 (3.4.2)
These equations indicate that the net slopes along edge y=0 and x=0 must be to zero, and the

displacement in x direction along edge y=0 and the displacement in y direction along edge x=0

must be zero.
It is clear that we need to demonstrate the satisfaction of only one of these boundary conditions

because of the similarity among them, We thus consider the first equation of equations (3.4.1).

After substituting the solutions of the four components into this equation, we obtain
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I UM+ B UZ(x)+ S UL 0)sinK,x+ E Up(0)sinK, x~0 (3.4.3)
mwl

n-1 n=1 m=1
Equation (3.4.3) can be rewritten by expanding the U',(x) and U?,(x) in trigonometric series as
follows:

> Uy(E,) + 5 UAF,)+ UG, + Un(H,) =0 (3.4.4)
n=1 a=1

where

a
=1 2 Lyl
U"-_‘;{Un(x)smex dx
(3.4.5)

-
n

722 [U2sinK, x d
a3

In order to simplify equations (3.4.5), we may look at equations (3.3.5) and discuss them

further,

Case I. If A, Aa,..-, Ag are all the real eigenvalues of the matrix [C}, equation(3.3.5) can

be written as

Zo-{r)e™ (r)e’® .. (re™](P} 3.4.6)
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where
) ’Pn
Py
{P}-{ .

b k=1, ..., 8) (3.4.7)

{rid=y . ¢t

s |

s
If M and A, are a pair of conjugate eigenvalues of the matrix [C], equation

Case II.
(3.3.5) becomes
(3.4.8)

Z(x)-[{rl}el'x...{Fk}emo'”)x {ﬁ+l}eka"")x...{rS}e"'x]{I-’-}

Here
‘ f;.-lk+1
(3.4.9

;21'+1
{P}=_

g —

Tk

Fak
{rd=t . {7l =

T8ks1 |
| Pe

Lrsh

with
FJ,,‘-Re(rj peosIm(A )x - Im(r,) sinIm(A )x
i; pe1=im(r; ) cosIm(A )x + Re(r,)sinIm(A )x
- _ ‘ (3.4.10)
PymPiPrs P~y Py i=y/-1
G-1,2,...,8)
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Integrating equation (3.4.5) and making use of equations (3.4.6)-(3.4.10), we obtain
~ B _
UmZUy (-1.2) (3.4.11)

where, if A, is a real eigenvalue,

TP 2 . F al 0
Unk-; r{k Bk pk

(3.4.12)

; K
0}- - . (1-e***cosK_a)
Km*—lk

and if A, and A, are a pair of conjugate eigenvalues,

l—fr{k-%{p-ﬂaé(e] +BZ) - ﬁ;(93—94)] +EI¢;1[B£(61 + 92) +“£(93 - 94)]}

«,e"cosK, asinB a+(K, +B,)(1-e"“cosK, acosP,a)

af+(K+B,)

1

-a,e“cosK asinp,a+(K,-Pp,)(1-¢"cosK, acosp,a)

e -
2 o+ (K ~B ) (3.4.13)

~a,(1-¢*“cosK, a cos P, a)-(K, - P,)e*cosK, asinp;a

o2+ (K_-B,)

0,-

~0o,(1-e"“cos K, a cos B, a)+(K, +B,)e " “cosK, asinp,a

o +(K, +B,)

6,~

«=Re(A); B,=Im(r); aj-Re(r]p; PBi~Im(riy
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1t is obvious that the quantities with superscript j in equations (3.4.11)-(3.4.13) refer to the jth

component.

After the satisfaction of equations (3.4.1) and (3.4.2), an eigenvalue system of the homogeneous

equations can be established as follows:

(Ml(s} - 0 (3.4.14)

Here [M] is a 4k X 4k eigenvalue matrix whose elements are determined by the solutions of the
four components through enforcement of the boundary conditions, such as equation (3.4.4), and
k is the number of terms used in the truncated series expansions of the displacements of middle
surface, while {8} is a 4k X 1 column matrix consisting of unknown constants E,, F,, etc. Since
circular f_requency w is involved in the elements of the matrix [M], the natural frequencies can

be evaluated by enforcing the determinant of the matrix [M] to vanish

IMI-0 (3.4.15)

It should be pointed out that equation (3.4.15) can be used to generate not only fundamental
frequency but also higher natural frequencies. In fact, any natural frequencies can be found from
this equation by taking more terms in the displacement series. However, in the engineering
sense, the fundamental frequency is often of greater interest than its higher natural frequencies

because its forced response in many cases is the largest. Therefore only the fundamental
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frequency will be calculated for all types of the plates and shells considered.

3.5 Higher-Order Theory Cases

Following the same procedures described for the classical theory in the above sections, the
solutions based on the first-order and third-order theories can also be generated by a combination
of the superposition and state-space techniques for the antisymmetric angle-ply plate with two
adjacent edges clamped and others simply supported. However since the higher-order theories
account for more displacement components of the middle-surface than the classical theory, the

problem will become more complicated.

The general solutions for the first-order 2ud third-order theories are assumed to be

(uxy))  [#HD]
vy | (Y ay,0)

{ wx,y,1) #-E; wkay,0 1 (3.5.D
yAbHA) 1 ¥xy.0)

GEYA) L gkryn)

where K° takes the values, 4 and 6, indicating the first-order and third-order theory,

respectively.

In equation (3.5.1), each of the components hes such boundary conditions that all edges are

simply supported except that one edge is subjected to a harmonic bending moment or an in-plane
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force of circular frequency @ and with a distributed amplitude which can be expanded in the

series represented by equations (3.2.9) or (3.2.11).

Because the steps required in obtaining solutions to all the components are the same, only the

first is discussed here.

The generalized displacement field for the first component is written as

) rUl x)cosK ]

Wy | roeosKa

Vi) V,()sinK,y
winy,d = E; W,(x)sinK,,y gior (3.5.2)

ne=
Xl(x,y,f) X:(x) sin Kﬂy
1
3, Qt
CREAAY iY:(x)cosKnyJ

Substituting equation (3.5.2) into the governing equations (3.1.4), we obtain, for the first-order

shear deformition theory (FSDT),

U:,n -C,U, +C,Vns+Cy W;+C4 X:,x‘”cs Y,
1 1 1 1 1 1

Vn,n -C UM+C., v, +C8 Wmﬁ-C’gX,ﬁCw Y,,,x
1 1 1 1

Wn,xx'cllwn +C12Xn,x+ C13 Vn (3 5 3)
1 1 1 1 1 1

X = CrUn st CisVp + C oW 4 C X+ C Y

1 1 1 1
Yn’n-ClgUbCZOV,,_x+C21W,,+C22X,,_x+CHYn

47



For the third-order shear deformation theory (TSDT), these equations take the form,

1 1 1 1 1 1 1
Uy~ C U+ GV, +CW, +C, W, ot CsX, +CY,
1 1 1 1 1 1 1
Vﬂxn- C7U";x+ CS Vﬂ +C9 WTI,X+CIDWH,W+ Cl IXH +Cl.2Yn
1 1 1 1 1 1 1
Wi ser=CraUn +C1 ¥y o+ Co Wi+ C oWy o+ C X, +C1e Y, 339
X:.n' Cy U:““CzoV: ‘“mer:.::+ C22W:,m+C23X:+C24Y:,x

Yy o= CosUnt+ CoVl 4 Co Wit Cpg Wy 4 CooXo 4 Co Y

Here C, are listed in the Appendix I,

Following the state-space technique described in Section 3.3, we define the variables,

FSDT;
1, 1, 1, 1, 1,
Z-U,; ZZ-UM, Z,~V,; Z4-V,,,, Z~W,;
(3.5.9)
1, 1, 1 1, 1
ZG—W,,,,, Z~-X.; Zs-Xm, Z,-Y,; ZIO-Y,,,,
TSDT:

1, 1 1, 1., 1, !
Z=Uy; 2)mUy s 2y=Vy; Zy=V, s Zg=Wo5 Z=W,, (3.5.6)

N
nx?

1, 1, 1, 1, 1, 1
Z,-W, Zo=W, s ZgwXys Zg=X, 03 Z=Y,5 2=V,

mxx?

Thus equations (3.5.3) and (3.5.4) are converted into a matrix form:

(ZW} ~-ICHZ()} (3.5.7)
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where,

FSDT:
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Vi
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A general solution to equation (3.5.7) is given by

{Z()} -[eF] 1P} (3.5.10)

where {P} is a constant column matrix associated with the boundary conditions and [e!°] is

written as

[e!H]-[RT : 3.5.11)

here, k=10 for FSDT, k=12 for TSDT, A; denote the distinct eigenvalues of [C], and

{R}={r;}, represents the corresponding eigenvector matrix.

The constant matrix {P} in equation (3.5.10) is determined by the following boundary
conditions:

at the edge x=0,

FSDT: u-w=9=N=0; M -M

. (3.5.12)
ISDT: u=w=@=P=N,=C;, M =M,
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at the edge x=a,

FSDT: u-w=@-Ng-M, -0
TSDT: u~w-@=P ~N,-M -0 (3.5.13)

After all the solutions of the components are obtained, the superposed solution has to satisfy the
prescribed boundary conditions of the original plate, given by

at the boundary y=0,

FSDT: u=-¢=0
TSDT: u=g-w -0 3.3.19)
at the boundary x=0,
FSDT: v=94=0
TSDT: v=x=w, =0 (3.5.15)

Enforcement of equations (3.5.14) and (3.5.15) will lead to an eigenvalue system of the

homogeneous equations,

[M}{&} - O (3.5.16)

Here, for FSDT, [M] is a 4k X 4k eigenvalue matrix, for TSDT, [M] has a dimension of 6k
X 6k, and k is the number of terms used in the series, while {8} is a column matrix consisting

of the unknown constants E,, etc.
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For non-trivial solution of equation (3.5.16), the determinant of the coefficient matrix should

be equal to zero, from which natural frequencies can be generated.

3.6 Plates with Three Edges Clamped

Having used the superposition and state-space techniques for the plate with two adjacent edges
clamped, we now proceed to study antisymmetric angle-ply plates having three clamped and one
simply supported boundaries. It is obvious that the steps required to obtain the exact solution of
the plates are similar to those described before for the plate having two adjacent clamped

boundaries. But more components need to be superimposed to construct the general solution.

The general solution is composed of the following components:

uyd| u*xy.t)

vix,y,D) 1= I v x,y,0 (3.6.1)
(x,y,0) CR%))
for CT and,
(uxyd)  [#5@D)
vy | |V Hxyt)
{w(x.y.) "kzﬂ whay.0 (3.6.2)
X(x’ ’t) X k(x’y 1t) |
L (p(x:y :t) ) L@ k(x’y ’t) J
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Here K*=6, for FSDT and K'=9, for TSDT.

It is seen that, corresponding to different plate theories there are different numbers of component
solutions to be superposed. This is because higher-order theories need to satisfy more boundary
conditions than for the classical theory. For instance, at each boundary there are four boundary
conditions for the classical theory, however the number of boundary conditions increases to five
and six for the first-order and third-order theories, respectively. Besides, among all the boundary
conditions, some of them are satisfied automatically and others have to be enforced. As a result,

more component solutions are required for the third-order shear deformation theory.

The next steps to develop solutions for each of the components are the same as before and thus
need little explanation. The only thing which may be re-emphasized is the eigenvalue matrix [M]

that is formed when the originally prescribed boundary conditions are enforced.

[M] is constructed by the coefficients of the homogenous equations expressed by, for example,
equation (3.4.14) or (3.5.16). Its dimensions depend on how many components are used. In the
cases of the classical and first-order theories, [M] is a 6k X 6k matrix, while it becomes 9k X
Ok matrix when the third-order shear deformation theory is employed, where k is the number
of the terms adopted in the series. Therefore a uniform form of the eigenvalue matrix can be

written as:
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M]=[m,] G j-1, 2, .. ,K*xk) (3.6.3)

where K* represents total number of components used in the general solution.

3.7 Fully Clamped Plates

So far, because of the complexity of its boundary conditions, no closed-form solution has been
established for the free vibration frequencies of antisymmetric angle-ply laminated plates with
fully clamped boundaries. However this problem can be solved by the approach developed here,

i.e., combining the superposition and state-space techniques (CSST) without difficulty.

Theﬂmajor difference between a fully clamped plate and the plates analyzed before lies in that
one more boundary is required to be released by adding more components to the general solution
of the former plate. Therefore for the classical theory, the general solution can still be expressed
in equation (3.6.1), but the k should take on the values up to 8, while for the first-order and
third-order shear deformation theory, the general solution is given by equation (3.6.2) and X'

is set equal to 8 and 12, respectively.

The procedures to obtain the solutions for the components as well as the original plate are
exactly the same as for the plates with two adjacent or three edges clamped and the rest simply

supported. We have presented detail descriptions of solution techniques for the latter plates.
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Therefore it is unnecessary to repeat them here.

In writing the computational code for evaluating the fundamental frequencies, only one more
subroutine will be added to include the effects of the additional clamped edge. This is easy to

be realized by the standard algorithm coded during this study.

3.8 Cantilever Plates with Point Supports

In order to demonstrate that the approach developed in this study can be applied to solve more

complicated problems, a cantilever plate with a point support along a free edge is considered in

this section.

Suppose such a plate has one edge clamped along x=0, other three edges completely free and

a point support at (a,y;). In the case of classical theory, the general solution for the plate is

constructed by nine components as follows:

uyt) | ()
vixy,8) 1= Z v (x,y,0 (3.8.1)

-1

Gy,0) Eoxy,0)
It is noted that, unlike the plates studied before, those compenents have to be imposed with so-
called slip shear conditions in order to satisfy the boundary conditions of the original plate. The
slip shear conditions refer to those with zero vertical edge reactions, zero in-plane forces, zero

slope and zero in-plane displacements. For instance, the first component solution has the
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following boundary conditions,

along the edges y=0 and y=b,

u'ew! - Ni=M, +2M; -0 (3.8.2)

along the edge x=0,
ul=-wl=N;=0, y}-M; (3.8.3)

along the edge x=a,
View =Ny =M, ,+2Mg =0 (3.8.4)

The boundary conditions of the second component are identical to those of the first component
except that the amplitude of a distributed oscillating bending moment M,’ is replaced by the
amplitude of a corresponding in-plane force. Therefore the displacement solutions for the first

two components can be written in a uniform expression,

ul(xy,0) Ulx)sinK )y

Vi yh t= B {V jcosK,y re

n=0,1
wi(x,y.0 Wix)cos K,y .85

G~1, 2)

iwt
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Since the steps to obtain the solutions to the unknown functions U(x), Vi,(x) and Wi(x) in
equation (3.8.5) are exactly the same as for the plates studied before, we do not present them

and instead give more discussion of the remaining components.

The third and fourth components have the same slip shear conditions. However their driven
edges are subjected to a harmonic rotation or displacement of circular frequency w, which can
be written as,

along the edges x=0,

ul=wl=Ni=M]-0
(3.8.6)
(=3, 4)
along the edge x=a,
view! -N]-M3 +2M] -0
(3.8.7
(-3, 4
along the edge y=b,
wiew? wNj=Mj +2M{,-0
(3.8.8)

0-3: 4)

along the edge y=0,
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3 a3 a3 3 3 3
U "'Nz "Mz +2M6 "0, WJ'W,).

(3.8.9)
wj-N;-M§+2M2-0; ut~ut

where the quantities, w,* and u*" represent the distributed amplitudes of the harmonic rotation

and displacement expressed by the series

3 -
w, -mE,aF’"COSK"'xlz (3.8.10)
and
u“‘-m:z‘l 3G,,,sinKmxlz (3.8.11)

- The general solutions for the third and fourth components are given by

wixy,0) Uly)sink, x/2

vy = Z V,{(y)cosKnx]Z elot
m=-1,3
' M (3.8.12
wixy) Wip)sink, /2 )

0-3: 4)
The boundary conditions for the fifth to eighth components can be obtained following the same
procedure as for the third and fourth components. This can be realized by changing the driven

edge clockwise from the edge y=0 to the edge y=b while keeping the slip shear conditions for

the remaining edges. For brevity, they are not presented here.
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Next we consider the last component. Since there is a point support on the free edge of this
component, we can describe its boundary conditions as follows:

at the voundaries y=0 and y=b,

9 /9 29
u®=w’=N; =M, ,+2Mg =0 (3.8.13)
at the boundary x=0,
1®=w?=Ng =M, =0 (3.8.14)
at the boundary x=a,
V2-w’=N; =0,
. . (3.8.15)
ﬂlIl.x+2M6,y-V‘
at the point (a,y),
w3(a,y =0 (3.8.16)

In equations (3.8.15) the quantity V" denotes the amplitude of the vertical edge reaction which
can be represented by a concentrated force P, acting at the point (a,y;). The concentrated force

is expanded as a Dirac function in a series,
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V*= I P*cosK y,cosKy

n=0,1
2P 2 if n=0 (3.8,17)
Pru— 6-{
[ 1 else

It is appreciated that the solution for the ninth component has the same form as that of first one
written in equations (3.8.5). It is also easy to verify that the boundary conditions given in

equations (3.8.13) are satisfied identically by the displacement solution in equation (3.8.5).

After obtaining the solutions for all of the nine components, we can calculate the fundamental
frequency by introducing the boundary conditions of the original problem anc finding the non-
trivial solutions of the eigenvalue equations. These boundary conditions require that the slope
and the displacements must vanish along the edge x=0, the bending moments and vertical edge
as well as the in-plane forces must vanish along other three edges, and the displacement at the

supporting point must be zero.



Chapter 4

Cross-ply Laminated Plates

We now turn our attention to another type of laminated plates classified as cross-ply laminated
plates. A combination of the superposition and state-space techniques (CSST) as established in
Chapter 3 will be employed to analyze these plates. Depending on whether the coupling exists
between the generalized displacements of the middle surface involved in the equations of motion,
the free vibrations of symmetric and antisymmetric cross-ply laminated plates wili be analyzed
respectively. Also the three theories, that is, classical theory (CT), first-order shear deformation

theory (FSDT) and third-order deformation theory (TSDT) will be used in the analysis.

4.1 Governing Equations

Cross-ply laminated plates indicate the plates with multiple specially orthotropic laminae (or
layers) having their major principal material directions alternating at 0° and 90° with respect to

the plate coordinate axes. For such plates, the following plate stiffnesses are zero:
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Ais'st'Dia'Eis'Fia'Hié'o (-1, 2)
4.1.1)
A45'D45"F 45’0

We substitute this equation into the strain-resultant relations described by equations (2.1.10),
(2.2.7) and (2.3.9), then insert them in the equations of motion given by equations (2.1.14),
(2.2.9) and (2.3.4), and set 1/R, and 1/R, equal to zero. As a result, the equations of motion are
expressed in terms of the displacements as follows:

CT:

Lll L12 L13 U
Ly Ly|{vr=0 (4.1.2)
sym. L,lWw

where

Lll'Alldn"'Asédyy-I 18y
Li,=(A+Agd,,
Lis=ld - B,,d ~(B,*2Bg)d,,
Lyp=Agd o Apd,,~1,d, 4.13)
Ly~ld,,~Byd -(B+2Be)d,,
Lyy=Dyd, +2(Dyy +2De)d

Dyyd, 1@yt d )+ 1A,

FSDT and TSDT:
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[ Ly Ly Lyy Lyy Ly | )
Ly Ly Ly, Ly ||y
L. L, L.[{w};=0
33 L34 Las @.1.4)
Ly L)X
| Sym. Lg| P

It is noted that although FSDT and TSDT have the same form of operator equation described

by equation (4.1.4), the differential elements are different. For FSDT, we can write

For TSDT, these elements become

Ly -4, d+Aed,,-1id,
Liz-(A12+A66)dxy; L,=0
Lyy=By\d+Beed,,-1,d,
L,s~(B;, +B66)dxy
Lyy=Agd+Ad, ~1d,
Ly=0; Lyy=Lys
Lys=Bed o+ By, ~1,d,,
Ly~ ldc_ASSdn_AMdyy

(4.1.5)

Ly--Agd,; Lyg- _A44dy
Ly=Dd, +Ded, -Ag-Ld,
L.~ (Dlz"'Des)dxy

Lgg= Dsadxx'*Dzzdw‘Au'Iadu
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L11'A11dn*Asedyy'I_1du; Lyy-(Ay,+Ag)d
L13-E3dm-62[Elldm+(E12+2E66)dxyy]
L14“(B11'czEl1)dn+(366“'2E66)dyy“I-2du;
L s=[B,,+Be—c,(E\,+Egld,,
Lzz'Aﬁsdn*azzdyy‘fldn5 Lyy=Iyd oGyl Epydy, (B y +2E e, ]
L, ~(Bgs-¢,Eqe+Bpy-E y0))d, 5 Lzs'(Bzz'czEzz)dyy+(Bss“Esacz)dn'fzdu
Lyy=[c,(Dss-¢,Fs)~(Ags—c,Dssdd +[C,(Dyy-c\F, WAy, DYld,,
+G2H, d o $2(H y+2H)d o+ Hypd, T41dy 03 (d D)
Ly=[c)(Dgs=€,Fyg)~(Ass=,Dsd, = Co | (Fy =CoH ) oy [2F g+ Frp
¢,(Hy,+2Helld o }+ Id.,;
Lyy~lc,(Dyy=¢,Fy)~(Ass=,Dy)ld,~Cy(Frp=CoHy)d, =, [2F g5+ F
CH+H ), +id,
Lyy=¢,(Dgs—¢\Fog)~(Ags—¢,Dsg) +(Dy, - 26,F € H )+ (Des=26,F s+
szHes)dyy"I:dn
Lys=1Dyy+Dgs=2¢,(Fip*F, 66)+622(‘;5_2+H66)]dxy
Ly=¢,(Dyy—C,F o)~ (Agy=¢, Do)+ (D -26,F 4 C3 Hy )d, + (D=2, F oo+
2He -l
(4.1.6)

All the symbols used here are described in Chapter 2.



4.2 Symmetric Cross-ply Laminated Plates

When the plate has an odd rnumber of cross-ply laminae and is symmetric with respect to the
middle surface, the so-called symmetric cross-ply laminated plate is formed. In this case, further

simplification can be realized, that is,

BU-EU-O (i, j"l, 2, 4, 5, 6) (4.2.1)
Equation (4.2.1) shows that the coupling between bending and extension is eliminated.
Furthermore, substituting equation (4.2.1) into the governing equations described by equations
(4.1.1) and (4.1.2) leads to the uncoupling between displacements u, v and w, x, ¢. Thus the
governing equations for symmetric cross-ply laminated plates become

CT:

Lw=0 (4.2.2)

where

L-D,d . +2(Dy+2D)d, +Dyd,  +1d ~Ld, +d, )

(4.2.3)
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FSDT and TSDT:

]
L, Ly Lj;ifw

Ly, Lyiix¢=0 (4.2.4)
sym. Ly |le

Here for FSDT, L; are given by

L, -Ildn—Assdxx-AMdyy
Ly--Asd,

Liy=-Ayd,
Ly,,=D,d, +Dgd, -Ass-1yd,,
Ly,=(D,,+Dg) dxy

L33 -D GGdn+D22d)w-A44_I3du

(4.2.5)

For TSDT, they become
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Ly - [e)(Dss—¢\Fs5)~(Ass—¢\Dy)ld  + (¢ (Dyy =€, F )~ Ay -, D N+
CHTH 0 o *2(H,y+2Hd, +aH,d 141 d, ~c31(d  +d,)

Ly, =[e,(Dss—¢ Fss)=(As5-¢, D5 ))ld, ~c)(Fy —¢,H  )dy - C)[Fip+2F g~

cy(Hy,+2Held, +1d,.
Liy=[ey(Dy~ciFy)-(Ass—¢, D, )1d,—¢,(Fpp-c H p)d - [F , +2F g~

cy(Hy,+2H N +1d (4.2.6)
Ly, = ¢,(Dys~¢,Fs5)~(Ags=¢,Ds)+(Dy ~2¢,F. 11""'22H 18+ (Dgs=26,F gt

cHed -1d,

Lyy =Dy + Dgg=2(F ¢, + F) + ":(Hu +Hy)ld,,
Lyy=¢,(Dyy ¢ F o) ~(Ayy -0, Dy )+(Dyy-20,Fyy +caHy)d, +(Dgs=20,Fgs+

He)do1d,

Now, let us consider a plate with two adjacent edges clamped and the rest simply supported. The
general solution is composed of several components as described in Chapter 3, and we may
therefore write,

CT:

2
w(x,y, t) -kzlw k(x’y, t) (4'2'7)

FSDT and TSDT:
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wixyh| . w0
Xy = 2 Y LAR)) 4.2.8)
¢ (x,y,1) ¢ 5%y,

where K"=2, for FSDT and K"=4, for TSDT.

As discussed before, each of the components in equations (4.2.7) and (4.2.8) has simple support
except that an oscillating bending moment or in-plane force is distributed along one edge. For
the same reason as stated for the antisymmetric angle-ply plates, only the solution for the first

component needs to be presented here,

Along the edge x=0 of the first component, there is a distributed harmonic bending moment of

circular frequency w and with a distributed amplitude given by
M- ElensinK,,y 4.2.9)

where K, =nw/b.

The solution for the first component is taken in the form,

CT:

wlx,y.t) - T W,@sinK, ye'' (4.2.10)

n=1
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FSDT and TSDT:

wlx,y,1) Wi(x)sinKny
X030 -2 xa@)sink,y et 4.2.11)

1 1
P (x’ya t) ¢ n(x) COSK“)’

Equation (4.2.11) is subject to the prescribed boundary conditions as follows,

at the boundary x=0,

CT: w=0, M, -M;
FSDT- we@=0, M =M,
4.2.12)
sDT: w=g=P =0, M,-M;
at the boundary x=a,
CT: w=M,=0
ESDT: we=@=M, =0
. (4.2.13)
TSDT: w=¢=P-M,-0

where M, is given by equation (4.2.9), and other symbols are described in Chapter 2.

Substituting equations (4.2.10) and (4.2.11) into the governing equations given by equations

(4.2.2) and (4.2.4) results in the ordinary differential equations,
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CT:

1
W) = Cowa+C, Wy (4.2.14)

FSDT:

1 gl 1 1
W, o=C W+ 0 X, +CY,

| 1 1 !
Xy CaWy st CXp+CeY o (4.2.15)

Yr},zx-C‘IW; * CBX;.1+ CQY:
TSDT:
X} oG, W) +C W) 4 C X +CY,

1 1 1 1 1
Yn.n:'cs W, +C6 Wﬂ.n+ C7X""‘+C8Y" (4.2.16)

W! ooem CW A C W o, X s+ Cip Yo

where C, are listed in the Appendix II.

Equations (4.2.14)-(4.2.16) may be writter: in a state-space form by introducing the variables,

CT:

1 1 1
ZwWy Zy=W, 5 Z=W,

n,

ez 4.2.17)
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FSDT:

Z-Wh Z-W!. Z.-X!

X3 3 n

(4.2.18)
Z-X, Zg=Yy Zg=Y,,

TSDT:

Z,-X,; Zz'X:,x; ZyYy; Z4"'Y|:.x

. 1 . 1 (4.2.19)
Zo Wy ZeoWhy ZpoWios ZymWh o

Once we substitute equations (4.2.17)-{(4.2.19) into equations (4.2.14)-(4.2.16), a unified matrix

form can be written as

{Z(x)} .~ [C1{Z(x)} (4.2.20)

Depending on the specific theory used, the matrices [C] and {Z(x)} are given by equations

(4.2.21), (4.2.22) or (4.2.23).

CT:
(0 1 ¢ 0] z,|
0010 2 Z,
€I-10 0 0 1} & z, 4.2.21)
c, 0 ¢, 0 z
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FSDT:

a

N

™

s
N NN N NN

1

N
©o o oy ~ o
o oo oy
o ' w o o %
oo o © o
—~ o o g © o
oy oo oy
' 1

3

TSDT:

o~
o
N
o
N
" T v v w0
NN N N N NN N
o~
al
o g oo oo — o
O b=
oy O 0 - o o o
oo oy oo o4
oy ~o©o oo oo o
o ©~
©o o oy e o oy
100C7OOOCH
oy oo oo e oo
]

|

A general solution of equation (4.2.20) can be written as

(4.2.24)

{P)

Ax

lzx

e*¥

{Z(x)} - [R]
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where k=4 for CT, k=6 for FSDT, and k=8 for TSDT. A denote the distinct eigenvalues, [R]
represents the eigenvector matrix of [C] and {P} is a constant column matrix dependent on the

associated boundary conditions described by equations (4.2.12) and (4.2.13).

Following the same procedures, we can easily obtain solutions for the remaining components.
Once the solutions for all the components are produced, the prescribed boundary conditions of
the original problem must be satisfied, which are given by

at the boundary y=0,

CT: w,=0
FSDT: =0 (4.2.25)
TsSDT: w,=¢=0
at the boundary x=0,
CT: w,.=0
FSDT: x=0 (4.2.26)
TSDT: WX 0

Enforcement of equations (4.2.25) and (4.2.26) yields a homogeneous equations containing the

circular frequency w,

[M]{5} -0 4.2.27)
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For the non-trivial solution, the determinant of eigenvalue matrix should be zero, from which

the natural frequencies are obtained by searching for w.

4.3 Antisymmetric Cross-ply Laminated Plates

An antisymmetric cross-ply plate consists of an even number of orthotropic laminae (or layers)
laid on each other with principal material directions alternating at 0° and 90° to the plate axes.
As shown in equation (4.1.1), such plates have some zero stiffnesses, but they do possess
coupling between bending and extension due to B, B,;, B, etc. The governing equations for
the plates are described by equations (4.1.2) and (4.2.1), depending on the type of theory

employed.

In order to simplify the analysis and demonstrate the approach developed in this research, we
once again consider a plate having two adjacent boundaries clamped and others simply

supported.

A general solution for the plate is superimposed by appropriate number of components and can
be expressed as,

CT:

)] |, (# @
Vo) 1= B viey “4.3.0)

w(x, ’t) w "(x,‘y,t)
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FSDT and TSDT:

(u(x,y,1) | (u k(xa)’:t) ‘
) | |V

WeR'R) »-El<w"(x, 2 { 4.3.2)
xxy,0) p A "(x, .0

¢ (x’YJ) J @ k(x,y’t) J

where K=4, for FSDT, and K"=6, for TSDT. Each of the components has simply supported
boundary conditions but a harmonic bending moment or an in-plane force is imposed along one
boundary. Taking the first component, we can write the distributed amplitude of the harmonic

bending moment of circular frequency w, along the edge x=0, in a series form,

M - 'E E sink
Pl (4.3.3)

here K, =n=#/b and E, are the constant coefficients of Fourier series.

A Lévy-type solution for this component is given by

CT:

u (x,y.0) U:(x) sinkKy

ViGy) 1= Z{Vu(x)cosK,y re 4.3.4)

n=1

W) |w@sink,y
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FSDT and TSDT:

ey P U: (x)sinK,y ‘

viy.n V;(x)cosKﬂy

Wiyt r-éli W;(x)sinKny @it (4.3.5)
2 (.0 An(H)sinK,y

9630, K ey cosk,y|

By substituting equations (4.3.4) and (4.3.5) into the governing equations (4.1.2) and (4.1.4) and
following established procedures used in the early sections, we can write equations (4.3.6)-

(4.3.8) for the three theories,

CT:
U:.II -Cl UJ: * Cz Vr:,x+ C3 W:,x"' C4 W:,m
1
Vn,n:_cs U:.I+CGVI: +C7W: +CSW:.:& 4.3.6)
W, o=CoUn +C o Vot Cy Wot Cy Wi
FSDT:

Urf,n-c1y1:+C2V:.x+C3W:,x+C4X:+C5Y:J

1 1 1 1 1 1
Var=CeUp s+ GV, +CW, +C X, +C. Y,

Wl _-C, 1 +C VieC, W +C, X} +C Y

m= e U nat Cn VWt lydn L sta 4.3.7)

1
Xy 2=CrsUn+Ci Vi i+ CisWh AC, o Xn+ CorYy

Y, o=CpUn ACyy Vot CouWatCo X +Co. Y,
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TSDT:

Up omC U+ CV,y +CWE +CWr  +CXI+CY)
V:L.n‘c7 Ur:,x+ Cy Vrl: +Cy er; +Cho Wn:,u*’ CnX::,x*CmY;
Wr:,xr" Cp U;.x'* C14an +Cys W; +C16W:.D'+ CnX:.x"'cle : (4.3.8)
X CigUn+CogVy+Cy Wyat Coy Wt CosXnt Cou Yo

1 1 1 1 1 1 1
Y= CosUp x+ CagV o+ Cog Wy + Cog Wy o+ CooX, o+ CopY

The constants C, used in the above equations are given in the Appendix II.

Using state-space technique and defining the variables Z, for CT, FSDT and TSDT theories as

follows,
CT:
Z,-Uy Zp=Uss Z=Vi Z,=Vig
4.3.9)
1, 1 . 1 1
Z=W,, .ZG-W,,_X, Z.,-Wn’xx, Za-Wn’m
FSDT:
1 1 1 1 1
ZI-U,,; Zz'Un,x; Z,-V,; Z4-Vn_x; ZS-W,,;
(4.3.10)
ZG'W:,x§ Z?'X::; ZB'-XI:,J:; Zs‘leﬁ Zm"Yr:.x
TSDT:
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Z-UL Z,-UL 5 Z,=VY Z=Vi g Zo-W,; Ze-W,

nx? n,x? nx?

; ( . | . | 4.3.11)
Zy=W oo Ze=W, o Zo=X0s VAR SRV ATL) 6 Z,=Y,,
we can simplify equations (4.3.6)-(4.3.8) to the following form,
{Z(x)} = [CHZ)} (4.3.12)

Equations (4.3.13), (4.3.14) and (4.3.15) give the form of the matrix [C] and the vector {Z(x)}

for the CT, FSDT and TSDT theories respectively.

»]

0 1 0 0 0 0 0 0] 2
c,0 0C 0C 0C, Z,
00 01 0 000 Z
a- 0C C 0 C, 0 C 0; {Z}_{zﬂ
00 0 0 0 100 Zs (4.3.13)
00 0 0 ¢ ¢ 10 z,
00 0 0 0 00 1 z,
0 ¢, Cp 0 Cy 0120 2
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A general solution of equation (4.3.12) is written in the form:
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{Z(x)) - [ {P} (4.3.16)

where {P} is a column matrix of unknown constants determined by the following boundary
conditions,

at the edge x=0,

CT: vaw=N=0; M,-M;
FSDT: vew=g=N=0; M, ~M|
! v (4.3.17)
TSDT: v-w=@=N=P,-0; M -M|
and along the edge x=a,
CT. v=w=N,-M -0
FSDT: v=w=@=N =M,=0 (4.3.18)
TSDT: v=w=¢=N,~P -M,~0

in which M", is given by equation (4.3.3). The other matrix [¢'] involved in equation (4.3. 16)

is defined in equation (4.3.19),

[e!“] - [R] 4.3.19)
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here k takes on the values of 8, 10 and 12, depending on CT, FSDT and TSDT respectively,

A represent the distinct eigenvalues and [R] is the matrix of the corresponding eigenvector.

The boundary conditions of the original plate require that

at the edge y=0,

CT: V=W -
FSDT: v=@ =0 (4.3.20)
ISDT: vew =@ 0
and at the edge x=0,
CT: u-w,x-O
FSDT; U=y =0 (4.3.21)
TSDT: U=W, =% - 0

Satisfying these boundary condition leads to an eigenvalue system of the homogeneous equation
which can be expressed by equation (4,2.27). However, the dimensions of the eigenvalue matrix
[M] vary depending on the theory used. If k terms are used in the displacement solutions of each
components, the dimensions of the [M] matrix are 2k X 2k for CT, 4k X 4k for FSDT, and 6k
X 6k for TSDT case. For the non-trivial solution, the determinant of [M] must be zero. Thus
the natural frequencies (eigenvalues) can be evaluated by searching w which makes the

determinant vanish.
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4.4 Plates with Three and Four Edges Clamped

In this section, the cross-ply laminated plates having three and four boundaries clamped are
discussed. For the case of the plate with three edges clamped, the numerical results are
generated by assuming the fourth edge to be simply supported. It should be noted that the
remaining edge can be imposed with any kind of classical boundary conditions, such as free or

simply supported, because the solution procedures are identical.

Care should be exercised in choosing the number of components in the superposition procedure,
since it would vary with the type of the theory used as well as with the symmetric or
antisymmetric construction. it should be pointed out that the general solution is still expressed
by equations (4.3.1) and (4.3.2), but the k (or K') used to indicate the number of components
is different. In the case of the classical theory, k in equation (4.3.1) takes on the values from
1 to 6 and 1 to 8 separately when three and four clamped edges are considered, while studying
the first-order and third-order shear deformation theories, we set K™ equal to 6 and 9 in the case

of three edges clamped, and 8 and 12 in equation (4.3.2) for the fully clamped case.

We do not need to repeat the description of the procedure used to obtain the component solutions
because they are exactly the same as for the plates with two edges clamped. Following well-
established steps, we can easily obtain the eigenvalue matrix from which the natural frequencies

can be evaluated.
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Chapter 5

Cross-ply Laminated Shells

In the previous chapters we have solved the free vibration problems of laminated plates without
two opposite edges simply supported. It is well known that the laminated plates can be treated
as special cases of laminated shells when the principal curvatures become zero. In order to
enlarge the scope of this study we now develop the analysis for the cross-ply laminated shelis.
Depending on whether the transverse shear deformation is considered or not, vibration analysis
is carried out based on the three types of theories. It will be seen that closed-form solutions for
the problems are amenable by using the combination of superposition and state-space techniques

(CSST).

5.1 Classical Theory

For a cross-ply laminated shell, because of the constitutive properties some shell stiffnesses
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vanish, which are shown by equations (4.1.1). Therefore using the classical theory, one can

write the governing equations of the shell in tensor form as follows:

Lu;-0 G.1.1)

where v, represent the displacements u, v and w as j takes on the values of 1, 2 and 3, and L

are the symmetric partial differential operators, given by

L, 'Alldn+A56dyy“I 19y
le'(sz"'As&)dxy
Lyy=(Ayy/R+ApfR)d,-Bd .
—(Bu-i-ZB“)dezdm
Lzz‘Aesdn+Azzdw“I1dn
Lyy=(A /R +Ay/ Rz)dy'Bzzdm 6.1.9
-(By,+2B,od ny+12dytr
L33-D1Idm+2(D12+2D66)dnw+D22dm+
(A11/R12+2A12/R1/R2+A22/R22)'Z(Bu/Rl+Blle2
)dx-2(312/R1+R,_le2)dw—I3(d Jma-d'wﬂ)+Ild':r
In equations (5.1.2) R, donate the radii of principal curvatures of the shell and the other symbols

are defined in Chapter 2.

We consider, now, a shell of dimensions a X b with two adjacent edge clamped and other two

simply supported. According to the CSST developed in this research, the solution for the shell

is composed of 4 components. Each component of the shell is imposed with simply supported
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boundary conditions except for the fact that one edge is driven by a distributed harmonic bending
moment or an in-planz force. For example, we impose the boundary conditions for the first
component as follows:

along the edges x=0 and x=a,

vi-w!=N} =M, -0 (5.1.3)

along the edge y=0,
wl~w!aNy =M, =0 (5.1.4)

along the edge y=b,
ul-w'=N;=0; M,=M, (5.1.5)

The superscript 1, used in the above equations, refers to the first component and the M’

represents the distributed amplitude of the harmonic moment which is expanded in a series form,
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M,~ 2 E_sink x

m=1

(5.1.6)

where X_=m~/a.

Following the steps described for the first component, the boundary conditions for the remaining
components can be easily established. However, for brevity, we do not present them and

alternatively give full development of the first component.

The displacement solutions for the first component are assumed to be in Lévy-type form, given

by

u(xy,0) U,:,(y)cosKmx
vigy =2 V;‘(y)sinKmx e’ (5.1.7)
nwl
wixyd) il o) sinHumx
where, w denotes the circular frequency of free vibration. It is obvious that the solution
expressed by equation (5.1.7) satisfies identically the boundary conditions (5.1.3). The unknown

functions U',(y), V'.(y) and W' (y) need to be determined by the governing equations and

associated boundary conditions.

Substituting equation (5.1.7) into (5.1.1) yields,
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Up, y=CiUn+ Cy¥p +C3Wo+C W,

27 my myy

1
Vi =CsUnytCsVat CoWon 4 CoWo (5.1.8)

.,y

Wy sys=CoUn+CioVi, #Cy Wy +C w!

oy 127 myy

The complete expressions for the coefficients C, are listed in the Appendix III.

Equations (5.1.8) can be converted to the state-space form, by writing

(ZO)) ,-ICHZ0)Y) (5.1.9)

in which the vector {Z(y)}={Z, Z, ... Z;}", and its components replace the unknown functions

and their derivatives,

Z,-Uk; Z,=U, ;

my?

Zy= V;; Z,- an:,y;
7 oW Z-Wl (5.1.10)
5 m? 6

my?

1 1
Z,=W, Ze~W, o

n,yy?

The matrix [C] is given by
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(01 0 0 0 0 0 O]
c, 6 0C, ¢ 0 C, O
0 001 0 ¢ 0 O
(C1- 0 C,C, 0 0 C 0 G )
0 00 0 0 1 ¢ O (5.1.11)
0 00 0 ¢ 0 1 0
0O 00 0 0 0 0 1
¢ 0 0 CyC,, O Cp,, O
A general solution of equation (5.1.9) is written as,
-ehy
e
Z(y)} - P
{ZO)} - [R] : {P} (5.1.12)
{ elax

Here ), denote the distinct eigenvalues of [C], [R] represents the matrix of the corresponding
eigenvectors, and [P] is a constant column matrix determined by the boundary conditions (5.1.4)

and (5.1.5).

Following the procedures established for the first component, we can easily obtain the solutions
for the other components. With all the component solutions available, the next step is to develop
the eigenvalue matrix for the natural frequencies. This can be realized by satisfying the boundary
conditions of the original problem, These boundary conditions exist along x=0 and y=0 and are

given by equations (5.1.13) and (5.1.14),
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along the boundary x=0,

u-w.~0 (5.1.13)

along the boundary y=0,

v-w =0 (5.1.14)

It is evident that the other boundary conditions, such as, that the transverse displacement should
be zero, are satisfied automatically. By substituting the superimposed solution into equations
(5.1.13) and (5.1.14), and expanding some component solution in trigonometric series (as
discussed in Chapter 3), we obtain a set of 4k simultaneous homogeneous algebraic equations
containing unknown coefficients E,, etc, where k is the number of terms used in each of the
component solutions. At this stage of the solution, natural frequencies (eigenvalues) are
evaluated by searching « which causes the determinant of the coefficient matrix of the algebraic

equations to vanish.

5.2 First-order Shear Deformation Theory

The governing equations based on the first-order shear deformation theory are given by equation

(5.1.1); however, for this case, u; represent the displacements u, v, w, x and ¢ when i =1,
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2,...,5 and the operators L; are defined by equations (5.2.1).

Ly =Ayd +Agedy,-1id,
L,=(A,,+4g0d,,
Lyy~(Ay/R+Ap/R)d,
L14"Budn+366d,y‘12dn
L s=(By+Bsod,,
Lzz'Assdn"'Azzdyy'Ildu
Lyy=(ApfRi+Ap/R)d 5 Lyy=Lys
Ly 'Bssdn*Bzzdyy'Izd:r
Lyy=Ay/ R +24 /R /R, +Ap] R
+1d,~Asd ~Ayd,,
L;,=(B,y/R +B R, -As5)d,
Lys=(By/R,+By/ Rz"AM)dy
LM"DlldnJ'Dsﬁdy_Ass -Id,

(5.2.1)

L= (Dy,+I ,

Ly~ Deed, +Dypd, A - 1id,,

For a laminated cross-ply shell having two adjacent edges clamped and the other two simply

supported, it is assumed that its solution consists of four components, written as
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(u(x,y,t)) (1 (x|
v(x,y,0 A ERR))
Wy 1= ZAw () (5.2.2)
yAL AR “! x 5x,y,0)

P (x :)’st) P k(xsysr) J

The boundary conditions for each of the components are the same as described before.

The general solution for the first component can be written as

) (U () cosK. %]
wl(x,y, n0) n
1, \
v l(x,y,t) Vm@) sm Kmx
Wiy, = T WWf,l(y)sinKmx it (5.2.3)
m=1
xl(x,)’,t) xiﬂ(y) cos K’mx
RENKS .
P (xy.) chlm(y) sink, x

Substituting equation (5.2.3) into the governing equations results in five ordinary differential

equations,

U':'-W -C, U'I"+C2Vr}1.y+ Cs W::+C4X::+Cs Y::.y
1 1 1 1 1 1
V’"'J’J’ - CGU"'-J’ + C? Vm+ CS Wm.)'+C9Xm-)f+C10Ym
Wonsy=C11Un* CioViny* CrsWint €1 i+ Cs¥my (5.2.4)

X:::.yy"CusU;.*CnVl

1 1 i
m,y+Clan+C19xm+C Y

207 my

Y;s.w'czlu r}t.y"czz V:,+C23 W::,y“LCMX:s,y*Cst::
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Once again, the coefficients C, used in equations (5.2.4) are listed in Appendix III.

Using the state-space technique and defining the variables Z, as

Z,=UL Z,=UL ; ZmVhs Z,-Vy s Zo=Wi;

m,y* m,y?

Z=W) . Z =X} Z=X)

m,y; m,y?

i 1
Z~Y,, Z0~Y,,

equations (5.2.4) can be written in the symbolic form as,

(ZO)),~[CHZ0))

The column vector {Z(y)}={Z, Z, ... Z,,}", and the matrix [C] is given by

(0 1 0 0 0 0 0 0O O O]
cC, 0 0 C,C, 0 C, 0 0 C
0O 0 0 1 0 0 0 0 0 O
0 C,C, 0 0 C 0 C Cy O
0 0 0 0 0 1 0 0 0 O
[C]“ Cll 0 0 C12 C13 0 Cl4 O 0 CIS
0 0 0 0 0 0 0 1 0 0
C16 0 0 Cl'f Cl'B 0 C19 0 0 C20
0O 0 0 0 0 0 0 0 0 1
0 €, €y 0 0 Cy 0 Gy Cy5 O

A general solution of equation (5.2.6) is taken in the following form:

{20)} ~[e"P1{P)
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(5.2.7)
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where {P} is a column matrix of unknown constants determined by the boundary conditions
given in equations (5.2.9) and (5.2.10).

At the edge y=0,
ul-w'-x!-N} =M, =0 (5.2.9)

At the edge y=b,
ul-wi<y'-N;-0;  M,-M; (5.2.10)

In these equations M, represents the distributed amplitude of a harmonic bending moment of

circular frequency w, given by
My~ D E sinK, x (5.2.11)

=1

and [e'°?] is written as

[} -[R] : (5.2.12)

A
e m)’-
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Here, A, represent the distinct eigenvalues and [R] is the matrix of the corresponding

eigenvectors.

Following the same piucedures as described above for the first component, we can easily
generate the solutions for the remaining cases. In order to obtain the fundamental frequency of

the plate, the superimposed solution expressed by equation (5.2.2) should satisfy the following
boundary conditions:

at the edge x=0,

u=x-0 (5.2.13)

at the edge y=0,

v-¢=0 (5.2.14)

Enforcement of equations (5.2.13) and (5.2.14) gives

(M1{5}-0 (5.2.15)

As pointed out earlier, if k terms are employed in the displacement solution for each of the
components, [M] constitutes an eigenvalue matrix of dimensions 4k X 4k, while {3} denotes a

column matrix containing unknown Fourier coefficients, such as E,, etc. Thus for non-trivial
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solution, the determinant of the coefficient matrix must be zero yielding a set of eigenvalues .

5.3 Third-order Shear Deformation Theory

We proceed to discuss the solution technique for shells based on the third-order shear
deformation theory. In this case, the displacement components of the middle surface have the

same form as for the first-order shear deformation theory, and the governing equations are

expressed as

Lju;=0 (5.3.1)

In the above equation, the parameters u; denote the displacement components,

Ug=Uy Up=V; Ug=W; U=Y; U= (5.3.2)

and the terms in the differential operator L; are given by equations (5.3.3),
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Lu"Audu*Assdyy“I_xdu; L,-(Ap+aeddy
L13-f3dm—cz[El 1D (Ep ¥ 2E)d 1+ (A /R +A ] R)d,
Li4-(Byy-CE )+ (Bes_czEss)dyy"dea;
Lis=[Byy+Bgs—cy(Epn+Egdld, s Lzz"Assdxx*Azzdyy”fld.u?
Lyg=Lyd =l Epd +(E,+2Eg)d, 1+(A /R +A,/R)d,
Ly=Lys Lzs"(Bzz“CzEzz)dyy“*(Bee”EesCz)dn‘izdn
Ly=[c,(Dss—€,Fog)~(Ass—c, Dgsld_+ [c, (D¢, Fu)-

(Ay-c,D I, +calH, d . +2(H+2Hed  +Hyd, ]

11 o

~26,[(E, /R, +EyyfR)d,, +(EpyfRy+ EyfR), 1+(A /Ry +
24,)/R\[R,+ Ayl R’f) +1d,~ 02217(dm+dwu) (5.3.3)

Ly,=[c,(Ds5~¢,F ) ~(Ass=¢, Ds)ld, ~C, { (Fy —CyH  )d, o 4 [2F e+
Fpy-cy(H,+2H}d ) +[B, R+ B ,/R,—c)(E, |/ R1+E12IR2)]+FSdm;
Ly~[c,(Dy-¢/F 44)‘(Ass'61D44)]dy‘cz(Fzz‘cszz)dm"cz[ZFss‘“

FiymGyQHst )l 4 Bf Ry Bl Ry, Bl Ry Enf R+,
LM-CI(DSS_CIFSS)_(ASS_CIDSS)+(D11_2C2F11+C§H11)dxx+(D66_

2¢,F, o H, s0d,, -1, 4.

Lys=[Dy,+Dgg-2¢,(F ,+F, 65)+"§(H12+H66)]dxy
Lys=cy(Dyy=¢ F o) ~(Ayy—¢, Dy ) +(Dyy~2¢,F, zz*czszz)dw*'(De&‘

2¢,F 65+c2 od_-Id,
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To obtain a closed-form solution for a cross-ply laminated shell with two adjacent boundaries
clamped and others simply supported, six components need to be superposed to construct the
complete general solution. Each of these components has simple support except for a bending
moment or an in-plane force acting along one edge. For the reasons stated earlier, only the first

component is analyzed here.

The solution for the first component is assumed to be of Lévy-type expressed by equation (5.2.3)

and the bending moment along the edge y=b is given by

M;- ZE sinK,x (5.3.4)

=1

Equation (5.3.1) can be rewritten by substituting the assumed displacement solution given by
equation (5.2.3) as follows:
Ul -CUMCVE +C W +C W +CX2+CiY,
m,yy 1¥m 2"my T3 m 47 m,yy 5%m 6t my
Vi wC UL +C VA 4C WL +C o WE  +C X +CpY,
myy “77my <8 m -9 my “CI0T myyy 117wy 120 m
1 1 1 1 1 1 i
Woyy=Craln+CraVaut CisWant Ci Wi 3y * CraXm+ Cig¥m,y (5.3.5)
1 1 1 1 1 1 1
XM.W—CIQ Um+ CZOVM,y+CZI Wm+ szwm,)‘y+C23Xm +Cz4 Ym.y

1 1 1 1 1 1 1
Ym.yy'CzsUm.y"'czﬁvm""Cz?Wm,y*cstm,yyy*Cz my* Cao¥m

The coefficients C, are defined in Appendix III.

Equations (5.3.5) may be written in the state-space form by defining the following variables,
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1, 1, 1, 1. i 1,
Z2-U, Z,-U, 2=V, 2=V, Z-W,, Z;-W,

(5.3.6)
2= Wiy Ze= Wi s Zo=Xos Zio=Xo s Zi=Yoi Zip=Yy,
Therefore, we obtain
(ZO)}, - [CHZM)} (5.3.7
The matrices [C] and {Z(y)} are given by equations (5.3.8),
(0 1 0 0 0 0 0 0 0 0 0 O] 4
c, 0 0 C,C 0C 0 C 0 0 C 4
0 0 01 0 0 0 0 0 0 0 0 Z
0 C, C 0 0 C 0 Cy C C,C, O Z
0 0 0 0 0 1 0 0 0 0 0 0 Zs
o 0 0 0 6 0 1 0 0 0 O 0 Zg
€16 6 0 0 0 00 1 000 of B[ 639
Cs 0 0 Cy Cs 0 Cg 0 C; 0 0 Cy Zg
o 0 0o 0 0 0O O 0 0 1 o0 O A
Co 0 0 Cy C,, 0 C, 0 Cjy 0 0 Cp Z,
o o 0 0 0 0 0 0 0 0 9 1 z,
0 Cp Cig 0 0 Cpy 0 Cpp 0 Cyy Cyy O
' 212
A general solution of equation (5.3.7) can be written as:
1ZO)) =[P (P) (5.3.9)
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where {P} is a column mairix of unknown constants determined by the associated boundary

conditions and [e'?¥] is expressed as

[eV] - [R] . (5.3.10)

A
e “y_

The solutions for the rest of the components can also be established by the same procedures as
for the first component. Once the solutions for all the components have been obtained, the
boundary conditions of the original shell prescribed by equations (5.3.11) and (5.3.12) can be
satisfied.

Along the boundary x=0,

u=w =x-0 (5.3.11)

Along the boundary y=0,

v=w,=¢=0 (5.3.12)

Enforcement of equations (5.3.11) and (5.3.12) gives rise to an eigenvalue system of

homogeneous equations
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M]{5}-0 (5.3.13)

The natural frequencies are determined by the condition of non-trivial {8} in equation (5.3.13).

5.4 Shells with Three and Four Boundaries Clamped

As discussed in the previous chapters, CSST approach can easily treat the complicated boundary
conditions by superposing more component solutions into the original problem. For the cross-ply
laminated shells having more edges clamped, this method can be applied to obtain their

analytical solutions without any difficulty,

Since the solution steps are identical to those for the laminated plates, it is decided to omit the
detailed procedures and associated formulas for shells in this category. We have demonstrated
in a step by step manner, how the solution for the vibration problems of laminated plates with

three and four boundaries clamped using the CSST approach can be obtained.

It is important to note that for shells with three edges clamped and one edge simply supported,
the number of the component solutions is 6, 6 and 9 when the CT, FSDT and TSDT are
employed . rarately, while the number jumps to 8, 8 and 12 for the fully clamped shell if we

treated the problem by CT, FSDT and TSDT theories.
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Chapter 6

Computed Results and Discussion

Computations are carried out for antisymmetric laminated plates and cross-ply laminated plates
and shells that have been analyzed in Chapters 3-5. Non-dimensional fundamental frequencies
are evaluated for these structures with a wide range of structural parameters. In order to
guaraniee the accuracy of the closed-form solutions generated by the present technique,
convergence tests are conducted and comparisons are made between the frequencies obtained by

the CSST approach and those reported for the special cases in the published references.

6.1 Convergence Tests

Convergence tests have been performed typically for a square antisymmetric angle-ply plate with
two edges clamped and the other two simply supported. Three types of theories, i.e., classical

theory (CT), first-order shear deformation theory (FSDT) and third-order shear deformation
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theory (TSDT) are employed. Convergence results are tabulated in Table 6.1, which is obtained
by increasing the number of terms in the displacement solution series and observing the variation

of the non-dimensional fundamental frequency.

Table 6.1 Results of convergence tests

Number of terms TSDT FSDT CT
2 20.3638 20.3789 29.3144
4 20.2690 20.3834 29.3420
6 20.3708 20.3853 29.3437
8 20.3715 20.3860 29.3438
10 20.3719 20.3863 29.3439

1t has been found that solution converges so rapidly that there is no change at the third digit
when 2 and 4 terms are employed. Furthermore, four-digit accuracy can be provided when more
than 6 terms are taken into account. This conclusion is also true for all the plates and shells
studied in the present work after the similar tests are conducted for each of these cases.
Therefore it is decided to set the number of terms in the displacement solutions equal to 6 for
all of the computed results presented here. This not only can guarantee the four-digit accuracy

but also economize computation time.

6.2 Comparisons
First, we consider an isotropic plate whose closed-form solutions are available in Reference
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[110]. It is well known that both isotropic and orthotropic plates and shells constitute the special
cases of laminated plates and shells, since the former can be treated as a single layered laminate.
To obtain numerical results, we utilize the program, generated during this research, for the
symmetric cross-ply laminated plates. Computation has been performed by assuming the
following material properties,

E,
—], v,,=0.3
E,

It is recalled that the shear moduli G,;, G,; and G,; are inter-dependent as given below:

El
Glz'm’ G3=Gy3=Gy,
Table 6.2.1 shows the comparisons for a square plate having the three, CCSS, CCSC and CCCC
boundary conditions, where the letter C is referred to Clamped and S denotes Simply

supported. Thus CCSS represents clamped-clamped-simple-simple edge support counted

counter-clockwise from the left side of the plate.

Table 6.2.1 Comparisons of non-dimensional fundamental frequencies
of an isotropic plate. A=wa’(ph/D)"

B. C. | Ref. [110] CT FSDT TSDT
CCSS 27.05 27.054 | 25.283 | 25.308
CCsC 31.82 31.825 | 29.130 | 29.178

CCCC 35.982 35.984 32.524 32.593

It is seen that there is an excellent agreement between the results generated by the CSST
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technique based on the CT theory and those obtained by Gorman [110]. However, the
frequencies obtained by the FSDT and the TSDT are always less than these produced from the
CT theory even though there are only small differences in the results generated by the FSDT and
the TSDT theories. This is due to the fact that the transverse shear deformati=n is included in

FSDT and TSDT theories.

Next, consider a fully clamped orthotropic plate. In calculating its non-dimensional frequency,

the same notations as in Reference [111] are used,

DHX- D, ,+2D, . DIHY- D12+2D66

1 Dy,
Table 6.2.2 shows the comparison results between the data given by the present approach and
those obtained in other publications. The results of Gorman were generated by superposition
method [111]. Those of Marangoni et al. were obtained by Rayleigh-Ritz method {115].
Dickinson [116] developed his results by series solution method. Again a remarkable agreement

is seen among all of the data.

Table 6.2.2 Comparisons of non-dimensional fundamental frequencies
of a fully clamped orthotropic plate. A=wa’(ph/D,;}'?

DHX DHY Ref.[111] Ref.[115] Ref.[116] CT
20 2.0 39.70 39.71 39.71 39.696
2.0 1.0 45.64 45.64 45.64 45.636
20 05 55.56 55.56 55.56 55.566
1.0 05 42.40 42.40 42.40 42.395
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Table 6.2.3 shows the comparison results for an antisymmetric angle-ply square plate with fully
clamped edges, where the results of Whitney [117] were obtained by Fourier series method and
those of Lin et al. were evaluated using an asymptotic method [118] developed by Bolotin [119-
121]. Classical Kirchhoff assumptions and the C1 support condition in which all the displacement
components along a clamped edges are zero were used. It is seen that there is an excellent
agreement among all of the results.

Table 6.2.3 Comparisons of non-dimensional fundamental frequencies

o (=wa?fh(p/E,)"® of an antisymmetric angle ply clamped
square plate (E1/E2=40, G]z/Eth.S, V12=0.25)

Number of ply- Ref.[117] Ref.[118] CT
layers angle
(degree)
5 37.582 36.880 36.801
15 28.052 27.378 27.540
2 25 24.940 24,317 24.584..
35 23.799 23.189 23.496
45 23.488 22.838 23.198
5 40.267 40.446
15 38.044 38.270
4 25 37.025 37.338
35 36.351 36.827
45 36.086 36.660
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6.3 Fundamenta! Frequencies

Fundamental frequencies of the plates and shells are computed for a wide range of structural
parameters, namely, number of layers, plate aspect ratio, length-to-thickness ratio and degree
of anisotropy under three sets of boundary conditions. For simplicity, all of the plates and shells
studied here are assumed to be composed of laminae of equal-thickness, equal-density and equal-
orthotropicity. In addition, in order to make the solution universal and observe the variation of
the fundamental frequencies with structural properties, non-dimensional frequency " is adopted,

which is defined as,

2
. wa
@*=—m /p[E
PR
Unless otherwise indicated, the following material properties are considered in the computations.

E G, G G
Log0, —B-B_gg, —2-05, v,-025
Ez E2 2 : E?.

Furthermore, in the case of the first-order shear deformation theory, the transverse shear

correction coefficient X7 is taken as 5/6.

6.3.1 Antisymmetric Angle-ply Laminated Plates

Non-dimensional fundamental frequencies for these types of plates are tabulated in Tables A.1-
A.7. Some of the typical plots which demonstrate explicitly the variation of the frequencies with

respect to various plate parameters are shown in Figures A.1-A-11.
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Let us first consider the results generated for the plates with two edge clamped and the others
simply supported based on the first-order shear deformation theory. Figure A.1 shows the
variation of the non-dimensional fundamental frequencies " with plate aspect ratio and number
of layers for the length-to-thickness ratio a/h=10 and the ply-angle 6=45° It is seen that o’
increase with the plate aspect ratio and number of layers. However, for a certain thickness of
a plate, the number of layers has little effect on « when the plate is composed of more than two
layers. For evidence, when the number of layers increases from four to six the frequency

increases only 2.7 % for a square plate with ply angle §=45° and a/h=10.

Figure A.2 demonstrates the effects of length-to-thickness ratio and plate aspect ratio on the
frequencies w* for a four-layer plate with §=45° It is clear that w" increase with plate aspect
ratio a/b and length-to-thickness ratio a/h. The increase is seen to be rapid for smaller values
of a/h, and then as the a/h increases, the rate of the increase of w” slows down and subsequently

becomes nearly horizontal.

Figure A.3 indicates the variation of w” with plate aspect ratio and in-plane orthotropicity ratio
for a four-layer plate, for the length-to-thickness ratio a/h=10 and the ply angle §=45° It can

be found that " increase with increasing a/b and E,/E,.

In Figure A.4, frequency variation as a function of the ply angle and the number of layers is
shown. It is again shown that there is little significant increase of w" if more than two layers are

used for a certain thickness. Moreover, " are symmetric about §=45° and decrease with & for
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two-layer plates and increase with § for plates with more than two layers.

The frequency variation data written with respect to length-to-thickness ratio a/h for plates with
CCSS, CCSC and CCCC boundary conditions and using the FSDT theories have been presented

in Figure A.5. It is observed that w” increase with a/h ratio for all the three cases of boundary

conditions considered.

Frequency comparisons for the three theories i.e., TSDT, FSDT and CT under CCSS, CCSC
and CCCC boundary conditions have been presented in Figures A.6-A.8 for a four-layer plate.
It is seen that the TSDT and the FSDT theories yield very close agreement in o' for all the
values of E,/E,. The classical theory also yields almost the same results for the smaller values
of E/E, (<5). The discrepancy among the results of the CT and TSDT or FSDT becomes
larger with increasing E,/E,. For example, the CCSS square plate with a/h=10 and §=45° and
E,/E, relatively large (=40) produces a discrepancy of 43.9 % between the frequencies
generated by the CT and the FSDT theories. The same plate shows a discrepancy of 44 % when
the CT and the TSDT theories are used. However, the discrepancy becomes 9.8 % if we set
E,/E,=5 for the CT and FSDT or TSTD theories. This implies that the CT theory can produce
fairly accurate results for plates with lower orthotropicity ratio and thin thickness like elastic thin
isotropic plates. However it can not predict correctly the frequencies for laminated composite
plates that usually reveal higher orthotropicity ratio. The reason is that the CT theory neglects

the transverse shear deformation.
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6.3.2 Cross-ply Laminated Plates

Since there are symmetric and antisymmetric structures in this type of plates and they are treated
by different governing equations, the non-dimensional fundamental frequencies have been

generated individually.

Figures B.1-B.3 show the effects of different plate theories and length-to-thickness ratio a/h on
the frequencies of symmetric cross-ply square plates with CCSS, CCSC and CCCC boundary
conditions. It is noted that the CT theory generates solutions which are independent of a/h, while
the TSDT and the FSDT theories produce results which show an increase with a/h. Furthermore,
the TSDT and the FSDT predict results which are in close agreement with each other only for
larger a/h. The effect of length-to-thickness ratio on «" indicates that the frequencies for thick
plates are always lower than those obtained by classical theory based on the thin plate
assumption. For thin plates, a/h has little effect on «". This means that the three theories

produce very close results for thin plates.

It is important for designers and researchers to know exactly what each theory is capable of
predicting and what are the variations in results. It can be seen from Table B.1 that, in the case
of a symmetric CCSS square plate (0°/90%0°%), CT produces an error of about 112% for a/h=5
and 13.6% for a/h=15 as compared with the TSDT. When compared with the FSDT theories,
the error becomes 120% and 14% respectively. For the same plate, in the case of a/h=2, the

FDST produces a 12% lower frequency than the TDST, while in the case of a/h=15 the
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between the two theories is 0.27%. For the CCCC boundary, this discrepancy becomes 20% and

1.1% respectively.

The effects of boundary conditions and length-to-thickness ratio a/h on the plate frequencies
obtained by the TSDT and the FSDT theories have been shown in Figures B.4 and B.5. The
frequencies increase with the number of clamped edges, which can be explained by the physical

property of the structures that increasing stiffness raises the natural frequencies.

Figures B.6 and B.7 have been plotted to emphasize the effects of the number of layers as well
as the boundary conditions on the frequencies @ based on the FSDT and TSDT theories. Once

again it is seen that the @ increase with the number of layers and clamped edges.

Similar observations can be made from the Figures B.8-B.14 for the antisymmetric cross-ply
laminated plates. Since the behaviour is similar the detail of discussion for this case is not

included here.

Non-dimensional fundamental frequencies are tabulated in Tables B.1-B.8 for both the symmetric
and the antisymmetric cross-ply plates. In the case of the symmetric plates, the length-to-
thickness ratio a/h vary between 2 and 15, while in the case of the antisymmetric plates, a/h is

allowed to increase from 5 to 20.

110



6.3.3 Cross-ply Laminated Shells

Resuits have been generated for two types of shells: (i) cross-ply laminated cylindrical shell
panels, and (ii) cross-ply laminated spherical shell panels. The number of layers is allowed to
vary from 2 to 7, radius-to-side length ratio increases from 5 to 25 and side length-to-thickness
ratio is taken as 15. As stated before, the shell panels have three, CCSS, CCSC and CCCC
types of boundary conditions. Furthermore, the shells are composed of graphite-epoxy layers

having the following material properties:

E G, G G
—La25, 2-_B.os5, —2-02, v,-025
Ez E2 2 Ez

Table C.1 shows the non-dimensional fundamental frequencies ' for a cylindrical shell panel
based on the classical theory. The effect of the number of layers on the frequency variation of
shell structures can be observed from the computations presented here. As the ratio R/a
increases, i.e., as the shell panel becomes more shallow, the frequency decreases and as the
number of layers increases, the frequency increases generally. However the variation of the
frequency due to the radius-to-side length ratio is quite small when the R/a increases from 5 to

25.

Non-dimensional fundamental frequency data for spherical shell panels are tabulated in Table
C.2. The frequency variation with respect to the number of layers and radius to side length is
similar to that of the cylindrical shell panel. A comparison of the data presented in Table C.1

and in Table C.2 demonstrates that the fundamental frequency of a spherical shell panel is
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always a little larger than that of a cylindrical shell panel with the same R/a and a/h values and

for the same number of layers.

For both the cylindrical shells and the spherical shells, it is interesting to note from Table C.1
and Table C.2, that there is a sharp increase in the frequency when the number of layers
increases from 2 to 3, and after that the increase is rather small. This is because two-layer cross
-ply shells exhibit much larger bending-stretching coupling behaviour than the shells having more
layers. It is further noted that the shell panels with an odd number of layers have larger non-
dimensional fundamental frequencies than the corresponding panels with an even number of
Jayers. In the case of a cylindrical square panel with a/h=15 and R/a=3 as presented in Table
1, the frequency decreases by 8% when the number of layers varies from 3 to 4. The reason for
this behaviour is the symmetry property of the structures. We may explain this behaviour by the
fact that the antisymmetric cross-ply shell panels demonstrate more bending-stretching coupling

action than the symmetric panels in the case of CCSS boundary conditions.

It is interesting to notice that the above conclusion that symmetric cross-ply shell panels have
higher nondimensional fundamental frequencies than antisymmetric ones does not quit carry over
to the shell panels with CCSC boundary conditions. This can be verified by Table C.3 and Table
C.4. It is noted that the three-layer panels have higher frequencies than two-layer ones. However
the panels having five or seven layers possess lower frequencies than those with four or six
layers. This may be explained by the fact that boundary conditions have active effects on the

frequencies. In other words, it is concluded that the fundamental frequencies for cross-ply shell
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panels depend on not only the number of layers but also their boundary conditions.

Figures C.1-C.3 show the effects of different theories as well as length-to-thickness ratio on the
frequencies of a cylindrical two-layer shell panel with the three, CCSC, or CCSC or CCCC
boundary conditions. It is once again apparent that the two shear deformation theories, TSDT
and FSDT, generate very close fundamental frequencies for the lamisiated shell. However there
is a discrepancy between TSDT and FSDT theories when very thick plates are considered. For
example, in the case of an antisymmetric cross-ply cylindrical square CCSS shell panel (©°190%
of R/a=35, the discrepancy is 6.8% for a’h=>5 and 0.62% for a/h=20. It is also noted that this
discrepancy becomes smaller in the case of a symmetric shell panel. For example, when the
same shell panel but with symmetric layers (0°%/90%0°) is considered, the discrepancy becomes
0.04% and 2.6% respectively. On the other hand, CT theory produces comparable but higher
results than TSDT and FSDT when it is used for the shells with larger (> 10) a/h ratios. For
thick shell (a/h< 10}, the CT theory yields much larger errors for the frequencies and hence

should be avoided.
Figures C.4 and C.5 present the variation of the frequencies " with the boundary conditions and

length-to-thickness ratio for a cylindrical two-layer sheil panel using the TSDT and the FSDT

theories. It is shown that " increase with the number of clamped edges and a/h ratio.
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Chapter 7

Summary

7.1 Conclusions

To the author’s knowledge, this study has established, for the first time, a comprehensive
analytical approach which combines superposition and state-space techniques for the vibration
analysis of laminated orthotropic plates and shells based on the three types of existing theories.
One of the significant advantages provided by this method lies in the fact that it has the
capability of analyzing structures with any combinations of classical boundary conditions.
Furthermore, the solutions obtained can satisfy the governing equations exactly throughout the
domain of the structures and, the boundary conditions can be satisfied to any desired degree of

accuracy by taking more terms in the displacement solutions.

Based on the results presented in the last chapter, the following conclusions can be drawn.
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The method (CSST) developed in this research works extremely well and only a
small number of terms (six) are taken in the displacement solutions to provide
accuracy to four significant digits for the fundamental frequencies of plates and

shells studied here.

Comparisons for some cases for which the results are available show that an
excellent agreement exists between the data generated by this method and those

given by other analytical and numerical methods.

Comparisons of the classical theory (CT), first-order shear deformation theory
(FSDT) and third-order shear deformation theory (TSDT) reveal that the CT
theory over-estimates the fundamental frequencies for the laminated plates and
shells, especially for structures with large thickness (a/h>10). Hence it is
recommended that the CT not be used for the laminated plates and shells having
a thickness ratio a/h larger than 10. On the other hand, the FSDT and the TSDT
can produce very comparable results in most of the cases. However for the very
thick plates and shells there still exists a discrepancy (in‘ some cases, more than
10%) in the frequencies predicted by the FSDT and TSDT. Besides, the FSDT
is more simple in form, more steady in equation-solving and takes less computing
time to obtain the solutions than the TSDT. In the case of thin structures, the

three theories yield fairly identical results.
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Transverse shear deformation plays an essential role in the fundamental
frequencies. It reduces the value of the vibration frequencies predicied by the
classical theory. It is more pronounced in the composite structures due to the low
transverse shear modulus relative to the in-plane Young’s moduli. Therefore,
transverse shear deformation can not be neglected in the static and dynamic

analysis of composite plates and shells.

The effect of the number of layers on the behaviours of the plates and shells
shows that the fundamental frequencies increase with the number of layers.
However for a certain thickness, this increase is more pronounced only when the
number of layers increases from two to four. After that litter changes in the

frequencies can be found.

The effect of in-plane orthotropicity ratio on the non-dimensional fundamental
frequencies of the structures reveals that the frequencies increase with increasing
the ratio E,/E,. CT theory produces more discrepancy with the increase of E,/E,,
while for smaller values of E/E, and smail thickness, CT, TSDT and FSDT

theories can obtain fairly close results.

For the case of laminated cross-ply shells, spherical shell panels demonstrate
somewhat higher non-dimensional frequencies than the cylindrical shell panels.

Both the two types of shells exhibit much more bending-stretching coupling in the



two-layer shells than the shells composed of more than two layers.

7.2 Further Research

This work has considered the cantilever plates with a point support, and plates and shells having

the three, CCSS, CCSC and CCCC types of boundary conditions and their solutions for the

vibration problems. Further research can be extended to the following areas:

(D

)

&)

(4)

©)

Static and buckling analysis of laminated plates and shells. In fact, to a certain
extent, the present method has been used for the buckling analysis of

antisymmetric angle-ply laminated plates [52] by this author.

Composite plates and shells with more complicated classical boundary conditions,

such as free supports and elastic edge supports.

Static and dynamic analysis of composite plates and shells subjected to in-plane

forces or thermal stresses.

Complete study of the fundamental frequencies for the cantilever plate with a
point support, described in chapter 3 of this thesis, where only the analysis

procedure was discussed.

Analysis of the higher modes of vibration and their application in forced vibration

analysis (modal analysis)
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APPENDIX I

COEFFICIENTS APPEARING IN EQUATIONS OF CHAFPTER 3

C, appearing in equations (3.3.1) are given as follows:

C,=-8,185 C=-85/85 C3=-8,185 Cy=-85/8y Cs=-8l8s
Ce=-8;/85 Cr=—8,/8s Cy=-810/8p Cy=-1811+(81,%8 1uCHC Y
Cro=[(81,+814CIC>+813+81, LI Cpy=-1(8,+£1,C5)C3+8 1slids

C o [(812+814CHCs+8,,Co* 81 ll b &-814C5*81

where
2 3
gl-Ilmz—AﬁsKﬂ; gz-All; 83-(A12+A56)Kn; 84"B26KB', gs-—3BlﬁKn;
. 2 2, . 2. .
Be=—85 &=1,0*-A,K,; g.=Ass 8,m3B,K,; 81o=~Bis
gll--g“; glz"'gs; 813—39; 314"'315; 815"D?_2K:—(Il+13K:')m2;

316'1132_2(D12+2D66)K§; 87D,

C, in equation (3.5.3) are
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C,-[(DgeAss "BmstK:) ~L,0™ DK Jb;3 Cy=12By3Bys-Deg(A 1+ 41K,/ by;
Cy=-B Ay K jb;; Cy=(B1gDyy~B,DedK, /by
Csm[(BypDes ”Dzsz)Krz: ~AyB+ 1,0 Billd;;
Co-[(Age*41)D 11=2B3IK Jby; C;=[(AyD II-BIZBZG)K: -L,™B,J/d;;
Cy=-B,Asfb); Co-[(D 11326‘316D56)Kr2n ~AssBi+ L0 Bigllby;
C1o=[2BysDy~B(Dyy+ DK [ ;5 Cll-(AMK: ~Lo?)Ass; Cpm-1;
Ci3=Ay K JAss: Ci4m[By(Ags-A)K, by Cls"[(BzGAw'BmAzz)Ki +1,0%B, I,
Cg=AssAee/ by CI?'[(AssDaﬁ‘stBm)K: +AgeAss= L0 Agelids;
C3=[Ag(Dy,+ Do) ~2B,( Byl K, Jby; C1o=[(Byedyy ‘Bm)K: +1,w°B,l/by;
Coo=[(A13+Ae9)B1g-2B1A K Jby; Cy1=Agd i K[y
sz"[ZBfFAu(Dse*D 121K /by Cop=[(d D "stBm)K: +Ay Ay~ 10" A 10,

G i tion (3.5.4
n equa 10"6(1 -—(gzgil;e-gg, BN O Cym—(8:8,:-8338)/ 0y Cim (84843820815

Co= (85843840801 Cs=~(8 8438480 P1> 86~ —(8:843 ~8428) 15
Cy=-(8e83,~82381) 053 Co=~(81083482081)/05 Com=(812834-83:8159/
Cio= (8138348328105 C11=- (8148348181505 Cip=~ (8168347835815
Cam =@+, Ci+hCoglhy; Coy=— (1, Co+ heCoglh; C 5=~ (1 Co+ 8oy +heClhy;
Cys=~ (1 Cythy+hCofby; C e —(hy Cor s+ hCogf by Crg= = (1, Co+ 8o+ ACag)l g
Cio=-(820+830C 835 Cao=—(B19+820Co)82 Co1=~(830Co*83)/834:
Cp=~(830C10+8:0/834 Cr3=~(830C11783)/835 Coum~(830C12+835)/8145
Cos=~(837C,+839/845 Co~~@xCr*8sel8az Crym—(831C3+839)845

Cog=~(837C,*841843 Cro=~83Cs+84)/843 Cao=(83Cs+81)I843
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where

31";1"’2"‘1661(:; 8~Ayy; 83=(AptAgK,; 34'C2E25K:; gs=-36,E K
8s=2(B1sC2E 19K, 37‘(02E26"326)K:; 83=Bis—C2E 16 85~ 83
310"1 w? Azz 3 811~Aee 312"3"2E25K:3 813~ —CE 6 814=CoFs6 By
815=B15-C,E 6 816m2(CoE 6~ Br)K i 817=~84 813~ 85> 819781
820~813 321'C§H22K:+(A44‘2C1D44+612F u)K: ‘(11""'22171(:)‘02;
322'62217'265(H12+2H66)K: -(A55—2ch55+cle )5 823 'C§H 1
824~ Frp= o1+ 2(F, s6~CzHedIK; -(Ass-2¢,Dyg+c1 . W-I50%
825=C(Fyy=CoHyy); 826~ (Ayy=20,Dyy+ 1)K, ~C,(F =Gy Ko+l 0?K,;
8= Col(Fip=CH M2 (F~C H)IK ; 8r6=—865 82078155 830~ 8165
83178245 8327825 333"};“’2'(1366'21? m*ciﬂes)Ki'(Ass”zczpss““cle ss);
834=Dy-26,F 11"'C§Hu; 835=Co(Fiy=Cyfl 3+ Fgs=CrH ) ~(D1y=FyCy);
~(Dgs—Fs€2)s 836=87 837=8y> 8xa= 816> 830~ 826> Bav™ ~821 841~ 825

g42-I w?-(Dy,-2¢,F,, +r:2 2)K -(A,~2c,D +ch44) 8i3=Ds 2F66c2+c2H
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APPENDIX 11
COEFFICIENTS APPEARING IN EQUATIONS OF CHAPTER 4

C, contained in equations (4.2.14) are

Cl"[(IgK:*‘Il)@z‘DnK:]/Dn; C,=[1,0?-2(D,+2D)/D,,
C, in equations (4.2.15) are
Ci=-8,18% C,~-8,18; C3=-8./8%
Ci=-8sl8y Ci=-84/875 Co=-85/8+
Cy=~85/815 Co=—810/815 Co=~811/8125
8, 'A«K:‘Iﬁ')z; 8r=Agss 81=~As5 84~AuK,;
8s=Ass; gs'Ismz“DsesKi‘Ass; &1~Dy1; 83~ (D +Degk,s

) 2
8o=—Ayy 810=(D1a+DgdK s 311'13“)2'922&:“444; 812=Degs

C, in equations (4.2.16) are

Cl"'gllg4; Cz"gglg,;; Cg'gglg4; C4'85l84;
Cs~-86/810> Cs=-8718100 C1=-83/8:100 Cy=—85l810
Co=-hjb; Cig=-hyfb; Cyy=-hyfb; Cp=-hjd

where
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8,=Cy(Dss=€,Fs5)~(Ags=¢, D)+ [2F g+ F 12""'2(2H65+H12)]Kr2a ‘-Fs“’z;
8=~ (Fyy =G, ); ga'Cl(Dss‘ClFss)’(Ass‘C:Dss)'Ki(Dﬁs‘zcsts““czszs)
L0 34'D11“202F11‘C§H11; 85=-[Dyy+Dgg-20,(F i+ Fo +ey(Hyp v HiJIK
ge=lcy(Dyy—€1F ) —(Ay—c,DIK, +c (F. zz'cszz)Kg "fsxn"’z;
8=~ Co[2F g5+ F 13—y 2Heg+ H))IK,; 8g=I[Dyy+Des=20,(F p+F, o+ C2(Hyr HIK,
807, (Dyy=C,F o)~ (A=, )~ KDy -20,F py +Cy H )+ [0
810~ Des=26,F s5+2Hes 811=CiHyKa-Ic,(Dyy-C/F 44)“(‘444""1[’44)]1(:

(I +c2KD) 0% 81,0, (Dys—C,Fs)~(Ags¢,Ds)~C; QH , +4H K+ 1T, 00%
313":52”11? 81471 (D551 F))~(Ass—¢, D)+ [2F g+ F 12"2(2H56+H12)]K§ 'I-s“’z;
815~ =€ (Fyy—CH )3 81671y ~6,D ) -¢,(Dyy =€, FIK,-c)(F N
+[ K, 0% gy=c)2Fgs+F 1= CQH+HIK 5 hy=81,+81,Cs+81,C,Cs;
hy=81+815C1*821Co*815CiCo 13=8147815C3+817C7+815C4Co

hy=816*817Cs+815CsCor $=8137815C,
C, in equations (4.3.6) are
Ci--8118, Cy=~83l8y C3=8-418y C4=-8sl8ys
Cs—-85/83 Ce—81/85 C7m—8o/85 Ca=~810/8s5
Co=~(811+812C1*814Cs+ 81T )l Ciom~(815+814C*81C2Cold:

Cy=~(814C1*815+812CCNId; Cipm—(813C5+81,C5%816*8 12CCld

where
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$-2,,C,* 817 gl—Ilmz—A“K:; 8,=A 11> 8~ —(Ap+Agy;
34."(312*2366)1{:'12"’25 gs=-B;; 86=-83 g.,-Ilmz—Azsz;
8s=Aee> 39'5221{:'12“’21{.5 810=~(B12+2Bgo); 81184
g12=~By1i; 8138y §14~ 8100 315'D22K:'(13K:+Il)“’2;

gw'_[z(Du*'ZDss)K:‘Is“’z]; g17~Dyp
C, in equations (4.3.7) are

Cy=(818:6-8218/01 C2=(83826-8286 15 C37(84825=82489)/®1;
Cy=(85825-8,58I01; Cs5=(818:6-8x8 1 Co= (8583482481093
Cr= (8583482081195 Cy=(811834-83:810/05 Co=(812854783,82)/%y;
Co=(813834-81:81/05 Ciy=-8isl81w Crom=816/818 Ci3=~81r/81s5
Ci~—815/815 Cis=8x0/815 Cro=~(82*82C1/826 Crr==(823+82C25
Cygm~ (824 82C3)/826 Cro™~Brs*82C826 Coo™~(8xr*82C8ss
Co1=~(855*830ColBas Coa=~(82*830CN834 Crz=~(831%83Ce)/8s4)

Co=-(83,+830C8ss Cos=—{813+83:C 1080

where
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$1=82:85~82826 P2=830814 8108345 31'11"’2"’466[(5?
8mAyys 8o (A AedKy; 8-0; 85~L0* Bk
8s=Byys 8=—(By+BeoK,; 83=8% 39"11"’2‘1(3442.23
810"Aes 81170 812~ (Bgs*BK,; gm-lzcoz—-BuKz;
81u~Bes> 8150 8,605 & 17'A44K:'11“’2; 815~ ~Ass>
819~ ~Ass: 820~Auss 821785 812~8e 82812 824~819
825~ 3“’2"D66K:‘A55; 826~D1138x= (Do DK
8o3= 87 829~813 830~824 8317 8200 83~ &2

2
333'Ism2'Dzan'A44; 834~ Des

C, in equations (4.3.8) are

C, (8,83, 8:8:)I01 Cy~(83834-8:830/015 C3=(8,854-8:831/®;
Cy=(8s834~ 878Dy Cs=(8s834—87833) %15 Cs=(8382487835)/ 013
Crm (8584383681010 Co= (810803881605 Co= (81284383981 P2
Cro(813843-810819/P2 C11=(814843-8uu819/D2 Cro=(81s843~80:819/ %2
Cpy=~(hy+hyCotRCo by Ciym=~(8 1o+ AyCothCoglhy
Cy5=~(h,Co* 8y +hCodlhg Cig=-(,Cro*hy+hCrglhg
Cig=-(r,Cyy +hs+heCoglhy; Cogm ~(1,C 1y + 85+ HCap)l My
Clom~ (85 +8C /835 Con=~(83+825C )85 Cpy=~(831+829C3)/830
Cpo=~(83r+825C 8355 Cr3=~(833+825C 8243 Coum~(835%829Ce)/830>
Cos=~(836+83sC 843 Cos=~(83183C)l84z> Crr=~(835+83Co)l8 4

Cos=(840+835C 10845 Coo=~(841+83C11)/84s Cio~~(843825C 12843
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where

0181825818555 Oy Eralrs-EuBies> &1-1107 - AgeKn:
&~A 1y 8=~ (A*AgK,; 84-CZ(E12+2E66)K3_I_3(‘)2;
8s=—CEy; gﬁ—fzmz—(B“—czE“)Ku; 8,=By-CEns
8y=C(Ey+Egd~(Byy+Byg; 89=-8s 310"1?1"-"2"4221{:; 811" Ag
g 12'C2E22K3 ~[,0?K,; 83=~C)(Eyy+2Ege); 814=[Byy+Bes—Co(Epp+ EgIK,;
g 15'17‘2“’2‘(322“"25'22)1{:3 816~ Bes~C2Ees & 17-CZ(E12+2E66)K:_}-3(‘)2;
815~ ~CE1p gls'gKnmz“czEzzK:; 820~ (Ey+2Eg)C K5
321"‘"22H22K: +2¢)(E /R +Epyf &)K:'[CI(DM_CIF 44)"(*444“’1D44)]Ki
'(11"622111{:’;)“’2; 8n=¢(Dss=¢,F, ss)'(Ass“ﬁDss)'zczz(Hu*szs)K:*
c31,0% gza'czzHu; 824=C¢,(Dys=€\Fy5)~(Ass—¢\ D)+ Col2F g6+ i
¢, (2Heq+ 12)]K:"fs"’2; 825~ Cy(Fyy=CH )3
25~ [Ay—1D4) -\ (Dyy 6, F)IK ¢, F. n‘czﬂzz)K::: +[ K%
8= C K [2F o+ Fry=C,2Hoo+ Hip)ls 82586 820™87 830~ 814> 83178245
832825 833=C\(Dys=€,Fyd)~(Ass=¢;Dyg) ~Kn(Ds=26,F, 66*"22H66) +I_4°’2;
834~Dy;26,F 11""'§H11; 835~ ~[Dyp*Des=2¢,(Fy,+F 66)+C§(H12+H66)]Kn5
836~ 85 837815 8378z, 8= 815 Eao™ 8 Bar~ 81 8ar~C1(Dus

c,Fy ‘(Au'CIDQ‘K:(Dzz‘zczF zz*czzﬂzz)*j«t"’z; 843=Dgs—20,F, m*cgﬂss
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APPENDIX III
COEFFICIENTS APPEARING IN EQUATIONS OF CHAPTER 5

C, in equations (5.1.8) are given by

Ci=-8/87 Cy=~8318; Cy=~84182 C4=-8sl&r
Cs=-84/8s 86=~81185 Ci=-85/8s Cy=~810/8s
Co=-(811*812C1+81CsCId; Ciom—(81,C,+813+814C6*814CsCHIP:
Cyy=-(812C5+815+81,CsC)Ib; Cr=—(812C,+814C1+816+814C15CII :
$=2:.Cs*815> g1'11‘°2"A11K3=; 8~ Ags 83~ (At Ae)K
34‘(A11/R1+A121R2+B11K::‘1202)Km; 8s=—(By+2BedK,; 85=-85
5’7'11"’2’*4661(:-; 8s=Axns 39'[A1le1“'Azz/Rz‘“(Bu*ZBGG)]Ki“Iz“’Z;
810= By 811784 £12= 85 813789 8u~810d
8s~D 11K::+A11’R12+2A121R1IR2+A22IR22 +2(BIIIR1+BIZIR2)K31"

(IsKri"Il)“’z; 315“13“’2'2[(012+2Dm)K:s+B1le1+Bzz’R2]; 817~Dp

C, in equations (5.2.4) have the same form as those in equations (4.3.7) which are listed in the
Appendix II. However, g are different,
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81‘11“)2“*411"{3-; 8:-Ass 83=~(A1*AgdK s 84=(Ay/R+AIRIK,;
85"]2"’2"3111(:1; 8s=Bes 81=(Byy+BeKy5 83=—8% 39'11"’2‘*4661{3-;
&10~An 81 ~Ap/Ri+A,IRy; 81,87 313"12“’2‘3651(:-? 814~ By
815~~83 816~811 311"A11/R12 +2A,2IR11R2+A22!R3+A55K§'—11m2;
815~ ~Au 819~ Ass~By/R~ByyfR;; 8y0=Bo/R +ByfR,-Ay

) . . . 2,
85185 82,786 823= 8120 B~ &19 gzs'Izmz“éss'DuKm’

826~Dess 8o7=(Dp+tDgdK ; Br5=~84 8298135 E3~814>

- » 2 2 +
83178200 8327827 gss'Iawz’DssKm'KMAw 83~Dy,

Similarly, C, in equations (5.3.5) have the same expressions as given by equations (4.3.8), but
g, are defined as
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g, I w? -A, Km, 8,~Ags 834+ 4K,
8~ [62E11K:-+(A111R1+A121R2)"E;")2]“’2; 85~ K (E\y+2E0);
gs'l—r-z“’z'(Bu'CzEu)K::; 87=Bes—CiEcs: 83~[By+Bes—C{En+EcdIK 5
8=83 & lo'fl“’z"-‘iﬁexrzn; 811~ A 812-02(E12+2E66)Ki+A121RI +AplR,
~L0% g13=-C3Ep 814~ ~(BesC:Eest By =By K 815~ 10"~ (Bgs
-G,E 6) s 816™Br—CoEn; 817784 815~ 85 8197812 B0™B13
En~14s5-2¢,Dgg+c iF, 55)]K,i+c22H uK: +2¢(Eyy/R, *EuIRz)K:
+A; JR2+24 IR [R,+A R (L + LKD) 0%
8= (D= Foe '(AM'D44€1)"2C§ (H l2+2H66)K:t_2C2(E12, R +E,/R)
+e L0 8=CoHyn; 324"(‘455"2‘711)55*"1217 59K~y (Fy —c;H 11)K3='
[(Blz'czEu)/Rl‘(Blz‘czElz)lelxm*'aKi; 825~ €l 2F g6+ Fp)
—cy(H*2H)IK 1 836C,(Dyy=€1F )~ (Agy =€, D) +Co[2F g+ Fp-
Cz(zﬂes*Hm)Ki“'(Bu‘czElz)/Rl+(Bzz'czEzz)/Rz"fs"’2;
8=~ (Fpp=CoHo)i 829786 82987 Bzom 814831~ 828> 832825
833=C1(Dgs—¢1Fs5)~(Ags=Dsse,)-(Dyy - 262F11+H1102)K +I ’;
834=Des~2F, 66c2+c7.2H66; 835~[Dy+ Dgs~2¢,(F1y+F, @ Hy HIK,,
835~ 8s B31~815> Bx816 839826 Bao~82r B~ 835 Buz=€1(Duy

=€, F ) ~(Ay~¢,Dy)-(Dgs=26,F e+ CAH Ko+ [,0% 843Dyy=26,Fyy-C1Hy,
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Table A.1 Non-dimensional fundamental frequencies «" (=wa®/h(p/E;)"?) for an antisymmetric
angle-ply CCSS plate based on FSDT as plate aspect ratio, ply-angle
and number of layers vary. (a/h=10)

Number of 6 a/b
layers (degree) 1.0 - 1.5 2.0 2.5 3.0
15 15.55 19.00 | 24.11 30.70 38.41
2 30 15.19 20.51 27.35 35.36 44.17
45 15.33 22.76 31.58 | 41.20 51.24
60 15.19 24.35 34.55 45.12 55.80
15 18.18 21.65 26.75 33.28 40.90
4 30 19.70 | 25.68 33.07 | 41.51 47.90
45 20.39 | 28.82 38.23 48.14 58.30
60 19.70 29.80 40.37 51.07 61.85
15 18.51 21.99 27.10 | 33.63 41.25
6 30 20.20 | 26.25 33,70 | 42.18 47.91
45 20.94 | 29.43 38.87 | 48.77 58.93
60 20.20 30.23 | 40.91 51.61 62.37
15 18.62 22.11 27.22 33.74 41.36
8 30 20.36 26.44 33.91 42.40 47.91
45 21.11 29.63 39.07 | 48.97 59.13
60 20.36 30.91 41.08 | 51.77 62.46
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Table A.2 Non-dimensional fundamental frequencies ' (=wa’/h(p/E;)'?) for an antisymmetric
angle-ply CCSS plate based on FSDT as plate aspect ratio, ply-angle
and length-to-thickness vary. (four layers)

6 a/b

a’h (degrez) 1.0 1.5 2.0 2.5 3.0
15 11.62 14.27 17.81 21.91 25.74
5 30 12.69 16.22 20.35 26.51 30.00
45 13.09 17.08 21.33 26.91 31.93
60 12.69 17.60 22.67 27.85 33.10
: 15 21.89 25.79 31.61 39.31 48.65
15 30 23.32 30.85 40.39 51.64 64.22
45 24.02 35.41 48.79 63.35 78.56
60 23.32 37.59 53.26 69.44 85.80
15 25.93 30.45 37.20 46.26 57.58

30 30 27.08 36.64 45.13 64.37 82.21
45 27.74 43.07 62.62 85.73 11171
60 27.08 47.56 73.04 101.87 132.76
15 27.17 31.93 36.04 48.62 60.66
50 30 28.22 38.56 52.22 69.13 89.25
45 28.89 45.68 67.82 95.06 126.94
60 28.22 51.13 81.47 118.16 159.92
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Table A.3 Non-dimesional fundamental frquencies w" (=wa’/h(p/E;)"?) for an antisymmetric
angle-ply CCSS plate based on FSDT as plate aspect ratio, ply-angle
and in-plane orthotropicity ratio vary. (four layers)

8 a/b
E,/E, | (degree) 1.0 1.5 2.0 2.5 3.0
15 11.06 15.07 20.90 28.12 36.31
5 30 11.20 16.17 22.84 30.78 39.60
45 11.28 17.47 25.37 34.42 44,09
60 11.20 18.58 27.65 37.66 48.14
15 14.65 18.26 23.58 30.46 38.29
15 30 15.27 20.69 27.67 35.81 44.74
45 15.60 23.13 32.06 41.79 51.92
60 15.27 24.50 34,79 45.48 54.96
15 16.51 19.99 25.18 31.83 39.57
25 30 17.55 23.26 30.44 38.73 45.93
45 18.06 26.14 35.40 45,28 55.46
60 17.55 27.36 37.89 48.63 59.45
15 17.72 21.17 26.29 32.86 40.51
35 30 19.09 24.99 32.33 40.72 47.38
45 19.73 28.08 37.47 47.37 57.54
60 19.09 29.14 39.70 50.43 60.41
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Table A.4 Non-dimesional fundamental frquencies «" (=wa’h(p/E,)'?) for antisymmetric
angle-ply CCSC and CCCC plates based on FSDT as plate aspect ratio,
ply-angle and number of layers vary. (a/h=10)

Number of 6 CCSC CCCC
layers (degree) a/b=1.0 | a/b=1.5 | a/b=1.0 | a/b=1.5
15 16.16 21.05 18.60 22.74
30 16.03 22.88 17.93 23.99
2 45 16.64 25.77 17.90 26.46
60 17.16 27.89 17.92 28.33
15 18.72 23.42 20.85 24.85
30 20.44 27.80 21.98 28.58
4 45 21.49 31.18 22.65 31.74
60 21.22 32.21 21.98 32.62
15 19.04 23.73 21.11 25.10
30 20.93 28.35 22.41 29.08
6 45 22.00 31.69 23.14 32.24
60 21.64 32.60 22.41 33.00
15 19.14 23.84 21.19 25.19
30 21.09 28.52 22.54 29.24
8 45 22.16 31.85 23.30 32.39
60 21.77 32.57 22.54 33.13
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Table A.5 Non-dimesional fundamental frquencies w” (=wa¥/h(p/E,;)'?) for antisymmetric
angle-ply CCSC and CCCC plates based on FSDT as plate aspect ratio,
ply-angle and length-to-thickness ratio vary. (four layers)

6 CCsC CCCC
a’h (degree) a/b=1.0 | a/b=1.5 | a/b=1.0 [ a/b=1.5
15 12.04 15.43 12.50 15.67
30 13.03 17.11 13.36 17.24
5 45 13.36 17.05 13.74 17.19
60 12.94 18.03 13.36 18.22
15 22.46 27.76 24.50 30.75
30 24.31 33.75 27.18 35.42
15 45 25.87 39.67 28.65 40.61
60 26.27 42.70 27.18 43.21
15 26.54 32.62 33.99 38.78
30 28.41 40.67 33.50 44,13
30 45 30.71 50.71 33.40 52.32
60 32.39 58.94 33.50 59.91
15 27.80 34.18 36.71 41.80
30 29.1 43.03 35.70 47.44
50 45 32.31 54.89 35.40 56.67
60 24.49 65.91 35.70 66.65
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Table A.6 Non-dimesional fundamental frquencies w' (=wa’h(p/E,)'?) for antisymmetric
angle-ply CCSC and CCCC plates based on FSDT as plate aspect ratio,
ply-angie and in-plane orthotropicity ratio vary. (a/h=10, four layers)

6 CCSC cccce
E/E, (degree) a/h=1.0| a/b=1.5 | a/b=1.0 | a/b=1.5
15 11.93 17.59 14.15 19.07
30 12.22 18.89 13.95 19.97
5 45 12.64 20.73 13.90 21.45
60 13.06 22.49 13.95 22.99
15 15.32 20.34 17.88 22.13
30 16.12 23.06 18.03 24.18
15 45 16.92 26.12 18.18 26.81
60 17.25 28.02 18.03 28.46
15 17.10 21.94 19.52 23.59
30 18.34 25.50 20.13 26.47
25 45 19.29 28.85 20.53 29.49
60 19.36 30.36 20.12 30.97
15 18.27 22.99 20.49 24.49
30 19.85 27.15 21.47 27.99
35 45 20.87 30.55 22.06 31.13
60 20.70 31.72 21.47 32.14
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Table A.7 Non-dimesional fundamental frquencies w” (=wa?h(p/E,)'®) for antisymmetric

and number of layers vary. (a/h=10)

angle-ply plates based on TSDT as plate aspect ratio, ply-angle

CCSS CCSC CCCC
Number of ¢ a/b a/b a/b
layers (degree) 1.0 1.5 1.0 1.5 1.0 1.5
15 16.08 | 19.54 | 16.82 | 21.58 | 19.67 | 23.71
30 15.68 | 21.22 | 16.56 | 23.75 | 18.79 | 25.13
2 45 15.80 | 23.74 | 17.29 | 21.01 | 18.67 | 21.01
60 15.68 | 25.69 | 18.00 | 21.84 | 18.79 | 21.84
15 1324 1 21.82 | 18.83 | 23.60 | 21.19 | 25.30
30 173 | 25.73 | 20.49 | 27.94 | 22.21 | 28.89
4 45 20.37 | 28.91 | 21.56 | 26.21 | 22.79 | 26.21
60 19.73 | 30.12 | 21.44 { 27.13 | 22.21 | 27.13
15 18.73 | 22.28 | 19.24 | 24.02 | 21.64 | 25.72
30 20.36 | 26.48 | 21.12 | 28.68 | 22.83 | 29.63
6 45 21.06 | 29.76 | 22.23 | 27.00 | 23.46 | 27.00
60 20.36 | 30.86 | 22.05 | 27.95 | 23.83 | 27.95
15 18.98 | 22.44 | 19.65 | 24.18 | 22.13 | 25.80
30 20.59 | 26.75 | 21.34 | 28.95 | 23.06 | 29.90
8 45 21.30 | 30.07 | 22.47 | 27.30 | 23.71 | 27.28
60 20.59 | 31.27 | 22.28 | 28.24 | 23.06 | 28.24
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Table B.1 Non-dimensional fundamental frequencies o’ (=wa*h(p/E)"?) for symmetric
cross-ply plates. (0%/90%0%)

CCSS CCSC CccCcC
a/b a/b a/b

a’h theories 1.0 1.5 1.0 1.5 1.0 1.5
TDST 6.18 7.58 6.49 8.23 7.27 8.84

2 EDST 5.43 6.95 5.72 7.38 5.78 | 7.42
CT 2494 | 32.90 | 30.02 | 36.86 | 41.82 | 46.22
TDST 11.75 | 14.66 | 12.52 | 16.25 | 13.60 | 17.09
5 FDST 11.32 | 14.51 | 12.17 | 1620 | 12.74 | 16.62
CT 24.95 | 32.89 | 30.02 | 36.86 | 41.82 | 46.22
TDST 18.09 | 21.82 | 19.09 | 24.72 | 21.77 | 26.79
10 FDST 17.87 | 21.78 | 18.93 | 24.90 | 21.22 | 26.62
CT 24.95 | 32.89 | 30.02 | 36.86 | 41.82 | 46.22
TDST 21.96 | 25.80 | 22.97 | 29.25 | 27.53 | 32.88
15 FDST 21.88 | 25.81 | 22.92 | 29.41 | 27.23 | 32.81]
CT 24.95 | 32.89 | 30.02 | 36.86 | 41.82 | 46.22
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Table B.2 Non-dimensional fundamental frequencies " (=wa%h(p/E,)'?) for symmetric
cross-ply plates (0%/90%90%0°%

CCSS CCSC CCCC
a/b a/b a/b

a‘h theories 1.0 1.5 1.0 1.5 1.0 1.5
TDST 6.15 7.68 6.41 8.21 7.03 8.69

2 FDST 5.62 7.27 5.82 7.52 5.89 | 7.57
CT 29.07 | 36.86 | 31.25 | 44.90 | 41.82 | 52.34
TDST 12.27 | 15.73 | 13.08 | 17.11 | 14.05 | 17.85
5 FDST 12.04 | 15.94 | 12,98 | 17.39 | 13.54 | 17.81
CT 29.07 | 36.86 | 31.25 | 44.90 | 41.82 | 52.84
TDST 18.89 | 24.53 | 20.45 | 27.89 | 22.91 | 29.72
10 FDST 18.75 | 24.90 | 20.48 | 28.70 | 22.59 | 30.22
CT 29.07 | 36.86 | 31.25 | 44.90 | 41.82 | 52.84
TDST 22.64 | 29.26 | 24.51 | 34.19 | 28.71 | 37.27
15 FDST 22.55 | 29.55 | 24.55 | 34.94 | 28.49 | 37.77
CT 29.07 | 36.86 | 31.25 | 4490 | 41.82 | 52.84
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Table B.3 Non-dimensional fundamental frequencies w’ (=wa%h(p/E;)'?) for symmetric

cross-ply plates (0°/90%0°/90°/0°)

CCSS CCSC CCece
a/b a/b a/b

a/h theories 1.0 1.5 1.0 1.5 1.0 1.5
TDST 621 | 774 | 643 | 822 | 6.98 | 8.65

2 FDST 570 | 734 | 5.8 | 7.52 | 5.93 | 7.57
CT 20.08 | 40.25 | 32.37 | 51.35 | 41.82 | 57.80
TDST 1260 | 1622 1 13.43 | 17.43 | 14.43 | 18.19
5 EDST 12.43 | 16.44 | 13.20 | 17.67 | 13.88 | 18.11
CT 29.08 | 40.25 | 32.37 | 51.35 | 41.82 | 57.80
TDST 19.65 | 26.01 | 21.36 | 29.24 | 23.89 | 31.12
10 EDST 19.43 | 26.54 | 21.41 | 30.24 | 23.51 | 31.75
CT 26.08 | 4025 | 32.37 | 51.35 | 41.82 | 57.80
TDST 2334 | 31.49 | 25.67 | 36.74 | 29.85 | 39.75
15 FDST 23.16 | 31.96 | 25.72 | 37.86 | 29.51 | 40.50
CT 2008 | 40.25 | 32.37 | 51.35 | 41.82 | 57.80
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Table B.4 Non-dimensional fundamental frequencies w” (=wa?h(p/E;}'"%) for symmetric
cross-ply plates (0°/90°%0°/90%0°%/90°/0%90°/0°%)

CCSS CCSC CcCccc
a/b a/b a/b

a’h theories 1.0 1.5 1.0 1.5 1.0 1.5
TDST 6.58 834 | 6.83 | 894 7.52 | 9.48

2 FDST 574 | 7.41 587 | 754 | 5.95 | 7.60
CT 29.05 | 44.92 | 34.00 | 59.86 | 41.83 | 65.56
TDST 13.18 | 17.20 | 13.96 | 18.47 | 15.06 | 19.30
5 FDST 12.68 | 16.86 ] 13.46 | 17.88 | 14.09 | 18.35
CT 26.08 | 44.92 | 34.00 | 59.86 | 41.83 | 65.56
TDST 20.24 | 27.84 | 22.25 | 31.27 | 24.76 | 33.09
10 FDST 1997 | 27.97 | 22.11 | 31.47 | 24.18 | 32.94
CT 20.08 | 44.92 | 34.00 | 59.86 | 41.83 | 65.56
TDST 23.84 | 34.11 | 26.82 | 34.00 | 30.72 | 42.69
15 FDST 23.68 | 34.38 | 26.81 | 40.34 | 30.34 | 42.93
CT 29.08 | 44.92 | 34.00 | 59.86 | 41.83 | 65.56
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Table B.5 Non-dimensional fundamental frequencies «" (=wa’/h(p/E;)""%) for antisymmetric

cross-ply square plates (0°/90°%)

CCSS CCSC ccece
E,/E, E/E, E,/E,
a/h theories 15 40 15 40 15 40
TDST 9.617 | 11.57 | 10.86 | 12.95 | 12.01 | 14.23
5 FDST 0,280 | 10.74 | 10.35 | 11.75 | 11.35 | 12.71
CT 12.07 | 16.55 | 15.17 | 19.59 | 18.29 | 22.61
TDST 11.64 | 14.82 | 13.68 | 17.35 | 15.46 | 19.56
10 FDST 11.52 | 14.43 | 13.47 | 16.70 | 15.17 | 18.72
CT 12.61 | 16.74 | 15.28 | 20.54 | 17.55 | 23.73
TDST 12.23 | 15.88 | 14.59 | 19.00 | 16.61 | 21.67
15 FDST 12.17 | 15.69 | 14.48 | 18.64 | 16.46 | 21.18
CT 12.72 | 16.89 | 15.41 | 20.73 | 17.70 | 23.95
TDST 12.47 | 16.35 | 14.96 | 19.74 | 17.10 | 22.63
20 FDST 12.43 | 16.23 | 1490 | 19.52 | 17.02 { 22.31
CT 12.75 | 16.94 | 15.46 | 20.79 | 17.76 | 24.03
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Table B.6 Non-dimensional fundamental frequencies * (=wa*h(p/E,)""?) for antisymmetric
cross-ply square plates (0%/90%0%90°)

CCSS ccsc ccee
E/E, E/E, E/E,

a/h theories 15 40 15 40 15 40
TDST 1099 | 12.81 | 12.07 | 13.34 | 12.73 | 14.66
5 FDST 10.89 | 12.50 | 11.87 | 13.26 | 12.81 | 13.98
CT 17.02 | 25.88 | 20.98 | 31.15 | 23.89 | 38.74
TDST 14.72 | 19.30 | 17.01 | 21.69 | 19.05 | 23.85
10 FDST 14.73 | 19.28 | 16.99 | 21.56 | 19.01 | 23.64
CT 17.23 | 26.26 | 21.13 | 32.24 | 24.39 | 39.88
 TDST 16.05 | 22.40 | 19.00 | 26.00 | 21.58 | 29.17
15 FDST 16.03 | 22.45 | 19.02 | 26.01 | 21.59 | 29.15
CT 17.34 | 26.45 | 21.26 | 32.73 | 24.56 | 38.06
TDST 16.59 | 23.95 | 19.92 | 28:37 | 22.77 | 32.19
20 FDST 16.61 | 24.00 | 19.94 | 28.42 | 22.79 | 32.24
CT 17.38 | 26.51 | 21.30 | 32.80 | 24.61 | 38.07
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Table B.7 Non-dimensional fundamental frequencies " (=wa?h{o/E,)'”?) for antisymmetric

cross-ply square plates (0%/90%0%/90°%0%90°%)

CCSS ccsc CCCC
E,/E, E/E, E/E,
a/h theories 15 40 15 40 15 40

TDST 11.26 | 13.12 | 12.64 | 13.69 | 12.88 | 14.77
5 FDST 11.08 | 12.66 | 12.04 | 13.39 | 12.96 | 14.40
CT 17.74 | 26.23 | 21.72 | 33.80 | 24.54 | 39.80
TDST 15.21 | 19.97 | 17.55 | 22.37 | 19.63 | 24.44
10 FDST 15.18 | 19.81 | 17.46 | 22.06 { 19.50 | 24.11
CT 17.97 | 26.50 | 22.05 | 34.12 | 25.06 | 40.01
TDST 16.63 | 23.33 | 19.69 | 27.00 | 22.35 | 30.24
15 FDST 16.62 | 23.29 | 19.67 | 26.88 | 22.31 | 30.05
CT 18.07 | 27.87 | 22.17 | 34.50 | 25.63 | 40.13
TDST 17.23 | 25.04 | 20.69 | 29.59 | 23.64 | 33.54
20 FDST 17.24 | 25.03 | 20.68 | 29.55 | 23.63 | 33.47
CT 18.10 | 27.92 | 22.22 | 34.57 | 25.69 | 40.14
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Table B.8 Non-dimensional fundamental frequencies w” (=wa?/h(p/E;)'"?) for antisymmetric
cross-ply square plates (0°/90°... /90°, ten layers)

CCSS CCSC CCCC
E,/E, E,/E, E/E,
a/h theories 15 40 15 40 15 40

TDST 11.40 | 13.27 | 12.79 { 13.88 | 14.52 | 15.11
5 FDST 11.17 | 12.73 | 12.02 | 13.44 | 13.03 | 14.63
CT 18.17 | 27.47 | 22.15 | 34.22 | 25.35 | 39.88
TDST 1546 | 20.31 | 17.82 | 22.73 | 19.92 | 25.24
10 FDST 15.39 | 20.06 | 17.69 | 22.28 | 19.74 | 24.67
CT 18.33 | 27.80 | 22.51 | 34.92 | 26.05 | 40.22
TDST 16.92 | 23.79 | 20.04 | 27.51 | 22.74 | 30.78
15 FDST 16.90 | 23.69 | 19.99 | 27.29 | 22.66 | 30.47
CT 18.43 | 28.57 | 22.63 | 35.38 | 26.17 | 40.32
TDST 17.56 | 25.58 | 21.07 | 30.20 | 24.08 | 34.21
20 FDST 17.55 | 25.53 | 21.05 | 30.09 | 24.05 | 34.05
CT 18.47 | 28.62 | 22.68 | 35.45 | 26.22 | 41.16
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Table C.1 Non-dimensional fundamental frequencies w” (=wa?/h(p/Ey)'?) for
a cross-ply cylindrical CCSS square shell panel based on
CT theory. (a/h=15)

_Ria
No. of layers 5 10 15 20 25
2 14.654 | 14.453 | 14.417 | 14.406 | 14.401
3 23.342 | 23.249 | 23.232 | 23.226 | 23.223
4 21.477 | 21.377 | 21.360 | 21.355 | 21.354
5 23.347 | 23.257 | 23.236 | 23.229 | 23.226
6 22.528 | 22.435 | 22.418 | 22.414 | 22.412
7 23.348 | 23.254 | 23.236 | 23.230 | 23.227
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Table C.2 Non-dimensional fundamental frequencies «” (=wa?h(p/E;)'?) for
a cross-ply spherical CCSS square shell panel based on
CT theory. (a/h=15)

R/a
No. of layers 5 10 15 20 25
2 15219 | 14.608 | 14.491 | 14.449 | 14.431
3 23.632 | 23.323 | 23.265 | 23.246 | 23.235
4 21.836 | 21.476 | 21.407 | 21.383 | 21.372
5 23.640 | 23.329 | 23.269 | 23.248 | 23.239
6 22,857 | 22,524 | 22.461 | 22.439 | 22.428
7 23.641 | 23.329 | 23.270 | 23.249 | 23.239
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Table C.3 Non-dimensional fundamental frequencies w” (=wa®h(p/E)"?) for
a cross-ply cylindrical CCSC square shell panel based on
CT theory (a/h=15)

R/a
No. of layers 5 10 15 20 25
2 19.806 | 18.053 | 17.887 | 17.773 | 17.719
3 25.256 | 24.413 | 24.252 | 24.196 | 24.170
4 27.855 | 26.748 | 26.536 | 26.462 | 26.427
5 27.147 | 26.227 | 26.052 | 25.991 | 25.962
6 29.108 | 28.052 | 27.851 | 27.780 | 27.747
7 27.989 | 27.037 | 26.857 | 26.794 | 26.765
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Table C.4 Non-dimensional fundamental frequencies w” (=wa’/h(p/E,)"?) for
a cross-ply spherical CCSC square shell panel based
on CT theory (a/h=15)

R/a
No. of layers 5 10 15 20 25
2 20.095 | 18.294 | 17.931 | 17.800 | 17.738
3 25.413 | 24.455 | 24.271 | 24.207 | 24.177
4 28.009 | 26.799 | 26.068 | 26.479 | 26.439
5 27.277 | 26.262 | 27.873 | 25.999 | 25.968
6 29,236 | 28.093 | 27.873 | 27.794 | 27.757
7 28.106 | 27.070 | 26.872 | 26.802 | 26.770
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Table C.5 Non-dimensional fundamental frequencies «’ (=wa?/h{p/E,;)""?) for
cross-ply cylindrical square shells (0%90%

CCSS CCSC CCCC
R/a R/a R/a

a/h theories 5 20 5 20 5 20
TDST 9463 | 9.468 | 10.97 | 10.56 | 11.91 | 11.53
5 FDST 8.820 | 8.815 1 10.10 | 6.618 { 10.79 | 10.34
CT 14.19 | 1322 | 16.88 | 16.68 | 19.39 | 19.23
TDST 12.50 | 12.40 | 15.67 | 14.49 | 17.31 | 16.25
10 FDST 12,20 | 12,09 | 15.22 | 13.26 | 16.70 | 15.57
CT 1443 | 1426 | 18.46 | 17.53 | 21.01 | 20.21
TDST 13.72 | 13.43 | 18.39 | 16.11 | 20.31 | 18.27
15 FDST 13.56 | 13.26 | 18.17 | 15.83 | 19.98 | 17.88
CT 1465 | 14.41 | 19.81 | 17.77 | 22.26 | 20.47
TDST 14.42 | 13.88 | 20.62 | 16.93 | 22.58 | 19.28
20 FDST 1433 | 13.79 | 20.49 | 16.76 | 22.40 | 19.04
CT 1498 | 14.47 | 21.40 | 17.95 | 22.58 | 20.64
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Table C.6 Non-dimensional fundamental frequencies «* (=wa’/h(p/E;)'?) for
cross-ply spherical square shells (0°/90°)

CCSS CCSC CCCC
R/a R/a R/a

a’h theories 5 20 5 20 5 20
TDST 0559 | 9.480 | 11.01 | 10.56 | 12.32 | 11.56
5 FDST 8.920 | 8.826 | 10.14 | 9.622 | 11.25 | 10.37
CT 14.33 | 13.32 | 18.35 | 16.48 | 22.73 | 20.34
TDST 12.79 | 12.42 | 15.80 | 14.50 | 18.37 | 16.32
10 FDST 12.49 | 12.11 | 15.36 | 13.99 | 17.82 | 15.65
CT 14.59 | 14.29 | 18.61 | 17.55 | 25.79 | 20.26
TDST 14.31 | 13.47 | 18.67 | 16.13 | 22.27 | 18.41
15 FDST 14.16 | 13.31 | 18.45 { 15.85 | 22.00 | 18.02
CT 14.65 | 14.41 | 20.09 | 17.80 | 25.99 | 20.58
TDST 15.44 | 13.95 | 21.09 | 16.97 | 25.82 | 19.51
20 FDST 15.43 | 13.85 | 20.97 | 16.79 | 25.77 | 19.27
CT 15.46 | 14.54 | 21.88 | 17.99 | 26.41 | 20.84
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Table C.7 Non-dimensional fundamental frequencies o’ (=wa*/h(p/E,)'?) for
cross-ply cylindrical square shelis (0°7/90°%0°)

CCSS CCSC CCCC
R/a R/a R/a

a’h theories 5 20 5. 20 5 20
TDST 0.464 | 9.446 | 10.44 | 10.13 | 16.02 | 10.94
5 FDST 0.460 | 9.444 | 10.38 | 10.06 | 15.33 | 10.58
CT 22.80 | 22.26 | 22.55| 22.53 | 32.34 | 32.44
TDST 1455 | 14,46 | 16.20 | 15.44 | 18.09 | 17.42
10 FDST 1494 | 14.86 | 16.54 | 15.79 | 18.42 | 17.75
CT 23.06 | 22.83 | 24.30 | 23.97 | 33.451 32.74
TDST 17.73 | 17.55 | 19.97 | 18.58 | 23.18 | 21.99
15 FDST 18.19 | 18.00 | 20.97 | 19.01 | 23.76 | 22.61
CT 23.34 | 23.23 | 25.26 | 24.19 | 34.40 | 33.37
TDST 19.63 19.35 | 22.13 | 20.39 | 27.02 | 25.19
20 FDST 20.14 | 19.82 | 23.02 | 20.87 | 27.59 | 25.83
CT 23.55 | 23.28 | 26.15 | 24.30 | 34.82 | 33.45
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Table C.8 Non-dimensional fundamental frequencies «” (=wa?/h(p/Ey)""?) for
cross-ply spherical square shells (0°/90°%0°)

CCSS CCSC CCCC
R/a R/a R/a

a’h theories 5 20 5 20 5 20
TDST 9532 | 9.450 | 10.46 | 10.14 | 16.40 | 10.94
5 FDST 9.529 | 9.448 | 10.40 | 10.07 | 15.36 | 10.62
CT 23.65 | 22.41 | 23.33 1 23.32 | 33.371 33.47
TDST 1477 | 14.48 | 16.32 | 15.45 | 19.48 | 17.51
10 FDST 15.15 | 14.87 | 16.65 | 15.80 | 19.83 | 17.84
CT 2328 1 23.09 | 24.95 | 24.07 | 34.17 | 33.51
TDST 1823 | 17.57 | 20.23 | 18.60 | 25.57 | 22.16
15 FDST 18.65 | 18.04 | 20.67 | 19.03 | 26.15 | 22.77
CT 23.63 | 23.24 | 25.41 | 24.21 | 35.66 | 33.56
TDST 2041 § 19.42 | 23.02 | 20.47 | 30.54 | 25.46
20 FDST 20.84 | 19.86 | 23.46 | 20.90 | 31.12 | 26.08
CT 24.12 | 23.32 | 26.49 | 24.32 | 37.48 | 33.63
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Non-dimensional fundamental frequencies " versus plate
aspect ratio and number of layers of antisymmetric
angle-ply CCSS plates.
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Figure A.2  Non-dimensional fundarnental frequencies w” versus plate
aspect ratio and length-to-thickness ratio of antisymmetric

angle-ply CCSS plates.
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Figure A.3  Non-dimensional fundamental frequencies w” versus plate
aspect ratio and in-plane orthotropicity ratio of
antisymmetric angle-ply CCSS plates.
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Figure A.4  Non-dimensional fundamental frequencies «" versus ply-angle
and number of layers of antisymmetric angle-ply CCS5 plates.

165



40

30 I

10 | L L L | ! ! ! | |
0 5 10 15 20 25 30 35 40 45 50 59

length—to—thickness ratio a/h

Figure A.5  Non-dimensional fundamental frequencies w” versus plate aspect

ratio and boundary conditions of antisymmetric angle-ply plates
based on FSDT theory.
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Figure A.6  Non-dimensional fundamental frequencies w’ versus in-plane
orthotropicity ratio of antisymmetric angle-ply CCSS plates
based on TSDT, FSDT and CT theories.
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Figure A.7 Non-dimensional fundarental frequencies " versus in-plane
orthotropicity ratio of antisymmetric angle-ply CCSC plates
based on TSDT, FSCT and CT theories.
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Figure A.8 Non-dimensional fundamental frequencies « versus in-plane

orthotropicity ratio of antisymmetric angle-ply CCCC plates
based on TSDT, FSDT and CT theories.
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Figure A.9 Non-dimensional fundamental frequencies w” versus in-plane
orthotropicity ratic and boundary conditions of antisymmetric
angle-ply plates based on FSDT theory.
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Figure A.10 Non-dimensional fundamental frequencies w” versus number

of layers and boundary conditions of antisymmetric angle-ply
plates based on FSDT theory.
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Figure A.11 Non-dimensional fundamental frequencies w” versus ply-angle
and boundary conditions of antisymmetric angle-ply plates
based on FSDT tleory.
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Non-dimensional fundamental frequencies & versus
length-to-thickness ratio of symmetric cross-ply CCSS
plates based on TSDT, FSDT and CT theories.

173



36

32

24 -

20

0 ! | | ! | ]
1 3 ° 7 9 11 13 15

length—to~thickness ratio a/h

Figure B.2  Non-dimensional fundamental frequencies w” versus
length-to-thickness ratio of symmetric cross-ply CCSC
plates based on TSDT, FSDT and CT theories.
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Figure B.3  Non-dimensional fundamental frequencies " versus
length-to-thickness ratio of symmetric cross-ply ccce
plates based on TSDT, FSDT and CT theories.
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Figure B.4  Non-dimensional fundamental frequencies w" versus
Jength-to-thickness ratio and boundary conditions of
symmetric cross-ply plates based on TSDT theory.
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Fizure B.S  Non-dimensional fundamental frequencies w’ versus
length-to-thickness ratio and boundary conditions of
symmetric cross-ply plates based on FSDT theory.
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Figure B.6  Non-dimensional fundamental frequencies w" versus number
of layers and boundary conditions of symmetric cross-ply
plates based on TSDT theory.
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Figure B.7  Non-dimensional fundamental frequencies w” versus number

of layers and boundary conditions of symmetric cross-ply
plates based on FSDT theory.
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Figure B.8  Non-dimensional fundamental frequencies w’ versus length-
to-thickness ratio of antisymmetric cross-ply two-layer CCSS
plates based on TSDT, FSDT and CT theories.
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Non-dimensional fundamental frequencies «" versus length-
to-thickness ratio of antisymmetric cross-ply two-layer CCSC
plates based on TSDT, FSDT and CT theories.
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Figure B.10 Non-dimensional fundamental frequencies " versus length-
to-thickness ratio of antisymmetric cross-ply two-layer CCCC
plates based on TSDT, FSDT and CT theories.
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Figure B.11 Nen-dimensional fundamental frequencies w” versus length-
to-thickness ratio and boundary conditions of antisymmetric
cross-ply two-layer plates based on TSDT theories.
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Figure B.12 Non-dimensional fundamental frequencies w’ versus length-
to-thickness ratio and boundary conditions of antisymmetric
cross-ply two-layer plates based on FSDT theories.
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Figure B.13 Non-dimensional fundamental frequencies w” versus number
of layers and boundary conditions of antisymmetric cross-ply
two-layer plates based on TSDT theories.
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Figure B.14 Non-dimensional fundamental frequencies «” versus number

of layers and boundary conditions of antisymmetric cross-ply
two-layer plates based on FSDT theories.
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Figure C.1  Non-dimensional fundamental frequencies " versus length-
to-thickness ratio of cross-ply two-layer CCSS shells based
on TSDT, FSDT and CT theories.
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Figure C.2  Non-dimensional fundamental frequencies v versus length-

to-thickness ratio of cross-ply two-layer CCSC shells based
on TSDT, FSDT and CT theories.
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Figure C.3  Non-dimensional fundamental frequencies «” versus length-

to-thickness ratio of cross-ply two-layer CCCC shelis based
on TSDT, FSDT and CT theories.
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Figure C.4 Non-dimensional fundamental frequencies w” versus length-
to-thickness ratio and boundary conditions of cross-ply
two-layer shells based on TSDT theory.

190



24

g | | ! ! |
3 6 9 12 15 18 21

length—to—thickness ratio a/h

Figure C.5  Non-dimensional fundamental frequencies w" versus length-
to-thickness ratio and boundary conditions of cross-ply
two-layer shells based on FSDT theory.

191





