CANADA

)NAL LIBRARY  BIBLIOTHEQUE

NADIAN THESES , DU CANADA -

N MICROFILM ~ THESES CANADIENNES
SUR MICROFILM




Studies on the Linear Ising Model

and Related Systems .




A thesis submitted by Klaus Kannemann
to
THE FACULTY OF ENGINEERING 4ND SCIENCE OF THE
UNIVERSITY OF OTTAWA
in partial fulfilment of the requirements for
the degree of Master of Science in the subject

Applied Mathematics.

1970

]

|
f @Klaus Kannemann 1971



Mich jedenfalls blickt da manches an,zum Beispiel:

Minus mal minus is plus - wieso ist minus mal minus
gleich plus,was heiBt das,wer ist darauf gekomnen,

wen stieg dieser Irrsinn plgtzlich in die Nase,

dag ist keine Logik und Psychologie,keine Kausalitit

-und keine Errechnung,das ist zwar ein unléslicher
Beatandteil der Hathematik,aber doch reine Phantasmagorie,
Jjenseitiges Spiel und nur als isolierter Ausdruck

geiner selbst su fasgen,

DER PTOLEMAER
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Abstract

The linear Ising model and the associated linear lattice fluid are
studied in this thesis.Closed form sclutions of the partition funo=
tions for models having finite range interaction potentials are ob-
tained and compared with solutions for models having modified long
range interaction potentials,The existence of a change of phase is
explicitly demonstrated for the latter models whereas,in contrast,
the models having first and second order interaction potential are
shown to undergo no change of phase,

A mathematical "mechaniem" is discovered which describes the 8pon~
taneous magnetisation of the linear Ising model having‘ modified
long range potential and an amalogous result is obtained for the
linear lattice fluid with modified long range interaction poten-
tial between the component systems.

Finally,an operator formilation is explicitly constructed for the
linear models with arbitrary order of interactions : this opera~
tor principle is easily extended to models of higher dimension,
again with arbitrary order of interactions.The thesis makes use of

sone concepts of set-theory and employs a result from the theory
of measure and integration,



Py

IABLE OF CONTENTS

page

- CHAPTER I : Introduction

§ 1 : The context of the problem
and & brief historical note e v e e e e e e e e e 1l

§ 2 : The mathematical apparatus of statistical
mechanics.Enseables, ¢ ¢ o 05 e 0 6 0 0 s 0 s e s e 4

CHAPTER II : The Ising model and related systems.

Description of the models,
The Ieing model @ 6 0 &6 ® ® © & o 5 6 5 o & © & o 8 o & @ 1o

§1
§ 2

[ L]

The 1attice fluid [ [ ] .4 [ J * [ ] L] [ 4 ® L 4 L] * * [ 4 - L 4 [ 4 * L 4 L 4 * 15

CHAPTER III : The derivation by various techniques of the closed
form partition function for one-~dimensional models.

The one-dimensional lattice fluid. O 0 e ®© ¢ 0 & S O s e o @ 19

The Ising ring.Bxact statistics for second
order interaction. ¢ o « ¢ e o 0000 0 .

§1
§ 2

§ 3

Extension of the matrix method
to interaction of higher order « o« o. s ¢ ¢ ¢« 2 ¢ ¢ ¢ ¢ ¢ o o 28

§ 4 : The straight line version of the linear model with
simplified long range potential.Ferromagnetismo o o o o o o o

§5

The linear lattice fluid with long range interaction, o o o »

L 1]

CHAPTER IV : Further propositions.

§ 1 : The principle of combining finite order interaction potentials
with simplified long range interactions.Existence of closed
form solutions.An interesting comparisone o o« ¢ o o ¢ ¢ ¢« o o 15

§ 2 : The onerator fonmlation of the Ising model « o ¢ 6 « o « o+ o 83
§ 3 : The recurrence relation of LEFF and FLICKER o ¢ ¢ ¢ « 6 » o » 88

P r e’c i 8 o a2 e O ° . * ® e o L] L] L4 L] .". * e [ 4 * o @ L] L] * © 94




VOALILNK 4

Introduction

§ 1 The context of the problem and a brief historical note.

¥hile an explicit description of the Ising model (and its related lattice
fluid) is deferred until chapter II , we find it nonetheless appropriate '
to give a brief outline of the context in which the problem occurs,

.One of the most interestirg phenomena of. solid state rhysics is ferro=
magnetism.It is experimentally established that if a natural magnet is
heated above a certain critical temperature,tﬁen its ngfural nagnetic
field ceases to exist as moon as the critical temperature is exceeded,
The same process is observed,experimentally,in reverse order.For example,
the belowv-shown graph,giving a specific heat versus temperature plot for
(X~ iron,vas experimentally established.The peak in the curve for (Y=~ iron
occurs at the temperature at which ferromagnetiem disappears,
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(The graph is taken from SEITZ: PHYSICS OF METALS , McGraw - Hill)

Equally fascinating are the phenomena of phase changes.Here,most frequently
discussed are : condensation,solidification of matter in general,as well as
changes in the ordered structure of crystalline substances,The complete
collapae of the order structure is identified with melting,




Below,we give a typical graph of the specific heat versus temperature
for /3- brass (50,4 % Zn) in tae critical temperature rangs where order
disappears (after DARKEN and GURRY : Physical Chemistry of Metals )e
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All such data was obtained by performing macroscopic experiments,that is

P

performing measurements on a sufficiently large piece of matter which,neces-
. sarily contains an extremely large number of constituent component systems \
(molecules,atoms etc. )Our work,then,is devoted to the mathematical descrip-

tion of such end similar phenomena and,in spirit complementary to empirical

data stemming from experiments,our data is derived from first principles by
investigating the mathematical properties of a suitably chosen mo d el,

Almost being a mismomer,the "Ising model" was first proposed by W.LENZ in 1920,
B,ISING , then a graduate student working with Lenz , investigated the ferro-
magnetic propertieas of the one-dimensional (straight line version) model

of an assembly of micromagnets (spins) and he succeeded in showing that this
model cannot exhibit ferromagnetism , if'the mutual interactions between the
sping is restricted to nearest neighbours only.His mathematical approach was

a combinatorial one.lsing erroneously concluded that the twomdimensional lattice,

' having nearest neighbour interactions only,cannot exhibit spontaneous magneti-
i sation,
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E.MONTROLL reformulated in 1941 the problei for the two-dimensional

model by expressing its partition function in terms of the eigenvalues

of a matrix.Subsequently, L,ONSAGER obtained in 1944 the exact solution
for the partition function and showed that the model undergoes a change .
of phase which is indicative for sponteneous magnetisation.Onsager s result
has subsequently been rederived by a number of authors,most notably is the
solution by spinor analysis given in the paper by B.KAUFMANN ﬁnd splendidly
demonstrated in the fine textbook of K HUANG : STATISTICAL MECHANICS , (I),

The reader,interested in a more detailed outline of the history of the Ising
model,is referred to the exposition by S.G,BRUSH : HISTORY OF THE ISING ¥ODEL
UCRL publication No 7940.This paper also provides an exhaustive reference

list of publications on the Ising model,

A




"§ 2 The mathematical apparatus of statistical mechanics.Ensembles,

The notion of an ENSEMBLE is due to GIBBS.Given a macroscopic ASSEMBLY
of a very large number of COMPONENT SYSTEMS , we define a MACROSTATE
of this assembly as a condition described by the THERMODYNAMIC STATE
FUNCTIONS of the assembly,that is : P (pressure) , V (volume) ,the tem~
perature T and the molar composition in terms of the molar fractions
nl,na, ees » Of the different types of component systems making up the
assembly.The state functions P,V and T can be determined by indepen-
dent experimenfal arrangements to a sufficient degree of accuracy and
the molar composition is subject to chemical analysis;An assembly is
said to be in THERMODYNAMIC EQUILIBRIUM if the macrostate is virtually
constant in time.An gssémbly in thermodynamic equilibrium is further-
more described by the EQD@TION OF STATE which is a functional relation
of the foim f(P,V,T,nl,nz, ces ) =0 .

When applicable,the equafion of state leaves only two state functions
independent and we have relations of the form P = P(V,T) , V= v(p,T).
The internal energy U of the assembly is a function of the state and
is independent of the path along which the assembly is displaced from
one equilibrium state to another ; the negation of this implies the ‘
existence of an inexhaustible source,or insatiable sink of energy. ‘

Given that a macrostate is determined,there exist in general a vast
collection of MICROSTATES which are compatible with this macrostate

in the sense that if the assembly moves through this set of microstates,
the macrostate remains unchanged.The microstate is defined as the instan-

taneous internal arrangement of the component systems.

If each component system of the assembly has n degrees of freedom,then
the entire assembly has Nn degrees of freedom, N being the number of
component systems.For assemblies described as macroscopic, N is generally

an extremely large number.

-4~



Set Nn = S and then we have S generalised coordinates and S generalised
conjugate momenta,usually denoted by 9 and 1 srespectively.A micro-

state is completely determined by a 25~dimensional vector:

(ql’ eso .qsopl, ces 'pB_) = (va)

which is aleo called a point in PHASE SPACE and we write accordingly:
B8 8
(el el = ﬂni ® 'J—['Ki |
. i=1 i=1

where qiﬁiRl and pie,Ki . The phase space T' is therefore the

direct product of the CONFIGURATION SPACE and the MOMENTUM SPACE each
of which is a product space by itself.

Thus to a determined macrostate there éorresponds a point set W in rﬁ
guch that the assembly can move through VW without affecﬁing its macro-
state,The set W represents the DEGENERACY of that macrostate.

GIBBS reinterpreted this notion.Instead of comsidering the points of W
as microstates available to but one assembly and attained by some chance
mechanism,he imagined a large number of identical editions of one assembly

each brought into correspondence with a point in W.If to each point in W

corresponds at least one assembly then this set of assemblies is called

an ENSEMBLE,The members of the ensemble are therefore identical assemblies
but each being in a certain microstate (but all correspond to the same
macrostate) and there can be many in the same microstate.Consequently,

the number of member assemblies sharing the same microstate can be con-
pidered as a measure of the relative probability that the one assembly
under physical consideration be found in that microstate.If this proba-

bility is defined and normalised,we have a probability measure on W,or

if W is a discrete set we have a probability.

-5 -




Accordingly,we must have: fd]?(q,p) =1 ,o0or . ZP(Q,P) =1
. W 'f

It is now meaningful to speak of the PHASE AVERAGE of a pbysical observ-—

able 0(q,p) :

\0) = fo(q.p)dP(q.p) , or {0)= Zo(q;p)P(q,p)
v W

Thus phase average is just another word for mathematical expectation.
Of course if O is that obmervable which determines the ensemble:

v = { (mel, 0(q,p) = constant }

then (0): 0(q,p) on all of W. We proceed to discuss the three ensembles
most frequently applied and relevent to the main part of our work,

The constant energy ensemble ~ the microcanonical ensemble:

Let E(q,p) be the internal energy of the assembly at (q,p) and consider
the set: .
W = { (Qrp)er ’ E(q,p) = EO ’ mnatant}

The set W defines the microcanonical ensemble.The point set W can be cone
sidered as the constant energy surface in r and more briefly denoted

by W(Eo).The probability measure is:
ds

dP(flvP) =
mesw(Eo) grad B

where:

s 45 = : surface element
o'n W(Eo)

mesW(E ) = — ds
° grad B

W(Eo)




The quantity mesW(Eo) is called the microcanonical PARTITION FUNCTION
~and it is related to the thermodynamic entropy by the formula:

S(E,V) = k 1n mesW(E )
Other thermodynamic functions as well as the equation of state can be

derived from S(E,V).The microcanonical ensemble is rarely applied to

a discrete phase space.

The constant témperature ensemble -~ the canonical ensemble.

The probability is defined on the entire phase space r .If the phase space
is discrete and at most enumerable,we assign to each microstate an integer
i=1,2, eo. The probability that an assembly of N component systems be
found in a microstate i having internal energy E(i) is given by:

p(i) = P(a(1)) = S(-8EW) L

2y

and 2 = Zexp(-BE(i)) is called the canomical partition function.
i l .
The energy spectrum is discrete and can have ‘degeneracies.The 25 genera-
liged variables may vary contimiously and then we have a probability
density: | |
f)(q,p) = A exp(-8E(q,p))

vhere H(q,p) is the Hamiltonian of the assembly.The canonical partition
function is now given by:

-1

Zy= A = frerp(-en(q.p)) al”

where dr= C dqdp and C is a constant suitably chosen so as to re-
move the physical dimension of distance x momentum from ZN o

-T =




The partition function ZN is related to the .HELNHOLTZ free energy F
of thermodynamice by the formula:

"8 F(V,T) = 1n Z

All the other thermodynamic functions as well as the equation of state

can be derived from this relation,

The grand canonical ensgemble:

¥e recall that up to now ensemble meant a collection of identical assemblies
in different microstates all of which are compatible with a specified macro-

state.This is extended now so as to include all the assemblies which can be

derived from the one under physical consideration by making the number of

component systems a (discrete) variable.

The probability that the assembly be in a state i with energy E(i) and having

N component systems is:

exp(~-2(=(1) ~ nu))

P(i,N) = P(B(i),N) =
N! &

vhere [l= chemical potential per component system.The factorial is to
reduce the degeneracy due to the permutation of N identical but in prin-
ciple distinguishable component systems.Such a permutation would not create
a new physical state.The reduétion of this degeneracy is said to result

in the proper BOLTZMANN COUNT.The quantity 2 is called the grand canoni-

cal partition function and it can be written as the sum:

oo .
2 - exp(BNL) zn(v,'r)
N
N=0

The grand canonical partition function is related to the equation of state

by the formula:
PV

KT = ln &

-8 -




A1l other thermodynamic functions as well as the'pgrticle dénsity expec~
tation value can be derived from this relation. '

Let us briefly return to the HELMHOLTZ free energy F as given in terms
of the canonical partition function for an assembly having N component

systems:

F==kTln ZN

On the other hand,classical thermodynami.cs defines F in terms of the in~
ternal energy U and the entropy S by:

F=U-1TS

It is meaningful to consider the free energy per component system:

F U s
=¥ =% ~ Ty =% - Ty
kT
go that: fh = -5 1n ZN

The division is well defined indeed,for the temperature T is an intensive
property of matter,whereas Uy and 8y are the internal energy,and entropy

per component system,respectively.

A macroscopic assembly has generally an extremely large number of compo-

> ‘
nent systems (a molar volume at STP has 6,023 . 10 3
indicate this by taking the limit:

molecules) and we

1 ;
£ = 1 f = -kT 1t T 1o %

N—= oo ' N—>

so that £ is the free energy per component system of a macroscopic assem=
bly.We define in the same spirit the specific volume v per component sys-
tem in terms of the grand canonical partition function:

Pv PV 1
r - 1t NET = 1t X lIn 3
N—> 00 N —> 00

~9 -




CHAPTER 11

The ISING model and related systems.Description of the models.

§ 1 ) The ISING model

" The ising model per se isa model for the statistical theory of ferro~
magnetism.The collective behaviour of particle spin is under investigation
here.The magnetic moment associated with particle spin may assume only two
coaxial orientations which are usually denoted by spin up,(}),and spin down,
(«).This of course corresponds to spin 1/2 in quantum mechanics.If,in the abe
sence of an external magnetic field and below a  temperature T »the majo-
rity of spins tend to align parallel with only comparatively few deviating
from this tendency,then we speak of spontaneous magmetisation and the tempera~
ture T° is called the CURIE POINT.

The Ising model consists of.a lattice whose sites are occupied by particles
with spin described as above.The three basic lattices are:

i) one dimensional : straight line version
ii) two dimensional ¢ plane square version
iii) three dimensional : solid cube version

There are certain advantageous modifications which we describe as identi-

fications:

ia) 1l-dim, model : identify N+lst site with the lst one and obtain
the ring model,

iia) 2-dim. model : identify N+lst row.with the 1lst one and N+lst column
with the lst column and obtain the torus model.If only one identi-

fication is carried out one obtaina the cylinder model.

Analogous identifications can be done on the three dimensional model.These
identifications simplify the mathematical ‘approach considerably.Models with thece
identifications are said to have PERIODIC BOUNDARY CONDITIONS,




Shown below are the schematics for the ring and the torus model:

N-th site 1st site .. N+lst row = lst row
I [:j N+lst column
| | . ddentified
: F— with
| i 1st colum

Fig. la Fig. 1b

We may enumerate the sites by integers (1-dim. models) or by ordered pairs
or triplets (2 and 3~dim. models).lf periodic boundary conditions exist,

one has to introduce appropriate congruences into the scheme of enumeration.

Consider specifically the one dimensional model with N sites.lf we denote

the spin up,spin down at the k-th site by.+1l,respectively,then the CONFIGU- i
RAYION of the assembly can be specified by an N-tuplet,(sl, vee » SN),which

in fact is an element of the N-th cartesian power of the set {+1,-J} :

§.= (Sl, oo ’SN) € {+1,~1}N = \N)

and we have 2N possible configurations.A similar construction is carried

out for the models of higher dimension.

1o each configuration S there corresponds a well defined internal energy
of the assembly.




Depending on the mode of interaction between'the spins proposed,we can

construct a Hamiltonian such that:
H(S) = configurational energy at S

The energy spectrum is therefore discrete and of cardinality not exceeding ZN .
The particles whose spin we have discussed here are localised at the sites
and do not have a dynamic state except for vibrations at very high tempera-
tures.This of course is an idealisation for in reality the particles would
oscillate about their equilibrium positions at all finite temperatures.

Accordingly,the canonical partition function for an Ising model with N sites
is:
2y = Zexp(-ﬁﬂ@) ( 20101 )
se(n)

The partition function as a sum of 2N terms is rather unhandy for evalua-
tion.It is a formidable mathematical task to obtain the 2losed form solution

forZu .

For convenience and without loss of generality,we assume the external field

as parallel to the spin up direction.Each spin has a potential energy asso- ;
ciated with the orientation of its magnetic moment in the field and since

we have only two possible orientations,parallel and antiparallel to the field,

the spin to field interacfion potential at the k-~th site can be written as:

V(s )=-bS,

The constant h is the product of the scalar values of the magnetic moment , u
per spin and the external magnetic field H . The Hamiltonian for the assembly

can now be written as:
B(S) = - h(S; + eeo +5) + TS ( 2.1.2)

-]l2 -




Now U(S) in (2,1.2)  determines the spin to spin interaction potential.
The quantity —8H(S) is called the REZDUCED ENERGY and on setting 8h = ¢ ,

we have:

! = j{: exp( c(S1 + oeo + SN) - 8u(s) )' ( 2.1,3 )
se(m)

The sum (Sl + oee + SN} is the resultant of the vector sum of the spins
and its phase average is called the MAGNETISATION per spin moment,of the

assembly.We use the accepted bracket notation:

N N N
1
) = = ( S ) exp( c E‘_ - BU(§) )
< kL:lsk> . m 121 k =
se(w)
= O 1n | , as i en by inspection. 2.1.4 )
S Zy 8 seen by c (

Thus the partition function is a generating function for the magnetisation
(as well as for other thermodynamic functions such as internal energy,etc.)

)
i
)
t
g

Th rvs N o (i ) = m (c,T) ( 2.1.5.)
e quantity: { éélsk/! = Zo X Zy ) = my e, 2.1.5.
T .

is called the mggnetisatioh per spin and spin moment,it is dimensionless.
The assembly is said to be ferromagnetic if in the absence of an external
magnetic field and at a certain temperature To :

m, (0,2) =0 , for T>T
my (0,1) £0 , for T » T = CURIE point

The magnetieation as a function of T can be discontimuous at To o

- 1l3 -
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The magnetisation per spin and spin moment of a macroscopic assembly

is therefore given by the limit:
m(e,T) = 1t %‘; ( \—i— 1n Z, ) ( 2,1.6 )
N—>©CO

On the other hand, 1t ( —llq— 1n 7, ) is frequently easier to evaluate

N—>

than -%j 1ln ZN by itself,in particular for large values of N .
1
F i : — = =
or convenience we define ¥ In ZN GN , 1t GN G
N—

It is therefore important to prove the eqﬁality:

QO (¢) = 1t 2 (¢ ) ( 2,1.7)

oc N

N—>c0

A sufficient condition for this to hold oﬁ a finite interval of the reci=
procal temperature 1/T is that: '

i) the limit G exists and is uniformly attained,

ii) the partial derivatives are continuous and converge uniformly.

The limit G,as well as its partial derivatives,need not be continuous on
all of 1/T ,the functions may be piecewise continuous and the CURIE point
is possibly a point of discontinuity.is far as our work is concerned,vwe shall

discuss the question of convergence in individual cases when needed.,

-1 =




§ 2 ) The lattice fluid

Instead of sites we now refer to cells each of which ma& be occupied,
or else empty.We vish to emphasize right here that this changes the
viewpoint drastically.When discussing assemblies at an earlier stage,

we defined the configuration space as the point set of the simul taneous
spatial coordinates of all component systems ; but now we have a lattice
whose sites are occupied or else empty.Thus we describe the state of
our lattice in terms of the states of the.cells and the number of com~
ponent systems is a P T i ori variable,A moment of reflection shows
that a particular configuration with n component systems present occurs

once and only once as the gtate of the lattice is defined by the N~tuplet:
- N
§= (S 9 000 ’S )G{oilf = (N)
1 N
That is to say,the correct BOLTZMANN COUNT obtains a P T iori !

The configuration space of our lattice represents part of the grand cano-
nical cnesemble up to and inclusive N component systems.As we pass to the

" 1imit on N,the grand canonical ensemble is exhaustively represented.

The configuration S determines the physical state up to an uncertainty

in the conjugate momenta of the component systems and there is no way to

construct a phase space as the product of configuration space and momen=—

tum space.We shall construct an alternate representation.

Let n cells be'éccupied.Then there are indices ki ’ 1i=1, eeo 40

such that:
Ski = 1 , while for J % ki ’ Sj =0
For such a configuration we have the "inner product" S .S = D,

and the inner product gives the total population of the lattice at S .

The power set (N) can now be decomposed jinto a disjoint union:

N
w = {o,1}" = ) {s€m , s.8=12}

- 15 =




A phase space can now be constructed as a disjoint union of product sets: .
N . N
M= Qv ox B = é.—)an | ( 22,1 )

. n .
with B~ from the real line in units of linear momentum and the "unit-step".

measure of Wn ={§_ s Se8S = n } in units of length such that

the product :

An°P1° Ppe P

is measured in units of ", where ¥ is PLANCK °s coustant and [\ is
the unit-step measure on W_ e Consider a point (S,P) EQn . he Hamilton-

ian has the form:

1 2 p 2 '
B(ﬁ,z): -2—;'1(?1 + oee +Pn )+V(§) (2.2.2)

Here Pi is the linear momentum and m is the mass of one comvonent system,
vhereas V(3S) is the potential energy depending only on S . The summation

of the Boltzmann factor over Qn has the form:

c Z exp(-8V(3)) f exp( "EBTn kzlsz JaP veod®

g€ wn R

which,on evaluation of the multiple integral,becomes:

Y em(ov(®) +4 (5. 8)) ( 2.2.3)

5 €W,

Above,C ie the constant needed to remove the physical dimension of H ,
that is action,from the partition function.This ie done by including C
into ¢ , where now:

g 1 277

= = 1ln

5 B[ﬁ2J° ’ and[ ]oie to

say that we only retain the physical dimension of the quantity inserted.

~- 16 =




Using (2.10) , we have the partition function as the sums

Qu = z 9!p(-£VLS)+¢(_o_§))
s € ()

and the grand canonical partition function is the limit on N :

& = 1t Qﬂ
§ —> 0

We note that no factorial enters into the sum and this is in accordance
with our earlier remarks.In the following chapter we shall present a con~
crete example of the derivation of the closed form partition function based
on the methodology derived here.
For 2 or 3-dimensional models we retain the notation (except that N = 12 ,
or N= M3 ’ respectively) and observe that 2 or 3 degrees tramslational
freedom per component system occur.ln thie case we have:

N £

n
[(= Ly X K , f=2o0r3

and then we use:

i
n
7
Il
L
¥

f 2TTm ,
g =3 In LR

The Ising model and the lattice fluid have isomorphic configuration spaces,

namely the N~th cartesian power of a two element set and the first order .
interaction models (spin to adjacent spin,cell to adjacent cell) are mathe-
matically equivalent up to an exchange of parameters as this is neatly shown
in (I) . The equivalence for models with interaction of higher order is em=
ployed in the paper by TROSS and LUND , (I1) . The same source also shows
the equivalence of & lattice fluid and a ;‘ermmagnet,up to exchange of param

meters,

-1l7 -




Let us return to (2.2.3). The potential emergy V(S) can be written
as the sum: '

N
v(s) = /LQ:Sk + U , where LU is the chemi~
k=1

cal potential per component system and U(_S_) is determined by the order
of interaction.lf we set:

c = B + g
then(2.2,3) can be written as:

¥ ' '
Q= Z exp(cZSk-BU(é)) ( 2e2.4 )
S E(n) k=1

and: ) S5, = 8.8 = total population of the lattice at S .
To=l

The quantity: - ( 2.2.5 )

= 1 T[ ?511“(0\{{'8 ~ AU(8))
/'n % [__l(LI;lnnlke* o1 <
N _

1
/ kzlsk

is called the density per component system and component system ‘s mass,
of an assembly having N component systems maximally.The density,as defined
by (2.13) ie dimensionless and we always have that: 1 = Q=0 -

3 | 1
It is seen by inspection that: pn ~ _65; { % 1n Q |
and if wo call: gy = lmo , a= M
H—>
the analogy to the problem of (2.1,7) , § 1 of this chapter.The question
has been resolved explicitly for a lattice fluid in the paper by YANG and
LEE , see (VI) , and thei‘efore we shall,later on,confine our discussion ’

to:

QG o+ Ve have

D= bc (¢) , for a macroscopic assembly.
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CHAPTER IIL

The derivation by various féchniques of the closed form partition

function for one dimehsional models.

§ 1l ) The one dimensional lattice fluid.The straight line version.

Ay

We demonstrate a simple method of summation over the states for a model

with nearest neighbour (first order) interaction potential.
N
Let s ¢{o,1} = ()

The potential energy depending on S is given by:

N N
v(s) = Ys, = m)yS5S
}*kzlk Lk kel

where fi= chemical potential per component system

m= first order interaction potential

We shall use § from (2.2,3), with m being the mass of one particle.
For brevity we shall refer to particles rather than to component systems.

Our task is to evaluate the sum:

Zexp(-sv@) + $(8.8)) =q ( 3olel )

se(w)
— 1 N 4

NOW -S_.S =S+0.0+S = n

and if we set: -M8=uw , f + w=c , By =28 (33.2)

then the sum (3.1.1)

N N y
Z eml ¢ ,Z‘lsk + a8 PS8 ,) = Q ( 3.1.3)
s € (v) '




Next we define H Vo = {(Sl’ Y X ’SN.].,O.)} » wl = {(Sl’ oo ’s}‘-l,l)}

Then it i : = =
en it is easy to see that: W O Wy n) , VO Wy qs

Then we take wl and define:

o= {(s)5 oee ’SN;Z'O’.]')} , Wy = (8,5 oes ,SN_z,l,l)} |

And then again: UL W W Wy, = qb

The set-theoretic partitioning is now continned in the same spirit and
we obtain:

-

(N) = w0 () wlOU wllou cee O wllooclou wn"'n

Thus the summation over (N) can be written as a series of partial sums

each of which goes over a disjoint subset of (N) sAccordingly,we have:

Z = Z + 2 *+ eoo t Z + Z }
(N) wo wlo wll...lo wuooon \

for the summation of the Boltzmann factor (symbolically).

Consider now the subset wo.The N-th cell is always empty for this set
and a short reflection shows that the summation over Wo amounts to QN-l
as defined for arbitrary N by (3.1.3)

Symbolically: N = QN-l ('30104 )

SEV



Next consider the subset wlo.Here,the N~th cell ia'always occupied,while

the N-lst one is always empty for this set.Observing that the N~th cell
does not interact with the remaining N~-2 cells,we can "factor out" these

two conditions and then we have:

Symbolically: Z = emle) Q, | (3.105)

s¢ wlo A
A gimilar argument shows that for wno:

Z = exp(2c + a) Q‘N-3 ' ( 3.1.6 )

s€ w-llo

We continue in this way and obtain _finally:

| Z - exp ( (8-l)c + (-2)a )
§ 6 wllooalo
and Z = exp({ Ne + (N-1l)a)
: Se€¥; .1

On taking items (3.1.5) to (3.1.7) together,we obtains

( 3.2.8 )

Q = Qa * exp(c) Qo * | exp(2¢ + a) Q.ﬂ_3 ¥ oeo
ves + 0xp( (N-1)c + (N-2)‘a ) + exp( Ne + (1~1)a )

This expansion holds for any N sufficiently large to get the expansion
Bfarted.
2] -




We substitute N-1 for Nin (3.1.8) ,get a similar expansion which we
multiply by exp(c+a) and subtract from this, Upon minor rearrangements,

woe obtain the recurrence relation:

. ( 3.1.9)
g - (1eemlca) ), + exp(c) (exp(a) = 1) Q_, =0

The characteristic polynomial of (3.9) is:

2~ (14 explorn) ) p + exple) (em(a) =1) = 0 (33.0)

and the roots are:

oy o= orp  (or) ) cont( 3 (ove)) 7/ oxa(oralsian?( L (ssa) ) + oma(e)

( 3.1.11 )

And then,from the theory of recurrence relations,we have the general solu-

tion for QN :

N N )
Qp = App + Bpyo » ( 3.1.12 ) §

vhere A and B are determined by substituting two known solutions for Qk
for convenience one would choose Q =1 and Q =1+ exp(c) «

The coefficients A and B are ix.ldependent of N . Moreover,we observe that

Py is the greater one of the two roots.The equation of state in terms of
the specific volume v can now be derived.We take the limit:

Pv 1 _ 1 N 1
o - 1t X anN = 1t X 1np1 + 1t N lnB.N
N—>c0 . N—>X N—>>x
p\" 1
where RN= A + (—I;i) B , and hence 1t T in RN= 0
N—>X

-22-
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Accoxdingly,ve have the equation of states:

Py .
¥ = lnpy ( 3.2.13 )

1t is interesting to inspect the explicit form and to obtain a first
approximation for a suitable interval of the temperature T 3

% = % (c+a) + 1n | cosh( -;—(cm) ) + \/;inhz( %(f:*-a) ) + exp(-a)

sinh( -]2—' (c+a) )\ >> 1

Consider an interval of T such that

Then we have to a first approximation:

1 2 rrkaW "N -
ﬁ = Cc+a'= > —[—Q;Q]‘O‘J + —;ﬁ'&
On using the themodynamic relations stated and proved.in (1),Chapter 8, ‘
\

we can suow that the mean ensrgy pes particle is givea by: . !

kT

' u('l‘) 2 -—-é—- + }L-/YI/

and accordingly,the specific heat is:

fle

C

k
v > , per particle

Furthermore,on using the first'appmxima;tion,we can show that the mean

kinetic energy per particle is:

o kT
keeo = >

On noting that the asgembly has only one degree of linear freedom per par-
ticle,we see that the results agree with the kmown thermodynamic data of
an ideal gas. '
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As discussed in § 2 of chapter II , the density per particle and

particle mass is given by:

o)
p("z;/MT)== S 1t ilianN = —a-b—c--lnpl
N —>C0
so that: , T
ot Lo |
p("Z} P'v T) = ’%ﬁ l + . s:.nh( 2 ( *‘a)) L ( 3,1,14 ) .
. sinh?( Jé (c+a)) + exp(-a)

We consider the density for the chemical stendard state , that is U= 0,
gee for example (V),page 205 o Furthermore,we shall confine ourselves

to temperatures

[2°] 10

T <= | 277k | “ m

.

(this remark will be repeated in § 5 of this chapter , but in a sowewhat
different context ) . This is a realistic upper bound.

}ém—z—@'i?—<<

Hence: 210 -1 ( 3elelS )
[ %) |
: 1| 1 27 [mkT
and therefore:.' ginh -é- ﬁ . + —2‘ 1n —-—[—:gé—}"a <0
. 1010
whence: D(AU 0,7) =0 ,* for T & T , BaY o

On the other hand it is Been‘by inspection that : 1t /)(/‘L, 0, T) =1
T—>0

1010

and for,say - > 1 >0 , p varies contimiously.Similarly,

all the other thermodynamic function will vary continuously and the model
exhibits no critical phenomencn.lin § 5 of this chanter we shall shoy the

poséibility of phase change for this model as the potential is modified.
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§ 2 ) The Ising ring.Exact statistics for second order interactions.

We consider the ring model with an even number of sites, N = 24 , and
identify the pair of sites (H+1,N+2) with the pair (1,2) and our enu-
meration is therefore modulo N.The magnetic field,if present,is perpen=-
dicular to the plane on which the ring lies.

H-th site,spin up [ 1lst site,spin down
/

N-1lst site,spin up \ 2nd site,spin up

k-th site
spin down

Spin up,drawn outward here,means parallel to the normal of the plane
(and hence parallel to the magnetic field,if present) end spin dowm,
drawn inward,mneans antiparallel to the normal.Our model has a second
order interaction potential:

SkSk-Z
in addition to the first order interaction potential and spin to field
potential given by:

- nlSkSkpl , and - hSk » respectively.

w25 =

v




Accordingly, the Hamiltonian is given as:

N 4
BHs) = -h )5 = -
1‘:=1k | zkk-l Zkkz

and the congruence modulo N must be applied to indices with non-positive

or zero value.Let us gubstitute:

MmB =8 v8 = b ., Bn=c

The reduced energy can now be written as the sum:

-88(8) = Z { - U B8 S picar* Szkszk+2)}

where our enumeration modulo N is kept in mind as well as our initial

provision that N = 24 . The Boltzmann factor can now be written as a

products: M \
exp(-8E(3)) = E (815 | B | B2 (321)
vhere:
gsak_l,s&\ R | 5,,00550,0) = o (8500 )+ eee )

Consequently, the partition function is the sum:
( 302.2)

M
Q = | Z:() Q (Smc-l’smc\ R | Sy1050c2)
SE (¥

Let us put into one~one correspondence:

5= (51,32, oo 9 N-l.s ) é—-——>(S', soo o%) = 3" ( Fe203 )

withs s" =

= (S, 5085) € (11,71} 2
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Actually,the correspondence (3.2.4) is . obvious since we have the
set-theoretical equivalence:

A M |
M = {s2,aA}" = {{+1,.1}2} ( 30244 )

If we agree to order {+1,-1} by ¢ +41 < <1 , then {4-1,-1}2
has the induced order after first differences: (1,1) < eeo -< (-1,-1) ‘o

Accordingly, Sl‘é assumes 4 well ordered values.In view of the set equi~

valence above we can now write:

M

« - [ 151 o)
5%y eee o5y € {+1,-1}

Tpat is:

Q‘N = ’J.‘race_R_M i

vhere R is a well defined 4 x 4 matrix which ve have tabulated (table I).
It is seen that R is not symmetrice Furthermore, R can be written as the

product of two matrices? '
R(c,a,b) = H(c) . A(a,b)

which can be seen in table 1I . The matrix A is not symmetric.

A sufficient condition for the diagonalisation of R is that its eigen-
values be distinct.If this is found to be true,then:

Q = Al + eoe + A4 ( 3.2.5 )

The ,\ 5! , 1 =123 4 are the eigenvalues of the matrix R.The expression

(3.2.5) is then the sought cloged~-form solution for the partition function.

-2 -




Table 1

The matrix R :

_exp(2c+2a+2b)  exp(2c+2a)
exp(~2a) exp(~2a+2b)
1 exp(-eb)
L_ﬁfp(—Zc—Zb) exp(~2c)
Table I1

The product: R(c,a,b)

exp(2¢c)
exp(~2b)
exp(-2a+2b)

exp(-2c+2a)

= H(c) . A(a,b)

exp{2e) 0 O O exp(2a+2b)  exp(2a)
0 1 0 O exp(-2a)
0 0 1 0 1 exp(-2b)
o 0 0 exp(=2c) exp(—2b)' 1

P e |

exp(2c~2b)

exp(~2a)

exp(-2c+2a+2b)

e

1 exp(~2b)
exp(2b-2a) exp(~2b)
exp(2b~2a) exp(~2a)

exp(2a) exp(2a+2b)

We wish to point out that: Det(R) = Det(R).Det(a) = Det(a)

and hence the product of the anticipate

d eigenvalues is independent

of ¢ .Therefore,the product of the eigenvalueé is independent of the

gcalar value of the magnetic field.

-
i

1

e




We inspect the matrix A a bit closer.It is seen that A can be written

in terms of 2 x 2 submatrices W and U :

y i '
A == = ( 302.6 )

where X is the first PAULI spinor:

X = [g ;] , and X°= I , 2x2unit matrix.

Ve construct a similarity transformation on R which subsequently acts

on H and A . The transformation is effected by the matrix D

- 7
o A [T
2% y2 |x 1

L .

and: - . ( 30267 )

Fl_r |1 X
= V2 |+ I

L. -

The results of the similarity transformation on H and A are given in

table III .

It is quite interesting to note in passeing that the transformed H ,
call it H *, is a LORENTZ matrix,corresponding to a frame moving with

the uniform velocity v along x, ,  where:
v = C tanh 2¢ , C = velocity of light.

We do not wish to speculate at this time on the physical relevance of

this observation.

On setting ¢ = O , the matrix E turns into the 4 x 4 unit matrix.

go) = 1 4x4
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Table III

i) Thematrix A’ = D.A.D?T :

aomrrats.

exp(a)cosh(2b+a) exp(a)cosh(a)

!

|

; ZERO
exp(-a)cosh(a)  exp(~a)cosh(2b~a).

exp(a)sinh(a) exp(a)sinh(2b+a)

|
ZERO l
|

ii) The matrix H’ = g.;{_.g‘l :

cosh(2¢) 0 0 ~ginh(2¢)
0 1l 0 0
0 0 b § 0
~sinh(2c) - 0 cosh(2c)
Ve see by insp;ction that: H(O) = I

4x4

We state the well known fact that the similarity transformation leaves
the characteristic polynomial and hence the eigenvalues unchanged.
The matrix A “is multiplied by 2 so that the determinant is multiplied

by 16.The determinant of the entire product has the value : 16 sinh42b °

- 30 -
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Thus on setting ¢ = O , the characteristic polynomial resolves into
two quadratic equations which we solve and the two sets of roots are:

*] :
’\1, 5 exp(2b)cosh2a + exp(~2b) _j-‘_—\/(exp(Zb)coshZa + exp(-2b))2- 4 sinh22b

and: ’ - { 3,208 )

o
/\3’4= exp(2b) cosh2a — exp(~2b) _t\/(exp(Zb)coahZa - exp(-2b))2- 4 ginhZob

corresponding to the upper left and lower right submatrix,respectively.'

The eigenvalues are seen to be distinct and consequently we have :

oM oM

QN(O'a’b) "-“ /{1 + oo + /\4 ' (3-2-9)

We proceed to obtain the: characteristic polynomial for the general case
where ¢ # 0 . The expansion of the eigenvalue equation is conveniently

done in accordance with the folloving theorems

THEOREM : For O = r < n , the coefficient of /{r in the characteristic ‘
polynomial of an n x m matrix M is equal to (_l)n-r times the sum of all \‘

(n=r)~rowed principal minors of M .

The theorem is quoted from (II1),page 197..Hence we must solve a 4-~th degree

equation.On performing the expansion,ve obtain the equation:

3
X = 2 Nep(a)(em(2a)eonnc + exp(-22))

2
+ A (4cosh2c(esp(4b) ~ 1) + 2(exp(4b)coshda ~ exp(~4b)))

- 8 ) exp(2b)(exp(~2a)cosh2c + exp(2a)) ainh22b

+ 16 sinh42b = 0 ( 3.2.10 )
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The equation (3.2,10) is difficult to solve,We rewrite it in the

forms
’\4 - 2 /\3 exp(2b)(exp(2a)cosh2c + exp(~2a)) (35211 )
+ )Lz (4cosh2c(exp(4b)-1) + 2(exp(4b)coshda = exp(-4b)))
-~ 8 A exp(2b)(exp(2a)coshzc + exp(-2a)) sinh®2b
+ 16 simn®2b = 8 A exp(2b)(cosh2c ~ 1)sinh2a sinh2b

Then it is seen that the right side can be made as small as we please,

if we confine our considerations to a finite interval of the reciprocal
temperatur 1/T and take ¢ sufficiently small.For further brevity,we re-
write (3.2.11) as:

L(A)-.:Ao)~ , vhere A —>0 as c¢—0 |

Next let éi , i=1,2,34 , be the four roots of L(C) = 0 .These

roots are distinct,as we shall see,that is there are no rapeated roots.

Moreover:
forany £=0 , we can find a 6>0
( 3.2.12)
such that - lAL- C.,I < ¢ whenever c = 6
3 3 )
It follows that we have: A = C + A3
’ Af"—;" 0 , a8
4 4 2 2 L
A =C * A4 ’ A = é * A2 c—=>0
A= C + Ay - (3.2}.12&1)'
- 32 -




Denote by primes the differentiation with respect to c.Furthermore,
let e, £, g be the coefficients of A:j ’ Aa and A srespectively,

We consider the equation:
0] - (W) = AA + AX

and on writing it out,we obtain:

Y 3 2 | |
().-C)(AC +3§e+2€f+ )

-X(4A3+3A2e+2Alf)' ' ( 3.2.15)

+ Ase/ + Azf/ + Alg/
s ' %
= N, A+ AA
Consequently,on taking the limit on ¢ ¢

1t ()L/-C/)(4§3.+ 3ﬁze+2§f+g)=o

c—>0

But the right bracket is seen to be the derivative of L(é) with respect

to é and there are no repeated roots.Hence C is not a root of the cubic

equation in the bracket and therefore:

1t (X - () =0

c—> 0

7/ ' /7 .
We have shown that: 1w A= 1w
c—=>0 c—>0

1
{

i

|

3

|

( 3.2.14 ) :



Now let /\ i be ‘the four roots of (3.2.11) :
U)) = A, A ( 3.2.15 )
for small ¢ . The partition function is given by:

M M .
Q = Al + ooo + A4 ( 362016 )

The greatest root of ( 3+2.11 ) bave the index 1 , and we set ,\1 =N\

Furthermore,denote by T = 2,3,4 , the three ratios:

A‘i ' :
7\‘" = %< 1 ( 32,17 )

and consider:

go that:

1t @ =
N—>00

The 1imit attains uniformly as the following argument shows:

1 M l
lq ~ qul = |-ﬁ- 1n(1+ ooo+?4 )
= %—m4<€

whenever N = 1‘—2—-4- . QED . Thus the first of the two conditions

ig satisfied.It remains to discuss the convergence of the derivatives.




Denote by primes differentiation with respect to c :

A/ r k_],r / + + T k—lr/
1 2 2 [ X X4 4
2

_—n 4
2A . 1l + e00 + r4k

/

9o

for an integer k and similarly for an integer j » Consider an interval
of —,}i not coutaining zero and bounded above.None of the roots of (3-2-11)

. ' . . 4 o o) -
has a zero on such an interval (this follows from 16 sinh 2b = /\1 eoo ),4 )
Hence the derivatives of the ratios ri remain bounded on such an interval,
Therefore,let n, be the constants such that rji = n, s and let n be the

greatest of the n, then r:{ = n .For the ratios themselves ve have con-
stants m, < 1 , such that r,<m on said interval and we denote by

m the greatest m. e

Denote the bilinear fraction in q oK above by R?_‘k o Then it is seen by in=-

spection that:

1t mk"ln =0 y uniformly.

A

1t RZ;

k—> k —=>X
Therefore,as RZk coverges uniformly to zero , qé{ converges uniformly.

We have shown that:
0

9 1t —}1‘—111%I - = % 1n Q
0 | g —>o0 N—>colC
so that: ’A/
m(O,T) = 1t —5—7\'—- (302019)
c—>0
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In view of (3.2.123),(3.2.14)we are in a position to replace (3.2,19) by @

7/
m(0,T) = 1t é‘“
c~—=>0 Bém

(. 3;2-20 )

where gm is the greatest of the roots of L( C ) = 0 , see (3.2.11)

It remains to solve that equation.The equation can be resolved into two

quadratic factors:
2 ) 2 )
(C + plé +4sinh2b)(C + pzé + 4 sinh“2b )

where p, , have the somewhat awkward form: ( 3.2.21 )
’

P o= - exp(2b) (exp(2a)cosh2e + exp(~2a))

r .
+ l-exp(4b)(exp(23)cosh20 + exp(-Zg))a- 4 cosh2c(exp(4b) = 1)
1l

-2(exp(4b)coshda ~ exp(~4b)) + 8 sinhob | ° ( 3.2.22 )

Accordingly we have:

1 £ 2 2
(.= =3 (p -\/;; ~ 16 sinh“2b )

It is seen by inspection that: ém = Cm-( cosh2c,a,b ) , and hence :

(p = “9“‘4‘9"‘\ sinh 2¢ . 2 ( 3.2.23 )

O (coeh2e)
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A separate calculation,which we forego,would show that none of the surds

javolved has a zero at ¢ = 0 .(for finite and non-zero T)
Hence from (302.23) ¢
7/
1t =
- 0
c—>0

On the other hand,from (3.19):

1t é m # 0

c—>0
and therefore:

n(0,T) = O

for all finite and non~zero temperatures,The model does not exhibit ferro~
magnetic behaviour.

The free energy £ of a macroscopic assembly was given by:

£ = 1t & lng

N
N—=> R

1
)

For sufficiently small ¢ we have 1o a good approximations:

£x T (,

and we can derive other thermodynamic functions from this,




§ 3 Extension of the matrix method to interactions of higher order

Wo contimme to discuss the ring m?de}.Let /VL:L’ A?,z’ eso )A?,r be the

interaction potentials between the spins separated by the "distance” 1,2
and r , respectively,Furthermore,ve require that N = IMr , s0 that N is a
composite number.The justification for this provision will become apparant

as we go om, In order to avoid "self-interaction" terms,we must have M=>ro,

Let: SEM ., Set 8m, =8, for 1212 eeo 4Ty Ba=C o

The reduced Hamiltonian has the form:
() % { ; ( . )
«8H(S) = ¢ + 8. + oese + a S, 3.3.1
| lsk 1, 1sksk+1 T SeSkar

In view of our initial provision that N = ri{ ¢,

-

M B, .
~GH(S) = Z { ¢ LSpa)ey tOOB1 ngs(k—l)ri-js(k-l)ri-jﬂ
=1 |

=1
( 3.3.2)
| r |
4+ ose + a zS
r by (k—l)ri-jskri-j
M
and ve write for brevity: -BH(,§) = Z Z(k,r) ( 3.303 )
k=1

where ) (k,r) is that part of the reduced Hamiltonian which depends
Only on the two I‘-t\lpleta (S(k-l)r"'l, (X X .Skr) and (S] 1’ oee ’S(k"‘l)r) .
In view of the periodic boundary conditions:

(Smr+l, 0;. ’S(M+1)r) = (Sl’ sse ’Sr) - ( 303-4 )
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In view of the set-theoretical equivalence discupsed before,we have:

| . |
S T D S

se 5,7,8,70 oee 18 € (#1,-1)7 kel

That is to says : . ( 303-7)

QN = T;’ace g"

where R is a well defined 2'x 2° matrix whose elements are given by:

(37| [85;) = ex(L(kr) ) ( 3.3.8 )

see (3.3.2) and (3.3.3) « The matrix R is not symetric,If this matrix
can be diagonalised,then:
M

it
= ' ( 3.3.9 )
QN &1 + + /\21'

wvhere the ,l i are the eigenvalues of R . We inspect the matrix B whose
elements are givem by (3.3.8) above.On ingpecting the sums in the expomen~
tial , see (3.3.2) , we note that: r

¢ gls(k-l)nl

is constant on rows,that is it depends o‘nly on Skr and accordingly we cam

write R as a product of two matrices one of which is diagonal:

3(0'31’ see ’ar) = E_(C) o A(al, e00 ,ar) . ( 3.3.10 )

H(c) = Diagonal [exp(rc).exp((r-Z)c). .o .exp(-rc)]

o~ 39 -
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The Boltzmann factor can now be written as a product:

M .
exp(-gi(8)) = [ ex( L (gr))
‘ k=1
H , . :
] [—]— (S(knl)ri-l' oee ,Skl‘ ] R ‘ slﬂ.‘i-l’ oee ’S(k+1)r) ( 30305 )
k=1

As we sum for the partition function: Q= Z - exp(~8H(S))
s €N

S may rum in an arbitrary order through (N) . Let us put into one~one

correspondence:

r r
(5,08,0 oo s5p0 oo $S0p 1)t S(uel)re2’ **° Sy) <> (513 wee 45y
where: sjr = (s(d-l)r"l’ eeo .Sjr) fOr- j-'-’ 1,2y ooo ,H

The above ome=one correspondence is a consequence of the set=theoretical

equivalence:

{r,} o {{+1;-1}"} "

gince N = il o If we order {+1,-1} by 1< =1l ,

Then {+1,-1}r is ordered after first differences:

(l’ oo; .1) < (1p o;o 919"1) < cooo<(~1| (XYY} ,"'1) ( 3.3.6 )

The set {+1,-1}r has 2° elements,r~tuplets,that is,and for each Jj=1,2,¢00M

5,°¢ {#1,-1;" , and because of (3.3.6) , the 5,7 have a definite order,
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The matrix A , which is not symmetric,is given. by: (Skr | af skil =

r r .
= oxp [ ! jzls(k-l)ri-js(k-l)ri-,ﬁl Foeoo ¥ By jz___:ls(k-l)ri-jskm-;j] (3.3.11)
Ve mote that: (87 & |5 = (5 |4 | 8.5y ( 3.3.12)

and this is a rather useful symetry,the importaunce of which becomes &ppa=

rent after our:

LEMMA (3.3,13) ¢ Let {+l,-1} ¥ =« (r) bve the r=th cartesian power
of the set i+1,<1} , which isordered by 41 < -1.If 5 .C (r) is
the p~th element of (r) itk 1= p = o™ ,

then =S » ig the (25+ 1 = p)~th element of (x).

Proof: We proceed by jnduction on p . Let us create a correspondence by

dc_fining: ) . _
o b @ —>0

such that:

Pls,) = -8,

then clearly () maps the first element into tho last one,that is the 2~ th .
DAy v s1)) = (1) coo s =1)

and our assertion holds good for p =1 . Now let ¢ take the the p - th
clement into the (2°+ 1 - p)-th one.Consider the ptlst element of (r) and
compare them to the possible extend:

§'p = (1, eee y1yly ecee ) , and because of our first diffe-

rence ordering:

§'p+1 = (1’ XX} ,1,—1' ve0 )
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Then we have that: ¢( _S_p+1 ) = (-1, YY) ,"1’1, sop )

and: | qb( 8, ) = (=1, eee y=ly=1, coe )

and therefores gb( §'p+1 ) < Qb( 8, )  since (r) is ordered

after first differences.h moment of reflection shows that thé images of

congsecutive elements are consecutive - the order being reversed.Therefore,
by induction:

Blsy) = =,
®(§2)_= o

S ) = S
(b ( -2r-1 —( 2r-1+ 1) QED.

Bemark: For the sake of clarity we took elements with a row of consecutive
ones preceding the first difference.ln general,the row preceding
the first difference is arbitrary.The row following the first diffe-
rence is determined by the ordinal number p and is merely multi-

plied by -1 as we pass from S ? ‘to its image under ﬁ

I
'

Now let skr and skil be the p - th and the q - th element of {+l,-1} T

1
respectively.Then in view of our lemma : (for 1 = pyq = )
= 4 T . r

P4 (Fe1~p),(21-q) ( 3.3.14 )

and the obvious veriation:
A = A Tl
p.(2r~1+ 1-9q) (ZF+1=p),(27" +q)
| o ( 3.3.14a )
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as well as: A = A : ( 3.3.14Db)
r *
py(2°+ 1 = q) (2+1-p)yq
Next consider the 27+ x 2™ submatrix [Ap q} of A . By what we
 J

just bave proved,each element of ‘:Ap q] ie also found in {:he 2r-1 x 21‘-1
14

Tl

submatrix A of A, for 1 = p,q 2

(2% 1 = p),(2°+ 1 =q)

HA

This follows from item (3.3.14).Let us change the colunn/row indexing of the

submatrix r . ] , now_going from 1 o F ’
(+1=-p),(2+1-4q)
to j,k with 1 = 3,k = 1 , and call the so redefined submatrix {Bj k} .
4
Then by virtue of (3.3.14): A =B
P (™ 1-p),(" 1 - 0)
and also:
Bp q = A Il -1
’ (2" 1-p)(2 +1~0q)

for: 1 = pyaq :' 2'”—1 . We can construct the matrix product:

= A
Bk Z Qa‘.p Psq Qq,k ( 3.3.14c)
Psq
where: Q = 5 ~l1 , is a symmetric 2”“1 x ‘21"1
R (L1 = 3),p

patrix , and 6 ig the Kronecker delta . The matrix Q = [Qp q] is
- 4

in fact the r-lst Kronecker product of the first Pauli spinor:

' 01
Q-.—.,_Y, ® X @ e @ X , vhere: X =[1 0]

"It is seem by inspection that:
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Hence: A = [B, ] = Q [A ]Q -
(Fr1-p),(2r1-0q JsK == Pa)==
Next we consider the submatrices . A '
I Xr .
p,(2°+ 1 - q) (2'+'1 -1)yq
of A, (for 1 = p,q = 1)
Let us consider item (3.3.14b) : A = A
X I .
py(2°+1~-4q) (2°+1 - )gq

On the loft side,the row index goes from 2" T+ 1 to 2° , and eimilarly
for ihe column index on the right gide.In the same spirit as before,we re-

place (2r+ 1-p) by k, and (2r+ 1~q) by Jj, where: 1 = Jk = 21‘.1.
Then we define matrices B1 and _13_2 by: ( for 1 Z pyq,dsk = 21'-1)

v —_—

gt = |aA 2

- A
1 4
Py p,(2"+ 1 =4q) k,q (2% 1 = p)yq

L}

Then (3.3.14b) , stated above , amounts to:
' r~1 N Bz
py(2° "+ 1 =)

and on setting k=2n-1+1-j,wehave l_-‘_—fk;2 , and also:

Bl = B2

P,k (2"t 1 - ), (2" 1 = k)

In anslogy to (3.3.14c) , we comstruct the patrix product:

1 2
Pk T Z Qo Ban {2 g (3.3.144)
Jsq

and therefore:

= L

A b of r
p,(2"+ 1 - q) (2+ 1 =-plya |—
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Let us consider the upper two submatrices of A , and define:

A ] =U , and |A 1 = W
[ p'qJ P'(2r+ 1 - q)J

then A can be written in terms of these two subuatrices alone,that is:

. I LA
A = ( 3.3.15)
Qu i Q) Quil
Ve oonsfmct a similarity transformation:
b= 7 ol , e " T (saas)
\/— -Q I. , v +_Q_ I
then it can be verified thati: | , ( 3.3.17 )
U+ Wi. 0
A= D.A. DT =
0 Qs - Q|

It yemains to investigate the effect of the transformation on _1_1_( c) s

l .
First,we note that H can be written as the product of o™ factors,see (3.3.10),

H =D ( exp(rc) 1,1, «ee 51yl GIP(-I‘C) ) . ( 3.3.18 ) '

o D ( 1,6xp((1-2)c) 1y oo ,1,exp(~(r~2)c),1 ) « oo

that is, as a product of the diagonal watrices Dl ’ D2 g eeo In the following
we shall obtain the matrices:

e _ -]
B’l - _]_). ° Dl [ _12_

: H;' = D.D ot
— 2 -_ T 2 . -
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and this will give us an idea how - H’ = D.H. 0t looks.

——

By direct computation,we find that:

__coah( re)

0 oee O =ginh(rc)!
[ 4 = 0 1 Y X ) o 0
Ey . .
. .
0 . 0 [ X X ] 1 0
) _:_sinh(rc) 0 eoe 0 cosh(rc) l
and for the second factor: ( 3.3.19 )
1 0 oeo 0o 0]
(V] OOBh((I‘-Z)O) eoe -ainh((r-Z)c) 0
B’ =
0 -sinh((x=2)c) eee cosh((x=2)c) O
o 0 ese 0 l
Sothat H’ = _1_1,1 ° _15,'2 o oo is a product of Lorentz matrices

corresponding to a first frame moving with uniforn velocity v, = C tanh(rc) |
along X; then a second frame moving with v, = C tanh((x=2)c) along

X, » but having a differemt time abscissa , t2 , 8nd 80 ON oo

Hore again,C is the velocity of light.We reiterate our previous statement,
that we wish not to speculate,at this time,on the physical significance of

this interpretation.

1t is seen by inspection that: E’(0) = Bo) = 1 -
(fx 2°)
and in this case the eigenvalue problem is reduced to the computation

of the characteristic polynomial of two 1 ol

jtem {3.3.17) » In § 2 of this chapter,we ook advantage of this situation
when calculating the eigenvalues for the case wvhen c=0 4

submatrices,see also
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On inspecting (3c3010)

and therefore:

of the eigenvalues is

Therefore,a necessary

, v see that: Det(R) = Det(_) Det(4) = Det(__) ,

r

2
Ak = f(al, coe »B, ) , so that the product

k=1

independent of the scalar value of the external field,
and sufficient condition that at least one eigenvalue

be zero is that Det(R) vanishes.

On considering values for ¢ such that: 1>> (S:-c = 0 , we can approxi-

1

mate,to any degree of accuracy,the eigenvalues of R* = D . R D o

thoge of R ’’, where:

R%=D (eosh(rc) 1, .

- X X 4

os .l,coeh(rc) ) . D (l.cosh((n-Z)c). coo. ,coah((:n-z)c) 1)

° _’(817 sece pa )

That is,wé neglected the off-diagonal elements in the _I_I_j', gee (3.3.19)

which are sinh ‘s and

can be made arbitrarily small by taking a sufficiently.

small ¢ , and we retained the principal diagonal elements only.Therefore, " H

the eigenvalues of R

I
i

#2 are functions of: cosh(rc),coah((r~2)c), oee sByy eeo 3By

and,for the greatest eigenvalue A , of R*°‘, vhich can be made arbitrarily

close to the greatest eigenvalue of R’, we have:

A = A (cosh(re)ycomh((n-2)c), woe sy soe 18 ) (3.3.20)

and accordingly:

'.b_/_\_r- a

A | . :eim(ro) + [ 0D Jrastam(e2)e)

oec o (oosh(rc) Lb (cosh((r=2)c)

(3.3.21)

+ [ X X X 4
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Provided that the partial derivatives O - ; 2 co
- O (cosh(xc)) O (cosh((r=2)c)

remein analytic as ¢ —>0 , and in view of the fact that:
it A = /\m s where /\ o is the graafest eigenvalue

> 0 :
of R’ , and furthermore in view of the possibility of showing that:

1t {1/1' @:} = 0

¢ —>0

c

(using a procedure gsimilar to the one used in § 2. of this chapter )

vhere é 4 are the eigenvalues of R ‘° , and finally in view of:

21'

Ny = flags e en)

i=1

whose geros do not depend on ¢ , W6 are in a positidn to state the

CONJECTURE 22): Ir ) is the largest cigemvalue of R ‘, ‘V E

then: /\’ | ' : 1
“ 1t n = 0 :

c—>0 ’km

where primes denote differentiation with respect to c . On using a convergence

argument similar to the one used in § 2 of this chapter,we have the .
plausible conjectures

CONJECTURE (3,3.23): The magnetisation of an Ising ring with arbitrary,

but finite order of interactions is zero in the absence of an external mag-

metic field.

" Qur conjecture is fully supported by the theorem of VAN HOVE as stated,for
eiample in (V) , § 421
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§ 4 ) The straight line version of the linear model with smpnfied

stics.Ferromagnetismn.

long range potential.Exact stati

We consider the straight line model with all spins interacting.The inter-
action potential is generally a function of the distance -separating the

4 and here the digtance between the j-th and k-th site is |k~ 3]

site
k-th and the j-th site

Ye denote the interaction potential between the

by .
u, = u( |k ~3]) , where \k-;j\ = i ( 3.4.1)
The Hamiltonian can be written as:
© 5 Yo T (5.4:2)
H(s) = <-h - u S Fede2
k:-lsk i1 k>3s“3
kej=1

an& on settings B8h=¢ Bui = 8 we have the reduced energy:

N ©N=l R
~gH(S) = ¢ + Ya L858, ( 3.4.28)
kz--lsk b oe= e

k-j=1

It is seen by inspection that:

1 2
3 ("Bn@)’\-.-. ¥ + 2 ) S8
oc | itd J
i>]
Fel .
_ N + 2Y L85, ( 3.4.3)
1 x=3°9
k=3j=1
A ()]
i=1 08 .
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On using (3.4.3) , we have for the Boltzmann factor:

N-1 )

02 (em(-8E(®)) = N exp(-8H(S)) + 2 Y —= (exp(-8H(S)))
oo i1 0%

dc¢

Define as Qn the subset of (N) 3

N
Qn = {860 = L5 = K- 20}

'and consider the sum:

G = Z exp(~8H(S))
s€0),
Then we have?
2
G N1
2% oo v 23 2%
de¢ n i=1 i

Let us set:
N-l

Gn = ©Xp [" éﬁq—%y i;—lai } Rn(c’al’ oo !au_l)

And then we have:

| 'bzﬂn Ml yp
= 2 2 -—~—n
d 2 =1 0%

The most general closed form solution for this iss:

N-1
1
R (c,al, oo ’aN-l) -~ constant . exp( be + 3 :élpiai)

- 50 =
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( 3.4.5 )

( 3.4.6 )

( 304.7 )

( 3.4.8)




The most general solution R‘ as in (3.4.8) is accompanied by the condition:

and if we set:

( 3.4.9 )

vhere the ri are positive constants to be determined,then the condition

is eatisfied and we can write:

o

2 Zriai

T,

Bn' (c,al, vee ) = Aexp( e + ) ( 3.4010 )

W)

Now B'n mist satisfy the first boundary condition:
Rn(c,O. ooe ’O) = Gn(clo! eoc '0)

s0 that:

L]

A exp( be ) (ﬂ]'exp( (N =~ 2n)c ) ( 3.4.10a)

H
i
i
!
!

and this determines A and bo'he sum in the exponential can reasonably be

called the wyeighted mean of the reduced interaction potentials ai,and we i

denote it by:
}:ri a

Ir,

M a) =

y &= (alv ooe ’aN-l) ( 3.4.11 )

It is seen to be a linear functional on the “interaction vector" a .

The weighted mean was derived for the sum over the subset Qn of (N) «

 since 0 =n =N, vwe insert the additional argument n and call:

M{ n,a) the weighted mean at n .
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In view of (3.4.6) , (3.4,10) and the boundary condition (3.4.10a) , and for
a sufficiently large N , we have the partition function as & sum of N+l terms:

=1 N 2
Q= exp( - % i,z=1ai ) Z (i) exp((N-2n)c + -(——233)— M(n,a) ) (3.4.12)
n=0 :

Ve propose to investigate a model with a long range interaction poteﬁtiai
of the form:

-u = - -’{-‘—Z’ L for i=152, eeo » N1
. . . 89
and "le a constant.For reasons of convenience,we define: I3n.i = 5= 28,

Accordingly,(3.4.12) takes the form:

. XN ”
Q = exp( - a ) . Z (};) “exp((N~2n)c + (szn) e 22 ) (3.4013)
= ,

gince the constant interaction potential remains unchanged on taking

the means at n o

Thus for very large N there is only a weak,residual interaction between

the spins ; but as the mathematics will show,this residual interaction

jg gtill sufficient to produce the pronounced cooperative phenomenon of
spontaneous magnetisation.Since the interaction potential is independent

of the distance separating the spins the model must be considered as some-
what “unphysical" , but so are nodels with first or second (or any finite)
order of interaction,and therefore we can gay that the model of § 2 of this
chapter,and the present one,lie on opposite ends of the spectrum of simpli-
fications.It is for this reason that we compare them in mathematical detail.
Furthermore,ve should like to point out that the result will be mathematically
equivalent to the BRAGG - WILLIAMS solution as presented in (I).However,we

. build on a different premise and our result obtains with nathematical rigour.




We procesd to obtain the closed form solution of the limit:

1t [Qu]ﬁ = exp( -8 f)

N—CO

From (3.4.13) and for large but finite N :

N
o = em(- )y L) oxp((ti-2n)c + (t-20)7 ) ( 3.4.24)
L | , .

The closed form of this sum exists ‘as an operator formulation,as we shall

ghow in chapter IV.

For any real p we have the, identity:

+

\/%:- [exp(éa(x2~2px))dx = exp( ap°)

_w'

which is a linear operation on exp( 2apx ) . Consequently,we bave for Qg :

~

+00 N
Q =‘\/% exp( ~ %l) fexp(-axa) Z {ﬁ) exp((N-2n)( ¢ + 2ax ))d_x
n=0

On carrying out the gunmation over n we obtain:

+ 0

—
Q .—?\/—% exp( - _@_éXL) ZNI exp(-axz) coshN( ¢ + 2ax )dx o { 3.4.15 )
+ 0
Let us defines: I, = [ exp(-a.xz) coshN( c + 2ax ) dx ( 3.4.16 )
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Then we have for the limit:

| 1 . 1)1, & 8
1t N In QN = 1t 5|2 in T +81ln2 -~ 5 + 1n IN]
N-->CD X —>C0
e 2 + 1t > 1n
N oIy
N—>c0 .
1
Thus we are led to coixsider the limit: 1t {IN] N
. %)
We return to: R—=
40 _
2 R
IN=fexp(-ax)cosh(c+2ax)dx _ ( 3.4.16 )
-0
8m ' : .
where 2 a = Sy . We do a change of variable : x = Nu ,
and s02
. .40
b u2 R Q"
Iy = N exp(--—z—N)coeh (c+bu) du ( 3.4.16a ) T
- CA ’ .

where: b= B8 o Consider now the function f£(u) given by:

Y |
£(u) = exp(~ 359 ) cosh( c + bu ) ( 3.4.17 )

Thig function is contimious and therefore measurable .The following is
quoted from (IV),page 91 : If (r,s) is an infinite interval of the real
line and if f(u) is measureable snd essentially bounded,then:

1 | L
1t [ f\f(u)ln ¥ o= 1 L f\f(u)‘“ au| ¥ ( 3.4.18)
| N-—>ool 7B '

N—=>X ‘L.. n—x=

= sup’ \ £(u) \




where En is a sequence of finite intervals such that: E.C Ej C ooy

1 2

each En lies in (r,s) , and kx{ En = (x,8) .

We return to f£{u) = exp

i) flu) =

2
b
(= -él—l-) cosh( ¢ + bu ) , and observe that:

'f(u)l = 0 , on the real lire,

ii) 1t £(u) = 0 . Furthermore, f£(u) is bounded above by

u—:> 0

the greatest of its maxima.

We determine the extrema of £(u) by the condition f(u) = 0 , and this

leads to the equation:

Let W determine the greatest of th

u = tanh( ¢ + bu ) : (3.4.}9)

e maxima of flu) , thenm:

flu) = oup” | £(w) | ( 3.4.20 )

Next we choose the sequence of nested intervals En = ( ~n , 0 )

From (3.4.18) and the fore

1t

H—>

=

L
N

going follows that the limit exists,and :

gup_ £{u) ( 3.4.21)

Furthermore,the limit is unifornly attained as this follows from the proof

given in our reference.

q = 1t
N—> ¢

Consequently,we have the recuced partition function:

1

—

N

anN=

- 55 -
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» .
That is: q(e,b) = In2 - -11551 + 1n(cosh( c + bul) )  ( 3.4.22a)

where w, determines the essential supremun and is a solution of ( 3.4.19 ).

The magnetisation,as seen from above,is :

1t _a_q'. ( .
oo Se =  tanh b“l.) = w ( 3.4.23 )
where in view of (3.4019): u = tanh( bu, ) ( 3.4.19a )

We must admit that the formal proof of uniform convergence on a finite
interval of 1/T of: '

.—béz(—%l-lnqu) , as shown in § 2 of this

chapter,is lacking here.On the other hand we always have for the magneti-

safion per spin and spin moment that:

mN(c,T)‘él ,” forall N, ‘

and so the sequence remains,at least,bounded.And vhile there may possibly
be oscillations for a finite subsequence of N °s , we would expect,on phy-
gical grounds,that the "tail" of the sequence converges uniformly,for as
the agsembly reaches macroscopic size the addition of one more spin would
not disturb the physical behaviour of the entire assembly to any detectable
extend.

Thus the magnetisation is the real value u, , such that f(ul) = sup_ £lu).

The accompanying requirements are:

f’(u1)=o . f"(ul) <0 , flu) = f(ul) ( 3.4.24 )

We shall confine ourselves to positive values of u , or possibly zero,

(negative values correspond to c->0 )
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Let us rewrite (3.4.19a) by setting u = -% .Then we have to solve:

‘m(O,T) = —;—- = tanh w ( 304425 ) |

b
ghown in figure I , and a projective plot of the magnetisation too.

The intersection of the curves g(u} = ¥ and h(w)'= tanh w 1is

It is seen that for b <1 there is just one solution for (3.4.25),
that is w=0 , vhereas for b =1 , there are two intersections,

namely w =0 and w=wo

We show that for b=l , u = 0 is a maximum . We already have f “(0) =0,
and we show that for b<1 , f ’(u) <0 , and since no further root
obtains , £ °(u) will not change sign and therefore f(u) decreases,

2
Now: £7(u) = b exl - 5= ) ( simh(ba) - v coat(bu)) , and ( 3.4.25 )

consider the infinitesimal (Su > 0 , then we have for b=<1 ,

vre(Ou) = Qulb-1) <0 QED.

On the other hand,for b=> 1, ve aleo have £ °(0) = 0 , but the same ‘

argument as above shows that:

leoGu = Ou(b-1) = 0

and no further change of sign occurs until u, = 0 . Therefore, £(u)

0
_incroases up to u, and f(ul) = sup f(u) . QED.

R
kT

Thus the critical temperature,the CURLE point,is given by b= =1




If we define the CURIE temperature by T = % , then the magne~

tisation is given by:

w(0,7) = 0 for T =T
, ( 3.4.26 )
n(0,T) = O for T =T

Again,we refer the reader to our projective plot.

We have shown,by concrete example,that long range interaction,although
simplified,causes the cooperative phenomenon of spontaneous magnetisation
in the one dimensional model.By contraat,fhe model of § 2 of this chapler
exhibits no such behaviour.Our results agree with the theorem of VAN HOVE,

an improved version of which is given in (V) , § 411 .
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§ 5 The linear lattice fluid with long range interaction potential.

Let us return to the model discussed in § 1of ‘this chapter.There,we tacit—

1y used a potential of the form:

\
‘ 4 hard core , repulsive part

cut off , beyond nearest neighbour

squaro well for nearest neighbour

Now we propose to investigate a one dimensional ascembly having a realistic

first order potential plus a long range "tail" .

N
hard core,repulsive .
-& e _1
¢ S
v 4\ long range tail -
’ _
A Py
square vell "N

Let us set: c=@g+u , B~L= a y =Bu= 1 ,asin§1,(3.2)

Let S € (N) . Then the reduced energy bas the form:

N N
a
BH(S) = ¢ + a V55 5 + 7 LSS ( 3.5.1) .
: lc=1$k 1c=2k1‘.’.]. Nk.>§k3
k~Jj=1

_ .



We have the identity: ZS

_ g
kej=1

N

=S .S .On the other hand , n= ) S, » and tkerefore:
k=1

S, = 2(nf-n) N.s
Sy = p(nmm) - LSS

vhere ¢
a i an2
~BH(S) = n(c—-z—ﬁ-)+(a- N) Zsksk.-l + oy
: k=2
and for sufficiently large N @
anz R
~H(8) 2. me + Zx 2+ 8 ggsksk"l ( 3.5.2 )
Accordingly,ve adopt as starting poinf the reduced Hamiltonian:
( 3.50.3 )

2 N N
~SH(S) = 52 + ¢ + a )y
2 1};‘131‘- k.—.zsksi"’l

On using the identity:

+c0 ”
j/—zﬁ—ﬁfem( —EN&(xz-an))'dx' = exp(%)
-0
we have: |
Lt 2 N N
ax 9 ax

-0

where we denoted by ZN the partition function.The indicated sum is:
see ( 3.1.12)

QN((C‘*'?%)Qa) oy
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Hence:

. + O
2 : :
a ax ax
Zy =\/_23\T_T-T[°xp( ~ 55 ) llerg) , 8) ax ( 3.5.5 )
Lot us change variables: x=Nu , then:
+ 00 5
5 .
Zn"\/.E‘TT[°xp(‘§‘"§“)°ﬂ((°*a“)'°““ ( 3:5.6 )
)
We confine our attention to the integral:
+c0 2 :
I = f exp( ~ T 1 ) q(ctan) , a ) du ( 3.5.7)
and seek to evaluate the limit:
1 A
"1t {IN] N ( 3.5.7a)
N—> 0
N N
From ¢ (3.1.12) QN = Apl * sz , and ve equateQN
to GI; S
& = Apln‘ + BIQZH ( )
3¢5.8
that is: 1
N| XN _
GN = Pl{ A + Br ] r T =
It is seen that ¢ 1t G = P , since r <1

N—>X
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Furthermore,since Py » P, = 0 , and Qﬂ> 0 , always have

5 :
that A + Br =0 , forall N Next ve use the initial conditions

on N ¢ o
(Q°=) 1 = A + B
( 3.5.9 )

(le ) exple) + 1 = Ap, + BD,

An explicit calculation would ehow that: A , B =0, and it follows

that : A + B :L'N < 1 , and so we have the inequalities :

40

- au2 N
Iy = exp(--—?_N)p:l du

-0
( 3.5.10 )

+ 00
8.\12 N < .
exp(--—é-li)Ap1 du = I

— 0

It can now be shown that:

: o, )3
R au i
1t [IN} = 1t fexp(-—éN)pl du
N—> 0 B> | o
o 8“2
= sup (exp(--—-——i)pl) ( 3.5.11 )

" Here we used essentially the same reasoning as in § 4 of this chapvter,

It is noted that the function A((c+au) , &) has no poles on the real line,




2 .
au
Let flu) = exp( = —2—) plk(c +au) , a) , vhere ve take p, from (3.10)
of § 1 of this chapter.We must have: £( w ) = gup" £(u) , and

this is accompanied by the conditions:
f’(u1)=0 . f"(ul) <0 , flu = f(ul)
the first of which leads to the equation:

1
ginh( = (c + a + au) )
u = !2-"7 1 + 2 L (305012)

'\/;inha( % (c +a +au) ) + exp(~a)
( ‘ p

. a= 2L UM L, | 2Tl
Let ue recall that: a T ° c= E T + 5 ln{ [hz]o

where l‘haj ° ias to say that we only use the physical dimension of ?hz.

We rewrite (3.5.12) as: ( set 2w =au )

’

) - %’:T 1+ zinh( g(1) + v ) (3.5.133‘

. |22
iC '\/;inhzk glr) +w ) +em( -~ £°5)
jere &) = o+ 3o 2”?““} (3.5.14)
[

From § 2 of chapter II , we bave the density per particle and particle

mass given as:
l

PO pa T = Sa__( 1§ nz) (3.5.15)

N—> CD

1
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On the other hand: q 1t = ln ZN

N—C0
= 1n sup f(u) | ( 35016 )

2
= -84231 + 1np1((c+anl),'a)

and eo0:
[ 4
[)("2: My T) = —gl— , where the prime denotes
1l S
differentiation with respect to ¢ . Then it is seen by inspection that:

PO D = w = ™ [%-"{—} ( 3.5.17 )

gee (3.5,12) and (3.5.13),and u, is that root which determines sup_ £(u) .

Ve define two parametric.familiee of curves:

h(V,T) = l( 1 + gink( g(T) + v ) |

: f 2(g('l‘)+w)+e=rp(--——— | \

i

ands ( 3.5.18 )

1(w,?) = w{%{—]

which is a parameiric pencil of straight lines emanating from the origine.

In what follows we shall confine our discussion to the standard chemical
gtate which,by definition has unit fugacity and therefore /LL 0 o Seey
for example (v),page 205 . This gimplifies our task by eliminating one
constant.The function g(T) reduces to:

gl?) = %’ + %1“ 2@;?,} ( 3.5:19 )




Now consider the points of intersection of h(w,T) and 1(w,I) with y = lé-

wvhose abscissae are given by:

Vz-g(T):—‘ﬂ!-llnﬂm-k—’r-

h 2kT 4 [ﬁZ]o

and: . ( 3.5.20 )
v = —X
1 AT

Denote by dots differentiation with respect to decreasing T , (2 \l, ),

then the velocities towards the right,as T \‘/ are given by @

w o= X oo b
h =~ 47T T
and for T | ( 3.5.21 )
N ",
1 4kT
g2 that for sufficiently low T : L and w, , if in?.tially w

|

to the left of v, eventually "overtakes" ¥, . This takes place as:
Yw £ 0
that is:
30, . 1 ofTmer | _ -
rr G [ﬁz]o 0 ( 3.5.22 )
which is rewritten as:
67T ]
(| &e - m| () ( 3.5.23 )
=) ]
o]
]
here & C L 1 ['hz] |
vhere $ X T| 27 _\
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The left side of (3.5.23) has a non~negative slope and therefore a neces-

sary condition for a root C to exist is that:

' 2]° 16
C 1 , and so: . = -LILJ? ~ 10

=| 2Tk .

which,on physical grounds is a realistic upper bound on T . On taking g(T)

from (3.,5.19) and comparing with (3.5.22) , we see that for , say T = 105,
ve have g(T) <<0 , whereas 1(w,T) virtually coincides with the y~axis.

For such a temperature T :

n(o,1) 2 —]2'—[1 + tam( g(m) ) | = ot

and this corresponds to zero demsity.Moreover,the abscissa vy lies initially
at the right of w

1 e The analytic behaviour of /)(“Z, 0, T) is now deter-
mined by the intersection of h(u,T) and l(w,T) as T decreases.Thus the
density curve will be determined by the modes of intersection of two "floating
curves" . Eventually,the point of intersection vo= W

1
will occur.We investigate the possible modes of intersection locelly at LA

= w, , see (3.5.20),

From (3.5.18) we deduce that for:

1
i) we< v, ’ h(w,To) =3
ii) w=w h(w,? ) = L (3.5.24)
o ’ o 2 ‘
jii) w=>w b(w,T ) = L.
o ’ "o 2

where T is the solution for equation (3.5.22)0
o

~ As discussed before,the two curves meet at w , and clearly : h(wb’To) = 1(wb,T°)




Thus we have the local situstion at LA H

The crucial question is whether:

1 : 2 < n’w,?)

4

gl
(2) 2T
L

L

[ 1]

[
h (wo,'ro)

(3)

5

~N

( 345425 )

where primes denote differentiation with respect to w o Let us recall (3.5.22):

o)

M ¢
% oL

( 3.5.22 )

and we calculate h'(wo,To) : ( mote that w_ + a( 'ro) = 0 )

=a) |

kaTTT'
et

I

h '(wo.'ro) =

~68~

( 35.26 )




: 27Tinksro1
From (3.5.22) we see that necessarily: [ﬁz]o J

1,
and therefore: h '(wo,‘l'o) = % , and this condition is not ex~
plicitly depending on To or A s rather it is a condition for the solv-

ability of (3.5.22) for non-negative To » Therefore (1) is implied by 3

1
“L? = Z , and similarly, (2) and (3)
imf:ly that:
| —2-“;50 = -12- ( 305,27 )
We rewrite (3.5.22) to:
[ha]o 3m
ZkTo = e gxp( - —ﬁ; ) ( 3.5.22a )
and the condition (2) of (3.5025) can bLe written as: ‘
M L
a1 = exp( —Eo ) ( 3.5.25a )
On dividing (3.5.22a) by (3.5.258) , we obtain:
' [h?]o 4
1 = | 2L e~ 22) ( 3.5.28 )

an | kTo

Therefore,both conditions , (1) and (3) of (3.5.25) can be obtained by a
guitable change of (possibly both) ~_ or m . The possibility of equality as
in (2) of (3.5.25) is not excluded by (3.5.22) in any a priori fashion,
whether (2) is excluded and one of the remaining two possibilities occurs
depends on /\*Land m . Ve note that ‘che.'mmerical v‘alues of /lla.nd m

are small-
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We shall first discuss the implication of (1) of (3.5,25) « Let us there-

fore assume that (1) occurs.Then at (wo,To) we have the situation:

( 3.5029a )
,'I//
and & thernsl instamt "earlior” i p(yn 4 Am)
,'/P/ ‘
/'/I/
/'//// . l .
/{. R A 'é‘ ( 3e5029b )
/ .

and later:

)

y = —é' ( 3050290 )

1(v,'1‘° - AT)

v+ Aw
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The three situations,(3.5.29a) to (3.5.29c) describe a change of phase !

We justify this claim as follows:as T decreases we eventually reach ( 3.5029b )
~ and the point of intersection with the upper branch occurs.As T decreases
further,the lower point of intersection abruptly ceases to exist and the
rgmaining point of intersection,on the upper brznch,moves continuously to

the right as T decreases further,and correspondingly,the density increases.
Then we  imagine the same process in reverse motion,that is starting from

a lower temperature T and increasing T up to bsyond To + [&T o

' Then we have two mutually exclusive possibilities:either the lower branch

point of intersection determines sup0 f(u) as long as it exists ; or else

the upper branch point of intersection acts in this way.But as soon as one
. o

of the two points ceases to exist,the remaining one determines the sup f(u).

This follows from:

flu) = 0 and 1t f(u) = 0

. | .\"T,‘

and there can only be one maximum tut no mininum for finite u o

We rofer the reader to figure 1I.There,for definiteness,we assune that

the upper branch point of intersection determines,as soon as it occurs,

the sup® f£(u).The ordinate values of the.points of intersection are projectel
to the left onto a density scale and the so obtained density plot exhibits

the shape of a classical phase change.The density,as a function of T,is
discontinuous al a critical temperature Tc which is close to To s as previous-
1y discussed,and may be estimated from (3.,5.22) . The rate of change of the

+
density is seen to increase beyond any bound at Tc , for at Tc we have
supo f(u) = £ u ) » where up is determined by the lower branch point of
o (o] . .
intersection.At Tc wve have sup f(u) = f( urp ) and uII is determined
by the upper branch point of intersection,The pudden "Jjump" in /) ’ [&/D

is of the magnitude as shown in (3.5.29a) and gives the difference of the
densities corresponding to phase(11) and phase(I).

-~




Therefore,for decreasing T , the rate of ch.ange of the density is given
by:

[%{ED]T _[pah - pu)] . A

0 S Ar—o0
[+ (o]

where: Au =Upp = “I = 0 o Hence the rate of change diverges to &0

at Tc - The analytic behaviour of the density [)(OZ, 0, T) , as well as the
qualitative shape of its graph,agrees with the general ltheory of phase change
a8 discussed by YANG a.rlld LEE in (VL) o The mathematical "mechanism" of the
phase change is apparently not determined by a zero in the grand canonical
partition function,as suggested by Yang and Lee,but rather by the mode of
intersection of two "floating" curves.This observation applies,of course,

only to our model with ite particular potential.

It remains to discuss the case (3) of (3.5.25) . Here only one point of
intersection exists at all temperatures T.The density increases very slowly

as the point moves to the right on the lower branch until it reaches the
proximity of T » Then there is a rapid,but continuous increase of p(’*z, 0, T)
as the point moves over the S~-shaped part of the curve,thereafter the in-

crease is only miniral and the density approaches asynptotically to unity,

We wish to estimate the rate of change of the density at 'l‘o o At To we have
1 .
h '(wo,To) =3 s and s0:

a o y )
[_5% ] P = h (wo'To) A ¥1,h
o

-] LJ

where Awl,h = W - Yo gee (3.5.21) o

OT 2 |4l

Therefore: [_QQ] > 1 { 3, " __1__} ' ( 3e5430)
i\ 41&0 4T0

0.

-T2 -

A

i
1
1
i




Again,as opposed to the one in §1 of this chapter,our present model,

its one~dimensionality notwithstanding,can have a phase change and we

" have demonstrated by concrete example that this is caused by the long range
part of the interaction potential.The same square well,but without the

long range "tail" leads to a closed from partition function which is ana~
lytic in its arguments for physically acceptable values,in particular the
density is a continuous function of T ., By contrast,the present model,as
case (1) of (3.5.25) occurs,has a discontinuous partition function,the cri-
tical point being near To which in principle can be.ca;culated from (3,5,22)°
The critical temperature,in turn,is then a function of /Q/and o e
Accordingly,we have a corresponding discontipuity in the equation of state,in
the internal energy (and hence the specific heat diverges at the critical
temperature) and,as demonstrated,in the densgity.
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Chapter IV

Further propositions

§ 1 The principle of combination of finite order interaction potentials

with simplified long range interaction.Existence of closed form solutions.

Ve consider the straight line version of the one-dimensional model.Denote by
”2/1’ 422. vo0o0 ,’\Zr the finite range interaction potentials up to and ine

clugive order r . The reduced Hamiltonian has the form:

N N N
SH(8) =c 3.5+ 78S , +oeeot 8. ) 5 (4.1.1)
| oy k o1 LKkl r Ly K kT

where aBuSuuﬁ gh=c¢ B"Zi = ai ’ i= 1,2' ose 9T

and S €(N) . Accordingly,we have a potential of the form (schematically):

hard core,repulsive

potential of (4.1.1)

| 0N
\'4 ’ !

7, | cut off beyond “digtance" T

" ! r-th order interaction
|

\ next nearegt neighbour

Y

nearest meighbour

‘xharficore

‘____________..———————_\‘L.,___r \\/ . Mo
A 7‘\ —
l \ —2“ l______,’——/‘\ X
\ ”LL \ long range "tail"
e th ond
; next neavrest r=th order
1 ] R -
notential of (4.1.2),nert page

nearest neighbour

| -




Then we take the reduced Hamiltonian of (4.1.1) and define -aal(g,_) by:

'-Bﬂl(é) = -BH@ . w° Z Sask - (4.1.2)

j k=1

vhere the mbacript‘l denotes "long range" , and 8 /‘Zo = a .

(See previous page)o Let us note that:

=k

N |2 x X
2 ) 5,5, = { kzlsk} - H -2 gasksk_l - oo = 2 E,:Nikslﬂ-r
Jk=r .

and therefore (4.1.2) can be written as: .

a N 2 a N
'Bﬁl(ﬁ) “—O‘ZZSk:\ -0+ c)ys§ +

Pl k=1

el

Therefore,for sufficiently large N we adopt as starting point the reduced
Hamiltonian:

2 a N
—Bﬂl(_) =_o{ Zsk} - =0 t+ © ZSk +

k=1

( 4.1.3)

fl"lxz

k=14l

S55q Yoot ["‘r - 21«} Z oy

I

( 4.1.4)

Ve recall ‘the identity:

exp —;% '\/ fexp(-——-(x—Zu)dx




On using this identity,we have for the Boltzmann factor with -aal(g) :

exp( ~8E ®) = exp( -—o h/ jexp( -% ) . contimed

( 4.105)
continuation . exp( (c + 8X) gsk +a, ) S5, * +a, Z 5.8
N k=l "Ly ke T kerel -

g0 .that: ( 4.1.6 )

T
= (-BH S )s o (--—a-'o) 2. XD —EOE') c :O.I_). 900028
Zy -S.G(N)"’P 1(8)) = expl~ \/;;Torf" (=50 Ogller ot L

g the closed from partition function for

vhere: Q.N(C,alo coe ,ar) i

the straight line model with interactions up to and incinsive

On doing a changa of variable: x = Nu , we obtain:
‘ - ( 4.2.7)

ZH = exp(~ "30)‘ —0" fexp( _aKx ) Q“((c"'ax)valv seo 98, )dx

for the atraight line model with interactions

If the partition function QN »
up to and inclusive I , can be written as:

N N
Qn = le + Azpz + oo

where Al’Az’ eve are analytic functions of ¢ , on the real line ,
and  Ajshy T R N T 1 ,and D)z Py oo

Tl ~




with P sPyr eeo = 0 , then we have:

+00 L+ |
( a N 12 R - aNxz
exp -v-OE—) Ajp, dx = exp( -—oé-—) Q dx

- -

+c0

2
- alNzx R
= f exp( ~Jo5— ) p, dx

—CD

and it can be shown that:
1 : _ : 1
N + L N

alN ::2 N
1t [ Z“] ‘= 1t exp( ~ =05~ ) p, dx

-

’ ( 4.1.8)

. o’ { exp( -fog- ) pl((c + aox),al,‘ ere .’ar)_]

Ve had demonstrated this approach,for the lattice fluid with first order ,
interactions plus long range tail,in § 5 of chapter 111, ‘

Let X, deternine the snpo in (4.1.8) . Then the equation of state
is given by:

Pv a x2
'ﬁ" ‘ﬂ -—050— + 1n [pl((c + 8°xo)'alg ooe ,ar)

The necessary condition that £ *( x, ) = 0, leads to:

.
. ’ .
.'8oxp1+8op1°0 y OT X = p:i » andxo is a root
of this equation.Primes denote differentiation with respect to x o
(4
On setting ax=ﬁox = W , we have 3 u}'—r—=l’1- ( 401.9 )
o kT /'lo pl ) .

- T8 =

i



Again,vwe are confronted with the problem of determininé the intersection
of the parametric pencil of straight lines cmanating from the origins

1(u,T) = (%0) u (4120 )

with the parametric family of curves:.

Pl' [ (c+u ) ’ a1. cor ,ar]

h(u,T) = ( 4.1.12 )

Pl [ (c+u ) ’ al' .f. ,ar]

and the modes of intersection determine the thermodynamic behaviour of the
model.In § 4 of chapter IIL , we had demonstrated the method for the straight
line version of the linear model having initially "zero order" interactions
and we sav that spontaneous magnetisation occurs in the absence of an exter-
nal magnetic field.The next improvement,in tbis line of thinking,is to con=
glder a first order square well plus long range w$ail" . Now the partition

4

function for the straight line version having first order interactions only, ,
in the presence of an external field,is given in terms of the recurrence re=-

1ation of LEFF and FLICKER (vhich will be discussed in more detail in § 3 ):

e e e

Qe = 2 exp(a)cosh(c) @ - 2 eiub(2a) Q ( 4.1.12)

and the general solution to (4.1.12) is given by:
g g R
QN = A pl + B p2 ( 401012&)

where:

Pyo = exp(a){ cosh(c) .t\/;inhz(c) + exp(-4a)] ( 4.1013 )

The function A(c,a) is non-negative and has no poles on the real line,
The root Py is seen to ve the greatest.
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Using the fact that A =0 , (this follows from Qq = 0, which in tura

implies that A-‘-BrN = 0 ,.forallﬂ,and r= P2 <1 )

31
and following our general procedure,one can show that:
LY
1t [ Zn} oo
N—> . . I 1L
' N

N~

' +oo 2 N
= 1t fem(-%)pl((c+u),a) dx

L-—w

= supo f(x) , |here ZN is the partition function
for the long range jnteraction model and f(x) is given in terms of pl ’

2
#(x) = exp( - %) pl((c + ax) , a) , where p, 1is teken from ( 4.1.13 )o

The value x  such that £( x, ) = sup® £(x) , is a root of the equation:

p.*((c +ax) , 8)

I ( 4.1.14 )
1 ((c + ax) , a)

where primes denote differentiation with respect to x . On making the sube
stitution ¢ ax=u , and differentiating pl((c +ax) , a) , see (4.1.13)

we obtain the equation:

KT _ simn(c+w)
u ( —;;'—L— =

: ( 4.1015)
~\[ sinhZ(c + u) + exp(~4a) -

Following essentially the same line of peasoning as in § 4 of Chapter III,
(see also items (3.4.22),(3.4.22a) and (3.4.23) ),ve obtain for the magneti-
gation: -

n (0,T) = u (%} = hlw,D) ( 4.1.158)




Here again,the magnetisation ig determined by the modes of intersection

of two parametric curves,The functions

sigh(n)____,_——

h(u,T) = odo 6
~ /[ i) * oxn(~4a) (4236 )

may be described as a distorted tanh(u) and it is convex-up OR B .

The value x=0=1 alvays satisfies the equation W t%%j = n(uw,T)
and,accordingly,as long as it is the sole root of (4,1.15) , the pagnetisation
m(O,T) = 0 o As the temperaturedecreaaes there will evontually be a second
root for (4.1.15) » and an argument similar 0 the one in § 4 of Chepter 111
(see item (3.4.26) ) would show that the second point of intersection,as soo0n

as it occurs,determines the supo £(x) o The two gituations are ghown below?:
! St

W@ O .___,,,,/—/'/””E(u.-m W

y=1

-

"

The 1eft side is 8 projective plot: n(0,T) va. arctan( %) , for T=T_
and m(0,T) = 0,foT L This corresponds in gpirit to our result

jn § 4 of chapter III . There is,however,a gignificant difference.We shall
ghow that the Curie point js ralsed by & factor wore than doubling the criticgl

temperature of this model as compared with the one in § 4 in chavter III .

~ 8l ~




Rt N

A moment of reflection will show that the second point of intersection

emerges and begins to move up on h(u,'l‘) as soon as the temperatur 'I‘o ’

given as the root of :

il h '(o,mo) ' ( 401417 )
is reached and below 'l‘o o e T . This amounts to solving:
KT . 2, - | 2
—’l’_l-/o = exp( KT ) , which ia equivalent to: w= exp( -‘-'—-) ’
and w2 2,35 is the root.Accordingly : '1‘0. = 2.35 —im—/- ’

and for T > T m(0,7) = 0 , for T< T , m(0,T) = 0 .

We have shown that the model with realistic first order interactions plus
long range “tail" has a higher critical temperature,in fact raised by a factor
of 2.35 as compared vith the model in § 4 of chapter III . One may say
that this potential gives more stability to the magnetic structure of the
assembly,it endures a higher temperature before the ordered state of the |
spins is destroyed. | ‘




§ 2 The operator formulation of the Ising model

We begin our presentation by considering the one dimensional model,regard=
less whether ring model or straight line version,We start from first principles.

Let: s € (s,-1}% =(w
The moast general form of the Hamiltonian is given by:

, . - "
2(3) = -hglsk - :Ekv(:i,k)s;i " ( 4.2.1)

and v(j,k) is the interactiom potential between the j~th and the l-th site,

depending only on the "distance" lj - kl , and therefore: v(j,k) = v(k,j).
Consider now the function:

| . |
Wisn = e ) § X ) = exd(S.X) ( 4.2.2)
| | k=1

where X is an N-dimensional vector vhose components are real variables.

V o)
We define: Djk = ajak , for j£k, and Di = -g—x-igni

Then it is seen that the operators commute:

for JAk,1£41 , {njk.nn] = 0 , [Dk'ni;,} o

( 4.2.3)
and obviously: {Dj ’ Dk} = 0

The commuitation rules are stated with respect to the function g[/(_s_,g)

" as defined by (4.22) .
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Furthermore,we havet
- w(3k) 0y Y(sD) = w3k 5,8, 1/ (&)

and similarly: - ( 4020.4 )

an, Y@D = ng )G

go that L/f(é,};) is an eigenfunction of the operator family:
{Dk ' de} , 3Fk 4 Gk = 1,2, eeo o8 (4.25)

We are now in a position to define a Hamiltonian operator:

N
Ep = =2 L% - jEkV(j'k) Dy ( 4.2.6 )
and it is eeen that: gop W@y = H(3) ?7// (s,X) ( 4.2.7 )

Because of our commtation rules (4.2.3) we are in a position to write:

oxp( -8 K ) YD = Aexp(. ~ai(s)) 1/ (8,0 ( 4:2.8 §

Furthermore: l[/ (,0) = 1 , wherez Q = (0 ece +0)
| N .
and also: Z W(_Sg_l_() - 2 H cosh( X ) ( 4.2.9)
. SE ) o=l
It is therefore seen that: | ] : ( '4.. 2.10 )
Q = Z 01P(43(§))=2Hoxp(-8§.0p)ﬂeosh(xkﬂ
s€ (v) kel oo




Equation (4.2.10) is the operator formulation of the one dimensional model.
It applies equally well to the ring model or to the straight line version,
for our derivation was independent of the erumeration scheme.On replacing
the integers j amd k by 2 or 3-dimensional vectors whose components
are integers,we easily extend the operator formulation to 2 or 3 dimensions,

Wo can alter our approach gomewhat by defining:

Ty = Jg;ux)%‘ - ( 4.211)

Upon & moment °s reflection,we see that:

ox( 8L ) YED, = ex ~8H(S))

X=h , pleage do see remark I at the
end of this section !

where: h = (h, ..o sh) o Consequently,we obtain:

Q = ex( 8L ) Z WU(s,®
s € (n) X=h

or: ( 4,2.12 )

. |
Q‘N = Znexp(—B_Ilop) Ecoah(xk)

Z=h

Let us briefly return to (3.4.14) of § 4 of chapter III.There we had:

Q = exp( -%’1) Z (i) exp((ti-2n)c + (N-2n)°8) (3.4.14)
' =0

2 2
It is readily deduced that: exp( ag__z Yexp( pc ) = exp( pc + ap“)
c




Therefore,the promised operator fomulation.of the partition function is:

Qngexp(--zz)up(a ) Z (3] exp( (s=2n)e )

so that:

an exp(--g—/zz)v( 2 ))200811 (c) (4.2.13)

ZII'-'
0’

on recalling that: a= %L , and the square of the differential

operator commutes with the exponential of a constant,

The operator principle is easily applied to the lattice fluid.On retaining
our standard notation:

c = =8l +.¢ ’ {o,:.}ll = (M ( 4.2.14)

and for interaction potentials u(j,k) between the j~th and k~th cell,ws -
have the Hamiltonian: (reduced form) '

X .
B(S) = ' a(j,k) s ‘
- MY - o lglsk : .‘lzk ! ‘

where a(j,k) = ~Bv(j,k) , and the corresponding operator is:

; | .
SE = cyp + L a(k) Dy ( 4,215 )

- op =1 >k

Again we have: (5,0) = 1 , but now the sum is somewhat different:

N
Z (D =-D; (exp( X_) +1) ( 4.2.16 )
sE€(N) ' ‘




The sum (4.2,16) can as well be written as:

. .
Z V(5,2 = a Eexp(% xk)coeh(%- X ) ( 4.2,16a )
s€ (n)

Accordingly,the closed form operator formulation is:

- N
o= eml02,) [] em(F RlooalG 5) ( 4.27)

: X=0

Again,extension to higher dimensions is possible,see our remarks preceding
item (4.2.11) .

In the following section,we shall demonstrate a concrete example of an applie
cation of this operator formalism to the straight line version of the linear
Ising model.

(Remark I: We beg the readers indulgence ! Unlike our previous convention,
here h corresponds to Bh , 80 that on doing actual calculations
one has to substitute h-—>68h. However,for the remaining part
of this chapter,we shall not deviate from this deviation.
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§ 3 The yecurrence relation of LEFF and FLICKER,

¥We apply the operator formulation to obtain a recurrence relation for
the partition functions of the atraight line version of the linear Ilsing
model.The model has first oxrder interaction only and the magnetic field
is present,This recurrence relation was first derived and published in
a paper by Leff and Flicker , (VIII) , but their mode of derivation is
a bit lenghty. ' |

¥We use the formulation (402,12) . In view of the first order interaction,
we sets:

for jhk , K =0 , it [§-x[ =1 .'
| ( 4.3.1)

and v(jvj"l) = "'772/ j = 2’3’ coe ,n .
furthermore,as usuais ,vLB = a
Accordingly,vwe have:
N L -
N
=2 exp( ., .) | | cosb( X ) ( 4.3.2)
Qﬁ exp\ & ;‘2 531 E xk N
X= )} vl
we comsute oxp( & Dm_l) yith the product up to N-2 and consider:
exp( a DHN-I) cosh( KN_l)eosh( Xﬂ ) =
| ( 40303 )

- coshi(a)cosh( X Jeosh( Xy ) + ginh(a)sinh( X )einn( Xy, )

Ve observe that the operator family contains no further operator acting
on Xy, therefore we set X, = h and obtain:

( 4.3.3a )
- expla)cosh(n)cont( Xy, ) - simn(a)eost B = Xy )

having done a minor rearrangement,
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Then it is seen that:

o1 -l .
Q= 2exp(a)cosh(h) & texp(a Yy Dy 3_1) Ucosh( X )
o =2 =1

X°=h’

N2 ( 403:4 )
« 2ainh(a) ZN' Lo (a nilD )ﬂcosh( Jeosh( h )
xp 351 X -
=2 k=1
x .8 h I 4
where X “and b ° are tho N-1 dimensional editions of X and h , respectively.
One notes that the first term of the right side of (4+3.4) is:
201p(a)cosh(h) Q‘N-l

We proceed with the gacond term of the right side of (4.3.4) « There,we
commute exp( a Dy1n 2) with the product up to N-3 and consider:

exp( a Dya N-Z) cosh( X o Jeosh( b = X, o ) ( 4e3.5)

and this is seen to equal:  cosh( a Dy o )eosh( Xy o ) , on setting ‘

|
'

xu_l = h , for the family is now exhausted with respect to xﬂ-l o
(The reader will note that cosh( a L I ) 4s well defined) . A moment

of reflection shows that:
2 °°°h(_ a Dy , Jeosh( Xy , ) =

= cosh( X; ,+ & ) + cosh( X , - @ ) = 2coah(a)cosh( X , )

Therefore,the second term in the sum (4.3.4) is equal to :

N-2 . N=2 ‘
- 4511111‘8.)00811‘8) Zu'zexp( a ;ZD 3 ;)-l) Q coah( X ) ( 4.3.6 )

x"= hl'

= —
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In (4.3.6) , X °° denotes the N-2 dimensicnal edition of X , and aimilarﬁ

for h ’°. It is seen by inspection that (4.3,6) is equal to:

- 4 sinh(a)cosh(a) Q ,

and we havé ghown that:
QH = 2 erp(a?cosh(h) ., - 2 ainh(2a) Q> ( 4.3.7)

and this is the recurrence relation of Leff and Flicker.The general solu~
tion for (4.3.7) has the form:

QN = AplH + 'Bpan

where Py,2 are the roots of the characteristic polynomial of (4.3.7)

and the constants A and B can be determined from:

(QO-) 1 = A + B

( 4.3.8)

-

(q=) 2cosh(h) = Ap, + By,

Leff and Flicker discussed to some extend the case where : P, = Py o
This condition has no bearing on the result ! From the theory of recurrence
relations (IX),we have for this case: '

Q= pln(al-l-NB) , ( 4.3.9)

and therefore:

-

1
1t FYy =7 + 1t in (A + ¥ B)

H—>& H—>&X
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The recurrence relation (4.3.7) allows us to calculate the closed form
golution of the partition function QN(h,a) . Let us,symbolically,create
a "slot" for the reduced second order interaction potential a, . We would
write:

Q.N(h,al,aa) of which Qu(h,al,o) is the special case

of first order interactions only, just discussed.In concluding this section,
we shall present the rather curious:

EXCHANGE LEMMA: If Qu(h,al,az) is the closed form solution of the par-
tition function for the straight line version of the linear Ising model with
up to and inclusive second order interactions plus spin to field interactionm,

then this function exhibita the peculiar property:
0,x,y) = 2 Qy,(xy,0) ( 4.3.10)

for any two real variables x and y .

Proof: Let us write QN(O,x,y) as the sum:

Q0 x,y) = Z exp(-8E(8)) | ( 4.3.11)
s€ (W) '
where:
; ?; ( )
~gH(S) = 8.5 S5, 4.3.11a
© 1322“’1,\‘ =tk

On the other hand:

Qu_l(x.y.o) -= z exp(-8H °( 8°) ) ( 4.3.12)

8 7€ (N-1)

where S ° is the N-l dimensional edition of S , and:

N-3 N-1 | |
ne(s8) = x )8 + ¥ PIEACAOY ( 4.3.12a)
J=1 J=2
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Let S € (N) . It is easy to see that: S . = (S
Fm2 = B3 5305)
for j= 3,4, ... ,8 . Noxt we define:
Sj:]. = Sjsj-l 9 j 5'2,3. X X ’N ( 4.3.13 )
And then we define a correspondence by:
qb : (§) —(5-1)
( 4.3.14 )

QS(S].’SZ' oo ’SN-I’SN) = (Slay voe 'Su:l)

The cardinelity of the set ¢[(H).' C (N—l) does not exceed Al 1; clearly.
Moreover: G(s) = dl=s) ( 4.3.15)

as is seen by inspection , thus each image under fé has at least two pre~

images . Too , (b is onto,since for sach §°‘C (¥~1) we can find,by con-

struction if necessary,a preimage in (N). . And then we have necessarily

two preimages by virtue of (4.3.15) . Finally,each vector in (N-1) has at

most two preimages in (N) . To see this,we compare the components of the pre= ‘

image vector giving:

[ 4
S:.‘_1 = Sij_l. as the components of the image.
Now the equation:
S"sST = S, hag exzactly two solutions
351 3 i v '

namely the ordered pair & (Sj’sj-l) , since the S ‘s are restricted to £1 .
Hence each vector in (N-1) has exactly two preimages !

The correspondence Qb is not one-one . Define as upper half and lower half

+ e g
of (N) the subsets: (N) = {(Sl' evo ’SN—1’+1)} ’ (N) = {(Sl' see pSN_lv"l)__(
raspectively.Both gubsets have the same cardinality,namely ZN. 1. Both subsets

are equivalent in the gset-theoretical sense.
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Furthermore,if S € (N)* , then -5 € (W)™ , and vice versa.
Taking the results of our discussion together,we see that to each S °€ (N-1)
there corresponds exactly one preimage in each of ()* ana (8)”

We have the set~theoretical equivalences:

w2 (w) ¢ ) R ¢ %)) ( 4.3.16 )

We return to item (4.3.11a): ,
(_)=st“1+ :ji“_a ( 4.3.11a )
and rewrite this as: ( on using the argument preceding (403.13) )
'[C,b(.ﬁ)] = -8H*(S°) ,sz:‘;s + ¥ ZSJ MY
which corresponds to (4.3.12a) . Accordingly we have fc;r_the summation over

the upper half m*

Z exp(-8H(3)) = Z exp(-8E °( S °))

sem* s’ € (81) | ‘

end likewise for the lower half , (H)™ . Simce m = Wrom,

and (W)Y ()" = eapty set , we have:

exp(~8H(S)) = 2 Z exp(-sn'( s*))
s € (N s’€ (v1)

which proves (443.10). _ . QED.,
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Precis

The thesis is a study on tho linear Ising model and the related linear
lattice fluid.After a brief discussion of the relevant formulae from
statistical mechanics we focus our attention almost exclusively on the
two types of assembly.A methodology,using some aspects of sel theory,
35 derived and then employed throughout the thesis. |

We obtain and compare Tesults for models with first and finite order
interactions on the one hand,and models having modified long range inter=
action potentials on the other.The ferromagnetic behaviour of the straight
line version of the linear model with simplified long range interaction
potential is demonstrated with mathematical rigour whereby we use a result
fmm the theory of measure and integration.By contrast,we show that the
ring model with up %o and inclusive second order interactions undergoes
no spontaneous magnetisation.Then,on extending the matrix method employed
for the secord order case,ve motivate - the conjectufe that finite order
interaction potentials will not permit spontaneous pagnetisation at finite \
and non-zero temperatures.‘l’his result agrees with a more general theorem E
_ on phase changes for one~dimensional assembliese.

We derive the closed form partition function for the straight line version

of the linear lattice fluid having first order interaction potential only
(aquare well potential) and then we use this function %o obtain the parti-
tion function for an assembly l}aving square well plus long range "tail' inter-
action potential.Again,in contrast to the former,the latter assembly can
undergo a change of phase.The nathematical'mechanism“of this change of phase,
if it occurs,is shown to be the modes of intersection of two "floating" curves.
We consider this "nachaniem" as rather interesting and,perhaps,novel,

Using the same principles,ve further prdpoae a method by which the closed
form partition function of an assembly having & finite rangs "gtep-potential"
is employed to derive the cloged form partition function for an assembly
having the same finite range step-potential plus long range "tail" o




On using this method on the straight line version of the linear model

- with square well plus long range "tail" ,we again show the existence of
ferromagnetism ~ thia would be expected anyway - but the more interesting
part of the result is that the critical temperature is nov raised by a
factor greater than 2 , using the same numerical value for the interaction
potential.Our conclusion was that the addition of a realistic first order
interaction potential to the long range "tail" increases the thermal stabi-
1lity of the magnetic structure of the assembly.

Finally,we develop,from first principles,an operator formulation for the
linear Icing model and the related lattice fluid.The operator formulation
can be extended to higher dimensions and applies egually well to periodic
and non-periodic boundary conditions.We believe that the operator formulation
is a novel approach to the Ising problem for arbitrary interactions.This
principle is then employed to derive = in a brief and elegant manner - & re-
currence relation for the straight line version ’s partition function,invol~
ving first order interactions in the presence of an external magnetic field.
The recurrence relation was first published in 1968.

We conclude the thesis by stating and proving & curious little lemma for
the partition function of the straight line model having interactions up
to and inclusive second order in the presence of an external magnetic field.

Almost all of our work is built up right from first principles and baéed

on the methodology set forth at the beginning of the thesis.Except for accep=
ting the general formulation of the Ising problem,ve have not sought to dup-
Jicate,or work in analogy to , results and methods already laid down in the
current intermediate literature on the subject.In view of this,we ask for
the readers understanding for our gomewhat meagre list of references to
published papers.
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