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Abstract

In this thes:s We propose new algorithmis to mmphfy and improve the design of IR-
dxglta,l filters and M-band cosine modulated ﬁlter banks. These algorithms are based
on the Iterative Least Squares (ILS) approa,ch. | ' ‘ |

We first .reviewlt‘he 'va.rious Iterative Reweighted I-,east‘ Squares (IRLS)-methods .
used to design Chebyshev and L, linear phase FIR filters. Then we focus on the ILS
~design of IIR filters and filter banks. -

For the design of Chebyshev IIR ﬁiters in the log magmtude sense, we pro-
pose a Remez~type IRLS algorithm. This novel approach accelerates significantly
Koba.yashl s and L1m s IRLS methods and snmphﬁes the traditional rational Remez
'a.lgonthm |

For the deSIgn of M band cosme modula.ted filter banks, we propose three new

ILS algorithms. These algonthms are spec1ﬁc to the design’ of Pseudo Quadrat.ure ‘

Mirror Filter (QMF) banks, Near Perfect Reconstructlon ( NPR) Pseudo QMF banks -

and Perfect Reconstruction (PR) QMF banks. They are fa.st convergent, simple
to 1mplement and ﬂexlble_ compared to traditional nonlmear‘optlmlzatlon. methods.

‘ 'Short MATLAB programs implerﬁenting the proposed elgorithms are inclided.
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Chapter 1

Introduction

1.1 Background

" In the past thirty years digital signal processing has been a dynamic and rapidly
-growing field with a wide range of applications including communications, acoustics,
Image processing, remote sensiﬁg and many others. Digital fi‘l‘térs play a key fole- "
in digital signal processing systemé Thé design of digital filters consists of approx-
imating a desired magnltude a.nd/or phase (or dela,y) response according to a given
_ criterion.

There exists a number of efﬁc1ent Tnoniterative methods to design FIR and IIR
| filters [1]-[8]. These direct design methods were derived from the analog mgnal pro-
cessmg theory in the seventies [1]- [4] They are the wmdowmg method for the des:gn :
of llnea.r phase FIR filters, and the closed form analytical formulas for rhnbyshw
butterworth and elliptic IIR digital filters. These methods along with the eﬂicnent
Remez algorithm for the design of Chebyshev linear phase FIR filters are a.va:lablo
ir any commercial filter design packages [9]-[10].. They are used to design 1-D linear
phase FIR filters and lowpass (ba.ndpass or hlghpass) IIR ﬁlters However in many
a.pphcatlons more sophlstlca.ted filters are requlred such as IIR filters with arbnrary
ma.gmtude function, allpass IIR ﬁlters with arbitrary pha.se M-band filter banks

and 2-D filters. In the absence of efficient noniterative design: techmques, iterative -



nonlinear optimization methods are génerally‘used. This results in computé,tionally
intensive designs requiring significant human intérvention [11]-[12],[61}-[73].

To simplify, improve and speed up the design of digital filters, alternatives to
nonlinear optimization methods need to be found. One alternative is the Iterative
Least Squares approach. This method consists of munimizing nonlinear objective
functions by successive least squares approximations. It was first applied to the
design of 2-D minimax FIR ﬁlterg in 1986 [13]. Since then, the ILS approach has led
to a number of filter design algorithms: log IR filters design [15], filter banks design
[16]-[19], Chebyshev FIR and IIR filters design [20]-{21], L, approximation FIR filters
design [22], allpass IIR equalizers design [23]-[24], complex chebyshev FIR filters
design [25]—[28]; These ILS methods are dedicated to specific designs and are closely
related to the objéctive functions considered. Hence they generally yield better, more

reliable and faster convergences than general purpose nonlinear optimizations.

1.2 .Motivat-ioﬂ- -

Recently the research on dlgltal filter design has been mamly focused on the design
of FIR ﬁlters Many methods to de51gn FIR filters with prescribed magmtude and/or
pha.se in lD or 2D have been developed. Several of these methods were based on ILS
a.lgorxthms [13] -[28]. The design of IIR digital filters and filter banks is less advanced
and is generally ba.sed on nonlinear optimizations. A few articles deal with the design )
of 1IR filters [15] [20] and filter banks [16] -{19] using the ILS approach..

 The design of 1IR filters and filters ba.nks is more comphcated than the design
of FIR filters. The 1nstab1hty of lIR filters and the cancelation of the. ﬁlter bank
distortiois general]y lead to comphca.ted de31gn algorithms. IIR ﬁlters and filters -
banks present many features that ma.ke them very attractlve for modern d]gltaI signal
processing systems. lIR filters are often preferred over FIR filters, when the phase
is not required to be lmear,l because they generally meet magmtude‘spec;ﬁcatlons

with lower delays and complexity. F ilter banks are used in many applications such



as speech and image encoding [54]. transr_tmhip]exing [35]. adaptive filtering [56]-[57]
and estimation [58]. Hence it is important 1o find simple and cfficient algorithms to
design them.

The scope of this thesis is 10 Improve and simeplify the design of IR filters and filter
banks by developing appropriate ILS algorithms. To understand the ILS approach,

we review and compare the [terative Reweighted Least Squares (IRLS) algorithms

used to design of L, and Chebyshev linear phase FIR filters.

1.3 Contributions

BN

In this thesis, we umfy and compare the various IRLS algorithms, for the design of
L, and ChebVShev linear phase FIR filters, that have been previously reported in the
literature [13]-[21]. Design examples and comparative tests are prondecl

We propose an IRLS algorithm to design Chebyshev IIR filters [75] in the log
magmtude sense based on a Remez-type method. This novel approach improves sig-
mﬁcantly the convergence speed and the computatmna] eﬂicnency of Kobayashi’s and
Lim’s ILS deSIgn methods [15], [20] In addition it is simpler and more flexible than
the traditional rational Remez algorithm [48}- [53]. Demgn examples and comparative |
 tests are mcluded | |
‘ We propose three ILS a,lgorlthms for the demgn of M-band Pseudo Quadra.ture
Mirror Filter (QMF) banks [76], M-band Near Perfect Reconstruction (NPR) Pseudo
QMF banks [77] arid M-band Perfect Reconstruction (PR) QMF banks [78]. These
methods are simple, fast convergent and flexible a.]tei'nat.ives to the traditional non-
linear optimization methods. ‘Design examples and the MATLAB programs imple-

rnentmg the proposed ILS algonthms are mc]uded



1.4 OQOutline of the thesis

In chapter 2. we present an overview of the IRLS methods used to design L, and
Chebyshev linear phase FIR filters. Comparison tests are presented and explained.
In chapter 3, we review Kobayashi’s and Lim’s IRLS methods to design Cheby-
shev IIR filters in tile log magnitude sense [15], [20]. We review the rational Remez
algorithms [48}-[53]. To speed up Kobayashi’s and Lim’s methods and to simplify the
* traditional rational Remez algorithm, we propose a new Remez-type IRLS algorithm.
Design examples and comparative tests are presented.

I chapter 4, we review the theory of uniform cosine modulated filter banks [59].
To simplify and improﬁg the design of M-band filter banks, we presenﬁ three new
ILS algorithms. _Thesé algorithms are simple, efficient and flexible. The MATLAB
‘ prograrﬁs' implementing these algorithms and desigh examples are provided.

‘The thesis summary and suggestions for further research are given in chapter 5.



Chapter 2

Iterative Reweighted Least
Squares Design of Linear Phase.

FIR filters

In thls chapter we examine and compare the various [RLS methodb to design Cheby- .
‘shev and L “linear phase filters that have been recently reported in the literature.
 These IRLS algorithms are all extensions of Lawson’s algorithm [35]-[38]. This algo-
rlthm was developed in 1961 to perform the L, and the Chebyshev approximation
by successive weighted L, approx1mat1ons Its convergence is proven and has been -‘
studied extensively [35] [38]. Lawson’s algorithm was first applied to the design of
| digital filters in 1986 by Algazi [13]. Since then, many IRLS flter design algorithms
have been develop.ed. log IIR filter demgn [15], L, FIR filter design [22], complex
Chebyshev FIR filter design ‘[‘25]—[28].\ Thi; sﬁccess of the IRLS methods comes from |
their génerality and flexibility. As oppolsed to the Parks McClellan Remez algbrlthm
[32]-[34], which is on]y a.pplica.ble to the design of Imear phase FIR filters, IRLS
methods are more genera,l and can be used in two dimensional and /or in t.he complex
| domam '

In section 21 we review the filter design problem and the correspondmg opti-

mization criteria, i.e. the least square, the Chebyshev crltena and new ones ba‘sed



on mixtures of these two. Lawson’s algorithm and its rate of convergence are pre-
sented in section 2.3 and 2.4, The relations between Lawson's algorithm and Remez
exchange algorithm are presented in section 2.5. Then accelerating methods for the
design of Chebyshev and L, filters [20]-{22] are reviewed in section 2.6 2.7, 2.8 and 2.9.
Extensions to the design of gain constrained least squares filters or muliple critera
filters [22] are presented in section 2.10. Design examples and comparative tests are

presented in section 2.11. The conslusions of this chapter are given in section 2.12.

2.1 Filter design problem and design criteria

- The problem of designing digital filters consists of approximating a desired ri;agnitude
function and/or phase function, according toa given criterion. The least squares and
minimax criteria are mest commonly used. The moti;'a.tions behind these two design
criteria and the corresponding design methods are reviewed in section 2.1.1 and 2.1.2.
" Then we pfesént design criteria based on mixtures between the Ly and L., criteria in
section 2.1.3. T

" Let us consider the design of a linear phase FIR filter H(z). For the sake of
éonveniehce, we can ignore the linear phaSe term and express its frequency. response
as follows | : | |

H(w) = > agtrig(w, n) o (2.1}

n=1
where trig(w,n) is an appropriate cosine function [8], the coeflicients a,, are related
to the impulse response of the filter and M is 2 function of the flter length. Let-
D(w) be the desired real valued frequency response. The approximation error is the "
, . ] : I

_following one _ ‘ ‘ ' | | e

E(w)= H(w)~Dw)



2.1.1 The Least Squares criterion

The least squares design consists of minimizing the L, norm of the approximation

.error defined as follows

1@l =/ [ D) B e

The design of least squares FIR filters is straight forward and consists of truncating the

Fourler series of the desired frequency response D(w). This design can be percelved
as the multlphcatlon of the Fourier series by a rectangular wmdow The resulting
filters are characterized by the Gibbs phenomenon, i.e. large peak values of the
‘approximation error at the frequencies where D(w) shows discontinuities. - These
lerge peak values can be reduced using non—recté,ngula.r windows such as the Kaiser,
Bartlett, Blackmann, Hamming or the Hanning windows [1]- [8]
As pointed out in [29], a least squares filter minimizes the pomt wise value of the
worst case error signal. Let us consider an input 51gnal {z(n)}, with unit energy, i.e.

[[X(w)l2 = 1. Using the inverse Fourier transform, the error signal can be expressed

as | : | -
| _ 1 e _ ‘
y(m) = (bn) — d(m)) »2n) = o [ B@)X(@)™dw  (23)
Using the Gauss inequality and the identity [|X(w)|l; = 1 we obtam
]_ T
v <5 [Py [T X = G 2a)

- When X(w) = e""“’E'(w)/HE( )[Iz, the upper bound of y(n)? is reached. Hence we.
can write . ' .
xR PO = IB@ 9
This means that the pomt wise characteristics of the 51gnal are best preserved when_
the least squares crxterlon is used..
* To shape the error curve and reduce the Glbbs phenomenon, the. welghted least.

‘squa.res design can be used It consists of mimmxzmg the 1ntegrated squared welghted

error deﬁned as follows

QECEEEE ] W) Dw) - HhPds  (26)




where wrtw} is a weighting function defined on [0 7]. The integration (2.6} can be

diseretized onos Lopoint dense and uniform frequency grid = {wo, .- wr—1} of
[0 =}, with L > M. leading to the following matrix form '
dul) E()]s = ——fd Ca)W'W(d — Ca) : (2.7)

where o = [[Hed=0) ., D=1 a = fay,...,apm]" and C is a L by M ma-
trix whose coefficients are ¢;; = trig(wi—1,7) and where W is the diagonal matrix
diag(lw{wo}, ..., w(wp_1)]). The weighted least squares filter can be obtained by

solving the following overdetermined system of linear equations in the least squares

- sense

WCa=Wd | ©(28)
The solution can be obtained using the pseudo-inverse of the matrix WC as follows
a=(C'W'WC)''C'W'Wd (2.9)

Equivalently. the solution can be obtained by applying the QR least squares algo-l
-rithm directly to the overaetermined system (2.8). This algorithm avoids the explicit
_calculation of the pseudo inverse ma.tnx and prevents 1ll conditioned situations. A ro-

bust 1mplementat10n of the QR least squares algonthm is prov1ded by the MATLAB

package [9]. |

2.1.2 The Chebjrshev criterion -

The Chebyshe» m:mrnaa or Lm crlterlon corresponds to the mlmmlzatlon of the

R ma’nmum a.pprouma.t:on error vaIue i.e.
B = gpax ID@) = HE (200

There is no direct method to design Chebyshev filters. However in the case of linear
 phase 1-D FIR filters, the Remez exchange algonthm prov1des an efficient 1terat1ve de-
sign technique. This algonthm is ba.sed on the a.lternatlon theorern that charactenzes

. t.he best Chebyshev approxxma,tlon of linear phase FIR ﬁlters



Alternation Theorem
A linear phase filter, H(w), is the best, Lo approximation to D(w) on campact subset
F of [0 =] if and only if the approximation error, E(w), exhibits at least M + |
alternations on F,i.e. M 41 frequencies which verify wy < w) < ... < oyl and for
i=0,...,M |
E(w) = —B(wion)
and

18] = 1E(w)]]-

The Remez algorithm can be summarized as follows

1. Initialization, initialize the reference set with M + 2 frequency points,

2. Interpolate, find the approximation having alternated errors on the reference

. set,

3. Update, update the reference set with the !a.rgest M +2 ripples of the approx- ===

imation error, go to step 2. - : . '

1
i)

\

‘ \Parks and McClelIan [32] proposed an efficient rnethod for the mterpola’uon step
whlch requires only the inversion of a size M 4 2 ma.trlx In genera.l less tha.n two
transition bands are spemﬁed and the approximation ha.s exactly M +2 ripples. Hence
the update of the reference set is stra.lght forward and the Remez algorithm converges
typlcally in 6 iterations. _ | .

However, as noted in [33], when the number of tfa.nsitien bands is 1arger than
2, there are potentlal extra ripples which need to be rejected from the reference .
‘set. Although there exist more sophxstlcated update proceduree they are globally .
unefficient when the number of transition band is reIa.tlveiy la.rge and the resultmg _
 Remez algorithm often fails to converge towards optimal- so]ut.lons
As shown in [29], a minimax filter minimizes the energy of the worst case error

signal. In fact, by considering an input signal, {z(n)}, with unit ener'gy;}ftl“le energy



of the error signal can be expressed as

1 i 2 2
Y (@)lls = \/2—_ [ 1B@)PIX @) (2.11)
which leads to |
Yl < max [B) o (212)

The upper bound of ||Y(w))|, is reached when the input signal is a sine wave at a
frequency w, such that maz(|E(w)|) = |E(w;)]- Thus we have
max Y(w)lls = max |E(w 213
{X{w) | IfX(W)!Ioo=1}” @Iz we[-= ‘ffll ()] ( )
Hence the L, criterion is ppt“imal' when the minimization of the energy of-the error
signal is required. This is particularly suitable filter stopbands when the unwanted

signal is unknown and possibly highly correlated. ‘

2.1.3 Mixtures of the L, and the L., criteria

There are many situations where a bétter pérformance would Be obtained with a
"mixture of the Ly and L, error measures. For instance the pure L criterion is rarely
- used to design digital filters, and the popular wihdowing method is a way of obtaining
a trade-off between the L2 and Le, criteria. Thanks to its simplicity, the windowing
method is wndely used. However it lea.ds to sub-optimal de51gn criteria where it is
difficult to minimize meaningful error measures. ‘ |

In [30] and [31} a meaningful- demgn criterion is introduced to reduce the Gibbs
phenomenon while l\eepmg the Ly criterion. This new crlterlon is the gain constrained
least squares. cntemon Its is shown that for an optlmum L2 filter, considerable
reduction of the Chebyshev error can be' obtained by allowing a small increase in the
squared error. For the Chebyshev the opposite is true, a conmderable reduction of the
' Isquared error can be obtained by allowmg a small i mcrease in the Chebyshev: error

In some cases, ﬁlters with L, and Lo desxgn criterion in two different bands might
“also perform better than pure Lz or L, ﬁlters Let us consider the case of a lowpass

filter used to separate an useful lowpass signal in the frequency band [0 w,] from an

10



unwanted single frequency in [w, =] with Wy < ]f?}lt‘rpm']m.\'t' of the filtering s to
minimize the energy of the unwanted signal while preserving the pomt wise properties
of the useful signal in the time domain. then an optimal design eriterion consists of a
L2 criterion in the passhand and a L eriterion in the stophiamd.

The L, criterion can also be considered as a trade-off hetween the Lo and Lo,
criteria. The squared error of a L, approximation is smaller than with the Ly ap-
proximation. Moreover the L., 'design can be obtained when p tends toward +oco.
Remember that the L, approximation consists of minimizing the L, norm of the

approximation error, i.e.
1 - P\ o
18@)l = (5= [ 1D@) - Hw)Pdw) (2.14)

The flexible IRLS design methods presented in tlht_i‘ next section allows the design

of filters with such design criteria.

2.2 Intultlve introduction to the IRLS methods'
for the L and L, de51gns

The approximation error of a weighted least squares filter is directly related to the
weighting function. Increasing fhe weight at a given frequency results in the reduc-
'~ tion of the corresponding approximation érror. Hence the large peak values of lé;i;gt
squares filters ca.ﬁ be reduced by using relatively la.rgé ‘weighté néar the discontinu- -
. ities of D(w). To achieve the equiripple approximation, one can imagine an iterative
process that determines the appropna,te weighting function, adaptlvely, according to
the approximation error at ea,ch iteration. -

When the L, approxxmatlon is desired, one can think of using a welghtmg3 7 functica

“equal to [D(w) ~ H(w)|*5". In fact, with such a weighting function, the minimization
of (2.6) minimizes the p'" power of |D(w) — H(w}|. However this cannot. be done'in
one step beca.use we need the solution to find the weights. An lteratwe algor:‘rhm can

‘then be con51dered where the welghtq are 1terat1vely set to the approx:mdnon error,

11



N

of the previous iteration, to the power of Lg—z
These iterative methods to perform the Chebyshev and L, approximations exisis

and are presented in the next sections.

2.3 Lawson’s algorithm

The idea of using a iterative reweighted least squares algorithm to achieve a L,

approximation was first developed by Lawson [35] in 1961 and extended to the Ly(p>

' 2) approximation by Rice and Usow [36]-[37] in 1968. Lawson’s algorithm starts with

arbitrary weights wo(w,). Then at each’ iteration i > 1, the weighted least squares

design is performed and the weights are updated according to the approximation error

obtained, E,-(w) D(w) — H(w) as f0110Ws
e for the L deszgn p>2

w,+1(w w, w)\/ E(w =) N ‘ - {(2.15)

e for the _L;,g‘desi‘gln : | o
Cwin(@) = wi)yIEW)] (2.16)

To maintain a reasonable dynamlc ra,nge the welghts are norma.hzed after ea.ch

, update as follows

!

L
i) o~ (2.17)
2ok Wi (wy )2 :
Lawson's algonthm can be summarlzed into the following steps
e Step 1, i+ 0, initi\alize {wo(wy,)} afbitra.rily,
. Step 2, solve the welghted Ly approxrma.tlon usmg (2. 9) _ ' ‘

. Sttp 3, upda.te and normalize the welghts usmg (2 16} or (2. 16) and (2. 17)
® Siep.{ z«—~z+lgotostep2

' Lawson, Rice and Usow [35]-[37] state that

12



* The filter H;(w) converges to H(w) which is the best L, (respectively L)

approximation 1o D{(w}) over a subset O of  définée as follows

Q= {3 > 0 wilw,) > e VE}U {wa] limiqwr(wn) = 0,Vk wi(w,) > 0)
(2.18)

* The sequence of integrated weighted L; error o; increases monotonically with :

10 T where

o= /5= [ he(@)(D(w) - Hi(w))Pd (2.19)

and

_ max [D(e™*) — Ho,(e™+)| 77 (2.20)
¢ iflisa proper subset of 2, the algorithm may be restarted at any iteration :

with the following weights
s
s

Bi(n) = (1= ) lim we(wn) + Aulwa) 0 A <1 (2.21)

where u(w,) = 1 ifw, € 20— and u(wn) = 0if w, € Q. For A sufficiently small,
we have ||i;(w) E(w)|]z > |[wi(w)E(w)|l2 and after a finite number of restarts
we obtain the best L, (respectively L) approximation to D(w) on the entire °

‘set N

The restart pfocedure is useful when an “accidental” iero occurs in the 1teratwe
process to guarantee the optlmahty of approximation on the entire set Q. In fact
when the apprommatlon is equa.l to zero at some 1terat10n the correspondmg weights
become and remain equal to zero regardless of the value of the error in the followmg'
iterations. This “accidental” zero may prevent the solution to be the best approxi- :

mation on ). However as noted in [13], it occurs rather infrequently in the design of

1-D FIR' ﬁlters

13



2.4 Rate of Convergence of Lawson’s algorithm
for the L. approximation

Cline [38] has studied in detail the convergence of Lawson's algorithm for the Cheby-
shev approximation. He has proven that Lawson’s algorithm has a linear convergence. .
and has identified the convergence factor.

In the weight update formula (2.16), the weights are multiplied by the error val-
ues at each iteration. Hence the algorithm tends to drive the weights toward zero

_everywhere but at the extremal frequencies, @, of the Chebyshev filter, H,, (w). More

precisely, as shown in [38] - .
. jomy _ Jum '
w"’l‘l(wﬂ) — |D(C ) Hoo(e )I - p(wn) < 1 : (2.22)
w,-(wn) Too : .

From this expression, we can see that the weights at the frequencies close to the
extremals frequencies tend toward zero very elowly since the corresponding approxi-
~ mation error values are almost equal te_ -J::.3 |

Cline proved that the con\.rergence;;of La\w}son’s algorithm is linear eﬁd that the

factor of convergence is at most p, where

| p= max (p(wa)) o (2-23)
 This means that
VA> pIM > 0Vi max |hi(n) — heo(n)| < MX. (2.24)

* This proves the following expeﬁmental observations made by Lawson

Too — Tig1

 —o -~ p - | (2.25)
ITOO — Tip1 ‘ . .
Twmmi } (2'26)
where _ |
7i = max | D{e“n} — Hi(e?")] - : (2.27)

‘wn€

Note that the denser the frequency grld is, the closer p is to 1 and the slower the
reaultmg convergence is. Demgn e‘camples presented in section 2.11, lllustrate the

effect’ of the frequency grid on the convergence speed of Lawson’s algorlthm.
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2.5 Relation between Lawson’s and Remez algo-

rithms

Lawson’s and the Remez algorithms, which are both used perform the minimax ap-
proximation, have several similarities.

First the Lawson’s algorithm, as the Remez algorithm, determines lteratwely the -
location of the extremals of the optimum equiripple filter. In fact the extremals are
determined by the value of the correspondmg we:ght At convergence the extremal
frequencies are the only frequenc1es whose weights are not equal to zero. The frequen-
cies that are unlikely to be extremal frequencies, i.e. where plw,) < 1, are identified
fairly rapldly On the contrary, the determination of the extremal frequencies among
the critical points, where p{wn) = 1, requires a lot more iterations.

In addition, with Lawson’s algorithm as with the Remez algorithm the knowledge
. of the extremals location is used to find the optimal equiripple filter. The Parks
" McClellan Remez method interpolates the frequency response among the current set,
of M+1 extrema.ls Lawson’s algorithm uses the least squares a.pproxxma.tlon instead.

- Note that when the number of non zero weights is exactly M 41, Lawson’ s algonthm
converges immediately to the same solutlon as with the Parks McClellan interpolation
method. |

The Parks McClellan Remez algorithm is an efficient and fast method for the de-
sign of one dimensional linear p'ha.se.FIR ﬁlhers Lawson’s algorithm has a relatively |
slow convergence However, it is more general and flexible and has heen used suecess;
fully to design 2-D minimax FIR filters [13]-[14], gain constrained least squares FIR
~ filters [22], mmlma.x nonllnea.r phase FIR filters [27] and minimax log IR filters [15]

~ To speed up the convergence of Lawson’ s algorithm, several methods have been
proposed [35]-[39], [20]-[22]. . These acceleratlon schemes are presented in thc next

sections.
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2.6 Lawson’s acceleration schemes for the L. ap-
proximation

Lawson’s methods for aceclerating the convergence of his algorithm consists of mak-
ing the weights converge towards zero as fast as possible except at the extremals

frequencies by modifving the weight update formula as follows
lw,-_H(w) = w;(w)| E;(w)] - (2.28)

Wi (w) = wi(w)?/| Ei(w)] | o= +(2.29)

these modifications make wyi(wr) tend toward zero like p?* and p?", respeétively and
increase the convergénce provided that the resulting algorithm converges. However
~the convergenée of the res;zlt,ing algorithms is not guaranteed and less reliable.

Lawson has noted that the algorithm distinguishes rather quickly the critical fre-
quencies and proposed to do a few steps of the algorithm and then set w(w,) =0
except at the points likely to be critical. Biﬂdoing so, computational saving can
be achieved at each weighted least square app.roxima.t‘ion.‘ However the convergence
rate, ﬁ, remains unchanged unless the weights a.ré set 1o zero at the frecjuencies where
p(wn) = 1. This is extremely difficult since it lmphes the a pnorl knowledge of the

extremal frequenc:es

2.7 Lim’s acceleration scheme for the L., approx-
Imation |

The most successful acceleration scheme for the L approximation was proposed
by Lim [20] in 1992. As opposed to the acceleratmg methods previously described,
Lim’s method does not aim to make the weights tend towa,rd zero faster. His method

. consists of replacing the appr0x1ma.t10n‘error in the Welght update formula by the

16



envelope of the approximation error to the power of # > 5. The resulting weight

update formula is the following
Wit (w) = w;(w)erm([Eg(w)D% : {(2.30)

where the envelope considered, env(|E;(w)]), is the function which connects the mag-
nitude error local maxima with straight lines. Sunder proposed in 1994 a sirﬁilar
method [21]. It uses a different kind of envelope, envy. Typical envelopes, env{|E;(w))
and env,(|E;(w)]), are shown in Fig. 2.1.

| The convergence of Lim’s IRLS method is not guaranteed. However it was shown
[20] to be robust and to converge several time faster than Lawson’s algorxth‘m Com-
parative tests are presented in section 2.11.

We believe that Lim’s method converges relatively fast because the limit of its
‘welghtmg functlon is continuous and easier to tend to than the limit of Lawson's
weighting functlon Lawson’s and Lim’s algorithms offer fast initial convergences. it
takes a few iterations for the envelope env(|E;(w))) to become almost flat. Tl;cu.
whereas Lawson’s welghtmg function is multiplied by the square root of the approx-
imation error and need many iterations to make the weights tend toward zero es-
pecially those close to the extremals, Lim’s welghtmg function is mult,lplled by an
almost flat’ functlon a.nd is affected by minor cha.nges Hence Lim’s weights converge
faster towards thelr limits, resulting in the fast convergence of the overall algorithm.

The robustness and the convergence speed of Lim"s method depend of 6. As shawn ,

in [20], the optimum value of 6 is statistically around .75.

2.8 Generalization of Lawsdn’s algorithm for the
L, approximation

As proposed by Rice and Usow [36] Lawson’s algorithm for 1he L, approxlmamon

‘can be generalxzed thanks to a proper para,mem?atlon Let us consider the following
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Figure 2.1: typical approximation error envelopes, — magnitude approximation error
|Ei(w)l, — = — emv(JEd{w)]), =~ -~ enva(] £;(w)|)

weight update formula .
wit1(w) = wi(w)*| Ei(w)}? (2.31)

If the algorithm converges, the filter obtained is the best L, approximation if the

limit of the Weighti_ng‘ function satisfies
‘ o) = [Eiu)| 5 | (2:32)
‘ eq;ating‘(2.3l) and (2.32) gives
|Edw))F = lEi(W)lﬂ?_zllﬂi(W)lﬁ | N (2;33)
lwhich leads to thé‘following condition ona, fand p
Talp—-2)+ 2ﬂ‘=p‘_—2 - ; (2.34)
~ As proposed [36], the following paré.met‘l;iza,tion (.:a.rll be introducgdl

y== | ' | ' (2.35)
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Given p and the relation (2.34). the weight update formula is entirely determined
by the parameter . The importance of the past iterations in the calculation of the
weighting function depends on . W hen 5 > 1, the algorithm is conservative, Le. the
weight used in the previous iteration represents a major part of the updated weight, In
this case the convergence of the algorithm is slow but very reliable. On the contrary,
when v < 1 the weighting function depends more on the actual approximation error
and can adapt faster to its variations. Hence the re‘:ultmtr algorithm converge + fast .
however its convergence is less reliable.

e v=0= w."+i(w) = IEt(w)'P%%

¢ v=1/2 = w;(w) = (w;(w)]E;(w)[)a;_z, modified Lawson’s a!gorithm

* 7=1=> wip(w) = (wilwh/|E )P—l Lawson’s algorithm

® 7 =00 = wiy1{w) = wi(w), no iteration a!gorithm'

As pointed out in [22], Lawson’s and Lim’s methods can not achieve quadratic
convergence as long as a muiltiplicative weight updatmg formula is used. Note that
with the above parametrization, the weight update formula is nonmuhphcatwe in
only two case, i.e. v =0 and 7 =.00. The case 7 = oo present no interest since the
weights remain uncha.nged from iteration to iteration. The case y=10is addressed in
the next section, it offers indeed a s;gmficant acce]era.tlon to the tradmonal Lawson’s

algorlthm

2.9 Kahng’s algorithm for the L, approximation

Kahng [39] proposed in 1972 an. [RLS a.lgorlthm to- perform the L, a.pproxama.tlon
for p > 2. Ka.hng s method has first ‘been a.pphed to the design of FIR ﬁlters by
Burrus in [22] in 1994. At each 1teratlon the filters coefﬁments are updated using the
Newton s method. Thanks to Newton’s method the convergence of Kahng s algorithm

‘1s quadratic.
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The algorithm starts by solving the L, approximation. At each iteration 7, the
weighted least squares approximation is performed with the following weighting func-

tion which corresponds to ¥ = 0
—2 A
wis () = | Bi(w)| T (2.36)

The time domain coefficients of the weighted least squares filter obtained, {g:(n)},

are used to update the filter’s coefficients as follows

[gi{n)forn=0,....N = (237)

-2
h;(n)l= 5-—_1’!{—-1 (n) +

The above update formula corresponds to Newton s method. It is obtained by setting
to zero, with reSpect to the coefficients {h:-1(n)}, the derivative of the following

quantlty_ .
L |
I1Ba(@)E = [ 5=1Dw) ~ Hen(w)Pdo (2:38)

Thanks to the Newton’s method, the.convergence is quadratic, i.e.
IAM>0V: max 1hi(n) — hoo(n)| < MX?
n=1,...M .

As noted by Kahng, when the starting point, i.e. the I, ‘approximation, is not
suﬂit:ient.\.:i?} close to the best Lp.approxima.tic'm filter Hoo(w), the initial convergence
is rélativély slow. As p increases, more iterations are needed to a.chievé results of the
same accuracy. Kahng proposed ‘an acce]eratmg method consisting in a variable p.
CAL each iteration i, the value of p; is increased progressively from the value 2 to its
final value as follows -

=2 Vi>lp = minl(Kp;..l,p) ' - {2.39)

A small value of K gives very reliable convergence because the approximation is
achieved at each iteration but requires a large n:uml::‘\gf iterations for p; to reach its
final value. - : : J,"\ \\.

I
R

l\ahng s algonthms can be summarized as follows

e Step 1. i = 0, 1d§(w,,) =1for any n and py = 2.



s Step 2. solve the weighted L. problem using (2.9). the solution is denoted as

1gi(n)}.

Step 3. update the filter coefficients using (2.37).

Step 4. update the weights using {2.36),

Step 5, i e— i+ 1, p; = min(p, K'p;,_;) go to step 2

2.10 Extensions of the IRLS methods to multiple
criteria and gain constrained least squares

designs

Lawson’s,I Lim’s é.nd Kahng's algorithms can all be extended to the design of filters
with different criteria in different bands and gain constrained least squarcs ﬁlt.(_-rq‘
The multiple criteria des:gn 1s obtained by makmg the error power a function of
the frequency, p(w), a,llowmg a L, measure in the passband and a L, measure in the
stopband. - For Lawson’s algorithm this modlﬁcatlon is stralghtforward whereas for

Ka.hng s algorithm it is recommended to update the filters in the frequency domain

as follows S :
H,-(w)=§§§—‘—2ﬂf_1(w)+-—(-71_—'la'(w) e

The rnultlple criteria design can be extended to the gain constrained least squares
approximation. It consists of a least. squares approx:matlon with the conv.t.mml, that
the magnitude approxirmation error be less than a prescribed max1mum gain gu.-{w),
ie.

rninj |E(w)|2dw sub_]ect to |E(w)| < gm.,,,(w)

This can be obtained by using, at each iteration 'z, a mm:ma.x weight updat.e formula‘
only at those frequencies w, € {); where the a.pproxnmatlon error is larger than the
prescrlbed gain and keeping the same welghts e]sewhere When Lim’s mcthod is used,

the gain constramed a]gonthm can be summanzed as follows

3
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e Step 1, 1 —— 0 and wg(w,) = 1 for any n,

Step 2, so]ve the weighted L, problem using (2.9),

.S'tep 3, determm T {wa € Q| [Ewn)] > gmaz{wn)},

Step 4, for wali; do wip(we) = wi(wn)env(| E(wn )]/ gmaz)?

Step 5, i «— i 41, go to step 2.

Design examples illustrating these design criteria, and comparison tests between

the IRLS algorithms are presented in the next section.

2.11 Design examples and cdmparative tests

The design examples presented here have been performed with MATLAB on a SPARC-
10 workstation. '
Example 1: Chebyshev design, comparative test

A 30”‘ order equiripple lon 'pass filter has been designed usmg Lawson s, Lim’s and

Kahng’s algorithms. The pa.ssba.nd and stopband frequency edges are w, = .4w

'a.nd ws = .447. The frequency grid used has 1000 points uniformly distributed on

[0 wp] Ulws, =]. The frequency response of the filter obtained is plotted in Fig.
2.2. At convergence the maximum value of the a,pprox1matlon error is [{ Eeo(w)||ee =
0.130956481411. '

The convergences of the three algorithms in terms of || Ei(w ”oo /11 Boo(@)]loo — 1
are plotted. in Fig. 2.3. Lxm 8 method has been used with 6 = 1.4 and Kahng’s
algorithm has been used w:th K = 1.4. These values have been found experlmentally

to maximize the convergence speed of the corresponding algorithm. We can see that

the’ convergence is linear for the three methods. Kahng’s algorithm does not have a

‘quadratlc convergence in this case because p is not fixed and i increases from 1terat10n

to iteration (pygo = 5EM). Lim’s Kahng s and Lawson’s weighting functlons at the
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iteration 7 = 100 are plotted in Fig. 2.4 and Fig. 2.5. We can see that Lawson's and
KNahng's algorithm tend toward the same weighting function, with all weights equal
Lo zero except at the extremal frequencies. Lim’s algorithm tend toward a different.

weighting function which is continuous on [0 W)U w, 7).

- 0 0.2 04 0.6 0. 8 |
g : _ Normahzcd frequency (Nyquist=1)
\

Ry . :
Figure 2.2: Example ] , Chebyshev filter frequency response

Example 2: L, design, comparative test

A 30% order Ly, lowpass filter with thé same specifications as in example | has been -
designed usiﬁg Lawson’s and Kahng’s algerithms. The magnitude approximation‘
error obtained is plotted in Fig. 2.6. We can see that, compared to the Chebyshev
desxgn the Lo approximation results in a smaller approximation error everywhere but

near the frequency edges. At convergence HEm(w)Hm = 0.09263, and IIFN(UJ)”.;.Q =
0. 156359. The convergences of the two algorithms in terms of || Ei( (W ho/Nl Ewolhe =1
are plotted in Fig. 2.7. Kahng's algorithm has bgen used with K = 1.4. We can

see that the final convergence of Kahng’s algorithm is quadratic and extremely. fasi ‘

compared to Lawson’s algorithm.
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Example 3: Lawson’s convergence parameter

A 30* order Chebyshev lowpass filter with the same specifimtions as n example |
has been designed using Lawson’s algorithm with different cony. ergence factor p. The
Remez algorithm has been used to determined the extremals of the Chebyshev filter

denoted ®. Then Lawson’s algorithm has been used with different frequency grid ¢,

U {fz} ‘I’U{fg,fl} @U{f3} and @U {f4} where

[ =97
J fe= 950z (?-41)
fs = .985x .
| fa=.990%

The location of the frequencies {f;} and the corresponding approximation error of
the Chebyshev filter are shown in Fig. 2.8.
The convergences in terms of || E; (w)”m/HEm(w)Hm — IHor the different. fr equency
grids are plotted in F]g 2.9. We can see that Wlan the frequency prid is @ the
| convergence of Lawson’s a,lgorlthm is immediate.- When additional frequencies are
used, the convergence is relatively slow and linear. As shown in scctlon 2.4 the
convergence speed depends on the value of the convergence factor p, i.e. on how
close the additional frequencie(s) {f;} Is/are to the extremals frequencma é. We have
" calculated an approx:ma.tion of the convergence factor, p., for each case by ca[culatmé,
the mean of (1Ei()lleo = | Bso(w)leo)/ (1 Btcr ()l loo ~ | o(i)o) for = 201 50,
The values of pand g, are presehted on table 2.1. We can sce that the ckponmvnlal ,
convergence factor Pe is very close to the theoretical p. Note that the cases (I) U { fz}J
and ® U {f,, f;} have the same .convergence factor p but the number of iteration to

‘achieve the same accuracy is greater for the case ¢ U { fz, hy

Examble 4: gain constrained least squares and L, designs®
Several 30" order lowpass filter with the same specifications as in example 1 have -

been designed using the L, criterion for p=1.....80 and the gain constrained least

[N
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Table 2.1: Example 3. Experimental and s heoretieal conve

racnce facror

QUL [ QULfa i} | QUS| du{f)
p 62 62 S 90
lp—pel {| 9E-3 3E- TE-S 2p-®

squares criterion for 30 prescribed maximal gain uniformly distributed between the
L norm of the best Chebyshev approximation || E.( w)l loo = 0.13 and the Lo, norm
of the best L, approximation [|Eoo (@)oo =0.24. The points obtained in terms of
- the Ly, error versus the L, error are plotted in Fig. 2.10. As explained in section .
2.1, the Chebyshev error can be reduced by a slight increase of the L error, and the -
opposite its true. For the same Lmlerrof the gain constrained least squares. method
offers a smaller squared error. A gain constrained leaqt squares filter with the same
Chebyshev error as the L;q approximation filter has heen designed and is plot.t.u(l in
F ig.' 2.11. The approxim'atio'n.errors for the two designs have the same maximum
value at the frequency edges w, and w,. We can see that the gain constrained ciebign
Ieast squares apprommatlon results in a smaller approximation error expe(,t near the

' frequency edges.

Example 5: least squares passband and Cheby'shev stopband design

To illustrate the usefulness of the desagn w1th multlple crltena we have design a 30*
order lowpass filter with the same specifications as .in exa.mple I and with a least
. squares approximation in the passband and a Chebyshev approx1ma.t|on in the stop-
| band. The passband and the stopband are of the filter obtamed and the correspondlng
mlnlma.x filter are plotted in Fig. 2.12 and Fig. 2.15 The passband of the multiple
~ criteria design has been a.pprOprlat]y wexghted such that the L'z norm of the approx- |
imation error in the passband is the same for the two filters, i.e. ||Ex(w)||2 = 0. 092 '
The point wise maximal error value is the same. However the s:gnal correspondmg to

the pomt-wme maximal error, X(e-""’) = e"“‘E,,o(w)/“L‘ (w)Hg, is not the same for |
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the two filters. If the signal to process has its energy concentrated in the low frequen-
cies, the maximal pointwise error occurs less frequently with the L, approximation
than with the L. approximation. In the stopband the multiple criteria filter achieve
104 B more attenuation than the L. filier. Henee the energy of the output residual

stopband noise signal is significantly less than with the pure Chebyshev design.

0.5

0.4r

Magnitude
o
5

e
b
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Figure 2.12: Example 5, passband frequency response, — L, multiple cfiteria design,

«ve Lo design

2.12 Conclusions

“Tf this chepter we have exafnined the various IRLS methods to desig‘n .Chebyshev and

L, linear pha.se FIR filters. We revnewed the desngn criteria used in filter design. The

: optlmahty of these cr:tena has been discussed. Lawson’s algortthm along w1th the .

mathematical results on its. convergence rate has been reported. We have shown the

relations between La.wson s, Lim’s, Ka,hng s and Remez algorithms. Desugn examplcs

have been presented to compare the convergences of the IRLS methods .md illustrate’

the L, and the gain constrained lea.st squares crlter:a
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Chapter 3

Iterative Reweighted Least
Squares Design of Log-IIR Filters

In this chapter, we consider the design of iIR digital filter with arbitrary magnitude
response. A number of methods have been proposed [43]-[53],(15] to design IR filters
with arbitrary magmtude functions. - Most of them [46], [48]-[53] are complicated,

computatlonally mtenswe and nonrobust because of the nonlmearlty of IIR filter
design problem and the possible instability of IIR filters. The noniterative methods‘
[43] and [45] are computetionally simple, however the resulting approximation is not,
‘ optlmal in any sense. ,

The most successful approa.ch was proposed in 1990 by Kobayashl [15]. Tt consists -
of an IRLS method for the design of least squares IIR filters in the log magnitude sense
- (Log IIR). T hlS method is conceptually simple, fast convergent and robust. Kobayashi
has extended hlS method to the minimax design using Lawson’s algorithm. However
as noted [15] the resulting algorithm is slow to converge. To speed up the design,
Lim [20] proposed to a,pplj,r his envelope-based IRLS method. However as explained - |
~ in this chapter the extra npples and the possnble degeneracy of the 1IR approxamnt:on
| prevents Lim’s met‘nod from accelerating the demgn in most cases.

To i lmprove the desxgn of minimax log [IR filter we propose a Remez-type IRLS ‘

" method where the mterpolatlon step is performed by Lawson’s a]gorlthm This novel



‘approach mproves significantly the convergence speed and the computational effi-
ciency of ]\'(J}JJL;\'EIS]’li-h aud Lun’s IRLS methods. Moreover it is simpler and more
flexible than the traditional rational Remez algorithm [48]-[53].

In section 3.1 we present the log IR filter desmn problem. In section 3.2 we review
I\oba.ya.shl s nu,thod for the design of least squares log 1R filters. In section 3.3 and
3.4 we present Kobayashi's and Lim’s IRLS methods for minjmax log IIR design.
In section 3.5 the rational Remez exchange algorithms are presented. The proposed
Remez-type IRLS algorithm is presented in section 3.6. Design examples are presented |

in section 3.7. The conclusions of this chapter are given in section 3.8.

3.1 Log IIR Filter Design Problem

In the design of digital filters, such as equalization filters for data communication sys-
‘lems or speech synthesis filters for cepstral vocoders, it is requ:red to realize arbitrary
magnitude tllIlLthIlb Moreover for such applications, the log magnitude error is more
significant than the magnitude or magnitude squared. error to measure how closely
‘the frequency response of the’ designed filter matches the prescribed specifications.
The least squares and. Chebyshev criteria i in the log magnitude sense are often used
| to demgn log IIR ﬁ]ters
Let us consnder the de31gn of a Iog IIR filter, with M zeros a.nd N poles, denoted

as follows :

' B(z) _ b(0) + b(l) e b(M)z—M
A=) 14a(l)z! + .. +a(N)z

and let In |D(w)] be the desired log magnitude functlon

(3.1)

~ The least squares design in the log magnitude sense consists of optimizing the co-
efficients {b(O) -b(M),a(1),...,a(N)} such-that the averaged squared ]og magnitude

error defined as follows is minimized .
N B(e ) 24 ' - J
e=— [ (In]|D(w) . 3.2
5= [ (n1D)] —1n) 2 ey Ve 62

The minimization of (3 2) is not stralghtforward "The obJectxve function is nonlinear

and the resulting ﬁlter 1s unsiable when 1ts poles. are not thhm the unit Circle.
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The minimax or Chebyshev approximation consists of minimizing the maximum
value of the log magnitude approximation error defined as follows

B(e?v)

€= max, I |D@)] ~n |22 (3.3)

As for the design of FIR filters, there exists a rational remez algorithm. Its imple-
mentation is generally complicated and nonrobust because of the interpolation of a

rational function is a complicated nonlinear problem.

3.2 Least squares log IR filter design using Koba-
| yashi’s IRLS method

‘In 1990, Kobayashi (15] proposed an efficient IRLS method to simplily the design of
log IIR filters [43]-[53). The complicated nonlinear minimization of (3.2} is performed
by a sinﬁp]e [terative Reweighted Least Squares (IRLS) method. At cach it.crl;;,t,ion i,

the following averaged weighted squared error is minimized

.E"‘ 2111'./ [wile™*)(D(e) Ae™) — Bi(e™))[Pd (34)

and the weights are updated accordmg to the IIR ﬁlter obtained, such that the

weighted squa.red error tend towards the log magnitude error, as follows

' _ ]HID(UJ)|—']II|A(=,..,)|
() = DA - Bifen)

(3.5)

The minimization of (3.4) is relatively simple since the objective flit:c(._ion isa
“quadratic function of the coefficients {b;(O),...b,-(M),a,-(l),...,a;(N)}. As shown in

[15] the quantity (3.4) can be expressed into the following quadratic matrix expression

q=uv[&‘"ﬂq ”} - (3.6)
o = P | b A '




where a, = {La,(1) -+ ai(N)], b = [8:(0) (1) -+ by(M)}* and

[ r(0) (1) - ri(N) |
R = ?";(1)‘ r:(0) (3.7)
’ T,‘(l)
 ri(N) --- (1) n(0) |

[ 2i(0) m(1) - p(M) |
P pi(1) p(0) . | (3.8)
E e e m(1) :

| (M) - pi(1) pi(0) | .

(0) &) - ow)
a(=1) 4(0) -+ w(M-1)

L 9N @en - (M = N)
where _ o :
n(k) =5 [ ol )PID(E) e (3.10)
p.-(lrc)—;-zi?r i w [wi(e)Pedw (3.11)
%i(k) = §l;f i) D(e™ )&/t duo (3.12)

Hence the minimization of .(3.4) with respect to a; and b; yields the following set

of linear equations with M + N + 2 unknowns .

[R" _Q‘J[G‘J= 0 : ‘(3.13)_
—Qt £l (. |

0

where ¢ is the mmlmum value of (3.4). At each 1terat10n i, the weighted least
© squares Optlmlza.tlon of a; and b; requlres only the calculatlon of 3M +N 1ndependent ',

coeflicients r;(k), p.(&) and q.(k) and the inversion of asize M+ N +2 matrix.
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The IRLS algorithm performs the weighted least sqnares approximation in the
complex domain. Hence both magnitude and phase of the desired requency re-
sponse, D(e?*), are necessary. For a minimum phase system without anv zero on
the unit circle, the Hilbert transform relationship [6] may be used to derive the phase
information from the magnitude information and vice versa. Let, {wo. - wara ) bea
uniforr frequency grid of the interval (0,27} with w, = 77/1,. the phase information
of D(e?r) for r = 0,---,2L ~ 1 is obtained as follows

In D(e’r) =In [D(e™)] + jarg|D(e?r)|
‘ L1

=d(0) + 2" dne™r 4+ dpeine (3.14)
n=1 . '= "
where for n =0,...,2L — 1
' 2L-1 .
= 3 In|D(elr) | Fnp (3.15)
p=0 .

The convergence of Kobayashi’s algorlthm 1s not proven. However the experimen-
tation shows that it is robust and fast convergent. 'The algorithm typically converges
in 5 iterations. Note that there is no design constraints to insure the qtablhty of
the IIR filter. The calcu]atlon of the phase information corresponding to a stable
minimum phase system is sufficient to obtain stable [IR filter. Moreover, we have
observed that the IIR: filters obtained are minimum: phase too. The least squares

demgn method can be summarized into the following a.lgor:thmlc steps

o Step 1, i «— 0, given In|D( (w}| find the minimum phase frequency response

D(e™r) using (3.14):(3.15). Set the weights wu(:.‘un) =lforn=0,.,L-1,
e Step 2, find the welghted lest squares approxnmatlon B; (z)/A (z) usmg (3 13),
o Step 3, te—i+1, update the welghts as in (3 5),

) Step .4, go to step 2 unless the convergence is reached.

‘ Several termmatlon crltemon can be con51dered it can consist of a tolerance on the
variation of the welghted least squares error or a to]erance on the maximum variation

of the filter coefﬁc:ents
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3.3 Chebyshev log IIR filter design using Koba-
yashi’s IRLS method

As proposed by kobayashi [15], the TRLS design of least squares log IIR filters can
be extended to the minimax design by simply introducing an extra weight factor
corresponding to Lawson’s.algorithm.

The weight update formula for the Chebyshev design is performed on a frequency

grid 2 = {wy, ...,wp1} as follows

In|D(wn)| — In | Bl

Aifeawn)

w,-.,.l(ejwn) = Li+1(ejwn)D(ejwn)A'(ejw“) — B.(ejwn) - “(3.16)
where L;-+1(e-i“") corresponds to Lawson’s algorithm as follows
| L&), /110 |D(w,)| ~ In |4 |
Liji () = ey (3.17)
TH2E il 1 D ()] — In (B

The welghts Lg(eJ“’“) are m:tmhzed with the value 1 and are updated after the
least squares de51gn has converged. As pointed out in [15], the resulting algorithm

is less robust and very slow to converge compared to the least squares desagn The

~ slow convergence is due to the slow convergence of La.wson s algonthm explamed n

chapter 1. In the next section we examine the use of Lim’s method to speed up the

design of minimax log IR filters.

‘3.4 Chebyshev log IIR filter design using Lim’s
- IRLS method |

Lnn {20] proposed to use his envelope based method mstead of Lawson s aIgorlthm to
speed up I\obayashl Lawson s algorlthm In this sectlon we show that Lim’s method

E 1n,gene1al not faster than Koba,yashl-Lawson s method.
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Lim’s method consists of using the envelope of the approximation error as followws

L,-(e«'“‘“)\/emv(lln HD(n ) = In | Rl=ndy e

VTEE Li(en)2ene([1n | Diw, )| ~ n [BAZ=21)

A (erwn)

Lip(c?y =

(3.18)

where & is a number in [.1 2].

As shown in chapter 2. when Lim’s method is applied to the design of linear
phase FIR filters, the envelope of the approximation error becomes very close to the
unit function after a few iterations. Hence the weighting function converges very
fast towards its limit, resulting in a fast con\?efgenoe of the overall algorithm. The
envelope of the approximation error is flat when the approximation filter i is equmpple
and has no extra ripples, i.e. ripples with, non maximum approximation error. This
is guaranteed for FIR design by the altern 1tlon theorem when there i 1s less than two
transition bands [33] |

However with IIR filters, the Chebyshev approximation have generally extra rip-
ples. This causes the envelope of the approximation error not to tend toward the
unit function and results in a relatively slow convergence of the’ overall a!&,orlthm As
shown in example 6 presented in section 3.7, the convergence speed of Lim’s algorithm
is comparable to that of Lawson’s algorithm when there are extra ripples. |

To obtam a fast convergence with Lim’s method, one can think of computing the .
envelope of the a,pproxzmatlon error by considering only the ripples that are likely
-to become extremals of the optimum ﬁ]ter The best Chebyshev approx1matlon has
genera.lly M4 N+2 extremals. Hence we can consider a simple rejection scheme where
only the M + N +2 largesl; extremals are used to buxld the envelope at each iteration.
As shown i n example 6, this method results in a relatively fast convergence in some
cases, Howevor, when ‘extra ripples with felatively large a.mpl.itudes' afe present, as
in example 8 and 9, the method falls to 1dent:fy the proper set extremals and the
con\rergence of the algonthm is slow and biased: Moreover the optlmum Chebyshev ‘

\apprommatlon filter may have less than M + N + 2 extrema.ls a.s shown in exa.mple
7. In such a situation this method does not reject all extra npples and the algonthm .

15 slow to converge.
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For the design of equiripple linear phase FIR filters, the Remez algorithm is the
most efficient method. In the next section we review the design of 1IR filters using
the rational Remez algorithm, and the alternation theorem that characterizes the

minimax approximation of IIR filters.

3.5 Rational Remez algorithms

The Remez algorithm is well known for the design of linear phase FIR filters [32]-{34].
Its convergence towards the best equiripple FIR filter is guaranteed and quadratic
[40]-{42]. Moreover, the implementation proposed by Parks and McClellan [32] is
computationally efficient. _ | .
The Remez algorithm is also used to desig'n IR filters [48]-[53]. This approach
offers many advantages compared to the elhpt]c and chebyshev closed form solutions.
For instance. it allows the design of filters Wlth any arbitrary magnitude specifications,

with unequal number of poles and zeros-and with weighted Chebyshev approxima-

~tions.

The ra.tlona; Remez algcnthm is done in the real domain by con31der1ng the mag-

mtude squared of the filter frequency reSponse defined as follows

H(w) = | (e-’“’)lz a(0) + a(1) cos(w) + ... + a(M) cé,s(w)
A(eiv) (0) + 8(1) cos( )+ .+ B(N) cos(w)

Once H(w) is optimized under the constraint H(w) > 0, a minimum phase IIR filter

'(3;19) .

© 15 obtain by picking the ﬁnite nonzeros roots of the nominator and denominator that

lie within the unn, c:rcle

Recall that the best Chebyshev approximation of FIR filters is uniquely charac-

terized by an alternation property. For IIR filters, the a.lterna.tlon condltlon is only

sufficient [40)-[42].

Alternatlon Theorem for Rational approximation

Let' § be a union of intervals included in [0 7] and " {qS], ,¢’M+N+2} be a sequence

.‘of flequency pomts of S in a.scendmg order called the reference set Let D(w) be a

- 40



continuous function on S. Let B(z) and A(z) be polynomials with orders M and N

respectively. ffor k =2, .., M + N 42 the following equality holds
H(dx) = D(é) = —(H(d1) ~ D(¢r-1)) (3.20)

and |H{or) — D(ge)] == maXues(|H(w) — D(w)]) then B(e?)/A(e') is the best
Chebyshev approximation to D(cj“’)._

Therefore, if we obtain a rational function witl the alternation property over a
sufficient number of extremals frequencies, we are assured that it is optimal. How-
ever, this alternation is not necessary, and the size of the reference set of the best
approximation may be less than M 4 N + 2. In this case, the best a.pproxi;nation is
called degenerate. Degeneracy occurs when the leading cosine coefficients of the best
approximation a(N) and £{M) are both zero, i.e. when there is a pole-zero cancella-
~ tion in the best Chebyshev approximation. The example 7, prcsented in section 3.7,
illustrates an almost degenerate design. |

For IIR filter design, the Remez algorlthm follows the same stmteqy as for I IR

Tilter design:
1. Initialization, select a reference set of M + N + 2 points.

2. Interpolatlon find the apprommatlon satlsfymg the alternatwn property. on

the reference set under the constraint & (wa) > 0.

3. Update update the reference set wnth the M + N+2 largest r:pples of thc o

: approxxmatlon €rror, go to step 2.

The mterpola.tlon stepisa complicated constrained non]inea.r a.pproximation:prob.-
lem. Several interpola.tion methods ha\}e been proposed in the past: the Newton-
'Raphson nonlinear optimization method [51] the linearization of the approximation a
i)roblem [50] and a generalized eigenvalue decomposition [53] It has been shown. [40}-
.[42] that the interpolation of a rational function Is not. umsolvent ie. it has more

than one solution. In some cases, none of the solution to the mterpolatzon problem

correspond toa stable filter [53], and the rational Remez algorithm fails to converge: Q‘
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The rational Remez algorithm also fails to converge when degeneracy occurs, since the
solution has less than M + N + 2 alternated extremals. The update of the reference
set is not straight forward since IR filters have generally extra ripples‘which need
to be rejected. Hence the implementations of the rational Remez algorithm for IIR
design [32];[34] are generally complicated, computationally intensive and nonrobust.

In the next section we propose a Remez-type IRLS algorithm to design Chebyshev
log IiR filters. This algorithm is conceptually simpler and more flexible than the
t.raditionall‘rational Remez algorithm and converge faster than Kobayashi’s and Lim’s

IRLS methods.

3 6 Proposed Remez-type IRLS a.lgorlthm for Cheby—
shev log TR ﬁlter de51gn

The tradltxonal rational Remez algorithm can be apphed to the design of minimax
log IIR filters. An appropriate welghtmg function can be used such that the weighted
Chebyshev approximation results in the Chebyshev approximation in the log magni-
t.ude sense. However as shown in the previous section, these methods are comphcated,
computationally mtenswe and nonrobust | |
To simplify and speed up the demgn of Chebyshev Log IR ﬁlters we propose a

Rernez-type method where the interpolation step is performed by Lawson’s algror-
ithm.

| As shown in chapter 2, the we:ghts of Lawson s algorithm tend toward zero ex-
cept at the extremal frequencies of the best Chebyshev approx1mat10n denoted as 8.
We have seen that if all welghts are initialized to zero except on @, the convergence_
of Lawson’s algonthm toward the optimum minimax a.pprox1ma.t10n is immediate.
Moreover the convergence speed of Lawson’s algonthm is determmed by the con-
‘vergence factor p defined in (2.23). The value of p can be reduced and Lawson’s-
.algonthm sngmﬁcantly a.ccelera.ted if the weights at the frequencxes close to ®, where

" the approximation error is nearly maximum, are initialized to zeros. This is not di-

42



rectly possible in practice, since it requires the exact location of the extremal. The
method that we propose here is to determines the reference set by successive guess
like in the Remez algorithm. For each reference set @, Lawson’s algorithm is used to
perform the interpolation step by initializing the weights to zero everywhere expect
on &. We have observed that 10 iterations are generally sufficient to identify the
new reference set. The use of Lawson’s algorithm to perform the interpolation step
offers many advantages. First, no complicated procedure is necessary to reject extra
ripples and select only M + N <+ 2 extremals. In fact if extra ripples are selected,
they are rejected by Lawson’s algorithm which make their weights tend toward zero
relatively fast depending on their amplitudes. Moreover as illustrated in example 7,
Lawson’s algorithm does not fail when the best approximation is almost degenerate
and has less than M + N + 2 extremals.. In fact, the best minirﬁax approximation on
the frequency grid & is found regardless of the ﬁumbér of extremals. In addition, the
optimization is not performed in the squared magnitude domain, as with the tradi-
tional rational Remez algorithm, but direétly with the coefficients of the Z-transform.
Finally thanks to the phase information of- the desu-ed frequency response, no design

constraint is necessa.ry to guarantee the stablhty of the [IR filter.

The proposed algorithm can be summarized in the following steps:

1. Initialization, k 0, 2 «— 0 initialize the reference set with K uniformly.

distributed frequency, (K > M + N + 2).
2. Interpolation, Use Lawson’s algofithm as follow:s:‘

(a) if k=0 or the refereﬁce set has changed, initialize all weights to 1 on the
reference set and to Olelsew}'lere, otherwise use the weights of thc‘ iteration
k—1. |

(b} do 10 1terat10ns of the Koba,yashl Laws