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Abstract

Random sampling from a probability distribution is a fundamental computational task that
is widely applied in various disciplines. It has applications in statistics, machine learning,
probability, and other areas that involve stochastic modeling. MCMC is a way to (approx-
imately) sample. Given a target distribution, the MCMC method typically consists of two
phases. First, construct a Markov chain whose stationary distribution is either the target
distribution or a close approximation of it. Next, simulate the chain for a sufficient number
of steps to ensure that it has mixed and produced an approximate sample from the tar-
get distribution. However, for an MCMC algorithm to be efficient, the Markov chain must
quickly reach its steady state. This is a major concern in computational science. Therefore,
understanding the time it takes for the Markov chain to reach its equilibrium distribution,
known as the “mixing time,” is essential. This thesis explores the most commonly employed
techniques for bounding the mixing time of Markov chains, such as the spectral and profile
methods, geometric bounds, comparison methods, coupling, and decomposition techniques.
We present some new results on convergence bounds of continuous-state Markov chains and
prove analogous relationships between different notions of distance from stationarity in dis-
crete to continuous state spaces. We then investigate the sharpness of the spectral profile
bound on the mixing time of continuous-state Markov chains and find that it is precise up
to a factor of loglog of the initial density. This finding has applications in the comparison

of Markov chains.

Finally, in this thesis, we discuss the application of simulation models and model fitting
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in synthetic data generation (SDG). We propose a generative model for producing synthetic
longitudinal data that integrates efficient simulation techniques, including MCMC, sequential
trees, and copula, to sample a latent factor matrix within the framework of the state-of-the-

art generalized canonical polyadic (GCP) tensor decomposition.
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Chapter 1

Introduction

In this introductory chapter, we will provide an overview of Markov chains and their appli-
cations in Markov chain Monte Carlo (MCMC) methods. In addition, we will give a preview

of our contributions and provide an outline of the chapters in this thesis.

1.1 Motivation

It is commonly understood that when we shuffle a deck of cards, our intention is to achieve a
random arrangement of them. We are using a (presumably) stochastic process in which the
states represent different orderings of the cards. The objective is to reach a final ordering
that is random and independent of the initial ordering. Metropolis et al. [L01] first developed
a comparable computational technique, known as Markov chain Monte Carlo, for sampling
from a set in statistical physics. Later, statisticians like Hastings [62] improved the algorithms
before being introduced to the broader statistical community by Gelfand and Smith [52] in
1990 [52]. In order to sample from the distribution 7 using MCMC algorithms, we run a
Markov chain with the stationary distribution 7 until it reaches near-stationarity. At this

point, we can draw samples from the chain.

A Markov chain is a stochastic process { X}~ , known for its property of being “mem-
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oryless” (also referred to as the Markov property). This means that the future trajectory
of the chain is independent of its past, given its current state. This process occurs on some
agreed-on set called the state space, denoted by X in this thesis. A common method for

representing all of this is by using a probability kernel. This kernel is a mapping function P

: X x B(X) — [0,1] (where B(X) is a sigma-algebra on X’ ) that satisfies
1. P(z,-) represents a probability measure on X for every z in X.
2. P(-, A) is a function that is B(X')-measurable function, for all A € B(X).

Consider a distribution 7 with density. A common computational task is estimating
the expectation of a function f : X — R. This means approximating 7(f) := E.[f(X)] =
[y f(@)dr(z). In many instances, this could be quite a challenging endeavor. Numerical
integration is also impossible in high dimensions due to the well-known curse of dimension-

ality.

The classical Monte Carlo approximation to 7(f) relies on a sampling technique that
generates i.i.d. random variables Z; ~ 7 for + = 1,..., N. Given such samples, the random
variable 71(f) == + SN f(Z;) is an unbiased estimate of 7(f), with a variance proportional

to 1/N. By the strong law of large numbers, with probability 1:

7(f) => n(f) as N — oc.

Furthermore, if 7 (f?) < oo, then there is a central limit theorem (CLT) for 7(f); that is,
VN (7(f) = 7(f)) 4 N (0, %) with the usual sample variance of 7( f) is a consistent estimate
of o2. However, it is not possible to directly sample from many distribution functions. When
the form of 7 is complicated and the dimension is large, it is hard to obtain i.i.d. samples
from 7, such as rejection sampling [55], which works well in low dimensions and fails when

the number of dimensions goes up.

The Markov chain Monte Carlo technique builds an easily-simulated Markov chain tran-

sition probabilities P(z,dy) for x,y € X, such that
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/ex m(dz)P(z,dy) = w(dy).

Under certain conditions outlined in [132, Section 3.2], if we run the Markov chain for a long
time, then for large n the distribution of X,, will be approximately stationary distribution

7. Then we can restart sampling Z; = X,,.;_1),7 = 1,2,..., and then estimate 7(f).

When using the MCMC method, two important questions come up: (i) how to construct
such a Markov chain, and (ii) how long it takes for the Markov chain to converge sufficiently
close to the stationary distribution? (Or, what is an appropriate burn-in?). These problems
have been the focus of much research over the years, as shown by studies like [151, |-
It’s worth noting that constructing this sort of Markov chain is quite straightforward [132,
Section 2|. Thus, the rate of convergence is a significant concern when it comes to MCMC
algorithms, and the “mixing time” of the underlying Markov chain plays a crucial role in

determining the running time of the algorithms.

When it comes to estimating the mixing times of Markov chains, there is actually no
right approach. Different strategies have been proposed, each with its own set of advantages
and disadvantages. Some of the most frequently used methods include the spectral gap
method, geometric and profile methods, coupling techniques, comparison approach, and
decomposition methods. The comparison approach has been widely used to estimate the
mixing time of a desired chain in cases where studying the Markov chain directly is difficult,
but there is a simpler, related known chain whose spectral gap is much easier to bound.
Decomposition methods break the states of the chain into different parts and come up with a
mixing time estimation for the entire chain. Other approaches include evolving sets and drift-
and-minorization. The expository paper by Rosenthal [135] provides a survey of techniques
for studying the convergence rate of Markov chains. For a good sketch of fundamental
methods, we also refer the reader to |74, 77|, a book by Levin et al. [91], a monograph by

Aldous and Fill [7], and a study on geometric walks by Vempala [154].

Many of the most popular approaches to bounding the mixing time of a Markov chain
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are closely related to the spectrum of the underlying transition matrix [91], both because
they are easy to use and stable under natural changes to the underlying Markov chain
[88, 91]. This raises the obvious question [83]: is it possible to find bounds that are both
(almost) sharp and recognizably “spectral” or “geometric” in nature? Many studies, such as
[64, 88, 66, 65, 3], have investigated similar problems, with the details depending on which
notion of mixing must be approximated and what information the “spectral” or “geometric”

bounds are allowed to use.

In this thesis, we also explore the application of model fitting and simulation for synthetic
data generation (SDG), as obtaining and sharing real data due to privacy concerns might
be challenging and has led to a growing interest in synthetic data generation. Synthetic
data is not actual data, and researchers can access it more rapidly with far fewer privacy

constraints.

There are privacy concerns surrounding traditional de-identification methods|148]. Al-
though there is no single definition of privacy, the basic concept is simple: it represents the
level of “protection” against unexpected access to potentially sensitive information about

individuals [125].

SDG involves constructing a model based on real data to capture its underlying struc-
ture and distribution. The model is then used to generate artificial data that mimics the
patterns and characteristics of the original data. Effective models produce synthetic data
with statistical properties that closely resemble the real data [18]. Synthetic data, when prop-
erly generated, does not have a one-to-one mapping to the original data, hence having the
ability to preserve privacy by reducing the risk of identity disclosure [129, 18, 72, , -
However, overfitting the model to the original data may generate a synthetic record that
matches a real observation. Therefore, it is also crucial to prevent the model from overfitting

to reduce the chance of identity disclosure.

Existing generative models have limitations in terms of computational efficiency and

adaptability to different types of data. Some models do well on small data sets, while others
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require a large amount of training data. In addition, the synthesis of longitudinal health
data can be quite challenging because patients may have lengthy sequences of events and
come from diverse populations. Hence, there is a need to construct a generative model that
can efficiently synthesize longitudinal health data, considering different types of variables
and structural complexities. To address these limitations, we proposed a generative model
that addresses the challenge of synthesizing massive longitudinal health data by instead

synthesizing a non-longitudinal and significantly smaller data set [31].
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1.2 Structure of the Thesis

The outline of this thesis is as follows:

In Chapter 2, we discuss the convergence rate of Markov chains and methods for bound-
ing the mixing time. We present some new results on the convergence rate of continuous-state
Markov chains. Further, we develop the relationship between the notions of distance from
stationarity for the continuous-state Markov chains. Some of the results presented in this

chapter will be employed in Chapter 3.

In Chapter 3, we study the precision of certain bounds on the mixing time. We inves-
tigate the sharpness of the spectral profile bound presented by Goel et al. [56] and Chen et
al. [20] on the L? mixing time of Markov chains on continuous state spaces. We show that
this bound is sharp up to a factor of loglog of the starting density. This result extends the
findings of Kozma [88], which showed the analogous result for the original spectral profile
bound of Goel et al. [56] for Markov chains on finite state spaces. We discuss the application

of our finding to the comparison of Markov chains. This chapter contributed to our work
[53]-

In Chapter 4, we discuss the application of simulation models in synthetic data genera-
tion. We provide a generative model for producing synthetic longitudinal data that integrates
suitable simulation techniques such as Hamiltonian Monte Carlo (HMC), sequential trees,
and copula to sample a latent factor matrix within the framework of the state-of-the-art
generalized canonical polyadic (GCP) tensor factorization. We validate the model for gener-
ating synthetic longitudinal health data by using the publicly available MIMIC-III data set,

which contributed to our work [34].

Finally, Chapter 5 presents a summary of the thesis and outlines plans for future research

problems.



Chapter 2

Mixing Time

2.1 Introduction

Sampling from high-dimensional distributions can be quite challenging. A commonly used
approach is Markov chain Monte Carlo (MCMC), which involves constructing a Markov
chain with the desired distribution as its stationary distribution. MCMC algorithms, such
as the Gibbs sampler and the Hamiltonian Monte Carlo (HMC), are state-of-the-art sampling
methods from high-dimensional distributions [35, 18]. These methods have applications in
various scientific fields, including physics [13], computer vision [164], machine learning [8],

and Bayesian statistics |21].

How can we assess the efficiency of Markov chain Monte Carlo algorithms? The time
it takes for the Markov chains to reach the stationary state, known as the “mixing time,”
is essential and has been a subject of great interest in the study of Markov chain Monte
Carlo algorithms [35, 13]. To ensure the efficiency of MCMC algorithms, it is crucial for
the constructed Markov chain to have rapid mixing [154]. This means that the equilibrium
distribution is achieved quickly, starting from any initial state. Analyzing the mixing time
for commonly used MCMC algorithms has been a persistent mathematical challenge, as

obtaining good samples requires an enormous amount of time for the mixing process. As
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a result, it is highly desirable to study techniques for analyzing the rate of convergence of
Markov chains. Additionally, in order to discuss the concept of mixing time, we first need a
way to measure how far we are from stationarity. The mixing time may be measured using
different notions of distances from stationary, such as total variation distance, L%, or L>

distances [54].

Scientific and statistical applications of MCMC techniques tend to be more common in
continuous state spaces, while mathematical mixing analysis has mainly focused on discrete
state spaces. However, certain efforts, such as [30, 7, , |, focused on developing flexible

and universal tools.

In this chapter, we study the mixing time of Markov chains and explore the most widely
used techniques that have been proposed to analyze the convergence rate of chains with
discrete state spaces. We discuss and extend some methods for estimating mixing time that
were used in developing discrete theory for continuous-state chains. We point out that some
of the results in this chapter are new and apply to Chapter 3. We present some results
on convergence bounds of mixing time of continuous-state Markov chains and extend the
relationship between different notions of distance from stationarity in discrete to continuous

state spaces.

2.1.1 Related Works

So far, researchers have established various approaches for bounding the mixing time of
Markov chains on discrete state spaces. The study of the mixing time of discrete-state
chains motivated the study of the convergence rate of Markov chains on continuous state

spaces.

These methods include geometric techniques such as the Poincaré inequality. The
Poincaré inequality relates the variance of a function on the state space to its Dirichlet
form and provides an upper bound on the spectral gap of the Markov chain. In 1991, Dia-

conis and Stroock [10] provided geometric bounds for the eigenvalues of reversible Markov
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chains by developing a geometric quantity for Poincaré inequality on discrete state space,
called the canonical paths method. Another geometric approach is the conductance, also
known as Cheeger inequality, which links the spectral gap to the bottleneck ratio. Jerrum
and Sinclair [75] developed the approach of bounding mixing time using worst-case con-
ductance for discrete-state chains. Lovasz and Simonovits [95] then extended this concept
to continuous space settings. Besides, Lawler and Sokal [90] provided a general version of
Cheeger’s inequality that applies to discrete-time Markov chains and continuous-time Marko-
vian jump processes in general state space, both reversible and non-reversible. Yuen [161]
provided an upper bound for the Cheeger constant of reversible Markov chains (discrete or
continuous time) on R™. In 2002, Yuen [163] generalized a technique from discrete-time to
compute the Cheeger bound on the convergence rates of some homogeneous continuous-time
Markov processes. The survey by Vempala [154] and its references provide a detailed review

of conductance-based approaches for continuous-state Markov chains.

The spectral method is another technique that provides a way to estimate the mixing
time of a Markov chain by analyzing its eigenvalues. For instance, Qin et al. [124], pro-
posed a method to accurately estimate the spectral gap of a trace-class Markov operator in
general state space. The method relies on the fact that the second largest eigenvalue, and
consequently the spectral gap of these operators, can be bounded by simple functions of the
power sums of the eigenvalues. Further, Davis and Hobert [33], in their recent study, utilized
the method introduced in [121] to construct an asymptotically valid confidence interval for

an upper bound of the spectral gap of the trace-class chains.

There are more sophisticated approaches for bounding mixing time of discrete-state
chains that have recently emerged, including those based on the conductance profile by
Lovéasz and Kanna [94], the spectral and conductance profile by Goel et al. [56], and [105]
by Montenegro and Tetali. Morris and Peres [106] established a sharp bound on the mixing
time of Markov chains on discrete state space based on the conductance profile that applies
to non-reversible chains and then extended their findings to the continuous case as well.

Goel et al. [56] also provided conductance bounds for non-reversible Markov chains as part
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of their study. Chen et al. [26] extended the spectral and conductance profile methods pre-
sented by Goel et al. [50] for reversible Markov chains from discrete state to continuous-state
chains, particularly demonstrating solid non-asymptotic mixing time’s bounds for Hamilto-

nian Monte Carlo (HMC).

Another well-known method of bounding mixing time is the coupling technique, which
was first introduced by Doeblin [11] to analyze the convergence rate of Markov chains.
This method has broad application in other areas of probability as well. One may find

comprehensive details on the coupling and its application in the lectures of Lindvall [93].

Another strategy is the comparison method, which was introduced by Diaconis and
Saloff-Coste [37, 38] to compare the spectral gaps of reversible and finite state Markov
chains by relating them to another chain with known properties on the same state space.
This technique is particularly useful for understanding the behavior of complex chains by
comparing them to simpler and known chains. The comparison method with a special focus
on non-reversible chains was proposed by Dyer et al. [15]. The comparison theory for

continuous-state Markov chains on R™ was presented by Yuen [161].

The decomposition method is another approach to analyzing the mixing time, where the
idea is to break down a Markov chain into pieces so that the mixing time of restricted Markov
chains for each piece is easier to study. This concept has been around for over 15 years, but
just recently it has received more attention. The most frequently used decomposition bounds

were presented by [97, 99] as overlapping and disjoint decompositions, respectively.
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2.2 Notations and Basic Definitions

Markov chains are basic mathematical models that describe the evolution of random phe-
nomena over time. A Markov chain X is a sequence of random variables { Xy, X1, ...} that
take values in a state space X and satisfy the Markov property. This property is represented

as.

P{X, €A|Xo,X1,...,Xp 1} =P{X, €A| Xp_1},

for any measurable set A C X, where P{- | B} denotes the conditional probability given B.

Throughout this chapter, we consider discrete-time Markov chains. We present the basic

facts and some notations for Markov chains in the following subsections.

2.2.1 Discrete State Space

Here are some definitions and notations for situations in which the state space X is discrete.
Consider a Markov chain with the stationary distribution 7 on a discrete state space X', and

let P be its transition probability matrix (or Markov kernel), thus:

e Pz,y) 20, Vz,yedl,
> cxPlxy)=1 Vredx,

o > ym(@)P(z,y) =7(y), VyeX.

A Markov chain with transition probability matrix P is called irreducible if there exists
an integer k > 0 such that P*(z,y) > 0 for all 2,4 € X. A Markov chain with transition
matrix P and stationary distribution 7 satisfying the below detailed balance equation is

called reversible.
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w(x)P(x,y) = n(y)P(y,x), Vr,y€e X.

The period of state z is the greatest common divisor of {k € N: P*(z,z) > 0}
[91, |, and an aperiodic Markov chain is defined to be a chain with all states having
period 1. Let 0 < ( < 1. A (-lazy chain with a transition probability matrix P is defined
as the chain remaining in the current state with probability at least ( in each move, i.e.

P(z,z) > (, Vo € X. Thus, a lazy Markov chain is aperiodic.

An irreducible and aperiodic Markov chain is called ergodic, and there is a unique

stationary distribution for ergodic Markov chains.

Assuming P is a transition matrix on X, we consider P as an operator on functions

f & — R by defining:

(Pf)(w) =) Px,y)f(y).

yeX

The following is an important definition and notion in the context of Markov chains.

Definition 2.2.1. Let f,g: X — R. The Dirichlet form associated with a reversible transi-

tion matriz P and a stationary distribution 7 is defined as follows:

Ep(f9) = % > (@) = fW)llg(x) — g)w (@) Plx,y) = (I = P)f, g)x: (2.2.1)

T,yeX

where (-, ), is an inner product with respect to w. In particular, for a reversible Markov

chain:

Er(f) = Erlf. 1) = 5 3 [F(2) = FO)Pr()P(e.y).

z,yeX
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In this thesis, the Dirichlet form for a Markov chain may also be denoted as E(f,g)
without a subscript. The subscript just indicates the Markov chain associated with the

Dirichlet form.

Consider a Markov chain on a state space X', the geometric properties that influence
mixing time are referred to as bottlenecks. The bottleneck ratio of a Markov chain (conduc-

tance in the computer science literature) is defined to be:

®* = min L 2.2.2
zn(z)<}  T(Z) (222)

where 7(Z) = > ., m(x) and @ (the edge measure) is:

Q(z,y) =n(x)P(x,y), QB,C)= > Q(z,y). (2.2.3)

zeB,yeC
The conductance, a well-known geometric tool for bounding the mixing time of a Markov

chain, is the likelihood of moving out of a set after one step.

Finally, in this subsection, we present the notions of distances from stationary in discrete

state spaces, which are important in measuring the rate of convergence to stationary.

Given a distribution 7 on &X', the LP norm of a function g : X — R is defined as:

(> sex lg(@)P(2)] Py < p < 00,
lgllp =

maxgex |g(x)| p = 00.

Definition 2.2.2. The L? mizing time 7,(€) for a Markov chain with transition kernel P

and stationary distribution m is given by:

reX

7,(€) = min {k € N:maxd, (P*(z,-),7) < e} ,

where

Pk(xv )
m(:)

(P )m) = |
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The total variation distance between any two distributions y and v on X is defined by:

i = vliry = max|u(B) — v(B)l,

which is related to the L' distance as follows: [|u — v|tv = 3di (1, v).

The total variation distance measures the maximum error caused while approximating
1 by v to forecast the probability of an event. Note that the maximum value that the total

variation distance between two measures can have is 1.

Definition 2.2.3. For a Markov chain with transition kernel P and stationary distribution
7, the mizing time at level € € (0, 1) is given by:
— i . k
Tmix(€) = min{k € N : max | P*(x,-) — 7T(-)HTV <€},
and Tmix := Tmix(1/4) is called the mizing time of a Markov chain.

In the following subsection, we present some notations and definitions for situations

where the state space X is continuous.

2.2.2 Continuous State Space

We consider a continuous-state Markov chain defined on a measurable state space (X, B(X))
with a transition probability kernel P : X x B(X) — [0,1] and with stationary probability
measure 7. The probability of entering any measurable set A € B(X) from any state x € X
is denoted by P(x, A). Hence we have:

3 fyGXP(x,dy) =1, Vred,

o [, P¥(xz,dy)=1, VkeNandzelX,
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where P* refers to the k-step transition kernel.

We denote by B(X') a o-algebra on X'. In the case where X is a metric space, this will

be the usual Borel o-algebra.

For any set A € B(X) and any state z € X, P* is defined recursively as P**1(x, A) =
[.cx PF(x,dz)P(z, A). Let §, denotes the Dirac-delta distribution at z. For simplicity, we
may write J,P*(A) as an abbreviation for P*(z, A).

A probability measure m on X is called stationary for the transition kernel P if

/ P(z,A)r(dz) =n(A), VA€ B(X).

We suppose that the invariant probability measure 7 has density with respect to a

reference measure.

P is reversible with respect to = if:

/IEA /yeB 7(dx)P(z,dy) = /IEA /yeB 7(dy)P(y,dz), VA,B e B(X).

It is clear that if P is reversible with respect to 7, then 7 is a stationary distribution of P

[163]. Moreover, reversible P is self-adjoint with respect to the inner product induced by 7.

A Markov chain is called irreducible if for each x € X and A € B(X) such that w(A) > 0,
there is an integer k > 0 so that P*(z, A) > 0.

To extend some methods of bounding the convergence rate of Markov chains on discrete
state space to the continuous case, we may need to make a better assumption, for which we
provide the following definition introduced by Vempala [151]. We say that a Markov chain
with state space X’ and stationary distribution 7 has a S-warm start if its initial distribution

1 is somewhat spread out, as defined below:

Definition 2.2.4 (Warm start). A distribution p is a f-warm start for a Markov chain with

stattonary distribution m if:
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1(A)

sup —— < B,
AeB(X) 77(14)

where B(X) denotes the Borel o-algebra of the state space X.

Note that the initial distribution p is often referred to as S-warm start or a warm start
with constant 3. As the warmness parameter § decreases, the initial distribution approaches

the stationary distribution, making the sampling process easier.

To understand the concept of mixing time, we first need a way to measure how far we are
from stationarity. Given probability measures on a state space X’; u, the distribution of the
chain after a given number of steps, and 7 the stationary distribution of the chain, there are
different notions of distance between p and 7 that can be used. The most straightforward
notion is the total variation distance, whose generic form was introduced in the previous

section.
The following definitions are also required to measure the mixing time of a Markov

chain:

Definition 2.2.5 (LP-distance). The LP-distance between any two distributions v and V' is

defined as follows:

dv P P
dyf /) = ( [ 5@ -1 v'(d@) |
for1 <p< oo, and
dv
do(v, V') = ess sup w(m) -1,
where % 15 the Radon-Nikodym derivative.

Let uP indicate the distribution of the next state of a Markov chain with transition

kernel P given a distribution p on the current state of the chain. For every A € B(X),
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we have uP¥(A) = [, P¥(x, A)u(dz). We denote its density with respect to the stationary

k
measure 7 by hy, i (2) := %(x) and assume it exists.

Definition 2.2.6 (L” mixing time). The L” mizing time of a Markov chain on continu-
ous state space with transition kernel P and the stationary distribution m from an initial

distribution p is defined as:

(e P) = min { € N & dy(uP¥,m) < e},
where € > 0 is an error tolerance.

The LP mixing time from an initial state x is defined as follows:

7,(€; P) = sup 7,(€; d,, P) = min {k € N | supd, (6, P* ) < e} : (2.2.4)

zeX
Assumption 2.2.7 (|26], Smooth chain). A Markov chain satisfies the smooth chain as-
sumption if its transition probability kernel P : X x B(X) — [0,1] can be represented in the

form:

P(z,dy) = P(z,dy) + a,0,(dy), Vz,ye€ X, (2.2.5)

where 0, 1s the Dirac-delta function at x and o, 1s the probability that the chain stays at the
current state x after one step. P is a transition kernel whose distribution has density with

respect to .

We then present the definition of (-lazy chain:

Definition 2.2.8 ((-lazy chain). A Markov chain with transition kernel P is called (-lazy

for a Markov chain with transition kernel P if it can be written in the form of:

Pz, A) = (1 — a,)P(x,A) + a,0,(A), Vz e X and A € B(X), (2.2.6)
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1, z€A
for some ¢ < a, <sup, a, =a <1, where 0,(A) =

0, z¢ A

We say a Markov chain is “exactly (-lazy” if, during each step, the chain stays in the current
state with exactly ¢ probability, i.e. a, = (, Vo € X in Definition 2.2.8. In practice, a lazy
chain may not be used due to the slow convergence rate caused by the lazy steps. However,

it is a useful assumption for theoretical analysis of the mixing rate up to constant factors.

Many notations of discrete-state Markov chains are easily generalized to the continuous
setting, with integration replacing summations. Therefore, the definition of the Dirichlet

form for continuous-state Markov chains is as follows:

Definition 2.2.9 (Dirichlet form). For a w-reversible transition kernel P, define the Dirich-
let form on L*(7) by

&N =5 [ [ (@)= 50 w(dn) Plasdy) = (T = PIS. -

where (-, ). is the inner product on L*(r).

The Dirichlet form for the Markov chain P can also be represented with a subscript

notation as Ep(f, ).

Given a Markov chain with transition probability P : X x B(X) — [0, 1], its stationary
flow ¢ : B(X) — [0, 1] is defined as:

o(S) = /GSP (x,S8°) m(dx), for any S € B(X). (2.2.7)

We can also define the stationary flow (the edge measure) in the continuous case as following;:

Q(S, S°) = / . /y ) Ple. dy).

Some of the notations presented in this subsection will be recalled and used in Chapter 3.
Throughout this chapter, unless otherwise mentioned, we consider Markov chains on general

state spaces. Furthermore, it is assumed that all chains under discussion are irreducible.
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2.3 Relationship Between Notions of Distance from Sta-

tionarity

There are different ways to measure the distance between two probability measures p and
v on a state space X. These measures can be useful when comparing the distribution of
a chain after a certain number of steps with its stationary distribution. The relationship
between various notions of distance between a Markov chain distribution and its stationary
distribution in discrete state space has been extensively studied, such as the study of Gibbs
and Su [54]. While some of these results can be easily extended to the continuous case,

others require further investigation and calculation.

The most intuitive and straightforward notion is total variation distance, which is de-
fined in Definition 2.2.3. Here are some fundamental properties of the total variation distance.

The following is reasonably widely known such as Proposition 3 of [132].

Lemma 2.3.1. Assume that p and v are probability measures on X, having density with

respect to a o-finite reference measure. We then have:
1
le = vty = 5dilp, v).

Proof. From Definition 2.2.3, we have:

lp—vlrv = sup |u(B)—v(B)|.
BeB(X)

Let B € B(X) be any measurable set and A = {x € X' : Z’V‘Eg > 1}. Then, by imitating the

proof of |12, Lemma 1.1]:
w(B) =v(B) = [m(BNA) —v(BNA)+[u(BNAY) —v (BN A,
By definition of A, we get A° = {x € X" : dulz) 1}, which implies

dv(x)

w(BNAY) —v (BN A% <O0.
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Hence

u(B) — v(B) < (1 — )(BAA) < (1~ v)(A)

since p — v is non-negative on A. This proves that

sup [u(B) —v(B)| = u(A) — v(A).

BEB(X)

We observe that u(A) + u (A°) =1 =rv(A) + v (A°), thus

H(A) = v(A) = v (A%) — (A7),

We then deduce

lp = viivy = sup |u(B) = v(B)| = 5 ([u(A) = v(A)] + [v (A°) — p (A%)])

1
BeB(X) 2
—5 [ ldutz) - dv(a)
reX
~ Lo
- 5 1\, V),

and this completes the proof.

=3 /IEA |du(z) — dv(x)| + % /xeAc |dp(z) — dv ()|

Therefore, %dl(u, v) is the total variation distance between two distributions p and v; we

may also use dry (i, v) or || — v||, to denote this distance.

The following lemma is an immediate result of a remark in [130], which is helpful when

using the L? distance.

Lemma 2.3.2. Consider a Markov chain with transition probability kernel P and the sta-

d(6, P*)

tionary distribution © on state space X. Let hs, 1 (y) := “22—(y) and suppose it exists.

dm
Then
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d3 (6, P, w) = 0. P" |32y — 1, V& € X and k € N.
Proof.
It is obvious that E, [hs, x| = 1, thus
d 5ka ?
ao.rm) - [ |4 )<y>—1 ~(dy)
X
/ hs, (y) — 1 w(dy)
Er [hs, x — 1]
= Var, [hs, k)
= Ex [hs, 4)” — E2 [hs, 4]
— [ B sty 1
X
d(5,P* 2
- [ ("5 w) w1
X T
= (|02 P¥[[72(m) — 1.
i

The L? distance can be bounded by the total variation distance if the two distributions

have a bounded ratio, as stated in the following lemma derived from the study of Wu et

al. [158].

Lemma 2.3.3. Consider a reversible, irreducible, and half-lazy continuous-state Markov

chain P with the stationary distribution w. Let u be a B-warm start. Then, the L? distance

of nP* with respect to m is bounded by the total variation distance via

dy(uP*, ) < /2B dpy(uPk, ). (2.3.1)
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The proof is omitted because a similar proof will be used for the next lemma. By using
Lemma 2.3.3, we present a lemma that can be utilized in the application of the results in

Chapter 3.

Lemma 2.3.4. Consider a reversible, irreducible, and half-lazy continuous-state Markov
chain P with the stationary distribution m. Denote its non-lazy version as P in (2.2.6).
Assume that 6, P is a B-warm start for every x € X. Then, the L* distance of 6, PP* with

respect to ™ is bounded by the total variation distance via

sup dg(éxPPkﬂr) < \/25 sup dTv((;xpPk,’]T). (2.3.2)

Proof.

This proof is derived from a part of the proof of Theorem 2 in the work of Wu et al. [158].
6, P is B-warm start for every z € X. It is straightforward to check that 6, PP is also

B-warm ( Sup 4epx) 0. PP (A) < B for every x € X). Therefore, we obtain

™

d3(6,PP* 1) = /(Cl(éx—jjpk)(y)—1> 7 (dy)

Py dm
< (6—1)/)( %@)—1 m(dy)
< 5 [ |22 ) | wtan

= 2Bdyy(6,PP* 7).

Thus, one should note that

. 1 .
sup 7o(\/20€; 6, P, P) < Esupﬁ(e;drP, P). (2.3.3)
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We define the ratio of the density of the Markov chain P at the k-th iteration with

respect to the density of the stationary distribution 7

_do, P

hs, k(y) = I (y)-

We then present the relationship between L? and L* distances for reversible chains as

follows:

Proposition 2.3.5. For a reversible Markov chain with transition probability kernel P and

the stationary distribution m:

sup hs, o1 (y) — 1 < sup dg(ész,ﬂ) sup dg((SyPk,ﬂ).
z,y zEX yex

Proof. This proof is inspired by inequality (2.2) in [56]. Note that hs, x(y) = hs,x(2) when

P is reversible with respect to m. Using reversibility, we then obtain

s, an(y) — 1] = | 222 (;l?c)zy; m(dy) ‘
Joex (8.P"(dz) — 7(dz)) (6.P*(dy) — w(dy)) ‘

m(dy)
_ / CYORSICWORLTD

i

< Mo = 1lly [[s, 5 = 1]

—
=

= dy (6, P*, m)d (6, PF, ),
where inequality (i) follows from Cauchy-Schwarz. The proof is completed by taking the

supremum over z and y. |

Proposition 2.3.6. For a reversible Markov chain with transition probability kernel P and

the stationary distribution m:

sup d3 (0, P*, 1) = sup duo (6, P*, 7).

TEX zeX
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Proof. This proof is inspired by the proof of Proposition 4.15 in [91].

Note that hs, 1(y) = hs, ,x(x) when P is reversible with respect to 7. By Definition 2.2.6, we
have: d3(0,P%, 1) = [, [hs, x(y) — 1° 7(dy).

By the properties of the inner product, we also have

me@—wﬂwzwwm—u%m%ww

besides

<%ﬂ%%=/ﬁ%ﬂwww=k (2.3.4)

Using reversibility, we then obtain
d5xp2k P2k(l’ dy)
h = ="
5.2k (Y) (v) w(dy)

dm
_ / Pk (x,dz) P*(z,dy)
zeX ﬂ-(dz) ﬂ-(dy)

- <h5z7k<'>7h6y,k(')>ﬂ.

Using (2.3.4) and properties of the inner product, we have

m(dz)

(ho, k() = Lo, i (-) = 1) = (hap (), ho, () — (L ko, k() = (ha, (), 1), +1
= hé‘x’Qk((y) — 1, (235)

let x = y and take the supremum over x yields

sup d3 (0, P, 7) = sup doo (6, P, ). (2.3.6)

zeX TeX

Hence, one should note that

(Ve P) = %TOO(QE; P).
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2.4 Techniques for Bounding Convergence Rates

In this section, we present a summary of techniques for bounding the mixing time of Markov
chains. Some of the results in this section are applied in the next chapter. We also provide
new results and extend some bounds and techniques from discrete-state Markov chains to

continuous spaces.

2.4.1 Spectral Methods

A function f on X is an eigenfunction with corresponding eigenvalue ) for a transition proba-
bility kernel P, if Pf = Af. If P is not a reversible chain, the eigenfunctions and eigenvalues
may not be real. We start by gathering some basic information about the eigenvalues of
transition kernels. We then discuss how eigenvalues and mixing time are related in both

discrete and continuous state spaces.

Assume P is the transition matrix of a reversible Markov chain on discrete state space
X, then [91]:
1. If X is an eigenvalue, then |A\| < 1.

2. If P is irreducible, then the eigenspace corresponding to the eigenvalue A\ = 1 is a

one-dimensional space and can be generated by the column vector (1,1,...,1)T.

3. If P is irreducible and aperiodic then —1 is not an eigenvalue.

Let | X| = n, for a reversible Markov chain P with respect to m, there is a set of eigenfunctions
fi, ..., [ that are orthonormal for (-, -),, where f; is the constant vector (1,...,1)T. Further,

all eigenvalues are real and can be arranged in descending order as follows:

1:)\1>)\222)\n2_]—
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The following lemma shows how the eigenvalues of P relate to the distance from the
stationary distribution at time k in discrete state space. This lemma has been stated in
various references, such as [39, Lemma 2.1|, [91, Lemma 12.2], [146, Theorem 3.1], and |

Y

Theorem 2.1|. The proof presented here is derived from [31].

Lemma 2.4.1. Consider a Markov chain with transition matriz P that is reversible with
respect to m on the discrete state space X. Further, assume that {f;}}_, and {\;}_, are

orthonormal basis of real-valued eigenfunctions and their corresponding eigenvalues, then

ij YA, VkeN, Vz,yeX.

Proof. Lor any y € X, let §, be the delta function as follows:

1 ify==x

0 ify+#ux.

oy() =

We can represent ¢, via basis decomposition as:

n n

Sy = Oy e i =D L) ;. (2.4.1)

Jj=1 Jj=1

Since P*(z,y) = (P*6,) (z), applying Equation (2.4.1)

PHa,y) = (P’f (Z fj(y)ﬂ(y)fj» (@)= (Z £ P’“fg) (@)

2 (ij A’%)()
= Zf] )‘kfj()

Step (i) uses the eigenvalue decomposition P¥f; = )\ffj, Vi > 1. |
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The eigenvalue with the second largest absolute value plays an important role in finding

a bound on the mixing time.

Definition 2.4.2. Let P be a reversible Markov chain on finite state space. Define A\, =
max{|A| : A is an eigenvalue of P, # 1}. The absolute spectral gap is denoted as v* = 1— \*.

Then the relaxation time T 1s defined by

1
Trel = — -
ol

The difference v = 1 — X5 is called the spectral gap of a reversible Markov chain P,

where \; is the second supremum eigenvalue of P.

Assume that the Markov chain P is irreducible and reversible with respect to 7 on
discrete state space. The relaxation time 7., and the mixing time 7,;, are then related in

the following way |91, Theorem 12.4]:

4
Tmix S Trel log _ )
min

where 7, = min, m(x), and under irreducibility assumption my;, > 0.

In addition, for discrete-state ergodic and reversible chains [91, Theorem 12.5]:

(Trel - 1) log (2) § Tmix -

In the following, we address the study of the preceding discussion and results in contin-

uous state space as presented by Diaconis et al. [36].

Assumption 2.4.3. Assume that P is a self-adjoint operator on L*(7) and that L*(7) has an
orthonormal basis of real eigenfunctions { fi},~, with real eigenvalues {\;};, satisfy fi =1,

>\1:17>\i20; /\,i() so that

/X d(éd:rp) () fi (y) 7 (dy) = \ifi(x), Yz eX.
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Assume further that P is a Hilbert-Schmidt operator on L*(m) (i.e., 3 |\i|* < 00).

Lemma 2.4.4. Consider a Markov chain with transition probability kernel P and the sta-
tionary distribution w. Suppose that P(x,-) has density with respect to w, and m has density
with respect to a o-finite reference measure. Assume further that P satisfies Assumption

2.4.3, we then have

d2 5 Pk Z)\2kf2

i>1

Proof.

Define hs, +(y) := d(%—ﬁ(y). By Assumption 2.4.3 and |36, Page 156|, we have

hs,o(y) = Nfi@)fi(y), VEN, VuyeX.

i>1

Taking ¢ = 2k, k € N and x = y, we obtain

ho,oe(r) = D ANFfilx)fi (x)

i>1

= S Pw)

i>1

= > NFfAx) + A fR(x)

1>1

= Y NER@) 1

i>1
where the last equation follows from f; = 1 and A\; = 1. By Assumption 2.4.3, P is a

self-adjoint operator on L?(r), and so it is reversible with respect to m. Hence

d3(0.P*, ) = hs, an(x) — 1 =Y ANFf7(2).

i>1
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Qin et al. [124] proposed a method for estimating the spectral gap of Markov chains
with non-negative and trace-class operators. The proposed method is based on the fact that
the second largest eigenvalue of the Markov operator can be bounded above and below by

simple functions of the power sums of the eigenvalues.

A non-negative and trace-class operator P has at most countably many eigenvalues,
which are contained in [0,1]. Consider the strictly positive eigenvalues of P in decreasing
order, denoted as A{, \g, ... taking into account multiplicity. Then \; = 1, and )\, is what
we previously referred to as the chain’s “second largest eigenvalue.” The following is an

immediate corollary of Theorem 1 in [124].

Corollary 2.4.5. Suppose P is a Hilbert-Schmidt and reversible Markov chain with respect
to stationary distribution m on state space X. Let w have a probability density function with

respect to a o-finite measure p (i.e, w is absolutely continuous with respect to ), then

S = [ e outde), Ve,

i>1 X
where p(x,+) is the Markov transition density of P.
Proof. P is reversible with respect to 7, it follows that P? is a data augmentation (DA)
operator 124, Page 1797|. P is also Hilbert-Schmidt, and we get through a simple spectral

decomposition (refer to |63, Corollary 2.1]|) that P? is trace-class, and its eigenvalues are

exactly the squares of the eigenvalues of P. By applying [124, Theorem 2|, we then have

LLﬁ@wM@w<w,

and hence

Z)\?k = / p** (2, x)pu(dr), VkeN.
x

i>1
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2.4.2 Geometric Methods

The spectral gap of a reversible Markov chain P with respect to the stationary distribution

7, based on min-max principal, satisfies:

inf M, (2.4.2)

B feL?(r): Vary(f)
Varr(f)#0
Eﬂ(f):O

where Var,(f) = (f, f)x, and E.(f) = (f, 1)

Computing the spectral gap explicitly is challenging. However, we can estimate the
spectral gap using several methods, such as canonical path, which was introduced in [76, 37]
and can lead to Poincaré inequality. The Poincaré inequality, as defined in Definition 2.4.6,

has been proven to be a significantly effective tool for bounding mixing time.

Definition 2.4.6. An irreducible Markov chain with transition probability kernel P and the

stationary distribution m, satisfies Poincaré inequality with constant « if:

Var(f) < a&p(f,f), Vf:X =R

According to the variational characterization of the spectral gap and Definition 2.4.6; v >

1/a.

For any distinct pair of =,y € X, we select 7,, as a path from z to y (i.e. a collection
of states g = x,x1,...x, = y such that Q(z;,x;11) > 0 for all ¢ = 0,...%k — 1) that may
contain repeated vertices, but a given edge appears once in a given path. The existence of
such paths is guaranteed by irreducibility. We denote Q(e) = @ (a,b) when e is the edge
{a,b} (i.e. @ (a,b) > 0). Diaconis and Stroock [10, Proposition 1] proposed a specific « for

Poincaré inequality on discrete state space X using the canonical paths method as follows:
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1
a=max § —— > |zl 7(2)7(y) o,
e ] Qe) Z !
771y3€
where |n,,| is the number of edges in the path 7,,. The maximum is over all e = {a,b} €
X x X such that @Q (a,b) > 0. It should be noted that the edge e appears no more than once

in a given path. We refer to [10] for more details.

On the other hand, the method of canonical paths introduces the idea that if there
are many paths between pairs of vertices passing through the same edge, the bound on
the mixing of the Markov chain gets worse. Cheeger’s inequality provides a more formal
and rigorous mathematical approach to this idea introduced by canonical paths. The idea
of linking the spectral gap and conductance as the Cheeger inequality was presented as
the following theorem in [75, 90]. However, twenty years ago, Cheeger [24] established the
direct analogue of the inequality on a compact Riemannian manifold, which served as the

inspiration for all subsequent studies.

Theorem 2.4.7 ([111, 90]). Let P be a reversible transition matriz and ~y be its spectral gap,

then

%2

<y <297,

where ®* represents the bottleneck ratio defined in (2.2.2).

Lawler and Sokal [90] proved a general version of Cheeger’s inequality for reversible and

nonreversible Markov chains in general state space. Define the Cheeger’s constant as:

k= inf Kk(B),
BeB(X)
0<m(B)<1

with
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J P (z,B%) m(dx)

kB) = B (B

The rate of probability flow from a set B to its complement B¢ is given by k(B) and then
normalizing it by the stationary probabilities of B and B°.

Theorem 2.4.8. For reversible Markov chain P with respect to the stationary measure 7

on a bounded subset of R™, the Cheeger’s inequality is:

/8 <1— )\ <k,

where Ay 15 the second largest eigenvalue of P.

Yuen [161, | proposed Cheeger’s k-constant for reversible Markov chains on R™ as-
sociated with a set of paths. It is supposed that the transition kernel satisfy the smooth
chain Assumption 2.2.7, i.e. the transition probability kernel is of the form of P(z, dy) =
a(x)d.( dy)+ p(x,y)dy. Furthermore, it is assumed that the invariant distribution = has
density ¢(y) with respect to the Lebesgue measure. It is also required the existence of a
collection of paths, n = {n,,}, satisfying certain regularity conditions as presented in As-

sumption 2.4.9.

Let S = {x € R" : ¢(x) > 0}. For any z,y € S, choose a path n,, : {0,...,b,} = S
such that 7,,(0) = 2, m4y(1), ..., Ny (bay) = y and  p(ney(i — 1), 1y (7)) > 0 for all i =
1,...,byy. Denote the set of such paths as n = {n,,}. Define Q(u,v) = p(u,v)q(u), and
1Myl = 22 ) ens, @ v)~% for n,, € n and € € R. The pair (u,v) is an ith edge of a path
Nay iff © =gy (i — 1), v = 1y (¢) for some 4, and Q(u,v) > 0. Also, suppose E; to be the set
of all ith edges and F = J E;.

Assumption 2.4.9 (First Regularity Condition). Let V = {(z,y,i) : ,y € S, 1 <1 < by, }.
Define T : V. — S? x N? by T(z,y,1) = (Nuy(i — 1), 04y (i), byy, 7). We then say that n, a
collection of paths for an irreducible Markov chain P, satisfies the first reqularity condition

if the following conditions are met:
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o T is a one-to-one map onto T'(V).

o Fiz b,i € N such that (u,v,b,i) € T(V) for some (u,v) € S xS and let Wy, = {(u,v)
s (u,v,b,i) € T(V)} C E. Define a one-to-one map Ly; : Wy — S xS by Ly (u,v) =
(x,y), where T(z,y,i) = (u,v,b,i) can be extended to a bijection of open sets and
also has continuous partial derivatives almost everywhere with respect to the Lebesque

measure on R™ X R™ for any values of b and 1.

If n satisfies the first regularity condition, then the paths are “differentiable” in a way that
even a small change in an edge will result in a path that is continuous, and the Jacobian for

this change is well defined. The Jacobian, Jy;(u, v), of the change of variable (x,y) = Ly;(u, v)

is given by
Oy ., Oz Om ,, Om
ouy O, ovy Ovn,
Oxn ., Ozn Ozn .. Ozn
Jbi ( u, U) _ oul Oun ovl Ovn
ovp .. Oy oy .. Oum
Oou1 oun  Ovp Ovn,
OYn .. Oyn Oyn . Oyn
Ouy oun,  Ovy v,
where w = (uq, ..., u,) and so on. We may denote Jy;(u,v) by Ju,(u,v) as given (u,v) € E,

and there is a one-to-one relationship between (x,y) and (b,7). This condition can be easily
met for paths that are deemed satisfactory. The geometric constants used by Yuen [161] are

denoted as:

A = essuppep 4 Quy0) 1Y T iy Nl a(2)a(y) | ey (u,0)]

Nay D (u,v)
the sum is taken over all (x,y) such that 7,, > (u,v) and the essential supremum with

respect to the Lebesgue measure g on R” x R", is defined as esssup{f(z) : z € X} = inf{a:
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u{x : f(zr) > a} = 0}. Consequently, Yuen [163]| provided a lower bound for the spectral

gap of an irreducible Markov chain P on R".

Theorem 2.4.10. Consider the set of paths n = {n.,} that satisfy Assumption 2.4.9 for an

irreducible Markov chain P on R™. For any € € R, we then have

v>1/A,

where v is the spectral gap of the Markov chain P.

In addition, we discuss the results of Wu et al.[I58] regarding a lower bound on the
mixing time in y2-divergence of reversible Markov chains on general state spaces using spec-
tral gap and Dirichlet form. The findings indicate that getting the lower bound may be
reduced to handling the spectral gap. Previous studies have provided similar findings, as
demonstrated by Goel et al. [76, Lemma 3.1], Coulhon et al. [31, Proposition 4.2], Coulhon
and Grigor'yan [32, Proposition 4.3], and Coulhon [30]. However, because the majority of
these conclusions do not apply directly to Markov chains in infinite-dimensional spaces, they
cannot be applied to the general state space. Wu et al. [158, Theorem 6] developed a new

lower bound on mixing time by combining principles from previous findings, as follows:

Theorem 2.4.11. Consider P to be the transition kernel of a reversible Markov chain with

a stationary distribution m. Given an initial distribution po < m satisfying do (po, m) < 00,

then
Ep2 (ho, ho) \ "
d2 (o P*,7) > d2 1 - 0
2 (/LO 77T) - 2 (MO’T‘-) ( d% (,u(),ﬂ-)
where hy = % and Ep2 denotes the Dirichlet form of the two-step transition kernel P.

The proof is inspired by Coulhon and Grigor’yan [32] on-diagonal lower bounds for heat

kernels and Markov chains.
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2.4.3 Profile Methods

Profile methods aim to use the fact that Markov chains mix at various rates on different
sizes and scales, and particularly mix faster on small sets. In discrete state space, Goel et al.
[6] presented both the continuous and discrete time versions of the spectral profile upper

bound on the mixing time.

Corollary 2.4.13 was presented by Goel et al. [56], for bounding the L mixing time of

Markov chains using the spectral profile by introducing the following notations:

Definition 2.4.12 ([56|). Define the spectral profile ' : [Tmin, 00) — R by
I'v) = inf A). 2.4.
w=_ inf | @A) (2.4.3)

For a non-empty subset A C X, the spectral gap for set A is defined as:

e
1A= Vare () (244)

where ¢ (A) = {f € L*(7) : supp(f) C A, f >0, f # constant }, and Ty, = ming, 7(z).

Corollary 2.4.13 ([56], Corollary 2.1). Let P be a (-lazy, irreducible and reversible tran-

sition kernel of a discrete-state Markov chain on X. Then the L™ mizing time, T (€), is

(6) < /4/E 2dv
Tool\€) > YIRS
AT min CUF(U>

where I' indicates the spectral profile (2.4.3) of the chain.

bounded as:

Kozma [38] investigated the sensitivity of the above spectral profile upper bound on the
L mixing time of a reversible continuous-time random walk. In Chapter 3, we extend the
result of Kozma [38] from the discrete-space spectral profile bound of [56] to the continuous-

space setting.

Recently, there has been an extension of the profile bounds of the mixing time for Markov

chains from discrete-state to continuous-state. Chen et al. [26] adapted the spectral profile
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technique introduced by Goel et al. [56] to the continuous state setting in the following way:

Define

Definition 2.4.14 ([20]). For non-empty subsets A,Q) C X, the Q-restricted spectral gap for

the set A is given by:

o £G4
/‘)/Q (A) - fécg(ﬁﬂQ) Var,,(f)’ (245)

where ¢ (AN Q) = {f € L*(r) :supp(f) CANQ, f >0, f % constant }.

Consequently, the Q-restricted spectral profile is defined as:

Fo(v) = A:W(Xr%’)e[o’v} Y, (A), Yv € [0,00). (2.4.6)

Note that the spectral profile is restricted to the set €2 and when considering €2 as X,
Definition 2.4.14 aligns with the standard definition of the restricted spectral gap and spectral
profile, as presented by Goel et al. [56], for finite-state Markov chains to the continuous-state

chains.

Similar to Corollary 2.4.13, Chen et al. [26] presented a spectral profile upper bound
for the L? mixing time of continuous-state Markov chains. This was obtained by using the

restricted spectral profile and the warm start.

Lemma 2.4.15 (|26], Lemma 11). Let P be an exactly (-lazy, reversible and irreducible
Markov chain satisfies the smooth chain Assumption 2.2.7 on a continuous state space X,

with a warm start py with constant B. Given an error tolerance €, and a set ) € B(X) such

that m(2) > 1 —

€2

35 then the L* mizing time, 7o (€; o, P), is bounded as:

8/e? dv
T2 (€, 7P S 1 7\
2( Ho ) \/4/[3 CUFQ(U)

where Ug indicates the Q-restricted spectral profile (2.4.6) of the chain.
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In addition, Chen et al. [26] developed the conductance profile method proposed by
Goel et al. |56] from discrete state to continuous-state chains. They made the adjustments

required to fit the general setting.

We present the conductance profile definition of Chen et al. |26]|, which employs the
idea that Markov chains usually mix faster on small sets, and the conductance measures
the set that is the most difficult to escape. In other words, the lack of bottlenecks in the
Markov chain’s state space indicates rapid mixing. Moreover, working with the conductance
profile is usually easier than working with the spectral profile, and it may also be beneficial

in bounding the mixing time using the decomposition technique described in section 2.4.6.

Definition 2.4.16. The Q-restricted conductance profile is given by:

_ $(A) m($2)
®a(v) = A (Alrlwlsg g T(QNA) e <0’ T} ’

where ¢ is defined in Equation (2.2.7). Further, the truncated conductance profile P is defined

by:

X (), ve (0,72]
L), el
Q 2 ) 2 .

Dy (3) is also known as the conductance or the isoperimetric constant.

(2.4.7)

According to Lemma 9 of [26], the spectral profile and the conductance profile of a
Markov chain have the following relationship:

o 2 | 35O ve 0.2

o
)

Bl N

The worst-case conductance bound for the chain is the main focus of the standard
conductance-based analysis. Chen et al. [26] used the Q-restricted conductance profile to

express the bounds, as it is common for a Markov chain to have poor conductance solely in
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regions that have a small probability under the target distribution. The following lemma is

the first statement for continuous state space chains introduced by Chen et al. |26].

Lemma 2.4.17 ([20], Lemma 3). Let P be an ezxactly (-lazy, reversible and irreducible
Markov chain satisfies the smooth chain Assumption 2.2.7 on a continuous state space X,
with a warm start o with constant 5. Given an error tolerance €, and a set Q) € B(X) such

that m(Q) > 1 —

€2

35 then the L? mizing time, 7o (€; o, P), is bounded as:

/€ Bdu
72(€§N07P)§/ 2 s
4/ - vdg(v)

where &g denotes the truncated Q-restricted conductance profile (2.4.7) of the chain.

The proof of the preceding lemma is derived from an appropriate extension of the
concepts used by Goel et al. [56] for discrete state chains. Lemma 2.4.17 established a
connection between the mixing time and the conductance profile, which can be seen as

point-wise conductance.
The following is presented in [20] as an immediate result of Lemma 2.4.17.
Corollary 2.4.18. Let P be an exactly C-lazy, reversible and irreducible Markov chain that

satisfies the smooth chain Assumption 2.2.7 on a continuous state space X, with a warm

start po with constant 3. If the Q-restricted conductance profile is bounded as

P (v) > 4| Blog (%), forv e {%, %] ,

e
- 352;

64 lo
o= &g (7).

for some 8> 0 and  such that 7(Q) > 1 then with a f-warm start, we have
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2.4.4 Coupling Techniques

The coupling, which is a helpful and strong way of analyzing the convergence rate of Markov
chains, was first introduced by Doeblin [11]|, and it has been widely applied in other fields
of probability. Thorisson [150] and Lindvall [93] have provided further and extensive details

on coupling and its application.

A pair of random variables (X,Y’) on the same probability space is called a coupling of
two probability measures p and v if the marginal distribution of X is p and the marginal
distribution of V" is v. Thus, we define a sequence (X;,Y:),5, as a coupling of two Markov
chains with transition kernel P so that (X;),., and (Y;),5, are both Markov chains with tran-
sition kernel P. Couplings are useful because comparing distributions reduces to comparing
random variables. This is a great technique to determine upper bounds on the total variation
distance. The following, Theorem 5.4 by Levin et al. [91] describes the primary tool and the
relationship between the coupling of two Markov chains and their total variation distance.
The discussions in the book [91] focus on discrete state spaces, but it is worth noting that

the proof of this theorem does not rely on this assumption [1413].

Theorem 2.4.19 ([91]). Suppose (X;,Y:) to be a coupling of Markov chains with transition
kernel P on a state space X so that if Xy, = Y, then Xy =Y, for allt > s. Let 7 be the
coupling time, which is the first time that X; = Y; for allt > 7. Assume that Xo = x and
Yo =y, then

HPt(QL” ) - Pt(y7 :

>HTV < Pz,y {T > t} ?

where P, , is the probability on the space in which X; and Y, are both defined.

The following lemma is the immediate outcome of Theorem 2.4.19.

Lemma 2.4.20 (Fundamental Coupling Lemma). Suppose (X;,Y;) to be a coupling of

Markov chains with transition kernel P and the stationary distribution m on a state space
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X so that if X, = Y, then X; = Y,, Vt > s. Assume that Xqg = x and Yy is distributed

according to the stationary distribution m, then

sup || P'(z,-) — 7r(-)HTV <supP, {7 > t}.

The purpose of using this theory is to construct a coupling where X; and Y; quickly
collide and stick to each other. Even though the theorem is quite simple, there are some
important points to address. One requirement is that X, and Y; stick together at 7. Adjusting
a coupling to possess this quality is not always simple, refer to [137] for various poor examples.
On finite state spaces, the inequality in Theorem 2.4.19 is actually equality for certain
couplings, as shown in [121]. However, demonstrating the existence of such an ideal coupling

is unproductive and frequently not very helpful.

It is important to keep in mind that while (X;, Y;) may be a coupling of Markov chains,
it may not necessarily be a Markov chain itself. Define a coupling as Markovian if the
joint process is a Markov chain and non-Markovian otherwise. Pitman [121] discovered an
optimal coupling that is typically non-Markovian, which greatly contributes to the challenge
of obtaining it. Defining a global coupling with the desired properties can be challenging

when using the coupling-based approach.

2.4.5 Comparison Methods

The comparison technique introduced by Diaconis and Saloff-Coste [37, 38| has been a crucial
tool in the theory of finite state Markov chains. This theory allows users to analyze the mixing
of a Markov chain by considering the mixing properties of another Markov chain that has
the same state space, as long as their stationary distributions are reasonably similar. In
practice, this might be helpful since a Markov chain can be hard to study at times, but
there is a simpler and related chain that bounding its spectral gap is much easier. The

comparison method has been widely used to estimate the mixing time of the desired chain
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in this scenario [105]. The right method of comparing two Markov chains is to compare
their Dirichlet forms. The study by Diaconis and Saloff-Coste |37, 38| provides a general
comparison between chains, where the ratios of the Dirichlet forms, as well as the stationary

distributions, are both bounded.

Lemma 2.4.21 ([91], Lemma 13.18). Suppose P and P to be reversible transition matrices

on discrete state space X, with stationary distributions m and 7, respectively. If for all f,

Ep(f) < akp(f), then

where 5 and 7y are spectral gaps (2.4.2) of the transition matrices P and P, respectively.

In the following, we present a useful lemma, which is a kind of toy form of the comparison
method. If two Markov chains’ transition probabilities are related by simple inequalities, then

their spectral gaps and spectral profiles will also have the corresponding relationship.

Lemma 2.4.22. Consider two reversible Markov chains P and P on the same finite state
space X, with the same stationary distribution w. Assume that there exist constants 0 <

c1,Cy < 00 such that

¢ P(z,y) < P(xz,y) < &,P(x,y), Va#y,

then

a1y < < ey,

and

=

al'(v) <T'(v) < el'(v),
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where T and T are the spectral profiles (2.4.3), and 4 and ~ denotes the spectral gaps (2.4.2)

of the transition matrices P and P, respectively.

Proof. ¢, P(z,y) < P(z,y) < e;P(x,y) VY #y, using Equation (2.2.1):

aErllf) = 5 3 1) S)Pr()a P, y)
< 5 3 @)~ F)Pn) Py
— (/. f)
< 3 S 1@~ F)Pr@e )
- CQéP(f?f)'

Divide each side by Var,(f),
En(f ) _ Enff) _ Enf.])
ClVar,,(f) = Var,(f) = CQVar,r(f)' (248)

By taking infimum on f from all sides of inequalities (2.4.8) and using the minimax charac-

terization of the spectral gap (2.4.2), we get:

iy = G

inf gP(fa f)

feL?(m): Varﬂ(f)
Vary (f)#0
Eﬁ(f):(]

e eplhf)

feL?(m): Vary(f)
Varn ()20
Er (f)ZO

IN

=79

Co inf gP(fu f)

fer?(r): Vary(f)
Vary (f)#0
E(f)=0

= C27,

IN
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where Varr(f) = (f, f)x, and Ex(f) = (f, 1)

For a non-empty subset S C X, and any function f belongs to the class of ¢ (S);

ci(S) ={f € L*(n) : supp(f) C S, f >0, f Z constant },

using (2.4.8) and taking infimum on ¢ (S) from all sides:

Eo(f. ) _ .. Exf.]) &S f)
s Vara () = sems) Vars () = 2 pitts) Var, ()

¢l (2.4.9)

hence

av(S) <A(S) < ey(9). (2.4.10)

Consequently, taking infimum over S from all sides of inequality (2.4.10), we obtain

Y € [Tmin, 00):

al'(v) < f(U) < eol(v),

where I'(v) = infg. z(s)e[rmm, 7(S) and f(v) = infg. n($)efmmm0] V(S)-

Lemma 2.4.21 can be extended to compare chains defined on two different state spaces,
as shown in the following lemma. The study by Diaconis and Saloff-Coste [39, page 718§]

presents such lemmas that may be proven directly.

Lemma 2.4.23. Let P and P be reversible transition matrices, with stationary distributions
7 and 7, defined on the finite sets X and X, respectively. Suppose that there exists a linear

map:
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Additionally, let constants A, A,a > 0 and for all f € L2(X,7), the following conditions
hold:

815(}.7 ) S AgP(fa f)7 and avarﬂ(f) Svarﬁ'<}.)+AgP(f7 f)a

then

Proof. By utilizing the minimax characterization of the spectral gap (2.4.2) and considering

the two given conditions:

—v = — inf
a a fer?(x). Varg(f)
Varx (f)#0
Eﬁ(f)zo

inf Agp(f, f)

rel2(n): Varz(f) + AE ,
g Vara(F) + A€ (1.
Eﬁ(f):(J

v

v
—_

inf
feL?(n): Var;i(
Vary (f)7#0 Ep(f,
Ex(f)=0

~
—

+

~
BNRN

)

—_

= inf
Fer2(z): Yar(
Varz ()70 Ep(f;
Ez(f)=0
1

+

:El
BNhN

+

s

2=
BB

Consequently,
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Smith [111] extended the research conducted by Diaconis and Saloff-Coste [37, 38],
comparing two Markov chains with distinct state spaces, where one state space is a subset
of the other. The main technique involves extending functions from a smaller domain to a

larger one.

Moreover, Theorem 2.4.24 by Diaconis and Saloff-Coste [37] allows us to estimate
the mixing time of a Markov chain by comparing it to another Markov chains’ mixing
behaviors via canonical paths. Assume P and P are two reversible transition matrices
with stationary distributions = and 7 with edge sets of £ = {(z,y) : P(z,y) > 0} and
E ={(z,y) : P(z,y) > 0}, respectively. Moreover, we suppose that there is one path of
Ny € 1 for each (z,y) € E, where n = (e1,€9,...,en) is a collection of paths from = to y
made of edges in E such that e; = (z,21),e3 = (x1,22) ..., €n = (Tm_1,y) for some vertices
T, ,Tm_1 € X. nis also called E-paths from x to y. Then, the congestion ratio B is

defined as follows:

1
B := max

eck Q(@)

> Qx,y) Iyl | (2.4.11)

)
Nzy Se

where Q(x,y) = 7(x)P(z,y) and Q(z,y) = 7(x)P(x,y) are edge measures and |n,,| is the
number of edges in the path 7,,.

Theorem 2.4.24 (Comparison via Paths). Suppose P and P to be reversible transition ma-
trices on discrete state space X, with stationary distributions m and 7, respectively. Consider
B as defined in (2.4.11), which is the congestion ratio for a choice of E-paths. Then for all
functions f: X — R,
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Ep(f) < BEP(f),

consequently,

< T | 5

where 4 and v are spectral gaps of the reversible transition matrices P and P, respectively.

So far, we have been discussing the theory of comparison in discrete state spaces. How-
ever, Mira [102] presented an ordering for the second largest eigenvalues of two reversible
Markov chains with the same stationary probability measure on general state spaces. Fur-
ther, Yuen [161] extended the result of Diaconis and Saloff-Coste [38] to a more general
setting with not necessarily the same stationary probability measure. The analogous to
Lemma 2.4.21 and Theorem 2.4.24 for continuous-state Markov chains have been presented

in Theorems 3.1 and 3.2 of the work of Yuen [161].

Theorem 2.4.25 (|161], Theorems 3.2). Consider two reversible Markov chains with tran-

sition probability kernels P(z,dy), P(x,dy) on the same state space X with invariant prob-

ability measures, m, T, respectively. If there exists constants a, A > 0 such that

Ep (f, f) < AEp(f, f), VYfe€L*(n) and 7> ar,

then

v > (a/A)7,

and so
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where 7 and ~ represent the spectral gaps, and B and B indicate the largest eigenvalues of

Markov chains P and P, respectively.

We present the following lemma as a result of Theorem 2.4.25.

Lemma 2.4.26. Consider P and P are two reversible transition probability kernels on
the same state space X, with the stationary probability measure w. Suppose that there exists

a constant 0 < ¢; < oo such that:

P(z,d <
su c1,
weg P(:L' ) =

then
v> 2
01

where 4 and 7 are spectral gaps (2.4.2) of the transition kernels P and P, respectively.

Proof. By the given condition that sup,. Pg Zz; < ¢, we have for all f € L*(7)

)

1

10 = 5[ [ (@) = ) el Pla.d)

< ok / / 2 x(d) P(z, dy)

= aép(f.f),

applying Theorem 2.4.25

o |
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Yuen [161] developed geometric constants that fulfill the initial condition of Theorem
2.4.25 for reversible Markov chains on R". It has been assumed that the transition kernels
satisfy the smooth chain Assumption 2.2.7, which states that the transition probability
kernels can be expressed in the form of P(z,dy) = a(x)d,(dy)+ p(x,y)dy and P(x,dy) =
&(x)d,(dy)+p(x, y)dy. Furthermore, it is supposed that the invariant distributions 7, 7 have
densities q(y), ¢(y) with respect to the Lebesgue measure, respectively.

It also requires the existence of a collection of paths, n = {n,,}, satisfying certain

regularity conditions related to both P, 7 and P, 7 as presented in Assumption 2.4.27.

Let 7 = {n.,} be a set of (P, P) paths that for each = # y with §(z)p(z,y) > 0, there
exists by, € N and a path n,, : {0,...,b,,} — R" such that 1,,(0) = z,1,,(1), ..., Nuy (bzy) =
y and p(ng, (i —1),m4(7)) > 0 for all ¢ = 1,...,b,,. Define Q(u,v) = p(u,v)q(u) for any
u,v € R™, and [[neyl. = 32, 0ep,, Qs v) ™ for 1y, € n for e € R. The pair (u,v) is an ith
edge of a path n,, iff u = 1., (i — 1), v = 1y, (7) for some i, and Q(u,v) > 0. Assume E; to
be the set of all i th edges and E = J E;.

Assumption 2.4.27 ((P, P) Regularity Condition).

Let V= {(z,y,4) : G(z)p(z,y) > 0,1 <i < by}. DefineT:V — (R")? x N2 by T'(z,y,i) =
(Nay (0 — 1), My (2), byy, 7). We then say that n, a collection of paths for an irreducible Markov

chain P, satisfies (P, ]5) reqularity condition if the following conditions are met:

e T is a one-to-one map onto T'(V).

o Fiz b,i € N such that (u,v,b,i) € T(V) for some (u,v) € R x R" and let Wy; =
{(u,v) : (u,v,b,7) € T(V)} C E. Define a one-to-one map Ly, : Wy, — R™ x R" by
Lyi(u,v) = (x,y), where T(x,y,i) = (u,v,b,i) can be extended to a bijection of open
sets and also has continuous partial derivatives almost everywhere with respect to the

Lebesgue measure on R™ X R™ for any values of b and 1.

The Jacobian, Jy(u,v), of the change of variable (x,y) = Ly;(u,v) is given by
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dz1 ., Odx1 Om ., O
ouq Ounp Ovt Ovn,
Oxn ... Oxzn Orn .. Ozn
Jbi ( u, 1}) _ Oouy Oun ovy Ovn
Oy .. Oy dw .. Oun
out Oun ovl Ovn
Oyn .. Oyn Oyn ... On
ouy O ovy Ovn,
where u = (uq,...,u,) and so on. We may denote Jy;(u,v) by Jyy(u,v) as given (u,v) € E,

and there is a one-to-one relationship between (z,y) and (b,1).

For paths that are nice enough, this condition can be easily met. The geometric con-

stants used by Yuen [161]| are denoted as:

Ac = essupy ep § Qus0) N T gyl 3(2)p(w, y) |y (u, )|

Ney S (u,v)
We then present the following theorem, which is the immediate result of [161, Theorem

3.1 and Theorem 3.2] as an extension of Theorem 2.4.24 to a continuous state space.

Theorem 2.4.28. Consider the reversible Markov chains P and P on R™ with respect to
the stationary distributions m and 7, respectively. Let n = {ny,} be a set of paths that satisfy
the regularity condition 2.4.27 for (P, P). For any ¢ € R and f € L*(r),

Ep(f) < ALp(f),

consequently,

< o 22 1.

z€Rn ¢

where 5 and v are spectral gaps of P and P, respectively.
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Computing and estimating Markov chain Monte Carlo’s spectral gap is challenging,
particularly in continuous state space. However, if a non-negative Markov operator is trace-
class, which means that the transition kernel is compact with summable eigenvalues, then
the spectral gap of such an operator can be bounded by simple functions with typically
decent integral forms [124]. Tt should also be noted that any non-negative Markov operator
that is compact has the set of all eigenvalues that is contained in the set [0, 1]. In certain
circumstances, determining whether a Markov operator is trace-class might be difficult and

tricky by direct computation given that establishing compactness is not always easy [123].

Recent studies, such as Chakraborty and Khare [23] and Pal et al. [113] have shown
that a significant number of Markov operators belonging to practically relevant MCMC
algorithms can be classified as trace-class using a specific formula; refer to section 4.3 of
[123]. Inspired by comparison theory, we present the following theorem as a simple approach
to determine whether a Markov chain in general state space belongs to the trace-class by
comparing it to another trace-class chain that is both known and closely related. Therefore,
the method described in [124] or the comparison theory in either a continuous or discrete

setting can be employed to bound its spectral gap.

Theorem 2.4.29. Consider two reversible Markov chains on general state space X, with

transition probability distributions P and P and the same stationary distribution 7. If

< P(z, dy)
u —_—
1’6)13 P(‘T: dy)

IN

L,
then, P is trace-class if P is trace-class.

Proof. Let {f;} be an orthonormal basis of L?(7). A reversible P is trace-class, hence (see

[124, 291 )

Y (Pfj, fi)e < 00, (2.4.12)

J
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In other words, the condition mentioned as inequality (2.4.12) is the same as P being compact

with summable eigenvalues.

Given that sup,cy igz’j‘zg < 1, then (Pf;, f;). < (Pf, f;)x, ¥j. Applying (2.4.12), we

then obtain:

> (Pfi fi), < 0.

J

This is equivalent to P being a trace class operator. |

Next, we provide a lemma that compares the spectral gaps of a reversible Markov chain
P and its lazy version P on continuous state space, as defined in Definition 2.2.8. We then

use this lemma in the next chapter.

Lemma 2.4.30. Consider a reversible Markov chain P with respect to a stationary distribu-
tion T on the state space X. Denote its half-lazy version as P that satisfies Definition 2.2.8

with respect to a stationary measure w. Then

v > (1—a)7, (2.4.13)
where v and 7 are spectral gap of P and P, respectively, and o is defined in Definition 2.2.8.

Proof. By using Definition 2.2.8, equation(2.2.6), we obtain

m(dx) o

7(dx) = n(dx) = 2

7(dz),

1—a, 1—a,

thus

| = /X (dz)
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1 zzl—supmax(é)l—a
= /z 7(dx) = (i)
x 11—y 1_%_1

z<1-—inf, a, = =3.

Steps (i) and (ii) follow from Definition 2.2.8, where ; < o, < a < 1, Vo € X, and

sup, o, = «.

Hence

(f(2) = f(y))*7(dz) Pz, dy)

P(z,dy)

T

7 (dz)0, (dy)

xT

[
—
8
|

~
—
s
e
N | =
A
QL
=
ot
B
=¥
s
|

(e}

X
1
= ;gp(f)' (2.4.14)
On the other hand
() = 2o (da)
m(dx) = zl_%w x
< s ()
- 21 — sup,, 0 v
1
= z 7(dx) (2.4.15)
—«
and
(dx) = L ; d
w(dz) = zl_arﬂ( x)
1
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= 2zw(dz). (2.4.16)

Combining (2.4.14), (2.4.15), and applying Theorem 2.4.25, we then have

1-4>1— —— 2.4.17
T2l-gT Y ( )
alternatively
v > (1—a)7, (2.4.18)
where ~ and 7 are spectral gaps of P and P, respectively. |

2.4.6 Decomposition Methods

Comparison and profile methods are commonly used strategies for predicting spectral gaps
and bounding convergence in more robust norms. However, their flexibility may make them
challenging to employ. In this section, we will discuss a method for analyzing Markov chains
using a set of intermediate, typically simpler, Markov chains. In recent years, this strategy
has proven to be effective in dealing with statistical difficulties. There have been numerous
notable developments in this approach that are highly applicable to Markov chain Monte
Carlo. These include addressing various problems, such as the papers by Mangoubi et al.
[98], Zhuo and Gao [166], and investigating different versions of these bounds that can provide
more accurate estimates for statistical problems, like the studies done by Pillai and Smith

[119] on finite-state reversible Markov chains and Miracle et al. [103].

The decomposition method for bounding the mixing time is based on the intuition that
studying the entire Markov chain can sometimes be challenging, but the chain may be broken
down into pieces that are simpler to study. If the Markov chain flows efficiently from one
piece to the next, and if each piece quickly converges to its stationary state, then the original

chain is expected to rapidly converge to equilibrium [97]. Further, the decomposition method
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lets us combine multiple approaches to estimate the mixing time of a Markov chain’s different

pieces, which is a hybrid strategy for analyzing the convergence rate of a chain.

It is important to consider that decomposition can demonstrate the quick mixing of
certain Markov chains, where other methods like path coupling [20] may not be sufficient.
However, it is worth noting that this approach has the potential to significantly increase
the bounds on the mixing time. This is because we are analyzing the Markov chain indi-
rectly by utilizing the projection chain (defined below) and imposing restrictions on smaller
subsets of the state space. We may also employ other indirect analysis techniques, such as
the comparison method on the component chains. It would be preferable to have a more
straightforward analysis, but in case other methods are unsuccessful, decomposition can be

helpful in demonstrating that the mixing time is bounded by a polynomial.

To provide a basis for this section, let P be a reversible transition probability kernel of
a Markov chain on X with respect to a probability distribution 7. We divide and break the
state space X into pieces Aj, ..., A, such that U;A; = X (In general, these subsets will not
be mutually exclusive.) For each i = 1,...,n, define the restriction of P to A;, the restricted

chain Py,, as follows:

Py (2, A) = P(x,A) + 1zeay(1 = P(2,4;)), x€A;, ACA,

where any move that leaves A; is rejected. One should note that P4, is reversible on the
state space A; with respect to the measure that has a density proportional to the restriction
of m to A;. Then, we bound the Markov chain’s mixing time on the entire state space, by
bounding the mixing time of the Markov chains corresponding to each Py,, and the Markov

chain of the projection of {A;,..., A,}.

The maximum overlap, ©, between the pieces of the state space X', and the transition



2.4. TECHNIQUES FOR BOUNDING CONVERGENCE RATES 55

probability of the projection chain, P(4,), on the state space of {1,...,n}, are defined by:

@:rilea)?(\{z:xeAiH,

e (AN Aj) S,
P == -4 )

(4, 7) O (A i # ]
Madras and Randall [97] presented the following decomposition theorem, assuming that the

pieces of the state space would overlap and not be pairwise disjoint.

Theorem 2.4.31 (|97], State Decomposition Theorem ).

where 7y, and v, are the spectral gaps of P and P, respectively.

If P and P4, on each piece A; have fast mixing times, which means they approach

stationary state quickly, then the original chain is rapidly mixing.

On the other hand, Jerrum et al. [78], Martin and Randall [99] introduced decomposition
theorems considering the state space’s pieces to be disjoint. The following theorem by Martin
and Randall [99] is analogous to Theorem 2.4.31 but applies to disjoint pieces Ay,..., A, of
the state space X.

Theorem 2.4.32 (|99], Theorem 4.2). We have the following:

1 :
T 2 30 B T

.....

where 7y, and v, are the spectral gaps of P and P, respectively, and P is defined as

N 1
P(i,j) =

Y w(@)P(zy).

& ( Z) zeAinAj
Theorem 2.4.31 decomposes a Markov chain’s state space, whereas the following theorem

as Theorem 1.2 in [97] decomposes the stationary distribution of a Markov chain. This is

particularly applicable to reversible Metropolis-Hastings chains, which we define as follows:
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Let R be the transition kernel of a reversible Markov chain on X with respect to a
probability density p. Let p be another probability density whose support is contained
inside p’s support. Then the “Metropolis-Hastings chain for R with respect to p 7 is the new
Markov chain with transition kernel R/ defined by:

Rz, dy) = R(x, dy) min {1, W} ify#ux
R () =1 [ RP(w,dy),
X\{z}
if p(z)p(y) is 0, then we take RIP/(z,dy) = 0. The kernel R is usually referred to as the
“proposal kernel.” The concept is that RI?) works by proposing a move and then calculating
a ratio that determines the probability of the proposed move being accepted. The acceptance

scheme guarantees that p is the equilibrium distribution.

For Theorem 2.4.33, Madras and Randall [97] assumed that the chain of interest, P, is
a Metropolis-Hastings for a proposal chain R with respect to a desired stationary density
p, which means P = RIPPl. Further, they supposed that p can be represented as a convex
combination of a few number of densities p,, ..., p,, which means p is a “mixture density”.
They considered running a Metropolis-Hastings chain for each p;, using the same proposal
kernel R as in the original P, the chains R[ﬁj] are the pieces of the original chain. If the
p;’s overlap in the sense described below, then the spectral gap of the original chain can be

bounded in terms of the spectral gaps of the Metropolis-Hastings chains for the p;’s.

Theorem 2.4.33 (|97], Density Decomposition Theorem). Let py, ..., p, be probability den-
sities on X, with respect to a common reference measure [, and assume cqg,...,C, to be

positive values that add up to 1. The mizture density, p,., S then defined as follows:

n
Prmix -= E CiPj-
J=0

Suppose R to be a reversible Markov chain with respect to a mizture probability density p, ..

on X. Further, let vv; and v, be the spectral gaps of the Metropolis-Hastings chain Rl
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and RPwixl | respectively. We also assume that neighboring p;’s have some “overlap” , which

means:

/min{ﬁj(x),bj+1(x)}u(das)2(5, j=0,...,n—1 for somed >0,
x

then

i — min c;7v;.
Ymix = 2n j=0,...n i



Chapter 3

Precision of Mixing Time

3.1 Introduction

Many widely used methods for bounding the mixing time of a Markov chain, discussed in
Chapter 2, are closely related to the spectrum of the underlying transition matrix [91], both
because they are easy to use and they are stable under natural changes to the underlying
Markov chain [88, 91]. This raises the obvious question [33]: is it feasible to find bounds

that are both sharp and recognizably “spectral” or “geometric” in nature?

Kozma [38] found that the spectral profile of Goel et al. [56] provides nearly-sharp
bounds on the L* mixing time. More precisely, it showed that the spectral profile bound
is sharp up to a multiplicative factor of log(log(1/mmin)), where my;, is the smallest value of

the probability mass function (PMF) of the stationary distribution.

Chen et al. [20] generalized the spectral profile bound of Goel et al. [50] to the continu-
ous state setting. They presented a bound for the L? mixing time of continuous-state Markov
chains, which extends the techniques of Goel et al. [56] from discrete to continuous-state

chains.

In this chapter, we aim to generalize the finding of Kozma [38] to the continuous state

o8
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scenario and investigate the sharpness of the spectral profile bound of Chen et al. [20] on
the L? mixing time of continuous-state Markov chains. We find that the bound is sharp up
to a factor of loglog of the starting density. Our result shows the robustness of the spectral
profile bound in continuous state setting. Furthermore, when used in conjunction with other
methods, this precision might be useful for bounding the mixing time of a Markov chain, for
which bounding its mixing time is difficult using existing techniques. Our main result can
be used as a comparison bound, indicating that it is possible to compare chains even when

only non-spectral bounds exist for a known chain.

This chapter is organized as follows: in section 3.2, we establish our notations and define
the d-approximate L? mixing time of a lazy Markov chain from a single starting point on
continuous state space, which will be employed throughout this chapter. In section 3.3, we
present our findings on the precision of the spectral profile bound on the mixing time of
Markov chains in continuous state spaces. We then discuss the application of our primary
finding to the comparison of Markov chains. The final section 3.4 is devoted to proofs of the

theorems and lemmas presented in this chapter.

3.1.1 Related Works

Many studies, such as [64, 88, 66, 65, 3|, have investigated similar problems, with the details
depending on which notion of mixing must be approximated and what information the “spec-
tral” or “geometric” bounds are allowed to use. We mention some of the most closely-related
work on how small changes in graph properties can affect the mixing times of associated
random walks. The most similar to our study [83] is [88], which shows that the spectral
profile bound on the uniform mixing time proposed by Goel et al. [56] is sharp up to a

log log factor.

Hermon [64] explored that even small perturbations to the transition probabilities can
significantly impact the L* mixing time of simple random walks on graphs with uniformly

bounded degrees of size n. The study reveals that such perturbations can cause the mixing
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time to increase by a factor of ©(loglogn).

Hermon and Kozma [65] investigated the robustuness of the total variation mixing time
in vertex-transitive graphs, particularly Cayley graphs, under small perturbations. Their
findings indicate that for non-transitive graphs, the mixing time can vary significantly based
on the starting point, especially after increasing certain edge weights. Moreover, Hermon
and Peres [66] examined the sensitivity of the total variation mixing time and the presence of
a cutoff. The study shows that the total variation mixing time is not invariant under quasi-
isometry, even for Cayley graphs, and can be substantially altered by bounded perturbations

of edge weights or metric changes.
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3.2 Notations and Basic Definitions

Throughout this chapter, we consider discrete-time Markov chains. Let X be a Polish space
with Borel-o algebra (X, B(X)). Fix a transition probability kernel P with unique stationary

probability measure .

Note that, if P(x,{z}) > 0 for any point z € X but 7 has no atoms, then the L? mixing
time of a continuous-state Markov chain with non-zero holding probability is infinite. Thus,
in a continuous-space setting, the result of Kozma [38] would be vacuous. In this chapter,
we are primarily interested in such chains and define a closely related metric, informally

showing that this non-zero holding probability is the only thing that goes wrong.
By a small abuse of standard notation, we define the following definitions:

Definition 3.2.1 (Half-lazy chain). A Markov chain with transition probability kernel P

and the stationary distribution m is called half-lazy if it can be written in the form:

P(z,") = (1 — ap)P(x,-) + axd,(-), Ve X, (3.2.1)

for some % < a, <sup,a, = o < 1, and some transition kernel P whose distributions

P(x,-) all have densities p(x,y) with respect to m, where 8, is the Dirac-delta function at x.

We denote the hitting time of the set {z}° C X for the half-lazy chain in Definition
3.2.1 as T{I}C. This is the first time that the chain moves out from its initial state z. We

have

P(T,,. =n) = oy '(1—a,). (3.2.2)

Definition 3.2.2 (Exactly Half-Lazy). A Markov chain with transition probability kernel P

and the stationary distribution m is called exactly half-lazy if it can be written in the form.:

P(x,A) = %P(w,A) + %(596(14), VeeXandAec BX), (3.2.3)
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for some transition kernel P whose distributions P(z,-) all have densities p(x,y) with respect

1, z€A
to m, where §,(A) =

0, z¢A
We are primarily interested in such chains in this chapter and we define the following

mixing time.

Definition 3.2.3 (The §-approximate L? mixing time from a single starting point). Consider

an exactly half-lazy Markov chain P. For x € X, define

dy (5, P P3F 1) +6  Plakl(x, {2)) <6
dos(z, P, k) = 2{ ) (.4 }) = (3.2.4)
00 0 <6< PRF(x {z}).
We then define the §-approzimate L? mizing time of P with respect to its stationary distri-

bution T from a single starting point © € X, 1 5(¢; P), as

To.5(€; P) = inf {k € N | supdys(z, P k) < e} : (3.2.5)
reX
In our study [83], we use Lemma 11 of Chen et al. [26], which is referred to as Lemma

2.4.15 in Chapter 2 of this thesis. In this lemma, we consider €2 as the full state space X for
simplicity in notation. However, the results can easily be applied to the case of using the

Q-restricted spectral profile in Lemma 2.4.15, which we will discuss later in the next section.
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3.3 Precision of the Spectral Profile Bound

Our main result, Theorem 3.3.5, is an extension of Kozma’s result [88] from the original
discrete-space spectral profile bound of Goel et al. [56] to the continuous-space setting of
Chen et al. [26]. Kozma [38] was inspired by the observation that Faber-Krahn inequalities
provide precise and sharp bounds in various interesting manifolds. We present the finding

of Kozma [38, Theorem 1] below.
Let 7o(1/2) denote the L°° mixing time of a reversible continuous-time random walk

on finite graph X’ with error tolerance of 1.

Theorem 3.3.1 ([38]|, Theorem 1). For any reversible continuous-time Markov chain with

transition kernel P with stationary distribution © on finite state space X :

8 2dv
1/2) log log(1/mm;
/47rmm oI (0) < CToo(1/2) loglog(1/Tmin),

where C' denotes an absolute positive constant which is large enough.

Inspired by Theorem 3.3.1, we investigated the precision of the spectral profile bound on
the L? mixing time of continuous-state Markov chains. Of course, myi, is 0 in the continuous-
space setting, so as stated, the result of [38] would be vacuous in continuous state spaces.
In our work [33], we replaced my;, with a “warm-start” constant that is equal to 7y, in
the discrete-space setting. This is a popular replacement in extending geometric bounds
from discrete to continuous spaces [1541]. The results of our study [33] are discussed in the

following.

We first establish an analogue to Lemma 3.1 of [56] in the continuous state space. This
result is then applied to our Lemma 3.3.2, which is similar to Lemma 2.4.15 but from a single

starting point. All proofs are deferred to section 3.4.

Lemma 3.3.2. Consider a reversible, irreducible, and exactly half-lazy continuous-state

Markov chain P with the stationary distribution 7. Assume that 0,P is a B-warm start
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for every x € X. Given error tolerances € € (0,1) and 0 € [0,€), then

8/(=0)* 9 gy 2log(})
Tos(€; P) < max | 2 / , 41, 3.3.1
2(6 P) ( (W vr<v>> g (2) 3:31)

where I denotes the spectral profile (2.4.5) of P.

Refer to section 3.4.1 for the proof of the preceding lemma. Throughout this chapter,

the term “p” is used to refer to the right-hand side of inequality (3.3.1), and the symbol log

is used to represent the natural logarithm.

For S € B(X) with 7(S) > 0, define a sub-stochastic kernel

Ps(z,B) = P(z,BNS), VBeBX).

Note that the kernels P and Pg are reversible with respect to 7 and ms(B) =
respectively. This can be easily verified by utilizing exactly half-lazy Definition 3.2.2.

Next, we state an assumption on which our results rely.

Assumption 3.3.3. For S € B(X) with ©(S) > 0, we assume that the sub-stochastic
kernel Pg on L*(ms) is Hilbert-Schmidt. Assume that L*(ms) has an orthonormal basis of
eigenfunctions {fi}izo of Pg, with real eigenvalues {Bi}i>0 satisfy fo=1,0 < Zi’z <1, Bl 40
s0 that

/X di—;iS) W) f: (y) ms (dy) = Bifi(x), Ve X. (3.3.2)

In order to prove Theorem 3.3.5, we then propose the following lemma, which is similar

to Lemma 3.1 in [50].

Lemma 3.3.4. Let S € B(X) with 7(S) > 0 and k € N. Let Pg satisfy Assumption 3.3.3,
then
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sup hy z xr) > — 3.3.3
e Pacrpen(®) 2 gy 353
where 7(S) is the spectral gap of P for the set S.

Following Lemmas 3.3.2 and 3.3.4, we can extend Theorem 1 in [38] to the continuous
state space context as our Theorem 3.3.5 in this chapter. This represents the precision of

the spectral profile bound for 72%(%; P).

Theorem 3.3.5. Consider a reversible, irreducible, and exactly half-lazy Markov chain P
with the stationary distribution w. Assume that 6,P is a B-warm start for every x € X and

P satisfies Assumption 3.3.3. Then there exists a universal constant C such that

(3 P) < p < Clogfloga(8)] + (33 P) + 108 [logy(8)] + 7. (3:3.4)

Refer to section 3.4.3 for the proof. The proof of Theorem 3.3.5 is quite similar to the

proof of Theorem 1 in [38], with the substitution of Lemma 3.1 in [56] with our Lemma 3.3.4.

When looking at the right-hand side of inequality (3.3.4), note that the spectral profile
bounds in continuous state space may increase by an optimal factor of loglog of the warm
start. This finding demonstrates that the use of spectral profile bounds does not result in a
significant loss of information. In addition, it may be helpful to bound the mixing time of a

Markov chain, which is challenging to do using existing methods.

Finally, we expand our Lemma 3.3.2, to include a broader class of Markov chains: half-
lazy Markov chains 3.2.1 and smooth chains 2.2.7. This result extends Lemma 11 in Chen et
al. [20], providing a spectral profile upper bound on the L? mixing time of continuous-state
Markov chains from any initial state. This conclusion may be used to expand the precision

theorem and serve as a foundation for future study.

Lemma 3.3.6. Consider a reversible, irreducible, and half-lazy continuous-state Markov

chain P with the stationary distribution w. Assume that 6,P is a B-warm start for every



3.3. PRECISION OF THE SPECTRAL PROFILE BOUND 66

2

x € X. Given error tolerances e € (0,1), 6 € [0,€), and a set ) € B(X) with 7(2) > 1— 35,

then

/=0 9 dqy 2log(1)
Tos(€; P) < max [ 2 , 11,
206 P) ( (/4/5 WTa(®) ) Tog(a)

where T'q denotes the Q-restricted spectral profile (2.4.6) of P and o = sup o, in Equation
(3.2.1).

3.3.1 Applications

In this section, we present the application of our main result. Theorem 3.3.5 can be used to
compare Markov chains in the strong L? metric. As an auxiliary result, we note in Corollary
3.3.7 how our main result can be used to get comparison bounds that are similar to the
popular comparison bounds exposited in e.g. |91|. The main difference is that traditional
comparison bounds, as mentioned in [91] and also discussed in Section 2.4.5, require bounding
the spectrum of a “nice” kernel K and then using this to bound the spectrum of a “difficult”
kernel K’. However, Corollary 3.3.7 shows the possibility of comparing chains even with only

non-spectral bounds on K.

Corollary 3.3.7. Consider two Markov chains, K and IN(/, which are reversible, irreducible,
and satisfy Assumption 3.53.3. Let K and K’ be their respective exactly half-lazy versions,
with the stationary distribution m, where 6. K is a B-warm start for every x. Denote the
spectral profiles of K' and K as Uy and Ty, respectively. If there exists 0 < C; < 0o so that

1
Cgi(v) > FFK("U), Yo € [0, 00),
1

then there exists a universal constant C such that

(i) < Oy ClogTlomy ()] + 1) (s, ) + 5 ) + 108 [lo(8)] + 7.
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3.4 Proofs

In this section, we provide proof of the lemmas and theorems presented in this chapter.

3.4.1 Proof of Lemma 3.3.2

Conditioning on the first time a Markov chain with kernel P moves, we have for every

5> Pz, {x})

5, P° = §,PPs!
— 5, [2—115+2—11} psl
= 271§, PPt 42715, Pt

= 2715, PP + 2715, PP

= Z 275, PP 4 27°6,

n=1
—s 1 . D ps—n —s
= 2 (2_5 > P(T,,. =n)s,PP ) +27%6,.
n=1
Hence
0. P =) 27", PP +27°,. (3.4.1)
n=1
Since

TeX

= inf
rEX

To5(€6; P) = inf {k‘ e N| supdys(z, P k) < e}

k € N | supdy(6,P P[%k],ﬂ') <e—0g, 2712 < 5} , (3.4.2)

hence
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- 21og(L
To5(€; P) < max (2 sup o(€ — 9; 0, P, P), og(é)

sup e T 1) . (3.4.3)

Applying Lemma 2.4.15 to the term “sup, .y 72(€—8; 6, P, P)” in inequality (3.4.3) completes
the proof.

3.4.2 Proof of Lemma 3.3.4

By Assumption 3.3.3:

B8 y) =S Bifi@) fily), VayeX and VLEN,

i=0
where Bl and f; are eigenvalues and orthonormal eigenfunctions of Pg, respectively. Let

y = x, we then have

A0:Ls) 1y = S Bl f2(), vre . (3.4.4)

For s,7 € Ny, j < s, define b(s, ) = 2_8( ) We have:

J
P =" b(s,j)P. (3.4.5)
5=0
Thus, we can write 595]5P[%k1 as a polynomial in P as follows:

[3k1 [3k]
- 1 - 1 o 1 .
5, PP = 6,P | D b([5k )P | = Y bl[5k]. 78 (3.4.6)
Jj=0 Jj=0

Using Equation (3.4.4), we can derive that Vo € S and k € N

d(s,PPEM) @ d(6,PPEF)
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1k N il
w A2 (L), )8, P

i i (@)
A (3R, 08Py @
- dﬂ'|5

rik) i+l
= Yt
(iid) 2 1 = it
= > b(5k.) (ZBZ ff(w))
@ 2 .
> Zb(bkﬂ,j) (61 ff(x))
> )

Step (i) uses mg(B) = ”(75259), VB C X. Step (ii) uses Equation (3.4.6). Step (iii) applies

Equation (3.4.4) and step (iv) follows from Assumption 3.3.3 that 0 < §; < 1 and the fact
that f?(z) > 0.

By taking the supremum over x

SUp s, p rejo) (€)= suphs p o (2)
zeX €S
d(6,PPz*)
-0 dr (@)

~ 2k
Bi sup,es [ ()

()

v

~2k

b

()

(L —3(5)*
m(S)

~
Ve
=

where 7(S) is the spectral gap of P for the set S. Inequality (i) follows from the fact that
2 p—
IAIE, =1

We are now equipped to prove Theorem 3.3.5.
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3.4.3 Proof of Theorem 3.3.5

Fix C" > 0. Consider set A, so that 0 < 7 (A,) <27° and

v(As) < inf {y(9) : 7(S) <27} + ', (3.4.7)

where v(Ay) is the spectral gap of P for the set A;. By monotonicity of I' and change of

variables:

512 2) logy, B—2
| = e | du
1 vI(v) 9 I'(2)
log2 A=2 9
= (2log2 {/ +
Floe) |, r<2—u> o)
[loga(B)]
1810g2
< 2log?2 ) 4.
< 2log Z 0 (3.4.8)

Using Lemma 2.2 of [50] and the definition of the spectral profile:

0(1/2) < 2T(1). (3.4.9)

Hence

512 [loga (B8
2 dv 1 36 log 2
< 2log?2 E
/4/5 ol'(v) r(2-) " T(1/2)

[log, (B

< 27 Z e (3.4.10)

We then have, for all C" > 0 sufficiently small,

[log, (B8
L2
b < 54 Z (8) . 4
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Moga ()]
(i) 1 2 log(8)
< 54y — +1

—~ D'(27)  log(2)
(“) {10g2(:8)] 1
< 54 +7

52:; W(As) -’
( N [logz(8)1

108 Z _20, +7. (3.4.11)

Step (i) follows from equation (3.4.9). Step (ii) follows from (3.4.7). Step (iii) applies the
exactly half-lazy Definition 3.2.2. Let C’" — 0, and applying Lemma 3.3.4 for the set A, we
have for any k € N

v

sup hs z T
xeg 6zP,[k/21( )

_ 14s) (3.4.12)

Imitating the steps of [38], we can deduce the following:

L0 log(n(A)
(= >
R TR TV R)
. log (27°)
log(1 —7(As))
(i)
Y sls2 (3.4.13)
S

where ¢ denotes an absolute positive constant. Step (i) follows from inequality (3.4.12),
Equation (3.4.3), and Proposition 2.3.5 in Chapter 2 for the reversible chain Q = PPI*/21.

Step (ii) applies log(%) < % —1,Vz > 0.

Note that - ( 5 — 1> 0. Therefore, we obtain the following using inequality (3.4.13)
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As a result, we get
1 T2 ;(i;P)
-~ <2 11, 3.4.14
Y(As) S ( )

where ¢ denotes an absolute positive constant. Finally, by combining (3.4.11) and (3.4.14),

we have

S

loe2 (1 /71 (L. P)
108 > <c’2’8—4 T 1) 7

s=1

108 ¢'(log[log,(8)] + 1)72,;(2; P) 4108 [log, ()] + 7

C(logTloga(8)] + 171 (33 P) + 108 [logy(9)] + 7,

where C' denotes an absolute positive constant. Inequality (i) follows by Riemann approxi-

mation. This completes the proof of Theorem 3.3.5.

3.4.4 Proof of Lemma 3.3.6

Using Definition 3.2.1, we can apply a telescoping sum to obtain the following:

6, PP}

Oy [(1 —a,)P + ole] ps—1

(1 — )0, PP 4 0,0, P}
(1 — )0, PP + a,6,PP~2

D ()" M1 = 02) 0, PP + 00,

n=1

(1—a?) (% > (T, = n)azPPS"> +alo,. (3.4.15)
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Step (i) follows from induction. In step (i), 7',,. denotes the first time the chain moves out

from its initial state z, and P(T, ,. = n) = ap~ (1 — ay).

Using Equation (3.4.15) and Definition 3.2.3, we then have for every x € X, and every
(41

0> oy
dy.5(04, P k) = dy(6,PPL2*) ) 4 6. (3.4.16)
Since
To5(e; P) = inf {k € N | supdys(z, P k) < e}
TEX
g k
= inf {k € N | supdqy(0, P P[%k],ﬂ') <e—9, ab?! < 5} , o (3.4.17)
TEX
hence

- 21log(0)
P) < —0:0,P, P 1 4.1
Ta.5(€; P) < max <2 :161)1? To(€ — 650, P, P), og() + > , (3.4.18)

where a = supa, in Equation (3.2.1). Apply Lemma 2.4.15 to the term “sup, 72(e —
8: 0, P, P)” in inequality (3.4.18), and complete the proof.

3.4.5 Proof of Corollary 3.3.7

1 (i
nipE) s < Cp

< C1C(log[logy(8)] + 1)(7’2%; 6. K, K)+ %) + 108 [logy(B)] + 7.

Step (i) follows from I'k/(v) > C%FK(U), Vv € [0,00). Step (ii) follows from the precision

inequality in Theorem 3.3.5.



Chapter 4

Simulation and Its Application

4.1 Introduction

This chapter discusses our work [$1] on developing a generative model that is capable of
producing synthetic longitudinal health data. We aimed to build a generative model that
is efficient and versatile, capable of synthesizing various types of variables and handling
different data structures. Our primary goal was to ensure that the synthesized data had
adequate utility. This utility is commonly described as the ability to replicate the patterns
observed in the original data. Furthermore, we aimed to prevent overfitting in the model,
which helps to avoid the unintentional duplication of records from the original data, reducing

the risk of identity disclosure.

4.1.1 Background

Synthetic data generation (SDG) is a technique for creating fake data sets that mimic the
patterns and distributions found in real data. Although the technical concepts behind syn-
thetic data generation have been around for quite some time, their practical application has

only recently started to gain popularity. One reason is that this type of data either addresses

74
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difficult problems that were previously challenging to solve, or it solves them more efficiently
and affordably. All of these problems revolve around data access; it might be difficult to
obtain real data at times. Sharing actual data for secondary purposes might be challenging
due to legal or ethical considerations which can result in delays in data set sharing or access
approvals. But synthetic data is not actual data, and researchers can access it more rapidly

with far fewer privacy constraints.

A kind of synthetic data is generated from real data set. This means that the analyst
has some real data and then builds a model to capture its distributions and structure. After
creating the model, the synthetic data is sampled or generated from it. If the model is a
good representation of the actual data, synthetic data will have statistical properties that
are similar to those of real data. The synthetic data does not have a one-to-one mapping to
the actual data, and therefore has the potential of privacy preserving properties [129, 18, 72,

, |. However, overfitting the model to the original data might result in a synthetic
record that matches a real observation [18]. Thus, we must avoid overfitting the model in

order to reduce the chance of identity disclosure.

Electronic health records, also known as EHRs, are rapidly becoming an invaluable
source of detailed information about patients. This is because EHRs could help solve many
problems in healthcare, like making clinical decisions faster and making sure patients are
safer. Unfortunately, researchers often struggle to find quality health data for their work, and
the process of properly de-identifying EHRs before sharing them with researchers requires
expertise and time. A common way to make data anonymous is to take out specific infor-
mation that can be used to identify people, like names or social security numbers. However,
Sweeney [118] showed that getting rid of explicit identifiers is not enough to protect people’s
privacy because attributes that don’t directly identify a person, like date of birth, race, ZIP
code, or gender, can be linked to public databases to reveal personal information. Therefore,
data synthesis has become an interesting way to simulate non-identifiable health data. This

makes it easier for researchers to access data faster and with fewer privacy concerns.
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The healthcare domain presents unique challenges for synthetic data generation due to
factors like noisy data, missing measurements, evolving patient populations, heterogeneous
data, lengthy sequences of events, and rare disease cases. In many circumstances, SDG is a
better solution to the data access problem than other available methods in the context of
health data. For example, applying privacy-enhancing technologies (PET) like differential
privacy to machine learning models in healthcare settings presents challenges in preserving
data utility and addressing class imbalance [27, |- A recent study by Suriyakumar et
al. [117] found that the unique complexities of health data, such as imbalanced classes
and sensitive patient information, pose significant obstacles in balancing privacy and model
utility. As a result, further research is required to develop effective differential privacy

approaches for healthcare applications.

Different generative models have been proposed so far. Drechsler and Reiter [12] and
Reiter [128] introduced decision trees as one of the first machine-learning techniques for syn-
thetic data generation. It has been frequently used to synthesize small and non-longitudinal
health and social sciences data. Generative adversarial networks (GANs) have become in-
creasingly popular as generative models in both research and practice [159, , 67]. However,
their main limitations lie in their unstable training process, which could result in mode col-
lapse [104] where the generator fails to capture the entire distribution of the training data,
resulting in repetitive or limited samples. Training GANs can be quite challenging, and it is
a more difficult problem than optimizing an objective function. It has been observed that
excessive training of GAN-based models can negatively impact the quality of synthetic data

as well [159)].

Diffusion models [68, 160] were initially designed as latent variable models for continuous
data sets. They can provide a framework for creating synthetic continuous data. To produce
synthetic discrete data using diffusion models, the data needs first to be presented as binary
bits, followed by training a continuous diffusion model [25]. Diffusion models can be quite
challenging in terms of computation and training time, especially when compared to GANs.

Additionally, they involve numerous adjustments and settings that need to be carefully tuned



4.1. INTRODUCTION 77

to obtain optimal samples. Another issue is the need for large-scale training datasets. It can

be even more challenging to capture multimodal distributions |25].

As pointed out, existing generative models have certain drawbacks when it comes to
computational efficiency and data adaptability. While some models do well with smaller
data sets, others require a substantial amount of training data. In addition, the synthesis
of longitudinal health data can be quite challenging due to the fact that patients may have
lengthy sequences of events and come from diverse populations. Thus, further research is
required to develop generative models that can efficiently synthesize longitudinal health data
while considering various variables and structural complexities. Applying a dimensionality
reduction technique to build a generative model might be advantageous. These methods
convert the high-dimensional description of the data into a low dimension without losing
important information and phenotypes [28]. In the medical context, phenotypes are used
to describe relevant variations and features [133]. Matrix factorization [61] is one of the
unsupervised dimensionality reduction techniques that have been emerging. However, matrix
factorization does not necessarily detect associations within a data set because the data
may not be accurately represented as matrices and tensor decompositions [107] have drawn
growing attention because of their interpretability and flexibility in accommodating high-

dimensional data.

We provide a short background on tensors, and tensor decompositions in the following.

4.1.1.1 Tensor Decomposition

A tensor is a multidimensional array that generalizes matrices to multiple dimensions. An
N-way tensor (or Nth-order tensor) has N indices, making it an N-dimensional array. For
example, a vector is a first-order tensor. A matrix is a second-order tensor. Tensors of order

three or higher are called higher-order tensors.

Tensor decomposition is an active area of research that has been frequently applied to

health care data [69]. It has been found to be an efficient method for phenotyping EHRs [35].
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Furthermore, it has a wide range of applications that extend beyond health data analysis.

These applications include recommender systems [32] and signal processing [110]. Thus

far, several tensor decomposition techniques have been developed [86], such as Tucker [152],
PARAFAC2 [60], SPARTan [116], COPA [1], Sparse H-Tucker [115], TASTE [5]. The most
popular technique is called canonical polyadic (CP) tensor factorization [59, 22|, which is also

known by 2 different names: canonical tensor decomposition (CANDECOMP) and parallel
factor decomposition (PARAFAC). These names were introduced separately by Carroll and
Chang [22] and Harshman [59], respectively. CP decomposition looks for the best low-rank
approximation for the sum of squared errors [36]; in other words, it models interlinked data
as a tensor and discovers phenotypes. It decomposes a tensor into a sum of component

rank-one tensors as shown in Figure 4.1.

YA A SR
b, || by br
- ~ n ot

aj ag apr

Figure 4.1: Canonical Polyadic (CP) decomposition.

Consider a third-order tensor X € R?*/*X hence its CP decomposition is as follows:

R
X =~ § a, o br © Cp,
r=1

where the symbol “o” represents the vector outer product. R is a positive integer and

a, cR! b, eR’, andc, e RE forr=1,...,R.

Tensor’s rank, R, is determined by the smallest number of “rank one” tensors in which the
tensor can be decomposed [89], to put it another way, it is the least number of components
in an exact CP decomposition. One should note that there exists a CP decomposition for
any tensor as per the study of Bourbaki [16], and using a low-rank model is more affordable

in analysis.
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Recently, Hong et al. |71] introduced generalized canonical polyadic (GCP) decompo-
sition that provides the option to incorporate alternative loss functions alongside squared
errors. This decomposition is an efficient tool for dimensionality reduction of small-scale
and dense tensors. However, Kolda and Hong [37]| proposed stochastic gradient descent as
a solution to address the difficulty of fitting generalized CP to large-scale tensors. GCP
decomposition accommodates diverse data types, such as binary and count data, and finds
application in various fields like social network analysis, neuroimaging, and environmental
modeling. This makes it an ideal choice for modelling a vast and heterogeneous data set,
such as the EHRs, and longitudinal data. Although CP is still considered a fundamental
approach, GCP’s versatility and broader range of applications make it an attractive choice
for various tasks. Researchers often choose GCP based on their specific data and objec-
tives. CP factorization and its generalization, GCP decomposition, are essential tools for
tensor analysis. They lead to a factorized tensor that includes the most significant compu-
tational characteristics, and numerous studies demonstrate their exceptional performance in
phenotyping EHRs [35]. Furthermore, privacy-enhancing technologies have been frequently

applied to them in medical settings 155, 96].
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4.2 Notations and Basic Definitions

We first describe the preliminaries and notations used in this chapter. Tabel 4.1 shows some

basic symbols used for tensor factorization.

Notations Descriptions
No {0} UN
o Outer Product
N Number of dimensions (ways) of a tensor
R Number of ranks
X, X,x,z Tensor, matrix, vector, scalar
X Observed tensor

Model tensor

B, C Nonpatient factor matrices
A Patient factor matrix
a,b,c Column vectors as latent variables

Table 4.1: Symbols

The generalized canonical polyadic (GCP) decomposition approximates a N-way ob-
served tensor X of size ny X ny X ... X ny by the sum of R rank-1 tensors as model M,
where R is smaller or equal to the rank of tensor X, as shown in Figure 4.2 and presented

as follows [71]:

R
XrM=3 alo-0a™=[AD, .. AV,
r=1
where a” indicates the r'™ column of A® forall k =1,...,Nandr =1,...,R. A® is
the k-mode factor matrix of size I, x R, k =1,..., N, consisting of R latent components or

phenotypes vectors, expressed as follows:
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In addition, it is often convenient to express the decomposition with a positive weights vector

of X as follows:

R
XaM=[XAD AN =Y "xallo.. 0al™.
r=1

Assume we have a probability density function (PDF) or probability mass function

(PMF) that gives the likelihood of each entry, as follows:

x;~p(x;|0;) where f(60;)=my,

where z; is an observation of a random variable and f(-) is an invertible link function that
relates the model parameter m; to the corresponding natural parameter of the distribution,
;. We aim to find the model M that is the maximum likelihood estimate (MLE) over all
entries. The conditional independence of observations implies that the overall likelihood is
the product of the likelihoods. We next convert the maximizing problem to a minimization
problem, which is a common approach in optimization. The GCP decomposition is then
carried out by minimizing the negative log-likelihood over all entries, which is called a loss
function. Meaning that finding factor matrices A®) € RH*E for k = 1,..., N with a given

R such that solves the following optimization problem:

nnN ni
min L(M; X) = Z e Z 0 (z;,m;), subject to M=[AD .. A,
in=1  i=1
where z; = z (i1,...,in),m; = m (i1,...,in), and £(z;,m;) = —logp (z; | f~1(m;)) is the
loss function. The form of data may dictate the choice of loss function from the below table

|71, Table 1|. Thus, the loss function lets us adjust the model to data’s nature.
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Distribution Data type Link function Loss function Constraints
N(p, o) Continuous m=pu (x —m)? z,meR
Gammal(k, o) Positive continuous m=ko z/(m+ €) +log(m + €) z>0,m>0
Rayleigh (6) Non-negative continuous || m = /7 /20 2log(m +€) + (r/4)(x/(m +¢€)* | > 0,m >0
Poisson (1)) m=\ m — zlog(m + €) x€Ng,m>0
Count
m = log A e —axm ze€Ny,meR
Bernoulli (p) m=p/(1—p) log(m + 1) — xlog(m + ¢) z€{0,1},m >0
Boolean
m =log(p/(1 —p)) || log (1 +¢€™) —azm ze€{0,1},meR
NegBinom (r, p) | Count m=p/(1—p) (r+z)log(l4+m) —zlog(m+e¢€) | x € Noym >0

Table 4.2: Loss functions. € is a numerical adjustment. Blue colour parameters are supposed to

be constant.

In the following, we will discuss how different distributions and their corresponding
probabilities naturally determine the elementwise loss function /. Every distribution has
its own standard notation for the generic parameter. We show that the L? loss function,

2

(x —m)?, is derived from the assumption that the data is Gaussian distributed. Consider

the normal or Gaussian distribution, denoted by N (u, o), where p represents the mean and

o represents the standard deviation. We can assume that ¢ remains constant for all entries.

xi ~ N (o),  with  p; =m; forall i€,
where () is the set of indices for which the values of X are known. Given the link function,
the data’s Gaussian distribution may be expressed as follows.
ri=m;+¢, with ¢ ~N(0,0) forall ieQ.

The link function connecting the natural parameter u; and the model m; is just the identity
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function, p; = m;. The probability density function for the normal distribution A (o, i) can

be derived as:

p(z | pyo) = e @127 1\ forg2,

The loss function is then computed elementwise as:

((z,m) = (x —m)?/ (202) + % log (27?02) ,

o remains constant, thus it does not affect the optimization process. Therefore, we can

eliminate those terms and simplify the equation to its standard form.

((z,m) = (xr—m)* for x,mecR.

Thus, we often refer to L? loss as Gaussian loss.

Count data can be modeled using the Poisson distribution. If the tensor values are
counts, they can be modeled as a Poisson distribution. This distribution is often used to
describe the number of events that occurred in a specific time window, such as the number
of emails per month. The probability mass function (PMF) for a Poisson distribution with

a mean value of X\ is expressed as:

plz | N) =e*\/z!, for 2z €N,

Using the identity link function f(A) = A while omitting constant terms, we obtain:

lx,m)=m —xlogm, for x &Ny m>0.

There is another option for the link function, which is the logarithmic link. It is repre-

sented as f(\) =log A. Then, the loss function is as follows:
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lz,m)=e" —xm, for x €Ny meR.

The benefit of this loss function is that m is unconstrained.

Moreover, we can choose the loss function arbitrary, e.g., a robust loss function like
Huber can be selected to minimize outliers’ influence in noisy data such as EHRs. For
instance, Gamma distribution is suitable for positive continuous data, and if the feature
values are counts, they can be modeled as a Poisson or a Negative Binomial distribution.
The robust loss function, Huber, which is less sensitive to outliers [73] and can be considered

as a smooth approximation of an L! loss, is as follows:

(x —m)? if [z —m| <A
l(x,m;A) =
2A|x —m| — A% otherwise.
Modified Huber loss is used for binary classification problems with « € {£1}. Refer to [165]

for the use of modified Huber loss in stochastic gradient descent algorithm. The modified

Huber loss is:

max (0,1 — zm)* for zm > —1
l(x,m) =
—4xm otherwise.

Another choice is f-divergence, which has been popular in matrix and tensor factorization

[51]. The formula is given only depending on x:

Imf — Laomf=1 if 3 € R\{0,1}

B B—1
l(z,m;B) = m — xlogm if =1
= +logm if 5 =0.

[B-divergence has shown better results than the other loss functions for the integer data type

|71]. Furthermore, in a heterogeneous data set, a different loss function for each entry could
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be easily defined as ¢; (z;,m;). It is worth noting that the loss function should reflect the

intuitive concept of what is meant by “fit the data well” [153].

For simplicity, we consider a 3-way tensor scenario; however, our model generalizes to
N modes as well. The GCP decomposes the observed longitudinal health data X into 3-
factor matrices: a patient factor matrix A and 2 nonpatient factor matrices B and C. For
a 3-way tensor X € R/*/*K the generalized CP decomposition with weight vector A = 1 is

represented as (for simplicity, A, B, C notations are used rather than A1, A2 A®)

R
X~M=[A,B,(C] :Zarobrocr,
r=1

where R = rank(X), and a, € R, b, € R’ ¢, € RE are the r*® column vectors within the

factor matrices A € R/>*E B € R/ and C € RE*E respectively.
/ C1 / CR

a aR

Figure 4.2: The generalized CP decomposition.
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4.3 Method

In this section, we present the model that we used to generate synthetic longitudinal health
data using generalized CP decomposition, along with 3 sampling and simulation techniques
for the latent space of GCP. We also describe the data, the utility metrics, and the experi-
mental details of our study [$1]. There are a bunch of simple situations, such as when there
is no unique or direct correspondence between the records in the synthetic data and the
original data, where pre-existing SDG strategies have demonstrated low identity disclosure
risks in evaluations [129, 18, 72, |. This effectively could decrease the kind of record
linkage attacks that have challenged traditional disclosure control approaches, as attackers

cannot easily match synthetic records to outside data [10].

First of all, it is important that our model satisfies the situation outlined above. Relying
solely on the model tensor M for synthesis is an incorrect approach. This is because the
elements of M directly approximate the elements of the actual tensor X, with a one-to-one
mapping and direct correspondence between the entries of the GCP model and the entries
of the original data. We fix this by simulating and modeling a latent factor matrix of GCP
decomposition linked to patients, which was inspired by studies [96, |. We focus on the
patient factor matrix A in the model’s latent space, which contains key phenotypes and
information about patients. Still, if the model is overfitted to the original data, there is a
possibility of generating a synthetic record that matches a real record 18], which can increase
the risk of identity disclosure. Therefore, we must avoid overfitting the model in order to

reduce the identity disclosure risk, which we will discuss shortly.

The patient factor matrix A is not a longitudinal data set and is a significantly smaller
data set than the model tensor M; hence its sampling and synthesis would be considerably
simpler and more efficient. Thus, the aim will be to find the optimal sampling or synthesis
technique for the patient factor matrix A, which is denoted by A. As determined by our
study [31], we may employ one of the methods listed below to create A. We then denote the

synthetic version of X by X and generate it as shown below and in Figure 4.3.
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Figure 4.3: The generative model in terms of the generalized CP decomposition.

As previously stated, some studies 127, , 72| claim that fully synthetic data does
not pose an elevated identity disclosure risk. However, when generating synthetic data, it
is possible to overfit the synthesis model to the real data. This implies that the generated
data will seem remarkably similar to the original data, resulting in a synthetic record being
matched to a real individual [19], which poses a risk of identity disclosure. As a result, we
implement the following heuristic, similar to the “elbow” rule, to determine the rank of the
GCP. This will help in preventing overfitting the model, avoiding unintentional copying of

rows from the original data, and eventually reducing the chance of identity disclosure.

We employed the elbow method to determine the rank of GCP decomposition, which
has been used in similar studies on matrix factorization |58, 34]. The elbow method is widely
used in cluster analysis and PCA to find the optimal number of clusters and components
[149, |. The procedure involves plotting the explained variance or objective function
versus the number of clusters or components. The ideal value is established by determining
the point of observable change, known as the elbow. This technique finds a reasonable
balance between accurately fitting the data and avoiding overfitting. Following the selection
of the loss function, we attempted to find the rank R by doing several runs with different

values of R, where R < min{/J, /K, JK} and min{/J, K, JK} is a weak upper bound
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on the maximum rank of a general third-order tensor X € R/*/*K We then selected the
rank for which there were no significant changes in the objective function, the fit score
“I—| M —=X| /|IX]|]” from that rank to higher ranks. This heuristic, which we also present
as Algorithm 4.1, allows important features and phenotypes to be captured by the model
and also avoids overfitting, which prevents the model from becoming a close approximation

of the actual data.
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Algorithm 4.1 Heuristic for choosing rank R for a 3-way tensor X € RI*/*E to avoid

overfitting of the model

Input: >0, 1 <Ry <min{lJ,IK,JK}

function FinD REasonaBLE RANK(R)

Ry +— R1+1
R%Rl
Ry <+ R; — 1

Fit(R)=Run GCP with rank R
f=The fit score of Fit(R)
Fit(Ry)=Run GCP with rank Ry
fs=The fit score of Fit(Ry)
Fit(Ra)=Run GCP with rank R,
fa=The fit score of Fit(Rq)
m <0
n <0
while m = 0 do
Fit(R)
Fit(Rp)
Fit(Ra)
if |fp — f| < € then
while n = 0 do
Rq < R
R<+ Ry
Ry« R—-1
Fit(R)
Fit(Ry)
Fit(Ra)
if |fy — f| > € then
n<1
m<1
end if
end while
else if |fo — f| < ¢ then
R+ R
m <1
else
Ry, <+ R,
R + min(Rq + 1, min{lJ, IK, JK})
Ry R+1
end if
end while
return R

end function

> € acts as the overfitting controller and R; is an integer

> Run GCP with rank R
> Run GCP with rank Ry
> Run GCP with rank Rg

> Run GCP with rank R
> Run GCP with rank Ry
> Run GCP with rank R,




4.3. METHOD 90

For addressing missing observations in the GCP model, Hong et al. [71] used an indicator
for the missingness of observations by assigning weights 0 if an observation is missing or 1
if it is observed; this approach for handling missing data is essentially the same as the work
of Acar et al. [2|. Besides, the missing structure of synthetic data must be similar to that of

the original data. We assigned weights 0 or 1 to every element of the tensor X, z;:

1 if x;is observed,
w; =
0 if z; is missing.

Let ‘W be the missingness indicator or mask tensor made of weights w;, we then treated it
as an input tensor and decomposed it using GCP decomposition. Assume A, € RI*E t0 be

its patient factor matrix attained from the GCP decomposition with rank R:

W = [A,, By, C.].

We combined A, and A to create a new patient factor matrix Ay, = [Ay, A] € RY X(RJFR),
from which we simulated to obtain the synthesized form of Amix = [Aw,A} Then, we
restored A, and A to their source latent space in order to obtain the synthetic data and its

missingness indicator tensor W.

The electronic health records might be an irregular tensor, with patients having a varied
number of clinical visits. However, for CP and generalized CP decompositions, the input
must be a regular tensor. Therefore, we needed to convert the irregular observed tensor into
the regular one. We started by finding the maximum number of visits among all patients.
We then added extra missing visits at the end of patients’ records if their total number of
visits was less than the maximum, resulting in all patients having the same number of visits.
We then performed the GCP decomposition and added the number of clinical visits as a new
variable to the patient factor matrix A because this feature is not a longitudinal variable
and can be directly added to the patient factor matrix. We then sampled or synthesized

the A along with that variable, and obtained the synthetic number of records. Finally, we
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modified the number of records in the post-processing. We also recommend applying the
same to the baseline attributes. We can simulate different numbers of patients in synthetic

data as well with this generative model.

Our generative model generates synthetic data through the following steps: GCP decom-
position and synthesis or sampling of patient latent variables using the methods provided in
the next subsections 4.3.1, 4.3.2, 4.3.3. Once the simulated patient latent variables have been
inserted into the latent space of the GCP decomposition, we then convert the latent space
back into a tensor. At last, after going through post-processing, we obtain the synthesized

longitudinal data.

4.3.1 Sequential Decision Trees

We synthesized the patient factor matrix A = [a;---ag] using sequential decision trees
presented in [50]. In data synthesis, sequential decision tree-based synthesizers outperform
deep learning methods, such as generative adversarial networks (GANs) or recurrent neural
networks (RNNs) when the data set is not huge and not longitudinal. Thus, it seems suit-
able for sampling and synthesizing the patient factor matrix A. We discuss the sequential

synthesis [50] that we applied on the patient factor matrix A in the following:

Assume that the variables in the patient factor matrix A are a;,...,ap, and their
corresponding synthesized versions are ap,...,ag. We fit R — 1 models using a model
M; defined by ajy1 ~ f({Vi <j:a;}), where M; and f(-) denote a decision tree model
and the tree model fitting function, respectively. We then sample a; from a;, and apply
a;+1 = M; ({Vi <j:a;}) to sample the remaining variables. In this method, classification
and regression trees are applied depending on the kind of data. Thus, it doesn’t matter if
the variables are continuous or categorical. A greedy approach [17] is used to create classifi-
cation and regression trees (CART) [128] by repeatedly separating variables until a stopping
requirement is met. At each split, the variable that minimizes a loss function is chosen. The

goal is to identify the best binary splits for each variable. The particle swarm method [15]
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is used to optimize the variable sequence. To avoid overfitting, tree pruning is carried out
using a cost-complexity criteria |17]. Supplementary Appendix B in [50] provides further

details of this technique.

The following example is similar to the one in |50, Figure 1] and shows the sequential
synthesis process for a data set with four variables, T" through X. The fitting step builds
four models, {Mh Mg, Mg, M4}

Example 4.3.1. Let’s consider five variables: T U, V. W, X. The generation is done in a
sequential manner, so it 1s necessary to have a specific order. There are several factors that
can be considered when selecting a sequence. The sequence T — X — V — U — W s
defined for our example. Prime notation marks the variables as synthesized. To illustrate,
T’ denotes the synthesized version of T. Fitting and synthesis are the two main components

of the generating process. The procedure for sequential generation is as follows:
Fitting:

In this phase, four decision tree models are constructed: My to My.

Build a model My, the model takes as input T and the outcome as X (X ~T)

Build a model My, the model takes as input T and X and the outcome asV (V ~T+X)

Build a model Ms, the model takes as input T', X, and V and the outcome as U
U~T+X+V)

Build a model My, the model takes as input T', X, V, and U and the outcome as W
W~T+X+V+U)

Synthesis:

e Sample from the distribution of the first variable T to get T’

o Synthesize X as X' = M, (T")
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o Synthesize V as V' = M, (1", X")
e Synthesize U as U = M3 (1", X", V")

o Synthesize W as W' = My (T, X', V', U’")
The four decision tree models { My, My, M3, My} make up the overall generative model.

The particle swarm optimization|[15] is faster than a random search for an acceptable
variables order [50]. We refer to Appendix A for the details of this optimization in sequential

synthesis.

4.3.2 Hamiltonian Monte Carlo (HMC)

There are many MCMC algorithms for sampling from a probability distribution [19, |-
Hamiltonian Monte Carlo (HMC), a Markov chain Monte Carlo (MCMC) algorithm, is a
widely used approach that is generally considered state-of-the-art. Several famous software
programs, including Stan [21] and Tensorflow [1], use it as their default sampler for challeng-

ing distributions.

Applying Hamiltonian dynamics in simulation was initially introduced by Alder and
Wainwright [6] in physics field. The hybrid Monte Carlo method, which combines MCMC
with Hamiltonian dynamics, was introduced by Duane et al. [13]. The method, which Neal
[109] improved, is now referred to as Hamiltonian Monte Carlo in the statistical field. HMC
uses first-order gradient information to prevent random walk behavior and sensitivity to
correlated parameters, which are common in other MCMC methods. These characteristics
enable it to converge to high-dimensional target distributions considerably faster than simpler

approaches like random walk Metropolis or Gibbs sampler [70].

The goal of sampling is to draw from a target density m(q) for parameters q. The
HMC algorithm introduces auxiliary momentum variables, p, to the parameters of the target

distribution, ¢, with the joint density:
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m(p,q) = 7(p | ¢)m(q),

the joint density defines a Hamiltonian:

H(pa Q) —IOg ﬂ-(p7 Q)

= —logm(p| q) — logm(q)
=K(p|q)+Vl(g),

where K(p | ¢) = —log7(p | q) is the kinetic energy, and V(q) = —log7(q) is the potential
energy. The potential energy is computed by the target distribution while the kinetic energy

is specified by the implementation.

For q(t) € R? and p(t) € R? as variables that describe the evolution of a state vector

and its momentum over time through Hamilton’s equations:

M= 7

oH _OH
dt’  Op

(p(t),q(t)), and C;—It)(t)z Bq Pl alt).

H(p,a) = K(p|q)+V(q).

We picked Hamiltonian Monte Carlo (HMC) as another suitable latent-space sampler
for our generative model [341] because all latent variables are continuous, and it also has

advantages over other Markov chain Monte Carlo algorithms.

The distribution of patient latent variables depends on the kind of loss function used in
the GCP decomposition. We employ this method on the latent space generated by Gaus-
sian loss in the GCP decomposition. After pre-processing and zero-mean normalization of
patient latent variables, we assume that the patient factor matrix variables (patient latent
variables) aj, ..., ag are generated from a multivariate Gaussian distribution with a known

mean vector p of pia,, ..., tla, (which are set to zero) and an unknown covariance matrix 3.
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The covariance matrix 3 can be decomposed as follows: ¥ = oCo, where C' is a correla-
tion matrix and o = \/W(E) . Diagonal entries of the covariance matrix X are denoted
as X;;, representing the variance of latent variables. On the other hand, the off-diagonal
entries, denoted as ¥; ;, indicate the covariance between variables. Further, let denote the

off-diagonal entries of C by C; ;. Hence

3.
O; = A/ Ei,ia and Oi,j = ) .
0;0;

A suitable prior for standard deviations, o;, i = 1,..., R would be a weakly-informative

prior like the half-Cauchy distribution with the non-negative support and small scale s.
The half-Cauchy is a sensible default prior for scale parameters in hierarchical models
[122, 100, 53]. Additionally, using weakly informative priors in MCMC algorithms has practi-
cal advantages. Further, it is recommended to give the correlation matrix C' a Lewandowski-
Kurowicka-Joe (LKJ) distribution prior [156] with shape n > 0, where LKJ(C | 7)
det (€)Y The LKJ distribution is a probability distribution over positive definite sym-

metric matrices with unit diagonals. Hence, we apply the following model:

aj,...,ag ~N (u,X), where X =0Co,
o; ~ Cauchy(0, s) constrained by o; >0, fori=1,...,R

C ~ LKJ(n).

We then implement the model using Hamiltonian Monte Carlo (HMC). We apply the
No-U-Turn Sampler (NUTS) [70], an extension of the Hamiltonian Monte Carlo (HMC)
algorithm, with the auxiliary distribution p ~ A(0,M). We allow mass matrix M (more
formally, Euclidean metric) to be estimated from warmup draws and restricted to a diagonal

matrix.

Furthermore, NUTS eliminates the need to specify the number of steps and step size

parameters while still maintaining (and sometimes enhancing) HMC’s capability to efficiently



4.3. METHOD 96

generate independent samples. We employ an approach that automatically adjusts the step
size shared by NUTS and HMC. This is done through an adaptation of the dual averaging
algorithm of Nesterov [111], allowing NUTS to be run without any manual tuning. The
algorithm of NUTS-HMC with dual averaging is provided in Algorithm 6 in [70]. We
implement this algorithm using Stan, a powerful probabilistic programming language for
building statistical models [21] and state-of-the-art automatic differentiation techniques to
compute the derivatives in HMC without user input. The Stan model block is provided in
Appendix B. Stan, similar to other HMC implementations, uses the leapfrog integrator, a
method for numerical integration that is meant to keep Hamiltonian systems of equations

stable.

4.3.3 Copula

A copula is a Latin phrase that means link. Copula has recently been used in a variety
of fields, including econometric modeling and quantitative risk management, because of its
ability to capture the core of multivariate data distributions and their connections. Sklar

[112] developed this notion in statistical modeling in 1959.

Theorem 4.3.2 (|1 12], Sklar’s theorem). Let (X1,...,X;,..., X4) be a d-dimensional ran-
dom wvector with joint distribution function H and marginal distribution functions Fj,i =
1,...,d. Then there exists a d-copula C : [0,1] — [0,1], such that for all z in R?, the joint

distribution function can be expressed as:

H(xy,...,xj,...,xq) = C(Fy (z1),..., Fj(x;),..., Fa(xaq)),

with associated density function h, expressed by the multiplication of the copula density func-

tion ¢ and marginal densities f;, 1 =1,...,d:

h(xy,...,xq) =c(Fy(x1),...,Fy(zq)) foi(xi).



4.3. METHOD 97

Copula-based synthetic data generation has gained significant attention in recent years.
Unlike other generative models like generative adversarial networks, the copula is an appro-
priate choice for synthesizing non-longitudinal and small data sets [11]. Copula models are

useful sampling approaches for describing dependencies and marginal distributions.

Therefore, we chose the Gaussian copula [92, | as one of the techniques for simulating
and synthesizing the patient factor matrix A = [a; ---ag]. Below, we provide the details
of the copula used in the generative model of our study [84], which is also presented as

Algorithm 4.2 with details.

Assuming that a;,...,ar are latent variables with marginal distributions Fi,..., Fg
(depending on the choice of the objective function in GCP), and covariances Cov (a;,a;) , i #

j. Then, using a Gaussian copula:

1. Generate variables tq,...,tr from a multivariate normal distribution with means all

equal to 0, variances all equal to 1, and Cov (t;,t;) = Cov (a;, a;), Vi # J.

2. Denote the cumulative distribution function of standard normal distribution by &.
Generate the uniform variables such that u; = ® (t;),7 = 1, ..., R; the Gaussian copula

is the joint distribution of uy, ..., ug.

3. Generate a, = F;

Y(w;),Vi=1,..., R, where Fi_1 denotes the inverse CDF of the

marginal distribution of a;.

We used parametric and nonparametric marginals F;. For the nonparametric marginals,
we used the empirical CDF. We employed Gamma, Beta, and truncated Gaussian distribu-
tions as parametric marginals. The choice of the objective function in Section 4.2 determines
which parametric marginal distribution should be used. The analysis showed that the em-

pirical CDF marginals outperformed parametric ones.

The sampling will never be exact, and because we are sampling in the latent space, the

correlation of the synthetic tensor might not be what we want. Therefore, we selected a
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sample such that the Frobenius norm (the Euclidean norm generalised to matrices) of the
difference between the correlation matrices of the original and synthetic data is less than
or equal to a threshold €, which can be viewed as an optimization. Finally, we produce
the synthetic patient factor matrix from the obtained samples A = [a; - --az]. We refer to

Algorithm 4.2 for a greater overview of our approach.
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Algorithm 4.2 Copula sampling from latent variables in A

Input: Patient factor matrix A = [a; ---apg] as a data set with R latent variables, € a threshold

for the optimization, Corroriginal the correlation matrix of the original data set.
function SIMULATED PATIENT FACTOR MATRIX(A = [4; - -- ag)])

a; — ith latent variable > a; is the 7th column of A

R = number of variables in A

Y. = R X R covariance matrix of latent variables aj---ap

® = cumulative distribution function (CDF) of a standard normal distribution

FZ»_1 = inverse CDF of the marginal distribution of a; > choose F;
as the nonparametric marginals using the empirical distribution and parametric marginals using
distributions: Gamma, Beta, and Truncated Gaussian distributions

m=1

while m # 0 do

Draw tq,--- ,tg ~ N(0,X), where N(u,¥) denotes an R-dimensional

Normal distribution with mean vector p and covariance matrix 3

foricel...Rdo

u; =P (t;)

a; = Fi_l(ui) > This implies that variables of &; follows the desired distribution
end for
if ||Corroriginal — Corrsynthetic/|[F < € then > Frobenius norm

of the difference between the correlation matrices of the original and synthetic data set made of
patient factor matrix of [a; - - - ag] needs to be less than or equal to a threshold € so that we can
choose that sample from Gaussian copula
m =0
end if
end while
return A = [a; - - - ag]

end function
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4.4 Data Utility

In this section, we describe how we evaluate the utility of the synthetic data set. The
analysis of synthetic data should provide similar statistical inferences and conclusions to
those obtained from actual data. Therefore, we evaluate our proposed model on the utility
aspect of the generated data. We assess the ability of the model in terms of dependency
structure and marginal fitting (univariate distribution similarity) [18, 57|, using the following

metrics:

e We may use bivariate metrics to validate that the same underlying relationship between
variables exists in the synthetic data. The pairwise correlation difference evaluates the

difference in correlation between actual and synthetic data.

Assume Xy and Xg represent the real and synthetic data sets, respectively. We com-
pute the absolute difference between the pairwise correlation in the original and syn-

thetic data as follows:

Corrx, xq(i,7) = |Corrx,(i,5) — Corrxy(i,j)|  for each pair of variables (i, j),

where Corrx,(i,7) and Corrx,(i,j) denote the correlation between each pair of vari-
ables (i, 7) in real and synthetic data sets, respectively. This yields a distinct value of
Corrx, x4(1,7) for each pair of variables, which is further analyzed using visualization
tools like boxplot. To obtain optimal synthetic data, the median of Corrx,, x4(i, j) for

every possible pair of variables (7, j) should be close to zero with minimal variation.

e The Hellinger distance between the synthetic and original variables indicates whether
they are drawn from the same distribution. The Hellinger distance is a metric in the
range of 0 to 1, where 0 indicates no difference between the distributions. This makes
it easier to interpret. For a high-utility synthetic data set, the median of Hellinger

distances for all variables should be close to zero, and the variation should be small.
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This will indicate that the synthetic data properly reflects the distribution of each

variable [50].

Consider the probability distributions P and @ over the same domain X', the Hellinger

distance is defined as:

H(P,Q) = +/1- BC(P,Q),

where BC(P,Q) is the Bhattacharyya coefficient [11], and it can be computed for

discrete probability distributions as follows:

BO(P,Q) =Y /P@)Q(x),

zeX
where P(x) and @Q(x) represent the probabilities of occurrence for observation x.
For continuous probability distributions, with P(dz) = p(z)dx and Q(dz) = q(x)dx
where p(x) and ¢(z) are the probability density functions, the Bhattacharyya coefficient

is defined as:

BO(P,Q) = /X Vr@a@)dz.

e The root mean square difference between the real and synthetic correlations, denoted
as RMSDC, is the root mean square difference between the correlations of the original
variables and those of the associated synthetic variables. It is used to measure how
well the dependency structure is captured. Assume n variables of {1,...,n} in the
real data set Xz that we want to synthesize as synthetic data set Xg. We indicate
M = n(n — 1)/2 as the total number of possible distinct pairs of variables. Then,
RMSDC is computed as:

1 o .
RMSDC = i Z Z |Corrx,(i,7) — C’oerS(Z,j”?’

i<y g
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where Corrx,(i,j) and Corrx,(i,j) denote the correlation between each pair of vari-
ables (i,7) in real and synthetic data sets, respectively. A lower RMSDC indicates a

better capture of the dependency structure.

e Descriptive statistics.
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4.5 Experimental Details

Initially, we arranged the study into trials on continuous data sets and experiments on
categorical data. We imputed the continuous data set with missing observations using the
generalized CP decomposition. This allowed us to obtain a data set for our analysis that had
no missing values. We evaluated 3 simulation and sampling strategies described in Section

4.3 in our model on the GCP’s patient factor matrix.

The GCP decomposition was conducted using various loss functions depending on the
kind of variables in our trials. These included Gamma, [-divergence (similar to Gamma),
and Gaussian with non-negativity constraints. Despite the continuous data set being non-
negative, the Gaussian loss (L2 loss) outperformed the others for all 3 approaches. This is
because the dependency structure and univariate distributions of the original variables were
significantly better preserved in the generated synthetic data. Refer to Table 4.2 for the

choices of the loss function.

The generalized canonical polyadic (GCP) tensor decomposition was conducted using
the algorithm of Hong et al. [71], which is implemented in the Tensor Toolbox for MATLAB
[9]. There is also a C++ programming software for generalized CP decompositions developed

by Sandia National Laboratories |117], known as Genten, which is accessible in |118].

We applied sequential trees to validate the generative model on the data set with missing
and irregular clinical visits. The categorical data trial was accomplished by GCP decompo-

sition using the Poisson log link and Gaussian losses.

4.5.1 Data

For analysis, we used the MIMIC-IIT (version 1.4) data set [79], a publicly available anonymized
EHRs dataset of intensive care unit patients. The continuous data set that we derived from
the MIMIC-III data and employed to evaluate the performance of our proposed model was

a 3-way tensor of laboratory measurements for patients within the hospital who had 36
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clinical visits. The resulting data set was a tensor made up of 226 patients, 4 laboratory
tests (creatinine, potassium, sodium, hematocrit), and 36 clinical visits, with 21% of the
data missing. The categorical data set used in our analysis was a tensor consisting of 246
patients, 2 categorical features (admission type, admission location), and 5 clinical visits,

with no missing records.
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4.6 Results and Analysis

In this section, we present the findings and analysis of our experiments on generating syn-
thetic longitudinal health data from our study [81]. We show that our method is capable of
handling different data structures and scenarios. We conducted numerous experiments and
considered the following structures for both the original data and the synthetic data in order

to validate our model:

Synthetic data for dense original data with continuous variables

Synthetic data with a varying number of patients compared to the original data

Synthetic data for original data with missing observations

Synthetic data for original data with irregular clinical visits

Synthetic data for original data with categorical variables

4.6.1 Experiments on Continuous Dense Data

According to the evaluations, S-divergence is not a suitable objective function for synthesiz-
ing continuous data in EHRs with patient factor matrix simulation using sequential trees,
or HMC with the multivariate Gaussian distribution model. We refer to Appendix C for the
findings.

We learned through several analyses that standardizing data and using Gaussian loss
improves the results significantly. In the following, we present the outcomes of synthesizing
a dense continuous data set that contains 226 patients, 4 laboratory test variables, and 5
clinical visits. In the preceding sections, we described how we obtained the data set for
our study. The model used GCP decomposition with Gaussian loss and R = 20. It can

be observed that synthetic data sets generated by all 3 patient factor matrix simulation
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methods have comparable dependency structures and marginal distributions to the real one.

The outcomes of copula, sequential trees, and the HMC can be found here.

According to Figure 4.11(B) and Figure 4.5, the synthetic data generated from copula
using empirical CDF marginals almost preserves the dependency structure and distribution
of the original variables. The box plots in Figure 4.4 represent the variation of Hellinger
distance and Pearson correlation between variables in both the synthetic and original data

sets. Further, RMSDC = 0.04 was obtained.

020
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difference
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Figure 4.4: The box plots display the variation of the Hellinger distance and Pearson correlation
between the original variables and the synthetic variables generated by copula. (A) is the box plot of
the absolute difference in correlations between all variable pairs in the real and synthetic data. (B)
is the box plot of the Hellinger distance between the original variables and the synthetic variables.
This shows the similarity of the univariate distributions between the real and synthetic data. This is
a value between 0 and 1, with lower values indicating similarity between the univariate distributions

of the real and synthetic variables.

The following plot displays the different tensor modes, illustrating how the synthetic
data generated from the copula with empirical CDF marginals almost preserves the structure

and distribution of the original variables in trials on continuous dense data. The figure shows
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that the synthetic data generated from the copula with empirical CDF marginals effectively
maintains the distribution of the original variables in trials on continuous dense data, and

the structure of the original data in different modes was preserved upon synthesis.

Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

1200

Clinical Visits-Original

Figure 4.5: The different modes (Patients, Laboratory tests, and Clinical visits) of copula’s gener-

ated data and the original data.

According to the summaries presented in Tables 4.3 and 4.4, the maximum value of the

variables is slightly lower than that of the original.
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Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0 2.23 110.6 13.64
1st Q 0.52 3.77 134.5 27.97
Median 1.08 4.17 138 31.64
Mean 1.67 4.22 138 31.9
3rd Q 2.21 4.62 141.9 35.75
Max 14.1 7.32 157.5 48.49

Table 4.3: A summary of the copula’s synthetic variables.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0.2 2.5 109 9.2
Ist Q 0.7 3.8 135 28.1
Median 1 4.1 138 31.6
Mean 1.64 4.23 138.4 32.08
3rd Q 1.6 4.51 141.6 35.7
Max 16.2 10 170 592.6

Table 4.4: A summary of the original variables.

The following are the outcomes of sampling the patient factor matrix of the previously
mentioned GCP decomposition using the sequential trees approach. According to Figure

4.6, the structure of the original data was preserved in different modes upon synthesis.
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Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

Figure 4.6: The different modes (Patients, Laboratory tests, and Clinical visits) of the sequential

trees’ generated data and the original data.

According to the above figure, the structure of the original data in different modes was

preserved upon synthesis.

Figure 4.11(C) indicates that the Pearson correlations and univariate distributions are
similar between the synthetic and original data sets shown in Figure 4.11(A). Figure 4.7 of
the variation of the Hellinger distance also shows that synthetic variables from sequential
decision trees are derived from a similar distribution as the original variables. However, the
copula performed slightly better in capturing the correlations between the variables. The

RMSDC computed for this experiment was 0.078.
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Figure 4.7: The box plots display the variation of the Hellinger distance and Pearson correlation
between the original variables and the synthetic variables generated by sequential decision trees.
(A) is the box plot of the absolute difference in correlations between all variable pairs in the real
and synthetic data. (B) is the box plot of the Hellinger distance between the original variables and
the synthetic variables. This shows the similarity of the univariate distributions between the real
and synthetic data. This is a value between 0 and 1, with lower values indicating similarity between

the univariate distributions of the real and synthetic variables.

The summary in Tabel 4.5 shows that the range of variables has significantly improved
compared to the previous copula analysis, refer to Table 4.4 for the summary of the original

data.
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Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0 1.88 116.4 10.09
1st Q 0.67 3.7 134.2 27.01
Median 1.25 4.18 138.8 31.68
Mean 1.53 4.23 138.7 31.87
3rd Q 1.86 4.71 143.3 36.38
Max 14.84 8.16 177.4 54.8

Table 4.5: A summary of the sequential decision trees’ synthetic variables.

The following is the result of the MCMC method using the Hamiltonian Monte Carlo
algorithm. If the distribution of the Hamiltonian Monte Carlo (HMC) model is well specified,

the resulting outcome will be more effective.

Figure 4.8 indicates that the structure of the synthetic data in different modes is com-

parable to that of the original data.
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Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

Figure 4.8: The different modes (Patients, Laboratory tests, and Clinical visits) of HMC’s generated

data and the original data.

Furthermore, the obtained RMSDC was 0.071. We expected the HMC to perform well
on the Gaussian latent space, which is defined by our Gaussian model. Defining a proper
model distribution for the HMC would significantly enhance the findings. Figure 4.9 shows
that HMC was slightly better at capturing the correlations between variables.
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Figure 4.9: The box plots display the variation of the Hellinger distance and Pearson correlation
between the original variables and HMC’s synthetic variables. (A) is the box plot of the absolute
difference in correlations between all variable pairs in the real and synthetic data. (B) is the box
plot of the Hellinger distance between the original variables and the synthetic variables. This shows
the similarity of the univariate distributions between the real and synthetic data. This is a value
between 0 and 1, with lower values indicating similarity between the univariate distributions of the

real and synthetic variables.

Based on Table 4.6, the summary of HMC synthetic variables is similar to that of
the other methods. The maximum values of the variables dropped in the synthetic data

compared to the actual data in Table 4.4.
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Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0 0.66 117.8 7.22

1st Q 0.6 3.74 134.5 27.85
Median 1.85 4.19 138.6 32.18
Mean 2.01 4.23 138.5 31.93
3rd Q 3.1 4.7 142.8 36.47

Max 7.24 6.78 156.9 51.63

Table 4.6: A summary of the HMC’s synthetic variables.

We present Figures 4.11 and 4.10 for an easier comparison of the three sampling tech-

niques on GCP decomposition with Gaussian loss.

In Figure 4.11, we can observe the

dependency structure and univariate distribution of both synthetic and original variables

simultaneously.

Figure 4.10 demonstrates that all three synthetic data sets have similar statistical prop-

erties in terms of dependency and univariate distributions.
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Figure 4.10: The distribution and scatter plots of the original variables and synthetic variables

generated using copula, sequential trees, and HMC in experiments on continuous dense data.

The findings and figures demonstrate that all 3 synthetic data sets have similar statis-
tical properties in terms of dependency and univariate distributions. However, the copula
and sequential trees performed slightly better than the MCMC technique when the HMC
algorithm was used. In brief, we need to define a proper distribution that corresponds to the
latent space in order to obtain decent results through HMC sampling. The Gaussian loss is
the ideal loss function for simulating from the patient factor matrix using sequential trees,
but the observed data must be standardized beforehand. Further analysis, which we have
not included in this thesis, has shown that it is preferable to use empirical CDF marginals
instead of parametric ones when sampling the patient factor matrix by copula. The outcomes

of generating synthetic data using S-loss in GCP decomposition can be found in C.



4.6. RESULTS AND ANALYSIS 116

45878 10 20 30 s %0
A ddde o | W W S S

"%

Creatinine Creatinine .

h 0.35 -0.10 -0.07 | 0.09 -0.02 -0.16 | _

Potassium

o 5 10

Potassium

-0.15 0.07 -0.19 0.10

Sodium : L e
0.16 |, 004 |.
. 2
Hematocrit €44 Hematocrit
\ 4
11k o ‘
T T T T =
n 1. 150 1 19
3 « 8 6 7 ¥ O2» B @ 123 454827 w W N« W
L e e U T T - TN R W —
Creatinine e Creatinine =

022 || -0.28 || -0.12 [: 033 || -002 || -0.19 [-

0.07

-0.07
Le P
0.19 [: 0.11
- || Hematoerit — i | | Hematocrit

B OB ¥ S
10 30 B o @8

N A

Figure 4.11: The plots show the correlation and distribution of the original and synthetic variables.
A correlation matrix displaying bivariate scatter plots of the adjacent variables below the diagonal,
histograms of the data distribution of the respective variables on the diagonal, and the Pearson
correlation above the diagonal. Ellipses specify the direction of the correlation. The information
regarding the relationship between two selected variables is always perpendicular to each other. (A)
is the plot of the original variables. (B) is the plot of synthetic variables generated by sequential
decision trees. (C) is the plot of synthetic variables generated by copula. (D) is the plot of synthetic

variables generated by HMC.
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The copula approach and sequential decision trees showed somewhat similar outcomes
and demonstrated slightly better performance compared to Hamiltonian Monte Carlo (HMC)

in these trials.

In the next section, we will provide the results of generating synthetic data with an

additional number of patients compared to the original data set.

4.6.2 Experiments on Continuous Data with a Different Number of

Patients in Synthetic Data Compared to Original Data

We can generate different numbers of patients in the synthetic data using all 3 patient factor
matrix simulations. However, we only applied the sequential trees approach, and the results
are as follows: the findings indicate that the dependency and univariate structure of the

original variables are well maintained in the synthetic data.

The following are the outcomes of generating 250 patients from the patient factor matrix
using sequential trees. The patient factor matrix is derived from the GCP decomposition in
the previous experiment. The original data set is dense, consisting of 226 patients, and is

the same data set used in the previous experiment.

Figure 4.12 indicates that the Pearson correlations and univariate distributions are sim-
ilar between the synthetic and original data sets. Figure 4.13 illustrates that the synthetic
variables created by sequential decision trees are derived from a distribution similar to that

of the original variables. The RMSDC computed for this experiment was 0.066.
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Figure 4.12: The plots show the correlation and distribution of sequential decision trees’ synthetic
variables, as well as the original variables. A correlation matrix displaying bivariate scatter plots
of the adjacent variables below the diagonal, histograms of the data distribution of the respective
variables on the diagonal, and the Pearson correlation above the diagonal. Ellipses specify the direc-
tion of the correlation. The information regarding the relationship between two selected variables
is always perpendicular to each other. (A) is the plot of the original variables. (B) is the plot of

the synthetic variables.
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Figure 4.13: The box plots display the variation of the Hellinger distance and Pearson correlation
between the original variables and sequential decision trees’ synthetic variables. (A) is the box plot
of the absolute difference in correlations between all variable pairs in the real and synthetic data.
(B) is the box plot of the Hellinger distance for all variables between the original and synthetic
data sets. This shows the similarity of the univariate distributions between the real and synthetic
data. This is a value between 0 and 1, with lower values indicating similarity between the univariate

distributions of the real and synthetic variables.

The structure of the generated data in different modes is presented in Figure 4.14, which
shows that the structure of the synthetic data in different modes is comparable to the original

one.
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Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

Patient-Original Laboratory Test-Original Clinical Visits-Original

Figure 4.14: The different modes (Patients, Laboratory tests, and Clinical visits) of sequential

trees’ generated data and the original data.

In this scenario, the summary in Table 4.7 also demonstrates that the ranges of the

synthetic variables are comparable to those of the original ones in Table 4.4.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0 2.16 108.3 8.97

1st Q 0.76 3.71 134.4 27.37
Median 1.22 4.18 138.4 31.44
Mean 1.67 4.26 138.4 31.56
3rd Q 1.88 4.72 142.2 35.87

Max 16.42 7.94 163.1 53.04

Table 4.7: A summary of sequential decision trees’ synthetic variables.

Based on the results of this section, we are optimistic that our model may perform even
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better when generating larger data sets.

4.6.3 Experiments on Continuous Data with Missing Observations

The following is a trial on the continuous data set derived from the MIMIC-III data set,
without imputation. As mentioned earlier, the data set consists of 226 patients, 4 laboratory
tests, and 36 clinical visits, with 21% of the observations missing. We have previously
described the approach for synthesizing this sort of data. In this experiment, we attempted
to sample the patient factor matrix using sequential trees and generate the same sample
size of 226 patients as in the original data. We performed GCP factorization with Gaussian
loss and R = 100. Then, we applied the CP decomposition via an alternating least square
(CP-ALS decomposition) to the missing tensor with R = 50, where the loss function was
also Gaussian. The structure of the synthetic and original data sets in different modes is
similar, as shown in Figure 4.15. Furthermore, Figures 4.16 and 4.17 below indicate that
the dependency structure is preserved, and the marginal fitting is quite comparable in both
the synthetic and original data sets. This demonstrates that our proposed model for EHRs

synthesis performs well.
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Figure 4.15: The different modes (Patients, Laboratory tests, and Clinical visits) of the original

and sequential decision trees’ synthetic data.

The structure of synthetic and original data sets in different modes are similar as shown

here.
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Figure 4.16: The plots show the correlation and distribution of sequential decision trees’ synthetic

variables, as well as the original variables. A correlation matrix displaying bivariate scatter plots

of the adjacent variables below the diagonal, histograms of the data distribution of the respective

variables on the diagonal, and the Pearson correlation above the diagonal. Ellipses specify the direc-

tion of the correlation. The information regarding the relationship between two selected variables

is always perpendicular to each other. (A) is the plot of the original variables. (B) is the plot of

the synthetic variables.

According to Tables 4.8 and 4.9, the missing percentages in the synthetic and actual

data, are 46% and 21%, respectively. It seems to be almost double. As the missing tensor is

binary, we can try to factorize it in order to determine if there are any possible improvements

in the outcomes.
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Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0 0.71 117.5 7.07
1st Q 0.85 3.64 135.3 26.58
Median 1.3 4.12 138.6 29.64
Mean 1.47 4.13 138.6 29.82
3rd Q 1.87 4.62 142 32.77
Max 7.97 7.94 156.8 57.9
#NA’s 3893 3636 3733 3661

Table 4.8: A summary of the sequential decision trees’ synthetic variables.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0 2.1 103 2

1st Q 0.6 3.7 135.8 26.9
Median 1 4 139 29.6
Mean 1.52 4.1 138.7 29.86
3rd Q 1.6 4.4 142 32.5

Max 16.2 10 170 52.6
#NA’s 2050 1532 1752 1515

Table 4.9: A summary of the original variables.
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Figure 4.17: The box plots display the variation of the Hellinger distance and Pearson correlation
between the original variables and sequential decision trees’ synthetic variables. (A) is the box plot
of the absolute difference in correlations between all variable pairs in the real and synthetic data.
(B) is the box plot of the Hellinger distance for all variables between the original and synthetic
data sets. This shows the similarity of the univariate distributions between the real and synthetic
data. This is a value between 0 and 1, with lower values indicating similarity between the univariate

distributions of the real and synthetic variables.

4.6.4 Experiments on Continuous Data with Irregular Clinical Vis-
its

To create irregularity in clinical visits, a subset of the continuous data was created by choos-
ing the first 10 observations. Those outcomes are presented in this section, and we have
previously elaborated upon the method used for addressing this particular scenario. The
GCP decomposition was performed with Gaussian loss and R = 30, resulting in an MSE of
approximately 0.004. The experiment was conducted by employing the sequential decision

trees approach to sample the patient factor matrix. The RMSDC was computed as 0.14.
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Figure 4.18: The plots show the correlation and distribution of variables generated by sequential
trees and the original ones. A correlation matrix displaying bivariate scatter plots of the adjacent
variables below the diagonal, histograms of the data distribution of the respective variables on
the diagonal, and the Kendall correlation above the diagonal. Ellipses specify the direction of the
correlation. The information regarding the relationship between two selected variables is always
perpendicular to each other. (A) is the plot of the original variables. (B) is the plot of the synthetic

variables.
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Figure 4.19: The box plots display the variation of the Hellinger distance and Kendall correlation
between the original variables and sequential decision trees’ synthetic variables. (A) is the box plot
of the absolute difference in correlations between all variable pairs in the real and synthetic data.
(B) is the box plot of the Hellinger distance for all variables between the original and synthetic
data sets. This shows the similarity of the univariate distributions between the real and synthetic
data. This is a value between 0 and 1, with lower values indicating similarity between the univariate

distributions of the real and synthetic variables.

Upon analyzing the results in Figures 4.18 and 4.19, we found that the process of
generating synthetic data generally maintained the bivariate relationships and univariate

distributions in the data.

When analyzing Tables 4.10 and 4.11, it was found that the provided descriptive statis-

tics have remained comparable throughout the process of generating synthetic data.



Table 4.10: A summary of the sequential decision trees’ synthetic variables.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0.2 2.6 111.2 9.2

1st Q 0.76 3.8 135.6 27.83
Median 1.07 4.15 139 31
Mean 1.6 4.21 139 31.61
3rd Q 1.7 4.5 142 35.1

Max 13.6 7.9 170 52.6

Table 4.11: A summary of the original variables.
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Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
min 0 0.87 100.3 10.62
1st Q 0.76 3.73 134.9 27.02
Median 1.31 4.31 139.8 31.43
Mean 1.9 4.34 139.5 31.36
3rd Q 2.82 4.88 144.6 35.21
Max 9.35 8.59 178.9 58.15

4.6.5 Experiments on Categorical Data

The categorical data contains 2 variables: “Admission Type” and “Admission Location.” The
GCP decomposition was implemented using 2 different loss functions: the Poisson log link,
which we discuss its results in Appendix D, and the Gaussian loss function. Initially, a
series of postprocessing steps were conducted. The outcomes of the synthesis, which apply

the Gaussian loss function and use Hamiltonian Monte Carlo (HMC), are presented in the
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following. In this experiment, R = 10 was obtained. The structure of the generated data in

different modes is shown in Figure 4.20.

Patient-Synthetic Categorical Features-Synthetic Clinical Visits-Synthetic

1500

1500

Figure 4.20: The different modes (Patients, Categorical features, and Clinical visits) of the HMC’s

generated categorical data are shown.

The Hellinger distance and Kendall correlation were calculated for the categorical vari-

ables as Figures 4.21 and 4.22.
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Figure 4.21: The plots show the Kendall correlation and distribution of the HMC’s synthetic
variables, as well as the original variables. A correlation matrix displaying bivariate scatter plots
of the adjacent variables below the diagonal, a bar chart of the data distribution of the respective
variables on the diagonal, and the Kendall correlation above the diagonal. Ellipses specify the
direction of the correlation. (A) is the plot of the original variables. (B) is the plot of the synthetic

variables.
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Figure 4.22: The box plot shows the variation of Hellinger distance for all variables between the
original and HMC’s synthetic data sets. This shows the similarity of the univariate distributions
between the real and synthetic data. This is a value between 0 and 1, with lower values indicating

similarity between the univariate distributions of the real and synthetic variables.

All the findings demonstrate that the generative model is applicable to any sort of

variable.



Chapter 5

Conclusions and Future Works

5.1 Conclusions

Markov chain Monte Carlo (MCMC) algorithms are widely used simulation algorithms.
One of their key contributions is revolutionizing Bayesian inference, allowing users to sample
from the posterior distributions of complex statistical models. This is achieved by defining a
Markov chain that converges to the desired probability distribution. For effective sampling,
the relevant Markov chain must quickly converge to its stationary state. As a result, under-
standing the time it takes for Markov chains to reach the stationary state, known as mixing
time, is essential for the algorithm’s proper implementation. Therefore, recent mathematical
research has focused on the convergence rates of Markov chains and bounding mixing times.
This research has numerous applications, the most important of which are Markov chain

Monte Carlo methods.

This thesis discussed commonly used techniques for estimating mixing time in discrete
and continuous state spaces. There have been numerous studies for bounding the conver-
gence rate of discrete-state Markov chains, and their extensive collection has inspired studies

of Markov chains’ mixing times in continuous state spaces. This includes spectral and pro-

132
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file methods, comparison approaches, decomposition techniques, coupling, and geometric
bounds. We also examined the precision of the spectral profile bound on the L? mixing
time for continuous-state Markov chains. Several studies have been conducted to investigate
the sensitivity of bounds on mixing times, and Kozma’s research [38] inspired our study [33].
Analyzing the sensitivity of the bound on mixing time reveals how sharp the bound is and
how much information will be lost if the method is used for bounding. The perturbation
studies 120, | are closely related to the problem of investigating the sensitivity of Markov

chains to minor changes.

There are various MCMC algorithms for sampling from target distributions [131, 132].
The Hamiltonian Monte Carlo (HMC) is widely used in practice and considered state-of-the-
art [11]. We proposed a generative model [84] that uses techniques such as HMC, copula, and
sequential decision trees to sample from the latent space of state-of-the-art generalized canon-
ical polyadic (GCP) tensor factorization. Tensor decompositions are becoming increasingly
popular due to their interpretability and adaptability in high-dimensional and heterogeneous
data sets. The model appears to be a useful tool for generating synthetic longitudinal health
data. We could overcome the challenges of synthesizing massive longitudinal health data by
synthesizing a much smaller non-longitudinal data set instead. As a result, our generative
model has the potential to produce valuable synthetic data across a wide range of fields and

research domains.
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5.2 Research Extensions

The results in Chapter 3, which contributed to our study [33], were derived from the assump-
tion of exactly half-lazy and Hilbert-Schmidt Markov chains. As a future research, Lemma
11 in Chen et al. [26], which is Lemma 2.4.15 in this thesis, can be expanded to include
a wider range of Markov chains in our Theorem 3.3.5. We provided Lemma 3.3.6, which
can be used to extend Theorem 3.3.5 to include half-lazy 3.2.1 and smooth Markov chains
2.2.7. The lemma serves as a foundation for future research. Extending Theorem 3.3.5 to
beyond half-lazy chains poses a challenge due to the fact that the stationary measures of
the lazy and non-lazy chains P and P, respectively, may not be the same. By using Lemma
2.4.30 in Chapter 2, one can find the link between the spectral gaps of P and P. However,
determining a lower bound for the ratio of densities as Lemma 3.3.4 in this context will be
difficult since the stationary distributions are not identical. We have analyzed the behavior
of the stationary distributions in a simple toy problem, and interestingly, as the number
of steps approaches infinity, the stationary measures converge towards each other. Another
possible research direction is to modify Assumption 3.3.3 to include non-Hilbert-Schmidt
Markov chains. To address this, we recommend that interested readers utilize Lemma 2.1 of
[36] and then build upon our lemma 3.3.4 in this particular context. As another direction for
future research, it would be worthwhile to investigate the precision of the conductance profile
bound for L? mixing time proposed by Chen et al. [26] in light of the work by Addario-Berry
and Roberts [3] on the robustness of the mixing time bounds using bottleneck sequences.

This could extend the study from discrete to continuous state spaces.

A future study on the generative model provided in Chapter 4 could involve conducting
a more rigorous comparison between the original and synthetic data sets to evaluate both the
generative model and the superior sampling approaches. Another possible future study would
be to employ a large data set for this model and examine different simulation techniques,
such as other MCMC algorithms, generative adversarial network (GAN), or recurrent neural

network (RNN) models. We focused on longitudinal health data in our model. However,
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there are also other types of longitudinal data, such as transactions in financial data sets,
that occur over time. We believe that our model could perform well on various types of
longitudinal data sets. It would be interesting and valuable to carry out a future study to
assess the effectiveness and feasibility of this model on different types of longitudinal data,
such as financial data. We can also look at the HMC sampling approach and see if we
can improve its results on discrete and continuous variables by defining more appropriate

distributions, such as Tweedie.

We reduced the risk of identity disclosure in our model by avoiding overfitting. However,
we did not measure the risk of privacy disclosure in the model. There are different types of
privacy risks, including identity disclosure, which refers to the risk of correctly matching a
synthetic record to a real record. Another type of privacy risk is attribution risk [16], which
occurs when an adversary learns that a certain individual has a particular characteristic, as
well as membership disclosure, which combines the two [17]. It is beneficial to evaluate the

privacy risk, especially the model’s membership disclosure.



Appendix A

Particle Swarm Optimization

The particle swarm technique [15] is employed to optimize variable ordering in sequential
synthesis [50]. This approach does not need the objective function to be continuous; instead,
it finds the global optimum using a search heuristic. For the objective function, the utility
metric (distinguishability) is computed, and a hinge loss function is employed and minimized
[131]. The hinge loss sets the utility metric (distinguishability) to zero when it falls below
a certain threshold. For instance, there is no loss if the distinguishability is smaller than
0.05. The threshold ensures that the generated trees don’t overfit the data. The loss as an

optimization is:

Hing-loss = max(0, d — 0.05),

where d denotes the distinguishability metric.

This distinguishability is based on propensity scores. The real and synthetic data sets are
combined, and each record is labeled as either real or synthetic. To distinguish between actual
and synthetic records, a binary classification model is created with the original variables as
predictors and the binary indicator variable as the outcome. The propensity score (predicted

probability) is determined using 10-fold cross-validation and the generalized boosted models

136
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are used as the classification approach [50|. The distinguishability score is calculated as the
mean square difference between the predicted probability and 0.5, the threshold at which

the two data sets cannot be distinguished.

1 N
:NZ pi —0.5)°

where N is the size of the synthetic data set and p; is the propensity score for observation
1. The classifier may distinguish between entirely distinct data sets. In this situation, the

propensity score will be either 0 or 1, with a d value around 0.25.



Appendix B

The Model Block of Stan for

Hamiltonian Monte Carlo

We used Stan for implementing HMC. The following is the model block of Stan. In this
block, x and x_sim represent the patient factor matrix variables a; and the corresponding

simulations a;, respectively. M indicates the number of patients.

138



139

data {
int<lower=0> M,
vector [R] x[M];

transformed data {

vector [R] mu = rep vector(0, R);
}
parameters {

cholesky factor corr|[R| chol;

vector<lower=0>[R]| sigma;

transformed parameters {

matrix [R, R| chol_cov = diag pre multiply(sigma, chol);

model {
chol 7 1kj corr cholesky (1);
sigma ~ cauchy (0, 5);
x ~ multi normal cholesky(mu, chol_cov);

generated quantities {
vector [R] x_sim [M];
for (i in 1:M) {

x_sim[i]| = multi normal cholesky rng(mu, chol_cov);




Appendix C

Continuous SDG Using (-loss

In the following, we present the outcomes of synthetic continuous data generated by GCP
using [-divergence with § = 0.75, R = 15, where the fit score and MSE were about .977 and
2.5, respectively. The data set used in this experiment consists of 226 patients, 4 laboratory
tests, and 36 clinical visits. It is the imputed version of the continuous data set derived from
the MIMIC data set. As the MSE is not too small it was expected that the result would not
be outstanding. However, copula and sequential trees performed better than HMC. As can
be observed, all three recommended methods of patient factor matrix sampling have a much
greater correlation than the real one. Copula, sequential trees, and the HMC results can be

found in the following, respectively.
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Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

10000

Laboratory Test-Original

Figure C.1: The different modes (Patients, Laboratory tests, and Clinical visits) of copula’s gen-

erated data and the original data are shown.
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Figure C.2: The plots display the correlation and distribution of all variables in the generated data
by copula and the original data set. (A) is the plot of the original variables. (B) is the plot of the

synthetic variables.
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According to Figures C.2 and C.3, the dependency structure and distribution of the
original variables are almost preserved in the synthetic data generated by copula using em-
pirical CDF marginals. Figure C.1 shows the different modes on the original and synthetic
tensor. The box plots for the variation of Hellinger distance and Pearson correlation be-
tween variables in the synthetic and original data in Figure C.3 also represent the same.

RMSDC=0.104 was obtained.
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Figure C.3: (A) The box plot of Pearson correlation difference between the original and copula’s

synthetic variables. (B) The box plot of the variation of Hellinger distance.

According to the summaries in Tables C.1 and C.2, the minimum of variables “Sodium”

and “Hematocrit” are somewhat higher than the original.



Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0.09 3.21 120.2 18.33
1st Q 0.64 3.86 134.5 26.99
Median 0.98 4.04 138.6 29.71
Mean 1.37 4.07 138.6 29.83
3rd Q 1.52 4.25 142.5 32.42
Max 13.15 5.87 161.2 52

Table C.1: A summary of the copula’s synthetic variables.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit

Min 0 2.1 103 2

1st Q 0.62 3.74 135.4 27
Median 0.99 4.03 139 29.7
Mean 1.47 4.09 138.6 30.05
3rd Q 1.6 4.4 142 32.7

Max 16.2 10 170 592.6

Table C.2: A summary of the original variables.

Here are the outcomes of sampling the patient factor matrix of the previously mentioned
GCP decomposition using sequential trees approaches. Figure C.4 shows the modes of the

original and synthetic tensors.
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Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic
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0o

Figure C.4: The different modes (Patients, Laboratory tests, and Clinical visits) of the sequential

trees’ generated data are shown.

Figure C.5 indicates that the univariate distributions are similar for each variable in
synthetic and original data sets. Figure C.6 of the variation of Hellinger distance also shows
that sequential decision trees’ synthetic variables are derived from the similar distribution
as the original variables. However, the copula performed better in capturing the correlations

between variables. The computed RMSDC for this experiment was 0.237.
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Figure C.5: The plot shows the correlation and distribution of the original data and the data
generated by sequential decision trees. (A) is the plot of the original variables. (B) is the plot of

the synthetic variables.
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Figure C.6: (A) The box plot of Pearson correlation difference between the original and sequential

decision trees’ synthetic variables. (B) The box plot of the variation of Hellinger distance.

The below summary in Table C.3 displays that the range of variable “Sodium” has been
significantly improved with respect to the previous analysis using copula, refer to Table C.2

for the summary of the original data set.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0.15 2.54 99.37 17.71
1st Q 0.74 3.8 131.21 26.5
Median 1.1 4.1 138.75 29.57
Mean 1.65 4.13 138.82 29.79
3rd Q 1.77 4.4 146.33 32.73
Max 13.15 7.18 175.29 53.31

Table C.3: A summary of the sequential decision trees’ synthetic variables.
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Figures C.7, C.8 and C.9 show the results of the Hamiltonian Monte Carlo performance
on the data set. If the distribution of the HMC model is properly defined, the outcome

would be quite satisfactory.

Patient-Synthetic Laboratory Test-Synthetic Clinical Visits-Synthetic

10000
00
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i

Il

Figure C.7: The different modes (Patients, Laboratory tests, and Clinical visits) of HMC’s gener-

ated data are shown.

We did not expect HMC to perform well here since the [S-divergence loss causes a
non-Gaussian latent space, and we won’t get a good result even when standardizing the
latent space. On the other hand, defining a proper model distribution for the HMC would

considerably enhance the findings.
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Figure C.8: The plot shows the correlation and distribution of the original data and the data
generated by the HMC. (A) is the plot of the original variables. (B) is the plot of the synthetic
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Figure C.9: (A) The box plot of Pearson correlation difference between the original and HMC’s

synthetic variables. (B) The box plot of the variation of Hellinger distance.
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The comparison of the summary in Table C.4 with Table C.2 reveals that the HMC

performed poorly in this particular scenario.

Variables
Metric
Creatinine | Potassium | Sodium | Hematocrit
Min 0 2.54 108.3 15.48
1st Q 0.58 3.75 130.6 25.91
Median 1.65 4.06 137.5 29.04
Mean 1.79 4.06 138 29.3
3rd Q 2.78 4.37 145 32.62
Max 6.9 6.25 177.6 51.91

Table C.4: A summary of the HMC’s synthetic variables.

At last, we provide Figure C.10 to make it easier comparing the three sampling tech-

niques on the GCP decomposition with S-divergence loss.
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Figure C.10: The distribution and scatter plots of the original data set and synthetic data generated

using copula, the sequential trees, and HMC.



Appendix D

Categorical SDG Using Poisson Log Link

In the following, we present the outcomes of Generating Synthetic Categorical Data Using
Poisson log link. Figures D.1 and D.2 show the results from generating categorical data
using the GCP decomposition with a Poisson log link using the HMC for simulation of the

patient factor matrix.
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Patient-Synthetic Categorical Features-Synthetic Clinical Visits-Synthetic
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Figure D.1: The different modes (Patients, Categorical features, and Clinical visits) of the HMC’s

generated categorical data are shown.
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Figure D.2: The correlation and distribution plot illustration of the HMC’s generated data. (A) is

the plot of the original variables. (B) is the plot of the synthetic variables.
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The Hellinger distance and Kendall correlation were computed for the categorical vari-
ables as shown in Figure D.3. All the results indicate that the generative model can be

applied to any type of variable.
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Figure D.3: The box plot shows the variation of Hellinger distance between the original and the

HMC’s synthetic categorical variables.
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