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"fhe,underlying physical laws necessary for the mathgmatiﬁal thed}y of a
large‘part of physics and the whole of chemistry are thus completely known,
and the difficulty‘is only that the exact application of these laws leads to
equations much .too complicated to be soluble. It therefore becomes “desirable

that ﬁpproximate practical methods of applying quantum mechanics should be

-

developed, which can' lead to an explanation of the main features of complex

-
*

atomic systems without too much computation.”

.

P.A.M. Dirac

Proc. Roy. Soc. (London) 123, 71& (1929)
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In this thesis ab initio pseudopotential'{;alculations of structural
properties and valence charge densities *in InSb are reported both under normal
conditions and at high pressures. The method is also applied to calculate

valence charge densities in the related compound InAs. The results thus

obtained are discussed in relation to the high pressure semiconductor-metal
&
phase transitions,

»

In addition a calculation of second sound velocities for a number of

—
-

hexagonal crystals is reported and related to experimental data on sclid

-
-
. -

Helium. It is found that a previously noted discrepancy' between the

experimental and theoretical veloccities in this material can be significantly

o+

reduced by g;ing a different set of elastic constants.

—
_—

The convergence of the special peints method for Brillouin zone averages,
which was used in the pseudopotential calculations, is studied in the context
of self-consistent phonon calculatiens fof rare gas crystals, the-method being .
found to converge rapidly. Lastly a simple intui®ive method for evaluating
Madelung constants in laver crystals is given. The method is applied to the

transition metal dichh}cogenides.ahd in particular to'TaSZ.
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. = INTRODUCTION ' . o=
/

The bonding end chemical nature of semiconductors has been a focal point of

- . 13
interest to solid state physicists for some time (1). - An important motivation

has been to be: able to calculate the properties of "bulk semiconductors from a

- -

microscopic point of view in order to obtain a better understanding of the
' bt

physical and ‘chemical properties of these' materials. The open . 4<fold
/ .
coordinated structure of - these marerials and the importance of chemical

bonding in determining their properties makes an understénding of <these

materials in terms of the digrribution of electronic charge in tinm
. o ) .

particularly attractive. Although the Qg;k described here was undertaken for

o
Lo
L .

this reason it is worth noting that with the increasing commercial interest in
) . ,‘-"’ 2
novel structures such as strained layers (eg.\ Germanium Silicon alleys on

Silicon) and quantum well structures the interest in the nature of the bonding’

in semiconductors has become more than academic, the ability to reliably

predict and understand the properties of semiconductor structures being of

great importance. .

. . . . L . 4 , . .
InSb +is an imteresting material with potentially important device
- ' »

A

applications (2). Over a relatively small pressure and temperature reange it

is found to occur in a number of structures. In particular %nSb occurs in
-

zinc bleénde, body centered tetragonal and two orthorhombic structures in the

LI ] b
>

range 0-400 degrees Celsius and 0-5 gigépas;als (3). Amorphous InSb has been
observed to xransform to a crystalline NeCl type structure under pressuré‘at

rocm temperature and"to remain in this phase at atmospheric pressure (4). It

is intriguing that this structufe cannot be obtained from crystalline InSh by
4

applying pressure. The tetragonal phase is also metastable at .atmospheric
. » . .

- . s

pressure and low temperatures. The extent of this polymorphism suggests that

-

<X -
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InSb is @ borderline material with considerable instability in its bomding.

It seems reasonable thatqgorthwhile insights into the nature of covalently

bonded materials may be obtained from the study of such borderline substances.

and particularly their similarities with and, differences from prototypical

Dl

materials such as Silicon. Here structural proparties of InSb are studied in

relation to its electronic charge distribution both under normal conditions

and also under pressure.

. o

The theoretical basis for the calculation is reviewed in Chapter 1, the
methods .used being discussed in detail in Chapter 2. A brief overview of the
i@gleqentation of the‘fPtal energy c¢alculations is given in Appendix A, In
Cﬁépter 3 valence charge densities of InSb and the related material, InAs, are
given both under normal conditions and dlso_at reduced volumes corresponding
tg high pressures. These are discussed in 'terms of the high preSsure
semiconductor-metal éhasé g}ansition and recent X-ray scatteringlmeasurements.
Extending the work described in Chééter 3 polarization charge densitiﬁs for a

variety of distortions are reported in Chapter 4 along with calculated

structural properties again at the free volume as well as at reduced volumes.

In Chapters S, 6 and 7 'some work in solid state physics not directly
related to the above problem is repogte&. In Chapter 5 a c¢alculation of
-second sound velocities in hexagonal crystals is described and it is- shown
that a discrepancy between the experimental and theoretical values for “He
peinted out by Maris can be reduced if another set of elastic constants is

-

used. In Chapter 6 the convergence of the special points method is studied

for the evaluation of Brillouin zone averages used in self-consistent phonon
g .

‘caleulations. It is found that the method converges rapidly in the cases

studied. Finally in Chapter 7 formulae are derived for the evaluation of

Madelung constants in layer crvstals. These are applied to the transition
’



4

-8 -
. metal dichalcogenides. It is found that the results of Shen ‘and Liang for the
cation cha;:ges in 'I‘a.S2 can be significantly improved by using our more

o accurate Madelung constants.

-



(1)
(2)
(3)

(4)

-9 =
REFERENCES
See, for example, W.A. Harrison, Electronic structure and the properties

of solids, (W.H. Freeman, San Francisco, 1980) or J.C. Phillips, Bonds
and bands in semiconductors, (Academic Press, New York, 1973)

See, for example, C.T. Seaton, F.A.P. Tooley and $.D. Smith, Second
European Conference on Integrated Optics, {lorence Italy, October 1983
(IEE, London England, 1983) page 102 :

§.-C. Yu, I.L. Spain and-E.F. Skelton, J. Appl. Phys. 49, 4741 (1978)
and references therein '

K. Asaumi, O. Shimomura and S._. Minomura, .J. Phys.‘Soc. Japan 41, 1630
(1976)



CHAPTER 1

Theoretical Background

" A) Introduction ' -

In solid state physics it has been a long'stanéing goal to be able to
calculate bulk properties of solids without resorting to empirical models. It
_was realized rhat one way to do this was to calculategthe total energy of a

solid under various conditions and thereby derive ity:;esponse {1-3). From
such calcﬁlations it is possible to derive a large amount of informationm. Fof
example, it is éoss;ble to calculate the equilibrium stru;tures of solids and
the stability of different phases at T=0. By app}ying static external
influences/ the elastic properties and other responses can be determined.
. 1
Moreover, |within the édiabatic approximation lattice dynamical properties guch
as phanon frequencies, anharmonic terms and phonon-phonon interéctions can be
calculated (4). The abi}ity to calculate such anharmonic terms is of
coﬁsiderable'importaﬁce since they are usually not directly measurable and
cannot be reliably obtained uglng phenomenological models. For some time
interatomic potentials have been used to calculate various properties of
"simple solids such as rare gas cr§stals. This work has been reviewed in
detail elsewhcré (5). To the extent that the atoms in a solid can be regarded
as unaffected by the environment, if the potentials used are derived from

atomic calculations, these results may be regarded as being obtained by an ab

initie method.

However, in more complex solids such as semiconductors one would not expect
such an approach to succeed. In the case of semiconductors it was recognized

that a sueccessful calculation would likely involve consideration of the

electronic structure as opposed to regarding the solid as a collection of

4
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atoms which interact amongst themselves as separate units.

While it was realized that in principle by using quantum pechanics the
total energy of a system of electrons and ions could be calculated (1) until
the late 1970's it was not recognized that such work might be feasible for
semiconductors. The reasons why sqch célcylations- were regarded asv
impractical are several. First of gll it is important to recognize that the,

changes in the total energy of semieonductors associated with, for 'example,
structural changes or phonons are very small in relation to the total energy.
This point is illustrated Py some typical precisions that mighf be required to
evhluate some properties from an energy calculation' (see faﬁle 1-1). 1In
comparison typically the total energy might be of the order of 10 Ry/atom in a
pscudbpotential calcﬁlation and 1000 Ry/atom in an all electron calculation.
Thus it is‘ easy to see why it was not at all clear that the changes of
interest would not be lost in numerical 'noise' were such a calculation
undertaken. Special considerations for semiconductors include the following:
(1) The charge dens}ty in these materials is highly nonspherical; in fact
covalent bonds may bé cha?acterized by the buildup of charge in the
bonding region.
{2) Th alence electrons interact fairl& strongly with the ion cores
compared with the situation in simple metals.
{3) Both exchange and correlation' (which is important in the bonds, i.e., in

-

the region which is expected to be of interest) are important in these

materials. To illustrate the importance of correlation, pne may examine

the case of Silicon (6) for which the Hartree-Fock band structure in

“which exchange is treated exactly is even worse than the results of
SCF Hartree calculations which completely ignore exchange. The

failure of the Hartree-Fock method arises from its neglect of correlation

and subsequent overweighting of ionic configurations. In fact even for
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Dismond the Hartree-Fock method is not entirely satisfactory (7). e
. »
TABLE 1-1. Precision Requirements for Total Energy Calculations
4

Quantity Desired Precision Required (Ry/atom)

Cohesive energy ‘ 0.01 .
Lattice constant 0.001

~_Bulk modulus 0.001 .
Phonon eigenvectors 0.0001
Phonon anharmonicity 0.0001

-~

B) Density Functionals and the Local ‘Density Approximation

The key ingredient in treating the electronic structure of a covalent

‘.

material is a way. to include correlation in the calculation. Until a scheme

cotld be devised for doing this calculations of the total energy in

semiconductors could not be reliably accomplished. The bpeakthrough came in
fe{:a

1964 with the development of the density functional lism by Hohenberg,

Kohn and Sham (8,9). They showed: .

(1) All aspects of t£e electronic structure of a nondegenerate ground state
are éqmpletely determined by its density, n(r). That "is that all
}hysical properties of the ground state are functionals of its density
and in particular the total energy is a functional of the demsity, E(n).

(2) For a given applied potential the true density is that whigﬁ minimizes
the total energy, E(n). This propefty is known as the variational

principle. In addition to establishing a way to determine the density

the variational principle has an important consequence. An error in the

charge dénsity results in only a second order error in the energy.

L 4 . -

The above is known as the Hohenberg-Kohn theorem. This result is

particularly elegﬁnt because it shows that any physically interesting property

-
—
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‘ .
of the ground state can in principle be determined from an observable as
opposed to 8 wave function which is not observable aﬁd which is to some degree

arbitrary.

In 1965 Kohn and Sham (9) showed that the formalism could be expressed in
- .

terms of effective one ‘particle equations.

[-3 7 + w(m) + V(0 + v, (oo =€ & (1-1)
) 2
a(r) = E[o (0] (1-2)
c&
_ xc -
. " Vxe T 6n(D) (a 3.)

Where the sum in Equation (1-2) is over the occupied orbitals.
( - . '
E(n) = T(a) + | ¥(x) a(r) d&r + 3 ” “_('%)__T‘T(rlrl drdr’ +€_(n) (1-4)

Equat:.ons (1-1)-(1-4) are the Kohn-Sham equations in atomic units.
Equation (1-3) defines the exchange- correlatzon potential, Vo (n), in terms of
the .corresponding energy functional defined by Equation (1-4). Here E(n) is
the total energy functional, T(n) is the kinetic energy, ¢ is the external (to
the electron sg.rstem) potential and VH(n) is the Hartree potential. The total

energy is given by

«
f f
E(n) = E € - 3 [1%)—_&55-9— drdr’ +£xc(n) -l vxc(n) n(r) dr (1-5)

Tht; above represents an exact formuletion of the many particle problem.
While the Kohn-Sham equations may not seem much more complicated than r.h'e
Har;:ree SCF " equations, in fact the meny body problem_is.  'hidden’  im th-e,
exchange-correlation .potential which is an unknown functional of the charge
density. Determining it would involver an exact solution of the many body

problem. The utility of the formulation lies in the possibility of obtaining
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accurate results using approximate functionals. The most commonly used method
revolves around the local denmsit approximation (LDA). The LDA consists of
reﬁlacing the exchange correlation rgy by the same local functioﬂ*of‘the
density in all cases. The function used is that for the homogeneous electron .’
gas which is for practical purposes known from Monte Carle simulations (10).
This approximation was first proposed in 1965 by Kohn and Sham in the paper
they derived the Koﬂn-Sham equations in (9), although its origins can be
traced back to the Thomas-Fermi approach and to Slater's 1local exchangé

. potential (11).

Although solving the Kohn-Sham equations in the LDA is from a computational
point of view not much more difficult than a Hartree calculation, in many
cases the results are much better than the results of Hartree-Fock
calculations which for solids are extremely time consuming. For the electrom

gas the LDA is exact by construction.
\

In general one would expect the LDA to work ‘best in situations
characterized by a hearly uniform "charge density and to be unreliable in
situations wﬁere the charge density fluctuates significantly on a scale of the
reciprocal of the, Fermi wavevector. In fact, the cases of interest’ .here,
atoms, molecules and solids, are in the latter category. In spite of this,

good results have been obtained using the LDA in these cases.

" "Arguments explaining this unexpectedly good performance of the LDA have
been given by Gunnarsson and Lundqvist (12). The explanation can be
. summarized as follows: .

(1) The exchenge correlation energy depends on 4 spherical ;vefagé over the
exchange correlation hole. .

(2) In the LDA the charge excluded from the exchange correlation hole is

exact.
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(3) The LDA gives a fair]:y good description of the spherically averaged
¢ exchange correlation .h'ole (13). In particular its size varies with

density in the correct way. .

These arguments unfortunately .fall short of a demonstration that the LDA will
give good results in all solid state appiications. Perhaps the best reason to
expect the approximation to be a good one is the la;'ge number of calcula;:ions
in diverse situat:ions for which it -has been successful. These incluc.le
calculations on bulk semiconductors, semiconductor surfaces, interfaces,
‘metals, molecules and defects (13-30). For semiconductofs; ab initio
c.alculfitions based on the use of ’the LDA typically yield lattice parameters,
bulk moduli and phonon frequencies withim a few percent of experimental
values. . This is a rema:rkable result in view of the fact that the only inputs

LY
to these calculations are atomic numbers.

It should be noted that in spite of its successes the LbA is not a panacea.
First of all the density functional formalism is useful only .for ‘the ground
state. Secondly, excitation energies and one-electron removal energies are
not corr;-ectly described in the density functional formalism (31-36) and t.he
LDA does not lead to accurate band structures (though it does normally yield
the correct topology (37) ). In particular the LIZ;A tends to underestimate
band gaps. This' results from an incomplete cancellation of the self-
interaction terms between the Coulomb interaction and the approximate excha.gge
term in the Kohn-Sham equations (31) which yields a raising of the valence
band eigenvalues relative to the conduction bands which are less localized.
This effect is most-' important in systems with highly localized states such as
rare gas solids, “ionic "crystals, and transitilon ‘metals. - The - LDA - is mot
adequate for calculating the band gaps of semiconductors typically

underestimating them by about 40%.

~h

(el
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C) Ab Initio Norm Conserv$ng Pseudopotentials

The second key ingredient in making total energy calculations in
semiconductors feasible came into being with the develépment of ab initio norm
conserving pseudcpotentials in 1979 (38-43). These enabled the carrying out
of total energy calculations wighout.“explicitly tréating the ion cores.-
Treating the cores explicitly in most systems would have resulted_in & many
fold increase in the computatioﬁ required ;ithout confributing anything to the
results. This is because most physically interesting properties of
semiconductors 'are related to the arrangement of the valence electronms.
Moreover, full nuclear potentials are very hard, that is plane wave matriﬁ
elements with.these do not decrease rapidly with increasing wave vectors.
This is in contrast with the situation using norm conserving pseudopotentiai§
which are normally constructed to have a soft core. Thus the development of
these pseudopoténtials”made it possible to use plane wave bases in ab initio
calculations. This is of importance because although 'more efficient' basis
sets exist they are in general optimal for a given structure. Thus in
examining the changes in total energy with various distortions they would tend
to yield unreliaﬁle results. For example while a basis of s and p localized
orbitals might give good results in an undistorted tetrashedrally coordinated
solid it would very likely, yield very-stiff bond bending force ﬁonstants
because of the lack of variational freedom in accommodating that distortion.
This is in contrast to the situation using a plane wave basis which would
likely require more computation to treat the undistorted solid but which could
vield reliable results in the distorteé solid as well. In fact it‘seems
j;I;kely that in the case of a semiconductor with”diStortions; in order to
cbtain the same variational freedom using a localized basis as obtained with
plane waves approximately the same number of basis functions may be required.

This is related to the fact that the valence charge densities of the solid and
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the free atoms are of similar magnitude suggesting that the nearly free
electron and 'linear combination of atomic orbitals (LCAD) treatments are

equally valid (or invalid) in these materials.

-

‘Iyus ab initio norm comserving
pseudopotentials offer ;; advantage even in ca;es such as .Hydrogen. where
trea;ing the‘core presents no difficulty. Ho, Tao and Zhu (30) have recently
treated NbH ﬁsing norm conserving pseudopotentials with no localized basis
fﬁnctions at the Hydrogen atoms (they used localized d orbitals at the Nb

sites to facilitate treatment of the highly localized d states .in the

transition metal). ~

*. ~

The basic idea of a pseudopotential is to include the orthogomalization of
the wvalence electron wavefunctions to the core by transforming- the
Hamiltonian. In this way the core electrons are included in an effective way
without treating them explicitly. Thus all interactions between the gore and
valence electrons are transferred to the pseudopotential. The use of

pseudopotentials can be traced back at least 50 years (44).

The procedure for generating these ab initio pseudopotentials is as
follows:

{1) Do an all electron density functional caleculation on the atomic system in
the configuration desired. -

(2) Construct a pseudopotential that gives the same lowest valence
eigenvalues as ;he all electron calculation, and the same wavefunction
outside a chosen core radius, - These pseudopotentials.are’constfucted
to be norm conserving in that even when normalized the wavefunction; theg
yislé are identical to those of the all electron calculation outside the
'Egre radius. Norm conservation is crucial - in making these
pseudopotentials transferable. {

Hamann, Schluter and Chiang (38) shﬁwed that the above procedure . leads to
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pseudopotentials with two desirable features. The scattering properties of

1
the all electron atoms are reproduced with minimum error and the electrostatic

pcfential produced outside L is identical for the all electron and
pseudocharge distribu;joﬁs. It should be noted that these pseudopotentials
are not unique and that some schemes for generating them yield softer

potentials than others. Moreover they are non-local, that is £ dependent.

>
-

Recently complete sets of norm conserving ab initio pseudopotentials have
been éuﬁlished (45,46). These sets are expanded in error funcﬁions and
Gaussians. As a résuit it is possible to evaluate the plane wave matrix
eleménts analytically although the expressions that result are somewpat
lengthy. |

g e

It should be noted that aside from the frozen core approximation, the use

of pseudopotentials in a LDA calculation builds in the assumption that the

overlap between the valence and “core charge densities is small. This is

because the exchange correlation potential is nonlinear. Thus if there is a

significant overlap between th® charge densities an error results from the

implied 1linearization in using pseudopotentials, thereby reducing their
- . ) .
transferability. This is not important in most materials with the exception

of those containing 3d transition metal atoms. In these atoms the 3d

electrons are highly localized in the core region. One scheme for dealing

)

with this is to carry a representation of the core charge density along in the

pseudcpotential calculation using it in determining the exchange correlation
potential (42,46). An alternate scheme is to treat both the outer-core and
valence electrons electrons explicitly using a pseudopotential for the inner-

core electroms (43). This scheme involves more computational effort but nay

be superior in cases where the outer-core contributes to the bonding.

.
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D) The Special Points Method for Brillouin Zone Averages

In a density functional calculatiﬁn the charge density must be evaluated in
each iteration of the Kehn-Sham gquations. This charge density is defined as
a sum over the occupied states .which- implies & Brillouin zone average.
Moreover at each point in the sum thq_Hamiltonian"mat;ix must be diagonalized.
Because of the larée number_of basis functions require% for conVergence in a
calculatios based on plane waves (normally more than 100 per atom in the unit

cell) it is crucial to evaluate the sum as efficiently as possible.

The sgecial points .method (ATL&QJ is & highly efficient method for
evaluating Brillouin zone averagesl Using this method it has proved possible
t; accurately evaluate the charge densities in semiconducters (50; using a
small number of points in the Brillouwin zone (typically 2-10, altﬁough in some
cases just one point may be adequate (47)). Singh and Varshni (51) have
studied the scheme's convergence in the context of self-comsistent phonon

formalism and found that in the cases studied the convergence is equally

rapid. This work is described in Chapter 6.

The basic idea behind the special points method is to replace ‘a Brillouin
zone average by a weighted average over a few representative g points in the

zone. In this way the evaluation of the function to be averaged at a large

number of points is avoided as is thHe explicit use-of an interpolation

formuia. Since the method is discussed in detail elsewhere (47,48) here omnly

the main results are given. Y

A funetion, £(g), with the complete symmetry of the lattice can be expanded

in symmetrijzed plane waves

= : 1-6
£(q) = £+ m“él £ a_(a) | (1-6)
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where _
A (q) = gexp(iq-ij) | (1-7)

where the sum in equation (1-7) is over the m'th set of equivalent lattice
vectors. ' The average of f£(q) over the Brillouin =zone is fo' A set of special
: 2

points is a set of n points, 95 with weights, wis such that

n

= = 1'
i@wi A (qi) 0 m=1, ... N . (1-8)
n -
I w, =1 (1-9)
i=1 2

If N is sufficiently large it may be expected that the weighted average of
f(q) should be a good approximation to the average since the first N terms in

the Bum of equation (1-6) cancel while for a smooth function the coefficients

e

fm may be éxpected to decrease qith increasing m. The method can alsc be
applied in a direct way to functions iacking the complete symmetry of the
lattice as discussed in reference 49. ' This is done by constructing a
symﬁetriggfpnction with the same average. For electron densities this is done
using informétion about the space group of the crystal in quest%pn. We note
that the choice of the represéntative;ﬁoints aoes not depend on the function, -
£, although the convergence of the procedure depends critically on f. In-
particula; the procedure éoes not converge rapidly for th? charge density of
metals because in this case the function to be averaged has a sharp edge (the

Fermi surface) which gives rise to large Fourier components, fm, even for

large m.
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CHAPTER 2 :

Implementation of the Ab Initio Method
4) Inﬁroduction

In this chapter implementation of the LDA pseudopotential calculations for
[
zinc blende structure semiconductors is discussed. The main equations used

are given and some of the computational considerations are discussed.

g

B) Formulation in Terms of a Plane Wave Basis

The egquations giving the total energy of a crystal in the context of a
S

pseudopotential calculation using the LDA have been presented elsewhere in
. .
detail (1,2). Here the main results are restated. ' ’

In 4érder to use a plane wave basis the pseudopotential V(r) must be divided
into short and long range components. This is because the long ranged part

must be treated differently as its Fourier transform diverges at G=0. For a

physical ﬁgeudopotential the long ranged part is local. That is for an

E-depeﬁdént (non-local) pseudopotential all the angular momentum componentﬁ\\

have the same form for large r. The pseudopotential is divided as follows

»

Vi(r) = VL(r) + ££0 Vﬁ(r) Pi (2-1)

where Pz are the angular mowentum projection operators, VL is the local

compenent of the pseudopotential with the Vz's being the non-local components.

In & plane wave basis the pseudo Hamiltonian matrix elements for the Kohn-

Sham equatjons at wavevector k in the Brillouin zone are given by:
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- Fl

= " - '; '—
H(k,G,G") VH(G' G)+v¥c(G G) + % ST(G G)

x [V, _(6'-6) + E Vo (K46, k+G') ] : G.# G’ (2-2)
(k+G)2 -
H(k,G,G') = —=— + T I V, (k+G, k+G") . G =G' (2-3)

: where VH is the Hartree potential and Vee is the exchange correlation
potential. In the G=G' matrix elements the Hartree, exchange correlation .and
local pseudopotential terms have been set to zero. Although the Hartree and
pseudopotential matrix elements divefge at G=G' the result of setting them to
zero is & constant finite shift in the eigenvaluks bec&uge of the overall
electrical neutrality of the crystal. The expressibn for the tdtal energy per

unit cell is

] - _ | z in in out +
£ % <> = V. ko (v, e + Voo ()] a (6)

1o L o out out out out . o

Ev g Y UR@ 0%Ne + v ZERE@ oo

- . - . 2-4
Ypwald T & %P (22D (2-4)

Where V_ is ‘the volume of the unit cell, Z_ is the charge on core t, ¥ is
_ c 1 ) Ewald

the Ewald energy of the cores in a uniform compehsating background and

L e & | ~
%17 v, J G * ?T/r) d’x * (2-5)

arises from the neglect gfithe VL(G=0) terms in the Hamiltonian. In equation
{(2-4) the superscripts in and out refer to the input and output of a cycle of
'tée self-consistent loop. Although at the end of a strue self-consistent
calculation the inputs and outputs would be identical, the distinction has
been retained in drder to show which terms cancel self interactions in the

eigenvalue sum. Cﬁelikowsky and Louie (2) have'.shown that for a charge

density close to the self-consistent charge density retaining the distinction

N
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between inputs and outputs as in equation (2-4) ensures that the error in the
energy is second order in the charge density error. Thus by retainin;-the.
distinct;on the energy can be made to converge much more rapidly in the self-
consistent calculation. In order £o calculate the exchange correlation enefgy
the charge deasity.was evgluatea at about 12,000 peints in the unit cell. At

each point the exchange correlation energy was evaluated and thus the required

average was obtained.

C) Pseudopotentials

The set of pseudopotentials used here are those tabulated by Bachelet,
Hamann and Schluter (3). The exchange correlation energy used by them. was
generated from Monte Carlo simulations (4) and parameterized in Reference 5.
In order to ﬁaintain consistency the same parametgrization was used here. In

this set the local component is expanded in error functions

2, 2,
V (z) = ___; [tzl icore erf [(a coreyd 1] (2-6)

and the non-local components are expanded in Gaussians

2 L2 aby (==, r) (2-7)
Vo (x) t-l(Ai t° AL, .) exp
Here Zv is the-nupber of valence electrons in the neutral atom and the c's,
A's and a's are parameters. DBecause of degree of linear dependence among
Gaussians, & transformed set of weights. ¢ was tabulated- in Reference 3,

sead of the A's. Tabulating the latter would have required the retention

of large numbers of significant figures.

6 -
Ci - - jzl A, Q 13 (2-8)"

where Q is the orthogonality matrix,
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0 ‘ 1> 3
S - Q i=73
o 1 7 oy ki (2-9)
P
i-1 -
(555 = By %t Qs i<
and
s r 28 (r) o.(r) d |
13 r ¢>i T ¢j r r (2-10)
Q , ¢ ’
with 2 N
-0, T i
e T 1=1,2,3
¢i(r) = ) #Qirz ) (2-11)
r e i=4, 5,6
Thus
VT ..
a2 B3E3
L{o, +a,)
1 3]
S_. = -_BLS/') - i Orj > 3
* 8o, +x,)" ' %
i3 (2-12)
Sy E i Ld>3
16.(ai+aj)

Equation (2-8) was inverted by factoring @ into a product of lower and upper
a

triangular matrices and then performing back and forward substitutions. This

algorithm was selected because of its high numerical stability which was

important in view of the non-orthogonality of the basis. In terms of these

‘pseudopotentials the required integrals can be evaluated analytically. They

are
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Ia = fmr erfe(ar)dr = 1/4&2 (2-13)
o
for the evaluation of ¢
' Aﬂzv 2 ® core /o ' -&nzv 2 core -gzlaai
TV .Z J c; erf( ai r) sin(gr)dr = 3 T Sy e (2-14)
c 1=1 GV
o] ¢ -i=l
for the local matrix elements and
s [ | 2
T :
vV, (k') = (20+41) V_c I V(1) 3 (k[ 3 ([k"[r) r7ar (2-15)
x Pl(cos ¥)
where
cos (v) = ——%;E——- (2-16)
| '
This requires the evaluation of two integrals
I, = {mex (-arz) i (BE) 3 .(vyD rzdr (2-17)
1= | exp ig 3 oy -
5 .
1= [ expleard) 3 (60) 1 ,y0) £
2~ | 5¥P I g gy r (2-18)
o
These are as follows.
. T e'(BZ‘H{Z)/Aa' 1 1 (_S_Y_) (2-19)
s V2 -
1 4o /é? ] o4

where In is a modified Bessel function. These were evaluated using a
recursion relation for arguments greater in magnitude than 1.0 and a series

expansion for smaller arguments.

I =

U,(8,Y,va) (2-20)

where
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e+ =) P 2.2
) Ug(asbsp) - Z Z (%) {[1 = -(%-Lz] Si(a-b,P)
2mp T(28+2) p (24 Pap
+ —-—2%9——5 T,(a,b,p)} (2-21)
I+ S)4p
o2
with
2.2.,,2 £ i, \ .
Sﬂ(a,b,p)==e—(a +7)/4p T (=1)" 1t (if). (L-1i)! P (abz) (2-22)
1=0 : i 2p

—a%H/ap? o (D 5t (2441 (1) 4+ b
¢ T

Tplasb.p) = e X Fing O3 (2-23)
i=0 zp
and
2i 3 (D 21 -(3+1)
* - X% (1) x . X x
F () =e L (21-3)° - ¢ jZO (2i-3) ! (2-24)
J'—' =

Equation (2-24) was evaluated directly as written for - arguments greater than

1.0 in meagnitude. For smaller arguments it was evaluated by a power series

expansion in the argument.

In this calculation spin-orbit interactions were neglected. While such
approximation is certainly not justified for & caleulation of the band
structure of a material such as InSb where spin-orbit splittings can be larger
than the bard gap (6) it may be expected to be reasonable in the context of
the present calculation which is concerned with averaged properties i.e.
charge densities and total energies and not the properties of states in a
specific Sand at a specific point in the Brillouin zone. Recent relativistic
calculations on SnTe and PbTe (7) tend to confirm this indicating that
neglecting ' spin-orbit couplings is adequate for most purposes. Further

support to this conclusion is provided by energy minimization calculations of
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the surface structure of InSb using a tight s;nding meéhod in which it was
found that the struc.ture. 'of InSb surfaces is not affected very much by spin-
orbit interactions (8). Errors resulting froh this approximation are probably
largest in the calculation of anharmonic force constants which are expected to

be more dependent on the details of the band structure than harmonic-

quantities.

D) Ewald, Hartree and exchange correlation terms

In each iteration of the Kohn-Sham equations above the charge dénsity,
n(g), must be evaluated in order to calculate the Hartree and exchange
Acorrelation. p;tentials. In a plane wave basis the calculation of n(g) is
simplified by the fact that each of the basis functions has a definite crystal

momentum so that the Fourier components n(g) could be computed directly in

reciprocal space.

In evaluating the chafge density for a NxN Hamiltonijan, N corresponding to
the plane wave, G', giviﬁg the largest ginetic.energy, in principle Fourier
components up to G = 26' result. Thus about BN-Fourier components of the
charge density are produced which may contribute to the Hartree and exchange
correlation potentials on the next iteration of the Kohﬁ-Sham equation;. In
this calculatioﬁ, however, Fourie£ components beyond n(G') were set to zero.
This had the advantage of a substantial saving in the computational resources
required both because these terms did not have to be evaluated and because the
reduced off-diagonal elements made the eigenvalue problem less time consuming.
Thus an increase in the size of the Hamiltenians which could be considered
resulted. Because only the lowest states are used in evaluating the ground
state properties this procedure yields only a small change in the results for

a given size, N, which is compensated by the larger Hamiltonian size which



coﬁid be treated.

The local.exchangg correlation funczional used here was that calculated for
the uniform electron gas by Ceperly gnd Alder (4) and parameterized by Perdew
and Zunger (5). This is the same functional which was used in generating the
pseudopotentials of Reference 3. Because the resulting iqcal dénsity
functional is nén-linear, the Fourier compenents of the exchange correiation
potential could not be evaluated directly from the Fourier components of the
‘charge density. Thus it was necessary to transform the charge densities at a
number of points in the direct space unit cell, evaluate the exchange
correlation potenﬁial at these points and then back transform these into
reciprocal space. For this purpose a grid of about 12,000 pecints in the zinc
blende unit cell were used, the exchange correlation energy term in the total

energy expression alscaEfing evaluated in direcxbspace as previously noted.
™~
The remaining term in the total energy expression is the electrostatic

interaction of the ion cores with each other and with 2 uniform compensating

background. This was evaluated directly using Ewald's wmethod (9) which

4

permits the rapid evaluation of such energies.in periodic structures. Ewald's
method has also been used in calculating the energies of layers (see Chapter
7). . It sho;ld be noted that all other interactions between the ion cores have
been neglected in this calculation. In particular Born-Mayer repulsions and
van der Waals' interactions were neglected. This was done because these were
expected to result in negligible contributions to the total energy, the former
because of the open tetrahedral structures in question and the later because
the strong covalent bonds in these materials would render such effects
negligible. Moreover, consideration of correlation between electrons in

different ion cores 1is clearly beyond the scope of a pseudopotential

calculation.
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CHAPTER 3

Valence charge densities in InSb and InAs

A) Introduction

For some' time there has been considerable interest in the semiconductor-
metal phase transitions diamond and ziné blende structure materials undergo
when subjected to high pressures. With some exceptions (1-4) qﬁe transition

:
at low temperatures is to a tetragonal B-Sm like structure or a rock salt
structure, the high pressure structure being related to the ionicity of the
material in question (4). Materials with low ionicities tend to have B-5n
b
like high preésufe phases while more ionic materials tend to transform to rock
salt structures. Among the III-V Indium compounds InP and InAs have rock salt
high pressure pheses while InSb has & B-Sn like phase. In either case the

phase transition under pressure involves a change in coordination number and

the breaking of covalent bonds.

Covalently »bonded materials may be characterized by their highly
nonspherical chargé densitiés which are associated with’a fharge buildup in
the bonds. The firsﬁ (5) and perhaps the most direct experimental evidence of
the existence of these bond charges was the observation of quasiforbidden X-
ray refléctions such as the (222) reflection in diamond structure materials.
For zinc- blende materials whose constituent atoms have simifﬁr atomic numbers
such as AlP, GaAs and InSb the X-ray structure factors F(222) and F(EEE) can
vield & considerable amount of information regarding the valence electron
distributions (6), specifically the (222) component of the Fourier transform.
In zinc blende materials the (222) components of the valence charge densities

may be regarded as containing contributions from two. sources, the bond charges

and charge buildups abogg)the anions. This is in contrast to the situation in

)
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diamond structure materials where only the first contribution can occur.

-
Recently the intensities of these X-ray reflections have been measured as a

function of pressure for both Silicen and InSb (7). It was founq that as'the
pressure was increased both materials behaved Similarly in that these
intensities fell off sharpiy just before the tramsition pressures were
reached. This is a remarkable result in view of the fact that for such a
Ao S .
strongly first order transition large fluctuations in the .vicinity of Fhe
phase transition are rot norﬁally expected. Subseqﬁently it was suggested
th;t the (222) ¥X-ray inﬁensity may be & useful order parameter for the
semiconductor-metal phase transition in diamond structure materials (8). Two
interpretations of the experimenmtal ;bservations w;;e offered (7). Firstly it
was suggested that the valence electrons may haﬁé_redistriﬁuted just before
the transition wvolume was reached, ‘this redistribution presumably
destabilizing the tetrahedrally coordinated strugtures and leading to the
phase transition. The second interpretation offered was that the decrease in
the intensities may ha&e resulted from the ehhancement of an arharmonic effect
reiated to the phase transition. The first possibility has been ‘excluded for
Silicon by an ab initié calculatien of the valence charge density as a
function of pressure {9), which showed that the low temperéture X-ray

structure factor, F(222), does not diﬁplay any vrapid changes near the

transition volume. As yet the exact cause of the experimentzal observation is

-

not known.

In thi; chapter charge densities and X-ray structure factors for inSb,
calculated using the ab .initio pseudopotential method described in Chapter 2,
are reported at several volumes. In addition since it was felt that it would
be desiréble to study the behaviour of the valence electrons as a function of

volume for a2 more ionic material having a rock salt high pressure phase,

-

-y
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valence charge densities for InAs were also calculated and are reported here.

B) Method and Results

For beth InSb and InAs the calculations were done using a set of two

special points in the irreducible wedge of the Brillouin zome. A basis of

about 600 plane waves was employed for the calculations on InAs whereas for

InSb about 330 plane waves were used. Increasing the number of plane waves to
~ .

725 at the experiment@® free volume, Q_, was found to change the lower Fourier
components of the charge density by less than 0.002 electrons per cell for
InSb. For InAs comparison with a.calculation using about 530 plane waves

-

implied that a smnlar convergence had been attained.

In TaBle 3-1 the first few Fourier components of the charge densities are
given at the free' volume. These are compared .with the x_:esult:é of an earlier
calculation‘by Chelikowsky and -Cc;hen (10). In spite of the fact that they
used an .empirical pseudopotential and only about 90 plane waves in their

calculation, it may be noted that the results of their calculation agree

fairly well with the results pres‘elnted here. In Table 3-2 values of the X-ray

structure factors F(222) and F(222) of zinc blende strucfure IpSb for Cu XKa

radiation are presented. For 1InSb the <transition occurs at about

)

Q/QO= 0.945. The requisite ionic scattering factors were taken from

' published results of Hartrée-fock-' cé—i_culations (11,12). It will be noted that
.the free volume.results- are in fairly éood agz-'_eeme.nt with the low temperature
values obtained by Bilderback and Collela. The effect of any ;arrors in the
cilonic scattering factors would be to change the values obtained somewhat but

~‘leavé the trend, i.e., the absence of any dramatic changes undexr pressure,

b
intacet. Correspondmgly for InAs values of n(222) at se:%eral volumes are

presented in Table 3 3, the transition of InAs occuring at about S?/Qo =.0.91.
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In addition the positions of the bond charge maxima are given in Table 3-4,

In Figure 3-1 contour plots of the calculated valence charge densities of
zinc blende structure InSb at Qo and at Q/Qo = 0.847 are presented in a (110)
section. The difference is also shown. The results are qualitatively very
sie?lar to those obtained for SiliQpn in Reference 9. From these contour
plots and the X-ray structure factors it may be concluded that there is no
evidence for a dramatic redistribution of the valence charge density in InSb
near the trdnsition volume or even at volumes much smaller than it and
moreover that the redistribut%on which does occur is mainly spheriéal about
the ions: This result implies that the experimentally observed drop in the X-

ray structure factors is very likely due to an anharmonic effect.

In Figure 3-2 (110) sections of the valence charge densities of zinc blende
structure>InAs are shown at Q/Qo = 1.000, 0.898 and 0.850. These indicate
that just as in the case of InSb there is no dramatic redistribution of the
valence electrons as InAs is compressed and inm particular that the bond charge
remains a prominent feature of the zinc blende structure. There is however a
gra@ual shift of the bond charge maxima away from the anion. sites under
preﬁgure. This is reflected in the values of n(222) which show a gradual
phase shift and a small decrease in magnitude as the volume is reduced. 'Thi§
observation is consistent with the results of Raman scattering measurements

. N . _
which show that the splitting gf the optical phonon decreases with increasing
. *
-pressure implying that the effective charge, e, alsc decreases under pressure
(14). There is a similar but smaller effect present in InSb as may be noted

from Figure 3-1.

These results lend support to the idea that the semiconductor-metal phase
transition is not caused by a redistribution of the electroens in the

semiconductor but is related to the competition between the covalent bonding
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energy with Hadelung and repulsive energies as suggested by Yin and Cohen (9).

This pdint will be discussed further in Chapter &4 where polarization charge

densities associated with various distortions of the zinc blende lattice are

reported.

TABLE 3-1 Fourier components of the charge density in electrons per cell for

Component

111
200
220
311
222
400
331‘

420

Ref. 10
.885,-1
.860,
.135,
.200,-0.
.030,-0.
.215,
.040, 0.
.055,
.042, 0.

InAs

.998

151

437

020

This calculation

InSb and InAs at the free volume.

Fourier Components

.238, ©
177, o
.222,-0.092
.035,-0.228
.368, O
.022, 0.208

167, .0

[ ]
(9]
[ ]
o]

.659,-2.202

InSb

Ref. 10

.994,-1.915
.718, O
164, 0
.223,-0.161
.020,-0.409
L2645, 0
;045, 0.038
.048, O

.043, 0.024

The origin is at the cation site.

This caleculation

.152,

.846,-1.882
.766, 0
.024, . 0
.227,-0.26?
:091,-0.252
467, 0

.054, 0.223

0 L

.235, 0.015
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TABLE 3-2 X-ray structure factors for InSb in the ZnS structure for’
Cu ka radiatiom. ' =

é/Q - F(222) F(222)

[+]
1.035 6.41 5.23
1.000 642 5.2 .
0.985 6.42 5.26
0.938 6.44 5.29
0.892 6.45 5.33
0.847 6.46 5.37
0.804 ' 6.48 5.41
. .0.762 6.49 5.46
0.722 6.50 _ ~5.51
0.646 6.51 | 5.61

TABLE 3-3 Fourier components of the charge density for InAs

Q/Q n(222) . magnitude

Q
1.055 (~0.060,-0.230) 0.238
1.000 (-0.035,-0.228) 0.231
0.948 (-0.001,-0.225) 0.225
0.898 ( 0.001,-0.221) 0.221
0.850 ( 0.037,-0.216) 10.219

0.804 ( 0.058,-0.211) 0.219



TABLE 3-4 Location of the bond charge maximum in zinc blende InAs.
' x = 0 is a cation site whereas x = 1 is the anion site.
As-BC is the distance in atomic units of the bond charge
from an anion site.

Q/2

1.

]

055

.000
.948
.898
850

. 804

-39 -

.712
706
.698
.690
0.682

.674

As-BC
1.447
1.451
1.465
1.477
1.487

1.496

4
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(2)

(3>
(&)

(5)

~&
(7

(8)
(9)
(10)
(11)
(12)
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CHAPTER & .

Structural Properties and Polarization Charges in InSb

A) Introduction

In Chapter 3 valence charge densities for zinc blende structure InSb at its
free volume and at a reduced volume for which the semiconducting phase is
unstable were reported. It was concluded that under pressure the behaviour of
the valence electrons in InSb is qualitatively very similar to that found in

Silicon (1) and InAs.

Here polarization charge densities and energies associated with various

zone center phonons are reported for zinc blende structure InSb at its free

e

volume and also at a reduced volume. These are discussed in relation to the

corresponding quantities in other covalently bonded materials (2-4}.

B) Results and Discussicn .
i) Total- energy calculations

. TN ‘
In Table 4-1 the quilibriﬁmeEfrice constant, ao, bulk modulus, B, and its
S

pressure derivative, B', obtained by fitting total energies calculated using

the method described in Chapter 2, at a variety of volumes, &, to Murnaghan's

-

equation of state (5), are presented. The shear elastic constant,

2cs=c11-c12, c&4 and the internal strain parameter, {, calculated both at the

experimental free volume,. Qo’ and at a reduced volume for which the zinc
blende structure is unstable are also presented. (In InSb the semiconductor-
metal phase transition occurs at about Q/9°=0.9&5.) The shear constant, >

“

was calculated from the total energy changes associated with homogeneous
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tetragonal distortions in which on‘:z of the cube axes was strc-atched‘ or
..compréssed by a small amount (typicaliy 1%) while the other two axes were also
chaﬂéed in order to keep the volume of the unit cell constant. The internal
straiﬂ-parameter and c,, were calculated from the energy changes associated
with homogeneous trigenal distortions, relative displacements of the anion and
cation sﬁblattices along a bhond direction and combinations of these. The
values of cg and C,, wWere found to change somewhat as the volume was reduced
to Q/Qo=0.935 from Qo. However in view of the probable accuracy of this
calculation it is difficult to attach much™ significance to these changes.
However the increase in the iAternal strain\;hrameter as the volume is reduced
is significant, this increase reflecting an expected weakening of bond bending
forces relative to ‘bond stretching forces under pressure. The éalculated
‘elastic constants are compared with the low temperatjre experimental values
obtained by Slutsky and Garland (6}, the pressure derivative of the bulk
modulus being compared,tojthat measured by Bashkin a;d Peresada (7). It may
be nogea that the agreement between the ekperimental and thecretical values ig
reasonable although not quite as good as obtained for certain other materials
using similar methods (8). The calculated internal strain parameter at the
free volume,‘c=0.&3, is sompwhat lower than experimental values (9-;2) for
Silicon (0.74,0.72), Gefmanium (0.72)‘and GaAs (0.764) but is compar;ble io
previous ab initio calculatioms (13,14) on these ﬁgterials wﬁich all vielded
values lower than those found experimentally. As noted in Reference 13 tﬁe
A
discrepancy is outside the probable limits of the theoretical uncertaiﬂﬁy and
may be due to the assumption of overlapping spherical atoms in the analysis of
the experimental data (see Chapter 3) and anharmonicity due to finite strains.
In fact the magyitude of n(600) obtained in this calculation is°0.05 at zero

strain and increases by about 6% under a 1% strain aleng a (111) direction.

More importantly it is found that the transverse optical phonon becomes highly
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anharmonic under strain as discussed below.

In Table 4-2 calculated frequencies of the zone center transverse optical
‘phonon, Yoy » and the ®orresponding anharmonic force constant, k 2 defined
by:

3
A Etot(u) = kuz + B k z(u—) - ([‘__1)
o )

are presented for the zinc blendg structure. Here AEtot(u) is the change in
tqtal energy per unit cell for a relative displacement between the two
sublattices of Zui Wrg and kxyz were calculated with the same distortions
used for S and (. It will be noted that at the free wvolume the
experimental (15) and theoretical frequencies are in excellent agreement. The
phonon frequency and anharmonic force constant increase smoothly over the
entire volume range studied in;luding the range for which the structure is
unstable and can be well described by a Gruneisen parameter, ZTO=0.97. The
corresponding parameters for inP and InAs have been measureé to be 1.44 (16)
and 1.2 (17) respectively. Thus the preseht results would seem to suggest
that InSb follows the chemical trend. However a recent state of éhe art Raman
scattering study (18) has yielded a value of ZT0=1.41. Although the phonen
frequency. obtained in that-study does not agree to w%thin the stated precision
with a‘previous neutron scattering méasurement (15), it seems unlikely that
the di;crepancy in the Gruneisen parameter can be explained by an experimental
error. At present its source is unknown. In any case the present results do

show that neither Wpg RO kxyz display any exceptional behaviour near the

transition volume.

In Table 4-3 the anharmeonic force constant kxyz is given for (ill) strains
of 0.5% and 1%. The frequency, Wy s remained unchanged under these strains to

within the accuracy of this calculation and thus is not shown. Under strain
i 8
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kxyz changes sign and incréases dramatically - in magnitudéi While not
coﬁclusivé, this result suggests that experimental determinations of the
internal strain parameters in similai: materials may indeed be affected by
anharmonic effects caused by finite strains as sﬁggested by Nielsen and Martin
(13). This might also be related to a recently reported anisotropic stress
sensitive temperature dependence of the lattice constant of Silicon {19)
although it is not possible to arrive at any definite conclusion based on the

present results.

ii) Charge densities -

In Figure 4-1 (110) sections of the valence charge densities {a) and
polarizatién charge densities for a frozen zone center TO phonon (b) and a
homogeneous tetraéonal distortion (c) are shown for zinc¢ blende structure InSb
both "at the free volume and at a reduced volume, Q/Q°=0.93S. The
polarizations showgy .gorrespond _to 1% stretches of the 111 bonds for the
optical phonon whereas for the tetragonal distortion a 1% stretch of the z-
axes with a corresponding compression of the other two axes in order to
maintain.a constant Qolume was used. In order to make the ;edistriﬁution more
evident for the later case (c) the component corresponding to a rigid

homogeneous distortion of the electron density has been eliminated.

As discussed in Chapter 3 the valence cﬁa:ge densities at the two volgmeé
are very similar, the main difference consisting of a small movement of the
bond charge maximum away from the anion sites under pressure consistent with
Raman scattering measurements which indicate that under: pressure the zone

»

center Lo-TO phonon splitting decreases in most zine blende
: *
materials (17,18,20~24) implying & reductior in the effective charge, er- It

is interesting to note that similar -reductions are .observed at high

temperatures {(25) perhaps refiecting the the similar nature of the high
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pressure and high temperature (melting) phase transitions (26). Like the
. charge density it will be noted from Figure 4-1 that'both the polarization
charge of the TO phonon and that of ihe tetragon&l shear distortion are very
similar under pressure to the corresponding quantities at tﬁé éree volume.
While this may be expected for the TO phonon for which the forces are
dominated by ion-ion interactions (27), this résult for the tetragoﬂal
distortion lends further support to the conclusion of Yin and Cohen (1) that
the semiconductor-metal phase transition is not caused by an instability in.
the eiectron distribution but rather a competition between tﬁe coQ#lent

bonding energies and the Ewald interactions. -

The polarization associated with the TO.phonPn contains a strong dipole-
like contribution which corresponds to a rigid displacement of much of the
bond charge with the anion. There is also a small charge transfer from the
stretched bond to the compressed bonds. This transfer is slightly off center
in that the charge tends to flow to the region of the compressed bonds
furthest from the stretched bond. The dominance of this ‘dipole-iike
contribution in InSb is very similar to that found in ZnSe (3,4) in spite of
the fact that InSb is muéh less ionic, heving a Phillips ionicity of 0.321 és
compared to (.63 for ZnSe: The chargé’transfer amo;g the bonds is less
evident than that found in Silicon (2,14) and Germanium (3). The present
results indicate that even for covalent materials with moderate ionicities the

bond charges are fairly strongly associated with the anions.

The polarizations for the tetragonal distortion consist of small movements
of the valence electrons towards the ions between bonds where the bond angles
are reduced and conversely a redistribution aeway from the ions between bonds

where the bond angle is increased. The total bond charge is not changed much

by this distortion.
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To summarize, the.Behgéioﬁr of Fhe valence electrons under high pressures,
for which the zinc'blénﬁe'structﬁfé is unstablé{L:;\slmost the same as that at
the free volume. '.fhe. féct that the covalent bonds are not destroyed under
pressure as discussea ﬁere and in-Chapter 3 may be qualitatively understood by
meking use of some of Phillips' ideas (Zésﬂénd noting the strengthening of the
pseudopbﬁehtial in the bonding region as the volume is reduced. This arises
because under pressure the minima in the Indium pseudopotentials move towards
the bond charges which are located near the ~minima 'of the Antimony
pseudopotentials. (The minimum of the Antimony pseudopotential is aboﬁt
1.7 a.u. away from the anion sites while at the free volume the minimum of the

Nndium pseudopotential is about 3.7 a.u. away. The bond charge maximum is
located about 1.85 a.u. from the anién.) This mechanism also hélps to account
for the movement of the bomd charges away from £he anioﬂs as the crystal is
compressed since ag the anion-cation distance is reduced the bond charges are

expected to be influenced to a greater extent by the cation pseudopotentials.

C) Conclusion

In conclusion charge densities, polarizations and structural properties of
zinc blende InSb haye been calculated, reasonable agreément with experimental
data being obtained. InSb is found not to behave much differently than other
zinc blende materials in that the near imstability of it; bonding was found
not to manifest itself in a shbstantially different response of its valénce
electrons to the distortions studied. This is consistent with the fact that

even at greatly reduced volumes the responses were found not to be largely

‘different from those at the free volume. -
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TABLE 4-1 Structural properties of zinc blende InSb. n denotes the size
of the plane wave basis. The elastic constants are given in
GPa while the lattice constant, 2> is in angstroms.

This study Experiment

Q/Qo n=531 n=725
e, 6.34 6.34 - 6.49
B _ 50 50.7 . , 48.31
B' L.7 4.9 4.91 .
c 1.:000 35 o 31.32

A“_ 0.935° 34 o
€, . =C 1.000 36 ’ 31.30

1112 0.935 38
4 . 1.000_ 0.43

0.935 y 0.55

TABLE 4-2 Frequency of the transverse optical phonon and the anharmonic
force constant associated with it for zinc blende InSb. The
frequencies are given in THz, whereas the force constants are

& ir units of eV/angstrom®. The experimental value is denoted
by (exp). ]
. ~
Q/Qo “To kxyz
1.000 35.0 -38
1.0 (exp) 354.8
0.985 35.6 -42
0.935 37.4 -4l -
0.892 39.3 -58
0.847 41.2 =71

TABLE 4-3 Anharmonic force constant as a function of strainm, e

=e, =e _Ze,
at the free volume. 12 723 13
- e k
XYz
Y -38
0.005 0
0.010 214
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CHAPTER 5

Second Sound Velocities in Hexagonal Crystals

A) Introduction .

In 1944 Peshkov (1) observed second 'sound in superfluid “He and in 1947
proposed that similar propagating temperature waves may exist in solids (2).
The first ob;ervation of second s%gnd in a solid was for hcp “He " (3). Second
-sound has since then providéa valuable - information on phonon scattering
processes (4) and particularly normal processes. The condition for the
existence of ‘second sound islthat there exist scattering mechanisms which
cause _a nonequilibrium phonon distribution to. relax to an intermediate
thermalized distribﬁtion with a net energy flux in & time that is short
compared Qith that required for cther processes to destroy it (5,6). Based on
this two types of second sound have been identified by Enz (5), drifting
second sound with a p?opagation velocity Vs ghich occurs when normél
processes yield a drifting phonon distribution in a time short compared with
that required for other mechanisams to destr?y it, and driftless second sound

N

, which may occur when momentum (wave vector)

correlations decay rapidly as compared with the energy flux.

T

with a propagation velocity Vi

All observations of second sound appear to be of the drifting variety with
the.possiﬁility of lobserving driftless second sound uncertain at best (7).
Despite this both Vit and vfI are of considerable interest in studying
scattering processes, the drifting velocity direct;y in experiments involving
second sound and.thé driftless ve;ocity because it enters in the Callaway
expression for the thermal conductivity (8-10) which is frequently used in the

analysis of experimental data on heat conduction. '
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Numerical calculations of second sound velocities for some cubic crystals
have been performed by Varshni and Konti (11), Hardy and Jaswal (12) -hnd
Jaswal and Hardy (13). For anisotrbpic materials drifting second sound
velocities have been calculated for hcp “He at 20.97 cm?/mole and Bismuth by

»

Maris (14). -
N
Here values of the drifting and drift%gss second sound velocities are
presented for 12 hexagonal crystals with arbitrary orientatioms. %he
variation of the velocities with densi;y‘ for solid Helium is also given.

Further it is shown khat the discrepancy pointed out by Maris (14) between the

in hep “He can be reduced if

experimental and theoretical values -of Vg

ancther set of elastic constants is used in the calculations.

i1} Drifting second sound

It has recently been shown that neglecting dispersion, <that is at
- \ .

-temperatures much smaller the Debyve témperature, the drifting second sound

propagation velocity is given by (14):
2 o . (5-1)

where (n1,nﬂ,ns) is. 2 unit vector specifying the directicn of second sound
. propagation and where

2
(cd )ij =

-]
O
T

(5-2)

D |-
o)
»

L.

in which
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4

2 4, 3. 3 =5,
‘=v(2'rr ky T, /1587) Z«tkjcg (k)> . (5-4)

L=l

Here kB is the Boltzmann constant, ¥ is Plank's constant and To is the crystal

temperature. The sum on { is over the three acoustic modes, ¢ being the

[
L] ~ ~
phase velocity of mode { in the direction k. The averages are over k.

Thus for hexagonal crystals the nonzero elements of (cﬁ)ij are 

2 i 2 1.3 -3,80 3 2 =5,~ -1
(g ™ ey )y} =3 [El <e, (k)>] ['Z <ky ey (k)>]
o= c=1
4 (5-5)
3 - -~ 3 — ~ - R
2 P 3 2 2 5 1 .
(e =35 f[¢C <c. (k}>] [_L <k,” el (k) >]
c=1 =1

X,¥,z being orthogonal with z coinciding with the hexad axis.

.

\.—
ii) Drifrtless second sound

For the driftless case the following expression for the time derivative of_
[ ]

the energy flux , g(%,t), may be obtained (6):

-~

g 1 =
Y + T] S;(r,t) =

aT(r,t)

Ki' © 3T
1975

1 (5-6)

where 1 is a relaxation time characterizing the decay of modes giving rise to

, .
the energy flux, T is a local temperature and Kij is a single relaxation time
L}

approximation to the thermal conductivity,

s a2 A 3,30 03~ . 3> ©(5-7)
kij = T(27 kB To /5R7) ?;1 <cig§k) CjC(k)/cq (k)

where .T is the group velocity. When Equation (5-6) is -combined with the

energy balance equation, ' -

-
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\
c L T(r,t) + 2= 5 (r,t) =0 8y -
ot ? oty i’ (5-8)
a damped wave equation for T(r,t) results i
(5-9)

ro) _ g 3T

22T (r,0) |, 1 3R
-2 +'¥' (ét TC 3r,9r, .

ot - 1] -
which has three solutidns, two of which do not involve heat propagation, the

third one having a propagatlon velocity V;I given by
¥
' 2 | (5-10)

'S
vep = Ry (Cqp Dy

where the unit vector (nl,nz,n3) specifies the direction of driftless second

-
v

sound propagation.

~
..

For hexagonal crystals the nonzero elements of (cdfjij are

N N o 3 3 -3, -1
(g1 Ve = (Sq1 dyy T2 <(crx(k)/c; (K)>] [ = <c_ “(k)>]
=1 = g:l &
2. 3 . 3 3 L3 a1 (5-11)
(cdl )zz [gil<ciz(k)/ci (k)>][gil <c; (k)>]

1
i

C) Hexagonal Symmetry
At low temperatures where second sound is dominated by low energy acoustic

phonons the phonon frequencies wc(k) and hence velocities Ec(k) are determined.

by the elastic constanis cijkl of the material in questiom,
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. .2 ~ :
- = - -12
lcijkﬁ k ko= Pl GikJ 0 . (5-12)

-

cg(k) = Vk mC(k) T (5-13)

LY .
For hexagonal crystals there are five independent elastic constants in~terms

of which the above eigenvalue problem can 'be solved eiactly {15).

In this dispersionless case in order to obtain the second sound velocities

it is necessary only to average over the direction of k. Thus

/23 7/2 3
? 2 2 “3e8) s -5 .3 -1
= [ad = = 1 z c. (e) Sin edej[J E c (e) sin e de
o (o)
m/2 ' /2 ) . i
gcdz)zz - %'[J 3 C;—3(5) sin & 48] [j 2 dz 5(‘3) cos 8 sin 8 d&] 1
o &=l o Z=1
2 2 (/23 2 3
Ve = (g ey =L 2 : 8) sin 8 d8 (5-14)
(Cd;‘s‘, )xx (cd;. )}_} [ i E=l C;x (C)Cv ( ) sin d ]
(/23
x[| T %73 sin s e8]t
rT/z 3 o _ r-T/Z 3 _ "7 -l
(e nz) = [ I T8 e 3(‘5) sin £ dej[J T c, 3(‘3) sin & d6]
dl. zZ J ;=l Sz C a {:=l (_,
° o]

where the €'s are appropriate avVerages over the angle ¢=tan-l(k5/kl) and we

have used the fact that for hexagonal crystals it is not necessary to average
the phase velocities over ¢.

-

D) Data and Results

The experimental deta employed in the calculation- are summarized in

Table 5-1. For Be0 two sets of elastic constants have been measured which

differ from each other and appear to have the same sort of accuracy;
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calculations were carried out for both sets and these are represented by BeQ-1
and Be0-2 in the tables. The required integrals were evaluated numerically.

The calculated values of the second sound velocities are shown in Table 5-2.
E) Discussion ' .

There.are a number of substances in Table 5-1 for which elastic constants
are available only at room temperature. In such cases it;is expected that the
true low temperature second sound velocities will be slightly higher- than
those given in Table 5-2. Based on the temperature variations of the elastic
constants of several tetrahedrally coordinated compoungs and the melting
points of the materials in question it is estimated that the deviation is less

R N
than 1% for SiC and BeO, 2% for «Zn0, ZnS and CdS and 3% for ZnTe and CdSe.

A a . .
For Cef. we have not been able to £find any data on the temperature variation
3 : ¥ T
of the elastic constants of similar compounds but it seems unlikely that the

- -~
actual second sound velocities at 0K will be higher than those given in

Table 5-2 by more than 10%.

To our knowledge so far the only detailed measurements of the anisotropy of
vep aze those on hep “He at 25 bar made by Mueller and Fairbank (16):
Table 5+2 shows that the anisotropy of Vit is expected to .be about 3% for Agl.
For all other substances in' the table with the exception of Helium the

anisotropy in the Vil Tturns out to be less than 3%.

~

The propagation of second sound in “He has been studied by a number of
workers. It was of some interest %tc examine the variation of second sound

velocities with density for this substance. Greywall {17) has proposed that

the elastic constants of “He have the follcwing molar volume dependence:
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5.73 . '
13 (%) (vof_v). ’ (5-15)

cij:f ¢

This implijes that the variations of second sound velocities with density are

given by

| ) _
vip(P) = v (o) (o/p) %3 . (5-16)

The variations of the velocities with density as given by this relation are
shown by the full line curves in Figure 5-1 taking the velocities at Pg TO be
those calculated using the elasfic constants of hrepeau et al. (18). Also
shown in Figure 5-1 are éhe second sound velocities calculated from ﬁhe
elastic constants of Frank and Wanner (19) at p=0.19698 g/cm® and at p=0.20760
e
g/cm® (second and third entries for “He in Table 5-23. It will be noticed
that seﬁeral of the points lie substantially above the corresponding curves.
Thus it seems that there:is an inconsistency between the elastic constants of
Crepea; et al (i8) and those. of Frank and Wanner (19) or else that the
relation (5-15} is not good enough.  To fur£her illustéate this point in
Figure 3-2 the variation of the second sound velocities with density a;
calculatéd from the elastic constants of F;ank and Wanner at p=0.19698 g/cm’®
and Equation (5-16). The po;nts calculated from the elastic constants at

p=0.20760 g/cm’ lie close enough to the theoretical curve but those from the

elastic constants of Crepeau et al. show substantial discrepancies.

b

Maris (14) has recently calculated the anisot;opyr of v in *He using

II
elastic constants which are almost the same as those of Crepeau et al. and has
found that the experimental- seconé sound velocities measured by Mueller and
Fairbank (16) are somewhat higher than the theoretical values. In view of the

findings of the last paragraph it was of interest to examine whether this

discrepancy can be accounted for by using the elastic comnstants of Frank and

[}
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"t

Wanneri ‘In Figure 5-3 we show the secoﬁd sound velocity as a function of
propagation direction in *“He. The solid _line theoretical curve calculated
from the elastic constants of Frank and Wanner.extrapélated to p=0.19087 g/cm?®
by Equatioﬁ 5-15 is see# to  lie nearer the experimental pointg than the
dashed-line-curye obtained by Maris. However it seexs that & certain amount-

of discrepancy between experiment and theory still remains to be explained.
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TABLE 5-1 Experimental data used in the calculations. For Hydrogen and
Deuterium X represents the concentration of molecules with rotational _
angular momentum J=1. The source of the elastic constant data is given

.
under Ref. RT stands for room temperature. The elastic c¥nstants are
in GPa. 3 . ' '

Substance T(X) Denszsy €1 Ciq S . 12 Ciq Ref.

(g/cm™)

*He °° 1.4 0.19087 0.0405 0.0554 0.0124 0.0213. 0.6105 a

“He 0.19698 0.055 0.071 0.0140 0.029 0.0131 b

*He 0.20760 0.076 0.098 0.0196 0.042 0.0198 b

H, (X=0) 4.2 0.0880 0.42 0.51 0.11 0-18 0.05 c

© (X=.75) 4.2 0.0882 0.362 0.440 0.083 0.119 0.041 c
(X=.75) 4.2 .0.0936 0.537 0.64% 0.132 0,179 0.072 c -

D, (X=.02) 4.2 0.2000 0.82 1.02 0.23 0.29 0.09 ¢
(X=.33) 4.2 0.1996 0.668 0.788 0.164 0.232 0.111 c
(X=.33) 4.2 0.2045 0.791 0.904 0.196 0.270 0.158

agl 10 5.99% 37.4  43.9  4.10 - 28.8  23.8 d

3e0-1. RT 3.010 460.6 491.6 147.7  126.5 88.48 e .

Be0-2 RT  3.010 470.0 494.0 153.0 168.0 119.0- £

Zn0 - RT  5.676 207.0  209.5 4.8 117.7  106.1 g

Zns RT  4.089 124.2 , 140.0 28.64  60.15 45.4 e

ZnTe RT 6.34 §6.0 $3.0 20.2 37.0 30.0  h

cds - 4.2 4.8217 §7.5 95.70 ..14.80 54.55 48.25 i

CdSe RT  5.684 74.90 84:51 13.15  46.09  39.26 e

SiC ]T 3.2145 502.0 565.0 169.0 95.0 36.0 j

Ce?3' RT  6.160 180.0 225.0 34.2 88.0 64.0 k

a) Reference 18
b) Reference 19
¢} R. Wanner and H. Meyer, J. Low Temp. Phys. 11, 715 (1973),

&) T.A. Tjeldy and R.C. Eanson, Phys. Rev: B 10, 3369 (1374)

. ey C.F. Cline, H.L. Dunegan and G.W. Henderscm, J. Appl. Phys. 38, 1944 (1967)
£) G.G. Bentle, J. An. Ceram. Soc. 49, 125 (1968)
Yy
g) E.F. Tokarev, I.B. Kobvakov, I.P. Kuzimina, A.N. Lobachev andé G.S. Pado,
Fiz. Tverd. Tela 17, 2487 (1975) [Sov. Phys. Solid State 17, 629 (1873)].
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k) R.F.S. Hearmon in Londolt-Bormstein Numerical Data and Functional
Relationships in Science and Technology, (Springer, New York, 1979), Group
111, Vol. 11, p. 39 :

»

i) D. Gerlich, J. Phys. Chem. Solids 28, 2375 (1967)
j) G. Arlt and G.R. Schodder, J. Acoust. Soc. Am. 37, 384 (1965)

k) S. Hart, Phys. Status Solidi 4 17, K107 (1973)

TABLE 5-2 Calculated values of the two second sound velocities in m/s. The
densities have been repeated for Hydrogen and Helium for identification

purposes. .
. . . i r
Substance Density Vitx Viig ViTx 11z
“He 0.19087 141.3 158.9 153.5 174.9
*He 0.19698 158.3 169.7 172.3 194 .4
“He 0.20760 177.7 194.3 193.9 220.1
. ! -
HZ (x=0) 0.0880 702.9 723.7 - 761.9 B40.7
- (¥=.735) ©.0882 661.5 645.9 725.9 792.6
(X=.75) 0.0936 793.2 782.4 §60.9 927.5
D2 (X=.02) '0.2000 685.8 695.1 736.7 800.1
(X=.33) _0.1996 601.2 594.6 650.7 695.9
(X=.33) 0.2045 . B4T.1 639.2 697.4% 733.8
Agl 504.6 528.5 556.7 637.2
ZeQ-1 4396 4404 L4634 4711
Be0-2 4283 4388 4519 4639
Zn0 1670 1701 1779 1810
ZnS 1656 1680 1775 1364 -
ZzTe 1140 1136 "1219 1253
Ccds : 1085 1100 1165 1218
CdSe S41 360 1014 1074
SiC 4651 4623 4894 5003

Ce?3 1564 1543 1711 1871



(1)
(2)

(3)

(&)

(8

- (9)

(10)
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CHAPTER 6 -
Special Points in Self-Consistent Phonon Calculations

. -
+

A) Introduction
3

.

The self-consistent phonon (SCP) formalism (1-3) has proved 'quit;
successful in accurately describing various dynamical and bulk thermodynamic
prop;rties of anharmonic solids. Unfértunately these calculations are very
time consumihg sinCe’they require the calculation‘cf averages of functions of
eigenvectors aﬁd eigenvalues over the Brillouin zone at each iteration. Thus
it would be degirable if a scheme coﬁld .be found which wéuld abi?w the
averages to be rapidily but:accufhfely evaluated. Here the convergence of the
special points method for this purpose is studied. We test the scheme's
applicability in the self-consistent harmonic (SCH) approximation for *®Ar and
Xr at various tTemperatures. Although <this method has proved rapidly
convergent in electronic p:obleﬁs (6-9), it has not been studied in this

context. . 5

The results given show that the scheme is rapidly convergent in the cases

studied and thus should be of use in this context.

3) Special Points and the SCH Approximation

.

The SCP formalism has been derived by a number of authors (1-4). Here only
the mein equétions are stated. -The lowest order SCP theory is the SCKH

approximation in which the frequency of the phonon with wave vector g and

branch A is given by

2 . = \ (-
e~ L Sq(q,k) Do () Escc.,,«) (6-1)

.8 -

)

-,
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where £ is the corresponding polarization vector and D is the dynamical

dﬁtrix.
. 1 e, TRARy . "
DGB(Q) =N i (e -1 ¢O£B(0;2) . (6-2)
Here )
) - o
- - (6-3
= [(2~n)3 IA}] J cu _faxp(-ls utt W v, (0) vs(a) v(rg,) )
is the averaged force constant between atoms 0 and £. The displacement-
displacement correlation function is taken teo be Gaussian with width
AaBCO’"U“) = <ua(0,i) u8(0,2)>
igeR ' BHw )
I WP Tlqay _1 (6-4)
"oy e D E@MELY corn [5]

qu
where h, M, N and P have their usual hean;ngs and Equations (6-1)-(6-4) are

solved iteratively for a given lattice parameter and temperature. As
discussed in Chapter 1 the conveéggnce of the special points method depends
critically on the form of the function to be averaged. Thus it was of
considerablg interest -to examine its applicability in the context of SCH

calculations. Here the special points method is used to reduce the average in

Equation (6-4).

-

C) Results

In order to study the applicability of the speciai points method we
performed calculations using the Baldereschi point (6) éhich satisfies
Equation; (1?8) and (1-9) for N = 2 and minimizei the m = 3 term, as well as
sgps'ﬁf 2, 10 and 60 points generat;d using the method of Chadi and Coheﬁ (7)

which satisfy Equations (1-8) and (1-9) for N = 7,36 and about 1350

}
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o

~ respectively. In the tables these are referred to as (1B), (2); (10) and (60)

-

respéctivel}. In order to . ensure tha;' the 60 point scheme was in fact
-qonvergedn calculations were also‘@@i:iéd out ﬁsing!é 408 point scﬁeme. These
data are not shawn as they are the sam; as the resudts using the 60 poiﬁt
scheme excepting éhanges of one in the last figure. As a further test the
data were compared to SCH dispersion curves for Kr calculated under the same
conditions by.L.X. Moleko. The discrepancies found were negligible and could
bé explained by the different techniques for the numerical integration of ;he
thrgg'dimensional integral in equation (6-3). In Table 6-1 phonon energies at
some selected wave vectors for *“Ar in the SCH approximation are given at
tem;eratures' of 10K, 35K, 55K and 82K. These were calculated using the Aziz-

« £Lhen potential (10). In Table 6-2 similar data for Xr at 10K -and 115K

calculated using the potential of Aziz (11) is presented.
Te—

From these data it may be obse;ved that reasonable results (as compared to
the fully converged calculation) are obtained using the one point scheme.
COmputatipnally this scheme is not substantially more complicated than a self-
consistent Einstein approximation (12,13). ‘fo within the accuracy of <the
_calculatibn performed, the scheme is fully converged using 10 points for the

cases studied. This represents a substantial improvement over conventional

methods for which it is not uncommon to use several hundred points.

D) Conclusicn

In view of the above the special points method should be applicable to SCP

calculations for the rare gas solids. These materials are characterized by

the large contribution of nearest neighbour interactions to their lattice
dynamics. It would be worthwhile to examine the applicebilizy of the method
to other classes of materials, in particular the alkali metals and the Wigner

electron solid.

-

-
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TABLE 6-1.. SCH Phonon Energies for *®Ar (meV)

. Points
Phoron T(K) 1B 2 10 60
0.2 00T 10 1.8970 1.8944 1.8%46  1.8946
.35 1.8604. " 1.8591 1.8596 1.8596
55 1.8118 1.8102 1.8109 1.8109
82 1.7193 1.7171 1.7180 1.7181
0.200L 10 2.5235 2.5188 2.5192 2.5192
35 2.4716 2.4686 2.4695 2.4696
55 2.4043 2.4003 2.4016 2.4017
- .82 . 2.2747 2.2693 2.2713 2.2715
0.6 00T ‘/10 4.9514 4.9446 4.9451 4.9452
33 4.8560 4.8524 4.8535  .4.8536
55 4.7292 4.7247 4.7264 4.7266
82 4.4876 4.4816 4.4839 4. 4842
0.6 00 L 10 6.9756 6.963% 6.9648 6.9649
35 6.8331 6.8265 6.8286 6.8288
55 6.6467 6.6380 6.6411 6.6414
82 6.2902 6.2785 6.2829 6.2833
100T 10 © 6.1116 6.1031 6.1037 6.1038
35 5.9938 5.98%2 5.9906 5.5906
55 5.8374 - 5.8316 5.8337 5.8339
82 5.5394 5.5314 5.5344 5.5346
100L 0 . 8.8373 8.8232 §.8243 8.82544
35 8.6576 8.6498 8.6523 , 8.6525
55 8.4214 8.4115 §.4152 §.4136
82 7.9712 7.9578 7.9629 7.9634
0.2 0.2 0.2T 10 2.4030 2.4000 2.4003 2.4003
35 2..3593 2.3581 2.3585 2.3585
s3 2.3009 2.2993 2.2999 2.295%
82 2.1888 2.1867 2.1878 2.1879
0.2 0.2 0.2 L 10 5.0378 5.0489 5.0497 5.0497
35 4,9533 L. 9479 4.9496 «.9497
55 4.8170 4.8098 4.8123 4.8125
82 4.5561 4.3463 4.5499 4.5502
0.5 0.50.5T 10 4.0861 4.0811 4.0814 4.0815
35 4.0119 4.0098 4.0104 4.0105
55 3.5125 °  3.5058 3.5108 3.9109 °
82 3.7220 3.7186 3.7203 3.7205

{TABLE 6-1 continued @@ next page)

~

1
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TABLE 6-1, continued

)

Phonon T(K) 1B
0.5 0.5 0.51L 10 §.7882
35 8.6070
55 §.3696
82 7.9163
0.4 0.4 0.% Tl 10 3.3253
35 3.2662
55 3.1869
g2 3.03%4
0.4 0.4 0.4 Tﬂ 10 5.1&39
= 35 5.0428
55 4.9090
g2 4.6341
0.4 0.4 0.4 L 10 6.8212
- 35 €.6814%
55 6.4984
” 82 £.1486
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SCH Phonon Energies for Kr
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~ . CHAPTER 7 :

Madelung Constants for Layer Crystals

- The transition metal dichalcogenides are a family of layer compounds, each
layer consisting of two close packed sheets of chalcogen atoms sandwiching &

- 3 ‘ e - \—/ )
layer of transition metal atoms. Within a layer two arrangements OCCUI: the

- -

trigona} prismatic (TP). and octahedral (OCTA) coordinations (referring to the’

.

metal atoms).. The former structure is favoured by the group 6B compoupdgﬂand

the later by the 4B compounds. The group 5B compounds may be found in either

structure.

Ir order.to understand why one structure is favoured over the other it is
necessary to examine the energy difference between them. We note that the
interlayer forces are weak in these materials and thus probably do not play a

role in distinguishing the energies of the two structures.

An important compeonent of the energy difference between the two structures
8y |

is the Madelung energy. Recently Shen and Liang (1) Tcalculated Madelung

constants for the two structures using a real space scheme. This method

‘ }

converged slowly and as a result they were only able to report values accurate

to about 1% leading to an uncertainty of about 10% in the-electrostatic energy
difference between the tho structures. Here Ewald's method (2) is - applied to

this problem in order to obtain a more accurate result.

.

This method is in my view more intuitive computationally easier to

implement than the Poisson summation formui;‘fo: planes (3) used by Johnsten
and Scholl (4) when they treated this problex vucurrently with us {3). 1In

particular using Ewald's method the entire layer is treated at once rather

than as an assembly of planes of atoms and the evaluation of modified Bessel

-

.
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functions is avoided. -

To apply Ewald's method to layers one may note that the energy of an
isolated layer can be obtained by considering the energy of & stack of layers
in the liﬁit as the interlayer separation becomes infinite. To this end we
consider a unit cell defined by a, b, and ¢ with 8 and b in the plane of the
layer and ¢ perpendicular to th;a layers. The z axis is also taken to be

perpéndicular to- the layers so that ¢ = {0,0,c) where ¢ is the interlayer

spacing. By Ewald's 'method we have

2,,.2

T - 7-1
z I .= —:l,_ Z exp(iger) exlé & éac) + I erfe(GlL-r]) y =D
g if=rf V. g° 8 g /4G L | 2-r] :
and
| 1 71 exp(-gzﬂoGz) | 1 26 .
T s LTS + I —— erfc(G|2]) - — ©(7-2)
240 (2] Ve ot g g/46 w0 1%l Jr

where Ve is the volume of the unit cell, r is an arbitrary vector, £ is a
lattice vecfor, g is a éeciprocal lattice vector and G is an arbitrary
parameter chosen to accelerate the convergence of the sums. In the limit
where ¢ becomes infimite the‘ real space sums reéuce to sums over a single

l‘ayer. For the reciprocal space sxims let g = (gx,gy,gz) and ¢ = (rx,ry,rz) 50

that
2 2 ®
L R - ” - *
v = exp(ig-T) exp(op 3G . %_ tg. oS8Tt BT
c . B ~c gxgy 7
2 2 -
2 2., .2 exp(-g ~/4G7) cos(g r ) v (7-3)
x exp[<(g,~ + g, 1/4G ] ‘é 2 2 2
. . z gx + gv + gz

”

Letting vt_; =Ac and noting that the sum over 37: becomes an integral in the

limit ‘ R
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) 2 2
. s a e Femta e ester)
b _ ,
% I cos(gr +grxiexp [-(g" + 8 )/4C] j 5 7 2 dg,
ExBy 4 +g +g
: ) x y z
) | 8
4 2 2 2 1 2 2
== T + - +. 4 sy — = +
Rl cos(g r gyry) exp [-(g g, Y/4GT] I(r, s 8y 8y ) N
’ (7-4)
The integral can be evaluated analytically (6).
2. a 23
. _ g exp(Ry): .-
I(GODQY) = - &Y
x [exp(-av) erfe(wZ - o/2/%) + explay) erfc(yv58 + a/2/8)] (7-5)

The reciprocal space sums in equations.(l) apd (2) are identYcal for r=0. The
gx=8y=0 ierm in the sum of equation (4) diverges, as might be expetted from
the long range of the Coulomb potential.' However, since the layers are
electrically neutral, in evaluating the Madelung constant the divergences

cancel and only the remaining part is required. We note that for small ¥

'1(a,s,f) = (E;) {2 - v[2a erfc (a/2/3) + 4 #S/W exp(-azlas)]} (7-6)

so that in evaluating the Madelung constant I(s,B8,¥) is to be replaced by

-

Io(a,B,I) in the gx=gy=0 terms of the reciprocal lattice sums where

IO(Q,S,O) = (-E%) erf(-%) - /8 exp(—az/aﬁ)

2E (7-7)

-

Applying this to the ideal structures of Table 7-1, Madelung constants of

10.166078 and 12.334424 are obtained for the TP and OCTA strsctures

respectively. These values are much more accurate than those obtained by Shen

and Liang.

TaSz, which is of particular'interest because it occurs in both structures,
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has been studied in detail by Shen and Liang. Because 'in this case the two
structures must have similar energies they set the sum of the electrostatic
and electron band structure energy differences betw;:Q the two structures to
be fero. It was of interest to re-examine their conclusions using the
Madelung constants obtained above. Following them the difference in the
elecéron band structure energy between the OCTA and TP structures is taken to
be in the range 1.0 eV to 1.5 eV. Thus gssuming the Ta charge‘tc be the same
for both structures the Ta ions carry a charge of between 0.95e¢ and 1.2e.
This overlaps the lower end of the range G.97e to'l.ig given by Shen and Liang
and is consi&érably narrower than it. Allowing the electron band structure

energy difference to be as high as 2.0 eV increases the upper limit of the the

range obtained here to about 1.35e.

By the argument given by Lucovsky et. al. (7) that the TP structure favours
the formation of covalent bonds in these materials it may be expected that the

Ta charge might be scmewhat lafker in the OCTA structure. This imblies that

-4
the actual charges should lie in the lower end of the range given above or

perhaps somewhat below the lower limit.

TABLE 7-1 Ideal Structures for the MXOJCompounds
(lattice constant = 1.0) -

Trigonal prismatic Octahedral
a - (1,0,0) - (1,0,0)
b (-1/2,3/2,0) (-1/2,/3/2,0)
r (0,0,0) 0,0,0)
T, 1(0,1/¥3,1/2) (0,1/3,4776)

T, (0,1/V3,-1/2) (1/2,1/2/3,-1/v6)



(1)
(2)
(3)
(4)
(5
(6)

(73

- 72 - ) “

REFERENCES

T.H. Shen and W.T. Liang, J. Phys. C 16, L883 (1983)
P.P. Ewald, Ann. Phys-, Lpz. 64, 253 (1921)
C.A. Scholl, Proc. Phys. Soc. 92, 434 (1967)

N.A. Johnston and C.A. Sholl, J. Phys. C 17, L73 (1984)

D. Singh and Y.P. varshni, J. Phys. C 17, L321 (1984)

A. Erdelyi et. al., Tables of Integral Transforms, veol. 1 (McGraw Hill,
New York, 1954), page 15 )

G. Lucovsky, R.M. White, J.A. Benda and J.F. Revelli, Phys. Rev. B 7,
3859 (1973) :



APPENDIX A . .

A Brief Overview of the Total Energy Program

A) The SCF loop

As previougly'discussed in Chapters 1 and 2, the calculation of the total
energies and chérge densities proceeded by the iteration of the Kohn-Sham.
equations, (i-l) and (1-2), to self-consistency, the SCF loop consisting of
the construction of an 6utput charge density based on a given input charge
density. Accordingly, for each iteration the Hamiltonian matrix (see
equations 2-2 and 2-3) was const;ucted at each special peint .en the
irreducible w?@ge of the Brillouin =zone, using the input charge density and
the results from Chapter 2, and its first few eigenvectors and eigenvalues
calculated. \Using éhe occppied eigenvectors an unsymmetrized valence charge
density was accumulated in reciprocal space. The weighted sum of the
eigenvalues of the occupied states was also accumulated to be used in the
calculation of the total energy. Once the sum cveé the irreducible wedge of
the Brillouin zone was completed the resulting charge density was symmetrized
to obtain the output charge density. This was done using the space group
eclements of the crystal under consideration, which relate different Fourier
components of the charge density within a given star (a set cepsistiﬁg.of’a
reciprocal lattice vector and those vectors which may be obtained by applying
ﬁperations in the point group of the crystal in question to it). Having thus
obtained the output cﬂarge'density, it was Fourier transformed into real space
in order to calculate the Fourier co&ponents of the _exchange-correlatioﬁ
potential and the exchange-correlation e€nergy, needed for the evalu;tion of
the total energy as discussed in Chaﬁter 2. Next the'Ewald’term, waald: was

calculated for the lattice in question and the total energy evaluated using

- . >
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.

Equation (2-4), thereby completing the iteration in question.
: <

L . -
B) Potential Mixing

As discussed above -an input charge density is required for each pass

through the SCF loop. The most obvious choice would be to use the output

charge density and corresponding potential from the previous iteration as the
input to the current pass. However this scheme does not converge sufficiently
. ~ . . . ; /£,
rapidly to obtain self-consistency in a reasonable number of iteraticns. In
- -

order to obtain faster convergence a simple mixing of the inputs and outputs
4
was used.

. ; ot } .
. (n"), = o (n”); + C1=)(n )‘ (A-1)

In - » ) . ‘out .
(V. )m =y ), +(l-a{)(vfc ) (A-2)

In Equations (A-1) and (A-2) the subscripts, i and i+l refer to the i'th and
(i+1)!«h iterations respectively, « being a constant adjusted to obtain rapid
convergence. It may be noted from (4-1) and (A-2) that the input exchange-
correlation potential to be used in constructing the Hamiltenian matrice§ in
the (i+1)'th iteration is not that corresponding to the inpu; charge density
- ! -
except for the special case, a=0, or at self-consistency. This is because the
eichange—cor;elafion potential is a non-linear function of the charge density.
Thé reason for using (A-2) instead of calculating Ve from the charge density
at the start of each iteration is that it was found that this scheme did not

seem to change the number of iterations required to obtain self-consistency

while permitting the saving of one Fourier transform per iteration.

Ry
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About four iterations were typically required to converge the total energy

to 10-6 Ry. per unit cell using a mixing parameter, «¢, of about 0.2 with the

input for the first iteration constructed as discussed below.

The simple mixing scheme used in the caiculations described here would
probably not have been adequate for calculations on a system with a large unit
cell where a more powerful teéhnig;e such as Broyden's method (1) might have
been necessary. The success of the scheme used was probably due to the fact

that for the lattices considered the ynit cells were fairly small and thus
s ,

.

there were no small G Fourier components of the charge idensity except of

course n(G=0) which 1is- fixed by the condition 'of overall electrical

neutrality. This.is significant because the Coulomb potential diverges as

62,

C) The Input-Charge Density

In"order for the self-consistent calculation to converge in a reasonable

number of iterations it was necessary to have a reasonable estimate of the
charge density to use as an input to the first pass through the SCF loop. In

" this calculation many of the required input charge densities were obtained
-

from a calculation using a small basis consisting of about half the number of
plane waves used in the main calculation. This small basis set calculatien

typically used seven or eight iterations to find e stable solution starting

-

from an initial uniform charge distributiorn, the seven or eight iteratioms

3

using about as much computer time as would have been required to do two

- iterations with the full basis set.

In some cases which inveolved small distortions of a unit oell for which a
¢ Loel )

LI e

self-consistent charge density had already been obtained an alternate method

H
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of obtaihing an input charge density éor the Tst iteratjon was used. This
consisted of applying the same homdgeneous deformation to charge deﬁsity of
the existing calculation as was to be appliéﬁ toe the unit cell. For the sort
of distortions this scheme was used fof (of the order of 1-2%) input charge
densities of sufficient gquality to reach "the required degree of self-
consistency in about five iterations were obtained. Thus in the cases for

which it was applicable the use of this scheme resulted in the savingvof a

significant amount of computer time. .

_ REFERENCE

*

(1) C.G. Broyden, Math. Comput. 19, 577 (1965)
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APPENDIX B

The Fits Used in the Total Energy Caleculgtions

In order to obtain structural properties from calculations, of the total
Y
cnergy of a solid subjected to various distorsions it is necessary to fit

these to appropriate parameterized functions, the desired strubtugél constants

being obtained from the parameters. 1In this appendix the fits used are

described and their éccuracy discussed. In addition some total energies whiﬁh
were used in the fits are given in Table B-1. It should be noted that it was
found that the total energies tended to converge more slowly than the charge
densities and structural properties as the size of the basis was increased.

‘The values given are not  fully converged with respect to the size of the

'.

basis. ) o

N

¢

i).The lattice constant, bulk modulus and its prefsure derivative

-
~

As previously discussed, the lattice constant, bulk modulus and the

pressure derivative of the bulk modulus were calculsted by ‘fitting the total

energies calculated at six volumes to Murnaghén"s-eguaticn of state, N

6(&)

In order to test the quality of thls_procedure several additional fits were

performed using~different subsets of the  total energy }Sapa obtained by

deleting various points. As a’ further test a fit .was also performed using -

ezght values of the total energy, the two additional values belng 3t greatly

e

-

reduced volumes (Q/Q = Q. 762 and Q/Q = 0.804). Based an these,ié%igjit is

Y . .
. . -
- . - - .
. f - . - -
., ' -
. . -
- -~ - o

L (! (V) —l]+ 5(V)\/,:_.l (3-1%
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estimated that the errors due to the fit emp}oged are most likely less than

-

five in the last digits of the value of the bulk modulus using 731 plane-

: -~

waves, the error in the other quantities probably being beyond the last figure

quoted.

ii) The shear elastic constant, cs

/

The shear elastic constant was calculated from the total energy changes

associated with 1% stretches and compreSsions of the unit cell along the z-

axis with compensating changes the other "two axes designed to keep the

volume of the unit cell unchanged. As expected, it was found that to within

the numerical noise Ievel (estimated to be,Jeig than .‘ixlO-6 Ry./cell) <the

energy of a unit cell stretchcdrby 1% aleng the z-axis was the same as that
: / . .
“when compressed by the same amount. Accordingly, the shear constants were

determined by fitting the energies of the deformed aand ugdeformed unit cells

to a quadratic, E = Eo + apz, where Eo is the energy of the undeformed unit

A

cell, \u is the deformation (Here 'theL strains are e, .=u and

~ . 33

e11=e92=(l+u)-1/2-1) and a is.the pa;améter.to be determined. Thus

. C-nl" C]:z : ].96/ XIOG Q/Sl . . o - {(B-2) °
8 . .

where & is in Ry./cell, the c¢éll volume is in atomic units and the elastic
constants are in GPa. 1In order to test the reliability of the technique; ‘a
- L ]

._mbrq complicated fit was undertaken.’at Q/Qo = 0.935. This consisted of

fitting the energies of the undistorted unit cell and -unit cells with 1% and

2% stretches ,along the z-axis to a polynomial with both second d fourth
" r "

( - B : . o, N
order terms.) Based on this test it is estimated that the fitting erroys in -

the§$alues given gre probably less th&t 1 in the last figure given.
.- : *
e

, T 4
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iii) The phonon frequerncy, Wy s and force constant, kkyz’

The trans.vers..e optical phonon freqﬁencies and associated anharmonic force
constants were calcmlated from changes in the Energy resulting from
alterations in the spacing between .the- cation and anion sublattices along a
bond direction. In particular the energies for a stretch of about 1% and an
equal compression  were 'used, these being fi::':.e.d to a cubic,

3

E= Eo + au2 + bu”, Eo being the enei‘g}' at u=0 (Here u=t-to, the sublattice

-separation being (2t,2t,2t) and to the equilibrium value of t.) and a and b

~

the parameters. Thus 4 | .
by, = 2'7?5’@'0& % - '
. ' N | (B-3)
k.= 2295 b _ : (B-4)

¢z «

where m' is the reduced mass in atomic mass units, the energies are in

Ry./cell, the frequency is in s-1 and k:-cyz is in eV/A?. As 'a test the same

fit was performed at the reduced volume, Q/Qo = 0.935, using energies for
several displacements ranging between -2% and +3%. Based on this, the fitting

errors in the frequencies t:'é‘rc probably less than two in the last digit given

+

whereas the fitting errors in the anhfmonic force constants are likely

somewhat larger being of the order of 5%.

iv} s and the internal strain parameter
©

£ ' -
The qelcu]@tions of the\internal strain parameters and c,, Were those which

. -

involved the most computer time. This is as a result of the large number of

dijtortions for which total energies were calculated and the fact that these

wege among the lowest symmetry distortions treated here. The calculations

wgre performed by. fitting the total energies of unit cells with various
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sublattice spacings along a bond direction to cubics (This was done using a

least squar;s algorithm.), the calculations differing from those used for the
s -
trangyerse optical phonon frequencieéékn that in the presen: case the unit
. . L
cells being considered were simultaneously subjected to trigonal stretches of
0.53% or 1% along the same diref:tion.s the sublattice displacements. For each

-

value of the trigonal deformation total energies for about five sublattice,
-

spacings were used in the fits. From the positions of the minima for each

trigonal stretch an effective internal strain parameter for that stretch was

calculated, the internal strain parameter gquoted being calculated by linearly

extrapolating the effective "internal strain parameters corresponding to the

0.3% -and 1% stretches to the undeformed limit. These effective internal

strain parameters were 0.52 and 0.49 respectively at the free volume and 0.39

and 0.41 respectively at the reduced volume. The energy minima for the two

—

. . . . 2 3 - .
trigenal deformations were then fitted to-a cubic, E = Eo + ae” + ce”, again

using a least squares algorithm. Here e is the trigonal deformation (the
strains are‘eij=e, for i#j and eii=0), a and ¢ are paramet;rs, E is the energy
‘minimum at e, determined from the fit above, and Eo is the energy of the
undistorted unit cell. The elastic constants C,, Were then calculated from
the resulting values of the parametéf, a. In order to estimate the
- reliagbility of .this procedure _it was repeated with subsets of the data,
constructed by leaving out oqs/;r two values of the total eﬁergy. Because of
the limited number of total energies available it was not feasible te test
this procedure more thoroughly. From the tests performed it.seeﬁs probable
that the fitting errors in the internal parameters are less than three in the
last digit quoted énd that the errors in ¢,, are less thar ome in the last

e ;
digit quoted. The fitting errors in the anharmonic force constant kxyz for
- A
nonzzero trigonal deformations are estimated to be of the order of 5%. It was
. e :

* . -

ol
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found that the. cubic conmstant, ¢, was highly unreliable and therefore no?

attempt was made to use this number.

It should be noted that more reliable calculations ©f the intgrnmal strain

parameters and the elastif constahts,

could probably hg«e been carried’ ’

C .
44’

- " .
out by using the force and stress theorems (1). This is bkcause using.these

results several pieces of information can be obtained at ‘each "deformation,-
- N > a
instead of just the energy, thereby reducing the number of distortions which

P

[
need be considered. Thus .given a fixed amount of cdmputer resources more

—

attention could presumably be-paid to questions of convcrgenée if these were
used. Also the forces and stresses are linear in thé strain whereef the
energy is gquadratic. Thus in view of the small energy differences treated
here it seems likely that the use of these theorems could vield more accurate

results. The force and stress theorems were not used because the necessary

-,

expressions using the non-local pseudopotentials employed here.are somewhat

unwieldy.
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" TABRLE B-l,Some selected values of the total energy of InSb using 531
The energies are in Ry./cell.

The sublattice

spacings are given in terms of t (in a.u.) where the sub-
lattices are separated by (2t,2t,2t).

Cal;ulatioh

»
’

Cubic (undistortedj

Trigonal

e=0
e=0

e=0

e=

e=0
e=0

e=0
e:

e—-
e:
e=0

e=0
e:
e=0
e:

e=.5%

o

e_—- - 0

Eell o

e=.

e=,5%.

O

e=.5

. e=1%
e=1%
e=1%
e=1%
e=1%

0

i

3515

t ottt

3485

(a4

S
(VL IV R S o
I})D—‘H\OCDOO

[niad
nou
L L
o

e R N L

.5
.5248375
.3
.5

o o ot 1t

£=1.4985

t=1.502,

t=1.505
t=1.508
t=1.511

t=1.4985
t=1,505
t=1.51

-t=1.515

t=1.52

401625

Q/Qo

1.035
1.000
0.985
0.938
0.935
0.892
0.847
0.804
0.762
0.722

0.892
0.892

0.935
0.935
0.935
0.935
0.935

-0.935

0.985
0.985

1.000
1.000
1.000
1.000

0.935
0.935
0.935
0.935
0.935

0.935
0.935
0.935
0.935
0.935

Energy

-15.

- =15

-

.333358
5.334552
336470
336474
5.334747
5.3%8687
5.317482

.300200
275754

.328387
.328408

.334476
5.334493

.336098
.336230
.336396
.336337
.336243
.336024

5.334330
.334342

.333135
333303
.333305
.333147

.336242
.336282
.336292
.336291
.336267

335670

.335802
-15.
-15.
-15.

335863
335872
335831

N

~

(at equilibrium
t=1.45)

(at éﬁuilibrium
t=1.475)

{at equilibrium
t=1.4985)

ﬁat equilibrium
t=1.523)

(at équiliprium
t=1.5325)

{continues ¢n next_;>gﬁﬁ. .
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TABLE B-1 (continued) '

;000 -15.333118

e=.5% t=1.5325 1
e=.5% 't=1.5375 _  1.000 . -15.333179 »
e=.5% t=1.5425 " " 1.000 -15.333194
ex 5% t21.5475 1.000°  -15.333163 N | .
. h)

e=1% t=1.5325 1.000 -15.332478 -
"e=1% t=1.5375 1.000 -15.332587 |
e=1% t=1.5425 1.000 -15.332666 \
e=1% t=1.5475 1.000 -15.332699
e=1% t=1.5473 1.000 -15.332688

‘ Tetragonal stretch=+2% - 0.935 -=15.336137

'\\\\i ’ stretch=+1% 0.935 . -15.336391 -
stretch=+1% 1.000 -15.333273 ’
REFERENCE ; . b

{1] See for example, 0O.H. Nielsen and ‘R.M. Martin, to be published in
H-?c‘;tronic Structure, Dvnamics and Quantum Structural Properties of
Condensed Matter (1983) ) :

1
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FIGURES

(110) Charge DenSitie;_for InSb. Adjacerit contours are separated
by 2 electrons/cell except in the.difference where the separation
is 0.5 electrons/cell. The dashed contoyrs are at 0.

(110) Charge Densities for InAs. Adjacent contours are separated
by 2 electrons/cell.

(110) Charge Densities and Polarizations for InSb. The charge
densities are in the top row, (a), the polarization associated
with 'a TO phonon is in the middle row, (b), and that assogiated
with a tetragonal distortion is in the bottom row, (c¢). Adjacent
contogrs are separated by 2, 0.2 and 0. 04 electrons/cell in (a)
thr?ugh (c) respectively. The dashed contours are at 0.

Second sound velocities as a function of the demsity for hcp “He.
The curves were calculated from the elastic constants of Crepeau
et. al. and Equation (5-16). The points refer to the three sets
in Table 5-2-

Second sound velocities as a function of the density for hcp “He.
The curves were calculated from the elastic constants of Frank and
Wanner and Equation {5-16). .The_points refer to tke three sets

in Table 5-2. -

.

Velocity of second sound as a function of the propagatlon direction,
8, in hcp “He at 25 bars. The experimental points are due to Mueller
and Fairbank. The solid line curve was calculated from the elastic
constants of Frank and Wanner extrapolated to the melting point using
{Equation (5-16). The dashed line curve was calculated by Maris using
‘elastic constants which are almost the same as those of Crepea@'et al.
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